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L A T T I C E  D Y N A M I C S  O F  M A G N E S I U M  O N  E X T E N D E D

D E  L A U N A Y  M O D E L

By

R. Cavalheibo  and M. M.  Shukla*
INSTITUTO DE FISICA “GLEB WATAGHIN” , UNIVERSIDADE ESTADUAL DE CAMPINAS 

CAMPINAS -  SP., BRASIL

(Received 9. VI. 1978)

The phonon dispersion relations in magnesium along the two principal symmetry 
directions i.e. | OOOf | and |0 ||0  | as well as lattice heat capacities of it are computed on extended 
de Launay model. Computed results show good agreement with experimental observations.

1. Introduction

"While th e  la tt ic e  dynam ics o f  cub ic  m eta ls  h a s  been  a s u b je c t o f co n stan t 
th e o re tic a l s tu d y  fo r th e  p a s t sev e ra l decades, th e  hep  m eta ls  a ro u se  such an  
in te re s t  q u ite  recen tly . T he p ro b ab le  reaso n  beh in d  th is  w ould b e  t h a t  th e  u n it 
cell o f  h ep  m eta ls  com prises o f la t t ic e  w ith  a basis  giving rise  to  a com plex 
d y n a m ic a l m a tr ix  o f  h ig h er o rder th a n  th a t  found  in  cubic m e ta ls . T he earliest 
a t te m p ts  to  s tu d y  th eo re tica lly  h ep  m eta ls  can  be  sa id  to  he th o se  o f Slutsky 
a n d  Garland  [1] an d  Collins [2]. T hese au th o rs  w ere n o t aw a re  o f th e  in 
f lu en ce  o f th e  co n d u c tio n  e lec tro n s on th e  c o m p u ted  p h o n o n s . P ro b ab ly  
Gu pta  a n d  D ayal [3] w ere th e  e a r lie s t w orkers to  ta k e  accoun t o f  th e  conduc
tio n  e lec tro n s in  th e  la tt ic e  v ib ra tio n a l frequencies o f hep m e ta ls . L a te r  on, 
Sh a b a n  a n d  Bajpai [4], U pa d h y a y a  a n d  Vebma [5], K ing a n d  Cutler  [6 ], 
B rovm an  e t al. [7], Shukla  an d  Closs [8 ], Ra jp u t  and  K u sh w a h a  [9] an d  
sev era l o th e r  w orkers h av e  tr ie d  to  p ropose  m odels fo r hep m e ta ls .

B y  now  th e  ex p erim en ta l p h o n o n  d ispersion  re la tio n s in  a lm o s t all hep 
m eta ls  h a v e  been d e te rm in ed  b y  n e u tro n  spectro scopy . T he in te rp re ta tio n  
o f th e  ex p e rim en ta l d a ta  on th e  e x is tin g  m odels h as  show n t h a t  none of 
th e m  a re  capab le  o f  exp la in ing  w ith  c o n s ta n t success th e  la t t ic e  v ib ra tio n s  
in  each  a n d  every  hep  m e ta l. I t  w as a lso  d iscovered  th a t  th e  e ffec t o f  conduc
tio n  e lec tro n s  in  th e  la tt ic e  v ib ra tio n a l frequencies in  hep  m eta ls  h a s  n o t so 
d ra s tic  an  in fluence  as th o se  in  cub ic  m e ta ls . T his, how ever, in d ic a te d  th a t  a 
m odel ta k in g  acco u n t o f  th e  e lec tro n  gas even in  an  ap p ro x im a te  w a y , som e
tim es , g av e  b e tte r  re su lts  in  co m p ariso n  to  m odels w here th e  in flu en ce  of 
e le c tro n  gas w as considered  m ore rig o ro u sly . In  th is  connection  w e w ould

* On leave of absence from UNICAMP. Visiting Professor, Department of Electrica 
Engineering, University of Rhode Island, Kingston, R. I. 02881 (U.S.A.)
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4 И. CAVALHEIRO and M. M. SHUKXA

lik e  to  in tro d u ce  h e re  th e  ex ten d ed  de L au n ay  m odel fo r  hep m e ta ls  w hich 
h as  b een  found e x tre m e ly  successful in  in te rp re tin g  p h o n o n  dispersion  re la tions 
in  y t t r iu m  (Cavalheiro  an d  Shukla  [10]) and  in  te rb iu m , holm ium , th a lliu m , 
z irco n iu m  and  sc a n d iu m  (Cavalheiro  an d  Shukla  [11]). Such a success of 
e x te n d e d  de L a u n a y  m odel for six  com p lica ted  m e ta ls  o f  hep s tru c tu re s  has 
en co u rag ed  us to  ta k e  u p  fo r th e  p re se n t s tu d y  th e  la t t ic e  dynam ics o f  m agnes
iu m , owing to  th e  f a c t  t h a t  fo r m agnesium  ex ten siv e  ex p e rim en ta l phonon  
a n d  th e rm a l d a ta  e x is t  fo r com parison  to  our co m p u te d  resu lts .

2. Theory

T he secu lar d e te rm in a n t to  d e te rm in e  the  p h o n o n  frequencies is given by

Daß(q) — mco2 1 1 =  0, ( 1 )

w h e re  m is ion ic  m ass , m is a n g u la r  frequency , I  is a  u n i t  m a tr ix  o f  o rder 6 , 
D ^(q )  is th e  d y n a m ic a l m a tr ix  fo r th e  phonon w av e  v ec to r  q.

The d y n am ica l m a tr ix  D is fu r th e r  sp lit up  in to  tw o  su b m atrices  A and  
В  o f order 3 x 3  g iv en  b y

D*ß (q) =
A *p(q)
B *ß(q)

B«p(q) 
M q )  ’

(2)

w h ere  B*ß(q) is co m p lex  co n ju g a te  o f Bxß(q).
L et A xß(q) a n d  Baß(q) den o te  d ynam ica l m a tr ic e s  rep resen tin g  th e  b are  

ion -ion  in te ra c tio n . To ca lcu la te  th e  e lectron-ion  in te ra c tio n  we h a v e  followed 
o u r  w ork on cu b ic  m eta ls  ( S h u k l a  an d  C a v a l h e i r o  [12 —  13] ) .  T h e  m atrices 
A  an d  В are  th u s  m od ified  an d  g iven  b y  (the d e ta ils  o f th e  th e o ry  have  been 
g iven  elsew here ( C a v a l h e i r o  a n d  S h u k l a  [ 11] ) )

A n + p R  1 A 12 + q R i A 13+ r B l

A ß(q) = A 12 + p R  2 ^ 2 2 + q R  2 A  23 + r R 2
^ 1 3 + p R  3 ^ 2 3 + qR 3 ^ з з + r R 3

B n + p s  I B 12 + q S x B 13 + r S x

B*ß(q) = B 12 + p s  2 В  22 + qS 3 В  23 + r S 2
B 13 + p s  3 В  23 + qs  3 B33 + r S 3

w here
R-i =  р (А ц  A n) +  q(Aíj A 12) +  r(A13 ^ 1 3) ?

B 2 =  P ( A  12 ^ 12)  "4" q ( A 22 ^ 22)  r { A 23 - ^ 23) ’

B-3 — p ( A X3 ^ 13) q(A33 A 23) +  г(А зз ^ зз)  ’

(3)

(4)
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^ 1  — p ( B n  B u ) +  <?(B1 2  B 12)  “b r { B i 3  B 13) , (5-4)

■^2 =  P { B i 2  B 12) +  <l(B2g ^ 2 2 ) +  r {B'23 -B2 3) 5 (5-5)

S 3 =  p ( B 13 B 13) +  ц ( В 23 B 23)  +  г(В 3 3  -B3 3) 1 (5-6)

where p, q and r are direction cosines of q.
A a, Aij, В a and B,y are obtained from  the corresponding unprimed  

elem ents o f  the dynam ical m atrices by replacing all the force constants by  
primed ones.

LATTICE DYNAMICS OF MAGNESIUM 5

3. N um erical com putations

W e have confined the in terion ic in teractions out to fourth neighbours 
only. The elem ents o f dynam ical m atrices A aß(q) and Baß(q) are taken from  
the work o f S c h m u n k  et al. [4 ] .  T he seven disposable param eters o f the m odel 
were determ ined from  the experim ental data, f iv e  elastic constants and tw o  
phonon frequencies from the boundary o f the B rillouin zone. W hile elastic 
constants were taken  from the w ork o f S l u t s k y  and G a r l a n d  [ 15] ,  phonon  
frequencies correspond to the m easurem ents o f I y e n g e r  et al [ 16] .

Table I

Input data to calculate force constants

L a ttic e  p a ra m e te r
in  (A )

E lastic  c o n s ta n ts  
(in 1011 d y n  c m - *)

A to m ic  m ass  
(in  10-2 *gm )

P h o n o n  freq u en c ie s  
(in lO1* « » -1)

a =  3.2028 
c =  5.1960

Cn =  5.940 
C12 =  2.561 
C33=  6.160 
Cu  =  1.640 
C13=  2.144

4.036 vh (0.001) =  5.20 
v T o _L (01T 0)= 6.12

Table II

Output values of the force constants in 103 dyn cm-1

a =  10.259 у  =  —0.040 a' =  10.137
ß =  3.119 e =  — 0.239=e' ß ' =  3.583 

y ' =  0.538

W hile the input data to ca lcu la te  the atom ic force constants are given  
in Table I, output values o f the force constants are given in  Table II . Once 
the force param eters were determ ined, we calcu lated  the phonon dispersion 
relations in | 000£ | and | 0 | f 0  | d irections. These results are show n in Fig. 1 
together w ith experim ental results shown for com parison. To have an 
independent check o f th e  model, w e also com puted its  la ttice  heat capacities.

Acta Physica Academiae Scientiarum Hungaricae 45, 1978



6 R. CAVALHEIRO and M. M. SHUKLA

Fig. 1. Phonon dispersion relations in magnesium along [ 000<f | and | 0 | |0  | directions. 
Computed results are shown by continuous lines. Experimental points are shown by O , • ,

□ and Л

О 100 200 300

T (°K )----------------------►

Fig. 2. (0—Г) curves of magnesium. Solid line shows present calculation. OOO are experi
mental result of C b u s i u s  and Va u g h a n  an d -------- experimental result of Cr a ig  et al.

To do th a t, the first Brillouin zone was divided in to  1000 eq u ivalent points. 
L attice sym m etry m ade it  possible to  solve the secular determ inant for only  
84 independent w ave vectors including the origin. H eat capacities w ere com put
ed b y  Blackm an’s sam pling technique. A knowledge o f la ttice  h eat capacities, 
th e  deduction o f its  electronic contribution at th a t tem perature, yT , was 
utilised  to  plot the (0 — T) curve o f  magnesium show n in F ig. 2. In  Fig. 2 
th e  experim ental curves are also p lotted  for com parison. W hile the lattice  
heat capacities o f m agnesium  correspond to the m easurem ent o f  Clu siu s  and 
V aughan  [17] and Craig et al [18], the coefficien t o f the electronic heat 
cap acity  was taken from  the m easurem ent o f Martin  [19].

Acta Physica Academiae Scientiarum Hungaricae 45, 1978
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4. D iscussion and conclusion

We have presented here the lattice dynam ics and heat capacity  o f  
m agnesium  on th e  basis o f  extended de Launay m odel. The com puted results 
have given very good agreem ent w ith  the experim ental ones as far as to  say  
th a t the m axim um  deviation  found betw een the calcu lated  and experim ental 
phonons was never found to  be more than 10% . The m axim um  deviation  found 
betw een  the com puted and experim ental 6 has never exceeded 5% . These 
kinds o f results are quite superior to  those found on other phenom enological 
m odels (e.g., U p a d h y a y a  and Sinha  [20], Sharan  and B ajpai [4], U pa d - 
Hy a y a  and Yerm a  [5], B ose et al. [21] and on m odels on first principles 
(P indo re  and R y n n  [22], K ing  and Cutler  [6 ], R oy and V enketram an  
[23] and B rovman and K agan  [24]). The same kind o f success was also obtained  
in  the study of m etals y ttriu m  (Cavalheiro  and Sh u k la  [10]) and scandium , 
terbium , holmium, thallium  and zirconium by us (Cavalheiro  and Shukla 
[11]) on the extended  de L aunay m odel. W e can, th u s, conclude th a t the 
extended  de Launay m odel applied to  hep m etals g ives a good description of 
their lattice dynam ics.

Our model has som e shortcom ings, which are:
1 .  The electron gas does not keep the la ttice  periodic in the reciprocal 

space. B ut such an effect has some influence on ly  in  few  frequencies near 
th e  zone boundaries.

2. We have assum ed th a t the electron gas m odifies the optical longitud
inal branches in  th e  very  sam e w ay as the acoustical longitudinal branch. 
W e do not have any theoretical justification  for it .

3. The electron gas does not m odify the transversal branches. This is 
responsible for the th eory  not bein gab le  to show as good an agreem ent as obtain
ed for longitudinal branches. T his defect can be found in  several o f th e  pheno
m enological models c ited  above.

Most probably, som e o f th e  above m entioned drawbacks of the theory  
m ight be minimized i f  w e used th e  tensor forces to  represent the ion-ion inter
action  part of the dynam ical m atrix . W e are carrying ou t such studies which  
w ould be published in  due course.
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The object of the present paper is to study the propagation of weak MHD discontinuities 
in an optically thin medium. The growth equation governing the growth and decay of MHD 
discontinuities and the behaviour of their amplitude has been studied. It is observed that 
expansion waves decay exponentially, while compressive waves may grow into shock waves. 
A critical value of the amplitudes of compressive waves is determined such that all waves 
with initial amplitude greater than the critical one will grow into shock waves, while those 
with amplitudes less than the critical one will decay out. The critical time for the formation 
of shock waves has also been determined.

Acta Physica Academiae Scientiarum Hungaricae, Tomus 45 (1), pp. 9—14 (1978)

I. Introduction

Thomas [1] s tu d ie d  th e  p ro p a g a tio n  o f  sonic w aves in  an  idea l gas. 
R am an d  Gaur [3] s tu d ie d  th e  p ro b lem  o f g ro w th  and  decay  o f sonic d is
co n tin u itie s  in  d issoc ia tin g  gas flow s. Ram an d  Srinivasan  [4] s tu d ie d  th e  
p ro p ag a tio n  o f sonic w aves in  ra d ia t in g  gases. T he prob lem  o f g row th  an d  
decay  o f w eak  M H D  d isco n tin u itie s  in  a ra d ia tiv e  m edium  has d raw n  a l i ttle  
a tte n tio n . W hen  th e  te m p e ra tu re  o f  th e  gas is o f  o rder 104 °K , th e  ra d ia tiv e  
h e a t t ra n s fe r  te rm s o f th e  ra d ia tio n  fie ld  are d o m in an t, w hile ra d ia tio n  pressure  
an d  ra d ia tio n  energy  te rm s  are s ti l l  negligible. In  th e  p resen t in v es tig a tio n , 
ou r m a in  academ ic in te re s t  is to  s tu d y  th e  effects o f ra d ia tiv e  h e a t tra n s fe r  
on th e  b eh av io u r o f  th e  am p litu d e  o f M H D  d isco n tin u ities . W e assum e th e  
ex istence  o f a m oving  su rface 27(f) o f  a w eak  M H D  d isco n tin u ity  across w hich 
th e  flow  p a ra m e te rs  are  con tin u o u s b u t  th e ir  f i r s t  an d  h igher d e riv a tiv e s  are  
d isco n tinuous. T he b o u n d a ry  co n d itio n s  are

Ы  =  o ,

dQ_ 
3 r

0 ,

[p] =  о , [u] =  0 , [Л] =  0 ,

dP 0 , 6 и --̂  о, ' dh '
L 6rJ dr \ [ dr  J 0 ,

(1 .1 a)

( 1 .1 b)

w here [Z] deno tes th e  ju m p  across a d isc o n tin u ity  surface 27(f). T h e  g eom etrica l 
an d  k in em atica l c o m p a tib ility  co n d itio n s  o f f i r s t  o rd er due to  T homas for 
sonic d isco n tin u ities  a re  [2 ]

-0Z

. 3 r
=  B ,

- 0 Z - 

. 9t .
- B G , ( 1.2)
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10 A. RAI et al.

w here  Z  s ta n d s  for a n y  o f  th e  flow  v a riab le s  an d  В  is a sca la r fu n c tio n  defined  
o v er Z’(i). G is th e  speed  o f p ro p a g a tio n  o f th e  su rface  Z(t)  in to  a m ed ium  
a t  re s t.

II. Propagation law

T he basic  e q u a tio n s  govern ing  th e  M H D  flow  in  a n  o p tica lly  th in  m edium
are :

де  , Эи de . осей
+  е ------ Ь и  —  +  — —

9*

du

dr dr г

dp . d h

0 ,

2  h
e - — Ь е и  —  +  —  +  —  +  (1  — n ) ~  =  o ,

0t 9 r d r dr r

dh d h du 2 a  nhu
------- h и ------h 2  h ------- 1--------------=  0 ,
9 t dr dr r

dp . dp .
—  +  и — +  УР
9 1 er

du OLQU
dr r

+  Ц у -  l ) D RaR T * = 0 ,

(2.1)

(2 .2)

(2.3)

(2.4)

w here  v deno tes th e  d is tan ce  from  th e  cen tre  o f sy m m etry . H ere  p ,  g, u, h 
a n d  v re sp ec tiv e ly  re p re se n t th e  gas p ressu re , th e  d e n s ity , th e  v e lo c ity  o f th e  
gas, th e  m ag n e tic  p re ssu re  an d  th e  h e a t  e x p o n en t o f  th e  gas. D R, aR a n d  T  
re sp ec tiv e ly  are  th e  P la n c k  m ean  ab so rp tio n  coeffic ien t, th e  S te fa n —B o ltzm an n  
c o n s ta n t an d  th e  te m p e ra tu re  of th e  gas. a  =  0 , 1 , 2  for p lan a r, cy lin d rica l 
a n d  sp h erica l sy m m e try , re sp ec tiv e ly , an d  n  =  0 , 1  fo r az im u th a l a n d  ax ia l 
m ag n e tic  fie ld , re sp ec tiv e ly .

T ak in g  ju m p  in  th e  E q s. (2.1) to  (2.4) an d  m ak in g  use of (1.1) a n d  (1.2) 
we get

( u - G ) É + eA =  0 ,  (2.5)

e ( u - G ) A  +  l  +  4  =  0 ,  (2.6)

(u — G)rj  +  2ЛА =  0 ,  (2.7)

( « - G ) |  +  y p A  =  0 ,  (2.8)

w here эр
dr J ’

F ro m  E q s. (2 .5), (2.7) an d  (2.8) w e get

д _  (ц — G) ç =  (u  — G)r) =  _  (u  -  G) ^ 
g 2 h Ap

(2.9)
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S u b s titu tin g  from  (2.9) in  (2.6), we get

A (u  -  G)2 -
y p 2  h

e e
=  0.

T h e a ssu m p tio n  th a t  £(t)  is re g u la r  s in g u la r  surface im plies

(2. 10)

A ^  0 .
H ence we h av e

(w _ G )2  =  ^ P  +  — , (2 .1 1 )
e Q

(u -  G f  =  c2 +  h2, (2.12)

w here  c is th e  local speed o f  sou n d  an d  b is th e  A lfvén speed . I f  th e  m ed ium  
a h ead  o f U(t) is un ifo rm  a n d  a t  re s t, и van ish es  on A7(t). F o r  th is  case th e  speed 
o f  p ro p a g a tio n  is a c o n s ta n t g iven  b y

G2 =  c20 +  b20 , (2.13)

w h ich  is th e  effective speed  o f so u n d  re la tiv e  to  th e  gas flow  ju s t  ahead  of 
th e  w ave. T h e  su ffix  0 in d ic a te s  th e  v a lu es  ev a lu a ted  in  th e  c o n s ta n t s ta te  
j u s t  ahead  o f  th e  w ave. C o n seq u en tly , th e  re la tio n s (2.9) red u ce  to  th e  form s:

(2.14)

I I I .  G row th  equation

D iffe ren tia tin g  E qs. (2.1) to  (2.4) w .r. to  r an d  ta k in g  ju m p  across U(t) 
a n d  m ak ing  use  o f th e  g eo m etrica l a n d  k in em a tica l c o m p a tib ility  cond itions, 
w e get:

- G f  +  ql  =  - —  +  2  +
ôt R

- e G Î  +  Ç +  7j =  G a
ЗА
ôt e*2 -

( 1  — n) 2r\
R

-G7j+ 2hX dr]  . 2 a nhX- r - +  3rjA -{---- - —
ôt R

(3.1)

(3.2)

(3.3)

y p X - G S  =  -  Ш - + Я 1  +
ôt

<*ГР
R

+ ytt + 1 6 ( y - l ) D RaKT*
R i Q

w here

A = Э 2u  

0 r2
, f  =

Э2о

0 r2

d2p '
dr2 n =

Q2h

dr2

C ,

(3.4)
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E lim in a tin g  Я, f ,  £ a n d  т) an d  using  th e  E qs. (2.14) we have

—  =  -  —  {(y +  1) c2 +  362} _  
ót 2  G2

_  — (J L  (c,  +  пЬ2) +  2 ( 1 +  l
2G } r  R  q2G (

L e t th e  c o n fig u ra tio n  of th e  su rface  27(t) a t  a n y  tim e  t be rep resen ted  
b y  r  =  R (t) so th a t  G =  dR/dt. T he sca lars £, Я, a n d  rj are  defined  over 
2T(t) a n d  can  be re g a rd e d  as func tions o f R.  H ence w e can  w rite

0Я ^  dA 
ót dR

<5:  = G  dc
ót dR

Й | = G ^ -  a n d  * L = G - <!’'
ót dR ót dR

(3.6)

M aking use of E qs. (3 .6) in  E q . (3.5) we o b ta in

—  =  -  —  {(y +  1) с2 +  362} -  
dR  2G3

_ L  [_ ? _  ( C2 , n 6 2) , 2 ( 1 -п )Ь ^  16( y  -  l ) P RaRT*p
2G2 [ r  R  R x e2G

In tro d u c in g  th e  fo llow ing  dim ensionless p a ram e te rs

(3.7)

Я R  -  R* 6 0
-----, o' = -------------- an d  nif =  —
А* 2 Д* 7 cft

(3.8)

w here  Я* and  R* a re  th e  in itia l v a lu es  of Я an d  R . T h e  E q . (3.7) assum es 
th e  fo rm

dó
der

w here

f (1  +  n m f )  a  +  2 ( 1  -  w) m /  +  о ]  д +  ф 0 1

I (1 +  2or) (1 +  mj) J

ß  =
Щ у  -  l ) D R aR T 30 R* 

r ctQoco(l  +
a n d  Ф =

Я* R* [ у +  1 +  3m |
( 1  +  m2) 3' 2

(3.9)

. (3.10)

IV. Particular cases of interest

Case I .  Plane waves

F o r a p lane w a v e  (a  =  0, n  =  1) th e  so lu tio n  o f (3.9) is o f th e  fo rm

0  =
Ф

e ß o  _|_ 2 1  t e ß «  _  1 )

ß
(4.1)
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T h e  E q . (4.1) show s th a t  ex p an sio n  w aves (A >  0) w ill e x p o n en tia lly  
decay , b u t  com pressive w ave (A <  0) w ill in  genera l grow. I f  we define th e  
a m p litu d e  o f th e  w av e  b y

a{t) = du
dr

=  A,

we o b se rv e  th a t  th e re  ex is ts  a c ritic a l v a lue  Ac o f th e  in itia l am p litu d e  A(0) 
g iven b y

Д /3c0( l  +  m})W 
‘ R*(y  +  1 +  3mj) ’

w hich is  such  th a t  w h en  A(0) <C Ac, th e re  w ill be no b reak d o w n  o f a w eak  
d isc o n tin u ity  a fte r a f in ite  tim e , b u t  i t  w ill decay  o u t u ltim a te ly . O n th e  o th e r  
h an d  w h en  A(0 ) >  Ac, a w eak  d isc o n tin u ity  w ill b re a k  dow n an d  con seq u en tly  
a shock  w av e  w ill be fo rm ed  a fte r  a  f in ite  c ritica l tim e  tc g iven b y

h
_ i _  1 f A(0) R*(y  +  1 +  3m))
ß c 0 ë (  A(0) Д *(у +  1 +  3m |) -  ßc0( l  +  mj)W

Case I I .  Cylindrical waves

F o r  a cy lind rica l w av e  w ith  az im u th a l m ag n e tic  f ie ld  we h av e  a  =  1 
an d  n =  0. F o r th is  case th e  E q . (3.9) reduces to

1 Ï  +  V +

1 +  2 mj
( 1  +  mj) ( 1  +  2 cr) 

T h e  so lu tio n  o f (4.2) is o f th e  fo rm

0 +  Ф02 =  0 . (4.2)

- L =  I  +  0 e ßa(l  +  2o-)1+2mi/2(1+m/) +  2<r)-(1+2m’)/2(1+m’> da

w hich red u ces  to  th e  fo llow ing  fo rm  in  th e  case o f  n o n -ra d ia tin g  gases:

1

( 1  +  2af>2 f l  — ( 1  — ( 1  +  2 <x)2- ^ 2)-
Ф

(4.3)

w here /X =  ( 1  +  2mj)/(l  +  mj) .

T h e so lu tio n  (4.3) show s th a t  th e  com pressive acce lera tio n  w aves (Ф < 0 ) 
w ith  in i t ia l  am p litu d e  g re a te r  th a n  a ce rta in  c ritic a l v a lu e  w ill te rm in a te  
in to  shock  w aves a fte r  a f in ite  tim e  g iven  by

2 c„
2  -(- IФ I — p

\Ф\

2/2-M
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T h e  expansion  w av es (Ф >  0 ) w ill m o n o to n ica lly  decay  an d  w ill be  d a m p 
ed  o u t  u ltim a te ly .

Case I I I .  Spherical waves

F o r  spherical w av e  w e have a  =  2 , m,j =  0 so t h a t  th e  E q . (2.9) reduces 
to

dô
da

+ ß +
1  +  2 a

Ô +  Ф0* =  0 . (4.4)

T h e  so lu tion  o f  (4.4) for n o n -ra d ia tin g  gases is o f th e  form

0 =
( 1  +  2 a) 1  +  ^  lo g (l +  2 a)

Ci

(4.5)

T h e  so lu tion  (4.5) show s th a t  th e  com pressive acce lera tio n  w aves (Ф < 0 ) 
w ith  in itia l a m p litu d e  g rea te r th a n  a c ritic a l va lu e  w ill te rm in a te  in to  shock 
w a v e s  a fte r a f in i te  tim e  given b y

T h e  expansion  w av es  (Ф >■ 0) w ill m o n o to n ica lly  decay  an d  w ill be  dam ped  
o u t  u ltim a te ly .
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The interaction of magnetic fields and displacements in an elastic solid is considered as 
a mixed initial and boundary value problem in Magneto-elastodynamics. The solution is 
reduced to a system of Fredholm equations of the second kind, which in certain particular 
cases become Fredholm equations of the first kind. Some special cases are considered for a 
solid rectangular plate, and graphs are presented for forced vibrations of the plate.

1. Introduction

P rim arily  d u e  to  th e  successful m erging o f  e lec tro m ag n etic  th eo ry  an d  
f lu id  m echanics in  m ag n e to h y d ro d y n am ics, co n sid e rab le  a t te n tio n  has been  
g iv en  recen tly  to  th e  s tu d y  o f  m agneto -e lastic  so lid  in te ra c tio n s . A lthough  
th e re  has been som e p rogress in  th e  s tu d y  o f  m a g n e to -e la s tic ity  th e  develop
m e n t o f effective m e th o d s  o f  so lu tio n  for th e  g en era l m ixed  in it ia l  an d  b o u n d 
a ry  va lu e  p rob lem  in  m ag n eto -e lasto d y n am ics rem a in s  a challenge.

O n th e  b as is  o f  N ow acki’s m ethod  [1] o f  so lv ing  p rob lem s o f E lasto - 
d y n am ics  w ith  m ix e d  b o u n d a ry  conditions, a  co m p le te  a n d  sy s tem a tic  m a th e 
m a tic a l fo rm u la tio n  h as  been  developed  for m ix ed  in it ia l  an d  b o u n d a ry  v alue  
p ro b lem s in  M ag n e to -e lasto d y n am ics w ith  m ix ed  b o u n d a ry  cond itions [2].

As an  ap p lic a tio n  o f th is  m eth o d  we f i r s t  co n sid e r a tw o-d im ensional 
re c ta n g u la r  p la te  fo r  w hich  th e  d isp lacem ents a re  g iv en  on som e p a r ts , and  
th e  loadings are  p re sc rib ed  on th e  rem ain ing  p a r ts .  W e th e n  red u ce  th is  p ro b 
lem  to  a n u m b er o f  specia l cases, such as an  e la s tic  fo u n d a tio n , an d  a p la te  
w ith  harm onic v ib ra tio n s .

2. B asic equations and statement o f the problem

L e t R  be th e  tw o  d im en sio n a l region o f th e  re c ta n g u la r  p la te , (Fig. 1)

о <; * <; a , 0 < y < , b ,

w here  x  and  y  a re  th e  u su a l c a rte s ia n  coo rd ina tes.
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У*

S3

0

S2

R Si

s 4

F i g .  1
X

T he fu n c tio n s  it, v rep re sen tin g  th e  co m p o n en ts  o f th e  d isp lacem en t v ec to r 
h a v e  to  sa tisfy  th e  m o tio n  eq u a tio n s . U sing  th e  fac ts  t h a t  Я 3 =  ui =  0 and  
0 u /9 Z  =  0 , th e  m ag n e to -e lasto d y n am ics eq u a tio n s o f m o tio n  [2 ] c an  be  w ritte n  
in  th e  com ponen t fo rm s:

Э2ц
d t

Э 2v  
d t 2

c i v 2 +  Я „ Я | У 2 +  (c f  -  c i)

+

( c l  -  c i)

( c l  -  c l ) -
9 * 8 y

J U +

- Д Н Я 1 Я 2 V2j n +  X ,

d2
9*9y

—  Я н Я 1 Я 2 у 2 u +

+ ( c i + K ^ f ) v 2 + ( c f - c i )
0 y 2

* +  Y , (2 . 1)

w h e re  cx and c2 a re  th e  lo n g itu d in a l an d  shear w ave v e loc ities, Я х a n d  Я 2 

a re  th e  com ponents in  th e  * -d ire c tio n  an d  y -d irec tio n  o f th e  s te a d y  s ta te  
m a g n e tic  field H , R H is H a r tm a n ’s m ag n e tic  n u m b er, an d  y 2 — 02/0*2 +  02/9y 2. 

T h e  conditions w hich  m ust be  sa tis f ie d  a t  th e  p la te -v a c u u m  in te rfa c e s  are:

( 1 ) th e  c o n tin u ity  of th e  m a g n e tic  fie ld  v ec to r,
(2 ) th e  c o n tin u ity  of th e  t o ta l  n o rm al an d  sh ea r s tresses across th e  

surface S 2 on  w hich th e  tra c t io n s  are specifed , an d
(3) th e  g iven  b o u n d a ry  d isp lacem en ts  on th e  su rfaces Sq, S 3 a n d  S 4.

A s th e  m agnetic f ie ld  vecto r ac ross th e  surface is c o n tin u o u s  we ca n  w rite  
th e  b o u n d a ry  co n d itio n s  as:

?((?',*) =  Ь [и ,(^ ',« )] =  +  Ui j)nj +  An, d iv u  on S 2 ,

= M ' , t )  on S v  S 3, an d  S 4, (2 .2 )

w h e re  \  is a p o in t on  th e  b o u n d a ry .
A pply ing  th e  L ap lace  tra n s fo rm  to  eq u a tio n  (2.1) we ge t
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( c \ + R HHI)v* +  (cl- 4 )
0Ж2

pHii +

+  (ef — cl)
0 * 0J

- R h H 1H 2^ \ v +  X  =  0 ,

.24 92
4 )

dxdy
— -й^-ЙТх-Нз V2} u 4 “}5

(C1 +  R h Щ)  V2 +  (c? — cl) —- —  рг\й-\-  у  =  o .
Э у 2

(2 .3)

T h e b a r  rep resen ts  tra n sfo rm e d  space.
I n  order to  f in d  G reen’s fu n c tio n s  gjj(x, y ;  £,r]; p)  of th e  system  (2.3) 

we rep lace  th e  fo rces X ,  Y  b y  th e  <5-functions. H ere  (£, rj) is th e  p o in t o f  
a p p lic a tio n  of a u n i t  c o n c e n tra ted  force f irs t  ap p lied  p a ra lle l to  th e  ж-axis, 
an d  th e n  para lle l to  th e  у -ax is, re spec tive ly .

T h e  G reen’s fu n c tio n s  gjj(x, y ;  f , rj; p)  s a tis fy  th e  b o u n d a ry  cond itions

g,j{x,y;  f ,  rj;p) =  0 on  \ X ~  “  ( i , j  = 1 ,  2). (2.4)
l У =  0, b

F in d in g  th e  so lu tions g n , g 21, g12, g 22 fo r (2.3) a n d  (2.4) invo lv es  v e ry  com 
p lic a te d  an d  cum bersom e an a ly sis . To fa c ilita te  analysis, we ex p a n d  g(y- in  
te rm s  o f  o rthogonal se ts  (sin irntx/a, cos mnx/a ) ( m — 0 , 1 , 2 , 3 , . . . )  in  th e  in te rv a l 
(0, a). T h e  d iffe ren tia l eq u a tio n s (2.3) can  be com ple te ly  sa tis f ie d  b u t  th e  
b o u n d a ry  cond itions (2.4) can  o n ly  b e  a p p ro x im a te ly  sa tisfied . A  su b seq u en t 
p a p e r , u sin g  th e  genera lized  fu n c tio n  m ethod , w ill show  t h a t  th e  erro r so 
in tro d u c e d  is neg lig ib le . P ro ceed in g  w ith  th e  p re se n t m eth o d  we can  now  
easily  show  th a t  (w ith  H 2 =  0, R h H I  =  .R2)]

gn(*> y ;  S, Vi p) =  ^  F i(v> y )  sin  y !  sin y  X ,
y

* g 2l (X» y ;  £» Vi p)  =  F 2(r), y )  sin  y !  cos уж ,
y

g12(x, y ;  I ,  î?; p )  =  J g  F 3(ï), y)  sin  y |  cos у ж ,
y

g,22̂  У  ; i»  Vi p )  =  F Â V ’ y )  sin  y I  sin y ж ,

w here

У —
п т m =  0, 1, 2, 3 , . . .

(2.5)

(2.6)

FÁV, у) = F'(0) Cx(y) +  G '(0) H x(y) -  Р,(у, rj) -  Я 7 P 2(y , r?),
ocl ac.
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18 A. BASU

Я 2(т?, У) =  F ' ( 0) C2(y) +  G '(0) Я 2(у) +  —  Я 8 P 3(y , 4 ) ,
ac|

F 3(tj, j ) =  Л '(0 )  C3(y) +  S '( 0) Я 3(у) +  —  Я 8 P 3(y , 4) ,

2

aci

P4(7,,j) =  P '( 0 ) C 4(y) +  S '( 0 ) D 4(y)

D efin in g

Я , =

Я 8 =

я а

o ( c f  +  Л * )  

2 Я 9

o ( c i  +  P l )

a sin ha.y — ß  sin  Л/Зу 

a2 -  /3® ’

a sin h ß y  — ß  sin  ha.y

-  ß2) *

cos ha.y — cos h ß y  
a2 -  /32 ’

(cl +  Д Р ^  +  Р 2

<? +  p |

(<a  -  4 )  г

p i(y. v) -  

p 2(y, v) • (2.7)

4  +  Щ

4 4  +  P 2 Hr ( 4  —  c l )  7
(2 .8)

c2 C2

w h ere  th e  q u a n ti t ie s  ‘a ’ and  ‘/3’ a re  th e  roo ts o f  th e  eq u a tio n :

4 ( 4  +  R 2) s i  -  s * [ R l { ( 4  +  4 ) 4  +  p 2} +  ( 4  +  4 ) p 2 +  2 4 4 4 ]  +

+  ( 4 4  +  p 2) {(4 +  R 2X) 4  +  p 2} =  Ф 1  +  p 2) (s2 -  «2) (s2 -  fP) .

W e can  w rite
Ci(y) =  кг +  Я ,  • fe2 ,

Я i(y) =  Я п  • fe3 , C2(y) =  Я 8 • ic3 , 

я 2(у) =  +  Я 9 • fe2,

С3(у) =  Сг(у ) ,  D 3( y ) = - D 1(y ) ,

Ct(y) =  - C 2( y ) , D 4(j ) =  D 2(y ) . (2.9)
A lso

A , =  C # ) , P j  =  В Д ) , А г =  - С а(Ь), B 2 — D 2(b) ,

d 3 =  B 3 =  P 4 I =  -d 2 ’ R 4 =  R 2 ’
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SOME BOUNDARY VALUE PROBLEMS IN MAGNETO-ELASTODYNAMICS 19

B 2 — A 2 B 3 — A  , A 3B i A 4B 3 — В
an d

p t ( y , , )  =  Щ у  -  , )
a2 — ß2

a  s in  hß(y — rj) — ß  sin  ha(y  — rj)
ÿ ( a 2 -  ß>)

cos h x (y  — íj) — cos h ß (y  — rj) 
a2 — ß2 '

P 2Ü ’ v) =  Щ у  -  rj)

р з (У» rj) =  Щ у  -  rj) 

W e also  have

(2 .10)

(2 . 11)

* "(0 ) =  —  [ В 2{Рг(Ъ, V) +  Щ  P 2(b, r,)} +  B ,  ■ H s P3(b, rj)] s in  y | ,
Aac\

G'( 0)

R'(  0)

S '(0 )

Aac2

2
\Bac2

Bac\

[—A 1 • H 3P 3(b, rj) — А 2{Р4(Ь, rj) +  Щ Р 2(Ь, rj)}] s in y £  ,

B ,  • Щ  ■ P 3(6 , rj)

-  Bo Pi(b, rj)

I «

4  +  R l

r2 r2C2 T> (L I C2

4  +  R 2x
H 9P 2(b, rj) sin  y |  ,

+  m
Pi(b, v) + H 9 P 2(b,ri)

cl +  R l

+  А . - Щ -  P 3(b, rj)

+

sin  y f  . (2 .1 2 )

B y  u s in g  th e  sy m m etric  p ro p e r ty  o f  th e  G reen’s fu n c tio n s w e c a n  re-w rite  
th e  G reen ’s func tions gij(x, у ; | , rj; p )  as:

gn(x , у ,  I ,  V;p)  =  ^  F ^ y ,  rj) sin y |  sin  y x  ,
У

| 2l(* ’ j ;  I» rj-,p) =  F 2(y, rj) sin y x  COS y l  ,

g]2(*, у ;  I ,  Г); p) — ^  F 3(y, rj) sin y x  cos y £ ,
У

Ь-гЩ  j ;  £> rj-,p)=  ^  F 4(y, î?) sin y *  sin  y | , (2.13)
У

w here F x{y, rj), F 2(y, rj), F 3(y, rj), a n d  F 4(y, rj) h a v e  been  o b ta in e d  from  
Fßj), y ) ,  F 2(r), у), F3(y, rj), an d  F 4(y, rj) respective ly  b y  in te rc h a n g in g  rj and  y.

N ow  we consider th e  p ro b lem  w ith  m ix ed  b o u n d a ry  conditions 
fo rm u la te d  earlier in  (2 .1 ) an d  (2 .2 ).

A p p ly in g  B e tti’s rec ip rocal th e o re m  [1] we g e t
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20 A. BASU

«**(£, V, P ) =  «ÜKf, V, P ) -  / Зд) [ t /Д Г , P ) ] 2 Ч Ы  d S a(Ç ') , (2.14)

w h e re  we have d e n o te d  b y  [U fâ ' ,  p ) ] 2 th e  u n k n o w n  d isp lacem en t functions 
o n  th e  surface S 2. F u r th e r ,

öfc(£, »b p )  =  J J  ß 8ik{x, y  ; 1 , 17; p ) X ,(x , y ;  p ) d V  —

-  J S i + S i + s / i ( t ? ' ,  p )  Щ Л ' ;  S ,  » ? ;  p ) ]  r f S f a ' ) .  ( 2. 15)

I n  o rd e r to  d e te rm in e  th e  u n k n o w n  functions [ / ,(§ ',  p )  we p e rfo rm  on th e  
ex p ress io n  (2.14) th e  o p e ra tio n  Z /( . . .) and  o b ta in

b ' [ 5fc( f ,  t j , p ) ]  = b ' [ ü 2( í ,  r ? , p ) ] —  J S i  [ t / i ] 2b ' L [ g № ] d S 2 .  ( 2. 16)

T h e  prim e ( ')  on  th e  o p e ra to r  L  d en o te s  th a t  th e  o p e ra tio n  re fers to  th e  p o in t

(£ , Ч)-
Now, we p ass  p o in t ( | ,  p) e ß  to  the  p o in t (л:', 6 ) eS 2 a n d  we use th e  

b o u n d a ry  co n d itio n  w h ich  s ta te s  t h a t  th e  lo ad in g  q  is g iven  on  S 2. F rom  
(2 .16 ), a fte r p assin g  th e  p o in t ( | ,  rj) to  th e  p o in t (x ',  b) on th e  b o u n d a ry , we 
a r r iv e  a t  th e  fo llow ing sy stem  o f in te g ra l eq u a tio n s  o f th e  f ir s t  k in d :

Ы *'>  P ) ] .  =  P ) ] 8 -  J S i(S0  [Û & ',  P ) ] 2 [L 'L (g ik)] d S 2($') . (2.17)

I n  E q . (2.17) we k now  th e  tra n s fo rm e d  fu nc tions qk, ç®, an d  gjk. H av ing  de
te rm in e d  th e  u n k n o w n  fu n c tio n s [L /^Ç ', p ) ] 2 we r e tu r n  to  th e  eq u a tio n s  (2.14) 
f ro m  w hich we can  o b ta in  th e  tra n sfo rm e d  d isp lacem en t uk a t  th e  p o in t ( | ,  rf) 
in  th e  elastic b o d y .

3. Som e special cases

Case 1. W e consider now  th e  surfaces S v  S 3, a n d  S 4 to  be  fix ed , while 
th e  b o u n d ary  y  =  b (i.e. th e  su rface  S 2) rests  on a n  elastic  W in k le rian  found
a tio n , and  th u s  sa tisfie s  th e  co n d itio n

qk( x \  t) =  -  J -  Uk( x \  t) (к  =  1, 2) , (3.1)

w h e re  %k is th e  W in k le rian  fo u n d a tio n  co n stan t.
W hen th e  re la tio n s  (3.1) a re  u sed  in  (2.17) w e o b ta in  a sy s te m  of in teg ra l 

eq u a tio n s:

+  ~^x ,' p )  =  I f ;  ÏJ ^S') sin  d | ' | p n  sin  y x ' ,
* 1  у

U*(*'’ p)  +  ÿ > (* ', p )  =  2  { Jo u №  s i n  j Ï U  s i n  У*' ’ ( 3 -2 )
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w here

P ll =  22' ^У^2,2 У F 2,2') +  cl(cî  — 2сЮ ( — У F  2,2') 1

q'l 1 =  C ? cI ( F 4,2 2 ' +  ^ 4 , 2 2 )  +  Cl ( Cl  —  2 c i )  ( ^ 4 , 2 2 ')  +  C1 (C1 —  2 c ! )  •

(3.3)

As a  so lu tio n  to  (3.2) w e assum e

U ^ x ',  p )  =  A,  sin  lx ' ,

U2(x', p )  =  2  Bi sin Z * ', (3.4)

S u b s titu tin g  (3.4) in to  (3.2) we get

2  4 r sin ух> + Ж*'» p) =  2
Y * 1  У

2  т 1 ei“ г*' + Ж*'. р) =  2
у  Л 2 у

P l i  Л

f  , ; ‘ в ’

sin у х

sin у х (3.5)

W e also  assum e th a t

9Ï(*\ P) =  2  a‘ sin lx ■

$ (x 'i p) =  2 bi sin lx (3.6)

S u b s titu tin g  (3.6) in to  (3.5) and  e q u a tin g  coeffic ien ts o f sin yx '  on  b o th  sides 
we ge t

A y  a  A

X +Uy == Y P l l A y ’

A + 6  .

F ro m  th e  ab o v e  we can  easily  d e te rm in e  A y an d  B y.
Case 2. W e consider now  th e  su rfaces S v  S 3, an d  S 4 to  be f ix e d  a n d  th e  

b o u n d a ry  y  =  b (i.e. th e  su rface  S 2) to  be  su b je c te d  to  a harm onic  lo ad  qj(x')e . 
A p p ly ing  th is  b o u n d a ry  cond itio n  to  E q . (2.17) an d  assum ing  th e re  a re  no 
bo d y  fo rces we get

9 i ( *  )  =  —  2  { J T  U ^ ' )  s i n  У * '  F 11 s i n  У х '  *
У

fc(* ') =  -  2  { S o u ^ sin  y t '  d r \ & 8 in ? * ' • (3 -7)

Acta Pkysica Academiae Scientiarum Hungaricae 45, 1978
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A ssum e

Щ П  =  2 а ‘ a i n n '-

U2{£') =  ^  B t sin .

U sin g  (3.8) in  (3.7) w e get

? i ( * ' )  =  —  ^  —  A y P n  s i n  V х ' ■

(3.8)

?*(*') =  -  2  T  sin  y x /  ■

W e assum e th a t  qt{x')  can  be e x p a n d e d  in  th e  fo rm

?i(* ')  =  J ^ s i n y * ' ,

(3.9)

(3.10)

(3.11)

(3.12)

qAx>) =  s i n y x ' ,
У

w h ere

<?i =  —  | oa?i(*') sin у л:' d * ',  
a  JU

Q l = —  Г“ з г ( * ' )  s in  У * ' • a JU

U sing (3.10) in  (3.9) and equating  coefficients o f sin yx ' we get

л  _ _ A  QL
a P u

В 2 (Й
ß y = ------- ------•а ?22

D efining
iVu =  c i (F l i2  — у F 2) ,

N is =  cf F 2 2 +  (cf — 2c|) y F 1,

iV(i =  4 { F S2 +  y F 4) ,

JVi2 =  c f F 4i2- ( c f - 2 c l ) y F 3 (3.13)

and  using (2.13) in  (2.14) we get

u ( | ,  4 , t) =  -  J “ [JVU U4( | ' )  sin y | '  s in y l +  ЛГ12 U 2( | ' )  co sy l s in y l ']  d | ' e iH" ,

(3.14)

®({, 7), t ) =  — [iVÍ! U ^ l ')  co sy l s in y l ' +  ÍVÍ2  U2(! ')  s i n y l '  s in y l]  d | '  e,wt.
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U sing  (3.8) in  (3.14) we get

« ( ! ,  Vi  *) =  —  2  [ ^ 1 1 ^ 7  s i n  r í  +  ^ 1 2  -By c o s  r í ] e “ *" >2 7

®(i> »?* * ) = — ■— ̂  [ ^ 1 1 ^ 7  cos r í  +  ^ 1 2  ß 7  sin  r í ]  e' “" • (3.15)2 Y
Since a ll th e  q u a n titie s  A y, B y a n d  N n , N 12, N [v  an d  1V( 2 are k n o w n  we can 
f in d  th e  d isp lacem en t a t  a n y  p o in t o f th e  bo d y  considered .

As a special case, suppose th e  lo ad in g  is in  th e y -d ire c tio n , t h a t  is qx(x')  =  
=  0 w hich  m eans QJ — 0 fo r a ll y  an d , hence A y =  0.

U sing th is  co n d itio n  in  (3.15) we get

m( Í , Г], t) =  — B y ■ ~  • N 12 cos y£ e,wt =  U ( |,  77, w) eiwt, 
у  2

» ( í ,  V, t) =  -  2  В У ■ T  • ^ í *  s i n  r í  e™ =  ^ ( í ,  V, w) еш  . ( 3 .1 6 )
y 2

Graphical results. A ssum ing  a sq u are  p la te  о =  b =  1, D  =  _R*/cf =  0.1, 
ci / c 2 =  3, i.e . V =  1/4 we can  d raw  th e  follow ing g rap h s:

--------magneto-elastic case
elastic case

Fig. 2. Approximate solution: variation of horizontal displacement со. у. t. X-axis

4. D iscussion

F igs. 2 — 3 show  th e  so lu tio n s fo r b o th  th e  m ag n eto -e lastic  a n d  th e  
elastic  cases. T he cu rv es are n a tu ra l ly  s teep er n e a r th e  b o u n d aries  w h ere  th e  
loads are  app lied  th a n  a t  p o in ts  aw ay  from  th e  load ing  reg ion . T h e  g rap h s
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Fig. 3. Approximate solution: variation of vertical displacement to. y. t. X-axis

f l a t t e n  ou t n ear th e  end  y  =  0 , a n d  u ltim a te ly  coincide w ith  th e  Æ-axis a t  
th i s  end. The a c c u ra c y  o f th e  h o riz o n ta l d isp lacem en t so lu tio n  n e a r th e  ends 
X  =  0, a is red u ced  as th e  series so lu tion  is on ly  less w ell sa tisfied  a t  these  
b o u n d a rie s . T he g ra p h s  for th e  h o rizo n ta l an d  v e r tic a l d isp lacem en ts, re sp ec t
iv e ly , show sy m m e try  and  a n ti-sy m m e try  w ith  re sp ec t to  th e  line x  — 0 .5; 
as w ould  be e x p e c te d  from  th e  fa c t  th a t  th e  lo ad in g  is p a ra lle l to  th e  y -ax is.

The d ifferences in  th e  g rap h s  betw een  th e  e la stic  an d  th e  m agneto -e lastic  
cases  are very  p re d ic ta b le , as th e  effect o f th e  m ag n e tic  fie ld  is to  low er th e  
a m p litu d e  of th e  v ib ra tio n s . T h is  low ering effect increases as th e  m ag n itu d e  
o f  th e  m agnetic f ie ld  increases, p ro v id ed  th is  m a g n itu d e  is n o t la rge  enough 
to  destroy  th e  H o o k e a n  n a tu re  o f  th e  elastic  m ed iu m , on w hich  th e  m odel is 
b a se d .

A lthough th e  m eth o d s o f  Muskhelishvili [6] an d  o th e r fam ilia r in teg ra l 
e q u a tio n  m eth o d s a re  sa tis fa c to ry  for tw o -d im ensiona l p rob lem s, th e  m eth o d  
described  here is n o t  re s tr ic te d  to  tw o d im ensions, an d  i t  can  also be ex ten d ed  
to  th e  case w h ere  th e rm a l fie ld s  co-exist w ith  th e  m agn eto -e lastic  effects.
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Bond orbital model with the introduction of a model potential approach is suggested 
for the treatment of molecular systems. A Gaussian form of the model potential and the method 
of its parametrization is introduced. It is shown that this model potential is favourably applic
able to the floating spherical Gaussian orbitals (FSGO) method, though its use is not restricted 
to any particular method. Using relatively primitive bond orbital basis sets molecular calcula
tions with the pseudo-FSGO method on LiH and Li2 molecules are discussed. Physical reasons 
for the good functioning of the model are given.

Introduction

I n  connection  w ith  th e  ca lcu la tio n  of a to m ic  an d  m o lecu lar p ro p erties  
p seu d o p o ten tia ls  h av e  been  used  fo r th e  d esc rip tio n  o f th e  cores o f m an y  
e lec tro n  atom s fo r a long  tim e  [1]. R ecen tly , d e ta iled  in v es tig a tio n s  h av e  been  
c a rr ie d  o u t on th e  th e o re tic a l b ack g ro u n d  o f th e  p se u d o p o te n tia l app roach  
a n d  m a n y  ab in itio  an d  sem iem pirica l p se u d o p o te n tia ls  h av e  b een  discussed 
[2 ] , [3]. A ll th ese  in v es tig a tio n s  show  a com m on fe a tu re , n a m e ly  th a t  th e y  
red u ce  th e  a ll-e lec tron  p rob lem  to  th e  p rob lem  o f th e  valence e lec tro n .

T here  are tw o  a lte rn a tiv e s  to  choose from  a t  th e  s ta r tin g  o f  th e  p seudo
m e th o d . One o f th e m  is to  s ta r t  w ith  an  a ll-e lec tro n  th e o re tic a l m e th o d  and  
m ak e  ex tensive  use o f th e  o rb ita ls  o f  th e  core e lec trons d e te rm in ed  b y  th e  
a id  o f  th is  m e th o d . A s tra ig h tfo rw a rd  consequence o f th is  p ro ced u re  is th a t  
th e  p seu d o -m eth o d  c a n n o t go b ey o n d  th e  accu racy  o f  th e  o rig in a l m ethod , 
a n d  th e  n e t gain  is o n ly  in  co m p u te r  tim e  i f  th e  m e th o d  is a p p lie d  to  m ore 
co m p lica ted  a tom ic  system s [4].

T h e  o th e r m e th o d  s ta r ts  w ith  som e em pirica l d a ta  an d  a sim p le  m odel 
sy s te m  (one e lec tro n  io n  in  a m odel f ie ld  e tc .). B y  f i t t in g  th e  ca lc u la ted  and  
e x p e rim e n ta l d a ta  i t  de te rm ines a core e lec tro n  effec tive  p o te n tia l  fie ld  and  
th e  o rb ita ls  and  energies o f m ore co m p lica ted  a tom ic  system s in  th is  fie ld  [5]. 
In  p rin c ip le , how ever, th is  ap p ro ach  m ay  go b ey o n d  som e o f th e  m ore  so p h is tic 
a te d  a ll-e lec tron  th e o re tic a l m e th o d s. T he m ain  p ro b lem  in  co n n ec tio n  w ith  
th e  la t te r  ap p ro ach  is th e  co n sis ten t d e te rm in a tio n  o f  th e  m odel p a ra m e te rs .

T h e  f irs t s tep  to w ard s th is  goal is p re se n te d  in  th is  p ap er. A v a r ia tio n a l 
m e th o d  w ith  double  z e ta  basis se t is u sed  fo r th e  d e te rm in a tio n  o f  th e  p a ra 
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m e te rs  in  th e  p seu d o p o te n tia l. F u r th e r  re f in e m e n t o f  th e  m e th o d  w ill be 
t r e a te d  in  fo rth co m in g  papers.

I n  th e  p re sen t a r tic le  th e  th e o re tic a l basis o f  th e  m odel p o te n tia l  m e th o d  
is re v iew ed  and  i t  is  ex tended  in  a d irec tio n  w h ich  re su lts  in  th e  s im p lest 
possib le  form  o f th e  m odel from  th e  c o m p u ta tio n a l p o in t of v iew . M oreover, 
th e  m e th o d  is re s tr ic te d  here to  G au ss ian  p seu d o p o ten tia ls  an d  G aussian  lobe 
w av efu n c tio n s  a n d  th e  f in a l resu lts  a re  gained  b y  th e  pseudo-FSG O  (flo a tin g  
sp h e ric a l G aussian  o rb ita l)  m ethod , th e  p ro g ram  o f w hich  has been  developed  
b y  u s  th ro u g h  th e  m od ifica tio n  o f th e  orig inal FSG O  p ro g ram  o f F r o s t  [ 6 ] .

A  bond o rb ita l  m odel has b e e n  used  e x te n s iv e ly  b y  H a r r i s o n  a n d  
P h i l l i p s  in  th e  th e o ry  o f bond ing  in  m olecules a n d  solids [7]. O ur m e th o d  
has a  d iffe ren t th e o re tic a l basis a n d  i t  does n o t m ak e  such an  ex ten siv e  use 
o f em p irica l p a ra m e te rs  as th e ir  m e th o d . In  th e  c a lcu la tio n  o f m o lecu lar 
p ro p e r tie s  we do n o t  in tro d u ce  an y  new  em pirica l p a ra m e te r  a t  all, an d  do n o t 
m a k e  a n y  a d ju s tm e n t o f the  p rev io u sly  d e te rm in ed  p se u d o p o te n tia l p a ra 
m e te rs .

Pseudopotential

T h e  form al d ev e lo p m en t o f p se u d o p o te n tia ls  h as  been  rev iew ed  in  m an y  
a r tic le s  and  th e  t r e a tm e n t  has b een  g iven  in  d e ta il b y  S z á s z  an d  B a r d s l e y  

[3, 8 ] . L e t us co n sid er an  atom  or io n  w ith  a single va len ce  e lec tro n . W e assum e 
a t  th e  beg inning  t h a t  th e  core is rep re se n te d  b y  a single d e te rm in a n t m ade 
u p  fro m  N  H a r tr e e — Fock  spin o rb ita ls  Ф„ w hich  sa tis fy  th e  H a r tre e — F ock
e q u a tio n

{ h HF( l ) ~  e i } 0 i( l )  =  0 ,  (1)
w h ere

l  7  N + i

h„F(i) =  —  V  VÏ —  -  2  +  ( В Д  -  Ч-l )) (2) ̂ rl 7=1
a n d

Fj( 1 ) =  [  d x 20 f ( 2 ) ^ - 0 j ( 2 )  (3)
J  ' 1 2

a n d

G; ( l )  Ф(1) =  [ J d x 20 f ( 2 ) - i -  Ф (2)j  Ф / 1 ) , (4)

w h e re  th e  a rg u m en t rep resen ts sp ace  an d  sp in  co o rd in a tes  an d  th e  in te g ra tio n  
in c lu d e s  a su m m a tio n  on th e  sp in  v a ria b le , Z  is th e  n u c lea r charge . T he w ave 
fu n c tio n  for th e  N  -j- 1 p artic le  sy s te m  is w r it te n  as

1 1/2 i  Г 1
U + i ) j “ ^ ( i V ! ) 1'2

d e t ^ l  ) . . . 0 n ( N ) } 0 v(N  + 1)

(5)
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H ere  A p is th e  p a r t ia l  an tisy m m e triz a tio n  o p e ra to r  w h ich  m akes th e  w ave 
function, a n tisy m m e tr ic  w ith  re sp e c t to  all N  -)- 1 p a rtic le s . L e t us consider 
th e  eq u a tio n

( h p ~ s) T  e= +  2 ^  \фс><фс 
c

( 6)

A ll over th e  p a p e r  a tom ic  u n its  a re  used.
T he w ave fu n c tio n s  Ф„ o f th e  valence e lec tro n  are  so lu tio n s o f E q . (6 ) w ith  

th e  sam e e igenva lue  e„ an d  th e  core  w ave fu n c tio n s  Фс a re  also  e igenfunctions 
o f  E q . (6 ), b u t  th e  e igenvalues are  changed fro m  ec to  ec -j- <xc. T hus E q . (6 ) 
p reserves th e  v a len ce  sp ec tru m  o f th e  H a r tr e e —F ock  e q u a tio n  h u t sh ifts  
th e  core energies.

F o r th e  v a le n c e  e lec tro n  E q . (6 ) m ay  be  re a rra n g ed  i f  one tak es  in to  
ac c o u n t th e  sp h e ric a l sy m m e try  o f  th e  p o te n tia l f ie ld  of th e  closed shell o f th e  
core  an d  th e  consequence  of th is , n am ely  th e  core e ig en func tions being eigen
fu n c tio n s  of th e  to ta l  an g u la r m o m en tu m . W e g a in  th is  w ay  fo r th e  pseudo- 
H a m ilto n ia n

К  =  hHF + 2  Vi(r)Pic , (7)
u

w here
v lc(r) =  2  * c \R ‘c'><Rlc‘ \ (8 )

c, lc= const.

a n d  P lc =  2 1*« m ,c> ( m lc, l \  is a  p ro jec tion  o p e ra to r  on  th e  an g u la r mo-
mi,

m e n tu m  e ig en sta te s  w ith  q u a n tu m  n um ber lc rep re se n te d  in  th e  core an d  
I l, тп,с У are  th e  e ig en sta te s  w ith  m agnetic  q u a n tu m  n u m b e r =  lc, lc — 
— 1, . . ., —lc. I R'cc У a re  th e  e ig e n s ta te s  of th e  ra d ia l  p a r t  o f th e  core H am il
to n ia n  i.e. I ФСУ =  I R lc°y I lc, m ^ y .  W e m ay fu r th e r  rea rran g e  th e  term s in  
E q . (7) b y  w ritin g  th e  sum  in  E q . (2) for i =  v in  th e  form

J  ( F j (  1) -  СД1)) =  ~  + 2  V ‘ (ri) P ‘ ■ (9)
J= 1 1 t

I n  E q . (9) th e  su m  o v er lc re p re se n ts  th e  n o n -p o in t-lik e  cou lom bic, e lec tro 
s ta t ic  p o te n tia l  f ie ld  o f  th e  core e lec trons. B y com bin ing  E q s. (7), (8 ) and  (9) 
an d  ta k in g  in to  a c c o u n t E q . (2) w e have

hp = - * Vl - ( Z - N ) r - i  +  2  Vt(r) P, , (10)
^ l

w here
V,(r) =  F[(r) +  Ve,(r) (11)

a n d  V/(r) =  0  fo r l v a lu es  n o t re p re se n te d  in  th e  core.
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I n  th e  su b sequen t s tep s  we in te n d  to  use th e  ab o v e  co n sid e ra tio n s to  
s u p p o r t  th e  sem iem pirical p ro ced u re  o u tlin e d  below. T h e  p o te n tia l f ie ld  acting  
on one  o f  th e  valence e lec tro n s is a ssu m ed  in  th e  fo llow ing  fo rm  correspond ing  
to  E q . (10):

v p = -  -(z  ~ - N)  +  2  p i ’ (12)
г i

w h ere  th e  ac tual a n a ly tic a l form  o f th e  ra d ia l fac to r o f  th e  noncou lom bic  p a rt 
o f  th e  p seu d o p o ten tia l is

v,(r) =  2  A ‘e~a‘r' ■ (13);=i

T h is  fo rm  of the  fa c to r  in  th e  p seu d o p o te n tia l is a p p ro p r ia te  fo r th e  correct 
re p re se n ta tio n  of i t  b ecau se  b o th  th e  noncoulom bic p a r t  o f th e  e lec tro sta tic  
p o te n t ia l  and  the  rep u ls iv e  p o te n tia l  a re  f in ite . The fo rm  described  b y  E q . (13), 
w h ic h  h as  been sugg ested  an d  u sed  fo rm ely  by  S c h w a r z  an d  B a r d s l e y  in  a 
d if fe re n t w ay, is v e ry  a p p ro p ria te  from  the  c o m p u ta tio n a l p o in t o f view 
[3, 9 , 10]. To begin w ith  we sim p lify  E q . (13) by  re ta in in g  th e  f ir s t  te rm  only 
w ith  th e  linear p a ra m e te r  A } an d  th e  non linear p a ra m e te r  a}. ( In  th e  fu tu re  
w e d ro p  th e  index  1.). T he tw o p a ra m e te rs  can  be d e te rm in ed  b y  selecting  
th o s e  p a ram e te r v a lu es  w hich  re p ro d u c e  in  th e  S ch rôd inger e q u a tio n  the  
en e rg ies  of th e  g ro u n d  a n d  f ir s t  e x c ite d  s ta te s  of th e  one e lec tron  w ith  q u an tu m  
n u m b e r  l outside th e  closed shell ion . B ecause of th e  C oulom bic n a tu re  of th e  
te rm  values w ith  l 2 we h av e  n eg lec ted  th e  co rresp o n d in g  noncoulom bic 
c o rre c tio n  term s in  E q . (12) b y  s e tt in g  V:(r) =  0 fo r l >  2. I n  th e  ac tua l 
n u m e ric a l calcu lations v a r ia tio n a l p ro ced u re  w ith  doub le  £ w ave functions 
h a s  b een  applied. B ea rin g  in  m in d  th e  fa c t th a t  th e  p a ra m e te rs  are  d e te rm ined  
w ith  an  ap p ro x im ate  w av e  fu n c tio n  o f  double £ accu racy  we n am e th e  p a ra 
m e te rs  co rrespondingly . D ouble £ p a ra m e te rs  fo r th e  L i a to m  de te rm ined  

b y  th e  aid  of th is  p ro ced u re  w ill be  g iven  in  th e  t e x t  la te r  on.

M ethod of m o lecu la r calcu lations

In  order to  p e rfo rm  m o lecu la r calcu la tions b y  th e  aid  o f  th e  above 
d e f in e d  p seu d o p o ten tia l th e  H a m ilto n ia n  of th e  va len ce  e lec trons is defined 
in  th e  form :

2
j =  1

-  — A, 2
к

Z k - N k

r j k
2 2  A i e~°,r,kpîI к

J .  1 ( Za - N u) ( Z , - N v) ^
i>j=i r,j u>v ruv

(14)
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A single d e te rm in e n ta l w ave fu n c tio n

-11/2
y/ = [ --------- ----------

L d e t I S  I (2n) !
d e t |ФХ(1) Фх(2) . . . Фп(2п -  1) Ф(2п) I (15)

is em ployed  in  w hich  d e t | S  | is th e  d e te rm in a n t of th e  o v erlap  m a tr ix  S  w ith  
th e  e lem ents

S i j  =  j  Ф /* Фj  dv . (16)

Ф,- and  Ф,- a re  m olecu lar o rb ita ls  w ith  sp in  a  an d  ß. T he energy  exp ression  is 
given b y  th e  a id  o f E qs. (14) and  (15) to  be

(Zu — Nu) (Z„ — Nv)
9

r u ,v
(17)

E  =  2 J > ( j \ k )  TJk +  2  {Ы\pq) [2TklT pq -  T kqT lp\ +  2 -
j k  k lp q  u ,v

w here

(> |а) = ] ф ;
6  и

z„ -  N,
•ju

and
(kl \pq) =  Ф*к( 1) Ф*(2) ria1 ФД1) Ф,(2) dv . 

The inverse  m a tr ix  T  of S is defined  by

Фк dv (18) 

(19)

T kl =  ( S - i ) kl. ( 20)

In  th e  fo rm u lae  above P “ is a p ro je c tio n  o p e ra to r  w hich  p ro jec ts  o n to  th e  
an g u la r m o m e n tu m  e igenfunction  subspace  w ith  cen tre  a t  u. M atrix  e lem en ts

U 2
of th e  o p e ra to rs  e~~4riuPi h av e  been c a lc u la te d  b y  us an d  in d e p e n d e n tly  
b y  S c h w a r z  u sin g  f lo a tin g  spherica l G au ssian  fu nc tions

0 i(rj) =  М У  ex p ( —rF»/ef) (21)
l nQf I

as one-e lec tron  fu n c tio n s w here gi is th e  ra d iu s  o f th e  o rb ita l i an d  rfi =  
=  I Tj — Rj\ is  th e  d is tan ce  o f  th e  reference p o in t from  th e  c e n tre  a t  Й, [11]. 
B y  th e  a id  o f  th e se  m a tr ix  e lem ents th e  F S G O  m eth o d  o f F r o s t  h as b een  
ex ten d ed . W e ca ll th e  re su ltin g  m eth o d  pseudo-F S G O  m eth o d . T he to ta l  
valence en erg y  o f  th e  m olecule in  th e  pseudo-F S G O  a p p ro x im a tio n  dep en d s 
on th e  p o sitio n  o f th e  cen tre  o f  th e  G aussian  o rb ita ls , th e  o rb ita l rad ii an d  
th e  positio n  o f  th e  cen tres o f th e  cores w h ich  coincide w ith  th e  po sitio n s of 
th e  nuclei. T h ese  q u a n titie s  m ay  be o b ta in e d  b y  m in im izing  E  w ith  re sp e c t 
to  these  q u a n titie s .

W e w ou ld  lik e  to  em phasize th a t  th e  ap p lic a tio n  o f th e  H a m ilto n ia n  
described  b y  E q . (14) is n o t necessarily  c o n n e c te d  w ith  th e  FSG O  m e th o d .
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I t  m a y  be  app lied  in  a n y  th e o ry  for a to m ic  sy s tem s. T he ap p lica tio n  is especia lly  
v e ry  easy  w hen th e  basis  se t o f  th e  m e th o d  co n ta in s  exclusively  G au ssian  
fu n c tio n s  owing to  th e  p o ssib ility  o f  g iv ing  ex p lic itly  a ll in teg ra ls  in  a n a ly tic a l 
fo rm  a n d  th e  g re a t red u c tio n  in  c o m p u ta tio n a l req u irem en ts .

R esults an d  d iscussion

M odel sy stem s co n ta in in g  L i h av e  b een  s tu d ie d  fo r th e  L i a to m  is th e  
sm a lle s t o f th e  a to m s to  w hich  th e  p seudo-F S G O  m e th o d  can  be ap p lied . 
T h e  p se u d o p o te n tia l p a ram e te rs  fo r L i h av e  b een  d e te rm in ed  b y  p e rfo rm in g  
a c a lcu la tio n  on  th e  n e u tra l L i a to m  acco rd in g  to  th e  p rev io u sly  o u tlin e d  
m e th o d . T heir a c tu a l va lues are .4S= 1 1 .4 7 0 1 , a s =  3.1113 an d  A p =  —5.2287, 
Kp =  1.4464.

T he L i2 an d  L iH  m olecules h av e  been  t r e a te d  in  a bo n d  o rb ita l a p p ro x im 
a tio n  b y  th e  a id  o f  th e  pseudo-FSG O  m e th o d . O ne f lo a tin g  spherica l G au ss ian  
o rb ita l  p er bo n d  h as  been  used  to  describe th e  m olecules. T he n o n lin ea r p a r a 
m e te r , th e  cen tre  o f  th e  o rb ita l as w ell as th e  se p a ra tio n  o f th e  n ucle i h a v e  
b een  v a ried  d u rin g  a d irec t search  fo r th e  m in im u m  o f th e  valence on ly  to ta l

Table I

Parameters of the Li2 molecule *

Q

4.35437

L i-L i

Dissociation energies 
Valence only total energy

Gaussian parameters 
Distance from
Lithium atoms (R ) Comments

2.29818 Rg =  freely varied

Internuclear distances
Calculated

4.59636
Experimentalb

5.05035

Energies
Calculated 
4.81429 X  10-*

— 0.44541

Experimental' 
4.05574 X  10-*

—0.43763

Contributions to the calculated valence only total energy
Kinetic 0.15822
Electron repulsion 0.25914
Point core-electron attraction —1.23374
Core-core repulsion 0.21756
Pseudo-core-electron repulsion 0.15340

a) All lengths and energies are given in atomic units. See [12].
b) See [13].
c) Estimated value of valence only total energy using experimental ionization potentials 

and bond-energies. For experimental dissociation energy of Li2 molecule see [14].
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energy  o f th e  m olecule u n d e r co n sid era tio n . T h e  resu lts  o f  th e  pseudo-FSG O  
ca lcu la tio n s w ith  th e  above p re sen ted  p se u d o p o ten tia l p a ra m e te rs  fo r L i2 
an d  L iH  are  su m m arized  in  T ab les  I  an d  I I .

Table II

Parameters of the LiH molecule“

Q

1.74090

L i-H

Valence only total energy

Gaussian parameters
Distance from 

Hydrogen atom (1?)
0.24180

Internuclear distances
Calculated

2.30285

Energies
Calculated 

— 0.88727

Comments
R„ =  freely varied

Experimental6
3.10147

Experimental0 
— 0.79227

Dipole moment0

Dipole moments
Calculated

4.62381
Experimental11

5.882

Contributions to the valence only total energy
Kinetic 0.98986
Electron repulsion 0.64816
Point core-electron attraction —2.76298
Core-core repulsion 0.43424
Pseudo-core-electron repulsion —0.19655

a) All lengths and energies are given in atomic units.
b) See [13].
c) Estimated values of valence only total energy using experimental ionization potentials 

and bond energies.
d) See [15].
e) Dipole moments are presented in Debyes.

F ro m  T ab le  I  i t  c an  be seen th a t  th e  b o n d  o rb ita l a p p ro x im a tio n  gives 
good resu lts  fo r L i2. T he c a lcu la ted  valence o n ly  to ta l  energy  an d  th e  re su ltin g  
eq u ilib riu m  in te rn u c le a r  se p a ra tio n  are in  fa ir  ag reem en t w ith  ex p erim en t. 
T he d issoc ia tion  energy  o f  th e  m olecule m ay  also be ca lcu la ted  in  good ag ree
m en t w ith  e x p e rim en t. T h is la t te r  re su lt is considered  b y  us to  occur on ly  
b y  chance an d  we m en tio n  i t  ju s t  to  he co m p le te .

T ab le  I I  show s th e  re su lts  fo r  L iH . T he re su lts  of th e  b o n d  o rb ita l ap p ro x 
im a tio n  fo r th e  L iH  m olecule a re  fa r  from  th e  ex p e rim en ta l v a lu e s  th o u g h  
th e y  are n o t u n reaso n ab le . T h e  L iH  m olecule is h igh ly  asy m m etrica l an d  
co n ta in s  one a to m ic  in n e r  core th e  fie ld  o f w h ich  is rep re sen ted  b y  a pseudo- 
p o te n tia l an d  a h y d ro g en  core, a p ro to n  w ith  p u re  coulom bic fie ld . T h e  fie ld  
on th e  p ro to n  is m uch  s tro n g e r th a n  th e  p seu d o p o te n tia l f ie ld  fo r w hich  a
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cancella tion  th e o re m  ex ists [16]. A ccord ing  to  th is  th e o re m  in  th e  reg io n  of 
th e  core th e  av e ra g e  value  o f th e  p seu d o p o te n tia l w ith  repu ls iv e  p a r t  (in  ou r 
case  l =  0) is zero  to  a good ap p ro x im a tio n . B ecause  o f th is , th e  o rb ita l o f  th e  
va lence  e lec tro n  need  n o t h a v e  a node in  th e  core reg io n  and  th e  ca lc u l
a t io n  becom es in sen sitiv e  to  th e  f in e r  d e ta ils  o f  th e  o rb ita l  in  th is  reg ion . 
I n  th e  field o f  th e  p ro to n , or in  a p seu d o p o ten tia l f ie ld  w ith  a ttra c tiv e  te rm s  
o n ly  the  d e ta iled  fo rm  o f th e  o rb ita l in  th e  core reg ion  is v e ry  im p o r ta n t. 
E .g . th e  o rb ita l w ith  / =  1 m u s t h av e  a n o d a l p lan e  going th ro u g h  th e  orig in  
a n d  th e  v alue  o f  th e  o rb ita l a lte rn a te s  in  sign on th e  d iffe ren t sides o f  th e  
p la n e . The c o n tr ib u tio n  to  th e  energy  due  to  th e  noncou lom bic p a r t  in  an  
a to m  or ion  is p ro p o rtio n a l to  th e  q u a n ti ty  | <( ç?)|ï/ )ÿ Ç), w here  W  is
th e  o rb ita l o f th e  valence  e lec tro n  an d  th e  m a tr ix  e lem en t is in te g ra te d  on 
th e  angular p o la r  coo rd inates ft an d  (p an d  Y*($, cp) a re  ca rte s ian  sp h erica l 
harm onics. I f  4f  is spherica lly  sy m m etrica l th is  q u a n t i ty  for l =  1 is zero. 
F o r  IF w ith  1 = 1  an d  \m ' | 1 th is  q u a n ti ty  is zero fo r m  ^  m ' o r h as  a
n o d a l p lane a n d  th e  v alue  of th e  in te g ra n d  is as sm all as r2 in  th e  core reg ion , 
r  be ing  th e  ra d ia l  d is tan ce  m easu red  from  th e  cen tre  o f th e  core. In  m o lecu la r 
ca lcu la tions, w h e re  th e re  are  no  p u re  an g u la r m o m en tu m  e igensta tes (as i t  is 
th e  case for io n s w ith  one va len ce  e lec tron  ou ts id e  th e  closed shell core), 
th e  problem  o f  th e  p seu d o p o te n tia l ca lcu la tio n s becom es s ligh tly  d iffe ren t. 
F o r  m olecular o rb ita ls  cross te rm s  ap p ea r w hich  te n d  to  over-em phasize th e  
im p o rtan ce  o f  te rm s  w ith  l 0 in  th e  o rb ita l. T h is can  be seen in  T ab les  I I I  
a n d  IV w here w e p re sen t ca lcu la tio n s fo r b o th  L i2 an d  L iH  w ith  v a ria b le

Table III

Variation of molecular parameters with the linear pseudopotential 
parameter Ap for the LiH molecule

Orbital radius 
Q

Distance of 
orbital centre 
from proton

Li—H
internuclear

distance
Valence only 
total energy

Dipole moment 
(Debyes)

— 1.08310 2.25316 0.33151 2.88486 — 0.68515 5.64705
— 2.00000 2.12468 0.30668 2.74597 — 0.72052 5.42022
— 3.00000 1.99358 0.28349 2.59783 — 0.76472 5.16158
—4.00000 1.87191 0.26227 2.45643 -0.81540 4.91009
—5.22869 1.74090 0.24180 2.30285 — 0.88727 4.62381

noncoulom bic p a r t  (l =  1). B y  d im in ish ing  th e  ab so lu te  v a lu e  o f A p th e  re su lts  
fo r  L i2 change o n ly  slig h tly  b u t  th o se  o f L iH  te n d  to  show  b e tte r  ag reem en t 
w ith  ex p erim en t. T he re su lts  o f ca lcu la tions on  sy m m etrica l X H n h y d rid es  
su ch  as B e H 2, B H 3, C H 4 an d  on C 2H 4 h av e  b een  p u b lish ed  elsew here [17]. 
I n  these c a lcu la tio n s  th e  sam e bo n d  o rb ita l m odel as described  in  th is  a r
tic le  has b een  u sed . I t  has b een  observed  t h a t  th e  h igh  sy m m etry  o f  th e  
m olecules is re f le c te d  in  th e  cen tres  o f th e  b o n d  o rb ita ls . B ecause o f  th e  ob-
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Table IV

Variation of molecular parameters with the linear pseudopotential 
parameter A p for the Li2 molecule*

Orbital radius 
Q

Li—Li intemuclear 
distance

Valence only total 
energy

— 1.08310 4.42991 4.61113 -0 .44231
— 2.00000 4.41405 4.60809 —0.44297
— 3.00000 4.39624 4.60471 — 0.44371
—4.00000 4.37789 4.60125 — 0.44446
— 5.22869 4.35781 4.59792 —0.44541

a) The centre of the bond orbital is placed in the middle point of the Li— Li distance.

served sy m m e try  o f  th e  bo n d  o rb ita ls  in  th e  core region o f th e  a to m s w ith  a 
pseudo core, i t  is a lw ays possible to  fo rm  lin e a r  com binations o f th e  b o n d  
o rb ita ls  w ith  a p p ro p ria te  sy m m etry  e.g. s im u la te  cartes ian  p  o rb ita ls  w ith  
nodal p la n e s . T h e  energetic  consequence o f th is  fa c t has been a m o st reg u la r 
b e h av io u r over th e  w hole dom ain  o f th e  n o n lin e a r  v a ria tio n a l p a ra m e te rs , 
w hich a re  in  co n fo rm ity  w ith  th e  sy m m e try  o f  th e  m olecule.

W e w ou ld  lik e  to  m en tio n  here  again  th e  fa c ts  we consider im p o r ta n t  
in  co n n ec tio n  w ith  th e  good fu n c tio n in g  o f ou r b o n d  o rb ita l m odel. T h e  pseudo- 
p o te n tia l a p p ro a c h  gives us th e  p o ss ib ility  to  c o n c e n tra te  on ly  on th e  valence 
shell, th e  en erg y  o f w hich  is m uch  sm alle r th a n  th a t  o f th e  w hole m olecule 
inc lu d in g  th e  in n e r  shells too . I t  is th e  exc lusion  o f  th e  in n er shells w ith  th e  
can ce lla tio n  th e o re m  in  th e  pseudo-core reg io n  t h a t  m akes possible to  o b ta in  
good re su lts  b y  th e  a id  of a re la tiv e ly  p r im itiv e  b o n d  o rb ita l basis se t. T he 
repu lsive  p a r t  (l =  0) o f th e  p seu d o p o te n tia l in  th e  core region com b in ed  w ith  
th e  a t t r a c t iv e  p a r t  o f  th e  p o te n tia l in  th e  b o n d  reg ion  im ita te s  a p seu d o  h a r 
m onic fo rce  f ie ld  w ith  th e  consequence th a t  G au ssian  functions fo r th e  b o n d  
o rb ita ls  a re  good ap p ro x im atio n s . T his fa c t w ill he fu r th e r  ana lyzed  in  a su b 
seq u en t a rtic le .

A n  in te re s tin g  ex tension  o f th e  above d e a tile d  bond  o rb ita l m odel has 
also b een  developed . O n th e  basis  o f th e  p re se n t m odel p seu d o p o ten tia l m ole
cu lar f ra g m e n ts  h a v e  been  d efin ed  an d  d esc rib ed  in  d e ta il [18]. T h e  pseudo- 
p o te n tia l m o lecu la r frag m en ts  m ay  be used  in  th e  developm ent o f  a th e o ry  
w hich is ab le  to  t r e a t  large o rganic  an d  b iom olecu les w ith  p re sen tly  av a ilab le  
e lec tron ic  co m p u te rs .
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The self-consistent phonon theory (SCPT) is formulated using Green’s function method 
to describe both the dynamical and thermodynamical properties of highly anharmonic crystals 
and to investigate the dynamical stability of anharmonic lattices. The results of calculations 
for the phonon spectrum, elastic constants, P V-diagrams, etc., are presented for a simple 
model of the fee lattice. The phenomenon of lattice instability due to the volume fluctuations 
at sufficiently high temperatures or as a consequence of a high zero-point energy is investigated. 
An application of the SCPT to structural (or ferroelectric) phase transitions (PT) is also dis
cussed. In that case taking into account the fluctuations of the order parameter by the SCPT 
results in the renormalization of the Landau expansion and in a first order PT. A unified 
model for ferroelectric PT, where both the statistical disorder and the instability of lattice 
in the PT are taken into account, is shortly reviewed.

1. In tro d u c tio n

In  recen t y ea rs  th e  B o r n —von  K ármán th e o ry  o f la ttic e  d y n am ics [1] 
has b een  re fo rm u la ted  in  o rd er to  acco u n t fo r h ig h ly  an h a rm o n ic  c ry sta ls  
w ith  so large  v ib ra tio n a l m o tio n  t h a t  th e  co n v en tio n a l harm o n ic  version  of 
th e ir  th e o ry  is in ap p licab le . T h is generalised  version , th e  so ca lled  self-con
s is te n t p h o n o n  th e o ry  (SCPT) o f la tt ic e  dynam ics has been rev iew ed  in  several 
p ap ers  [2 ]— [10] re c e n tly . Since in  th e  SC PT an h arm o n ic  in te ra c tio n s  are 
in c o rp o ra te d  in  th e  th e o ry  from  th e  b eg inn ing  th e  in te re s tin g  p h enom enon  
o f an h a rm o n ic  la ttic e  in s ta b ili ty  can  be in v e s tig a te d . W ith  in c reasin g  te m p e r
a tu re  la t t ic e  v ib ra tio n s  in  an y  solid  becom e so in ten s iv e  th a t  th e  c ry s ta l as 
a b o u n d  s ta te  of a to m s, can  be d estro y ed . T ho u g h  in  re a lity  th e  c ry s ta l will 
m elt b efo re  th is  p h en o m en o n  cou ld  ta k e  p lace  an  u p p e r b o u n d  o f a given 
c ry s ta llin e  s ta te  can  b e  e s tim a te d  b y  th e  SCPT o f la ttic e  d y n am ics. Besides 
th is  in s ta b il i ty  o f th e  la tt ic e  as a w hole, th e re  are  a la rge  n u m b er o f  exam ples 
of s t ru c tu ra l  phase tra n s it io n s  d riv en  by  one (or several) u n s ta b le  phonon 
m ode. I n  th is  case th e  SC PT  can also be app lied  to  th e  in v es tig a tio n  o f  th e  la ttic e  
dy n am ics o f c ry sta ls  w ith  u n s ta b le  m odes an d  to  ge t an  e s tim a tio n  of th e  
te m p e ra tu re  o f possib le  s tru c tu ra l p h ase  tra n s itio n s .
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One of th e  f i r s t  in v es tig a tio n s  o f th e  la t t ic e  s ta b ility  w as perfo rm ed  
b y  B o r n  [11] in  th e  so called q u as ih a rm o n ic  ap p ro x im a tio n . H e has ca lcu la ted  
th e  elastic  c o n s ta n ts  fo r a m odel bcc la ttic e  a n d  fo u n d  th e  te m p e ra tu re  T 0 
fo r  w hich  th e y  v a n ish . T hough T 0 ap p e a rs  to  be close to  th e  m e ltin g  te m p e ra t
u re ,  T m, from  th is  ca lcu la tio n  one  c a n n o t f in d  th e  la t te r ,  since m e ltin g  is a 
f i r s t  o rder phase  tra n s it io n  an d  b o th  c ry sta llin e  a n d  liqu id  phases shou ld  be 
co n sid ered  (see, e .g . [12]). F u r th e rm o re  th e  q u asih a rm o n ic  a p p ro x im a tio n  
beco m es u n re liab le  a t  te m p e ra tu re s  as h igh as T m [4].

T he SCPT, how ever, can  be  ap p lied  in  th e  in v e s tig a tio n  of an h arm o n ic  
la t t i c e  in s ta b ility , since i t  can  p ro p e rly  ta k e  in to  acco u n t th e  h ig h ly  a n h a r
m o n ic  v ib ra tio n a l m o tio n  n ea r th e  in s ta b ili ty  p o in t. A t f ir s t  th e  in s ta b ili ty  
o f  th e  anharm on ic  one-d im ensiona l lin e a r  chain  w as considered  in d e p e n d e n tly  
in  [2] and [13] a n d  la te r  m ore  gen era l m odels w ere d iscussed [14] — [22]. 
C ry sta llin e  o rd e r a n d  in s ta b ility  o f  h ig h ly  an h a rm o n ic  c ry sta ls  on th e  basis 
o f  rigorous e q u a tio n s  fo r th e  d isp la c e m e n t-co rre la tio n  fu n c tio n  w ere discussed 
b y  Meissner  [23]. S em iphenom enological th eo rie s  o f m elting  a n d  la ttic e  
in s ta b i l i ty  of a n h a rm o n ic  c ry s ta ls , re le v a n t to  th e  p resen t d iscussion, w ere 
g iv e n  in  [24] — [26].

S tru c tu ra l p h a se  tra n s itio n s  w ere also in v e s tig a te d  using  th e  SCPT 
fo r  sim ple m odels o f  ferroelectrics [9] and  m o lecu la r c rysta ls  [27].

The p re se n t p a p e r  is d e v o ted  m ain ly  to  th e  d iscussion of la tt ic e  s ta b ili ty  
in  h ig h ly  an h a rm o n ic  crysta ls . T h is  prob lem , seem ing ly , has n o t  y e t  found  
a  p ro p e r  fo rm al a n d  general p re se n ta tio n  in  th e  l i te ra tu re  on th e  basis  o f th e  
S C P T . In  th e  n e x t  Section  th e  H am ilto n ia n  a n d  th e  equ ilib rium  cond itions 
fo r  a n  an h arm o n ic  c ry s ta l are  d iscu ssed  and  th e  m e th o d  of G reen’s fu n c tio n s 
is  in tro d u ced . I n  S ection  3 th e  SC PT  is fo rm u la te d  in  a r a th e r  sim ple b u t  
g e n e ra l w ay on  th e  basis of G reen ’s fu n c tions. T h e  s ta b ility  o f c e r ta in  m odels 
o f  anharm on ic  c ry s ta ls  is co n sid e red  in  S ection  4 an d  th e  s t ru c tu ra l  phase 
t r a n s i t io n  is d esc rib ed  using th e  SC PT  in  S ection  5. Conclusions a re  p resen ted  
in  th e  last S ec tion .

2. D escrip tion  o f an h arm o n ic  crystals

2 .1  The H am iltonian

L et us co n sid e r a c ry s ta l in  th e  ad iab a tic  ap p ro x im a tio n  [1] w hen  i t  can  
b e  described b y  th e  H a m ilto n ia n :

h = 2 P t
2M ,

U (R;) ( 2.1)

w ith  the  local p o te n tia l  en e rg y  U(Ri) d ep en d in g  only  on th e  co o rd ina tes
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Ri =  R* =  R* of th e  a to m  o f ty p e  x  =  1, 2, . . r  in  th e  u n i t  cell l; <x =

=  (X, y ,  z); pi =  p i  =  — ih y*  is th e  m om entum  o p e ra to r  an d  M t =  M x is 
th e  m ass o f  th e  к-th  ty p e  o f a to m . F o r  th e  an h arm o n ic  c ry s ta l th e  equ ilib rium

l )
p o sitions o f  a tom s x t =  =  лга are te m p e ra tu re  d ep en d en t a n d  should

be o b ta in e d  from  th e  eq u ilib riu m  cond itions. L et us ap p ly  an  e x te rn a l s ta tic  
fie ld  w ith  forces F t a c tin g  on a to m s a t  R t

Щ  =  -  2  F ‘ R ‘ =  -  2  F s R s • (2-2)

F ro m  th e  eq u a tio n  o f  m o tio n  fo r  th e  m om entum  o p e ra to r  in  th e  H eisenberg  
re p re se n ta tio n

Pi(t) =  e™ P te -™  ; % =  H  +  Я , , (2.3)

one gets th e  equ ilib rium  co n d itions in  th e  form

- f  < Л ( * ) >  =  < №  i P i ]  > =  F t -  ( 2 L L \  =  0  .
dt \ 9  R t /

(2.4)

F ro m  th e rm o d y n a m ic a l co n sid e ra tio n s and  E q . (2.4) follows an  eq u a tio n  for 
th e  s tre ss  ten so r

=  *5 F * =  V  2  U(R,)> (2-5)

or fo r th e  pressure

р = - \ 2 в»  =  — к ; 2 * < ъ Щ * Ь > *  (2.6)
О a  K a s

w here V  is th e  vo lum e o f th e  c ry s ta l  o f N  u n it cells. T he s ta t is t ic a l  average 
in  E q s. (2.4) — (2.6) is ta k e n  over th e  canonical ensem ble:

{ A )  =  T r { e - ^ A } /T r { e ~ ^ }  ; 0 = - ^ - .  (2-7)
Kl

T h e la t t ic e  p a ra m e te rs  can  be o b ta in e d  also d irec tly  fro m  th e  p a r t i t io n  function :

*/ =  <R i> = i r 4 r  ln T r{e-I*}  
ß  9 F,-

( 2 .8)

N ow  in tro d u c in g  th e  d y n am ica l d isp lacem en ts o f th e  a to m s u t =  jR;- — x t =
\ l )

, th e  H a m ilto n ia n  (2.1) c a n  be w ritte n  as

2 M t п =  1 1 . . . П
(2-9)
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w h e re  th e  coeffic ien ts o f th e  T a y lo r  expansion

=  V i • • • V„ U0{xi) ^  (2.9a)

a re  sym m etric  fu n c tio n s  o f th e  in d e x  (1. . .n) a n d  sa tis fy  sev era l conditions 
w h ic h  follow from  th e  in v a rian ce  o f  th e  la ttic e  u n d e r  tra n s la tio n s  and  r o ta t 
io n s  [1].

2 .2  The Green's functions

V arious d y n a m ic a l an d  th e rm o d y n am ica l p ro p e rtie s  o f th e  anharm onic  
c ry s ta l  can be d iscussed  in  te rm s  o f  th e  G reen’s fu n c tio n  (G F). F o llow ing  [10], 
[1 3 ], [14] le t us co n sid e r th e  th e rm o d y n am ic  G F  [28]:

Gir(t -  t') = «u,(t) ; u , (*')» = Г ~  e - W -П «u,/up»e (2.10)
J — oo 2,7t

in  u su a l n o ta tio n s [29]. T he sp e c tra l  re p re se n ta tio n  fo r i t  has th e  form

G y H  =  4 -  Г  — («**'  -  1) . (2.11)
2 7 1  J — oo с о  —  CO

w h e re  th e  F o u rie r tra n s fo rm  J^-(co) fo r th e  co rre la tio n  fu n c tio n

<u,(l)u;> = Г -̂ %'«%(а>) (2.12)
J —«

is re a l and has th e  p ro p ertie s

J i j H  =  Jji(co) =  e - ^ J t j i - c o )  =  (eßa> -  l ) - 1 [ - 2 Im G ^co  +  ie ) ] ,  (2.13)

e —► 0 +

sin ce  th e  d isp lacem en t o p e ra to rs  и ,• are h e rm itian . T h e  G F  (2.11) obeys th e  
s u m  rules [29]:

co dco

со3 dco

К Im  Gjj(co -f- ie)

—  Im  Gjj(co +  ie) 
л

M ,
^Ij 5

M j M j
<Vi V; U(Ri)y

(2.14)

(2.15)

I n  th e  discussion o f  th e  an h a rm o n ic  p roperties o f  th e  la ttic e  an  (n , n ')-p o in t 
G F  o f the  ty p e  < (A n(t); A n,(t')}} , w here  A n(t) =  { u ^ t)  . . . un(t) — (u v  . .u„>} 
a n d  A n,(t') =  { u i 'i t ')  . . • un.{t')  — <u 1-, . . . u„,>} w ill ap p e a r fo r w hich th e  
re p re se n ta tio n s  s im ila r to  E q s. (2.11) — (2.13) ho ld .
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In  th e  tra n s la t io n a lly  in v a r ia n t la ttic e  th e  G F (2.10) depends only  on  
th e  d ifference o f  th e  co o rd in a tes  an d  th e  F o u r ie r  tra n s fo rm a tio n  for i t  c an  
he w ritte n  in  th e  fo rm :

«"*• »»■- ¥  3  W F -> ■ <™>
H ere  fo r each w av e  v ec to r  q  =  <(ql5 . . q ^ )  th e  se t o f p o la riz a tio n  v ec to rs
e ^ x ) ;  j  =  (1 . . . 3r> sa tisfy in g  th e  o r th o n o rm a lity  and closure cond itions:

2  e‘qM )  eq /M  =  à jf  ,
(2.17)

2 W W )  =  àapàm-
j

are in tro d u ced .
T he p h y sica l m ean ing  o f  th e  re ta rd e d  G F  (2.16) follow s from  lin ea r 

response  th e o ry  [29 ]: th e  en erg y  o f p h o n o n -lik e  ex c ita tions a t  given (q, j )  
m easu red  by  in e la s tic  n e u tro n  sca tte rin g , a re  d e fin ed  b y  th e  im ag in a ry  p a r t  
o f th e  G F:

g; = /(q , со) = ------- ImGj=f ( q, CO +  ie) .
Л

(2.18)

T he positio n  a n d  th e  w id th  o f th e  m ax im um  o f  (2.18) give th e  en erg y  and  th e  
inverse  life-tim e o f  th e  ex c ita tio n s , re sp ec tiv e ly . T h e  long -w aveleng th  (q —*- 0) 
lim it o f th e  s ta tic  (со =  0) self-energy  o f th e  G F  defines th e  iso th e rm a l elastic  
c o n s ta n ts  [30].

T herefore  th e  d y n am ica l p ro p ertie s  o f th e  la ttic e  are w ell defined  b y  
th e  G F  (2.16) a n d  a  d irec t com parison  b e tw e e n  th eo ry  an d  ex p erim en t is 
possib le.

2.3 The free energy and the internal energy o f  the anharmonic crystal

T o discuss th e  th e rm o d y n am ica l p ro p e rtie s  o f th e  an h a rm o n ic  c ry s ta l 
its  free  energy sh o u ld  be ca lcu la ted . T he m ost e leg an t w ay fo r do ing  th is  is to  
in te g ra te  th e  G F  o v e r th e  fo rm al coupling  c o n s ta n t  A [31]. F o r th e  anharm on ic  
la ttic e  H a m ilto n ia n , E q . (2.9) A can  be in tro d u c e d  in  th e  fo rm :

Я(А) =  H 0 +  Щ Х ) , (2.19)

Я 0 =  и о Ы  +  4 -  2  фь  u ' UJ ’ (2 -19a)
i A M i  l  i j

=  2 ф 1 - • » “ ! • • • « » - (2 Л9 Ь)
n  =  1 n - 1...П  2  j j
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T h e n  fo r  th e  free en e rg y

m  =  -  t  ln  T r i e~ßH(X)} =  -  t  ln  Z{X)p p
one o b ta in s  th e  e q u a tio n

Э F(X)
0Я

1

Щ )
Tr e-ßH(X) M L / M \

0Я j \  8Ä /x

( 2 .20)

(2.21)

To ex p ress  F  in  te rm s  o f G F, E q . (2 .10), consider a n  eq u a tio n  o f  m o tio n  
fo r th e  G F  w ith  th e  H am ilto n ian  (2.19)

2  i M i ^ 0u -  Щ  GA w) =  < v  +
j

+  2 7 - ^ 7 7 7  2  ф ' 2 . . . п « « 2  • . .  un \ « , ' » B -  J? 2 »’{«>) -
П = 2  ( П  —  1 )  ! 2 . . . П  J

=  ^ <Â » “ ) • (2.22)
j

A fte r  in te g ra tin g  i ts  im ag in a ry  p a r t  u s in g  E qs. (2.12) a n d  (2.13) one g e ts  th e  
r ig h t  h a n d  side o f  (2.21) and  th e  free  energy  in  th e  fo rm

f 1 dk

Jo Я
-  Щ  [— 2Im G tj(co +  is)]

„  r “ - l  “

f 1 dX i f  dz

Jo T  2 ^ J C ê z —
-  ̂ ^ ;(Az)G,7(z) ,
A If

(2.23)

w h e re  in  th e  la s t lin e  th e  in te g ra tio n  o v e r th e  com plex  va riab le  z is p e rfo rm ed  
a lo n g  th e  co n to u r C o f  tw o s tr a ig h t  lines: (—oo -)- is) —*• (oo -|- ie ) a n d  
( o o  —  ie) —>- ( — o o  —  ie). D eform ing  th e  co n to u r C to  circle th e  im a g in a ry  
ax es o f  z one o b ta in s , b y  coun ting  th e  residues from  th e  poles of (e^2 — l ) -1  a t  
zn =  (2 jtin/ß), th e  sam e  resu lt as in  [32] based  on th e  im ag in a ry  t im e  G F  [31].

T h e  in te rn a l en e rg y  of th e  a n h a rm o n ic  c ry s ta l a p a r t  from  b e ing  c a lc u la t
ed  th e rm o d y n a m ic a lly  from  th e  free  en erg y  (2.23) c a n  be o b ta in ed  in  a  m ore 
d ire c t  w ay  by  w ritin g  i t  in  th e  fo rm

E  =  <H> =  < T >  +  <U(x, +  » ,)> , (2.24)

w h e re  th e  average k in e tic  energy is e a s ily  expressed  in  te rm s o f G F  w ith  th e  
h e lp  o f  E qs. (2.12), (2.13) as:

<т > =  2 ~ г < р 2‘> = Г  w2dœ c o th  ^ 2 ~ \ - - I 'n G”( " + ifi) l • <2-25) l ZM. l Jo Z i Z л  J
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T he av erag e  p o te n tia l  energy c a n  be w ritte n  in  th e  form  o f a c u m u la n t ex 
p an sio n :

< [/(* , +  u,)> =  <e x p {27 u,V,}> U 0(xj) =

=  ex p
n  =  2 n l

2  <“ i - • • ««>*v i - - - v n U0(Xi) , (2.26)

w here th e  c u m u la n ts  ( u x . . . u n) c can  also be d e fin ed  from  th e  G F  as i t  w ill 
he show n in  th e  n e x t  Section. T h e n  from  a g iven  ap p ro x im a tio n  fo r  th e  se lf
energy  Пц{(й) a n d  G F  in  (2.23), (2.25) and  (2.26) one ob ta ins a co rresp o n d in g  
ap p ro x im a te  v a lu e  fo r th e  th e rm o d y n am ica l fu n c tio n s .

T herefo re  th e  d ynam ica l as w ell as th e  th e rm o d y n am ica l p ro p e rtie s  o f 
an h a rm o n ic  c ry s ta ls  can  be in v e s tig a te d  b y  m ean s  of GF. T h is  p ro ced u re  
g re a tly  sim plifies th e  ca lcu la tions a n d  allows one to  perform  th e m  in  a u n ified  
se lf-consisten t m a n n e r.

3. S elf-consistent phonon th eo ry

3.1 Irreducible G F

C onsider an  eq u a tio n  of m o tio n  for th e  G F  (2.10) b y  d iffe re n tia tin g  i t  
tw ice w ith  re sp ec t to  th e  tim e t a n d  perfo rm ing  th e  necessary  co m m u ta tio n s . 
T h en  fo r  th e  F o u rie r  tran sfo rm  o f th e  G F one g e ts

M i a/t Gii’{co) =  0il' +  . . . Mn | u , ' » .  , (3.1)
П = 1 П • 1 .. .П

w here  th e  sy m m e try  p roperties o f  (2.9a) w ere ta k e n  in to  acc o u n t. T here  is 
a la rg e  class o f ra-point (m u lti-p h o n o n ) G F in  (3.1) t h a t  describes a n  u n c o rre la t
ed p ro p a g a tio n  o f  phon o n s in  a n  av erag ed  p h o n o n  fie ld . This class shou ld  be 
sum m ed  u p  n o t o n ly  fo r th e  s im p lifica tio n  o f fu r th e r  ca lcu la tio n s b u t  also 
for p h y s ica l rea so n s: in  h igh ly  an h a rm o n ic  c ry s ta ls  a tom s do n o t  m ove in  a 
s ta tic  f ie ld  b u t  r a th e r  in  th e  d y n a m ic  p o te n tia l o f  th e ir  v ib ra tin g  ne ig h b o u rs  
an d  th is  re n o rm a liz a tio n  shou ld  be  ta k e n  in to  ac c o u n t from  th e  b eg inn ing . 
T h erefo re  we in tro d u c e  th e  ir red u c ib le  (or c u m u la n t)  GF [33] t h a t  h av e  no 
d isco n n ec ted  p a r ts  o f  average f ie ld  ren o rm a liza tio n

< O l  . . . U „ |w ,f» lrr =  « Щ  . . • «л 1 « / ' »  -
n —1

. . n m|u , - » irr.-  2 cnn- m <u m+1. . . “n> « « 1  • (3.2)
m=l

H ere  th e  sy m m e try  w ith  resp ec t to  p e rm u ta tio n s  o f  th e  co m m u tin g  o p e ra to rs  
. . . un has b e e n  ta k e n  in to  acco u n t and  th e  co rrespond ing  coeffic ien t
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C " —m __ =  n \jm  — m) J w as in tro d u c e d . T h e  G F  (3.2) c a n n o t be re 
d u ced  to  low er o rd e r ones b y  th e  u su a l deco u p lin g  p rocedure  [29] an d  so i t  
describes th e  co rre la tio n s  betw een  re-particle v ib ra tio n s . The d e fin itio n  (3.2) 
c a n  be  re w ritte n  in  th e  form  o f th e  d eco m p o sitio n  fo r th e  re-point G F  as th e  
sum  o f th e  irred u c ib le  ones:

« “ i  • • • u n I « / ' »  =  C 'n < Mm + l  • • • “ „ >  « M l  . .  . « m l  M ; '» i r r - ( 3 -2 a ) 
m = 1

B y  using  a sp e c tra l re p re se n ta tio n  o f  th e  ty p e  g iven  in  E qs. (2 .12), (2.13) 
one gets from  (3 .2a) th e  decom position  fo r th e  re-point co rre la tio n  func tions 
in  te rm s  of th e  irred u c ib le  (or c u m u la n t)  ones:

< » ! • • •  Wn > =  £  C n ~ l  < Mm + 2  • • • « „ >  « И Х . . . U m + 1 ) C) .  (3.3)
m= 1

I n  o b ta in in g  E q . (3.3) some obvious changes o f  in d ices  have been  perfo rm ed  
in  E q . (3.2a).

S u b s titu tin g  now  (3.2a) in to  th e  eq u a tio n  (3.1) an d  perfo rm ing  th e  su m 
m a tio n  a t f ir s t  o v e r re fo r each m -p a rtic le  irred u c ib le  G F  and th e n  o v er all rei, 
one o b ta in s:

— #y)G ,/(e>) =  <5 i f  + j g  ^  S>n ... n «Mi... un I u,'»irr, (3.4)
j  n= 2 n \

w h ere  th e  ren o rm a lized  in te ra c tio n  h as  th e  fo rm :

. . . П — 2  M
П ' =  О Л  . Г .  .

Vi • ■ • Vn ex P
Д  n 'l

W  ■ • • Mn'> =  <Vi • • • Vn %  +  м,)> =  

2  <u l' ■ ■ ■ uni)C V i' • • • Vn'} ^ o(* i) • (3 -5)1' n'

T h e  cu m u lan t e x p a n s io n  in  th e  la s t  lin e  (as w ell as in  (2.26)) fo llow s from  th e  
e q u a tio n  [34]:

ЭА < в д >  =  ^ - 2 7 Г - 2 ф ‘ - ' " < “ ‘CM /7 = 0 71 • 1 ... n
«n> (3.6)

t h a t  can  be easily  so lved  in  th e  fo rm  (2.26) b y  in tro d u c in g  th e  ex p an sio n  (3.3) 
a n d  perfo rm ing  th e  su m m atio n  over re an d  m  in  th e  sam e m an n e r as in  (3.4).

To o b ta in  th e  eq u a tio n  of m o tio n  fo r th e  re-point irreduc ib le  G F  in  E q .
(3.4) le t us d iffe re n tia te  th e  o p e ra to r  M,-(t/) w ith  re sp ec t to  t ' . T h e n  tak in g  
in to  acco u n t th e  id e n t i ty

< [ « ! • • •  u n ,  i p i i \ } i n  =  0  ( re >  2 )
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th a t  follows from  th e  d e fin itio n  (3.2), and  in tro d u c in g  th e  sam e decom position  
as in  E q . (3.2a) fo r th e  o p era to rs  ( u ^ t ' )  . . . u„<(t')> on th e  r ig h t h and  side 
o f th e  (n , re ')-point G F , one gets

2  { M t- со2 <5,y
Ï

w here

Ф / ' / } « “ ! • • •  u n I м / »
irr .

n'=2 n ' l  1-...П2  ! '•  • • n G l"  • n, 1 ' . . .  n ' H  >

(3.7)

Glr.r. .n ,i '. . .n' H  =  <<«i • • • ып К ' . . .  t v » L rirr

is th e  (re, n ') -p o in t G F  irred u c ib le  b o th  in  th e  re-point an d  re '-po in t p a r ts  o f i t .  
N ow  i t  is c o n v e n ie n t to  define  th e  zero o rd e r G F  b y  th e  e q u a tio n

2  (M,  со2 д и  — Фч) G(jr ((o) =  ô i f , (3.8)
j

w hich describes th e  u n d a m p e d  v ib ra tio n s  (or one-p h o n o n  p ro p ag a tio n ) in  an  
av erag e  phonon  fie ld . T h e n  so lv ing  th e  m a tr ix  e q u a tio n s  (3.4) an d  (3.7) w ith  
th e  help  o f E q . (3.8) one gets fo r th e  G F:

Gaico) =G4r(co) +  2  G ?jP jrH G 0jr .(œ),
jj"

(3.9)

w here th e  sc a tte r in g  m a tr ix  is d efin ed  b y

1
P i f H  =  ^  ^  ф д . . . п С 1Г.г. . п , 1 ' . . . п ' ( « ) ф / 1 ' . . . г !/ -

n ,n’= 2 n ! re !
(3.10)

1 ' ...n'

T hen  th e  one-phonon  G F  can  be w ritte n  in  th e  fo rm  o f th e  D yson  equation

Gaico) =  {M , со2 dtf  — Фй' — П ,г (со)} - 1, (3.11)

w here th e  self-energy  o p e ra to r  П и,(со) is given b y  th e  p ro p e r p a r t  (p ) o f th e  
sc a tte rin g  m a tr ix  (3 .10): П и.(со) =  P \p  (со). A ccord ing  to  E qs. (3.9) and  (3.11) 
П iV sa tisfies th e  e q u a tio n :

р и'.(ш) =  Пц'(со) +  2  n ij(m) Gjj'(co) Pj'iC(co). (3.12)
jj'

H ence, th e  self-energy o p e ra to r  П и,(со) has th e  sam e fo rm  as E q . (3.10) w here th e  
(re, re ')-point G F is re p la c e d  b y  its  p ro p e r p a r t  K 1 n у  n. (со) =  G[‘i[ ^ jV- ,nico). 
K(co) accord ing  to  E q . (3.12) c a n n o t be c u t in to  tw o  pieces b y  c u ttin g  only  
one G°-line; G° is d e fin ed  b y  E q . (3.8).
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T h e  n -p o in t irred u c ib le  G F  in  (3.7) can  also be  w r itte n  in  te rm s of 
K \ .  n, i ' . . .n ' (w ) i f  one  uses E qs. (3 .8) — (3.12):

~ 1
« U l . . . I 2 GM " )  2^v 2 ф / 1 ' . . . я ' ^ . , д ' . . . л ' И =

n' = 2 n ' l  I'fTTn'

=  2 ^ 7  2  • (з л з )
]' n' = 2 n  !

T h e n  from  th e  sp e c tra l  re p re se n ta tio n , E qs. (2.11)— (2.13) fo r  th e  cu m u lan t 
p a r t  o f  th e  c o rre la tio n  functions o n e  gets:

<Ui . . . uny  =  Г — dC0 [ — —  Im  « u 2 . . . un I
J _ M ef " - l  [  n

=  2 Im  Г dt j g  1 ^ 1 '- ..п '< и1(0м1'> <ыг(1) • • • “ n(0 I мг' • • •Mn' ) irr' p,
Jo n'=3 (n  1) • Г . . . Л '

w h e re  a tw o-tim e  p ro p e r irred u c ib le  co rre la tion  fu n c tio n , co rrespond ing  to  
K 2...п ,2 '...п '(0’ Eas b een  in tro d u ced .

T h u s  th e  one-phonon  G F  E q .  (3.11) as w ell as th e  cu m u la n ts  (3.14) 
in  th e  reno rm alized  in te ra c tio n  (3.5) a re  w ritten  in  te rm s o f th e  (n , n ')-p o in t 
G F  - K i . . . =  « u x . . . un I uv  . . . u„i)}"r’p. T h e eq u a tio n s  o b ta in ed  
a re  e x a c t b u t  un c lo sed  an d  th e re fo re  som e ap p ro x im atio n s to  th e  K 1 y ...n'(<*>)
sh o u ld  be considered  in  order to  o b ta in  a self-consisten t sy stem  o f eq ua tions.

3.2 F irst order or renormalized harm onic approximation

I n  th e  f i r s t  o rd e r  of th e  SC PT  (SCI) only th e  re n o rm a liza tio n  o f  phonons 
in  th e  se lf-consisten t fie ld  is t a k e n  in to  accoun t. T h u s th e  SCI is o b ta in ed  
b y  n eg lec ting  all th e  te rm s w hich  c o n tr ib u te  to  th e  d am p in g  (or co rre la tions) 
o f  p honons. In  t h a t  case th e  se lf-en erg y  o p e ra to r П п-(ш) in  th e  G F (3.11) 
a n d  th e  cu m u lan ts  (3.14) for n  3 shou ld  be p u t  eq u a l to  zero. T herefo re  th e  
SCI G F  is equal to  th e  zero o rd e r  one  (3.8) w ith  th e  ren o rm a lized  pseu d o 
h a rm o n ic  fo rc e -c o n s tan t m a trix

Щ  =  V i V 2 exp Ц -  2  O i  M2> Vi V2 
l  *  1,2

u 0( * / ) - v / v A ( * i b  (ЗЛ 5)

T h e  system  o f e q u a tio n s  gets c lo sed  b y  th e  eq u a tio n  fo r th e  p a ir-co rre la tio n  
fu n c tio n  in  (3.15). F ro m  th e  s p e c tra l  re p re se n ta tio n  E q s. (2.12), (2.13) an d  
(2 .16), one gets

<u*s u s’>ß . \  - 2
s]

JL  e*qj(*) 1
N ]/~Mx Mx- 2co,

coth P W 4 j e-iq(x.-x,,) (3.16)
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w here  th e  freq u en c ies  coqj an d  th e  p o la riza tio n  v ec to rs  е?;(и) a re  defined  
b y  th e  eq u a tio n

<PTß< - i q ( x , - v )  . (3.17)

T h e  free  en erg y  (2.23) in  SCI is o b ta in e d  b y  u s in g  th e  m ean-fie ld  self-energy 
o p e ra to r  (2.22):

=  ??{$?/(>.) -  Щ }  =  ;.2

So one finds

Vi Vy e x P  J 2 ^  <\u i u 2 /  V i  V a |  U 0( x j )  Фу/

(3.18)

=  П  +  n V W  <u ' Mi>0 =  П +  -  U  „(*,) -  Щ  <»/ Иу>0 ■
J °  *  i j  2  U ( 3 . 1 9 )

T h e tr ia l  fo rc e -c o n s tan t m a tr ix  Фу,- in  (2.19) has n o t  been  specified  y e t. F rom  
th e  se lf-consistency  co n d itio n  Ф®- shou ld  be p u t  eq u a l to  Фур in  (3.15) since 
th e  la t te r  one d efin es  th e  sp ec tru m  o f ex c ita tio n s  in  SCI acco rd ing  to  (3.17). 
T h e n  fo r th e  free  en erg y  one gets

F 1 =  U ^Xt) +  —  In 12 sinh  È^SL
ß Ч]

—  £  °>qj co th  , (3.19a)
4 g j  2

w h ich  coincides w ith  t h a t  o b ta in ed  from  th e  v a r ia tio n a l ap p ro ach :

=  о;, m  =  фй> .
щ  1

F o r  th e  in te rn a l en e rg y  (2.24) one easily  o b ta in s  from  E qs. (2.25) an d  (2.26) 
in  th e  SCI

Ex =  Y  2  œ«j co th  n r  +  ° l{Xi) ■ (3-20)4  qj 6

T herefo re  in  th e  SC I a p p ro x im a tio n  one t re a ts  th e  v ib ra tio n s  o f an  an h arm o n ic  
c ry s ta l  as a sy s tem  o f n o n in te ra c tin g  p seu d o h arm o n ic  p h o n o n s w ith  th e  
(5-function ty p e  b e h a v io u r  for th e  p h o n o n  sp ec tru m  (2.18). This a p p ro x im a tio n  
sim plifies th e  ca lcu la tio n s ; b u t  due  to  th is  a p p ro x im a tio n  all th e  odd  te rm s 
in  th e  an h a rm o n ic  in te ra c tio n  (2.9a) are  m issing. O ne should  n o t h o p e  to  o b ta in  
a q u a n ti ta t iv e  d esc rip tio n  in  S C I: even  in  th e  l im it  o f w eak an h a rm o n ic ity  
th e  re su lts  do n o t  coincide w ith  th o se  o f th e  o rd in a ry  p e r tu rb a tio n  th eo ry  
(see, e.g. [4]).

Acta Physica Academiae Scientiarum Hungaricae 45, 1978



48 N. M. PLAKIDA and T. SIKLÓS

3.3 Second order o f  S C P T

Since th e  se lf-energy  o p e ra to r 77/,'(со) in  th e  G F  (3.11) on acco u n t o f
(3.10) is p ro p o rtio n a l to  th e  second o rd e r of th e  reno rm alized  an h arm o n ic  
in te ra c tio n  (3.5) one sh o u ld  ca lcu la te  th e  (re, re ')-po in t G F in  th e  low est o rder. 
T h is is done b y  ta k in g  in  account o n ly  th e  u n c o rre la ted  p ro p ag a tio n  o f n =  n ' 
“ d re ssed ”  phonons a n d  resu lts in  th e  follow ing ap p ro x im a tio n  fo r th e  (re, re')- 
p o in t tw o -tim e  c o rre la tio n  fu n c tio n  (re ^ 2 ) :

<«i(*) • • • ы „ (0 1 up . . . u n' } irr-P ^  re! Ônnf П  <u,(t) u,-> . (3.21)
í=i

N ow  em ploying  th e  sp ec tra l re p re se n ta tio n  fo r th e  (re, re ')-po in t G F one 
o b ta in s  for th e  se lf-en erg y  o p e ra to r in  th e  second o rd er of th e  SCPT (SC2)

X !2 t (2  <“/*) “/> VyV/1 <Vc V(xt +  u,)> <v,' Щх,- +  ur)>, (3.22)
n=2 re ! ( jr  I

w here  y ; =  djdXj a n d  Уу- =  djcjXj. a re  ac tin g  on U(xt) an d  U(xr), resp ec tiv e ly . 
F o r  th e  cu m u lan ts  (3.14) one gets  in  th e  sam e SC2 a p p ro x im a tio n  (3.21):

<Wi. . . unY  ^ 2  7m Г dt f f  ^  <re,(t) u f )  у Д  < [ /(* , '+ u,')> . (3.23)
Jo /=1 V J

T h e eq u a tio n  fo r th e  p a ir  co rre la tio n  fu n c tio n

0 / ( t )  Uj> j:
dm J o i t

ppu>
-  —  Im {o)2 M td,j -  Фи -  Щ \со +  is)} -1 (3.24)

closes th e  system  o f self-consisten t equ a tio n s (3.5), (3.22) —(3.24). In  th e  
p re se n t form  th e  SC2 system  o f e q u a tio n s  can  b e  app lied  fo r an h arm o n ic  
c ry s ta ls  w ith  s tro n g  repulsive in te ra c tio n s  since on ly  fu lly  ren o rm alized  
v e rtic e s  ^ i,. ,n(3.5) a p p e a r  in  th e  E q s . (3.22), (3.23), as in  th e  H o r n e r  th e o ry
[6]. B u t  ju s t  due to  th e  full re n o rm a liz a tio n  o f th e  vertices th e  system  of 
e q u a tio n s  is ra th e r  u n tra c ta b le . To so lve i t  one sh o u ld  e ither in tro d u c e  a tr ia l 
sh o rt-ra n g e  co rre la tio n  function  gSr{Xi) iQ Eq- (3.5):

< U (xt +  u,)> =  ex p  j J ?  -Л - 2  <wi • • • unY  Vi • • • Vn
[/7 =  3 71* 1 . . . Л
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or, em ploying som e cu t-o ff  p ro ced u re  for th e  s tro n g  repu lsive  p a r t  o f the  
in te ra c tio n  ex p an d  (3.25) in  pow ers o f cu m u lan ts :

<U( x f +  m , ) > 1 +  2 ~ 7  2  <“i • • • ипУ Vt • • • V„ +  ■ • •
n = 3  n \

} Щ * ,)  =

=  &1 (x i) +  A U 2(xf) +  . . .  . (3.26)

T he renorm alized  p o te n tia l en e rg y  in  th e  p seu d o h arm o n ic  a p p ro x im a tio n

U x(xi) =  exp ~  2  <u f ui> Vi V;j  U 0(x,) (3.26a)
2  i j  J

is ca lcu la ted  b y  in te g ra tio n  w ith  a G aussian  fu n c tio n .
W e shall n o t discuss th e  p ro b lem  of h a rd  core  in te ra c tio n  here  since 

an  e legan t p re se n ta tio n  o f i t  is g iven  b y  H o r n e r  [ 6 ] a n d  consider on ly  the  
c u m u la n t ex p ansion  in  E q . (3.26) u p  to  second o rd e r  in  A U 2(xi). In  th is 
ap p ro x im a tio n  th e  ren o rm alized  ve rtices  (3.15)

Ф?...п =  V i • • -:v„{ű f a )  +  A Ü 2(Xi)} (3.27)

can  be ca lcu la ted  on acco u n t o f  E q s. (3.23), (3.26) b y  ite ra tio n . In  th e  classical 
lim it  o f h igh  te m p e ra tu re s , /?comax 1, th e  in te g ra tio n  over tim e  in  cum ulan ts 
(3.23) using  th e  sp e c tra l re p re se n ta tio n  can easily  b e  done w ith  th e  resu lt

and

<«!•••  uny  ™ —ß n  \ 2  <w,- и,'> V/'l <U(x, +  щ)
1 = 1 I Ï

A Ü 2(*,) ^  - ß  2 ,  — г  2  <Uí “ '■> Vf Ví'l ü x(xt)
п =  ъ П • i ï

\/  9 (3.28)

(3.29)

T he th e rm o d y n am ica l p ro p e rtie s  in  th e  SC2 a p p ro x im a tio n  can  be  o b ta in ed  
from  th e  in te rn a l en e rg y  (2.24), w here  th e  average  k in e tic  en erg y  (2.25) is 
ca lcu la ted  b y  using  G F  (3.11) w ith  th e  self-energy o p e ra to r  (3.22) an d  the 
av erag e  p o te n tia l en erg y  (2.26) is g iven  b y  (3.26). To ca lc u la te  th e  second  order 
co rrec tion  to  th e  free  energy  in  (2.23) one should in tro d u c e  f irs t  th e  irreducib le  
G F  in  (2.22) as done in  Section  3.1. T h en  b y  in te g ra tio n  over frequenc ies using 
E q . (3.14) one gets:

C1 J )  I ^
^ 2  =  —  y  2  O f « ; )  V ,V /^ t /2(A, *,) +

J o  Я  i j

+  2  7 Я 2  <M1 • • • u>SVi • • • V„t/i(A, *,)>!,n=3 (n  — 1) ! 1
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w h e re  th e  f irs t te rm  is due to  th e  second  o rder co rrec tio n  to  th e  reno rm alized  
p seu d o h arm o n ic  m a tr ix  Ф®(Я) as in  (3.27). T h e  Я-d e p e n d e n t functions 
■(ux . . . A U 2(Â, Xj) and [ / 1(Я, Xj) are  given b y  (3.23), (3 .26), a n d  (3.26a), 
re sp e c tiv e ly  w ith  ev e ry  pow er o f  u t m u ltip lied  b y  Я. A fte r th e  in teg ra tio n  
o v e r  Я w ith  <u, Uy>, <u,(t)«y) b e in g  in d ep en d en t o f Я, one gets

A F 2 =  Im  f  dt 2  - 7 I2  <«/(*) «/'> Ví V/'
Jo 71=3 И. ( ц- ,

ü f a )  Ü .ix ’i) =

— 2  - 7  2  <“ 1 • • • “*>c V i. • • v„ Ai(*,) =  -г- ̂ « (* i) .  (3-30)
2 п=з i...n  2

I n  th e  ca lcu la tio n  o f  th e  f irs t tw o  te rm s  F 0 A F X in  th e  free en e rg y  expansion 
o n e  should  em p lo y  (3.19) w ith  th e  SCI frequencies coqj b e ing  rep la c e d  b y  th e  
SC2 frequencies Qqj defined as th e  m ax im a of th e  im ag in a ry  p a r t  o f th e  G F 
in  th e  SC2 a p p ro x im a tio n  a cco rd in g  to  (2.18).

The p roposed  cu m u lan t ex p ansions for th e  average  p o te n tia l  energy 
(3 .26 ) and th e  free  energy (3.30) w ith  the  G F  (3.11) and  E q s . (3 .22)—(3.24) 
g iv e  th e  sam e re su lts  as o th e r m e th o d s  based  on  d ia g ra m m a tic  techn iques 
o r  o n  th e  v a r ia tio n a l approach  p rop o sed  b y  W e r t h a m e r  [3] (see e.g. [4]).

4. Stability conditions for sim ple lattices

F orm ally  one  can d is tin g u ish  betw een th e  th e rm o d y n a m ic a l s tab ility  
c o n d itio n s  (the  free  energy of th e  la tt ic e  should  h a v e  a m in im u m  w ith  respect 
to  sm all v a ria tio n s , m echanical o r  otherw ise) an d  th e  d y n a m ic a l ones (the 
p h o n o n  spec trum  o f  th e  la ttic e  sh o u ld  be p o sitiv e ly  defined). F ro m  th e  f irs t 
o n e , a p a r t from  th e  tr iv ia l in e q u a litie s  for any  s ta b le  th e rm o d y n a m ic a l system

cp <  0 ,
9 P |
dV  ) t

< 0 (4.1)

fo llow s th a t  som e elastic  c o n s ta n ts  should be po sitiv e  [1] e.g . fo r th e  cubic 
la t t ic e ,

Сц 0 , c44 ^  0 , cn  c12 0 (4.2)

t h a t  really  m eans t h a t  the  a c o u s tic  spec trum  sh o u ld  be s ta b le . T herefo re  th e  
d y n a m ic a l co n d itio n s  seem to  b e  m ore general an d  shou ld  be  used  for th e  
in v e s tig a tio n  o f  c ry s ta l  s ta b ili ty . T hese co n d itio n s are easily  fo rm u la ted  in  
te rm s  of the  G F  (2.10): for th e  s ta b le  la ttice  th e re  shou ld  be  n o  poles in  th e  
u p p e r  half-p lane o f  th e  com plex  va riab le  со fo r  th e  re ta rd e d  G F  G,-,■<(&)). The 
te m p e ra tu re  T s (o r any  o th e r re le v a n t  q u a n ti ty , e.g. m e a n -sq u a re d  displace-
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m e n t o f  a tom s), a t  w hich  th e  d y n am ica l co n d itio n s are v io la te d  defines th e  
u p p e r  lim it for th e  s ta b ili ty  of a g iven  c ry s ta llin e  phase . F o r a sim ple B ravais 
la t t ic e  T s ju s t  defines th e  te m p e ra tu re  a t  w hich  th e  b ound  c ry s ta llin e  s ta te  
o f a to m s  vanishes a n d  there fo re  i t  can  be u sed  as an  u p p e r e s tim a te  for th e  
m e ltin g  te m p e ra tu re . B u t for n o n -p rim itiv e  la ttic e s  som e o p tic a l m ode can 
becom e u n stab le  an d  a s tru c tu ra l phase  tra n s it io n , d riv en  b y  th is  “ soft”  
o p tic a l m ode, from  one to  som e o th e r  c ry s ta llin e  s ta te  can  occur.

I n  th e  p resen t Section  th e  SC PT of a sim ple m odel c ry s ta l  considered 
in  o u r  p ap ers  [17]— [19], [22], w ill be p re sen ted  b rie fly , w hile a general d is
cussion  of th e  s tru c tu ra l phase tra n s it io n  on th e  basis o f th e  SC PT will be 
g iven  in  th e  n e x t Section .

4.1 Sim ple model o f  anharmonic crystals

T o consider q u a lita tiv e ly  th e  p h y sica l p ro p e rtie s  of a re a l h ig h ly  an h a r
m onic c ry s ta l and  to  discuss th e  ph y sica l reaso n  fo r th e  la t t ic e  in s tab ility  
a t  la rg e  v ib ra tio n a l m otions i t  w ou ld  be q u ite  reasonab le  to  in v es tig a te  a 
sim p le  m odel o f a th ree -d im en sio n a l la tt ic e , n am ely  a fee  one w ith  nearest 
n e ig h b o u r (NN) in te ra c tio n s . T h o u g h  th is  m odel is ra th e r  sim p le , i t  can  be 
u sed  fo r  th e  descrip tio n  o f ra re  gas solids an d  due to  th is  fa c t  i t  has been 
in v e s tig a te d  ex ten siv e ly  in  recen t y ea rs  (see, e.g. [4], [5]).

F o r  th e  p o te n tia l energy  o f th e  la ttic e

=  2 ' r ( R l -  Km) ,  (4.3)
2 1фт

w here  th e  p rim e m eans th e  sum  o n ly  over n e a re s t ne ighbours, one gets th e  
p seu d o h arm o n ic  ren o rm a liza tio n  in  th e  fo rm  (3 .26a):

ffi(i) = \  2' Я 1 -  m) =  v  2' exP í v  <Kn • v ')2>
1фт 1фт

<p(l — m ) > (4-4)

w here  1 =  <(R,> are th e  eq u ilib riu m  p o sitions o f  a tom s an d  u lm =  u, — um 
is th e  re la tiv e  d isp lacem en t of th e  neighbours.

T o  define th e  p seu d o h arm o n ic  frequencies ojq/- and  p o la riz a tio n  vectors 
eq/- fo r  th e  m odel one shou ld  consider E q . (3.17) th a t  can  be w r it te n  in  th e  form

. =M  v ,ALiM
4J M i  Z2

F o r th e  m odel w ith  N N  in te ra c tio n  th e  p seud o h arm o n ic  ren o rm a liza tio n  is 
re d u ced  to  th e  ren o rm aliza tio n  o f  one force c o n s ta n t f ( l ,  T) — ф^\1) and  so

(1 — cos ql) ; f i l  T) 

f
uoqj • (4.5)
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th e  harm onic  freq u en c ies  ti>Qqy, co rrespond ing  to  th e  force c o n s ta n t f ,  can  be 
in tro d u c e d .

A dopting  th e  lead ing  te rm  a p p ro x im a tio n  fo r  th e  d e riv a tiv es  o f  th e  
p o te n tia l:

V“1 • • • v?n<p(0~ l*1 'r ' l*" <P(n)(0

o n e  can  g rea tly  s im p lify  th e  e q u a tio n  for th e  ren o rm a lized  p o te n tia l  (4.4):

?'(*)= Í 1 Л  í v  w2W I f (2n)W ’n=0 n • I ^
(4.6)

w h e re  only one p ro je c tio n  u2(l) =  <((1 • u /0)2)/72 of th e  d isp lacem en t co rre la tio n  
fu n c tio n  ap p ears . S ince th e  la t t e r  depends on ly  o n  th e  d is tan ce  l b e tw een  
n e ig h b o u rs  (m  =  0), one can w rite  i t  using E qs. (2 .12), (2.16) an d  (4.5) in  
th e  form

zf(i, t ) ~  u\ ï) =  Щ р - 2 > 1 L <{1(u, _  u 0)}2> =
Z  Z i l

V Jo
dco co th

ßco
------- Im  Gj(q, со) (4.7)

w h e re  z =  12 is th e  n u m b er of n e a re s t  neighbours fo r  an  fee  la ttic e . T h e  F o u rie r  
t ra n s fo rm  Gj(q, ca) o f  th e  G F in  (2.16) b y  igno rin g  th e  p o la riza tio n  m ix ing  
c a n  be w ritten  in  th e  form :

GM i q, o>)
2 2 or — CÛQ•

----------- . (4.8)
uqj 2 COqj П qj(a>)

T h e  F ourie r t ra n s fo rm  i7 qj(co) o f th e  self-energy o p e ra to r  in  SC2 ap p ro x im a tio n  
c a n  be o b ta in ed  fro m  (3.22), b u t  as in  [17] on ly  i ts  low est o rd e r te rm  will 
b e  ta k e n  in to  a c c o u n t

П ч(ш) =

=  — ^ 1 ^ з( - Ч ^ 9 п 92)|2
(«1 +  «2 +  !)(û>l +  " 2)

(oq +  ft)2)2 — to2

ZV, T)
P ( l , T)

Sqj{T, CO)

(it! — ra2)(m1 — co2) I _  

( « !  — co2)2 — со2 }

(4.9)

H e re  th e  ren o rm a lized  cubic an h arm o n ic  in te ra c tio n  V 3 —>- <p3 (l) == g(l, T) 
is  in tro d u ced  a n d  th e  tim e-d ep en d en t co rre la tio n  fu n c tio n  <(ы,(*)и,-) in  E q . 
(3 .22) is c a lc u la ted  in  p seu d o h arm o n ic  a p p ro x im a tio n ; &>?i=  ooii,q 1 =  
n l =  [exp (ßcoqi) — I ] “ 1 etc.
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H ow ever, i t  should  be  p o in ted  o u t here  th a t  in  th e  se lf-consistency  
eq u a tio n  (4.7) th e  second o rd e r te rm , n a m e ly  lTq(w) in  E q . (4.8), is ta k e n  in to  
acco u n t; u su a lly  i t  is n eg lec ted , as in  th e  ISC (Im p ro v ed  S elf-C onsisten t) 
th e o ry  (see, e.g. [4]). As in  th e  o rd in a ry  p e r tu rb a tio n  th e o ry  th e  second  o rd er 
cub ic  an h a rm o n ic  in te ra c tio n  in  SC2 gives a c o n tr ib u tio n  co m p arab le  w ith  
th e  SC I te rm s  in  th e  d e n o m in a to r of E q . (4.8). As w ill be  show n la te r ,  i f  one 
neg lec ts  th e  fo rm er som e u n p h y sica l re su lts  m ay  be o b ta in e d .

F o r  th e  la tt ic e  u n d e r c o n s ta n t e x te rn a l p ressu re  th e  la tt ic e  c o n s ta n t is 
o b ta in e d  from  th e  eq u a tio n  (2.6) w hich can  be w ritte n  as

p =  =  (4.10)
o r if<x VV

w here  v =  V /N  =  l3/ \ 2. To discuss th e  th e rm o d y n am ics  o f th e  m odel one 
shou ld  ca lcu la te  th e  free en erg y  (3.30) or th e  in te rn a l en erg y  (2.24) — (2.26). 
B y  ta k in g  in to  acco u n t on ly  th e  ren o rm alized  cubic an h a rm o n ic  in te ra c tio n  
one o b ta in s  th e  sam e exp ression  fo r th e  free  energy  as in  th e  c o n v en tio n a l 
p e r tu rb a tio n  th e o ry  b u t  w ith  ren o rm alized  frequencies coqj-, an d  ve rtices  
ф3 (со) =  g(l, T) as in  (4.9) (see [17]). In  th e  follow ing w e shall call th is  set 
o f eq u a tio n s  (4 .5 )—(4.10) th e  reduced  second  o rder se lf-co n sis ten t p h o n o n  
a p p ro x im a tio n  (RSC2). T h is RSC2 schem e w as used in  [17] — [19], [22] fo r 
th e  in v e s tig a tio n  o f p h ysica l p ro p e rtie s  o f  th e  m odel: th e  p h o n o n  sp e c tru m  
eq ^  coq -f- Re IJq(eq), th e  p h o n o n  w id th  F q =  — Im  ITq(eq ie), P F -d ia g ra m
(4.10), e lastic  c o n s ta n ts , e tc . to  be d iscussed  below .

4.2 Results o f numerical calculations

T h e m ain  p ro b lem  in  so lv ing  th e  sy s tem  o f se lf-consisten t e q u a tio n s  is 
th e  co-in tegration  in  E q . (4.7). T o  o b ta in  a n a ly tic a l expressions th e  in te g ra tio n  
w as done in  an  ap p ro x im a te  m a n n e r in  [17] in  th e  high an d  low  te m p e ra tu re  
lim its  using  th e  ex p lic it fo rm s o f  th e  se lf-energy  o p e ra to r (4.9).

In  th e  h igh  te m p e ra tu re  lim it (ß~x — k T  coD) b y  em ploy ing  th e  d is
p e rs io n  re la tio n s  fo r th e  G F  an d  sum  ru les (2.14) th e  e q u a tio n  (4.7) can  be 
w ritte n  in  th e  fo rm :

- / ( Í ,  T ) u \ l )
n 2

3 T

со;41
91

1 — цТ

Re Gj(q, со : 

g V , T )

o) +
12 T 2

+  • m2l

24 T 2
(4.11)

f \ l ,  T )

w here a>\ =  8f(l, T) / M.  In  th e  low  te m p e ra tu re  lim it (T  coD) E q . (4.7) can
be a p p ro x im a ted  in  th e  sam e m an n e r as

g2(J, T)  I -*
j M  T)u*(l) 1 — v0e0

P{1, T ) +  ■
Зтг4 T 4 

сод L
1 +  v1e0 g V , T )  

f 3(l, T )
, (4.12)
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w h ere  th e  zero -p o in t energy  eo ^ 1 .0 2 c o t ; coD ^1.05coL fo r th e  fee la tt ic e . 
T h e  num erica l co effic ien t ц  in  (4.11) as w ell as v0 an d  v1 in  (4.12) acco u n t fo r 
th e  c o n tr ib u tio n  com ing  from  lJqj((o) in  (4.8) a f te r  som e averag ing  over (q, j )  
a n d  co-in tegration  in  (4.12). T h e  es tim a tio n s  fo u n d  fo r th e m  in  [17], b a sed  
o n  th e  n u m erica l c a lcu la tio n s  fo r th e  cub ic  an h a rm o n ic  co rrec tions to  th e  
fre e  energy , are:

/л 0 .1 1 , v0 «=* 7.3 • 1 0 -3  , Pjl^ O . 1 0 .

T h e n  em ploying th e  m odel M orse p o te n tia l in  E q . (4.6) one gets  th e  re n o rm a liz 
ed  p o te n tia l in  th e  fo rm

ф{1) =  D{e~2a(-l- r°)e2y — 2e~a(l~r°) eyl2} . (4.13)

T h e  ren o rm a liza tio n  p a ra m e te r  у  =  a?u2(l) is d e fin ed  b y  E q . (4.11) o r (4.12) 
w ith  f( l ,  T) =  <f№(l) a n d g ( l , T )=  <p̂3\ l )  an d  E q . (4.10) fo r th e  la ttic e  c o n s ta n t l.

T herefore one gets th e  se lf-co n sis ten t (SC) e q u a tio n  fo r th e  p a ra m e te r  
y(Z, T ), w hich is th e  d im ensionless d isp lacem en t co rre la tio n  fu n c tio n . T he 
re su lts  of th e  so lu tio n  fo r th is  SC eq u a tio n  a n d  som e th e rm o d y n a m ic a l fu n c 
tio n s  a t  d iffe ren t p ressu res  a re  show n in  F ig s . 1—4. B y  choosing ar0 =  6
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Fig. 3. The dependence of the instability temperature T* of a crystal with weak coupling of 
atoms (A ^  A0 ^  2.2) on the reduced pressure P*
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P"t

Fig. 4. The PK-diagram of a crystal with weak coupling of atoms at T =  0 °K

in  E q . (4.13) th e  fo llow ing d im ensionless q u a n titie s  are  in tro d u c e d : te m p e r
a tu re  T* =  T/D  a n d  t =  T/w 0L =  XT*/11.76; p ressu re  P* =  P(rl/D  ][2) and 
co u p ling  c o n s ta n t A =  zD/eo°' ( e ^  ^  1.02co0l ; coo l  =  У8f / M;  f  =  2D a2 =  
=  72 D/rl).

In  th e  h igh  te m p e ra tu re  lim it ( r  1) th e  so lu tions of th e  SC eq u a tio n
(4.11) for y (T )  a re  show n in  F ig . 1. A t su ffic ien tly  low  te m p e ra tu re

T* <  T* ^  0.98

(o r p ressu re  P* <[ P* ^  1.35) th e re  a re  severa l rea l so lu tions fo r y(T ), 
th e  th e rm o d y n a m ic a lly  stab le  ones a re  show n b y  th e  fu ll lines. T h e  low est 
lin e , J i (T )  <[ 1 co rresponds to  a c ry s ta llin e  s ta te  w ith  sm all v ib ra tio n a l 
m o tio n s. In  th e  lim it  o f sm all a n h a rm o n ic ity  (or low er te m p e ra tu re ) , th is 
so lu tio n  gives th e  h a rm o n ic  co rre la tio n  fu n c tio n . B u t as T* T*(P) (d eno ted
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b y  th e  fu ll d o ts  in  F ig . 1) Ух(Т)  becom es u n s ta b le  since th e  poles o f th e  re ta rd e d  
G F  (4.8) g iven  b y  th e  ren o rm alized  p h o n o n  freq u en cy

Ч / ~  0.77(Уо<и-{1 +  0.4 У1 -  T*/T*  +  . . . } (4.14)

sh ift to  th e  u p p e r  h a lf-p lan e  a t  T* >  T * (P ) fo r an y  (q, j )  va lue . P h y sica lly  
i t  m eans t h a t  th e  la ttic e  as a b o und  s ta te  o f  a tom s w ith  given in te ra to m ic  
forces becom es u n s ta b le  a t  T * (P ) w ith  re sp ec t to  th e  p ro p a g a tio n  o f  th e  
collective e x c ita tio n s  i.e . ph o n o n s. The specific  h e a t a t  c o n s ta n t p ressu re  cp 
an d  th e  th e rm a l ex p ansion  coefficien t a r  (Э V/QT)p becom e d iv e rg en t as 
(1 — T */T *)~ ^2 w hen  T*  — T*(P). As can  be  seen from  F ig . 1 an d  from  th e  
P V  d iag ram  co rrespond ing  to  E q . (4.10), show n in  F ig . 2, a t  T* =  T *(P ) 
th e re  is a f i r s t  o rd e r phase  tr a n s it io n  th a t  d rives th e  la ttic e  from  th e  c ry s ta llin e  
s ta te  w ith  у  =  y x{T) to  som e o th e r  s ta te  w ith  у  =  y 2(T), show n b y  th e  u p p e r 
fu ll line in  F ig . 1. T he la t te r  is also a c ry s ta llin e  s ta te  (due to  th e  re s tr ic tio n s  
im posed  b y  th e  th eo ry ) t h a t  shou ld  be considered  as a la tt ic e  gas s ta te . T he 
v ib ra tio n s  o f  th e  atom s are  r a th e r  large, y 2(T) 1 an d  are  defined  b y  th e
ex te rn a l p re ssu re : in  th e  lim it  P  —>■ 0 th e  so lu tio n  y 2(T) —► oo. In  r e a li ty  th is  
s ta te  has no ph y sica l m ean in g  since a t  som e low er te m p e ra tu re , T m <  T„  
th e  c ry s ta l sh o u ld  m elt. I t  is w orth -w hile  to  p o in t o u t now  th a t  th e  in s ta b ili ty  
te m p e ra tu re  T* ^  0.6(1 +  0.3 P*) [17] lies close to  th e  red u ced  m eltin g  curves 
o f ra re  gas solids: T%, ^  0.5(1 -j- 0.2 P*) an d  th e  m ean  sq u are  d isp lacem en t 
is c o n s ta n t fo r th e  g iven m odel p o te n tia l a t  th e  in s ta b ili ty  p o in t:

~  0 .10 (r, >  1) -A 0 .1 4 (r, <  1)

(com pare w ith  [2 4 ]— [26]). T herefo re  i t  seem s n a tu ra l  th a t  th e  v ib ra tio n a l 
in s ta b ili ty  o f th e  an h arm o n ic  c ry s ta ls  p lay s som e role in  th e  m e ltin g  p h en o 
m enon as w as p roposed  b y  L i n d e m a n . B u t one should  d istin g u ish  betw een  
th ese  tw o p h y sica lly  d iffe ren t p henom ena as w as d iscussed in  th e  In tro d u c tio n .

A t su ffic ien tly  h igh p ressu re , P *  ]> P *  o r co rrespond ing  h igh te m p e r
a tu re , T* ]> T*  th is  ty p e  o f v ib ra tio n a l in s ta b il i ty  d isappears. T he tw o  so lu 
tio n s a t  P* co incide and  th e re  is only  one s ta b le  so lu tion  fo r th e  co rre la tio n  
fu n c tio n  y (T )  fo r P *  ]> P*. P h y sica lly  i t  m ean s th a t  th e  e x te rn a l forces b e 
com e m ore e ffic ien t th a n  th e  in te ra to m ic  ones a n d  th e  fo rm er define th e  la ttic e  
dynam ics: th e y  are  s tro n g  enough  to  localise th e  a tom ic  v ib ra tio n s .

A t low  te m p e ra tu re s  ( r  =  T/co0L <̂  1) th e  so lu tion  o f th e  SC e q u a tio n
(4.12) fo r th e  co rre la tio n  fu n c tio n  y(A, T) leads to  th e  sam e re su lt as in  th e  
h igh  te m p e ra tu re  lim it. T h e  on ly  difference is th a t  a t  low  te m p e ra tu re  th e  
am p litu d e  o f  a to m ic  v ib ra tio n s  is given m o stly  b y  zero -po in t energy , p ro 
p o rtio n a l to  A-1 . As a re su lt, h ig h ly  an h arm o n ic  c ry s ta ls  w ith  sm all coupling  
c o n s ta n t A can  be u n s ta b le  even  a t  T  — 0 K . I n  F ig . 3 th e  dependence o f th e
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in s ta b i l i ty  te m p e ra tu re  on th e  p re ssu re , T* (P *) fo r som e va lu es  of A is show n; 
T* =  0 fo r A <  A0 ^  2.24. T here  are  also c ritic a l va lu es  fo r th e  p ressu re  P* 
fo r  a n y  given Я >  Ac 2.05 d en o ted  b y  th e  d ashed  line in  F ig . 3. T h e  effect 
o f  la t t ic e  s ta b iliz a tio n  a t  P* >  P* )> 0 or A <  Ac ^  2.05 a t  T  =  0 is q u ite  
an a lo g o u s to  th a t  d iscussed  above fo r h igh  te m p e ra tu re s . T he P V  d iag ram  
a t  T  =  0 is show n in  F ig . 4. I t  h as  th e  sam e Y an  der W aals c h a ra c te r  as th e  
c u rv e s  in  Fig. 2, on ly  th e  te m p e ra tu re  b e ing  rep laced  b y  th e  coupling  c o n s ta n t 
A t h a t  defines th e  zero -po in t energy .

4.3 Elastic constants and lattice stability

I t  is of in te re s t  to  com pare  now  for th e  discussed m odel th e  th e rm o 
d y n a m ic a l s ta b ili ty  cond itions (4.1), (4.2) w ith  th e  d y n am ica l ones o b ta in e d  
fro m  th e  so lu tions o f th e  SC e q u a tio n  (4.7) fo r u?(l). To perfo rm  th e  com parison  
one shou ld  ca lcu la te  th e  e lastic  c o n s ta n ts  cn , c44 an d  cn  — c12 o f th e  fee  
la t t ic e .  T h ey  can  be o b ta in ed  fro m  th e  s ta tic  long -w aveleng th  lim it o f  th e  
se lf-energy  o p e ra to r  o f th e  G F (4.8) in  th e  form

c*ß(T) _  r0 f ( l ,  T )  Г 2 g \ l ,  T ) s
i(T) f  L f V , T )  KA

(4.15)

S k/  =  lim
? - о

----- Re Sqj(T, w =  0)
œ<U

is  d e fin ed  b y  th e  a p p ro p ria te  choice o f th e  ty p e  o f th e  m o d e j an d  th e  d irec tio n  
K  =  q/| q I o f th e  w ave v ec to r  y ie ld in g  th e  co rrespond ing  elastic  c o n s ta n ts  
Сц? c 44 and  Cjjl c12 [22].

I t  shou ld  be  p o in ted  o u t h ere  t h a t  th o u g h  th e  e lastic  c o n s ta n ts  defined  
b y  th e  s ta tic  lim it o f an  ex ac t se lf-energy  o p e ra to r  are  eq u a l to  th o se  defined  
b y  th e  s tra in  d e riv a tiv e s  of an  e x a c t free  en erg y  [30] in  a p p ro x im a te  ca lcu la 
tio n s  th is  th eo rem  does n o t ho ld . F o r  in s tan ce  th e  SCI self-energy (3.15) y ields 
o n ly  th e  f irs t te rm  in  th e  elastic  c o n s ta n ts  o b ta in ed  from  th e  s tra in  d e riv a tiv e s  
o f  th e  SCI free energy  (3.19). O ne shou ld  ta k e  in to  acco u n t h igher o rd e r te rm s 
in  th e  SC2 self-energy, nam ely  an  in f in ite  n u m b e r o f b u b b le  d iagram s p ro d u ced  
b y  cub ic  and  q u a rtic  an h arm o n ic  in te ra c tio n s , to  o b ta in  th e  sam e expression  
as from  th e  SCI free energy  [35]. I n  ou r a p p ro x im a tio n  (4.15) on ly  th e  f irs t  
b u b b le  d iag ram  given b y  E q . (4.9) is ta k e n  in to  accoun t. T hough  fo r q u a n t i ta 
t iv e  estim atio n s a ll o th e r  b u b b le  d iag ram s shou ld  be ta k e n  in to  acco u n t [35], 
in  th e  p resen t q u a lita tiv e  discussions th e y  can  be neg lected . A p a rt from  these  
e x p lic it ap p ro x im atio n s  th e  re su lts  o f th e  ca lcu la tions in  th e  SC PT depend
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also on th e  im p lic it ap p ro x im atio n s  ad o p ted  for th e  SC e q u a tio n  (4.7). In  th e  
SCI a n d  ISC ap p ro x im a tio n s  a ll second o rder te rm s  a re  neg lec ted  in  th e  SC 
eq u a tio n  (fo rm ally , fx =  0 in  (4.11) an d  v =  v0 =  0 in  (4.12)). B u t in  th e  
above proposed  RSC2 ap p ro x im a tio n  th e  lead ing  second  o rd er te rm s given 
b y  E q . (4.9) are  ta k e n  in to  acco u n t in  E q . (4.7). As w as d iscussed  earlier, 
th e y  are  qu ite  co m p a tib le  w ith  th e  f ir s t  o rder one in  SC I ap p ro x im a tio n  an d  
th e re fo re  th e  re su lts  o f  ca lcu la tio n s based  on th e  SC e q u a tio n  in  SCI or RSC2 
ap p ro x im atio n s  sh o u ld  be d iffe ren t. F o r in stan ce , th e  in s ta b ili ty  te m p e ra tu re  
d efin ed  v ia  E q . (4.11) is equal to  T* ^  0.6 a t P  =  0 (see F ig . 1), w hile in  SCI 
ap p ro x im a tio n  (fx =  0 in  E q . (4.11)) i t  is m uch  h ig h e r T*(SC1) 1.5 [15].

T ak in g  in to  acco u n t th ese  genera l rem ark s w e d iscuss now  th e  resu lts  
o f  th e  num erica l ca lcu la tio n s fo r th e  elastic  c o n s ta n ts  (4.15). T h ey  are  show n 
in  F ig . 5 a t P  =  0 fo r h igh  te m p e ra tu re s , t  1. T h e  e lastic  co n stan ts  are  
show n b y  th e  so lid  lines w hen th e  fu ll form  o f E q . (4.11) w as used  for y(T )  
an d  b y  th e  d ashed  lines w hen  SCI a p p ro x im a tio n  w as u sed  in  E q . (4.11) 
(/t =  0). F o r com p ariso n  th e  e lastic  co n stan ts  fo r so lid  X e  o b ta in ed  in  [35] 
a re  also show n in  F ig . 5: b y  do ts , w hen  only th e  f i r s t  b u b b le  d iag ram  (as in  
E q s. (4.9), (4.15)) is ta k e n  in to  acco u n t (the  so ca lled  H o r n e r  ap p ro x im atio n ),

Fig. 5. The dependence of the reduced elastic constants C*ß =  Cxß/Cffl on the reduced
temperature T*
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a n d  b y  triang les, w h en  th e  su m  o f b u b b le  d iag ram s w as con sid ered . T he 
SC e q u a tio n  was so lved  in  [35] in  th e  SC I ap p ro x im a tio n , i.e . n eg lec tin g  second 
o rd e r  te rm s. T hough  th e  re su lts  o f  d iffe re n t ty p e s  o f a p p ro x im a tio n s  a re  close 
to  e a c h  o th e r a t  low  te m p e ra tu re s , T*  <[ 0.3, th e y  show  q u ite  a d iffe ren t b e 
h a v io u r  n ear th e  in s ta b il i ty  te m p e ra tu re  T* я« 0.6. Since a t  th is  p o in t in  th e  
R SC 2 ap p ro x im a tio n  th e  w hole p h o n o n  sp ec tru m  becom es u n s ta b le , as given 
b y  E q . (4.14), th e  e la stic  c o n s ta n ts  also  show  th is  in s ta b ili ty  b y  ta k in g  com plex 
v a lu e s . B u t in  th e  SCI or ISC a p p ro x im a tio n s  th e  in s ta b ili ty  te m p e ra tu re  is 
m u c h  h igher, T*(SC1) 1.5, a n d  th e  elastic  c o n s ta n ts  m a y  v a n ish  a t  some
lo w er te m p e ra tu re , as e.g. cu (T* я^ 0.8) =  0, p ro d u c in g  a sp u rio u s  soft-m ode 
b e h a v io u r  [21]. As follow s from  (4 .15), i t  occurs due  to  th e  n e g a tiv e  c o n tr ib u 
t io n  fro m  th e  sam e second  o rder te rm  w hich  is neg lec ted  in  th e  SC I a p p ro x im a 
t io n  fo r  th e  SC eq u a tio n , ц =  0 in  (4.11). A co n sis ten t a p p ro x im a tio n  b o th  
fo r  th e  elastic c o n s ta n ts  (4.15) a n d  fo r  th e  SC eq u a tio n  (4.7) in  th e  RSC2 
a p p ro x im a tio n  excludes th e  ab o v e  m en tio n ed  ty p e  of d isc rep an cy .

C onsidering now  th e  P V  d ia g ra m  in  F ig . 2, i t  can  be seen  t h a t  th e  b u lk  
m o d u lu s , B T =  — (1 /V )  (dP ldV)j-  v an ish es  as T* —*■ T*. S ince in  o u r ca lcu la 
tio n s  E q . (4.10) w as u sed  for P (T ) , as in  th e  SCI a p p ro x im a tio n , th is  b u lk  
m o d u lu s  should be close to  th a t  one o b ta in ed  from  E q . (4 .15): B (T )  =  cn  — 

(2/3) (cn  — c12).
A s seen from  F ig . 5, i t  also v a n ish e s  a t  T* —► T*. T h erefo re  th e  d ynam ica l 

in s ta b i l i ty  d iscussed here  is d riv e n  b y  th e  f lu c tu a tio n s  o f th e  v o lu m e  an d  th e  
“ b re a th in g ”  m ode is th e  soft one th o u g h  all sound  velocities a re  nonzero  a t  
T* — T*.  In  re a li ty  th is  d y n am ica l in s ta b ili ty  m ay  be u n o b se rv ab le  for real 
c ry s ta ls  since th e y  w ould  m elt a t  som e low er te m p e ra tu re .

T he sam e k in d  o f b eh av io u r fo r  e lastic  co n stan ts  (4.15) is o b ta in e d  a t  low 
te m p e ra tu re , r  1 fo r q u a n tu m  c ry s ta ls  [22], an d  th e re fo re  th e y  w ill n o t be 
d iscu ssed  here.

F ro m  these  m odel ca lcu la tio n s  one m ay  claim  th a t  th e  SC PT  can  be 
a p p lie d  to  th e  in v e s tig a tio n  o f th e  ra n g e  of s ta b ility  o f an h a rm o n ic  crysta ls . 
F o r  p rim itiv e  B rav a is  la ttic e  th e  in s ta b ili ty  te m p e ra tu re  defines th e  u p p e r 
l im it  fo r the  s ta b il i ty  of a g iven  c ry s ta llin e  s tru c tu re  w ith  re sp e c t to  th e  
p ro p a g a tio n  of co llec tive  e x c ita tio n s . T h e  num erica l e s tim a tio n s  w ould  depend 
on  th e  adop ted  ap p ro x im a tio n s  b u t  th e y  shou ld  n o t ch an g e  considerab ly  
fro m  tho se  o b ta in ed  here in  RSC2 ap p ro x im a tio n . T he co rrec tio n s from  th e  
h ig h e r  order te rm s  are o f th e  o rd e r (T*)n a t r  >  1 or (1/P)n a t  т  1 w here 
n  2 and  since T*  or (1Д ) are  sm a ll enough even a t  th e  in s ta b il i ty  p o in t: 
T* ^  0 .6; \jXc ^  0.5 these  co rrec tio n s  should  be also sm all. B u t fo r a m ore 
re a lis t ic  m odel o f an h arm o n ic  c ry s ta ls  w ith  s tro n g ly  rep u ls iv e  in te rac tio n s  
th e  sh o rt-ran g e  co rre la tio n s, n eg lec ted  here, shou ld  be p ro p e rly  ta k e n  in to  
a c c o u n t. T hey are  o f  im p o rtan ce  n o t  only  for q u a n tu m  c ry s ta ls  [6], [8], b u t  
fo r  o th e r  rare  gas c ry s ta ls  as w ell a t  h igh  te m p e ra tu re s , as show n^by a recen t

Acta Physica Academiae Scientiarum Hungaricae 45, 1978



LATTICE DYNAMICS AND STABILITY OF ANHARMONIC CRYSTALS 61

ca lcu la tio n  [36]. T h en  a co n sis ten t co n sid e ra tio n  for th e  sh o rt-ra n g e  co rre la 
tio n s  in  th e  fram ew o rk  of th e  SC PT w ould give one a p o ssib ility  fo r  q u a n tita tiv e  
ca lcu la tio n  o f  ran g e  of s ta b ili ty  o f  an h a rm o n ic  solids.

5. Structural phase transitions

5.1 Soft modes and free energy expansion

The s t ru c tu ra l  phase tr a n s it io n  (PT ) can  be described  m icroscop ically  
as an  ap p earan ce  o f som e f in ite  d isp lacem en ts o f  a tom s ?y,-(T) below  th e  te m p e r
a tu re  T c o f th e  P T . F o r th e  second o rder P T  th e  ту,-(Т) change sm oo th ly  from  
zero v alue  a t  T  =  T c w hile fo r th e  f irs t  o rd e r P T  th e y  change d iscon tin u o u sly  
to  som e f in ite  v a lu e  a t T  <[ T c. B u t in  b o th  cases th e  d isp lacem en ts туДТ) 
a re  r a th e r  sm all in  com parison  to  th e  la ttic e  spacing , a t  le a s t n o t  fa r from  th e  
tra n s it io n  te m p e ra tu re  T c. T herefo re  i t  is co n v en ien t to  w rite  th e  equ ilib rium  
p o sitions o f a to m s in  E q . (2.8) as

<Я;> =  *i =  *? +  Vi =  х? +  *h =  x° PI +  Г) 111 , (5.1)

w here  x ? is th e  eq u ilib riu m  p o sitio n  in  th e  h ig h -te m p e ra tu re  p h ase , T >  T c 
(b y  d e fin ition , th e  P T  is assum ed  to  occur below  T c). C onsidering  now ту,- as 
a sm all v ir tu a l a to m ic  d isp lacem en t n ea r th e  P T  p o in t, one can  w rite  th e  
F o u rie r  tra n s fo rm a tio n  for i t  in  th e  sam e fo rm , as for th e  d y n am ica l d is
p lacem en t it,-:

Vi =  V
]fN M x 2  е'чх''т?(Ч’ j )  =  2  4(9)- (5-2)

q J q

T he ap p e a ra n ce  o f f in ite  d isp lacem en ts  rji in  th e  fram ew o rk  of la ttic e  
dy n am ics can  be described  as a co n d en sa tio n  o r “ freezing”  o f  som e u n stab le  
p h o n o n  m ode, th e  so called so ft m ode, th e  freq u en cy  of w hich  te n d s  to  zero 
as T  — Tc [37], [38]:

QC(TC) =  0, (5.3)

w here  c deno tes th e  p a r tic u la r  m ode j c an d  w av e  v ec to r q c o f th e  u n stab le  
m ode.

F ro m  th e  phenom enolog ical p o in t o f v iew  th e  s tru c tu ra l P T  is u sua lly  
described  b y  th e  LANDAU-type expansion  fo r th e  free energy  [39] :

F(rj) =  F 0 +  A (T )  rf  +  i -  B r f  +  Dr,®, (5.4)
tu
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w h ere  w e assum ed fo r  s im p lic ity  t h a t  o n ly  even pow ers o f th e  o rd er p a ra m e te r  
rj a re  essen tia l for a g iv en  ty p e  o f P T . T h e  order p a ra m e te r  rj a t  th e  s tru c tu ra l  
P T  sh o u ld  he a l in e a r  co m b in a tio n  o f  a tom ic  d isp lacem en ts  rji a n d  in  th e  
s im p le s t case of one so f t m ode (qcj c) i t  is ju s t  equal to  th e  F o u rie r tra n s fo rm  
o f th e  d isp lacem ents in  E q . (5.2): rj =  ij(4 cj c)- T he  f ir s t  coeffic ien t in  E q . 
(5.3) defines th e  te m p e ra tu re  of th e  second  o rder P T :

p ro v id e d  th a t
A (T C) =  0

B (T C) >  0 .

(5.5)

T hou g h  th e  L a n d a u  th eo ry  is a m ean-fie ld  th e o ry  (ac tu a lly  i t  is b e t te r  
since  A (T )  and  B (T ) can  be ren o rm alized ) and  does n o t  describe p ro p e rly  th e  
c r it ic a l  region in  th e  v ic in ity  of T c i t  s till  appears u sefu l for phenom enolog ical 
co n sid e ra tio n s. N ow  em ploy ing  th e  re su lts  of S ection  3.1, th e  equ iv a len ce  of 
th e  d y n am ica l and  th e rm o d y n a m ic a l cond itions fo r th e  s tru c tu ra l P T , E q s. 
(5 .3) a n d  (5.5), re sp ec tiv e ly , w ill be  p ro v en .

T h e  phonon fre q u e n c y  sp ec tru m  Q qj fo r a la tt ic e  is defined  b y  th e  poles 
o f  th e  G F  (3.11) a n d  can  he w ritte n  in  th e  general fo rm  as

0 2 .— i/q j —
N 22

aßSS' 1i M x M x.
êq»  < ( x ' )  {ФЦ, +  ПеЩЦо,  =  í>qj)} , (5.6)

w h ere  th e  fo rce -co n stan t m a trix  is g iv en  b y  E q . (3.5):

Ф& =  <VSVf- U(x, +  u,)> (5.6a)

a n d  th e  self-energy o p e ra to r  acco rd in g  to  E qs. (3.10), (3.12) is eq u a l to

n ’&ito) =

"  1 1
n,n- = 2 n\ n ' \ 2  ujVj

n 2 uf V f
j j '

<V s U ( x i  +  H,)>  <vf- U ( x ' i  +  « ,')>  =
»

=  «ТГшЩх, +  щ) I U{xv +  «,-)»& • (5-6b)

In  th e  la s t lin e  th e  defin itio n  o f th e  irred u c ib le  G F  (3.2) w as u sed  and 
th e  self-energy o p e ra to r  was w r it te n  in  te rm s o f th e  p ro p er (p ) p a r t  o f  th e  
u s u a l G F . A t T  =  T c th e  freq u en cy  o f  th e  soft m ode Q C(T C) =  0 an d  th e  d y 
n a m ic a l cond ition  (5.3) can  be w r it te n  as an  e q u a tio n  fo r th e  self-energy  oper
a to r :

2  W *^c) {Фи +  -ReЛ и(а> =  0)} W f a )  =  0 , (5.7)
ij

w h ere  th e  p o la riz a tio n  vectors fo r th e  soft m ode d efin ed  in  E q . (5.2) were 
in tro d u c e d .
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T h e  free  energy  as a fu n c tio n  o f  sm all d isp lacem en ts  can  be  w ritte n  
in  th e  fo rm :

F{T, r)i) =  -  4 " ln Tr  ex p  { ~ ß ( H o +  U'Cnd)} =
P

=  F 0(m =  0) +  - I  f  d t{  U'(r)y0 -  f  f  dx ,dx 2 < U'(x,) U '(T2)>g +  . . . ,  (5.8)
p  J O  £ p  J o  J  0

w here H 0 =  H(rji =  0) an d  th e  p e r tu rb a tio n

U ' i V i )  =  +  V i  +  U i )  —  Щ я $  +  u ,)  = exp 2  V i  V i 1 ВД + U i ) .  (5.9)

T he lin k ed -c lu s te r ex p an sio n  [31] w as used  and  im a g in a ry  tim e  x =  it co r
re la tio n  fu n c tio n s, o n ly  th e  co nnec ted  ones, w ere in tro d u c e d . T ak in g  in to  
acco u n t o n ly  q u a d ra tic  te rm s  in  th e  d isp lacem en t rj,- in  E q s . (5.8) a n d  (5.9) 
th e  free en e rg y  is o b ta in e d  as

F(Vi) = F 0  +  \  2  M T )Vi Vj , (5.10)
^ V

w here

A ij(T ) =  <ViVy U(Xi +  u,)>g — j ßo d x < X i U ( x ,  +  u , ( x ) ) V j U { x j  +  u;)>g . (5.11)

To com pare  E q . (5.10) w ith  th e  m ore g enera l re p re se n ta tio n  (5.4) th e  o rder 
p a ra m e te r  shou ld  be in tro d u c e d  w hich  is essen tia lly  th e  F o u rie r  tra n sfo rm  
o f th e  d isp lacem en ts rj(qcyc) in  E q . (5.2). T herefore fo r th e  coeffic ien t A (T)  
in  E q . (5.4) we get an  ex p lic it fo rm :

A ( T ) = ~ 2  W ‘ (9c) A H(T)Wj(qc) . (5.12)
2 ij

N ow  em p lo y in g  th e  id e n t i ty  fo r th e  re ta rd e d  GF

* » « = /. =  — \ [ d x  <«(r) b} , (5.13)

A{Tc) =  ± Q * { T , v  =  0) (5.14)

is o b ta in ed , t h a t  p roves th e  equ ivalence  o f  E q s. (5.3) a n d  (5.5).
I f  th e  s tru c tu ra l P T  is described  b y  hom ogeneous d e fo rm atio n  th e  soft 

m ode b e h a v io u r  occurs fo r  th e  e lastic  c o n s ta n t. Since th e  la t t e r  can  be o b ta in ed  
e ith e r  as a s ta tic  lo n g -w aveleng th  lim it o f th e  self-energy  o p e ra to r  in  (5.6) 
[30], or as th e  second d e r iv a tiv e  o f th e  free  energy w ith  re sp ec t to  th e  stress
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te n s o r  u^ß w hich is th e  o rd er p a ra m e te r  in  th is  case, th e  equ ivalence  o f th e  
d y n am ica l and  th e rm o d y n a m ic a l cond itions fo r th e  P T  is a p p a re n t. T herefore  
in  d iscussing th e  s tru c tu ra l  P T  one can  ta k e  in to  acco u n t o n ly  th e  dynam ics 
o f  th e  la ttice  a n d  o b ta in  th e  te m p e ra tu re  of th e  P T  from  th e  e q u a tio n  (5.7) 
fo r  th e  soft m ode.

T hough th e  con n ec tio n  b e tw een  th e  soft m ode b e h a v io u r a t  th e  s tru c tu ra l 
P T  an d  th e  th e rm o d y n a m ic a l s ta b ili ty  co n d itio n  fo r th e  free energy  in  
E q . (5.4), is now w idely  accep ted  (see e.g. [9], [40]) th e  d iscussion  p resen ted  here  
seem s to  he th e  m o s t rigorous one  since i t  is b a sed  on  th e  e x p lic it n o n p e rtu rb - 
a tiv e  form s fo r th e  so ft m ode freq u en cy  (5.6) an d  fo r th e  coefficien t A ,  
E q . (5.12).

5.2  Self-consistent phonon approximation and fluctuation effects

To o b ta in  n u m erica l re su lts  from  th e  rigo rous b u t  u n tra c ta b le  ex p lic it 
fo rm  for th e  so ft m ode (5.6) o r th e  coeffic ien t A  (5.11) one should  em ploy  
som e m ethod  o f a p p ro x im a tio n s . M ainly tw o d iffe ren t ap p ro ach es  have  been  
u sed . C urie—W eiss ty p e  m ean  f ie ld  ap p ro x im atio n  (M FA ), as in  th e  th e o ry  
o f  m agnetism , a n d  th e  SCPT. In  th e  M FA th e  o n e-p a rtic le  c h a ra c te r  o f th e  
a to m ic  m otion is em phasized  b y  neglecting  th e  co rre la tio n s  betw een  a to m ic  
d isp lacem en ts on  d iffe ren t la tt ic e  sites, w hile in  th e  SCPT th e  collective p ic tu re  
o f  th e  atom ic m o tio n  is a d o p te d  b y  tak in g  in to  acco u n t th e  co rre la tion  o f 
d y n am ica l d isp lacem en ts. T he ad v a n ta g e s  o f b o th  m e th o d s a re  now  discussed 
in  th e  lite ra tu re  in  som e d e ta il (see [9] an d  e.g ., [41]) an d  h ere  we only  p o in t 
o u t  th a t  th e  M FA  seem s to  be m ore  p referab le  fo r th e  o rd e r-d iso rd e r P T  w hile 
th e  SCPT is m u ch  b e tte r  fo r th e  descrip tion  o f la ttic e  d y n am ics  in  th e  dis- 
p lac iv e  s tru c tu ra l PT .

Now we con sid er th e  f i r s t  o rd e r of th e  SC PT, as i t  w as g iven  in  S ection  
3 .2 , w ith  a m ore  genera l d e fin itio n  (5.1) fo r th e  e q u ilib riu m  positions o f th e  
a to m s. The ren o rm alized  h a rm o n ic  ap p ro x im atio n , or S C I, w as m ain ly  used  
in  th e  ca lcu la tions due  to  its  s im p lic ity  [9]. T he free en erg y  in  th is  ap p ro x im 
a tio n  according to  (3.19) has th e  form :

F i = y  co th
f  4 2

+  tJ (Xi) , (5.15)

w h ere  Qq =  ß qj(ac? tj(.) is g iv en  b y  th e  E q . (3.17) u sing  E q s . (3.15), (3.16). 
T h e  reno rm alized  p o te n tia l en e rg y  in  th e  SCI a p p ro x im a tio n  is equal to

U(x? +  rji) =  exp (Uj Uj) Vi Vy
2  i j

u o K  +  Vi) • (5.16)
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To discuss th e  s tru c tu ra l P T  b y  th e  SC PT we s ta r t  w ith  th e  L a n d a u - 

ty p e  expansion  (5.4) fo r th e  free energy  (5.15). F o r  s im p lic ity  w e assum e th a t  
th e re  is only one so ft m ode, Q ^  rfo =  0) =  0 an d  th a t  th e  sy m m etry  
o f th e  c ry sta l la t t ic e  allows on ly  even pow ers o f  rj as in  E q . (5.4). T h en  for th e  
f irs t  coefficient in  E q . (5.4) one gets

A (T )  =
d F ,

=  exp
drf 77=0

<»!«;> V/Vj
dU0(Xj) __ dÜ(x? +  щ)

drf drf
(5.17)

|t)=0

In  deriv ing  (5.17) th e  se lf-consisten t co n d ition  im posed  up o n  th e  frequency  
ü qj b y  E qs. (3.15) — (3.17) w as used  th a t  re su lts  in  s tro n g  cance lla tion  o f te rm s 
[2]. Now assum ing  rj =  rj(qcj c) in  (5.2), as d iscussed  earlier, th e  f ir s t  coefficient 
can  be w ritten  in  th e  eq u iv a len t form

A T )  =  \ ^(Ч с)Щ Ч с) =  ~ ^ 1 ( ^  =  0). (5.17a)
2 у 9щ Щ  2

T herefo re  th e  gen era l th eo rem  o f th e  p rev ious Section  holds fo r th e  SCI 
ap p ro x im a tio n  an d  th e  te m p e ra tu re  of P T  can  be  o b ta in ed  from  th e  equa tion  
QC(TC) =  0. In  th e  case o f sm all an h a rm o n ic ity , using  E q . (3.17), Q\ can  be 
w ritte n  in  th e  fo rm :

Q*C(T C) ~  col +  ~  2  V Mc, q) ~  co th  A .  =  0 ,  (5.18)
Z q  "  -* c

w here coq =  2  1V*(q) {ViVy ^ o (* /)} ^ y (î)  *s th e  harm on ic  pho n o n  frequency
W

a t  r]i =  0 and

K (q , ч )  =  2  w î { q W j { q ) w t w ) w l{q') v , v ; v*v» W )
i jk l

is th e  q u a rtic  an h arm o n ic  in te ra c tio n . Since u su a lly  th e  second te rm  in  (5.18) 
is p o sitiv e  V i(q,q')  >  0, E q . (5.18) can  hold o n ly  fo r co^ry,- =  0) <  0. T here
fore  th e  s tru c tu ra l P T  can  occur a t  T c >  0 on ly  w hen  th e  h arm on ic  la ttic e  
is u n s ta b le  for »?,■ =  0. In  th e  classical h igh te m p e ra tu re  lim it, T  i2max th e  
te m p e ra tu re  of P T  can  be d efin ed  ex p lic itly  b y  th e  eq u a tio n :

T  =-L C -- 0) ^ 2 v ^ A q ) (5.18a)

T h ese  resu lts  for sm all an h a rm o n ic ity  have  been  o b ta in ed  p rev io u sly  by  
Anderso n  [37], Cochran [38] a n d  o th ers  and  a re  w ell discussed in  th e  l ite r
a tu re  (see, e.g. [9]).
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F o r fu r th e r  co n sid e ra tio n  o f th e  c h a rac te r  o f P T  one shou ld  o b ta in  th e  
seco n d  coefficient in  E q . (5.4):

B(T) =
d 2 F l
d ( r f f »7=0

-jr 2  O ;  uy) V/Vy 
. 2 ij

dU  „(*/))
drf  J '

(5.19)

I t  is  conven ien t to  w rite  E q. (5.19) as a sum  of tw o  te rm s,

B (T )  =  B 0(T) B i(T ) = ° ( x ° + 4 l) +  i r 2
ЭФ,7 d <u, Uy> '

L 9{ r f f  \|,-o  2 i f drf drf
(5 .19a)

w h ere  an  exp lic it dependence! o f  U(x°i -|- rfa) on rjj is ta k e n  in to  acco u n t b y  
B 0(T )  and  an im p lic it one occurring  th ro u g h  th e  co rre la tio n  fu n c tio n , b y  B ^ T ) .  
A s in  th e  ca lcu la tio n s  of seco n d -o rd e r elastic  c o n s ta n ts  in  th e  SC PT  [30], 
[35 ], th e  eq u a tio n  fo r  th e  c o rre la tio n  fu n c tio n  d<u(-ufyjdrf tak es  th e  form  of 
a n  in te g ra l e q u a tio n . B y  in tro d u c in g  th e  m a trix

C ( q  I q ' )  =  C { q j \ j2 | q ' j'JQ  =  — —  V t { q j i j 21 Ч'ЛЛ)
E,4 7! E,47»
02 _  02,^qyi

(5.20)

w ith  E q =  l / ß ? c o th  (ßÜJ2), i t  c a n  b e  fo rm ally  solved and  th e  second  te rm  
in  E q . (5.19a) ta k e s  th e  form :

Вг(Т) C & j e M V i M  2  [!  +  СШ ) Г ' У  Ш М Ч с Ш  • (5.21)
4 4ЛЛ 4’Jij i

T h e  reno rm alized  q u a rtic  a n h a rm o n ic  in te ra c tio n  is defined  as

V ,(q ,q ')  =  V 4(4 7 1 7 2 1 q 'jU i)  =  2  Wk(4 j 2) w r(q 'ji)  Wm(4 ' j2) ФШт, (5.22)
iklm

w h ere  the  n o ta tio n  o f  E q. (5.2) w as used.
To es tim a te  B X(T) near th e  tra n s it io n  te m p e ra tu re  we assum e th a t  th e  

v e r te x  (5.22) d ep en d s  w eakly  on  q an d  q', an d  can  be ap p ro x im a te d  b y  a 
c o n s ta n t for th e  c ritic a l m ode:

v Áq, q') ** у 4(qdcjc I qd d c )  =
Э4 О (х® +  Tji)

9 Vi
Vt (qc)

. ii=0

(T h is a p p ro x im a tio n  is reasonab le  fo r  op tic  m odes b u t  n o t for acoustic  ones, 
w h ere  V^(q, q') *** q2 • q ' 2 for sm all q, q'.) T hen th e  m a tr ix  (5.20) can  be  fa c to r
ized  and  E q . (5 .21) tak es  th e  fo rm :
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w here

В i(T ) ~  —  F 4(gc) 1(Г)
4 1 +  |( T )

f(T ) = 9
1 ■

2Q
coth

ЧУе

(5.23)

(5.24)

is th e  co rre la tio n  p a ra m e te r. I t  d iverges fo r т =  | T  — T c \/Tc —*- 0 due to  
th e  c ritica l f lu c tu a tio n s , as th e  u su a l e s tim a tio n  shows:

—  y — —
^  q d ' - q j c

' 1 c o t h ^ A
2 T

T ____ 1 _
47 r]/Y a)o  Гц/т

(5.25)

H ere  th e  so ft m ode freq u en cy  w as ap p ro x im a te d  b y  th e  eq u a tio n  ß 2yc 
coir -f- s2q2 an d  th e  d im ensionless rad iu s  r 0 o f in te ra to m ic  in te ra c tio n  w as 

defined  b y  th e  dispersion o f  th e  soft m ode: s2 ^  rlmla2, a is th e  la ttic e  c o n s ta n t. 
T herefore  fo r th e  whole coeffic ien t (5.19) n e a r  th e  P T  p o in t one gets:

в (т) =  ~ У , ( Чс) £ ( T )

1 +  f(T )
(5.26)

Since B (T  —*■ T c) <C 0 th e  s tru c tu ra l  P T  shou ld  be of th e  f i r s t  o rder. (The sam e 
a rg u m en ts  show  th a t  D (T  —у T c) 0 in  E q . (5.4).) This q u ite  genera l re su lt 
is due to  a c e r ta in  ren o rm a liza tio n  of th e  phenom enological ex p ansion  (5.4) 
b y  ta k in g  in to  acco u n t f lu c tu a tio n s . As seen from  (5.21), o r (5.23), an  effective 
su m m atio n  o f all bubb le  d iag ram s (Fig. 6) d iv e rg en t a t  т —*■ 0 is done fo r th e  
f lu c tu a tio n  te rm  B ^ T ) .

в,(T,. liQ x ; * ; о з С < ... -XZk:... X
F i g .  6 .  T h e  sum  of bubble  d iag ram s for th e  flu c tu a tio n s  te rm  B t ( T )  in  E q . (5.21)

The f ir s t  o rd er P T  in  th e  SCI ap p ro x im a tio n  w as f ir s t  o b ta in e d  b y  
G i l l i s  an d  K o e h l e r  for a m odel ca lcu la tio n  and  th e n  d iscussed  in  severa l 
p ap ers  (see [9] an d  e.g. [42], [43]). I t  is obv ious th a t  th e  f ir s t  o rder P T  is a 
consequence o f th e  a d o p ted  ap p ro x im a tio n s  in  SCI and  h ig h er o rd er co rrec
tio n s  m ay  change th e  re su lt. I t  is w ell know n  now  in  th e  th e o ry  of P T  (see e.g. 
[39], [44]) t h a t  th e  average fie ld  ap p ro x im a tio n s  do n o t w o rk  n e a r th e  tr a n s i
tio n  p o in t. T herefo re  th e  o rd e r o f P T  c a n n o t be defined  b y  th e  SCPT, based  
on  th e  average  ph o n o n  f ie ld  ap p ro x im a tio n . T he region o f s tro n g  f lu c tu a tio n  
effects depends on th e  range  o f  in te ra to m ic  in te ra c tio n s : |( т )  >  1 fo r t  <  To 6. 
T he second o rd e r P T  in  M FA  is exp la ined  b y  th e  com plete  supression  o f th e  
c ritic a l f lu c tu a tio n s  since in  M FA  r 0 —► o o ,  I n  th e  SCI ap p ro x im a tio n  one also 
gets  a second o rd e r P T  in  th e  lim it  r 0 —► oo as i t  can  be easily  deduced  from
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E q . (5.23) using  E q . (5.25): B ( t  ^  0, r 0 —► оо) =  B 0 >  0. T he la t te r  re su lt 
w as p o in ted  o u t b y  G i l l i s  [45] in  a m odel ca lcu la tio n . In  a rea l s tru c tu ra l P T  
an  in te ra c tio n  b e tw een  th e  so ft op tic  m ode an d  acoustic  ones should  be ta k e n  
in to  accoun t. T his s tr ic tio n  in te ra c tio n  is u su a lly  th e  reaso n  fo r th e  f irs t  o rd e r 
o f P T  [46].

C orrections u p  to  second o rd er in  £(t) in  th e  fram ew o rk  of SCPT w ere 
considered  in  [43] fo r a sim ple co n tin u u m  m odel of d isp lac ive  ferroelectrics. 
H ow ever, th e  case o f  a w eak  q u a rtic  an h arm o n ic  in te ra c tio n  w as d iscussed  
in  [43] an d  th e  co n v en tio n a l p e r tu rb a tio n  th e o ry , as in  [47], was ap p lied . 
P ra c tic a lly  i t  leads to  th e  ex p ansion  o f (5.21), o r (5.23) in  pow ers of | ( r )  ta k in g  
in to  acco u n t som e second  o rd e r correc tions. B u t since th e  SCPT is b ased  on 
th e  v a r ia tio n a l a p p ro ach  w ith o u t assum ing  th a t  th e  a n h a rm o n ic ity  is sm all, 
th is  expansion  o f B ^ T )  in  pow ers o f th e  d iv e rg en t p a ra m e te r  seem s to  be 
in a p p ro p ria te . M uch b e t te r  resu lts  can  be o b ta in ed  w ith  th e  reduced  SC2 
a p p ro x im a tio n  schem e considered  in  S ection  4. In  th a t  case th e  SCI a p p ro x 
im a tio n  ta k in g  in to  ac c o u n t th e  lead ing  second o rd er te rm s  in  th e  e q u a tio n  
fo r th e  co rre la tio n  fu n c tio n  is used  as th e  zero ap p ro x im a tio n . C orrections 
to  th is  n o n d iv e rg en t a p p ro x im a tio n  are  th e n  o b ta in ed  b y  som e ap p ro x im a tio n  
p ro ced u re  for th e  h ig h er o rd er te rm s [48].

T herefore  th e  SC PT can  be used  as an  in te rp o la tio n  m ethod  for th e  in 
v e s tig a tio n  o f s tru c tu ra l  phase  tra n s itio n s  an d  la ttic e  dynam ics of c ry s ta ls  
w ith  u n s tab le  m odes. C o n tra ry  to  th e  M FA  in  th e  SCPT th e  critical f lu c tu 
a tio n s o f th e  o rd e r p a ra m e te r  are ta k e n  in to  acco u n t in  some reaso n ab le  
ap p ro x im a tio n  th a t  re su lts  in  th e  ren o rm a liza tio n  o f th e  phenom enological 
L a n d a u  expansion .

5.3 Unified theory o f  ferroelectric phase transitions

I t  is genera lly  assum ed  th a t  th e re  are  tw o  basic k in d s  of P T  in  fe rro 
elec trics, th e  o rd e r-d iso rd e r ty p e  P T  and  d isp lacive ty p e  P T  (see, e.g. [47] 
c h a p te r  1). In  th e  fo rm er case th e  P T  re su lts  from  a s ta tis tic a l d iso rd e r of 
ac tiv e  atom s am ong  sev era l (in  th e  s im p lest case be tw een  tw o) eq u ilib riu m  
positio n s, w hile in  th e  la t te r  case th e  P T  is caused  b y  a la tt ic e  in s ta b ili ty  as 
d iscussed  in  th e  p rev io u s Section . N ev erthe less i t  w as show n in  th e  la s t  y ea rs  
th a t  b o th  ty p es  o f fe rro e lec tric  P T  can  be described  w ith in  a single m odel 
an d  th a t  th e re  are  no essen tia l d ifferences (see, e.g. [9]) be tw een  th em . S ince 
th e  SC PT  can  be ap p lied  w ith  som e success on ly  for th e  d isplacive P T  i t  is 
o f in te re s t  to  consider a m ore general ap p ro x im a tio n  th a t  shou ld  s im u ltan eo u sly  
acco u n t for b o th  th e  s ta tis t ic a l  f lu c tu a tio n s  o f ac tive  a to m s in to  th e ir  e q u i
v a le n t equ ilib rium  p o sitions an d  fo r th e  d y n am ica l co rre la tions o f a to m ic  
d isp lacem en ts. A u n ified  ap p ro ach  o f th is  ty p e  w as p ro p o sed  in  [49] a n d  we 
b rie fly  consider i t  below .
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As a sim ple m odel fo r th e  fe rro e lec tric  (or m ore genera lly  s tru c tu ra l)  
P T  one can consider a system  o f ac tiv e  a tom s m oving in  th e  s ta tic  f ie ld  o f th e  
rem ain in g  n o n ac tiv e  a tom s. T h is m odel can  be described  b y  th e  H a m ilto n ia n :

(5.27)

H ere P, and  R ( deno te  th e  m o m en tu m  and  coo rd in a te  re fe rrin g  to  th e  ac tiv e  
a to m s, H(R;) is a sing le-partic le  p o te n tia l  due to  th e  rem ain in g  a to m s, w hereas 
7>(R í — R ;) is th e  p a ir in te ra c tio n  betw een  active a to m s in  d iffe ren t cells. 
T he p o te n tia l F (R () m ay h av e  tw o  or m ore m in im a w hich  p ro v id e  th e  p ossi
b i l i ty  fo r th e  ac tive  atom s to  occupy  tho se  s ta te s  in  th e  u n it  cell. W e assum e for 
s im p lic ity  th a t  th e re  are on ly  tw o  such s ta te s  (denote b y  A =  J ^ l )  in  each  cell, 
so th e  a tom ic  coo rd inate  can  be  rep re sen ted  as follow s:

К / =  х ? + ^ 8 ? .  (5.28)
л

H ere  x° deno tes th e  cen tre  o f th e  cell, o f  =  1(0) and oT  =  0, (1) if  th e  a to m  
occupies th e  s ta te  Я =  —(-1 ( — 1). T he p ro jec tio n  o p e ra to r  af i ts e lf  can  be 
exp ressed  b y  th e  pseudosp in  o p e ra to r  cfj — ^1:

of =  ~ ( l  +  Acr() ,  (A =  ± l )
Zj

w hich  is in tro d u ced  as an  in d e p e n d e n t v a ria b le , co m m u tin g  w ith  th e  a to m ic  
d isp lacem en t (S/) and  th e  m o m en tu m  (Pf) o p era to rs . To e lu c id a te  such  a d d i
tio n a l p seudo-sp in  degree of freedom  one has to  tak e  e x p lic itly  in to  acco u n t 
th e  tu n n e llin g  effect being  described  b y  th e  ^ -co m p o n en t o f th e  pseudo-sp in  
o p e ra to r  [50].

I f  th e  a tom ic  d isp lacem en t is in  th e  s ta te  A, Sf can  be w ritte n  as a sum  
of a s ta t ic  d isp lacem en t Ь,д an d  a th e rm a l f lu c tu a tio n  u f:

S | =  b) +  u? ; b) =  <S?> =  bx . (5.29)

T herefo re  th is  re p re se n ta tio n  o f  a tom ic  coo rd inates enab les one to  ta k e  
in to  acco u n t, f irs t, th e  a tom ic  ran d o m  d is tr ib u tio n  over tw o  eq u ilib riu m  p osi
tions in  th e  cell, using  th e  o p e ra to r  erf an d , secondly , th e  th e rm a l a to m ic  f lu c 
tu a tio n  u, in  th e  neighbourhood  o f a g iven equ ilib rium  positio n . In  describ ing  
o rd e r-d iso rd e r ph ase  tra n s itio n s  th e  la t te r  v ariab les  a re  u su a lly  neg lec ted , 
w hereas in  describ ing  d isp lacive p h ase  tra n s itio n s  i t  is assum ed  th a t  all a tom s 
h av e  id e n tic a l equ ilib rium  po sitio n s in  th e  cells (A =  + 1  or A =  — 1) th u s  
th e  o p e ra to r  a] ta k e s  th e  sam e v a lu e  a t  each  site  i. In  th is  genera lized  m odel
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we w ill be able to  s tu d y  b o th  ty p es  o f phase tra n s itio n s  using  th e  fu ll re p re se n t
a tio n . Such a p h y sica l p ic tu re  is in  ag reem en t w ith  recen t co m p u te r  s im ula tions 
a n d  is  also appea ling  fo r resons o f u n iv e rsa lity  [51].

H av in g  in se r te d  th e  d e fin itio n  (5.28), (5.29) in  th e  H a m ilto n ian  (5.27), 
i t  c a n  be w ritte n  in  th e  form

H  =  2 (p ")2 +  F ( x ? +  +  r w  -  *4  +  S j  -  SJ)
a  [ Z M  2 ij л*

(5.30)

T he la ttic e  d y n am ics  o f th e  m odel can  be  considered  w ith in  th e  fram e
w o rk  o f th e  SC PT , as w as d iscussed  earlie r. D ealing  w ith  th e  pseudo-sp in  
su b sy s te m  an  e ffec tiv e  H a m ilto n ia n  can  be in tro d u c e d :

H s =  2  h> ^ - 7  2  h j  <h «j • (5-31)
i 2 1Ф]

H e re  th e  effective single p a rtic le  ‘‘f ie ld ”  an d  th e  effective “ exchange energy ’’ 
I j ,  can  be w ritte n  on  th e  basis o f v a ria tio n a l ap p ro ach  [52] in  th e  form :

hi =  2 T  1 ^ 7  (p " ) 2 +  +  2 2  7  + W  -  + s "А Z \ Z M  / 0  Ax у 4

1
1ч =  —~r 2  <?(*? -  4  +  S/ -  s;)>0 .4 hi 4

s;)>o ;
(5.32)

(5.33)

w here  the  s ta t is t ic a l  averag in g  <\ . .)„  is perfo rm ed  over phonon  v a riab les .
The genera l m odel w as considered  in  [49] for th e  one p a rtic le  p o te n tia l 

h av in g  a dou b le-m in im u m  form

F(x? +  S,) =  F(x?) -  A  (S/)2 +  4  <S')4 ’ <5 '34)
2 4

a n d  for th e  p a ir  in te ra c tio n  in  th e  harm o n ic  a p p ro x im a tio n :

7>(x? — X? +  S, -  Sj) =  ç>(xP -  Xj) +  4«p,7(S,- -  S / . (5.35)
z

I t  was also assum ed  th a t  th e  c ritica l v ib ra tio n s  occur on ly  along one cry sta llin e  
ax is  S,- =  (Sj, 0, 0) b u t  th e  in te ra c tio n  (5.35) ac ts  iso tro p ica lly  b e tw een  th e  
a tom s in  th e  3 -d im ensional la ttic e . E m p lo y in g  th e  p seudoharm on ic  ap p ro x 
im a tio n  for th e  pho n o n  su b sy stem , as g iven in  S ection  3.2, and  M FA fo r th e  
pseudo-sp in  su b sy s tem  w ith  th e  effective H a m ilto n ia n  (5.31) a closed system  
o f  equations w as o b ta in ed  fo r th e  eq u ilib riu m  d isp lacem en ts  rj\:

*?! — (!  — 3y x)r?A, +  (t?+ +  r i-) f0e - i  =  0 , (5.36)
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for th e  av erag e  q u a d ra tic  d isp lacem en t yx  o f  an  a tom  in  s ta te  A:

В В f°° d c o  c o t h - ^ - — — Im « и *  1 u , » e+/.
Jo 2 Я

(5.37)

an d  fo r th e  o rd e r p a ra m e te r  <j\ =  <a or a — <(cr,-)  =  2cr+ — 1 :

a =  t h  ß ( Ia  -  h ) ,  1 = 2  lij• (5-38)
j

In  (5.36) th e  d im ensionless d isp lacem en t ] /В/A  bi an d  th e  coupling
c o n s ta n t f 0 =  ( 1  /А) 2  <Pij w ere  in tro d u ced .

j
B y  an a ly sin g  only  th e  eq u ilib riu m  co n d itions (5.36) one finds th a t  in  

ad d itio n  to  th e  so lu tions r)+ — r]- =  0  co rrespond ing  to  th e  parae lec tric  
phase  (w ith  1ц == 0), nonzero  so lu tions, г \ \ ф  0 are also possib le. In  th e  case 
o f w eak  coup ling , / 0 1 an  o rd e r-d iso rd e r P T  can  occur since th e re  are tw o
eq u ilib riu m  positions r/+ an d  97_ in  th e  cell (rj+ — rj- f** a f0 1 ) w hile fo r 
su ffic ien tly  s tro n g  coupling, f 0 ^  0.25 only  one nonzero so lu tio n  m ay  ex ist, 
e.g . rj+ 7^  0, an d  th ere fo re  o n ly  th e  d isp lacive P T  is possib le. A num erica l 
ca lcu la tio n  fo r th e  w hole sy s tem  o f equ a tio n s in  [49] shows th a t  th e  m ixed 
ty p e  P T  occurs in  a sm all ran g e  o f th e  coup ling  co n s tan t, f 0 я« 0.1 , w hen  th e  
la tt ic e  in s ta b il i ty  p rev en ts  th e  s ta tis t ic a l  d iso rdering  of th e  a to m s. F o r / u 

0.1, th e re  is o rder-d iso rder P T  w ith  negligible effect from  th e  la ttic e  v ib ra-

Fig. 7. The temperature dependences of the order parameters: ^-average displacement, and 
o-average pseudo-spin value, for the value/0 =  0.10 of the dimensionless coupling

parameter
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tio n s  w hile for f 0 >  0.15 th e re  is on ly  d isp lacive P T  described  b y  one o rder 
p a ra m e te r , say  17 =  + a t  o' =  1. I n  F ig . 7 th e  te m p e ra tu re  dependence o f th e
th re e  o rd er p a ra m e te rs  a, r]+ and  is show n fo r / 0 =  0.1 w here x =  T /(A 2/B) 
is th e  dim ensionless te m p e ra tu re . T hese fea tu res  are  also o b ta in ed  b y  a m ore 
so p h is tic a ted  ca lcu la tio n  [53] based  on  th e  coheren t p o te n tia l a p p ro x im a tio n  
fo r th e  d isordered  la tt ic e .

T herefore th e  p ro p o sed  un ified  m odel can  describe  b o th  ty p e s  o f  th e  
fe rro e lec tric  P T  in  th e  lim itin g  cases an d  in te rp o la te  be tw een  th em . N ev er
th e less  a rea l p ic tu re  o f  P T  in  th e  v ic in ity  of T c c a n n o t be o b ta in ed  from  th is  
m odel. Besides b o th  M FA  and  SCPT b e in g  in ap p licab le  in  th e  c ritica l region, 
th e  basic  re p re se n ta tio n  (5.28) for th e  a to m ic  c o o rd in a te  as a s ta tic  d isp lace
m e n t Г)? and  a d y n a m ic a l one u f c a n n o t be  p roved  as T  —► T c, w hen  ex c ita tio n s  
w ith  large am p litu d e  o f  th e  so liton  ty p e  becom e o f im p o rtan ce . T h e  la t te r  
p ro b lem  has been d iscussed  recen tly  fro m  num erica l a n d  from  p u re ly  th e o re tic a l 
p o in ts  o f view  in sev e ra l papers (see, e.g. [54], [55]).

6. Conclusions

A general t r e a tm e n t  of th e  la t t ic e  in s ta b ili ty  o f en h arm o n ic  c ry s ta ls  
a n d  estim atio n s fo r som e sim ple m odels p resen ted  h ere  on th e  b as is  o f th e  
SC PT  show th a t  th is  th e o ry  can be ap p lied  fo r th e  in v es tig a tio n  o f  th is  im 
p o r ta n t  p roblem  o f th e  th eo ry  o f so lid  s ta te . P ra c tic a lly  th e re  are  no  phase 
tra n s itio n s  in  so lids, m agnetic  or o therw ise , th a t  w ould  n o t in v o lv e  to  som e 
e x te n t  th e  la ttic e  d y n am ics, w hich in  tu rn  can  be  considered  p ro p e rly  only 
on  th e  basis of som e se lf-consisten t app roach . In  com parison  w ith  o ther 
ap p ro x im a tio n s  th e  SC PT  has th e  a d v a n ta g e  o f ta k in g  in to  acco u n t th e  co r
re la tio n s  of a tom ic  v ib ra tio n s  an d  th u s  i t  p roduces th e  se lf-consisten t phonon 
sp e c tru m  as close to  th e  rea l one as possib le a t  th e  accep ted  level o f a p p ro x i
m a tio n s . T here are  s till som e co m p lica ted  unsolved  p rob lem s in  th e  ap p lica tio n  
o f  th e  SCPT to  th e  p rob lem  of la t t ic e  in s ta b ility , such  as h a rd  core effects 
co rre la tio n  effects in  th e  v ic in ity  o f th e  P T  p o in t a n d  h igher o rd er co rrec tions 
to  th e  SCI a p p ro x im a tio n  in  m ore rea lis tic  m odels — m uch w ork  shou ld  be 
done in  these  d irec tio n s  on th e  basis o f  th e  th e o ry  a lre a d y  developed  [6 ] — [1 0 ]. 
I t  is w orth -w hile  to  p o in t ou t also sev era l ap p lica tio n s  of th e  SC PT to  m ore 
com p lica ted  sy stem s (see, e.g. [5 6 ]— [62]) w here  th e  in te ra c tio n  o f  la ttic e  
v ib ra tio n  w ith  o th e r  sub sy stem s p la y s  an  essen tia l ro le in  th e  la t t ic e  in s ta b il
i ty ,  as e.g. in  th e  e lec tro n -p h o n o n  system  o f m e ta ls  and  sem iconducto rs, 
m ag n e tic  system s w ith  sp in -phonon  in te ra c tio n , a n d  m olecular c ry s ta ls  w ith  
ro ta t io n a l  degrees o f  freedom . T h erefo re  one can  hope to  o b ta in  som e new 
re su lts  in th e  a p p lic a tio n  of th e  SC PT  to  th e  p ro b lem  of phase  tra n s itio n s  
in  solids and  to  la t t ic e  in s tab ilitie s  d riv en  b y  an h arm o n ic ities .
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L A T T I C E  D Y N A M I C S  O F  C H R O M I U M  

O N  E X T E N D E D  D E  L A U N A Y  M O D E L

By

R. Cavalheiro  and M. M. Sh uk la*
IN S T IT U T O  D E  F IS IC A  ‘‘G L E B  W A T A G H IN ’’,  U N IV E R S ID A D E  E ST A D U A L  D E  C A M PIN A S 
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(Received 29. VI. 1978)

Phonon dispersion relations along the principal symmetry directions and lattice heat 
capacities of chromium have been calculated on the basis of extended de Launay model. 
Theoretical results are found to exhibit good reproduction of experimental ones.

1. In tro d u c tio n

T he o rig in a l m odel o f d e  Launay  [1] h a p p e n e d  to  be one o f th e  earliest 
successful phenom enolog ica l m odels o f m eta ls . I t  has been  ap p lied  ex tensively  
to  com pu te  th e  th e rm a l p ro p e rtie s  o f a lm o st a ll cubic m e ta ls  (J oshi an d  
R ajgopal [2]). I t  w as d iscovered  by  us th a t  d e  La u n a y ’s m odel w as a com 
p le te  fa ilu re  as fa r  as th e  re p ro d u c tio n  o f th e  ex p e rim en ta l p h o n o n  dispersion 
re la tio n s  in  m o st o f  th e  m eta ls  w as concerned . W e a t tr ib u te d  th is  fa ilu re  of 
d e  La u n a y ’s m odel to  its  te rm in a tio n  o f th e  in te ra to m ic  in te ra c tio n s  o u t to  
second  neighbors o n ly . W e h a v e  th u s  ex ten d ed  dE La u n a y ’s m odel (Shukla 
a n d  Cavalheiro [3]) to  consider th e  in te ra to m ic  in te ra c tio n s  beyond  th e  
second  n earest n e ig h b o r. O ur schem e has b e e n  v e ry  successful in  explain ing  
th e  exp erim en ta l p h o n o n  d ispersion  re la tio n s a n d  th e  la ttic e  h e a t  capacities 
o f  copper, silver, n ickel, p la tin u m  and  p a lla d iu m  (Shukla an d  Cavalheiro 
[4 ]), lead  (Cavalheiro  an d  Shukla  [5]), a lk a li m eta ls  (Cavalheiro  and  
Sh uk la  [6]), b .c .c . tra n s it io n  m eta ls , oc-iron, m o ly b d en u m  an d  tu n g sten  
(Cavalheiro  a n d  Shukla  [7]), an d  gold (Cavalheiro  an d  Shukla  [8]).

T he success o f ex ten d ed  d e  La u n a y  m odel for th e  s tu d y  of several 
f.c .c . an d  b.c.c. m e ta ls  has encouraged  us to  ta k e  u p  also th e  s tu d y  o f  chrom ium  
on  th e  sam e basis. A n  in d e p e n d e n t m o tive  to  co n sid e r chrom ium  fo r th e  p resen t 
s tu d y  w as th a t  th is  m e ta l is a fa v o rite  m eta l as f a r  as th e  s tu d y  o f ex p e rim en ta l 
p h o n o n  d ispersion  curves is concerned . W hile  Möller and  Mackintosh  [9] 
c a rr ie d  ou t such m easu rem en ts  a few years ago, re c e n tly  Shaw  a n d  Mu h len - 
St e in  [10] have  also done an  ex tensive  m easu rem en t o f p h o n o n  frequencies 
o f  chrom ium . T h e  ex istence  o f  ex p erim en ta l th e rm a l and  e lastic  d a ta  of 
ch ro m iu m  has also  fa c ilita te d  its  re sen t la tt ic e  d y n am ica l s tu d ies .

* On leave of absence from UNICAMP. Visiting Professor, Department of Electrical 
Engineering, University of Rhode Island, Kingston, Rhode Island, 02881 (U.S.A.).
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2. T heory

T h e  secular d e te rm in a n t b y  w h ich  th e  frequency  o f  v ib ra tio n  is d e te rm in 
ed (see S h u k l a  an d  C a v a l h e i r o  [3]) is given by

w h ere

D и — тшг +  pR 1 ^ i2  +  q R i Ö 13 rR i
P  21 +  pR  2 D22 — ты2 +  qR 2 D23 +  rR% =  0 , (1 )
A n +  pR  3 D32 +  4R3 B 33 — map +  rR3

R i = ( ö ú - -  P lÔ P  +  Ф 1 2 -  D, 2) 4 +  (D[3 - ■ R13) 9 (2 .1 )

r 2 = Ф 2 1 - -  Р21 )p  Ф 2 2 — ^ 22) ?  +  Ф 2 З “ ~ R23) 9 (2 .2 )

B 3 = Ф з 1 ~~ P31) P Ф з2 D32) 4 "H Ф зз  —■ R33)r • (2.3)

W hen  th e  in te r io n ic  in te ra c tio n s  are tak en  u p  to  fo u r th  n e ig h b o rs , th e  
ty p ic a l  d iagonal a n d  n o n-d iagona l e lem en ts  of th e  d y n am ica l m a tr ix  a re  given 
b y :

D u =  A  « a  -  C,CjCk) +  4 ß S f  +  4 y [ l  -  (2 Cf -  1) • (Cj +  Q -  1)]
О

+  A  e [11 -  9(1 -  4SJ) Ct CjCk -  2(1 -  2s) -  SI) Ct C}Ck\ , (3.1)

D tJ =  A  aCk S t Sj +  8yC k S, Sj +  A  *[6(2Cf +  2q  -  1) +  (1 -  4 SQ] Ck S, S j ,  
3 11 (3.2)

S  — sin  a K j ,

C =  cos a K ' .

a =  la tt ic e  p a ra m e te r  and  K t (i  =  1, 2, 3) are C artesian  com ponen ts o f  th e  
w a v e  v ec to r k.

B y  changing  oc, ß, у, e to  a ',  ß \  y ',  e ',  th e  e lem en ts D'u and  D'j a re  o b ta in 
ed  fro m  (3.1) an d  (3.2).

B y  ex p an d in g  th e  secu lar d e te rm in a n t in  long w av elen g th  lim its  (к —*■ 0) 
th e  re la tio n s  o b ta in e d  betw een  th e  e lastic  c o n s ta n ts  an d  force c o n s ta n ts  are 
th e  follow ing:

aCn  — 

О C 1 2 =  

aC 44 =

^7 A 109
2a +  3 y +  — e - —  a '  +  2ß' +  у '  ------ -- e'

11 3 11

2 19 , -  , , 57 ,— a — у — —— e 4- Зу 4-------e
3 11 11

a K e ,

2 „ 3 8
—  a  -|- 2y d ------- e ,
3 11

+  a>Ke ,
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w here th e  b u lk  m odulus o f th e  e lec tron  gas is given b y

(<*' — a) +  3 ( /  — y) +

3. N um erical com puta tions

B efore th e  ca lcu la tion  o f  phonon  frequencies, w e needed  num erica l 
va lues of th e  seven  free p a ra m e te rs  o f th e  m odel. To e v a lu a te  th em  u n iq u e ly  
we have  em ployed  seven in d e p e n d e n t eq u a tio n s , th re e  re la tin g  th e  elastic  
co n s ta n ts  a n d  fou r be tw een  p h o n o n  frequencies from  th e  b o u n d a ry  o f th e  
B rillou in  zone an d  the  force c o n s ta n ts . W e m ade sev era l choices to  select 
th e se  fou r frequencies an d  fo u n d  th a t  zone b o u n d a ry  frequenc ies from  [ |  00] 
an d  [ |£  0] d irec tio n s gave th e  b e s t f i t  w ith  th e  ex p e rim en ta l re su lt. Care was 
ta k e n  to  use th e  elastic  c o n s ta n ts  a t  th e  sam e te m p e ra tu re  a t  w hich  phonons 
w ere d e te rm in ed . The p h o n o n  frequencies o f  ch rom ium  w ere d e te rm in ed  a t 
room  te m p e ra tu re . W e to o k  ro o m  te m p e ra tu re  values o f th e  elastic  c o n s ta n ts  
o f  ch rom ium  fro m  th e  m easu rem en ts  o f S u m e r  and  S m i t h  [11]. T he in p u t 
d a ta  to  ca lc u la te  force c o n s ta n ts  are g iven  in  T ab le  I .  I n  T ab le  I I  we have 
g iven  th e  o u tp u t  values o f th e  fo rce  c o n s ta n ts . T he co m p u ted  pho n o n  d ispersion  
curves of ch ro m iu m  along a ll th e  th re e  p rin c ip a l sy m m e try  d irec tions are 
show n in F igs. 1 an d  2; th e  e x p e rim e n ta l re su lts  are  also show n for com parison  
purposes. W hile  th e  ca lcu la ted  curves are  show n b y  so lid  lines, th e  ex p eri
m e n ta l p o in ts  a re  d e m o n s tra te d  b y  th e  d iffe ren t sym bols g iven  in  th e  cap tio n s.

Fig. 1
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I n  o rd er to  affo rd  a n  in d e p e n d e n t check  o f th e  m odel we h a v e  also ca lcu la ted  
th e  (0  — T) cu rv e  o f  ch rom ium . In  o rder to  accom plish  such  ca lcu la tio n s, 
th e  f irs t  B rillou in  zone o f ch ro m iu m  w as d iv id ed  in to  8000 m in ia tu re  cells, 
a n d  la ttice  h e a t cap ac ities  a t  d iffe ren t te m p e ra tu re s  w ere ca lcu la ted  b y  
B la c k m a n ’s sam p lin g  tech n iq u e . T he resu ltin g  Cv w as u sed  to  ca lcu la te  0 .  
C a lcu la ted  (0  — T )  cu rve  of ch rom ium  is show n in  F ig . 3 to g e th e r w ith  th e  
ex p erim en ta l p o in ts  also show n fo r com parison  pu rposes. T h e  v alue  o f  0  for 
ch rom ium  was e s tim a te d  from  th e  ex p e rim en ta l va lues o f Cv from  th e  m easu re 
m e n ts  of C l u s i u s  a n d  F r a n z o s i n i  [12] an d  th e  e lec tron ic  h e a t c a p a c ity  from  
th e  m easu rem en t o f  H e i n i g e r  [13].

4. C om parison w ith  experim ental resu lts

A c ritica l s tu d y  of F igs. I  an d  2 rev ea ls  th a t  th e  ca lcu la ted  p h o n o n  
d isp ers io n  curves o f ch rom ium  along  all th e  th re e  p r in c ip a l sy m m etry  d irec
tio n s , [ |  00], [ | |  0 ] ,a n d  [III], h av e  given a good acco u n t o f  th e  e x p e rim e n ta l 
c u rv es . A t low  w av e  vec to rs th e  ca lcu la ted  an d  e x p e rim e n ta l pho n o n s are 
fo u n d  to  coincide. A  l i t t le  d isc rep an cy  o f th e  o rd er o f 4 to  8 %  ex ists b e tw een  
th e  ca lcu la ted  a n d  e x p e rim e n ta l phonons n e a r  th e  zone boun d aries  o f th e  
lo n g itu d in a l b ra n c h  o f [ |  00] an d  in  all th re e  b ran ch es  in  [ | |  0 ]. T h e  ex 
p e rim e n ta l o b se rv a tio n s  o f th e  low ering o f th e  lo n g itu d in a l frequencies n ea r 
к  =  0.2 to  к =  0 .4  seem ed q u ite  s trange .

A s tu d y  o f  F ig . 3 show s th a t  th e  (0  — T)  cu rv e  o f  ch rom ium  h as been  
fo u n d  to  rep ro d u ce  th e  en tire  course o f th e  ex p e rim en ta l cu rves. T he ca lcu la ted  
cu rv e  is found  to  lie  3%  below  th e  ex p e rim en ta l re su lts .
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5. Conclusion

T h e  p resen t s tu d y  o f la tt ic e  dynam ics an d  h e a t  capac ities o f  chrom ium  
has g iven  a fa ir  a cco u n t o f  th e  ex p erim en ta l re su lts . I t  shou ld  be  borne in  
m in d  th a t  th e  ex ten d ed  d e  L a u n a y  m odel has b een  designed fo r m e ta ls  whose 
co n d u c tio n  e lectrons fo rm  a  sea of free e lec tron  gas, w hich  also im plies th a t  
th o se  m eta ls  have  sp h erica l F e rm i surfaces. A c ritic a l s tu d y  o f  th e  electronic 
p ro p e rtie s  o f ch rom ium  m ay  rev ea l th a t  th is  is a q u ite  co m p lica ted  m etal. 
T h e  F e rm i surface o f  ch ro m iu m  is n o t a t  all spherica l. T he co n d u c tio n  electrons 
o f th is  m e ta l do n o t b eh av e  like  free e lectrons. A lso th e y  are  fo u n d  to  lie in  
h y b rid  o rb its . T hese co n sid era tio n s g u a ran tee  t h a t  th e  e x ten d ed  de L au n ay  
m odel has only  a lim ited  ap p lic a tio n  to  th is  m eta l. C hrom ium  is th e  on ly  m eta l 
o f  cub ic  s tru c tu re  w hose e x p e rim e n ta l v a lue  o f C 44 is found  to  be  g re a te r  th a n  
C12. T his ind ica tes t h a t  th e  b u lk  m odulus o f  e lec tron  gas is neg a tiv e  fo r th is  m etal. 
O u r ca lcu la tions h av e  show n th a t  th is  k in d  o f b eh av io r has no p ecu lia r  effect 
on th e  ca lcu la ted  p honons. A  n eg a tiv e  K e th e o re tic a lly  p red ic ts  low er values 
o f  lo n g itu d in a l freq u en cy  a long  [£00] an d  [ |£ 0 ]  d irec tions.

H ere , i t  is w orth w h ile  to  com pare ou r th e o re tic a l p red ic tio n s  for th is  
m e ta l w ith  those  o f  o th e r  w orkers. T he people  w ho have  c a rr ie d  o u t such 
s tu d ies  a re  P a l  [14], F e l d m a n n  [15], an d  G u p t a  a n d  H e m k a r  [16]. A critical 
s tu d y  o f  th e ir  re su lts  w ould  rev ea l th a t  o u r th e o re tic a l p red ic tio n s h av e  been 
b e tte r . T he m odel em ployed  b y  th ese  w orkers is n o t  superio r to  t h a t  used by  
us. F e l d m a n n  [15] has ig n o red  e lec tron -ion  in te ra c tio n . P a l  [13] app lied  th e  
o rig in a l m odel of S h a r m a  an d  J o s h i  [17]; he u sed  K e =  0 in  th e  m odel of 
S h a r m a  and  J o s h i  fo r th e  c a lcu la tio n  o f lo n g itu d in a l b ran ch es; th is  has no 
p h y sica l ju s tif ic a tio n . G u p t a  an d  H e m k a r  [16] u sed  th e  m odel o f  S h u k l a  

an d  S a l z b e r g  [18]. R esu lts  re p o rte d  b y  th em  are  su p erio r to  o u r ca lcu la tions, 
due  to  th e  fac t th a t  G u p t a  an d  H e m k a r  [16] u sed  th e  c ry s ta l equ ilib rium  
co n d itio n  and  th e  C auchy  d e v ia tio n  to  ca lcu la te  b u lk  m odulus o f  e lec tro n  gas 
from  th e  re la tio n  (C12 — C 44) =  2 .2K e, w h ich  has b een  p ro v ed  b y  one of us
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( S h u k l a  [19]) to  b e  an  in co rrec t p ro ced u re . The w o rk  of G u p t a  a n d  H e m k a r  

[16] h a s  no p h y sica l significance.
W hile a so p h is tic a te d  m odel s tu d y  of ch ro m iu m  does n o t em erge, our 

re s u lt  should serve as an  early  a t te m p t  to  ta c k le  th e  prob lem .
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A P P L I C A T I O N  O F  G . P . D . P .  T O  T H E R M A L  

B O U N D A R Y  L A Y E R
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P .  S i n g h * a n d  D .  K .  B h a t t a c h a r y a

DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY, KHARAGPUR, INDIA 

(Received 4. VII. 1978)

The governing principle of dissipative processes is applied to study the steady state 
thermal boundary layer along a semi-infinite flat plate when plate temperature differs from that 
o f  free stream. The thermal boundary—layer thickness is obtained using a third degree profile. 
It is found that the rate of heat transfer from the plate to the fluid computed for various 
Prandtl numbers using present variational method is quite close to the already known exact 
results. The results of the present investigation are fairly better than those of well-known 
Karman-Pohlhausen solution.

In tro d u c tio n

In  th e  p re se n t in v es tig a tio n  ou r m a in  aim  is to  s tu d y  th e  a p p licab ility  
o f  th e  govern ing  p rinc ip le  o f d iss ip a tiv e  processes to  th e rm a l b o u n d a ry  lay er 
a lo n g  a sem i-in fin ite  f la t  p la te  w hen  an  incom pressib le  v iscous flu id  flows 
o v e r  i t .  The te m p e ra tu re  of th e  p la te  T w is un ifo rm  and  i t  d iffers from  free 
s tre a m  te m p e ra tu re  T w (T „ >- T w). I t  is w ell know n th a t  in  th e  fo rm u la tio n  
o f  G y a r m a t i ’ s  v a r ia tio n a l p rin c ip le  th e  v a rio u s ba lance  eq u a tio n s  p lay  a 
b a s ic  role [1, 2 ]. In  th e  p re se n t case th e  energy  balance  w ith  convective  te rm  
is req u ired  to  s tu d y  th e  te m p e ra tu re  d is tr ib u tio n  inside th e  b o u n d a ry  lay er 
i f  th e  viscous b o u n d a ry  lay e r is a lre a d y  know n. I f  T  deno tes th e  te m p e ra tu re  
th e  energy  b a lan ce  eq u a tio n  w ith o u t v iscous d iss ipa tion  is

f\T
Qcv ------------h  e cv ■ { v T )  +  v L  =  0 ,  ( 1 )

dt

w h ere  v deno tes th e  velocity  v e c to r  an d  I q is th e  h e a t c u rre n t d e n s ity , q and  
cv a re  d en sity  a n d  th e  specific h e a t  o f  th e  f lu id , respective ly . W e shall fo rm u la te  
G y a r m a t i ’s v a r ia tio n a l p rinc ip le  in  th e  energy  p ic tu re . T he en erg y  d iss ipa tion  
fo r  th e  system  in  th e  energy p ic tu re  is [2, 3]

T a  =  — I q ■ y i n  T . (2)

* Present address: Department of Mathematics, Indian Institute of Technology, Kanpur,
India.
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H ere  th e  s ta te  v a r ia b le  In T  is u sed  fo r  T. T he lin e a r  c o n s titu tiv e  re la tio n  in  
en e rg y  p ic tu re  is g iv en  b y

I t =  - b x x V ( b T ) ,  ( 3)

w here  L n  is th e  phenom enolog ica l coeffic ien t an d  re p re se n ts  th e  c o n d u c tiv ity  
in  th e  lin e a r  O nsager th e o ry . In  th e  p re se n t fo rm u la tio n  is g iven b y

L ^  =  K T ,  (4)

w here  К  is th e  co e ffic ien t o f th e rm a l c o n d u c tiv ity  o f  th e  flu id . T he d iss ip a tio n  
p o te n tia ls  can now  b e  defined  in  th e  energy  p ic tu re  as

V *  =  v L xx(V I n  T f , Ф* =  - Í -  Ц .  ( 5)

F i n a l l y ,  t h e  G y a r m a t i ’s p r i n c i p l e  i n  e n e r g y  p i c t u r e

ô j y {T<r -  W* -< P * )d V  =  0

ta k e s  th e  follow ing fo rm  for th e  sy s te m  u n d er co n sid e ra tio n

- I q • v l n T - ^ ( V In T f -------—  I l
2 L ял

d V  =  0,

w here  d V  denotes th e  e lem ent o f  th e  vo lum e V  o f  th e  system .

( 6)

( 7 )

Solution o f two dim ensional thermal boundary layer

C onsider th e  tw o  dim ensional s te a d y  flow  o f an  incom pressib le  f lu id  
a lo n g  a f la t  p la te . T h e  essence o f b o u n d a ry  la y e r  th e o ry  is to  p resu m e th a t  
irrev e rs ib le  p rocesses o f  h ea t a n d  m o m en tu m  tra n s fe r  are  confined  in  v e ry  
th in  la y e r  a d ja c e n t to  th e  p la te . I f  x  m easures th e  d is tan ce  along th e  p la te  
fro m  x  — 0 to  x  =  oo an d  у  n o rm a l to  i t  an d  и an d  v a re  v e lo c ity  co m p o n en ts  
a lo n g  x  and  у  d irec tio n s  resp ec tiv e ly , th e  E q . (1) reduces to

e cv
9 T  d T \и • --------(- v -----
0 л; 0y  J

+  у  • Iq =  0 . ( 8)

T his e q u a tio n  d escrib es  th e  s te a d y  s ta te  te m p e ra tu re  d is tr ib u tio n  in side  th e  
b o u n d a ry  lay er reg io n . T he c o n s titu tiv e  eq u a tio n  in  th is  p a r tic u la r  case has 
th e  fo rm

Iql —
9 In Г

aу
(9)

Acta Physica Academiae Scientiarum Hungaricae 45, 1978



APPLICATION OF G.P.D.P. TO THERMAL BOUNDARY LAYER 83

in  th e  energy  p ic tu re . T he p rin c ip le  (7) ta k e s  now  th e  sim p le  form

Э In Г

9 J
| Э 1 п Г | »

2  I 9 J  J
- - ^ — P g A d x d y  =  0 , 

^ LM .I
( 10)

w here  dT d en o tes  th e  th e rm a l b o u n d a ry  la y e r  th ickness.
The p rin c ip le  (10) co n ta in s  tw o u nknow n  I ql, an d  T  w h ich  are  co nnec ted  

b y  th e  ex ac t c o n s titu tiv e  re la tio n  (9). In  th e  d u a l fie ld  m e th o d  we assum e th e  
th e rm o d y n am ic  c u rre n t Jçl in  te rm  of an  a p p ro x im a te  c o n s titu tiv e  re la tio n
[4, 5, 6]

r 9 ln  T*
iql =  —« ------------ >

9У

w here T* is an  a p p ro x im a te  te m p e ra tu re  f ie ld  an d  sa tisfie s  th e  sam e co n d i
tio n s  as T. I n  th e  ex ac t th e o ry  T  =  T* a n d  th e  L a g ra n g ia n  d en sity  is zero. 
In tro d u c in g  (11) in  (8) an d  (10), we get

9 T  8 T  82T*и ----------- 1- V------- =  « ------------- ,
dx dy 9y 1

Ô 8 T*

9У

9 Г
9 y

1
2

id  T 2 1 Í9T* 2’

1 9y 2 0У
dx dy  =  0 ,

w here  a d eno tes th e  th e rm a l d iffu siv ity  o f flu id . 
U sing s im ila r ity  tra n sfo rm a tio n s

n =  y

и =  u „ / '( r ? ) , Ы '  - / )

( 12)

(13)

(14)

th e  eq u a tio n  (12) an d  p rin c ip le  (13) y ields

d2T* Pr d T
dr? 2 3 dr]

dT  dT* 1 dT 2 1 dT* 2

dr] dr] 2 dr] 2 dr]
dr] — 0 ,

(15)

(16)

w here P r is P r a n d t l  nu m b er.
To d e te rm in e  T*  we n eed  th e  velo c ity  p ro file  in side  th e  b o u n d a ry  la y e r  

o v er a f la t  p la te . W e have a lre a d y  ob ta in ed  a v a r ia tio n a l so lu tio n  of viscous
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b o u n d a ry  lay er w ith  th e  help  o f  Gyarm ati’s prin c ip le  (see Sing h  and  
B hattacharya  [7]). T h e th ird  degree po ly n o m ia l for v e lo c ity  p ro file  is

u

«со

1 r f
(17)

w here  d denotes th e  v iscous b o u n d a ry  la y e r  th ickness. I t s  v a lu e  is

d =  4 • 696 . (18)

W e sh a ll use th e  exp ression  (17) in  th e  ca lcu la tio n  of th e rm a l b o u n d a ry  lay er 
th ic k n e ss  from  th e  p re se n t v a r ia tio n a l fo rm ula tion .

To determ ine  d T th e  th e rm a l b o u n d a ry  lay e r th ick n ess  we assum e th e  
fo llow ing  th ird  degree po lynom ial for

T - r m 1 ± _
T w — T„ 2 dT 2 d \

w h ich  sa tisfies th e  b o u n d a ry  co n d itio n s

a t »7 =  0, T  = TX W  9
d2T
drf

=  0 ,

V= d T i T  = T1 » Î
dT

=  0 .
dr]

(19)

( 20)

In  (19) dT is th e  v a r ia tio n a l p a ra m e te r  w hich  is to  be d e te rm in ed  fro m  the  
p rin c ip le  (16). F ro m  E q . (15) w ith  (17) an d  (19) we get

dT* 3 P  Г 1 r f  2>rf 2 dT
dV ~ U  dT [ 14 d 3df- 5 d d 2T 10 d 3 +  d 35 d3 I  d  J ’

( 21)

w h ich  sa tisfies th e  co n d itio n  dT*/df] =  0 a t  th e  edge o f th e rm a l b o u n d a ry  layer.
S u b s titu tio n  o f  (21) and  (19) in  p rinc ip le  (16) an d  p a r tia l  in te g ra tio n  

w .r. to  7] gives

Г™ dx
P r 117

d l  d4T 
18 —P------9 - 3 7  ——

Jo F* d ds
1200

d^

-  P? 0 • 018 457 - P -  +  2 
d i

8 4 ^
d2

=  0 . ( 22)
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T h e  E u le r—L ag ran g e ’s eq u a tio n  of (22) is

A 10 -  19 ■ 753ZI8 +  89 • 228 A6 +  11 ' 475 A5 — 65 ' 487 A3 —
P r  P r

w here

15 • 179

Pi
= 0 ,  
(23)

E q u a tio n  (23) is so lved  using  th e  N e w to n — R ap h so n  m e th o d  to  get its  
ro o ts . T he va lu e  o f  th e rm a l b o u n d a ry  lay e r th ick n ess  depends on P ra n d tl 
n u m b e r P r.

W e can now  ca lcu la te  th e  h e a t  tra n s fe r  a t  th e  p la te  w hich is an  im p o r ta n t 
p h y sica l c h a ra c te r is tic  o f th e  p rob lem . T he no n d im en sio n a l h e a t  tra n sfe r  
o b ta in ed  w ith  th e  h e lp  o f th e  fo rm ula

=  — K Э T

9У
у  =  0

is

/
dT

' vx dr)
г] =  0 .

T h is  ap p ro x im a te  v a lu e  o f q* is q u ite  close to  e x a c t va lues [8] as can  be seen 
fro m  T ab le  I . T h e  h e a t t ra n s fe r  o b ta in ed  w ith  th e  help  o f  K a rm a n — 
P o h lh au sen  te c h n iq u e  is also co m p ared  w ith  th e  p re se n t va lues a n d  i t  is found  
t h a t  th e  p resen t m e th o d  w hich  is b ased  on so u n d  p h y s ic a l r e a li ty  can  be used  
as ap p ro x im a te  v a r ia tio n a l te c h n iq u e  for th is  ty p e  o f  p rob lem s.

Table I

Heat transfer at the plate

Pr
Approximate 
value from 
G. P. D. P.

Exact value
Karman— 

Pohlhausen 
method

0.6 0.266 0.276 0.266
0.8 0.295 0.307 0.295
1.0 0.319 0.332 0.319
1.1 0.330 0.344 0.330
7.0 0.623 0.645 0.621

10.0 0.705 0.730 0.701
15.0 0.806 0.835 0.803

T he difference b e tw een  th e  ap p ro x im a te  a n d  th e  ex ac t va lu es  o f  h e a t t r a n s 
fe r  a t  th e  p la te  is less th a n  4 % . T h e  re su lts  c an  be  im p ro v ed  b y  ta k in g  m ore 
v a r ia tio n a l p a ra m e te rs  in  th e  te m p e ra tu re  p ro file  an d  perfo rm ing  f irs t  varia-
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t io n s  o f  each  of th e  p a ra m e te rs  in d e p e n d e n tly . F o rc in g  all th e se  v a ria tio n s  
to  v a n ish  s im u ltan eo u sly  prov ides u s  a  se t o f eq u a tio n s

----- =  0 ,  (i  =  1, 2, . . . n) ,
0c,■

w here  ct a re  n v a r ia tio n a l p a ra m e te rs . T hese eq u a tio n s  can  be so lved  to  o b ta in  
te m p e ra tu re  p rofile . I n  m ore co m p lica ted  flow fie ld  su ch  analysis m a y  b e  v e ry  
h e lp fu l in  ap p ro ach in g  th e  ex ac t r e s u l t  w hich is n o t know n a p rio ri.
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О  Д В И Ж Е Н И И  И  К И Н Е Т И Ч Е С К И Х  Ф О Р М А Х  П О Р  В  

Д И Ф Ф У З И О Н Н О Й  З О Н Е  С И С Т Е М Ы  К С 1 - К В г

Д. Л. БЕКЕ, Ф. РЕВЕС, Ф. Й. КЕДВЕШ, И. ГЕДЕНЬ и Й. ФЕЛСЕРФАЛВИ
КА Ф ЕДРА  П РИ К Л А Д Н О Й  Ф И ЗИ К И  У Н И В ЕРСИ ТЕТА  им. Л . КОШ УТА 

Н-4010 Д Е Б Р Е Ц Е Н , В Н Р

(Поступило 20. VI. 1978)

Излагаются результаты экспериментальных исследований температурной зависи
мости процесса развития, перемещения и кинетической формы пор, образующихся в диф
фузионной зоне системы КС1— К В г. Из начального участка роста пор на основании тем
пературной зависимости времени т, в течение которого поры достигают определенного раз
мера R *  с и  1 f i ,  определена эффективная энергия роста пор Q D , которая хорошо согласуется 
с энергией активации самодиффузии ионов Вг в кристалле К В г. Наши данные усреднён
ные на совокупности пор, подтверждают, что поры смещаются от границы контакта по за
кону Установлено, что это движение ограничивается поверхностными диффу
зионными потоками, и в этом случае Q K  ~  Qs —1/2 Q D , где Q s  эффективная энергия процес
са поверхностной диффузии, ограничивающей движение поры. На основании темтератур- 
ной зависимости скорости движения пор, определена эффективная энергия смещения 
Qk  —  0>3 eV- Установлено, что стрела погиба выпуклого участка поверхности поры Я, ли
нейно зависит от линейного размера поры R ,  Я =  m ( T ) R .  На основании полуколичествен- 
ных оценок величины Я/JR, показано, что температурная зависимость т ( Т )  определяется 
законом I n m ~  (Qd—C?s)/3kT. Значение Q$ определенное из этого соотнощения хорошо 
согласуется со значением Qs, полученним из температурной зависимости скорости пор.

1. Введение

При взаимной диффузии — естественными следствиями неравенства 
парциальных коэффициентов диффузии — являются два эффекта, один из 
которых заключается в смещении плоскости исходного контакта (еффект 
Киркендалла), а другой — в возникновении макроскопических пор в том 
веществе (еффект Френкеля), из которого диффузионный поток определяется 
большим из парциальных коэффициентов диффузии. Поры, образующиеся 
вследствие возникновения избыточных вакансий в диффузионной зоне, в 
системах щелочногалоидных кристаллов имеют отчетливо выраженную огран
ку («отрицательный кристалл»), определяемую анизотропией поверхностной 
энергии.

Ранее [1] было показанно, что обращенная к фронту диффузии поверх
ность отрицательного кристалла, имеющего кубическую огранку, несколько 
выпукла, т. е. кинетические формы пор оказываются удалёнными от равно
весия. Известно также [1], что поры, формирующиеся в диффузионной зоне, 
со временем не только возрастают, но и находяясь в поле градиента концен
трации перемешаются как целое. Оба эти эффекта изучены недостаточно. 
Между тем каждый из них может быть использован для получения важных

1* Acta Physica Academiae Scientiarum Hungaricae 45, 1978
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сведений, характеризующих диффузионные потоки в зоне, примыкающей к 
границе раздела между диффундирующими вещестами.

В данной статье излагаются результаты экспериментального исследо
вания температурной зависимости процесса перемещения и кинетических 
форм пор, образующихся в диффузионной зоне системы КС1—КВг.

2. Методика эксперимента

Опыты проводились на трёхслойных образцах КС1—К В г — КС1 со
ставленных из монокристаллов КС1 и К В г с маркой «Топа» и «Воска» соот
ветственно. Высокотемпературному отжигу предществовал предварительный 
отжиг образцов, под одноосьным давлением 0,1 kg /cm 2 при 300 °С в течение 
2—3 ч., для создания лучшего контакта на границах КС1—К В г. Основные 
диффузионные отжиги проводились при Т  =  721, 708, 697, 681, 664 °С . Время 
отжига изменялось в пределах 0,5 мин. — 6 ч. Колебание температуры в печи 
при этом не превышало +  2°С . При коротких временах отжига учитивалось 
время выгода на Т  и охлаждение печи.

Благодаря оптической прозрачности кристалла К В г, для наблуденияза 
порой возникающейся в нём, использовался следующий приём. В окуляре 
оптического микроскопа натягивался волосок, который совмещался с грани
цей раздела КС1—К В г  при фокусировке оптики на поверхность образца. 
Затем оптика дефокусировалась так, чтобы в фокусе оказалась наблюдаемая 
пора и при измерении смещения пор волосок играл роль реперной линии.

Наблюдаемые параметры движущихся пор схематически показаны на 
рис. 1. При данной температуре и времени отжига измерились параметры 
5 0 — 100 пор в разных образцах и на разных местах образцов. Параметр харак
теризующий смещение пор от границы раздела был получен путём усреднения 
величины d =  (x+y)/2. При каждой температуре были определены времена (т), 
в течение которых растущие поры достигли определённого линейного размера

Р и с .  1 . Наблюдаемые параметры поры
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В* — 1 /г. Изучалась связь между параметром характеризующим степень от
клонения истинной формы поры от разновесной (А) и линейным размером 
поры (й). Усреднённые значения кривизны пор (Ä), относящиеся к определён
ному размеру (R ) рассчитаны не меньше чем для 50 поры для каждой тем
пературы.

3. Экспериментальные результаты и их обсуждения

Известно [2, 3], что характер роста поры в диффузионной зоне со време
нем отжига меняется. Можно предположить, что значения т определенные как 
время, в течение которого поры достигают размера R x ^  \ц ,  соответствуют на
чальному участку роста определенный законом [2]:

I ЛР \ 1/2 /ч»
д ~ [ у ]  т 112’ (1)

где zlf/foпересыщение вакансий в диффузионной зоне. В работе [3] было пока
зано, что пересыщение на этой стадии остается практически постоянным. 
Можно ожидать что значение т ~  R X2j ü  следующим образом зависит от тем
пературы:

In т ~  - Q ö / k T .  (2)

Рис. 2. Зависимость In т от 1/Т, где т время, в течение которого поры достигают размера
Ях ~  1 ц
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90 Д . Л . Б Е К Е  и  д р .

На рис. 2 изображена величина In г в зависимости от 1 /Т и по наклону этой 
прямой определена Q ß  =  (3,1 +  0,1) эВ. Найденную таким образом энергию 
активации можно интерпретировать как эффективную энергию роста пор в 
диффузионной зоне. Хотя такие эффективные величины, как «энергия актива
ции» коэффициента взаимной диффузии, обычно не имеют наглядного физи
ческого смысла (см. напр. [1]), полученное значение Q ß  в этом случае хорошо 
согласуется с энергией активации самодиффузии ионов Br-  (Q =  3,06 эВ [4]) 
в кристалле КВг.

Рис. 3. Зависимость величины смещения (1) и скорость движения пор (2) в диффузионной 
зоне от времени изотермического отжига при 721 °С

В работе [5] было показано, что поры возникающиеся в диффузионной 
зоне, как целые смещаются от границы контакта по закону v  ~  t~l/2. Как 
видно на рис. 3 наши данные усреднённые на совокупности пор подтверждают 
этот результат. Экспериментальная температурная зависимость смещения пор 
подчиняется уравнению (рис. 4)

d =  К  ] f l  +  d 0. (3)

Коэффициент К  зависит от температуры по закону Аррениуса (рис. 5). 
Энергия активации, определяющая температурную зависимость этой величи
ны, равна QK =  0,3 +  0,1 эВ.

В работе [1] было показано, что скорость движения поры в поле гради
ента концентрации атомов относительно кристаллической решетки матрицы
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Рис. 4. Смещение поры (d) от границы раздела в зависимости от времени отжига при разных
температурах

к

Рис. 5. Температурная зависимость коеффициентов К,  характеризующих смещение пор от 
границы раздела диффузионной зоны

определяется соотношением

DsiD 2 D ,J> i
** а ~  
D + - X D S 

К

V  с „  , (4 )
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где D l и D 2 обёмные парциальные диффузионные коэффициенты, D sl и D si 
коэффициенты поверхностной химической диффузии, а  толщина одноатом
ного слоя на поверхности, R  линейный размер поры, % параметер, который 
показывает, как отличаются концентрации атомов на поверхности и в обьёме 
кристалла (cs =  ус) ,  и

D  — CjD 2 -ф c2D x,

D s —  С 1  ö s 2  - ( -  c 2 ^ s l ‘

~ rsj
Если предположим, как в работах [1] и [5] что a x ß ^ R D  тогда при 

заметном различии 5 г и D 2 (или D sl и Z>s2), из формулы (4) [1 ]:

v' ~  D V c  (5)

или так как V c ~  (D  t)-l/2,

v' ~  (D/t)1/2. (6)

Из экспериментально найденного значения Q K — 0,3 эВ, получается, что 
Q ß  =  2QK =  0,6 эВ, которая не совпадает Q ß ,  полученной из температурной 
зависимости значений т. Если предположим, что вместо условия a x D s ^ > R ß  
выполняется противоположное условие, т. е. поверхностные потоки ограни
чивают движение поры, тогда из формулы (4) имеем

v '  ~  — xDgS1/*«-1/*. (7)
R

В этом случае Q K c ^ Q s —  1/2 Q ß ,  и с учётом что Q ß  =  3,1 эВ, Q s =  1,8 эВ.
К сожалению в литературе нет данных по энергии активации поверх

ностной диффузии в области температур близких к температуре плавления, 
и поэтому нет возможности сравнения полученного результата с прямым из
мерением. Следует отметить, что в работе [6] методом меченых атомов была 
определена энергия активации процесса поверхностной диффузионной мигра
ции адатомов Br(ÇsBr =  0,41 эВ) в интервалле 250—550 °С. Однако перенос 
массы по поверхности не всегда происходит в меру поверхностного диффузи
онного коэффициента, определенного техникой меченых атомов при низких 
температурах. На основании большинства литературных данных с темпера
турной зависимости поверхностного диффузионного коэффициента, можно 
предположить что изменением температуры изменяется механизм поверхност
ной диффузии (см. напр. [7]), т. е. с увеличением температуры в переносе 
массы кроме одиночных адатомов участвуют и их разные комплексы. Этот факт 
выражается в том, что график Аррениуса не прямая линия, а имеет узел;
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при температурах, близких к температуре плавления, энергия активации 
выше, близка к энергии активации объемной самодиффузии.

На рис. 6 изображены прямые, иллустрирующие связь между величиной 
А и линейным размером поры R .  Из соотношения

А =  m R  -)- R 0 (8)

Рис. 6. Зависимость стрели погиба выпуклого участка поверхности (А) от линейного
размера поры (R)

были рассчитаны данные, приведенные в табл. I. Хорошо видно, что значение 
R 0 практически равно нулю (A R 0 ~  +  0,5 • 10“ 4 см) и не зависит от темпера
туры в то время, как величина т  систематически меняется с температурой.

Таблица I

7[°C] tf.XlO* [ c m ] m

721 0,268 0,507
708 0,153 0,541
697 0,048 0,463
681 0,469 0,424
664 0,384 0,374

Если предположить что форма искривленной, движущейся поры обусло
влена только потоком вакансий, который направлен к поре от границы кон
такта [1, 5], можно сделать элементарную оценку величины А/Д. В этом слу
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чае объемный поток вакансий через цилиндрическую поверхность, вигнутую 
по направлению к границе раздела, будет равен поверхностной дивергенции 
поверхностного потока вакансий, т. е.

2ГЛ. R  AVI« =  d iv s J s =  DsvaR ■ d iv s Vs| s, (9)

где V f„ и Vs i s градиенты концентраций вакансий в объеме матрицы вблизи от 
поры и на поверхности соответственно. При вычислении объёмного потока 
вакансий предпологалось, что площадь цилиндрической изгнутой поверх
ности поры равна четверти поверхности цилиндра с радиусом г (рис. 1).

Градиент концентрации вакансий в объёме можно записать в виде:

V I ,
«со «со

° kT rL  S° kT r(D ty i2 ’
( 10)

где «  — коэффициент поверхностного натяжения, со — атомной объем, к — 
постоянная Больцмана, L  — характерное расстояние от поверхности поры до 
границы раздела, пропорциональное ширину диффузионной зоны ( D t)112.

Считая, что после начального участка роста пор, линейный размер поры 
определяется законом [3];

R И д  — А
В 1/2

«со
kTr R 3 ‘

1/3

f1/6 ^  ( D i) 1/6 ,

( П )

Следует отметить, что мы экспериментально убедились в том, что при иссле
дованных временах отжига (t >  т), размеры пор изменялись значительно 
медленнее, чем при временах t ~  т.

Из формулы (9) с учётом (11), считая, что

divs Vs L «со

kT r3

и из геометрии формы поры (см. рис. 1);

г2 =  (г -  Я)2 +  Я 2/4 ^  г2 -  2гА +  Я2/4,
т. е.

г ^  Я 2/8А,
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связь между Я и jR определяется соотношением

Ру^О
D sv %sOa ,

1/3
R  , ( 12)

что совпадает с экспериментально наблюдаемой линейной зависимостью. По 
этой формуле величина т  следующим образом зависит от температуры:

In т
Q a - Q s  

3 к Т  ’
(13)

где Qa и Qs энергии активации объемной и поверхностной самодиффузии 
атомов. Легко видеть, что характер формулы (13) не меняется если учесть тот 
факт, что в ионных кристаллах наблюдаемое искривление связано с диффузи
онным движением ионов двух знаков. В этом случае в выражении (12) вместо 
коэффициентов D a =  D VÇ0 и, D sa — D sv входят эффективные коэффициен
ты [1]:

D s  зфф —
D ia  ' D 2а

D la D 0
г» _ Dsal
^ s a  зфф —

D'

D sal +  Dsa 2

Допустив те же упрощающие предположения, как при анализе температур
ной зависимости движения пор, из (12) получаем выражение (13).

На рис. 7 видно, что знак температурной зависимости величин согласу-

Р и с .  7 .  Температурная зависимость величин т ,  характеризующих линейную связь между
параметрах А и R  поры
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ется с знаком, полученным из (13). Из наклона приведенного графикона: 
(Q a — Qs)/3 =  0,5 эВ и с учётом, что Ça ̂  Qß  =  3,1 эВ, Qs ^  1,6 эВ. Эта величина 
хорошо согласуется с значением Qs, полученным из температурной зависи
мости скорости пор.

В заключение авторы выражают благодарность Проф. Я. Е. Гегузину и 
Ю. С. Кагановскому за полезные консултации. Авторы тоже выражают благодарность 
Ш. Месарошу за участие в подготовке образцов и в экспериментах.
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U N S T E A D Y  C O M B I N E D  F R E E  A N D  F O R C E D  

C O N V E C T I O N  E F F E C T S  O N  T H E  F L O W  I N  A  

H O R I Z O N T A L  C H A N N E L

By

K . S. ShIRKOT and S . SlNGH

DEPARTMENT OF MATHEMATICS, HIMACHAL PRADESH UNIVERSITY, SIMLA-5, INDIA

(Received 27. VI. 1978)

An exact solution of the problem of an unsteady combined free and forced convection 
flow of a viscous incompressible fluid between two horizontal parallel walls with a linear 
axial temperature variation has been solved. It is found that the velocity and temperature 
profiles are asymmetric. The skin friction at the upper wall is always negative for cooling 
there, so that no reversal flow takes place while heating the upper wall leads to incipient reversed 
flow thus increasing the tendency of instability. Also more and more cooling at the lower wall 
induces reversal flow there.

1. In tro d u c tio n

I t  is w ell know n  t h a t  forced  an d  free convection  p la y  a p re d o m in a n t 
ro le  in  d e te rm in in g  th e  r a te  o f h e a t tra n s fe r  from  a su rface  to  f lu id  m oving  
p a s t i t .  To d a te , how ever, th e  th e o re tic a l an d  ex p erim en ta l s tu d ies  on  th is  
su b jec t h av e  been  lim ited , w ith  a few excep tions, to  cases w here  e ith e r , b u t  
n o t  b o th , o f  th e  tw o  m ehan ism s is ta k e n  in to  accoun t. T hese in v es tig a tio n s  
h av e  been  v e ry  successful, p a r tic u la r ly  in  regions w here th e  flow  is  la m in a r 
an d  h av e  re su lte d  in  ex p e rim en ta lly  v e rified  th eo re tica l p red ic tio n s. I n  genera l, 
how ever, h e a t  is tra n s fe rre d  b y  b o th  m echan ism s ac tin g  s im u ltan eo u sly . I t  
is, th e re fo re , o f som e in te re s t  an d  im p o rtan ce  to  be ab le  to  p re d ic t how  th e  
ra te  o f h e a t tra n s fe r  is a ffec ted  b y  th e  com bined  ac tio n  o f b o th  fo rced  an d  
free  convections an d  to  know  u n d e r  w h a t cond itions i t  is perm issib le  to  n eg 
le c t one m ode o f  tra n s fe r  o r th e  o th e r. A few  stud ies h av e  been  m ade in  th is  
d irec tio n . B y  in c lu d in g  free co n v ec tio n  effects a few research ers  h av e  in v e s ti
g a ted  th e  ve lo c ity  an d  te m p e ra tu re  d is tr ib u tio n  in  v e rtic a l p ipes an d  channels 
w ith  low R ey n o ld ’s n u m b ers . A crivos [1] has given a th e o re tic a l t r e a tm e n t  of 
com bined  la m in a r free and  fo rced  convection  h e a t tra sn fe r  in  e x te rn a l flow s.

T his p a p e r  w ill p re sen t a th e o re tic a l in v es tig a tio n  o f  u n s te a d y  com bined  
free  and  forced  conv ec tio n  flow  o f a viscous incom pressib le  flu id  be tw een  tw o 
h o rizo n ta l p a ra lle l w alls w ith  a lin ea r  ax ia l te m p e ra tu re  v a r ia tio n . In it ia lly  
th e  w alls an d  th e  f lu id  are a t  th e  sam e te m p e ra tu re  T 0 an d  th e re  is no flow . 
T h e  te m p e ra tu re  o f b o th  th e  w alls o f th e  ch an n e l changes w ith  th e  law  T 0 -f- N x  
an d  a c o n s ta n t p ressu re  g ra d ie n t is im pressed  up o n  th e  system . A n  ex ac t
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so lu tio n  of th e  govern ing  e q u a tio n s  has b een  o b ta in ed . T he effect o f th e  
d im ensionless p h y s ica l p a ra m e te rs  ch a rac te riz in g  th e  flow  o n  th e  velo c ity , 
th e  skin fr ic tio n  a n d  th e  te m p e ra tu re  d is tr ib u tio n  h av e  b een  discussed in  
d e ta il.

2. E q u a tio n s o f m o tio n  an d  th e ir  so lu tion

W e choose a  C artesian  co o rd in a te  sy s tem  su ch  th a t  th e  ж-axis is in  th e  
d irec tio n  o f th e  flow . T hen  th e  govern ing  eq u a tio n s  fo r u n s te a d y  com bined  
free  and  forced  con v ec tio n  flow  can  be w rite n  as

дй Эр d2û 
—и—г —: , 
Эж Э у 2 (1)

0 =  -
Эр

0 J  8  ’
(2)

w h en  th e  у -ax is is p e rp e n d ic u la r  to  th e  w alls y  =  ± h .
The e q u a tio n  o f s ta te  u n d e r  th e  B oussinesq  ap p ro x im a tio n  is assum ed

to  be
g =  p0[ l  -  ß(T  -  T 0)], (3)

w here T  is th e  te m p e ra tu re , ß  is th e  co effic ien t o f th e  th e rm a l expansion  
an d  cr0, T 0 a re  re sp ec tiv e ly  th e  d en sity  an d  te m p e ra tu re  in  th e  reference s ta te . 

The b o u n d a ry  co n d itio n s are

t — 0; û =  0, T  =  T 0 fo r al 1 у  £ [— h, Л], 

t >> 0; ü =  0, T  =  T 0 -f- N x  a t  у  =

U sing (3), E q . (2) can  be w r it te n  as

^ r = - e o g [ l - ß ( T - T 0) ] .  (4)
0у

A ssum ing t h a t  th e  w all te m p e ra tu re  has a u n ifo rm  g ra d ie n t along th e  ж-axis 
th e  te m p e ra tu re  o f  th e  f lu id  can  be  assum ed  as

T  -  T 0 =  N x  +  Ф(у, t). (5)

Now E q . (4) becom es

dp_
ay — Qog +  QogßNx +  Q0g&{y’ *) •
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w hich  gives

an d
P  =  — Q o g y  +  Q 0 g ß N x y  +  Q o g ß  j  Ф ( У ï )  d y  +  F ( x ,  t )

■ p - =  Qogß N ÿ  +  - p -  .
O X  ox

( 6)

U sing  (6) E q . (1) can  be w r itte n  as

3w ojvr- 1 3 F  32n
—— =  —gßN y -----------------h  V------
dt q0 dx 0 j2

w here

V =
e 0

W e define th e  fo llow ing  dim ensionless q u a n titie s :

( 7 )

hü vt Fh2
и = ----- , t =  — , F  = --------

V h2 o0v2
У  =  — ,  X  =  —  

h h

E q . (7) th e n  becom es

w here

du _ 92u
-----=  c — G-у d---------
d t  3j2

9 F
9л;

c(t > 0 ) ,  G =
gßNh*

V2

(8)

T he b o u n d a ry  co n d itio n s  are

t =  0, u =  0 [— 1, 1] ,
t > 0 ,  и =  0 a t  у  =  ^ 1  .

(9)

E q . (5) shows th a t  p o s itiv e  an d  n eg a tiv e  values o f  N  co rrespond  to  h ea tin g  
an d  cooling, re sp ec tiv e ly , a long  th e  w alls o f th e  channe l. T herefo re  G ^  0 
acco rd in g  as th e  c h a n n e l w alls are  h ea ted  or cooled  in  th e  ax ia l d irec tion .

L e t L  =  J  e~sl udt be th e  L ap lace  tra n s fo rm  o f u, th e n  th e  expression

(8) ta k e s  th e  form

d2L  „ Gy c

dy2
sL  = (10)
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T he solution , of (10) u n d e r  the  b o u n d a ry  cond itions (9) is

s m i le s  y  cosh ][sy c — G yL  =  Lr---------------------c ----------------- -— 1---------------
1 sinh  У s s2cosh Уя

(И)

O n in v e rs io n  we get

1 о C “ (  11”
и  =  —  (1  -  У2) — — Gy( 1 -  f ) ------- --------------г - е х р  { - n 2 n2 t) sin  {плу)

2 6 л 3 n3

16c
_ 3

( - 1)”
exp —

(2n +  l ) 2 л 2
cos

2n -(- 1

л 3 n=o (2n +  l ) 3 

T h e  en erg y  e q u a tio n  is

(T  -  T 0) +  й A  (T  -  T 0) =  a  (T  -  T 0) ,
dt ox oyl

w h ere  a  is th e  th e rm a l d iffu siv ity  o f  th e  flu id .
U sing  (5), E q . (13) becom es

8 Ф _  д2Ф
—-— (- N a  =  « ——  . 

d t  д у 2

л у

( 12)

(13)

(14)

In tro d u c in g  th e  dim ensionless v a r ia b le s  as g iven  before, th e  ab o v e  eq u a tio n  
becom es

w h ere

920
9y2 =  V и +

90
91

Ф
p  — —  , в = ---- -

a  Nh

(15)

(16)

O b v io u sly  th e  b o u n d a ry  co n d itio n s  fo r в are

t =  0 ; 0 =  0 V У € [— 1, 1] ,1 , 17ч
< > 0 ,  0 =  0 a t  у  =  i l  .

L e t  0 =  j ”~ e~sl ddt be th e  L a p l ace tra n sfo rm  o f 0, th e n  usin g  th is  an d  th e  

c o n d itio n  (17), E q . (15) gives

d 2Q
dy2

ps 0 =  p L  . (18)
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U sing  (11) th e  so lu tio n  o f (18) u n d e r  th e  b o u n d a ry  cond itions (17) is 

c co sh y  Y ps G s in h y  Yps Gy — c0 =

+

1 P  s3 cosh]A ps 1 — P  s3sin h  Yps  s3

pG  s in h y  Y s  pc  c o sh y j/lî

1 P  s3 s inh  Y~s 1 — P  s3 cosh Y s
(19)

w here  p  1 .
In v e r tin g  (19), we get

0 1 ^ ( 1 - У 2) ( S - ^ + l ^ d - J 2) ( 7 - 3 / )

64c/)2 ( - 1)"
( 1 - р ) л *  Л  (2/i +  l ) 5 eX P [ 4p

(2n +  l ) 2 я 2

, 64cP  ^  ( - ! ) "
+  —------- T - T - J S — — ^ T exP(1 - p ) n 3 t i a  (2n  +  l)3

2Gp2 ^  ( - 1 ) "
— p) л 5 n5

2 Gp “  ( - 1 )"

exp

r _ i 2 n

Г п2л 2 1 .

— Г , _

+  l )2 я 2

4

sin  nny

2n  -f- 1c o s -------------n y

2/1 +  1c o s -------------ny

( 1  — p) n 5 JÍTi n 5

H— —----- — 7 - —— 7 —̂ex p  [—n2 n2 i] sin  nny (20)
( 1  — p) n 5 n5

T he n o n -d im ensiona l sh ea r stresses a t  th e  w alls у  =  1 an d  у  =  — 1 are  g iven b y

— I = - c  +  — ÿ —  —
i y ] y - ,  n ‘  <?n +  1)*

exp
(2n +  l ) 2 я 2

C 2 Г  °° 1

+  v — + ^ - 7 exPо ЯГ n = 1 nz (21)

T ., =
Í du — c y  ^ CXD Г (2/1 +  l ) 2 л 2 y \
\ d y \ У— 1 л? è o  (2/1 +  l ) 2 4

C 2 C 00 1

+  T — г ^ - т ехР6  71* n  =  i  n L
(22)

3. R esu lts  an d  discussion

T h e  velo c ity  p ro files have  b een  p lo tte d  ag a in s t у  fo r с =  1 a n d  fo r various 
values o f  G an d  t in  F igs. 1 to  3. I t  is fo u n d  from  th ese  F igures t h a t  w ith  th e  
increase  o f  th e  m a g n itu d e  o f G(G 0) th e  v e lo c ity  increases in  th e  low er
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t = 1 , C = 1

tvo
!

t-0.1, c-1
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h a lf  w hile i t  d ecreases in  th e  u p p e r  h a lf  of th e  ch an n e l. T he p o sitio n  is reversed  
fo r n egative  v a lu es  o f G. T he  ve lo c ity  profiles a re  a sy m m etric  due to  th e  
p resence of b u o y a n c y  force G(G ^  0).

T he te m p e ra tu re  profiles h av e  been p lo tte d  ag a in s t y  fo r c — 1, p  =  0.5 
a n d  various va lu es  o f  G and  t in  F igs. 4 to  6. F ro m  F ig . 4 we observe  th e  oscilla
tio n s  in  th e  te m p e ra tu re  pro files fo r sm all va lu es  o f t an d  c lea rly  as tim e  t 
increases th e  te m p e ra tu re  a t  a n y  p o in t in  th e  ch an n e l becom es s tead y . I t  is

t=oo, c = 1

fo u n d  from  Figs. 5 a n d  6 th a t  w ith  th e  increase of th e  m a g n itu d e  o f  G(G > 0 ) ,  
th e  te m p e ra tu re  in creases  in  th e  u p p e r  h a lf  while i t  decreases in  th e  low er h a lf 
o f  th e  channel. T he p o sitio n  is rev e rsed  for G(G <C 0). T hese F ig u res  dep ic t 
t h a t  th e  te m p e ra tu re  p ro files are  also  asym m etric .

W h en  th e  b u o y a n c y  forces a re  a b se n t (G =  0), th e  E q . (22) show s th a t  
th e  sk in  fric tion  a t  th e  low er p la te  is alw ays po sitiv e  fo r t == oo since c >  0. 
T h e re  is th u s  no flow  se p a ra tio n  in  th is  case. On th e  o th e r  h a n d  m ore  an d  m ore 
cooling a t  th e  low er p la te  (w hich corresponds to  th e  n e g a tiv e  value  o f  G m en tio n 
ed before) causes p rog ressive  decrease in  th e  values o f  th e  sk in  fr ic tio n  th e re . 
F ro m  F ig . 7 we observe  t h a t  x1 is a lw ays neg a tiv e  fo r cooling  a t  th e  u p p e r  w all
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МШ1. c - 1 ,  P -0 .5

t -1  , c = 1 , P= 0.5
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t -  oo, c -  1, P-0.5

Fig. 6

Ti
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so t h a t  in c ip ien t rev e rsed  flow  does n o t  ta k e  p lace. T h is F igure a lso  shows 
th a t  h e a tin g  th e  u p p e r w all leads to  in c ip ien t rev e rsed  flow  th e re  a n d  th u s 
increases th e  ten d e n c y  o f  in s ta b ility .

F ig . 8 show s th a t  th e re  is an  in c ip ie n t rev e rsa l flow  a t  th e  low er w a ll w hen 
th e  te m p e ra tu re  o f th e  low er w all decreases. T hus m ore  an d  m ore coo ling  a t 
th e  low er w all induces rev e rsa l flow  th e re . F ro m  th is  F ig u re  we also  observe  
th a t  t 2 in creases  w ith  increase  of tim e .

Acta Physica Academiae Scientiarum Hungaricae 45, 1978



106 K. S. SHIRKOT and S. SINGH

A cknow ledgem ent

The authors wish to express their sincere thanks to Dr. S. N. D u b e  for the suggestions 
in the preparation of this paper.

REFERENCES

1. A . A c r i v o s , A .  I .  Ch. E. Journal, 4 ,  No. 3, 285 1958.

Acta Physica Academiae Scientiarum Hungaricae 45, 1978



Acta Physica Academiae Scientiarum Hungaricae, Tomus 45 (2), pp. 107 —112 (1978)

C Y L I N D R I C A L L Y  S Y M M E T R I C  S E L F - G R A V I T A T I N G  

F L U I D S  W I T H  P R E S S U R E  E Q U A L  T O  E N E R G Y

D E N S I T Y

By

T. S in g h  and R . B . S . Y a d a v

APPLIED MATHEMATICS SECTION, INSTITUTE OF TECHNOLOGY, BANARAS HINDU UNIVERSITY
VARANASI 221005, INDIA

(Received 6. VII. 1978)

Solutions of E in s t e in ’s field equations are obtained under the assumption that (1) the 
source of the gravitational field is a perfect fluid with pressure p, equal to energy density q, 
(2) the space time is cylindrically symmetric with two degrees of freedom, and (3) the metric 
is given by three functions of two variables. The co-ordinate transformation to comoving co
ordinate is discussed. The H a w k in g — P e n r o s e  energy conditions and T h o r n e ’s C-energy 
are also studied. Some physically interesting solutions are obtained. The relation of the present 
work to E in s t e in — R o sen  waves is also investigated.

1. In tro d u c tio n

I n  a re c e n t p a p e r  Ta b e n sk y  an d  Ta u b  [1] h av e  fo u n d  t h a t  E in st e in ’s 
fie ld  eq u a tio n s  fo r se lf-g rav ita tin g  p e rfec t f lu id  w ith  p ressu re  p  eq u a l to  re s t 
en e rg y  d en sity  q a n d  fou r-v e lo c ity  м,- is e q u iv a le n t to  th e  f ie ld  eq u a tio n s

Rij =  2 o',- ; о (1 -a)

□  о =  ( (—g)1'2 a i gV)j =  0, ( l .b )

w hen  i r ro ta t io n a li ty  is im posed , viz.

Щ = <y,il(e,k 0'k). (2)
T he p re ssu re  p  an d  energy  m o m en tu m  te n so r  71,.- are  re la te d  to  a  b y

p =  q =  o k a*, (3)

T ,j  =  2 Oti (Tj — g u e tk a * . (4)

T h e  u n its  are  chosen so th a t  th e  v e lo c ity  o f  lig h t C — 1 a n d  N ew ton’s 
c o n s ta n t o f g ra v ita tio n  G =  1 /8n. A  com m a m eans p a r tia l  d e r iv a tiv e  w ith  
re sp ec t to  th e  in d ex .

F u r th e r  Letelier  [2] an d  Letelier  an d  Ta ben sk y  [3] h a v e  o b ta in ed  
cy lin d rica lly  sy m m etric  so lu tions o f  th e  fie ld  eq u a tio n s  (1). I t  is th e  purpose
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o f  t h i s  p a p e r  t o  d i s c u s s  t h e  s o l u t i o n  o f  E q s .  ( 1 )  i n  a  c y l i n d r i c a l l y  s y m m e t r i c  

s p a c e  t i m e  w i t h  t w o  d e g r e e s  o f  f r e e d o m  ( S t a c h e l  [ 4 ] )  e x p r e s s e d  a s

ds2 =  e 2 A - 2 B ( d t 2 _  d r 2) _  ( C 2g2B _|_ r 2e - 2 B )  _  e2B d z 2 _  2Ce2B d<p dz , (5)

w h ere  A ,  В  an d  C a re  functions o f r  a n d  t only , an d  г ,  Ф, z, t co rrespond  re 
sp e c tiv e ly  to  X1, X2, X3, X* coord inates. W h e n  C =  0 th e  m etric  (5) reduces to  
E i n s t e i n — R o s e n  m e tr ic  ( E i n s t e i n  a n d  R o s e n  [5] a n d  R o s e n  [6]) w ith  one 
deg ree  o f freedom .

In  Section 2 w e f in d  the  so lu tio n  o f  E qs. (1) fo r th e  m etric  (5). In  S ection  
3 th e  co o rd in a te  tra n s fo rm a tio n  th a t  en ab le s  us to  w rite  th e  so lu tion  in  com ov
in g  co o rd ina tes is d iscussed . In  S ec tio n  4 ,  th e  H a w k i n g — P e n r o s e  energy  
co n d itio n s  [7] are  v e rif ied . In  S ec tio n  5 , som e special so lu tions co rrespond ing  
to  m o n o ch ro m atic  a n d  pulse w ave so lu tio n  for a a re  o b ta in ed  an d  T h o r n e ’s 

C -energy  is d iscu ssed . Also th e  r e la t io n  o f th e  p re se n t w ork  to  E i n s t e i n —  

R o s e n  w aves is p o in te d  out.

2 .  T h e  s o l u t i o n  o f  f i e l d  e q u a t i o n

F o r th e  m e tr ic  (5) th e  fie ld  e q u a tio n s  (1) a n d  th e  p ressu re  p are

5 i i  -  f i 44 +  -  (e2ß/2 r2) (C\ - C l )  =  0 , (6)
r

Cn - c 44 -  b .  +  4( B A  -  B 4C4) =  0 , (7)
r

A ,  =  r (B f  +  B2) +  (e4S/4 r) (Cl +  C l ) + ~  (a\ +  cr2), (8)

A ,  =  2 r B 1B i +  (e4ß/2 r)C 1C 4 +  ra.cr 4, (9)

Ац -  А ы  +  Bf -  f ii  -  (e4ß/4 r2) (С2 -  С2) =  _  l ( ff2 -  а2), (10)

* 1 1  - * 4 4  +  —  0 , ( 1 1 ) 
Г

р  =  е =  е-2А +20(^2 _  ff2)5 (12)

w h ere  th e  ind ices  1 and  4 in d ic a te  p a r t ia l  d e riv a tiv e s  w ith  resp ec t to  r  an d  t, 
re spec tive ly .

The E q s . (6) an d  (7) w hich  d e te rm in e  В  a n d  C are  id en tica l to  th o se  of 
th e  em p ty  sp ace  fo r  th e  m etric  (5). E q . (10) can  be  ob ta in ed  from  (6) — (9)
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an d  (11). W hen  В  an d  C are kn o w n  from  (6) a n d  (7) and  o’ [from  E q . (11) 
E q s . (8) an d  (9) give A  as an  in te g ra l

Шr{B\ +  B 2) +  (eiB/4r) (Cf +  Cf) +  —  r(a\ +
Zi

dr -f-

+  {2r B 1B i +  (e4S/2r) C1Ci +  raia i} dt (13)

T h e  in te g ra b ili ty  cond itions fo r A  are  sa tis f ied  b y  v ir tu e  o f  E q s. (6),
(7) a n d  (11). O ne can  alw ays ad d  a c o n s ta n t to  A .  F u r th e r  i f  (gy, a) is any  
so lu tio n  (Agy, er) is also a so lu tion  w henever A is a co n stan t. So fro m  now 
onw ards all line  e lem en ts  can  be m u ltip lied  b y  a c o n s tan t co n fo rm al fac to r.

3. Com oving coord inates

N ow  we sh a ll discuss how to  tra n sfo rm  th e  so lu tion  to  com ov ing  coor
d in a te s  w h ich  are  u su a lly  used in  h y d ro d y n am ics  an d  th e y  are im p o r ta n t  for 
p h y sica l in te rp re ta tio n .

W e can  choose a as th e  com oving  tim e  T.  I t  can  be easily seen  th a t  th e  
co o rd in a te  R  de fined  b y

dR =  r(a4dr -j- Ujdt) (14)

and  T  =  a  tra n sfo rm  th e  fou r-v e lo c ity  u (- to  17,- =  (0, 0, 0, I / 4) a n d  th ere fo re  
R  is com oving . E q . (11) ensures th e  ex ac tn ess  o f th e  d ifferen tia l (14) d e fin in g  R.  

T h e  re q u ire d  tra n sfo rm a tio n  fo rm u lae  are

T  =  a(r, t) , R  =  R(r, t) /15ч

Ф =  Ъ  Z ^ z ,

w here T, R , 0  an d  Z  are  com oving coo rd in a tes . T h e  Jaco b ian  of (15) is

9 (Д ,Ф ,Д , Г )_ =  __
0(r, (p, z, t)

w hich c a n  v an ish  w here  p  =  д =  0 in  th e  n o n sin g u la r regions of space  tim e. 
In  com ov ing  co o rd in a tes  th e  line e lem en t (5) is tran sfo rm ed  to

ds2 {e2A~2B/(a\ -  of)} Id T 2
1

dR2 -  (C V S +  r2e - 2B) X 

X d 0 2 -  e2S dZ2 -  2Ce2B d<P dZ . (16)

The line e lem en t (16) has a s in g u la rity  a t  r  =  0.
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4. The re a lity  conditions

In  ir ro ta tio n a l flu id s  w ith  th e  lim itin g  fo rm  o f th e  eq u a tio n  o f  s ta te  
p  =  g, th e  energy  co n d itio n  TijUluJ 0 an d  th e  H a w k i n g —P e n r o s e  con
d itio n  [7]

b o th  red u ce  to

Q = — e~2A+2B(al -  of) ^  0 .
2

T hus i t  is possib le  th a t  g m a y  be n eg a tiv e  in  som e regions o f  th e  space- 
t im e . T he m etric  does n o t have n ecessarily  a p a th o lo g ica l b eh av io u r w hen  th is  
h a p p e n s . The w ay  o f so lv ing th is  p ro b lem  is to  f ill th e  region w here th e  energy  
d e n s ity  is n eg a tiv e  w ith  a d iffe ren t k in d  of f lu id , whose energy  te n so r  we 
p re sc rib e  as follow s.

F ro m  (14) w e f in d  th a t  R  , is o rth o g o n a l to  <j t, Ф ,■ and  Z  I n  th is  region, 
R  I is a tim elike v e c to r  and  a t is spacelike. N ow  le t R  ;, Ф Z c r  ,- deno te  
th e  co rrespond ing  u n i t  vecto r fie ld s. I f  we use th e  fa c t th a t

gtj =  R,i R j  — 3,- d j  — Ф i Фj  — Z, Z j

th e  stress energy te n so r  (4) can  be  w ritte n  as

T u  =  ( ~ a k a-k) [ « , R j  +  3t, d j  -  Ф , $ j  -  Z,- Z j \ .

This stress en e rg y  ten so r is t h a t  o f an  an iso tro p ic  flu id  w ith  p o sitiv e  re s t 
e n e rg y  d ensity  ( — a ,ki 0"fc) an d  v an ish in g  h e a t flo w  vector. In  th is  case b o th  
th e  re a lity  co n d itio n s  are sa tisfied . 5

5. Som e special so lu tions and  T h o rn e ’s C-energy

The E qs. (6) — (9) are a se t o f  coupled , second  order n o n -lin ea r p a r tia l  
d iffe ren tia l e q u a tio n s  and  i t  is d ifficu lt to  o b ta in  a general so lu tio n  o f these  
eq u a tio n s. As E q s . (6) and  (7) w h ich  d e te rm in e  В  an d  C are th e  sam e as tho se  
in  th e  case of e m p ty  space, fo llow ing  S t a c h e l  [4] we t r y  some specia l so lu tions. 
S t a c h e l  has m e n tio n e d  tw o p a r t ic u la r  cases (i) В  =  0 and  В  =  (1/4) log r  -f- b, 
w h ere  b is a c o n s ta n t. W hen В  — 0, E qs. (6) a n d  (7) lead  to  C =  c o n s ta n t 
w h ich  can be e lim in a ted  w ith  th e  help  of a co o rd in a te  tra n s fo rm a tio n  z' =  
— z  - f  Cep, w h ere  C is a c o n s ta n t. W hen  В  =  (1/4) log r +  b, f ro m  E q s. (6) 
a n d  (7) i t  fo llow s th a t  C is a fu n c tio n  o f t — r  or t +  r, b u t  n o t  th e ir  sum , 
because  of th e  n o n lin e a r ity  o f th e  equa tions.
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T he E q . (11) is th e  E u c lid ean  w ave e q u a tio n  in  cy lin d rica l coo rd inates 
f ro m  w hich a  ca n  be ob ta in ed  b y  th e  w ell k n o w n  m ethod . A  ty p ic a l  so lu tion  
o f  th is  e q u a tio n  m ay  be w ritte n  in  th e  fo rm

a =  M J 0(kr) cos kt, (17)

w h ere  M  and  к  a re  co n stan ts  a n d  J 0(kr) is B esse l’s function  o f  f i r s t  k ind  and  
o f  o rd e r zero. A s suggested  b y  W e b e r  an d  W h e e l e r  [8 ] a p h y s ic a lly  m ore 
in te re s tin g  case is th a t  o f a pu lse  fo rm ed  b y  lin e a r  su perposition  o f  m onochro
m a tic  w aves w ith  a  o f th e  form  (17). One ca n  superpose such  w aves w ith  an  
a m p litu d e  fa c to r  M  =  2N e~ak an d  th u s

a =  2 N  f ” e~ak J 0(kr) cos kt dk =  lV[{(a — it)2 +  r2}~ll2 + {(a -f- it)2 + r2}~112] .

J ° ( 18)

F o r m o n ochrom atic  o u tgo ing  w aves, we h av e  C =  C(t — г ) ,  В  =  (1/4) 
log  r  +  b, a  given  b y  (17) and

A  =  T j j lo g  r -  ~  eib J  (c)2 du  +  —  (L 2kr) J 0{kr) J'^kr)  cos 2kt +

+  - 1  ( L W )  {[JÓ(kr)Y -  J 0(kr) J"(kr)} , (19)

w here  и =  t — r an d  a b a r over a fu n c tio n  m ean s d iffe ren tia tio n  w ith  respect 
to  i ts  a rg u m en t.

F o r  m o n o ch ro m atic  incom ing  w aves, w e have  C =  C(t +  г), В  =  
=  (V 4 ) i°g  r -)- b, a  g iven  by  (17) an d

A  =  log r +  “  e4b J (c)2 dv +  - i-  (L 2kr) J 0{kr) J'ó(kr) cos 2 kt -f-

+  i - ( W r 2) { Ш к г ) ] 2 -  J 0(kr) J'ó(kr)} , (20)
£

w here  v =  t -\- r.
In  th e  case o f  th e  pulse w ave also one c a n  w rite  down th e  expression  

fo r A ,  w hen  В  =  (1/4) log r +  b, C — C(t +  r) a n d  a is given b y  (18).
F u r th e r  T h o r n e  [9 ]  has g iven  a d e fin itio n  o f  energy for cy lin d rica lly  

sy m m etric  system s te rm e d  as C -energy. H is d e fin itio n  has been  a d a p te d  by  
one o f  th e  p resen t a u th o rs  [10] to  cy lin d rica l sy s tem s in  a sca la r-ten so r th eo ry .

In  th is  d e fin itio n  o f C-energy a q u a n ti ty  E(r, t) expressed in  te rm s  of 
th e  g en era to rs  of th e  sy stem  acts as a p o te n tia l fu n c tio n  from  w h ich  C-energy
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f lu x  v e c to r  p ' i s  c a lc u la ted  for th e  m e tr ic  (5). T he fu n c tio n  E  is

E(r, t) =  (1/4G) A(r, t ) =  2A (r ,  t ), (21)

w h ere  we have ta k e n  G =  1/8тг, G b e in g  th e  u su a l un iversa l g ra v ita tio n a l 
c o n s ta n t . T hus th e  u se  o f th e  ex p ressio n  fo r A  in  (21) w ill give E  co n sisting  
o f  tw o  p a rts , one correspond ing  to  g tj  an d  th e  o th e r  to  cr, b o th  c o n tr ib u tin g  
p o s itiv e ly  to  th e  C-energy  density .

W h en  C =  0 ,  th e  m a trix  (5) red u ces to  th e  E i n s t e i n — R o s e n  m etric  
[5], [6] in  w hich case th e  field e q u a tio n s  have  a lre a d y  been in v e s tig a te d  b y  
La l  a n d  S i n g h  [11] an d  L e t e l i e r  [2]. T he c y lin d ric a l g ra v ita tio n a l w aves 
a re  re la te d  to  a sp ec ia l class o f sp h e rica l and  to ro id a l  waves [12], [13] and  
th e re fo re  th e  so lu tio n s  can  easily  be  re la te d  to  th e se  w aves.

R em ark s

I t  is interesting to  rem ark th a t th e  solutions found in  th is  paper can be transform ed to 
solutions of B rans—D ick e  theory in th e  vacuum  (D icke  [14]).

The solutions can also be in terp re ted  as the solutions of E instein’s equation  w ith a 
m assless scalar field source, since such a source has the sam e stress-energy tensor as an irro- 
ta tio n a l fluid w ith p  —  Q (Tabensky and T aub [1]).
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F O R M A T I O N  O F  S H O C K  W A V E S  I N  

D I S S O C I A T I N G  G A S E S

By

R . S h a n k a r  and S .  K . J a i n

DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY, NEW DELHI-110029, INDIA

(Received б. VII. 1978)

Using singular surface theory the phenomena associating with the non-uniform propa
gation of weak discontinuities through dissociating gases are studied. The fundamental differ
ential equations governing the growth and decay of these discontinuities are formulated and 
these equations are solved completely. The criteria for decay or “blow up” of these discon
tinuities are obtained. It turns out that the dissociating character of the gas allows the exis
tence of a singular surface carrying a weak discontinuity into'a non-uniform medium, this 
weak discontinuity may grow into a shock, and the role of mass-fraction variable is to contri
bute to possible damping in the formation of the shock.

1. In tro d u c tio n

R ecen tly , a g re a t deal o f in te re s t  has a rise n  in  th e  p ro b lem s associated  
w ith  th e  fo rm a tio n  o f  shock w aves in  com pressib le  flu id s . S ev era l research  
p ap ers  h av e  b een  p u b lish ed  on th e  fo rm atio n  o f  shock w aves in  gases w ith  
th e rm o d y n a m ic a lly  re lax ed  s ta te . ( B e c k e r  [ I ] ,  B u r g e r  [ 2 ] ,  [ 3 ] ,  S c h m i t t  

[ 4 ] ,  R a m a  S h a n k a r  [ 1 1 ]  [ 1 2 ] ,  R i s h i  R a m  [ 1 3 ] ,  e tc .)  T he p u rp o se  o f  th e  p resen t 
w ork  is to  app ly  s in g u la r  su rface  th e o ry  to  p ro v id e  a m a th e m a tic a l descrip
tio n  o f  th e  p ro p a g a tio n  o f sonic d isco n tin u itie s  ex isting  in to  a non-uniform  
d issoc ia tive  gaseous m ed ium . S uch  a s tu d y  in  an  id ea l u n ifo rm  gas flow has 
its  o rig in  in  th e  w o rk  o f  T h o m a s  [ 8 ] .  H e show ed th a t  th e  d isc o n tin u ity  in  a 
g ra d ie n t o f any  o f  th e  fie ld  v a riab les  grows in d e fin ite ly  an d  becom es in fin ite  
fo r a f in ite  tim e. M an y  ap p lica tio n s o f  his m e th o d  follow ed. ( R a m a  S h a n k a r  

[ 1 0 ,  1 1 ,  1 2 ] ,  R i s h i  R a m  [ 1 3 ] ,  K a u l  [ 5 ] ,  N a r i b o l i  [ 6 , 7 ] ) .

I f  th e  m ed ium  a h ead  is m oving , th e n  i t  c an  be  show n [12] t h a t  th e  w ave 
p ro p a g a tio n  is an iso tro p ic . In  o rd e r to  s tu d y  an iso tro p ic  w av e  p ro p ag a tio n , 
L i g h t h i l l  [ 1 5 ]  h as  developed  an  e legan t m e th o d  w hich  e ssen tia lly  involves 
th e  e v a lu a tio n  o f  th e  F o u rie r  in te g ra ls  b y  th e  s ta t io n a ry  p h ase  m eth o d  and  
gives th e  a sy m p to tic  fea tu re s  o f th e  so lu tion . N u m ero u s ap p lica tio n s  of th is  
m e th o d  follow ed. L u d w i g  [ 1 6 ]  a n d  D u f f  [ 1 7 ]  fu r th e r  genera lized  an d  deve
loped  th is  te ch n iq u e .

T h e  m a th e m a tic a l th e o ry  o f geom etric  o p tic s  ( ra y  th eo ry ) o f  L u n e b e r g

[ 1 8 ]  w as found  usefu l b y  B a z e r  [ 1 9 ]  in  th e  in v e s tig a tio n  o f w eak  d iscon tinu i
ties . N a r i b o l i  [6, 7] com bined  th e  th e o ry  of s in g u la r  surfaces a n d  ra y  th eo ry
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to  s tu d y  th e  p ro p a g a tio n  of w eak  d isco n tin u itie s  in  n o n lin ea r an iso tro p ic  
m e d ia . U sing th is  co m b in a tio n  th e  in te g ra te d  the  e q u a tio n  o f  g ro w th  o f  d is
c o n tin u itie s  in  a sim p le  and  s tra ig h tfo rw a rd  m an n er. F o llow ing  N a r i b o l i , 

U p a d h y a y  [20] o b ta in e d  th e  g ro w th  e q u a tio n  for sonic  d isco n tin u itie s  p ro 
p a g a tin g  th ro u g h  th e rm a lly  co n d u c tin g  gases, b u t d id  n o t  discuss th e  grow ing 
o r d ecay in g  ten d en cy .

R ecen tly , E l c r a t  [21] s tu d ie d  th e  non-un ifo rm  p ro p a g a tio n  o f  sonic 
d isco n tin u itie s  in  an  u n s te a d y  flow  o f  a perfect gas. I n  o rd e r to  in te g ra te  th e  
g ro w th  equations, h e  tran sfo rm ed  th e m  to  an  e q u a tio n  along th e  b ic h a ra c 
te r is t ic  curve in  th e  c h a ra c te ris tic  m an ifo ld . W hile do in g  so, he a rr iv e d  a t  an 
o rd in a ry  d ifferen tia l eq u a tio n  w hich  w as solved co m p le te ly , and  th e  c rite ria  
fo r  d e cay  or “ blow  u p ”  w as o b ta in ed . I n  th e  p resen t p a p e r  follow ing E l c r a t  

w e sh a ll derive an d  d iscuss th e  so lu tio n s  of fu n d am en ta l d iffe ren tia l eq u a tio n s 
fo r  th e  nonun ifo rm  p ro p ag a tio n  o f son ic  d isco n tin u ities  th ro u g h  d issocia ting  
gases. W e shall also f in d  th e  c r ite r ia  fo r  “ blow u p ”  fo r sonic d isco n tin u itie s .

2. N on-un ifo rm  p ro p ag a tio n  of w eak d iscon tinu ities

T he basic e q u a tio n s  govern ing  th e  th ree-d im ensiona l u n s te a d y  flow  of 
a n  id e a l d issociating  gas referred  to  a re c ta n g u la r  c o o rd in a te  sy stem  a re  ( R a m a  

S h a n k a r  [ 1 1 ] )

л
~  +  ViQj +  QViti =  0 ,
at

3  Vi
Q—  +  Qvk vik  + p i  =  0,

01

dh dp
e —------ =  o .dt dt

h  =  с д в -п\(1 -  q) e - D'Re -  - £ - д *1 , 
dt Qd j

p  =  gR 0(l +  q),

h =  R6(  4  +  9 ) +  qD,

( 1 )

( 2)

(3 )

(4)

( 5 )

(6)

w h ere  q, vt, p , h, q, 0, D, qd an d  t a re  respective ly , th e  d en sity , com ponen ts 
o f  flow  ve loc ity , p ressu re , e n th a lp y , m ass-frac tion  v a riab le , te m p e ra tu re , 
d issoc ia tion  en erg y  p e r u n it m ass , ch a rac te ris tic  d e n s ity  an d  tim e . R  is th e  
gas co n stan t, c is a co n stan t w ith  th e  d im ension o f  tim e  an d  d/dt  ( =  8/31 
+  Vj (Э/Зл;,)) is th e  m obile o p e ra to r .

Acta Physica Academiae Scientiarum Hungaricae 45, 1978



FORMATION OF SHOCK WAVES 115

U sing th e  ab o v e  equa tions w e can  alw ays w rite

dP  I 2 Qvi ,- r -  +  f?°/ u ,i — e»i ——  evi vk vi k +  
dt dt

+ D q y{q) — 1 - p dq

3 7 (9 ) -  1 dt ( 7 )

w here  a f is th e  fro zen  speed o f so u n d  defined  b y

ai  =  r(q) —  a n d  r(q) =
4 +  q

W e consider a m oving s in g u la r ity  surface S(t) across w h ich  th e  flow 
q u a n tit ie s  are  c o n tin u o u s  w ith  possib le  d isco n tin u itie s  in  th e ir  f i r s t  a n d  second 
o rd e r de riv a tiv es .

Suppose th a t  th e  m oving s in g u la r ity  surface S(t) is given b y  q>(xt, t) — 0, 
an d  t h a t  we deno te  b y  n t th e  co m p o n en ts  of th e  u n i t  n o rm a l v ec to r q> j/ j grad  q>\, 
a n d  b y  G =  —(0ç>/9t)/ J g rad  cp |, th e  n o rm a l speed  o f  advance o f  th is  surface. 
W e consider th e  su rface  as h av in g  tw o  sides d e n o te d  b y  (T) a n d  (? ) and  /г,- 
p o in ts  in to  (?). T h e  re la tiv e  speed  o f  advance  o f  S(t) in  th e  f lu id , G — г гпг-, 
is d en o ted  b y  U. A  sq u a re  b ra c k e t d en o tes  th e  ju m p  in  th e  q u a n t i ty  enclosed. 
L e t th e  d isco n tin u itie s  be d en o ted  b y  T h o m a s  [ 8 ]  :

K ; ]  =  ^ 4  rij\

[ p , [ - &]  =

[* ' ] =  Ч"'; И “

=  —GXnh

- G | ,

-G Ç ,

—Grj,

w here X, f  an d  r\ a re  th e  scalars co rresp o n d in g  to  v e lo c ity , p ressu re , d ensity  
an d  e n th a lp y , re sp ec tiv e ly , on S(t).

U sing  th e  f ir s t  o rd e r  c o m p a tib ility  cond itions in  E q s. (1) — (3) an d  (7), 
we ge t:

Щ  =  QX, (8)

qUX -  1, (9)

ev =  £ (10)

gUXjVj — G | +  pajX =  0. (11)
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F ro m  E q s. (8), (9) a n d  (11), we ge t

I  =  вШ =  UK =  O/C,

i.e . U2 =  dp w h ich  in d ica tes  t h a t  th e  w eak d isco n tin u itie s  in  non -un ifo rm  
gaseous m edium  p ro p a g a te  w ith  th e  frozen speed  o f  sound.

D iffe re n tia tin g  E q s . (1) an d  (2) w ith  re sp ec t to  Xj we ge t a f te r  tak in g  
ju m p  across S(t):

- 8 g0 1 +  Ые,у] +  [vij e,/l +  [e,j ««./] +  e K o l =  0 (12)
9 Xj at J

a n d

d2Vj
dxj dt

+ +  e[vk jvi,k] +  QVk[vi,kj] +  »k ie j t i* ]  +  [p.ij] =  o. (13)

a n d

N ow  follow ing E l c r a t  [21], we get

U ^ - ( U K  -  qUX, П{) +  2 U C (v , j  n, Jij)2 +  
ôt

+  2 UX

e 1 7 +  ( | -  e t 7 A ' ' n , )  ~  ш  I“ “

щ
9 vt 
dn

1 - 2 C / M +  Ug”  t ,  », *,,, =  0

т { Ц  + ( ^  +  » ,» ,. , n K +
1 9n j 2 9t

j n i nj)2 +  egaß Ae vk xKß = 0,

(14)

(15)

w h ere  £ =  [p y]n,rey- . . . e tc. a n d  ô/ôt is a d iffe re n tia tio n  a long  a n  o rthogonal 
t r a je c to ry  o f th e  su rface  S(t), w h ich  is given b y  x t =  A,(ua), (a  =  1, 2), Q th e  
m e a n  c u rv a tu re  o f  S(t) defined  b y  2 Q  =  gaßbaß, gxß an d  baß a re  f i r s t  an d  second 
fu n d a m e n ta l fo rm s o f S(t), re sp ec tiv e ly , an d  th e  rem ain ing  sym bols h av e  
th e ir  u su a l m ean ings.

E lim in a tio n  o f  Я,- be tw een  (14) and  (15) lead s to  th e  fo llow ing  eq u a tio n :

U К
ôt

\ АО I
+  »i g*ß C a Xf,ßj  +  Q —  +  Vk gxß A_a XKßj +

( ï  -  UK) +  3 m(vij  Щ nj)2 +  j ^ - j  n, Щ +  их d Q 
9 n

2 e UXQ -  2Щ Х  +  I—  +  vk v ik 
dt

n& =  0. (16)
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N ow  our a im  is th e  e lim in a tio n  o f ( f  — U2Ç) from  E q . (16). F o r th is , 
we p roceed  as fo llow s:

D iffe ren tia tin g  p  — qR6( 1 +  q) and  e v a lu a tin g  across S (t), we get

[p .í]  =  £?«0[9 ,i] +  e « ( i  +  q) [6 ,i] +  « 0 ( i  +  q) [g,*]»

o r

[ 0 / ] = - { £ - Щ 1 + д К } и , - .  ( 1 7 )
p

O nce ag a in  d iffe re n tia tin g  p , w ith  respect to  x t an d  ta k in g  ju m p , we have

f  =  [p,u] =  QR e[q,u] +  2 eR{q,i)2 [0 ,;] +  2R6(qJ)2 £ n ,

4" p « ( i  +  q) [0 ,i/] +  « 0 ( 1  +  q) t  +  2 i? ( i 4 - q)

{ ( 6 ,1 )2  C n , +  ( e , , ) 2 [ 0 , ]  -  C [0 , ,]  n ,}  . ( 1 8 )

I n  o r d e r  t o  f i n d  o u t  [0  (i] ,  d i f f e r e n t i a t e  t h e  e q u a t i o n  h — R0(& -f- q) +  qD 
t w i c e  a n d  m a k i n g  u s e  o f  s e c o n d  o r d e r  c o m p a t i b i l i t y  c o n d i t i o n s  o f  T h o m a s  

[8 , 9 ] ,  w e  h a v e

[0,»] =
R( 4  +  q)

- { [ * , « ]  -  2 Д ( д Л  [ 0 J  ~ ( D  +  R8) [<?,„]} . ( 1 9 )

F o r  [h H] we d iffe re n tia te  th e  E q . (3) w ith  re sp ec t to  Xj, m u ltip ly  by  
ríj, ta k e  su m m atio n  o v e r j  an d  ta k in g  ju m p , we g e t

[* „ ]  =  *  _ - L [ ,  i l - i U Ü . ]  + ( “ ] 
e t /  L őf 1 9 n  j 2 ( 8 t)

C + U Ï T I  +
0 Í / 2

Q(hA  h  — e^V +  V i ( h , i ) 2 Ç +  UÇ — ~  —  V i g * e  | >e x,  ß +
öt

QVt s aß У,* xi,ß — (p ,i)2 h  +  & (20)

D iffe ren tia tio n  of th e  r a te  e q u a tio n  (4) w ith  re sp e c t to  Xj an d  ta k in g  ju m p  
across S(t) y ields [ç

_Я
U

c£0-n f 2e
1 U É?£>

-q2 — (1 — q) e D/ReJ +

U  -  « 0 ( 1  +  q )  C} { « ( 1  -  9 )  « - D /W  -  —  92  -  ^ f - ( l  -  9 )  e - D /W . ( 2 1 )  p U  qd Rd
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N ow  m aking u se  o f  E qs (17), (2 0 ) and  (21) in  E q . (19) we y ie ld :

[в,a] (4 +  q) R

1

~oU
ö r l ГТ (Эр

8 n f i  t  +  № .  +

e(A,í) 2 h  — e*y +  v i(h ,t) 2 £ +  evig af>xi,ß v,* +

— vt g*ß £ « x tß  +  f A — (p í)2 я,- 
ôt

( 2 2 )

2 Ä(?,,)a —  
P

u  l e D

I -  Ä0( i +  g) £} »/ -  (D +  Ä6)

C 0 - ”

—  (5 ,1)2 rai +

£ ^ _ ! . ( 2 р . 92(1  _ g ) e - D / W (D  +  Ä0)
p t / { « -

Щ 1 +  g) £} [n ( l  -  g) e ~ D/R9 -  g2 -  ^  (1  -  9 ) e - D/*e 
l Qd  Rd

N ow  w ith  the help  o f  E qs. (17), (18), (21) an d  (22) we get

i  -  V K  =  - 1  Ey(q) e(g,/)2 »,A +  ^  Л Еее0-"£ +

y(q)EP*c6-n {g  _  Щ 1  +  5) C} +  r(g) X  
p U  и

1 + g
4 +  g

ôrj
ôt

y(g) 1 +  gj i 9e n 4- Yiq) f 1 + g | f  ЭЛ 1
4 +  g dn r , +  U  2 u 4 +  g 9t J;

ô ie (A , ,)2 Я,- —  gAt? +  «.-(ft ,•) C —  — -----
ôt

|Я +  e», g0̂  Xjß Г) а — Vt g*ß x i>ß I  a 

2R0

’Щ  
dn j 2

+

Я +

y(g) f—7^- (g,f)2 +  (1 +  g) ((e ,,)2 -  £«.)
l y(g)

X

w h ere

a n d

{ I  — P0(1 +  g) £} nt +  2R0 +  y(q) (g , ) 2 щ£ +  

2y(q) R(  1 +  q) ( 0 , ) 2 n,-C ,

A = ^ - q *  -  (1 - g )  e -° /w ,
£?D

E  =  3R6 — D (1 +  g) ,

QD

(23)

P* =
Ä 0 j

(1 _ g) e-DlRe _  0P_q2 ' 
Qd
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Now elim inating (f — U2£) betw een Eqs (16) and (23), we get

U
4 ^ + &aßvi x>,ß сat +  в

( ÖX , „ . \—  + gaßvk xk,ß A, J +

■ М Е е („ ) ,  n i X + M Æ
U 4' и  и

1 +  ч

y(q) ЕР*св~пд

у ( я )

U

Р и

1 + q

{ { -  JM(1 + q )  f } -  у(д)

4 +  q 

1 +  <1
4 + q ,

r(? ) +Ot

Э£ | I^ г +

4 +  Çl Ц

Oh]
C +  UÇr) +  Q

dh j
3n j  j

gAïj +  г,(ЛЛ2 C -

4 “  ~  (4 r |  A +  f A +  qví g*ßxi>ß г,,л — ®/ g*ßxi ß I a
дп

2y(q) Rd

+

v ( q )

( д Д  +  ( ! + ? )  ( ( e . A  -  С » / ) }  { I  -  д е х

(1 +  ç) C} nt +  2Rdy(q) (g ,)2 n,£ +  2Ду(д) (1 +  q) (0>f)2 n,£ +

3 Uti(vijni Tij)2 +  UÇ
dr.
dn

n £  +  UX [ э е
( a n )

-  2 qUXÜ  -

2Í/CA +  I—2 - +  vi k
Ôt

п £  =  0. (24)

E q . (24) is a  d iffe ren tia l e q u a tio n  fo r £ ([/£  =  gA, $ =  U2C a n d  çr) =  £) 
an d  th e re fo re , one fo r £ an d  one fo r A, along th e  o rthogonal tra je c to r ie s  o f 
S(t). S ince i t  is a R ic c a tti  d iffe ren tia l eq u a tio n , i t  is am enab le  to  analysis, 
a t  le a s t in  ce rta in  special cases. H ow ever, th e  “ inhom ogeneous te rm s”  arising  
from  th e  su rface d e riv a tiv es  cause som e d iff icu lty  in  in te rp re ta tio n , an d  if  
we tra n s fo rm  E q . (24) in to  a d iffe ren tia l eq u a tio n  along b ic h a ra c te ris tic  curves 
in  th e  ch a ra c te ris tic  m anifo ld  X  =  U t S(t) ,  th is  d ifficu lty  d isap p ears  because 
w hile do ing  so, we w ill a rrive  a t  a n  o rd in a ry  d iffe ren tia l e q u a tio n  (26).

F o llow ing  E l c r a t  [21], we w rite

d£
dt

d l
dt

+  g “4 -  x i ß £ , 
ôt

4 ^  +  g aßv t X i ß  !  ,

Öt

dX
dt

—  +  gaßVi x lß X ,

w here th e  sym bols h av e  th e ir  u su a l m eaning .

(25)

3* Acta Physica Academiae Scientiarum Hungaricae 45, 1978



120 R. SHANKAR and S. К. JAIN

Now using E q s. (8) —(10) and  (25) in Eq. (24), we get

f f — —  l o g i—
dt [ 2  dt l g

1 +  q
a dt

(log e) +  Q -  М ч )  + 1 }
u p  
2  e

o, (26)

w h ere

Q = Ey(q )  +  4 -  -  +  2Ц  (в.#)* »I +  А Е е с в - "  > 
3  g  J U

7 ^ 7  {(1 + q )  r ( g ) E P * c 0 - " }  +  - i - ( l  + q )
ÔQU ÓÜ ~  +  VihA  +

( l + i ) 3 h )
+д п ) 2 I gl ^ r w j p l

3  n ) 2 3  e
dp
3 n

+

2Ry (q )  (1 +  q) (0,,)2 Щ +  3 U { víj re, rey)2 +

U
dvj 
3 n

re, -  2 U2Q  + dVi ]—  +  Vk v,ik\ П, .
at

E q . (26) is th e  b a s ic  d ifferen tia l e q u a tio n  fo r th e  g row th  and  decay  o f  w eak  
d isco n tin u itie s  a sso c ia ted  w ith  th e  w ave surface S(t).

In te g ra tio n  o f  E q . (26) y ie lds:

c = 3/2

—  I eXP 
Qol
i _ ] 3 2o

—  Co U012 6o 3/2 exP
1 +  2o £  (y(q) +  i}  (qU)112 X

exp 1 + 2
- f2 U Jo

Qdx dr

w h e re  S(t) =  S 0, А =  A0, |  =  | 0, £ =  C0, I /  =  U0, q =  ç 0 a t  t =  0. 
I f  £0 >  0, w e have  the  c r ite r ia

J* {y(q) +  i}  (qV)112 exp J1 ^  g- -  Jo J ü ® dr) dr
2 eg/2 e<1+«»//e

Co UJ/2

fo r  “ blow u p ”  a t  a  f in ite  tim e T.
I f  we asso c ia te  f  —*- oo, w ith  th e  fo rm a tio n  o f a shock, th ese  rem ark s 

m a y  be th o u g h t o f  as a g en era liza tio n  of th e  co rrespond ing  s ta te m e n t in  R am 
[13] and  R ama  S h a n k a r  [12] ( if  w e consider q o f [12] as a m ass-frac tion  
v a riab le )  w here th e  surfaces S(t) a re  p lanes. T h u s , th e  d issocia ting  c h a ra c te r
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o f th e  gas allow s th e  ex istence  o f s in g u la r surface c a rry in g  a w eak d isco n ti
n u ity  in to  a n o n -u n ifo rm  m edium . T his w eak  d isc o n tin u ity  m ay  grow  in to  
a  shock an d  th e  ro le  o f m ass-frac tion  v a ria b le  is to  c o n tr ib u te  to  possib le 
dam ping  in  th e  fo rm a tio n  o f th e  shock.
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C A L C U L A T I O N S  I N  A  M O D E L  P O T E N T I A L  F I E L D  

F O R  T H E  I S O E L E C T R O N I C  S E R I E S  

O F  T H E  L i  A T O M

By

R . Gá spá r  aad I . K oós

IN S T IT U T E  O F  T H E O R E T IC A L  P H Y S IC S , K O S S U T H  L A JO S  U N IV E R S IT Y , H -4010 D E B R E C E N

(Received 25. VII. 1978)

The pseudopotential method is used to calculate the ground states and excited states 
of the Li atom and those of the ions of its isoelectronic series in the first row of the periodic 
system. The energy eigenvalues and the pseudowavefunctions were computed numerically. 
The agreement between the calculated and empirical energies is good. The method is appro
priate to consider the effect of the inner orbitals of many-electronic systems on the valency 
electrons.

In tro d u c tio n

T he so lu tio n  of th e  H a r tre e — F o ck  equ a tio n s causes g rea t d ifficu lties  in  
th e  co m p u ta tio n s  of a to m ic , m o lecu lar an d  solid s ta te  p ro p ertie s . T h ere  are 
a n u m b er o f a tte m p ts  to  s im p lify  e ith e r  th e  m ethods o f so lu tio n  or th e  s tru c tu re  
o f  th e  eq u a tio n s . One o f  th e  possib ilities is th e  in tro d u c tio n  o f th e  p seu d o 
p o te n tia ls , w h ich  m eans to  ta k e  in to  acco u n t th e  o rth o g o n a lity  o f th e  
valence s ta te s  to  th e  core s ta te s  w ith  a repu lsive  te rm  [1]. I n  th e  H a r tre e — 
F o ck  eq u a tio n s  one m ay  t r y  to  su b s ti tu te  th e  sum  o f th e  te rm s  of th e  nucleus- 
e lec tro n  in te ra c tio n , th e  C oulom b an d  th e  e x ch an g e -in te rac tio n  w ith  a C oulom b 
like  an d  a non-local rep u ls iv e  p o te n tia l. In  th is  w ay  we can  a t ta in  so consider
ab le  a re d u c tio n  on th e  c o m p u ta tio n a l e ffo rt th a t  th e  ca lcu la tions m a y  be 
ca rried  o u t fo r th e  a to m ic  sy stem s w ith  sm all or m ed iu m  size co m p u ters  [2]. 
T here  are  fu r th e r  possib ilities o f th e  ap p lica tio n s o f th is  m e th o d  in  th e  m ole
cu la r an d  th e  solid s ta te  fie ld .

W e h av e  tr ie d  to  s u b s ti tu te  th e  non  local p o te n tia l  w ith  a lin ea r  com 
b in a tio n  o f a local rad ia l p a r t  m u ltip lied  b y  p ro jec tio n  o p e ra to rs  in  th e  an g u la r 
m o m en tu m  space. The loca l ra d ia l p a r t  is a G auss-type  te rm , w hich  con ta in s 
som e a d ju s ta b le  p a ra m e te rs . T h e  values o f th ese  p a ra m e te rs  h av e  been  o b ta in ed  
n u m erica lly  w ith  a sem iem pirica l p rocedure . S u b s titu tin g  th ese  va lu es  of 
p a ra m e te rs  in to  th e  G aussian  te rm , we h av e  ca lcu la ted  som e energy  eigenvalues 
an d  pseudow avefunctions o f  th e  L i a to m  an d  its  isoelec tron ic  series, n u m e
rica lly  too .
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T he pseudopoten tia l

L et us consider th e  H a r tre e — F ock  equ a tio n s o f an  a to m  w ith  N  e lectrons 
in  th e  form

N

w h ere

Я (1 ) +  N '< ^ 1 ^ 1 ( 1  -  P 12) I fj>
7=1

Wii1) =  E i Wii1) >

щ  1) 1 d z—  A x ~  —
2 r,

( 1 )

(2)

z th e  atom ic n u m b e r, P 12 th e  p e rm u ta tio n  o p e ra to r  an d  th e  q u a n titie s  are  
m easu red  in  a to m ic  un its .

I f  we use th e  E q . (1) th e  w av efu n c tio n  o f th e  a to m  is

y> =  N~*
Wi(l ) Vi(2) 
W 1) Wz(2) 
Wn Í 1) Wn {2)

Wi (N)  
Vz(N) ,
Vn (N)

(3)

w h ere  y>N is th e  w av efu n c tio n  o f  th e  valence e lec tron  a n d  th e  ipj fu n c tio n s 
a re  assum ed to  b e  o rth o g o n al ones. L e t us w rite  ipN in  th e  follow ing form :

Wn  =  Wo
N —1

2 ■i Wh 4  =  (.Wi I Wo> ( 4 )
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w h ere  ip0 is not o r th o g o n a l to  th e  core fu n c tio n s ipt. W e can  su b s titu te  ( 4 )  

in to  th e  d e te rm in a n t ( 3 ) ,  an d  w e ge t th e  H a r tre e —F o ck  eq u a tio n s  (1) in  th e  
fo rm

(H F +  V R) ip0 =  E n  y>0, (5)
w here

H p =  Я (1) +  N2  <Wj I r £ (  1 -  p 12) I wi>'\ (6)
7=1

a n d

(En -  Ej) I f j y (xpj I . (7)
__ _  _______l 7=i .. . ____  __ _

V R is called th e  p se u d o p o te n tia l. ] Й$ ‘ $ |i«
H e l l m a n n  s u g g e s t e d  [ 3 ]  t h a t  t h e  t o t a l  i n t e r a c t i o n  p o t e n t i a l  s h o u l d  b e  

w r i t t e n  i n  t h e  f o r m

VH =  — —  +  A  exp  { — ar}/r . (8)
r

W e can  d iscover o th e r  form s su ch  a s —Z /r +  A  e/r-ar, —Z /r  -f- A elr~ r an d  so 
o n  used  before. T h e  la t te r  fo rm  h as been em ployed  b y  R a y  a n d  S w i t a l s k i  [ 4 ] .
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W ith th is potentia l we have also calculated num erically some energy eigen
values and th e  eigenfunctions using the param éteres obtained by R ay  and 
S w i t a l s k i .

L e t th e  fo rm  o f th e  p seu d o p o ten tia l be

П г) =  - - + 2 А 1е - £ Р 1, (9)
r i

w here Z  is th e  n u c lea r charge  m inus th e  n u m b er o f  core e lectrons an d  
an d  at th e  p a ra m e te rs  of th e  p seu d o p o ten tia l for th e  s ta te  w ith  q u a n tu m  
n u m b er l, re sp ec tiv e ly , P , p ro jec tio n  o p e ra to r. T he p o te n tia l  consists o f tw o 
te rm s: th e  f i r s t  is a C oulom bic te rm  an d  th e  second h as  G aussian  fo rm . T he 
la t te r  will be  used  fo r th e  d escrip tion  o f an  e lec tron , m oving  in  th e  fie ld  of 
an  (Is)2 closed  shell ion  exclud ing  th e  C oulom b te rm , b u t  inc lud ing  a ll o th e r 
in te ra c tio n s  e.g. co rre la tio n , p o la riza tio n , etc.

T h e re  a re  a n u m b e r o f w ays to  d e te rm in e  th e  p a ra m e te rs  of (9). A t th e  
f ir s t  t r ia l  a v a r ia tio n a l m e th o d  w ith  d o u b leze ta  w ave fu n c tio n s has b een  used. 
T h e  co m p u te d  energy-values w ere f i t te d  to  th e  2s, 3s an d  2p ,  3p  te rm s  o f th e  
L i a to m  a n d  th e  ions o f its  isoelec tron ic  series, resp . [5].

H ere  th e  p a ra m e te rs  A t and  at h av e  been  d e te rm in ed  b y  a num erica l 
p rocedure . L e t us consider th e  one-e lec tron  w av efu n c tio n s in  th e  fo rm

V n J i )  =  —  p m{r) Y lm(ê, x) , (10)
r

w here Y Im a re  spherica l harm onics. B ecause th e  c o m p u ta tio n s  h av e  b een  c a r
ried  o u t fo r  a to m s co n ta in in g  one v a len cy  e lectron , th e  dependence o f  one- 
e lec tron  w av efu n c tio n s  u p o n  th e  sp in  coo rd inates h as  b een  neg lec ted .

B y  in se r tin g  th e  fu n c tio n  (10) in to  th e  eq u a tio n

rOx +  V(r) W nlm  =  E n l V n ln ( И )

o b ta in ed  fro m  th e  E q s. (5) an d  (6), and m u ltip ly in g  th e  E q . (11) from  le f t by  
th e  <Ylm I, w e o b ta in  th e  ra d ia l S chrôd inger e q u a tio n

1 d*Pnl
2 d r2

1(1 +  1)
P n, =  0 . ( 12)

To sim p lify  th e  fo rm  o f E q . (12), i t  is co n v en ien t to  in tro d u c e  R y d b e rg  u n its  
fo r th e  en e rg y  a n d  th e  p o te n tia l. T h en  E q . (12) becom es

d2P ni , 
d r 2

21(1 +  1)
n l (13)
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T he n u m erica l so lu tion  o f  th is  eq u a tio n  has been o b ta in e d  b y  a su b 
ro u tin e  suggested  b y  H e r m a n  a n d  S k i l l m a n  [ 6 ] .  T he p o n te n tia l  H ;( r )  in  
E q . (13) has to  sa tis fy  the  co n d itio n s

a n d

lim  r V t(r) =  —Z  (14a)
r - o

lim  V [(r) =  0, (14b)
r -* -o o

w h ich  is in  ag reem en t w ith  th e  fo rm  (9) se lec ted  b y  us. T h e  p a ra m e te rs  A l 
a n d  a , in  (9) h a v e  been  d e te rm in ed  b y  th e  re q u ire m e n t th a t  th e  energy  v a lu e  
fo r  th e  g round  s ta te  and  th e  en e rg y  v a lu e  fo r th e  f irs t  ex c ited  s ta te  (if l =  0), 
th e  energy  va lu es  o f th e  firs t a n d  second  ex c ited  s ta te s  (if l =  1) com p u ted  from  
(13) agree w ith  th e  ex p erim en ta l v a lu es , re sp ec tiv e ly . This re q u ire m e n t m eans 
t h a t  we have  to  solve th e  eq u a tio n s

Enl(A b al) =  En*pi n =  «1* n 2’ ( 1 5 )

w h ere  E cnl(A h eq) a re  th e  c o m p u ted  energy  v a lu es  a t  som e p a ra m e te r  va lues 
a n d  E ê p is th e  exp erim en ta l v a lu e .

T he so lu tio n  o f th e  sy stem  o f eq u a tio n s (15) has been o b ta in e d  b y  d e te r 
m in in g  th e  ro o ts  o f  th e  n o n lin ea r eq u a tio n

f ( A h ai)
E n t l i e h  a l )  —  E „ * p 1 E Cn M n  « Л  -  E en y

1
E en ï p

(16)

T h e  G auss—Seidel m ethod  a n d /o r a  ran d o m -sea rch  m eth o d  h as  been  su itab le  
fo r  th is  pu rpose . T h e  convergence o f b o th  m e th o d s  has been  n e a rly  th e  sam e.

T he fu n c tio n  f ( A t, a,) in  E q . (16) has b een  regarded  to  be  zero, i f  th e  
I f  I <C e co n d itio n  has been sa tis f ied , w here  e =  0.01 h as  b een  selected  in  
o u r  case.

D iscussion  of resu lts

T he ca lcu la tio n s w ith  th e  G aussian  p se u d o p o ten tia l (9) w ere p erfo rm ed  
o n  th e  Li a to m  a n d  th e  ions o f  i ts  isoelec tron ic  series. T h e  p a ra m e te rs  h av e  
b e e n  d e te rm in ed  fo r th e  1 =  0 a n d  1 = 1  s ta te s . The re ference  energy levels 
h a v e  been th e  low est ex p e rim en ta l s ta te s  2s, 3s and  2p ,  3p ,  re spec tive ly .

In  T ab le  I  th e  p a ram e te r  v a lu es  d e te rm in ed  w ith  th e  do u b le-ze ta  w ave- 
fu n c tio n  an d  th e  num erica l one a re  p resen ted . W e m ay  ob serv e  considerab le  
ag reem en t b e tw een  th e  p a ra m e te rs  <q, co m p u ted  w ith  d iffe ren t w avefunc tions. 
I n  th e  c a lcu la tio n a l process m ore  ro o ts  o f fu n c tio n  (16) h a v e  been  o b ta in e d  
a t  som e e lem en ts. I n  th is  case th e  values ly in g  n ea re s t to  th e  values o b ta in 
ed  b y  th e  d o u b le -ze ta  w av efu n c tio n  m eth o d  h a v e  been  chosen.
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Table la

Parameters of the potential V/(r) determined with the double-zeta wavefunction variationally 
and with the numerical method (l =  0)

A 0 a o

D o u b le  z e ta N u m e ric a l D o u b le  z e ta N u m e ric a l

1 11.470 53.528 3.1113 3.0881
2 20.345 77.185 5.2933 5.2939
3 30.408 32.178 7.7567 5.2173
4 31.690 52.458 8.0076 8.0076
5 39.390 55.590 9.6892 9.6891
6 54.942 76.330 13.318 13.320
7 78.083 123.12 18.813 18.810

Table lb

Parameters of the potential VДг) determined with the double-zeta wavefunction and with the
numerical method (i =  1)

A «1

D o u b le  z e ta N u m e ric a l D o u b le  z e ta N u m e ric a l

1 — 5.2287 — 1.0831 1.4464 1.4464
2 — 8.2100 — 8.2080 7.0004 7.0110
3 — 11.894 — 11.894 13.504 13.504
4 — 15.271 — 15.083 20.631 20.631
5 — 16.603 —  16.604 29.156 29.156
6 —  17.090 —  20.490 37.860 37.860
7 —  17.522 —  17.980 47.228 47.090

Table Ha

Energy eigenvalues computed by numerical integration for the Li atom at l =  0 with
different pseudopotentials

— E  (in  R y d b erg  u n its )  Z  =  1

n E x p e rim e n ta l
N u m e ric a l

A  =  53.5287 
a =  3.08811

D o u b le  z e ta  
A  =  11.47005 
a =  3.11307

R a y  — S w i t a l s k i

1 0.39643 0.40210 0.48554 0.39894
2 0.14842 0.14806 0.16510 0.15054
3 0.077262 0.076172 0.082517 0.077467
4 0.047293 0.046383 0.049580 0.047064
5 0.031911 0.031131 0.032776 0.031527
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In  Tables I I — I I I  we p re se n t th e  energy  eigenvalues co m p u ted  b y  th e  
n u m erica l in te g ra tio n  procedure  o u tlin ed  b efo re  w ith  th e  p seu d o p o ten tia l 
f ie ld  (9) w ith  th e  n u m erica l an d  th e  do u b le -ze ta  p a ra m e te r  v a lu es , re sp e c ti
v e ly , th e  R a y — S w it a l sk i p o te n tia l and  th e  e x p e rim e n ta l energy  va lu es  [7 ].

Table lib

Energy eigenvalues computed by numerical integration for the Li atom at l =  1 with
different pseudopotentials

—E  (in R y d b e rg  u n ite )  Z  =  1

n E x p e rim e n ta l
N u m erica l 

A  =  -1 .0 8 3 1  
a =  -1 .4 4 6 3 7

D o u b le  z e ta  
A  =  -5 .2 2 8 6 8  

a =  1.44637
R a y —  S w i t a l s k i

2 0.26056 0.26095 0.53752
3 0.11450 0.11287 0.16369
4 0.063980 0.062729 0.081915
5 0.040783 0.039842 0.048676
6 0.028253 0.027489 0.032501

Table Ilia

Energy eigenvalues computed by numerical integration for the 0 S+ ion at i =  0 
with different pseudopotentials

— E  (in R y d b e rg  u n its )  Z  =  6

n E x p e r im e n ta l
N u m erica l 

A  =  76.3259 
a =  13.32

D o u b le  z e ta  
A  =  54.94254 
a =  13.318322

R a y  — S w i t a l s k i

l 10.155 10.244 11.283 10.212
2 4.3208 4.2799 4.6143 4.8958
3 2.3822 2.3340 2.4938 2.6383
4 — 1.4745 1.5502 1.6328
5 — 1.0165 1.0563 1.1066

F o r  saving sp ace  th e  Tables c o n ta in  th e  en e rg y  values fo r th e  L i a to m  
a n d  th e  0 5+ io n  o n ly . The energy  eigenvalues c o m p u ted  w ith  th e  n u m erica l 
p a ra m e te rs  are  in  ag reem en t w ith  th e  e x p e rim e n ta l ones w ith in  th e  p recision  
o f  th e  accuracy  o f  th e  f ittin g  c rite rio n  (16) a t  th e  excited  s ta te s , to o . T he 
ag reem en t b e tw een  th e  energies ca lcu la ted  b y  th e  num erica l an d  th e  ex p e ri
m e n ta l p a ra m e te rs  is b e tte r  th a n  th e  ag reem en t o f  th e  energies w ith  th e  double- 
z e ta  p a ram e te rs ; th e se  la t te r  a re  som etim es ev en  low er th a n  th e  e x p e rim e n ta l 
ones. This fa c t c a n  be easily ex p la ined , w hen  w e observe th a t  th e  p o te n tia l
(9) w ith  th e  d o u b le -z e ta  p a ra m e te rs  is less re p u ls iv e , th a n  th e  p o te n tia l  w ith  
th e  num erical p a ra m e te rs .
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Table Illb

Energy eigenvalues computed by numerical integration for the 0 5+ ion at 1 =  1 
with different pseudopotentials

— E  (in Rydberg units) Z =  6

n Experimental
Numerical

A  =  -20.4903 
a = 37.8607

Double zeta 
A  =  -17.0903 

a =  37.8607
R a y — S w i t a l s k i

2 9.2770 9.3049 9.3563 9.3531
3 4.0831 4.0684 4.0483 4.0404
4 2.2852 2.2588 2.2617 2.2368
5 — 1.4340 1.4255 1.4271
6 — 0.99093 0.98557 0.98158

The ra d ia l p seudow avefunc tions w ith  th e  d iffe ren t p a ra m e te r  values 
in  th e  p o te n tia l ( 9 ) ,  tho se  o f th e  R a y — S w i t a l s k i  p o te n tia l an d  th e  w ave- 
fu n c tio n  for th e  L i o b ta in e d  from  th e  H a r tr e — F o ck  ca lcu la tio n s [8] are ex h i
b ite d  in  F igs. 1, 2 , 3 an d  4. T h e  w av efunc tions a re  p lo tte d  fo r th e  s ta te s  1 =  0 
a n d  / =  1 re sp ec tiv e ly  an d  fo r th e  Li a to m  a n d  0 5+ ion only . In  th e  F igures 
i t  m ay  be seen t h a t  th e  m ax im a  o f th e  n u m erica l w av efu n c tio n s are alw ays 
fa r th e r  from  th e  o rig in  th a n  th o se  com p u ted  w ith  th e  do u b le -ze ta  p a ram e te rs  
b y  th e  sam e m e th o d . T h is is d u e  to  th e  m ore pow erfu l rep u ls io n  o f th e  po ten -

Fig. 1. Radial part of the wavefunctions computed with different parameter sets and different 
pseudopotentials, and the Hartree—Fock wavefunction for the Li atom at n =  2, 1 =  0 

---------numerical; - - - - double-zeta; . . . .  R a y—Sw it a l s k i, —•—•— •— H a r t r e e —F ock
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Fig. 2. Radial part of the wavefunctions computed with different parameter sets and different
pseudopotentials for the Li atom at n =  2, l =  1. — -----  numerical; - - - - double-zeta;

. . . .  R a y — Sw it a lsk i

tia ls obtained by the num erical m ethod, as com pared w ith  the other ones. 
A lthough the pseudow avefunctions are nodeless (in the ground state) th e y  have  
som e oscillations close to the origin, w hich is more conspicuous for w avefunc
tion s for the ions w ith  higher atom ic number.

R(r)f

Fig. 3. Radial part of the wavefunctions computed with different parameter sets and different 
pseudopotentials for the 0 5+ ion at n =  2, 1 = 0 .  --------- num erical;------ double-zeta
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Fig. 4. Radial part of the wavefunctions computed with different parameter sets and different
pseudopotentials for the 0 5+ ion at n — 2, 1 =  1. --------- numerical, - - - - double-zeta;

. . . .  R a y — Sw it a l sk i
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M O L E C U L E S

By

R. K çpa

ATOMIC AND MOLECULAR PHYSICS LABORATORY, PEDAGOGICAL COLLEGE, RZESZÓW, POLAND

(Received 25. VII. 1978)

In the emission spectrum of the carbon monoxide isotopic molecules the Herzberg 
bands at a 0.6 Â/mm dispersion have been obtained. For the 13C160  molecule all the seven bands 
of this system have been obtained and for the 1!CleO molecule the 0—2 and 0—3 bands only. 
A rotational analysis of these hands has been performed and the following constants were 
determined: the rotational constants of the Cl£ + and АЧ1 states, the hand origins for the 
СХЕ + — A lIJ transition, and the new vibrational constants for the C12,'+ state.

In tro d u c tio n

The Cxi7 + s ta te  w as th e  su b jec t of m a n y  s tu d ies  in  new  sy s tem a tic  in v e s
tig a tio n s o f th e  e lec tro n ic  levels o f th e  CO m olecu le , perfo rm ed  in  recen t y ears . 
P ossib ility  fo r i ts  ex p lo ra tio n s is given in  th e  a b so rp tio n  as well as in  th e  em ission 
spectrum . In  th e  ab so rp tio n  sp ec tru m  th e  CXE + s ta te  can  be in v es tig a ted  from  th e  
H o p fie ld —B irge b a n d  system  (C1E + — X xi7+ tra n s itio n )  s itu a te d  in  th e  v acu u m  
u ltrav io le t reg ion . In  em ission, C s ta te  can  b e  in v e s tig a te d  from  th e  H erzb erg  
b an d s (C1i7+ — A T I  tran s itio n ) s itu a ted  in  th e  visible an d  n e a r u ltra v io le t 
region. A n in te rc o m b in a tio n  C,E + — a '327+ em ission b an d s, on ly  once m en 
tioned  [12], does n o t give any  fu r th e r  possib ility  fo r stud ies, th a n  th e  one d e r iv 
ed from  th e  ab o v e  tran s itio n s .

Up to  now  m o st o f th e  in fo rm atio n  a b o u t th e  C s ta te  has been derived  
from  th e  high re so lu tio n  stud ies o f  th e  C — X  tra n s itio n , re p o rte d  b y  T i l f o r d  
an d  V a n d e r s l i c e  [22]. T he 0 —0 and  1—0 b a n d s  o b ta in ed  in  12C160  an d  13C160  
m olecules b y  th e se  au th o rs  have  m ade th e  ca lcu la tio n  o f th e  m ain  m olecular 
co n stan ts  in  th is  s ta te  possible. A fter d e ta ile d  considera tions, how ever, i t  
seem s th a t  th e  c o n s ta n ts  ob ta in ed  are d o u b tfu l. The sam e s itu a tio n  occurs 
for th e  co n stan ts  o f  th e  B 1E + s ta te , derived  in  th is  paper from  th e  analysis of 
th e  bands o f th e  В  — X  system . N am ely , in  th e  ca lcu la tions o f th e  v ib ra tio n a l 
co n stan ts  th e  a u th o rs  have o m itte d  the  e lec tro n ic  iso tope effect, w h a t w ould 
n o t have been necessa ry , if  b o th  o b ta ined  v ib ra tio n a l q u a n ta  h a d  been used .

Such an  assu m p tio n  has a sign ifican t e ffec t upon  th e  c o n s ta n t va lues 
(as can be seen fro m  th e  d e ta iled  co nsidera tions) and  co n sequen tly  th ese  
values are v e ry  defo rm ed . F o r exam ple th e  a>ex e c o n s ta n t va lues o f b o th  th e
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Table I

0—0 band lines of 13Cle0  (in cm-1)

J Я Q P

1 27168.695** 27164.557*
2 27181.209 169.910 162.529

3 187.049 171.975 160.874*
4 193.425 174.734* 159.931
5 200.920 178.569 159.931
6 209.800 182.542 27154.610 161.488
7 220.305* 27208.190* 187.659 163.210 164.557 27152.493
8 234.040 220.305* 193.807 172.760 170.800 157.104
9 231.424 201.186 183.028 160.874*

10 242.590 210.461 192.720** 164.557*
11 254.099 222.102 203.435 168.695**
12 266.373 235.950** 213.032* 173.526
13 265.280 279.668 222.590 164.910 179.423
14 294.750 282.774 232.389 175.120 187.049
15 299.446 312.673* 242.590 184.383 197.611
16 315.138 253.374 192.720
17 330.778 264.711 200.920
18 346.693 276.665 209.437
19 363.125 289.262 218.489
20 380.149 302.509 228.140
21 397.817 316.435* 239.433
22 416.250* 331.138 249.490
23 340.391* 347.374 262.086
24 361.591 272.630
25 378.823 286.183
26 397.308 301.028

C and  В  s ta te s  o b ta in e d  u n d e r th is  a ssu m p tio n  are on ly  ab o u t h a lf  o f  th e  real 
values.

O th er p ap e rs  pub lished  on th e  C s ta te  w ere concerned  w ith  th e  H erz- 
b e rg  b ands, b u t  as th e y  w ere b ased  u p o n  e ith e r  f ra g m e n ta ry  or in su ffic ien tly  
accu ra te  ana ly ses  th e y  did n o t g ive an y  fu r th e r  in fo rm atio n  a b o u t th is  
s ta te  [5, 9]. T herefo re  th e  a u th o r  a t te m p ts  to  give com plete  s tud ies o f  th e  C 
s ta te  b y  m ean s o f  analyses o f th e  H erzb erg  b an d s  in  iso top ic  m olecules. I n  th is  
w ay , due to  th e  ad v an tag eo u s lo ca tio n  o f th ese  b an d s an d  b y  th e  use o f  m olecules
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Table II

0—1 band lines of 13C160  (in cm-1)

R Q P

25722.794** 25715.389 25711.659
727.941 716.791 709.373
733.753 718.877 707.743
740.251 721.681* 706.814
747.462 725.176 706.603
755.367 729.363 707.065
763.969 734.257 708.204*
773.268 739.843 710.113
783.271 746.126 712.690
793.949 753.119 715.955
805.347 760.832* 719.930
817.436 769.324 724.615
830.258 779.482 25774.940 730.009
843.864 787.448 736.215
858.620 798.100 743.573

25871.180 809.325 25748.727
887.450 821.241 757.632
903.876 833.972 766.634
920.858 845.671 850.365 776.205
938.497 860.486 786.493
956.826 875.227 797.439
975.827 890.604 809.100

906.630 821.419
923.375 834.471
940.822 848.243
959.053 862.785
976.313 876.398

893.364
910.004
927.294

. 945.290
963.953
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Table Ш

0—2 band lines of 13Cle0  (in cm-1)

J R Q P

1 24300.013 24296.035*
2 24312.659* 301.489 293.873*
3 318.563 303.690 292.446*
4 325.227 306.645 291.747*
5 332.618 310.344 291.747*
6 340.774 314.767 292.446*
7 349.615 320.029 293.873*
8 359.212 325.631 296.035*
9 369.553 332.348 298.967

10 380.628 339.730 302.629
11 392.442 347.847 307.029
12 404.984 356.690 312.163
13 418.287 366.274 318.041
14 432.300 376.594 324.662
15 447.068 387.651 332.029
16 462.569 399.459 340.136
17 478.824 412.012 348.990
18 495.817 425.300 358.599
19 513.566 439.343 368.952
20 532.057 454.131 380.074
21 551.335 469.679 391.976
22 571.418 485.984 404.681
23 592.392 503.052 418.287
24 520.946 433 381
25 539.660 455.138
26 559.385 24461.107
27 580.727 476.840
28 607.423 24592.392

m ore  enriched w ith  13C iso tope, th e  d e te rm in a tio n  of th e  line w ave n u m 
b e rs  m ay  be p e rfo rm ed  w ith  g re a te r  accu racy  th a n  in  v acu u m  u ltra v io le t 
s tu d ie s .

T he H erzb erg  b an d s in th e  UC180  m olecule h a v e  been th e  su b je c t of 
p rev io u s analyses [15]. In  th is  p a p e r  th e  analysis o f th is  system  in  13Cle0  and  
p a r t ly  in  12C160  m olecules is p re sen ted .
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Table IV

0—3 band lines of 13C160  (in cm-1)

J R Q P

1 22923.907** 22916.454** 22912.754*
2 929.129** 918.040 910.606
3 935.244 920.377 909.236
4 942.072 923.493 908.644
5 949.684 927.403 908.809
6 958.088 932.043* 909.783
7 967.210* 937.546 911.532
8 977.216 943.786 914.060
9 987.948 950.806 917.373

10 999.458 958.605 921.464
11 23011.760 967.205 926.341
12 024.828 976.563 932.043*
13 038.677 986.715 938.434
14 053.313 997.646 945.670
15 068.740 23009.368 953.686
16 084.935 021.878 962.491
17 101.921 035.176 972.082
18 119.703 049.281 982.465
19 138.278 064.224 993.653
20 157.656 080.205 23005.654
21 177.876* 102.586 23094.658 018.502
22 199.091 112.861 032.358
23 23222.922 131.029 048.801 23039.996
24 149.939 059.954
25 169.696 076.356
26 093.218

E x p erim en ta l procedure

T he em ission sp ec tru m  o f th e  H erzb erg  bands h as  been  o b ta in e d  from  
a ho llow -cathode ty p e  lam p . T h is ty p e  o f lam p , a lth o u g h  m an y  o th e r  d ischarge 
tu b e s  w ere tr ie d , p rov ided  th e  h ig h es t in te n s ity  o f th e  H erzberg  b a n d s  re la tiv e  
to  o th e r  “ b len d in g ”  system s. To o b ta in  th e  sp ec tru m  o f th e  12CleO m olecule, 
a lam p  w as filled  w ith  gaseous ca rb o n  d iox ide o f sp ec tra l p u rity . T h e  sp ec tru m  
o f th e  13Cle0  m olecule w as o b ta in ed  from  a lam p  filled  w ith  gaseous carbon
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Table V

0—4 band lines of 13C160  (in cm-1 )

J R Q P

1 21566.514*
2 21579.186* 568.173 21560.697
3 585.365* 570.643 559.462
4 592.361* 573.867* 559.065*
5 600.218* 578.039 559.462
6 608.933* 582.977 560.697
7 618.430* 588.739 562.744
8 628.699* 595.328 565.586
9 639.846* 602.742 569.310

10 651.816* 610.976 573.867*
11 664.563* 620.029 579.186*
12 678.229* 629.919 585.365*
13 692.620 640.630 592.361*
14 707.861 652.163 600.218*
15 723.924 664.563* 608.858*
16 740.819 677.717 618.354*
17 758.535 691.739 628.699*
18 777.079 706.593 639.846*
19 796.437 722.261 651.816*
20 816.628 738.779 664.563*
21 837.595* 756.112 678.229*
22 859.493 774.294 692.729*
23 882.163 793.366 708.044
24 813.031 724.213
25 833.732 741.062
26 855.250 758.993
27 877.804* 777.715

d io x id e  enriched in  95 %  iso to p e  13C. P ressure in  b o th  ty p es  o f th e  lam ps w as 
3 m m H g. The la m p s  w ere su p p lied  b y  600 У  d .c . g en e ra to r  w ith  c u rre n t a b o u t 
50 m A . P h o to g ra p h s  w ere m ad e  in  th e  5 th , 6 th  a n d  7 th  o rders o f th e  p la n e 
g ra tin g  PGS-2 sp e c tro g ra p h  (У Е В  Carl Zeiss, J e n a )  w ith  a rec ip rocal lin ea r  
d ispersion  from  0.38  Â /m m  to  0.83 Â /m m . E x p o s itio n s  w ere m ade on O R W O  
U V l- ty p e  p la te s  fo r  sh o rte r  w av e len g th  b an d s  a n d  on A gfa-G evaert 68A56 
p la te s  for th e  lo n g e r w av e len g th  i.e . for th e  0 —4, 0 —5 an d  0 —6 b ands. T he
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Table VI

0—5 band lines of 13C160  (in cm-1)

J R Q P

2 20262.840** 20251.664* 20244.219**
3 269.084* 254.292 243.098
4 276.308 257.753 242.870
5 284.364 262.063 243.495
6 293.284 267.273 244.976
7 303.062 273.353 247.341
8 313.729 280.257 250.560
9 325.252 288.122 254.654

10 337.640 296.767 259.632
11 350.897 306.331 265.465
12 365.004 316.747 272.170
13 380.023 328.020 279.762
14 395.871 340.188 288.167*
15 412.591 353.216 297.556
16 430.180 367.121 307.754
17 448.666 381.893 318.837
18 468.018 397.542 330.791
19 488.252 414.069 343.625
20 509.339* 431.482 357.344
21 449.764 371.919
22 468.900 387.427
23 489.034

exposure  tim e  o f  b an d s  ran g ed  from  2.5 to  7 h o u rs . F o r th e  w av e len g th  ca lib ra 
tio n  F e  a n d  K r  s ta n d a rd  lines from  th e  ho llo w -ca th o d e  ty p e  lam p  a n d  o rd in a ry  
G eissler lam p  w ere  em ployed. T h e  m e a su re m e n ts  of th e  lines w ith  a n  accu racy  
(1 jum) w ere p e rfo rm ed  using  A b b é-ty p e  c o m p a ra to r . As a re su lt o f  th e  d ev ia 
tions an a ly sis  o f  th e  ca lib ra tio n  sp e c tru m  lin es , th e  accu racy  o f  b a n d  lines 
w as e s tim a te d . T h e  abso lu te  accu racy  is a b o u t 0.005 — 0.010 c m -1  an d  0 .003—
0.005 c m -1  is th e  in te rn a l one. T he lines m a rk e d  b y  one or tw o a s te risk s  fo r 
v a rious reaso n s, sm all in te n s ity , b len d in g , e tc . a re  re sp ec tiv e ly  less a c c u ra te . 
C a lcu la ted  v a lu es  o f  th e  w ave n u m b ers  o f  th e  lines for th e  0 —0, 0 —1 up  
to  th e  0 —6 b a n d  in  th e  13C160  m olecule a re  l is te d  in  T ab les I  to  V I I .  W ave  
n u m b ers  o f  lines fo r th e  0 —2 an d  0 —3 b a n d s  in  th e  и Си О m olecule a re  g iven  
in  T ab les V I I I  a n d  IX .
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Table УП

0—6 band lines of 13Cle0  (in cm-1)

J R Q P

2 18964.676*
3 967.852
4 971.879 18957.460**
5 18999.051 976.768 958.200**
6 19008.390 982.517 960.207
7 018.881 989.149 963.132
8 030.105 996.656 966.937
9 042.209 19005.057 971.683*

10 055.192* 014.319* 977.199
11 069.067 024.498 983.646
12 083.844 035.550 990.995
13 099.503 047.514 999.245
14 116.007 060.370 19008.390
15 133.541 074.141 018.468
16 151.863 088,805 029.440
17 171.277 104.459 041.427
18 191.270* 120.817 054.056
19 212.382** 138.218 067.777
20 156.522* 082.423
21 097.939

R esu lts an d  discussion

The B 0 an d  D 0 ro ta tio n a l c o n s ta n ts  fo r th e  C s ta te  w ere d e te rm in ed  fro m  
R (J )  and  P(J)  b r a n c h  lines, b y  m eans o f A 2F '(J )  te rm  differences. F o r  th is  
p u rp o se , average v a lu e s  of th e se  d ifferences w ere d e te rm in ed  from  a ll th e  
se v e n  bands in  th e  13O 60  m olecule, an d  from  b o th  analysed  b an d s  in  th e  
12CleO m olecule. U s in g  th e  lea s t-sq u a re s  m e th o d , b y  m eans o f th e  e q u a tio n :

A 2F ' ( J )  =  (4B 0 -  6D 0)(J +  1/2) -  8D 0(J  +  Щ 3, (1)

th e  following c o n s ta n ts  were ca lcu la ted :

B £ =  (1.85847 ±  0.00015) c m 4 ,

Dc0 =  (5.67 ±  0.19) • 10-«  c m " 1

fo r  th e  13CieO m olecu le  and
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Table V in

0—2 band lines of 12C160  (in cm-1)

J R Q P

1 24244.041 24239.958
2 24257.236 245.593 237.768*
3 263.400** 247.900 236.170*
4 270.414 250.984 235.419
5 278.154 254.859 235.419
6 286.667 259.519 236.170*
7 295.955 265.128 237.664
8 306.011 270.912 239.958
9 316.843 277.918 243.021

10 328.435 285.657 246.860
11 340.798 294.158 251.473
12 353.936 303.430 256.863
13 367.865 313.475 263.029
14 382.537 324.287 269.973
15 398.000 335.877 277.695
16 414.234 438.231 286.194
17 431.250 361.381 295.479
18 449.033 375.306 305.546
19 467.610 390.007 316.402
20 486.973 405.496 328.045
21 507.117 421.773 340.490
22 528.079 438.840 353.755
23 549.916 456.701 367.865
24 572.897 475.386 383.080
25 24598.350* 494.919 400.948 24389.451
26 515.369 414.234
27 537.002 430.266
28 561.294 24544.412 448.465
29 467.357

B c0 =  (1.94345 ±  0.00007) c m “ 1, 

D c0 =  (6.28 ±  0.07) • lO “ 6 c m - 1

for th e  12C160  m olecule. O n th e  basis  o f th e se  B c0 c o n s ta n t va lu es  an d  th e  
co n stan t o b ta in ed  in  th e  12C180  m olecule [15], in c lu d in g  also th e  B 0 an d  B± 
co n stan ts  d e te rm in ed  from  th e  analysis  o f th e  H o p fie ld —B irge b a n d s  [22],
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Table IX

0— 3 band lines of 12C160  (in cm-  *)

J R 0 P

1 228 39.020** 22831.317 22827.426*
2 844.605 832.951 825.177
3 850.957 835.410 823.744
4 858.117 838.686 823.139
5 866.092 842.782 823.343
6 874.886 847.714** 824.369
7 884.522 853.423 826.216
8 894.930 859.972 828.883
9 22906.175 867.338 832.367

10 918.234 875.520 836.676
11 931.120 884.522 841.802
12 944.817 894.352 847.714**
13 959.334 22904.994 854.513
14 974.667 916.453 862.109
15 990.820 928.731 870.519
16 23007.789 941.843 879.761
17 025.583 955.767 889.816
18 044.167 970.491 22900.678
19 063.623 986.086 912.410
20 083.831** 23002.484 924.948
21 23104.973 019.708 938.318
22 126.812 037.708 952.473
23 149.527 056.631 067.532
24 173.103 076.340 983.390
25 197.478* 096.884 23000.072
26 23222.646* 23118.223 017.562
27 140.589 035.985

a  se t of seven  e q u a tio n s  fo r th e  co n stan ts  B e a n d  ae in  th e  C s ta te  w as 
estab lished .*  I t s  so lu tio n  a f te r  u s in g  th e  D u n h am  iso tope  re la tio n s  [1] gives 
th e  following c o n s ta n t  for th e  12C160  m olecule:

Б сс =  (1.95381 ±  0.00036) c m - 1, 

ajr =  (0.02005 ±  0.00039) c m “ 1.

* Taking primarly the constants Be, ae and ye for the fitting of this set of data, the 
constant value ye was found in limits of its standard error; therefore further the constant ye 
was omitted.
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Table X

Rotational constants of the C l£+ state for the 13C160  and 12C160  molecules (in cm-1)

M olecule !*CleO !*CleO

A fter  T lL F O R D
C o n stan t P re se n t resu lts a n d  V a n d e r s u c e  [22] P re se n t resu lts a n d  G e r ő  [1 8 ] a n d  V a n d e r s u c e  [22]

B o 1.85847 ±  0.00015 1.8590 1.94345 +  0.00007 1.9422 1.9435
B r — 1.8389 — — 1.9239
D0 (5.67 +  0.19) • 10-» 7.6 • 10-« (6.28 +  0.07) • 10-« 5.7 • 10-« 6.3 • io-«
D , — 6.1 • IO“« — — 6.1 • io-«
B e — — 1.95381 +  0.00036* — —

a e — — 0.02005 +  0.00039* ___ ___

* — calculated with the assumption ye =  0.

Table XI

Rotational constants Bv of the А'П  state in 13C160  and 12C160  molecules (in cm-1)

M olecule 1*С1вО 1*С1вО

A fte r  M c C u l l o h
C o n stan t P re se n t re su lts a n d  G l ö c k l e r  [14] e t  a l. [6] P re se n t resu lts a n d  G e r ő  [19 ] e t  a l. [20] a n d  R y t e l  [11 ]

Bo 1.6001 1.6001
Bl 1.5092 (4) 1.509 — — 1.5775 1.5788 —

B2 1.4895 (2) 1.489 — 1.5568 (3) 1.5561 1.5576 1.5582
B3 1.4679 (6) 1.468 — 1.5340 (3) 1.5329 1.5346 1.5344
Bt 1.4463 (4) 1.446 1.4460 (6) — 1.5089 1.5108 1.5116
Bs 1.4241 (4) 1.424 1.4238 (6) — 1.4861 1.4877 1.4884
Bo 1.3988 (6) — — — 1.4616 1.4630 —

ÈThe uncertainty given in parentheses corresponds to a standard deviation.
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P re s e n t  and  earlie r d a ta  for th e  v a lu es  o f th e  ro ta tio n a l c o n s ta n ts  a re  listed  
in  T a b le  X . U sing th e  K ovÁ cs’s fu n c tio n s  / q(J ) , fpp{J)  a n d  fjr^(J)  [2], th e  
d iffe rences o f th e  ro ta tio n a l c o n s ta n ts  fo r b o th  com bin ing  s ta te s  w ere  d e te r
m in e d . T he average  values c o m p u ted  from  all th e  h an d  lines are  re sp ec tiv e ly :

B c0 =  B A =  (0.3490 ±  0.0006) cm “ 1,

-  B £ =  (0.3687 ±  0.0002) c m " 1,

Bo — B £  =  (0.3902 ±  0.0004) c m " 1,

B„ -  B 4a =  (0.4120 ±  0.0004) c m “ 1,

B c0 -  B A =  (0.4341 ±  0.0004) cm “ 1,

-  B A =  (0.4593 ±  0.0006) cm “ 1

fo r  th e  13C1(vO m olecule and

B c0 -  B A =  (0.3863 ±  0.0002) cm “ 1,

BÇ -  B £  =  (0.4094 ±  0.0001) c m - 1

fo r  th e  12C160  m olecule. F ro m  th ese  va lu es  and  th e  c o n s ta n ts  В „ d e te rm in ed  
p re v io u s ly  th e  ro ta tio n a l c o n s ta n ts  o f  th e  Л 1/ /  s ta te  h av e  been  ca lcu la ted . 
T h e  resu lts  are lis ted  in  T ab le  X I .  F o r  th e  ca lcu la tio n  o f  h a n d  o rig in s tw o 
m e th o d s  w ere app lied ; th e  f i r s t  one fo r th e  regu lar b an d s  an d  th e  second  for 
th e  b an d s  w ith  p e r tu rb a tio n  in  in it ia l  ro ta tio n a l levels.

F o r th e  p e r tu rb e d  i.e. th e  0 — 0 ,0  — 1 an d  0 —6 b an d s  th e  b a n d  o rig ins have 
b e e n  dete rm in ed  b y  e x tra p o la tio n  o f Q(J) b ran ch  lines an d  b y  R ( J  — 1) +  
+  P (J )  lines com b in a tio n s [1]. I n  th e  rem ain ing  b a n d s , th e  b a n d  origins 
h a v e  been found  b y  m eans o f  gq(J), gpp{J) and  gpp{J) fu n c tio n s  [2]. The 
re s u lts  ob ta in ed  b y  use o f  b o th  m e th o d s  are  lis ted  in  T ab le  X I I .  F u r th e r , 
u s in g  th e  co n stan ts  U nlisted  in  T ab le  X I ,  i t  was possible to  re c a lc u la te  the  
o„A b a n d  origins to  th e  c£A va lu es  i.e . “ red u ced ”  b a n d  orig ins. T hese  values 
s im p ly  co n ta in  th e  d ifferences o f  th e  e lec tron ic  and  v ib ra tio n a l te rm s  fo r b o th  
co m b in in g  s ta te s . U sing th e  c„A va lu es  dete rm in ed  in  th e  13CleO a n d  12CleO 
m olecu les as w ell as in  13C180  (on th e  basis  o f earlier d a ta  [15]), a n d  inc lud ing  
th e  v ib ra tio n a l q u a n ta  AG[p o f  th e  C s ta te  in  th e  13CleO a n d  12CleO m olecules 
[22] one can  o b ta in  th e  follow ing e q u a tio n s  fo r th e  v ib ra tio n a l c o n s ta n ts  of 
th e  C s ta te :

CovA +  GA(v) =  a^A +  -^-со[г — ^ - ( 0 exÇ,
2 4

AG f =  CO g — 2cOe X'

fo r  th e  12C160  m olecule,
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Table XII

Band origins of the C'i-’+ — АЧ1 system in 13C160  and 12Cle0  molecules (in cm-1)

M o le c u le 13C1«0 1*С1вО

Band P r e s e n t  r e s u l t s
A f te r

PI P r e s e n t  r e s u l t s
A f te r  J o h n s o n  

a n d  A s u n d i

[Л
A f te r  [9]

0 - 0 27168.0 +  0.2
0—1 25714.691 ±  0.016 25686.1
0—2 24299.217 +  0.018 24299.4 24243.264 +  0.019 24243.2 24243.3
0 - 3 22915.679 +  0.021 22915.8 22830.499 +  0.016 22830.5 22830.6
0 - 4 21565.641 +  0.028 21565.7
0—5 20249.066 +  0.025 20249.1
0 - 6 18962.32 +  0.03

C m  +  G?l)(v) =  ae(X) +  \  Q l C  — \  0\ше ,
2 4

Щ ( Х )  =  Ql  —  2 e í  ы е х е

fo r th e  13C160  m olecule an d

+  G$)(V) =  4- 4- e2 (°e -  ~  el “e xe
2 4

fo r th e  13C180  m olecule, w here gj a n d  qI are  th e  ra tio s  of th e  re d u ced  m asses 
o f th e  13C160  and  12C180  m olecules, re la tiv e  to  th e  12C160  m olecule. T he values 
o f GA(v) v ib ra tio n a l te rm s  in  th e  А ХП  s ta te  w ere found  using  D u n h a m  isotopic 
re la tio n s  an d  th e  follow ing c o n s ta n ts  o f  th is  s ta te :*

coA =  1518.398 cm " 1, 

toe x A — 17.678 cm “ 1, 

u>e y f  =  0.0146 cm - 1 .

F o r th e  CgA -f- GA(v) va lues on th e  le f t side o f E q s . (2) average  v a lu es , d e te r
m ined  from  all reg u la r b an d s  h a v e  been  used. In  th e  so lu tio n  o f  th is  se t of 
eq u a tio n s , w hich p e rm its  av o id in g  th e  in fluence  o f th e  e rro r o f  exp erim en ta l 
d a ta  on th e  ca lcu la ted  c o n s ta n ts  (im possib le in  th e  d irec t m e th o d  o f solu tion), 
som e s im plifica tions can  also be em ployed . N am ely , th e  and  <7^
sy stem  orig in  values on th e  r ig h t side o f eq u a tio n s m ay  d iffer o n ly  b y  differ
ences o f th e  electron ic iso tope  effects o f C an d  A  s ta te s .

* The c o n s t a n t s  w e r e  d e t e r m i n e d  f r o m  r e d u c e d  b a n d  o r i g i n s  o b t a i n e d  f r o m  R y t e l  
d a t a  [11, 16, 17] a n d  i s o t o p i c  r e l a t i o n s .
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T he fa c t th a t  th e  C1U + an d  В 1! 7+ s ta te s  are  R y d b e rg  s ta te s  an d  belong 
to  th e  sam e e lec tron ic  c o n fig u ra tio n : (1о’)2(2ст)2(3<т)2(4о')2(17г)4(5сг)(то’), w here 
m  =  7 fo r th e  B 1! 7+ s ta te s  an d  m =  9 for th e  C1Z + [13, 21] w as also ta k e n  
in to  considera tion . T h erefo re , i t  w as assum ed th a t  th e  b eh av io u r o f b o th  th e  
В  an d  C s ta te s  is s im ila r an d  th e y  h av e  th e  sam e e lec tron ic  iso to p e  effects. 
As th e  ex ac t va lues o f  th e  differences o f e lectron ic  iso to p e  effects in  B 127+ an d  

s ta te s  are k n o w n  [16]**

o f  A(12C160 )  -  <rj$(13C 0 16) =  - 0 .5 9 0  c m - 1,
an d

o f  A(12CleO) -  o i $ ( 12C180 )  =  - 0 .4 8 9  c m “ 1, 

th e  sam e values, as d ifferences o f th e  electron ic iso to p e  effects in  C12J+ an d  
aU77 s ta te s  w ere u sed . U n d e r such  assum ption  th e  se t o f eq u a tio n s (2) w as 
so lved  y ie ld ing  th e  fo llow ing  c o n s ta n t values:

cof =  (2220.2 ±  1.3) c m - 1, 
coe xce =  (37.09 ±  0.84) c m “ 1, 

o f A =  (26826.6 ±  1.6) c m - 1.

T h e  co n fro n ta tio n  o f  th e se  re su lts  w ith  th e  v ib ra tio n a l co n stan ts  o f o th e r 
R y d b e rg  s ta te s  is p re se n te d  in  T ab le  X I I I .  The fa c t t h a t  th e  c o n s ta n t values are 
q u ite  sim ilar p roves th e  earlie r hyp o th esis  th a t  th e  c o n s ta n ts  o f a ll R y d b erg  
s ta te s  m ay  be  v e ry  s im ila r [13], as w ell as th e  co rrec tn ess  of ou r assum ptions.

Table ХШ

Vibrational constants coe, i ,  <*>eX e of the known Rydberg states in the 12C160  molecule (in cm 1)

Constant
State

CIE-1- Present results 2220.2 ±  1.3 
(2175.92)*

37.09 ±  0.84 
(14.76)*

в!2:+

After R ytel  [16] 2153.929 35.879

After McCulloh and Glöckler [14] 2160.7
(2112.70)*

39.3
(15.22)*

Е 'П After KçPA e t al. [10] 2246.85 46.53

с3П After Danielak  e t al. [8] 2246 —

After T ilford  and Vanderslice [22] (2196)* (15.0)*

( )* T ilfo r d  and Va n d e r s l ic e  results [22].

** The values were recalculated using the reduced band  origins and new vibrational 
constants of the А Ч 1  s ta te , presented earlier.
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W e derive a b o u n d  for th e  h a rm o n ic  o sc illa to r resolvent k e rn e l R(x, x ' ,  z) 
d e fin ed  as

R(x , x ;  z) =  2  Un{X) Un{X>). 1 , 2 , . . . ,
n =0 n  z

w here  un(x) are  s ta n d a rd  h a rm o n ic  oscilla to r eigenfunctions.

Case I .  R e z <  0

T his is s im ple. W e use th e  w ell-know n in te g ra l re p re se n ta tio n  [1] 

R(x, x'; z) =  n - 1'2 J '  dx  т “ < * + »  (1 -  r 2) - 1' 2 L(x, x ' ,  r ) ,

( 1 )

w here
R e г <  0,

L(x, x ' ; r )  =  exp Í ----------(x2 -f-  л : '2) -\-------------------------x x

(2)

(3)
v 2 1 — T2 ' ' ' 1 -  T2

Since I L(x, x;, x) I 1 for l m t = 0 ,  0 <[ x <[ 1, x  and  x '  re a l one  has th a t

\ R (

g iv ing  th e  b o u n d

ж'; z) I ^  л - 1'2 J "  dx t - ( Re z+!> (1 -  г2)“ 1/2, (4)

w here

R(x, x; z) I л - 1'2 В
2

B(oc, ß) =

R e z, 1/2 , Re 2  <  0,

m  m
Г{сс +  ß)
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is th e  R iem ann  b e ta  function .

Case I I .  R e z О, z ^  0, 1, 2, . . .

F irs t o f a ll w e need  an  in te g ra l re p re se n ta tio n  o f R(x, x'; z) w h ich  is 
v a lid  even i f  R e  z ] > 0 .  This can  be  o b ta in ed  by  d is to r tin g  the  p a th  o f  in teg 
r a t io n  in th e  r ig h t-h a n d  side of E q . (2). In  fa c t one h as  th a t

R(x, x 'i  z) =  —  . * ~ lß----- Г d T (-T )-< z+b (1 -  г r )  ,
2 sinh  (inz) J c

* 9* 0, 1, 2, . . I a rg  ( —т) | <^ л ,

w h ere  the  in te g ra t io n  p a th  C in  th e  com plex  т -p lan e  can  be ta k e n  to  consist 
o f  a line from  r  =  1 to  t  — q ( Im  q =  0, 0 <  Q <  1) ju s t ab o v e  th e  cu t 
d ra w n  betw een  0 a n d  1, an  an ti-c lockw ise circle o f  ra d iu s  g a round  th e  origin 
a n d  fina lly  to  close to  con tou r a s tra ig h t line ju s t  be low  the cu t f ro m  T =  1 
to  г  =  Q.

This r e p re s e n ta tio n  is usefu l on ly  for o b ta in in g  a bound i f  g is such 
t h a t  L (x ,x ';  t )  is  un ifo rm ly  b o u n d ed  in  all its  v a ria b le s  as long  as t  Ç C. 
A s tra ig h tfo rw a rd  c o m p u ta tio n  show s th a t  in  fa c t

i f
1 Ц х ,  x'; t)  [ < ; 1, 

0 <  g <  У 2 — 1

fo r  all T £  C a n d  x ,  x '  rea l. F ro m  th is  i t  follow s t h a t

I  Щх, x'i r)  I  ^  T T - W 2  ( 1  -  Q2) - 1'2 p - R e z

ImZ I

Л  -----;----------- ;--------
I sinh  (mz)

fo r  R e z 0 a n d  a n y  0 < { ? ^  У2 — 1. T ak ing  g =  у 2 — 1 we o b ta in  our 
f in a l  resu lt t h a t

+  2 ( Г 2 -  1)
,

! R (x ,  x ' ; z ) \ < (  2(][2 -  I ) ) " 1/2 л ~ ^ 2 e ~ ln (V2 -  4 Re z 

e*|/mz| \ 2 —  1
л ------------------ -j- 4 --------------—

I sinh wrz | 3 — 2 У2

v a lid  for R e z 0 , z ^  0, 1, 2, . . .
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Remark

W e have d eriv ed  a b o u n d  fo r th e  harm on ic  o sc illa to r  G reens fun c tio n . 
S u ch  a bound can  be u sed  fo r  e s tim a tin g  th e  r a te  o f  convergence o f  the  
F re d h o lm  so lu tion  fo r a p e r tu rb e d  harm on ic  o sc illa to r re so lv en t k e rn e l. (The 
F re d h o lm  so lu tion  converges p ro v id ed  th a t  th e  p e r tu rb a tin g  p o te n tia l  is 
ab so lu te ly  in teg rab le .)  In  fa c t a sim ple ap p lica tio n  o f  H a d a m a rd ’s th eo rem  
[2] fo r d e te rm in an ts  gives th e  follow ing estim a te  fo r th e  n th  o rd e r te rm  I n 
in  th e  series expansion  of th e  F red h o lm  d en o m in a to r

I n \ <
„ n 1'2" gn -------- A n I dx I V(x)

w h ere  g is the  coup ling  c o n s ta n t, V  is th e  p e r tu rb in g  p o te n tia l  an d  A  is a 
b o u n d  fo r th e  u n p e r tu rb e d  h a rm o n ic  o sc illa to r G reens fu n c tio n .
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E F F E C T  O F  B i  O N  T H E  A N N E A L I N G  

K I N E T I C S  O F  A M O R P H O U S  A s 2 S e 3

By

M . K .  E l -M o u s l y , M . F .  K o t k a t a  a n d  S . A . M ä z e n

PHYSICS DEPARTMENT, FACULTY OF SCIENCE, AIN-SHAMS UNIVERSITY, CAIRO, EGYPT

(R eceived  29. V I. 1978)

T he c h a ra c te ris tic  p roperties o f As»Se3: d e n s ity  d, a c tiv a tio n  energy  fo r co n d u ctio n  
E a  a n d  dc c o n d u c tiv ity  a  w ith  th e  a d d itio n  of 1.96— 2.72 a t  %  Bi has b een  d e te rm in ed  fo r 
th e  am o rphous s ta te  a n d  for the  c ry sta llin e  s ta te . T h e  e ffec t o f Bi im p u rity  on  th e  th e rm a l
ly  in d u ced  phase  tra n s fo rm a tio n  of A s2Se3 has been  fo llow ed  by m easu ring  th ese  q u a n titie s  
fo r a ll in te rm ed ia te  s tag es du ring  th e  an nealing  a t  th re e  iso th erm s h igher th a n  T g .  T he calcu l
a te d  energy  o f a c t iv a t io n  fo r c ry sta lliz a tio n  declears th e  a d d itio n  effect o f  Bi in  s tim u la tin g  
th e  d e v itr if ic a tio n  o f th e  n a tiv e  ph ase  A s2Se3.

In tro d u c tio n

A n im p o r ta n t  g roup  of am orphous sem iconducto rs can  be p rep ared  in  
m assive form  b y  q u ench ing  th e  liqu id . T h e  A s2S e3 com position , w hich is 
ch a rac terised  b y  a v e ry  stab le  glass s tru c tu re , is a ty p ica l re p re se n ta tiv e  of 
th is  g roup . A m o rp h o u s A s2Se3 are  w idely used  in  e lec tro p h o to g rap h ic  processes 
because of th e ir  h ig h  p h o to sen sitiv ity , th e rm o s ta b ili ty  and  tim e -s ta b ility  o f 
p roperties.

T he tra n s p o r t  m easu rem en ts on am o rp h o u s A s2Se3 have been  s tu d ied  
b y  m a n y  a u th o rs  [ I  — 5]. F i n k m a n  [6] has s tu d ie d  th e  in fluence o f te m p e ra 
tu re , lase r beam  in te n s i ty  and  sam ple  h is to ry  on  th e  ra te  o f c ry s ta llisa tio n  
o f A s2Ses. M icroscopic observa tions on surface c ry s ta llisa tio n  o f  A s2Se3 film s 
induced  b y  o rgan ic  su b stan ces h av e  been re c e n tly  in v es tig a ted  b y  S h e l k o v  

[ 7 ] .  L e z a l  [ 8 ]  h as ca rr ied  o u t th e o re tic a l s tu d ie s  o f  im p urities in  am orphous 
A s2Se3 an d  th e ir  ex p e rim en ta l verifica tions. A cco rd ing  to  S h k o l n i k o v  [ 9 ] ,  

glass fo rm atio n  o f  A sSej 5B ix m ay  be o b ta in ed  u p  to  3 . 7  a t %  Bi (x <  0 . 1 ) .

In  th is  p a p e r , th e  effect of add itio n  o f b ism u th  on th e  c ry s ta lliz a tio n  
of am orphous arsen ic-selen ide co n d u cted  a t  d iffe ren t iso th erm al annealing , 
be tw een  T g and  T c, h a s  been in v es tig a ted  by  m ean s o f  d ensity  an d  dc conduc
t iv i ty  m easu rem en ts . T h e  exp erim en ta l d a ta  h a v e  been used to  d e te rm in e  
th e  k in e tic  p a ra m e te rs  an d  ac tiv a tio n  energy o f  th e  c ry sta lliza tio n  process.

1* Acta Physica Academiae Scientiarum Hungaricae 45, 1978
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E xp erim en ta l

Tw o AsSej 5B ix am orphous sam ples (x  — 0.05 an d  0.07) were p re p a re d  
b y  reac tin g  an d  hom ogenizing th e  a p p ro p ria te  am o u n ts  of th e  e lem en ts , 
w hose pu rities  w ere 4 —9’s o r b e tte r ,  u n d e r  v acu u m  in  p rec leaned  q u a r tz  
am pou les a t  950 +  20 °C fo r 16 h  an d  su b seq u en tly  quenched  in  a ir  a t  room  
te m p e ra tu re . T he resu ltin g  sam ples w ere c u t in  th e  fo rm  o f discs h a v in g  tw o 
p a ra lle l faces a b o u t 1.2 cm in  d iam e te r  a n d  3 — 5 m m  th ic k , w ith in  0.003 m m  e r
ro r . T he dc c o n d u c tiv ity  w as m easu red  a c c u ra te ly  u n d e r iso th erm al co n d itio n s . 
T h e  accu racy  o f  d e n s ity  w as + 0 .1 % .

F o r s tu d y in g  th e  am o rp h o u s—c ry s ta l  tra n sfo rm a tio n  each  sam ple  
w as su b jec ted  to  iso th e rm al an n ea lin g  in  a p reh ea ted  oven a d ju s te d  to  th e  
req u ired  te m p e ra tu re . T he process o f an n ea lin g  was conducted  s tep  b y  s tep . 
T h is  im plies t h a t  a f te r  each s tep  th e  sam p le  w as rem oved from  th e  oven , ra p id ly  
qu en ch ed  in  a ir , a n d  th e  ch a rac te ris tic  p ro p ertie s  d an d  <r(T) were th e n  m ea
su red . The e lec tric  c o n d u c tiv ity  a w as m easu red  in  th e  te m p e ra tu re  range  
below  Tg ( ~  170 °C) to  p reserve  q u en ch in g  of th e  tra n sfo rm a tio n  process 
a t  each  step  o f  annealing .

Diffraction model for  amorphous A sSet  s B ix

The am o rp h o u s s ta te  is a s tru c tu ra l concep t an d  generally  loosely  defined  
b y  its  lack  o f  long-range o rder. T h e  scale o f w h a t is long-range is d e te rm in ed  
b y  th e  p ra c tic a l re so lu tion  lim it o f X -ra y  o r e lec tron  d iffraction . D iffrac tio n  
p a tte rn s  w ith  b ro a d  halos ra th e r  th a n  sh a rp  lines or spo ts can  im p ly  no  long- 
ran g e  o rder b ey o n d  ab o u t 2 0  Â .  T he X -ra y  w ork  ca rried  ou t b y  V a i p o l i n

[ 1 0 ]  and  R e n n i n g e r  [ 1 1 ]  on b u lk  As —Se glasses show ed th a t  th e  loca l o rder 
in  th e  As2Se3 com position  w as sim ilar 1o th a t  in  th e  c rysta lline  fo rm .

In  th is  re sp ec t, th e  am orphous c h a ra c te r  o f th e  B i-doped  an d  free  A s2Se3 
sam ples w as ach iev ed  b y  X -ra y  d iffrac tio n  using  a  m odern  P h ilip s d iffra c to 
m ete r. In  F ig . 1 trace s  (b, c & d) are  ty p ic a l X -ra y  d iffrac tio n  p a t te rn s  ta k e n  
fo r pow dered  sam ples, as in itia lly  p re p a re d  b y  quench ing  th e  m e lt, using 
copper K a ra d ia tio n . W ith in  th e  am o rp h o u s phase  th e re  is no c o n tin u o u s  
narrow ing  o f  th e  halos, w ith  ad d itio n  o f  b ism u th  to  2 .72%  t h a t  w o u ld  be 
in d ica tiv e  o f  a g rad u a l increase in  long-range o rder. So, th e  p a t te rn s  are 
ch a rac te rized  b y  w h a t is called  th e  “ s tep p e d -h u m p ” , w hich d iffers  g rea tly  
from  th e  id ea l am orphous h u m p  p a t te rn  know n fo r a p roper g lass. S im ilar 
p a tte rn s  w ere observed  fo r g lassy  A s2S e3—A s2S3 [12], (As2Sea)1_ x(T l2Se3)x 
[13], an d  fo r A s2Se3—A s2T e 3 co m p o n en ts  [14].

T he in tro d u c tio n  of b ism u th  in to  th e  arsenic-selenide sy s tem  a n d  th e  
rep lacem en t o f  som e As (4S24 P 3) b y  B i(6S26 P 3) caused  no considerab le  change 
in  th e  s tru c tu re  o f th e  As2S e3 am o rp h o u s m a trix . H ow ever, i t  g ives g rea te r

Acta Physica Academiae Scientiarum Hungaricae 45, 1978



EFFECT OF Bi ON THE ANNEALING KINETICS 155

diffraction ongle 20 (degree)

F i g .  1 .  X -ray  d iffrac tio n  p a tte rn s  o f  am o rp h o u s a n d  po ly cry sta llin e  
Ag„Se3 a n d  AsSe15Bix sam ples

s tru c tu ra l s ta b i l i ty  of B i—Se in  com parison  w ith  As — Se w here  th e  values 
o f  energy  o f  th e  single chem ical b o n d  are , resp ec tiv e ly , 67 an d  23 kcal/m ole 
[15]. In  F ig . 1 th e  second s te p  is th e  b iggest a n d  has th e  h ig h e s t in te n s ity  
m ax im a  in  th e  th re e  trace s  (Ь, c & d). T he re la tiv e  areas u n d e r  th e  observed  
s te p s  ro u g h ly  o ccu p y  th e  a n g u la r  ranges: (12—21), (21—44) an d  (44—60)
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degrees (20) fo r th e  f irs t , second an d  th i rd  s tep , re spec tive ly . T hese a n g u la r  
ran g es  co rrespond  to  n u m ero u s la tt ic e  d irec tions or a to m ic  p lanes o f  h igh  
s c a tte r in g  pow er in  th e  re spec tive  c ry s ta llin e  fo rm s, see trace s  (a & e) in
F ig . 1.

Properties o f  amorphous samples A sS e1 5 B ix

T he in itia l v a lues o f  th e  c h a ra c te r is tic  p ro p ertie s , th e  lo g a rith m  of 
specific  co n d u c tiv ity  a t  20 °C logcr20oC (a in  o h m -1  c m -1 ), a c tiv a tio n  energy  
o f  th e  co n d u c tio n  p rocess E v (eV), a n d  d en sity  d (g/c.c.) w ere n e a rly  th e  
sam e fo r  fo u r discs o f  th e  sam e sam ple  in d ica tin g  th e  ho m o g en e ity  of sam ples. 
T a b le  I  gives th e  m ean  n u m erica l va lu es  o f  these  p ro p e rtie s  w ith  th o se  o f 
A s,S e3 [5].

Table I
Mean values of the characteristic properties for the amorphous AssSe3 and AsSe,.5Bix samples

S am ple dfe/c.c.) — log cr,0- log  O', *a(‘Y>

AsSei 5Bi0.oe 4.78 ±  0.00 11.60 +  0.00 4.20 ±  0.6 1.86 +  0.01
AsSet eBi0 07 4.82 ±  0.01 10.66 ±  0.05 5.48 ±  0.9 1.88 ±  0.02
AsjSe3 4.49 13.70 2.20 1.87

T h e dc elec tric  c o n d u c tiv ity  o f  th e  B i-doped  A s2Se3 glasses is ex p o n en 
tia l ly  d ep en d en t on 1 /T  an d  can  be  sa tis fac to rily  described  betw een  16 °C 
a n d  T g b y  th e  re la tio n : a =  a 0 exp  ( - E J 2 K T). H ow ever, th e  ad d itio n  of 
su ch  co n cen tra tio n  o f  b ism u th  (1.96 — 2 .72% ) increases th e  ro o m -te m p e ra tu re  
c o n d u c tiv ity  cr20 oC o f th e  p ro to ty p e  A s2S e3 b y  m ore th a n  m ig h t be expected  
from  th e  n ea rly  c o n s ta n t a c tiv a tio n  en erg y  for th e  co n d u c tio n  process (T able I). 
T h e  p reex p o n en tia l fa c to r  a ä changes from  ab o u t 102 fo r A s2Se3 to  10s —108 
o h m -1 c m -1  due to  th e  presence o f B i. T h e  re la tiv e  low er va lu e  o f cr0 fo r A s2Se3 
is m a in ly  re la ted  to  t h a t  co n d u c tio n  is p red o m in an te ly  b y  carrie rs  hopp ing  
be tw een  localized s ta te s  a t  th e  b a n d  edge.

T he co n stan cy  o f b o th  Е а ( ~ 1 .8 7  eV) an d  cr0 (103 —108 o h m -1  c m -1 ) 
fo r  th e  p resen t B i-doped  glasses leads to  th e  conclusion th a t  th e  v a ria tio n  
o f  th e  electric  co n d u c tiv ity  w ith  co m position  is due to  th e  v a r ia tio n  o f m obi
l i ty  ra th e r  th a n  ca rr ie r  d en sity . U p h o f f  e t al [16] re p o rte d  th a t  th e  e q u a 
tio n s  o f th e  ca rrie r c o n cen tra tio n  a n d  m o b ility  w h ich  ho ld  fo r c rysta lline  
sem iconducto rs can  also be ap p lied  to  v itreo u s ones. T his can  acco u n t for 
an  estim a tio n  o f th e  ca rr ie r  m o b ility  in  te rm s  of th e  th e rm a l a c tiv a tio n  energy  
E„ to  be o f th e  o rd e r o f  1 0 -4 —10 -3  cm 2/V • sec w ith  an  increase  w ith  Bi. 
H ow ever, i t  is p ro b ab le  th a t  B i rep laces  As isom orphously  lead in g  to  no sign i
f ic a n t sh o rt-ran g e  s tru c tu ra l  changes. T h a t  is, th e  c u rre n t m odel o f  th e  d en sity  
o f  s ta te s  an d  th e  m o b ility  in  an  am o rp h o u s sem iconducto r is p reserved .
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Annealing kinetics o f  amorphous A sSe1 5B ix

Iso th e rm a l c ry sta lliza tio n  has b een  ca rried  o u t for b o th  A sSe1 5B i0 05 
and  A sSe, sB i0 07 a t  th re e  d ifferent te m p e ra tu re s  h igher th a n  T  , n a m e ly  225, 
240 a n d  260 °C. T h e  changes in  th e  c h a ra c te r is tic  q u an titie s : d , lo g  ff2o°c an<  ̂
E a w ith  th e  an n ea lin g  tim e  for A sSej 5B i0 05 co n d u c ted  a t  240 °C are  g iven 
in  F ig . 2. All these  p ro p ertie s  change fro m  v a lu es  corresponding  to  th e  am o r
phous s ta te  to  som e lim itin g  values co rresp o n d in g  to  th e  com plete c ry sta llized  
sam ples. I n  F ig . 2, i t  is clear th a t  th e  q u a n tit ie s  log <r20o and  E a n eed  n ea rly  
th e  sam e  v alue  of to ta l  c rysta lliza tion  tim e . In  sp ite  of th is  th e  d en sity  d 
reaches its  lim it va lu e  in  a m uch sh o rte r  tim e  th a n  th a t  necessary  fo r  com plete  
c ry s ta lliz a tio n  in d ic a tin g  th a t  i t  is m ore  sen sitiv e  to  th e  beg in n in g  o f  th e  
process.

A  b eh av io u r s im ila r to  th a t  show n in  F ig . 2 has been o b serv ed  fo r th e  
o th e r tw o  an nea ling  tem p era tu res , b u t  w ith  d iffe ren t d u ra tio n s d epend ing  
on th e  c ry s ta lliz a tio n  tem p era tu re . In c rea s in g  th e  tem p e ra tu re  fro m  225 to  
260 °C decreased  th e  tim e  requ ired  fo r c ry s ta lliz a tio n  of AsSel 5B i0 05 from  
95 h  to  16 h . Also, th e  increase of B i-c o n te n t in  A s2Se3 from  1.96 to  2 .72%  
corresponds to  a decrease in  th e  c ry s ta lliz a tio n  tim e  of ab o u t 3 5 % .

T h e  observed  v a lu e s  ch aracteriz ing  each  p ro p e rty  a t th e  e n d  o f th e  
am orphous — c ry s ta llin e  tran sfo rm a tio n  process w ere, to  a good a p p ro x im a 
tio n , te m p e ra tu re - in d e p e n d e n t over th e  considered  te m p e ra tu re  ran g e  of 
annealing , 2 2 5 —260 °C. T ab le  I I  gives th e  m ean  v alues for th e  c h a ra c te ris tic  
p ro p ertie s  a t  th e  end  o f  th e  annealing  process.

Fig. 2. The annealing time dependence of d, Eg. and log ff20°c for As2Se3Bi0 05 samples
aged at 240 °C
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Table II

Mean values of the characteristic properties at the end of the transformation process

S a m p le <f(g/c.c.) M «v> — log <r„.

AsSei 5B i0.06 4 . 9 3  ±  0 . 0 2 0 . 1 2  +  0 , 0 3 4 . 6 4  ±  0 . 3

AsSej 6B i0 07 5 . 0 7  ±  0 . 0 2 0 . 1 7  ±  0 . 0 5 2.10 +  0 . 2

M y u l l e r  [17] has ind ica ted  t h a t  th e  process o f  c rysta lliza tion  m a y  se p a 
r a te  in to  tw o successive processes: d iffusion  re d is tr ib u tio n  of s tru c tu ra l u n its  
a n d  local tra n s fo rm a tio n  of chem ical bonds. H ow ever, th e  tw o  processes 
h a v e  an o v e rlap p in g , ju s t  as th e re  is ev id en tly  an  overlapp ing  b e tw een  th e  
p rocess of a p p e a ra n c e  of centres o f  c ry s ta lliz a tio n  an d  th e ir  g row th . A ll th e se  
processes are l im ite d  to  a defin ite  degree b y  th e  sam e ac tiv a tio n  en erg y  of 
th e  tra n s fo rm a tio n  o f covalent b o n d s. A ccord ing ly , th e  observed  changes o f 
th e  p resen t c h a ra c te r is tic  q u an titie s  can  be ex p la in ed  by  th e  process o f s tru c 
tu r a l  ordering  o ccu rrin g  during  th e  th e rm a l t r e a tm e n t  and, as a consequence , 
th e  c ry s ta lliz a tio n  o f  th e  sam ple. T h is, how ever, m a y  include phase  se p a ra tio n  
a n d /o r  c ry s ta lliz a tio n . X -ray  e x am in a tio n  o f th e  m ateria ls  a f te r  f in ish in g  
th e  annealing  p ro cess  indicates th e  p resence o f tw o  crysta lline  phases: A s2Se3 
a n d  B i2Se3, n o te  tra c e s  (a & e) in  F ig . 1.

S h k o l n ik o v  [9] has observed  from  th e  analy sis  of th e  th e rm o g ra m  o f  
A sSej 5B i0 05 th e  presence of a w eak  ex o th e rm ic  p eak  a t 245 °C re la te d  to  
c ry s ta lliz a tio n  o f  a f irs t phase B i2S e3 beside t h a t  corresponds to  th e  m ax im u m  
cry s ta lliz a tio n  r a te  a t  330 °C c h a ra c te ris tic  o f  th e  A s2Se3 phase. H ow ever, th e  
ap p earan ce  o f  th e  B i2Se3 phase does n o t  re p re se n t an y  m ore th a n  8 %  b y  w eigh t 
in  th e  m a te ria l [18]. This m eans t h a t  B i2Se3 ac ts  as an  im p u rity  in  a m assive  
c ry sta llin e  m a tr ix  from  As2Se3. So, a sim ple tra n s it io n  from  th e  am o rp h o u s 
to  th e  c ry sta llin e  s tru c tu re  was n o t d e tec ted , b u t  th e  existence of in te rm e d ia te  
s tages occurred  a n d  th e  follow ing process cou ld  be  w ritten :

F in a l c rysta lline  
AsSe3 5Bix (B i2S e3 c ry s ta l 
in  a c rysta lline  m a tr ix
o f As2Se3).

T herefo re , th e  analysis o f p re se n t ex p e rim en ta l d a ta  m ay  inc lu d e  th e  
presence o f tw o  processes d u rin g  th e  iso th e rm a l annealing : c ry s ta lliz a tio n  of 
th e  m ain b u lk  m a te ria l As2Se3 a n d  phase  se p a ra tio n  w ith  c ry s ta lliz a tio n  o f 
m ino r phase B i2S e3. A ccording to  th is  co n sid e ra tio n , th e  changes in  th e  d e n s ity  
t h a t  acco m p an y  th e  changes in  specific  vo lum e d u rin g  th e  iso th erm al an n ea lin g

A m orphous 
single phase-
(AsSej 5Bix)

In te rm ed ia te  c ry sta llin e  
phase (p a rtia lly  c ry s ta l
line B i2Se3 in  am o r
phous As2Se3 m a trix )
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process depend  e ssen tia lly  on th e  c ry sta lliza tio n  o f  th e  n a tiv e  com ponent 
A s2S e3. A lte rn a tiv e ly , th e  changes o f electric c o n d u c tiv ity  as well as th e  
a c tiv a tio n  energy o f co n d u c tio n  are  contro lled  to  a la rge  e x te n t b y  th e  existence 
of th e  im p urities B i2S e3. T h is idea  could be checked  in  th e  p re se n t article by  
s tu d y in g  th e  annea ling  k in e tic s  using  th e  changes in  d en sity  follow ing th e  
c ry s ta llisa tio n  process.

To determ ine  th e  k in e tic s  o rder, or th e  a c tiv a tio n  energy  o f  crysta lliza 
tio n  a t  iso therm al an n ea lin g , we ap p ly  th e  A v r a m i  eq u a tio n  [ 1 9 ]  w hich  gives 
th e  vo lum e frac tion  a  o f  th e  tran sfo rm ed  m a te ria l a t  a n y  tim e  t

a  =  1 — exp  (—ktn).

T he fra c tio n  a  can be c a lc u la ted  on th e  basis o f changes in  th e  d e n s ity  d  during 
th e  c ry sta lliza tio n  p rocess u sin g  th e  re la tio n  [20]

j  d(t) — d(crystal)
d (am orphous) — d (c rysta l)

A  p lo t o f th e  vo lu m e tra n sfo rm e d  versus an nea ling  tim e  gives th e  experi
m en ta l curves of c ry s ta llisa tio n  k ine tics. T his is show n fo r AsSej 5 B i0 07 in 
F ig . 3. F ro m  th is  we can  c o n s tru c t th e  curves of:

log log  [1/(1 — a)] = n l o g ( t )  +  lo g (k ) — log 2 .3 .

T he re su ltin g  values fo r th e  k in e tic  co n stan ts  n an d  к  w hich  w e o b ta in  over 
th e  te m p e ra tu re  range 225 — 260 °C are  lis ted  in  T ab le  I I I .

T he ac tiv a tio n  en e rg y  o f  c ry s ta llisa tio n  for A s2S e3 has been  rep o rted  
b y  C h k o l n i k o v  [21] to  be  34 kcal/m ole as deduced  from  th e  slope o f  a p lo t 
o f log (ту) versus 1/T, w here  у  is a frac tio n  o f th e  to ta l  tim e  of com plete  crysta l-

Fig. 3. The volume transformed vs time for both Bi-doped As2Se3 samples 
annealed at 225, 240 and 260 °C
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Table III

The experimentally determined parameters n and к from a fit to the A v r a m i ’s kinetic equation

T em p era tu re
°C

AsSe1>5 B i0>05 A sS eb5B i0>07

n К n К

225 3.4 7.6 X  10“ 19 +  0.3 3.0 2.0 X  10“ M +  0.8
240 3.3 3.7 X  IO"16 ±  0.4 2.9 1.3 X  10-18 ±  0.5
260 2.8 2.1 X  10“ 13 ±  0.1 2.7 3.4 X  10-11 +  0.4

10 4/T — ■» 104/T —►

Fig. 4. The function log log [1/(1 — a)] vs log (i) for both Bi-doped As2Se3 samples

l is a tio n  r .  F ig. 4 show s such re la tio n  for our B i-doped  A s2S e3 sam ples a t 
th r e e  d ifferent frac tio n s , n am ely  t^4, Tj/2 and  r 3/4. T h e  resu lts  o f  th e  a c tiv a tio n  
e n e rg y  of c ry s ta lliz a tio n  for A s S e ^ B ^ . ,^  and  A sSe4 5B iu 07, re sp ec tiv e ly  are 
32 .0  and 23.7 kcal/m ole  w hich dec lears th e  effect o f ad d itio n  o f  B i in  s tim u la t
in g  th e  d ev itr if ic a tio n  of th e  n a t iv e  phase A s2S e3.
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O N  U N S T E A D Y  V I S C O U S  M H D  F L O W  T H R O U G H  A  

P O R O U S  C H A N N E L  W I T H  C O N S T A N T  S U C T I O N
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ALLAHABAD, 211004 INDIA

(Received 15. VIII. 1978)

The problem of incompressible laminar viscous electrically conducting flow under the 
influence of time-varying pressure gradient in a channel with two parallel porous walls with 
uniform suction and injection at the walls is studied The exact solution of the problem has 
been obtained when pressure gradient (i) varying linearly with time (ii) varying exponentially 
with time (iii) varying harmonically with time (iv) varying impulsively with time.

1. Introduction

P r a k a s h  [I]  d iscussed  th e  p ro b lem  o f u n stead y  incom pressib le  viscous 
flow  u n d e r a tim e-v a ry in g  p ressu re  g ra d ie n t in  a s tra ig h t ch an n e l w ith  tw o 
p ara lle l po rous walls w ith  u n ifo rm  su c tio n  an d  in jec tio n  a t  th e  w alls. H e 
o b ta in ed  th e  exact so lu tio n  o f th e  p rob lem  for a special case b y  considering  
p ressu re  g rad ien t to  be a c o n s ta n t q u a n tity . S r i v a s t a v a  [ 2 ]  ex ten d ed  th e  
sam e p ro b lem  for an  e lec trica lly  c o n d u c tin g  flu id  in  th e  p resence  o f m agnetic  
fie ld . T h e  p resen t p a p e r is concerned  w ith  th e  s tu d y  o f u n s te a d y  flow  o f an  
e lec trica lly  co nduc ting  v iscous flu id  th ro u g h  a s tra ig h t ch an n e l w ith  tw o 
p ara lle l porous f la t p la te s  u n d e r  a tim e-v a ry in g  pressure g ra d ie n t w hen  th e re  
is equal a n d  uniform  su c tio n  an d  in jec tio n  on th e  walls. T h e  e x a c t so lu tio n  of 
th e  p ro b lem  has been o b ta in e d  w hen  pressure  g rad ien t (i) v a ry in g  lin ea rly  
w ith  tim e  (ii) v a ry ing  e x p o n e n tia lly  w ith  tim e  (iii) v a ry in g  h a rm o n ica lly  w ith  
tim e  (iv) v a ry in g  im p u lsiv e ly  w ith  tim e . T he flow  tak es  p lace  in  th e  presence 
o f a un ifo rm  v ertica l m ag n e tic  fie ld . 2

2. Form ulation o f the problem and its solution

C onsider an  u n s te a d y  e lec trica lly  co n d u c tin g  incom pressib le  flow  th ro u g h  
a  s tra ig h t channel w ith  tw o  p a ra lle l porous f la t  p la tes s i tu a te d  a t  a d istance  
h a p a r t . W e ta k e  x  an d  y  va lu es  a long  an d  tran sv erse  to  th e  p ara lle l p la te s  
an d  assum e a un ifo rm  m ag n e tic  f ie ld  H 0 ac ting  along у -axes. T he f lu id  is 
b e in g  in je c te d  in to  th e  ch an n e l th ro u g h  th e  w all a t  y  =  0 a n d  is being  sucked
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th ro u g h  th e  w all a t  y  =  h w ith  a u n ifo rm  ve lo c ity  V u. E lec tric  fie ld  E  is 
assu m ed  to  be zero. T h e  in d u ced  m agnetic  fie ld  due to  e lec trica l cu rren t flow  
in  th e  flu id  is assum ed  to  be v e ry  sm all an d  th e  e lec tric  co n d u c tiv ity  a o f 
th e  flu id  is su ffic ien tly  large.

A t a su ffic ien tly  large  d is tan ce  from  th e  orig in  th e  flo w  is fu lly  developed 
a n d  th e  physical q u a n tit ie s  d ep en d  on y  an d  t only . T h e n  th e  governing eq u a 
t io n  o f th e  p rob lem  are  [2].

0u 0u
~r V 0

91 Эy

1

в

Эр
дх

+  v
Э2 и

9У2

0 = - М
э у

w ith  th e  in itia l an d  b o u n d a ry  cond itions

0 y  h : и =  0, i> =  0 fo r i <  0,

у  =  0 : u =  0, v =  V0 
у  =  h : и =  0, v — V

fo r t >  0.

( 1 )

(2)

( 3)

In tro d u c in g  non-d im ensional q u a n titie s  as

У
J i  =  V  > Pi h

h

P
qVo h lV n

in to  E q . (1) — (3), w h ich  red u ce  to

9 Uj Э Mi _

9h  9 j i
dPi , 1 92 ux-------- ------- --------------ГПл Mi,
9*! R s dy\

0 = 9Pi
9 j i

0 <C y 1 1 : ux =  0 fo r fx 0, 

y x =  0, 1 : Uj =  0 fo r tx >  0 ,

w h ere  R s =  V 0h/v — su c tio n  an d  in jec tio n  R eyno lds n u m b e r,

m{12 = —  ре2Щ
1/2

R M =  m agnetic  p a re m e te r ,

M 2 лJm, = ------ , M  -
Re

jie2 H q h2 =  H a r tm a n n  n u m b e r.

(4)

(5)

( 6) 

(7)
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N ow  assum ing  th u s  (5) reduces to

дщ дщ  1 92«!
—  +  - Г -  =  f \ h )  +  —-------- Г  — mi Mi-
0ti 9 j Д , 9JÏ

(8)

To o b ta in  th e  so lu tion  of (8), we will ap p ly  L ap lace tra n s fo rm a tio n  w hich 
is defined  fo r ve lo c ity  uv  as

« 1  =  J 0 uië* %  •

T hus (8) a n d  (7) tran sfo rm  to

4 т -  - R s ~ - ~ -  R s ( l  +  ™l) «1 =  — * , / ( * ) .  dyf djl

új =  0 a t  j j  =  0, 1,

w here

T he so lu tion  o f  (10) sub jec t to  th e  b o u n d a ry  cond ition  (11) is

j  №
(A +  sin h \[ß

R

exp (Y i -  !)
R,

h i f ß y i )

— exp Yi- in  h

w heie

(1 -  J i )  f ß

Rs +  4R S(A +  mß)

+ №
Я +

(9)

( 10)

(И)

( 12)

(13)

T hus b y  ap p ly in g  inversion  fo rm u la

Ui
J cv+i« m

2ni  Jv~ i=  (Я -f- щ )  sin  h ]/ß
exP | ( j i  -  l ) - y - |  sin  h (V ß у г)

exp R »
j i - ^ l  sin A( ( l  - y j V ß ) + /(* )

(Я +
d).

(14)
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3. E xact solutions for different variations of pressure gradient

Case I : Pressure gradient varies linearly with time 

W e now  assum e th a t

dpi

T herefo re
0*1

— f ( h )  — °o +  ah  •

/(A) =  f  (o0 +  atj) ëUl 
Jo

E q . (14) th e n  reduces to

<*«!= —  +  —
A A2

(15)

(16)

1 r v+i 
v i =  — г2 7Z1/ j  t/—i

eUl [ a o ,
I—ioo I (A +  mß  [ A A2

X sin  h ( Y ß y J  — exp

sin  h Yß

' sin  /i [(1  yy)Yß~\ I +  1

exp | ( r i  — ! ) - y - }  x

dA.
(17)

T herefo re  th e  so lu tio n , w hen th e  p ressu re  g rad ien t v a rie s  linearly  w ith  tim e , 
w ith  th e  help  o f  poles and  residue  m eth o d  is given b y

u, =

X

У. R«
2

m,

R.
e 2 sin ft (yq Y~ß0) +  s in  h [(1 — yg) V ß0] 

sin  h (Y ß 0)
X

-  . „  +  . ( - ■  + J - +
I mi 2 \ ßo )

+

X

a 0 +  a
RR s e 2

+

X
m i 2 Y ß 0 sin h Y ß a

Y i e 2 cosh (y1Yß0) +  ( !  — J i ) c o s h ( ( l  — J i ) f / ? 0) j

(18)

+

n=о
32 n n R ssin(jiny1)[4Rs(a — m ^ ß j  — a 0(jRf+4n:27i2) ] [ l  —( —l ) ne 2

X exp У  l R,
— t,

(Щ +  4jr2n2) (4m, R s +  R j +  4 л 2 n2)2 

R~ +  4 jt2 n2m1 +

X

w h e re

ß o  =

4 R s

R 2 —{— 4 R s mt
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Case I I :  Pressure gradient varies exponentially with time 

W e assum e th a t

-  =  f(h)  =  « о  +  j ?  a n e ~ nt' •
9*i n=i

T herefore

№  — P  [ a o +  2  a n ' 
Jo L n = i

E q . (14) th e n  reduces to

-ntt «г""* * i  =  2
ak

k=o (k +  Я)

(19)

(20)

1 r v + i -  
«1 = -----7

2 ret J V—I «
akeMi

fc= 0 (&  +  ^ ) ( A  +  n t j ) l i ï v r [ - “p(te - i ) f )  x
( 21)

X sin  ft ( p j j )  -  ex p  sin  ft ((1 -  y j  fjS)J +  l j dA.

T herefo re  th e  so lu tio n  in  th is  case, w ith  th e  help  o f poles an d  resid u e  m eth o d , 
is given b y

ak e■—kt

Ul ^ o ( k +  m )

eXP
y i Rs

sin  ft Щ  +  4-Rj  (»I»! — k)
X

X R ,ex p  I -----~ \  sin  ft
Ух

R* +  4Rs(mi -  k) +

-f- sin  ft (1 -  Ух)
R |  +  4 -Rs ( m i  —  k)

+  2n = 0

+ 1

X

+
(22)

( - ( - )
3 2  n ^ i î s sin (ran:y1) ( ( — l ) " e  ' 2 — 1

hH
> T ---------------------------------------------------- -------------------------------------------

-  к) +  (R 2 +  4 .т2 n 2) ] [R §  +  4 л 2

X exp

X

■ , R 2 +  4 л 2 «21
I"H-------- —-------1 4  х

n2] ]
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Case I I I : Pressure gradient varies harmonically with time 

W e assum e t h a t

dpi
dx1

f ( h )  =  ^ 1  s*n  wh  •

T herefo re

/(A) =  1 В  sin a>ty e~ll'd t l =
Bio

(2 3 )

(24)

E q . (14) th en  red u ces  to

1 ~ B 1 o>eX1'r v + l

d  J „ - ,2ni Jv—i„ (A +  ffij)(A2 +  w2)

X sin  h (1i ß y j  — exp sin h ((1 — j j )  ]fß)

i h]fß [ exP | ( j i  - X

+  1 dA.
(25)

T herefore th e  so lu tio n  in  th is  case is given h y

By
u, = --------=------ m sin cot — со cos ft)i +,2 I L(mf +  со2)

/7 = 0

128 nn By соЩ sin  (япуу) 

X exp y , R s h Щ +
2

1 -  ( - 1 ) "  exp  | - - y -

Щ  +  4 л 2 n2

X

4

(Щ +  4 n2n2) [ l6 Ä 2ft)2 +  (Rj +  4 я 2«2 +  4jRs nij)2]
+

By e
y\R,

2
(26)

(m1 cos ft)tj +  со sin  coty) exp R,
2

X
{m\ +  co2)(C2 +  S2)

X (C Sy -  SCy) -  A  [ (C S y -S C y )  -  B (S S y  +  CCy) +  F y(S2 +  C2)]

-(- (ft) cos mty — m, sin coty) exp - R , (S S y  — CCy) —

-  ( B (C S y  -  SCy) +  A (S S y  +  CCy) -  E y (S 2 +  C2))
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w here

S =  sin  h ] jX  cos ] f y ,  E y =  cos h ( y  |A x) cos у  У У ,

Sy  =  sin  h ( y 1][X) c o s ^ f  У ), F y =  sin  Л ( у У Х )  s in (y  ][Y) ,

C =  cos h ( ^ X )  sin У Y , A  =  cos h \ X  cos У У ,

Су =  cos h ( у г У Х ) sin  ( j j  ]T ÿ ), В  =  sin  Л [AX sin У У ,

X  =  —  [х ±  УX2 +  г2] , * =  -~ s +  - R ° mi ,

1 I Z2
У  =  —  --------- ~

2 |_ л: +  Y  ж•2 +  z2
, z =  o)Rs .

Case IV :  Pressure gradient varies impulsively with time 

W e assum e t h a t

-  —  =  f (h )  =  Ad(t1) ,
9*j

w here á(tj) is th e  D ira c  D elta .
Therefore

/ ( ; . ) = ] ' ;  ^ 0 ( 0  e -“>dh  =  A .

E q . (14) th e n  red u ces to

(27)

(28)

l p»+/~
Uj = -----— еЛ(>

2 ш  , ' у — j e , (Я +  Шх) s in  h Yß e x P ( J i  -  ! ) X

X sin h (Y ß yY )  — e x p s i n  h( ( l  — y j  Yß)
y r R s .

— ---- --  S1
2

T herefo re  th e  so lu tio n  in  th is  case is given by

+
Я -|- mj

dX.
(29)

M, = - 2n= 0

8A n n  sin  (япух) exp h f - ' - i
-R| +  4 я 2п2) , I

2  L 4 B s I J

(Щ +  4 я 2п2) 

( -1 )"  exp - A - l - 1

(30)
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O N  S T A T I O N A R Y  S P H E R I C A L L Y  S Y M M E T R I C  
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(Received in revised form 22. VIII. 1978)

In this paper various relativistic models representing the Einstein stationary spherically 
symmetric clusters of gravitating particles have been constructed. The motion of an individual 
particle is studied by employing the analogy of Killing vector. The Kretschmann curvature 
invariant, the gravitational mass and the boundary for each cluster model have been cal
culated.

I . In tro d u c tio n

F o r th e  f i r s t  tim e  E i n s t e i n  [ 1 ]  ingen iously  co n tem p la ted  a s ta tio n a ry  
sy m m e tric  c lu s te r o f  partic les rev o lv in g  in  a c ircu la r o rb it a b o u t th e  c e n tre  
o f  sy m m etry . T h e re , on ph y sica l g rounds, E i n s t e i n  could g e t r id  o f  th e  
S chw arzsch ild  s in g u la rity  for su ch  a d is tr ib u tio n . T h e  d iffe ren t aspec ts  o f th e  
E i n s t e i n  s ta tio n a ry  spherica lly  sym m etric  c lu ste rs  (ESSSC) w ere la te r  on 
in v e s tig a te d  b y  G i l b e r t  [ 2 ]  in  h is  e x tra o rd in a ry  w ay . T he p o ss ib ility  o f th e  
tw o  ty p e s  of c lu ste rs  (‘A ’ and ‘ jB ’) w as suspected . A ccording to  G i l b e r t  [ 2 ]  

th e  c lu s te r  ‘A ’ is cha rac terized  b y
(a) eh is m ono ton ie  increasing ;
(b) O n th e  b o u n d a ry  r =  b, q >• 0;
(c) T he velocities of th e  p a r tic le s  increase w ith  increasing  d is tan ce  from  

th e  cen tre  in  such  a w ay  th a t  th e  p a rtic le s  a t  th e  b o u n d a ry  h av e  th e  v e lo c ity  
less th a n  h a lf  t h a t  o f  ligh t. (The m ean ings of h a n d  q are c la rified  in  th e  n e x t 
sec tion .)

F o r  th e  c lu s te r  В  we h av e
(a) eh increases sh arp ly  to  a m ax im u m  < 3 /2  n e a r  r  =  0 an d  th e n  d ecreas

es to  th e  b o u n d a ry ;
(b) q >  0 fo r r  <  6 and  q — 0 fo r r  =  b;
(c) T he c e n tra l region p a rtic le s  have  th e  h ig h es t velocities.
T h e  special cases considered b y  E i n s t e i n  [ 1 ]  an d  b y  S e n  an d  R o y  [ 3 ]  

com e o u t as th e  exam ples of ‘A ’’ c lu ste rs . F u r th e r  i t  w as sp ecu la ted  t h a t  ‘R ’ 
c lu s te rs  w ould  give a b e tte r  ap p ro x im a tio n  to  th e  clusters of s ta rs  in  re a lity . 
V ery  re c e n tly  H o g a n  [ 4 ]  b ro u g h t o u t  a new  d e riv a tio n  of th e  energy  te n so r  
fo r ESSSC  an d  s tu d ie d  th e  em ission o f  neu trin o s in  th e  above fie ld . T e i x e i h a
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an d  S o m  [5] o b ta in e d  a so lu tion  co rresp o n d in g  to  ESSSC u n d er a p a r tic u la r  
c o n s tra in t o f m o tio n .

M otivated  w ith  an  in ten tio n  to  s tu d y  th e  p rob lem  o f ESSSC in  g rea te r  
d e ta il  th a n  has b een  done till  now , we in  th is  p a p e r  c o n stru c ted  th e  v a rio u s 
so lu tio n s b y  a d o p tin g  a procedure ana logous to  th o se  o f  T o l m a n  [6]. O ne of 
th e  so lu tions, d iscussed  in  case (g), is free from  s in g u la rity . I t  has b een  seen 
t h a t  th e  so lu tion  o b ta in e d  b y  T e i x e i r a  an d  S o m  [3] em erges as a p a r tic u la r  
ex am p le  o f ou r case (c). To have a com prehensive  s tu d y  o f th e  d is tr ib u tio n s  
so o b ta in ed  th e  K e rtsc h m a n n  c u rv a tu re  in v a r ia n t L  =  R abcdRabcd fo r  each 
m odel has been c a lc u la ted  to  know  th e  s in g u la rity  asp ec ts : th e  K illin g  v ec to r 
an a lo g y  ( A n d e r s o n  [7]) has been free ly  used  to  d raw  th e  in fo rm atio n  re g a rd 
in g  th e  m otion  o f th e  p a rtic le  and  f in a lly  th e  expressions fo r th e  g ra v ita tio n a l 
m ass and  th e  b o u n d a ry  of th e  c lu s te r h av e  been  d educed . A com parison  of 
th e se  p red ic tions w ith  o u r o b se rv a tio n a l know ledge w ould  p rov ide  a te s t  of 
th e  v a lid ity  o f th e  m odel.

II. The field equations

Consider a c lu s te r  of partic les h av in g  a spherica l sy m m etry  in  w hich  an  
in d iv id u a l p a rtic le  is m oving in  a c ircu la r o rb it ab o u t th e  cen tre  o f sy m m etry  
in  th e  g ra v ita tio n a l fie ld  o f th e  c lu ste r. T h e  g ra v ita tio n a l fie ld  w ith in  th e  
c lu s te r  is given b y

ds2 =  —eh dr2 — r2(d02 sin2 OdP2) -j- ek dt2, (1)

w here  h and  к  a re  fu n c tio n s o f r alone. D en o tin g  r — b as th e  b o u n d a ry  o f th e  
c lu ste r, i t  is o b v ious th a t  for th e  reg ion  r  >  b th e  space-tim e will be dep ic ted  
in  th e  well k n o w n  Schw arzschild  e x te rio r  so lu tion

ds2 -= —(1 — 2mjr)~1dr2 — r2(dd2 -f- sin2 0<W>2)]-|- (1 — 2mjr) dt2, (2)

w here  m can  now  be  tre a te d  as th e  g ra v ita tio n a l m ass o f th e  c lu ste r as m easured  
b y  its  ex te rn a l g ra v ita tio n a l fie ld . Also on th e  b o u n d a ry  r  =  6, fie lds given 
b y  (1) and  (2) m u s t  m a tch  to g e th e r.

In  th e  u su a l n o ta tio n  th e  fie ld  eq u a tio n s  o f genera l re la tiv ity , w ith o u t 
a  cosm ical te rm , are

д у  -  (ада™  =  - 8 я т » .  (3)
T h e  left h an d  side o f  th e  above eq u a tio n  is th e  geom etrica l p a r t  w hereas th e  
r ig h t h an d  side is th e  physical p a r t  w hich  in  ou r case, following G i l b e r t  [ 2 ] ,  

can  be w ritte n  as

T \  = T \ = -  (5/2) V 2 e T* =  5  . (4)
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T he q u a n t i ty  V  ap p ea rin g  in (4) has a ph y sica l significance. I t  is n o t  sim ply  
th e  v e lo c ity  b u t  t h a t  m easured  in  p ro p e r  tim e . I t  deno tes th e  speed  o f  th e  
p a rtic le  P  m ov ing  a t  r ig h t angles to  OP  w here О is th e  cen tre  o f th e  sy m m e try  
of th e  c lu ste r. T h e  q u a n ti ty  q is th e  d e n s ity  o f  energy  referred  to  axes fixed  
a t  P.

T h e fie ld  eq u a tio n s  (3) a longw ith  (1) an d  (3) y ield

e~h (k j r  +  1/r2) — 1/r3 =  0,

e~h (ku !2 -  hx +  fcf/4 +  (fcL -  hx)j2r) =  4>щ V*e~k, 

e~h ( —h j r  +  1/r2) -  1/r2 =  —8nq

an d  from  th e  en e rg y  conservation  law , we get

rkx =  2 V 2e~k w ith  hx =  dh /d r e tc . (8)

One can  easily  d e riv e  E q . (8) from  E q . (5) — (7). T herefo re  we are  le ft w ith  
th re e  in d e p e n d e n t fie ld  equations w hile th e  n u m b e r o f unknow ns (ft, k, q, V) 
is four. T he p ro b lem  is in d e te rm in a te  an d  in  o rd e r to  h av e  a u n iq u e  so lu tion  
it  is n ecessary  to  p resum e one m ore re la tio n  a rb itra r ily  to  m ake th e  system  
d e te rm in a te . T o l m a n  [6] and  K u c h o w i c z  [8] h av e  free ly  used th is  m e th o 
dology to  o b ta in  th e  d ifferen t so lu tions o f  th e  flu id  sphere  in  general re la tiv ity . 
H ow ever, th is  m e th o d  is n o t so safe as i t  s ta n d s . I t  m ay  h ap p en  th a t  th e  m a th e 
m atica l so lu tio n  th u s  o b ta in ed  m ay  n o t be o f a n y  physica l im p o rtan ce . T he 
physical in te re s t o f  such  m odels will, how ever, depend  on w h e th e r th e y  ex h ib it 
positive energy  d en sity . A n o th er a lte rn a tiv e  is to  in tro d u ce  one m ore re la tio n  
w hich is re la te d  to  som e physical co n d itio n  o f th e  d is tr ib u tio n . Such  ty p e  of 
p rocedure has som e serious d raw backs because  v e ry  often  b y  in tro d u c 
ing an  a u x ilia ry  co n d itio n  th e  prob lem  becom es h ig h ly  com plicated . W e, in  
th is  p ap e r, have  p re fe rred  th e  f irs t m e th o d o lo g y  to  th e  la tte r .

I t  is n o te w o rth y  th a t  th e  g ra v ita tio n a l fie ld  defined  b y  th e  m e tric  (1) 
possesses an  ev ery w h ere  tim elike  v ec to r  K '  ( A n d e r s o n  [ 7 ] )  w hich sa tisfies

K i j  +  K jj  =  0 .

W e can alw ays f in d  a m app ing  such th a t  in  f in ite  region of space-tim e

K ‘ =  (0, 0, 0, 1) (9)
and  hence

Ki =  (0, 0, 0, ek).

The p ro jec tio n  o p e ra to r  Bj  on to  th e  h y p e rp la n e  n o rm al to  K ‘ is th e n  g iven  b y

В ) =  diag  (1, I ,  1, 0 ) . (10)

(5)

(6) 

(7)
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I f  w e suppose
ul =  dx'/ds =  (0, 0, u 3, и4)*

as th e  four v e lo c ity  o f th e  m em ber, in  th e  e q u a to ria l m o tion , o f th e  c lu s te r  
fo llow ing  th e  geodesic  in  th e  fie ld  o f  (1), we get

(u 3)2 (2r/fej) =  ek (u4)2 =  (1 -  r k j 2 ) - 1 . (11)

F ro m  equations (9) — (11) we o b ta in  th e  m a g n itu d e  o f th e  c o v a ria n t n o rm al 
v e lo c ity , w hich corresponds to  th e  classical v e lo c ity  of th e  p a rtic le , a n d  is 
g iv en  by

2v2 =  rkv  (12)

W e shall em ploy  th is  resu lt in th e  n e x t Section .

III. A set o f various solutions

(a) Supposition: ek =  constan t.

W ith  th e  a b o v e  condition , eq u a tio n s  (5) — (8) y ield

h =  V  =  q =  V =  0

a n d  th e n  we h a v e

ds2 =  - d r 2 -  r2(d02 +  sin2 6d0-) +  c2dt2,
w ith  ek =  c2.

This lin e -e lem en t corresponds to  th a t  o f special r e la tiv ity  an d  is devo id  
o f  a n y  physica l im p o rtan ce  in  th e  c o n te x t o f  o u r p ap er.

(b) Supposition: eh+k =  const. =  B 2.

Now E q s. (5) —(8) give

e~h = 1  — A /r ,  ek =  B 2 e~h,

V2 =  A B 2j2r, V2 =  Aj2{r -  A),

5 =  0, L  =  12 A 2lre ,

w h ere  A  is a c o n s ta n t  of in te g ra tio n .
I t  is a m a z in g  to  note t h a t  th e  so lu tion  corresponds to  T™ =  0 a n d  is 

n o th in g  else t h a n  Schw arzschild’s ex te rio r  so lu tio n  as i t  s ta n d s . T h e  g ra v i ta 
t io n a l m ass o f  t h e  cluster ( =  m) is A/2.

* This choice of u1 is in conform ity w ith th a t  of E instein  [1].
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(c) Supposition: efcife1/2 r =  const. =  (B jA )2. (13)

W e o b ta in  th e  follow ing :

eh =  (A 2 +  3 r2)/(A 2 +  r2), ek =  B 2( l  +  r2/H 2),

Г  =  B r/A , v2 =  (1 +  ^2 /r2) - 1,

4тгд =  3(A2 +  r2)(A 2 +  3r2) - 2, b2 =  (A2/3 B 2)(1 -  В 2), 

m =  (A /B )((l -  B 2)/3)3'2,

L  =  12(18r4 +  12H 2r2 +  5H 4)(H 2 +  3r2) ~4.

H ere  th e  fie ld  is free from  s in g u la rity . T he fu n c tio n s eh an d  v are increasing  
w ith  r. T he s ta b ili ty  o f th e  c ircu la r o rb its  (A 2 >  0) is tr iv ia lly  sa tisfied  for 
rea l values o f  A .  T he d e n s ity  a t  th e  cen tre  o f th e  c lu ster is f in ite  an d  th e  p a r 
tic les th e re a t  w ill be a t  re s t. N o m em ber o f th is  c lu ste r w ill a t ta in  th e  velo 
c ity  of lig h t. T h e  in te re s tin g  fe a tu re  o f V  is t h a t  i t  is p ro p o rtio n a l to  th e  d is
ta n c e  from  th e  cen tre . D en o tin g  В /A  b y  H,  we w rite  V  =  H r  w h ich  is s im ilar 
to  H u b b le ’s law  for th e  v e lo c ity  of recession o f  th e  galax ies. O f course we 
are  aw are o f  th e  fa c t t h a t  V  in  o u r case has a d iffe ren t s ign ificance. T he g ra v i
ta tio n a l f ie ld  can  th e n  be w ritte n  as

ds2 =  -  1 +  3Jf2(r2 -  fe2) d r2 -  r*(de2 +  sin2 0<й>2) +
1 +  H 2(r2 — 362)

+  (1 +  H 2(r2 -  362)) dt2.

I f  we rep lace  A  b y  l /со an d  B 2 b y  A ,  th e  re su lt o f  T e ix e ir a  an d  S om  
[5] are  rec la im ed  w ith  c =  1. T h e  q u a n tity  g (p roper d en sity  o f  m a t te r  used  
b y  th em ) is co n n ec ted  to  q b y  th e  eq u a tio n

g — q( 1 — ek V2).

F u rth e rm o re  if  we re s tr ic t  th e  size of th e  c lu ste r such  th a t  v — 1/2 
a t  th e  b o u n d a ry , we get

362 =  A 2, 2 B 2 =  1

an d

qc =  Ць »
w here th e  su ffix  c s tan d s  fo r cen tre .

As a m a t te r  o f fa c t E q . (13) has th e  so lu tion

ek — B 2(e -f- t^/A2) w ith  s =  0 or + 1 .
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T h e  situ a tio n  a lre a d y  discussed co rresponds to  e =  1. T h e  case e =  — 1 has 
n o  physica l m ean in g  because v >  1, b u t  th e  case s =  0 seem s to  be good an d  
th e n  we o b ta in

ek =  (B /A )2r2, eh =  3, v =  1 e tc .

T h is  is s tran g e  b u t  p ro b a b ly  n o t physical.

(d ) Supposition : eh =  c o n s ta n t =  c.

The fie ld  eq u a tio n s  y ield

ek — Ar£~ \  2 V2 =  A(c  — 1 Jr* "1,

2v2 =  c — 1, 8jrq =  (c — 1 )/cr2 ,

2m =  b(c — l) /c , b =  { A c ) - 1̂ - » ,

L  =  ( l/4 c2 r4)(c -  l ) 2(c2 -  6c +  3 3 ).

T h e  field has in tr in s ic  s in g u la rity  a t  r =  0. T he d e n s ity  is inverse ly  p ro p o rtio n a l 
to  th e  square  o f  th e  d istance  an d  becom es in fin ite  a t  th e  cen tre . O n physica l 
g rounds c >  1. T h e  cond ition  fo r th e  s ta b ility  o f  th e  o rb its  fu r th e r  re s tric ts  
c such th a t  1 c <  3. C hoosing c — 2, th e  line-e lem en t can  be w ritte n  as

ds2 =  —2dr2 -  r2(d02 +  sin2 (МФ2) +  Ardt2.

A lso as v does n o t  depend  u p o n  r, in  th e  above c o n te x t all partic les  will be 
m oving  a t c o n s ta n t speed w hich  is 1/У 2 tim es th e  speed  o f lig h t w hich is n o t a 
v e ry  pleasing s itu a tio n . T he above c lu ste r does n o t be long  to  G i l b e r t ’s classi
fica tio n .

(e) Supposition: e~h =  cjr.

W e fin d  th a t

ek =  (Ajr)erlc, V2 =  (A /2r)(r/c  -  l)e r'c, 

v2 =  (r — c)/2c, 8nq =  1/r2 , 

b =  c log (с/A),  m =  (c/2) log (c/eA),

L  =  2c2//-6 +  6(c -  r)2/r6 +  ( l /2 r3 c)2(r2 -  3rc +  4c2)2.

T h e  s ta b ility  o f  th e  o rb its  co rresponds to

r2 -  5rc +  3c2 <  0.
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P h y s ic a l grounds t h a t  th e  partic les  a t  th e  b o u n d a ry  shou ld  n o t ap p ro ach  th e  
v e lo c ity  o f ligh t, im pose  a cond itio n  given by

1 <  log (с/A)  <  3.

W e fin d  th a t  th e  partic les  a t  th e  cen tre  m ove w ith  im a g in a ry  velocities. 
T o  av o id  th is  s i tu a tio n  we suppose th a t  th e  space-tim e is v a lid  fo r th e  region 
r  ]>  c. T he partic les  on th e  surface r =  c h av e  zero velocities a n d  th e  condition  
fo r s ta b ili ty  is sa tis f ied  tr iv ia lly  th e re a t. As our so lu tion  s ta n d s  fo r th e  re s tric ted  
reg ion , i t  does n o t rev ea l a n y th in g  ab o u t 0 r  <4 c. O ne m a y  im agine th a t  
th e  in n e r  regions a re  devoid  o f an y  p artic le .

T h e  m odel we a rr iv ed  a t , has E i n s t e i n ’s [1] c lu ste r shell analogue replacing 
h is th in  shell S  b y  th e  reg ion  c г <Ц b. T he  fie ld  inside th e  reg ion  0 r  <[ c 
w ill be  M inkow skian i f  th e  n u m b e r of partic les  in  th e  shell is large enough 
so t h a t  th e  ex te rio r g ra v ita tio n a l fie ld  is com plete ly  screened  o ff from  th e  inner 
reg ion . I f  th e  n u m b e r o f  partic les  is sm aller enough, th e  fie ld  w ill n o t be screened 
o ff en tire ly  and th e n  th e  a rg u m en ts  sim ilar to  th a t  o f E i n s t e i n  [1] m ay  be 
ap p lied  fo r th e  in n e r  fie ld .

T h is m odel c a n n o t be accom m odated  in  G i l b e r t ’s [2] classification .

(f) Supposition: e~h =  c/r2.

I n  th is  case w e ge t

ek =  (Æ r)e ( 'V 4  V 2 =  (A /2r)(r2/c -  1) er'l2c,

V2 =  (l/2 c )(r2 — с), 8л:q — (c -f- r2)/r4, 

be(b'ßc) =  m  =  (6/2)(l -  c/62),

L  =  8c2/r8 6(r2 — c)2/r8 -f- (2r2 -f- (r2 — c)2/2c)/r* .

S ta b i l i ty  condition  o f  th e  o rb its  gives

r1 — 6r2c +  3c2 <  0 .

In  th is  case th e  space-tim e  is va lid  fo r r  >  \ c. T he a rg u m en ts  for th e  
case (e) are  also ap p licab le  here.

(g) Supposition: e~h = 1  — r2/B 2.

In  th is  case we o b ta in  a so lu tion  w hich is free from  sin g u la rity .

ek =  (B /B )eft/2, V 2 =  (B r2/2 )(ß 2 -  г2) “ 3/2,

V2 =  (ra/2)/(jR2 — r2), 8 щ  =  3jR? =  c o n s ta n t, 

m  =  b3j2R 2, b2 =  B 2( l  -  (B /B )2'3),

L  =  14/B 1 +  (1 +  r2/2B 2)2(B2 -  г2) " 2 , 

w ith  В an d  R  as c o n s ta n ts .
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T h e velocity  v approaches th e  velo c ity  o f lig h t a t  r =  R  У2/3 and  on 
p h y s ic a l grounds th e  b o u n d a ry  o f  th e  c lu ste r m ust be re s tr ic te d  accord ing  to

b2 <  2Д 2/3. (14)

T h e  space-tim e o u ts id e  th is  b o u n d a ry  corresponds to  S chw arzsch ild ’s e x te rio r 
so lu tio n . As 0 < / r  < [ b <C R, th is  m odel is free from  s in g u la rity  an d  satisfies 
th e  cond itio n  for th e  s ta b ility  o f th e  c ircu la r o rb its 3r2 <C 4R 2.

F o r  real v a lu es  o f  b we m u s t h av e

(B jR )2 <  1. (15)

F ro m  (14), (15) a n d  th e  expression o f  b2, we get

1/27 <  (B jR)2 <  1. (16)

T h e  b o u n d ary  of th e  c lu ster can  fu r th e r  be re s tr ic te d  so t h a t  th e  o u te rm o st 
p a r t ic le  moves w ith  a velocity  less th a n  h a lf th e  v e lo c ity  o f ligh t. T he m odel 
w ill b e  an exam ple o f  c lu ster A .  I n  th is  case

b2 <  R 2/3
a n d

8/27 <  {BÍR)2 <  1.

IV. Conclusion

O ur in v es tig a tio n  suspects t h a t  one of th e  so lu tions belongs to  class 
В  a n d  only tw o o f  th e m  m ay  b e lo n g  to  class A ,  i f  th e  b o u n d a ry  is chosen 
s u ita b ly .
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H E A T  T R A N S F E R  T H R O U G H  A  R O T A T I N G  
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A theoretical analysis of the hydrodynamic flow and its temperature distribution in 
a porous medium is presented for an incompressible viscous fluid in a rotating channel, bounded 
by two impermeable infinite parallel plates at a constant temperature, under the action of a 
uniform pressure gradient in the direction of the flow. An exact solution of the governing 
equations is obtained. The flow is governed by the Darcy’s number a  dependent on the permea
bility к of the medium and the Taylor number T. The primary and the secondary flows, the 
temperature distribution, the shear stresses and the Nusselt number at the plates are studied 
in detail for various values of a and T. In general, a is found to have a stronger influence in 
reducing the mass flux and the temperature of the flow compared to rotation. For large values 
of a (a >  10), there is no appreciable change in temperature and Nusselt number with rotation. 
When a  and T are large, the flow is confined to a boundary layer in the vicinity of the plates.

1. In tro d u c tio n

M an y  in te re s tin g  flow s th ro u g h  porous m ed ia  h av e  been s tu d ie d  on th e  
basis o f  D a rcy ’s em pirica l law  (see S c h e i d e g g e r  [ 1 ] ,  B e a r  [ 2 ] ,  Y r a  [3 ] )  

w hich  expresses th e  fa c t th a t  th e  p ressu re  g ra d ie n t pushes th e  f lu id  in  th e  
p o ro u s  m ed iu m  ag a in st th e  b o d y  force ex e rted  on  i t  b y  th e  flu id . D a rcy ’s 
law  is fo u n d  to  be in a d e q u a te  to  describe  th e  flow s, m ore p a r tic u la r ly  in  s itu a 
tio n s  w ith  h igh  speeds or n ea r th e  su rface  inside th e  porous b o d y . A non- 
D arcy  d esc rip tio n  fo r th e  viscous flow s in  porous m ed ia , is as such  w a rra n te d . 
To th is  e x te n t, th e  eq u a tio n s o f  m o tio n  o f a f lu id  in  porous m ed iu m  were 
p ro p o sed  b y  a n u m b e r of au th o rs  ( B r i n c k m a n  [4], T a m  [5] an d  L u n d g r e n  

[6]). Y a m a m o t o  an d  Y o s h i d a  [7] in c o rp o ra te d  th e  convective  te rm s  in  th e  
basic e q u a tio n s  an d  la te r  Y a m a m o t o  an d  I w a m u r e  [8 ]  an d  P a t t a b h i  

R a m a c h a r y u l u  [9 ]  in v es tig a ted  a class o f flow s in  porous m ed ia  em ploying  
a m ore genera l fie ld  eq u a tio n  ta k in g  in to  acco u n t th e  flu id  in e r tia  an d  th e  
viscous stresses as well.

I t  is assum ed  h ere  th a t  th e  m ed iu m  is co m ple te ly  s a tu ra te d  w ith  th e  
viscous f lu id , w hich , w hen  se t in  m o tio n  g enera tes v iscous stresses in  th e  sam e 
w ay as i t  does in  a p u re  flu id  m ed ium . T h e  fu n d a m e n ta l eq u a tio n s, c h a ra c te r is 
ing  th e  flow  o f a v iscous incom pressib le  flu id  in  such  a s a tu ra te d  porous m ed ium
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(see [8], [9]) can  th u s  be w ritte n  as

ecp

D y

I h

DO
D  г

y  • V  =  0, ( 1 )

- V P - A V  + / I V 2 V 2 , (2)

г
1

= K V 2 6 + P ф - | ----------- V  • V
к

(3)

w h ere  v is th e  f lu id  velocity , в th e  te m p e ra tu re , p  th e  p ressure , Ф th e  viscous 
d iss ip a tio n  te rm , q th e  flu id  d en sity , К  th e  th e rm a l co n d u c tiv ity , cp th e  specific 
h e a t  a t c o n s ta n t p ressu re  of th e  flu id , /л th e  v iscous coefficient o f  th e  flu id  
a n d  к th e  p e rm e a b ility  of th e  m ed ium . E q . (2) is th e  sam e as th e  N avier- 
S to k es  eq ua tions, w hen  th e  flow  is in fluenced  b y  a special ty p e  o f b o d y  force 
‘D a rc y  force’ e q u a l to  —/iv/&. In  th e  lim it, as к —► o o ,  th is  reduces to  th e  
N av ier-S tokes e q u a tio n  of m o tio n , w hich is v a lid  for a pu re  flu id  m edium .

W e consider here  th e  flow  o f an  in fin ite  exp an se  of an  incom pressib le  
v iscous flu id  in  a porous m ed ium  th ro u g h  a ro ta t in g  channel fo rm ed  b y  tw o  
in f in ite  im p erm eab le  h o rizon ta l p ara lle l p la te s  Z  =  T he  f lu id  an d  th e  
p la te s  are assum ed  to  be in a s ta te  o f rigid bo d y  ro ta tio n  w ith  c o n s ta n t an g u la r 
v e lo c ity  Q a b o u t th e  Z -axis w hile th e  flu id  is d riv en  b y  a un ifo rm  pressure 
g ra d ie n t —dpiЭХ in  th e  d irec tio n  o f th e  X -ax is . F o r a pu re  f lu id  m edium , 
th is  problem  w as solved b y  Y i d y a n i d h i  and  N ig a m  [10]. V i d y a n i d h i  [11] 
a n d  N a n d a  a n d  M o h a n t y  [12] ex ten d ed  i t  in  th e  fram ew ork  o f  h y d ro m ag 
n e tic s . The effect o f  suction  an d  in jec tion  on th is  flow  w as in v es tig a ted  b y  
V i d y a n i d h i  e t al [13]. The correspond ing  p rob lem s of h e a t tra n s fe r  b y  
R a m a n a  R ao  a n d  B a l a  P r a s a d  [14] and  M o h a n  [15] are equally  im p o rta n t. 
I n  these  p rob lem s on ro ta tin g  flu id s , a s tro n g  in te ra c tio n  occurs due to  th e  
in te rp la y  of th e  u n ifo rm  pressure  g rad ien t and  th e  Coriolis forces. A n a t te m p t 
h a s  been m ade h e re  to  seek th e  in fluence  o f th e  D a rcy ’s n u m b er a on these  
flow s in  porous m ed ium .

Flows o f th is  ty p e  occur in  geo therm al s itu a tio n s , g round  w a te r  m ove
m e n t, squeeze f ilm  perfo rm ance an d  lu b rica tio n  th e o ry . As a m a tte r  of fac t, 
w e ough t to  in c lu d e  th e  b u o y an cy  force w hich  is o f  som e special significance 
in  th e  parallel flo w  in  geo therm al s itu a tio n s , b u t  th e  m a th e m a tic a l expressions 
becom e cum bersom e. So th e  re su lts  are p re se n te d  for a sim ple geom etry . 
W e assum e fu r th e r  th a t  b o th  th e  low er and  u p p e r  p la tes are m a in ta in e d  a t  
f ix e d  te m p e ra tu re s  0o and 0r
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2. M athem atica l fo rm ula tion

T he re le v a n t equations o f m otion , re la tiv e  to  th e  ro ta t in g  fram e  o f 
reference, are

- 2 qQ V  =  +  ц --------U ,
d X  d Z 2 к

2 qÜ U =  -  JL  V ,
dZ2 к

0 =  +
dZ 2

d l /

Л á Z 2
+

d F l 2
dZ

+  ^ ( t / 2 +  J/2).
к

(4)

(5)

( 6)

H ere  U an d  F  are  th e  p rim ary  an d  secondary  velocity  co m p o n en ts  of th e  v e lo 
c ity  v ec to r V in  X  and  Y  d irec tions.

In  te rm s  o f th e  q u a n titie s  defined  b y

Z  1 dp , sz =  — , c = ------------— , (u , v)
h Ц d X ~ 5 F {U’ n ,  =  l ^ r i ;

h 2nQh2a =  .,_ (D arcy  n u m b er), T  = ----------(T aylor num ber),
f k

Pr =  ^  p (P ra n d tl  n u m er), E  =
К

( ? )

c2hi

CP ■ (01 — 0o)
(E ck e rt nu m b er)

th e  E qs. (4), (5) an d  (6) becom e 

d2q
dz2

d2t

— (a2 +  iT)q =  — 1 ,

=  — P  E  {-^L - ' L  +  o'-qq
dz2 I dz dz

w here q =  и -f- iv an d  b a r d eno tes com plex co n juga te . The so lu tions o f  th e se  
eq u a tio n s  are  so u g h t sub jec t to  q =  0 a t  z =  + 1  (no slip  a t  th e  p la te s), 
Í =  0 a t  г =  —1 an d  t — 1 a t  z — 1. T he p r im a ry  velocity  u  an d  th e  secon
d a ry  ve lo c ity  v a re  found  to  be

2<r2(I  -  P ) - T Q 
Ц о * +  T 2)

2 a2Q +  T(1 — P) 
L(a* +  T 2),

( 8 )

( 9)
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w herein

P  == cosh az  • cos ßz • cosh a  • cos ß  -f- sinh  az • s in  ßz • sinh a  • sin  ß, 

Q =  sinh az  • s in  ßz ■ cosh a  • cos ß — cosh az • cos ßz • sinh a  • sin  ß, 

L  =  cosh 2a  +  cos 2ß,

ас, ß
I о* +  T 2 ±  а2 1/2

( 10)

T h e solu tion  fo r te m p e ra tu re  t is

»here

A(z)

t = ±  +  ± z - P r E [ F ( z ) - F ( l ) ]

F(z) =  A(z)  +  a2B(z), 

1

( И )

4L(a2 +  ß2)

cosh 2az cos 2 ßz
ß2

B(z)
1 4(a2 P  -f TQ) t 1 Г cosh 2a cos 2ß

~2 _  L{ax +  T 2) ' 4L [  a 2 ß2 ]]о-4 +  T 2

T h e p rim ary  an d  th e  secondary  sh ea r stresses tx  a n d  ту a t  z =  + 1  a re

_ a  s inh  2a +  ß  sin  2ß
Tx

du  '
dz )z==±i

dv
dz Z = ± l

L (a2 +  ß2)

a  sin  2ß — ß  s in h  2a 
L (a2 +  ß2)

( 12)

(13)

The N usse lt n u m b e r, w hich is th e  local d im ensionless coefficient o f  h ea t 
t ra n s fe r , is

N u ±  1 f ^  1 _L P  E 1 ' sin h  2a sin 2ß

{ dz  2 - L(a2 ! ß2) 2a 2ß
+

(14)

+
и4 +  T 2

1 +  2 tX|;_ + 1+
sinh 2a sin  2ß

2a
+  ■

2ß
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Particular cases:

(i) W h en  T  =  0, a =  0, we o b ta in  th e  u su a l Poiseu ille  flow

и =  —  (1 -  Z2), V =  0, t =  —  +  —  2  =  PrE( 1 -  z3 4) ,
2 2 2

Xyr =  - p i ,  Xy =  0, N u  =  —■ +  -g- P r E .

(ii) W h en  T  == 0, cr 0 (n o n -ro ta tin g  liqu id  in  po rous m ed ium  [9])

и =  —  1 -
cosh ffz

r x  ------b

cosh cr 

ta n h  a

, V =  0 ,

, r  =  0,

P r E1 , 1
t — ------1----- z -|-

2 2 ff2 cosh2 a 4a-
[2 (ff2 — 3) cosh2 c  — l ]  -(—

2 cosh a • cosh az cosh 2az z2 , „
H-------------------------------- ---------------------------cosh“1 a

a2 4 o2 2

_T 1 _  P r E  , , . ,
ivu  =  —• 4 - --------------- (ff cosh ff — sm h ff).

2 ff3 cosh ff

T h e  effect o f  th e  p e rm eab ility  к  o f  th e  flow  is analogous to  t h a t  o f th e  m ag n e tic  
f ie ld  on th e  co n d u c tin g  flow  in  m ag n e tohydrodynam ics.

(iii) W h en  T  0, cr =  0, w e recover th e  flow  th ro u g h  a ro ta tin g  s tra ig h t 
ch an n e l for th e  pu re  flu id  m ed iu m  [10].

3. D iscussion and conclusions

T he p r im a ry  and  th e  seco n d ary  velocity  profiles и an d  v are  show n in  
F igs. 1 an d  2 fo r  ty p ica l values o f  cr an d  T. T h e y  are  sy m m etric  ab o u t z =  0. 
F igs. 1 (a) an d  (b) show  th a t ,  fo r a  fixed  ff, аз T  increases, th e  ve lo c ity  com po
n e n t и decreases, th e  m ax im um  v a lu e  occurring  a t  th e  cen tre  as long  as T < T V 
W h en  T  >  T v  th e  m ax im um  o f u is sh ifted  to w ard s  th e  p la te s . W ith  fu r th e r  
rise  in  T (T  >  T 2), th e  u-p ro file  tu rn s  in te rm itte n tly  p o sitive  an d  n eg a tiv e  
fo r  — 1 z 1 c u ttin g  th e  Z -ax is  m ore o ften  fo r larger T.  W h en  a =  0, 2, 5
a n d  10, is fo u n d  to  be 5.5, 9, 20 an d  50, resp ec tiv e ly , while fo r a — 0 an d  1,
T 2 is e s tim a te d  to  be abo u t 18 a n d  80, re spec tive ly . and  T 2 increase  w ith  ff.
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W hen T  =  О, V — 0 fo r a ll a. As Т  increases, v becom es nega tive . F ig . 2 
show s th a t  v in  th e  neg a tiv e  d irec tion  o f th e  У -axis increases till  T  =  T* 
a n d  th en  decreases. T* is ca lcu la ted  to  be 2.45, 3.6, 6.3 an d  25.6 w hen  a =  0, 
1, 2 and  5, resp ec tiv e ly . T he correspond ing  values fo r th e  m ax im um  o f v, 
occurring  a t  th e  cen tre  o f th e  flow , are —0.25602, —0.20116, —0.09503 and  
— 0.02007. W h en  T  >  T*, th e  ^-profile  decreases. T he m ax im u m  of v is sh ifted  
to w ard s th e  p la te s  from  th e  cen tre  and  w ith  fu r th e r  increase in  T , n-profile 
behaves ju s t  as t h a t  o f и w ith  th e  difference th a t  i t  does no t cu t th e  Z -ax is. 
I n  Fig. 1 (b) a s teep  fall m a y  be observed  in  th e  v e lo c ity  n ear th e  p la te s . 
F o r  large T  a n d  a, th e re  arises in  th e  v ic in ity  of th e  p la te s  a th in  b o u n d a ry  
lay e r whose th ick n ess  can be show n to  be o f 0 ( l/a ) .T h is  th ickness d im in ishes 
as a increases fo r  a fixed  T  an d  vice v ersa . T he v e lo c ity  ou tside th e  layers 
fa lls off rap id ly  to  zero an d  m o st o f th e  flow  tak es  p lace th ro u g h  th e  b o u n d a ry  
layers.

W hen Г  <  T *, th e  m ass flow  ra te  my due to  th e  secondary  m o tio n  is 
less th a n  mx due  to  th e  p rim a ry  flow . H ow ever, my d o m in a tes  mx w hen  T  T*. 
F ig . 3 shows th e  re su lta n t flow  m  =  mx -f- my decreases w ith  increase  in  T  
fo r a fixed  a a n d  vice versa . In  F ig . 3 m 0 rep resen ts  th e  m ass flow  ra te  for 
th e  Poiseuille flow . The p e rm e a b ility  o f th e  m ed ium  h as, how ever, s tro n g er 
influence in  re d u c in g  m ass flow  ra te  com pared  to  ro ta tio n . To give a q u an ti-
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ta t iv e  e s tim a te , th e re  is a red u c tio n  o f 2 5 .7%  in  th e  m ass flu x  as a increases 
from  0 to  1, fo r T  =  1, w hile th is  re d u c tio n  is re la tiv e ly  less be ing  5 .4 % , as 
T  increases from  0 to  1 fo r a =  1.

F ig . 4. shows th e  p lo t o f th e  p rim a ry  an d  th e  secondary  sh ea r stresses 
a t  th e  low er p la te  z =  — 1 ( th a t  a t  th e  u p p e r p la te  is ju s t  opposite  in  sign). 
T he effect o f increasing  a is to  reduce b o th  th e  sh ear stresses fo r a fix ed  T.  
F o r a f ix e d  a, th e  p r im a ry  stress s tead ily  decreases w ith  T , w hile th e  secon
d a ry  s tre ss  is observed  to  increase  till  T  =  T* and  th e n  decreases.

F ig . 5 shows th a t  th e  effect o f ro ta tio n  fo r a fix ed  a is, in  genera l, to  
decrease th e  te m p e ra tu re  a t  a n y  p o in t o f  th e  flow , th is  decrease d im in ish ing  
w ith  increase  in  a. F o r la rge  <т(<г >  10), th e re  is no ap p rec iab le  change in  te m 
p e ra tu re  w ith  ro ta tio n . W hen  a —► oo, th e  te m p e ra tu re  d is tr ib u tio n  assum es 
th e  lin ea r fo rm  t =  0.5 (1 +  2 ) an d  is in d e p e n d e n t o f  P rE.

Fig. 6 illu s tra te s  th e  d ependence  o f  th e  N usselt n u m b e r a t  b o th  th e  p la tes 
on T  fo r d iffe ren t values o f  a. W hen  a —*■ 0 0 , i t  is 0.5 fo r b o th  th e  p la te s  and  
rem ians th e  sam e p ra c tic a lly  fo r all T.
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Fig. 2a. Secondary flow (T  <  T*)

Fig. 2b. Secondary flow (T >  T *)
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1

Fig. 3. Normalised flux

Fig. 4. Shear stresses at the lower plate
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Fig. 5. Temperature distribution

Fig. 6. Nusselt number at the plates (PrJE =  1)
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Fig. 7. The angle Ф as a function of T

Follow ing  [10], w here in  suggestions w ere given fo r ex p e rim en ta l v e ri
fica tio n , we can  determ ine  th e  angle —Ф, a t  w hich th e  side p la te s  are  to  be 
inclined  to  th e  X -ax is  in  o rd e r  t h a t  th e re  is no to ta l  flow  across th e m . F ig . 7 
gives th e  angle —Ф versus T  fo r d iffe ren t va lues of a. W e conclude  from  th is  
th a t  th e  angle Ф fo r any  T  decreases as a increases. The effect o f  th e  p e rm eab i
li ty  of th e  m ed iu m  (increasing  a) is th u s  to  in h ib it th e  seco n d ary  flow  th ro u g h  
th e  side p la te s .
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S U R  L ’ E Q U I V A L E N C E  D E S  T H E O R I E S  D E  

G R Ü N E I S E N  E T  D E  B R I L L O U I N  P O U R  

L A  D I L A T A T I O N  T H E R M I Q U E  D E S  S O L I D E S

Par

Y . T h o m a s

IN S T IT U T  D E  R E C H E R C H E S  S C IE N T IF IQ U E S  E T  T E C H N IQ U E S  
49045 A N G E R S  C E D E X , F R A N C E  

et
P . S ix

L A B O R A T O IR E  D E  B IO -M A T H É M A T IQ U E , U .E .R . D E S  S C IE N C E S  M É D IC A L E S  E T  P H A R M A C E U T IQ U E S
A N G E R S , F R A N C E

(Reçu 1. IX. 1978)

Une équivalence mathématique est établie entre les formules de G r ü n e is e n  et 
B r il l o u in  pour la dilatation thermique des solides, dans l’approximation du continuum de 
Debye.

Le coefficient de dilatation linéaire d’un solide est alors calculé à l’aide de ces deux 
théories.

L’application des deux expressions dégagées à des solides ioniques et à des métaux 
conduit en effet a des résultats identiques en bon accord avec les mesures experimentales.

Acta Physica Academiae Scientiarum Hungaricae, Tomus 45 (3), pp. 191 — 200 (1978)

Equivalence m a th ém atiq u e

L ’énergie lib re  p e u t  s’écrire [1]:

F (V , T) =  U0(V)  +  F*(T , V) =  E(a)

+  2 ^ T  +  2 + K T l o g
i ^ Í

e x p 
ert

K T

où U0(V )  e st l’énergie cohésive et F*{T, V) l’énergie v ib ra tio n n e lle  des oscil’ 
la teu rs.

L a pression  e x té rieu re  s’ex e rçan t su r la  su rface d u  solide s’éc rit:

P(T, V) = P 0(V )  +  P*(T, V ) .

P 0(V)  la  p ression  in te rn e  s ta tiq u e  e t P*(T, V)  la  p ression  in te rn e  d y n am iq u e  
liée à l’a g ita tio n  th e rm iq u e  éq u ilib ren t P (T , V).

N a tu re lle m e n t seu le  P*(T, V), fo n c tio n  du  n o m b re  de phonons n a issa n t 
p a r  é lév a tio n  de te m p é ra tu re , pa rtic ip e  à la  d ila ta tio n  th e rm iq u e .

D an s l’a p p ro x im a tio n  quasi-h arm o n iq u e :

P * (T , V) y  h exp
h v i

K T
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U*(T,  F )  é ta n t  l’énerg ie  in te rn e  de  v ib ra tio n  on re tro u v e  l’éq u a tio n  d ’é ta t  
th e rm iq u e  du  so lid e :

P*(T, F) U* y  
V

s i  t o u s  l e s  c o e f f i c i e n t s  y ,- ;
3 log  vt

so n t é g au x  e t co n stan ts  q ue lque  so it
3 log  F

l e  m o d e  d a n s  ’ ’ a p p r o x i m a t i o n  d e  G r ü n e i s e n  o u ,  c e  q u i  e s t  p l u s  l o g i q u e ,  s i  

o n  d é f i n i t  l a  m o y e n n e :

Y  =

2  h v i Yi
i

2 h v ,  '
i

D a n s  le cas d ’u n  so lide h arm o n iq u e  la  fréquence  est co n s tan te , P* est nu lle , 
le so lide ne se d ila te  pas.

D ’après la  re la tio n  th e rm o d y n am iq u e :

3a
( 9 P ) -

( 3P*
X \ 3r j v i ЗГ

on  a p a r  exem ple:

L a  pression P* e s t  celle q u ’il s e ra it  nécessaire  d ’ap p liq u er su r la  su rface  d ’u n  
so lide , in itia lem en t à P  =  0 e t T , p o u r ra m e n e r son volum e à celui d u  zéro 
ab so lu . On re tro u v e  le ré su lta t de B r i l l o u i n  [ 2 ]  à  l’aide des ten seu rs  co rres
p o n d a n ts :  dans u n e  tra n sfo rm a tio n  isochore u n  solide chauffé  v o it se d év e
lo p p e r sur ses faces u n  ensem ble de c o n tra in te s  h y d ro s ta tiq u e s  — appelées p re s 
sions th e rm iq u es — d o n n an t na issan ce  à u n e  pression , égale à la  p ression  
e x té rieu re  à u n e  co n s ta n te  p rès, e t  seule re sponsab le  de la  d ila ta tio n  th e r 
m iq u e  (sans d o u te  grâce au x  im pu lsions des phonons cédées au x  paro is).

B r i l l o u i n  a  c a l c u l é  l e s  p r e s s i o n s  d e  r a d i a t i o n  e x e r c é e s  d e  l ’i n t é r i e u r  

v e r s  l ’e x t é r i e u r  p a r  l e s  o n d e s  é l a s t i q u e s  s e  p r o p a g e a n t  d a n s  l e  s o l i d e  l o r s q u ’e l l e s  

s e  r é f l é c h i s s e n t  s u r  s e s  p a r o i s :

_ Um' ( 1 V 9 tv |  
m' V  U  t v  3 F ,

o ù  V  est la  v ite sse  de  groupe e t  m ' le m ode de p o la risa tio n  des ondes. E v a lu o n s
3  l o g  v m ’

le te rm e  qu i rend co m p te  du fa it que  les phonons ne p e u v e n t ê tre
3 log F

considérés com m e u n  gaz in d é p e n d a n t des p aro is  du  solide.
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D ans l’ap p ro x im atio n  d u  co n tin u u m  de D ebye, on p e u t écrire:

Vm '
d ̂ m' tOm'
э к  ~ ~ к Г ’

к  est le v ec teu r d ’onde dans l’espace réc ip roque (où le vo lum e est V  =  K3) 
e t œm, la  pu lsa tio n  des ondes de p o la risa tio n  m '.

0 1 o g - ^
K  9 log ft)m- — 0 log K  

0 log F  0 log F  ’
or

d V  e v  „ 0 K „ î 0 log к
-------= ------ —  =  3 ------  d ’ ou —  = ---------- ------

V  F  K  3 0 log F

e t selon Gr ü n e ise n :

S oit:

Pm'

9  b g  m m - 

0 log F
Ут’

t/*- 1 1

F  | 3 ~ + r m ' _ 7
P*

On r e t r o u v e  l ’e x p r e s s i o n  o b t e n u e  d a n s  l ’a p p r o x i m a t i o n  q u a s i - h a r m o 

n i q u e .  Les t h é o r i e s  d e  M i e  - G r ü n e i s e n  — D e b y e  e t  d e  B r i l l o u i n  s o n t  é q u i 

v a l e n t e s  d a n s  l ’a p p r o x i m a t i o n  d u  c o n t i n u u m  d e  D e b y e .

Calcul du coefficient de dilatation linéaire

Considérons со a tom es c o n s titu a n t la  cellule de base  d ’un  solide c ris ta llin  
à  u n e  te m p é ra tu re  de référence T 0 quelconque. Son vo lum e est alors F 0 et 
a0 le p a ra m è tre  du  réseau . Ce p a ra m è tre  d ev ien t à une  te m p é ra tu re  vo isine 
T  p a r  d ila ta tio n  th e rm iq u e  de façon à ce que  l’énergie lib re  F  de la  cellule 
so it m in im ale:

F  =  E(a) -  K T  • lo g / ,

où E(a ) est l’énergie p o ten tie lle  non  th e rm iq u e  à l’équ ilib re  (les a tom es é ta n t  
fixés dan s leurs positions m oyennes), K  la  co n stan te  de B o ltzm an n  e t  f  la  
fo n c tio n  de p a r titio n  des v ib ra tio n s  a to m iq u es v{:

За) /

f = n \  2  e x P -
1 -1  \л=0,1,2„*
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D ’où à T  donnée:

F  =  E(a)
3 ( 0

2
hvi

+  K T  ■ log

o ù  l’on p eu t nég liger l’énergie résiduelle  q u a n tiq u e  à O K : 

v é n ie n t p ar la  su ite .
E n  d év e lo p p an t E(a) en série de T a y lo r a u to u r  de

sans incon-

E(a) — E (at) +  

q u e  l ’on écrit:

dE(a)
да

(a — a 0) +  —-
Э2 E  (a)

да2
(a — a0)2 +  .

E(a)  =  E(a0) - f  rj(a — a 0) +  p (a  — a0)2 +  . . .

Si T  varie, les a to m es v ib ren t, l ’am p litu d e  des v ib ra tio n s  au g m en te  ainsi que a. 
L es longueurs d ’ondes A(- p o u v a n t se p ro p ag er dans le so lide v a rien t. Les 
fréquences v{ so n t donc fo n c tio n  de a (ap p ro x im atio n  q uasi-harm on ique) ce 
q u i en tra în e  u n e  v a r ia tio n  du  te rm e  de l’énergie th e rm iq u e  K T  ■ log f .

Cherchons p o u r  quelle V aleur de a l ’énergie F  es t m in im ale  à une  te m 
p é ra tu re  T  donnée:

Э F  
да

hvj
h k t  ------e

a — a. i

■ a o )  +  2  
i = 1

K T  . ■hv i

1 -  е ~ к т
da

V h 3(0 T di'i
2 ( j , 2 ц hvi

'  K T  ,
da

0 ,

on  en déduit le coefficien t de d ila ta tio n  linéa ire  iso trope  p rès de T 0:

J _  X _  h ^
a 0 d T  “ ° 0 2fia0 f i

hvi
K T 2

hvi
K T

Г T2
[ eKT  -  IJ

dvj
da

dvj/da é ta n t in d é p e n d a n t de vt, si on pose Cv, la  cha leu r spécifique, égale à 
la  som m e des fo n c tio n s d ’E in s te in :

1 d log i . г
2 a 0 fi da

°  Г (1 )
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en acco rd  avec u n  ré s u lta t  p récéden t [3]. Si a0 es t supposé  c o n s ta n t, on re 
tro u v e  a  p ro p o rtio n n e l à Cv selon une d ép en d an ce  d é jà  m ise en év idence p a r  
G r ü n e i s e n .

A  T 0, les atom es v ib ra n t  de p a r t  de d ’a u tre  de leu rs positions m oyennes 
d ’équ ilib re  a 0, l’éca rt in te ra to m iq u e  in s ta n ta n é  d ev ien t r. E n  p o sa n t x  =  
=  r — a 0, l’énergie p o ten tie lle  de la  cellu le  développée en  série de T ay lo r 
au to u r d u  m in im um  aQ e s t à la  c o n s ta n te  E(a0) p rès:

E(r)

que l’on é c rit:

1 ГЭ2 £ ( r ) l ~ д щ г) '
2 8r2 a,, 6 Э г3 J

E (r) =  ^ x 2 -  ^ - x 3 +  . . . 
2 3

L a force exercée p a r  une  p a rticu le  sur les au tre s  est au  second ord re:

F{x ) =  - ^ L =  - f x  +  gx? 
ax

d ’où sa v a le u r  m oyenne (l’é c a rt x  p a r r a p p o r t  à la  position  d ’équilib re  é ta n t  
en m oyenne nu l):

F(x) =  g*2 .

L a force ré s u lta n te  s’ex e rç a n t su r la su rface  S  =  4л В 2 de la  cellule est a>. F(x) 
où R  est le ray o n  m oyen de la cellule. E n  effet, on env isagera  des cham ps 
de force à sy m é trie  sp hérique  dans des solides a y a n t une  s tru c tu re  cu b iq u e  ou 
hexagonale  co m p acte  dans lesquels un  a to m e  es t en to u ré  d ’u n  ce rta in  n o m b re

d ’au tres a to m es  jo u a n t  to u s  des rôles id en tiq u es  e t placés à la  d istance  R  =

de l’a tom e considéré placé au  cen tre  d ’une  sphère  .
L a fo rce  avec laquelle  une  p a rticu le  v ib ra n t th e rm iq u e m e n t ag it su r 

l’aire u n ité  e s t une  pression  th e rm iq u e :

P r  =

L ors de la  d ila ta tio n  de la  cellu le, ses a to m es se co m p o rten t com m e une so rte  
de gaz, la  p ression  PT est équilib rée p a r  u n e  pression é lastiq u e  s ta tiq u e  [2]:

P e
J _  dV_ 

* o  V 0

Acta Physica Academiae Scientiarum Hungaricae 45, 1978



196 THOMAS et P. SIX

où  X 0 est la  co m pressib ilité  à T 0. D ’où:

1 d V  o)gx2 
~V~0 ~  2 nal  ’

Cv é ta n t  la  ch a leu r spécifique d ’un e  m ole e t N  le nom bre  d ’A vogadro , c h aq u e  
o sc illa teu r a en  m o y en n e  l’énerg ie:

E (r) —= J-X2 =  Г
2 Jo

T ç ,
N

d T .

D ’après la  d é fin itio n  du  coefficient de  d ila ta tio n  linéaire  a  =

d V  _  Г x([rp __ _  ШЕЕ(г) Хд
3 V 0 J  3 3 n a ï f

1 d V  
3Vg dT '

d ’o ù  au  voisinage de T 0:

œ
N
З л

g
f

c ,
a o

(2)

Si o n  s u p p o s e  X g  e t  a0 c o n s t a n t s  q u e l q u e  s o i t  T, o n  r e t r o u v e  l a  d é p e n d a n c e  

d e  G r ü n e i s e n .

Application aux solides ioniques

L ’énergie p o ten tie lle  d ’éq u ilib re  d ’un  c ris ta l re p ré se n ta n t la  ch a leu r de 
fo rm atio n  p a r m ole est [4]:

. N M e 2 / 1
° o )  = -------------- 1 ---------dg П

où  M  est la  c o n s ta n te  de M adelung , e la  charge  de l’é lec tron  e t n la  c o n s ta n te  
de B orn.

A pp liquons la  form ule (1):

d ’où

N M e 2 . . пЕ(аЛ
p =  (n — 1) =  -

2aj) 2a

I  a o d  log y 
n E (a 0) da
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P o u r les o scilla tions linéaires harm oniques des ions de m asse m on a  en p rem ière  
ap p ro x im a tio n  :

dv 
da 

d log V 
da

n —|— 4

2/л 1
m 2 n

N M e2

N  Me1
mag

(n - 1 )
•/2

4тг

71 +  4
2 a ,,

(n — !)
1/2

(1 ')

d ’où
n +  4

a = ------------- • .
2 n E ( a 0)

A T 0, le  p o ten tie l in te ra to m iq u e  e s t [4]:

4 Me2 , Me2во-1
b ( r )  = ---------------- 1-----------—-----

Г Т1ТП

A ppliquons la  fo rm ule  (2):

( n - 1 )  Me2 _ _  (ti +  4)(n -  1) Me2
J  a ^  ^

aÔ 2«o

Si л  eu 3 e t si вд/со • N  =  v 0 (volum e d ’u n  a to m e g ram m e à T 0) on  a:

( ti +  4) X 0
CC =  --------------- • ------ • L . .

18

Si W q =  N M e /a 0es t l’énergie é lec tro s ta tiq u e  de M adelung d ’u n  a to m e  g ram m e:

9vn
* o  =

e t
( n - l W Î

71 +  4
(2 ')

o r £ ( « o )  =

2 ( 7 1  - l ) W l

les form ules (1 ') e t (2 ') so n t équ iva len tes. Le ta b le a u  I

donne que lques exam ples.
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Tableau I

Application à des solides ioniques

Solides ioniques 
T° =  300 K

m
n EM

10-8 • cal • mole-1
c,

cal • K-1 • mole-1
a(l')(2') 
105 K-1

a
expérimental 

105 • K-1
Différence

%

NaCl 8 201 i i . i 41,4 40 3,5
NaBr 8,5 171 12,5 43,1 43 0,3
NaF 7 215 10,1 36,6 36 1,7
LiF 6 240 9,6 33 34 2,9
LiCI 7 198 11,4 45,2 44 2,7
AgCl 9,5 204 12,2 31,5 32,8 4,2
MgO 7 940 11,5 9,7 10 3

Application aux métaux

A doptons e n tre  les ions a d ja c e n ts  d ’un  m é ta l le p o ten tie l c e n tra l [5]:

E(a) = -  —  +  
a

Л а 0
2 a2

où A  est une c o n s ta n te .
A ppliquons la  form ule (1):
Des calculs analogues à ceu x  développées pour les solides ion iques 

co n d u isen t à:

a  =
2

3 E (a 0)
c., ( 1 ")

(c’e s t la  fonction  p récéd en te  [4] où  n =  2).
Avec ce m êm e po ten tie l à T 0 en fonction  de r:

E (r) — — A a n 
2 r2

A ppliquons la fo rm u le  (2):

d ’où

/  =
A

— r  e t g 
a Й

ЗА

ao

« = A o
3vn

■ C„
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4b Tableau II
Application à des métaux

Métaux 
T0 =  300 K 

[7]

a,(À)
Constant

w„
10-> • cal • mole-1

c.
cal • K-1 • mole-1

a(l')(2') 
10» • K~l

a expérimental 
10« • К-1

К'(3)
IO-4 • cal-1 • m-1 • 

• mole

A -(4)
10-« • К -1 . m-»

Li 3,46 160 5,85 55 57 2,7 16,4
Na 4,24 141 6,85 72 72 2,4 16,8
K 5,25 120 6,90 86 84 2,3 16,1

Be 2,28 702 3,78 8 9,2 1 4,2
Mg 3,20 552 6,02 16,3 20,1 0,8 5,1

Cu 3,61 539 6,0 16,4 16,1 0,78 4,5

400 6,29 16,9 17,1 0,77
тк 700 6,68 18,8 19,3 0,80

900 6,95 19,9 20,9 0,82

Al 4,04 420 6,62 23,5 23,1 0,86 5,6

400 7,0 24,8 25,0 0,88
500 7,41 27,0 26,6 0,88

ТК 600 7,83 28,1 27,6 0,87
700 8,31 30,0 29,2 0,87
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o r l ’énergie p o ten tie lle  to ta le  d ’nn  a to m e  gram m e p e u t se m e ttre  sous la  form e
[6]:

W  u =
A '  . A ' a ,

+
i # 3 2 t # 3

o u  A '  est une c o n s ta n te  e t

X «
\W n

x  =
2 \ W n

Cv . ( 2")

L es form ules (1") e t  (2") son t aussi équ ivalen tes.

R em arquons q u e  W n =  (c o n s ta n  e 0ù dépend  de la  form e du
ao

p o te n tie l e t de la  s tru c tu re  du  réseau . P o u r des co rps de m êm e s tru c tu re :

x  =  ■ a oCT — K ' a 0Cv .

A  h a u te  te m p é ra tu re  q u an d  Cv e s t p ra tiq u e m e n t c o n s ta n te :

X =  K "a0

( K '  e t K " son t des co n stan tes).
Le ta b le a u  I I  donne qu e lq u es exem ples.

(3)

(4)
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V A R I A T I O N A L  S O L U T I O N  O F  H E A T  C O N V E C T I O N  

I N  T H E  C H A N N E L  F L O W  W I T H  

T H E  H E L P  O F  G P D P

By

P .  S i n g h  and K. K. S r i v a s t a v a

DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY, KANPUR-208016, INDIA

(Received 7. IX. 1978)

The Governing Principle of Dissipative Processes is applied to study the temperature 
distribution in the fluid flow inside two parallel semi-infinite plates. It is found that the flux 
representation of the principle yields exactly the same result as obtained with the help of 
Lagrangian thermodynamics of B io t . The results obtained in the present analysis compare 
well with the exact ones.

Introduction

The aim  o f  th e  p resen t analysis is tw o-fo ld : f irs tly , to  develop a v a r i
a tio n a l m e th o d  to  get th e  te m p e ra tu re  d is tr ib u tio n  in  th e  flu id  flow inside a 
ch an n e l and  second ly , to  show  th a t  th e  re su lt o b ta in ed  w ith  th e  help o f f lu x  
re p re se n ta tio n  o f  G P D P  is e q u iv a le n t to  th a t  o f  L ag ran g ian  th e rm o d y n am ics o f 
B i o t . The p re se n t v a ria tio n a l m eth o d  is b a sed  on th e  govern ing  p rincip le  o f 
d iss ip a tiv e  p rocesses w hich describes th e  ev o lu tio n  of d iss ip a tiv e  tra n s p o r t  
processes in  space  an d  tim e  [1, 2]. The p rin c ip le  is

0 $ y (o - y , - ( p ) d V  =  0 ,  (1)

w here  a deno tes th e  ra te  o f e n tro p y  p ro d u c tio n  an d  у), Ф are th e  d iss ipa tion  
p o te n tia ls  w hich  are  o b ta in ed  from  en tro p y  p ro d u c tio n  w ith  th e  help  o f lin ea r 
c o n s titu tiv e  re la tio n s  given b y  O n s a g e r  in  1931 [3]. I t  is well know n th a t  
G P D P  resu lts  in to  tw o  p a r tia l fo rm s know n as force an d  f lu x  rep resen ta tio n s . 
I t  h as  been a lre a d y  p roved  b y  G y a r m a t i  a n d  his co-w orkers [2] t h a t  th e  
fo rce  rep re se n ta tio n  is eq u iv a len t to  th e  local p o te n tia l m e th o d  o f G l a n s d o r f f  

a n d  P r i g o g i n e  [4]. T h is fac t h as  also been p ro v ed  recen tly  fo r p a rtic u la r  p ro b 
lem s in  viscuous flow s and  h e a t  tra n sfe r  by  S i n g h  [5, 6, 7, 8].

R ecen tly , S i n g h  [ 9 ]  h as p ro v ed  th a t  th e  L ag ran g ian  th e rm o d y n am ics 
o f  B i o t  is e q u iv a le n t to  th e  flu x  re p re sen ta tio n  o f G y a r m a t i ’s princip le . In  th is  
p a p e r  we have  e s tab lish ed  th is  f a c t  b y  in v es tig a tin g  th e  te m p e ra tu re  d is tr ib u 
tio n  in  th e  f lu id  flow ing la m in a rly  inside tw o  sem i-in fin ite  para lle l p la te s . 
T h e  an a ly tica l expression  fo r th e  te m p e ra tu re  d is tr ib u tio n  is o b ta in ed  w hen
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2 0 2 P. SINGH and K. K. SRIVASTAVA

th e  f lu id  is flow ing w ith  a un ifo rm  v e lo c ity  U. T he re su lt o b ta in ed  w ith  th e  
h e lp  o f  G P D P  is q u ite  close to  th e  e x a c t re su lt. I t  is found  t h a t  th e  f lu x  re 
p re se n ta tio n  gives e x a c tly  th e  sam e re su lt as o b ta in ed  b y  N i g a m  an d  A g a r w a l  

[10] w ith  th e  help o f L ag ran g ian  th e rm o d y n am ics  o f В ю т  [ I I ] .

Form ulation o f the problem

L e t us consider th e  flow  o f an  incom pressib le  flu id  in  a channel w hich  
is assu m ed  to  be un ifo rm  an d  sem i-in fin ite  th a t  is 0 <] x  o o ,  th e  x-ax is 
is t a k e n  along th e  le n g th  of th e  ch an n e l. F o r  th e  sake o f s im p lic ity  th e  e n try  
co n d itio n s  are  neg lec ted  and  th e  flow  is assum ed  to  be a fu lly  developed  la m in a r  
flow , U — U(y, z). I t  has been show n b y  m a n y  w orkers th a t  fo r P ec le t n u m 
b e r  >  100 th e  effect o f  ax ial co n d u c tio n  is a lm ost negligible ( S c h n e i d e r  [12], 
M i l l s  a p e s  an d  P o h l h a u s e n  [13], S i n g h  [14]). T he eq u a tio n  fo r s te a d y  h ea t 
c o n v ec tio n  w ith  a x ia l conduction  a n d  viscous d issipation  neg lec ted  is g iven  b y

A  I* i l l
9y I dy J

( 2)

w h ere  k(y, z) is th e  th e rm a l c o n d u c tiv ity , C(y, z) th e  h e a t c a p a c ity  p e r u n it 
v o lu m e  of th e  flu id  an d  U(y, z) is th e  fu lly  developed la m in a r ve lo c ity  in  th e  
c h an n e l. F o r th e  slug  flow  (U  is c o n s ta n t)  betw een  tw o sem i-in fin ite  p ara lle l 
p la te s , E q . (2) reduces to

, д2 0 
к -------

Эу2
( 3)

w h ere  к and  C a re  k e p t c o n s tan t. T h e  b o u n d a ry  cond itions are

6 = 0  a t  x  =  0: 0 <  у  <  2/;
(4)

0 =  0O a t  x  >  0: у  =  0, 21.

T herefo re

=  0 a t  у  =  l .  (5)
оу

C onsidering  on ly  th e  region b e tw een  у  — 0, у  =  l;  th e  te m p e ra tu re  d is tr ib u 
t io n  is assum ed to  be re p re se n te d  b y  a p a rab o la  an d  th e  p h en o m en o n  is con
s id e red  in  tw o phases. In  th e  f i r s t  ph ase  w hich  ex tends u p  to  x l th e  effect of 
w all te m p e ra tu re  p e n e tra te s  o n ly  u p  to  a d ep th  q1 (F ig . 1), th e  te m p e ra tu re  
in  th e  shaded  p a r t  being th a t  o f  th e  in c id e n t flu id .
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In  th e  fo rm u la tio n  of govern ing  p rin c ip le , i t  is w ell-know n th a t  th e  
basic  req u irem en t is  th e  balance eq u a tio n  o f  th e  system . H e re  w riting  th e  
eq u a tio n  of en erg y  (3) as energy  balance , we h av e

—  +  —  J,
dx  0y

0 , (6)

w here J q denotes th e  h e a t cu rren t d en sity  and  i t  is g iven , here, b y  th e  following 
linear c o n s titu tiv e  law

л = (? )

V

F i g .  1 . Fluid flow between parallel walls

H ere L  =  kjCU  is c o n s ta n t. The a lte rn a tiv e  form  o f th e  c o n s titu tiv e  equation  
can be w ritten  as

дв_

9.У
( 8)

T he e n tro p y  p ro d u c tio n  a of th e  sy s tem  is given b y

and  th e  d issipation  p o te n tia ls  are g iven  by

(9)

ae
d y

, Ф =

F in a lly  G y a r m a t i’s p rin c ip le  (1) ta k e s  th e  form

( 10)

à
L_
2

1
2L

0 , ( П )
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w h ere  d V  denotes th e  e lem en ta ry  v o lu m e  o f th e  sy stem . I t  is c lear t h a t  (11) 
c o n ta in s  tw o in d e p e n d e n t v ariab les J q a n d  0. The d riv in g  force o f th e  system  
is 9 OjQy  and  hence w e ta k e  0 as th e  b a s ic  q u a n tity  an d  J q is s u b s ti tu te d  by  an 
o th e r  te m p e ra tu re  0* w hich  is re la te d  w ith  J q th ro u g h  th e  fo llow ing ap p ro x 
im a te  co n stitu tiv e  law

( 12)

I t  shou ld  be n o te d  th a t  0* sa tis fie s  th e  sam e co n d itions as 0. U sing  (12), 
th e  p rinc ip le  (11) a n d  th e  balance e q u a tio n  (6) becom e

90*

dy
_1_ t 90 2

2 [ d y .

1
2

020* _  CU  90
9y2 к dx

(13)

(14)

The first phase of the system

In  th e  f irs t ph ase , th e  te m p e ra tu re  d is tr ib u tio n  is a p p ro x im a te d  by

0  =  0 O | l —  f o r  У  < 9 n  ( 1 5 )

0 =  0 for y  y>q 1 •

T h is  profile  (15) sa tisfie s  th e  c o n d itio n s  (4) an d  (5). U sing (15) in  (14), and
in te g ra tin g , we ge t

90* CU a , y 2 2 y*

9У  k  W i  3 Tx

I n  g e ttin g  (16) we h av e  used th e  cond itio n

(16)

90*
0y

=  0 a t  у  =  qr (17)

T h e  princip le (13) fo r firs t p h ase  becom es 

’«1
&

90 90* 1 i 90 2 1 (9 0 * 2'

9у 9 J 2 U j 2 . 9J  .
dy dx  =  0 (18)
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T he use o f (15) and  (16) in  p rincip le  (18) gives

13 qi a'2 20 L
147 L  Ь 7 4i .

dx  =  0 , (19)

w here prim e deno tes d e riv a tiv e  w ith  resp ec t to  x. T he E u ler-L ag ran g e  eq u a 
tio n  o f (19) is o b ta in ed  as

4 2 0
Ziîeî +  i ï ï i M - — £* =  o.

T he so lu tion  o f th is  eq u a tio n  is easily  found  to  be 

w here q is g iven b y
<h =  q x 1'2,

q =  3.3716
к

cu

F ilia lly  ql m ay  be w ritte n  in  th e  fo rm

9l =  2/(3.3716)
2 IPe

1/2

(20)

(21)

(22)

(23)

w here Pe =  2/C/7//c is th e  P ecle t n u m b er. T h e  te m p e ra tu re  d is tr ib u tio n  0X 
in  th e  f irs t phase  is th u s  o b ta in ed  as

У "1 2

2/(3.3716)
2 IPe

1/2 (24)

D efin in g  th e  m ean  m ixed te m p e ra tu re  in  th is  ph ase  by  

T ml = J *  и в 0 j l  -  f f d y j f o Udy ,

we get i t  as
T

ö1 = -----ZJOL. 0o 1 — 2.247 l - Z -
',1/2

( 2 /P e
(25)

T h e  f ir s t  phase  o f th e  system  ends a t  a  d is tan ce  x  =  x1 w here th e  effect o f 
w all te m p e ra tu re  p e n e tra te s  u p to  th e  h a lf  o f th e  channel w id th . T hus x 1 is 
o b ta in ed  from  (23) b y  p u tt in g  qt =  /

x1 =  (0.02199) 2 IPe . (26)
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The second phase of the system

L e t us assum e t h a t  in th e  second  phase th e  te m p e ra tu re  0 a t  y  =  / is 
d e n o te d  b y  q2{x). I n  th is  region, th e  te m p e ra tu re  d is tr ib u tio n  m ay  be a p p ro x i
m a te d  as

e =  (e0 - « 2) ( i - - ^ J 2 +  92 , (27)

w h ich  satisfies th e  conditions

0 =  0O a t  y  =  0

0 =  q2, —  =  0 a t  y = l .  (28)
3J

T h e  b a lance  e q u a tio n  (14) using (27) gives

60« _  CUl , j y ^  _  j f _  _  2]  
0y  ~  к 42 \ P 3 P 3 )

(29)

w h ich  satisfies th e  cond ition  Э0*/Эу =  0 a t  у  =  l. T he  princip le (13) in  th is  
case becom es

äf  f  i fJo J o L 0J

60* 1 19 0  y 1 60* y

dy 2 U j ) 2 дУ 1 .
d yd x  =  0. (30)

U sin g  expressions (27) and (29) a n d  in te g ra tin g  w ith  respect to  y ,  p rinc ip le  
(30) becom es

17
105

9 2 "
P_
L

dx =  0 . (31)

T h e  E u le r-L ag ran g e  equation  o f th e  princip le is

„ 105 L 2
02 “  ~  \Ч2 V0) — ® •

T h e  solu tion  o f (32) is easily o b ta in e d  as

9г — 0o =  —e x P —0.2185 —
L  l  * 1

w h ich  satisfies th e  conditions

q2 ► 0Q as X —*■ 0 0

q2 =  0 a t  X =  xv

(32)

(33)

(3 4 )
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The te m p e ra tu re  d is tr ib u tio n  02 in  th e  second p h ase  is

e , =  e r 1 + - 1 exp -0 .2 1 8 5
21 Pe(0.02199) (35)

The m ean  m ixed te m p e ra tu re  in  th e  second p h ase  is

d2 = —  exP -0.2185
21 Pe (0.02199)

(36)

The e x a c t so lu tion  fo r  th e  te m p e ra tu re  d is tr ib u tio n  o b ta in ed  b y  Sc h n e id e r  
[12] and  D o est  — S c h e n k  [15] is

e =  0n
, 4 “ 1 n  . / (2n — 1)2я  2*2
1 ------- ------------------s in ------у (2ra — 1) exp  — ------------------

n  2n  — 1 21 \ 21 Pe
■ (37)

Table I

0/0,  (p re se n t so lu tion) e/e (ex a c t so lu tion)

y  1 nP%
0.005 0.01 0.1 0.2 1 0.005 0.01 0.1 0.2 1

0 l 1 1 l 1 l 1 l l 1

0 .05 0 .6 2 4 5 0 .7 2 5 3 0 .9 1 2 6 0 .9 6 7 7 0 .9 9 9 9 9 0 .6 2 0 .7 2 4 0 .9 1 5 0 .9 7 0 .0 0 0 0 0

0 .10 0 .3 3 7 0 .4 9 4 7 0 .8 4 3 4 0 .9 3 8 8 0 .9 9 9 9 8 0 .3 2 0 .4 8 0 .8 3 3 0 .9 4 0 .9 9 9 9 8

0 .2 0 0 .0 2 5 9 0 .1 6 5 4 0 .7 0 5 6 0 .8 9 1 2 0 .9 9 9 9 5 0 .0 4 3 0 .1 6 8 0 .7 2 0 .8 9 0 .9 9 9 9 6

0 .3 0 0 0 .0 1 2 1 0 .6 1 3 6 0 .8 5 7 2 0 .9 9 9 9 4 0 0 .0 2 1 0 .61 0 .8 5 2 0 .9 9 9 9 4

0  50 0 0 0 .5 4 0 .8 3 0 .9 9 9 9 3 0 0 0 .5 2 6 0 .8 2 3 0 .9 9 9 9 3

Table II

x/21 Pe
0 1,2

present solution exact solution

0 .0 1 .0 1 .0

0 .0 0 5 0 .8 4 2 7 0 .8 4 0

0 .0 1 0 .7 7 5 3 0 .7 7 4

0 .0 5 0 .5 4 0 7 0 .4 9 6

0 .1 0 .3 0 6 7 0 .3 0 6

0 .2 0 .1 1 3 3 0 .1 1 7

0 .5 0 .0 0 5 7 0 .0 0 5 8

1 0 .0 0 0 1 0 .0 0 0 0 5

oo 0 0
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Fig. 2. The temperature distribution 0/0o against y /21 for various values of x/2l Pe

T ab le  I  show s th e  v a ria tio n  o f 0 /0o w ith  y/21 for various v a lu es  o f  x/2IPe. 
T h e com parison  o f th e  te m p e ra tu re  d is tr ib u tio n  o f  th e  p re sen t m e th o d  w ith  
th e  ex ac t re su lt is c learly  p red ic ted  in  F ig . 2. T he v a ria tio n  o f  m ean  m ixed  
te m p e ra tu re  from  ex ac t an d  p re se n t m e th o d  is show n in T ab le  I I  an d  F ig . 3. 
T h e  ag reem en t betw een  th e  p re sen t a n d  th e  ex ac t so lu tion  is seen to  be q u ite  
sa tis fac to ry .

Flux representation and comparison with Biot’s m ethod

In  th e  flu x  rep re sen ta tio n , Gy a r m a t i’s princip le  (13) ta k e s  th e  form

f 90 00* 1 90* \2

)v dy dy 2 . 9J  1 . (3 8 )
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Fig. 3. Mean temperature 012 against x/2lPe

a n d  th e  v a r ia tio n  is tak en  o n ly  w ith  re sp ec t to  s ta re d  q u a n titie s . To d istingu ish  
th e  v a ria tio n a l p a ram e te r  occu rrin g  in  d an d  в *, we w rite  from  (16) as

дв*
C U  в «*' У2

n& 1
9У к ° qi q f 3 q f3 3

(39)

B y  p u ttin g  th e  v alue  o f в a n d  в* from  (15) an d  (39) in to  (38), we get th e  
p rinc ip le  in  f i r s t  phase as

•Г1
Í 13 qt
[6 3 0 L ? í '2

+  T5~ 3Î
« Г  -

4 L
9i

q V dx =  0 (40)

T ak in g  th e  v a r ia tio n  w ith  re sp ec t to  s ta re d  q u a n titie s , we ge t E u le r-L ag ran g e  
eq u a tio n  of (40) as

0 . (41)

Acta Physica Academiae Scientiarum Hungaricae 45, 1978



210 P. SINGH and K. K. SRIVASTAVA

T his E q . is o b ta in ed  b y  p u ttin g  qt =  q* a f te r  considering  th e  v a ria tio n . T he 
so lu tion  of (41) w ith  cond ition  5 , =  0 a t  x  =  0, is

9l =  21(3.36)
1 /2

21 Pe,
(42)

T his re su lt is e x a c tly  th e  sam e as o b ta in e d  b y  N ig a m  an d  A g a r w a l  using  
th e  L ag rang ian  th e rm o d y n a m ic  m e th o d  o f B io t  [10].

In  th e  second p h a se , th e  exp ression  for 60*/Qy m ay  be w ritte n  as

90* ^  СШ  »,
8у  к Ъ  l2 3 P 3 ] '

(43)

In  th is  case th e  p rin c ip le  will be v a rie d  only  w ith  re sp ec t to  v a r ia tio n a l p a ra 
m e te r  q* w hich occurs th ro u g h  th e  c u rre n t d en sity . U sing (28) an d  (43) an d  
in te g ra tin g  w ith  re sp e c t to  y ,  th e  p rin c ip le  (38) becom es

5 jo" [9* ~
0 0) +

17 l2 
84 L

qV2 dx — 0  . (44)

T ak in g  th e  v a r ia tio n  w ith  respect to  q* and  p u tt in g  q* — q2

2 1 J 2.
42 L q'i +  4i 0o =  o . (45)

T he so lu tion  of (45) w ith  q2 — 0 a t  x  — xx is

-0 .2 1 8 6  |—  - 1

To get th is  form  w e have used re la tio n  (42) w ith  qt =  I a t  x  =  xv  T his is 
e x a c tly  th e  sam e as o b ta in ed  b y  N ig a m  an d  A g a r w a l  [10]. T hus i t  is p roved  
th a t  B io t ’s m eth o d  is eq u iv a len t to  th e  flu x  re p re se n ta tio n  o f  G y a r m a t i’s 
princip le .
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R A Y L E I G H - T A Y L O R  I N S T A B I L I T Y  O F  T W O  

V I S C O E L A S T I C  S U P E R P O S E D  F L U I D S

By

R . C. Sharma and K . C. Sharma

DEPARTMENT OF MATHEMATICS, HIMACHAL PRADESH UNIVERSITY, SIMLA.171005, INDIA

(Received 8. IX. 1978)

The stability of the plane interface separating two viscoelastic superposed fluids of 
uniform densities has been studied. The stability analysis has been carried out, for mathemati
cal simplicity, for two highly viscous fluids of equal kinematic viscosities. It is found that the 
system is stable for stable configuration and unstable for unstable configuration. The beha
viour of growth rates with respect to stress relaxation time and strain retardation time para
meters are examined analytically.

1. In tro d u c tio n

T he in s ta b ili ty  of th e  p lane  in te rface  betw een  tw o  incom pressib le  and  
viscous flu id s  o f d ifferen t densities w hen  th e  lig h te r is accelera ted  in to  th e  
h eav ie r h as  been  discussed b y  Chandrasek h ar  [2]. T he influence  o f  v iscosity  
on th e  s ta b il i ty  o f  th e  p lane  in te rface  sep a ra tin g  tw o  incom pressib le  su p e r
posed flu id s  o f  un ifo rm  densities, w hen  th e  w hole system  is im m ersed  in  a 
un ifo rm  h o rizo n ta l m agnetic  fie ld , is s tu d ied  b y  Bhatia [1]. H e h as carried  
o u t th e  s ta b il i ty  analysis fo r tw o flu id s  o f  equal k in em atic  v iscosities and  
d iffe ren t u n ifo rm  densities.

Sharma [4] s tu d ied  th e  th e rm a l in s ta b ili ty  o f a lay e r of v iscoelastic  
(Oldr o y d ) flu id  ac ted  on b y  a un ifo rm  ro ta tio n . T he ro ta tio n  is fo u n d  to  have  
a destab iliz in g  as w ell as a s tab iliz ing  effect u n d e r ce rta in  cond itions in  c o n tra s t 
to  th a t  of a M axw ell f lu id  w here i t  a lw ays h as  a destab iliz ing  effect. T h e  s ta b i
l i ty  o f a la y e r  o f O ldroyd  flu id  h ea ted  from  below  and  su b jec t to  a m ag n etic  
fie ld  h as  been  s tu d ie d  b y  Sharma [5].

I t  m a y  be o f  som e in te re s t to  s tu d y  th e  s ta b ility  of th e  p lane in te rface  
se p a ra tin g  tw o  incom pressib le  superposed  v iscoelastic  flu id s of u n ifo rm  d en 
sities. T h is a sp ec t form s th e  su b jec t m a t te r  o f  th e  p resen t p ap e r w here in  we 
h av e  ca rried  o u t th e  s ta b ility  analysis fo r tw o  flu id s o f equal k in em a tic  v is
cosities an d  d iffe ren t un iform  densities.
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2. P e rtu rb a tio n  equations

Consider a s ta t ic  s ta te , in  w hich  an  incom pressib le  viscoelastic  flu id  
o f  v a riab le  d e n s ity  is a rranged  in  h o rizo n ta l s tra ta  an d  th e  p ressu re  
p  a n d  th e  density  q a re  functions o f  th e  v e rtic a l co o rd in a te  z only . T he c h a ra c te r  
o f  th e  equilib rium  o f  th is  in itia l s ta tic  s ta te  is d e te rm in ed , as usual, b y  su p p o s
in g  t h a t  th e  sy s tem  is slightly  d is tu rb e d  an d  th e n  b y  follow ing its  fu r th e r  
e v o lu tio n . The f lu id  is assum ed to  h a v e  a v iscoelastic  n a tu re  described b y  th e  
O l d r o y d  c o n s titu tiv e  relation .

T he c o n s titu tiv e  relation  fo r th e  flu id , as p roposed  b y  O l d r o y d  [3], is

T -  — T  -
1  4  1 4 à i jP - ,

1 +  AT " T i j = 2 p i l  +  A0 4 -
d t l d t )

Эи,- 

Э Xj

( 1 )

w h ere  T i;-, e,y, p, A a n d  A0 (-\A ) d e n o te  re sp ec tiv e ly  th e  sh ear stress ten so r, th e  
r a te  o f s tra in  te n so r , th e  v iscosity , th e  stress  re lax a tio n  tim e  an d  th e  s tra in  
r e ta rd a tio n  tim e , p  is th e  iso trop ic  p ressu re , dt] th e  K ro n eck er d e lta , djdt th e  
m obile  o pera to r w h ile  u, and x t a re  th e  ve lo c ity  an d  position  vec to r, respec
tiv e ly .

L et u(u, v, w), ÓQ and ôp d en o te  th e  p e r tu rb a tio n s  in  velocity , d e n s ity  
q a n d  pressure p ,  respective ly . T h en  th e  lin ea rized  p e r tu rb a tio n  eq u a tio n s 
re le v a n t to  th e  p ro b lem  are

1 + A
9t

dll
9 dt ~

1 + A
dt

[ - V d p  +  gde] +  pr |1 +  A0 — V2u

+ 1 ~
Эи; 9u
dx dz

dt

d t  ,

V • «  =  0,

- ÔQ =  — IVDp  ,

dp
dz

( 2)

(3)

(4)

w h ere  v( = plg) d en o te s  th e  k in em a tic  v isco sity  o f  th e  flu id , g(0, 0, —g ) th e  
accelera tion  d u e  to  g rav ity , x  =  (*, y ,  z) an d  D  =  d/dz. E q . (4) ensures th a t  
th e  density  of ev e ry  partic le  rem ain s un ch an g ed  as we follow  i t  w ith  its  m o tion . 
A nalyzing  th e  d is tu rb an ces  in to  n o rm a l m odes, we assum e th a t  th e  p e r tu rb e d  
q u a n titie s  h av e  th e  space and  tim e  dependence  o f  th e  form

f(z)  ex p  (ikxx  f  ikyy  +  ret), ( 5)
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w h ere  re is th e  g ro w th  ra te  o f  th e  harm on ic  d is tu rb an ce , kx an d  ky are th e  
h o riz o n ta l w ave n u m b ers  (k2 — kx -j- k 2y) an d  f{z)  is som e fu n c tio n  o f  z.

F o r p e r tu rb a tio n s  of th e  fo rm  (5), E q s. (2) —(4) becom e

an d

w here

(1 -f- Яге) g n u  =  (1 -f- Xn){ — ikx ôp) -f- pi>(l - f  A0re) (D2 — k2)u 

+  (1 +  X0n)(ikxw D u)D p ,

(1 +  Яге) g nv =  (1 +  Яге) { — iky ôp) -f- gv(l +  A0n){D2 — k2)v -f- 

+  (1 Я0ге) {iky w Dv) D p ,

(1 +  Яге) qtuv =  (1 -f ^ra)[— Döp — gág] +
+  pv(l +  A0 re) {D2 — k2)iv +  2(1 +  A0re) D w D p ,

ikx и -f- iky V -f- Dw  =  0,

( 6)

( 7 )

( 8) 

(9)

nÔn =  —w{Dq), ( 10)

D  =  d /d z .

M u ltip ly ing  E q s . (6) an d  (7) b y  — ikx an d  — iky, respective ly , ad d in g  
th e  re s u lta n t e q u a tio n s  and  using  E q . (9) in  i t ,  we o b ta in

(1 -|- ?.n)gnDw =  (1 +  ?.n){—k2ôp) +

+  g r( l  +  Я0ге)(£)2 — к2) Dw  +  (1 +  Я0n){Dp){D2 -(- k2) w . ( И )

S u b s titu tin g  for ôq from  (10) in  E q . (8) an d  e lim in a tin g  ôp be tw een  E q s.
(8) a n d  (11), we o b ta in  th e  eq u a tio n  in  w

re(l +  Яге) [D{qD w) -  k2 qw] -  (1 +  A0re) [D {pr {D2 -  к2) Dw} -

k2 qv{D2 — k2)w] +  - ^ ^ - (1  +  Xn){Dg)w — (1 -)- A0re) X (12)
re

X [D{{Dp){D2 +  k2)w} -  2lcs{Dp){Dw)] =  0 .

3. Two superposed viscoelastic fluids o f uniform densities

W e consider th e  case w hen tw o  superposed  flu ids of un ifo rm  densities 
o, a n d  p., an d  un ifo rm  viscosities p1 an d  p2 a re  se p a ra te d  b y  a h o rizo n ta l b o u n d 
ary  a t  z =  0. T he su b sc rip ts  1 an d  2 d istin g u ish  th e  low er an d  th e  u p p er 
flu ids, re spec tive ly . T h en , in  each  region o f c o n s ta n t q and  c o n s ta n t p, 
E q . (12) becom es

{D2 -  k2){D2 -  q2)w =  0, (13)
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w h ere
1 -f- An ! 
1 -f- A0 n I

Since w m ust v a n ish  b o th  w hen z —► -|-oo (in  th e  u p p e r flu id ) an d  z —*- —°o 
(in  th e  lower f lu id ), th e  general so lu tio n  o f E q . (13) can  be w ritte n  as

w1 =  А 1е+кг +  В г e+?iZ, (z <  0) (14)

w2 =  A 2e~kz +  (« > 0 )  (15)

w h ere  A v  Bv  A 2, B 2 are co n stan ts  o f in te g ra tio n ,

/ JL2 . П 1 -)- An
/ K + »’l 1 + A0n,

and 4 2 =
/ 1 +  An 

( l  +  ^ o ra ,

(16)

In  w ritin g  th e  so lu tio n s  (14) an d  (15) i t  is assum ed  th a t  qx an d  q2 are so defined  
t h a t  th e ir  real p a r ts  are positive .

4. B oundary  conditions

The so lu tions (14) and (15) m u st sa tis fy  ce rta in  b o u n d a ry  cond itions. 
T h e  b o u n d ary  cond itions to  be  sa tisfied  a t  th e  in te rface  2  =  0 are 
( C h a n d r a s e k h a r  [2], p .  432)

*«, (17)

Dw , (18)
a n d

p(D 2 +  k2)w  (19)

m u s t  be con tin u o u s.
In te g ra tin g  E q . (12) across th e  in te rface  2 = 0 ,  we o b ta in  a n o th e r  con

d itio n

(1 +  An) [g2 Dw2 -  q\ D w1]z^ 0 — (1 +  A0n) X

M2 / П 2 L2\ 7~U.« M lX (D 2 - k2) D w 2 -  AA, (D 2 -  k2) Du>1 
n n

( 20)

(1 +  An)[g2 —[& ]>(, -  — -  (fi2 -  Pj) (1 +  A0n) {Dw) 0 , 
n£ n

w here  w 0 is th e  com m on va lu e  o f w1 an d  w2 a t  z =  0.
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5. D ispersion re la tion  and  discussion

A pplying th e  b o u n d a ry  cond itions (17) — (20) to  th e  so lu tions (14) and  
(15), we o b ta in

+ 1  +  B 1 =  A 2 +  B 2 (=  Wo) ’ (21)

k A i +  <hB i =  —k A 2 — q2B 2 ( =  D w 0) , (22)

f t  [2 k * A  x +  (qf +  к2) B J  =  fi2[2 к2 A ,  +  (q2 +  к2) B 2] 

( =  H(D2 + к?) w 0) ,
(23)

(1 +  l n )  [— fc q 2 A 2 — g2q2 B 2 — к д х А х — Q1q1 B x] — (1 +  Л0 n) X

X ( - 9 2)(?I -  *2) B 2 -  J ± -  9l (q2 -  P )  B x 
n n

+  (1 +  kn)(g2 — p j ) ^ !  +  B x -\- A 2 +  B 2) -j-  ̂ ^

к2
d------- (1 +  к0п)(ц2 — ц ^{к А х +  qx B x — k A 2 — q2 B 2) =  0 .

E U m ina ting  th e  c o n s ta n ts  A v  B x, A 2, B 2 from  E q s. (21) — (24), we o b ta in

ь

1

к
2 к2 / ix

i ( l  +  l n) +

9i

f t  (я! +  к2) 

- у  (1 +  Ч  -

- 1

к
— 2к2ц2

‘а г(1 +  к п) +

?2
—H2{ql +  к2)

—  (1 +  кп) +

+  (1 +  кп) —
£

С (1 +  10 п)

С - ^ - х  +  —  (1 +  к п ) +  - f  С —  X

w here

X (1 +  к0 п)

Si

— + С  (1 -f- 10п) X  (1 +  А0 п)

É?2í*l — ) «2 --- -
0 i  + 0 2  0 i  +  O2  n

Г к2 цх — fi2 k2C = ----- ------ = ------ (ftVi -  x 2 v2) .
n  P i  +  O2  n

, ä = - 4 ( « 2 - «  1)

=  0

(25)

T h e  d e te rm in a n t can  be red u ced  b y  su b tra c tin g  th e  f ir s t  co lum n from  
th e  second , th e  th ird  co lum n from  th e  fo u rth  and  ad d in g  th e  f i r s t  colum n to
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th e  th i r d .  By th is  p ro ced u re  we o b ta in

4 1 -k 2к q2—k

(1  4- Яге)
а, в -------------

11 +  Я0ге j
2 к2 (х х vx — х 2 v2) ( 1 4-Яге—ос2п -------------

1 1 +  Я0 ге
=  0.

Q
- — (1+Aore) ( ï  i - k )  + 

к
(R  -  1)(1 +  Яге) —  (1 +  Я0 п){Я2~к) +К

(26)

4 "  ®i(l +  Яге)| 4- а г(1 4- Яге)

E v a lu a tin g  th e  d e te rm in a n t (26), we o b ta in  th e  fo llow ing ch a rac te ris tic  
e q u a tio n :

(?i -  k) 2 k2(oc1 v1 — x 2 v2) —— (1 4 " ^0n)(?2 — Щ “f" «2(1 Я«.) +
к

+  (-R — 1)(1 +  Яга) a 2 re
1 -f- Я n

1 4~ Я 0 re

-2/c a , re
1 4~ Яге

+  a 2n

1 Я0п 

1 4- Яге

—  ( 1  4 "  Я 0 re) (q2 — к) 4 -  « 2(1 4 "  Яге) I -j-
(27)

1 4- Я0ге
—  (1 +  ^on)(4i ~ k )- \ -  « i ( l  +  Яге) +

+ (<?2 — k )

Í CX { -------
l  к

( R  — 1)(1 +  Яге) x l re
1 4- Яге
1 4- Я0ге j

(1 +  Я0 re) • (qt — к) 4- a x( l  4- Яге)} 1 =  0 .

2/4(3!,^ -  х 2 v2) X

The d ispersion  re la tion  (27) is q u ite  com plica ted  as th e  va lu es  o f qi and  
q0 involve sq u are  ro o ts . W e th e re fo re  m ake th e  a ssu m p tio n  th a t  th e  tw o flu ids 
a re  highly v iscous. U nder th is  a ssu m p tio n , we h av e

so th a t

9i

q =  к

к =

1 +  —  
vk2

1 4  Яге|
1 4~ Я0 re J

1/2

* +  •
1 +  Яге

2 vk \ 1 +  Я0ге

1 +  Яге

2 vtk  ( 1 4- Я0ге
an d  q2 — к —

1 4- Яге

2 v2k  ( 1 4- Я0ге

(28)

(29)

S u b s titu tin g  th e  values of ql — к  an d  q2 — к from  (29) in  E q . (27) an d  p u ttin g  
vx =  v2 — v ( th e  case of eq u a l k in em atic  viscosities, fo r m a th e m a tic a l s im p
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l i c i t y ,  a s  i n  C h a n d r a s e k h a r  [ 2 ] ) ,  w e  o b t a i n  t h e  f o l l o w i n g  d i s p e r s i o n  r e l a t i o n :

A3 ra5 -j- A2 (3 -)- 2k2 vA0) n1 -f- [ЗА +  g&A3 (oq — a 2) +  2k2 rA X

X (A +  2A0)] n3 +  [1 +  3P g k  (eq -  a 2) +  2 F  v(2A +  A0)] и2 +  (30>

+  [3Agft(oq — a ,)  +  2k2v] n +  gfc(oq — a 2) =  0 .

F o r th e  p o te n tia lly  s ta b le  a rra n g e m en t eq >  a 2, w e fin d  th a t  all th e  coeffi
cients in  (30) are p o sitiv e  an d  so all th e  ro o ts  o f n  a re  e ith e r  rea l a n d  nega tive  
or th e re  a re  tw o com plex ro o ts  w ith  n eg a tiv e  re a l p a r ts  and  th re e  rea l, nega tive  
roo ts or th e re  are four com plex  ro o ts  w ith  n eg a tiv e  rea l p a rts  a n d  one real, 
n eg a tiv e  ro o t. T he sy stem  is th e re fo re  stab le  in  each  case. T hus th e  p o te n tia lly  
stab le  co n fig u ra tio n  rem ain s s tab le  w h e th e r th e  f lu id  is v iscoelastic  or n o t.

F o r th e  u n stab le  c o n fig u ra tio n  x 2 > a q ,  th e re  is a t  leas t one change 
o f sign in  E q . (30) an d  so E q . (30) has one p o sitiv e  roo t. T he occurrence of 
p o sitive  ro o t im plies t h a t  th e  sy stem  is u n s tab le . T h e  p o te n tia lly  u n stab le  
a rra n g e m en t, th ere fo re , rem ain s u n s ta b le  for th e  v iscoelastic  f lu id  described 
b y  th e  O l d r o y d  c o n s titu tiv e  re la tio n .

W e now  w ish to  ex am in e  th e  b eh av io u r o f  g ro w th  ra te s  w ith  respect 
to  stress re la x a tio n  tim e  an d  s tra in  re ta rd a tio n  t im e  p a ram e te rs  an a ly tica lly . 
Since fo r x 2 >  oq, E q . (30) has one p ositive  ro o t, le t n 0 deno te  th e  positive 
ro o t. T hen

A3 rcjj -)- A2(3 - f  2к2 rA0)reo +  [ЗА — g k P  (x2 — aq) +  2к2 rA(A +  2A0)]

+  [1 — 3к2 gk(x2 — oq) +  2k2 r(2A A0)] ni  -f- (31)

+  [2k2v — 3Xgk{x2 — « j)] n 0 — gk(x2 — oq) =  0 .

L e ttin g

*  =  -^ 5 -  , F  =  vk2 A, Г  =  v m 0 an d  Q =  - J — . (32)
к2 V к3 г2

E q . (31), in  n ond im ensional fo rm , tran sfo rm s to

F 3 *5 +  F 2(3 +  2 Г) X1 +  [3 F  -  Q F 3(x2 -  oq) +

+  2 F ( F + r ) ] x 3 +  [1 -  3 F 2Q(x2 -  oq) +  2 (2 F  +  Г ) ] х 2 

+  [2 — 3 FQ(x 2 — x x)]x — Q(x2 — oq) =  0.

To s tu d y  th e  b eh av io u r o f g ro w th  ra te s  w ith  re sp ec t to  stress re la x a tio n
.  .  .  .  .  p dxtim e  and  s tra in  re ta rd a tio n  tim e  p a ra m e te rs , we ex am in e  th e  n a tu re  o f ——

d F

a n d - ^ .
d r
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I t  follows fro m  E q . (33) t h a t

dx _ 2x?( F 2x2 +  F x  +  1)_________________________
d T ~ ~  [5F3x* +  4,F2(3 +  2 Г )х 3 +  3 F  {3 -  Q F 2(x2 -  oq) +  2 ( F  +  F )} * 2 +  ' 

+  2{1 -  3 F*Q(x2 -  sq) +  2 (2 F  +  Г )} х  +  {2 -  3 FQ(x2 -  a ,)} ]

I f  (34)
2 >  3 FQ(x2 — oq), (35)

th e  d en o m in a to r in  E q . (34) is p o s itiv e  and  so d x /d T  is n eg a tiv e . T h u s w ith  
th e  increase in  s tra in  re ta rd a tio n  tim e  p a ra m e te r  th e  g row th  ra te  decreases 
show ing  th e  s tab iliz in g  effect o f  s tra in  re ta rd a tio n  tim e  p a ra m e te r.

Also d x /d r  is positive  an d  F  h as  a destab iliz in g  effect if

5 F 3 x i +  4 F 2(3 +  2 Г ) х 3 +  3 F [ 3  +  2 ( F +  F ) ] * 2 +

+  2[1 +  2 (2 F  + Г ) ] х + 2 <  3FQ(x2 -  Xl)(Fx +  l ) 2.

F ro m  E q . (33), i t  follows th a t

r [ 3 F V  -f- 2 F (3 -f- 2 F ) л:3 -f- {3 +  2 ( 2 F +  F )} * 2 +  4 * ] ~  
dx  — 3Ç(ot2 — oq) (F x  +  l ) 2

~dF [ 5 F 3*4 +  4 F 2(3 +  2 Г )х 3 +  3 { 3 F  +  2 F ( F  - f  F )} * 2 +
+  2 {1 +  2 (2F  +  F )}  *  +  2 -  3Q F (x 2 -  Xl)(Fx  +  l ) 2]

C onsider th e  in eq u a litie s

a n d

3 F 2*5 +  2 F ( 3  +  2 F )  x i +  {3 +  2 (2 F  +  F )}* 3 +  

+  4*2 3= 3 Q(x2 — oq) (F x  +  l ) 2
(38a, 38b)

5 F 3*4 +  4 F 2(3 +  2 F )* 3 +  3 { 3 F  +  2 F ( F + F ) } * 2 +  

+  2{1 +  2 (2 F  +  F )}  л: +  2 2= 3QF(x2 -  Xy)(Fx +  l ) 2,

w here  (38a), (39a) co rrespond  to  th e  ‘g rea te r th a n ’ sign an d  (38b), (39b) 
co rrespond  to  th e  ‘less th a n ’ sign  in  E q . (38) a n d  (39). I f  (38a), (39a) or 
(38b), (39b) are  sa tisfied  s im u ltan eo u sly , d x /d F  is negative . T h e  stress re la x a 
tio n  tim e  p a ra m e te r  F  has, th e re fo re , th e  stab iliz in g  effect. I f  (38b) an d  
(39a) or (38a) a n d  (39b) are sa tis f ied  sim u ltan eo u sly , th e n  d x /d F  is positive  
m ean ing  th e re b y  th e  d estab iliz ing  effect o f th e  stress re lax a tio n  tim e  p a ra 
m e te r  F .
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P O T E N T I A L  E N E R G Y  P A R A M E T E R S  F R O M  

C R Y S T A L L I N E  S T A T E  P R O P E R T I E S

By

C. Ma l in o w s k a -A d a m sk a

STATE UNIVERSITY OF NEW YORK AT BINGHAMTON, 
DEPARTMENT OF CHEMISTRY, BINGHAMTON, NEW YORK 13901, USA*

(Received 12. IX. 1978)

The parameters of the potential functions suggested by M o r s e , R y d b e r g  and V a r s h n i  
in the higher approximation with respect to the number of nearest-neighbours are determined 
using experimental values for the energy of sublimation, the compressibility, the lattice con
stant, the distance between nearest-neighbours in the crystal lattice at any given temperature.

The calculated force constants for some metals, in the pseudoharmonic approximation, 
compared with experimental data show a properly chosen shape of the functions in question 
and confirm the self-consistency of the present method.

1. In tro d u c tio n

P airw ise  a d d itiv e  ce n tra l p o te n tia l func tions are w idely  applied  to  
various problem s re la te d  to  th e  descrip tio n  o f th e  solid s ta te  [1]. U sually , th e  
p a ir  p o te n tia l fu n c tio n s  co n ta in  tw o  or m ore a d ju s ta b le  p a ra m e te rs  [2, 3] 
d e te rm in ed  b y  e x p e rim e n t. In  th e  case o f m etals th e  p o te n tia l energy  p a ra 
m eters a re  generally  ca lcu la ted  from  c rysta lline  s ta te  ph y sica l p roperties as 
cohesive energy, co m p ressib ility  or la ttic e  co n stan ts  e x tra p o la te d  to  0 К  
[4—6]. T h u s , th e  a c c u ra c y  o f th e  p a ram e te rs  o b ta in e d  in  th is  w ay  is often 
q u estio n ab le  [I, 7].

M orever, w hen  o n ly  th e  f irs t shell o f nearest-n e ig h b o u rs  is ta k e n  in to  
accoun t [6] one c a n n o t o b ta in  th e  co rrec t resu lts  in  th e  case of th e  in te rac tio n s 
considered  in  crysta ls . So fa r  th e  effect o f various shapes o f th e  p o te n tia l  func
tions h a v e  been co n sid ered  b u t  on ly  in  te rm s o f  p a ram e te rs  d e te rm in ed  in  
th e  n ea res t-n e ig h b o u r a p p ro x im a tio n . W e in ten d , in  th is  p ap er, to  determ ine 
th e  p a ra m e te rs  of th e  p o te n tia l  fu nc tions suggested  b y  M o r s e , R y d b e r g  and  
V a r s h n i as th e y  d ep en d  on  th e  n u m b er of shells o f  n ea re s t ne ig h b o u rs  having  
th e ir  in fluence  on th e  p a ir  in te rac tio n .

In  o rd e r to  a ssu re  th e  accu racy  o f  th e  p resen t ca lcu la tions, w e use experi
m en ta l d a ta  for su b lim a tio n  energy , com pressib ility , la ttic e  c o n s ta n ts  tak en  
a t  room  te m p e ra tu re . B u t  in s tead  o f th e  e x tra p o la tio n  p ro ced u re  we consider

* Permanent address: Institute of Physics, Technical University of Lodz, ul. Wolczanska 
219, 93—005 Lodz, Poland.
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th e  p o ten tia l fu n c tio n  in  its  p seudoharm on ic  a p p ro x im a tio n  [8] w hich allows 
u s  to  discuss p ro p e rtie s  of th e  c ry s ta l  a t  a rb itra ry  te m p e ra tu re s  [8 — 11].

T aking in to  acco u n t th e  co n d itions for p o te n tia l  func tions requ ired  b y  
th e i r  rea l b eh av io u r th e  force c o n s ta n ts  can be exp ressed  b y  m eans of th e  
p a ra m e te rs  ap p earin g  in  these  fu n c tio n s . The ca lcu la ted  p seudoharm on ic  force 
c o n s ta n ts  com pared  w ith  ex p e rim en ta l d a ta  show a p ro p erly  chosen shape of 
th e  functions n e a r re in  question  a n d  ju s tify  th e  self-consistency  m eth o d  here 
ap p lied .

2. T heo re tical assum ptions

I f  I7(r) is th e  energy  of in te ra c tio n s  of tw o a to m s em bedded  in  a c ry sta l 
w ith  a distance r, an d  i t  sa tisfies th e  following co n d itions [5, 13]:

1) th e  force —dU/dr is a t t r a c t iv e  a t large r an d  repu lsive  a t  sm all r, 
resp ec tiv e ly , i.e. U(r) has a m in im u m  a t a p o in t r  =  re,

2) th e  m a g n itu d e  of U decreases m ore ra p id ly  w ith  r th a n  r ~ 3,
3) all elastic  co n stan ts  are  p o sitiv e ,
4) Cn  C12 0, w here Cn  an d  C12 are e la s tic  c o n stan ts ,

th e n  U(r) rep resen ts  th e  in te ra to m ic  po ten tia l of tw o  atom s in  a stab le  s ta te  
o f  a crystal.

Conditions (1) an d  (2) re su lt fro m  sim ply p h y sica l considera tions. N am ely , 
th e  f irs t arises from  th e  ex istence  o f  condensed phases, an d  th e  second is 
e q u iv a len t to  re q u ir in g  th a t  th e  cohesive energy shou ld  be f in ite . These tw o 
cond itions ta k e n  to g e th e r  g u a ra n te e  th a t  a c ry s ta l is s tab le  w ith  respect to  
in fin ite s im a l hom ogeneous ex p an sio n s and co n trac tio n s  of th e  la ttic e . T he 
co n d itions (3) an d  (4) g u aran tee  t h a t  a cubic c ry s ta l is s tab le  w ith  respect to  
in fin ite s im a l sh ea r defo rm ations [13]. In  th e  lig h t o f  ou r recen t p ap er [6] 
th e  condition  (3) is n o t tr iv ia l because  force c o n s ta n ts  co rrespond ing  to  som e 
p o te n tia l functions can  be n eg a tiv e  fo r ce rta in  ran g es  o f te m p e ra tu re . F o r 
th is  reason i t  seem s to  be v e ry  im p o r ta n t  to  an a ly ze  th e  force co n stan ts  as 
d ep e n d e n t on te m p e ra tu re , w hich  is v e ry  con v en ien t in  th e  case o f pseudo
h arm o n ic  a p p ro x im a tio n , an d  to  check  th e ir  b e h a v io u r w ith  re sp ec t to  con
d itio n  (3). The an a ly sis  o f th is  b e h a v io u r can e lim in a te  som e class o f  th e  p o te n 
t ia l  functions as b e ing  u n p h y sica l ones.

The in te ra c tio n  p o ten tia l en e rg y  o f tw o  a to m s, i an d  j ,  sep a ra ted
b y  a distance rtj is given in  te rm s  of th e  R y d b e r g , Morse  an d  Va rsh n i  
fu n c tio n s  by:

UR{r,j) =  — Д .{ [1  +  « (rtJ — re)] exp [ —oc(ry — rc)]} , (1)

U M ( r i j )  =  D e {exp [  — 2a(r,7 -  rf)] — 2 exp  [ - a ( r i; — re)]} , (2)
a n d

Uv(rij) =  De ( exP [ —2* (rfj — rD] — 2exp  [ - «  (rfj — rf)]} , (3)
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w here a  an d  D e are co n stan ts  w ith  d im ensions o f rec ip rocal d istance  a n d  energy 
o f ap p ro ach  o f th e  tw o atom s. S ince U(re) =  —D e, De is th e  d issocia tion  
energy.

In  o rd e r to  o b ta in  th e  p o te n tia l energy  o f a large c ry s ta l w hose a to m s are 
a t  re s t i t  is n ecessary  to  sum  th e  above eq u a tio n s over th e  en tire  c ry s ta l. This 
is m ost easily  done b y  choosing one a to m  in  th e  la ttic e  as an  orig in  ca lcu la tin g  
its  in te ra c tio n  w ith  all rij o th e r a to m s in  th e  c ry s ta l, an d  th e n  m u ltip ly in g  by 
1/2 N  w here N  is th e  to ta l  n u m b er o f  a to m s in  th e  c ry s ta l [5, 14]. T h u s , for 
fu n c tio n s (1), (2) an d  (3), th e  to ta l  energy  is resp ec tiv e ly  equal to :

an d

Фк =  — Lßoc í ( - -  re 2 nj?j +  2 nJrjVj
LI « j  j

Фм =  - Lß Iß 2  nj ÿ f  -  2 2  VjnJ
V j  j  j

0 V =  Lße ße 2 nÂVj)2r' ~ 2 2 nj(rjY' *

j j

(4)

(5)

( 6)

w here ry is th e  d istance  from  th e  orig in  to  th e  y'-th a to m , L  =  1/2 N D e, ß  =  
=  exp  (are), y j  — exp (—a r; ) and /?e =  (ß)re- F o r th e  f.c.c. la ttic e , th e  sep a ra tio n  
Tj is [4, 14]:

rj =  do V7 »
w here d t) is th e  sep a ra tio n  betw een  n e a re s t la ttic e  p o in ts  in  th e  c ry s ta l.

I f  a0 is th e  value  o f th e  la ttic e  c o n s ta n t a fo r w hich th e  la t t ic e  is in 
eq u ilib rium , th e n :

Ф(«о) +  * 0  (7)

gives th e  en e rg y  o f su b lim a tio n  U0,

J - ( 0 + K o) =  0 ,  (8)

an d  [d20 /d a 2]aa is re la te d  to  th e  co m p ressib ility  я [5]:

d20  'J 9c N a 0
. <ia2 Ja. 2x

(9)

w here c =  2 fo r  face -cen tred  c ry sta ls  a n d  c =  4 fo r b o d y -cen tred  c ry s ta ls .
T he zero p o in t energy  K 0 is g iven a p p ro x im a te ly  in  te rm s o f  th e  D ebye 

ch a rac te ris tic  te m p e ra tu re  0D by  [4, 14] :

K 0 =  —  N k B6D , (10)
8

A d a  Physica Academiae Scientiarum Hungaricae 45, 1978



224 C. MALINOWSKA-ADAMSKA

w here  k B is B o ltz m a n n ’s c o n s ta n t. ( I t  should  be n o te d  th a t  fo r te m p e ra tu re s  
o th e r  th a n  О К  Ф =  5/2 R T — А Н  — E l — P V  [ 1], w here A H  is th e  am o u n t 
o f e n th a lp y  re q u ire d  to  tra n s fe r  N  a tom s fro m  th e  c rysta lline  s ta te  to  th e  
v a p o u r  phase, rep resen ts  th e  v ib ra tio n a l en e rg y  of th e  c ry s ta l inc lud ing  
th e  zero p o in t energy ).

U sing (7), (8) an d  (9) in  (4) — (6) we get th e  system s o f equ a tio n s (A), 
(B) an d  (C) (A p p en d ix  A) fo r th e  p a ram e te rs  x, D b an d  re o f respec tive  p o te n 
tia ls . These e q u a tio n s  were n u m erica lly  solved u s in g  ex p erim en ta l v a lu es  of 
th e  energy o f su b lim a tio n  [15], th e  com p ressib ility  [1], th e  la ttic e  c o n s ta n t 
[15], th e  d istance  betw een  nearest-n e ig h b o u rs  in  th e  c ry s ta l la ttic e  a t  298 К  
a n d  th e  D ebye ch a ra c te ris tic  te m p e ra tu re  d e te rm in ed  a t  low  te m p e ra tu re  [1].

N um erica l v a lu es  of th e  ab o v e  co n stan ts  fo r som e m eta ls  are  co llected  
in  T ab le  I.

Table I

Experim ental data o f some m etals used in calculations o f potential energy parameters

M etal
(Ü.-К.)  ■ 10"

I J A
x IO-“
r mIl a„ • 10~‘° [m] d„ 10 '» [m]

|_ a to m  J [ ЛГ J
Au 6.371210 0.562540 4.070 2.870
Ag 4.695416 1.018500 4.080 2.880
Cu 5.626504 0.723410 3.610 2.550
к 1.551255 39.77300 5.330 4.620

The e q u a tio n s  (A) and  (B) derived  assu m in g  th e  R y d b e r g  an d  M o r s e  

p o te n tia ls , re sp ec tiv e ly , w ere so lved  using  th e  i te ra tio n  m e th o d  [16]. T he 
convergence o f so lu tio n  was so ra p id  th a t  a b o u t 20 ite ra tio n s  w ere su ffic ien t 
to  o b ta in  a re su lt w ith  th e  re la tiv e  erro r o f so lu tions less th a n  10~8% . T he 
ite ra tio n  m eth o d , how ever, ap p e a rs  to  be d iv e rg e n t in  th e  case o f V a r s h n i  

p o te n tia l and  th e  s teep est m e th o d  w as chosen to  solve th e  eq u a tio n s (C) [16].
N um erica l so lu tions d ep en d  on th e  n u m b e r  of th e  n ea re s t ne ighbours 

ta k e n  in to  ac c o u n t in  th e  series (A) — (C). I n  th e  cases o f f.c.c. an d  b .c .c . 
s tru c tu re  th e  consecu tive  ne ig h b o u rs  up  to  n max =  12 an d  13, re sp ec tiv e ly , 
w ere ta k e n  in  th e  ca lcu lations. T h e  so lu tions fo r M o r s e  p o te n tia l  c o n s ta n ts  
a re  ta b u la te d  as fu n c tio n  of th e  n u m b e r n fo r co p p e r (as an  exam ple). R y d b e r g , 
M o r s e  and  V a r s h n i  p o te n tia l co n stan ts  fo r n  =  oo are collected  fo r som e 
cub ic  m etals in  T ab le  I I I .  G rap h ica l analyses o f  th ese  co n stan ts  as fu n c tio n s  
1/n are  given in  F igs. 1 — 3. T h e  o b ta in ed  fu n c tio n s  у  =  y(ra), w here у  is one 
o f  th e  q u a n titie s  D e, x, re, w ere f i t te d  to  th e  expressions:

y ( n ) y(°°) +  В n
2 fn  
xd0

ex p  (—x d 0 Yn) ( П )
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Table II

M o k s e  p o t e n t i a l  c o n s t a n t s  f o r  c o p p e r  a s  f u n c t i o n s  o f  t h e  n u m b e r  n

n De ■ M -а« [J] a  • 1010 [ m - 1] re • 1 0 - “  [m]

1 9.292800000 1.420547333 2.550000000
2 7.676418255 1.388398667 2.632239490
3 5.969460801 1.350144666 2.779030978
4 5.699542813 1.345944112 2.811667618
5 5.500857015 1.347431851 2.840995551
6 5.475971283 1.348704701 2.845430401
7 5.422054121 1.356075937 2.857403336
8 5.419988797 1.356810638 2.858065604
9 5.417796885 1.360096924 2.859342858

10 5.418773797 1.361673265 2.860336202
11 5.420396296 1.362796727 2.860517636
12 5.422003294 1.363594107 2.860559381

Table III

R y d b e r g , M o r s e  a n d  V a r s h n i  p o t e n t i a l  c o n s t a n t s  f o r  t h e  p a i r w i s e  a t o m i c  i n t e r a c t i o n  i n  c u b i c
m e t a l s  (re =  o o )

P o te n tia l
m odel M eta l Dt ■ 10-*« [ J ] a  • 1010 [ m - i] re ■ 1 0 - 1» [m ]

R y d b e r g Au 8.113146 22.340757 2.9794647
Ag 5.6052340 1.965701 3.0903540
Cu 6.0962740 2.002727 2.8162580
к 1.0544520 0.767954 6.0615100

M o r s e Au 7.5833990 1.6243880 2.9998380
Ag 5.0911600 1.3501210 3.1262460
Cu 5.42409900 1.3649220 2.8607390
к 0.6462303 0.4257647 7.1577160

V a r s h n i Au 8.9092239 2.9177307 ■ a, 2.9438268
Ag 6.5845508 2.4789801 • Kl 3.0136351
Cu 7.5719697 2.8943859 ■ at 2.7109734
к 1.6460100 0.6133440 • « !  

(*! =  109 п Г 1
5.50126670
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in  th e  case o f R y d b e r g  and M o r s e  p o ten tia ls  an d

y(n)  =  y (° o )  -f- Bn  exp ( — xdo n) (12)

in  th e  case o f V a r s h n i  p o ten tia l. T h e  form  of th e  above an a ly tica l a p p ro x i
m a tio n s  w as d e riv ed  re ta in in g  th e  lead ing  te rm s o f  th e  respective p o te n tia ls  
in te g ra te d  o v er sp ace  in  con tin u o u s ap p ro x im a tio n . T he p a ram e te rs  a  an d  
d 0 are  assum ed as ot(nraax) and  d 0(nmax), th e  coeffic ien t y(oo) and  В  are  ca l
c u la te d  b y  th e  leas t-sq u ares  m e th o d . The fo rm er coefficient rep resen ts  th e  
lim it o f th e  q u a n t i ty  у  for n —► oo.

3. Strength constant in  the pseudoharmonic approximation

A te s t o f  su ita b ili ty  of th e  R y d b e r g , M o r s e  an d  Va r s h n i  p o te n tia ls  
as in te ra to m ic  p o te n tia l  m odels in  cub ic  m eta ls  are  th e ir  abilities to  rep ro d u ce  
th e  te m p e ra tu re  dependence o f th e  s tre n g th  c o n s ta n t / ( T )  [17]. In  o u r consi-
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d e ra tio n s  we choose th e  exp ressions for / ( T )  o b ta in e d  in  p seudoharm on ic  
a p p ro x im a tio n  [6, 8, 18]. In  te rm s  o f  th e  above th e o ry , th e  s tre n g th  co n stan t 
is re la te d  to  t h a t /  fo u n d  in  th e  h a rm o n ic  a p p ro x im a tio n  as [8]:

f ( T ) = M T ) .  (13)

A n a ly tic a l exp ressions for th e  reno rm alized  fa c to r  oc(T) in  te rm s  of th e  
p o te n tia ls  d iscussed here  (E qs. (4), (5) and  (6)) are g iven  in  A p p en d ix  В (Eqs. 
(R ) , (M) and ( V ) ) .  T h e  harm on ic  s t r e n g th  co n stan ts , in  th e  n o ta tio n  o f  V a r s h n i  

[2 , 3] are re sp ec tiv e ly :
Í r — De<x?, (14)

f M =  2Dex2 , (15)

f v =  8Deoc*r*. (16)

The n u m erica l resu lts fo r f  in  th e  case n =  оо (a t room  te m p e ra tu re )  
a re  lis ted  in T ab le  IV . In  T ab le  V  w e have severa l num erica l re su lts  fo r th e

Table IV

Values of the harmonic strength constants at room temperature (n =  oo)

P oten tia l
m odel

/ [ N / m ]

A u Ag Cu К

R y d b e r g 44.453112 21.658514 24.451452 0.621866
M o r s e 40.019660 18.560604 20.210323 0.234291
V a r s h i 52.582897 29.404201 37.295998 1.499188

Table V
Comparison of the values reported in the literature for the strength constants used for calculating 

the R y d b e r g , M o r s e  and V a r s h n i  potential models in pseudoharmonic approximation
(at T  =  298 K) \

f ( T )  [N /m ]

M eta l O th e r
O u r re s u lts  (n =  o o )

c a lcu l.
R y d b e r g M o r s e V a r s h n i

Au 33.646a 34.150214 29.124855 43.482900
Ag 24.110a 18.787713 15.631236 25.945970
Cu 29.231a: 36.16b 21.521256 17.241229 26.712512
к 6.015 • 10-3 c 5.976 • IO“3 4.812 • lO“ 3 6.991 • IO“ 3

a) References [19] (The evaluation of these force constants has been made with the help 
of three elastic constants and five zone boundary experimental frequencies.)

b) Experimental results [17].
c) V a lu e s  r e p o r t e d  i n  [20] f o r  a0 =  5.233 • 10~3 [ m ]  ( i n  t h e  n o t a t i o n  o f  V a r s h n i .)
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renorm alized  s tre n g th  co n stan ts  f ( T )  for cubic m e ta ls . F o r com parison , som e 
v alues rep o rted  in  th e  l i te ra tu re  fo r th e  above co n stan ts  are  g iven  too  [17, 
1 9 - 2 0 ] .

F o r those  m e ta ls  th a t  are inc luded  in  o u r ca lcu la tion  th e  values o f x, 
D e, re are  found  to  be  d ep en d en t on th e  n u m b er o f  th e  n ea rest n e ighbours ta k e n  
in to  accoun t (T ables I I ,  I I I  an d  F igs. 1—3). T h e  p a ram e te rs  x  an d  re of th e  
M o r s e  p o ten tia l fo r various m eta ls  do n o t sa tis fy  th e  co n d itio n  xre =  6 
(T able  I I I ) .  (This co n d itio n  w as u sed  in  some p a p e rs  re la ted  to  th e  solid s ta te  
[9 —11])- In  fac t, xr e is only 3.05 fo r po tassium  a n d  in  no case considered  here 
is Xre as large as 5. T h is re su lt is to  be expected  on  th e  basis o f som e find ings 
b y  K o n o w a l o w  [22]. E v en  fo r th e  ra re  gases w hose p o te n tia l curves surely  
co rrespond  m ore closely th a n  th o se  for th e  m e ta ls  considered  he re , th e  re la 
tio n  xre =  6 fails to  hold.

T he p resen t re su lts , w hich acco u n t for th e  pa irw ise  in te ra c tio n  o f a cen tra l 
a to m  w ith  essen tia lly  an  in fin ite  n u m b er of shells o f n ea rest-ne ighbours are 
ex p ec ted  to  be m u ch  m ore re liab le  th a n  those  w h ich  accoun t fo r o n ly  a single 
shell o f neighbours. F u rth e rm o re , th e  p resen t ap p ro ach  allow s th e  use of 
c ry s ta l d a ta  ta k e n  a t  an y  te m p e ra tu re ; th u s  av o id in g  th e  need  fo r e x tra p o la 
tio n s  to  0 K . T h u s  th e  p resen t ap p ro ach  is ex p ec ted  to  be m ore useful th a n  
th o se  prev iously  used .

A ppendix A

In  te rm s o f th e  R y d b e rg  p o te n tia l, E qs. (7), (8) an d  (9) m ay  be w ritte n  as:

D ' - ß U l n ß -  1 ) 2 ß j  -  * 2 r j ß j  1 = 2  ([/„ -  к 0) ,
L j  J J

« 2  rj ß j  — ln ß ^  T j ß j  =  0 ,  (A)

De ■ ßx2 ( i n /3 +  1 ) 2 A ß j - * 2 * , ß j 9caj)
4 и

For th e  Morse function  the Eqs. (7 )—(9) are respectively:

De ß ß 2 y ißi - 2  2  ßj
j

=  2(U 0 - K 0) ,

2  r j ß j  —  ß 2 r j  y j ß j  =  о ,
j j

D e x 2 ß  h ß 2 r 2j V j ß j - 2 r ) ß j
l j j

9 cal

( B )
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U sing (6) in  (7), (8) and  (9) w e g e t th e  follow ing equ a tio n s fo r th e  p a ra 
m e te rs  o f th e  Va r s h n i p o ten tia l en e rg y  fu nc tions:

D e ße ß e 2  —  d ] ~ 2  2 ö j =  2 ( U0 - K 0),
j  n .

2 ^ * j - ß ' 2 ^ - q  =  o,j  Tl:
(C)

2Deßecc 2 r )  ■ d, -  2 a  2 r j  • <5j -  ße2 ~  +
J Tl:

+  4  x ß e ^  —J -  d j
J  T l :

9 c a g
8x

T he sym bols ßj  an d  dj used  in  E q s . (A) — (C) h av e  th e  follow ing m eaning:

ß] =  nj 7p

dj =  Jij • ex p (—a /y ) .

Appendix B

B y app ly ing  th e  th eo ry  o f an h arm o n ic  c ry s ta ls  in  th e  pseudoharm on ic  
ap p ro x im a tio n  g iv en  b y  P la k id a  a n d  S iklós [8] we g e t (Table B) th e  follow
in g  ana ly tica l ex p ressio n  for th e  p a ra m e te r  a(T ).

T able  B

Analytical expression for a(T) in terms of the R y d b e r g  (Eq. (R)), M o r s e  (Eq. (M)) and V a r s h n i  
(Eq. (V)) potentials in high temperature limit

Acta Physica Academiae Scientiarum Hungaricae 45, 1978

Position a(T) L iteratu re

1 . E q .  ( R ) a(T )= - 3 0 ß 2  1 I 1
Í 2 Л С  *

[6 ]2 C 2 l 1 1 \ 11 3B2 j

2 . E q .  ( M ) a ( T )  =  -
1 2  P o  '

1

T e T  + [ 8 ]

2 . E q .  ( V ) а ( Г )  =
/ 2  par? 

/
2 a f 2 _  1 + 4 2 y - j  + [ 1 7 ]

+  -2  *  ( l K ]12

3 / Я  Г 12  H3 )\
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T he sym bols used  in th is  T ab le  have th e  follow ing m ean ing :

an d

в — k B ■ T  ;

В =  DeCr D K(6DK +  1) +  a  re |4Dff
n  D K t

Cr =  a  exp  (xrr) , D K =  0.1 У”3 +  a r e ,

C =  D. СгТУк +  Br D u
Ул D,<

+
2 У 2

B r =  (xre — 1) exp (xre) ,

A  =  12 DexCr D K [DK(3DK +  2) -|- a re +  1]

) ! 'b t<s

aT
- II + Ь

П о / За ге
9

e
У ~ О е

1 +
в /й *  

De 6т в2 н
16 I

S D J

3
У л  D K

K  =  2g* +  9gh  +  21 j,

К  =  g2 +  3h, g =  42a 6 — Y=-P<*r3e +  / Ы *  +  1 ) ,
r 2

h — 12x6 [0.4 p a r \ — f { x r 2 — 1)] , 

j  =  576a2/ 0 2 (a r2 —- 1) ,

w h ere : k B is th e  B o ltzm an n  c o n s ta n t, h th e  P la n c k  c o n s ta n t, p  pressu re  an d  
m  is th e  m ass o f th e  a tom .
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E L E C T R O N  A N D  H O L E  G E N E R A T I O N  

I N  A N T H R A C E N E  U N D E R  E L E C T R O N  

B O M B A R D M E N T
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(Received in revised form 9. X. 1978)

In order to study the effect of trapping and release of carriers in anthracene, short 
electron pulses of energy up to 50 KeV and dose 2.5 X 10“14 C per pulse were used to excite 
the anthracene crystals and the induced charge transferred was measured for a series of 
increasing bias voltages of either sign at room temperature. It is found that the hole charge 
collected at transit time is only half of the total hole charge eventually collected which always 
equalled the electron charge. An interpretation is given in terms of a trap release mechanism. 
Shallow hole traps with an activation energy of the order of 0.13 eV are estimated in anthra
cene crystals at room temperature. The electron mobility normal to ‘afe’ crystallographic 
plane is 0.38 ±  0.02 cm2 V -1 s_1 and agrees well with other published values.

1. In tro d u c tio n

E x p e rim e n ta l re su lts  reg ard in g  e lec tron  a n d  hole p ro d u c tio n  in  a n th ra 
cene c ry s ta ls  are  d iscussed w ith  em phasis on th e  re levance  o f th e  m echan ism  
o f tr a p p in g  an d  release o f  carriers in  such  low  m o b ility  crysta ls . K o k a d o  

and  S c h n e i d e r  [1 ]  using  a c o n d u c tiv ity  “ glow  cu rv e”  tech n iq u e , h a v e  obser
ved  hole tr a p s  a b o u t 0.8 eV above th e  valence  b an d . In  these  ex p erim en ts  
ir ra d ia tio n  a t  low  te m p e ra tu re s  was p e rfo rm ed  w ith  h igh ly  abso rbed  lig h t, 
so t h a t  i t  is p ro b ab le  th a t  th e  tra p s  are  c h a ra c te r is tic  of th e  su rface  only. 
B r e e  an d  K y d d  [2] h av e  suggested  th a t  ad so rb ed  oxygen  is responsib le  for 
th em , an d  su ch  tra p s  ap p ea r also to  p lay  an  im p o r ta n t  role in  e lectron  b o m b a rd 
m en t e x p e rim e n ts  (see Sections 3 and  4).

T he m eth o d  a d o p ted  fo r s tu d y in g  tr a p p in g  a n d  release of ca rr ie rs  in  
an th racen e  c ry s ta ls  is th e  d rift m eth o d  e ssen tia lly  p ioneered  by  S p e a r  [ 3 ] .  

This m e th o d  has been used  fo r s tu d y in g  m a n y  d ifferen t m a te ria ls  [3] an d  
in  p a r tic u la r  fo r a n th racen e  [4, 5].

* Present address: Physics Department, University of Multan, Multan, Pakistan

6» Acta Physica Academiae Scientiarum Hungaricae 45, 1978



234 M. SALEH and M. S. ZAFAR

2. E xperim en ta l

2 .1 . Preparation o f  specimens

Single c ry s ta ls  of a n th racen e  w ere grow n from  th e  m elt, fo llow ing 
ex te n s iv e  p u rif ic a tio n  in  specially  designed c ry s ta l grow ing tu b es  [6]. T he 
g ro w th  vessel w as c u t  open to  t ip  o u t th e  in g o t an d  all fu r th e r  o p era tio n s 
w ere  carried  o u t w ith in  an N 2-filled  d ry  glove box . The p la tes c leaved  from  
th e  c ry sta l bou le  h a d  surfaces o f  5 m m  X 5 m m , w hich w ere “ ah”  planes,*  
a n d  th icknesses v a ry in g  betw een  0.35 an d  0.5 m m .

Specim ens w ere  p repared  fo r e lec tron  b o m b ard m en t b y  e v a p o ra tin g  
c irc u la r  se m i- tra n sp a re n t m e ta l e lec trodes, o n to  each  face in  tu rn .  T h e  p la tes  
w ere  p laced in  th e  v acu u m  sy stem  (pressure <Ç10~5 to rr)  fo r a b o u t h a lf  an  
h o u r  p rio r to  e v a p o ra tio n  in  o rd e r to  ensure  fresh  surface b y  su b lim a tio n . 
A lu m in iu m  w as th e n  flash  e v a p o ra te d  from  a 3 -s tran d  tu n g s te n  he lix  covered  
b y  a rad ia tio n  sh ie ld  w ith  a hole 4 m m  in d iam e te r, and  a t  a d is tan ce  o f  ab o u t 
150 m m  from  th e  c ry s ta l specim en p laced  on a b rass  m ask . T he lay ers  p ro d u ced  
w ere  highly  o p a q u e  and  con d u ctiv e  an d  w hen  view ed ag a in st th e  lig h t h ad  
a  m irro r-like  f in ish . Such layers w ere e s tim a te d  to  be ab o u t 200 Â  th ick . 
T h e  specim en w as m oun ted  b eh in d  an  a p e r tu re  o f  1—2 m m  in  d ia m e te r  
in  th e  copper lid  o f  th e  specim en cham ber, w h ich  could be h e a te d  o r cooled 
f ro m  outside. E le c tr ic  co n tac t w as m ade b y  sandw ich ing  th e  c ry s ta l, p a in te d  
w ith  A quadag  r in g s  on th e  a lu m in iu m , betw een  a w asher of p la tin u m  foil an d  
a  copper disc. T h e  fro n t (bom barded ) e lec trode  was connected  to  th e  b ias 
su p p ly , th e  re a r  (collecting) e lec tro d e  to  th e  c u rre n t in te g ra to r  as described  
below .

2 .2 . Apparatus

The e lec tro n  b o m b ard m en t ap p ara tu s* *  w as based  on th a t  developed  
b y  S pe a r  [3]. T h e  crysta ls  w ere eq u ip p ed  w ith  ev ap o ra ted  a lu m in iu m  e lec tro 
des (see S ection  2.1) on tw o oppo site  faces. C arriers w ere g en e ra ted  a t  one 
e lec tro d e  b y  th e  in c id e n t single e lec tro n  pulses (ty p ica lly  90 ns long, o f  energy  
b e tw een  20 an d  50 K.eV and  c a rry in g  2.5 X 1 0 ~ 14 C to ta l  charge Qb) a n d  d rifted  
th ro u g h  th e  c ry s ta l  u n d er an  ap p lied  fie ld  to  be co lled ted  a t  th e  o th e r  e lec trode . 
T h e  resu lting  p u lse  was d isp lay ed  on 85 M H z oscilloscope (T ek tro n ix  ty p e  
581 w ith  86 p ream p lifie r) as an  in te g ra te d  charge  pulse an d  reco rded  p h o to g ra 
p h ic a lly  from  w h ich  th e  tra n s i t  tim e  w as de te rm in ed . P o sitiv e  o r n eg a tiv e

* The orientation of the cleavage planes was kindly checked by Professor J .  W .  J e f f e r y  
of the Crystallography Department, Birkbeck College, University of London.

** Fuller details of the apparatus and experimental technique are given by M . S a l e h  
Ph. D. thesis, University of London 1972.
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carrie rs  could  be caused to  m ove th ro u g h  th e  c ry s ta l h u lk  b y  ap p ly in g  a fie ld  
o f  th e  a p p ro p ria te  p o la rity . A n y  space charge accu m u la ted  d u rin g  th e  “ se ttin g 
u p ”  p ro ced u re  w as rem oved  by  app ly ing  a few  b o m b ard in g  pulses to  th e  
sh o rt-c ircu ited  specim en.

3. R esults

A s tu d y  o f  th e  to ta l  q u a n ti ty  of charge co llec ted  as a fu n c tio n  o f app lied  
b ias w as m ad e  a t  room  te m p e ra tu re . The specim ens w ere unpo lish ed  an d  p re 
p a re d  as described  b y  Sa l e h  [6]. A sho rt pu lse  o f e lectrons o f  en erg y  betw een  
20 an d  50 K eV  (carry in g  2.5 X 10~14 C to ta l  charge) was used  to  excite  th e  
specim en. O ccasionally  th e  sam ple was sh o rt-c ircu ited  an d  b o m b ard ed  to  
check  for tra p p e d  space charge. T he electron in d u ced  charge, w hen  th e  b o m b a rd 
ed e lectrode w as a t  a n eg a tiv e  p o te n tia l w ith  re sp ec t to  th e  co llecting  electrode, 
w as ca lcu la ted  from  th e  follow ing eq u a tio n :

Q o =  Q t  í  Qb ■>

w here @0 — to ta l  secondary  charge  of one sign  p roduced , Qb =  to ta l  e lec tron  
charge  dep o sited  b y  th e  beam  an d  QT =  to ta l  charge  collected  a t  th e  tra n s i t  
tim e  T.

H ow ever, in  th e  case o f  holes, w ith  tr a p p in g  p resen t, th e  charge  w as 
ca lcu la ted  b y  using  th e  fina l s te a d y  signal h e ig h t in  th e  above eq u a tio n .

W ith  th e  b o m b a rd m e n t electrode a t a n e g a tiv e  p o te n tia l w ith  respect 
to  th e  co llecting  e lec trode  (electrons collected a t  th e  b ack  electrode) th e  induced  
charge  signal e x h ib ite d  ram p  i.e . an  alm ost c o n s ta n t ra te  o f change o f charge 
co llected , cu lm in a tin g  in  a “ k n ee”  a fte r w hich  no fu r th e r  increase  in  charge 
w as observed . C areful s tu d y  rev ea led  th a t  th e  d u ra tio n  o f th e  ra m p  v aried  
in v erse ly  w ith  th e  applied  fie ld . T he ram ps a re  id en tifiab le  w ith  th e  d rift of 
e lectrons in  a u n ifo rm  fie ld  an d  th e  d rif t-m o b ility  can  be im m ed ia te ly  deduced. 
T he value  o f th e  elec tron  d rift-m o b ility  n o rm a l to  th e  “ ai>”  c ry sta llo g rap h ic  
p lan e  a t  room  te m p e ra tu re  fo r th e  specim en N o. 13.01 (rep re sen ta tiv e  o f a 
g roup  o f specim ens) was found  to  be 0.38 +  0.02 cm 2 V _ 1 s _1.

In  c o n tra s t to  th is  w ith  p ositive  app lied  b ias  (holes d raw n  to  th e  back  
elec trode), s tro n g  tra p p in g  w as in ferred  from  th e  ro u n d ed  tra n s its . H ow ever, 
w hen  th e  te m p e ra tu re  was increased  from  293 to  323 K , th e  hole signals also 
developed  ram p s a n d  knees. I t  is believed t h a t  shallow  hole t r a p s  w ith  an  
a c tiv a tio n  energy  o f th e  o rd er o f  0.13 eV are  responsib le  fo r th e  tra p p in g  
a t  room  te m p e ra tu re .

T he in d u ced  charge vs b ias v o ltage  curves a t  v a rio u s b o m b ard in g  energies 
fo r th e  specim en N o. 13.01 (rep resen ta tiv e  of a g ro u p  o f specim ens) are  show n 
in  F igs. 1 an d  2.
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50  K é/

Fig. 1. Field dependence of electron and hole induced charge at 293 K. Specimen No. 13.01. 
Thickness 380 цm. Qb =  2.5 X 10-14 C/pulse

b i a s ----------------------- » ■

Fig. 2. Charge collected at transit time vs bias at 293 K. Specimen No. 13.01. Thickness 380 fim, 
Qb — 2.5 X 10~14 C/pulse. Transit time calculated from — 1.0 cm2 У _1 s -1
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Fig. 3. Hole charge Q£, collected as a function of time at different bias voltages. Arrows 
indicated end of transit time Tb, it/Uh =  1.0 cm2 V - ' s -1. Specimen No. 13.01, Thickness 380 ftm,

temperature 293 К

The e lec tro n  and  hole induced  charge s a tu ra te  a t  low er applied  b ias 
w hen  th e  beam  vo ltage  Vb w as low th a n  w hen  Vb was h igh . I t  was found  
th a t  th e  app lied  bias could n o t be increased  b eyond  th e  sa tu ra tio n  v alue  a t  
low  Vb w ith o u t risk ing  a b reak d o w n  of th e  in su la tio n  resis tan ce  o f th e  speci
m en. Fig. 1 also show s th a t  th e  ho le-induced charge  vs vo ltag e  curve ex h ib its  
superlinear dependence  on b o m b ard in g  v o ltag e  o f th e  hole charge collected  
a t  sa tu ra tio n . C om parison o f th e  tw o d iag ram s (1 an d  2) show s th a t  th e  hole 
charge collected  a t  tra n s it  t im e  accounts fo r o n ly  ^  h a lf  o f th e  to ta l  hole 
charge ev en tu a lly  collected, w hich  alw ays eq u a lled  th e  e lec tron  charge.

In  Fig. 3, th e  hole tra n s i ts  p h o to g rap h ed  a t  th ree  b ias vo ltages fo r th e  
specim en No. 13.01 have been  rep lo tted . T h e  arrow s in d ica te  th e  end  of th e  
tr a n s i t  period  T h ca lcu la ted  on  th e  a ssu m p tio n  th a t  th e  fie ld  is un ifo rm  an d  
/j,h =  1.0 cm 2 V -1 s -1 . In  each case th e  charge co llection  is seen to  con tinue  long 
a f te r  th e  f irs t sh e e t o f carriers has trav e rsed  th e  sam ple. In  F ig . 4, th e  difference 
betw een  th e  f in a l value of charge  collected a n d  t h a t  collected a t  various tim es 
is rep lo tted  a g a in s t tim e  a f te r  T h, and  is seen to  follow an  a p p ro x im a te ly  
expo n en tia l law  in  each case. As will be ex p la in ed  below  (Section  4), th is  b e h a 
v io u r is co m p a tib le  w ith  tra p p in g .
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Fig. 4. (Total hole charge — hole charge collected at t) vs time counted from end of transit

4. D iscussion an d  conclusions 

4 .1 . Drift o f  “thick sheet'’'’ o f  charge

In  th e  p resence  of shallow  hole tra p p in g  and  release, le t charge g en e ra tio n  
be  described  b y

Q =  <?o/̂ e_i/r
so t h a t  to ta l  ch arg e  in  pulse

<?o= Jo Q d t »

w h ere  т is th e  decay  tim e  due to  shallow  hole tra p p in g  a n d  release.
Tw o tim e  reg ions can be d is tin g u ish ed  w hen a charge sheet tra v e ls  w ith  

v e lo c ity  V  to w ard s  th e  back  e lec tro d e  o f th e  c ry s ta l specim en th ic k n e ss  L,
(F ig . 5).
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Fig. 5. Drift of ‘thick sheet’ of charge through crystal bulk

Case 1. Drift  during t <Ç T.

T he charge in  a sheet o f th ickness dx,  a t  x  a t  tim e  t is

e-(t-x/*o/r .
T  V

T he c u rre n t induced  b y  th e  sheet is

e - ('-*/•’>/* —
T  V

an d  th a t  b y  all th e  sheets 0 . . .  x  . . .  Xp Xf =  vt

/ = ( ( > 0/L T) J oX,e -( i-x /v )/r d x  .

T herefore,

T he to ta l  charge in d u ced  a t  b ack  electrode is th e n  (see F ig . 6)

q = ^ Í  (1~в~'/Т)Л-

Fig. 6. Charge induced at back electrode of specimen up to t =  T
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T h e re fo re ,

N .B . fo r t  T , in itia lly ,

- ^ - t 2/2 r  .q - + ^ r t2l2 '1

A t t =  T

Чт — Q  о 1 -  —  (1 -  е ~ Т1т)  
T

Case  2. Drift dur ing t >  T

Since th e  sh e e t is th ick , ch a rg e  con tinues to  arrive  a fte r  th e  f ro n t su r
fa c e  o f the  sh ee t, i.e . after T.  T h is  gives rise to  a cu rren t

I ^ T = ( Q o l L r )  [^ е-(<_*Л')/т d x

=  - ^ ° - ( l  — e ~T/‘) e-V-DIr .
T

I t  is convenien t to  le t t — T  — 0, so th a t

Ie =  ~~~  (1 —  e-T l^ e-o i* .

T herefo re , th e  c h a rg e  induced a t  th e  back  e lec trode  becom es:

9 o > T  =  JJ I d t  =  JoT I,<T d t  +  I e d d  =  q T - f  qt , s a y

9 . = - % - (  1 - е - Т 1 г ) Г е-°1' d0 =
1 J o

=  y - r ( l  -e-n*)( l  - е - ° П  .

T herefo re ,

4i ^ t  =  Qo  1
2 . ( 1  _ e - » / r ) e - T / r  _

T h is  shows t h a t  th e  higher th e  d r if t fie ld  (i.e ., th e  sm aller T ), th e  m ore  p ro 
n o u n ced  is th e  “ h u m p ” follow ing th e  ram p , b u t  th e  tim e  c o n s ta n t is alw ays 
r ,  (F ig. 7).
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Fig. 7. Charge induced at back electrode

I t  is, th ere fo re , concluded  th a t  shallow  hole tra p s  w ith  an  ac tiv a tio n  
energy  of th e  o rd er of 0.13 eV are responsib le  for th e  tra p p in g  in  a n th racen e  
c ry s ta ls  a t  room  te m p e ra tu re . H ow ever, no elec tron  tra p s  w ere o bserved  in 
th e se  c ry s ta ls  a t  room  te m p e ra tu re . T h e  e lec tron  m o b ility  n o rm a l to  th e  
“ ab”  c ry sta llo g rap h ic  p lane is 0.38 +  0.02 cm 2 V -1 s -1  an d  agrees w ell w ith  
o th e r  pu b lish ed  values. I t  is, o f course, conceivable  t h a t  th e  sh o rt hole life
tim e  is an  in tr in s ic  p ro p e rty  o f  narro w  b a n d  conduction , b u t  i t  is r a th e r  m ore 
obvious to  suspect s tru c tu ra l defects such  as d islocations, o r  im p u ritie s , 
especially  oxygen  as being responsib le  fo r th e  tra p p in g .
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O N  T H E  D I U R N A L  V A R I A T I O N  C O E F F I C I E N T S  

O F  T H E  N U C L E O N I C  C O M P O N E N T  O F  C O S M I C

R A Y S

By

M. F . T o l b a , S .  A. V a h a b  a n d  A. M. S a l e m  
COSMIC r a y  g r o u p , p h y s i c s  d e p a r t m e n t ,

FACULTY OF SCIENCE. AIN SHAMS UNIVERSITY, CAIRO, EGYPT

(Received in revised form 24. X. 1978)

The expected amplitudes, as well as the time shift due to geomagnetic bending, of 
the diurnal waves have been calculated for 27 cosmic ray neutron monitors for the recent 
shapes of the diurnal, semidiurnal and tridiurnal anisotropies. The calculations are performed 
for latitude dependence of the form, cos” A and rigidity dependence of the form R & exp [(1-R)/R0] 
where A is the asymptotic latitude, R  is the rigidity in GV, and n, ß  and R 0 are constants. 
For the diurnal anisotropy, the calculations are given for n =  1, ß  =  —0.4, 0.0, +0.4, +0.8, 
R0 =  oo and maximum cutoff rigidity =  90 GY, while for semidiurnal and tridiurnal aniso
tropies the results are given for n =  1, 2, ß  =  1, 2 and R 0 =  50, 90 GV. Moreover, the cal
culation of the attenuation due to the latitude effect, the smoothing effect, and the mean 
latitude and mean cone broadening are given for the different concerned anisotropies. The 
presently calculated coefficients for diurnal variation are significantly smaller than those cal
culated previously due to the careful selection of the used parameters. A considerable increase 
in the time shift due to geomagnetic bending is only found in the wide cone stations. The 
relation between the mean latitude, the cone broadening, the time shift, and the expected 
amplitude for all diurnal components and the minimum cutoff rigidity of the different sta
tions are discussed.

1. In tro d u c tio n

T he in fo rm atio n  a b o u t th e  d iffe ren t m o d u la tio n  m echan ism s o f cosmic 
ray s  in  th e  in te rp la n e ta ry  space can  be o b ta in ed  b y  th e  in v e s tig a tio n  o f th e  
d iffe ren t com ponen ts o f  so lar d iu rn a l v a ria tio n s . H ow ever, th e  accu ra te  
ch a rac te ris tic s  of th e  an iso trop ies th a t  p roduce  th e se  v a ria tio n s  can  on ly  be 
o b ta in ed  b y  a careful ca lcu la tio n  o f th e  coefficients tran sfo rm in g  th e  shape  of th e  
v a ria tio n s  recorded  on th e  surface o f th e  e a r th  to  th e  co rrespond ing  free space 
a n iso tro p y . Several ca lcu la tio n s h av e  been  carried  o u t b y  d iffe ren t au th o rs  
fo r th e  coefficients o f  th e  f irs t  and  second com ponen ts o f d iu rn a l v a ria tio n  
using  d iffe ren t m eth o d s o f  ca lcu la tion  an d  shapes o f  a n iso tro p y  [1, 2, 3, 4, 5].

M c C r a c k e n  e t a l [ 2 ]  have  ca lcu la ted  th e  coefficien ts an d  th e  shift 
in  th e  a sy m p to tic  tim e  d u e  to  geom agnetic  bend in g  fo r b o th  d iru n a l and  
sem id iu rn a l an iso trop ies, w here  th e  r ig id ity  dependence o f  th e  an iso tro p y  is 
used  in  th e  form  Rp u p  to  r ig id ity  500 GV an d  la titu d e  dependence o f  th e  form  
cos A. In  la te r  in v es tig a tio n , F u j i i  e t al [5] an d  N a g a s h i m a  e t al [6] show ed 
th a t  th e  sem id iu rnal a n iso tro p y  is rea so n ab ly  assum ed  to  h av e  th e  r ig id ity  
d ependence  o f  th e  fo rm  R ? exp  ( —R j R u), w here R  is th e  r ig id ity  in  GV, ß
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a n d  R () a r e  c o n s t a n t s  c o n t r o l l i n g  t h e  g r a d u a l  i n c r e a s e  a n d  d e c r e a s e  o f  t h e  a n i s o 

t r o p y  w i t h  r i g i d i t y .  T h e o r e t i c a l  a n d  e x p e r i m e n t a l  i n v e s t i g a t i o n s  o f  s e m i d i u r n a l  

v a r i a t i o n  s h o w  a  l a t i t u d e  d e p e n d e n c e  o f  t h e  f o r m  c o s 2 Я r a t h e r  t h a n  c o s  Я a s  

g i v e n  b y  L i e t t i  a n d  Q u e n b y  [ 7 ]  a n d  R a o  a n d  A g r a w a l  [ 8 ] .  F o r  t h e  d i u r n a l  

v a r i a t i o n ,  S u b r a m a n i a n  [ 9 ]  s u g g e s t e d  t h a t  t h e  c o n s i d e r a t i o n  o f  a c c u r a t e  v a l u e  

o f  m a x i m u m  c u t o f f  r i g i d i t y ,  v a r i a b i l i t y  o f  t h e  s p e c t r a l  e x p o n e n t  o f  t h e  d i f f e r 

e n t i a l  p r i m a r y  s p e c t r u m ,  t h e  c o n t r i b u t i o n  o f  h i g h  r i g i d i t y  p a r t i c l e s  t o  t h e  

c o u n t i n g  r a t e ,  a n d  t h e  p r o p e r  s e l e c t i o n  o f  t h e  c o u p l i n g  c o n s t a n t s  w o u l d  c o n s i 

d e r a b l y  c h a n g e  t h e  e x p e c t e d  d i u r n a l  w a v e s  f r o m  t h o s e  c a l c u l a t e d  b y  

M c C r a c k e n  e t  a l  [ 2 ] .  O n  t h e  o t h e r  h a n d ,  t h e  e x i s t e n c e  o f  t h e  t r i d i u r n a l  

a n i s o t r o p y  i s  d i s c o v e r e d  b y  M o r i  e t  a l  [ 1 0 ] ,  F u j i m o t o  e t  a l  [ 1 1 ]  a n d  f o u n d  

t o  h e  o f  a l m o s t  s i m i l a r  c h a r a c t e r i s t i c s  t o  t h o s e  o b t a i n e d  f o r  s e m i d i u r n a l  v a r i a 

t i o n  ( e . g .  K u d o  a n d  W a d a  [ 1 2 ] ,  a n d  G i r g i s  e t  a l  [ 1 3 ] ) .

T h e  c h a n g e  o f  t h e  p r e d i c t e d  c h a r a c t e r i s t i c s  o f  d i u r n a l  a n d  s e m i d i u r n a l  

a n i s o t r o p y  f r o m  t h o s e  a s s u m e d  b y  M c C r a c k e n  e t  a l  [ 2 ]  t o g e t h e r  w i t h  t h e  

d i s c o v e r y  o f  t h e  t r i d i u r n a l  a n i s o t r o p y  s h o w  t h e  g r e a t  r e q u i r e m e n t  o f  r e c e n t  

t h e o r e t i c a l  c a l c u l a t i o n s  t o  t h e  d i u r n a l  v a r i a t i o n  c o e f f i c i e n t s  f o r  t h e  t h r e e  

c o m p o n e n t s  o f  d i u r n a l  v a r i a t i o n  a n d  d i f f e r e n t  c o s m i c  r a y  s t a t i o n s .  I n  t h e  

p r e s e n t  w o r k ,  t h e  e x p e c t e d  a m p l i t u d e s  a n d  t i m e  s h i f t  d u e  t o  g e o m a g n e t i c  

b e n d i n g  a r e  c a l c u l a t e d  f o r  2 7  c o s m i c  r a y  s t a t i o n s  f o r  t h e  d i u r n a l ,  s e m i d i u r n a l  

a n d  t r i d i u r n a l  a n i s o t r o p i e s  t a k i n g  i n t o  c o n s i d e r a t i o n  t h e  d i f f e r e n t  s h a p e s  o f  

t h e  r i g i d i t y  a n d  l a t i t u d e  d e p e n d e n c e s .  M o r e o v e r ,  t h e  m e a n  l a t i t u d e ,  m e a n  

l o n g i t u d e  m e a n  d e f l e c t i o n  a n d  m e a n  c o n e  b r o a d e n i n g  o f  c o s m i c  r a y  t r a j e c 

t o r i e s  a r e  a p p r o x i m a t e l y  c a l c u l a t e d  f o r  t h e  s a m e  s t a t i o n s  a n d  f o r  t h e  s p e c i f i e d  

s h a p e s  o f  a n i s o t r o p y .

2. The expected  d iurnal w aves

T h e  g e n e r a l  f o r m  o f  t h e  f r a c t i o n a l  c h a n g e  i n  t h e  c o u n t i n g  r a t e  A N ( t ) / N  

a t  t i m e  t a r i s i n g  f r o m  a n y  d i u r n a l  a n i s o t r o p y  w i t h  h a r m o n i c  h, a n d  a m p l i t u d e  

A  m a y  b e  e x p r e s s e d  b y :

A N ( t ) / N  =  А  I’* " “  W(R) ■ F(R)  ■ T[X{R, « ) ]  • G[v>(JR, a ) ,  t, h] ■ dR  , ( 1 )
J ̂ min

w h e r e  W ( R )  i s  t h e  c o u p l i n g  c o n s t a n t  a s  d e f i n e d  b y  D o r m a n  [ 4 ] ,  F ( R )  i s  t h e  

f u n c t i o n  d e s c r i b i n g  t h e  r i g i d i t y  d i s t r i b u t i o n  o f  t h e  a n i s o t r o p y ,  T [ X ( R , a ) ]  

i s  t h e  d e c l i n a t i o n  d e p e n d e n c e  f u n c t i o n  o f  t h e  s o l a r  e c l i p t i c  l a t i t u d e  X ( R ,  a )  

f o r  a  p a r t i c l e  w i t h  r i g i d i t y  R  a n d  d i r e c t i o n  o f  a r r i v a l  ( a ) ,  a n d  G [ i p ( R ,  a ) ,  t,h\ 
i s  t h e  l o n g i t u d e  d e p e n d e n c e  f u n c t i o n  f o r  s o l a r  e c l i p t i c  l o n g i t u d e  x p { R ,  a )  a t  

t i m e  t f o r  a n i s o t r o p y  o f  c o m p o n e n t  h. R m i „  a n d  R m a x  a r e  t h e  m i n i m u m  a n d  

m a x i m u m  c u t o f f  r i g i d i t y  o f  t h e  a n i s o t r o p y ,  r e s p e c t i v e l y .  T h e  f u n c t i o n s  F ( R ) ,
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T[A(jR, a )] an d  G[xp(R, a), t, h ] can  genera lly  be  ta k e n , fo r all d iu rn a l com po
n e n ts  as follows:

F(R)  =  RP exp  Í—-----— ! ,
l R 0

Г [ А ( Л ,  a ) ]  =  c o s "  А (Д , a ) ,

G a),1 , A] =  cos h [y>(R, a) -f- 15i — Ch] ,

( 2)

( 3 )

(4)

w here  ß, R 0 and  n are c o n s ta n ts , Ch is th e  angle of th e  free space an iso tro p y  
m easu red  ea s tw ard  from  a n tiso la r d irec tion  an d  t is th e  un iv ersa l tim e  in  hours. 
T he c o n s ta n t 1 ap p earin g  in  th e  r ig id ity  dependence fu n c tio n  F(R)  s tan d s  
fo r th e  r ig id ity  o f 1 GY to  achieve th e  n o rm aliza tio n  so th a t  th e  an iso trop ies 
w ith  d iffe ren t shapes w ill h av e  th e  sam e v a lu e  a t  r ig id ity  =  1 GY as suggested  
b y  G i r g i s  e t a l [ 1 3 ] .

T h e d iu rn a l w ave of ce rta in  harm on ic  h a rising  from  an  an iso tro p y  in  th e  
o u te r  space an d  observed  a t  ce rta in  d irec tio n  o f  a rriv a l (a) m ay  be o b ta in ed  
by  c a lcu la tin g  AN (t ) / N  a t  d iffe ren t tim es t u s in g  eq u a tio n  (1). T he re su lta n t 
d iu rn a l w ave observed  a t  a n y  location  can  be ca lcu la ted  b y  add ing  all d iu rn a l 
w aves observed  a t  all possible d irections of a rr iv a l, and  from  w hich  th e  expec ted  
a m p litu d e  A ex an d  tim e  of m ax im u m  7’max are  ca lcu la ted  b y  harm o n ic  analysis.

T h e  observed  am p litu d e  o f th e  d iu rn a l w ave w ith  an y  co m ponen t a t  a 
g iven lo ca tio n  is, ce rta in ly , ex p ec ted  to  be less th a n  th e  m ean  v alue  o f th e  
co rrespond ing  free space an iso tro p y . T he a tte n u a tio n  of th e  am p litu d e  arises 
from  th e  sm oo th in g  effect o f th e  a sy m p to tic  cone of accep tance  due  to  its  
lo n g itu d in a l b ro ad en in g , as w ell as from  its  inc lin a tio n  to  th e  so lar eclip tic  
p lan e  w here  th e  an iso trop ies ex ist. G enerally , th e  expec ted  a m p litu d e  a t  a 
g iven  cosm ic ra y  s ta tio n  A ex m a y  be w ritte n  in  th e  form :

A ex =  Ä  ■ S  ■ L  (5)

w here A  is th e  m ean  v alue  o f th e  a n iso tro p y  in  th e  o u te r space as seen b y  
a c e r ta in  s ta tio n , S  is th e  coeffic ien t rep re sen tin g  th e  a tte n u a tio n  of th e  an iso 
tro p y  due  to  th e  cone b ro ad en in g  only, an d  L  is th e  coefficien t rep resen tin g  
th e  a t te n u a tio n  due to  th e  cone in c lin a tio n . Ä  c an  be ca lcu la ted  in  p e rcen tag e  
o f  A  u s in g  th e  no rm alized  va lu es  o f W(R)  as follow s:

A  =  Г*“"1 W(R) F(R) dR.  (6)
J  -Riuin

U su ally , i t  is v e ry  usefu l to  have  th e  va lu es  o f  S  and  L  fo r all h arm on ics 
w hen  s tu d y in g  th e  ch a rac te ris tic s  of th e  d iffe ren t free space an iso trop ies. 
H ow ever, i t  is im possib le , a n a ly tica lly , to  s e p a ra te  th e  to ta l  a tte n u a tio n  coeffi-
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c ie n t ca lcu la ted  b y  e q u a tio n  (1) in to  tw o  coeffic ien ts depend ing  on th e  lo n g i
tu d in a l  b road en in g  an d  inc lin a tio n  o f  th e  s ta tio n ’s cone. A p p ro x im ate  values 
o f  S  an d  L, S ap a n d  L ap re sp ec tiv e ly , can  be o b ta in e d  using  th e  follow ing 
e q u a tio n s :

S ap =  W { R )  F ( R )  COS{h[V  ~  “ ) ] }  d R  / \ l Z  W (R ) F (R)>d R ’ ( ? )

L a p  =  Г ““  W ( R ) ] F ( R )  cos" [X(R, a ) ]  dR  /  f Rm“  W(R) F(R)dR  , (8)
J ^min * ' J Rmin

w h ere  гр is given b y  :

w = -----ta n  1
h

rtfir
W(R) F(R)  sin  [hV(R, a)]dR

^min
Rm&x

W(R) F(R)  cos [hy(R,  a)] dR
(9)

The a p p ro x im a ted  values o f  S ap an d  L ap ap p ro ach  th e  ex ac t values 
o n ly  i f  all a sy m p to tic  d irections e ith e r  h av e  com m on la ti tu d e  or com m on 
lo n g itu d e . In  o th e r  w ords, th e  e rro r  in  th e  d e te rm in ed  a tte n u a tio n  coeffic ien ts 
w ill be considerab ly  sm all for a sy m p to tic  cones w ith  e ith e r  la ti tu d in a l o r lo n 
g itu d in a l b ro ad en in g , while fo r cones h av in g  b o th  ty p e s  o f b ro ad en in g , th e  
e r ro r  increases effectively . An e s tim a tio n  o f th e  p ercen tage  erro r E,  t h a t  is 
d e p e n d e n t on th e  accu racy  of th e  ca lcu la ted  values o f S ap and  L ap, is o b ta in e d  
ta in e d  by:

E =  .A «p ~ A *Z X  100 , (10)

w 'here A ex is th e  expected  a m p litu d e  ca lcu la ted  using  eq u a tio n  (1), an d  A ap 
is th e  a p p ro x im a ted  am p litu d e  ca lcu la ted  b y  A ap — A  ■ S ap • L ap.

F rom  th e  va lu es  of S ap a n d  L ap, th e  m ean  cone b roaden ing  Ф w h ich  is 
th e  lo n g itu d in a l angle betw een  tw o  cosm ic ra y  tra je c to rie s  hav in g  e q u iv a len t 
sm o o th in g  effect o f  th e  s ta tio n ’s a sy m p to tic  cone o f accep tance , an d  th e  m ean  
la t i tu d e  Д, w hich  is th e  la ti tu d e  o f  th e  cosm ic ra y  tra je c to ry  h av in g  th e  la t i 
tu d e  a tte n u a tio n  o f  th e  in v e s tig a te d  cone, are  ca lcu la ted  using  th e  follow ing 
e q u a tio n s:

a n d

Ф cos -1 {Sap) ( И )

H  I =  co s-1  [(L ap)V«] . ( 12)

T h e  m ean tim e  sh if t due to  geom agnetic  b en d in g  G (hrs), is co m p u ted  b y  
F  =  [(Сл — !^)/15] — Т тах, w here  W is th e  geographic long itude .
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In  th e  p re se n t ca lcu la tions th e  in c lin a tio n  o f  th e  e a r th ’s axis to  th e  
eclip tic  plane is neg lected . H ow ever, i t  is ex p ec ted  th a t  th is  effect will reduce 
th e  observed  a m p litu d e  of th e  eclip tic  p lan e  an iso tro p ies  b y  a coefficien t 
depend ing  on th e  season o f d e tec tio n . On th e  o th e r  h a n d , an iso trop ies p e rp en 
d icu la r to  th e  ec lip tic  p lane , w ill be d e tec ted  as a sid erea l v a r ia tio n  due to  th e  
inc lin a tio n  of th e  ax is. T he d iu rn a l v a ria tio n  coeffic ien ts a t  th e  d ifferen t seasons 
can  be ca lcu la ted  a fte r  considering  th e  in c lin a tio n  effect u sing  th e  p resen t 
coefficients b y  d irec t m u ltip lica tio n  w ith  th e  coeffic ien ts  given b y  Tolba 
a n d  Lindgreis [15], E l-B e d e w i e t al [16].

3. M ethod of ca lcu la tion

F o r ca lcu la tin g  th e  ex p ec ted  d iu rn a l w aves, th e  a p p ro p ria te  values o f 
th e  used  p a ra m e te rs  are a d o p ted  as follows:

1) The a sy m p to tic  d irec tions (A, ip) ca lcu la ted  fo r m o st o f  th e  w orldw ide 
cosm ic ra y  s ta tio n s  b y  McCracken  e t al [2] fo r d iffe ren t rig id ities and  for 
9 d irections o f  a rr iv a l, are used  in  th e  p resen t ca lcu la tio n s. R min a t  a given 
d irec tio n  of a rr iv a l is, th ere fo re , de te rm ined  b y  th e  m in im u m  rep re sen ta tiv e  
r ig id ity  o f th e  a rr iv in g  asy m p to tic  d irection . F o r  Cairo s ta tio n , th e  a sy m p to tic  
d irec tions w ere ca lcu la ted  b y  Goned  and  Salem  [17].

2) The coup ling  co n stan ts  W(R)  are used as ca lcu la ted  by  Mathew  an d  
K odama (1964) fo r m ax im um  so la r a c tiv ity  an d  n o rm alized  so th a t :

I’ ~ W(R)dR =  100%  . (13)
J P  m in

T his no rm aliza tio n  is p rac tica lly  perfo rm ed  b y  ta k in g  th e  m ax im u m  lim it o f 
th e  in teg ra tio n  as 500 GY in s te a d  o f in f in ity  a n d  1V(R)  is no rm alized  to  91%  
fo r low  cu to ff r ig id ity  s ta tio n s  an d  to  83%  fo r h igh  c u to ff  r ig id ity  s ta tio n s  
as s ta te d  by  Subram anian  [5]. T he use of recen t va lu es  o f  IV(R)  d id  n o t 
show  an y  s ign ific ian t change in  th e  ca lcu la ted  coeffic ien ts .

3) The p a ra m e te rs  ß  and  R,, in  th e  r ig id ity  d ependence  fu n c tio n  (E q . (2)) 
express th e  increase an d  decrease o f th e  an iso tro p y  w ith  r ig id ity  respectively . 
F o r d iu rn a l v a ria tio n , R 0 is ta k e n  as in f in ity  w here  th e  exp ression  is reduced  
to  Rß an d  th e  in te g ra tio n  is c a rried  o u t up  to  R max =  90 GY [9] for d ifferen t 
va lues o f ß. F o r th e  second an d  th ird  harm onics o f d iu rn a l v a r ia tio n  th e  ca l
cu la tio n s are p erfo rm ed  fo r ß  =  1, 2 and  R 0 — 50, 90 GV. T he ca lcu la ted  
am p litu d es for b o th  cases are  n o t  sensitive to  R max fo r va lu es  g rea te r th a n  
500 GV since F(R),  fo r  th e  used  values o f ß an d  R 0, is co n sid e rab ly  sm all, and  
hence  th e  in te g ra tio n  is carried  o u t up  to  500 GV.

4) T he effect o f va riab le  sp ec tra l exp o n en t o f th e  d iffe ren tia l r ig id ity  
sp ec tru m  of p rim a ry  cosm ic rays y(R)  a t  d iffe ren t values o f  R  on th e  expected
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T able I

Diurnal variation

Station Geographic coordinates, 
and cutoff rigidity ß L a p & a p A ■Aap A,* G IÙ Ф E

Ahmadabad, Lat. — 23.02 - 0 .4 0.97 0.63 15.14 9.29 9.25 5.61 13.43 101.84 0.34
India Long. = 72.60 0.0 0.97 0.66 59.86 38.13 37.88 5.01 14.69 97.62 0.65

R c = 15.94 +  0.4 0.96 0.69 246.60 164.70 163.30 4.45 15.97 91.96 0.87
+ 0 .8 0.96 0.76 1059.00 744.90 737.80 3.95 17.20 85.23 0.97

Alert, Canada Lat. ___ 82.52 — 0.4 0.20 0.58 22.34 2.58 2.31 2.41 78.42 109.75 11.62
Long. = 297.40 0.0 0.23 0.50 68.77 7.80 6.88 2.22 76.90 119.90 13.40
R c = 0.00 +0.4 0.25 0.43 233.30 25.34 22.47 2.00 75.29 129.35 12.77

+ 0 .8 0.28 0.36 870.90 88.71 80.84 1.76 73.75 137.30 9.74

Berkeley, USA Lat. _ 37.87 — 0.4 0.90 0.86 21.85 17.03 16.95 3.47 25.28 60.93 0.46
Long. = 237.70 0.0 0.91 0.88 69.09 55.30 55.26 3.08 25.11 55.74 0.07
Rc = 4.54 +0.4 0.91 0.90 238.10 194.50 194.90 2.72 25.12 51.06 — 0.20

+ 0 .8 0.90 0.92 895.30 741.10 743.70 2.41 25.41 47.86 — 0.35

Cairo, Egypt Lat. ___ 29.36 — 0.4 0.96 0.58 17.47 9.74 9.80 5.45 16.52 108.89 —0.64
Long. = 31.18 0.0 0.95 0.63 64.46 38.57 38.63 4.83 17.94 102.05 — 0.15
Rc = 12.35 +0.4 0.94 0.68 250.50 160.80 160.40 4.25 19.47 94.13 0.25

+ 0 .8 0.93 0.73 1027.00 703.80 700.30 3.75 21.02 85.57 0.50

Calgary, Canada Lat. ___ 51.08 —0.4 0.93 0.98 22.41 20.36 20.42 1.53 21.92 23.51 — 0.29
Long. = 245.87 0.0 0.90 0.97 68.93 60.59 60.86 1.48 24.33 26.95 — 0.45
R c = 1.09 +0.4 0.88 0.96 233.50 197.10 198.40 1.43 28.86 30.95 -0 .6 3

+ 0 .8 0.85 0 95 870.20 702.60 708.30 1.39 32.16 34.94 -0 .7 9

Chicago, USA Lat. ___ 41.83 — 0.4 0.94 0.96 22.41 20.25 20.29 2.52 19.30 33.62 — 0.20
Long = 272.33 0.0 0.93 0.96 68.93 61.37 61.54 2.33 21.62 33.40 — 0.27
Rc = 1.72 +0.4 0.91 0.95 233.50 203.10 203.70 2.15 24.38 34.63 — 0.32

+ 0 .8 0.89 0.95 870.20 735.00 737.60 1.99 27.16 36.61 — 0.34
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Churchill, Canada Lat. _ 58.75 - 0 .4 0.78 0.97 22.41 17.03 17.15 1.30 38.34 28.79 -0 .7 2
Long. = 265.92 0.0 0.75 0.95 68.93 49.64 50.18 1.29 41.01 34.72 — 1.07
Hc = 0.21 +0.4 0.72 0.94 233.50 158.60 160.90 1.27 43.57 40.73 -1 .4 6

+  0.8 0.70 0.92 870.20 557.00 567.50 1.24 45.86 46.36 — 1.83

Dallas, USA Lat. _ 32.98 — 0.4 0.91 0.84 21.94 16.87 16.77 3.82 24.19 65.08 0.60
Long. = 263.27 0.0 0.91 0.87 69.10 54.92 54.79 3.40 23.96 59.14 0.22
Rc = 4.35 +0.4 0.91 0.89 237.40 193.40 193.50 3.00 23.86 54.02 -0 .0 5

+0.8 0.91 0.91 891.30 738.40 739.90 2.65 23.99 49.86 -0 .2 0

Deep River, Canada Lat. _ 46.10 — 0.4 0.93 0.97 22.41 20.19 20.27 2.37 21.96 27.49 — 0.34
Long. = 282.50 0.0 0.90 0.96 68.93 59.93 60.26 2.24 25.52 31.04 — 0.54
Hc = 1.02 +  0.4 0.87 0.95 233.50 194.60 195.90 2.11 29.09 34.99 — 0.67

+  0.8 0.84 0.94 870.20 693.40 698.80 1.97 32.35 38.74 — 0.76

Denver, USA Lat. _ 39.67 —0.4 0.93 0.91 22.34 18.89 18.92 2.83 21.65 49.01 — 0.12
Long. = 255.03 0.0 0.93 0.93 68.98 59 21 59.36 2.54 22.32 43.76 — 0.24
Hc = 2.91 +0.4 0.92 0.94 234.20 201.60 202.20 2.29 23.53 40.32 — 0.32

+0.8 0.91 0.94 873.50 746.30 749.20 2.07 25.08 38.73 — 0.38

Goose Bay, Canada Lat. _ 53.27 — 0.4 0.85 0.97 22.41 18.47 18.61 2.51 31.47 29.77 — 0.74
Long. = 299.60 0.0 0.82 0.95 68.93 53.74 54.33 2.40 35.08 35.34 — 1.07
Hc = 0.52 +0.4 0.78 0.94 233.50 171.10 173.50 2.28 38.56 40.92 — 1.40

+0.8 0.75 0.92 870.20 598.50 608.60 2.14 41.66 45.96 — 1.66

Inuvik, Canada Lat. 68.35 — 0.4 0.70 0.96 22.41 15.07 15.28 0.57 45.35 33.92 — 1.37
Long. = 226.28 0.0 0.67 0.94 68.93 43.44 44.36 0.63 47.71 41.02 — 2.08
Hc = 0.18 +  0.4 0.64 0.91 233.50 136.90 141.10 0.69 '50.00 48.30 — 2.97

+0.8 0.61 0.89 870.20 473.90 493.40 0.74 52.07 55.23 — 3.94

Kampala, Uganda Lat. _ 0.33 - 0 .4 0.98 0.64 15.68 9.83 9.78 4.93 11.86 100.33 0.54
Long. = 32.56 0.0 0.98 0.67 61.05 40.11 39.87 4.41 12.36 95.47 0.58
Hc = 14.98 +0.4 0.98 0.71 248.10 171.70 170.70 3.91 12.82 89.52 0.58

+0.8 0.97 0.75 1054.00 770.10 765.80 3.47 13.28 82.73 0.56
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Table I (contd.)

Station Geographic coordinates, 
and cutoff rigidity ß l «p Sar A ■dap A.Z G m Ф E

Kiel, FRG Lat. = 54.30 — 0.4 0.91 0.93 22.40 18.91 19.02 3.57 24.65 43.50 — 0.54
Long. = 10.10 0.0 0.87 0.93 68.93 56.12 56.55 3.31 28.98 42.99 — 0.76
Rc 2.29 +  0.4 0.84 0.93 233.60 181.10 182.80 3.06 33.25 44.08 — 0.96

+0.8 0.80 0.92 870.50 638.30 645.40 2.82 37.13 46.23 — 1.10

Kiruna, Sweden Lat. = 67.83 — 0.4 0.73 0.95 22.41 15.43 15.72 2.61 43.34 37.56 -1 .8 4
Long. = 20.43 0.0 0.69 0.92 68.93 43.85 45.10 2.55 46.39 45.45 -2 .7 6
l<c 0.54 +0.4 0.65 0.89 233.50 135.90 141.20 2.47 49.32 53.58 — 3.79

+0.8 0.62 0.86 870.20 461.50 484.80 2.39 51.94 61.26 -4 .8 0

Leeds, England Lat. = 53.83 — 0.4 0.91 0.93 22.40 18.84 18.93 3.60 25.13 43.54 — 0.50
Long. = 358.42 0.0 0.87 0.93 68.93 55.83 56.27 3.34 29.47 43.03 — 0.77
Rc = 2.20 +0.4 0.83 0.93 233.60 179.80 181.60 3.10 33.74 44.50 — 1.02

+0.8 0.79 0.92 870.50 632.40 640.20 2.86 37.61 46.97 — 1.20

landau, FRG Lat. = 51.60 — 0.4 0.92 0.89 22.31 18.36 18.44 3.92 22.66 53.77 —0.40
Long. = 10.10 0.0 0.89 0.91 68.99 55.77 56.06 3.59 26.79 50.18 — 0.51
Re = 3.00 +0.4 0.86 0.91 234.40 183.30 184.50 3.27 30.92 48.50 — 0.63

+0.8 0.82 0.91 874.60 655.90 660.60 2.98 34.72 48.34 — 0.71

London, England Lat. = 51.53 — 0.4 0.92 0.90 22.36 18.58 18.65 3.79 23.20 50.59 —0.39
Long. = 359.90 0.0 0.89 0.91 68.97 55.91 56.21 3.45 27.42 48.08 — 0.53
Rc 2.73 +0.4 0.85 0.92 234.00 182.50 183.70 3.15 31.61 47.43 -0 .6 6

+0.8 0.81 0.91 872.70 649.40 654.20 2.87 35.44 48.07 —0.73

McMurdo, Antartica Lat. = --77.85 — 0.4 0.24 0.59 22.41 3.23 2.95 6.85 75.92 107.27 9.52
Long. = 166.72 0.0 0.25 0.47 68.93 8.23 6.96 6.53 75.25 124.05 18.21
Rc = 0.01 +  0.4 0.27 0.34 233.50 21.69 16.87 5.81 74.32 139.81 18.57

+  0.8 0.29 0.24 870.20 59.10 45.40 4.29 73.25 152.74 10.17

Mt. Wellington, Australia Lat. = -42.92 - 0 .4 0.94 0.94 22.41 19.88 19.99 3.15 19.64 39.20 — 0.50
Long. = 147.23 0.0 0.92 0.94 68.93 59.91 60.24 2.89 23.08 38.26 — 0.55
Rc = 1.89 +0.4 0.89 0.94 233.50 196.90 198.10 2.64 26.61 38.78 -0 .5 9

+0,8 0.87 0.94 870.20 708.70 713.20 2.41 29.88 40.12 — 0.62
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Manich, FRG Lat.
Long.
Rc =

48.20
11.60
4.14

— 0.4 
0.0 

+0.4  
+0.8

0.93
0.91
0.88
0.85

0.84
0.87
0.88
0.90

22.05
69.08

236.60
886.40

17.27
54.32

183.80
673.20

17.30
54.42

184.20
674.30

4.30
3.90
3.52
3.17

21.16
24.81
28.55
32.05

65.76
59.93
55.59
52.70

— 0.14
— 0.18
— 0.19
— 0.15

Ottawa, Canada Lat. — 45.40 — 0.4 0.93 0.97 22.41 20.21 20.29 2.46 21.53 28.43 — 0.38
Long. = 284.40 0.0 0.91 0.96 68.93 60.07 6 0.39 2.32 25.06 31.69 — 0.53
Rc = 1.08 +0.4 0.88 0.95 233.50 195.30 196.60 2.18 28.61 35.42 — 0.68

+0.8 0.85 0.94 870.20 696.60 702.20 2.03 31.87 38.99 — 0.80

Oulu, Finland Lat. — 65.02 —0.4 0.79 0.95 22.41 16.86 17.11 2.68 38.01 34.65 — 1.50
Long. = 25.50 0.0 0.75 0.94 68.93 48.24 49.35 2.59 41.56 41.43 — 2.25
Rc = 0.81 +  0.4 0.71 0.91 233.50 150.50 155.30 2.50 44.99 48.59 — 3.10

+  0.8 0.67 0.89 870.20 514.60 535.80 2.41 48.08 55.46 — 3.95

Resolute, Canada Lat. — 74.72 - 0 .4 0.40 0.87 22.41 7.85 8.05 0.62 66.24 59.19 — 2.43
Long. = 265.02 0.0 0.40 0.82 68.93 22.71 23.55 0.64 66.33 69.66 -3 .5 8
Rc = 0.00 +0.4 0.40 0.77 233.50 71.91 75.75 0.65 66.33 79.87 — 5.06

+0.8 0.40 0.71 870.20 249.90 268.10 0.65 66.24 89.04 — 6.79

Rome, Italy Lat. = 41.90 — 0.4 0.94 0.73 21.30 14.71 14.76 5.32 19.54 85.73 —0.34
Long. = 12.52 0.0 0.93 0.76 68.98 48.79 48.81 4.73 22.23 80.31 — 0.05
Rc = 6.32 +0.4 0.91 0.80 241.60 174.30 173.80 4.16 25.15 74.33 0.28

+0.8 0.88 0.83 918.10 671.90 668.10 3.64 27.97 68.08 0.57

Thule, Greenland Lat. — 76.58 — 0.4 0.33 0.81 22.41 6.06 6.21 1.80 70.54 71.50 -2 .3 8
Long. = 291.58 0.0 0.34 0.75 68.93 17.47 18.06 1.73 70.18 83.24 — 3.29
Rc == 0.00 +0.4 0.35 0.68 233.50 55.00 57.66 1.64 69.70 94.49 — 4.60

+0.8 0.36 0.61 870.20 189.60 202.40 1.52 69.17 104.39 —6.34

Uppsala, Sweden Lat. ___ 59.85 — 0.4 0.86 0.96 22.41 18.46 18.62 3.03 30.44 34.27 — 0.82
Long. = 17.58 0.0 0.82 0.94 68.93 53.58 54.26 2.87 34.62 38.31 — 1.25
Rc = 1.43 +0.4 0.78 0.93 233.50 169.40 172.40 2.72 38.68 43.29 — 1.69

+0.8 0.74 0.91 V 870.20 586.70 599.20 2.57 42.34 48.98 — 2.08
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a n iso tro p y , is co n sid ered  in  th e  p re sen t ca lcu la tions. T his is ach ieved  b y  m u lti
p ly in g  th e  fu n c tio n  F(R)  b y  [y(R) +  2 ]/[ymax -(- 2 ], w here ymax is th e  m ax i
m u m  value o f y{R).  T h e  con sid era tio n  o f  th is  e ffec t reduces th e  coefficients 
o f  d iu rn a l v a ria tio n  b y  a sm all fa c to r  (я« 10%  fo r D eep R iv e r s ta tio n ), w hile 
i t  h a s  a negligible e ffec t for sem id iu rn a l v a r ia tio n  as well as fo r tr id iu rn a l 
v a r ia t io n  as s ta te d  b y  G i r g is  e t al [13].

5) The p a ra m e te r  n  w hich rep resen ts  th e  steepness o f th e  v a ria tio n  o f 
th e  an iso tropy  w ith  th e  la ti tu d e  is ta k e n  as 1 fo r th e  d iu rn a l v a ria tio n , 
w h ile  for o ther d iu rn a l com ponen ts, th e  ca lcu la tio n s w ere perfo rm ed  using  
re =  1, 2. The coeffic ien ts  A ex o f  th e  tr id iu rn a l v a r ia tio n  fo r re =  3 are im p o r
t a n t  from  th e  th e o re tic a l p o in t o f  view . T h e ir  va lues can  a p p ro x im a te ly  be 
p re d ic te d  from  th e  co rrespond ing  coeffic ien ts fo r re =  2 u sing  eq u a tio n  (5). 
U n d e r  th e  a ssu m p tio n  th a t  Я is s lig h tly  d ep en d en t on re, th e  ra tio  be tw een  th e  
coeffic ien ts fo r re =  2 to  those  fo r  re =  3 is s im p ly  1/cos Я.

4. R esu lts and  discussion

The ca lcu la tio n  re su lt o f th e  la ti tu d e  effect L ap, sm o o th in g  effect S ap, 
m e a n  an iso tropy  A ( % ) ,  th e  a p p ro x im a te d  a m p litu d e  A ap(%),  th e  ex p ec ted  
a m p litu d e  A ex( % ) , th e  m ean  sh if t in  th e  a sy m p to tic  tim e  due to  geom agnetic  
b en d in g  G (hrs), th e  m ean  la ti tu d e  | Я | (degrees), th e  m ean  cone b road en in g  
Ф (degrees) an d  th e  percen tag e  e rro r E(°/0) are  given fo r th e  d iffe ren t d iu rn a l 
com ponen ts an d  fo r  27 cosm ic ra y  n e u tro n  m o n ito rs . A ,  A ap an d  A ex are  given 
in  percen tage o f  th e  am p litu d e  o f  th e  free space an iso tro p y  A  a t  r ig id ity  1 GV. 
T h e  results are g iv en  in  th e  fo llow ing tab le s ;

i) Table I :  g ives th e  re su lts  o f  th e  d iu rn a l an iso tro p y  fo r ß  =  —0.4,
0 .0 , -f-0.4 and  —{—0.8 to g e th e r  w ith  th e  s ta t io n ’s geographic  co o rd ina tes (Л, ¥*) 
a n d  m inim um  c u to f f  r ig id ity  R c.

ii) Tables I I  a n d  I I I :  give th e  re su lts  o f  th e  sem id iu rn a l a n iso tro p y  for 
re =  1 and 2, re sp ec tiv e ly . In  each  T ab le , th e  co m p u ta tio n s  are  p erfo rm ed  
fo r  R 0 =  50 a n d  90 GV an d  / 3 = 1  an d  2.

iii) Tables IV  a n d  V: give th e  re su lts  o f th e  tr id iu rn a l an iso tro p y  fo r re =  1 
a n d  2, resp ec tiv e ly . Also, th e  co m p u ted  va lu es  are  g iven fo r R 0 =  50 and  
90 GV and / 3 = 1  an d  2.

The c o m p u te d  resu lts  a re  rep re se n te d  in  F igs. 1 — 7 w hich  sum m arize  
th e i r  re la tion  to  th e  ch a rac te ris tic s  o f  th e  d iffe ren t cosm ic ra y  s ta tio n s , an d  
th e re fo re  th e y  a re  usefu l in  p red ic tin g  th e  req u ired  coeffic ien ts fo r o th e r 
s ta tio n s  i f  th e y  h a v e  alm ost th e  sam e c h a ra c te ris tic s  to  th o se  selec ted  in  th e  
p re se n t w ork. T h e  re su lts  show  th a t  th e  response  o f  th e  s ta t io n  to  a n y  an iso 
t ro p y  in th e  e c lip tic  p lane  is m a in ly  d ep e n d e n t on th e  geograph ic  co o rd ina tes 
o f  th e  a sy m p to tic  d irec tions. H ow ever, th e  sh ap e  o f  th e  a sy m p to tic  cone o f
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Table II
Semidiurnal variation, n — 1

R 0 =  50 GV

S ta tio n ß Lap &ap y i(x l0 3 ) A ^ x 10') л сх( у  10s) G 1*1 Ф E

Ahmadabad 1 0.95 0.41 1.14 0.44 0.42 3.10 17.37 66.08 4.18
2 0.93 0.56 59.66 31.33 30.41 2.21 21.41 55.66 3.00

Alert 1 0.27 0.20 0.98 0.05 0.03 2.91 74.26 78.53 115.65
2 0.33 0.08 41.12 1.09 0.50 2.88 70.66 85.39 119.28

Berkeley 1 0.90 0.72 1.01 0.65 0.66 2.43 25.93 44.29 — 1.89
2 0.87 0.73 42.43 26.99 27.52 1.70 29.17 43.24 — 1.94

Cairo 1 0.93 0.42 1.12 0.44 0.44 3.36 20.94 65.05 1.53
2 0.90 0.56 54.06 27.39 26.71 2.22 25.86 55.72 2.54

Calgary 1 0.85 0.83 0.98 0.70 0.72 1.39 31.37 33.42 —  3.28
2 0.77 0.72 40.95 22.55 23.87 1.18 39.66 44.32 — 5.54

Chicago 1 0.90 0.82 0.98 0.71 0.73 2.04 26.46 35.27 — 1.77
2 0.83 0.74 40.95 25.17 25.77 1.54 33.82 42.26 —  2.31

Churchill 1 0.70 0.74 0.98 0.51 0.55 1.25 45.21 42.10 —6.60
2 0.64 0.57 40.95 14.87 16.91 1.05 50.40 55.25 —  12.05

Dallas 1 0.91 0.69 1.00 0.63 0.64 2.71 24.47 46.26 — 1.17
2 0.89 0.71 42.18 26.62 26.86 1.82 27.05 44.86 —  0.89

Deep River 1 0.85 0.80 0.98 0.67 0.69 2.04 31.42 36.66 —2.96
2 0.78 0.70 40.95 22.25 22.98 1.56 39.12 45.54 — 3.18

Denver 1 0.91 0.80 0.98 0.71 0.72 2.10 24.99 36.84 — 1.56
2 0.86 0.76 41.13 26.69 27.15 1.56 30.82 40.91 —  1.69

Goose Bay 1 0.76 0.74 0.98 0.55 0.59 2.24 40.69 42.00 — 5.91
2 0.68 0.60 40.95 16.61 18.16 1.70 47.52 53.06 — 8.54

Inuvik 1 0.62 0.68 0.98 0.42 0.46 0.69 51.47 46.76 — 9.79
2 0.56 0.48 40.95 10.83 13.31 0.79 56.25 61.56 — 18.60

Kampala 1 0.97 0.37 1.14 0.41 0.40 2.81 13.22 68.27 3.66
2 0.97 0.57 58.39 32.39 31.69 1.85 14.65 55.01 2.19

Kiel 1 0.81 0.73 0.98 0.58 0.61 2.95 36.08 43.01 —  4.55
2 0.70 0.62 40.97 17.97 18.79 2.24 45.30 51.42 — 4.38

Kiruna 1 0.63 0.66 0.98 0.40 0.45 2.44 51.20 49.02 —  10.66
2 0.54 0.48 40.95 10.70 11.94 2.30 57.18 61.16 — 10.37

Leeds 1 0.80 0.73 0.98 0.57 0.60 3.00 36.52 43.48 —  4.74
2 0.70 0.61 40.97 17.52 18.30 2.27 45.59 52.30 —  4.21

Lindau 1 0.83 0.71 0.98 0.58 0.60 3.10 33.70 44.71 — 3.36
2 0.73 0.63 41.19 19.14 19.58 2.29 42.89 50.63 -2 .2 6
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Table II (contd.)

Station ß Lap Sap Л(хЮ») A y(xio») A*(xio») G U l Ф E

London 1 0.83 0.71 0.98 0.58 0.60 3.00 34.36 44.70 —  3.60
2 0.73 0.63 41.09 18.66 19.16 2.17 43.47 51.24 —  2.59

McMurdo 1 0.28 0.19 0.98 0.05 0.04 7.50 73.58 79.27 39.80
2 0.34 0.06 40.95 0.86 0.61 8.41 70.37 86.40 41.09

Mt. Wellington 1 0.87 0.78 0.98 0.67 0.69 2.40 28.97 38.31 — 2.36
2 0.80 0.72 40.95 23.47 23.69 1.83 36.91 44.19 — 0.93

Munich 1 0.86 0.67 1.00 0.57 0.59 3.30 31.14 47.77 —  2.45
2 0.77 0.64 41.88 20.45 20.49 2.33 39.95 50.44 —  0.23

Ottawa 1 0.86 0.80 0.98 0.67 0.69 2.11 30.94 36.96 —  2.73
2 0.78 0.70 40.95 22.42 23.12 1.58 38.65 45.48 —  3.04

Oulu 1 0.68 0.69 0.98 0.46 0.51 2.47 47.22 46.71 —  10.55
2 0.58 0.52 40.95 12.31 14.06 2.08 54.34 58.93 —  12.40

Resolute 1 0.40 0.47 0.98 0.18 0.19 0.59 66.24 62.28 — 5.86
2 0.41 0.27 40.95 4.47 5.40 0.54 65.72 74.61 —  17.31

Rome 1 0.89 0.49 1.03 0.45 0.44 3.60 27.32 60.81 0.94
2 0.82 0.59 43.94 21.31 20.55 2.34 34.99 53.70 3.65

Thule 1 0.35 0.33 0.98 0.11 0.12 1.77 69.36 70.57 —  6.09
2 0.38 0.15 40.95 2.36 2.79 1.11 67.86 81.20 —  15.50

Uppsala 1 0.75 0.72 0.98 0.53 0.5, 2.67 41.36 43.81 —  7.52
2 0.64 0.56 40.95 14.86 16.47 2.15 4 9 .9 4 55.67 —  9.79
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Table II (contd.)

Semidiurnal variation, n =  1 
R„ =  90 GV

S tation ß Lap &ap Л(хЮ3) A„p(xl0» Л * (х 1 0 » ) G U l Ф Е

Ahmadabad 1 0 . 9 4 0 . 4 6 1 . 9 6 0 . 8 5 0 . 8 2 2 .4 5 1 9 . 8 4 6 2 . 3 5 4 . 0 4
2 0 .9 1 0 . 6 4 1 4 8 . 4 0 8 6 .8 1 8 4 . 6 2 1 .5 7 2 3 . 8 3 5 0 . 2 5 2 . 5 7

Alert 1 0 . 3 0 0 . 1 4 1 . 5 3 0 . 0 7 0 . 0 4 2 . 8 4 7 2 . 6 9 8 1 . 7 1 8 3 . 8 8
2 0 .3 5 0 . 0 4 9 8 . 4 2 1 .5 3 0 . 5 7 1 .1 4 6 9 . 3 7 8 7 . 4 7 1 7 4 . 5 7

Berkeley 1 0.88 0 . 6 9 1 . 5 7 0 .9 7 0 . 9 9 2 .0 9 2 7 . 8 3 4 5 . 9 9 —  2 . 0 4
2 0 . 8 5 0 . 7 2 1 0 1 . 5 0 6 1 .4 1 6 2 . 2 5 1 .2 7 3 2 . 2 8 4 4 . 3 1 —  1 . 3 4

Cairo I  1 0 .9 2 0 . 4 6 1.86 0 .7 .8 0 . 7 5 2 .6 4 2 3 . 7 3 6 2 . 8 1 3 . 1 6
2 0.88 0 . 6 3 1 3 1 . 9 0 7 2 . 9 9 7 1 . 3 5 1 .5 4 2 8 . 6 1 5 0 . 9 2 2 . 2 9

Calgary 1 0 .8 1 0 . 7 8 1 . 5 3 0 . 9 6 1.01 1 .2 9 3 5 . 4 6 3 9 . 1 5 —  4 . 7 4
2 0 . 7 3 0 . 6 5 9 7 . 9 3 4 6 . 2 4 4 9 . 6 8 0 .9 5 4 3 . 3 3 4 9 . 5 1 —  6 .9 1

Chicago 1 0 .8 7 0 .7 7 1 . 5 3 1.02 1 .0 4 1 .8 2 3 0 . 0 6 3 9 . 6 2 —  2 . 2 6
2 0 . 8 0 0 .7 1 9 7 . 9 3 5 5 . 7 2 5 7 . 1 7 1 .1 7 3 6 . 8 4 4 4 . 6 8 —  2 . 5 2

Churchill 1 0 .6 7 0.66 1 . 5 3 0.68 0 . 7 5 1 .1 6 4 7 . 5 9 4 8 . 6 6 —  9 . 5 3
2 0 .6 1 0 . 4 9 9 7 . 9 3 2 9 .1 1 3 4 . 6 2 0 .8 3 5 2 . 4 1 6 0 . 8 2 - 1 5 . 8 9

Dallas 1 0 . 9 0 0.66 1 . 5 7 0 . 9 4 0 . 9 5 2 .3 0 2 6 . 0 1 4 8 . 3 2 —  1 .1 7
2 0 . 8 7 0 . 7 0 1 0 0 . 9 0 6 1 . 6 8 6 1 . 9 1 1 .3 2 2 9 . 6 8 4 5 . 2 8 — 0 . 3 6

Deep River 1 0 . 8 2 0 .7 5 1 . 5 3 0 . 9 3 0 .9 7 1 .8 4 3 5 . 1 1 4 1 . 6 2 - 3 . 2 7
2 0 . 7 4 0 .6 7 9 7 . 9 3 4 8 . 4 7 4 9 . 5 6 1 .1 8 4 2 . 1 2 4 8 . 1 4 — 2.20

Denver 1 0.88 0 . 7 6 1 . 5 3 1 .0 3 1 .0 5 1.86 2 8 . 0 6 4 0 . 1 8 —  1 .7 3
2 0 . 8 3 0 .7 3 9 8 . 3 6 5 9 . 0 0 5 9 . 7 2 1 .1 9 3 4 . 3 1 4 3 . 4 2 — 1 .1 9

Goose Bay 1 0 . 7 2 0 .6 7 1 . 5 3 0 . 7 4 0 . 8 0 2.02 4 3 . 8 2 4 7 . 7 7 — 7 .1 0
2 0 . 6 4 0 . 5 6 9 7 . 9 3 3 5 . 4 0 3 8 . 5 9 1 .2 4 4 9 . 8 8 5 5 . 8 6 — 8 . 2 5

Inuvik 1 0 . 5 9 0 . 5 9 1 . 5 3 0 . 5 3 0 . 6 2 0 .7 1 5 3 . 6 5 5 4 . 1 9 —  1 4 .2 6
2 0 . 5 3 0 .3 6 9 7 . 9 3 1 8 .5 5 2 4 . 7 0 0 . 7 4 5 8 . 1 4 6 8 . 9 6 —  1 5 .1 9

Kampala 1 0 . 9 7 0 .4 5 1 . 9 4 0 . 8 5 0 . 8 2 2.10 1 4 . 0 4 6 3 . 2 4 2 . 9 9
2 0 . 9 6 0.66 1 4 4 . 5 0 9 2 . 6 4 9 1 . 1 7 1 .2 8 1 5 . 4 4 4 8 . 3 2 1 .6 0

Kiel 1 0 . 7 6 0.66 1 .5 3 0 . 7 7 0 .8 1 2.68 4 0 . 4 9 4 8 . 7 5 —  5 . 5 2
2 0.66 0 . 5 6 9 7 . 9 8 3 6 . 3 9 3 8 . 2 7 1 .6 7 4 8 . 8 7 5 5 . 6 1 — 4 . 9 0

Kiruna 1 0 . 5 9 0 .5 7 1 . 5 3 0 . 5 2 0 . 5 8 2 .3 1 5 3 .9 1 5 4 . 9 7 —  1 1 .5 6
2 0 .5 1 0 .4 3 9 7 . 9 3 2 1 . 6 0 2 2 . 4 7 1 .6 7 5 9 . 3 5 6 4 . 3 6 —  3 . 8 6

Leeds 1 0 . 7 6 0 .6 5 1 . 5 3 0 . 7 5 0 . 8 0 2 . 7 2 4 0 . 8 2 4 9 . 4 4 — 5 . 5 8
2 0.66 0 . 5 6 9 7 . 9 8 3 5 . 7 8 3 7 . 2 1 1 .6 7 4 8 . 9 9 5 6 . 1 7 — 3 .8 1

Lindau 1 0 . 7 9 0 .6 5 1 . 5 4 0 . 7 8 0 .8 1 2 . 7 8 3 8 . 1 4 4 9 . 6 7 —  3 .7 2
2 0 . 6 9 0 . 5 9 9 8 . 5 2 4 0 . 2 9 4 0 . 8 4 1.68 4 6 . 5 2 5 3 . 5 2 —  1 .3 3
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Table II (contd.)

Station ß Lap Sap Л(хЮ") Л р(хЮ>) 4 ( x i0 3) G |Я| Ф Е

London 1 0.78 0.64 1.53 0.77 0.80 2.63 38.72 49.93 — 4.01
2 0.68 0.59 98.26 39.29 39.77 1.54 46.96 54.14 — 1.22

McMurdo 1 0.31 0.14 1.53 0.06 0.04 7.66 72.11 82.14 73.07
2 0.36 0.06 97.93 2.01 2.27 8.61 68.83 86.74 — 11.85

Mt. Wellington 1 0.84 0.73 1.53 0.94 0.96 2.10 32.82 42.74 — 1.85
2 0.77 0.69 97.93 52.04 51.46 1.33 40.04 46.04 1.11

Munich 1 0.81 0.62 1.56 0.79 0.80 2.90 35.46 51.75 — 1.98
2 0.72 0.62 100.10 44.77 44.38 1.67 43.59 51.90 0.88

Ottawa 1 0.82 0.74 1.53 0.94 0.96 1.88 34.63 41.85 — 2.98
2 0.75 0.67 97.93 49.01 50.10 1.17 41.64 47.95 — 2.17

Oulu 1 0.64 0.61 1.53 0.59 0.67 2.32 50.50 52.76 — 11.99
2 0.54 0.47 97.93 25.26 26.91 1.67 57.00 61.72 — 6.14

Resolute 1 0.41 0.37 1.53 0.23 0.26 0.57 65.98 68.05 — 10.25
2 0.42 0.17 97.93 7.13 10.48 0.49 65.36 79.93 — 31.97

Rome 1 0.86 0.49 1.62 0.67 0.65 2.97 31.19 60.84 3.43
2 0.78 0.62 105.20 51.21 49.21 1.61 38.44 51.58 4.08

Thule 1 0.36 0.26 1.53 0.14 0.15 1.55 68.67 75.09 — 7.22

2 0.39 0.19 97.93 7.23 6.42 0.55 67.19 79.03 12.49

Uppsala 1 0.70 0.64 1.53 0.69 0.76 2.47 45.39 50.23 — 9.29
2 0.60 0.50 97.93 29.51 32.26 1.66 53.22 59.77 — 8.51
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Table III

Semidiurnal variation, n =  2 
R 0 =  50 GV

Station ß Lap Sap Л(хЮ») Л „ ( х № ) А ( х Ю ') G M l Ф E

Ahmadabad 1 0.92 0.41 1.14 0.42 0.40 3.18 16.84 66.08 6.57
2 0.88 0.56 59.66 29.45 27.94 2.25 20.69 55.66 5.38

Alert 1 0.10 0.20 0.98 0.02 0.01 3.19 71.83 70.53 153.85
2 0.14 0.08 41.12 0.45 0.13 2.57 68.43 85.39 247.69

Berkeley 1 0.82 0.72 1.01 0.59 0.61 2.42 25.24 44.29 — 3.22
2 0.78 0.73 42.43 24.03 24.89 1.73 28.15 43.24 — 3.42

Cairo 1 0.88 0.42 1 .12 0.42 0.41 3.46 20.27 65.05 2.14
2 0.82 0.56 54.06 25.02 23.97 2.29 24.96 55.72 4.39

Calgary 1 0.76 0.83 0.98 0.62 0.65 1.40 29.65 33.42 —5.39
2 0.63 0.72 40.95 18.31 20.20 1.20 37.74 44.32 — 8.32

Chicago 1 0.82 0.82 0.98 0.65 0.68 2.08 25.21 35.27 — 3.40
2 0.71 0.74 40.95 21.64 22.59 1.58 32.33 42.26 — 4.23

Churchill 1 0.53 0.74 0.98 0.38 0.43 1.26 43.46 42.10 — 10.30
2 0.44 0.57 40.95 10.32 12.69 1.06 48.32 55.26 —  18.69

Dallas 1 0.84 0.69 1.00 0.58 0.59 2.71 23.69 46.26 — 2.31
2 0.81 0.71 42.18 24.09 24.54 1.85 26.19 44.86 — 1.81

Deep River 1 0.75 0.80 0.98 0.59 0.62 2.09 29.81 36.66 — 5.18
2 0.63 0.70 40.95 18.14 19.29 1.61 37.31 45.54 — 5.94

Denver 1 0.83 0.80 0.98 0.65 0.67 2.13 24.11 36.84 — 2.81
2 0.76 0.76 41.13 23.50 24.27 1.60 29.58 40.91 —3.16

Goose Bay 1 0.61 0.74 0.98 0.44 0.49 2.30 38.69 42.00 —9.38
2 0.50 0.60 40.95 12.18 14.00 1.76 45.27 53.06 —  12.99

Inuvik 1 0.42 0.68 0.98 0.28 0.33 0.65 49.33 46.76 —  14.18
2 0.35 0.48 40.95 6.84 9.34 0.73 53.69 61.55 — 16.77

Kampala 1 0.95 0.37 1.14 0.40 0.38 2.82 13.03 68.27 3.34
2 0.94 0.57 58.39 31.41 30.43 1.85 14.40 55.01 3.22

Kiel 1 0.69 0.73 0.98 0.50 0.54 3.05 33.66 43.01 — 7.94
2 0.54 0.62 40.97 13.86 15.06 2.36 42.55 51.42 — 7.95

Kiruna 1 0.43 0.66 0.98 0.28 0.33 2.48 48.87 49.02 — 16.66
2 0.54 0.48 40.95 6.67 8.25 2.17 54.46 61.16 — 19.08

Leeds 1 0.69 0.73 0.98 0.49 0.53 3.10 34.08 43.48 — 8.39
2 0.54 0.61 40.97 13.46 14.67 2.39 42.85 52.30 — 8.25

Lindau 1 0.75 0.71 0.98 0.51 0.54 3.21 31.48 44.71 — 6.35
2 0.58 0.63 41.19 15.18 15.95 2.41 40.34 5U.63 — 4.84
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Table III (contd.)

Station ß Lap Sap Л(х10») Л Р(х10») Л«(Х10») G Ű | Ф Е

London 1 0.72 0.71 0.98 0.50 0.54 3.00 32.10 44.70 — 6.80
2 0.57 0.63 41.09 14.69 15.52 2.17 40.90 51.24 — 5.35

McMurdo 1 0.10 0.19 0.98 0.02 0.01 7.50 71.54 79.27 143.99
2 0.14 0.06 40.95 0.35 0.45 6.41 68.19 86.40 — 22.09

Mt. Wellington 1 0.79 0.78 0.98 0.60 0.63 2.40 27.42 38.31 —  4.17
2 0.67 0.72 40.95 19.85 20.12 1.90 35.09 44.19 —  2.31

Munich 1 0.76 0.67 1.00 0.51 0.54 3.42 29.24 47.77 —  4.94
2 0.63 0.64 41.88 16.70 16.96 2.46 37.68 50.44 —  1.49

Ottawa 1 0.76 0.80 0.98 0.59 0.62 2.15 29.34 36.96 —4.89
2 0.64 0.70 40.95 18.38 19.46 1.62 36.86 45.48 —  5.57

Oulu 1 0.50 0.69 0.98 0.34 0.40 2.52 44.78 46.71 -15 .81
2 0.39 0.52 40.95 8.19 10.23 2.18 51.51 58.93 —  20.03

Resolute 1 0.18 0.47 0.98 0.08 0.09 0.56 64.53 62.28 — 7.95
2 0.20 0.27 40.95 2.17 2.90 0.42 63.46 74.61 — 13.36

Rome 1 0.81 0.49 1.03 0.41 0.41 3.76 25.93 60.81 0.02
2 0.70 0.59 43.94 18.21 17.30 2.46 33.21 53.70 5.22

Thule 1 0.15 0.33 0.98 0.05 0.05 1.76 67.59 70.57 — 6.84
2 0.17 0.15 40.95 1.06 1.46 1.22 65.68 81.20 — 20.10

Uppsala 1 0.61 0.72 0.98 0.43 0.49 2.73 38.77 43.81 — 11.90
2 0.47 0.56 40.95 10.75 12.75 2.24 46.97 55.67 -1 5 .7 0
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Table III (contd.)

Semidiurnal variation, n — 2 
R 0 == 90 GV

Station /5 Gp &ap A ( X  103) A ap( X 103) A e z f x l O 3) G Ü l Ф E

Ahmadabad 1 0.89 0.46 1.96 0.81 0.76 2.51 19.16 62.35 7.10
2 0.85 0.64 148.40 80.45 76.85 1.85 22.96 50.25 4.68

Alert 1 0.11 0.14 1.53 0.03 0.01 2.89 70.25 81.71 197.32
2 0.15 0.04 98.42 0.65 0.35 0.63 67.20 87.47 85.26

Berkeley 1 0.79 0.69 1.57 0.87 0.90 2.10 26.94 45.99 — 3.65
2 0.73 0.72 101.50 53.32 54.78 1.30 31.04 44.31 —  2.65

Cairo 1 0.85 0.46 1.86 0.72 0.68 2.75 22.88 62.81 5.38
2 0.79 0.63 131.90 65.38 62.75 1.58 27.53 50.92 4.18

Calgary 1 0.70 0.78 1.53 0.82 0.89 1.32 33.50 39.15 —  7.87
2 0.56 0.65 97.93 35.87 40.58 0.97 41.31 49.51 — 11.62

Chicago 1 0.77 0.77 1.53 0.91 0.95 1.87 28.60 39.62 — 4.19
2 0.67 0.71 97.93 46.50 48.55 1.20 35.19 44.68 — 4.21

Churchill 1 0.49 0.66 1.53 0.49 0.58 1.17 45.61 48.66 — 14.75
2 0.41 0.49 97.93 19.57 25.77 0.84 50.18 60.82 — 24.05

Dallas 1 0.82 0.66 1.57 0.85 0.87 2.32 25.12 48.32 — 2.39
2 0.77 0.70 100.90 54.76 55.22 1.35 28.57 45.28 — 0.83

Deep River 1 0.70 0.75 1.53 0.80 0.85 1.90 33.27 41.62 — 5.96
2 0.58 0.67 97.93 38.20 40.03 1.21 40.13 48.14 —4.57

Denver 1 0.79 0.76 1.53 0.93 0.96 1.90 26.93 40.18 — 3.24
2 0.71 0.73 98.36 50.39 51.72 1.22 32.87 43.42 — 2.57

Goose Bay 1 0.56 0.67 1.53 0.57 0.65 2.09 41.55 47.77 — 11.28
2 0.46 0.56 97.93 25.21 28.72 1.28 47.36 55.86 — 12.19

Inuvik 1 0.39 0.59 1.53 0.35 0.44 0.66 51.29 54.19 — 20.73
2 0.32 0.36 97.93 11.21 17.65 0.67 55.61 68.96 — 36.48

Kampala 1 0.94 0.45 1.94 0.82 0.79 2.10 13.81 63.24 4.42
2 0.93 0.66 144.50 89.53 87.40 1.28 15.16 48.32 2.43

Kiel 1 0.63 0.66 1.53 0.63 0.70 2.80 37.70 48.75 — 9.27
2 0.48 0.56 97.98 26.80 28.88 1.79 45.89 55.61 — 7.20

Kiruna 1 0.39 0.57 1.53 0.34 0.42 2.37 51.29 54.97 — 18.96
2 0.30 0.43 97.93 12.90 14.59 1.78 56.50 64.36 — 11.56

Leeds 1 0.62 0.65 1.53 0.62 0.68 2.85 38.04 49.44 — 10.05
2 0.48 0.56 97.98 26.28 28.15 1.79 46.03 56.17 — 6.64

Lindau 1 0.66 0.65 1.54 0.66 0.71 2.92 35.57 49.67 — 7.13
2 0.52 0.59 98.52 30.55 31.33 1.80 43.76 53.52 — 2.49
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Table III (contd.)

Station ß Lap Sap Л(Х10») л ар( х  10») А * (х Ш ) G m Ф E

London 1 0.65 0.64 1.53 0.64 0.70 2.63 36.13 49.93 —7.66
2 0.51 0.59 98.26 29.61 30.36 1.54 44.18 54.14 — 2.48

McMurdo 1 0.12 0.14 1.53 0.02 0.01 7.66 69.92 82.14 134.13
2 0.16 0.06 97.93 0.87 1.76 8.61 66.64 86.74 —  50.29

Mt. Wellington 1 0.73 0.73 1.53 0.82 0 .8 6 2.10 31.01 42.74 —  3.76
2 0.62 0.69 97.93 42.19 41.87 1.39 38.02 46.04 0.75

Munich 1 0.70 0.62 1.56 0.67 0.71 3.06 33.22 51.75 —4.50
2 0.57 0.62 100.10 35.10 34.69 1.79 41.10 51.90 1.16

Ottawa 1 0.71 0.74 1.53 0.80 0.85 1.94 32.81 41.85 —  5.54
2 0.59 0.67 97.93 38.85 40.58 1.20 39.68 47.95 —  4.27

Oulu 1 0.45 0.61 1.53 0.42 0.51 2.40 47.72 42.76 — 18.60
2 0.35 0.47 97.93 16.01 18.40 1.78 54.02 61.72 — 12.98

Resolute 1 0.19 0.37 1.53 0.11 0.13 0.50 64.05 68.05 — 14.54
2 0.21 0.17 97.93 3.52 6.30 0.29 63.03 79.93 — 44.12

Rome I 0.76 0.49 1.62 0.60 0.57 3.16 29.49 60.84 4.21
2 0.65 0.62 105.20 42.32 39.73 1.71 36.44 51.58 6.51

Thule 1 0.16 0.26 1.53 0.06 0.07 1.55 66.70 75.09 — 9.84
2 0.18 0.19 97.93 3.37 3.28 0.76 64.84 79.03 2.69

Uppsala 1 0.54 0.64 1.53 0.53 0.62 2.56 42.42 50.23 — 14.81
2 0.41 0.50 97.93 20.34 23.53 1.76 50.03 59.77 —  13.55
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Table TV

Tridiurnal variation, n =  1 
R 0 =  50 GY

Station ß L a p Sa p A(xl0s) Л Р(хЮ’) A * (x lo s) G M l Ф E

Ahmadabad 1 0.95 0.21 1.14 0.23 0.22 2.90 17.37 51.79 6.99
2

0.93 0.34 59.66 18.88 18.05 2.04 21.41 46.74 4.59

Alert 1 0.27 0.16 0.98 0.04 0.02 1.56 74.26 54.81 116.17
2 0.33 0.20 41.12 2.72 1.30 0.38 70.66 52.31 109.91

Berkeley 1 0.90 0.51 1.01 0.46 0.48 2.46 25.93 39.57 — 4.72
2 0.87 0.49 42.43 17.98 18.91 1.77 29.17 40.64 — 4.88

Cairo 1 0.93 0.19 1.12 0.20 0.19 2.82 20.94 52.77 5.65
2 0.90 0.33 54.06 15.97 15.27 1.98 25.86 47.21 4.63

Calgary 1 0.85 0.68 0.98 0.57 0.61 1.41 31.37 31.21 -6 .6 1
2 0.77 0.48 40.95 15.03 17.19 1.24 39.66 41.01 — 12.54

Chicago 1 0.90 0.65 0.98 0.57 0.59 2.12 26.46 32.92 — 3.81
2 0.83 0.50 40.95 17.14 18.20 1.64 33.82 39.82 — 5.80

Churchill 1 0.70 0.56 0.98 0.39 0.44 1.28 45.21 37.11 — 11.13
2 0.64 0.32 40.95 8.42 10.77 1.13 50.40 47.44 —21.85

Dallas 1 0.91 0.46 1.00 0.42 0.43 2.76 24.47 41.64 — 2.96
2 0.89 0.45 42.18 16.98 17.33 1.87 27.05 42.08 — 1.99

Deep River 1 0.85 0.63 0.98 0.53 0.56 2.13 31.43 33.93 — 6.47
2 0.78 0.45 40.95 14.19 15.53 1.70 39.12 42.30 — 8.57

Denver 1 0.91 0.64 0.98 0.57 0.59 2.15 24.99 33.64 — 3.21
2 0.86 0.53 41.13 18.67 19.44 1.65 30.82 38.71 — 3.92

Goose Bay 1 0.76 0.56 0.98 0.42 0.47 2.37 40.69 37.29 — 10.98
2 0.68 0.33 40.95 9.08 11.25 1.91 47.52 47.22 — 19.32

Inuvik 1 0.62 0.53 0.98 0.33 0.37 0.77 51.47 38.44 — 10.73
2 0.56 0.32 40.95 7.30 8.69 0.75 56.25 47.52 — 15.99

Kampala 1 0.97 0.24 1.14 0.27 0.26 2.20 13.22 50.55 4.75
2 0.97 0.39 58.39 22.16 21.27 1.64 14.65 44.60 4.14

Kiel 1 0.81 0.54 0.98 0.43 0.47 3.08 36.08 38.09 — 9.45
2 0.70 0.35 40.97 10.16 11.54 2.50 45.30 46.23 — 11.96

Kiruna 1 0.63 0.51 0.98 0.31 0.36 2.54 51.20 39.74 — 14.25
2 0.54 0.26 40.95 5.66 7.21 2.42 57.18 50.14 — 21.52

Leeds 1 0.80 0.54 0.98 0.42 0.47 3.16 36.52 38.38 — 10.20
2 0.70 0.33 40.97 9.59 11.05 2.58 45.59 46.96 — 13.06

Lindau 1 0.83 0.52 0.98 0.42 0.46 3.26 33.70 39.32 — 7.43
2 0.73 0.36 41.19 10.73 11.60 2.54 42.89 46.11 —7.49
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Table TV (contd.)

Station ß Lap &ap Л(х10») Ле(х ю») 4 « (x lo « ) G M l Ф E

London 1 0.83 0.52 0.98 0.42 0.45 3.20 34.26 39.25 —  7.72
2 0.73 0.35 41.09 10.31 11.26 2.46 43.47 46.50 — 8.44

McMurdo 1 0.28 0.34 0.98 0.09 0.06 7.07 73.58 46.86 40.50
2 0.34 0.31 40.95 4.20 2.57 7.37 70.37 48.16 62.95

Mt. Wellington 1 0.87 0.61 0.98 0.52 0.55 2.47 28.97 35.04 — 5.35
2 0.80 0.47 40.95 15.46 15.98 1.89 36.91 41.21 —  5.28

Munich 1 0.86 0.45 1.00 0.38 0.41 3.47 31.14 42.11 —  6.12
2 0.77 0.35 41.88 11.33 11.49 2.54 39.95 46.21 —  1.35

Ottawa 1 0.86 0.63 0.98 0.52 0.55 2.21 30.94 34.19 —  5.43
2 0.78 0.45 40.95 14.30 15.33 1.71 38.65 42.28 —6.69

Oulu 1 0.68 0.53 0.98 0.35 0.41 2.57 47.22 38.68 — 14.92
2 0.58 0.29 40.95 6.92 8.86 2.38 54.34 48.76 — 21.86

Resolute 1 0.40 0.24 0.98 0.09 0.11 0.44 66.24 50.85 — 11.60
2 0.41 0.06 40.95 1.08 2.11 0.46 65.72 57.53 — 48.49

Rome 1 0.89 0.25 1.03 0.23 0.23 3.56 27.32 50.18 0.59
2 0.82 0.32 43.94 11.55 10.59 2.33 34.99 47.52 9.03

Thule 1 0.35 0.27 0.98 0.09 0.09 1.94 69.36 49.42 5.88
2 0.38 0.17 40.95 2.68 2.24 2.19 67.86 53.33 19.47

Uppsala 1 0.75 0.54 0.98 0.40 0.46 2.79 41.36 38.27 — 13.66
2 0.64 0.29 40.95 7.72 9.99 2.39 49.94 48.65 — 12.80
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Table IV (contd.)

Tridiurnal variation, n =  1 
R0 =  90 GV

Station ß Lap Sap A ( x  10s) A ap( x W Л*(х io» G 1 A| Ф Е

Ahmadabad 1 0.94 0.25 1.96 0.47 0.44 2.21 19.84 50.22 6.21
2 0.91 0.42 148.40 56.56 54.21 1.44 23.83 43.58 4.34

Alert 1 0.30 0.16 1.53 0.07 0.04 0.95 72.69 53.90 103.58
2 0.35 0.27 98.42 9.25 4.54 0.64 69.37 49.68 103.89

Berkeley 1 0.88 0.46 1.57 0.64 0.68 2.16 27.83 41.62 — 5.25
2 0.85 0.46 101.50 39.38 40.81 1.33 32.28 41.79 -3 .5 0

Cairo 1 0.92 0.24 1.86 0.40 0.37 2.16 23.73 50.91 7.59
2 0.88 0.40 131.90 46.14 44.42 1.39 28.61 44.34 3.86

Calgary 1 0.81 0.59 1.53 0.73 0.81 1.34 35.96 36.12 — 9.87
2 0.73 0.37 97.93 26.54 31.95 1.04 43.33 45.41 -16.91

Chicago 1 0.87 0.57 1.53 0.75 0.79 1.94 30.06 36.88 -5 .1 6
2 0.80 0.45 97.93 35.40 37.98 1.26 36.84 42.09 — 6.79

Churchill 1 0.67 0.45 1.53 0.47 0.56 1.22 47.65 41.96 — 18.04
2 0.61 0.23 97.93 13.93 19.60 0.93 52.41 51.00 — 28.90

Dallas 1 0.90 0.41 1.57 0.58 0.59 2.37 26.01 43.88 — 3.05
2 0.87 0.45 100.90 39.36 39.58 1.32 29.68 42.21 —0.53

Deep River 1 0.82 0.54 1.53 0.67 0.73 1.98 35.11 38.29 — 7.79
2 0.74 0.39 97.93 28.36 30.35 1.32 42.12 44.68 -6 .5 8

Denver 1 0.88 0.57 1.53 0.77 0.80 1.95 28.06 36.99 -3 .8 2
2 0.83 0.48 98.36 38.62 39.81 1.28 34.31 41.07 -2 .9 9

Goose Bay 1 0.72 0.45 1.53 0.50 0.58 2.22 43.82 42.14 — 14.17
2 0.64 0.26 97.93 16.46 20.62 1.43 49.88 49.91 — 20.20

Inuvik 1 0.59 0.44 1.53 0.40 0.46 0.76 53.65 42.66 — 14.02
2 0.53 0.23 97.93 11.93 14.92 0.76 58.14 51.09 — 20.02

Kampala 1 0.97 0.31 1.94 0.58 0.55 1.73 14.04 48.09 4.09
2 0.96 0.47 144.50 66.00 63.91 1.15 15.44 41.14 3.27

Kiel 1 0.76 0.43 1.53 0.50 0.58 2.91 40.49 42.87 -12 .50
2 0.66 0.26 97.98 16.81 19.31 1.92 48.87 49.91 — 12.90

Kiruna 1 0.59 0.38 1.53 0.34 0.43 2.51 53.91 44.98 -19.73
2 0.51 0.10 97.93 5.23 8.94 2.18 59.35 55.99 — 41.50

Leeds 1 0.76 0.42 1.53 0.49 0.56 2.99 40.82 43.38 — 13.65
2 0.66 0.25 97.98 15.80 17.72 1.97 48.99 50.51 — 10.83

Lindau 1 0.79 0.41 1.54 0.49 0.55 3.04 38.14 43.90 — 10.19
2 0.69 0.28 98.52 18.96 20.17 1.88 46.52 49.16 — 5.99
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Table TV (contd.)

Station fi Lap Sap Ä ( x  108) Wxio») Aex( X 10s) G M l ф E

London 1 0.78 0.41 1.53 0.49 0.54 2.97 38.73 44.01 —  10.75
2 0.68 0.27 98.26 18.00 19.21 1.72 46.96 49.62 —6.33

McMurdo 1 0.31 0.32 1.53 0.15 0.10 7.26 72.11 47.51 64.93
2 0.36 0.30 97.93 10.78 7.03 7.67 68.83 48.16 63.50

Mt. Wellington 1 0.84 0.52 1.53 0.66 0.70 2.27 32.82 39.21 — 5.41
2 0.77 0.43 97.93 31.99 31.31 1.36 40.04 43.15 2.16

Munich 1 0.81 0.36 1.56 0.45 0.49 3.17 35.46 46.00 — 7.14
2 0.72 0.31 100.10 22.39 22.07 1.77 43.59 48.01 1.44

Ottawa 1 0.82 0.53 1.53 0.67 0.71 2.03 34.63 38.50 —  6 .2 0
2 0.75 0.40 97.93 28.93 30.32 1.29 41.64 44.47 -4 .5 9

Oulu 1 0.64 0.41 1.53 0.40 0.50 2.52 50.50 43.81 — 20.16
2 0.54 0.17 97.93 9.08 12.52 2.09 57.00 53.46 — 27.47

Resolute 1 0.41 0.17 1.53 0.10 0.13 0.21 65.98 53.63 — 19.47
2 0.42 0.09 97.93 3.63 5.97 0.86 65.36 56.60 — 39.31

Rome 1 0.86 0.23 1.62 0.32 0.30 2.96 31.19 51.09 6.77
2 0.78 0.35 105.20 28.60 25.90 1.54 38.44 46.46 10.42

Thule 1 0.36 0.23 1.53 0.13 0.11 2.06 86.67 51.23 10.62
2 0.39 0.15 97.93 5.53 4.45 2.74 67.19 54.41 24.41

Uppsala 1 0.70 0.42 1.53 0.45 0.55 2.67 45.39 43.50 — 18.58
2 0.60 0.21 97.93 12.35 15.42 1.91 53.22 51.89 — 19.88
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Table V

Tridiurnal variation, n =  2 
R0 =  50 GV

Station ß Lap Sap -t(x 10») Ач,(х10») AAxio") G Ül Ф E

Ahmadabad 1 0.92 0.21 1.14 0.22 0.20 2.98 16.84 51.79 12.18
2 0 86 0.34 59.66 17.75 16.18 2.07 20.69 46.74 9.69

Alert 1 0.10 0.16 0.98 0.01 0.00 2.48 71.83 54.81 399.97
2 0.14 0.20 41.12 1.11 0.13 0.39 68.43 52.31 751.05

Berkeley 1 0.82 0.51 1.01 0.42 0.46 2.44 25.24 39.57 -7 .9 2
2 0.78 0.49 42.43 16.01 17.45 1.79 28.15 40.64 — 8.24

Cairo 1 0.88 0.19 1.12 0.19 0.17 2.93 20.27 52.77 10.03
2 0.82 0.33 54.06 14.59 13.44 2.02 24.96 47.21 8.57

Calgary 1 0.76 0.68 0.98 0.51 0.57 1.42 29.65 31.21 — 10.56
2 0.63 0.48 40.95 12.21 15.20 1.25 37.74 41.01 — 19.66

Chicago 1 0.82 0.65 0.98 0.52 0.56 2.15 25.21 32.92 —7.03
2 0.71 0.50 40.95 14.73 16.34 1.67 32.32 39.82 —9.83

Churchill 1 0.53 0.56 0.98 0.29 0.35 1.28 43.46 37.11 — 16.94
2 0.44 0.32 40.95 5.84 8.54 1.12 48.32 47.44 — 21.56

Dallas 1 0.84 0.46 1.00 0.39 0.41 2.75 23.69 41.64 — 5.87
2 0.61 0.45 42.16 15.37 16.04 1.90 26.13 42.08 — 4.16

Deep River 1 0.75 0.63 0.98 0.46 0.52 2.16 29.81 33.93 -10 .60
2 0.63 0.45 40.95 11.57 13.47 1.73 37.31 42.30 — 14.05

Denver 1 0.83 0.64 0.98 0.52 0.55 2.17 24.11 33.64 — 5.76
2 0.76 0.53 41.13 16.44 17.71 1.68 29.58 38.71 — 7.15

Goose Bay 1 0.61 0.56 0.98 0.33 0.40 2.40 38.69 37.29 — 16.78
2 0.50 0.33 40.95 6.66 9.14 1.94 45.27 47.22 — 27.12

Inuvik 1 0.42 0.53 0.98 0.22 0.27 0.76 49.35 38.44 — 16.72
2 0.35 0.32 40.95 4.61 6.15 0.75 53.69 47.52 — 25.07

Kampala 1 0.95 0.24 1.14 0.26 0.25 2.20 13.03 50.55 6.84
2 0.94 0.39 58.39 21.48 20.26 1.64 14.40 44.60 6.05

Kiel 1 0.69 0.54 0.98 0.37 0.44 3.15 33.66 38.09 — 15.57
2 0.54 0.35 40.97 7.84 9.83 2.60 42.55 46.23 — 20.19

Kiruna 1 0.43 0.51 0.98 0.21 0.28 2.55 48.87 39.74 — 22.23
2 0.34 0.26 40.95 3.53 5.40 2.40 54.46 50.14 -34 .58

Leeds 1 0.69 0.54 0.98 0.36 0.43 3.22 34.08 38.38 — 18.33
2 0.54 0.33 40.97 7.37 9.48 2.67 42.85 46.96 — 22.22

Lindau 1 0.73 0.52 0.98 0.37 0.42 3.33 31.48 39.32 — 13.29
2 0.58 0.36 41.19 8.51 9.96 2.66 40.34 46.11 — 14.51
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Table V (contd.)

S ta tio n ß Lap Sap A (x l0 > ) A „ p(x  10») Л * ( х ю » ) G Ml Ф E

London 1 0.72 0.52 0.98 0.36 0.42 3.20 32.10 39.25 — 13.80
2 0.57 0.35 41.09 8.12 9.64 2.46 40.90 46.50 — 15.72

McMurdo 1 0.10 0.34 0.98 0.03 0.01 7.07 71.54 46.86 112.05
2 0.14 0.31 40.95 1.72 0.56 7.37 68.19 48.16 205.28

Mt. Wellington 1 0.79 0.61 0.98 0.47 0.51 2.47 27.42 35.04 —  8.92
2 0.67 0.47 40.95 12.94 13.85 1.89 35.09 41.21 —  6.55

Munich 1 0.76 0.45 1.00 0.34 0.39 3.56 29.24 42.11 —  11.42
2 0.63 0.35 41.88 9.26 9.83 2.68 37.68 46.21 — 5.77

Ottawa 1 0.76 0.63 0.98 0.46 0.51 2.24 29.34 34.19 — 9.70
2 0.64 0.45 40.95 11.72 13.34 1.75 36.86 42.28 —12.15

Oulu 1 0.50 0.53 0.98 0.26 0.34 2.59 44.78 38.68 — 22.45
2 0.39 0.29 40.95 4.60 6.96 2.40 51.51 48.76 —33.89

Resolute 1 0.18 0.24 0.98 0.04 0.05 0.44 64.53 50.85 — 15.67
2 0.20 0.06 40.95 0.53 1.14 0.46 63.46 57.53 — 53.91

Rome 1 0.81 0.25 1.03 0.21 0.22 3.70 25.93 50.18 — 2.94
2 0.70 0.32 43.94 9.87 8.81 2.46 33.21 47.52 12.01

Thule 1 0.15 0.27 0.98 0.04 0.03 2.01 67.59 49.42 25.67
2 0.17 0.17 40.95 1.21 0.69 2.10 65.68 53.33 74.12

Uppsala 1 0.61 0.54 0.98 0.32 0.40 2.82 38.77 38.27 -20 .86
2 0.47 0.29 40.95 5.58 8.42 2.46 46.97 48.65 — 33.72
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Table V (contd.)

Tridiurnal variation, n — 2 
R0 =  90 GV

Station P Lap s op Л(х10») Aap( X  10*) л е*(х10*) G Ш Ф Е

Ahmadabad 1 0.89 0.25 1.96 0.44 0.39 2.27 19.16 50.22 13.17
2 0.85 0.42 148.40 52.42 48.26 1.45 22.96 43.58 8.62

Alert 1 0.11 0.16 1.53 0.03 0.00 1.49 70.25 53.90 625.42
2 0.15 0.27 98.42 3.94 0.59 0.69 67.20 49.68 564.02

Berkeley 1 0.79 0.46 1.57 0.58 0.64 2.15 26.95 41.62 — 9.02
2 0.73 0.46 101.50 34.19 36.58 1.34 31.04 41.79 — 6.51

Cairo 1 0.85 0.24 1.86 0.37 0.32 2.24 22.88 50.91 14.56
2 0.79 0.40 131.90 41.33 38.54 1.40 27.53 44.34 7.22

Calgary 1 0.70 0.59 1.53 0.62 0.74 1.36 33.50 36.12 15.60
2 0.56 0.37 97.93 20.59 27.71 1.04 41.31 45.41 -25 .70

Chicago 1 0.77 0.57 1.53 0.67 0.74 1.97 28.60 36.88 — 9.05
2 0.67 0.45 97.93 29.54 32.98 1.28 35.19 42.09 — 10.42

Churchill 1 0.49 0.45 1.53 0.34 0.45 1.22 45.61 41.96 — 43.74
2 0.41 0.23 97.93 9.37 15.62 0.92 50.18 51.00 — 40.01

Dallas 1 0.82 0.41 1.57 0.53 0.56 2.37 25.12 43.88 -6 .2 8
2 0.77 0.45 100.90 34.95 35.46 1.34 28.57 42.21 —  1.45

Deep River 1 0.70 0.54 1.53 0.57 0.66 2.02 33.27 38.29 —  12.91
2 0.58 0.39 97.93 22.34 25.26 1.33 40.13 44.68 —  11.53

Denver 1 0.79 0.57 1.53 0.69 0.74 1.98 26.93 36.99 — 6.98
2 0.71 0.48 98.36 32.98 35.11 1.29 32.87 41.07 -6 .0 6

Goose Bay 1 0.56 0.45 1.53 0.39 0.49 2.26 41.55 42.14 —  21.37
2 0.46 0.26 97.93 11.72 16.25 1.45 47.36 49.91 — 27.87

Inuvik 1 0.39 0.44 1.53 0.26 0.33 0.76 51.29 42.66 — 21.67
2 0.32 0.23 97.93 7.22 10.38 0.76 55.61 51.09 — 20.52

Kampala 1 0.94 0.31 1.94 0.56 0.53 1.73 13.81 48.09 6.19
2 0.93 0.47 144.50 63.79 60.73 1.15 15.16 41.14 5.03

Kiel 1 0.63 0.43 1.53 0.41 0.52 2.99 37.70 42.87 — 20.47
2 0.48 0.26 97.98 12.38 15.42 2.04 45.89 49.91 — 19.66

Kiruna 1 0.39 0.38 1.53 0.23 0.33 2.51 51.29 44.98 — 30.11
2 0.30 0.10 97.93 3.13 7.32 2.17 46.50 55.99 —  57.30

Leeds 1 0.62 0.42 1.53 0.40 0.51 3.07 38.04 43.38 —  22.03
2 0.48 0.25 97.98 11.60 14.50 2.10 46.03 50.51 — 19.98

Lindau 1 0.66 0.41 1.54 0.42 0.51 3.14 35.57 43.90 — 17.81
2 0.52 0.28 98.52 14.38 16.14 2.02 43.76 49.16 — 10.89
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Table V (contd.)

Station ß Lap Sap Л (х 1 0 5) xfo í(x № ) Л*(Х103) G U l Ф E

London 1 0.65 0.41 1.53 0.41 0.50 2.97 36.13 44.01 — 18.63
2 0.51 0.27 98.26 13.56 15.36 1.72 44.18 49.62 — 11.69

McMurdo 1 0.12 0.32 1.53 0.06 0.02 7.26 69.92 47.15 172.92
2 0.16 0.30 97.93 4.69 1.73 7.67 66.64 48.16 171.20

Mt. Wellington 1 0.73 0.52 1.53 0.58 0.64 2.27 31.01 39.21 —  9.66
2 0.62 0.43 97.93 25.94 25.66 1.36 38.02 43.15 1.07

Munich 1 0.70 0.36 1.56 0.39 0.45 3.30 33.22 46.00 —  13.97
2 0.57 0.31 100.10 17.55 17.42 1.91 41.10 48.01 0.79

Ottawa 1 0.71 0.53 1.53 0.58 0.65 2.07 32.81 38.50 —  11.44
2 0.59 0.40 97.93 22.93 25.26 1.31 39.68 44.47 — 9.22

Oulu 1 0.45 0.41 1.53 0.28 0.41 2.54 47.72 43.81 — 29.91
2 0.35 0.17 97.93 5.76 10.07 2.15 54.02 53.46 —42.88

Resolute 1 0.19 0.17 1.53 0.05 0.06 0.27 64.05 53.63 — 24.42
2 0.21 0.09 97.93 1.79 2.84 0.88 63.03 56.60 — 37.04

Rome 1 0.76 0.23 1.62 0.28 0.27 3.16 29.49 51.08 5.91
2 0.65 0.35 105.20 23.63 20.44 1.63 36.44 46.46 15.57

Thule 1 0.16 0.23 1.53 0.05 0.04 2.05 66.70 51.23 41.11
2 0.18 0.15 97.93 2.58 1.15 2.40 64.84 54.41 124.54

Uppsala 1 0.54 0.42 1.53 0.35 0.48 2.73 42.42 43.50 — 27.93
2 0.41 0.21 97.93 8.51 12.44 2.04 50.03 51.89 — 31.60
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Fig. 1. Relation between the absolute value of the mean latitude ] A | and]the absolute 
value of the geographic latitude | Л  | for the diurnal variation (n — 1, ß  — i,K/\ =  oo) and 

for the semidiurnal and tridiurnal variations (n =  2, ß  — 1, R0 =  90 GY)
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Fig. 5. The expected amplitude A ex (%) of the diurnal variation against Rc

1000

800

_  600
£

2
<

too

200

0.1 02 03 04 06.0.8 1 2 3 4 6 8 Ю 20
Rc (GV)
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Fig. 7. The expected amplitude А сх(°/0 ) of the irídiumai variation (it =  2, ß  =  1 R 0 =  90GV)
against Rc

a n y  s ta tio n  is, c e rta in ly , d ep e n d e n t on th e  s ta tio n ’s geom agnetic  r a th e r  th a n  
o n  geographic co o rd in a tes . T h ere fo re , th e  d ifference in  th e  response betw een  
a n y  tw o s ta tio n s  h av in g  th e  sam e geograph ic  la t i tu d e , to  an y  an iso tro p y , is 
a t t r ib u te d  to  th e ir  d iffe ren t geograph ic  lo n g itudes w h ich  re flec ts  th e ir  d ifferen t 
geom agnetic  co o rd in a tes .

Fig. 1 g ives th e  re la tio n  b e tw een  | Д | an d  | Л  | fo r  d iu rn a l an iso tro p y  
w ith  la titu d e  d ependence  fu n c tio n  cos A an d  /3 =  0, a n d  fo r sem id iu rn a l and  
t r id iu rn a l  an iso tro p ies  w ith  cos2 X, ß  =  1, an d  R 0 =  90 GY. The irreg u la ritie s  
in  th e  rep resen ted  p o in ts  are  e x p e c te d  since all s ta tio n s  h av e  d iffe ren t geogra
p h ic  long itudes. T h e  value o f th e  e r ro r  E  has s ig n if ic a n tly  large va lu es  as show n 
fro m  Tables I —Y  fo r th e  p o la r  s ta tio n s  (e.g. A le r t a n d  M cM urdo). F o r 
sem id iu rn a l a n d  tr id iu rn a l v a r ia tio n s , fo r these  s ta t io n s , E  is g re a te r  th a n  
100%  and , th e re fo re , one has to  be ca re fu l in  u sing  th e  co rrespond ing  values 
o f  L ap, b u t fo r d iu rn a l v a r ia tio n  E  is less th a n  2 0 % .

Fig . 2 g ives I Я I fo r t r id iu rn a l  an d  sem id iu rn a l v a ria tio n s , fo r n =  , 
/ 9 = 1 ,  and  R 0 =  90 GV a g a in s t th e  m in im um  c u to ff  r ig id i ty  R c w ith  d ifferen
t ia t io n  betw een  th e  A m erican  a n d  E u ro p ean  s ta tio n s . T h is c lassifica tion  has 
a n  ad v an tag e  o f  g ro up ing  th e  s ta tio n s  w ith  alm ost n e a r  geographic  long itudes, 
w here  sm ooth  re la tio n s  are  o b ta in e d  fo r b o th  th e  E u ro p e a n  a n d  A m erican 
s ta tio n s . F o r th e  d iu rn a l v a r ia tio n , th is  re la tio n  has n e a r ly  a s im ila r shape.

The re la tio n  betw een  th e  m ean  cone b ro ad en in g  ф, o f th e  d iu rn a l v a r ia 
tio n , and  R c a re  g iven  in  F ig . 3 fo r th e  sam e g roups. T h e  re p re se n te d  poin ts
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show  th a t  th e  a sy m p to tic  cones fo r low  c u to ff  r ig id ity  s ta tio n s  h av e  a w ide 
lo n g itu d in a l b ro ad en in g  w hich decreases w ith  r ig id ity  to  reach  i ts  m in im u m  
v a lu e  betw een  1 a n d  2 GY an d  th e n  increases ag a in . The w ide b ro ad en in g  o f 
th e  a sy m p to tic  cones for th e  low  an d  h igh  c u to ff  r ig id ity  is ex p la in ed  acco rd ing  
to  th e  w ay  o f deflec tion  o f cosm ic ra y  tra je c to r ie s  in  th e  geom agnetic  fie ld . 
F o r  low cu to ff  r ig id ity  s ta tio n s , th e  cosm ic ra y  p a rtic le s  m ove a lm o st p a ra lle l 
to  th e  geom agnetic  lines of force, an d  th e re fo re  i t  w ill be less co n tro lled  b y  th e  
fie ld  w here th e  s ta tio n  can accep t p a rtic le s  from  a  w ide lo n g itu d e  ran g e . F o r  
h igh  c u to ff r ig id ity  s ta tio n s , th e  b ro ad en in g  is a t t r ib u te d  to  th e  a b ility  o f  th e  
geom agnetic  fie ld  to  resolve th e  cosm ic ra y  tra je c to r ie s  acco rd in g  to  th e ir  
rig id itie s , since th e  pa rtic le s  m ove a lm o st p e rp e n d ic u la rly  to  th e  f ie ld  lines. 
I t  can  be seen from  th e  F igu re  th a t  ф , as ex p ec ted , is alw ays sm aller th a n  180°. 
T h e  re la tio n s o f  ф  fo r sem id iu rna l a n d  tr id iu rn a l  v a r ia tio n  show  a lm o st th e  
sam e b eh av io u r, h u t  ф <  90° an d  < 6 0 °  fo r sem id iu rn a l a n d  tr id id u rn a l  
v a r ia tio n , re sp ec tiv e ly .

In  F ig . 4 th e  v a lu e  o f th e  geom agnetic  b en d in g  G (hrs) for d iu rn a l v a r ia tio n  
increases w ith  th e  c u to ff  r ig id ity  R c. T h e  sam e re la tio n s  for th e  o th e r  d iu rn a l 
com ponen ts give a lm o st a s im ila r sh ap e  b u t  w ith  m ore  sc a tte rin g  o f  th e  re p re 
sen ted  p o in ts . T he increase o f  G w ith  R c is a t t r ib u te d  to  th e  p e rp e n d ic u la r  
m otion , an d  hence a g rea t d eflec tion  o f  cosm ic ra y  tra je c to rie s  in  th e  e a r th ’s 
fie ld .

F igs. 5, 6 an d  7 re p re se n t th e  ex p ec ted  am p litu d es  A ex fo r d iu rn a l 
(n =  1, ß =  0, R 0 =  oo) sem id iu rn a l (n  =  2, ß  =  1, R 0 =  90 GY) an d  t r id iu r 
n a l (n =  2, ß =  1, R 0 =  90 GV) v a r ia tio n s , re sp ec tiv e ly . F o r d iu rn a l v a r ia tio n , 
th e  p re sen t am p litu d es  are s ig n ifican tly  sm aller th a n  those  ca lc u la ted  b y  
M cCra c k e n  e t al due to  th e  care fu l se lec tion  o f  th e  used  p a ra m e te rs . A  consi
d erab le  increase  is fo u n d  in  th e  tim e  sh if t G, in  th e  p re sen t ca lcu la tio n , fo r 
w ide cone s ta tio n s  (e.g. A h m ed ab ad , C airo, K a m p a la ) , w hile fo r th e  o th e r  
s ta tio n s  G changes slig h tly . T his arises fro m  th e  e ffec t o f  neg lec ting  th e  a sy m p 
to tic  d irections w ith  h igh r ig id ity  w hich  h av e  sm all deflections in  th e  geo
m ag n e tic  field .
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C O M  M U  N I C  A T  1 0  B R E V I S

C O L L I S I O N  C A S C A D E S  A N D  T H E  D I S T U R B E D  

Z O N E  D U R I N G  S P U T T E R I N G  P R O C E S S E S  

( M O D E L  C O M P U T A T I O N )

By

J .  G i b e r , J .  K a z s o k i  a n d  L. K o b l i n g e r

IN S T IT U T E  O F  P H Y S IC S , T E C H N IC A L  U N IV E R S IT Y , B U D A P E S T

(Received 12. IX. 1978)

A lthough th e  cascades a n d  th e  dam age effect a ris in g  d u rin g  ion s p u t te r 
ing  o f  solid c ry s ta llin e  ta rg e ts  have  been s tu d ie d  b y  m a n y  w orkers (see e.g. 
[1 — 3], and  th e  references in  th e ir  pub lica tio n s), no sy s te m a tic  num erical 
ex am in a tio n  concern ing  th e  prob lem  has been  pu b lish ed  so far.

F o r our in v es tig a tio n s  a  com pu ter m odel s im u la tin g  th e  sp u tte rin g  
process has been developed  [4]. In  th e  co m p u ta tio n s  A r ions o f 0.5 to  5 keV 
en erg y  are in c id en t p e rp en d icu la rly  to  th e  (100) su rface o f  an  ideal bcc Cu- 
c ry s ta l. B oth  th e  b o m b ard in g  ions and th e  ta rg e t  a tom s w ere app ro x im ated  
b y  h a rd  spheres, a n d  th e  p a ra m e te rs  of th e  collisions w ere ca lcu la ted  b y  th e  
too ls o f classical m echanics. T h ere  was no m em o ry  in  th e  p rog ram , i.e. th e  
la tt ic e  po in ts e m p tie d  b y  collision w ere assum ed  to  be occup ied  again b y  th e  
tim e  a n ex t in te ra c tio n  to o k  p lace  on th a t  side.

S im ilar re su lts  w ere o b ta in e d  [4] in  th e  ab o v e  m en tio n ed  energy in te r 
v a l b y  th e  ap p lica tio n  o f th e  B o h r-ty p e  p o te n tia l, ta k in g  th e  in te rac tio n  of 
p a irs  in to  accoun t. H ow ever, fo r  th e  sake o f  th e  i llu s tra tiv e  tre a tm e n t v e ry  
im p o r ta n t  for th e  p rob lem  exam in ed , i t  ap p eared  desirab le  to  use th e  classical 
m e th o d s  below, especially  because  th e  re su lts  o b ta in ed  b y  tw o  d ifferen t 
tre a tm e n ts  were n e a r ly  id en tica l.

To illu s tra te  th e  re su lt o f  o u r in v estig a tio n s concern ing  th e  spread  o f 
th e  cascades F ig . 1 show s one o f  our re p re se n ta tiv e  re su lts  o b ta in ed  from  a 
ru n  on  a tw o-d im ensional m odel.

In  th e  th ree-d im en sio n a l exam in a tio n s, th e  cascades h a v e  sim ilar p ro p er
ties as those  o f th e  F igu re . B ased  on th e  s tud ies o f  m an y  cascades, th e  rad ius 
o f  th e  d istu rbed  reg ion  w as e s tim a te d  to  be 140 to  600 Â  in  th e  p rim ary  ion  
en e rg y  in te rv a l o f  0.5 to  5  keV. T h is is in  ag reem en t w ith  th e  assum ption  of 
W e r n e r  [ 5 ] .  T he n u m b ers  o f th e  partic les d isp laced  in  each  lay e r upon  th e  
im p a c t o f a single p r im a ry  ion , as a ch a rac te ris tic  case w ith  th e  energy of th e  
p r im a ry  ion, is show n in  F ig . 2.
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I f  th e  d ep th  o f th e  d is tu rb ed  zone is defined  as th e  d e p th  o f th e  lay e r 
w h ere  th e  average n u m b e r  of a to m s lib e ra te d  per p r im a ry  ion  is ju s t  one, 
th e n  th e  average d e p th  values in  th e  in v e s tig a te d  p rim ary  io n  energy  in te rv a l 
are th o s e  show n in  T ab le  I.

Table I

Ep [keV] 0.5 1 3 5
d [Â] 40 85 140 160

З Ц * х -аб [Д ]

Fig. 1. Cascades caused by a primary ion incident on a two-dimensional lattice. Primary ion 
energy is 1 keV. (The figures on the lines are particle energies in eV)

Fig 2. Number of target atoms knocked out from different layers
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F ro m  th e  in v es tig a tio n  o f m an y  cascades th e  fo llow ing conclusions can
be d raw n:
— T he m o v in g  partic les cover re la tiv e ly  sm all d istances (10 to  15 Á ) w ith  

th e  ex cep tio n  of those  m oving  in  o p en  d irections (channeling).
— T he p ro b a b ili ty  of m ore th a n  one collision  occurring  a t  th e  sam e c ry s ta l 

site  d u rin g  th e  cascade o f one p r im a ry  io n  is neglig ib le: th u s  th e  om ission  
o f th e  m em o ry  from  th e  co m p u te r m odel is a reaso n ab le  a p p ro x im a tio n .

— T he s p u tte re d  partic les escape from  th e  surface a rea  a ro u n d  th e  p o in t 
o f incidence o f  th e  p rim ary  ion. T he ra d iu s  o f th is  su rface  area  is a p p ro x i
m a te ly  e q u a l to  th e  rad iu s  o f th e  d is tu rb e d  zone.

— T he c h a ra c te ris tic  ru n n in g  tim e  of th e  cascades in d u ced  b y  one p r im a ry  
ion  w as fo u n d  to  be of an  o rder of 1 0 ~ u  s.

Fig. 3. The sputtering yield vs target model thickness curves for different primary ion energies

Since, up o n  th e  effect o f one p rim a ry  io n  w ith  E p =  5 keV , a b o u t 7 a to m s 
escape, one can  d raw  a t  th e  sam e tim e  th e  conclusion t h a t  w ith  energ ies of 
th is  o rder one c a n n o t speak  o f a “ co llapse”  o f  th e  ta rg e t  la ttic e . T h is is s u p 
p o rte d  also b y  th e  observ a tio n  th a t  in  m o n o cry sta ls  th e  dependence  o f  th e  
sp u tte r in g  effic iency  on th e  incidence an g le  ch a ra c te ris tic  for th e  la ttic e  
s tru c tu re  rem a in s  u n changed  also d u rin g  th e  process o f  sp u tte rin g .

I t  w as re le v a n t to  exam ine  w hich a re  tho se  deepest layers d ep en d in g  
on th e  p r im a ry  io n  energy w hich , in  o u r m odel, c o n tr ib u te  to  th e  s p u tte r in g  
efficiency. T h e  d a ta  o b ta in ed  from  th e  av e rag e  o f m an y  ru n s  are show n  in  
F ig . 3. I t  can  be  seen th a t  th e  d e p th  w here  th e  partic les a re  n o t on ly  d isp laced  
from  th e ir  s ite s  b u t  from  w here th e y  also  escape is m u ch  sm aller th a n  th e  
d e p th  o f th e  d is tu rb e d  zone.
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D a n ie l  D . J o s e p h : Stability of Fluid Motions I, II.

Springer Verlag, Berlin, Heidelberg, New York 1976, 282 +  274 pages

These two volumes constitute Volumes 27 and 28 of Springer Tracts in Natural Philo
sophy edited by B. D. Coleman. The theory of stability of fluid motions has undergone a rapid 
development in the last decade to which the author of the book reviewed has made im
portant contributions. So it is not surprising that this book represents a most authentic and 
up-to-date account of the theory of stability of flows satisfying equations of Navier-Stokes 
type. Even some of the results presented in it have not been published before. By applying 
“global” analysis the author discusses the problem of stability in most general terms without re
striction to the case of small disturbances. Each chapter is supplied with a short introduction to 
set out its purpose. Bibliographical notes at the end of the chapters help the reader to follow 
the history of development of the field. Although the subject is treated with a high degree of 
mathematical rigour, the book is readable also for students knowing calculus and parts of 
the theory of differential equations. Especially, some appendices are prepared to help beginners. 
The book is carefully written with a clear exposition of the problems. It is supplied with an 
extensive list of references. The subject is covered under the following chapter headings: 

Global Stability and Uniqueness; Instability and Bifurcation; Poiseuille Flow; The 
Form of the Disturbance whose Energy Increases Initially at the Largest Value of v; Friction 
Factor Response Curves for Flow through Annular Ducts; Global Stability of Couette Flow 
between Rotating Cylinders; Global Stability of Spiral Couette—Poiseuille Flows; Global 
Stability of the Flow between Concentric Rotating Spheres; The Oberbeck—Boussinesq Equa
tions. The Stability of Constant Gradient Solutions of the Oberbeck—Boussinesq Equations; 
Global Stability of Constant Temperature-Gradient and Concentration-Gradient States of a 
Motionless Heterogeneous Fluid; Two-Sided Bifurcation into Convection; Stability of Super
critical Convection-Wave Number Selection Through Stability; The Variational Theory of 
Turbulence Applied to Convection in Porous Material Heated from below; Stability Problems 
for Viscoelastic Fluids; Interfacial Stability.

P. SzÉPFALUSY

S e r g io  A . A l b e v e r io  and R a p h a e l  J . H o eg h -K r o h n :

M athem atical Theory of Feynm an Path Integrals

Lecture Notes in Mathematics Vol. 523 
Springer-Verlag, Berlin, Heidelberg, New York, 1976 IV, 139 pages

Since their introduction by Feynman about thirty years ago path integrals have exten
sively been used in the physical literature. Simultaneously with their applications in different 
fields of physics considerable work has also been done as to their mathematical foundation 
to which the present book is an important contribution. The authors’ approach is based on a 
general theory of oscillatory integrals on a separable real Hilbert space. Besides giving in this 
framework a mathematical justification of Feynman’s heuristic formulation, the book con
tains applications to non-relativistic quantum mechanics, statistical mechanics and quantum 
field theory.

P. SzÉPFALUSY
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D. t er  H a a r : Lectures on Selected Topics in  Statistical M echanics

International Series in Natural Philosophy Volume 92 
Pergamon Press, Oxford, New York, Toronto, Sydney, Paris, Frankfurt, 1977

The book represents the 92nd volume of the International Series in Natural Philosophy 
started in the sixties and published by Pergamon Press. The text consists of lecture notes 
prepared for a set of lectures given by the author at the 1971 Simla Summer School of Statis
tical Mechanics. The subject is covered under 8 chapter headings and includes a short introduc
tion to some standard techniques (as e.g. Green’s function method) with simple illustrative 
applications. A chapter is devoted to fluctuations in a perfect Bose gas which clarifies problems 
not adequately discussed in textbooks. The chapter on the statistical mechanics of stellar 
systems is an excellent summary of the field. The whole book is well written and easy to follow.

P. SzÉPFALUSY

M any Degrees of Freedom  in Field Theory

Nato Advanced Study Institutes Series, Series B: Physics, Volume 30,
Editor: L. Streit, Plenum Publishing Corporation, New York and London, 1978, p. 248

Volume 30 contains the papers in modern field theory delivered at the International 
Summer Institute of Theoretical Physics, Bielefeld, 1976. Recently, field theory has provided 
several important ideas to the unified description of the interactions of elementary particles. 
A cluster of such ideas is presented in the Volume written at the highest level.

The topics of the papers can be divided into two groups: classical non-linear wave 
equations, solitons, and axiomatic quantum field theory.

In the first group the classical soliton physics and sine Gordon equation are treated 
in a comprehensive way (K. P o h l m e y e r ) ,  followed by classical static gauge-field solitons 
in three space dimensions (L. O ’R a i f e a r t a i g h ) .  Unsolved problems of non-linear wave 
equations are discussed by M. R e e d .

In the axiomatic approach an introduction to some topics in constructive quantum field 
theory is given by J. F r ö h l i c h , while R. F. S t r e a t e r  formulates standard results for sponta
neously broken symmetries in a rigorous way.

Two papers on statistical mechanics (strong mixing and dynamics of a thermodynamic 
system) are included in the Volume (M. C a s s a n d no—G. J o n a - L a s i n i o  and D. W. R o b i n s o n ’s 
talks). The last paper is J. T a r s k i ’s short introduction to nonstandard analysis and its physical 
applications.

Both the authors and the Volume are excellent.
G. PócsiK

M any Degrees of Freedom in Particle Theory

Nato Advanced Study Institutes Series, Series B: Physics, Volume 31 
Editor: H. Satz, Plenum Publishing Corporation, New York and London, 1978, p. 566

This Volume, together with its companion volume (Volume 30) dealing with field theory 
contains the Proceedings of the International Summer Institute of Theoretical Physics, Bielefeld, 
1976. 16 papers are included into the Volume written for experts on various topics of high energy 
physics. The majority of the topics belongs to five trends: 1. QCD related problems, weak 
gauge groups, complete unification (H. F r it z s c h ); MIT bag (K . J o n h s o n ); Lattice gauge 
theories ( J .  B. K o g u t ). 2. Phenomenological implications of quark partons (P. V. L a n d s h o f f ,
K . K a j a n t ie ). 3. Many papers deal with the various aspects of dual models such as string 
models (P. Di V e c c h ia , L. C. B ie d e n h a r n —H. v a n  D a m ), unitarisation (C h a n  H o n g  M o—  
Tsou S h e u n g  T s u n ), bootstrap (Y. Za r m i). 4 . High energy interactions with nuclei (G. F ilam, 
A . H. M u e l l e r ). 5. Particle clusters at high energy (A . K r z y w ic k i , M. A n s e l m in o  et al). 
A  good experimental comparison is given by G. H. T h o m a s .

Ada Physica Academiae Scienliarum Hungaricae 45, 1978



RECENSIONES 281

M . L e  B e l t a g  discusses the reggeon field theory; У .  C a n u t o  and J .  L o d e n q u a i  treat 
topics related to the high density matter in the Universe.

The receptive reader can learn much from this Volume. No doubt, the original purpose 
of the organizers was not to cover QCD and quark-parton physics, instead, more conventional 
pictures motivated by the Regge theory gain a larger ground in this excellent Volume. Nowa
days, these belong to the life in high energy physics.

G. PócsiK

Optical Information Processing
Vol. 2.

Edited by Euval S. Barrekette, George W. Stroke, Yu. E. Nesterikhin and
Winston E. Kock

Plenum Publishing Corporation, New York, 1978

This volume is the second in a series which contains the notes of lectures given at 
(tint Soviet and United States seminars on optical information processing. It is well known 
ohat both countries are carrying out high level research in this field and the articles presented 
give some insight into this work.

Some special problems of holography, principal questions of data processing by cohe
rent optical methods, spatial modulation, image detection and the effect of fluctuations of 
light intensity on photoreception quality are discussed, as are some of the problems concerning 
optical processors such as the addressing by electro optical methods. We are provided with 
details on the solution of well defined tasks in radio-physics, laser interferometry, and optical 
feedback.

A few lectures are devoted to problems of optical data storage. High capacity and 
bulk holographic memories, character memories and memory organization questions are the 
subjects of this part of the volume.

Some topics of more general interest including integrated optics and X-ray holography 
by synchrotron radiation, are also discussed.

The general conclusion of the seminar seems to be that optical methods have limited 
chances of entering the storage market place in the next ten years, as opposed to the likelihood 
of their finding an opportunity for success in communication. They have already proved 
to be successful in the field of input-output devices.

N. K r o ó

Fluid D ynam ics — Les H ouches 1973

Editors: R. Balian—J. -L. Peube, Gordon and Breach Science Publishers 
London,'.New York, Paris, 1977

The volume collects the most important lectures delivered at the Les Houches Summer 
School on Fluid Dynamics in the year 1973. The contributions in the volume are the following: 
P. G e r m a i n : Asymptotic Methods in Fluid Mechanics. H. K. M o f f a t t : Six Lectures on General 
Fluid Dynamics and two on Hydromagnetic Dynamo Theory, S. A. O r s z á g : Lectures on the 
Statistical Theory of Turbulence, J.-L. P e u b e : Transport Properties in Flows. Besides, ten 
seminar lectures are included on experimental and numerical methods, hydrodynamic instabi
lities, electrohydrodynamies, “physical objects with fractional dimension: seacoasts, galaxy 
clusters, turbulence and soap” (M a n d e l b r o t )  turbulence, polymers, nematic liquid crystals, 
superfluid helium and dynamic meteorology.

The structure of the volume, due to the very interesting, sometimes extraordinary, 
presentation of the actual views of the subjects made by eminent researchers reflects adequately, 
and contributes to the realization of the aims of the directors of the Summer School, the Editors 
of this volume. Namely: they intended to show the importance, need and perspective possibility 
of theoretical understanding in this rapidly growing field of science, which, due to its special 
situation for the past few decades, seemed to be abandoned because of its profound and heavy 
problems and less elegant and fashionable specialities. The interaction between the modern 
methods of statistical mechanics, computer sciences and many other branches with fluid 
dynamics has been and will be able to open up new ways for further development. — A very 
interesting and useful book, but not only fluid physicists can profit from reading it !

I. A b o n y i
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75 Jahre Quantentheorie

Festband zum 75. Jahrestag der Entdeckung der Planck’schen Energiequanten. 
Herausgegeben von W. Brauer, H. W. Streitwolf, K. Werner. 

Akademie der Wissenschaften der DDR, Akademie-Verlag Berlin, 1977.

Im Rahmen der Veranstaltungen zum 275-jährigen Bestehen der Berliner Akademie 
der Wissenschaften führte die Akademie der Wissenschaften der DDR am 15. und 16. Dezem
ber 1975 in Berlin ein Festkolloquium durch unter dem Titel: «75 Jahre Quantentheorie«. 
Das Kolloquium, zu dem die 75. Wiederkehr jenes Tages Anlass gab, an dem M a x  P l a n c k  
vor der Berliner Physikalischen Gesellschaft erstmals über seine Entdeckung, die Energie
quanten, berichtete, führte eine Reihe international bekannter Physiker in Berlin zusammen. 
In diesem Jahrhundert befand sich eine völlig neue Epoche der Physik in Vorbereitung, wurde 
aber auch in vieler Hinsicht bereits weiterentwickelt und vollendet. Den entscheidenden 
Wendepunkt dieser neuen Phase in der Geschichte der Physik, die in ihrer Bedeutung nur 
mit der Zeit von G a l i l e i  bis N e w t o n  verglichen werden kann, stellt der 14. Dezember des 
Jahres 1900 dar. An diesem Tag konzipierte M a x  P l a n c k  das elementare Wirkungsquan
tum. Die Vorträge im 1. Teil des Buches ( R o m p e , H u n d , F u c h s , F r ö h l i c h , B a s o v , P r i g o - 
g i n e , G r e c o s , K a s c h l u h n , P o n t e c o r v o , B r a u e r , A u t h , K ü r t i , E b e l i n g , H ö r z ) würdi
gen die Leistung M a x  P l a n c k s  und die Bedeutung der Quantentheorie für Naturwissen
schaft und Technik in aktueller, historischer und erkenntnistheoretischer Sicht.

Weitere Beiträge von Physikern aus der DDR, die aus zeitlichen Gründen nicht auf 
dem Festkolloquium vorgetragen werden konnten wurden im II. Teil veröffentlicht.

I. K o v á c s

Lehrstuhl für Atomphysik an der 
Technischen Universität Budapest

Printed in Hungary

A  k ia d á s é r t  felel az A k a d é m ia i K ia d ó  ig azg a tó ja  M ű sza k i szerk esz tő : B o ty á n sz k y  P á l
A  k é z ir a t  a k iadóba  é rk e z e tt:  1978. X I .  3. — A  k é z ir a t  n y o m d á b a  é rk e z e tt:  1978. X I .  9 . —  T e rje d e le m : 11,75 (A/5) ív
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Professor Sz a la y  (A. S z a l a y ), O rd in a ry  M em ber o f  th e  H u n g a ria n  
A cad em y  o f Sciences, ce leb ra tes  his 7 0 th  b ir th d a y  on  4 th O ctober 1979.

P rofessor Sz a l a y  has ach ieved  num erous o u ts ta n d in g  sc ien tific  resu lts  
in  n u c lea r physics an d  in  th e  v e ry  b ro ad  fie ld  o f th e  ap p lica tio n s  o f n u c lea r 
m e th o d s . L et us m en tio n  h ere  on ly  th e  ev idence for th e  n e u tr in o  recoil effect 
in  a c loud  cham ber, th e  d isco v ery  o f u ran iu m  en rich m en t in  som e H u n g a rian  
coals an d  as a g en era liza tio n  o f  th e  la t te r ,  th e  c la rifica tio n  o f  th e  role o f h u m ic  
acids in  N a tu re  in  th e  re te n tio n  o f  u ran iu m  an d  o ther ca tio n s . T hese re su lts

P R O F .  S Á N D O R  S Z A L A Y  7 0  Y E A R S
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284 PROF. SÁNDOR SZALAY 70 YEARS

led  to  th e  d iscovery  o f  th e  u ra n iu m  deposit in H u n g a ry . P ro fesso r Szalay  
p la y e d  an  im p o r ta n t ro le in  th e  in tro d u c tio n  o f iso to p e  ap p lica tio n  in to  
b io m ed ica l research  an d  p rac tice  in  H u n g a ry . H e in i t ia te d  th e  s tu d y  of 
th e  e n v iro n m en t from  th e  p o in t o f  v iew  o f rad io ac tiv e  p o llu tio n , th e  ap p li
c a tio n  o f th e  te ch n iq u es  o f m ass spectro scopy  in  th e  geochronological 
in v e s tig a tio n  of H u n g a ria n  rocks. T h e  co n stru c tio n  of m a n y  nu c lear in s tru 
m e n ts  an d  tech n iq u es in  D ebrecen  w ere also p ro m p ted  b y  h im , e .g .Y an  de G-raaff 
g e n e ra to rs  and  o th e r  acce lera to rs , sc in tilla tio n  an d  sem ico n d u c to r d e tec to rs, 
a lp h a - , be ta- an d  m ass-sp ec tro m ete rs , etc .

H is in te re s t a n d  ac tiv itie s  co v er v e ry  b ro ad  fields. H e h as  n ev er re s tr ic te d  
h im se lf  to  any  in d iv id u a l b ra n c h  o f  science. All his sc ien tific  ac tiv ities  have  
h a d  a  rea l in te r- a n d  m u ltid isc ip lin a ry  c h a ra c te r  from  th e  v e ry  beginning . 
E v e ry  tim e  he considered  th e  p h en o m en a  o f N a tu re , he  fo llow ed th e  logic 
o f  N a tu re , regard less o f th e  r isk  o f  ev en tu a lly  exceed ing  th e  boundaries 
o f  ph y sics  and  en te rin g  e.g. th e  area  of ch em istry , geology, b io logy or 
m ed ic in e . H is s ta r t in g  p o in t w as alw ays ex p erim en ta l in  all fie lds, confessing 
t h a t  th e  only solid basis in  a ll b ran ch es o f science w as ex perim en ts an d  
em p irica l evidence. S im ilarly , he h as  alw ays been in te re s te d  in  th e  p ra c tic a l 
a p p lic a tio n s  of h is sc ien tific  re su lts .

M ost of his sc ien tific  w ork  w as carried  o u t in  co o p era tio n  w ith  his num erous 
c o llab o ra to rs . As a re su lt o f h is ca re fu l selection  o f ta le n te d  young  resea rch  
a sso c ia tes , P ro fessor Szalay  fo u n d ed  a sc ien tific  school. T h is school is c h a ra c te r
ized  b y  th e  sam e m a in  fea tu res  as P ro fesso r Sza la y ’s ow n research  ac tiv ities : 
a n  ex p erim en ta l a n d  in te rd isc ip lin a ry  ap p ro ach  to  th e  u n d e rs ta n d in g  o f 
n a tu r a l  phenom ena a n d  a keen  in te re s t  in  th e  ap p lica tio n  o f  th e  fu n d am en ta l 
r e s u lts  ob ta ined . T h e  s ta f f  of th e  I n s t i tu te  o f N uclear R esea rch  of th e  H u n g a 
r ia n  A cadem y o f Sciences has a c tu a lly  derived  from  th is  re sea rch  co m m u n ity .

P rofessor S za l a y  is h ig h ly  ac tiv e  in research  w ork  a t  th is  In s t i tu te  s till 
to  d a te . H e is m u ch  in te re s ted  in  m icroelem ent re sea rch  in  p lan ts  and  foods 
a n d  in  in v es tig a tin g  th e  p rim o rd ia l a tm osphere  of th e  E a r th  by  m eans of 
q u a d ru p o le  m ass spectroscopy .

H is colleagues and  all H u n g a ria n  physicists as w ell as th e  w hole 
H u n g a ria n  sc ien tific  c o m m u n ity  w ish him  m an y  m ore years  and  fu r th e r  
success in  his sc ien tific  and  p r iv a te  life.

D. B e r é n y i
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A  C L A S S  O F  S T A T I C  W E Y L  S O L U T I O N S  F O R  

T H E  B R A N S - D I C K E  M A X W E L L  F I E L D S

By

P . P . RAO and R . N . TlWARI

DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY, KHARAGPUR-721302,
INDIA

(R ece iv ed  7. IX . 1978)

C onsidering th e  s ta tic  ax ia lly  sy m m etric  m etric  o f W e y l  and  th e n  u sin g  a resu lt o b ta in ed  
b y  P e r j é s , a genera lized  re la tio n  b e tw een  th e  g t4 co m p o n en t o f th e  m e tr ic  tenso r, th e  elec
t ro s ta t ic  (or m a g n e to s ta tic  in  v iew  of P e r j é s  re su lt)  p o te n tia l an d  th e  B ra n s—Dicke (B D ) 
sca la r fie ld  has b een  o b ta in e d  fo r th e  B D  M axw ell fie lds w hen b o th  e lec tric  an d  m ag n e tic  
fie lds a re  p resen t. F u r th e r ,  using  th is  re la tio n , a th eo re m  has been g iv en  a t  th e  end w h ich  
enab les one to  g en era te  th e  B D  M axw ell so lu tions fro m  th e  know n so lu tio n s o f  th e  BD v acu u m  
fields.

1. In tro d u c tio n

In  E in s te in ’s th e o ry  for s ta tic  fie lds th e  p rob lem  of g en e ra tin g  E in s te in — 
M axw ell so lu tions fro m  th e  a lre a d y  know n so lu tions has been  ta c k le d  b y  various 
w orkers like W e y l  [1], Ma ju m d a r  [2], P a p a p e t r o u  [3], B o n n o r  [4] e tc . 
W hile  th e  w ork  o f  W e y l  an d  B o n n o r  a re  m ain ly  co n cern ed  w ith  s ta tic  
ax ia lly  sy m m etric  m e tric , Ma ju m d a r  an d  P a p a p e t r o u  h av e  so lved  th e  p ro b 
lem  in  general w ith o u t im posing  a n y  sy m m etric  re s tric tio n s . T h e y  have show n 
th a t  in  th e  p resence  o f  e le c tro s ta tic  fie ld  w ith  th e  s ta tic  m etric

ds2 =  gab(x) dxa dxb +  g u dt^  (a, 6 =  1 , 2 ,  3, git  <  0) (i)

th e  gu  com ponen t o f  th e  m e tric  te n so r  and  e lec tro s ta tic  p o te n tia l  a re  re la ted  as

— gii =  +  A y  +  B.  (ii)

(A, В  are a rb i t r a ry  c o n s ta n ts ) . T h is w hen  fu r th e r  specialized  to  th e  form

— gu  =  M y  ±  У2)2 (iii)

reduces th e  source-free E in s te in —M axw ell eq u a tio n s  to  a single L aplace 
eq u a tio n . T hus to  ev e ry  so lu tio n  o f  th e  L ap lace  e q u a tio n  th e re  corresponds 
a u n iq u e  so lu tion  o f  E in s te in —M axw ell fie lds. I t  m ay  be m en tio n ed  th a t  in  
th e  general case, w ith o u t an y  spec ia liza tio n  o f  fu n c tio n a l fo rm  (iii), E in s te in — 
M axw ell fields for s ta t ic  W e y l ’s m e tric  go over to  th e  E in s te in  v acu u m  fields.
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T h is  class of so lu tions, w idely  k n o w n  as W e y l —Ma j u m d a r —P a p a p e t r o u  
(W M P) class, accord ing  to  H a rtle  a n d  H a w k in g  [5], h as  a d is tin c t a s tro p h y si- 
ca l ro le  and  can  be in te rp re te d  to  d escribe  a system  o f charged  b lack  holes 
h e ld  in  equ ilib rium  u n d e r th e ir  g ra v ita tio n a l and e le c tro s ta tic  forces. T h ey  
h a v e  fu r th e r  observed  th a t  th e  b la c k  holes belonging to  th is  class a re  q u ite  
d iffe re n t from  th e  a lread y  know n  b la c k  holes (Schw arzschild  and  R e issn e r— 
N o rd s tro m  b lack  holes).

In  th e  B ra n s—D icke th e o ry  th e  correspond ing  p ro b lem  of f in d in g  th e  
W M P  class o f so lu tions has been  s tu d ie d  b y  N ayak  [6], T iw a r i  an d  N a y a k  
[7] a n d  T iw a r i  and  R ao [8].

N one of th e  above a u th o rs  [1] — [8], how ever, h a v e  considered  th e  p ro b 
lem  w hen  b o th  elec tric  as well as m a g n e tic  fields are  s im u ltan eo u sly  p resen t. 
R e c e n tly  D a s  [ 9 ] ,  using  a re m a rk a b le  re su lt of P e r j é s  [ 1 0 ]  o b ta in e d  for 
s ta t ic  cy lind rica lly  sy m m etric  fie ld , has generalized th e  re su lt o f W e y l  to  
th e  case w hen b o th  th e  electric  an d  m ag n e tic  fields are  s im u ltan eo u sly  p resen t. 
W e y l ’s re su lt, obv iously , is o b ta in e d  as a p a r tic u la r  case of th e  re su lt of 
D a s  w hen th e  m agnetic  fie ld  is sw itch ed  off.

In  th is  p ap er, we have  e x te n d e d  th e  w ork o f D a s  [ 9 ] ,  to  th e  source-free 
B D  M axw ell fields fo r th e  s ta tic  a x ia lly  sym m etric  W e y l ’s m etric . In  doing 
so , we have  f irs t  p roved  th a t  th e  re su lt  o f P e r j é s , w hich  s ta te s  t h a t  in  a 
co n tin u o u s  fie ld  th e  re la tio n , i f  an y , be tw een  electric a n d  m agnetic  f ie ld  m u st 
a lw ays be lin ea r, holds in  th e  case o f  th e  s ta tic  B D  M axw ell fields also. The 
W M P  re la tio n  so o b ta in ed  w hen s u b s ti tu te d  back  in  th e  fie ld  eq u a tio n s  as 
u su a l reduces th e  B D  M axw ell f ie ld  to  BD vacuum  eq u a tio n s. T h is fin a lly  
g ives a th eo rem  w hich  enables one to  gen era te  th e  so lu tio n s o f th e  B D  M axw ell 
fie ld s  from  tho se  o f B D  v acu u m  fie ld s.

T he W M P re la tio n  o b ta in ed  he re , how ever, c a n n o t be said  to  be th e  
o n ly  re la tio n  o b ta in ed  from  th e  f ie ld  eq u a tio n s. The single d ifferen tia l e q u a tio n  
u sed  fo r g e ttin g  th e  sa id  re la tio n  co n ta in s  m ore th a n  one in d ep en d en t variab les . 
T h e re  is no s ta n d a rd  m eth o d  o f so lv ing  such an  e q u a tio n . T h e  p rob lem , 
th e re fo re  m ay  be d iv id ed  in to  v a rio u s  classes depend ing  on w h e th e r th e  e lec tro 
m ag n e tic  an d  th e  B D  scalar p o te n tia ls  are  null, n o n -n u ll an d  m u tu a lly  o r th o 
gonal. T he case s tu d ie d  here, how ever, is in  a sense m ore general as i t  does 
n o t  invo lve  an y  such  re s tr ic tio n . In  a n o th e r sense i t  is less general since to  
a v o id  an y  such  re s tr ic tio n  on th e  p h y sica l fields th e  n u m b e r of m a th e m a tic a l 
e q u a tio n s  is to  be increased . I t  is th u s  a p p a re n t th a t  th e  W M P re la tio n  o b ta in ed  
h e re  is n o t a u n iq u e  one. T here  m a y  be a re la tio n  o r  re la tio n s m ore  general 
th a n  th e  one o b ta in ed  here.
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2. Field equations

T he source-free BD M axw ell fie ld  eq u a tio n s  are:

; r ‘ < P j ------<P-ji
<P Г

(3 -j- 2со) (JP;* =  0,

1

<P

T ) = -
4л

F ‘sF JS- ~ ô j F * pFsp
4

( 1 )

( 2) 

(3)

F ! j = 0 , (4)

w here  FiJ a re  genera ted  from  th e  tw o  p o ten tia ls  £ an d  У] as:

F is  =  » ( 3 )

F sp =  e2ßy ~ ll2espvr),v . (6)

H ere  y  is th e  th re e  dim ensional m e tr ic  g iven b y  y  =  p2e4’ an d  espv =  £  1 or 0. 
H e re a f te r  a su b sc rip t com m a o r a sem icolon will den o te  p a r tia l  d iffe re n tia tio n  
o r c o v a ria n t d iffe ren tia tio n , re sp ec tiv e ly .

W e now  solve th e  fie ld  e q u a tio n s  (1) —(4) for th e  ax ia lly  sy m m etric  
s ta t ic  W e y l ’s  m etric , given b y

ds2 =  e^dt2 -  e - ^ [ e 2ct(dp2 +  dz2) +  p2<№2]. (7)

w h ere  a  an d  ß  are  functions o f  p a n d  z on ly , an d  p, z, Ф, t co rre sp o n d  to  ж1, 
ж2, ж3, ж4 co -o rd inates, resp ec tiv e ly . T he fin a l su rv iv in g  BD M axw ell field  
e q u a tio n s  (1) — (4) w .r .t. th e  m e tric  (7) are:

a ’i \ 1  +  4  =  -  (ft?  -  f t i)  +  2 f t i f t 2 —  +  —  [ Ы  -  4 .Ï) +  ( f  ,5 -  { ,! ) ]T  T  Q <p Q<p
( 8)

-  2 e -2* ^ ( r lnrl,2 +  | n | , 2) _  ^  M  _  Ü 3  ( Ь  _  ßn  Ы
<P 2  Q<p2 cp { Q (p )

\  +  Щ  =  -  (ft?  -  ft!) ^  +  2- ^  -  « - ^ 5  ^  -  ^ ? ) + ( f t i  -  ft?)] -
Г  (p в <P

*-*Ы т 1п  +  fu « « )  +  V  ^  ^  ^
2  <P3 9> l <p Q ,

_2_

<pp

(9)

f t i  _  e -a?
f t u  +  f t22 +  ^  =  —  [(r?,? +  ч,1) +  (f,f + 1 ,1 )]  -

p  (p
Д,2У,2

«P
( 10)
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V m  +  V̂ 22 +  “  —  Z ß n V i l  +  2 / 1 , 2rl’>2 » ( 1 1 )
Q

I>11 “b  £>22 H-----1 =  2 ß > l £ ’ l  +  2 / 3 ,2 | , 2  ,  ( 1 2 )
в

<p =  mz  -(- n, (m an d  n are  a rb itr a ry  co n stan ts), (13)

*?.a£i — Vnë’2 =  °- ( I 4)

V e  now  assum e r) to  b e  d ep en d en t on  f ,  i.e.

V =  Ш  (15)

In  v iew  of (15), E q . (14) is id e n tic a lly  sa tisfied  a n d  th e  E qs. (11) an d  (12) 
to g e th e r  give th e  co n d itio n

r) =  a  I  +  6, (a an d  b are  a rb itr a ry  co n stan ts) . (16)

T h is re la tio n  is sam e  as th a t  o b ta in e d  b y  P e r j é s  [ 1 0 ] .  F u r th e r  assum ing  ß 
to  be  func tio n a lly  d e p e n d e n t on £ an d  (p, v iz.,

ß =  /3(1, ? ), (17)

w here  |  and  <p a re  in d e p e n d e n t o f  each  o th e r (since , in  th e  B D  assu m p tio n , 
th e  L agrange d e n s ity  o f  m a tte r  is n o t a fu n c tio n  o f  <p), an d  m ak in g  use of 
(16) an d  (17) in  (10), (12) and  (13), we get

-2ß
/3,££ +  2/3,| — - (1 +  о2) I ( | , f  -f  | , | )  +  /3,£!,2<р,2 +

+  Ч9,! ß ^ + ~
<P

(18)
=  0.

B esides a general so lu tio n , w hich  in  th is  case is q u ite  d ifficu lt to  o b ta in , 
th e re  are various p ossib ilities  to  sa tis fy  th e  e q u a tio n  (18). One such  p ossib ility , 
lead in g  to  th e  d esired  re su lt, is to  choose th e  coeffic ien ts  o f  ( i , f  +  | , 2), 
an d  (p, 2 equal to  zero . This gives a se t o f d iffe re n tia l eq u a tio n s as follows:

e -2ß
/3,££ +  2 /3 ,{ —  - —  (1  +  « 2) —  0 ,  

ч>

2/3 ,ç  +  -  =  0 , 
<Р

ß , ^ + ^  =  0.
<р

(19)
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I t  m ay  be  m en tioned  th a t  E q . (18) can  be sa tisfied  even  b y  choosing 
+  | , 2 , 2 an d  (p,J to  be van ish ing . P h y sica lly  th is  am o u n ts  to  th e  m ag

n itu d e  o f th e  g ra d ie n t v ec to r o f th e  e lec tro m ag n etic  an d  th e  B D  scalar fields 
b e ing  nu ll, n o n -n u ll and  m u tu a lly  o rth o g o n a l. (In  fa c t, in  th is  p a r tic u la r  
case (p,l b e in g  zero im plies th e  B D  sca la r f ie ld  being  c o n s ta n t, leav in g  th e reb y  
on ly  o rd in a ry  E in s te in —M axw ell fields). I n  such a s itu a tio n  th e re  m ay  or 
m ay  n o t e x is t a n y  W M P re la tio n . W e w ou ld , how ever, like  to  avo id  such  a 
re s tr ic te d  p h y sica l s itu a tio n  to  inc lude  n o n -n u ll and  n o n -o rth o g o n a l force 
fie ld s also. T h e  o th e r possib ilities will be s tu d ie d  la te r .

T he se t o f  eq u a tio n  (19) has a c o n s is te n t so lu tion

e *  =  -  [ ( 1  +  a 2)  I 2 +  c |  +  d ] ,  ( 2 0 )
<P

w here a , c, d a re  a rb itra ry  co n stan ts .
T he re la tio n  (20) is a generalized  fo rm  of Ma j u m d a r — P a p a p e t r o u  

re la tio n  fo r s ta t ic  ax ia lly  sy m m etric  B D  M axw ell fie lds w h ich , w hen  B D  
sca la r (p is c o n s ta n t, reduces to  th a t  o b ta in e d  b y  D as [9]. O bv iously , w hen 
<p — c o n s ta n t a n d  a =  0, E q . (20) goes over to  th e  well know n re la tio n  o b ta in ed  
b y  M a ju m d a r  a n d  P a p a p e t r o u .

U sing (16) an d  (20) in  (10) and  (12), w e ge t a single eq u a tio n ,

_ {C ~f~ (1 4~ ° 2) 2 |}  (I ,2 -|- | ,p  _ У;2
Q (1 +  a2) £2 -f- c£ +  d cp

(21)

W e now  co n sid e r th e  su b s titu tio n

J ________d |_______ __________2
( 1  +  a2) | 2 +  c |  +  d ~  ]Ac2 -  4 d (l +  a2)

x + — log(p ( 22)

X  b eing  th e  new  variab le . E q . (22) in te g ra te s  as

£ —  _
2(1 +  a2)

T h is, w hen  s u b s ti tu te d  in  (20), gives ß  as

c2 — 4 d (l -f- a2)

y c2 _ 4(i( l  +  a 2)

2 ( 1 + a»)------CO’ h | * + 2 1ое*’

e® =  — 
<P

e^cp
( 1 + a 2) ( e ^ - l ) 2

A gain su b s ti tu t in g  (16), (20) an d  (22) in  (8), (9) an d  (21) we get:

i f i
P2 Ч2

=  -  (x,l -  X,l) +  2xn x,2
6 <P 2 gep2

(Pi2 Í 2
----- ---------- X’l ------< p l g  (p

(23)

(24)

(25)
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a ,о ±  +  * f l  —  W  -  *.i)
Г  <T

2 \  ф ’ 2  _ j _  2 д ! , ^ Л ^ , 2  ^  W  ( p , 2
( f  Q 2 Çp3

_j_ 9^2 /*»2 9^2 _|_ * » l |

<p \ <p e ) ’

(26)

* U 1 * » 2 2 +  = (27)
Q <p

I t  c a n  b e  s e e n  t h a t  E qs. (25) — (27) a r e  t h e  B D  v a c u u m  e q u a t i o n s  f o r  

th e  s t a t i c  a x i a l l y  s y m m e t r i c  W e y l ’ s  m e t r i c ;

ds2 =  e^d t2 -  e - ^ e ^ d o 2 +  dz2) +  пЧФ2], (28)

th e  so lu tions of w h ich  are know n (see A ppend ix ).
T h u s th e  B D  M axw ell fie lds fo r th e  m etric  (7), u n d e r th e  co n d itio n  

(23) an d  (24), are  e q u iv a len t to  B D  v acu u m  fie lds fo r th e  m etric  (28) and  
v ice-versa . This equ iva lence  can  a lw ays be used  to  g en era te  B D  v a c u u m  
fie ld s  fo r th e  m etric  (28) from  th e  a lread y  know n B D  v acu u m  so lu tio n s for 
th e  m etric

ds2 =  e2x°dt2 -  e~ 2x"[e2a°(dg2 +  dz2) +  оЧФ2}. (29)

H en ce  th e  follow ing th eo rem :

Theorem
G iven an y  ( a 0, x 0, q>0) as th e  B D  v acu u m  so lu tio n  fo r th e  m e tric  (29), 

one can  alw ays g en e ra te  th e  co rresp o n d in g  BD M axw ell so lu tio n  (a, x, rp, f , r)), 
w here

a =  a0,

log (poe,2X5с2 _ Щ 1 + а  2)

( l + a 2) ^  (Ф0е2х" -  1)2J

t — ,
2(1 +  a2) 

r) =  a£ +  b,

<P =  <Po-

\ c 2 -  4 d ( l +  a2) 
2(1 +  a2)

co th *0 +  у  l°g  fo

3. Appendix

T he so lu tions fo r th e  m e tric  (28) are :

R2 Г1 m2 1 1
a  = ------ l o g ------1----------------- -|--------(2k2 — k2m-\-m k)  log [(ms +  n)2-(- m2g2] +  e,

2 Yq2 (mz  -f- n)2J 2

к
x  =  к  log q -\------log  (mz +  n),

m
<p =  mz  -f- n.
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O N  S T A T I C  A X I A L L Y  S Y M M E T R I C  E L E C T R O V A C
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In this paper we consider an axially symmetric metric and obtain some exact static 
solutions of Einstein—Maxwell field equations in vacuo. In two cases the metric represents 
uniform electromagnetic field.

1. In tro d u c tio n

A ccord ing  to  th e  electron ic  s tru c tu re  o f  m a tte r  th e re  is a p o ss ib ility  
of th e  ex is ten ce  o f e lec trom agnetic  and  o th e r  fie lds besides its  g ra v ita tio n a l 
field . I n  th is  c o n te x t consider th e  sim plest a to m  o f hydrogen  w hich  is asso
c ia ted  w ith  a m ag n e tic  field  an d  effects th e  g ra v ita tio n a l fie ld  due to  i ts  m ass. 
The f ie ld  so o b ta in e d  is ax ia lly  sym m etric . T h e  fie ld  of all h eav en ly  bodies 
in  th e  s ta te  o f s ta t io n a ry  ro ta tio n  ab o u t th e ir  axes is also ax ia lly  sy m m etric . 
So, from  all th e se  p hysica l observations, th e  ax ia lly  sy m m etric  re la tiv is tic  
s tu d y  o f  th e  u n iv e rse  and  its  co n s titu en ts  seem s to  be m ore rea lis tic . I n  th is  
d irec tion  sev era l a t te m p ts  h av e  been m ade. T h e  ex te rn a l g ra v ita tio n a l fie ld  
of th e  s im p lest m odel o f a n o n -ro ta tin g  sp h ere  filled  w ith  m a tte r  o f c o n s ta n t 
den sity  h a s  been  o b ta in ed  from  th e  ax ia lly  sy m m etric  m etric  [1]:

dS2 =  -  e2<*-«(de2 +  dz2) -  д2е~Щср2 +  e*>dt2,

w here a  a n d  ß  a re  fu n c tio n s o f q  and  z on ly . M ak ing  use o f a m e tric  o f  th is  
ty p e  an d  successive a p p ro x im a tio n s  th e  g ra v ita tio n a l fie ld  of hyd ro g en  a to m  
has been  o b ta in e d  in  E in s te in ’s un ified  fie ld  th e o ry  (1953) [2]. In  th e  p re se n t 
in v e s tig a tio n  we con sid er th e  sam e m etric  a n d  o b ta in  som e ex ac t s ta tic  so lu 
tions o f E in s te in —M axw ell fie ld  equa tions in  v ac u o . In  tw o cases i t  is fo u n d  
th a t  th e  m e tric  rep re sen ts  a un ifo rm  e lec tro m ag n etic  field .

2. The field equations

T he E in s te in —M axw ell fie ld  equa tions in  v acuo  are

Rkß =  — (2.1)

( v ~ g F x% =  0, (2.2)
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W here

4
(2.3)

(2.4)

R >fl is  th e  c o n tra c te d  cu rv a tu re  te n so r, E >ß th e  e lec trom agnetic  energy  te n so r , 
F *  th e  e lec tro m ag n etic  field ten so r a n d  А я the  4 -p o ten tia l. A com m a follow ed 
b y  a  lower su ffix  deno tes p a r tia l d iffe re n tia tio n  w ith  re sp ec t to  th e  co rre s
p o n d in g  v ariab le .

The n o n -v an ish in g  com ponents o f th e  c o n tra c te d  cu rv a tu re  te n so r  fo r 
th e  g iven m etric  a re  given as follow s:

T h e  n o n -v an ish in g  com ponents o f  F ag can , b y  v ir tu e  o f (2.4), he d e riv e d  from  
o n ly  tw o co m p o n en ts  A 2 and  A 4 o f th e  4 -p o te n tia l А я. L e t us ta k e

R
Q

— — Q2e 2“ (ßn  +  ß33 +  —
(2.5)

T h e  lower su ffixes 1 and 3 a fte r  a fu n c tio n  in d ic a te  a p a r tia l d iffe re n tia tio n  
w ith  respect to  g an d  z respective ly . Also we have

R\2 — F li  — F 23 — K24 — F 3i — 0,

w h ich  in  view  o f  (2.1) provide:

( 2 .6)

A 2 =  cp, A 4 =  \p. (2.7)

T herefore, fro m  (2.4), we have

F 1 F 14 — Yh,

F 23 —  tp3 ,  F 3 —  гр3 ,
( 2 .8)
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F rom  (2 .3 ), (2 .6 ) and (2 .8) th e  n o n -v a n ish in g  in d ep en d en t com p on en ts o f  th e  
e lec tro m a g n etic  en ergy  ten so r  are fou n d  to  be

E „  = i  'i -  <pi v \  -  V>1
2д2е 2e2ß

En 9 =
2 I 2 2 I 2

<Pi +  п  п  +  Щ
2е?л- 21> 2e2a+2  ̂ ’

F  __ Ч>1 —  <Рз I V i — Vs
33 2o2e - ^  ' 2e2ß '

(2 .9)

E  =  Vi +9>з , w l + w l
44 2e2a~ e'e ' 2e2° - 2i> ’

= <Pi4>3 W s

N ow  th e  f ie ld  eq u ation s (2 .1) w ith  th e  h elp  o f  (2 .5) (2.6) and  (2 .9 ) can  be recast  
in  th e form  as fo llow s:

ß n  ~  ß 33 +  2/3*-------(a x +  ß j)  — — 4я
e

ß u  +  /?зз +  —  =  4я  
в

У? -  Уз У>1 — Уз
e2e-W

2 I 2 2 I 2
<Pi +-<pZ +  У>1 +  Тз
е2е -а5 p3ß

—  =  /3* — /З2 -f- 4 я  (У а - У  3 _ Vh - y|  
о ( р2е ^  е2̂

s  =  2 A A + 8 . , ( Ä . m »
о2е 2,3 е2/3

, (2.10) 

(2.11) 

(2.12) 

(2 .13)

A lso  from  (2 .2 ), (2 .6 ) and (2 .8) w e get

+  <Рзз — — ~  2 (ßi<Pi +  /З3<р3), (2 .14)

Vu +  V>33 +  ^  =  4ßiWi +  £зУз)>

+  <Ы>з =  0.

(2 .15)

(2 .16)
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3. Solutions o f th e  fie ld  equations

D ue to  th e  n o n -lin e a r ity  o f th e  f ie ld  eq u a tio n s ta k e n  in to  consid era tio n  
i t  is d ifficu lt to  f in d  th e ir  ex ac t so lu tions in  general. In  th e  p resen t p a p e r  we, 
th e re fo re , solve th e m  in  p a r tic u la r  cases. E q . (2.16) is id en tica lly  sa tis f ied  
in  th e  follow ing cases:

(i) Vi =  Уз =  <Ра = 0,

(ii) 11 Il 11 0,

(iii) <Pi =  <Рз =  Ws = 0,

(iv) ■в II •в СО II 11 0,

(v)

OIIwЭ-IIés

(vi) CO II 11 O
I n  these  p a r tic u la r  cases we now  solve th e  fie ld  eq u a tio n s  to  d e te rm in e  as, 
ß, (p and  y>. T he  m e th o d  o f o b ta in in g  so lu tio n  in  all cases is as in  case i).

Case (i)

In  th is  case yj is c o n s ta n t an d  cp is a fu n c tio n  o f  q. T herefore  th e  fie ld  
eq u a tio n s  (2.10) — (2.15) reduce  to

« 1 1  +  « 3 3  ~~ ßll ~  ßsi +  ----- («1 +  ßl) 4тг

ßn +  ßw +  ~  — 4л: í— ê j , 
Q \ Q I

^ = ß l - ß l +  í—

^ßißa  »

<pn  — —  =  — 2ß1q>i.
e

T h e E q . (3.5) g ives b y  in te g ra tio n

«*» =  -£ -в2,
<Pl

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

w here Z  is an  a rb i t r a ry  fu n c tio n  o f  z on ly . S u b s titu tin g  for ß from  (3.6) in  
(3.2), we get

flog —
1

+  - log AL
\ fl) 11 Q 4>i)

+  ^зз =  8я  —  ez.
e

(3 .7 )
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Since <p is fu n c tio n  o f  g o n ly  a n d  Z  is fu n c tio n  o f z on ly , i t  follow s th a t  (3.7)
9>i

w ill h o ld  on ly  i f  —  be a c o n s ta n t fo r ez be a c o n s ta n t. L e t us ta k e  
3 Q

<Pi =  j -e>  (3.8)
4л

w here a is an  a rb itra ry  c o n s ta n t. T h en  E q . (3.7) reduces to

Z 33 =  2aez. (3.9)

T he co rrespond ing  so lu tio n  is

ez =  — cosech2 z . (3.10)
a

T herefo re , from  (3.6), (3.8) an d  (3.10) we have

é  =  ^ Л cosech z , (8-11)
a

( p = J L e2 +  b. (3.12)
0 7 1

F o r th e  va lu es  o f ß an d  <p as g iven  in  (3.11) an d  (3.12) th e  E q s. (3.3) a n d  (3.4) 
p rov ide

Л =  \ ^ с ~ ^ ) -  (ЗЛЗ)

In  (3.12) a n d  (3.13) b a n d  c are  a rb itra ry  co n stan ts . F o r th e  va lu es  o f a , ß 
a a d  (jV so o b ta in ed  E q . (3.1) is id e n tic a lly  sa tisfied .

Case (Ü)

In  th is  case is c o n s ta n t an d  qo is a fu n c tio n  o f  z. T h e  co rrespond ing  
so lu tion  is

<P =  —  « +  Ь, 
4л;

л - 2 У* cosech log Q, (3.14)

e =  e g .
Case (iii)

In  th is  case ep is c o n s ta n t a n d  гр is a fu n c tio n  o f q. T h e  co rrespond ing  
so lu tion  is

y> =  у -  e2 +  ъ,
0 7 1

e& =  — p cosh z ,
2 \ n

e a =  e g  cosh2 z e ~ e ' 12.

(3.15)
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Case (iv)

In  th is case <p is c o n s ta n t an d  ip is a fu n c tio n  o f z. T he corresponding  
so lu tio n  is

a I иy> — — z +  b,
4л

— — — z cosh log p, 
2][ л

(3.16)

e* =  cp2 cosh2 log p.

Case (V)

In  th is case (p is a fu n c tio n  o f  z an d  y> is a fu n c tio n  o f  p on ly . T he corres
p o n d in g  solution  is

cp =  — —=  ta n h  z +  d, ip— p2 +  e,
2 a \ n  8 / я

eß =  —=  p cosh z ,  e* — со cosh2 z ee’,!1.
(3.17)

Case (vi)

In  th is case cp is a fu n c tio n  o f p an d  ip is a fu n c tio n  o f z only . T he corres
p o n d in g  so lu tion  is

(p:
8 У л

— Q2 d ,  i p  :
2 aYUi

co th  z -)- e,

у  2 1
(3.18)

=  —  cosech z , a  — ~  (c (?)• a 2

Im posing  th e  B ertotti  co n d itions [3]

w here  sem icolon d eno tes c o v a r ia n t d e riv a tiv e , i t  h as  b een  verified  th a t  in  
cases (ii) and  (iv) th e  e lec tro m ag n etic  fie ld  is un ifo rm .
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We have studied Heckmann —Schucking models containing perfect fluids. In this 
way we have derived perfect fluid models of anisotropic universe corresponding to v =  1, 
4

— and 2. The fate of density perturbations in a superdense model universe has been inves
tigated.

1. Introduction

T his w o rk  is a c o n tin u a tio n  o f th e  s tu d y  o f th e  n o n -ro ta tin g  cosm ological 
m odels o f  th e  sp a tia lly  hom ogeneous an d  an iso trop ic  un iv erse  discussed b y  
m an y  a u th o rs  [1 —13].

In  th is  p ap e r, we in v es tig a te  H e c k m a n n —Schiicking so lu tions o f E in s te in  
fie ld  e q u a tio n s  w ith  an  energy  m o m en tu m  ten so r co rrespond ing  to  perfec t 
flu id , assu m in g  p-law eq u a tio n  o f s ta te

P  =  ( v  —  D e 

i n  th is  w ay , we derive p e rfec t flu id  m odels o f th e  un iverse  co rrespond ing  to  
4

V  — 1, — a n d  2 th a t  is for dust-filled , ra d ia tio n -d o m in a te d  an d  superdense

stages o f th e  un iverse . M oreover, we in v e s tig a te  th e  g ro w th  o f th e  d en sity  
p e r tu rb a tio n  in  an  u n p e rtu rb e d  H e c k m a n n —Schiicking m odel. V arious 
physica l a n d  geom etrica l p ro p erties  o f th e  b ack g ro u n d  m odel h av e  been  also 
discussed, ta k in g  8 ?iG =  C4 =  1.

2. The field equations

T he H e c k m a n n —Schiik ing  m etric  is g iven  b y

ds2 =  dt2 -  A 2dx2 -  B 2dy2 -  C 4 z2, (1)

w here  А ,  В , C are  th e  fu n c tio n  o f tim e  on ly . W e consider th e  energy  m om en
tu m  ten so r o f  a p e rfec t flu id , th a t  is

T iJ' = ( p  +  Q)u 'u J -p g -y ,  (2)
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w ith
gij m' V =  1, (3)

u l b e in g  4 -velocity  v e c to r  o f th e  flu id  no rm alised  to  u n ity . C hoosing com oving 
co o rd in a tes , w e h av e

Ui == u 2 =  u 3 =  0.

T h e  E in s te in ’s f ie ld  eq u a tio n s are

R i j  -  \  R 8 t j  +  k i j  =  -  T t j  • ( 4 )

T h e  fie ld  eq u a tio n s  (4) in  te rm s o f  line  e lem en t (1) w ith  th e  cosm ological 
c o n s ta n t A =  0 are  g iven  b y

R 44 I C44 1 B 4C4

I s  + C
1

BC

^44 1 C44 1 A f i A
\ A  + c

1
AC

(t +
R 44 ! A 4B 4
В A B

A 4B 4 , R 4^4 , ^4^4
A B  ВС A C

=  et

(5)

(6)

(7)

( 8)

w h ere  A 4, B 4, C4 s ta n d  for tim e  d e riv a tiv e s  o f А ,  В , C, re sp ec tiv e ly . S u b 
tra c t in g  E q . (6 ) fro m  (5), (7) from  (6 ) an d  (5) from  (7), we get

A u R44 I a 4c 4 B 4C4

A В + AC BC

B 44 C44 1

c
BtA 4 C4A 4

В BA CA

C4 4 _ A 4 4 . c 4ß 4 A 4 B 4

С А  CB A B

(9)

( 10)

( И )

F u r th e r  su b tra c tin g  (11) from  (9), we get

R 44 , C«i I 2 Д4С4 _  2A u  A 4C4 A 4B4
В  С ^  BC ~  A AC A B  '

( 12)

T h is  e q u a tio n  can  be  w ritte n  in  th e  fo llow ing form

p C) i l 2 - 2
2 A |(B C )4|

l BC  ] 4 1 BC 1 \ a }4 [ a A [ в с
(13)

A c ta  P hysica  A ca d em ia e  Sc ien tia ru m  H ungaricae 4 5 , 1978



SPATIALLY HOMOGENEOUS AND ANISOTROPIC EXPANDING UNIVERSE 301

In te g ra tin g  th is  eq u a tio n , we get th e  fo llow ing  re la tio n  am ong A ,  В  an d  Cl

BC  =  A 2.
T herefo re, w e can  assum e

В  =  A D ,

C =  A D ~ \
w here

D  =  D{t).

(14)

(15)

(16)

(17)

S im plify ing  (5) an d  (8) w ith  th e  help  o f (15), (16), we get th e  
p  and  Q

P
2 A 4i A \  Df] 

А  +  A 2 ^  D2)

eq u a tio n  in

(18)

{?=  3
1 А * 2_ Р 1
\ A j  D2 ' (19)

F u r th e r  in te g ra tin g  eq u a tio n  (10),we g e t th e  f ir s t  in teg ra l

D A 3 ’

w here К  is a n  a rb itr a ry  c o n s ta n t o f  in te g ra tio n .
In  g en era l, th e  p ressu re  p  an d  d e n s ity  q a re  in d ep en d en t th e rm o d y n a m i

cal q u a n titie s  an d  th e  eq u a tio n  of s ta te  can  be  u sed  to  define th e  te m p e ra tu re

T = T ( e , p ) .  (2 i)

H ow ever, fo r b a ro tro p ic  flu id s , we can  assum e th e  e q u a tio n  o f s ta te

P =  (v — i)e -  (22)

W e h a v e  o b ta in e d  below  th e  p e rfe c t f lu id  m odels co rrespond ing  to  
v =  1, 4/3 a n d  2, w hich  rep re sen t th e  ch rono log ica l h is to ry  o f th e  un iverse  
from  th e  p re se n t d ay  b ackw ards.

3. Case I: D ust-filled  universe

In  th is  case v — 1 t h a t  is p  =  0. T h ere fo re  fro m  E qs. (19) a n d  (18),
we get

M « + A f  +  ^  =  o. (23)
A  A 2 * A 6

T he s u b s titu tio n  x =  A 3̂ 2 reduces th e  ab o v e  e q u a tio n  to  th e  fo llow ing form

x 3x u  =  — — K 2, (24)
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w h ich  has th e  f ir s t  in te g ra l
3 K 2
4 a 2

+  L
1/2

w h ere  L  is an  a r b i t r a r y  co n stan t o f  in te g ra tio n . F u r th e r  in te g ra tio n  o f  th is  
e q u a tio n  yields

(t +  M f  -  — )
4L2

oc2 =  L <

w h ere  M  is an  a rb i t r a ry  c o n s ta n t o f  in te g ra tio n , or

A 3 =  L

T h ere fo re , from  E q ., (19)

. 3 K 2
(25)

3 { (‘ +  M ) * - f ) '

N ow  as t —*■ 0, Q —>- o o ,  therefo re

M 2 =
3 K 2 
4L2 '

In s e r tin g  th e  v a lu e  o f  M 2 in  th e  a b o v e  eq u a tio n  we get

4
(26)

3(t2 +  2 Mt)

J o h r i and  La l  [13] arrive  a t  th e  sam e re su lt b y  using te t r a d  tech n iq u es . 
In se rtin g  th e  v alue  of M 2 in  (25), we get

a n d  from  E q . (20)

A 3 =  Ü ^ { ( t 2 +  2M t)}2 M
(27)

D — D n
t

t +  2 M

nY's
(28)

T h u s , th e  H e c k m a n n —Schiicking m odel co rrespond ing  to  d u st-f ;iled  u n iv e rse  
h a s  th e  m etric

ds2 =  dt2 -  (t2 +  2 Mt)2’3 dx1
2 M

2//3
dy2

I — 2//3

(t +  2 M )|
dz2 ■ (29)

T h is  m odel is ch a rac te rised  b y  th e  follow ing p ro p erties  
(i) T he ex p an sio n  scalar is g iven  b y

9 =  i u i  =  -  <, +  m)
3 (t2 +  2M i)
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T his show s th a t  th e  ex p an sio n  sca la r goes on decreasing  w ith  tim e  m ore 
ra p id ly  as co m p ared  to  F r ie d m a n n  m odel.

(ii) T he sh e a r scalar

a2 =  —
2 1

w here

otj =  Щ-j — 0(gij UjUj) =  3 Dl
D2

(30)

or
4 M 2

(t2 +  2 M i)2 ’

(iii) I t  is obv ious from  E q . (26) th a t  th e  den sity  o f m a t te r  decreases
К

m ore ra p id ly  in  th e  H eck m an n  — Schiick ing  case th a n  th e  d e n s ity  q =  —  

in  th e  F rie d m a n n  m odel.
(iv) T he re la tiv e  a n iso tro p y  can  be o b ta in e d  w ith  th e  h e lp  o f (26) an d  

(30). W e get
3 M 2

в ~  (t2 +  2M t)

w h ich  is th e  ra tio  o f  th e  an iso tro p ic  energy  fo r th e  m a tte r  to  th e  to ta l  energy .
T h is shows th a t  in  a d u s t filled  un iverse , th e  an iso trop ic  en erg y  d en sity  

decreases ra p id ly  w ith  tim e  in  com parison  w ith  th e  to ta l  en e rg y  d en sity  of 
th e  u n iv e rse .

4. Case I I  — R ad ia tio n -filled  universe

I n  th is  case v =  4/3. T his im p lies p  =  qj3. T h is v a lue  o f  v co rresponds to  
a ra d ia tio n -d o m in a te d  epoch o f  th e  un iverse .

W e have fro m  E q s. (19) a n d  (18)

^44
A

+  4  +  1 3 _ 0 .
A 2 3 D2

(31)

In s e r tin g  th e  v alue  o f R í
D

in  th is  e q u a tio n  a n d  p u ttin g  A 2 =  X  we have

X 2X 44 =  -  - -  K \  
3

w hich h as  th e  f irs t in te g ra l

X, =  14 K 2
3X

+  L
1/2
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w here  L  is an  a r b i t r a r y  c o n s ta n t o f in te g ra tio n . F u r th e r  in te g ra tio n  yields

dx
— t +  M ,

w h ere  M  is an  a r b i t r a r y  c o n s ta n t o f  in te g ra tio n  o r 

4 K 2
3 L 3'2

[A '  +  A '3 -  log (A ' +  A '2 +  1)] =  t +  M , (32)

w here A '
3 L

F rom  E q . (19) w e ge t
4JC2

g =  « M '4,

A .

w h ere  a  is an  a r b i t r a r y  c o n s tan t o f in te g ra tio n .
In se rtin g  th e  v a lu e  o f A '  in  E q . (32), we h av e

4 K 2 I х
1/4 a 3/4 f , /« 1/4 'a 1/2V

\ e
+

Q
- l o g ! + -

,
+

Q3L3/2

N ow  as we go b a c k  to  p rim o rd ia l s in g u la rity

Q -*  со as t —* 0.
T herefo re

ocI q ->-0 as t —> 0.
H en ce  M  =  0.

In se rtin g  th e  v a lu e  o f M  in  E q . (33), we get 

4 K 2

■— t AI, (33)

a 1/4 í « i3/4 f, ( a ) 1/4 ( a ) 1/2) l
+ — — log ! +  -  + -

Q l e j e e3 L 3'2

T h is  m odel is c h a ra c te r ise d  b y  th e  follow ing p ro p e rtie s
(i) The d e n s ity  q is given b y  E q . (34).

(ii) The e x p a n s io n  sca lar is g iven  b y

(34)

w h ere  К ',  K"  a re  a rb i t r a ry  c o n s ta n ts . T his show s th a t  expansion  goes on 
decreasing  w ith  t im e  m ore ra p id ly  as com pared  to  th e  F ried m an n  m odel, 

(iii) The sh e a r  sca la r is g iven  b y

x \ - 3'2 
— JS. I —

A e U
2 _  3-K2 _  K „

w here  K'" is a n  a rb i t r a ry  c o n s ta n t.
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(iv) T he re la tiv e  an iso tro p y  is given by

- 1/2

w here  K x is an  a rb i t r a ry  c o n s ta n t.
T h is shows th a t  in  th is  case, th e  an iso trop ic  energy  d e n s ity  decreases 

m ore ra p id ly  w ith  tim e  th a n  th e  to ta l  energy d e n s ity  of th e  un iverse .

5. Case I I I  — Superdense un iverse

Z eld o v ic h  gave th e  e q u a tio n  o f s ta te  fo r s t if f  m a t te r  b y  choosing 
V =  2, th a t  is p  =  Q.

F ro m  E q . (19), (20) an d  (18) we get

i i i l  + 2 
A

=  0 (35)

w hich  h as  th e  f irs t  in teg ra l
A 2A ,  =  a \

w here a' is an  a rb i t r a ry  c o n s ta n t o f  in teg ra tio n .
F u r th e r  in te g ra tio n  yields

A 3 =  (cq t +  b),

w here o15 b are a rb i t r a ry  co n s ta n ts  o f  in teg ra tio n .
In se r tin g  th e  v a lu e  o f A  in  E q . (20) and  in te g ra tin g  we ge t

D =  D 0(a^t -j- b)K,

w here D 0 is an  a rb i t r a ry  c o n s ta n t o f  in teg ra tio n .
In se r tin g  th e  v a lu e  o f A  an d  D  in  E q . (19), we have

(36)

(37)

Q = ------ , (38)
K t  +  6)2

w here a  is an  a rb itr a ry  c o n s tan t.
T h u s  we get th e  follow ing m e tr ic  fo r th e  superdense  sp a tia lly  hom o

geneous a n d  an iso tro p ic  un iverse

ds2 =  dr2 -  aî(r2P> dx2 +  x2P’- dy2 +  t2p* dz2), (39)

w here  r  =  (cq t +  b) an d  p v  p 2, p 3 a re  a rb itra ry  c o n s ta n ts  an d

Z P i = P i  + P 2 +  Рз =  !»
1 1 (4°) 

Z p f  =  P Í +  PÎ  +  PÏ  =  ±  +  2 K 2 ^ ± .

A c ta  P hysica  A cadem iae S c ien tia ru m  H u n g a rica e  4 5 , 1978



306 V. B. JO H R I et al.

M oreover from  E q . (8), (38) an d  (40), we have

Z p f  =  1
2x
al

w h ich  im plies E  p \  1, since a  is a positive c o n s ta n t. T hus l ^ > E p f
3

This is o b v io u sly  a g en era lisa tio n  o f th e  K asn e r m odel for e m p ty  un iverse  

ds2 =  dt2 -  t2p' dx2 -  t2p< dy2 -  t2p> dz2,

Z Pi =  1, E p f = l .
w h ere

The lim its o f  E  p \  obtained above obey the restrictions prescribed by  
L al  [14] for non -em p ty  universe.

This shows t h a t  th e  K asn e r’s m etric  can  also  rep re sen t th e  superdense 
s ta g e  of un iverse  p ro v id ed  th e  ind ices  p t sa tisfy  (39).

M oreover th e  ab o v e  m etric  (39) is tran sfo rm ab le  to  th e  m e tric  ob tained  
b y  R oy and S in g h  [11]

ds2 =  L 2T l~a'(dT2 -  dx2) -  TQ+Qdy2 -  T i1 “>dz2.

B y  using  th e  fo llow ing  tra n s fo rm a tio n

UjdT —<- x~Pi dr,

« i{ o i( l  — Pi ) } P 2
(1 - P i )

dy  — dy,

« l W 1 — P i)}  —— — : dz — dZ, 
(1 — Pi)

where L =  { a / ‘(l -  p)}
(1 -  P i ) ’

(3 p i -  1) 
(P i -  1) ’

P 2= } d - Pl){i + 3 p i - l
P i

Ps =  j  (!  -  P i ) ] 1 -
3p i
P i

T h is  model is ch a rac te rised  b y  th e  following p ro p ertie s .
(i) The d e n s ity  a is g iven b y  E q . (38).
(ii) The e x p a n s io n  scalar is g iven  by

0 = ------^ ----- .
3 (cq t - f  b)

T h is  shows th a t  th e  expansion  goes on decreasing  w ith  tim e ,
(iii) The sh e a r  scalar is
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or
3 K 2

K *  +  b)2 '

(iv) T he re la tiv e  a n iso tro p y  in  th is  m odel is g iven  by

—  = K \  (41)
e

w here K '  is an  a rb itr a ry  c o n s ta n t. T his show s th a t  un like  th e  cases of th e  
dust-filled  an d  ra d ia tio n -d o m in a te d  un iverse , th e  an iso trop ic  energy  density  
in  th is  case is p ro p o rtio n a l to  th e  to ta l  energy  d e n s ity  of th e  un iverse .

6. P e r tu rb a tio n  in  superdense un iverse

T he d en sity  p e r tu rb a tio n  in  th e  un iverse  h a s  b een  d iscussed  b y  m any  
au th o rs  [15 — 23]. W e h av e  also derived  lin ea r d e n s ity  p e r tu rb a tio n  in  a super- 
dense un iverse  ta k in g  (1) as th e  b ack g ro u n d  m odel.

T he m ass co n se rv a tio n  eq u a tio n  is given b y

Qi  =  -  ( P  +  Q) 6- (42)

In  a p e r tu rb e d  u n iv erse , we assum e th a t  th e  line  e lem ent ta k e s  th e  form

ds2 =  dt2 -|- 2git dt dx‘ -|- g /д. dx‘ dxk, (i =  1, 2, 3),

w here th e  g4i te rm s  m ake allow ance for th e  p resence  o f v o r tic ity  and /o r a 
tra n s la tio n a l v e lo c ity  re la tiv e  to  th e  fram e o f iso tro p y  o f th e  u n p e rtu rb e d  
un iverse .

F o r th e  u n p e r tu rb e d  m odel, we h av e  to  o u r o rd e r o f ap p ro x im a tio n

( o  —  0 ,

3o2 =  в2 — 3(0n 022 +  022033 +  0330u ). (43)

W e in tro d u ce  th e  co n d en sa tio n  p a ra m e te r  S b y

в =  É?o(l +  S) (44)

an d  using  E qs. (41), (42), (43), in  th e  v a r ia tio n  o f th e  R a y c h a u d h u ri eq u a tio n  
fo r th e  superdense s tag e  o f  un iverse ,

Ô04 +  -J-002 4  2ó<T2 +  2 ó p =  0, (45)
О

we get

s 44- | - ^ s 4 - ( 4 i< : 'e  +  2 e) s  =  o. (46)
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In s e r t in g  the  v a lu e  o f  q from  E q . (28) and p u tt in g  (eq t b) =  T  in  (46), 
w e h a v e

T 2STr -  — T S t -  K tS  =  0,
3

w h e re  K 1 is an  a rb i t r a ry  c o n s ta n t a n d  S t , S tt s ta n d  fo r d e riv a tiv e s  o f  S  w ith  
re s p e c t to  T, w h ich  y ields th e  so lu tio n

S  =  C1 T<5+^26+3eK‘)/6 _|_ C2T<6“ f 25+36Ki>/6.

T he firs t te rm  on  th e  r ig h t h a n d  side rep re sen ts  a grow ing m ode o f  th e  
d e n s ity  p e r tu rb a tio n  b u t  th e  seco n d  te rm  decays w ith  tim e .
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COUPLED ELECTROMAGNETIC AND SCALAR FIELDS 
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A class o f e x ac t D on-static  so lu tions o f  th e  re la tiv is tic  field  e q u a tio n s  fo r coupled 
e lec tro m ag n e tic  a n d  zero re s t  m ass sca lar fields is o b ta in e d  fo r th e  sp ace-tim e  defined  by 
th e  m o st genera l cy lin d rica lly  sy m m etric  m etric  o f  M a r d e r .

1. In tro d u c tio n

T he s tu d y  o f e lec trom agnetic  fie lds coup led  w ith  m eson fie lds h as  assum 
ed considerab le  im p o rtan ce  in  th e  fie ld  o f h igh  energy  p a rtic le  physics. O ften 
source-free e lec tro m ag n etic  fie lds are  considered  w ith  m eson fie lds (viz., 
zero re s t  m ass sca la r fie ld , m assive sca la r fie ld ). T h e  zero re s t  m ass scalar 
fie ld  describes long-range in te rac tio n s  w hereas th e  m assive sca la r fie ld  rep re 
sen ts  sh o rt-ra n g e  in te ra c tio n s . A t p re se n t w e consider th e  zero re s t  m ass sca lar 
f ie ld  coup led  w ith  e lec trom agnetic  fie ld  fo r a cy lin d rica lly  sy m m etric  space- 
tim e  d e fin ed  b y  th e  m e tric :

ds2 =  е2<“- « ( Л г -  d Q2) -  o2e ^ d r p 2 -  eW +гШ .  (1.1)

F o r  th e  m e tric  g iven  b y  (1.1) th e  co m p o n en ts  o f  R icci ten so r are :

R l 2  =  R a  =  R ‘13 —  ^ 2 4  =  ^ 3 4  0 .

T herefo re , from  th e  w ell-know n E in s te in —M axw ell eq u a tio n s , th e  com ponen ts 
o f  e lec tro m ag n etic  energy  m o m en tu m  te n so r  are

F j2  =  E 13 =  E 23 =  E 24 =  E 3i =  0,

w hich  leads to  th e  follow ing re s tr ic tio n s  on th e  e lec tro m ag n etic  f ie ld  ten so r 

F u  — F 23 — 0, F 12F 13 F 2iF 3i — 0. (1-2)

Im p o sin g  th is  se t o f  re s tric tio n s  on th e  e lec tro m ag n etic  fie ld  a class o f ex ac t 
n o n -s ta tic  so lu tions o f  th e  E in s te in —M axw ell eq u a tio n s  fo r regions c o n ta in in g  
an  e lec tro m ag n etic  fie ld  b u t  no m a tte r  has a lre a d y  b een  o b ta in ed  [1].
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I n  th e  p re se n t in v es tig a tio n  w e consider a zero re s t m ass sca la r fie ld  
c o u p led  w ith  e lec tro m ag n etic  fields ch a rac te rized  b y  (1.2) and  o b ta in  a class 
o f  e x a c t n o n -s ta tic  so lu tions for th e  M a r d e r  m etric  (1.1) [2] in  th e  follow ing
cases:

(i) ^13 = f 24 =  0, (ii) F 12 — F 34 — o ,

(iii) F v з =

o
'IIьГII&Г (iv) J4 to II CO II F 3i =  o ,

(v) F 24 — F 3i — 0, (vi) F 12 — F 13 — F  24 =  0.

I t  is  found  th a t  th e  so lu tions in  th e  cases from  (iii) to  (vi) co rrespond  e ith e r  
to  th e  solu tions o f  case (i) or to  th o se  o f case (ii). A n ex ac t n o n -s ta tic  so lu tio n  
o f  th e  fie ld  e q u a tio n s  o f general r e la tiv ity  c o n ta in in g  only zero re s t  m ass 
s c a la r  field has also  been ob ta in ed .

2. F ield  equations

In  th e  p resen ce  of coupled e lec trom agnetic  and  zero re s t m ass sca la r 
fie ld s , th e  genera l re la tiv is tic  fie ld  eq u a tio n s are:

Rxr -  {  R g *  =  -  M * V  +  TV). (2.1)£

T h e  en erg y -m o m en tu m  tensors E ^  and  T Д|1 co rrespond  to  th e  source-free 
e lec tro m ag n etic  a n d  sca lar fie ld , re sp ec tiv e ly , an d  are  given as

* v  =  -  F * n  +  T * * F ‘*F * ’ (2 -2)4
an d

T V  =  v -  j g ^ v , ^  ( 2 . 3 )

w here  th e  e lec tro m ag n etic  fie ld  te n so r  * v  an d  th e  sca lar fie ld  V  sa tis fy  th e  
re la tio n s:

TV  — A^,ß A ^  , (2.4)

F % =  0, (2.5)

=  0. (2.6)
H ere  com m a a n d  sem icolon d en o te  p a r tia l an d  co v a rian t d iffe ren tia tio n s , 
respective ly .

U nder th e  re stric tio n s g iven  b y  (1.2), th e  non -v an ish in g  com ponen ts 
o f  th e  fie ld  te n s o r  F ^  can  be d eriv ed  only  from  th e  tw o co m p o n en ts , A 2 an d  
A 3, of th e  4 -p o te n tia l A ß . F o r convenience w e ta k e

A 2 =  <p, A 3 =  i p , (2.7)
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an d  hence we h av e

— <Pit F i3— Vi» ^24 — f i i  F 3i — y)t . (2.8)

H ere  and  h e re a f te r  th e  low er suffixes 1 an d  4 a fte r  a fu n c tio n  in d ica te  a p a r tia l  
d iffe ren tia tio n  w ith  re sp ec t to  q and  t re sp ec tiv e ly . T ak in g  all fie ld  v a riab les  
as func tions o f  Q an d  t a lone, i t  is found  th a t  th e  fie ld  equ a tio n s (2.1), (2.5) 
a n d  (2.6), th e re fo re , red u ce  to  th e  fo llow ing:

744 ~  7 i* i — 74*4 +  %ßiYi +  %ßiYi +  ßl  +  ßl  +  7 4 ------------— =
Q

Г^2 i „,2 2 I 2
4л f } ± f i  +  Ï L ± f ±  , V 2 , V 2

,  T - e w + v )  - r  y  1 +  y  4L o2e-V‘

(2.9)

714 —  7 4 « ! — 7 l* 4  +  ^ ß l f i  +  2/34y 4 -f- 2ß-iß i -f- y 4y4 ---- — =

=  — 8л f l f i f i f i

p2e - 2 P e 2 ( ß + y ) +  VyVi
(2.10)

«44 -  7 n  +  744 -  2/3x71 +  2 /34 y4 -  ßl +  ß l -  7 ? +  y j =

=  — 4л: f l -  f l  _  f l  -  f l  _  T/2 , J/2
g2e -2ii e2(^+y) 1 ' 4

(2. 11)

— a n  -f- a 44 +  2ßn  — 2 /344 — ß\  -|- ß\  -|— — =

=  4 л Чт -  Í4 V?-V4 , v \ ~ V \
L 92e - ^ p 2 (0 + y )

(2 . 12)

7 n  7 ia i 74*4 +  ZßiYi 4~ 2/3 4y4 +  /З4 +  /?4 +  y f ------1 :

2 I 2
f l  +  f l  .................=  — 4я Û : ~ 7 4 +  ^  у  уч V 2 F 2

e2e - ^ р2(0+ У )

(2.13)

— У4 4 ------ - — — (2/3j -f- y4) ç>4 - f  (2/34 -|- y4) <p4 , (2.14)
в

f i i  —  f a  +  ~  =  (2/34 +  y4) f 1— ( 2 ß i  +  У4) f i ,  (2.15)
Q

v n  -  v u  +  Y iv i ~  Y iV i + ~  =  0. (2.16)
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3. Solutions of th e  fie ld  equations

S u b tra c tin g  (2.9) from  (2.13) w e o b ta in

У u  — У н  +  Ух — y t  +
,2 „.2 I ^Ух _  Q (3.1)

A lso, s u b tra c tin g  (2.11) from  (2.12) a n d  m ak in g  use o f (3.1) we have

ß i i  ~~ ß u  +  ßxVx ~~ ß i V i  +
1̂ 1 — Гг 4я r < p l-< p l  v i  -  v V

o2e - 2e e2(/S+y) (3.2)

T h erefo re , th e  p rob lem  o f so lving th e  E q s . (2.9) —(2.16) reduces to  th e  p rob lem  
o f so lv ing  th e  E qs. (2.9), (2.10), (2.11), (2.14), (2.15), (2.16), (3.1) an d  (3.2). 
T h e  E q . (3.1) corresponds to  th e  w ave e q u a tio n  in  cy lin d rica l co o rd in a tes  
fo r th e  fu n c tio n  eY an d  has a so lu tio n

ev =  — sin  P  cos Q, 
Q

(3.3)

w h ere  P  =  uq -f- p ,  Q =  u>t -f- q a n d  A ,  w, p ,  q are a rb itra ry  c o n s ta n ts . T h e  
so lu tio n  (3.3) avoids th e  occurrence o f  s in g u la rity  a t  g — t — 0. F o r  th is  so lu 
tio n  o f  y  th e  E q . (2.16) prov ides a so lu tio n  for scalar fie ld  as follow s:

ev =  B  cosec P  sec Q, (3-4)

w h ere  В  is also an  a rb itra ry  c o n s ta n t. F u r th e r , i t  is d ifficu lt to  solve in  gen era l 
th e  rem a in in g  eq u a tio n s  ta k e n  in to  consid era tio n  due to  th e ir  n o n -lin e a rity . 
I n  th e  p re se n t p a p e r  we, th e re fo re , solve th e m  in  p a r tic u la r  cases.

F ro m  (1.2) an d  (2.8) we o b ta in

<PiV>i =  » ,  ( 3 - 5 )

w h ich  is id e n tic a lly  sa tisfied  in  th e  fo llow ing cases:

(i) Vt =  9>4 =  °>
(ii) щ  =  <p1 =  0,

(iii) V l  =  V 4  =  <P 4 =  °>

(iv) Vi =  V4 =  Vi =  0,

(v) Vi =  V4 =  V4 =  0,
(vi) Vi =  V4 =  Vi =  0.

I n  th e se  p a r tic u la r  cases we now  solve th e  rem ain ing  e q u a tio n s  to  d e te rm in e  
a , ß, (p an d  rp.
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Case ( i )

In  th is  case <p is a fu n c tio n  o f  g and  i p  a fu n c tio n  of t. I t  we tak e

", = 2 7 s ; c'> s P - <3-6)

<3-7)

th e n  from  (2.14), (2.15) and  (3.2) we get

eß =  ад cosec P,  (3-8)

w here a is a n o th e r  a rb itra ry  c o n s ta n t. F o r th e  know n va lu es  o f  V, ß, y, q> 
an d  y> as above, th e  E q s . (2.9) an d  (2.10) ta k e  th e  form

ж, =  (4л: — 1) со cot P  — ,
e

a 4 =  — 4лсо ta n  Q,

from  w hich we h a v e  th e  so lu tion

ea =  bg cosec P  (sin P  cos Q)*", (8-9)

w here b is also a n  a rb itr a ry  c o n s ta n t. F o r « g iv en  b y  (3.9) th e  E q . (2.11) 
is id en tica lly  sa tis fied .

Case ( i i )

In  th is  case cp is  a fu n c tio n  o f t and  гр  a fu n c tio n  of g. I f  we ta k e

® = -----=zr- sin  Q. (3.10)
Г 2 1/2 na

\p =  — a  ■■ C O S  P, (8-11)
y 2 ) 2 я

th e n  from  th e  g iven  eq u a tio n s  we have

eß = a g  sec Q, (3.12)

e1 =  bg sec Ç(sin P  cos Q)4л. (3.13)

Case ( i i i )

In  th is  case ip is a fu n c tio n  o f  g. I t  we ta k e

œ = -----= —cos P. (8-14)
*  2 V na

th e n  ß  an d  a  are g iven  b y  (3.8) an d  (3.9), re sp ec tiv e ly .
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Case ( iv )

I n  th is  case cp is  a  fu nc tion  o f  t. I f  we take

<Г =  — ^ s i n  Q,
2 \ na

th e n  ß  an d  oc are  g iv en  by  (3.12) a n d  (3.13), re sp ec tiv e ly . 

Case ( V)

In  th is  case ip is  a function  o f  g. I f  we take

uAip =  ——  cos P,
2 ]J n

th e n  ß  and a are  g iv en  by  (3.12) a n d  (3.13), re sp ec tiv e ly . 

Case fv i )

In  th is  case ip is a fu nc tion  o f  t. I f  we tak e

oA  .

(3.15)

(3.16)

(3.17)

th e n  ß and  a are g iv en  by  (3.8) a n d  (3.9), re spec tive ly .
In  th e  absence  of th e  e lec tro m ag n etic  fie lds we tak e

cp =  ip =  0, (3.18)
a n d  E q . (3.2) red u ces  to

ß n  -  Ä 4 +  ßiYx -  ßiY* +  =  0. (3.19)g

A fte r  m aking use  o f  (3.3), it  c an  be  re c a s t in  th e  fo rm

ß n  — ßi4 +  ßit0 co t P  +  ßiM ta n  Q — ~  co t P ---- -- ’ (3.20)
о o2

w h ic h  provides th e  solu tion

=  cg cosec P  sec Q. (3.21)

F o r  th e  know n v a lu es  of y, V  a n d  ß  g iven b y  (3.3), (3.4) and  (3 .21), re sp ec ti
v e ly , the  fie ld  eq u a tio n s  (2.9), (2.10) and  (2.11) u n d e r th e  co n d itio n  (3.18) 
red u ce  to

, _  w cot P  cosec2 P  1
a , =  4лсо co t P -------------------------------- ----- , (3.22)

co t2 P  -  t a n 2 Q 9

со ta n  Q sec2 Q . .
oc, =  — 4тгсо t a n  Q --------------------------- , (3.23)

co t2 P  -  t a n 2 Q

a n  — «44 =  (1 — 4 я) w2(cot2 P  — t a n 2 Q ) -----— . (3.24)
e2
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F ro m  (3.22) a n d  (3.23) we h a v e  th e  so lu tion

e* =  E q(c o t2 P  — ta n 2 0 ) (sin P  cos Q)4rl, (3.25)

w h ere  E  is an  a rb itra ry  c o n s ta n t. F o r a g iven b y  (3.25) th e  E q . (3.24) is id e n 
tic a lly  sa tisfied .

In  th e  absence of the  zero re s t  m ass sca la r fie ld  th e  n o n -s ta tic  so lu tions 
[1] o f th e  fie ld  equ a tio n s re p re se n t un ifo rm  elec trom agnetic  fie lds w hich are  
th e  tra n s fo rm s  o f th e  “ hom ogeneous”  electric  or m agnetic  fie ld  o f  L e v i -C i v i t a  

[3]. As th e  so lu tio n s o f y and  ß  in  (3.3), (3.8) an d  (3.12) are th e  sam e as g iven  
in  [1], th e  on ly  so lu tions (3.9) a n d  (3.13) for a  give a p ic tu re  o f th e  in te ra c tio n  
b e tw een  e lec trom agnetic  and  zero  re s t  m ass sca la r fields.
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The paper deals with one-ports represented by an equation involving two conjugated 
variables and their derivatives. The consideration does not require the a priori knowledge of 
thermodynamical concepts; energy, dissipation and reversibility are treated in terms of directly 
measurable input-output variables. A passivity concept is established on cyclic processes. 
A generalized energy function using a theorem on boundedness of the work in constructed. 
The work is partitioned into two terms: a reversible and an irreversible one. The laws of ther
modynamics are reformulated for these systems. The results are applied to special cases.

1. P re lim inaries

Rational thermodynamics

C ritic iz ing  th e  conven tiona l th e rm o d y n a m ic a l tre a tm e n ts , T r u e s d e l l  [1] 
developed  a n o th e r  tre a tm e n t w h ich  w as in te n d e d  to  give “ e x a c t m ean ing”  
to  th e  law s o f  th erm o d y n am ics b y  using  th e  fo rm alism  of m o d ern  co n tin u u m  
m echan ics. In  th a t  tre a tm e n t th e  c o n s titu tiv e  ax iom s p lay  th e  ro le  o f th e  
m a te r ia l eq u a tio n s  o f th erm o d y n am ics: th e y  d e te rm in e  th e  d ependence  of 
th e  m o m en tan eo u s values o f d e p e n d e n t v a riab le s  in  th e  h is to ry  o f  in d ep en 
d e n t v a riab les . T he re la tions are  g iv en  in  fu n c tio n a l form .

T r u e s d e l l ’s tre a tm e n t in d u ces  som e re m a rk s . O bviously , th e  law s o f 
th e rm o d y n a m ic s  a re  u n iv e rsa lly  v a lid  in  ev e ry  case, even  th o u g h  th e i r  m a th e 
m a tic a l fo rm u la tio n  m ay  depend  on  th e  c o n s titu tiv e  equ a tio n s o f  th e  m odel 
considered . B elow  we d e m o n s tra te  th e  a p p lic a b ility  o f  th e  law s o f  th e rm o 
d y n am ics  to  r a th e r  general, n o n lin e a r, n o n id ea l system s.

P ra c tic a l d raw backs of th e  ra tio n a l th e rm o d y n am ics a rise  fro m  th e  
d ifficu ltie s  acco m p an y in g  th e  u se  o f  fu n c tio n a ls . I n  special cases one m u st 
re s tr ic t  oneself to  c o n s titu tiv e  re la tio n s  invo lv in g  fu n c tio n s alone.

To describe  irrev e rs ib ility , T r u e s d e l l  in tro d u ces  th e  “ h e a tin g  b o u n d ”  
as a p r im itiv e  co n cep t: “ T he ir re v e rs ib ility  o f  n a tu ra l  processes is rep re sen ted  
b y  th e  ex is ten ce  o f  an  a p rio ri le a s t  u p p e r  b o u n d  В  fo r th e  h e a tin g  Q,\  ([1], 
page  9). U sing th e se  concepts th e  second  law  is w r it te n  in  th e  fo rm

Q <  в. (l)
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318 H. FARKAS

T he n o tio n  “ h e a tin g ”  is used  here in  th e  m ean ing  o f  h e a t c u rre n t (h ea tin g  
pow er).

F in a lly , no te  t h a t  th e  role o f in d e p e n d e n t v a riab le s  an d  th a t  o f d ep en d en t 
v a r ia b le s  are no t e q u iv a le n t: th e  h is to ry  o f th e  fo rm er determ ines th e  v alue  
o f  th e  la t te r  a t  a m o m e n t. This a sy m m e try  is ra th e r  u n ju s tif ie d . F o r  exam ple , 
in  e lec tro techn ics one d eals  no t on ly  w ith  capac ities b u t  also w ith  in d u c tiv itie s .

Network thermodynamics

T he th eo ry  d ev e lo p ed  in  recen t y ea rs  ad a p ts  th e  language an d  fo rm alism  
o f e lec trica l n e tw o rk  to  general p h y sica l system s. C oncepts o rig in a tin g  from  
th e rm o d y n am ics  as w ell as from  co n tro l th e o ry  a re  also in tro d u c e d  [2, 3]. 
In  th e  lite ra tu re  o f n e tw o rk  th e rm o d y n am ics  local fo rm u la tio n  is p re fe rred  
(w ith  respect to  tim e).

I n  th is  p ap e r som e ideas from  b o th  o f th e se  th eo rie s  w ill be used . Con
s id e ra tio n  will be fo cussed  on th e  b e h a v io u r o f th e  sy s tem  as a w hole: com po
s itio n  w ill no t be ta k e n  in to  aco u n t. T h e  t re a tm e n t is based  on g lo b a l fo rm u l
a tio n  (in tim e).

2. A general m odel of o n e-p o rt

T he in v e s tig a te d  system  is rep re sen ted  b y  a one-p o rt th a t  is a  b lack  
b o x  w ith  tw o s im u ltan eo u sly  m easu rab le  q u a n tit ie s :  e and U. T hese q u a n ti
t ie s  m ay  depend  u p o n  tim e : e(t), U(t), and  th e y  are  co n ju g a ted  to  each  o th e r. 
T h a t  m eans th a t  th e  e lem en ta ry  w ork  done on th e  sy stem  is: U de, w hile  th e  
w o rk  from  tim e  t 0 to  tim e tL:

T h is  re la tio n  is a ssu m ed  to  be v a lied  for a rb itr a ry  processes and  n o t  on ly  for 
“ q u a s is ta tic ”  ones. T h e  q u a s is ta tic  o r n o n s ta tic  c h a ra c te r  o f p rocesses w ill 
be  m en tioned  la te r .

A n e q u a tio n  o f  th e  ty p e

U<m>= f (U ,  Ü, . . ., t/<m e, è, . . ., e<">) (3)

is assum ed  to  he  v a lid  for th e  sy stem . T h is e q u a tio n  w ill be re fe rred  to  as 
the equation o f  motion o f  the system. In  a d d itio n , assum e th a t :

i) i t  th o ro u g h ly  charac terizes th e  system ;
ii) i t  has th e  sim plest possib le  form ;

iii) th e  fu n c tio n  f i s  co n tinuous.

iv) 9 /
Эе(п)

0 .
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Examples

A) Let the system  be an electrical one-port w ith  two poles. Then U  is the  
voltage betw een the tw o poles, whle e is the charge carried to the p ositive  pole.

B) Let the system  be a rod along the x  axis and be fixed  at one o f  its ter
m inals. Then U is the force exerted on the free term inal, w hile e is the coor
dinate o f the free term inal, provided th at both the force and the displa
cem ent are in the direction x.

N ote th a t any electric one-port consisting o f arbitrarily connected simple 
tw o-poles (capacities, in ductiv ities, resistances) of fin ite num ber leads to  an 
equation o f the type (3.). A similar statem ent is true for m echanical one- 
ports consisting of usual sim ple v iscoelastic models.

N ow  therm odynam ic ideas w ill be applied to our system . Particular 
account w ill be paid to the problem of reversib ility  — irreversibility .

D ue to  the equation o f m otion (3), it  is reasonable to  define the state of 
the system  as a vector r w ith  the coordinates

( U(,) for i =  0 , 1 , . . m — 1 ,
Ti =  \ (4)

(e('-pi) fo r i =  m, m -(- 1, . . ., m n

(e^l\  denote tim e derivatives of i-th  order.) The state space R m + n + 1  has 
m  -f- n -f- 1  dim ensions.

A process taking place from  tim e tx to  tim e i2  is an ordered pair o f func
tions { U(t), e(t)} continuously differentiable up to m-th and ra-th order, re
spectively , such that the equation of m otion is satisfied. A continuous curve 
г =  r(t) in  the state space is associated to  any process w ith  the initial state 
r1 = r ( i1) and the end state r2 = r ( t 2). Let g = { U ( t ) ,  e(t)} be a process during the  
tim e in terval [f15  ta]. For th is process we w ill use the following short notations:

Ug — U(t); eg =  e(t); (5)

(r n  fi ) - ^ ( r 2> h)- (6)

A cycle is a process for w hich the end sta te  is identical to  the in itia l state: 
(ги, íj) -Д- ( r 0, i2). A nullprocess is a process during which the sta te  remains 
constant: r(t) =  constant. O bviously such a state  r must be an equilibrium 
state th at is U — constant, e =  constant.

I f  (rl5 tj) A*- (r2, t2) and (r2, t2) -Д- (r3, t3) are two processes, then  their  
union l — g U h is also a process: (rl5 £г) (r3, t3), where

u , = \U g for ^   ̂ 2̂’
U„ for t 2 < , t  <, i3.

e g
for

el —
eh for *2 ^  t ^  *3"

This statem ent can easily  be proved using the continuity conditions.
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T here  are  c o n tin u o u s  curves in  th e  s ta te  space  to  w hich no process 
belongs. F o r ex am p le , an y  co o rd in a te  ax is is such  a line in  case o f n >  0 
an d  m  >  1.

Processes in d u ce  a c lassifica tion  o f th e  s ta te s ;  p u tt in g  tw o s ta te s  r  a n d  
e in to  th e  sam e class i f  th e re  ex ists  a process w ith  in it ia l  s ta te  r  and  end  s ta te  s 
as w ell as a n o th e r process w ith  in itia l s ta te  s an d  en d  s ta te  r . In  th is  case we 
say  th a t  th e  tw o  s ta te s  a re  accessible from  each other. A su b se t В  o f th e  s ta te  
space w ill be called  connected set with respect to processes i f  fo r any  tw o p o in ts  
r , s in  В  th e re  ex is ts  a process g w ith  in itia l s ta te  r  an d  end  s ta te  8 as well 
as a n o th e r p rocess g* w ith  in itia l s ta te  r  an d  end  s ta te  s so th a t  all th e  s ta te s  
in v o lv ed  b y  g o r g* a re  in  B. O bviously , i f  В  is con n ec ted , th e n  any  tw o  p o in ts  
in  i t  are accessible from  each o th e r. T he w hole s ta te  space is no t necessarily  
co n n ec ted  as i t  is easily  seen from  th e  fam ous ex am p le  o f M e i x n e r  [ 4 ] ;  in  
th is  case th e re  is a dam p in g , n o t reex c itab le  in te rn a l degree o f freedom .

O n physica l b ack g ro u n d s i t  is p lausib le  to  p o s tu la te  th a t
A) G iven a fu n c tio n  U(t) co n tin u o u sly  d iffe ren tiab le  m tim es, th e re  ex is ts  

a process g so th a t
Ug =  U(t).

B) G iven a fu n c tio n  e(i) co n tin u o u sly  d iffe ren tiab le  n tim es, th e re  ex is ts  
a  process g* so t h a t

v  =  «(*)•

These p o s tu la te s  rep re sen t a sy m m etry  o f  c e r ta in  k ind  be tw een  th e  
v a riab le s  e an d  U: an y o n e  o f th em  can be reg a rd ed  as input  and  th e  o th e r 
as output.

O ur sy s tem  w ill be called  passive  i f  th e  in e q u a lity

Wg - ^ 0  (8)

is v a lid  for an y  cycle g. I f  th e  in e q u a lity

Wg >  0 (9)

is v a lid  for all th e  cycles b u t  nu llprocesses, we sh a ll say  th a t  ou r sy s tem  is 
dissipative.

T his d e fin itio n  o f  p a ss iv ity  has a g lobal c h a ra c te r  w ith  respect to  tim e : 
i t  re fers to  processes, w hile th e re  is a d e fin itio n  o f  p a ss iv ity  in  ne tw ork  th e rm o 
dynam ics h av in g  local m ean ing  re fe rred  to  a p o in t o f  tim e  [2]. The co n sid e ra 
tio n  below  w ill e lu c id a te  th e  re la tio n sh ip  b e tw een  th e  tw o d e fin itio n s  of 
p assiv ity .

Theorem 1. T h e  sy stem  is passive  i f  an d  o n ly  i f  fo r an y  fix ed  s ta te s  r , s 
accessible from  each  o th e r  th e  w ork  has a low er b o u n d  over all th e  p rocesses 
s ta r t in g  from  г a n d  en d in g  a t  s, th a t  is to  {r, s} th e re  ex ists a c o n s ta n t К  
so th a t
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К  <  Wg fo r all processes o f th e  ty p e

(r, *i) -1*  (s, t2) (10)

(tj, t2 are  a rb itra ry , n o t fix ed ).

Proof  I. I f  th e  sy stem  is  n o t passive , th e n

Wg < 0

h o ld s fo r a cycle g. L et r a n d  s be  s ta te s  co n ta in ed  in  g. L e t h be  th e  process 
c o n sis tin g  o f a process o f th e  ty p e  (r, t 0) (s, tj) an d  N  cycles a ris in g  from
g b y  a p ro p e r tra n s la tio n  o f  t im e  so th a t

( М , ) - * Ч м /+1) i =  1 , 2 ,  . . . , N .

ti+1 — tj — T: d u ra tio n  b e lo n g in g  to  th e  cycle g. Such a p rocess g 0 ex ists  
because  r an d  s a re  s ta te s  accessib le  from  each  o th e r, w hile  th e  ex istence  of 
g/(i — 1 , 2 , . . . ,  N )  follow s fro m  th e  fa c t th a t  o u r system  is a n  autonomous 
one th a t  is th e  eq u a tio n  o f m o tio n  (3) does n o t involve tim e  t ex p lic itly . T he 
w o rk  d u rin g  th e  process (r, t 0) -Д- (s, tN+1) co n s tru c te d  in  such  a m an n e r is:

W h = W g, +  N -  Wg

because  th e  w ork  is in v a r ia n t u n d e r  tra n s la tio n  o f  tim e. S ince N  m ay  be an  
a rb i t r a r i ly  la rg e  in teg e r, th e  w o rk  W h c a n n o t h av e  a low er b o u n d .

Proof  II. L e t r, s be s ta te s  accessible from  each o th e r such  th a t  th e  w ork 
IF ^d u rin g  th e  processes o f th e  ty p e  ( г ^ - Л -  (», t2) does n o t h av e  a  low er bou n d . 
T h en  th e re  is a process (r, i 0) (r, tj) a n d  a process (r, tx) -Д -(s, t2) so th a t

W h <  - 2 \ W &

ho lds. T h e  u n io n  o f these  tw o  processes (s, t 0) —>■ (s, t2) is a cycle, an d  th e  w ork  
asso c ia ted  w ith  i t  is n eg a tiv e :

W, =  Wg +  W h <  0,

th e re fo re  th e  sy stem  c an n o t be  passive.
T h eo rem  1 perm its  us to  in tro d u ce  th e  potential function  (“ en erg y ” ) 

b y  th e  fo llow ing  defin itio n . L e t s be  a fix ed  s ta te  o f a passive sy stem . L e t us 
define  th e  p o te n tia l fu n c tio n  E s ( r )  re fe rrin g  to  th e  s ta te  s as follow s:

E s( r )  =  in f  Wg, (11)
e

w here  g  is a n y  process o f th e  ty p e  (s, tx) (r, t2) (^  <  t 2 b u t  o th e rw ise  a rb i t 
r a ry  q u a n tit ie s ) . B y  T heorem  1, E s(r) ex ists  in  case if  r an d  s are  accessib le 
from  each  o th e r.
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I t  follows im m ed ia te ly  from  th e  d e fin ition  (11) th a t  i f  g is a process w ith  
in it ia l  p o in t s an d  en d  p o in t u , th e n  th e  in eq u a litie s

E s(r) <. E u(r) +  Wg , (12)

E r(u) <  E r(s) +  W g (13)

a re  va lid  prov ided  a ll th e  q u a n titie s  ex ist.
T he p o te n tia l fu n c tio n  E s(r) is defined  over H s, w here  H s is a set connected  

w ith  respect to  processes an d  s £ H s . F ro m  th e  p h y sica l p o in t o f  view  th e  
m o st im p o rta n t case is w hen s is a s ta te  reach ed  b y  th e  system  a fte r  v e ry  
long  tim e  (aged sy stem ). In  th is  case H s consists o f s ta te s  rep ro d u c ib ly  rea lizab le  
s ta r t in g  from  th a t  re ference  s ta te  s. R estr ic tin g  ourselves to  th a t  case, we w ill 
say  th a t  our sy stem  is regular i f  E s(r) does n o t depend  on th e  co o rd in a te
rm+r.+i th a t  is on  e ^  p rov ided  th a t  n  0. R e g u la r ity  is n o t a s tr ic t re q u ire 
m e n t: i t  follows, fo r exam ple , from  th e  c o n tin u ity  o f  E f r )  an d  th e  assu m p tio n  
th a t  th e  value o f e(rC> can  be changed  b y  a f in ite  a m o u n t d u rin g  an  a rb i t r a ry  
sm all tim e in te rv a l. S im ple special sy stem s tu rn  o u t to  be reg u la r in  th is  sense.

F o r a reg u la r sy stem  we defined  th e  fu n c tio n  Ds called  dissipation as

Ds( r)
d E  d r 
d r  dt

(14)

w here  in  th e  r ig h t-h a n d  side th e  te rm  U m u st be e lim in a ted  by  th e  eq u a tio n  
o f  m o tion  (3). I f  D s is co n tin u o u s a t  a p o in t r  £ H s, th e n  th e  in e q u a lity

Ds >  0 (15)

ho lds a t th a t  p o in t. To see th is  le t us suppose fo r a m om en t th a t  D s <( 0. 
F ro m  th is  h y p o th es is  we conclude th e  ex istence  o f a neighbourhood  Я  o f г 
in  w hich D s <  0, an d  ta k in g  a process th ro u g h  r  w ith in  th is  neighbourhood  
H , th e  desired  c o n tra d ic tio n  y ields a fte r  in te g ra tin g  Ds w ith  re sp ec t to  tim e  
fo r th is  process.

Theorem 2. I f  a s ta te  fu n c tio n  E (r) as w ell as th e  q u a n tity

d E  d r  r ,
D =  Uè -\------ • —  =  Uè

d r di

m —2 Q j r
y  _££l  f/0+i) +

Û  317«

Э E
0 U(m *)

• / ( U, . . ., [Я"1” 1); e, . . . , № ) + £
" 3 E

î?o 9e(')

(16)
,0 +  1)

ex is ts  for all e ^ \  an d  fu rth e rm o re , if  th e  q u a n t i ty  D is n o n n eg a tiv e
defin ite , th e n  th e  sy s tem  is passive.

Proof. I t  im m é d ia t ly  follow s from  th e  co n d itio n s th a t  D is in teg rab le  
w ith  respect to  tim e  fo r ev e ry  cycle g , and

D dt >  0, for ev e ry  cycle g.
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Since

Г ---  ■ —  df =  0 fo r ev e ry  cvcle e.
J g d r  di °

i t  follow s th a t  th e  w ork  d u rin g  an y  cycle c a n n o t be n eg a tiv e , th a t  is th e  sy s tem  
is passive.

L ocal d efin itio n  of p a ss iv ity  is based  on th e  req u irem en t th a t  th e  q u a n 
t i t y  D  is n o n n eg a tiv e  d e fin ite  [2]. F ro m  th e  above s ta te m e n ts  i t  follow s th a t  
t h a t  p a ss iv ity  in  th e  g lobal sense is n o t so s tr ic t  a re q u irem en t as p a ss iv ity  
in  th e  local sense, neverthe less for system s o f p h y sica lly  sim ple b eh av io u r 
(e.g. reg u la r system s) th e  tw o  d e fin itions are  essen tia lly  e q u iv a len t to  each 
o th e r.

A process (r, ij) (s, t2) is called  reversible i f  a n o th e r  process 
(e, t2) (r, t3) so th a t

W g  +  W g * =  ° -

O bviously , g is also reversib le , an d

E s(r) =  Wg> =  — Wg

ho lds fo r an y  passive sy stem .

3. R em ark s and  problem s

1. T he system s in v e s tig a te d  above are  “ m ech an ica l” , t h a t  is n o t th e rm o 
d y n am ica l. T h erm al v ariab les  w ere ab an d o n ed . T h is is ju s tif ie d  fo r exam ple  
in  th e  case o f th e  e lec trical n e tw o rk  w hose p a ram e te rs  do n o t d ep en d  on 
te m p e ra tu re . To in tro d u ce  th e rm a l v a riab les , i t  is necessary  to  deal w ith  
m odels o f m u lti-p o rts .

2. T he p o te n tia l fu n c tio n  defined  above can  be reg a rd ed  as a g en e ra li
za tio n  o f m echan ical energy fo r n o n co n se rv a tiv e  passive system s.

3. W ith  th e  aid  of th e  above no tions th e rm o d y n a m ic a l law s can  easily  
be  fo rm u la ted  fo r th e  considered  system s. F o r  in s tan ce , th e  s ta te m e n t:  “ E v e ry  
a d ia b a tic a lly  iso la ted  one-po rt is p ass iv e .”  is e q u iv a le n t to  th e  s ta te m e n t a b o u t 
th e  n o n ex is ten ce  o f a p e rp e tu u m  m obile of f i r s t  k in d . S im ilarly , th e  second law  
(th e  s ta te m e n t a b o u t th e  non ex is ten ce  of a p e rp e tu u m  m obile o f second k in d ) 
is fo rm u la ted  as follow s: “ E v e ry  one-p o rt p laced  u n d e r iso th e rm  co n d itio n s is 
p a ss iv e .”  In  th a t  case th e  p o te n tia l  fu n c tio n  can  be reg a rd ed  as free energy .

4. U sing  th e  s tr ic te r  co n d itio n  of d iss ip a tiv ity , th e  re su lts  rem a in  
v a lid  w ith  som e m odifica tions. F o r  exam ple, th e  in e q u a lity  (15) reduces to

dr
e q u a lity  on ly  in  th e  tr iv ia l case —  = 0  fo r d iss ip a tiv e  sy stem s. I t  w ould

dt
be reasonab le  to  fo rm ula te  th e  s ta te m e n ts  a b o u t th e  nonex istence  o f p e rp e tu u m

A cta  P hysica  A ca Jem ia e  Sc ien tia ru m  H ungaricae 45 , 1978



324 H. FARKAS

m obiles in  th e ir  s tr ic te r  fo rm ; allow ing th e  case W  — 0 fo r nu llprocesses 
a lone .

5. B y th e  re la tio n  (14) th e  pow er (P  =  Ue) is w r it te n  as a sum  o f a  “ re v e r 
sib le”  te rm  (— È ,  to ta l  tim e  d e riv a tiv e ) an d  an  “ irrev e rs ib le”  te rm  (D , d iss ip a 
tio n , n o n n eg a tiv e  defin ite ):

P = - E  +  D. (17)

P a r t i t io n  o f th e  sam e ty p e  occurs in  a c o n s tru c tio n  o f  su ffic ien t co n d itions 
fo r th e  m in im um  o f  th e  fu n c tio n a l

![y ]  =  Г* F(x, У,  y ')  dx. (18)
J  Xt

I t  is p roved  [5] — u n d e r som e co n d itions — F(x, y ,  y ' )  can  be given as a sum :

F(x, y ,  y ' )  =  — F*{x, у ,  у ' )  +  E(X, y ,  y ' ) ,  (19)

w here  F  is an  “ in v a r ia n t basic  fu n c tio n ”  ( th a t  is to ta l  d e riv a tiv e ):

F*{y, X, y ’) =  -  F(X, y ,  p(x, y))  -  (y '  — p(x , y)) F (x , y ,  p(x, y))  (20)

an d  E  is th e  W eie rs tra ss  fu n c tio n ; i t  is n o n n eg a tiv e  d e fin ite :

E ( x , y , y ' ) ^  0. (21)

F o r th e  fu n c tio n  p(x , y )  a p a r tia l  d iffe ren tia l eq u a tio n  is given (E q . 10.35 
in  [5]):

Fyy ( x , y ,  p )  (P x + P P y ) +  Fyy (x , y ,  p ) p  ^ x ÿ  ( x , y , p )  -  Fy{ x , y ,p ) .  (22)

T hese form ulas can  he ap p lied  to  o u r sy stem  in  case o f th e  eq u a tio n  o f  m o tion

U = f ( e , é ) .  (23)
In  th is  case

p{x, y) =  0

is a so lu tion  o f  E q . (22). S u b s titu tin g  th is  so lu tio n  in to  (20) we get

F*  =  -  èf(e, 0) (24)
an d  hence

E  =  ( f ( e , è ) - f ( e , 0 ) ) è .  (25)

6. Som e fu r th e r  p rob lem s are suggested  as follow s.
Is i t  possib le  to  deduce co n d itions o f  sim ple fo rm  for th e  ex is ten ce  and 

u n ic ity  o f th e  p o te n tia l fu n c tio n  ?
H ow  can  w e fin d  th e  p o te n tia l fu n c tio n  b y  sy s tem a tic  m a th e m a tic a l 

m e th o d  for cases m ore g enera l th a n  (23) ?
W hen  is th e  p a r ti t io n  (17) u n iq u e)?
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4. Special cases

In  th e  fo llow ing sim ple specia l cases th e  p o te n tia l fu n c tio n  can  be 
d e te rm in ed  easily .

A) “ C ap ac itiv e”  sy s tem . T h e  e q u a tio n  o f m otion :

U =  /(e).

S ystem s o f t h a t  ty p e  are  passiv e . T he p o te n tia l fu n c tio n  is:

E(e) =  J / ( e )  de.

H ence th e  d iss ip a tio n  eq u a ls  zero. Since

Wg =  ЛЕ

fo r ev e ry  p rocess g, a ll th e  processes a re  reversib le .
B) “ R es is tiv e”  sy stem :

u  =  № -
I t  is passive i f  th e  in e q u a lity

f ( x ) x >  0

is v a lid  fo r ev e ry  re a l x. I n  th is  case E  =  0, and

D =  f(ê )ê .

C) S y stem s w ith  e q u a tio n  o f  m o tio n  o f th e  ty p e

U =  f(e ,  ê).

I n  th is  case th e  s ta te  v a riab le s  a re : e, ê. T he  system  is p assive  if

( f(x ,  y )  - f ( x ,  0 ))y  >  0

holds fo r ev e ry  rea l x, y .  T h en  th e  p o te n tia l fu n c tio n

E  — j" f(e ,  0) de
an d  th e  d iss ip a tio n :

D =  ( /(e , ê) -  f(e ,  0)) ê.

I t  is seen th a t  a ll th e  s ta te  space  is co nnec ted  w ith  re sp ec t to  processes, an d  
th e  sy stem  is reg u la r . W o rk  m in im u m  is reach ed  in  th e  lim it  case e =  0 
(in fin ite ly  slow process, q u a s is ta tic  p rocess).

D) L e t us consider, f in a lly , th e  system s w ith  eq u a tio n  o f  m o tio n

Ü — /(e )-

T he w ork  d u rin g  th e  process (el5 t / 1; U2; t2) is:

IVg =  £  Ue dt =  [ Ue]f -  j*  ef(e) dt.
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U sin g  Theorem  1, w e can  see th a t  th is  system  is passiv e  i f

e/( e )  <1 0.

T h e n  th e  p o ten tia l fu n c tio n  is
E  =  Ue,

w hile  the  d iss ip a tio n
D = - Ü e  =  - / ( e )  e.

N o tice  th a t  w ork  m in im um  is reach ed  in  th e  lim it  case o f  in fin ite ly  quick  
processes: such processes are  reversib le  in  th is  case.
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Explicit expressions are obtained for the intensity distributions in the branches of 
septet transitions of any type with АЛ =  0 and АЛ =  ± 1  where the upper and lower electro
nic states may belong to one of the limiting Hund’s cases a) or b). Moreover the intensity 
scattering of the main branches of the (a) — (a) transitions over the main and satellite branches 
of the (a) -  (b) transitions from quartet to septet eases are given.

In  the  f irs t  [1] an d  second [2] p a r t  o f  th is  p a p e r th e  fo rm u lae  of th e  
in te n s i ty  d is tr ib u tio n  of th e  q u a r te t ,  q u in te t, s e x te t  tra n s itio n s  an d  of th e  
tra n s itio n s  of a n y  ty p e  an d  a n y  m u ltip lic ity  in  th e  lim itin g  H u n d ’s cases 
h a v e  been tre a te d . I n  th e  th ird  p a r t  general fo rm u lae  of th e  line s tre n g th s  are  
g iven  for all b ran ch es  of th e  s e p te t tra n s it io n s  o f any  ty p e  w ith  АЛ  =  0 
a n d  АЛ  =  F I  w here  th e  u p p e r and  low er te rm s  m ay  belong to  one of th e  
lim itin g  H u n d ’s cases a) or b). T hese fo rm ulae  g ive a fte r su b s ti tu tio n  of th e  
p ro p e r  Л values (0, 1 , 2 , . .  .) th e  line s tre n g th s  o f all b ran ch es fo r E  — E, 
77 — 77, A —  A . . .  an d  77 — E, A — 77, Ф — A, . . .  tra n s itio n s  com pleted  
w ith  th e  line s tre n g th s  o f th e  lack in g  b ranches o f  th e  77 — 2,’tra n s it io n s  a lread y  
p u b lish ed  [3]. A lgebraic  expressions w here b o th  s ta te s  m ay  belong  to  a coup l
in g  case in te rm e d ia te  be tw een  H u n d ’s cases a) an d  b) in  genera l fo rm  w ould 
be  v e ry  com plica ted  b u t  fo r a g iven  tra n s itio n  w ith  th e  know n v a lu e  of th e  
co u p lin g  c o n s tan t Y  n u m erica l v a lues of th e  lin e  s tren g th s  fo r  each  value 
o f  th e  ro ta tio n a l q u a n tu m  n u m b e r can  be ca lc u la ted  by  th e  n u m erica l diago- 
n a liza tio n  of th e  H a m ilto n ia n  w ith  th e  aid o f a n  electron ic  c o m p u te r.

T he procedure  ap p lied  fo r th e  p ro d u c tio n  o f  th e  line s tre n g th s  in  th e  
lim itin g  H u n d ’s cases has been  described  in  th e  f i r s t  p a r t  o f th is  p a p e r [1]. 
T h e  e lem ents of th e  tra n s fo rm a tio n  m a trix  o f  s e p te t  te rm s o f a n y  ty p e  for 
case b) requ ired  fo r th e  ap p lica tio n  are  th e  fo llow ing:
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7X(6) transformation matrix

Зл - з ,  J - 3

« д - i .  J -  3 —

JA+1, J - 3

/ «2 t>3 » 4  Vg Vg v7
C j - 3( J )

[  15 V2 V3 Vg Vg Vi V3
C j - 3(J )

15v2" V3 V2 v£  v£ Vg
C j - 3(J )

S a-2,j -3 — ~  

«л, j -3 =  — 

S a+2, j -3 =  _

f  6v2 V3 vt Vg Vg v f
1 Cj_3{J) ’

20v-iv3 V i v f  v f  v f
c j l f j )  1

6l’2 V-t V3 v f  v f  Vg
C j - 3( J )  ’

7A+3, J-3
v f v 3 v+v£vgv+

C j - 3(J )

S a—3, У-—2 —

S a—l, j —2 —

3v3 v4 v5 Vg v7 l>2

Cy-2(J) ’

5v3 vt Vg v£ [v f  +  2Л]2
C j - 2(J )

S a - 2 , 7 - 2  —

? 'S a, J—2 — Л

2 ^ 3  v4 n5 Vg [2v£ +  /I ]2
C,_2(J)

C y _ 2( J )  ’

3A+l,y-2 =
5 r3 v3 v l vT [t;2 — 2 Л ]2

C j - f J )

S a+3, y —2 ==

, s А+2.У-2 :
2i’ar v f  Vg Vg [2v2+ — Л ]2

C j-Á J )

3v2 v3 Vg Vg Vg v^
C j - 2( J )

3Л -3 , y -1
15^4 v5 Vg t), V-tv3

C j - i ( J )
S a- 2, y - i :

10ii4 Vg Vg v3 ( v f  +  2Л)2
C j - A J )

S a —i ,y —1 —  — 

S a , y —1 =

^4 «5  [®з ve — 4(t;3+ +  Л) (2Л — l ) ] 2

3a+i , y - i

Cy-x(J)

[  1 2 v g v +  [ v 3 v +  -  2 / 1 ( 2 / 1  — l ) ] 2

C j - i ( J )

[  vt vi  к  v3 +  4(t>3 — Л) (2Л + 1)]2
C j-A J )

S a+2, У- l  — —
10v3 v^VgVg(vg — 2Л )2

C j - f J )
3A+3, У-1

2 V3 Vg Vg Vg V-j
C j - A J )
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'’л -З  ,7 —
' 5vb ve v7 v ^ v + v +  g  ( л _ 1}

Cj{J) ’ л~2'у V '
30t>5 +e +3+ +4+

а д  ’

&л-1,г — —
Зр.-««+К  р3+ -2 Л (2 Л  -  1)J- 

Cj(J)

S  A J  —  Л
'4[3»8-|»в+ - ( Л - 5 ) ( 2 Л  +  1) ] 2

Cj(J)

’л и  j
Зи4 < [ и 3 V  -  2Л(2Л +  I ) ] 2

Cj(J) 1 S A+2J — ~ ( Л + 1 )
vs vA v5

а д  ’

■^л+з.у — —
5+2 l>3 +4 +5b + 7+

а д

’л -3,y+i:
/ 15+6 + 7 v j +3+ +4+++

~  Cj+AJ)

S л -1,7+1 =

S a-* ,7+1 —
10fe +3+ — 2Л)2

CJ+1(J)

&a , 7+1 — ~

3A+1,7+1 ;

< ^ [> з ~ Ч + + 4f a  — Л )(2 Л  — l ) ] 2 
Cj+1(J)

r12+5-++[+4-++  -  2Л(2Л -  l ) ] 2

cJ+1(J)

rVj +5 [>з~+6~ — 4(+6+ +  Л) (2Л +  1)P
Cj+l(J) ^  ^ ’

3 A + 2 ,7 + l —
Ю+з +4 +5 Ve [vA + 2 Л ] 2

cJ+1(J) 5а + з , 7 + 1 :
15u2 v3 + 4 + 5 v£vf

Cj+1(J)

-’А -З ,  J + 2

* A - l , 7 + 2  —

^A + 1 ,7+ 2

3 + 7  v - tv£  v £  v f  Vq

Cj +2(J) ’ -’A-2, 7+2 :
2 v3 Vj v f  +6f [2 + 7 — Л ] ) 2

C7+2(J )

5ue +4 Wj +e [и7 — 2Л] 2

CJ+2(J) •> ‘̂ a, 7+2 — — Л
60+5 +6 Cj +e

cy+2(J) ’

5i;4 t;5 t?6 Уд" [t;̂ ~ -J- 2Л]2
с а д

» ^ A + 2 ,7 + 2  —  '
2+3 +4 +5 +e [2 + f +  Л ]2

cJ+2(J)

S A+3, 7 + 2  =  j / " 3 V i  t ;3 +4 + 5 + e U7+

C7 +2U )
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Q / Vi Vi v f  v£ vf v7 $A-2, J+3 — I 6v7 v£ vf
JA-3,J+3 — ! CJ+3(J)  ’ I  CJ+3(J)

&Л—1, J+3 = llovïv? vfv£v£vj- 120v3 t>6- v+ v t
f CJ+3(J)  ’ °A,J+3 c J+3(J)

Q / 15r4 V5 Vg v7vfvf I 61-3 r4 v5 Vg v7 v j
°Л+1,У+3 — 1 CJ+3(J) ° Á + 2 ,  J+3 — 1 Cj+3(J)

s _ — j  v2 v3 t'4 t)5 v6 l 7 .‘-’á+З, J+3 1 CJ+3ÍJ)
9

w h ere  t>̂ +1 =  +  1 and  — J  ±  Л  — 4

Cy_3(J )  =  8 ( J  -  2)(J -  1 ) J ( 2 J  -  3)(2J  -  1)(2J  +  1),

Cj_2(J)  =  8 ( J  -  2 )(J  -  1 ) J ( J  +  1)(2J  -  1 )(2 J  +  1),

C j ^ ( J )  =  8 ( J  -  1 ) J ( J  +  1 )(2 J  -  3 )(2 J  +  1 )(2 J  +  3),

Ç ,(J) =  4 ( J  -  1 ) J ( J  +  1 ) ( J  +  2 )(2 J  -  1 )(2 J  +  3),

CJ+1(J)  =  8 J ( J  +  1 ) ( J  +  2)(2J  -  1)(2J  +  1 )(2 J  +  5),

CJ+2(J)  =  8 J ( J  +  1 )(J  +  2 ) ( J  +  3)(2 J  +  1)(2 J  +  3),

Cy+3(J )  =  8 ( J  +  1 ) (J  +  2 ) ( J  +  3)(2 J  +  1 )(2 J  +  3)(2 J  +  5). (2)

A fter s u b s ti tu t io n  of 0, 1, 2 , . . . for th e  v a lu e  A  th ese  fo rm u lae  give 
th e  tra n sfo rm a tio n  m a trix  e lem en ts  for th e  "A, 777, 7 A,  . . . te rm s . (F or th e  
7X  a n d  7/7  te rm s  see [1].)

The line s tre n g th s  fo r th e  tran s itio n s  7Х л(о) — 7Х л(а), 7Х л(а) — 
— 7Х Л(Ь), 7ХЛ(Ь) — 7Х л(а), 7Х Л(6) — 7Х Л(Ь) t h a t  is fo r th e  s e p te t  tran s itio n s  
o f  a n y  type  w ith  А Л  =  0 can  b e  fo u n d  in  th e  second , th ird , fo u r th  and  f if th  
co lu m n , re sp ec tiv e ly , o f Table I .  T h e  line s tre n g th s  fo r  th e  tra n s itio n s  7Х л+1(а) 

-  7У л(а), 7Х л+1(а) -  7УЛ(6), 7Х л+1(6) -  7 У » ,  7Х Л+1(Ь) -  7УЛ(6) th a t  is 
f o r  th e  sep te t t ra n s it io n s  of an y  ty p e  w ith  А Л  =  i  1 are  in c lu d ed  in  th e  th ird , 
fo u r th ,  f if th  a n d  s ix th  colum n, re sp ec tiv e ly , o f T ab le  I I .

In  the  T ab le s

C f  (P )  =  JCk(J  -  1), C,(fl) =  (J  +  1) Ck(J),

J(J + 1),
с т = ' -Ck(J),

J  +  1/2

C,(P) =  J C fc( J ) ,  C+(R) =  ( j  +  1) Ck(J  +  1), (3)
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w here i  =  1, 2 , . . 7 an d  к  =  J  — 3, J  — 2, . . . J  3, re spec tive ly . F o r
all Tables th e  te rm s  of case a) w ere assum ed to  be n o rm al. I f  an  in v e rte d  te rm  
occurs in stead  o f  a n o rm al one th e n  th e  suffixes co rrespond ing  to  th e  in v e rted  
te rm s  in  th e  b ra n c h  sym bols h a v e  to  be ch an g ed  on th e  basis  o f th e  above 
co rre la tion  accord ing  to  th e  p a t te rn  1 —>■ 7, 2 —>- 6, 3 —*■ 5, 4 —>• 4, 5 —>- 3, 6 —>- 2, 
7 — 1 w herever th e  in v e rte d  te rm  occurs.

F in a lly , w e give th e  sc a tte r in g  of th e  in te n s itie s  o f th e  m a in  b ranches 
o f  th e  (a) — (a) tra n s itio n s  over th e  m ain  an d  sa te llite  b ran ch es o f  th e  (a )—(b) 
tra n s itio n s  only  in  th e  f irs t  a p p ro x im a tio n  fro m  q u a r te t  to  s e p te t  cases in  
T ab les I I I ,  IV , V an d  Y I, resp ec tiv e ly . In  th e  T ab les  A  =  P  o r  R  fo r АЛ  =  0 
an d  P , Q, R  fo r АЛ  =  + 1 .  N am ely , th e  in te n s ity  o f  th e  Ç -branches fo r  A A  =  0 
in  th is  ap p ro x im atio n  is zero.
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Table I

Line strengths for 7Х Л — 7Х д transitions

Branches
Line strengths

*X (a)— ’X(a) ’X ( a ) -  ’X(b) ’X ( b ) - ’X(a) ’X ( b ) - ’X(k)

PÄJ) vîv Ï t)2 V3  Vt  »5 l>„ V-, 2t),' RAJ -  1)
®í®í(2J +  1)

J CAP) (J -  3)(2J -  5)

QAJ)
(Л -  3)2(2J +  1)

J(J +  1)
,  л  o \2  2 ^2 ®3 ®4 V 5 ®6 ®7
( ' C,(Q) Q i ( J )

3 ,  (J +  1) (2J  +  1)
(J — 2)2 J

RAJ) v 2 v 3 v 4 VS Ve v 7 VH v t PAJ +  i )
vJv3(2J -  5) (2J +  3)

J +  1 CAR) ( J  — 2) (2 J  — 5) (2J — 3)

q P * A J ) 0
6 v 2 V3 Vi V5 V0  2t>J2 QKV,(J -  1) r  3 (2 J + 1 )

CAP) (J — 3) (J — 2)2J

r Q u U ) 0 p Q d J )
3®2̂ ®Í(2J +  1)

( Л  2 )  C l ( t>) (J -  2)2 J(2J -  3)

SR*AJ) 0
6t>2 t>3 vivsvev, v i  r 3

с , ( й )
° p 12( j  +  l ) 0

K P 3 x ( J ) 0
15i>|f t)jft>J4 >g"2t;2 e j  2

P R u ( J  -  i )
1 5 ю̂ » 2

Q ( P ) (J -  2)2 J(2J — 5)(2J — 3)

%AJ) 0 M  I V  3°»^»8»Г®Г»г»» 
1 ’ CAQ) °QAJ) 0

t R j A J ) 0
15k2 ®3 ®4 t)5 e 6 ®2 ®3® 4

C A R )
N P l3( J  +  i ) 0

s p * A J ) 0
2 0 » ^ » з ®4 2®Í’®Í® J'2

C X( P )
° R M  -  i ) 0

TQiAJ) 0
4 0 t£ t> 3 ®;f

CAQ) n Q xA J ) u
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%  ,<J) 0 20 v2 l>3 Vt vs v£ t>3 D4 t>5
CAR) MPu(J +  1) 0

tp*AJ) 0 1 ■r,f  21’2 ̂ 3 »4 v& 2
c m Nä 15(J -  1) 0

UQAJ) 0 / ,. , n , 3 0 tŸ«.^'«з i>4+«s
'■ ' CAQ) MQiAJ) 0

VR,AJ) 0 15»Г»Г<’Г«2 »з1’41'5«6
CAR) lPiAJ + 1) 0

up*AJ) 0 6 v̂ 2v}v$vtvivi2

CAP) MR,AJ -  1) 0

VQM) 0 /Л , ov> 12»i-»3-»í»íeí»í
CAQ) lQuU) 0

WR*AJ) 0 6»Г»з‘»2 »3 »4 «’8 «’в»7‘
CAR) KpiAJ +  1) 0

VP,AJ) 0 V\̂ 2 V3 VfV-̂ Vfl I’J -
CAP) lr,aj -  i) 0

wQn(J) 0 , Л 1 3\2  М«'з«’4 »5 »’б',7'
CAQ) KQiAJ) 0

%AJ) 0 t>2 »2 *>3 «4 «б «6 «7 «8
с,(Я) 'PAJ + 1) 0

°PAJ) 0 3v3 v1vsvgv7 2vfv£
CAP) sRzAJ -  i) 0

PQAJ) 0 1 Л Q\2 6»3 »4 »5 »e»7»2
( 3) CAQ) rQAJ) 3v2 vĵ (2 J -f- 1) 

(J — 2 )2 J(2J  — 3 )
QRnU) 0 3 l)3 t’4 t>5 t;6 V, Vg V32

CAR) qp*AJ + 1 ) 3 ( J - 2 ) ( 2 J + 3 )
‘ (J — 2)2( J  — 1)2(J  -f- 1)

PAJ) «2 «s' 2[2vf +
R*U - 1) (J - 3)(J + l)vjvî(2j  + 1)

J CAP) (J -  2)2 J ( 2 J  -  3)
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Table I  (continued)

K
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Branches
Line strengths

’X ( a ) - ’X(a) ’X ( o ) - ’X(6) ’X (b )— ’X (a) ’X ( i > ) - ’X (6)

Q Á J )
, A 049 2J  +  1 /  A 0 4 9  4(2,,2 +  ^ Y V3 l,i Vi V&

Q Á J )
(J2 - J - 5 ) 2( 2 J + 1 )

(л } J(J  + 1) ( л ^ “ ) -  C M ( J - 2 ) 2( J - 1 ) 2J ( J + 1 )

R t ( J )
» » » Г 2(2i’i  +  A)zv31'4 d 5 î)6 » ,

P Á J  +  1)
( J  -  2) (J +  2) v3v3(2J +  3)

J  +  l C Á R ) ( J - 1 ) 2( J + 1 ) ( 2 J - 1 )

QP A J ) 0
5 ( t> í  +  2 Л ) 2 « 8 » 4 » 4

qR,ÁJ -  1) 5 ( J + l ) ( 2 J - 5 )
C Á P ) (J — 2)2(J — l ) 2 J

rQ,ÀJ) 0
iA  1 4  » 10(«’2 +  2A)2v3vJv3vt

PQ M )
5(J —  2)v3v t ( 2 J +  1) (2J +  3)

{A  CÁ Q ) ( J - 1 ) 2J ( J +  1 ) ( 2 J - 3 ) ( 2 J - 1 )

0
5 («2 +  2 A ) 2v 3 v J v J V g v t v i  

C Á R )
° P , Á J  +  1) 0

R P M ) 0
6 0 *Г® «'2» 8 « '4 2

C Á P )
pR21(J -  1) 0

SQ M ) 0
I 2 0 v 3 v3 v £ v ï

CÁ Q )
° Q « ( J ) 0

TR A J ) 0
6 0 v t t v j v } v i v i

C Á R )
nPm(J +  i ) 0

sp «AJ) 0
5(V3 —  2/1)гИ:Г21’з!)4 1-’5 2

CÁP) ° R * ( J -  i ) 0

TQ J J ) (1
,  A . , 4 ,  10(v3 -  2 Л ) Ъ & Ы

{ 1 ' CÁQ)
nQ*ÁJ) 0

URA J) 0
5(v3 — 2A)-v3Vjvfviv£v,t

CÁR) mp ,ÁJ +  i) 0

TP J J ) 0 2 ( 2 v £  —  A)bfvívtvfvt*
CÁP) nR?ÁJ -  1) 0



A
cta 

Physica 
Academ

iae 
Scientiarum

 
H

ungaricae 
45, 

1978

Й
СЛ

C
O

N
TR

IB
U

TIO
N

 TO
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SITY
 D

ISTR
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U
TIO

N
S III.

u Q cÄ J ) 0 ( л , OH 4 ( 2» í  — A ) 2n v l v i v b
CÁQ)

MQ J J ) 0

VR * ( J ) 0 2 ( 2 v }  -  A ) h % v } v i v t v t i #

C Á R )
LP * M  +  1) 0

c
^0 'w

'
0 ^’h v 2 v 3 v i v t v i i v i 2

C2(P ) MR „ Á J  -  1) 0

VQ M ) 0 ,  Л , 942 6«’í» 8 » ’4»5»6'»7
á )  С ,« ? ) l Q A J ) 0

w R n U ) и 3t>^2r í r í r í r í r í r í

C Á R ) KP *Á J  + 1 ) 0

n p 13U ) 0 1 5 v i V s V t V i 2v ï v £ v £

c á p )
TR 3Á J  -  1) 0

° Q A J ) 0 1 Л 942 3 0 « ^ rg » * » f t» í» í

(Л  3 ) CÁ Q )
% Á J ) 0

PR 13U ) 0 15t)4 v s v e v 7 v a l-2+ 2i;3f
RP 3Á J  + 1 )

1 5 ri4 > í

C Á R ) ( J  — 1 ) 2 ( J  +  1 ) ( 2 J  3 ) ( 2 J  1)

° p , Ä J ) 0 i o ( u f  +  г л ^ ^ г ^ м

c á p )
% Á J  - 1 ) 0

PQ A J ) ü 1 Л 942 2 0 ( r í  +  2 Л ) 2г .Г « Г ^ з +
RQ A J )

5 ( J - 2 ) r i - r 3+( 2 J + l ) ( 2 J  +  3 )

( } C Á Q ) ( J  1 )2J ( J  +  1) ( 2 J  — 3 ) ( 2 J  — 1)

qR * J J ) 0 10 ( r 4 - f  2 Л ) ̂ ^ r j f r j j r T r í  2
q P - A J  +  i )

3 (J  +  2 )(2 J  — 3)
C / R ) ( J  1)2J 2( J + 1 )

P À J )
[« W  -  4(2Л -  1) ( r j  +  Л )]2гГгГ2г3+

R Á J  -  1)
( J  -  2) ( J  +  lK®3+(2 J  -  5) (2 J  +  3)

J c á p ) ( J  1)2J ( 2 J  — 1 )(2 J — 3)

Q À J) 1 Л 142 2[г^ - 4(2Л l) (« í+ ^ l) ]2t>r«r
Q Á J)

( J 2 - 6 ) 2(2 J  +  1)
’ J ( J +  1) (/1 ])  CÁQ) ( J  -  l ) 2 J 3( J  +  1)

R À J )
vfvg [« W  — 4(2Л—l ) ( r í  +  Л )2]г7г^ <

P Á J  +  i)
( J  -  1) ( J  +  2 K r 4+(2J -  3) (2J  +  5)

J  +  1 CÁR) J 2( J +  1) (2 J  —  1 )(2 J +  1)
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Table I (continued)

Branches
Line strengths

7X(a) — 7X (a) ’X ( f . ) _ ’X(a) ’Х ( Ь ) - ’Х(Ь)

Qi \ Â J ) 0
1 2 [ „ з „ 5+ -  2 .1  (2 .1  -  1 ) ] 4 “ 4 !

qR m( J  -  1 )
6 ( J - 2 ) ( 2 J + 3 )

C 3( P ) ( J  -  1 y j 3

RQ d J ) 0
, 2 4 [ ^ 5+ - 2 Л ( 2 Л - 1 ) ] ^ 4 +

PQ J J )
6 ( J  +  2 ) v , v t ( 2 J  -  3 )

c m J 3( J  +  1 ) ( 2 J -  1 )

SR M ) 0
1 2 f o » í  — 2 .1 (2 .4  —

C 3( R ) ° P 3Á J  + 1 ) 0

RP d J ) 0
[« з» в  +  4 (2 /1  +  l ) ( » i  — A ) ] 2v 3 v t v t 2

PR 3À J  -  1 )
3 6 t)4 _ « i

C 3( P ) J 3( 2 J  — 1 )  ( 2 J  +  1 )

s Q d J ) 0
/ a , п , 2 [ » з » ? + 4 ( 2 / 1 + 1 ) ( « Г — / 1 ) ] V « 5

° Q 3Â J ) 0
( + )  c m

TR d J ) 0
[ v } v £  +  4 ( 2 /1  +  1 )  (v3 — A ) ] h ’iv ^ v ^ v ^

" P k V  +  1 ) 0
C3(R)

0
1 0 ( v f  —  2 A ) 2V2 V3 v£ v£ v£ 2

c 3{p )
° R J J  -  l ) 0

TQ s Á J ) 0
,  Л  I o w  2 0 (i> r —  2Á)' í v3 v t v t v +

(  +  } c m
n q m ) 0

UR * À J ) 0
10 (i> r —  2 /1  )2v J  '2Vf t;5f i'z v'ij

C 3( R )
M P J J  + 1 ) 0

TP n ( J ) 0
1 5 v ï v , v 3 v t v £ v £ v } 2

C 3( P )
n R A J  -  1 ) 0

UQ M ) 0
,  Л  , ON- 3 0 v t t v } v £ v £ v f

( +  } cm MQ A J ) 0

vRn U ) 0
15v22vivlvfv?vfvf

cm LP 3Ä J  +  i )
1

0
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MP U(J ) 0
5vs ve v7 2v t v i v £ v î

c , ( P ) u R t A J  -  i ) 0

n Qh (J ) 0 / , , , ,
( } -  Ш Г

TQ a (J ) 0

° R u ( J ) 0
CAR)

S p i A J  +  i ) 0

NP u ( J ) 0 , ]V2 30t’s'*’«'2» i » 3 <
v ’ C A P )

TR ,A J  -  1) 0

°Q u (J ) 0 ( Л -  2 ) 2 ( Л - 1 ) 2 « g g t t sQ iA J) 0

PR ~ M ) 0 ,A , 4,  3 0 » 5 » i- t> f» Í V
r p , A J  4 - i )

30t)J4)j

C A R ) J 2( J +  1 ) ( 2 J -  1 ) ( 2 J +  1)

° p m(J ) 0 3['rt+ -  2 Л (2 Л  -  l ) ] « » í 4 » í  

C A P )
SR * A J  -  i ) 0

p Qm(J ) 0 < i I t 2 2 Л (2 Л  — l ) ] 2t)5 t’4
rQ ,A J )

6 ( J  +  2)v ïv+(2J  -  3 )

'  CAQ) J 3( J +  1 ) ( 2 J -  1)

Q1 U J ) 0 3 [ » r t +  -  2 Л (2 Л  -
q p * A J +  i )

, ,  6 ( 2 J  — 5 )

CAR) л  J 4 J  +  IV

P A J )
»Г® 4 4[3t-3 t!g -  (Л  -  5 ) (2 Л  +  1 )]2^ <

R A J  -  i )
( J  +  1 ) ( J  4  2 K « 4 +( 2 J  -  5 )  (2 J  -  3 )

J C A P ) 4 J 3( 2 J  — 1 ) ( 2 J  4 - 1)

Q A J) A, V + 1 8 [ 3 ^ t ,+  -  (Л  -  5 )  (2 Л  +  l ) ] 2
Q A J)

r  ( J - 2 ) 2( J 4 -3 )2( 2 J + 1 )
' J ( J  +  1) CAQ) J 3(J 4- l)3

R A J )
*>5'«* a2 4 [3l,3̂ 6 ~~ {Л 3) (2/1+  1)]2î;5 vt

P A J  + 1)
(J — 1)(J4- 3)vj vi (2J — 1)(2J4- 5)

J +  1 CAR) ( J  4- l)3 (2 J  4- 1) (2 J  4- 3)

QP M ) 0 3[t̂ t>6+ — 2Л(2Л +  l)]2t>jT«v4f2
4 5(J -  i)

6 ( J + 2 ) ( 2 J - 3 )
C A P ) J 3( J + 1 ) 2

rQ M ) 0 / л  ■ 1 \2 6 [®8»e -  2Л(2Л +  l)]2«r«s" 
1 ’ CAQ)

PQ d J )
6(J -  1К Ч (2Л  4- 5) 

J(J 4 - 1)3(2J 4-3)
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Table I  (continued)

’X (« ) -» X (« ) > X ( a ) - ’X(b) ’X (b ) -> X (a ) > X ( b ) - ’X(6)

SR M ) 0
3 [ v i« e  —  2 /1 (2 /1  +  l ) ] 2ti7 2t)f t> i

c m ° P M  +  i ) 0

RP M ) 0 , Л  , 1 4 2  3 0 i w i « 64 +2 PRJ-T -  1 )
3 0 t» 5 « i

( Л  1 c m J ( J +  1 ) 2 ( 2 J  +  1 ) (2 .7  +  3 )

SQ M ) 0 °<?46( J ) 0

TRJJ) 0 < л  +  1 ) ‘
С 4( л ) NP M  +  i ) 0

sPn(J) 0
Svïvïvjvïvtvjvi2

c m °R JJ  -  i ) ü

TQn(J) 0 , A , 0 4 2  ^ V4V3Vï Vi Vt Vl
(y l +  3 )  c m NQ«(J) 0

uRnU) 0
bv^vzvïvtvüvîvï

c m MP JJ  + 1 ) 0

LPiÁJ) 0
15väv^vivtv£vfv£

c m VW  i ) 0

MQibU) 0 /  < 0 4 2  Wv«vïvîvtvtvt
c m uQuU) 0

NRnU) 0
*v$vîv}

c m tp ,ÀJ +  i ) 0

MPJJ) 0
1 0 ( d7  — 2A)2Vg*vîv£vîvt

c m
uRr:1(J -  1 ) 0

nQJJ) 0 1 -1 9 \ 2  2 0 ( v r  -  2 Л ) 2К ^ П > ^

c m TQM ) 0

KOVÁCS et al.
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° R J J )

np 3AJ)

° Q M )

pR d J)

° P M )

PQ dJ)

qR M )

PÂJ)

QÁJ)

PÀJ) 

QP M )  

rQ M )  

SR *  (J)  

Rp d J )

0

0

0

0

0

^ 3  « 5

J

{Л + 1  )* 2 J +  1
J(J  +  1)

VeVj
J  + 1

0

0

0

10(u8 — 2Л)2и6 v 7

CÁR)

[v^vj +  4(«6- -  A) (2/1 -  1)] V Ps »4 »8
CÁP)

, л 143 2 fofrj+ -  Л )(2 Л - 1  )] 4 + v t  
У ’ CÁQ)

K 4 + +  4(«r -  Л) (2Л -  1 ) ] V < 4 +
CÁR)

12[t̂ 4>ij~ — 2Л(2Л — 1)]г«дИдИ^
CÁP)

2 24[vjv t  -  2Л(2Л -  1)]у Р5+
Q«?)

12[«Г«в+ -  2Л(2Л -  1 ) ] W 2
CÁR)

\Ч Ч  4(pÿ +  Л) (2/1 +  1)]г»эРГ«,5»,5
CÁP)

м  , j «  2[^ -4 (1 > 6++Л)(2Л+1)]^Г«Г 
v +  ; C5(Ç )

[«Г«ё — 4(rj~ +  Л) (2Л +  1)12«Г2«у 4  
CÁR) ~

Ю («8+  +  2 Л ) ‘гУ 2 У ^ У 3 у } 2

CÁP )

! Л I 042 20(1'8 +  2A)4jVjVfVi(Л +  2) ш

1 <1(г;8’~ +  2 Л) 2v d vî vï  ve vi
CÁR)

15v^v^vav^v^vevf2
CÁP)

SP J J  +  1) 

TR M  -  i) 

sQ d J )  

RP M  + 1) 

SR M  -  i) 

rQ M )  

QP M  +  i) 

RÁJ - 1) 

QÁJ)

PÁJ +  i) 

qR M  -  i) 

PQ M )  

°PdJ + 1) 

pRbÁJ -  i)

0

0

0

________ 36и5 vg________
( J + l ) s ( 2 J + l ) ( 2 J + 3 )

0

6(J  -  l ) v T v j ( 2 J  f  5)
J ( J +  1 )3 (2J  t 3)

6(J  +  3 ) ( 2 J  — 1) 
( J + l ) 3( J + 2 ) 2

( J  -  1 ) ( J  +  1 K ”5+(2 J  - 5 )(2 J  +  5) 
J ( J +  1)3(2 J  +  1 ) ( 2 J +  3)

( J 3 + 2 J - 5 ) 3( 2 J + 1 )  
J ( J +  1)3( J  +  2)2

J ( J  +  3 ) i ÿ # ( 2 J  -  1 ) ( 2 J  +  7) 
( J + l ) ( J + 2 ) * ( 2 J  +  3 ) ( 2 J + 5 )

5 ( J - l ) ( 2 J  +  5) 
J ( J + l ) 2( J + 2 ) 2

3(J + 3)i>ö~t>6 (2J -  1)(2J+ 1) 
J ( J + 1 ) ( J + 2 ) 2( 2 J + 3 ) ( 2 J  | 5)

ü

_________ 15i)et>̂ ________
J ( J + 2 ) 3 ( 2 J + 3 ) ( 2 J  +  5)
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Table I (continued)

B ranches
L ine s tre n g th s

’X ( « ) - ’X (a ) ’X ( ) > ) - ’X<a) ’X ( 6 ) - ’X(6)

SQ:ÁJ) 0
, A I OV2 SOvïVsVjvïvivf
( +  } C,(Q) °QrÂJ) 0

X ( J ) 0
1 5 » 7 2» 7 vjv̂ v̂ v,

CÁR) NPM +  i ) 0

0
3v^vtv}vi v f v j t v f  

C e( P )
WR*ÁJ  -  П 0

lQu(J) 0 /  D\2 (>VîVïViViVîVt 
( 3) CM VQeAJ) 0

MR u U ) 0
3v{VgV+zv+v+v+v+

CÁR) UPM  +  1 ) 0

LPzÂJ) 0
2 (2 t> 7  —  Ay-vévivZvîv£v£

C6(P) 4 2( J  - 1 ) 0

MQ M ) 0 /  А ОЧ2 4 ( 2 « 7  -  A)2vivil'ive
(Л 2) CÁQ) UQJJ) 0

nR * U ) 0
2 ( 2 u f  —  A)2vív£2vfv£v£

CÁR) TP J J  +  i ) 0

m p J .J ) 0
5 ( o f  —  2A)2VsVêv£vfv£v£ 

C6(P) UR*AJ -  i ) 0

n Q M ) 0
/ a 1V2 1 0 ( t> 7  -  2A)2v v̂ivivi
' ; CÁQ) TQ*AJ) 0

% e ( J ) 0
5 ( e r  -  2A)2v^vt2vtvt

CÁR) s p 6A J  +  i ) 0

NPt6(J) 0
6 0 vjvjvëvfvivt

c á p ) TRM -  i ) 0
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°Q m(J ) 0
120vs ve v£v£

C M sQmU )

PK,(J) 0
6 0 v t * v ^ v î 4 i

C M RP M  +  1 )

° P J J ) 0 5(«>7 +  г л ) 2» ^ ® ? ® « *  

Св(Р )
S « C5( J  - 1 )

PQJJ) 0 (A  , ]V . l ö (» 7  +  2 A ) 2VÂVjVgVÎ
1 ’ с м *QM )
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Table I (continued)

Line strengths

’X ( « ) - ’X(a) ’X (a) — ’X(6) ’X ( / , ) - ’X(a ) ’X ( 6 ) - ’X(b)

KPAJ) 0
6v« t ) f  V$

CAP) wRn(J -  1 ) 0

lQ*ÁJ) o
,  Л ii\2 1 2 » ^ 3 » 4 » 8 ® 6 » 7
( 2) CAQ) vQiAJ) 0

MRAJ) 0
6

CAR)
u p 7A J  +  i ) 0

LPAJ) 0 CAP)
vRn(J -  1 ) 0

MQJJ) 0
/ л ZQvïvïvjvtvtvï
( ’ CAQ) %AJ) 0

n R 3, U ) 0
1 5 c ^ 2t?, v̂ 2v3v3v7

CAR) t p , A J  +  i ) 0

MP<AJ) 0
20vjv3v3v7v v̂ivjvt

CAP) URM -  i ) 0

n Q A J ) 0
40vsvîvïvivïvï

CAQ) TQnU) 0

°RAJ) 0
20vi‘vfvfvf2vfvf

CAR) SPM +  i ) 0

NP*(J) 0
15v3vivsvev7 vfvfvf

CAP) 7 а д - 1 ) 0

°QJJ) 0
, ,  , ZOvJvJvïvJvtv} 
( +  ’ CAQ) sQiAJ) 0

PRM) 0
15vih>zvevjv£4f

r P iA J  +  i )
1 St\v7

CAR) ( J +  1 ) ( J +  2 ) 2( 2 J +  3 ) ( 2 J +  5 )
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° P * ( J ) 0 б !» , W* *»4 t»e *Je » 7  »в *»»

CAP) % A J  -  1 ) 0

pQ v(J) 0 1Л 1 o \2  t>4 t>5 t»e t>, t>7

CAQ) RQn U )
3 r f » 7+ ( 2 J  +  1 )

( J +  1 ) ( J + 3 ) 2( 2 J + 5 )

qR „ (J ) 0
qp ,A J  +  i )

3 ( 2  J  +  1 )
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p , U )
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Branches

ЛЛ =  +1 АЛ =  —1 ’X(a)-’Y(a)

PÁJ)

QÂJ)

RÁJ)

fit(J - 1) 

P,(J + 1)

1>в«7
2 J

t'2V  f i  +  y )

J(J +  1)
vîv£

2 (J+ 1)
QP-nV) QPU(J - 1 ) 0

RQ2lU) PQrÂJ) 0

% iV ) °P12( J + 1) 0

RP31U ) PP13(J - 1) 0

% i  U ) 0

TR 3AJ) Npu U  +  1) 0

s p *Â J) °RuU  -  1) 0

r&i(J) weM(J) 0

uRnU) MPu(./ +  1) 0

TP*ÀJ) NP J J  - 1 ) 0

uQsi(J) M<?15(J) 0

VR:A-J) LPu(J +  1) 0

upeÀJ) M«,6(J - 1 ) 0

VQei(J) lQ ,À J) 0

WR* i(J) KP M  +  i) 0

VPn(J) 4 , (J - 1) 0
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Line strengths for

Table II

L ine

>X(a)-’Y(b)

2C,(P)

c m
V2v3vï vI vêvj v2v3

2 c m
'Svïvsvïvjrh'eh-Ï

Ci(P)
b v^V sV jv^v^viv i

c m
: i v , v ^ v r;vRv£v;v+

c m
15v^VßVj2v^  2îif r  j

2 c m
15«^pfi)j vjr2p+n+K+

c m
15gj vri,r t,»~t’»1>at,«t>5

2 c m  

c m
20r2 î’:j V.] ~i\ v3 V1t\-

с Ж
10 v ïv â v ïv tv iv iv tK

c m
15t22v J - v ^ v t v t

~ 2c m  
15 е д У и Ж 11» 

C,(Ç)
15 V2 V3 V J vj v£ v£vi

2c m
Zvïv22viv£vïv£v£

c m
(>VîiV2v3vtvîv6v1

c m
31ÇV2 V3 ViviVeVÎvS

c m
VÔVÏViVZvtVsVeVt

2 c m
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7X a +i — 7Y a  transitions

strengths

7X (6 ) - ’ Y(a) 7X ( i , ) - ’ Y(b)

v 0 v1 v2 v3 v4 v5 ve V, vovi(2J +  1 )

2 СГ(Р) 2(J  — 3 )(2 J  — 5)

v 2v3vi vs ve v.1 vi vî(J  +  1 )(2 J  +  1)
c m 2(J  -  2 )2J

V 2 V 3 V }  V5 Vq v 7 v £ v £ r + t» í( 2 J  + 3 )

2 CUR) 2(J  — 2) (2 J  — 3)
'iv t V 2 V3 V i V 5 V g V i  v„ Зг>й4(2 J  +  1)

2 C2-(P ) 2 J (J  — 3 )(J  — 2)2
Zv3 v3 vi vb v3v 1 v2v 3 3«2+«3+( J  +  1 )(2 J  +  1)

c m 2 (J  2 )2J ( J  +  1 ) ( 2 J ^ 3 )
?JV3 V4 IÎ5  Vpt v7 v £ v £ v ;

0
2 C{(R)

15v2v3vi vs v6 v 7 v 2v3

2 C3- (P ) 2(J -  2 )2 J (2 J  -  5 )  (2 J  -  3 )

t ' 4  r 5 r f l ) ; 7 v 2 v3 v4
0

c m

1 5 v 4 v 3 V g V f  v £ v j v t v 3
0

2C3(R)
5v3 v4v5ve v7 v^v^vX

0
2C, ( P)

5 vt v3 v \ v7v2 v3 v 4 v3
0

c m

5v3 v3 v j v t v t v i v ^ v 3
0

2 Ct(R)
1 5 v jv jv g v 7v î v £ v t v t

02C5-(P )

1 »4 *'*»«'
0c m

1 v2 1) J  v i  v j v g v f
0

2 Ct(R)
3 v 5 v 6 v 7 v 2 V3 V4 V 3 V3

0
2 С ЦР)

3v3 v7 v i v 3v f  v £ v £ v f
0

c m

3v7 V 2 v 3 v j v 3 v 3 v f v g
0

2 Ct(R)

t ' e v 7 v 2 v 3 v i v i v 6 v 7
0

2 C f(P )
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Table I I

Branches Line

АЛ =  +1 АЛ =  —\ ’*(<.)- ’Y(a) >X(«)-’Y(6)

wQn(J) KQ M ) Q
c m

zRn(J) JP M  +  i) 0 v ivSvtv£v£vfv£v£
2 c m

°Pn(J) SR M  -  i) 0 3v3v3v3v32v^2v£
2 C2(P)

PQ M ) RQnU) 0 3v3vt v3v3v, 2v% 2
c m

qRu(J) QP M  +  i) 0 3v3v,vi vev , v t 2v  ̂
2 C3(R)

PÁJ) R A J -  i)
•>3v4vï z»7 z[2t>í + л  p

2 J C2(P)

QAJ) QÁJ)
v»v» ( j  +  y ) 2»7®7ejr^2[2tii + Л ] 2

J(J +  1) c m

R*U) PÂJ +  i) vav4
~2J

v3v ,v jv ,v tv î [2 v î  +  Л]2 
CAR)

QPA J) qR23(J -  1) 0 5ез«7ю72е^[»^ +  2Л]2 
2C2(P)

rQM) PQ M ) 0 5«7»7»Г2»аГ4 +  2/1]2
c m

SR M ) ° P M  +  i) 0 5»з VTvs юз v4 vs [®j +  2Л]2 
2C-AR)

RP d J ) PR M  -  i) 0 30»72t»72t)í»í
CAP)

SQ M ) ° Q M ) 0 ()üv3t \ 2v£vlvï
л  c m

TR M ) NP M  +  i) 0 30c7e7rí«ít>Jrí
CAR)

SP*U) ° R M  -  i) 0 5t)7t)72t)J»7',s [“Г — 2Л]2 
2 CAP)

TQ M ) nQM) 0
5t>72e7»7»7rí[t>7 — 2Л]2

CAQ)

uRst(J) MP M  +  i) 0
5»7в^и^17^[е7 — 2Л] 2 

2CAR)

7 P M ) X u  - 1) 0
V\Vivî vt vî vt[2v$ — Л] 2

CAP)

VQ M ) MQ M ) 0
2v,v^v^v;v^v^[2v^ — Л] 2

CAQ)

VR M ) LP M  +  1) 0 V3 V4 Vi V6 »7 rg [2l>2 — Л] 2
CAR)
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(continued)

» treng the

5* Acta Physica Academiae Scientiarum Hungaricae 45, 1978

’Х (Ь )_’У(„) ’X ( t ) - ’Y(t)

»r»2»3«4»sK64>7«’e !c m

»2 t,3ft,í t’í K6 I,f  »8 »8 0
2 C 1 ( R )

Зь'о «i t,’2 ю31;41’5 ti6 kJ
0

C t ( P )
6«! ÜJ v3 »4 f 5 í)6 » í  ■2 ^V1V2 (J +  1 ) (2 J  -f- 1)

C ,«2) 2 ( J - 2 ) 2J ( J + l ) ( 2 J - 3 )

3f2 «3 t), t)5 t)6 3 t> í» í(J  -  2) (2J  +  3)
C ftH ) 2 ( J -  2 )2( J -  1 )2( J +  1)

»J v 2 v3 v4 v5 ve [2t;2" +  Л  +  l ] 2 v ï v j ( J  -  3 ) ( J  +  1 ) (2 J  +  1)
C f (P ) 2( J  -  2 )2J ( 2 J  -  3)

2v2 v 3  v 4 v 3  ue ú j[2u J +  Л  +  l ] 2 v , v t ( J 2 -  J  -  5 )2(2J  +  1)
c m 4 ( J -  2 )2 ( J -  1 )2J ( J +  1)

v 3 v j v 3 v j v ^ v i  [2»J- +  Л  +  l ] 2 v í v U J  - 2 ) ( J  +  2) (2J  +  3)
C } ( R ) 2 (J  — 1 )2( J  +  1 ) (2 J  — 1)

5«2 v t  v s v e кз [»3 +  2 Л ]2 5 « W ( J  +  1 ) (2 J  -  5)
C 3 ( P ) 2 (J  — 2 )2( J  — l ) 2 J

lO rjD i’Ojtíi’t í J r í ^  +  2Л ]2 5«ít> í(J  -  2) (2J  +  1 ) (2 J  +  3)
c m 2( J  -  1 )2J ( J  +  1 ) (2 J  -  3 ) (2 J  -  1)

S v t v ^ v g v ^ v ^ v ^  [u^ +  2 Л ]2
0

c m

42 ÍS^V Z 2’* ”» 2’!'2’* 15«з v 4

С Ц Р ) ( J  -  l ) 2 J ( 2 J  — 3 ) (2 J  — 1)
ЗОи^v 3 Vg vj v4 v 3

c m
0

1 5 v j v 3 v i v í v t v t

y  c m
0

5i’r « V ’(Tt>^í<’5 [» í  — 2 Л ]2
0cm

IOd^ dJ uJ-d^ K  — 2 Л ]2
0c m

5 v 3 v £ v î v î v ï v f  [ « £ ■  — 2 Л ]2
0cm

v i v e  v 3 v 4 v s  » *  [2i-í — Л  — l ] 2 0c m
v e v j v í v £ v j v j [ 2 v e  — Л  — l ] 2

0c m
v № v f v № » f [ 2 v i  — Л  — l ] 2

0c m
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Branches

АЛ =  +1 ЛЛ — —1 ’Х (а)-* У (0)

UPAJ) MR d J  -  1) 0

vQrAJ) LQzAJ) 0

wr,AJ) kp„AJ +  i ) 0

NP13U) TR J J  -  i ) 0

°QiAJ) %AJ) 0

pRiAJ) rp3AJ +  i ) 0

°p*AJ) % ( J  - 1) 0

PQM) RQ3AJ) 0

qR3AJ) QP M  +  1) 0

PAJ) RAJ -  1 )
VTVÏ 
2 J

»tvs [j + 4 -
QAJ) QAJ) j { j  + 1)

RAJ) PAJ +  î )
2 ( J  +  1 )

QpiAJ) QR d J  -  i ) 0

RQi3U) PQ3AJ) 0

SR*AJ) ° P d J  +  i ) 0

PpsAJ) PR3AJ -  i ) 0

sQdJ) °QJJ) 0

TRsAJ) NPdJ  +  i ) 0

SPJJ) °R3AJ -  i ) 0

TQdJ) nQ3AJ) 0

T ab le  U

’Х ( а ) _ ’ У(Ь)

ЗудУуУг у£у£у£у£у1
2 C2(P)

3»Гy,y  ̂i) j  у£у£у7¥ v£
C*(Q)

3vïv$vtv£vtvtvavt
2C2(R)

15vJv^y3~v? 2,'l' vt
Щ Р )

c m
15 vzy^v^vr « i2vt^

2 C3(R)

544-t>r2t,6~2t,3 [«Г +  2Л]2
C3( P )

10t)^t)^2t)j2[«i +  2.1]2
c m

^ р д а в Ч Ч И  +  2Л]2
CAR)

Vj-Vs-[v3vä — 4W  +  / |)(2.1 — l)]2
2 C3(P)

— 4(«з +  Л)(2Л — l) ]2
CAQ)

v ï v s v î v t [ g » P e  T -  4 ( t> 3  +  Л )(2Л  — l ) ] 2

2 C3(R)
bv3v\ГЧ[«з~«5+ -  2Л(2Л -  l)]2

CAP)
U v ^ v t v i l v ^  -  2Л(2Л -  l)]2

CAQ)
b vZ v lv tvn ^ K  -  2Л(2Л -  l)]2

CAR)
vz v3vî vî  [«з«в +  4(«i~ — Л )(2Л  +  1)]*

“  2 CAP)
РзиЗД"« [цз ю< +  i(vg — Л )(2 Л  +  l ) ] 8

CAQ)
v4vI vt vî  [̂ íT B6 +  4(t>j- — Л)(2Л +  l)]2 

2 C3(R)
5t’f VjVäyj v j  p ÿ («j~ — 2/1)2

CAP)
1 Of; V3 »’j 1̂5 t>6 (vï  — 2.1)-

CAQ)
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(continued)

strengths

’X(*)-7Y<a) >Х(Ь)->У(6)

3«s 0C,(P)
6»« 0c m

3vivZvjv£v£viv£ «f
0

Cf(«)
151)0«! «2 vs v2va 02Cf(P)

15«, «2 «3 «1 «5 «3 «4 2 0c m
15«^«з«,«5«+ z«5 2 15̂ 2 vjT

2Ct(R) 2(J -  1)2(J +  1)(2J -  3) (2J  -  1)
5«! «J «3 «, «5 «3 [«4 +  2Л]2 02Сг-(Р)
5«j«3«4»5«í 2[«í  +  2 Л]2 Зсз«з(Л — 2) (2 J  +  1)(2«7 +  3)

c m 2(J -  1)2J(J +  1)(2J -  3)(2J -  1)
5«з «Г«Г «1 «s2 [«« +  2Л]г S«,«;KJ +  2)(2J  -  3)

г c m 2(J — l) 2 J 2(J +  1)
vг v3 vt vi  [«lv* ~  4W  +  Л)(2Л +  l)]2 «F«i(J -  2) (J +  1) (J +  3) (2J  +  5)

2 C3(P) 2(J — 1)2J ( 2 J -  3 ) ( 2 J -  1)

«э«««Г«4 [»Г»» —4(»í +  Л)(2Л +  l)]2 «3-«.+(J2 -  6)2(2J +  1)
c m 4 ( J -  1)2J3(J +  1)

«Г«»«*«« [»^»Г — 4(«J +  Л )(2Л + l)]2 «Î«S+(J -  1) (J +  2) (2J -  3) (2J  +  5)
2Cj(P) 2J2(J +  1 ) ( 2 J -  1)(2J +  1)

3«з «Г«^«! [«Г«3 — 2(Л +  1)(2Л +  I)]2 3«^«Î(2J -  3)(J +  1)
2 Сг(Р) J 3(J -  l ) 2

3r4 v6 — 2(Л  +  1)(2Л -f- I)]2 3«4*«6+(J + 2) (2 J  + 3)
c m J 3(J  +  1) (2J — 1)

3«^«í«s«e t«í«5 — 2(Л + 1)(2Л + I)]2 02 c m
«Í«5 «í«5 [«з«б + 4(«  ̂—Л)(2Л + l)]2 18«,+«f

2С,-(Р) J 3( 2 J  — 1)(2J + 1)
«5 «4 «5 «в lv t v 7 +  4(«Г —Л)(2Л + I)]2 0с т
« 4 « 5 « в « 7  [«5«8  + 4(«Г — Л)(2Л + I)]2 0

2 C U R )

5«4 2«з"«4"«5«(Г [«ÎT — 2Л]2 02С6-(Р)
5«з 2«í«f«^«^[«7 — 2Л]2

0
с т
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Table И

Branches Line

/1/1 =  +1 ДЛ =  — 1 ’XW-'V'W ’X(a)-’Y(b)

UR«AJ) MP « ( J  + 1 ) 0 5®s»4»«»eB7’,,8(«’Î' — 2Л)2
CAR)

TP ,A J ) n R 3A J  -  1) 0 1 S%%% % v i v l  vf v f
2 CAP)

UQ A J ) MQ M ) 0 15v ívóváv \ v £ v £

CAQ)

VR A J ) l p - M  +  1) 0 1 5 v ïv jv îv £ v £ v ï ’v f a }
2 CAR)

MP u U ) UR M  -  i) 0 5«^Г2»Г2«2 v%vi 
2 CAP)

n Qu (J ) TQ M ) 0 5 i)^ i)f2t)íí)> í
CAQ)

° R u U ) s P iA J  +  i) 0 5vsvevfv$*v$*vt
2 CAR)

NP ,À J ) TR M  -  i) 0 i l  il* 15^ V 4 X  
1 ’ C A P )

° Q M ) SQ A J ) 0 , a ,ч, 3 0 % % W  
1 ’ CAQ)

PR*AJ) RP M  +  i) 0 , A ,v, 15%% vJ 4 'i’
' ' CAR)

° P u V ) 4 3(J  -  i) 0 3%% 2t,i  K%+ — 2/1(2/1 — 1)]* 
2 CAP)

PQ M ) rQ M ) 0 3% -V2K“%+ -  2Л(2Л -  l)]2
CAQ)

QR M ) QP M  + 1) 0 3%-%+4[%-%+ -  2Л(2Л -  1)]! 
2 CAR)

P A J ) R A J  -  i) % % a.. 2[3%%+ -  (Л -  5 )(2Л +  1)]*%%
2 J Л  c a p )

QAJ) QAJ)
v ïv ï  (■/ +  y ) 4[3%«+ -  (Л -  5 )(2Л +  1)]2%%*

J ( J  +  1) CAQ)

R A J ) P A J  +  i) »5 «б" 2%fe [Зь'Л'б — (4  — 5) (2/1 +  1)]!
2 (J +  1) Л '  CAR)

QP M ) qr j j  -  i) 0 3% %%t>j([%4>e — 2Л(2Л +  1)]*
2 CAP)

r Q * (J ) p w u ( J ) 0 3%% fi«’!  [% «6 — 2Л(2Л +  l)]2
CAQ)

SR M ) °  P M  +  i) 0 3% ujrfvf [% — 2/1(2Л +  l)]2
2 CAR)

RP » (J ) PR ,A J  -  i) 0 A A  I n ,  15%%V3%«ÎVe
( л  +  1 )_  CAP)
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(continued)

s t r e n g t h s

’X ( b ) - ’ Y(a)

— 2Л]2
2 CUR)

15pï2v ï2vivivt v;j 
, 2C7 (P)

I 5 v ï h ) g v i v ï v £ v î  v £

c m
v£ v£ v£ vf v£ v£ 
2C?(R)

10p„ Pj P j »3  t>4 v£ v£v£

СГ(Р)
20y fy iv U ^U U s2

c m
*»j{ 2

(л  + l)2 

{ Л  + 1 )  

(Л +  1)

c m )
30pJ p^p3Viv£vt

c m )
, 60p^P3P4pÍ pJ 2

c m
, 3,0»J4>i"pj 2t>6 -

CUR)
6у̂ УзУ̂ у£ — 2(Л +  1)(2Л +  l)]2

CUP)
12t)3P4y^2[i)2t>e — 2(Л +  1)(2Л +  l)]2

c m
6p ^ p ^ 2[p3pj-— 2(Л +  1) (2Л +  l)]2

’Х ( Ь ) _ ’ У(6)

0

0

0

0

0

0

0

0

0

15pJ p4
J 2( J + 1 ) ( 2 J - 1 ) ( 2 J + 1) 

0

3y£vUJ  +  2) (2J  -  3) 
J ( J +  1)2(2 J +  3) 

3 p4~p5+( J  ~  1) ( 2J  +  5 )
CUR) J 2(J  +  l)3

/ л  I 1 \2 2p3 p4 [3p ,  pj|~ — (Л  — 4 )(2 Л  +  З )]2
1 "  ; c u p )

V U U J  -  1) (J  +  1) (2J  -  3) (2J  +  3) 
2 J3(2J -  1)(2J +  1)

4 p4 p i [3p 2 p f  — (Л  — 4 ) (2 Л  +  3 ) ]2
~ cm

/ , I \ 2 2р5Р8~[Зр3р3 (Л — 4)(2Л +  3)]2
v ’ C £(R)

6p3 2p4 pJ [ p 2pÍ  — 2 (Л  +  1) ( 2Л  4~ l ) ] 2

c u p )
U v U v Í v i l v U Í  -  2 (Л  +  1 ) ( 2Л +  l ) ] 2

c m
6р5-р 5Л 6'р-;[р4Рз -  2 (Л  +  1 ) ( 2Л  +  I ) ] 2

C U R )

(Л + 1)2
'-'G \ * )

vï vU J  — 2)S(J +  3)2(2J +  1) 
4J3(J +  l)3

vU U J  -  1) (J +  3) (2J  -  1) (2J  +  5) 
2 ( J + l ) 3( 2 J + l ) ( 2 J + 3 )  

3c4~p5+(J +  2) (2J  -  3)
J 3(J  +  l)1

SvjvUJ  -  1)(2J +  5) 
8 J ( J +  1)8( 2 J +  3)

0

_________ 15p^p3________
J ( J +  1)2(2J +  1)(2J +  3)
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Table II

Branches Line

АЛ= +1 ДЛ =  —1 ’X («)-’Y(«) ’X(«)->Y(6)

SQ»U) °QUU ) 0 /А , ,4,
1 +  ' Ct(Q)

Tr « U ) NP M  +  i) 0 (Л +  1У 15^ ' i

SP»U ) 0 r A J  -  i) 0
5v0v1v1v3vt viv£vf

2C/P)

TQ„U) nQ«(J) 0
Ct(Q)

Ur hU ) MPtÁJ +  1) 0
5t)j D3 1 '7 t’J Vj t; j  t)9f

2C4(R)

lP!ÁJ) 4 . ( j  - 1 ) 0
15и^2к72е ^ « ^

2 C5(P)

MQnU) uQ»U) 0
15t)jt;f2t;í2tiJeít)í

CÁQ)

NR iSU ) Tpsi(J +  1) 0
15»íTf»í*rí2i>í*í 

2 CS(R)

MP A J) URbi(J -  1) 0
5»г», — 2Л) 2 

Q(P)

TQ dJ) 0
lOt), 2v£vlv£(v3 — 2Л) 2

C M

sPv(J +  i) 0
Svjvî*vî*vî(vï -  2Л) 2

CÁR)

NP*U) Tr sAJ -  i) 0
vï vï vî vî  +  4(t)(T — Л)(2Л — l ) ] 2 

2 C5(P)

°Q3ÁJ) sQ dJ) 0
«V’í V t a t ’í  +  4(f,- -  Л)(2Л -  l ) ] 2 

C M

Pr 3s(J) rp *(J  +  i) 0
v i W 4 v i v i  +  4(1-8- -  Л)(2Л -  l ) ] 2 

2 C5(R)

° p tÁJ) SrM  -  i) 0
6v3v3v3v t  — 2Л(2Л — l ) ] 2

CAp )

PQ JJ) rQu(J) 0
1 2 t>7 ^t>+2 [t.1-t,+ -  2Л(2Л -  l ) ] 2

C M

Qr A J ) QPM(J  + 1 ) 0
6 f t +4 K » i  -  2Л(2Л -  l ) ] 2

c5(r )

p „(J) RÂJ -  i) ”2̂ 3
2 J

1-2 V3 V, t)5 [« 3  ve — 4(t-J +  Л) (2Л + 1 )]
2 C5(P)

Qi(J) QÂJ)
« . v ( j +  y ) •>i»r»iTre [«iW — 4(«B +  Л)(2Л +  1)]

J (J  + 1 ) CÁQ)

Rs(J) PÁJ +  i) ®6®7 t>rfF»ec 7 [«,з4,е — 4W  +  Л) (2Л +  l ) ] 2

2 (J +  1) 2C5(R)
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(continued)

Htrengthe

’X(i-)->Y(a) ’X(b)-«Y(b)

/ » , i r  60o4 4 ofоJof
' ’  Ш )

0

У ' Ct(R )
0

1 0 v 3 2v i * v l v j v } v }
0C,-(P)

2 0 «ï‘2Ü^UeUii'DeVtÎ 0
c m

10 t>5 né of ojf V }  v £  v s
0

c m

15ofOf Of OfоЗДо^ 0^
0

2 c m )

15of of of V Jejfoi oj[ 2
0

c m

15of ofo4 oj05 2o? 2
0

2  c m

5c," of of o3f of of («Г J  —  2Л) 2

2Cf(P) 0

5п1ПзП4«5«, 2(t»I, — 2Л) 2 Ü
c m

5cfo«»» M*!®« — 2 Л] 2 0
2  c m

t i ¥ Í 1,í[ i ,í llí  +  4(of — Л)(2Л +  З) ] 2

г c m
0

v j v i v t 2[ v i v i  +  4(of — Л) (2Л +  3) ] 2

c m
0

о,+ 2о7+2К+ов+ +  4 (0 2 -  -Л ) (2-1  +  3) ] 2 1 8 0703
2C3 (R) ( J +  1)3 (2J +  l)(2J  +  3)

3of*ofoi [of of -  2(Л +  1)(2Л +  З) ] 2 

2C4-(P) 0

З03 V 2 [ojof -  2(Л +  1) (2Л +  3) ] 2 3of »*(J — 1) ( 2J  +  5)
c m J ( J +  1)3 (2J +  3)

3o4 e fo f2[ofcf — 2(Л +  1) (2Л +  3) ] 2 3ofoJ(2J -  1 )
2 Q (« ) ( J +  1 )2 ( J +  2 )

v 2 ^ 3 2 [ f r — 4(e,+ +  Л) (2Л +  3) ] 2 ofof(J -  1) (J +  2) (2J  -  3) (2J  +  5)
2Q (P) 2 J ( J +  1)2 ( 2 J +  1)(2J +  3)

V3 2 v4 V6 [v 2 v 5 H“ /1) (2/1 “f" 3) ] 2 vTvt ( J 2 +  2 J  — 5) 2 (2 J  +  1 )
c m 4J(J +  1)3(J +  2)

V ,  ofofof[ofof — 4(of +  Л)(2Л +  3) ] 2 o , W +  3 ) (2 J +  1 ) ( 2J +  7)
г  c m 2( J  +  1) (J +  2) 2 (2J  -  3) (2 J  +  5)
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B ranches

АЛ =  + 1 АЛ =  — 1 ’ X ( a ) - ’ Y ( a )

q p ^ J ) qR J J  -  1 ) 0

rQ M ) p Q x U ) 0

s R tA J ) ° P M  +  i ) 0

r p ,A J ) p R d J  -  i ) 0

% A J ) °Q sA J) 0

TR ,A J ) n p -A-J +  i ) 0

K P iA J ) WR , A J  -  i ) 0

lQiA J ) v Q n U ) 0

MR iA J ) UP*A J  +  i ) 0

LP „ ( J ) VR J . J  -  i ) 0

MQzAJ) uQ«s(J) 0

n r 2A J ) TP M  +  1 ) 0

MP J J ) UR * A J  -  i ) 0

n Q ^ (J ) TQ*AJ) 0

° R m(J ) SP M  +  i ) 0

N p iA J ) TR MU  -  i ) 0

% A J ) SQ J J ) 0

p R tA J ) RP M  +  i ) 0

° P J J ) SR M  -  i ) 0

QPd J ) RQ d J ) 0
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T able II

L ine

tX(a)->y(6)

5t>lt>8«3t>4«>sfe [»g +  2/11*
CAP)

+  2 , 1 ]*

CAQ)
5 i '3 1-’4 1’5  у$у,Уз [ t ’g +  2 Л ] 8

CAR)

2  CAP)
1 5 r ft> 2  v j v ï v ï v£vf v£

CAQ)  '

15у̂ УзУ̂ У&УеУ,У»У»
2CAR)

3 v e v ,2v ïv£ v tv£ v£
2  CAP)

3 t ' 7 - v f ly3vt vi vi  
CAQ)

3 t ’,  r  J  - f  j  h>îyive_
2  CAR)

РдРв»^»»»« I2»^ — Л]г
CAP)

2 f i f Рз vî vt r e [ 2 p f  J P

CAQ)
t ’í  2 « í 2 í '5 ' !(i [ 2 f f  —  Л ] 8

CAR)
5 t' j t~5 t'j. t 'f  t 'f  t'(; [t~7 , 2 /1 ]8

2  CAP)
5 t ’5 i'e yt~v& V« [ p f  —  2 Л ] 8

CAQ)
5 r j~ t)^ 2K ^ V [ p f  —  2 Л ] 8  

2 CAR)
3 0 p f  t’f  t ' f  t'e t'5 t ’e

CAR)

CAQ)
3 0 v i v g v ^ s

Ce(R)

5p g  t ' 3  t ' i  t'ä p'e * e  [у~ ~Ь 2 Л ] 8

2  CAP)
8 [ « f  +  2 Л ] 8

CAQ)
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(continued)

strengths

’X(b)-’Y(«) ’Х(Ь)-’У(Ь)

5»r*»ï^r®Î К  +  2 / 1]2 2r5-r i(J  -  1)(2J +  5)
2 C,-(P) 2 J  ( J  +  1)2(J +  2) 2

5«i'2vr*'s»e»í[«ío +  2Л] 2 Sr,V (J +  3)(2J -  1)(2J +  1 )
c m 2 J ( J  +  l )  ( J  +  2)2(2 J  +  3)(2 J  +  5)

5юГ»Г»в«'в»7'»в [»xi +  2 /1 ] 2
0

2Q(K)
15«i"4»3 •»J'tCeÿtiJ' 15rir7

2Cf(P) 2 J (J +  2)2 (2J +  3 ) (2 J +  5) .
15»3 2» J - r i  r i  ri

0
Ф )

15rirar^rfriririri
02 Q ( R )

3rôrjfr^ririririri
0 4.Cf(P)

fir^r^r+r+riri2
0C i(Q )

3r^riririri2r i 2
0

c m

v ï v ï v i v î v t v t  [2rf — Л — l ] 2
0с2-(Р)

2 r îr ir ir ir i2[2ri — Л — l ] 2
0Q(Ç)'

fit> iri2r i 2 [2ri -  Л -  l ] 2
: 0c m

5гГ 2,,Гri  r i  r i [гГ3 — 2Л] 2
0c m

10r^2r ir ir 7+2[r/2 — 2Л] 2
0c m

5 v â v ^ v ^ 2v ^ 2(v Z 1 —  2Л) 2
0ci(fi)

(Л +  2) 2 1 5* Г № « М 0

( 4 , 0 «  S O riV riri2

( +  } c m
0

i  л 1 o\2 15rir,-r,+2r i 2 15rs r6
1 c m ( J  +  1)(J +  2 )2 (2 J  +  3)(2J +  5)

S r f^ i^ jr i  [ri, -f 2Л] 2
0

c m

1 Or7 2r|j"rir, 2 [r Í) +  2Л] 2 5r6-re- ( J +  3)(2J -  1) (2J  +  1)
cm 2 J  (J + 1 )(J  +  2)2(2 J  +  3) (2J +- 5)
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Table I I

Branches Line

АЛ =  + 1 АЛ =  — 1 ’X ( « ) - ’ Y (a) ’X ( « ) - > X ( 6)

qk * U ) pp«(J +  i) 0
5v, vs V , » ?  2» ?  [ » ?  +  2Л]* 

2C,(R)

p . (J ) R ' U  -  1 ) 2 J
»1 vt  v 3 vt vs ve l 2 » ?  +  Л У

C,(P)

Q ,(J) Q,(J)
c ’ c i ( J + y ) 2»2 «з »4 vs Ve »? [2»? +  Л]2

J ( J  +  1 ) C,(Q)

R ,(J) p , ( J  +  i )
» > 8 V3 vï vï vë v7 vi)l2 v 7 +  Л ] 2

2(J +  1) Ct (R)

QP * (J ) qR * U  -  1 ) 0
3»0 » !  »2  »3  » 4 »5 »6  » ?

2 C6(P)

% ' U ) pQtn(J) 0
3 » !  » 2 » 3 » 4 » 5 » 6 » ? » ?

cm
% , U ) ° P A J  +  i) 0

3 » 2  » з » 4 »5  » 6 » ? » ? » ?

2C6(K)

J p n(J) zRn(J -  i) 0
» ?  »7 »2 »3 »1 »5 «б » ?

2C,(P)

KQ A J ) wQn(J) 0
» f » ? 2» ? » ? » ? » ? » ?

cm
Ln „ ( J ) VP„(J +  i) 0

» ? 2» ?  * » ? » ? » ? » ?  

2C,(fi)

k p * U ) WR n (J  -  1 ) «
3»j C4 » ?  » ?  » ?  »? » ?  » ?

C7(P )

lQ A J ) vQn(J) 0
6 » ? » ? » ? 2» ? » ? » ? » ?  

cm
MP r,U ) UP M  +  i ) 0

3»?»?2»? * » ? » ? » ?

c m
LP*,U) vR 73( J  -  1 ) 0

15»?»? » ?  » ?  »? » ?  » ?  » ?  

2 C,(P)

MQ A J ) u Q n (J ) 0
1 5 » ? » ? » ? » ?  2» ? » ? » ?

c , « ? )

nR A J ) TP n ( J  +  1 ) 0
1 5 » ?  »7»? 2»5  2» ? » ?

2cm

m p M ) UR M  -  i ) 0
1 0 » з  » 4 »5 »g  »2 » ? » ? » ?

C,(P)

n Qv (J) TQ u U ) 0
2 0 » ? » ? » ? » ? » ? 2» ? » ?

cm
°R«U) SP ,A J  +  i ) 0

1 0 » ? » ? » ? » ? 2» ? 2» ?

C,(P)

n p * U ) TR ,Â J  -  i ) 0
15 » 2  »3  » 4 »5 V6 »7 » ? » ?

2 C,(P)
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(continued)

s tre n g th s

’X(b)-’Y(a) > X (b )-’Y(b)

+  2/1]2 J(2J +  7)
c m 2 (J +  1)(J +  2)2(J +  3)3

+ Л + l ] 2 vsveU  -  1)(J +  3)(2J -  1)
c m 2 J (J +  2)2(2J +  3)

2»í*»s'®íe*®7 [2»í +  Л +  l ] 2 t>eV ( J 2 +  3J -  3)2 (2J +  1)
c m 4 J ( J + l ) ( J  +  2)2( J + 3 ) 2

«>i№'i»eW'»8 [2»9 + Л + l]2 VÍ  VgJ(J +  4) (2 J  +  1)
c m 2 (J +  1)(J +  3)2(2 J +  5)

3vï*VÏ*V3VjVjVÎ 3v,vf(2J +  1)
c m 2J(J +  2)2 (J +  3)

6v2 2v3 v4 vs V, V- v3 3l',+l'g
c m 2 (J +  1)(J +  3)2(2 J +  5)

3v2vJ v31!^v7'vfvg e,j
0

c m
V„VtV2V3vjvi,VglC

0
2 c m

vZvïvivtvtvivt2
0c m

ViVtv£v}vt2v£2
0

2 c m
3vô2vïv}vïv£v£vï

0
2 c m

3nf
0c2(<?)

Зп^пЗД'г^Ч'в21’? 2 02C2(R)
15v02vr2vfv£v£vf

0
2 C m

15l7j 2V2'v£vQvtvli ~
0c m

0
г  c m

5vô2vY2v2vtvtvt
0

2 c m
5v i'ZV2V3V3 V, v3 2

0c m
5 vjv% vjv\f Vg -v£2

0
2Q(i<)

15»ö2»r2*,i4'3®eB7 0
2 c m
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Table II

Branchée Line

AA =  +1 ЛЛ =  —1 ’X («)-’Y(«)

s Q n U ) 0
15v3v1v5vev7 », *v7

c7(Q)

P r v U ) RP M  + 1) 0 2C7(K)

° P n U ) sRn(J  -  1) 0
3f, Vj v3 vt vs ve V,

CAP)

PQ«(J) 0
ô v g V a V tV g V g V ,  v j 2

CAQ)

QR „ U ) qA .(J  +  1 ) 0 3t>3 «4 v5 ve v7 v7 lv3 
C7(R)

p2(J) R A J  -  1) *v>r
2 J

v0v1vz v3vi t>s vev7
2C,(P)

Q i U ) QAJ)
v ï v * ( j +  y ) t), U, t>3t>4 U5 t’6 V7 vf

J ( J +  1) CAQ)

R,(J) P A J  +  l)
b'8 v 9 v2v3vt v3v6v7vfvf

2 ( J  +  1) 2C7(R)
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( c o n t i n u e d )

Ktrengtbe

’Х(Ь)-’У<а) ’Х(Ь)->У(6)

15rJ" 2v , v3 v j v f  V, 2
cm

15VgVjVgVgVt^ 2 15e, V,
2C+(«) 2 (J +  1)(J +  3)2(2J +  5)(2J +  7)

3v ö 2V i2VgVjV^vf
2 C.-(P)

3v íh igV gV gV jvÍ2 3t>6 «7 (2J -f 1)
C,(Q) 2 ( J +  1 ) ( J +  3) 2

3v7Vg(2J -f- 1)
2 C}(R) 2 ( J + l ) ( J + 3 ) 2(J +  4)

VÔ2VÏ2ViVjVjVg t’e 1)7(2 J  -  1)
2C,-(P) 2 (J +  3 ) (2 J +  5)

»1 ~v t v3v t vs ve v i v-jV gJ(2J  +  1)
c m 4 (J +  l) (J  +  3) 2

v2v3vt vs ve v7v t v i t>s4+(2J +  1)
2 CUR) 2 (J +  4 ) (2 J +  7)

Table III
Intensity scattering of the main branches of the (a) — (a) quartet transition over the main and 

satellite branches of the (a) — (6) transition

( a ) - ( a ) (<■) —  (*>)

S f ( a )

s i

} s A ( a )

o A
o 2 ]

T s " ( “ )

о Д
° 3 l

{ s i w

S Ä

S f ( a )

e A
° 1 2 s i

-  s i ( « )

S 31

1  S 3 ( a )

S A° 4 2

4  s i < “ >

S 3A ( a )

s f 3

4  s »

s â S t

j s i w

с Д
° 4 3

4  s »

S ? ( a )

S Û S A° 2 4

4  s " ( ° )

е Д
° 3 4

4  s »

s i

4  s »
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Table IV

Intensity scattering of the main branches of the (a) — (a) quintet transition over the main and 
satellite branches of the (a) — (6) transition

(») — (“)

s f cA
*̂ •21 S A°3i s û S û

S i V )

û s » ^ S Û ( a )

cA°12 s f S Û S û s û
S .?(a)

Г в 8 ^ T S  W
0

П * < * >
4 л 

i 6 s ^ >

s û
oA
°23 s 4^3 S û ÇA

°53

S f r )
0

T 6 S Л ->
0 ^ S Û ( a )

S û S û
ÇA
°34 S û ÇA°54

S f ( a )

n s » 7 6  s »
0

Я 5 - » B s > »

S û S û
SA
°35 S û S 54

s £ ( a )

Ï 6 S Í M
^ S 5»

r e s Л - ) n s i ( e )
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Table У

Intensity scattering of the main branches of the (a) — (a) sextet transition over the main and 
satellite branches of the (a) — (6) transition

(“) — (“) (°)

S f r )

Si4

à s »

cjA
°21

à s ^ a)

eA°31

B * *

SAo4i

g s 4(a)

Si,

à s ? ( .)

SA°6i

à sA<a)

S?(a )

sä

é s -<">

S.f cA ° 32

| s i ( . )

Sâ

à s =<“>

SA°52

H S ’ M

ÇA° 62

H s - »

S?(a )

oA°13 s£

â s ? (a)
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Table VI

Intensity scattering of the main branches of the (a) — (a) septet transition over the main and 
satellite branches of the (a) — (b) transition

(a) — (a) («)-(<•)
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T H E  E F F E C T  O F  R O T A T I O N - V I B R A T I O N A L  

I N T E R A C T I O N  O N  T H E  L I N E  I N T E N S I T I E S  I N  T H E  

O P T I C A L  S P E C T R A  O F  D I A T O M I C  M O L E C U L E S

By

A. I . K o b y l a n s k y

INSTITUTE FOR HIGH TEMPERATURES, MOSCOW, USSR

(Received 28. XI. 1978)

Using perturbation calculation simple relations have been received that make possible 
to evaluate the appearance of rotation-vibrational interaction in the line intensity of gaseous 
diatomic molecules from a sufficient number of experimental data. The connection between 
the rotational temperature determined from the optical spectra neglecting rotation-vibrational 
interaction and the real rotational temperature of the gas has been found.

In tro d u c tio n

In  m a n y  p rac tica l ap p lica tio n s o f spectroscopy , especia lly  in  th o se  th a t  
m ake i t  possib ile  to  d e te rm in e  th e  te m p e ra tu re  o f a gas from  th e  op tical 
sp ec tra  o f  d ia to m ic  m olecules i t  is necessary  to  know  th e  in te n s ity  d is tr ib u tio n  
in  th e  ro ta tio n a l s tru c tu re  o f  e lec tro -v ib ra tio n a l b an d s  b o th  in  em ission and 
in  a b so rp tio n . G enerally , in  th e  “ 0 -th  o rd e r”  ap p ro x im a tio n  th e  re la tiv e  
in te n s ity  o f lines w ith in  th e  b an d s  is de te rm in ed  b y  th e  p ro d u c t o f H ö n l-  
L ondon a n d  B o ltzm an  p o p u la tio n  fac to rs  [1], th e  ap p e a ra n ce  o f cen trifugal 
d is to rtio n  o f  th e  m olecule in  th e  v ib ra tio n a l w ave fu n c tio n  (th e  ro ta tio n -  
v ib ra tio n a l in te ra c tio n , R V I) is no t considered .

T he b e s t exam ple, w h en  th e  0 -th  o rd e r ap p ro x im a tio n  is n o t a p p ro p ria te  
to  describe lin e  in ten sitie s  is th e  UV sp e c tra  o f O H  ra d ic a l. As i t  can  be seen 
from  th e  ca lcu la tio n  o f  F ra n c k -C o n d o n  fac to rs  th e  effect o f  R V I on th e  line 
in ten s itie s  a t  d iffe ren t J  q u a n tu m  n u m b ers  co rresponds to  t h a t  o f  th e  expected  
an d  th e  sam e is found  even  in  th e  sp ec tra  o f  h eav ier m olecules e.g. LaO  [2].

In  p rinc ip le , th e re  is no  d ifficu lty  in  ca lcu la tin g  th e  re la tiv e  in ten sitie s  
o f ro ta tio n a l lines considering  R V I, u sing  co m pu ters. B u t d irec t ca lcu la tion  
c a n n o t be ap p lied  is m ost cases since th a t  R e{r) d ipo le -m om en t m a tr ix  ele
m en ts  an d  th e  in te ra c tio n  p o te n tia l U(r) is u nknow n  in  a b ro a d  in te rv a l of 
in te rn u c le a r  d is tan ce  for m o st m olecules.

In  th e  p re sen t w ork a m e th o d  is suggested  for th e  an a ly sis  o f  th e  a p p e a r
ance o f R V I in  th e  in te n s i ty  d is tr ib u tio n  o f e lec tro -v ib ra tio n a l sp ec tra  of 
d ia to m ic  m olecules th a t  is b ased  up o n  considering  th e  effective ro ta tio n a l 
p o te n tia l as a p e r tu rb a tio n  o f  U(r). U sing  th e  f irs t o rd e r o f p e r tu rb a tio n
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c a lc u la tio n  th e  re la tio n  to  th e  0 - th  o rd e r is rece ived  an d  i t  is possib le to  d e te r 
m in e  th e  co rrec tions. T he co rrec ted  fac to rs  are  co n n ec ted  to  ex p erim en ta l 
d a ta ,  nam ely  to  th e  re la tiv e  in te n s itie s  o f n e ig h b o u rin g  e lec tro -v ib ra tio n a l 
b a n d s .

Theory

T he in teg ra l coeffic ien t o f ab so rp tio n  or em ission for th e  lines of e lec tro 
v ib ra tio n a l tra n s itio n s  in  B o rn -O p p en h e im er a p p ro x im a tio n  is

Sif =  Aijv1f H{J J t ) I <»,•</,i I Re I vf J f )\2 exp  (—c2F ,/T )  ; (1)

h e re  th e  subscrip ts  i an d  f  belong  to  in itia l an d  f in a l s ta te s  co rrespond ing ly , 
A y  is  co n stan t fo r a g iven  e lec tro -v ib ra tio n a l tra n s it io n , v is th e  freq u en cy  
o f  th e  tran s itio n , n =  1 for ab so rp tio n , n — 4 fo r em ission , H ( J , , Jj)  are  H ö n l-  
L o n d o n  facto rs, c2 is th e  second ra d ia tio n  c o n s ta n t, F t is th e  ro ta tio n a l te rm , 
T  is  th e  te m p e ra tu re  o f  gas. T h e  func tions | v j )  are  e igenfunctions o f th e  
r a d ia l  p a r t  of th e  H am ilto n ia n  o f th e  m olecule

û  _  R d2 , , v , BQ(J)H r — В  ■— • -f- u( r) -j—
d r2 r2

( 2)

w h ere  В  =  Uj^nmc, m  is th e  re d u ced  m ass o f th e  m olecule, en erg y  is expressed  
in  u n its  of cm -1 . T h e  th ird  te rm  co rresponds to  th e  effec tive  ro ta tio n a l p o te n 
t ia l ,  th e  func tion  Q(J)  is d e te rm in ed  b y  th e  coup ling  o f a n g u la r  m om ents in  
th e  specific  s ta te  o f  th e  m olecule ( in  H u n d ’s case a) an d  c))

Q(J) =  J ( J +  1) -  ß 2,

w h ere  Q is th e  p ro je c tio n  of a n g u la r  m o m en tu m  to  th e  ax is  o f  th e  m olecule). 
S u b s titu tin g  Q(J) =  0 in  to  E q . (2), th e  ra d ia l p a r t  o f th e  H a m ilto n ian  is 
rece iv ed  for n o n -ro ta tin g  m olecule. L et th e  e ig en fu n c tio n s o f th is  o p e ra to r  
b e  deno ted  b y  j an d  b y  E v th e  co rrespond ing  e igenvalues (v ib ra tio n a l 
lev e ls  of a n o n -ro ta tin g  m olecule).

The effect o f  R Y I on line  in ten s itie s  ap p ears  in  th e  dependence o f th e  
d ipo le-m om en t o f  th e  e lec tro -v ib ra tio n a l tra n s i t io n  from  J t a n d  J f . S u b s ti tu t
in g  <(Vjjj I Re j v.J^y  b y  I R e | vy> in  E q . (1) th e  0 -th  o rd e r ap p ro x im a tio n  is 
rece iv ed , the  line in te n s itie s  ca lc u la ted  th is  w ay  in  0 -th  o rd e r a re  deno ted  b y  S 0̂.

In  order to  f in d  th e  ap p ro x im a te d  dependence  o f th e  ra d ia l w ave fu n c 
t io n  from  J , th e  effec tive  ro ta tio n a l p o te n tia l in  th e  o p e ra to r  o f E q . (2) is 
considered  as p e r tu rb a tio n . In  f i r s t  ap p ro x im a tio n  th e  ra d ia l  w av efu n c tio n  is

\ v j )  =  \ v }  +  BQ(J) 2  <VJ r ~Z^ }  ■ ( 3 )

T ypical m o lecu la r sp ec tra  w ill be exam ined  h a v in g  tra n s itio n s  b e tw een  
low  v ib ra tio n a l s ta te s  and  th e  v ib ra tio n a l te rm  is m u ch  sm alle r th a n  d isso 
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c ia tio n  energy . In  th ese  s ta te s  th e  re la tiv e  d ev ia tio n s  co m p ared  to  th e  a v 
erage in te rn u c le a r  d is tan ce  are  sm all, th u s  in tro d u c in g  x =  r — <(v ( r _2 |«)>_1^ 
an d  k eep ing  on ly  th e  f irs t  tw o  te rm s in  th e  ex p an sio n  o f r -2

r -2 =  (v  I r ~21 v> (1 — 2 x ( v  I r ~ 2| v )1/2) (4)
is received .

S u b s titu tin g  E q . (4) in to  E q . (3)

I v j }  =  I«> -  2<„ I r - 2| t BQ(J) 2  • (5)
E v — E u

T he v ib ra tio n s  o f th e  m olecule can  be  considered  h arm o n ic  in  i ts  low er 
s ta te s  th e re fo re  i t  can  be assum ed th a t  th e  m a tr ix  e lem en ts (v  \ x  | u )  a re  
th e  sam e as fo r th e  h arm on ic  o scilla to r, t h a t  is th e y  d iffer from  0 on ly  fo r
и =  ю i  I-

T he e rro r  o f th is  a p p ro x im a tio n  can  be e x tim a te d  b y  E q . (3) u s in g  
M orse o sc illa to r. F o r ty p ic a l an h a rm o n ic ity  v a lu e  th e  fac to rs  le f t in  E q . (5) 
do n o t exceed  a few  p ercen t.

F o r  M orse oscilla to r ju s t  as for h a rm o n ic  osc illa to r

| ж | г; +  1> =  +  1 I * I =
(v +  1) В  
E v+1 E v (6)

In tro d u c in g  th e  follow ing n o ta tio n  со =  E v — E v_x ^  E v+1 — E v, 
B (v  ! I—21 Vs)  =  B v and  su b s titu tin g  (6) in to  (5)

\vJ> =  \ v > - 2
CO

3/2

Q(J) ( V »  I «  —  1 | >  —  V ®  +  1 1«  +  ! » • ( ? )

T he co n d itio n  o f a p p lic a b ility  of p e r tu rb a tio n  ca lcu la tio n  is

l l | f J > - | « > | | 2 4(2i> +  1)
Б п |3
CO

Q V X l ( 8)

th a t  is sa tis f ied  fo r m ost o f th e  d ia tom ic  m olecules (no t considering  h y d ro g en  
an d  its  iso topes) in  low  v ib ra tio n a l s ta te s  fo r v a lu es  of som e h u n d re d  o f  J .  
A pply ing  E q . (7)

w here

S v /S ï f \<VjJi 1 R e \vjJf>\2 =  r j 
I O / I  R e  I vf }\2

P i Q ( J i ) - P f Q(Jf)]2, ( 9 )

Pi =  2 

Pi =  2

B, 3/2

Oil

Bf 3/2 ,

Oif. 1

О / — 1 1 Re I v, > 

О í I R e I ®/> 
Q< I Re 1 vj — 1) 

O i I Re I v/)

— Y  v t +  1

— } v / + l

O f  +  11 R e I vf y j  ̂

O f 1  R e  I vf y j ’

О /  1 Re I V/  +  1>|
O f  I R e j v/}

(9a)

(9b)
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I n  o rder to  d e te rm in e  th e  effect o f R Y I on line in te n s ity  on th e  basis  
o f E q . (9) i t  is n ecessary  to  know  th e  ro ta tio n a l an d  v ib ra tio n a l c o n s ta n ts  
in  b o th  s ta te s  an d  fo u r k in d s o f d ip o le -m o m en t m a tr ix  e lem ent. (E sp ec ia lly  
fo r  0 — 1 or 1 — 0 b a n d  th re e , fo r 0 — 0 b an d s  tw o.)

T he square  o f these  m a tr ix  e lem en ts  can  be ca lcu la ted  from  th e  re la tiv e  
in te n s itie s  o f th e  ad jo in in g  b an d s  b y  D e lan d rés  tab le .

The signs o f  th e  d ipo le -m om en t m a tr ix  e lem ents are  given u su a lly  by  
th e  signs o f th e  o v erlap  in teg ra ls  o f th e  co rrespond ing  harm on ic  o sc illa to r 
w av efu n c tio n s b u t  th e  rea l v ib ra tio n a l fu n c tio n s do n o t differ s ig n if ic a n tly  
fro m  th e  H erm ite  po lynom ials, th u s  th e  o v erlap  in teg ra ls  do n o t change sign 
in  case th e y  s ig n if ican tly  d iffer from  zero.

T he re la tiv e  sign o f  th e  H e rm ite  fu n c tio n s  are d e te rm in ed  b y  th e  co n 
d itio n  (v  j X I V -f- 1) 0 co rresp o n d in g  to  th e  choice o f sign in  E q . (6).

A pp ly ing  E q . (9) th e  e rro r in  d e te rm in in g  th e  ro ta tio n a l te m p e ra tu re  
fro m  th e  sp ec tra  o f d ia to m ic  m olecules o rig in a tin g  from  neg lec ting  th e  effect 
o f  R Y I on th e  n o n lin ea ritie s  can  be e v a lu a te d . As p , an d  are  u su a lly  m uch  
sm a lle r  th a n  1, th e  ap p ea ran ce  o f R V I becom es s ig n if ican t only  fo r J  1.

T herefore  considering  selec tion  ru les J, -  Jf <, 1 Q(Jf ) ** Q(Ji) can  
be  tak en .

D eno ting
г f a ,  vf ) =  2 (pi +  P /)/c2R, (10)

a n d  assum ing  th a t  va lues o f J  w ith  t h a t  E q . (9) is close to  1 are in te re s tin g  
E q . (9) is re w ritte n  in  th e  follow ing fo rm :

I <ViJi ! Re I V /J /)|2/l<*,< I Re I *v>i2 ^
^  1 —  CoBiQiJi)  r ( t vf ) ^  exp  [ -  c2F , t ( i >,-, vf )\. 

S u b s titu tin g  (11) in  to  E q . (1)

w here
Stf  =  AjjVjjH(JiJf) I <17,-1 Re I vf }\2 exp  ( — c,F,ITr).

1

TV
—  +  T(®„ Vj).

(И )

( 12)

(13)

F ro m  E q . (12) i t  can  be seen th a t  th e  ap p lica tio n  o f 0 -th  o rd e r a p p ro x i
m a tio n  in  th e  d e te rm in a tio n  o f th e  ro ta tio n a l te m p e ra tu re  leads to  th e  d e te r 
m in a tio n  of Tr th e  re la tio n  o f w hich to  th e  re a l te m p e ra tu re  o f th e  gas is g iven 
b y  E q . (13).

D iscussion

E q . (9) can  be d e m o n s tra te d  on th e  re su lts  o f  a ca lcu la tio n  on  th e  line 
in ten s itie s  o f  a m odel m olecule w here th e  p o ten tia l o f th e  in te ra to m ic  in te r 
ac tio n  is for exam ple  in  th e  form  o f U(r) =  A/r2 — B/r th a t  m akes an  a n a ly ti
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cal so lu tion  possible fo r th e  v ib ra tio n a l p rob lem  fo r d iffe ren t J-s.  The 
co n s ta n ts  A  an d  В  of th e  u p p e r  and  low er e lectron ic  s ta te s  w ere f i t te d  to  
receive th e  equ ilib rium  in te rn u c le a r  d is tan ce  and  f irs t v ib ra tio n a l q u an tu m  
for th e  А 2П  an d  X 2E  s ta te s  o f th e  O H  m olecule.

T he fu n c tio n  R e(r) w as chosen JRe(r) =  r -3 S th a t  gives b a c k  th e  in ten s ity  
d is tr ib u tio n  in  th e  0 — 0, 1 — 0 an d  0 — 1 b an d s in  th e  sp e c tra  of 0 -th . In  
F ig . 1 th e  re su lts  are show n an d  th e  line in ten s itie s  from  th e  0 -th  o rd er an d  
from  E q . (9) can  be com pared .

Fig. 1. The effect of RVI on the line intensity in the spectra of LaO in the R and P  branch 
that practically coincide. The results of direct calculation are denoted by circles in the 0 — 0 

band, triangles in the 0 — 1 band and continuous lines are calculated from Eq. (9)

F o r J  ^  20 a s ig n ifican t d ifference com es up  betw een  th e  d irec t and 
th e  a p p ro x im a te  ca lcu la tions. T h is can  be ex p la ined  by  th e  n o n -sa tis fac to ry  
n a tu re  o f th e  f irs t  a p p ro x im a tio n  of p e r tu rb a tio n  th eo ry  beside n o t fu lfilling  
th e  co n d itio n  in  E q . (8) th a t  occurs for lig h t m olecules like O H  a lread y  for 
J  ^  20.

F ig . 2 illu s tra te s  th e  effect o f RV I on th e  line in ten sities  in  th e  2 bands 
o f  th e  B?E — X 2E  system  o f  L aO  assum ing  R e(r) =  const. In  E q . (9) in stead  
o f th e  line in ten s itie s  o f th e  b an d  F ra n c k -C o n d o n  fac to rs w ere used.

I t  w as show n b y  K l e i n , based  on m easu rem en ts  o f UV line  in ten sitie s  
in  a dense p lasm a o f OH m olecules, th a t  in  a w ide range o f te m p e ra tu re , T r 
ro ta tio n a l te m p e ra tu re  ca lc u la ted  in  0 -th  o rd e r d iffers from  th e  one b y  th e  
fo rm u la  1/Tr =  1/T  - f-  const (v,- V /)  th u s  E q . (3) was c o n tra d ic te d  ex p eri
m en ta lly .

U sing th e  resu lts  o f K l e i n  [4] and  L e a r n e r  [5] fo r th e  sq u a re  o f  th e  
m a tr ix  e lem en ts in  th e  case o f  0 — 0, 1 —- 0 an d  0 — 1 b an d s  o f  O H  t(0 , 0) =
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Fig. 2. The appearance of RYI in the line intensity of the spectra of the model molecule: 
R branch of 0 — 0 band. Circles denote the results of direct calculation, continuous line is

the result of Eq. (9)

=  2,25 • 10-5 d eg ree -1  is rece ived , vh ile  from  th e  ex p erim en ta l d a ta  b y  
K l e i n  th e  co rresp o n d in g  c o n s ta n t t (0, 0) =  2.5 ■ 1 0 -s  deg ree-1 .

In  th e  0 — 0 b a n d  fo r J  ^  25 an d  in  o th e r  b an d s  for sm alle r J -s 
as well K l e i n  p o in ts  o u t th e  d ifference o f th e  d ependence  of In S , y  from  F t 
from  lin ear a t t r ib u te d  b y  h im  to  a re su lt o f possib le  p red issoc ia tion  effects.

B u t as i t  w as n o ted  above fo r m olecules like O H  th e  f ir s t  ap p ro x im a tio n  
o f  p e r tu rb a tio n  c a lcu la tio n  fo r J  va lu es  like th is  is n o t  su ffic ien t. Second a p p ro 
x im a tio n  leads to  te rm s  in  E q . (11) t h a t  depend  on th e  second pow er o f Q(J) 
t h a t  gives th e  d e v ia tio n  from  th e  genera l in te n s i ty  d is tr ib u tio n , g iven  in  
E q . (12) w ith o u t assu m in g  p red isso c ia tio n  effects.

The sp ec tra  o f  O H  ra d ic a l is a special case a n d  i t  is w ell know n th a t  th e  
effect o f R V I on line  in te n s ity  can  be successfu lly  ca lcu la ted  and  m easu red  
fo r  th e  tra n s itio n s  be tw een  low er v ib ra tio n a l s ta te s . T here  are  cases know n , 
w hen  0 -th  o rd e r a p p ro x im a tio n  a d e q u a te ly  describes lin e  in ten s itie s  like  e.g. 
th e  0 — 0 b a n d  o f th e  Sw an sy stem  o f C2 or th e  0 — 1 v io le t b an d  o f CN.

In  th e  f i r s t  case p t an d  p j ,  th e  co rrec tion  coeffic ien ts o f th e  0 — 1 and  
l.i— 0 bands are  sm all because th e  d ipo le-m om en t m a tr ix  elem ents a re  sm all. 
I n  th e  second case p i - j -  p j  is close to  zero, th e re fo re  th e  ap p earan ce  o f R V I 
in  th e  line in te n s i ty  can  be neg lec ted .

Conclusions

A n a p p ro p ria te  m e th o d  o f ca lcu la tio n  w as show n fo r th e  effect o f  R V I 
on  th e  line  in te n s itie s  in  th e  sp ec tra  o f  d ia tom ic  m olecules an d  th e  v a lu e  of 
possible e rro r in  d e te rm in in g  ro ta tio n a l te m p e ra tu re  n o t considering  these  
effects was g iven .
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E v a lu a tin g  E q . (9) som e ap p ro x im a tio n s  w ere m ade , like  assum ing  close 
to  h arm on ic  v ib ra tio n  an d  sm allness o f ro ta tio n a l q u a n tu m  co m p ared  to  
v ib ra tio n a l q u a n tu m  (E q . (8)).

B ecause o f lack  of ex p erim en ta l d a ta  no f in a l conclusions can  be  d raw n  
ab o u t th e  a p p lic a b ility  o f  th e  m ethod  used  b u t  s till som e ex p e rim en ta l d a ta  
are  know n t h a t  do n o t c o n tra d ic t th e  th e o ry  above.

B eside q u a n ti ta t iv e  ev a lu a tio n  a co rrec tio n  w as fo u n d  be tw een  th e  effect 
o f R V I an d  th e  re la tiv e  in ten s itie s  of b an d s  t h a t  m ake som e q u a lita tiv e  sug 
gestions possib le  as w ell. T em p era tu re  m easu rem en t from  0 — 0 b a n d  in  
0 -th  a p p ro x im a tio n  gives co rrec t resu lts  i f  0 — 1 an d  1 — 0 b an d s  have  su ffi
c ien tly  sm all an d  n ea rly  eq u a l in ten sitie s  (like e.g. 0 — 0 Sw an b an d ).

The author acknowledges valuable criticism and comments from Professor L. У. G u rv ich  
and Candidate V. V. V e it s .
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P a tel  an d  B h a t t  [1] h a v e  o b ta in ed  an  e lectrovac u n iv e rse  whose 
m e tric  is s im ila r to  th e  w ell-know n N U T m etric  [2]. This e lec tro v ac  universe  
is described  u n d e r  th e  f la t b a c k g ro u n d  (i.e. w hen  th e  e lec tro m ag n etic  fie ld  
d isap p ears , th e  geom etry  o f th is  un iv erse  becom es M inkow skian). T he purpose 
o f  th e  p resen t n o te  is to  o b ta in  an  exact so lu tio n  of th e  E in s te in —M axw ell 
eq u a tio n s  w hich , in  th e  absence o f  th e  e lec trom agnetic  fie ld , reduces to  th e  
w ell-know n E in s te in ’s universe.

W e sha ll use th e  follow ing fie ld  equ a tio n s co rrespond ing  to  th e  perfect 
f lu id  d is tr ib u tio n  p lus source-free e lec trom agnetic  fields

Rik -  y  g.A- R — =  Щ (р  +  в) vivk -  pgik +  Eik] +  'gik- v,v‘ =  1, (1)

E ik  =  -  g Jm F i i  F  km +  4  E ik  F jm  F jm , (2)
4

Fik — Л-i'k (3)
F tk; k =  0: (4)

th e  n o ta tio n s  b e in g  usual. H ere  Я is a cosm ological co n stan t.
W e know  th a t  th e  geo m etry  o f  th e  E in s te in  un iverse  is d esc rib ed  b y  th e  

line-e lem ent

ds2 =  dt2 -  dx2 -  dy2 -  dz2 -  (xdx +  y d y  +  zdz^  , (5)
R2 -  (x2 +  y 2 +  z2)

w here  R  is a c o n s ta n t. We c a rry  o u t the  fo llow ing tra n s fo rm a tio n  from  theJ О
co -o rd in a tes  (x , y ,  a, t ) to  the  co o rd in a tes  (u, «, ß, r).

X =  R  s i n  —  s i n  a  c o s  ß ,  у  — R  s i n  —  s i n  x  s i n  d ,
R R

( 6 )

Z =  R  s i n ---- COS (X. t  —  Г —  и .
R

Acta Fhysica Academiae Scientiarum Hungaricae 45, 1978



372 L. K. PATEL

U n d e r  th e  tra n s fo rm a tio n  (6) th e  E in s te in ’s m e tric  (5) tran sfo rm s to  th e  form

ds2 =  2dudr +  du2 — R 2 sin2—  (da2 4- s in 2 otdß2). (7)
R

W e shall use (7) as th e  m etric  o f  th e  E in s te in ’s u n iv e rse .

F o r th e  b r ie f  d esc rip tio n  o f o u r new  so lu tio n  o f  E in s te in —M axw ell 
eq u a tio n s  we co n sid e r th e  space-tim e given b y  th e  lin e  elem ent

ds2 =  2(du — 26 cos xdß)dr  — M 2(da2 +  sin2 a dß2)

-f- R2(b2 4- R 2)~ 1{du — 26 cos ocdß)2,

w here 6 is a con stan t, M 2 is given b y

M 2 =  (R2 -  62) sin2 —  4- 62 (9)
R

and the coordinates are named as x 1 =  u, x2 =  a, x 3 =  ß, x 4 =  r. Introducing  
th e  basic differential 1-forms,

6(1> =  du  — 26 cos ocdß, 0(2) =  M dx,  (10)

0(3) =  M  sin xdß,  0Í4) =  dr 4- — R 2(R2 +  6 * ) - # «
2

th e  metric (8) becom es

ds2 =  20(1)0<4) -  (0(2))2 -  (0<®)2 =  g (ab)0<a)0(i>)- (И )

U sing  Cartan’s equations of structure and the exterior calculus o f differential 
form s one can get th e  tetrad com ponents R(ab) ° f  R icci tensor R ik. A  metric, 
m ore general than  th e  m etric (8), has been considered b y  P a t e l  and A k a b a r i  

[3 ], in  connection w ith  an E instein-N U T  m etric. T hey have given the details 
regarding the com putation  of the tetrad com ponents o f  Ricci tensor. There
fore we shall not go in to  the details here. The non-vanish ing com ponents of 
R(ofc) f° r the m etric w ith  tetrad (10) are given by

R(44) =  -  2 /R 2, 4R(11) =  R 4(62 +  R 2)~2R ( i i ) ,

R(u) =  -  M - \ b 2 +  R2)-! [2 6 2R 2 -  M 4], (12)

R m  =  R (33) =  -  M - 2 +  R 2(b2 +  R2) - 4[M rr/M  4-  M 2/M 2 -  2b2/M*].

H ere and in w hat follow s M 2 is given  by (9) and a su ffix  indicates the deriva
tiv e , e.g. M r =  ЭМ/Э, etc.

It is verified  th a t the electrom agnetic 4-p oten tia l A t given by

A t =  ^ -  g4n —  cos —  (1, 0, — 26 cos a, 0) (13)
M 2 R  R

satisfies the M axw ell equations (4) identically.
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H ere e is a  c o n s ta n t. T he non-zero  co m p o n en ts  o f th e  f ie ld  ten so r F ik 
can  be co m p u ted  w ith  th e  help  o f  (3). T hey  a re  g iven  b y

и

23

F 34/26 cos x =  e | 62 cos2 —  — R 2 sin2 r /f í | j M 2,

2e6 cos a  sin  —  cos —  IM 2.
(14)

R  R /

T h e non-zero co m p o n en ts  o f th e  e lec trom agnetic  energy  te n so r  E ik can  be 
o b ta in ed  from  (2). T hey  are g iven  b y

M ~ 2E 22 =  -  (26 cos a ) -  1E 34 =  E n {b2 +  R 2)R ~ 2 =  E u

=  [M 2 sin2 X - f  4b2R 2 cos2 a(62 +  H2) _1] _1£ 33 (15)

=  (62 +  R 2) (26 cos x R 2)~2E la =  e2/M 4.

T he te t r a d  co m p o n en ts  o f E jk can  be o b ta in ed  fro m  th e  re la tio n s

£(af>) —  e (a)e (b) Е ц ( 5 dx‘ е[а)в(а). (16)

F o r  th e  m etric  (8) a n d  th e  te tra d s  (10) we h av e  

e \a) =  (П 0, 26 co t a /M , 0), 

e\a) =  (0, 1 /M , 0, 0), 

e2a) =  (0, 0, cosec a /M , 0), 

R 2

(17)

e (a) (62 +  Л2) -1 . 0, 0, l !  .

W ith  th e  aid  o f  th e  re su lts  (15) (16) and  (17) we o b ta in  th e  fo llow ing  non
zero com ponen ts o f  E ^ y

E(u) =  -E(22) =  £(33) =  e2/2 M 4. (18)

T h e  f ie ld  e q u a tio n s  (1) can  be expressed  in  th e  te t r a d  form  as

R (ab) =  -  Щ (Р  +  (?) v (a)V(b) ~  ~  (G ~  P)g(ab) +  E (ab)] +  ).g{aby  V(a)V{a) = 1 .  (19)

W e shall assum e th e  fo llow ing fo rm  o f th e  te t r a d  co m p o n en ts  V(a) o f  th e  flow  
v e c to r  Vj o f th e  p e rfe c t flu id

u(a)= ( l / 2 * , 0 , 0 , * ) ,  (20)

w here  a  is a p a ra m e te r  to  be d e te rm in e d  from  th e  f ie ld  eq u a tio n s.
F ro m  th e  re su lts  (12), (18), (19) and (20) we h av e

a2 =  (62 +  R 2) R ~ 2, 
2ле2 =  W ( 6 2 +  R2) - l , 
8яр  =  X -  (R2 +  62) - 1,

( 21)

(22)

(23)
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a n d
8л о =  — Я +  3 (R2 +  Ь2) - 1. (24)

T h u s  th e  m etric  (8) a longw ith  (9) describes th e  E in s te in ’s u n iv e rse  -with a 
source-free  e lec tro m ag n etic  f ie ld . T h e  pressure  p  a n d  th e  d e n s ity  q o f th e  
p e rfe c t flu id  f illin g  th e  un iverse  a re  g iven  by  (23) an d  (24) and  th e  e lec tro m ag 
n e tic  charge e is re la te d  to  th e  c o n s ta n ts  b an d  R  b y  E q . (22).

W hen b =  0, w e get e — 0 fro m  (22) an d , co n seq u en tly , th e  elec tro 
m a g n e tic  field d isa p p e a rs . In  th is  case th e  m e tric  (8) a longw ith  (9) reduces 
to  th e  E in ste in ’s m e tr ic  (7).

W hen R  te n d s  to  in fin ity  we h a v e  2ле2 =  b2. In  th is  case th e  lin e  elem ent 
(8) alongw ith  (9) ta k e s  th e  form

d s2 =  2 (dit — 2 6  cos adß)dr (r2 -f- 62) {da2 -\- sin2 adß2) — (du — 2b cos adß)2. ( 2 5 )

T h e  m etric  ( 2 5 )  is d iscussed  b y  P a t e l  and  B h a t t  [ 1 ]  in  co n n ec tio n  w ith  a 
N U T -ty p e  e lec tro v ac  universe .
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Cl i f f o r d  H. E d w a r d s  and R o b e r t  L. F i s h e r :

T each ing  E lem en ta ry  School Science: A C om petency-B ased A pproach

Praeger Publishers, New York, 1977, p. 464

Teaching science in comprehensive schools is an important goal of the new curricula 
prepared in the last two decades. Many projects were constructed throughout the world and 
the main feature of them was to provide much more facilities for personal observations of 
nature and phenomena of the everyday life and performing pupil experiments than before. 
This competency-based approach to teacher education helps the prospective science teachers 
in developing instructional skills through many excercises given in the book.

In Ch. 1 the basis for professional development is outlined after specifying teacher com
petencies. The connection between scientific literacy and elementary school science has been 
unfolded in Ch. 2 formulating the goals of instruction in science. In Ch. 3 viable instructional 
objectives in science are given with many examples in well-ordered structure. An appropriate 
preassessment (Ch. 4) of children (also of different ethnic groups) permit the instructional 
designer to prepare more efficient and effective objectives. The main steps of children learn
ing and development (Ch. 5) is sketched supported by psychology and classification of Piaget. 
In Chs. 6 —11 the organization of subject matter (also spiral curriculum), science teaching 
methods and their use (demonstrations, experimentation, field trips among others), strategies 
in science education (feedback, individualizing instruction, affective and psychomotor goals), 
planning learning experiences in science (levels of planning, developing lesson plans, samples), 
evaluation (criterion-referenced forms of), and teaching stimulation (interaction models for 
teaching concepts and principles, inquiry and effective lesson) are discussed extensively 
and supported by many examples. The contemporary programs of science are shown in 
Ch. 12 with interesting remarks.

At the end of each chapter many references to textbooks and articles are given. The 
actual classroom situation and the exploring pupil in natural environment is shown in many 
nice photographs supporting the text. The book could help the methodology of general school 
teacher education.

F. J. K e d v e s

B. KucHowicz:
N uclear and  R ela tiv istic  A strophysics an d  N uclidic C osm ochem istry: 1 9 6 3 —1967

Vol. I. Gordon and Breach Science Publishers, Ltd. London, 1976, pp. 366.

In the last two decades there has been a great increase in our knowledge of astrophysics 
and cosmology. We have witnessed some very fundamental discoveries, among which are the 
quasars, the X-ray sources, the microwave background and most recently the pulsars. Espe
cially this fact makes it necessary to have a bibliographical survey which systematically 
covers the achievements of the past and serves as a guide to the literature.

Nowadays the compilation of a compendium must be a far more tedious undertaking 
than it was a few decades ago, because of the acceleration of scientific progress and the nearly 
exponential growth of the number of publications to be surveyed. Little wonder that there 
is a delay in publishing this kind of books. In the case of the present volume, for example,
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which reviews the literature for the years 1963 — 67, the delay has been almost ten years. Such 
a delay, while regrettable, does not mean that the effort devoted to publishing this book is 
not worth while, in fact it contains a vast material of permanent value especially for ref
erence purposes.

Dr. K u c h o w i c z  published his first bibliographical survey on nuclear astrophysics in 
1967. Slightly over two thousand references from all areas of research related to nuclear 
astrophysics or some borderline research up to the beginnings of 1964 were given there. There
fore the present publication may be regarded as a continuation of the preceding one mentioned. 
The present book covering the years 1963 — 67, however, had to be published in three volumes 
because of the immense increase in literature. The first volume contains the survey part with 
5690 references. The two subsequent volumes give the bibliography.

The survey is divided into three main parts. Part I covers the field called nuclidic 
cosmochemistry. The problems of abundances of chemical elements and their isotopes in 
various celestial bodies, in cosmic radiation and in space are briefly surveyed. In this part 
references to X- and p-ray astronomy are also given.

Part II deals with the most essential problems of nuclear astrophysics: 1) nuclear energy 
generation and synthesis of chemical elements in stars 2) stellar structure, stellar models 
and pulsation 3) cosmogony of stars and planetary systems 4) neutrino astrophysics and 
5) laboratory research motivated by, and related to astrophysics. Special attention is paid 
to novae and supernovae.

In Part III mainly the compendium of theoretical researches on relativistic astrophysics 
and cosmology is presented. This part deals with the galaxies, radio sources and quasars, the 
gravitational collapse, superdense matter and other applications of general relativity to astro
physics, the problem of antimatter as well as cosmology. Of course, the experimental results 
on galaxies, radio sources and quasars which have a direct importance for the objective of 
this book have also been referenced.

This book is well structured. The author certainly has a very broad understanding 
of astrophysics. He writes extremely clearly and concisely. I am sure that he achieved his 
principal aim in preparing the present publication.

The book has been written in a very condensed, systematic way and is almost per
fectly complete.

There are really very few books which can serve as a systematic bibliographical survey 
for research workers. Therefore I recommend this book to all professionals working in the vastly 
developing areas of nuclear and relativistic astrophysics.

B. Sze id l
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