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TANDEM QUEUE WITH FINITE 
INTERMEDIATE WAITING ROOM AND BLOCKING 

IN HEAVY TRAFFIC

Y a . A. K o g a n , A. A. P u k h a l s k y

(Moscow)

(Received July 17, 1986)

A two-stage exponential network with an unlimited first-stage queue and a finite waiting 
room in the second stage are investigated. When the waiting room is full, the first-stage server is 
blocked and ceases to offer service. A request served by the second-stage server may return to the first- 
stage queue with a positive probability or leave the network. A limiting distribution of the steady- 
state queue lengths in heavy traffic is obtained explicitly. The queues are shown to be asymptotically 
independent. The first-stage queue behaves as an M/G/l queue in heavy traffic, and the second-stage 
queue as an M /M /l/m  queue.

Introduction

We consider a two-stage tandem network shown in Fig. 1. The arrival of requests 
into the system is modeled by a Poisson process (of rate A) and the service times are 
exponentially distributed (with rates a and ß, respectively). Requests are served in each 
stage according to the order of their arrival. No more than m requests are allowed in the 
second stage (including that one in service). So, the first stage server offers service only 
in the case when the number of requests queued or in service in the second stage is less 
than m, otherwise the server is blocked and ceases to offer service. An infinite queue is 
allowed in the first stage. A request upon completion of its service at the second-stage 
server returns to the first-stage server for further service or it departs from the network 
with probabilities (1—0) and в, respectively.

Fig. I. A two-stage tandem network with a finite intermediate waiting room

Various computer related examples, e.g. the concentrator-processor model, are 
described by this network (see [1]). In [1, 2] the ergodicity conditions were given and 
algorithms to find the stationary state probabilities numerically were developed. Our

1 Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford



4 KOGAN, PUKHALSKY: TANDEM QUEUE IN HEAVY TRAFFIC

aim is to derive the heavy traffic limit distribution of the stationary queue lengths in the 
first and the second stage. This limiting distribution is obtained in an explicit form and 
is more suitable for applications. We show that the queue lengths are asymptotically 
independent. The first stage queue behaves as an M/GI/l  queue and the second stage 
queue behaves as an M/M/l/m queue. This fact can be considered as an extension of 
Jackson’s theorem on the product form representation of the stationary distribution
[3] on networks with finite population constraints.

1. Heavy-traffic limit theorem

Following [1], we introduce polynomials Dj(z),j^.O, which play a major role in 
the studying of the steady-state characteristics of the system in Fig. 1. We define

a(z) = A(l — z) + a + ß,

b(z) = ß ( ( l - e ) z  + 0),

а д = я ,  ( í . i )

D,(z) =  -  (Áza(z) — a.ßO), 
а

Dj(z)= 4 a ( z ) D j - t(z)-b(z)Dj_2(z)), j ^ 2 .

Also we denote

7 =
ß_
(X

( 1.2)

As shown in [1, 2] the necessary and sufficient condition for the stationary queue 
lengths distribution to exist is £>m(l)< 0 , where £)m(l) has the form

Dm( 1) =

{m+ 1)A — mße,
1 — y m + l  1 — y m

< ------ ß 9 ,

y = l 

7#  1.
(1.3)

Therefore, the heavy traffic condition is £>m( 1) T 0.
To state the limit theorem, we assume that the parameters of the network depend 

on a variable t> 0: we denote the input rate by A(r), the service rates by a(r) and ß(x), 
respectively, the departure probability by 0(t). The functions А(т), а(т), /?(т) and в(х) are
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assumed to be continuous for т > 0 and have limits on the right at z = 0 which are A, a, ß 
and в, respectively:

lim A(t) = A, lim a(r) = a, 
11 0 11 о (1.4)

lim ß(z) = ß, lim 9(т) — в. 
t  i  о  t  i  о

For every т > 0 similarly to (1.1) and (1.2), we introduce polynomials a(z, r), b(z, z), 
Dj(z, z), j  ̂  0, and parameter y(r). Since it is obvious in view of (1.4) that

Dm(l)=  Dm Dm(l,z),

then the heavy traffic condition has the form

D J I  t) TO, tjO.

(1.5)

(1.6)

By (6i(TX бгМХ r >0, we denote a stationary queue lengths vector which corresponds 
to a specific value of z. We denote also

DJ  1) =
d D J z )

dz
(1.7)

Pj = ym j (  z  , o Üjűm.  (1.8)

It is obvious that (pß, is the stationary queue length distribution for the
M/M/l/m queue that has the input rate a and the service rate ß.

Theorem. Under the condition (1.6) we have

(a) Dm(l)> 0 ,

(b) lim P( — D Jl ,  t)ö ,(t) ^ x, Q2(z)=j) =
tiO
=  ( l - e x p ( - x / £ > m ( l ) ) ) P j ,  ;  =  0 ,  1 ,  . . . , m ,

(c) lim ( -  D J  1, z))EQi(z) = D J  1).
■ Ю

Remark. Assertion (b) of the Theorem contains the result announced in the 
Introduction: the random variables Qßz) and Ö2M are asymptotically independent as 
т |0 ,  the limiting distribution for Q2(t) coinciding with that of for the stationary 
M/M/l /m  queue which has the input rate a and the service rate ß, and the normalized 
queue Qi(z) being distributed asymptotically exponentially. Later on we shall indicate 
an M/G/l queue with the input rate A(x) and with a т-dependent service time 
distribution which is equivalent asymptotically to Qßz).

Proof of (a). To save space and time, we set A = 1, so that we could exploit the 
results of [1] (note that в in our notation is (1 — в) in [1]).
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In view of (1.51 and (1.6), we have

Dm( 1) = 0. (1.9)

Then using the results of [1], we see that z = 1 is the m-th zero of Dm(z) in the order of 
increasing (we take into account the order of each zero). Indeed, it follows from (1.3) 
that equation Dm(l) =  0 implies that the inequality min (a, ß) ■ в>  1 holds. Hence, by 
Lemma 2 (2, 3) from [1], the polynomial Dm(z) has no more than m zeros in the interval 
[0, 1]. If the number of the zeros is less than m, then as one can see from the proof of 
Theorem 1 in [1], there exists a stationary queue lengths distribution for the network 
with parameters A, a, ß and в. This contradicts (1.9).

Thus, 2=1 is the zero of Dm(z) nearest on the left to the point min (a, ß)6 (see 
Lemma 2 (3) in [1]). Since Dm(min (a, ß) • 0)>O(see Lemma 1 (3,4) in [1]) and the zero 
z =  1 is simple (Lemma 2(3) in [1]), then D'm(\) > 0  which proves (a).

Proof of (b). Since Dm(l, r )< 0  for r> 0  then for such т there exists a stationary 
queue lengths distribution for the network with the parameters A(r), d(z), ß(z) and 0(r). 
We denote for t > 0

PnjW = P(ß,(T) =  /c, б 2(т)=Л k = 0 ,1, . . . .  j  = 0, 1, . .  .,m, (1.10)

We introduce the generating functions
00

Pj(z, t)=  X  Р*/Ф*> J =  0,1, (1.11)
k = 0

It is shown in [1] that for t> 0

Pm(z, T ) = -  X Poit(*)D*(z, T)/Dm(z, t), (1.12)
k = 0

Pj(z, z) = Am^j(z, z)PJz, z) +

+ L  Ak(z,r)p0,7+kW, j  = 0 , l , . . . , m - l ,
k = 0

where Afz,  z) are defined recursively

A0(z,z)= 1, Aßz,z)= —  (a(z,T)-a(r)), 
a ( r )

Aj ( z , z )=  ~ ( a(z , z)AJ_ l( z , z ) - b ( z , z ) A j _ 2(z,z)), j ^ 2 .

(1.13)

(1.14)

Lemma. The functions pOj(r),7 = 0, 1, . . . ,  m — 1 are continuous in z for r > 0  and 
right-continuous at t =  0, if we set po/0) = 0.

The proof is given in the Appendix.
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Denote for r> 0

SJz ,  т)= -  X  Рок(Фк(^,т),
k = 0

Sj(z, z)=Am_j(z, z)SJz, t) +

m — j  — 1

+ ß m(z,T) £  /Mz, t)po.ic+;(t), 7 =  0 ,1-----, r n - l ,
k = 0

m

S{z,z)= £  Sk(z,r),
k^O

P{z,z)= £  Ffc(z, t).
k -0

We define S(z,z) and Dm(z, t) at t = 0 by setting

S(z,0) = 0, Dm(z,0) = Dm(z).

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

Then the functions S(z, z) and Dm{z, z) with all their partial derivatives with respect to z 
are continuous in (z, t) for z e C, z Si 0 (at z = 0 the limit on the right is implied). That 
follows from the definitions of S(z, z) and Dm(z, r), properties of /(r), a(r), ß(z), and 6(z) 
and the assertion of the Lemma. Therefore, we have the following expansions for z > 0:

S(z, t) =  S(1,t) + (z—1) 

Dm{z, z) = D J \ , z )  + ( z - \ )

dS(z, z)
8z

8Dm(z,z)
dz

Cßz, z) (z-1 )2,

+  C2(z, r) (z- 1 ) 2,

( 1.20)

( 1.2 1 )

with the functions C t(z, z) and C2(z, z) bounded for |z — 11 < e, 0<z<0.  
We note (see (1.12), (1.13) and (1.15)—(1.18)) that for t> 0 holds

( 1.22)P(z, z)=S(z, z)/DJz, z)

so that S(l, z) = Dm(l, z) (since P( 1, t)= 1 , t> 0, in view of (1.11) and (1.18)) and 
(1.19)—(1.21) result in

S(z, z) — Dm(l, z)
lim
Z 1tio z — =  0 ,

Om(z ,r)-D m( l ,T ) - (z - l)D m(l) л 
hm ----------------------:----------------- =0.
n o

z — 1
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Substituting into the latter relations z =  exp( —it£)m(l,T)) we have in view of the fact 
that Dm( 1, t) |0 ,  t J.0, that

[imS (exp(-irPm(l,T)), t) 
rto  D J  1,t)

£>m(exp ( -  itDJ 1, t)), t) = t 
DJ  1,t)

and then making use of (1.22), we derive that

hrn P(exp ( -  itDJ  1, t)), t) = -— . ' . (1.23)
t io  1 - i t D J l )

Since P(l, t)=  1, t> 0, then (1.13), (1.18) and the Lemma imply that

lim inf I PJz,  t)| >0
Z-* 1 
t | 0

and then, from (1.13) we get

lim =  lim  - ; ( 11 T) =  У”z- l P m(z,t)  T I 0
r i O

7 = 0, 1, . . .,m,

(the latter equality can easily be obtained from (1.14)). So, using (1.18) and (1.23) we 
finally have

lim £(exp ( -  i tDJ  1, z)Q l (t))I(Q2(t) =;')) = 
u  о

= lim Pj(exp( —/fDm(l, t)), i) =  
r 1 о

= P / 0 -itD'Jl)), j  = 0 , l , . . . , m .

This proves (b) because (1 — ifv)“ 1 is the characteristic function of the exponential 
distribution with the mean 1/v. To prove (b) we write, making use of (1.22)

, r > 0
d . t )

8S(z, t)
dz

= Dm(\,z)
dP(z, t)

d . t ) dz + P( l,t)
8Dm(z, t)

d . t ) dz
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and observe that

dP(z, t)
8z

У ds(z, t)
lim

= £ß i(r), P(l, т)= 1, t>0,

t i о dz 

This completes the proof.

<1.4

<1.4
,0 ,  l i m äD - (z- T)

г i o cz
= D'J 1).

< 1.4

2. External queue length distribution

In this section we give an explicit formula for D^(l) and we clarify the essence of 
assertions (b) and (c) of the Theorem.

From definitions (1.1) and (1.2) we easily obtain forj^ .2

d ;<i ) - d;_ 1(1)=7(D}-1(1 ) - d ;_ 2(1))+

+ D j ( l ) - - ( W j _ i(l) + ß ( \ -9 )D j „2(\)).
J a

This results in the equality (m^2)
m 1 m /  m k

Dm(\) = D\(l) Z  yJ+ Z  Z  У ) Ofc(l)j= 0 k = 2 \  j = 0
m -  1 f  m — к -

- -  Z  Z  yj W ) -OL к = 1 V j = 0
« 1 - 0 ) 'm — 2 f  rn к — 2

a k=o \  j =оZ  Z  У* A b 

using (1.3) and observing that

D\(\) = 2(\+y)-  

we reduce the expression for DJ„(1) to the form

m(ym + 2 -1 )  + (m +  2)y(yw -1 )  ~
7 + ( l - / "  + 1)2 °y

ß0
1 У

(2.1)

, У # 1 .
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We denote

(2.2)

(2.3)
<5 =

Parameters p(r) and á(r) are defined similarly (ß, у and в are substituted by ß(r), 
y(t) and 0(t), respectively, in the relations (2.2) and (2.3)).

The parameters p and <5 can be interpreted as follows. Let the queue at the input 
of the network in Fig. 1 be infinite at time t = 0. We denote by D, the number of 
departures from the network up to time i. Then for any initial distribution of the second 
stage queue the following relations hold [4]

Comparison of (1.3) and (2.2) shows that the ergodicity condition Dm(l)< 0  is 
equivalent to the condition p e l  where p = Ä/p is the load and the heavy traffic 
condition (1.6) has the form p(z) f 1, т J. 0, р(т) = Я(т)/р(т). We observe also that, in view 
of (2.1) and (2.3)

This leads to the conclusion that assertions (b) and (c) of the Theorem imply that, if 
p(z) 1 1 as г J. 0 then

p =  lim EDJt, (2.4)

ő=  lim Var DJt. (2.5)

lim Ш  — ű(t))0,(t)=  *
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Consider the AÍ/G/1 queue which is dependent on t> 0: the input rate is Л(т), the 
mean and the variance of the service time are equal to \/p(z) and <5(t)/(/z(t))3, 
respectively. Then, if p(z) = Á(z)/p(z) 1 1 as t  j, 0, then this system is in heavy traffic as т j  0 
and, in view of (2.6), its asymptotical behaviour is equivalent to that of Qt(z) (see 
[3, ch. 4]).

3. Concluding remarks

1. The Theorem also holds for a network with service repetition in the first stage. 
A request is served in the first stage even in the case when m requests are queued or in 
service in the second stage. But if, by the time the request completes its service, it cannot 
proceed to the second stage, it restarts being served at the first-stage server. This cycle is 
repeated until by the time of service completion the second-stage queue contains less 
than m requests (including that one in service). In view of the memoryless property of an 
exponentially distributed random variable, the network with service repetition is 
described by the same Chapman-Kolmogorov equations (this was observed in [2]). 
Therefore, the Theorem holds for this network with no modifications.

2. From (2.2) and (2.3) we readily obtain

lim — =
m~* oo Ц

1 -0 /3 ,
1,

7=1,
у ф  1

and then, from assertion (a) of the Theorem, we have for large m and p »  1

EQ ~

1 - 0 / 6

1

1 ~ P '
УФ I-

This means that the disbalance of the network (y / 1) results in an abrupt increasing of 
the expected input queue length.

Appendix

Proof o f the Lemma. Since D JI, t)< 0  for t > 0, any of the polynomials DJz, r) for every r > 0  has 
(m— 1) zeros in the closed unit disc (taking into account their order), all of which being real (see [1]). 
Furthermore (see Lemma 2 in [1]), the zero z = 0 is of order Lm/2j while the rest im/2l — 1 zeros are positive, 
simple and all belong to (0, 1) (LxJ is the largest integer not greater than x; [xl is the smallest integer not less 
than x). We denote these zeros as they increase: 0 <  г/,(т) < r;2(r) < . ..  <  t/fm/2]_ i(r) < 1. The polynomial DJz) 
also has the zero z = 0 of order Lm/2j, (Гт/21— 1) real simple zeros 0 < г/, <г\г < . . .  < b  and the
simple zero z =  1 (this was demonstrated while proving assertion (a) of the Theorem).



12 KOGAN, PUKHALSKY: TANDEM QUEUE IN HEAVY TRAKFIC

Since all the zeros t]k(г), 1 g/cglm/21 — 1, i> 0 , are simple and the coefficients of the polynomials 
Dm(z, r) are continuous in т for т > 0, and they converge to the coefficients of DJz) as т J 0, the implicit function 
theorem states (see, e.g. [5]) that the functions t\k(т), 1 g  fc g  lm/2l — 1, are continuous for r> 0  and that

lim r\k(x) = r\k, 1 g  fc g  fm/2l — 1.
• to

It was shown in Theorem 1 of [1] that probabilities р0;(т) , 2  = 0, 1, . .  ,,m —1, т >0, are uniquely 
determined by normalization and by the requirement that every zero of DJz, r) in the closed unit disc be a

m- 1
zero of £  p0j(x)Dj(z, t).

j *0
The normalization condition is obtained from (1.12), (1.13) and (1.18). It has the form (recall that

.4,(1, тЫуМУ):

" i f  t  M t)) 'D „ (1 ,t) -  X W « l , t ) ) P 0,W  =  D . ( l , t ) .
j = 0  \ i  = 0 1 = 0 /

Thus, the probabilities poj(x \ j  = 0,1, . . . ,  m — 1, represent the unique solution to the system of linear 
equations:

I  DjlnJx), x)xj = 0, 1 á  к g fm/2l -1,

Ij = o
1 dkD j(z , t)

Szk
Xj  =  0 ,  0 g Ic g Lm/2 J — 1,

" i f  I  (y(T))'OJl,T)- f  (y(T))'D,(l,r))xr O1I1( l ,t)  = 0,
]= 0 \l = 0 1 = 0 /

(A.l)

(A.2)

(A.3)

where by definition S°Dj(z,x)/8z° = Dj(z, t).
In other words, the vector p0(r) = (Poi(t )> • • ->Po,m-iM) for t> 0 is the implicit function 

jc(t) = ( yc0(t), . . . ,  xm_ ,(t)) which is given by an equation of the form

C,(t).x + C2(r) = 0, (A.4)

where C,(r) is an m x m-matrix, C2(r)is a column vector of length m. Since, for every t> 0 ,  the solution to the 
system (A. 1HA.3) is unique, then the matrix C,(t) is nondegenerate. In addition the functions C,(t), C2(r)are 
continuous at any r> 0 . So, by the implicit function theorem, the function x (t) is continuous for r> 0 . 

Now we show that

To this end we set

limpOj(r) = 0, 7=0,1, . . . ,  m— 1.
• JO

(A.5)

C,(0)= lim C,(r), C2(0)= lim C2(r)
r i 0 t i 0

(the limits exist in view of (1.4)). Since ű m( 1, r) 1 0 (r 10), so the vector 0 = (0, . . . ,  0) solves equation (A.4) for 
t =  0. If we prove that this is the unique solution, then the matrix C ,(0) is nondegenerate and, in view of the 
implicit function theorem, equation (A.4) considered in the right-hand vicinity of i  =  0 defines a function x(r), 
which is equal to 0 at r  =  0, continuous for t> 0 , and right-continuous at r = 0. That will prove (A.5) since
PoW = x(t), t>0.

So, we consider the system of equations

I  OjM xj = 0,i =о
lg/cSÍm/21—1, (A.6)
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- - 1 a*Pj(2)
h  őz*

1)^ =  0, (A.8)
J = 0

Xj =  0, 0g /cg l_ m /2 j- l ,  (A.7)
о

which is obtained from (A. 1)-(A.3) by taking limit as т j  0. Relations (A.6) and (A.7) mean that the polynomial 

£  D ,(z)Xj has g 1 , rj2, • ■ ■, - 1 as hs 261-08 and the zero z = 0 of order l_m/2 J, and relation (A.8) means that
i=o
the polynomial has an additional zero z=  1. Therefore, if xJyj = 0, 1, . . . ,  m — 1, is a nontrivial solution to

m — 1
(A.6HA.8), then any zero of the polynomial Dm(z) in the closed unit disc is a zero of £  Dj(z)xj, i.e. al=o
nondegenerate stationary queue lengths distribution exists for the network with the parameters Л, a, ß and 0, 
‘hat contradicts Theorem 2 in [1].

The proof is completed.
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Двухфазная система с ограниченным промежуточным 
накопителем и блокировками при большой нагрузке

Я. А КОГАН, А. А ПУХАЛЬСКИЙ 

(Москва)

Рассматривается двухфазная экспоненциальная система с неограниченным числом мест для 
ожидания в первой фазе и конечным накопителем во второй. При заполненном накопителе 
происходит блокировка прибора первой фазы с остановкой его работы. Заявка, обслуженная 
прибором второй фазы, с положительной вероятностью возвращается в очередь первой фазы или 
покидает систему. Для режима большой нагрузки в явном виде получено предельное распределение 
стационарных длин очередей в фазах системы. Показано, что очереди в первой и второй фазах 
асимптотически независимы, причем первая из них ведет себя как очередь в системе M(G)1, а вторая 
— как очередь в системе Af/M/1/m.

Я. А. Коган
Институт проблем управления.
СССР, 11342 Москва ГСП-7,
Профсоюзная, 65
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PREDICTION IN ZERO-ONE RANDOM SEQUENCES

M. JA N Y U RA  

(Prague)

(Received January 4, 1987)

A method for prediction in sequences of random variables which assume only two values (say 
zero and one) is derived. The method is based on the application of the higher order Markovian 
model with pair interactions and it suits well in case of rather short sequence of observed data and 
long range of dependence. The obtained result is formulated in a way which is easy to be implemented 
and a numerical example with simulated data is included.

1. Introduction

Random sequences with binary state space occur in many problems of decision 
making and control. The state space may be given e.g. by {yes, no}, or { + , — or 
{black, white}, and so forth. For the sake of simplicity we shall use the {0, 1} 
representation of the state space, which may be interpreted as the absence and the 
presence, respectively, of some phenomenon.

The problem we shall deal with in this paper is to predict the following value in a 
given zero-one sequence. The sequence is supposed to be generated by a discrete time 
stochastic process which assumes only values zero and one.

While choosing the prediction procedure, we shall follow the principle saying 
that the best one is the prediction which minimizes the sum of the error probabilities 
(which corresponds to the assumption of uniform prior distribution in the Bayesian 
approach). Thus, if we knew the distribution of the generating random process, there 
would be practically no problem. Therefore, the main problem consists in the 
identification of the model, i.e. the estimation of the unknown distribution.

In order to obtain reasonable results, we restrict our further considerations to the 
class of stationary R-Markovian random sequences. Thus, due to the R-Markov 
property, it is sufficient to estimate the transition probabilities (of the range R). But, 
anyhow, it means to estimate probabilities of all the 2R +1 possible configurations. And 
if the observed sequence is not long enough to compare with the number 2R +1, we can 
hardly expect that the usual “frequency” approach may give a really good estimate.

In such situation we may, of course, decrease the range R of the Markov 
property. But in this paper we shall introduce another approach which consists in 
simplifying the dependence structure. An experience of physicists says that almost all

Akadémiai Kiadó, Budapest 
Pergamon Press, O xford
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systems in nature may be described with the aid of the pair (two-body) interactions 
between its elements. Following this idea, we hope that without a substantial loss of 
generality we may assume that the unknown distribution is a Gibbs distribution with 
interactions of range R, as defined in frame of statistical physics.

With this assumption it is sufficient to estimate only the “covariances” (the 
analogy with the Gaussian random processes is straightforward). Since for every 
covariance there are only four possible configurations, they may be estimated quite 
well even from a short observed sequence.

The method obtained in this way seems a bit complicated and time-consuming 
when being implemented. But the final formula is quite simple, and, moreover, we must 
realize that we shall probably have time enough in the situations when the method 
should be applied (long time intervals between observations).

Let us denote by X  = {0, 1} the state space, by &  = exp X  the а-algebra of all its 
subsets, and by Z the set of all integers. By the R-Markovian model with pair 
interactions we mean any probability measure ц on the product space (A", J^)2 
satisfying

for every j e  Z and a.e. x e X z [/r], where U =  ( t /0, . . . ,  UR) e <MR +1 is (R + l)-tuple of 
parameters called (pair) interactions. (Here the short notation n(Xj\xZ\U)) is used for the 
conditional distribution.)

For every U e@R + l there is exactly one probability measure nv on (X, J 5")2 
satisfying the above condition (see e.g. Section 1.2.1 in Mayer (1980)). Such probability 
measure nv is called Gibbs distribution with respect to the interactions U eá?R + 1 in 
frame of statistical physics.

The uniquely defined Gibbs distribution is stationary (Proposition 5.4 in Preston 
(1976)), i.e.

where T: X Z->XZ is the shift on X z defined through T(x)j = xj+l for every j e  Z, 
x e X2.

Moreover, according to Proposition 4.1 in Preston (1976), the Gibbs distribution 
Hv is ergodic, i.e. its restriction to the tr-algebra of invariant sets assumes only values

2. Model identification
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zero or one. Precisely, if pv(F)> 0 then pv(F) — 1 for every F e £ f  = { E e ^ z; 
T ~ lE = E}.

Let us denote C, =  {x e X z\ x0 • x ,=  1} e 3FZ for every i =  0, . . R.
Further, let Атах(Лi v) be the uniquely defined (due to the well-known Perron- 

Frobenius theorem) strictly positive eigenvalue, greater in absolute value than all other 
eigenvalues, of the so-called transfer matrix M v which is the strictly positive-valued 
2R x 2R-matrix with elements given by the formula

Mi/0*[i,Ri,z[i,R)) = exp | Z u i (  Z XjXJ+i+ X )[
( i= 0  \ j =  1 i = R ~ i + l  / J

for every х,1>Я], z[U 1e X l u l .
Now, following Mayer (1980), Section 1.2.1, we obtain that p(U) = 

= R l log 2max(Mv) is the free energy function, and, according to the variational 
principle for Gibbs distributions (cf.e.g. Proposition 8.1 in Preston (1976)), we conclude 
that

R R
min (p(U)-  £  Uipuo(Ci)) = p(U0) -  X  t /P M Q

И е Я н * '  / =  0 i — 0

for every U° e3?R + 1.
The latter result is used for estimating the interactions on base of an observed 

zero-one sequence x1( . . . ,  x„ which is assumed to be generated by a Gibbs distribution 
pL,<>. For the terms pvo(Q) we substitute their simple “frequency” estimates

Я — i

M C i ) = ( n - i V l Z XjXj+1, i = 0---- ,R,
i — 1 

R
and, minimizing the expression p(U)— ^  U Jivо(С;), we obtain a consistent estimate 0

; = o
of the unknown interactions U° (for details cf. Janzura (1986)).

3. Prediction

It is not difficult to see that the “bilateral” Markov property of our model yields 
the usual “unilateral” Markov property. For the case R = 1 cf. e.g. Preston (1976), 
Section 5, while the case R > 1 will be treated as follows. Aggregating the segments of 
length R, we obtain a 1-Markovian model with state space given by the set 2f[1,R1. Here 
the statement holds, and the claimed property of the original model we obtain by 
summing over the appropriate set of configurations.

2
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But, unfortunately, the connection between the interactions and the “unilateral”, 
conditional distributions, which we need for constructing the optimal prediction, is not 
so straightforward.

Let Ü be the estimate of interactions obtained from the observed sequence, let 
fi = Hu be the corresponding Gibbs distribution, and X the greatest eigenvalue of the 
transfer matrix M = My . Further, we denote by f the corresponding left eigenvector (all 
its elements being also strictly positive).

Keeping the “aggregation” idea, we obtain, due to the Theorem 5.37 in Preston 
(1976), that

Д(х[1,к]1У[1,к]) —
, R] I У] 1, R]) ' (̂*[1,R])
Л' (̂Уц, äj)

is the matrix of the transition probabilities corresponding to the aggregated model. 
Since /1 obeys the unilateral Markov property, we may write

R

£ (* [ t .i f ] I» ! , * ] ) =  П  £ (* i l* i  + i .  • • , У.)
1=1

for every x[1-R], у[1,Я)еЛ '(1К].
Our problem is how to calculate • • . , xR) for every x0 e X,  x(ltR|e X R

(note that ß(x0\xl , .. , ,x R)>0) with the aid of the two relations above.
Now, since we can identify each x[1R] e A"11'*1 with the set A c  [1, R] for which it 

holds: xf = l iff i e A ,  we shall write rather Д(х0|/1) and ß(B\Ä) instead of 
/^Xolx!, . . . , x R) and /r(}'[i,R]l%,R])> respectively. Further, we denote A=(A + l)n  
n [ l ,  R] for every d c [ l ,  R].

By standard considerations we obtain a system of constants {FB}Bc (1 R] such that

HO \A )
= exp

holds for every A c  [1, R], 
Note that

£  ( - 1 ) |B'C| log
С с  в

rOI Q
r (0 |C )

for every B c [ l,R ] ,

In the following theorem we shall express the system {Fb}Bc[i ,r] with the aid of 
the known characteristics of our model.

Theorem 1. For every Bc[l,R] it holds

к , -  I  < - 1Г с' 1о8 ( ( Г ) Щ - Л
СеВ V n Q  )
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Proof. For every ß c [ l ,R ]  it holds

*Ш в , HQ) . 
М0|В)“ Ш '

and, from the other side,

Similarly

and therefore

P(0|ß)= Г П f 1+exp{ ZL *' = 1 \ [ C c { B + J - i ) n [ l , J ( ]  J/_

Ж0|В)=[ n ( l + e x p |  X  Ус]) L * = 0 \  ( c  =  {J» + J l - Q n [ l , J l J  J / _

№  B) = H B ) = (l+exp(F,))

- l

Wherefrom we obtain

Z  Kc = lo g (n + e x p (F 0))
C<=B \

r(B) 
r ( B )

- 1

Since especially Д (0 |0)=4 = т̂ ----- 1 , the proof is finished by standard
A (1 + exp Vq)

arguments.
Corollary. For every A c [ l ,R ]  it holds that

Ш  - r á  M  
т л )  K ’ h a )

- l .

Proof. The statement follows immediately from the proof of the preceding 
theorem.

Let us recall that the optimal prediction (in the sense of minimal sum of the error 
probabilities) is based on checking if the expressed above ratio exceeds one.

4. Implementation

At the beginning we are given an observed zero-one sequence x 1, . . . ,  x„ which is 
assumed to be generated by an Л-Markovian (R fixed) model with pair interactions.

n -  i

We calculate the estimates fi(Ci) = (n — l)“ 1 X  XjXj+i f°r f=0, . . . ,  R.
j= 1

2*
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The model is identified by minimizing the convex function 

R l \ogÁmJ M v) -  £  L',/i(C,).
i = 0

Let U be the vector of interactions for which the minimum is reached. From the 
preceding section it follows that we actually need the greatest eigenvalue я = Ятах(А1q) 
and the corresponding left eigenvector r. But, numerical calculation of Я involves 
simultaneous calculation of the corresponding eigenvector.

Thus, when the minimization procedure is stopped, all the needed values are 
immediately available. To be quite fair, let us note that with some small probability the 
minimum of the convex function above may not exist. Anyhow, a stopping rule of the 
minimization algorithm will give some result which may be considered as an estimate 
of the interactions in such a singular case.

Then, according to Theorem l in the preceding section, we may calculate the 
system {FB}Bc=(1 R] and formulate the prediction rule:

if X Ив Г К -1 + 1> °  we predict x„ + 1 =  l,
B<=[1,R] ie  В

otherwise we predict x„ +, = 0 ^setting Ц  x„ _ ,■ + , = l

The system {Тд}в ■= [i , кi offers deep insight into the dependence structure and 
indicates which values in the past are important for the prediction.

On the other hand, for fast prediction the result contained in the corollary to 
Theorem l seems to be more convenient.

Let Anc [ l ,K ]  be the set of indices satisfying: i e A„ iff x„_i+1 = l for every 
< e[l,K ].

Then, according to the corollary, the prediction procedure assumes the form

if 0)Ш >2
r ( A n )

otherwise we predict x„+1=0.

we predict x„ +, = l ,

5. Example

Now, let us introduce a simple example to illustrate how the proposed method 
works.

We generated 100 successive values of a 3-Markov chain with the transition 
probabilities given by the following table
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*1 X2 x3 logPOIXj, x 2, х 3)/Р(0\хи  x 2, x 3)

0 0 0 0.5
0 0 1 -0.5
0 1 0 1.5
0 1 1 0.5
1 0 0 1.0
1 0 1 0
1 1 0 2.0
1 1 1 1.0

The first 30 values formed the training set and the remaining 70 values were used 
to check the quality of the prediction. We repeated the test three times with various 
initial values and compared the frequency of errors (FE1) in prediction with the result 
(FE2) obtained by the usual method based on calculating the empirical distribution. 
We applied the two models with R = 2 and R = 3, respectively, and arranged the results 
into a table:

FEI (FE2)

R = 2 0.34(0.39) 0.27 (0.27) 0.37 (0.37)
R = 3 0.29 (0.44) 0.27 (0.34) 0.34 (0.56)

One can see that in this case the proposed method gives really slightly better results. 
Moreover, FE1 is getting smaller while FE2 is getting greater when the range R of the 
model is increased.

6. Concluding remarks

I. There is one more reason for the R-Markovian model with pair interactions 
since the corresponding Gibbs distribution assumes the maximal entropy rate among 
the distributions with the given covariances. Thus, the approach introduced here may 
be viewed as an application of the maximum entropy principle for the approximation 
of an unknown distribution.

II. The approach employed in this paper is based on the theory of Gibbs random 
fields, initiated by the pioneering work of Dobrushin and Ruelle. Many useful basic 
results are contained in Preston’s book, while Mayer deals mostly with the one
dimensional models which are in particular relevant here for the considered problem.
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Прогноз случайных последовательностей нулей и единиц
М ЯНЖУРА

(Прага)

В статье обсуждается метод прогнозирования последовательностей случайных величин с 
двумя значениями. Метод основан на применении марковской модели высшего порядка с парными 
взаимодействиями. Подобный же метод можно использовать как в случае меньшего количества 
наблюдений, так и при наличии зависимости на длинных временных интервалах. Получаемый 
результат сформулирован таким образом, чтобы облегчить его применение. Приведен пример, 
использующий результаты численного моделирования.

М .Janzura
Institute of Information Theory and Automation,
Czechoslovak Academy of Sciences,
Pod vodárenskou vézí 4,
182 08 Prague 8,
Chechoslovakia
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REDUCED MULTI-STEP ALGORITHMS 
FOR IDENTIFICATION OF LINEAR PLANTS

V. I. S a l y g a , O. G. R u d e n k o , V. L. O b r u c h ev

(Moscow)

(Received March 24, 1986)

At present multi-step adaptive identification algorithms, permitting to get mathematical 
description of an object under conditions of minimal prior information, find broad application in the 
synthesis of complex object adaptive control. The main advantages attracting researchers' attention 
to procedures of this kind, are the simplicity of calculations (inverse matrix is no more necessary), a 
sufficiently small volume of operation memory, the possibility to identify in the process of object 
operation that is in real time. In contrast to the method of least squares in recurrent form, reduced 
multi-step algorithms may be used when the number of observations is smaller than that of the 
evaluated parameters.

A multi-step identification algorithm is discussed where recognition of the data 
on some preceding steps results in a significant reduction of the model development 
time, provided the measurements are not noise-contaminated. However, because they 
are, as the algorithm memory (number of steps stored) expands, the algorithm 
properties deteriorate in that the r.m.s. identification error increases. This error is 
reduced if the estimates are allowed to be biased and if reduced or shortened estimates 
are obtained. The feasible reduction parameter range is determined with which the 
r.m.s. error is smaller than that of the multi-step algorithm. The optimal reduction 
parameter value is discussed with which the rate of convergence is maximal. Much 
attention is given to the design of computationally more convenient recurrent forms of 
a reduced multi-step algorithm. One form is obtained by using the common part of the 
observation matrix which results from estimation at two subsequent steps. In another 
form, direct inversal of the observation matrix is replaced by its recurrent computation.

A major efficiency indicator for identification algorithms is the rate of 
convergence. Many papers [1-7] discuss a plant described by the equation

where y„ is the output signal; x„ = (xln, x 2n, .. - , x Nn)T is the vector of input signals; 
с* =(с?, c%, .. .,c*)T is the vector of desired parameters; and is a random error. This 
plant is identified by multi-step adaptive algorithms which in many cases significantly

Akadémiai Kiadó, Budapest 
Pergamon Press, O xford
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accelerate identification; it is true that the structure complexity insignificantly increases 
because a larger amount of data has to be processed.

Several papers [2, 4-7] report a multi-step procedure

is an S x 1 dimensional vector; and S is the number of algorithm steps (memory depth).
In this algorithm it is assumed that 1) {xit} are independent Gaussian quantities 

with M{xik}= 0 and identical variance M {хл хм } =o*Sijőkm, and 2) £„ is a Gaussian 
quantity with М{£„}=0 and M{£*} =o*.

Introducing an identification error 0 , =  c; — c* and with the algorithm (2) 
becomes

where IN is an N x N identity matrix; P[S) = X*,S)[X)lS)rXjIS)] ‘Xjf17 is a matrix of 
orthogonal mapping on the linear hull S of the vectors x„, x„_l5 . . . ,  x„_s+1;

= is anN  x S  matrix; and £?’ = (£,,,£„ • .,£„-s + i ) is a n S x  1
dimensional vector.

The assumptions on the properties of x„ and the properties of mapping 
operators [8], and the following properties of the matrices Pj,S) and B|,S) [7]:

( 2 )

Some properties of multi-step algorithms

(3)

algorithm (2). The following equations are true [7]

lim M{0„}=  0, (4)
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М{||0я||2) = У |0 ||2 1-----m
"-s N + S — \ (T2 
' + N - S -  1 ~äl (5)

where ks is a coefficient which depends on the iteration technique at the first S steps. 
Thus if at these steps the estimates are updated by the Kaczmarz algorithm, then 
ks = ( \ —N ')s; if at the first step a single-step (Kaczmarz) algorithm is used,

at the second step, a two-step algorithm, is used, etc., then ks =

From expression (4) the estimate, provided by algorithm (2), is seen to be 
asymptotically unbiased. From formula (5) it is easy to determine the domain where the 
algorithm converges

If follows from equations (5) and (6) that the rate of convergence (the first added 
in (5)) increases with S but the convergence domain (6) expands.

One way to reduce this domain is to replace unbiased estimates by biased 
estimates (in the case of normal sample an estimate from the class of all estimates can be 
obtained whose means square error is the smallest but which is biased). This approach 
also works in improving the stability of estimates in the case of multi-collinearity (when 
they should not necessarily be unbiased, the estimates are stable even with singular 
observation matrices). Because multi-collinearity increases the estimate length, 
shortened or reduced estimates should be considered.

By analogy with reduced estimates obtained in the method of least squares and 
thoroughly explored in the literature (e.g. [9]), let us consider estimates obtained by 
multi-step algorithms (2).

A reduced S-step algorithm has the form

(1 -  —N — S + 2J
If at the first S steps the data is accumulated and the estimate is not

derived until after xs, xs . . ,x , are available, then ks — [5].

lim M {|||0„||2} =
N + S -  1 a] 
N - S -  1 ff2 ' ( 6 )

Reduced multi-step algorithms and their properties

(7)

where FJnS) = (лу„-с?,г ,x„, s +1- c „ r i*„-s+ i)7 is an S x  1 dimensional al
gorithm and 0< Д ^1  is the reduction factor.
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The properties of this algorithm are studied with the above assumptions on the 
statistical properties of useful signals and noise.

Substracting c* from both sides of equation (7), write an algorithm for 
identification errors &

0 ^ ( f , - P i s,) 0 ^ 4 l - ^ 4 / ß K S). (8)

With an allowance for statistical properties of mapping operators and statistical 
properties of useful signals and noise we have, following the averaging of (8) and 
iteration

M f e ; } ^ s ( i - 7 ) " 4 - ( i - A ) ( i - ( i - 7 ) ' " ) c * ,

whence it follows that as the identification time grows

lim М { в х„ } = - ( \ - л ) с * ,
n —* CO

or

lim M{c2} =  Ac*. (9)
n~* со

Consequently, the estimate cx„ is biased.
Multiplying both sides of equation (8) by 0 2T rightwards we have, following the 

averaging of the resultant equation

м{  и © in2} = м { в 2т ,} +

+ (1 - l ) 2M{c*T^ c * }  + ?2M { t f )TB[S)TB(nS)?nS)}.

By analogy with [7] we have

M{\\ei;\\2}=ks ( \ - ^ \  | |0 O||2 +  (1-A )2 lk*ll2 +

M +  S - le r f  
+ /  N - S - 1 a2x

lim M { ||0 i ||2} = (l-A )2||c* ||2+A2N + S -  1 <72 
N — S — 1

( 10)

It is obvious from equation (10) that by choosing in (7) the reduction factor 
0 < Я < 1 an estimate ci can be obtained with M{\\&*\\2}<M {  ||0 „ ||2}. The range of A
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can be obtained more accurately in the following way. Since it is required that 
M{\\&xn\\2}<M{\\Gn\\2}, equations (10) and (6) lead to the inequality

(1-A )2||c*||2 + A2 N + S -  1 a! 
N - S -  1

<
N + S — 1 a\ 
N - S -  1 ff2’

which is easily seen to hold with

a) 0 <A <1 if I) c* ||2 <
N + S -  1 a\  
N - S -  1 a l '

(Л1 — S — l)ff2||c*||2 —(N + S — 1)ct2 
(/V — S — 1)<т2||с*||2 +  (N + S— 1)(T2

otherwise.

The optimal reduction factor Aopt is obtained by minimizing equation (10). 
Following differentiation with respect to A and equating the derivative to zero we have 
an equation, linear for the desired parameter, whose solution yields

(N — S — l)g2||c*||2 
( N - S - \ ) a 2x \\c*\\2+(N + S - \ ) a l  ' (П)

Since <52M {||02||2}/(5/2<O, the resultant equation minimizes (10). This value of 
/ opt is associated with

( N - S - \ ) \ \ c * \ \ 2o2((3\\c*\\2(N + S - \ )  + ( N - S - \ ) a l  
(N + S - \ ) a 2x( ( N - S - \ ) a 2 + (N + S-\) \\c*\\2a2x

Equation (11) is, however, impracticable because Aop< is a function of unknown 
parameters c*, a\ , and <r2 which should be replaced by their estimates c2, cr2, and a2 
when equation (7) is used; in other words, Aopl of equation (11) should be replaced by a 
stochastic reduction factor

XoP, =  (N — S — 1)<t2||c2||2
Л" (N —S — l)(T2||c2||2 +(N + S — 1)ct2

Because X°pt is a function of time t, the resultant value of X"pl should be used to 
determine the estimate c2+1 which leads to etc.

The above formulae suggest that in the absence of noise (a2 =0)Aop,= 1 while 
M { ||0 J |2} = O, or the parameters c* are determined accurately. The resultant 
expressions for A show that the optimal value Aopl falls against S and the ratio a\/a2x.
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The recurrent form of reduced S-step algorithms

When algorithms (2) and (7) are used, the inverse matrix [Xj,s,rATj,S)] - 1 has to be 
calculated at every step of the iterative identification process. The computer load is 
reduced by recurrent recomputation of this matrix. To obtain a recurrent form of the 
algorithm (7) (the algorithm (2) is a particular case of (7) with Я=1), let us de
compose the matrix X (nS) into blocks [x„|Ä'Jf__11)] where A^C,11 =  (x„ ,, . . . ,  
. . . ,  x„_s+1) is an N x ( S — 1) matrix. By virtue of the rules for multiplication and in- 
versal of block matrices, we have, following simple transformations

where
R ^ = I N- X l W TX ^ y lX ^ T.

( 12)

Using block-wise representation of the matrix X {„s_ j1) =  [X„_ j | A'i,s_22)] leads to a 
recurrent form of computing Following simple transformations we have finally

Km — R * ‘ - 1»n - S  + i —  t ' n  -  S +  I

n(i- 1)An S +I - S + i-* R{ii + i^n - 1)
S + i - 1

- S  + i
(13)

where

<X„ - S  + i =  X n- Ru 1)
S + i i = l , S - l ,  R[°1s = I n.

Consequently, direct inversal of the matrix Л^S)ГЯf‘,s, is replaced by its recurrent 
computation whereby at every step of the identification process the (S— l)-st iteration 
has to be performed in compliance with (13). The recurrent form of the algorithm with 
A= 1 is given in [2].

The factors in equations (12) and (13) are ratios of Gramm determinants which 
indicate the linear dependence of the input vectors. If at some i-th step a, vanishes, then 
this value of x, is not used in the algorithm which proceeds to the following value xi + 1.

The computing stability of the algorithm (7) is increased by introducing a 
regularizing supplement

cí =  c í_1+ X ® [ X W  + í 2/ s] - '£<?>. (14)

This does not bias the estimate further and the factors a do not vanish. 
Consequently, the estimate c;J can be improved at every iteration by using all the 
observations.
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To obtain a recurrent form of equation (14), the original N x 1-dimensional 
input vectors x are replaced by expanded (N + S)x  1, dimensional vectors x. Then 
x„, x„_l5 . . x„_s+1 have the form

x„'=(xj, 0,0, .. .,ö), x j_ , = (x j .„ 0 ,0, .. .,<5,0), • • •,

• • •>*n-s+1 = (x li s+1 > 0 ,  . ..,0).

or every measured vector is supplemented with an (S— l)-st zero component and 
one non-zero component <5. The associated matrices X*1 of the vectors 
x„, x„_ !, .. ,,x„_s+1, have the form

x i S)=

As before, decomposing and JAj,S) into blocks, etc., we have, following simple 
transformations

c xn =  c x _ ,  +  4 -  ( x „  -  P*„s  /  >x„) (<?„ - X „ 7 C„A_ , ) , ( 1 5 )
«п

c í  =  c ^ _ , +  4 -  R ^-~il)x„(en - x J c x ^ , ) , ( 1 6 )

where
= *1 Rn-\ >xn; en = />’„ -  x*cx_ !;

PfT1l) =  X^T11)[J?fT11)̂ s_ j1»] lX ^ lm  is an N x (N + S) matrix;

is an (N + S ) x N  + S) matrix

which can be recurrently computed

5(0 _  5(i-1 ) I_____ !___  r _ 5<í 1) fr « - S t i - r «-S + i - l T  - ^n-S + i r n - s  + i -  l x n - S  + i) л
Xn —S + i

x x j  s + Ä ^ s  + i - i .  (17)

^ n - S  + i =  ̂ íi-S + i- 1 —  ~  R n - S  + i - l X n -  SiX n -  S + i ^ n ' - S  + i - D  (Í8)
an+S+i

where

D(i - 1) уH ~S + i~ 1 — 5 /=  1, S — 1,

P ^ s  = 0.
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Estimates cannot be computed by formulae (12), (13) and (15)—(18) before time 
n ̂  S. Until that time they are obtained by these formulae where, however, S is variable.

A recurrent form of the algorithm (7) other than the above one, can be obtained 
by recognizing the specific way in which the observation matrix X ^  is obtained. 
Because at every step the latest observation (the last column of the matrix A'Jfi,, is 
rejected and a new observation x„ is included in the matrix

X<s>1=(x„_1, . . . , x ^ s) = [A«s_-i1)|xn_s],

X«s, = (.x„, . . . ,x„_s+1) = [.xJX<s_Y)].

Using the notation
J ( S )  _  y ( S ) r  y ( S )  a {S) _  y ( S ) T  y ( S )
Л п - 1 “ Л п - 1 Л я - 1 ’ Л п — Л  n Л  n >

ö ^  =  [A<s-Y,r \  ^ S,= K S)] ‘

and block-wise representation of these matrices

!̂iS- 1 =

Ais> =

0 ^ i  =

'[ o f - V T 1 В Д Ч -Í
x t - s * ? - * "  l l - x „ - s l | 2

II*. II2 xjxif-Y»
. ^ i s - j l , T x „  [ o f - Y » ] " 1

D's ,=
Fn-1 bn_ ,
bl-,

l  ÍT
F.

(19)

Simple transformations result in a recurrent form of the multi-step algorithm

c„ = c „ -1+ *fD<S)E<S),

where the matrix Dj,S) of equation (19) is computed by the formulae

V  y ( S - 1 ) Г  T  v i S - D p
г п - 1 л п - \  л п - Х л п - 5 л и - 1  г п -  1Din - i ) = Fn- 1 —

F„ = D'S_Y,+

x„Us(/JV + 2f!,sr i1)Fn , n s_ ,1,T)xn Y

x „t(/y - X<l " D ^ 'X ^ - " T)xn' 

en = DisS " X ^ TxJ„, 

l  = [x„r(/,v -  ATĴ T,1 >D<S_7 J  - *.
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Conclusions

When the estimates are allowed to be biased, reduced multi-step algorithms lead 
to estimates whose r.m.s. errors are smaller than in the case of unbiased estimates.

An expression for the optimal value of the reduction coefficient results in a 
minimal r.m.s. error.

Recurrent forms of reduced multi-step algorithms simplify identification in real 
time and are easily implemented in software.
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Редуцированные многошаговые алгоритмы идентификации 
линейных объектов

В. И. САЛЫГА, О. Г. РУДЕНКО, В. Л. ОБРУЧЕВ 

(Москва)

Рассматривается многошаговый алгоритм идентификации, позволяющий путем учета 
информации о ряде предыдущих шагов добиться существенного сокращения времени построения 
модели при отсутствии помех измерений. Однако наличие помех приводит к тому, что с 
увеличением памяти алгоритма (числа учитываемых шагов) свойства алгоритма ухудшаются — 
увеличивается среднеквадратичная ошибка идентификации. В работе показано, что уменьшить 
среднеквадратичную ошибку можно, отказавшись от требования несмещенности оценок и 
используя идею построения редуцированных или укороченных оценок. Определены допустимые 
границы изменения параметра редукции, обеспечивающего меньшую среднеквадратичную ошибку
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по сравнению с ошибкой, даваемой многошаговым алгоритмом. Рассмотрен вопрос определения 
оптимального значения параметра редукции, обеспечивающего максимальную скорость сходимос
ти алгоритма. Значительное внимание уделено построению более удобных в вычислительном 
отношении рекуррентных форм редуцированного многошагового алгоритма.

При построении одной формы используется общая часть матрицы наблюдения, получающа
яся при формировании оценки на двух соседних шагах. Во второй форме вместо непосредственного 
обращения матрицы наблюдения используется ее рекуррентное вычисление.

В. И. Салыга
Министерство высшего и среднего специального
образования СССР
СССР 1 13833 Москва М-230, ГСП,
Люсиновская ул., 51
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A T-FAMILY EXTREMAL PROBLEM 
IN HAMMING SPACE

H. K. A y d in ia n

(Yerevan)

(Received December 30, 1986)

In this paper we consider if, m, A )-code families and give the least upper bound of cardinality 
of such codes. Besides a class of optimal equidistant code families is given.

1. Introduction

Let Em be the set of binary sequences of length m and d denote the Hamming 
metric in Em. Then let we have a set of positive integers A =  {<50}; őij = öJi(ijbj); i , j=  1, T 
(7^2).

The family (Ax, . .  , , A T); A u  .. , , A Tc E m is said to be a (T, m, d)-code family or 
(T, m, d)-system if for any i , j e {  1, . . 7 }  ((# /) and

Va‘ e A y a j eAjd(a‘,tti) = őij.

If öij = ö for each i,j  e{l, . . T} we shall call that system an equidistant code family 
and denote it by (7̂  m, <5).

Let us consider the function

M(T,m,A)= max j  f ]  \Au\:(Al , .. . ,A T) is a (T, m, d)-system|.

The study of (T, m, d)-systems and the function M(T,m, A) is motivated by the problem 
of lower boundary of the two-way complexity (in the sense of Yao [1]) of the Hamming 
distance function.

Ahlswede et al. proved (by induction on m) the following:
Theorem [2]. For each natural m

max M(2, m, <5) = 22", if m = 2n, or m = 2n+\.
ó

The maximum assumed for S — n.
In [3] the authors propose to consider this problem for T> 2, however, the proof 

method used in [2] does not give us a solution of the problem. In this paper a solution 
of this problem for arbitrary Tis given.

3 Akadémiai Kiadó, Budapest
Pergamon Press, Oxford
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2. The main result

Theorem, i) For any (T m, d)-system one has the relation

M(T,m,A)^2m

ii) for к = 1, 2, . . . ;  Tfi n 27; n is an arbitrary number, for which there exists an 
Hadamard matrix Hn; holds the equation

М(Т,т = пк,т/2) = 2m. (1)

To prove this theorem, we use the next

Lemma.
M(T,2n,n)^22n. (2)

Proof. First we prove the lemma for T= 2.
Let {A!, A 2) be a (2,2n, n)-system. Replace 0 by — 1 in the vectors of E2". Next, let 

us consider the sequences obtained from E2" to be vectors of Euclidean space Rn. 
Denote by (B1, B2) the pair obtained from (Ax, A 2), respectively. Now note that the 
condition

d(al,a 2) = n (al e A l , a2 e A2)
implies

< b \ b2} = 2n — 2d (a1, a2) = 0 (bl e В t ,h2 e B2),

where <b\  h2) is the scalar product of the vectors’ b1, b2 corresponding to a1 and a2. 
Therefore, the linear envelopes L 1, L 2 of the Bt and B2 are mutually orthogonal planes 
of R 2".

It is easy to see that |ß , | <;2dimi'', \B2\ <^2d,mi'2 and dim L x +dim  L2^2n.  Hence 
we obtain

|ß i l  |ß 2| ^ 22".

If now T  >2, the planes L, and L* (L* is the linear envelope of the ß 2u . . .  u ß T) are 
mutually orthogonal and we get the relation (2) inductively. Thus the lemma is proved.

Proof of the Theorem. Let (A t , .. . ,A T) be a (T, m, d)-system and P n is an 
Hadamard matrix of order n^T .  Denote by ä (a e E m) the complement of a, i.e. 
a = a + l m where lm is all-one vector, “ +  ” means addition in the Hamming space.

If / |c £ "  then Ä  = {ä:ae A}.
Next choose a T x n  submatrix (huv) of the Hn and define the Tx n matrix (auu) as 

follows
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where Au (u= 1, T ) is represented as a \AU\ x m matrix. Now define sé {(i= 1, T) as the 
Cartesian product txn x . . .  x ain. As far as an Hadamard matrix Hn determines an 
equidistant (n, n,d = n/2)-code [4, chapter 2] it is clear that the family {srf t , . . . ,  ,s/T) is a 
(T, mn, mn/2)-equidistant code family. Using the lemma, we obtain

П  \j*,\ =  п  и , г ^ 2тл.
i= l i = 1

Hence, we proved the first part of our theorem.
Now we shall give a construction of optimal equidistant code families (it means 

one has relation (1) for arbitrary T. Let we have an (n, 2n, d = n/2)-Hadamard code
t

[4]. Consider a partition of the c6n on t classes %„= (J Ah such that each class A,
i= 1

(ie {1, . . . ,  i}) with an element a' also contains its complement d‘. It is clear that the 
family {Au . . A,) is a (t, n, n/2)-system. In order that the (Ax, .. ,,A,) be optimal, we 
must have the following conditions:

t  '. = 2 n
i -  1

П  /,- =  2" = 2(' , + -
i= I

where /г=|А,|, i= 1, t.
Since for natural / one has 21/2 =  / only if / =  2 or 4 we conclude that our 

construction is optimal ifT| =2 or 4. Next let us show that for arbitrary T there exists 
an Hadamard code # „, from which one can construct an optimal (T, n, n/2)-system. 
Obviously, for given natural T, there exists an Hadamard matrix Hn, where T ^ n ^ 2 T .  
On the other hand, a partition of the Hadamard code gives us (as mentioned above) 
an optimal (T, n, n/2)-system, if the following relations hold:

|4 t i  + 2t2 = 2n 
\ t l + t 2 = T

where t {, t2 are non-negative integers. But these equations have non-negative solutions 
iff Tig n 2T. Therefore, we can get an optimal (T, n, n/2)-system for each TSi 2. Then it is 
clear that for any natural Ic, the family (A\, . . . ,  AkT) is a (T,m = nk, m/2)-equidistant code 
family and

f l  M f l =  П  \Ai\k =  2kn =  2m.
1=1 i = 1

Thus the proof of the Theorem is complete.

3*
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Let us give now an example of an optimal (3, 4k, 2k) system.

= {0000, 1111, 1100, ООП, 0110, 1001, 0101, 1010}

A, = {0000, 1111}*, /42 = {1010, 0101}*, A3 = {1100, ООП, 0110, 1001}*,

\A l \ \A 2\ \A3\ = 24k.
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Экстремальная задача 7-семейетв кодов 
в пространстве Хэмминга

А. К АЙДИНЯН 

(Ереван)

Пусть £ ” — множество бинарных последовательностей длины m, a d — расстояние Хэмминга 
в £". Пусть далее имеем множество натуральных чисел А =  {<5У}; ди = , i фj\ i,j=  1, Т(7'2 2).

Семейство непустых множеств (А ,, . . . , А Т)', А, , . . . .  Ат ez Ет назовем (Т, m, Д (-семейством 
кодов, или (Т,т, А (-системой, если при любых i,j 6 {1, . . . ,  Т} (i Ф j) и

Va‘ е А -, V а' е Ajd(a‘, aJ) = 6tj .
Рассмотрим функцию

М(Т,т, А)= max |  J{| \ Аи\: ( А , , А Т) — есть (Т, т, Д)-система|.

Изучение (Т т , Л (-систем и функции М(Т,т, А) связано с задачами нахождения сложностных оценок 
при распределенном вычислении [1].

В работе [2] показано (индукцией по т), что при любом т е N

max М (2, т, á) =  22", при т = 2л или m = 2n + 1.
ь

В другой работе [3], касающейся также (2, т, ^(-систем, авторами предложено решить аналогичную 
задачу для Т>2. В данной статье, используя элементарные свойства пространства £ ”, эта задача 
решена для произвольного Т.

А. К. АЙДИНЯН 
ВЦ Арм. ССР 
СССР, 375044 Ереван 44, 
ул. П. Севака, 1
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MINIMAX FUNCTION APPROXIMATION 
BY NOISY OBSERVATIONS 

UNDER NONPARAMETRIC UNCERTAINTY

P. P. G u s a k , L. R. So r k in

(Moscow)

(Received July 18, 1986)

This paper suggests two approaches to the problem of minimax function approximation by 
noisy observations under nonparametric uncertainty.

Both approaches imply lack of apriori knowledge on the structure of the function to be 
approximated using only some of its qualitative properties such as its Lipschitzian nature, 
constrained nonlinearity, etc. In general, the suggested statement is a certain generalization of 
problems of parametric uncertainty which are solved with the use of classical regression techniques. 
The proposed method is intended to regularize the solution of an ill-stated approximation problem.

The approaches considered by the authors differ in the nature of the qualitative assumptions 
in the system, the metric used, and the data processing techniques applied. The first approach is 
oriented toward on-line observation processing, while the second one is based on data accumulation.

Application of mathematical models to control system design is often hindered 
by the following major reasons: on one hand, the behaviour of a on-line control plant is 
always affected by a number of inaccountable factors leading to an uncertainty in the 
mathematical description that is essentially unremovable; on the other hand, 
computational considerations sometimes do not allow one to deal with nonlinearities 
and high dimension of the models.

In the first case, we are forced to use inadequate description because of 
incompleteness of our knowledge on the functional connections and numerical values 
of parameters, while in the second case inadequacy results from our deliberate 
simplification of the model.

In both cases, however, the researcher should deal with a different problem 
whose solution is supposed to substitute that of the original problem.

In this situation the following seems to be of paramount importance:

— the guaranteed boundaries of the control system performance when using an 
approximate model (the problem of analysis), and

— the way to choose a subset from the set of approximate models for which the 
guaranteed control performance meets the pre-specified requirements (the problem of 
synthesis).

Akadémiai Kiadó, Budapest
Pergamon Press, Oxford
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This paper suggests two approaches to the above problems.
Both approaches imply lack of apriori knowledge on the structure of the function 

to be approximated using only some of its qualitati ve features such as its Lipschitzian 
nature, constrained nonlinearity, etc. In general, the suggested statement is a certain 
generalization of problems of parametric uncertainty which are solved with the use of 
classical regression techniques. The proposed method is intended to regularize the 
solution of an ill-stated approximation problem.

The approaches considered by the authors differ in the nature of qualitative 
assumptions in the system, the metric used, and the data processing techniques applied. 
The first approach is oriented toward on-line observation processing, while the second 
one is based on data accumulation.

Under the assumed uncertainty, the minimax solution to the problem seems 
most natural.

Introduce the following notation:

x, e R' is an approximated function which belongs to some known nonparametric 
class Jf,  x, e Jf \

x, € R' is the approximating function, x, e HP, where 3P is the given parameter class; 
p(x,, x() is the distance, i.e. the error of approximation.

Let us call x,* the minimax approximation of x, if

xf =  argm in maxp(x,,x,), t e T .  (1)
x t e8P х ( б /

The steps of solving the stated problem are 

1°. Estimate p(x,) = m axp(xt, x() an internal problem.
x t eJ/~

2°. Estimate x* =  arg min p(xt) an external problem.
x t

Approach I

The function may be specified in different ways, in particular, the differential 
equation apparatus may be used for the purpose. In this case, let J f  be a class of 
approximated functions x, specified by the differential equation

dx, +  f(x,)dt = w,dt,
(2 )
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where / ( •) is an unknown continuous Lipschitz operator specified by its belonging to 
the class

f , e h At_a ü { f : \ \ f ( z ) - A lz U a t, V zeZ ; t e T } ,  (3)

where ||/|| = iTl, Z  is the definition domain of / ( •), w, e R' is a known function, and A, 
and a, are a given matrix and scalar, respectively.

The model of observations is given by the equation

dy, = H,x,dt + D,d^,, (4)

where £, is a Wiener process.
The elements of matrices A,, H, and D, are limited and continuous, D, being a full 

rank matrix. The class of functions (3) was introduced in [1].
Let the approximating functions class SP be given by a set of differential equations 

of the form

dx, + Atx,dt = G,dut + w,dt, x0 =  x0 (5)

parametrized with respect to matrix G,. The notation du, is understood as

du, — dy, — H,x,dt. (6)

Thus, the unknown function x, is approximated in the control space by choosing 
an appropriate control G,du,.

The error of such an approximation p(xt, x,) is defined as

p(x„ x,) ̂  £(x, -  x,) (x, -  x,)r .

The design of the optimal approximation could rest upon the knowledge of matrix p„ 
but since the assumed uncertainty makes this knowledge inaccessible, it seems 
expedient to seek for a majorant matrix* p,such that p,^ .p t, t e  T uniform for the entire 
class J f  and depending on the control action or, to be more specific, on the matrix- 
parameter G,. Evidently, the value p, being a guaranteed estimate of the approximation 
quality gives a solution to the internal problem.

Introduce the following differential equation

dp,
dt

А,— у  I + G,H,j р , - p, ( a ,— I + G,H,) +

+ a,I + G,D,DjG] , p0 — P. (7)

* The inequality between symmetric matrices Q, and ü 2 means that fi, is equivalent to some 
nonnegative defined matrix (ß 2 — ßi).
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Theorem 1. For an arbitrary matrix G,,teT,  the solution of eq. (7) gives an upper 
boundary p, for the second moment errors matrix p„ i.e. p , ^ p t.

A proof of this theorem and Theorems 2 and 3 is given in the Appendix. Note that 
the right-hand part of (7) is convexly (quadratically) dependent upon matrix G, and, 
consequently, a matrix G,* exists for any fixed time t e Tsuch that it realizes, in a certain

sense, the minimal property of matrix ~  p, which meaningfully corresponds to the

“closest” clinging of the upper boundary p, to matrix pt at any fixed time t. This, 
evidently, solves the external problem.

Theorem 2. For any fixed t e T  and an arbitrary G, the following inequality is
true:

where G* = p,H,(DtDj )~1.
An appropriate choice of G, = G* allows one to find the minimal increment dp* 

guaranteed for any G,.
Using the obtained results, the unknown element x, from the approximating 

class 3P may be presented in the form of a solution to the following differential equation

The robustness of the obtained estimate is obviously correlated with the 
diameter of class JT specified by the parameter a ̂  max az. Ideally, when a, = 0, class

J f  consists of only one element and the upper boundary pt of the second moments 
matrix coincides with the covariance matrix p, while G, together with eq. (2) sets an 
r.m.s. optimal approximation of function x, at each instant of time t [2].

Let us try to estimate the estimation error changing rate with the decrease of a,. 
The following theorem is true:

Theorem 3. For any t e T,

where p° — pt|г, = 0, and L, is a function independent of a,.
The last result allows one to make a conclusion on a continuous correspondence 

between the second moments matrix and the diameter of class J Í  in point a, =  0, i.e. on 
the fact that small magnitudes of parameter a, correspond to small deviations of the 
suggested approximation of x, from the optimal one.

Although this result gives certain idea on the roughness of the suggested 
approximation its value is somewhat reduced due to the time dependence of the

(8)

dx, + [A, + p,Ht(D,Dj)H,~]xtdt = p,H,(DtDj ) 1 dy, -I- w,dt. (9)

II pt- p ? U L , a „ (10)
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coefficient in the right-hand part of inequality (10). However, a specification of 
conditions for t-uniform satisfaction of inequality (10) may strengthen this result which 
also establishes the fact of f-uniform boundness (dissipation) of the second moments 
matrix upper bound.

Theorem 4. Let the following conditions be satisfied

1°. Re/ЦЛ, - ~ I  + G,H, )>0 , t eT ,  i = l ,  . . . , / .

2°. A pair of matrices 

such that

A , - ^ I  + G,Ht,S t is uniformly observable where S, is a matrix 

STS = a,I + G,D,DjGj.

Then eq. (7) has a i-uniform bounded solution.
The proof of this assertion is given in [3].
Concluding this section the following is noted. The classical theorem on the 

continuous dependence of the solution on the parameter is known to establish a 
qualitative characteristic of the differential equation behaviour under parametric 
uncertainty of the right-hand part of the equation.

The results suggested are attempted to obtain a relationship between the 
solution of the differential equation and the uncertainty measure in the nonparametric 
case. An established fact here is that a small value of diameter of nonparametric class 
J Í  corresponds to a small change of L2-quality of linear approximation of the reference 
equation solution.

Approach II

Let now Ж , 2P and p be given in a different manner.
Class Ж  consists of scalar functions satisfying the Lipschitz condition such that 

V t, f + T e T

Class & is a set of monotonic and concave (convex) functions {x,(a), t e T ,  ole 91}, 
a is the unknown vector valued parameter, and 91 is the given set.

Such a statement of classes Ж  and 3P features both the mathematical tradition 
[4] and a meaningful background. Thus, the constant M  implies a limit rate of 
changing x,; the qualitative properties of functions such as monotonicity and concavity 
are often physically induced and provide certain mathematical convenience [5].

Let us make use of the following observation model:

y, = Xl,ef]Xt + £„
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being the noise with a finite distribution density, i.e. | £, | й  <5 a.s., and the value ő being 
known. Find the quality of approximation p, in the following way:

p(x„ x,)= max |x( —x,|.
l e T

Knowing f, M and <5, one may construct a polyhedron Í2 (Fig. 1) incorporating 
the domain of feasible values of x t. Consider those of its vertices и 'е й  which belong to 
the minimal convex hull to and denote as xm those of x, e /  whose value domain 
includes at least one to1. The following theorem gives a solution to the internal problem.

Theorem 5

V x ,e f ,  x, e J f ,

so that

Р(хш,х,)^р(х„х,) .

The minimax approximation is given by the following theorem on the external 
problem.

Theorem 6. The solution of the external problem is a Chebyshev approximation 
of vertices to' e to in class

If we denote the ordinates and the abscissas of these vertices as to\ and to‘x, 
respectively, this approximation may be found by solving the following problem:

a*=argm in max^ |m‘y — Jc(a, co*)|, (11)
o te ' i l  i =  -  1 , 1

I being the number of vertices to'. Figure 1 directly verifies the validity of theorems 5 
and 6.
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Problem (11) is reduced to the equivalent problem of linear programming [6] if 
function xt(a) is linear with respect to a and 91 is a convex polyhedron:

where Z is an artificial variable.
Problem (12) may be solved both by standard techniques and by ad hoc discrete 

Chebyshev approximation algorithms [6].
Note that a nonparametric way of statement may be extended toward function x, 

by analogy with [7]. Stating x, by a class of monofmic concave (convex) linear upper 
and/or lower bounded functions, x* may be found by solving a problem of linear 
programming similar to (9). In this case, x* is a piecewise-linear function with nodes at 
t = w‘x [8].

Thus it turns out that in order to obtain a minimax (i.e. guaranteed) Chebyshev 
approximation one must extend the initial set of observations. The coordinates of 
points added with thisextention depend (Fig. 1) on the initial set, the Lipschitz constant 
M and the noise level ö. The Chebyshev approximation of the extended set is minimax.

Note in conclusion that the suggested results may prove useful for those 
application cases when the physical object does not allow any assumptions to be made 
on the structure of the relationship under study or when this structure is too 
complicated to employ the standard approximation techniques.

The obtained results are compact in their algorithmic realization and do not 
require much laboursome computation.

Proof o f Theorem I. Introduce the notation x, = x ,-x ,;  then, subtracting (5) from (2) we obtain

= arg min Z,

a>‘r -x(a ,  a)‘x) ^ Z ,  / = 1, / , ( 12)

x(a, co'x) — Wy-üZ, i = l , / ,

Appendix (Proofs)

(A.l)

Elementary manipulation yields

dx, + \f,+ (A , + G,H,)x,]dt = G,D,dC„ 

where/, = f ( x , ) -  A,x, and, as follows from condition (3), ||/ , | |g a ,.

(A.2)
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The proximity measure p, -  Ex,xJ  may be specified with the help of Ito's formula in the form of the 
following differential equation:

dp, = E(x,dxt + dx,xj + dx,dxj). (A.3)

In terms of the derivatives, and with regard for (A.2), this equation takes up the form

j t pt = G,D,DjGj- E [ x ,fJ  + f,xJ]-p ,(A , +  G .H f  -(A , + G,H,)p,. (A.4)

To estimate the term in brackets in the right-hand part of (A.4), we may use the following relationship

E (x ,fJ  + f 'x j)  á  a,(p, + 1) (A.5)

whose validity results from elementary manipulation over the obvious inequality

E ( a ,x - f , ) ( a ,x - f , ) T^ 0

recognizing the fact that E f J J ^ a f l  in accordance with condition (3).
(A 4) and (A.5) allow one to easily obtain the following differential inequality with respect to p,:

(d, -  I  /) + G.H,J p ,- p, [ ( a,-  I  /) + G,H, L a, I t (r,I),1)! (;) ,

Po — Po
or the differential equation

dp,
dt

(  at \ (  at \l A - j l j + G , H , P ,-P , + a,l + G,D,Dj G j — ß,,

Pq— Pq*

where ß, is a nonnegative defined matrix.
Subtraction of equation (A.6) from equation (7) yields

dp,
dt

А,— -d ) I + G,H, Л-P rj^d ,- j /j + G,H, +ß„

(A.6)

po = 0, (A.7)
where p ,-p , — p,-

The assertion of Theorem 1 is obviously equivalent to the nonnegative certainty of the solution to 
equation (A.7) while the latter results from the following lemma.

Lemma. For equation

- ^ - = a,P, + PAT+ß„ P0 = P,

where P, is a symmetric nonnegative defined matrix and ß„ a nonnegative defined matrix, the following 
holds: P, is nonnegative defined, t e [0, T J.

Proof of the Lemma, a) Consider the uniform equation and make sure that its solution is obtainable in 
the form

p —ф рфтr t w0 w0 (,
where <P0 , is a fundamental matrix such that
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Thus indeed is so, since

dP,
dt

= 1,Фп ,РФ1, + Ф0 ,РФ70 ,а1 =  a ,P, + P, a,T,

b) a particular solution to the nonuniform equation — P, = otP, + P,<x] + ß, will be found with the helpdt
of the variation technique for P, namely

d
It Р1 = (Фо.,РФо.,)Т = <*,Фо.,РК. + Фо.,РФ1о.,*Т + фо.,

dP
It

Substituting this expression into the lefthand part of the initial equation and making the necessary 
manipulation, we obtain

% =ф;:,р, « , г \at
or

p=  i  Ф0.'М Ф о\)ть0
and hence it follows that a particular solution P, of the initial equation may be found as

P,=  Í Í I . A K I -
О О

The general solution will accordingly take up the form

Р, = Р, + Р1 = Ф0 ,РФТ0 ,+  j Ф,Л,Ф14$. (A.8)
о

It is obvious that P , ä 0 by virtue of the assumption PgO  and /?s§0 ,
The lemma is proved.
Theorem 1 is proved.
Proof of Theorem 2. Consider the matrix polynomial

С,(С,)Д -  G,H,p, -  p.HjGJ + G,D,DjGj, (A.9)

which coincides with the right-hand part of equation (6) with an accuracy to G,-independent terms.
Let us make sure that the following is true of an arbitrary vector q of the corresponding dimension:

lQ,(G*)q= min qTQ,(G,)q, 0 S t< c o . 
Gt

To see this, we may modify (A.8) to obtain

4TQ,(G, k  = -  qTGlHlß ,q - q 1p,H,Gjq + qTG,D,Dj Gjq = 

= — sj H,p,q -  qTp,HjS, + SjD.DjS,,

where s, — Gjq.
Zeroing the first variation in S, we have

-  H,p,q -  qTp ,H j + 2D,DjGj q = 0,

wherefrom it follows that

G* = P,H,( D,Dj) ~1.
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Theorem 2 is proved.
Proof of Theorem 3. Assuming a, =  0 in equation (7) and subtracting this from (7) we have 

d
— p,=  - ( /! ,  + G,H,)p,-p,(A, + G,H,)T + a,(l + p,), p0 = 0

where p, = p ,-p ,.
Using the result of the lemma, in particular, formula (A.8), we obtain

P,= Í +ps)4>l,dsüä, Í Ф,М + Wilds,
О о

which yields that \\pt\ \ ^ L tat, where

м ] * ,M  + ß№ l,ds

Theorem 3 is proved.
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Минимаксное приближение функции по зашумленным наблюдениям 
в условиях непараметрической неопределенности

П П ГУСАК. Л Р. СОРКИН 
(Москва)

В данной работе предлагаются два подхода к решению задачи минимаксного приближения 
функций в условиях непараметрической неопределенности.

Оба подхода предполагают отсутствие априорной информации о структуре аппроксимируе
мой функции, используя лишь некоторые качественные характеристики функции типа липшице- 
вость, ограниченная нелинейность и др. В целом предлагаемая постановка является некоторым 
обобщением по отношению к задачам с параметрической неопределенностью, где используются 
классические регрессионные методы, и служит для регуляризации решения задачи аппроксимации 
по некорректному условию.
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Рассматриваемые здесь подходы при этом различаются характером качественных предполо
жений о системе, принятой метрикой, а также способом обработки данных. Первый подход 
ориентирован на обработку наблюдений в режиме реального времени, в то время как второй 
базируется на накопленных данных.

В условиях предположенной неопределенности представляется естественным минимаксный 
принцип решения задачи.

П. П. Гусак, Л. Р. Соркин 
Институт проблем управления 
СССР 117342 Москва, ГСП-7, 
Профсоюзная ул., 65
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GENERALIZED HERMITE POLYNOMIALS 
AND ESTIMATION OF KERNELS 

FOR DISCRETE I/O  WIENER MODELS

G. T e r d ik

(Debrecen)

(Received January 10, 1987)

In this paper we generalize the classical Hermite polynomials to give a complete polynomial 
system in the Hilbert space of stationary processes measurable with respect to a Gaussian stationary 
input. By the help of the multiple Wiener-Ito integral the spectral representation for the GHAW 
polynomials of a Gaussian stationary series is given.

The statistical examination and the identification of linear stationary models has been 
studied by several authors, Bokor and Reviczky (1982), Arató (1982). Recently, there has been an 
increasing interest in nonlinear models, studied both in the theory, Schetzen (1980), and in the 
applications, Várlaki and Terdik (1985).

The paper discusses the square integrable regular functionals of a stationary Gaussian series. 
The discrete Wiener models with stationary Gaussian input are given as a subordinated series. The 
estimation of the coefficients of the Wiener model with a Gaussian AR input is constructed. Using the 
central limit theorem for the functionals of strong mixing sequences we prove the asymptotic 
normality of the estimators.

1. Generalized Hermite-Appel-Wick polynomials

The classical Hermite polynomials form a complete orthonormal system in the 
Hilbert space of all square integrable random variables measurable with respect to a 
standard Gaussian one. The Hermite polynomials with parameter (ц, a2) are defined by 
differentiating the nonstandard Gaussian density function, Szegő (1948), Hida (1970). 
This method can be generalized, Grad (1949), to get the (V-dimensional Hermite 
polynomial system being a complete orthogonal one in the Hilbert space generated by 
N independent standard Gaussian random variables. In case of arbitrary Gaussian 
vector this method does not work. The Appel polynomials which are not else than the 
Hermite polynomials with parameters (/r, a2), were defined in three rules by Shutterly 
(1963), Campbell (1964), Bonnet (1964). We generalize this method to give a complete 
polynomial system in the Hilbert space of N jointly Gaussian random variables. 
Polynomials of this type were mentioned by Ibragimov, Rozanov (1970, p. 28) and will 
be referred to as the Generalized Hermite-Appel-Wick (GHAW) polynomials. The 
Wick polynomials, Major (1982), as well as the Q-polynomials, Schetzen (1980), are 
special cases of the GHAW polynomials.
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50 TERDIK: GENERALIZED HERMITE POLYNOMIALS

Let Ху,  X 2, .. ,,X„ be jointly Gaussian random variables with EXt = 0 and 
covariance matrix (CXiXj), i , j=  1, . . n. Then the GHAW polynomials are defined by 
the following way

(a) A0= 1

(b) Ak(Xy, X k) = Ak_ t( X! Xt - ,, X i+ j , . . . ,  X k) i = 1,2, . . /с;

k = l ,  . . n .
(c) EAk(Xy, . . . , X k)=0 k = l , 2 , . . . , n .

Some remarks (see Terdik (1985))

1. The first three GHAW polynomials are given by the formulae

A0= 1; Ay(X) = X- A2(X1, X 2) = X lX 2- C XlXl;

A 3( X y ,X 2, X 3) = X y X 2X 3 -  cXtX2x 3 -  cX2X3x , -  cXjXlx.
2. X y = X 2 = X„ = X  then A n(X, . . X) = A„(X) where An(X ) is the nth Hermite 

polynomial with parameters (0, a2) given by the recursive formula

An+I(X) = X A n^ ( X ) - r u 7 2An. 2(X); A0= 1; A _1= 0.

3. The polynomial A„(X) =  A„(Xk, .. . , X n) depends on the covariances Сх .х .\ 
i , j=  1, 2, . . n.

Let Ak(X), X = (Xj, . . X n), k=(ky, . .  . , k„ )eZn, k2:0 denote the GHAW 

polynomial Aik| ^ -̂-----1 ’ ’ ' ~ j : ~ — | k|  =  Z7c,. IfX ,, . . X„ are independ

ent then

л ( х ) = п л д , ) = е д ) .
i

The product of independent Hermite polynomials are called by Schetzen (1980) 
ß-polynomials. One can get the GHAW polynomials by the recursive formula

i ,  . . X k) = X mA k_ i (X, ,  . .  X X m + l , . .  X k) —

— X  CxiXmAk~2(X у, ■ ■ ,, X i+,,  . . Xm_ j, X m+ j , . . Xk).
i Ф m

The GHAW polynomials of order n have the generating function
(k gi(X,t)

G(X,t)= X (0|к1гТЛ ( Х ) = - 7 -
k i  к :  Ф Х(1)

k e Z n
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where (px(t) is the characteristic function of X. From this it follows that

Л (Х )= ( -0 |к| G(X, t)
t = о

It is easy to show that the following properties of GHAW polynomials hold 

Ak(X 1, . . . , a*,-, =  a*vlk(X),

I .....( Xu  ■■ ; X \ l \ X ? \  . . . , X n).

(1.1)

( 1.2 )

Let Zj, .. . . - ,X m be jointly Gaussian variables with mean zero and
covariances Cz.Xj. The covariance of GHAW polynomials An(z) and Am(X) is

£A„(zMm(X) = ̂ X n Q x , v (1.3)

where the summation is extended for all possible permutation i l t  . . i n of numbers
1,2

Moreover

£ A ( zM ,(X ) =  «5|Li|I! I *  П  ( ,  k ” ) П  П  C t h ’
P \ J i, p * • * Jm,  p j  P Я

where the summation is extended for all integers

7p.4 =  0, p = l , 2, = K
P

and Yuip.4 = K' see Terdik (1985). From (1.3) follows that the GHAW polynomials of
Я

different degree are orthogonal.

2. The spectral representation of the GHAW polynomials

Let us now turn to the Hilbert space H defined by the stationary Gaussian input 
zt, t eT ,  i.e. the space of the square integrable random variables measurable with 
respect to the er-algebra '#(7)= .f(z„ t  e T). Let us regard the following decomposition 
ofW

H =  £  ® H m
m  — 0

where ® denotes the direct sum and Hm denotes the Hilbert space generated by the mth 
degree polynomials of z„ t  e T. The random variables ß k(e) = А̂ Де,,) .. . Akn(ztt)  form a
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complete orthogonal basis in Hm if | к | =  m where s„ t e T is a complete orthogonal basis 
in H l . We shall refer to ß k(c) as the Q-polynomial of degree m and order n.

Lemma 2.1. The subspace Hm of H  is generated by the set of random variables 
{Ak(ztl, . .  . , z j ,  I к I =  m, к =(/cj, .. . , kn) and t u  .. .,f„e  T}.

Proof. As any polynomial P, of degree l ^ m  — 1 can be written in the form

П(Х)= I  CkAk(X), where \  = ( X X n)
Iк I g m — 1

so for any j/j , .. , ,ype H t 1; .. . , t „ e T and k, |k| = m

EP,(yMk(z„, • • - , z j  =  0,
i.e., Ak(z„, .. ,,z,n) e H m.

From the other hand, an orthogonal system el ,e2 ■ ■ ■ in can be chosen such 
that each of the elements is finite linear combination of the input. Using properties (1.1) 
and (1.2), it is clear that any (^-polynomial ß k(£) of degree m is linear combination of 
GHAW polynomials of degree m so {Ak(ztl, . . z,J, к =m, t ly . . . ,  tn e 7} is a dense 
set in Hm. Q.e.d.

Let the spectral representation of z, be

z,=  J ea,z(dX).
D

Here the range of integration is D = [ — n, 7r] o r ( — oo, oo), respectively, to the discrete 
and continuous cases. We assume that the spectral measure Gz(d/,)= E\z(dL)\2 is 
nonatomic.

Theorem 2.1. The spectral representation of the GHAW polynomial is

M z tl, . . .,z ,n)= j exp ( j £  tj £  AJz(d).)
0 |k| \  J=1 s=Kj- ,  + l )

Kj— I  kh K0 = 0,
I

( 2 . 1)

where the integral is the multiple Wiener-Ito integral, Major (1981).
Proof. For I к I =  1 this representation is the spectral representation of z,.. So it is 

enough to show that the recursive formula for the GHAW polynomials is valid for the 
right-hand side of (2.1) too. From Ito’s formula it follows that

j exp (i(s, l)z(dk)) = zSi j  exp ( i £  V . J  z(dk)-
DN D "  - '  \  j  = 2 /
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A special case

Let the input be an autoregressive (AR) time series of order p, i.e. 

t  bkzt_k = P(<?-l)zt=E, ( b 0 = l )
í = 0

where e, e N(0, of) is the white noise, P is the polynomial and i f -1 denotes the 
backshift operator for z,, i.e. P£ ~1 z, =  z, _ t . As e, is a complete orthogonal system in H [ 
and

£,= J ea‘P(e a)z(d/.),
D

so ea'P(e ,x), t g Z is a complete orthonormal system in L |, moreover, from the Ito’s 
formula it follows that

ök(e<p •• •,£<„)= Í P\k\(e a ) exp ( i У t, £  AJ z(dk)
D|k| V I s - к  i - i  + l  /

where
I к I

p i k i ( ^ '" ) =  П  p (e  ‘Xj)f= 1

3. Definition of the Wiener model

Let the input z„t  e T, Ez, = 0 be a stationary Gaussian process with stochastical 
spectral measure z(dk) and spectral measure GJdÄ). Let g„ e Ц;„ where G",(dk) — 
= Gz(dA). .. G,(d/.„) such that

g„(s) =  0 if s $ D \  =  {s|sf^0}, (causability)

öf„(s) = sym gn{ s) = £  0„(л s)/n! (symmetry)
n!

and
00

9 = ( 9 o , 9 i ,  ■ ■ - , 9 n  - - ) e  Пп = 0
i.e.

||g ||2 =  У <oo (finite memory).
n = о n'
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Moreover let g„ denote the Fourier transform of gn. Then the Wiener model of a 
nonlinear system y, with the kernel g = (g0, .. .,g„, .. .) is defined by the multiple 
Wiener-Ito integral

Л -  In-o n\
gn(k)e“j=>Xjz(dX) + ̂ (3.1)

Dn

where the additive noise ^  is independent of the input z, and

E(i=0, cov (£,, ^s) = <5fcr|.

Some remarks

1. It is easy to see that g = (g0, . . . ,  g n .. . )e  ]”[ L£„, so the definition (3.1) is
n = 0

meaningful.
2. y, e H for all 16 T, Ey, = g0
3. yt is stationary, i.e.

E y ,y s =  X о n\
\дп(к)\2е‘" - * ' ^ 1 С : т  + 0[о1

4. If the model is discrete, i.e. T= Z then we refer to it as discrete and if T= R then 
as the continuous Wiener model.

From definition (3.1) we easily obtain the so called detailed Wiener modell, 
Schetzen (1980), p. 398). Let (px, q>2 . . . be a complete orthogonal system in L%z and

e,= J <p,(A)z(d/). Then for whitened input
D

y,=  i  7  f  g„(k)ei,7i Xizc(dX) + £,=
n -  О П .  J  

D"

00
=  X  X  0n ( s M „ ( £ , - S l ,  • - J  +  <Üf

n —0 sg O

for the discrete case and

УI X j ( A„(£t j , ,n = o n. J
B"

)ds + Z,

for the continuous one.
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We remark that when the input process is the Wiener process then
00

Ф ) =  Í <Pi(s)dw,-s and 0

У,= Z  Z  9kMekl(t), .. .,ek"(t)) + Zt.
n =  0  k e Z " +

4. Discrete Wiener model with stationary AR input

Now, we concentrate on the discrete case but remark that the continuous one is 
similar as well. Let the input process z„ t e Z be Gaussian stationary AR process of 
order p, i.e.

P ( ^ l)z, = El

where P is the characteristic polynomial associated to the process z, and i f  ~ 1 is the 
backshift operator. In this case the spectral measure of z, can be written in the form:

z{d/.) =
1

P(e-U)
zJLdl), Gz(d/.) =

P(e
dk.

Now, the Wiener model with kernel g is the following

Z  Z  9»(s) J e "s X) П  eülizAdX) + t t =
n — 0  s e Z p  Dn j= 1

= Z  Z  • • ->Et-
n = 0  s e  Z p

We remark that here

where

gn(l) = Pn(e a) Z  0„(s)i’- ,u' s),
s e  Z p

P„{e *) =  П  P(e~iXj).
i

The simple calculation

HffJlS= Í l ^ ) l 2D" I Pn(e~
d \ =  Z  ffn(s)se Zp
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shows that g„(s)e l2. Let us introduce the Fourier transform of /„(s) as follows

/ А ) =  I  Ш е ~ ‘̂seZn+

The projection у" of y, onto the subspace Hn by Lemma 2.1 can be expressed by the 
GHAW polynomials of degree n, i.e.

f , =  X  X  / „ ( s )  f  e i , ^ J “ i ( X  , , z ( d X . )  =
s e Z p  s g Z*} Dn

= J
D "

We obtained another spectral representation of y, with kernel /  and /  = <?, 
/ =(/o> For example when z, is a first order AR process with parameter b
then

0„ ( s ) =  X  b |k |/n (s  +  k)
k 6 Z " +

and
/n(s) = 0 „(s) + hn0 „(s+l).

The use of g results in an orthogonal g-polynomial representation, i.e.
CO

y t =  X  X  3n(s )0 ,.(ei-s ,>  • • +  ^
П =  0  SG Z ' i

but based on so-called whitened input e,. Using the kernel /  with Fourier transform 
g = f ,  we get the GHAW polynomial representation, i.e.

CO

L>= X  X  / . ( sM n ( z ,- Sl, ■ • . , z , - J  +  Z,
n — 0  s e Z ' l

and we are on the base of input z,, but unfortunately the GHAW polynomials with the 
same degree are not orthogonal.

For the statistical investigation one have to choose one of the two possible 
standpoint in Fig. 1. Standing in the position of the input series z„ we will estimate the 
kernel f

1 2

Fig. /
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5. An estimator for kernel /

Under the assumptions of the previous section, we consider the estimator 

/Jr) =  Pm( ^ ) P m( ^  - =

=  P m( 2 ’) P m( 2 ' ~ l ) l r  t  d m( z , - r i , . . z,_ j Jy„
* t  =  1

where Pm(5£) = П  P(^j)  and 1 >s the backshift operator for jth variable of Am, i.e.
i=  1

j  ^ m i ^ t  — 1 l * * * ' 1 — rm)  1 > • • • > Z t - t j  -  1 , • • • > %t -  r m) ‘

Theorem 5.1. f j r )  is an unbiased estimator for /„(r).

Proof
EPm( ^ ) P m( ^ ~ l)Am(z, .ri, . .  . , z , - rJ y , =

=  Z  I  /„(s)E J ei'y ^ “i(>- s)z(dk) I ей j “ i,x'r>| Pm(e~ik)\2z(dX)
n — 0  s e Z ' l  Dn Dm

=  Z  №  Í  e ^ '  " d l  =  f m(r).
S 6 Z " + Dn

Q.c.d.

Let us now introduce the random variable K, when m, r are fixed by the following 
formula

Kt = Pm( ^ ) P m( ^ - l)Am(zt^)y,

where Am(z,_r)= A„(z,-rt, . . . ,  z,„rm). The estimator /Й,(г) is the mean of K,,
f =  1, 2, . . . ,  T.

Theorem 5.2. The time series K,, t e Z is stationary and its spectral measure is 
absolute continuous with respect to the Lebesgue measure.

Proof. First we show that К, e H, i.e. EKf  < oo, t e Z as

P l)Am(z,-T) = ßm(e, -r).

It is enough to prove that E (Q m(E,_,)y,) <  oo. When it is not confusing, we shall write 
Q J t - s ) .  . • Am(t s) instead of ß m(e,_Sl, . .  . .A J z , _ Sl, .. .,z ,_sJ .

E Q m ( t - r ) y } =  Z  Z  Z  Z  0 n ( s ) ^ ( q ) E 6 n ( i - s ) 6 * ( t - 4 ) ß m ( i - r )  +
n =  0 f c  =  0 s e Z r|  q e Z ^

+  a 2i = y i ( r ) E Q t ( t ~ r ) +  Z  Z  y 2n(s )E Q n ( t - s ) E Q 2J t - T )  +
n  = 0 s e Z n+ яФг
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m
+ 2 Z  9k(ri)gm-k(r2)EQi(t-r)Qk( t - r l)Qm_k( t - T 2)

( r i , r2) = r

+ 2 Z Z  9n + m ^ , r ) g n( s ) E Q i ( t - r ) Q n( t - s ) Q n+m( t - ( s , T ) )  +
n = 0 s e Z n+

+ a2íüC\\g\ \2+(T2,

where C is a constant.
Taking into consideration that

n + m

Q„(t-r)Qn( t - s ) =  I  I  dk(q)Qk( t - q l
k = 0 O ^ q ^ R

where Ä, = max (r^s,), we see that

Q m ( t - T ) y , =  Z  Z  M s ) ö n ( í - s ) + e m ( f - r ) ^ „n — 0 seẐ .

where the coefficients kn(s) depend on m, r but do not on t. From this it follows that K, 
has the following spectral representation

K,= Z  Í ^ ( m d D + P J ^ Q J t - r K , .
n — 0 Dn

From
В Д б и( ( - г ) =  Z n b k Q J t - T - V ) ,

O S k j S p

it follows that

EPm(&)Qm(ti r)Pm( ^ ) Q J t 2- r )  = Z  n b kjIIhkj,
OSI[jSp-|(i I2|

i.e., stationarity of K, when is stationary.
Theorem 5.3. The estimator f m(r) is consistent.
Proof. As K, can be represented by the sum of orthogonal random variables 

therefore its spectral measure is continuous (Linnik-Ibragimov (1965) Theorem 16.7.8). 
So, the statement of the theorem follows from the ergodic theorem for stationary 
processes with continuous spectral measure at zero, Hannan (1970).

6. Asymptotic normality of estimator f m(r)

If the input process z, is a Gaussian stationary AR process of order p, then it 
satisfies the strong mixing condition, Linnik-Ibragimov (1965). The f j r ) is a functional 
of the input z, and belongs to H. So, it is reasonable to use the central limit theorem for 
functionals of strong mixing sequences.
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We restrict ourselves to the case of first order AR process with parameter b, 
(|6| < 1) but remark that the argument is analogous in the cases when 1 and

|cov(z0,z ,) |^ c |b |', \b\<\.

Let the strong mixing coefficient of z, be denoted by

<x(k)= sup \P(AB)-P(A)P(B)\
AeW4x

where 9И* is the /т-algebra generated by zk, .. .,z,.
Theorem 6.1. Let us assume that for some <5>0
1. E\y0\2 + S< GO.
2. The kernelsJ„ are decreasing, uniformly and exponentially, in every direction, 

i.e.
Z  I  fn(s)ücyk, / = 1, 2, . . . ,И

Si ^ к  S j ^ O
i*j

where c is a constant and O c y c  1.
3. The input z, is a stationary Gaussian AR process of order 1 with parameter b,

r- _ Q,
s / T f m(t) —----- .AT(fJr), a2)v 7—* oo

a2 = EKq + 2 X EK0Kt.
I -1

Proof. We shall show that the assumptions of the central limit theorem for 
functionals of strong mixing sequences (Ibragimov-Linnik (1965) Theorem 18.6.2) are 
valid for K, as a functional of z,. For this we have to prove that for some /5, >0

(1) £|K0|2 + *'<oo
2 + ő\ 1 + öi

(2) Z  \E{\K0- E ( K 0\.Wk k)\TTs7}\2T»;< ao 
*= 1
00

(3 )  Z  ot(fc)4 ,« 2 + i l ) < a o S
1

|6 | < 1.
Then

where

To prove (1) we use Holder’s inequality. Let <5, =ö/4 then

E \ y o Q m ( - r ) \ 2 + a' ̂(£|>'ol(2 + á,,<I +ál,)fî (£|6J-r)|,2 + í,)1Tri)TTí7̂
й(Е \у0\2+>)ТТЩЕ\<2т(-г)\ 3Ö2\l/Ö2 <  00,

where b2 =  [1 + 1 /<5j] + 1.
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We show that

X |£{ |K 0- £ ( K 0|W‘_t) |f ^ } |y ^ 7 < o o .к — 1

Let SJ lkk denote the ст-algebra generated bye(, i e [ - / c + l , f c - l ] .  Then and

£(X0-£(K0|a«'Lk))^£|K0-£(X0|9l'L,)|2.
If maxr,</c — 1, then by the Hölder inequality

( £ IУ о Р Л Ш А - r )■-E(y0pm( ^ ) Q J - r )1ЯИ*-*)i ^ ) 2+*‘ ^

^  [ { £ (  I Р Л & Ш  -  г) 12( 1 + ^ } ^ Ь г £ (  I y<> -  £ ( У о  I ® i‘-  k) I 2)22++w > J 2 ^ :  ^

^ С 1(£ |у 0- £ (у 0|аК‘_к)|2)1/2.

From assumption 2 of the theorem, it follows that

E\y0-E (y 0\<mk_k)\2= £ X g2n(s)EQ2nm C y k\\g\\22

where S"k = {seZ"\s i>k  for some i}.
To show (3) we need the Kolmogorov-Rozanov theorem [7] by which

а(п)г§р(п)^2ла(/г),

where p{n)= sup£.xu and the supremum is taken over all x e £ , ( z „ i ^ 0) and
X ,  и

ue  H {(z„ t^n) ,  Eu2 = Ex2 = 1.
The Kolmogorov-Rozanov Theorem and the following lemma guarantee (3): 

Lemma 7.1. p(n)^\h\n

Proof. Let x =  X a iz - 1 ar1(J u=  X (ljzj thenj'go

where

and

Exu = b" X X d - jdkbj+k~n = bn
jTO k >n

а(Я)</(Я): 1 +be
Г  с/л

а(Я)= X a-je iJi, с/(Я) = V  dke~Hk nU
JÍ 0 * = п

f  | а ( Я ) |2/ | 1 + Ь е - ,А| 2с /Я =  f  |с / (Я ) |2/ |  1 +  Ь е ~ и | 2с/Я =  1
л — Я

using the Cauchy inequality for (9.1) we obtain that

р(п)й\Ь\\

(9.1)
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Обобщённые полиномы Эрмита и оценки ядер 
для дискретных I/O моделей Винера

Г. ТЕРДИК 

(Дебрецен)

В статье обсуждаются квадратично-интегрируемые регулярные функционалы стационарных 
гауссовских рядов. Дискретные винеровские модели со стационарным гауссовским входом 
описываются как подчинённые ряды. В статье конструируются оценки коэффициентов винеровских 
моделей с гауссовским AR входом. В главной теореме статьи доказывается нормальность оценок 
при помощи центральной предельной теоремы для функционалов сильно перемещиванных 
последовательностей.

G. Terdik
Department of Mathematics 
University of Debrecen 
H-4010 Debrecen, Pf. 12 
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ASYMPTOTIC DISTRIBUTION OF MAXIMUM 
LIKELIHOOD ESTIMATORS FOR NONSTATION ARY 

AUTOREGRESSIVE PROCESSES

S. V eres

(Budapest)

(Received December 12, 1986)

Asymptotic distribution of maximum likelihood (ML) estimators for continuous time 
autoregressive processes is computed without the stability assumptions of the autoregressive 
operator. It is proved that using appropriate normalizing terms the parameter estimates are the linear 
combinations of asymptotically normally and Cauchy distributed random variables.

1. Introduction

The present paper is devoted to one of the simplest estimation problems 
requiring both the ergodic and nonergodic type of statistical inference for parameters. 
The statistical inference for nonergodic processes has been studied by Anderson [1] for 
explosive autoregressive (AR) processes. The estimation of the supercritical Galton- 
Watson process has been dealt with by Heyde [7] and Basawa and Scott [5], where the 
asymptotic distribution of estimators was proved to be a mixture of normal 
distributions. An early computation of the exact distribution of the estimator of the first 
order continuous time process was given by Arató-Kolmogorov-Sinai [2], Arató [3], 
and Arató-Benczúr [4], and in the discrete time case the asymptotic distribution was 
computed by Rao [10], [11]. Concerning the asymptotic distributions and the 
efficiency of estimators, many results were presented in the monograph of Basawa and 
Scott [5].

This paper is dealing with a special type of nonergodic statistical inference, where 
the novelty is that the autoregressive process to be estimated has both stable and 
explosive roots in its characteristic polynomial. Here the roots are called explosive or 
stable according to that they have positive or negative real parts, respectively. Let us 
consider processes satisfying the stochastic differential equation

d t f - " H a o t ,  + a1t t1)+ . . .  +ap_ 1? r 1)№  = bdWl ,

Ä ° = o ,  / = о, 1 , . . . , p — 1.

5* Akadémiai Kiadó, Budapest 
Pergamon Press, O xford
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It can easily be proved by a Baxter [6] type theorem that b can consistently be 
estimated on the basis of observations on any finite time interval. Let t("] = iT/n

(i= 1, . . n) be a sequence of subdivision points of [0, T] with sup | t — tjn) |-»0 as
i

n->oo. Then, with probability 1

lim £  [£<" - 1 »(i!n)) -  £<" ~1 '(ti") i)] 2 =  fe T.
n  -» 0 0  i = 1

Therefore, we assume b=  1 in (1.1) throughout this paper.
Denote by the measure generated on (C[0, T], 3S) is the Borel a-algebra 

generated by the uniform metric on C[0, T]) by a Wiener process {W,}ti, 0 and denote 
by /ij the measure generated by satisfying (1.1). Then, using the notation

and

dH(
dnyy (Z)= exp

T

aTx,d?;-
o

a = [a0 , a 1, .. .,a p- J r
T

-  у  J  (“ Tx , ) J  d t

о

and therefore, the conditional (under condition x0 = 0) maximum likelihood estimate of 
a is

T  T

о о

It can easily be seen that x, satisfies also the equation

dx,= Ax,dt + BdW, (1.3)
where

0 1 0 0 0

0 0 1 0 0 0

A = ; b =

0 0 0 1 0

~ a° - « 1 ~ a p - 1 1

The set of eigenvalues of A can usually be decomposed into three parts: a stable 
part S =  {A;: ReAf<0}, a limiting part Т =  {А,: Re Я, =  0} and explosive part 
£  = {A;: Re A, = 0}. For the sake of simplicity assume throughout this paper that 
Re(A!)<Re (A2)< . . .  <Re(A„).
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A can be transformed by a Wandermonde matrix V to diagonal form

where

A, 0 .. . 0

... 
o A2

... о

0 .. . 0 A„

1 1 1
A, A2 ■ ■ Ap_

1 АГ1 АГ

(1.4)

2. Computation of the asymptotic distributions

The following theorem gives the asymptotic distribution of maximum likelihood 
estimators in the mixed stationary-explosive case.

Theorem 1. Assume that the matrix A given in (1.4) has eigenvalues only on the 
set S u £ .  Define the normalizing matrix N T by

M T =

0 . .. 

0 ^ 7  °

0 0 e

0

0А„+,Г

0

, N T = M TV*, 7=2,3,

where At , . .  -,Ak_l e S  and Ak,Ak + l , . . . ,  Ape E .
Let aT be the ML estimator defined in (1.2). Then in distribution

N T -(aT — a ) - ^I  1/2Z  as T->oo,
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where 1  is a positive definite matrix-valued random variable vyith Laplace transform

E exp (tr ES)= det [ /-2 S B ]  1/2, 

where S =  (Sy) is a symmetric matrix and

S,j = S t j / ^  + Xj), Ду = (К - 1ЯИ)ц/(Я, +  А/), i , j=  1

with the Wandermonde matrix V given in (1.4), and Z is an N(0, /)-distributed random 
vector, which is independent of Г.

Before proving Theorem 1, we need some lemmas.
T

Lemma 1. The Laplace transform of Z T = j  htlTdt, where r], is the solution of the
о

differential equation

drjt = Critdt + RdW, , r/o = 0 
is

E exp (tr Z TS) = eTtr(RD> det (I -  2DE(T)) - 1/2 

where D is the solution of the matrix Riccati equation

and
DC + C*D-2DRD = S

Г ( 7 ) =  j  e(C~ 2RD)sR é c ~ 2RD)*sds.
о

The proof of this lemma is based on a vectorial version of a method given by 
Novikov [9] in Remark 2. The derivation of the above formulae for the vectorial case 
was given in Koncz [8].

Lemma 2. Assume that the processes f/,1 , r]f, t Si 0 are strong solutions of the 
stochastic differential equations

dr i^ lr f ld t  + bidW,, t]'0 = 0

drjf=X2tifdt + b2dWl , Vo = 0

where l l , k 2 , b l ,b2 are complex numbers with Re > 0, Re X2 > 0. Then the sequence

t f  = e - ^ + ™ T]n,lr,?dt
о

converges in L 2 to a random variable e L2 . Some straightforward but tedious 
computation shows that is a Cauchy sequence, and the statement of
Lemma 1 follows.

Proof of Theorem 1. Multiplying equation (1.3) by V 1 to the left we obtain the 
new equation

dr]t = A'r]tdt + B'dWt
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where

Then
r\t= V ~ lxt , A = V ~ 'A V ,

a - a = ( V ) ~ l (  I w J d t )  (  J rj.dw, (2.3)

where Ap denotes the last column of a matrix A. We compute first the Laplace
T

transform of the asymptotic distribution of е лт j  ri,t]Jdt е~лт. By Lemma 1 we have
о

that there is a limit random matrix T which is constant in its first к — 1 rows and 
columns with

.  1 Tr i и.Zij= lim — J r\\r?td t = ----- — ----->-
Г-со I 0 Ai + Aj

l e i j ü k - 1 ■

Also the variables Гу , \ , j t k  are constant, since
— XT THm e— j= r- j ( r i i n i - E r f a i b d t  й  

г -*  ^J t  0

^  Hm D2 S ridt'jD2^e~xj T J (t]í)2d t )= 0  • ,

where

and

cj= j  (V

e XjTT
Zij= Hm — =  ] EWrifidt =

T-* со ^ J T  0

= lim
,~xiT т / у - 1( r i f r 1) .

Г - 0O ^ J r  о Я; +  Á j
jn(e(Xl + Xj)— l)dt =

= Hm
T-* oo (/,- + Á j)

(e,U, + Xj)T 1) = 0

since Re i ,< 0  and Re A,>0.
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The remainder right lower quadruple part of I  is composed of random variables, 
common distribution can be computed in the following way. Introduce the notations

Л'= diag(2t , . . . ,A p) r r  =  (Sy)i/-M

ч', = (*lk, ■ ■ •, Пр)т S' = (St;Д  Д I,,

B'ji = о, if i<p  and B'jn = ( v ~ % ,

B '= V  lB

and substitute in Lemma 2 C = A\  R T = Вл ,ч, = г}',. Then the Laplace transform of

e A1 Í 4't(r}'t)Tdt е лт is

E exp tr e лт \  r\',(r\'t)Tdt e ATS =

= £ e x p itr (  j  rj't(ri't)Tdt(e ATSe AT)

and, therefore, the equation

DTA' + (AJOT + D ,B D T = e ArS'e A'r (2.5)

has to be solved. Since the left-hand side of(2.5) tends uniformly to 0, and the solution of 
(2.17) is close to the solution of

DA' + (A')D = e~ATS'e- Л Т с ' „ - Л Т

which is DT~ e  A 7Se A 1 with (S),j =  3 /̂(2,- + A,), i,j = k, . . . ,  n , therefore

- ■j-dlim £ exp (tr I'Ve ATS'e A T) =

= lim eT,r(BDT')d e t( / -2 D r ( T ) ) 1/2 =
Г -»oo

= lim det(f — 2e A TSe~A TeA TBeA T) =
T  CO

= lim det (e A T) 1/2 det (/ — 2Sß) 1/2det(e -Л'7Х-1/2_

= det (I — 2SB)~i/2

Furthermore, it can easily be proved that
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~  I eAsB'eAsd s ~ e ATBeAT 
о

and

lim eTtr{BDr)= \ .
T-> 00

The following theorem is a straightforward vectorial extension of Theorem 2, Feigin
[ 12].

Theorem (Feigin). Assume that M = {M , ,H , ,0 < t}  is a vector-valued square 
integrable martingale and let I T=E{MTM\)  be positive definite. Suppose that the 
following conditions are satisfied as T-* со

(i) t r ( / r )->oo

(ii) £ { / f 1/2 sup,gT \ A M t \ } > go

(iii) / f 1/2[M ]r / r 1/2-»2:

where Г is a positive definite matrix valued random variable. Then

:S?(/f 1/2Mr)->JS?(x) (stably)

where
£(i>i'lT*) =  £ [ e _1/2'™ ]

T T
Applying this theorem for M T= j  r\tdw, , we have that for I T = E J ritfjdt

о о

II I r — M TEXMT И —>-0 as T—>oo,

which implies condition (i). It can be concluded from the above derivations that also 

/ f  1 /2 [ M ] r / f 1/2 = i f 1/2 J 4 ,r iJ d t  / f 1/2 -2* Z  as T - > oo
о

is satisfied. Condition (ii) can be derived from the standard properties of Wiener 
integrals.

Thus it follows from (2.3) that N T(aT — a) stably converges to a random variable 
with Laplace transform £ (е -1/2ДТ1Л) implying the statement of our theorem.
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Асимптотическое распределение оценок коеффнциентов 
авторегрессивных процессов

Ш ВЕРЕШ 

(Будапешт)

В статье выведены асимптотические распределения оценок максимального правдоподобия в 
том случае, когда авторегрессивные операторы имеют смешанные — стабильные и нестабильные — 
собственные значения. Тогда нормирующие матрицы составлены из экспоненциальных и линейных 
выражений.

Асимптотическое распределение это смесь нормальных и Коши распределений.

S. Veres
Department of Probability Theory and Mathematical Statistics
Eötvös Loránd University, Budapest
H-1088, Múzeum krt. 6-8
Budapest
Hungary



РУССКИЙ ПЕРЕВОД

П роб лем ы  У п р а влен и я  и Т еории  И н ф орм ации , т о м  17, н о м ер  I (1988)

ЭКСТРЕМАЛЬНАЯ ЗАДАЧА Т -СЕМЕЙСТВА КОДОВ

В статье рассматриваются (7; т, Д)-семейства кодов и дается точная верхняя граница 
мощности таких кодов. Кроме того, приводится класс оптимальных экзидистантных 
семейств кодов.

Пусть Ет — множество бинарных последовательностей длины т, a d — 
обозначает расстояние Хэмминга в Ет. Далее пусть множество натуральных 
чисел А = ди =  <5̂ ; i ф у, i, j = \ , T  (Т2:2). Семейство (A j , . . ., АТ)\ 
АЛ , .. , , A Tc E m называется (Т, m, Д)-семейством кодов, или (7̂  т , Дфсистемой, 
если для любых i , j e {  1, . . . ,  Т}(г'#У) и

Если при любых i , j е {1, . . . ,  Т } — S, то мы будем называть такую систему 
эквидистантным семейством кодов и будем обозначать через (Т, m, á). 

Рассмотрим следующую функцию

Изучение (Т, т, ^1)-систем и функции М(Т, ш, А) связано с задачами нахождения 
сложностных оценок при распределенном вычислении (см. работу Яо [1]). 
Алсведе и др. была доказана (индукцией по m) следующая 

Теорема [2]. Для любого натурального m

причем максимум достигается при 0 = п. В работе [3] авторы предлагают 
рассмотреть эту задачу для Т> 2. Однако, метод доказательства, приведенный в 
[2], в этом случае не приводит к успеху. В данной статье эта задача решена для 
произвольного Т.

В ПРОСТРАНСТВЕ ХЭММИНГА

А. К. АЙДИНЯН 

(Ереван)

1. Введение

Va'e-C V aj е Aj d(a‘,a,) = Sij.

шах Aí(2, m, ő) = 22n, при m = 2n, 

или m = 2n+ 1,

Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford
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2. Основной результат

Теорема. 1) Для произвольной (Т,т, /1)-системы имеет место неравенство

М(Т,т,А)^2т.

2) При/с=1,2, . . .  ; Tf±n^2T,n— произвольное число, для которого существует 
матрица Адамара Н„ выполняется равенство

M(T,m = nk, т/2) =  2т . (1)

Для доказательства теоремы используется 
Лемма.

М(Т, 2п, п ) ^ 2 2п . (2)

Доказательство. Приведем сначала доказательство леммы для Т= 2. 
Пусть имеем (2,2п, «(-систему (А1, А2). В векторах Ет заменим нули на — 1. 

Полученные векторы будем рассматривать как векторы Евклидова пространст
ва Е2п. Обозначим через (В, , В2) пару, полученную из (At , А 2) соответственно. 
Заметим теперь, что условие

d(al, а2) = п(а‘ е А {, а2 е А2)

эквивалентно условию

< b \ b2y = 2n — 2d(a', а2) = 0 (б1 е Вх ,Ь2 е В2) ,

где <Ь1,Ь2У — скалярное произведение векторов bl,b2 соответствующих 
векторам а 1 и а2. Поэтому линейные оболочки L l , L 2 множеств BY и В2 
являются взаимно ортогональными плоскостями пространства R2". Нетрудно 
увидеть, что | | ^ 2 d,mL', | В2 \ <̂ 2ü'mLl а кроме того dim L y +dim  L2f^2n.

Таким образом, мы получаем

I В, II Ö 2l^22".

Если теперь Т> 2, то плоскости и Е*(Е*-линейная оболочка В2 и . . .  u ß r)
взаимно ортогональны и (2) мы получаем индуктивно. Лемма доказана.

Доказательство теоремы. Пусть имеем (Т, т, /I (-систему ( Л , , . . . ,  А г), а 
(€„ — матрица Адамара порядка п. Обозначим через ä(a е Ет) дополнение 
вектора а, т.е. ä =  1 т + а, где 1т вектор из одних единиц длины irr, „-1- ” означает 
сложение в пространстве Хэмминга. Если A S  Ет, то Ä  = {ä: а е А }.

Выберем далее Тх «-подматрицу (huv) матрицы Нп и определим матрицу 
(а„„) размера Т х п  следующим образом

_ { А и, если huv= 1 
[Аи, если huv= - 1,
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где Аи (и=1,Т)  представлено в виде | Аи | х ш-матрицы. Определим теперь 
sét ( i = l , 7 )  как декартово произведение ап х . . . х ain. Поскольку матрица 
Адамара Я„ определяет (и, n,d = л/2)-код [4, гл. 2] ясно, что семейство 
(séI, . .  séт) является (T,mn,mn/2) — эквидистантным семейством кодов. 
Используя лемму, получим

П  К 1 =  П  К  Г  £ 2 " " .i=i i=i

Итак, мы доказали первую часть теоремы. Теперь дадим конструкцию 
семейства оптимальных эквидистантных кодов (для которых выполняется 
равенство (1)) для произвольного Т

Пусть имеем (л, 2л, d = л/2)-код Адамара (€п [4] Рассмотрим разбиение #„
t

на ( классов #„ =  [J A it такое, что каждый класс A{(ie {1, . . . ,  í}) вместе с
i= i

каждым элементом а‘ содержит также его дополнение ä‘. Ясно, что семейство 
(А1, . . . , А 1) является ( t,л,л/2)-системой. Для того, чтобы (А1, . . . ?А1) было 
оптимальным должны выполняться следующие соотношения

X  li =  2ni= 1

п  li =  2" = 2('1+ - +I,)/2, где /, =  | Ai\; i  = l , t .
i= 1

Поскольку при натуральном / равенство 2,/2 = / имеет место только при I = 2 или 
4, заключаем, что наша конструкция оптимальна в том и только том случае, 
когда I Ai | = 2, или I A t | = 4. Теперь покажем, что для произвольного Тсуществует 
код Адамара Ч!п, из которого можно построить оптимальную (7,’ л, л/2)-систему. 
Очевидно, что при любом натуральном Тсуществует матрица Адамара Н„ , где 
Т ^ п ^ 2 Т .  С другой стороны, разбиение кода дает нам (как указано выше) 
оптимальную (7̂  л, л/2)-систему, если выполняются равенства

)4í, +2t2 = 2n 
( f i + h  = T,

где 11 , t2 — неотрицательные целые числа. Очевидно, что эта система уравнений 
относительно í, и t2 имеет целое неотрицательное решение лишь при Т ^ п ^ 2 Т .  
Поэтому для любого Т^.2 можно получить оптимальную (Т, л, л/2)-систему. 
Далее ясно, что при любом к е N семейство (А\ , . .  ., Акт) является (Т,т = пк, т/2)- 
эквидистантным семейством кодов:

П 1 4 1 =  П  I А, \ к = 2кп = 2т.
i — 1 i — 1
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Теорема полностью доказана.
Приведем пример оптимальной (3,4/с, 2/с)-системы

# 4 =  {0000, 1111, 1100, 0011, 0110, 1001, 0101, 10,10}

/4! = {0000, 1111}*, А2 = {1010,0101}*, А 3 = { 1100,0011,0110, 1001}*

И 1| М 2 | М з | =  24‘ .
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D IS C R E T E  V E R SIO N  O F  M O D E L -IN -T H E  SYSTEM
C O N T R O L

V. St r e jc

(Prague)

(Received March 8, 1987)

The paper is concerned with the synthesis of the discrete version of the model-following the 
precept using model-in-the-system and quadratic cost function. Control plant and its model are 
assumed to be linear. Solution yields one feedback controller and two feed-forward controllers.

1. Introduction

There are many day-to-day control applications where a model-following 
technique is recommendable in order to reach the desired control quality. The problem 
of this kind was formulated in the past, namely for linear continuously acting systems. 
References [1] and [6] prove that the model-following concept is not new but it is still 
open for up-to-date modifications. This contribution is devoted to the discrete version 
of the state space approach of model-following control of linear systems. The model of 
the system to be controlled may be applied in different ways as for example model-in- 
the-system decoupling control, model-in-the-performance-index or as model-in-the- 
system. The latter case is the most important one and will be described in more detail.

For the sake of brevity and clarity only single-input-single-output time- 
invariant systems are considered in this article. Extension for multi-input-multi
output time varying systems is straightforward.

The objective of the formulation is to provide a good match between the 
dynamics of the plant and of the conceptual model minimizing the squared error 
between the outputs of the plant and the model under the constraint imposed on the 
controlling variable and thus forcing the plant to follow the model output.

l* Akadémiai Kiadó, Budapest 
Pergamon Press, O xford
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2. Formulation

Consider a controllable and observable plant described by the following state 
equations

xp( k + \ )  = Fpxp(k) + gpup(k) (2.1)

yp(k) = cTpxp(k)

the model of the plant

x j k  +  1) = Fmxm(k) + gmujk )  (2.2)

Ут = с1хт(к)

and the generator of the command variable

a){k+\)=Ww(k) (2.3)

w(k) = cl,u)(k)

for the discrete sampling instants к =  0, 1, 2, . . . .  Here ue  R and um e R are the scalar 
correcting variables, w e R is the command variable, yp e R and ym e R are the plant and 
model plant outputs and xp e R, x m e R and &> e R are the state vectors of dimensions 
np, nm and nw, while nw^ n m^ n p. Matrices in (2.1), (2.2) and (2.3) have compatible 
dimensions.

Defining a combined state vector

(2.4)

of the dimension n = np + nm + nw and taking into account that um — w then the overall 
system is described by the state equations

z(k+ 1) = F z(k) + gu(k) 

y(k) = CTz(k)

(2.5)
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where

0 0 9p 0 0

F = 0 9mcl ; a = 0 ; c r = 0 cT 0

_ 0 0 W 0 0 0 cT

Ур

Ут ; 
W

и = иР ‘ (2.6)

The problem is to find the structure of the overall system and the controllers generating 
correcting variable и such that the cost function

J =  £  LzT(k)<t>z(k) + uT(k)Ru(kft (2.7)
k = 0

reaches its minimum where Ф = [<£>0], i , j=  1, 2, .. ., n and R are in general constant 
symmetric weighting matrices. Of course, for single-input-single-output systems, R is a 
scalar.

The elements of the weighting matrix Ф can be determined in conformity with the 
requirements imposed on the overall system representing the most important part of 
the cost function (2.7). It is required that

Jo= £  t(yP(k) ~ y J k))TQ(yP(k)-yJk))  + u'tk)Ru(k)] =
k = 0

= £  [(clxp{k ) -c lxm(k))TQ(clxp( k ) - c l x m(k)) + uT(k)Ru(k)] (2.8)
k = 0

is a minimum. Expanding the first term in the sum (2.8) yields the following matrix 
expression

x Tp(k)cpQcTpxp(k) -  x'p(k)cpQclxJk)  -  xl(k)cmQcTpxp(k) +

+ x*(k)cmQclnxm(k)

so that the weighting matrix Ф can be defined as

cpQcp — CpQCm 0 Фп Ф> 2 0

ф= - c mQcTP cmQcl  0 = Ф21 ф22 0

0 о о 1__
_ 0 0 0

(2.9)
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3. Solution

By inspection of Eqs. (2.5) and (2.7) it may be found that the state description of 
the proposed system preserves the form of the general discrete LQ problem, the 
solution of which is well known and published repeatedly in the corresponding 
professional literature. Using the respective results we may write that

u0(k) = -  LgTPg +  R] lgTPFz(k) (3. l )

where u0 is the optimum correcting variable, while P is an (n x n) symmetric matrix 
obtained by the solution of the following nonlinear matrix Riccati difference equation

Р = ф + F TPg[grPg +  R] - lgTPF + F TPF. (3.2)

Denoting 

we have

D = [ y rp 0 0]

D = g r Pg +  R

P m P m R.3 Up

P2i P 2 2 ^23 0

Р ц Рзз_ 0

R = g 1 P n g + R. (3.3)

Hence, with this result, the optimum correcting variable is

1
ООft.

1___ x p(k)

u0(k) = - D  lgTP F = - D llgTPM,gTP l2,gTPl3] 0 F a cTm 4 m*- w x  Jk)

1--
-- О о 1 __ co(k) _

= — D lgTP !, Fpx p(k) -  D - lgTP i2Fmx m(k) -  

— D lyTlP 4gmCl + P  1 3 ^ W(^) =

= - K lx p(k)-K.2x j k ) - K 3w(k) =

= — Kz(k). (3.4)

It is evident that the structure of the controller has three terms. There are the normal 
feedback gains on the plant state variables and in addition to these the model-in-the 
system control scheme incorporates feed-forward gains on both the model states, xm, 
and the input states, w. The overall system is shown in Fig. 1 where E 1 is one sampling 
interval back shift operator.
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Fig. I

Riccati equation (3.2) can be solved as a whole using appropriate procedure or it 
can be splitted in the following three equations

P ,, = Ф,l l + F TpPllgPD - lgTpP u F + F TpPl iFp (3.5)

P12= Ф,i2 + FpP u gpD~ 1gpP l2Fm+ FpP 12Pm (3.6)

Pl3 = Ф]l3 + F TpPllypD - 1gTpl P i2gmcTw + Pl3W] + F TpPu W. (3.7)

Equation (3.5) is quadratic matrix equation as Eq. (3.2). Unique positive definite 
symmetric solution for P , , can be obtained provided that Ф ,, is nonnegative definite 
and D symmetric positive definite. Substituting solution P , , into Eq. (3.6) yields a 
linear matrix equation in P 12. Finally, substituting P n  and P 12 into Eq. (3.7) gives 
again a linear matrix equation in P13.

Both last equations are of the general form

AX + X B  = C. (3.8)

They will have a unique solution for every Ф12 and Ф13 (see Ref. [2], p. 239) if the 
following conditions are satisfied.

Áí +Hj^O; i',7 = 1,2, . . .  (3.9)

where Af are the eigenvalues of the square matrix A of the dimension (np x np) and Hj are 
the eigenvalues of the square matrix В of the dimension (nm x nm) if P 12 is sought for or 
of the dimension ( n , x n j  for P13, respectively. It is easy to prove that Hj are 
eigenvalues of Fml in the first case and of the matrix IF -1 in the second case.

For more details concerning the solution of the Riccati equation (3.2) and (3.5) 
the reader is referred to [4] and [5]. A comprehensive theory of the matrix linear 
equation (3.8) is presented in [3].

If W—0, then the optimum control is solved for a step input. In practical terms 
the system performs quite well even for more general inputs, because the step input 
exites all frequencies and is, therefore, a fairly general command variable. Besides this
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block, P( з of the matrix P is expressed by an explicit form in this case. In view of (2.9), 
Ф13 =0, so that

P13 = F TPP ngPD lgTpP l2gmc l  (3.10)

4. Conclusion

Design of a discrete control system extended by a model-in-the-system is the 
main objective of this article. Unlike the high gain controllers used in some current 
control systems increasing by the high gain, the total bandwidth and exciting higher 
order dynamic modes, the model-in-the-control-system differs from the conventional 
system by its incorporation of feed-forward links from all the model and input states. 
The links reduce the magnitude of the system state feedback gains and provide good 
model-following even if the plant parameters are uncertain.
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Дискретная версия модели в системе
В. СТРЕЙЦ 

(Прага)

В статье рассматривается решение дискретной версии системы, следящей за моделью, 
которая применяет непосредственное включение модели в систему и критерий качества следования 
квадратичный. Объект управления и модель предполагаются линейными. Результат решения даёт 
один регулятор в обратной связи к объекту управления и два регулятора в прямой связи.

V. Strejc
Institute of Information Theory and Automation
Czechoslovak Academy of Sciences
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Problems of Control and Information Theory, Vol. / 7  (2), pp. 7 7— 90 (1988)

The mathematical model of the manufacturing process in the flexible automated machining
cell is defined and applied to the optimal control problem of the production schedule.

1. Introduction

On the basis of thorough study of the technological process with a full range of 
workpieces, a flexible manufacturing system (FMS) is developed, the goal of which is to 
ensure the desired machining quality and productivity [1], [2].

The economic effects of FMS depend critically on the functioning of the system 
with internal and external perturbations in its current production programme [2] such 
as:

1) failure of machines and auxiliary equipments, shortage of processing tool- 
wear, maintenance of some machines etc.,

2) delays in billet loading, orders of high priority, changes in range of processed 
workpieces and others.

Then the FMS control system [3] must timely compute a new sequence rule of 
loading the pieces in processing to achieve maximum economic benefits of flexible 
manufacturing. The FMS effectiveness largely depends on cyclic regularity of assembly 
of units and products, which contain the pieces manufactured by the system [1], [4]. 
And those are of various priorities due to their belonging to the same or different 
assembly items.

The FMS rescheduling problem is known to be NP-complete, thus with a great 
variety of piece-types, in varying quantities, simultaneously processed, its exact 
combinatorial solution is practically impossible.

Formalized models of manufacturing processes are applied to the problem of 
production schedule correction. The mathematical models of FMS described in 
literature fall into two basic groups [5], [6]:

Akadémiai Kiadó, Budapest 
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(A) Evaluative Models that predict (evaluate) the performance of FMS and its 
subsystems in different situations. The dispatch control algorithms (piece 
input sequence [7], [8], processing routes) are to be known a priori.

(B) Generative Models, developed in order to generate optimal control modes of 
FMS schedule correction (machine setting-up moments, rerouting of pieces 
in-process taking into account alternate operations [7], [9], etc.) with a given 
set of FMS performance criteria.

Evaluative models based on various mathematical methods (queuing theory [6], 
[10], time-series analysis [5], [11], stochastic approximation techniques and 
perturbation analysis [5], [12], the Petri net methods [6], [13], and others [5], 
[14]-[16]), combined with modern software [ 17]—[20] (from programming languages, 
such as FORTRAN and PASCAL to GPSS, SIMCRIPT, MAP/I, ADA and etc.) help 
to find “weak points” and error decisions in manufacturing programme, to optimize 
the parameters of the flexible system and partially improve the set of control 
algorithms.

Useful during the stages of FMS design and long-term planning evaluative 
models fail to be efficient in the short-term production control problems [5] (with 
various perturbations in the current shift plan).

To generate such kind of control, the mathematical models of the second group 
are applied with their greater part being based on a large body of heuristics that exists 
for scheduling [21 ]—[23]. Some special problems dealing with control of flexible 
manufacturing systems can be successfully solved by traditional operations research 
methods (see, e.g. [6], [7], [24]—[31 ]).

However, improved results are achieved with adoption of control theory 
technique, involving formal description of the corresponding technological processes 
in the form of dynamic control system. An attempt to apply for this purpose, a vector 
space discrete-time model [32]-[38] fails as great dimension of the problem makes it 
computationally extremely demanding.

The authors of this work propose abandoning enormous calculation of 
processing trajectories (i.e. different stages of pieces in-process routes). The main aim of 
the paper is to determine the optimal number of various-type piece inputs routed for 
processing (setting-up moments) within the time cycle of the equipment performance 
[24]. A mathematical model of machining technology process in the form of a discrete 
control system is introduced for the purpose. The further application of the discrete 
maximum principle offers an effective solution of the production schedule correction 
problem in a flexible automated machining-cell.
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2. Mathematical model of the FMS cell production

As an illustration we shall develop a mathematical model for a flexible 
automated machining-cell, consisting of four machines. Consider the machining of four 
kinds of workpieces that differ both in material and sizes. The manufacturing is of cyclic 
nature [4], [36], when the finished pieces are produced as a set of batches consisting of 
various numbers of units of one particular type. The set is periodically performed at 
given equal intervals, called cycle time.

The technological process is designed so as to provide the rough-machining of 
the accessible surfaces of piece-types 1, 2 and 3, 4 by (milling machine) and M 2 
(lathe), respectively, during the first stage. Then, during the second processing stage 
pieces of types 1, 3 and 2, 4 are launched onto machining-centres M3 and M4, 
correspondingly, where being repositioned, these pieces undergo finish-machining. 
Thus, each machine Mj (j =1,2, 3,4) can process two types of pieces. A formal scheme 
of the technological process is presented in Fig. 1.

Fig. I

Partially processed b y M ,, pieces of types 1 and 3 in quantities ß l3 and ß24. (the 
value of ßu depends on cyclic productivity of machine Mj in i-type pieces; / — machine, 
onto which the pieces are routed for further processing) get to load/unload area for 
repositioning.

The numbers x,(k) and x 2(k) of pieces referring to types 1 and 2, waiting during 
the fc-th cycle to be machined by Af,, satisfy the following balance equation:

x2(k +  l) = x1(lc) + a1 i(k)—ßl3(k) 
x2{k+ l )= x2(k) + a2i( k ) -ß24{k).

Similarly, for pieces of types 2, 4 and the second machine M 2 we obtain

X)(k+ \) = x 3(k) + <x32( k ) - ß 33(k) 
x4(k +  1) = x4(fc) + a42(fe) -  (k).
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Here the variables x3, x4, oc32, oc42, ß33, ß44 have the same sense as the variables x , , x 2, 
a ,i ,  a21, i?i3. ^24 for machine M t in (2.1).

In the load/unload area repositioning of workpieces takes place: ßl3 items turn 
into x9 pieces of type 1, ß24 items — into x , t pieces of type 2 (/?, 3 =  x9, ß24 = x , t) etc.

In the next (k + l)-th time-cycle workpieces in quantities x 4 + i(k + 1) (i =  1,2,3,4) 
again arrive at the processing zone of the machining-centres M 3 and M4.

Finally, finished workpieces of various ranges in quantities y,(/c) (where /-type 
of pieces, i = 1, 2, 3, 4) are routed to the output stocker of the cell.

Having developed similar (2.1) and (2.2) balance equations for the machining- 
centres M 3 and M4, we obtain processing state equations for workpieces of types 1, 3 
and 2, 4 respectively, in accordance with the mentioned technology:

x l( k+ l )  = x i(k) + al l ( k ) - ß l3(k)

x 2( k + 1) = x 2(k) + o<2 1 (k) -  ß24(k)

x 3(k+ l) = x 3(k) + oi32(k) — ß33(k)

x 4(k +  1) = x4(k) + oc42(k) — ß44(k)

x 5(k+ l )  = x 5(k) + x 9( k ) - y l{k)

x 6(k + l) = x6(k) + x j о (k) -  y3(k)

x 1(k+ l )  = x 1(k) + x l l ( k ) - y 2{k)

x a(k +  1) = x 8(k) + x 12(k) -  y4{k).

Assume that the cycle time is T  and let tj be the loss of working time (downtime period) 
in the cycle due to the new set-up of the j-th machine. Then

i - t j /T = (y u + y^/T,  (2.4)

where уy and y,j represent the duration of time in which pieces of types i and / are 
processed by machine Mj (/=  1, 2, 3, 4) within the entire cycle time T (1 ^ /, /^4).

Following [36], consider the values

Ы к )  = Уц(к)/Т, u2(k) = y42(k)/T,
\u3(k) = y l3(k)/T, u4(k) = y44(k)/T

as control variables.
Their values Uj(j= 1,2, 3,4) demonstrate what part of the cycle-time and M 3 

process type 1 pieces, and M 2, M 4-type 4 pieces (see Fig. 1).
Let Sij be the maximum amount of /-type workpieces that can be processed by 

machine Mj during the cycle. In case of AÍ-failure S,j=0.
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Due to (2.4) and (2.5), the output of machines M , and M 2 is: 

ß l3(k) = S llUl(k) 

ß24(k) = S2l( \ - t l/ T - u l(k)) 

ß33(k) = S32( l - t 2/ T - u 2(k)) 

ß U k ) = S A2u2(k).

The number of pieces of varying types arriving at the FMS cell output Stocker 
within the k-th time cycle is expressed by the formula:

yßk) = S13u3(k)

y2(k) = S24( \ - t 4/ T - u 4(k))

y3(k) =  S 33( l  —t3/T—u3(k))

y4(k) = S44u4(k).

As vacant pallets are again refurnished with new billets, coming by input/output 
conveyer 5 for the first stage of processing, the following relations are valid:

4

al l + a21+a32+a42= X yj = d0, (2.8)
j= •

(here d0 is input/output capacity of the conveyer), while the total number of pallets in 
the machining-cell is limited:

x1+ x2+ x5+ x7+(S11- S 21)hi + ( 1 - í 1/T)S21^ íZ12 
x3 + x 4 + x 6 + x8 + (S42 -  S32)u2 + ( \ - t 2/T)S32^ d 34

It is proposed in (2.9) that different pallets in quantities d3 2 and d34 are used for billets of 
types 1, 2 and 3, 4, correspondingly.

Additional constraints on the system variables are imposed by their physical 
restrictions:

x,-^0 i= l ,2 , 3,4, 5,6,7,8,

O ^ u ^ l  2=1,2, 3,4,

the values S^Uj and Su (1 —tJT—Uj) are integers, 

2= 1,2, 3,4, K i , / < 4 .

(2.10)

Thus, according to (2.5), control variable ußk), when 0<м,(к)<1, in fact 
determines setting-up moments of machine Mj  during the k-th time cycle. StjUj(k) is the 
number of inputs of /-type pieces to Mj  (/=  1,4).
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In conformity with the mentioned technology the manufacturing process in the 
analysed FMS cell is described, as follows from (2.3) and (2.6), in the form of a discrete
time control system

Xi{k+l)  = x l( k ) - S 11u1{k) + a11{k)

x 2(k+ \) = x 2( k ) - S 21(l — t J T — ul{k)) + <x2l(k)

x3(k + 1) = x3 ( k ) - S 32( l - t 2/ T -  u2(k)) + <x32(k)

x4(/c + 1) = x4(/c) — S42u2(k) -I- a 42(/c)

x 5(k+\)  = x 5(k) + x g(k) -  S 13u3(k)

x 6(k + 1) = x6(k) + x , 0(k) - S 33( l - t 3/ T -  u3(k)) (2.11)

x7(/c + 1) = x7(/c) +  x ! i(/c) -  S24( 1 -  t J T -  u4(/c)) 

x 8(k+\)  = x s{k) + x ! 2(fc) -  S44u4(/c) 

x g(k+ l) = Sn u1(/c) 

x l0(k+\)  = S32( \ - t 2/ T - u 2(k)) 

x 11(fc + l) = S21( l - i 1/ T - « 1(fc)) 

x l2(k+ l)  = S42u2(/c)

with output (2.7) and constraints (2.8), (2.9), (2.10). Here variables x 1; x2 and x3, x4 
denote the number of pieces of varying types waiting to be processed by machines Mi  
and M 2, respectively, x5, x6 and x7, x8 the number of pieces queuing for finish 
processing (after repositioning) by machining centres M 3 and M4. Auxiliary variables 
x 9, Xjj and x10, x 12 characterize the production capacity of M { and M2, 
correspondingly, in the preceding time-cycle.

System (2.11) described the production state x =  (x,, .. . ,x 12) of the machining 
cell as a function of input flows а,7(/с) and control vector values и = (и,, ы2, ы3, u4) for all 
k =  0, 1, 2, . . .  The initial state:

x,.(0) = xiO, i = l ,2 ,3,4,5,6, 7, 8,

x9(0) = x i o(0) =  x n (0) = x12(0) =  0.
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3. Shift plan perturbations in the FMS cell

Any perturbations in the assigned manufacturing plan, occurring for or
ganizational reasons [2] (lack of needed billets, necessary tools and devices, selection of 
high priority workpieces, directive modification in the range of productions etc.) cause, 
in the long run, changes in the current shift plan of the machining cell.

The FMS cell rescheduling problem is NP-complete [1], [33], and thus it cannot 
be successfully solved in the real time [27].

On the other hand, analysing the dynamic nature of the given technological 
processes in the form (2.11) makes it possible to obtain a solution of the production 
schedule correction problem related to a FMS cell. The following assumptions are to 
be made:

Cl: There are no failure-prone machines in the cell: Sj, =  const > 0;
C2: There is not more than one setting-up moment of machine M j ( j  = 1,2, 3,4) 

within a single cycle; consequently, the loss of the working time due to 
machine setting-up is defined as:

tj(k) = Zjój(k, к — 1)
ő j ( k , k - 1)= sgn {(Tj + O -ffj) I sgn Uj(k)- sgn U j ( k - 1) | }

where Oj = sgn {и/к)(\ -Uj(k))}, 
гj — setting-up time of M j , 
őj — the total number of Mj set-ups;

(if Uj(k)= 1 or Uj(k) = 0, then <7y = 0, and so machine Mj is not subjected to resetting 
only on condition that in the previous cycle the control variable Uj(k— 1) is of the 
same value as Uj(k),

C3: the constraint (2.8) is not essential—the input/output capacity d0 of conveyer 
5 is big enough;

C4: the constraints (2.10) are relaxed; it is assumed that

*,(£)>0 i= l ,2 , 3,4, 5,6,7, 8, Jk= 1,2, . . .  , (3.2)

(i.e. in the FMS cell there are always queuing workpieces of various types 
available for processing by Mj, j =  1,2, 3,4) like the relationship (2.10) 
0 < U j ( k ) <  1, j =  1,2,3,4, but he values S^u^k) and S(J(1 —tj/T—Uj(k)) are 
real. 1 </, I<4, j =  1,2, 3,4.

Condition C4, in particular, means that workpieces of a certain type may be 
lacking only at the beginning of the first cycle, i.e. the initial state of system (2.11) will 
have some zero components. With all the other values of k=  1,2,3, . . . ,  N,  the 
condition x,(/c)> 0 mentioned in (3.2) is valid, i.e. pallet-loading control service 
guarantees the proper input flow of billets al l , a21, a32, a42 .
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Planned machine-loading index, characterizing the expected productivity of the 
machining cell, specifies constraints for the total number of set-ups within the planning 
horizon [0, JV]:

T„= £  I  t j ( k)^Tnp, (3.3)
j= 1 к = о

here TN and Tnp are real and planned downtime periods of the cell equipment (caused by 
set-ups) during N  cycles.

To equations (2.11) the state equations of the output Stocker must be added 

x l3(k+ \ )  = x l3(k) + S l3u3(k) 

хц (к+  l)= X i4(k) + S24( l - t J T - u ^ k ) )  

x l5(k+ l )  = x l5(k) + S33( l - t 3/ T - u 3(k)) (3.4)

Xi6(k+\) = x l(,(k) + S^u^(k)  

x i2 +j(0) =  0, ;'=1, 2, 3 ,4 ,

herex12+J(/c) is the number of finished y'-type pieces, collected in the cell output Stocker 
within к cycles.

Note that the variables tj present in (2.9), (2.10), (2.11), (3.3), (3.4), are derived from 
(3.1). That is why the system (2.11), (3.4) is nonlinear.

Thus, the state of the manufacturing process is described by a discrete-time 
control system (2.11), (3.1), (3.4) with constraints (2.8), (2.9), (3.2), (3.3), and production 
characteristics during N cycles are defined by the minimized functional

/ = Ф(х(0), x{N))+ Y  <pk(x(k),u(k),k). (3.5)
k = 0

Functional (3.5) is the optimality criterion of the manufacturing process within the 
given planning horizon [0, N].

Obviously, the values of the state vectors x(k) and x(k+ 1) of system (2.11), (3.4) 
make it possible to calculate downtime periods of the cell machines in the previous 
cycle:

t l (/c)=T{l- x 9(k+ \)/Su - X l l (k+ 1)/S21}

t2( k ) = T { \ - x l0(k+\)/S32- x l2(k+\)/S42} (36)

t3(k)=T{(x13(fc)-x13(k+l))/S13+ (x15(k )-x 15(k+l))/S33+l}

t4(k)=T{(x14(fc)-x14(k+l))/S24+ (x16(k ) -x 16(k+l))/S44+ l} .
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In view of (3.6) the left part of relationship (3.3) limiting the loss of working time during 
N cycles takes the form:

TN(x)=T  ^  [2 —x9(fc)/S,, ^io(fe)/S32 —5c11(/c)/S21 — x 12(k)/S42] + 2Л/ —
k = 0

- T ( x 13(Af)/S13 + x14(N)/S24 + x15(N)/S33+ x 16(Ar)/S44). (3.7)

It is clear that the downtime restriction (3.3) may be duly ensured by including TN 
in functional (3.5).

If the altered shift plan of the FMS cell (a set of 4 different type batches of pieces) 
is represented as demand vector z — (zi , z2, z3, z4) where zi is the needed number of 
./'-type pieces in the batch, then the trivial production schedule correction problem for 
the machining cell within N cycles involves the optimality criterion

1= I  Cj(xl2+ j(N)—Zj)2 + c0TN(x) , (3.8)
i= 1

here Cj are penalty weights for failed shift plan in ./-type pieces, c0 is the average 
downtime manufacturing cost of cell machines.

Perturbations in the shift plan can also be expressed by alterations of functional 
(3.5). For example, the task “to implement the shift plan z for N  cycles so that the 
processing time of type-four workpieces were minimum” presupposes minimizing the 
following functional:

/ =  i  Cj(x 12+j( N ) -Z j)2+ Y  kSnUt(k) + c0TN(x). (3.9)
j=1 * = 0

A similar problem is treated in [7], [35].
On the other hand, the requirement “to guarantee the fulfilment of the final task 

working to the planned production schedule Zj(k) j=  1,2, . . . ,  N" means the 
minimization of the functional

/  = Z  Z  Cj(xl2+j(k)-Zj(k))2 +c0TN(x). (3.10)1 = 0 j=l

Other forms of functionals, used in control problems that arise from automated 
machining processes, can be found in contemporary literature [7], [8], [24], [27], [36].

Consequently, even with a fixed value of vector z, any change in requirements to 
the nature of the manufacturing process (alteration in the form of functional (3.5), e.g. 
(3.8), (3.9) or (3.10)) is, in fact, a perturbation of the FMS cell shift plan and calls for 
production schedule correction.

2
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4. Optimal correction of the FMS cell production schedule

The problem of the optimal production schedule correction for the flexible 
automated machining-cell analyzed in assumptions C1-C4 is equivalent to the control 
problem of a discrete-time system (2.11), (3.1), (3.4) with constraints (2.9), (3.2) and 
functional (3.5). The initial state x(0) is considered to be known:

Following the discrete maximum principle [37], [39] the desired optimal control 
u(k) maximizes the Hamilton function for every fc = 0,1, . . . ,  N — 1.

For the given system we shall introduce a Hamiltonian [39] by the formula

where are the right parts of system (2.11) written as

xt(k+ 1)-Xt(k)=f(x(k), u(k), k) (i= 1, . . . ,1 6 ) ,

the function cpk(x(k), u(k), k) is present in (3.5), and £ ,, £2 are defined by:

í<Üi=*i +x2 + *5-l-*7T(S11-'S21)“i +(1 ~ h / T ) S 2 l — d 12
\ £ 2 =  X 3 + X 4  +  x 6 + x 8 +  ( S 4 2 - S 3 2 ) u 2 + ( l - t 2/ T ) S 3 2 - d 34 .

/I, ,/f2 are auxiliary Lagrange multipliers, related to restrictions (2.9).

16
H(x{k),u{k), ф(к+1))= X >Pi(k+\)f{x(k),u(k),k)-

i = 1

-<pk(x(k), u(k), k) + ̂ ^ i(x{k),  и(к)) + ц2£2(х(к), u(k)), (4.1)

Hj(k) =  0 if Zj(x(k),u(k))< 0 ,
Hj(k)<0 if t j(x(k\u(k))>0, 7 = 1 ,2 .

i/*i(k+ 1) in (4.1) are the state variables of the adjoint system

ф,(к + 1)-ф,(к)= -дН/дх,(х(к),и(к),ф(к+ 1)) 

i= l ,2 , . . . ,  16.

Adjoint system (4.3) related to (2.11), (3.4) can be written as

(4.3)

фi(k) = фi(k + 1) -t- /Zj (/c) — dcpjdxi i= 1,2, 5,7,

ФАк) = Ф](к + 1) + ц2(к) -  dcpjdxj j  =  3 ,4,6, 8,

ф,(к) = ф{. А(к + 1)-  dq>JdXi i =  9 ,10,11,12,

ф j(k) =  ф^к + 1) — dy jd x j  7 =  13, 14, 15,16.

(4.4)



SOLOMENTSEV, FROLOV: THE MATHEMATICAL MODEL OF FLEXIBLE MACHINING-CELL 87

The terminal constraints for (4.4) are derived from transversal conditions [39]:

ip(N) = -дФ(х(0), x(N))/3x(N).

Thus, the problem of the optimal production schedule correction for the 
analyzed cell (with assumptions C1-C4) results in determining the vector of optimal 
control variables u(/c) = (u,(/c), u2(k), u3(k), u4(/c)) which maximizes the Hamiltonian 
function (4.1) for every к = 0,1, . . . ,  N  — 1, x(k) and ip (к + 1) are the solutions of system 
(2.11), (3.1), (3.4) and system (4.4), correspondingly [37], [39], [40].

Finally, it must be noted that the functions q>k in (3.5) being convex in и (or 
independent of the variable и—see (3.8) and (3.10)), the control variables u, and u2 from 
the maximized Hamiltonian (4.1) have their ultimate values

fu ,=  m in { l,[d 12- x 1- x 2- x 5- x 7- ( l - i 1/T)S21]/(S11- S 21)}
\ u 2= min {1, [d34 —x3 —x4 —x6 —x8—(1 — t2/T )S32]/(S4 2 ~  S 3 2 )}

if and only if the following conditions are valid

(Sl l (ipg( k + \ ) - \ p l (k+ \ ) ) - S 2l(4/l l ( k + \ ) - \ l /2(k+ 1))^ -d<pjdui(x(k),u(k)) 
lS42(</'i2(fc+l)-'/'4(k + l) )-S 3 2(i/'1o(fc+ l)-< M fc+ l))^  -d(p jdu2(x(k),u(k)).

So, the optimal values of the multipliers and ц2 from (4.1) are calculated by formulas 
[37]:

Hi(k)= min 0, (x(k),u (k)) + S t l (ip q(k + \ )—ipl (k+l)) —

- S 2i(il/l l { k + l ) - i p 2(k+l)) / ( S i i - S u ) } , (4.6)

ц2(k) = min jo , | j ^  (x(/c), u(k)) + S42(ф, 2(к + 1) -  ip^k + 1)) -  

- S 32(iP10(k + l ) - iP3(k + l)) /(s32 - s 42n - (4.7)

Substitution of (4.6) and (4.7) into (4.1) ensures (with constraints (2.9) and (3.2)) the 
conditions dH/8u1= Oand dH/du2 = 0 along the trajectory x(k) and the desired control 
u(k), k = 0 , 1, . .  . , N — 1. The values Uj(k)(j=\, 2, 3,4) generated with the help of the 
described procedure specify setting-up moments of machine .

The optimal number of i- and /-type piece-inputs routed for processing by 
machine Mj  within the /с-cycle is integers nearest to SyUj(fc) and S,j(l — tj(k)/T— u/k)), 
j =  1,2,3,4. Their timely computation allows an effective solution of the production 
schedule correction problem in the flexible automated machining cell.

2*
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5. Conclusions

1. The production schedule correction problem for a flexible machining-cell, 
being NP-complete combinatorial problem, can in some cases be efficiently solved by 
control theory methods.

2. The mathematical machining-cell model, yielding an effective solution of the 
production schedule correction problem, is developed as a result of describing piece
processing technology (by means of available equipment) as a discrete-time control 
system.

3. Optimal correction of the manufacturing process in an FMS cell is obtained 
sequentially during several cycles of the equipment performance. The proper number 
of workpiece inputs and machine setting-up moments are defined by determining 
optimal control for a discrete-time system (with constraints to control and state 
variables) on the basis of the discrete maximum principle.
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Математическая модель участка 
гибкой производственной системы

Ю. М. СОЛОМЕНЦЕВ, Е. В ФРОЛОВ

(Москва)

Экономические показатели работы ГПС существенно зависят от функционирования системы 
при возникновении внутренних и внешних отклонений в ее текущей производственной программе. 
Система управления ГПС должна оперативно рассчитать новый порядок запуска деталей на 
обработку, так, чтобы экономическая эффективность гибкого производства была бы максимальной.

Перерасчет производственного расписания ГПС является NP-трудной проблемой, поэтому 
для большого числа одновременно обрабатываемых разнотипных деталей ее точное решение с 
помощью комбинаторных методов практически недостижимо.

Для задач коррекции производственной программы ГПС используются формальные 
модели, описывающие технологические процессы обработки деталей. Имеющиеся в литературе 
математические модели гибких систем можно разделить на две основные группы:

A. Имитационные модели (Evaluative Models),
B. Модели для генерации управления (Generative Models).

Используемые на этапах проектирования ГПС и долгосрочного планирования, имитацион
ные модели оказываются малоэффективными в задачах оперативного управления производством 
(при различных отклонениях в текущем сменно-суточном задании). Для такого управления 
применяются математические модели второй группы.

Авторы настоящей работы предлагают отказаться от трудоемких вычислений технологичес
ких траектории (отдельных этапов обработки деталей различной номенклатуры). Основная цель — 
определение оптимального числа запусков деталей различных типов (моментов переналадок 
станков) в пределах временного цикла работы оборудования. Для этого строится математическая 
модель технологического процесса механообработки в виде некоторой дискретной управляемой 
системы. Последующее применение дискретного принципа максимума позволяет эффективно 
решить задачу коррекции производственной программы гибкого автоматизированного участка 
механообработки.

Ю. М. Соломенцев
Московский станкоинструментальный институт 
СССР, Москва, Вадковский пер., За
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ELEMENTARY PROOF OF RUEPPEL’S LINEAR 
COMPLEXITY CONJECTURE AND A CONSTRUCTION 
OF SEQUENCES WITH HIGH LINEAR COMPLEXITY 

AND GOOD CORRELATION PROPERTIES1

N g u y e n  Q u a n g  A
(Hanoi)

(Received March 8 , 1987)

We prove that, for all n > 0, the subsequence consisting of the first n digits of the semi-infinite 
sequence s =  (s0, s , , . ..)  defined over a (finite or infinite) field F such that s, is nonzero if and only if 
i+  1 is a power of 2, has linear complexity L(n+ 1 )/2 J. I f f  is the finite field GF(2), our results prove the 
conjecture of Rueppel, and in this case we have exactly one semi-infinite sequence having the 
properties mentioned. If F has more than two elements we have infinitely many sequences having 
these properties. Based on these sequences, we give a construction for sequences having high linear 
complexity and good correlation properties.

1. Introduction

In 1963 J. L. Massey introduced the following semi-infinite binary sequence in 
connection with self-orthogonal convolution codes [1]

s = (so,S!,s2, .. .)=(!, 1,0, 1,0,0,0,1, . . . ) ,  ^

Sj =  1 iff i +1 is a power of 2.

We generalize the Massey’s sequence over an arbitrary (finite or infinite) field F as 
follows

s = (s0, s 1,s 2, . . . )  = (t, x, 0, y, 0,0,0, z, . . .) ,  

s(e F and s(# 0  iff / -h 1 is a power of 2.

Lets(n) =  (s0,s,, .. .,sn_!), Si e F, denote an arbitrary sequence of length« over F. 
A linear feedback shift register, LFSR (see Fig. 1) will be identified with its connection 
polynomial

C(x) =  1 +  CjX + c2x 2 + . . .  -f c l x l , с,- e F.

' A version of this paper has been accepted for presentation at EUROCRYPT’8 6 , 20-22 May 1986, 
Lingköping, Sweden.

Akadémiai Kiadó, Budapest 
Pergamon Press, O xford
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Fig. 1

The LFSR C{x) is said to generate s(n) if the initial contents of the LFSR can be chosen 
in such a way that s0, s1; .. ., s„_ t are the first n output digits from the LFSR, i.e. with 
n> L

s* + cis* -i +  • • • + cjA - l =  0, L ^ k < n .  (3)

The linear complexity of a finite or semi-infinite sequence is the length of the shortest 
LFSR that generates the sequence or, equivalently, is the smallest degree L for which 
there exists an LFSR C(x) that generate the sequence.

Let Ls(n) denote the linear complexity of the subsequence consisting of the first n 
digits, i.e. s(n), of a sequence s. R. A. Rueppel [2] conjectured that if s is defined by (1) 
then

Ls(n) = l(n + 1)/2J (4)

where LaJ denotes the integer part of a, and showed that the “linear complexity profile” 
given by (4) virtually coincides with the high probability linear complexity profile of a 
truly random binary sequence.

Z. D. Dai [3] proved the conjecture. Her proof utilizes properties of an element in 
an extension field of the field of rational functions over GF(2). Later, the author gave a 
more elementary proof of the conjecture. It turns out that our proof is valid without any 
change for the case of sequences defined by (2), too. We summarize our result as

Theorem 1. Let s be semi-infinite sequence defined by (2) over arbitrary field F. 
Let s(n) be the subsequence consisting of the first n digits of s. Then s(n) has linear 
complexity given by (4).

It seems quite remarkable that we have infinitely many sequences having 
unbounded linear complexity but the linear complexity of each of their subsequences 
s(n) can be precisely determined regardless of the underlying field F. Obviously, the 
Rueppel’s conjecture follows as a corollary of Theorem 1 for F =  GF(2).
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2. Proof of theorem 1

First, we prove a lemma.
Lemma. Let s be defined by (2), define for all nonnegative integer к the following 

(k + 1) x (k + 1) matrix over F

So Si • ■ s*

Si s2 s* + 1

Aк — (5)

Sk S*+l • s2k

Then At are nonsingular for all k.
Proof. Since between к and 2k there is exactly one number, say k+j  with 0 < k,

such that k + j  — 1 is a power of 2, the last row as well as the last column contains exactly 
one nonzero element. By deleting the last row and the last column we get Ak _ t which 
has the same property just mentioned, thus A* has the following form (0 =  5* + , /0):

- ~

Aj - 1 X 0

z Y 0
a

a/ o

0
0 a;

/
/

o'
0

If j  = 0 , i.e. s * / 0  then the matrix is an upper triangular matrix with nonzero elements 
on the diagonal running from the bottom left corner to the upper right corner, hence 
the matrix is nonsingular.

The statement of the lemma holds trivially for к = 0,1 and we have shown that it 
is true for all k = 2m — 1. Now by induction suppose that it is true for 0, 1, 2, . . . ,  к — 1. 
We have to show that it is true for k, too.

Now by Laplace expansion of the determinant we have

|det At | =  |a * 'J+1det A^_t |
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where we have expanded the determinant alternating by the last row, then by the last 
column. Since a is nonzero and Aj _ t is nonsingular by assumption, it follows that \ k is 
nonsingular and the lemma is proved.

Remark. In the binary case the lemma shows that if the sum sk + . . .  +  s2k = 1 then 
matrices defined by (5) are nonsingular for all k. It is conjectured that the same remains 
true if

sk +  .. . + s2k = 1 mod 2

i.e., the number of l ’s between к and 2k is an odd number. If the conjecture were true, we 
could construct many other binary sequences having the same linear complexity as that 
of the Massey sequence.

Proof of Theorem 1. Obviously, the theorem holds trivially for n = 1 and n = 2. By 
induction suppose that

Ls(m) = [(m+ 1)/2J, for all l ^ m ^ n

we have to show that

Ls(n+ l) =  L(n + 1 + l)/2j = Ls(n —1)+ 1.

First we show that Ls(n +  1) ̂  Ls(n — 1) + 1.
Since Ls(n+ \ ) ^ L s(n)^tLs(n— 1) Ls(n+ 1)<L f n — 1) is impossible, so by con

trary suppose that

Ls(n+\) = Ls(n - l ) .  (6)

(i) Now if n is odd, n = 2k+ 1, then (6) implies

/c = Ls( n + l) ^ L s(n) = /c+ l
a contradiction.

(ii) If n is even, n = 2k, then (6) and (3) imply that

CoSj +  CjSj-! + . . .  + c tSj_t = 0, for all j, к rS2k (7)

where c0= 1 and ct ^0 . However, the lemma implies that these equations have unique 
solution for (c0, . . . ,  c*) and this solution is the zero vector, a contradiction again. 

Thus,
^ (л + 1 ) ^ 4 ( л - 1 )+ 1 .

However, Theorem 2 of [4] implies that Ls(n+ l) =  Ls(n—1 )+ 1. The proof is 
completed.
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3. Construction of family of sequences with high linear 
complexity and good correlation properties

The sequences defined by (2) are very sparse. If f(n)  denotes the number of 
nonzero elements in s(n) then

/(n) =  LlognJ + l

where log denotes the logarithm to the base two.
In engineering applications one needs families of sequences with high linear 

complexity and certain other good properties. The idea of our construction is to mix 
the sparse sequences defined by (2) with sequences known to have good additional 
properties. We hope that the resulted sequences will inherite good properties of both 
components.

The inheritability of high linear complexity is ensured by the following result 
which is a consequence of Theorem 2 in [5].

Theorem 2. Let
8 = (a0’ al > ■ ■ •» an-l)

and
Ь=(Ьо> ^l> • • ч^л-l)

be two sequences over a field F with linear complexity La and Lb, respectively. Define 
sequence d as follows

d = a + b =(d0,d l , . .  d( =  a, +  bi

then d has linear complexity Ld such that

Ld^ \ L a- L b\.

In the sequel suppose that F is the finite field GF(p) with p being a prime number. We 
define the correlation of two sequences as follows [5]. Let w be a fixed primitive 
complex p-th root of unity, e.g. w=exp(2nj/p),j= — 1. The correlation function is a 
function from the set of integers to the complex field defined as follows

ea.b(k): N - C  

< U *)=  " l  wai^ i+ki = о

where the index is taken modulo n.
The inheritability of good correlation properties is ensured by the following

result.
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Theorem 3. Let u and v be two, not necessarily distinct, subsequences of length n 
of sequences defined by (2). Let a and b be two arbitrary sequences of length n. Define

a' =  a + u; b' = b +  v
then

\ва,ЬЩ  й  K M + W o g  fii +  1) .

Proof. For each к define

Л  = 0, 0 ^ i ^ n - l }

then the number of elements of Jk cannot exceed twice the number of nonzero elements 
of u, hence |Jt | ^ 2  log n + 2. Now write down the defining expression of correlation 
between a' and b'. We have

0a Ak) = 9a<b(k)+ X wa‘~b,*k(wu‘~Vi*k — 1)
i eJk

and the theorem follows.
Based on the results of Theorems 1-3 we can easily construct sequences having 

high linear complexity and good correlation properties.

Construction of sequences with good correlation properties

i. Autocorrelation

Let G be the family of M-sequences over GF(p) with period n =  pm — 1. Let S be 
the set of (p — l)/<n) distinct subsequences of sequences defined by (2). Define

Q = (a +  u : a 6 G, u e S). (8)

It is well known that for each a e G [5]

0Я(О) = n; ва( к ) = - 1 if к t̂ O mod n

La = m.
For sequences x in Q we have

0,(0) = n; вх(к) ̂  4(log n +  1) + 1 (20)

4 ^ р т/2 -m .

Observe that the ratio of maximum out-of-phase value to the peak of the 
autocorrelation remains relatively small, the linear complexity, however, increases 
dramatically. It is worth to mention that the number of sequences in Q is equal to 
product of numbers of sequences in G and S.
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ii. Auto- and crosscorrelation

Now let G in (8) be a set of sequences having good auto- and crosscorrelation 
over GF(2), and S consists of a single binary sequence of the same length defined by (2). 
Then the number of modified sequences is the same as that of the original sequences. 
For example, we can choose G to be the set of Gold sequences, Kasami sequences or 
bent sequences [6].

Let 0max denote the maximum value of out-of-phase autocorrelation and 
crosscorrelation. The properties of these families of sequences [6] and that of the 
modified families are summarized in the following table.

Table 1

Family: G KASAMI BENT GOLD

Period 2 " — 1 2 " _  1 2 ” — 1

|G | 2  " ,2 2 « / 2 2 " + l

m 2k 4k 2 ic+l

°m»,= 2 " / 2  + l 2 " ,2  +  l 2 (m+l)/2 + 1

VII«
1

Qb 2" / 2  + l+ 4m 2“ ,2  + l+ 4  m 2 (»+l)/2 + 1+ 4m

L 3m/2

IP1 W
i

VII 2 m

L*S: 2m_ 1 — 3m/2
"/* / m \

2 M ‘)
2 " - '- 2 m

0ma>, 0*„ = maximum correlation values; |G | =  number of sequences; 
L, I f  = linear complexity; * refers to the modified sequences.

Again, we see that the maximum correlation value changes very little, while the 
linear complexity increases dramatically. For example [6], if m = 48, then the 
maximum correlation values of Kasami and bent families as well as their modified 
families are practically the same, while the linear complexity of Kasami family is 72, and 
that of the modified Kasami family is of order 1014; complexity of bent sequences is of 
order 101 \  and that of modified bent sequences is of order 1014. It is clear from the table 
that the complexity of modified bent sequences is also much greater than that of the 
bent sequences.

These sequences should be of considerable interest in communication theory.
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Элементарное доказательство утверждения о 
линейной сложности и конструкции последовательностей 

с высокой сложностью и хорошими корреляционными свойствами
НГУЕН КВАНГ А

(Ханой)

Изучаются свойства последовательностей над произвольным полем F. Обозначим через р 
множество всех последовательностей S=(S0, S,, S2, ■ ..), обладающих следующими свойствами: 
1) S, 6  F, и S, #  0 тогда и только тогда, когда для некоторого к g  0 целого числа справедливо равенство 
I +1 = 2*. Для S 6  р S(n) означает последовательность (S0 , S , , . . . ,  S„ Ls{n) линейную сложность S(n).

Руппель высказал предположение о линейной сложности последовательности из р, каждый 
член которой есть 0 или 1. Дей доказал это предположение.

В статье дается простое доказательство более сильного утверждения для любой 
последовательности.

Далее дается оценка линейной сложности суммы двух произвольных конечных последова
тельностей, а также функции корреляции двух сумм а + и и 6  + и, где а и Ь произвольные 
последовательности длины п над полем F, {и, г) е  {S(n)|Seр).

Предлагается способ построения последовательностей с большой линейной сложностью и 
хорошими корреляционными свойствами.

Nguyen Quang А
Institute for Telecommunication and Electronics 
Technical University of Budapest 
H-1111 Budapest, Stoczek u. 2.
Hungary
and
Vietnamese Academy of Sciences 
Hanoi,Vietnam
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E-CAPACITY U P P E R  B O U N D  F O R  A C H A N N E L  
W ITH  R A N D O M  P A R A M E T E R

E. A. Aroutunian, M. E. Aroutunian

(Yerevan)

(Received March 26, 1987)

Average £-capacity upper bound for discrete memoryless channel with side information at
the transmitter [1] is constructed.

The discrete memoryless channel with random parameter having input alphabet 
X  and output alphabet У is a channel whose transition probabilities depend on a 
parameter s with values in a finite set S. The values of parameter s are changing 
independently at different instances with the same distribution Q(s) on S. The choice of 
parameter s does not depend on the input signal x.

Let x= (x j, . . . ,  x„) be the input sequence of length n, y  = (yu  . . yn) the output 
sequence, s = (st , . . s„) the the channel states sequence, and let the set of conditional 
probabilities W(y/x, s), у e У, x e  X, s e  S be given. The channel is supposed to be 
stationary and memoryless which means that

fE"(y/x,s)= f ]  WiyJXbSb
i= 1

е л(*)= f l  ö (s,)-i= 1

Consider the case when the states of the channel are known at the encoder and 
unknown at the decoder.

The channel having random parameter with additional information at the 
encoder was first considered by Shannon [ 1 ] in 1948. He mentioned that the case when 
the states of channel are known in each moment at the encoder and are unknown at the 
decoder is the most interesting. He studied the situation, when choosing the input 
symbol X; one knows the states Sj of the channel for j  ̂  i, however the states Sj for j  > i are 
unknown. Gelfand and Pinsker [2] determined the average capacity for the channel 
with random parameter in the case, when for the choice of the codeword (x ,, . . . ,  x„) 
one need all states (s,, .. ., s„). In this paper the sphere packing bound for £-capacity of 
the channel with random parameter for the situation considered in [2] is constructed.

Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford



This bound is also true for the situation considered by Shannon [1]. For the proof of 
this bound the method suggested in [3] for discrete memoryless channel is used. The 
results of this paper were reported at the conference held in Yerevan, 1986 [4]. The 
sphere packing bound just as random coding and expurgated bounds for £-capacity of 
the compound channel were constructed in [5].

A block (n, M )-code for the channel

K  =  { W \ - / ' , * ) :  X * - * Y n, s e S n}

is given by encoding f  : M x S"-*Xn and decoding g : Yn-*M. The average probability 
of error e is

| M |  s£$n

(by IAI we denote the cardinality of the finite set A).

The average E-capacity of the channel К is defined as Ca(£) = lim -  log M(K, £),
n~* ao M

where
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M(K, £)=  sup {IM I: c{Kyf g) ̂  exp ( n£)}. (1)
/.»

For random variables X, У, S with values on X, Y, S, for distribution Q on S, 
conditional distribution P on X  and channels V: X  xS-*Y, W:X x S -+ Y we shall use 
the following notations. For entropy

tf (ö )= tf ( s )= -X ß (s ) io g e (s ) ,
s

conditional entropies

H(P/Q) = H(X/S) = -  X  Q(s)P(x/s) logP(x/s),
s ,x

H{ V/Q, P) =  Hi Y/XS) = -  X QteWx/s) y b ’/x, s) log V(y/x, s),
s , x , y

mutual informations

P(x/s)
HQ, P) = HX A S) =  X Q(s)P(x/s) log ,

Vív lx 5)
HQ, P, V) =  /(Y A XS) =  X  Q(s)P(x/s) Viy/x, s)log ^  ; !

s , x , y

T
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where

QP(x)= Z  Q(s)P(x/s), QPV(y)= I  Q(s)P(x/s)V(y/x, s),
S S ,  X

conditional divergence

V(v/x s)
D( V\\ W/Q, P) = £  Q(s)P(x/s)V(y/x, s) log •

Theorem. For the channel К when E> 0

Ca(E )^Rsp(E), (2)
where

Rsp(E)= max min {I(Q, P, F ) - /(ß , P)}.
P V :D(V\ \ W/ Q. P) SE

Here we need some combinatorial notions ([6, 7]).
Denote by N(s/s) the number of occurrences of s e S  in s. The type of a sequence 

seS"  is the distribution Q on S defined by

Q(s) = -  N(s/s), for every s e S. 
n

The set of sequences of type Q in S" is denoted by TQ. We say that x e X"  has conditional 
type P given s e S" if N(s, x/s, x) =  N(s/s)P{x/s) for every s e S, x e X.  For any given s e  S" 
and stochastic matrix P S-+X, the set of sequences x e X я having conditional type P 
given s is denoted by Tp(s). Similarly,

Tv( \ , s) = {у : N(s, x, у/s, x, y) =  N(s, x/s, x) V(y/x, s), s e S, x  e  X, у e Y}.

One can easily prove that the number of different types of sequences in S" is upper 
bounded by (n + l) |s|, the number of different types of sequences in S " x X nx Y" is
bounded by (n +

We shall use some well-known combinatorial inequalities [6, 7].

(n + 1) - 's> exp (nH(Q)) á  ITQI ^  exp (nH(Q)) (3)

(n + 1Г Is ' I*' exp (пЩР/Q) ̂  I В Д | gexp  (пЩР/Q)), s e T Q (4)

(n + 1)■-|s| 1 *11v 1 exp (nH( V/Q, P)) й  I TK(s, x)| g  exp (nH( V/Q, P)),

s e T Q, x e  Tp(s). (5)

If s e TQ, x  e Tp(s), у e Ty(s, x), then

H^iy/x, s) = exp { — n(D(V\\W/Q, P) +H(V/Q, P))}. (6)

3
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Proof of the theorem. Let ( f  g) be a code with rate R = -  log | M|. The condition 

e(K, f g ) f ^ e x p ( - n E )  means that
|M| |M|
£  Z  6"(s)H/n( Y" — g l( m ) / f ( m , s ) , s £  Z  6"(s) exp(-nE).

i = 1 s e Sn i - 1  seS"

Since Qn(TQ)7±Qn(TQ ) for every Q', we come to
|M|
£  X e"(s)^"(y"-éf_1(m)//(/n,s),s)^

i= l  s e  T q  

|M|
^ £  I  ß n(.s)exp(-n(£-<5‘))

i -  1 s s T q

here when n~* oo.
Simplifying, we have for some stochastic matrix V: X  x S->Y

Z  Z  {I Ty(x(m, s), s) I — I i/ “ ‘(m)n Tp(x(m, s), s) |} x
s gTq x ( m , s ) e f ( M , s )

x lT"(y/x, s) ^  X Z  ex p (-n (£ -< 5 ‘)). (7)
s e T q  x ( m, s ) e  f ( M  ,s)

If the conditional type P is such that

X | / ( M ,s ) n r P( s ) |^ |r 0 |e x p ( n £ ) ( n + i r 1*1
s e  T q

then (7) will turn into the following inequality

Z  Z  {I TK(x(m, s), s)| - I s 4 (m)n 7;(x(m, s), s)|},
s e T q  x ( m , s ) e >s ) r \ T p ( s )

f T " (y /jc ,s )^  £  X  e x p  ( — « (£  — <5̂  — <5̂ )),
s g T q  x ( m , s ) e f ( M , s ) n T p ( s )

where when л-+ oo. We shall denote <5„ =  <5‘ + 6*. So

Z  Z  I <7 ‘(m)nTK(x(m,s),s)|^
s e T Q  x(m, s ) e / ( M , s)n7p(s)

exp(-n(£-<5„))
^  Z  Z  ^|TK(x(m,s),s)|-

s e T q  x ( m , s ) e f ( M , s)oTp(s) f^"(y/x,s) (8 )



AROUTUNIAN. AROUTUN1AN: i-CAPACITY UPPER BOUND FOR CHANNEL WFI H RANDOM PARAMETER ЮЗ

It is obvious that

ITqpvI^  Z  Z  \g~l(m)nTv(x(m,s),s)\. (9)
se T q  x ( m , s ) e f ( M , s ) r , T p ( s )

Now from (5), (6), (8), (9) we obtain

\TQPV\ ^  Z  Z  [("+  1)“1X11X11 y| exp (nH(V/Q, P)) —
s g T q  x(m ,s)6/(ST,s)nTp(s)

-  exp {n(D( V\\ W/Q, P) + H( V/Q, P) = E + <5„))].

It remains to consider that for different s codewords of one message may be the same. 
The set of sequences s for fixed x is 7>(x), where P :X->S is such that Q(s)P(x/s) = 
= QP(x)P(s/x). Thus

Z  l / ( M > s ) n T p ( s )
\TQFV\ ^ sĴ ------------- —  { ( n + i r |s|l*l|1' l exp(ntf(K /ß,P))-

max Tp{\)
x e  T p ( n ) , s e  T q

-  exp (n(D(\I I  W/Q, P) +  Щ V/Q, P ) - E  + á j)} .

Now from (3) and (4)

Z  \ m , s ) n T „ ( s ) \üI ' ö l  Se F q

< ____________ exp (n(I(Q, P, V)-I(Q, P)))______________
-  ( n + i r |s|( (n + l)- |S|l*l|1' l-ex p (n (D ||F )W Ö , P ) - E  + ő„))'

The right side of the inequality can be decreased by the choice of V, leaving the 
denominator positive.

It is obvious that

IM IS b i+ lp 'm a x -Z — £  \ f(M, s)nTp(s)\. (11)P I 'C l  seTQ
The bound (2) follows from (1), (10) and (11).

Now let C0 be the zero-error capacity of the channel with random parameter. We 
obtain the upper bound for C0 from the theorem with E —>cc.

Corollary.

C0Ü Hm С(Е)й lim Rsp(E)= max min (I(Q, P, V)-I(Q,P)),
£-»oo £->oo P V

where the minimum is taken by all К for which V(y/x, s) =  0 if W(y/x, s) =  0.

3*
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Верхняя граница Ь-пропускной способности канала со 
случайным параметром

Е. А АРУТЮНЯН, М Е. АРУТЮНЯН 

, (Ереван)

Пусть X, У и S конечные множества и К семейство дискретных каналов без памяти W: X -> Y, 
где se  S состояние канала. Значения параметра s изменяются независимо в разные моменты времени 
с одним и тем же распределением Q(s) на S. Выбор параметра s не зависит также от входного сигнала 
х. Рассматривается ситуация, когда при выборе кодового слова (х , , .. ,,х„) известны состояния 
канала (s,, . .  ,,s„), а при декодировании состояния канала неизвестны.

Блоковый (п, М)-код задается кодированием f : M x S " - » X n и декодированием ц : Y-+M. 
Средняя вероятность ошибки равна \

e ( K , f g ) = -  У  X e " ( . s ) I L '" ( r - y - | (m )//(m ,s ),s) .М i= 1 ,eS"
f -пропускная способность канала К для средней вероятности ошибки определяется как

—  1
C„(f)= hm -  log М(К, Е),

М{К, Е)= sup {М :е(К, f  0 )áexp  ( — nf)}.
/.»

Используются обозначения для: средней взаимной информации

P(x/s)
nQ,p)= xe(s№/s)iog

QP(X)

l(Q, P, V)= X  Q{s)P{x/s)V(ylx, s) log
V{y/x,s)
QPV(y)
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и условной дивергенции

V(y/x, s)
D(V\\WIQ,P)= £  ö(.v)m/s) V(y/x, s) log ’ .

s,x,y W  КУ/Х’, sj

Теорема. Для канала К, когда £> 0 ,

C„(£)S «,„(£), 

где

R J E ) =  max min {1(Q, P,V)~ l(Q, P)}. 
p vmPUie/Q.Ptse

В работе доказана эта теорема. Как следствие из теоремы получена верхняя граница нулевой 
пропускной способности канала со случайным параметром.

Е. А. Арутюнян
М. Е. Арутюнян
Ереванский Государственный университет 
СССР, 375049, Ереван 
ул. Мравяна, 1.
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TWO-DIMENSIONAL FISHER’S TEST

J. J e z e k , A. O t á h a l

(Prague)

(Received March 12, 1987)

A generalization of Fisher’s test for two-dimensional data is derived and an asymptotic 
formula for critical values is given. As an example, an application of the test in image processing is 
presented.

Introduction

In harmonic analysis of time series, Fisher’s test is used for revealing 
periodicities: the maximum of the normalized periodogram is compared with its critical 
value; if it exceeds the critical value, the hypothesis that the time series in question 
represents random noise is rejected, the corresponding frequency is accepted as a real 
one and some interpretation is attributed to it. The test derivation can be found in the 
original paper of Fisher (1929) or in many books on time series, e.g. Hannan (1970), 
Anderson (1971). As exact formulas for critical values are rather complicated, either 
asymptotics or tables are usually used. The latter are published e.g. by Nowroozi (1967) 
and Shimshoni (1971) who also discuss practical use of the test and its effectivity in 
context of estimation periods of eigenvibration of the Earth from seismic records.

Recently, fast progress in hardware makes possible effective processing of two- 
dimensional data as well. We mean especially (mini- and micro-) computer systems that 
are oriented onto image processing (and are, of course, used also for processing of 
geophysical, geochemical, geological data etc.). A two-dimensional generalization of 
Fisher’s test is a problem naturally arising in this situation.

In our paper we derive such a generalization; its application range we see in 
studying wave processes and revealing periodicities, similarly as in the one
dimensional time-series case. We have in mind e.g. the study of sea-waves in 
oceanography or elimination of periodic-character disturbance in image data. The 
latter case will be discussed in more detail below.

Sometimes the spectrum of two-dimensional data is modified in a heuristic way 
so as to obtain some information or to improve readability of the data. Objectivity of 
such manipulations can be increased and better insight into the nature of the processed 
data can be achieved by means of the presented test.

Akadémiai Kiadó, Budapest 
Pergamon Press, O xford



108 JE2EK. OTÁHAL: TWO-DIMENSIONAL FISHER'S TEST

1. Periodogram

Let a matrix X = (X(m, n): m= 1, . . M, n = 1, . . N) of reals be given. We 
define a (two-dimensional) periodogram

w,  *)=
1

4n2MN
X X (X(m,n) — X ) x  exp { — 2ni(jm/M + kn/N)}

m = 1  n — 1
( 1 )

where j - 1, . . M,k  = 1, .. N and X  is the arithmetic mean of X,
M  N

A' =  M ’iV 1 £  X  X(m,n).

All our later considerations could be, and in fact in a more simple way, carried 
out for M, N odd. On the other hand, powers of 2 are typical values for M, N in image 
processing. So we everywhere below suppose that M, N are even positive integers. 

We define the following sets of indices

K = {( j ,k): j=h . . . , M / 2 - l , k  = l, . . . ,N /2 —1} и

и{0 'Д ):)= М /2Д = 1, . . .,N /2 -1 }  и 
и{(/,k):j = M ,k  = l, .. . ,N /2 -1 } ,

L = {(M/2, N), (M, N/2), (M/2, N/2), (Aí, N)},

M = K и  L,

N = {(/',*):_/=!, . . . , M , k = l ,  . . . , N} .

Further we define, for every (/, к) e N,

i 1 (У) =

t2(k)=

M - j for 7=1,  •• ., A Í-1
M for j = M

N - k for k=  1, . . . , N - 1
N for k = N

T(j, k) = (t i (j), t2(k)).

Remark 1.1. It is easy to see that the following statements are true:
(i) I(j, k) = I{T(j, k)) holds for every (j, k) e N ,

(ii) T(N) =  N ,
(iii) for every (j, k) e N, it holds (/', /с)= Т(/, к) if and only if (j, k) e L,
(iv) N =  K u  ПК) и  L where the union is disjoint.
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2. Test Derivation

Our approach to the test derivation generalizes that of Hannan (1970), eh. VII. 2. 
For (j, k) e N we denote

] M  N
A(j ,k)= ----- -- - У У (X(m, n) — X) cos 2n(jm/M + kn/N) , (2)

2n J M N  1 „= 1

I M N
B(j,k)=_______   У У (X(m,n) — X)sin2n(jm/M + kn/N). (3)

2n J M N  1 „= 1

Comparing (1), (2) and (3) we see that

I(j,k) = A 2(j, k) + B2(j, k)

holds for every (j, k) e N.
We will consider the hypothesis

(H) X (m, n), (m, ri) e N are independent identically distributed random variables, 
their common distribution being Gaussian with parameters ц, a2.

For the test derivation we need the joint distribution of 
(A(m, n), B(m, n): (m, n) e N). As both A’s and B's are linear combinations of Gaussians, 
they are again Gaussians and it is sufficient to calculate their expectations and 
(co)variances. From (2) and (3) it is obvious that the expectations of all A’s and B's are 
equal to zero. The following Theorem together with its Corollary take care of the rest. 

Theorem 2.1. Let (/, k), (p, q) e N. Then the following relations hold:

E{A(j, k) ■ A(p, <?)} =

= ~ lM N  (<*(/. <?) + <5(/\ ii(p))<5(A, t2(q))~

-2ő(j ,  M)ő(k, N)ő(p, M)ö(q, N )), (4)

E{B(j,k)B(p,q)} =

8ni MN Ш  P)W,  q) ö(j, t, (p))ő(k, t2(q))), (5)

E{A(j ,k)B(p,q)}=  0 (6)

where £( •, •) is the Kronecker symbol; for the sake of clarity the way of writing its 
arguments is somewhat unusual.
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Proof. On the left-hand sides of (4), (5), (6) we substitute for 4 ’s and B’s according 
to their definitions (2), (3). Having in mind that X's  are independent and identically 
distributed Gaussians, we, after some tedious but immediate calculations, come to the 
right-hand sides of (4), (5) and (6).

Corollary 2.2. Let the sets of indices K, L, M be given as above. Then 

(i) for (j, k), (p, q) e M, (j, fc) #(p, q) it holds

E{A(j, k) ■ A(p, <?)} = 0, 

E{B(j , k) ■ B(p, q ) } = 0 ,

(ii) for (j, k) e К it is

E{A2(j, k)} = E{B2{j,k)} = 8n2MN '

(iii) for (/', k) e L it holds 

E{A2(j,k)} =

E{B2(j, k )}=0.

0

An2MN

for (j, k) = (M, N) 

otherwise

Proof. All the statements follow from the comparison of the above Theorem with 
Remark 1.1.

Now we are able to define test statistics and to determine their distributions. 
For the sake of brevity, let us write a instead of (/, k). We denote

у (a) = 1(a)/ X Kb),

Tx = max y(a),
űéM

Tr= max {y(a):aeM \{a1 , .. . , ar_x}}

for r =  2, . . . ,  MN/2 + 2

where as is given by 7̂  = y(as) for s =  1, . . . ,  MN/2+ 1. That is, 7̂  is the r-th largest value 
of the normalized periodogram.

Theorem 2.3. Under holding of (H), statistics Tr has, for M, N->oo, an asymptotic 
distribution which is independent of r, and is given by

P{Tr>(x+ In D)/D}->1 — exp { —e~x} (7)

where D = MN/ 2 — 2.
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Proof. With regard to the above considerations, the proof is, except for some 
minor and obvious alterations, the same as that of Theorem VII.6.17 of Hannan (1970) 
where a similar result for the one-dimensional case is proved.

The critical value for the confidence level a that corresponds to (7) is

c(a) =
1
D

In
- D

ln (1 — a) ( 8)

These asymptotic critical values for typical confidence levels and for dimensions usual 
in image processing are given in Table 1.

Table 1. Asymptotic critical values x 104

Image
dimensions

a
D 0 . 1 0.05 0 . 0 1

64 x 64 2046 48.26 51.78 59.74
128x 128 8190 13.75 14.63 16.62
256 x 256 32766 3.86 4.08 4.58
512x512 131070 1.07 1.13 1.25

It is not easy to give an exact assessment of how close an approximation we get 
using asymptotics according to Theorem 2.3, because direct comparison with the exact 
values meets some difficulties. In fact, straightforward calculation of the exact critical 
values is subjected to rounding errors; and the larger the value of D, the stronger this 
rounding-errors effect is. On the other hand, we may expect a fairly good 
approximation for large values of D: e.g. for D = 3000, the exact critical value on 0.05 
significance level is equal to 3.650 x 10~3 (cf. Shimshoni (1971), Table 1(d)) while the 
asymptotic one by (8) is 3.659 x 10 3, the relative error being 0.27%.

3. Application Example

So as to illustrate the application of the two-dimensional Fisher’s test, we present 
an example of model-data analysis in remote sensing. Calculations and graphics are 
due to FOURFIVE 85 package implemented in PERICOLOR 2000E system.

Processed data are shown in Figs 1A and 2A (both images are the same). There 
are periodic disturbances in the data that are not difficult to recognize. We note that 
distrubances of this type (so-called “stripes”) are often met with in satellite data where 
they appear as a result of poorly matched sensors.

We present two types of processing the data. The first one consists in filtering 
away all the frequencies that the above test points out as significant. In the second one
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Fig. 1. A: original data, B: Fourier inverse of significant frequencies, C: significant frequencies, D: complement
of В
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Fig. 2. A: original data, B: logarithmic amplitude spectrum, C: singular “disturbing” frequencies, D: enhanced
image

we again find the significant frequencies. Then we filter away only singular significant 
ones that we feel to correspond to the disturbance.

Figure 1A shows the significant frequencies on the 0.05 level; their inverse 
Fourier transform is visualized in Fig. 1B. The difference between the last image and the 
original data is in Fig. ID; we see that the structure effects are emphasized there.

Figure 2B presents the periodogram in the logarithmic scale or, equivalently, the 
logarithmic amplitude spectrum. Figure 2C shows those significant frequencies we 
have chosen as responsible for the disturbance and the enhanced image after filtering 
them away is shown in Fig. 2D. Improvement in the image quality is easily discernible.

As mentioned above, periodic disturbance of the type dealt with here are often 
met with in satellite data. That is, the two-dimensional Fisher test could be taken for a 
quantitative criterion both in quality evaluation and in enhancement of satellite data.
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Выделение двумерных периодичностей
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(Прага)

В статье обобщается метод выделения периодичностей, основой которого является теорема 
Фишера, для случая двумерных данных. Приведено асимптотическое распределение статистик, 
соответствующих проверке значимости наибольших значений спектра. В качестве примера дается 
применение метода к обработке образов.
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Р У С С К И Й  П Е Р Е В О Д
Проблемы Управления и Теории Информации, том 17, номер 2 (1988)

М А Т Е М А Т И Ч Е С К А Я  М О Д Е Л Ь  У Ч А С Т К А  
Г И Б К О Й  П Р О И З В О Д С Т В Е Н Н О Й  С И С Т Е М Ы

Ю. М. СОЛОМЕНЦЕВ, Е. Б. ФРОЛОВ

(Москва)

Для гибкого автоматизированного участка механообработки построена математи
ческая модель соответствующего производственного процесса, рассмотрена задача опти
мального управления производственной программой участка.

1. Введение

На основании тщательной проработки технологического процесса для 
всей номенклатуры изготавливаемых деталей создается гибкая производствен
ная система (ГПС), задача которой — обеспечить требуемое качество обработ
ки и заданную производительность [1], [2].

Экономические показатели работы ГПС существенно зависят от функцио
нирования системы при возникновении внутренних и внешних отклонений в ее 
текущей производственной программе [2], таких как:

1) выход из строя основного или вспомогательного оборудования, 
нехватка режущего инструмента, профилактический ремонт некоторых 
станков и т. п.,

2) несвоевременная поставка заготовок, появление приоритетных заказов, 
изменение номенклатуры обрабатываемых деталей и пр.

При этом система управления ГПС [3] должна оперативно рассчитать 
новый порядок запуска деталей на обработку, так, чтобы экономическая 
эффективность гибкого производства была бы максимальной. Экономические 
показатели ГПС во многом зависят от ритмичности сборки узлов и изделий, в 
состав которых входят изготавливаемые системой детали [1], [4]. Последние, 
как правило, имеют различный приоритет в зависимости от их принадлежности 
к одному или разным изделиям.

Перерасчет производственного расписания ГПС является N P-трудной 
проблемой, поэтому для большого числа одновременно обрабатываемых 
разнотипных деталей ее точное решение с помощью комбинаторных методов 
практически недостижимо.
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Для задач коррекции производственной программы ГПС используются 
формальные модели, описывающие технологические процессы обработки 
деталей. Имеющиеся в литературе математические модели гибких систем 
можно разделить на две основные группы [5], [6]:

A. Имитационные модели (Evaluative Models), цель которых — прогнози
рование поведения ГПС и ее отдельных подсистем в различных 
ситуациях. Алгоритмы оперативно-диспетчерского управления (прио
ритеты запуска деталей [7], [8], их технологические маршруты) 
считаются известными.

B. Модели для генерации управления (Generative Models), предназначен
ные для формирования оптимальных режимов коррекции программы 
ГПС (переналадок оборудования, запуска деталей на обработку с 
учетом альтернативных технологических маршрутов [7], [9] и пр.) по 
заданным критериям ее функционирования.

Имитационные модели, построенные на основе различных математичес
ких методов (теории массового обслуживания [6], [10], анализа временных 
рядов [5], [И ], стохастической аппроксимации и вариационного анализа [5], 
[12], методах сетей Петри [6], [13] и др. [5], [ 14]—[ 16]), в сочетании с 
современными программными средствами [ 17]—[20] (от языков типа 
FORTRAN или PASCAL до GPSS, SIMCRIPT, MAP/I, ADA и т.д.) позволяют 
выявить “узкие места” и ошибочные решения в реализации производственной 
программы, оптимизировать параметры гибкой системы, частично улучшить 
набор управляюших алгоритмов.

Используемые на этапах проектирования ГПС и долгосрочного планиро
вания, имитационные модели оказываются малоэффективными в задачах 
оперативного управления производством [5] (при различных отклонениях в 
текущем сменно-суточном задании).

Для генерации такого управления применяются математические модели 
второй группы, причем большая их часть основана на различных эвристических 
процедурах теории расписаний [21]—[23]. Ряд частных задач, связанных с 
управлением гибкой автоматизированной системой, удается решить тради
ционными методами исследования операций (см., например, [6], [7], [24]—[31 ]).

Однако, наилучшие результаты можно получить на основе методов 
теории управления, предполагающих наличие формального описания соот
ветствующих технологических процессов в виде динамической управляемой 
системы. Попытка использовать для этой цели модель в виде дискретной 
конечно-разностной системы, заданной в пространстве состояний [32]—[38], 
наталкивается на серьезные вычислительные трудности в связи с большой 
размерностью задачи.
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Авторы настоящей работы предлагают отказаться от трудоемких вычис
лений технологических траекторий (отдельных этапов обработки деталей 
различной номенклатуры). Основная цель определение оптимального числа 
запусков деталей различных типов (моментов переналадок станков) в пределах 
временного цикла работы оборудования [24]. Для этого строится математичес
кая модель технологического процесса механообработки в виде некоторой 
дискретной управляемой системы. Последующее применение дискретного 
принципа максимума позволяет эффективно решить задачу коррекции произ
водственной программы гибкого автоматизированного участка механообра
ботки.

2. Математическая модель производства на участке ГПС

В качестве иллюстрации построим математическую модель гибкого 
автоматизированного участка механообработки, состоящего из четырех стан
ков. Рассмотрим механическую обработку деталей четырех номенклатур, 
различающихся как видом материала, так и типоразмерами. Производство 
имеет циклический характер [4], [36], когда продукция выпускается в виде 
набора партий, состоящих из различного числа деталей определенного типа. 
Этот набор периодически повторяется через определенные равные промежутки 
времени, именуемые временем цикла.

Технологический процесс построен таким образом, что на первой стадии 
механообработки на станках M i (фрезерном) и М 2 (токарном) производится 
черновая обработка доступных поверхностей деталей 1 и 2-го, а также 3 и 4-го 
типов соответственно. Затем, на второй стадии механообработки детали 1,3 и 2, 
4 типов поступают соответственно на многоцелевые станки М 3 и М4 , где от 
новых технологических баз производится их окончательная обработка. Таким 
образом, каждый станок Mj (j = 1, 2, 3,4) может обрабатывать два типа деталей. 
Условная схема техпроцесса ызображена на рисунке. Оптимальные размеры ау 
партий заготовок (/ — номер типа, j  — номер станка) считаются известными 
функциями от к [4], [25], [26].

' Частично обработанные на станке М, детали 1 и 3-го типов в количествах 
013 и 024 (величина 01( определяется цикловой производительностью станка 
по деталям г-го типа, / — номер станка, на котором будет продолжена 
механообработка этих деталей) попадают на позицию смены технологических 
баз.

Число х х (к) и х2(/с) деталей 1 и 2-го типов, ожидающих в течение к-го цикла 
обработки на станке М , , удовлетворяет уравнению баланса:

4*

x l (k+\) = x l (k) + al l ( k ) - ß l3(k) 
х 2(к+ 1) =  x 2 ( / í )  + <x 2 i ( / c)  — 0 2 4 ( & ) .

(2.1)
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Mi М3

транс- 1-я стадия смена техноло- 2-я стадия выходной
портер обработки гических баз обработки накопитель

Рис. I

Аналогично для деталей 2, 4 типов и второго станка М2 получаем

х3(/с+ 1) =  х3(/с) + а32(/с)-^з3(/с)
*4 (/с +  1) =  х4(к) + а42 (к) -  ß44(k) ,

здесь переменные х3 , х4 , а32 , а42 , ß33, ß44 имеют тот же смысл, что и перемен
ные Xj ,х 2, а п  ,а 21 , ß i 3 , ß 2A Для станка М, в (2.1).

При смене технологических баз происходит переустановка деталей: ß l3 
штук деталей превращается в х9 штук деталей 1 -го типа, ß24 штук деталей — в 
х п  штук деталей 2-го типа (ßl3 = х 9 , ß24 = x , ,) и т.д.

В следующем fc+1-м временном цикле детали в количествах х4 + 1(/с+1) 
(/=  1,2, 3,4) вновь подаются в рабочую зону многоцелевых станков М 3 и М4 . 
Наконец, в выходной накопитель участка поступают готовые детали различной 
номенклатуры в количествах yt(k), где г — номер типа, / = 1, 2, 3, 4.

Построив аналогичные (2.1) и (2.2) уравнения баланса для станков М 3 и 
М4 , получим уравнения состояния процесса маханообработки деталей соот
ветственно 1, 3 и 2, 4 типов:

x t (k+l)  = x l {k) + <x11( k ) - ß i3(k) 

x 2(k+\)  = x 2(k) + cc2i( k ) - ß 24(k) 

x 3(k+\)  = x 3{k) + a32( k ) - ß 33(k) 

x4(k+\)  = x 4(k) + a42( k ) - ß 44(k) 

x 5(k+ l) = x s(k) + x 9( k ) - y l (k) 

x6{k+l)  = x 6(k) + x l0( k ) - y 3(k) 

x 1(k+l)  = x 1(k) + x l i ( k ) - y 2(k) 

x B(k+ l) =  x8(k) + x 12(/c)-^4(k).
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Предположим, что время цикла равно Т, и пусть tj — величина потерь 
рабочего времени в цикле за счет переналадки у'-го станка. Тогда

1 - У Т = { УЦ + У1])/Т, (2.4)

где у(- и у, - — длительности времен, в течение которых детали /-го и /-го ти
пов обрабатывались на станке Mj  (/=1,2,3,4) в пределах цикла длитель
ности Т (1 rg /, / íg 4).

Следуя [36], рассмотрим в качестве управляющих переменных величины

иЛк) = уц(к)/Т, и2(к) — у42(к)/Т,
из(к) = у 1з{к)/Т, и4(к) = у44(к)/Т.

(2.5)

Значения управляющих переменных Uj (/'=1,2, 3,4) показывают, какую часть 
времени цикла станки М 1 и М 3 обрабатывают детали 1-го типа, М2 и М 4 — 
детали 4-го типа (см. рисунок 2).

Обозначим через Sу максимальную цикловую производительность станка 
Mj по деталям /-го типа. Если станок Mj вышел из строя, то Sy = 0.

В сиду (2.4) и (2.5) на выходе станков М х и М 2 имеем:

ß iз(^) — ^ i i ui(k)

ß24(k) = S2l( \ - t l/ T - u 1(k)) 

ß3 3 (k)z= S 32(\ — t2/T — u2(k)) 

ß44(k) = S42u2(k).

(2.6)

Число деталей разных типов, поступивших в выходной накопитель 
участка ГПС в течение к-го временного цикла выражается формулой

yi(k) = S l3u3(k) 

y2(k) = S24(\ - t 4/T—u4(k)) 

y3(k) = S33( l - t 3/ T - u 3(k)) 

yAk) = S44u4{k).

(2.7)

Поскольку на освободившиеся палеты вновь устанавливаются заготовки, 
поступающие по вход-выходному транспортеру на первую стадию обработки, 
то справедливо неравенство

а 11 + а 21 + а 3 2 + а 4 2 =  Z  y j ^ d 0 , 
j= 1

( 2.8)
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(здесь d0 — пропускная способность транспортера), причем обшее число палет, 
находящихся на участке механообработки, ограничено:

x 1 + x 2 + x 5 + x7+(S11- S 21)m1+ ( 1 - í1/7’)S21^<í 12 
x3 + x4 + x6 + x8 + (S42 —S32)M2+ ( l - t 2/T)S32^ í/34.

В (2.9) предпологается, что для заготовок 1, 2-го и 3, 4-го типов используются 
различные палеты в количествах d12 и d34 соответственно.

Дополнительные ограничения на переменные системы определяются их 
физическим смыслом:

х,^0 i= 1,2,3,4, 5,6 , 7, 8  ,
Q = 1 7 = 1,2,3,4,

значения S^ Uj  и S u  (1 —t j / T — Uj) — целые числа, 

j =  1,2, 3 ,4 , l < j ,  l < 4 .

( 2. 10)

Таким образом, величина Uj(k) в случае 0 < иД/с) < 1 фактически определяет 
в силу (2.5) момент переналадки станка Mj  в течение к-го временного цикла его 
работы. SuUj(k) есть число запусков деталей l-го типа на j -й станок (/=  1,4).

Производственный процесс на рассматриваемом участке ГПС описывает
ся в соответствии с заданной технологией согласно (2.3) и (2.6) с помощью 
дискретной системы управления

x l (k+\)  = x i ( k ) - S l í ul {k) + ixl l (k)

х 2(к + 1) =  х 2(к) -  S2 j (1 — í J T -  и, (к)) + а21 (к)

х з(к+ 1) =  х3(/с) —S32(l —t2/ T —u2(k)) + a32(k) 

x4(fc + l) = x4(fc) —S42M2(/c) +  a42(k)

x5 (k +  1) =  x5 (k) + x g(k) -  Sj 3u3 (fc)

x6(k+l)  = x 6(k) + x 10{ k ) - S 33( \ - t 3/ T - u 3(k)) (2.11)

x7(/c+l) =  x7(/c) + x11(/c)-S24( l - t 4/T -w 4(/c))

x8 (к + 1) =  x8 (k) + x ! 2 (k) -  S44u4(/c) 

x9(k+ l) =  S11u1(/c) 

x 10(k+\)  = S32( \ - t 2/ T - u 2(k)) 

Х ц ( к +  1) =  S21(1 —t J T —Uiik))

x 12(k+ l  ) = S42u2(k)
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с выходом (2.7) и ограничениями (2.8), (2.9), (2.10). Здесь переменные х, , х2 и 
х3 , х4 означают число деталей разных типов, ожидающих обработки на станках 
Aíj и М2 соответственно, х5 ,х 6 и х7,х 8 — число деталей, ожидающих 
окончательной механообработки (от новых технологических баз) на многоцеле
вых станках М 3 и М4 . Вспомогательные переменные х9 ,х п  и х 10, х 12 
характеризуют производительность станков М t и М2 соответственно в течение 
предыдущего временного цикла.

Система (2.11) выражает состояние х =  (х7, . . . , х12) производства на 
участке как функцию входных потоков <хи{к) и вектора управления 
u = (ui , и2 , и3, ц4) для всех к = 0 , 1,2, . . .  Начальное состояние:

xi(0) =  x iO / = 1 , 2 , 3 , 4 ,  5 ,6 , 7 / 8 ,

х9(0) = х 1О(0) = хп (0) =  х 12(0) = 0.

3. Отклонения в сменно-суточном задании участка ГПС

Любые отклонения от намеченного производственного плана, возникаю
щие по организационным причинам [2] (отсутствие требуемых заготовок, 
необходимого инструмента и приспособлений, выделение группы приоритет
ных деталей, директивное изменение номенклатуры изделий и т.д.), приводят, в 
конечном счете, к изменению текущего сменно-суточного задания участка 
механообработки.

Перерасчет производственного расписания участка является NP-трудной 
задачей [1], [33] и поэтому не может быть эффективно осуществлен в реальном 
масштабе времени [27].

С другой стороны, учет динамики реализуемых технологических процес
сов в виде системы (2.11) позволяет получить решение задачи коррекции 
производственной программы участка ГПС при следующих предположениях:

С1: Оборудование участка не выходит из строя: Sy=const >0;
С2: В течение одного временного цикла допускается не более одной 

переналадки станка Mj  (/'=1,2,3,4); следовательно, потеря рабочего 
времени за счет переналадки станка определяется величиной

(tj(k) = Xjőj (k , k- l )
\ ő j ( k , k - \ ) =  sgn {oj+(l-<Tj)\  sgn Uj(k)~ sgn U j ( k - l ) \ },

где a j =  sgn { u j ( k ) ( \ - U j ( k ))}, 
гj — длительность переналадки M j , 
őj — число переналадок станка M j :
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(если Uj(k) = 1 или Uj(k) = 0, то <т; =  0, и станок не переналаживается 
лишь при условии, что в предыдущем цикле управление Uj(k — 1) имело 
то же значение, что и нД/с);

СЗ: ограничение (2,8) не является существенным — пропускная способ
ность транспортера d0 достаточно велика;

С4: ограничения (2.10) ослаблены: предполагается, что

х,(/с)>0 i= l ,  2, 3,4, 5,6,7,8, к =  1 , 2 , . . . ,  (3.2)

(т.е. на участке всегда имеются детали разных типов, доступные для 
обработки на станках M j ) как и в (2.10) O^Uj(k)^  1 , j=  1,2, 3,4, однако 
значения S^u^k) и Stj( 1 —tj/T—Uj(k)) — действительные числа, 1 ^  / ̂ 4, 
1=1,2,3,4.

Условие С4, в частности, означает, что детали какого-дибо типа могут 
отсутствовать лишь в начале первого временного цикла: начальное состояние 
системы (2.11) может иметь нулевые координаты. При всех остальных 
значениях к = 1, 2,3, .. ^вы полняется указанное в (3.2) требование х,(/с)>0, т.е. 
служба контроля загрузки палет обеспечивает надлежащий входной поток 
заготовок осп  , а21, а32 , «42 •

Плановый коэффициент загрузки оборудования, характеризующий ожи
даемую производительность участка механообработки, задает ограничение на 
общее число переналадок станков в течение интервала планирования \_q, N~\:

TN = £  Y  Ф ) й Т яр (3.3)
j= 1 k = 0

здесь TN и Tnp фактическое и плановое время простоя оборудования участка 
(связанное с переналадками) за N циклов его работы.

Добавим к уравнениям (2.11) уравнения состояния выходного накопителя

x 13{k + l) = x l3(k) + S l3u3(k)

x l4(k+ 1) = х14(/с) + S24(l -  t J T -  u4(fc))

х 15(к + 1) = х, # )  +  S33(l -  h I T -  u3(k)) (3.4)

x 16(k +1) = x 16(/c) +  S44u4(/c)

*i2+j(0) = 0 7=1,2,3,4,

здесь x l2+j{k) — число готовых деталей j-го типа, поступивших в выходной 
накопитель участка за к временных циклов.

Отметим, что величины tj, фигурирующие в (2.9), (2.10), (2.11), (3.3), (3.4), 
вычисляются в силу (3.1). Поэтому система (2.11), (3.4) — нелинейна.
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Таким образом, состояние производственного процесса описывается 
дискретном управляемой системой (2.11), (3.1), (3.4) с ограничениями (2.8), (2.9),
(3.2) , (3.3), а характер производства в течение N  временных циклов выражается 
минимизируемым функционалом

1 = Ф(х(0), X ( N ) ) +  У  (рк(х(к), и(к), к). (3.5)
к = 0

Функционал (3.5) является критерием оптимальности процесса производства на 
заданном интервале планирования [0, IV].

Нетрудно видеть, что по значениям вектора состояния х(/с+1) и х(к) 
системы (2.11), (3.4) можно судить о величинах простоев станков участка в 
предыдущем временном цикле:

t l( k ) = T { l - x 9(k+l ) /S11- x 11(k+l) /S21}

h(k)=T{ \ — x,o(/c+ 1)/S32 — х12(/с+ 1)/S42} (36)

t3(k) = T{(xl3( k ) - x l3(k+\))/Sl3+ (x l5( k ) - x l5(k+l))/S33 + l}

t4{k) =  T  {(x 14(/c) -  x i 4(/c + 1 ))/S24 + (x 16(k) -  x, 6(k + 1 ))/S44 + 1}.

С учетом (3.6) левая часть ограничения (3.3) на время простоя станков в течение 
N временных циклов имеет вид:

TN( x ) = r f  L 2 - x g( k ) / S n - x i 0 ( k ) / S 32- x l l { k ) / S 2 l - x l2( k ) / S ^ + 2 N -
к = О

- T ( x l3(N)/Sl3 + x l4(N)/S24+ x l5(N)/S33 + x l6(N)/S^). (3.7)

Нетрудно заметить, что ограничение на время переналадки оборудования
(3.3) может быть заведомо учтено, если включить TN в минимизируемый 
функционал (3.5).

Если измененное сменно-суточное задание участка ГПС (набор из 4-х 
партий деталей) выражается вектором потребности z=(zlt z2, z3, z4), где Zj — 
требуемое количество деталей j -го типа в партии, то простейшая задача 
коррекции производственной программы участка в течение N  временных 
циклов имеет критерий оптимальности вида

/ =  £  cj(x1 2 + j{N) — Zj)2 + c0TN(x), (3.8)
J= 1

здесь Cj — штрафные коэффициенты за невыполненное сменносуточное задание 
по j -му типу деталей, с0 — средняя себестоимость одного станко-часа простоя 
оборудования участка.
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Изменение сменно-суточного задания может также выражаться в изме
нении функционала (3.5). Например, требование «обеспечить выполнение 
задания г за N циклов так, чтобы детали 4-го типа были обработаны за 
минимально возможное время» подразумевает минимизацию функционала 
вида:

/=  X c/ x i2 +J{N)-Zj)2+ X kS44u4(k) +  c0TN(x). (3.9)
j=l k = О

Сходная постановка задачи рассматривалась в [7], [35].
С другой стороны, требование: «обеспечить выполнение конечного 

задания, придерживаясь известного производственного графика z/fc) 
7=1, 2, . . ., N» означает минимизацию функционала

/ =  X X CÁX12 +J{k)-Zj(k))2 + coTN(x). (3.10)
к=0j =1

Другие виды функционалов, применяемые в задачах управления автоматизиро
ванной механообработкой, можно найти в [7], [8], [24], [27], [36].

Таким образом, даже при фиксированном значении вектора z изменение 
требований к характеру производственного процесса (изменение вида функцио
нала (3.5), например, в виде (3.8), (3.9) или (3.10)) является, по-существу, 
изменением сменно-суточного задания участка ГПС и требует коррекции его 
производственной программы.

4. Оптимальная коррекция производственной 
программы участка ГПС

Проблема оптимальной коррекции производственной программы рас
смотренного гибкого автоматизированного участка механообработки в пред
положениях С1-С4 равносильна задаче управления дискретной системой (2.11), 
(3.1), (3.4) с ограничениями (2.9), (3.2) и функционалом (3.5). Начальное 
состояние х(0) системы считается заданным:

*.<0) = хш, xj + 8(0) = 0, i=l,2, 3,4, 5,6,7,8.
В соответствии с дискретным принципом максимума [37], [39] искомое 

оптимальное управление и{к) доставляет максимальное значение функции 
Гамильтона для всех значений /с = 0, 1, . . . ,  N — 1.
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Для рассматриваемой системы построим, следуя [39], гамильтониан по 
формуле

Н(х(к), и(к), ф{к+1))= £  'Pi(k + l)f(x(k), и{к), к ) -  
1=1

~<Рк(х(к), и(к), к) + ц 1̂ 1(х(к), и(к)) + ц 2̂ 2(х(к), и(к)), (4.1)

где f  — правые части системы (2.11), записанной в виде

x i( k + Y ) - x i(k) = f(x(k), и(к), к), (i= 1, 16),

функция q>k(x(k), и(к), к) содержится в функционале (3.5), а с, и определяются 
следующим образом:

= х , + х 2 + х 5 + x7+ (5 u  - S 21)u! +(1 —t1/T)S21—d l2 
£ 2  = х з + х4 + х6 + х8 +(S42 — S32)u2 + (1 —t2/T)S32 — d34.

Hi, ц2 — вспомогательные множители Лагранжа, связанные с ограничениями 
(8.9)

Hj(k) = 0 при условии £fx{k), и(к))<0,
Hj(k)<0 при условии £j{x(k), и(к))>0, у = 1 ,2 .

Переменные ф1(к+\)  из (4.1) являются решением сопряженной системы урав
нений [24]

фЦк + 1 ) - tpi(k) =  - 8Н/дх{х(к), и(к), ф{к+1)) (4.3)

i = l , 2 ,  . . . , 1 6 .

(4.4)

Для системы (2.11), (3.4) выражение (4.3) принимает вид

ф,{к) =  ф 1{ к + \ )  +  ц 1( к ) ~  d q y j d x i  i= 1,2,5, 7,

фj(k) = ф}(к + 1) + ц2(к) — dípjdxj j  = 3,4,6, 8,

ФЛк) = ф , - А( к + 1 ) - д < р ^ х ,  / = 9,10,11, 12,

ф]{к) = ф1{к+\)-д(рфдх2 )=  13, 14, 15, 16.

Граничные условия для сопряженной системы (4.4) определяются из условий 
трансверсальности [39]:

ф(Ы)=-дФ(х(0), x(N))/dx(N).

Таким образом, задача оптимальной коррекции производственной прог
раммы участка (в условиях С1-С4) сводится к нахождению вектора оптималь
ного управления и(к) = (щ(к), и2(к), и3(к), u4(fc)), доставляющего максимальное



P I 2 СОЛОМЕНЦЕВ, ФРОЛОВ: ГПС: МАТЕМАТИЧЕСКАЯ МОДЕЛЬ УЧАСТКА

значение функции Гамильтона (4.1) при всех Ас = 0, 1, . . N — 1, х(к) и i//(к+ 1) — 
есть решения системы (2.11), (3.1), (3.4) и системы (4.5) соответственно [37], [39], 
[40].

В заключение отметим, что если функции (рк(х(к), и{к), к) из (3.5) выпуклы 
по и(к) (или не зависят от переменной и{к) — случаи (3.8) и (3.10)), то при 
максимизации гамильтониана (4.1) управляющие параметры и, и и2 принимают 
максимальное значение

Mi— min{l, [dl2 Xi x 2 x 5 x-j (1 — S21)}
U2 =  min [1, [c/34 X3 — X4 — X6 — X8 (1— t2/7’)S32]/(S42 — ̂ 3 2 )}

(4.5)

тогда и только тогда, когда выполнены условия

S ll (il/9(k+ l ) - i l / l( k + l ) ) - S 21(\l/l l (k+l)-<p2(k+ 1 ) )^ -8(pk/8ui(x(k), и(к)) 
S42(iAi2(/c+ l)-iA4(fc+ 1 ))-S 32(iA10(/c+  1)-|Д3(/с+ 1 ) )^ -д<рк/ди2(х(к), и(к)).

Поэтому оптимальные значения множителей и д2 из (4.1) вычисляются по 
формулам [37]:

H!(/c) = min <0, Р ( х Ы  u(k)) + S l l{tpg{k+ 1) —<Ai(Ac + 1))dili

- S 21W ll(k + \)-*t'Ák + 1)) /(S2i - S n )b (4.6)

'8(pk
Í T {x{k)' u{k)) +  + 1 ) - ФЛк + 1 ))-ÖU 2

ц2(к) = тт <J0,

- s 32( ^ 10( fc + i) - ^ 3(fc+i)) /(S32 S42)>. (4.7)

Использование (4.6) и (4.7) в (4.1) гарантирует при ограничениях (2.9) и (3.2) 
выполнение условий 8Н/8ик =  0 и дН/ди2= 0 вдоль траектории х(к) и искомого 
управления и(к), к = 0, 1, .. ., N — 1. Полученные таким образом величины и^к) 
(/= 1, 2, 3, 4) определяют моменты переналадок станков М-у

Оптимальное число запусков деталей i-го и I-го типов на станок в 
течение к-го цикла его работы есть целые части величин S{juj(k) и 
S(/ l  — tj(k)/T— Uj{k)). Их своевременное вычисление позволяет эффективно 
решать задачу коррекции производственной программы гибкого автоматизи
рованного участка механообработки.
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5. Выводы

1. Задача коррекции производственной программы гибкого участка 
механообработки, являясь NP-трудной комбинаторной задачей, может быть в 
некоторых случаях эффективно решена методами теории оптимального 
управления.

2. Математическая модель участка механообработки, позволяющая 
получить эффективное решение задачи коррекции его производственной 
программы, основана на описании технологии изготовления деталей (с 
помощью имеющегося оборудования) в виде дискретной управляемой системы.

3. Оптимальная коррекция производственного процесса на участке ГПС 
осуществляется последовательно в течение нескольких временных циклов 
работы его оборудования. Соответствующее число запусков деталей на станки 
и моменты их переналадок определяются в результате решения задачи 
оптимального управления дискретной системой (при ограничениях на управле
ние и состояние) на основе дискретного принципа максимума.
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FA M IL IE S  O F  S E Q U E N C E S  
W ITH  O P T IM A L  G E N E R A L IZ E D  H A M M IN G  

C O R R E L A T IO N  P R O P E R T IE S 1

N g u y e n  Q u a n g  A
(Budapest, Hanoi)

(Received April 2, 1987)

Generalized Hamming correlation function is introduced. Bounds on out-of-phase autocor
relation and crosscorrelation are given. Family of sequences with optimal generalized Hamming 
correlation properties is constructed. As a corollary it is shown that the majority of the codewords 
of a Reed Solomon code have no inner period. Several interesting applications of sequences with 
good generalized Hamming correlation properties are mentioned.

1. Introduction

In many communication situations we need a set of sequences having not only 
good Hamming correlation properties but also some additional properties. In seeking 
for sequences which can be used in frequency-hopping systems and in the construction 
of protocoll sequences for multiple-access collision channels we found that it is useful 
to introduce a generalized Hamming correlation function to describe such sequences.

The concept of generalized Hamming correlation is introduced in the next 
section where some bounds on out-of-phase autocorrelation and crosscorrelation are 
given. In the last section a construction of families of sequences with optimal 
generalized Hamming correlation properties is given. As a by-product this gives also 
a direct construction of a subcode of the Reed-Solomon code over GF(q). The subcode 
has a very interesting property; its codewords have no inner period and the subcode 
has nearly as many codewords as in the original Reed-Solomon code if q is large. It 
turns out that such interesting subcodes can also be constructed from a large class 
of BCH codes [2]. Such a subcode is, thus, a self-synchronizing code with degree of 
comma freedom [6] at least q - 2 k + \  if the original Reed-Solomon code has к 
information digits and rate < 1/2.

1 This paper has been presented partly at the IEEE International Symposium on Information 
Theory, 5-9 October, 1986, Michigan, USA.

1» Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford
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2. The generalized Hamming correlation function

Let G be a finite Abelian group, the group operation is denoted by + , its 
neutral element is denoted by 0. Let x and у be sequences of length n over G, and 
N be the set set of integers.

The function of two variables defined below is called the generalized Hamming 
correlation function of two sequences x and у over group G:

Hxy( . , . ) :G x  N-+N

Hxy(a, i) = m (x -  S‘y, a) (1)

= X h[x(j)-y{j + i),a) 
j =о

where j  + i is taken modulo n, m(z, a) is the multiplicity of a in z, i.e. the number of 
times a occurs in z, the difference is understood componentwise, S denotes the cyclic 
shift operator, and

10, otherwise.

Note that Hxy(0, i) is the conventional Hamming correlation function [4]. 
Following Lempel and Greenberger [4], we use the following quantities for 

measuring the performance of sequences

H(x) — max Hxx(a, i)
0 < i < n 

aeG

(2)

H{x, y) — max Hxy(a,i)
0 ̂  i < n 

aeG

(3)

M(x, y)= max {H(x), H(y), H(x, y)}. (4)

We have the following bounds on H(x) and H(x, y).
Lemma. If x and у are two distinct sequences of length n over G then

Щх)^
n
Я

щ х , У) г

where q is the number of elements of G and Гх1 is the smallest integer greater than 
or equal to x.
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Proof. Let H(x) and H(x, y) be average out-of-phase values of Hx(a, i) and 
average value of Hx fa,  i), respectively. We have

(n- \)qf í (x) = X  X Hx(a, i)= X X X  h[x(j )-x(j  + i),a] =
a e G i  = 1 ae G  i =  1 j  — 0

= Z  Z  Z  h[x(j)-x{} + i),a] = n(n- l ) .
i = l  j  — 0  a e G

The last equality follows from the fact that the inner sum is always 1 for any j  and 
i. By the same way it follows that

qnH(x, y) = n2.

Since the maximum value is at least as large as the average value, the Lemma is proved.
Remark, It is clear that H(x)2 :1 and H(x, y)7z 1, so the bound of the Lemma 

is nontrivial only for the case n>q.
Let x be a sequence, the vector S‘x  is a cyclic shift of x, the vector x +  ul is 

called a translation of x, the vector S'x + ul is called a shifted translation of x. The 
possible number of cyclic shifts is n and the number of translation is q. A vector x 
of length n over G is called of maximal period if it has exactly nq distinct shifted 
translations. In the sequel we are interested only in the collection of maximal period 
sequences. For such a family we have the following bound.

Theorem 1. Let Я be a family of sequences with length n over group G such 
that each sequence is of maximum period and if a sequence x e H then its proper 
shifted translations, S'x + ul, i / 0  or u#0 , do not belong to H. Let

then we have

M(H) = max M(x, y)
x  e H 
y e H  
x  Фу

max ;Г1оё,(л|Я|)1

where |H | denotes the number of sequences in H and q = \G\.
Proof Let C be the set of all shifted translations of sequences in H. Since each 

sequence in H has maximum period, the number of elements in C is

\C\ = qn\H\.

Now consider C as a nonlinear code over G and let d(C) denote the minimum 
Hamming distance of this code. The Singleton bound [5, p. 544] gives

d (C )gn-logJC l + l.
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Now for any x e H, y e  H and x / y w e  have

Hx.y(a, i )=Y h[x ( j ) - y ( j  + i),a]
j =о

= n —d(x, z)
where

z = S‘y + a l,  

z e C, z Ф x,

d(x, z) denotes the Hamming distance between x and z.
Thus,

M(H) = n — d(C)

^ n - n  + \ogq(qn\H\)-  1 

= log,(n|H|).

By the Lemma the proof is completed.
In the next section we give a construction that achieves the above bound.

Л construction of families of sequences with optimal 
generalized Hamming correlation properties

Let G be the additive group of a Galois field GF(q) where q is a prime power. 
Let ß be a primitive element of GF(q), 2 ^ k ^ n = q —\ be a fixed integer, and A be 
a к x n matrix defined as follows

" 1 1 1 1

1 ß ß1 ■ ß"-'

A = 1 ß> ßA • ß2(n  1) (5)

1 ßk- ß 2 ( k - l ) ß ( n - U { k - l )

Theorem 3. Let Er be the set of qk 2 sequences of length n over G defined as 
follows

Er = {x :x =  űA,a =(0, l , a 2, . ■ (6)

where ah / =  2, . .  , , / c- l ,  is taken from G.
Then for all pairs of distinct x, у in Er we have

M( x , y ) £k - l . ( 7)
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Proof. First note that Er is just a subcode of the Reed-Solomon code of 
parameter [n, /с] over GF(q) with distance d ^ n  — k + \ .  Now let x, у be distinct 
elements of Er, i.e.

x = a \  and y=b\' ,  афЬ.

(i) By definition we have

H(x) = max m(x — S‘x, u)= max m (x - x', 0) -
u e G  x 'i* 0

= max (n — d(x, x')}
x '

where x' = u l+ S ‘x, 1 = (1 ,1, . . 1 )

x! = a'A

a' = (u, ß l,a2ß 2i, .. . .ak- lß ( k l

This implies that x' is a codeword not belonging to Er, hence хфх',  i.e. d(x,x')^. 
2;n — k+  1 or

H ( x ) ^ k - l  H ( y ) ^ k - \ .  (8)

(ii) In the same way as above we have

H(x, y) = max m(x — S‘y, u) = max (n — d(x, /)}
ueG y '

where y' = b'A' and

b'=(u,ß~l,b2ß - 2i, . . . , b k^ ß ^ k- l)i).

By assumption at least one aj ф bj, j  ̂  2. This implies that for all i and u, b' ф a, so 
we have

Н ( х , у ) й к - \ .  (9)

This and (8) complete the proof.
Let Em be defined as follows:

Em = {y = u \ + S ‘x : x e  Er, 0 ^ /< n , ueG}. (10)

Two vectors in Em are said to be in the same equivalence class iff they are shifted
translations of each other. With this partition, the set Em is decomposed into
equivalence classes. A subset of Em that contains one single element from each 
equivalence class is called the representative set of Em.

From the proof of Theorem 2 we have the following result.
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Corollary 1. Em defined by (10) is a subcode of the Reed Solomon code that is 
closed under cyclic shift and translation operations. Each element of Em is a codeword 
of maximum period. Er is a representative set of Em. Consequently, Em contains

\Em\ = nqk- ' = ( q - \ ) q k- 1
distinct codewords.

The families defined in Theorem 2 are optimal according to Theorem 1. 
Corollary 2. The families of sequences defined in Theorem 2 are optimal for all

q > 2 and 2 í£/cí£<j — 1.
M(Er) = k — 1

Proof. By Theorem 1 and Theorem 2

/с -  1 St M(£r) ̂  iiog()[(<2 — \)qk~ 2]1

ln (l-q r“ 1)
* - !  + ■

k - \ -

ln q 

1
(q - l ) \nq = k - l .

Our results show a very interesting property of the Reed-Solomon code which 
can be stated as follows. In a Reed-Solomon code almost all codewords have no 
inner period. More precisely, a codeword x of a cyclic code with length n is said to 
have inner period if there exists some i, 0 <i<n, such that S'x = x.

Corollary 3. Let T be the number of codewords of the Reed-Solomon code 
over GF{q) and T0 be maximum number of codewords which have no inner period, 
then „  ,

In other words, for large q almost all codewords have no inner period. 
Proof. It is obvious, by Theorem 2, see also Corollary 1, that

T o ^ - l W “2.

The statement of the Corollary follows immediately.
Families of sequences with good generalized Hamming correlation properties 

can be used in many interesting areas. In [1] we have shown how to use families of 
sequences with optimal generalized Hamming correlation properties to construct 
signature codes for frequency-hopped systems. These codes have good acquisition 
(synchronization) properties, can be decoded easily, and result in higher spectral 
efficiency than the Einarsson code [3]. In [2] optimal families of sequences have been 
used to construct nonlinear binary cyclic codes with constant weight which can be 
used as protocol sequences for collision channels without feedback.
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Corollary 3 shows a very interesting feature of the Reed-Solomon code, i.e. 
almost all of its codewords have maximal period. It is shown in [2] that the same is 
true for a large class of linear codes.

It is worthwhile to note that optimal families of sequences as that given in 
Theorem 2, and families of optimal sequences do not mean the same. The problem 
of finding families of optimal sequences according to the Lemma, see also [4], is an 
open problem. Another open question is to determine the exact number of codewords 
having no inner period in the Reed-Solomon code.
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SET P O IN T  C O N T R O L  A N D  O F F S E T  C O M P E N S A T IO N  
IN D ISC R E T E  LQ  A D A PT IV E  C O N T R O L

J. Böhm

(Prague)

(Received February 1, 1987)

The set point control occurs frequently in practice resulting in d.c. value in the system 
output. The use of feedback controllers not designed with respect to d.c. value can lead to steady 
state error, the offset. The extension of LQ design oriented to adaptive regulators for systems with 
d.c. value is dealt with in the paper. Some atention is paid to the offset problem and its compensation. 
The problem is solved in detail for the square root method of LQ design.

1. Introduction

Linearization of the mathematical description of a real system leads to a linear 
difference equation relating the input u, and the output y, of the system in the form

MR MR
У,= X aty,-i+ X b u - i  + k + v, (1)

i = 1 i = 0

where bh a, are coefficients of the system, 
v, represents stochastic disturbance,
к represents all bias in the system, either inherent in the system itself or caused 
by a disturbance.

Presence of the d.c. value in the system output is the result of к  / 0 .  It is known 
that the feedback compensation of a d.c. value without an integration term causes 
offset. The same situation occurs when a nonzero set point is assumed.

Standard textbooks frequently suppose k  = 0. A suitable choice of the scaling 
of variables can actually make any d.c. value equal to zero for a known constant system.

In the case of control of real systems, d.c. value should be admitted and special 
measures must be taken to cope with the offset problem. The usual measure is to 
incorporate the integrator action in the open loop. An alternative approach uses the 
system model in an incremental form

MR MR

Ау,=  X  M y . - f +  X  M « i - i ( 2 )
i = 1 i -  0
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and the controller based on such a model automatically compensate any possible 
d.c. value.

In both cases integration action is added to the open loop explicitly. This 
changes closed loop properties including stability conditions and robustness.

An alternative approach to solving the problem with d.c. value for adaptive 
regulators based on model (1) up to the second order, is treated in [1] and the offset 
compensation is dealt with in [2].

In this article the solution is extended to the case of the general model (1). First, 
the minimization of the general quadratic criterion will be performed, including d.c. 
value and variable set point. An analysis of the result is made and a detailed solution 
of the set point control with offset compensation will be given for the square root 
optimization procedure of the quadratic criterion used in LQ general purpose adaptive 
regulators.

2. Minimization of the quadratic criterion in the presence 
of d.c. value and nonzero set point

The system described by the linear multivariate regression model (1) will be 
considered in the form

y, = Pz, + k'+et (1')

where y't = (y}, yf,  ■■■,y“ r) k' = [kt , k2, . . kMr] 
u, = (u’,,u?, .. ,,u“u) 
e, = white noise, E{e,}= 0, cov(e,) =  R 
P =  [^o> > Bit ■ ■ •> Bmr]
xi- 1 =  [У(- l> ut- 1> • • Уг-МЯ>
z', = \_u„xt. ^

Ah ß, are matrix coefficients of corresponding dimensions. For the time being let us 
take them to be known. When applied to adaptive regulators, Ah ß f will be substituted 
by their estimates obtained by some identification method. (See e.g. [5].)

For the successive minimization of a quadratic criterion the state space form 
of the regression model (1) will be more convenient

x, =  Pxx,_i + Рии, + 1с + Ге, ( 1 ")
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with

px= P Pu = bo r  = ly k= к

0 0 . . 0 0 lu 0 0

1 0 . . 0 0 0 0 0

0 1 0 . . 0 0 0 0 0

„0 0 . . . 0 0 0 0 0

/„ are MY* M Y  от MU* MU unit matrices
has dimension IR x IR where IR — MR*(MU + MY)

Pu has dimension MU x IR.

Standard solution of the LQ problem for /c = 0

Let us briefly recapitulate the standard solution of the LQ problem. The 
quadratic criterion is

J T min I  X  (y'.Qyyt + WtQuut)/u0, y0
Г T

(3)

or in the state form

1 f T
x'tQxxJxmin

1 •. • Mr r £<[ Í ,

~Qy 0 0 . . 0

0 Qu 0 . . 0

0 0 0 . . 0

0 0 . . 0

(3')

E { . . f x } stands for conditional expectation.

The part y',Qyy, measures the distance of the output from the desired value 0 
and u',Quu, penalizes the “control effort” to achieve the desired value over the interval of 
planning T. The result of optimization for T-*oо is mostly needed for real processes.
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The solution is well known. It is obtained e.g. via the solution of the corresponding 
matrix Riccati equation and can be written in the following form

-(P'uGl +1 Pu + QuYlP'uG,+ lPx 2C,_ , = — L,X,_ ! (4)

G,= Gt+ l—L,P UGI+1PUL, — L,QUL, (5)

Gt +1 — GI + j +  Qx. (6)

Minimization of the quadratic criterion for variable set point w and к ф 0 

The following criterion is then to be minimized

J T= 1/ T  min £ j  X ( х , - Г w f Q f x . - T w,)j (7)
Ul . . . И Т  I  t =  1 J

Criterion (7) can be minimized successively starting from the end of the interval 
t = T to t = 1 by a method similar to dynamic programming described in detail in [3,4].

The process of successive minimizations can be expressed as an evolution of 
the cost-to-go for t = T, T— 1, . . 1 .  It can be written as

K*(t, T)= min Е{(х, — Гw,)'Qx(x, — Г w,) + K*(t+ I, T)/yt_u u,} (8)
Ut

with
J*= 1/7K*(1, T) K*(T+1, T) = 0. (9)

Let us follow one step of optimization in detail. The optimal cost-to-go can be expected 
in the general quadratic form. Then

K*(t+ 1, T) = x',G,+ 1x l + 2M'l+1x, + N t+l. (10)

After performing the expectation in (8) considering (10) and using model (1") we obtain

K{t, T) x, _ \ Hxx tx t - j T 2utHux tx t-  j utHuujUt -f- 2Í< G, + j PXxt - 1 -b

+ 2к[ +1 Puu, + kt + ik + tr(r Gl + IГЯ) + 2M,+ )Puu, +

+ 2 M't+l Pxx, _! + 2 M't+1k + N l + l + ( k - Pw,)'Qx(íi - Г w,) +

+ 2 ( к - Г  wl)'QxPxx , - l + 2u',P'uQ1ff i -rw,) .  (11)

The optimal u, can be obtained by deriving K(t, T). So from
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it follows

where

Substituting(12) into (11) the optimal K*(t, T) will be obtained in the form of(10) with

Comparing (13a) with (5) we can see that the evolution of G is the same and 
does not depend on к or w = 0, /c = 0. From (12) we can deduce that и can be expressed 
in the form

where u, f  is given by (4) and represents the feedback for k = 0 and w =  0, while u, k 
and u, w are the part of the input corresponding with к and w,.

Let us follow the behaviour of criterion (10) for T-* oo. It is known that in a 
stabilizable system G, converges to steady state matrix Gx . The steady state values 
of M, and N, can be searched only for w, - hv for T-»oo.

The evolution of Mt is the following

Equation (15) is the first order multivariate linear equation for M. For stable Q, (15) 
is stable and the steady state solution for к = const, and w, = w=const. is given by

(13a)

(13b)

(13c)

u* = u,'f  + u,'k + ut'W (14)

M', = M'l+l+k'Gt + lQ-(rw) 'QxQ (15)

where Q is the closed loop matrix

C2 = (Px- P uHuulHux)

M x = ( i - a ) - ' n ( G j - Q xr w). (16)
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The absolute term N, grows but its increment AN, = N, — Nl + l is limited as all 
components of N are finite constants or variables converging to finite values. We can 
write r _1

N l =2NT + X  ANt. (17)
i= 1

Finally, the value of the criterion (7) is

j j.=  1/ t | x'0G1x0 + 2M'1x0 + 2N7.+ T£  dN,J (18)

and the infinite horizon criterion will be

J„ = lim JT = AN*.  (18')
T -* oo

Using (13) the ANn  is given by the following formula

A N ao = íc\\ - ß ) “ ‘(l +Q)GÍ<-2Íc'(\ — Й)"1 Qxrw  + (Гw)'Qxr w -

- ( Ő E - Q S w W - Q y ' P ^ ^ P W - Q r ^ Ő K - Q S w ) .  (19)

From the condition for control without offset it follows that J x = 0. Consequent
ly, AN„ is equal to zero. To avoid offset we will aim at deriving such control that 
*N„ = 0.

It is known that for standard LQ synthesis ANX — 0 only for Qu = 0. Using 
<2„/0 the minimum of the criterion is reached even if E{yx — w}#0. The reason is 
that in the criterion the demand for E{yx — w}=0 is not explicitly expressed.

Minimization of the criterion with an additional condition 

The condition for zero offset is usually defined as

lim E{y, — w,}=0. (20)
T -* oo

As our optimization problem is formulated for a finite horizon criterion (3) it would 
be better to reformulate the condition in terms of finite horizon. The criterion

(y ,-w ,) |= 0  (20')

is well suited to be incorporated to criterion (3) using the Lagrange multipliers. It 
even reflects the demand for finite time “offset” and for T  tending to infinity passes 
to criterion (20).
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The criterion to be minimized is then

J T= \ / T  min £  { £ ( * , - £ w,)'Qx(x,-rw,)  + X(y,-w,)) (21)

where Я is a Lagrange multiplier.
The minimization of this criterion can be performed in the same way as in the 

previous case. The general step of minimization of (21) gives

u * = - H uul(Huxx , . l + P'u(Gl+lk + M ,  + 1+Qx̂ - r Wl)+ 1/2 ГЯ))
= ux + uk + uw+ux. (22)

Optimal u, is similar to (12), there is just one more term, namely ux. The quadratic 
term will not be influenced by Я but the other terms become a function of Я. The 
optimal value of Я is obtained from condition (20). First, x ao=x,  for t-* oo is calculated 
using (21), (1") and хда —w = 0 gives the equation for Я. The result is

я = (Г\1- f l ) - 1 Рин и и 1 Р'игу - V -  г у  -  ау- 1 [ к - r w —

-  РиНи~и 1  Р‘и{1 -  fl) - ‘(G£-  ö,£vv)]). (23)

In this way the problem was theoretically solved for the case of constant к and w.
Remark. There is one possibility to calculate Я even for finite T, namely for 

T= 1. In that case Я becomes a function of x t. For different t we obtain different Я, 
according to x, but it will ensure E{y, — w,} =  0 in each step and arbitrary к and w. 
However, the stability of the closed loop is not guaranteed for such criterion.

3. An alternative modification of the criterion

Relation (23) is not well suited for practical calculations. From the previous 
analysis we have seen that for the compensation of the offset it is necessary to add 
the term ux that is a function of к and w. Let us consider that u, for t-* oo will be 
composed of

ü, = u, + u0 (24)

where u0 is sought so that the condition for nonzero offset may be fulfilled. Due to 
(24) the penalization of и will now have the form (m, — u0)'Qu(u, — u0) and the criterion 
to be minimized is now

J T= l / T  min E
u 1 • ■ • Ut

£  O'« -  w,)'Qy(y, -  w,) + (u, -  u0)'QJu, -  u0)/x0 (25)

and in the state space form

J T= 1 /Т  min E
и 1 ... ut

( x - E w,uJ Q ( x - r wJ / x (25')

2
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where
(26)

The minimization differs from (7) only in term Fw uo and the results previously obtained 
can be directly used. The optimal control is

The part N  becomes now a function of u0. From (19) u0 can be chosen in such a 
way that A N X = 0. However, the resulting formula is also complicated. In the following 
part of the paper the problem will be solved in the framework of square root technique, 
and it will be shown that the solution of the offset problem is much more accessible 
in this way.

In the previous part we have solved the problem of offset for к = const, w = const 
and obtained some teoretical results that are rather complicated for practical use.

The square root method is very efficient for real time adaptive algorithms where 
higher numerical stability and computational efficiency is required mainly to ensure 
the nonnegative definiteness of the minimized quadratic form even when computing 
with reduced word length.

The square root LQ synthesis is described in detail in [4] where the basic 
optimization procedure is derived and the variable set point control is dealt with, 
however, the problem of the offset is not solved.

To present the results of the offset compensation we will need to recapitulate 
the basic features of the square root approach and the results obtained. After that a 
very simple idea of how the offset can be compensated will be presented and solved 
for the single input single output case.

The square root minimization is similarly based on dynamic programming but 
the matrices G, N and M in (10) are propagated throughout the whole recursion in 
the factorized form. The following ideas are implemented in the square root method.

1) The regression model (1) is used to describe the system and the criterion (25) 
is used to express our demands.

2) The general quadratic form of the cost-to-go (10) is expressed by one square 
symmetric matrix S and the augmented vector x' = [x', 1] in the form

(27)

4. Set point control in the square root minimization technique

K*(t, Г) =  х,_Дх-I- i j iai- i (30)

and (8) have the form

K ( t ,  T )  =  E  {x,(S, +, + Q x) x, /x t . ,  u,}. (31)



In this case the regression model will be written in the form

x, =  Pz, where P = Г P к

1 0 .  . 0 0 0  

0 1 0  . 0 0 0

0 0 .  . 0  0 1

3) The matrices S, and Qx are factorized into the Cholesky square root factors

BÖHM: SET POINT CONTROL AND OFFSET COMPENSATION 133

S,Q
S'S = S

Q'Q = QX

s=s112
Ő = ÖÍ/2- (32)

For our purpose the upper triangular form will be suitable. Factors of Q have special 
form

e = Q i /2= Ql12 0 0 . . 0 - Q i 12

0 QlJ 2 0 . . 0 - Q l 12
0 0 0 . . 0 0

. 0 0 0 . . 0 0

Under these conditions K(t, T) can be written as

K*(t, T) = min E
Ut

jx , S(+i
.  Q .

x j x t- 1

w

(33)

where

as

S i
q means the extension of S by rows of Q.

4) The expectation in (33) is calculated by

S'

K*(t, T)= min ?,P'
Ut

S T ~s~
Q_ _Q_

Pz,

=  min zJH'Hz,.
Ut

(34)

2 *
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5) The minimization step is performed in such a way that H is converted to 
the triangular matrix H by the orthogonal transformation, using the identity

z',H'Hz, = z'tU' T  THz, = Zfi'Hz,
with

T'T=l  and 7Н = Я.

Due to the structure of z and the triangular form of H, u, influences only the 
MU first elements of Йг,. To minimize K(t, T), it is sufficient to choose such u* that 
it makes these elements equal to zero. I.e.

Йши Г = - Й ихх (35)

where the decomposition of H to the submatrices corresponds with the composition 
of the vector zt.

The rest of Й, i.e. Йхх =  S, represent the optimal cost-to-go 

K*(t, t ) = x|_ 1s ;s (x,_ i .

The matrix S(fíxx) can be further decomposed to the parts Sxl, Sxx and S u .

The evolution of Sxl and S ,, is also apparent from the diagram. We can follow 
that in the expectation step Sxl is shifted upwards and the vacant elements are filled 
with

-6>1/2w„ - ö ú /2“o-

During the minimization step the column will be changed by reductions of elements 
indicated by hatching.

Now we are getting to the main point. The absolute part of the criterion causing 
offset is formed by those parts of the reduced rows that remain after IR — 1 reductions. 
The IRth reduction only signifies the accumulation of residuals. Now the question 
arises if it is possible to choose the values of u0 in Sxl so that the residuals vanish.
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The answer is positive. The method of its implementation is based on the 
algorithm of evolution of S*j. The idea will be explained in a simple case of one 
input, one output (MU = 1, MY= 1) and for the regression model of order MÄ.Then 
p = 2*MR + 2 and there are p coefficients ch S; determining the successive reduction 
of one row. The last column of Hxx will be influenced by the last element of the 
reduced row. Let us indicate it by r. After the first p — 3 reductions the first p — 3 
elements of S*! are changed and r is also changed to rp_3.

Further reductions of r have the following form

S x l - p - 2 =  - C p - 2 Q y W ,  +  Sp - 2 r p - 3  

r p - 2  =  Cp - 2r p - 3  +  Sp - 2QyW,

^ х Г -  1 ^ P ~  T  2

^ p -  1 Cp - 1 ̂ p -  2 T Sp - 1 Qu^Oyt

the condition for zero increment of the absolute term is

' , - i = 0
from which

Q u ^ 0 , t  Cp -  1 / S p  -  Í ^p -  2 Cp — l / S p  -  l ( C p  -  2^*p — 3 + S p -  2 Q y ^ t ) '

For the multivariate case the complexity of the solution grows with dimensional
ity of input but it always leads to the systems of linear equations.

The properties of the method are as follows:

1) It makes the absolute term of the quadratic form equal to zero to fulfil 
lim (y, — w) = 0.
t -* 00

2) Given solution influences only the part of u, that represents k, w, u0. The 
roots of the closed loop are not affected.

3) It can be used for arbitrary w and varying k. No assumptions about their 
form have been made. Of course u0 will vary as well.

4) It is a simple extension of the existing square root algorithm.
5) Modification for w#const can be deduced, the complexity of which does 

not grow much for the multivariate case.

5. Conclusion

The problems of the set point control, absolute term к in regression model and 
the offset have been discussed. It has been shown that the presence of /c /0  and the 
set point control is treated in a similar way and the solution is a rather simple 
extension of known results. The offset originates from the incorrect application of
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quadratic criterion that usually does not reflect the demand for zero offset. Two ways 
of modification of the quadratic criterion have been proposed and the offset 
compensation has been solved for k  =  const, w = const.

Then the offset problem has been solved in the square root optimization method 
that is used for the design of adaptive regulators. The offset compensation is not 
limited to к  =  const, w = const in this case. The methods of the offset compensations 
are so simple that regulators based on normal regression model can compete with 
the incremental ones or even prove superior.
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Управление и компенсация отклонения с дискретными адаптивными 
регуляторами, основанными на линейно-квадратическом синтезе

Й. БОМ 

(Прага)

Работа посвящена построению адаптивных регуляторов для линейных управляющих систем 
с постоянной составляющей. Регулятор обеспечивает управление и компенсацию возмущений с 
ненулевым средним значением без помощи интеграционного звена.

Указан способ выбора квадратического критерия оптимальности, приводящего к соответст
вующему управлению, обеспечивающему нулевое отклонение в установленном состоянии. Предло
женные процедуры вычисления основаны на методе разложения матриц в квадратные корни.
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D Y N A M IC S O F  TH E SET O F  VIABLE TRA JECTO RIES 
T O  A D IF F E R E N T IA L  IN C L U SIO N :

T H E  E V O L U T IO N  E Q U A T IO N

A. B. K u r z h a n s k ii, T. F. F il ip p o v a

(Sverdlovsk)

(Received June 22, 1987)

The paper deals with the specification of all solutions to a differential inclusion that satisfy 
a preassigned restriction on the state space variables (the assembly of viable trajectories). The 
equation describing the evolution of the attainability domain for a given inclusion under phase 
constraints is proposed.

1. Introduction

The present paper is devoted to the problems of constructing mathematical 
models describing the dynamics of complex nonlinear systems with uncertainty. The 
latter means that the disturbances in system inputs and in the current measurement 
are uncertain. They are taken to be unknown in advance with respective information 
being restricted to only a set-membership description of their values. It is assumed 
also that there is no statistical information on the unknowns.

Under such assumptions the system state at each instant is not single-valued. 
Therefore, one cannot describe the total dynamics of the studied system by a solution 
of a differential equation as it was in classical control theory. The natural formalization 
of the problem considered below is fulfilled on the basis of ideas and methods 
of differential inclusions theory [1-3]. According to this formalization in place of an 
isolated process trajectory we have an assembly (or a bundle) of solutions of a 
differential inclusion that arise from a given set of possible initial state vectors. 
Proposing a differential inclusion to be an adequate model we must take into 
account the available measurements of system parameters. The latter may be expressed 
mathematically in the introduction of the so called informational domains [4-5]. 
These domains are generated by all the solutions to a differential inclusion that are 
consistent with the results of on-line observations. In other words, considering the 
measurement procedure as a phase constraint on the state space variables, we must 
reduce the set of inclusion trajectories to those that are viable with respect to 
the phase restriction [1-3].

Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford
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As it is known [6-7], the tube of viable trajectories may be described by a new 
differential inclusion whose right-hand side is formed with the aid of a tangent cone 
to the phase restriction. We develop here another approach to the problem under 
consideration in order to avoid the cumbersome procedure of constructing the 
above-mentioned cone-valued mapping.

Note that time-cross-sections of the set of viable trajectories may be considered 
as analogies of the phase vectors for the standard control system since they absorb 
all available information on the system behaviour. Then the problem of discovering 
the evolution law for these “phase states” of the uncertain process is relevant. This 
paper is devoted to the solution of this problem and continues the investigations 
[1-3]. It is demonstrated that cross-sections of the viable solution assembly satisfy a 
special evolution equation. This equation generalizes the integral funnel equation 
[8-9] and coincides with the latter in the absence of phase constraints.

2. Statement of the problem

Let R" be the n-dimensional Euclidean space. For x, yeR"  let x'y (or (x, y)) 
denote the usual inner product of x and у with the prime as the transpose, ||x || =(x'x)1/2, 
S =  { x e R " :||x ||^ l} . Denote conv Rn to be the set of convex compact subsets of R", 
h(A, B) to be the Hausdorff metric for A, B e  conv R".

Consider the following differential inclusion

x e F(t, x) (2.1)

where х е Г ,  F is a continuous mapping from [t0, T] x R" into conv R". We will 
assume the Lipschitz condition for F to be satisfied (L > 0):

h(F(t, x), F(t,y))^L\ \x-y\ \ ,  V x, у g Rn.

Assuming set X 0 e conv R" to be given, denote x[í] =  x(t; t0, x0) (r0 íS t ;£ T) to 
be the Carathéodory-type solution to (2.1) that starts at x[r0] = x 0 G X 0. We further 
require all solutions (x(t; i0, x0)|x0 g  X0} to be extendable until instantT [10].

Let T(t) be a continuous mapping from [í0, T] into conv R", A 0E У(Г0).
Definition 2.1 [1-3]. A trajectory x[i] = x(i;t0,x 0) (x0e X 0, t0^ t ^ T )  of 

differential inclusion (2.1) will be said to be viable on [t0, t] (t^T )  if

x [ í] g T(í) for all t g [t0, t] . (2.2)

For every x0 g X 0 the set of all viable on [t0, r] trajectories x( •; i0, x0) will be 
denoted as A] •; t, t0, x0)

A( •; г, t0, A0) = U{ X(  ■; t, i0, x0) | x0 g A0}, 

and its cross-section at instant x as X(z; t0, x0) and X(t; i0, X0), respectively.
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Let A*( •; t0, X0) be the solution assembly of a differential inclusion (2.1). Under 
our assumptions the set

M = U{X*(r,t0, X 0)\t0i t ^ T }

is compact in R" [9, 10]. Let us denote the graph of the map F(t, •) as gr,F (t is fixed): 

gr,F = {(x, y) € R" x R": yeF(t,  x)} 

and the interior of A ^ R "  as int A.
Assumption A. 1. For some convex compact DcR"  such that M ein t D, the set 

Dngr,F is convex for every t e [t0, Т].
2. There exists a solution x „ [ ]  of inclusion (2.1) such that x ,[ t0] e X 0 and 

x*[í] e int Y(t) for arbitrary t e [t0, Т].
Note that under Assumption A, the bundle 2f( ■; r, t0, X 0) of viable trajectories 

is a convex compact subset in the space C[i0, Г] of all continuous n-vector functions, 
its т-cross-section X(z; t0, Х0) is a convex compact subset of R".

It is known that sets X(t; t0, X 0) satisfy a semigroup property:

Therefore, they define a generalized dynamic system. The construction of an adequate 
evolution model describing this system is the subject of the present paper.

is differentiable in t and its derivative d/dtp(l\ Y(t)) is continuous in (t, /).
The following statement is true:
Theorem 3.1 Suppose Assumption A is fulfilled and the restriction map Y( ■) 

satisfies either Assumption В or Assumption C. Then т-cross-section X[Y] = X(v, t0, X 0) 
of the set A")-; t, f0, 2f0) of all viable trajectories to a differential inclusion (2.1) 
is the solution of the following evolution equation:

X(t; i0,2f0) —Af(r; s, 2f(s; t0,2f0)).

3. Evolution equation

We demand further one of the following hypotheses to be satisfied. 
Assumption B. The graph grY is a convex compact subset of R 1+n. 
Assumption C. For every / e R" the support function

p(/|Y(t)) = max{/'y|yeY(i)}

(3.1)

* [ t0] - * o .  to = T = -̂
The proof of this main theorem follows from a number of Lemmas given in the next 
section. Concluding this paragraph we make some remarks.
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Remarks. 1. Assume the hypotheses of Theorem 3.1 to be valid. Then the 
set-valued mapping Х[т] = Аг(т; t0, X0) is continuous.

2. Replace Assumption A (2) in Theorem 3.1 by the following one: there exists 
a solution x„[ ■ ] of (2.1) such that for almost every t e [t0, T] x*[í] £ int Y(t). Then 
the evolution equation (3.1) for X[z~] will be fulfilled almost everywhere on the interval 
[i0, Т]. In this case X[r] may be discontinuous on a set {t} of measure zero. (As it 
is known [4], function Л^т] is continuous from the left and upper semicontinuous 
from the right in every point т £ [f0, T]).

4. Auxiliary constructions

Here we give some preliminary results each of which substitutes a successive 
step in the proof of the principal Theorem 3.1.

Let r e [ í 0, T] be fixed, X[z] = X(z; t0, X 0).
First, we have the following estimate:
Lemma 4.1. Suppose Assumption A is true. Then for every e>0 there exists 

а <7„>0 such that

^ I T + 0'] — U (x + oF(z, x))ny(T + cr) +  E<TS
xeX[t]

for all a e [0, <т+].
The next estimate is more precise. Denote for every a > 0

(4.1)

z =  * =  Í Vx(£)dZ, vx(s)eF(z,x), (4.2)
r

+ J vx(£)dl; £ T(s), T ^s^T  + er}
t

(here t, t + <t] is the space of all integrable on [r, t + ct] n-vector functions). 
From the definition we have

Zff(T) = U {Z,(r, x 0 ) | x 0 £ X [ t ] }

where Za(x0,z) is the (r +  u)-cross-section of the tube of viable solutions to the 
differential inclusion

dx
I t E F(z, x„), x(t) = x0,

x(l) £ Y(t) ( z ^ t ^ z  + a).
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Lemma 4.2. Under Assumption A for every e > 0  there exists ат > 0  such that for 
all a e (0, cr„J the following inclusions hold:

X [ t + o] £  Za(z) + £<tS ( 4 . 3 )

Z„(t) c  M  ( x  + oF(z, х ) ) п У ( т  +  ст) +  £0-5 .
хел[г]

( 4 . 4 )

Let Z'Jt) be the subset of Z a(r) related to the constant functions u*( •) in (4.2): 

Z'„(z) = N {x + or | r> e F(t , x)n( P) s _1(y(T + s) —x))}.
Х6Л[г] 0<Ŝ «X

Lemma 4.3. 1. Suppose Assumption A is true. Then for every £>0 there 
exists o+ >0  such that for all a e (0, a*]

Z a(z)£X[z + o] + e o S .  (4.5)

2. If Assumption В holds then for every o > 0

у  (x + o-F(t, x))n У(т + o) £  Z'a(z) c  Z„(r). (4.6)
X € л [t]

Combining Lemmas 4.2 and 4.3 we obtain 
Corollary 4.1. Under Assumption A

lim a~ lh(X\_t + «t], Z„(t)) = 0.
a~*0 +

Now introduce some auxiliary constructions. Define for an arbitrary closed set 
C c R 'a  contingent cone T^x) (x e C):

Т()х) = | ге  Rn: lim inf a~1d(x + (rv, C) = 0
( <r-0 +

and for the multivalued mapping Y(-) a contingent derivative DY(t, y)(a) 
(<xeRl, (t, y)egrY):

DY(t, y) («) =  {« e R": (a, v) e TgrY(t, y)} [6, 7]

(here d(x, C) =  min {||x — c|| | c e Cj).
Determine

V(t,y) = DY(t,y)( 1) (4.7)

for (t, y)egrY. Under Assumption C for all (i, y)egrY the set V(t, y) is closed and 
convex in Rn [6].

Following [11] consider a local approximation У„(т) for the set-valued map 
У( •) near a fixed point z:

В Д =  n  (у +°П*,у)), У0(т)=У(т).yen t)
( 4 . 8 )
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Lemma 4.4 [ 11 ]. 1. Let Assumption C be fulfilled. Then for all a > 0 the following 
equality is true

а д  = {z 6 R": I'z й p(l\ ВД) +  <Td/dzp(l\ У(т)), V / e R"}.

2. Suppose assumptions A (2) and C hold.
Then for every e> 0  there exists a o * > 0  such that for all cre(0, o*]

Y(x + <r) E Y„(t) +  eaS (49)

У„(т) с Ц г  +  (т) +  ecrS.

Note that the graph of the map Ya(z) (as a function of a) is convex. Therefore, 
in view of Lemmas 4.1—4.4 we have established

Lemma 4.5. Let Assumptions A and C be satisfied. Then

lim a + (J (х +  о-Т(т,х))пУ„(т)) =  0.
a - *  0 +  хел[т]

Summarizing the results of Lemmas 4.1-4.5 we arrive to Theorem 3.1.

5. The linear system

Consider the following system

xeA(t)x  + P(t) (t0^ t ^ T )  (5.1)

where x e Rn, A(t) is a continuous n x n-matrix function, P(t) is a continuous map 
from [r0, T] into conv R".

Let us keep the same notation X( •; t, t0, 2f0) for the assembly of all solutions 
of (5.1) viable on [t0, t] with respect to restriction Y( ■);

X CT] = 2f(r; t0, X 0) = X(v, г, t0, X 0).

Assumption A (1) is fulfilled automatically for the linear inclusion (5.1). Hence 
we propose only

Assumption A'. There exists a solution x+[ ■ ] of (5.1) such that 

jĉ [r] e int У(г), Vre[í0,T].

The following result is a direct consequence of Theorem 3.1, it generalizes 
also Theorem 4.1 [3].

Theorem 5.1. Suppose Assumption A' is fulfilled. If the map Vf •) satisfies either 
Assumption В or Assumption C then the set-valued function A"[t] = X(t; i0, X 0) is
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the solution of the evolution equation

lim о - 1ЦХ1т + (т], ((Е + <тА(т))Х[т] + ст/>(т))пУ(т +  <т)) = 0 (5.2)
<x-»0 +

Xlto] = X  o, to ^ T g T  

(here E is the identity n x n-matrix).
One may prove an analogy of Theorem 4.2 [3] (the convexity of grYis not now 

supposed).
Theorem 5.2. Under Assumptions A' and C the support function p(/|A^[r]) is 

differentiable in t from the right and the exact formula for the derivative is

rf+/dt(p(/|X[t]))= min {p(q'A(t)\dlP(l\X№) +

+ p(q\P(t)) + d/dt(p(l-  q I Y(t))\q 6 Q(t, /)}

where
Q(t, l )= {qe R n: p( l-q\Y(t)  =  p(l\X [t])- p(q|Af[t])}, 

d,pd\X[t]) = {xeX lt J .  I'x = p(l\X[f])}.

6. Concluding remark

The proposed evolution equation (see Theorems 3.1, 5.1) is useful for the 
approximation procedures related to the solution of control and observation 
problems for uncertain systems [4, 5].
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Динамика пучка выживающих траекторий 
дифференциального включения: эволюционное уравнение

А Б. КУРЖАНСКИЙ, Т. Ф ФИЛИППОВА 

(Свердловск)

Работа посвящена задачам описания ансамбля траекторий дифференциального включения, 
сохраняющихся (выживающих) в пределах заданного множества в фазовом пространстве. Из
вестно, что трубку выживающих траекторий можно описать как решение нового дифференциаль
ного включения, правая часть которого определяется при помощи контингентного конуса к 
фазовому ограничению. В данной работе развивается иной подход к рассматриваемой задаче, 
позволяющий избежать операции построения касательных конусов. Установлено, что сечения 
пучков выживающих траекторий (множества достижимости включения при ограничениях на 
пространственные переменные) удовлетворяют эволюционному уравнению специального типа.
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We consider the problem of estimation of states and parameters of stochastic nonlinear 
systems described by difference equations when the measurements are corrupted by correlated 
noise. The solutions to the filtering problem are provided for certain general as well as a few special
cases.

1. Introduction

In many practical systems the measurements are corrupted by coloured noise. 
Occasionally some of the measurements would be very accurate and hence they can 
be considered as perfect observations. These two cases represent singular problems 
in as much as the correlation matrix of the measurements noise can be shown to be 
singular [1].

We address the problem of state and parameter estimation for discrete-time 
systems when the noise in measurements is described by a stochastic difference 
equation. The noise can enter the measurements linearly or nonlinearly. We obtain 
quite general results based on Pugachev’s nonlinear filtering theory [2-7, 9] and its 
ramifications [10, 11].

Pugachev’s approach is based on the criterion of the minimization of the 
mean-square error [MSE] in a class of measurements that satisfy stochastic differential 
or difference equations. The theory is based on an arbitrary assignment of the so-called 
structural functions of the filter. The estimator has variable coefficients as gains which 
are determined by processing all the a priori information on filtered as well as measured 
processes.

In [10, 11] the nonlinear filtering problem for stochastic differential systems 
with measurements containing correlated noise was solved. We obtain similar results 
for systems described by difference equations.

It must be noted here that linear filtering problems for singular noise in 
continuous and discrete systems have been solved in [12-16, 26].

Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford
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2. Statement of the problem

Let us consider the stochastic system represented by the difference equation

Yj+l=g(YjJ)  + p(YjJ)Vj

and the discrete measurements by the equation

Wj = l(Yj, UjJ).

( 1 )

(2)

The measurements noise U is considered to be correlated and is given by the 
difference equation

U j + ^ b t t J j ^  + diUjJWj.  (3)

In these equations we have

Yj — n x 1 stochastic state process 
Wj — ra x l  measurement process 
Uj — m x l  measurement noise process 
g, l, b — known nonlinear vector-valued functions 
p, d — known nonlinear matrix valued functions 
Vj — vector-valued sequence of independent random numbers with 

zero-mean and covariance matrix Qj.

Given Eqs (1) to (3) and the observations at instants j =  1 , 2 , . . N, it is required 
to obtain the optimal estimate Yj of the process Y, in the class of functionals of the 
measurement process Wj.

We see from Eqs (1) and (3) that the two processes Y and U can be jointly 
represented as:

X j + ^ n X j ^  + qiXjJjVj

Wj = h(Xj,j)

(4)

(5)
wherein

and

Xj = [ Y j , U j y  

f (X j , j )  = [g(Yj ,j)T, b(Uj,j)T~\T 

q(XjJ)=lp(YjJ ) T,d(Uj,j)TY

h(Xj,j) = l(Yj, Uj,j).

(6)

Here /, q and h are known nonlinear functions of appropriate dimensions. The 
nonlinear functions are such that the expectations, to be defined later on, exist.

Thus the problem of Eqs (1) to (3) reduces to that of Eqs (4) to (6). From 
Eq.(5) it can be seen that the measurement process depends on a process that is not 
available. Also it does not contain an independent noise process Vj explicitly.
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The filtering problem posed by Eqs (4) to (6) can be considered as a special 
case of a more general problem [10, 11] described by the following Eqs:

X j+l= f (X j ,  Zj,j) + q(Xj, Z jJW j (7)

Z j +1=h(Xj ,Zj , j )  (8)

The problem is then to obtain an estimator X  for the state A" utilizing the 
known samples of process Z. We provide the solution to this problem in the next 
section.

3. Solution of the problem

A. General Solution

Let the estimator for the system of Eqs (7) and (8) be given by the difference 
equation

X j +1=Kt ( Z j , Z j +l,Xj , j )  + y (9)
where

К, у — optimal (/-dependent) filter gains
C — preassignable vector-valued nonlinear function of appropriate

dimension.
The function £ determines the structure of the nonlinear estimator (NE). 

Alternatively it is possible to introduce the concept of permissible estimates in order 
to make the comparison of accuracy and performance of the filters having similar 
structures feasible [7, 17].

The time-dependent optimal gains К and у are determined from the condition 
of minimum of MSE

E { X j - X j)t ( X j - X j) }  

and are given by (see the Appendix):

KM = L (10)
and

y = E0- K E l
where

L = E{(Xj + , -  EXj + l)C(Zj, Z j +i, Xj , j)T

M = E{(UZj,ZJ+1, X J, j ) - E l)UZj ,Zj+1, X J, j )T > .

E0 = E{Xj+i}; £ , - E{t^(Zj, Z j+i, Xjj)} J (11)

Here ‘F  stands for the mathematical expectation and ‘T’ for matrix/vector transposi
tion.

3
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In order to evaluate the indicated expectations it is sufficient to know the joint 
characteristics function of the processes Xj, Zj  and Xj, which is given as:

4>№i, v,n) = E exp {iA[[/(X J^ l , Z ,_u j -  1 ) + q(Xj. l , Z j . 1 , j - l)Vj_ ,] +

+ ivTh (X j .  u Z j - u j -  1) + M Z j -  J, Z j ,  X j .  1 , j - l ) + Y J. 1] } . (12)
The evaluation of expectations in Eq. (11) by utilizing the characteristic function 

Eq. (12) and substitution of the optimal gains in (9) completely solves the general 
filtering problem as posed in Section 2.

The above results can be used to estimate all the components of the vector X  
or to obtain estimates of some of the components of X  by making the preassignable 
structural function £ dependent on the corresponding subset of the vector X.

B. Correlated measurement noise

As mentioned earlier, the general solution can be utilized to obtain the solution 
of the filtering problem with singular measurement noise for Z J+l = W}.

Let the system be described by Eqs. (1) to (3). The estimator for the process Y 
is then given as

ё Yj + l =KC(Zj, Wj, Yj,j)+y (13)
where £ is independent of Ü.

The optimal values of the gains К and у can be obtained from Eqs (10) to (13) 
by establishing the following relations between functions (see Eqs (4) to (8)):

Я = q i X ^ Z j J ^ W Y j j M U j j f y '

f ( X j , Z J,j) = [g(YJ,j )T, b ( U j , j ) T~\T 

h(Xj,Zj,j)=l(Yj, UjJ )  

a z j , Z j + u x jj ) = a z j , w j,Yjj ) (14)

Consequently the intermediate gains are given by
L = E{(Yj+ l - E Y j+lK(Zj ,  Wj, Yj,j)T} }

M = E{(t(Zj, Wj, Y j ^ - E ^ a Z j ,  Wj, Yj,j)T} l  _

and E0 = E{YJ+i}-, E, = E{UZj,WjJj , j )}  J 0$)

Using the relationships shown in Eq. (14) we can obtain from Eq. (12), the joint 
characteristic function of the processes Yj,Uj, Zj  and Y>

Ф & l . A2, v, h)=E  exp (iAf[g(Yj-t , j - 1 )+ p (lj-1 , j - Щ - й

+ a T2lb (U j . l , j - \ ) + d ( U j . 1, j - i ) v j . ^ + i v Ti(Yj . l , U j . l , j - \ )

+ w \ K j - д а .  Vj.  f j - l , j —i)+ (16)
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Thus Eq. (10), with the characteristic function given by Eq. (16) to evaluate the 
expectations in Eq. (15), completely solves the problem of discrete-time nonlinear 
filtering with measurements contaminated by coloured noise.

The issues related to selection of appropriate structural function £ and 
computation of optimal gains are addressed in Section 7 and [7, 17, 18].

4. Special cases

In order to elucidate the results of the previous section, we consider certain 
special structural functions and derive filters for linear systems.

A. Linear Filter from General Solution 

Let the linear system be described by

where

X j+1 = FXj+BVj  

Wj = HXj

F, В, H — known system matrices of appropriate dimensions 
Vj — zero-mean WGN sequences with correlation matrix Q 
Xj, Wj — state and measurement processes.

Let the structural function be selected as:

(17)

Consequently we have from Eq. (9)

X j+1=K' IXJ,  W J Y + Y

= GXj+KWj+ Y  (18)
where K' = [G |K].

The optimal values of the gains are obtained by using Eq. (17) and £ in Eqs (10) 
and (11):

GP^ + K H P ^ F P t ,

GPf.H7 + KHP$.HT = FPX.HT

and solving the above equations we obtain
G = F - K H

К = FPHT(HPHT) 1 (19)

where Px, P% are the variance-covariance matrices of vector X  and X  and P = Px — P%.

3*
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The vector у is given by

у =  FE{Xj} -  GE{Xj} - K H E { X j} .

Substituting the value of G from Eq. (19) and noting that E{Xj} = E{Xj} we see that
7=0.

Substituting Eq. (19) in (18) we obtain

X J+l = FXj + K[Wj— H X j]. (20)

The covariance matrix equation for the state error is easily obtained and is given by 

pj+ , = FPjFT — KHPjFT — FPjHTK T + KH PjHTK T + BQB1 

- ( F  — K H)Pj(F — KH)T + BQBT.

After substituting Eq. (19) in the above equation and simplifying we obtain

Pj+i =(F — KH)PjFT + BQBT. (21)

Equations (19) to (21) describe the linear filtering algorithm.

B. Correlated Noise Case 

Let the linear system be described by

Yj+i = FYj + BVj (22)

Wj= HYj + DU j (23)

Gj+i —AUj + SVj (24)

where F, В, H, D, A and S are known matrices of appropriate dimensions. The 
correlated measurement noise Uj is described by difference Eq. (24).

We choose the structural function £ as

aZj ,W j,YjJ )  = lYj\ W j y  (25)

and consequently the estimator, Eq. (13), takes the form

Yj + l = G Y j + K W j  + y. (26)

The intermediate gains L and M  can be obtained by using Eqs (22) to (24) in 
Eqs (10) and (11):

L = [FPy. fj\FPYjHT + FP yjUjDt ] (27)
and

M = PfjHT + PtjUjDT
HPfj  + DPf jVj H Py.H'  + DPV.DT + H PYjU.Dt + DPUjY.H' J
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Then optimal gains G and К can be obtained from the following equations:

( F ~ G - K H ) P f - K D P i j V = 0

(F—KH)  (PYjHT + PYjVjDT) -  G(Pf.HT+ Pfj V]DT) -  KD(PUjYjH t + PVjDT) =  0

y = ( F -G -K H ) E { Y ]) - K D E { U ]).  (28)

In order to obtain the variance-covariance matrices in Eq. (28), we utilize Eqs (22), 
(24) and (26) to get

w ’ F 0 o ' V ' o '

Vj+t = 0 A 0 Vj + 0 + s
KH KD G Yj У 0

(29)

From the above Eq. (29) we obtain the following equation for the covariance 
matrix Py for the random vector [ Y j U j Y / Y :

Р;+1= Р Р / г + В07Вг (30)

where F is the block matrix in Eq. (29), B =  [ß TSr0r] r  and 0r is a null matrix with 
appropriate dimensions.

Equations (26),(28) and (30) provide the solution to the filtering problem with 
correlated measurement noise. It may be noted that this solution does not need 
differencing of the measurement data as required by certain existing linear filtering 
results [1, 10, 11].

5. Joint state and parameter estimation

For simplicity let the scalar system be described by

Xj+l = - M j + bl V1 (31)

Wj = X j + U j  (32)

G j+l = —aU j  + b2V2 (33)
where

9 — an unknown parameter 
bl , b 2,a  — known constants.

We represent the unknown parameter 9 as a stochastic process.

® | +  1 —  ®  j- (34)
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From Eqs (31) and (34) we obtain

~Xj+1
_®j+1 j

Also from Eq. (33) we obtain

Uj+1 = - a U j + [ 0  fc2]

л  * to m  

El
We specify the optimal estimator as:

t f j + t é j + i Y - K U í ^ é j . W j j H y .

We then select К, £ and у as

K =

and

^11 ^12 ßl 
^21 ^22 ßl.

y  =

; C = t X j , 6 j , W t f

The intermediate gains are obtained as (dropping j  for simplicity):

Lj- — Pe x x

e x

-Pi

M ,=

P Ar  X

e x e

Pee

Pxé Pxw

e w  Jj

Pex Pe
PIVY P Wt

P-r ew

and К = LjMj 1

4 -

(35)

(36)

(37)

(38)

(41)

-E{0jXj}-
E{&j) _

Е ^ Щ Х Щ в Щ Х ^ и ^ У .  (42)

The entries in Eqs (39) and (40) are the variance and covariance matrices of 
the random variables Xj, Xj, 0j ,  &j, Wj and @jXj. In order to simplify these equations 
we can use the following relations

PxjWj = P>CjXj+ PxjVj

I’ejW j — P SjXj + Pe jV j (43)

P w j  =  P x j + P  Vj

E x j X j  — P x i ’ P  X j Wj — P xX j i  1 X j W j - Xj  Wj (44)
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and
p  „ _  P »  » r Xjej -  r Xj»i-

The relationships in Eq. (43) follow from Eq. (32) and those in Eq. (44) follow from
P xt=  Pxt, ( s e e  (A 5 )) .

The joint one-dimensional characteristic function of the processes Xj, &j, Vj, 
Xj  and 0 j  is expressed as:

O ß i , Я2, t;, //,, ц2) =  Ifa .  M)E exp {iA,(- 0 j -  lX j . ,) + + n2ß2) X j - x

+ i(ß ißi+ Hißi ~  va) + ((/tikj 1 +  ц2к2 i )Xj .  2

+ *'(̂ 1̂ 12 + ̂ 2 2)0 j -  1 + Уl + «>2 ̂ 2} (45)

where |/^_,(А) is the characteristic function of the random process 

Vj l =[_b1Vl \b2V2]T and Ar = [Aju].

We see from Eq. (45) that the characteristic function <PJ(A1, A2, v, /ti,/t2) is given 
in terms of the random variables X }_ x x , U j-y, Xj_ j , <9^ t and the probability 
distribution of the variable E)_,. This latter distribution is assumed to be known. 
Hence Eqs (39) to (42) and (45) provide recursive procedure for determining <£,, Kj 
and at each step with the knowledge of Ф}- \ ,  Kj ^ l and yJ_ 1. The choice of initial 
conditions is thoroughly discussed in [9].

6. Some generalizations

In this section we obtain the expressions for the optimal gains for the estimators 
described by [6, 10, 11]:

X  i + s  — <5/ j(Zj, Z j+l,X j ,  . . . . ,  X j +s~ 1) +  у j

for the system described by Eqs (7) and (8).
Here s — the order which is specified a priori

£j- — preassignable nonlinear structural function 
Öj, yj — optimal gains.

These gains are given by
b j M j - L j

yj=E0j- S jE lj
where

, * 2+s- i ) r }

(46)

(47)

Lj = E{(Xj+t - E X j +Mj ( Zj , Z j +1,Xj ,  .

M j- E { ( y t Z j ,Z j+l , X Jt . . X j+s_ 1) — E lj)(j(ZJ, Z j+1, Xj, .. . , £ j +, - t)T} 

E0i = E{Xj+sj; E ^ E i Z j i Z ^ Z j ^ J j ,  .. (48)
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The one-dimensional joint characteristic function of the processes X jy Zj, Xj, . . . ,  
X j +s- i  is given by

Ф/Я, v,n) = E exp {UT[ / ( * ,_ ,, Z j _! , j - l )  + q(XJ. 1, Zy_ , , j - J  

+  ivTh ( X j .„ Z j _, J - 1) + / Jr% +r- 1
Г = 1

(49)

In the above equation цх, д2> • •• Ms are the columns of the matrix ц. We note 
here, that since Vj ^ l is independent of other random processes, we have recursive 
method for solving Eq. (49) and obtaining the optimal gains from Eqs (47) and (48) 
based on the knowledge of the a priori distribution of the variable Vj_y and the 
characteristic function d>j-i(A, v, /г) of the random processes Xj^y, Zj_y,  Jtj-y, . . . ,  
Xj_s _2. The estimates Xy, .. . , X S of the variables Xy,  . . . ,  X s should be selected 
arbitrarily [6]. Also the joint characteristic function Фу(1,ь,ц) of the variables Xy, 
Zy, Xy, . . . ,  X s be selected such that proper solution of the above filtering problem 
is obtained without any ambiguity [6].

We have seen that when the measurements contain correlated noise, the system 
is described by the set of equations (1) to (3). We can now obtain the solution to this 
filtering problem for any value of У from the above results. In this case the estimator
is given by _ „

Yj + =őjtj(Zj, Wj, Yj+s_y)+yj. (50)

The optimal values of the variable gains are obtained from Eqs (47) to (49) by 
the following replacements:

Xj-*Yj, h(Xj,Zj,j)-*l(Yj, Uj,j)
and

a Z j , Z j+y,Xj,  . .  . , X j +^y)-+aZj ,  Wj, Yj, . . . ,  Yj+S_y).

The required expectations can be evaluated by knowing the joint one
dimensional characteristic function of the random processes Yj, Uj,Zj ,  Yj, . . . ,  Yj+S_j,  
which is given by

, A2, V, ц) = E exp { й ту [ д (  у , j  -  1) + p( Yjf _ , , j  -  1) Vj _ j]

+ u l i H U j .  y , j - \ ) +d ( Uj . y , j - \ ) V j _y ]

+ ivTl(Yj_y, U j - y , j - l )  + i Z  t f?j+r-y (51)
r  =  1

+  i n R 0 j . y C j - y ( Z j . y , l ( Y j ^ y ,  V j . y , j - \ ) ,  f j - y ,  . . . ,  Y j + s + 2 ) + y j - y - ] } .

As per the remarks given after Eq. (49) the recursive procedure is established 
to solve Eqs (47), (48) and (51), thereby yielding the optimal filter gains Sj and y,-.
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7. Computational aspects

From the results of the previous sections it is apparent that two major issues 
are involved in the design of the nonlinear estimators: 1) the proper selection of the 
structural function (, and 2) computations of the optimal gains.

Due to the nature of the estimator equations we obtain conditionally optimal 
filters and hence there is an additional degree of freedom for selection of the structural 
functions. As yet no systematic procedure seems to have been established. However 
based on the studies in [19] some guidelines are available. In most cases the structiral 
function is selected such that it is very similar to the system under consideration.

The problem of selection of structural functions has not been fully resolved. 
For further details, one may refer to [27].

In [6, 7, 9, 17, 18] certain special functions were selected in order to obtain 
some conventional and simple filtering structures for related problems. Such studies 
may also be extended for the results of this paper. Based on such choices it may be 
possible to establish interconnections with other familiar results [14, 16, 26]. It must 
be noted here that, the results of the present paper are general in nature, though 
linear filtering solutions have been obtained as special cases. A recent study [20, 21] 
may be useful in selecting the structural functions for the estimators proposed in this 
paper and, in general, for Pugachev’s nonlinear estimators [6, 7, 10, 11]. Further 
research is required in this direction.

The second aspect is the evaluation of the expectations for computing the 
optimal gains of the filters. These expectations are functionals of the characteristic 
function <Pj. These equations, in general, represent complex functional difference 
equations. Some approximation methods can be used for this purpose. Such methods 
are discussed in [9, 17, 18, 22-25].

Once a proper choice of the structural function £ is made, the optimal gains 
K, G, у (or ő) can be obtained by any of the methods described in [9, 19, 23] utilizing 
only a priori information on the various processes involved. Thus it is possible to 
design an optimal filter completely before collecting actual measurement data from 
the system. The subsequent computation of the estimates involves only matrix-vector 
operations making the actual estimation processor very efficient. The precomputed 
gains can be stored and fectched from microcomputer’s memory when the observation 
data become available for processing. The estimator retains sequential nature. The 
results of this paper can be used for wide variety of problems: identification, joint 
state and parameter estimation, stochastic model building and control [5, 9].
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7. Conclusions

The conditionally optimal solutions for nonlinear filtering problem described by 
stochastic difference equations with measurements containing correlated noise have 
been obtained. We have obtained filters for some general and special linear cases. 
The filter for joint state and parameter estimation for correlated noise case has been 
derived for a scalar case. The advantages of the present method are: the measurement 
model can be linear or nonlinear in the correlated noise and the filter’s conditionally 
optimal gains can be precomputed before actually processing the measurement data. 
This makes estimation procedure very efficient and simple while incorporating the 
observations sequentially. Some computational aspects have been discussed.
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Appendix

For stochastic difference system described by Eqs (7) and (8), we have the following difference 
equation for the estimator:

X , + t = K j C j i Z j , Z j + l , X j , j )  +  yj ,  (Al)

Then using the mean-square regression theory [6, 8, 9], we obtain

E { [ X j+ , -  E { X J+im Z p  Z j+ ,, X j , j ) T] = K j E m Z j ,  Z j+ ,, X j , j ) -

-  E{  t ( Z j ,  Z J+U X j j m & j ,  Z J+I , X j , j ) T} (A2)
and

y j = E { X j , l } - K E { C ( Z J, Z J + l , X j , j ) } .  (A3)

Defining L and M as in (11) we obtain for optimal gain the following relation

K j = L j M j ~ ' .  (A4)
Also we have the condition

E { ( X j+ , —X J+ t ) £ j ( Z j ,  Z J +t , X j , j ) T} =  0.  (A5)

The characteristic function Ф, for the random processes X Jt Z j  and X j  can be obtained by 
substituting Eqs (7) to (9) in the following equation

ФДл,, v,p)  = E exp { i X [ X j  +  ivTZ j  + i pTX j } .  (A6)

When the estimator is specified by the following structure

X j + , =  G i ( Z j ,  X j , j )  + Kt ] ( Zj ,  X j , j ) Z j+ , + у (A7)

the optimal gains G, К and у can be obtained by representing the structural function as

C( Z j ,  z i + ,, X „ J )  =  K ( Z j ,  X j , j ) T \ Z J+l Tri(Zj ,  X j , j ) Ty
in (A2) and (A3).

Similarly the characteristic functional equation (12) can be modified. This representation is useful 
in obtaining various special cases as discussed in the text.
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The nets of right-hand side and left-hand side /(-registers will be considered. The notion of 
similarity of such nets will be introduced. Two nets are said to be similar if there is a one-to-one 
mapping between their transition graphs such that corresponding to each other cycles consist of 
the same states. An algebraic method for the construction of the whole similarity class of nets will 
be adopted from [5].

0. Introduction

к-registers are technical arrangements which generate pseudoperiodic binary 
sequences with cycle length less than or equal to 2 \  With respect to easy technical 
realization the linear /(-registers have been used most frequently. However, the theory 
of these registers is worked out in a satisfactory way for the practice [3] but from 
the mathematical point of view there are still open problems. It is possible to 
distirtguish some subclass of linear /с-registers generating of only pseudorandom 
sequences with “pure” period of length 2‘ —1. These ones have been used in certain 
areas such as automatic control, criptology, radar, radiotechnics and many others 
[1, 3, 6].

In modern electronics /(-registers are used rather as nets (sequential or parallel) 
than as singular ones. In coding theory, especially in the theory of error-correcting 
codes, the nets of /(-registers are taken often as coders and decoders. The reader is 
referred to Blahut’s monograph [2]. Additionally, the nets of к-registers are needed 
in the construction of integrated circuits.

A new class of nets of parallel к-registers will be considered here. Such nets 
consists of two к-registers, righthand side and left-hand side, with the same feedback 
function. The output sequences of a right-hand (left-hand) side к-register are the 
right-hand (left-hand) side binary infinite sequences. The properties of both kind of 
к-registers in terms of graph theory will be given here.

A necessary and sufficient condition for all connected components of the 
transition graphs of both к-registers to be a cycle will be given and proved. Only the 
nets with the above property will be considered in this paper.

Akadémiai Kiadó, Budapest 
Pergamon Press, O xford
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The notion of similarity between two /с-registers will be introduced. Two 
arbitrary fc-registers (right-hand side, left-hand side or mixed) are said to be similar 
if and only if there is a one-to-one correspondence between transition graphs of these 
k-registers such that the connected components corresponding to each other consist 
of the same states (with different ordering). Then the notion of similarity is extended 
to the nets of /с-registers. An algebraic method is adopted from [5] for a construction 
of the whole class of similar nets of /с-registers to the given one.

1. Preliminaries

Nonempty sets will be denoted always by upper case letters and their elements 
by lower case ones (with or without subscripts).

The positive integers will be denoted by lower case Latin letters i,j, k, m, p.
Let ß  =  {0,1} and let Bk (k> 1) denote the k-th Cartesian product of B. The 

elements of В will be denoted by lower case Latin letters t, u, v, x, у (with subscripts) 
and of Bk — by lower case boldface Latin letters t, u, v, x, у (with or without subscripts).

The functions of mappings of Bk into В will be denoted by lower case script 
letters /  y, A and functions of mappings of Bk into Bk — by upper case italic letters 
3F, Ж . In most cases symbols /  &  denoting the functions will be written with the 
subscripts r, / and s as follows: / r, / ' , / s, # ’r, !Fl and OF*.

The symbol + denotes the addition modulo 2.

2. The right-hand side and left-hand side /c-registers

A formal definition of right-hand side and left-hand side /с-registers and their 
transition graph will be recalled from [3].

Given Boolean functions / '  and / '  of Bk into B, let us define new functions 
Ж r and Ж 1 of Bk into Bk as follows:

J ^ r(t, . . . t k) = t2 . . . t k/ ' ( t l . . . t k), (2.1)

(2.2)
for all .. . tk e Bk.

Then a pair (Bk, Ж r) is said to be a right-hand side /с-register and (Bk, ') —
a left-hand side one.

Let (Bk, #■’) be a /с-register.1 Bk is said to be the set of states, — the 
transition function and / s — the feedback function of this /c-register.

Further (B*, OFs) will denote a right-hand side fc-register (B‘, S F ') or a left-hand side one (B k, : F ').
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A state u e Bk is called a successor of a state t e Bk in (Bk, F s) if and only if 
there is i ^ l  such that u = ( F s)‘(t), where { F s)‘ denotes the i-th iteration of F s.

Remark 2.1. With respect to the technical realization of к-registers, their 
transition function IF r and F ' by means of the feedback functions / '  and / '  have 
been defined.

However, it is possible to define immediately these functions as follows: 

if F r(tt . . .  tk) = Uj . . .  uk then Ui = ti+i for all i=  1, . . k — 1; (2.3)

if F ' i t i  . . .  tk) = Ui . . .  uk then ui+1=ti for all i= l ,  .. . , k — 1. (2.4)

Conversely, each transition function F s allows to define unambiguously a 
feedback function / s.

Each /с-register (Bk, F s) determines the existence of a directed graph F£ (the 
transition graph of this к-register). The nodes of this graph are all the elements of 
Bk, and the edge goes from a state t to a state u if and only if u = F  s(t). Conversely, 
each transition graph of a к-register determines its feedback function as well.

Example 2.1. Define the right-hand side and left-hand side 3-registers by means 
of their transition graphs (Fig. 2.1) as follows:

000

010

Fig. 2.1. Transition graphs F3 and F'3

These graphs determine uniquely their feedback function
/ Г( Х 1Х 2 Х 3) =  / ' ( x ^ X j )  =  X j  +  x2 +  x2x3,

where х; =  х(+ 1. |

Lemma 2.1. For an arbitrary right-hand side к-register (Bk, F") with feedback 
function / r, the following conditions are equivalent:

every connected component of transition graph V[ is a cycle; (2.5)

F r is a mapping of Bk onto Bk; (2.6)

/ r(0i2 • • • tk)Ф / ' ( It2 . . .  tk)\ (2.7)

/ r(fi . . .  h) = t l +?(t2 . . .  tk), (2.8)

where ^ is a function of Bk~l into B.
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Proof has been given in [3] |

Lemma 2.2. For an arbitrary left-hand side к-register (Bk, S ' 1) with feedback
function / ' ,  the following conditions are equivalent:

every connected component of transition graph is a cycle; (2.9) 

S ' 1 is a mapping of Bk onto Bk; (2.10)

A h  - . . i i - jO ) # / ' ( £ »  . . .  t* -,l); (2.11)

/ ' ( i i  . . .  t k )  =  A ( t i  . . .  t * - i )  +  t k , ( 2 .1 2 )

where A is a function of Bk 1 into B.
Proof is analogical to the proof of Lemma 2.1. and will be omitted here. |

Let us denote by S trk and 3 t‘k the sets of all right-hand side and left-hand side 
/с-registers satisfying conditions (2.7) and (2.11), respectively. Only elements of РЛк and 
Жк will be considered here.

It is easy to show that for each к-register (Bk, S'*) the transition function Ж* 
determines some equivalence relation in Bk, called a shift relation. Every equivalence 
class of such a relation which is determined by any element t e  Bk covers of all 
successors of t in this к-register. A quotient set of this relation will be denoted by Bk/ S ' s.

Now consider a к-register (Bk, S'*) and a set d c ß 1’ 1.
If s = r then we define a new function / A:Bk^ B  as follows:

, = j / r(*ix2 • • • x*)+l when x 2 . . . x ke A  
a Xi Xk { f { x xx 2 ■ ■ - xk) otherwise.

If s=  1 then we define a new function : Bk^> В as follows:

/л(х 1 • • • **) = Axi ■ ■ ■ **-1**)+!
Ax 1 • • • xk-л)

when Xi . . .  xk- l e A 
otherwise.

(2.13)

(2.14)

As for the functions / r and / '  conditions (2.7) and (2.11) are satisfied, it follows 
immediately from (2.13) and (2.14) that the same conclusion holds for functions / J  
and f \ .  Then f*A is the feedback function of some к-register of class 0>*к. Let 
denote the transition function of this k-register.

On the other hand, for arbitrary к-registers (Bk, S'*) and (ß \ Ж*) there is a 
unique set AQBk~l such that S'* = Sf*A and Ж* = $̂*А. Such a set will be denoted by 
Dif{S'*, Ж*).
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3. Similarity of the /(-registers

A subclass of . ^ u Жк of all /(-registers such that their quotient sets of shift 
relation are identical will be considered. Such registers will be called similar.

The main problem is to construct the whole similarity class which is determined 
by a given /(-register (Bk, S'*). All similar /с-registers are able to transform the same 
information. In this section several properties of the similarity relation will be given. 
The construction of whole similarity class to the given /с-register in the next section 
will be given.

Two /(-registers (Bk, 3T*') and (Bk, Ж*2) (s1, s2 e {r, 1}) are said to be similar 
((B\ Ж*')х(Вк, Ж*2)) if and only if Bk/S^*'^ В к/Ж*2 .

At the beginning we shall show that each similarity class consists of the same 
number of right-hand side and left-hand side /(-registers.

For this purpose let us consider a /(-register (Bk, S' *). Define a new function 
f * :B k->B as follows

/%*, **) =
/4 * * * 1  . . .  x*_,)
/4 * 2  . . . XtXj)

when s = r 
when s=  1.

(3.1)

It follows from (2.8) that

/4*1 • - - **)=/4***i . .. xk_ ,) = x* + ̂ (*i .. .  x*_ j),

then from (2.12) / r is a feedback function of a left-hand side к-register. Analogously, 
if s = 1 then from (2.12) it follows that

/4*1  . . . Xt ) = / ' ( x 2 . . . Xt X ,)  =  X ! +>I(X2 . . . X k),

then from (2.8) /* is a feedback function of a right-hand side k-register.
Two к-registers (Bk, S'*) and (Bk, S'*) for which the feedback functions f* and 

f*  are connected with each other by (3.1) are said to be dual.
Lemma 3.1. For arbitrary pairs of dual к-register (Bk, S'*), (Bk, # s) and (Bk, Ж*) 

(Bk, Ж*) the following equality holds:

Dif (S 's, Ж*) = Ш{Ж*, Ж*).

Proof immediately follows from the definition of dual к-registers. |

Theorem 3.1. Each two dual к-registers (Bk, S'*) and (Bk, &*) are similar. 
Proof. Let F*k and F* be the transition graphs of {Bk, S'*) and (Bk, &*), 

respectively We show that if ( t,, t2, . .  . , tp) is a cycle in Fj* then (tp, . . . ,  t2, t t) is a 
cycle in F£, i.e. if .F s(ti) = ti+1, then ,# s(h+i) = h> f°r 1 ÜÍÜP- Let t, =  r, . . .  tk.

4
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Fig. 3.1. Transition graphs F3and f’3

For the right-hand side case we have:

. . . tk) =  t2 . . .  tk/ r(i, • • • h) = ti+1 and # r(tj+i) =

— & r(t2 ■ ■ ■ tk/ V i  . .. tk) )= /r(t2 ■ ■ ■ tk/ r(tl . . .  tk))t2 . . .  tk =

/ r( / r(i] .. . tk)t2 . .. tk)t2 . . .  tk = ( f ( t l . . .  tk) + p(t2 . . .  tk)) 

t2 . . . t k = (tl +?(t2 . . .  t k) + ? { t 2 . .  . t k)) t2 . . .  tk — t 2 . . .  tk = t(.

For the left-hand side case we have:
3F\tд = Г %  . . . t k) = / \ t l . . . r k)t, . . .  tk -i = t i + 1 

and
# '( t i+i ) = ^ '( / '( t i  •• . . . t k- 1) = t l . . . t k- 1/ ,(/ '( t 1 . . .

• • • h)11 • - - =  • • • h -  i / ' i h  ■ ■ • h -  i / \ t  l  • • • tk)) = ti ■ ■ •

••• ••• tk) + 4(t1 . . .  it _ 1)) = t1 +

+ *(»i . . . tk- l) + tk) = t l . . . ík_1ífc =  t,. I

Example 3.1. Let (B3, lFr) be a right-hand side 3-register with feedback function 
/ r(x1x2x3) = x , . Then transition graph Fr3 has the cycles: 7\=(000), T2=(001, 010, 
100), T3 =(011, 110, 101) and T4=(l 11) (Fig. 3.1a). The feedback function/r of a dual 
3-register (B3, ß r) has a form / r(x1x2x3)=  / r(x3x1x2) =  x 3. The graph F3 has the 
cycles: T;=(000), T'2 = (100, 010, 001), T 3 =  (101, 110, Oil) and T4 = (l 11) (Fig. 3.1b). 
As cycles Tt and T j, for i= l ,  2, 3, 4, contain the same nodes, then (B3, 3F") and 
(B3, # r) are similar. |

4. Construction of the similarity class

The similarity class of an arbitrary к-register consists of pairs of dual k-registers. 
From the considerations of the previous section it follows that it is sufficient to 
determine a subclass of all similar right-hand side or left-hand side k-registers.
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Now we shall give a construction of the similarity subclass of right-hand side 
/(-registers.

Given /с-register (Bk, & ') let us define the set

p^rz={16 Bk l\ there is a cycle in F} consisting of the nodes Ot and It}.

Let us define the relation I ^ ' QP^ r x  P^r (interlacing relation) as follows:

(x, y)e Iß:r if and only if there is a cycle Tin F*

such that T=(u\, . . vy, . . йх, . . ., vy, . . . ) ,

where u = u+ 1, u = iH-l and и, и £ {0, 1}.
Let / ß r denote the characteristic function of the relation I i.e.

x A * ,  y) =
when (x, y)£/jrr 
otherwise.

The range of the function x&r will be presented in the form of a square matrix 
M^'. For any A cz P^r the submatrix of which is determined by the pairs 
(u, v) e A x A will be denoted by

Theorem 4.1. [5] For an arbitrary right-hand side /(-register (Bk, OF’) and a set 
A c  Bk - 1

(Bk, & r)x ( B k, & J)if and only if matrix is nonsingular over GF(2). (4.1)

Example 4.1. For feedback function f ( x lx 2x 3x 4) = x, + x4 of (В4, ,Fr), the graph 
Fr4 consists the cycles (0000), (0001, ООП, 0111, 1111, 1110, 1101, 1010, 0101, 1011, 
0110, 1100, 1001, 0010, 0100, 1000) and the set P?'  = {001, 010, 011, 100, 101, 110, 
111}. The matrix M y  which is determined by the relation l у  takes the following 
form (rows and columns are lexicographically ordered in the set P ,') :

M ^ r =

0 1 0  1 0  0 0 

1 0 1 1 1 1 0 .  

0 1 0  0 0 1 0

1 1 0  0 0 0 0

0 1 0  0 0 0 0

0 1 1 0  0 0 0

0 0 0 0 0 0 0

By determining all nonsingular over GF(2) submatrices of M y  We obtain 15 sets 
A ^ P y ,  for example 4 , = {001, 010}, Л2 = {001, 010, Oil, 100}, Л3 =  {001, 010, Oil, 
100, 101, 110}, that for any A„ i= 1, . . .  15,4-register (ß4, J^.Jis similar to (ß4, iWr). |

4*
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5. Properties of the conjugated /c-registers

The connection between transition graphs of two conjugated /с-registers will 
be investigated.

Two /с-registers (Bk, r) and (Bk, # ') , for which the feedback functions / r and 
/ '  are identical, are called conjugated. A pair of conjugated /с-registers will be denoted
by <Bk, (3Fr, jF')>.

Theorem 5.1. For arbitrary conjugated /с-registers (Bk, & r) and (Bk, J*') (k>2) 
with feedback function / th e  following conditions are equivalent:

all connected components of the transition graphs F£ and F[ are the cycles;
(5.1)

HFr and !Fl are the mapping of Bk onto Bk; (5.2)

the feedback function /  has the form: (5.3)

/ (хух2 . . . xk- lxk)=x1 +  f*(x2 . . .  xk^l) + xk

where /*  is a function of Bk 2  into B.
Proof immediately follows from Lemmas 2.1 and 2.2. |

Now a connection between the sets Bk/ ^ '  and B f i F 1 for arbitrary pair of 
conjugated /с-registers (Bk, iFr) and (Bk, 3Fl) will be investigated. The sum X will not 
be taken modulo 2.

Lemma 5.1. [3] If f r( x l . .. xk)= x l + ? (x2 . . .  xk) is a feedback function of a 
right-hand side к-register (Bk, J rr) (/c > 2), then the parity of the number of cycles of

F£ is the same as the parity of the number X  ^(t).
t e ß k _ 1

Theorem 5.2. For any pair <Bk, (SFT, & '1)') of conjugated /с-registers, for which 
i f ’ and !Fl are the mappings of Bk onto Bk, the quotient sets Bk/!Fr and Bkl$Fl consist 
of the even number of elements.

Proof. Let f(Xi . . .  xk) = x l + f*(x2 . .  . x k- l)+xk be the feedback function of 
/с-registers mentioned above. For the right-hand side case we have f ( x k . . .  xk) = x k + 
+ (xk+ f* (x 2 . . .  j)) and then the number

X  (xk +  / * ( x 2 ■ ■ ■ x k - i ) ) =  X  ( 0 + / * ( x 2  . . .  x k _ , ) )  +
X2  . . . X k e B k 1 X2 - - - X k ~ i  e B k 2

+  X  ( l  +  / * ( x 2  . . . x k_ l )) =  2 k ~ 2
X2 ■ ■ - Xk -  1 € Bk 2

is even.
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From Lemma 5.1 it follows that card (Bk/S rr) is even. For (Bk, S^1) there exists 
a dual /с-register (Bk, # ')  such that card (Bk/S ' l) = cará (Bk, # ') .  Since

/(Xj . . .  x * )= /(x 2 ■ ■ ■ xkx 1) = x 2 + /* (x3 . . .  xk) + x l = x 1+(x2 + /* (x 3 . . .  xk))

then
Z  (x2 +  /* ( x 3 . . .  x t)) =  Z  ( 0  +  / * ( x 3  . . .  x * ) )  +

X2 .. x k e B k 1 X3 . . . x k e B k 2

+  Z  ( l  +  / * ( x 3  . . . x t ) ) = 2 ( [ - 2
x 3 . . . x k e B k :1

and from Lemma 5.1 it follows that the number card (Bk/S '1) is even. |

Corollary 5.1. For k>2  there are do not exist two conjugated ^-registers such 
that their transition graphs have cycles of length 2k.

6. Similarity of the pairs of conjugated ^-registers

The purpose of this section is to adopt the algebraic methods which have been 
demonstrated in section 4 for the construction of the whole class of similar pairs of 
conjugated ^-registers to the given one. Only elements of Ж  x SI1 (к >2) will be 
considered here.

A pair (Bk, (S'', S ' 1)') is said to be a net of /с-registers (Bk, S'') and (Bk, S ' 1) 
and will be denoted by N* ’/  where / i s  the feedback function of these /c-registers.

For arbitrary nets Nk ”f = (Bk, (F r, S ’1)} and Nk-A = (Bk, (Ж' ,Ж1)} let us 
define a set

Dif (N* •/, N* ■*) = (x e Bk~2: /*(х) ф A*(x)}

where /*  and A* are the functions which are connected with /  and A by equality (5.3). 
Let us see that the following equalities hold:

Dif (S'', r) = Dif(Nt'/', N*’*) x {0,1} (6.1)

Dif (S'1, Ж ') = {0,1} x Dif (N*-', Nk,<). (6.2)

For a net N*-'' and an arbitrary set AczBk 2 symbol Nj1’'' denotes a net such that 
Dif(NkZ  N^^) =  A

Now,we shall extend the notion of similarity of /с-registers to the nets of 
/с-registers. For this purpose let us consider two nets Nk’̂  = <̂Bk,(S'r, S ' 1)') and 
Nk'* = (Bk, ( Ж ' , Ж 1)}.

Nt,/' is said to be right-hand side similar to Nk’4 (notation: N ^ w N * 1*) if and 
only if (Bk, 3* ' )х(Вк,Ж').

is said to be left-hand side similar to Nk'* (notation: N ^ ä N*'*) if and 
only if (Вк,ЗГ‘)х(Вк, Ж 1).
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Nk,/' is said to be both-hand side similar to Nk’* (notation: Nk'/'« N k,<) if and 
only if Nk>'» N M andr I

Theorem 6.1. For an arbitrary net Nk̂  =  < ß \ (ßFT, & 1)У and a set A a  Bk 2 the 
following conditions are satisfied:

Nk / «N5t /  if and only if М ^ Х,0Л) is nonsingular over GF(2); (6.3)

Mi... . . . . .  is nonsingular over GF(2); (6.4)

are nonsingular over GF(2).

(6.5)

if and only if M ß^{0A)XA

Nk'/'s e N ^  if and only if M ^ Ml<{0il) and M ß ‘H0A)xA

Proof. It follows immediately from the properties of dual /с-registers and 
Theorem 4.1. |

Example 6.1. Consider a net of 5-registers N5 /  =  <B5, ( ^ r, J^')) which is 
defined by means of feedback function / ( х 1х2ХзХ4Х5) = Х1+ x 2 + x4 + x5. Since 
f V  = Pß> = B* — {0000} then matrices M ^  and M ^  have a form (rows and columns

Mi

ered in в 4 -{0000}):

0 1 1 0 1 1 0 1 1 0 0 0 1 0 о"

1 0 0 1 0 0 0 1 0 0 0 0 0 0 0

1 0 0 0 0 0 1 1 0 0 0 1 0 1 0

0 1 0 0 0 0 0 0 1 0 0 0 0 0 0

1 0 0 0 0 0 0 1 1 1 0 0 0 0 0

1 0 0 0 0 0 1 1 1 0 0 0 0 1 0

0 0 1 0 0 1 0 0 1 0 1 1 1 1 0

1 1 1 0 1 1 0 0 1 0 0 0 1 0 0

1 0 0 1 1 1 1 1 0 0 0 1 1 1 0

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 1 1 0

0 0 1 0 0 0 1 0 1 0 0 0 0 1 0

1 0 0 0 0 0 1 1 1 0 1 0 0 1 0

0 0 1 0 0 1 1 0 1 0 1 1 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 1 0 1 0 1 1 1 1 1 0 0 0

0 0 0 1 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0 1 0 0 1 0 1 0

1 1 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

1 0 0 0 0 0 1 1 1 0 0 0 0 1 0

0 0 1 0 0 1 0 0 1 0 1 1 1 1 0

1 0 0 1 0 1 0 0 1 1 1 1 0 0 0

1 1 1 0 0 1 1 1 0 1 1 0 0 1 0

1 0 0 0 1 0 0 1 1 0 0 0 0 0 0

1 0 0 0 0 0 1 1 1 0 0 0 1 1 0

1 0 1 0 0 0 1 1 0 0 0 0 0 1 0

0 0 0 0 0 0 1 0 0 0 1 0 0 1 0

0 0 1 0 0 1 1 0 1 0 1 1 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

There are 15 sets /t,<=ß3 for which N 5^«N ^,./', 15 sets D ^ B 3 for whichr

and 9 sets Е{а В 3 for which N 5,/'« N f;/f. The list of these sets is given 

in Table I (elements of B3 are represented in decimal form). |

Table I

i Л, D,

1 {3} {1} {1,2,4}
2 {4} {6} {1.3, 4}
3 {2, 4} {1.2} {1,4,6}
4 {4, 6} {1.3} {1, 2, 5, 6}
5 {1.2, 4} {1.2,4} {2, 3, 4, 5}
6 {1.3, 4} {1,2, 6} {1, 2, 3, 4, 5}
7 {1,4, 6} {1,3,4} {1, 2, 3, 5, 6}
8 {2, 3, 4} {1,4,6} {1,2, 4, 5, 6}
9 {1.2, 3,4} {1, 2, 4, 6} {2, 3, 4, 5, 6}

10 {1, 2, 5, 6} {1, 2, 5, 6}
11 {2, 3, 4, 5} {2, 3, 4, 5}
12 {1, 2, 3, 4, 5} {1, 2, 3, 4, 5}
13 {1,2, 3, 5, 6} {1, 2, 3, 5, 6}
14 {1, 2, 4, 5, 6} {1, 2, 4, 5, 6}
15 {2, 3, 4, 5, 6} {2, 3, 4, 5, 6}
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7. Final remarks

The aim of this paper is to give a construction of the whole class of the pairs 
of conjugated к-registers which are similar to the given pair. The similarity notion 
corresponds to the property that each pair of к-registers is able to send the same 
information (each state is a code of any information). This is of great importance for 
the practice, in particular for criptology where the conjugated к-registers can be used.

On the other hand, the similarity notion of the nets corresponds to a well-known 
notion of symmetry which has been fruitfully explored in certain areas.

In opinion of the authors the notion of the net of conjugated fc-registers allows 
to extend the theory of shift registers. The investigations on this problem can be 
continued.

We put forward only one problem. Construct a whole class Mk of the nets of 
conjugated к-registers (or even a singular net) with the following property: all the 
connected components of the transition graphs of both conjugated к-registers form 
cycles of length 2k — 1 and 1. What is the cardinality of the class M*?
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Сети сопряженных к^-регистров сдвига
3. ГРОДЗКИ, М ЛАТКО

(Люблин)

Рассматриваются сети левосторонних и правосторонних /с-регистров сдвига.
Две сети называются похожими, если существует их взаимно однозначное отображение 

такое, что отвечающие друг другу циклы в графах перехода таких сетей имеют одни и те же 
состояния.

Адаптируется алгебраический метод для конструкции семейства похожих сетей.

Z. Grodzki
М. Latko
Nadbystrzycka 38а 
Lublin
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T H E  T H IR D  IN T E R N A T IO N A L  W O R K S H O P  
O N  IN F O R M A T IO N  T H E O R Y  “C O N V O L U T IO N A L  

C O D E S; M U L T I-U SE R  C O M M U N IC A T IO N ”

The workshop was held from May 24 to 30, 1987 on the basis of the cooperation 
between the Institute for Information Transmission Problems of the USSR Academy 
of Sciences, Lund University and Linköping University. This cooperation is realized 
within the frame of the agreement between the USSR Academy of Sciences and the 
Royal Swedish Academy.

Unlike the two previous workshops, the number of talks concerning the 
multi-user information theory have substantially decreased. The multi-user communi
cation topic was mainly represented by papers on random-access communication 
and protocol sequence constructions.

The upper bound of the capacity of a slotted random access system with ternary 
feedback was improved by Tsybakov and Likhanov (USSR). This new upper bound, 
the sharpest known so far, is 0.568. Vvedenskaya and Pinsker (USSR) investigated 
the capacity of a random channel access algorithm obeying the first come first served 
(FCFS) rule. It was shown that the capacity of the part and try type algorithms, 
which are an important subclass of the FCFS procedures and are well known to the 
researchers of this area, is very close to that of the FCFS algorithms. The difference 
is of order 10~6. Mikhailov (USSR) presented the stability analysis of a channel access 
algorithm suitable for random access type communication in multi-hop networks. 
Khasminskii (USSR) demonstrated, how dynamic programming can be used to find 
the optimal parameters of some contention resolution algorithms for random access 
channels.

The problem of finding non random protocols and code constructions for 
different multi-user communication situations proved to be of increasing importance.

Mathys (USA) constructed a code for a multiple-access adder channel with N  
binary inputs. It was assumed that only T<^N user are active at any given time. 
Assuming that the elements of the active subset are known, the problem was to 
construct a set of N  uniquely decodable code combination. Codes with sum rates 
strictly greater than 1 was given. The easy way of the decoding was also demonstrated.

5 Akadémiai Kiadó, Budapest
Pergamon Press, O xford
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Győrfi, Győri (Hungary) and A (Vietnam) focused their attention on a nonadap- 
tive protocol construction for conflict resolution. Assuming ALOHA type binary 
feedback (success, no success), a set of protocol sequences was constructed for T users 
having only M = 3 as active among them. The nonadaptivity implies that the feedback 
is of limited importance. Its use is confined to the stopping of further transmissions 
as a packet has been transmitted successfully.

In the field of the coding theory, the growing interest in the complex 
modulation-coding approach was experienced.

The paper by Zinoviev, Zyablov, Litsin and Portnoi (USSR) on “Cascade 
methods of Conctructing and Decoding of Codes In Euclidean Spaces”, may well 
attract the attention of the communication engineers. Instead of treating the 
modulation and coding separetly, which is still common in the engineering practice, 
they handle them jointly to find optimal modulation-coding procedures.

The importance of the connection between modulation and coding was also 
demonstrated in the paper by Burnashev (USSR) and Biglieri (Italy). They gave an 
upper bound on the minimum distance of trellis code with PSK modulation.

The talk given by T. Kailath (USA) was of outstanding interest. He covered 
the problems of decoding convolutional codes by Viterbi decoder in VLSI. As the 
main goal is to implement decoders for high-speed digital communication, the highest 
possible level of parallel processing should be reached. On the other hand, the 
interconnection of the simple processors the network of which executes the decoding 
is limited by the technology. To circumvent this problem, graph theoretic methods 
have been invoked. The application of the Sufile-Exchange graphs proved to be very 
fruitful.

I. Kerekes
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M E L E C O N  ’87 —  T H E  M E D IT E R R A N E A N  
E L E C T R O T E C H N IC A L  C O N F E R E N C E , 

M A R C H  24-27, 1987, R O M E , ITALY

The theme of this biennial scientific event “Developments in Telecommunication 
and Energy Systems” has attracted the attention of a large number of scientists not 
only from the Mediterranean countries but also from beyond this area. The above 
general theme has been sub-divided into four parallel sessions, among which the 
results presented in the area “Communication and Computer Networks” are probably 
interesting for the readers of this journal.

The first session was devoted to the performance evaluation of local area 
networks and chaired by such famous representatives of this field as E. N. 
Protonotarios (Greece) and K. Kuemmerle (Switzerland). The latter was also an 
invited lecturer and his interesting talk called “Local area networks: state of the art 
and trends”. The topic of the second session was: “Implementation and application 
of computer networks”, the chairman was L. Fratta (Italy). The third session was 
chaired by К. E. Drangeid (Switzerland) on the topic “Design and planning of 
integrated services networks”. Several interesting contributions were included into 
the fourth session under the name “Multiservice networks”.

The majority of papers dealt with theoretical and/or simulational investigations 
of multiple access algorithms, with the emphasis on protocols suitable for integrating 
various kinds of information (e.g. voice, interactive data, pictures etc.). Some of them 
will be briefly mentioned below.

M. Ajmone Marsan and R. D. De Lavoco (Italy) analysed the well known 
CSMA/CD (carrier sense multiple access with collision detection) algorithm, extended 
for the “multi-channel” case (i.e., when a number of parallel accessible transmission 
media, viz. cables etc. is to be shared among a population of users).

The CSMA/CD random access protocol is well suitable for transmitting 
interactive data traffic but modifications are needed when one wishes to handle 
periodic (e.g. voice) traffic, as well. An interesting extension of this protocol and an 
experimental system based on it was analysed by J. Dunlop (United Kingdom).

5* Akadémiai Kiadó, Budapest
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A class of new, hybrid multiple access protocols is also of interest where the 
traffic of periodic sources is given higher priority and it is transmitted in a scheduled 
fashion while data packets are transmitted during the time freed up by voice according 
to the CSMA/CD algorithm. Two protocol versions belonging to this class were 
analysed by L. Fratta (Italy) and Cs. Szabó (Hungary).

A new type of integrated communication systems called metropolitan area 
networks (MAN’s) is emerging nowadays which is characterized by a tree-like topology 
and broadband signaling instead of baseband. New protocols are required for this 
new class of communication systems. A number of contributions were devoted to 
this and related questions, e.g., the one given by G. K. Kehagias et al. of Greece 
(“Protocols for broadband local area networks”), the paper of V. J. Sgardoni et al., 
“Accessing protocols for hierarchical metropolitan cable networks” (Greece).

Specific sessions were organized on communication protocols responsible for 
routing the packets and the packet flow control in packet-switched networks.

In addition to the above mentioned papers and their companions of analytical 
character, there was an other interesting category of those papers reporting about 
new integrated-services network prototypes. All this shows that, in this area, the new 
theoretical results on multiple access protocols are being rapidly incorporated in 
practical communication systems.

Cs. Szabó
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Hyde, G. (ed.): Review of Radio Science, 1984-1986. International Union of Radio Science (URSI), Brussels, 
Belgium, 1987.

“Radio Science is the underpinning of a communication/information revolution that is fueled by 
telephone, television and radio navigation, and explosively developed by satellite communication, space 
exploration, fiber optics, and computers to deal with information as well as arithmetic.” This statement, 
reproduced from the Preface by A. P. Mitra, President, URSI particularly well emphasizes why this very 
Union, originally mostly devoted to radio propagation studies and measurements, became so actively 
involved also in the field of Communications and particularly in Information Theory and related disciplines.

Only one of the nine chapters in this Review, viz. Chapter 3, Signals and Systems is likely to be 
really of interest to the readers of this Journal, however a fair part of this very chapter certainly represents 
one of the most ambitious accounts of the progress in Information Theory, Digital and Optical Signal 
Processing, the basic methodologies of Optical Fiber and Radio Communications and Radio Networks, 
made in the period November 1, 1984 to October 30, 1986. Chapter 3 includes eight, concise but very 
thoughtfully written, sections and, at the end of the Chapter, almost 200 references (confined almost entirely 
to internationally acknowledged journals and alike).

The chapter titles of the Review and the section titles specifically of Chapter 3 read as follows:
Chapter 1: Electromagnetic Metrology, Chapter 2: Fields and Waves, Chapter 3: Signals and 

Systems, Chapter 4: Electronic and Optical Devices, Chapter 5: Electromagnetic Noise and Interference, 
Chapter 6: Wave Propagation and Remote Sensing, Chapter 7: Ionospheric Radio Propagation: Waves 
in Plasmas. Chapter 8: Radio Astronomy, Chapter 9: Bioeffects of Electromagnetic Waves.

Section 3.1: Introduction, Section 3.2: Digital Signal Processing, Section 3.4: Circuits and Systems, 
Section 3.5: Information Theory, Section 3.6: Radio Communications, Section 3.7: Optical Fiber 
Communications, Section 8: Communication Networks.

Comparing the latter list with the present main fields of the Problems of Control and Information 
Theory (as stated on the cover of any 1987 issue), Section 5 and 8 within Chapter 3 may be of most 
immediate interest to those readers of this journal who are active in Information Theory, Cooperative 
Queueing and Distributed Control.

Chapter 3 was compiled from nearly 240 standard size MS pages and more than 1000 references, 
submitted by 23 National Committees. While many of the world widely well known contributions and 
contributors of the reported period appear in Section 3.5 and 3.8, the compression of 9:1 page ratio, a 
reference ratio of 6:1 and the differences in the time, tastes and interests of the National Committees, 
almost unavoidable caused some unfortunate overlooks and non-optimal selections. Because of this, the 
present book reveiewer particularly welcomes that the reviews of at least four of the National Committees, 
particularly active in the field, were also simultaneously published and distributed by the URSI at the 
time of the XXIIth General Assembly. Thus at least the final step of the compilation can be personally 
traced in detail by anybody interested in any particular topic.

Akadémiai Kiadó, Budapest
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Considering Section 3.5 with 3.8 more distinctly, three internationally relevant key events are 
pointed out in the field during the considered period: the two IEEE International Symposia on Information 
Theory in Brighton (England), June 1985, and in Ann Arbor, MI (USA), in October 1986, and the Sixth 
International Symposium on Information Theory, arranged mainly by the Institute for Information 
Transmission Problems of the USSR Academy of Sciences in Tashkent (USSR) in September 1984. It is 
also appropriately emphasized that the majority of the contributions to Information Theory and related 
methodologies were reported in the Problemy Peredachi Informatsii and in the IEEE Transactions of 
Information Theory. The latter also published two excellent special issues during the reported period: 
“Linear Adaptive Filtering” (March 1984) and “Random Access Communications” (March 1985).

Section 3.5 includes four brief subsections on Multiuser Communication, Coding and Cryptography, 
Source Coding and Information and Statistics, and is commenting on 21 contributions. Section 3.8 has 
got three sub-sections on Communication Protocols, Local Area Networks and Switching Systems, and 
includes specific comments altogether on thirty two research papers.

While reviewing on such a broad field, with so many relevant contributions just during couple of 
years, can hardly be appropriate in every respect, the present reviewer assumes that in the field of Signals 
and Systems, specifically within the fields of Section 3.5 and 3.8, closest to the majority of the readers of 
this journal, the International Union of Radio Science provided again a key reference to most of the most 
recent advances: the Review of Radio Science, as well as its simultaneously published national background 
reviews, provide much useful information to workers in Information Theory, Cooperative Queueing and 
Distributed Control in these days, in several respects, even to those having nothing to do with Radio 
Science itself.

S. Csibi

L. Devroye “A Course in Density Estimation” Birkhauser, Boston- Basel Stuttgart, 1987.

This book was written as course notes during the summer quarter of 1986, when the author taught 
a course on density estimation in the Department of Statistics at Stanford University; therefore it is a 
kind and didactic textbook for a graduate course on density estimation and the ideas and techniques are 
illustrated by figures and each chapters is followed by exercises.

The subject of the book is the L, theory of density estimation the same as that of the Devroye, 
Győrfi (1985) book. However, it is not a research monograph. The book contains some selected basic 
problems of the fields as follows:

I Distances between densities
II Density estimation and derivation of measures
III Consistency of kernel estimate
IV Robustness
V Minimax bounds
VI Minimum distance estimators
VII Rate of convergence of kernel estimates
VIII Case study: monotone densities on [0, 1]
IX Relative stability

Reference

L. Devroye, L. Győrfi “Nonparametric Density Estimation: the L, Wiew”, Wiley, 1985.

L. Győrfi
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Проблемы управления и теории информации, том 17, номер 3

Р У С С К И Й  П Е Р Е В О Д

Д И Н А М И К А  П У Ч К А  В Ы Ж И В А Ю Щ И Х  
Т Р А Е К Т О Р И Й  Д И Ф Ф Е Р Е Н Ц И А Л Ь Н О Г О  В К Л О Ч Е Н И Я : 

Э В О Л Ю Ц И О Н Н О Е  У Р А В Н Е Н И Е

А. Б. К у рж а н с к и й , Т. Ф . Ф и л и пп ова

(Свердловск )

Рассматривается ансамбль траекторий дифференциального включения, сохраняю
щихся (выживающих) до некоторого предписанного момента времени в пределах заданного 
множества в фазовом пространстве. Приводится уравнение, описывающее эволюцию 
областей достижимости данного дифференциального включения при ограничениях на фазо
вые переменные.

1. Введение

Настоящая работа посвящена вопросам построения математических 
моделей, описывающих динамику сложных нелинейных систем, функциони
рующих в условиях неопределенности. Характер неопределенности в рассмат
риваемых процессах состоит в том, что параметры и входные воздействия в 
системах, а также измеряемые по ходу развития процесса характеристики 
исследуемого объекта известны лишь с точностью до некоторых непредска
зуемых ошибок. Предполагаются заданными ограничивающие множества, 
содержащие указанные возмущения (ошибки), при этом какая-либо статисти
ческая информация о неопределенных факторах в системах отсутствует.

При данных информационных предположениях состояние системы в 
текущий момент времени определяется неоднозначно. Поэтому динамика 
изучаемого объекта не может быть описана отдельной траекторией — реше
нием соответствующего дифференциального уравнения, как в классической 
теории управления движением. Рассматриваемая задача допускает естествен
ную формализацию, основанную на использовании аппарата теории диффе
ренциальных включений [1-3]. При данной формализации место точно опре
деленной классической траектории движения занимает ансамбль (пучок) ре
шений дифференциального включения, исходящих из заданного множества 
возможных начальных состояний системы. Важным моментом является нали
чие в системе текущей информации, получаемой в результате наблюдений
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(измерений). Математически последнее обстоятельство выражается в том, что 
из всего пучка возможных движений необходимо выделить лишь те, что 
совместимы с полученным на данный момент времени объемом информации, 
т. е. построить так называемое информационное множество [4, 5]. Иначе 
говоря, рассматривая систему наблюдения как фазовое ограничение на траекто
рии включения, требуется найти множество всех выживающих к некоторому 
моменту (сохраняющихся на заданном промежутке времени в пределах фазо
вого ограничения) решений дифференциального включения [1-3].

Известно [6, 7], что трубку выживающих траекторий можно описать, как 
множество решений нового дифференциального включения, правая часть кото
рого определяется при помощи касательного конуса к фазовому ограничению. 
В данной работе развивается иной подход к рассматриваемой задаче, позволяю
щий избежать достаточно сложной операции построения указанного отображе
ния с коническими значениями. Отметим, что сечения пучков выживающих 
траекторий (информационных множеств) по существу являются аналогами 
фазовых состояний системы, поскольку вбирают в себя по определению все 
имеющиеся информационные и динамические характеристики системы. В связи 
с этим представляет интерес задача поиска уравнения, описывающего эволю
цию во времени данных «фазовых состояний» системы, решение этой задачи 
и составляет цель настоящей работы. Установлено, что сечения пучков выжива
ющих траекторий удовлетворяют специальному эволюционному уравнению, 
которое обобщает уравнение интегральной воронки дифференциального вклю
чения [8, 9] и совпадает с последним в том случае, когда фазовые ограничения 
отсутствуют.

2. Постановка задачи

Пусть Rn означает n-мерное евклидово пространство, (х, у) (или х'у) — 
скалярное произведение векторов х, y e  Rn (штрих-символ транспонирования); 
||х|| = (х, х)1/2, S = {хе R": ||х || ^  1}. Обозначим conv R" совокупность всех выпук
лых компактных подмножеств R", h(A, В) —  метрика Хаусдорфа (А, В е conv Rn). 

Рассмотрим дифференциальное включение

xe F cz t , x )  (í0^ í^ T ) ,  (2.1)

где х е R", F — непрерывное отображение из [í0, Т] х R n в conv R". Предполо
жим, что выполнено следующее условие Липшица (L> 0):

h(F(t,x), F ( t , y ) ) íL \ \x -y \ \ ,  Vx, у в R".

Пусть дано множество A^econvR". Для каждого х0е Х 0 обозначим 
x[t] = x(í;í0, х0) (íQ ^f^T) решение в смысле К. Каратеодори включения (2.1)



— абсолютно непрерывную функцию времени, удовлетворяющую соотноше
ниям: x [ t0] = x 0, x [í]e  F(í,x[t]) при почти всех í e [ í 0, Т]. Будем считать, что 
выполнено какое-либо из условий, гарантирующих продолжимость решений 
{x(t; í0, х0)|х0еХ 0} на весь промежуток [í0, Т] [10].

Пусть У(() — непрерывная многозначная функция, определенная на [í0, Т], 
со значениями в conv R", X  £  Y(t0).

Определение [1,2]. Траекторию х [  ■ ] =х( •; f0, х0) (х0 е Х0) дифференциаль
ного включения (2.1) назовем выживающей к моменту t(í0< t^T ), если

х[г] G Y(t) (2.2)
при всех í е [t0, т].

Для каждого х0 е Х0 множество всех выживающих к моменту т траекто
рий х( •; í0, х0) обозначим символом АГ( •; т, í0, х0). Положим

Х (  ’ > т> *о> -^о)=  U  {2 f ( '  > о̂> *0)1*0 6  -^о}>

X(t; í0, ^о) = Х(т; т, f0, Х0).

Пусть А'*( ■; í0, Х 0) означает ансамбль всех траекторий дифференциаль
ного включения (2.1), исходящих в начальный момент 10 из множества Х 0. В 
силу предположений относительно правой части F включения (2.1) множество

M = U{X*(t- t0, X 0)\t0ü t ü T }

компактно в R" [9, 10]. Обозначим gr,F график отображения F(t, •) (t фиксиро
вано):

gr,F = {{x,y} е Rn х Rn: yeF (í,x )} .

int A — внутренность множества А £  Rn.
Примем следующее
Предположение А. 1. Для некоторого выпуклого компакта D<=R" такого, 

что М с  int D, при каждом te  [t0, Т] множество Dngr,F выпукло.
2. Существует решение х„[ ] включения (2.1), удовлетворяющее усло

виям: x%[t0] е Х0,

* * М е int У(0, V ie [í0, У].

Отметим, что при предположении А пучок Х (-; т, í0, -Y0) выживающих к 
моменту т траекторий включения (2.1) является непустым, выпуклым и ком
пактным подмножеством пространства C[í0, Т] непрерывных п-векторных 
функций, а его т-сечение Х(т, t0, Х 0) непусто, выпукло и компактно в R".

Известно, что множества X(t; t0, Х 0) удовлетворяют полугрупповому 
свойству
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Х(т; t0, X 0) = X(z;s,X(s; t0, X 0)).
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Следовательно, они порождают обобщенную динамическую систему. Целью 
настоящей работы является построение адекватной эволюционной модели, 
описывающей указанную систему.

3. Эволюционное уравнение

Будем предполагать, что многозначное отображение У удовлетворяет 
одному из следующих условий.

Предположение В. График gr У отображения У-выпуклый компакт в R i+". 
Предположение С. При каждом leR"  опорная функция р(/|У(г)) отобра

жения y(í),

р(/| y(t)) = max {Гу|у еУ(0},
дифференцируема по г, и производная d/dt p(l\ Y(t)) непрерывна по совокупности 
переменных (t, /).

Справедлива
Теорема 3.1. Пусть выполнено предположение А. Если отображение У 

удовлетворяет предположению В или С, то т-сечение А[т] =  А(т; í0, А0) 
ансамбля А( •; т, Г0, А0) выживающих к моменту т траекторий включения (2.1) 
является решением следующего эволюционного уравнения

lim <7_ 1 /i ( X [ t  + <t] ,  И (x  + <tF ( t , х ) ) Р ) У ( т +  о-)) =  0, (3.1)
а - * 0  +  JceX[t]

toÜTÜT,  A[t0] = A 0.

Доказательство теоремы вытекает из серии лемм, приведенных в следу
ющем разделе. В заключение данного параграфа сделаем несколько замечаний.

Замечания. 1. В предположениях теоремы 3.1 многозначная функция 
А[т] = А(т; í0, А'о) непрерывна по т е [г0, Т].

2. Если в теореме 3.1 предположение А (2) заменить следующим: сущест
вует решение х+[ • ] включения (2.1) такое, что

хДГ] € int Y(t)

при почти всех í e [ t 0, Г], то функция А_[т] = А'(т; г0, А'о) будет удовлетворять 
эволюционному уравнению (3.1) почти в каждой точке т е [í0, Т]. В этом случае 
Х[т] может быть разрывной на множестве меры нуль. (Известно, что Х[т] 
непрерывна слева и полунепрерывна сверху справа в каждой точке r e [ í 0, У]
[4]).
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4. Вспомогательные результаты

Пусть момент т е [f0, Т] фиксирован, Х[т] = Х(т; í0, Х0). Основываясь на 
предположении о существовании внутренней (по отношению к фазовому 
ограничению) траектории дифференциального включения (2.1), нетрудно полу
чить следующий результат.

Лемма 4.1. Пусть выполнено предположение А. Тогда для любого е> 0  
найдется <т„>0 такое, что при всех а е [0, о ,]  справедливо включение

X[т +  ст]с( М (х + crF(т, х ) ) п  У(т -I- с)) + eaS. (4.1)
\  xeX[r] )

Уточним полученную оценку (4.1). Обозначим для каждого а>0

Z AТ)= У {2 еЛ": Э|7я(- )е ^ [т ,т  + <т],
хел[т]

Z = x +  J vx(öd£, vx(s)eF(т,х), (4.2)
t

х +  \ v x(£)d£e Y(s), T ^ s ^ i  +  a}.
t

(Здесь L j[t, т + (т] — пространство суммируемых на отрезке [т, т + <т] «-вектор
ных функций). По определению

Z ff(t)=t/{Z„(x0,T)|x06X[T]},

где Z„(x0, т)—(т + <т) — сечение пучка выживающих к моменту т + а траекторий х( •) 
включения

dx
—  еТ (т,х0), х(т) = х0,

х(г)еУ(0 (т^г gT + ff).

Лемма 4.2. Пусть выполнено предположение А. Тогда для любого £>0 
найдется <т,>0 такое, что при всех а е [0, ff,] верных включения

X[T + f f ]c Z CT(T) + £ffS (4.3)

Zff(т)<=( у  (x +  f f F ( T , x ) ) n y ( x  + f f ) ) +£ffS. (4.4)
\  *eí[t] /

Пусть Z'„(x) означает подмножество Z„(t), отвечающее постоянным функциям 
vx(t) = const в определении (4.2):

Z',{x)= У  {х + оп;|1;еТ (т,х)П ( f)  s ‘(^ (t +  s) - x))}.
хел[т]
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Лемма 4.3. 1 Пусть выполнено предположение А. Тогда для произволь
ного £>0 можно указать а^ > 0 такое, что при любом ere(0,ст*]

Z ^ t ) c l [ i  + (j] + £<tS. (4.5)

2. Пусть выполнено предположение В. Тогда при любом сг > О

U (x + aF(x,x))nY(x + a ) z Z 'a(x ) zZa(x). (4.6)
xeX[z]

Сравнивая леммы 4.2 и 4.3, получаем
Следствие 4.1. Пусть выполнено предположение А. Тогда

lim a-'h(X\_x + a l  Z„(t)) = 0.
и-»О +

Введем ряд вспомогательных конструкций. Определим для произволь
ного замкнутого множества С £  Я" контингентный конус 7^(х) (х е С):

7^(х)= {г е R": liminf <x_1 min {||х + от — с||: с е С} =0}
<т-*0 +

и контингентную производную DY(t, у)(а)(ае R 1) отображения У ()  в точке 
(t,y)egrY

DY(t,y)(a.) = { v e R n: (<х, v) е TgrY(t, у)} [6,7].

Положим при (t ,y)egrY
V(t,y) = DY(t,y)( 1). (4.7)

При выполнении предположения С при любых ( t,y)egrY  множество V(t, у) 
непусто, выпукло и замкнуто в R" [6].

Зафиксируем момент т е [í0, Т] и построим локальную аппроксимацию 
Y„(т) отображения У(т + ст) при малых ст>0 [11]:

ПМ  = п  (У + °П?,У)) (4.8)увГ(т)

Уо(т)=У(т).

Лемма 4.4. [11] 1. Пусть выполнено предположение С. Тогда при всех 
<7^0 справедливо равенство

Ya(x)={zeR": 1'z ü p (1\Y(x)) + ct̂ p (1\Y(t)), V/eK"}.

2. Если выполнены предположения А (2) и С, то для любого е> 0  
существует <т*>0 такое, что при всех (ге(0, ст„] имеют место включения

У(т + ег) £  У„(т) + e ít S  

У„(т)£У (т + сг) + £<т5.
(4.9)
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Заметим, что график отображения У„(т) (как многозначной функции от а 
при фиксированном т) является выпуклым. Поэтому из лемм 4.1-4.4 следует 

Лемма 4.5. Пусть выполнены предположения А и С. Тогда

lim o~ lhc.X[z + &], И  (x  + oF(t, x))n Y„(t)) = 0.
<r-»0+ хел[т]

Суммируя результаты лемм 4.1-4.5, приходим к заключению о справедливости 
теоремы 3.1.

5. Линейная система

Рассмотрим систему
х  е Л(фс + P(t) ( to ^ t^ T ) , (5.1)

где х е R", A(t) — непрерывная п х и-матричная функция, P(í) — непрерывное 
отображение из [t0, Т] в conv R".

Сохраним обозначение Х(-;х, t0, Х 0) предыдущих разделов работы для 
ансамбля выживающих (по отношению к ограничению У( ■)) к моменту т 
решений х[ • ] системы (5.1);

Х[т] = Х(т; t0, Х 0) = Х(т; т, t0, X 0).

Условие А(1) в данном случае выполнено.
Предположение А'. Существует траектория х*[ • ] включения (5.1) такая, 

что
x*[í] е int Y(í), V te [í0,T ] .

Следующий результат вытекает из теоремы 3.1 и обобщает теорему 4.1 
[3] (с учетом замечания 2 § 3 настоящей работы).

Теорема 5.1. Пусть выполнено предположение А'. Если многозначное 
отображение У( •) удовлетворяет одному из предположений В или С, то функция 
А'[т] = А'(т; t0, X 0) является решением уравнения:

lim <т~ lh(X[r + &], ((£ + стЛ(т))Х[т] +
(т —* О +

+ стР(т))пУ(т + (т)) = 0, (5.2)

= Хо, to =

(здесь Е — единичная п х п-матрица).
По аналогии с теоремой 4.2 [3] доказывается более сильное утверждение 

(выпуклость grY не требуется).
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Теорема 5.2. Пусть выполнены предположения А' и С. Тогда опорная 
функция p(l\Xlt']) при любом / е R" дифференцируема справа по t е [í0, Т] и

^ р ( 1  |* М ) = min {p(q'A(t)\dlP(l\XW)) +

+ p(q\P(t))+j t p(l-q\Y(t))\qeQ(t,D},

Q(t. 0 —{qe R"- p(i—q\ у(г))= р ( / |* М ) - р («|*М )}, 

d,p(l\X№) = { x e  X[t]: l'x = p(l\X[Q)}.

6. Заключение

Предложенное в теоремах 3.1 и 5.1 эволюционное уравнение может быть 
использовано при построении аппроксимирующих процедур в задачах гаран
тированного оценивания динамики управляемых систем по результатам наб
людений в условиях помех [4, 5].
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A S O L U T I O N  M E T H O D  F O R  SLP R E C O U R S E  P R O B L E M S  
W IT H  ARBITRARY M U L T IV A R IA T E  D IS T R IB U T IO N S  

T H E  I N D E P E N D E N T  CASE

K. F r a u e n d o r f e r , P. K a l l *

(Zürich)

(Received October 2, 1986)

One way of solving stochastic linear programs with recourse is to approximate the objective 
function by a piecewise linear function — substituting the arbitrarily distributed random variables 
by discretely distributed ones. We determine sequences of discrete distributions such that the 
corresponding optimal objective values converge to the original optimal value and the discrete 
supports increase in such a way, that the total computational work can still be afforded. This 
requires to evaluate probabilities and conditional expectations which can be a difficult task for 
arbitrary distributions. Hence, in this case we replace the given distribution by a discrete one 
resulting from sampling and then apply the above-mentioned procedure. How large the sampling 
should be taken depends mainly on the variance of the recourse function. We determine an upper 
bound for that variance on the basis of the information yielded by the algorithm. Numerical 
examples illustrate the results.

1. Introduction

Problems of the form

m in[/(x )+  j Q(x, {(ю))/>(4ш)] (1.1)
n

s.t. x e  X

represent a broad class within the field of stochastic optimization. £ is a random 
vector mapping of the probability space (ß, A, P) into (RK, BK, F) where BK is the 
Borel field on RK and F is the corresponding distribution function.

f :X~* R is a real valued function defined on X a R"' and Q : R"‘ x H-*Ru{ + oo} 
is an extended real valued function, where S cR *  is the support of the probability

* Part of the work for this paper could be carried out by the second author at the Mathematics 
Research Center, University of Wisconsin Madison, with financial support by the National Science 
Foundation under Grant No. DCR-8502202. The hospitality and support by these institutions are greatly 
appreciated.

1* Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford
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measure induced by £ (i.e. E is the smallest closed set in RK such that P(£(co) eS )=  1). 
We assume throughout that E is a convex set.

The term
[Q(x, £)dF = \ E(Q(x, £))

can be interpreted as the expected cost subject to the random vector and a given 
decision x e X.

If /  is a linear function, X  a convex polyhedral set and Q given as the optimal 
value of a linear program

0 (x> <Ü) =  min <<?(<!;), уУ (1-2)

s.t. W y = h ( 0 - m ) x

y^O,

where IT is a fixed (m2 x n2)-matrix and

q(Z) =  q  o +  < h t i  +  ■ ■ ■ + Ч к £ к >

ä(Ö = *o + *i{i + - . . + M * .  (13)
T{£)=T0 + Tll;l + . . .  +  TK£K,

qt n2-vectors

hi m2-vectors

Tj (m2 x n ̂ -matrices

i = 0 , . . . , K ,

independent random variables,

we obtain from (1.1) a special class of problems, the so called stochastic linear 
programming problems (SLP) with fixed recourse.

SLP recourse problems can be expressed as follows:

min f / (x): =  <c,x>+ [Q(x,Z)dF (1.4)

s.t. Ax = b 

x^O

Q(x, £) = min <<?(£), y>
with

s.t. Wy = h(Z)-T(Z)x

УШ 0,

(1.4.1)
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where
c e R" ' , b e R"" and A of order m, x n , .

The function Q(x, £) is called the recourse function as it refers to the recourse 
problem (1.4.1), which has decision x as a parameter and involves the random 
coefficients q(^), h(£) and T(£).

The practical meaning is as follows: At the first stage, when deciding upon x, 
we have no information about the values of £. Hence, looking for an optimal first 
stage decision x, we have to take into account not only the direct first stage cost 
<c, x), but also the expected value of the future recourse cost. If there is no 
feasible solution to (1.4.1) we assume Q(x, £) =  оо, thereby inducing the constraint 
ДШ б(х» £)= oo}) =  0 on the decision x of the first stage.

The expected cost E(Q(x, £)) is caused by the fact, that in general it is impossible 
to require that the equality T(£) ■ x = h(^) is satisfied for each realization of the 
stochastic parameter Hence the “best” recourse decision у — also called second 
stage decision — may be interpreted as a correction, which generates minimal 
additional costs Q{x, £) at the moment, when the random vector £ is realized.

If fThas the additional property, that {YVy:y^0}  = R m2 (i.e. the correction Wy 
in (1.4.1) can compensate for any error, whatever x, h{£,) and T(£) may be) we have 
an SLP problem with complete fixed recourse. In this paper we confine ourselves to 
the case of complete fixed recourse, which is no essential restriction for most practical 
problems.

Let us now briefly discuss the basic properties, which are important for solving 
this class of problems.

By duality theory of linear programming we know that Q(x, £)> — oo (i.e. the 
recourse problem is bounded from below) if and only if there is a и e Rm2 such that 
IV Tu^q(^).  Since the case Q(x, £)= — oo is of no interest for us, we shall assume from 
now on, that this condition is satisfied for each realization of the random vector q(£).

Under this assumption the recourse function possesses the following proper
ties [3]:

i) For any fixed  ̂ the function

x->Q(x, £)

is a piecewise linear and convex function on

X: = {x| Ax = b, x  Si 0};

ii) For any fixed x e X  and for any fixed q(£) = q0 the function

is piecewise linear and convex.
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Similarly, if we consider only q(£) as random and the right-hand side of (1.4.1) 
as fixed, we obtain:

iii) For any fixed x e  X  and for any constant h(^) = h0, T(£)=T0, the function

í - 6 (*,í)

is piecewise linear and concave.

Under the additional assumption, that the random parameters q(^), h{£) and 
T{£) have finite second moments, we get:

iv) The function

Q(x)= [Q(x,Z)dF

is finite and convex on X.

In our case, considering only affine linear transformations in (1.3), the 
compactness of S, therefore, ensures already the finiteness of Q(x).

v) If £ is a discretely distributed random variable with a finite number of 
realizations , . . . ,  the linear two-stage problem (1.4) takes on the form 
of a large-scale LP problem with dual block-angular structure:

min ¥'(x): =  <c,x>+ £  p‘W , y l)  (1.5)
/= 1

s.t. Ax  = b

Tlx + W y ‘ = ti, 1=1, . . . , L  

х ,У ^ 0,
where

<?'=<?(«'), t i = h ( a  т‘= т ‘),

р' =  Р(£(ш) = У) and p '>0V /, X p '= l .
1

Minimizing T(x) in (1.5) implies (by p '> 0 V/) automatically that the recourse 
costs <ql, У> — subject to realization — are minimized.

Observe that the number of realizations defines the number of blocks and hence 
the size of the LP (1.5).

A detailed discussion of the properties of stochastic linear programming 
problems can be found in [1] and [3].

Looking at properties ii) and iii) we realize, that for ensuring convexity, 
concavity, respectively, of the recourse function ß(x, ^) with respect to £, we have to
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keep either q or h and T fixed, respectively. As there is no essential difference in 
treating convex or concave functions, from now on we will concentrate on the case, 
where /i(£) and T(£) are random and q is held fixed!

One way of solving SLP problems with recourse is to approximate the objective 
function by a piecewise linear function — substituting the continuously distributed 
random vector by a discretely distributed one.

In the second section we shortly review how to generate appropriate discrete 
distributions F, F, which enable us to evaluate lower and upper bounds for the 
optimal objective value, see e.g. [1] and [5]. From property v) we know, that the 
discrete support defines the size of the LP (1.5); in section 3 we determine sequences 
of discrete distributions Fj, F \  whose corresponding optimal objective values 
converge to the original optimal value and whose discrete supports E \  Ej increase 
in such a way, that the total computational work can still be afforded. We shall see, 
that the algorithm presented in section 3 requires the evaluation of probabilities and 
conditional expectations, which can be a difficult task for arbitrary distributions. 
Replacing the given distribution by a discrete one resulting from sampling avoids 
these difficulties. In the fourth section we discuss how large the sampling size should 
be taken to obtain a sufficiently accurate confidence interval for the expected recourse 
cost. In the fifth section numerical examples will illustrate the convergence and the 
computational effort needed for solving SLP problems with complete fixed recourse.

2. Inner and outer linearization of SLP objectives

Several proposals have been made for approximating linear two-stage problems, 
see e.g. [1], [3], [4], [5], [8]. In this section we shortly review a particular 
approximation method on which our algorithm is based. We intend to approximate

the expected recourse costß(.x) =  £ Q(x,Z)dF by approximating the original dis

tribution F by appropriate discrete distributions F, F yielding lower and upper bounds 
for (5(.x) — for any feasible x.

We assume that the support E of £ is compact to ensure the finiteness of (5(.x); 
further we assume that ß(.x, £) is convex in <!;, which can easily be achieved by holding 
q fixed.

As we consider not only the original distribution F, but also the approximations 
F, F, it is meaningful to define:

6 ( * , F ) : = ( ß ( x ,  É ) d F ,

*F(x, F): = <c,x>+ I Q(x, QdF.
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For obtaining lower and upper bounds for Q(x, F), V(x, F) resp., we look for discrete 
distributions P, F for which

Q(x,F) ü Q(x, F ) ü Q(x,F)  Vx ,
and hence

4>(x,F)^4'(x,F)g:4'(x,F) Vx .

The supports of F, F are denoted as E, Ё, respectively.
Since E is a convex set and Q(x, £) is convex in <!;, we get from Jensen’s inequality:

Q ( x , ^ [ Q ( x , Z ) d F  Vx, (2.1)

where |  = E{£/£ e £).
Considering a given partition S = (S l , . . -,EL) of a  into convex cells S, 

applying (2.1) on each cell E„ 1 = 1, . . . ,  L, we obtain:

i  Q ( x , i V ^  i  f Q(x,Z)dF = Q(x,F) (2.2)
/=1 1-1

where
=  е д £ е £ () and p‘ = P(Z(w)e E,).

(To avoid unnecessary discussions, we assume р '> 0  V/, implying for 1фк.)
Hence, for the discrete random variable £ defined by

<f: =  £' with probability p', l = \ , . . . , L ,  (2.3)
l л  L

with distribution F and support S =  ( J  E,= ( J  { £ ' } ,  we get
/=i i=i

j  Q(x, c)dF = Q(x, F)^Q(x,  F) Vx. (2.4)A

Q(x, F) approximates the expected recourse costs Q(x, F) piecewise linearly from 
below — as I  is discrete — and so "F(x, F )= < c ,x ) + ß(x, F) can be looked at as an 
outer linearization for the original objective 'Ffx, F).

To get upper bounds we may use the Edmundson-Madansky inequality (E-M). 
Given a one-dimensional random variable <!; with support E = [a, J?] and expectation 
|=E((!;|£eS), and assuming that Q(x, <!;) is convex in for the discrete random 
variable I  with distribution F and support 5 =  {a,ß} defined by

,  ß - |
C =  a with probability p, = —---- ,

ß~<*

%=ß with probability p2 " —a ,

(2.5)
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it follows due to (£-M ) that

Q(x,F)= I Q(x,Z)dFü [Q(x,Z)dF = Q(x,F). (2.6)

For a К -dimensional random vector £ with stochastically independent com
ic

ponents and a A-dimensional interval E = X  ßj] as support (or containing
j= 1

the support), this implies for the discrete random vector f  with independent 
components, distribution F, and support

к
Ё -  X  {<*/, ßj] = {all vertices of £},

j= 1
defined according to (2.5) by replacing <f, a, ß, £ by a}, ßj, %j, respectively —
Ij =  £ (^ |^ j6 [a,, ßj]) — and for any Q(x, £) convex in £, that

Q(x,F ) ü G(x ,F). (2.7)

This follows from (2.6) and the fact that independence allows for iterated integration.
Finally, if the F-dimensional half-open interval E, containing the support of 

F, is partitioned into half-open subintervals

£ ,=  X  [«J./ty / =  1, . . . ,  L,
j =  1

we may construct in an analogous way discrete random vectors with independent 
components, distributions Fh and supports

S,= X  {<*;, /?'•} = {all vertices of E,} 
j =  1

by replacing in (2.5) £  a, ß, l  by aj, ßp Vp respectively — |J  =  £ (^ |{ ye[af^J)).
Applying (E -M ) to the conditional distribution F (£ |£ eE,) = :F, now yields 

immediately
i f ß ( x , i ) d F £  f ß ( x ,P ) t f .  (2.8)
P -I ~l

where p‘ = P(£ e E ,)> 0 according to (2.2), and therefore

Q(X, F)= i  f 0 (X , t  Pl 1 Q(x, f )dF t. (2.9)
1 = 1  S ,  ( = 1  ai

Hence, we have implicitly found a discrete random vector £ with support S  and 
distribution F,

s =  Ű F =  Í  p'F„
/ = 1  / = 1

(2.10)
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which due to (2.9) yields an upper bound:

Q(x, F ) ü Q{x ,F).  (2.11)

Q(x, F) approximates the expected recourse cost Q(x, F) piecewise linearly from above 
(since is discrete) and, therefore, "F(x, F) =  (c, x )  + Q(x, F) is an inner linearization 
of <F(x, F).

For detailed discussions of (E-M) bounds as well as further upper bounds we 
refer to [1], [2], [5].

Remark: If Q(x, £) is linear in £ on cl [S',], then obviously

IÖ(x, |)d F =  j  Q(x, Z)dF = p‘ I Q(x, ?)dFt. (2.12)
Ei

3. The solution method

For solving a linear two-stage problem we will use an important feature of Jensen’s 
and Edmundson-Madansky’s inequalities, namely their monotonicity: Considering 
partitions S j into half-open intervals S{, 1= 1, .. ,,Lj, if S2 is a refinement of the 
partition S1 (i.e. S2 results from S' by partitioning some of its cells 3}), then the 
lower and the upper bound obtained for S2 are at least as sharp as, the previous ones.

The simplest and most obvious technique of refining is to subdivide each cell 
3 ' ,  /=  1, . . Lj ,  by hyperplanes orthogonal to all coordinate axes in R*. If the cells 
S j  are (half-open) hypercubes in RK, this strategy divides each 3} into 2* smaller 
cubes, hence after j  steps we shall get 2K j cells. The discrete supports SJ, S J of our 
discrete random variables J* — subject to partition Sj — strongly increase with 
respect to their number of realizations; hence after a small number of refining steps 
we shall no longer be able to solve the approximating LP’s (1.5) corresponding to 
the distributions FJ, FJ introduced in Section 2 before.

However, a more careful analysis of our problem shows that the computational 
effort can be considerably reduced by dividing only some properly chosen subcells 
along appropriate directions.

We start from a certain partition S J: =  { S j ,  1 =1 ,  . . - , L j }  of 3  into half-open 
intervals. The discrete random variables £J, %j — with their supports 3 j , S j and 
discrete distributions Fj, Fj — approximate the original random variable d;, and we 
already know that

Hence a solution xj of
min 4*(x, FJ)
x e X

T ( x ,  F J) ^ ' F ( x , F ) ^ ' F ( x ,  F j ).

(3.1)
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(i.e. a LP of type (1.5)), yields a lower bound 'P(x-/, Fj) for

min 4'(x,F) = :'F(x*,F).
x eX

Similarly

min V(x, Fj) (3.2)xe X
(i.e. a LP of type (1.5)), yields a solution xJ and hence — in some sense — a minimal 
upper bound 'F(x\ Fj) for *F(x*, F).

We have to observe that determining xj requires much less effort than finding 
xJ, since the number of blocks in the LP (1.5) corresponding to FJ — i.e. the number 
of vertices in all Sj  — is a multiple of the number of blocks in the LP (1.5) corresponding 
to FJ — i.e. the number of conditional expectations of all E{.

There is another way, that yields an upper bound for. *F(x*, F), assuming that 
xj has already been determined. Since T(x, FJ) is an inner linearization of *Р(х, F), 
we obtain an upper bound by ¥/(xJ, Fj) which is in general less sharp than *F(xJ, Fj) 
but available with much less effort.

To determine lP(xJ, FJ) we have to solve the recourse problem

Q(xj, fJ'v): = min (q, у> (3.3)

s.t. Wy =  h( ^ 'v) — T(%j‘ v)xJ

y ^O
for all %j've S J.

So, instead of solving one large LP (1.5) for x j and y{ we have to solve all much 
smaller subproblems associated with the angular blocks.

Hence we get:
Y(x j, F j) ü  ¥*(x*, F ) ^ V ( x j , Fj)ü  Г ( х \  Fj)

where
•P(jH Fj) results from (3.1) and

'F(xj, F j)=(c ,x j>+ I Q(xj,Z)dPj from (3.3).
Si

There is another fact, which turns out to be an essential advantage, if we consider 
*F( •, Fj) at xJ. From (2.2), (2.3) and (2.9) we have

'F (xJ, F J)= <c, xJ> + X I Q ( x \ b d F j , (3.4)
i =l  j jI

•F(xJ, FJ) = (c, xJ> + I  p>-1 j  Q(xj,£)dFj,
I -1 Si

(3.5)
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with
p i ^ p t f e E f t

So, we actually have lower and upper bounds for the expected costs for the same 
approximate solution xj, subject to the cells E l  1=1, .. ., Ly.

W , ^ ) : = p | ß ( x J, l ) ^ J =
“Í

= Q(*J, f  •') ̂  p  I Q(x\ Z)dF й  (3.6)
“ I

If it turns out that for some E{0

V'Jx', Fj) -  V J V ,  pi) > г • 4>lo(x*, Fi), (see l) (3.7)

then E{0 is not approximated sufficiently accurate with respect to the tolerance e 
(relative error); so we have to improve the approximation by partitioning this cell E{0. 

There exists another criteria for further subdividing, proposed by H. Gassmann:

FJ) -  Fj) > 2,  • M (3.8)

where ц denotes the number of divisions that were necessary to obtain E{0, p/,io the 
probability of H/0, and

M is some over all lower bound for V, (x*, F), e.g. M=  ¥'(xJ, pi).

The practical meaning of (3.8) is the following: cells E\, for which pi-l° ■ 2"> 1, 
are expected to be more important than cells for which pi'l° ■ 2"<  1.

The set Tj of cells Ej, which have to be partitioned, can now be defined by:

Tj\ = {E\ l (3.7), (3.8) resp., is satisfied}. (3.9)

Remark: Performing (3.1) and (3.2) would yield similarly as lower and upper 
bounds

9/,(xJ, Fj) and 9/,(xJ, PJ), respectively,

but as such bounds correspond to different decisions xJ and xJ, it would be not 
significant to compare them according to (3.7) or (3.8). Assume that the functions

1 Here we assume 4J,0( x \ F J) > 0; otherwise this relation must either be completed by taking into 
account sign [t,i0(xí, F 1)} or replaced by considering just the absolut error £.
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Q(x\ ) and Q(xj, ■) are linear on a cell S{, then we know that we do not achieve 
any improvement by partitioning this cell, independent of how much the lower and 
upper bound differ. Indeed, computational results justified to consider 4, ( ■, Fj) at xj, 
as we will see in section 4.

Refining strategies

So far, (3.7) or (3.8) enables us to determine the set of cells Tj, which have to 
be subdivided to improve the approximation; but we still do not know how to choose 
the dividing hyperplane or cut. The efficiency of cuts in different directions depends 
on the nonlinearity of the function Q(xJ, £) with respect to the coordinates 
of £. As we see from the example in Fig. 3.1, no improvement can be achieved by 
splitting E, with a cut orthogonal to <jj2 since Q(x\ ) is linear in £2. On the other 
hand, if we cut 3, by a hyperplane orthogonal to we may obtain two subcells, in 
which Q(xJ, £) will be linear in and our next upper and lower bound, subject to 
these subcells, might become exact: Hence it seems plausible to choose for each E\ e Tj 
that coordinate along which Q(x\ ■) is “mostly nonlinear”.

We consider an arbitrary cell E{ e TJ and define (€' as the set of pairs of adjacent 
vertices (£(,,,£*,,) — i.e. £'Vl and £'V2 differ in exactly one coordinate:

= « 'Ж и & е З /  and adjacent}.

Fig. 3.1
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Similarly, we define:

К'- = {(ft,, f t2)lft, e and f t2 € S i  differ 

exactly in the /cth coordinate}.

So, we have:

и кk= 1

For evaluating V (xJ, F j ) we already solved (see (3.3))

ß(xJ',ft) = min <<7,y> (3.10)

s.t. w y = h ( o - m i ) £ j 
y^ 0

for all IZleSj,  v= 1, .. . , 2*; /=  1, .. .,Lj.

From duality theory we know that the dual solution rc'(ft) of (3.10) is a measure of 
sensitivity of Q(x\ ■) with respect to the right-hand side of (3.10).

If the multipliers 7t(ft) coincide at each vertex of Sf ,  Q(xj, ) is linear on S\.  
But in this case S{ $ T j as the already obtained upper and lower bound are equal 
and represent the exact expected recourse cost on S J, for the decision x j .

Let us consider the pair of multipliers (7r(ft,,), 7r(<ft2)) corresponding to
(ft„ C'V2) e < :

If
*(ft,) = 7r(ft2) V (ft„ft2)e<ift,

then Q(xJ, ■) is linear on all edges [<ft, <ft2] such that (ftVl, f t^ e if t .
This does not necessarily imply the linearity of Q(xJ, •) in Si; but we may expect 

that a cut orthogonal to coordinate k is not efficient, since linearity of Q(xJ, ■) occurs 
on all edges of S/ orthogonal to coordinate k (see Fig. 3.1 for k = 2).

Now, we would be able to define a partition-coordinate k by the following rule:

We determine out of all adjacent vertices that pair of multipliers (7r(<ft),
7t(ftV2)) which differ most with respect to || • ||2 and, if (ft,, f t je 'í f t ,  define 
that coordinate k as partition-coordinate. (3.11)

Still some improvements of (3.11) can be expected, if we look at Fig. 3.2a and 
Fig. 3.2b:

In Fig. 3.2a, obviously no essential improvement can be achieved by division 
of coordinate k, in [ f t ,  ft,]. It seems to be more efficient to divide coordinate k2 in 
[ f t  > f t]  — illustrated in Fig. 3.2b — although the slopes, determined by the multipliers, 
coincide in f t and f t  as well as in <ft and f t.
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Fig. 3.2

To take into consideration this possible outcome, we observe that all multipliers 
n(£'v)  are dual feasible for (3.10) with arbitrary e Sj.

Hence we get:
< M O ^ ( 0 - m [ )  xj>üQ(xJ, a  (3.12)

For any pair of adjacent vertices (£(,,, it follows:

< * 0  *(£'„) -  m ‘j  ■ xJy й Q(XJ, O .  (3-13.1)
< * 0  h ( ? J - n O  ■ xJy ^ Q ( x \  O -  (3.13.2)

If equality holds either in (3.13.1) or (3.13.2) we have linearity of Q(xj, ■) in [£'Vl, 
nevertheless and л( '̂У2) may differ, e.g. in the case of degeneracy.
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Defining now

H O O -  = mi"

Q(xj, , ) - < * 0  Н О - П О  • *'>],

(3.14)

we may understand d(£'vi, £'V2) as a measure of nonlinearity of Q(xJ\ )  in [£(,,, <J'V2]. 
Evaluating

max
t f '  . i t  ) e ie '

V “/6  TJ, (3.15)

we obtain those edges [£{,,, £j,2] of EJ, e TJ on which Q(xj, ■) is “mostly nonlinear”. 
We choose that coordinate к for subdividing E{, for which (£{,,, £j,2) e I t  proves 
to be meaningful to cut at =  £ (^ |^ fc e [<!;{,,, £{,2]) and so the cutting plane cp‘ — 
subject to Ej — is given by

(3.16)

What actually is done by (3.14) and (3.15) is illustrated in Fig 3.3.: 
In Fig. 3.3a we have:

</,: = C(*', tf)-<*<tf), h ( ^ ) - m [ ) - x J y ,

9i.= ( п ( О Н ^ ) - Щ \ ) - х ^ ;

g 2- = Q(xJ, Й ) И(?2) -  m ‘2) ■ xJy ,

у 2- =  < n ( O H ^ 2) - m l2) - x jy

and hence А(£\,?2)=д2- д 2.
Analogously, from Fig. 3.3b we get

Н О ^ )  = 9л~9*-

Applying (3.15) we get A(£l3, £'4) and, therefore, the coordinate k2, whose partition 
lets expect greatest improvement in cell E\.
. Performing (3.7), (3.8), resp., and (3.14)-(3.16) we obtain a new partition Sj+l 
which is — by construction — a refinement of Sj .

Now we can summarize the procedure as follows:

Algorithm

STEP 1: j: =  1, L,: = 1, S l = {E}} = {E}; (3.17.1)
STEP 2: determine S j, | J, Fj according to (2.3) (3.17.2)

and Ё \  Fj according to (2.10);
STEP 3: solve (3.1) to get xj and the lower bound f'fx7, Fj)\ (3.17.3)

solve (3.3) to get the upper bound ¥'(*', FJ);
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if V/(xJ, FJ) — V/(xJ, F J)^e  • 4*(xJ, F j)=>xj is sufficiently accurate, STOP; 
if not, evaluate •РДх', F1), Fj) according to (3.6);

STEP 4: determine TJ according to (3.9); (3.17.4)
evaluate the partition coordinates according to (3.14)—(3.15) 
and determine the cutting planes cpl according to (3.16), 
for all E\ € Tj .

STEP 5: determine SJ+l, Lj+X\
j := j+  1; go to STEP 2. (3.17.5)

2
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This procedure is characterized by the following feature: In cells E{ $ Tj , subject 
to which Ч*(х\ F) is approximated sufficiently well, we do not strive for a better 
approximation for £; in such cells it is sufficient to consider the realization £jJ as a 
representative of E{.

The error, obtained by substituting t, by £J, Q is — at least for the decision x j 
— localized in step 4, by determining Tj, the set of cells, in which £ may be 
approximated quite well by l j , J ', but not sufficiently well with respect to the behaviour 
of the function Q(x\  •). Roughly speaking, we enforce the convergence of &, in 
probability to ^ only in the cells E\ e TJ.

4. Considering arbitrary distributions F

Step 2 in the above-mentioned procedure requires to evaluate probabilities of 
half-open intervals E, and conditional expectations £(£|£ e E,) which can be a difficult 
task for arbitrary distributions. Replacing the given distribution by a discrete one, 
resulting from sampling in E will avoid these difficulties. In doing so an additional 
error occurs. The question we are discussing in this section is, how large the sample 
should be chosen, to keep the error negligible as compared to the tolerance e we 
prescribe for the optimal value of the SLP problem.

If i = l , . . . ,  N) denotes the sample of size N, we get

f ( x , F ) * ( M > + ^ b ( x ,  a  

'"(*):= T7 I  QlX' td*  Í Q(x,Z)dF = :Hx). (4.1)/V /= 1 Ь

Applying the central limit theorem, we obtain

P ( I l»(x) -  Их) I ^  = Ф(Я) -  Ф( -  Я) -И2 ( ß ß j  (4.2)

where <т(х) is the standard deviation of Q(x, £), i.e.

И  x)]2= [ Q2(x ,Z )dF-[ l( x )]2, (4.3)

and Ф(Я) — Ф( — Я) is the area below the density of the Gaussian Standard-Normal 
distribution in the interval [ —Я, Я].

So, Я gives us the probability, with which IN(x) is in the confidence interval С /Я(х),

Я<г(х)
,/(* ) +

Я<т(х)

ЖГС/Я(х): =
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For a given probability [Ф(А) — Ф( — Я)] the length of С /Я(х) depends on <x(x) and on
N. As <r(x) is determined by 5(x, •), the only possibility for keeping С /Я(х) small 
enough, is to choose the sampling size N  properly large; to do so, it requires some 
information about a(x).

Of course, we do not know <r2(x) exactly but we could estimate it by the sampling 
variance <r2(x),

if we knew the values of Q(x, •) at all realizations i=  1, . . . ,  N, of the sampling.
To avoid these (many) evaluations we strive for an upper bound d(x) of a(x) 

based on information we have from our algorithm, i.e. the values of Q(x, ■) at the 
vertices and the conditional expectations of the cells Sj.

Replacing by the “sample variable” и with the distribution P(q = £i) = —,
N

/=1,  . . . .  N, and applying the algorithm (3.17.1)—(3.17.5) for q instead of £ we obtain 
in the у-th iteration step:

p‘ = P(qeS{U 
fj with support S j and 
p " , the probability Pi^rj") ,  
fj" e Sj (according to (2.10));

v= 1, .. . , 2*, the vertices of 5/, 
p'v, the probability for fj=fj[ according to F,.

Further we get (see (2.2) and (2.9)):

<t2(x)*<t2(x):= — £ ß 2(*,<!;i)-[/'v(x)]2, (see 2) (4.4)

(4.5)

(4.6)

Obviously we have:

LN(xj) ^ I N(xj) ^ U N(xJ).

2*
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As we know the dual solution Jt(fj') of the recourse problem subject to fjl and xJ, we 
are able to approximate from below Q(xj, r/) on S{ by a linear function Q,(xj, rj), namely

Qt(xj, i\): = < л(»)')> Afo)-  T(*l) ‘ *J> V>ieZJh 

for which follows (see Fig. 4.1):

й,(хКг,)^<2(х\п) Vr,eEj .  (4.7)

It is easy to verify that

t 0 (Х^,-) =  ВД (4-8)N i= 1

where
Q(xj, ^ )  = Q,(x{ Q  for i ,e S f .

We consider now

V ar(Q(xJ,r,)): = « J ' ■ (49)

Bounding the terms |ít2(xj) — Var (Q(xJ, r/))| and War (Q(xj,ri) from above yields an 
upper bound for <x2(jcJ) and hence for <t(xj) as

02{xJ)S\<72(xj) - V a r  (Q(xJ, r/))| +  Var(ß(xJ', »/)). (4.10)

From (4.4), (4.8) and (4.9) and observing that adding a constant M to a random
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variable — in our case Q(xJ, rj) and Q(xj, 17) — does not affect the variance, we get

ct2(x*)—Var (Q{xJ, ri))= i  t  + +

-  l l N(xj) + M]2 + [_LN(xj) + Щ 2 =

=  1  Z  I  { Q ( x J, í d - Q Á x K  i d }  { < 2 ( * J ,  i d + & * > ,  i d + 2 M }  -
N  1=1 ( ,eS {

-  V N(xj)Y + [L"(xj)Y + 2 M  [LN(xJ) -  № ) ] . (4.11)

For

and

p=  min min Q,(x\ ij[) 
I

M = Ip I if p < о
0 else

it is obvious from (4.7) that

and
{ Q ( x j , i i ) - Ü , ( x J, i d } ^  0

{Q(£J, i i)+QA*j , Q + 2 M } Z 0  

Therefore, we conclude from (4.11)

I ff(x^)- Var (Q(xj,rj))\^

(4.12)

V i; G s{ VI.

Z  IßOH í . ) - ö « ( ^  £ • ) }  {ß (x \ i , )  +  6 , ( ^ ,  i d + 2  м )  +1=1 ít€SJ

+ 1 [ / N(xJ)]2 -  [Lw(xJ)]2| + 2M [/v(xJ) -  LN(xJy]. (4.13)

The first term herein can be bounded from above by bounding from above the factors 
of all products, since they are positive.

{Q(xj,t]) — Q,(xj,r])} being a convex function on E\, it attains its maximum in 
a vertex of E{. Hence, we define

y,: = max {Q(x\ rj[)~Qt(xj , fj[)}
<TveSJ

{Q (* U i)-é i(* U i)M ie  S i

as upper bound for
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Then the first term in (4.13) is bounded from above by

^  Z  у,  Z  { Ö ( * U , ) + é « ( * U , ) + 2 M } ^
N  l = i  ( ,e S j

S  I  y , { U ? ( x J) + L № ) } + 2 M  £  y r p 1. 
1=1 i=i

Further, we have for the second term of (4.13)

{ /"(* ')-L"(xj)} ■ Il N(xJ) + В Д | g

^  {U x j) -  LN(xj)} ■ I l N{xj) + LN(xj) I ^

g {UN(xj) - LN(xj)} {I !N(xj)\ + 1LN(xJ) |} ^

S { U N(xJ) - L N(xj)} ■ {max [|Lv(xJ)l, \UN(xj)\] + \LN(xJ)\ \,

and for the third term

2M{IN(xj) - LN(xj)} й  2M {U 'V ) -  LN(xj)}. 

Putting all this together we get

|<t2(xj) - Var (Q(x\  i/))|^ Z  У ,{ № )  + W ) }  + 2M Z  y,p' + 
/=1 /=1

+ {UN(xj) -  LN(xj)} ■ {max [ I LN(xJ) \, | UN(xj)] + LN(xj) \} +

+  2 M  ■ { U n (x j) - L n ( x j ) } .

So, it remains to estimate Var (Q{x\ rj))\ from (4.8) and (4.9), we get:

(4.14)

Var (Q(x\ n))= - £  Q 2{x \  i , ) - [ № ) ] 2. (4.15)

As Q(xJ,ti) = Qi(xj,ri) VrjeS-j and so is linear in Ej, Q2(x\ ) is convex in E\. Now, 
applying the Edmundson-Madansky inequality yields:

and hence

i X QUxUtü 2£й?а\г,1)р^р‘ (4.16)

Var(Ö(xJ,i/))^ £
2*
Z  Qf(x\ fj[)p[ ■ р ' - [ а д ] 2: = /1(х2). (4.17)



KRAUENDORFER. KALL: SOLUTION METHOD FOR SLP RECOURSE PROBLEMS 197

Summarizing we get an upper bound a2(xj) for a2(xj):

x  ы д а ' ) + д е ) } + 2м у,р ']+/= 1

+ {UN(xj) - L N(xj)} {max | UN(xJ)\] + \LN(xj)\} +

+ 2M{ UN(xj)-  LN(xj)} +  Л(xJ) = :d2(xJ). (4.18)

This bound may be tightened in certain cases as shown in Appendix I. We have to 
stress that (4.18) enables us, to decide a posteriori, i.e. after a certain sampling size 
N has been chosen and the algorithm stopped at iteration step j, whether

is small enough. If it turns out that N has to be increased, this should be done by 
taking Я • <x(JcJ) into consideration; after determining a proper sampling size, we have 
to modify the conditional expectations and the probabilities of the cells S \ —  which 
refer to the final partition SJ — and continue the algorithm (3.17.1)—(3.17.5), if

where F j, F ‘ denote the modified distributions, obtained from the new sampling.

The method described in section 3 has been implemented on the IBM 3033 
computer of the University of Zürich for SLP with q(£) = q°. Parts of MPSX/370 are 
used as subroutines to solve problems of type (3.1)-(3.3). We have to point out that 
the LPs with dual blockangular structure have been treated as usual LPs, i.e. the 
special structure has not been taken into consideration. Hence the computer times, 
listed below, can be regarded as an upper bound for solving the corresponding SLP’s. 

The algorithm has been tested in different versions and on different problem-
sizes.

First, we considered two problem-sizes Ph P„:

VS. * 7{xj, F j) —4'(xJ, F i)>E

S. Numerical experience

P ,:/1(6/16),

7X0 (8/16), ВЧ8/20);

P„: /1(12/28),

7(0(15/28), »415/30)

where the matrices A, 7 (0 , W and the vectors c, q, b, A(0 were generated randomly.
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In the first instance, the random vector £ was assumed to be 3-dimensional,
3

i.e. £ = (£,, £2, £3) and uniformly distributed on X  [0, 1]; hence the conditional
i — 1

expectations and probabilities of the cells E, could easily be evaluated exactly.
In section 3 two ways have been proposed for determining an upper bound for 

the optimal objective value:

(3.2) yielding tP(xJ, F j), and

(3.3) yielding Y(xj , F J), respectively.

According to these two possibilities the algorithm has been implemented in 
two different versions VI, V2:

Version VI: STEP 1, STEP 2 analogue to (3.17.1), (3.17.2);
STEP 3: solve (3.1) obtaining x j , 'F(xj , F J); 

solve (3.2) obtaining x j , 9, (xJ, F j)\ 
if *Р(хЛ F - ')-•/'(xj , F j) ^ e - T{xJ, F j)=>

=>xj is sufficiently accurate, 
STOP;

if not:
STEP 4: determine Tj, according to

TJ: = {Ejt\ basic recourse vector y[ ‘close to’ degeneration}; 
choose the partition-coordinate cyclically;

STEP 5: analogous to (3.17.5).
Version V2: STEP 1, STEP 2, STEP 3 analogous to (3.17.1 ИЗ. 17.3);

STEP 4: determine Tj according to (3.9);
choose the partition-coordinate according to (3.11);

STEP 5: analoguous to (3.17.5).

Remark: In STEP 3 of VI, V2 we used for our test series

e: = 0.05. (5.1)

15 test examples have been generated randomly for each problem-size P, and 
P„, which have been solved by version VI and V2. The results are summarized in 
Table 5.1.

The values corresponding to the headings m and s, respectively, represent the 
mean error bound in % and the deviation of the relative error respectively, obtained 
in the several iterations for the fore-mentioned 15 test examples:

In the first iterations the mean error and its deviation, by applying VI is less 
than by applying V2. This is caused by the fact that performing STEP 3 in VI
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T a b le  5.1

VI V2
Iteration m s m s m s m s

1 585.4 1947.2 2286.5 7111.4 116.7 69.2 352.6 444.1
2 93.5 231.8 242.7 472.6 91.7 46.6 284.3 486.6
3 39.7 71.1 103.2 187.5 43.6 27.3 61.3 94.3
4 9.3 9.4 9.7 8.8 9.9 4.8 12.1 7.9
5 6.2 8.0 5.0 3.9 8.9 4.7 7.1 5.0
6 5.0 8.3 2.3 2.0 CPU-Time Limit 3.7 3.4
7 3.6 6.9 1.5 1.6 (11 min) 2.7 3.2

P»
VI V2

number of
partitions (26.0/20.1)
(mean/deviation)

CPU-Time (min) 
(mean/deviation) (3.5/3.3)

(25.4/12.3) <?/?)

(1.5/0.85) P 11 min

(32.4/15.6)

(4.01/2.3)

determines the minimal upper bound, while performing STEP 3 in V2 determines an 
upper bound at the initial solution xJ. In the subsequent iterations the sign changes, 
caused by a more efficient partitioning strategy, as lower and upper bounds for the 
expected costs — subject to each cell — refer to the same decision xj in V2. Hence 
the importance of evaluating the minimal upper bound in VI strongly decreases.

Comparing the number of partitionings, we observe that its mean value in VI 
and V2 is almost the same for the smaller problem size P,. So, from the point of view 
of partitioning, determining the sharpest upper bound and performing a less significant 
partitioning strategy requires the same effort as performing the more efficient 
partitioning strategy by determining a weaker upper bound. For the larger problems 
Pn, we realize that evaluating the sharpest upper bound causes too much computation
al work, as it already exceeds the CPU-time limit — which was set to 11 min — 
within the first iterations. We expected — and indicated earlier — that V2 is far less 
expensive than V1, as solving the larger LP (3.2) in V 1 is replaced by solving a number 
of small recourse problems (3.3) in V2.

Next we applied V2 on problems P,, PM with considering “arbitrary” distri
butions for the independent random variables <!;,, £2, £з- We have chosen the following 
distributions:

£ , ~F( r ) =  1 - e  A: =  3, (5.2.1)

(i.e. exponential distribution)
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i 2~ W(0,1), (5.2.2)

(i.e. Gaussian Normal Distribution)

<̂3~F(r)= 1 — e At, A: = 6, (5.2.3)

(i.e. exponential distribution)

and replaced <!;=(£,, £2, £3) by a discrete random variable £3,;), resulting
from sampling with size N:= 1003.

In this phase we compared the two possibilities of choosing the partition- 
coordinate — i.e. (3.11) and (3.15), discussed in section 3.

Version V3: STEP 1-STEP 5 analogue to (3.17.1)—(3.17.5).
Remark: the tolerance e is again chosen according to (5.1).
The results are summarized in Table 5.2.
We see that little improvements are achieved concerning mean error and its 

deviation and concerning the required CPU-time. Considering the number of 
partitions an essential improvement is obtained, which proves that partitioning 
according to (3.15) is more efficient than according to (3.11).

We also compared (3.7) and (3.8) — for determining the set Tj — subject to 
P, and Я,,, but as no essential difference has been observed, the results are not listed 
separately.

Table 5.2

Iteration

f и
V2 V3 V2 V3

m s m s m 5 m s

1
2 128.7 187.5 126.5 218.4 235.6 364.9 223.4 352.5
3 49.7 79.5 50.5 74.0 67.3 64.0 70.1 68.8
4 18.8 13.6 18.5 13.7 36.8 28.0 27.1 17.8
5 11.3 8.4 9.8 7.3 14.6 7.4 12.1 5.1
6 6.1 4.1 5.7 3.5 7.9 5.0 6.6 2.3
7 3.8 2.6 3.7 1.8 4.1 1.6 3.7 1.1

number of
partitions (52.4/27.4) (25.9/19.4) (67.5/35.4) (31.8/11.5)
(mean/deviation)

CPU-Time (min)
(mean/deviation) (2.6/1.2) (1.8/1.5) (7.5/1.4) (5.6/3.1)

MAGYAR
TUDOMÁNYOS AKADÉMIA 

KÖNYVTÁRA
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The next question we are interested in, is whether the chosen sampling size 
N = 1003 is sufficiently large, subject to our tolerance level of 5%.

We have set A =  3 which corresponds to the probability

[Ф(А) — Ф( — /)] = 0.9975, 

and considered three different sampling sizes:

N, = 103, yv2 = 100\ yv3= 10003.

Evaluating the upper bound for <t(xj) according to (4.18) we obtained the 
following:

For each of the 15 test examples — subject to P, and P„ — 

error by sam plings5% for N t ,

error by sampling^ 0.1% for N 2,

error by sampling^0.005% for N 3,

with probability 0.9975 which confirms that in this special case the error resulting 
from sampling is negligible subject to the tolerance level of 5% for N = 1003.

Finally, we applied V3 on additional problem-sizes Pm, Piy.

Pm- /4(15/60),
m )  (30/60), 1T(30/70);
<5 =  (<̂ 1, £2, i 3) distributed according to (5.2), 
sampling size N = 1003.

Piv: /1(6/16),
T($) (8/16), tT(8/20);
« “ « 1 . Í 2 . Í 3 . Í 4 )
with £2, £з distributed according to (5.2),
£4~/V(0, 1) i.e. Gaussian Normal Distribution; 
sampling size N: = 1004.

The results are listed in Table 5.3.
Finally, we have to mention that the implementation of our algorithm can be 

improved essentially with respect to CPU-time and storage by taking advantage of 
the properties of LP-' (3.1):

In extensive tests with Minos 5.0 it turned out that solving LPJ ab ovo, required 
comparably many pivot steps as solving LP1, . . . ,  L P J by transmitting all the basic 
columns of the optimal basis solution of LPJ _ 1 to L PJ, j  =  2, . . . ,  J. (Minos 5.0 verifies 
the regularity of the so obtained matrix and adds unit columns and exchanges columns, 
respectively if needed.) This is mainly caused by the fact that the corrections of the 
first stage solutions xj and the matrices T1, respectively, decrease with j, i.e. with a
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T a b le  5 .3

V3

Pm p,v
Iteration m s m s

I
2 492.4 677.3 89.5 110.1
3 320.2 796.1 33.2 18.8
4 15.3 5.7 22.1 13.8
5 7.9 3.1 11.8 7.4
6 4.8 1.3 7.6 4.3
7 3.1 0.8 5.6 2.8
8 4.1 1.7
9 3.3 1.2

number of
partitions
(mean/deviation)

(30.0/11.1) (50.2/41.1)

CPU-Time (min) 

(mean/deviation)
(40.9/22.5) (6.2/5.2)

finer partitioning. We have to stress that this reduces the numerical effort considerably 
as pivoting becomes the more expensive, the more cells (i.e. blocks in (3.1)) are created. 
Further, as we used dense matrices T 1, W concerning the LU-factorization of Minos 
5.0, no fill-in was observed.

Another possibility of taking advantage of the special structure of (3.1) is to 
apply the basis reduction method described in [7], which was shortly reviewed in 
[4] where it was pointed out that the computer-time per pivot step will be reduced 
from 0(Lj) to 0(Lj), which is considerable as Lj tends to become large.

Finally, according to first tests by the author of [6], the regularized decom
position may be expected to be efficient in solving (3.1), at least for sparse matrices 
W and T(£).
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Appendix I

Tightening the bound S ix1) for dfx').)
Applying the triangle inequality, we get from (4.4), (4.8) and (4.9)

|d 2(x2) -  Var (QixJ, »j))| g

-FK/'V))2—<LW |.

(1.4.11)

The second term on the right-hand side of (1.4.11) may be bounded from above due to

| < / W - № ) ) 2|=  (1.4.12)

= [/"(x2)-  L"(.xj)] • I / w(x') + Lv(xJ)| á  

g [(/"(x2)-L"(x2)] • {|/'v(x2)l +1 L"(xJ)|} g 
s [U 'V )-L "(xÓ ] • {max [|L"(x2) |, |l / 'v(x2)|] +  |ii'(x2) |} = :/r(x2).

To bound the first term on the right-hand side of (1.4.11), we have to distinguish between different cases:

case a) min Q,(xJ, r/)^0:

~  I  (Q(X2, í d - á t x 2, í,))(e(xJ, í , ) + &(*'. í , ) ) gN (Щ

gj^maMefxLr/l-édxL ĵ ^  Y. Qi*'. {,)+ Q,üJ, í,)j g

á y  ,(1/Г(х2) + ТГ(х0)

where y,:= max [ß(x2,r/) — (7,(x2,»í)] (see Fig. 4.1).

case ß) max Q(xJ,rj)g0: 

As this case implies

I  Т7б(*.«N
|ЕГ(х2)|ё
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we get similar to case a)

1
N X £,) -  Q,(xJ, £,) (Q(x\ (,) +  Q,(x', £,)) g y r 2\L?(x%

case y) max Q ( x J, q)>0 min Q ,( x j , t/)< 0:
1*1; ne!/

Applying the triangle inequality yields

X ( Q (x J, {,) -  Q , ( x \  (,)) ( Q ( x \  £,) + Q , ( x \  {,))

As for all ( iS E j

and

we may conclude

Defining now

йу, X тг[1в(ЛЛИ1+10ИК{,)|].iie£J /V

\Q(xJ.£i)\ й  max max Q(xJ. r])\ minQ,(xy,t/) = :r,(x')
L ”€‘J, 4**1 J

I6i(x-i.íi)lá max [ max Qi(xJ,
ч*3\

1); min Q,(xJ, ti) 
i*si

i,r j)\= :U x i),

X m xJ, C.) -  £,)) ■ (Q (x\ {,) + Q , t x \  f ,))
<‘•*1

й у , р ' ( ф > )  +  т,(х')).

' y,(U?(xJ'H-Lftx'» 

Чх>)= y,-2 \L ?№ \

■ ViP'<h(xJ) +  T ,(xJ))

we get from (1.4.11), (1.4.12) and (1.4.13)

if case a) 

if case ß) 

if case y).

\ t* (x J) ~  Var (б(хЛ r/))| á  X  0 ,(х > )+ р & ) .
I

Bounding Var(Q(xJ, rf)) due to (4.17), and applying (1.4.14) we obtain an upper bound <72(x') for

i 2(x‘) á  X  M x J) + /<(xJ) + Л (xJ) = :d 2(x ') .
I

(1.4.13)

(1.4.14)

i 2(xJ)

(1.4.15)
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М етод решения стохастической линейной программы 
с произвольными мультивариационными распределениями —  

независимый случай
К. ФРАУЭНДОРФЕР. П. КАЛЛ 

(Цюрих)

Рассматривается модифицированная стохастическая линейная программа, в которой целе
вая функция аппроксимируется кусочно-линейной функцией, а случайные переменные моделиру
ются дискретными.
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In the present paper an algorithm for calculation of optimal controlling actions in the 
problem of positional control of systems perturbed by uncontrollable disturbance is presented. It 
is shown that combination of three components, namely, 1) extremal displacement onto concomitant 
point, 2) constructions of stochastic synthesis, 3) introduction of an additional phase coordinate, 
allows us to construct a function which approximates the game value and is differentiable with 
respect to the phase variable.

Here extremal displacement onto concomitant point is reduced to the extremal displacement 
in the direction opposite to the gradient of the approximating function. It is established that if a 
quality index is the norm of the phase vector at the instant of process termination, the present 
approach leads to a realized calculating procedure. The obtained results make clear the connection 
of stochastic program synthesis [1-3] with known generalization of the method of dynamic 
programming [4, 5].

1. Statement of the problem

Let us consider a problem of positional control under the condition of minimum
of guaranteed result over the index

У = |х [» ]| (1.1)
for the system

dx
—  =  A(t)x+ B(t)u + C(t)v, t0<t<9.  
dt

(1.2)

Here x is an n-dimensional phase vector of the object; |x | is its Euclidean norm, 
t0 and 9 are fixed instants of time; /1(f), B(t), C(t) are continuous matrix-valued 
functions; и is an r-dimensional vector of control, v is an .s-dimensional vector of 
disturbance which are constrained by the restrictions « £ # , r e J ,  respectively, where 
& and Q are given compact sets.

Notions of strategy u( • ) = {u(f, x,e) e 3P, (o^ ( ^ 9 ,x e £ " ,£ > 0 )  and control law

L/ = {ti(), e, 0-3)
3 Akadémiai Kiadó, Budapest 

Pergamon Press, Oxford
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are the main tools for solving the considered problem. Motion х[г„[ • ]9  = [x[f], 
of the system (1.2) is generated from arbitrary position {f*, x#}, x[i*] =  x„, 

f , e [ f 0, Э), x ^ e  E" in steps [r,, fi+1], /=  1........к of partitioning

^ iU i]  =  í f* =  f I ' f i +1- =  í | t + l = ^} (Í-4)

by the control law U (1.3) and some realization of uncontrolled disturbance

И'*[ • ] S] =  {t)[t] g J ,  í* <  í á  S} (1.5)

which is any measurable function of time.
These notions constitute the underlying mathematical formalization of the 

minimum problem for ensured result proposed in monograph [1]. According to this 
formalization the problem of calculating of the optimal ensured result

P°(f*>2c,) =  p[u°( ■ )i x„] — min lim lim sup sup |x[«9]| (1.6)
u( • I е - о г - о  J i l l i l  d<>.[ •]»]

and of searching of the universal optimal strategy n°( •) is set. The problem has a 
solution.

At any position {f, x} the optimal ensured result for the index у (1.1) can be 
calculated by the method of stochastic program synthesis as a value of stochastic 
program extremum ([1], p. 306)

P°(t,x)= sup sup K(t,x;A{tj},l(-)).  (1.7)
a i t j i  | | i (  ) | | s i

Here

^{т .} =  {г =  т , ----- , X j < T  j + l ......... x q + ! =  .9} (1.8)

is an arbitrary partitioning of the segment [f, .9] which is not connected with the 
partitioning (1.4) in any way. Value /(•) is Borel-measurable on cube ß  = {a> = 
= { £ i,. . £ , } ,  0 £ t j <  1,7 = 1, . . . ,  q} n-dimensional vector-valued function which is 
naturally treated as a vectorial random variable and then the symbol ||/( )|| should 
be understood as Eucledian norm in Hilbert space of random variables ([6], p. 279). 
The scalar function к in expression (1.7) is determined by relation (41.8) in monograph
[1] (see p. 315) and there is no necessity to write out this relation explicitly. We only 
note that by the replacement

l ( )  = m + b ( ) ,  m=M{l(u>)}, M{b(w)} =0, (1.9)

where M denotes the mathematical expectation, problem (1.7) is reduced to the 
following one ([7], p. 187)

p°{t,x)= max [<A"(.9, t)m ■ x )  +g{t, m)]
|m| S 1 (1.10)
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Here A"(3, t) is the fundamental matrix of the uniform system (1.2), the upper 
prime denotes transposition, and g(t, m) is determined by the equality

y(t, m) =  sup
aiGl

sup M
| | fc(-)l |S(l  - |m| 2) 02

min max <[m  +
ue& ve$

+ n(г, со)] • X{!H t ) [ B ( t ) h  + C(t)e] >di ( 1 . 1 1 )

where the values

n(T,w) =  n [£ ,----- , y  =  j  . . .  J />[£,, . .  . ,£ ,]d £ ,+ 1 . . .  d£„;
0££j +i <1 0S44<1

b'^t<T J+1, j = \ , . . . , q  (1.12)

are conditional mathematical expectations of n-dimensional vectorial random variable 
h((o) =  />[£,, . . . ,  £,]. We can show (and it is essential for the further consideration) 
that function g(t,m) (1.11) is concave with respect to argument m. Then all function 
maximized in (1.10) will be concave with respect to m at every fixed position {i, x}.

The optimal strategy u°( ■) on the basis of function p° = p°(t, x) (1.10) is found 
by the rule of extremal displacement ([1], p. 210)

<s„(r, x, a )  ■ ß(r)u°(f, x, e )>  = min (s j t ,  x, e ) ■ B(t)u) (1.13)

in the direction opposite to the vector s„(r, x, e) which is determined from the condition

(1.14)

where

p°(t, x — sjt ,  x, e))= min p°(t, x — s),
| s | S P ( £ . ( )

/Hr., t) = [e( 1 + [t -  i0])]1/2 exp ;.[f - f0] , (1.15)

/ =  max max |Л(Г)х| (1.16)
l u S r S S  Ijc| = 1

Thus, to calculate the optimal controlling action

u°[i] =  u0(r,.,x[i,],£), t i < t ^ t i+l (1.17)

on each step (f,, tj+1], / = 1, .. ,,/c, it is required to solve two minimum problems 
(1.14) and (1.13) at t = th x = x[f,] that in general case can lead to the necessity of 
repeated counts of p°(th x [ f , ] - s )  by formulae (1.10), (1.11) at points of n-dimensional 
sphere \s\^ß(E,t). From the point of view of the computation this problem is the 
most time-consuming one.

3*
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In the present paper an approach is suggested which allows us to pass by 
solving of problem (1.14). It turns out that due to the addition of one more fictitious 
coordinate x„ +,, we succeed with the help of expressions (1.10), (1.11) in constructing 
of some function p°(t, x) which approximizes the function of optimal ensured result 
p°(t,x) (1.6) and is differentiable with respect to x. In turn, it allows us to simplify 
an algorithm of calculation of optimal controlling actions u°[f] (1.17) and to reduce 
it on each step [f,, / = 1, . . к to the extremal displacement

x)

= min (
ней»

in the direction opposite to the gradient

dp°(t, x)/dx = {dp°/dxt , . .  , ,dp°/dxn},t = ti, x  = x[t i] 

of the function p°(f, x) constructed above.

Split, x)
8x

B(ti)u
_ t =<, ,x  = x[r,)

(1.18)

■ BirJuV^xCr,]^) ) =
t  = t i ,  X  =  x[f,]

2. Approximating function and its properties

Consider the function

p°(i,x)= max W(t,x,£,m) (2.1)
MSI

H(t, x ,e ,m)=-ß(e, t ) i \+\X'(9, t )m\2)ll2 +

+ <A"(9, t)m - x}  + g{t,m) (2.2)

defined at all t e [r0, >9] and all x e E".
We stress that the calculation of this function can be effectively realized in a 

number of concrete cases including the case when y = |x [9 ]| which is analyzed here 
in detail. We shall not dwell on sources of obtaining of the function. As it is already 
noted, these sources are based on the ideas of stochastic synthesis and introduction 
of additional regulating phase coordinate x„ + 1. We shall only mark the principal 
properties of the function p®(t, x) (2.1), (2.2).

1°. Thanks to the strict concavity of the function H{t, x, e, m) (2.2) with respect 
to m, the maximum in (2.1) is achieved on the unique vector

m° = m°(t, x, e). (2.3)

2°. In consequence of the uniqueness of the vector m° (2.3) vector-valued 
function = x, e) is continuous with respect to the arguments t e [ í0, .Tf x e  E".
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3°. Due to properties 1°, 2°, the function p°(t, x) (2.1) is differentiable with 
respect to x, i.e. the gradient dp°(t, x)/8x exists. Moreover,

6̂ (-  -  = X'(9,t)m0(t,x,e) (2.4)
ex

and on account of the condition |m°(r, x, £ ) |g l, the gradient dp°(t, x)/8x (2.4) 
continuous with respect to {i, x} is uniformly bounded at f e [ i 0, 8], x e  E".

4°. In consequence of the equality </(9, m) = 0 for t =  8, the function p°(t, x) (2.1) 
satisfies the boundary condition

p£°(8, x) =

-[)? 2(£, 8) —|x |2] 1/2, 0M )
s ß

\x\-y/2ß(e,S), | x | > № 8) 
У 2 *

(2.5)

5°. The function p°(t, x) (2.1) approximates the function of the optimal 
guaranteed result p°(t,x) (1.10) in the following sense: at all {f, x} the estimate

/?(£, f0) ̂  p°(t, x) -  pE°(i, x) g  Kß(e, 8) (2.6)

is valid, where К is a positive constant.
6°. Let us choose the control law

l/° = {u°(-),£,dÄ{M} (2-7)
which forms actions «0[f] =  u°(f1, x [i,], e),ti< t £ t i+l, * = 1, . . . ,  к from the con
dition of extremal displacement (1.18) on the basis of constructed function p®(f, x)
(2.1). And let some unknown disturbance r(i „[ • ]8] (1.5) be realized. Then the following 
estimate expressing the property of u-stability of the function p°(i, x) occurs along 
the motion х[г„[ • ] 8] generated by the law l/°(2.7) on each step [tf, f1 + 1], i = 1, .. . ,k

dP? = P?(ti+ 1.

^a(e, Ö) [ti+1—í j ;  lim ot(e,á)= 0  (2.8)
í - 0,e->0

for arbitrary realization of disturbance t ;( f* []8] (1.5).

The given estimate can also be expressed in the following differential form

D,+(p?(t,x))+ • M(f)x +  B(t)u°(t, x, £) +  C(i)r]^ ^ 8 (e), (2.9)
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where the symbol D,+ (p°(t, x)) designates the upper right-hand with respect to t the 
derivative number of the function pf(r, x) (2.1). Here relation (2.9) replaces the 
corresponding differential inequality from the method of dynamic programming and 
makes the connection of this method with the constructions of the method of stochastic 
program synthesis clear.

These estimates are directly derived from the definition of the function p°(f, x)
(2.1) which gives the inequality

Ap? S  H(ti+i , x[i/i + ,], e, m°(f, +1, x [i, + , ], £)) -

— H(ti, x [f,], £, m°(f, +1 , x[f, +,], £)) (2.10)
Here properties l°-3° of the function p£(i, x) (2.1) are used. Making the further 

treatment of the right-hand side of inequality (2.10), the following estimate of the 
variation of g(f, m°) (1.11) is the most essential

ЛЦ = Í/U, + I. m°Ui + i .* [ '.  +1 ], £ ) ) m°(t, + , ,x [i, + ,],£)) S

+ I

min max <m°(f(, x[f ,],£)• Х(Э, t) [В(г)м + C(t)f] >dt<Z
J ug./ ve2
ti

mm max
uef? ve#

L>r°(f,x)

' (f|'+ I

л  J f  =  f j , j c  =  je[í,]

-í,) +  ai(á)(fi+ ,

■ [B(f,)u +  C(í,)i;] 

- t i l (2. 11)

where a,(á)-»0 for (’»-►О.
Then using the condition of extremal displacement (1.18) and taking into 

account estimates (2.11), we obtain the required estimate (2.8) from inequality (2.10).
Successively comparing inequalities (2.8) at /=  1, . .  ., k, we obtain that on the 

motion x[f*[ ].9] generated by the control law U° (2.7) and arbitrary disturbance 
£(£„[ •] 9] (1.5), the inequality

p e° ( 3 , x [ í > ] ^ p £0( f * ,x * )  +  a ( £ ,á ) [ 9  — i 0]  (2 .12)

is fulfilled where x(e, ())->0 for £->0, (5->0.
Then taking into consideration properties 4°, 5° of the function p°(t, x) (2.1) 

and the boundary condition p%9, x) =  |x| for the function p°{t, x) (1.10), we come to 
a conclusion that for any arbitrary small x > 0  the control law U° (2.7) ensures the 
inequality

|x[.9]| = y[r*,x*; V°,  u(i,[ ] 9 ] ] ^ p 0(i* ,x<I)-l-x (2.13)

if only in the law U° (2.7) i: and ö are chosen sufficiently small depending on y.



TRET YAKOV: SYNTHESIS OF OPTIMAL GUARANTEEING CONTROL 213

On the other hand it is known [1] that one can find a law of forming of 
disturbance

K° = {r°(-), e^efo), At{t,}:ö£S(e)} (2.14)

based on some optimal strategy

v°( ■) = {r°(t,x ,e )e Q , t0g t ^ 9 , x e  E",e>0}, (2.15)

which gives the result

(2.16)

for arbitrary realization of control u(f*[ • ].9] including, maybe, the realization which 
is formed in steps by the control law U° (2.7). Comparing (2.13) with (2.16), we 
convince ourselves that the variable p°(f*,x*) in (2.13) cannot be decreased by any 
arbitrarily small constant and, therefore, it delivers the optimal guaranteed result 
p[u°( ■); г*, x j  in the sense of definition (1.6).

According to condition (1.18) ensuring estimate (2.8) the optimal universal 
strategy u°( •) is found from the condition of extremal displacement

■ B(t)u°(t, x, e)̂ > = min ■ B(t)u^ (2.17)

in the direction opposite to the gradient dp°/dx of the function p°(t, x) (2.1).
In conclusion of this section we note that according to the method of stochastic 

program synthesis the optimal strategy t>°( •) (2.15) can also be found on the basis of 
the function p°{t, x) (1.10) by the rule of extremal displacement

<s,,(f, x, e ) - C{t)v°(t, x, e)> =  min <s„(f, x, e)- C(t)r> (2.18)
v e £

but now in the direction opposite to the vector s„(f, x, e) determined from the condition

p°(t, x — s j ( t ,  x, e) ) =  max p°(t, x  — s). (2.19)
| s | S 0 ( e . l |

However, here one fails to avoid solution of the problem (2.19), as it was done in the 
case of problem (1.14). At all events one must keep in mind that the extremal 
displacement (2.18) cannot be replaced by the one in the direction opposite to the 
gradient dp°/dx of the function p°(t, x) (2.1). Thus, the problem of construction of 
the strategy t>°( •) (2.15) is more difficult. In this connection the remark on the 
possibility of forming of the optimal counteraction i>°[f], f,<t<£íJ+I, i=  1, . . k, 
relying on maximizing the stochastic nonanticipatory program v°(t, to), 
w e f i  which is extracted from the solution of the problem (1.10) is of essential interest.
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It turns out that on the motion generated by the control law U° (2.7) and maximizing 
program v°(t, со) one can obtain the result у (1.1) arbitrarily close to p°(t*> jc*) with 
probability arbitrarily close to 1.

3. Model problem

We shall illustrate the suggested approach with the help of the convergence- 
evasion problem ([5], p. 51) of two objects.

Let two mass points m{>) and ma) with masses m t and m2, correspondingly, 
move in three-dimensional space. Positions of these points in the space are determined 
by its radius vectors

*= 1 ,2 ; t0ü t ü 9 .  (3.1)

The points move under the action of forces of environment resistance proportional 
to the points’ velocities dr(k)/dt, k = 1,2 and attractive (or repulsive) forces proportional 
to distances of the points to the origin coordinates. The first, mU) and the second, 
ml2) points are controlled by forces u(U and ui2), correspondingly. At every instant of 
time t the forces are bounded

|u<'‘,[ r] |£ /it , цк = const, /с =1,2 . (3.2)

The equations of points’ motion have the following form 

d2rik) drik)
т ‘ ”Л г + “* Т + ^ (,, = “(*1, * = L 2  (3.3)

where mk and ock are some non-negative numbers and ßk, к = 1, 2, are arbitrary ones.
We assume that the aim of the first player who commands the choice of control 

u<1) is the convergence of the point mn) with the point m{2) at given instant of time,
i.e. by the choice of his controlling actions u°[i] (1.17) the first player intends to make 
the distance from the point m(2)

y =  |r<I>[£»]-r(2)[9]| (3.4)

as small as possible at instant of time У.
At instants f,=  l, . . . , * ,  needed for him the first player has at his disposal 

information on realizing states of system (3.3) but he knows nothing about the 
intentions of the second player who commands the choice of control u(2). Perhaps, 
harmful to the first player, the second one will intend to increase the distance у (3.4) 
as much as possible.
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The considered differential game can be reduced by the known method ([5], 
p. 53) to the minimum problem of ensured result result with respect to index у = |x[.9]|
(1.1) for the system

dX =q>(t)u-il/(t)v, (3.5)dt

1
m.

1
m-,

„(2) 1
m , Mi =  M,

1
m,

(3.6)

where x = {x,, x2, x3} is a three-dimensional vector, connected with phase coordinates 
of the points m(1) and m,2> by the relations

x. =x\4[9, t]r\'> + x\'l[d, t y \ l)-

- х \ 2{[S, t]f(2';

x2 = x \ l№ ,  t y 2l) + x \ l№ ,  t y 2" ~

- x \ 2№ ,  t y 22)- x \ 2l V i  i ] r (22);

X3 = x«1,,[9 ,t> (31, + x (,12»[S, f ] ^ " -

- x ' 2U  r]r<2’-x< 22>[,9, Qr ( 2 ) (3.7)

Here functions x'/'JfS, r], x(*|[9, t], k = 1,2 are elements of some fundamental matrix 
calculated with the initial parameters of the system

m,
ay-- ßi

m.
-,<2)_ a(,2| =

m,
h
m,

(3.8)

For example, depending on parameters (3.8), the following three expressions are 
possible for the function x(*][9, f], k=  1,2

(a) [a1,*1] 2 — 4a21 < 0,

2 Г aik)
x (k][.9, l] = , ...... - e x p ---- (3 — r) x

У4а'к' -1а\кУ  4  2 'J

X sin
1 (3.9)

(b) [a,1*,]2-4 a '2k,> 0 ,

x\% %  i] = : exp К Ч
x sh

v/[< » ]2- 4 a ,2‘)

^ V [ a ,1‘,]2- 4 ^ , ( 9 - t ) | ; (3.10)
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( c ) K '] 2—4 ^  = 0,

x (*>=(3-f)exp Г  <  ]- f 'H
If «2 ’=0, i.e. the attractive force acting on the fcth point is absent, then

0  = i  [1 -  exp [ -  a*\9  -  r)]].

(3.11)

(3.12)

And if the resistance force is also absent, i.e. а{р=0,  then

x(‘»[3, f] =  ,9 -r. (3.13)

Functions q>(t) and t0^ t ^ 9  in equation (3.5) are determined by the 
equalities

ф( 0 = * Ш .0 .  Фи)=х\2№ ,  О- (3.14)

Construct the equation

/ i ( t ) =  v|i//(t) | - / í |<p(t)|=0. (3.15)

It has the root r j  =  9. Let this equation have some more real roots x*, 
s =  1, . . . . . .  p on the half-open interval [f0,i>), so that t?+1 < x * .

Then, after solution of problems (1.11), (1.10) the following explicit expression 
for the calculation of the optimal guaranteed result

P°(U’XJ =  max j | x j  + ) h(x)dx;

\h(x)dx, (3.16)
«J J

If, for instance, p =  1 and the condition

h(x)<0, t0<x<xf; h( t)>0, x f < x < 9  (3.17)

is fulfilled, then from equality (3.16) the following simple formula is obtained

lx*l+  Í h(x)dx, if or if r„<Tf and r(f,, x„,)>0 ;
(3.18)

where

j  h(x)dx, if f ,< T f and r(f„ ,x „ )^ 0 , 

»■(**, **) = I* J  + J h(x)dx, f,< T ? (3.19)
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Note that function p°(t, x) (3.18) is not differentiable with respect to the vector-valued 
argument x. In the considered case after necessary calculation according to the 
suggested formulas (2.1), (2.2), (1.11), we can write out the expression for p°(i*,x„) 
which defines here the approximating function p°(t, x) (2.1) in explicit form.

With regard to (3.18), (3.19), this expression takes the following form

P °(f*^*)~ v /20(e, f*), if and

|x „ |^  —— /i(e, f*) or if f,<T? and 
V ^

X*)^ — ß ( E , t m)\

P 0 { t * , X , ) - \ x J - l ß 2(E, f*)-|x„|2]1/2, 

if f >Tf and 0S| xJ< — =̂/?(£, f J;
s ß

p 0 ( t + , x m} — ß ( E , t m), if г*<т? and 
«1
j  /i(T)</r^r(t+,x * ) ^ 0 ;
l*

P° Um> X *)-r(t*, x*)- [/f2(£, Í*)- r2(t„ xj]1/2,

if t*<rf and 0<r(f„,xj< —ip /i(e, fj.
v/2

(3.20)

In accordance with the stated theory, boundary condition (2.5) is realized for the 
function p°(f, x) (3.20) which has the gradient dp°(t,x)/dx. Estimate (2.6) is valid 
and differential inequality (2.9) is fulfilled for the function.

Calculating the gradient of the function p°(i, x) (3.20) and carrying out the 
extremal displacement (1.18) in the direction opposite to the gradient, we find that 
in the considered case the optimal strategy u°( •) has the following explicit form

u°(f, x, e) =

x
- P r 7 sgn<P(fb|x|

о , |x| = 0
(3.21)

Further analysis shows that in the considered example the optimal strategy 
u°( •) preserves its form (3.21) not only if condition (3.17) is realized but in the general 
case of arbitrary functions <p(i) and il/(t), too.
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Here we succeed in constructing of the optimal strategy v°( ■) (2.15) on the basis 
of the extremal displacement (2.18). Like the strategy u°( •) (3.21), u°( ■) (2.15) is 
obtained independent of the parameter e and has the following form

v°(t, x, e )  =
'-v -^ -sgn  iA(f), |x |# 0

1*1
u°:|n°| =  v , |х |= 0

(3.22)

The mentioned pair of strategies {u°( •) (3.21), t>°( •) (3.22)} is said [1-3] to make 
up the saddle point of differential game which has the value p°(f*>**) calculated by 
formula (3.16). Optimal control laws U° (2.7) and V° (2.14) are based on optimal 
strategies u°( ). (3.21) and n°( •) (3.22) were tested on electronic computer at the 
following initial data:

fo = 0, .9 = 5, t m = 0, m, = 1.0, m2 = 0.5, ot, =0.1,

*2 =0.4, ß l  =^2=4, ^ = ц 2 = 1  Л* =r<2* =0, 
r<3* = 0.7, rVi = rVi=-0.2, r yjj = 0, еЙ» = гЙ = гЙ =0, 

г ^  = г<£ = 0.2, r (32̂  = 0.0.

Fit). /



TRETYAKOV: SYNTHESIS OF OPTIMAL GUARANTEEING CONTROL 219

Case (a) (3.9) corresponds to these data. And equation (3.15) has seven real 
roots on the segment [0, 5] not coinciding with root т£ = 9 = 5, and the game-value 
calculated by formula (3.16) is equal to p° = 0.094. The trajectories of the object 
(denoted by a solid line with circles) and object m|2) (solid line) generated by the 
optimal control laws are shown on Fig. 1. Initial data and projection type are selected 
so that shown trajectories entirely lie in the picture plane. In both control laws step 
6 was taken constant and equal to 0.001. According to the theory the distance between 
the points at instant of time 9 turned out to be equal to у = 0.095 %p° = 0.094.

On Fig. 2 trajectories of the objects are represented in the case when the second 
player evades convergence in optimal way, and the first one at every instant of time 
t e  [0, 5] acts upon the object m*" by the force of maximal value and directed to 
the object m(2). Since actions of the first player are not optimal in this case, we have 
that у = 1.311 > p° = 0.094.

Finally, on Fig. 3 there are objects’ trajectories starting from the position

f, = 0,
r<2)
Г 1*

rí," = 0.0, r(2* = 0.1, r3"  =  0.2, r1,* =0.5, r(21i  = r<31i  = 0; 
= 0.0, r $  = 0.1, r 3"  = 0.0, /=<!* =  0.5, r(22i  =  r'32i  = 0

in the case when the motion of the first object m,l) are generated by the optimal 
control law, and the second player sets v(t, x) =  0, i.e. object m,2) moves in a logarithmic
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Fin. 3

spiral in the plane { r,, r2} under the action of the given forces. As it could be expected, 
in this case we obtained that у =  0.000 < p° = 0.094.

The' results of numerical experiments show that the optimal control law 
constructed on the basis of the approach suggested in the paper, can be reliably 
realized on electronic computers.
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Синтез оптимального гарантирующего управления
В. Е. Т Р Е Т Ь Я К О В  

(Свердловск)
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В работе предлагается алгоритм вычисления оптимальных управляющих воздействий в 
задаче позиционного управления при условии минимума гарантированного результата относи
тельно показателя

у Ч * М 1
для системы

— = A(t)x+  B(t)u + C(l)v, l o g l á .1), 
at

где x  — фазовый вектор объекта; и и г  — соответственно векторы управления и помехи, стесненные 
геометрическими ограничениями.

На основе правила экстремального сдвига объекта на сопутствующую точку, конструкций 
стохастического программного синтеза и введения дополнительной регуляризирующей фазовой 
координаты строится функция, которая аппроксимирует оптимальный гарантированный результат 
и является дифференцируемой по фазовым переменным. При этом универсальная оптимальная 
стратегия получается путем экстремального сдвига против градиента аппроксимирующей функции. 
В ряде случаев данный подход приводит к реализуемой вычислительной процедуре. Приводится 
иллюстрирующий пример.

Полученные результаты проясняют связь метода стохастического программного синтеза с 
известными обобщениями метода динамического программирования.

В. Е. Третьяков
Уральский государственный университет им. А. М. Горького 
СССР, 620083, Свердловск, К-83, пр. Ленина, 51.
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B O U N D S  ON  C O N S T A N T  W E I G H T  BIN ARY  
S U P E R I M P O S E D  C O D E S

N g u y e n  Q u a n g  A, T. Z fjsel

(Hanoi), (Budapest)

(Received October 7, 1987)

The asymptotic bounds on the minimal length of binary superimposed codes are 
investigated. We give an improvement for the Dyachkov-Rykov upper bound. The bounds of the 
classical coding theory for this kind of codes are applied, too. The Reed-Solomon code with 
componentwise binary mapping can asymptotically reach the lower bound under certain condition.

Let A =(x,)f be a set of N-dimensional binary vectors, the Boolean sum of

where х ,=(х(1, . .  / = 1,2........ M andy = (y,, . . . , yN).
We say, x vector covers у if x v y = x.
A code C is Zero false dropping (ZFD) of order M if the Boolean sum of any 

M-subset of C can cover an x e  C if and only if x belongs to the subset [1]. The 
cardinality of C is denoted by T.

There are lower and upper bounds of the minimal length N(M, T) for given T
and M [2], [3], [4].

Our aim is to investigate the asymptotic behaviour of these bounds looking
for the minimal length of the code as T  tends to infinity and M is fixed value. 

First we consider the known results.
Theorem I (Bassalygo bound [2], [3]). For all T^.M

1. Basic definitions and known bounds

M
x e  A is an N -dimensional binary vector y=  V  x t defined by

i= 1

4 Akadémiai Kiadó, Budapest 
Pergamon Press. O xford
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The main consequence of the theorem is that for any М>^/2Т,  N(T, M )—T, 
so in this case the trivial code is the optimal, whose codewords create a T x T diagonal 
matrix.

Theorem 2 (Dyachkov-Rykov [2], [3]). For fixed 1 and T-*oo

N(M, T)2t
M2

2 log Mlog T

(for log the base is 2 and for In the base is e).
Theorem 3 (Dyachkov-Rykov [2], [3]). For fixed Mt> 1 and T-* oo

N(M, T ) ^  M2 log T% 1.8842 M 2 log T. 
log e

2. Main results

We get a better upper bound if we use a random code with alphabet 1, 2, . . . ,  L, 
and a componentwise transformation of the codewords into binary vectors by 
means of the following simple mapping:

1 ----------0, 0, . . .  0, 1

2 -----------------0 , 0,  . . . 1,0 ( 1)

L ------- - 1, 0, . . .  0,0
The interesting feature of this random construction is that it is an upper bound on 
the minimal length of the constant weight ZFD code.

Theorem 4. For any size T and order M

where
K(M , T) = min In 2

M s L

N {M ,T ) ^ K (M ,T ) (M  + 1 )2 log T  
1

( 2)

+
(M + l )2 log T

Proof. Let us examine a random code with alphabet 1,2, . . .  L and length N/L 
having independent, uniformly distributed components, mapped by (1) to binary 
sequences with length N  where L ^ M .  Then

P(C is not ZFD 1- <

'S exp (M + 1) ln T+ (3)
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If this probability is less than one then a ZFD code of order M exists, which is 
guaranteed if N satisfies (2).

Corollary 1. Asymptotically, as M  is fixed and T->oo

N(M,T)ÜK(M)(M + l )2 log T( 1 +o(l)) (4)
where

K(M) = min
MS/.

In 2
M + l

L
In

In 2 In 2
— a ln (1 — e *)

In

where a = M + l 
M+  1 
In 2

, and

lim sup K(M)— -—-
м-a. In 2

1.4427.

1.5112

Proof. Let us choose L = l(M + 1) ln 2j in (2) and use the inequality 

f ,  \ \ M (  M + l \
( l  —- )  ^ e x p i ------—  ) if M g  L. (see [5])

If M —►oo then a. tends to In 2 and the proof is complete.
For comparison the results of Dyachkov-Rykov, we calculate K(M) for small 

M in Table 1.

T a b le  I

M l)2 Dyachkov Rykov 
constant

3 19.2448 24.8762
4 31.2615 40.5487
5 46.2371 59.9883
6 64.0031 83.1955

This upper bound is slightly better than the Dyachkov-Rykov bound and we 
can see that code concatenation is a good way to construct superimposed codes.

Kautz and Singleton proposed constant weight binary codes to construct 
superimposed codes.

Let us denote the parameters of the code in the following way: 
w — the weight of the code

c — the maximal Hamming correlation: c = max (x,ocy) where xh x,  e C (where
i*j

(XjXj) is the usual scalar product).

4*
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Theorem 5 (Kautz-Singleton). A binary constant weight code with parameters 
T, w, c, has the ZFD(N, M, T) property if the order

M <
w — 1

We shall call the code satisfying this property Kau-Sin code. Let us take the weight
w — 1

w = xN/M  where a =  a(M) and in accordance with Theorem 5, let c =  ----------
M

In this way the task is to construct a large constant weight binary code with 
weight olN/M  and maximal Hamming correlation L(w—1)/Mj.

There are the following bounds for these codes with parameters T N, w, c: 
Johnson bound 1 [1], [10]: for all code with parameters T, N,  vv, c

N 
I c +1T<

w
c T 1

(5)

Johnson bound 2 [11]: for all code with parameters T, N, w, c and w2 > Nc

w—c
T< N

w2 -  Nc
( 6)

Corollary of the Gilbert-Varshamov bound (see in Theorem 7 [12]) there exists a 
code with parameters T, N, w, c if

'N N

T>
w

' 1 /w\ / /V — w
( = o W A '

(7)

In order to simplify the formulas, in the sequel we ignore the symbol of integer 
part if it does not result in a confusion.

N
Theorem 6. For w2i2— Kau-Sin code does not exist.

M
N

Proof. Using the expression w = a — with a ̂  2, in accordance with the condition.
M

Satisfying the Kau-Sin code condition ей  

Considering D = w2 — Nc

w- 1
M M

- f f l
■ N

w— 1 a N a N N 2
— N —у = a —у (a — 1)>■ °  if a >  1. M M

In this case the Johnson bound 2 (6) must be valid.
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Because expression (6) is increasing with c for D> 0, we get

M -  1
T< N

olN olN

olN V  ixN2
~m  ) ~~m t

a — 1
< M - 1 if a > 2.

This is a contradiction which completes the proof. The proof of Theorem 6 implies 
the following:

Corollary 2. If M > 1 is fixed, then for all a>  1 there is no Kau-Sin code with 
M — 1

T > ---------— , thus for T-*oo we must have ot^l.
a -  1

Theorem 7. If a Kau-Sin code exists as T-*oo, 1 fixed, then its length:

N(M, T ) ^ a log M
log T ( 8)

where a = -----^  1.
N

Proof. For the asymptotic behaviour the following lemma is required which is 
a straightforward consequence of the Stirling formula:

Lemma 1. For any sequence k„ where lim k jn  = q
П-* 00

lim - lo g (  J =h(q)
»-oo« \ k j

where h(x) = — x log x — (1 — x) log (1 — x) is the binary entropy function. 
Applying Lemma 1 and Johnson bound 1 (5)

N{M, T ) £ ---------------------------- (  M c-------------------- 7------j-ylog T.
a log у  —(M2 — a) log í  1 — — J +a(M — 1) log í  1 — — J

For the case M p  1

N(M, T ) ^
M 2

<x log M
log T.

This completes the proof.
This result is slightly weaker then Dyachkov-Rykov lower bound (see Corol

lary 5 in [2]), since because of Corollary 2, a must be less than 1.
An upper bound can be given by means of Gilbert-Varshamov bound (7).
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Theorem 8. If T-*oo, M P  1 fixed, there exists a Kau-Sin code with length

N(M,  7)^4.28M 2 log T. (9)

This result is the same one that was given by Dyachkov and Rykov via random 
coding (Theorem 10 in [2]). We give another proof using the Gilbert-Varshamov 
bound. The proof of the theorem requires the following lemma:

Lemma 2. If w = aN/M, c = ixN/M2 — 1, a <  1 then:

Proof. The following equality can be easily checked:
w w

I

Let us examine the sequence

«; =

We prove that this sequence is decreasing in c +  1

«1+1 = (w — i)2
a, (i + \ ) ( N - 2 w  + i+ 1) =

As w = a N/M, c =  a A/M 2 — 1, a <  1 we get:

If oc<l, the roots are negative and the condition is satisfied. Substituting all 
components for the maximal ac+l in the summation of the expression, the statement 
of the Lemma is given.

Proof of Theorem 8. From the Gilbert-Varshamov bound, Lemma 1 and Lemma 2:

N( M,  T)g
M

a x  /  a \  /  1 \ a x
I —2 ------1------ - I - -  1 -  1 —2 —  +  — -

M M 2 V M / \  Mj  M M 1
M 2 log--------------------{-2xM\oj> + a log

log T.

If M P \

a
M

2 Я
1—2— + —- 

M M 2

In 2

x( l - - 2-
M 2

A ( M ,  T ) ^ -a In a —a(l —a)
M2 log T.
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Taking the minimum as a * 0.2031, the statement of the theorem is given.
In [4] a slightly weaker result is derived from the Gilbert-Varshamov bound (7).
In combinatorics some of the graph- and set-covering problems are similar to 

superimposed codes. We can find some various bounds in this field, too ([6], [7]), 
but unfortunately it can be proven that these bounds are not better than the results 
mentioned in this paper.

If we allow that M-+ oo much more slowly than T-* oo then the lower bound 
can be approached asymptotically up to a constant factor.

Theorem 9. If M < a T l/k for some integer k > 2  and constant a then as Ai->oo 
there exists a Kau-Sin code for which asymptotically

N(M,T) = (k— 1 )г~ тт  log T. (10)log M

Proof. Kautz and Singleton [1] as well as Dyachkov and Rykov [2] constructed 
ZFD code via MDS code with length n and к information characters by the use of 
trivial binary mapping (1) with the following parameters:

T = qk 

N = qn

Let к be fixed as T-*aо, the proof is a straightforward consequence of Zinoviev’s 
result [9] and Theorem 7.

Finally, we summarize the results and conclusions. We saw as T-* oo and M 
is fixed, the bounds for superimposed codes differ only by a constant from the bounds 
given for constant weight binary codes characterized by maximal Hamming cor
relation. We saw the good choice of the weight for a Kau-Sin code is txN/M where 
a <  1. In Theorem 4 there is an improvement of the Dyachkov-Rykov upper bound 
by means of code concatenation.
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(Ханой, Будапешт)

Рассматриваются асимптотические границы для минимальной длины двоичных наложен
ных кодов. Дается улучшение верхней границы Дьячкова-Рыкова. Границы классической теории 
кодирования применяются также для этого случая.
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O N  T H E  L IP S C H IT Z E A N  D E P E N D E N C E  
O F  T R A J E C T O R IE S  O F  M U L T I - I N P U T  T I M E  

D E P E N D E N T  BILINEAR SYSTEM S O N  C O N T R O L S

S. C elik o v sk y

{ P r ü f t  u e )

(Received February 9, 1987)

A multi-input time dependent bilinear system is considered. An estimate for the Lipschitzean 
dependence of trajectories of the bilinear systems on controls in certain norms is developed. This 
estimate is then used to study some interesting properties of attainable sets of bilinear systems. 
Possible numerical applications of the Lipschitzean dependence are briefly described.

1. Introduction

Let us consider the following control system

x = M (t)+ £  Bk(t)uk(t))x + C(t)u(t)
k =  1

х ( 'о )  =  *о> f 6 [ t „ , t i ] c R ,  (1)

which will be further denoted as a multi-input time dependent bilinear system. 
Here /4(f), Bk(t), k = t,m, are (n x n)-dimensional matrix-valued functions, C(f) is 
(n x m)-dimensional matrix-valued function. The control (or input) u = (u‘, . . . ,  um)T e 
e Rn is assumed to be a measurable function on every finite time interval [t0, f,] and 
such that, for each k = 1, .. .,m almost everywhere (further a.e.) on [f0, r,], holds 
ak ^ u k(t )^bk, where ak, bk, k = \ ,  .. ., m are given real numbers. Such a control is 
further denoted as an admissible one. Finally, x e  R" is the vector of the state variables, 
and .x0 e R" is the given initial state of the system.

Bilinear systems have been studied widely and have been shown to be an 
important extension to linear systems with various possible applications (see e.q. [ 1],
[2], [3]). The aim of this contribution is to derive an estimate which establishes 
Lipschitzean dependence of trajectories of bilinear systems on controls in certain 
norms, namely

max ||x,(r)—x2(f)||*„^
f€[ío,<l]

m
Lk max

<e[lo.«il
I u\(s)ds — J uk2(s)ds .
to to

( 2)

Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford



Here x,(r) and x2(t), t e  [ t0, ( ,]  are trajectories corresponding to admissible controls 
“ i(s) = (m1(s), . . u7(.s))' and u2(s) = (n^(s), . . u2(s))r, s e [ t 0, t,], respectively; Lk, 
k = \, . . m,  are certain constants, depending only on the parameters of system (1).

Estimate (2) is then used to study some important properties of the so-called 
attainable set of bilinear systems and some ideas of further possible applications of 
this estimate are given.
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2. Estimate for Lipschitzean dependence

We derive estimate (2) by generalization of the corresponding result for single 
input time dependent bilinear systems. This case is considered in [4, Theorem 3]: 

Theorem 1. Let us consider the time-dependent bilinear system with single input:

x =  (A (f) + B(t)u(t))x + C(t)u(t) + f ( t ),

*(*о) = *с» f 6 [f0,fi],  x0 e Rn, u(t) e [a, h] a.e. on [t0, f , ] ,  (4)

where A (r), B(t) are (n x n)-dimensional matrix-valued functions, c(i), / (f) are functions 
with values in R". We impose the following assumptions:

(i) ß(f), c(t) are absolutely continuous and almost everywhere on [ i0, r , ]  

| |ß ( t ) |U ß M, ||ß'(f)||s^ ß 0M, IH O IIa^c" ,

lk '(t)IU ^cßM.

(ii) A(t) ,  f ( t )  are essentially bounded measurable functions and a.e. on [t0,fi]

\ \ A ( t ) \ \ sü A M, \ \ f ( t ) \ \R„ ü f M-

Here II . И, stands for the spectral matrix norm and || . ||х„ for the Euclidean 
vector norm in R".

(iii) For every t', t" e [f0, f,] matrices ß(f') and B(t")  commute, i.e., B(t')B(t") =

=  B(t")B(t'Y

Let us x,(t) and x2(f) be trajectories of system (4) for admissible controls u,(t) 
and u2(f), respectively. Then

max Hx1( t ) - x 2(t)llK„gK  max
l e [ l o , < i l  ( e [ l o , l i )

J u{(s)ds— j  u2(s)ds (5)

K = K(||x0||#t„, up, AM, BM, cM, BDM, i0, i,) =

= K lK2\\x0\\Rn + 2KiKl (K3 + K t K sup(tl - t 0))KtKb(tl - t 0) + 

+ K 22K4( \ + K AK 5( \+ B Mup(ti ~ 10)))Кь« 1 - 10) +

where
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+ K \K A(K3 +  K4K 5up(t , -  t0))BDMcM(t, -  i0) +

+ K4( 1 + K4K5( 1 + BMup(t , -  f0)))cM + 2K Л  i(f, -  t0) f M. (6)

Here the following notations are used:

K l =(BM+(ti - t 0)B',M) ( \ + A M(tl - t 0))+BMAM(tl - t 0) (7)

K ^ e x p U B ^  + z l^ a .- f o ) )  (8)

AC3 = {ex p (ß % (r1- f 0) ) - l } / ß Vf (9)

K4 = exp (BMup(ty —t0)) (10)

^5 = up(t l —t0)2BDM (11)

Kb = A McM + Bl>McMup(t , -  f0) + cDM (12)

up=max {|a |, |b |}. (13)

Proof of this theorem can be found in [4] in detail.
Remark I. Condition (iii) is the only commutativity condition which is 

neccessary. Note that there are no commutativity conditions between A(t) and B(r). 
Condition (iii) is fulfilled e.g. when B(t) = В ■ g(t), where В is an arbitrary constant 
matrix and g(t) is an arbitrary scalar function. So, we can see that assumptions of 
Theorem 1 may be considered as quite general.

Now we generalize Theorem 1 to the multi-input case.
Theorem 2. Let us consider system (1) with initial condition x(t0) =  x0. We 

impose the following assumptions:

(i) Bk(t), k = \ ,  . . . ,  m, C(t) are absolutely continuous and almost everywhere 
on [r0, f,]

\\вт,йВ?м, IkWIlR^cf,
1к*(,)11«- = ск,М> where ck(t) is the /cth column of C(f).

(ii) A(t) is an essentially bounded measurable function and almost everywhere 
on [f0, i ,]: IM(f)IL,^/lM.

(iii) For every k=  1.........m, t', t" e [r0, f,] it holds that
Bk(t")Bk(t")= Bk(t')Bk(t').

Let x,(f) and x2(r) be trajectories of system (4) for admissible controls 
u,(r) = (uj(f), .. ,,u7(f))T and u2(r) = (u2(f), . . . ,  u7(t))r , respectively. Then estimate (2) 
is valid, where

Lk = K ( \ \ x 0\\R„,ukp, A M+ X В?и‘р, В Г с Г В Г , с Г ,  I  c ^ t o j X  (14) 
\  i t  к i Ф к J

Here К is given by (6H13), and u‘ =max {|a*|,|hk|}, к — 1, . . m.



Proof. We introduce a chain of admissible controls ű,(t), ű2(f), . . um+1(f), 
where й,(г) = м,(г), üm+i(t) = u2(t) and

",<') = (“zW, • • “! f ^f),u‘i(t)........u7(0)T, i = 2 , . . . ,m .

Let us denote the respective trajectories as x,(r), . . xm+1(r). Then we can write

x1(0- x2(t)= Z (^(O -i. + iW)- 05)i = 1

From (15) it follows that

l|Xl(0 - * 2(0 llj«"S Í  l|í,<í)-XI+1(f)||Rn. (16)
i= 1
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Now we obtain an estimate for each Цх,-(г) —xi+,(r)||R„, i=  1, . . m. By construction 
X/( t) and xi+ ,( i)  are solutions of system (1) with controls H,{t) and ü i+ f t ) , respectively. 
We can rewrite system (1) as follows

x = (ДДг) + 8 ,{t)u‘(t))x + c i t ) u ‘(t) + f i t ) , x(i0) = x0, (17)

where Ait) = A (r)+ Z  At)Bk(t), B,{t) = Bit),
к Ф i

ct{t) is the ith column of C(t) and

Ш =  Z c*(t)u*(r).
к *  i

So, we consider system (1) as a system with single-input — ith component u‘(f) of 
multi-input (m‘(í), . . u‘(t), . . . ,  um(t))T. Observe that u,(t) and ui+1(f) differs from 
each other only in the ith component, i.e., we can consider x,(f) and xi+ ,(r) as solutions 
of system (17) with single inputs u\(t) and u'2(t), respectively. Then, according to 
Theorem 1, we obtain

max ||хДг)-х1+1(0 ||яп^ К , max
i e l l o . l i l  l e [ ( o . d )

j  u\(s)ds — J u2(s)ds .
to lo

Taking into the account that

(18)

IIЯ м \ \ а л м + I
к Ф i

| |а д | |^ б ,м, НсДОНя с̂Г, Искони с™, II Z
* *  i

we may conclude that £ , = Lf given by (14).
Now the proof of the theorem evidently follows from (16) and (18).
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3. Properties of attainable sets for bilinear systems

In this section we use the result of the preceding section in order to study some 
important properties of the so-called attainable sets for bilinear systems. First, let us 
recall the definition of an attainable set.

Definition 1. Let us consider system (1) with initial state x(i0) = x0. We call an 
attainable set for this system at time i e [ t 0, f ,]  the set of all points у from Rn for 
which there exists an admissible control u(s) on [r0, t,], such that for the respective 
trajectory x(s), s e [ t 0, t], holds x(f) = y. We denote attainable set at time t by
X(t0, t, Xq).

Definition 2. Let us consider system (1) with initial state x(f0) = x0. By 
A'*(f0,r, x0) we denote the set of all points y e R "  for which there exists a piecewise 
constant control u(s) on [f0, f], u‘(s)e {a', b‘j, i =  1, . . . ,  m, for all s e [ t 0, f], such that 
for the respective trajectory x(s), s e [ t0, t], it holds that x(i) =  y.

It is obvious that X*(t0, t, x0) c X ( t 0, t, x0).
The following theorem establishes the fundamental property of an attainable 

set for bilinear systems (1).
Theorem 3. Let system (1) with initial state x(i„) = x0 be given. Then for any 

f e [ r 0, f,] = X*(i0, *o) >s dense in X(t0, t, x0).
In order to prove the assertion of Theorem 3, we need to establish that for any 

admissible control u(s), s e [f0, t ,], and for any e > 0 there exists uc(s) piecewise constant 
on [f0, i] and u‘(s)e{a‘, b‘j, i= l ,  . . . ,  m, for all s e [ i0, tj] , such that for the 
corresponding trajectories x(i), xe(f) of system (1) holds:

This fact evidently follows from estimate (2) and the following lemma.
Lemma 1. Let us consider a scalar function u(s) measurable on a closed interval 

[r0, f,] such that u(s)e[a, b] a.e. on [r0, f,]. Let us divide closed interval [f0, f,] 
into l closed equal subintervals [i0+ (i— l)b, t0 +  ihi], i=  1,2, . . . ,  I, h=(tl — t0)/l. Then 
there exists a function u*(s) with the following properties:

1) u*(s) is constant on each subinterval of the form [i0 +  (i — 1)A, t0 — ih],
2) u*(s) e {a, h} for all s e [ t0, t,]
3) for all t e [ i 0,ti]

The proof of this lemma is performed in [5] in detail. From Lemma 1 and 
Theorem 2 we can, in fact, derive stronger results as we did in Theorem 3.

l|x(t)-Xc(t)IUng£.

(19)
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Definition 3. Let us consider system (1) with initial state x(t0) =  ̂ o- By 
Xf(t0, t, x0) we denote the set of all points y e R "  for which there exists a control 
ф ), u'(s)e{a‘,b‘}, i= l ,  . . m, for all se[f0, f i] and constant on each subinterval of the 
form [ío +  0 — ÍV», t0+jhi],j= 1, . . . , / ,  h=(t t — t0)/l and such that for the respective 
trajectory x(s), se  [f0, i,], it holds that x(t) = y.

It is obvious that Xf(t0, t, x 0)cX *( t0, t, x0)for each positive integer /. Moreover, 
evidently

X*(t0, t , x 0)= Q  XTU0,t,Xo).

The following theorem is again direct consequence of Lemma 1 and Theorem 2. 
Theorem 4. Let system (1) with initial state x(t0) = x0 be given. Then for any 

í e [ í 0,í i ]  and any positive integer /

h{X(t0, t , x 0), *,*(f0,i ,x 0)}g tj~ ^  i  (20)
l k = 1 2

Here h{X, У} is Hausdorff distance between sets X, У, i.e.

h{X, T} = max < sup inf ||x —_y||Rn, sup inf ||x — у 11«
x e X  y e Y  ye Y  x e X

Theorem 4 gives the possibility to approximate an attainable set by its certain finite 
subset.

4. Numerical applications

In this short section the author aims to describe briefly some experiences with 
numerical applications of estimate (2).

First and the most simple idea is to use Theorem 4 and to compute some 
approximation of the attainable set of the bilinear system, but there are practical 
difficulties — the set Xf(t0, t, x0), which approximates the attainable set, has 2'm points.

Second idea is to construct a simple algorithm for solution of system (1) with 
arbitrary control. This algorithm is based on the following theorem which is a 
consequence of Theorem 2 and Lemma 1.

Theorem 5. Let us consider an arbitrary admissible control u(s)=(u‘(s), . . . .  u(s))r 
for system (1) on the time interval [f0, f,] and let us denote the corresponding 
trajectory of system (1) with initial condition x(i0) = x0 by x(t). Further, let [i0, r,] 
be divided into l subintervals as in Lemma 1, let u*(s) be a control constructed to 
the control m ( s ) by applying Lemma 1 to each component ul(s), к — 1........m, and let
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x*(f) be the corresponding trajectory of system (1) with initial condition x(f0) = x0. 
Then

max |1х(0 -х * (0 ||ц-^ l ' £  Lk bk °k . (21)

Here Lk, k = l ,  . . m,  are given by (14) and (6)—(13).
The proof of Lemma 1 has a constructive character, i.e. it gives a simple 

algorithm, how to construct for any function u(.sj the appropriate function u*{s). For 
controls of type u*(s) we can relatively easily compute the appropriate solution x*(r) 
which can be then considered as an approximate solution of system (1). This algorithm 
is described in [5] in detail (for time independent systems with single input), where 
concrete examples of its application are also given,

The most elaborated area of application of estimate (2) is shown in [4], where 
the preceding algorithm is incorporated into the gradient method for the solution of 
the optimal control problem. This method is also described in detail for time 
independent bilinear systems with single input, although there are no theoretical 
obstacles to extend this method to more general bilinear systems. As a result of the 
applications of the described method, suboptimal control is obtained which has only 
two values: a and b. Concrete examples are also included in [4] together with 
additional numerical experiences.

5. Conclusions

The aim of this contribution was to evaluate the estimate for Lipschitzean 
dependence of trajectories of multiinput time dependent bilinear systems on controls. 
Then this estimate was used to study some properties of attainable sets of bilinear 
systems. In the last section numerical experience with estimate (2) is reported.
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О липшмцевской зависимости траекторий неавтономной билинейной 
многомерной системы на управлении

С. ЧЕЛИКОВСКИ 

(Прага)

Рассматриваются билинейные неавтономные системы с многомерным управлением, т. е.

х = М(0 + t  Bk(t)i/m )x  + C № t) .к= 1
*(<о) = *о. t e [ l 0, i |] ,  x e R " ,  u e R m, a*gu*(f)gfc‘ .

Выводится следующая оценка липшицевской зависимости траекторий билинейной системы на 
управлении относительно некоторых норм:

т ( I
шах II х i(z) -X2 (í)IIk"= £  Lk т а х  J í  t&s)ds .

>€(fo.(i) * =  1 lello.fi] lo (o

Здесь x,(f), x 2(t) суть траектории билинейной системы, исходящие из точки х(!0) с управлениями
соответственно u,(s)=(u|(s), . . u7(x)) и u2(-s) = .........uj(s)), se  [l0, í ,] ,  Lk,k  = \ ......... m, некоторые
постоянные.

Эта оценка затем используется для изучения некоторых свойств множества достижимости 
билинейных систем. В заключение коротко описаны возможные численные применения липшицев
ской зависимости.

S. Celikovsky
Institute of Information Theory and Automation
Czechoslovak Academy of Sciences
Pod vodárenskou vézí 4
18208 Praha 8
Czechoslovak^
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A C O M P A R A T IV E  ANALYSIS O F  SO M E  A L G O R IT H M S  
F O R  T H E  ID E N T IF IC A T IO N  O F  PA R A M E T E R S 

O F  A LIN E A R  D Y N A M IC  O B JE C T

V. N. B u k o v , Ya. K h o r v a t

(Moscow)

(Received March 11, 1987)

The paper deals with the problem of real-time identification of a model of a controlled 
entity for adaptive control. A brief description of six different algorithms is given and the results 
of their numerical behaviour are presented for one object. The influence of various factors on the 
accuracy and rate of convergence of the estimates is analysed.

1. Formulation of the problem

Modern theory and procedures of control are focussed on dynamic objects 
operating under conditions of internal and external uncertainties. Control of such 
objects involves estimation of their structure, parameters, full state vector and 
uncontrolled disturbances. Approximate values (estimates) of these constants and 
functions must be computed promptly and in the system’s normal operating 
conditions. Thus, the need arises for effective algorithms which establish the contents 
and sequence of mathematical operations for processing a posteriori data (current 
measurements of the object’s inputs and outputs). These algorithms having been 
synthesized taking into account a priori data on the structure of the object, point of 
application of the uncontrolled disturbances, on their statistic characteristics, etc.

The effectiveness of the algorithms depends on their ability to function under 
various specific conditions and is usually related to certain qualities of the algorithms. 
These include the rate of convergence, the accuracy of the estimates obtained, the 
suitability for operation in a loop, numerical stability, real-time realization, and so on.

This paper carries out a comparative analysis of some algorithms for identifica
tion of parameters of a mathematical model by the accuracy of estimates, rate of 
convergence and labour input for the realization using a standard large digital 
computer. Estimation of state is considered if by chance it is an integral part of the 
algorithms.

5 Akadémiai Kiadó, Budapest 
Pergamon Press, O xford
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The linear model [1] was taken as the object in the increments

AV = a yxAV+aeJ 0  + aclxAoi,

A& = a ,̂A V+dyA& + a*Aix + ayHAÖB,

A(bz = avm.A V+ a%Acoz + a*mzAa + aiBzASB,

Adc = Atoz — AÓ (1.1)

where V, 0,  ioz, a are components of a state vector, SB is the control force. Identification 
is required for the coefficients az , af, a*, a\,  a®, a”, a^z, a“',  and a“z.

2. Brief information about the algorithms under study

A great number of various algorithms have been used for identification of 
parameters and estimation of a state vector as a controlled entity. This paper examines 
the following algorithms:

1) Krasovsky’s suboptimal algorithm [2].
2) A discrete and continuous algorithm [3].
3) The nonrecursive algorithm of the method of least squares [4].
4) The recursive algorithm of the method of least squares [4].
5) The algorithm for nongradient random search [5].
6) The algorithm for adaptive filtering using the ideas of the projection net 

method [6].
In the authors’ opinion, the algorithms listed above reflect the great variety of 

algorithms that can be found in the literature.
Algorithm 1. Krasovsky’s suboptimal algorithm. A particular case is under 

consideration: identification of the parameters of object (1.1) without estimating the 
state vector. It is assumed that the state vector x =  [K<9coza ] r  is exactly measurable 
and that the parameter vector only slightly varies during the transition process.

In this case the equation for the object under study and observation can be 
written as

x(t) = f  (x, a, u, t), d(t) = 0, z(t) = hz(x,a,u,t) + ^z (2.1)

where x is an «-dimensional state vector, a is an r-dimensional vector of the parameters 
to be identified, и is an m-dimensional control vector, z is an /-dimensional observation 
vector, /(x , a, и, t) is an «-dimensional vector-valued function, differentiable with 
respect to x and a, for the given arguments, hz(x, a, и, t) is an /-dimensional 
vector-valued function, differentiable with respect to x and a, for the given arguments, 
and <̂z is an /-dimensional vector of the measurement interference which is assumed 
to be white noise.
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The algorithm for identification of the parameter vector a is written as

a = Ka (^ ! r )  Sz 1 [z — hz(x, a, u, f)],

г fdhzy Shz 1
R.= к .- ‘(0)+

Ы ) s;' ^ 2  dr 
da

о

where S.. =  diag(S .,, . . S.,) is the specified diagonal matrix of noise intensity £zi 
assumed to be non-singular, dhjdä  is the matrix of partial derivatives dhzi/däj (an 
element of the i-th row and the j-th column) taken at the point a-a ,  Ra is a 
covariational matrix (some of its approximation) of the parameter a estimation errors, 
Ra(0) is the specified covariational matrix of diagonal form, and h.(x, a, u, t) is an 
estimate of the observation vector or, to be more exact, the observation vector 
calculated on the basis of parameter estimates.

Algorithm 2. The discrete and continuous algorithm for identification of a 
continuous system. This algorithm is a variant of that for discrete non-linear filtering, 
consistent with continuous equations of the system being identified.

The object under study is produced by combining the equation of the continuous 
system being identified and the equation for the parameters being estimated

x = f(x,a,t),  a =  0. (2.3)

Let the p-dimensional vector у generalize the state of system (2.3):

yT =  [x ra r], p = n + r. (2.4)

Let the observations also be made at discrete moments of time tk (k= 1, 2, . . .) in 
constant steps T=tk + l —tk. Then the discrete equations of observations in the linear 
case assume the form

zk = Hkyk + £k (2.5)

where Hk is the observation matrix of dimension / x p and £k is an /-dimensional 
vector of measurement noises with the correlation matrix R of dimension / x /.

When completed, the operations of linearization and transfer from the contin
uous system to an equivalent discrete scheme result in a sequence of computing 
operations of the discrete and continuous method for identification of the vector of 
the parameters a of the continuous object (2.3) under discrete observations (2.5).

5*



242 BUKOV. KHORVAT: ALGORITHMS FOR PARAMETERS OF A LINEAR DYNAMIC OBJECT

1. Calculation of the prediction for the state vector y(tk + l \tk) of the block of 
the transition matrix Fl(tk + l , tk) by simultaneous solution of the set of equations

x  = f (x ,  ä, i),

F l(t, tk) =
df(x,  a, t) 

dx Fi(t, tk) + 0
df(x , a, f)' 

da
( 2.6)

System (2.6) is solvable over the range [fk, С+1] with the initial values being 
x(tk) = xk, F ,(tk, tk) = [E„Xn0„Xr] (£ is a unit matrix). It is assumed in the solution 
that ä(t)=ä(tk)=äk for te\_tk, fk + 1].

The solution of the first equation in system (2.6) determines the prediction of 
the combined state and parameter vector

9k+ i\k = \.xT{tk+ l \tk)aT(tk)']T.

2. Calculation of the correlation matrix of the prediction error
: T i

where
1 |lt — F(h+ О tkWkF Uk + l ’h)

p/ .4 Fi(tk +1 > tk)„ x pF(tk+i , t k)~
KJr  x n l ^ r  X r

(2.7)

and Vk is the correlation matrix of the filtering error at the k-th step of the algorithm.
3. Calculation of the matrix-valued amplification factor

K k +1 =  Vk+ 1 + i ( H k + 1 К  + 1  \ k H k+1 +  R k + 1) ' • (2-8)

4. Calculation of the correlation matrix of the filtering error

Vk + 1= ( K k + lHk+l- E ) V k + Uk(Kk+1Hk+i - E ) T + K k^ R k + lK Tk+l. (2.9)

5. Calculation of the current estimate of the state and parameter vector

Ук+ 1 — Ук+ 1 |k + Kk+ i(zk+ ! H k + l $ k + l \ k ) -  ( 2 .1 0 )

The aggregative index k + \ \ k  shows that measurements up to and including 
the (c-th step are used for calculating the prediction at the (k+  l)-th step. The index 
к + 1 corresponds to the estimates obtained by all the measurements up to and 
including the (k + l)-th step.

Algorithm 3. The nonrecursive algorithm of the method of least squares. Object
(2.4), when linear over the parameters, can be written as

x = tp(x,t)a (2.11)

where tp(x, t) is the basis function matrix of the state vector with dimension n x r. In
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a particular case, the nonzero elements of this matrix can be elements of the state 
vector.

If each of the parameters a; occurs only in one of the equations for the 
components x;, i.e. the equations for the components x, are non-interacting with 
respect to parameters, we can confine ourselves to consideration of

x i = <pi(x,t)ai (2.12)

where <p, is a row composed of rt nonzero elements of a row of the matrix cp and 
is an r,-dimensional vector of the parameters of the i-th scalar equation in (2.11).

If a series of measurements of xf is made at s moments of time, the following 
relation can be written:

zi= 0 a i + rji (2.13)

where zt is an s-dimensional vector whose elements are successive observations of x; 
at the moments tk (k= l,s), is an s-dimensional vector of accidental mistakes of 
observations at the moments tk, Ф is a matrix of dimension s x r, whose rows are 
formed by the row </>, at different measurement moments tk (k= l,s), i.e.

ФТ = [>Г(х, fi) • • • <pf{x, i j ]  (2.14)

The best (in the sense of least squares when observations are of the same accuracy) 
estimate a, of the vector a, for s> r, satisfies the relation

ai = ((PT<P)~l<PTzi. (2.15)

We can have in a particular case Ф1 = [ x I(t1) . . .  x r(is)].
Algorithm 4. The recursive algorithm of the method of least squares. For object 

(2.12), the estimate a{ of the vector a,- at the /с-th step can be obtained according to 
the following recurrent relation:

a, •* = a, * - 1 +  Pk <pl*(z, .*-  (pi. Д  * -!)  (2.16)

where Pk= is a matrix of dimension r, x r; also obtained successively on the basis of 
the relation

Pk = Pk-\-Pk-i4>lA\  +4>ikPk- i  <Pik)~l<PikPk-i- (2-17)

The original values of ai 0 should be selected as zeroes while P0 should be diagonal 
with large elements if possible.

Algorithm 5. The algorithm for nongradient random search. Object (1.1) is 
represented as (2.11). The procedure of random search for the vector a, is performed 
such that a, belongs to a specified bounded space Q.

The algorithm in question assumes that the sought for values of the parameters 
are random quantities (with an a priori mathematical expectation vector m0.t and
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correlation matrix K0.,) distributed by a certain (normal) law. The search run is 
carried out on the basis of these a priori data according to the following scheme. 
Realization of the vector á, with the given distribution law is worked out. This 
realization and s measurements at the tk moments of inputs (elements of the matrix 
(Pi(x, tk) in this case) and outputs (the scalars z; (2.13) in this case) are used to compute 
the value (observations are supposed to be of equal accuracy)

J =  É  I'Mtk)-(p,{x,tk)ai]2. (2.18)
k= 1

Then the inequality
J ^ C  (2.19)

is verified. Here C is a given constant. If this condition is met, the run is considered 
to be successful and the mathematical expectation and correlation matrix worked 
out at the last step become a priori ones for the next step. If condition (2.19) is not 
met, the run is considered to be unsuccessful and a new realization is worked out 
again on the basis of the previous values of mo i, K0.f. The process of the search 
continues until the specified quality of successful runs is achieved. The procedure of 
search results in such mathematical expectation vector and correlation matrix of 
random values <3, where with the probability of conformity with (2.19) is the largest.

Algorithm 6. The algorithm for adaptive filtering using the ideas of the projection 
net method. By “adaptive observer” we will mean henceforth devices designed for 
evaluating unknown parameters and for the recovery of unmeasurable phase 
coordinates of an object in the absence of measurements noise. Adaptive filters are 
devices for combined (simultaneous) estimation of the state vector components and 
uncontrolled disturbances.

1. Adaptive observers. Object (1.1) and the observation equation for the linear 
case can be represented as

x(t) =  /lx(f) + Bu(t), z(t) = Hx(t) (2.20)

where A, В are matrices of unknown constant coefficients of dimension n x n  and 
nxm,  respectively, and H is the observation matrix of dimension I x n  of full rank.

The algorithm which enables values of the unknown elements of the matrices 
A and B, of the components of the original state vector x(i0) and of nonmeasurable 
components of the state vector x(f) to be found on the basis of observations of u(t) 
and z(i) over the interval [i0, i0 +  T] of a specified duration, is synthesized in the 
following manner.

The matrix A is split by the formula

A = C + D H (2.21)
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where C is a familiar non-singular constant Hurwitz matrix of dimension n x n in  the 
form

-C „ _ , 1 0 . .. 0

- C n- 2 0 1 .. 0

- c , 0 0 . .. 1

- C 0 0 0 . .. 0

( 2.22)

which has different latent roots, D is an unknown constant matrix of dimension nxl.  
Representation (2.21) is true only if the space of the rows of matrix H coincides with
that of the matrix A - C .

Using (2.21) and from (2.20) we get

x(t) = Cx(t) + Dz(t)+ Bu(t), x(t0) = x 0 (2.23)

which we rewrite as

x(t) = Cx(t) + Z(t)aD+ V(t)a„, x(f0) =  x0- (2.24)

The following notation is adopted in (2.24): Z(f) = diag(zr(f), . . . ,  zT(t)) is a matrix 
of dimension nxn l  of the output coordinates being measured, K(f) = diag(ur(f), . . . ,  uT(t)) 
is a matrix of dimension nx n m  of the inputs being measured, aD = [0 |i|, . . ., £>|n|] 7 
is an «/-dimensional vector of the unknown parameters of the matrix D, where 
D|,-l is the i-th row of D, and ав =  [Вц|, . . . ,  ß |m|]T is an nm-dimensional vector of 
the unknown parameters composed of the rows of B.

A solution of (2.24) takes the form

x(f) = К (t)x(t0) + R (t)aD + S(t)a„ (2.25)

where the variable matrices /((f), R(t) and S(t) satisfy the differential equations

K{t) = CK(t), К (t0) =  E, dim K(t) = nxn ,

R(t) = CR(t) + Z(t), R(to) = 0, dim R(t) = n x  nl,

É(t) = CS(t)+V(t), S(to) = 0, dim S(t) = n x nm. (2.26)

By multiplying the two sides of (2.25) from the left by the observation matrix H, we 
obtain

z(t)=Q(t)y (2.27)

where Q(t) = [HK(t) HR(t) HS(t)] is a block matrix of dimension l x n { \+ l  + m) and 
y = [xr(f0)a£aB] r is an «(1 + / +  m)-dimensional vector of unknown parameters.
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Having solved the set of algebraic equations (2.27), we get the estimate y. The 
estimate of the state vector x(r) can be obtained on the basis of (2.25) and the estimate 
of the elements of A can be found from (2.21).

2. Adaptive filters. The equation of the object is represented as

x(t) = Ax(t)+Bu(t), z(t) = Hx(t)+£(t). (2.28)

The above-described manipulation yields

x(t) = Cx(t) + Dz(t) + Bu{t)-D£(t), x(t0) - x 0, (2.29)

We introduce a net with the step h = ti+l — f( and the total number of steps q 
over the observation interval and we approximate £ =  [£, . . .  £,]r  in the linear form

m = m t ) (2.30)

and N is a matrix of unknown constant coefficients. And each of the functions i//fit) 
is zero out of the range [г;1 , iJ+1] and is a polynomial to the power d in each of 
the ranges tfi and [t,, fJ+1],

Substitution of (2.30) into (2.29) and a little manipulation yield

x(t) = Cx(t) + Z(t)aD+ V(t)a„ + F(t)aN, x (t0) = x 0 (2.31)

where (2.24) is supplemented with aN = [(DN)n (DN)l2 . . .  (DN)nq], a column whose 
elements are those of the product of the matrices DN:

F(t) = Ф !•••</', 0
■ " o '

Here F is a block-diagonal matrix of dimension n x n q  with diagonal blocks in the 
form of the transposed vector i/f(r).

A solution of (2.31) has the form:

x(t)=K (i)x(i0) + R(t)a„ + S(t)a„ + M(t)aN (2.32)

where the matrices K(t), R(t), S(t), and M(t) satify the differential equations

K(t)=CK(t), О T СЧ

R(t) = CR(t) + Z(t), 5 О T О

5(t) = CS(t)+K(f), cTJl̂о5Г

M(t) = CM(t) + F(t), M ( t o )  = 0-

(2-33)
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By multiplying the two sides of (2.32) from the left by the observation matrix, 
we get a set of algebraic equations

z(t)~Q'(t)y'. (2.34)

Here Q'(t)= H[K{t)R(t)S(t)M(ty\ is a block matrix consisting of the well-known time 
functions and /  = [.х£ада£а£]г 's the vector of unknown coefficients.

Having solved (2.34), we get the estimate y' using that one which can determine 
x(t) from (2.32) as well as estimates of uncontrolled disturbances and unknown 
parameters using (2.31) and (2.30).

3. The research arrangements

N umerical modelling of the algorithms listed above for identification was carried 
out using an ES-1060 computer. The Runge-Kutta numerical method with constant 
integration steps was used to solve the differential equations of the object and 
algorithms. The method of singular decomposition of matrices was adopted for 
solution of the sets of algebraic equations.

The process was excited with step (<5B = 5 and 10 grades) and harmonic 
In

(őB = őB.m sin —  t — ög 0 for 0B m = 5 and 10 grades), T= 7j, 0.57  ̂ and 27J where TJ is

the time of identification) inputs. Noises of the information pickups were assumed to 
be white with zero mathematical expectations and with dispersions

4 = l m 2/c4, 4  = 64 -10 6 1/c2, 0̂  =  9 • 10 6 1/c4, a\  =  25 • 10 6 1/c2,

4 - l m 2/c2, <Te = 64-10-6, <t22 = 9 • 10 6 1/c2, and <r2 = 25 -10 6

and they were simulated with the Gauss subroutine.

4. Results of numerical modelling

Numerical modelling of identification algorithms has established that the shape, 
amplitude, and period of input and the measurement noises affect the accuracy of 
estimates obtained and the rate of convergence of the algorithm. These effects vary 
for different parameters as well as for different algorithms.

In algorithm 1, with the initial conditions á(0) = 0, the coefficient estimation 
error (0B = 5 grades without noise) does not exceed +4 percent. And the process 
converged in 0.2 . . .  2.2 s. was the fastest to estimate while a vx was the slowest. 
The appearance of measurement noise disturbed the accuracy of the estimation of 
coefficients in the first equation of (1.1) to an unacceptable level and the errors of
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other estimates increased to ±  30 percent. The process converged in 0.8 . . .  3.6 s. An 
increase in input amplitude somewhat reduced the noise effects. For harmonic input, 
the best estimates were obtained when the input period T  was equal to the 
identification time 7|.

Algorithm 2 estimated the state vector and the parameter vector simultaneously. 
It practically gave no estimation for the coefficients in the first equation of (1.1). The 
accuracy and convergence of the process were greatly affected by the selection of the 
initial values of the estimates. If initial errors were less than ±  30 percent, the process 
converged in 1.5 . . .  3.0 s and the estimation errors did not go beyond the range of 
±  (5 . . .  20) percent. The shape, amplitude and period of input affected only the 
estimates of a vy , a° and avmz. The latter were the most accurate with a harmonic input 
having the period T=7|. And the state vector was estimated quite accurately.

The operation of algorithm 3 was not particularly affected by the shape, 
amplitude and period of input if at least r+ 1 measurements had been made, where 
r is the number of parameters to be identified. The algorithm operated practically 
without errors if there was no noise and the rate of convergence was governed by 
the time of information collection. The noise affected considerably the accuracy of 
estimation of the coefficients from the first equation but this effect diminished as the 
number of measurements increased. 20 measurements for estimation of three 
coefficients made it possible to ignore the influence of noise.

Algorithm 4 estimated the coefficients of the object’s second and third equation 
practically without errors, the process converging in 0.2 . . . 1.2 s. The accuracy of 
estimates of the first equation was ± (8 . . .  20) percent. The shape, amplitude and 
period had only a slight influence and the convergence improved with larger amplitude. 
The appearance of noise increased the coefficient estimation errors to an unacceptable 
level with the other estimate being worsened a little and the time of convergence 
increased to 1.4 . . . 3.2 s. Harmonic input with an amplitude of 10 grades and period 
T= Т, proved to be preferable.

The operation of algorithm 5 depended greatly on the selection of a priori 
mathematical expectations and covariational matrices. This dependence exceeded 
that of the type of input. In the absence of noise the number of runs required was 
20 . . .  80 while with noise it increased to 80 . . . 1200. The accuracy of estimates was 
±(10 . . .  40) percent in both cases.

Algorithm 6 estimated the state vector and the coefficients simultaneously. In 
the absence of noise and with linear independence of outputs for the step input, it 
ensured the accuracy of estimates at the level of ± 2 percent and for the harmonic 
input (T= 7j) at the level of ±  1 percent. The state vector was estimated with the same 
accuracy. When affected by noise, the estimates of the coefficients became unacceptable 
although the accuracy of the state vector estimation remained high enough, i.e. at 
the level of ±(10 . . .  22) percent.
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Figure 1 shows the results of identification of the coefficients from the third 
equation of object (1.1) with various algorithms for the step input őB = 5 grades. The 
horizontal line marks the levels of the coefficient’s true levels. Figures 2-4 show the 
graphs of the processes of identification of the parameters by algorithms 1, 2, and 4.

1 2  3 4 5 6
g о r i t

Fig. I

M

M L

1 2  3 4 5 6h m s

The results of an analysis of computer resources required for realization of the 
algorithms are listed in Table 1. It indicates mathematical expectations of the main 
storage and permanent storage capacity and the number of operations per one step 
of an algorithm. The data were obtained for a standard 16-digit large computer. 
Nonrecurrency of algorithms 3 and 6 justifies to some extent their high cost.
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T ab le  1

Algorithm 1 2 3 4 5 6

Permanent storage capacity, words 32000 38 700 25100 4900 3200 11 900

Main storage capacity, words 120 141 97 25 39 107

Number of operations, thousands 63.8 73.3 48.1 9.4 10.3 124.0



Thus, the shape of input affected considerably the accuracy and convergence 
of algorithms 1,2 and 6. The input amplitude affected algorithms 1,2, and 4. Harmonic 
input with the period T= T, proved to be the best here. Measurement noise affected 
most of all the accuracy and convergence of algorithms 2 and 6. Algorithm 3 and 4 
proved to be the most effective in terms of accuracy, rate of convergence and machine 
costs under the above-described conditions for identification of coefficients of the 
mathematical models of a plane’s longitudinal motion.
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Р У С С К И Й  П Е Р Е В О Д
Проблемы управления и теории информации, том 17, номер 4 (1988)

С И Н Т Е З  О П Т И М А Л Ь Н О Г О  Г А Р А Н Т И Р У Ю Щ Е Г О  
У П Р А В Л Е Н И Я

В. Е. Т р е т ь я к о в

(Свердловск)

В данной работе указывается алгоритм вычисления оптимальных управляющих 
воздействий в задаче позиционного управления системой, возмущаемой неконтролируемой 
помехой. Показывается, что объединение трех подходов: I) экстремального сдвига на 
сопутствующую точку, 2) конструкций стохастического синтеза, 3) введения дополнительной 
фазовой координаты позволяет эффективно построить функцию, которая аппроксимирует 
цену игры и является дифференцируемой по фазовым переменным.

Экстремальный сдвиг на сопутствующую точку сводится при этом к экстремальному 
сдвигу против градиента аппроксимирующей функции. Устанавливается, что в случае 
показателя качества, являющегося нормой фазового вектора в момент окончания процесса, 
данный подход приводит к реализуемой вычислительной процедуре. Полученные результа
ты проясняют также связь стохастического программного синтеза [1-3] с известными 
обобщениями метода динамического программирования [4, 5].

1. Постановка задачи

Рассмотрим задачу позиционного управления при условии минимума 
гарантированного результата по показателю

У =  1*[®]| (E l)

для системы
Iix
—  =A(t)x+B(t)u + C(t)v, í0^ t g 9 . (1.2)at

Здесь x — л-мерный фазовый вектор объекта; |х| — его евклидова норма; 
(0 и 3 — фиксированные моменты времени; A(t), B{t), C(t) — непрерывные 
матрицы-функции; и — r-мерный вектор управления, v — s-мерный вектор 
помехи, стесненные соответственно ограничениями « е # ,  r e á ,  где У  и Q —
заданные компакты.
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Основными инструментами для решения рассматриваемой задачи будут 
понятия стратегии и( • ) = {u(f, х, е )е ^ , í0^ í  ̂ 9 , х е Е", £>0}, закона управления

1/ = {«(•), в,/!,{*,}} 0-3)
и движения x [í„ [ • ]9] = {x[í], порождаемого из произвольной по
зиции {í„, х*}, х [(„ ]= х„ , f „ e [ í0, 9), х „ е £ "  по шагам [íi? íí+1], i = l ,  к 
разбиения

Д »{ti} =  U* = 11, í„ íi+ г -  ̂  g  S, tk + 1 =  9} (1.4)

законом управления U (1.3) и какой-то реализацией неконтролируемой нами 
помехи

® (f.[-]S] = { » M e J , í ,< tg 3 }  (1.5)

— произвольной измеримой функцией времени.
Эти понятия лежат в основе математической формализации задачи на 

минимум гарантированного результата, предложенной в монографии [1]. В 
соответствии с этой формализацией ставится задача о вычислении оптималь
ного гарантированного результата ([1], с. 71)

p°(f„, **) = р[м°('); х*] = min lim lim sup sup |x[9]| (1.6)
u< ) e - 0  3 - 0  A6[ti) ■><(.[ )»]

и об отыскании универсальной оптимальной стратегии н°( •). Эта задача имеет 
решение.

Оптимальный гарантированный результат для показателя у (1.1) в произ
вольной позиции {í, х} может быть вычислен методом стохастического прог
раммного синтеза как величина стохастического программного экстремума 
([1], с. 306)

Здесь

p ° ( t ,  х )=  sup sup K ( t , x , A { x j } ,  /(•)). 
э м  IIIHIISI

(1.7)

^{Tj} =  {г =  t , ,  . .  . , T j < T j + i ,  . .  . , tí+1 =  9} (1.8)

— произвольное разбиение отрезка [t, 9], никак не связанное с разбиением (1.4). 
Величина ((•) есть измеримая по Борелю на кубе й =  {а> =  {£,, . . . ,  £ч}, 1,
7= 1, . . . ,  q} л-мерная вектор-функция, которая естественно трактуется как 
векторная случайная величина, и тогда символ ||(( )|| следует понимать как 
евклидову норму в гильбертовом пространстве случайных величин ([6], с. 279). 
Скалярная функция к в выражении (1.7) определена соотношением (41.8) в 
монографии [1] (см. с. 315) и здесь нет необходимости выписывать это соотноше-
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ние явно. Заметим лишь, что путем замены

/(•) =  m + b(-), т = М{1(ш)}, М{Ь((о)}= 0, (1.9)

где М  означает математическое ожидание, задача (1.7) сводится к задаче 
([7], с. 187)

p°{t,x)= max [<A"(9, t)m- x}  + g(t, m)]. (1.10)
I m I ̂  1

Здесь X (9, t)—  фундаментальная матрица однородной системы (1.2), верх
ний знак ' означает транспонирование и величина g(t, т) определяется равенст
вом

»

g(t, т)= sup
3(tj)

sup М
||Ь( )|| SO — Im12)1/2

min max <[m +
ueá* » e j

+  п(т, со)] ■ X (9, г) [В(т)и + C(z)v])dт ( 1. 1 1 )

где величины

n(r,co) = n[£l , . .  .,£j] = j
os$J+1<i

ZJ g Z < Z j + 1 ,

0SÍ,<1
7=1, . . . , q

d t4;

( 1. 12 )

имеют смысл условных математических ожиданий «-мерной векторной случай
ной величины f c ( a ) ) ^ = í > [ f Можно показать, и это для дальнейшего 
существенно, что функция g(t, m) (1.11) по аргументу m вогнута. Тогда вогнутой 
по аргументу m при каждой фиксированной позиции {г, х} будет и вся максими
зируемая в (1.10) функция.

Оптимальная стратегия н°( •) на основе функции p° = p°{t, х) (1.10) нахо
дится по правилу экстремального сдвига ([1], с. 210)

<s„(f, х, е) • B(t)u°(t, х, е ) >  = min <s„(f, х, е ) ■ B(t)u) (1.13)
НЕ»

в направлении против вектора su(t, х, е), определяемого из условия

где

6

p°(t, х — su(t, х, £))= min p°(t, x — s), (1.14)
| s |  S í ( £ , ( )

ß(E, t) = [e( 1 +  [í - 10])]1/2 exp A[í -  í0] , (1.15)

A= max max |/l(t)x|. (1.16)
í o g í g S  |х |= 1
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Таким образом, для вычисления на каждом шаге [í;, íi+1], i = l ,  . . к 
оптимального управляющего воздействия

M°[r]=M0(íi,x [ í i],e), t i < t ^ t i+i (1.17)

требуется последовательно решить две задачи на минимум (1.14) и (1.13) при 
t = ti, x  = x[t i], что в общем случае может привести к необходимости многократ
ного подсчета величины p°(í,., x[r,] — s) по формулам (1.10), ( 1.11) в точках 
л-мерного шара |s| ^)?(е, í,). С вычислительной точки зрения эта задача является 
наиболее трудоемкой.

В данной статье предлагается подход, позволяющий обойти решение 
задачи (1.14). Оказывается, что благодаря добавлению к фазовому вектору х 
еще одной фиктивной координаты хп + 1, удается с помощью выражений (1.10), 
( 1.11) построить некоторую функцию pf(t, х), аппроксимирующую функцию 
оптимального гарантированного результата p°(í, х) и являющуюся дифферен
цируемой по аргументу х. Это позволяет в свою очередь существенно упростить 
алгоритм вычисления оптимальных управляющих воздействий ц°[г] (1.17) и 
свести его на каждом шаге [í;, íi+1], f =  1, .. , ,к  к экстремальному сдвигу

/ р р Е°(г, х)
\ 1_ дх íj, JC =  JC[f,]

= min
ые.Э»

/ р  p?(t,x)
\|_  дх

(1.18)

против градиента dp°(t,x)/dx = {dp^/dxl , .. .,др^/дхп}, í =  t„ x = x [ í j  построенной 
в статье функции p°(t, х).

2. Аппроксимирующая функция и ее свойства

Рассмотрим функцию

p°(t, х)= max H(t, х, е, т), (2.1)
NISI

H(t, х, е, т)= -ß(e,  í)(l + I А" '(9, f)m|2)1/2 +

+ (Х'(9, t)m • х ) + g(t, т), (2.2)

определенную при всех t е [г0, Э] и всех х е Е".
Подчеркнем, что вычисление этой функции в ряде конкретных случаев, в 

том числе и в разбираемом здесь подробно случае у = |х[|9]|,может быть 
осуществлено эффективно. Не будем останавливаться на истоках получения
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этой функции. Как уже отмечалось, эти истоки базируются на идеях стохасти
ческого синтеза и введении дополнительной регуляризующей фазовой коорди
наты х„+1. Отметим лишь основные свойства функции p°(t, х) (2.1), (2.2)

1°. Благодаря строгой вогнутости функции H(t, х, е, т) (2.2) по аргументу 
т, максимум в (2.1) достигается на единственном векторе

m° = m°(t,x,E) (2.3)

2°. Вследствие единственности вектора т° (2.3) вектор-функция т° = 
= m°(t, х, е) непрерывна по аргументам t е [í0, .9], х е Е".

3°. Благодаря свойствам 1°, 2° функция p°(t, х) (2.1) является дифференци
руемой по аргументу х, т. е. существует градиент др°(г, х)/дх. При этом

^  = Л И .К « .А .)  (24)дх

и вследствие условия |m°(t, х, е)|^1 градиент dp°(t, х)/8х (2.4), непрерывный по 
{г, х}, равномерно ограничен при f e [ t0, 3], хеЕ".

4°. Вследствие равенства д(9, т) = 0 функция p°(f, х) (2.1) при í =  .9 удовлет
воряет краевому условию

р£°(-9,х) =

— С/?2(е, ^) —|х |2] 1/2, | х | ^
ч/2

|х|—У20М), | х | > ^ 2

(2.5)

5°. Функция Pc(t,x) (2.1) аппроксимирует функцию оптимального гаранти
рованного результата p°(t, х) (1.10) в следующем смысле: при всех {t, х} имеет 
место оценка

ß(E, t0) й  A t ,  X) -  р%, х) й  Kß(r„ 9), (2.6)

где К — некоторая положительная константа.
6°. Пусть выбран закон управления

1/ 0 =  {и °(-),г ,^}} , (2.7)

формирующий воздействия Ц°[Г] = H°(íi,x[fi] ,6), f ,< tí£ íi+1, 1 = 1, . . . ,  к из усло
вия экстремального сдвига (1.18) на основе построенной функции p°(t, х) (2.1). 
Пусть при этом реализуется какая-то неизвестная помеха r(t„[ ]9] (1.5).

6*
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Тогда вдоль движения x[í*[ ]$], порожденного законом U0 (2.7), на каждом 
шаге [íi? ti+1], I = 1, к будет иметь место следующая оценка, выражающая 
свойство ц-стабильности функции p?(t, х),

А р ?  = Pe(ti + 1, X [f i + , ]) -  Pe(h, X  [f J )  й

^a(fi,á)[íf+1 — í j ;  lim a(e,á) =  0, (2.8)
£->0,í-*0

какова бы ни была на этом шаге реализация помехи r(í*[ ]S] (1.5).
Данную оценку можно выразить также в следующей дифференциальной 

форме

^ (е ) , (2.9)

где символом D,+(p?(t, х)) обозначено верхнее по t производное число функции 
p?(t, х) (2.1). Соотношение (2.9) заменяет здесь соответствующее дифференциальное 
неравенство из метода динамического программирования и проясняет связь этого 
метода с построениями из метода стохастического программного синтеза.

Эти оценки выводятся непосредственно из определения функции p?(t, х) (2.1), 
дающего неравенство

Ар? £H(fi+1,x[tí+1] ,Е,т %  +1,x[ri+1],£))-
-  W(t„ х [í,], £, m°(tj +,, x [t,- +!], £)). (2.10)

При этом используются свойства 1 °—3° функции p?(t, х) (2.1). При даль
нейшей обработке правой части неравенства (2.10) наиболее существенной является 
следующая оценка изменения величины g(t, т) (1.11)

Ag=g(ti+1, m°(t, +1, х [íj: + j], £)) -  g(ti, т %  +1, x [t, + J ,  £)) g

D; (p?(t, x)) + dp?
ox

[Л(фс + ß(r)u0(t,x,e) + С(г)г] )

^  — min max <mo(ii,x [ ii],£)\Y(3,0D®(0M + C(t)v\)dt ^  
J ue,4* v e £
ti

< min шах ( dp? (их) ДВ(Г> + С (ф ]\
дхие& veä \ Г =ti,X = x[íi] /

•(íi+i - t í) +  a 1(^)(ti+1- t í), (2.11)
где a,(<5)->0 при <5->0.

Используя далее условие экстремального сдвига (1.18), с учетом оценки (2.11) из 
неравенства (2.10) получаем требуемую оценку (2.8).

Последовательно сравнивая неравенства (2.8) при / = 1, . . . ,  к, получаем, 
что на движении х[г*[ • ]3], порожденном законом управления U0 (2.7) и
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произвольной помехой p(í„[é]$] (1.5), выполняется неравенство

Р?(9,х[9]) ̂  p£°(í*,x J  + аМ ) [.9 -  í0], (2.12)

где а(е, <5)—►() при е-+0, <5->0.
Учитывая затем свойства 4°, 5° функции p£(f, х) (2.1) и краевое условие 

р°(9, х) =  |х| для функции p°(t, х) (1.10), приходим к выводу, что закон управления 
U0 (2.7) для любого, сколь угодно малого у >0 обеспечивает неравенство

|x[9]|=y[í,,x*; t/° ,p (í,[]9]]^p°(f,,x*) + y, (2.13)

если только е и 5 в законе U0 (2.7) выбраны в зависимости от у достаточно 
малыми.

С другой стороны известно^ [1], что можно указать закон формирования 
помехи

^  = {г°(--), е^е(у), (2.14)

основанный на некоторой оптимальной стратегии

и°( •) = {р°((, х, е) е ü, í0 ̂  t ̂  9, х е Е", е > 0}, (2.15)

который дает результат

7[t*,x»; w(f*[ ]9],l/0] ^ p 0( f , ,x j - y ,  (2.16)

какова бы ни была реализация управления и(г„[ ]9], в том числе, быть может 
и та, которая по шагам формируется законом управления U0 (2.7).

Сопоставляя (2.13) и (2.16), убеждаемся, что величина /т°(Г*, х„) в (2.13) 
не может быть уменьшена ни на какую угодно малую постоянную £ > 0  и потому 
она доставляет оптимальный гарантированный результат р[м°( ); г*. х*] в 
смысле определения (1.6).

При этом в соответствии с условием (1.18), обеспечивающем оценку (2.8), 
универсальная стратегия ц°( ) находится из условия экстремального сдвига

B(t)u°(t,x,£)j =min ( ^ - B ( t ) u j  (2.17)

в направлении против градиента др°/дх функции p£(f, х) (2.1).
В заключение параграфа заметим, что оптимальная стратегия г°( ) (2.15) в 

соответствии с методом стохастического программного синтеза может быть 
найдена на основе функции p°(t, х) (1.10) также по правилу экстремального 
сдвига

<s„(í, х, е) • C(t)v°(t, х, е)> = min <s„(f, х, е) • С (ф>,
v e i

(2.18)
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но уже в направлении против вектора s„(í, х,е), определяемого из условия

Однако обойти решение задачи (2.19) так же, как это было сделано в случае 
задачи (1.14), здесь не удается. Во всяком случае нужно иметь в виду, что 
экстремальный сдвиг (2.18) не может быть заменен здесь на экстремальный 
сдвиг вдоль вектора градиента др°/дх функции p°(t, .х) (2.1). Таким образом, 
задача построения стратегии г°( •) (2.15) является более трудной. В этой связи 
представляет существенный интерес возможность формировать оптимальные 
контрвоздействия n°[í], í ,< í^ í i+1, опираясь на максимизирующую стохасти
ческую неупреждающую программу v°(t, со), weil, извлекаемую из
решения задачи (1.10). Оказывается, что на движении, порожденном законом 
управления U0 (2.7) и максимизирующей программой г°(г, со), можно с вероят
ностью, сколь угодно близкой к единице, получить результат у (1.1), сколь угодно 
близкий к величине p ° ( t .х„).

Проиллюстрируем предлагаемый подход на задаче сближения уклонения 
([5], с. 51) двух объектов.

Пусть в трехмерном пространстве движутся две материальные точки т (1) 
и т{2) с массами т ,  и т2 соответственно. Положение этих точек в пространстве 
определяется их радиусами векторами

Движение точек происходит под действием сил сопротивления окру
жающей среды, пропорциональных скоростям точек di*k)/dt, к=  1, 2, и сил 
притяжения (или отталкивания), пропорциональных расстояниям точек до 
начала координат. Первая точка ш<1) управляется силой и(1), вторая точка 
силой м(2). В каждый момент времени t силы ограничены по величине

p°(t,x — sv(t,x,e)) = max p°(t,x—s).
|s|SP(£.I)

(2.19)

3. Модельная задача

г“,м = { Л мИ ^ мМ ,^ ,М},

Ас =  1,2; (3.1)

1«№,М 1̂ йк. Дк = const, Ас = 1,2.

Уравнения движения точек имеют вид

(3.2)

(3.3)

где тк и (хк — некоторые неотрицательные, а ßk — произвольные числа.
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Примем, что целью первого игрока, распоряжающегося выбором управ
ления ип \ является сближение в заданный момент времени 3 точки т(1) с точкой 
т{2\ т. е. первый игрок стремится выбором своих управляющих воздействий 
и°И (1.17) сделать по возможности наименьшим в момент времени 3 рассто
яние до точки ш|2)

у =  |г<1,[,9] —г<2,[9]|. (3.4)

При этом первый игрок располагает в нужные для него моменты времени 
í„ i =  l , . . . , к сведениями о реализующихся состояниях системы (3.3), но ему 
ничего неизвестно о намерениях второго игрока, распоряжающегося выбором 
управления иа>. Возможно, что второй игрок будет стремиться во вред первому 
максимально увеличить это расстояние у (3.4).

Известным способом ([5], с. 53) рассматриваемая дифференциальная игра 
может быть редуцирована к задаче на минимум гарантированного результата 
по показателю у = |х[3]| (1.1) для системы

=(p(t)u-<l/(t)v, (3.5)
at

и — „di v= - „ ( 2 )

m-,
ü l
m,

ü i
m-,

= v, (3.6)

где x = {x,,x2,x3} трехмерный вектор, связанный с фазовыми координатами

х1=х<111'[Я 0 Л1, + х,1,1[Эл]г(1и -

-  х*,2; [3, Oü2' -  х*й[Я 0Л2);

х 2 — x ' / í  [ Я  1У 1 ' + x V i [ : 9 ,  г ] ^ г '  *  ”
-  х\21 [3, t y 22> -  х\21 [Я

х3 = ху> [3, t y 3l > + хй ’[Я t y 3l» -

-  х'Л> [Я 0 э̂2) -  [Я í]/S2) - (3.7)

Здесь функции х**} [3, г], х'^ЦЗ, 0. Л = 1, 2 — элементы некоторой фунда
ментальной матрицы, вычисляемой по исходным параметрам системы

'•* . ÜL J l) — —  d 2) -  —  л,2) ——
тх т{ т2 т2

а (3.8)

Например, для функций xfi[3,í], k = l, 2 в зависимости от значений
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параметров (3.8) возможны следующие три выражения

а ) К ,] 2-4 а ,2‘»<0, (3.9)

,ехр

•sin

- ^ - ( ö- í)

б) [a(í ,] 2-4 a ,2'‘»>0, (3.10)

0 =
У К 1]2- ^ 1

exp

•sh W K ,] 2- M ‘,( 9 - 0

в ) К ' ] 2- 4 ^ = 0 , (3.11)

xfi[9,í] =(9 — f)exp
aV

(9 -í)

Если же aK2 = 0, т. е. сила притяжения, действующая на /с-тую точку,
отсутствует, то

№ f ]  =  i [ l - e x p [ - a ? > ( 9 - í ) ] ] .  
а\' (3.12)

Если к тому же отсутствует и сила сопротивления, т. е. а(̂ =  0, то

x(Í1[3,í] = 3 - í. (3.13)

Функции (p(t) и фи), í0 ^ !) в уравнении (3.5) определяются равенствами

<p( t)=A4ím Ф и ) = А % ш  d H )

Построим уравнение
И(т) = у\ф(т)\-ц\ф)\=0. (3.15)

Оно имеет корень г* = ,9. Пусть это уравнение на полуинтервале [f0, 9) 
имеет еще р действительных корней т*, s = l,  . . . ,  р, так что т?+1<т?. Тогда 
после решения задач (1.11), (1.10) для вычисления оптимального гарантиро
ванного результата получается следующее явное выражение

P°(f*>xJ =  max< |х„|+ I h(x)dr;

} h(x)dz, e[t„,3]J>. (3.16)
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Так что, если, например, р= 1 и при этом выполняется условие 

h(x)<0, t0 < т <  т*; h(x)>0, т*<т < 3

то из равенства (3.16) получается следующая простая формула

(3.17)

|х,| +  j  h(x)dx, если >  т? или 

если г*<т* и r(í*, x„J> 0;
9
j h(x)dx, если f* и r ( t* ,x j< 0,

(3.18)

где обозначено

r(f*,x„) =  l*J + $h{x)dx, í* < rf (3.19)

Заметим, что функция p°{t, х) (3.18) не дифференцируема по векторному 
аргументу х. После необходимых вычислений по предложенным формулам
(2.1), (2.2), (1.11) в рассматриваемом случае можно в явном виде выписать и 
выражение p,°(f+, x j ,  определяющее здесь аппроксимирующую функцию pi’it, х) (2.1). 

Это выражение с учетом (3.18), (3.19) принимает вид

е с л и  f *  =  T *  и

|х*| ^  —=  ß(E,  r j  или если í* < ifV2

и r ( f , ,x , ) ^  -^=ß(e, f„);
V 2

если т? и 0 í£ |x J  <  —= ß(e, f j ;

p°(r*> x*) — ß(£> t j ,  если i„<  x f  и

j  h ( x ) d x ^ r ( t , , x j g 0 ;  
u

P ° ( U ’ x j - l ß 2(e,  t ) -

— r2(f„, x*)]1/2 если t m < x f  и

0<r(tm, x j <  - j=ß(e, tJ .

P?(t*,xJ = (3.20)
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В согласии с изложенной теорией для функции p°(í, х) (3.20) выполняется 
краевое условие (2.5), она имеет градиент dp°(t, х)/дх, для нее справедлива оценка 
(2.6) и выполняется дифференциальное неравенство (2.9).

Вычисляя градиент функции pf(t, х) (3.20) и производя против него 
экстремальный сдвиг (1.18), находим, что оптимальная стратегия и°(-) в 
рассматриваемом случае имеет следующий явный вид

u°(t, х, е) =
sgn <p(t) , I х I #  0

0 , I х I = 0.
(3.21)

Дополнительный анализ показывает, что оптимальная стратегия и°( •) 
в рассматриваемом примере сохраняет вид (3.21) не только при условии (3.17), 
но и в общем случае произвольных функций q>(t) и i t0^ t ^ 9 .

Здесь удается также на основе экстремального сдвига (2.18) построить и 
оптимальную стратегию г°( •) (2.15). Как и стратегия и°( ■) (3.21), она получается 
не зависящей от параметра е и имеет следующий вид

v°(t, X, £) =
V — sgn i j / ( t ) , |х |# 0

М
f°:|i;0| = v , I х I = 0.

(3.22)

Говорят [1-3], что указанная пара стратегий {м°( ) (3.21), г°( •) (3.22)} 
составляет седловую точку позиционной дифференциальной игры, имеющей 
цену p°(t^., x j ,  вычисляемую по формуле (3.16).

Оптимальные законы управления U0 (2.7) и V0 (2.14), основанные на 
оптимальных стратегиях н°( •) (3.21) и v°( ■) (3.22), были испытаны на ЭВМ при 
следующих исходных данных

Го = 0, 9 = 5, í* =  0, m, = 1.0, т2 = 0.5, aj =0.1, 

a2 = 0.4, ^ = / ? 2=4, р х= р 2= 1, г 1 * =  г2 * =  0, г(з* = 0.7, 

Л * = »*2* = -  0.2, г(311 =  0, г\21 = г(Ц =  r(32l  =  0,
J2) _р2)  _А -уг1*— г2*~ u-z> '3*—и-

Этим данным отвечает случай а) (3.9). При этом уравнение (3.15) имеет 
на отрезке [0, 5] семь действительных корней, отличных от корня г* =9 = 5, и 
цена игры, подсчитанная по формуле (3.16), составлает р° = 0,094. На рис. 1 
приведены траектории объекта m<u (линия с точками) и объекта т(2) (сплошная
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Рис. 2



P14 ТРЕТЬЯКОВ: СИНТЕЗ ОПТИМАЛЬНОГО ГАРАНТИРУЮЩЕГО УПРАВЛЕНИЯ

1

линия), порожденные оптимальными законами управления. Исходные данные 
и вид проекции подобраны так, что изображенные траектории целиком распо
ложены в плоскости рисунка. В обоих законах управления шаг д был выбран 
постоянным и равным 0,001. В согласии с теорией расстояние между точками 
в момент времени 9 получилось равным у =  0,095 « р° = 0,094.

На рис. 2 представлены траектории объектов в случае, когда второй игрок 
оптимально уклоняется от сближения, а первый игрок в каждый момент 
времени t e  [0,5] прикладывает к объекту т,1) силу, максимальной величины /т, 
и направленную прямо на объект т{2). В этом случае, поскольку действия 
первого игрока неоптимальны, получилось, что у= 1,311 > р °  = 0,094.

И наконец, на рис. 3 изображены траектории объектов, начинающиеся из 
позиций

f* = 0, Г<‘» = 0, »2* =0,1, Г)Л =  0,2, г',1 > = 0,5, г2*— '3*—гз*-

г\21 = 0, г(2* =0,1, rfl  = 0, г*,2̂  =0,5, r{i l  =  f<32l  = 0

в случае, когда движение первого объекта т п> порождается оптимальным 
законом управления, а второй игрок полагает v(t, x) s 0 , t . е. объект т (2> движется 
в плоскости {/-J, г2} под действием заданных сил по логарифмической спирали. 
В этом случае, как и следовало ожидать, получилось, что у = 0.000 < р° = 0.094.
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Результаты вычислительного эксперимента показывают, что оптималь
ный закон управления, построенный на основе предложенного в статье подхода, 
может быть устойчиво реализован на ЭВМ.

Литература

1. Красовский Н. Н. Управление динамической системой. М.: Наука, 1985, 520 с.
2. Красовский Н. Н., Третьяков В. Е. О программном синтезе позиционного управления. Докл. 

АН СССР. 1982, т. 264, № б; с. 1309-1312.
3. Красовский А. Н., Третьяков В. Е. Стохастический программный синтез в дифференциальной 

игре с интегральной платой. Прикл. матем. и мех., 1984, т. 48, вып. 6, с. 883-891.
4. Субботин А. Н.. Субботина Н. Н. Свойства дифференцируемости функции цены дифферен

циальной игры с интегрально-терминальной платой. Проблемы управления и теории инфор
мации, 1983, т. 12 (3), с. 153-166.

5. Красовский Н. Н.. Третьяков В. Е. Задачи управления с гарантированным результатом. 
Свердловск, Средне-Уральское книжное издательство, 1986, 64 с.

6. Ширяев А. Н. Вероятность. М.: Наука, 1980, 576 с.
7. Красовский Н. Н. Детерминированная стратегия и стохастические программы. Прикл. матем. и 

мех., 1985, т. 49, вып. 2, с. 179-198.

_  MAGYAR
.TUDOMÁNYOS AKADÉMIA

KONYVT Ала





PRINTED IN HUNGARY

Akadémiai Kiadó és Nyomda Vállalat, Budapest





N O T E T O  C O N T R I B U T O R S

Two copies of the m a n u scrip t (each complete with figures, tables and references) are to be sent to

E D. T f r y a e v  coordinating editor or to V. S t r e i k -

Department of Mechanics and Control Processes UTIA CSAV
Academy of Sciences of the USSR 182 08 Prague 8
Leninsky Prospect 14, Moscow V-71, USSR Pod vodárenskou vézi 4, Czechoslovakia

or to L. G yőréi
Technical University of Budapest 
H-I l l l  Budapest, Stoczek u. 2, Hungary

Authors are requested to retain a third copy of the submitted typescript to be able to check the proofs.
The papers, preferably in English or Russian, should be typed double spaced on one side of good-quality 

paper with wide margins (4-5 cm). The first page of the paper should carry the title, the author(s)' names and 
the name of the town where they are active. The name and address of the author to whom the proofs should 
be sent should be given at the end of the paper. An abstract should head the paper. English papers should 
also have a Russian abstract.

The papers should not exceed 15 pages (25 x 50 characters per page) including tables and references. The 
propci» location of the tables and figures must be indicated on the margin.

Mathematical notations should follow up-to-date usage. Equations longer than half a line should not be 
incorporated in the text. In-text equations must be typed on a single line except that one level of subscripting 
and/or superscripting is permissible. Use / instead of horizontal bars. Displayed equations should be written 
so as to require the fewest possible lines. Therefore use “exp" for the exponential function whenever the 
exponent requires more than a single line. Matrices should, if possible, not be written in full. Use subscript 
notations instead such as A = ||ay|| Write diagonal matrices as diag (z/, , d2 . . . .  dn).

The authors will be sent galley proofs to be returned by next mail. Rejected manuscripts will be returned. 
Authors will receive 100 reprints free of charge. Additional reprints may be ordered.

К С В Е Д Е Н И Ю  А В Т О РО В

Рукописи статей в трех экземплярах па русском языке и в трех па английском следует направлять 
по адресу: 117312 Москва В-312, просп. 60 летия Октября, 9, МНИИПУ.  Редакция журнала 
«Проблемы управления и теории информации» (зав. редакцией Н. И. Родионова, тел. 208-60-19).

Объём статьи нс должен превышать 15 печатных страниц (25 строк по 50 букв). Статье должна 
предшествовать аннотация объемом 50- 100 слов и приложено резюме-реферат объемом не менее 
10-15% объема статьи на русском языке в трех экземплярах, на котором напечатан служебный 
адрес автора (фамилия, название учреждения, адрес).

При написании статьи авторам надо строго придерживаться следующей формы: введение 
(постановка задачи), основное содержание, примеры практического использования, обсуждение 
результатов, выводы и литература.

Статьи должны быть отпечатаны с промежутком в два интервала, последовательность таблиц и 
рисунков должна быть отмечена на полях. Математические обозначения рекомендуется давать в 
соответствии с современными требованиями и традициями. Разметку букв следует производить 
только во втором экземпляре и русского, и английского варианта статьи.

Авторам высылается верстка, которую необходимо незамедлительно проверить и возвратить в 
редакцию.

После публикации авторам высылаются бесплатно 100 оттисков их статей.
Рукописи непринятых статей возвращаются авторам.



CONTENTS СОДЕРЖАНИЕ

F rauendorfer, К., K a ll, P.: A solution method for SLP recourse problems 
with arbitrary multivariate distributions — The independent case 
(Ф ра узн д о р ф ер  К ., К а л л  П . Метод решения стохастической 
линейной программы с произвольными мулыивариационными 
распределениями — независимый случай) 177

T ret'yakov, V. Е.: Synthesis of optimal guaranteeing control (Т р е т ья к о в  В. E.
Синтез оптимального гарантирующего управления) 207

N g u y e n  Quang A , Z e ise l, Т :  Bounds on constant weight binary superimposed 
codes (Н гу е н  К в а н г  А , З ей зел  T. Границы для двоичных наложен
ных кодов с постоянным весом) 223

C e liko vsky , S.. On the Lipschitzean dependence of trajectories of multi-input 
time dependent bilinear systems on controls ( Ч ели к о в ск и  С. О 
липшицевской зависимости траекторий неавтономной билиней
ной многомерной системы на управлении) 231

B ukov , V. N ., K h o rva t, Ya.: A comparative analysis of some algorithms for 
the identification of parameters of a linear dynamic object (Б ук о в  В. H .,
Х о р ва т  Я . Сравнительный анализ некоторых алгоритмов 
идентификации параметров линейного динамического объекта) 239

HU ISSN 0370-2529 Index 26 660



М б - З Ю
VOL. л ~  NUMBER 
TOM A '  * НОМЕР

ACADEMY OF SCIENCES OF THE USSR 
HUNGARIAN ACADEMY OF SCIENCES 
CZECHOSLOVAK ACADEMY OF SCIENCES

АКАДЕМИЯ НАУК С С С Р  1988
ВЕНЕЕРСКАЯ АКАДЕМИЯ НАУК 
ЧЕХОСЛОВАЦКАЯ АКАДЕМИЯ НАУК
AKADÉMIAI KIADÖ, BUDAPEST
DISTRIBUTED OUTSIDE THE COMECON-COUNTRIES
BY PERGAMON PRESS, OXFORD



An international bi-monthly sponsored jointly by 
the Presidium of the Academy of Sciences of the 
USSR, of the Hungarian Academy of Sciences and 
of the Czechoslovak Academy of Sciences. The six 
issues published per year make up a volume of some 
480 pp. It offers publicity for original papers and 
short communication of the following topics:

— theory of control processes
— theory of adaptive systems
— theory of estimation and identification
— theory of controlling robot-technologic and 

flexible manufacturing systems
— information theory
— information-theoretic aspects of multiple access 

networks.

While this bi-monthly is mainly a publication forum 
of the research results achieved in the socialist 
countries, also papers of international interest from 
other countries are welcome.

PROBLEMS OF CONTROL AND
INFORMATION THEORY

ПРОБЛЕМЫ УПРАВЛЕНИЯ 
И ТЕОРИИ ИНФОРМАЦИИ

Международный журнал Академии наук СССР, 
Венгерской Академии наук и Чехословацкой 
Академии наук выходит 6 раз в год общим 
объемом 480 печатных страниц.

В журнале публикуются оригинальные 
научные статьи и статьи обзорного характера по 
следующим проблемам управления и теории 
информации:

— теория процессов управления;
— теория адаптивных систем;
— теория оценивания и идентификации;
— теория управления робототехническими и 

гибкими производственными системами;
— теория информации;
— теория информации в области сетей с мно

жественным доступом.

Целью журнала является ознакомление 
научной общественности различных стран с 
важнейшими проблемами, имеющими актуаль
ный и перспективный характер, научными 
достижениями ученых социалистических и 
других стран.

For the Soviet Union:
Distributors

SOYUZPECHATY, Moscow 123 308 USSR

For Albania, Bulgaria, China, Cuba, Czechoslovakia, German Democratic Republic, Korean People's 
Republic, Mongolia, Poland, Rumania, Vietnam and Yugoslavia:

KULTURA Hungarian Foreign Trading Co.
P. O. Box 149 H-1389 Budapest, Hungary

For all other countries:
PERGAMON JOURNALS LTD, Headington Hill Hall, Oxford 0X3 OBW, England 

or
PERGAMON JOURNALS INC, Maxwell House, Fairview Park, Elmsford, NY 10523, USA 

1988 Subscription Rate DM 535,— per annum including postage and insurance.

©  Akadémiai Kiadó, Budapest



PROBLEMS OF CONTROL 
AND INFORMATION THEORY
ПРОБЛЕМЫ УПРАВЛЕНИЯ 
И ТЕОРИИ ИНФОРМАЦИИ

E D I T O R

N. N. K R A S O V S K II  (USSR)
C O O R D I N A T I N G  E D I T O R S  

U S S R

S. V. EMELYANOV
E. P. POPOV 

V. S. PUGACHEV 
V. I. SIFOROV 
К V. FROLOV 

E. D. TERYAEV
H U N G A R Y

T. VÁMOS 
A. PRÉKOPA 

S. CSIBI 
I. CSISZÁR

L. REVICZKY 
L. GYÖRFI 

J. KOCSIS
C Z E C H O S L O V A K I A

J. BENES 
V. STREJC 

I. VAJDA

РЕДАКТОР ЖУРНАЛА

H. Н. К Р А С О В С К И Й  (СССР)
ЧЛЕНЫ РЕДАКЦИОННОЙ КОЛЛЕГИИ

С С С Р

С. В. ЕМЕЛЬЯНОВ 
Е П. ПОПОВ 
В. С. ПУГАЧЕВ 
В. И. СИФОРОВ 
К В. ФРОЛОВ 
Е. Д. ТЕРЯЕВ
В Н Р

Т. ВАМОШ
A. ПРЕКОПА 
Ш. ЧИБИ
И. ЧИСАР 
Л. КЕВИЦКИ 
Л. ДЬЕРФИ 
Я. КОЧИШ
Ч С С Р

Й. БЕНЕШ
B. СТРЕЙЦ 
И. ВАЙДА

1828c—

V
TTq -ТГ)

A K A D É M I A I  K I A D Ó
P U B L I S H I N G  H O U S E  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S  

B U D A P E S T



<<p,0 '
0 И



Problems o f Control and Information Theory, Vol. 17 (5), pp. 253— 266 (1988)

M I N I M U M - D I S T A N C E  A N D  G N O S T IC A L  
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I. V ajda

(Prague)
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This paper is based on the result of Fabian [3] who showed that three estimators of Kovanic 
[6], derived from non-statistical (gnostical) considerations, are particular cases of «-estimators 
which are minimum distance-type estimators proposed by us in [10], Using known statistical 
properties of the general а-estimators, we establish here the corresponding statistical properties of 
the three gnostical estimators.

1. Notation

R is the real line and R* = R и  {— oo, + 00} the extended real line. We consider 
on R* the same ordering topology and arithmetic as Halmos [13] in his Prerequisites. 
In particular, we assume

0. ± oo= 0 , — l. + oo= + oo, and + oo + f= + oo , f e R .

Each Borel subset B cR *  is considered to be a measurable space, with the a-algebra 
of Borel subsets of B. Conversely, in a measurable space (В, (Щ with a Borel subset 
B cR *, 36 is assumed to be the а-algebra of Borel subsets of B.

The topological space R* may be viewed as a two-point compactification of
R. By R° we denote the one-point compactification R u  {00} (cf. Kelley [14]). Thus 
we distinguish between 00 .and + 00.

Let (9C, 36, ц) be a measure space and tp\9f 1—»R* a measurable function. If tp

is nonnegative and not /r-integrable (i.e. the integral j  tp dp. is not finite) then we put
ж

J tp dpt — + 00. We shall say that the integral J tp <1ц exists if either the positive part 
ж ж
tp+ or the negative part tp~ of tp, is /i-integrable, in which case we put

J tp dn= J tp* dp.— J tp~dp.
ж ж ж

1* Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford
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P denotes the set of all probability measures on R, and Pemp denotes the 
subset of P containing all empirical probability measures

x = (xj, . . . , x n)eR", « = 1 , 2 , . . .  (1)
П i = 1

where, here and in the sequel, őx for x e R  denotes the probability measure on R 
with all mass concentrated at x. The index x in P„ is omitted, in accordance with 
the common convention of statistical literature.

Q denotes an absolutely continuous probability measure on R. It is supposed 
that the density q of Q is even, bounded, continuous, and unimodal. The mode of q 
is obviously at 0. J  is the family of probability measures (Qe\0eR ), where Qe has 
the density q(x — 6).

2. «-estimators of location

Let us consider continuous functions f a: [0, oo)i—>R*, O ^ a ^ l ,  defined by 
the condition that for every f>0

fM )  =

l - f *
a

— In t,

if 0 < a ^ l  

if a = 0 .

Since q is assumed to be bounded, the integrals

D'(P,0)= \  f a(q(x-e))dP(x)
R

{ ^ 1  -  |</(х-0)°УР(х)^, if 0 < a g l  (2) 

— I In q (x — 9)dP(x), if a =  0
R

exist for all P e P  and all fleR, and take on values from R if 0 < a ^ l  and from 
R u  { + oo} if a = 0.

Let us denote by /„.(Pi || P2) the divergences of probability measures Р у,Р 2еР  
defined by the convex functions / a in accordance with Csiszár [2]. Let us say that 
a sequence of tr-algebras ( ^ |v)|v= 1, 2, . . . )  is exhaustive if á?u icá?<2)c  . . .  and if 
the union of these (т-algebras generates the a-algebra of Borel subsets of R. Denote 
by the superscript(v) restrictions of probability measures from P on the <r-algebra Ji(v).

Lemma 1. Let us consider 0^o t<  1, a natural number n, and an absolutely 
continuous measure P e P ,  and let us suppose that q is differentiable, with a derivative
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q\ and that

sup
xeR

k'(*)l
q(x)

<oo. (3)

Then there exists an exhaustive sequence of u-algebras (iM(v>| v =  1,2, . . . )  such that 
for ^"-almost every x e R" there exists a sequence (/V|v = 1, 2, . . . )  of increasing affine 
functions such that P„ defined by (1) satisfies the relation

lim sup 0)| = O.
V-»00 0 e R

Proof. It follows from the assumptions that it holds

sup
X6 R

d
dd

J 'M x - 0 ) ) <  0 0 .

Hence the assumptions of the Lemma in our paper [10] hold. It follows from that 
Lemma that for P"-almost every x e R "  there exists ( ^ (v,|v= 1, 2, . . .) such that the 
assertion of Lemma 1 holds. It is easy to see that the construction of 
( ^ <v)I v = 1, 2, . . . )  can be made independent of x e R" — for details we refer to (12.15) 
in Vajda [12]. □

Remark. Some densities q considered in the present paper do satisfy assumption
(3). The standard normal density q(x) = (2n)~1/2 exp. {—x2/2} does not do so. If 
(3) is not satisfied then it follows from (12.15) in Vajda [12] that the assertion of 
Lemma 1 remains true with the last relation replaced by the following weaker relation

lim m j lQ V W P W -D J Í P ' ,  0)1= 0, OeR. □

It follows from Lemma 1 that, for large v, the location в e R which minimizes 
the divergence /М в 'Щ Р ^)  practically coincides with the location minimizing the 
function DfP„, 0). The affine functions /v(/a(Qev)l|Tj,v)) just increase the contrast 
between the infimum and supremum of the argument function f^Qe^WP^), which 
becomes too flat as it tends to the constant ffO) for v-»oo (cf. Theorem 1 in Vajda 
[9]). Thus we are obtaining from Lemma 1 a sanction for the interpretation of the 
estimators we are now going to introduce as minimum distance estimators (more 
precisely, as minimum /^-divergence estimators).

For O^aiS 1, by an a-estimator of location with projection parent Q we mean 
a mapping T“:P h->R such that

T*(P) g arg min DfP, в) (4)
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for every n= 1, 2, . . . ,  the restriction
T®(x) = Tx{Pn) on R", defined via (1), (5)
is measurable.

Up to some technical details, the last estimator is a particular case of the 
а-estimator of arbitrary parameter defined by relations (2), (3) in our paper [10]. Let 
us also point out that, by (2), if P = Pn is defined by a sample x = (xt , . . . ,  x„) in 
accordance with (1), then

I  -  X  I n  < ? ( x , — 0 ) ,

if 0 <oc^l

if a =  0 .

( 6)

One can see from the lower formula that T° is nothing, but the well-known maximum 
likelihood estimator of location with the projection parent Q.

One can also see from (6) that all estimators T* are closely related to the 
M-estimators of location of Huber [4, 5], provided his function p : R i—>R is given by

(1 — <7(x)a), if 0 < a ̂  1
“
— In <зг(х), if a = 0.

The difference is of technical nature only: in the two cited publications, the 
M-estimators are formally defined by weaker conditions than (4), (5). These conditions 
are making the theory easier (cf. [4]), but the applicability of such a theory to what 
is computed in practical applications is less clear. This is the reason why we had to 
develop the theory of а-estimators in our own terms (cf. [ 11] and more recently [ 12]). 
This theory is close to the theory of Pfanzagl [8] who considered M-estimators under 
similar conditions as (4), (5) above. In the sequel we refer to the results of [11, 12].

3. Gnostical estimators of location

Kovanic [6] considered for n = 1, 2, . . .  vectors of data z = (z,, . . . ,  z„)e(0, oo)" 
and proposed to estimate an unknown value z0> 0  by means of mappings 
t “: (0, oo)n I—j (0, oo) for a e { 0, 1/2, 1}, where

t *(z ) e arg min d a(z ,  z0), O ^ a ^ l , (7)
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for

if 0 < a <  1

if a = 0.

To verify this statement take at first into account the fact that if (7) holds, then 
z0 = rj(z) is a solution of the equation

dz0
Ax(z, zo) = 0.

This equation can be rewritten as follows:

which are the three equations in the lines 5, 7 and 8 of Table 2 on p. 311 of [6].
Using the hyperbolic cosine function ch x, x e R, we see from the definition 

of Aa(z, z0) that (7) is equivalent to

1 "
t “( z ) e arg min -  £  f„

П i = 1

______ 1______
2 ch2(2 In (Zi/z0))

where f„, 1, was defined at the beginning of Section 2. Transforming the data
and parameter by

21nZj =  Xj, i =  l, .. ,,n, 21n z 0 =  9, (8)

and denoting by P„ the measure given by (1) for the transformed data vector
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x =  (x1; .. ,,x„) one obtains that (7) is equivalent with

2 In r“(z) £ arg min D„(P„, в), 

where DX(P„, 0) is defined by (6) for

q(x)= \  > x e R - (9)2 c lr  x

It follows from here that if, for some 1, there exists the a-estimator T a defined
by (4), (5), then

T*(z) =  exp {T“(x)/2} (10)

for all z £(0, oo)" and x e R ’ related by the one-one relation (8) and for all n =  1, 2, . . .
It follows from the last statement that Kovanic’s gnostical estimators 

rjj, a £ {0, 1/2, 1}, are equivalent (via the one-one relations (8), (10)) to the restrictions 
TJ of а-estimators of location with the special projection parent density (9), for the 
special values a £ { 0, 1/2, 1}.

It follows from this characterization of the gnostical estimators that these 
may be identified with the а-estimators of location T a with the projection parent 
given by (9), for a £ {0, 1/2, 1}. Similar conclusion has been first established by Fabian 
[3].

Let us note that density (9) satisfies the relation

= — 2 th x, x e R, (11)

so that condition (3) holds.

4. Properties of gnostical estimators

In this section we are interested in the estimators Ta, O ^ a ^ l ,  with the 
projection parent density (9). Particular emphasis will be placed on values oce{0, 1/2, 1} 
(see Section 3).

For every probability measure P on (R, 3i) we denote by P “1 the probability 
measure P x P x  . . .  o n ( R x R x  . . . , á ? x á ? x  . . .).

We shall consider a family & = (Рв\ве  R) of probability measures on R with 
densities p(x — в), where p is even, bounded, unimodal, almost everywhere differ
entiable function. Let p'(x) be the derivative of p(x) if p is differentiable at x, and 0 
otherwise. We shall assume that p'(x) / 0  almost everywhere.

Theorem 1. For every Osíafí 1, the estimator T a exists in the sense specified 
in (4) and (5).
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Proof. It holds

§ q(x — ())dP(x)>0, Oe R, Р е  P,
R

and

lim q(x — 0) = O, x e R.
в~* 00

Further, each t from the topological space R° has neighborhood N, (N00 = R — В for 
a compact set BczR!) such that

j  inf J\(q(x~e))dP(x)> -  oo, t e R°, PeP.
R 0e)V,

and

J sup f x(q(x — 6))dP(x)< + oo, t e R, P e P .
R 0eX,

Hence all assumptions of Theorem 1.1 in our paper [11] hold (for the function /„  
considered there replaced by the present function —/ J .  Therefore, the desired assertion 
follows from that Theorem. □

Theorem 2. For every 1, the estimator T * is strongly consistent in the
sense that it holds for every в e R

lim T‘(x) = в P f -a.s. (12)
n~* OO

Proof. (1) We shall prove that it holds arg min D fP0, 0)={O}.

Let us define (cf. (11))

^ ( x - 0 ) = ~ f M x - e ) ) = - 2 q ( x - e r t h ( x - e ) ,  x, 0 e R. (13)

It holds

D 'A P e , 0)= j~e ° ÁPo’ 0)= J M * -0 )d P oM  =

= j ij/(x)p{x + 9)dx (14)
R

D"(Po,0)=  -^ D ;(P o, 0)= j Il/(x)p'(x + e)dx. (15)
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The function ф(х)р(х) is odd so that it holds D'X{P0, 0) =  O. The function i//(x)p'(x) is 
even and almost everywhere positive. Therefore, it holds D"(P0, 0)>0. If we prove 
that D'^Pq, 0)/O  for every 0 /0 ,  then the desired assertion follows from Corollary 
2.5 of Mäkaläinen, Schmidt and Styan [7].

Let us consider 0<O. The distribution function F corresponding to p is convex 
on (— 0 0, 0], concave on [0, oo), and skew-symmetric on R in the sense

F( —x) = 1 — F(x), x ^ 0 .

It holds

F( — x + 0) + F(x +  0) 
2 = F(0), x ^ 0 . (16)

Indeed, if x + 0 ̂  0, then this inequality follows from the convexity of F on ( -oo, 0]. 
If x + 0>O, then the concavity of F on [0, oo) implies

_2 Q Y i Ü
F(x + в)Ш---- ^ F (0 )+ ---- -F(x- 0 )x и x о

and the convexity of F on ( — oo, 0] implies

F (0) ̂  F( — x +  0) -I— F(0).
X  о  X u

Substituting in these inequalities

F(0) =
F( — x + 0) + F(x — 0) 

2

one obtains (16) again. On the other hand, it follows from (14)

W o ,  0) = I  iA(x)d[F(x + 0) + F( -  X  + 0)]
0

where
= 2(1 -F (0)) I  ip{x)dG{x), 

0

G(x) =
F ( - x  + 0 ) -F (x  + 0)-2F(0) 

2(1-F(0))

It follows from (16) that G is a probability distribution function on [0, oo). Since i/f 
is negative on [0, oo) and O<F(0)<1, it holds

d ;(p o, 0)>  o.

Analogically, one proves that if 0>O, then

d ;(f o, 0)<  o.
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Therefore, the desired assertion is proved.
(2) Let us consider t e  R. Since it holds Dx(Pt, 6) = Da[(P0, в — t), it follows from 

the result of part (1) that it holds

arg min D„(P„0) =  {t}.

It follows from here in particular that it holds

T*(Pe) = 6, 06 R.

(3) It follows from Theorem 2.1 in our paper [11] and from the results of part
(2), that it holds for every 0 e R

lim T®(x) = T \P e) Pe-a.s.
П-* 00

Applying the second result of part (2) again, we obtain the desired assertion. □

Let us define for 0 a ̂  1 the influence curve of the estimator T® at the 
probability measure P e P in accordance with Huber [5] by

IC(x, T®, P) = lim
£ J 0

T*(( 1 — s)P + edx) — T“(P) 
e

x 6 R,

provided the limits exist.
In the next theorem we make use of the following relation

J ip'(x)dP0(x)= j  ф(х)р'(х)<1х>0, (17)
R R

where ф is defined by (13) and

* '(* -0 )=  ^  ф (х-6)  = 2Ч( х - в у  1 c2̂ 2̂ g )  в) ’ x , 0e R ,

(so that Ip'(x)= —d\jj(x)/dx\). Relation (17) follows from the per partes integration rule 
and from the fact that the function ip(x)p'(x) is even and almost everywhere positive. 
The finiteness of the integrals in (17) follows from the fact that iJ/'(x) is bounded.

Theorem 3. For every 0 ̂  a ̂  1 and t e R the influence curve of T® at P, exists 
and satisfies the relation

IC(x, T®, P,) =

sh (x — r) 
ch2®+1(x —t)

x e R .

p'(x)dx
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Proof. Let us consider x e R  and let us denote

P f = ( \ - E ) P l +  EÖx

It holds

D'fP, 6 )= -^D a(P, 0) 

DI(P, 0 ) = ^ щ р ,0)
P e P ,  0 e R.

lim D'(Pf Г(Р,))
= 'И х -t) .

£ I o £

Since D'Ĵ P*, T a(P*)) = 0, it follows that, for £ j.0,

0 ^ , ‘ П Р , ) ) -  D'x(Pf, T*(P?)) = E i / / ( x - t )  +  o ( e ) .  

Further, the relation

lim sup\D '(P?,S)-DfP„e)\ = 0
e I 0 0eR

implies that TfP*-+T\P,)  as ajO.
By the mean-value theorem, the left-hand side of the relation preceding the 

last one equals

D';(Pt,ec) ( T \p t) - T \p * ) ) ,  

where 0E-»T‘I(P,) as e | 0. Further, it holds

lim d :(PT, 0e) = D;'(P„ T*(P,)) = D:(P„ t) (18)
t  i 0

(cf. part (2) of the proof of Theorem 2), where

d ;'(P„ í)= j  \l/'(x-t)dP,(x)= j  ip'(x)dPo(x)>0 (cf. (17)). (19)
R R

We deduce from here that, for all sufficiently small e>0, D"(PE*, 0E)>O and

T*(Pt)-T*(Pt)  =
е ф ( х  — Г) + ст(е)

d :(p *,oj ■

One obtains from this relation, from (18) and (19), and from the definition of 
IC(x, TJ, P,), that it holds
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The desired assertion now follows from (17). □
Example 1. Let us consider the probability density p(x) from the family of 

hyperbolic secant densities, i.e. let

p(x) = c(a) sech°x =
c(a)

“ ch“ x ’

The norming constant is given by

21_T(fl)

a > 0 .

Ф )  =

where Г is the gamma function, so that in particular

c ( l ) = - ,  c(2) =^ - .
n 2

The density (9) is from this family for a = 2.
The denominator in Theorem 3 is equal to

ic
sh x

' ( " a)c(ű)d P ^ dX

( 20)

= ac{a) ■
sh2 x

sh2a + a + 2 dx.

Using the relation
OO

Í sh2x , 1
~ n — dx= —  ch^ x ß - ч chß- 2x

dx, ß>2,

which follows from the per partes integration rule, one obtains that the denominator 
is equal to

ac(a)
(2a + a+  l)c(2a + a)

Therefore we obtain the following explicit formulas

(2a + a +  l)c(2a + a) sh(x — t)
IC(x, T \  P,) =

ac(a) ch2®+1 (x — t) ’
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IC(x, T°t p ) = ! ± l .  th (x -t) , 
a

IC(x, T 1/2, P,) =
a + 2 

2
sh (x — Г) 

ch2 (x — t) ’

IC(x, T \P ,)= (a+l)(fl  + 3) sh (x — t) 
ch3 (x —t) □

Theorem 4. For every 0 ̂  a ^  1 and 9 e R, the random variable y/n(  T“(x) — 9) 
tends under the distribution P f  in probability law to the normal random variable 
N(0, a2), the variance of which is given by

o2= j  IC(x, 7 “, P0)2dP0(x) (21)
R

where IC(x, Tx, P0) is given by Theorem 3.
Proof. Let us write briefly Tn instead of T(Pn)= T„(\) (cf. (5)). It holds T*(Pe) = 9 

and D'(P„, 7„) =  0, so that

^ п [ 0 'а(Рп,9 ) -0 'х(Рп,Т„П=п-Ч2 £  ф(х , - в )  + ор( 1)
i= 1

where op(\) tends in probability to zero. By the mean-value theorem, there exists 
P f - a.s. a sequence (0„\n = 1, 2, . . . )  with the limit в for which (since Tn tends P f-a.s. 
to 9 by Theorem 2)

D'x(Pn, 9) — Dx(P T„) = D:(P„, 9n) (9—T„).

Therefore, it holds
М п-^п(Т п- 9 )  = п~Ч2 £  IC(x,-, T", Pe) + <Tp(l),

i = 1

where
d :(p „ Qn)
D:(Pe,9) (Cf. (19))

tends in probability to 1. Hence it follows from the central limit theorem and from 
the Cramér-Slutskij theorem (see e.g. p. 186 in Andel [1]) that the desired assertion 
holds. □

Theorem 5. The variance in Theorem 4 satisfies the inequality

<r2>
1

W ) '
(22)
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where

p(x)dx> 0 (23)
R

is the Fisher information for the family ^  = (Pe |0eR) under consideration. The sign 
of equality takes place iff almost everywhere

sh x
ch2“+lx

— const ■p’(x) 
p(x) '

(24)

Proof. Let us denote the left-hand side of (24) by <p(x). By Theorem 4,

<r2= R
j  q>(x)2p(x)dx

I (p(x)p'(x)dxj
(cf- (17)),

so that the desired inequality, as well as the condition for equality, follow from the 
Schwartz inequality. □

Example 2. For the family & considered in Example 1 we obtain, using the 
formula for influence curve evaluated there,

2_  (2a + a+  l)2c(2a +  a)2 Г sh2 x  c(a) 
a2c(a)2 Jch4'I + 2x ch°x

R

(2a + a+  l)2c(2a + a)2 
a2c(a) (4a + a +  l)c(4a + a)

For a =  0, i.e. for the estimator T°, we obtain the asymptotic variance

2 a +1
-  —Ö--

It follows from (23) that in this case

I(P) = a + 1

Therefore, equality (22) takes place, i.e. T° is asymptotically efficient, for the family 
2P under consideration with arbitrary a>0.  This conclusion can be obtained more 
easily from Theorem 5, since, for a =  0, the left-hand side of (24) is equal to th x and
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the density (20) satisfies the relation

for every a > 0.

P ' ( x )

P(x)
= a th x

□
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Оценки с минимальным расстоянием 
и гностические оценки

И  В А Й Д А

(Прага)

Эта статья основана на результате Фабиана [3], который показал, что три оценки Кованица 
[6], которые выведены из так называемых гностических соображений, являются частным случаем 
оценок с минимальным расстоянием, введенных в нашей статье [10]. Используя известные свойства 
наших оценок, в статье доказываются статистические свойства указанных гностических оценок.

I. Vajda
Institute of Information Theory and Automation
Czechoslovak Academy of Sciences
Pod vodárenskou vézí 4
18208 Praha
Czechoslovakia
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A controlled Markov chain with a delay in control is investigated. Necessary and sufficient 
conditions for the control policy to be optimal in the case of semi-continuous models are given. 
The т-models’ class definition is given for which methods are being developed, analogous to the 
dynamic programming method. Characteristic properties of the т-models are shown; one particular 
example is discussed.

1. Introduction

Papers [1-5] are devoted to controlled Markov processes without delay, 
wherein the dynamic programming principle is proved for a broad model class, the 
Bellman equation is derived and necessary and sufficient conditions for the optimality 
of the control policy are obtained. However, very often the control on the output of 
the regulator has a delay. For example, the problem of remote control of moving 
objects; the problem of service of technical systems in which latent refusals can appear 
and so on. As distinct from the works mentioned, the present article investigates the 
points of existence and construction of optimal policy in homogeneous models with 
delayed control on an infinite horison. In [6, 7], analogous models with finite horizon 
are studied. Investigation of such models, as a rule, results in substantial problems, 
particularly involved in the violation of the Markov property of a process studied, 
even for the simplest control policies.

In Section 2 the basic definitions are provided that in the case of zero delay 
are reduced to the agreed-upon notions [1-5]. In particular, a definition of the Markov 
stationary selectors (nonrandomized policies) class is introduced, which subsequently 
appears sufficient to decide problems of the optimal synthesis. The present article 
describes the class of semi-continuous models and т-models. For semi-continuous 
models, the existence of an uniformly optimal В-selector is found (Theorem 2), as 
well as necessary and sufficient conditions for an arbitrary control policy to be optimal 
(Theorem 3) are determined. General semi-continuous models do not allow the 
dynamic programming method to be directly applied, and an optimal В-selector may

2 Akadémiai Kiadó, Budapest 
Pergamon Press, O xford



268 PIUNOVSKI: DISCOUNTED CONTROLLED MARKOV CHAIN WITH DELAY

be non-Markovian. Therefore, in Section 4 a new class of т-models is introduced, 
wherein the synthesis problem can be decided by means of methods analogous to 
the dynamic programming technique. Hypotheses H i and H2 play a crucial role in 
the description of the т-models. The hypotheses mentioned above are based on the 
assumption that a “predictable” probability distribution of the current state can serve 
as sufficient statistic for choosing the control, and on the assumption that the optimal 
reward functional has an integral form (Theorem 6).

Note that the т-model is not necessarily semi-continuous. However, if it is 
the case, there exists an optimal stationary Markov ß-selector (Lemma 1, Theorems 
4, 5) which can be built into solving the “Bellman equation” from the hypothesis H 2 
formulation. As an example, the task is discussed to optimize a linear system with 
square criterion. It is shown that if we neglect the non-zero delay then the value of 
the expected profit decreases.

It should be noted that in the case of zero delay, the results obtained convert 
into the known facts from the theory of dynamic programming [1-5].

Let a whole non-negative constant т and arbitrary Borel spaces (A, 38(X)) — 
the state space, and (A, 38(A)) — the control space be given. The direct product

is called the history space. It is evident that, with all t = l, 2, . . . ,  Н„ ( 2 ^ H X, and

H= \J H, are Borel spaces with u-algebras of Borel sets 38(H,), &  = 38(HX), 38(H),
t = 1

respectively.
Further, if (E, 38(E)) is a Borel space, symbols л/(Е), 41 (E) denote the analytical 

and universally measurable <r-algebras in E. As it is known from [1], a space of 
probability measures on the Borel space E is Borel; this is denoted by P(E). Next, 
we suppose that a weak topology in P(E) is fixed.

The properties of Borel spaces and of probability measures there on, also of 
А-functions and А-measurable and universally measurable mappings are stated in 
[ 1, 2] in detail.

Elements of the space (2 are trajectories, i.e. realizations of control and state 
sequences: co = {a1, . . . ,  ax, £0, at + 1, . . . }  which are written in the order of their
appearance in front of the observer. Note that the state is formed under the influence 
of the control a, and is observed only after the selection of the control at+t. In the 
case of t  = 0 we have the classical scheme [1, 2]. Further, the elements a, of a

2. Definitions and denotations

at l ^ i < T ,  
at t> z

00
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sequence соей  are designed by £((a>), a,(a>), i.e. they are considered as functions 
(projections) from ß  into X  and A. Similarly h,(co) = {a1, . . . ,  ax, <̂0, ax+1, . . . ,  £,_T} 
is the part of the trajectory which is observable after the selection of the control a,. 
Further the argument со, as a rule, is omitted.

Symbol S't denotes a ff-algebra in ß, the preimage of á?(#,+t) with respect to 
the projection ht+x.Q~*Ht + x. So, {£,},>0 are !ft-matched random sequences. The 
values of parameter t are natural as a rule; however sometimes it will be convenient 
to denote the ст-algebra <r{as, S ^ t  — 0} in ß  by the symbol which is in agreement 
with the notations given earlier (0= 1, 2, . . . ,  т); & - х= { 0 ,  ß} is the trivial tr-algebra.

Suppose that the followings are given: 1) the initial distribution P°( ) — a 
probability measure on X  from some class P(X)^ P(X); 2) the one-step transition 
probability Pa(x, Г) — a probability measure on X  (under arbitrary, fixed ae A, 
xeX))  ЩА x X) — measurable at any fixed Г еЩХ); 3) the discount factor ße(0, 1), 
and Л-function of reward r(x, a).

The object Z = {X, A, P, r} is called the model.
Definition. A sequence of universally measurable stochastic kernels 

ц,(Г\Р°, /1,-0 on A is called the control policy n = {n,}fi= x. At t= 1, ц х is a probability 
measure which can depend on the initial distribution P°( •) only.

Theorem 1. Each policy я = {/if , at an arbitrary fixed P° e P(X) corresponds 
to a unique probability measure Рж on ß, such that

1) Р*{ахе Г лх, . .  .,а1- 1еГ ?_1,а ,в Г ? }  =

=  J Í Pt(,rf\P°,ai . . .  at- l )n ,- l(da,„1\P°,al . . .  a,_2)x 
' f  ' A ,

x . . .  x fix(dax\P°), l ^ i ^ r ;

2) P*{ax e T i , . . . ,  аг 6 Г?Ло е Г*, аг+, е Г*+ „  . . е Г?} =

=  í  - í  í  J ••• í  Pa № i - i , r ? ) t i x+t(dax+t\ P ° , a i . . .
Г  А  Г А  Г Х  Г  А  Г А
1 1 1 х 1 О 1 т +  1 1 T +  t

. .. ах£0ах+х . . .  £,_х) х  . . .  х nx+l(dax+i\P°,al . . . at£0)P0{d£0) х 

х nx(dax\P°,al .. . at _ , )x . . .  x f i f id a ^P 0), t = 0,1,2, . . .

3) P > ,  e  Ff, .. „ в, 6 ГС, £0е Г х0,ах+1еГ1+ и . . . , £ , е  Г?,

a r + t+ 1 e Г х + 1+ j} =  J . . .  J J J . . .  J j p r + t + l(^t+< + 1 I
Г  А  Г ? Г * Г А и  Г Д ,  r *

\P°,a1 . . . a t£0ax+l . . .  QPâ , - x,d Q n x+,(dax+,\P ° ,ax . . .

. . .  a £ 0ax+1 . . .  ijr- i ) x  . . .  x fix + l(dax + i \P°,al . .  . ах£0)Р°Щ0) x 

x nx{dax\P°,al . . .  aT- x)x  . . .  x n x(dax\P°), í =  0,1,2, . . .

Here T f  e Зй{А), Г? e 38(X) are arbitrary sets.

2*
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The proof follows simply from the Ionesku-Tulcea theorem [1, 2].
The randomized control a, is specified by the kernel /r,(-|P°, that is, 

when choosing a control a„ only information about P° and values at a2, ■ ■., az, £0, 
ax +,, £ I , . . . ,  a, _!, _ t _ j(i ̂  г + 1) may be employed. In other words, the control a, 
is an ^ , _ r_ r measurable random element, where is an universal rr-algebra 
^-extension. Consequently, the value т is the control delay. With t = 0, we obtain the 
model without delay that was studied in [1-4].

According to Theorem 1, with P° fixed each policy я specifies a matched 
random process (a,, ,̂) on the stochastic basis (fl, & , Pn, >0). The cr-algebras 
are filled up with sets of zero P^-measure. Symbol MK denotes the P^-measure integral. 

Definition. Symbols я' — {/L„}e = i »nt~  {Pe}*=t+1 denote the “parts” of a policy я. 
It is obvious that (similarly to Theorem 1) any fixed я' by a given P° e P(X) 

determines the unique probability measure PJ)‘ on H„ the preimage of which on Q 
is denoted by Рж' (t=  1,2, . . .).  Let P° e P(X) be fixed and {iPt(w)}t=i be a sequence 
of random variables such that Рж — almost surely (further: P" —a.s.) the finite

lim М ж[ф T(w)\J*,. J  is defined for all policies n (t = 0, 1, 2, . . .). Let я' be fixed and
T— oo
я, be variable. Then óF,_,-mcasurable random variables lim Мп\_фr(co)\# j_ t] form

Г - > о о

the set for which я, is a parameter. So, we can introduce the operation PK‘ — ess sup 
by the set {я,}. The described construction is denoted further by

Рж‘ — esssup lim M’t’[i/iJ.(tu)|^,_t]
* t  T  -* oo

(we assume that the essential supremem is correctly defined). The meaning of the 

record Pn‘ — esssup М ж,[ф(со)\ J*,. t] is similar.

Definition. With P° fixed, a policy я is called admissible if V t^O  V0 = t+  1, 
t + 2, . . .  finite conditional expectations Ai’t[r(^e_1, ae)| _ t] are given P* — a.s. and

there exists a finite (Рж — a.s.) lim M"
T

I? = Г+ 1
X fl„) ^r-x . The class of

admissible policies is denoted by П. 

The value W(n)= lim M" Z  ß ' r ^ - u  a,) at a given P° is called the

policy я € П value. A policy я* e П is called optimal (for initial distribution P°) if 

W(n*) =  sup W(n). A policy я* is called uniformly optimal (e-optimal) if it is admissible
n e i l

for all P°eP(X)  and W(n*)= sup W(n) (IT^*)>sup Ж (я)-е) simultaneously at
n e i l  n e i l

various initial distributions P° e P(2f).



PIUNOVSKI: DISCOUNTED CONTROLLED MARKOV CHAIN WITH DELAY 271

A policy я = {/г,},® ! is called a selector (nonrandomized policy), if V f > 0 the 
measure pt is centered at the point a, — (p(P°, h, _  j). The selector is called Markov if 
<p(P°, h , - l) = <p{t, Pf-i). Here and below

РГ-1(Г,Р°,са)Др*{г,_1е Г |^ _ 1_ 1}, Г е Л ( Х)  (1)

is the conditional probability. A Markov selector is called stationary if 
<p(t, Pf_ i) = (p{t л (t + 1), P f - 1). Here and below aA b = min{a, b}. According to the 
introduced denotations the conditional probability P* t is defined by the “part” л ' 1 
of a policy. So we shall use the notation P*‘ ' sometimes.

By B, , we shall denote the family P°, to) under diverse P°, л, to.
Further, all the families B, are assumed to coincide: B, = B and P(X ) £  B; Be  á?(P(X))
and V P e B V a e A  there exists a finite integral J r(y, a)P(dy).

x
Definition. If a policy (selector) is given by Borel kernels (functions) then it is 

called B-policy (B-selector). The Markov selector cp is called Л-selector if the mapping 
(p(t, ■): B->A is .^(B)-measurable at all t= 1, 2, . . . .  Further denote by Пт a set of 
all the admissible stationary Markov B-selectors.

3. Semicontinuous models

A model Z is called semi-continuous if the next conditions are satisfied:

Cl. Function r is bounded from above- and upper-semicontinuous.
C2. The transition probability Pa(x, Г) defines a continuous stochastic kernel 

P : A x X ^ P ( X ) .
C3. Set A is a compact.

Remark. Value oo” is permissible for the upper-semi-continuous functions. 
It is worthwile for the semi-continuous model not to limit the class of 

admissible policies because all of the conditional expectations and limits can be 
correctly defined on the extended straight line by means of the standard operation 
of the bottom “cutting-off’ the reward function.

As it is shown in Section 6, Ví^O V P° the random value

Pn‘*' — esssup lim AT1' ”  £  /3e-r(iJe_1,a e)
ltt + T r-»0O [_e = l + l

depends on enumerated arguments only. Complete investigation of semi-continuous 
models at t =  0 is presented in [1, 2, 5].

As noted above, in the case of t> 0 it can happen that an e-optimal Markov 
selector does not exist. However, the following statements are true.

P* +'~a.s. =  Vfát,a,+1, .. .,at+t)



272 PIUNOVSKI: DISCOUNTED CONTROLLED MARKOV CHAIN WITH DELAY

Theorem 2. In the semi-continuous model, there exists a uniformly optimal

B-selector n*, and VP°e PfX) W(n*)= sup И̂ (7г) = sup J K0(<̂0, ax, . . . ,  aT)
n (aI , .  . , , a T) e A z x

P°(dU
Theorem 3. With any fixed initial distribution P° e P(X), in order that the 

policy rc =  {/i,}(® 1 be optimal in the semi-continuous model, it is necessary and 
sufficient the following conditions be satisfied:

1) lim M K
T  -*  QO

/
19 = r+ 1I ,a e) |# ; l p ” -a .s .  =  K(( ^ , a H a, + r) Vf^O.

2) M n[V0(l;0, au . . . ,  ar)]=  sup J K0(£0, a ,, . . aT)P0(d£0).
( a i ........... ö t ) e  A  T x

The proofs are given in Section 6.

4. r-models

Let D denote the linear space of the real universally measurable functions

F( ■) on X  such that for V P e В there exists the finite integral j  F(y)P(dy).
x

Assume that the initial distribution P° e P(X) is fixed.
Let {F,}[ = 0 be a set of functions from the class D. Here we need the following 

conditions:

C4. a) V a e A V x e  X  there exists the finite integral j  F,(y)Pa(x, dy)\ 
i = 0 ,  1, t ; *

b) Vt i e P  V0=1, 2, . . ., there exist the finite conditional expectations 
M*[Fe,A t í e) \ ^- r l t  = 0, 1, . . . , 0;

M n \Ft bly)Pat{jte- u dy) \3Ft_x t = 0, 1, . . . , 0 - 1.

с) V n e П V t = 0, 1, 2, . . . ,  there exists lim Mn[ßTFx(£r ) |# j_ J .
T  -* со

For example, C4 are met for bounded functions Ft.
Hypothesis Hx. There exist a policy n* e П and a set of functions {F,(y)}- = 0 6 D 

for which conditions C4 are satisfied such that

1) Vt = 1,2, . . .  M n' r ( 4 _ j , a * ) -  -  F(,_1)Ar(i, ) +

+ i F , At( y ) P ^ (
X

= 0 P"* —a.s. ( 2)



PIUNOVSKI: DISCOUNTED CONTROLLED MARKOV CHAIN WITH DELAY 273

2) V л e /7 Af«|r(i ,' .j .e, )- i - F , _ 1)At( í , - 1) +

+  í  FtAr(y)Pa^ t ^ , d y ) \ ^ l - r - l -]üO PK — a.s.

3) V я 6 Я  lim М '[/1Т7 ^ Г)] ^  lim Aí’'*[£r  • F t(£T) ] .T -* oo T -* со

Hypothesis H 2. There exists a set of /1-functions {F;(y)}i=o for which conditions 
C4 are satisfied such that

1) Vл е П  V t = l ,2 ,  . .  . , P n ess sup < M naeA i
l

~ß
r( £ t - n a) ~  s '  F „ _ i )/V t(^r- 1) +

+ $F, AAy)Pa(Z,- и dy)X =  0 Pn — a.s. (3)

2) V л e /7 lim • F r(^T)] = 0 .T -*oo

Definition. M odels wherein hypothesis H 2 holds, we shall call r-m odels. 
(Analogous definition is given in [6] for models w ith finite horizon.)

Remark. The following tw o assum ptions are behind hypotheses H u H 2:
1) when choosing contro l on each step t, the predictable probability d istribu

tion (1) is a sufficient statistic;
2) the optim al rew ard functional Vt( ■) introduced in Section 3, is expressed 

in a certain fashion through the measure integral Pf+\'  (see T heorem  6), the in tegrand 
functions are the same as the functions F, from  the form ulations of the hypotheses.

N ote that equality (3) in H 2 plays the role of the Bellm an equation, w ith 
which the functions Ft can be determined. In the case of zero delay, hypotheses H l , 
H 2 hold, for example, for sem i-continuous m odels with a bounded reward function; 
with function F 0 being in agreem ent with the decision of the classical Bellman equation
[5]. It is natu ral to call F, Bellman functions.

Lemma 1. Let the m odel Z  be sem i-continuous and {F,(_y)})=0 — arb itrary , 
bounded from above upper-sem i-continuous functions on X.  Then

1) Vx V l> 0  P n — esssup | м я —

-  F„_ 1( A ,(£ ,_ !)+  í  F, A Ау ) Р Я , - 1 , d y W , - r -  i j j

is attained under a certain contro l <p(Pfix) w hich is (Borel) m easurable, dependent 
on the conditional probability measure P*_, e  В only;
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2) the supremum value is a bounded from above upper-sem i-continuous 
function on B,

3) for the stationary M arkov P-selector q>(t, Pf^^^cp,  A (t + i,(P ?-i) under a ll 
t> 0 , the following equalities are satisfied:

M'  r(i, _,, a,) -  -  F„ _ i, л r(£, _,) + J F, A r(y)Pai(£, _,, dy) | j r  _ t _,
P x

Pv -  a .s .=

=  P'') —  ess sup < M v
ae  A I

l

~ß
r ( Z , - i , a ) - - F ( i - 1)At( ^ - i )  +

(there exists “a m easurable choice”).
The proof is given in Section 7.
N ote, if Lemma 1 is applicable in the т-model, with cp e /7, then hypothesis 

/ / ,  holds.
Theorem 4. If in the model Z  hypothesis H { holds, then the policy n* is 

optimal, and

m * * ) =  f  F0(y)P°(dy)~ lim M " W T -FZÜTÍ]-
X Т - а о

The proof is given in Section 8.
Theorem 5. Let in the т-model, for policy n* e П, equality (2) be satisfied

(P"*-a.s.) for t =  1, 2 , . . . .  Then the policy n* is optimal, and W(n*)=  J F0(y)P°(dy).
x

The proof follows from  Theorem 4 by noting that for set {Т,}1=0 and policy 
ti* hypothesis Н г is satisfied.

Let for the т-model, the following conditions be satisfied:

C5. a) V tt lim M n[ ß T ■ F t(£r )] =  0;
T -* oo

b) conditions C4 are  satisfied for all policies (not only for n e Я);
c) for all л, t =  1, 2, . . .  equality (3) is satisfied (Pn —a.s.).
In this case Theorem  5 can be inverted: if policy n* is optimal, then for it 

equality (2) is satisfied (P**-a.s.). The proof is a from -the-converse one using Lem m a 
3 and the N ote  to it. In this case the following statem ents are true:

1) for each £> 0 , there exists an e-optim al stationary M arkov ^-selector;
2) if in Section 3 o f Lemma 1 there  exists an universally m easurable 

(measurable) choice then there exists an  optim al sta tionary  M arkov selector 
(P-selector).
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Suppose tha t all the policies are admissible. For example, model Z  is 
sem i-continuous or the reward function r is uniform ly bounded.

Definition. At a fixed initial distribution P°  assume

Ф,(И,)= Pn' —  ess sup lim M Kl
ni T  -* oo e = t+ ] , t  =  0, 1,2,

(for h, e H ,  the suprem um  is taken by the kernels л, =  {рв}в°=<+1)- Function <Pt(ht((o)) 
is a random  variable dependent on the kernels n‘ — {He}e=i-

It is not difficult to show by means of Theorem  3 tha t in the sem i-continuous 
model a t P°  fixed, for the optim al policy л* the equality is valid:

Ф,+АК+т)=У№„а,+ 1 , ■ ■ . , a l+t)-

- ß ‘+ l r(£„al+ l ) - ß , + 2 $ r { y i , a t+2)Pat+l( l ;„dy1) -
X

- ß , + T- J . . .  I r(yT_ 1, a , +z)Pat + t_l(yz. 2, d y x. l) . ..
X X

••• Рж’- as-, t = 0, l , . . .

Theorem 6. If the rew ard function r is uniformly bounded  from above, the 
following statem ents are equivalent:

1) function 4>,(/i,), at each policy n, is a functional dependent (P*' — a.s.) on  the 
conditional m easure P f (  ■, P°, w) only, with

*Ah,) =  $ A P ? ) = P  j  F, A T(z)Pf(dz,  P°, со)
X

(P*‘ — a.s.), t =  0 ,1 ,2 , . . . ,  where {F,(z)}t=0 is som e set of ̂ -functions from D tha t m eets 
conditions C4 such that

Vti lim M*|j?r - F r(£r ) ]= 0 .
T -* oo

2) M odel Z  is the т-model.
The proof is cited in Section 9.
If any finite collection of measures from  В is linearly  independent and  

Ф,{И,) =  Ф,(Р?‘) (P"' — a.s.) is a functional on B, some sufficient conditions may be found 
in [6] for which the functional <&, has an in tegral form. Therefore, the model being 
investigated will be the т-model. N ote in case o f t = 0, the m easures P f  are centered  
at points (J, (see Definition (1)).
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5. Example

Let X  =  R \  i4 =  R 1; the  process is defined by the equality £, =  B £ ,_ 1 +  
+  Ca, +  Dri, where {i/,},® i is a sequence of independent ran d o m  variables with 
distribution density h(z), the first two m om ents of which being equal to zero and  one, 
respectively. Then the transition  probability for one step is absolutely continuous 
with respect to  the Lebesque measure, and the distribution density  is the following:

, 4 1 , ( z - B y - C a
( - Л Й - щ М — Ö—

Let r(y, a) =  K a2 +  M y 2 . Here В, С ф 0, О ф 0, K < 0, M < 0 are a rb itra ry  
constants.

In the optim ization tasks for linear dynam ic systems w ith  square criterion  
(without delay) Bellman function looks like a square  polynomial. In our case functions 
F, from hypotheses H l , H2 p lay  the role of the Bellman function. So, it is na tu ra l to 
seek them in the form Р^у) =  д{у 2 + S iy +  qi. Let the initial d istribution  P°  o f the 
random variable £0 be fixed.

After verification of hypothesis H { we have:

9i =  9 =  2C 1 [MC2 +  K B 2 ~ K / ß -  V (M C 2 +  K B 2 -  K/ß)2 +  4 C 2MK/ß-] ■

Si =  0;

D 2ß
4 z  = \ - ß

g +  ( M - g / ß  +  gB: > X V 1 ;
1=о J

q i  =  ß { q i + l + g D 2 +  ( M - g / ß  + gB2) ■ [  DioB 2i +  D2 Д  B 2 > j ,

г =  т — 1, т —2, . . .,0.

(Here and below  M io, D(o are expectation an d  variance of random  variable £0.)
At the same time policy cp* is constructed. It looks like following:

(p*(P) =  a* ^  x  +  J Ур №У)• (4)

x

So, in this exam ple hypothesis H j is true for (p* and  {Fj}t=0. A ccording to T heorem  
4, the stationary  M arkov B-policy (4) is the uniform ly optimal policy, and

W(q>*)= sup W(k) =  J F0(y)P°(dy).пеП X
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If we call the admissible only those policies for which lim M n[ ß T ■ £ f .]= 0 ,T -* oo
then policy (4) is the adm issible one, and hypothesis H 2 is true for {F,}t=0 i.e. we 
deel with the т-model. The uniformly optim al synthesis is given by (4).

O ne can calculate the value j  y P f ’ ßdy,  P°,  w) using the following formula:
x

j  y P f -  i(dy, P°, w) =  JX
Z ,- ' - iB '  +  C  X  afB'

V ' + c  X  ° : B'

r >  t ;

N ote that, in our example, the model is not semi-continuous.
If we neglect the delay in this exam ple then we shall get the model studied 

in [5]. U sing the dynamic program m ing m ethod one can ascertain  that the control 
m ust depend on the last observed state of the process

a, =  <j>(P°, & ,_ ! ) = -  K 9+ g C i  £ » - t- i ( f^ T + 1 ) .

In order to  close the model correctly on the initial interval t =  1, 2, . . i  we shall 
assume th a t M io =  0; a, =  0(i 5S t ). If t  =  0 then policy cp coincides with cp* and is optim al.

Assume that x > 0  and determine the prize that gives the optim al policy (4) 
in com parison with the “pseudooptim al” policy ф in the case of B =  1. We shall use 
Lemma 3 by the functions {Fi}J=0.

O ne can easily verify that

lim M * \ß T ■ FJLtT) ] = 0;

M v М Р ф  - l t dy) \ * e - t - 1

0, 0 = 1, 2,

a2C4 / » - 1 V  
9 ' Í V , - :  , e ^ r + 1 .

Hence,

\У( (р*) -Щ ф)=  -

K + g C 2 \ & b

9*C6
( K + g C 2)3 ß x + 2 Z P - M

г - l  \  2

X  l - i  
1 =  0
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where

l.

e_t+1= f _ t+2= . . . = e _ ^ o ; io -^ o ;

Д Í 1 ,-1  +  Dí/„

SC2
+ £ b ? t , í > t ;

K + g C 2

M  is the expectation relative to  the measure corresponding to the stochastic process

M  ( z / i - i ) 2]  = ( t + l ) 2D i0 +  D 2 x  

t { t +  l ) ( 2 r + 1 )  .
x -------- 9 --------- for i =  0 , 1, . .  . , t —1.

Remember th a t constants K,  g are negative; so W(cp*)> W(cp).

6. Proof of Theorems 2, 3

Let us consider the m odel Z  w ithout delay (with the sam e discount factor 
ß e ( 0 ,  1)) w hich is defined by the  following elements:

Á = A; P ^ x , f ) ^ P ^ ( x , r(£i.....*,,*>); r(x, á)^r(x, a1).

Here and fu rther

x  =  (a1, . . . , a \ x ) e X ;  Г б Щ Х ) ;  ГУ1± { у 2 е Y2l(yl y y 2) e  Г}

is the section o f the set Г  £  Yj x Y2. It is obvious that the model Z  is semi-continuous 
if the initial m odel Z  is semi-continuous.

The concepts of history ft, e  # „  policy n and ir-algebra in the space Q =  H X
are introduced by analogy of Section 2. (See also [1, 2].) Every policy n gives the 
unique probability  measure P n on Ű if some initial distribution P°  is fixed.

Definition. Let {/л,}*=1 be a sequence of universally m easurable stochastic 
kernels д,(Г\Р°,  й,_ j) on A(g.x :B->P(A)). The symbol (p(P°, {tí,}Í= i ) will denote the 
probability m easure P° on X  w hich is defined by the following values on m easurable 
rectangles:

P ° { a \ e r j ,  . . . ,  a' e Г(*, Г x } ^  Р°(ГХ) J . . .
r i

. . .  J рАГ?\Р°,Ь1 ■ ■ ■ ä ' - ^ H ' . ^ d ä ' - ^ P 0^ 1 . . .  at_2) . . .  fa(däl \P°).

(5)
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Definition. Let t+1 be a sequence of universally m easurable stochastic 
kernels /1,(Г | P°, on A. The symbol y(P°, {/r,},®r+1) will deno te  the policy 
7i =  {v,},”  i in model Z  which is given (for each P° e  B) by the following equality:

v,(r\Uiti 4 - I & - i ) 4  (6)

— Hx+t(r\P°, áo«o • ■ • űóíofli^i • • •

Here and further <̂  =  (<5/, . .  .,a t, £,•).
Definition. The symbol ß ' c ß  denotes the class of sequences i 0äi£t ■ ■ ■, for 

which the elements at + 1, £t+l  satisfy the following equalities:
A 1 A 2 А О A 3a;+ l = a f ;  af+l = a f ;  . .

á j+1 = a , + 1 (t =  0 , 1,2, . .  .)•

The symbol i/i designates the one-to-one m apping from  Í2 into £2' which is defined 
by the formula:

Ф ( а \ а 2  ■ ■ ■ a , U + i í i  • • •) =

— { ( ö i f l2 • • • a rí o K + i ( « 2  • ■ • ¥ t  +  i W  •

One can easily verify that m easure Рж is concentrated on the set Ü' for every 
policy n with each initial d istribution P° e P{X).

Lemma 2. Let P° e P{X); к =  , be a policy in model Z;

p°  =  <P(P°, { v , } u ,); Ä= y(P°, {fi,}?=r+ ,)•

Then
1) the m easure Рж corresponding to P°, n an d  the measure P n corresponding 

to  P°, к have the property РЖ(Г’) =  Р ж(ф~1(Г'));

2) М ж

=i+1
Рж— a.s., í =  0 ,1,2, . .  .

Remark. In Section 2 ip ~ l(^ , )  =  and the conditional m athem atical expecta
tion coincidence m eans the coincidence of two functions on (2 and  on Q' after the 
substitution cu =  i/f_1(<y').

The proof follows from the uniqueness o f the measure P n and from the 
properties of stochastic measure images [8].

The function

Vt(fit) — Pn' — ess sup lim М ж
n t T -*  oo

X  p x f ( t , _  u ä e) \ ß ,
6  =  t +  1
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is called “the model’s Z  value”. (The definition of operation  Pn — ess sup is similar
*1

to th a t presented in Section 2). The suprem um  is taken by kernels n, =  {ve}e°=(+i- It 
is well known [1] tha t in a sem i-continuous model the function Vt(h,) depends only 
on t, and is upper-sem i-continuous and  bounded from above. Besides, there exists 
an optim al stationary M arkov policy i) for which V P°  V t^O ;

a .s .=  lim
T -o o

T
X

? = f + 1

x P°(d£0) =  sup lim Mn T -* oo

It follows from Section 2) of Lemma 2 th a t

x  F - t ä - u b ) \ * t ; i /o ( lo ) x
-  X

X ^  r ( | e_ l5 ae) .

P* —  esssup  lim M n‘ X  ß° x
+ * T~*ao |_  0 = t+  1

x r (^ _ 1,ae) |^ J p i'1+'-a .s .=  í?(í,+1, . . . , űl+t, <ít}). (VP°).

Proof of Theorem 2. Even in general case one m ay hold that the optimal 
stationary  M arkov policy in model Z  has the form <p* =  y(P°,  cp*) where <p*(/i,_,) is 
“the piece” of some determ inistic ß-policy in model Z  (r >  t) which is independent 
on P°.  Function

*(at , . . . , аг,Р°)Д J V0(Z0,au . . . ,aT)P°(dZo)
x

is upper-sem i-continuous and bounded from above [1]. Hence according to the 
Y ankov-von Neum ann lemma [1, 2] there exist Borel functions <p*(P°), . . ., cp*(P°) 
such that

Ф(срГ(Р°), . . . ,<p?(P0) , P ° ) =  sup Ф(ах, . . . , a z,P°).
(a 1 , .  . . ,ax)e A*

One can easily verify tha t the determ inistic ß-policy n * =  {(p*, <p*} in the
model Z  is uniformly optim al according to  the definition, and

W(n*)=  sup J K0(£0, a t)P°(dio).
( a t ........ а ,) e A r x

Theorem  2 is proved.
Proof of  Theorem 3. The sufficiency follows from Theorem  2 and from  the 

obvious equality:

Щ п ) =  sup Í K0(£0,f l1, . . . , a t)P°(d5o).
(ai.........a,)eAT x
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Let one of conditions 1), 2) be no t satisfied. Then one can prove the inequality 

W(n)<  sup j  Lo(^0, a , ,  . .  . ,ar)P°(d^0) using Lemma 2. So, according to
(<U.........a ,)EAx X

Theorem  2, the policy к is not optim al.

7. Proof of Lemma 1

Let us fix an arbitrary t ( 0 < t^ r ) .

The function f (y ,  a) =  r(y, a) +  J F,(z)Pa(y, dz) is upper-sem i-continuous and
x

bounded from above [1]. Let us introduce m appings i/ij : B x A ~ * P ( X x A )  and  
Ip 2 '■ P(X x 4 )-> R ‘ by the following formulae: i j/fP, a ) ^ P ( -  )őa( ■) where őa( •) is the

stochastic m easure concentrated in the point а; ф2(Р) — j  f{y,  a)P(d(y, a)). M apping
X x л

i/i, is continuous; ip 2 1S upper-sem i-continuous function bounded from above [1]. 
Hence, the function

Ф ,(Р ,а)=  j  f(y,a)P(dy) =  il/2(il/1( P , a ) ) : B x A - * R 1 
x

is upper-sem i-continuous and bounded from above. Statem ents 1), 2) now follow from  
the Y ankov-von N eum ann’s lemma [1, 2]. The tru th  of Section 3) follows from the

equality Ф,(Р, <p,(P))= sup Ф,(Р, a) which is true for all Р е  B.
a eA

8. Proof of Theorem 4

Lemma 3. Let the initial distribution P° be fixed and a set {F,}J=0 of functions 
from  class D satisfy conditions C4. Then for all n e  П the following equality is true:

lim t  ß° ' r(£e- i ’ ae)\&'i-t\p* — a-S- =  ß‘ ' j  F, л T(z)P”(dz, P°, w) +
T-> ao |_  9  = 1+1 J X

+  hm m A  f  f ?  M * \ r(e- 1,ae) - Í F (e_1)Af(^_1) + j F eAt(y)x (7)
T- . 0 0  L9 = ,+ 1 L ß x

lim M ”l ß T ■ F ^ T) \ ^ _ xl  » =  0 , 1 , 2 , . . .
T  -* oo

Proof. Let us consider the model on the finite horizon {0, 1, . . .  T} w ithout 
final reward in which Pa(t, x, dy) =  Pa(x, dy); R(t, x, a) =  ß' ■ r(x, a). According to  [6 ]
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it follows from  conditions C4-a, b) that V 7z e  П

ße r(e^ , a e) | J f _ t P* -  a.s. =  F ■ j  F't(z)P?(dz, P°, to) +

M \ ß °  • r{£e- l ,ae) - ß e - '  F'e_ l(i;e_ 1) + ß e l  F'e(y) x

x  P a t t e - u d y ) \ ^ e- r - ^ - ß T- F'AZt) I - t — 0 , 1, . . T.

Equality (7) is obtained by the limit transition  using condition  C4-c). H ere F;(y) =
-F,*r(y)-

Remark. If conditions C4 are satisfied for all policies (not only for л e  П ), then 
the statem ent of Lemma 3 can be reversed in the following sense; if there exist finite 
conditional m athem atical expectations and  limits in the right part of (7) then л e П. 
F or example, this statem ent is true for bounded functions F ,.

Proof of  Theorem 4. According to Lem m a 3 and the definition of policy value 
we have:

W(n*)=  f  F0(y)P°(dy)-  lim Af**[/?T - F t(£r )].X Г -+00

O n the o ther hand, according to  (7), V n e П

W(n)=  J F0(y)P°(dy) +  lim M nX Г -о о
X  ße ■ м п r(£e-i ,ae)-

-  F,e- d Л A b - 1)+  Í F„a x(y)Pat f e - i , d y )I
P  X

-  lim M ”\ ß T -FAZTy ] Z  $ F0(y)P°(dy)-T-+ 00 X
-  lim M n\ ß T ■ F t(£r )] =  W{n*\  q.e.d.T -* oo

9. Proof of Theorem 6

N ote tha t in our case all policies are admissible.
Let statem ent 1) be true. We shall prove that hypothesis H 2 is true for the 

functions {F,}t=0. Really, V л  V r =  1, 2, . . .

£  J V »  л A W - W d z ,  P ° ,  to ) - i  =
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1
=  — P 71' 1 —  ess sup Hm M *'"'

P 1 r->oo
X  р > - г ( Ъ - и а,) |
»= 1

=  Р я' ~ ‘ —  ess sup <{ +  x

x lim М л‘
Г-*оо

*t-1
г

=  Р* —  ess sup
at eA  (.

{ м « [ г « , _ 1>в|) |# ; _ 1_ 1] + А Г

=  Р я —  ess sup {М *[г(£,_! , а)| # , _ t _ , ]  +  М л Í F lAt(z)Pa( ^ _ 1,á z ) |^ I_t _ 1

(All equalities are true P* — a.s.)
Let statement 2) be true. A ccording to Lemma 3

lim JW"
T  -* ao

X  F - r ( b _ u ae) \Ft ^ Р я' -  a.s. g / ? ' x  j  Р , л г(2) Р Г P°,  /i() . 
x

On the o ther hand it follow s from the Y ankov-von  N eum ann lemma tha t there exists 
a sta tionary  M arkov /1-policy <p such th a t

Í r(y ,<p(0 ,P ))- ^ P , e - i )At(y )+  I  Fe ^ z ) x P ^ P)(y, dz) 
P x

P(dy) >  — E

(for P^® 1 —  almost every measure P e В  an d  for each m om ent в >  0). Hence, according 
to Lem m a 3,

P71' —  ess sup lim Mn'
711 T -* oo

X \ P X_ X >

=  ' j  f  ( л Az)Pf(dz ,  P°,h,) =  $,(P?)  
x

P 71 —a.s.

T he theorem is proved.
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Дисконтированная управляемая цепь Маркова 
с запаздывающим управлением

А. Б. ПИУНОВСКИЙ 

(Москва)

В статье исследуется управляемая цепь Маркова с запаздыванием по управлению, заданная 
на бесконечном интервале времени, при наличии дисконтирующего фактора. В подобных моделях 
марковское свойство может нарушаться даже для простейших стратегий управления, а метод 
динамического программирования в общем случае неприменим. Тем не менее, для полунепре
рывных моделей доказана достаточность множества борелевских селекторов и получены необхо
димые и достаточные условия оптимальности стратегии управления.

Ряд более простых достаточных условий оптимальности приводится для т-моделей, метод 
исследования которых аналогичен методу динамического прог раммирования. В статье приводятся 
характеристические свойства и условия существования т-моделей.

В качестве примера рассмотрена задача оптимального управления линейной системой с 
квадратичным критерием, для которой построен точный оптимальный синтез.

А. Б. Пиуновский
Институт физико-технических проблем 
СССР, Москва 119034, Кропоткинская 13/7.
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E X P E R T  SYSTEMS W I T H  N O N - N U M E R I C A L  
BELIEF F U N C T I O N S

I. K r a m o s i l

(P ra g u e)
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Some argumentation is presented in favour of the idea that the assumption concerning the 
numerical character of values of belief functions or weights in expert systems may be sometimes 
too restrictive and that also objects of another nature may be used for this purpose. Rule-based 
expert systems with rules equipped by weights taking their values in the space of subsets of a fixed 
set are discussed in more detail together with elementary combination and decision meta-rules. 
Connections with the “possible worlds” semantics for modal logics are also mentioned.

1. Introduction and motivation

Expert systems seem to belong to  the  m ost popular notions of contem porary 
theoretical and practical artificial intelligence and we believe this fact to  m ake 
unnecessary any explanations of what expert systems m ay be as well as any 
apologization for our dealing with this subject. Just for the sake of this in troduction , 
an expert system may be understood as consisting of two parts:

(a) A data base, i.e. a collection of form ulas, very often w ritten in the im plicative 
form A l & A 2 & ■ • ■ & /4„-»C(w), each fo rm ula being labeled by a weight w, as a rule, 
a real num ber from <0, 1). Every form ula expresses some dependence between the 
validity of observable predicates A u A 2, . . . ,  A„ (e.g. sym ptom s or syndroms), and 
the validity of a hypothesis C (e.g. m edical or technical diagnosis), and  the 
corresponding weight quantifies the degree of validity of this implication or the degree 
of belief in its validity (very often w is understood as the probability, either in an 
objective o r statistical sense, or as a subjective or personal probability).

(b) A deduction mechanism which, given a formula of the form as above, deduces 
the weight with which this implication is supported by the given data base. In more 
sophisticated cases, given som e observations A l , A2, . . An, the expert system  finds 
the hypothesis C, for w hich the weight ascribed to A t & A 2 & . . .  An-*C is the 
maximum one.

Considering the w ay in which th is deduction device com putes the weight of 
the tested formula, expert systems can be classified as extensional or intensional ones.

3* Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford
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In the extensional case, the weight of the tested formula is uniquely determ ined by 
the weights of those formulas in the data base, w hich the deduction mechanism takes 
as relevant to  the tested form ula. In other w ords, there is an a p rio ri given arithm etic 
expression which operates over the weights of the relevant form ulas as its argum ents 
in order to ob tain  the resulting weight, but this arithm etic expression is independent 
of the relevant formulas themselves.

In the intensional expert systems the way of how the weights are com bined 
depends on the data  base as a whole, including no t only the weights but even the 
particular forms of all the form ulas contained inside. Since a few years quarrels 
between the defenders of extensional expert system s and the “intensionalists” have 
been heard at alm ost every sem inar, lecture, o r conference on expert systems. The 
argum entation of the first g roup  of specialists is based, after all, on  the proclaim ed 
com putational simplicity and relatively good practical results reached by extensional 
expert systems. O n the o ther hand, supposing th a t an uncertainty, which can be 
described by the tools of the classical (K olm ogorov, set-theoretic) probability theory, 
is of ontological nature, the extensional approach  is equivalent to  certain ra ther 
strong and hard-to-accept assum ptions concerning the kind of statistical dependences 
am ong the observational variables and hypotheses. In such a case of “ontological 
probabilistic indeterminism” the probabilistic version of intensional expert system, 
as founded and developed by A. Perez and  som e others [7], seems to be m ore 
adequate, as it preserves all the powers and flexibilities offered by the probability  
theory in order to  describe and  handle such structures.

It is beyond the intended scope of this paper to continue on this polem ic 
discussion at this level. We should rather put in to  question an o th e r aspect of the 
expert systems which is accepted, so far, by bo th  groups or schools m entioned above. 
Namely, we shall discuss the fact that the weights or degrees of belief ascribed to  
formulas in expert systems are supposed to  be of numerical n a tu re  and we shall 
consider some possibilities of non-num erical belief functions. W hen returning to  the 
problem “extensionality vs. intensionality” and  considering it from  the new, “non- 
num erical” viewpoint, this question can be seen in quite a new light and it seems to  
be worth a m ore detailed investigation.

2. Lights and shadows of numerical belief functions

The space of real num bers together with all the arithm etical operations defined 
on this space represents the oldest and one of the richest m athem atical structures; 
the greatest part of other structures have been obtained from this one by appropriate 
abstractions and generalizations. Therefore, a m apping of an  extra-m athem atical 
structure, e.g. tha t of the degree of beliefs of experts, into reals is considered to  be
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the most perfect way of m athem atization. As a  m atter of fact, bo th  the most developed 
m athem atical tools for describing and hand ling  with uncertainties, the classical 
probability theory and the theory of fuzzy sets, despite of many ra th e r  deep 
philosophical differences, agree with each o th e r  in taking the most richest structure 
over reals, the unit interval, as the dom ain o f  values for their quantitative charac ter
istics. But this approach is not free of som e negative features which are  worth 
m entioning in ou r context.

First, real numbers are  considered a s  strictly separable and mutually exclusive 
objects so th a t, e.g., ascribing a value y =  f { x )  to a function /  and argum ent value 
x, we m ust also accept th a t f ( x ) ^ y ± e ,  n o  m atter how sm all e > 0  may be. This 
seemingly trivial fact, when applied to expert systems, forces an  expert to accept, that 
his degree of belief (for an implication, say), is neither 0.65 no r 0.75 supposing he 
declared it to  be 0.70. M oreover, in a p a rticu la r situation, his or her declaring  the 
degree of belief to  be 0.70 m ay involve a decision  quite different from those resulting 
when he or she said this degree to be 0.65 o r  0.75. However, in the greatest part of 
practical problem s the three assertions (“degree of belief is 0.65”, “d. of b. is 0.70”, 
“d. of b. is 0.75”) are usually no t understood as mutually fully exclusive and  such an 
in terpretation is often felt as very unnatural by  the specialists o f the domain in question 
(physicians, say) supposing they are not “in tox icated” too m uch by m athem atics.

Second, the great variety  of opera tions over real num bers, which enables to 
discover and prove many properties of num erical images of an  extra-m athem atical 
structure, involves a strong tem ptation to  “ontologize” these operations an d  their 
results, i.e. to  consider them also as “im ages” of relations an d  properties ho ld ing  in 
the extra-m athem atical s tructure  in question and  discovered thanks to m athem atics. 
This approach m ay even lead to  some dangerous illusions concerning the discovering 
powers of m athem atics when applied to rea l world. For exam ple, the obvious fact 
that each non-em pty set of reals in the u n it interval possesses also the suprem um  
value does no t imply that an operation like taking suprem um  is of sense o r  o f use 
in the space the elements of which are investigated by projecting them into the unit 
interval.

P robability  theory is rather conservative in its keeping the unit in terval as 
the space of probability  values, because of s tro n g  theoretical an d  practical connections 
between probability  values an d  empirical re la tive frequencies, for which the num erical 
presentation is quite  natural. However, the argum entation  in troduced above has been 
presented, in m ore details and  in a more convincing form, in papers dealing with 
philosophical and  m ethodological backgrounds of fuzzy sets, an d  has led to the notion 
of the so called L-fuzzy sets. In  fact, an L-fuzzy set is a m apping from the basic space 
(Universum of discourse) in to  an  abstract set equipped by an  appropriate structure. 
Historically, the first structure considered in  this role was the lattice, hence L-fuzzy 
sets (cf. [2]). W hether this is ju s t  the optim al set of values for characteristic functions



288 KRAMOSIL EXPERT SYSTEMS WITH NON-NUMERICAL BELIEF FUNCTIONS

of fuzzy sets, m ay be and should be a matter of discussion, but in every case this o r  
o ther choice for the set of values m ust be justified somehow, and it is not “obvious” 
o r “autom atic” as in the case o f real numbers in general or of the unit interval in  
particular.

In the rest of this paper we shall try to  apply  the same idea to rule-based 
expert systems, i.e. we shall adm it that the degrees of belief or weights ascribed to  
implicative form ulas are not reals, but elements o f other appropriately  structured 
abstract spaces. A n extremal possibility would be to  take, as the set o f weight values, 
the set of form ulas of the language in question (or the Lindenbaum  Tarski algebra 
over this language) and to identify the weight ascribed to a form ula w ith this form ula 
itself. This approach , which reduces com bination o f weights to  logical deduction, is 
perhaps worth a m ore detailed investigation, bu t in this paper, also  because of its 
limited scope, we shall limit ourselves to another particular case, w hen the values o f  
weights are subsets of  a non-empty basic (or universal) set of “w orlds” equipped by 
all the usual set-theoretic operations. The relative similarity of this model with the  
probabilistic one goes so far th a t random  events a re  also described by (or identified 
with) certain subsets of a basic space, however, in w hat follows, these subsets are n o t 
supposed to be endowed by th e ir measures o r  by some num erical quantitative 
characteristics a t all. Certain analogies with the K ripke sem antics of modal logics 
based on the “possible worlds” should become m ore  clear and will be discussed in  
more detail later.

3. Rule-based expert systems with set-valued degrees 
of beliefs or weights

Let us approach to  a more detailed  description o f  the model m entioned above w ith  
a possible in terpretation  and application given below.

Reference structure is a triplet <ß, J , JT') or <ß, ./(á?), Ailffly,  if the  
dependence of . /  and J f  on ^  is to  be explicitly stated, where 

ß  is a non-em pty set,
J e & ( Q )  is a system o f important (or large) subsets of ß ,
^  e@>(Q) is a system o f negligible (or sm all) subsets of ß .
Reference structure (RS).M is called non-trivial, if 0 / . / / . / ( ß )  a n d  

0 / . / C # . / ( ß ) .  is called directed, i f . /  is top-directed and „V is bottom-directed, i.e. if
A e J  and В => A  imply B e . / ,  an d  A e Jf ,  B e  A imply В e JT. M is called regular, if 
. / n ^ C  =  0, á? is called dual, if jV  =  / c- { B :  B =  AC =  Q — A, A e J } .  I f . /  is to p -  
directed, then J c is bottom -directed, or, if A e . / C an d  B e  A, then  A c e J  and Ac e  B°, 
so that W e J  an d  В e c. If Я  is a directed dual RS,  then  0t need no t be regular. O r, tak e  
ß  =  { l,2 ,3 ,4 } , J  =  {A: A e Q ,  c a rd (4 )^ 2 } , then  {1, 2} e . /  and  {3, 4 } e . / ,  b u t 
{1, 2} =  {3, 4}c, so that {1, 2} e  J c and . /  c \ J c/ $  (in fac t,J  r \ J T  =  {A\ A e Q ,  c a rd
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{A) =  2}). Reference structure 0t  is called normal, if it is directed and J f  c  J c — 
evidently, norm al RS's are regular.

Consider a propositional language F£ with an infinite countable set 
Ж  =  {pi, p2, . . . }  of propositional indeterm inates. Let O c t " ,  Ж  cz Ж. ( 9  n  Ж  =  0 
be two subsets of indeterm inates, those from  о being called observations, and those 
from Ж  are hypotheses. Let 0t  =  ( £ 2 , Ж )  be a reference structure, then 0t-evaluation 
of a set of form ulas is a m apping E: FF0->&(£2). ^ -ev a lu a tio n  E is called
consistent, if E(T) =  Q for each propositional tautology T e £ F 0, and  if E(F1) c E ( F 2) 
for each F , , F2 e F£0 such th a t F ,  -*F2 is a propositional tautology. evaluated data 
base 0$ is a finite set of form ulas of the form A l & A2 & . . .  & A n->C, where A t e  ( 9 ,  

i = l , 2 ,  . . . ,  n, С 6 Ж ,  together with their consistent ^ -eva lua tion  E inside a reference 
structure M.

An im plication By 8c . . . is relevant with respect to  a hypothesis C*
and observations Ay, A2, . . ., Am, if C =  C* and {By, . . . ,  Вп} <={Л,, . . A m}, let 
Rel (0S, C, A y, . . . ,  Am) denote the set of all im plications from a data  base 0S which 
are relevant with respect to  C, A y, . . . ,  Am. Set-valued (or ß-valued, or á?-valued) 
weight W{Cj A ( Am) of  the hypothesis C under observations A t , A2, . . A m is 
defined simply by

W(C/Ay, . . . , A J  =  U{E(F): F e  Rel (# , C, A u  . .  , ,A m)j. (1)

The notion of the acceptance of a hypothesis on the ground of a da ta  base 
and some observations can be defined in several ways. Let us in troduce some of them.

Hypothesis C is i-accepted on the ground of  an @t-evaluated database 0# and 
observations Ay, . . . ,  Am, in symbols D^0S, Ay, . . . ,  Am)=  Ace, for i=  1, 2, 3, if

Dy(&, C, Ay, . .  . , A J  =  Acc, if (3 F  6 Rel (di,C, Ay,  . . . ,  Am)) (2)
(E (F)e./(á?)),

D2FM, C, Ay , . . . , Am) =  Acc, if W ( C / A A J  e  J ( ß ) ,  (3)

D3(0S, C, Ay, . . . ,  A m) =  Acc, if (W(C/Ay,  . . . ,  A J f  e  Ж(01)- (4)

For the sake of simplicity we do  not introduce the possible modifications of (2), (3) 
and (4) which differ from the presented ones only for non-directed RS's (e.g., the 
right-hand side in (2) could be replaced by (3 F  e Rel (0S,C, Ay, . . . ,  Am)) (3 t  e^(0t))  
(E(F)=>£), or in (3) by ( 3 ^ 6  ./(.# )) (ЩС/Ау,  . . . ,  A J ^ O ) .

The intuition behind (2) is that the pieces of information presented by particu lar 
experts cannot be combined, and  a hypothesis is accepted just in  the case of a t least 
one expert considers as im portan t (large enough) the degree of validity o f an 
implication the antecedent of which is known to hold due to the observations being 
at hand. This corresponds to the case when the maximum function is taken to com bine 
numerical weights. In the case described by (3), a non-trivial com bination of knowledge
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is possible and its actual form depends on (and can be handled by) the choice of . / .  
This com bination is of intensional character if compared with those used in 
numerically weighted extensional expert systems. Evidently, if F and G are relevant 
implications w ith the same set weights E(F) =  E(G) ascribed to  them by the 
corresponding experts, with the sets taken as “sets of worlds when the implication 
in question hold”, then their union  is, again, E(F) and  the act of com bination improves 
nothing (the case of deterministic m utual dependence between the validity of the two 
assertions in the probabilistic models). If E(F)=£E(G) then the expert which claims 
G and E(G) says th a t there are still other worlds covered by the observed facts and 
assuring the validity of C, than  those for which F holds, and this inform ation strictly 
improves that one given by F and  E(F) (the case of at least partial statistical 
independence in the probabilistic models).

Almost self-evident is the following.
Assertion 1. (a) If the RS ЗА is such that ,/(J?) is top-directed, then 1-acceptance 

implies 2-acceptance.
(b) If 3Ä is dual, then 2-acceptance and 3-acceptance coincide. □

Proof, (a) If D x(36, С, Л ,, . . . ,  A J  =  Acc, then there is F e  Rel (36, C, A It . . . ,  Am) 
such that E(F) e . /  is top-directed, hence,

E(F)cU{E(G): G e  Rel(36, C, A u  . . Am)} =

=  W (C /A l , . . . , A J e . / m  (5)

so that D2(36, C, A x, . . . ,  Am) =  Acc.
(b) If.A is dual, then Ji(3A) =  (./(á?))c, hence, W(C/AX, . . ., Am) e J(:A) implies 

Í2— W(C/AX, . . ., Ат)еЖ(36)  an d  vice versa. □

C onsidering various specific cases of reference structures we would be able 
to  introduce and  prove more particu lar assertions like the presented one, but we shall 
not follow this line now, keeping in the focus of our attention  rather some m ore 
fundamental and  m ethodological aspects of the chosen approach. Let us remark, first, 
that not only the acceptance o f a hypothesis on the ground of an  .^-evaluated da ta  
base and some observations, bu t also the choice of the “best” or “strongest” hypothesis 
can be defined in the same term s as follows.

H ypothesis C is called a strong solution given by the ^ -v a lu ed  data base 36 
and observations A x, A2, . . . ,  A m, if for each hypothesis G x e  Ж , W ( C J A X, . . . ,  
. .  , , / l J c  W{C/AX, . . . ,  AJ. C  is called a weak solution given by 36, A u . . . ,  Am, if there 
is no С хе Ж  such that W { C / A X, . . . ,  A J ) ^ W ( C XIAx, . . . ,  Am). Evidently, if 
36, A x, . . . ,  A m give a strong solution, then it is also a weak solution and there are 
no other weak solutions. H owever, it is possible that there are weak solutions such 
that their weights are not com parable with respect to the set inclusion, hence, no 
strong solutions exist. The difference between the two kinds of solutions reflects the
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higher degree of flexibility offered by the set-valued weights when com pared with the 
num erical ones. A strong (weak, resp.) so lu tion  is called an accepted strong solution 
(an accepted weak solution, resp.), if it is 2-accepted, i.e. accepted in the sense of (3).

Assertion 2. The following two statem ents are equivalent:
(a) The reference structure M is such that ,f(2t) is nested, i.e. either A c  В or 

B e  A for each A, B e / .
(b) The accepted strong solutions given by 28, A x, . . A m coincide with the

accepted weak solutions given by 28, A x, . . . ,  Am. □

Proof. I f . /  is nested, then for every C , C xe Ж  such that W(C/AX, . . . ,  Am) e . / ,  
W ( C J A X, . . . ,  A J e . / ,  e ither W(C/AX, . . ., A J c W ( C J A x, . . . ,  Am) or vice versa. 
Hence, there are (in general, more) hypotheses C x, C 2, . . . ,  Ске Ж  such th a t

W ( C J A X, . . . ,  A J = W ( C 2/ A X, . . . , A J = . . .  =  W(Ck/ A x, . . . ,  Am),
W(C'(A j , , ,Am

Í  W ( C J A l , . . . ,  A J  for all С ' е Ж - { С х, . . . , C*} .
So, C t , . . . ,  Ck are all the accepted strong  as well as weak solutions given by 
28, A x, . . . ,  Am.

C ontrary, let I x, I 2 e J  be such that I k — / 2 # 0 ,  12 — 1хф0.  Consider 
such an .^-evaluation of 28 tha t E(F)=Ii  for all F e Rel (2t, C lt A t , . . . ,  Am), E(G) =  I2 
for all G e Rel (28, C 2, A k, . . . ,  AJ,  where C { ф С 2 are two hypotheses, £ ( H ) J / j U / 2 
for all H e  l / c. ejr „{Clic2l Rel (28, C ,  A k, . . . ,  AJ .  Then W ( C J A k, . . . ,  A J  =  l x, 
W(C2/ A x, . . . ,  A J  =  I 2 and  the two values are neither com parable nor dom inated 
by some W(C'/AX, . . . ,  A J .  Hence, C x and  C2 are accepted weak, but not strong 
solutions given by 28, A ............Am. □

4. The possible-worlds interpretation of set-valued weights 
in expert systems

A possibility to  take profit of m odal logics when building expert systems has 
been already suggested by P. Hájek in [4]. We were inspired by this suggestion in 
our effort to apply som e ideas of m odal logics at the level of their semantic 
interpretations based on the conception of “possible worlds”. Some m ore ideas in 
this direction will be presented in this chapter, however, for the sake of illustration, 
let us begin with the exam ple promised above.

Consider an ecological investigation concerning a limited territory (region) 
and dealing with dependences among occurrences of particu lar species of plants or 
anim als within this region. A specialist has investigated a quarter of this region and 
discovered the validity of an implication for 80% of the investigated area (i.e. for 20% 
of the whole territory). In the case of num erical weights he may express his observation
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in tw o ways. First, he may use the minimax or “safety-first” principle and proclaim 
the implication in question to hold w ith the weight 0.2. It is w hat he may swear on, 
w ithout any risk, as it is based on his personal experience and evidence. Second, he 
m ay extrapolate his observation to  all the region and ascribe to the im plication the 
weight 0.8. Evidently, there are several hidden assum ptions behind such an extrapola
tion, the validity of which may be a m atter of discussion (what are the reasons to 
believe the territory to  be ecologically homogeneous?). In both the cases, however, a 
com bination of pieces of knowledge of the type like this, offered by tw o or more 
experts, is practically impossible o r useless supposing we have no m ore da ta  about 
the way in which the weights have been obtained and about the validity of some 
m ore assum ptions (e.g. the disjointness of the investigated sub-areas in the first case, 
ecological hom ogeneity of the territo ry  in the second case).

When considering set-valued weight functions, the problem becomes much 
m ore simple and can be solved alm ost at the hardw are level. Each expert is given a 
copy of a map of the investigated territo ry  and he simply draws in the region where 
he observed the im plication in question  to hold. This region is nothing else than the 
value of the weight function he ascribes to this implication. An easy superprojection 
of all copies ob tained from particu lar experts, together with an extra-copy of this 
m ap  showing the im portant regions (sets) dem onstrates, w hether the union of all 
regions given by experts coincides w ith (or covers) an im portant region. In such a 
case the im plication is accepted (2-accepted, in the terms from above, 1-acceptance 
o r 3-acceptance could be investigated similarly) w ith all the possible extra-m athem at
ical (i.e. ecological, in this case) consequences.

As a m atter o f fact, there is a degree of “true” random ness in the fact whether 
such and such biological species occur at this place. However, for the sake of this 
paper we may lim it ourselves to a purely “determ inistic ecology”, where the places 
of occurrences of particular species are fully determ ined by the properties of these 
places and every uncertainty is caused by the incompleteness of our knowledge 
concerning these properties (conditions of occurrence, in other words). Hence, instead 
of propositional im plication A x & A 2 & . . .  & An-*C  saying “if species A t and . .  . 
and  An occur at a place, then also species C occurs here”, perhaps with some weight 
w ascribed to this sentence, we should  rather consider a first-order implication 
A x(x )&A2(x) & . . .  & A„(x)->C(x), denoted by /  in the sequel, with an indeterminate x 
ranging over the investigated territo ry  (in ecological terms) or universe of discourse 
(in the logical terms). T. The interpretation  is straightforward: “if species A,  and . .  . 
and  A„ occur at a place x in T, then  also species C occurs at this place x”. Setting 
IT (/) =  {x: x e T ,  /(x) holds}, we m ay either take W(l)  as the value of a set-valued 
weight function ascribed to 1, or we m ay take a num erical characteristic of W (/), its 
probability  with respect to a probability  m easure defined on an appropriate 
m easurable space over T, as the weight w of validity for the im plication in question.
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Let us rem ark th a t the way from  1 to  W  (/) can also be seen as an interpretation  
of I, taken  as a form ula of a modal propositional calculus, in the semantical structure 
of “possible worlds” over T. Hence, form ula I is valid simply if the actual world is 
in W  (I), form ula N1 (“necessary / ”, “I necessarily holds”) is valid, if W  (I) =  T, or, 
m ore generally, if a probability  measure of W  (I) equals to  one, or, even m ore generally, 
if W (I) is an im portan t set (i.e. W ( l ) e J  for an appropriate  reference structure 
á? =  < í 2 , Ж » .  D ually, formula MI  (“m aybe / ”, “possibly / ”, “it is possible that I 
holds”) is valid if IL ( / ) /0 ,  or, more generally, if probability  of W{I)  is positive, or, 
even m ore generally, if W (1) is not a negligible set (i.e. if W(I)  e 0\Q)  — j V).

In  the fram ew ork of this in terpretation , the partial (incomplete) character of 
knowledge provided by particular experts can be easily expressed by set inclusion. 
Hence, the set-valued weight E(F) ascribed by an expert to  a formula F is a subset 
of W (F), namely, the subset of worlds for which the expert knows (by his personal 
evidence o r experience, say) the form ula to  be valid. O f course, “worlds” here need 
not only be “topological places” in the sense of the exam ple presented above, but, in 
general, truth-valued com binations w hich generate, th rough appropriate formulas, 
an atom ization  of the universe of discourse such that the validity or non-validity of
F  is com pletely defined for each atom. N ow , if more experts ascribe set-valued weights

к

F ,(F), F 2(F), . . . ,  EK(F) to  the same form ula F, the union (J  F,(F) ( c  IL(F)) seems
1=1

to be the m ost natural way of how to com bine the pieces of knowledge offered by 
particu lar experts, at least under the in terpretation  in question.

Let A , ,  A 2, . . A m be observations, let C be a hypothesis, let F lt F2, . . . ,  FK 
be all im plications from  a data base 0  which are relevant to A l , . . . ,  A m, C, 
together with their set-valued £(F,)<= W ( I ) c  T, i = l ,  2, . . . ,  К , where F i s  an 
appropria te  space of possible worlds. If Fi =  Bil & Bi2 & . . . & ß iM|i)->C, / rSK,  then 
{Bit, Bh , . . . ,  ß lM(i)} • • ■, Am} due to  the definition of relevance, hence, the
im plication F* =  A i &  . . .  & Am->C is a logical consequence of F,, so W (F ;) c  W (F *). 
Due to  the definition of \У(С/А1, . .  ., A m) =  U{E(F)\ F e Rel [ ß ,  C, A t , . . Am)}, 
also W ( C / A l , . . . ,  Am) a  W(F*). So, if i% =  (Q,  уГ>, . /  is top-directed, and 
W(CIAX, . .  ., A J e J ,  then also W ( F * ) e J .

G iven a set S c Q  and reference structure  01=- <ß, .0, Ж )  another set S' may 
be called S-important, S n S '  e 0 s = { S n R :  R e / } .  H ypothesis C is called observation- 
ally important (u-im portant) given 0t, A ly . . . ,  Am, if C is ^ /-im p o rtan t for 
,rf =  { r e i  /1,-(х) holds, / = 1 , 2 ,  . . . ,  m}, hence, if!L (F *) e J . So we have arrived at this 

Assertion 3. If a  hypothesis C is 2-accepted on the ground of an ^ -ev a lu a ted  
database 0) and observations Л 15 . . . ,  A m, and if . / ( 0 )  is top-directed, then C is 
observationally im portan t with respect to  36, 0 ,  A^, . . . ,  Am, i.e. C is stf-importan t 
with respect to the set s /  of worlds in which A t , A 2, . . A m hold. □
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The assertion presented above and the foregoing argum entation proves the 
set-union operation, even if it is extensional with respect to the space of all subsets 
of (2, to be quite reasonable and justifiable, at least under the in terpretation in question, 
when applied to  values of relevant implications in order to accum ulate them. This 
fact is in narrow  connection with ano ther evident fact, according to  which the set of 
all one-dimensional marginal set-valued distributions uniquely determ ines the corres
ponding sim ultaneous distribution (which is, of course, not true for the corresponding 
numerical-valued marginals). O r, let A 'j, X 2, ■ ■., X n be random  variables taking an 
abstract probability space < ß , . / ,  P )  into m easurable spaces <Z;, J f , ) ,  i ^ n ,  then the 
system {{co:coe Í2, X t{co) e A}: A e  "= t evidently determines the system
{{со: соей,  ( X t(co), X 2(co), . . . ,  X n(co)> e X "= A t e  ig n } , simply by using the 
set-joint operation, but the system {P({co: с о е й ,  Х^со) e А}): /4б5 ,-}"=1 does not 
determine the system {P({<u: coeQ, ( X  ̂ co), X 2(co), . . . ,  Arn(cu))eX"=1/ l i}):
D enoting the support of the considered probability space by Í2, we would like to 
emphasize the com m on features of the “possible w orlds” semantic behind modal 
logics as well as behind the classical probability theory.

W ithout any doubts, the scale of possible applications of m odal logics and 
their semantics, when com bining non-num erically weighted pieces of knowledge, is 
m uch more larger than to  contain only the few simple ideas mentioned above. These 
problems, as well as those connected with non-num erical weights or degrees of belief 
in general, would deserve a m ore detailed investigation including m any problems of 
m ore specific and  technical (in the m athem atical sense) nature arising from the 
conception briefly outlined above. Nevertheless, this paper has been conceived with 
the aim to discuss, before all, the m otivations, m eta-theoretical backgrounds and 
outcomes for the approach presented above, ra ther than  to develop a detailed formal 
apparatus. K eeping this aim in mind, we postpone the latter purpose to another 
occasion.
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Экспертные системы с ненумерическими функциями доверия
И КРАМОСИЛ 

(Прага)

Предлагаются некоторые аргументы, показывающие, что предположение о нумерической 
природе значений функций доверия или весов в экспертных системах может являться слишком 
ограничивающим и что для этих целей возможно применять также объекты другого характера. 
Более подробно изучаются экспертные системы, основанные на правилах, которым приписыва
ются доверия или веса в виде подмножеств заданного множества; предлагаются также некоторые 
элементарные мэта-правила для комбинирования весов и для принятия решений. Изучаются 
некоторые связи с так называемой семантикой возможных миров для модальных логик.
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This paper is concerned with the general scheme of solution of guaranteed estimation 
problems. A solution that is stable with respect to errors in available data are described. It is based 
on constructions from the theory of control and observation under uncertainty and the theory of 
ill-posed problems. Applications to the problem of estimating of disturbances in the input of control 
system and the problem of identification of system parameters are considered.

1. Introduction

The inverse problem  of dynam ics deals w ith the identification of forces th a t generate 
the m otion of a mechanical system from the given properties of motion. The classical 
statem ents of the problem in analytical m echanics and the m ethods of their solutions 
are developed under assum ptions that the trajectory of the  system is sm ooth enough 
(as a function of time) and th a t it is exactly specified. H owever, these conditions are 
usually not fulfilled if one considers a con tro l system: the unknown inpu t of the 
system (the control forces, disturbances, and  the initial conditions) generate a m otion 
which may no t be a sm ooth function and  the m easurem ents of the param eters of 
may be given with errors. Moreover, the  number of param eters accessible for 
m easurem ent may not be sufficient to ob ta in  the unique solution. This leads to  the 
necessity of describing the whole set of forces generating the given m easurem ent.

The mentioned specificity of the problem  makes natu ral its treatm en t as a 
dynam ic problem  of estim ation under uncertainty conditions and the use of 
constructions developed in the corresponding theory [1, 2].

A characteristic feature of the problem  is its instability  with respect to  the 
data  errors which requires the application of special regularization procedures.

In the general solution scheme described here the inverse problem of control 
system dynam ics is treated as a problem of estim ation of the  value of some operator 
in Banach space under given operator restrictions. The schem e may as well be applied 
to problem s of estimation of the state space vector and param eters of a dynam ic 
system. Stable procedures of solution, based on a com bination of constructions of

Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford
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the  theory of guaran teed  estim ation [2] and the theory  of ill-posed problem s [3 -4 ] 
are  described in th is paper.

The results represented in th is paper were described in reports  [5-7].
The inverse problems of dynam ics for m echanical systems have been consider

ed in various papers (see, e.g. a survey in [8]).
Some papers are concerned with a single-valued reconstruction of the input 

from precise m easurem ents of the output (see, e.g. [9-11]). The results of these 
investigations show  tha t even if such a reconstruction is possible, the corresponding 
operator o u tp u t- in p u t is, in general, discontinuous.

The problem  of an a priori estim ation [1, 2] o f the input o f a linear system 
was considered in [12, 13].

A stable reconstruction of the  input for system s with com pletely observable 
state space vector, based on constructions from the theory of differential games, was 
considered in [14].

In this paper the description of the dynam ics of estimates is not considered 
(see, e.g. [15, 16]).

Let the m otion  of a contro lled  plant on the interval [ t0, t j ]  be described by 
the differential equation

x =  f ( t ,x,u( t) ,  x(t0)= x° ,  x e R " ,  u e R r, (1.1)

where the initial state x° and the function u( ■) representing the d isturbance (control) 
are assumed to  be unknown.

Let us assum e that /(£ , x, u) is continuous and  that the following standard  
conditions are  satisfied: there exist some values c l5 c2 > 0 , such th a t

a) | | / ( i , x , u ) | |£ c 1(l +  ||x || +  |M |) )
b) | | / ( t , x , u ) - / ( t , x ' , u ) | | ^ c 2| |x - x ' | | ( l  + I N I )

for all t e  [f0, f j ] ,  x, x ' e R", where || • || means the Euclidean norm. W e shall say th a t 
a function from  the space L2([t0, t j ] ,  Rr) (further also written as L 2) is an admissible 
control (disturbance) Assume u( ) e L 2. An absolutely continuous function x(t) is 
said to be a so lu tion  of system (1.1) if

x(i) =  x ° +  J / ( t, x(t) ,u(r))dz,
to

F or every x° e  R n, u ( - ) e  L2, there exists a unique solution x(i, x°, u( ■)).
Let the ou tpu t of the p lan t be given by the equation

y(t) =  h( t ,x (t ,x°,  u ()) ,u (í)) , t e [ t0, í j ,  (L2)

where h: [f0, i x]  x R" x Rr->Rm is continuous.
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The problem  is to identify x0 and u( •) (or u( •) or some of the coordinates 
of u( ■) on a given basis) from an output y( ■). Usually some additional a p riori 
inform ation is assum ed to be known. We assume th is information to  be given by the 
inclusion w =  (x°, ы( ))еИ< where IT is a set in a corresponding functional space. 
Examples of a priori restrictions on (x°, u( ■)) could  be the following: geometrical

Ж = {(x°, u( ■)): x° 6 X 0, u(t) e U, a.e. í e [ í0, i , ] } , 
where X  <= R", U<=Rr or integral

W= |(x°, u( •)): x 0 T M x ° +  I uT(t)R(t)u(t)dtüH2 j  

where M, R(t) are  positive definite matrices.

2. General scheme of solution of the problem 
of guaranteed estimation (static statement)

A wide range of problem s of estim ation for dynamic systems, when the 
m easurem ents are  performed on a fixed interval o f tim e admit the following statem ent.

Let X,  Y, Z  be real Banach spaces, and opera to rs A :X->Y,  F : X ->Z, a po in t 
y e Y  and a set W<=X be given. It is necessary to  find z =  Fw under the conditions 
Aw — 'y, w e  Ж  H ere w may be treated as the unknow n input of the system, Ж gives 
an a priori inform ation on w, A is an in p u t-o u tp u t operator, an d  у  is the result of 
m easurem ents of the output.

O p era to r A is, as a rule, noninvertible, therefore, z =  Fw is not uniquely 
determined. Follow ing [2] we shall consider the set

Z  =  {z =  Fw, Aw =  y, w e  W}  (2.1)

which we shall call the inform ational dom ain associated with y. The set Z depends 
on W, A, F an d  y: Z  =  Z(W, A, F, y), we shall fu rther consider th a t Ж  A, F are know n 
exactly and will denote Z as Z(y).

As a rule, the problem of identification of Z(y) is instable w ith respect to  erro rs 
in y. In o ther w ords, if у is given with an error th a t does not exceed <5>0(||y — yá|| <<5) 
then Z(ys) m ay have an arbitrarily  large deviation from Z(y), regardless of how sm all 
Ő is taken. F urther, we shall describe a construction  which ensures the stability  
(robustness) o f the estimate. Instead of Z(y) we consider its extension Z £ J(y), th a t 
depends on positive param eters e, a (param eters of regularization) and approxim ates 
Z(y) as e, oc->0. We shall describe construction o f Z £ a(y) which is applicable in the 
case of H ilbert spaces X, Y, Z. This practically does no t restrict the variety of estim ation 
problem s for which this construction may be applied.

4
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Let X, Y, Z  be H ilbert spaces, let < • , ■ }x represent the corresponding scalar 
product an d  let WczX be weakly compact. Let w * e X ,  p e  R be such that

W c z  {w: Иw—w*||  ^ p 2 } (for exam ple /r =  sup {|| w — w*||: w e  W \ ) .

Definition. The set

Z t.a(y )={ z  =  F w : A w + ^  =  y, < w - w * ,  w - w * ) x + 1 / е ( ^ О уй

' ' й р 2 +  х, w e  IT} (2.2)

is called the regularized inform ational dom ain  (or the regularization of Z(y)). F o r the 
case W=  {w: || w — w*|| ^ p 2} let us define Z e a(y) as follows

ZcJ y ) = { z  =  Fw:Aw +  £ =  y,  < w -w *, w - w * > x +

+  l / f < í , O r á / t 2+«}. (2.3)

Here e, oc are  positive param eters (the regularization param eters).
An opera to r A is said  to  be weakly closed (sequentially weakly closed) iff for 

every sequence wne X  conditions w„-^w, A w n-^y  imply th a t Aw =  y. Here sign —»• 
means a weak convergence in  the corresponding space.

Proposition 2.1. If Fa is bounded op era to r, then Z(y), Z e x(y) are bounded sets. 
If A, F are weakly closed then  Z(y), Z c x(y) a re  closed in the weak topology.

The proof is obvious.
Proposition 2.2
a) Z(y)<=Zcf i y s) as <52/ e ^ a ,
b) if A, F are weakly closed and F is completely continuous, then

h(Zc, J y s), Z(y))->0 as £-+0, a->0, <52/ f i^ a ,  

where h is the Hausdorff m etric.
Proof. Let zeZ(y) ,  th a t is z =  Fw, A w  =  y, w e  W. Let us rewrite the equality 

Aw =  y in the following way Aw  + £ =  ys, w here <1 =  у} - у .  O bviously

< w - w * ,  w - w * y x + l / e < l ; , l ; ) y ^ p 2 + l / E \ \ y - y i \\2 Ü P 2 +  ö 2/ £ Ü ß 2 +  z ,

hence z e Z „ W .
Let us assume that h(Ze J y d), Z(y))-*-0 as £->0, a-*0, 02/ e Si a. Then there exists 

a number ß >  0 and some sequences

«„-»0,y„; | |y „ - y | |g á n, <52/£я^ а „ ,z „ e Z £nt0t n(y„),

such that in f { \ \ z n—z\\:zeZ(y)}'2zß>0.  C ondition zne Z CnXn(yn) implies that zn =  Fw„, 
Aw* + Ze =  yn, <w „-w *, wn- w * > x +  l/£<^, í n> Ü P 2 +  <*„- As z„ e  Z £niIn(y„) it follows 
from boundedness of W  an d  the complete continuity of F tha t {z„} con ta in s a 
convergent subsequence. Let us suppose th a t z„->z*. O bviously inf(||z  — z* || : z e
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g Z(y))  ̂  ß .  As <£„, E n( n 2 +  a„), then 0, n->oo. Sequence w „  contains a weakly 
convergent subsequence. Let us suppose th a t w* e  W. A weak closure of A,
F implies tha t A w *=y, z* =  Fw*, hence z*eZ(y) .  This contradicts the assum ption 
that condition b) is not true.

For the case when Z £ „(у) is defined by (2.3) the p roo f is similar.
Remark 2.1. O bviously Z (y )# 0  if and only if y e  AW, Z ejx(yg) ^ 0  if and  only

if min {\\yd — v\\2 :v e  A W }  ^ eoí.
Proposition 2.3. Let operator A be weakly closed and F be a linear continuous 

operator. Then for every z* e Z

P ( z * \ Z cJ y s) ) - > p ( z * \ Z ( y ) )

as £—+0, а -»О, <52/e ^ a ,  w here p( • |Z) is the support function of Z.
Proof. The o p era to r F:X- >R  defined by the equality Fw = <z*, Fw> is 

completely continuous. The sets Z(y), Z t a(y) defined by (2.1), (2.2) with substitution 
of F  into F  are the intervals

Z(y) =  [a(y), b(y)], Z F f y )  =  [a(£, a, y), b(e, a, >')]
where

a (F )=  - p ( - z * |Z ( y ) ) ,  b(y) =  p(z*\Z(y))

a(e, a, y) =  -  p( -  z* I Z r fy)),  b(e, a, y) =  p(z*\ Z r Jy)).

Using proposition 2.2 we observe that [a(£, a, уД  Ь { е , cl, ул)] —►[«(>’), b(y)] in H ausdorff 
metric, hence

H e ,  cl, y d) =  p ( z * IZ e Х( у д) ) - > Ь ( У) =  p ( z *  \ Z(y)).

Let us consider examples of control systems for which operators A, F  satisfy 
the conditions of propositions 2.1-2.3.

Let equations (1.1), (1.2) be as follows

dx/dt  =  A(t, x )+B( t ,  x)u(r), x(f0) =  x°, t0 ^ t ^ t l , (2.4)

y(r) =  /i!(i, л:(г))-F Л2(г, x(r))u(i), (2.5)

where x e  R", y e  Rm. If m atrices A(t, x), B(t, x) are continuous in t, x and Lipschitz 
in x, and satisfy conditions ||A(t, x ) | |^ C ( l+ | |x | | ) ,  ||B (t, x ) | |^ C  and if hly h2 are 
continuous, then the opera to r A transform s Rnx L r2 in to  L™.

Lemma 2.1. The operator A :R" x L™ defined by equations (2.4), (2.5) is weakly
closed.

The proof is given in [17].
Let us consider som e typical examples of operators F  in estim ation problems.
a) Fw =  x° —  the problem of estim ation of the initial state;
b) F w =  Flu( ), where PL is the projection opera to r on subspace L ^ L r2',

4*
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c) Fw =  x(t*,  x°, u( )) w here x(i, x°, u( ■)) is the solution o f (1.1), t * e ( t 0, t t ] 
is a given in stan t of time.

O perato r F is linear continuous in cases a), b), c) (if A(t, x), B{t, x) does not 
depend on x); completely continuous for a), b) (if L is finite dimensional), c); weakly 
closed for a), b), c) (if the control system is described by equation (2.4)).

Remark 2.2. The convergence of Z £ x(ys) to  Z(y) in H ausdorff metric takes 
place if F is completely continuous, for example, when the estim ated param eter is 
finite dimensional. For the problem  of the estim ation of the input o f the system this 
is not true in general.

As an exam ple of the estim ation problem with an infinite dim ensional Z  and 
a completely continuous F, let us consider the problem  of estim ation of the whole 
trajectory of system (2.4), (2.5). There Fw =  x( - ,  u( ■), x°) is com pletely continuous, 
hence Z tiI(ya)-»Z(y) in Hausdorff metric in L" x R" (it is not difficult to  show that 
convergence also takes place in the space C x Rn).

Let us briefly describe the procedure of constructing the regularized inform a
tional dom ain for the case when the operator A is given with an  error, assuming 
the linearity of the problem. Let X ,  Y ,Z  be H ilbert spaces, A, F be linear continuous 
operators, W = { w : \ \ w  — w * \ \ ^ p 2}. Let A be given with an e rro r not exceeding 
y: \ \Ay — A\\-^y. Let us define the regularized inform ational dom ain by equation (2.3) 
and denote it by Z c X(A, y), the inform ational dom ain  corresponding to  the precise 
da ta  is denoted as Z(A, y).

Proposition 2.4
a) Z(A, y )c zZ c x(Ay, yd) for (<5 +  yp)2/e й  a;
b) if F is completely continuous then h(Ze x(Ay, y t), Z(A,  y))-*-0, as e->0, 

a-»0, (ő +  yp)2/Ei^tx.
The proof is similar to the proof of proposition  2.2.

3. An analytical description of informational domain. The linear-quadratic case

Let A, F be linear continuous operators, W =  {w: || w — w*|| i£/U2}. Let us specify 
a support function of Z c x(y) defined by (2.3). We shall suppose that m in {||у — c | | : v e 
e  A W ) ^ ő  and  ő2/e^cc.

It is necessary to find a solution of the problem

<z*, z)->m ax

z =  Fw,  4w  +  (̂  =  y, <w —w*, w - w * > x +  l/e<<J, £ ) r ^ p 2 + a .  (3.1)

Let us rewrite (3.1) as follows
<F*z*, w )-+m ax

( w  — w*, w — w*>x +  1/£<4w — y, Aw — y ) r ^ p 2 +  a. (3.2)



GUSEV: STABILITY OF SOLUTION OF INVERSE PROBLEMS 303

We shall transform  the last inequality, w riting it as follows

<C(w —w), w — w>x iS/r2 +  a-<T, (3.3)

where C is a self-adjoint positive definite operator, w is an elem ent of X, a  e R. 
F rom  (3.2), (3.3) we obtain

C =  1 +  \/sA*A =  l/e (/4M  +  £/),

where I an is identity o p era to r from X  to  X,  A* stands for the operator ad jo in t to 
A. T ransform ing (3.2), (3.3) comes to the identity

<w, C*w>x =  <w, и-*)*+  <w, 1 /еА*у} х ,

whence it follows that C*w =  w* +  l/eA*y.  O pera to r C* =  C is non-degenerate, since 
<w, C w )x ^ | |w | | | ,  the inverse operator is determ ined by the equality

C - 1= E { A * A + e i y 1, (3.4)

hence
w =  C -1 w* +  1/eC “ l A*y =  e(A*A + e l ) ~ lw* +  (A*A + s I ) ~ iA*y.

The following equality  is true

( A * A + E i y lA*y =  A*(AA* +  eI)~ly ,  (3.5)

where opera to r /  in the right-hand side of (3.5) is an identity operator from  У to У 
Actually, let v =  (AA* + eI)~ 'y , hence the right-hand side o f (3.5) equals to  A*v. 
Substituting y  =  (AA* + eI)v into the left-hand side of (3.5) we obtain

A*y =  A*(AA* +  eI)v =  (A*A +  eI)A*v,

therefore (A*A +  e 1 ) ~  1 A*y =  A*v which proves (3.5).
The value a  in (3.3) is determ ined by the equality

о =  <w*, w*} x +  l/e<y, y y Y- <Cw, w )*  =  <w*, w*)* +  l/e<y, y ) Y-

— < w * ,  e(A*A + eI)~ 1w * ) x  — < w *,  (А*А + е1)~'А*у) х —  ( у ,  A(A*A +

+  eI ) ~1w* } y — ( \ / еА*у, A*(A*A + eI)~ ‘y )* -

Let us transform  this equality, using the identities

I - A A * { A A *  +  £l)~1=E(AA* +  E i y l ,

I - A * A ( A * A + E i y l =E(A*A + E i y l .
Obviously

1 K y ,  3̂ >r < 1 / c A * y ,  A * ( A A * + E i y 1y ) x =  <y, ( A A *  +  eI)~  l y } Y,

<w*, w*} x — <w*, e(A*A + eI)~ l w*yx — <Aw*, (AA* +E l) ~ l Aw*yY (3.6)
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(here the identity A ( A * A + e i y 1w * = ( A A * + e I ) ~ 1Aw*  is used). F rom  the equalities 

<w*, (A*A + e l ) ~ 1 A * y ) x =  (Aw*, (AA* +  e i y 1 уУг ,

<y, A ( A * A  +  e i y  1w * } Y =  ( y ,  ( A  A *  +  e I ) 1A w * y r

it follows that
a  =  ( y  — A w * ,  ( A  A  * + e l )  ~ *(y — dw*)).

Identity (3.6) implies the following form ula for C “ 1

C ~ l = e ( A * A + E i y l = I - A * ( A A *  +  E i y l A .

Thus, problem  (3.4) takes the following form

<F*z*, w )I -*m ax,

{C(w — w),w — w } x ^ n 2 +  a — a, (3.7)
where

w  =  e ( A * A  +e/)'  +  A * { A  A *  +£/)_1y.

O perator C m ay be presented as C =  C lC l , w here C 1 =  C 112 is a positive definite 
self-adjoint opera to r, hence, the restrictions for the problem (3.7) take the following 
form

( C ^ w - w ) ,  C 1(w -w )> x ^ / r 2 +  a-(T.

Let us denote s =  C 1(w — w), then  vv =  tö-|-Cf *s an d  problem (3.7) may be rew ritten 
as follows

<F*z*, 'v +  C ( ls ) i -»m ax,

< s ,s )x ^ / i 2 +  a - < j .  (3.8)

This problem has an  obvious so lu tion  s* =  A C x l F*z*,  where A m ay be determ ined 
from the equality <s*, s*)x =  ц 2 +  a. — a

A = (/i2 -f- a — <t)1/2« z*, FC I 1 F*z*}z)112.

Substituting s* in to  the functional of problem (3.8) we get

max <F*z*, w +  C  =  <F*z*, w +  Cj" 1s* )^  =

=  <z*, Fw> +  (p2 +  oe-  a)1/2« z * , F C  f 1F *z*})lz '2.

As a result of th is reasoning one m ay formulate the following theorem .
Theorem 3.1. Domain Z c x(y) is an ellipsoidal set with support function

p ( z * IZ e J(y))  =  ( ц 2 + о с - <t)1/2« z*, F C i l F * z * ) z ) i l2  +  <z*, z>, (3.9)
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where the center of sym m etry of Z c a(y) —  a point £ —  is determ ined by the equality

z = Fw(e, y, w*),

w(e, y, w*) =  C ~ 1(w* +  \ /еА*у) =  е{А*A + eI)~ *vv* + ( A * A  + eI)~ lA*y =

= e(A*A + eI)~ 1 w* + A*(AA* + eI)~ ly,

С 1 = e( A * A  +  eI ) ~ 1 =  /  — A*(AA* +  eJ) ~ 1A  —  is a positive definite self-adjoint ope
rator

<j  = <y — Aw*, (AA* + £ i y l(y — Aw*)')Y.

In particular, under w * = 0 , Fw =  w, Z c x(y) is an ellipsoid

^c.Áy) — {we X : <w — w, \ /e(A*A + eI) (w — w) ) ^ ^ / l2 +  a — l/e<y, у — Лн>>}.

Proposition 2.4. The elements appearing in (3.9) m ay be specified by the 
solutions to  the following variational problem s

w(£,y, w*) =  arg min {|| Aw — y ||2 +  e|| w — w*||2},
w

(3.10)

C _1n =  arg  min {И>tw||2 + e ||w - t ; | |2}, V v e  X,
w

(3.11)

vv =  arg  min {|| Л w — x | |2 +e||w’||2}, V x e  X .
w

(3.12)

F o r the proof of this proposition let us find

m in {||/4w — y ||2 + £ | |w — t>||2 :w e

for a rb itra ry  y e Y , v e X .  Equating to  zero  the Frechet derivative of the minimized
functional, we get

A *(A w — y) +  e(w —1>) =  0 .

Hence the solution of the problem equals to

w(e, y, v) =  (A*A +  eI)~ 1 A*у  +  e(A*A +  eI )~ l v . (3.13)

For v =  w*, obviously,

w(e, y ,  w * )  =  w (e, y ,  w*), C~ lv =  e(A*A + eI )~ 1 v =  w (e, <t, v).  

Finally, from  the identity

(AA* + eI)(AA* + e!) ix = x
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it follows that
(AA* +  e I ) ~ 1x  =  l/e(x  — AA*(AA*  + e / ) - *x) =

=  1 / ф  -  A(A * A +  el) ~ 1A *x) =  1 /e(x -  A w ( e ,  x, 0)).

Thus the description of the regularized inform ational dom ain  for the linear- 
quadratic problem  may be obtained by solving the following varia tional problem of 
Tikhonov’s regularization m ethod

/(w) =  ||/4w — у II2 + e || w — г II2-»m in. (3.14)

The center of symmetry z of the dom ain  Z £ a(y) is the image of T ikhonov’s regularizator 
under the m apping F. An elem ent z  may be considered to be the best regularized 
minimax estim ate [2] of z.

For systems (1.1), (1.2) which are linear in x, и

dx/dt =  A(t)x +  B(t)u, x(t°) =  x°,  (3.15)

y =  C(f)x(í) +  Z)(í)u(í), (3.16)

problem (3.14) is a standard linear-quadratic problem  of optim al con tro l

о о
J (y — Cx — Du)TQ(y — Cx — Du)dt +  e J (u — v)rR(u — v)dt +
to to

+  e(x° — v°)TM(x° — u0)—>min (3.17)

(here w =  (x°, u( ■)), y =  y ( ' ), r  =  (u0, u( •))). The solution of problem (3.17) is described, 
for example in [18]. For the problem  of estim ation of the in p u t Fw = u ( ) ,  
z* =z*(  •) e Ц ,  F*z* =(z*( - ) ,0 ) e L '2 x R" and for finding of the projection  of Z t J y )  
on the direction z*( •) it is necessary to  solve problem  (3.17) for v(t) =  z*(t), v° =  0.

For the problem of estim ating x (í,) (Fw =  x ( t i ), z* e R") F * z * takes the form 
F*z* =(s(z*,  r)ß (i), s(z*, i0), t0 ^ t ^ t i ,  where s(z, z) is the solution to  the adjoint system

ds/dr =  — AT(r)s, s ( z , t l) =  z.

T o  define a projection of Z ejz(y) on z*, it is necessary to solve problem  (3.17) for 
v(t) =  s(z*,t)B(t), v° =  s(z*, t0). The solution of the problem  is given in [2], where it 
is shown that description of Z £ x(y) may be reduced to the solution o f the system of 
differential equations (equations of the minimax filter).

If Z  is infinite dim ensional, then Z c x(yd) does not converge to  Z(y) in the 
H ausdorff m etric but contains elem ents converging to  Z(y) as e->0, 0 2 / e - * 0. These are 
the elements z(s, yd, w*) =  Fw(e, y d, w*). Let at first F =  I.

Theorem 3.2. Let system (1.1), (1.2) be of the form  (2.4), (2.5) and  the assumptions 
of Lemma 2.1 be satisfied. Let W b e  weakly closed on Lr2 x R". Let w(e, y, w*) be the
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solution of the variational problem

M w -y ||£ m  +  e | |w - w * | |£ r xR„->min, w e W ,  

where w* e  U2 x R". Then
w(e, yd, w*)—► {w : Aw =  y, w e  W j

£ - > 0 ,  ő 2/ e - * 0 .

The proof is given in [17].
If F is uniformly continuous on every bounded set, then z = Fw(e, yd, w*)->Z(y) 

in the m etric of Z. O p era to r F is, obviously, uniformly continuous, if Fw =  w, Fw =  u{ ■), 
Fw =  x°. F o r Fw =  x( ■, u( •), x°), Fw =  x ( r , ,  u( ■), x°) F  is uniformly continuous if the 
control system is of the form  (2.4), and the  assum ptions of Lemma 2.1 are fulfilled.

4. Estimation of the value of a linear functional from given values 
of n other functionals

Let us consider as an illustrative example the following problem [19]. Estimate 
the value of a linear continuous functional z =  <g0, w ), w e  X,  assum ing the values 
y, of n o ther linear continuous functionals

< 0i,w > = yi, i=  1, . . . , n .  (4.1)

be given, and assuming th a t <w, w ) ^ / r 2 (here X  is a H ilbert space).
This problem is obviously a special case of the problem from paragraph 2 

with Y = R n, Z  = R, and operators A : X —>R", F : X - > R  defined by the equations

A w = ( ( g u w } ,  . . . , ( g n, w » T, Fw =  ( g 0,w y ,  y  =  ( y i , . . . , y n)T,

W = { w \  <w, w > ^ /r2}.

Here set Z(y) is an interval of R. We assum e that у  is given exactly, hence <5 =  0 and 
also a = 0. Domain (interval) Ze 0(y) defined by (2.3) (w* = 0 , a = 0) approxim ates from 
above the interval Z(y). Representing Z e 0(y) as {z :|z  — z(e)| ^R(e)}, where z(e) is the 
center of the interval, we may define R(e)  from the equality

P (1 |Z £, 0(f )) =  z (£) +  R (£).

Values z(e), R(e) may be obtained from  Theorem 3.1. According to  the theorem

p (l IZ c,oOO) = m  +  (F2 - <T)1/2«  1, F C - 1 F * T » 1/2

where F * \ = g 0. Let us represent C ~ l by the form ula C ~ i = I  — A*(AA* +  eI)~i . 
Obviously, AA* =  K,  w here К  is G ram m ’s matrix of the system

{6ff, 1=1, (K = H<0i,S'.;>ll), -40o=K0o>0iX • • - , < g o , g i » T
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hence <F*1, C lF * l }  =  k00- k l ( K + e I ) 'k0, where k0 =  Ag0, k0o= <9o,  0o>- 
It follows from T heorem ‘3.1 that

Finally

Thus

z(e) =  F w = ( g 0,A*(AA* +  El) ly )  =  k l ( K + e l )  ly.  

а =  (у , {АА* +  Е1)~1у У = у т(К+Е1) ~1у.

R(e) =  (p2 - y T(K +  eI)-  V ) 1/2(k 00-  k l ( K  +  eI) ~ 1 • fc0)1/2,

and Z c0(y) =  { z : \ z - z(e) \ ^ R ( e)} approxim ates from above as e-*0, the interval 
Z(y) =  { z : \ z  — z\ ^ R j . This implies the statem ent of [19] (for the real space X).

5. Identification of parameters of linear control systems

Let us consider the problem of identification of the param eters of a stationary 
control system

dx/dt =  Ax +  bu, x(0) =  0, (5.1)

on the interval [0, 1] ( x e R n, и is scalar control). Let us assume tha t vector x(t) is 
accessible for m easurem ents. It is necessary to reconstruct matrix A and  vector b 
from the results of m easurem ents of x(i). It may be shown that, if и # 0  (as an  element 
of L 2), then the necessary and sufficient condition of identifiability of A, b from the 
results of exact m easurem ents of x(t) is the complete controllability of system (5.1). 
D enoting by w vector (an , . .  . , a in, b,), i e  1, n, we get the following infinite system of 
equations

*,{£)= X  WjP/O. 0 5 ^ 1 ,  (5.2)
j= 1

where
t

Pj(t)= Í Xj(z)dz, 7 = 1 ,  • 
0

t

■,n, p„ + i( i)=  j  u(z)dx. 
0

System (5.2) is, in general, inconsistent, because of the errors of measurements. 
Let us define operator A : Rn +1 -+L2 as follows

(/4w)(t)— X WjPj(t), O ^ i^ l .  
j= 1

Let us assume tha t x,(t) is m easured with an error i/,{t) where

j rii{t)dt^Sf,
and u(t) is know n exactly. Then operator A will be given with an error non  exceeding 
p\\0\\, where <5 =  (<5,, . .  .,<5„)7 .
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C onsider the do m ain  determ ined by (2.3). I t contains the set of the
exact values of w if (<5, +  /т||(5||)2/£:£а, a n d  converges to  Z(y) as £, a-»0. The analytical 
description of Z ea(y) m ay  be given by th e  following relation, arising from Theorem  3.1

Zc, «O') =  {w : | |w -w | |2+ l /E (w -w ) r G (w -w )^  v2(e, a)},

where G is G ram m ’s m atrix  of the system  p {{ ■), . .  , , p n + l(-) ,

w = ( G + e I ) l 11v, v = { JpjX.df, . . $  pn + lXidt)T,

v2(e, а) =  /г2 + а -  1/e J xj(t)dt+ l/e(G +  eI)~1v.

If system (5.1) is completely contro llable, then Z e x(yd) converges to  a unique
point

w = G _1 t;|,.(.)=o,

as £->0, oc->0, (őf +  ̂ | |ő | |) 2/ e ^ a .  •
A detailed descrip tion  of the inform ational dom ains for the linear-quadratic 

identification problem (for discrete-time case) is presented in [20].
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Об устойчивости решения обратных задач динамики управляемых
систем

М . И . Г У С Е В  

(Свердловск)

Работа посвящена исследованию ряда вопросов, связанных с устойчивостью решения неко
торых типичных обратных задач динамики. Рассмотрена общая схема решения, в рамках которой 
обратная задача трактуется как задача оценивания значения некоторого линейного оператора в 
Банаховом пространстве при операторных ограничениях. Описаны устойчивые относительно 
ошибок в исходных данных процедуры решения, основанные на использовании конструкций, 
развитых в теории управления и наблюдения в условиях неопределенности и теории некорректных 
задач. Даны приложения к задачам оценивания возмущений на входе управляемой системы и 
задаче идентификации параметров.

М. I. Gusev .
Institute of M ath. & Mech.
of the Ural B ranch of
the USSR Academy of Sciences
S. Kovalevskoi st., 16
620066 Sverdlovsk
USSR
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I. V ajd a , J. L a n d s m a n n

(Budapest)

(Received September 1, 1987)

Problems o f Control and Information Theory, Vol. 17 (5), pp. 311— 317 (1988)

The linear complexity is calculated for sequences generated by discrete exponentiation of 
elements of m-sequences over GF(q), q = 2m, m>  1, where the consecutive exponents are generated 
by another m-sequence over GF(q), q = 2”, m > m. As a special case, the interleaving of exponentiated 
m-sequences using constant exponents is also considered.

1. Introduction

Pseudorandom  sequences generated by linear feedback shift-registers have 
widespread applications. T he maximal period sequences (m-sequences) produced by 
linear recursions with prim itive characteristic polynomials have good pseudorandom  
properties, nevertheless, they are very bad from  the linear com plexity point of view. 
Pseudorandom  periodical sequences used as running-key sequences over GF(2) or 
signature sequences in slow frequency-hopped spread-spectrum  systems over GF(q), 
q > 2 must have a very large period and a large linear com plexity [4], [5].

F or the sequence B = b 0, b u b2, . . .  of period N  the  linear com plexity is 
defined as the smallest nonnegative integer Lb, for which there exist constants 
Cj, c2, . . . ,  cLb such that

bi +  c i bi_ 1 + . . . + c Lbbi^Lb =  0, i ^ L b. (1)

Ffere, obviously, Lb^ N .
The generally used structures for producing such sequences are based on 

linear feedback shift-registers, generating m-sequences over GF(q) (i.e. having a 
primitive connection polynom ial of degree l0), whose register content r , ,  r 2, . . . ,  r,0 
is mapped in to  a sequence over GF{q) by som e Boolean function / ( r , ,  r 2, . . . ,  rlo)
[3], [5].

The m-sequence 3 has period N  =  q‘° — 1. The ou tp u t sequence B, after the 
nonlinear feed-forward m apping, can be represented uniquely by

bt=  I  Вл(улУ, GfO (2)
n  =  1

Akadémiai Kiadó, Budapest 
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where Bn and  y„ are nonzero elem ents from the field GF(g'°); y„’s are  different, 1 л ^  L*, 
furthermore, l? =  Lb. It is also well known th a t the elements y„, l ^ n ^ L 6 are  the 
roots of the characteristic polynom ial of the linear recursion corresponding to  the 
sequence B. The m-sequence 3 also can be given in the representation of type (2), nam ely

d, =  7 > f W ) ,  i^O , (3)

S -  1

where the trace polynomial T r f ( z ) =  £  z4": GF(qs)-*GF{q) is introduced and ß  is a
n = 0

primitive elem ent of GF(q‘°), furtherm ore, <5 is a nonzero elem ent of GF(q‘°) w hich 
uniquely corresponds to the ac tual phase-shift of the m-sequence. In this paper we 
analyse a generation method differing from the one in Fig. 1 in the use of the nonlinear 
feed-forward m apping, while the pow er series (or trace) representation (2) [or (3)] is 
applied.

Output sequence  

Fig. 1. The structure of the sequence generator

2. Discrete exponentiation as nonlinear mapping

We have considered the discrete exponentiation of the elements of an  
m-sequence as a possible non linear mapping, where the exponents are produced by 
another m-sequence.

The elements of the m-sequence 3  over GF(q), q =  2m, m >  1,

3 d o , d j , . . . , d j ,  . . .
are raised to  the powers given by the corresponding elements o f the sequence of 
exponents

e = e0, e lt .. . ,eit l ^ e ^ q - 2 ,

• resulting in the output sequence

5 = d e0° , d V , . . . , d ? , . . . .  (4)

The special case of e =  j ,  j ,  . . . , l ^ j ^ q  — 2 has been considered in [4], nam ely
the linear complexity of В can be given by

L b =  lZ u \ 1 ü j ü q - 2, (5)
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where w(j) denotes the binary weight of the integer j. F o rm u la  (5) shows tha t 
considerable increase in linear complexity can be reached using simple exponentiation.

As a plausible generalization one may take  the case o f constant exponents, 
e =  1, 2, . . q — 2, 1, 2, . . q — 2, . . which leads to  a sequence В of powers, which 
is an interleaved version of subsequences BU), j  =  1, 2, . . . ,  q — 2, where elements of 3  
are raised to  the same constant power, i.e.

b k ) =  b k i q„ 2 ) + j - i  k = 0- (6)

Taking (5 =  1 in (3) we do not loose the generality of calculating the linear com plexity, 
so we may suppose

bJ" = [7>J4W/- W  (7)
where y =  ßq~2 and l ^ j ^ q —2. The proper selection of q for reaching large period 
is to  choose q — 2 and q‘° — 1 as relative primes. Therefore, g.c.d. (/0, m —1)=1 is 
supposed. It follows consequently, in this case, у is also a prim itive element of GF(q‘°).

Let us denote the characteristic polynom ials of the m inim al degree linear 
recursions corresponding to  sequences В and BU) by g(x) and  gu\x), respectively. It 
follows from (5) th a t deg gu\x) =  IqU), l ^ j ^ q  — 2. Let us in troduce the formal pow er 
series representation

f iw =  Z  biX‘=  Z  xWXx"-2). (8)i = 0 i = 0
The sequence corresponding to  Ви\х я 2) can be generated by gu\x q ~2) with m inim al 
degree and the same is true for xJbu\x q 2). Consequently, the m inimal degree m onic 
polynomial g(x) over GF(q), generating the sequence В can be given as follows

g(x)=g(xq 2 ), (9)

where g(x) = l.c.m. {gU)(x), g(2\x), . . . ,  0(<,~2)(x)}. Below it is show n that the po lyno
mials g(1)(x), ga \x), . . giq~2\x)  have no com m on factors, therefore

g(x )=  Z  Л ) -
j - i

Using the technique leading to  result (5) in [4] one gets

»W
[ 7 > « V ) ] JT I  [7 > ’V ) ] 2J" =

П — 1
lo -  1 lo -  1 lo -  1

=  Z  Z  ••• Z
h i  —0  /*2 — 0 /iw (j) — 0

where
Mj)

(M =  Z  2mhn+jn,
n = 1

( 10)

(11)
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h=(hi ,  h2, . . . ,  hw(j)), 0 ^ j 1< j 2 <  ■ ■ ■ < i m < m- I t must be show n that for j ф/ ,  1 ^ j , 
j ' ü q —2  there is no pair of vectors h, h', where h =  (hu h2, . . . ,  hw{J)), h'=(h\,  h'2, . . . ,
. . . ,  h'wU)), 0 ^ h „ ,  for w hich c(h,j)=c(h' , j ' ) ,  i.e. for which

M i )  Mi ' )
£  2  m h „ + j „ =  £  2 mh"+i'n ( 1 2 )

n  =  1 n  =  1

would be true. The sums on both  sides o f (12) are such num bers in binary 
representation, where there are  ones at positions mh„+jn and  mh'n+j'n, respectively. 
Because j Ф/ ,  the corresponding vectors j t , j 2, . . . ,  j WJ and j \ , j ' 2, . . . ,  j'Mr) a re  also 
different, w hich contradicts (12). These considerations conclude into.

Theorem 1. When the period of the sequence of exponents is an arb itrary  
perm utation o f the integers 1, 2, . . . ,  q - 2  the sequence of powers defined by form ulae 
(3) and (4) has period N = ( q  — 2) (q‘n- 1) and linear complexity

Lb =  ( q - 2 ) 4f w \  (13)

if g.c.d. (l0, m - l ) = l ,  q =  2m.
Example.  If m =  4, /0 =  2 then IV =  3570 an d  Lb =  896, w hich result was checked 

by the Berlekam p-M assey shift-register synthesis algorithm.
The m-sequences over GF(q) have interesting properties rarely em phasized in 

the literature. Namely, the zeroes have a periodicity with period {qlo—\)/(q— 1) and 
the indicator sequences of different characters in  the sequence a re  shifted versions of 
each other. T he exponentiation cannot hide the vulnerable struc tu re  of the periodically 
appearing zeroes. One way to  circumvent this problem is the following. The 
one-character delayed version o f the sequence b is added to itself, i.e.

b* =  {bt +  b i+1}r .  0 (14)
is the modified sequence.

Lemma. Lh" =  Lb.
Proof. U sing representation (2) we get

bf  =  bi +  bi + l =  £  B J t l + y M -
n  — 1

Observing th a t y „ # l ,  l ^ n ^ L h, by formula (11), the result follows.

3. The case of pseudorandom exponents

Let the sequence c defined by

c = 7 > f ' (  а ‘)}Г=о

be another m-sequence over GF(q), where a is a primitive elem ent of GF(q), q =  2m, 
m>m.  Suppose tha t g.c.d. (ml0, mlt) =  1. If this assumption is fulfilled, then the fields
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GF(q‘°) and GF(q1') have only GF(2) as com m on subfield and it can  be easily show n 
that ö iő \ ^ ö 2ö ’2, ö í ,S2 eGF(ql°), <5'„ ö'2 e GF(qh) if

ö1=^S2 and/or <5j#<5'2.

Let the functions Fk :GF(q) be defined by Fk(x) =  x‘k, where ike  {1, 2, . . q — 2} 
and ikф ik. if кфк',  l f^k,  k'^q.  T he  sequence o f powers is generated as follows

bi= X SMk)(ci)Fk(di) (15)
k = 1

where h(k) is a one-to-one m apping  from {1, 2, . .  q} to GF(q) and the functions 
Sh{k):GF(q)->GF(2), 1 ^ k ^ q  are defined by

Sh(k)(x ) —
if x =  h(k) 
otherwise.

(16)

This means that the functions S m ake selection from  the terms in the sum (15), nam ely, 
bi =  Fh l(k)(di). In this way we generate a sequence of powers corresponding to 
form ula (4) using a pseudorandom ly generated sequence of exponents.

Using the polynomials

f (  [pxN’~1+ P 2xN ~2 + . . . + p N'~1x + l ,  if p # 0
Jp[X) | х * ' - 1  , if p =  0, N' =  q - 1  ( ’

we get the desired selection functions, because (x — p)fp(x) =  p (x N’ — 1) for p #  0 and  
f p(p)=  1 for arb itrary  p e GF{q).

Applying the sum of pow er series representation of type (2) we get

W c , ) =  £  А Ж У
n, = i ( 18)

W ) =  £  В Ж У
n 2=1

l ü k ü q ,  where LSk and  LFk s tand  for the linear complexities of the corresponding 
sequences and A<**, y ^  e GF(ql°), B (£ ,  S{£  e  GF(qh). Using the assumption g.c.d. 
(ml0, m /j)=  1 we conclude that in

( Я ^ ) 5 ВД(С 1)В Д )=  £  (19)
ni = 1 «2=1

the products 1 ^ n l S L Sk, 1 ^ n 2^ L Fk are  different elem ents of GF(qloqh), so
sequence Pt{k) has linear com plexity LSkLFk.

We have seen in the derivation of Theorem  1 th a t the characteristic 
polynomials of sequences of pow ers have disjunct root sets w hen the elements o f an  
m-sequence over GF(q) are raised to  a constant exponent j, l ^ j ^ q  — 2, so this is the

5
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case with the sequences {Fk(di)}?L0, 1 too . From this it follows that

if кфк'  and nl , n2, n\, n'2 are arbitrary  in th e ir range. This results in
Theorem 2. Using the above notations, the sequence h given by (16) has linear 

complexity

where

and

u = Z  LSkL Fk,
k= 1

Г _/w(ik)^Fk — ‘0 5

N ’ ~  1

Z ii(j)+ 1
j=  1 

ql‘ — 1 
. < 7 - !

if И-\к)Ф  0 

if h - \ k )  =  0.

( 20)

(21)

In (21) we have used the fact th a t the binary sequence {cf — 1},”  0 has ones only at 
zeroes of the sequence c, tak ing  into account the above m entioned periodicity o f the 
zeroes in an m-sequence over GF(q).

Applying the same reasoning used in the proof of the Lem m a it can be shown 
that the (14)-type modification can be used again w ithout changing the linear 
complexity.
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Повышение линейной сложности (р — ̂ -последовательностей 
с возведением в степень

И ВАЙДА, Й. ЛАНДСМАНН 

(Будапешт)

Определяется линейная сложность для последовательностей степенями элементов (р-п)- 
последовательностей над полем GF(q), q =  2m, m > I, где последовательные элементы генеруруются 
элементами другой последовательности. Рассматривается частный случай чередование степеней 
последовательности с постоянным экспоненталии.

I. Vajda
J. Landsm ann
Technical University of Budapest 
H - l l l l  Budapest, Stoczek u. 2.
H ungary
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A N  E N T R O P IC  TEST O F  U N IF O R M IT Y  
A N D  O P T IM A L IT Y  O F  C O D E B O O K S

J. F eista u er o v á

(Prague)

(Received October 1, 1987)

In this paper we introduce a statistical test of uniformity of a discrete probability distribution 
based on the concept of entropy. The uniformity of the actual use of codewords in practical 
applications is quite a reasonable criterion for the optimality of a codebook. Our test is proposed 
mainly for this purpose and its application to a codebook for speech compression is demonstrated.

We consider a finite p robability  space (&, P), where 3C =  {1, 2, . .  ,,m} and  P  
is a vector (p1 ;p2, . . . ,  pm) of probabilities on 3C. W e consider an independent random  
sample X = (Y 1, X 2, ■ ■., Y„) from  {ЭС, P), and for every sample size n =  1, 2, . . .  we 
consider a random  probability d istribution P„ =  (pnl, pn2, • • - , pnm) on ЗГ defined by

#  j e  {1,2,  . .  . , n } : X j  =  i .
P n t = ---------- -------------------------- -— , i  =

F o r each realization x =  (x!, x 2, . . x j e f "  of the random vector X one ob tains 
one possible realization of Pn.

We further assume p; >  0 for every i =  1,2, . .  ., m and consider the /-divergences

I(Pn\\P)= Z  Pm ln —  ,
i = i  P i

where the sum m and is assumed to  be zero if pni =  0, and the ^-d ivergences

m (Pm-Pi)2
X2(Pn\ \ P ) = l

1=1 P i

The expression

пх2(Рл\\Р)= I
(n P m -n P i)

npi

is the well know n x2-statistic for which it holds under the assum ptions considered 
above (cf. [1], C hapter XXX).
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Lemma 1. For n->oo it holds

nX\ P n\ \ P ) ^ x \ m - \ ) ,

where Л  denotes the weak convergence (the convergence in distribution) an d  ^ 2(fc),

k =  1 , 2 , . . .  denotes the ran d o m  variable w ith ^ -d is tr ib u tio n  an d  к degrees of freedom.
This result enables to  use the ^ -d ivergence  in the well-known goodness-of-fit 

statistical tests.
The key role in our derivation of an  entropic test of uniform ity of the discrete 

probability model P =  (pj ,  . . ., pm) plays the following result which is an analogue 
to  Lemma 1 formulated for the /-statistic

nI(P„\\P)= f j  nPm In — •
i = i  n Pi

Lemma 2. For n-* oo it holds

2nl(Pn\ \P )^ X2( m - l ) ,

where the m eaning of an d  %2(m — 1) is the same as in Lem m a 1.

This result was established in Theorem  16.3 of Vajda [3 ]. Its proof was reduced 
there to a dem onstration of th a t the /-sta tis tic  in fact coincides with the generalized 
log-likelihood ratio and to  a subsequent application of a  know n theorem  about 
asym ptotic distribution of the generalized log-likelihood ra tio . Here we presen t an 
alternative p roo f which is based on Lem m a 1.

Proof  of  Lemma 2. Let us consider the function f(u)  =  u In u, u>  0.
It holds

f'(u) =  In и +  1

/ » =
1

и2

so that, by the Taylor theorem , it holds for every u> 0
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where ^ is between 1 and  u. Taking in to  account the obvious identity

we can write, substituting pni/p ; for и in the formula for / (u) above,
m

2nI{P„\\P) = 2n X (Pni-Pi) + nx2(Pn\\P)~
1 = 1i — 1

=  пх2(Рл\ \ Р ) - {  £
J  1 =  1

[ « 3(P m ~ P .) ]3

tZ iP i

Since, by the law of large numbers, pni tends in probability to  p, for i =  1, 2, . . m, 
ZZi tends in probability to  1. Further, it can be easily deduced, e.g. from the central 
limit theorem , that n 1/3(pni — p,) tends weakly to the constan t 0 for i = l ,  2, . . . ,  m. 
Hence it follows from the last identity and from Lem m a 1 tha t Lemma 2 holds. □

Let us consider the entropy function

It is well know n that this function is nonnegative and bounded above by In m and 
that the equality

H(P) =  \nm

holds iff P is uniform, i.e. iff

1
Pi — P i  —  ■ ■ ■ —  P m  —  ~  ■ m

The question is w hether one can use the statistical evidence represented by the 
nonnegative difference

in statistical testing of the simple hypothesis that the inform ation source fáT, P) which 
generates the data x = ( x 1; . .  .,x„) leading to  P„ is uniform. The difference In m — H(P„) 
is know n as the redundancy of the inform ation source {3C, Pn). Sometimes the 
redundancy is defined ra ther in percents by the expression 100[ln m —H (Pn)]. The 
zero redundancy is a desired property o f certain inform ation sources, in particu lar 
of codebooks as it is discussed in the end of this paper.

m

H(P)= — Yj Pi In Pi (entropy in nats).
i = 1

In r n - H ( P n)
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Thus, the question is w hether the sample redundancy In m — H(Pn) enables us 
to  decide (in accordance with the com m on statistical criteria of optim ality) whether 
the messages from  the source under observation are distributed uniformly. O ur answer 
is positive and th is answer follows from the next statement.

Theorem. U nder the above conditions the statistic

R„ =  2n[\n m — H(P„)]

tends in d istribution, as n->oo, to  the random  variable x2(m ~  !)•
Proof. If P  is uniform then it is easy to  verify that it holds

/ ( P J |P )  =  ln m -H (P „ ) .

Hence Theorem 1 follows from Lem m a 2. □

Using the theorem  we can describe the asym ptotically а-level test of uniformity 
as follows: Reject the uniformity hypothesis if R n> % w h e r e  Ха-я)(т ~  1) 
denotes the (1 — a)-quantile of the above defined random  variable ^2(m — 1). These 
quantiles are tabulated  for a =  0.001, 0.01 and 0.05 and for m =  2, . . . ,  101 e.g. in [2]. 
F o r m >  101 (in fact for m >30) we can use the form ula

Z?i-*)("!—1)= у  и / 2 т - 3  + Ф(1_а)]2,

where Ф{ j _ e) is the (1 — a)-quantile of the standard  normal random  variable. The 
restriction on the model

m in {npu . . . ,  npm} ^  5

considered in practical applications of the general goodness-of-fit x2-test (cf. [5]) 
reduces in our case to the inequality

n ^5 m .

This condition should be observed in practical applications of our test.
In the rest of this paper we consider practical applications of the redundancy 

as one possible criterium of optim ality of a codebook for coding an arbitrary  
information source described by a probability space (А, sé, Q). Let us suppose that 
there is a d istance (not necessarily a metric) p in the source “a lphabet” A and that 
there is given a finite subset SC c  A called a codebook. The elem ents of SC can be 
enum erated by 1, 2, . . . ,  m as above, since the topological properties of SC are playing 
no explicite role. Let us suppose tha t the source is encoded onto  SC by means of the 
minimum distance rule. If the distance is m easurable, then encoding plus Q define a 
probability d istribution  P on SC, i.e. the source and the encoder define a new source,
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an ou tpu t source (Ж, P). The optim ality o f the codebook may be viewed from different 
points (cf. [4]), but one point of view is the redundancy In m — H(P) of the codebook. 
According to  this po in t of view, a codebook is good if the burden to  represent the 
source A uniformly shared by all codew ords, the to ta l num ber m of which is limited 
in advance, in accordance with the capacity  of the transm ission channel. If in this 
situation there are codew ords the frequencies of which differ by an order from 
frequencies of other codewords, then the codebook bedly represents the source 
alphabet and it does no t seem to be optim um  from the point of view of m inim ization 
of the average distance as well. The asym ptotic equipartition property (see [6]) is 
prom ising to be a justification of the redundancy optim ality criterion considered in 
this paper.

In the forthcom ing applications of our test of uniformity we consider the 
first-kind error level a =  0.01. It is to  be noted that, in cases when this test fails to 
reject the uniformity hypothesis, absolutely nothing is exactly guaranteed as to  the 
acceptance of the hypothesis. If the uniformity cannot be rejected at level a =  0.01, 
then there is still possible that it can be rejected at a higher probability of error level 
a, say a =0.05. However, there is a reasonable hope th a t the unknow n distribution 
P is at least quite close to  the uniform, if it is not ideally uniform. If the sample size 
is very large then the distribution P  m ay be very close to the uniform even if the 
uniformity as such is rejected by our test (cf. the Euclidean distance in Tables 1, 2).

In this paper we present some results obtained by verifying the quality of a 
C O D E B O O K  86-2 designed for speech compression below the level 1000 bit/s. This 
10-bit codebook was calculated from  a data base containing 7898 vectors. It is 
organized into two hierarchical levels. It means that the book is divided into 32 pages 
and each page contains 32 codewords (thus the book contains altogether 1024 words). 
This structure was chosen on the basis of results published in [7], where it is shown 
that the structure 32-32 is optim al from  many points of view. The pages, in fact, 
represent small codebooks. The procedure of encoding is the following: a) for each 
speech signal segment we determine the page by m eans of a minimum distance rule, 
b) on this page we find the codeword by means of the minimum distance rule.

In  Table 1 we present the results obtained for the pages of C O D E B O O K  
86-2. H ere under Euclideen distance p (P, uniform) we understood the expression

In Table 2 the values of the sam e quantities are  presented as in the preceeding 
one, but for all C O D E B O O K  86-2 (i.e. for 1024 codewords).
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Table 1. Codebook 86-2

Page Sample 
size n Entropy Statistic

R„
Rejection 

of uniformity p (P, uniform)

1 219 4.88 36.4318 0.0721
2 256 4.86 49.6848 0.0779
3 172 4.87 30.9975 0.0750
4 190 4.88 31.6075 0.0721
5 149 4.81 39.2460 0.0908
6 284 4.79 82.6786 yes 0.0954
7 298 4.85 61.9673 yes 0.0806
8 289 4.89 44.0703 0.0692
9 160 4.77 51.0156 0.0998

10 251 4.76 83.5103 yes 0.1020
11 256 4.87 46.1359 0.0750
12 300 4.85 62.3832 yes 0.0806
13 312 4.88 51.9029 yes 0.0721
14 257 4.88 42.7533 0.0721
15 232 4.88 38.5944 0.0721
16 267 4.89 40.7155 0.0690
17 345 4.89 52.6099 yes 0.0690
18 229 4.87 41.2699 0.0750
19 147 4.88 24.4542 0.0721
20 309 4.79 89.9567 yes 0.0954
21 289 4.72 112.1789 yes 0.1101
22 241 4.78 73.5013 yes 0.0976
23 242 4.96 13.4193 0.0416
24 218 4.82 54.3982 yes 0.0883
25 271 4.87 86.4077 yes 0.0998
26 196 4.93 19.0199 0.0551
27 292 4.87 93.1035 yes 0.0998
28 236 4.80 65.4331 yes 0.0931
29 221 4.93 21.4460 0.0551
30 294 4.83 69.2869 yes 0.0858
31 202 4.85 42.0047 0.0806
32 274 4.93 26.5891 0.0551

quantile Xo.95(31) =  51.3718

The entropy is expressed in binary units. It holds In n —H„„(P) = ln 2(log2 n — H bi„(P))

Table 2

Sample size n 7 898
Entropy H 9.825
Statistics R„ 1916.06
p(P„, unif.) 0.0138

quantile Xo99(1023)= 1130.39

Thus, our test rejects the uniformity hypothesis at the significance level 0.01. 
But the statistic R„ exceeds relatively little the critical value X0.99UO23). T hus we may
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conclude that the codebook, while probably n o t optimum, is very close to the 
optim um . This conclusion is supported  also by the very small Euclidean distance 
p(Pn, unif.).
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Энтропическая проверка равномерности 
и оптимальность кодових книг

Я. ФЕЙСТАУЕРОВА 
(Прага)

В этой статье вводится статистическая проверка равномерности дискретного распределения 
вероятностей основанная на понятии энтропии. Равномерность использования кодовых слов в 
практических применениях является разумным критерием оптимальности кодовой книги. Наша 
проверка задумана именно для этих приложений. Продемонстрировано одно такое приложение 
на кодовую книге для сжатия речевого сигнала.
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A S IM P L E  A N D  G E N E R A L  A P P R O A C H  T O  TH E D E C IM A T IO N  
O F  F E E D B A C K  S H IF T -R E G IS T E R  SE Q U E N C E S

H. N ied er r eiter

(Vienna)

(Received October 1, 1987)

A matrix-theoretic approach is used to determine characteristic and minimal polynomials 
of decimated feedback shift-register sequences in the general context of commutative rings and 
modules over commutative rings.

If a  is a sequence (s„), n =  0, 1, . . of elements of an arb itrary  set, then for 
integers d2z 1 and h ^ .0 the decimated sequence cr^  is given by (snd + h), n =  0, 1,
In inform ation theory the operation of decimation has received particu lar attention 
in the case where a is a feedback shift-register sequence of elements of a finite field. 
In this context, decim ated sequences were already studied by Zierler [14], Selmer 
[12], and G olom b [3]. Typical applications of decim ation in inform ation theory are 
to  the theory of pseudoandom  sequences (see G olom b [3] and Lidi and  N iederreiter 
[5, Ch. 7]), to  the theory  of stream ciphers (see Lidi and  Niederreiter [5, Ch. 9] and 
Rueppel [11, Ch. 6]), and  to the design of cryptosystem s (see N iederreiter [7], [8]).

If R is an a rb itra ry  com m utative ring, then a sequence <t =  (s„), n =  0, 1, . .  
of elements of R is called a fcth-order (linear) feedback shift register sequence if it 
satisfies a recurrence relation

sB+lk =  a * - 1sB+ * - i + • ■ • +«o«n for n = 0 , l ,  . . .  (1)

with constant coefficients a0, . . ak_ , e R. Any sequence obtained from a by 
decim ation is again a Icth-order feedback shift-register sequence, and  so there arises 
the problem  of finding a recurrence relation for In the case where R is a finite 
field this problem w as settled by D uvall and M ortick  [2] who used a rather 
com plicated method. Som e special cases were dealt w ith earlier by Selmer [12]. A 
m ore convenient app roach  for finite fields is based on  the use of generating functions 
(see N iederreiter [8] and  Smeets [13]). The method in [8] works, in fact, for arbitrary 
fields and  produces the result of C orollary  1 below. In  this note we show  that m atrix 
theory yields an even sim pler and m ore general approach  to the problem  of finding 
a recurrence relation for a decimated sequence.
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We first note th a t if R is a com m utative ring w ithou t (multiplicative) identity, 
then R can be em bedded in to  a ring with identity. Follow ing D orroh [1 ] we let Z  
be the ring of rational integers and endow  the C artesian product Z  x R with the 
operations

(i,r) +  (j,s) =  ( i + j , r  +  s),

(i, r) (j, s) =  (y, is + jr  +  rs)

for i , j e Z  and r, s e R .  This yields a com m utative ring R ’ with identity (1,0)  which 
contains the subring {(0, r ) : r e  R} isom orphic to R. Therefore, we can view R as a 
subring of R'. If R is a com m utative ring with identity, we put R' =  R. In all cases we 
write e for the identity of R'.

F or an arb itrary  com m utative ring R and а к x к m atrix В over R  we define 
the characteristic polynom ial of В by y(x) =  det (xl — B), where /  is the к x к identity 
m atrix over R'. If the sequence a =  (s„) of elements of R satisfies (1), then the polynomial

f (x )  =  exk -  ak _ , xk * 1 -  . . .  -  a0 e  Я '[х ] (3)

is called a characteristic polynomial of a. We note th a t for both g(x) an d  f (x)  all 
coefficients, with the possible exception of the leading coefficient e, belong to  R.

In the special case where d is a pow er of 2, a characteristic polynom ial of <T(dh> 
was found by Pethő [9] by a method different from th a t in Theorem 1.

Theorem 1. Let R be an arbitrary  com m utative ring and let о be a /cth-order 
feedback shift-register sequence of elem ents of R satisfying (1). Then for any d^t 1 
and h 2; 0 a characteristic polynomial of the decimated sequence a (dh> is given by the 
characteristic polynom ial of Ad, where A is the k x k  m atrix

I 0 e 0

0 0 e

0 0 0

Proof. Fix d ^  1 and h7±0 and let

0 \
1

0

e

ak - ■/
g(x) =  exK- b k. lxk 1 -  . . . - b 0 e  R '[>]

be the characteristic polynom ial of B =  Ad. We first show that all bj, O ^ j ^ k —l, 
belong to R (this is, of course, trivial if R has an identity). F o r 1 ^ d < k  the  first k —d 
rows of В are equal to  the rows d, d +  1, . . . ,  к — 1 of A, and the last d  rows of В 
only contain elements of R. From this the desired property  of y(x) =  det ( x l - B)



NIEDERREITER: DECIMATION OF FEEDBACK SHIFT-REGISTER SEQUENCES 329

follows easily by expansion of the determ inant along the last d rows. F o r d ^ k  we 
see tha t В is a m atrix over R, and then the desired property  of g(x) was already noted 
earlier.

If <t= ( s„), n =  0, 1, . . . ,  we consider the columns

sn =  (s„,sB+i, • • .,s„ + t _ 1)r  for n =  0 , 1 , -----

From  (1) we get s„ + 1 =  ,4s„ for n =  0, 1, . . . ,  hence by induction s„ =  /T s0 for 
n =  0, 1 , ___ W ith t„ =  sn<(+fc we obtain

t n =  And + hs0 = An\  =  B nt 0 for n =  0 , 1, . . . .

By the C ayley-H am ilton theorem for the com m utative ring R' with identity 
(see [10, Satz 173]) we have

Bk =  bk- 1Bk~1+  . . . + b 0I.
It follows that

t„+k =  B n+kt 0 =  (bk _ 1B n + k ~ i + . . .  + b 0B n)t0 =

=  b*_1t„ + t _ 1+  . . .  + b 0tn for n =  0 , 1, . . . .

C om paring first com ponents in the identity above and putting u„ =  snd+h, 
n =  0, 1, . . . ,  for the term s of a ik\  we get

un+k =  bk_ lun+k_ l +  . .  . + b 0u„ for n =  0 ,1, . . . .  □

Corollary 1. Let F be a field and let a be a Icth-order feedback shift-register 
sequence of elements of F with characteristic polynomial / (x). If

/(* )=  П  (*-*/)
j=  1

is the factorization of / (x) in its splitting field over F, then for any d ^  1 and  / i^ O a  
characteristic polynom ial of <j(dh> is given by

ft(x)= П  (x ~ aD-
j=  1

Proof. If f (x)  is given by (3), then f (x)  is the characteristic polynom ial of the 
m atrix A in Theorem  1. By a well-known result from linear algebra (see 
[4, Theorem  9.15.2]), the characteristic polynom ial of Ad is equal to f d(x). The rest 
follows from Theorem 1. □

The result of Theorem  1 can be extended further by considering feedback 
shift-register sequences of elements of a left Л-module M  as in Niederreiter [6]. A 
sequence u =  (s„), n =  0, 1, . . . ,  of elements of M  is called a /cth-order feedback shift 
register sequence if it satisfies (1) with constant coefficients a0, . . . ,  ak^ l e R. The 
polynom ial /(x )  in (3) is again called a characteristic polynom ial of a.
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Theorem 2. If R is an arb itra ry  com m utative ring, M is an  arbitrary left 
R-module, and о  is a fcth-order feedback shift register sequence of elements of M  
satisfying (1), then the result of T heorem  1 holds.

Proof. Let R 1 be the ring obtained by endow ing Z x  R w ith the operations 
in (2). Then R , is a com m utative ring with identity (1 ,0 ) which contains R' and R 
as subrings. We tu rn  M  into a left R t -module by defining

(i,r)m =  im +  rm for all i e Z ,  r e  R, m e  M.

Since (0, r)m =  rm, the ring R operates on M  as before. The R t-m odule M  is unitary, 
i.e. (1, 0)m =  m for all m e M .  Let A be the m atrix in Theorem 1 with the entries e 
replaced by (1, 0) if R has an identity. One shows as in the first part of the proof of 
Theorem  1 that all coefficients of the characteristic polynomial o f B =  Ad, except 
possibly the leading coefficient, belong to R. Then we proceed as in the second part 
of the proof of Theorem  1, using the fact that k x k  matrices over R , operate from 
the left in an obvious way on colum ns of к elem ents of M and  applying the 
C ayley-H am ilton theorem  for the ring R l . □

For periodic feedback shift-register sequences we show a result for minimal 
polynomials in the general context o f a left R-m odule M  (note th a t a com m utative 
ring R can also be viewed as a left R-module). By a m inimal polynom ial of a feedback 
shift-register sequence a of elements of M  we m ean a characteristic polynom ial of <r 
of least degree. The following theorem  generalizes a result of the au th o r [8].

Theorem 3. Let R be an arb itrary  com m utative ring, let M  be an arbitrary 
left R-module, and let <r be a periodic feedback shift-register sequence of elements of 
M  with a minimal polynomial given by (3) and w ith period p. Then for any 1 
with gcd (d, p )=  1 and  any l i^ O a  m inim al polynom ial of the decim ated sequence <rj/l) 
is given by the characteristic polynom ial of Ad, w here A is the m atrix  in Theorem 1.

Proof. By Theorem  2 a characteristic polynom ial of x =  o <f ) of degree к is given 
by the characteristic polynomial of Ad. Suppose т has a characteristic polynomial of 
degree <k.  Since gcd (d, p)=  1, there exist integers 1 and j7z 0 w ith c d s  1 mod p 
and j d = —h m od p. U sing the fact tha t a has period p, it follows tha t =  a. Applying 
Theorem  2 to  r, we conclude tha t a has a characteristic polynom ial of degree <k.  
This contradiction shows the desired result. □

We rem ark th a t Theorems 2 and 3 hold w ith obvious m odifications for right 
R-modules as well.
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Простой и общий подход к децимации 
последовательностей регистров сдвига 

с обратной связью
X . Н И Д Е Р Р А Й Т Е Р  

(Вена)

Теория матриц используется для определения характеристических и примитивных многочле
нов последовательностей регистров сдвига с обратной связью в общей структуре коммутативных 
колец и модулей над коммутативными кольцами.

Н. Niederreiter 
M athem atical Institute 
Austrian Academy of Sciences 
Dr. Ignaz-Seipel-Platz 2 
A-1010 Vienna 
Austria
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Р У С С К И Й  П Е РЕ В О Д
Проблемы управления и теории информации, том 17, номер 5 (1988)

Д И С К О Н Т И Р О В А Н Н А Я  У П Р А В Л Я Е М А Я  Ц Е П Ь  М А РК О В А  
С ЗА П А ЗД Ы В А Ю Щ И М  У П Р А В Л Е Н И Е М

А. Б. П и у н о в с к и й  

(Москва)

Исследуется управляемая цепь Маркова с запаздыванием по управлению. Приводятся 
необходимые и достаточные условия оптимальности стратегии управления для полунепре
рывных моделей. Даётся определение класса т-моделей, для которых развиваются методы, 
аналогичные методу динамического программирования. Приводятся характеристические 
свойства т-моделей; рассматривается конкретный пример.

1. Введение

У правляемы м марковским процессам без запазды вания посвящены 
работы  [1-5], в которы х для ш ирокого класса моделей доказан принцип 
динамического програм м ирования, выведено уравнение Веллмана и получены 
необходимые и достаточные условия оптимальности стратегий управления. 
О днако, во многих случаях управление на выходе регулятора имеет запазды 
вание, например, управление удаленными подвиж ными объектами, обслужива
ние сложных технических систем при наличии скрытых отказов и т. д. В отличие 
от указанных выше работ, в настоящ ей статье исследую тся вопросы существо
вания и построения оптимальны х стратегий в однородны х моделях с запазды 
ваю щ им  управлением на бесконечном временном интервале. Аналогичные 
м одели с конечным горизонтом  рассмотрены в [6, 7]. Исследование подобных 
моделей, как правило, приводит к существенным слож ностям, связанным, в 
частности, с наруш ением м арковского свойства изучаемого процесса даже для 
простейш их стратегий управления.

В п. 2 вводятся основные определения, которы е в случае нулевого 
запазды вания переходят в общ епринятые понятия [1-5]. В частности, вводится 
определение класса марковских стационарных селекторов, которы й в дальней
ш ем оказывается достаточны м для решения проблем ы  оптим ального синтеза. 
В статье  даётся описание класса полунепрерывных моделей и т-моделей. Для 
полунепрерывных м оделей устанавливается существование равномерно опти
м ального  ß -селектора (теорема 2), а также необходимые и достаточные условия
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оптимальности произвольной стратегии управления (теорема 3). В общих 
полунепрерывных моделях метод динамического програм м ирования непосред
ственно применить нельзя, а оптим альны й ß -селектор может бы ть немарковс
ким. П оэтому в п. 4 вводится новый класс «т-моделей», для которы х проблему 
синтеза можно реш ить с пом ощ ью  методов, аналогичных методу динамичес
кого програм м ирования. Клю чевую  роль в описании т-моделей играю т гипо
тезы и Н 2- В основе указанных гипотез лежит предположение, что достаточ
ной статистикой при выборе управления может служить «прогнозируемое» 
распределение вероятностей текущ его состояния, а также предположение, что 
оптимальны й функционал качества имеет интегральный вид (теорем а 6).

О тм етим , что т-модель не обязательно является полунепрерывной. 
О днако, если это так, то существует оптимальный стационарный марковский 
В-селектор (лемма 1, теоремы 4, 5), который можно построить, реш ив «уравне
ние Веллмана» из формулировки гипотезы Н 2.

В качестве прим ера рассм отрена задача оптимизации линейной системы 
с квадратичным критерием. П оказано, что если пренебречь наличием ненуле
вого запазды вания, то  качество управления значительно ухудшается.

Следует отм етить, что в случае отсутствия запазды вания полученные 
результаты  переходят в известные факты теории динамического програм м и
рования [1-5].

Пусть заданы целое неотрицательное число т и произвольные борелевс- 
кие пространства (A', 38(Х)) — пространство состояний; и (А, 38(A)) —  простран
ство управлений. П рям ое произведение

называется пространством  историй. Очевидно Н, при всех t =  1, 2, . . . ,  а также

Q — H ,  и Н =  [ j  Н, являю тся борелевскими пространствами с с-алгебрами

борелевских множ еств 38(Н,), , ¥  =  38(Нао), 38(H) соответственно.
В дальнейш ем, если (Е, 38(E)) —  борелевское пространство, символами 

,я/(Е),'^(Е) обозначаю тся аналитическая и универсально измеримая а-алгебры в 
Е. К ак известно [1], пространство вероятностных мер на борелевском простран
стве Е является борелевским; оно обозначается сим волом  Р(Е). В дальнейш ем 
считаем, что в Р(Е) зафиксирована слабая топология. Свойства борелевских 
пространств и вероятностных мер на них, а также /1-функций и /1-измеримых 
и универсально измеримых отображ ений подробно изложены в [1, 2].

2. Определения и обозначения

А‘
/Г  х X  х (А х Х)‘ г, при

при 1 S  í <  т, 
при í >  т

<= 1
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Э лементами пространства ß  являю тся траектории, то есть реализации 
последовательностей управлений и состояний: ы = { а 1, . . . ,  ах, £0, at + i, 
которые выписаны в порядке их появления перед наблю дателем . П одчеркнем, 
что состояние £, ф ормируется под влиянием управления а2 и становится 
доступным для наблю дения только после выбора управления а, + х. П ри т =  0 
получается классическая схема [1,2]. Э лементы  £,, а, последовательности с о е й  
в дальнейш ем обозначаю тся £,(й>), а,(си), то  есть рассм атриваю тся как функции 
(проекции) из ß  в X  и А. А налогичным образом  h,(co) =  { a l , . . . ,  ах, £0, ат+1, . . . ,  

—  часть траектории, доступная д ля  наблю дения после выбора управления 
а,. А ргумент со в дальнейш ем, как правило, опускается. С имволом  обозна
чается ег-алгебра в ß , являю щ аяся прообразом  Ő8(Ht + x) относительно проекти
рования ht+x.Q->Ht+x. Т аким  образом , и являю тся ^ -с о г л а с о 
ванными случайными последовательностями. К ак правило, парам етр t прини
мает натуральные значения; однако иногда нам будет удобно обозначать 
<т-алгебру a{as, — 0} в ß  символом который согласуется с принятыми 
выше обозначениями (0 =  1, 2, . . . ,  т; 3? _х =  { 0 ,  ß} —  тривиальная ц-алгебра).

П редполож им, что  заданы: 1) начальное распределение Р°( •) —  вероят
ностная м ера на X  из некоторого класса Р(Х)  с  Р(Х); 2) переходная вероятность 
за один ш аг Ра(х, Г) —  вероятностная м ера на А" (при произвольных фиксиро
ванных а е А, х е X), ßS(A х X)  — изм еримая по (а, х) при лю бом  фиксированном 
Г е ЩХ); 3) коэффициент дисконтирования ß  е (0,1) и А —  функция дохода г(х, а).

О бъект Z =  {X,  А, Р, г} называется моделью .
Определение. С тратегией управления л={р,}™=1 называется последова

тельность универсально измеримых стохастических ядер р,(Г\Р°, h на А. 
При г =  1 д , — вероятностная м ера, которая м ож ет зависеть только  от 
начального распределения Р°( ■).

Теорема 1. Всякой стратегии л =  {д!}(* i при произвольном  фиксиро
ванном Р°  е Р(Х) соответствует единственная вероятностная мера Р* на ß  такая, 
что

1) PK{aí e T i ,  . . . , а , _ 1 е Г ? _ 1, а , е Г ? }  =

=  í - - -  í  P A r f \ P ° , a 1, . . . , a t- 1)pt - 1(dat- i \P0, a i , . . . , a t - 2) x  
г?  г  л  ,

х . . .  х p ß d a ^ P 0),
2) Ря{а1 е Г ^ ,  . . . , а хе Г ? , £ 0 еГ%,ах+1е Г ? + и  Г*}  =

=  J •••  f í  Í •••  J P S , - 1, r ? ) fix+t(dax+t\ P ° , a 1 . . .
ГА г?  г* г ? ,,  Г Д ,

• • • Ят£оат + 1 ■ ■ ■ 1) • • • Pi+i(dax+l\ P 0, a t . . .  ax£0)P°(dZ0) x

x p x(dax\P ° , a l . . .  . . .  p ß d a ^ P 0), t =  0 ,1 ,2 , . .  .
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3) Р*{а1 е Г * ,  . .  , , a t e  Г ? , £ 0 е  Г * , а т+1 е Г * +1, . . .

. . .  £ , е Г * ,а ,+ |+ 1 е Г ? +,+ 1} =  J . . .  J J J . . .  J { px+t+i х (Г ? +,+1|
ГА Г А Г * Г А ,  ГА+, Г*

Р ° ,а ,  • • • ^ , f ó - i . ^ <K +((dűI+t | P ° , ű 1 . . .

• • • ö ^ o ö t - i  • • • <Ür-i) • • • Pz + i(dat + 1\P ° , a l . . .  arZ0)P0(d£0) x

x Pt(dat \P°, a l . .  . az- t) . . .  p ^ d a ^ P 0), t =  0 , 1,2, . . .

Здесь r f  e át (А), Г? e ЩХ)  —  произвольные множества.
Доказательство непосредственно следует из теорем ы  Ионеску - 

Тульча [1, 2].
Рандомизированное управление а, задается ядром  р,( • |Р ° , ,), то есть

при выборе управления а, м ож но пользоваться только информацией о Р° и 
значениях а , ,  а 2, . . . ,  a t , £0, at+1, £, ,  . . . ,  а ,_ 1; ^ ,_ t _ 1( í ^ r  + 1). Д ругим и словами, 
управление а, является —  изм еримы м  случайным элем ентом , где [/, —
универсальное расширение ст-алгебры С ледовательно, величина т является 
запаздыванием в управлении. П ри т =  0 получаем  модель без запазды вания, 
изучению которой посвящены работы  [1-5].

С огласно теореме 1, всякая стратегия т при фиксированном Р° опреде
ляет согласованный случайный процесс (а,, £,) на стохастическом базисе 
(Í2, & , Р", (^ ),go)- И нтеграл по мере Р* обозначается символом  М", ст-алгебры 
!Wt пополнены множ ествами Р я-меры нуль.

Определение. С имволы  л' =  {рв}'в=1, п, =  {рв}^=1+1 в дальнейш ем  обозна
чаю т «части» стратегии л.

Очевидно, что фиксированная л‘ при заданном  Р° е Р(Х)  по аналогии с 
теоремой 1 определяет единственную вероятностную  меру Рц на Н,, прообраз 
которой на Q обозначается Р*‘ ( г=1,  2, . . . ) .  П усть Р°еР(ЛГ) фиксировано и 
{Фт((0)}т = 1  —  последовательность случайных величин такая, что для всех 
стратегий л определён Р я-— почти наверное (в дальнейш ем: Р* —  п. н.) конечный

предел lim М ”[ ^ г( ш ) |^ - Г], Г =  0, 1, 2, . . . .  П редполож им, что л' фиксирована,
Т -* оо

а л, меняется. Т огда —  измеримые случайные величины

lim
Т  -* ао

образую т семейство, для которого л, выступает в роли п арам етра, и имеет 
смысл ввести операцию  Рп‘ —  ess sup по множеству {л,}. Описанная конструкция

в дальнейш ем обозначается Р * '—  ess sup lim M ’t,[i//r (íü )|# ( J  (предполагается,
ni Т -»оо

что существенная верхняя грань определена.). Аналогичный см ы сл вклады ва

ется в запись: Р п‘ —  ess sup Af*,[^ ( c o ) |^ _ t].
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Определение. При фиксированном Р° стратегия л называется допусти
мой, если V t^ O V 0 = í+ l , í  +  2, . . .  определены Рк — п. н. конечные условные 
математические ожидания М*[г(£в_ 1, ав) |^ _ ,]  и существует конечный

Р* — п. н. предел lim М п
Г - > о о

тегий обозначается символом П.

r(£e-i,ae) \&t_x

É  •''(& -1. а.)Величина Ж(л)^ Нш АР1
Г-» оо

ется оценкой стратегии п е П . Стратегия л* е П называется оптимальной (для

. Класс допустимых стра- 

при заданном Р° называ-

начального распределения Р°), если W(n*)= sup W(n). Стратегия л* называется
п е П

равномерно оптимальной (е-оптимальной), если она допустима при всех

Р° е Р{Х) и W(n*)= sup W(n)(W(n*)>  sup W(n) — s)
к е П  п е П

одновременно при всевозможных начальных распределениях Р° е Р(Х).
Стратегия л = {д,},® х называется селектором, если V t > 0 мера р, сосредо

точена в точке а, = ср(Р°, Селектор называется марковским, если

<p(P0,hl_ l) = (p (t,pr-l).

Здесь и ниже

/ 7_ 1(Г ,Р °,ш )£Р “{<;| _1е Г |# ;_ т_ 1} (1)

— условная вероятность; Г е .ЩХ). Марковский селектор называется стацио
нарным, если <p(t, Pf_1) =  <p(í л т+1 ,P f - l). Здесь и ниже а л fr^min {а, Ь}. В 
соответствии с введенными обозначениями условная вероятность , пол
ностью определяется «частью» стратегии л '-1. Поэтому иногда используется 
обозначение Р*!/.

Символом В, j будем обозначать семейство Р,я_ х( •, Р°, со) при различ
ных Р°, л, со. В дальнейшем предполагается, что все семейства В, совпадают: 
В, = В и Р(Х) c /j ;  B e ЩР(Х)) и Ч Р е В У а е А  существует конечный интеграл

Í ЛУ, a)P(dy). 
х

Определения. Если стратегия (селектор) задается борелевскими ядрами 
(функциями), то она называется В-стратегией (ß-селектором). Марковский 
селектор <р называется /4-селектором, если отображение (p(t, ■ ): В—>А является 
л / (В) — измеримым при всех t=  1, 2, . . . .  В дальнейшем множество всех 
допустимых стационарных марковских ß -селекторов обозначается символом 
Пт.
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3. Полунепрерывные модели

Определение. Модель Z называется полунепрерывной, если выполнены 
следующие условия:

yl. Функция г ограничена сверху и полунепрерывна сверху. 
у2. Переходная вероятность Ра(х, Г) задаёт непрерывное стохастическое 

ядро Р. А х X  -*Р(Х).
уЗ. Множество /1-компакт.
Замечание. Для полунепрерывных сверху функций допускается значение

« — 00».
В полунепрерывной модели целесообразно не ограничивать класс допус

тимых стратегий, так как все условные математические ожидания и пределы 
можно корректно определить на расширенной прямой с помощью стандартной 
операции «урезания» функции дохода снизу.

Как показано в п. 6, V f Sí О V Р° — случайная величина

Р**'—esssup lim Мщ*
г Г-> оо

L  e -v -ryu - P * * '- n. H. = Vfá,a,+u . . . ,a ,+t)

зависит только от перечисленных аргументов. Полное исследование полунепре
рывных моделей при т = 0 содержится в [1, 2, 5].

Как отмечалось выше, в случае т> 0  в модели может не существовать 
е-оптимального марковского селектора. Однако, имеют место следующие 
утверждения.

Теорема 2. В полунепрерывной модели существует равномерно опти
мальный ß -селектор л*, причём

V Р° е Р(Х) Щп*)= sup W(n)= sup J K0(£o^i, • • ax)P°(dZo)-
* (ai..... at)eAr x

Теорема 3. При любом фиксированном начальном распределении Р° е Р{Х) 
для оптимальности стратегии л =  {д,}(® j в полунепрерывной модели необхо
димо и достаточно выполнения условий:

1) Vr = 0 ,1, . . .  lim Мж Z  е~ав г ^ в _ и
Г-ж 1_в = 1+1

2) M*IV0(£0, а , , . . ., aTj] = sup J К0(£
(“I......o.ltit' x

ae) \&t

o >  a i >

p*~  n. H. = Vtf„at+1, 

■,ax)P0(dS о)-

• > + t)*

Доказательства изложены в п. 6.
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4. т-модели

Обозначим символом D линейное пространство действительных универ
сально измеримых функций F( •) на X  таких, что V Р е В существует конечный

интеграл j  F(y)P(dy). 
х

Предположим, что начальное распределение Р° е Р(Х) фиксировано. 
Пусть {Fjj = о — набор функций из класса D. Нам потребуются следу

ющие условия:

У4. а) V а е /4 У х е Х  существует конечный интеграл § F,{y)Pa(x, dy);
х

i=0,1, . .., т;
б) V п е П V0 = 1, 2, . . .  существуют конечные условные математические

ожидания M”[FeAt(£e) | ^ _ г], t= 0 ,l , W'C jF e л т(у)Рав(£в- i ,dy)\&r, - t], t  =

=0,1,.. .,0-1.

в) У яеЯ  Ví = 0, 1, . .. существует lim AÍ’t[e_,ir F r(^7- ) |^ _ J .
Т  -* со

Например, У4 выполнены для ограниченных функций F;.
Гипотеза Н {. Существуют стратегия п*еП  и набор функций {Р;(у)}'=0е Д  

удовлетворяющий условиям У4, такие, что
1) V í=  1, 2, . . .

м*'Tr«, - ! , а?) -  *  ■ F(t _,> Л М, _ ,) + f F, А Ху) *
X

x P ^ b - u d y )  l ^ - t - 1] =  0 Р - - П .Н .  (2)

2) Vne П Ря -  п. н. A f[r({ ,_1,e l) -e * -F (f_ 1)At(íl_1)+

3) V л e Я lim M ^e ^ - F ^ j . ) ] ^  lim М’,,[>-а7' ■ F t(£r )].
Т  -* со Т  -* оо

Гипотеза Н2■ Существует набор /1-функций {F,(y)}'=0, удовлетво
ряющий условиям У4,такой, что

1)УлеЯ V í = 1,2, ...

Р" — ess sup {M*[r(£, _!, а) -  e“ • F„ _1( Л t(£, _ t ) +
a e A

+ í FtAX y)P Á Í,-i,d y)l^ ,-r-,V í= 0  P" -  П .  H . (3)
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2)Утге/7 lim MK[e~aTFJiiг)]=0.
Т  -* оо

Определение. Модели, в которых справедлива гипотеза Н2, будем назы
вать т-моделями. (Аналогичное определение дано в [6] для моделей с конечным 
горизонтом.)

Замечание. В основе гипотез Н х, Н 2 лежат два предположения:
1) при выборе управления на каждом шаге t достаточной статистикой 

является прогнозируемое распределение вероятностей (1);
2) оптимальный функционал качества У,( •), введенный в п. 3, опреде

ленным образом выражается с помощью интеграла по мере Pf+V (см. теорему 
6), причем подынтегральные функции совпадают с функциями F, из формули
ровки гипотез.

Отметим, что равенство (3) из гипотезы Н2 играет роль уравнения 
Веллмана; с помощью него можно определить функции F,, которые естественно 
назвать функциями Веллмана. В случае нулевого запаздывания гипотезы Н х, 
Н2 справедливы, например, для полунепрерывных моделей с ограниченной 
функцией дохода; при этом функция Р0 совпадает с решением классического 
уравнения Веллмана [5].

Лемма 1. Пусть модель Z полунепрерывна и {P,(y)}J=0 — произвольные 
ограниченные сверху полунепрерывные сверху функции на X. Тогда

1) V 7Г V í ̂  1 достигается Рп — ess sup {M*[r(Zt- l t a) —
а е Л

X

при некотором управлении <р,(Р* Д измеримо (по Борелю), зависящем лишь 
от условной вероятностной меры Р*_ х е В;

2) значение супремума является ограниченной сверху полунепрерывной 
сверху функцией на В;

3) для стационарного марковского ß -селектора <p(t, Р?-1—(р,лт+1(Р?-1) 
при всех t ̂  1 выполнены равенства

м Ч > ( £ , e*F„_ 1, д Д ,_,) + j F, л Ay)PJLZ,- ! ,dy)&t_t _ - п.н. =
X

P* -  ess sup {Л П г (£, _u á)~  eaF(( _ 1 ) л  t f ,  -  >) + J F, A z(y)Pa(S, _ , ,  dy) \ P, _  t _ , ]
а е Л  X

(существует «измеримый выбор»).
Доказательство приведено в п. 7.
Заметим, что если в т-модели применима лемма 1, причем ере П, то 

справедлива гипотеза Н х.
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Теорема 4. Если в модели справедлива гипотеза Н у, то стратегия л* 
оптимальна, причем

W(n*)= $ F0(y)P°(dy)~ lim M * y -* TF M г)]-
X Т  -* ao

Доказательство приведено в п. 8.
Теорема 5. Пусть в т-модели для стратегии п* е П Рп* -  п. н. выполнено 

равенство (2) при t=  1, 2, . . . .  Тогда стратегия л* оптимальна, причем W(n*) =

= í F0(y)P°(dy).
Доказательство следует из теоремы 4, если заметить, что для 

набора функций {Е,}[=0 и стратегии к* выполнена гипотеза Н ,.
Пусть для т-модели выполнены следующие условия:
У5. а) V л lim = 0;

Г->оо
б) условия У4 выполнены для всех стратегий (а только для л е П);
в) для всех л, t = 1, 2, . . .  Рп -  п. н. выполнено равенство (3).
Тогда теорему 5 можно обратить: если стратегия л* оптимальна, то для 

нее PnN -  п. н. выполнено равенство (2). Доказательство проводится от 
противного с использованием леммы 3 и замечания к ней. При этом справед
ливы следующие утверждения:

1) для всякого £>0 существует е-оптимальный стационарный марковс
кий Л-селектор;

2) если в п. 3) леммы 1 существует универсально измеримый (измери
мый) выбор, то существует оптимальный стационарный марковский селектор 
(В-селектор).

Предположим, что допустимыми являются все стратегии. Например, 
модель Z полунепрерывна, либо функция дохода г равномерно ограничена.

Определение. При фиксированном начальном распределении Р° положим

<P,(h,) ̂  Рп‘ — ess sup lim М X e-*r{Z,-lta9) \ * t. t = 0, 1, 2, . . .

Функция Ф,(И,(а>)) является случайной величиной, зависящей от ядер л' = {дв}'н 
С помощью теоремы 3 нетрудно показать, что в полунепрерывной модели при 
фиксированном Р° для оптимальной стратегии л* справедливо равенство

+ г(^< + 1) КС1»«! + 1 > • • ■ > + t)

S r(yi,at+2)Pat + l({„dyl) -
X

-  ■ ■ ■ - e  *(,+t)í  . . .  J r(yt_ 1,a ,+t)Pattt_ 1(yt - 2,dyt- 1) . . .
X X

. . ■ Р ъ Л Ъ М  Pn'~  П.Н. í =  0 , l ,  . . .
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Теорема 6. Если функция дохода г равномерно ограничена сверху, то 
следующие утверждения эквивалентны:

1) функция Ф,(И,) при любой стратегии л является функционалом, 
зависящим (Рж‘ -  п. н.) только от условной меры Рж‘( •, Р°, со), причем

Ф,(И,)РЖ' ~п.н. = Ф,(Р?)Рп‘-п . н . = е J FtAt(z)P?(dz,P°,w), t = 0,1,2,
X

где {F£z)}]=0 — набор Л-функций из D, удовлетворяющий условиям У4 такой, 
что

Vn lim М к\_е~аТ Ftér)] = 0 ,
Т -* оо

2) модель Z является т-моделью.
Доказательство приведено в п. 9.
Если любой конечный набор мер из В линейно независим и

0 t(ht)Pn,- i\ . н. = $,{Р?)

является функционалом на В, то некоторые достаточные условия, при которых 
функционал $, имеет интегральный вид, можно найти в [6]. При этом изучаемая 
модель будет т-моделью. Отметим, что в случае т =  0 меры Рж‘ сосредоточены 
в точках (См. определение (1).)

5. Пример

Пусть X  = A = R l\ процесс допускает представление:

+ Dti„

где {>/,},* 1 — последовательность независимых случайных величин с плотнос
тью распределения h(z) и первыми двумя моментами, равными нулю и единице 
соответственно. Тогда переходная вероятность за один шаг абсолютно непре
рывна относительно меры Лебега, и плотность распределения имеет вид:

, \ 1 , / z - B y - C a
р-о^ - щ М — ъ —

Положим r(y, а) = ка2 + М у2. Здесь В, С ф 0, D ф 0, К < 0, М < 0 — произ
вольные константы.

В задачах оптимизации линейных динамических систем с квадратичным 
критерием (без запаздывания) функция Веллмана имеет вид квадратичной
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формы по состоянию. В нашем случае в роли функции Веллмана выступают 
функции F, из гипотез Н {, Н 2• Поэтому естественно искать их в виде

F,{y) = 9 iy 2 + Siy + qi (i =  0, 1, . .  ,,т).

Пусть начальное распределение Р° величины £0 фиксировано.
Проверяя гипотезу Я ,, получаем:

9г-= ■.9= [М С2 + К В2 -  Ке*-  ̂ /(М С2 + К В2 — Ke’)2 + 4C2e* М К~];

S, = О,

9,--
D2

9i = e

д + (М -е*у + дВ2)- X ß 2i

<?,+ i + йг0 2 + (М —Л7 + </В2) • Dio • B2i + D2 ■ X ß 2'

i  =  t —  1 , T  —  2 ,  . . . ,  0 .

(Здесь и ниже M fo, Dio — математическое ожидание и дисперсия случайной 
величины £0.) Одновременно строится стратегия q>*, которая имеет следующий 
вид:

(р*(Р) = а * ^ ~
к+ д С  х

J  y P ( d y ) . (4)

Таким образом, в рассматриваемом примере справедлива гипотеза Я , для <р* 
и {Fi}]=o- В соответствии с теоремой 4 стационарный марковский В-селектор
(4) является равномерно оптимальной стратегией и

ÍT(<p*)= sup 1Т(л) = |  F0(y)P°(dy).
п е П  X

Если считать допустимыми только стратегии, для которых 

lim АТ[в_' гЙ ] - 0 ,
Т  ОО

то селектор (4) является допустимым, и для {Е;}'=0 справедлива гипотеза Я 2, 
то есть рассмотренная модель является т-моделью. Равномерно оптимальный 
синтез задается равенством (4).

Величина J у Pf' x(dy, Р°, со) вычисляется по формуле:

$уР?'-Му, Р°,0)) =

-В Ч С  X a f f f - ’- 1, t> т;

г - 1
M (of f ~ l + C X a T - ff
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Отметим, что в рассмотренном примере модель не является полунепре
рывной.

Если в данном примере пренебречь запаздыванием, то получится мо
дель, исследованная, например, в [5]. С помощью метода динамического 
программирования устанавливается, что управления должно линейно зависеть 
от последнего наблюдаемого состояния процесса

а .  =  <Р(Р°, h, - l)=  -  ^  •  £ , - г _  t  ( t ^ T  +  1 ) .

Чтобы корректно замкнуть модель на начальном интервале í = 1,2, . . . ,  т, будем 
считать, что М (о=0; а, =  0 (í ;£ т). В случае т =  0 стратегия управления ср совпадает 
с ср* и является оптимальной.

Предположим, что на самом деле т> 0  и определим выигрыш, который 
даёт оптимальная стратегия (4) по сравнению с «псевдооптимальной» страте
гией (р в случае 0= 1 . Для этого воспользуемся леммой 3 (см. п. 8) при 
построенных функциях {F,(y)}J=0. Легко проверить, что

lim М*\_е~*т ■ FM г)] =  0; ЛГ[г(£9 _ ,, а9) -
Т-+ао

-е*  ■ F(9_1) л M e -1)+ í  Fe л А у)Р ф е-г , dy)\ ^ , _ t_ ,] -  
x

Г о , 0 = 1 , 2 ,  . .  . , т ;

Следовательно,

W ( ( p * ) - W ( q > )  =

I g2c 4
U + 0 c2

g4C6
(K+g C2)3

Z  ä e - i - 1 > 0 > t + 1.

e~n{t+2) x £  e x,x M
t = 0

Z  l - i
i =  0

где -t+ 2= • • • =  i — 0;

f, - 1 К + 0С2 ‘ '
+ Dr] „ t> t;

M — символ математического ожидания по мере, отвечающей случайному 
процессу I,. При f= 0 ,1 , . . . ,  т — 1

AÍ I  г ,- . = ( 1 + 1 ) Ч „+ с ! . # ± м

Напомним, что величины К, д —  отрицательны, то есть И/(<р*)>
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6. Доказательство теорем 2, 3

Рассмотрим дисконтированную модель Z без запаздывания (с тем же 
коэффициентом дисконтирования ае(0, 1), которая задается элементами:

XÜA' xX- ,  А± А;  /^ х ,Г ) Д Р ; , ( х , /> .....o4í)); г(х, а)±г(х, а1).

Здесь и ниже

* = (á \  Г е Щ Х ); Г у1 ^  {у2 е Y2\(yl ,y 2) е Г}

сечение множества Г £  Fj х У2. Очевидно, что если исходная модель Z полунеп
рерывна, то построенная модель Z также будет полунепрерывной [1,2]. Понятия 
истории Я, е Я„ стратегии я и а-алгебры # ,  в й  = Н , вводятся по аналогии с 
п. 2. (См. [1, 2].) При фиксированном начальном распределении Р° всякая 
стратегия я однозначно определяет вероятностную меру Р* на Q.

Определение. Пусть {р,}х,= х — последовательность универсально изме
римых стохастических ядер

И,(Г\Р°, h,„ i) на A(pi : В->Р(А)).
Символом <р(Р°, {р,}]= 1 обозначим вероятностную меру Р° на X, значения 
которой на измеримых прямоугольниках определяются следующим образом:

P°{al e r j ,  . . . , а ' е Г ? , £ е Г х}*Р°(Гх) $ . . .  J рт(Г?\Р°,
r? r l ,  (5)

<3‘ . . .  äx~1)pT_ i(däx~1\P°,äi . . .  а '~ 2) . . .  Piidä'lP0).

Определение. Пусть г+1 — последовательность универсально из
меримых стохастических ядер д,(Г|Р°, Az, х) на А. Символом у(Р°, + i)
обозначим стратегию я = {у,}(® 1 в модели Z, задаваемую (при каждом Р° е В) 
следующим образом:

v / n í A É i . . .  _
( 6 )

-Рх+,(Г\Р°,а10а1 . . . áó^oáií, . . .

Здесь и ниже £ = (а / ,  . .  .,а\, <̂ ).
Определение. Символом Ű 'aŰ  обозначается класс последовательностей 

для которых элементы

*bt ( ^ Г  » • • • ) +  1 =  ( ^ í  +  1 5 • • • 5 ^ r + l 5 (S Í + l )

удовлетворяют равенствам:
А 1 А 2 А? A3ai+1 =  a f; д  +, = д ;  ..

ű»+i = P(+i
Ат — 1 Ата1+1= ах; (í=0,1,2,...).
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Символом ф обозначается биекция из ß  в ß ', задаваемая формулой

. . .  at^0at+1^  .. .) =

=  {(0,02 . . .  a^o)ax+l(a2 . . .  atat +i<Üi) • • •}•

Легко проверить, что для всякой стратегии п при любом начальном 
распределении Р° е Р(Х) мера Рп сосредоточена на ß'.

Лемма 2. Пусть Р° е Р(X), л = {ц,}™=1 — стратегия в Z;

Р° =  <р(Р°, {д,};=,); л  = у(Р°, Ы Г=1+1).

Тогда
1) мера Рп, отвечающая Р° и ft, и мера Рп, отвечающая Р°, л обладает 

свойством: Р*(Р')=Р*(Ч'~1(Г'))-,

e-«e T ( íe_1>ee) | Г '№ )  
г

М* Е9 = 14-1 г "*9 • r ( | e _ i ,

Р*-п . н„

í = 0, 1, 2, . . .
Замечание. В п. 2), очевидно, •Р“ 1 (,#,) = ,F ,, и совпаденйе условных 

математических ожиданий понимается как совпадение двух функций на ß  и на 
ß ' при подстановке а>= ¥/ “ 1(«').

Доказательство следует из единственности меры Рп и свойств 
образов вероятностных мер [8].

Функция

V^fi,)^Р"' — ess sup lim М*‘ £  е~хв' f (£ e -u “e)\^i
nt Т-* оо |_в = <+1

называется оценкой модели Z. (Определение операции Рп — ess sup аналогично
Я,

приведенному в п. 2.) Супремум берется по ядрам л, =  {v„}0% +,, Как известно 
[1], в полунепрерывной модели функция V,(fit) зависит только от í, и является 
ограниченной сверху и полунепрерывной сверху. Кроме того, существует 
оптимальный стационарный ß-селектор _,), для которого V Р° V í2;0

Щ,)Р*' - п .н .=  lim АГ*
Т -> о о

X A “e ' r ( |e_1,a e) | # (
0 = í + 1

J H^o)P°(d^o)= sup<̂  lim Aí* É  e • r(£e ,, äe)
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Из п. 2) леммы 2 следует, что

Рж‘ *' — ess sup lim М*'*'
Kt + x Т  -* оо

I

I-t +1I  e - “e x

x r ( íe_ ! ,a e) IJ5; P*1 ' —п. и. = K,({al + a,+t, £,}). (V P°)

Доказательство теоремы 2. He теряя общности, можно считать, 
что оптимальный в Z стационарный В-селектор имеет вид ф* = у(Р°, ip*), где 

— «часть» некоторого ß -селектора в Z(í > t), не зависящего от Р°.
Функция

Ф(аи . . . , а х, Р ° ) ±  J V0(Z0, a i , . . . , a t)P°(dZo)
х

полунепрерывна сверху и ограничена сверху [1]. Следовательно, согласно лемме 
Янкова Фон Неймана[1,2],существуютборелевскиефункции ср*(Р°), . ■ .,(р*{Р°) 
такие, что

Ф(<рГ(Р°), ...,<р?(Р°), В°)= sup Ф(а1, . . . ,  at, Р°).
( a i ..............а Т) е  А  г

Легко проверить, что ß -селектор л* = {ср1[ .. .,ф*,<р*} в модели Z равномерно 
оптимален по определению, причем

W(n*)= sup I KoOÜo>alt . .  .,a t)P°(d£0).
( o t ...............a r) s A r x

Теорема 2 доказана.
Доказательство теоремы 3. Достаточность вытекает из теоремы 

2 и очевидного равенства

Щ л)=  sup jHotfo.e!, . . . , а х)Р°Щ0).
( o i . . ,о,)еЛ* х

Допустим, что одно из условий 1), 2) нарушено. Тогда с помощью 
леммы 2 можно получить соотношение

Щ*)< sup jV 0( U ai .........aJPVÉo),
(«И ...........X

и по теореме 2 стратегия л: не оптимальна.
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7. Доказательство леммы 1

Зафиксируем произвольное í(O ^ í ^ t).

Функция f,(y,a) = r(y,a) + j  F,(z)Pa(y,dz) полунепрерывна сверху и огра-
х

ничена сверху [1]. Введем отображения

ф1\ В х  А-+Р(Х х А) и ф2:Р(ХхА) ->Я1

по следующим формулам: ф^Р, а) = Р( • )<5„( ■), где ÓJ •) — вероятностная мера, 

сосредоточенная в точке а; ф2(Р) — J /,(у, a)P(d(y, а)). Отображение фх непре-
X х л

рывно; ф2 — ограниченная сверху, полунепрерывная сверху функция [1]. 
Следовательно, функция

Ф,{Р, a ) -  J /,(>’, a)P(dy) = ф2(ф1(Р, п)): В xA->R'
х

ограничена сверху и полунепрерывна сверху. Утверждения 1), 2) следуют из 
леммы Янкова Фон Неймана [1, 2]. Справедливость п. 3) следует из равенства

Ф,(Л <р,(Р))= sup Ф,(Р, а),
а еА

которое имеет место при всех Ре  В.

8. Доказательство теоремы 4

Лемма 3. Пусть начальное распределение Р° фиксировано и набор 
№ о  Функций из D удовлетворяет условиям У4.

Тогда У л е /7. Справедливо равенство:

lim М*
Т -* оо

Р* -  п. н. = * - “ { F, А r(z)P?(dz, Р°, со) +

+ lim М*
Т оо

Г

I9 = f + 1X е~*е ■ Af*[r(£e_ ,, а9) —e“F(e_1) А г(<̂9_ ,)+  j Р9 л г(у) х ((7)

xPae(Ze-l,dy)\& e- t - í lim M *[e-’TFKiT) í  = 0, 1, 2, . . .
T -*• oo

Доказательство. Рассмотрим модель с конечным горизонтом 
{О, 1, . . . ,  Т} и нулевым финальным доходом, в которой

Pa(t, х, dy) ^  Р„(х, dy); R (t,x,a)^e~*‘r(x, а).

\
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В соответствии с [6] из условий У4-а, б) следует, что V п е П

М п Z  е *er(^e_ 1,a e)\Р ,-Т
= í +  1

Рп- п .н .  = е fF'Az)Pf(dz, Р°,со)+.

+ М Ж I  М \ е ~ Л (^в_,, ав)- е “°(в- +  е - J F|,(y) х
= í+ 1 X

* P .J ÍZ $ -u d y )\r ,-1- l- ] -e - ‘TF >1( t T) \* l_t

где F',(y) — F, л r(y). Равенство (7) получается с помощью предельного перехода 
с использованием условия У4-в).

Замечание. Если условия У4 выполнены для всех стратегий (а не только 
для л € /7), то утверждение леммы 3 в определенном смысле можно обратить: 
из существования конечных условных математических ожиданий и пределов в 
правой части (7) следует, что n e  П. Например, это утверждение справедливо, 
если функции F, ограничены.

Доказательство теоремы 4. В силу леммы 3 и определения оценки 
стратегии имеем:

W(n*)= Í F0(y)P°(dy) — lim M"[_e-*TF ^ T)-].
X T -  oo

С другой стороны, V л е П согласно (7)

W(n)= J F0(y)P°(dy) +  lim Mn

+ í  л  Áy)Pae(Üe - 1 > <ty)l -  r - l] lim M*[_e -°TF t f Tn ü
Г-»00

й  Í F0(y)P°(dy)- lim M ^\_e-xTFr( ^ = W ( n * ) ,
X  Г -» 0 0

что и требовалось.
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9. Доказательство теоремы 6

Заметим, что в рассматриваемом случае допустимы все стратегии. 
Пусть выполнено утверждение 1). Докажем, что для функций {F,}J=0 

справедлива гипотеза Н2. Действительно,

V П V í =  1,2, . . .  е  í  F„ _,, A Az)PT-\'(dz, Р°, си) =  _ .(Р* /  =

■ие" хР*' — ess sup lim А Р " '|  £  е““*г(^в_ 15 ав)| ,
я« - 1 Т-*ао

Р*‘ — esssup< АР" - 1 [г(^(_ ! , а,) \&t +
Яг - 1 I

+ М"‘- e at lim AP"
Т  -* оо > = í+ 1

= Я*"' '  -  ess sup {APT/«,_ ,, а,)\ P t _t_ ,] + Мя[ея'Ф,(Р,< * ‘ 1 _ t _ J  U
ate Д

=  Ря — ess sup {Aí*[r(í,_, ,  а )I ^ (_г_ ,] +  AP[ J F, A t(z)Pa(£,_, ,  d z ) | ^ , _ t _ J } .
аеЛ  X

(Все равенства выполнены Р п -  п. н.)
Пусть выполнено утверждение 2). Докажем 1). В силу леммы 3

lim АР"
Т - о о

Г х
[_0 = f+ 1

е  ‘• • r ( íe_1,ű fl)\&t- t Рп' — п. н. F, А r(z)PrVz, Р°, си).
х

С другой стороны, из леммы Янкова-Фон Неймана следует, что найдется 
стационарный марковский /1-селектор ср такой, что

J [г(у,<р(0, Р))—е“ ' Р(в-1> л tCv)+ j FeAt(z)P*e.P,(y, dz)~\P(dy)> - e .  
x x

(Для P *  '— почти всех мер Р е  В  в  любой момент 0 > 0). Следовательно, в 
соответствии с леммой 3,

X i e - ae r(<íe_1)ae) | ^ _ t J ^

* е ~ а j  F, A r(z)Pr'(dz, Р°, с») =  <г,(РГ) Р" — п. н.

Р п‘ — ess sup lim AP"
Яг T  -* 00

Теорема доказана.
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O N  T H E  P R O G R A M  SY N TH ESIS  
O F  A G U A R A N T E E D  C O N T R O L

N. N. K r a so v sk ii, T. N. R esh eto v a

(Sverdlovsk)

(Received December 17, 1987)

In the paper the problem of forming a guaranteed control for a dynamical system [1] is 
considered. Forming of such a control according to the method of stochastic program synthesis 
[1-4] is reduced to recurrent procedures of designing concave hulls for auxiliary functions arising 
in the program construction. An example of computer simulation of a control process for a model 
problem is given.

I. Statement of the problem

Consider a system described by the differential equation

x = A(t)x + B(t)u + C(t)v, t0^ t ^ 9 .  (1.1)

Here -x is the n-dimensional state vector of the object, и is the r-dimensional 
control vector, v is the s-dimensional hindrance vector; A{t), B(t), and C(t) are 
continuous matrix functions; values и and v are constrained by the conditions

u e P ,  veQ  (1.2)
where P and Q are compact.

A quality index

>- = l*(9)l+ Í x ( f ,« [ a f [ í ] d í  (1.3)
i«

is given; here |x| denotes some norm of vector x, function x(f, u, r) is continuous.
According to [1], the problem of finding an optimal minimax strategy u°(t, x, e) 

guaranteeing the optimal result p°(i*> x„) for any possible initial position (i*, x*), 
has a solution. The step-by-step control law U which forms control forces

и [i] = u°(f.-, x [ í j ,  e) tj ̂  t < t i +1,

ensures the inequality
i =  1, . . k, fi = f*, tk + l =  9

(1.4)

l*

yü P °U * ,xJ  + l;

Akadémiai Kiadó, Budapest 
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for any i, > 0 chosen beforehand, provided that parameter e  > 0 and step <5 = max.ft;+, — t,) 
are sufficiently small. The strategy u°(t, x, e) is constructed as the extremal one to 
the function p°(t, x). Function p°(t, x) can be calculated by the method of stochastic 
program synthesis according to the equality

p°(t, x) =  lim sup [<m0 A'[9, t]x> +  (1.5)
4-0 ||!( )||S1

f к ti * 1
+ ^  J minmax [<пг(т,-,(и) • ^ [ 3 ,  т] (B(t)u + C(t)i;)) + x(t, u, u)]dT

[ i =  1 г, u e P  v e Q

Here points r,, i= 1, . . к form a partition At of the segment [f*, 5] with the 
step <5 = maX((Ti+1— t,); 1{-) = {11((d), . . . ,  l„(a>), cue £2} is an и-dimensional random 
variable on the probability space {£2, F, P} where an elementary event cu =  {<̂1, . . £ * }  
is a collection of jointly independent random variables 0 ̂  á  1 distributed uniformly 
and realized at time instants t;; ||/( )|| denotes the norm

IIU' )ll = vrai sup J  /(<»)| * (1.6)

of a random variable /( •) where |/|* is a norm of vector / conjugate to the norm |x| 
occurring in (1.3);

mo =  M{/( )},m(Ti,w ) =  A i{ /( ') |£ 1(cu), . . . , £,{си)},соe £2, i= 1, . . . , k

where symbols and M { . . . | . . . }  denote mathematical expectation and
conditional mathematical expectation; X  [i, t] is the fundamental solution matrix for 
the equation dx/dt = A(t)x; symbol <a • b> denotes the scalar product of vectors a and 
b. Equality (1.5) and the values occurring in it are commented in detail in [1].

So, in order to form the control u°(t,, x [fj, e), optimal whith respect to the 
guarantee p°(t*, x j  it is sufficient to calculate efficiently the values standing in (1.5) 
under the limit sign for current values i =  if. In the present paper a method of 
calculations is considered.

2. The recurrent estimation

Introduce vectors w and z where

w =  {w1, . . . ,  w„}, z = { z , ,  ..  •,zB,z„+1} =  {w1, . . . ,  w„,z„ + 1} =  {w,zn + 1}. 

Denote
ti + l

ф,(т) = I min max [<m • X[3, t] (B(t)u + C(t)u)>+ *(t, u, t>)]dr,
*i u e P  v e Q

i= 1, . . ., fc. (2.1)
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According to the method of the program synthesis, one should calculate the 
program extremum [ 1]

e(t,z,As) = sup 
IUHIIS1

<m0 -AT[9, r]w> +zn+1 + M Z  ' ) ) (2.2)

We define the upper concave hull of a function £(m), |m|* ^  1 to be the function 
(p(m) = {£( • )}„ satisfying the following conditions.

1. The function <p(m) is concave for |т |*5П , i.e. for any m(1), |m(1)|*i£l, and 
m(2), |m<2)|* S l and any Ae[0, 1] the inequality

(p(Ámil) + (l — A)m<2>)^  A<p(m(1)) + (1 — A)<p(m(2))
is true.

2. The inequality
£(m)g(/>(m)

(2.3)

(2.4)

holds for any m, |m (*^ 1.
3. Let r={ru  .. ,,r„} be an n-dimensional vector. For any m, |т |*5П  there 

exists a probability measure p(R\m) on the set |r|*í£ 1 such that the equalities

<p(m)= J £(r)/r(dr|m), (2.5)
Irbál

m= f гр(Ат\т) (2.6)
M‘§ 1

are true.
Actually, one can choose a measure p(R\m) concentrated on a finite collection 

of points ги1(т). This simplifies the practical constructions.
Let us form the recurrent sequence of functions

< Р * ( " 1 )  =  Ш ' ) } * ,  ( 2 - 7 )
(p,{m)= {!/',•(•) + <?.■+Л ')}*, M * ^ l ,  i= l ,  . . . , / c - l .  (2.8)

The following equality holds:

sup A il Z  </Ф»(Ь•))} =  M { ( P l ( m 0 ) }  =  ( p l ( m 0 ) .  (2.9)
| | / ( ) | | S l , M ( l ( - ) ) = m 0 ( i = l  )

From (2.2), (2.9), we get the equality

e(t,z, At) = sup [<m0 Ar[9,f]vv>+zn+1+<Pi(™o)]- (2.10)
Imol'Sl

This equality together with equality (1.5) shows that the calculation of the value 
e(t, z, As), which approximates the value p°(t, x ) is reduced to the procedure of forming 
the sequence of functions < P j( m ) .
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Let us prove equality (2.9).
Fix a certain value m0, |m0|* ^  1. Construct the random variable m,1)(oj) =  m(1,[^1] 

as follows. Its distribution is determined by the probability measure /iU)(K|m0) which, 
according to conditions (2.5), (2.6), satisfies the equalities

</>i("i0)=  í W'i(r) +  <P2W V 1)(dr|m0), (2-11)kl* = 1

mo= Í r^(1)(dr|m0). (2.12)
kl‘§ 1

Random variables mU), j  = 2, . . . ,  к are defined inductively. Let the random 
variable ж Д Д .. .,£ Д  j ^ i  be already constructed. We determine the random vari
able ж(,+ 1)[£1, .. .,£ i+1] by its conditional probability measure/r<,+ 1)(R|m(,)[^1, .. .,<^J) 
which satisfies the following conditions

4>i+! (m<0) = J [^ , + i(r) +  <pI + 2('‘)]/i<i+1,(dr|m(,')), (2.13)
k rs i

m(i)=  f r/r(, + 1)(dr|m(i)). (2.14)
kl*S 1

This construction does not lead to principal difficulties since, for the cases of 
interest, each measure /r0)(R| ж0_1)) is concentrated on a finite collection of points 
r[j](m). However, it is not necessary to take into account the finiteness of the set of 
points Д](ж) in theoretical constructions. Indeed, if we apply in the usual way the 
theorems on measurable selectors [5], we can verify that needed measures ци\г\т и~ *’) 
can be taken measurable (in mu ~l \  in the appropriate sense) without assuming 
measures /i<‘) to be concentrated on finite sets of points Д{(ж). Therefore, these measures 
can indeed play the role of conditional measures.

Thus, we may suppose that we have the sequence of random variables ж0, 
m(,)[<Ji, . . . ,  £J, i= l ,  . . . ,  к satisfying conditions (2.11)—(2.14). If we put

/(«) = »[€„ =  (2.15)

then we deduce from (2.13), (2.14) by induction that

« “’K i, • • -  =  .. .,^ |+ 1] | т ' и ,  • ■

i = k, к -  1, . . . , 1, (2.16)

ж0 = М{ж(1»[^]}, (2.17)
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< р , к ~ ‘ ’K i , . . . , { i - i ] ) =  f r (iV ‘ - U) +

+  í f 1jt, + , ( r (i + 1V 1 + 1 ’(dr (i + 1 , | m <iy i,(d r ,i) \ m (i~ " ) +
|r«+ '»|*Sl |r<‘)J*g 1

+  . . . +  í í  ipk( r (k>) n ( d r (k)\m tk u ) . . .  u ( ( d r (,)|m <‘
S Í >l*si

........У i =l ,  (2.18)

Using notation from Section 1 we rewrite relations (2.16H2.18) in the form 

m(Ti,(o)=M{m{vi+i,-)\m (xi,(o)}, i = k, к -  1, . . 1 ,  (2.19)

m0 = M{m(xl ,-)} = M{ l ( ) } ,  (2.20)

(p,{m(Ti- u a))) = M  ^  £  il/jitj, •)|m(Ti-i,< » )|, i = k, k - l ,  . . ., 1. (2.21)

For i= l  we have the equality

<р1К ) = м | д  * /m (T „-))j. (2-22)

Thus, we have constructed a random variable l(co), ||/( • ) ||^  1 satisfying equality 
(2.22) where m0 -  M{1( ■)}.

Prove now that for any random variable l(co), | | / ( - ) | |^ l ,  satisfying condition 
(2.20) the inequality

4 ?.
is true. Then equality (2.9) will be proved.

Fix a random variable l(w) and an integer i, l ^ i ^ k .  As follows from the 
definition of the function <p,(m) and from condition (2.4) (where £(m) = ф,{т) + <p, + t(m), 
(p(m) = (pl{m)), we have

<?i])l»*[Ti_1, í i ,  . . 1]}. (2.24)

On the other hand, the concavity of the function implies the inequality

■)) > ü(Pi(m0) (2.23)

M{<pímlTi,Zu .. .,^ 1]} |т [т 1_1, { 1, . . -, ^
S < P , { r n [ r 1, <̂ !, . . (2.25)
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(2.24) and (2.25) yield the inequality

М Ш т  [т„ Í í J  + (Pi + ,(m [t„ { Ш I

N[Ti-i,<Si, • • ■ ■ - .íi-i])-  (2.26)

Such inequalities are true for u= 1, . . . ,  k. Using induction in i from i = k to 
i= l  and applying as above (see (2.18)) the formula of iterated mathematical 
expectations, we get the desired inequality (2.23).

Thus, equality (2.9) is proved. Consequently, equality (2.10) is proved too.

3. Construction of the control

According to the procedure indicated in [1], the desired control forces 
u[t,] = n°(fj, x[t,], e, Ad) can be formed as extremal ones given by the condition

<m°[t,] • B(íi)u[í;]> = min <m0[t;] • B(t,)u>. (3.1)
ueP

Here
m0[t,] =  x [ ti] - w [ r i], (3.2)

where w[t;] is the n-dimensional component of the satellite point z[f,]. This point is 
determined by condition [1] (pp. 207-210). If we use equalities (1.5) and (2.10), and 
approximate functions p°(t, x) and p°(t, x) + zn+1 by functions e(t, {x, 0, }, Ad) and 
e(t, z, Ag), respectively, we transform the conditions determining the point z [ t j  into 
the following form

min max (zn + 1 + <m • ^(9 , tj)w> + (p1(w)) =
z I m I* ^ 1

= max min(z„+1+<m AT(9, ri)w> + (p1(m)) (3.3)
I m I* 1 z

with
|z — {x,0}|eg  [£ +  £(!(- t 0)] exp(J5?(t,-i0)), (3.4)

where max (|A(t)| + l), and | c |e denotes the Euclidean norm of vector c, and
foSrgS

|A(t)| = max I A(t)x|e. The transposition of min and max operations in (3.3) is ensured
1*1 s i

by the concavity of the function (pi(m).
It follows from (3.2) and (3.3) that the vector m°[t,] is given by the equality

"i°M  = [e + e(<i -  to)] exP (f. -  ioP "(9 , i,]m°/(| X ’(9, tjm 0 \ 2e + 1 )1/2. (3.5)
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Here the prime denotes transposition. Vector m° is a solution of the following 
problem:

max [ -  [£ + e(t,- -  i0)] exp ( if  (i, - 10)) (| X'(9, t,)m | 2 +1 )1/2 +
|m |* S l

+ <m • X(9, Г,)х[Г;] +  <p,(m)] = [ -  [e +  e(t, -  i0)] exp ( i f  (tf -  i0) *

*  (|X '(S,íi)m0|e2 + l)1/2 + <m° X (9,t1M í i]> +  <PiK)]. (3.6)

Besides, m° is the gradient of the function p°(t, x, e, As) which approximates 
the function p°(t, x). The solution of problem (3.6) is unique since the maximized 
function is concave in m.

Thus, if we assume that the control chain contains a high-speed computer, we 
may organize the following control process. During a very short time interval 
t i ü K U  + a following a time instant t, problems (3.5) and (3.6) are solved for a known 
value x [ t j ,  and the control force u[r,] is calculated from condition (3.1). This control 
force is put onto the object during the time interval i, + a ^ ( < i i+1 + a. In some cases 
it is indeed possible to carry out such a control process using available computers.

4. A model problem

Let the controlled object be a material point moving in the three-dimensional 
space under the action of the force attracting the point to a center, the friction force, 
the reactive control force, and an irregular disturbance force. The control process 
goes within a given time interval t0^ t ^ 9 .  The control quality index is the distance 
between the controlled object at time S and the attraction center which we let to be 
the origin. Let r [ t ]= ( r1[i], r2[t], r3{t}} be the radius-vector of the point; a[t] be the 
mass of the object varying according to the chosen law (continuous function); f x = ß(t)r 
be the force attracting the point to the origin; f 2 = a(r)r be the friction force (the point 
over the letter denotes differentiation in time); oc(t), ß(t) be given functions of time; 
/ з  =áu be the reactive force (u be the vector of the relative speed of the reactive mass); 
/ 4 = v be the irregular disturbance force.

The motion of the object described by the Mestcherckii differential equation

r = (a(t)/a)r + (ß(t)/a)r + (á/a)u + v/a, t0^ t ^ 9 .  (4.1)

Let the control force u =  {ul5 u2, m3} and the disturbance u = {rt , v2, r 3} be 
constrained by the conditions

uj + vju| + v |u2^  1 

vj + vjvj + v í v j á l .

(4.2)

(4.3)
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The quality index is

y =  (ri[9] + r i [9 ]+ r |[9 )1/2. (4.4)

Introduce the phase vector

У={У1 > ■ ■ ■,y6} = {ri , f l , r 2, f 2,r3, f 3}. (4.5)

Vector у satisfies the differential equation

у = F (t)y + G(t)u + H(t)v, (4.6)

where matrices F(t), G(t), H(t) are expressed through the variables indicated above. 
Assume that the mass a of the object varies according to the law

a(r) =  a0e x p ( - A [ t - r 0]). (4.7)

Using the transformation of the variable у  into variable x, similar to that given 
in [1] (p. 52), pass to the differential equation for the 3-dimensional vector x:

x = — Ay 12(9, t)u + exp (A[i -  f0])y 12№ t)v/a0, (4.8)

where y12(9, t) is the element of the fundamental matrix Y(r, t) for the equation 
dy/dr = F(r)y. Vectors и and v are constrained by conditions (4.2) and (4.3) as above. 
The index у  has the form

У =(*?[9] +  хШ>} +  х § [3 ])1/2. (4.9)

According to Section 2 functions ф^т) have the form
Ti + !

ф,(т) — j  min max <m • ( — Ay 12(3, t)u +
t ,  u e P  veQ

+ exp (A[t -  f0]) *  у 12(S, T)t>/a0))dT, (4.10)

where т = { т , , т 2, т 3}.
To be particular, assume that v , > l  and v2>l .  The construction of upper 

concave hulls <p,(m) depends on the sign of the expression

*l(t) = exp (í — í0))/(Aa0) — 1. (4.11)

Let us include the root t* of the equation >7(0 = 0 into the collection of points 
г, of the partition Ab. Then two cases are possible.

1. If r](z) < 0 for т( < г < г,- + !, then function ф,{т) is concave in m. Consequently,

<р1{т) = ф1(т) + (р1+1(т). (4.12)
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2. If ri(x) > 0 for T;<t< tí+1, then function ф,{т) is not concave in m. Con
sequently,

(p,{m) = {i,{m)}, + (pi+i(m). (4.13)

Taking into account that the function r/(t) is monotonous, we pass to the 
following result:

<?("») =  Л jf t) |p7(t)c1t • (mj +  mf/v? +m\lv\ ) xl2 +
tl

+ Л j  lj'i2(3.T)|»/(T)dT-(l -b(l/vf — l)mf + (l/v |— l)m |)1/2. (4.14)
U

Thus, vector m° =  {m5, m°, m“} which determines vector m°[i,] determining the 
optimal control u0[ f j  is the solution of the following problem:

max { - [e + £(tf- 1 0)] (Im \2 + 1)1/2 -I- <m • x[tj>  + <Pi(m)} =

= { - [£  +  e(t, -  to)] (l"i°l2 +  1)1/2 + <m° • x[t]>  + cpA™0)}. (4.15)

Vector m °[tj takes the form

* ° M  =  [e •+ e(t, -  t0)]m°/( | m° |2 + 1)1/2. (4.16)

The control force и°[г(] is determined now by the formulae

И?М=sign (у,#, О КМ /(К[г,]))2 + К[г,])2/у? + 
-h("*§[í,])2vi)1/2,

«SM = sign ( у  120, О К М Л К М ))2+ (« S M » ?  +
+ (™3 [t,])2V2)1/2)/v?,

u?[t,] = sign (y, 2(S, t^m gM /ftm ftf,]))2 + (m^t,])2/ ^  +

+  K M ) 2vl)1/2/ V| .  (4.17)

The control process for the considered object was simulated on a computer for 
the following values of the parameters

to=0, 9 = 4, y(to)= { 0 ,1,1,0,1,0},

ao= 10, A = 0.6,

a(f)= —4exp( —0.6t), /?(f) =  0.5exp(-0.6t) 

v, =  1.225, v2 = 1.265. (4.18)
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Consider three situations.
For the first situation, the optimal control acts together with the most 

unfavourable disturbance v which was constructed in accordance with the procedures 
described in [1]. The motion for this case is shown at Fig. 1 with the continuous 
curve. For the second case, the optimal control strategy acts together with the 
disturbance of the form

vt [i] = sin (1 Or) cos (1 Or), t>2[ r]= (sin2 (1 Or))/vv,

u3[r]=(cos(10r))/v2, (4.19)

which is not counter-optimal. The corresponding motion is shown at Fig. 1 with 
dotted line. For the third case a non-optimal strategy u(t, r) was chosen. For each 
time instant t it fixes vector u[r]:

MiW =  -ri[t]/(r?[r] + vfrfCr] + v ^ [t]) ,

m2[ í] =  -  r 2[t]/(rf[t] +  v fr |[ r ]  +  v |r l [  Г]),

Из M  =  -  ГзМ/ИМ + v\r \ [r] + vlrllt]) (4.20)

which is collinear to the current radius-vector r[t]. The disturbance was formed here 
in a way most unfavourable for us. The touched-and-dotted line at Fig. 1 corresponds 
to this case. The experiment gave three values of results: = 1.3593, y2 =  0.5199, 
y3 = 1.9864. As it could be expected, these values satisfy the inequalities

У2<У1<Уз• (4.21)

For the taken initial position {t0, x0} the optimal ensured result is p°(t0, x0)=  1.3587.
As it could be expected, the experiment gave the values yt close to p°{t0 , x 0):

У\~Р°(*о> *(>)• (4-22)
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О программном синтезе гарантирующего управления
Н Н. КРАСОВСКИЙ. Т Н РЕШЕТОВА 

(Свердловск)

Исследуется задача об оптимальной гарантирующей стратегии управления динамической 
системой, зволюция которой описывается обыкновенными дифференциальными уравнениями. 
Система подвержена воздействию неизвестной, но ограниченной помехи. Управление формируется 
по принципу обратной связи. Оптимальная стратегия должна минимизировать верхнюю оценку 
значений функционала качества, который есть сумма расстояния от начала координат фазовой 
точки в момент окончания управления и интегральных затрат реализовавшихся управления и 
помехи.

Известно, что решение этой задачи можно определить в форме стратегии, экстремальной 
к функции цены р°(1, х )  соответствующей дифференциальной игры. Разъясняется рекуррентная 
процедура построения вогнутых оболочек функций, возникающих в рамках вспомогательной 
стохастической программной конструкции. Такая процедура вытекает из строения стохастического 
программного максимина, включающего пошаговое усреднение названных функций. Это позволя
ет аппроксимировать величину p°(t, х) для позиций, реализующихся вдоль движений системы. 
Тем самым открывается возможность эффективного вычисления управляющих воздействий по 
ходу реализации процесса в истинном масштабе времени.

Предложенная процедура проиллюстрирована примером. Приведены симуляции модель
ной задачи на ЭВМ.

Н. Н. Красовский
Институт математики и механики Уральского отделения АН СССР 
СССР 620219 Свердловск ГСП-384, 
ул. С. Ковалесвской, 16
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BOUNDS ON FREE EUCLIDEAN DISTANCE 
FOR VARIOUS SYSTEMS 

OF MODULATION AND CODING
V. V. Z yablov , S. A. S h a v g u l id z e , M. G. Sh a n id z e

(M o sco w , Tbilisi)

(Received October 15, 1987)

Systems of modulation and coding on the basis of signals of phase-shift keying modulation 
and various trellis codes with unit memory are constructed and investigated. The asymptotic bounds 
on free Euclidean distance are given. The comparison of error-correcting capabilities are carried out 
for some interesting practical constructions for different rates of transmission.

1. Introduction

To quantify the error-correcting capability of a code some scientists often use 
its minimum Hamming distance. However, this criterion does not always reflect the 
real effectiveness of systems of modulation and coding, for example, for the 
multipositional signals of phase-shift keying modulation or amplitude-phase-shift 
keying modulation. The error-control capability of these or other codes is defined to 
a greater extent by their minimum Euclidean distance in such systems. Codes which 
are optimal within Hamming metric are not always optimal within Euclidean metric 
and vice versa.

Today there exist several efficient methods of synthesis of codes with good 
Hamming distance and multipositional signals of phase-shift keying or amplitude- 
phase-shift keying modulation. The coordination of coding and modulation with the 
help of Gray codes as a mapping function and by decomposition of the original 
system of signals onto embedding subsystems are mostly widespread [1]. The 
combination of these two methods which ensures good system characteristics both 
at finite code length and at the asymptotic case is also very perspective [2, 3].

In this paper another approach, first proposed in [4], is used to construct the 
systems of modulation and coding. Namely, the error-correcting codes that are optimal 
in the sense of minimum Euclidean distance are directly constructed, ^-positional 
phase-shift keying (q-PSK.) is used as the system of signals. This system may be 
considered as the set D(q) of q different signals that may be represented by equally

Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford
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spaced points on the unit circle. We use two classes of g-ary error-control codes: 
nonlinear trellis codes with unit memory (TUM-codes) and nonlinear trellis con
catenated codes of order m with unit memory (TCUM(m)-codes) as the coding system. 
The asymptotic lower bounds on the squared free Euclidean distance are obtained 
for these systems.

The content of the paper is as follows. In Section 2 we introduce some notation 
and definitions. In Section 3 the asymptotic lower bounds on the squared free 
Euclidean distance are obtained for TUM-codes and TCUM(m)-codes. In Section 4 
some results of computation and main conclusions are given.

2. Main notations and definitions

The plane in which the signals are represented is considered as the complex 
plane C. Any signal point on the unit circle is associated with the complex number 
exp (i<p) for (p in [0, 2л] and i2 = — 1. Let us define e = exp (2ni/q) — a primitive q-th 
root of one, where q ^  2 is an integer.

The alphabet D(q) is defined to be

Dfa) =  {e’’+ ',:»7=0,1,...,<,-1} (1)

with Ц a real number in — у , у  . For example, Fig. 1 represents £>(8) for ц= у .

Fig. 1
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The choice of p has no influence on the distance properties of the code and in the 
sequel we assume p = 0. Below we shall substitute D(q) simply by the D. The Euclidean 
distance d^e’1, t:() between the (P and e( is defined to be

= |e»-e«| (2)

where |/| denotes the norm of the complex number l. This distance satisfies

dKfi", £*) = 4sin2 [(i/ -  £)n/q] . (3)

We extend the definition of distance to include distances between nT-tuples 
over D. Given two elements of DnT

У =  ( у  1 a - ■ •> _Ул> Уп + 1 ’ ■ • •> У  2 m  ■ ■ •> У ( Т -  1)п+ 1 > ■ • •> У  Tn)

and

we define
У  ~  (,У1> • • ч  У  n i  Уп+  1> • • •> У2л> • • •> У ( Т -  1)л +  1 > • • •> Утп)

d ( y ,y ' )  = (4)

We consider the case when Т-» oo. It is easy to check that this definition of 
distance satisfies all the axioms of a distance over DnT.

We denote TUM-codes as A[na, Ra, d*, q~\, where na is the code constraint
к

length (CCL), Ra = — \nq  is the transmission rate (ka is the number of information
na

symbols which falls on a CCL), d] is the squared free Euclidean distance, and q is 
the base of a code.

Let us represent these codes with the help of trellis diagram [5]. The branching 
points at the trellis are called nodes and the segments which connect the nodes are 
called branches. The trellis contains qka nodes and qk° branches enter and come out 
in each node on the tier t ^  2. na q-ary symbols are assigned to each branch. Suppose 
that every code symbol on every branch is chosen independently at random according 
to some probability distribution P={ph 1 ülüq}-  We limit ourselves by the case when

p,= - ,  1=1, q. Below we shall consider the ensemble (na, Ra, dj, q) of the codes A, 
Я

where each code is chosen in accordance with the distribution {p,} of the individual 
code symbols. We call this ensemble as the ensemble of random TUM-codes.

Let у and y' be two arbitrary code sequences belonging to A. Then [5]

d l =  m in  d 2 ( y , y ' ) . ( 5)
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We define the normalized squared free Euclidean distance of a code A as follows:

3a
dl
na '

( 6)

Let us consider TCUM(m)-codes. They are constructed on the base of outer 
Reed-Solomon (RS) codes B,[nb, rbi , dbi, qai~\, over the field GFiq“1), with
length — nb, transmission rate — rb h and Hamming distance — db i and inner 
TUM-codes Ay j[na, Ra ,, dj A , q] , j=  \ ,nb, over the field GF(q), with CCL — na,

m

X  a‘ /  m
transmission rate in nats — Ra у — — — In q ( У a, is the number of information

na \ i= i

symbols that falls on the CCL^, and squared free Euclidean distance — d\A . We

consider the case when all codes Ay j , j =  1, nb, are the same and later index j  will be 
omitted. Code A , may be decomposed into the embedding system of the inner codes

Ai[n„,Ra,i>dli,q]=>A2\_na,R a'2, d l 2,q]=>. . .  ^ A m\_na, Ra m, d l m,q~\
m

where Ro io=  У  а,/ла,
I =  to

R a , l > R a . l >

d l y Z d l 2ü . . . ü d l n. (7)

The q-ary TCUM(m)-code constructed on the base of given inner and outer 
codes, have the CCL

"ob = W b,  (8)

the transmission rate in nats

Rab= Z  where 0 (9)t — 1

and the squared free Euclidean distance

dab= min {d^i ■ db у}. (10)
i

Analogically to TUM-codes, we define the normalized squared free Euclidean 
distance by the following expression

Ő
dlh

( H )
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We shall consider the asymptotic case, that is na-*oo, nb~*oo and, therefore, 
паЬ-юо.  The concatenated codes of infinite order (m-»oo), which we call the 
TGUM(oo)-codes of infinite order are of great interest. We limit ourselves to the case

when lim a, = 00 and lim [ — 1=0, i —l , m.  We suppose that all quantities ah
m -* 00 m -* 00 \  ft  a /

i = l,m,  are equal.
The aim of our investigation is to obtain lower bounds (bounds of existence) 

for quantities da(Ra) and 5ab(Rab, m), accordingly, when na->00 and nab-*o0 .

3. The lower bounds on the normalized squared free 
Euclidean distance

We shall consider TUM-codes at first. Let us choose the arbitrary code sequence 
(the path) on the trellis of these codes, which we call the correct path. All other paths 
form the set of incorrect paths. The subset of incorrect paths y' are denoted by S,. 
It consists of all incorrect paths which diverge with the correct path at the tier t. The 
configuration of any possible incorrect path and the correct path is completely 
described by the two times t and t + r in which they diverge and remerge in the trellis. 
We let Sl r stand for the set of all incorrect paths, which diverge with the correct path 
at time t and remerge at time í + т first. Analogically to [5], it is possible to show 
that the cardinality of this subset is bounded above by the expression:

|S ,,rlá  exp, {fca(T— 1)} = exp {л„Ка(т — 1)}. (12)

Let us denote d2 the squared free Euclidean distance between the correct path 
and the nearest path (in the sense of Euclidean distance) from the subset S,. 

Assertion 1. There exist TUM-codes A[na, Ra, dj„q~\ with parameters

Ra= ^ - \n q ,  dl ,  = őana

such that when they are used in q-PSK systems then the following equations

Rfl< ln q - ln  £  exp {—4asin2(/rt/q)}; 
j= 1

2 Í ln g - ln  £  exp { - 4a sin2 (jn/q)} J - R a
6 a< ---------------— --------------------------- --------------- ln ßna (13)a an„

are satisfied where a^O  and ß->\ for 0 0.

2*
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Proof. Clearly, for any path y' e S, the squared Euclidean distance — d2 between 
y' and the correct path у is the sum of independent increments:

where

d2(y, У')= X dtiyj, y'j)
j

djfyj, y'j) =
Í 0, if yj=y'j\
1 4sin2 ln(ri-l;)/q], if e" = y j ^ y j =Ei '

(14)

We now seek to bound the probability that for a given random TUM-code 
A[na, Ra, dj t Q] da>( will be less than a parameter d%.

Consider the quantity

Z(a)= X exp {ad2(y, y')}, a^O.
y ' e S t

(15)

If any y' e S, has d2(y, y ' ) ^ d l  then Z(a)^exp { — ado}, or exP {adj}}' Z(a)^ 1. 
Hence,

Pr(doit^do) = exp { —ado}Z(a) (16)

where the overbar is an average over all codes in the ensemble (na, R a, d2„ q).
We divide the S, into configurations S, t . It follows from (15)

Z(a)g X  X exp { -  ad2(y, / ) } .
t — 2 y ' e S t ,г

Then we obtain

Z(<*)й X exp, {ка( т - 1)} е х р { -п ат£(а)}
1 =  2

where

£(a) — — In X Pj Í  Ps exP { — ad2(yj, y{)}
7=1 s = 1

= 1п<? —ln X exp {— 4asin2 (jn/q)}

(18)

(19)

from (12), (14) and Lemma A3 [5].
Consequently, if Ra<£(a), we get

Pr(̂ a,< =  ̂ o) = exp {ado} exp { —naRa} £  exp {- n ar [£ (a )-R J }  =

d20

=  ß exp {— n,[2£(a)—a<5e — Ra]} 

1

(20)

where <5„ = — and ß ̂  ---------
na l - e x p { - n a[£ (a )-R J} 1 for oo.
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Thus, if we have simultaneously

Ra < E(a); <5„<
2 E (a )-K „

a
1

a na
ln ßna

and na->oo, then Pr(d2, ^do) =  0. Hence, there exist TUM-codes which have dl ,>dl  
and we have proved Assertion 1.

Before starting the investigation of the asymptotic characteristics of TCUM(m)- 
codes, it is necessary to show that there exist the embedding systems of TUM-codes 
in which the main code and all their subcodes have the error-correcting capabilities 
given by Assertion 1.

Assertion 2. Let A, (i =  2, 3, . . . ,  m) be m— 1 subcodes of a code A, where 
A l =>A2=>... =>Am. Then there exists a code А ,[ла, Ra A , d2 , ,, q] in the ensemble 
(na, K u  d2,,,,><?) such that the following equations

Ka,i<ln д - l n  £  exp {— 4a,- sin2 (jn/q)}; 
j =  1

2 ^ln q -  In É  { -  4a, sin2 OV«?)}

are simultaneously satisfied for this code and all their subcodes A f n a, Ra ,, d2, , ,  q] 
in Í/-PSK systems, where i = 1, m, a.^O and for oo.

Proof. For each code from the ensemble (n„, Ra ,, d^t l ,q) and real numbers 
do.,, i= l ,  m, we introduce the indicator functions

--------ln ßtna (21)

p(o _* ind
0, if d l , j > d l i;

. 1, if d l ,fig d l i '

Then, if Ra , < £(a,) we get

P\ndüßi exp { - ^ [ г Ц а ^ - а А ,

from (20), where

Sa j ^  ^ 2 - ,  E(a,) =  ln q - In  £  exp Í  - 4 a ,  sin2 —
i= i f  \

( 22)

and ßi ^
1

1 -e x p  { - n a[£ (a ,) -E a,,]}
-»1 for па-юо.

Now we consider the random ensemble of TUM-codes (na, ,, d2M, <7) over
the field GE(g) with CCL — na, transmission rate — Ra t and squared free Euclidean 
distance — d2, The suggested method of choosing of a subcode of a code A l ensures
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that each code from the ensemble (na, Ra i, dl t i, q) corresponds to a subcode As of 
some code A x and vice versa. Therefore, all estimations obtained for the ensemble 
of codes (na, Ra i, d2(i, <j) are true for the ensemble of subcodes Ra i, d2 ( j , g] 
as they are identical. Taking into consideration that these arguments are true for any 
i = 2, m, we get for real numbers do,, the expressions

P|nd ̂  ft exp { -  na[2£(a;) -  a, ft , ( 2 3 )

if Ra ,< £ (а () where

f t , . - “ , Ц«|) — ln q — ln J  exp I - 4 a ; sin2

and [it =
___________1___________
1 — exp { —п„[£(а() —£„,]}

1 for na~*oo.

Thus the average of function for codes A l through the ensemble of 
TUM-codes is bounded by expression (22) above, and function for codes 
A^AX =>/!,) — by expression (23). In order to prove that these equations are true 
simultaneously for some code A t and all its subcodes Ah i = 2,m, we introduce the 
indicator function

я= Г 0, if P-n’d = 0, for each i;
{ l, if = 1, at least for one i’

where i =  1, m.
It is evident that

^  t  Pin’d- 
1 =  1

Therefore

XS I  Pil’d á  £  ft exp { -  na[2£(a,) -  «.-ft,, -  ,]}
i — 1 i=l

if Ra i<E(ai) for each /=  1, m.
Hence, if the conditions

Ra I <E(di) and ft,, <  2E^ — ^ -----— lnftn .

are simultaneously satisfied for each i=  l,m , then X=0 for па-юо.  Thus, there exists 
the embedding system of TUM-codes for which the conditions d ] , j > d l t are 
simultaneously satisfied for each i= l,m . Q.E.D.
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Asymptotically (na->oo) we may neglect terms — ln ßna in (13) and — In /?,ла,
a n„

i= 1, m, in (21). Therefore the functions öa{Ra) and öa <(Ra t), i = l ,m ,  may be written 
parametrically as follows

<5a - —  = sup
at ^ 0

2 ^ In q -  In £  exp { -  4a sin2 (jn/q)} - R a

Ra<\nq — In £  exp {—4a sin2 (jn/q)} 

in the case of TUM-codes and

(24)

j = 1

ö .4
2 2 ( In g — In £  exp {— 4a, sin2 (/я/qi)} ) —Ra i

=  sup _V----------- i l l ------------------------------i ---------
Па « 1 2  0  a,-

^a,i< ln <? —In £  exp {— 4a, sin2 (jn/q)}

(25)

j= 1
in the case of embedding system of TUM-codes.

Then it is possible to show analogically [6] that the lower bound on quantity 
őab(Rab, m) for TCUM(m)-codes in q-PSK systems is given by expressions

öab(Rab,m)= max
â, 1

(K M ,m - i+ l )RaA/m)) for m = const;

öab(Rab, oo) = max
Ra, 1

for m->oo. (26)

4. Summary

Functions 6 a(Ra) and öab(Rab, m) in q-PSK systems are represented in Figs 2-5. 
Curves l 1, l 2, l 3, l4 correspond to TUM-code, curves 21, 22, 23, 24 correspond to 
TCUM(l)-code, curves 31, 32, 33, 34 correspond to TCUM(5)-code and curves 41, 42, 
43, 44 correspond to the TCUM(oo)-code for q = 2, 4, 8, 16 accordingly.

The results of the computations show that when identical methods of coding 
are used, the systems with <j = 4, 8, 16 have approximately the same error-correctiong 
capabilities at low rates of transmission. With the increasing of rates systems with 
q= 16 become the best, then systems with q = 8 and then systems with q = 4. It should
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be especially noted the significant loss of systems with q  =  2 in comparison with other 
systems at any rate of transmission. The increase of concatenated codes’ order leads 
to amelioration of error-correcting capabilities and though in this respect TCUM(m)- 
codes are inferior in comparison with TUM-codes, we should take into consideration 
that the latter have substantially more realization complexity [6- 8]. This fact makes 
the usage of TCUM(m)-codes more expedient in communication systems.
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Границы свободного евклидова расстояния для 
различных систем модуляции и кодирования

В В З Я Б Л О В , С . А  Ш А В Г У Л И Д З Е , М  Г . Ш А Н И Д ЗЕ  

(Москва, Тбилиси)

Для оценивания корректирующих свойств помехоустойчивых кодов часто пользуются их 
минимальным хемминговым расстоянием. Однако этот критерий не всегда отражает реальную 
эффективность систем модуляции и кодирования, например, в случае использования многопози
ционных сигналов фазовой или амплитудно-фазовой модуляции. В таких системах помехоустой
чивость тех или иных кодов в большей степени определяется их минимальным евклидовым 
расстоянием.

В настоящей работе строятся системы модуляции и кодирования — оптимальные в смысле 
евклидова расстояния. В качестве системы сигналов применяется q-позиционная фазовая модуля
ция, а в качестве системы кодирования используются два класса q-ичных помехоустойчивых кодов 
— нелинейные решетчатые коды с единичной памятью (РЕП-коды) и нелинейные решетчатые
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каскадные коды с единичной памятью (РКЕП(т)-коды). Для указанных систем модуляции и 
кодирования получены асимптотические нижние границы квадрата свободного евклидова рассто
яния. Приведены некоторые примеры расчета по полученным формулам для случаев q =  2, 4, 8, 16.

Результаты расчетов показывают, что в случае использования идентичных способов коди
рования системы с <j = 4, 8, 16 обладают примерно одинаковыми корректирующими свойствами 
при малых скоростях передачи. С увеличением скорости наилучшими становятся системы с q =  16, 
далее идут системы с <j = 8, а затем — системы с  q  =  4. Следует особо отметить значительный 
проигрыш систем с q = 2 по сравнению с остальными системами при любых скоростях передачи. 
С ростом порядка каскадного кода улучшаются его корректирующие свойства, и хотя РКЕП(т)- 
коды проигрывают в этом отношении РЕП-кодам, следует учитывать, что последние имеют 
существенно большую сложность реализации. Это обстоятельство делает более целесообразным 
использование РКЕП(т)-кодов в системах связи.

B. В. Зяблов
Институт проблем передачи информации АН СССР 
СССР 101447 Москва,
ГСП-4, ул. Ермоловой, 19

C. А. Шавгулидзе, М. Г. Шанидзе
Грузинский политехнический институт им. В. И. Ленина 
СССР 380075 Тбилиси, 
ул. Ленина, 77
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AN APPROACH OF APPROXIMATING 
THE £-NULL-CONTROLLABILITY SET 

OF NONLINEAR NONAUTONOMOUS SYSTEMS
A. G. P l o c h o v , P. Bu r g m e ie r

(K ursk) (K ö th e n )

(Received September 4, 1987)

For general nonlinear sampled data systems approaches are given for approximating the 
£-0, or the O-controllability sets by use of Lyapunov-functions. They are illustrated by examples.

1.Introduction

Problems of controllability are undoubtedly of great practical importance. This 
also includes special investigations of the so-called controllability set (CS), the results 
of which can be utilized in different directions.

Of course, the statements on CS for nonlinear systems are not of such a generality 
as for linear systems. This leads to many investigations of special systems up to the 
detailed consideration of separate examples as the equation of Van der Pol with 
controls (for a summary look [1]). Because the exact determination of the CS is 
obviously complicated, approximations of it are obtaining justified importance. So, 
the general investigation of the synthesis problem by Korobov [2] leads to a variant 
of the estimation of the CS from the inside, whereby so-called controllability-functions 
are used, in special cases these are Lyapunov-functions. With the help of such functions 
direct approximations from the inside are recommended in [3] and from the in- and 
the outside in [4]. In [5, 6, 7] other ways are shown opening practically the possibility 
for the estimation of the appropriate ranges. All that, however, refers to autonomous 
systems.

Results for nonautonomous systems are very rare. Here, the dependence of the 
CS on the initial time t0 is to be considered additionally. Controllability conditions 
for such systems were obtained by linearization in [8, 9] and by the use of 
controllability functions in [10]. Statements on CS itself are unknown to us.

Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford
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2. Notation and formulation of the problem

Consider the system

x(t) = f(x(t), u(t), t) (1)

with /(•) :X *  U *  T-*R", X^R",  OeintX, U c R m, U compact, m ^ n  andT=[f0,oo]. 
Let/( ■) be constrained on X  *  U *  Tby M e R += { z e R : z >  0}, e.g. || f (x ,  u, t)\ \^M 
for all (.x, u , t ) e X  *  U *  T,\\-\\ denotes the Euclidean norm.

As admissible controls we consider the set D°(T, U) of piecewise continuous 
functions from T into U and assume further that for each admissible control (1) with 
the initial condition x(i0) = x °eX  has a unique solution

x(t) = x(t; t0, x°, u( •)), t ^ t 0.

This is the case, for example, if /  and f x with respect to x, u, are continuous, and f  
with respect to f, is piecewise continuous [ 11].

Definition. System (1) is called e-0-controllable from x°e  A- iff

V 3 3 .x(r,;f0,x°, u( ))eS(e)
f>0 iieT u( )eD°(T-.V)

with S ( e ) =  { z e  R " : \ \ z \ \ < e } .

The set of all these points x° e X  is called e-Null-controllability set (е-0-CS) of 
system (1). □

There are a lot of papers dealing with this kind of controllability in different 
variants and for different systems. Most of them contain derivations of controllability 
criteria (necessary or sufficient or both of these) for various linear systems, for instance 
for autonomous systems without control-restraints in [ 12], with restrained controls 
in [13], with time lag in [14], for multipass systems described by ordinary differential 
equations in [15], for systems in Hilbert spaces in [16] and [17], for uncertain systems 
in [18] and for these with incomplete information in [19].

The relation between the 0-CS and the е-0-CS of linear autonomous systems 
by special restraints of control is discussed in [20].

For bilinear [21], [22] and general autonomous nonlinear systems [23], [24] 
often the global e-O-controllability, i.e. e-O-CS = K\ is considered. For this in many 
cases Lyapunov-functions are used, the existence of which in connection with these 
questions is discussed in [24].

In this paper we deal with the approximation of the £-0-CS, when it is not the 
whole space, also with the help of such functions.

Hereby let be a Lyapunov-function such a positive definite function V( ■) for 
which K( •) e C°{X *  7]R), V( ■) e C ‘(X\{0} *  7]R), and K(0,f) = 0 on T  holds.
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A necessary and sufficient condition for V( •) to be positive definite is that there 
exists a function t>(-)eC°(X; R) (X is the closure of X) with i>(0) = 0 and e(x)>0 for 
x e X\{0} such that

K(x, f)^u(x) for all (x, f ) e X * T  (see [25]). (2)

denotes the set of all Lyapunov-functions. Further the following notations are used: 

Q(t, c)= {xe X: K(x, i)<c}, c e R  + ,

D(c) = {x e X: v(x) < c}

D(c, e) =  D(c)\S{e)

B(E, ri)= {x e X: inf IIjc — y ||<>7} where E c X ,
yeE

G(c, E, e, r/) = D(c, e)nB(E, tj)

W(x,u,t)=V,(x,t)+ £  VXi(x,t)f(x,u,t).
i — 1

Below we consider such ce  R+ for which D (c)sX  and further let D(c) be constrained 

for all c. A sufficient condition for this constraint is lim r(x)=oo (see [26]).

3. Main Result

Theorem. Suppose, there exist a number ce  R + and functions V( •)e i f ,  
W*( )eC°(X  *  U,R), and Ф ( ) е С 1(Х *  T, R) such that the following conditions 
hold:

(VI) W(x, и, t) ^  W*(x, u) for all (x, u, t) e X  *  U *  T;

(V2) min W*(x, u )^0  for all xeD(c),
ueU

(£ =  {xeX :m in W*(x, u) = 0});ueU
(V3) IФ(х, t)| Sjb for a b e R + and all (x, t ) e X  *  T\
(V4) for each ее R + (with S(e)c:D(c)) there exist numbers 4 , £eR  + and a decompo

sition of G =  G(c, E, e, /7) in G, and G2 with the distance d(G,, G2)> 0  such that 
for each x e G  there is a UeU satisfying the inequalities

W*(x, u ) ^ 0  and
•Е(х,и,г)> £, for x e G ,
Ф(х,й,1) < —(, for x e G 2’
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here is

4J(x,u,t) = 0,(x, t)+ £  <PXi(x, t)f(x, u, t);
i= 1

(V5) for a function w( ■) e C°(R' R) with w(0) = 0 holds

I 4>(x\ u, t ) ~ ^ (х 2, и, t)| ^  wdlx1 - x 2||) 
for all x 1, x2 6 A" and (u, t )eU  *• T.

Then the е-0-CS of system (1) contains the set Q(t0 ,c).
Proof. Obviously 0 e int ß(t0, c) and because of (2) Q(f0,c)cD(c). Hence from 

now we can consider such Ее R + for which S(ß)cß(t0,c)c£)(c) holds. For these we 
introduce the sets

H = H(c,e, t]) =  D(c, e ) \ B ( E ,  17/2)
and

G = G(c, E, e, rj) = D(c, e)nß(£, rj)

and remark that H is compact and that D(c, e) £ H u G. We shall show that each point 
x °6 ß(i0,c) for arbitrary given EeR+ can be steered in S ( e )  in finite time. For this 
an admissible control is constructed depending of x° e H or x° e G that the appropriate 
trajectory remains in D(c) but not in H or G, respectively, and finally always leeds 
into S(e).

A. Let us consider the set H.

Al. First it is shown, that there is a ßeR+  with sup min W*(x, u)= - ß .
x e H  ueU

Assume that ß = 0. Then there exists a sequence {(xJ, tF)} c= H *  U with 

lim W*(xj, nJ) = 0, where uJ satisfies the condition W*{x\ uJ) = min W*(xj, u). From
j~* oo ueU
this one can select a partial sequence {(x\ u*)} converging against (x*, u*) e H *  U, for 

which in consequence of the continuity W*(x*, u*)= lim W*(xk, uk) = 0 holds. Hence,
k-> oo

there are x* e E which contradicts the definition of H.

A2. Suppose that x e H, f ̂  f0 and ü e U such that W*(x, ü) = min W*(x, u). The
^ ^  ue U

trajectory x(t) = x(t; t, x, ű) starting from x at the time t by the given control u( • ) = u 
satisfies, for r2 = r t = ^ the inequality

ll*(í2) - x ( r 1) ||á  'S II /(x(t), й , Oil dt й  M(í2 -  íj) (3)
о

while x(f) remains in X. For W*( •) it is uniformly continuous on the compact H *  U, 
for all у e R+ there is a A e R+ such that | JT*(x2, ú)— W*(xl, i2)| < y, if ||x2 — x11| <A
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for arbitrary x1, x 2 e H, and u e U .  Hence,

W*{x{t;t ,x,u),ü)<-ß/2,  (4)

when y = ß/2, x ‘ = x , t ,= t  and ||x(r) — x ||< d , which is satisfied because of (3) for 
0 < t —t< S=  A/M. Therefore, there is a ö e R + independent of t e  T, and x e H(c, e, tj) 
such that (4) holds while 0 <t — t<S.

A3. Suppose x° 6 Q(t0, c)r\H(c, e, r\). Then the control u( •) with

{u° for t e [t0, to + <5]

u1 for i e [t0 + (5, t0 + 2(5]

where u' is chosen from W*(x\ u‘)=  min W*(x‘,u) as long as
u e V

x‘ = x(í0 + iá; t0 + (i— 1) ,̂ x‘~l , u‘~ *) e H(c, £, r]\ i > 0,

has the following effect: Because of the appropriate trajectory for the sake of (VI) 
and (4)

v(x(t))^V(x(t), t)=K(x°, f0)+ j fV(x(s), u(s), s)ds^
ÍO

SV(x0, t 0)+  J M/*(x(s),u(s))dsS 
<0

^  K(x°, f0)- (ß/2) ( t - t 0) < c - OS/2) ( i- 10)

holds, on the one hand it cannot leave D(c), on the other hand, however, it not 
remains in H(c, e, 4 ) longer than 2c/ß. Therefore the control constructed in such a 
way steeres the state x° either in S(e), thus proving the theorem, or in G(c, E, e, rf).

B. Let us take up G.
Bl. Assume x e  G(c, E, e, rj), T e T  and й are chosen according to (V4). Then 

there is again by reason of the uniform continuity of W* on the compact G *  U and 
of (V5), for each y e R  + , ( , e / ? + a d , e R + such that for all x e G as well

I W*(x, ii)— W*(x, м)|< у as I V'fx, u, t ) — Ч*(х, й, f)|<Ci

are satisfied, if ||x — x|| < A t . Suppose A x <d(Gt , G2). With (3), in analogy to A2, there 
exists a S' = A J M  such that for the trajectory x(t) =  x(f; t, x, ü)cG(c, E, e, rj) holds

fT*(x(f), u)<y (5)
and

|*// (x(f), Ü, t ) - f 'f x ,  U,f)|<Ci, (6)

while 0 < t  — T<S' and x(f) does not leave G.
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Because 4'( ■), with respect to t, is also uniformly continuous on each compact 
T z  T  for each (2e R + there is a S" e R + for which | V'jx, и, t ,)— V'fx, u, f2)| < C 2 holds 
for arbitrary (x,u)e X  *  U and t ,,  t2 e T', while |fj — t2 \<0". With this from (6) it 
follows that I T(x(f), ü, t)— 4*(x, ü, f )< (i +C2 which implies by +C2 =  (/2

V'fjcfO, й, i)< — C/2, for x e  G i ( c ,  E , e , r ] )

V'(-x(r),M,r)> C/2, for x e G 2(c, E,e,ri) (7)

if 0 < t  — Fee), =min {<5', S"} and x(f) remains in G.
B2. As in A2, áj is independent of x and t, and, therefore, it always allows the 

construction of an admissible control in the same way. Assume the initial point 
x° e Q(t0, c)nC(c, E, e, q )  at the time t0. Then one constructs u( •) such that

for f e [f0, t0 + ^i] 

u(t) = l  u1 for í e[f0 + ̂ i, t0 + 2á,]

where u‘ is this time chosen according to (V4) as long as the points

x1= jc(t0 + ; f0+ (i— 1)<5j , x‘~ \  й‘~ *), i^O, x° = x°,

belong to Gj(c, E, e, r\) and G2(c, E, e, r\), respectively. For the appropriate trajectory 
x(t) = x(r; t0,x°, u( ■)) then with (V3) and (7) holding

2b ШI Ф(х(1), t) — Ф(х°, f о) I = I T'ixf.s), u(s), s)ds

= J |V/(x(s),u(s),s)|<fs>(t-i0)C/2.
to

Hence x(i) cannot remain in Gt and G2, respectively longer than 4b/£.
On the other hand, this trajectory cannot leave D(c). This is why, with (5), the 

following is true:

u(x(f))^ K(x(f), f) =  K(x°, t0) + J fTfxfs), u(s),s)ds^
to

gK (x°,t0)+  j lF*(x(s),u(s))ds<
to

< K(x°, t0) + У(t -  fо) < V(x°, t0) + y4b/C.

Since K(x°, t0)<c, there is an ae  R+ with K(x°, t0) = c — a, and that is why the above 
statement is true by choosing y<a£/4b. Therefore, x(t) leads from G(c, E, £, t]) into 
S(e) the theorem is proved) or into H(c, г, rj).
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C. To be done is the case that a trajectory according to A3 and B2 changes 
several times from G into H and back without reaching S(e). In this situation there 
are three times t, < i 2< i3 at which the change from G into H, from H into G and, 
finally, back to H takes place. Hence, E) = d(x(t3), E) = q and d(x(t2), E) = rj/2.
So from

7/2 áll* (í2) - * ( t i ) l l á  í  ||/(x(í),u(í), t )\ \dt^M(t2 - t l)11

follows that t2 — t l 7iri/2M. In [ i l5 r2] the control is constructed according to A3, in 
[f2, f3] according to B2. By this we obtain

K(x(t3),i3) =  V(x(tl),tl)+ j W(x(t),u(t),t)dt^
11

^  K(x(tj), i,)+  j W*(x(t),u(t))dt<
<1

< F(x(f,), t j ) - ( t 2- r,)j8/2 + (i3- i2)y <

< Kjxjfj), t^-ßrißM,  
if у <min {aC/4b, Cßrj/32bM} is chosen.

Hence only a finite number of changes of the trajectory from G into H and 
back can occur, and the trajectory must lead into S ( e ) in finite time. The theorem is 
completely proved. □

Remark. A similar method based on the application of several support functions 
(so-called vector-Lyapunov-functions) was used by Matrosov [27] in order to 
investigate the properties of solutions of systems of differential equations.

4. Examples and corollaries

Example 1. Suppose the system is described by 

x l(t)=p(t)x2(t)

X 2  (t) =  x 2(t) -q(t )xßt)  +  g(x2(t)) +  u(t) (8)

with X = {x 6 R2: |xj | <a, \x2\ < 1}, a e R + , U = [ — 1,1], T= [r0, 00], 

p ( ) e C \ T , R ), p(í) = P>0, PlÜP(t)üO, te T , 

q( ) e C l(T,R), < f(í)^> 0 , q(t)ü0, t £ T, 

iK’j e C 'Q - l ,  1[; R), g(0) = 0, x2Í/(x2)^ 0  for all |x2| < 1.

3
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Let us consider the Lyapunov-function V( ■) with V(x, r) =  0.5(<j(t)xf+ p(t)x2), which 
is positive definite by (2) with r(x) = 0.5(^xf +  px2). Then it is

W(x, u, t) =  0.5(4(t)xf + p(t)xj) +  p(t) (x\ + x 2g(x2) + x 2u)

and one can choose as W*(-)  a function W*(x, u)=p(t0) (xj + x 2u) to satisfy (VI). 
Obviously at the same time (V2) is satisfied because of

min W*(x, u) = p(t0) (x22 - 1 x21) ̂  0
u e U

for all x e  X,  and it is E = {x e X :  x2 =  0}.
The three other assumptions of the theorem can be satisfied e.g. by a function 

Ф( ) of the form Ф(х, и, t) = x 1 —p(t)x2, where (V3) holds since p(t0)^p( t ) ^p-  With 
Ф(х, и, t)= — p(t)x2 + p(t)(q(t)xl —g(x2) — u) the inequality

I П х 1, и, t) -  *P(x2, u, t)I g  I -  p(t)|| x ‘ -  x i I +

+ \p(t)q(t)\\x\-x2i\ + \p(t)\\g(xl2) - g ( x 22)\ü

ü ( - p i +p(t0 )‘l(t0) + p(t0)L)\\x1 - x 2\\

implies (V5), where L ^ |g '(x 2)| for all |x2|< l .
Still to be proved is (V4). For this purpose assume £ e Ä + and ce  R+ such that 

D(c) = { xe  R 2: </x2 + pxf ^  2c} с  X. Furthermore, suppose only q<E, then

G(c,E,£,q)={xe R2: Ix ^ ^ / e2 - q 2, \x2 \<q, x e D(c, e)}

can be broken up into sets Gj(c, E, e, q) with x ^ y / e 2 — q2 and G2(c, E, e, q) with 
Х х й - у / ё  — q2 in the required sense. If one chooses for a given xeG(c, E, e, q) an 
admissible control ü(-) of the form й = —х 2, then fF*(x,u) =  0 holds. Under the 
assumptions on g(-) we have \g(x2)\<pqe/16p0, while \x2 \<q^~ m\n {pqe/\6 p0, 
pqe/\6 p0 L}, where p0= min {p(t0), |p21}, and \g(x2) - x 2\ <pqE/Sp0, when |x 2|<P72. 

Setting q= min {̂ 7,, e/4} we obtain for xeG,(c, E, e, q),

Ф (х,М )^ - | p , |  \x2\ + pqy/E2 - q 2 - p ( t 0) \g(x2) — x 2 \>pqE/2 

and for x e G2(c, E, e, q),

¥'(x,ü,í)g;|pI | |x 2| - p q s j t 2 - q 2 +p(t0) \g(x2) - x 2 \<-pqE/2.

With this also (V4) is true and, therefore, system (8) is £-0-controllable from each 
point of the set

ßUo, c) = {x € X: q(t0 )x2 + p(t0)x2 < 2c}.
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Remark. The simple linear autonomous system, which can be derived from the 
above example by setting p(r) = 1, q(t)= 1 and g(x2) =  0 for all x, t, is considered in [28].

All further examples are to demonstrate the applicability of the theorem and 
at the same time to indicate some variants of the choice of the Lyapunov-function 
V( ■) without carrying out the approximations in detail.

Example 2. Suppose the system

x 1 = p(t) [ / ( x  i(i), x 2(t)) + и (i)]

x 2 = h(xl(t)) (9)

satisfies the following conditions:

fo>0, l/ = [ —1,1], p ( ) e C l(T,R), Q<p(t0 ) £ p ( t ) S Pl, р Ш  0, t e T ,

/ (  )eC '{R2; R), / ( 0,0) =  0, h( ) e C l(R; R), x,A(x,)>0 for
JCi

X [#0, lim J h(s)ds = oo.
IJC j I —► 00 0

V( ■) with K(x,t) = 0.5x1 +
Xi

(l/p(t)) J h(s)ds proves to be a suitable Lyapunov-function.

For it we have

W(x,u,t)= —(p(i)/p2(f)) j  h(s)ds + h(xi) [ / ( x 1 , x 2 ) +  u] +  x 2A (x 1)

such that with W*(x, и) =  А(х1) [ / ( х 1,х 2)+ х 2 + и] (VI) is satisfied. Based on the 
assumptions on / ( •) and h( ■) there is a set Q = {x e R 2: |/ ( x , ,  x2) + x2| <  1} in which 
lT*(x, u ) ^ 0, when

j  — 1 for x, 5:0 
( 1 for x, < 0

and in which is E = {x e R2: x t =0}.
The function Ф( •) can simply be chosen as Ф(х, f) = x ,, so that (V3) (assume 

A" is accordingly fixed in a suitable way) and with Ф(х, и, t) = p(t) [ /(x ,,  x2) +  u] also 
(V5) are satisfied.

Let e e R + and c e R + be given such that D(c, e)<=Q, then G(c, E, e, i/) = 
=  {x e D ( c , e): |xj|<»7, | x 2 | ^.^/e2 — rj2} can be broken up into Gi and G2 analogously 
to example 1, when rj <e. By choosing u=  —/(x, x2) —x2, for x e G(c, E, e, q) is n e V 
(since x e Q )  and W*(x, u)=0. In addition to that

Ч/(х,й, t)= - x 2p ( t ) g - y/ e 2 - r / 2 p(t0) when x2^  y/e2 - r j 2

3’
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and
4'(x,ü,t)= - x 2p(t)^ ^ /e2 — P72p(i0) when x 2 ^ - J e2 - r]2.

Hence, (V4) also holds.
Therefore, all conditions of the theorem are satisfied in Q(t0, c ) e g  and (9) is 

£-0-controllable from each point of Q(t0, c).
Some corollaries can be deduced from the theorem and its proof respectively. 
Corollary 1. If

AS(x°, t) = {x(f; i0, x°, «( ■)): u( •) £ D°([i0, t]; U)} 

denotes the attainable set of system (1) from x° at the time t, then the set 

{x° £ R": 3 AS(x°, t)nQ(t, c ) # 0 } belongs to e-O-CS of the system. □
lito

The approximation of the range looked for is essentially simplified if one 
succeeds in finding a Lyapunov-function with negative “derivative”.

Corollary 2. If the two functions V ( ) e £ E  and W*( ■ )e  C°{X *  l/; R) satisfy 
conditions (VI) and

(V2') min W*(x, u)<0 for all x e D(c)\{0}, c e  R + , then Q(t0> c) belongs to the e-O-CS
ueU

of system (1).
Proof. In analogy to A1 (in the proof of the theorem) there is a ß x e R+ with 

sup min W*(x, u) = —ßi.
xeD(c.e) ueU

With A2 and A3 the trajectory from x° £ Q(t0, c) constructed correspondingly cannot 
leave the range D(c). However, it cannot remain in D(c, e) longer than 2c/ßu either. 
Therefore, it must lead into S(e). □

Example 3. Consider the system

x,(t) =  x 1(f)/(x1(t), x2(t))

X2(t) = X2( t)g(xft\  x2(t))+u(t) ( 10)

with the following assumptions: / ( • ) ,  g ( ) ^ C l(R2\ R), / (0 ,0) = g (0,0) =  0, f(x)< 0 
for all x £ R2\{0}.

Then with the Lyapunov-function К(х) = ч/ х 2 + x2 we obtain

W*(x, u)= W(x, u) =
x j f ( x )  x 2(x2g(x) + u)
X? + x2 x 2 + x\

=  y / x \  + x |/ (x )  + (x2g(x)-  x2/(x ) + u ) x 2l j x \ + x \  <

< {x2(g(x) -  /М )  + u)x2l j x \  + x\  й  0
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when _  Г—Í, for x2^ 0
{ 1, for x2<0

in a range Q = { x e R 2: |x2| \g(x) — f{x) \ < 1}. Hence, each point of D(c)czQ is 
E-O-controllable.

If instead of (1) an autonomous system

x(t) = f(t),u(t)) (!')

is given with the same or appropriate assumptions and if !£' denotes the set of positive
n

definite Lyapunov-functions K( ): Rn-*R, and W{x, u) = £  Vxi(x)f(x, и), then we have
;= l

Corollary 3. Suppose c e R + , K( ■ )e i f '  and Ф( • )e C 1(Rn; R) such that

(i) min W(x, u)̂ 0 for all x e D(c);
u e U

(ii) for each ее R + (with S ( e ) c £ )(c)) there are such q, £ e  R+ and a decomposi
tion of G(c, E, e, q) in G,(c, E, e, q) and G2(c, E, e, q) with the distance d(Glt G2) > 0, 
that for each x e G there exists а й e V satisfying the inequalities

W(x, u )^0  and
f Ч/ (х,и)> C, for x e СДс, E, e, q) 
{ V(x, й)< -  Í, for x e G2(c, E, E, q)'

Then the set D(c) belongs to the е-0-CS of system (Г). □

Remark: Essentially this corresponds to Theorem 1 in [4]. If for (Г) in addition 
we assume local O-controllability, then with D(c) one obtains an approximation of 
the 0-CS of (T) from the inside.

5. Conclusion

The method recommended above is, as far as we know, the first approach for 
approximating the е-0-CS or the 0-CS of such general nonlinear systems under the 
given assumptions. Of course, in concrete examples to prove the validity of the 
conditions of the theorem (especially (V4)) can be cumbersome. Therefore, the question 
arises whether, on the one hand, simplifications of the method or, on the other, its 
numerical realization are possible. The authors continue their work in both directions.
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EQUILIBRIUM EXISTENCE FOR SOME 
HEATING CONTROL SYSTEMS

S. A. B r y k a l o v
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The paper deals with the steady state existence problem for the feedback controlled heating 
of a rod or a ring. It is supposed that parameters of a distributed heat source and a finite number 
of point sources depend upon the temperature distribution because of the feedback. We use nonlinear 
boundary value problems for functional-differential equations to characterize time-independent 
temperature distributions.

Introduction

Various feedback controlled systems are widely spread in many branches of 
technology. A control law being chosen and fixed, the feedback control device governs 
the process taking into account its parameters at the present moment. One of the 
problems naturally arising here is the question whether there exists an equilibrium. 
That is, the question whether the parameters of the process guided by a given control 
law can be time-independent.

The present paper deals with the above mentioned problem in the case of 
heating control, in which a steady state of the system corresponds to a time- 
independent temperature distribution over a body being heated. We suppose that 
the body is one-dimensional (e.g. a rod, a ring), or at least that the considered 
temperature distributions are one-dimensional (e.g. due to radial symmetry). The 
heating is carried out by a distributed heat source and a finite number of point 
sources. The point sources of three types are of interest to us: those enabling the 
feedback device to control 1) the released heat flux, 2) the temperature, 3) the process 
of heat exchange in accordance with Newton’s cooling law. The parameters of the 
sources, including the coordinates of the point ones, are appointed by the control 
device, which takes into account the distribution of temperature. It is supposed that 
these controlling parameters depend on the temperature distribution continuously.

In Section 1 we consider one special case concerned with rod heating, the 
problem statement is given, and the result is formulated. Ring heating is dealt with

Akadémiai Kiadó, Budapest 
Pergamon Press, O xford
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in a similar way in Section 2. For the sake of simplicity in these two sections we 
restrict ourselves to some particular cases and the question in the terms of heating 
control is discussed. Section 3 is devoted to the general case of this problem considered 
as,a mathematical one and sufficient conditions for the existence of solution for some 
nonlinear boundary value problems for functional-differential equations are dealt with.

All the functions mentioned in the present paper are scalar. As usual, Cm[a, b], 
mSgO, is the space of m-times continuously differentiable functions, and L?[a, b~\,q^ 1, 
is the space of Lebesgue measurable x( ■) with integrable |x( ■ )|*. We denote by CL%[a, b], 
mSi 1, the subspace of such x( •) e Cm_1[a, b] that x<m~u( •) is absolutely continuous 
and x,m)( •) 6 L4[a, b]. The norm can be given by

l|x(-)!lcLJ. = l|x(-)llcm-.+ l |x (m)(-)llL,.

1. Problem statement. Case of rod heating

Let us discuss one particular case of the problem concerned with rod heating. 
Consider the axis s directed along the rod. Denote the coordinates of the rod ends 
by a, b,a<b. Let x(s) denote the temperature distribution over the rod. The thermal 
conductivity k(s) depends upon the point s. The density of a distributed heat source 
is — b(s)x(s) + /(s). Three point sources are placed at the ends a, b and at a variable 
point Sj. The temperature of the ends a, b is kept equal to T1; T2, respectively. A 
heat flux q is released at the point Sj. It is supposed that the parameters characterizing 
the heating process take values in bounded sets. The change of e [a, b] corresponds 
to the motion of the point source along the rod. It is natural to suppose that in cases 
st = a, s, = b the temperature of the rod ends is still kept equal to Tk, T2. In other 
words, the point sources at the rod ends are powerful enough to compensate the heat 
flux q.

The process of rod heating is controlled by a feedback device. The input of the 
device is the temperature distribution x( • )e C°[a, b]. The output is the collection of 
the parameters k( • )eC*[a,b], h(-), / ( ) e C ° [ a ,  b], T,, T2, q, Sj e R satisfying 
inequalities

0 <ek^ k ( s ) ^ N k,
T s (s)

ü N k, 0 ü H s ) Ü N h, I f ( s ) \ £ N „ ( 1 )

I T ^ N t  0= 1,2), \ q \ ü N 4, a ü s ^ b  (2)

where ek, Nk, N h, N f , N T, Nq are fixed numbers. The parameters corresponding to 
a temperature distribution x( •) are denoted by /c(x( •), s), h(x( •), s), /(x( •), s), T,(x( •)), 
Т̂ (л:( •)), q(x( ■)), Sj(x( •)). The dependence of the output parameters upon the input 
data is given by a single-valued continuous mapping. In the present paper it is
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supposed th a t this m apping is fixed, and so the question of contro l law choice is not 
touched upon. It should be mentioned that heating control law choice problem s are 
investigated by many au thors from the point o f view of various formalizations [1 -7 ]. 
A problem concerned with heating of a rod by means of a m ovable point source is 
considered in [4] within the framework of differential game theory.

It is clear on physical grounds that the tem perature d istribution  x(s, t) in general 
is tim e-dependent. So are the param eters describing the heat sources. Because o f the 
control device the param eters of the heat sources depend on the tem perature 
distribution, which in its tu rn  is effected by the heat sources. In this paper we confine 
ourselves to  considering tim e-independent tem perature d istributions x(s) only. It can 
be shown th a t there always exists such an equilibrium of the above described rod 
heating contro l system.

In o rder to  characterize the tim e-independent tem perature distributions con
sider the boundary  value problem  for the functional-differential equation

j $ (k(x (■), s) ̂  (s)) -  h(x( ■), s)x(s) +  / ( x (  •), s )= 0 ,  (3)

x ( a ) = T l(x( ) l  x (b)=  T2(x( ■)), (4)

^ ( s i ( x ( ) ) - 0 ) - ^ ( s 1( x ( ) )  +  0) =  ß ( x ( ) ) ,  if S t ( x ( ) ) ^ a , b  (5)

where Q(x( ■ )) =  (k(x( ■), s,(x( ■))))~ ’д(х( •)). Let x( ) be C°-function on [a, b] and 
C 2-function both  on [a, s ,(x ( •))] and [s,(x ( •)), b]. Equation (3) should be fulfilled 
for s # s ,( x (  •)). Boundary condition (5) contains one-side derivatives at the variable 
point s,(x( )) dependent on the solution. If S!(x( )) =  a o r s 1(x( )) =  b, we suppose 
that (5) is valid. This agreem ent can easily be interpreted in term s of point sources.

Thus the solutions x( •) satisfying s ,(x( • )) =  a or s ^ x j  • )) =  b are subject to  the 
two boundary  conditions (4). In case a <  Sj(x( •)) <  b the additional boundary condition
(5) is necessary because of the discontinuity of the first derivative. A ccording to 
Theorem 1 stated in Section 3 below, there exists a solution to  (3), (4), (5) showing 
the existence of a time-independent tem perature distribution.

2. Case of ring heating

In the case presented in Section 1 the tem perature of the rod ends and the heat 
flux released by the m ovable source are controlled. It is clear, however, th a t this 
problem statem ent is not the only possible one. We can com bine boundary conditions 
chosen for each of the points independently. Besides of dealing with the tem perature 
and the heat flux we can as well consider the heat exchange in accordance with
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N ew ton’s cooling law. All these problem s can be dealt with simultaneously. For this 
purpose boundary  conditions of a somewhat m ore general type should be used. In 
the present section we give an exam ple of such a problem  for the case of ring heating.

As in the previous section, s takes values between a and b. Thus, we identify 
the ring with the half-open interval [a, b) shaped so tha t its ends coincide. In addition 
to  the distance | ß — a. | on [a, b) we need the m etric p( a, /J) =  min { \ß  — oi\ ,b—a — \ß — oi\} 
equal to the length of the shortest of the two arcs connecting the points a, ß. The 
mappings k(x( ■), s), h(x(-), s), f ( x ( ) ,  s) satisfy all the above im posed conditions 
including the inequalities (1). Let k(x(-),  a) =  k(x( ), b) for all x( •). For the sake 
of convenience the functions x, k, h, f  are supposed to  be defined on the closed interval 
[а, Ь]. There are two movable po in t sources. T heir coordinates s ^ x i  •)), s2(x( •)), 
depend on x( •) because of the feedback. M appings C° э x( • )->s,-(x( • ))e [a, b) are 
continuous in the sense of the m etric p.

The heat fluxes q { , q2 released by the po in t sources satisfy equalities

/фс(-))<?.= — A((x( • ))х(5Хх( •))) -1- V|(x( •)), i = l , 2 .  (6)

Coefficients /q e [ 0 ,  N J ,  A ,e[0 , N J ,  vf e [  — JV„, N v] are continuous in x ( ) e C ° .  
They depend on x( •) due to the feedback contro l device. The constan ts N^, N x, N v 
are fixed.

In case p,{x( ■ ))=0,  A,fx( - ) ) s l  equality (6) takes the form x(s,-(x( • ))) =  v,-(x( •)) 
corresponding to  the control o f the tem perature a t the point s,{x( •)). If p,{x( • ))=  1, 
A;(x( ))sO  we have qt =  v,(x( ■)), and  the heat flux released at the point Sj(x( •)) is 
controlled. The equality

<h = -  °ti(x( •)) (x(s,<x( •))) -  H x( ■))) (7)

is also a special case of (6). H ere a ; ^ 0 ,  $ , e [ — N s , iV9] are continuous in x ( • )e C ° . 
Equality (7) corresponds to the heat exchange w ith the heat flux in proportion  to the 
tem perature difference. The tem perature 3,- and the constant of proportionality  a, are 
regulated by the control device. The connection between the coefficients of (6) and 
(7) can be given in the form

A*X*( ■)) =  ( ! +«i(*(’» Г 1,

A,fx(-)) =  a 1<x(-))(l +  a,<x(-Г 1, 

v,{x( •)) =  3,(x( • M x (  • ) ) ( ! +  Xi(x( •)))"1.

These formulae guarantee the boundedness of ph A,, vf and fulfilment of (11) imposed 
below.

By 1  denote the function such that / (0 )=  1, x(z) =  0 for гфО.  Thus 

q a ( s - s x(x(-))) + q2i ( s - s 2(x(-)))

equals to the heat flux released a t a point s by the point sources. This expression
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takes one of the values 0, q x, q2, + q 2- O n the other hand, the heat flux in question
can be written down with the help of the derivatives of x on the left and on the  right. 
Equating the two expressions we obtain

/  dx dx \
f c ( x ( ) , s ) ( — ( s - 0 ) - — (s + 0)J =

=  <? 1 X(s -  s ,(x ( •))) +  q2l ( s  -  s2(x( ■))) (8)

in case s e (a, b), and
/ dx dx \

k(x ( - ) , a ) l — (b- ° ) - — (a +  0 ) \ =

=  <7iX(a -  «i(*( •))) +  q 2X ( a -  s2(x( ■))) (9)

for the point a. Continuity of the tem perature distribution a t the point a gives

x(a) =  x(b). (10)

A solution to the boundary value problem  (3), (6), (8), (9), (10) is the trip let x( ■), 
q ly q2. The function x( •) is continuous. Its first and second derivatives are piecewise 
continuous. Equation (3) should be satisfied for every s except for the p o in ts  of 
discontinuity of the first and second derivatives. Condition (8) should be valid  for
s e (a, b).

Let us suppose that for some e> 0 and all x( • )e  C° the following inequalities
hold

Mi(x( ■)) + A,-(x( ■)) =  £. i = U ,  (11)

M iM -)) +  / i2 M '))  +  p (si(x (-)), s2(x( - ) ) )^ £ , (12)

i i (x ( - ) )  +  22(x (-))+  j  h(x( -) ,s)ds^E.  (13)
a

Then Theorem  2 of Section 3 below implies the existence of a solution to the boundary  
value problem  (3), (6), (8), (9), (10) and thus implies the existence of an equilibrium  
of the control system under investigation.

Assum ptions (11), (12), (13) prevent the boundary value problem from  de
generation. Inequality (11) forbids /i,, A, to vanish simultaneously. Thus (11) m akes it 
impossible for (6) to  take the form 0 = 1 . Inequality  (12) excludes the case

bi ~ b 2 — vi = 0 , s l = s 2 =  a, A!=A2 =  v2 = 1

in which the two boundary conditions (6) take the form x(a) =  0, x(a)=  1.
Sim ultaneous vanishing of all the three terms in (13) means tha t neither 

distributed nor point heat exchange takes place. Thus (13) excepts the case of the
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thermally insulated ring effected by distributed an d  point heaters. It is clear on physical 
grounds that in th is case the tem perature should increase in the course of time because 
of the absence o f heat sinks, and  so there are  no time-independent tem perature 
distributions.

It is n a tu ra l to try to  replace (11), (12), (13) by the assum ptions th a t the 
corresponding expressions are no t equal to zero. It can be shown, however, that 
neither of (11), (12), (13) can be relaxed that way.

The equilibrium  existence results for feedback heating contro l systems stated  
in Sections 1 and  2 can be generalized in some respects, the m ain of which are  the 
following. Any fixed finite num ber of point sources can be considered. The d istributed  
heat source density  may be discontinuous (Lebesgue measurable). The control device 
takes into account not only the  temperature distribution x( •) e  C° itself bu t also 
some inform ation concerning its derivative (which is connected with the heat flux 
along the rod o r  the ring). In the present section we deal w ith the m athem atical 
aspects of the problem  in general case.

Consider a  boundary value problem generalizing (3), (4), (5). Fix some r, q e  [l,oo). 
Let continuous m appings be given transform ing a function x ( • ) e  CL,Í[íj, b] into 
functions

3. The general case

k(x( ■), • ) e  C L‘[a, b], b(x( •), • )e  L ,[a , b], / (x (  •), • ) e  L ,[a ,b ]

and numbers

a m - ; .  .................................. ................................................... ,  ( i4 )

The numbers JVM, N x, Nv, ek, N k, N k, Nf  are fixed.
For instance, the conditions imposed on /  are fulfilled if

/ ( x (  *), s)=  (p{s, x(s), (s)),

where cp: [a, b] x R2-+R is a bounded C arathéodory  function. The following can be 
mentioned. The considered m appings are supposed to be continuous in the sense of
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the norm s CL),  CLq, Lq. In Sections 1 and  2 the norm s C°, C 1, C° are used instead. 
Thus, in the present section we impose less restrictive continuity  assum ptions than 
in Sections 1 and 2.

Let S denote the set of all the functions x( •) e C°[a,  b] such that there exists 
some finite partition a — ^0 < ^ l < . . . < ^ m =  b (dependent on x( •)) with the following 
property. For each i the function x( •) considered on [£,, £,i+1] is C Z£function. Thus 
a function belonging to  S is continuous, its first derivative is piecewise continuous, 
its second derivative to  the power q is integrable.

C onsider the problem

— (/c(x( ■), s) ̂  (s)) - h ( x ( ) ,  s)x(s) +  f ( x (  •), s) =  0, (15)

/  dx dx \
fc (x () ,s ) i  —  ( s - 0 ) -  —  (s +  0) j  =

=  Z  4iX(s~s,(x( ))), s e [ a ,b ] ,  (16)
i = 1

Mi(*( • ))qi= -A ,{x( • ))x(s,-(x( •))) + v,<x( •)). (17)

As above, we assume th a t x (0 )= l, x(z) =  0 for z # 0. W e say that x( ) e S  and  real 
num bers q lt . . . ,  q„ satisfy the boundary  value problem  in question, if (15) holds 
almost everywhere, (16) is valid everywhere on [a, b], and  (17) is satisfied for each i.

dx dx
In case s = a or s =  b condition (16) contains the derivatives —  (a—0), —  (b +  0)

as as
whose values must be defined specially. We suppose them  to be equal to  zero. 
According to  this agreem ent, equality (16) implies

dx n
- k ( x ( - ) , a )  —  (a +  ° ) =  £  q i X ( a ~ s M  ))), (18)

dx n
k ( x ( - \ b )  —  ( b - 0 )=  £  qiX(b-Si(x( ))). (19)

as i=1

Theorem 1. Suppose that

inf (fi,{x( ■)) +  л,(х( •))) >  0 for each i ,

inf (Ц'{х( • ) ) + /i/x (  - ) ) + 1s,<x( •)) - s /x (  • ))l)>  0 for i # j ,

( 20)

( 21 )
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where inf is taken  over all x( •) e  CL,1 [а, 6]. Then the boundary value problem (15), 
(16), (17) has a t least one solution.

In neither of (20), (21), (22) the sign of the infimum can be om itted (i.e. an 
inequality of the form inf '/ '(x i • ) )> 0  can no t be replaced by the less restrictive 
assumption Ч\х(  • ))>0). This is shown by the following counter-examples.

Counter-example 1. For a fixed i suppose that

' )) =  0, A j(x()) =  ( l + x 2(a))_1, v,{x( • ) )= ! , s,-(x()) =  a.

Then (17) is equivalent to a quadra tic  equation having no real roo ts x(a). So the 
boundary value problem has no solutions. Here (20) does no t hold, though 
A*i(x( •)) +  A,-(x( •)) >  0.

Counter-example 2. Let a =  0, 6 =  2, n =  3. Consider the three conditions (17) of 
the form x(0) =  0, x(ip(x( • ))) =  1, x(2) =  0, where the continuous non-linear functional

V>(u( ■))
Ip: L j[0 ,2 ] -> [0 ,1] satisfies inequalities ф(и( • ))> 0 , j  u(s)ds< 1 for all u( •). E.g. it

suffices to define ф=ф(и(  )) as the unique ro o t of the equation ф +  J |u ( / ) |d /= l .

Condition (21) fades to hold for i =  1 J = 2, but the corresponding expression is positive 
for all x( •). If x ( •) satisfies the boundary conditions, then

vdt ■»
1 = x (i/i (x ( •))) —x(0)=  J x(s)ds <  1.

This contradiction proves tha t there are no solutions.
Counter-example 3. Consider a particular case of the problem  (15), (16), (17)

d2x dx  , . dx^ 7 = 0 ,  ^ (О Н О + хЧ О Г М О )-!,  - ( 2 )  = 0

where x( •) e C 2[0 ,2]. (The num bers q l , q2 are already eliminated). Supposition (22) 
is not valid, bu t the expression in (22) is positive for all x( •). The equation and the 
boundary condition  at the point s =  2 imply th a t x is constant. T hen the boundary 
condition at the point s =  0 tu rns out to be a quadratic  equation w ithout real roots.

Now we pass on to a boundary  value problem  generalizing (3), (6), (8), (9), (10). 
Fix r, < jie[l, oo). Consider the subspace of functions x( • ) e  C L 'f a ,6] satisfying 
x(a) =  x(6), and  some continuous mappings k, h, / ,  ph A,, v, ( i=  1, . . . ,  n) from the 
mentioned subspace into CL^[a, 6], Lq[a, 6], L ,[a , 6], [0, N J ,  [0, Л/я], [ — N v, N v]. 
We suppose th a t k(x( ), a) = k ( x ( - ) ,  b) and the inequalities (14) hold. M appings s, 
( i=  1 , . . . ,  n) from  the m entioned subspace in to  [a, b) are continuous in the sense of 
the metric on [a , b) given by p(a, ß) =  m\n { \ ß —a |,  b — a — \ ß —a |} .
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Consider the differential equation  (15) subject to  the boundary conditions

(
dx dx \  n
—  ( s - 0 ) - — (s +  0)J =  £  q iX ( s - s ,{ x C ) ) X  se[a,b), (23)

/*,{*( ■ )ki =  ~ Л{*( • ))x(s,(x( ■))) +  V,.(x( •)), (24)

x(a) =  x(b). (25)

We suppose that (x( ■), q x, . . . ,  qn)e  S x R", equation (15) should be satisfied almost 
everywhere, the condition (23) should be valid everywhere on [a, b). N o te  that in

dx
case s =  a condition (23) contains the derivative —  (a — 0), whose value is no t defined.

ds
dx

It is supposed that this derivative is to  be replaced by —  (b — 0). Thus (23) implies
ds

(
dx dx \  n
—  (b —0)—— (a +  0) J  =  £  < г ,х (а -ф :(-))) . (26)

C om paring (18) with (26) we see that conditions (16), (23) in case s = a  are interpreted 
in different ways, though they are of the sam e form. The following can be mentioned. 
If a function x( •) is such th a t s,{x( • ) ) # a  for all i=  1, . .  ., n, then (25), (26) tu rn  out 
to be the periodic boundary  conditions.

Theorem 2. Suppose tha t (20), (21), (22) and

inf (/ij(x( ■)) + ßj(x{ ■)) + S((x( •)) -  a + b -  Sj(x( •)) > 0 for i / /  (27)

are satisfied. Let inf in (20), (21), (22), (27) be taken over all x( )eCL^[_a, b] such 
that x(a) =  x(b). Then there exists at least one solution to  the boundary value problem 
(15), (23), (24), (25).

Theorem s 1, 2 are proved together. T he detailed p ro o f was given by the author 
in [8]. F o r some other existence theorem s applicable to  boundary value problems 
with solution dependent points in boundary  conditions see [9, 10].
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Существование равновесия в некоторых системах 
управления нагреванием

С . А  Б Р Ы К А Л О В  

(Свердловск)

Рассматривается существование решений некоторых краевых задач для обыкновенных 
функционально-дифференциальных уравнений. Полученные результаты могут быть использованы 
для проверки наличия стационарных состояний в системах управления нагреванием стержня или 
кольца. Поясним содержательный смысл результатов в одном частном случае. Пусть ось s 
направлена вдоль стержня, а, b — координаты концов, дф), k(s) — температура и коэффициент 
теплопроводности в точке s. Имеется распределенный источник тепла с плотностью — h(s)x(s) +  /(s) 
и три сосредоточенных источника в точках a, b, s,. На концах а, Ь поддерживается температура 
Т), Т2, в точку s, поступает поток тепла q. В каждый момент времени х ( ) е С °  подается на вход 
управляющего устройства. На выходе получаем параметры к( ■ )е  С ', И( • ) / ( • )  е С°, Т,, Т2, q, s, е  R, 
удовлетворяющие неравенствам

0 < е á fcg N , gN . O g /ig N , | / |5 N , ITilgJV, \q \üN , a ü s iü b ,

где E , N — константы. Выход управляющего устройства определяется входом однозначно и зависит 
от него непрерывно. В общем случае распределение температуры х( •) и другие параметры системы 
будут меняться со временем. (Изменение координаты s, соответствует перемещению одного из 
точечных источников тепла вдоль стержня.) Но некоторые распределения температуры могут 
оказаться стационарными. Из полученных результатов следует, что описанная выше система всегда 
имеет такие положения равновесия.

С. А. Брыкалов
Институт математики и механики 
Уральского отделения АН СССР 
СССР, 620066, Свердловск, 
ул. С. Ковалевской, 16
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N EW  M U L T IP L E  A C C ESS A L G O R IT H M S  
FO R  IN T E G R A T IN G  V O IC E  A N D  DATA 
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One of the major approaches to voice and data integration in local environment is based 
on local area network technologies, already well established in the field of computer communication 
networks. This could be a good alternative if, at least, the following two requirements are met: 
(i) the local network is connected to the public telephone network, and (ii) the integrated system is 
appropriately compatible with existing standards. The prerequisite for (i) is that the access algorithm 
(or, as it is frequently called, the medium access protocol) should guarantee appropriately bounded 
voice packet delay. Compatibility is achieved in a certain sense if the integrated service stations 
can coexist with the standard ones.

This paper deals with voice and data integration on a standard CSMA/CD bus (on the 
so-called “Ethernet” system).

Two classes of protocols, namely, the one based on transmitting voice packets in strings, 
and the other based on transmitting voice packets in individual “time slots” (but without central 
timing and control) are considered, the first one in a more detailed fashion.

Two new protocol versions are proposed. Voice throughput calculations and the impact 
of silence detection on voice throughput are given, taking into account finite and different 
propagation delays. Simulation results are presented to explore the data throughput-delay 
performance of these protocols.

1. Introduction

O ne of the two basic solutions for integrated local com m unication (office 
autom ation etc.) is based on the well-established LAN technologies. (The o ther is the 
PBX approach.)

W hen implementing a real-time telephone service on a LAN, and thinking of 
connecting the LAN to the public telephone network, one faces the PTT requirements, 
placed upon the delay. W ithout going in to  details, let us briefly quote  from the 
corresponding CCITT recom m endation, th a t delays above 300 ms are no t acceptable. 
This value limits the to tal one-way subscriber-to-subscriber propagation delay. The 
worst (but not unusual) case is when a satellite channel is used as the international 
part of the connection; in this case the maxim um  permissible delay for a LAN is 
15 ms for the 300 ms to ta l value. The delay of the LAN consists of tw o parts: the

4* Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford
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packetization delay (the time required for collecting voice samples to  form a packet) 
and  the transm ission delay of the LA N  (determined by the access protocol etc.). In 
packet speech netw orks, the packetization time is usually chosen from  the range of 
1 0 . . .  30 ms, so as a rough estimation, we can say th a t the delay caused by the protocol 
itself must be bounded  by a value of the order of the packetization time.

One possible solution is to allow  packet loss an d  to  establish a tradeoff between 
delay and loss, and  throwing away voice packets after a limited (and small) num ber 
of attem pts (see e.g. [1]).

U nfortunately, as it turned ou t from  sim ulation studies, the CSM A /CD  delay 
strongly fluctuates around  its m ean (see e.g. [2]), an d  it is difficult to  fix exactly the 
m axim um  num ber o f conversations.

There is a strong  motivation for elaborating specific “integrated” medium access 
protocols (which will be implemented in specific “integrated” controllers) to ensure 
a specified delay lim it with no packet loss. An additional requirem ent is also 
reasonable: the new integrated pro toco ls must be “com patible” w ith the standard  
d a ta  protocol in the sense that the integrated controllers can coexist w ith the standard  
ones on the same bus.

2. Two approaches to integrating periodic and aperiodic traffic 
in a CSMA/CD compatible way

Basically, there are two approaches to integrating aperiodic (data) and periodic 
(e.g. voice) traffic in a CSM A/CD com patible way:

(i) Organizing contiguous strings of packets from periodic sources which 
occupy a part (or the total duration) of the period of a periodic source (e.g. the 
packetization period when digitizing voice sources). The aperiodic sources, following 
the standard C SM A /C D  protocol, will sense carrier during the string and, therefore, 
will not disturb it.

The basic idea of this m ethod is due to C hlam tac [3], [4]. O u r first protocol 
described in Section 3, is based up o n  this idea bu t it is less com plex in practical 
im plem entation and  m ore efficient.

(ii) Organizing individual time slots for periodic packets. The term  “time slo t” 
m eans simply a place anywhere w ithin the packetization period, which —  once 
acquired by a given periodic source, using the corresponding rules of the protocol 
—  is granted for this source periodically (not by a central controller facility, of course, 
bu t by means of the appropriate rules of the d istributed protocol).

This is the idea proposed by M axemchuk. H e worked out a protocol, based 
upon  this idea, in details and gave a performance analysis [5]. O u r second protocol 
o f Section 3 belongs to  this class bu t differs from the aforementioned one in several 
aspects.
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3. New protocol versions

Tw o types of stations are defined.
The Type “S” station  is a source of aperiodic traffic (e.g. interactive d a ta  traffic) 

and is called standard station. The p ro toco l for these stations is the carrier sense 
m ultiple access with collision detection (CSM A /CD ), as defined in the IEEE standard  
No. 802.3. Some m inor modifications m ay  be necessary, bu t the details are om itted 
here.

The Type “I” sta tion  is a source o f  both  aperiodic and periodic (e.g. voice) 
traffic and  is called integrated station. T h e  protocols are  specific for this integrated 
type of stations and they are called integrated protocols.

The integrated protocols are described below according to  the following scheme:
(a) packet formats
(b) the rules of the protocol
(c) rem arks and references.

3.1. The PROT.l protocol

This protocol belongs to the family o f string-type protocols.

(a)  Packet formats

The packet of the string leader is show n in Fig. 1, all other packets are of 
standard  format.

Preamble Packet Trailer

' i f ' . F

F ig . i

(b)  The rules of  the protocol

(i) The system is either in data mode o r  in speech mode. The system, after turning 
on at least two stations, enters the data m ode. It switches over to the speech mode 
after the first voice connection has been built up. The system remains in the speech 
mode if a t least one voice connection exists.

(ii) The protocol uses, in addition to  the carrier sense (CS) and collision detect 
(CD) inform ation, some address inform ation as well. This inform ation can be 
represented by a table which contains the  addresses of off-hook stations.
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(iii) The rules to  be followed are different for the leader of  the string and the 
members of the string. A station becomes the leader in any of the following cases:

—  The sta tion  initiates a string after the system has turned over from  the data 
m ode to the speech mode;

—  The station  takes over the function of the leader from the previously leading 
sta tion  because the voice connection of the latter one has been disconnected.

The task of the leader is to initiate periodically the voice string. The packet 
form at of the leader makes possible detecting the “sta rt of the string” event by other 
stations.

(iv) Every m em ber of the string prepares for the transmission t i f  +  ( i - l ) - d  
seconds after the next CS->CS transition. Here A is an appropriately chosen time 
unit, and “Г  is the position number of the station w ithin the string which corresponds 
to  the physical location  of the station  on the cable.

The condition N ■ A < x s m ust be fulfilled so th a t the standard stations will not 
d istu rb  the voice string. (Here N  is the maximum num ber of sim ultaneous voice 
channels that are allowed in the system, and t, is the standard  slot time.) In this case, 
the standard stations, the linear priority  of which is program m ed to be greater than 
o r equal to 2, will no t disturb the string.

(c)  Remarks and references

This protocol differs from the RT-V protocol proposed by C hlam tac [3] in the 
way the voice strings are formed. A ccording to the RT-V protocol, the “handshaking” 
between succeeding packets in the voice string is accompished physically, causing 
intentional collisions between packet trailers and headers.

According to  our version, an appropriate tim ing ensures the correct order of 
the packets within a string and prevents it from being disturbed by aperiodic packets.

The advantage of the presented version is th a t its im plem entation is simpler. 
Also, this version is more efficient than  the original RT-V because of arranging the 
voice packets w ithin the string according to the physical order of the stations on the 
bus (see the perform ance analysis of Section 4).

3.2. The PROT.2 protocol

(a)  Packet formats

The form at of the first voice packet is the sam e as that of a standard  data 
packet. The second and succeeding voice packets consist of an extra preamble of 
length tPR and of a standard packet (the latter is constructed according to  the rules
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of the standard  CSM A /C D  protocol). T he length of the extra pream ble corresponds 
to the two-way end-to-end propagation delay, and, therefore, is sufficiently long to 
“kill” all standard  data packets transm itted at any place of the cable. The length of 
the standard  part depends on the packetization  time and the digitization rate. The 
two parts are  separated by an interframe tim e tIFV specific for the “I” stations (and 
less than the standard interfram e time, t IF), see Fig. 2.

The packets of “S” stations are standard  and there is no limitation to their length.

Preamble Packet

l PR  ' if v

Preamble Packet
1 i n h -

Preamble Packet

4 f v tjpv- n  Д lFV

F ig . 2

(b)  The rules of the protocol

The integrated m edium  access (M A C) protocol consists of the rules for the 
periodical transmission o f voice packets belonging to the connections which have 
been already built up and  have not been disconnected.

Silence detection is implemented in the  “I” stations. T hat is, periodic packets 
are transm itted, in general, only during the  active periods of the voice source.

The rules of the pro toco l are as follows:
(i) A station at the beginning of a new  voice connection starts searching for a 

free “time slo t” (for a free place, among th e  already existing virtual voice channels). 
To make sure that all existing channels, e.g. all “off-hook” stations are taken into 
account, the new station sends a broadcast message requesting that all “off-hook” 
stations send voice packets in the succeeding к cycles, irrespective of the fact that 
they have active periods o r  silences. This way, the new station  will be able to  “see” 
all existing time slots.

(ii) T he next step is an  attem pt to finding a free place, sending a standard packet 
according to  the rules o f the standard p ro toco l. If this a ttem pt is successful within 
any of the к cycles, the second and all succeeding voice packets will be transm itted 
according to  the rules (iii) and  (iv), given below. If not, the new station should ask 
for a new series of cycles sending a new broadcast packet.

(iii) The second and all succeeding voice packets — which can be called regular 
packets —  are transm itted, in general, in every  tp seconds, where tp is the packetization
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time. (The exceptions are given below.) While transm itting  the pream ble part of the 
regular packet, possible collisions will not be taken into account (note tha t a collision 
can pccur only between a voice packet and a d a ta  packet, or, m ore exactly, the 
collision between tw o voice packets is an event w ith very small probability). Thus, a 
voice packet will always “kill” d a ta  packets, so th a t the second —  inform ation —  
p a rt of the voice packet will be transm itted undisturbed.

(iv) A station  will modify the period (which is in general tp) in the case when 
it observes that the distance between the end of its own transm ission and the start 
o f its successor’s transm ission is less than  a properly chosen “inhibited interval”, tINH. 
In this case the next transmission will take place in tp — A. (After that, the norm al 
period tp will again be used.) The practical values of tINH and A are chosen taking 
clock instabilities into account. The above time param eters must satisfy the following 
conditions:

tlNH — hFV +  n ' (3-1)

This method for correcting tim ing instabilities requires that each “off-hook” station 
sends a packet regularly in every r cycle (r is a design param eter), irrespective of 
w hether it is active or is in silence.

If, after a series of corrections, the time difference reaches the value of the 
sam pling interval, a voice sample will be throw n away. This event takes place very 
rarely (provided the system param eters are properly chosen) and has no effect on the 
quality  of the reproduced voice.

(v) The periodic (voice) packets of the “I” type stations will be granted higher 
priority  than d a ta  packets, in the following sense:

—  If, a t the time instant, when the next voice packet is to  be transm itted, a 
d a ta  packet is being transm itted, or, a data packet is waiting for a new transmission 
a ttem pt after an  unsuccessful one, it will be throw n away;

—  The higher protocol layers will be advised that no m ore d a ta  packet can be 
accepted;

—  The voice packet is transm itted  according to the above rules, and, after 
having the transm ission completed, the higher layers will be informed that the M AC 
layer is again able to receive a da ta  packet transm ission request.

( c) Remarks and references

The main differences between this protocol and M axem chuk’s (described in 
[5]) are as follows.

—  A preem ptive priority is given to the voice packets. (Advantages: there is no 
need to organize an  overflow area in periodic packets for transm itting voice samples 
collected during delays, and a simpler hardw are and software. There is no need to
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restrict the length o f aperiodic packets, either. (D isadvantage: sensing the channel 
busy, a periodic packet will always kill the  aperiodic packet.)

—  Silence periods are utilized an d  the corresponding protocol rules are worked
out.

—  Timing instabilities are corrected and the corresponding protocol rules are 
worked out.

T he disadvantage of this version is that the channel is not used efficiently for 
data when the th roughpu t required by periodic traffic is m ore than half o f the total 
throughput. (In this region, it is difficult for a new periodic source to find a place 
am ong the existing channels.) In ou r opinion, however, this situation will no t occur 
in a practical integrated service netw ork where voice packets occupy only a fraction 
of the to ta l channel tim e which is less th an  the half of the total capacity.

T he exact definitions of the p ro tocols using flow-charts and state d iagram s are 
given in the Appendix.

In  this section, we shall establish a correspondence between the string length 
and the number of voice channels for the PROT1 algorithm . As a special case, 
we shall determine the voice th roughput in terms of the m axim um  num ber of simul
taneous virtual voice channels when the string occupies the whole packetization 
period.

A similar analysis was carried ou t in [6] for the RT-V protocols and its modified 
version.

Figure 3 illustrates how the string is formed in a simple time diagram , and a 
more exact illustration using the so-called time-space d iagram  technique is shown in 
Fig. 4.

4. Voice throughput analysis of the string-type protocol

Leader

Leader
tz/Z/X-*.

“P

F ig. 3
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The string length, t„  obviously equals:
N

t ,  =  N  ' T y o i C E  +  ^ L E A D  +  N  '  t I F  +  £  ( Í  —  1 )  ‘ J  +  T , .  ( 4 - 1 )
i= l

Using equation ( 4 . 1 ) ,  it is easy to  calculate the num ber of virtual voice channels, N: 

—  ■ Л / 2  +  ^  T V 0 1 C E  +  í Í F —  —  ^  • N  +  ( 7 ^ e a d  +  T j  —  t , ) = 0 .  ( 4 . 2 )

Some num erical results are show n in Table 1 below.

T able  1. The number of virtual voice channels

tjtp tp = 30 ms tp =  10 ms

0.2 41 27
0.4 75 49
0.6 104 66
0.8 129 81
1.0 152 95
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5. Simulation results

In Section 4, voice throughput analysis was carried out for the string-type (type 
(i) as defined in Section 2) protocol. (The th roughput was defined as the maximum 
num ber of allowable voice channels for the worst com bination of propagation delays 
between adjacent stations of the string.) A similar calculation can be carried out for 
the type (ii) protocols.

Voice delay considerations has not been given yet. It is obvious, however, th a t 
the voice packet delay, caused by the medium access protocol, is upper bounded by 
the packetization time in the case of type (i) protocols and this delay is zero for ou r 
protocol PR O T 2 belonging to  the class (ii).

The questions related to  the data throughput and delay perform ance have no t 
been answered yet. The form ulation of the problem  itself is simple: how much is the 
delay of da ta  packets for a given input intensity when only a fraction of the to ta l 
channel time can be used which is left free by voice packets. T he latter are either 
grouped to  form a string thus occupying the first part of the packetization tim e 
continuously, or are transm itted separately at random  time instan ts within the 
packetization time (see the illustration of Fig. 5). However, it seemed to be difficult 
to answer the above question analytically and sim ulation studies were carried out. 
Some characteristic results are summed up below.

Voice string
----------------► (i)
t0.tp  Time

, Voice pockets

Fig. 5

I---- »___1_________«
t0. t p Time

(ii)

For the string-type protocol, a simple sim ulation model w as used, where a 
special station  was included which occupied periodically a given part of the 
packetization time for a given duration , thus m odelling the voice string. The average 
data packet delay versus the da ta  throughput is show n in Fig. 6 for t j t p= . 3, .4, .5, 
and .6.

A disadvantage of this protocol for data sta tions is obvious: if the latter follow 
the standard  C SM A /C D  protocol, then, immediately after the end of the period 
occupied by the voice string, a conflict occurs alm ost surely if the string is long 
enough. This effect can be weakened by introducing different priorities for different 
groups of da ta  stations. (This prioritizing means the following: if a  priority num ber
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Fig. 6

n is assigned to  a station th en  it will transm it tIF +  m s seconds after the CS ->CS 
transition, where, according to  our previous notations, */F the interframe time, the 
standard value of which is 9.6 ps and xs the standard  slot tim e which equals 51.2 ps. 
The program m ing capabilities o f the Intel 586 Ethernet contro ller allow to vary this 
number between 0 — this case corresponds to  the Ethernet standard  — and  7.) We 
examined the effect of assigning different priorities on delay-throughput perform ance 
of data packets, using four priority  classes (n =  0, 1, 2, 3). A collection of results is 
shown in Fig. 6.

The average packet delay itself is no t a sufficient m easure; its variance and 
higher m om ents are also o f importance. T he packet delay can be characterized 
completely by means of its probability  d istribu tion  function. O u r simulation program  
provided the histograms of the corresponding density function. Some exam ples are 
shown in Fig. 7.

The sam e performance measures are im portan t for the class (ii) protocols. We 
investigated the protocol version PROT2 to  illustrate the perform ance of this protocol 
class, and, a t the same time, to  forecast the performance of a practical system that 
can be built implementing th is protocol. An example of results is shown in Fig. 8, 
which illustrates the data an d  voice th roughpu t versus the num ber of da ta  sources 
for a given num ber of voice channels. The average data packet delay is show n in 
Fig. 9. The initial voice channel establishing delay is also of im portance, it is show n in 
Fig. 10, again as a function of the num ber o f da ta  sources.

In the above examples, 32 kbps voice and  30 ms packetization time was used.
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Fig. 9

Fig. 10

6. Conclusions

There is no doubt tha t a LAN-based system  consisting o f integrated w o rk 
stations and connected to the PST N  via an appropriate  gateway is a possible so lu tion  
for integrated local voice/data com m unication.

The w ork presented in this paper provides a good basis for working o u t a 
prototype of an integrated service LAN.
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Fig. A l
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Fig. A2
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Fig. A3
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Appendix

The formal specification of the protocols, described qualitatively in Section 3, is given in Figs 
A1-A3. The SDL language, recommended by CCITT, turned out to be the most useful means for the 
symbolic description.

We restricted ourselves to defining the access algorithms of voice and data packets only, i.e. the 
protocols of connecting and disconnecting two conversating parties are not given here.

According to the PROT1 protocol, the voice packets follow the rules given in Fig. Al. The protocol 
for data packets is the standard one, with the only modification that a linear priority LP = 2 is assigned 
to data stations (see Fig. A3). The PROT2 protocol is given in Fig. A2, for voice packets. The “CSMA/CD” 
protocol, used by the first voice packet is shown in Fig. A3. (In this case, LP = 0.)

Новые алгоритмы множественного доступа для интегрирования 
речи и данных в локальных сетях

В ГАРАИ, Ч. САБО. Т СЕП 
(Будапешт)

Один из подходов к интегрированию речи и данных в локальных сетях базируется на 
широко применяемых в практике технологий и протоколов локальных вычислительных сетей. В 
статье рассматриваются возможности передачи речи и данных в стандартной системе »Этернет«.

В статье предложены два новых протокола, для которых вычисляется пропускная способ
ность при передаче речи и рассматривается влияние детекции пауз с учетом конечного времени 
распространения. Задержка пакетов данных в зависимости от нагрузки определяется путем 
моделирования на ЭВМ.

Cs. Szabó
Institute o f Com m unication Electronics 
Technical University of Budapest 
H - l l l l  Stoczek u. 2, Budapest, Hungary



Р У С С К И Й  П Е РЕ В О Д

Проблемы управления и теории информации, том 17, номер б (1988)

О П РО Г РА М М Н О М  С И Н Т Е ЗЕ  Г А Р А Н Т И Р У Ю Щ Е Г О
У П Р А В Л Е Н И Я

Н. Н. К р а с о в с к и й , Т, Н. Р е ш е т о в а

(Свердловск)

В статье рассматривается задача о формировании гарантирующего управления 
динамической системой [1]. Формирование такого управления методом программного 
стохастического синтеза [1-4] сводится к рекуррентным построениям вогнутых оболочек 
для вспомогательных функций, которые возникают в программной конструкции. Приво
дится пример симуляции на ЭВМ процесса управления для модельной задачи.

1. Постановка задачи

Рассмотрим систему, описываемую  дифференциальным уравнением

x =  A( t )x+B( t )u +  C(t)v, í0 ^ í ^ $ .  (1.1)

Здесь х — л-мерный фазовый вектор объекта, и — г-мерный вектор управ
ления, V — s-мерный вектор помехи; A(t), B(t), C(í) —  непрерывные матрицы- 
функции, значения и ч v стеснены условиями

иеР,  v e Q, (1.2)
где Р  и ^-ком пакты .

Задан показатель качества

у = |х(3)|+ fz(t,«M, ®М)А, (1.3)
I•

где символ |х | обозначает какую -либо норму вектора х, функция %(t, и, г) 
непрерывна.

Согласно [1], задача об оптим альной минимаксной стратегии u°(t, х, е), 
которая гарантирует оптимальны й результат p°(í* , х„) для всякой возможной 
исходной позиции {г#, х„}, им еет решение. П ош аговы й закон управления U, 
которы й ф ормирует воздействия u [ t]  =  u°(ti> x [ í ,] ,  г), t ; ^ f < í i +1, i = l ,  . . . ,  k, 
f i = í *» íl +1=$ ,  гарантирует неравенство

y^P°(f*,xJ + í  (1.4)

5* Akadémiai Kiadó, Budapest 
Pergamon Press, Oxford



при лю бом  наперед выбранном значении £ > 0 , если только парам етр  е > 0  и 
шаг ö =  max,{fi + , —1;) выбраны достаточно малыми, стратегия u°(t, х,  е) строится 
как экстремальная к функции p°(t, х); функция p°(t, х) может вычисляться 
методом програм м ного стохастического синтеза согласно равенству

p°(t, х )=  lim sup  [<m0 ■ Х [$ , í ] x )  +
3 -0  ||I( )||S1

(1.5)

+  M < £  J min m ax (m(rh со) ■ A 'fS, т] (В(т)Ш- C(t)v))  +  x ( t ,  и, v)]dz
( .1 = 1  и еР  ve  Q

Здесь значения т;, / =1 ,  . . . , к  образую т разбиение As отрезка [ í* ,ö ]  с 
ш агом  5 =  тах ,(т1+, — т,); /( •) =  {/1(со), /„(tu), сое О} —  n-мерная случайная
величина на вероятностном пространстве {fl, F, Р},  где элементарное событие 
03 =  1 ^ ,  . . £t } —  н абор  значений независимых в совокупности случайных 
величин 0 ^ ^ , ^  1, распределенных равном ерно и реализующихся в мом енты  т,; 
символ | | /(- II обозначает норму

1|((' )|| =  vrai supj/(a>)|*  (1.6)

случайной величины /(•),  где | / |* —  норма вектора /, сопряженная к норме 
вектора |х |, которая фигурирует в (1.3);

то~М{1( ■)}, т(Т(, ш) = М{1( -) | Í i(cü), .. -, <J,(cu)}, ш е fi, | =  1,

где символы М { . . . }  и М { | } обозначаю т математическое ожидание и 
условное математическое ожидание; X [ t ,  т] —  фундаментальная матрица 
решений для уравнения dx/dt = A(i)x\ символ <а • b )  обозначает скалярное 
произведение векторов а и Ь. Равенство (1.5) и участвующие в нем величины 
пояснены подробно в [1].

И так, для формирования оптим ального по гарантии p°(í*, х*) управления 
u°(ti, x [ t j , e )  достаточно уметь вы числять эффективно для текущих значений 
í =  f; величины, стоящ ие под знаком предела в (1.5). В данной статье рассмат
ривается один путь таких вычислений. 2

P2 КРАСОВСКИЙ. РЕШЕТОВА: О ПРОГРАММНОМ СИНТЕЗЕ ГАРАНТИРУЮЩЕГО УПРАВЛЕНИЯ

2. Рекуррентная оценка

Введем векторы w и z, где

w={w,,  . . . ,  w„}, z = {z1( .. •, z„, zn+,} = {w,, .. ., w„,z„+1} = {w,zn+1}.



КРАСОВСКИЙ, РЕШЕТОВА: О ПРОГРАММНОМ СИНТЕЗЕ ГАРАНТИРУЮЩЕГО УПРАВЛЕНИЯ РЗ

обозначим

ti + 1
i/í,(m)= J min max [<m • Х[9, т] (В(т)м +

ti иеР veQ

+ С (ф )>  + х(т, и, v)~]dT, i = \ , . . . , k .  (2.1)

В согласии с методом програм м ного синтеза надлеж ит вычислять прог
раммны й экстремум [1]

e ( t , z , A s) =  sup 
IIKOIIS

<m0 • X [9, f]w> +  z„ + 1 +  M I

«= 1

ф£гп{ть  ■ )) (2.2)

Будем называть верхней вогнутой оболочкой функции £(т), |т |* < П  и 
обозначать символом <р(т) =  {((•)}„, функцию , которая удовлетворяет следу
ющ им условиям.

1. Функция (р(т) вогнута при |m |* g  1, т. е. при всяких mw , |m(1)|* ^  1 и т (2), 
| т (2)|* ^  I и всяком числе 2.6 [0, 1] справедливо неравенство

<p(/lm(1) +  ( 1 — 2)m(2>)^ i( /) (m (1,) +  (l — A)tp(m(2)). (2.3)

2. Справедливо неравенство

C(m)<fp(m) (2.4)

при всяком т, |m |* í£ l.
3. П усть г= { Г |, . .  . , г л} — «-мерны й вектор. Д ля всякого значения т, 

| т |* ^ 1  найдется вероятностная мера n(R\m)  на множ естве |г |* ^ 1 ,  такая , что 
справедливы равенства

<р(т)= I  C(r)fi(dr\m), (2.5)
M * si

m = f r^i(dr\m). (2.6)
M* = 1

Н а сам ом  деле меру /i(R|m) м ож но выбрать сосредоточенной в конечном 
количестве точек гш(т). Э то  облегчает практические построения.

П остроим  рекуррентную последовательность функций

(2.7)

4>,{т)= {'/'((■ ) + <Pi+i(-)}*, M * ^ l, i = l , . . . , k - l .  (2.8)
Справедливо следующее равенство

sup м \ £  i/'iM r,-, ■))} = М {<р 1( т 0)} =  Ф оЮ - (2.9)
||I(.)||Sl,AÍ{l(.))=mo (i=l J
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Из (2.2), (2.9) получаем равенство

e ( t , z , A s) =  sup  [<m0 Ar[9 ,í]w >  +  z„+1+ (p1(m0)]. (2.10)
|m0|*S l

Это равенство вместе с равенством (1.5) показывает, что вычисление 
величины e(t, z, Ад), которая аппроксимирует величину (p°(t, х), сводится к 
построению последовательности функций (р^т).

Докажем равенство (2.9).
Зафиксируем некоторое значение т0, | т 0 |* ^ 1 . П остроим  случайную 

величину m(1,(co) =  m(1)[^ 1] следую щ им образом. П оложим, что ее распределение 
определяется вероятностной м ерой  да ,(Л |т 0), которая, согласно условиям (2.5),
(2.6), удовлетворяет равенствам

Pi(m0) =  f  í^i(r)+(p2(ry]nil \dr\m0), (2.11)
I r k á i

т0 =  í  rn{1\d r \ m 0). (2.12)
I r k á i

Дальнейшее построение случайных величин mU), j  =  2, к осущест
вляется по индукции. Пусть уже построены случайные величины т 0,[£ ь  . . . ,  £] j i .  
Случайную величину т(,+ , . . . ,  £i+ ,]  определим ее условной вероятностной
мерой д(, + 1)( К |т (,)[£ 1, . . . ,  £,]), которая удовлетворяет условиям

<Pi+ i(m<0)=  J [ipi + l(r)+(pi + 2(r)]p<i + 1,(drlm(i>), (2.13)
I r k á i

m(i)=  j  rp<i+l)(dr\m(i)). (2.14)
I rk á i

Согласно предыдущему, при таком построении не возникает принципи
альных затруднений, так как в рассматриваемы х нами случаях все использу
емые меры nü)(R\mu l)) сосредоточены каж дая в конечном количестве точек 
r[jj(m). Однако конечность множ ества точек r\j\(m) учитывать в теоретических 
построениях не обязательно. В самом деле, опираясь известны м образом на 
теоремы об изм еримом  выборе [5], можно проверить, что и без предположения 
о конечности множества точек r^-j(m) сосредоточения для мер ц(,), нужные меры 
ри\г \т и~1)) мож но выбрать так , что они будут измеримы (долж ны м образом  
по ти ~ 1 *), т. е. эти меры действительно м огут играть роль условных вероят
ностных мер.

Итак, мы мож ем полагать , что построена последовательность случайных 
величин т0, m<,)[<í;i, . . . ,  £,], í =  1, которая  удовлетворяет условиям

' п
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VRA

IV



КРАСОВСКИЙ, РЕШЕТОВА: О ПРОГРАММНОМ СИНТЕЗЕ ГАРАНТИРУЮЩЕГО УПРАВЛЕНИЯ Р5

(2.15)

(2.16)

(2.17)

(2.11)—(2.14). Если полож ить

то из (2.13), (2.14) по индукции вытекаю т соотношения

« (0K i, • • . ,Í J  =  M{m«+1>K1, . .  . , í I+1]|m(l,K 1, - - 

i = k , k -  1, . .  ., 1,

í , - .] )=  í ,̂<r<iV(dr<i,|m<i- 1>) +
|r«>J*s 1

+  J  í  ^ i + 1 ( r ( i + 1 V i + 1 V r < i + 1 ) l » i ( i ) ) * / i ( i , ( í i r < i , | m , i “ 1 ) )  +
|r<‘ * 0 |« s  1 |r(of«g 1

+ . . . +  f f ^(r<*V(ár<t»|m,* -1,) . . . / i (d r <i)|m(i- 1') =
|r<k>l* g  1 | г « - П | . § 1

=  ..........í , - i ] } .  i = l , (2.18)

В предыдущих обозначениях из раздела 1 соотнош ения (2.16)—(2.18) 
принимаю т вид

т(т;,си )=  Aí{m(Ti+1,-) |w (* i,со)}, i =  k , k —\,  . . . ,  1, 

т0 =  М{т(ти -)} =  М{ 1( ) } ,

(2.19)

(2.20)

Ф,(ш(т,_,,ш))=М <{ X  |/'/тд-)1"»(т,_1,ш)!>, i = k , k - l ,  . . . ,1.  (2.21)

(2.22) 

I й  1, Для

\ К ) Ш ,

(2.23)

При i=  1 имеем равенство

<pl(m0) =  M I  X  'l'Ám(?j> ■))

Таким образом , мы построили случайную  величину /(ы), ||/( ) 
которой справедливо равенство (2.22), где ш0 =  М{/( )}.

П роверим теперь, что для всякой случайной величины 1(со), 
которая удовлетворяет условию (2.20), справедливо неравенство

м  1 X  *А/т (т>’ ' ) ) Г ü<Pi(m0)-

Тогда будет доказано равенство (2.9).
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Зафиксируем случайную величину 1(со) и некоторое значение /, 1 ^  i !§ /с. П о 
определению функции (р,{т) вследствие условия (2.4) (где £(m) =  t/'i(m) +  <pi+1(m), 
<р(т) =  (р1{т) справедливо неравенство

. . . , M ) + q » i +1( m [ í J ) ] | m [ T f_ , , ^

Ti, $ t , . . . .  ii])|m[Tf_ ж ^  . (2.24)

В то же время, вследствие вогнутости функции (р,{т), справедливо неравенство 

М{<Р,{т[Ti,Zt ,  ■ ■ ^ü}tm[T(_ ! , . .

ü<PÁ.míTi- х Л и  • - •»5 í - i ]). (2.25)

Из (2.24), (2.25) следует неравенство

М{1ФМ?„ Éi, • • ■, Ы + 9,+ i(wttí, Í1, • • Ш \

\mlzi- 1,^ u  ■ ■ - , í i - i ] } ^ í» i ( » n C T i- i , í i , . . - ,{ ( - i ] ) .  (2-26)

Из таких неравенств, верных для j =  1, . . . ,  к, индукцией по i =  к от до i =  1 и 
притом, используя формулы повторных математических ожиданий, подобно 
тому, как это сделано выше (см. (2.18)), получим нужное нам неравенство (2.23).

Таким образом , равенство (2.9) доказано, стало бы ть, доказано и р а 
венство (2.10).

3. Построение управления

В соответствии с процедурой, указанной в [1], искомые управляющ ие 
воздействия u [ í i]  =  u °(t„x [tI] , е, Лд) можно строить, как экстремальные воз
действия, вы числяя их из условия

<m °[tj • В(£|)и[1,]>= min < m °[l;] • ß(t,)u>. (3.1)
ueP

Здесь
m ° [ í 1] = x [ t i ] - w [ t i ] ,  ( 3 . 2 )

где w[£;] —  п-мерная ком понента сопутствующ ей точки z[í;]. Эта точка 
определяется из условий [1] (стр. 207-210). О пираясь на равенства (1.5) и (2.10) 
и аппроксимируя функцию p°( t ,x) функцией e(t, {х, 0,}, Ад) и функцию 
p°(í,x) +  z„+1 функцией e(t, z, Э Д  условия д ля  определения точки z[t;] при
водим к следую щ ему виду

min max (z„ + 1 +<m • X(9,  r,)w> +  <p,(m)) =
г |m |* S l

max m in (zn+1+ ( m -  X(9, t^w} +  q>l{m)). 
Iml*= 1 2

(3.3)
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при
12 -  { х , 0} |„ ̂  [£ +  е(г, -  to)] exp (if(t,- -  í0)), (3.4)

где i f  =  max ( |4 ( t ) |+ l ) ,  сим вол |c|„ обозначает евклидову норму вектора с,
Io  §  I s  s

|/4 (t)|=  max |4 (f)x |e. П ерестановка операций минимума и максимума в (3.3)
l*l = i

определяется тем обстоятельством , что функция iPi(m) является вогнутой.
И з (3.2), (3.3) следует, что вектор т ° [ ^ ]  определяется равенством

™ °М  =  [£ +  e(f,- -  f0)] exp (Jäf(t, -  t0))X'(&, t jm 0/

/( |3 r '(S ,ti)m°|e2 +  l ) 1/2. (3.5)

Здесь верхний индекс штрих означает транспонирование.Вектор т° является 
решением следующей задачи на максимум

max [ — [е +  ф , —10)] exp ( i f  (í, —10)) (|A"(9, t,)m | 2 +  1)1 /2 +
|m |S l

+  (m ■ X(9,  í ,)jc[ íé] +  cp ,(m)] =  [ -  [г +  e(t, - 10)] exp ( i f  ( t ,  - 10) *

*  (|Л"(9, t , K | 2+  l ) 1/2 +  <m° • X(»,  t,M i,]>  +  < P iK )]- (3.6)

При этом  вектор m° является вектором  градиентом для функции 
p°(t, х, в, А0), которая аппроксимирует функцию p°(t, х). Решение задачи (3.6) 
является единственным, так как максимизируемая функция вогнута по т.

Таким образом , полагая, что в цепи управления имеется быстродейст
вующая ЭВМ , можно организовать следующий процесс управления. В течение 
очень м алого отрезка времени t 1 ^ t < í j - ( - a  вслед за моментом t ;  при известном 
значении x [ t ;] решается задача (3.5), (3.6) и из условия (3.1) вычисляется 
воздействие u[t,]. Э то воздействие в течение времени fj +  a ^ í  <  ti+ х -I-a подается 
на объект. В ряде случаев организация такого  процесса управления вполне 
возможна с использованием доступных ЭВМ .

4. Модельная задача

П усть управляемый объект представляет из себя материальную  точку, 
движущуюся в трехмерном пространстве под  действием центральной силы , 
силы трения, реактивной управляю щ ей силы и силы нерегулярной помехи. 
Процесс управления осуществляется в пределах заданного отрезка времен 
to S t^ S .  Обозначим: r [ t ]  =  {r1[t] , r 2[t], r 3{t}} —  радиус-вектор точки; a [ í]  —  
масса объекта, меняющ аяся по выбираемому закону, непрерывная функция;



/ ,  =ß(t)r  —  центральная сила; f 2=<x(t)f —  сила трения, точка над буквой озна
чает дифференцирование по времени; ot(f), ß(t) — заданны е функции времени; 
f 3 =áu  — реактивная сила, и —  вектор относительной скорости реактивной 
массы; / 4 =  г —  сила нерегулярной помехи. За показатель качества управления 
выбрано расстояние в м ом ент 9 от управляемого объекта до  начала координат. 

Движение описывается дифференциальным уравнением М ещерского

r=(tx(t)/a)f +  (ß(t)/a)r +  (ä/a)u +  v/a, t0 ^ í ^ 9 .  (4.1)

Примем, что управляющее воздействие и =  {ult u2, u3j и помеха v= {v I,v 2, v3} 
стеснены условиями

uí +  VÍU2 +  V2U3 =  1 (4.2)

Vi +  v f v i + v i v i g l .  (4.3)

П оказатель качества

у = (г ? [Э ]+ г |[9 ]  +  ̂ [ 3 ] ) 1/2. (4.4)

Введем фазовый вектор

У={У 1. • • ■,Уб} = {г1,г1, г 2,г2,г3,г3}. (4.5)

Вектор у  удовлетворяет дифференциальному уравнению

y  =  F(t)y +  G(t)u +  H(t)v, (4.6)

где матрицы F(t), G(t), H(t) вы ражаю тся известным образом  через переменные, 
указанные выш е. При этом  примем, что м асса а объекта меняется по закону

a (t) =  а0 exp ( — A[f — í0]). (4.7)

П одходящ им преобразованием переменной у в переменную х, подобны м 
тому, которое приведено в [1] (стр. 52), придем  к дифференциальному урав
нению для трехмерного х:

х =  -  Ху! 2(3, t)u + exp (A[f -  í0])y 12(^ t)v/a0, (4.8)

где у 12(Я t) —  элемент фундаментальной м атрицы  Y(т, í) для уравнения

dy/dr — F(z)y.

Векторы м и г  ограничены по-прежнему условиями (4.2), (4.3). П оказатель у  

имеет вид
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y =  ( x í [ 3 ] + x ^ ] + x ^ ] ) 1/2 (4.9)
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Согласно раздела 2 функции ф^т) имеют вид
к *  I

IА,(т)= J min шах (т ■ ( — Яу12($, т)и +
t i  и е Р  v e  Q

+ exp (Я[т -  í0])y 12(S, т )v/a0)}dT, (4.10)

где m  =  { m í , m 2 , m3}.
Примем для определенности, что v, > 1 и v2> l .  Построение верхних 

вогнутых оболочек <р,{т) зависит от знака выражения

n(t)= exp (A(t -  t0))/(Aa0) -  1. (4.11)

Включим корень т* уравнения t](t) = 0 в число точек т, разбиения Аь. Тогда 
возможны два случая.

1. В случае rj(т)< 0  при т ,< т < т 1 + 1 функция ф^т) является вогнутой 
функцией от т. Тогда

<PÁ.m) =  Фкт) +  <Pi+ i(m). (4.12)

2. В случае q(r)>0 при т ,< т < т (+1 функция ф,{т) вогнутой функцией от т 
не является. Тогда

(р1{т)={Ф,{т)}* + <Pi+ i(m). (4.13)

Учитывая монотонность функции rj(t) и соотношения (4.12), (4.13), придем 
к следующему результату

<Pi(m) =  Я í  |у ,2(S, t)|f/(r)dT • (т\ + тЦ\\ + m23/v22)112 +
t i

+ Я /  1У12(Я t)|»7(t)í/t ■ (1 -b(l/vf — l)mf 4-(l/vf— l)m|)1/2. (4.14)
t*

Таким образом, вектор m° = {m?, m2, m3}, определяющий вектор /и°[((], 
который определяет оптимальное управление u0[í,], является решением сле
дующей задачи

шах { -  [е +  £(í;- 10)] ( М 2 +  1)1/2 + <т • x [íf]> + tp,(m)} =
|m |*S 1

= { -  [е +  e(íf— to)] (I m° I2 + 1 )1/2 + <m° • x[t J  > + <p,(m0)}. (4.15)

Вектор m°[/,] принимает вид

^ 0M  = [£ + £ ( í ,- to )V /(N ° |2+ l ) 1/2. (4.16)
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Управляющее воздействие м°[г,] определяется теперь формулами

= sign (у, 2(9, О)"»? М /(("»?М )2 + (m2M ) 2/v? +

+ (« S M )2vi)1/a,

=sign (у12(Я Íi))m5[íf]/((m?[íj])2 +(m g[tj)2/vf + 

+ K [t i] )2vÍ)1/2)/ví,

« э М  = sign (y12(9, г,))т?[^]/((т?[1;])2+(m5[t(])2/ví + 

+ ('л°М)2у2)1/2Л'|. (4.17)

Процесс управления для рассматриваемого объекта был симулирован на 
ЭВМ для следующих значений параметров

Рассмотрены три ситуации.
В первом случае оптимальное управление работает в паре с самой 

неблагоприятной помехой v, которая конструировалась в соответствии с про
цедурами, описанными в [1]. На рис. 1 движение в этом случае представлено 
сплошной линией. Во втором случае оптимальная стратегия управления ра
ботает в паре с помехой вида

которая не является оптимальной. Соответствующее движение показано на 
рис. 1 пунктирной линией. В третьем случае была выбрана неоптимальная 
стратегия u(t, г). Она для каждого момента t назначает вектор u[í]:

*о = 0, 9 =  4, y(ío)= { 0 ,1,1,0,1,0), 

а0 = 10, Я = 0,6,

a (t)= — 4ехр (— 0,6í), ß(t) =  0,5exp( — 0,6t) 

v, =  1,225, v2= 1,265 (4.18)

t> 1 [í] = sin (1 Of) cos (1 Of), v2 [f ] =  (sin2 (10f))/v,,

r 3[r]= (cos(10t))/v2, (4.19)

Hi W  =  -  r . M / ( r 2[ t ]  +  v2r 2[ t ]  +  v2r 2M ) ,  

Hz W  =  -  r 2[ f ] / ( r 2[ t ]  +  V2r 2M  +  V2r 2[ f ] ) ,  

H J W  =  -  r 3 W /( r ? M  +  v f r i M  +  V2r 2[ t ] ) (4.20)

— коллинеарный текущему радиусу-вектору r[t]. Помеха формировалась при 
этом самым неблагоприятным для нас образом. На рис. 1 этому случаю 
соответствует штрих-пунктирная кривая. В эксперименте получились три зна
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чения для расстояния от точки до начала координат в момент 9 = 4: у1 = 1,3593, 
у2 =0,5199, уз =1,9864. Как и следовало ожидать, значения у1; у2, у3 удовлет
воряют неравенствам

Уг< 7i <7з- (4-21)

Для взятой исходной позиции {t0, х0} оптимальный гарантированный результат 
есть p°(t0, х 0) =  1,3587. Как и следовало ожидать, в эксперименте получилось 
значение у,, близкое к числу p°(t0, х0):

y i ~ P ° ( t 0, x 0). (4.22)
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