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Problems of Control and Information Theory, Vol. 4 (1 ) , pp. 3 —21 (1975)

LEARNING UNDER COMPUTATIONAL CONSTRAINTS FROM 
WEAKLY DEPENDENT SAMPLES*

S. C S IB I 

(B u d ap est)

(R eceived J u n e  15, 1974)

A ssum e a  classification  ru le h a s  to  be learned  fro m  sam ples fo r w h ich  the 
co rrec t hypo theses a re  know n, how ever th e  sam ple sequence  is w eakly  dependen t. 
A d m it, for th e  sake  o f  sim plicity , ju s t  »»„-dependence. Suppose th e  relation  
be tw een  hypo theses a n d  sam ples to  be  m em ory less. (B o th  notions a re  specified 
m ore precisely in  th e  paper.) W e show , b y  ex tend ing  w ell-know n s ta b il i ty  studies 
d u e  to  B rav erm an  an d  R ozonoer to  p e rtu rb a tio n s , in c lud ing  also rea l va lu ed  b u t 
cen te red  com ponents, how  such so rt o f  learn ing  p ro b lem s m ay  be re d u c e d  to  th e  
d iscip lines o f learn ing  from  in d ep en d en t observations. W e  show, as a n  illu s tra tio n , 
how  m ay  be fin ite  d im ensional p ro jec tio n s  of B ayesian  d iscrim ination  functions, 
defined  w ith  re sp ec t to  firs t-o rder p ro b a b ility  d is trib u tio n s , e s tim a te d , under 
such  conditions, b y  m eans o f th e  v e ry  sam e algorithm , in d ep enden tly  o f  how  the 
su b seq u en t sam ples precisely  depend  on  each o ther.

1. Introduction

L et our problem  be to  learn a classification ru le  from  labelled samples 
Z n =  (X n, Y n), n — 1, 2, . . .  Assume Y n =  1 if, fo r X n, some hypothesis 
H v  and  Y n =  0 if its com plem ent H 0 holds true.

Suppose X  — {X n; n =  1, 2, . . . }  to  be a random  process defined  in 
some probab ility  space (Q, cfß , P), tak in g  values in (%, Assume X  to  be 
s tric t sense s ta tionary  and  m 0-dependent.

m 0-dependence is used in the usual sense. I.e ., we assume th e re  exists 
some positive integer m 0 for which

P {A'A") =  P (A ')P (A ")

for any  A '  £<!F(Xn) and  A" £ § ( n+moX )  an d  n — 1, 2 , . . . (Xn =  {A,-, i <[ n} 
and  n~maX  — {Xj, i  > »  - f  rn0} . SF(Xn) stands for th e  u-algebra generated  
by  X n, and  oF(n+moA) is defined in a sim ilar way.)

W e confine ourselves to  m 0-dependence just for th e  sake of sim plicity. 
For th e  probability  m easure of X  only th e  afore-m entioned loose properties 
are assum ed to  be a priori known.

* P a r t ly  p resen ted  a t  th e  3rd In te rn a t io n a l Sym posium  on  In fo rm a tio n  T heory , 
U R S I —U S S R  Ac. Sc. (T allinn , J u n e  1 5 - 1 9 ,  1973).

1*
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Suppose X  a n d  Y  =  { Y n\ n  =  1, 2 , . .  .} to  be related in  a  memoryless 
m anner, in the following sense

P (F „  =  j  I X n, Z n l ) =  P(T„ =  j  I X n) =  ITj(Xn)

for j  =  0, 1. (Zn =  {Zj, i <Z n}. W e call, according to  the usua l term inology, 
II j =  {rij(x), x £ 6X } a posteriori probability  function  w ith  respect to  //,.

In  this p ap er we show how th is  problem, concerning w eakly dependent 
observations, m ay be reduced to  disciplines of learning from to ta lly  indepen
d e n t sample sequences. In  so doing we first e x ten d  two well-known theorem s, 
due to  B raverm an and  Rozonoer [5], in a w ay  appropriate for our fu rth e r 
purposes. N ext we illustrate how to  use these re su lts  for learning from w eakly 
dependent sam ples under a set o f usual com putational constrain ts.

2. Extending stability theorems

We adopt, concerning a  p a ir  of sequences S  =  {Sn; n  =  1, 2, . . . }  an d  
Z  o f random  variab les, the following well-known [8] notions:

Definition A  [8]. We say S  to  be adopted to  Z  if, for any  n, S„ is m easur
able w ith respect to  §{Zn). (Here and  in w hat follows we refer by  A, B, . .  . 
a n d  1, 2, . . .  to  c ited  and new notions, results, e tc. respectively.)

Definition В  [8]. A sequence S  of random  variables, ad ap ted  to  Z, is 
centered (with respect to  Z) if E (S n+1 | Zn) =  0 for any n. (H ere and in w ha t 
follows E stands for the expecta tion  and E ( . | . ) ,  specifically, for the condi
tio n a l expectation.)

Let us now  tu rn , concerning B raverm an’s and R ozonoer’s s tab ility  
stud ies [5], to  a fundam ental resu lt which underlies a num ber o f theorem s on 
learning either functions or classification rules from labelled samples.

Theorem A  [5]. Given a  sequence G =  {Gn, n  =  1, 2, . . .} o f nonnegative 
v alued  random  variables ad ap ted  to  Z. Let (i) \L(!y <  °o an d  (ii)

E(Gn+1| Zn) < G „  +  Ä(n0). (1)

(S (0) =  {Sn; n =  1, 2, . . . }  s tan d s for a sequence of nonnegative valued r a n 

dom  variables ad a p te d  to Z, such  th a t ^  E.S'}^ <  °o.) Then  there exists a
/1 =  1

re a l valued random  variable q for which P (lim G „  =  p) =  1.
/1—00

Let us ex ten d  Theorem A according to  our further purposes.
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Theorem 1. F o r th e  sequence G there still ex ists some n for w hich 
P (lim t?n =  q) =  1 if we replace (1) by

П-*- o°

E(Gn+] I Z n) <  Gn +  S n (! ')

provided all other conditions in Theorem  A hold. (8„ =  -)- S„ \  <S(1) denotes
a real valued centered sequence of random  variables w .r.t. Z, for which

J ' E (S™)2 <  oo.)
n = 1

Proof. Let

®n =  Gn ---£  S i (2)
[=1

for any  n  >  1, and G1 =  Gt as in the  proof of Theorem  A [5]. One m ay read ily  
show, exactly  as in th e  p roof of Theorem  A, th a t G is a superm artingale.

However, some additional considerations are needed to  show th a t,  for 
the superm artingale G, convergence conditions hold. F rom  (1'), (2) and  >  0 
follows:

E |ö„ I <; E ö j (3)

for any  n  >  1.
F rom  (3) and  Gl =  Gl follows

E I Gn I <  C0 (4)

for any  n  >  1. (Here an d  in w hat follows 0 , and  n l denote, for i =  0 , 1 , . . .  
a priori fixed positive, reals and integers, respectively.)

F rom  (4) follows th a t  for the superm artingale G th e  well-known converg
ence theorem  [8] holds. I.e ., there exists some real valued  random  variable q 
for which

P ( lim Gn =g ) —■ 1 . (5)

Observe th a t EGt <C °° and ^  E»S'iIl) <C 00 • Obviously, for any  real
^ n= •

valued random  variable S
I s  К  1 +  32. (6)

Notice th a t a cen tered  sequence is also orthogonal [8]. Thus:

E
i n  2

y s j1»
1=1

Í E ( S W )2
i- l

Г0

for any  11 >  1.
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From  the  m onotone convergence theorem  and  the convergence theorem  of 
cen tered  processes [8], follows th e  existence o f random  variables p(0) and  p(1>,

П — 1 П— 1
to  which 22  »S;0), resp. ^  tend , as n  —► o°, alm ost surely. From  this, 

( = 1 i=l
(5) and  (2) follows Theorem 1.

Concerning th e  scope o f th e  adm itted  pertu rbations S, one m ay go even 
slightly  further. Viz. one m ay prove, in an  alm ost sim ilar w ay

Theorem 1 '. Theorem 1 still holds if, for some positive in teger N  <  °°

^  =  S<°> +  (8)
7 =  1

w here (j =  1, N)  s tan d  fo r centered sequences of real valued  random

variables, ad ap ted  to  Z, such th a t  VE(>Sj1J))2 << °°, for j  =  l , N . =  0
i = i

if  i  <[ 0.)

By Theorem  1 a num ber o f results w ith in  B raverm an’s an d  Rozonoer’s 
s tab ility  th eo ry  [5] may be ex tended  also to  perturbations of th e  form (8). 
H ere we confine ourselves ju s t to  the  ex ten tion  of one of these results. Viz., to

Theorem 2. Let (i) U =  {Un,n ^>  1 } and  V =  {Vn, n^>  1} be two 
sequences of nonnegative v a lu ed  random  variables, bo th  ad ap ted  to  Z, and  
(ii) ~EUX <  oo. L e t U and V  be re la ted  by (iii) and  (iv), as follows: (iii) Assume 
th a t

E(Cfn+i I Z n) <C (1 Уп) Un ßnVn ~b $>n- (9)

Here у =  {y„, n  >  1} an d  ß =  {ßn, n  >  1} s tand  for a  priori given 
sequences of positive reals, such th a t

2 2  ßn =  00 - 2 2  Уп <  °° ■ (10)n = 1 П = 1

S  =  {Sn, n ^ > \ )  s tands for a sequence of real valued random  variables 
adap ted  to  Z.

S n =  W  +  J
7=1

S (0) is nonnegative valued, and  2 2  E*S® << ( j  =  1, N)  are
Fl—l

centered sequences of real v a lu ed  random  variables, such th a t  2 2  E (S n-j)2 <C

<  for j  =  1, N.
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(iv) Suppose th a t ,  for any subsequence {гг.,; г =  1, 2, . . .} o f subscripts 
for w hich P( lim Vn. =  0) =  1 we have  lim p Un> =  0. (lim p  s tan d s for con

vergence in p robability .)

Then
P ( lim  Un =  0) =  1 .

Л —00

Remark [5], [11]. I t  is well know n th a t (iv) is m et if

in f  F „ >  0 (11)
e<n<e~"

for any  e >  0 and  n.
(11) is met w ith in  a broad class of regression problems w ith  unim odal 

risk functions [5], [11].
Theorem  1 is a  typ ical case o f th a t  sort o f resu lts in which (i) a  pair U 

and  V o f nonnegative valued sequences of ran d o m  variables, ad a p te d  to  Z , 
are considered, an d  (ii) the  joint p roperties of U a n d  V guarantee th a t  either 
U or V, or both te n d  to  zero, alm ost surely. We m ay  call, because of obvious 
reasons, suchsort o f resu lts  L yapunov type theorem s, according also to  a  rem ark 
by  B raverm an an d  Rozonoer [5].

Sketch of the proof. One m ay show, in a w ay  alm ost sim ilar to  Braver- 
m an’s an d  R ozonoer’s proof [5] concerning specifically S — S (,'\  th a t  for

Gn =  Un / /  ( l+ Y i )  (12)
i=n

Theorem  1' holds. T hus there ex ists some real v a lu ed  random  variab le  о for 
which E( lim =  g) =  1 almost surely. From  th is , (10) and (12) follows, in

П-+ oo
th e  well known w ay Г5], [11]

P ( lim  Un =  g) — 1 . (13)
П-+ ~

However, some additional considerations a re  still needed for proving 
th a t g =  0 , alm ost surely. From  (12), (9) and (10)

ECrn+1 =  E [E ((?n+1 I Z ”)] <  EGn -  ßnE V„ +  CXESn . (14)

L et us use (14) for overbounding EG„-lt . . ., E6'1 after ano ther. Then

E Gn+1 <  EG, -  ßt E F , +  G , J  ES, .
1=1 1=1

(15)
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N
Observe th a t  S n =  Л'|,0) +  SftJ.) where £<,°> >  0 . Thus

J = 

n N n N

2  ES> <  2  EiS'0) +  E 2  2  S H ] <■ 2  ESi0) +  2  E 2 s m ] • (16)
1=1 1=1 /=1 j=1 i=i i=i i=i

We recall j ^ E S ^  <  oo and  ^ E ( S ^ ) 2 <  oo .
n= 1 n=1

From  these, (16) and  (6)

2 E S i <  2  E ,sí0) +  N  +  2 2  E (s i-p )2 <  c 2 <  o o . (i7)
n=1 1 = 1 j= 1 1 = 1

Observe th a t  E t ^ ^ o o  a n d  ^  yn <  oo . T hen from (12) we have
П= 1

E 6r1 <  oo. From  th is, (17) and (15) follows

2  ßn E Vn <  00 •
n=  1

From  th is p o in t on the p roof exactly  follow well-known ideas [3], [5]. 

Viz., by  observing 2  ßn =  00 an d  V„ >  0 (n =  1, 2, . . . )  follows th e  exist-
П= 1

ence of some subsequence {nk, к >  1} for which lim E V„t =  0. B y C hebyshev’s
k-+ oo

theorem  we o b ta in  lim p  F„s=  0 . F ro m  this, however, follows th a t  some sub- 

sequence {nk , i >• 1 ) exists for w hich P (lim  Vnk. =  0) =  1.
i— oo

B y th is an d  Condition (iv) (Theorem  2) follows l im p  Unk. =  0. I.e ., there 

exists some 1 1} for w hich P (lim  Unk.(i) =  0) =  1. This fa c t and (13)

im ply q — 0 , a lm ost surely. This com pletes the  p roof of Theorem  2 .

3. Learning projections from weakly dependent samples

L et P Y be th e  probability  d istribu tion  of, say, X v Assum e th a t P x 
is absolutely continuous w ith respect to  some a p rio ri given fin ite  m easure a, 
defined on (IE, oS^). I.e., p  =  P Xi(da;)/(u(da;) <  C2 <

Assume th a t  a  finite set Ф =  {rpj, j  =  1, M ]  o f linearly independent func
tions is given on  %, such th a t <pj £ £2(/i ) and | <pj(x) | •< C3 <C °° fo r all j  and 
x. D enote by  Ж(Ф) th e  linear m anifo ld  spanned b y  Ф.
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R ecall th a t  g* is th e  projection of any  function g =  {g(x), x £ %} £ £ 2 (Px  ) 
onto Ж(Ф) iff

J  [g(x) — !7(z)]2 FXi(dx) =  m in (19)
%

for g =  g* (for any g £ Ж(Ф) <  £2(PX )). Observe th a t ,  because of P A p 
and  p(x) <  C2(x £ 4L) we have, for any  g £ £2(/i ), g £ £ 2(Px,)-

L et us associate w ith  Ж(Ф) also ano ther inner product, in ad d itio n  to
M

th a t  of £2(p). Let us define this, as usually  [6], [1], by  <g, g) =  ^  Cj Cj,
M /u, _ y=l

for any  g =  ^  Cjcpj and  g =  CjCj in Ж(Ф). D efine Ж by Ж(Ф) and

<. , . )  (Let И g И2 =  <g , g).)
L et our goal be to  estim ate, a t any  n  |>  1, th e  projection П* of П =  

=  /7, - 170 consistently, in the sense of Ж. Viz., let F.(lim || F n П* || =  0) =
П— OO

=  1. (F n s tands for th e  estim ate we propose a t n.)
L et B(g) =  {x : g(x) >  0}. Consider the  following classification rule: 

Accept H 1 if x  £ B(g) and  H 0 otherw ise. Denote by Pe(g) the p ro b ab ility  of 
misclassification, m eant specifically w ith  respect to  th e  firs t order p robab ility  
d istribu tion  Px . Viz.,

Pe(g) =  j" П o(x ) P(x ) p(dx) +  \ П x{x) p(x) fi(dx) M =
Big) B \g )

=  I \ —  J' 1 B(g) n  И  P&) P(dx).
é

(P 1 =  P(co : F 0 =  1). Xb(g) stands for th e  indicator of B(g), and superscrip t c 
denotes th e  com plem ent.))

Assessing the classification rule, specifically in  term s of this very  p ro b 
ab ility  o f misclassification, appears frequen tly  as m eaningful if the rule, learned 
from sam ples up to  n, has to  be used only  far behind n.

We consider, specifically, П just for illustration. One could equally  well 
take  any  o ther real valued  Bayesian discrim ination function, e.g. Пр,  by 
which a decision rule (i.e. a  subdivision o f 1£) with a m inim um  misclassification 
p robability  m ay be defined, in a sim ilar way, by level crossing.

Consistency of F  — {Fn, n >  1} w ith  respect to  Ж is not m eaningless 
in testing  H 1 against H 0. Viz., we have

Lemma A  [12]. I f  P( lim || F n - П* 11 =  0) =  1, then
П-+ °o

P(lim  [P e{Fn) — Р е(П)] <[ 0 3 jIП — П*  I)) =  1 .
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Remark. L em m a A follows from the following two facts, sum m arized as 
Lem m as В a n d  C.

Lemma В  [15], [12]

P e(ff) — p Án ) <  У j (у(х ) —  П{х))2 P Xi(dx)
%

for any g £ £2(/i ).

Lemma C [7], [10]. I f  | <pj(x) | <  C3 for all x  £ % and  j  =  1, M  then

g(x) — II*(x) <  C3 И g — П*  ||. (20)

Remark. L em m a В follows from the  defin ition  of P e(g), the  p roperty  
th a t  [ZB(g){x) - %в(п){х)} д(х) >  0 and  Schw artz’s inequality. Lem m a C readily  
follows from I 99j(x) | <  C2(a; £ 1£), the defin ition  of Ж(Ф) an d  < . , . ) .  (By th e  
w ay, it rep resen ts a well-known property  o f Reproducing K ernel H ilb ert 
Spaces [2], [7] in  a  very  simple contex t. Viz., observe th a t Ж is th e  R eproducing

Л1
K ernel H ilbert Space generated  by  K 0(x, x ) =  ^  <pj(x) fj{x)  an d  th a t ||K 0|| =

i = ‘
=  K 0(x, x) <  Gi . (20) represents a  typical p ro p e rty  of such spaces.) Lem m a A 
im m ediately follows from L em m as В and C, tak in g  д =  F n an d  observing th e  
orthogonality  o f П  — П*  to  д — П* w ith respect to  P Xl-

Assume, som e subset aR in  Ж is also a  priori given for which П* £ Л .  
( I t  is essential th a t  оЛ need n o t be a subspace o f Ж. E.g., || аЯ || <  °° is also 
adm itted , w hich choice obviously offers th e  possibility of considering also 
range lim itations appearing in  ac tua l com putations.)

Consider estim ates F  =  {F n, 'ft >  0 } generated  recursively, taking some 
in itia l estim ate F 0£ 3 ЦФ) (E || K 0 | | 2< ° ° )  an d  proceeding as

F n + 1 =  y>(Fn 't-п Л  n + i)  (2 1 )

for any n )> 0 .

By W =  {W n, n  >  1}, w hich we confine to  be ad ap ted  to  Z, the  es tim 
a te  m ay be u p d a ted , a t each n, according to  recen t experience, a =  (a„, n  )> 0 } 
stands for an  a  p rio ri given sequence of positive integers, by  th e  choice of w hich 
th e  corrections m ay , a t each step , be weighted. B y  the m apping ip: Ж -*• oR d  % 
th e  estim ates F n(n >  1) m ay be kept w ith in  аЯ. L et us in te rp re t F 0 as th e  
f irs t term  of th e  sequence Z, as one arrives, in  th is  way, a t an  F  which is ad ap ted  
to  Z.
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Condition A  [11], [15]. We consider, as previously, such an a for which

and

2 c‘" =  o° ,  2 : < 00
n = 0 n=0

У  Хп n e <  oo , V  и 2с‘ a„ ( m ax a,) <  oo
n=0 n = 0  n-[n^]< ,i<^n

for an y  e >■ 0 and som e 0 <  Cs <  1. ([x] =  1 en t x ,  for any real x.)

Remark. Condition A is obviously m et for, say , oc„ =  CJ(C1 +  n).

Definition C [11], [15]. We say  th a t  y> is a non-expansive tru n ca tio n  w ith 
respect to  аЯ iff

II y ( l)  - V И <  И I — rj И an d  ip(rj) =  r\ 

for any  I  £ Ж and rj £ аЯ.

Example [11], [15]. L et <Л be a  hyper cube, defined by

°% = ÍV '■ a! <, <Pj> < b j ; j =  1, M  }

for a  p rio ri given reals «/, bj (j =  1, M ). A non-expensive trunca tion  ip is defined 
w ith  respect to  <A if we tak e , as y (i), th e  nearest neighbour of c on th e  boundary  
surface o f <A, provided £ $ аЯ.

I t  is well known how to estim ate the  projection 77* of 77 consistently, 
provided  X  is to ta lly  independent. Viz., a R o b b in s—Monro type process w ith 
a correction term

W n+1 =  =  [2 7 n+1 -  1 -  F n(X n+1)] K 0(., X n+1) (22)
M

tu rns o u t to  be app ro p ria te  for such purpose [6 ]. K ()(x, у ) =  JV  <pj(x) <pj(y).
7=i

Recall th a t  one m ay a rriv e  a t TF(0) b y  (i) taking in (19) g =  П, and  (ii) observ
ing, in such equalities as (70), th a t  7 n+1 is a conditionally  unbiased estim ate 
of I I (X n+i) in the sense:

E (F n+11 X n+vZn) =  E ( 7 n+1 j X n+1) =  П (Х п+1) .

In  th is  paper we prove th a t th e  same learning goal, viz. 77*, is ac tually  
learned, b y  T7(0>, for an y  X  which is m 0-dependent (including of course, also 
to ta l independence).

Theorem 3. L et (i) 77* £ о Я с  Ж (Ф )а  £ 2(y) and  II I! <  00• (h) Generate 
estim ates, taking a t F 0 £ сЩФ) (E || F 0 ||2 <  °°) and  adopting (21), W  =  17(0) 
and  an  a according to  Condition A. (iii) L et ip be a non-expansive trunca tion ,



12 CSIBI: LEARNING UNDER COMPUTATIONAL CONSTRAINTS

w ith  respect to  аЯ. Then

P ( l im ||.F n — /7*]| =  0 ) =  1 (23a)
П oo

and

P ( lim f P  e(F  n) — P e(I7)] <Z ]! j \IJ(x) — TI*(x)f  P x .№ )) =  1- (23b)
П°° -*

Remark. F o r the  proof see Section 6. We are concerned in  th e  present 
p ap er only w ith  m 0-dependent observations ju st for the sake o f a simple illus
tra tio n . One m ay show, alm ost in the  same way, th a t  the very  sam e learning 
goal, viz. П* , m ay  also be estim ated  in the  sense of (23a) and  (23b) by 1F<0) 
even  if the sam ple sequence is uniform ly strongly  mixing (w ith some given 
decay  bound [15]).

4. On consistent rounded estimates

As all stud ies have been confined un til now only to  F n £ Ж{Ф) and 
II II <  00, one m ay  obviously be content w ith  conditions in Theorem  3, also 
from  a com putational point o f view, as far as analog com putations are con
sidered.

However, one m ay also a d o p t some of our previous studies also for deriv
ing consistent estim ates F =  {Fn, n >  0 } of П* which tak e , a t  each step, 
values in some fin ite  set <Лп €°Я в оЩФ) ( \аЯп | •< ), and m ake in th is way
th e  process, a t each step, also d ig ita lly  com putable [13].

We recall some notions o f [13]. L et {аЯп\ n =  0, 1, . . .} be a  sequence 
o f finite sets, all w ithin аЯ. Assum e th a t (i) аЯ ^ э Л п+1 an d  (ii) \p is such
th a t  ip(r])£<An if  tj £ оЯп (n =  0 , 1, . . .). (C onstraint (ii) m ay  obviously be 
m et by an appropria te  specialization of the  pair (аЯ, y>), devised according to  
th e  Exam ple.)

Let И/(11) =  { n >  0 } be such th a t  a„ IL^"^ £ оЯп and

=  +  T n+1. (24)

Let the  sequence T  of round-off errors be such th a t

E |jE(Tn+1 j IFjpliH <  oo (25)
n=0

^ ’E | |T n+i|!2 < o o  . (26)
/1 = 0



CSIBI: LEARNING UNDER COMPUTATIONAL CONSTRAINTS 13

Theorein 4. Let F 0 £<A0. We s till have P( lim Ц/’п — П * || =  0) =  1
П— »

if W„0), in Theorem  3, is replaced, a t each  n, by Wn'*.

Remark. For the  p ro o f see Section 6 . We have already  pointed o u t in 
[13] how conditions on th e  rounded correction term  1F <0) m ay be m et b y  well- 
known sim ple rules for th e  round-off. (H ere we ju st refer to  [13]).

5. Admitting more general estimation rules

N ext we adm it, as a  correction te rm , no t just b u t also more general 
sort of recursive estim ates of the form  (21). Viz., we ad m it within (21) any  
correction term  of the  following form:

ff n+l =  wn+l(^nri’ F") ■ (2~)

H ere w =  ( K +i(z,/"), z£%> — f n 6 X” 3£}, n  > 0) =  {0 , 1}
denotes som e a priori fixed  sequence of functions, tak ing  values in Ж. 
More specifically, we ad m it any w according to  Conditions 1—4. (One m ay, 
of course, have also specifically wn =  w 0, for all n^>  1. See, e.g., W =  TF(0>.)

Condition 1. We confine ourselves to  functions wn(n >  1) w hich are 
uniform ly bounded in Ж. Viz.,

IM z ,  f n)\I < C b (28)

(for all z £ %>, f n £ X”5£ an d  n >  1).

Condition 2. wn(z, f n) (n >  1) are assum ed to  be o f decaying m em ory, 
w ith respect to  / ”, in th e  following sense:

\\wn(z, /") — wn(z, f nn_y) II <  C9 v -c-  (29)

for some C9 and C10 an d  any z£%, f n £ X" Ж and  v ]> nv (Here =  
=  {/,, i <[ n}  assuming /, =  /, for n — v <  i <  n, and  /,• =  0 for i <j n — v.)

Definition 1. L et, for any z £ %, f n £ ХоЗС, g £ Ж an d  n  j> 1:

vn+i(z, f n) =  <fn — П*, wn+1(z, /")> . (30)

Condition 3. vn(z, f") (n >  1) are assum ed to  m eet, w ith  respect to  f n, 
the following Lipschitz ty p e  condition:

\Vn+x(z>fn) - v n+i ( z J n) \ ^ C n ön (31)

(for any z £ %>, a pair /", f n £ X„ Ж and som e Cn ). Here

dn = max \\fi —  fi\\. (32)
0 <  i S  n
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Definition 2. Let
(33)

and
(34)

Here Q denotes the p robab ility  d is trib u tio n  of, say, and

Condition 4. Assume th a t  one m ay associate w ith F <0> a  pair of real 
valued sequences, viz. F (1) =  (F „  , n  1} and  F  =  { Vn, n  f> 1}, of rea l 
valued random  variables such th a t

Theorem 5. Theorem 3 still holds if W (<>> is replaced by  any  W , according 
to  Conditions 1—4, however the  conditions imposed in Theorem  3 are le ft 
otherwise unchanged.

Remark. F or the p ro o f see Section 6. We confine ourselves to  
=  [ЩФ), because of the p articu la r com putational significance o f

this very choice. However a  m ore general s tu d y  of Theorem 5, concerning an y  
separable H ilb ert space, could also be possible, along the lines followed in  tw o 
of our previous studies [11], [15].

We s ta r t  a t  proving Theorem  5. N ext to  th is we will prove th a t Theorem s 
3 and 4 are ju s t specific cases. The proof o f Theorem 5 relies mainly upon 
Lemma 1.

Lemma 1. I f  (i) F  is generated, specifically, by some rule o f the form (21), 
(ii) a is according to  Condition A, (iii) ||<Л|| <  °° and y> is non-expansive, w ith  
respect to  оЯ, and  (iv) IF is according to  Conditions 1 — 3, then

6. Proving Theorems 3—5

E(Un+1\ Z " ) ^ U n - 2 x n F«J» +S„ . (36)

and V is according to  (11)

and, for some C100,
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H ere 8  =  S w  +  S (' \  Sm s tan d s  for a sequence of nonnegative valued 
random  variables ad ap ted  to Z. 7>(„x) =  Ffhi 8n ’J} denotes, for an y  j  =  1, m 0, 
a  real valued cen tered  sequence o f random  variables adapted  to  Z. and  
S (1) are such th a t

J 'E , S t > < o o  (37)
n = 0

and

J ’ E ( ^ d ) ) 2 < o o .  (38)
n= 0

(j =  1, m0.)

Proof. Let F n =  7’„ — П*  a n d  F n+1 =  Fn -)- xnWn+1. As (i) y> is non-
expansive w ith respect to  аЯ. (ii) F n+1 =  y)(Fn+1) an d  (iii) 77* £_Л, we have:

\\Fn+1\\* < \\F n+1- n * \ \ .
Thus

M V il |2 ^ l l ^  +  ^ ^ n + i l | 2 - (39)

As F n is § (Z n) m easurable (under the convention Z 0 =  F 0).

E(Un+1\Z") < U n +  2znE ( (F n, W n+1> \ZP) +  oc2n E(\\Wn+1\\*\Z") (40)

and, because of th e  sam e property

E « F „ ,  W n+1;> IZ«) =  <  F n, E (W n+1\Z" ) . (41)
Let

H n =  E([wn+1(Zn+1, F ") -  wn+1(Zn+1, F*_j]  IZ") (42)

=  E ([vn+^(Zn+l, F ”_v) Vn+1(Z n+1, fn—v t^ n - m j) ]  I%") (43)

H n =  E ([wn+1(Zn+vf"n_v [Fn- m.] )-u > n+1(Zn+1, r  [T’n-m.])] \ Z n) . (44)

H ere fn =  {/,, i <  n}  assuming /, =  F„ for n  — v <  i <  n,
and  ft — 0 for i <  n  — v. (h =  n  — m 0, v /> m 0.)

Accordingly, one m ay in troduce, concerning (40), the following approx
im ation:

E (Un+1\Z”) < U n +  K < l „ , E { ^ ( Z „ +1, f  [Fn_m,]) |Z"}> +

+  2a„ [ (F n, H n -f- H ny +  ö„] -j- a2 E(|| IFn+1||212"). (45)

L e t us estim ate th e  th ird  te rm  (viz., the approxim ation error) within 
the  bound  in (45). Consider first (F„, H n +  H n>. L e t v =  \nCb~\. (0 < 6 5  <  1/2).
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B y th is  and  Condition 2 :
||Я П||
ll#J

<; c,j n ~ c " (46)

(for all n  i>  n2 >  m ax {п \с\  mj C‘) an d  Cn =  Cs C10).

B y Schw artz’s inequality  an d  (46):

\<Fn,H n +  H n>\<,C9\\Fn\\n-c»  (47)

(for all n  >  n2). As F n £ аЯ, for n  >  1, and ||oft|| <C °° , we h a v e :

I +  H n} I <[ C12 (48)
(for я  ^  m ax(w2, 1)).

Consider the o th er error te rm  Gn. By the  Triangle Inequality  and be
cause ip is non-expansive w ith respect to  <A:

\Fn -  F t II <£ 2  II F k+1 -  ^ | |  2  ** II ^n+ iI
k=i k= i

(49)

As all m em bers o f F nn „ and  f„ ,, [ Fn m ] equal, for i < ^ n  - r, zero:
П-1

=  m ax I j i V m„ — У <; ^  j F n_mt —
n -v< i< ,n  i= n - » + I

B y (50), (51), Condition 1 an d  v =  [ис*]:

<  C8 w,2C« m ax а ,-.
n — \c&]<Li<n

Considering (43), (51) and Condition 3:

I Ö„ I <[ C13 n2C> m ax  a, (C13 =  C8 • C12) .
n — \nCb\< i< n

B y (48) and (52)

*n(\<Fn, H n +  H ny\ +  \Gn\ ) < S ^ l
Here

^(0,°) _  (7ia rin n~ c" -+- C13 ac„ w2C* m ax oc;
n — [nC5]<i<n

(50)

(51)

(52)

(53)

(54)

<S(0,0) is a nonnegative valued sequence of a priori fixed  terms, an d  is, therefore, 

triv ially  adap ted  to  Z. B y (54) an d  Condition A: E/S„,0) <C °°.
n= 0

L et us now proceed by approxim ating, in (45), E{wn+1(Zn+1, f n [Fn_my\\Zn} 
by conditional expectations of of the very sam e random  variable, re 
placing th e  condition Z n by Z" \  . . . ,  Zn~m° a fte r  another.
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B y the  notion o f th e  Conditional E xpectation  we have, for an y  integrable 
random  variable S:

E[E(3 I Z") I Z " -1] =  E(3 I Z n~1)

alm ost surely.
A dopt (55) to  th e  following random  variable:

(for an y  n). 

L et

Sn =  2ocn <Fn, wn+1{Zn+1, f  \Fn_m„])>

— E(§„ \ Z n) —  E(§„ I Z n_1)

(55)

(56)

^п-?+1 =  E(Sn I Z"-'+1) -  E(Sn I z» - ') (57)

- S t e i l  =  E(S„ IZ"— « )  -  E(S„ IZ"— .)
for n  >  m0.

B y (55) follows th a t  the sequence n  i 1} (i) is adap ted
to  Z an d  (ii) it is also centered w ith  respect to  Z (for an y  1 i <C m 0).

B y  Schwartz’s inequality:

I <Fn,wn+1(Zn+1,f"  [E n_mJ)>  I ^  | |E n || \\wn(Zn+1, fn [E n-m j) II • (58)

As ||сЯ.|| <  oo we have || E „ || <  Сы <  B y  Condition 1:

\hn(Zn+vfn [Fn- mM < C 8 . (59)
Thus

( « +1)2 ^ « ^ 15. (60)

By th is  and  Condition A:

2  E(Ä<iip+l)2< 0 0 . (61)
n=m+ 1

T hus

2ocn ( F n, E {wn+1(Zn+1, r  |Z»)}> =

=  2*„ <Fn, E {wn+1(Zn+1, Г  [En-m.J) I 2 " -" 1’}) +  3 «  • (62)
m0 ____

(Here (S(1) is adap ted  to  Z,  ̂=  2  <Sn-i+i- is, for any  i  =  1, m0,
i = 1

n^> m 0, centered w ith  respect to Z, a n d  is according to  (61).)

2
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By (49), Condition 1 and  D efinition 1

2a n < F„, E {wn+1(Zn+v Г  [ I ^

<  2xn E {vn+1(Zn+1, Г  [Fn- mJ )  .
Here

0 <  s{*-« <1 C8 xn m ax x t .
n — [nCs\<i<,n

As X  is m „-dependent, we have, from L em m a 2:

E [vn+1(Zn+l, f u [Fn„ mJ  I j =  [  vn+l(z, Г  [A „_mJ )  Q(dz) =  -  7<0)- (63)
&

Consider the following u pper estim ation:

Hvn+l( z , r [ F n_mJ ) Q ( d z ) ^
%>

<. 2*n J  W * .  /" [Fn]) Q(dz) +  S<°'2> (S<°’2> -> 0 ) . (64)
&

By Condition 2, in a  sim ilar way as for (52):

S*,0-1» < C 13n2c‘ m ax xt . (65)
n — [nCb]<i<n

In  add ition  observe th a t  tx2 E(jj lLn+11]2 \Zn) < C 17a2 =  £*,0,3). Obviously 

>  0, and  J e ^ ' J '1 <  oc (for 7 =  0,3).
n 0

Consider these facts, (53) and  (62) th rough  (65). By these  and  (45)

E(Un+1\Z ")< ^U n- 2 x n V p  + S n (66)

3 m0
with Sn =  S (n0) +  S^K <S’),0) =  j y  /S'J,0’-'*, $h) =  ^  >̂ n-i}+1 • Obviously S  meets all

7=0 i=l
the  conditions im posed in L em m a 1. This com pletes the proof.

Lemma 2

F‘{vn+l(Zn+vfn[Fn-m«]) \ Z n~m«} =  $Vn+1{ z , n F n- m.]) Q № ) (67)
%

alm ost surely. (Q stands for th e  probability  d istribu tion  o f an y  Z n, n >  1, 
say Z v )

Proof. Consider the  no tion of th e  C onditional E xpectation . Observe th a t 
X  is m 0-dependent, and  (A, Y) are related  in a memoryless m anner. Accord
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ingly, for any  A n m°(i § (Z n m°) one has:

j E{vn+x{Zn+i, fn[Fn- mJ) \ Z n m«}P(dco) =
y\n—m0

=  j  vn+1(Zn+l\co],fn[Fn^ nh((o)])P(da)) =  (6 8 )
д м —m0

=  J  [ Svn+1( Z n+l[ v ] J " [ F n- mS W V n+1(da>)]P"-'”*(dk).
A n~ mо Ó

(H ere P„+i an d  P" m" are th e  restric tions o f P to &(Zn+1) and IF(Zn m°) 
respectively.)

As (i) th e  integrands in the first and  la s t integrals in (68) are b o th  
§(Z/' m°) m easurable, and  {Zn, n  >  1} is s ta tio n a ry  in th e  s tr ic t sense:

E {Vn+x(Zn+1, f n[Fn- mJ) \ ^ n m“} =
=  j' vn+1(Zn+1[co],f*[Fn_mo]) Pn+1(dco) =  (69)

ó
=  | Vn+l(z,fn[Fn-mJ)Q(dz).

%,
This com pletes the  proof of Lem m a 2.

Proof of Theorem 5. Observe th a t  all conditions im posed in Lem m a 1 
hold. L et us have a V according to  C ondition 4. Obviously inequality (36) 
as well as th e  th e  assum ed feature of S  is re ta in ed  if is rep laced  by * +  
+  Gn, and  Fk0 is overbounded by VnClm). From  which follows Condition 
(iii) in Theorem  2 (and, specifically, yn — 0 an d  2a,, =  ßn).

According to  Condition 4, for the  sequence V, (11) holds, which implies, 
in the well-known way [5], [11], Condition (iv). From  E || F 0 ||2 <  °°, (21), 
th e  non-expensiveness of ip, w ith  respect to  аЯ, (27) and  Condition 1 follows 
Condition (ii) in Theorem 2 . Thus all conditions imposed in Theorem 2 hold. 
From  this, an d  the  definition of U, follows (23a). (23b) is ob ta in ed  from (23a), 
Lem m a B an d  th e  very p roperty  th a t П* denotes the pro jection  of П, w ith  
respect to  th e  firs t order probab ility  d is trib u tio n  Px  . This com pletes the p ro o f 
of Theorem  5.

Proof of Theorem 3. As | <pj(x) \ <  C3, | K(x, y) \ <  C3, for all x, у  £ %. 
From  th is an d  || аЯ || <  °°  follows, for W =  VF(0), Condition 1. For Con
ditions 2 an d  3 also read ily  follow.

Observe th a t, for W  =  IT0'*,

П 0) =  — j  [2y — F n(x )\ [Fn(x) —  n*(x)]  Q(dz) =
&

=  — \[TT(x)-— F n(x]\ \F n(x) — П*(х)\ p(x) dx. (70

2*
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(Here (x, y) =  z.) Observe th a t  //*  is a  p ro jection w ith respect to P x . A ccord
ingly

=  J  [Fn(x) — U*(x)]2p(x) d x . (71)
%

I t  m ay  be readily seen th a t, for F (0), (11) and, therefore, also C ondition 
(iv) in Theorem  2 holds. T h u s all conditions imposed in  Theorem  5 follow. This 
completes th e  proof.

Proof of Theorem 4. A pproxim ate, a t  n, the ac tua lly  used correction term  
IFn+j by W^n+i according to  (24). One arrives, in this w ay  in  (36), a t  an  error 
term  Sn A  T n + 1 instead o f S n (as would be the case if  W  =  W(0>). H ow ever, 
b y  this th e  featu re  of S  rem ains still according to  Lem m a 1. Theorem 5, th e re 
fore, holds, from  which T heorem  4 obviously follows.

7. Concluding remarks

In  th is  paper we h av e  shown, specifically for one o f the B ayesian  dis
crim ination functions, viz. fo r П, th a t if  one constrains learning to  fin ite  d i
mensional estim ates, e.g. ad o p ts  W =  TF(0), still the fin ite  dim ensional p ro 
jection П* o f  П  is consisten tly  estim ated, even if th e  sam ple sequence X  is 
m  „-dependent.

We d id  so simply to  dem onstrate  conditions u nder which stab ility  p ro 
perties of learning processes prove to  be stable (i.e. th e  processes correctly  
defined) w ith  respect to  sta tis tica l dependence.

We p ro v ed  the consistency of the  sequence of estim ates by an  ap p ro 
p riate  ex ten tio n  of B raverm an’s andR ozonoer’s s tab ility  studies to real valued  
b u t centered perturbations, an d  also illu stra ted  by th is  an  interesting fu rth e r 
use of cen tered  sequence properties.

W hile our studies hav e  mainly been devoted to  learning under d im en
sional constra in ts, we also po in ted  out u n d er what conditions m ay one devise 
consistent estim ates under range lim itation (viz., ЦоЯ. || <C 00) and round-off.

We have  confined ourselves just to  an  appropriate so rt of consistency 
o f the considered estim ates. Obviously th e  principles p resen ted  in th is  paper 
offer also sim ple means to  ex ten d  the investigation to  th e  fin ite  step behav iour 
o f learning processes [4,] [14]. W e do n o t en ter, however, w ithin the  p resen t 
context in to  th is  further top ic.
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A LINEAR LEARNING ALGORITHM FOR THE PURPOSE
OF IDENTIFICATION

A . B Á R SO N Y  

(B udapest)

(R eceived  M ay 1, 1974)

T he  d irec t aim  o f m o s t o f  th e  id e n tif ic a tio n  procedures is to  de term ine  th e  
p a ram e te rs  (coefficients) in  th e  re la tionsh ip s b e tw een  th e  in p u t a n d  o u tp u t signals 
o f a  g iven  sy s tem . I f  th e  d a ta  regard ing  b o th  th e  in p u t and  o u tp u t  signals h ave  
m easu rem en t noises — w hich  alw ays occurs in  th e  p rac tice  — th e n  th e  re la tionsh ips 
w hich describe  th e  beh av io u r o f  th e  system  a re  o f  app rox im ate  v a lid ity  — besides 
th e  sim p lifica tions m ade necessarily  for th e  c o n stru c tio n  o f a  m a th e m a tic a l m odel 
o f th e  sy s tem . In  these cases i t  is reasonable  to  supp lem en t th e  p a ra m e te r  e s tim a 
tio n  p ro ced u res  w ith  th e  “ p re filte rin g ” — sm o o th in g  — of th e  d a ta  required  to  
th e  e s tim a tio n . A fter sm o o th in g  we can a lso  g e t con tinuous fu n c tio n s  regard ing  
b o th  th e  in p u t and  o u tp u t signals w hich  m a y  be ch a rac te rized  b y  p a ram e te r 
vecto rs o b ta in ed  in  th e  sm oo th ing  p ro ced u re . T hen  th e  p a ra m e te r  e stim ation  
procedures m a y  be fo rm u la ted  b y  assum ing t h a t  a  ce rta in  ap p ro x im a te  con tinuous 
fu nc tion  o f  th e  in p u t and  o u tp u t  signals ex is ts . In  th e  paper a n  e stim atio n  p ro ce 
dure  using  po lynom ial a p p ro x im a te  fu n c tio n s  a n d  a  learning a lg o rith m  — based  
on th is  p ro ced u re  — are considered  for sy s tem s lin ea r in p a ra m e te rs . The ap p lic a 
tion  o f  th e  lea rn ing  a lgo rithm s — besides th e  p ro sp ec tiv e  im p ro v em en t o f th e  s t a 
tis tic a l p ro p e rtie s  for on-line real-tim e id e n tif ic a tio n  is tr e a te d , too .

The learning algorithm

The procedure is shown for single input-sing le ou tput case. The m ethod 
can be generalized for a m ultivariable case w ith o u t difficulties.

L et L(a, y) and  R(b, u) be linear functions o f vectors a an d  b, respectively,
furtherm ore let

y '  =  [у, У • ■ / > ,  • ■ (n)i•> У ]
and

u ; =  [u, u ' , . . ., uu \  . . ., u(m)

be vectors of derivatives of o u tp u t and in p u t signals, and n  >  m.
Let the  differential equation  of the system  be

L(a, y) — R{b, u) =  0. (2)

L e t a polynom ial approxim ation of the tim e function of in p u t and ou tpu t 
signals be know n

У o(t) =  У a =  «о G/
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and (3)
^o(0 — u o — ßi

where
T

«0 =  [a 00> a10i • • •> адго]
is the  p aram eter vector;

tN =  [1 t2, . . lN] is (Лтx  1) vec to r of powers o f the tim e-coordinate;

ßo =  [ßoo’ ßlO’ • • •> ßiwo] is th e  param eter vec to r;

tjvi =  [1 ,t , t2, . . ., / vl] is (M x  1) vector of pow ers of tim e-coordinate.

Thus, according to  the  above, th e  o u tpu t signal is approxim ated  b y  a 
polynom ial of N th  degree, on the o th e r hand  the approxim ation  o f th e  inpu t 
signal, is achieved b y  a  polynom ial o f fifth  degree.

Now, let us app ly  a  certain procedure for estim ation  of p a ram ete r vec
tors a an d  b. L et the  resu lt of th e  estim ation  be a 0, b 0. Since the  p aram ete r 
vectors are estim ated  from  the approxim ate values o f the  input an d  o u tp u t 
signals, furtherm ore ce rta in  faults are likely to  be found  with the  p aram ete r 
estim ation  procedure itself, it is generally  true  th a t

-^(a o> Уо) N (b0, u o) ^  0 (4)

therefore, after su b stitu tin g  the estim ated  param eter values into th e  differen
tia l equation  of the system , we canno t say any th ing  about the goodness of 
the p aram eter estim ation .

I f  th e  estim ation  o f the inpu t an d  ou tpu t is v a lid  in the tim e in terva l 
t20 t10, th en  — considering this in te rva l — several m easures m ay be form ulated  
for th e  characterization of the goodness of the estim ation.

Such possibilities are, e.g.:

*20

h =  ^ 0  I J  [£ (a o- Уо) — ß ( K  «о)) dt I (5a)
*le
*20

habs =  N oH  |£ (a 0. У) — Я(Ь0й0)! dt (5b)
*10

К  =  ^ 0  J  {Цло> Уо) — Й(Ь0, «о))2 dt 15с)
*io

where

(̂ 20 1̂0) [ (a0 > Ь(0
is the  norm alizing factor.
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From  the  above criteria (5a) and (5b) can  be ev a lu a ted  very sim ply. 
O ur method, however, may be theoretically  app lied  for all th e  th ree criteria.

Since — m ostly  in the  case of linear system s — th e  evaluation  of cri
terion  (5a) is th e  simplest, we in tend  to  deal hereinafter only w ith  this.

Using (5a) th e  line of figures may be sep ara ted  into tw o  parts:

1s t class: h <[ h 0,

2n d  class: h >  h 0, (6a)

where Ьф is a  chosen limit.

I f  value h, com puted from  the estim ated  a n, 1>0, satisifes (6a) th en  th e  
estim ation is considered good, i.e. vectors a 0, b () are pu t to  th e  1s t class, o th e r
wise to  the 2n d  class.

Let us consider the sequence of the o u tp u t and input signals, y^t), ü^t), 
í/2(t), ű2(t) . . ., yp(t), üp(t) belonging to  the  tim e  intervals tn —t21, tn — t22, . . ., 
. . ., tlp~ t 2p, an d  th e  estim ates of the param eter vectors av  b1( а%, b2, . . ., a p, bp 
which are ob ta ined  by polynom ials estim ating  the  ou tpu t an d  input signals 
of th e  same subscript.

L et th e  accepted value o f a and b be a p_1 and Ьр_г in  th e  (p — l ) - th  
step . Using th e  p th  estim ated  values of th e  o u tp u t and in p u t signals, let us 
com pute the  following measure:

where

h P =  N p \ (Цлр- v  Уp) —  Щ^р- v  Ир))<й|

N p =
(t2p- h P) |(á£_!, bj_!)[

According to  criterion (6a) th e  following decision is made:

( ? )

and

where

&p— 1 > if h p ^ K
(8a)

n p(äp-i  +  Apa p), if О

A

bp- i  ) if hp ^  h и (8b)
^pi^p—i Ap bp), if hp >  h0

______________[ (* p —i> b p —i )  I______________

i((áp- i  +  Ар ap)r , (Ьр_х - f  Ap bp)r )|

The value of Ap in decisions (8a), (8b) m ay be chosen in d ifferen t ways:
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(i) C om puting

l p =  j  ( Ц я р, Ур) —  Я(Ьр, Up)) ей (9)
tip

and denoting  the  absolute value of th e  integral in E q . (7) with I p ,,

Xp — -  sign (Ip) sign (/p i) Я (10)

where A is a suitably  chosen constan t.

(ii) The coefficient is chosen in such a  w ay th a t condition

J  (Цяр-!  +  Яр Ep, yp) —  Д(Ьр_! +  Яр Ьр, Up)) dt =  0
tip

should be observed. H ence — by n o ta tio n s in (7) an d  (9)

Я =  - E z l . . 
P I1 p

( 11 )

(iii) I f  during  p ~ k  steps hr >  A (r =  p —k, p  & +1, . . ., p),  then  le t

Яp
3 о

к +  1
( 12 )

where Яр is th e  correction factor, for exam ple, by (ii).
F o r th e  off-line application o f th e  learning algorithm  the procedure 

m ay be finished if the  decisions (8a) a n d  (8b) give Xp =  0 in К  cases in succes
sion ( if  can be given in  advance), i.e. К  tim es over condition hp <^hn is valid.

Linear differential equation

In  case of a linear differential equation

L = y 1 a and  Й =  ^  b

Applying the learning algorithm , in the pth s tep  

УР =  * N an d  и  =  ß£ tM

according to  (3). 

F ro m  this
N

y (D =  t 
p é i  P'k ( к — \)\

k\
---------tk~l

M 1. 1
«</> =  y ß Dk ------ ----- lk~j .

(13)

(14)

(15)

(16)
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B y substitu tions к  - i =  r, or к — j  =  r, let us define m atrices ap, ß p in  th e  
following way:

Let th e  elements of th e  ith  row (j t h  row) and th e  r th  column of these 
m atrices be:

(i +  r)\

Using th e  above m atrices we can w rite

УР =  “ p t/v and “ p =  ßp *м ■ 

Taking Eqs. (9) an d  (13) into consideration: 

Ip =  j (In ap ap —  t TM ß£ bp) dt
Up

or on the basis of (7) and  (13):

( 1 " )

(18)

(19a)

p-i (tN x'p a p -i — I'm ßp bp-j) dt . (19b)

Let us introduce th e  following vectors to  the com putation  of (19a), (19b)

B y these vectors 

and
Ip — 1кр а р a p 1'мр ßp bp

( 20 )

(21a)

(21b)I p —l  Ijvp ^p a p—1 I m p  ß p  b p —1 •

Using (21b) th e  decisions (8a) or (8b) can  be made; in case of Xp ^  0, if Xp is 
chosen according to  (ii) or (iii) then (21a) is also applied.

Determination o f ap and b;, in case of a linear differential
equation

The estim ated  values of the p aram eter vectors m ay be determ ined, for 
example, b y  m inim ization of functional

Ф =  J (L(ap, y p) —  B(bp, u));i d t , (22)
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The parameter vectors which ensure the minimum — as it is known 
may be determined by solving the system of equations

(23)

Since n -)- m  -f- 2 equations are available for determination of n +  m  2 
parameters which have zeros on their right sides, in most cases — under linear 
differential equations in every case - one of the vector components may be 
admitted arbitrarily, or the system equation L  R  =  0 may be divided by 
a component. In the latter case, assuming a linear differential equation we can 
divide by

a p,о if the plant has no integrator;
bp о if the plant has an integrator, since then a p,0 =  0,

and it should be noted that in case of a plant, having a differentiating term,
bp, о =  0.

Later on these obligations are not investigated at the formulation of 
equations for the computation of parameter vectors, since these special cases 
mean only the striking out of the corresponding elements of matrices and vec
tors. We intend to deal with only the first case (dividing by a p,0). According 
to this the first equation of (23) is omitted (i =  0).

After simplification the system (23) is in detail:
tip

(25b)

In case of linear differential equations these partial derivations may b 
computed very easily:

or
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where

y Pti is the ith  com ponent o f vector y p ,

U p j  however, is th e  / th  elem ent of vector up.

Taking E q. (18) into account, the r ig h t sides of (25a) and (25b) will be:

where
M ( 26 )

0LP)i is the i th  row vector o f m atrix  a p, 
ß'pj is the  ; t h  row vector o f  m atrix ßp.

A fter substitu tions th e  system  (24) will have th e  following form:

tip
j ®-p.i ap ap ^M ßp bp) dt =  0 i =  1, 2 , . . . , и

(27)

m .
tip

L et us introduce the  following notations:

tzp
Inn  =  I fv  t l  dt

(28)

and  let us p a r titio n  the m atrix  <xp and v ec to r ap in the following way:

1' T i  ,p, 0> ^ p  J ’ a p«г =  [«Ао . « л ; (29)

B y the  su b stitu tio n  of Eqs. (28) and  (29) in to  (27) we get th e  following h y p er
m atrix  equation:

p,0 • (30)

This is a firs t order linear equation  system  w ith respect to  the param eter 
vector PT =  [а'рг , ~-bp], Since th e  num ber o f rows o f m atrix  a p is n, the
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num ber of its colum ns is N  -f- 1, the  num ber o f rows of m a trix  ß ;; is m  +  1, 
th e  num ber o f its  columns is M  +  1, the inverse of the hyperm atrix  on th e  
left side of th e  equation  system  exists only if N  >  n, M  ]> m.  R esults o f th e  
firs t a ttem p ts  have shown th a t  the order o f th e  approx im ate polynom ials 
should be 2 — 3 tim es higher th a n  the  order o f th e  left or rig h t side of the  d iffe 
ren tia l equation .

Some simplifying conditions

W hen applying the above generally form ulated  algorithm  it is re aso n 
able to  in troduce some sim plifying conditions.
(i) I t  is reasonable to  choose th e  validity region of the estim ation  of o u tp u t 

and inpu t signals in such a  w ay th a t th e  s ta rtin g  time p o in t should be zero 
for all estim ations. This m eans the linear transfo rm ation

t' =  t tlp, (31)
according to  which

l[p =  °, or 1'2р=^2р —  (2р- (32)

(ii) I t  is also reasonable to  introduce the  linear transfo rm ation  of th e  tim e 
coord inate:

t =  dp -)- cp T . (33)

The constan ts of the transfo rm ation  cp an d  dp have to  be chosen in  such 
a way th a t  th e  region (0 , t'2p) should be transform ed to  th e  region (— 1, 1). 
This condition  m ay be fulfilled by

therefore th e  transfo rm ation  (33) m ay be w ritten  as:

t' =  -EL(l + r ) .  (35)
2

From  the previous sim plifying conditions (i) is obvious, because the values of 
the  elem ents o f th e  param eter vector P are n o t influenced b y  th e  time (in case 
of tim e-invarian t system). Therefore th is  ty p e  of transfo rm ation  m ay  be 
perform ed an d  is justified a t  all events.

The transfo rm ation  (ii) simplifies or standardizes th e  forms of vectors 
IN an l M, or m atrices INN, 1n m and  1mm- I t  can  easily be seen th a t the vectors
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tN and  t M in (3) m ay be rew ritten as (taking th e  transfo rm ation  (31) into 
account):

t/v =  Cjvp TNN rN

Ijvi =  Cyvrp TMAi xM (36)
where

is a diagonal m atrix ;

TNN an d  T mm are the  quadratic  m atrices o f the  transfo rm ation  whose elem ents 
in th e ir Arth row (к =  0 , 1, . . .,) and r th  colum n (r =  0 , 1, . . .,) are:

T k,r if r <^k and

T k>r = 0  , if r >  k)

=  ( 1 ,  T ,  T 2 , . . .  , T N ) ,

tai =  (1. T, x1, . . ., Xм ) are (N +  1) or (Ж  +  1) vectors. Using relationships 
in (36):

у pit) = *n =  «p CNP t nn xN =  у 1 * n =  у p W ;
üp(t) =  ß j  tм ~  ßp TMM xM =  6p tm =  m(t) , (37)

where

Y P — aP ^ Np T NN >

6p =  ß ' C vip T A)Ai are the transform ed coefficient vectors.
U sing YP and bp th e  m atrices y;, and  5;, m ay be defined, whose elem ents 

in the  ith  (or jth ) row and  rth  column are:

(38)

Taking in to  account th a t  dt' =  ^ - d x ,  because of (35), th e  criterion hp m ay be 
w ritten  as:

(39)

where
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Because o f th e  special choise of the  in tegra ting  limits

l

- I

(40)

are  (N -f- 1) or (M  -f- 1) vectors, respectively, whose last elem ent is zero or

or
N  +  1 ( M + l )

depending on w hether N (M)  is an  odd or even m em ber.

Considering definitions (28) the  m atrices l NN, I nm a n d  I мм  m ay be 
constructed  in  a  sim ilar way.

In  the  expression of hp in  (39) &p and bp h ad  to  be w ritten  instead  of th e  
original a ;, an d  bp because o f th e  transform ation  (35).

The following relationship exists between th e  original an d  m odified p a ra 
m eter vector com ponents:

where

are diagonal m atrices.

(41)

I t  should be noted th a t  th e  learning algorithm  does n o t need a°p and  bp 
b u t the  original param eter vector. Therefore a t  th e  transfo rm ation  of th e  tim e 
dom ain the  p aram eter vec to r compounds ob ta ined  by solving the  equation  
system  (30) have to  be recalcu la ted  because th e  elem ents of m atrices C„p and  
Cmp also depend on p — theoretically . The recalculation — as it  is seen from  
(41) — m ay be perform ed easily:

=  C1np p and  bp =  Cmp b®. (42)

A t th e  calculation of th e  correcting fac to r Ap — if  a lternatives (ii) or
(iii) are chosen — the operations in (42) m ay be perform ed a f te r  correction, 
too.
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Применение линейного алгоритма обучения для идентификации] 
динамических характеристик

А . В А Р Ш О Н Ь  

(Будапешт)

Рассматривается применение линейного алгоритма обучения для идентификации 
параметров линейной динамической системы. Алгоритм основан на использовании по
линомиального приближения входных и выходных сигналов. В этом случае открываются 
возможности применения однолинейной вычислительной процедуры, реализуемой в 
реальном масштабе времени.

A. B ársony
D epartm en t of Process Control
Technical U niversity  o f B udapest
H — 1111 B udapest X I .,  M űegyetem  rkp rt. 5 — 7.
H ungary
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АВТОМАТЫ С ПРОГРАММИРУЕМОЙ СТРУКТУРОЙ

А. В. КАЛЯЕВ 
(Таганрог)

(Поступила в редакцию 1 октября 1973 г.)

В статье рассматриваются особенности автоматов с программируемой струк
турой, их свойства и отличия от автоматов с программируемым процессом. Доказы
ваются теоремы о поведении автоматов с различными графами и о поведении авто
матов с программируемой структурой и программируемым процессом.

Рассматривается важный класс автоматов с программируемой структурой — 
автоматы с программируемой коммутацией. Вводится понятие функции коммутации. 
Анализируется система зависимостей, описывающих автомат с программируемой 
коммутацией. Показывается зависимость функций переходов и выходов, а также 
множества состояний и выходного алфавита автомата с программируемой коммута
цией от функции коммутации.

Проводится классификация автоматов по принципу программирования 
процесса, структуры и коммутации.

Введение

Однородные вычислительные среды и структуры, интенсивно разра
батываемые в последнее время и успешно реализуемые на основе достиже
ний микроэлектроники, представляют собой новый класс автоматов, графы 
которых заранее не заданы, а задаются и изменяются под воздействием упра
вляющих сигналов.

Поведение и свойства подобных автоматов существенно отличаются от 
поведения и свойств обычных автоматов с жесткими неизменными графамй.

В статье ставится задача проанализировать особенности автоматов, 
структура и графы которых могут изменяться программным способом,рас
смотреть их свойства и отличия от автоматов с неизменными графами и 
жесткой структурой, наметить принципы управления структурой и графами 
подобных автоматов.

1. Программирование процесса, структуры и коммутации автоматов

Большинство автоматов, с которыми приходится встречаться практи
чески, имеют жесткую неизменную структуру. Программировать поведение 
такого автомата можно только путем задания процесса его переходов из 
одного состояния в другое за счет выбора начального состояния и конкрет-

з*
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ного входного слова. Подобные автоматы условно отнесем к  классу автома
тов с программируемым процессом.

Автомат с программируемым процессом (рис. 1) имеет всегда жесткий 
неизменный граф g, а его поведение определяется программой работы л(а(0)}, 
задающей начальную вершину графа а(0), и текущей входной информацией 
y(t), t =  1, 2, . . .  Здесь и в дальнейшем под графом автомата понимается 
граф, образованный множеством состояний и функциями переходов и вы-

а(0) = 4(А)

Рис. 1

ходов автомата. Функции переходов и выходов, входной и выходной алфа
виты, множество состояний, а такж е структура такого автомата, задаются 
при его синтезе и не изменяются в течение всей его жизни.

Выбор начального состояния автомата а(О) £ А  из множества состояний 
А  =  {ах, й2, . . . ау} осуществляется в автомате с программируемым процес
сом с помощью оператора управления, который соответствует программе 
я{а(0)} =  (#(А)}, причем # (А ) £ А  В простейшем варианте оператор управ
ления может быть задан в виде множества сигналов или команд управления 
в  =  {#х, #2, . . . , # |} , каж д ая  из которых определяет выбор конкретной 
начальной вершины графа автомата.

Наряду с автоматами с программируемым процессом будем различать 
автоматы с программируемой структурой. Под автоматом с программируе
мой структурой будем понимать такой автомат, поведение которого опре
деляется заданием его графа g. Известно, что каждому конкретному графу 
gi соответствует некоторое подмножество различных структур автомата S,. 
Множеству графов G — {g1; g2, . . . gy} будет соответствовать множество под
множеств структур S =  {Sj, S 2, . . . ,  Sy}. Д ля того, чтобы задать граф авто
мата gi £ G, необходимо и достаточно выбрать структуру автомата Sy таким 
образом, чтобы S i j £ S,, где S, £ S.

Следовательно, автомат с программируемой структурой это такой ав
томат, в котором возможно изменение графа его переходов и выходов g, £ G 
за  счет выбора из множества структур S соответствующего подмножества S,- и 
последующего произвольного выбора в этом подмножестве конкретной 
Структуры Sij.
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В простейшем случае каждому граф у g, £ G можно заранее сопоставить 
одну конкретную структуру S, £ S,, исключив из рассмотрения все остальные 
структуры, входящие в подмножество S,. Тогда элементам множества графов 
G =  {gx, g2, ■ ■ ■ , gy} будут взаимно однозначно соответствовать элементы 
множества структур S* =  {Sv S2, , S y} . В этом случае задача программиро
вания структуры автомата с заданным графом g, £ G сводится к  выбору со
ответствующей графу g, структуры S ,£ S * .

Р и с . 2

В автомате с программируемой структурой (рис. 2) внешняя програм
ма 7r{g} задает множество состояний, функции переходов и выходов, а такж е 
входной и выходной алфавиты автомата.

Выбор графа g £ G из множества графов G =  {g1; g2, . . .  gy} осущест
вляется в автомате с программируемой структурой с помощью оператора 
управления ср, который определяется программой yt{g} =  {99(G)}, где 99(G) 6 в .  
Оператор управления, предназначенный для выбора графа, может задаваться 
множеством сигналов или команд управления Ф =  {99  ̂992, . . . ,  99,.}, 99 £ Ф.

По существу при структурном программировании автомат в исходном 
состоянии остается как  бы неполностью синтезированным и синтезируется 
окончательно лишь под воздействием управляющих входных сигналов в 
зависимости от решаемой задачи и условий работы.

Определенной разновидностью структурного программирования явля
ется коммутационное программирование, заключающееся в коммутации 
достаточно крупных функциональных блоков, графы каждого из которых 
заранее заданы. Система автоматов с программируемой коммутацией (рис. 3) 
это такая система, поведение которой задается программой коммутации л{к} ,  
где к — функция коммутации, и входной текущей информацией, причем граф 
каждого подавтомата, входящего в систему, остается неизменным при любой 
коммутации.

Ф ункция коммутации y(t) — k[z{t— 1), x(t)] определяет зависимость 
между выходными сигналами коммутатора y(t), внешними входными сиг
налами коммутатора x(t) и вектором выходных сигналов подавтоматов z(t— 1), 
t =  1, 2, 3 , . . ., подаваемых на вход коммутатора с задерж кой на такт (рис. 3).
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Выбор функции коммутации к из множества функций коммутации 
К; =  {kv  к2, . . . ,  кв} осуществляется с помощью оператора управления у,  
соответствующего программе л{к }  =  {iр(К)},  где у(К )(; К- Оператор упра
вления, предназначенный для выбора функции коммутации, может быть 
представлен в виде множества сигналов или команд управления Ч* =  

—  {Wi, %,•••,  W s),  W ^ w -

Рис. 3

В автоматах возможно, а в ряде случаев необходимо сочетание процес
сорного, структурного и коммутационного принципов программирования, 
которое понимается здесь в том смысле, что процессорное и структурное 
программирование осуществляется в отдельности для каждого достаточно 
крупного функционального блока (подавтомата), входящего в автомат, а 
коммутационное программирование определяет соединение указанных под
автоматов меж ду собой в соответствии с решаемой задачей.

Таким образом, в самом общем случае программа поведения автомата 
может задаваться одновременно начальным состоянием, графом и функцией 
коммутации лс{а(0), g, к} (рис. 4 ). Возможны и другие сочетания принципов 
программирования: л{а(0), g}, зт{а(0), к}, л {g, к} (табл. 1).

Наибольшей гибкостью и наибольшими возможностями обладает авто
мат, в котором сочетаются одновременно все три принципа программирова
ния, то есть автомат с программируемыми структурой, коммутацией и про
цессом (рис. 4). Такой автомат может быть построен из однотипных стан
дартных подавтоматов, структура каждого из которых может дискретным
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способом перестраиваться на несколько графов. Каждый стандартный под
автомат соединяется с одним или несколькими подавтоматами системы с 
помощью коммутирующей структуры, причем соединение определяется функ
цией коммутации.

Программирование подобного автомата заключается в задании графа 
подавтоматов g =  g [A, Y ,  Z,  6(а, у), Ца, у)],  который выбирается на множест

ва графов G оператором управления ср, функции коммутации у  =  k(z, х), 
которая определяется на множество функций коммутации К  оператором 
управления у>, и начального состояния а(0), которое выбирается из мно
жества состояний автомата Л с помощью оператора управления &. Таким 
образом, поведение рассматриваемого автомата определяется программой 
л{а(0), g, к} =  {ЦА),  95(G), у(К)}, где Ц А )  £ Л, 95(G) 6 G, у (К ) € К.

Отсюда следует, что для полного задания автомата с программируемы
ми процессом, структурой и коммутацией необходимо и достаточно задать 
совокупность следующих данных:

множество состояний А =  {ах,а 2, . ■ , űfc}>
входной алфавит X =  {*1, *2, • • •> *лЬ
промежуточный алфавит Y =  {Ух, У2, ■ ■■ >Ут}У
выходной алфавит Z =  {Zi, Z2, . . ■>z,},

множество функций переходов А =  { д2, ■■ • . <У,
множество функций выходов А =  {̂ -1, 2̂> • ■ • ! К}  >
множество функций коммутации К =  {̂ 1> 2̂> • • • > )
операторы управления структурой Ф =  {?!, <Р2, ■
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операторы управления коммутацией W =  {^1; ^2;

операторы управления процессом 0  — {#1; #2,
программу поведения автомата

я{а/(0), Si, ki\ =  i M A ), (Pi(G), Vi(K)}, 
где

h  É 6, ?>í € Ф, % 6

0,(A) € A, y,(G) € G, Wi(K)  6 K.

Иными словами, для определения автомата с программируемыми про
цессом, структурой и коммутацией следует задать множество графов G =  
=  {g1( g2, . . . ,  gj}, множество функций коммутации К,  входной алфавит X ,  
множества операторов управления Ф, и 0  и программу я{а(0), g, к}.

Конкретная программа

• • •»¥>:},

л{а,(0), gi, К} =  {#,(А), <Pi(G), rpi(K)} 

определяет на множестве графов конкретный граф

gi =  gt[Ai, Y t, Z h dj(a, у),  А,-(а, у)], g, 6 О,
для которого

Ai A,  Y t Y ,  Z, Z, őt 6 A, Xi € Л,

a на множестве функций коммутации К  — конкретную функцию коммутации 
у  =  ki(z, х), ki £ К,  и задает начальное состояние а,(0) £ Ai.  В результате 
полностью задается конкретный автомат, который в процессе функциониро
вания при поступлении входных слов вырабатывает соответствующие им 
выходные слова.

2. Различие в поведении автоматов с программируемым процессом 
и программируемой структурой

Реакцию автомата на любое входное слово р =  у (  1) у (2) .  . . y(t) при 
заданном начальном состоянии а(0), представляющую собой последова
тельность пар состояний и выходных букв

Г =  {0(1), 2(1)} {0(2), 2(2)} . . . {а(0, Z(t)},

{а(0 , z(t)} £ A x Z ,  г ( Я ,

соответствующую входным буквам y(t) (/ =  1, 2, 3, . . .), назовем поведением 
автомата. Здесь R  =  {rv  г2, г3 . . .} — множество реакций.
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В общем случае поведение автомата однозначно зависит от программы 
и от входного слова

г, =  г{я[а(0), g, к},  Pi],

т. е. в конечном счете от графа, коммутации, начального состояния и вход
ного слова.

Рассмотрим условия, при которых поведение двух автоматов может быть 
одинаковым и условия, при которых их поведение будет различным. С этой 
целью введем вспомогательные понятия совпадающих и различимых графов 
и подграфов.

Любой граф g состоит из множества полных дуг d =  {ан,у ,  ак, г}, каж дая 
из которых характеризуется начальным состоянием а„, входной буквой у,  
конечным состоянием ак =  0{ап, у)  и выходной буквой z =  Ц а н, у), где <5 и А, 
соответственно — функции переходов и выходов. Множество всех полных 
дуг D =  {dlt di, , de) полностью определяет граф g.

Пусть имеется граф g„ который характеризуется множеством полных 
дуг Di =  {da, di2, ■ ■ ■, da} и граф gy,характеризующийся множеством пол
ных дуг D] =  {dji, djo, ■ ■ ■, djg}. Два графа g, и g, являются полностью совпа
дающими, если для любой дуги каждого из этих графов: d, £ Д ,  di — 
=  {aÍH, y i} a Hí , Zi} или d/€ Dh dj — {aJm y h ajk,zj),  можно подобрать одну и 
только одну дугу другого графа такую, что для каж дой полученной 
пары дуг {di, dj) выполняются условия

аЫ — а.Ыу

У‘ = y j ’ (1)
a hí =  ajk,
Zi =  Zj. I

К полностью совпадающим относятся равные графы g,- =  gj и изоморфные 
графы.

Если условия (1) выполняются для каждой пары дуг (d„ dj) лиш ь 
частично, в частности, если из четырех равенств (1) имеют место лишь три, 
два или одно равенство, то соответствующие графы g, и gj будем называть 
частично совпадающими.

В том случае, когда для любой пары дуг {di, dj) ни одно из равенств ( 1) 
не выполняется, графы g, и gj являются полностью несовпадающими.

Несовпадающие и частично совпадающие графы будем называть раз
личимыми графами. В общем случае любая пара графов g, и gj распадается на 
полностью совпадающие подграфы gin =  gjn =  g„ =  gi U gj, для которых 
условия (1) выполняются, и на различимые подграфы g,p =  g i \ g j  и gjP =



42 КАЛЯЕВ: АВТОМАТЫ С ПРОГРАММИРУЕМОЙ СТРУКТУРОЙ

=  g j \ g i ,  для которых условия (1) частично или полностью не выполня
ются .

Сформулируем теперь условия совпадения поведения автоматов. Пусть 
даны два автомата, характеризующиеся графами g,- и gj. Д ля того, чтобы при 
одинаковых входных словах р, =  pj  поведение г, автомата g, совпадало с 
поведением /у автомата gi, необходимо и достаточно, чтобы на каждом ш аге их 
работы совпадали пары состояний и выходных букв автоматов: {a,(í), Zi(t)} =  
=  {cij(t), Zj(t)}. Отсюда следует, что для совпадения поведения автоматов 
g, и gj необходимо и достаточно, чтобы на каждом шаге работы автоматов при 
совпадающих входных буквах y,(t) =  у,(/), t =  1, 2, 3 , . . выполнялись 
условия

aUt) =  aj j t ) ,

М О  =  aJk(t), 

z{t) =  Zj(t) .

Изложенное позволяет сформулировать теорему о поведении двух 
различных автоматов.

Теорема 1 . О поведении автоматов с различными графами.

Поведение двух полностью определенных автоматов с различными гра
фами gi и gj совпадает при одинаковых входных словах р, =  pj и равных 
начальных состояниях а,(0) =  а,(0) лиш ь в области полностью совпадающих 
подграфов gin =  gj„ == gn =  gi П gj и не совпадает в области различимых 
подграфов.

Доказательство. Рассмотрим совпадающие подграфы gín =  gjn, кото
рым соответствуют совпадающие подмножества полных дуг Din =  Djn =  
=  Di П Dj. Пусть заданы начальные состояния а,(0) =  аДО) и входные 
буквы у / 1) =  yj(  1), принадлежащие подграфам gín и gjn. В этом случае всегда 
найдутся совпадающие дуги d,(l) =  {űí(O), у,{ 1), ö,(1), z,(1)}, d ,( l ) £ D ,n и 
dj(l) =  {üj(0 ), yj{ 1), 0,(1), 2/(1)}, djO ) C ü Jn, для которых выполняются 
условия

У< 1) =  У А 1)’ 
а<(0) =  aj( 0), 

а,(1) =  оу(1),

2,(1) -  2,(1).

Аналогично для второго шага работы автомата при входных буквах 
у,(2) =  у/(2), принадлежащих подграфам gín и g,-n, и при исходных состояниях
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ß,(l) =  ау(1) обязательно найдется пара совпадающих дуг d,(2) =  {а,(1),у,(2), 
а,(2),г,(2)}, d,{2) 6 Д п и fify(2) =  {«X1). УХ2)> «X2). zy(2)cly(2) 6 DJn, для которых

уХ2) =  уХ2)>
а,(1) =  ау(1), 

а,(2) =  йу(2), 

г, (2) =  гХ2).

Продолжая подобные рассуждения для следующих шагов работы ав
томатов gi и gj, приходим к выводу, что в области совпадающих подграфов 
giп и gjn для любых допустимых совпадающих слов р, =  у,( 1), у,('2), . . . у,(1) 
и Pi =  УХ1) УХ2) ■ • • УХ0 > Pi =  Pi- Для которых у ,(Í) =  у,(1), t =  1, 2, 3, . . 
всегда будут выполняться условия совпадения поведения

а ,( 1 - 1 )  =  й у (1 -1 ),

аХ0 =  аХО.
Zi(t) =  Zj(t), 1 = 1 ,  2,  3, . . .

Отсюда следует, что в области совпадающих подграфов поведение авто
матов при одинаковых входных словах и одинаковых начальных состоя
ниях совпадает.

Рассмотрим, далее различимые подграфы g,p и gjp, которым соответству
ют подмножества различимых полных дуг D,p и DjP. Подмножество различи
мых полных дуг DiP содержит дуги, каж дая из которых либо полностью не 
совпадает, либо совпадает только частично с любой дугой множества пол
ных дуг Dj графа gj. То же можно сказать и о подмножестве DJP.

Разобьем все дуги входящие в подмножество Dip на два подмножества. 
К  одному из них Dfp отнесем все дуги, которые не совпадают с дугами Dj 
по букве входного алфавита у, а по другим параметрам либо совпадают, либо 
не совпадают. Вследствие несовпадения входных букв для подмножества D*p 
нельзя образовать входные слова, совпадающие с входными словами в области 
Dj. Поэтому в области Dj не может возникнуть поведение автомата g,, сов
падающее при одинаковых входных словах с поведением автомата gj.

Ко второму подмножеству Df* =  D ip Dfp отнесем все дуги подмножест
ва DiP, которые совпадают по букве входного алфавита с одной или несколь
кими дугами Dj, но не совпадают по крайней мере по одному из других пара
метров. В области D** могут быть образованы входные слова р, автомата g„ 
которые совпадают с входными словами ру автомата gj. Однако для любой 
дуги df* £ Dfp , df* =  {a,H, y i , a lk,Zi} любая дуга d J * £ D j d j =  {ajH,y j ,a Jk,Zj},
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которая совпадает с дугой df* по входной букве у,  = y j ,  будет отличаться от 
нее хотя бы по одному другому параметру. Это означает, что условия, необ
ходимые и достаточные для совпадения поведения двух автоматов, в области 
Df*  никогда не выполняются.

Таким образом, в области Dfp U Df*  =  Dip не может возникнуть при 
одинаковых входных словах pi =  pj  одинаковое поведение автоматов g, и gj. 
Отсюда следует, что в области различимых подграфов gip и gjP поведение ав
томатов gt и gj при  одинаковых входных словах никогда не совпадает. Теорема 
доказана.

Обратимся к анализу поведения автоматов с программируемым про
цессом и программируемой структурой. Автоматы с программируемым про
цессом имеют принципиальное отличие от автоматов с программируемой 
структурой, которое определяется двумя теоремами о поведении указанных 
классов автоматов.

Теорема 2 . О поведении автомата с программируемым процессом.

Если задан автомат с программируемым процессом, имеющий жесткий 
граф g =  g[A, Y ,  Z, ö(a, у), А(а, у)] =  const, для которого при любом началь
ном состоянии а(0) £ А  достижимы все состояния а £ А ,  и если заданы 
различные программы поведения автомата л:,{а(0)} =  {#,(А)} и тгу{а(0)} =  
=  {^-(А)},  то для программы тг,{а(0)} существует входное слово pj, а для 
программы яу{й(0)} входное слово pj, такие, что после их окончания обе 
программы при любых последующих одинаковых словах р* будут генериро
вать идентичное поведение автомата г*:

г. г* =  г[{#{А)}, pip*],
rjr* =  r[{ítj(A)}, Pjp*], 

где
П =  r[{#i(A)},  pi],

П =  Г[ { Ч А ) } ,  PA-

Доказательство. Рассмотрим некоторое состояние автомата а* £ А.  Так 
как  все состояния автомата достижимы, то достижимым является и состояние 
а* при любых а(0) £ А.  Поэтому для программы тг, =  {#,(А)} всегда найдется 
некоторое конечное входное слово р,, которое переведет автомат из состояния 
а,-(0) =  #,(А) в состояние а* =  о[{#,(А)}, р,]. Точно также для программы 
я / — {fy(A)}  всегда найдется такое конечное входное слово pj, которое пере
ведет автомат из начального состояния űy(0) =  А ) в то же самое состояние
а* =  а{#,(А)}, pj]. Соответствующие поведения автомата будут при этом
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определяться соотношениями

г,- =  r[{0y(A)}, pi],

rj =  r [ { 4 A ) } ,  pj], r i ^ r j .

Достигнутое состояние а* можно рассматривать как новое начальное 
состояние а(0) =  а*, соответствующее некоторой программе п* =  {#*(А)}, 
для которой при произвольном допустимом слове р* поведение автомата будет 
определяться выражением г* =  г[{$*(А)}, р*].

Образуем из последовательных поведений г, и г* поведение г, г*. Так как 
программа (#*(А)} является продолжением программы {#,(А)} после окон
чания слова pi, то в случае объединенного поведения г, г* программа 
(#,(А)} поглощает программу (#*(А)}: г,г* =  г[{#,(А )},р,] г[{#*(А)}, р*] =
=  г [ {Ч А ) ,  Pip*]-

Аналогично образуем из последовательности поведений Гу и г* поведе
ние Гу г*:

rjr* =  r [ { U Ä ) } ,  Pj] r[{#*(A)}, p*] =  r[{bj{A), P j p*].

Отсюда следует, что программа я,- =  {#,(А)} после окончания слова р, 
и программа яу =  (#у(А)} после окончания слова ру будут в дальнейшем при 
любых одинаковых входных словах р* генерировать идентичное поведение 
автомата г*. Теорема доказана.

Теорема 3 . О поведении автомата с программируемой структурой.

Если задан автомат с программируемой структурой, имеющий пере
страиваемый связный граф g0 =  g0 [A, Y ,  Z, §0(а, у),  А0(а, у)] =  var, где g0 =  
=  gi U g2 U g3 . . . U gy, G {gi, Ы> Для которого грады g, € G и gy€G
( / , / = 1 , 2 , . . . ,  у), / ^  /  попарно не совпадают g t \ g j =  0 ,  gyx  g, ^  0 ,  
различимые подграфы gjp =  (g, \  gy) c  g, и gyp =  (gy g,) c  gy не изоморфны 
как  между собой, так  и по отношению к совпадающим подграфам g,n =  
=  gyn =  gf П gy, а любое состояние а £ А, с  А достижимо при любом нача
льном состоянии а(0) £ А,, ( / = 1, 2 , . . . ,  у); и если заданы две различимые 
программы поведения автомата re,{g} =  {<pi(G) £ G} и яу/g} =  {<yy(G) £ G, / ^  /, 
(/, / = 1 ,  2, . . ., у), то для каждой программы существует по крайней мере 
одно входное слово р* такое, что для двух программ я, и яу нельзя подобрать 
пары слов pi и pj, после окончания которых разные программы я,- и яу будут 
генерировать при одинаковых входных словах р* одинаковое поведение 
автомата г*:

г, г* =  r[{<y,(G)}, а,(0), pi р*], 

rj r*  r[{cpj(G)}, ау(0), рур*},
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где ri  =  r [ {< pi (G )} ,  di (0) ,  Pi] ,

ri =  r[Wj{G)}, aj(0) , pj].

Доказательство. Пусть заданы некоторые программы я,- =  Ufj(G)} и 
яу =  которые настраивают автомат с программируемой структурой
соответственно на графы g, и gj. Каждый из графов распадается на различи
мый и полностью совпадающий подграфы g, =  giP U gin, gj =  gjP U gjn где
gin =  gin =  gi U gj, gip =  gi 4  gj, gjp =  g j \ g i -

Рассмотрим поведение автомата в случае программы я , =  {<pi(G)}, 
cpi{G) =  gi£G.  В каком бы из подграфов gip или g n ни находилось начальное 
состояние а,(0) £ Л,-, вследствие достижимости любого состояния а £ Л всег
да существует такое слово pi, которое при программе я, переведет автомат в 
состояние aPi, содержащееся в различимом подграфе gip. По тем ж е сообра
жениям существует слово р*, которое будет после окончания слова р, удер
ж ивать автомат в течение конечного интервала дискретного времени в обла
сти различимого подграфа g,> При этом будет генерироваться поведение ав
томата гí г* =  r[{<pi(G)}, üi(0), Pi р*].

На основании теоремы 1 поведение г*, воспроизводимое в области раз
личного подграфа g,p, ни при каких условиях не может совпасть при том же 
входном слове р* с поведением в области графа gjP. Поэтому независимо от 
того, какое слово pj  предшествовало в области графа gj слову р* всегда будем 
иметь г* ^  г*, где г,- г* =  r[{q>j(G),aj(0), pj р*]. Значит поведение г* не может 
быть воспроизведено в случае программы я у =  {<р/(в)} ни при одном из вход
ных слов pj£ Pj. Теорема доказана.

Из указанных теорем вытекают весьма важные следствия.

Следствие 1 . Д ля связного автомата с программируемым процессом су
ществуют такие конечные входные слова, которые приводят после их окон
чания к неразличимости двух различных программ, то есть к совпадению по
ведения автомата при любых одинаковых последующих входных словах. 
Это означает, что если связный автомат с программируемым процессом обу
чить выполнению некоторых функций, в частности, функций распознавания 
или функций принятия решений, то навыки, полученные таким автоматом 
в процессе обучения, могут быть разрушены в процессе его дальнейшей 
работы при определенных типах входной информации, поступающей на инфор
мационный вход автомата.

Следствие 2 . Д ля  связного автомата с программируемой структурой не 
существуют такие конечные входные слова, которые приводили бы к нераз
личимости двух различных его программ, то есть к совпадению поведения 
автомата при любых одинаковых последующих входных словах. Это озна-
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чает, что если связный автомат с программируемой структурой обучить 
выполнению некоторых функций, например функций распознавания или 
функций принятия решений, то навыки, полученные таким автоматом в про
цессе обучения, не могут быть разрушены в процессе последующей работы 
никакой информацией, поступающей на информационный вход автомата.

3. Автоматы с программируемой коммутацией

Автомат с программируемой коммутацией (рис. 5) состоит в общем слу
чае из набора отдельных автоматов, входы и выходы которых могут соединять
ся в соответствии с заданной программой л {к} =  (у>(К)}, где к =  у(К) —

Рис. 5

функция коммутации, К  =  {k0, kv  к2, . . кв} — множество функций комму
тации, а гр £ — оператор управления коммутацией, принадлежащий мно
жеству операторов Ч* =  {ц>1} у>2, . . . у>в}. Ф ункция коммутации реализуется 
коммутатором (рис. 5).

Основной интерес представляет однородная система стандартных 
автоматов с программируемой коммутацией. Поэтому в дальнейшем будем 
считать, что все отдельные стандартные автоматы, входящие в систему 
(рис. 5), однотипны и имеют одинаковые графы, то есть одинаковые множества 
состояний, входные и выходные алфавиты, а такж е одинаковые функции 
переходов и выходов:

g* =  g*[A*, Y*, Z*, ő*(ap, / ) ,  X*(ap, / ) ] ,
A* =  {af, a t , . . . ,  at}, ap( t )£A*,
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Y * = { e ,  y f , y l . . . , y * ä } , y p( t ) ^ Y * ,

Z * = { e ,  z?,zl ,  . . . , z ? } ,  zp(t) i  Z,  

a p(t) =  Ö*[ap(t -  1), / ( 0 1 ,  

z p(t) =  X*[ap( t - \ ) ,  y \ t ) ) .

Здесь p  — номер стандартного отдельного автомата, входящего в систему ав
томатов с программируемой коммутацией, е — пустая буква, означающая от
сутствие сигнала.

Рассмотрим совокупность параллельно работающих стандартных ав
томатов (рис. 5). Эту совокупность можно интерпретировать как некоторый 
единый объединенный автомат (рис. 6), представляющий собой декартово 
произведение всех стандартных автоматов. Для объединенного автомата име
ем следующие зависимости

So =  So[A , Y ,  Z,  д0(а, у), А0(о, у)],

А  =  {а1; а2, . . . ,  а*}, а(0 е А,

Y  =  { e , yv y 2, • • ■ ,Ут), y ( t ) £ Y ,

Z  =  {e ,z l t z2, . . . , zij, z ( t ) £ Z ,

a(t) =  ö0[ a ( t - \ ) ,  y(t)], 

z ( t ) =  A o[a(f-l),y (f)],
где граф, множество состояний и алфавиты объединенного автомата образу
ются как  соответствующие декартовы произведения графов, множеств состоя
ний и алфавитов стандартных автоматов:

S o =  S* X S* X  . . .  g* =  (g*)N,

А  =  А* х  А* X . . . А* =  (A*)N,

Y  =  7 * X 7 * X . . .  7 * =  ( Y*) n ,

Z  =  Z* X Z* X . . . Z * =  (Z*)N.

Рассмотрим далее коммутатор системы автоматов с программируемой 
коммутацией (рис. 5). Н а входы коммутатора поступают с задерж кой на 
один такт выходные буквы z(t— 1), вырабатываемые на выходе объединенного 
автомата, и внешние сигналы x(t) £ X .  Внешний алфавит X  =  {е, х1; х2 , . . хп}, 
очевидно, образуется к а к  декартово произведение X  =  (Х*)м частичных 
внешних входных алфавитов коммутатора X*  =  {е, х*, х |, . . . , х£}. На 
каждом р-том выходе коммутатора, соединенном с входом р-го стандартного 
автомата, образуется в соответствии с частичной функцией коммутации кр 
буква входного алфавита стандартного автомата y p(t) £ 7 *, зависящ ая от 
входных букв коммутатора y p(t) =  kp[z(t— 1), х(/)].
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Д ля любого р-го выхода коммутатора, то есть для любого стандартного 
автомата существует некоторое конечное множество частичных функций 
коммутации К* =  {к*, к*, к * , . . . kf } ,  кр £ К*- Совокупность частичных функ
ций коммутации кр(р =  1, 2 , N )  для всех стандартных автоматов образует
вектор общей функции коммутации к =  {к1, к2, . . . kN}, к ^ К -  Множество 
общих или полных функций коммутации К  =  {k0, kv  /с2, . . . ке} представляет 
собой декартово произведение К  =  (K*)N множеств частичных функций 
коммутации. Полные функции коммутации определяют связь между вход
ными и выходными сигналами коммутатора y(t) =  k[z(t— 1 ) ,  х(/)].

Резюмируя сказанное, для коммутатора (рис. 7), входящего в систему 
автоматов с программируемой структурой (рис. 5), можно составить следую
щие соотношения

y p(t) =  kp{ z ( t - \ ) , x ( t ) ] ,

К* =  {kt ,  к*, k t  . . . k t ) ,  kPd K* ,  

y(t) =  k z { t - \ ) ,  x(t)],

К  =  {k0, k l t k2, . . . к в), к ч К ,  

y \ f )  6 7 *, y(t) £ Y ,  z(t) £ Z, x(i) £ X ,

X* =  {e, x t  xf, . .  . x*},

X  =  {<?, x1( x2, . . .  x„},
X =  X*xX*x . . . X* =  (X*)M.

Объединенный автомат (рис. 6) и коммутатор (рис. 7) образуют в целом 
некоторый более сложный автомат (рис. 8), характеристики и свойства кото
рого зависят не только от характеристик стандартных автоматов, входящих в

Рис. 7

4
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систему, но в значительной степени и от конкретных функций коммутации, 
на которые настраивается коммутатор. Ф ункция коммутации определяет в 
конечном счете функции переходов и выходов автомата с программируемой 
коммутацией в целом, множество его состояний, а такж е входной и выход
ной алфавиты.

Определение алфавитов, множеств состояний и функций переходов и 
выходов автомата с программируемой коммутацией в зависимости от функции

Рис. 8

коммутации составляет одну из основных задач исследования автоматов 
подобного типа. Рассмотрим эту проблему подробнее. Поведение системы 
автоматов в целом (рис. 8) полностью описывается функциями переходов и 
выходов объединенного автомата и функцией коммутации коммутатора

о(0 =  <$0[ a ( f -  1),у(0],

г(0 =  1),у(0],

У( 0  =  k [ z ( f -  1),х(0].

Пользуясь этими выражениями, можно определить функции переходов 
и выходов системы автоматов в целом, если рассматривать автомат с про
граммируемой коммутацией (рис. 8), состоящий из объединенного автомата 
и коммутатора, как единый автомат, на вход которого поступают входные 
буквы x(t) £ X ,  а на выходе вырабатываются выходные буквы z(t) £ Z,  при
чем автомат последовательно проходит состояния a(t) £ А.  Подставляя, с 
учетом сказанного, в функции переходов á0 (а, у)  и выходов Х0(с, у)  объеди
ненного автомата значения букв промежуточного алфавита y(t) =  k[z(t— 1), 
x(t)], получим

a(t) =  ő0 { a ( t - \ ) ,  k [ z ( t - 1), *(/)]}, 

z ( t ) =  A0{ö(í - I ) ,  k[z(t 1), x(t)]}.
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Соответствующая схема, реализующая данные выражения, изображе
на на рис. 9 .

К ак следует из полученных выражений и рис. 9 , буквы z(t) поступают 
с выхода автомата на его вход с задержкой на один такт и с этой точки зрения 
не отличаются в функциональном отношении от состояний a(t). Это дает 
нам право объединить состояния a(t) и буквы z(t) в единые пары и описы
вать состояния автомата в целом вектором v(t) =  {a(t), z(t)} =  a(t) U z(t), 
v(t) £ V =  A x Z .

В результате функции переходов и выходов для автомата с програм
мируемой коммутацией приобретают вид

v ( t )  =  ö i [ v ( t - \ ) ,  х (/) ], 

z(t) =  А ,[»(* — 1), x(f)], 
где

ói[v(t -  1), x(í)] =  60{a(t -  1), k,[z(t 1) x(0J} U A0 {a(t -  1), kt[z(t — 1), x(/)]}, 
4 v(t -  1), x(t)] =  A0{a(í — 1), k i [ z ( t -  1), x(í)]}.

К ак видно, функция переходов ö,(y, х) и функция выходов Я,(г, х) 
существенно зависит от функции коммутации k,(z, х). Поэтому, изменяя функ
цию коммутации, можно перестраивать автомат с программируемой комму
тацией на различные функции переходов и выходов. От функции коммутации 
зависят не только функции переходов и выходов, но в общем случае также 
множество состояний К, и выходной алфавит Z, автомата в целом. Остановим
ся на определении указанной зависимости.

Любая конкретная коммутация k,(z, х )=  {к), к* , . . ./cf}, где £ К,  
Jel g К*, р =  1, 2, . . . ,  N ,  приводит к  тому, что в каждом конкретном стан
дартном автомате используется лишь часть входного алфавита F f  с  Y*,

4*
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часть выходного алфавита Zf a  Z* и часть множества состояний Af с  А* 
(рис. 10). В соответствии с этим лиш ь частично используются множество 
состояний и алфавиты объединенного автомата (рис. 6):

Ai =  П  А ри
Р =  1

Yi =  U  F f ,
Р=  1

Z i = f [ Z Pi,
р=1

Покажем, что это действительно имеет место и для определения частич
ных множеств A f, Y P, Z P, а такж е множеств A,-, F í,Z , проведем следующие 
рассуждения. Частичная функция коммутации y p(t) =  kp[z(t— 1), x(f)] задана 
на множестве (Zt x X )  и однозначно определяет множество Y p. Символически 
это обстоятельство можно записать в следующей форме Y p — fcf[Z,-X X],

N N
или, учитывая, что Z* =  и Z f в виде r í  =  f c f [ ( / 7 z í ) x x ] .

р=1 j=l
С другой стороны, функции переходов ap(t) =  д* [ap(t— 1), y p(t)] и 

выходов zp(t) =  A*[ap(í— 1), y p(t) \ стандартных автоматов заданы на множестве 
( А р X F f)  и однозначно определяют соответствующие множества А р и Zf, что 
можно символически записать в форме

А Ч =  ő * [A fx F f ] ,

Z f =  A*[Af х F f ] .

At  с  А, 

Yi  с  F ,  

Z, с  Z.

X* X* X*
Р и с. 10

X*
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В результате получаем систему соотношений, которые определяют 
зависимость частичных множеств A f, F f  и Z f от частичных функций ком
мутации

rf =  fcf[( 1r j r z í ) x x ] ,
j =1

Af =  ő*[Af X F f  ],

Zf =  A*[AfxFf],
P =  1, 2 ,

Проводя аналогичные рассуждения для объединенного автомата 
(рис. 11) найдем следующие связи меж ду частичными множествами A,-, F,- и Zi 
и полной функцией коммутации ki(z, х):

Y i = k i [ Z i X X ] , '

A i  =  ő0[AíX F,],
Z, =  A0[A ,X F ,] .

Остается получить соответствующие зависимости для системы авто
матов с программируемой коммутацией в целом (рис. 12). Множество состоя
ний системы автоматов в целом образуется как  декартово произведение 
множества состояний и входного алфавита объединенного автомата Vi — 
=  A iX Z i .  Кроме этого, функции переходов v(t) =  ő/[v(í— 1), x(í)] и выходов 
z(t) =  Xi[v(t— \), x(í)] автомата в целом заданы на множестве (У, хХ ) и одно
значно определяют множества ViwZi.  В результате получаем следующие связи, 
определяющие множество состояний и выходной алфавит системы автоматов 
и программируемой коммутацией

Vt =  A t x Z i ,

Y i =  ö i [ V i X X ] ,

Zt  -  X i i V i X X ] ,

причем Ai  d  A, Vi а  V,  Zi  c  Z. Так к а к  функции ő,(v, x) и A,-(v, x) существен
но зависят от функции коммутации /с,-(z, х), то множество состояний К,- и 
выходной алфавит Z,- так ж е зависят от указанной функции.

Таким образом, к а к  следует из полученных соотношений, в автомате с 
программируемой коммутацией множество состояний, выходной алфавит, а 
такж е функции переходов и выходов зависят, с одной стороны, от множеств 
состояний, алфавитов и функций переходов и выходов стандартных автома
тов, а с другой стороны, в значительной степени от функции коммутации. В 
результате, управляя функцией коммутации, мы получаем мощное средство 
для управления структурой автомата.
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Рис. 11

В заключение приведем все зависимости, характеризующие поведение 
автомата с программируемой коммутацией:

gi =  gi[Vi, X ,  Z„ öt (v , x), h(v,  x)], 
öi(v, x) =  ö0{a(t -  1), ki[z(t — 1), x(t)]} U ;.0 {a(t -  1), kt[z(t -  1), x(t)]},

Xi =  X0{ a ( t - l ) , k i[ z ( t - l ) , x ( t ) ] } ,
Y,  =  ki[ZiX Xi],
A i =  ö0[ A i X Y i ] ,
Zi =  K [ Ai XY t ] ,
V i =  Ai X Z i .

Основная характерная особенность автомата с программируемой ком
мутацией заключается в том, что программа функционирования такого авто
мата л{к}  =  {у>(К)} задается наиболее простым способом, но позволяет при 
этом в широких пределах перестраивать граф автомата, изменять основные его 
параметры и, как  следствие, существенно изменять свойства и возможности 
автомата в целом.
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Заключение

Автоматы с программируемой структурой, в частности автоматы с про
граммируемой коммутацией, графы которых могут перестраиваться под воз
действием операторов управления, имеют значительно более широкие функ
циональные возможности, чем обычные автоматы с неизменными графами.

Возможность перестройки графа переходов придает автомату особые 
свойства и особую гибкость в приспособлении к внешней среде, позволяет ему 
наиболее эффективно реагировать на внешние воздействия.

Автомат с перестраиваемым графом имеет потенциальную возможность 
самонастраиваться, имеет способность приспосабливать свое поведение к 
внешней обстановке, способность организовывать свою структуру под влия
нием обучения. В таких автоматах возникает возможность случайного по
иска и отбора наиболее жизнеспособных, наиболее приспособленных к  об
становке структур и графов.

При этом принципы и методы программирования и перестройки графов 
и структур подобных автоматов, как  показано в настоящей работе, оказы
ваются достаточно простыми и могут быть легко технически реализованы.

Таблица 1
К л ассиф икация  автоматов по при нцип ам  програм м ирования

Т и п  п р о г р а м м и р о в а н и я
71 =  {g, g , а (0))

v a r const

Автомат с программируемым 
процессом а( О) g, к

Отдельный
автомат

Автомат с программируемой 
структурой g ч(0), к

Автомат с программируемы ми 
структурой и процессом Ф ) ,  g к

Система автом атов с програм м ируем ой 
ком м утацией к 4 ( 0 ) ,  g

Система автом атов с програм м и
руемыми коммутацией и процессом а(0), к g

Система
автоматов Система автом атов с програм м ируем ы 

ми коммутацией и структурой g. к 4 (0 )

Система автом атов с програм м ируем ы 
ми ком м утацией, структурой  и 
процессом а(0), g, к —
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Programmable structure automata
А. V. KALYAYEV 

(T aganrog)

In  th e  p a p e r  th e  fea tu res  o f  th e  p ro g ram m ab le  s tru c tu re  a u to m a ta , th e ir  p ro p e r tie s  
a n d  th e  d is tin c tio n s  from  th o se  w ith  p rog ram m ab le  processes a re  considered . The th eo rem s 
o f  th e  b eh av io u r o f  d ifferen t g ra p h s  a u to m a ta  a n d  th e  b eh av io u r o f  th e  p rog ram m ab le  
s tru c tu re  a n d  p ro g ram m ab le  p rocess a u to m a ta  a re  p roved .

A n im p o rta n t class o f  p ro g ram m ab le  s t ru c tu re  au to m a ta , i.e. p rog ram m ab le  co m m u 
ta t io n  a u to m a ta  is given as  w ell. T he n o tion  o f  co m m u ta tio n  fu n c tio n  is in troduced . T h e  
dependenc e sy s tem  describ ing  p ro g ram m ab le  co m m u ta tio n  a u to m a ta  is analysed . T he  
dependence o f  ju n c tio n  an d  o u tp u t  functions, a  se t o f s ta te s  a n d  th e  o u tp u t a lp h a b e t o f  
th e  a u to m a ta  w ith  th e  p ro g ram m ab le  c o m m u ta tio n  upon  th e  co m m u ta tio n  fu n c tio n  a re  
considered.

A u to m a ta  classification  accord ing  to  th e  p rincip le  o f  p rog ram m ab le  process, 
s tru c tu re  a n d  co m m u ta tio n  is given.

А. В. К аляев
Таганрогский радиотехнический институт 
СССР, Таганрог, 
ул. Чехова, д. 22
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Introduction

R eliab ility  of d a ta  is of great im portance if th e y  a re  used for process 
control or identification. D a ta  burdened w ith  rough m easurem ent errors resu lt 
in  quite false control ac tions or in false (inadequate) m odels respectively, if 
th ey  are no t detected.

W hile d a ta  acquisition and process control is a  h um an  activ ity , th e  
m easurem ent d a ta  are checked upon by  th e  operator on th e  basis of his p ra c 
tice and experience. W hen, however, th is  is perform ed b y  a  com puter, th is  
checking is missing, so th a t  some program m ed checking algorithm s are neces
sary. Such algorithm s m ake use of some inform ation ab o u t th e  process su b s ti
tu ting  th e  hum an experience.

Two fu rth e r problem s arise in connection w ith d a ta  acquisition. F irs t 
of them  is th e  problem o f m aximum likelihood state  estim ation . The second, 
if the checking algorithm  proposes re jecting  the  m easurem ent, then  th e re  is 
need of an  algorithm  prom oting  to encircle th e  defected m easurem ent po in t.

M inimum previous knowledge ab o u t th e  system  is needed by th e  usual 
checking, testin g  w hether each m easurem ent is betw een certain lower an d  
upper bounds. This way o f checking is q u ick  and  simple a n d  th is fact is a  very  
im portan t advantage from  th e  point of v iew  of on-line com puter control b u t 
it is far n o t equivalent w ith  the  subjective critics on th e  basis of experience. 
I t  has nam ely the  draw back  th a t a ra th e r  wide range has to  be specified as 
acceptable fo r each variab le  in order to  av o id  false e rro r messages w hen th e  
value of th e  m easured va lu e  actually changes, due to  th e  varying conditions 
of th e  process. Therefore, th e  permissible range must include the  entire range 
of realistic values of the  variab le  in question. E vidently , th is  way of checking 
is capable to  indicate rough  errors only, like short c ircu it or rup ture in  th e  
wiring, b u t errors, influencing the m easurem ent to  a lesser degree cannot be 
indicated thereby . For m ore rigorous checking o ther, m ore sophisticated  
m ethods are needed, where th e  feasibility lim its change w ith  th e  change in  th e  
process, so th a t  the to lerance limits can be specified ac tu a lly  according to  th e  
permissible m easurem ent erro r. A heuristic algorithm , considering some quali
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ta tiv e  inform ation about th e  process was published by H a rtm a n  and his co
workers [1].

The least squares es tim atio n  of com posed m easurem ents is well k now n  
long ago (e.g. [2]). The app lication  of th is idea to  com ponent balance eq u a tio n s 
in chemical system s was f irs t proposed by  Swenker [3]. T his topic was d e v e l
oped by H offm an [4] andV áclavek  [5]. T he au thors and th e ir  co-workers o u t 
lined an  ite ra tiv e  solution o f second order balance equations [6], applied th e  
algorithm  to  linear dynam ic system s [7] an d  recently th e y  extended th e  d e 
term inistic m ethods of balance error sm oothing to  stochastic system s [8].

All these  algorithm s y ie ld  the  least squares or more generally  the M arkov  
estim ation o f th e  system  variables. I t  is easy  to  see th a t w ith  the  supposition  
of zero m ean Gaussian d istrib u tio n  of errors th is  corresponds to  the m axim um  
likehhood estim ation as well.

The practice, however, shows th a t in  several cases these  least squares o r 
Markov estim ators yield unacceptable resu lts, like negative concentrations 
or other senseless states from  th e  point of view of the technology. This prob lem  
is known as th a t of ex trem e errors and  som e attem ps hav e  been pub lished  
to  solve it  [9, 10], bu t all these  are w ithout an y  theoretical basis, i.e. regardless 
of the d istribu tion  of ex trem e errors.

Outline
L in ea rity  of the system  and  the knowledge of the  m athem atical m odel 

are assum ed for m easurem ent error analysis.
A q u an tity , expressing th e  d istance o f measured p o in t from the  linear 

subspace o f feasible sta tes, is defined. W ith  certain assum ptions, regard ing  
the m easurem ent error d istribu tion , com plex m easurem ents can be checked  
upon re liab ility  thereby.

I f  a  com plex m easurem ent is not re jec ted  by the above test, th en  it is 
regarded to  be regular an d  m axim um  likelihood estim ation, fulfilling th e  p ro 
cess model, is possible. In  th e  other case ano ther algorithm  is recom m ended 
on ano ther supposition ab o u t the  error d istribu tion  to  fac ilita te  the search  of 
defected instrum ents.

F in a lly  th e  same problem s are tre a te d  for the case when instead o f  a 
priori knowledge of the e rro r variance m a trix  the em pirical variance m a tr ix  
is available only.

Definitions and fundamental concepts
1. L e t be an elem entary  event characterized  by an  n-com ponent v ec to r 

x, composed of m easurable system  variab les

х С % ^ Е п
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where % denotes the (Euclidean) space of states. The indices of elem ents o f x 
are called m easurem ent points.

2 . L et th e  subset o f feasible (physically realizable) system  variables be 
denoted by  Thus for a  realization, characterized by  x

x £ %
and

%  C  %

is valid.

In  our trea tm en t we restric t to  observable discrete linear system s. Thus 
th e  set of feasible states is characterized b y  a set of linear equations, th e  so- 
called system  equations, so th a t

% =  {x : Ax — b =  0}

where A is a p  X n coefficient m atrix (p <  n; r(A) =  p) an d  b is a p-com ponent 
coefficient vector.

I t  is know n th a t if th e  elements o f x are not re s tr ic ted  to  belong to  si
m ultaneous s ta tes  of th e  system , then  th is  set of equations is equivalen t to  
the  discrete input-output model of linear systems.

3. M easurem ents of x are denoted b y  x , each of its elem ents correspond
ing to  th a t  of x. Since m easured values are burdened by  random  errors

x (f H

except on a  zero measure subset of {x}.
4. An estim ation of x is denoted b y  x. Details are given later.
5. T he difference of any  (measured or estim ated) system  variable and  

its tru e  value is called error, denoted b y  d:

especially

and

respectively.

d =  x x, 

(I =  x x

d =  x x,

( 1 )

( 2 )

6. The difference of any  sta te  x and  its  m easured value is called correction. 
Thus the  estim ated  correction is defined as

c =  x X. (3)
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7. The p  dim ensional vec to r f  (f, f, f), defined as

Ax — b =  f

w ith  any x (x, x , x) is called model defect. Obviously

f  =  Ax — b =  0 . (4)

Measurement error distribution

Two kinds of m easurem ent errors viz. regular and  ex trem e errors are 
assumed.

R egular errors are supposed to  be o f те-variate G aussian d istribu tion  
w ith zero expectation and  nonsingular Vrf- dispersion m a trix

d ~ N n( 0 , \ 3). (5)

F u rth er i t  is supposed th a t  e rrors are uncorre la ted  w ith th e  tru e  values o f the  
process variables, i.e .:

C(d, i )  =  0. (6)

The assum ptions about th e  extrem e errors are given la ter.

Error analysis

Model defect

According to  the  defin ition  of f, th e  apparen t m odel defect is

f  =  Ax — b. (7)

Now, m aking use of Eqs. (1) and  (4), we have

f  =  Ad' (8)

so th a t, from  th e  Gaussian d istribu tion  o f d according to  (5), th e  d istribu tion  
o f f  is

f  ~  N p(0, Vjr) (9)
where

V/  =  AVd-A T (10)

is the dispersion m atrix  of e rro r defects. I t  is easy to  see th a t

r(V7 ) =  p .
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I t  is im p o rtan t from th e  po int of view  of practical application th a t  f 
can be calculated  for each m easurem ent from  x, representing a set o f linear 
constrain ts on d according to  E q . (8), independently  of th e  system  variables x. 
In  particu lar, concerning a m easurem ent, ind icated  by  к

fк =  Ax,, — b (И)
and

h  =  Ad, (12)
are valid.

Feasibility checking with knoivn dispersion of errors 
L et

t2 =  i T \ J 1(. (13)
Then

t2 ~  y2(p) (14)

i.e. t2 has y2 d istribu tion  on p  degrees of freedom . Thus, a t  a  specified signific
ance level a

${t2 ^  xl-*(p)) =  * • (15)

This means th a t  th e  probab ility  of the even t th a t  a p a rticu la r t\ exceeds th e  
critical y2 value belonging to  1 — a level an d  p  degrees o f freedom  is a. I f  we 
choose a sufficiently  small, th en  the  p robab ility  of exceeding the critica l y2 
value under norm al conditions is so small th a t  we m ay well infere th a t a t  least 
one of our suppositions (either the  supposition o f zero m ean erro r or its m a trix  
of variance or th e  Gaussian character of its  d istribution) does not hold.

Note th a t  t2 has a  geom etric meaning. I t  is the square o f the  distance of 
x from th e  linear subset of feasible system  variables, in th e  space norm ed by  
th e  square ro o t of Xp  Thus, th e  use of t2 as th e  measure o f th e  measurement- 
erro r is qu ite  reasonable.

Error smoothing with known dispersion of errors

I f  the  feasib ility  checking does not re jec t a  m easurem ent xk then th e re  is 
a  possibility to  estim ate the  m axim um  likelihood state xk, satisfying th e  sys
tem  equations.

Supposing th e  Gaussian d istribu tion  o f m easurem ent erro r the density  
function of x w ith  fixed tru e  value of x is

<p(x j xk) =  (2л) 2 • det (V5) 2 • exp -^-(i xk)* V / ( i  — xk) (16)
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In  this sense th e  m aximum likelihood estim ation  of х* deno ted  by xk is the 
vector x w hich maximizes th e  likelihood function

q>(xk I x) — (2л) 2 • d e t (V5) 2 • exp — (*fc x)r V j1( i fc- x) I (17)

under the constrain
f  =  Ax -  b =  0. (18)

I t  is easy to  see th a t this is equivalen t w ith minimizing th e  quadratic form

y>k = CfcV^c* (19)
due ck, under th e  constrain

Ась =  — f/{ . ( 2 0 )

The conditional extrem um  p o in t is

cfc =  V(}A7'(AVd-A r ) ' 1f ,. (21)

Hence the m axim um  likelihood estim ator o f  the  state vec to r xk is

| | i* =  ( I -  Vj At(AVj AT) ' \ ) i k +  \ j A T( A \ ä A T)“Ч Ц .  (22)

Note th a t th e  m axim um  likelihood estim ation  is equivalent w ith a constrained 
Markov estim ation  in this case. I t  follows from  Eq. (20) th a t

i  -  N n(0 , V .) (23)
w ith

V.t =  y i AT(AVjAr ) - 1AVa. (24)

As a consequence of the definitions of d, d and  c we o b ta in  th a t

d =  d +  c . (25)
Thus, from E q . (21)

d, ■-= ( I  \ d-AT(AV3 A Ty 1A ) d k (26)
and  hence

d ~  N„(0, V 3) (27)
with

=  Vá AT( A \ S A7)^1 AV^ . (28)

The zero expectation  of d m eans th a t x is an  unbiased estim ato r of x.

Search for extreme error

I f  a m easurem ent is found  to  be unacceptable b y  feasibility checking, 
then  we need some algorithm  helping the search  of the source of extrem e error.
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F u rth e r on we analyse the case when all of the suppositions on e rro r 
d istribu tion  are kept, excep t the zero expecta tion  of errors. The later is su p 
posed to  be parallel with one of the coordinate axes, i.e. non-zero expecta tion  
is supposed for a single m easurem ent po int. L e t be the r th  th e  only m easu r
em ent po in t for which

$(dr)^-- 0
and

§>(di) =  0 if  j V r ,  (29)

where dr an d  dJ denote th e  r th  and _/th elem ent of vector d, resp. This assu m p 
tion  approxim ates the  com m on case when one of the m easuring instrum en ts 
goes wrong a fte r a faultless period of operation . The evident question is: w hich 
of the instrum ents is defective.

Let 'a be th e  jth  colum n of A and
1

D =  diag (yaT(AV5 A T)~1Ja)~ ä (30)
and  further

g  =  DAT(AV5 AT) - 1f .  ( 3 1 )

As it is proved  in A ppendix 1, vector g has th e  following p roperty :
I f  supposition (29) is valid, then

a b s ( % r) ) ^ a b s ( % 7)) (32)
where equality

abs (B(gr)) = abs ($(gr)), r^=r'

is valid if a =  h ■ r a and th ere  is no possib ility  of distinction between e rro r 
sources in r  an d  r'.

I t  follows from  the above facts th a t, supposing th a t only a single m easure
m ent point has non-zero expectation of error, one of the m easurem ent po in ts 
w ith  m axim um  absolute value of B(gJ) is defect.

Our p rac tica l aim is to  use the above algorithm  to erro r detecting, using 
averages or even single m easurem ent d a ta  instead  of expectations. A t th e  
m om ent th ere  is no exactly  proved theorem  concerning th e  confidence for 
these cases. C om puter sim ulations, however, showed th a t th e  use of E q. (32) 
for error source detection w ith  single fk values instead  of expectations is su ffi
ciently  effective if the ra tio  o f th e  extrem e erro r and  the dispersion of regular 
erro r is not too  small. Some resu lts of these are given in A ppendix 2 for two p a r 
ticu lar system s. Such com puter sim ulation investigations m ay be done concern
ing every ac tu a l case, in order to  determ ine th e  confidence o f th e  error d e tec t
ing algorithm  as a function of th e  m agnitude of extrem e error.



64 ALMÁSY — SZTANÓ: CHECKING AND CORRECTION OF MEASUREMENTS

Feasibility checking when the dispersion of errors is unknown

There is no direct inform ation  abou t th e  error dispersion from m easure
m ents b u t m odel defects. I t  is not possible to  estim ate Уj  therefrom  w ithou t 
additional inform ation. E stim a tio n  of is no t dealt w ith  in this p ap er b u t 
an  algorithm  is presented here for feasib ility  checking th a t  is on the  basis of 
em pirical dispersion m atrix  o f f  model defects.

L et be denoted  the  em pirical dispersion m atrix  b y  f, determ ined from  a 
se t of f/j’s (k £ SC) by VyjSC an d  the em pirical expectation b y  Муя . Ууж has a 
p-variate cen tra l W ishart d istribution:

VJi3£~ W  r( s , \ f ) (33)

where s is th e  num ber of elem ents of 3Í. O n the  other h an d  the  em pirical ex 
pectation o f f, determ ined on th e  basis of SC set of m easurem ents, has a  cen tra l

Gaussian d istribu tion  w ith  rj= ■ Vy m atrix  of dispersion:

ML/.sc N n 0, (34)

As it is know n (e.g. [11]) Vy ж and Муж are  independently( d istribu ted  since f  
is of G aussian d istribution, an d  hence th e  scalar tes t variable

t2
ac.äc — (35)

is th a t  of H otelling’s generalized T 2 distribu tion . T his la tte r  can easily  be 
transform ed in to  the well-known and tab e lled  F isher’s F  d istribu tion  since

Thus

s — p  +  1 
p  ■ s ■T2 ~  F(p-

F'si.x, — S - P +  I ]fs.  
P

F(p, s) (36)

A nother te s t  variable can be formed on th e  basis of th e  em pirical dispersion 
m atrix on Ж set of m easurem ents and a n y  single m easurem ent f  where l $ SC 
and f; is independent o f a n y  fk, к £ 3Í.

U tiliz ing  the above ideas on f( in s tead  of My ж th e  scalar te s t variable

(37)
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is defined. tfiSC is of H otelling’s generalized T 2 d istribu tion  a n d  may be tra n s 
form ed into th e  F d istribu ted  variable

Fi,x =  а ~ У ± -  f T • V j i  . f, ~  F(p,s) . (38)
V 1

B oth  Fx 3C or FlyX are su itab le  to  feasibility checking, com paring them  w ith  
critical values corresponding to  certain significance level.

The effect of errors in the dispersion matrix on error smoothing

P rac tically  we have no exact dispersion m atrix  of erro rs b u t an ap p ro x i
m ation thereof.

Let U- denote the approxim ating m a trix  of dispersion and  the estim a-
*

tions, ob tained  using Urf~ in stead  of Vj by  x k an d  d ,.
Thus th e  estim ator for x is

ik  =  (I -  Ud-A T(AUj AT)“ 1A ) i ft +  U d'A r (AUd A 7) - 1 (39)

and  the erro r o f estim ation is

dk =  (I -  Ud AT(A U j A 7 ) - ^ )  dfc . (40)

I t  is easy to  see th a t xk is unbiased  w ith  any  nonsingular U^:

$(x) =  x . (41)

As it is proved in  Appendix 3 th e  dispersion m a trix  of the erro rs of estim ation  is

Vrf* = V á +  o(UJ - V a) (42)

where o(Uí? V -) denotes a  m atrix  polynom ial having no lower than  second
order term s in  U r — Уz.d a

Eq. (42) m eans th a t th e  erro r of estim ation  is not sensitive on small e rrors 
in  the  estim ation  of V5.d

Conclusion

All form ulas for feasib ility  checking an d  erro r sm oothing contain sim ple 
m atrix  operations. The operations w ith m easurem ent independent quan tities  
can be perform ed in  off-line com putations so t h a t  the feasib lity  checking needs 
th e  com putation of a q uadratic  form and  th e  erro r sm oothing needs th a t  o f  a 
m atrix-vector product only. T hus the  algorithm s proposed can  be applied to  
on-line m easurem ent analysis advantageously.
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Notation
a  co lu m n  of m a tr ix  A
coeffic ien t m a trix  o f  th e  system  e q u a tio n  
c o n s ta n t vector o f th e  system  eq u a tio n  
v e c to r  o f  corrections o f  system  v a riab les  
v e c to r  o f  errors o f  sy s te m  variables 
d e te rm in a n t o f m a tr ix  • 
m a tr ix  defined b y  E q . (30) 
ex p o n en tia l fu n c tio n  o f  • 
e x p e c ta tio n  of ra n d o m  variab le  • 
v e c to r  o f  m odel defec ts
sy m b o l o f  F ish er’s d is tr ib u tio n  on ■ a n d  • degrees o f  freedom
v e c to r  defined by  E q . (31)
sca la r co n stan t
u n it  vec to r
u n it  m a tr ix
m easu rem en t p o in t in d ex  
m easu rem en t index  
a  se t o f  m easu rem en ts 
m easu rem en t index  
n u m b e r  o f  system  v a riab les
sy m b o l o f V-varia te  G aussian  d is tr ib u tio n  w ith  • v e c to r  o f ex p ec ta tio n  a n d  •
m a tr ix  o f d ispersion
ex p e c ta tio n  of •, o n  th e  basis o f •
n u m b e r o f system  e q u a tio n s
p ro b a b ili ty  o f e v e n t •
sca la r coefficient
m easu rem en t p o in t in d ex
ra n k  o f  m a trix  •
n u m b e r o f m easu rem en ts  in  SC
te s t  variab le
a p p ro x im a tin g  d ispersion  m a trix  o f  ran d o m  vec to r v ariab le  • 
d ispersion  m a tr ix  o f  ran d o m  v ec to r variab le  •
sy m b o l o f v-v a ria te  c e n tr a l  W ish a rt d is tr ib u tio n  on • degrees of freed o m  w ith •
p a ra m e te r  m a trix
v e c to r  o f system  v a riab les
sp ace  o f  system  v a riab les
sign ificance  level
d e n s ity  function  o f  ra n d o m  v ariab le  •
sy m b o l o f cen tra l ch i square  d is tr ib u tio n  on • degrees o f freedom
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Appendix 1
L e t th e  r th  m easu rem en t p o in t be th a t  w ith  ex trem e e rro r, i.e. le t th e  d is tr ib u tio n  

o f errors be
Í ~ N „ ( q . r i, V S )

w here ri is th e  r th  u n it v ec to r .
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T hus, th e  observed m o d e l defect f  h a s  th e  d is trib u tio n

where ra

i ~ N p ( q . r*,  Y j )

A • ri denotes th e  r th  colum n o f  m a tr ix  A.
The v e c to r  g, co n stru c te d  according to  E q . (31) is o f G aussian  d is trib u tio n  as  well, 

since its  j t h  com ponen t is

T he exp ec ta tio n  o f  (j1 is

w herefrom , u tiliz in g  S ch w artz ’s inequa lity

I S(g^) I <; ? • (r&T ■ V j1 • ла )'/2

is ob tained . T he  eq u a lity  is v a lid , iff -̂ a =  c - ra  w ith  sca la r c. T h is  m ean s th a t  | &(gl) \ 
tak e s  his m ax im u m  value if  j  =  r. B y  th e  w ay , i t  is easy  to  see t h a t  every  gl is o f  u n i t  
dispersion, in d ep en d e n tly  o f r a n d  fac to ry .

Appendix 2
The efficiency of th e  e rro r  de tec ting  a lg o r ith m  accord ing  to  th e  re la tions (29) — (32) 

b u t  w ith  g/{ v a lu es  in stead  o f  ©(g) is illu s tra ted  b y  co m p u te r s im u la tio n . Two sy s tem s 
w ere studied , b o th  w ith  v arious dispersion o f  re g u la r  errors. (F or th e  sake  o f sim plic ity , 
erro rs were g en e ra ted  in d ep en d en tly , i.e. Vj w as ta k e n  as  d iagonal m a tr ix .)  E x trem e e rro r  
w as genera ted  a lte rn a te ly  a t  a ll m easurem en t p o in ts  w ith  an  abso lu te  va lu e  of 2, 4, 8, 16 
a n d  32fold o f  th e  co rresponden t dispersion o f  re g u la r  error. T able  1 show s th e  re la tiv e  
nu m b er o f h its , fo r several d ispersion  of reg u la r a n d  several va lues o f  ex trem e erro rs.

The ta b le  is in d ica ting  th e  obvious dependence  o f  th e  e ffec tiv ity  on  th e  m ag n itu d e  
o f  extrem e erro r. F o r  th e  tw o  cases in  question  w e c a n  conclude t h a t  ex trem e erro rs o f  
double m ag n itu d e  canno t be d e tec ted  by  th is  w ay , b u t  those  o f  8fold m agn itude  a re  
de tec ted  fa irly  well.

Table 1
The relative number of h its in  error detection 

System 1

dispersion of 
measurement errors

\ \ relative magnitude 
of extreme error: 2 4 8 16 32

1 1 1 1 1 1 1 1 1 1 .24 .58 .98 1.00 1.00

10 1 1 1 1 1 1 1 1 1 .22 .55 .91 .99 1.00

63 1 1 1 1 1 1 1 1 1 .23 .57 .98 1.00 1.00

f  1- 1 0 1 - 0 0 0 0 ° \
0 0 0 0 L —1 0 1 - 1 0 0

A = ; b  =
0 1- 1 0 0 0 0 0 1 -  I 0

u 0 1 1 0 1 - 1 0 0 o j UJ
5*
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System 2

dispersion of measurement errors relative magnitude of extreme error: 2 4 8 16 32

1 1 1 1 1 1 .43 .77 1 .0 0 1 .0 0 1 .0 0

1 1 1 1 1 0 .0 1 .35 .73 .85 .92 .95
1 1 1 1 1 100 .38 .60 .72 .85 .90
1 2 4 8 i 6 32 .32 .58 .85 .98 1 .0 0

A =
( 1 - 1 0 0 1 0

°
1 1 - - 1 0 0

\  o 0 0 1 - I - 1

i ° \IIp
fi

00 /

Appendix 3

W e c a n  suppose, w ith o u t loss o f g e n e ra lity  th a t  Y j  =  I .  L e t be fu r th e r  d e n o ted  
E  =  Ug — V j  w here E is th e  e rro r in U p  E  is supposed  to  be sy m m etric  an d  | i E 11 to  be 
sm all. T h u s fro m  E q . (40)

Ak =  ( I  -  (I +  E) A r ( A ( I  +  E) A r ) - ' A )  d k .

U tilizing  th e  know n fo rm ula  fo r th e  inverse o f  a  sum  we o b ta in

A r ( A ( I  - f  E ) A r ) - 1A  =  A T( A A T) ~ l A  -  A T{ A A T) ~ 1 A E A T( A A T) ~ 1 A  +

+  A T{ A A T) ~ 1 А Е А Г( А А Г) - 1 A E A T( A A T) _1 A  — . . .

W ith  th e  n o ta tio n
P =  A T( A A T) - lA

i t  is eq u iv a le n t to

A T( A (I  +  E )  A 1) - 1 A  =  P  -  P E P  +  P E P E P  -  . . .

I t  is easy  to  see t h a t  P f =  P and  P 2 =  P . D ropping  th e  te rm s  o f th ird  a n d  h ig h er 
o rder in E  w e o b ta in  b y  a n  e lem en tary  w ay  t h a t

Yd  =  S(d dr ) =  ( I  -  (I  +  E )  A r ( A (I  +  E) A 7 ) - 1 A )  ■ S(d dr ) •

• ( I  -  (I  +  E ) A r ( A ( I  +  Е ) А Г) - 1А ) Т ^  I  -  P +  (I  — P ) ( E P E ) ( I  -  P) =

=  V(? +  Vá E ( I - y í ) E V í .
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Рассматривается линейная система с известной математической моделью. Для 
оценки ошибок результатов измерений вводится специальная величина, характеризую
щая расстояние между результатом измерения параметра и его эталонным значением.
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ПРИМЕНЕНИЕ СТРУКТУРНЫХ ПРЕОБРАЗОВАНИЙ 
К АНАЛИЗУ НЕСТАЦИОНАРНЫХ ЛИНЕЙНЫХ СИСТЕМ

Ф. А. МИХАЙЛОВ, О. Ф. ТЫХЕВИЧ, Ms К. ХАДЖИНОВ 
(Москва)

(Поступила в редакцию 2 июля 1973 г.)

Рассматривается задача вычисления передаточных функций различных 
соединений нестационарных линейных систем при известных передаточных функ
циях систем, входящих в соединение.

Используя левое преобразование Лапласа, получены точные формулы пере
даточных функций для параллельного, последовательного и циклического соеди
нений. Отмечается, что формулы для последовательного и циклического соединений 
сложны для практического применения, и предлагается приближенный способ 
вычисления их передаточных функций. В этом способе передаточные функции сис
темы и её звеньев аппроксимируются дробно-рациональными функциями комплекс
ной переменной s с коэффициентами, зависящими от времени. Получены формулы, 
связывающие коэффициенты передаточной функции соединения с коэффициентами 
передаточных функций звеньев.

Приводится пример, иллюстрирующий применение полученных резуль
татов.

Введение

При анализе сложных систем автоматического управления значитель
ное удобство представляют структурные схемы, характеризующие систему 
как  соединение более простых систем (звеньев). При исследовании стационар
ных линейных систем в качестве характеристик звеньев обычно используются 
передаточные функции, легко получаемые по дифференциальным уравнениям 
звеньев. Для нестационарных линейных систем в качестве характеристик 
звеньев также могут использоваться передаточные функции. Однако вопрос 
осложняется тем, что не все звенья имеют передаточную функцию [1], и что 
для нестационарных систем нет простой связи между дифференциальными 
уравнениями и передаточными функциями. К ак  следствие этого, в известных в 
настоящее время методах структурного анализа линейных нестационарных 
систем звенья характеризуются дифференциальными уравнениями [2, 3] 
или импульсными переходными функциями [4]. Вместе с тем представляет 
несомненный практический интерес метод анализа структурных схем линей
ных нестационарных систем, основанный на использовании передаточных 
функций так же, как  и в случае стационарных систем.

В данной статье рассматривается задача вычисления передаточной 
функции системы по передаточным функциям её звеньев. При этом предпола
гается, что система и рассматриваемый интервал времени таковы, что переда
точные функции звеньев и системы в целом существуют.
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1. Структурные преобразования и формулы передаточных 
функций соединений

В сякая сложная нестационарная линейная система может быть пред
ставлена в виде соединения более простых систем, или звеньев. В общем слу
чае систему можно представить в виде комбинации трех  видов соединений: 
параллельного, последовательного и «циклического» (рис. 1). Найдём форму
лы для передаточных функций этих соединений.

Случай параллельного соединения двух звеньев показан на рис. 1а. На 
основании принципа суперпозиции передаточная функция этого соединения 
находится по формуле

W„(s, 0  =  W ^s ,  t) +  W2(s, t). (1.1)

б)

Рис. 1. Виды элементарных соединений
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Случай последовательного соединения двух звеньев показан на рис. 16. 
Д ля вычисления передаточной функции соединения TF3(s, t) воспользуемся 
формулой для импульсной переходной функции последовательного соеди
нения [4, стр. 1589, 10]

t
w3(t, ») =  J  w2(t, у) ■ Щ(у ,  и) ■ dr], (1.2)

U

Заменив переменную интегрирования г/ на £ =  t — у, получим

w3(t, и) =  f “w2(/, t — £) ■ wx (t — £, и) ■ d£. (1.3)
О

Подставим в (1.3) вместо функции w2(t, t— £) её выражение через передаточ
ную функцию второго звена

C+IOO

w2(t, t - £ )  =  - - т ( W2(a,  t) • exp (a£) • d a ,  (1.4)Zn i J
c — i°°

где с — положительное число, выбранное с таким расчетом, чтобы интеграл 
абсолютно сходился при всех Леа  ]> с. В результате найдем

C +  ioo t — U

w 3(/, и) =  ^ 7  J w 2(a,  t) • J Wy (t — £, u) ■ exp (a£)  ■ d £  ■ do. (1.5)
С— /ос. 0

Произведём замену и на t — r  и применим к  обеим частям равенства (1.5) 
преобразование Лапласа по аргументу т. После преобразования получим

СО С+1°° Т

W3(s, 0  =  J exp ( -  sr) j' W.2(a,  t) J щ  (t -  £, t -  r) ■
0  c — ioo  0

• ex p  (a£) d£ da  d r  . (1.6)

Учитывая, что w ^t— £, t — r) =  0 при £ >  г  верхний предел интегриро
вания по £ заменим на <». Предположим, что все интегралы в (1.6) сходятся 
равномерно. В силу этого предположения ([11], стр. 62) можно изменить 
порядок интегрирования

c+i°°

W3(s, 0  =  ~  I W 2(o,  t) J exp (a£)  J wt(t — t — r) ■
c-i°°  0  0

• exp (— sx)dr dtjda. (1.7)
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Представим внутренний интеграл в виде

f  Wy[t — £, (/ — £) — (т — I)] • exp (— s r)  dr, 
ö

и ограничиваясь случаем £ <[ т (т. к. в области £ >  т подынтегральное вы
ражение равно нулю), по первой теореме смещения ([5], стр. 39) приведем его 
к виду

exp ( -  s£) ■ W á s ,  t — I ) , (1.8)

где W ^s, t — £) ~  передаточная функция первого звена с комплексным аргу
ментом s и вещественным t — £.

Теперь интеграл по £ в формуле (1.7) можно рассматривать как 
левое изображение по Л апласу ([1], стр. 493) от функции W 1(s ,t) ,  рас
сматриваемой как функция от tx со смещенным на комплексное число а 
комплексным аргументном

f W y ( s ,  t — £) • exp [— £(s — ст)] d£ =  -4,/s_0 (s, *)]■ (1-9)
о

Здесь нижние индексы при знаке левого преобразования Лапласа указы
вают соответственно вещественный и комплексный аргументы изображения. 

Перепишем формулу (1.7) с учетом (1.8) и (1.9)
C +  ioo

W 3(s,t) =  - ~  í  W2(cr, t) ■ A t/s_a[W1 (s, i)] da. (1.10)
2л i J

c—

Применяя формулу обратного левого преобразования Л апласа (см. 
приложение) и рассматривая формально подынтегральную функцию как 
левое изображение с комплексным аргументом а некоторой функции от t с 
параметром s, можем записать

W3(s, 0  =  ЛЧ1 {W2(a, 0  • л „ 3. а [ W ,  ( s ,  í)]} . (1.11)

Таким образом, передаточная функция последовательного соединения 
VT3(s, t) выражается в явном виде через передаточные функции звеньев 
W^s, t) и W2(s, t). Заметим, что эта зависимость является очень сложной.

Формула (111), очевидно, долж на быть справедлива и для случая 
стационарной системы с передаточными функциями звеньев VT^s) и VT2(s). 
Действительно,

Wr(s)
(s -  о) ’

Л,!а-а [  V T i ( s )  ] ( 1. 12 )
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и тогда

W 3(s)

C+ioo

c—i ~

^ M . d a = E M .  Г l M . d c .
S — а 2л i J  a s

c+i «•

(1.13)

Это равенство определено для R e a > c .  Но в этом случае на осно
вании интегральной формулы Коши интеграл (1.13) равен 2л  iW2(s). Отсюда

W 3(s) =  W ^s)  ■ W 2(s). (1.14)

«Случай «циклического)) соединения показан на рис. 1в. Д ля нахождения 
передаточной функции такого соединения воспользуемся результатом, полу
ченным для последовательного соединения. Импульсную переходную функ
цию wn(t, и) можно определить соотношением ([4], стр. 1589)

I
W4(t, и) =  wp(t, и +  J  wp(t, rí) ■ w4(r), и) dr]. (1.15)

U
По аналогии с (1.11) сразу запишем

W 4(s, I) =  W p(s, 0  +  ЛГ,1 { W „(о, 0  ■ A tis_c[W 4{s, I)]}. (1.16)

Уравнение (1.16) является сложным интегральным уравнением, в кото
ром W 4(s, t) — неизвестная функция. Получить из него в явном виде переда
точную функцию соединения W 4(s,t) не удается. Т акж е, как  и (1.11),формула 
(1.16) для случая стационарной системы превращается в известное соотно
шение

а д  =  W p(s) +  W p(s) • W„(s), (1.17)

которое разрешимо относительно функции W 4(s).
Таким образом, для всех трех видов соединений мы располагаем фор- 

мулами, выражающими передаточную функцию соединения через пере
даточные функции звеньев либо явно — (1.1) и (1.11), либо неявно —в виде 
интегрального уравнения (1.16). Однако формулы (1.11) и (1.16) неудобны 
для практического применения. Поэтому для последовательного и цикли
ческого соединений возникает задача о нахождении приближенных, но 
удобных в применении формул.

2. Степенное разложение импульсной переходной функции
Рассмотрим разложение импульсной переходной функции в степенной 

ряд по аргументу т =  t —  и

w ( t , t - т )  =  2 w k( t ) - ~ ,  (2 . 1)
*=о k\

предположив, что разложение сходится в некоторой области т <  Q.
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В [1, стр. 245] показано, что в случае системы, описываемой дифферен
циальным уравнением

dnx dn~^х d n ~ * v
- 7 —  + МО , „ ■ + • ■ • + МО х = МО J + ■ ■ • + űn-iíO}' (2-2) 
dtn dtn_1

с коэффициентами а г- i(0 и ft,-(0, / =  1, . . ., п, являющимися аналитическими 
функциями, коэффициенты шДт) могут быть выражены через эти функции.

Импульсная переходная функция w(t, и) может быть найдена ([2], стр. 
114) по формуле

M t, и) = 2 ' (  1 У~‘~] " d, п_,_1 Ы и) ■ s(t, и ) ] , (2.3)
/= 0

в правой части которой фигурирует функция g(t, и) и коэффициенты правой 
части уравнения (2.2). В силу того, что коэффициенты уравнения (2.2) —ана
литические функции, можно разложить щ(и) в сходящиеся ряды Тейлора в 
некоторой окрестности точки и =  t, а именно

М «) =  ^  ( 1 У ,  (2.4)
J- о J !

где йР(г) — производная порядка / по t от функции а,(/). Здесь и всюду в 
дальнейшем под производной нулевого порядка a f \ t )  от функции щ{1) подра
зумевается сама функция a,-(f).

Функция g(t,u) — импульсная переходная функция интегрирующей 
части системы (т. е. системы, описываемой уравнением (2.2) с правой 
частью, замененной на y(t)). Д л я  нее справедливо разложение [1, стр. 244]

g ( t , t - r ) =  2 g n,,(t) - j 7 ,  (2.5)
l = n =  1

коэффициенты которого могут быть выражены через ftx( í ) , . . . ,  bn(t). Эти за- 
зависимости д ля  п <, 4, I <  п +  4 приведены в таблице 1.

Подставив (2.3) и (2.4) в (2.5) с учетом того, что произведение двух 
сходящихся степенных рядов есть тоже сходящийся ряд  ([9], стр. 51), 
получим

Mt, п )=  > ’ 2 ' 2 (  1 )"-1" чу • «НЧО • Sn,i(t) ■
1 = 0  l  =  n -  1 j = 0 dtn-l-i

(t - u ) l+f  
. t \ j \  .
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Таблица 1
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Полагая, что t — u =  т и приравнивая коэффициенты при одинаковых 
степенях т, получим

п — 1 n—l + k  — i 

^  2  ( - 1
1 =  0 1=п — 1

п — 1 +  к —■ / 
I

. a\ n - ^ k- ^ \ t ) . g nß ) ,  (2.6)

где
п — 1 +  к — i 

I
— биномиальные коэффициенты.

3. Степенное разложение передаточной функции

Рассматривая в правой части (2.1) т как независимую переменную, t — 
как параметр, и преобразуя почленно ряд по Л апласу, получим формальное 
разложение в ряд для передаточной функции

W (s,t) ,wk(t)
к = 0 S‘■к+1 (3.1)

К ак показано в [5, стр. 188], ряд (3.1) не всегда может оказаться сходя
щимся, но всегда представляет собой асимптотическое разложение функции 
W(s, t) при s — оо. Обратно, по разложению (3.1) легко восстановить ряд
(2.1), т. е. значения w(t, t—т) при малых т.

4. Аппроксимация передаточной функции дробно-рациональной функцией

В общем случае для нестационарных систем найти передаточную функ
цию в аналитическом виде не удается.

Д ля ее аппроксимации удобнее всего дробно-рациональная функция
вида

W(s, 0  - С „(О • s 9 -1  +  • . . +  C g - 2( t )  • s  +  C q - j j t )  

s‘> +  d1(t)-s‘<-l +  . . .  + d q(t)
(4.1)

где a(t), i =  0,1, . . ., q —  1; di(t), i =  1, 2, . . . ,  q — вещественные непрерыв
ные функции времени.

Передаточная функция W(s, t) вида (4.1) однозначная и аналитическая 
для всех достаточно больших [sj, поэтому она всегда допускает в этой окрест
ности разложение в ряд Лорана

;  М О
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Коэффициенты wk(t) этого ряда определяются через коэффициенты пере
даточной функции (4.1) по рекуррентной формуле

wk(t) =  ck(t) — ^  di(t) ■ wk -i(t) ,  (4.2)
Í= 1

fc =  0, 1, . . oo,

причем Ck =  0 при к >  q — 1; wk(t) =  0 при i >  к.
Согласно формуле (4.2) все коэффициенты передаточной функции (4.1) 

могут быть определены, если известны 2q первых коэффициентов wk(t). По
этому в основу аппроксимации положим требование

wk(t) =  wk(t), к =  О, 1, . . 2 * 7 — 1, (4.3)

где wk(t) — коэффициенты разложения (3.1).
Решение задачи аппроксимации передаточной функции таким способом 

неоднозначно, так  как зависит от выбора q — степени полинома знаменателя 
аппроксимирующей дробно-рациональной функции. К  вопросу выбора q обра
тимся позже, а пока примем, что q уж е выбрано. Тогда коэффициенты пере
даточной функции (4.1) в дробно-рациональном виде связаны с первыми 2q 
коэффициентами аппроксимирующего ряда системой линейных алгебраи
ческих уравнений, получаемых из формулы (4.2) (к  — 0, 1, . . ., 2*7— 1).

Путь решения системы следующий. Выделив систему уравнений от
носительно коэффициентов */,(?) (к =  q, q - f  1, . .  ., 2*7— 1), находим из неё все 
di(t). Из оставшихся уравнений (к =  О, 1, . . ., q— 1), подставив в них d,(t), 
получим формулы для всех коэффициентов ck(t).

Возможен случай, когда система алгебраических уравнений отно
сительно коэффициентов di(t) не имеет решения, так  как  определитель сис
темы тождественно равен нулю. В таком случае следует составить новую сис
тему уравнений, увеличив q.

5. Приближенные передаточные функции соединений

Представим импульсные переходные функции звеньев и их соединений в 
виде ряда (2.1). Воспользовавшись этой формулой, м ож но получить формулы 
для функции И/3(5, /), аппроксимирующей передаточную функцию последо
вательного соединения, коэффициенты которой выражаю тся через коэффи
циенты передаточных функций звеньев. С этой целью можно использовать 
полученные в [6, стр. 119] соотношения, связывающие импульсные переходные 
функции соединений с импульсными переходными функциями звеньев для 
значений аргумента х из общей области сходимости д ля  соединения и звеньев.
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Коэффициенты w3,T(t), г =  0, 1, . . . (первый индекс — индекс звена или 
соединения) разлож ения импульсной переходной функции w3(t, и) последо
вательного соединения двух звеньев (рис. 16) находятся по формуле ([6], 
стр. 119)

Эта формула позволяет синтезировать приближенную передаточную 
функцию последовательного соединения по заданным приближенным пе
редаточным функциям звеньев. При этом учитываются равенства (4.3).

Последовательность операций при выводе формул для коэффициентов 
передаточной функции соединения следующая.

A) Находим выражения коэффициентов Wij(t) степенного разложения 
заданной приближенной передаточной функции каждого звена через коэф
фициенты c,(í) и di(t).

Б) Задаемся степенью q знаменателя приближенной передаточной 
функции соединения и по формуле (5.1) находим первые 2q коэффициентов её 
степенного разложения.

B) Полученные коэффициенты степенного разложения передаточной 
функции соединения подставляем в систему (4.2) уравнений относительно 
коэффициентов с,-(f) и di(t) искомой передаточной функции.

Решив эту систему уравнений, получим формулы, выражающие коэф
фициенты передаточной функции соединения через передаточные функции 
звеньев, входящих в соединение.

Для циклического соединения (рис. 1в) коэффициенты w4,r(f) разло
жения импульсной переходной функции соединения выражаю тся в виде 
рекуррентной формулы через коэффициенты разложения импульсной пере
ходной функции разомкнутой системы

Последовательность операций нахождения коэффициентов переда
точной функции циклического соединения так ая  же, как и для последова
тельного соединения.

В случае, когда приближенные передаточные функции звеньев, входя
щих в соединение, неизвестны, и звенья характеризуются дифференциаль
ными уравнениями, заданными на интервале (—оо, Т] с коэффициентами, 
являющимися аналитическими функциями, вышеизложенная методика 
такж е применима. Только в этом случае коэффициенты степенного разлож е

щ Л )  =  2  2  ( !)'
1=0 к=О

Г— 1 — 1
к

■ w-iA*) • < r w -fe,(0 • (5.1)
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ния для звеньев определяются на основании формулы (2.6) через коэффици
енты их уравнений. Все последующие операции не отличаются от описанных 
выше.

По описанной выше методике были выведены формулы для коэффициен
тов передаточной функции последовательного и циклического соединения 
звеньев для случая, когда показатель степени полинома знаменателя прибли
женной передаточной функции соединения берется равным сумме показа
телей степеней знаменателей передаточных функций звеньев. Формулы све
дены в таблицы.

В таблице 2 через W ^s, t) и W2(s> t) обозначены передаточные функции 
звеньев, через W 3(s, t) — передаточная функция их последовательного соеди
нения (рис. 16). В таблице 3 передаточная функция разомкнутой цепи обо
значена W p(s, t), а циклического соединения — W4(s, t) (рис. 1в). В таблице 4 
приведены формулы для других видов соединений с обратной связью. Здесь 
W ^s, í) — передаточная функция прямой цепи, W2(s, t) — цепи обратной связи, 
W t(s, t) — всего соединения (рис. 1г).

6. Условия применения метода и пример

Предложенный метод основан на разложении в степенной ряд  им
пульсной переходной функции w(t, и) в некоторой окрестности точки t =  и по 
степеням т =  t— и. Быстрота сходимости ряда внутри круга сходимости 
понижается с удалением от точки разложения, поэтому точность формул
(5.1) и (5.2) уменьшается с увеличением т =  t— u. В то же время аппрокси
мация передаточной функции соединения производится из условия совпа
дения некоторого числа первых членов этого разложения. Поэтому метод 
дает хорошие результаты для систем, сигнал на выходе которых определя
ется, главным образом, значениями входного сигнала в достаточно близкие к 
моменту наблюдения реакций моменты времени, т. е. для систем с быстро
затухающей по аргументу г импульсной переходной функцией. Расчет по 
полученным формулам в случае стационарных систем дает точные результа
ты. Поэтому предложенный метод структурных преобразований такж е эффек
тивен для систем с медленно меняющимися параметрами.

Пример. Воспользуемся результатами данной работы для получения 
передаточной функции и дисперсии выходного сигнала нестационарной 
системы, представляющей собой простейшую математическую модель одной 
задачи управления движением.

Рассмотрим задачу сближения двух  тел в плоскости, из которых одно, 
неуправляемое, движется равномерно и прямолинейно, а второе имеет 
постоянную скорость движения и управляется с целью сближения с первым

б
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телом ([7], стр. 262). Предметом анализа в данном примере будут нормаль
ные ускорения управляемого тела в процессе сближения.

Запишем линеаризованное уравнение кинематики относительного 
движения в виде

£>(*)•-^- +  2Dé =  n; O ^ t ^ T ,  (6.1)
dt

где D(t) — текущая дальность по опорной траектории; е — угловая скорость 
линии визирования (прямой, соединяющей центры масс сближающихся 
тел); п — проекция ускорения объекта управления на нормаль к  линии визи
рования; Т  — полное время сближения.

Звено, динамические свойства которого описываются уравнением (6.1), 
будем называть кинематическим звеном. Входной величиной кинематического 
звена будет л, выходной — ё.

Считаем, что управление осуществляется по методу пропорциональ
ной навигации — управляющий сигнал пропорционален еи — угловой 
скорости визирования, измеренной бортовым устройством. Этот сигнал, 
воздействуя на управляемый объект через бортовой контур управления, из
меняет величину п. Считаем, что динамические свойства бортового контура 
управления характеризуются передаточной функцией колебательного звена 
с постоянными параметрами

kcoj
S2 +  2 fco0 +  cog

(6.2)

Структурная схема рассматриваемой системы показана на рис. 2. 
Входной величиной системы является ошибка измерения бортовым измери
тельным устройством угловой скорости линии визирования, выходной 
величиной — п.

Ограничимся рассмотрением случая, когда на вход системы действует 
только случайное возмущение y>(t) типа белого шума.

Рис. 2. Структурная схема системы управля емого сближения двух тел
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Д ля вычисления дисперсий выходного сигнала а2ф  в этом случае 
достаточно знать спектральную плотность шума S и интегральную характе
ристику — степень подвижности ([I ], стр. 302), определяемую равенством

М О - М *  \W {m ,t ) fd ca  .
О

Расчетное соотношение имеет вид:

<М0 =  S • /лф. (6.3)

Т ак как  в реальной системе в начальный момент процесса управления 
дисперсия выходной величины равняется нулю, то этой формулой можно 
пользоваться для вычисления дисперсии только после окончания переход
ного процесса.

Если передаточная функция системы аппроксимирована дробно-рацио
нальной функцией вида (4.1), то степень подвижности /лф  можно определить 
алгебраическим путем ([1], стр. 309). В частности, для п =  3

Передаточную функцию системы получим с помощью формул из таб
лицы 3. Д ля пользования таблицами необходимо знать передаточные функ
ции всех звеньев.

Уравнение кинетического звена (6.1) является линейным дифференци
альным уравнением первого порядка с переменными коэффициентами и ре
шение его может быть найдено в конечном виде. Импульсная переходная 
функция w2(t, и) при любом законе изменения дальности D(í) имеет вид

w2(t, и) т
т У

Заменим и на / - г  и преобразуем w2(t, t— г) по Л апласу как функцию 
от т. Тогда передаточная функция кинематического звена для случая D  =
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const выражается следующей формулой

W í (s,t) = s2
(6.6)

Рассматриваемой системе соответствует вариант 8 таблицы 4. По фор
мулам из таблицы 3 вычисляем коэффициенты передаточной функции сис
темы. Передаточная функция системы будет

^  ° = ----------------- ^ 4 — w  • (б-7)
s4 +  2fw 0 s3 +  col s2 Н---------«о s H---------

D(t) D%t)

Для сравнения найдем передаточную функцию системы с помощью 
других приближенных методов.

Применяя методы стационарных систем, по дифференциальному урав
нению всей системы

0(0
найдем передаточную функцию «замороженной» в момент t нестационарной 
системы

kcal s -\- 2

Для получения передаточной функции можем применить способ,
использующий разложение импульсной переходной функции в степенной 
ряд, (см. разд. 2), и найти коэффициенты передаточной функции (см. разд. 4).
При этом степень полинома знаменателя положим такой же, как  и в формуле 
(6.9). Опустив выкладки, запишем
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Еще один вариант передаточной функции системы получим, применив к 
VT4(s) и W 2(s, t) формулу для преобразования структурных схем стационар
ных систем,

kco2s2 _  _____
k ő  '

W(s,t)  = (6 . 11)

2f ы0 s3 +  со2 s2 co^s +
D{t) D \ t )

Д ля всех вариантов передаточной функции по формулам (6.3—6.5)
находим дисперсию выходного сигнала системы

к2 col
ol =  S  ■

2|со0 — 4£2 D к

D(t) D(t)

к2 со0 [со2 D2(t) +  S D 2 !&)0 D(t) -j- D

а\ =  S
2D

2[8Í D 2 +  co0( 2 |c u 0 D2(/) +  2£2 DD(/) kD(t))] ’

2£co0D(t) D\k2a>0 < D 2(t) +  D2:
к D j

2 [ 2 W 2 +  co0(2|co0 D \t)  -  4 i 2 DD(t) —  kD (t))] ’

(Тл =  S
k2co2

2 j2£«0 +  4Í2
D

D(t) D(t)j

(6 . 12)

(6.13)

(6.14)

(6.15)

где <г4 соответствует передаточной функции (6.7), <т2 — (6.9), <х3 — (6.10), <т4— 
( 6 . 11) .

На рис. 3 приведены графики изменения <т1, <т2, а3 и <т4 по дальности, 
полученные по четырем формулам (6.12), (6.13), (6.14), (6.15). Графики по
строены для следующих значений параметров системы: к =  5 с/град; wü =  
=  10 с-1 ; I  =  0,7; S =  0,004 град2/с. Точные значения дисперсии о2 вычисля
лись как  решение системы уравнений, составленной по методу Д ункана 
[8, стр. 223]. Решение получено на ЦВМ для тех же параметров системы и 
входного сигнала. График а приведен на рис. 3. Как видно из рисунка, наи
более близко к точному решение, полученное по формуле (6.12).

Заключение

Приведенный в статье метод структурных преобразований позволяет в 
ряде случаев существенно упростить процесс получения передаточной функ
ции нестационарной линейной системы и тем самым анализ этой системы. 
Процедура применения метода для нахождения передаточной функции сис-
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Рис. 3. Зависимость среднеквадратичного отклонения выходного сигнала от времени

темы заключается в использовании формул, приведенных в таблицах 1—4. 
Если в таблице не окаж ется подходящего варианта, то передаточную функ
цию соединения можно получить, находя последовательно коэффициенты 
степенного разложения передаточных функций звеньев, коэффициенты сте
пенного разложения передаточной функции соединения, коэффициенты пере
даточной функции соединения.

Приложение

Левое преобразование Лапласа

Рассмотрим функцию g(t), заданную на интервале (—о о ,Т ],гд е Т < о о , 
и удовлетворяющую условиям, обеспечивающим сходимость интеграла

J  I g(Q I • ехР И* -  Т)) • dt <  оо (1)

при всех значениях t £ (— оо, Т] и при каком-либо вещественном значении с 
комплексной переменной s. Если ввести новую переменную т, принимающую 
значения из интервала [0, оо), то функцию g(í—т) при любом фиксированном 
значении t можно преобразовать по Л апласу. В результате этого преобразо
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вания получим функцию

G(s> 0 =  í g(t -  г) ■ ехр ■ ( -  s t )  d т, (2)
о

область определения которой согласно неравенству (1): Re s 2> с.
Переход от функции g(t) к  функции G(s, t) назван левым преобразова

нием Лапласа [1, стр. 493].
Левое преобразование Л апласа ставит в соответствие каж дой функции 

g(t) с указанной выше областью определения функцию G(s, t) комплексной 
переменной s и вещественной переменной Í. Е сли функции g(t) и G(s, t) связаны 
левым преобразованием Лапласа, то функцию g(t) можно назвать оригиналом, 
а функцию G(s, t) — её левым изображением. Символически указанная связь 
функций g(t) и G(s, t) обозначается следующим образом

G(s, t ) =  A[g(t)J: №  =  A ~ 1[ü(s, 0]. (3)
Из теории обычного преобразования Л апласа следует, что функция 

G(s, t) — аналитическая по s при Re s >  с.
На основании теоремы обращения обычного преобразования Лапласа 

обратное левое преобразование Л апласа определяется равенством
C+ioo

g(t) =  Hm 7-—г f  G (s ,í)-ex p  (sr)-ds,  (4)
r-o  2 л  i J

____  C — i°°
где i =  1.
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Application of structural transforms to the analysis of time-varying
linear systems

F.A . M ikhailov , O .F. T y k h ev ich , M .K. K h ad zh in o v  

(M oscow)

T his p a p e r  deals w ith  th e  tim e-v a ry in g  linear system s. I t s  ob jec t is to  o b ta in  the 
overall Z ad eh ’s system  fu n c tio n  in any  ty p e  o f  in te rconnec tions provided  th e  in d iv id u a l 
system  fu n c tio n s  are know n.

E x p lic it equations fo r so lv ing th is  p ro b lem  are  deduced . T hese are E q . (1.1) fo r th e  
case o f p a ra lle l connection , E q . (1.11) for th e  case  of series connec tion  and E q . (1.16) for 
th e  sim plest case of feedback  connection. E q u a tio n s  (1.11) a n d  (1.16) are  co m p lica ted . 
I t  p ro m p ts  to  s ta te  th e  p ro b lem  in ap p rox im ate-ca lcu lu s ap p ro ach .

As a  base  of ap p ro x im a te  approach , th e  au tho rs  su g g est to  ap p ro x im a te  ac tu a l 
system  fu n c tio n s by  som e func tions w hich a re  ra tiona l a lg eb ra ic  function  o f  com plex 
variable a w ith  tim e-v a ry in g  coefficients. I n  o rd e r  to  c o n s tru c t these  functions th e  series 
expansion (2.1) o f im pulsive response are  u sed . As show n in  [1], th e  coeffic ien ts o f  th is  
expansion can  be expressed in  te rm s of coeffic ien ts o f d iffe ren tia l equation  (2.2) describ ing  
th e  m otion.

U sing  (2.1) and  ap p ly in g  L aplace tra n sfo rm a tio n  y ie lds th e  a sy m p to tic  expansion
(3.1) for Z ad eh ’s system  fu n c tio n . On th e  o th e r  h an d , if  a is su ffic ien tly  large, one c a n  ob ta in  
th e  series expansion  o f a p p ro x im a te  sy s tem  fu n c tio n  (4.1). C om paring  th e  se rie s  resu lts 
in  E qs (4.3) w hich co n n ec t th e  coefficients o f  ap p ro x im ate  system  fu n c tio n  w ith  the  
coefficients o f  series ex p an sio n  of im pulsive response.

In  o rd e r  to  o b ta in  th e  system  fu n c tio n  in  th e  case o f  series connection , w e use the 
series exp an sio n  of im pu lsive response for g a in s , th en  d e te rm in e  th e  series e x p an sio n  for 
overall ap p ro x im a te  sy s tem  function  an d , a t  last, c o n s tru c t th e  overall ap p ro x im a te  
system  fu n c tio n . S im ilarly , w e o b ta in  th e  o v e ra ll ap p ro x im ate  sy s tem  fu nc tion  in  th e  case 
o f feedback  connection . T h e  re su lt for th e  case  o f  paralle l connec tion  is tr iv ia l, since E q .
(1.1) holds. Som e resu lts  fo r th e  cases o f series connection  a n d  feedback c o n n ec tio n  are 
listed in  T ab les  2 — 4.

A s a  sim ple ap p lic a tio n  o f th e  a b o v e  resu lts  a  feed b ack  system  rep re sen tin g  a  
m a th em a tica l m odel o f  som e problem  o f  con tro lled  m o tio n  is considered. U n d e r  th e  
cond ition  t h a t  th e  sy s tem  is excited  b y  th e  in p u t in th e  fo rm  o f  w hite noise p rocess , th e  
ap p ro x im ate  overall sy s tem  function  and  th e  dispersion o f  o u tp u t  are  d e te rm in ed .

O ne can  see th a t  th e  described m e th o d  for d e te rm in in g  th e  overall a p p ro x im a te  
system  fu n c tio n  p erm its  to  sim plify  so lv ing  som e problem s o f  tim e-vary ing  sy s te m  an a l
ysis.
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Московский авиационный институт им. С. Орджоникидзе 
СССР, Москва А-80, ГСП,
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BOOR REVIEW

R echard C. D orr: M odern Control Systems. A ddison Wesley Publishing Co. 
R eading (M assachusetts) Menlo Park (California)—London — Don Mills 
(Ontario). Second edition, 1974, 413 pages, 392 figures, 24 tables

In  th is  book th e  au th o r , who show ed oneself p rev io u sly  as one o f th e  p a th fin d e rs  in  
s ta te -sp ace  analysis an d  synthesis, h a s  tw o  purposes: (a) to  recover b a lan ce  betw een  th e  
tim e-d o m ain  and  frequency-dom ain  m e th o d s; (6) to  g ive  possib ilities fo r th e  read e r to  
red iscover and rec rea te  h im self th e  ru les o f  contro l th e o ry  an d  prac tice . T o fu lfil bo th  aim  
th e  to p ics  a re  carefu lly  a n d  c ircum spec tly  selected, besides m odern  concep ts  a s  sens itiv ity  
analy sis, perfo rm ance indices, s ta te  v ariab les  and  o p tim u m  contro l sys tem s, a  g rea t 
e ffo rt is also d isp layed  to  re ta in  th e  classica l top ics o f  co n tro l th e o ry  w h ich  h av e  been 
p ro v en  so useful in  p rac tic e .

T he  review er m a y  com pletely  ag ree  w ith  th e  a u th o r ’s assertion  th a t  w e h av e  tru ly  
lea rned  a n d  unders tood  we discovered ourselves, indeed . T he  tra d it io n a l m e thod , con
fro n tin g  th e  s tu d e n t n o t w ith  th e  p ro b lem  b u t w ith  th e  fin ished so lu tion  an d  results, 
m ean s to  deprive h im  o f  a ll excitem en t, to  sh u t off a ll o f  th e  c rea tive  im pulses, to  reduce 
th e  a d v e n tu re  o f m an k in d  concerning a n d  m ak ing  discoveries to  a  d u s ty  h eap  o f  theorem s. 
To av o id  these m istak es th e  book p re se n ts  to  th e  read e r a  lo t o f p rob lem s a n d  questions 
an d  p o in t to  some o f  th e  answ ers th a t  h a v e  been o b ta in ed . F u rth e rm o re , i t  p resen ts  also 
som e unansw ered  a n d  im p o rta n t p rob lem s w hich we ce n tim e  to  confron t.

T he te x t is w rit te n  in a  clear s ty le . C hap ter l se rves as an  in tro d u c tio n  ou tlin ing  
also th e  basic h is to ry  o f  contro l th eo ry . C h ap te r 2 is concerned  w ith  th e  developm ent o f 
m a th em a tica l m odels o f  contro l system s. C h ap te r 3 is d e v o ted  to  th e  d e sc rip tio n  o f feed
b ack  con tro l system  charac te ris tics . T he  n e x t tw o c h a p te rs  exam ine th e  perfo rm ance 
an d  th e  s tab ility  o f lin e a r contro l sys tem s. C hap ter 6 t r e a ts  th e  roo t locus m e th o d . C hap
te r  7 p resen ts  th e  freq u en cy  response m e th o d . The n e x t c h a p te r  show s h ow  can  th e  s ta 
b ility  be investiga ted  b y  using th e  N y q u is t criterion . C h a p te r  9 develops th e  tim e-dom ain  
m e th o d  in  te rm s o f  th e  s ta te  variab les o f  th e  con tro l sy s tem . F inally , C h a p te r  10 is a 
good su m m ary  of th e  design and  co m pensa tion  o f feedback  con tro l system s. T he A ppen
d ices t r e a t  L aplace tra n sfo rm  pairs; sym bols and  u n its ; conversion fac to rs ; m a trix  a l
geb ra ; a  com putional a lgo rithm  fo r th e  evalua tion  o f  th e  s ta te - tra n s itio n  m a trix , a  
p ro g ram  tran s itio n . In d e x  and  c o n te n ts  serve for f in d in g  th e  various co n cep ts  w ith in  
th e  te x t .

T h is book can  be  regarded  as a n  in tro d u c to ry  course  in  linear co n tro l system s. The 
persp icuous figures a n d  pho tos, th e  c lea r te x t  as well a s  th e  g rea t a m o u n t o f  well chosen 
exam ples a re  th e  causes w hy  th e  read e r w ill find  p leasu re  in  th is  book.

T he problem s a n d  exam ples a re  chosen  from  v arious fields such as e lec trica l, m echa
nical, chem ical and  in d u s tria l engineering , biology, sociology, ecology a n d  econom ics 
in ten d in g  to  illu s tra te  th e  u n ity  o f  c o n tro l system  concep ts, and  th e  ap p licab ility  o f 
co n tro l th eo ry  in m a n y  fields o f science an d  technology.

F . Cs.
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W. F i n d e i s e n : Multilevel Control Systems. P anstw ow e W ydaw nictw o 

Naukowe, W arsaw . 1974, 296 pages

T he book deals m a in ly  w ith  th e  co n tro l system s o f  techno log ical p rocesses. W e 
refer h e re  fo r in s tan ce  to  a n  energe tica l b lock (bo iler-tu rb ine-genera to r), to  a  techno lo 
gical sy s tem  p rod u c in g  a lum inous e a r th , e tc . A s th e  p ro b lem s o f co n tro l dep en d  n o t 
on ly  on  techn ica l v iew po in ts, b u t also  on  econom ical ones, designing a  c o n tro l system  
besides th e  physica l a n d  chem ical re la tio n sh ip s th e  econom ical connections h a v e  also to  be 
ta k e n  in to  accoun t.

I n  th e  exam ples o f  th e  book th e  co n tro l o f techno log ica l ob jec ts is described . The 
in v es tig a tio n  does n o t include th e  m an ag e m en t an d  econom ical sphere b u t  u tilizes th e  
p resc rip tio n s and  tre n d s  d eterm ined  h e re  fo r op tim u m  co n tro l.

T he in v es tig a ted  technological p rocesses are  g en era lly  com plex sy s tem s co n ta in 
ing  a  lo t  o f  d ifferen t e lem ents. T he s t ru c tu re  o f th e  c o n tro l sy s tem  o f  th ese  processes is 
su itab le  for a  m u ltileve l o r h ie ra rch ica l co nstruc tion . T he  t i t le  o f th e  book  deriv es from  
here.

I n  th e  m u ltileve l con tro l sy s tem s th e  contro l ta s k s  a re  d iv ided  a m o n g  certa in  
levels, w hich  differ fro m  each  o th e r in  th e i r  ch arac te r, in  th e  com plex ity  o f  th e  algorithm , 
in  th e  frequency  o f  th e i r  ac tion , e tc . T h u s  th e  m u ltilevel co n tro l can  be d e te rm in ed  by  
th e  s tru c tu re  o f th e  co n tro l system . T he book  discusses m e th o d s  b y  w hich th e  construc
tio n  o f  th e  con tro l w ill req u ire  less w ork  a n d  m oney  efforts . Tw o basic ideas a re  ta k e n  here 
in to  considera tion : th e  f irs t  is th e  d iv ision  o f  th e  co n tro l ta s k s  am ong th e  levels o f th e  
o b jec t, an d  th e  second  is th e  parce lling  o f  th e  op tim iza tio n  ta sk .

T he firs t c h a p te r  describes th e  m a th em a tica l m odels o f  th e  con tro lled  sy s tem s and  
th e  m e th o d s o f m odel-bu ild ing .

T he second c h a p te r  deals w ith  th e  op tim iza tio n  o f  process tech n o lo g y  w ithou t 
m en tio n in g  th e  w ay  o f  rea liza tion . I n  th is  section  c o n tin u o u s  an d  perio d ica l processes 
w ith  cyclically  o p tim u m  s ta te  an d  th e  dy n am ic  o p tim iza tio n  a re  tre a ted .

T he th ird  c h a p te r  gives a n  in tro d u c tio n  to  th e  b asic  p rincip les o f  th e  opera tion  
o f  m u ltilev e l con tro l system s. T his sec tio n  discusses th e  b asic  fea tu res o f  su ch  system s 
m o stly  v ia  exam ples, since th e  tech n iq u e  o f  m ultilevel co n tro l is m ore in v o lv ed  ta s k  th a n  
th e  p rob lem s w hich  can  be han d led  b y  fo rm al m ethods.

T he m ain  p o in t o f  th e  m u ltilev e l system s is th e i r  s tru c tu re  an d  i t  is d ifficu lt to  
t r e a t  th e  p rob lem  o f  th e  choice o f  th e  s t ru c tu re  only  b y  a n a ly tic a l m eans.

T he fo u rth  c h a p te r  p resen ts  th e  prob lem s in  co n n ec tio n  w ith  th e  d iv is ion  o f th e  
co n tro l ta s k  in to  d iffe ree t levels.

T he f if th  c h a p te r  deals w ith  th e  m e th o d s  o f o p tim iz a tio n  based  on  decom position  
a n d  co o rd in a tio n  ta s k . T h is p a r t  is a n  in tro d u c tio n  to  C h a p te r  6, b u t i t  c a n  be easi
ly  u n d e rs to o d  also b y  th o se  w ho a re  n o t  p e rfec t in  th e  bas'S  o f  n o n lin ea r p rog ram m ing .

T he s ix th  c h a p te r  — acco rd ing  to  th e  pu rpose  o f  th e  book  — show s th e  m ultilevel 
co n tro l system s reg a rd in g  th e  w hole com plex  system .

T he book is w rit te n  n o t for u n d erg rad u a tes , b u t fo r engineers dealing  w ith  contro l 
sy s tem s design, th o u g h  th e  m a jo r p a r t  o f  th e  book m a y  b e  u n d e rs tan d ab le  a lso  fo r those 
w ho a re  n o t p erfec t in  th e  th e o ry  o f  o p tim u m  control.

L . K .

P rin ted  i n  H ungary  
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E N G L I S H  T R A N S L A T I O N  O F  T H E  C O M M U N I C A T I O N S  I N  R U S S I A N

PROGRAMMABLE STRUCTURE AUTOMATA

A. V . K A L Y A E V  

(T aganrog)

In  th e  p a p e r  p rog ram m ab le  s tru c tu re  a u to m a ta , th e ir  p ro p e rtie s  an d  th e ir  
d is tin c tio n  from  prog ram m ab le  p ro cess  a u to m a ta  a re  discussed. T heorem s on 
beh av io u r o f a u to m a ta  w ith  v a rio u s  g raphs an d  o f  p rog ram m ab le  s tru c tu re  and 
program m able  p rocess a u to m a ta  a re  p ro v ed . A n im p o r ta n t class o f p rogram m able  
s tru c tu re  a u to m a ta , th a t  o f p ro g ram m ab le  connection  a u to m a ta  is considered. 
A  n o tion  o f connec tion  function  is in tro d u ced , a n d  a  sy s tem  o f re la tions describing 
p rog ram m ab le  s tru c tu re  a u to m a tio n  is exam ined. D ependences o f th e  tran s itio n  
a n d  o u tp u t fu nc tions, as well as o f  th e  s ta te  se t an d  th e  o u tp u t a lp h a b e t o f th e  
p rogram m able  connection  a u to m a tio n  on th e  connec tion  func tion  a re  e lucidated . 
A u to m a ta  a re  classified accord ing  to  th e  princip le  o f  process p rogram m ing , 
s tru c tu re  and  connections.

Introduction

T he uniform array s which are being actively developed in th e  last few 
years an d  successfully im plem ented due to  the advances of the  m icroelectronic 
technology form a new class of au to m a ta  whose graphs are no t predeterm ined 
b u t are defined and  changed by th e  control signals.

B ehaviour and properties of such au to m ata  differ significantly from  those 
of conventional rigid-graph au tom ata .

The paper a ttem p ts  to  analyze peculiarities of th e  au to m ata  whose struc
tu re  an d  graphs m ay be changed by  m eans of a program , to  discuss th e ir  p ro
perties an d  differences from  au to m ata  having a unique graph  and  rig id  struc
tu re , and  to  contem plate principles o f control of th e  stru c tu re  and  graphs of 
such au tom ata .

1. Programming of the process, structure and connections in
automata

The m ajority  of p ractical au to m a ta  has rigid invariable structu re . Their 
behaviour m ay be program m ed only b y  presetting  transfers from one state  
into ano th er w ith th e  choice of an  in itia l s ta te  and  a particu la r in p u t word. 
Such au to m ata  will be conditionally p laced  in the  class of program m able pro
cess au tom ata .

1



2 KALYAEV: PROGRAMMABLE STRUCTURE AUTOMATA

The program m able process autom ation (see Fig. 1) alw ays has rigid 
invariab le graph g, an d  its behaviour is determ ined by  the  operation  program  
тг{а(0)} giving th e  in itia l vertex  o f th e  graph it(0), and  by  th e  curren t infor
m ation  y(t), t — 1 ,2 ........... H ereafte r the term  “ au tom aton  g rap h ” will refer
to  th e  graph form ed by  the  s ta te  set, and tran sitio n  and  o u tp u t functions of 
th e  autom aton. T ransition  and  o u tp u t functions, inpu t and  o u tp u t alphabets, 
s ta te  set and s tru c tu re  of such an au tom aton are established in  th e  course of 
synthesis once an d  forever.

The choice o f th e  initial s ta te  o f the au tom aton  a(0) £ A  from  the  sta te  
set A  =  {ríj, a2, . . ., ay} is done in  th e  program m able process au tom aton  by  
contro l operator {) corresponding to  program  я{«(О)} — {Ь(А)}, with 
i)(A) £ A.  In  the  sim plest case, control operator m ay be given as a  set of signals 
o r  control com m ands в — {/>,, #2, . . ., }, /> £ 0 each of th em  defining a
specific choice o f th e  initial v ertex  in the au tom aton .

Along w ith  th e  program m able process au to m ata  we are going to  discern 
those w ith program m able s truc tu re . An au tom aton  whose behaviour is defined 
by  its  graph g is understood as program m able s tru c tu re  au tom aton . I t  is known 
th a t  to  each p articu la r graph (/,- a  certain subset of various au tom aton  s tru c
tu res  Si corresponds. Set of subsets of stru c tu res S  =  {<S'j, S2, . . ., $ y} will 
correspond to  th e  set of g raphs G =  {gv g2, ■ . ., gY}- To define autom aton  
g raph  gi £ G it is necessary an d  sufficient to  choose au tom aton  structu re  Si 
so th a t  Sij £ Si  where St £ S.

The program m able s tru c tu re  au tom aton is, thus, an  au tom aton  whose 
g rap h  of transien ts  and  ou tpu ts  <7,- £ G may be varied  by  tak ing  from  the  s tru c 
tu re  set S  a corresponding subset Si w ith subsequent a rb itra ry  choice of a  
p a rticu la r s tru c tu re  Stj from th is  subset.

In  the sim plest case, one particu la r s tru c tu re  s,- £ Si m ay  be pre-assigned 
to  each graph gt £ G, w ith th e  rest of the  structu res from  S,- excluded from  
consideration. T hen  there will be one-to-one correspondence betw een elem ents 
of graph  set G =  {glt g2, . . ., gy} an d  those of s tru c tu re  set S* — (Sv  S2, . . ., S y}. 
In  th is  case program m ing of th e  structu re of an  au tom aton  w ith  given graph 
gi g G reduces to  th e  choice o f a  structure s,- £ S* corresponding to  graph r/,-.

In  the program m able s tru c tu re  au tom aton  (see Fig. 2) an  ex ternal p ro 
gram  л{д } defines th e  set of sta tes, transien t and  o u tp u t functions, and au to 
m ato n  input an d  o u tpu t a lphabe ts  as well.

The choice o f graph g £ G from  the graph  set G =  {gv g2, . . . ,  gY) in th e  
program m able s tru c tu re  au tom aton  is done b y  control operato r cp defined b y  
program  n{g} =  .{ 99(6?)} w here (f (G) £ G. C ontrol operato r for the  choice 
o f th e  graph m ay  be given b y  a set o f signals or control com m ands
ф  =  {(pv  cp2, . . ., Cpr) ,  ( р £ ф .
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In  the  case of s tru c tu ra l program m ing, th e  in itia l au tom aton  is essen
tia lly  synthesized incom pletely as it were, th e  synthesis being com pleted 
u nder control of inpu t signals depending on th e  problem  being solved and on 
th e  environm ent.

Connection program m ing is a version of th e  s tructu ra l program m ing, 
it  consists in connecting sufficiently large functional units having predeter
m ined graphs. T he program m able connection system  of au to m ata  (see Fig. 3) 
is a  system  whose behaviour is given by  connection program  л{к}  where к 
is a  connection function, and  by the  curren t inform ation, with graph  of each 
subau tom aton  in th e  system  being invariable u nder any  connection.

Connection function y(t) =  k[z(t — 1), ж(<)] defines relations between 
sw itch ou tpu t y(t), sw itch in p u t x(t), and  the  vec to r o f su b au to m ata  ou tputs 
z(t — 1), t =  1, 2, 3, . . . fed into the  sw itch in p u t w ith  one clock-cycle delay 
(see Fig. 3).

Connection function к is chosen from connection function set К =  
=  {kv  k2, . . ., kg} by  control operator xp corresponding to  program  л{к]  =  
=  {ip(K)} where y-'(K) £ К . Control operator in ten d ed  to  choose connection 
function  m ay be given as a  set of signals or control com m ands W =  {ip, y>„, . . ., 
• • •, Ví). VÉ У ■

In  au to m ata  it  is possible, and  som etimes necessary to  use th e  processor, 
s tru c tu ra l and connection program m ing jo in tly  in th e  sense th a t th e  processor 
an d  s tructu ra l program m ing is done separately  for each sufficiently large 
functional un it (subautom aton) of the  au tom aton , an d  the connection pro
gram m ing defines connections betw een th e  su b au to m ata  depending on the 
p articu la r task .

Thus, in th e  general case, au tom aton  behaviour program  m ay be given 
jo in tly  by  the in itia l state , graph  and  connection function jz{a(0), g, k} (see 
F ig .4). O ther com binations of program m ings are possible: тг{а(0), д},л{а(0), к }, 
ji{g, k )  (see Table 1).

An au tom aton  having all th ree kinds of program m ing, th a t  is an  au to 
m aton  w ith program m able s truc tu re , connections and  process (see Fig. 4) 
has th e  highest flex ib ility  and  th e  g reatest possibilities. Such an autom aton  
m ay be im plem ented w ith s tan d ard  subau tom ata  o f one type having structu re 
discretely  rearrangeable in accordance w ith  several graphs. E ach  standard  
subau tom aton  is connected to  one or more su b au to m ata  of the system  through 
th e  switch, w ith  th e  connections being defined b y  th e  connection function.

Program m ing of such an  au tom aton  involves th e  choice of th e  subau to 
m aton  g rap h sg =  g[A, Y, z, ö(а, у ), A(a, у)] from  th e  graph  set G b y  th e  con
tro l operator q>, o f th e  connection function у  =  k(z, x) from the  connection 
function  set К  b y  th e  control operato r xp, and  of th e  in itia l s ta te  «(0 ) from  the

l*
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au tom aton  sta te  set A  by  control operato r f). B ehaviour of th e  au tom aton  
under consideration is, thus, defined by th e  program  тг{а(0), g, к } =  
=  {&(A, q>(G), ip(K)} where ft(A) £ A , <p(G) 6 G, y>(K)£K.

I t  follows th a t  to  define com pletely an au tom aton  w ith program m able 
process, s tructu re  an d  connections, i t  is necessary and  sufficient to  give a set 
of the  following d a ta :

s ta te  set 
inpu t alphabet 
in term ediate alphabet 
o u tp u t alphabet 
tran sien t function  set 
o u tp u t function set 
connection function  set 
s tructu re  control operators 
connection control operators 
process control operators 
autom aton  behav iour program

A — {̂ h> • • *> ^k}
X =  {xv x2, . . xn}

Y =  {Vv Уг. • • -  Ут}
Z =  {zv  z2, . . ., z,}
Л =  {öx, ő2, . . ő,,}
V =  {Áv  Я2, . . ., Я,,}
К  — {^1) ^2’ * ■ ■ ’ 1 t
Ф =  {cpv  992, . . ., <рТ}

У =  {Vl< Уъ> ■ ■ ->fc) 
в  =  {ßv  Ä , , . . . ,
я { ® / ( 0 ) ,  ki} =  {&{(A), <pi(G), y>i(K)}

where
&i € 0 ,  <Pi £ Ф, y>i 6 Ф 

fii(A) £ A,  cpi(G) i  G, ifi(k) £ k.

In  o ther words, to  define an  au tom aton  w ith  program m able process, 
s tru c tu re  and  connections one has to  define the  set of graphs G — [gv  g2, . . . ,  gj} 
th e  set of connection functions K,  in p u t alphabet X,  sets of contro l operators 
Ф, W , and  0, and  program  я{а(0), g, &}.

A particu lar program

jr{a,-(0), gj, k t} =  {#,-(A), 9y(G), yii(K)}

defines in  the g raph  set a p a rticu la r graph

fJi =  gAAi, Yi, Zi, di(a, у ), Я,(a, у)], gt € G
for which

A,; A, Yi Y,  Zi, Z, b i t  А, Я,-£ A

and  in the connection function set К  a particu la r connection function 
у  =  ki(z, x), kt £ K ,  and  gives th e  in itia l s ta te  оДО) £ A,-. As th e  resu lt, a  p a r
ticu la r au tom aton  is completely defined which a t  arrival of in p u t words de
term ines corresponding ou tpu t words.
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2. A difference in behaviour between programmable process and 
programmable structure automata

Response of the au tom aton  to any  in p u t word p  =  y(\),y{2), . . ., y(t) 
under a given initial s ta te  a (0) will be re ferred  to  as “au to m ato n  behaviour” . 
I t  is a sequence of pairs o f s tates and o u tp u t letters

r =  {a(l), z(l)} {«(2), z(2)} . . . {«(<) ,  z(t)}, {a(t), z(t)} £ A x Z ,  r £ R

corresponding to  inpu t le tte rs  y(t) (t =  1, 2, 3, . . .). R  =  {rv r2, r3, . . .} s tan d s 
here for th e  response set.

In  th e  general case, autom aton  behav iour unam biguously depends on 
th e  program  and the in p u t word

ri =  r[jr{a(0), g, k) ,  p ,]

i.e., in th e  final analysis, on the  graph, connections, in itia l s ta te , and in p u t 
word.

Consider conditions under which behav iour of two au to m ata  m ay be 
identical, and  those u nder which th e ir behaviours will differ. Introduce to  
this end additional notions of coinciding an d  distinguishable graphs and su b 
graphs.

Any graph  g consists of a set of com plete arcs d =  {aH, y, aH, z}, each 
being characterized by th e  in itia l s ta te  aH, in p u t le tter y, fin a l state  ak =  
=  d(aH, y), an d  ou tpu t le tte r  z =  Я(«н, у), w here ő and Я are transien t an d  
o u tp u t functions, respectively. The set of all com plete arcs I) =  {dv d.,, . . ., dr} 
com pletely defines graph g.

L et th ere  be graphs <7,- and  <jj characterized  by sets of complete arcs 
Di =  {div di2, . . ., dj:} an d  Dj =  {dj1, dj2, . . ., d,yE}, respectively. The tw o 
graphs <7/ and  g/ coincide com pletely if for an y  arc of each graph, d,- 6 Dh 
dt =  {«,H, ip, им, Zi} or dj £ Dj , dj =  (ijn, yj, a,jk, Zj}, one can select one and  
only one arc m the  o ther graph  such th a t  for each of the  resulting  pairs of 
arcs (dj, dj) th e  following conditions hold:

®ÍH III

Vi II

aik ^jk
2,'

N11

E qual graphs <7,- =  gj an d  isomorphic ones perta in  to  com pletely coincid
ing graphs.

I f  for each pair of arcs (dj, dj) conditions (1) hold only partia lly , in p a r
ticu lar if of four equalities (1) only three, tw o or one hold, th e  corresponding 
graphs <7; and  gj will be re ferred  to  as “ p a rtia lly  coinciding” .
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In  th e  case where fo r any  pair of arcs (r/,-, dj) none of the equalities (1) 
holds, graphs <7,- and gj are com pletely non-coinciding.

Non-coinciding an d  partia lly  coinciding graphs will be referred to  as 
“ distinguishable” graphs. A ny pair of g raphs gt and (jj m ay  be in general de
composed in to  com pletely coinciding subgraphs gin =  gjn =  gn =  gL f| gj 
for which conditions (1) hold, and into distinguishable subgraphs gip =  gi g 
and  gjp =  g]\gi  for w hich conditions (1) do not ho ld  either com pletely  
or partia lly .

F orm ulate  now conditions for coinciding behaviour of au tom ata . L et 
two au to m ata  be given defined by graphs f / , -  and gj. In  o rder th a t  for iden tical 
inpu t words pi =  Pj behav iour r,- of au tom aton  gt coincides w ith behav iou r 
rj of au tom aton  gj, it is necessary and  sufficient th a t p a irs  o f states an d  o u tp u t 
letters of au tom ata, {«,(£)> z,-(i)} =  zj(t)}> coincide a t  each step  o f th e ir
operation. I t  follows th a t  for behaviours of au tom ata  gt and f/ у  to  coincide, 
it  is necessary and sufficient th a t  a t each  step of au to m a ta  operation under 
coinciding inpu t le tters yi(t) =  yj(t), i =  1 , 2 , 3 . . .  th e  following conditions 
hold

=  ajn{t)
aik(t) =  ajk{t)
Zi {t) =  Zj(t) .

T he above-said enables us to  form ulate  a theorem  about behav iour of 
two d ifferent au tom ata.

Theorem 1. On behaviour of au to m ata  w ith d ifferen t graphs.

Behaviours of tw o  com pletely defined au to m ata  w ith  d ifferent graphs 
gt and gj coincide under identical in p u t words ]g =  p j  an d  equal in itia l s ta tes  
«ДО) =  «ДО) only in th e  dom ain of com pletely coinciding subgraphs gin =  
=  gjn =  gu =  gt f| gj an d  do not coincide in the area  o f distinguishable su b 
graphs.

Proof. Consider coinciding subgraphs gin =  gJn to  which coinciding su b 
sets o f com plete arcs Din =  Djn =  Dt П Dj correspond. Let in itia l sta tes 
аДО) =  Oj(0) and in p u t le tters y t( 1) =  ?/Д1) belonging to  subgraphs gjn and  
gjn be given. In  th is  case there alw ays will be coinciding arcs d ,(l) =  
=  {«,(0), yi(l), ffli(l), zt( l)} di(l) £ Din an d  dj( 1) =  {aj(0), yj( 1), aj( 1), z,-(l)}, 
dj( 1) C Djn for which th e  following conditions hold:

у A i) =  у  A i)
a,-(0) =  aj( 0)
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«f(l) =  ®y(l)
Z,(l) =  2, (1).

S im ilarly, a t the  second step of au to m ato n  operation  for input le tters  
yi(2) =  yj(2) belonging to  subgraphs gin a n d  gJn and for in itia l states « ,(1) =  
a,( 1), there necessarily will be a  pair o f coinciding arcs d ,(2) =  {«,(1), ?/,(2), 
«I(2), 2,(2)}, di (2)£Din an d  d ,(2) =  {«,(1), yj(2), a ,(2), 2,(2)}, dj(2) £ Djn for 
which

2/i(2) =  yj( 2) 
a ,(l) =  a ,( l )  

a ,(2) =  a ,(2)

2/(2) =  2, (2).

By continuing the  sam e reasoning fo r successive steps of operation of 
au tom ata p,- an d  p, we come to  the  conclusion th a t  in the  dom ain of coinciding 
subgraphs gin and  gjn conditions of behav iour coincidence

Ui(t — 1) =  aj(t — 1) 

ai(t) =  aj(t)

2/(0 =  2,(0, t =  1, 2, 3 . . .

will always hold  for any allowable coinciding words pi =  i/,-(l), y,(2) . . . y ,(0 
and  pj =  yj( 1) yj(2) . . . yj(t), pi =  pj, for w hich yt(t) =  yj(t), t =  1, 2, 3 ............

Hence, for similar in p u t words and  in itia l states, behaviours of au to m ata  
coincide in th e  dom ain of coinciding graphs.

Consider fu rther distinguishable subgraphs gip and  gJP to  which subsets 
of distinguishable complete arcs DjP and  Djp correspond. T he subset of d is
tinguishable com plete arcs H ,p consists o f arcs each of w hich either does no t 
coincide com pletely w ith an y  arc from th e  subset />, of g rap h  //, or coincides 
only partia lly . The same holds for subset DJP.

Decompose arcs of subset D ,p into tw o  subsets. One o f them , />*,, will 
comprise all arcs which do n o t coincide w ith  arcs of Dj  w ith  respect to  the  in p u t 
alphabet le tte r  y, and w ith  respect to  o th e r param eters m ay either coincide 
or not. Since in p u t letters o f subset Dfp do n o t coincide, one cannot form in p u t 
words coinciding w ith inpu t w ord in dom ain Dj. Therefore behaviour of a u to 
m aton (ji coinciding w ith th a t  of au tom aton  p, under sim ilar in p u t words can 
no t arise in dom ain Dj.

The second subset Df* =  Dip Dfp com prises all arcs of subset Dip w hich 
coincide w ith  one or more arcs of Dj w ith  respect to  th e  in p u t alphabet le tte r  
b u t do not w ith  respect to  coincide a t least one of o ther param eters. In  dom ain
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Df*  input words j>i of au to m ato n  g{ coinciding w ith input w ords pj  of au to m a
ton  gj m ay be formed. H ow ever, for any arc d f* £ D f* , df* =  {aiH, y it aik, г,} 
any arc df* £ Dj, dj =  {aJH, yj, ajk, zk} coinciding w ith arc  df* w ith respect 
to  the in p u t le tte r г/,- =  yj  will differ from  it a t least w ith  respect to  one of 
o ther param eters. This m eans th a t in dom ain Df* the necessary and  sufficient 
conditions of coincidence of behaviours o f tw o au to m ata  are never satisfied.

Thus, in  dom ain Dfp U Df*  =  Dip u n d er identical in p u t words p t — pj  
identical behaviours of au to m ata  <7,- and  gj can never tak e  place. Hence, u n d er 
identical in p u t words in  th e  dom ain of distinguishable subgraphs an d  gPj 
behaviours o f au to m ata  gt an d  gj never coincide. Q .E.D.

A nalyze now behaviour of au to m ata  w ith  program m able process and  
those w ith  program m able structu re . P rogram m able process au tom ata  have a 
fundam ental distinction from  those w ith  program m able s tructu re  th a t  is 
explained below by two theorem s on behaviour of these tw o classes of au to m ata .

Theorem 2. On behav iour of program m able process au tom ata .

I f  a  program m able process au to m ato n  is given having rigid g raph  
g =  g\A, Y,  Z, ö(a, y), X(a, y)] =  const for which u nder any initial s ta te  
a(0) £ A  all sta tes a £ A are accessible, a n d  if two distinguishable program s 
гг,{а(0)} =  {Bi(A)} and  nj{a{0)} =  {&j(A)} are given, th ere  exist for p rogram  
rti{a(0)} in p u t word pj, an d  for program  я/{а(0)} input w ord pj  such th a t a fte r 
their com pletion both  program s will generate under any  subsequent iden tical 
words p* identical behaviour of au tom aton  r*:

nr*  =  r[{fti{A)}, p i p *] 
rjr* =  r[{ftj(A)}, p j p *]

whore
П = r[{fti{A)}, pi\ 
r j =  r[{Bj(A)}, pj].

Proof. Consider a  s ta te  a* £ A  of th e  au tom aton. Since all au tom aton  
states are accessible, s ta te  a* is also accessible for any a (0 ) £ A.  Therefore for 
program  m  =  {#;(A)} th e re  will always be a finite in p u t w ord pi w hich will 
transfer th e  au tom aton  from  s ta te  «ДО) =  В,(А) into s ta te  a* =  a\{&i(A)}, pf\. 
Similarly, fo r program  jij =  {t)j(A)} th e re  always will be a fin ite in p u t w ord 
Pj which will transfer th e  au tom aton  from  initial s ta te  aj(0) =  ) in to  th is
same s ta te  a* =  a\ {f)j(A), pj\. The corresponding behaviour of the au tom aton  
will be defined by re lations:

П =  r[{-di(A)}, pi]
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The accessed s ta te  a* m ay be reg ard ed  as a new in itia l s ta te  a(0) =  a * 
corresponding to  a program  л* — {d*(A)} for which under a rb itra ry  allowable 
word p* au tom aton  behaviour will be defined by  r* — r\ {If*(A), p*\.

F rom  consecutive behaviours rt a n d  r* make up behaviour r,r* . Since 
program  { f)*(A)} continues program  {$,-(,4)} afte r com pletion of word pi, in  
the  case of jo in t behaviour r ,r*  program  {'//,■ (d )} absorbs program  {#*(>4)}:

nr*  =  r\{di{A)}, pi] r[{9*{A)}, p*\  =  r[{di(A), p i p * \

Sim ilarly  make u p  behaviour rjr* from  consecutive behaviours г,- 
and r* :

rjr* =  r[{hp(A) рр] г[{ё*(А), p*] =  r[{9j(A), pjp*].

I t  follows th a t program s тг, =  {f>i(A) } an d  л p = {9j(A)} a fte r com pletion 
of, respectively, words pt  an d  Pj will generate  under any  sim ilar input w ords 
p* identical behaviour of autom aton  r*. Q .E.D .

Theorem 3. On behaviour of program m able structu re  au tom aton.

I f  a  program m able structu re  au to m ato n  is given, hav ing  rearrange- 
able connected graph g0 = g0[A, X ,  Z, d0(a, y), l 0(a, y)] =  var, w here 
9 о =  !7i u  Яг U g3 ■ ■ ■ U Uj, G =  {gv g2, . . ., gp}, for which graphs gt £ G an d  
9j £ G (j, i =  1 , 2, . .  . y), i =И= j ,  do not pairw ise coincide gt \ g j  =  0 , g j \  g( =  0  , 
distinguishable subgraphs gip =  (</,- \  gj) C  gt and gjp =  (g p \ g i ) C  gj are 
not isom orphic both  am ong them selves an d  w ith respect to  coinciding 
subgraphs (jin =  gJn =  gt Л gj, and any  s ta te  a £ А,- d  A  is accessible u n d er 
any in itia l s ta te  a(0) £ A,■ (i =  1, 2, . . .  y) an d  if two distinguishable a u to 
m aton behaviour program s m(g) =  {<Pi(G) £ G} and  Лj{g} =  {(pi(G) £ 6?} 
i  (i, j  =  1 , 2, . . .  y) are given, there  is a t  least one in p u t w ord p* for each  
program  such th a t for tw o program s тг,- an d  лр one cannot so rt out pairs o f  
words pi an d  pj  after whose com pletion differen t program s л, and  лр will ge
nerate u nder identical in p u t words p* iden tical autom aton  behaviour r*:

rir* — r[{cpi(G)}, a,(0 ), pip*],  

rjr* =  r[{cpj(G)}, aj(0), pjp*],
where

П =  r[{<pi(G)}, a ,(0), pi] , 

rj =  r i{<Pj(G)}, cij(0), pj \.

Proof. L e t program s тт,- =  {(pi(G) } an d  up =  {<Pp(G) } be given setting  
up  program m able structu re  autom aton  to  im plem ent graphs gi and gj, re-
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spectivelv. E ach  of the graphs m ay be decom posed into a  distinguishable and  
a  completely coinciding subgraph  g{ =  gip U gin, gj =  gJP U f/,n where gin =  
=  Я in =  9t П gj, gip =  9 i \  gj, gjP =  я / \  <h-

Consider behaviour o f th e  au tom aton  in the case of program  щ — 
— {(pi(0)}. No m atte r to  w hich subgraph gip or gin the  in itia l s ta te  «ДО) £ А,- 
belongs, on accoun t of accessibility of any  s ta te  a £ A  th ere  is always a w ord p t 
such th a t it will transfer th e  au tom aton  in  accordance to  program  щ  in to  
s ta te  aPi belonging to distinguishable subgraph  gf,p. F o r th e  same reason th ere  
is a word p* w hich after com pletion of w ord  pi will hold th e  autom aton  during  
a  finite in te rv a l of discrete tim e in th e  dom ain of distinguishable subgraph  
gip. Therew ith autom aton behaviour nr*  =  r\{<pi(G) }, «ДО), PiP*] will be 
generated.

Referring to  Theorem 1, for the sam e inpu t w ord p* behaviour r* re 
producible in  th e  domain o f th e  distinguishable subgraph gip under no condi
tio n  can coincide with th e  behaviour in th e  dom ain of g raph  gjp. Therefore, 
independently  o f word pj  preceeding w ord p*  in the dom ain of graph gJt there  
always will be r* ^  r* w here r,r*  =  r\{<pj(G), «ДО), PjP*\  Hence, in th e  case 
of program  яj  =  {<Pj(G)} behaviour r* can n o t be reproduced for any of in p u t 
words Pj d Pj. Q.E.D

Very im p o rtan t corollaries follow from  these theorem s.

Corollary 1. For the  connected program m able process au tom aton  fin ite  
inpu t words ex ist such th a t  a fte r their com pletion two d ifferent program s are 
indistinguishable, i.e. behaviours of the  au tom aton  coincide for any identical 
succeeding in p u t words. T his means th a t  if a connected program m able process 
au tom aton is tau g h t to  perform  certain functions, recognition or decision ta k 
ing ones in  particu lar, th e  h ab its  acquired  during learning m ay be destroyed  
la ter by in p u t inform ation o f certain ty p es  entering th e  au tom aton th ro u g h  
its inform ation input.

Corollary 2. For the connected program m able s tru c tu re  au tom aton  th ere  
do not ex ist fin ite  input w ords such th a t  th ey  lead to  indistinguishability  o f 
its two distinguishable program s, i.e. to  coincidence of behaviours of th e  a u to 
m aton for an y  identical succeeding inpu t words. This m eans th a t  if a connected 
program m able structure au tom aton  is ta u g h t to  perform  certain  functions, 
recognition o r decision m aking: for instance, th e  habits acqu ired  during learning 
cannot be henceforth destroyed  by an y  inform ation en tering  the  au to m ato n  
through its  inform ation in p u t.
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3. Programmable connection automata

Program m able connection au to m ato n  (see F ig . 5) is, in general, made 
of a  set o f separate au to m a ta  whose in p u ts  and o u tp u ts  are connected in  accord
ance w ith  a given program  n(k} =  {ip(K) } where к =  ip(K) is connection 
function, К  =  {k0, kt , k2 . . .  ka} is connection function  set, and ip £ 4J is a 
connection control o p era to r belonging to  th e  operator set W =  {ipv ip2, . . ., ip„}. 
Connection function is im plem ented b y  th e  switch (see Fig. 5).

T he uniform set o f  standard  program m able connection au to m ata  is of 
the g rea test interest. Therefore we shall henceforth consider all ind ividual s tan 
dard  au to m ata  from th e  se t (Fig. 5) as belonging to  one ty p e  and  having iden ti
cal graphs, i.e. identical sets of states, in p u t and o u tp u t alphabets, an d  iden ti
cal tran s ien t and o u tp u t functions as well:

g* =  g*\A*, Y*, Z *, д*(ар, yp), l*(ap, y p)~\,

A* =  {a*, at, . . . . a f } ,  ap(t )£A*,

F* =  {e, y*, y t  . . . , y $ } ,  yp(t) 6 Y*

Z * =  { e , z * , z t , . . . , z f } , z p[ t ) iZ*  

ap(t) =  d*[ap(t -  1), y p(t)]

Z p(t) =  l*[ap(t — 1), y p(t)].

H ere p  is the nu m b er of a s ta n d a rd  individual au tom aton  from  th e  set 
of program m able connection au tom ata , e is the em p ty  symbol stand ing  for 
the absence of the signal.

Consider a set o f concurrently operating  s tan d a rd  au tom ata  (Fig. 5). 
The se t m ay be in te rp re ted  as a un ique in tegrated  au to m ato n  (see F ig . 6) re 
presenting Cartesian p ro d u c t of all s ta n d a rd  au to m ata . For th is in teg ra ted  
au tom aton  we have th e  following re la tions:

9о =  0o[^> Y, Z, d0(a, y), A0(a, y ) ] ,

A  =  {av a2, . . . ak}, a(t) £ A  ,

Y  =  {в, У\, y2, ■ ■ ■ Ут }> yip) € Y ,

Z  =  {e, zv z2, . . . z/}, z(t) £ Z

a[t) =  d0[ait -  1), yit)] 

-it)  =  A0fait — 1), yit)},
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w here the g raph , s ta te  set a n d  alphabets o f th e  in tegrated  au tom aton  are 
ob ta ined  as C artesian  products o f graphs, s ta te  sets and  a lphabets  of s tan d ard  
au tom ata:

9o — 9* X9* X • • • g* =  (g*)N 
A =  A *  X A* x  . . - A*  =  (^ * )N 

Y  =  Y*  x f * X  . . .  Y* =  (Y*)N 

Z =  Z * x Z *  X . . .  Z* =  ( Z * f .

Consider now the sw itch o f the set of program m able connection au to 
m a ta  (Fig. 5). I t s  inputs are fed  w ith  ou tpu t le tte rs  z(t — 1) from  the  ou tputs 
o f the  in teg ra ted  au tom aton delayed  by one clock cycle, an d  b y  signals from  
th e  environm ent x(t) £ X.  The o u ter alphabet X  =  {e, xv x2, . . . ,  xn } is form ed 
evidently  as a  C artesian product X  =  (X* )M o f th e  partia l o u ter in p u t alphabets 
o f the  switch X *  =  {e, xf, x*, . . . ,  x*}. A t each p th  switch o u tp u t connected 
to  the  input o f p th  standard  au tom aton  a le tte r  of the s ta n d a rd  au tom aton  
in p u t a lphabet y p(t) £ У * appears accordingly to  th e  partia l connection function 
K p, which depends on the in p u t letters of th e  sw itch y p(t) =  k p[z(t --- 1), x(t)~\.

For any  p th  switch o u tp u t, i.e. for an y  s tan d ard  au to m ato n , there is a 
fin ite  set of p a r tia l connection functions К* =  {к*, к*, к*, . . . , к* }, кр £ К*.  
T he to ta lity  o f p artia l connection functions k p(p =  1, 2, . .  . ,N )  o f all s tandard  
au to m ata  form s the  general connection function  vector к =  {/г1, к2, . . ., kN}, 
к £ К.  The set o f general or com plete connection functions K = { k 0, kv k2, 
is a Cartesian product К  =  (K*)N of p a r tia l connection function sets. 
Complete connection functions define relations between sw itch in p u t and o u t
p u t y(t) =  K\z(t  - 1), £C(Í)].

To sum  u p  the  above-said, one can w rite th e  following re la tions for th e  
sw itch (see F ig. 7) involved in to  a  system  of program m able s tru c tu re  au tom ata  
(see Fig. 5):

yp(t) =  k p[z(t 1), *(<)],

K* =  {k%, kf,  k* . . .  k*}, k p 6 K*,

y(t) =  k[z(t 1), x(t)],

К  ~ {k0, ky. k2 . . . kg}, к ^ К , 

y p(t) £ Y*, y(t) £ У, z(t) e Z, x(t) e X  

X* =  {e, xf,  x f . . .  X*}

X  =  {e, x i, x2 . . . xn}

X  =  X * x X * x  . .  . X *  =  (X*)M.
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Overall, the  in tegra ted  au to m ato n  of Fig. 6 an d  the sw itch (see Fig. 7) 
from  a  more complex autom aton  (see Fig. 8) whose characteristics and  pro
perties depend no t only on the characteristics o f th e  s tandard  au to m ata  in
corporated  into th e  system , bu t largely on the p a rticu la r connection functions 
to  which the switch is specified. T he connection function defines u ltim ately  
tran sitio n  and o u tp u t functions of th e  program m able connection autom aton  
as a whole, its s ta te  set, and inpu t an d  ou tpu t a lphabe ts  as well.

One of the  basic problems arising in th e  s tu d y  of the program m able 
connection autom aton  is determ ination  of alphabets, s ta te  sets an d  transition  
and  o u tp u t functions vs. connection function. L e t us discuss it in g rea te r detail. 
B ehaviour of a system  of au to m ata  as a  whole (see Fig. 8) is com pletely de
scribed by the tran sitio n  and o u tp u t functions o f th e  in tegra ted  au tom aton  
and  b y  th e  switch connection function:

a(() =  ő0[a(t 1), y(t)], 

z(t) =  X0[a(t -  1), y(t)], 

y(t) =  Jc[z{t -  1), x(i)].

B y means of th e  expressions above one can  fin d  transition  an d  ou tpu t 
functions of the au to m ata  system  as a  whole if one regards th e  program m able 
connection au tom aton  (see Fig. 8) consisting o f th e  in tegrated  au tom aton  
and  th e  switch as a  single au tom aton  which is fed  w ith  inpu t le tte rs  x(t) £ X  
and  o u tp u ts  letters z(t) £ Z  and passes successively th rough  the  s ta te s  a(t) £ A.  
Substitu ting , w ith due regard to  th e  above-said, le tters  of th e  in term ediate 
alphabet y(t) =  k[z(t — 1), a;(£)] into th e  transition  60(a, y) and o u tp u t k0(a, у ) 
functions, obtain:

a(t) =  d0{a(t — 1), k[z(t -  1), x(t)]}, 

z(t) =  Á0{a(t -  1), k[z{t - 1), x(t)'\}.

Figure 9 shows a  circuit im plem enting these expressions.
I t  m ay be seen from  the  ob ta in ed  expressions and Fig. 9 th a t  letters 

z(t) coming from th e  au tom aton  o u tp u t to  its in p u t w ith  one clock-cycle delay 
do not differ functionally  from th e  s ta tes  a(t), th u s  enabling us to  join the 
s ta tes  a(t) and the  le tte rs  z(t) into pairs and  to  describe the au to m ato n  states 
as a  whole by a vector v(t) =  {a(t), z(t)} =  a(t) у  z(t), v(t) £ V =  A  x Z .

As th e  result, th e  transition  an d  o u tp u t functions of the program m able 
connection autom aton  take  the following form:

v(t) =  d,[v(t — 1), *(<)], 

z(t) =  kj[v(t — 1), x{t)\
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where
di[v(t 1), z(i)] =  60{a(t — 1), ki[z(t -  1), x(t)]} Uk0{a(t 1),

ki[z(t — 1), z(<)]},
h[v{t — 1), z(i)] =  X0{a(t — 1), ki[z(t -  1), z(<)]} .

As it m ay be seen, the  tran sitio n  ő,(r, x) an d  ou tpu t /,(?;, x) functions 
g reatly  depend on th e  connection function Jcj(z, x). Hence, by  varying the  
connection function one can specify the  program m able connection au tom aton 
to  various tran sitio n  and  o u tp u t functions. In  th e  general case, n o t only the  
tran sitio n  and  o u tp u t functions depend  on th e  connection function , bu t th e  
s ta te  set V,- and  o u tp u t alphabet Z, of the au to m ato n  as a whole.

Any specific connection k,(z, x) — {k), kf, . . ., kf1}, w here &,• £ K,  
kl  £ K*, p  =  1, 2 , . . ., N,  leads to  the  fact th a t  in each specific s tandard  
au tom aton  only a  portion of th e  in p u t alphabet Y ‘p a  Y*, a po rtio n  of the  
o u tp u t alphabet Z f CZ Z* and a  portion  of th e  s ta te  set A{' a  A*  are used 
(see Fig. 10). In  th is  connection, th e  state  set an d  the alphabets o f the in te
g ra ted  au tom aton  (see Fig. 6) are used little  m ore th a n  partia lly :

A t =  I /  AP-, A t d  A  ,
p= 1

Y t =  U  Y f> Y i ^ Y ’
p=1

Z, =  I I  Zf ,  z , C  z .
p =  1

Show th a t  th is  indeed tak es  place, and  use the  following reasoning to  
find  bo th  p artia l sets Af ,  Yf,  Z f an d  sets A,-, Y,, Z,. The p a rtia l connection 
function y p(t) =  kp[z(t — 1), x(t)] is defined over th e  set (Z,-x X ) and d e 
fines unam biguously the  set F f. This m ay be w ritten  sym bolically as

N
Y p =  [Z j x l ] ,  or tak ing  into consideration th a t  Z,- =  ] /  Z f, as

p=1
Y f  =  k f  [ ( / / Z f )  x  X ]  .

]=1
On the  o ther hand, the tran sitio n  ap(t) =  d*[ap(t 1), y p(t)] an d  o u tp u t 

zp(t) =  ?.*\ap(l — 1), y p{t)] functions of the  s ta n d a rd  au to m ata  are defined 
over th e  set ( A f x y f )  and define unam biguously th e  corresponding sets A f  
an d  Zf, th is m ay be w ritten  sym bolically as

A f  =  0* [ A f x F f ] ,
ZP =  1* [ A f x F f ]  .
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As the resu lt, we get a system  of re la tions defining th e  partia l sets A,-, 
Yi  and Zi vs. th e  partia l connection functions:

Y f = k 4 [ { f [ Z ^ x X ] ,
j=1

A f  =  < 5 * [ Af x F f ] ,

Z f  == Д* [ A f x F f ] .  

p  =  1, 2 , . . .  N .

Similar argum ents lead to  the  following relations betw een the p a rtia l 
sets A,-, Yi and  Z,-, and the  com plete connection function kj(z, x) of the in te 
g ra ted  au tom aton  (see Fig. 11)

Yi =  k i[ZiXX\ ,

Ai  =  <50[Z,-X Yi],

Z,- =  A0[A ,x  Yi].

I t  rests to  define th e  corresponding re la tions for a system  of program m 
able connection au to m ata  as a  whole (see F ig . 12). The s ta te  set of a system  
of au tom ata  as a  whole is form ed as a  C artesian  product o f th e  sta te  set an d  
th e  inpu t alphabet of the  in teg ra ted  au to m ato n  F,- =  Л,- x  Z, Also the t r a n 
sition  v(t) =  di[v(t — 1), x(t)] an d  o u tp u t z(t) =  A,[u(í — 1), x(t)] functions 
of th e  au tom aton  as a whole are defined over th e  set ( F , x l )  and define u n 
am biguously th e  sets F,- and  Z,. As the  re su lt, obtain th e  following relations 
for th e  sta te  set an d  ou tpu t a lphabe t of the  system  of program m able connection 
au tom ata:

F,- =  AjXZj  

Y t =  dt[ V x X ]

Z,. = k t[ V x X ] ,

where А,- с  A, V ,• с  V, Z , d  Z. Since functions ö,(v, x) an d  ДДи, x) depend 
essentially on th e  connection function k/(z, x). The state  set F ,an d  the o u tp u t 
alphabet Z,- depend on this function  as well.

I t  follows from  the ob ta ined  relations th a t  in  the program m able connec
tio n  autom aton  th e  s ta te  set, th e  ou tpu t a lp h ab e t, as well as th e  transition  
an d  ou tpu t functions, on th e  one hand, depend  on the s ta te  sets, alphabets, 
and  transition  an d  ou tpu t functions of th e  standard  a u to m a ta  and, on th e  
o th er hand, largely depend on th e  connection function. As th e  result, th e  con
tro l of the connections becomes a  powerful too l for controlling the  au tom aton  
structure .
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In  conclusion we are going to  list all relations describing the behaviour 
of th e  program m able connection au tom aton :

9i =  g A V i ,  X ,  Z i ,  d i{v, x ) ,  Xi(v, x ) ] ,

di(v, x )  =  3 0 {a ( t  —  1 ), k i \ z ( t  1), x ( í ) ] }  U A„{a(i -  1 ), *,[«(< 1), * (£ )]} .

h  =  k 0 {a(t  —  1), k i[ z ( t  - 1), x (< )]} ,

Y i  =  k i [ Z i  X X /] ,

A t =  00M , X Г,],

Zt =  k0[AtX Y i l  
Vi =  AiXZi .

The characteristic feature of the  program m able connection au to m ato n  
is th a t  its  functional program  л{к} — {y>{K)} is given in  th e  simplest possible 
m anner, b u t a t the  sam e tim e it enables one to  vary  over wide limits th e  graph  
of the  au tom aton , to  change its m ajor param eters and, as th e  result, to  change 
appreciably the  properties and  possibilities of the au to m ato n  as a whole.

Table 1

Classification of au tom ata by programming

Type of programming
n = {g, k, a(0)}

var. conts.

Individual
autom aton

Programmable process 

Programmable structure 

Program m able structure and  process

e(0)

g
a(0), g

g, к 

a(0), к 

к

Programmable connection к a(0), g

Program m able connection and process a(0), к g
System of
autom ata Programmable connection and structure g, к a(0)

Program m able connection, structure a(0), g, к
and process ~

Conclusion

The program m able structu re  au to m ata , in p a rticu la r those w ith  pro
gram m able connections, whose graphs m ay  be rearranged  by control operators, 
have m uch wider functional possibilities th a n  the conventional au to m ata  with 
fixed graphs.
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The possibility to  rearrange the  tran sitio n  graph endow s the au to m ato n  
w ith  special features and  flexibility  in ad justing  to  the  environm ent, enables 
it to  give th e  most effective response to  ex tern a l actions.

The rearrangeable graph  au tom aton features a p o ten tia l possib ility  of 
self-adjustm ent, adap ta tion  to  the environm ent, and organizing the  in te rn a l 
s tructu re  in th e  process of learning. In  such au tom ata th e re  is possib ility  of 
random  search and  selection of the  most viable, the m ost ad justed  to  th e  en 
vironm ent structu res and graphs.

As it was shown in th e  present paper, the principles and m ethods of 
program m ing and  rearrangem ent of graphs an d  structu res of such a u to m a ta  
are simple enough and m ay be readily im plem ented.

2





APPLICATION OF STRUCTURAL TRANSFORMS TO THE 
ANALYSIS OF TIME-VARYING LINEAR SYSTEMS

F . A. M IK H A IL O V , O. F . T Y K H E V IC H , M. K . K H A D Z H IN O V

(M oscow)

D ete rm in a tio n  o f tran sfe r fu n c tio n s for v a rio u s  com binations o f  tim e- 
v a ry in g  linear sy s tem s w ith  k n o w n  tra n s fe r  fu n c tio n s o f  com ponen ts is discussed. 
B y  m eans of th e  le f t Laplace tr a n s fo rm  precise expressions a re  o b ta in e d  for 
th e  functions o f para lle l, series a n d  cyclic connections. T he form ulae o f  th e  tw o 
la t te r  connections a re  shown to  b e  to o  com plex in  p ra c tic e , and  th e re fo re  a  rough 
m e th o d  is p roposed w here th e  t r a n s fe r  function  o f  th e  system  an d  its  u n its  are 
ap p ro x im ated  by  a  b ilinear fu n c tio n  o f  th e  com plex v a riab le  s w ith  tim e-d ep en d en t 
coefficients. F o rm u lae  are  derived  re la tin g  coefficients o f  th e  connection  tran sfe r 
fu n c tio n  to  those o f  th e  u n it tra n s fe r  functions. T he o b ta in e d  resu lts a re  illu s tra ted  
by  a n  exam ple.

In troduction

F o r th e  analysis o f com plicated autom atic con tro l systems, block-dia
gram s representing a system  as a com bination of sim pler system s (units) are of 
great convenience. In  th e  studies o f s ta tio n ary  linear system s th e  u n its  are 
usually described by th e ir  transfer functions which m ay  be easily ob ta ined  from 
the  u n it differential equations. The tran sfe r functions m ight be also used to 
characterize the tim e-vary ing  linear system s; however, the  problem  here is 
com plicated since not all un its do have  tran sfer functions and  a sim ple relation 
between differential equations and tra n s fe r  functions is lacking. As th e  result, 
in th e  to d a y ’s methods o f structural analysis of tim e-vary ing  linear system s 
units are defined by differential equa tions [2, 3] or pulse transien t functions 
[4]. A t th e  same tim e, a  m ethod for th e  analysis o f block-diagram s of linear 
tim e-varying systems based, like the  analysis of s ta tio n a ry  system s, on tra n s 
fer functions is of obvious practical in te rest.

The present paper discusses find ing  the  system  tran sfe r function th rough  
those of its un its. In  so doing the system  a n d  the tim e in te rv a l under considera
tion  are assum ed to  be such th a t th e  tran sfe r functions of the  un its an d  the 
system  as a  whole do ex ist. The p resen ta tio n  has th e  following plan:

1. D erivation of an  equation re la tin g  the  un it tran sfe r functions to  those 
of elem entary  connections.

2*
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2. E valua tion  of com plexity  of these equations and fo rm ulation  of th e  
problem  of finding a  practicable approxim ation m ethod  for connection transfer 
functions.

3. P resen ta tion -o f such a m ethod.
4. An exam ple illustra ting  application o f th e  m ethod fo r analytical 

purposes.

1. S tructural transform s and form ulae of connection transfer
functions

Any com plex tim e-varying linear system  m ay be represen ted  as a con
nection of sim pler system s or un its . In  the general case, th e  system  m ay be 
represented as a com bination o f th ree types o f connections, parallel, series 
an d  “ cyclic” (Fig. 1). F ind  th e  transfer functions of these connections.

Parallel connection is dep icted  in Fig. la .  B y  superposition its transfer 
function is as follows:

W n{s, t) =  W^s, t) +  W2(s, t). (1.1)

Series connection is shown in Fig. lb . To find  the connection transfer 
function 1Тз(в, t) make use o f th e  pulse tran sien t function for th e  series con
nection [4]

t
w3( t , u ) =  I w2(t,rj) •wx{r\,u)dr\. (1.2)

U

B y substitu ting  the argum ent of integration rj by  f  =  t — rj ob tain
t - u

w3(t,u) =  \ w2(t,t — £) •w1( t ~ £ ,  u)d£. '(1.3)
о

S ubstitu te  in  (1.3) instead of function w2(t, t — f) its expression through th e  
transfer function of the second u n it

C+Joo

w2(t , t—-I) =  — — j lF 2(cr, t) exp (<r|)-da , (1.4)
2л i J

C— i ° °

where c is a  positive num ber such th a t  th e  in tegral converges absolutely for 
all Re o’ >  c. As the resu lt find

C +  i*> t  — U

w3(t,u) = ----- W 2(a,t) w^ t  — I, u) exp (cr | )  da . (1.5)
2 л i J " J

c— i °° 0
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S ubstitu ting  t — г  fo r и  and app ly ing  the L aplace transform  w ith  respect to  
argum ent x to  bo th  p a rts  of (1.5) ob ta in

C + l’oo T

W 3(ct, t) j  —  I, t =  t) exj> (u |) di  dadx .
0 c—i°° 0

( 1 . 6 )

T aking into consideration t h a t  v\(l | ,  t — r) =  0 a t I  >  т change 
the  u pper lim it of in tegration  over f  fo r °°. I f  we assum e th a t all in tegrals in 
(1.6) converge uniform ly, the order o f  integration m ay  be changed [11]

R ew rite  the in te rn a l integral as

j  wx\t  — I, (t — i) —  (т — I)] ■ exp ( - sx) dx
6

and, confining ourselves to  the case o f  |  <  x (since for f  <  x th e  in teg rand  is 
zero), reduce it by th e  f irs t theorem o f biasing [5] to

exp ( -si )  • IT,(a, t — i), (1.8)

where IT^.s, t — i) is th e  transfer function  of th e  firs t un it w ith  complex 
argum ent s and real one t — i.

Now th e  integral over | i n  (1.7) m ay  be regarded  as a biased to  th e  com
plex num ber a left L aplace transform  [ 1 ] of function 11', (.s\ t) regarded as func
tion  of t:

j  J L iM  —  ! ) e x p [ — i  (s —  a)]di =  A 4 ^ \ W x(s,t) ] . (1.9)
о

H ere th e  subscripts o f th e  left L aplace transform  indicate, respectively, the 
real and  complex argum ents of th e  transform .

R ew rite  (1.7) w ith  due regard to  (1.8) and (1.9)

C + Í“
^ з ( 5> 0  =  —1— j W 2(cf,t) - &u_a\ W . (1.10)

2л i J 
c-i~
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B y applying th e  left Laplace transform  and  regarding the in teg rand  as 
th e  left transform  w ith  complex argum ent о of a function  of t w ith a  param eter 
s, we can write

W t {e, t) =  Arf {W 2(<r, t) ■ Л.,,_а [W^s ,  <)]} • ( M l )

The series connection tran sfe r function fF3(s, t) is, thus, expressed in 
an  explicit form th rough  transfer functions IT, (s', I) and  W2(s, t) o f its  units. 
N ote  th a t  this re la tio n  is very com plex. E quation  (1.11) holds also fo r the  s ta 
tio n a ry  system  w ith  u n it transfer functions lf'T1(.s>) an d  TT2(s) since

W 1ч)
A . - . [ ^ i ( « ) ]  =  — —  - (Ы 2)

s  — a

H з(6’) —  f  W2(cr) -W №  do -- 
27ri J ~ s — a

c—i°°

У Щ  Г E M . d ű '
2 n  i  J  cr — s

C + i °o

(1.13)

This equality  is defined for R e cr ]> c, b u t in  th is case in teg ra l (1.13) 
is equal to  ZniW^s)  by  the  C auchy integral form ula. Hence

и »  -  W & )  ■ а д .  (1.14)

“Cyclic” connection is shown in Fig. lc. To fin d  its transfer function  make 
use of the resu lts for the series connection. T he pulse tran sien t function 
wy(t, u) may be defined by the  following expression ["4]:

t
Wy(t, и) =  wp(t, u) +  J wp(t, fj) Wy(rj, u) dr) , (1.15)

U

By analogy w ith (1.11) w rite  im m ediately

W y(s, t) =  W p(s, t) +  Ajjl{Wp{o, t) • A t j . ^ \W y{8, /)]} . (1.16)

E quation  (1.16) is a com plex integral one w ith  Wy(s, t) as th e  unknown 
function. One is unable to  o b ta in  from  it the  explicit form of th e  connection 
tran sfer function Wy(s, t). L ike (1.11), for th e  s ta tio n ary  system  (1.16) tu rns 
in to  the well-known relation solvable with respect to  iFy(.s):

Wy(8) = W p(8) +  W p(8) • W y{8) . (1.17)

Thus, for all th ree types o f connections we have formulae expressing th e  
connection tran sfe r functions th ro u g h  those o f th e ir  units e ith e r  explicitly, 
(1.1) and (1.11), or im plicitly as th e  integral equ a tio n  (1.16). H ow ever, (1.11) 
an d  (1.16) are unpractical. Therefore a problem  suggests itse lf  of finding 
for the series a n d  cyclic connections ap p ro x im ate  bu t applicable formulae.
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2. Power expansion o f the pulse transient function

Consider expansion of the pu lse transient function  into a  pow er series 
w ith  respect to  argum ent г =  t и  under assum ption th a t th e  expansion 
converges in a dom ain г <  Q:

w(t, t — т) =  У  wk(t) • . (2.1)
о k\

R eferring to  [1], coefficients w ^ t )  may be expressed th ro u g h  those of 
the  differential equation  system

d̂ oc d^  ̂or dĴ  ^2/
+  h(t) +  • • ■ +  bn(f) x  — a0(t) - +  ■ • • +  У (2.2)

dtn dtn~x dt 1

where x  is ou tpu t, у  is inpu t, and аДГ) an d  bj(t) are analy tical functions. These 
relations are given in Table 1.

T he pulse tran s ien t function w(t, u) may be found  through th e  following 
form ula [2]:

w(t, u) =  У  (— l ) " - '- 1 • d  ~ [а,(ц ) -g(t ,u)] ; (2.3)
tZö du

whose righ t side contains function g(t, и ) and coefficients of the r ig h t side of 
eq. (2.2) Since coefficients of (2.2) a re  analytical functions, at(u) m ay be 
expanded into convergent Taylor series in a vicinity o f a  point и  =  t, namely

«,(«) =  2  ain ^  ■ (— 1У - (2-4)
7=o ß

where a\J\ t)  is derivative of order j  w ith  respect to  t o f function «,,(/). Hence
forth , function a,(<) p roper will be understood as th e  zero-order derivative 
a/0)(<) of itself.

F unction  g(t, и ) is th e  pulse tra n s ie n t function o f the  in tegra ting  p a r t of 
the  system  described by  th e  right-hand side of eq. (2.2 ) changing y{t). I t  is pos
sible to  use for this p a r t  th e  following expansion [1, p. 244]:

y(t, t t ) =  j y  gnß )  r 
i=ti — 1 ”.

where th e  coefficient m ay  be expressed by bx{t), . . . ,bn(t). This re la tions for 
n  <  4 is given in Table 1.

Substitu ting  (2.3) and(2.4) into (2.5) and tak in g  into account th a t  the 
product of two convergent series is also a  convergent series [9], ob tain

w(t, u)
П— 1
2 ’
i= 0

2
1 )n- l—i+j fj(j)^t) * gn [{t) dn 1 ' ~(t u)l+J 

dtn~1~i 1 Л j!
(2.5)



B y taking t — и =  T and equa ting  coefficients for equal powers of r  
ob tain
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n — 1 n —\+k+i
Wk(t) = 2  2  ( - 1  )* -! + /< —«-/(П-1 + ft-/) . a Jn - l+ * -/- 0 (i) gnß )  , (2 .6 )

1=0 l—n— 1

w here (n\n~1+k °) are binomial coefficients.

3. Power expansion of the transfer function

B y regarding in th e  right side o f (2.1) т as an  independent variable and 
t as a  param eter, an d  transform ing th e  series term w ise according to  Laplace, 
o b ta in  a formal expansion into a series for the tran sfe r function

W(s, t) у  Wk(t)
i Ü  «Ä+1

(3.1)

Referring to  [5], series (3.1) m ay  not always be convergent b u t  it  always 
is an  asym ptotic expansion of func tion  W(s, t) fo r s -*■ со. A nd inversely, by  
(3.1) one can easily restore (2.1), i.e. values of w(t, t — r) for sm all r. 4

4. Approximation of the transfer function by bilinear one

One cannot find  th e  ana ly tica l expression o f the tim e-varying system 
tran sfe r function for th e  general case. To approxim ate it the following bilinear 
function is the  m ost appropriate:

W (s, t) C °(t )  ■ S q 1 . . . -f Cq _ o [ t )  • s Ĉ _t (t)
sq -f- d^t)  s?_1 +  dq(t)

(4.1)

w here c,■(!), i — 0 , 1, . . q — 1, an d  d,(<), i =  1, 2 , . . .  q, are rea l continuous 
functions of tim e.

Transfer function  11’(s, t) of ty p e  (4.1) is single-valued an d  analytical for 
all sufficiently large |s|, therefore it  m ay be expanded  in th is  vicinity into 
L au ren t series

W(s, t) i
k = 0

wk(t) 
sk+1 '

Coefficients wk(t) of this series are defined th rough  the coefficients of th e  
tran sfer function (4.1) by means o f recurrent form ula

ü k(t) =  ck(t) ^ ’d ,(i)-^_ ,-(i)  & =  0 , 1,. . ., °o
/=1

where ck =  0 a t  к >  £ —1; wk(t) =  0 a t г <  к.

(4.2)
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B y (4.2), all coefficients of th e  tran sfe r function  (4.1) m ay be determ ined 
if 2q f irs t coefficients o f wk(t) are know n. Therefore th e  approxim ation should 
be based upon the  following requirem ent:

wk(t) =  wk(t), к =  0, 1, . . 2q — 1, (4.3)

where wk(t) are coefficients of expansion (3.1).
This approxim ation  of the tra n s fe r  function is, thus, am biguous being 

dependent on the p o w ers  of the b ilinear function polynomial denom inator. 
Choice of q will be discussed below, a n d fo r  the tim e  being assum ed th a t it is 
chosen already. Then coefficients o f th e  transfer function  (4.1) in  th e  bilinear 
form  are related  to  th e  f irs t 2q coefficients of the approxim ating series by a set 
of algebraic equations obtained from  (4.2) (к =  0, 1, . . ., 2q — 1).

The set is solved as follows. H av in g  separated  a  set of equations with 
respect to  coefficients dj(t) (k =  q, q +  1, . . ., 2q — 1) obtain from  i t  all dj(t), 
and  by  substitu ting  th em  into th e  re s t of equations (к =  0, 1, . . ., q — 1) 
ob ta in  formulae for all coefficients ck(t).

I t  m ay happen th a t  the set o f  algebraic equations has no so lution with 
respect to  coefficients d,(<) because its  determ inant is identically eq u a l to  zero. 
In  th is  case one has to  increase q an d  construct a new  set of equations.

5. Approximate transfer functions o f connections

R epresent pulse tran sien t functions of un its an d  their connections as 
series (2.1). By m aking use of this fo rm ula  one can ob tain  form ulae for func
tion  IB3(s, t) approxim ating the tran sfe r function of th e  series connection whose 
coefficients are expressed through those  o f unit tran sfe r functions. To th is end, 
one can use expressions of [6] re la tin g  connection pulse transien t functions 
to  those of units for th e  values of th e  argum ent r  ta k e n  from the  common to 
bo th  connection and u n its  convergence domain.

Coefficients w3r(t), r =  0, 1, . . . (the first index  defines u n it o r connec
tion) of th e  expansion o f th e  pulse tra n s fe r  functions w3(t, u) of th e  series con
nection of two units (Fig. lb) are determ ined  as follows [6]:

Г— 1 Г - 1 - /

w3,r(t) =  2  2
/=0 k = 0

( - 1 Г -1 - l - k  , Г--- 1 — l
к

■ u-2 k(t) • w{r:, 1 ' *1 (t) (5.1)

This expression enables one to  synthesise a n d  approxim ate transfer 
function of the  series connection by m eans of the g iven  approxim ate transfer 
functions of the units w ith  allowance fo r (4.3).

The order of derivation  of connection transfer function coefficients is as 
follows:
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A) F ind  coefficients u>ij(t) of th e  power expansion of the g iven  approx
im ate transfer function  of each u n it expressed th ro u g h  coefficients c,(i) and 
di(t).

B) Given pow er q of the approxim ate tran sfe r function denom inator, 
find  b y  (5.1) the  f irs t 2q coefficients o f its power expansion.

C) The ob ta ined  coefficients o f  th e  connection transfer func tion  power 
expansion are su b s titu ted  into the  se t (4.2) of equations with respect to  coeffi
cients Ci(t) and di(t) o f th e  desired tran sfe r function. Having solved th is  system 
ob tain  th e  coefficients o f the connection transfer function expressed through 
th e  u n it transfer functions.

F o r the cyclic connection (Fig. lc), coefficients Wy<r(t) =  wy>r(t) of th e  
expansion of the  connection pulse tran sien t function  are expressed by a re 
cu rren t formula th ro u g h  the coefficients of the  pulse transien t function ex
pansion  of an open-loop system  [6]:

W y tr( t )  =  W p / (t)  +  J V  _ V  (—  l ) r - / - l - f c  . r  
1=0 k = 0

Wy,o(t)  =  , r =  1 , 2 , . . .  (5.2)

The sequence o f finding th e  coefficients o f th e  cyclic connection is the  
sam e as w ith the  series connection.

The procedure above is also applicable if th e  approxim ate tran sfer func
tions o f connection un its  are unknow n and th e  u n its  are described by diffe
ren tia l equations defined over in te rv a l (—°°, T \  an d  with coefficients being 
ana ly tica l functions. B u t in this case coefficients o f the power expansion for 
th e  un its are determ ined  by (2.8) th rough  the coefficients of th e ir  equations. 
All following operations are the  sam e as above.

The procedure above was used  to  derive th e  transfer function  ocefficients 
for series and  cyclic connections in  th e  case w here th e  power o f th e  denom ina
to r  polynom ial of th e  approxim ate transfer functions is taken eq u a l to  the sum  
of th e  denom inator power of th e  u n it transfer functions. T he formulae are 
tab u la ted . In  Table 2 t) and  W2(s, t) s tan d  for the unit tran sfe r function 
an d  fF3(s, t) is th a t  o f their series connection (Fig. lh ). In  Table 3 the  transfer 
function  of the open circuit is d en o ted  with W p(s, t), and th a t o f cyclic connec
tion  w ith  Wy(s, t) (Fig. lc). Table 4 gives form ulae for connections with n on
u n it negative feedback. Here IT^.s, t), W2(s,t) a n d  VFg(s, t) s tan d  for the tra n s 
fer function, respectively, the  forw ard  circuit, th e  feedback and  the con
nection as a whole (Fig. Id).

l — l
lc

w, ( r—1—I-
V./ -x\t)
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6. Applicability of the method and an example

The m ethod is based upon th e  power series expansion of the  pulse tran 
sien t function w(t, u) in a vicinity  o f po in t t — и  w ith  respect to  pow ers r  =  
— t — u. The convergence ra te  w ith in  the  convergence circle decreases with 
th e  d istance form th e  expansion po in t th u s deteriorating  precision o f (5.1) and 
(5.2) w ith  increase of т — t — и . Y et th e  approxim ation assumes th a t  a  certain 
num ber of first approxim ation term s coincide, th a t  is why the m ethod  works 
well w ith  system s whose ou tpu t depends basically on inputs a t m om ents suf
ficiently  close to  those of response observations, i.e. w ith  systems having  pulse 
tran s ien t function quickly a tten u a tin g  w ith respect to  argum ent x. F o r s ta 
tio n ary  system s th e  ob tained  form ulae give precise results. Therefore th e  pro
posed m ethod of s tru c tu ra l transform ations is effective when applied to  systems 
w ith  slowly changing param eters.

Example. Make use of the above results to  o b ta in  the  transfer function 
and  o u tp u t variance o f a tim e-varying system  which is the sim plest m athe
m atical model of a  m ovem ent control system.

Consider rendez-vous in a plane o f two bodies of which one is uncontro l
led an d  moves uniform ly along a rectilinear path, an d  another has a  constant 
speed an d  is controlled so as to  approach  the first body  [7]. We are going to 
analyse norm al accelerations of the  controlled body during approach.

W rite  the linearized equation o f th e  relative m ovem ent k inem atics as
rji

D (t)-------- \-2Dk =  n;  0 < , t < T ,  (6.1)
dt

where D(t) is the  cu rren t distance re la tive  to  the reference trajecto ry ; e is the 
angular speed of th e  line of sight (i.e. th e  line connecting the  centers o f masses 
of th e  tw o bodies); n  is th e  projection of the  control p lan t on the norm al to 
the  line o f sight, and  T  is the  to ta l rendez-vous tim e.

The u n it whose dynam ics is described by (6.1) will be term ed as “ kine
m atic” . n  and  e are, respectively, its in p u t and o u tp u t.

C ontrol is assum ed to  be exercised according to  th e  proportional nav i
gation m ethod where th e  control signal is in proportion to  the  angular sighting 
speed e4 as m easured by  an on-board device. This signal acting upon th e  con
tro l p lan t through th e  on-board control circuit, changes the  value o f n ■ The 
on-board control circuit dynam ics is described by th e  transfer function  of a 
constan t param eter oscillating unit:

JFi(s) Jcco 5
s2, -f- 2 f co0 s -f- 20

( 6 .2)
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The block-diagram  of the system  under consideration is dep ic ted  in Fig. 2. 
The erro r of sighting line angular speed m easurem ent by the  on-board  devices 
is th e  system  inpu t, and  n is its o u tp u t.

Confine ourselves to  the case when th e re  is only random  disturbance 
ip(t) o f th e  white noise type a t th e  system  input.

To compute th e  ou tput variance a2(t.) it suffices in this case to  know the  
noise spectral density  S  and th e  in tegral characteristic  u(t), m obility  degree 
defined as follows:

/i(t) — —  í í W (ico, t) I dco . л, J
0

The m athem atical form ula is as follows:

o2(t) =  S ■ n(t). (6,3)

Since in the physical system th e  in itia l o u tp u t variance is zero, th is form ula 
m ay be used to  calculate the variance only a f te r  the com pletion of the t ra n 
sient.

A pproxim ate th e  system  tran sfe r function b y  a bilinear function  of (4.1) 
k ind, the  m obility degree u(t) m ay  be then determ ined algebraically  [1]. In  
particu lar, for n  =  3

li(t)

A  (7 4)^2 +  cf — 2c0c2 +  4
'Ai

2 (d, d., — d3)
(6.4)

for n  =  4

c%(d2 d3 —  dy dy) +  (cf —  2c0 c2) d3 +  (c\ —  2cx c3) dx +  c\ ,

H  =  d1(d.2d3 —  dy dy)— d l . (6.5)

The system  transfer function is obtained b y  means of form ulae of Table 3. 
To m ake use of th e  tables one should  know th e  transfer functions of all un its.

The kinem atic un it equ a tio n  (6.1) is linear, first-order differential eq u a
tio n  w ith variable coefficients a n d  has a fin ite  solution. U n d er any distance 
varia tion  profile D(t) the pulse tran sien t function  w2(t, u) is as follows:

I)(u)

m t ) '
w2(t, и)
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S ubstitu ting  t — r for и  an d  perform ing L aplace transfo rm  of w2(t, t — t)  
with respect to  t  obtain th e  kinem atic un it tran sfe r function for D =  const:

W 2(s, t)

1

m
s

s2

D

(6.6)

E n try  8 in  Table 4 corresponds to  the  system  under consideration. Using 
these form ulae, com pute th e  system  transfer function  coefficients. The transfer 
function is

W(s, t)
ka>l s2

si +  2 fco0s3 +  «o«2 +
к

W )
«0« +

hi)
D 2(t)

(6.7)

F or th e  sake of com parison determ ine th e  system  tran sfe r function by  
m eans of some o ther approxim ation  techniques.

Applying sta tio n ary  system  m ethods an d  using the d ifferen tial equation 
o f the  system  as a  whole

n  + 2Í co0 +  2
m

n col +  4|co0
D

D(t)
■ I 2 2 Dn  +  COq-----------

m
n =

kcag iv +  2 — w
D(t)

( 6 . 8 )

fin d  the  tran sfe r function o f th e  tim e-vary ing  system  “frozen” a t tim e t :

км о
W (s, f) =

s3 -f- 2|о)0 +  2 D

m ,
s2 + cof,

s +  2

4fco0

D

m
D

m .
s +  kco n • — ̂  

D(t)
2cog D

D(t)
(6.9)

The tran sfer function m ay be obtained by  the  expansion of the pulse 
tran sien t function in to  a power series (see Section 2) and succeeding determ i
nation  of th e  tran sfer function coefficients (see Section 4). In  so doing, take 
th e  same power of the  denom inator polynom ial as in (6.9), Skipping calcula-
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tions, w rite down the  result:

W (s, t) =  -------------

A nother version o f th e  transfer function m ay be obtained by  applying 
the form ula for tran fo rm ation  of s ta tio n a ry  system  block-diagram s to  TF^s) 
and W2(s, t)

kco2s2W (s, t) = (6 . 11)

«о

F o r all the versions of the tran sfe r function (6.3), (6.4), (6.5) fin d  system  
o u tp u t variance:

( 6 . 12)

(6.13)

(6.14)

(6.15)

where av  a2, <>v  u4 correspond to  tran sfe r functions (6.7), (6.9), (6.10), (6.11), 
respectively.

P lo ts  showing av  a2, a3, a l vs. distance and  com puted th ro u g h  (6.12), 
(6.13), (6.14), (6.15) a re  depicted in  F ig . 3 for the following system  param eters: 
& =5sec/deg;u>0 =  lO s e c -1; f  =  0 .7 ;$  =  0.004 deg2/sec. The precise values of a2
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were found by m eans of a digital com puter as th e  solution to  a  set o f  equations 
constructed  by th e  D uncan m ethod  [8] for th e  sam e system  param eters and 
inpu t signal. The p lo t for a is show n in Fig. 3. As illustrated  in th e  figure, the 
solution through (6.12) is the closest to  the precise one.

Conclusion

The s tru c tu ra l transfo rm ation  as described here enables one in some cases 
to  sim plify appreciably derivation of the tim e-varying linear system  tran s
fer function. The procedure of finding the system  transfer function  makes 
use of th e  formulae in Tables 1 —4. I f  the  tables do no t contain a  su itab le  entry, 
the  tran sfer function m ay be ob ta in ed  by finding successively coefficients of 
the u n it transfer function power expansions, coefficients of th e  connection 
transfer function pow er expansion, coefficients o f the connection transfer 
function.

Appendix
Left Laplace transform

C onsider a  fu n c tio n  g(t) defined  over th e  in te rv a l ( 
sa tisfy in g  convergence conditions o f  th e  in tegral

T
J  I g(t) I ex p  [s(< — T )] dt <  oo

o o ,  T ] w here  T  <  o o  and

( 1 )

a t  a ll va lues o f t g( —  o o ,  2'] and a t  som e re a l value c o f  th e  com plex v a ria b le  s. I f  a  new 
v ariab le  r  is in tro d u ced  ta k in g  values fro m  th e  in te rv a l [0, o o ) ,  function  g(t — z) m ay be 
L ap lace  tran sfo rm  a t  a n y  fixed t re su ltin g  in

0(s ,  t) =  j  g(t — z) • exp ( — sz) dz  (2)
о

h av ing , w ith  due re g a rd  to  in equa lity  (1), th e  dom ain  o f  convergence R e  s  >  c.
P assage  from  g{t) to  G(s, t) is re fe rred  to  as th e  “ le f t Laplace t r a n s fo rm ” ([1], p-

493).
T he left L ap lace  tran sfo rm  ass igns to  each g(t) w ith  th e  dom ain  o f  defin ition  as 

above fu n c tio n  G(s, t) o f  com plex v a riab le  s  and rea l one  t. I f  functions g(t) an d  G(s, t) 
a re  re la te d  by  th e  le f t L ap lace  tran sfo rm , g(t) m ay  be  te rm e d  as th e  “p re - im a g e” , and 
G(s, t) a s  its  “ left im a g e ” . Sym bolics o f  th is  re la tion  is a s  follows:

G(s, t) =  Л [g(t)Y, G(t) =  A ~ '  [G(s, i ) ] . (3)

F ro m  th e  th e o ry  o f  th e  conv en tio n a l L aplace tra n sfo rm  it follow s th a t  G(s, t) 
is a n a ly tic a l over s fo r R e  s  >  c. W ith  d u e  regard  to  th e  co n v en tiona l L ap lace  reconversion, 
th e  le ft L ap lace  reconversion  is as follow s

g(t) =  lira
T — 0

1
2 n i

C +  1*00J 0(8, t) • ex p  (s t ) ds,
C  — /  oo

(4j

w here i  =  \  — 1.
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NOTE TO CONTRIBUTORS К СВЕДЕНИЮ АВТОРОВ

T w o  c o p ie s  o f  th e  m a n u s c r ip ts  ( e a c h  d u ly  c o m p le te d  b y  f ig 
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ж а т ь  к р а т к о е  и з л о ж е н и е  т е к с т а  с т а т ь и  с о  с с ы л к а м и  н а  
н е о б х о д и м ы е  ф о р м у л ы  и  г р а ф и к и ,  и м е ю щ и е с я  в  о с н о в 
н о м  т е к с т е .  О б ъ е м  р е з ю м е  н е  д о л ж е н  п р е в ы ш а т ь  
1 0 — 1 5 %  о б ъ е м а  с т а т ь и .

А в т о р а м  в ы с ы л а ю т с я  г р а н к и  с т а т ь и ,  к о т о р ы е  о н и  
д о л ж н ы  н е з а м е д л и т е л ь н о  в о з в р а т и т ь  в  Р е г и о н а л ь н у ю  
с е к ц и ю  Р е д к о л л е г и и  ж у р н а л а .

А в т о р а м  о б е с п е ч и в а е т с я  б е с п л а т н о  10 0  о т т и с к о в  и х  
с т а т е й .  Р у к о п и с и  н е п р и н я т ы х  с т а т е й  в о з в р а щ а ю т с я  
а в т о р а м .
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Problems of Control and Information Theory ,  Vol. 1 (2), pp . 97—102 (1975)

НЕВЕРОЯТНОСТНАЯ ВЗАИМНАЯ ИНФОРМАЦИЯ
БЕЗ ПАМЯТИ*

В. Д. ГОППА 
(Москва)

(Поступила в редакцию 12 февраля 1974 г.)

Вводится невероятностный аналог взаимной информации. Предлагается 
универсальный алгоритм декодирования для дискретных каналов без памяти.

1. Д ля любых двух слов х £ Х п, х  =  (х1; . . ., х„), I X  | == Llt у  £ У", 
у  =  (yv . . ., y n), I У I =  L2 образуем новое слово х ® у £ (А <g> У)п, х ® у =  
=  ((*1. я)> (^2Уг), • • •, W ) '  Пусть {тп,}, {пД, {т,у} — композиции слов 
х, у  и х ® у  соответственно, i =  1 ,2 , . . Lv  j  =  1 ,2, . . ., L2.

Очевидно, {rriijln} является распределением вероятностей на X  <g> У, 
а и {пДп} — его частными распределениями на Х и  У соответственно,
поскольку т ,7 =  п, У  m ij= m i, У  m tj= n j. Отсюда следует, что Ф(х®у) <; 

h l  j  <
^  Ф(х) +  Ф(у), где Ф(х) — вес Фитингофа слова х [1].

Введем следующие величины:

Ф (х: у ) =  Ф(х) +  Ф(у) — Ф(х (g) у),

Ф(у/х) =  Ф(х ® у) — Ф(х).

Легко проверяются следующие свойства этих величин:

1) Ф(х : у) =  Ф(у : X);

2) Ф(х : х) =  Ф(х) (поскольку Ф(х ® х )  =  Ф(х));

3) Ф(х : у) =  Ф(х) — Ф(х/у) =  Ф(у) — Ф(у/х).

Лемма 1. Пусть Q — распределение вероятностей на X  ® Y ,  a Qn — 
распределение на Х п ® Уп, являющееся произведением мер на Х ® У  (дис
кретный канал без памят и), R  =  Н ( Х : — //(Х /У ) — шенноновская взаимная 
информация. Тогда

* ( х : у ) 7 Л : Ъ  Ф (У/х)7Г1Г .Н (У /Х ).

Доказательство следует из определений и закона больших чисел. Введем 
теперь расстояние между словами х и у  следующим образом:

е(х, У) =  [Ф(х /у )  +  Ф(у/х)]/2.

* О сновны е результаты  данной работы  были до л о ж ен ы  на Ш -е м  М еж дународном  
симпозиуме по теории  информации (Т аллин , 1973).

1*
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Заметим, что х и у являю тся словами одной и гой же длины, но, быть может, 
из разных алфавитов.

Выясним условия, при которых Ф(у1х) =  0. Согласно определению, 
это означает, что Ф(х 0  у )  =  Ф{х). Последнее равенство будет справедливо 
при выполнении следующего условия: если в слове х буква ö,- £ X  занимает 
места ]\, /2, . . ., jk, то на этих местах в слове у  будет стоять одна и та же буква 
bi £ Y, безразлично какая . Если же равенство у у =  y Jt =  . .  . =  y Jk не будет 
выполняться, это приводит к тому, что Ф(х 0  у) >  Ф(х).Например, для пары 
слов

х =  (11121233) 
у = (77777011)

Ф(у/х) ^ 0 ,  Ф (х\у)Ф  О,

для слов
х = (11121233) 
у ' =  (77777711) Ф (у /х ) = 0 ,  Ф (х/у')^= О,

а для слов
х' =  (11111133) 
у ' =  (77777711) Ф (у '/х ') =  0, Ф (х '/у ') =  0.

Таким образом, равенство g(x, у) =  0 означает, что слово у получено из 
слова х просто переименованием букв, причем разные буквы слова х имеют 
различные новые названия. Ясно, что отношение х  ~  у  <=> д(х, у) =  О 
является отношением эквивалентности и мы будем отождествлять все слова 
одного и того же класса эквивалентности.

Лемма 2. р(х, у) является метрикой на множестве всех слов длины п.

Доказательство. Достаточно проверить неравенство треугольника. 
Шенноном была введена метрика r](X, Y) =  Н(Х/  Y)  +  Н( Y /Х)  на прост
ранстве всех случайных переменных с конечной энтропией. Введенное нами 
расстояние р(х,у) между словами индуцировано метрикой Шеннона: к аж 
дой паре слов х, у мы ставим в соответствие распределение вероятностей 
{m,j/n} на X  0  Y  с частными распределениями {/п,/п} и {п;/п} на X  и Y  
и метрика Шеннона d(X,  Y)  для этих распределений как  раз совпадает с рас
стоянием е(х,у ).

Приведем для полноты доказательство справедливости неравенства 
треугольника для метрики Шеннона, следуя Y. Хорибе [2].

Н ( Х I Y) +  Н(  Y/Z) >  H(XI  Y,  Z)  +  H( Y/ Z)  =

=  Н ( Х ,  YjZ) >  H(X/Z) ,  таким образом,

H{Xj Y)  +  Н(  Y/Z) H(XIZ)  и, заменяя X  на Z,
H( Y j X)  +  H(Zj V)  >  II(ZIX).
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Складывая эти два неравенства, получаем:

d(X,  Y)  +  d(Y, Z) >  d(X,  Z).
Лемма 3.

в(х, у )  =  ф ( х  ® у )  -  [Ф(х) +  Ф(у)]/2;

Q(x, У) =  [Ф(х) +  Ф(у)]12 -  Ф (х: у).

Лемма 4. Пусть х0 6 Х п, Vdx’w =  {у d Y n : п(х0, у) <  d, Ф(у) <  ív} (о б о б 

щенный шар с центром в точке х0). Тогда

log I V i f \  <  n{d  +  (ív -  Ф(х0))/2 +  0(1)).

Доказательство. Согласно лемме 3, для любого у  d. Vdx[w выполняется 
неравенство

Ф(х о ® y ) < d  +  (w +  Ф(х0))/2 . (1)

Число пар (х, у), удовлетворяющих неравенству (1), оценивается с помощью 
леммы 1 статьи [1]:

log N d’w <  n(d +  (Ф(х) +  ív)/2 +  0(1)).

Если х и х ' имеют одну и ту ж е композицию, то х ' получается из х в резуль
тате перестановки позиций букв, и если обозначить через В х множество слов 
у  б. Y n, таких, что пара (х, у)  удовлетворяет неравенству (1), то Вх — В х>, 
поскольку В х, получается из В х такж е в результате перестановки позиций. 
Число слов с одной и той же композицией, как  известно, оценивается следую
щим образом [3]:

log N x п(Ф(х) — 0(1)).

Окончательно получаем:

log I V$'w\ <, log N d’w - log Nx <, n{d +  (iv - Ф(х))/2 +  0 (1 )),

2. Под кодом будем понимать подмножество U пространства Х п. Вве
дем следующие характеристики кода:

1) скорость передачи кода R(U)  =  (log | U \)jn;
2) кодовое расстояние d(U) =  min q(x, y),  x = * y ;

x , y c u
3) пропускная способность кода C ( U )  =  m ax Ф(х;у), x # y ;

x . y e u
4) вес кода w(U) =  Max Ф(х).

xe и

Код, все слова которого имеют один и тот же вес Фитингофа, будем называть 
кодом постоянного веса.



Теорема 1. Существует код постоянного веса, для которого 

R(U)^>C(U)  0(1) =  w(U) d(U)  -  0(1)

для любого C(U) >  0.

Доказательство. Из определения п(х, у) следует, что для любого кода

d ( U ) ^ w ( U ) ,

а из леммы 3 следует, что для кода постоянного веса

d(U) =  w(U) C(U) .

Для фиксированного d  >  0 выберем произвольное w d и будем строить 
код постоянного веса с параметрами d(U)  =  d, w(U)  =  w, используя стан
дартный «метод выбрасывания» Гилберта. Число всех слов веса w не меньше 
величины

2^0-0(11)

а число выбрасываемых точек шара радиуса d не превышает величины
2n(d+od>) _ (лемма 4).

Таким образом, существует код со скоростью

R ( U ) ^ w  d - 0(1) =  C(U) 0 (1 ).

3 . Введем Ф-декодирование для произвольного дискретного канала 
без памяти следующим образом: слово z £ Y n декодируется в кодовое слово 
х  тогда и только тогда, когда Ф (х: z) >  Ф(х' \ z) для любого другого кодового 
слова х ' . Если не окаж ется кодового слова, удовлетворяющего этому условию, 
то скажем, что слово г приводит к  отказу от декодирования, и такой отказ 
будем включать в ошибку декодирования.

Теорема 2. Д ля  любого дискретного канала без памяти найдется после
довательность кодов постоянного веса со скоростью передачи, как угодно 
близкой к пропускной способности канала и как угодно малой вероятностью 
ошибки Ф-декодирования.

Доказательство. Применим «классический» метод выбрасывания» Файн- 
стейна. Пусть С — пропускная способность канала, Н(Х)  — энтропия 
максимизирующего распределения, H( Y )  — энтропия распределения на 
выходе, R — скорость передачи кода, R <  С. Пусть а =  (R +  С)/2 М  =  
=  {(X, У): X е X", у  е г " ,  Ф(х : У) >  а, Ф(у) б H(Y) ,  Ф(х) =  Н{Х)  +  0(1)},

Му  — проекция М  на Y n,

М х — проекция М  на Х п.
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Если Р(МУ) ;>  1 — е, о <  е <  1, то, поскольку

Р (М У) =  2  р (х ) р (Му1х),
Х£МХ

найдется слово хх £ М х такое, что р(Му/хх) >  1 — е. Выберем это слово в 
качестве первого кодового слова и выбрасываем множество By =  {у £ М у : 
: Ф(ху : у) >  а}  из М у. Если теперь р(Му —  B y)  )>  1 — е, то найдется другое 
слово х2, удовлетворяющее условию р(Му/х2) ]> 1 — е. Процесс выбрасыва
ния заканчивается тогда, когда

Р ( Му ~ М у П ( L J ß , ) ) <  1 -  в.
1 =  1

При этом

Р ( М у) =  Р ( Му П ( Ű В,)) +  Р ( М у -  М у п  ( и  в,.)) 2  p (ß >) +  1 -  £ • (2)
1— 1 1 = 1  1=1

Чтобы оценить Р (В г), заметим, что, согласно лемме 3, для любой пары (х, у ) £ М  
выполняется неравенство

е(х,У) <  ( Щ Х )  +  H(Y))I2  - «  +  0(1),

а из леммы 4 следует, что
IВ • I 2п(н<К)-а+0<14

Далее, при всех достаточно больших п все слова у  £ Y n, для которых Ф(у)
<  H(Y) ,  становятся равнораспределенными, а так как число этих слов не 
меньше величины 2n(mi')-°ll») то

Поэтому
Р(у)  <  2 -п(жк>+оа»)

Р(В,-) <  Р (у)\В ,\ <  2 -"Ч+ош) . ( 3 )

Подставляя (3) в (2), получаем:

Р(М у) <, N  ■ 2~п(*+Ш)'> +  1 -  е .

Таким образом, для вероятности ошибки при всех достаточно больших п 
выполняется неравенство

P S< .N  ■ 2 - п(а+0<1)> + Р [ Ф ( х  :у)<,сс],

и так  как а =  (R  +  С)/2, a N  =  2nR, то

Ре <  2 -Ч<с-ВД+0Ш) _(_ Р[[ф(х ;у | —  с  I ]> (С — R )l2] . (4)

Поскольку Ф(х : у ) С, ре — 0 с ростом п.



4. Величина Ф (х; у )  в этой статье выступает как невероятностный аналог 
«взаимной информации без памяти». Эта величина обладает всеми свойствами 
шенноновской взаимной информации и оказывается полезной для декодиро
вания. Введенное здесь Ф-декодирование не зависит от конкретного канала, 
т.е. является универсальным декодированием. К ак уж е отмечалось в работе 
Ш , существование таких методов было известно давно, но конкретный уни
версальный алгоритм для дискретных каналов без памяти приводится, пови- 
димому, впервые. Общее определение информации по Фитингофу будет про
анализировано в дальнейшем.
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Nonprobabilistic mutual information without memory
V. D. GOFPA 

(M oscow)

L e t X ,  Y  be fin ite  a lp h ab e ts , x  =  (rr,, x t , . . . , x n), у  — (yv  yv  . . . , y n), Xj £ X ,  
yj  e Y ,  i  =  1, 2, . . . , n.  C o n stru c t th e  w ord  ж <S> 2/ € ( X  <g) Y ) n a s  follows: x  <S> у  =  
=  ((-Ll/i)» * • • > (х пУп))'

D efine  Ф(х : у) =  Ф(х) +  Ф(у) — Ф(х <S) у) ,

Ф(у/х) =  Ф(х <g> у)  — Ф{х),

w here Ф(х) is th e  F itin g o ff w eight o f x.  T h e  follow ing o f  th e i r  p ropertie s a re  read ily  
verified: (а) Ф(х : у) =  Ф(у : x); (b) Ф(х : x) =  Ф{х); (с) Ф(х : у) =  Ф(х) — Ф(х/у)  =
= Ф(у) -  Ф(уМ  ■

T he su b se t U  o f  X n w ill be called a  code. L e t us in tro d u c e  now  th e  tw o  p a ra m 
e te rs  o f a  code: 1) code tran sm ission  ra te  R ( U )  =  (log |f7 |)/n ; 2) code c a p a c ity  C{U)  =  
=  m a x  Ф(x  : у), x  ^  у, x , у  d U.

Theorem 1. T here  ex is ts  a  code, such  t h a t  R{U)  >  C(U )  — 0(1) for a n y  C (U )  >  0. 
D efine now  Ф-decoding as  follows: a n y  o u tp u t  w ord z is d ecoded  in to  th e  code  w ord  x  
i f  a n d  on ly  i f  Ф(х : z) >  Ф(х' : z) for a ll code w ords x '  ^  x.

Theorem 2. F o r  a n y  d iscre te  ch anne l w ith o u t m em o ry  th e re  ex ists a  sequence 
o f  th e  codes, th e  ra te  o f  a  code being close to  th e  channel c a p a c ity  and  p ro b a b ili ty  of 
e rro r o f  Ф-decoding being  van ish ing ly  sm all.

N o tice , th a t  Ф-decoding  does n o t  d ep en d  on th e  ch an n e l (universal decoding).

В. Д. Гоппа
Институт проблем передачи информации 
СССР, Москва Е-24,
Авиамоторная ул., 8а, корп. 2
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METHOD FOR DESIGN OF LINEAR OPTIMAL SYSTEMS 
IN FREQUENCY DOMAIN

F . C SÁ K I, E L -S A ID  HAMADA 

(B udapest)

I t  is show n b y  a n  ex tension  o f  o p tim a lity  co n d itio n  stud ied  ex ten s iv e ly  
in th e  li te ra tu re  [1] (K a lm an  1964) t h a t  th e re  are c e r ta in  re la tionsh ip s be tw een  
th e  response  o f op tim al sy s tem , th e  e lem en ts  o f  the  w eigh ting  v ec to r o f th e  red u ced  
p e rfo rm ance  index an d  th e  o p tim al feed b ack  m atrix . T w o  a lgorithm s a re  g iven  
on th e  b asis  o f these re la tionsh ips. T he f i r s t  calculates th e  w eighting  v e c to r  o f 
th e  red u ced  perform ance index  from  th e  desired o p tim a l response, th e  o th e r  
ca lcu la tes th e  corresponding op tim al fe ed b ack  vector.

T he designer p ro ced u re  specifies th e  perform ance in d e x  for th e  o p tim a l 
response a n d  th e  ap p ro p ria te  law  o f o p tim a lity  can be  ca lc u la ted  as a  ro u tin e  
w ork. A n  exam ple is g iven  to  illu s tra te  th e  design te c h n iq u e .

1. Introduction

The th eo ry  of optim al linear m ultivariab le  system s has been well d e 
veloped and  several m ethods ex ist for calculating optim al feedback in order 
to  minimize chosen perform ance index. These methods are based  on the solution 
o f the  R iccati m atrix  equation. One of th e  difficultes is, however, the choice 
o f such a perform ance index which ensures the desired system  response. 
Conventionally, an  initial criterion is chosen, th e  optimal feedback is ca lcu la t
ed, then  the  system  response is obtained b y  simulation. U sually , the response 
ob tained  in th is  way is unsatisfac to ry  an d  so the perform ance index has to  
be modified b y  tria l and erro r or experience and this procedure m ust be 
repeated  un til a satisfactory  response is obtained. The p resen t paper con
trib u tes  to  th is  design aspect by  using th e  relationship betw een  the perform 
ance index, th e  weighting m atrices and th e  system  response. Thus the w eight
ing m atrices become design param eters specified by th e  desired system  
response.

The procedure contains tw o algorithm s working in  th e  frequency 
dom ain for com puting the perform ance index  and the  op tim al feedback 
vector.

This solution requires sho rter com puter time, less m em ory and gives 
b e tte r  results. P resen tly  our procedure is e laborated  only for single variable 
system s, b u t its generalization for m ultivariab le  systems is possible.
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2. Preliminaries in the theory

2.1. System equations in the frequency domain

In  our paper linear, tim e invariant, fin ite dim ensional systems are  
considered which can be described by s ta te  equations

x =  Ax +  Bu; (1)

у =  Cx; (2)
where

x is th e  (raXl) s ta te  vector, 

u is th e  (г X 1) control vector, 

у is th e  (fflX l) o u tp u t vector;

А, В, C are constant m atrices of appropriate  dimensions.

The open-loop system  described in E qs. (1) and (2) is shown in F ig . 1.

F ig .  1. O pen-loop system

The transfer-function  m atrix  of th e  open-loop system  is given b y  

W 0(s) =  C[sl„ -  А ]-1 В. 

where In is th e  (n X n) id en tity  m atrix.

In  th is equation [s i — A ]-1 can be expressed as

a d j [ » I „ - E ]  
d e t [sI„ - A]

Then th e  transfer-function  m atrix  becomes

W 0(s) =  С Ф »  B.

(3)

(4)

(5)

I f  state-variab le  feedback is applied now th en  the in p u t u of the system  m ay 
be expressed in the form

u =  r K Tx,

Twhere К  is a constan t ( r xn)  m atrix.

(6)



CSÍKI, HAMADA: DESIGN OF LINEAR OPTIMAL SYSTEMS IN FREQUENCY' DOMAIN 105

The sta te  equations of th e  closed-loop system  become 

x =  [A — B K 7] x -f- Br; 

у =  Cx.

The configuration of the resulting system  is shown in Tig. 2.

(7)
( 8 )

Fig. 2. S ystem  w ith  s ta te -v a riab le  feedback

Using the  L aplace transform ation, Eqs. (7) and (8) can be w ritten as

sx(.s) =  [A — B K T] x(s) -f- Br(s) (9)

y(s) =  Cx(e) (10)

where x(s), r(s) an d  у (s) are Laplace transfo rm ed  vectors o f x, r and  y, 
respectively.

Equations (9) and  (10) m ay be w ritten  in the  form:

x(s) — [sl„ — A -f- B K / ] -1 Br(s); (11)

y(s) =  C[sln — A +  B K 1 ] ' 1 Br(e). (12)

The transfer-function m atrix  o f closed-loop system  relating r(s) to у (.S') is 
given by

w c(s) =  СФс(в) В (13)
where

Фс(в) =  [sl„ — A +  B K 7 ] “ 1.

The closed-loop transfer-function m atrix  (13) and  the open-loop transfer- 
function m atrix  (5) are related  b y  the re tu rn  difference m atrix  W(.s) through

W c(.s) =  W 0(,s) W -i(e) =  C(el„ -  A ) - ’B

[L +  К т ( Л п - A ) - ' B ] - 1  (14)
where

W(s) =  l  +  к 7Ф0о ) в. (15)
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The m atrix  Ir К7Ф0(в) В is a re tu rn  difference m a trix  w ith the loop broken 
a t po in t S  of Fig. 2.

I t  can be shown [1, 2, 3, 4] th a t

det [ I r  +  К т Ф0(в)В] det  [ s ln A +  B K T] 
det [ s i  — A]

characteristic  polynom ial of closed loop system 
characteristic polynom ial of open-loop system

(16)

2.2. Optimality condition in  frequency domain

The problem  of op tim ality  m ay sim ply be fo rm ulated  in th e  following 
way: find  such a vector u which m inimizes the qu ad ra tic  perform ance cri
terion

P I  =  j  (xT Q x  +  uT P u ) d U  (17)
о

where Q and  P  are sym m etric constan t weighting m atrices. In  o rder to  get 
a well-defined solution, th e  in tegrand in  (17) m ust be stric tly  concave regard
ing u  and  th is  requires Q to  be positive sem idefinite and  P to  be positive 
definite. The well-known advantages o f such a qu ad ra tic  criterion are  th a t 
the  com putation are re la tive easy to  perform , the ob tained  optim al system 
is stable, and  th e  feedback m atrix  К  is tim e inv arian t. As is well known, 
th e  problem  of o p tim ah ty  can be solved by  tim e-dom ain analysis, i.e. as a 
solution of the  so-called reduced R icca ti equation

ATR -f  RA -  R B P " 1 BTR +  Q =  0. (18)

H aving the  sym m etric solution m atrix  R  the  optim al feedback control is then 

u°(x) =  r  -  P - J B T Rx =  r -  K Tx (19)
where

К  =  R B P 1. ( 20 )

(The problem  can also be solved in th e  tim e dom ain b y  using dynam ic pro
gram m ing or o ther m ethods.)

R ecently  great in te rest has arised in  frequency-dom ain m ethods [4-10].
Using th e  frequency-dom ain approach, the condition of op tim ality  

regarding the  m inim ization of a quadratic  perform ance index (17) for linear, 
tim e-invarian t system s (1), (2) can be expressed in th e  following w ay.

The s ta te  control law is optim al if, and  only if, th e  product o f th e  con
jugate  transpose of th e  corresponding return-difference m atrix  a n d  itself 
m inus th e  iden tity  m atrix  is a positive definite m a trix  for all frequencies.
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More precisely, as it was show n in [5, 7, 8] th e  necessary and  sufficient 
condition of the op tim ality  in frequencydom ain can be expressed as [4, 5]:

W T( - s )  W(e) =  Ir +  0 - 1 В гФ(У (-5 )С С тФ(|(5) B D 1; (21)

where W (s) have been defined in (15) whereas GGT =  Q and  D D r  =  P. T he 
m atrices P and Q can be always w ritten  in th ese  forms, since P and Q are  
positive definite and  semidefinite, respectively. In  addition, since P is alw ays 
positive definite, D can always be chosen to  be  sym m etric an d  positive d e 
finite. Therefore P m ay also be w ritte n  as: P  =  DD and P -1  given by P _1 =  
=  D 4 )  ~1 where D _1 exists, since D is positive definite.

2.3. Single-variable case

F or the  special case of single-variable system s certain  sim plifications 
can be m ade regarding the condition o f op tim ality , i.e. the feedback is op tim al 
if  and  only if the  absolute value o f th e  return  difference is a t  least un ity  for 
all frequencies.

In  this p a rticu la r case of single-variable systems, th e  necessary an d  
sufficient condition of optim ality, th a t  is, E q . (21) can be w ritten  in scalar 
equation  form as [7]:

=  1 +  4  ^  Ф'><- S i ' СвТ ф о(*) Ь] , (22)
Л ( — * ) Л ( в) Q2

where Ac(s) =  d e t [TFc(s)] =  det [sl„ — A -(- b k 7 ] is the characteristic po ly 
nom ial of the  closed-loop optim al system , d 0(s) =  det [el„ — A ] is the cha
racteristic  polynom ial of the open-loop system , gT is the weighting vec to r 
and  q is a weighting scalar. I t  has been p roved  by W onham  and  Johnson  
[7, 8] th a t  the  m inim ization of th e  perform ance index in E q . (17) is eq u i
v a len t w ith the  m inim ization of th e  reduced perform ance index

P I  =  f  [(gTx)2 +  e«2] dt. (23)
o'

I t  is clear now th a t  there is no loss of generality  for single-variable case, in 
w riting  a column m atrix  g in stead  of m atrix  G in both th e  condition of 
op tim ality  (22) an d  th e  perform ance index (23).

2.4. The relationship between the system response and the jjerformance index

The response o f any  dynam ic system  is determ ined by  th e  location o f 
its poles and also b y  the  location o f  its zeros. Using tim e-dom ain m ethods 
there  is no explicit relationship betw een th e  poles of the  system  and th e
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elem ents of Q and  P. I f  determ inants are firs t taken o f bo th  sides o f E q . (21) 
and  using th e  fact th a t  th e  determ inant o f  the  p ro d u c t is the p ro d u c t of the 
determ inants, th en  we get

d e t [ - « ! „ -  A +  BKr]T d e t [al„ - A +  BKT] _ 
det [ — e l„  — Ar ] det [sl„ - A]

=  det [Ir +  D 1 в тФт(—a)GGT* 0(«) B D _1] (24)

where det [sl„ — A -|- B K T] and det [sl„ — A] are th e  closed-loop a n d  open- 
loop characteristic polynom ials respectively.

E xpression (24) clearly gives the characteristic equation of th e  optim al 
system  as an  explicit function  of the elem ents of GGT an d  DD. F or th e  single
variable case, the relationship between th e  system  response and  th e  per
formance index, as given in  Eq. (24) reduces to  E q . (22).

3. Design technique for single-variable systems

E quation  (22) gives an  explicit a n d  com putable relationship between 
the  characteristic polynom ial of the op tim al system  and its perform ance 
index. Assuming in  the  continuation s =  jco, Eq. (22) can be w ritten  in  the 
following form:

4 ^ - f  = 1  +  - т 1 ё Т ф о(«)Ь|2. (25)
d 0(s) i Г

From  Eq. (15) we obtain

th a t  is,

i 4 0 )  |2 
I 4 0 ) \

кТФ0(5)Ь|2

1 + к ТФ0(5)Ь g ^ o O ) Ь

(26)

(27)

I f  th e  closed-loop transfer function  is specified then  d c(s) is known, 
th e  weighting vector gT can be calculated by  using E q . (25) and tak in g  g =  1, 
and  hence P I  is specified. On the o ther hand, if the  weighting vec to r gT and 
the  weighting scalar g are known and  using Eq. (27), th e  optim al feedback 
vector k° and  hence from  Eqs. (14) and  (15) the op tim al closed loop transfer 
function m ay be determ ined:

с7 Ф0(в) b
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3.1. A n  algorithm for computation of vector gr

B y  choice q =  1 and su b stitu tio n  s =  jm  from  Eq. (25) we get

4 0 )  12

or

where

T aking  the real an d  im aginary p a r ts  in both sides of Eq. (30), b y  writing 
Ф o(jc°) b =  h(co) -|“ ^'т(со); we get (see the A ppendix):

H ence

th en

(32)

(33)

(34)

(35)

(36)

(37)

T iH )
T 1(o)2)

V M  =

TAcon)

(39)
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and  th e  m atrix

we get

(40)

which can be solved b y  successive approxim ation m ethod. Taking g 0 as an 
in itia l vector the  itera tion  equation

g /+ i=  [ ^ ( g i ) ] - ^ ^ )  

is used u n til a given accuracy.

3.2. A n  algorithm for the calculation of the optimal feedback vector k°

I f  th e  aforem entioned perform ance index or m ore precisely if  vector g 
and  scalar q are used in Eq. (27), th e n  the op tim al feedback v ec to r k° and 
hence th e  optim al law  u° =  — k',rx can be determ ined. E quation  (27) with 
q =  1 is repeated here for convenience:

I 1 +  к т Ф 0( »  Ь I* =  1 +  I 8ТФ0 (jco) Ь I*. (41)

The first step  is to  rew rite Eq. (41) in the following form:

I 1 +  k 7[h(co) +^'m(co)] I2 =  1 +  I gT[h(f>j) +  .?'m(co)] |2
where

and  then

(42)

(43) 44

(44)

(45)
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B y defining F(w) =  h(co) h T(w) m(co) mT(co), E q . (45) will be

2k ; h(o>) -f- k ; F(<d) к =  g ; F(co) g. (46)

I f  in Eq. (46) a  suitable sequence {w,}"=1 is chosen w ith  n o t too high 
positive values, i.e. a  sequence (cov  co2, . . . , con) w hich satisfies (46), then for 
each coi (i =  1, 2, . . .  , n), h(eo,-) a n d  F(co,) m ay be computed. F ro m  Eq. (46) 
th e  following sim ultaneous equations are ob tained:

2 k ' h(co,) +  k ' F(«/) к =  g ' F(m,-) g; (47)

(i =  1 ,2 , ,n )

where F(co) is a sym m etrical m atrix , i.e. FT(co) =  F(co). After som e algebraic 
m anipulation

[2hr (cúí) +  k rF(o>/)] к =  g 7 F(co,-) g; (48)

(i =  1 , 2 , . . . ,  n).

These la tte r  equations m ay also be w ritten  as:

[2H +  Q(kT)] к =  g (49)
where

H =  f h ^ ) ,  h(co2), . . . , li(co„)]T;

Q =  [F T(<Uj) k, F TK )  k , . . . , F T(m„) k ]r ; (50)

g =  [gT F(coi) g, g ' F(co2) g ..........g 1 F(cun) g ]r . (51)

Defining D (k r ) =  2H -f- Q(k; ); then (49) becomes

D(kr ) к  =  g. (52)

This equation m ay be w ritten as:

ky+i =  [ D ( k J ) ] - i g  ( j  = 1 , 2 , . . . )  (53)

and  is solved by successive approxim ation m ethod, i.e. s tarting  b y  a  suitable 
in itial vector k 0, a f te r  some ite ra tio n s we get th e  final op tim al feedback 
vector k°.

4. Sufficient condition for the convergency of iteration

W hen the system  of equation

k;+1 =  [D (k J)]~ ig ; O' — 1 > 2, . . •) (54)

is solved by  the successive approxim ation m ethod  then  the sufficient condi
tion o f th e  convergency is ensured b y  the following two theorem s [11]: Con-

2
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sider a  sequence of ky ( j  — 0, 1, 2, . . .) where k 0 £ G0 and  G0 is th e  dom ain
of definition for the  vec to r function [D (kJ )]_1g.

Theorem 1. I f  ite ra tio n  (54) rem ains in the  closed domain G0 and  for 
any two points condition

II [ D f k ^ - i g  -  [D(k2) ] - ig  I) <£ в1 И к , -  k2 у ,

0 ^  Pi <  1

s satisfied, then  for an y  initial vec to r k 0

(1) the  sequence converges, th a t is, solution k° =  L im  ky exists,

(2) solution k° is un ique in the dom ain G0,

(3)

(55)

J~°

h /  ei
1

к
l

K1 (56)

Theorem 2. I f  [D (k)]_1g an d  {[D(k)] 1g}/ are continuous in the 
closed dom ain G0, w here prime m eans derivation w ith  respect to  k, and 
ky+1 =  [D(ky)]-1 g falls into the dom ain  G0, th en  th e  sufficient condition 
of the convergency is

| | { [ D ( k ) ] - i g } ' | | £ e 1 < l .  (57)

where is an  a rb itra ry  constant. In  th is  case the  unequality  gives th e  unique 
solution o f th e  system  o f equations in  dom ain G0. T he system  of equations (54) 
m ay be w ritten  as

D(k) к  -  g =  0; (58)
from which

k =  k  +  M [D ( k )k  — g] (59)

where M is an a rb itra ry  m atrix.

Then
[D (k )]- ig  =  k  +  M [ D ( k ) k -  g]

and
{ [D (k )]-ig } ' =  /  +  M[D(k)].

(60)

(61)

Applying Theorem 2 m atrix  M m ust be chosen in  such a way th a t  equation

| | { | D ( k 0) ] - i g } ' | |  =  0 (62)
should be satisfied.
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This means th a t  I +  M [D(k0)] have to  b e  equal to th e  zero m atrix. 

I f  {D(k0) k0 — g}' is nonsingular by choice k0, then  tak in g  M =  
— [D (k0)] h W e can write

к =  k0 [Dk0) ] - 4 ) ( k 0) k 0 +  D - i(k 0)g  (63)
from  which

k/'+i =  [D(ky)]_1g (64)

w hich m eets the convergency condition.
I f  {D(k0) k 0 — g} ' would be singular, th en  other vector k 0 has to  be 

chosen.

5. Examples

In  order to  dem onstrate th is  technique, tw o  examples a re  considered.

5.1. L et us consider th a t th e  desired op tim al transfer func tion  of the 
W ard-L eonard  speed control system  shown in F ig . 3 is the following

Y(s) 1798.47
- -  = ----------------------------------------------------------------------------------------------------------------------------------------------------------- ( E l ) .

R{s) s4 +  13.66 s3 +  143.82 s2 +  742.93 s +  1798.47

Field resistance R f  =  75 ohm s, field inductance L/ =  9 henries, ro ta 
tional inductance Gja — 0.6 hen ry , arm ature resistance R a — 0.15 ohm, 
a rm a tu re  inductance is negligible, inertia  of m otor plus load J m =  5.0 kg m2, 
w inding coefficient o f m otor plus load Dm =  0.07 newton m s/rad .

The am plidyne param eters: control field resistance R aj  =  1200 ohms, 
con tro l field inductance L af  =  200 henries, con tro l field ro ta tio n a l induc
tance G4/  a 1.5 henries, quadrative winding resistance R qa =  1.0 ohm , quad
ra tu re  winding inductance L qa — 0.6 henry, q u ad ra tu re  w inding ro tational

C RqG LaG LaM RaM

Fig. 3. W ard  — Leonard  speed con tro l
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inductance G%4 =  0.26 henry, to ta l arm atu re  resistance R da Jr R ca =  2.0 ohms, 
assum e u n ity  coupling between th e  C and  d w indings.

Tachom eter: G ain  Кто =  1 vo lt sec/rad, th e  transfer function  a t the 
open-loop system  is:

Q{S) _  1798.47__________________
U(S) _  s4 +  18.467s3 -i- 112.2s2 +  2 5 6 .6 s  +  193.8 '

The phase-variable equation  of th e  system  is:

( E 2 )

(E 3)

According to  p o in t (3.1) and  b y  writing th e  d a ta  for R EPCO  program, 
which is prepared to  th e  com putation o f the w eighting vector g of th e  reduced 
perform ance index from  the o p tim al transfer func tion  Eq. (E 1) an d  the 
phase-variable represen ta tion  E q. (E  3).

Taking the in itia l value of v ec to r g th a t is, g 0 =  [1, 1.75, 2.15, 1]T; 
and  sequence in E q . (38) as cu =  {0.8, 1, 1.5, 2}, furtherm ore, q — 1, the 
resu lt o f the  first s tage is:

go =  [0.99418, 1.032, 0.1757, 0.02]T.

This resu lt was ob ta in ed  by  eight s tep s  of itera tion . According to  p o in t (3.2) 
and  b y  introducing th e  d a ta  for L IS IK F ID  p rogram  which is w ritten  to 
com pute the  constan t optim al feedback  vector k° from  the phase-variable 
equations of the system  in Eq. (E 3) an d  by knowing vector g°, th e  vector k°
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is obtained. Taking th e  initial value o f vector к th a t  is, k0 =  [1, 0.5, 0.25, 
0.05]T; and  th e  sam e values of sequence {eo}, we g e t the following results:

k° =  [0.892245, 0.928466, 0.149994, 0.0156585]r .

This resu lt is ob tained  by  six steps o f iteration (see P ig. 4).
The response of th e  system  is shown in Fig. 5 w ith  q =  1. In  order to 

com pare the  results of th e  frequency-dom ain direct m ethod  with those obtained

F ig . 5b



116 CSÁKI, HAMADA: DESIGN OF LINEAR OPTIMAL SYSTEMS IN FREQUENCY DOMAIN

b y  th e  previous m ethods, the feedback vector k° is calculated b y  the  solution 
o f R iccati m atrix  equation  (18). T he Riccati equ a tio n  is solved by  consider
ing th e  control period  T  infinite, R(t) constant for finite values of t and is 
found  by in tegration  w ith respect to  т until th e  constant R(oo) is reached. 
I t  is known th a t th e  p lan t in p u t is given by  th e  equation:

where

U(t) =  —  b 1 R(t) x(i) =  kT(r) x(t)
e

г  =  T  — t.

E q u atio n  (18) can be w ritten in  th e  form:

R(r) =  R(t) A -f- A 7 R(t) ---- — R(t) bb; R(r) -f- g g ;
e

an d  w ith  the bou n d ary  condition R(0) =  0.
B y using th e  weighting v ec to r g of the reduced  P I  w hich was obtained 

in  th e  first stage o f the frequency-dom ain technique, approxim ately  the  
sam e results are ob ta ined  using th e  SRESP program . The ob ta ined  optim al 
vec to r is:

k° =  [0.8922, 0.9382, 0.1483, 0.01720]r .

T he system  response was sim ulated  with both  results. The resu lts  of sim ula
tion  are given in F ig. 5. At th e  10th second th e  ou tpu t is 0.99999 with the  
resu lts  obtained b y  th e  direct m ethod  and is 0.99998 with th e  resu lt obtained 
b y  th e  solution o f R iccati equation .

The calculations are carried  ou t by R A ZD A N  com puter. The sim ula
tio n  is carried o u t b y  ODRA com puter.

5.2. Considering th a t th e  desired optim al transfer function  is:

ДА»)
Y(s)
B(s)

_________ 80 _ ________ _
>s3 T  14 s2 -)- 48 s T  80 ’

and  the open-loop system  in th e  state-variable form  is:

'0 1 0 0‘
0 1 5 x + 0
0 0 - 5 16

у =  [1, 0, 0 ] 'x
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tak in g  th e  initial value of vector g, g 0 =  [0.5, 0.5, 0.5], and th e  values of 
sequence со (1, 2, 3}, and  о =  I , th e  result of the  firs t stage of design is:

g° =  [1, 0.362735, 0.537645]T.

Using th is  result in the  second stage, tak ing  the  d a ta  of the firs t s tage and 
in itia l value of vector k, k0 =  [0.1, 0.1, 0.1 ]r , the  following resu lts are ob
ta ined :

k° =  [1, 0.4375, 0.5000]T.

6. Appendix

In  a special case of single-variable systems, in th e  knowledge o f system 
m atrices A, b and c, th e  following com putation technique m ay be applied to 
get h(co)-f j'm(co) from  Ф 0(_7'со)Ь. The fundam ental m atrix  Ф 0(в) =  [ s i  — A ]-1 
is com puted according to  the  procedure

» , ad i [ s i  — A] N*(s)Ф 0 s =  1 1---------- J = -----i-A 65
d e t [ s i  — A] Zl0(s)

where

4>(s) =  J § 4 s " - ; (66)/=o

is th e  characteristic equation of th e  open-loop system  of n th  degree and

N*(s) =  Nf s " - '-1 (67)
;=o

is a  m a trix  whose elem ents are polynom ials in s of degree (n — 1) a t  most, 
w ith  N f, Nf, Nf, . . . , N*_x are ( n x n )  m atrices w ith  constant elem ents.

T he technique for com puting th e  coefficient m atrices Nf o f Ф 0(в) is 
given in the  following form: Given an  (»X ») constan t system  m atrix  A, 
th en  th e  coefficients dt o f the  polynom ial A 0(s) defined in (66) and  th e  m atrix  
coefficients Nf of th e  m atrix  polynom ial N*(s) defined in (67) are given by 
the  following pair o f equations [12, pp. 301-303]:

di =  -7- t r  (Nf_xA ); Nf =  Nf_xA +  di I (68)
i

w ith  in itia l Nf =  I and  A is the  system  m atrix. This itera tive technique for 
successively com puting th e  ri/s and  th e  N f’s determ ines the characteristic 
polynom ial by (66) an d  N*(s) by  (67) step  by step.

Form ulas (68) are very  suitable for com putation by  digital com puter.
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Using E q. (67)

(69)

w here a,- =  Njb is i th  coefficient vector of th e  <E>0(,s)b vec to r polynom ial,
n— 1

defining the m th  elem ent of 2  a ,■/ 1 polynom ial vector b y  в/ (e), we

ob tain

(70)

S = J O J

This m ay be expressed simply b y  the  H om er form:

« ! „ ( »  =  (•  • • («1»Я> +  «2m) j°> +  • • • +  « (n -2 )m )>  +  «(n-l)rn (71)

by  m eans of w hich each elem ent o f  the  polynom ial vector and  th e  character
istic polynomial m ay  be com puted.

Considering

«/ J j o > )  =  U m +  j  V m ; (72)
and

d 0( jc o)  =  e + j f .  (73)

F rom  Eq. (69) we get

" U i + j V ,

Un +  jVn

w here hi and га,- a re  the  real an d  the  im aginary  elements respectively, i.e.

and

m,
e2 +  / 2

These values m ay  be used in E qs. (32) and (42).
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7. Conclusion

Procedures for com puting a  weighting vec to r g° for th e  reduced per
formance index and  its op tim al k° feedback coefficient vec to r in  order to  
satisfy  a desired optim al tran sfe r function have been presented, using fre
quency-dom ain m ethod. Depending upon th e  relationships betw een the re
sponse of an  op tim al system , th e  elements o f th e  weighting vec to r of the 
reduced perform ance index and  th e  optim al feedback vector, a  design tech
nique has been p u t forward.

This allows th e  design o f an  optim al system  for a desired response and 
rem oves the  d ifficulty  in choosing the elem ents of the perform ance index 
m et w ith in conventional optim ization techniques. This m ethod  in its p re
sen ted  form is confined to  single-variable system s. F u rth e r w ork is being 
carried ou t to  generalize the  m ethod  for m ultivariable system s.
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Метод конструкции линейных оптимальных систем в области частот
Ф . Ч А К И ,  Э Л - С А И Д  Х А М А Д А  

(Будапешт)

В этой статье показан двухстепенчатый метод, состоящий из двух алгоритмов, для 
оптимального синтеза линейных систем с квадратным критерием. Если существует мини
мизируемая сметная функция, то первая степень определяется алгоритмом на основе 
конфигурации или спецификации характеристического уравнения оптимальной замкнутой 
системы.

С другой стороны, если дана сметная функция или уже определена применением 
первого алгоритма, то оптимальная матрица коэффициентов обратной связи определяется 
применением второго алгоритма. Оба алгоритма могут быть применены отдельно но и 
соединено.

Причём, если приходится определить только оптимальную матрицу коэффициентов 
обратной связи, то её можно вычислить с помощью непосредственного но подобного алго
ритма на основе конфигурации замкнутой системы без определения местной функции. 
Метод даёт возможность ознакомиться с соотношением значений и матрицы веса замкну
той системы. С помощью матрицы веса можно непосредственно доказать определение стра
тегии регулирования. Причём метод делает возможным изменение матрицы веса в системе, 
уже конструированной с данным квадратным критерием, чтобы полюсы, находящиеся в 
нежелательной окружаемости перенесились в желательную окружаемость. Соединение 
двух алгоритмов показано вычислением одного примера Вард—Леонард привода.

F. Csáki and
El-Said H am ada
D epartm ent of A utom ation
Technical U niversity  o f Budapest
Н -П 1 ] ,  Budapest, X I., Goldmann Gy. té r 3
H ungary
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ОБ ОДНОМ ПОДХОДЕ К РЕШЕНИЮ 
ОЦЕНОЧНЫХ ЗАДАЧ

В. Н. ЗАХАРОВ, Д. А. ПОСПЕЛОВ 
(Москва)

(Поступила в редакцию 27 мая 1974 г.)

В статье рассматривается использование аппарата многозначной логики для 
построения оценочной функции, позволяющей отражать психологию принятия 
той или иной оценки ситуации человеком в условиях неполного знания значений 
параметров, определяющих ситуацию. На примере задачи коллективного поведения 
автоматов показывается, что подход, предлагаемый в данной работе, оказывается 
полезным в моделях децентрализованного управления.

1. Постановка задачи

В повседневной практике мы часто сталкиваемся с необходимостью 
оценки различных явлений, событий, поступков. Мы говорим, например, 
«неинтересная книга», «хорошая погода», «полезная лекция», формулируя тем 
самым свою оценку этих явлений. Эти оценки оказывают существенное влия
ние на формирование линии нашего поведения. В ряде случаев мы не можем 
решиться на то или иное действие, не будучи в состоянии оценить ситуацию, 
в которой это действие нужно принять.

Стремление к  автоматизации сложных технических, экономических 
и организационных систем, характерное для последнего десятилетия разви
тия теории управления, привело к необходимости создания систем управле
ния, работающих в непредсказуемо меняющихся условиях, в той или иной 
степени автономно. Роботы, служащие для исследований и работ в космосе 
или океане, лишь — один из немногих примеров систем такого типа. Но любое 
автономное автоматическое устройство должно либо иметь специальный 
механизм оценки ситуаций, возникающих в управляемом объекте и среде, 
в которой он находится, либо пользоваться подобной информацией от других 
устройств или человека. При этом эффективность функционирования таких 
систем управления оказывается тесно связанной с эффективностью нахож 
дения оценок.

Будем предполагать, что в некоторые дискретные моменты времени на 
вход системы управления поступает информация,подлежащая оценке. Эта 
информация даёт описание некоторой ситуации S, характеризуемой набором 
значений п параметров, важ ны х с точки зрения оценки S. Таким образом, 
ситуация в любой момент времени t характеризуется набором <л [, п2, . . ., л„У,
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в котором tii означает некоторое фиксированное значение параметра щ  
в момент времени /. Оценки для S берутся из некоторого множества 3 . 
В простейшем случае Б  может быть множеством, состоящим только из двух 
оценок, которые условно можно обозначить как 0 и 1. Интерпретация этих 
оценок может быть различной. Примерами интерпретации могут служить 
пары: хорошо—плохо, полезно —бесполезно, полезно —вредно и т. п. В более 
сложных случаях Е  может состоять из т элементов с соответствующей 
интерпретацией. Примерами могут служ ить: полезно—безразлично —вредно 
или очень приятно — приятно — безразлично — неприятно — очень неприятно 
и т. п. Задача оценки ситуации S состоит в нахождении такого отображения 
ср, которое по каждому конкретному набору <тц, л2, . . ., я„> указывало 
бы однозначно некоторый элемент из множества S .

В человеческой практике наиболее часто встречается двухэтапная 
задача оценки. На первом этапе происходит индивидуальная оценка значений 
параметров щ. Другими словами, реализуются п отображений вида л \  -* Ei, 
где S i  — множество значений оценок для параметра щ . После этого для 
оценки ситуации S используется не набор (л (, л ‘2, . . ., л ‘п}, а набор оценок 
параметров ситуации < ^ (7г[), £2{л2), . . ., £п(я„)>, где £,-(яу) — элементы из Et. 
Заметим, что параметры я,- могут принимать не только числовые значения 
а оценки этих параметров всегда могут быть закодированы натуральными 
числами. Выберем среди множеств S  и Я,- í = l , 2 , . , . , «  множество наиболь
шей мощности (случай бесконечного множества оценок здесь не рассматрива
ется так  как  для практики он представляет незначительный интерес). Пусть 
это множество есть Е*, а его мощность равна /.Тогда пополним все остальные 
множества до этой мощности и будем рассматривать одно общее множество 
значений оценок для параметров и ситуации. При п параметрах и I значениях 
оценки будем иметь Г  различных наборов £2(я:2), . . . £п(л„)>. Оценка S
будет сводиться к построению отображения вида (Е*) — Б*. Это отображе
ние естественным образом описывается таблицей, состоящей из /п строк 
и (п +  1)-го столбца. В первых п столбцах записываются оценки параметров, 
а в (п +  1)-ом столбце — значения оценки S. Как известно, такая таблица 
задаёт функцию /-значной логики.

С помощью описанной процедуры задача оценки ситуации S по на
бору оценок параметров, её определяющих, сводится к  задаче нахождения 
подходящей функции /-значной логики.

2. Двоичный случай
Рассмотрим наиболее простой случай, когда мощность множества Е* 

равна двум. В этом случае оценочная функция является обычной функцией 
алгебры логики. Для иллюстрации применения аппарата двоичной логики
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рассмотрим следующую содержательную постановку задачи. В качестве 
ситуации, которую необходимо оценивать, будем рассматривать погоду. 
Параметры, имеющие значение для погоды, — это температура, осадки, 
состояние неба и состояние почвы. Обозначим эти параметры соответственно 
через % я2, тг3 и я 4. В таблице 1 показано, к а к  осуществляется переход к  оцен
кам этих параметров.

Таблица 1

П а р а 
м е т р

Н а и м е н о в а н и е П о р о г  о ц е н к и О ц е н к а

не ниже 2 0 ° 1
% Температура

ниже 2 0 ° 0

нет 1Осадки
есть 0

безоблачно 1
щ Состояние неба

есть облака 0

Состояние сухая 1
П\ ПОЧВЫ влажная 0

Наша задача состоит в оценке погоды. Эта оценка имеет два значения: 
1 — хорошая погода и 0 — плохая погода. По оценкам, приведённым в таб 
лице 1, нетрудно составить новую таблицу, содержащую 16 строк. Каждый 
из наборов будет характеризовать совокупность значений параметров. 
Например, набор <0110) означает, что погода безоблачная, без осадков, 
почва влажная, а температура воздуха ниже 20°. Не все возможные комби
нации оценок параметров будут иметь смысл. Например, невозможна ситуа
ция, при которой «дождь среди ясного неба». Поэтому на практике некото
рые строки не будут порождать никакой определённой оценки для функции, 
оценивающей S. Ф ункция алгебры логики получится недоопределённой.

Отметим такж е, что оценка ситуации в целом весьма тесно связана 
с целью этой оценки. От цели зависит как  вид оценочной функции, так  
и оценки параметров. Если, например, мы собираемся совершить прогулку, 
то ситуация, описываемая набором < 1 1 1 1 ) ,  несомненно должна оцени
ваться нами как «хорошая погода» и оценочная функция на этом наборе 
обращается в единицу. Однако, если проводить оценку погоды с точки зрения 
проведения посевной кампании, то набор < 1 1 1 1 )  может быть оценён как



«плохая погода» и оценочная функция на этом наборе долж на обратиться 
в нуль. Во втором случае оценки индивидуального типа для параметров 
оказываются несогласованными с оценкой для  всей ситуации. Эта несогласо
ванность проявляется в том, что интерпретация 1 для параметров и ситуации 
в целом различна. Оценочные функции для указанных двух целей приведены 
в таблице 2. В этой таблице <рх означает функцию для цели «прогулка», а — 
для цели «посев». Прочерки в столбцах значений функций соответствуют тем 
наборам, которые не имеют физического смысла. На этих наборах оценочные 
функции можно доопределять произвольным образом, подставляя вместо 
прочерка 0 или 1.

Таблица 2
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О ц е н к и  п а р а м е т р о в

<P1 (р2
í i M U ”,) 1«(я4)

0 0 0 О О О

0 О 0 1 О О

О О 1 О — -

0 0 1 1 — —

О 1 0 О 1 1

О 1 0 1 1 0

0 1 1 О 1 1

0 1 1 1 1 О

1 О 0 О О 1

1 О 0 1 О 0

1 О 1 О - -

1 О 1 1 - -

1 1 0 О 1 1

1 1 0 1 1 0

1 1 1 О 1 1

1 1 1 1 1 0

От подобной таблицы нетрудно перейти к аналитическому представле
нию оценочных функций в виде стандартных дизъюнктивных или конъюнк
тивных нормальных форм или к какому-либо другому аналитическому 
представлению.

К сожалению, двоичный случай представляет мало возможностей для 
исследования реальных процессов оценки ситуаций и принятых человеком 
решений. Поэтому более интересно и поучительно рассматривать случай, 
когда множество S*  имеет не менее трёх  элементов.
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3. Троичный случай

Будем считать, что множество Е*  содержит три элемента 0, 1/2 и 1. 
Будем интерпретировать значения оценок как «неблагоприятно», «информа
ция отсутствует» и «благоприятно». Таким образом, будем допускать наличие 
неопределённости в оценках параметров и ситуации. Такое допущение делает 
модель оценки интересной и позволяет ввести функции оценки, в какой-то 
мере отражающие психологические особенности людей, дающих оценку. Эти 
психологические особенности будут выявляться при оценке ситуаций, в кото
рых имеются параметры с оценкой 1/2. При выбранной нами интерпретации 
этой оценки возможно её истолкование к а к  в неблагоприятном, так  и в благо
приятном для оценивающего индивидуума смысле. Индивидуумы, склонные 
к истолкованию 1/2 в неблагоприятном смысле, образуют класс пессимистов, 
а склонные к истолкованию 1/2 в благоприятном смысле — класс оптимистов 
Индивидуумы, которые за 1/2 не видят ни 0, ни 1, образуют класс объек
тивистов.

Д ля более точного определения состава этих классов несколько сузим 
класс возможных оценочных функций. Как показывают многочисленные 
психологические исследования (например, [1]), человек при принятии реше
ний использует в подавляющем большинстве случаев функции конъюнкции, 
дизъюнкции, отрицания и дизъюнктивные и конъюнктивные формы с весьма 
небольшим числом членов и с небольшой длиной каждого из члена формы. 
Это позволяет нам рассматривать психологические особенности индивиду
умов на примере функций дизъюнкции и конъюнкции. Особенность оценки 
будет проявляться в том, что вместо объективных конъюнкций и дизъюнк
ций индивидуум будет использовать «похожие» на эти функции пессимисти
ческие и оптимистические конъюнкции и дизъюнкции. Поскольку в строгом 
смысле эти смещённые функции не являю тся конъюнкциями и дизъюнкци
ями, то будем называть их квазиконъюнкциями и квазидизъюнкциями. 
Из квазиконъюнкций и квазидизъюнкций могут конструироваться аналоги 
дизъюнктивных и конъюнктивных нормальных форм.

Рассмотрим вначале квазидизъюнкции. Поставим в соответствие каждой 
оценке некоторый числовой вес, зависящий от числа параметров, определяю
щих ситуацию. А именно: оценке 0 будет соответствовать нулевой вес, оценке 
1 — вес, равный единице, а оценке 1/2 — вес, равный 1/(п +  1). Под весом 
набора £2(я2), • • •> £п(лп))  будем понимать сумму весов оценок, обра
зующих этот набор. Вес для оценки 1/2 выбран так, чтобы вес набора, состо
ящего только из оценок 1/2, был бы меньше единицы. Зададим теперь два 
числа а и ß  (0 <  а, ß <  1), которые будем называть соответственно нижним 
и верхним порогами. Определим оценочную функцию для ситуации следую



щим образом. Она принимает значение 0 на наборах, вес которых меньше а, 
принимает значение 1 на наборах, вес которых не меньше ß и принимает зна
чение 1/2 на остальных наборах. Изменяя значения нижнего и верхнего 
порога, можно породить множество оценочных функций, обладающих 
подобно дизъюнкции свойством монотонности относительно значений аргу
ментов, упорядоченных естественным образом (0 <  1/2 <  1). Функции, полу
чающиеся таким способом, и будем называть квазидизъюнкциями. Обычная 
дизъюнкция получается, если положить а =  1/(н +  1), a ß =  1. Если теперь 
зафиксировать нижний порог таким, какой он есть у дизъюнкции, и понижать 
значение ß, то часть наборов, в которые будут входить лишь оценки, равные 
О и 1/2, будут давать в качестве значений оценочной функции значение, 
равное 1. Такие квазидизъюнкции естественно назвать оптимистическими.

Если же зафиксировать верхний порог таким, какой он есть у  
дизъюнкции, и повышать значение а, то часть наборов, в которые будут 
входить оценки, равные 0 и 1/2, будут давать в качестве значений оценочной 
функции значение, равное 0. Такие квазидизъюнкции естественно назвать 
пессимистическими. Таким образом, оптимисты склонны часть неопределён
ных оценок параметров считать благоприятными, а пессимисты всегда 
подозревают, что среди тех параметров, оценки которых являю тся неопреде
лёнными, всегда имеются неблагоприятные оценки.

Рассмотрим теперь квазиконъюнкции. Д ля этих функций будем исполь
зовать такие же веса оценок параметров, как и для случая квазидизъюнкций. 
Однако вес набора теперь будем определять не суммой весов, составляющих 
его оценок, а произведением этих весов. Как и для квазидизъюнкций введём 
нижний у и верхний ö пороги. Д ля обычной конъюнкции у  =  1 /(« +  1)п, 
а д =  1. Изменяя соответствующим образом у  или <5 получим всё множество 
оптимистических и пессимистических квазиконъюнкций. В таблице 3 при
ведены для случая двух параметров, определяющих ситуацию, значения 
всех квазидизъюнкций и квазиконъюнкций. В двух левых столбцах показаны 
веса наборов соответственно для квазидизъюнкций и квазиконъюнкций. 
Д ля  оценочных функций нижние индексы определяют тип функции (индекс 
о соответствует оптимистическим функциям, индекс р — пессимистическим, 
отсутствие индекса на втором месте внизу — объективным). Верхние индексы 
показывают степень оптимизма или пессимизма. Чем выше эта степень, тем 
более оптимистической или пессимистической является оценочная функция. 
Например, функция ср1&е устроена так, что при наличии в наборе оценок 
параметров одной оценки 1/2 предполагается, что истинная оценка этого 
параметра благоприятна. Если же в наборе имеется две оценки 1/2, то оценка 
ситуации в целом остаётся неопределённой. Функция же ср2&л является 
функцией, характеризующей «оголтелого оптимиста», который даж е на наборе
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<1/2 1/2) склонен считать, что все параметры имеют благоприятные для него 
значения.

Таблица 3

г п lü l  *4)

К в а з и д и з ъ ю н к ц и и К в а з и к о н ъ ю н к ц и и

<Pvp «Рур ? v <Pv° f& p f f  р *&• v&°

0 0 О О О 0 О 0 О 0 0 О О 0

1/3 о 0 1 / 2 О О 1 / 2 1 / 2 1 О 0 0 О 0

1 0 0 1 1 1 1 1 1 0 0 О О 0

1/3 О 1 / 2 О 0 0 1 / 2 1 / 2 1 О 0 0 0 0

2/3 1/9 1 / 2 1 / 2 0 1 / 2 1 / 2 1 1 О 0 1 / 2 1 / 2 1

4/3 1/3 1 / 2 1 1 1 1 1 1 О 1 / 2 1 / 2 1 1

1 О 1 О 1 1 1 1 1 О 0 О О 0

4/3 1/3 1 1 / 2 1 1 1 1 1 О 1 / 2 1 / 2 1 1

2 1 1 1 1 1 1 1 1 1 1 1 1 1

Д ля иллюстрации того, как используются введённые нами функции, 
рассмотрим следующий шуточный пример. Некоторый индивидуум А решил, 
наконец, после долгих колебаний жениться. При этом для него принятие 
решения о женитьбе связано с оценкой двух важ ны х с его точки зрения 
параметров: характера девушки и характера её матери, с которой ему при
дётся, повидимому, ж ить вместе. Однако в период знакомства А не сумел 
полностью выяснить оценки этих параметров. Решение о женитьбе ему надо 
принять в условиях набора <1/2 1/2). Вид оценочной функции — квази
конъюнкция. Если А является «оголтелым оптимистом», то он считает, что 
в жизни ему, безусловно, должно везти, и характер будущей жены и её 
матери является для него благоприятным. Такой индивидуум примет реше
ние о женитьбе. Если же А — «осторожный пессимист», т. е. пессимист пер
вого ранга, то он не примет решения о женитьбе, так  как не надеется, что 
при отсутствии информации оба параметра окаж утся одновременно благо
приятными для него. «Оголтелый пессимист» не будет жениться даж е в усло
виях наборов <1/2 1) и <1 1/2), считая, что «мир устроен плохо». «Осторожный 
пессимист» в этой ж е ситуации займёт выжидательную позицию, не принимая 
окончательного решения о женитьбе.

4. Некоторые обобщения

То, что здесь рассматривался троичный случай, а не любой /-ичный, 
не должно смущать читателя. Переход от троичного случая к /-ичному совер
шается безболезненно и не даёт никаких принципиально новых результатов.
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Увеличится лишь число различных рангов для пессимистов и оптимистов 
и число порогов, которое надо будет вводить для получения значений оце
ночной функции.

До сих пор рассматривался случай, когда все параметры в оценке 
ситуации имели одинаковое значение. Однако на практике часто встреча
ются случаи, в которых одни параметры более важны для оценки ситуации, 
а другие — менее важны. Можно показать, что такое неравноправие пара
метров устраняется введением индивидуальных весов для них, учитываемых 
при формировании веса набора.

Более сложную проблему представляет случай коррелированных зна
чений параметров. В этом случае требуется, повидимому, несколько иной 
подход к  решению задачи определения вида оценочной функции.

5. Пример

В заключение статьи нам представляется интересным привести один 
пример использования аппарата, развитого в предшествующих разделах. 
В теории коллективного поведения автоматов, тесно связанной с созданием 
систем управления децентрализованного типа, неоднократно рассматрива
лась задача распределения ограниченного множества ресурсов [2]. Эта задача 
интересна для практики, так как  она легко интерпретируется в виде задач 
теории массового обслуживания или сетевого планирования, распределения 
промышленного оборудования или проектирования хороших операционных 
систем для вычислительных комплексов. Однако во всех ранее рассмотрен
ных моделях коллектив автоматов предполагался однородным. С помощью 
моделирования на ЭВМ был проанализирован случай решения задачи рас
пределения ограниченных ресурсов в неоднородном коллективе автоматов. 
Каждый автомат имел фиксированную пессимистическую или оптимисти
ческую оценочную функцию и принимал решение о том или ином выборе 
на основе значений этой функции. Задача ставилась следующим образом. 
Имелось q кормушек, каждая из которых характеризовалась параметром 
P,(f), который интерпретировался как  вероятность того, что в момент вре
мени t в г-ой кормушке будет пища. Значения P,-(f) автоматам априорно 
известны не были. Если в момент времени t в данной кормушке была пища, 
то её количество всегда было равно некоторой фиксированной и одинаковой 
для всех кормушек величине а. Если в этот момент времени в кормушке было 
г автоматов, то каждый из них получал а/г единиц пищи. Фиксировался 
период времени (число тактов распределения автоматов по кормушкам) 
Т  и указывалось число Ь, одинаковое для всех автоматов. Если за Т  тактов 
работы автомат накапливал суммарный запас пищи меньший чем Ь, то он
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получал штраф пропорциональный разности Т  и накопленной им пищи. 
При превышении суммарной накопленной пищи над b он получал пропор
циональный разности выигрыш. Задача коллективного поведения состояла 
в максимизации суммарного выигрыша по коллективу автоматов.

На основании накапливаемого опыта автоматы формировали два пара
метра: среднюю частоту появления пищи в каждой из кормушек и среднее 
число автоматов, посещающих каждую из кормушек. Значения этих пара
метров для различных автоматов различны, так как они формируются только 
на основе личных посещений кормушек автоматами. Д ля оценки значений 
этих параметров вводились соответствующие пороги. Например, если веро
ятность появления пищи в данной кормушке, оцениваемая средней частотой 
её появления, найденной данным автоматом, была меньше 1/4, то параметр 
Pi(t) оценивался как 0, если эта частота была больше 3/4, то параметр P,(í) 
оценивался как  1. В остальных случаях в качестве оценки Р,(1) использова
лось значение 1/2. Оценка второго параметра была устроена аналогичным 
образом в зависимости от того, сколько автоматов посещало данную кормушку.

В каждый такт времени все автоматы индивидуально оценивали все 
кормушки с помощью тех  оценочных функций, которые им были присвоены. 
После оценки они выбирали кормушку с максимальной оценкой, а если таких 
кормушек было несколько, то равновероятно любую из этих кормушек.

Был такж е подсчитан суммарный выигрыш коллектива автоматов, 
состоящих только из объективистов, и суммарный выигрыш коллектива авто
матов, в котором были представлены равномерно все оптимисты, пессимисты 
и объективисты, оценочные функции которых даны в таблице 3. Оказалось, 
что смешанный коллектив даёт более высокий суммарный выигрыш по срав
нению с однородным коллективом автоматов.
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An approach to estimation problems
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(Moscow)

The p a p e r  considers th e  p o ss ib ility  o f ap p lic a tio n  of a p p a ra tu s  o f  m u ltiv a lu ed  
logic to  th e  p ro b lem  o f  ev a lua tion  o f  situa tions. T h is  ap p ro ach  should  correspond  to  th e  
psychology o f h u m a n  decision b e in g  ta k e n  in  th e  face o f  incom plete know ledge o f d a ta ,  
necessary  for th e  s i tu a tio n  d escrip tion . The functions o f  op tim istic  a n d  pessim istic  v a lu a 
tio n  analogous to  o rd in a ry  c o n ju n c tio n  an d  d is ju n c tio n  are  in tro d u ced . A n exam ple o f  
resource a llocation  betw een  th e  g ro u p  of fin ite a u to m a ta  in  c o n d itio n  o f incom plete  
in fo rm ation  show s th e  adv an tag es o f  th e  proposed ap p ro a c h . I t  is show n t h a t  an  ex is tan ce  
o f  “ pessim istic”  a n d  “ o p tim istic” a u to m a ta  am ong th e  group  leads to  th e  am elio ra tion  
o f  th e  resu lts  in  com parison  w ith  t h a t  o f th e  hom ogeneous group.
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ERGODICITY RESULTS FOR SAMPLE COVARIANCES

T. SÖ D E R ST R Ö M  

(U ppsala)

(R eceived  D ecem ber 6, 1974)

E rg o d ic ity  re su lts  concerning convergence o f  sam p le  covariances a re  
estab lished . Suffic ien t cond itions on th e  a c tu a l signals a re  e ith e r th a t  th e y  a re  
de te rm in is tic  and  p e rio d ic  o r th a t  th e y  a re  s ta tio n a ry  s to c h a s tic  processes o b ta in ed  
b y  send ing  w hite noise  th ro u g h  a  s tab le  filte r.

1. Introduction

In  several applications of control and  inform ation theory  ergodicity  
theorems are valuable tools for analysis. One exam ple is th e  analysis o f d if
ferent identification m ethods (see e.g. [1], [4], [8]).

In  th is paper we will analyse the convergence of th e  sam ple covariance

( 1 - 1 )
N  ÍTÍ

where 2, (1) an d  z.,(t) are e ith er sta tionary  stochastic processes or determ inistic 
and periodic signals. S im ilar results for fin ite order system s have been ob
tained [2], where also th e  asym ptotic d istribu tion  o f (1.1) is considered. 
An analysis for some non-sta tionary  stochastic  processes can be found in  [7].

Sufficient conditions for convergence of (1.1) w ith  probability  one 
(which o ften  is the m ost desirable convergence concept) and  in m ean square 
will be given. I t  will tu rn  ou t th a t  when bo th  zx{t) an d  z2(t) are s ta tio n ary  
stochastic processes th e  conditions will also imply

Um — - y ,z1(i) z2(t) =  Ez-y(t) z.,(t). (1.2)
N~ oo N

2. Preliminaires

The analysis m ade in the paper is a s tra igh tfo rw ard  application of 
two well-known ergodicity  theorems. T hey  are re s ta ted  here as Lem m as for 
clearness.
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Lemma 2.1. Assume th a t  x(t) is a  s ta tionary  stochastic  process w ith  
discrete tim e and  finite variance. I f  the  covariance function  fulfils

then

w ith  p robab ility  one and in  m ean square.

Proof. See [5].

Lemma 2.2. Assume th a t  x(t) is a  stochastic process w ith  zero mean. 
I f  the covariance function fulfils

with

then

w ith  p robab ility  one and in  m ean square. 

Proof. See [3],

3. Main results

In  the analysis of (1.1) th e  signals Z { ( t )  will be one of th e  following forms

(i) Zi(t) =  G(q~1)e(t) =  JV  gjq~Je(t) = gje(t — j )  (3.1)
j = о

where G(q^v) is a  stable filte r ( (j\ <  oo) and  e(t) denotes w hite noise (a
(= 0

sequence of equally  d istribu ted , independent random  variab les w ith  fin ite 
m oments). T he stab ility  requirem ent will im ply  th a t z,(£) is a  s ta tio n ary  
stochastic process with fin ite  variance. The requirem ent is in p articu la r 
fulfilled for a fin ite  order, asym pto tically  stab le  filter.

(ii) Zj(t) is a  detem inistic an d  periodic signal.
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I t  is no re stric tio n  to  assum e th a t  the w h ite  noise has zero mean. I f  not, 
rew rite  (3.1) as

Zi(t) =  gj{e{t — j )  — Ee(t — j ) )  +  Ee(t) У  g, (3.2)
1=0 7=0

so will be th e  sum  of a s tochastic  p art an d  a  constant (a p articu la r form 
o f case (ii)). B y superposition th is  case is thus easily  handled.

The following three cases w ill then have to  be considered

(i) zx(t) and z2(t) b o th  stochastic
(ii) zx(t) stochastic and z2(t) determ inistic

(iii) zx(t) and z2(t) b o th  determ inistic.

These three cases will now be trea ted . The results are given as Lem m as 3.1-3.3.

Lemma 3.1. Consider th e  sta tio n ary  stochastic  processes zx(t) and z2(t) 
given by

w here ex(t) and e2(t) are white noise signals w ith  zero mean.

Assume th a t

y g f < ° °  У  Ц  <  oo (3.5)
1=0 i= 0

an d  th a t  either ex(t) =  e2(t) or th a t  the noise signals {ex(i)} an<I  {егМ} are 
m utually  independent.

Then
1 N

2i (í )22(í) — Ezx(t)z2(t) =  ^  g/hjEex(t)e2(t), N  —*- oo (3.6)
tv (=1 i=0

w ith  probability  one and in m ean square.

Proof. The equa lity  in (3.6) follows by a  sim ple calculation due to  the  
assum ption on th e  noise signals. In troduce

x(t) =  zx{t)z2{t) (3.7)

w hich is a s ta tio n a ry  stochastic process. Through some technical b u t stra ig h t
forw ard  calculations it will be shown th a t Lem m a 2.1 can be applied.
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In troduce
ти =  Ee^t) 6j(t) (3.8)

P12 — E ^ t ) 2 e2(t)2. (3.9)

For th e  case e1(i) == t) =  e(t) we have mn  =  m12 =  m22 =  Ee(tf,  p 12 =  Ee(tY, 
and for th e  case of m u tu a l independence we have m12 =  0, P 12 =  E e ^ t f  • 
■ Ee2{tf.

The covariance function of x  is given by

rx(t) =  E{zl{t +  t) z2(t +  t) — m12 j g  g-Jii) (z^t) z2(t) — m12 j g  gA )  =
/ = 0 1= 0

=  ® 2  Qthgkhnßi(t — i)e2(t — +  r  — Jc)e2(t +  т — те) -
! =  0  y = 0  /(= 0  n = 0

— (m12^ g i h i ) 2. (3.10)
1 = 0

In  (3.10) th e  expectation  operator com m utates w ith  the sum m ations. Con
sider therefore

Ee^t  — i) e2(t — j )  ex(t -f- x — k) e2(t -)- т — те). (3-11)

I f  a tim e argum ent occurs only once, the  value o f th e  expression m ust be 
zero. Using K ronecker’s ó-symbol we have

Eex(t — i) e2(t — j )  ex(i +  т — к) e2(t -f- r  — те) =

=  Til 12 b/y df:n ~\- Tiijy m22 dhti-^T dnj'+т ~b ^12 &n,i4-% ,j-\- т “f-

+  (P12 — 2mi2 — mu  m22) őjjökn <5fc,i+T . (3.12)

The firs t three term s describe the  cases of pairwise coincident tim e argum ent. 
The las t term s describe the  effect w hen all tim e argum ents are equal.

W hen (3.12) is used in (3.10) we obtain

rx(r) =  m12 gfii 2  +  mum22̂  gigi+T hjhj+T +
i=0 k=0 z=0 j=0

+  mil 2  ^ihi+r 2  gj+rhj +  (P12 — 2m12 — mn m22) ^  gigi+zhihi+r —
/= 0  j —  1= 0

(m12 g,Kf .
1 = 0

(3.13)
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Using th e  Cauchy—Schwarz lemma

which w ith  (3.14) implies th a t

rx(r) ->-0, T —> oo. (3.16)

Invoking L em m a 2.1 th e  proof is finished.

Remark. The special case of ö(g'-1 ) =  H(q~1), e^t) =  e2{t) can be found  
e.g. in [6].

Lemma 3.2. Consider th e  stochastic process

Zi(<) =  G(q x)e(0 =  2ZV‘e{t — i) (3.17)
i= 0

where e(t) is white noise w ith  zero m ean. L et z2(t) be a  determ inistic (uni
formly) bounded  sequence. Assume th a t  th e  filter G(q~x) satisfies

9i9n <L C 7
i= 0

for some C, some у, 0 <  у  <  1 and all т  >  1. 

Then

“  ̂ 4  (t)z2{t) — 0,
N  t tl

N — > ■ 0 0

(3.18)

(3.19)

w ith p robab ility  one an d  in  mean square.

Remark. The condition (3.18) is alw ays fulfilled for a  fin ite order, asy m p 
totically  stab le  filter.
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Proof. In troduce 

B y the assum ption
x(t) =  z1(t)z.2(t). (3.20)

I z2(t) I <  D  a ll t (3.21)

for some D.  T he stochastic process x(t) has zero mean an d  is no t necessarily 
stationary . I t s  covariance function  satisfies

I rx(t, s) I =  I E z S )  Z-At) Ф )  z2(s) I <  D 2 ! rZi(t - s )  | , (3.22)

b u t from (3.18)

Thus

The L em m a is now proved b y  invoking L em m a 2.2 w ith  x  =  0, ß =  у an d

(3.25)К  =  Ee(f)2D2 m ax

Lemma  3.3. L et zx(t) a n d  z2(t) be tw o bounded periodic sequences. T hen

(3.26)

converges as N  —*■ oo.

Proof. C learly also x(t) =  zx{t) z2(t) is periodic. D enote its  period w ith  T . 
F o r given N ,  le t n =  n(N)  denote the la rg est integer such  th a t n T  <L N .

Due to  th e  assum ption

(3.27)

(3.28)

Thus the convergence of (3.26) to  — ̂  x(f ) is proved.
T  (=i
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The following exam ple shows th a t  x(t) bounded does not im ply conver
gence of

1
N

N

(=1

This m eans especially th a t  zt(t) bounded is a  too weak condition in  Lem m a 
3.3.

Example.  Define x(t) by

and generally

P u t

1 t = 1

—1 t = 2 . ,. . 4

1 t = 5 . ., . 12

- 1 t = 13 . . . 30

x(t) =  ( - l ) m_1, 4 • 3m_1 +  1 <: t <, 4 • 3m.

1 N
SN =  — y * ( t )  , 

N  It i

then sN =  1/2 if N  =  4 ■ 3m m odd

and sN =  — 1/2 if N  =  4 ■ 3m m even.

From  th is  it  follows th a t lim  in f sN << lim  sup sN and th u s  lim sN does no t 
exist.

4. Conclusions

Some ergodicity  resu lts for sample covariances has been established. 
Sufficient conditions for convergence w ith  probability  one and in  m ean 
square have been derived. T he results are useful e.g. in th e  analysis o f con
sistency of different m ethods for identification of dynam ic systems.
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Эргодические результаты для коварианциям, полученные на основе
реализащий

Т .  С О Д Е Р С Т Р О М  

(Уппсала)

В статье описаны эргодические результаты сходимости по отношению к ковариан- 
ции сигналов дискретных систем. Даны  удовлетворительные условия в случае детермини
рованных и периодических сигналов как  и в случае если сигналы являю тся стационар
ными стохастическими процессами. Стационарные стохастические процессы вызваны 
белым шумом, пропущенным через устойчивый фильтр. Описанные в статье результаты 
могут быть очень полезными дл я  появляющейся оценки ошибки при проблемах иденти
фикации.

Т. Söderström  
In s titu te  of Technology 
U ppsala U n iversity  
Sweden
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THE ANALYSIS OF THE ACCURACY OF DYNAMIC 
SYSTEMS CHANGING THEIR STRUCTURE IN THE RANDOM

TIME MOMENT

V. A . B U K H A L E V  

(Moscow)

(R eceived  A pril 25, 1974)

T he sy s tem  u n d er discussion is described b y  nonlinear s tochastic  d iffe r
en tia l eq u a tio n s. T he s tru c tu re  o f  th e  system  is changed b y  jum p ing  in th e  
ran d o m  tim e  m o m en t w ith  know n p ro b ab ility  d e n sity . E q u a tio n s  for a c h a rac 
te r is tic  fu n c tio n  an d  th e  m om en ts  o f  th e  v ec to r o f  p h ase  coo rd in a tes  o f the sy s tem  
are  o b ta in ed .

1. Problem formulation

M any system s during operation can change th e ir  s tru c tu re  by jum ping 
in  the  random  tim e m om ent due to  a sudden dam age of som e elements, 
operation d u ty  change and am bient conditions. E quations for th e  m athem a
tica l expectations and  dispersions of the vectors o f phase coordinates of th e  
linear system , th e  s tructu re  of which is changed in the  random  tim e 
m om ent, are ob tained  in [1-3]. In  th e  present p ap e r the problem  is form ul
a ted  for defining the  d istribu tion  law of the phase coordinates vector of th e  
nonlinear system .

The class of th e  nonlinear dynam ic system s th e  structure o f  which has N  
possible sta tes, is considered. In  s ta te  к the system  is described b y  the equa
tion

X (k) =  <pik)(Xw , t) +  a(k)(X(k\  t) V (t) (k =  1, 2, . . . , N)  (1)

where Х(Л)(£) — w-dimensional phase coordinates vector, \(t)  — и -dimensional 
vector of w hite noises w ith m atrix  of intensities equal to 1 an d  m athem atical 
expectation  equal to  zero, ^ {k\ X <'k\  t) — и -dim ensional v ec to r function, 
a(lc>(X(k\  t) — n X n  m atrix , the  elem ents of w hich are d ifferentiated  along 
all the  coordinates of vector X (k\

In  th e  in itia l tim e m om ent t0 =  0 vector Xi,;)(0) has a  conventional 
characteristic function 0). The structu re  o f the system  transits in to
s ta te  к in the  random  tim e m om ent т w ith th e  conventional probability  
density  p (/<i)(r), provided th a t in th e  mom ent t0 th e  stru c tu re  had  state  l. 
The p robab ility  of s ta te  l in the  tim e m om ent t0 is equal to Р (,р. L e t us define 
statis tica l characteristics of vector X.



2. Solution

On th e  basis of th e  conditions th e  characteristic function g{X, t) of the 
stochastic process X(i) is defined by

g M  =  (2)
k= 1
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Ф*\Х, t ) =  P$> f gM{X, t, r) p (kl\x)  d r  +
/=i 6

(*#*)

+  P ^g< kk\X, t) (1 -  j V tt>(r) d r )  (3)
i=i o'

(Z#k)

where t, r) =  M[el x [ / , , kT, r ]  — conventional characteristic function
provided th a t  the s tru c tu re , which h ad  s ta te  l in th e  tim e m om ent t0, tran sit
ed in s ta te  к in the tim e  moment r, g(kk\X, t) =  M[euTx \ ku, k t] — con
ventional characteristic function p rov ided  th a t th e  structure, w hich had 
state  к in  th e  time m om ent t0, p reserved state к in  th e  tim e m om ent t.

C onventional characteristic functions g(ki\X,  t, x) and g(kk\X,  t) are 
defined b y  th e  equation o f  У. S. P ugachev  [4]

(4)

(к, l — 1, 2, . . . , N;  a rgum ent т of th e  characteristic functions is deleted 
for the  sake of sim plification, superscrip t T  m eans transposition), where 
Я — я -dim ensional vector, A ^(x , t) — я -dimensional vector of tran sfer fac
tors, B(/l)(x, t) — n x n  m a trix  of d iffusion factors, w hich are defined  by the 
following formulae (5)

dd)(x, t) =  # > (x , 0  +  -  i - ^ (X’A  4«(x , t) ,
2  p , q =  1 dXq

t) =  f) t) (5)
P= 1

(v, fi — 1, 2, . . . , n; к =  1 , 2 , . . . ,  N).
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E quations (4) are solved u n d er the  in itial conditions

[g(kI)(X, t, t ) ] , = t  =  gm (X, r) (l И к),

[g(kk\X,  *)],=,. = g W (X, 0)\ (6)

The values of function т) are random , because т is a  random
value. T h a t is why we use the f irs t in itial condition (6) as an  in term ediate 
result, w ithou t in tegra ting  Eq. (4) b y  g(kI)(X, t, r).

D ifferentiating E q . (3) by t a n d  using expressions (4) an d  (6), we get

E q u atio n  (7) together w ith  E qs. (2), (4), (5) define characteristic 
function gr(X, t) and are integrated u nder the in itia l conditions

gm ß ,  0) =  gw (X, 0), g<k)(X, 0) =  g(k)(X, 0) P (0k). (8)

I t  is possible to  define also the p robab ility  of s ta te  к  and  conventional charac
teristic  function g(k\X,  t) provided th a t  in the tim e m om ent t th e  structu re  
had s ta te  k:

(9)

n
where aT l . . . r n ( t )  =  d i  l / /  — m ixed  moment o f i2 th  order ( rL, r2, . . . ,  rn —

p= l 
n

=  0, 1, 2, . . . , J?; =  i?), the  following equations are ob tained  for the
v = \
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m om ents, from (2), (4), (7)

^  ct*ri---rn >

N N
=  <2 {/$?>(*. 0} -  П Л) «£>...* У  P(,k) +  У  p& a.™..r„pW, (11)

/=1
</#*)

/=1
<***)

á (rkk).rn =  Q { f (kk4 ^ t ) } .

where
00 n n n

$ { / (i)(x, <)} =  J / /  x rqt [ ^ r v A (̂ { x , t ) x - 1 -{- £  rv(rv -  l )5 W (x , t )x~2 +
— oo ^ = 1  P = 1  f,/L t= l

П
+  ^  rv v  -B£!?(x > 0  ^ _1 z “ 1] / (i)(x, t) d x .

V , l l =  1

I f  we ex p an d  probab ility  densities f k\ x ,  t) and  f kk\ x ,  /) in  Eq. (11) 
in to  Ageworth ty p e  series [6], preserving necessary num ber o f m embers in 
them , we get th e  closed system  of equations for the  moments. These equa
tions are approxim ate, as th ey  comprise approxim ate expressions for probab
ility  densities f k\ x ,  t) and f kk\ x ,  t) which are composed of several members 
o f Ageworth ty p e  series. In  p articu la r preserving only the firs t m em ber in 
each series, we get equations for the  first two m om ents from  (11) w ith the 
account of (10).

N
m  =  0 =  y e (k) P (k\

k= 1 к—1

m(Ar) =  I A(a')(x, t) f[k\ x ,  t) dx +

+  - L  [ m ( A ) ( y ( k )  ßW) _  m (fcft) y(k) +  2  mW P«> p<w>] ,
;=i(l*k)

t(kk) _ j  A(4(x, t) fikk)(x, t) dx ,
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where

r W =  p w  J ?  p("0, /?№ =  J y  P «  p<*'>,
i=i /=i
(///<) (;#/c)

fP\x ,  <), / , ,i,£ (x, i) — Gaussian probability  densities w ith  m oments m (/£), 0<A,l) 
and Q<IJ:) respectively;

m  =  Ж[Х], 0 =  Ж [ХХТ].

Probabilities P (k) are defined from E q . (10). E quations (10), (12) are in te 
grated  und эг initial conditions

nßk\  0) =  rrßkk\  0)

(13)

In  particu la r case o f th e  linear system  with tw o possible sta tes o f the  
stru c tu re  a t  P q =  0 E qs. (12) coincide w ith those ob ta ined  in [1].

In  th e  particu lar case when the  system , which h ad  in the in itia l tim e 
m om ent s ta te  j  with p robab ility  P ((P  =  1, transits into s ta te  i  in th e  know n 
tim e m om ent t n a t a (,)(X(i), t ) independent of X(i) (l =  i , j ) ,  Eqs. (12) coincide 
w ith those obtained in [7] by  the sta tis tica l linearization m ethod [8], [9]. 4

4
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3. Example

The s tru c tu re  of the dynam ic system  has tw o possible states. In  the  
f irs t s ta te  th e  system  is described by

Z (1) =  —a (1) sgn X w  +  ]iW> V(t) , (14)

and  in the second sta te  by

X (2) =  -  a(2)X (2) +  F(<), (15)

where o(k\  G(k> (k = 1 , 2 )  — determ inistic values, 7 (0  — G aussian white 
noise with th e  in tensity  equal to  1 and m athem atical expectation  equal 
to  zero.

The system  structu re tran s its  into s ta te  к in the random  tim e m om ent 
r , d istribu ted  according to  R eley law w ith  th e  conventional probability  
density

p m (r) =  2hv\ e ~ hW"

provided th a t  in  the  initial tim e m om ent t0 =  0 the s tru c tu re  had s ta te  l 
(l, к =  1, 2; l jí k). In itial s ta te  probabilities equal to P q and  P q2) respectively _ 

L et us define statis tica l characteristics X(t)  in the  s tead y  s ta te  du ty . 
Equations (2), (4), (5), (7) for the  given exam ple in the  s tead y  sta te  d u ty  
yield (t —► oo)

g(k, oo) =  ö'*í)(̂ > 00). 9*ЧЛ, oo) =  g(k)ß,  oo) Р<л>(o o ),
k= 1

(16)
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In  th e  case of approxim ate solution o f the  problem  we get from E qs.
(12) for th e  second m om ents

0 =  £  eW p(k) >
k= 1

(18)

The com parison of th e  exact solution (17) with th e  approxim ate one 
(19) shows th a t  when G(2'> =  0 or P [,') =  0 th e  relative error in  the  definition 
o f the root-m ean-square dev iation  \ D(oo) fo r th e  given exam ple reaches its  
m axim um  w hich is approxim ately  equal to  11% .

References
1. M ishu lina , O. A . ,  The an a ly s is  o f  th e  linear c o n tro l system s w ith  ran d o m  change o f  

p aram eters  w ith  th e  use o f  co m p u ters . Izv . A N  SSSR , T ek h n icheskava  k ib e rn e tik a  
(1968) 3.

2. Sklarevich, A .  N . ,  S ta tis tic a l charac te ristics o f  th e  o u tp u t s ignal o f th e  dy n am ic  
system  w ith  possib le dam age . A v to m a tik a  i te lem ek h an ik a  (1970) 4.

4*



146 BUKHALEV: ACCURACY OF DYNAMIC SYSTEMS CHANGING T H E IR  STRUCTURE

3. Sklarevich, A . N ., In tro d u c tio n  in to  s ta tis t ic a l  dynam ics o f  system s w ith  p oss ib le  
dam ages. „ Z in a tn e ” , R ig a , 1973.

4. Pugachev, V . S . ,  The use o f  M arkov p rocesses th eo ry  fo r th e  analysis o f th e  a u to 
m atic  sy s tem s accuracy. Iz v . A N  SSSR, O T N , E nerg e tik a  i av to m a tik a  (1961) 3.

5. K hazen, A .  M .,  M ethods o f  op tim al s ta t is t ic a l  solution a n d  problem s o f  o p tim a l 
equations. Sov. R adio, 1968.

6. Geidarov, T . G ., E x p an sio n  o f  «.-dim ensional law s of d is tr ib u tio n  in  A gew orth  series. 
Izv . A N  A z. SSR , Series o f  physical, te c h n ic a l and  m a th e m a tic a l sciences (1966) 4.

7. Aleksandrov, V . M ., B atkov, A . M ., Staroverov, A . N ., S tc h u k in , B . A .,  A n a ly sis  o f  
th e  accu racy  o f  th e  n o n lin ea r n o n -s ta tio n a ry  system s by  m ean s  o f  s ta tis tica l lin e a riz a 
tion . A v to m a tik a  i te lem ek h an ik a  26 (1965) 3.

8. Kazakov, I . Y e ., S ta tis tic a l analysis o f sy s tem s  w ith  m u ltid im en sio n a l no n lin ea ritie s . 
A v to m a tik a  i te lem echan ika  26 (1965) 3.

9. S in its in , / .  N .,  M ethods o f  s ta tis tic a l lin ea riza tio n  (R eview ). A v to m a tik a  i te le m e k h a 
n ika  (1974) 5.

Анализ точности динамических систем, 
изменяющих структуру в случайный момент времени

В . А . Б У Х А Л Е В

(Москва)
Многие системы в процессе работы могут скачкообразно изменять свою структуру 

в случайный момент времени вследствие внезапного отказа некоторых элементов, измене
ния режима работы или внешних условий. В [1—3] получены уравнения для определе
ния математических ожиданий и корреляционных моментов фазовых координат линейных 
систем, структура которых изменяется скачком в случайный момент времени. В настоящей 
работе рассматривается нелинейная динамическая система, структура которой имеет 
N возможных состояний. В к-ом состоянии система описывается стохастическим диффе
ренциальным уравнением (1) (к =  1,2, . .  ., .V). Структура системы, имеющая в начальный 
момент времени состояние / переходит в случайный момент времени в состояние к(1, к — 
=  1, 2, . . . ,  N ; I т* к). Ставится задача нахождения закона распределения фазовых коор
динат системы при известных законах распределения фазовых координат и состояния 
структуры в начальный момент времени и известной плотности вероятности случайного 
момента времени перехода.

Условная характеристическая функция вектора фазовых координат при известном 
моменте времени перехода определяется уравнением (4) В. С. Пугачева [4]. Использование 
уравнения (4) приводит к уравнению (7), которое совместно с выражениями (2), (4), (5) 
определяет характеристическую функцию вектора фазовых координат. Из уравнений для 
характеристической функции получены уравнения для моментов (11), позволяющие путем 
разложения плотностей вероятностей в ряд Эджворта получить систему приближенных 
уравнений (12) для первых двух моментов вектора фазовых координат.

Приведенный пример показывает, что для некоторых динамических систем первого 
порядка, которые могут содержать нелинейности разрывного типа, уравнение для харак
теристической функции позволяет находить закон распределения в установившемся 
режиме. Сравнение точного решения (17) с приближенным (19) показывает, что относи
тельная ошибка в определении среднеквадратического отклонения не превышает в данном 
примере 11%.

В. А. Бухалев
Институт проблем управления 
СССР, Москва В-485,
Профсоюзная ул., 81
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A SEPARATING TRANSFORMATION TO THE MINIMUM 
VARIANCE CONTROL

J .  H E T T H É S S Y , R . H A B E R , L . R E V IC Z K Y  

(B udapest)

(R eceived M ay 1, 1974)

I n  th is  p ap er a  u se fu l dead tim e tran sfo rm a tio n  is d e riv e d  for single in p u t -  
single o u tp u t , d isc re te -tim e  linear sy s tem s . The suggested  m e th o d  can be  u sed  
for th e  de te rm in a tio n  o f  th e  m in im um  variance  co n tro l s t ra te g y  of sy s tem s , 
w hich a re  described b y  a n  Ä ström  m odel.

Introduction

Considering the op tim al control o f  single in p u t—single ou tput, d is
crete-tim e linear systems th e  optimal con tro l signal u(t) should always be 
determ ined on the basis o f th e  observations available a t  th e  time t. I f  th e  
system  is described by  an Á ström  model [1]

A (2-1) y(t +  d) =  B(z~1) u(t) +  IC fz-1) e(t -f- d ) ,
where

A(z~1) =  1 +  ajg -1 anz~n

B(z l) =  Ъ0 -f- b^z 1 +  bmz

C ( Z  ’ ) =  1 - f -  CX Z  1 -) -  C / ( Z  ,

then  the  expression of y(t +  d) involves y(t -f- d — 1), y(t  +  d — 2), . . . , 
y(t +  1). I f  th e  purpose of th e  control is to  minimize the  loss function

V =  Е{уЦ1 +  d)}

th en  in order to  separate th e  values before an d  after t a transfo rm ation  m u st 
be in troduced [2].

This p ap er presents a  sim ple m ethod, which is called d ead  tim e t ra n s 
form ation [3], [4].

Main result

The dead  tim e transform ation  is a requ ired  m ethod to  constitute th e  
difference equation

n — 1 m +d—1 k+d — 1
y{t +  d) +  ^  otj у ( t — j )  =  2  ß ju ( t — j ) + * ^  V j e ( t + d - j )  (1)

I = o  7 = o  7 = o
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from  the system  equation

A ( z ~J) y(t +  d) =  B(z - i )  u(t) +  Щ г -i)  e(t +  d ) . (2)

To determ ine th e  coefficients scy ( j  =  0, 1, . . . , n — 1), ßj  ( j =  0, 1, ,
m -\- d — 1) an d  yj  ( j  =  0, 1, . . . , к 4  d  — 1) let us in troduce  the following 
vectors:

yT{t + d ) =  [y(t +  d), y(t +  d — 1 y(t — n  +  1)]

e (t -f“ d) =  [e(/ 4~ d), e(t 4  d  —— 1)..........e(t — h -\- 1)]

u r (/) =  [u(t), u(t — 1), . . . , u(t — d — m +  1)] 

a == [1, ctj, • • • 1 &п-> 0, 0, . . . , 0] 

br =  [b0, bv . . . , b m, 0, 0, , 0]

cr  =  [1, Cj.......... ck, 0, 0, , 0]
T  1a  =  [1, 0, 0, . . . , 0, ocv  oc2............a n]

ß =  \ßo< ß l ......... ßm+d-1]
A =  [ 1 ,  У1 , • • • > Ук+ d - 1] >

where а, b, c and  a contain  (d — 1) zeros.

D eterm ine the m atrices Н л , Н й an d  H c in such a  w ay  th a t the  follow
ing equations should hold

Нл a -  a  b =  ß Нс с =  Я. (3)

Using th e  introduced n o ta tio n s Eq. (2) can  be w ritten  as follows

y T(t -(- d)a  =  uT(<)b -)- XeT\t +  d )c .  (4)

On the o th er hand Eq. (2) can be rew ritten  for any tim e t, e.g. for t =  t — 1: 

yT(t 4  d  — l ) a  =  u r (< — 1) b 4" AeT(i - \ -  d  — 1) c . (5)

The construction of th e  param eter vectors a, b and  c m akes it possible to  
form ulate E q . (5) by sh ifting  the p aram ete r vectors in stead  of y, u a n d  e. 
Using th e  sh ift or Toeplitz m atrix

S,

0
1
0

0 . . .
0 . . .
1 . . .

0
0
0

0 0 . . .  1 0



of the  proper order for th e  param eter vectors, E q . (5) has th e  following form: 

у1 (t -)- d) a =  u7 (t ) Sf b +  AeT(i -j- d) Sf c . (6)
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In  order to  ensure th a t a should have (d  — 1) zeros the sh ifted  equations 
m ust be reduced (d — 1) tim es from  Eq. (4) considering p ro p e r weighting 
factors hj\

Y (i -f- d) [a -f- Ai Si a -f- A2 S2 a -\- . . . hd _1 S ^ j a] =

=  11 (/) [b -)- fii Si b -f- h2 S2 b -f- . . . -f- ^d_1Sd_1b] -!

■j- Xe (t -)- d) [c -f- Äj Sf c -f- h.2 S2 c -f- . . . -(- Sd_ x c], (7)

where the sh ifted  equations are ob tained  by m eans of the sh ift matrices

0 ....................  0
0 0 .............. 0
1 0 0 . . . .  0
0 1 0 ................

0 .
_ 0  0 . . .  1 0 0 

S3 =  S2 Si; . . . ; Srf.i =  Sd_2 Sx .

W riting (7) in a  m atrix  form  we get

y T(t d) SA a =  u r (t) SB b -)- AeT(i -j- d ) Scc, (8)
where

SA =  IA + 2  h j S f  
1=1

Sr =  l U + 2  h j S f
7=1

Sc =  Iе +  2  hj Sy
7=i

an d  I is the id en tity  m atrix  of th e  proper order. In  order to  get th e  matrices 
H A, I I и and H c le t us w rite E q . (1) by  means of a, (J and y:

y7 [t -f d) a =  uT(t) ß -f A er (7 +  d) y. (9)
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Comparing the  equation  above w ith  E q . (8) the  following equations m ust 
be hold:

SAa =  a  (10)

Sßb =  ß (11)

Scc =  v, (12)

whereof i t  is seen th e  SA, SB and Sc gives the requ ired  m atrices Н л , H ß 
and H c .

E n tering  into th e  details Eq. (10) gives

(13)

Using th e  first d equations from th is  m atrix  equation  we obtain th e  w eight
ing factors hj ( j  =  1, 2, . . . , d — 1) in a recursive m anner:

In  th e  knowledge o f th e  weighting factors hj, xj  ( j  =  0, 1, . . . , n  — 1), ßj  
( j  =  0, 1, . . . , m +  d  — 1) and yj ( j  =  0, 1, . . . , к -f- d — 1) can be de
term ined  by m eans o f Eqs. (10)-(12).

To summarize th e  main p ro p e rty  of the  described transform ation we 
can say  th a t  the system  equation

can be w ritten in th e  following form :

where
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and  further

The p roperties of the derived  transfo rm ation  will be show n by  tw o 
sim ple examples.

F irst a second-order system  w ith  d — 2 will be considered

y(t) +  axy{t — 1) +  a2y(t — 2) =  b0u(t — 2) +  bxu(t — 3) +

+  A[e(<) -f- cx e(t — 1) +  c2e(t — 2)], (14)

and  the  desired form  by Eq. (1) will be determ ined  by m eans o f a stra ig h t
forw ard com putation  and using th e  suggested m ethod, too. E q u atio n  (14) 
has th e  following form  for t =  t -\- 1 and t =  t +  2:

y{t T  2) -f- axy(t +  1) +  агУ(Р) =  b0u(t) -f- bl u(t — 1) -f-

4“ A[e(i +  2) -f- cxe(t —|- 1) —(— c2e(i)], (15)
as well as

axy{t +  1) +  a\y(t )  +  axa2y(t  — 1) =  axb0u( — 1) +  axbxu(t — 2) +

+  ai A[e(< 1) —(— Cj e(t) -f- c2 e(t — 1)]. (16)

N otice th a t E q. (16) can be ob ta in ed  m ultiplying both  sides b y  eq. Sub- 
s trac tin g  Eq. (16) from  Eq. (15) a n d  rearranging we get the  desired form

y(t +  2) +  (a2 — a\)y{t)  -  axa2y(t — 1) =

=  b0u(t) +  (bx — ax b0) u(t — 1) — ax bx u(t — 2) +  (17)

+  X[e{t +  2) +  (ct — a3)e(i +  1) +  (c2 — axcx)e{t) —axc2e(t — 1)].

Using th e  equations o f the dead tim e  transform ation, Eq. (13) gives

1 0 0 O' 1 ' 1 '

►—
* 

О
 

О ах 0

онО

а2 хх

о о О

(1 8 )

Examples
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whence

hx — —ax

— ^2 ~~ 

® 2  =  d - f l j 2  •

Further by Eqs. (11) and (12) we get

and thus
ßo — b 0

ß i =  \  a i  bo 

ß 2 =

7 l  =  C1 —  « 1  

у2 =  ^2 ^ 1  C]

У з =  ®1 C2 '

In  the following example a second-order system with d  =  
ated:

(19)

( 20)

3 will be investig-

Constituting axy(t -)- 2) and substituting it into Eq. (21) we obtain 

y(t +  3) +  (a2 — a\) y(t +  1) — axa2y{t) =  b0u(t) +  (bx — axb0)u{t  — 1) -  

— axbxu{t — 2) +  A[e(< -f- 3) -f- (cx — ax) e(t -(- 2) -f- (22)

(2 3 )

Taking agair and multiplying it by



Substracting  Eq. (23) from Eq. (22) and  rearranging  we get: 

y(t +  3) - f  {al -  2a1a2)y(t) +  (a\ a2 — a\)y{t — 1) =

=  b0u(t) +  (by — a1b0) u(t — 1) +  (a\b0 — ayby — a2b0) u(t — 2) +  

+  (al \  — a2 by) u(t — 3) +  (24)

Ч- A[e(i —(— 3) —(— (cj — ay) e(t —|— 2) —f- (c2 — al c1 — a2 -f- ay) e(t — 1) —|— 

+  (ö?Ci — «2ci — ö1c2) e(t) +  (a\c2 — a2c2) e(t — 1)].

In stead  o f this tiresom e, step-by-step  procedure th e  suggested m ethod  can 
be used, b y  which from  Eq. (13):
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and th u s
h y  —  —  c q

7 2/1% — CL-̂ — CL 2

a x =  a\ — 2ax a2
2 2 CC2 — ííj CL2 CL% a

Using E qs. (11) and (12) we get

whence
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7l =  C1 — «1
2 ,

У  2  —  —  Ct'2 —  ^ 1  ^ 1  * i  ^ 2

У з  —  0^2 ^1  ^ 1  ^2

У 4 — 6̂ 1 ^2 &2 ^2 •

I t  can be seen th a t  this m ethod gives the desired results by m eans o f a simpler 
procedure.
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ESTIMATING THE DYNAMICS OF MODIFIED SYSTEMS 
WITH VARIABLE STRUCTURE

S. M. T SO N K O V  

(Sofia)

(R eceived J u n e  3, 1974)

The h igh d y n am ica l p ro p e rtie s  o f th e  sy s tem s w ith  variab le  s tru c tu re  
(SVS) elabora ted  in  th e  U SSR  u n d e r th e  guidance o f  S. V . E m elianov, C o rrespond 
ing  M em ber o f th e  A cadem y  of Sciences o f the  U S S R , a re  w idely k n o w n  to d ay . 
I n  o u r  coun try  ex p erim en ts  w ith  a  v iew  to  th e  c rea tio n  o f  constan t tim e  elem en ts 
fo r th e  SVS for co n v ertin g  no rm ally  closed system s to  SVS-class local co n to u r 
a u to m a tio n  in th e  slipp ing  m ode o f  opera tion  w ere c a rr ie d  out. The h ig h  d y n a 
m ica l ch arac te ris tics  o f  th e  SVS a re  a tta in e d  b y  s lig h t m odifications a n d  th e  
u tiliz a tio n  of ex is tin g  elem ents.

The paper g ives th e  ev a lu a tio n  o f  th e  dy n am ics o f  th e  m odified  SVS and  
com pares  th em  w ith  th e  ch arac te ris tics  o f  th e  classical au to m a tic  co n tro l sy stem s; 
i t  p ro v es  th e  ju s tif ic a tio n  o f th is  n ew  app roach  to  th e  con tro l o f no n -m in im u m  
p h ase  ob jects o f th e  SVS-class w ith  im proved  ch a rac te ris tic s .

T he perfo rm ed  experim ents p ro v e d  th e  g rea t ad v a n ta g e  o f th e  suggested  
m odified  SVS over th e  linear system s.

The in troduction o f more productive technological processes, the  applica
tion of b e tte r  machines an d  apparatuses, th e  efforts a im ed  a t a tta in in g  m axi
m um  efficiency of the  aggregates used in  production, increased p roduc tiv ity , 
im proved production quality , economy in the consum ption of electric power 
and the  costly  raw m aterials led to  th e  creation of new  ty p e  systems. Various 
m odifications of the linear autom atic contro l systems (ACS) of variable s tru c 
ture, whose theoretical foundations were elaborated  in the USSR a t  the 
In s titu te  o f Control Problem s, aw arded by  the L enin  Prize, by  a  research 
group u n d er the guidance of S. V. Em elianov, Corresponding M ember o f the  
Academ y o f Sciences of th e  USSR, were successfully in troduced recen tly  in 
several industrial branches (energetics, m etallurgy, petrochem istry). T he per
formance o f these au tom atic  control system s com pared to  the  ACS of co n stan t 
structu re  is sufficiently convincing and  is trea ted  w idely in lite ratu re [1, 2].

F o r realizing the ACS of variable structu re  serious a tten tion  m ust be 
devoted to  th e  sim plicity and  reliability  o f the technical means, th e ir  in te r
connections and  the technical in strum entation  of the ob jects to be controlled. 
The ACS o f variable s tru c tu re  is designed advisedly for actual industria l 
objects equipped with industrial control, by  com pleting th e  la tte r w ith  n on
linear functional com m utators.
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Be the  o b jec t to  be controlled  0  an d  be th e  control P  th e  invariable 
p a r t  (IP) of th e  given ACS, w hich is th en  com pleted by th e  control device 
CD (Fig. 1) for varying the s tru c tu re  of th e  ACS according to  th e  previously 
selected control algorithm.

The possib ility  of in troducing  the linear ACS into the class o f the system s 
o f variable s tru c tu re  (SYS) has been proved b y  several s tud ies [3, 4, etc.].

F i g .  1

In  this case a  modified SVS (MSVS) with a defined constant k inetic  m om ent 
in  the slipping mode of operation  is created in a  w ay th a t th e  MSVS preserves 
all the  positive properties of th e  SVS. The s tru c tu re  and  th e  param eters o f 
CD for controlling first and second order ob jects by P I  an d  P ID  controllers 
respectively a re  defined in th e  above-m entioned papers.

I f  the  tran sfer function o f the  MSVS is

W ü(v)

an d  th a t o f th e  P i-contro ller is

AT

W  pi(p) = К ,

T 0p  +  1

T iP  +  1
T i P

( 1 )

( 2 )

th en  the s tru c tu ra l scheme o f CD designed for controlling th e  free m ovem ent 
o f the MSVS will be as shown in Fig. 2, where K 0, T 0 are th e  0 param eters and  
K c, T( — th e  P  param eters.

F i g .  2
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The differential equation  of th e  MSVS is obtained as:

d-r2
dt

(jv0 K c ̂  K c K 0
1 T 0 Т (Т 0

u\ (3)

B y (3) it  is seen th a t  the inpu t effects of the MSVS are d ifferen tiated  
and as these are jum p-type tim e functions, some of th e  phase coordinates 
of the system  are cut off, when the describ ing points (DP) fall on the shifting 
hyposurface S,  while th e  quasi-invariance o f the  ex ternal and  in ternal non- 
stationary  s ta tes  in the MSVS is reached, if th e  constant filters m  are in tro 
duced into th e  scheme o f th e  control, w ith  1.5-fold backfeed. Here to is th e  
degree of th e  differentiation of the control function U. The unequivocal s ta te  
of the MSVS is characterized by the  coord inate  to  be controlled Xi and  the  
central coordinate 2,-. S im ilar problems arise in  objects of non-m inim um  phase 
of the SVS-class, so the  relationships o b ta in ed  in this case m ay be accepted 
also here [1], w ith  the con tro l U given as th e  linear com bination of the  error 
xt and its (n  — 1) differential quotients w ith  th e  coordinates z,- (i = 1 , 2 , . . .  ,m), 
with the coefficients varying in the jum ping  mode.

In  the  considered case

U =  Vi ' xi +  Wz • z , (4)

where the transfer function of the filte r is

Wf (p) 1
T j P +  1

and  the com m utation coefficients are

(5)

I a for S x 1 >  0 (6a)
Wl =  I ß for S Xl <  0

and
I у for S  • 2  >  0 (6b)

Wz =  j Ó for 8  ■ z <  0.

The conditions of a tta in in g  the co n stan t slipping m ovem ent over the  
shifting line S  are given by  the  equation

S  — J' j ~ . i ’o . (7)
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According to  [1 ,3 ]  we obtain:

( 8 )

Consequently, values for the com m utational coefficients ensuring th e  
constant slipping m ovem ent in the  MSVS m ay be selected. This m ovem ent 
is determ ined by the single equation o f th e  shifting surface and does n o t 
depend on th e  variable param eters o f th e  object.

The transfer process of the MSVS in this phase m ay  be w ritten  u p  in 
the form o f the exponential equation:

xßt) =  Ae~cl (A =  const). (9)

B y vary ing  the coordinate z, we ob ta in  from (5)

where

( 10 )

B(t) =  B(Ke, Ti, K 0, T 0); 2(0) =  z(t =  0).

F ro m  (10) follows lim z —>■ 0 for Ti  >  0, showing th a t the proposed  
MSVS is realizable.

F rom  E q. (8) follows th a t if Т ф =  Ti  is assumed in the MSVS, th en  th e  
control U m ay be form ed w ithout th e  z coordinates. Also the ra tio  o f th e

JZ
param eters of the P i-con tro ller m ay be given as —-  —*• max, for a tta in in g

i
optim um  filtration re la tiv e  to the  d istu rbed  foi(t) and  th e  U control effects.

S im ilar results are obtained for the  linear controls w ith independen t 
variables. The au tho r [4] proves th a t  first-order objects m ay be controlled  
by a com m utation o f only  K c w ith th e  help of the P i-controller, and  second- 
order ob jects by the  Kc and 7,- com m utations w ith th e  help of P ID -con tro l- 
lers.
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I f  th e  prelim inary control of the dynam ic characteristics of the MSVS 
is absent, th e  control period is tc and  the  m axim um  deviation  of the controlled 
q u an tity  is X M, whose variation w ith th e  varying param eters  of the ob ject 
is of im portance.

L et us assume th a t  the  MSVS consists of first-order objects
£

W 0(p) =  W0{p) — — and  a P i-con tro ller. In  this case the differential 
V

equation of th e  MSVS a t T j  =  71,- min is ob tained  as

dx2
dt

+  ^ £ i =  F(t) 
T, ( И )

where g(t) is given by the  system  and F(t) =  g(t) -f  ecf 0i(t).

From  (8) (a =  0), the  com m utation coefficients a  an d  ß are ob ta ined  
as [3]:

ос. ( 12 )

The slope of the shifting line is o b ta in ed  from (11) as

C --- COn min ---

In  this case 8  coincides w ith the asym pto tic  family o f th e  hyperbolas 
corresponding to  the  second structure . This is the  limit 6'-value determ ining 
th e  position of S,  when oc and  ß are given.

The jum plike effects f oi(t) =  1 (<) m ay be considered as nonzero in itia l 
conditions:

x10 0 and  x2q =  £q/ o

Fig. 3

b
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The period  of the tran sfe r process m ay  be obtained b y  integrating th e  
m ovem ent phase trajectories of the ind iv idual phases:

a) tac — m ovem ent over the ellyptio  trajectory ;
b) tc0 — m ovem ent over S  up to  x x =  0.01 X M.

The coordinate po in ts of C are o b ta in ed  by

X M wx

W ith e0 =  e0r

and w ith  £n £ 0 m a x

F rom  (11) we ob ta in :
Kc
Ti

(13)

(13a)

(13b)

(13c)

In  th is  case the  period  of the m ovem ent of th e  MSVS is [5]: 

a) in  th e  first phase:
Í2

X m
X m

t'nr (14a)

X M

b) in  the second phase:
0 .0 5  M m

tr W 1 m in

T he m axim um  dynam ic deviations is given by

£n
M /о-

(14b)

(15)

I f  th is  m ust be lim ited  (X M < ^X Mpermitted; th e n  from (13) a n d  (15) 
we ob tain :

T,

f2/0
X 2M  p e r m i t t e d

(16)
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(16):
W ith  X M <! X M p e r m i t t e d  we ob tain  for £„ =  Eq m in  from  (13), (14) and

^pmax — (17)

an d  for e 0  —  C o m a x  C o m in

m in  —
r

V
r£j_
K ,

(18)

K,
Figure 4 shows the  calculated dependence of tc =  f  |e0, ~ |  for

p e r m i t t e d  =  j  a n d  F i g  5  g h o w s  =  ^  f o r  . a  =  const. F or 
/о /о

Х л K r К, K r—- fo r en —-  =  8com parison also =  f(s0) for ^  =  2 and tp =  /
/о 1 i 4 i' 4 j

are shown, as well as K c =  ] 2 for th e  linear ACS with th e  sam e param 
eters.

5
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B y this com parison it is seen th a t  the positive qualities o f th e  MSVS 
as to  the  control period tc (independence of the varia tion  of th e  param eter 
e0 =  v a r and  the  possibility of ob tain ing  tc <  tc ive[i), the dynam ical error 
exceeds th a t  of the  linear ACS. This deficiency appears also in th e  classical 
SVS w ith  non-m inim um  phase objects and  is due to  th e  constantly  connected 
dam ping filters reducing — in the  f irs t structure, w here the m axim um  devia
tion  is formed — the effect of th e  jum p-type control effects (w ith  the P I- 
controller th is is second order).

In  th is case th e  form ation o f control functions of the SVS-class for 
controlling non-m inim um  phase objects (or MSVS w ith  P I- and P ID -control- 
lers) including dam ping filters proves to  be efficient for transferring th e  describ
ing points of the process to  the  sh ifting  surface S. As the  suggested synthesis 
m ethod  of CD for the  SVS w ith zero transfer functions of the invariab le  parts 
of th e  system  perm its to  combine fully  the quality  reducing th e  maxim um  
dynam ical error, supplied by  th e  P i-con tro ller w ith  th e  properties o f the SVS 
in th e  slipping m ode of operation, th e  invariance in  the system  is realized 
in th e  closing phase of the  m ovem ent.

К
I f  we assum e a  =  1 for —-  =  2 (Fig. 5), th e n  the dynam ical error

■̂ i
in such a MSVS coincides w ith th a t  of the ACS. I t  is seen th a t  it  decreases 
by  several tim es (for e0 =  30 by  4-tim es) proving th e  advantage o f the sug
gested m ethod for th e  synthesis o f SVS of this ty p e . The control period in 
th is case (w ithout Ф) differs only insignificantly for a  =  4, as seen in Fig. 4.

The evaluation of the dynam ics of the MSVS based on th e  obtained 
results shows the  advantage of th e  MSVS as com pared with th e  linear ACS. 
In  th is case the  m odification is gained with insignificant variations and easily 
realizable com plem entary control devices. W ith th e  introduction o f the MSVS 
in th e  slipping m ode of operation th e  external quasi-variance, th e  instability  
o f th e  param eters and  the  m axim um  error m ay be reduced w ith in  the given 
range. The m axim um  filtration  in th e  system is realized by ensuring the ra tio  
К~  —► m ax of the  param eters of th e  controller.

The discussions support th e  applicability o f th e  modified system s w ith 
variable structu re  for the  h igh-quality  control o f technological processes.
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Оценка динамики модифицированных систем 
с переменной структурой

с. м. цонков
(София)

В настоящее время хорошо известны высокие динамические свойства систем с пере
менной структурой (СПС), созданных в СССР под руководством чл.-корр. А Н  СССР С. В. 
Емельянова. Ввиду имеющихся трудностей создания элементов СПС, в нашей стране были 
сделаны попытки преобразований классических систем дл я  автоматизации локальных 
контуров в классе СПС в режиме скольжения. При этом незначительная модификация 
и использование существующих элементов позволяют получить высокие динамические 
показатели.

В статье дана оценка динамики таких модифицированных систем и сравнение их 
с классическими системами автоматического регулирования. Такж е обоснован новый 
подход к  управлению неминимальнофазовыми объектами в классе СПС с улучшенными 
показателями.

Сделанные исследования выявили большие преимущества предложенных модифи
цированных систем с присущими СПС свойствами по сравнению с линейными системами.

С. М. Цонков
Высший электротехнический институт им. Ленина
София
Болгария
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THE REDUCTION OF THE DIMENSION OF INPUT 
PATTERN RECOGNITION VECTORS BY SEARCHING 

THE OPTIMAL PARAMETER SET FOR LINEAR 
REGRESSION

GY. M U SZÉLY 

(B udapest)

(R eceived  M ay 15, 1974)

A m e th o d  is p resen ted  fo r reducing th e  n u m b e r  o f in p u t p a ram e te rs  o f  
p a t te rn  reco g n itio n  ob jects. I t  p roposes to  select th e  m ost in fo rm ativ e  m easure
m en ts  a f te r  lin e a r  fea tu res h a v e  been  found in  th e  space o f a ll o rig inal in p u t 
p a ram ete rs . T he  selection  is so lved  b y  tran sfe rrin g  th e  problem  to  th e  reduction  
o f  th e  n u m b er o f  p a ram ete rs  fo r linear regression.

This m ore  genera l p ro b lem  is considered in  th e  case o f  m o re  th a n  one 
dep en d en t v ariab les . A  crite rio n  is suggested a s  a  m easu re  o f th e  goodness of f i t  
o f  regression. T he p a p e r  p resen ts  a  p rocedure w h ich  g ives th e  b e s t su b se t o f inde
p e n d e n t v a riab les  w ith o u t en u m era tin g  all th e  su b se ts  w hich a re  su b je c t to  th e  
c o n stra in t o f lim ita tio n .

As a n  ex am p le  o f illu s tra tio n  an  exp erim en t connected  w ith  th e  recogni
t io n  of in to n a tio n  o f  a spoken R u ss ian  sentence w as perform ed.

Introduction

T he input param eters are th e  different m easurem ents tak en  under the 
given object of recognition. Selection of input param eters is one o f th e  basic 
phases o f designing a  p a tte rn  recognition procedure. U nfo rtunate ly  th is step 
can be algorithm ized least of all. T he original param eters  are, fo r the  most 
p a r t, chosen on certa in  physical or heuristic principles and  constitu te  a large 
and  red u n d an t set. The reduction o f the  size of th is  set m ay be perform ed 
in order to  minimize th e  cost of m easuring the param eters  or for o th er purpose. 
Owing to  the  fact th a t  th e  input p a ram eter set is gath ered  in a heuristic way 
it seems proper to  minim ize its dim ension after featu res have been ex tracted  
in th e  space of all original input param eters. The sam e approach is suggested 
by  Turbovich, Gitis an d  Maslov [1]. In  this case th e  process of choosing the 
m inim al set among th e  in p u t param eters  can be carried  ou t after th e  irrelevant 
inform ation has been removed.

B y  the  criterion presented in th e  paper those param eter sets are con
sidered to  be efficient which have linear com binations close to  th e  features. 
In  th is  m anner the  problem  can be solved by searching the op tim al set of 
independent variables for linear regression. In  th is co n tex t the case o f simul
taneous regression of m ore th an  one dependent variab les m ust be examined. 
A criterion is proposed to  measure th e  goodness of f it  o f  th e  regression function.



T he paper presents a  procedure for finding the op tim al subset o f param eters 
sub ject to  certain constraint.

I t  gives the exact solution w ith o u t enum erating all the subsets satisfy
ing th e  limiting condition.

As an example o f illustration an  experim ent connected w ith  th e  recogni
tion  o f a spoken R ussian  sentence was performed.
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1. The basic approach to the reduction of the number 
of input parameters for pattern recognition

1.1. The first step: Extraction of linear features in  the space of all parameters

L inear com binations of in p u t param eters a re  called linear features if 
(1) th ey  form a set which is substan tia lly  smaller th a n  th a t  of th e  in itia l param 
eters and  (2) in th e  space defined b y  them  th e  p a tte rn  classes can be sepa
ra te d  from  each o ther no t substan tia lly  worse th a n  in  the  space o f in p u t param 
eters. M any techniques have been developed for ex tracting  linear features. 
The m ost simple approach is the  K arhunen-L oeve expansion applied  to  p a t
te rn  recognition by  W atanabe [2] and  Chien an d  F u  [3]. M ethods of discri
m inan t analysis are more adequate to  this problem  (see [1]). In  [1] an  appro
p ria te  weighting of difference vectors between sam ples from d ifferen t classes 
ensures the  discrim inant analysis m ethods to  separate  the closest pattern  
classes.

1.2. Reduction of the input parameter set

The process of choosing th e  m inim al subset o f the original set of input 
param eters can be carried out a f te r  linear features have been ex tracted . The 
space of the reduced param eter se t also has to  contain a subspace of linear 
features where th e  discrim ination of classes is guaranteed.

F o r each subset of param eters, however, one can ra re ly  calculate the  
linear features and  te s t their discrim inating ab ility  because of th e  large am ount 
of com putations. Therefore we t r y  to  replace th e  requirem ents b y  more rigor
ous ones which can be checked easier. We require the reduced param eter set 
to  have linear functions which are close to th e  linear featu res determ ined 
b y  the  whole set of input param eters. For a fixed  subset o f param eters th e  
coefficients of th e  linear fu n c iio rs  can he ob tained  from th e  sam ple by least 
squares estim ation. Lepending on the  given application, b o th  th e  measure
m ent vectors of individual p a tte rn s  and the difference vectors between p a t
terns from different classes can be considered as sam ple vectors. In  the la tte r 
case an  appropriate  weighting o f the  small difference vectors results in th e
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existence of a subspace of reduced param eter sets where the  stru c tu re  of close 
p a tte rn  classes is sim ilar to  th e  structure of th e  same p a tte rn  classes in th e  
space of the features of the full param eter set.

The above approach suggests to  trea t th e  problem  as a reduction of the  
set of independent variables for linear regression. We note th a t  in our case 
th e  features are tak en  for dependent variables and  as a ru le  their num ber 
is more th an  one. F o r th is generalized case a  criterion o f the  goodness 
of f it  of the regression will be chosen in th e  n ex t section.

Suppose we know the  costs of m easuring th e  individual inpu t param 
eters. W e m ay form ulate tw o different problem s of optim ization:

1°: To find th e  subset of param eters m axim izing the m easure of the good
ness of fit among th e  subsets for w hich the cost o f m easuring is less th an  a given 
level.

2°: To find  th e  subset of param eters m inim izing the cost o f measuring 
am ong the subsets for which th e  measure o f th e  goodness o f fit exceeds a 
given level.

B oth  problem s will be tre a te d  in a generalized form in th e  n ex t section.

2. Selection of regression variables for a set of dependent variables

2.1. The criterion of the goodness of fit

Suppose we have an  m x N  m atrix  Y of deviations of th e  N  m easure
m ents of m  random  variables from  th e  sample m eans of each variables. We try  
to  estim ate Y by  Y =  AX where X is the n x N  m atrix  of deviations of the  
independent variables. The rows o f A are ob tained  b y  least squares estim ation.

Suppose th a t  X is of rank  n, Y is of rank  m  and  m  -f- 1 <C n  <  N. Then 
by  th e  m ethod of least squares we have

A =  Y X '(X X ')- 1 . (1)

In  th e  case of m  =  1 th e  usual m easure of the goodness of fit o f th e  regression 
function Y is the  square of th e  m ultip le correlation coefficient:

2 ' (yj —  у j f
Ä2(Y;X) =  l  =  ---------- , (2)

I  У)
7=1

where yj and yj are th e  j th  elem ents of row m atrices Y and Y.
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F or m  >  1 there ex ist simple generalizations o f (2), b u t th ey  do not 
fulfill some elem entary  requirem ents. F o r example, consider the tw o form ulas:

m

2

The first o f them  does n o t rem ain in v a rian t under th e  orthogonal, th e  second 
one under th e  diagonal transfo rm ation  of m atrix  Y.

The criterion of th e  goodness o f f it  should be determ ined  by th e  deviation 
which occurs in the course of the p rac tica l application when the  dependent 
variables are replaced b y  their least square estim ates. In  most applications, 
however, e ither the variables are used  in different s ituations or th e ir role can- 
n o tt be exactly  form ulated. We assum e th a t we are applying several linear 
functions o f the  dependent variables,

L (y j ,b )= b 'y j ,

where b is any  к X 1 v ec to r and  yj is th e  j t h  column o f Y. The criterion  of the 
goodness o f fit can be defined as

M  =  in f 122(ЬТ; X) . (3)
ъф о

The following lemma relates to  th e  calculation of M.

Lemma  1. M  is th e  minimal ro o t in Я2 of th e  equation: 

I A2 • YY' -  YX/(XX/)_1XY/ | =  0.

Proof. By using (1) P 2(b'Y; X) can be w ritten  as

Y ■ X) =  — b b' YX'(XX')_1 XY' b

(4)

b’ YY' b b' YY' b

We note th a t  B?(b'Y; X) remains in v arian t if we m ultip ly  b by a scalar, there
fore it has a m inim um  value am ong nonzero b.

F o r the  num era to r of the derivative of th e  la s t term  w ith  respect to 
the vec to r b we have

Y X ' fX X ') - 1 \Y 'b(b'YY'b) -  YY 'b (b 'YX(XX ')-1XY'b) =  0,
i.e.

Y X '(X X ') -1 XY 'b -  YY'b ■ ЩЪ'Y; X) =  0. (5)
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There exists a nontrivial b fulfilling (5) if  an d  only if R-(b 'Y ; X) satisfies (4). 
Consequently th e  m inim al A'2(//Y ; X) is equal to the sm allest root o f th e  
equation.

Remark 1. I t  follows from  the lem m a th a t  M  rem ains invariant u n d e r 
an y  linear transform ation  o f Y.

Remark 2. The roots o f  (4) are called th e  squares o f th e  canonical co r
relation  coefficients betw een th e  dependent and  the independent variables. 
Thus M  is th e  square of th e  smallest canonical correlation coefficient.

2.2. Formulation of the optimization problem

L et E  =  {1, . . .  n} th e  se t of indices o f all the independent variables. 
Suppose we know  the costs s, (i£E)  of m easuring the ind iv idual independent 
variables. T hen th e  cost o f m easuring a subset given by  G d  E  is

so = У, Si ■
aa

In  th e  most sim ple case, w hen =  1, the cost is equal to  th e  num ber of ele
m ents in G. W e m ay form ulate two d ifferent problems o f optim ization:

Problem A  F ind G w hich maximizes M  subject to th e  constra in t sG c.

Problem В  F ind  G w hich minimizes sa sub ject to th e  constra in t I f  >  c.

2,3. The basic theorem for reduced enumeration

2.3.1. B o th  problems given in the prev ious section can  be solved by  
enum erating all th e  subsets w hich satisfy th e  constraint inequality . However, 
for even a m oderate num ber o f independent variables th e  am ount of com 
p u ta tions would be quite large. The next section gives an algorithm  for fin d 
ing th e  exact solution w ithout enum erating all th e  subsets satisfy ing the lim it
ing constrain t. Before describing the algorithm  we present a  theorem  which 
enables it to  be exact. Let th e  subset G d  E  have к elements. L e t (,'l(G) denote 
th e  class of those subsets of G all of which hav e  h elements. L e t xt denote th e  
i th  row vector o f m easurem ents o f the ith  independent variable, i.e. Xi denotes 
th e  i th  row of X. L et XH and  X G be the m atrices of rows of X defined by  th e  
subsets H, G CZ E. Suppose th e  rank  of [XG, Y '] is к +  m.

Theorem. W ith  the above notations an d  assum ptions

(h +  l ) 2
ft+i

( S vjYj= 1

m ax min R 2(Xj; [Y' X #]') 1
H € C*(G) i í G  — H



1 7 0  MUSZÉLY: REDUCTION OF DIMENSION OF INPUT PATTERN RECOGNITION VECTORS

where

Í 1 if j <  к  — m,

(1 -  Xj-k+m) -1/2 if k —  m < j < k ,

and  Ai X\ <[\  . . <  lm <C 1 are the roo ts  of the equation

|A2YY' -  YXb(XGX 'G) - i  XqY'| =  0.

For any  Xv  . . . , Xm, h a n d  Y there ex ists an  XG such th a t  the inequality  
becomes an  equality.

Remark 1. Let M(G) denote th e  m easure of th e  goodness of f i t  when 
the variables corresponding to  G are in th e  regression. B y  Lemma 1 we get 

=  Miß).

Remark  2. For h <C к — m — 1 th e  righ t side o f th e  inequality is equal
to  0.

2.3.2. Proof. The theorem  follows from  the forthcom ing Lem m as 2 —4.

Lemma  2. Let Ф be a diagonal m a trix  with elem ents 0 <C qq <C cp* <C. ■ ■ • 
<f 9om. L e t vv  . . . , vg an  orthonorm al system  of m d im ensional vectors. W ith  
these n o ta tions

У  (■v'j Ф Vj)L2 >  У  <fj'2.
7 = 1  7 = 1

The lem m a is a p a rticu la r case o f th e  theorem  o f 4.1.4 in [4].

2.3.3. L et D b e a n m X M  m atrix  o f full rank. L et К  denote a sym m etric 
positive definite m x m  m a trix  w ith eigenvalues //.,■ (i =  1, . . . , m). W e have 
the following lemma:

Lemma  3. I f  for each  j  =  1, . . .  m

(DK D')yy =  1 (6)
then

m
m ax  {(DD')_1}yy >  ( ^ y p )2/m 2 .

7 i t Í

For an y  К  there exists a  D for w hich the inequality  becomes an  equality .

Proof. Any nonsignificant D can be w ritten in th e  form of D =  P'FQ, 
where P and  Q are orthogonal m atrices a n d 'F  is a d iagonal m atrix  w ith  non
zero elem ents ipv . . . , xpm. W ith these notations we can  write

1 1 ] m
m ax {(DD')-1},-.- >  — t r ( D D ') - 1 =  ~ t r ( P 'F ~ 2P ' ) = — y x p r 2, 

j 11 m m m fti (7)
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where t r  denotes the sum  of the  diagonal elem ents of the  m atrix  in the argum ent . 
Let 1\ denote the set o f matrices D satisfying (6). I f  Г2 =  {D : t r  D K D ' =  m }, 
then  I \  а  Г , ,  and

m m
min J ?  ipf2 m in V  ipf2. (8)
DCF, n c r . - r ,

F u rther, we have

t r  D K D ' =  t r  K D 'D  =  t r  К  Q T -Q  =  t r  QKQ 4 '-

where
4i =  {QKQ'}(/.

mX.’ 2
2é Vi Qi*i=i

(9)

At the D, where the m inim um  of
m

i=l
subject to  th e  constraint

m

i=l

( 10 )

( П )

occurs, th e  p artia l derivatives of the  function
m m

2  v r 2—  v'i 4i —  m)
i=l i=l

with respect to  yjv . . . , грт vanish:

— 2ipf3 +  2^qty)i =  0 (i =  1..........m)

Substitu ting  th e  solutions for y>j into (11) we get

(12) and (13) give

x.e.

£ 1/2 2  =  m ■ 
i=i

Vi
1

m
■уоУ2

7 = 1

- 1/2

> > r 2 =
2
m >'qV2

By Lem m a 2 we have

V ?J,2>  2 i A !2-
i= i i=i

(7), (8), (15) and  (16) give the  required inequality.

( 12 )

(13)

(14)

(15)

(16)
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The second statem ent o f th e  lemma can  be proved as follows: B y p ro 
p e rly  chosen Q we can get </; =  iii which give the  equality  in  (16). F o r such 
Q and  for W defined  by (14) we have

(DD ) 1 =  P 'F - 2P '= m > > P | DKD '. (17)

Choosing P in  such a way th a t  the diagonal elements of p ^ -äp ' are equal, 
(17) gives the  sam e for the d iagonal elem ents o f DKD '. Then on the one h an d  
th e  equality holds in (7), on th e  o ther hand D minimizes (10) in  bo th  Гх and  Г2.

2.3.4. L e t F  be any su b se t of h +  1 elem ents out o f G. Denote th e  se t 
{ j  '■ j í  -F, i  #  *} by  F  -  i. W e have the following lemma.

Lemma 4. W ith  the n o ta tions of th e  Theorem

max F 2(x/ ; [Yj XF_,.]') >  1
i f F

(fr +  1)2
h+1 )2
2 ’ Vj

;=i

F o r any kv . . .  , ?.m, h, and Y th ere  exists an  XG such th a t  for a certain F  th e  
inequality becom es an equality .

Proof. W ith o u t loss o f generality we m ay  assume

XiX\ =  1. (18)

W e introduce th e  symbol d(v; Z) to denote th e  Euclidean distance of vector 
v from the space defined b y  th e  rows o f th e  m atrix Z. L e t QF denote th e  
m atrix  of th e  difference vec to rs between th e  rows of XF an d  their projections 
on the space o f the rows o f Y. QF . and  </,- can be ob ta ined  from XF , and  
Xi in the sam e way. By th is  notation we m ay write

Щ х Г, [Y', XF _ ,] ')  =  1 -  d\xi-, [Y', XF_,-]') =

=  1 -  ; [Y', QÉ-/]') =  1 -  d2(gi ; QF_,). (19)

Let th e  rows of the m a trix  U form  an orthonorm al basis of th e  space 
defined by  th e  rows of Y. L e t  U be its least square estim ato r when XG is in 
the  regression. The rows o f U  are the projections of rows of U on th e  space 
spanned b y  th e  rows of XG. L et the row s of W form an  orthonorm al basis 
in the space th a t  completes th e  space o f row s of U to  th e  space of rows o f XG. 
We have W U ' =  0 and W U ' =  0. XF can  be w ritten as

X F =  A U  +  BW (20)
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We shall t r y  to  determ ine QF in th e  form  of

Qf =  X F -  CU. (21)

M ultiplying (21) by U ', in  view of (20) we obtain

0  =  A U U ' -  C.
Thus (21) can be w ritten  as

Qf  =  AÜ +  B W  - AUU'U.
We no te  th a t

Ü U ' =  U U ' =  U ÍJ '.

Denote th is  sym m etric positive defin ite  m atrix  by  M. I t  can be w ritten  as

M =  R A R ' ,

where R  is an  orthogonal, Л a diagonal m atrix  with positive diagonal elem ents 
. . . , defined in  th e  Theorem. B y  these no ta tions we m ay w rite

Qf  =  A(M -  M2) A ' +  B B ' =  AR(A2 — Л 4) R 'A ' +  BB'

and

I t  follows from  the defin ition  of the  m a tr ix  [A, Bj th a t  D D ' is nonsignificant. 
L et th e  row s of the m a tr ix  T form th e  orthonorm al basis of the  space spanned 
b y  th e  row s of D for w hich Т Ф Т ' =  Ф, is a diagonal m atrix  w ith positive 
diagonal elements. D can  be w ritten as

D =  D, T ,

where D1 is quadratic. B y  (22) and  (23) we get

Qf Qf =  Dj D(
and

x F X'F =  d ^ d ;.

S in c e  t h e  2,-я a r e  le s s  t h a n  1. w e  c a n  w r i t e

where
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In  view of (18) Lem m a 3 can be applied to  Б 1Ф10 (  and  (Dj D() h

m ax{(D 1D ;)- i} ;7^ ( 4 > i / 2 ) 2 / ( / , +  1)2) (24)
7 '= i

where ■ , rfi,h~i are th e  diagonal elem ents of Фх =  T Ф T '. By Lem m a
2 we get

h+ 1
m a x I lD .D i) - 1}^ >  ( ^  У,)2/ ( /г +  !)2- (25)

j  7=i
Substituting

d\ q i ; Qf - í) =  , =  {(Qf  Qf )“ 1}«1 =  {(D, D i)-!}«1 (26)
V F - i  V F - / I

into (19) an d  applying (25) we get the inequality  of the lem m a. Choosing th e  
A and В such th a t  for the  corresponding D in (24) and (25) th e  equality  holds, 
(20) gives th e  XF for which th e  inequality  o f th e  lemma becom es an equality.

2.3.5. To prove the theorem  we shall consider the  set H 0 w hich maximizes 
|Q/ /Qh | over all H  d  Cu{G). F o r any j  $ H 0 le t F j =  j  U H 0. F rom  (19) an d  
(26) it follows th a t

т а хЩ хг,  [¥ ',  Xfr ,]') =  R^xy, [¥ ', Xf c J ' ) .
I 6 Fj

Then Lem m a 4 gives

(h +  l l 2fí2(x; ; [ Y ' , X ^ ] ' ) > l - ^ ^
( Í  Vy)2
7=1

for each j  $ //„ . This resu lt is an alternative form ulation o f th e  first p a r t  
o f the theorem .

Let th e  к X к m atrix  D G be given as follows:

where D* denotes the choice o f D, for which in (25) the  equa lity  holds. I f  
A0 and BG are defined by

Dg =  [AcRA(I -  A2)l/2, BG]

th en  for XG =  Ag U -f BGW  th e  inequality in th e  theorem  becom es an equality .
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2.4. Procedures of red%iced enumeration for various cases

2.4.1. All the algorithm s for various cases coincide in restriction o f the 
enum eration only to  a certain  class o f subsets containing a small nu m b er of 
independent variables. T he numbers o f elements o f these subsets a re  on  an 
average m  less th an  th e  num ber of elem ents of subsets exam ined b y  full 
enum eration. The subsets will be com pleted to form real candidates for the 
set of regression variables only in some cases. The value given by  th e  right 
side of th e  inequality  o f the  theorem fo r h =  к — m  will be used as a  level 
for selecting additional variables. I t  can be written as

ß
(Ic — rn +  l )2

[ k  m +  (1 — l f 0) - 1/2]2 ’
(27)

where M 0 is the  current maxim al value o f the criterion of goodness.

2.4.2. Procedure fo r Problem  A in case of s,- == 1. T he flow ch a rt o f  the 
algorithm  appears in Fig. 1. The level c can be defined as the integer k. Then 
the optim al subset will have к elem ents. To compare th e  procedure to  th a t 
of full enum eration of all com binations o f к out of n, we mention th a t  the 
presented procedure needs th e  enum eration of the com binations of к — m  ou t 
of n only. Calculation o f th e  criterion o f  goodness has to  be perform ed only 
for certain  ^-com binations of the independent variables.

Explanation of the boxes. Box 1. In  M 0 and in fi there will be sto red  
the  current m axim al value of the criterion of goodness, and  the level given 
by  (27).

Box 2. I f  Box 2 is called, a new com bination will be stored in H. I f  
the  enum eration is over, th e  program will be term inated .

Box 3. The dependent variables a re  added to  th e  set of independent 
variables defined by // .  The set of indices i out of E  — H  for which

Щхг, [Хн, Y '] ')  ß

will be stored in L. I f  th e  num ber of its elem ents r 7> rn th en  Box 4 will be 
called otherw ise the control is re turned  to  Box 2.

Box 4. I f  Box 4 is called, a new com bination of m  o u t of L  will be sto red  
in HI.  I f  all com binations are generated th e  control is transferred  to  B ox  2.

Box 5. The criterion o f goodness is calculated fo r G =  H  U H 1. I f  it 
does no t exceed the best value found u n til th a t tim e th e n  the control will 
be transferred  to  Box 4, else Box 6 will be performed.

R
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?

Fig. 1
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Box  6. The cu rren t optim al subset and  the op tim a l value o f th e  crite
rion are sto red  in ö opt an d  M a, respectively. The constan t ß  is modified b y  (27).

2.4.3. Procedure for Problem  В in case of s,- =  1. The procedure pre
sented in Fig. 2 is very  sim ilar to  the  previous one. T he algorithm described 
above is perform ed for к  =  m -(- 1, m  -j- 2, . . . etc, till th e  control is tran s
ferred to  Box 6. W hen it is the first tim e it  happens th e  program  goes to  stop.

2.4.4. Procedure for bo th  problem s in the general case. A v e ry  brief 
flow ch art is given in Fig. 3.

3. Recognition of intonation

As an exam ple of illustration an experim ent connected with th e  recogni
tion of in tonation  of a  spoken Russian sentence was performed. A sentence 
was pronounced by 15 speakers w ith (a) affirm ative, (b) interrogative in tona
tions and  (c) as the firs t p a r t of a com pound sentence. We should rem ark 
th a t  the  gram m ar o f th e  Russial language perm its th e  order of w ords to  be 
the  same in these sentences. 40 different m easurem ents were made on each 
of the sentences.

B y a  m ethod of featu re  ex tracting [1] tw o linear functions of all m easure
m ent param eters were found as features. In  order to reduce the dim ensionality 
of p a tte rn  recognition vectors, the  subsets of m easurem ent param eters were 
tested  regarding the  ab ility  of their linear functions to  approxim ate the 
features. The difference vectors between m easurem ents from  different classes 
were w eighted in inverse proportion to  th e  fourth  pow er o f their leng ths and 
were taken  as sample vectors. The cost o f  m easuring was assumed to  be  equal 
to  the num ber of param eters being in th e  regression.

There were solved Problem  A in th ree  different cases к — 2, 3, 4, and 
Problem  В in cases c =  0.93, 0.96, 0.97. As a  rough approxim ation to  d e ter
mine com putational efficiency, bo th  th e  m ethod suggested  in th e  present 
paper and  th a t  of full enum eration were com pared b y  counting the  num ber 
of times, th e  calculation of M  was perform ed. R esults an d  com parisons of 
these approxim ative am ounts of operations are presen ted  in Tables 1 an d  2. 
W ith respect to  p a tte rn  classification it should  be n o ted  th a t for к =  4, the 
space of approxim ates o f th e  features assures an acceptab le discrim ination 
of the th ree  classes o f patterns. The figure shows the  sh ift of the sam ple in 
the  plane o f th e  two features after the num ber of param eters have been reduced 
to  four.

6*
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\  Stop Fig. 2
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F ig . 4

Table 1

к The optimal parameter set M (0 )

The number of times the calcula
tion of M (G ) was performed

Full enumeration Shortened
enumeration

2 36  40 0 .9 2 5 8 7 8 0 —

3 19 3 6  4 0 0 .9 5 1 8 9 8 8 0 253

4 5 19 3 6  40 0 .9 7 0 7 91 3 9 0 6320

Table 2

c The optimal param eter set M (G )

The number of times the calcula
tion of M (G ) was performed

Full enumeration Shortened
enumeration

0 .9 3 18 36 40 0 .9 3 7 0 8 7 1 0 890

0 .9 6 2 19 36 40 0 .9 6 0 9 24 6 1 0 1462

0 .9 7 5 19 36 40 0 .9 7 0 7 46  0 6 0 2062

Conclusions

The procedure for reducing the num ber of in p u t pa tte rn  recognition 
param eters presented in th e  paper has necessitated dealing with the problem  
of reducing the  num ber o f regression variables in case of more th a n  on
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dependent variables. A criterion  of the goodness of fit o f th e  regression an d  
a procedure for searching th e  optim al se t o f variables have  been proposed. 
F u rth e r experim ental or perhaps theoretical investigations are necessary 
before definite conclusions regarding th e  saving of com puter time w ould 
be arrived at.
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Сокращение исходного описания в задаче распознавания образов с помощью 
метода поиска оптимального подмножества параметров линейной регрессии

Д .  М У С Е Л И

(Будапешт)

По предложенному методу сокращение исходного описания осуществляется после 
нахождения линейных признаков в пространстве полного описания. Предлагается выби
рать такие параметры, линейные комбинации которых хорошо аппроксимируют признаки. 
Таким образом, решение задачи сводится к  нахождению  оптимального подмножества 
параметров для линейной регрессии. Эта более общ ая задача рассматривается в случае 
нескольких зависимых переменных. Дается критерий для измерения эффективности 
аппроксимации.

Формулируются две задачи: (а) найти подмножества с максимальной мерой эффек
тивности среди тех подмножеств параметров, для которых стоимость измерений меньше 
некоторого порога, (б) найти подмножества с минимальной стоимостью измерений среди 
тех подмножеств, дл я  которых мера эффективности больше некоторого порога.

В статье предлагается алгоритм сокращенного перебора, позволяющий получить 
решение поставленных выше задач. В качестве иллюстрации предлагаемой методики 
рассматривалась задача распознавания интонации.

Gy. Muszély
C om puter and A utom ation  In s ti tu te  
H-1502 B udapest, X I. K ende u . 13 — 17 
H ungary
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INTERNATIONAL IFAC SYMPOSIUM ON 
DISCRETE SYSTEMS

In terna tional IFAC Sym posium  on D iscrete  Systems held  in R iga 
(USSR) from Septem ber 30 to  October 4, 1974, was attended  b y  262 persons 
representing 72 organizations from  twelve countries (Belgium , Bulgary, 
H ungary , Germ an Democratic R epublic, I ta ly , Poland, USSR, USA, Federal 
R epublic of G erm any, France, Czechoslovakia, Japan). A t its  6 sessions, 
89 papers were p resen ted  dealing w ith  synthesis o f discrete system s, au tom a
tion  o f their design, reliability a n d  diagnostics, probabilistic au tom ata  and  
collective behaviour of au tom ata, uniform a rray s  and other aspects of the  
d iscrete system th eo ry . In  addition , two round-tab les were devo ted  to  syn the
sis an d  technical diagnostics of discrete system s.

Sessions were preceded b y  a  plenary session a t which 5 survey  papers 
were read  discussing most im p o rtan t study areas related to  d iscre te  systems.

A new w ay to  studying discrete system  design au tom ation  based on 
m ethods of the system  analysis w as outlined in  a  paper b y  M. A. Gavrilov 
(USSR). The sam e m atter was discussed by H .-J . Zander (GD R) who gave 
characterization o f  an  au tom ated  system R E N D IS , under developm ent in 
GDR.

Organization an d  im plem entation of un ifo rm  arrays were discussed in 
papers by  У. G. L azarev  (USSR) a n d  J . F lorine (Belgium). T he form er deals 
w ith  im plem entation principles a n d  peculiarities of au tom aton  synthesis in  
uniform  arrays, a n d  the latter p resen ts results o f studies on construction of 
“m acrocell” com puters. Each m acrocell is an  involved device consisting o f 
several registers, adders, and o th e r com puter components. All cells have 
identical structure an d  are interconnected b y  tw o  closed inform ation tran s
mission paths, horizon ta l and vertical.

P aper by V. I. Varshavskii was devoted to  the theory  o f aperiodical 
au to m ata  with self-synchronization whose organization differs from  bo th  
classical synchronous, and asynchronous au to m ata .

Discrete system  synthesis session had 22 papers discussing new, non- 
trad itio n a l aspects o f synthesis such  as synthesis of m ultifunctional logic
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elem ents, design of m ultifunctional com puter modules, an d  synthesis procedures 
for d iscrete devices consisting of elem ents w ith given a rb itra ry  s tru c tu re , as 
well as solutions of classical problems.

M ajority  of papers in the discrete system  diagnosis and  reliability  session 
were devoted to  detection  of con tac t-type failures in  com binatorial circuits 
and  to  m ethods of sequentia l discrete system  checking. Most interesting papers 
were from  France, U SSR , Bulgaria an d  Hungary.

R eliability  of com binatorial and  sequential d iscrete devices was discussed 
in tw o papers from U SSR  and B ulgaria.

P apers a t the  session on discrete device design autom ation presen ted  
results of studies carried  o u t in USSR in three fields m icroprogram  au tom aton  
au tom ation  synthesis, com puter s tru c tu re  synthesis, and discrete device 
design autom ation. In  addition, two papers from F rance dealt w ith sim ulation 
of logic device operation  and m odular design of in d u stria l logic devices.

A t the session on probabilistic au tom ata, papers by Soviet authors 
discussed transfo rm ation  of stochastic sequences b y  m eans of determ inistic 
and  probabilistic au to m ata . The sam e topic was touched  upon in a p ap e r from 
D D R  which considered transform ation  o f various ty p es  o f stochastic sequences 
by  various types o f au tom ata .

A t the session devoted to  uniform  arrays papers were p resen ted  by 
scientists from Belgium, Bulgaria, U SSR  and F R G . Several papers dealt 
w ith  general questions o f the uniform  a rray  theory  concerning their structu re , 
behaviour and density .

A nother group o f papers discussed applied aspects of the uniform  array 
theory , nam ely, those concerning p articu la r m ethods for im plem entation ol 
au to m ata  in uniform  arrays, signal transm ission in  these arrays, provision 
of re liability  of au to m ata  im plem ented in uniform  arrays, etc.

Diverse problem s were discussed in  papers read  a t  the session on general 
problem s of discrete au tom ata . They dea lt with problem s of great theoretical 
im portance, as well as w ith  specific problem s of applied  nature.

On the whole, th e  papers re flected  the to d ay  state-of-art an d  tren d s in 
the  developm ent o f discrete system  theory.

Discussion an d  exchange of views between symposium partic ipan ts  
will prove very useful in  further stud ies in the field  o f the discrete system 
theory.

V. M . Ostianu
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SIXTH ALL-UNION CONFERENCE ON CONTROL
PROBLEMS

The regular All-Union Conference on Control Problem s was held in 
Moscow for the six th  tim e between October 7 and 11, 1974. I t  was sponsored 
by  the  Academ y of Sciences of the U S S R  and the Soviet N ational Committee 
on A utom atic Control. The conference was attended  b y  about one thousand 
persons representing ministries, departm ents, scientific organizations, indus
tr ia l enterprises and educational institu tions. About 300 papers and  com m uni
cations covering m ost interesting re su lts  obtained in  the field o f  theory, 
hardw are and  control system s were presented and  discussed.

The plenary sessions were opened  by a sho rt in troductory  speach by 
academ ician V. A. Trapeznikov, C hairm an of th e  Conference Organizing 
C om m ittee, followed by  invited  papers o f A. I. M ilikovskii “Problem s involved 
in to  the  developm ent o f th e  capitalist economics” , Y u. M. Popov “A pplication 
o f lasers to  optical inform ation processing” and В. V. R aushenbakh “ A ttitude 
control of orbital s ta tio n s” .

The conference involved 20 sessions:
1. Theory of control systems;
2. A daptation  and  recognition in  autom atic system s;
3. O ptim al system s;
4. D iscrete au tom ata;
5. Stochastic system s;
6. Design au tom ation ;
7. A utom ation of scientific researches;
8. Control of econom ic systems;
9. Control of m anagem ent system s;

10. A rtificial intelligence and robo ts;
11. Inform ation system s in sensor system s;
12. Control in biology and  m edicine;
13. D iscrete and hyb rid  devices for autom atics an d  com puters;
14. Analog devices for autom atic control;
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15. Technical diagnostics and  re liability  of au to m atic  control systems;
16. A utom atic control system s;
17. A utom atic control system s for technological processes;
18. Control o f hierarchical an d  complex system s;
19. Control o f moving objects;
20. Education, technical m eans and equ ipm ent for m anagem ent.

A t meetings betw een sessions th e  following in v ited  papers were presented 
an d  discussed: У. M. Glushkov “A  sequential techn ique for p lan  optim ization 
a t  th e  macro-economic level” ; G. S. Pospelov, D . A. Pospelov “ Basic direc
tions o f research in  th e  field of artific ia l intelligence” ; A. M. P etrovsk ii “Control 
th eo ry  and  m edicine” ; M. A. A izerm an “The m an an d  the collective as elements 
o f control system s” ; О. M. Belotserkovskii “Technological progress and tra in 
ing o f personnel” ; M. A. Gavrilov, У. N. M ostachenko, O. N . T atu r, E . A. 
T rakhtengerts, V. V. Boiko “P resen t-day  problem s in design contro l autom a
t io n ” .

The conference resolution says:
“ Presently, theoretical a n d  applied stud ies and  developm ents in th e  

field  of control are being carried o u t with success in  areas involving m anage
m ent-adm in istrative, m anagem ent-technical, economical, social, biological 
an d  other complex system s as well as in the trad itio n a l technical area.

“F urther progress was m ade in  the fields o f optim al an d  fin ite  control, 
an d  num erical m ethods for determ ining  optim al controls. S ignificant advances 
were made in th e  optim ization o f high-dim ensionality system s, th e  nonlinear 
in v arian t system s, th e  variable s tru c tu re  system s, th e  stochastic and  term inal 
system s. New identification an d  control m ethods were developed and lim its 
o f adap ta tion  alogrithm s were estim ated  for th e  adaptive an d  self-aligning 
system  theory. The theory  of fin ite  systems, fin ite  au tom ata involving hum an 
collectives, re lay  circuits, sequen tia l machines, th e  theory o f control under 
uncerta in  conditions were fu rth e r explored.

“Progress w as made in th e  s tu d y  and developm ent of applied  problem s 
o f economic control. Significant re su lts  were ob ta in ed  in generation of effective 
num erical m ethods for economical an d  m athem atical problem s o f high dim en
sionality , in com puter sim ulation o f block d iagram s for control of economic 
system s, in design o f inform ation system s for generation of ra p id  inform ation 
an d  preparation o f arrays of econom ical d ata  for planning. Form alized descrip
tio n  of socio-economic plants is being  developed a n d  mechanisms o f its function
ing are being stud ied . An A u tom ated  Planning System  for th e  S ta te  P lanning 
Com m ittee, P lann ing  Com mittees o f Union republics, and also for appropriate 
m inistries and departm ents has been developed and  accepted.
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“ Studies of theoretical and p ractical aspects o f m anagem ent system s 
proved successful. Im p o rtan t results were obtained in  analysis and  synthesis 
of m anagem ent structures, decision m aking, and planning  of scientific studies.

“W ork was carried o u t on stu d y  an d  modelling of control in  living 
organisms. New models o f inform ation perception a n d  processing in  living 
organism s have been constructed  which are of im portance in term s o f technical 
system  design. Studies on artific ial intelligence were continued  further. Works 
are being carried out on construction of robots of 1st, 2nd and nex t genera
tions. In  cooperation w ith  h ea lth  service workers, s tud ies were con tinued  on 
disease diagnostics and  m edical trea tm e n t control organization.

“ In tensive work was carried  out on au tom atic con tro l systems for techno
logical processes, and  adm in istration  and  m anagem ent a t  the  levels o f separate 
enterprises, sectors of th e  national econom y, and th e  national econom y as 
a whole. R easonable ways o f modelling a n d  generation o f hierarchical control 
structures, m ethods for reduction  of inform ation redundancy  an d  correct 
organization of inform ation flows betw een system elem ents, and  effective 
ways to  increase dependability  of processed inform ation were established.

“Design au tom ation  has been developing successfully for recen t 5—6 
years. Im p o rtan t studies are being carried  out on au tom ation  of scientific 
studies. General-purpose system s for com m unication between m easuring 
in strum entation  and  com puters, and a num ber of experim ent planning m ethods 
have been developed.

“W orks on technical diagnostics a n d  reliability m et with success. P rin 
ciples were worked ou t for organization o f systems determ ining technical 
condition of complex p lan ts  during their assembly an d  use. Computer system s 
were developed for generation of tests for modern s tan d ard  com puter ele
m ents.

“ In  the  field of re liability , m ethods for study a n d  analytical description 
of com plex control system  behaviour allowing for particu lar conditions of 
th e ir operation, and  approaches to construction of reliable systems from  non
reliable elem ents were developed. N orm ative docum entation was p repared  
giving regulations for re liab ility  of various classes of technical units an d  sys
tem s in term s of their im portance.

“ W orks in the  field o f control hardw are were going on intensively. New 
principles were worked ou t for construction of hardw are for au tom ation  and 
com puters based on advances of the quan tum  electronics, on m agnetic do
mains, resonance phenom ena, etc. In tensive work was carried  out on enhance
m ent of physical re liability  and  precision of the hardw are and reduction  of 
its size. The S ta te  System  o f Instrum en ta tion  was fu rth e r developed; its
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branches are being developed involving new areas of hardw are such as v ibro- 
m etry , ana ly tica l and  electrical measuring instrum ents, etc.

“Significant results were ob tained  on th e  theoretical foundations an d  
principles of construction of h igh-throughout reliable m ulti-processor system s 
for computers. F u rth er advances were m ade in  the field o f rearrangeable 
structu re  system s based on un ifo rm  m icroelectronic arrays a n d  oriented to  
effective real-tim e solution of control problem s.

“Great a tte n tio n  was p a id  to  the developm ent and analysis of the p r in 
ciples of increasing effectiveness of the com puter technology: consideration 
was given to  num erical netw orks, fixed d ig ita l analog com puters, m ultiple 
use of analog com puting elem ents, autom atic se tting  of a problem  and check
ing of its execu tion  on analog com puters. In ten siv e  works w ere carried o u t 
on  the developm ent of effective m ethods for application of h y b rid  com puting 
system s to optim ization, sim ulation  of stochastic systems a n d  lumped p a ra 
m eter ones.

“Studies o f th e  m an-au tom aton  problem  were carried o u t to  advantage. 
Techniques w ere developed for th e  design o f m an-com puter systems. W ork 
w as commenced on design o f universal sets o f  means for sim ulating such 
system s.

“The conference believes th a t  extensive introduction in to  the national 
econom y of p resen t advances o f  th e  control sciences, as well as o f those w hich 
will result from  fu rther studies will contribute to  the significant progress of 
th e  national econom y of this co u n try ” .

I .  N. Sinitsin—M . E. Shaikin
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A [CA SYMPOSIUM ON HYBRID COMPUTATION 
IN DYNAMIC SYSTEMS DESIGN

R O M E , N O V E M B E R  1 1 -1 4 , 1974

The in ternational sym posium  on H ybrid  C om putation in D ynam ic 
System s Design, organized by AICA (Assotiation In ternationale  pour le Calcul 
Analogi(jue) in cooperation with IF A C —IF  I P —SCS A E I A N IPLA  under 
the sponsorship of

— Consiglio N azionale delle Ricerche
- Is titu to  di A utom atica — U niversita di R om a
- Com itato N azionale per l ’E nerg ia Nucleare
-  E n te  Nazionale per l’E nergia E lettrica, 

was arranged  for the  seven th  time.
The sym posium  was prepared b y  an  Italian  Organizing Comittee headed 

by  Professor A lessandro De Carli (Is titu to  di A utom atica, Rome).
The symposium w as held in th e  Conference H all o f the “Consiglio N a 

zionale delle R icerche” , Piazzale delle Scienze.
The 66 accepted papers were selected from 102 subm itted  papers and  

divided according to  th e  following topics:

(A) COM PUTING M ETHODS AND STRUCTURES
(B) M ETHODS OF H Y B R ID  COM PUTATION FO R

1. Identification
2. O ptim ization
3. Analysis of D istrib u ted  System s

(C) A PPLICA TIO N S O F H Y B R ID  COM PUTATION TO IN D U STR IA L 
SYSTEMS:

1. Chemical
2. Iro n  and Steel
3. Mechanical
4. Aerospace
5. E lectrical and  E lectronic
6. Nuclear and Pow er
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(D) APPLICATION S OF H Y B R ID  COM PUTATION TO E N V IR O N 
M ENTAL SYSTEMS:

1. Ecological
2. Social

(E) APPLICATION S OF H Y B R ID  COM PUTATION TO BIOM EDICAL
SYSTEMS

The sym posium  s ta rted  N ovem ber 11, 1974 w ith a survey  paper p re 
sen ted  by R. V ichnevetsky, P residen t of AICA. Then the p resen tation  of the 
technical papers followed. Two round tab le  sessions were organized, the firs t 
one was devo ted  to  the education  in hy b rid  com putation, th e  second one 
trea ted  the ac tu a l and fu ture role of hybrid  com putation in dynam ic systems 
design. A technical visit to  th e  H ybrid  C om putation Center of th e  N ational 
Nuclear E nergy  Committee w as organized as well.

I t  is w orth  m entioning how the accepted papers d is trib u ted  among the  
countries:

C o u n tr y
N u m b e r  o f  a c c e p t

e d  p a p e r s C o u n tr y
N u m b e r  o f  a c c e p t

e d  p a p e r s

Austria 1 Holland 3
Belgium 6 H ungary 2
Bulgaria 1 Iran 1
Canada 1 Israel 1
Czechoslovakia 4 Ita ly 10
E gypt 1 Poland 11
England 2 Spain 1
Finland 1 USA 3
France 6 USSR 6
FRG 5

As it is shown in the tab le  the 66 technical papers were accepted from 19 
countries which also indicates the  really in ternational character o f the  sym po
sium.

The 103 registered partic ipan ts  coming from 17 E uropean , American, 
African and  A siatic countries also em phasized the in terna tional im portance 
o f the subject o f the sym posium .

Because o f the lim ited length of tim e, the  lectures were delivered in 
parallel sections. Time for presen tation  and  discussion was 20 m inutes. More 
serious discussion did not developed.

I t  is in teresting to  m ention how im p o rtan t role p layed  the  practical 
application in  the  presented papers. A lm ost every lecture has dealt w ith 
problems arising in the course of industrial or developm ent works.
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Studying th e  subject of the  sym posium  one can observe the  com prehen
sive possibility o f application of hyb rid  com puters on the one h an d  and a 
very  definite progress of possibilities given by h y b rid  com puters for users on 
the  o ther hand.

The above fac ts  and  the decreasing im portance of analog com puters in 
itself propose to  change the firs t le tte r  of AICA from  A into H.

A  cocktail p a r ty  held on the  firs t day an d  a  dinner p a r ty  on th e  th ird  
day  o f the  sym posium  afforded possibility to  enlarge personal connections.

The official language of the  sym posium  was English.
The Tam burini E d ito r of M ilan published th e  Proceedings of Symposium 

approxim ately  in 400 pages.

M. Habermayer

MAGYAR
TUDOMÁNYOS AKADMI4 

^  KÖNYVTARA • -'v
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P R O B L E M S  O F CONTROL A N D  I N F O R M A T I O N  T H E O R Y  VOL. 4, NO. 2 
E N G L IS H  T R A N S L A T I O N  OF T H E  C O M M U N IC A T I O N S  I N  R U S S I A N

NONPROBABILISTIC MUTUAL INFORMATION 
WITHOUT MEMORY*

V. D. G O PPA  

(Moscow)

A  n onp robab ilis tic  analog  of th e  m u tu a l  in fo rm ation  is in troduced . A  u n i
versal decod ing  a lg o rith m  fo r discrete m em o ry less  channels is proposed.

1. F or an y  two w ords x £ X n, x  =  (xv  . . . , xn), |X | =  L x\ y£ Y n, 
у  =  (yv  . . . , y n), jF | =  Lg form  a new w ord  x  ® y d ( X  <S> Y)n, x ® у  =  
=  ( ( а д ) ,  (x2y2), . . . , (xny n)). L et {m,}, {n;}, {mu } be compositions of th e  
words x, у  an d  x  <g) y, respectively, i =  1 , 2 , . . . ,  L,; j  =  1 , 2 , . . . ,  L2.

{mijjn} is evidently th e  probability  d istribu tion  on X<g>Y, and {m;/n} 
and  {rijln{ are its partia l d istributions on X  and Y, respectively, because 
N  nijj =  n, JV  niij =  nij, ^  rriij =  rij. I t  follows from the above th a t <p(x<g>y) «< 
i j  j  i
<  cp(x) <p(y) where cp(x) is th e  F itingof w eight of x  [1].

In troduce the following notations:

<p(x : y) =  <p(x) +  <p(y) — cp(x ® y)

<p{ylx) =  ®  У) —  <p(x)-

The following of th e ir properties a re  readily  verified:

1. cp(x : y) =  cp(y : x)\
2. tp(x : x) =  cp(x) because <p(x (g> x) — qd { x ) \

3. y(x  : y) =  y(x) — <p(x/y) =  <p(y) — y{y\x).

Lemma  1. Let Q be a  probability d istribu tion  on X  ® Y, Qn be th e  
d istribution on X n ® Y n w hich is the p ro d u c t of measures on X  <g) Y  (discrete 
memoryless channel), R  =  H(x)  — H ( X /Y )  be Shannon’s m u tu a l inform ation. 
Then y(x : y) p  R, y/x) p  H(Y]X).

The p ro o f follows from  the  definitions an d  the law of th e  large num bers.

* T he  m a in  resu lts o f  th i s  paper w ere d iscussed  on th e  3 rd  In te rn a tio n a l S y m 
posium  on In fo rm atio n  T h eo ry  (Tallinn, 1973).

1
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Now introduce th e  distance betw een words x an d  у  as follows:

e(*> у ) =  I\<р(*1у) +  9 ( ^ ) ] / 2-

N ote th a t the w ords x  and у  have th e  same leng th  bu t m ay belong to 
different alphabets.

F in d  conditions u n d er which cp(y/x) — 0. According to  the defin ition  
this m eans th a t cp(x 0  y) =  <p(x). The la tte r  equality  holds if the following 
condition is satisfied: if  in the word x  th e  letter £ X  occupies locations 
Jv Jz’ ■ ■ ■ the same locations in th e  w ord  у  will be occupied by som e le tte r  

Y,  no m atte r which. I f  the  equality  у =  уj2 =  . . .  =  yjk does n o t hold, 
this leads to  cp(x 0  y) >• cp (x).

F o r instance, for th e  pair of w ords

x =  (11121233)
<р(У1х ) pi 0, q>(x/y) pi 0,

у  =  (77777011) 

for the words

x =• (11121233)
f(y' lx)  =  0 , q>(x/y') pi 0,

y '  =  (77777711) 

and for th e  words

x ' =  (11111133)
4>{y'\x’) =  0 , <p(x'ly') =  0 .

y ' =  (77777711)

Thus, th e  equality  g(x, y) =  0 m eans th a t the  w ord  у  was ob ta in ed  
from the  w ord x by ju s t renam ing th e  letters, various letters of th e  word 
receiving various new nam es. I t  is clear th a t  the relation x  ~  у  <=> p(x, y) =  0 
is th a t of equivalence, an d  we are going to  regard all th e  words belonging 
to  the sam e equivalence class as identical.

Lemma  2. q ( x ,  y) is m etrics on th e  to ta lity  of all words of leng th  n.

Proof. I t  is sufficient to  verify th e  triangle inequality . Shannon has 
introduced th e  metrics d(X,  Y) =  H ( X j Y )  H(Y /X)  in the  space o f all 
stochastic variables w ith  fin ite  entropy. O ur distance betw een words q ( x ,  y) 
is induced b y  Shannon’s m etrics: to  each pair of w ords x, у  we assign 
a  p robability  d istribution over X  0  Y  w ith  p a r tia l d istribu tions
{miln} an d  {nj/n} over X  an d  Y,  and for these distributions Shannon’s m etrics 
d(X, Y) ex ac tly  coincides w ith  the d istance n(x, y).
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F o r the sake o f completeness we are going to  presen t the p roo f of the  
triangle inequality  for th e  Shannon m etrics according to  Y. H oribe [2].

H (XIY)  +  H(Y/Z)  ^  H(XIY,  Z)  +  H(YIZ)  =  H (X ,  YjZ) >  H(XfZ)

thus
H ( Y / X )  +  H ( Y I Z )  ^  H ( X I Z )

and substitu ting  Z  for X  we obtain  H(YIX)  -f- H(ZjY)  )> H(ZjX).  B y sum 
ming th e  two inequalities

d(X, Y) +  d ( Y ,  Z) ^  d ( X ,  Z).

Lemma  3.

e(x, y) =  rp(x 0  y) — [9>(x) +  <p(y)]l2; 

q(x , у ) =  [<p(x) +  <p(y)]l2 — (p(x : y).

Lemma 4. L e t x be X n; F*;1*' =  { y e  Y n : g(z0, y) <  d, cp(y) <[ w} (a ge
neralized sphere w ith  th e  center in  th e  po int x 0). Then

log \ V *oW\ ^  n (d  +  (w  — Ф о ) ) 1 2 +  Oi1))-
Proof. According to  Lemma 3 for any  ye  V d’u' th e  inequality

< p ( x 0 ® y ) < , d  +  ( w  +  < p ( x 0 ) ) / 2  (1)

holds. T he num ber o f pairs satisfying inequality  (1) is estim ated through 
Lem m a 1 of [1]: log N d'w n(d -f- (cp(x) +  w)/2 +  0 (1)).

I f  x  and x'  have th e  same com position, x '  m ay  be obtained from  x  by 
perm uta tion  of le tter locations, and  if  one denotes by  B x  a set of words y e Y n 
such th a t  the  pair (x, y) satisfies (1), B x  =  B x ’ because B x '  is also ob tained  
from B x  b y  location perm utations. T he num ber o f words w ith the sam e com 
position is known to  hav e  the following [3] estim ate:

log N x ;> n((p{x) — 0(1)).

F inally  obtain:

log \ v dx;w\ <  log N d’w -  log <  n(d +  { w -  <p(x))l2 +  0(1)).

2. B y code we understand  a subset U of th e  space X n. In troduce the  
following characteristics o f the code:

1. transm ission ra te  R(U) =  (log \U\)/n;

2. d istance d(U) =  m in g(x, y), x ^ y ,
x ,y iV

1*
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3. capability  C(U) =  M ax cp(x : у), x ^  y,
x , y i U

4. weight W{U) — Max y(x).
X£U

The code whose words have the same F itingof weight will be referred 
to  as constant w eight code.

Theorem 1. There exists a  constant w eight code for which 

Ji(U) ^  C(U) — 0(1) =  w(U) -  d(U) -  0(1) 

for any C(U) > 0.

Proof. I t  follows from th e  definition of q ( x ,  y) th a t  for any  code

d(U) <_ w(U),

and  Lem m a 3 implies th a t  for th e  constant w eight code

d(U) =  w(U) -  C(U).

For a fixed d 0 choose an  arb itra ry  w  >  d and construct a  constant 
weight code w ith  param eters d(U) =  d, w(U) =  w by  using th e  standard  
“ rejection m eth o d ” by G ilbert. The num ber of all words of w eight w  is a t least 
and  the num ber of rejected points of the sphere of radius d is a t  most

2n(lF —0)a))

2n(d + 0(l)>
(Lemma 4).

Thus, th ere  exists a code w ith  the ra te

B(U) w  — d — 0(1) =  C (U) — 0(1).

3. In troduce 99-decoding for an a rb itra ry  discrete m em oryless channel 
as follows: a w ord z £ Y n is decoded into th e  code word x  if  and  only if 
cp(x : z) >  9o(x' : z) for any o th e r code word x ' . I f  there is no code w ord satisfy
ing this condition, the word z will be said to  lead to  decoding failure included 
into the decoding error.

Theorem 2. F or any discrete memoryless channel there will be a sequence 
o f constant w eight codes w ith  a  ra te  a rb itra rily  close to th e  channel capacity  
and  w ith a rb itra rily  small erro r p robability  o f 99-decoding.

Proof. A pply the classical “rejection m ethod” by Feinstein. L et C be 
the  channel capacity , H(X)  be the  en tropy  o f the  m axim izing d istribution,
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H(Y)  be th e  entropy o f inpu t d istribu tion , R  be th e  code transm ission ra te
R < C .

L et d =  (R +  C)l2, M  =  {(x, y) : x  £ X n, у £ Y n, <p(x : y) >  x, <p(y) <; 
< H ( Y ) ,  <p(x) =  H(X)  +  0(1)},

My  be projection o f M  on Y n,

M x be projection of M  on X n.

I f  P (M y) )> 1 — e, 0 <  e <  1, then , since P ( M y) =  p(x) ■ p ( M ylx),
x £ M x

there will be a w ord xx£ M x such th a t  P(My/x1) < 1  — £• Take th is  word 
as th e  f i s t  code w ord and  reject th e  set ß1 =  {у £ M  y : cp(xx : у) £> %) from 
My Now if P (M y — ßj) <C 1 — s, th e re  will be an o th er word x2 satisfying 
P(Mrlx2) <  1 — e. T he process of rejection ends when

( 2 )

T o evaluate P(ßi) note th a t according to L em m a 3 for any p a ir (ж, y)£M  
the inequality

holds, and, by L em m a 4
\ ß . \  < -  2 n ( H ( Y ) - x + o a ) )  _

F urther, for all sufficiently large n all words y £ Y n, for w hich <p(y) <  
<  H (Y) ,  become equally  probable, an d  since their num ber is a t least ~0(1))
it follows th a t:

P(ßi) < P ( y ) \ M y\ ^ 2 - ^ ^ K  (3)

Substitu ting  (3) in to  (2) obtain

P{x) <, N  ■ г^+ош ) 1 e .

Thus, for all sufficiently  large n  th e  following inequality  for erro r probability  
holds: P e <£N • 2 “ n(a+0(1)) P[<p(x : y) <[ a], an d  since d =  (R +  C)/2 and 
N  =  2nR, we have

P e <, 2 -n«c-«)/2+oa)) Р \ \ ф  : у) — C\ >  (C — R ) .

Since cp(x : y) n.b. C, P e —*■ 0 with increase o f n.

(4)
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4. 9o(x : у ) is used in th e  present paper as nonprobabilistic analog of th e  
“ m utual m em oryless in fo rm ation” . I t  has all properties o f Shannon’s 
m utual inform ation and is v e ry  useful in decoding. The 99-decoding introduced 
here is independent of a p a r tic u la r  channel, i.e. is a universal decoding. As i t  
is m entioned in  [1], such m ethods have long been known, b u t a  specific un i
versal algorithm  for discrete memoryless channels seems to  be described for 
th e  first tim e. The general defin ition  of inform ation  based on F itingof ideas 
will be analyzed in  the fu ture.
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AN APPROACH TO ESTIMATION PROBLEMS

У. N . Z A K H A R O V , D . A . P O S P E L O V  

(M oscow)

T he paper d iscusses app lica tio n  o f  th e  m u ltiv a lu ed  logic to  c o n s tru c t an  
e s tim a te  function a llow ing  for th e  p sy ch o lo g y  o f e s tim a tin g  a  situ a tio n  a t  in co m 
p le te  know ledge o f  th e  s itu a tio n  p a ra m e te rs . A n exam ple  o f  collective beh av io u r 
o f  a u to m a ta  d e m o n s tra te s  th e  u sefu lness o f th e  p ro p o sed  app roach  in  m odels 
o f  th e  decen tralized  co n tro l.

1. Problem formulation

In  everyday life we often have to  evaluate various phenom ena, events 
or actions. W e say, for instance, “a boring  book” , “ fine w eather” , “ a useful 
lecture” th u s  form ulating our estim ates o f them . These estim ates affect essen
tially  our behaviour. In  som e cases we can n o t decide for tak ing  one or ano ther 
action being unable to  estim ate  the situation .

The present need fo r control system s working, in  a  manner, au to n o m 
ously in  unpredictably  changing environm ent stems from  the  trend  to  a u to 
m ation o f com plicated technological, economical and  m anagem ent system s 
th a t characterizes the la s t decade of th e  control th eo ry ’s history. R obo ts for 
research an d  work in th e  ou ter space a n d  oceans serve as only  one of possible 
examples o f such system s. E very  autonom ous device m ust e ither have a  special 
estim ating mechanism for situations w ith in  the  control p la n t and  in its environ
ment, o r m ake use o f appropriate in form ation  from  h u m an  or m echanical 
sources. Effectiveness o f these control system s happens to  be closely re la ted  
to  th a t o f  m aking estim ates.

Assum e th a t inform ation  to be estim ated  is fed in to  a  system a t discrete 
tim e in tervals. The inform ation  describes a situation S  characterized b y  a  set 
of n  param eters  necessary for estim ating S.  Thus, a t an y  tim e t the  situ a tio n  
is described by  set л'2, . . . , л п)  w here ж\ is fixed value of the param eter 
a t tim e t. E stim ates for S  are taken from  set 3.  In  th e  sim plest case 3  m ay 
consist only  of two estim ates  conditionally denoted b y  0 and 1 and  having 
various in terp retations, for instance, “good-bad” , “ useful-unuseful” , “ use
fu l-harm ful” , etc. In  a  m ore com plicated case, set S  m ay  involve m  elem ents 
having appropriate  in terp re ta tion , fo r example, “useful-indifferent-harm ful”
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or “very p leasant-p leasant-don’t  care-unpleasant-very u n p leasan t” , etc. T he 
problem  of estim ating  s itu a tio n  S  is to  fin d  a  m apping cp which for each  
specific set (л[,  te2, . . . , ттп)  w ould unam biguously indicate an  element in E.

The tw o-valued estim ate is the m ost common in th e  hum an practice. 
A t the first step  values o f param eters те,- a re  estim ated individually, th a t  is 
to  say n  m appings of the k in d  л\  —► Ej are perform ed w here E / is the set o f  
estim ates for param eter те,-. T hen in order to  estim ate s itu a tio n  8,  a set o f 
estim ates o f th e  situation  param eters £2(л[), . . . , ,)> is used
ra th e r th an  se t (л\, л 2, . . . , те«) where |,-(te/) are elem ents o f E{. Note th a t  
param eters те,- m ay  take n o t only  num erical values and  th a t  th e ir estim ates 
m ay be always coded w ith n a tu ra l num bers. Take am ong E  and Ej i =  1, 
2, . . .  ,n ,  the se t of the highest cardinality  (the case of in fin ite  set of estim ates 
is no t considered as being o f nearly  no p rac tica l im portance). L e t this se t be 
E*  w ith  card inality  /. Then increase the cardinalities of o th e r sets up to  th is  
value and  consider one com m on set of estim ates for th e  param eters and th e  
situation. W ith  n  param eters an d  / values o f th e  estim ate th e re  are ln d ifferent 
sets <( Íj (tej ), %2{л2), . . . , 1п(те„)>. Finding estim ate  of S  will reduce to  a m ap 
ping (E*)n —> E*  which m ay be n a tu ra lly  represented as a  tab le  with ln rows 
and  (n -f- 1) colum ns. The firs t n  columns contain estim ates of param eters, 
and  the (n  -f- l) -s t  one gives values of the estim ate  of 8.  Such a  table is know n 
to  define a function of th e  /-valued logic.

Thus, th e  procedure above reduces th e  estim ation o f N b y  a set of e s ti
m ates of its param eters to  finding an appropria te  function o f the /-valued 
logic.

2. The binary case

Consider th e  sim plest case where ca rd inality  of set E*  is two. Here th e  
estim ate function is a conventional Boolean one. To illu stra te  application o f 
the  b inary  logic consider th e  following exam ple. Take w eather as a s ituation  
to  be estim ated. The re levant param eters are tem perature, precipitation, s ta te  
o f the sky and  s ta te  of the soil. D enote them , respectively, b y  te1 , te2, te3 and te4 . 

Table 1 gives estim ates of these param eters.
Our ta sk  is to  estim ate th e  weather. T he estim ate has two values - 

1 for good, and  0 for bad w eather. By m eans o f estim ates in  Table 1 a new  
tab le  having 16 rows m ay be readily  constructed  where each se t characterizes 
a  com bination of param eters, e.g. <0110) m eans th a t th e  w eather is cloud
less, w ithout precipitation w ith  hum id soil an d  tem perature below 20°C. H ow 
ever, not all possible com binations of param eter estim ates will be meaningful. 
F o r instance, “ a bolt from th e  b lue” is impossible. Therefore, some rows will
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Table 1

Param eter Name E stim ate threshold Estim ate

a t  least 20 °C 1
■ii Tem perature

below 20°C 0

no l
я 2 Precipitation

yes 0

S ta te  of the sky
cloudless 1
cloudy 0

dry 1
П  4 S ta te  of the soil

hum id 0

ac tua lly  generate no definite estim ate for the  logic function estim ating  S, 
thus m aking it subdefinite.

N ote  also th a t n o t th e  least o f th e  factors th a t  th e  situation estim ate  is 
closely re la ted  to the  aim  of estim ating  which defines bo th  the k in d  of the 
estim ate function and  th e  param eter estim ates. If, for example, we are going 
to  tak e  a stroll, the  situation  defined by  set <1111), should be doubtless 
estim ated  as “good w eath er” , and th e  estim ate function gives a t  th is  set 1. 
However, if we estim ate weather in th e  term s of sowing campaign, se t <1111) 
should be estim ated as “bad w eather” , and the  estim ating function a t  this 
set should be 0. In  th e  second case th e  individual estim ates of the  param eters 
tu rn  o u t to  be in discord with the estim ate  for th e  situation  as a whole. This 
disagreem ent m anifests itself in the fa c t  th a t  in terp re ta tions of 1 for th e  p a ra 
m eters and  the s itu a tio n  in toto d iffer. Table 2 gives estim ate functions for 
these tw o cases. H ere q>x denotes th e  “stroll” function, and <p2 denotes the 
“sowing” one. E m p ty  entries in th e  columns of function values correspond 
to  physically meaningless sets where th e  estim ate functions m ay be arb itra rily  
defined by 0’s or l ’s.

F rom  such a tab le  one can easily  pass to  th e  analytical rep resen ta tion  
of th e  estim ate functions in the form  o f standard  sum -of-products or product- 
of-sums, or in some o th er form.

U nfortunately , th e  binary case offers poor possibilities of study ing  the 
real s ituation  estim ating  and hum an decisions. I t  w ould be more interesting 
and instructive to  discuss a case w here set S*  has a t least th ree elements.
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Table 2

Parameter estimates
<p\ q>2

fiOO £г(я.) £a0b) £<(я<)

0 0 0 0 0 0

0 0 0 1 0 0

0 0 1 0

0 0 I 1

0 1 0 0 1 1

0 1 0 1 1 0

0 1 1 0 1 1

0 1 1 1 1 0

1 0 0 0 0 1

1 0 0 1 0 0

1 0 1 0

I 0 1 1

1 1 0 0 1 1

I 1 0 1 1 0

1 I 1 0 1 1

] 1 1 1 1 0

3. The ternary case

Assume th a t  set S*  has th ree  elem ents 0, 1/2 and 1 in terp re ted  as 
“ unfavourable” , “ lack of in form ation” and “ favourable” . W e th u s allow for 
indeterm inacy in th e  estim ates o f param eters an d  situations th e reb y  m aking 
the estim ation m odel more in teresting  and enabling us to  m ore psychologic
ally realistic estim ate functions. The psychological features of an  individual 
who m akes estim ates will m anifest them selves in situations having param eters 
w ith  th e  estim ate 1/2. W ith our in terp re ta tion  o f the  estim ate , i t  m ight be 
seen by  this individual in both favourable or unfavourable light. The individuals 
disposed to  the unfavourable in te rp re ta tio n  o f 1/2 form a class o f pessimists, 
and  those who are inclined to  th e  favourable in terp re ta tion  of 1/2 form  th a t 
of optim ists. The individuals who do not see behind  1/2 neither 0, nor 1 form 
th e  class of ob jectiv ists.

To define these classes m ore precisely narrow  th e  class o f estim ate  func
tions. As it was shown by num erous psychological studies, see e.g. [1], in the 
m ajo rity  of cases th e  man m akes use of the  conjunction, d isjunction  and 
negation  functions, and  of d isjunctive and  conjunctive form s w ith small
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num ber of sh o rt term s. This enables us to  discuss psychological features of 
individuals by  m eans of d isjunction  and conjunction functions. The singularity 
o f estim ation  will manifest itse lf  in th a t in stead  of using objective conjunc
tions and disjunctions the ind iv idua l will em ploy “sim ilar” pessimistic or 
optim istic conjunctions and d isjunctions. Since these biased functions are not, 
s tric tly  speaking, conjunctions a n d  disjunctions, we shall refer to  them  as 
quasi-conjunctions and quasi-disjunctions respectively. F rom  quasi-conjunc
tions and quasi-disjunctions one constructs analogs of d isjunctive and con
junctive  norm al forms.

Consider f irs t quasi-disjunctions. Assign to  each estim ate  a num erical 
w eight depending on the num ber o f param eters defining a situation . Namely, 
w eight 0 will correspond to es tim ate  0, weight 1 to  estim ate 1 and  weight Ijn -f- ] 
-  to  estim ate 1/2. T he sum of estim ate  weights will be referred to  as the weight 

of se t (Ij/Tt,), | 2(я:2), . . . , f п("г„)). T he weight o f estim ate 1/2 is chosen so th a t 
the  weight of a  se t consisting o n ly  of estim ates 1/2 is less th a n  1. Take now 
tw o num bers a an d  ß (0 a, ß <  1) which will be referred to , respectively, 
as th e  lower and u p p er thresholds, and  define th e  estim ate function  as assum 
ing 0 a t  sets w ith w eight less th a n  a , 1 at sets w ith  weight a t least equal to  ß, 
and  1/2 a t all o th e r sets. B y vary ing  the values of the lower and  upper 
th resholds one can generate a se t o f estim ate functions which are, like dis
junction , m onotonous with respect to  the values o f natu ra lly  ordered argu
m ents (0 <  1/2 <  1). Functions ob ta in ed  in th is  m anner will be te rm ed  quasi
disjunctions. I f  one takes a l/(n +  1) and / 3 = 1 ,  th e  conventional disjunction 
results. I f  now one fixes the lower threshold such as in d isjunction  and de
creases the value o f ß, a portion o f  sets consisting any of estim ates 0 and 
1/2 will have 1 as th e  value of th e  estim ate function. Such quasi-disjunctions 
m ay be naturally  called optim istic. I f  now one fixes the upper th resho ld  such 
as in disjunction a n d  increases th e  value of a , a  portion of sets involving 
estim ates 0 and 1/2 will have 0 as th e  value of th e  estim ate function. Such 
quasi-disjunctions m ay  be n a tu ra lly  term ed pessim istic. Thus, th e  optim ists 
are inclined to regard  a part of indeterm inate  estim ates as favourable, bu t 
pessim ists always suspect th a t am ong param eters w ith  indeterm inate estim ates 
there always are unfavourable estim ates.

Consider now quasi-conjunctions. We are going to  use for these func
tions th e  same p aram eter estim ate weights as for th e  case of quasi-disjunc
tions. T he weight o f a  set, however, will be determ ined  now b y  m ultiplying 
the w eights rather th a n  summing th em . As with th e  quasi-disjunctions, in tro 
duce lower у and u p p er d th resh o ld s . For th e  conventional conjunction 
у — 1 l(n -f- 1),! and ( 5 = 1 .  By vary ing  correspondingly у or d we ob ta in  the 
com plete set of op tim istic and pessim istic quasi-conjunctions. F o r the  case
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of two param eters defining a situation, values of all quasi-disjunctions and 
quasi-conjunctions are tab u la ted  in Table 3. The two le f t columns show  the 
weights of sets for quasi-disjunctions and  quasi-conjunctions, respectively. 
F o r the  estim ate functions, th e  subscripts define the  ty p e  o f function (0 means 
optim istic, p  — pessimistic, and  absence of the second subscript m eans objec
tive). The superscripts indicate the degree of optim ism  and  pessim ism. The 
higher is th is degree, th e  more optim istic/pessim istic th e  estim ate function  is. 
For instance, in function tp,J0, under presence of one 1/2 in the  set of p aram eter 
estim ates th e  true  estim ate  of the p aram ete r is assum ed to  be favourable. 
I f  the set has two estim ates 1/2, the situation  is, on th e  whole, indeterm inate. 
F unction qpl0 characterizes the “fran tic  op tim ist” who even  with set <1/2, 1/2) 
is inclined to  believe th a t  all p aram eters  are favourable to  him.

Table 3

- 71 hOi) fiO»«)
Q uasi-disjunction Quasi-conjunction

„2
<Pwp f'yP «V •Ру» <P$0 f&p f&p f & f&° f&>

0 0 0 0 0 0 0 0 0 0 0 0 0 0
1/3 0 0 1 /2 0 0 1 /2 1 /2 1 0 0 0 0 0

1 0 0 1 l 1 1 1 1 0 0 0 0 0
1/3 0 1 /2 0 0 0 1 /2 1 /2 1 0 0 0 0 0
2/3 1/9 1 /2 1 /2 0 1 /2 1 /2 1 1 0 0 1 /2 1 /2 1

4 /3 1/3 1 /2 1 1 1 l 1 1 0 1 /2 1 /2 1 1

1 0 1 0 1 1 1 1 1 0 0 0 0 0
4/3 1/3 1 1 /2 1 1 1 1 1 0 1 /2 1 /2 1 1

2 1 1 l 1 1 1 1 1 1 1 1 1 1

The following facetious exam ple illustrates th e  functions we have intro
duced. An individual A  after long hesitations has m ade up his m ind to  marry. 
In  his opinion two param eters are of im portance for tak in g  decision: th e  charac
te r of his fiancee and  th a t  of her m other whom he seemingly shall have to 
live w ith. B ut during his period of courtship A  has been unable to  establish 
positive estim ates of these param eters and has to  decide upon un itin g  himself 
in holy m atrim ony on the  basis of set <1/2, 1/2). The estim ate function is 
quasi-conjunction. I f  A  is “fran tic  op tim ist” , he believes th a t he should be 
lucky all his life and  th a t characters of his w ife-to-be and her m other are 
favourable to  him. Such a person will decide to  m arry. I f  A is a  “ careful 
pessim ist” (i.e. pessim ist of the firs t rank), he will n o t decide upon a  marriage 
because he does n o t expect th a t , inform ation lacking, both  param eters  will



ZAKHAROV, POSPELOV: AN APPROACH TO ESTIMATION PROBLEMS 13

be favourable. The “ fran tic  pessim ist” will not m arry  even w ith  sets <(1/2, 1) 
and <(1, 1/2) being convinced th a t  th e  world is b ad ly  organized. T he “ careful 
pessim ist” in th is situation  will tem porize w ithou t taking th e  final decision.

4. Some generalization

T he reader should not be d istu rbed  by th e  fact th a t we stud ied  the 
te rn a ry  ra th e r th a n  th e  /-valued case. The passage from the  te rn a ry  case to 
the /-valued one is done w ithout d ifficu lty  and does n o t lead to  an y  principally 
new results. Only th e  num ber of ran k s for pessim ists and optim ists increases, 
as well as the num ber of thresholds which should  be fixed to  fin d  th e  values 
of th e  estim ate function.

So far we regarded  all param eters  as equally im portan t. In  practice, one 
often m eets with cases where some param eters are m ore im portan t for estim at
ing a situation, th a n  some others. I t  may be show n th a t th is inequality  is 
corrected by in troducing individual weights of param eters tak en  into con
sideration when determ ining th e  w eight of a set.

The case of correlated param eters presents a  more d ifficult problem 
where approach to  determ ination o f the estim ate function seems to  be some
what different.

5. An example

I t  seems to  us interesting to  conclude the p ap e r w ith an exam ple illustra t
ing application of th e  apparatus developed above. The theory  o f collective 
behaviour of au to m ata  which is closely related to  th e  developm ent o f decentral
ized control system s, have given m uch consideration to  allocation o f a limited 
set of resources [2]. This problem  is of practical in terest because it  m ay be 
readily in terpreted  as a problem in  the theory  o f bulk service or network 
planning, in allocation of in d u stria l equipm ent design of good operation 
system s for com puter networks. In  all models considered th u s fa r the col
lective of au to m ata  was assum ed to  be homogeneous. We have carried out 
com puter sim ulation of limited resource allocation in a nonhom ogeneous col
lective of au tom ata. E ach  au tom aton  had a fixed  pessimistic or optim istic 
estim ate function an d  took  decisions depending on its  value. The problem  wás 
posed as follows: th e re  are q cribs characterized b y  param eter pi(t) each in ter
preted  as the p robab ility  th a t a t tim e t the ith  crib would contain food. Values 
of pi(t) were not know n by the au to m ata  a priori. I f  a t tim e t a crib contained 
food, its  value was always a, a fixed  value w hich was the sam e for all cribs. 
I f  a t th a t  time there  were r au to m ata  a t the crib, th ey  got a/r u n its  of food 
each. A tim e in terv a l T  (num ber o f cycles in allocation of au to m ata  among
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cribs) and  a num ber b, the  same for all au tom ata, were fixed. I f  during  T  cycles 
of operation an au tom aton  had to ta l  reserve of food less than  b, i t  was fixed 
in proportion  to  th e  difference betw een T  and  its  food reserve. I f  th e  to tal 
reserve was g reater th a n  b, i t  got a  prize proportional to  the difference. The 
problem  of collective behaviour consisted in m axim ization of th e  to ta l col
lective gain. On th e  basis of their experience the  au to m ata  formed tw o  param 
eters — mean frequency of appearance of food in each of the cribs and  mean 
num ber of au to m ata  coming to  each crib. Values o f these param eters for dif
ferent au tom ata  differed because th e y  were form ed on the basis o f personal 
experience of each au tom aton. If, fo r instance, p robab ility  of food in  a given 
crib as evaluated b y  a given au tom aton  th ro u g h  th e  mean frequency of 
appearance of food was less th an  1/4, param eter Pi(t) was eva lua ted  as 0, if 
th is frequency was g reater th an  3/4, param eter P i ( t )  was eva lua ted  as 1. In  all 
o ther cases the  value of p i ( t )  was 1/2. The second param eter was estim ated 
in a sim ilar m anner depending on th e  num ber o f au tom ata  v isiting  a given 
crib.

A t each cycle all au to m ata  were evaluating individually  all cribs by 
m eans of the estim ate  functions assigned to  them . After this th e y  choose 
th e  crib w ith m axim al estim ate an d  if there were several such estim ates, they 
choose any  of them  w ith  equal probability .

The to ta l gain was also com puted  for collectives consisting o f objec- 
tiv ists  only, and o f a  uniform  m ix o f all optim ists, pessimists an d  objectivists 
whose estim ate functions are tab u la ted  in Table 3. I t  tu rned  o u t th a t  the 
m ixed collective has greater gain as com pared to  th a t  of the  uniform  one.
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e d  o n  th e  m a r g in s .  M a th e m a t ic a l  n o ta t io n s  sh o u ld  fo llo w  
u p - to - d a t e  u s a g e .

T h e  s u m m a r y  — p o ss ib ly  in  R u s s i a n  i f  th e  p a p e r  i s  in  
E n g l is h  a n d  vice versa — s h o u ld  c o n t a in  a  b r ie f  a c c o u n t  o f  t h e  
p r o p o s i t io n  a n d  in d ic a t io n s  o f  t h e  f o r m u la s  u se d  a n d  f ig u r e s  
s h o w n  in  t h e  p a p e r .  T h e  s u m m a r y  is  n o t  su p p o se d  to  e x c e e d  
10 — 15  p e r  c e n t  o f  th e  p a p e r .

T h e  a u t h o r s  w ill b e  s e n t  s h e e t - p r o o f s  w h ich  th e y  a r e  to  
r e t u r n  b y  n e x t  m a i l  to  th e  s e n d e r  R e g io n a l  E d i to r ia l  B o a r d .

A u th o r s  a r e  e n t i t l e d  to  100 r e p r i n t s  f re e  o f  ch a rg e . R e je c t e d  
m a n u s c r ip t s  w il l  b e  r e tu r n e d  to  t h e  a u th o r s .

Р у к о п и с и  в  д в у х  э к з е м п л я р а х  ( к а ж д ы й  и з  к о т о р ы  
д о л ж е н  с о д е р ж а т ь  р и с у н к и ,  т а б л и ц ы  и  л и т е р а т у р у  
н а п р а в л я ю т с я

Е. Д . Теряеву  — Н а у ч н ы й  с е к р е т а р ь  ж у р н а л а

О т д е л е н и е  м е х а н и к и  и  п р о ц е с с о в  у п р а в л е н и я

А к а д е м и я  Н а у к  С С С Р

Л е н и н с к и й  П р о с п е к т ,  14, М о с к в а  В - 7 1 ,  С С С Р  

и л и

Я .  Кочиш у  — Н а у ч н ы й  с е к р е т а р ь  ж у р н а л а

К а ф е д р а  А в т о м а т и з а ц и и
Б у д а п е ш т с к о г о  Т е х н и ч е с к о г о
У н и в е р с и т е т а
Н  —1111 Б у д а п е ш т  X I ,  п л о щ а д ь  Г о л д м а н н  Д . ,  3 ,
В е н г р и я

А в т о р а м  р е к о м е н д у е т с я  о с т а в л я т ь  у  с е б я  к о п и ю  в с е х  
п р е д с т а в л е н н ы х  и м и  м а т е р и а л о в  д л я  с п р а в о к  п р и  к о р 
р е к т у р е .

С т а т ь и ,  ж е л а т е л ь н о  н а  р у с с к о м  и л и  а н г л и й с к о м  
я з ы к а х ,  о т п е ч а т а н н ы е  н а  б у м а г е  х о р о ш е г о  к а ч е с т в а ,  
с  п р о м е ж у т к о м  в  д в а  и н т е р в а л а  и  ш и р о к и м и  ( 4 —5 с м )  
п о л я м и  д о л ж н ы  с о д е р ж а т ь  н а и м е н о в а н и е  с т а т ь и ,  
ф а м и л и ю  а в т о р а  ( а в т о р о в ) ,  н а з в а н и е  с т р а н ы .  В  к о н ц е  
с т а т ь и  н е о б х о д и м о  т а к ж е  у к а з а т ь  ф а м и л и ю  а в т о р а ,  
о т в е т с т в е н н о г о  з а  к о р р е к т у р у  г р а н о к .

С т а т ь е  д о л ж н а  п р е д ш е с т в о в а т ь  а н н о т а ц и я  о б ъ е м о м  
д о  5 0  — 100 с л о в .

А в т о р ы  п р и  н а п и с а н и и  с т а т ь и  д о л ж н ы  п р и д е р ж и 
в а т ь с я  с л е д у ю щ е й  ф о р м ы : в в е д е н и е  ( п о с т а н о в к а  з а 
д а ч и ) ,  о с н о в н о е  с о д е р ж а н и е  и  р е з у л ь т а т ы ,  о б с у ж д е 
н и е , в ы в о д ы  и  л и т е р а т у р а .  О б ъ е м  с т а т ь и  н е  д о л ж е н  
п р е в ы ш а т ь  15 п е ч а т н ы х  с т р а н и ц ,  в к л ю ч а я  т а б л и ц ы  и  
с с ы л к и . П о с л е д о в а т е л ь н о с т ь  т а б л и ц  и  р и с у н к о в  д о л ж 
н а  б ы т ь  о т м е ч е н а  н а  п о л я х .  М а т е м а т и ч е с к и е  о б о з н а 
ч е н и я  р е к о м е н д у е т с я  д а в а т ь  в  с о о т в е т с т в и и  с с о в р е 
м е н н ы м и  т р е б о в а н и я м и  и  т р а д и ц и я м и .

К  с т а т ь е  о б я з а т е л ь н о  д о л ж н о  б ы т ь  п р и л о ж е н о  р е з ю 
м е -р е ф е р а т .  Р е з ю м е  — н а  р у с с к о м  я з ы к е ,  е с л и  с т а т ь я  
н а п и с а н а  н а  а н г л и й с к о м ,  и  н а о б о р о т  — д о л ж н о  с о д е р 
ж а т ь  к р а т к о е  и з л о ж е н и е  т е к с т а  с т а т ь и  с о  с с ы л к а м и  н а  
н е о б х о д и м ы е  ф о р м у л ы  и  г р а ф и к и ,  и м е ю щ и е с я  в  о с н о в 
н о м  т е к с т е .  О б ъ е м  р е з ю м е  н е  д о л ж е н  п р е в ы ш а т ь  
10 — 1 5 %  о б ъ е м а  с т а т ь и .

А в т о р а м  в ы с ы л а ю т с я  г р а н к и  с т а т ь и ,  к о т о р ы е  о н и  
д о л ж н ы  н е з а м е д л и т е л ь н о  в о з в р а т и т ь  в  Р е г и о н а л ь н у ю  
с е к ц и ю  Р е д к о л л е г и и  ж у р н а л а .

А в т о р а м  о б е с п е ч и в а е т с я  б е с п л а т н о  1 0 0  о т т и с к о в  и х  
с т а т е й .  Р у к о п и с и  н е п р и н я т ы х  с т а т е й  в о з в р а щ а ю т с я  
а в т о р а м .
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Problems of Control and Information Theory, Vol. 4 (3), pp . 193—204 (1975)

OPTIMAL CONTROL OF A STORAGE LEVEL 
USING STOCHASTIC PROGRAMMING

A. P R É K O P A  

(B udapest)

(R eceived O ctober 14, 1974)

A s to ch as tic  p rog ram m ing  m odel sy s te m  is fo rm ula ted  fo r th e  con tro l of 
a  d iscrete tim e  p a ra m e te r G aussian  process. T h e  problem s re p re se n tin g  th e  m odel 
sy s tem  are  so lved  by  n o n linear p rog ram m ing  procedures. T h e  m eth o d  can  b e  
app lied  e.g. fo r th e  dynam ic reg u la tio n  o f th e  w a te r  level o f  th e  L ake  B a la to n .

I. Introduction

In  the  presen t paper we deal with th e  following problem : a discrete 
tim e param eter stochastic process | 1; | 2> • • • is given; a sequence of num bers 
zv z2, . . . is to  be determ ined such th a t  the p robab ility  of th e  event

ak<,Ck — Zk =  bk k =  1, 2 , . . .  (1.1

be m axim al subject to  the constra in ts

0 < 4 < K ,  Jc= 1, 2 , . . .  (1.2)

H ere av a.2, . . ., bv b2, . . . are fixed  num bers, i f  is a fixed positive num ber 
and  for the  sake of sim plicity le t f  0, the in itia l storage level, be also a fixed  
num ber. The decision variables are zv  z2, . . . .

W e assume th a t  zv  z2, . . . can  be determ ined  sequentially  so th a t th e  
value o f zk is to  be determ ined only a f te r  the realization  of the  random  variables
!i, . • £*-i.

In  our investigation we assum e th a t | 1; | 2, . . .  is a G aussian stochastic 
process. I t  follows from  this th a t  th e  probab ility  distribution o f the  process 
is un iquely  determ ined by the expectations

pk — E(£k), к =  1, 2, . . .,
the dispersions

a k = =  V е  Ш к  -  “ к)2]  , = 1, 2 , . . .

1*
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an d  th e  correlation coefficients belonging to  the pairs £* equal to

#[(£,• /*,) [Sk -  ^ ) ]
ffi ak

if ai > 0 , au >  0 and  by  defin ition  equal to  zero if  07 ak =  0.
N ot only the  G aussian process can be used in  th e  m ethod described 

below. We re stric t ourselves, however, to  the case o f the  Gaussian process 
because in the  special p ractical problem  for the solution o f which we essentially 
developed the m ethod, th is type of stochastic process occurs. The m entioned 
problem  is the regulation o f the w ater level of the L ake Balaton. R egarding 
th e  Gaussian na tu re  of th e  re levant stochastic process see [1, pp . 4 —42].

Time is subdivided in to  periods, w here one period m ay  mean e.g. 1 m onth. 
The random  variable £k m eans the  inflow in the &th period minus th e  loss of 
evaporation, zk the  am ount of w ater to  be released th rough  the Sió channel 
in to  the  R iver D anube, К  is the capacity  of the Sió channel, i.e. th e  m axim al 
am oun t of w a te r w hat is possible to  release in one period, finally £0 is th e  initial 
w ater con ten t o f the  L ake B alaton. O ur purpose is to  form ulate a release policy 
which ensures th a t th e  w ater level is alw ays between prescribed levels, more 
ex ac tly  which m axim izes th e  p robab ility  th a t th e  w ater level is between 
prescribed levels. In  th e  sequel we shall describe w h a t we mean u n d er the 
above p robability  m axim ization. V arious fu rther problem s can be form ulated  
in  connection w ith the  in p u t and  release process. S tochastic program m ing is 
reach in  such models which m ay be applicable here. One further exam ple will 
be m entioned a t th e  end o f the paper.

W e do n o t assum e th a t  the  process | 2, . . . has independent values or 
th a t  it is a M arkov process. There are conditions w hich usually occur in sto
chastic control problem s. O ur model system  takes in to  account th e  general 
n a tu re  of th e  stochastic process w ith in  th e  fram e th a t  i t  is Gaussian. I t  will 
tu rn  ou t from  the  discussion w hat o th er stochastic processes allow th e  essen
tia lly  sam e trea tm en t.

2. The dynamic model system formulated 
for the regulation problem

F or the determ ination  of the  value o f the firs t decision variable we for
m ulate  th e  following stochastic program m ing problem

0 < z k < K k, k = l , . . . , N ,  (2.1)

m ax P(ak <, Ck -  Zk < b k, к =  1, . . . , N).
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H ere zv  . . . ,  zn are th e  decision variables. A fte r th e  solution o f problem  (2.1) 
we accept only th e  f irs t com ponent of the o p tim al solution as a final value. 
In  order to  avoid sophisticated  no ta tio n  we do n o t introduce ano ther sym bol 
b u t denote this op tim al value also b y  zv We define final z values by  induction. 
Suppose th a t  the fin a l values zv  . . .  , zn are a lready  determ ined. In  order to  
determ ine zn+1 we consider the  following stochastic  program m ing problem :

0 <[ z/c <  i f , k = n - \ - \ , . . . , n - \ - N ,  (2.2)

m ax P {ак <^^к — Zk < b k, к =  n  +  1, . . . ,  n  - f  N  [ . . . ,  £„).

As a  solution we o b ta in  a num ber system  zn+1, . . . zn+N b u t we only accept 
zn+1 as a  final value. W e rem ark th a t  the N  appearing in problem  (2.2) m ay 
depend on n. I t  is advisable to  choose such N  t h a t  the dependence between 
the  tw o groups of random  variables £v . . . ,  f„  an d  | n+1, | n+2, . . .  be loose, 
if it is possible to  do. I f  N  is very  large, then com putational d ifficulty  arises. 
In  fact problem  (2.2) is a nonlinear program m ing problem w hich we have to  
solve num erically. W hen applying an y  nonlinear program m ing procedure, we 
frequently  have to  determ ine probabilities s tand ing  in the objective function 
which is very  tim e consum ing since we have to  in tegra te  the A7-vari ate p roba
b ility  density  on a subse t of the space R n.

3. Mathematical properties of the dynamic model system

F irs t we m ention some general notions a n d  theorems. A point function 
f  0 defined on Km is sa id  to  be logarithmic concave if  for every p a ir xv x2 £ R m 
and  every  0 <  A <  1 we have

/ ( % , +  (! - ^ ) ^ ) ^ [ f ( x A f ( x 2) f - \  (3.1)

The measure P  defined on th e  measurable subsets of R m is said to  be 
logarithm ic concave if  fo r every convex subsets A, В  of R m and every  0 < A < 1  
we have

P{XA  +  (1 — А) В)  >  [Р(А)]Д [Р (Н )]Х- Л . (3.2)

In  general the  Minkowski sum G -f- D  o f  the sets G, D  is the set {<7 -)- d \ g g G, 
d £ D}  and  the  к m ultip le  Ю of th e  set G is th e  se t {kg \ g £ G). In  [9] and 
[10] we proved the following

Theorem 1. I f  /  is a  logarithm ic concave function  defined on R m and the 
measure P  is generated b y  the function  /, i.e.

P{G) =  j f(x)dx,  
о

(3.3)
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where в  is a m easurable subset of th e  space R m, th en  P  is a logarithm ic con
cave measure.

Theorem  1 im plies th a t  for every  convex subset A  of the space R m, 
th e  integral

I  f ( t )dt  (3.4)
A  +  X

is a  logarithm ic concave poin t function o f the  variable x  in the entire space R m.
Now we are dealing w ith functions /  which are probability  densities. 

T he probability  density  function of a  nondegenerated norm al d istribu tion  is 
th e  following:

(3.5)

where у  is th e  vector o f expectations an d  C is the covariance m atrix . Since the 
d istribu tion  is nondegenerated, C is a  positive defin ite  m atrix hence C _1 is 
also positive definite. This implies th a t  the  function

(3.6)

is convex and  th a t  th e  function /  is logarithm ic concave. Thus b y  Theorem  1 
th e  probability  d istribu tion  generated  by  the density  function (3.5) is loga
rithm ic concave.

L et us consider a nondegenerated  norm al d istribu tion  in the  m  — N  n- 
dim ensional space, where N  and  n  are positive integers and suppose th a t it is 
th e  jo in t d istribu tion  of th e  N  com ponent |  and  th e  n  com ponent r\ random 
vectors. L e t us p a rtitio n  th e  corresponding (N  +  ?г) X (N +  n) covariance 
m atrix  C according to  th is in the  following m anner

(3.7)

H r ) -  <38)
I t  is well know n th a t  the  conditional d istribu tion  o f |  gives t h a t  rj =  у is 
also a norm al d istribu tion  in R N w ith  expectation

v +  U T ~ \ y  -  r) (3.9)
an d  covariance

S -  T J T -W . (3.10)
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D enoting b y  f (x  I y) the conditional p ro b ab ility  density, b y  Theorem 1 we 
conclude th a t  th e  measure

S f ( x \ y ) d x  (3.11)
G

defined on th e  measurable subsets of R N, is logarithm ic concave for every  
fixed y. Now we prove tw o general theorem s.

Theorem 2. The function  f(x \ y) is a  logarithm ic concave function of th e  
variables in x  an d  y.

Proof. T he detailed expression of th e  function f(x \y ) is the  following

where

К

(3.12)

(3.13)

Since the function  of the  variables x, у

x  v — U T ~ \ y  — t) (3-14)

is linear, our assertion follows im m ediately from  the logarithm ic concavity o f 
the  p robab ility  density function  of the n o rm al distribution.

Theorem 3. I f  в  is an  a rb itra ry  b u t fixed  convex subset o f the  space R N, 
then  the function  of the  variable у

$ f ( x \ y ) d x  (3.15)
G

is logarithm ically concave in  the space R n.

Proof. Theorem 6 in  [10] states t h a t  if  h(x, y) is a  logarithm ic concave 
function o f all variables in  x  and у an d  we in tegrate  it w ith  respect to  x  over 
a  fixed convex set of x  vectors, then  th is  in tegral is a  logarithm ic concave 
function o f y. By Theorem  2 this im plies ou r assertion.

L et us re tu rn  to  th e  dynamic m odel system  fo rm ulated  in Section 2. 
Assume th a t  all finite-dim ensional d istribu tions of th e  stochastic process 
| 1; | 2, . . . a re  nondegenerated. The basic properties of th e  model system  are 
expressed in  the  following theorems.
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Theorem 4. The objective function  of problem  (2.1) is a logarithm ic 
concave function  of the variables zv . . zN:

Proof. L et
,(D ,(i)

г(2( Jg)
(3.16)

be two nu m b er system a n d  0 <C A <  1. Define the following num ber system  

2(з) =  Дг(1) + (1 -Я )4 2) , . . .  , z $  =  A z $ + ( 1 - A ) z $ .  (3.17)

The corresponding p a rtia l sum s will be denoted by

z £ \  Z g \  Z i3), k = l , . . . , n .

Introduce fu rth e r the n o ta tio n

X k — Co xk, к =  1, . . . , N.  (3.18)

I t  is easy to  see th a t for th e  vectors consisting of com ponents xv . . . ,  x N, th e  
following eq u a lity  holds:

Ц х  1 ak < X k ~  Z[l) <, bk, к =  1.......... N }  +

+  (1 -  Я) {x \  ak <  X k -  Z T  < b k, k =  1, . . 

=  { x \ a k < X k - - Z [ 3)< b k, k =  \ , . . . , N } .

■■,N} = (3.19)

The p robab ility  th a t the  random  vector having com ponents £v  . . ., £n  falls
into the se t

[x 1 ak <  X k — Z\? <Lbk, к =  1, . . . , N } (3.20)
is equal to

P(ak <  £k - Z ^  < b k, к =  1, . . . , N ) (3.21)

for i =  1, 2, 3 and  this ran d o m  vector has logarithm ic concave density , o u r 
assertion follows from T heorem  1.

Before form ulating th e  nex t theorem , we rewrite th e  objective func tion  
of problem (2.2) in the following form

P{ak <  tk - Z k <:bk, к =  n  +  1, . . . ,  n  +  N  I £v =  yv . . . ,  %n =  yn). (3.22)

Theorem 5. For any  fix ed  yv . . ., y n, th e  function (3.22) is logarithm ic 
concave in  th e  variables zn+1, . . . ,  zn+N.

Proof. F o r fixed yv . . . ,  yn the jo in t d istribution o f £n+i> • • • > ín +дг is 
a  norm al d istribu tion , hence th e  proof of T heorem  5 can be carried  ou t sim ilarly  
to  the p roof o f Theorem 4 w ith  a trivial m odification.
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4. Algorithms for the solution of problems (2.1) and (2.2)

W ithou t loss of generality  we can re s tr ic t ourselves to  th e  algorithm ic 
solution of problem  (2.1). In  fac t we m entioned in  Section 3 th a t  if  a  collection 
o f random  variables has a jo in t normal d istribu tion , the conditional d istri
bu tion  of some o f them  given th e  others is also a  norm al d istribu tion . We also 
gave the expressions for its expectation v ec to r and  covariance m atrix . T hus 
any  m ethod proposed for the  solution of problem  (2.1) is also a  proposed m ethod 
for the  solution of problem (2.2). Two algorithm s will be described for th e  
solution o f problem  (2.1).

Algorithm I .  This is the  gradient m ethod  where we tak e  in to  account th a t  
th e  constra in ts are linear and  th e  objective function is logarithm ic concave. 
W e in troduce new variables which are yv  . . . ,  y N so th a t we set

У к — zi +  • • ■ +  к =  1, . . . j N.  (4.1)

Obviously yk =  7 k. The reason of the  in troduction  of th e  new sym bols 
yv . . . ,  у N is th a t  we would like to  denote variables by sm all latin  le tte rs . 
W ith  these variables problem  (2.1) has th e  following form

o < y , < K .

o < y »  — Ух <. к ,  (4.2)

0 isá Уы ~  Vn - 1 Sä К,

max P(ak <  £k — yk <C h ,  к =  1, . . . ,  N).

The expectations of the random  variables are given by

P{Ck) =  Co “b Mi H- • • • Ч- Ук> к  =  1, . . . , N .  (4.3)

The covariance m atrix Y o f the  random  variables Ci> • • • , Сдг has the  form

V =  DSD', (4.4)

where S is th e  covariance m atrix  of th e  random  variables an d  D
is the  following N  +  N  m atrix

E ach ite ra tio n  of the grad ien t m ethod consists of two p arts . In  the first one we 
find a d irection  and in the  second one we determ ine a step  length . In  the  begin-
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ning o f th e  m ethod we s ta r t  from an  a rb itra ry  vector

У =  У( i )

which statisfies the constra in ts o f th e  problem. Suppose th a t . . . ,  
are a lready  determ ined w hich all satisfy  th e  constrain ts. F o r the determ ination  
of the  vec to ry  y'1 f irs t  we solve th e  linear program m ing problem

0 < У х ^ К ,

o <  2/2 — V i <  K >

(4.6)

0 < , y N Уы- i  <  К,
max V P(ak <[ tk — y(k < b k, k =  1, . . ., N)

(y -  y (J))>

where у ± \  . . ., y $  are th e  com ponents o f ?/J). The g rad ien t of a func tion  is 
considered as a row v ec to r while o ther vectors are colum n vectors. T hus in 
the objective function o f problem  (4.6) th e re  stands a  sca lar product. P rob lem  
(4.6) has a  finite op tim um  since the convex polyhedron defined by  th e  con
strain ts is bounded. I f  th e  optim um  value is equal to  0, th e n  y(J) is an  o p tim al 
solution o f problem  (4.2). I f  this is no t th e  case and t/opt is an  optim al solution 
of problem  (4.2), the we maximize th e  objective function  of problem  (4.2) 
on the  intersection of th e  ra y

{Уи) +  -  yd ) ) ! Я >  0} (4.7)

and  the  se t o f feasible solutions of problem  (4.2). This fixes the step length . 
Choosing an  arb itra ry  m axim izing vector, th is will be y^J+1\

I f  th e  procedure does n o t term inate in  a finite num ber of iterations, th en  
the sequence of values o f th e  objective function of problem  (4.2) belonging 
to  the vectors y(' \  y(i\  . .  . converges to  th e  optim um  value of problem  (4.2).

The above-m entioned assertions ho ld  tru e  in general concerning bounded  
constraining convex polyhedron and in  B N everywhere defined objective 
function having  continuous gradient in th e  entire space (see e.g. [5], [8], [12]).

Still we have to  give th e  expression o f th e  gradient o f th e  objective func
tion  of problem  (4.2). F ir s t  we rewrite th e  function in  th e  following form

a k У к 0̂ ~  У\ — • • Ук ^  %k ío 7*11
Je

1

bk +  Ук ~  £q ~~ Mi ~  • • • ~~ Ук 
V̂ klc

(4.8)



PRÉKOPA: OPTIMAL CONTROL OP A STORAGE LEVEL 201

where vn , . . ., vNN are th e  diagonal elem ents of the m a trix  V. The random  
variables stand ing  in the m iddle within th e  parentheses in  (4.8) have N ( 0, 1) 
d istribution an d  their correlation m atrix  is th e  following

R (4.9)

where on the  righ t-hand  side the two d e ta iled  m atrices a re  diagonal m atrices. 
Thus the  objective function  (4.8) can be expressed in a  well-known m anner 
w ith the  aid o f the iVth differences o f th e  function

Ф{у; В) — f 9v(tj B)dt,
t£,y

<p{t; B)  =
det В ~ г l2

(2я)п
e 2y'R-'y

(4.10)

For example, in  case of N  =  2 the func tion  (4.8) is equa l to

Ф

Ф

Ф

+  Ф
V»i ]fv 2

В  

; В

■,в

\ B

(4.11)

The grad ien t o f the ob jective function can  be derived from  the m entioned iVth 
difference a n d  the following well-known form ula [2]:

=  ф [ Щг - ± Ш  ; j =  1_____ i  -  1, i +  1______N ; BA tp[yt) , (4.12)3Ф(У; R)
3 Vi \ Vl -  rji

where <p(y) is the density  function o f th e  N(0, 1) d istribu tion  and  B x is the 
correlation m atrix  w ith entries

'jk rjt rki
Vl rji 11 rh

, j, к =  1, . . . , i  — 1, i  - f  1, . . .  , N . (4.13)
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W hen applying the  g rad ien t m ethod  we have to  com pute the values of 
the ob jective function and  th e  values o f th e  gradient of th e  objective function . 
According to  the  above discussion all o f th em  can be expressed in term s o f 
the values o f probability  d istribu tion  functions belonging to  norm al d is tr i
butions, w here the dim ension of the d is trib u tio n  is N  an d  N  1 according 
th a t we com pute  the values or the g rad ien t values of th e  objective function  
of problem  (4.2).

Algorithm II.  This algorithm  is th e  sequential unconstra ined  m inim i
zation techn ique (SUMT) w ith  a logarithm ic penalty function . As we m en 
tioned previously  it is enough to  form ulate th e  m ethod for problem  (2.1).

We consider the following function

-  log P(ak <  Ck -  % k < , b k, к =  1, . . . ,  N )
(4.14)

N

r 2  Г1оё (K  — Zk) +  l°g Zk] .k= 1

where r >  0 is a  constant. In  view of T heorem  4 the firs t te rm  in (4.14) is a  
convex func tion  of the variab les jq, . . ., zN. T he second te rm  is obviously con
cave in th e  sam e variables. T hus the function (4.14) is a convex function. T he 
SUMT procedure works so th a t  in each ite ra tio n  we m inim ize the function
(4.14) under a  suitably selected  b u t fixed r >  0. W hen m inim izing a function 
it  is very favourable if th e  function  is convex prim arily because in this case 
any  local m inim um  is also a  global minim um .

Let us choose a sequence rv  r2, . . . o f  r values w ith th e  property  th a t  
rk >  0, rk >  rk+1, k =  1 , 2 , . . .  and lim rk =  0.

k^-
Using a n y  m ethod (e.g. th e  gradient m ethod) for th e  m inim ization of 

th e  function (4.14), denote b y  z{k) the m inim izing vector in case of r =  rk. 
Then the sequence of values o f  th e  objective function  of problem  (2.1) belonging 
to  the vectors z(1), z<2), . . . converges to  th e  negative logarithm  of the (con
strained) o p tim u m  value of problem  (2.1). T his im m ediately follows from th e  
theory  p resen ted  in [4], our functions s tan d in g  in problem (2.1) satisfy th e  
conditions req u ired  for the convergence.

The unconstra ined  m inim izations can be carried out b y  several m ethods 
(see e.g. [6], [7]). The values a n d  if necessary th e  gradient values of the m u lti
varia te  norm al probability  d istribu tion  function  can be com puted by th e  
Monte-Carlo m ethod  with a satisfacto ry  precision even in th e  case if N  =  20 
(see [3]).
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In  Section 1 we m entioned th a t it  is possible to  form ulate  and solve 
fu rth e r varian ts  o f the model presented in th is paper. Among these we mention 
the following

0 <1 Zk <  К, к == 1, . . . ,  N,

P(ak <, Ck — Z k <  bk, к =  1..........N)  ;> p,  (4.15)

min K.

Here p  is a prescribed p robability  near u n ity  in practice (e.g. p  =  0.9). Problem
(4.15) means re la tive to  the  L ake B alaton  th a t  we w ant to  find  the  minim um  
capacity  of th e  Sió channel subject to  th e  condition th a t  th e  w ater level 
rem ains betw een the prescribed levels w ith  a t  least p robab ility  p. General,
(4.15) type stochastic program m ing models are investigated in  [11]. 

FO R T R A N  program s prepared  for th e  com puter CDC 3300 are available
for the described algorithm s. The num erical experiences show th a t  the com 
puting tim e is reasonable even in the  case N  =  12 which size is com pletely 
satisfactory  in  case of th e  w ater level problem  since we program  a t most one 
year ahead an d  to  choose 12 periods in one year seems to  be a  satisfactory  
fine subdivision of the tim e in a year.

5. Conclusions

We gave a  dynam ic model system  for a special ty p e  o f control o f a 
discrete tim e param eter Gaussian stochastic process. The process otherwise is 
arb itrary , no independence or hom ogeneity assum ption is needed, the p a ra 
m eters can be arb itrary . The purpose of th e  control is to  keep a certain level 
within prescribed limits. T he model system  is a  stochastic program m ing m odel 
system , th e  m ethod of solution is th e  g rad ien t m ethod an d  th e  SUMT. T he 
theory  is applied  for the  regulation of th e  w ater level of th e  Lake B alaton.
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Д л я  управления процессами с дискретными параметрами, распределенными по 
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ON MINIMAX CONTROL AND ESTIMATION 
STRATEGIES UNDER INCOMPLETE INFORMATION

A. B. K U R Z H A N S K II 

(Sverdlovsk)

(R eceived  O ctober 11, 1974)

M inim ax prob lem s o f  syn thesizing  c o n tro l system s w ith  only  p a r t  o f  th e  
s ta te  va riab les  being observed  a re  posed u n d e r  th e  a ssu m p tio n  th a t  th e  in fo rm a 
tio n  on th e  un certa in  d is tu rb an ce s  in  th e  sy s tem s is re s tr ic te d  to  th e  desc rip tio n  
o f  th e  co rresponding  adm issib le  dom ains. T h e  solu tion  is b a se d  on  th e  th e o ry  fo r 
d iffe ren tia l gam e p rob lem s o f  dynam ics a n d  also  on in v es tig a tio n s  on m in im ax  
o b se rv a tio n  and  filte ring  prob lem s. S o lu tions fo r a  n u m b er o f  open-loop c o n tro l 
p ro b lem s u n d e r  im perfec t d a ta  are  g iven  to g e th e r  w ith  co n d itio n s  w hen th e s e  
a re  e ffec tive  for c o n stru c tin g  th e  closed-loop stra teg ies.

Introduction

The th eo ry  of feedback control under u n certa in ty  in th e  inputs considers 
problem s w hen inform ation on th e  ou tpu t coordinates is e ith er complete or no t. 
I f  in the firs t case it is generally assumed th a t  th e  ou tput phase  vector w hich 
describes th e  process dynam ics is com pletely accessible due to  available 
m easurem ents, th e  second case is frequently  re la ted  to  problem s where a  cer
ta in  sta tis tica l description for th e  inputs is a t  hand. The p resen t paper deals 
w ith  th e  situations when com plete m easurem ents for the o u tp u t coordinates 
are unavailable and  the accessible inform ation is restric ted  to  the  values o f 
a  p a r t  of th e  ou tpu ts . I t  is assum ed th a t bo th  th e  control an d  th e  m easurem ent 
system s are subjected  to  u ncerta in  d isturbances for which th e re  is no statistica l 
description w hatever. The inform ation on th ese  values is restric ted  to  th e  
description of th e  corresponding admissible dom ains of variation. Consequently, 
th e  accessible curren t s ta te  (the position) for each of the system s under con
sideration is no more determ ined by a phase v ec to r bu t is form ed of a certain  
dom ain in th e  phase space depending on th e  observed signal an d  containing 
th e  unknow n ac tu a l ou tpu t (the phase vector o f the  system ). T he aim of th e  
synthesizing process is to  specify a control law  formed on th e  basis of th e  
accessible inform ation (the position  of the system ) in order to  ensure a least 
possible value for a  given function  of the process term inal coordinates (despite 
th e  counteraction of uncertain  factors). The situ a tio n  described is formalized 
w ith in  the  fram ew ork of feedback control problem s w ith m inim ax payoff. 
The given p ap er is thus devo ted  to  specific inform ational gam e-theoretic
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problems o f dynam ics w hich combine an  optim ization o f th e  m easurem ent- 
estim ation process for th e  system  coordinates with th a t  o f the process for 
selecting th e  control law itself. The so lution is based on th e  constructions of 
the  theory  for game problem s of dynam ics [ 1 - 3 ]  and  also on the resu lts  of 
papers [4 — 6]. A num ber o f open-loop con tro l problems u n d er im perfect d a ta  
are considered, their solutions being fu rth e r applied to th e  closed-loop problem s 
under the  approach of [ 1 -  3]. The discussion is re s tric ted  to  linear system s 
which allow a description o f the solutions in term s o f constructive re la tions 
within th e  sphere of applicab ility  of num erical m ethods o f convex analysis. 
Other classes of control problem s under incom plete inform ation  were discussed 
in investigations [7 —11].

1. Accessible information
Problem formulation and mathematical formalization

An и -dimensional system  is given

x  =  A(t)x +  B(t)u — C(t)v, t0 <at < , f t  (1.1)

where и  an d  v are the  controls of dim ension p  and  q respectively. A t each 
m om ent o f tim e t s ta rting  from  t0 accessible due to m easurem ent is the observed 
m -vector signal

y{t) =  G(t) x(t) +  F(t) £(<) (1.2)

where th e  r-vector value |  is the d istu rbance in the observation  channel.
I t  is necessary to  em phasize th a t  th e  realizations v(t), |(i) and th e  initial 

value x° =  x(t0) are unknow n in advance. The inform ation on these values is 
restric ted  to  the form ulation  of conditions

v(t) £ Q(t), | ( 0  € B(t), x° £ X°,  (1.3)

where th e  sets Q{t), K(t) (for all t ]> tQ) and  the set №  are given in  advance 
and assum ed to  be com pact in the finite-dim ensional spaces Ä , R(r\  R^n\  
In  co n tra ry  the control и  is sought for, hence the realization  u(t) w ith  values 
in convex com pact se t P(t) is presum ed to  be known. T he given m a trix  func
tions A(t), B(t), C(t), F(t), G(t) are tak en  to  be continuous.

N otations are ad o p ted  as follows: Ge is th e  e-neighbourhood for set 
G, q(1 I G) =  sup l'g, g £ G is the su p p o rt function for G, the prim e standing 
for th e  transpose an d  th e  symbol || • || for the E uclidean  norm; gt{ ■ \ t)  is 
a functional elem ent generated  by  function  g(s), r  <C s <it, g(t, ■ \ r) =  g(s), 
x <; s <  í; Ci( • I x) =  {г>,( • I r), f,( • | x) ,  x }; Щ  • | т , Х ) =  {СД • | r)  : v{s) £ 
£ Q(s), |( s )  £ R(s), x <  s <  t\ x £ A }.
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Square brackets used in stead  of round ones in symbols o f type C<( ' I t ), 
u(t), • I t ,  X), gt( • I t), g(t, ■ | r)  and in th e  coming sym bols always deno te
a  fixed realization of the  respective value.

The aim  o f th e  control и  synthesized depending on th e  observed realiza
tio n  yt( • ) is to  ensure a least possible value fo r a  given functional of th e  t e r 
m inal s ta te  variables despite th e  counteraction of the  uncertain  facto rs 
v(t), £(t). Consequently a m inim ax differential gam e-type problem  is form ed 
w hich combines th e  optim ization of hoth th e  feedback m easurem ent and  e s ti
m ation  process an d  th e  procedure of specifying th e  control forces.

A precise form ulation o f th e  problem is as follows. Assum e th a t a t  tim e  
h  the  condition x(tx) £ X  was given a n d  functions y t[ • | ix], u[t, ■ | £x] 
have been realized th roughout th e  interval [ip i].

Definition 1. The sot X(t, • \ tv  X)  — X(t,  y t[ • | t j ,  u[t, • | i j  | tv X )  is 
said  to  be com patible w ith signal yt[ • | t j  w ith  given u[t, ■ | if it consists 
o f those and  only those vectors {ж} £ f í{n) fo r each of w hich there exists an  
elem ent Ct( ' I h) € ®t( • | tv X )  such th a t th e  corresponding solution x(t), y(t) 
of (1.1), (1.2) (generated in th e  in terval \tv t\ b y  values x(tx) =  x*, v =  vt{ ■ | tx) 
I  =  f Д • I tx) form ing the  given Cd • | tx) a n d  also b y  given realization 
и  =  u[t, ■ I i j )  w ould satisfy th e  conditions x(t) =  x, y(s) =  r ^  s t.

F u rth e r tak e  the  following notations

X(t, ■ I t0, X°) =  X(t, ■ ); g,( ■ \ t0) =  gt( ■ ); g(t, ■ | i 0) =  9(t, ‘ )■

L e t us discuss D efinition 1, tak ing  for exam ple tx =  t0. W e no te  a t once t h a t  
it  is n o t an  a rb itra ry  Ct( • ) th a t  did  generate th e  realization y t\ ■ ].The know l
edge of th is realization allows a posterior procedure for determ ining all o f 
th e  values Cd • ) th a t  could generate the given y t\ ■ ]. The vectors \x(t) } cor
responding to  all of the  m entioned values C/( • ) and to  th e  given u[t, • ] w ith  
respect to  equation  (1.1) constitu te  precisely the set X(t ,  ■ ). The v a lu e  
{t, X(t, • )} derived on base o f th e  accessible inform ation form s the cu rren t 
position (the generalized sta te ) of the system  which serves as necessary d a ta  
in forming th e  control force. W e shall thus seek for the control in the  form  
o f a  functional и =  u(t, X(t,  • )).

Definition 2. A  m ultivalued  functional U =  U(t, X )  is said to  be  an  
adm issible s tra teg y  if for each t i t  is defined on th e  set M  o f all convex com pacts 
o f w ith  its values being convex, com pact sets included in P(t) and if  i t  is 
upper sem icontinuous in t, X  w ith  At ^  0 (i.e. for any  e >• 0 there ex ists  
a  Ö >  0 such th a t  w ith 0 <[ At d, X (1) Q X ö, X  ^  X^P we have

U(t +  At, X w ) Q U e(t, X)) .

2
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S u b stitu tin g  U(t, X(t,  ■ )) in (1.1) in s tead  of u, we arrive a t th e  equation

x d A ( t ) x  -f  B(t) U(t, X( t,  • )) — C(t)v(t) (1.4)

w ith a  m ultivalued  rig h t-h an d  side. T he problem  will fu r th e r  be described in 
term s o f solutions of (1.4).

Definition 3. A function  x[t] is sa id  to  be a solution o f Eq. (1.4) relative 
to  system  (1.2) (£#[ • ] given) if

(A) th ere  exists a function  u[t] £ P(t)  such th a t x[t~\ is a solution fo r (1.1) 
w ith и  =  u\t~\ and w ith g iven  £,,[ • ].

(B) for alm ost all t £ [i0, {)] th e  inclusion u\t~\ £ U(t ,X[t,  • ]) is valid 
provided X[t , ■ ] is the se t com patible in  th e  sense of D efinition 1 w ith  signal 
yt[ • ] due to  Eq. (1.2) form ed of x\t\  w ith  и =  u[t] a n d  w ith given £e[ • ].

Lemma  1.1. Assume th a t  the functional U — U(t, X)  in (1.4) is an 
admissible strategy . T hen there  exists a t  least one so lu tion  of (1.4) relative 
to  (1.2).

T he p roof of the lem m a m ay be a tta in e d  by th e  scheme of p ap e r [12]. 
The set o f  solutions of (1.4) w ith U =  U(t, X),  £#[ • ] given shall fu r th e r  be 
denoted as {x( • ) | U(l, • ), £ft\ ■ ]}. T herefore each s tra teg y  U(t, X)  w ith  given 
C«[ • ] generates a set o f solutions {x(<)} =  [x( ■ ) \ U(t, ■ ), £,-,[ ■ ]} each  of 
which corresponds to  a  ce rta in  u[t\ satisfy ing  conditions (A) and (B). In  tu rn  
each of th e  solutions x(t) ob ta ined  for и — u\f\ ,  C =  C»[ ’ ] generates an  observed 
signal yt[ • ] and  fu rther on  a  set X[i), ■ ] derived of y,[ • ] and com patible 
w ith th is function. As show n in the sequel set A [if • ] is always an  elem ent 
of M.

D efine a  functional Ф(Х)  on set M ,  taking

Ф(Х)  =  m axx cp(x), x £ X ,  (1.5)

where cp(x) is a proper convex function in  K(n'> [13]. The problem  will consist 
in specifying a  strategy U(t, X )  in order to  ensure the  relation

§°(t0, X°)  =  &(t0, X», U°(t, ■ ), c°[ • ]) =

=  m inu(fj. ) ) m axfi(. ) oF(i0) X°, U(t, ■ ), £*( • )) (1.6)

&(t0, X°,  U(t, • ), £#( • )) =  maX(X(.)| nq,■ ) , ) >  ^(-^(^> ' ))>

over all adm issible U(t, • ) > £ # ( " ) €  @#( • | t0, X°).

Along w ith  strategies U(t, • ) we shall also consider a  class of piecewise 
open-loop single-valued d-stra teg ies o f th e  form и =  u(t, x X ( n ,  ■ )) which 
correspond to  a  given subdivision A =  {r, } o f the time in te rv a l [/0, i)]. Selecting
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A i t  m ay be achieved th a t  the given class generates an  approxim ation o f th e  
desired solution.

U nder certain  conditions th e  desired closed-loop strategies m ay be con
s tru c ted  by solutions of special open-loop control problems. A num ber of 
these conditions is fu rth e r form ulated  sta rtin g  from  strongest assum ptions 
and  forming a so rt o f a scale.

2. Estimation of compatible domains.
Minimax filtering. The extrapolation problem

A notable p o in t in the solution is th e  description o f sets X(t, • ) form ing 
the curren t position for the system .

Lemma  2.1. T he sets X(t, ■ ) are  convex an d  com pact in The form ula 
is tru e

q(1 I X(t, ■ )) =  inf,i>;j infA(/,r) t) I A 0) +
t

+  J  [ e (~  sm (x I Ht, ■ ), t0) I C ( t ) Q ( x ) B(t)  u[г]) +  (2.1)
u

+  x) F(r)  I B ( t ) +  iy\ t])] dr),  lx +  h  =  l>

under restriction | л(/, ■ ), t0) =  l>. Here s(1)( r |  X(t, • ), t0) is th e  solution 
of th e  following equa tion

' =  - sA (t) +  X{t, r)G(r), (2.2)

w ith s(t0) =  lxS(0, #); s(0>( r  | X(t, ■ ), t0) is the solution of (2.2) w ith s(t0) =  0; 
Щ, r) is a function square integrable in  r, S(x, ft) is the  norm ed transition  
m atrix  (fundam ental m atrix) for th e  homogeneous system  (2.2).

T he scheme for deriving (2.1) is given in [5, 6].

Take

G(t2, tv  X ,  и,г[ • I У )  =  U {S(tv t2) x  +  f S(r, t2) ( B ( t )u [t \ — C(x)v[r~\)dx)
x,  v tx

over all x в X ,  v(x) в Q(x). The given set is th e  dom ain of a tta in ab ility  in th e  
control v for system  (1.1) from set X  w ith и  fixed. R ealization u[t2 • | t,] 
defined in \tv t2), we have

G(t2, tx, X ,  u[t2, • I íjJ) =  G(t2, tv  X ,  m(j[ • I i^]).

The dynam ics for sets X(t,  • ) are characterized b y  following properties [5, 6].

2*
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Lemma 2.2. Assume th a t control u[t, • ] an d  signal yt[ • ] generated  by 
ce rta in  £([ • ] are th e  realizations for the  in te rv a l [q,, t). Then th e  inclusion 
is tru e  (q, <[ q  i)

X(t,  ■ ) c  G(t, q, X(tv ■ ), u t[ ■ I q]) П X(t, ■ I q, R (n)) =  X*(t, • I q). (2.3)

F o r every u\t, ■ ] l, there exists a signal y t[ • ] which ensures a  s tric t 
eq u a lity  q(l | X(t, ■ )) =  g(l \ X*(t,  • | q)).

R ealization u[ft, ■ ] fixed, th e  inclusion is tru e  (t <Z, ft)

G(ft, t, X( t ,  ■ ), u[ft, ■ I <]) a  G(ft, tv  X( tv  • ), u[ft, • I q ] ) .

A m ultivalued function G[t) is said to  be discontinuous a t t =  tx if  func
tio n  q(1 I G\t]) is discontinuous a t  point t =  tx for a t least one l.

Lemma 2.3. E ach  of the  realizations X(t,  ■ ) — X[t] (admissible relative 
to  restrictions on system s (1.1), (1.2)) m ay have h u t a countable set o f dis
continuities.

The determ ination  of th e  best in sense of m inim ax estim ators for the 
o u tp u t vector based  on observation m easurem ents of function yt[ ■ ] is the 
ob ject of m inim ax filtering th eo ry  (in con trary  to  stochastic filtering [7, 8, 14] 
w here v, |  are tak en  to  be Gaussian white noise w ith given s ta tis tica l p aram 
eters). The above-m entioned estim ator x°(t, ■ ) m ay be determ ined e.g. as 
th e  Chebyshev cen ter for the se t X(t, ■ ), i.e. th e  solution for th e  problem

d°(t, ■ ) =  m inx m ax z \ \x — z\\ =  m ax2 | |íc°(í) — z\\ 

x  6 X(t,  ■ ), z 6 X(t,  ■ )

w here d°(t, • ) is th e  guaranteed bias error o f observation.
The construction of closed-loop controllers requires the  solutions o f ex tra 

polation  problem s.
Assume th a t  a t  tim e t th e  set X(t, • ) was realized. Then for any  possible 

fu tu re  realization of ud[ • | f\, • | <] € ®#( • | t ,  X(t, ■ )) one m ay  specify
th e  corresponding signal yn\ ■ \ /] and fu rth e r the set X(ft, • | t, X(t, • )) =  
=  X(ft, y#[ ■ I i], u#[ • I í] 11, X(t,  • )), derived in result of th e  observation. 
D enote £(í, l, Q) =  ft) \ Q), and  x(t; u&( • \ q), v0( ■ | q), x, q) as the solu
tio n  of (1.1) generated  by и — ue( ■ | q), v =  ve( • \ q), a;(q) =  x.

Lemma 2.4. The form ula is true

o(l I X(ft, ■ I q X(t, •))) =  Vx(ft\ щ[  ■ I q], %[ • I q], я*, q) +  

+  x(i, x(t, ■ ),u  • m ) . (2.4)
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K(l, X(t, ■ ), CA ■ I *]) =  inf/, ;, in fA(i t ) {£(/1, t, X(t, ■ ) — x*]) +

+  I  [ e ( -  I W >  ■ ). 0  C( T)  I Q ( r )  -  ®[r]) +
t

+  e{  -  Щ  * ) H ( r )  I R ( r) -- í[r])]dr}

w ith  sa \ t  I ■ ), t) =  lx8(t, ß), sm (ö I A(#, • ), i) =  Z, +  2̂ =  where 
• I <] =  {re[ • I í], |^ [  • I i], x*} is th e  value which generated  th e  signal 

i/5[ • I t] along w ith «#[ • I i].
V arying all possible values o f • | i] € ®z>( • | f, A(i, • )) in  advance we 

achieve for each u#[ ■ \ f\ the se t o f  all possible fu tu re  realizations of sets 
A (#, • I t, X(t, ■ )).

3. Open-loop control under imperfect data

In  this section th e  open-loop control problem s proven to  be effective 
for th e  construction o f the closed-loop strategies are described.

Problem 1. Specify a control u°(t) =  u°(t; t0, A°), t0 <  t <[ •&, so as to  
ensure th e  relation

ß°(t0, X°)  =  max„iX, (p(x(ß; u°A • ), v»( • ), x°, t0) =

=  max„_ x, minu <p(x(# ; u№( • ), v&{ ■ ), x°, t0) (3.1)

u(t) € P(t), v(t) £ Q(t), x° £ X°.

Assum e X(f), • | t0, A 0) to be the  se t described in  Lem m a 2.3 an d  related  to
th e  p a ir и A  • ], £,?[ • ] th a t  generated  yA • ]. T ake Ф(Х) to  be a  functional of
ty p e  (1.5) defined in  M.

Problem 2. Specify a control u 00(t) =  u 00(t; t0, X°), t0 t <[ # so as to  
ensure the relation

ß 00K  AO) =  m ax:#(.) 0 (Z (# , u f (  ■ ), y»[ • ] | t0, A»)) =

=  m ax i}(.) m inu[/] Ф(Х(Ф, u»( • )> ’ ] I *o> x °) (3.2)

U  ■ ) € ®,( • I to, AO), u(t) € P(t).

Here all th e  open-loop con tro l program s и A  •], CA ' ] are taken  in 
advance to  define th e  variety  o f se ts  X({), ■ ; t0, X°)  when th e  m inim ax solu
tion  is further specified. Assume

A (t; щ (  ■ ), ve( ■ )) — U x(t; u A  • ), Щ{ ‘ ), x°, t0) ,
X°

x° 6 A 0.
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Problem 3. Specify a  control u*(t) =  u*(t; t0, X°), t0 < i  < ; ft so as to  
satisfy  the relation

ß*(t0, X°) =  т а х „ Ф (Х (# ; « |(  • ), v#( ■ )) =

=  m axv m inu Ф (А (#; щ(  • ), v<>( ■ ))) (3.3)

v(t) e Q{t), u(t) g P ( t ) .

H ere the  m axm in solution is to  be ob ta in ed  for the whole ensemble 
X(t; щ( ■ ), v{)( ■ )) of trajectories o f (1.1) g enerated  by  № . P articu larly  if 
cp(x) == r(x, M 0)‘ is th e  Euclidean distance from convex set M 0, th en  ß°(t0, X°) is 
th e  m axm in value for the  neighbourhood of M 0 w hich includes all o f the set 
X(§;  ue( ■ ), ■ )).

Take y>(t, l) =  £(/, r, C(r)Q(r) -  B(r)P(r))
&

4*(t, l) — \ y>(r, l) dr  ,
I

<p*(l) =  supx {l'x — <p(x)} (q>*(l) is th e  convex conjugate relative to  cp(x) [13]). 
Consider the problem

Уо(го> x °) =  sup, yßt0, X°,  l), (3.4)
t

( Vi(t0, X°,  l ) =  Ф(/0, l) +  £ ( -  l ,  t0, X°)  -  c p * ( - l ) .

Assume conditions y° (t0, X°)  (of nondegeneracy) and

— У1̂ о> X °, 0 ~-+ °°> W\\  -+ 00) (3.5)

to  be fulfilled. The m axim um  for (3.4) is then  a tta in e d  a t a com pact set 
r°( t0, A 0) of elem ents l°(t0, X°)  =̂= 0. The given conditions are fulfilled if e.g. 
we have ß°(t0, X°)  ^  0 w ith  cp(x) =  r(x, M Q). (Necessary and  sufficient condi
tions for the a tta in ab ility  of a m axim um  in (3.4) m ay  be form ulated in  term s 
o f [15].)

Theorem 1. (i) The equality  y°(t0, X°) =  ß(t0, X°)  is true.

(ii) The control w°B) =  u°(t; t0, X°) of P roblem  1 satisfies the  necessary 
m axim um  condition
i i .  j i s T  ‘  .’ - . « i i  . .  . Л i У: 1 1 '  '  .  *  .  • "  '. 'У'. '. ' "  f s  .  . . .  :*  1

- o? I Í E  Ц1°(10, X°), t, B(t) u°(t)) == £(i°(i0, № ), t, B( t ) P( t)) . (3.6)

(iii) W ith l°(t0, X°)  ^  0 and  system  (1.1), (v(t) =  0) strongly control
lable, [16, 17], condition (3.6) is also sufficient for u°(t) to  solve P roblem  1.
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D enote w ith (cone /)  (Z) the concave hull (the upper envelope) for func
tion /(/) on i? . Consider the  problem

y 00(<0, X°) =  sup, y2(t0, X°,  l) (3.7)

y2(t0, X o, l) =  m a x ^ . j  Kßtü, X°,  l, £„[ • ]); C*[ • ) € ®*[ • | t0, A «],

»
K ß t 0, X°, l, U  ■ ] ) =  (■ £(Z, x,  -  B{r)P(r)  +  C(x)v[x-])dr -

to
- l ' S ( t 0, ö)  X *  -f (cone h) (—Z, X ° ,  c»[ • I *„]) ; M 1’ X ° ,  C»[ ■ I Z„]) =

=  K(1, a °, и  • I i0]) -

L et y2(t0, X°, l ) sa tisfy  the condition (3.5). Then the m axim um  for 
(3.7) is a tta in ed  at a com pact set r oo(t0, X°)  of elem ents Z00(Z0, X°).

Theorem 2. (i) The condition y00(t0, X°)  =  ß 00(t0, X°)  )> ß°(t0, X°)  is true.

(ii) The control u 00(t) ~  u00(t; t0, A 0) of P rob lem  2 satisfies th e  necessary 
m axim um  condition

£(Z00(i0, X°), t, B(t) u00(t)) =  £(Z00(i0, X°), t, B(t)P(t)) . (3.8)

(iii) W ith  h(l, X°,  Ce[ ‘ I <„]) concave in Z we have

y2(t0, A°, Z) »  Yl(t0, A», Z); ß«»(t0, X») =  ß°(t0, X0)

an d  relations (3.7) and  (3.8) coincide.

I t  is necessary to  n o te  th a t for each  £#[ • | i0] th e  value К (l, X°,  • |Z0] )=
=  o(l I G(X°, • I f0])) is the su p p o rt function fo r a  convex com pact set
G(X°,  C#[ • I Z0]) about th e  origin. T he condition o f Theorem  2 (iii) denotes in 
p articu lar th a t  with <p(x) =  r(l, M0) th e  difference q(1 \ M 0)—q(1 | A (#, • | Z0, A 0) 
is convex in Z for all • ], f e[ • | Z] £ ®,,( • | i, X ).

Consider the problem

y*(t0, X°) =  sup, y3(t0, X°, l) (3.9)

y3(t0, X° ,  l) =  xF{t0, l) +  (cone g)(l, t0, X°), 

g(l, t0, X°)  =  £ (— Z, Z0, A 0) — cp*(— l).

Assume y3(t0, X°,  l) satisfies condition  of ty p e  (3.5). Then th e  maxim um  
fo r (3.9) is a tta ined  a t  a  compact se t r * ( t3, A 0) o f elem ents Z*(Z0, X°).
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Theorem 3. (i) The condition y*(Z0, X°) =  ß*(t0, X°) ß00(t0> -^°) is true.

(ii) The control u*(() =  u*(t; Z0, X°)  of P roblem  3 satisfies th e  necessary 
m axim um  condition

£(Z*(Z0, 1 ° ) ,  t, B(t) u*(t)) =  £(Z*(Z0, X°), t, B(t) P(t)). (3.10)

(iii) W ith  g(l, Z0, X°)  concave in  Z the condition of Theorem  2 (iii) is 
fulfilled, y3(t0, X°,  l ) mm y2(t0, X°,  l) =  r i (t0, X o, Z); ß*(t0, X°) =  /500(г0, X°) =  
=  ß°(t0, X°), an d  relations (3.6), (3.8) and (3.10) coincide.

The concavity  of g(l, t0, X°)  w ith  tp(x) =  r(x, M 0) yield th a t  the  differ
ences q(1 I M 0) — £(Z, Z0, X°) are convex.

4. Estimates for feedback dynamics

Assume a t  tim e the system  (1.1), (1.2) was a t  s ta te  (Z, X(t,  ■ )} and was 
transferred  in tim e At from given s ta te  to  position  {t -f- At, X ( t  -f- At, ■ )}. 
Solving Problem  1 one m ay determ ine the value y n(t, X(t, ■ )). Our aim is 
to  evaluate the  increm ent

Ay°(t, ■ ) =  y<>(t +  At, X( t  +  At, ■ )) -  y°(t, X(t, ■ ))

tak ing  th a t in  th e  in terval [t, t -f- At] there were realized the con tro l u[r] and  
th e  value Ct+At[ ' I Z] =  ' I Z], it+AtV • | Z], x*]} all of w hich had  gene
ra te d  the m easured signal yt+Atl * | Z] of which in tu rn  the se t X ( t  -f- At, ■ ) 
h ad  been derived. Following [6] we arrive a t th e  conclusion:

Lemma 4.1. Increm ent Ay(t, ■ ) satisfies th e  equality
t+ A t

Ay°(t, ■ ) =  m ax, { J  [£(Z, x, B( t)  (P(x) — w [r]) — C(r) (Q(r) — n [r]))] dr —

‘ (4.1)

— £( Z, t, — x* -f- X(t, • )) -|- — ZI G(X(t, • ), Ct+At [ ‘ I Z])) +  0(dZ)

where Z £ P°{t, X(t,  • )); 0(dZ) (At)~x —>- 0 w ith At —*■ 0 and
t+ A t

Г £(Z, г, C(r) v[r]) d r  — l'S(t, ft) x* -f- 
t (4.2)

+  (?(-Z I G(X(t, ■ ), t t+At [ ■ I Z]) ^  £ (—Z, Z +  At, G(t +  At, t, X( t,  ■ ), 0)).

Condition (4.2) follows from  Lem m as 2.2 an d  2.4. Inequality  (4.1) gene
ralizes some o f th e  formulas o f [18, 19] to  specific functional relations o f 
th is  paper.
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Assumption A .  F unction rp(x) =  r(x, M 0). F unction  

P(t, !) +  £ ( -  I, t, X( t,  ■ )) — q>*( — l)

is concave in l.

W ith  sets P(t), Q(t) being sim ilar i t  suffices to  verify the concavity  pro
p erty  o f Assum ption A for {/,,, A 0} only.

I t  follows from  Lem m a 2.3 th a t  a t  points of discontinuity  for realiza
tions X(t,  • ) =  A[<] th e  functions y°(t, A [i]), y00(t, X\t]), y*(t, X [i]) are non
increasing.

Lemma  4.2. Assum ption A being fulfilled, th e  vector l°(t, X(t,  • )) is 
unique and  w ith u n\t] =  u°(t; t0, X °) satisfying condition (3.6) tak en  for 
given l°(t, X(t, ■ )) th e  inequality

dy°(t, •)
dt u = u °

lim
At~+ 0

Ay( t r )
At

^ 0 (4.3)

is tru e  for any realization £([ • ].

S im ilar estim ates are fu rth e r derived  for y 00(t, X(t, ■ )), y*(t, X(t,  • )). 
Take ®($, t, l) =  {£#( • I <)} to  d eno te  the set o f elem ents m axim izing 
Ky(t, X(t,  ■ ), l, £*[ • I /]) and Cili • I t] to  denote th e  elem ent which coincides 
in [t , t +  At] w ith th e  fixed Ct+AtL ‘ I t] th a t generated  X(t  -f- At, ■ ) and  
coincides w ith the elem ent £#( • | t) in  (t -f- At, §].

Lemma  4.3. T he increm ent A y 00(t, ■ ) satisfies th e  equality
t + At

Ay00(t, ■ ) =  max; { ( £(Z, r , B(t) (P(r) — м[т]))с?г -\-
t ( 4 - 4 )

+  m axfi( . |() [K^t, X(t,  ■ ), l, £*[ • I t]) — K x(t, X(t, ■ ), - l ,  ■ \ t)) +  0x(At)

(l e r oo(t, X(t, ■ )); • I 0  € ®(0, t, l); 0.(At) (At)-1 -  0, At  -  0).

Assumption B.  T he function y2(t, X(t,  • ), l) is concave in l; q>(x) =  r (x ,M 0).

Lemma  4.4. Assum ption В being fulfilled th e  vector l00(t, X(t,  • )) is 
unique an d  with u 00[t] =  uou(t; t, X(t,  ■ )) satisfying condition (3.8) tak en  for 
given l00(t, X(t, • )) th e  inequality

dy00(t,-)
dt U=U°

lim
At- + о

Ay00(t, •)
At

< 0
u[(]—u00[i]

(4.5)

is tru e  for any realization 'Qt\ • ].
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Lemma 4.5. The increm ent Ay*(t, ■ ) satisfies the equality

t + At

Ay*(t, • ) =  m ax, { J [£(Z, r, B(z)  (P (t) -  u[r ] )  -  C(r) (Q(r) -  v[t]))] dr -
t

— £(Z, t, x*) +  [(cone h) ( — l, X(t, ■ ), Ct+At [ - 1 0 ) — (4.6)

(cone g) ( — l,t,  X(t,  • ))] +  02 (At)

where l £ r*(t,  • ); 02(zk) {At)-1 0, At -*• 0.

Assumption G. The function Bit, l) 4- (cone g) ( —l , t, X(t, ■ )) is concave 
in  l; cp(x) =  r(x, M 0).

Lemma 4.6. Assum ption C being fulfilled th e  vector l*{t, X(t,  ■ )) is unique 
an d  w ith u*\t] =  u*{t\ t, X(t,  • )) satisfying condition (3.10) tak en  for given 
l*(t, X(t, • )) th e  inequality

■) =  lim Аг*(*< ■)
dt u=u. At~+о At

is tru e  for any  realization £,[ • ].

Inequalities (4.3), (4.5) an d  (4.7) are effective for points o f continuity  o f 
realizations X(t)  =  X(t, ■ ). N ote th a t  these po in ts constitu te the  whole in terval 
\t0, rt]  w ith th e  exception of b u t a  countable set.

The given estim ates, achieved with the  a id  o f results due to  [3, 6] lead 
to  a  solution o f th e  prim ary feedback control problem.

5. Solution of feedback control problem

Theorem 4. Assume th a t for any Cí +a i [ ’ I • | t, X(t, ■ )) there
exists a realization ut+M[ ■ | t) w hich ensures th e  inequality  Ay°(t, ■ ) <  0 (At) 
re la ted  to  (4.1). T hen the given condition is necessary and sufficient for the  
existence of a  subdivision A an d  a  piecewise open-loop s tra teg y  u°(t, • ) =  
=  u°(t; г i, X ( t ,  ■ )) which ensures for any к >  0 th e  result

S ( t 0, x ° ,  «°(i, •), U  ■ 1) <  r V o ,  X°)  +  «
; t ?1) '■ • 'Áh'-*-

w hatever is th e  realization • ]. The s tra teg y  u°(t; n,  X( t i ,  • )) is deter
m ined for each o f th e  intervals d r ,  =  [t,-, r (+1) b y  condition Ay(x,-, • ) <  0(zlr,) 
for position {t X( t i ,  ■ )} according to  (4.1). |u . !

: ^ 0  (4.7)
Uíí l-U* [Í]
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A nalogously the existence of realizations u t+Al\ • 11] w hich  ensure th e- 
estim ate A y 00(t, ■ ) <] 01(Zlt), (Ay*(t, • ) <) 02(At)) yields the existence of a su b 
division A an d  a piecewise open-loop s tra teg y  u 00(t, t,-, A ( t • )), (u*(t; x 
X{ri, • ))) w hich results in  a  value a rb itra ry  close to y00(t0, A 0) (y*(t0, X 0)). 
F o r the  case o f unique vectors l(t0, X(t, ■ )), l00(t, X(t, • )), l*(t, X(t, ■ )) denote 
th e  sets of all extrem al elem ents due to  (3.6), (3.8) and (3.10) as U°(t, X(t, • )) =  
=  {u°(f; t, X(t,  ■ ))}; U00(t, X(t, ■ )) =  {u 00(t ; t, X(t,  • ))}; U*(t, X(t, ■ )) =  
=  {«*(<; t, X(t,  ■ ))} respectively. S trategies U tí(t, X(t, • )), U 00(t, X(t, ■ )),
U*(t, X(t, ■ )) (said to  be “ex trem al” ) are admissible in th e  sense of D efi
nition 1.

Theorem 5. (i) U nder A ssum ption A we have

H (0 > X°. U°(t, X(t,  • )), U  ■ )) <  y°(t0, A 0) =  IF°(i0> A 0) .

I f  in addition  the  condition of Theorem  2 (ii) (of Theorem 3 (iii)) does hold 
th en  y°(t0, A 0) =  y°°(<0, A 0) (y°(t0, X°) =  y*(t0, A 0)).

(ii) U n d er Assum ption В we have

A 0, X (t, • )), U  ■ )) <  y 00(t0, X ° )  .

(iii) U n d er Assum ption C we have

§( tn, X°, U*(t, X(t, ■ )), СЛ ■)) <  y*(t0, X ° ) .

In  general we have

y°(t, X(t, ■ )) <  y 00(t, X(t, ■ )) < ; y*(t, X(t, ■ )).
.Mir-

Thus along with th e  worsening o f convexity  properties foE certain fu n c
tions characterizing the problem  (from A ssum ption A to A ssum ptions В an d  C) 
the  values y°, y 00, y* for th e  payoff g u aran teed  by respective extrem al s t r a 
tegies are generally increasing.

Acknowledgem ent. T he  a u th o r  is g ra te fu l to  academ ician  N . N . K rasovsk ii fo r 
a  va luab le  d iscussion o f th e  p ap e r.
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О минимаксных стратегиях управления — оценивания при 
неполной информации

А . Б .  К У Р Ж А Н С К И Й  

( С в е р д л о в с к )

Рассматривается задача минимаксного синтеза системы управления по результатам 
наблюдения части фазовых координат в предположении, что системы измерения и управ
ления подвержены возмущениям неопределенной природы, дл я  которых отсутствует 
какое-либо статистическое описание (информация об этих величинах исчерпывается за 
данием допустимых областей их изменения). Доступное текущее состояние (позиция) для 
каждой из рассматриваемых систем здесь определяется не фазовым вектором, но слагается 
из некоторой области фазового пространства, определяемого путем обработки наблюдае
мого сигнала и содержащей неизвестный истинный выход (фазовый вектор) системы. 
Целью синтеза является нахождение закона управления, формулируемого по доступной 
информации (позиции системы) и обеспечивающего наименьшее по возможности значение 
заданной функции координат конечного состояния процесса (вопреки противодействию 
неопределенных факторов). У казанная  ситуация формализуется в рамках специфических 
игровых информационных задач, в которых сочетается оптимизация процесса измерения — 
оценки координат системы и процесса выбора самого управляющего воздействия. Решение 
опирается на конструкции теории игровых задач динамики [1—3] и на результаты работ 
[4—6] по минимаксному наблюдению и фильтрации. Приводится решение ряда задач 
программного управления по неполным данным и условия их использования для построе
ния искомого синтеза. И зложение ограничено линейными системами, для которых реше
ние описывается в рамках конструктивных соотношений, охватываемых численными ме
тодами выпуклого анализа.

А. Б. Курж анский
Институт математики и механики УНЦ А Н  СССР 
СССР Свердловск К-бб, 
ул. С. Ковалевской, 16
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AN APPROACH TO THE MODELLING OF UNCERTAINTIES 
IN THE SIMULATION OF QUASIDETERMINISTIC 

DISCRETE EVENT SYSTEMS

A. JÁ V O R  

(B udapest)

(R ece ived  Septem ber 20, 1974)

Introduction

Modelling, which alw ays means an  abstraction , is generally d ivided 
— in the case o f discrete ev en t systems — in to  two categories: viz. d e te r
ministic and  stochastic system s. These system s can be described as d e te r
m inistic and probabilistic au to m a ta  [1].

This categorisation is an  abstraction in  itself since practically  every  
physical phenom enon is of stochastic natu re ; i t  is only th e  num erical values 
o f the probabilities of the even ts  involved th a t  determ ine how we regard th e  
system . N am ely if  these probabilities are v ery  close to  “ 1” or “ 0” we m ay  
tre a t  the system  as determ inistic, otherwise as stochastic. T he exam ination 
o f real system s often  shows, th a t  the question o f how th ey  should be trea ted  
depends on th e  “ resolution” o r “ level” of th e  exam ination, a n d  w ith gradually  
more detailed exam ination, i.e. increased “ resolution” , th e  system  can be 
in terpreted  a lte rn a te ly  as stochastic  or determ inistic [2, 3].

In  this p ap e r we shall introduce a th ird  — in term ediate  — category; 
th e  concept o f Quasideterministic Systems (QDS).

This, o f course, is an  abstraction, too , b y  which we shall understand  
the  following

Definition 1. We shall designate a system as “quasideterministic” if it is 
such that in  the majority of cases (or time) its behaviour can be regarded as 
deterministic and in the minority of cases (or time) as stochastic.

These system s were generally in tended  to  be determ inistic by  th e ir  
designers, or hoped  to  be such by  their investigators; a t som e level a t least.

To illu s tra te  the problem  let us consider tw o examples.
1. A netw ork  of d ig ital logic circuit elem ents with given binary in p u t 

sequences can be trea ted  basically  as a determ inistic  system  (at some level 
a t  least). N evertheless having for example on ly  a single R S  flip-flop in our 
system  driven b y  the  — forbidden — R  =  S  =  1 value, th e  resulting s ta te



220 JÁVOR: MODELLING OF UNCERTAINTIES IN  SIMULATION OF QDS

of the  system  becomes indeterm inate. Considering th e  tran sien t s ta te s  o f the 
system  — always tak ing  finite tim e -  b y  increasing th e  “resolution” o f the 
exam ination leads to  indeterm inacies as well [4].

2. T he layered construction o f an  operating system  of a com pu ter is 
in tended to  remove th e  basically nondeterm inistic n a tu re  of the hardw are  and 
make “ a  more or less determ inistic au to m ato n ” ou t o f i t  [3].

T he more layers sm oothing th e  original behaviour, the less in d e te r
m inacy will remain. F o r instance a com pu ter having tw o unsynchronized card 
readers, s ta r te d  sim ultaneously, as in p u t devices for tw o program s an d  a  single 
p rin ter for their o u tp u t m ay produce th e  results in unpredictab le order, bu t 
the operato r and/or operating  system  m ay  provide for a  determ inistic order. 
So on th is  level we already  have a determ inistic system  regarding th e  exam ple 
above.

Such and  similar exam ples m ay well be found in o th er fields o f d iscrete 
event system s as well.

A fter having determ ined  our concept of QDS’s le t  us envisage o u r ap 
proach to  its  modelling. This can be fo rm ulated  briefly. In  th is  paper no a tte m p t 
has been m ade to  provide a theoretically  complete descriptive m odel con
struction o f QDS’s b u t ra th e r  the developm ent of a p rac tica l means fo r using 
it in com puter sim ulation. The limits o f th e  description should be well defined, 
and w ith in  these limits tru e  and correct m apping of th e  real system shou ld  be 
supplied, providing as m uch relevant inform ation a t  th e  cost of com plexity  
(computing tim e, storage space, etc.) as is reasonable an d  economical.

Description of real discrete systems

A form al description of discrete system s m ay easily  be given, using the 
common notations of au to m ata  theory  [1]. Regarding th e  system as a  d e te r
ministic fin ite  autom aton  it  can be described by the quintuple

SU =  (Q, X , Y , W, Ф>, (1)

where Q, X  and  Y  rep resen t the in ternal, inpu t and o u tp u t alphabet respec
tively, while W is the  nex t s ta te  function an d  Ф the o u tp u t function perform ing 
the m appings.

q(t +  1) =  W[q(t), *(*)] (2)
and

y(t) =  0[q(t), *(i)3 (3)
where

q(t), q(t +  1) € Q\ X(t) 6 X; y(t) e Y.
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A generalization of th e  ordinary  determ inistic au to m ata  results in th e  
probabilistic au tom ata . H ere an  inpu t le tte r x  £ X  transfers th e  autom aton 
from  sta te  q, £ Q in to  any s ta te  qj £ Q w ith  constan t, tim e independent p ro 
babilities П(х, qi, qj). As we do aim  a t the realistic  description o f systems in  
sim ulation, th e  description very  often takes th e  form of a  v ery  im portan t 
subclass; th e  au to m ata  w ith  delay. H ere th e  only  difference to  the  form ulae 
above is th a t  th e  function Ф takes the form X{q), i.e.

y(t) =  %(<)] (4)

an d  the presen t value of у  does no t depend on the  present value of x. T his 
can be in te rp re ted  as the  m apping of reality  considering th e  fa c t th a t changes 
in  physical system s never occur instan taneously  although in  a num ber o f 
cases this tim e delay can be ignored.

L et us now more closely consider our problem  which consists of devel
oping, operating, observing an d  evaluating a  discrete system . T he main po in ts  
of our task  re la ted  to  the  top ic of th is paper are the  following:

§ 1. The sim ulation m odel in m any cases consists of - a  generally large 
num ber o f — interconnected “elem ent m odules” w ith a  p rio ri well-known 
algorithm s describing them  [5 — 7].

This m eans th a t th e  behaviour of th e  system s can be determ ined th eo re 
tically in advance characterised  either by d istribu tion  functions or by d e te r
ministic param eters; only th e  com plexity o f th e  systems causes them  to  defy  
analytic solution necessitating th a t their behaviour be determ ined  by m eans 
of sim ulation [8 , 9].

§ 2. The com plexity o f th e  system  excludes an a ll-ou t investigation o f 
its behaviour i.e. sim ulation for the entire space Q x X  a n d  only allows th a t  
for a subset Q 'x X ';  Q' c  Q, X '  с  X .

This is usually  known as testing u nder “ operating conditions” .
Such a te s t has of course to  be designed very carefully  in order to  p ro 

mote the  production of th e  u tm ost relevant inform ation possible. This problem  
is beyond th e  scope of th is paper b u t it should  be m entioned th a t  no com plete 
solution of the  problem  for practical purposes is available [10, 11].

However, it should be m entioned th a t  th e  rejection o f  an  all-out in v esti
gation generally is no t caused purely  and sim ply by the difficulties of its re a li
sation b u t th a t  the am ount of results given would be h a rd ly  manageable in 
several cases and  enorm ous efforts would be needed for d a ta  compression in 
order to  ex trac t the re lev an t d a ta  from th a t  which is redundan t. W h a t is 
really of in terest is the behaviour of the system  under “ operating  conditions” 
and  when th is  is satisfacto ry  the  behaviour beyond it is irrelevant.
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§ 3. The operation o f  the  models in  sim ulation is controlled b y  m echan
isms o f tim e  advancem ent [12, 13] d iffe ren t from those  used in th e  classical 
description of finite au to m ata , since in  th e  former case some tim e advance
ment algorithm s are b ased  on unequally  quantized tim e  steps, b y  skipping 
those tim e  increm ents w here no change in  the existing <97, j/,-> takes place.

T hus th e  following problem  m ay well arise.
A t tx th e  letter x x 6 X  schedules th e  next change to  t2 from qy £ Q to 

qj £ Q a n d  analogously from  ух £ Y  to  yj £ Y. A t tim e  in stan t t3 where 
h  5^ h h  (or in delayed  au tom aton  representation tr t3 <  t2) ano ther 
letter a'2 £ X  changes th e  anticipated  n e x t states (qj, yj}  to  (q), y))  a n d  the 
an tic ipated  tim e of th e  change to t2.

M ore precisely speaking; generally there are scheduled  subsets Q2 d Q  
and  Y2 cz Y  respectively to  the set o f fu tu re  time in s ta n ts  T 2, i.e. fo r which 
the re la tion  holds

(V t2i £ T 2) (t2i ty) (5)
or

(V hi £ T 2) (t2i >  tx) (6)
for delayed autom ata.

The le tte r  x3 m ay change the scheduled subsets to  Q'2 d  Q and  Yó CZ Y 
and  their respective sets o f  times to T 2 in  the  case

O  hi 6 T 2) (t3 <  hi) (7)
or, for delayed  autom ata

(3 hi € T 2) (t3 <[ t2i). (8)

This m eans th a t  in the im plem entation o f  th e  model in sim ulation th e  in for
mation a b o u t the present a n d  scheduled conditions, w ith  th e ir uncertain ties, 
have to  be stored  and th e  algorithm s perform ing transfo rm ations on them  
have to  be chosen in such a  w ay  th a t if th e  “ forecasts” are m odified repeated ly  
th e  “last shou ld  be the b e s t” , i.e. the last transfo rm ation  app lied  should supply  
th e  correct s ta te  or o u tp u t o f  the system .

§ 4. F in a lly  a problem  which has g rav e  consequences from the p o in t of 
view of p ra c tic a l realisation in  digital com puter sim ulation arises due to  the  
indeterm inacies or uncerta in ties present in  th e  system.

In  average probabilistic systems (which m ay be rep resen ted  by p ro b ab i
listic au tom aton) this can n o t really be tre a te d  as a d ifficu lty  bu t ra th e r  as 
th e  reason necessitating sim ulation. In  such  systems [7, 1 4 —16] the  resu lts 
o f  the sim ulation  are self-evidently  in form s of d istribu tion  functions a n d  th e  
tim e of th e  sim ulation is determ ined by  th e  level of confidence needed.
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T he problem  arises in the sim ulation of QDS’s w here the an tic ip a ted  
result w ould be the m ore or less determ inistic descrip tion o f the operation  of 
the  model; however th e  indeterm inacies make it d ifficu lt to  achieve. G reat 
efforts have been m ade to  overcome th is  difficulty [4, 17 — 19], m ainly in  the 
field of b inary  logic system  sim ulation using three an d  fou r valued sim ulation, 
b u t the  problem  of unm anageability  was still there, since it  has been shown 
[17] th a t  handling th e  com bination o f indeterm inacies is practically  im possible 
in such a system.

I t  is obviously very  difficult to  determ ine the m agnitude of the com plex
ity  of handling such a  system  in general, therefore ju s t  to  illustrate th e  p ro 
blem let us take  a quick glance a t a  b in ary  digital system  with the following 
restrictions. We shall consider a к level dig ital netw ork w ith o u t feedback pa ths 
(outside th e  element blocks), where th e  num ber of elem ents, N  is considerably 
higher th a n  the inputs, and , further n o t coupled o u tp u ts  o f the  whole netw ork. 
Inside th e  netw ork every  7/0 point of th e  elements will be  assumed to  be con
nected somewhere. I t  follows than  an  elem ent o u tp u t will feed an average of
Ъ— inputs assum ing i in p u ts  and w o u tp u ts  on average for an  element.

w
N ot knowing on w hich level an  indeterm inacy originates we shall cal

culate an  average for all к possibilities an d  thus determ ine the num ber v of 
nodes in th e  network w here it appears; to  be w ritten  as

from which the  form ula

can bo derived.

(9)

( 10)

S ubstitu ting  the values i =  4, w =  1 ,7  =  5 for an  average netw ork , 
we get th e  value v =  90.6 equivalent to  290 possible n ex t Q states. This ind i
cates the m agnitude of d ifferent continuations of operation  caused by a  single 
u ncerta in ty  due to  its propagation  which, if we w anted to  tra c k  the behaviour 
o f the  system  means as m uch branching as 290 and consequently  as m any s im u
lation  runs from  every  “ branching” p o in t quite im possible to realize in 
modelling large systems.

3
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Representation of QDS’s based on the separate handling 
of indeterminacies of various kinds

L et us now, after determ ining  the n a tu re  o f the problem  an d  the  re la ted  
environm ental conditions in  w hich it has to  be solved, t ry  to  find  a solution 
for handling uncertain ties considering th e reb y  the facts g iven in § 1 — § 4. 
As the requirem ents for g e ttin g  as much inform ation from th e  model as pos
sible, and reducing  the com plexity  of its im plem entation a t  th e  same tim e are 
contrad ictory  th e  solution obviously has to  be a  compromise.

Thus here  we should like to  give a general philosophy a n d  guidelines for 
th e  in te rp re ta tio n  of QDS’s th e reb y  perm itting  a  relatively w ide range of pos
sible alternatives to enable th e  m atching o f a  realization to  the  boundary 
conditions g iven  in a p articu la r case.

The prob lem  can be fo rm ulated  as find ing  optimal realizations for th e  
functions an d  param eters in  E q . (1) and we shall tackle i t  b y  a  closer exam i
nation of som e o f the term s involved.

The m ost im portant o f  th e  term s for us is “u n ce rta in ty ” or “ indeter
m inacy” itself. T he situation can  be cleared considerably an d  significant sim pli
fications can be achieved b y  dividing these situations — b ased  on the  n a tu re  
o f their origin — in two groups as follows

Definition 2. Indeterminacies of first order (IFO).

Uncertainties in the system due to transient periods between deterministic 
states qi, qj £ Q.

Definition  3. Indeterminacies of second order (ISO).

Uncertainties, meaning that the system is in  a deterministic state (or in  a  
condition to be described by IF O ) but the state (or the direction of the transient 
state described by the IF O ) is not known and the state of the system is to be found  
in  a subset of states:

Q* (ZQ.

A nother term  is the relevancy of th e  inform ation yielded by  the sim ula
tion. Considering the types o f  indeterm inacies and  bearing in  m ind the features 
of QDS’s a lread y  m entioned th e  following can be stated.

(a) T he occurrence o f IF O ’s have to  be described en tire ly  according to  
the  system  modelled since th is  type o f indeterm inacy occurs frequently  
practically  in  every system  an d  cannot be considered as irregular operation.
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Their occurrence has to  be tracked  however because on the one h an d  
they  m ay cause ISO ’s, and  on the o ther h an d  in some p articu la r cases th e y  
should n o t be allowed during operation.

Their inclusion in th e  model however does no t cause too  much tro u b le  
since they  are transien t s ta tes  by na tu re  an d  their values an d  existence are 
clearly defined by  the tran s ien t times an d  s ta te s  in between which the change 
takes place. I t  should be n o ted  th a t in several cases for “w orst case design” 
the  m axim um  possible changeover tim es should  be taken  in to  consideration.

(b) T he represen ta tion  of ISO’s should  however be restric ted  b o th  in  
tim e and “space” . By th is we m ean th a t  th e  occurrence of an  ISO a t a tim e  t 
should no t influence th e  ISO  signalised a t  V >* t.

This represen ta tion  can be arranged in  a  w ay th a t  if an  ISO occurs th e  
nex t s ta te  o f th e  system  is chosen a rb itra rily  as

q ti> e Q *

according to  Definition 3.

Using th e  formalism given in E qs (1), (2) and  (3) th e  description o f a  
QDS can be perform ed b y  replacing the  values q, x, у by  vectors

q =  {<7S> t f i F O .  i i s o } (П )

x =  {xs, -Ci f o > * i s o } (12)

У =  {Vs> 2 / i f o . 2 / i s o } • (13)

The indexes o f the  com ponents designate thereby

s value of th e  param eter (determ inistic description),
IFO IE O  value o f th e  param eter (i.e. transien t value),
ISO ISO sta te  of th e  param eter (i.e. being actually  in  some 

th e  whole set o f possible values).
subset o f

E quations (2) and  (3) m ay be rew ritten  in the forms of

q(t +  1) =  VVqAt), xr(t)] (14)
and

y(t) =  <P[q(t), xr(t)] (15)

where, in th e  case of delayed au tom ata, th e  term  x{t) is obviously dele ted
from Eq. (15). The notations qr(t) and x r(t) m ean reduced form s of the  s ta te  
and  input le tte rs  where th e  last com ponents for ISO representation are assum ed 
to  equal zero, i.e. are deleted.

3*
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In  th e  description according to  E q s  (14) and (15) the  substitu tion  of 
sym bol qr provide for th e  restriction o f propagation in tim e, and xr for th e  
restric tion in space. R egard ing  the la tte r  i t  should be n o ted  (see § 1) th a t  th e  
whole system  m ay be represented as form ed from a  netw ork of a u to m a ta  
and  the o u tp u t of an elem entary  au to m ata  y e/ will provide the in p u t xej- of 
others.

Alternative applications of the description and some remarks

1. T he param eters labelled by IF O  and  ISO in E qs (11), (12) and  (13) 
can be chosen differently corresponding to  th e  dem ands of the  sim ulation to  
be perform ed. A single value of an IFO  p aram eter m ay correspond to  th e  fol
lowing m eanings

a,- — aj.

aJ cii, aj £ A  both  are  fixed
ß)  (ii £ A and aj is fixed
y) at £ А,- c  A  an d  £ A j  c  A

A i, A j  being b o th  fixed

Ő) a,- £ A  and aj £ A j  a  A

A j  being fixed.

The values a an d  A  stand ing  for corresponding values o f q, x, у and  Q, X ,  Y  
respectively.

2. T he subset of values (q, y) given in  Definition 3 m ay  be determ ined b y
(a) T he physical p roperties of the  system  modelled.
(b) Considerations regarding convenience and sim plicity  of handling. 

T hereby th e  sizes of d is tin c t subsets m ay  be increased a t  extrem um  to  th e  
whole set o f possible values. (This rem ark  na tu ra lly  applies to  the IF O  re p re 
sentations as well.)

3. A t th e  occurrence o f an  ISO due to  the restric tions im posed on its  
fu rther consequences the  following m easures m ay be tak en  to  use the  in fo r
m ation acquired

re s ta rtin g  the sim ulation from  appropriate in p u t vector x t an d  
appropria te ly  chosen s ta te  vector qt a f te r  examining due to  th e  QDS 
n a tu re  — th e  probably ra re  and  u n w an ted  situation,

ignoring it afte r convincing p roo f th a t  it is irre levan t to  us.
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This approach follows th a t  of th e  generally accep ted  philosophy th a t  
sim ulation is an  in teractive  m an-m achine m ethod  [19].

4. An advan tage of our approach is th a t  an  analysis (by the m achine 
during th e  ru n  perform ing th e  algorithm s, or by  th e  investigator ev a lu a tin g  
the results) is well descrip tive using th e  th ree  com ponent vector description.

T he first com ponent supplies th e  s ta te  assum ed;
- th e  second ind icates whether it  is in a stab le  condition or has a lread y  

begun to  change its s ta te  an d  the direction of the  change over. (The prev ious 
value of th e  firs t vector com ponents should be changed only a t  the end  o f  an 
ISO condition);

th e  th ird  com ponent indicates m ajor possible discrepancies in th e  
determ inistic operation.

5. Concerning the  handling of ISO ’s it  is obvious th a t  some in fo rm ation  
on the cases in which th ey  are liable to  occur has to  be determ ined p rio r to  
to  the dynam ic phase, i.e. ru n  of the sim ulation. This can be arranged  in 
tw o ways.

(a) The elem ents of w hich the whole model consists m ust them selves 
have — well-known behaviour and th e  algorithm s describing them  have 
to  provide for the represen ta tion  of IS O ’s — which th ey  inherently  cause.

(b) T he other class o f origins giving rise to  IS O ’s is due to  the  o u tlay  
of the topology of th e  whole system  consisting o f elem ent modules (i.e. feed
back paths). The solution in such cases m ay be a prior analysis of the system  
thereby

a.) determ ining those segments o f th e  netw ork th e  topology o f w hich 
enables IS O ’s,

ß)  perform ing an all-out analysis on th e  behaviour o f these — generally  
small -  segm ents and  including them  in  th e  whole system  as subsystem s w ith  
additional algorithm s to  be provided for handling the  IS O ’s of topological 
origin.

Then additional algorithm s m ay be a ttach ed  to  th e  elem ents in th e  su b 
system  or, a lternatively , to  th e  subsystem  as a whole.

6. O ur nex t rem ark  concerns th e  term  “s ta te ” in  sim ulation m odel 
descriptions. I t  should be n o ted  (referring to  § 3) th a t  w h a t is understood here 
as “s ta te ” (i.e. has to  be stored) consists of th e  presen t physical s ta te , th e  
scheduled fu tu re  sta te , to g e th er with som e associated tim e values (som etim es 
even the  value of the leng th  of tim e th a t  th e  last s ta te  was valid has to  be 
known, too).
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7. Our la s t remark concerning § 3 is th a t  in sim ulation models, although  
consecutive forecastings m ay  overrule each o ther both  in  fu tu re  q  and  у  values 
an d  their corresponding schedule tim e values, the end resu lt m ust be u n am 
biguous independently  of th e ir  order. This is very im p o rtan t since due to  th e  
sequential operation  of d ig ita l com puters even the sim ultaneous “m odel 
even ts” have to  be perform ed sequentially, sometimes in  a  random  order, 
from  the p o in t o f view of th e  m odel operation. This poses a  condition th a t  th e  
operators corresponding to  W a n d  Ф have to  be com m utative, i.e. the  end  resu lt 
has to be independent of th e  order of th e ir m ultiple application  w ith  th e  sam e 
param eter sets.

Conclusions

Sum m arizing briefly o u r considerations and  their results, it  can be said  
th a t  by analysing  the n a tu re  of uncertain ties or indeterm inacies in  discrete 
even t system s a  m ethod for th e ir  represen tation  has been outlined which can 
be used advantageously  in th e  sim ulation o f quasideterm inistic system s w here 
n o t only th e  occurrences of “ indeterm inacies of second o rd e r” are ra re  b u t are 
generally to  be trea ted  in anexeptional w ay. The m ethod proposed, together 
w ith  the a lte rn a tiv e  variations, simplifies th e  process of th e  sim ulation w ithou t 
significantly reducing the am o u n t of re levan t inform ation from  th e  po in t of 
view of system  analysis.
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О приближенном моделировании квазидетерминированных 
дискретных систем

А .  Я В О Р  

( Б у д а п е ш т )

В работе рассматривается задача представления недетерминированных состояний 
при моделировании квазидетерминированных систем. Эта проблема, возникающая во 
многих случаях на практике, обсуждается с учетом таких важ ных при моделировании 
вопросов к ак  потребность в машинном времени и объем запоминающего устройства.

Предлагаемый метод основывается на разделении на категории недетерминирован
ных состояний и на их отдельной обработке. Показано, что в процессе моделирования 
может быть достигнуто упрощение системы, причем количество информации, важ ной для 
анализа системы, практически не изменяется.

A. J á v o r
C entral Research In s ti tu te  for Physics 
H ungarian  Academ y of Sciences 
H-1525 B udapest X II ., K onkoly Thege M. ú t 
H ungary
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REMARKS ON THE ANALYSIS OF A STABILIZED 
ANALOG-DIGITAL CONVERTER

K . T A R N A Y  

(B u d ap est)

(R eceived O cto b er 14, 1974)

Introduction

The results of th e  m easuring of analog processes can be significantly 
affected by in stab ility  of the  A/D converter, therefore we have provided an 
analysis of a stabilized A/D converter. In itia lly , th e  conversion factors and  the  
algorithm  o f d rift correction are determ ined th en  th e  relationship between 
the converter param eters and  the stab ility  criterion, respectively the  spectrum  
disto rtion  are represen ted  using com puter sim ulation. F inally  a  possible t re a t
m ent o f the  stabilized A /D  converter is p resen ted  em ploying concepts of infor
m ation  theory  [1, 5].

Conversion factors of a drift-corrected A/D converter

Sem iconductor detectors are very  m uch used nowadays in gam m a spec
troscopy [2]. These high resolution detectors have m ade it necessary to  im prove 
the  stab ility  of the  am plifier and A/D converter system . The m easuring system s 
are usually  stabilized by  drift correction feedback loops. The am plitude-digital 
conversion [3] can be characterized by  the  algorithm

N  =  en tie r (K  • U — A )  (1)

where U is the in p u t voltage,
К  the slope conversion factor,
A  the base level conversion factor.

The drift correction can be realized by th e  altera tion  of the  conversion 
factors. Figure 1 illustra tes a possible realization o f the  d rift correction. The 
spectrum  stabilization is ensured by  a converter w ith  a two-loop feedback 
control. One loop a lters the zero po in t of th e  conversion characteristic, the  
second loop stabilizes th e  slope of th e  conversion characteristic. E ach  control 
loop has a specific reference signal. N l0 channel num ber belongs to  the  in p u t 
voltage (U10) in th e  f irs t loop, A.20 channel num ber — to  the  in p u t voltage
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(U20) of the  second loop. W hereby if th e  conversion characteristic alters, th e  
channel num ber of the reference signals also changes (Wu  instead  N 10 and N 22 
instead  N 20). This channel num ber difference controls the  stab ilization  and  
a lters the value o f conversion factors u n til the  channel num ber difference is 
less th an  1.

F ig . 1

The conversion factors of W ilkinson-type analog-digital converters are 
th e  following

( 2 )

w here C 
I  
D 
T

is th e  capacity  of stretcher, 
the discharging current, 
the  base subtraction,
the  repetition  tim e o f the clock generator.

The a lte ra tio n  of the  slope conversion factor can be realized by an 
additional cu rren t (/-,), the  altera tion  of th e  base level conversion facto r by  
an  additional tim e subtraction  (/!,). The drift-corrected  conversion factors are 
therefore given by

(3)

The algorithm  of drift correction can be determ ined w ith th e  knowledge 
o f th e  additional coefficients as the  function of control steps 71(s), D ^s)

(4 )
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where s is th e  num ber of contro l steps, 
the additional discharge current,

I )x(s) the add itional base subtraction .

The voltage differences a re  th e  following:

A U 1 =  U  — U10 

A U 2 =  U  -  U20,

where U  is the d istu rb ing  signal referring to  th e  inpu t.

Simulation of conversion and control

T he exhaustive analysis of expected  m easuring results as a  function of 
converter param eters and  disturbing signals can be accomplished b y  com puter 
sim ulation. The STNBAD program  package (developed a t the C entral R esearch 
In s titu te  for Physics, B udapest, H ungary) gives a good possibility o f deter
m ining th e  questionable values [4]. The change in  the reference signals is 
characterized in th e  program  package by th e  functional relations which are 
the m ost frequently  encountered in  measuring practice (step, exponential, 
linear functions). In  addition, we have introduced th e  concept of re la tive con
version factors m eaning the difference between th e  conversion fac to r a t the 
base s ta te  and th e  fac to r altered b y  the  feedback control. F igure 2 shows the 
sim ulation of th e  converter control system if th e  disturbing signal is a  step 
function  which causes the  inpu t signal to  change b y  1% in b o th  stabilizing 
loops. T he channel num ber differences are seen in Fig. 2a as a  function of 
stabilizing steps. F igu re  2b illustra tes the varia tion  of the re la tive base level 
conversion factor an d  the  v aria tio n  of the re la tiv e  slope conversion factor.

In  Fig. 3 we hav e  shown a case which is difficult to  be fo rm ulated  theo
retically , bu t is nevertheless encountered in practice, th a t  is, th e  arrival of 
a new  disturbing signal during th e  stabilizing process. I t  is assum ed th a t  the 
p rim ary  disturbing signal step function  is followed by a secondary, Dirac 
function  signal w hich alters the base level. The broken line in th e  figure repre
sents th e  stabilizing process if on ly  prim ary disturb ing  signals are present. 
The program  package is also able to  furnish inform ation on th e  appropriate  
choice of further converter param eters.

In  the following the d istu rb ing  signals an d  the  stabilization will be 
re la ted  to  the spectrum  distortion. T he norm al d istributions form ing th e  basic 
gam m a spectrum  were generated b y  Monte Carlo m ethod. The s ta tis tic  of 
rad ioactive decays were characterized by Poisson distribution, th a t  o f the  tim e 
in tervals between tw o  successive particles by exponential d istribu tion . These 
d istribu tions were also generated b y  Monte Carlo m ethod. The peak  distortion
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F ig . 2

F ig . 3
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associated w ith reference signal indicating a sudden  change in th e  in p u t voltage 
is shown in Fig. 4. T he stab ilization  is perform ed in 100 steps, th e  to ta l num ber 
of counts in the  a rea  below the  curve is 100 000. The conversion factors were 
determ ined under th e  condition specified in th e  previous chapter, thus, 
К  =  -8.909 x  1 0 -3 and  A  =  0.5623. The basic curve is to  be seen in Fig. 4a,

F ig . 4
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th e  curve obtained w ith o u t stabilization in Fig. 4b a n d  th a t  with stabilization 
in  Fig. 4c. The curve for stabilized operation  would give a better approxim a
tio n  to  th e  norm al d istribu tion  if m ore stabilizing steps had been assumed. 
How ever these diagram s illustra te  m ore spectacularly  th e  result o f th e  simu
lation.

F igure 5 shows th e  spectrum  d isto rtion  m inim ized by  the d rif t  correc
tion  analysed in Fig. 2. T he increase in  inpu t voltage is + 1 % . T he value of 
the  d rift given in channel num ber an d  th e  variation  o f th e  relative conversion

F ig . 5

factors due to  the  num ber of stabilizing steps are seen in  Fig. 2. The spectrum  
distortion  to  be seen in Fig. 5 proves th a t  this re su lt of the sim ulation is 
already  in good agreem ent w ith  th e  m easured values.

Entropy models of a stabilized A/D converter

L et us assume th a t  the  a lterations caused by d isturb ing  effects a re  limited 
and  therefore the  num ber o f control steps is finite. W e shall investigate the 
probab ility  th a t  th e  reference signal falls in the / th  channel by th e  n  -f- 1-th 
control step assum ing th a t  it was in th e  ith  channel b y  the rtih contro l step. 
This conditional p robab ility  is

Pij(n) =  P{£(n +  1) =  j  I !(») =  in, l(ra -  1) =  in - ........... 1(1) =  %} (5)



TARNAY: REMARKS ON TH E ANALYSIS OR A STABILIZED A/D CONVERTER 2 3 7

and  m ay be substitu ted  b y  th e  tran sitio n a l p robability  o f a M arkov chain 
w ith a good approxim ation according to  th e  sim ulation results. The tran s i
tional p robab ility  is then

Pij(n) =  P {t{n  +  1) =  j  I |(n )  =  i„}, (6)

where the | (n) random  v ariab le  is always given as a channel number.
The random  variables can be expressed as a function  of the converter 

param eters. The initial d istribu tion  in th e  case of ideal channel profile and 
zero differential nonlinearity  is

P,(0) =  P {f(0 ) =  i}, (7)
and  the  random  variable

|(0 ) =  entier (K  • U — A) (8)

according to  (1).
In  an  ideal case К  an d  A  are constan t, b u t in p ractice each has a G aussian 

d istribution. I f  the channel profile is n o t ideal, then  и  is substitu ted  b y  the 
w =  f(u ) random  function characterizing th e  channel profile.

The !(n) random  variab le  can be expressed according to  (4) by

£(n) — en tie r j[x(ra) * U x v(n)] * (9)

where is th e  input step  function characterizing th e  disturbing effect. The 
random  variables are the  following

*(») =  к  * { 2  № )  -  5(0)]} (io)
m= 1

v(n) =  D  +  2  [!(m ) — 1(0)],
m= 1

where v(n) m eans the base level alteration, k(n) the slope alteration. R elations 
(8), (9) an d  (10) are the f irs t  results, the  course of possible following steps are 
only outlined.

The en tro p y  models are determ ined by  the m atrix  of the transitional 
probabilities. T h at is

'~Pn P12 Pm'
P21 P2 2  ■ ■ ■ Pin

(11)

Pm Pn2 Pn
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I f  th e  control corrects only th e  slope a lteration , P is a sym m etrical m a trix . 
The elements o f th e  m atrix can  be determ ined from the transitiona l p ro b a b i
lities. The SIN B A D  program  package gives th e  value of (pn, Pi2, ■ ■ ., Pin) w ith  
a  good approxim ation, th a t  is, th e  probab ility  of the tran s itio n  from th e  i th  
channel into th e  1st, 2nd, . . . , n th  channel. T he determ ination  of these values is 
based on the re la tiv e  frequency o f the earlier introduced random  variables b y  
m eans of the  generation of m an y  random  distributions.

Therefore th e  entropy according to th e  i th  channel is

H , =  -  Pik log Pik , (12)
k= 1

th e  en tropy characterizing th e  whole control a n d  conversion is

H  = 2  Pi Hi- ( 1 3 )
i=i

Many contro l steps exist generally by A /D  conversion so the stab ilization  
is described by  th e  r th  en tropy  assuming th a t  th e  system re tu rn s  in r steps to  
th e  basic state

H « =  V  P i H \r). (14)
;=i

*
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Замечания к анализу стабилизированных аналого-цифровых 
п реоб разователей

К ,  Т А Р Н А И  

( Б у д а п е ш т )

Некоторые параметры А /Ц преобразователей гаммаспектрометрии с большим раз
решением могут невыгодно влиять на результат измерения. Алгоритм А/Ц преобразова
ния:

N  =  entier (К  • U -  А ) ,

где U  — входное напряж ение,
К  — коэффициент преобразования крутизны ,
А  — коэффициент преобразования исходного уровня.

Приводится упрощ енная блок-схема А /Ц  преобразователя с двумя петлями и 
обратной связью с коррекцией дрейфа (рис. 1) и задаются коэффициенты преобразования 
А/Ц преобразователей типа Вилькинсона. А лгоритм коррекции дрейфа

n» - [ c 7TLw “ 'D- dH ' T '
где s — число ш агов регулирования,

/j(s) — дополнительный ток разряда,
D ^s)  — дополнительное вычитание исходного уровня,
A U  — разница напряж ения на входе,
I  — ток разряда,
D  — вычитание исходного уровня,
Т  — время генератора.

В случае различных сигналов помех с помощью имитации на ЭВМ были получены кривые, 
характеризующие преобразование и регулирование.

Н а рис. 2 показана разница числа кан ал о в  в зависимости от шагов регулирования 
в том случае, если сигнал помехи является ступенчатой функцией.

Н а рис. 3 видно влияние второго си гн ала помехи. Н а рис. 4 и 5 приведены искаже
ния спектра.

В заключение описывается одна из возможностей объяснения действия стабилизи
рованных А/Ц преобразователей на основе теории информации.

П ереходная вероятность, характерная для  регулирования,

Pij(n) = Р{£(п +  1) = / I £(п) =  in},
а случайная величина

!(я )  =  entier | |  у.(п) ■ U — #(n)j • - ^ | .

С помощью переходных вероятностей мож ет быть определена энтропия А /Ц пре
образования на г-том шаге.

К. Тагпау
C entral R esearch In s ti tu te  for Physics 
H ungarian  Academy o f Sciences 
H-1525 B udapest X II .,  Konkoly T hege M. ú t 
H ungary
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ОПТИМАЛЬНОЕ НАБЛЮДЕНИЕ БОЗОННЫХ СИГНАЛОВ 
В КВАНТОВЫХ ГАУССОВСКИХ КАНАЛАХ

В. П. Б Е Л А В К И Н  

(Москва)

(Поступила в редакцию  4 апреля 1974 г.)

Формулируется проблема оптимизации наблюдения в неидеальных каналах, 
подчиняющихся квантовой статистике. Доказывается, что в линейных гауссов
ских каналах со статистикой Бозе— Эйнштейна оптимальным наблюдением, мини
мизирующим бейесовский квадратичный риск оценивания гауссовского входного 
сигнала, является G-когерентное измерение, определяющее оптимальное линейное 
оценивание [1] в общем (негауссовском) бозонном случае.

Ф ормулируется комплексное обобщение этой квадратично-гауссовской 
проблемы, допускающее индефинитные коммутационные соотношения [у, у + ] =  С. 
Путем разложения Т = Т+ + Т - ,  оптимально дефинитизирующего матрицу С,

находится общий А =  А + + А - ,  А+ =  Т+ ±  - i - c j  оптимального линейного

преобразования Ау выходных наблюдаемых у, обобщающий классическое Т R -1 у.

Введение

Статья посвящена решению задачи оптимизации наблюдения (т. е. из
менения, оценивания и фильтрации) гауссовых сигналов в линейных кана
лах, описываемых на квантовом уровне. Можно считать, что рассматрива
емые сигналы являю тся электромагнитными полями на апертуре приёмной 
антенны, хотя такая конкретизация вовсе не обязательна — изложение как 
и в [1] ведётся для произвольных бозонных сигналов, которые являются 
квантовыми аналогами выходов классических динамических систем. Резуль
таты статьи имеют прямое отношение к  оптимизации обработки оптических ко
герентных сигналов в лазерных системах связи, для которых соответств- 
вующие классические результаты, не учитывающие квантовую природу элек
тромагнетизма, могут приводить к существенным ошибкам [2]. Подобные 
квантовые задачи возникают также при оптимизации наблюдения и управле
ния микросистемами, а также макросистемами в условиях предельно высокой 
точности («микронаблюдение» и микроуправление»), и имеют принципиаль
ное значение для общей теории систем.

В статье доказывается, что линейное оценивание и фильтрация [1], как 
и классическом случае, являются абсолютно оптимальными при квадратичной 
функции штрафов, гауссовом априорном распределении, и гауссово-аддитив
ном шуме. Предварительное решение этой задачи для вещественной ситуации

4*
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дано в [3], где оптимальность доказывается в предположении единственности 
решения соответствующего уравнения (единственность доказывается в [3] 
лишь в квазиклассическом приближении). В отличие от классического случая 
оптимальные оценки должны основывается, однако, не на результатах п р я
мого наблюдения, а косвенного [3].

Излагаемый здесь метод оптимизации отличается от метода [3] боль- 
щей универсальностью и дает исчерпываышее решение квадратично-гаус
совской проблемы также и в смысле единственности. Д ля простейшего од
номодового случая, допускающего нормальное комплексное представление, 
оптимальность линейного оценивания и соотвествующего косвенного изме
рения установлена также в [4 ,5 ]

1. Оптимальное наблюдение квантовых сигналов
Доступный наблюдению квантовый сигнал (например, квантовое поле на 

апертуре приемной антенны), как  и в [1], будем обозначать семейством 
символов у  =  {уТ) т £ Т } ,  образующих относительно алгебраических опера
ций некоммутативную по умножению алгебру наблюдаемых 3. Не ограни
чивая общности, как  это принято в квантовой теории (см., например, [7]), 
алгебру 3 будем отождествлять с алгеброй операторов, действующих в не
котором гильбертовом пространстве § . Статистическое состояние на алгебре 
наблюдаемых 3 является функцией передаваемой информации #  £ 6 ,  что 
находит отражение в параметрической зависимости от & оператора плотности 
(о. п.) р($). Семейство {р($), # £ 0 } ,  описывающее при каждом •& некоторое 
состояние на операторной алгебре 3, играет роль условных плотностей ве
роятностей р(у/#). Уместно напомнить, что всякий положительный (т. е. 
неотрицательно определенный) оператор q [> 0, имеющий единичный след 
Тг р =  1, есть о. п. некоторого состояния, и определяет математические ож и
дания </> наблюдаемых / £ 3 по формуле: </) =  T r fg.

Произвольные (включая косвенные) наблюдения квантовых сигналов 
описываются операторнозначными мерами П на пространстве ожидаемых 
результатов измерений А £Л. Операторные вероятности (о. в.) Я  (см. [8]) 
являю тся квантовым обобщением условных распределений вероятностей 
Р ( • \у) на Л, и во всех отношениях аналогичны им: они определяются как  
положительные счетно-аддитивные отображения Я (-)  о- — алгебры под
множеств множества Л в операторную алгебру 3, удовлетворяющие условию 
нормировки:

С r i ( d X )  =  1, (1.1)
А

где 1 — единичный оператор алгебры 3. К ак и в классическом случае, веро
ятность Р(А) события А £ А есть математическое ожидание <Л(Л)>. В случае,



БЕ Л А В К И Н : ОПТИМАЛЬНОЕ Н А БЛЮ Д ЕН И Е БО ЗО Н Н Ы Х  СИГНАЛОВ 2 4 3

когда о. в. удовлетворяет условию ортогональности П(А)П(А') = 0  для лю
бых непересекающихся A, A' ez Л , она описывает прямое (не косвенное) 
наблюдение, т. е. идеальное измерение наблюдаемых х =  J  XPI(dX) алгебры 3, 
имеющих общие ортопроекторы Pl(d Я). В противном случае наблюдение 
является косвенным даже если элементарные события Я £ dX по-прежнему 
описываются о. в. П(дХ) =  n(X)dX пропорциональными некоторым проекто
рам тг(Я) на непересекающиеся (но неортогональные) подпространства 

с: ÍQ. Косвенные наблюдения по отношению к  квантовому сигналу у  назы
ваются также квазиизмерениями.

В классическом случае принимаемый сигнал является в принципе пол
ностью наблюдаемым, и любую содержащуюся в нём информацию можно 
получить в результате сколь угодно точной его регистрации. В квантовом 
случае такого универсального полного наблюдения не существует, и при 
решении задач синтеза в первую очередь возникает специфически квантовая 
задача оптимизации наблюдения. Очевидно, что для нахождения оптималь
ных статистических решений достаточно рассматривать лишь наблюдения, 
множества ожидаемых результатов которых совпадает с пространством Ч  
допустимых оценок (каждая оценка есть результат наблюдения!). При этом
о. в. являются одновременно и решающими операторами.Такой подход был с 
успехом применен в [4, 5, 9, 10] при решении некоторых бейесовских задач 
оптимизации обработки квантовых сигналов.

Бейесовские оптимальные наблюдения описываются о. в. П°, которые 
минимизируют средний риск

Л =  J J  С(Я, 0) • Р (А Щ  P(dß), P(dX/&) =  Tr ÍI(dX) o(ß) . (1.2)

Здесь С(Я, 0) — функция штрафов, a P(d&) — заданное априорное распреде
ление вероятности информационных параметров (или гипотез) ß. Условиями 
минимальности риска (1.2), обобщающими условия, сформулированные в [2] 
для задач различения гипотез, есть условие эрмитовости оператора

/1 =  | &  (Я) ÍI°(d X) , (1.3)

где Щ )  =  J  С(Х, &) P(dß),

которое вместе с условием положительности

ЩХ) Л > 0  (1.4)

является и достаточным условием оптимальности, если о. в. Л° удовлетворяет 
условию ортогональности (оптимизация в классе косвенных наблюдений в 
[2] не рассматривалась).

В общем случае решение П° задачи (1.3), (1.4) в классе ортогональных
о. в. может и не существовать. Д ля выделения оптимального П° в классе
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произвольных наблюдений условие (1.3) следует дополнить условием

(И(Я) — Л ) • Л(</Я =  0 ) ,  (1.5)

выполняющимся автоматически лиш ь для ортогональных о. в. Необходи
мое условие оптимальности (1.5) было получено в [4, 5, 10], и в классическом 
случае вместе с (1.4) означает, что оптимальное решающее правило /7(с(Я/у) 
является нерандомизированным, и сосредоточено лиш ь в тех точках Я =  у(у), 
в которых апостериорный риск&(Я) имеет при каждом у минимальное значе
ние. В квантовом случае условия (1.4), (1.5) имеют аналогичный смысл, одна
ко они не означают, что оптимальные о. в. при разных Я ортогональны и со
ответствующие им наблюдения являю тся некосвенными. Легко доказать
[11], что условия (1.4)—(1.5) являю тся достаточными.

2. Вещественный квадратично-гауссовский случай

Пусть передаваемый сигнал #  (набор подлежащих оценке параметров 
{1 =  {#а}) есть гауссовский вектор (столбец) со значениями в вещественном 
пространстве Ч  размерности г, нулевым средним, и известной корреляцион
ной матрицей S =  II <^в ^ > | | .  Пусть принимаемый вещественный бозонный 
(см. [1] сигнал у является вещественно-линейно модулированным, и при 
каждом #  гауссовским. Это означает, что у  =  {уг} есть суперпозиция 
у  =  D& +  f , где D =  ||D ra|| — вещественная матрица, а | =  {fr} — гауссов 
вещественный (£* =  £т) бозонный шум канала с нулевым средним <£> =  О, 
определяемый матрицами

N  ---

(кратко: N  =  < | | т >+,

, С =

столбец, f T — строка).
Требуется найти оптимальное по критерию

с ( Я ,# ) = 1 ( Я  #)т О(Я » ), G = | I M > °

(2. 1)

( 2.2)

наблюдение, реализующее бейесовскую (раздел 1) оценку Х £ Ч .

Предложение. 7. В сформулированных условиях оптимальное наблю
дение сводится к введенному в [12] оптимальному когерентному измерению 
повторно коммутирующих наблюдаемых и =  Л агу г} =  Ау, где матрица А

т

удовлетворяет уравнению [3, (3.10)], комплексный вариант которого пред
ставлен в (3.6). Это измерение в дальнейшем называем G — когерентным.

Д ля доказательства требуется следующее представление бозонного 
канала, определяемое разложением |  =  а +  а*, ортогональным относительно
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некоторой симметрической положительно-определенной матрицы Я  =  |] Я „  | | : 
а.г На =  0, и удовлетворяющим коммутационным соотношениям [а, ат ] — О, 
[а, а+ ] 0 (а+ =  {а?} — строка, сопряженная к столбцу а =  {аг}). Разло
жение £ =  а +  о*, называемое Я-нормальным разложением по (ненормирован
ным) операторам уничтожения ах и сопряженным операторам рождения 
а*, определяется проекционной матрицей Р : а =  P t ,  а* =  Р* £, удовлетворя
ющей условиям Р  +  Р* =  I, Р+ HP* =  0, и дефинитизирующей (антисим- 
метрическую, мнимую) матрицу С : PC =  С Р + >  0. Если матрица С невы
рождена (что в дальнейшем для простоты подразумевается), то матрица Р  
однозначно определяется матрицей Н  : Р  =  ( /  +  sign (СЯ))/2.

Определение. Представление операторов g функционалами р(у) на 
вещественном пространстве $ векторов v =  {гг £ 7} в виде нормально упоря
доченных выражений q =  : р(а +  а*): (т. е. таких, что все операторы {а?} 
действуют после операторов {а?} называется Я-нормальным, если разложе
ние £ = а  +  а* //-нормально.

Если функционал ps(v) представляет о. п. g{ аддитивного бозонного 
шума £ канала относительно //-нормального разложения £ =  а +  а*, то 
функционал р(у) =  pf(v— D&) представляет о. п. q(&) выхода y  =  D& +  £ 
этого (линейного) канала относительно //-нормального разложения у  =  
— b +  Ь* (преобразования сдвига b = a  +  PD'&, упорядоченность не из
меняют).

В Я-нормальном представлении о. п. гауссовского бозонного шума 
описывается функционалом

р(у) =  det I C/Vyy111/2 exp j -  j  vT N r f  vj , (2.3)

где матрица N H есть Я-антинормально упорядоченная корреляционная 
матрица шума £ =  а +  а*:

N H =  <a„ ах + а а а* +  ат а* +  а* а * ).

Она связана с матрицами (2.1) соотношением

N H =  N +  Re Р С Р + =  N  + - ^ |С Я |Я " 1 , (2.4)

которое нетрудно получить, переходя к симметризационному (вигнеровско- 
му) упорядочению с помощью коммутационных соотношений [а, а+] — РС Р+, 
и, учитывая, что матрица 2 Re Р С Р +Н =  sign (СН)СН  есть модуль |СЯ| Я -  
эрмитовой матрицы СН.
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Подставляя в (2.3) вместо v операторы у —Db, и интегрируя квадратич
но-гауссовское выражение

с(А, Ь ) : рД у  -  D b) : р(&) (/? =  det (2jtS )- 1/2 exp { &T S _1#/2})

по b, нетрудно найти оператор апостериорного риска в //-нормальном пред
ставлении:

át(A) =  :á tpy(y): + | : ( Я  Лу)т О(А Лу)ру(у). (2.5)

Здесь ál есть след Sp S G (I— AD)j2 в ‘’IE, А  — решение уравнения

( 2.6)

определяющая о. п. д =  f g(b) P (d b )~  : ру(у): в виде нормально упорядочен
ного относительно операторов b =  Ру, b* =  Р* у  выражения.

Доказательство предложения 1. Рассмотрим вначале случай, когда 
размерности пространств & и V, совпадают. Тогда, если уравнение (2.6) при 
подстановке Н =  A 1 GA имеет невырожденное решение А°, то оно определя
ет единственную о. в. П°, удовлетворяющую необходимым и достаточным 
условиям оптимальности (1.3)—(1.5).

Действительно, полагая в (2.5; Л =  : SLp(y) : =  81 g, А  =  А 0, у  =  b -\-b*, 
расставляя, операторы b =  {Ьг},Ь* =  {Ь*} в нормальном порядке, и учитывая, 
что (b— ß)1 Ä '1 GA°(b — ß) =  0 при Н  =  Ä ' rGA° (ß =  Р А 0^ 1 А), представим 
оператор át(A) — А  в следующем виде

Л(А) Л =  (Ь ß)+ A oTGA° g (b ß ) , (2.7)

в котором его положительность очевидна. Оператор (2.7) при каж дом ß 
имеет единственный собственный вектор <p(ß) £ отвечающий нулевому собст
венному значению — вектор когерентного состояния, являющийся и правым 
собственным вектором операторов уничтожения {Ьг} с собственными числа
ми ß =  {ßr} : brq)(ß) =  ßr cp(ßy Как известно [13], система когерентных векто
ров {cpß} является неортогональной и переполненной и, следовательно, опре
деляет единственное оптимальное квазиизмерение, описываемое семейством 
когерентных проекторов {я°(А) =  q>(ß)cp*ß)}, А =  ß +  ß* 6 ®1Е. Любое такое
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семейство можно представить в виде предела lim я в(Я) семейства гауссов-
СКИХ О. п.

Каждое семейство (2.8) определяет некоторую гауссовскую о. в. n e(d l)  =
Г

=  я®(А) dM(A)/det \А С А ‘ j1 2, нормированную по мере dp(X) =  / / (dAa/y 2л),
a = l

и описывает при 0->- О оптимальное по критерию (А—н ) и ( А —ц) когерент
ное измерение линейных функционалов и =  А у  [12]. Итак, оптимальные 
проекторы я°(Я) имеют форму (2.8), полностью определяются решением А = А °  
уравнения (2.6) при Н  1 =  A 7 GA, и реализуют минимальный риск R0 =

=  — Sp SG(I — A° D), который совпадает с найденным в [3]. В отличие от кла- 
2

сического случая оптимальное наблюдение существенно зависит от вида 
квадратичного критерия (2.2), т. е. от матрицы G, почему мы и называем его 
G-когерентным наблюдением (измерением) некоммутирующих наблюдаемых 
и0 =  А 0 у.

В общем случае матрица А  в (2.6) имеет область значений А $, принад
лежащую : AB Q I t ,  и ранг г(А) <, г (г =  dim ^d). Если r(А 7 (М ) <  г(С), 
неопределённость обращения (A TGA )~ 1 при подстановке Н =  A 1 GA в (2.6) 
можно попытаться раскрыть, вводя функцию sign (х) = j x | / x :

А \СН Н - 1 =  A  sign (C H )C H=ATQA sign (.ACATG) А С .

В результате уравнение (2.6) переходит в уравнение (3.6), выведенное в [3] 
для гауссовского вещественного случая минимизацией среднеквадратичного 
риска в классе операторов и =  J  /  11(d).) с использованием обобщённого

неравенства Гейзенберга Это уравнение позволяет

выделить решение А  =  А 0, если оно удовлетворяет условию невырожден
ности матрицы А >>С А оТ в подпространстве A ° $ ^ U ,  в противном случае 
матрица sign (A °C Á 'TG) на А °$  не определена. Если такое А 0 существует, 
то оно определяет оптимальное наблюдение — G-когерентное измерение 
наблюдаемых и0 =  А °у. В самом деле, так как невырожденность матрицы 
А °С А оТ в А°%> эквивалентна невырожденности матрицы Съ индуцируемой 
матрицей С в подпространстве A 0TGA°&, в качестве определяющих //-нор
мальное представление пространства и матрицы Н  можно взять подпростран
ство =  Á "  G A °i и Н  =  A 01 GA0. Представляя о. п. g(ö) в виде нормально 
упорядоченного выражения от соответствующих операторов b =  Ру, Ь* =
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=  Р *у, образующих “ достаточную статистику” y t =  b +  =  Е 3у  : А ° у = А ° у 1
(проектор Е 3 =  Р  +  Р* из В в $и  являясь единицей /  в Е ъ удовлетворяет 
условию А °Е 3 =  А 0), нетрудно найти, что оператор апостериорного риска и в 
этом случае будет иметь вид (2.5), где А  =  А 0. Апорядоченность по остальным, 
коммутирующим с y-í— Eyy операторам y 2 =  y — C E 1C i 1y 1 и входящим только 
B : p y ( y ) : = Q  для выявления неотрицательной определённости 51(A) — Л ^>0 
является несущественной. Действительно, полагая в (2.5) А  =  А 0, учитывая, 
что А ° у  =  А °у1 =  А°(Ь +  Ь*), и расставляя операторы Ь, Ь* в нормальном 
порядке, получим положительно определённый оператор

51(A) Л =  (& /?)+ A °T GA°e b - ß )  + ~ ^ G L q , (2.9)

где А2 — G-ортогональное дополнение вектора Ах=  A \ ß  +  ß*): А =  Ах +  А2, 
АгGАг =  0. В соответствии сэтим оптимальное наблюдение описывается о. в., 
сосредоточенной на подпространстве А °$ Я "li : 77°(t/A) =  0 при А2 ф  0, на 
котором по прежнему описывается G-когерентными проекторами тгДАД, 
представимыми операторами (2.8) при А € А0® и 0 -> 0.

И, наконец, если решения А0 уравнения (3.6), удовлетворяющего усло
вию невырожденности матрицы, индуцированной матрицей А°САоТ в А °$  не 
существует, следует дополнить это уравнение уравнением A C A TGeü0 =  0 на 
некотором подпространстве A l^A S , дающим условие для нахождения неопре
делённого значения матрицы В =  sign (ACArG) на eU0- Такая система уравне
ний при подходящем А£0 уже имеет решение. (В частности, всегда существует 
решение при eU0 =  Al, соответствующее полной коммутативности [и, ит ] =  
=  А С А 1 = 0 ) .  Среди всевозможных решений следует отобрать оптимальные 
А0 в соответствии с неравенством |A°CAoTGl >  B A °C A oTG, что соответствует 
доопределению значений сигнатуры в интервале — /  В  <  /  (знак равенства
должен иметь место по крайней мере на G-ортогональном дополнении %  =  
=  A i  © ®U0 к А£0, на котором сигнатура определена). Используя нормальное 
упорядочение по операторам b  =  Р у, Ь* =  Ру  (Р  -f- Р* =  Е 3 — единица 
(AoTGA°)_1 — ортогонального дополнения % =  A OTG A ° 0 S o к  ядру инду
цированной матрицы С в AoTG A °i =  §0 0  $ß), и у 0-представление по ком
мутирующим между собой и с у г =  Е 0у  операторам у 0 =  Е0у  (Е 0 — проектор 
в $0), нетрудно найти, что в операторе (2.9) будет присутствовать ещё и третий 
неотрицательный член (А0 — A°y0) rG д(А0 — А°уи)/2, соответствующий идеаль
ному прямому измерению коммутирующих наблюдаемых А°у0 с результатами 
А0 £ А£0. Отметим, что решение А0 уравнения (3.6), понимаемого в вырожден
ных случаях в указанном обобщённом смысле, может быть получено решением 
более общего матричного уравнения, полученного в (1) минимизацией риска в 
классе гауссовских о. в. (2.8) при конечном в >  0 в виде предела А ° =  lim А0.

в~0
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3. Комплексное обобщение и общее решение уравнения оптимального
линейного оценивания

1. В разделе 2 при доказательстве оптимальности когерентного наблю
дения была продемонстрирована полезность комплексных представлений, 
обусловленная наличием у квантовых сигналов естественной комплексной 
структуры. С точки зрения релятивистской теории квантованных полей ве
щественные сигналы являются частным (т. н. истинно нейтральным) случаем 
комплексных квантовых сигналов. В общем случае1 бозонный сигнал описы
вается комплексным вектором у  =  {уг}, компоненты у х которого повторно 
коммутируют с сопряженными у*:

[ У „  У * ]  =  С„, [уа, у т) =  ]у*, у*] =  0, [у, Сат) =  0 .  (3.1)

Поскольку (у * -у т)* — у*-Ут, матрица С комплексных чисел Сат эрмитова 
С+ =  С, и, вообще говоря, индефинитна. В частности, если матрица С анти-

т 1симметрична: С =  — С, то у  есть комплексификация у  =  (у я +  iyi)
\ 2

вещественного бозонного сигнала у  я той же размерности [yR, у  я] = С  (у/ — 
копия у я : [у/, уГ] =  С; [у,, у гк ] =  0).

Пусть передаваемый сигнал представляется случайным вектором 
■& =  {$а} с комплексными значениями и гауссовским распределением2

P(dO) =  р(&) du(0) , 
где

р(&) =  det S - 1 • е - * +* - ,й, dv( X ) = n ^ d R e & aid p Im '&a. (3.2)

Требуется найти о. в. n(dX)  на векторном пространстве ®li комплексных зна
чений оценок А =  {Аа}, описывающую оптимальное по квадратическому 
критерию

C(A,0) =  ( A - 0 ) + G ( A -  Я),  G >  0 (3.3)

наблюдение суперпозиции у  =  D # +  £ линейно-комплексно модулирован
ного полезного сигнала # с комплексным гауссовским бозонным шумом | .  
Последнее означает, что наблюдаемый сигнал у  описывается комплексными

1 Соотнош ения ком м утации (3.1) м ож но представить и сам осопряж енны м и образую 

щ ими, произведя овещ ествление: у/? =  -д=-(у+ у*); У 1 = у ^ ( У ~ У * ) , однако р а з 

м ерность овещ ествленного си гн ала  удвоится.
2 Б олее общие гауссовские сигн алы  с плотностям и, содерж ащ им и помимо членов 

0*% ■ f)ß члены Ort ■ dß , • O '  в ком плексном  представлении рассм атривать нецелесообразно. 
И х  следует пр едставл ять  вещ ественными векторам и удвоенной разм ерности .
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образующими {уг}, удовлетворяющими соотношениям (3.1) и при каждом # 
имеет гауссовский о. п.:

e(0) =  d e t | l  e-Qc \e -(y -D»)+Wy-D<>\ Q =  | |Q „ | |> 0 .  (3.4)

Предложение 2. Решение сформулированной комплексной квадратично- 
гауссовской задачи оптимального наблюдения полностью определяется не
которой комплексной матрицей А  =  ||Л*х||, и описывается когерентной о. в., 
которую удобно представить в виде предела П° =  lim П в при 0  -> 0 не
сингулярной гауссовский о. в. Пв(й А) =  л в(Х) d,,().):

л в(Х) =  elet \АСА+(\ - (з .5)

d p ß ) =  / I  - d  Re Аа (ЯшАа. Матрица А , минимизирующая среднеквадрати-
а ТС

ческий риск линейного оценивания, удовлетворяет уравнению

A R  -г  ■— sign ( А СА + G) АС =  Т ,  (З.б)

где R , T  — корреляционные матрицы

R  =
1
2 <УоУ* +  У ? У , Т =  ||<0„>'т>|||

которые выражаются через исходные корреляционные матрицы сигнала S и

шума N  = “ CcthQC обычным образом: R =  DSD+ +  N , Т  = S D +.
2

Доказательство проводится точно так  же, как и в вещественном случае с 
использованием для о. п. (3.4) представления в виде подходящего нормально 
упорядоченного выражения, и повторять его мы не будем. Отметим лишь, что 
переход от упорядочения (3.4) к некоторому нормальному упорядочению в 
математическом отношении заключается в известном переходе [14] от 
индефинитной метрики { я 1, я} — я+ С я'  к положительной \х' ,  х\ =  
=  я^  С я+ — x t  С яУ разложением Ж =  Ж ® комплексного пространства Ж 
(области определения операторнозначного функционала у(я) =  я+ у)  на ор
тогональные относительно некоторого скалярного произведения (я' ,  я) =  
=  я+Н ~ 1 я '  области положительности я % С я + >  0, я + £ Ж + и отрицатель
ности х~ С я - <  О, Я— £ ?£— Единственным отличием от вещественного 
случая является лишь то, что операторы уничтожения Ь+ =  у(и+) и рождения 
Ь-  =  у (я_ ) в разложении у(я)  =  b+ - \ - b t  коммутируют и относятся к  различ
ным модам (в вещественном случае 6 + =  6_ для вещественных Я  и я — х + -\- я А).
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2. Для выделения явного решения уравнения* (З.б), удовлетворяющего 
условию невырожденности матрицы АСА+ в АЖ, введём обозначения ;

К  =  [|<У?УаУ\\ =  Я -  | с ,  L  =  W<y . y t >W =  R  +  \ c ,  (3.7)

и произведем факторизацию Т  =  7 + +  Г _  матрицы 7  — ||<^«у?>||, удовле
творяющую следующим условиям: 7  GT + =  О,

T + i K - 1 L - 1 ) T X >  о , T 4 L - 1 К ~ г) т ± ^  О, 7 Д К “ 1 L - 1) 7+  =  0. (3.8)

Такое G-ортогональное разложение всегда существует, причём матрицы 7 ± 
однозначно определяются формулами

Т ± =  I  ( /  ±  sign (7 (/< -i -  L - i )  7+G)) 7  , (3.9)

если матрица 7 (K _1 — L” 1) ^  является невырожденной на подпространстве 
ТЖЯ^^и  значений матрицы 7 . В случае Т Ж с: Tf матричное неравенство
(3.11), обеспечивающее в соответствии с (3.13) эту невырожденность, следует 
понимать как строгую положительность лишь на подпространстве ТЖ.

Предложение 3. Решение уравнения (3.6) может быть представлено 
в виде

А 0 =  Т + L - 1 + Т - К - 1, (3.10)

если только матрицы К ,  L  и факторизация (3.9) матрицы Т  удовлетвор
яют неравенству

7 + (L ~ 1 -  L * 1 K L ~ X)T% - \ -Т ~  + 7 '_ ( К '~ 1 K ~ 1L K ~ 1) Т ±  >  0 . (3.11)

Доказательство. Действительно, допустим что среди матриц А, для 
которых матрица А С А Т невырождена, хотя бы на подпространстве значений 
АЖ,  существует такая, которая обращает уравнение (3.6) в тождество. Тогда 
ее можно единственным образом так факторизовать А  =  А + +  А..,  чтобы 
выполнялись условия

A±GA+ =  О, А+ СА+ ^ 0 ,  А_ СА± <[ О, А+ СА±  =  0 : (3.12)

А ± = ~ ( I  ±  sign (АСА + G)) А .

Производя в уравнении (3.6) замену R =  ( К  +  L)/2, С — L — K,  получим 
уравнение относительно А +, А _  : A+L +  А ~ К  — Т. Решение последнего
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уравнения может быть представлено в виде А+ =  Т +L-1 , А _ =  Т _ К '-1  с 
помощью факторизации Т  =  Г + +  Т_,удовлетворяющей условиям Г! G T += О,

T+[L-Í — L - XK L - V)T% ^  О, Т _ ( К ~ 1 — K ~ 1L K ~ 1) Т ± ^  О,
Т + ^ К - 1 - L - 1) Т± =  0 , (3.12а)

получаемым подстановкой A + =  T +L_1, А _ =  Т _ /С -1  в (3.12). Условия 
(3.12а) гарантируют выполнимость определяющих матрицы (3.9) условий 
(3.8), так  как имеют место следующие матричные неравенства

/С-1 L _1 >  L -1 L - ' K L - 1, L -1 — /С-1 >  /<_1 -  K ~1L K ~ 1,

являющиеся следствиями тождеств

L - 1 L -i/C L “ 1 =  К - 1 -  L - 1 -  (/С“ 1 -  L -1) К { К ~ г -  L -1) ,

/С-1 К _1Ь К ~ г =  L -1 — /С-1 — (L -1 — /C_1)L (L _ — К -1 ) .  (3.13)

Это доказывает предложение 3, т. н. неравенства (3. 12а) в ЗС эквивалентны 
неравенству (3.11) в ГЗб.

Решение (3.10) с учетом (3.7), (3.9) представим в виде 

А ° =  [ T R - 1 —  sign (Г /?-1 £(1 —  E 2)~1T + G ) T R ~ 1 Е](\  — Е 2) ~ \  (3.14)

где Е  =  CR_1. Отметим, что найденное оптимальное линейное преобразова

ние А 0 из 3£ в V. ранее было определено [1] лишь для простых случаев, до
пускающих нормальное комплексное представление: (при С > 0 , очевидно 
А0 =  TL -1 , при С <  О А 0 =  Т К -1), а такж е в одномодовом случае

А 0 = — Í— Т • ( R - 1 — е • д ■ (Т + G T ) - 1), где е =  — fd e t  |С /?_1| ,
1 — е2 2

д =  Vdet ( T + G T R - 1) .

3. Приведем другой прямой способ решения квадратично-гауссовской 
задачи комплексного измерения, основанный на использовании естественного 
упорядочения, при котором операторы у*  действуют слева от у.  В указан
ном представлении о. п. (3.4) описывается некоторой гауссовской плотностью 
pf(v), нормированной на единицу \ pe(v) dp(v) =  1: р($) =  det [C| : pf(y —- 
и оператор апостериорного риска, вычисляемый интегрированием J  С(Я, D) 
: Ptiy— D f i ) : p(ö) и квадратичной функции штрафов (3.3) с гауссовским априор
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ным распределением (3.2), описывается квадратично-гауссовским выраже
нием

& ( А )  =  det IСj [ál : ру(у) : +  : (Я -  T L- 'y )+ G {X  T L ~ 1y ) p y{y) : ] =

=  Л е + ( Я -  T L - i y ) + G Q( l -  T L - 1 у ) ,  (3.15)

где Л  =  S p G(S — T L ~ 1T ^) ,  a py{v) — d e t L-1 exp {— v+L ~ 1v) — усреднённая 
с распределением (3.2) плотность pe( v — D&), определяющая гауссовский о.п. 
9 =  J  P(dű):

в =  det IC L "1! : e~y+L~'y : =  det (C L -1! е~У+нУ. (3.16)

(H =  — C_ 1 ln (I — C L - 1)). Если операторы u = T L ~ 1y  имеют неотрицательно 
определённую матрицу коммутаторов:[и, и+] = T (L _1 — L _1K L -1)T + 0,то
упорядоченность этих операторов в (3.15) является нормальной, и оптималь
ное наблюдение сводится к их G-когерентному измерению, описываемому в 
комплексной ситуации операторами (3.5) при А  =  T L - 1 и б - > 0 .

В общем случае для перехода к  нормальному упорядочению оператор
1 1 г

(3.15) следует умножить слева и справа на д 2 и учесть формулу д2у д  2 =
_______  _i _i

=  l/LK'“ 1y  • Преобразованный оператор д 2ЩХ)д 2 представляется квадра
тичной формой относительно операторов у =  Т М ~ 1у,  где М -1 =  L~1Vl K~1, 
нормально упорядочить которую не составляет труда:3 

_ 1 _ 1
в 2 &(Я)е 2 =  á to -f  ( k + - T + M - 1y)+G(X+ -  Т+ M ~ l y)  +

+  (Я_ — T . M ~ 1y ) T G*(X- —  Т ^ М - У у ) * .  (3.17)

Здесь Т+ — матрицы (3.9), осуществляющие ортогональное T - G T + — О 
разложение матрицы [v, v+ ] = 7 ’(К“ 1 — L ^ 1)7’+ на положительную и отрица
тельную части, Я+ = ( 1  +  sign ( П К - 1 — L“ 1) T+G)) Я/2, а

Л° =  SpG(S — Т+ L ~ 1T^r — Т _ /С _1Г ± ) (3.18)

совпадает с риском R° =  S p G ( S — А аТ),  соответствующим решению (3.10). 
Произведя обратное преобразование, получим:

а д  =  R 0 в +  ( Я + -  Т + L ~ 1y)+ Gg(k+ -  Т + L ^ y )  +

+  ( Я _  -  Г _  K - ' y f G *  е ( А _  -  г _  к - 1 у)*.

3 Представление (3.17), вообще говоря, имеет место лиш ь при Я £ Т%, и единственно, 
если матрица Т (К ~ 1 — Ь~г)Т + невырождена на подпространстве T°Hq  6U. В случае TV.tz'X. 
всегда достаточно ограничиться рассмотрением оценок Я из ТЖ.
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При этом нормальная упорядоченность сохранится лишь при условии, что 
матрицы Т, К,  L  удовлетворяют неравенству (3.16), означающему неотри
цательность матриц коммутаторов [п+, п* ], [и*, и 1 ] операторов и + = Т  +L~1y,  
U - = T ^ K ~ 1y.  Следовательно, решение задачи оптимального комплексного 
измерения при условии (3.16) действительно описывается когерентными 
проекторами тг°(А), удовлетворяющими уравнениям и + я°(А) =  А+ я°(А), 
а* я°(А)= А* я°(А), и представимыми в виде (3.5) при А = Т  +L” 1 +  Т - К -1  
и в =  0.

4. В заключение отметим, что если размерность пространства сигналов 
Ж не превышает размерности V ,, решение комплексной квадратично-гаус
совской задачи оптимального наблюдения можно представить с помощью 
проекторов £п(А), удовлетворяющих уравнениям (V +—А+)р°(А) =  0, (V _ —А_)* 
g°(A) =  О, V+ = Т ± М ~ 1у,  по формуле

_i _i
n \ d X )  =  о 5 е°(А)е *Я(<М), (3.19)

являющейся квантовым аналогом формулы Бейеса. Здесь P(tíA) — вероят
ностная мера, задающая «глауберовское» разложение

в =  J  е°(Я) P(dX) (3.20)

по когерентным проекторам g°(A). В таком виде решение задачи оптимального 
оценивания для вещественного квадратично-гауссовского случая и при 
равных размерностях пространств V - и Ж было указано Б. А. Гришаниным [9].

Когерентные проекторы g°(A+ +  А*) являются собственными для опера
тора (3.17), отвечающими минимальному собственному значению И0 (т. е. 
«вакуумными» для квадратичного оператора «энергии» rjX Gr\+ -f- ry- G r j l , 
где r ]+ = T ±M - i y - A ±), и описываются какой-либо корреляционной матрицей 
операторов г) =  Т М ~ 1у — Х, например симметризационной R n =  (_r\rj+y +

R v =  ^ ( Т +( К ~ 1 L - ' ) T +  + Г _ ( К - Х- ■L~1)T +)  =

=  ]r) T \ T ( K ~ 1 L ~ 1) Т  + GT\ (Т +GT)~1 Т  +, (3.21)

лежащей на границе обобщенного [3] неравенства Гейзенберга

Rv > ± C vl 2 (С „ =  [т?,ч + ] =  Т (/С -1 - / . - 1)Т + )) .

Распределение P(dA) сосредоточено на подпространстве векторов 
А =  А+ + А 1 ,  совпадающем с подпространством значений матрицы Т,  на
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котором описывается положительной гауссовской плотностью р(А), А £ Т Ж. 
Условие положительности р(Х) >  0, сводящееся в гауссовском случае к 
условию положительной определенности на ТЖ корреляционной матрицы 
Rx =<АА+>,  определяет область оптимальности о. в. (3.19). Учитывая, что 
сумма R„ +  в соответствии с (3.20) равна определяющей гауссовский о. п. 
(3.16) корреляционной матрице R v =  <vv+> + =  T ( K ~ 1 +  L ~ 1) T +I2 опера
торов v — Т М ~ ху  =  rj +  А, запишем условие положительности матрицы 
R^ — R v — R n на ТЖ в следующем виде: R v > R n. Последнее с учетом (3.21) 
можно записать в виде матричного неравенства

( К '1 + L - 1)T + G 7 '+ >  ((/С“ 1 - L ~ 1) T + G T \ ,  (3.22)

эквивалентность которого неравенству (3.11) при рассматриваемом соотно
шении размерностей d i m2£>di m®U нетрудно доказать использованием 
тождеств (3.13). В одномодовом случае неравенство (3.22) сводится к число
вому неравенству

е > 1  , где t =  S p T +  GTR~xß  ][ det T+GTR - 1 ,

полученному в [1 ]. В общем случае неравенство (3.11) в отличие от (3.22) дает 
необходимое и достаточное условие невырожденности оптимального решения 
(3.10) и минимальности соответствующего риска (3.18) также и при более 
естественном обратном соотношении размерностей dim Ж >  dim V..

Заключение

Итак, оптимальные наблюдения в гауссовских линейных бозонных 
каналах, дающие минимальную среднеквадратическую ошибку оценивания 
гауссовских входных величин, являются квазиклассическими (т. е. когерент
ными). Однако в отличие от классического случая они являются косвенными, 
существенно зависят от метрической матрицы G, и в некоторых случаях для 
индефинитных коммутационных соотношений могут вырождаться. Примеры 
таких вырождений, а такж е другие физические примеры подробно рассмот
рены в [1]. В настоящей статье доказана оптимальность G-когерентного 
измерения оптимального линейного преобразования А°у,  найдено условие 
его невырожденности и явный его вид (предложение 3) применительно к  об
щему (многомерному, комплексному, индефинитному) случаю.

Таким образом, проблему статистического наблюдения в квантовых 
гауссовых каналах, частные аспекты которой были исследованы в [1—5, 9], 
можно считать решенной.
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Optimal observation of boson signals in quantum Gaussian channels

V.P. BELAVKIN 

(M oscow)

O n th e  fram ew ork  o f  classica l th e o ry  o f sy s tem s an y  system  ch a rac te ris tic s  a re  
on princip le com plete ly  observab le , an d  i t  can  a lw ays be  believed t h a t  th e  o u tp u t s ig n a l 
is th e  re su lt o f  s ta te  vecto r m easu rem en t o f  som e accessible for o b se rv a tio n  su b sy stem  
called o u tp u t sy s tem . I t  is w ell know n th a t  th e  classica l th eo ry  gives o n ly  ap p ro x im a te , 
som etim es v e ry  rough  descrip tion  o f  so-called boson system s, an d  p rec ise  descrip tion  o f  
system s w ith  a n y  physical n a tu re  is possib le on ly  on  th e  fram ew ork o f  q u a n tu m  th e o ry . 
F ro m  th is  p o in t  o f  view  a n y  u n iv e rsa l o b serva tion  like th e  s ta te  v e c to r  m easu rem en t 
o f  classical sy s tem  does n o t ex is t, an d  i t  is necessary  to  choose am ong  th e  q u an tu m  m e a 
su rem en ts in  o u tp u t  system  a n  o p tim a l o b serva tion  accord ing  to  th e  a im , for w hich th e  
in fo rm ation  is used .

In  th is  p a p e r  th e  general fo rm u la tio n  o f th e  o p tim iza tion  p ro b lem  o f  s ta tic  o b se r
va tion  of q u a n tu m  signals in  o u tp u t  system s w ith  th e  a im  o f p a ra m e te rs  e stim a tio n  o f  
th e ir  s ta tis tic a l s ta te s  is g iven. A s a n  im p o ten t sim ple m odel lead ing  to  th e  a n a ly tic a l 
so lu tion  i t  is considered  G aussian  m u ltip le  boson channel, i.e. a  lin ea r s tochastic  sy s te m  
у  =  D x  -(- £ w here  D  is a n  affine  tran sfo rm a tio n  o f  in p u t vec to r x  a n d  f  is th e  v e c to r  
o f boson G aussian  noise. I t  is considered  b o th  th e  rea l an d  com plex boson  channel ( th e  
la t te r  w ith  th e  indefin ite  c o m m u ta tio n  re la tions is th e  m ost genera l one). A  n o tio n  o f  
G -coherent m easu rem en t o f second-com m uting  observab les A y  is in tro d u ced , and  o p t i 
m a lity  o f such  observa tion  w ith  th e  vec to r re su lt z =  A giving th e  e s tim a te  of G aussian
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v e c to r  p a ram e te r х  =  & w ith  th e  m e a n  square  c rite r io n  (3.2) is p ro v ed . T he o p tim al 
affine  tran sfo rm a tio n  A  — A  0 o f o u tp u t q u a n tu m  signal у  sa tisfy  e q u a tio n  (3.6), w hich 
h av e  b een  reduced  fo r re a l s itu a tio n  in  [3].

T he  m ethod  u sed  fo r p roo f o f th is  o p tim a lity  is m o re  un iversa l an d  s t r ic t  th a n  th e  
m e th o d  o f  in v es tiga tion  [3] o f th is  p ro b lem  (fo rm u la ted  in  [3] for rea l s i tu a tio n ), an d  is 
b ased  on  th e  in tro d u ced  no tion  o f if -n o rm a l re p re se n ta tio n  o f boson signals.

T he  general so lu tio n  (3.10), (3.9) o f  E q . (3.6) is fo u n d  w hen th e  in e q u a lity  (3.11) 
is v a lid . F o r  th e  s im p les t m eal cases: single m ode case  a n d  th e  case allow ing  a  n o rm al 
com p lex  rep re sen ta tio n  th e  solution o f  E q . (3.6) (reduced  b y  th e  op tim iza tio n  in  th e  class 
o f lin e a r  estim ates) h a v e  been  ob ta in ed  earlie r in  [1], a n d  o p tim a l co h eren t (i.e. в -cohe
ren t)  m easu rem en t b y  m inim izing th e  m e a n  square  e rro r  in  th e  class o f a ll co h eren t m ea 
su re m e n t h ave  been  fo u n d  in [6].

В. П. Белавкин
Московский Государственный Университет им. М. В. Ломоносова, физичес
кий факультет 
СССР, Москва В—234,
Ленинские горы
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SOME EXPERIENCES WITH THE PKF DISCRETE-TIME 
IDENTIFICATION METHOD

CS. B Á N Y Á SZ , L. K E V IC Z K Y  

(B udapest)

(R eceived  O ctober 15, 1974)

S im u ltaneously  w ith  th e  w idespread u se  o f  com puter te c h n iq u e  m odern , 
effective, d isc re te -tim e  id en tif ic a tio n  m e th o d s  h av e  been d eve loped . T here a re  
now adays sev e ra l m ethods o f  p a ram etr ic  id e n tif ic a tio n  of lin ea r d ynam ic  sy s tem s 
for m odel bu ild in g . M ost o f  th e se  require  a n  i te ra t iv e  te ch n iq u e  fo r th e  m in im i
za tion  o f th e  loss function . P e rh a p s  only  th e  p r io r i know ledge f i t t in g  (P K F ) o r 
ta l ly  p rinc ip le  (TP) m ethod  g ives th e  e s tim a tio n  o f  process p a ra m e te rs  in  exp lic it 
form  for a  w ide  class o f th e  no ise  m odels. I n  o u r  p ap e r th e  p a ra m e te r  e s tim a tio n  
o f SISO sy s tem s b y  P K F  m e th o d  is considered, th e n  th e  re la tio n sh ip s  are  ex tended  
for MIMO system s, too. A n a lg o rith m  is g iven  b y  m eans o f w h ich  th e  T P  m e th o d  
is ex tended  to  e s tim a te  also th e  p a ram ete rs  o f  th e  noise m odel. B esides th e  know n 
re la tionsh ips, w e show th e  possib ility  o f m a sk in g  in th e  p a ra m e te r  e stim atio n  
an d  its  im p o rtan ce . Several s im ula tion  ex am p les  a re  p resen ted  fro m  w hich c o n 
clusions can  b e  draw n reg a rd in g  th e  a c c u ra c y  an d  th e  n ecessa ry  co m p u ta tio n  
tim e  o f th e  T P  m ethod . A d d itio n a l exam ples i l lu s tra te  the  help  o f  m ask ing  in  th e  
r ig h t choice o f  th e  stru c tu re .

1. Introduction

Nowadays sim ultaneously w ith  the w idespread use of com puter technique 
in m ost cases also th e  identification m ethods ap p ly  discrete-tim e models an d  
th e  corresponding param eter estim ation principles. The m odel structures 
form ing the basis o f modern m ethods and  th e  m aximum likelihood (ML) 
estim ation  technique were e laborated  by Á ström  an d  Bohlin [ 1 ] an d  since th en  
several m ethods hav e  been developed for d iffe ren t noise m odels by  various 
au tho rs [2].

The so-called Áström  model, by  taking also the  noise param eters in to  
account, makes nonlinear param eter estim ation possible likely to  be solved b y  
d ifferent iterative m inim ization m ethods. T hough — as experience has shown — 
th is  m odel gives th e  most accurate  results, in  m an y  cases — because of th e  
big com putation tim e — other m ethods are desirable.

The “priori knowledge fitt in g ” (PKF) or “ ta lly  principle” (TP) m ethod 
e laborated  by P e te rk a  and his coworkers, enables the  process param eters to  
be estim ated  in explicit form b u t it  does no t g ive th e  param eters of the noise 
m odel [3]. As it  is known, this m ethod  avails itse lf  of the apriori knowledge 
of th e  assum ption m ade for the  independence o f th e  input signal and  o u tp u t 
noise. In  this paper — after the discussion of th e  single ou tput — single ou tpu t
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P K F  m ethod  — its generalization for th e  m ultiple input-m ultip le o u tp u t case 
will be considered and  in bo th  cases show n how the  param eters o f th e  noise 
model can be estim ated.

Then some experiences will be given in connection w ith the application  
o f the  P K F  methods.

2. PKF method for single input-single output systems

L et a  single input-single o u tp u t (SISO) system  be as in Fig. 1, i.e. its
system  equation  be

il)

H ere [y(t), u(t), w{t); t =  1, 2, . . ., N } are the observed  output signal, the 
applied in p u t signal, th e  o u tpu t d isturbance sequence, respectively. z - 1 is 
the  backw ard sh ift operato r and A f e - 1), B f e - 1) are th e  polynom ials o f г -1 :

A f e - 1) =  1 +  a ^ z - 1 +  a2z~2 +  . . . +  anz~n =  1 +  A f e - 1)
B f e - 1) =  b0 -(- iq z -1 -f- b2z - 2 +  • . • +  bnz

I t  is assum ed th a t u(t) is persistently  exciting [2]. w(t) has zero m ean, it  is an 
ergodic random  signal independent o f th e  inpu t signal. E quation  (1) can  also 
be w ritten  in the  form o f the following difference equation :

y(t) =  Bfe—1) life) -  A f e —1) y(t) - \-Afe~1) wfe) =
П П

=  2 Ь и (* — i) — 2 ~  *) +  £(*) (3)
i = 0  i = l

where
П

efe) =  ^  a; wfe — i) -f- wfe) (4)
i= 1

is th e  so-called equation  error. Since th e  o u tpu t noise and the in p u t signal 
are independent, so it  can be easily seen [3] th a t  th e  equation e rro r is zero 
m ean and  also independent of the in p u t signal, i.e.

E{e(t)u(t — г)} =  0

for all i (here E { . . . } means the expectation).

(5)
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In  the P K F  m ethod the  knowledge o f independence o f the equation  
erro r e(t) and  the  inpu t signal u(t) is used, i.e. th e  assum ption

E{e(t) I u(t), u(t — 1), . . u(t — те)} =
m

=  E{e(t)} +  ^ d i u ( t  -  i) =  E{e(t)} =  0 (6)
i= 0

m u st be held for every  m. This can be possible on ly  if all d; a re  zeros (TP) o r in  
th is  estim ation problem , if th e y  have m inim um  absolute values. (It has to  
be no ted  th a t  th e  assum ption d,- =  0 cannot be  held exactly  n o t only because 
o f an  estim ation from  the finite size of the sam ples bu t also because the system  
equ a tio n  (6) contains the linear independence o f  a  given o rder o f the equation  
erro r and  in p u t signal and it  does not include higher o rd e r interactions.) 
T he basic idea of th e  P K F  m ethod  is to  determ ine the estim ation  of p a ram 
eters  a,j and  hi in such a way th a t  the loss function

m a a
7 i  =  2 Ш 2 =  dTd (7)

1=0

ob ta in ed  from th e  linear decom position by (6) of the eq u a tio n  error should  
be m inim um . H ere

d =  [d 0, dv d2, . . . , dmf  (8)

w here T  means th e  transposition. Considering th a t  rf,- are estim ated, we can 
w rite on the  basis o f (6) th a t

E{e(t) I u(t), u(t 1 u(t — те)} =  k(t) +  r(t) (9)

where r(t) is the value of the  uncorrelated residual and t'(t) is a  least-squares 
(LS) estim ation. U sing (3) and  (9) we can rew rite  the system  equation for th e  
residuals:

m n n
r(t) =  diU(t — i) y(t) -  ^ a i y ( t  — i) +  J?biU(t  — i) . (10)

1=1 i = l  i = 0

L et us in troduce the following notations fo r the N  m easurem ents o f th e  
in p u t and  o u tp u t m entioned w ith  E q. (1):

T
p —* [ Ъ 0 , . . ., b n , c i^ , . . . у (11)

r =  [r(l), r(2).........r ( N ) ] T (12)

У  =  [y(l). 2/(2), • • ■, y ( N ) f (13)
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qTd )

q ' W  

f r (i)  '

Here

and

fT ( N )  ■

Í{t) =  [u{t), u(t — 1), . . u(t — n), —y(t — 1), . . —y[t — n )]

q(í) =  \u(t), u(t — 1), . . u(t — m )] .

B y these notations the  vec to r equation o f (10) for N  m easurem ents is

r =  Fp -f- Zd y.

According to  the  principle of least-squares now the loss function

V2 =  rT r
is m inim ized by  d.

W e obtain  from th e  minimum condition th a t

d =  (ZTZ ) - i Z r ( y - F p )

(14)

(15)

(16)

(17)

(18)

(19)

( 20)

i.e. th is  is the function o f even p. Minimizing the loss function V1 defined 
in (7) b y  p, we obtain  th e  estim ation o f process param eters:

p =  [FTZ(ZTZ ) - 1(ZTZ ) - 1ZTF ] - 1FTZ(ZTZ ) - 1(ZTZ ) - 1ZTy . (21)

P eterk a  proved  th a t  th is estim ation is unbiased  and consistent. E q u a tio n  (21) 
can be considered e ither as an in stru m en ta l variable m ethod  having in stru 
m ental m atrix  F rZ(ZTZ )-1 (ZTZ)^1Zr o ra s a n L S  estim ation  having w eighting 
m atrix  Z(ZTZ ) - 1(Zr Z ) - 1ZT.

T he necessary condition of the  inversion of th e  m atrix  in b rack e ts  is 
N  2n and  m 2n.

The advantage o f th e  P K F  m ethod  can be seen from  Eq. (21), i.e. it 
provides an  explicit so lution for the param eter estim ation . Z Z an d  sim ilar 
forms can be com puted easily. Sim ilarly i t  is also very  simple to perform  the 
estim ation  under restric tion  pi  =  0 for an y  given p aram ete r vector. T his can 
be realized by a so-called m asking vector whose elements a re  ones if th e  p a ram 
eter estim ate  is required , and  are zeros, if the estim ate  is not required .
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Since th e  estim ation  is of the form  p =  H 1 h, so it  is sufficient to  make th e  
i th  colum n and row  in H, and i th  element in h  equal with zero, and to  give 
value 1 to  the elem ent Нц. This k in d  of m asking can also be done in Eq. (20) 
re la ting  to  the  estim ation  of d, b u t — of course it is not alw ays necessary 
to  estim ate d w hich otherwise can  be obtained b y  replacing (21) into (20).

The disadvantages of the T P  estim ation b y  (21) are th a t  in  general th e  
variances of the  coefficients are g reater than  a t  th e  ML m eth o d  [5] for th e  
sam e N  samples, a n d  the param eters  of the noise model canno t be estim ated 
w ith  its  help. B u t i t  can be seen easily th a t assum ing a g iven structure for 
th e  o u tp u t noise w(t), the noise param eters can be determ ined from  the resi
duals by  itera tive technique. L e t us suppose th a t  the noise m odel is of th e  
form  C/A according to  the Á ström  model, i.e.

wW = -77-77 eW- (22)A{ z - 1)

This means, th a t  th e  equation erro r or now th e  residual in th e  T P  m ethod is 

r(t) =  C (3-i) e{t =  C (3-i) e(t) +  e(t) , (23)
where

(7(2-!) =  1 +  < ^ - 1 +  . . . +  cnz~n =  1 +  0 (z - i) .  (24)

On th e  basis of (18) the estim ated  residuals r(t) can be determ ined  by th e  
estim ated  vectors p an d  d. Then th e  param eters с,- can be es tim ated  by a simple 
repea ted  LS m ethod according to  (23):

e =  [GT(ey_i)G(ey_1)]- iG T(éy_1) í ,  (25)
where

éy =  i- — G7 (éy_ f) c ;-, (26)

=  [Ci> 2̂> • • • > cn ] (27)
and

Here

(28)

gj(t) =  [éj(t 1), • • -  n)]T. ( 2 9 )

The itera tive procedure is continued until a g iven accuracy.
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3. Extension of the PKF method for multiple input-multiple
output systems

The m ethod fo rm ulated  for SIS О systems can  be easily ex ten d ed  to 
m ultiple input-m ultip le o u tp u t (MIMO) systems an d  th e  equations are  very 
sim ilar. F irs t Valis p resen ted  the m ultivariable version of this m eth o d  [4], 
though he applied subsystem s because his purpose w as to  develop an  on-line 
algorithm .

The MIMO system  description app lied  is a v ec to r difference equation

y ( t )  =  2  B< “(* - ») -  2  x i y(* -  i )  +  *(0 (30)
;=0 i = l

which can be considered as a  direct generalization o f (3). Here
П

e(t) =  w(0 +  _>’ A, w(< -  i)
i= 1

(31)

and  the  assum ptions for th e  ou tpu t noise w (t) are th e  same as for th e  SISO 
system s. In troducing  notations

P — [®0’ ®1> • • • > -̂ -ij • • • ) (32)

E =  [€(1), . . . , e(N)] (33)

D и © о Ö и 3̂ (34)

Y =  [y(l), . . . .  у (N)] (35)

F =  [Kl), . . . , i (N)] (36)

Z
where

=  [q(l), . . . , q(V)] (37)

t-лII

43Д

., uT(í — n), — y T(t — 1).......... - УT(t -  n ) f  (38)

q(i) =  [uT«)-; . . . , uT(t —  s)]T (39)

th en  using th e  generalized form of (18)

e =  PF +  DZ -  Y (40)

is

Fx =  [vec(e)]T vec(e) -*■ m in
v e c(D )

(41)

D =  (Y -  P F )Z T(ZZr) - 1. (42)
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The param eter estim ation  P can be determ ined from  th e  condition

V2 =  [vec(D)]T vec(D) — min
v e c (P )

and  we get

P =  YZ(ZZr ) -1 (ZZr)_1ZFT [FZT(ZZT) - 1(ZZr ) - 1ZFT]-» .

(43)

(44)

N aturally , sim ilarly to  SISO system s it  is also now possible to  in troduce a 
m atrix  of the same size as P to  m ask th e  param eters whose estim ations are 
n o t required. Moreover, the  m asking o f the  finding o f the  s tructu re  has a 
m uch g reater im portance for MIMO system s. I t  is sim ple to  achieve b y  this 
technique th e  selection o f the stru c tu re  an d  by  its rep ea ted  use the  best model 
can easily be found. I t  is of special im portance to  m ask  some columns o f the 
param eter matrices because this is a d irec t possibility to  determ ine th e  u n am 
biguous vector difference equation.

In  the  following p a r t  our experiences relating to  th e  application o f P K F  
m ethod are presented by  sim ulation examples.

4. Sim ulation results

L et us consider a  simple second order system:

=  b0 + ._i  • o Z~ 1 ~h. o u(t) +
1 -  1.5 z - 1 +  0 .7  z -2 

+  A ■ 1 — 1 ‘ 0 Z_1 +  0'5  Z~2 e(Q.
1 1.5 z“ 1 +  0 .7  z~2

(45)

The minimum value of the loss function V2 o b ta in ed  by  T P  estim ation  
from  N  =  100 samples in  case of b0 =  1.0 and  A =  0.4 is illustra ted  in a  func
tion  o f m em ory m  of th e  instrum ental model on Fig. 2. In  Fig. 3 the  depen
dence o f the  diagonal elem ents of th e  inverse m atrix  in  (21) o n *  is shown 
(these are proportional to  the  variances of the p aram ete r estim ates). From  
these tw o figures we can establish th a t  th e  reasonable value of m  is 3» or in .  
F o r higher values th e  com putation tim e is increasing considerably, while 
th e  accuracy does n o t im prove significantly. In  Fig. 4 th e  com putation tim e 
in function  m  param etrized  by the  value of N  is shown. W e can conclude for 
th e  noise sensitivity  of th e  T P  m ethod from  the  resu lts of Table 1. F o r the 
sim ulation investigations P R B  inpu t signal of ± 1  was applied, e(t), however, 
was an  uncorrelated noise series w ith  norm al d istrib u tio n  and  un it variance. 
In  Table 2 we show th a t  even in th e  case of A — 10 we get an appreciable 
result for N  =  400 an d  R  =  6.
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Fig. 2

Otherwise, by  increasing N  the  accuracy of the  ex tim ates always im 
proves. The changing of loss function F x in function of N  is shown in Tig. 5.

In  Table 3 it  is shown how the righ t m asking of only one param eter 
enables us to  fin d  the exact structu re . In  one case also th e  b0 coefficient is 
estim ated, in th e  o ther case its  estim ation is forbidden by  m asking.

Now le t us consider a M IM O system o f vector difference equation

A(z_1) y(t) =  B(z-1) u(<) +  C(z-1 ) e(t) , (46)

w here the covariance m atrix  o f e(t) is A.

Let us choose Valis’ exam ple for s im u la tio n ;

A (z-1) =  I +  AjZ-1 A , z -2 = l o ' -0 .8 2 9  02 _
0 l + 0 -  0.606 +

0.135 0 
0 0
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F ig . 3
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100 200 300 1,0 0 _ N

B (z-i) =  B 0 +  Bl2 -1 +  В 2 Z - *  =
0 0 
о 0

0.393 0.518 ‘ —0.088 — 0.314 I
0.393 0.393 z - 1 +

0 0 J
and

C(z-!) =  I +  C iZ -1 +  C2 2 = 1 0 ' 1 o ' Г  0 0 1
0 1 + 0 1

z - i  +
_ 0 oj

where I  denotes the u n it m atrix . This la tte r  expression m eans a decoupled 
noise model a t  the ou tpu t.
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Table 1

п  =  2 II О О т  =  Ъ п  =  6 т  =  á n  =  8

E stim ated  param eters Estim ated param eters

>» II © If*- Я =  1.0 Я =  0.4 Я =  1.0

“ i —  1.5 - 1.5247 - 1.5476 - 1.5324 - 1.5760
“ 2 0.7 0.7174 0.7304 0.7251 0.7587
Ь0 1.0 1.0003 1.0027 0.9971 0.9908

1.0 0.9241 0.8263 0.9125 0.7848
&2 0.5 0.4182 0.3195 0.4067 0.2793

«1 — 1.5 - 1.5348 - 1.5594 - 1.5448 - 1.5997
«2 0.7 0.7274 0.7406 0.7387 0.7867
Ьо 0 .0 0.0003 0.0039 - 0.0030 - 0.0100
Ьх 1.0 0.9488 0.8752 0.9448 0.8605
6 2 0.5 0.4281 0.3502 0.4184 0.3136

Table 2

п  —  2 N  =  400 т  —  Ъ п  =  6 Я =  10.0

T rue param eters
E stim ated
param eters T rue param eters

E stim ated
param eters

° i - 1.5 - 0.9690 — 1.5 - 0.8831
CL о 0.7 0.2211 а 2 0.7 0.0906
К 1.0 1.0848 Ь0 0.0 0.1038
Ьг 1.0 1.1414 Ъг  1.0 0.6298

0.5 1.5530 Ъг  0.5 1.2798

Table 3

и =  3 JV =  200 m  =  4и =  12 Я =  0.4

True param eters
E stim ated  param eters

W ithout m asking W ith masking

— 1.5 - 1.2052 - 1.3975
а 2 0.7 0.2634 0.5550
а 3 0.0 0.2011 0.0639
Ь4 0.0 0.0456 0.0000
6 j 1.0 0.9656 0.9605
62 0.5 0.7556 0.5723
Ъ3 0.0 0.1892 0.0998
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F ig u re  6 shows th e  com putation tim e in function o f m  param etrizing  
by N.

In  Fig. 7 the dependence of loss function  V2 on m  is seen in noiseless case 
(Л =  0) an d  N  =  100.

F igure 7a illustra tes th e  cases w ith o u t masking an d  w ith the m asking 
of subm atrix  B 0. F igure 7b shows th e  case when each colum n containing only

zeros o f param eter m atrix  P is m asked. The im provem ent in  the loss function  
is very  striking. I t  should  be no ted  th a t  if every zero elem ent of m a trix  P 
was m asked, then we go t worse resu lts th an  if only th e  com pletely zero 
colum ns were masked. This sym ptom  was also valid  for sim ulation in  case 
of Л ^ О

F ro m  Table 4 th is fac t can be recognized via th e  estim ated  param eters. 
Table 5 shows the sam e th ing  for A  =  0.01 I.

All of our sim ulation examples were run  in ALGOL language b y  com 
p u ter ODRA 1204.

5. Conclusions

T he P K F  m ethod presented here for SISO and MIMO system s estim ates 
the param eters of a discrete-tim e linear model of a  process in explicit form. 
This solution — com pared to  the ML estim ation — requires little com putation
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2n 3n An 5n

tim e, its program  can be easily  prepared a n d  enables th e  questions o f th e  
s tru c tu re  to  be investigated efficiently.

Our sim ulation experiences are favourable, the accuracy of the ob ta ined  
estim ates is good enough for th e  purpose o f p rim ary  investigations. We suggest 
to  use these m ethods for th e  prim ary estim atio n  of the  s tru c tu re  and  then , 
a fte r having found the suitable structure, to  continue th e  investigations b y  
a  m ore accurate estim ation, e.g. ML m ethod  which, however, requires m uch 
m ore com putation  time.

6



Table 4

n  =  2 N  =  100 m = án — S Л  =  0

True
param eter
m atrices

оя

tUD

1
Sffl°

te ® я fl
"гЗ s S „ЗСм
а §
I  2

Aj

-0 .8 2 9 0

0 -0 .6 0 6

-0 .8 2 9 -0 .7 1 8

1.86 • IO -9 0.375

— 0.829 -  0.406

2.32 • 10-1° -0 .1 2 5

-0 .8 2 9 — 1.16 ■ 10 i°

-4 .3 6  • i o - “ -0 .6 0 6

А„

0.135 0

0 0

0.135 0.093

-1 .3 9  ■IO -9 -0 .6 2 5

0.135 0.234

-4 .6 5  • 10 -ю -0 .2 5 0

0.135

- 3 .4 9 -  Ю -i» 0

О 0.393 0.518 -0 .0 8 8  -0 .3 1 4

0.393 0.393

3 .8 6 -Ю - i 2 -2 .9 5  ■ Ю - i2

1.81-10-11 9 .0 9 -1 0 -

0.393 0.518

0.393 0.393

0.393 0.518

0.393 0.393

0.393 0.518

О I 0.393 0.393

-0 .4 8 4  0.518

0.312 0.500

-0.312 -0 .4 9 2

0.312 0.375

-0.088 -0 .3 1 4

2.91 • 10-1° 2.32 • 10-1°
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о* Table 5

п  =  2 N  =  200 Л =  0.01 I

A2 B„ B, B,

True param eter m atrices -0 .829 0 0.135 0 0 0 0.393 0.518 — 0.088 -0 .3 1 4

0 -0 .6 0 8 0 0 0 0 0.393 0.393 0 0

-0 .854 0.351 0.147 0.195 -0 .0 0 4 0.003 0.394 0.529 -0 .221 -0 .4 5 0

without
masking

-0 .0 1 0 -0 .7 2 4 0.004 0.063 -0 .0 0 3 -0 .0 0 1 0.380 0.391 -0 .058 -0 .0 4 7

E stim at
ed param- with masking

-0 .855 0.303 0.147 0.167 0 0 0.394 0.529 -0 .2 0 3 -0 .4 3 2

eter
m atrices

B„
-0 .011 - 0.725 0.004 0.065 0 0 0.380 0.391 -0 .0 5 8 -  0.048

with masking 
all zero

-0 .841 - 0.043 0.147 0 0 0 0.394 0.529 -0 .0 9 9 -0 .3 2 2

columns of
P -0 .0 0 5 -0 .6 2 4 0.004 0 0 0 0.380 0.391 -0 .0 1 8 -0 .0 0 6
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Применение метода дискретной идентификации, использующего априорную 
информацию о структуре объекта

Ч. БАНЯС, Л. КЕВИЦКИ
(Будапешт)

Широкое распространение вычислиетльной техники стимулировало развитие сов
ременных эффективных методов дискретной идентификации. В настоящее время известно 
несколько методов параметрической идентификации линейных дискретных систем. В боль
шинстве из них применяются принципы приближ ения для минимизации функции по
терь. Видимо, единственными методом, при использовании которого мож ет быть получена 
оценка параметров процесса для широкого класса моделей с помехами, является метод 
дискретной идентификации, использующий априорную информацию о структуре объекта.

В настоящ ей статье указанный метод идентификации применяется для оценки 
параметров объектов с одним входом и одним выходом, а затем результаты обобщаются на 
объекты с несколькими входами и выходами. Разработаны алгоритмы, с помощью которых 
выше приведенный метод может быть распространен и для оценки параметров модели с 
помехами. П оказана возможность и значение исключения некоторых членов матрицы 
параметров в процессе идентификации.

Представлено несколько примеров, показывающих точность метода и потребность 
машинного времени. На других примерах иллюстрируется методика исключения некото
рых членов матрицы параметров и представлены преимущества такого подхода при выборе 
структуры объекта.

Cs. Bányász
Com puter a n d  A utom ation In s titu te  
H ungarian A cadem y of Sciences 
H-1502 B u d ap est X I., K endo u. 13 17.

L. R eviczky
D epartm ent o f A utom ation 
Technical U n iversity
H - l l l l  B u d ap est X I., G oldm ann Gy. té r  3. 
H ungary



BOOK REVIEW

D a n  T e o d o r e s c u : Si,stem о au tom ate-analiza §i sinteza p rin  m atrice specifice 
(Autom atic Control System s. The Specific M atrix  A pproach). E d itu ra  Facia , 
1974, 511 pp. (In Roum anian)

N o w ad ay s  m any new  books dealing  w ith  m odern  con tro l th e o ry  are  p u b lished . 
The p resen t w o rk  excels in  th e  new  concep ts in tro d u ced  for tr e a tin g  nonlinear sy s tem s 
in a  com pu ter-o rien ted  m an n e r .

T he a u th o r  in troduces th e  te rm  o f th e  n o n lin ea rity  v ec to r z, th e  com ponen ts o f 
w hich are  th e  va lues o f th e  n o n lin ea r function  a t  positive , equal an d  consecutive sam p ling  
in tervals. H e  defines an eq u iv a len t gain v e c to r  n, w hich gives th e  am p litudes o f th e  fu n 
d am en ta l o f  th e  o u tp u t as a  fu n c tio n  of th e  a m p litu d e  o f th e  s inuso ida l inpu t. T he  c o n 
nection  b e tw een  these  tw o v ec to rs  m ay  be g iv en  b y  th e  follow ing tran sfo rm atio n :

H z =  n o r H ~ 1 n =  z

w here H is a  num erica lly  k now n  m atrix  in d e p e n d e n t o f th e  n o n lin e a rity  and  b a sed  on 
som e re la tio n sh ip s  o f th e  B essel functions.

T his g en e ra l expression, unusual for n o n lin ea r system  ana ly s is, gives th e  p o ss ib ility  
to  develop a  n ew  m ethod  o f an a ly s is  and sy n th esis . T ab les given in  th e  A ppendix  p ro m o te  
th e  ca lcu la tion . E .g . a  p rocedu re  for designing co rrec tio n  or co m pensa tion  n on linearities  
in  a  no n lin ea r sy s tem  in o rd e r to  reach  a  p red e te rm in e d  desired t r a n s ie n t an d /o r s te ad y - 
s ta te  b eh av io u r is given. T h is m atrix -p lan e  a p p ro a c h  leads to  g en e ra l com pu ter-o rien ted  
m ethods. T he  a u th o r  deals fro m  th is  p o in t o f  v iew  w ith  noisy no n lin ea r system s a n d  
quasiop tim al sy s tem s as w ell.

To e x te n d  th is  specific m a tr ix  co ncep t to  lin ea r system s, th e  au th o r in tro d u ces  
th e  step -response  vector a w hose com ponents a re  th e  p o in ts  o f th e  sam pled  step -response  
function . A  m ap p in g  m ay  be g iven  betw een th is  v ec to r and  th e  rea l p a r t  o f th e  freq u en cy  
v ec to r u, co n ta in in g  th e  sam p led  po in ts o f  th e  rea l-frequency  fu n c tio n .

A u =  a o r A 1 a =  u,

here  A is th e  m app ing  m a tr ix .
T his connec tion  be tw een  th e  tim e a n d  th e  frequency  d o m ain  can  be u tilized  in  

solving o p tim iza tio n  problem s. A m ong o th e rs  th e  a u th o r  shows a  so lu tion  to  th e  fo llow 
ing ta sk : g iv en  a  p la n t w ith  its  step-response v ec to r; how to  choose th e  s tru c tu re  o f  a  
feedback co n tro lle r  w hich ensu res a  tim e o p tim a l response ta k in g  a lso  some c o n s tra in ts  
in to  co n sidera tion . Sim ilar p rob lem s are  so lved  also  for non linear sy s tem s w ith a b so lu te  
s ta b il ity  (or h y p ers tab ility ) requ irem en ts.

M atrices A, A -1, H, H _1 necessary fo r th e  design p ro ced u re  a re  given in  th e  
A ppendix .

B esides th e  new  concep ts an d  m ethods th e  book  deals also w ith  th e  m ost s ig n ifican t 
ch ap te rs  o f  m o d e rn  contro l th e o ry , as th e  s ta te -v a ria b le  m ethod , th e  analysis a n d  s y n 
th es is  o f lin ea r a n d  non linear system s, o p tim a l co n tro l system s, s to c h a s tic  system s, tim e- 
variab le  an d  m u ltiv a riab le  system s, etc.



BOOK BEVIEW

The book  is characterized  b y  a  clear sty le, a n d  h as also a  pedagogical n a tu re  — i t  
leads the re a d e r  from  th e  th e o re tic a l concep ts to  th e  co m p u ta tio n a l m ethods. T he 
th eo ry  is il lu s tra te d  b y  num erous exam ples.

The book  is useful for eng inee rs  and m a th e m a tic ia n s  dealing  w ith  contro l th e o ry . 
I t  w ould  be  w orthw ile to  tr a n s la te  it to  E ng lish .

R . B a rs

P . L. R e i c h e r t z , G. H o l t h o f f : M ethoden der In fo rm atik  in der Medizin 
(Autom atic D a ta  Processing in Medicine). Springer Verlag, B erlin -H eidelberg— 
New York, 1975, 234 pp. (In  German)

A u to m a tic  d a ta  processing is becom ing m o re  an d  m ore im p o r ta n t in th e  p ra c tic a l 
and  th eo re tica l fields o f m edicine, w here its  ap p lica tio n s  a p p e a r  to  be m ore a n d  m ore  
successful. Im p o r ta n t  and  unso lved  problem s in  m ed ic ine  and  in  o rg an iza tio n  o f h o sp ita ls  
h ave  largely  co n tr ib u te d  to  th e  f a c t  th a t  in all fie lds o f  m edicine new  p ro jec ts a re  be ing  
carried  ou t. I n  th e  sam e tim e  th e  m eth o d s o f d a ta  processing a n d  m a th em a tica l an a ly s is  
lead  to  fu r th e r  know ledge in  m ed ica l research.

The W o rk in g  G roup “ M edizinische In fo rm a tik ”  o f th e  G erm an  M edical S ocie ty  
for M edical D o cu m en ta tio n  a n d  S ta tis tic s  h a s  organized conferences on th is  su b je c t. 
T h is book co n ta in s  th e  papers w h ic h  were p resen ted  a t  th e  conference in  H annover, 1974. 
T he aim  o f th e  conference a n d  th e  papers w as n o t on ly  to  p re se n t th e  basic an d  so lved  
problem s b u t  to  allow  the  p a r tic ip a n ts  and th e  read e rs  to  g e t e ssen tia l in fo rm ation  on  
th e  opera tion  o f  d a ta  processing sy s tem s in ac tio n  a s  well as new  p ro je c ts  being es tab lished  
in  th e  fu tu re . T h e  publisher in te n d s  to  m eet th e  con tinuously  in creasing  in te rest a n d  d e 
m and  on th is  sub jec t.

The m a in  sub jec ts covered  in th e  book a re :

-  re la tionsh ip  betw een co m m un ica tion  and in fo rm atio n  tran sm iss io n
-  princip les o f  p ro jec t-m an ag em en ts  in m edicine
-  problem s o f  com plex in fo rm a tio n  and co n tro l system s in h o sp ita l

— operations research  problem s
-  hardw are  a n d  softw are co m p o n en ts  o f th e  on-line d a ta  a c q u s itio n  system s in  la 

boratories
— special m easu rem en t p rob lem s
— te lem etric  d a ta  transm ission
— possib ilities an ti use of s ta t is t ic a l  quality  co n tro l in la b o ra to ry  d a ta  processing, e tc .

E ach  p a p e r  has its ow n A u th o r ’s In d ex . T he  papers a re  a rran g ed  in  a cco rd an ce  
w ith  th e  h a lf -d a y  sessions o f  th e  conference a n d  each  group o f  th e m  is in troduced  b y  a  
sh o rt su m m ary .

T . Gál

D. S e i t z e r : A rbeitsspeicher f ü r  D igitalrechner (Com puter Storage Devices). 
Springer Verlag, B erlin-H eidelberg-N ew  Y ork, 1975, 168 pp. (In G erm an)

The ra p id  progress in th e  design  and a p p lic a tio n  of d ig ita l co m p u te rs  an d  co m p u te r  
system s a re  p a r t ly  due to  th e  p ro g ress  in  m em ories. N ew  k inds o f  m em ories a re  a p p e a r 
ing and a re  b e in g  developed. T h e  progress h a s  b een  so rap id  — especially  in  th e  fie ld  o f  
th e  sem iconducto r m em ories s ince  th e  in v en tion  o f  th e  in teg ra ted  c ircu it tech n o lo g y  - 
th a t  it is d iff icu lt to  keep in  to u c h  w ith  th e  s ta te  o f  th e  a rt.

The p u rp o se  o f th is  book  is to  give a  college-level t r e a tm e n t  o f im p o rta n t p r in 
ciples o f th e  m a in  com puter s to rag es . ( I t  co n ta in s  th e  lec tu res de livered  for s tu d e n ts  o f  
electronic eng inee ring  in  th e  7 th  sem ester.) T h e  read e r is a ssu m ed  to  be aw are  o f  th e  
essential know ledge of sem ico n d u c to r physics a n d  technology.

The fii's t ch ap te r describes th e  role o f  th e  m ain  sto rage  in  a  com pu ter sy s tem , 
um m  arizes th e  im p o rtan t p a ra m e te rs  and  m a k e s  a  com parison  betw een  them .
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The second  and  th ird  c h a p te rs  are  devo ted  to  m em ories u s in g  m agnetic  m a te r ia ls . 
T he  im p o rta n t m agnetic  p ro p e r tie s  o f th e  fe rrite  cores and th e  th in  film  m ateria ls  a re

presen ted . I n  ad d itio n  to  th e  w ell-know n 2D, 3D  a n d  2 — D  sy s tem s (1) m eans h e re

dim ension), som e special k inds o f  fe rrite  m em ories ( th e  biax, th e  tw o-co re-per-b it sy s tem , 
th e  flu te  m em o ry  and  th e  la m in a te d  ferrite  m em ory ) are also tr e a te d .  Among th e  th in  
film  m em ories th e  p lanar th in  film  stores, th e  cy lind rica l th in  film  (plated-w ire) s to res  
an d  th e  tw is to r  sto res are described  in  detail.

C hap te r 4 deals w ith  th e  connected  p e rip h e ra l c ircu itry  o f  th e  m em ories, e.g. th e  
selection, decod ing  and  d rive  c ircu its , sense am p lifie rs , etc.

The la rg e s t, and m ost im p o rta n t p a r t  o f  th e  book, C h ap te r 6 gives a  very  good 
sum m ary  o f th e  sem iconducto r m em ories c o n ta in in g  th e  m ost m o d e rn  types, too . I t  is 
d iv ided  in to  fo u r essential p a r t s  tre a tin g  th e  ra n d o m  access m em ories  (RAM ’s) th e  se 
quence access m em ories, th e  re a d  only  m em ories (R O M ’s) and  th e  associative m em ories. 
B ach  o f th em  is v e ry  com prehensive. The first p a r t  describes besides th e  w ell-known ty p e s  
th e  m ost m o d e rn  ty p es  o f th e  s ta tic  and  dynam ic  m em ories, am o n g  o th e rs  th e  in jec tio n  
coupled m em ories, th e  sta tic  R A M ’s w ith  n o rm ally  o ff-type S ch o ttk y -b a rr ie r  F E T ’s, e tc . 
I t  is followed b y  th e  discussion o f  th e  sequence access m em ories, th e  sta tic , dy n am ic  
sh ift reg isters a n d  th e  u p -to -d a te  charge coupled  devices. The p re se n ta tio n  o f th e  re a d  
only  m em ories inc ludes th e  e lec trica lly  p rog ram m ab le  R O M ’s, a n d  also  th e  rep ro g ram m 
able  R O M ’s. T h e  ch ap te r is en d ed  w ith  th e  p rin c ip les  o f  th e  a sso c ia tiv e  m em ories.

The la s t  ch ap te r is d e v o te d  to  tw o k inds o f  bu lk  m em ories. T he m ost p rom ising  
ty p e s  are th e  b u b b le  m em ory  a n d  th e  op tica l m em o ry .

A t th e  en d  o f each c h a p te r  is an  A u th o r’s In d ex . The S u b je c t Index  com pletes 
th e  book.

T hough  th e  book was w r it te n  firs t o f all fo r s tu d en ts  it  m a y  also  be very  v a lu ab le  
for engineers in  p ractice , w ho as  specialists in  th e i r  fields a re  n o t  alw ays be able to  
follow th e  neighbouring  fields a t  th e  required  in te n s ity . The com prehensive  su m m a ry  
o f sem iconducto r m em ories m a y  be o f in terest ev en  fo r specialists engaged in  th e  field .

T . Gál
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P R O B L E M S  OF C O N T R O L  A N D  I N F O R M A T I O N  T H E O R Y , V O L. 4 (3 )  
E N G L IS H  T R A N S L A T IO N  O F  T H E  C O M M U N IC A T IO N  I N  R U S S I A N

OPTIMAL OBSERVATION OF BOSON SIGNALS IN 
QUANTUM GAUSSIAN CHANNELS

У. P . B E L A V K IN  

(M oscow)

T h e  problem  o f  o b serva tion  o p tim iza tio n  in n o n -id ea l channels s u b je c t  to  
q u a n tu m  sta tis tic s  is fo rm u la ted . T he d -co h e ren t m easu rem en t defin ing th e  op 
tim a l lin e a r estim ation  [1 ] in  th e  genera l (non-G aussian) boson case is p ro v e d  to  
be th e  o p tim a l obse rv a tio n  m inim izing th e  B ayes q u a d ra tic  risk  o f e s tim a tin g  th e  
G aussian  in p u t signal in  lin ea r G aussian  channels w ith  B o se —E inste in  s ta tis tic s .

A  com plex genera liza tion  o f th is  quad ra tic -G au ss ian  problem  is fo rm u la te d  
allow ing indefin ite  c o m m u ta tio n  re la tio n s  [y, y  + ] =  C. T hrough  decom position  
T  =  T + +  T _ defin itiz ing  op tim ally  m a tr ix  C, th e  genera l form  A  — A + -j- A  _ ,

A ± =  T ± j f i  +  - Oj o f  o p tim al lin ea r tran sfo rm  A y  o f  o u tp u t o b serv ab les  у

generaliz ing  th e  classical T R -1  =  y, is fo u n d .

Introduction

In  th is paper the problem  of observation optim ization (i.e. m easurem ent, 
estim ation and  filtration) is form ulated a n d  solved for Gaussian signals in  
linear quan tum  channels. One m ay believe th a t  these signals are electrom ag
netic fields on th e  aperture o f th e  receiver — b u t here such specialization is 
no t necessary — any  boson field  m ay be considered [1]. T he results can be 
applied for solving the  problem  of op tim ization  of optical coherent signals 
processing in laser com m unication, whose corresponding classical results w ith 
out tak ing  into account the q u an tu m  natu re  o f electrom agnetism  are not p re 
cise [2]. Such quan tum  problem s arise also in  optim ization observation a n d  
control w ith  microscopic system s, and also macroscopic system  of extrem e 
high precision. Solution of the problem s has a  principal significance for general 
system  theory.

I t  is proved th a t  linear estim ation an d  filtra tion  [1] like the classical 
case are absolute op tim al for G aussian a 'priori d istribution, G aussian additive 
noise and quadratic  cost function. A previous solution of th is  problem  is p re 
sen ted  in [3], w here th e  op tim ality  is proved supposing th e  uniqueness o f 
solution of the  corresponding equation  (uniqueness is proved in  Ref. [3] only 
in quasi-classical approxim ation). U nlike the  m ethod  of R ef. [3], th a t p re 
sen ted  here is more universal an d  gives an exhaustive solution of the quad-

1



2 BELAVKIN: OPTIMAL OBSERVATION OF BOSON SIGNALS

ratic-G aussian p rob lem  also in  th e  sense o f uniqueness. F o r th e  sim plest 
one-m ode case allow ing norm al com plex represen tation , op tim a lity  of linear 
estim ation  and  corresponding in d irec t m easurem ent were estab lished  also in  
[4 ,5].

1. Optimal observation of quantum signals

Like [1], an  observable quan tu m  signal (i.e. the q u an tu m  field a t th e  
apertu re  of a  receiving an tenna) will be d en o ted  by a fam ily  of sym bols 
у  =  {yr, г £ T }  forming over algebraic operations a non-com m utative, w ith  
respect to  m ultiplication, algebra of observables ID. As it  is accepted in th e  
quan tum  th eo ry  (see, e.g. [7]), w ithout im posing restrictions on generality, 
algebra *21 will be  identified w ith  an algebra o f operators acting in H ilb ert 
space 3- The sta tis tica l s ta te  over the algebra of observables Щ is a function  
o f tran sm itted  inform ation 8  £ 0 ,  this fac t being reflected b y  the  param etric  
dependence o f th e  density o p era to r (d. o.) g(8) from 8. F am ily  {g(8, 8 € 0 }  
describing for each 8 a s ta te  over the o p era to r algebra 2У plays the ro le  of 
conditional p robab ility  densities p{y \ 8}. I t  is in order to  rem ind here th a t  
an y  positive (i.e. non-negatively defined) operator g 0 having a u n ita ry  
trace  Trg =  1 is d.o. of some s ta te  and defines m athem atical expectations </> 
o f observables /  f  21 th rough  formula (/>  =  T r fg.

A rb itra ry  (including indirect) observations of quan tu m  signals a re  de
scribed by operator-valued measures П  over the space o f expected m easu r
em ent resu lts Я £ A. O perator probabilities (o.p.) П (see [8]) are the q u an tu m  
generalization of conditional probability  distributions P(  • \ y) to  Л a n d  are 
in all respects th e ir analog g : th e y  are defined as positive denum erably-additive 
mappings Г1{ • ) of c-algebra o f subsets o f  se t A  into o perato r algebra ^  sa tis
fying the  norm alization condition

Jtf(dA) =  1 , ( 11)
л

where 1 is a  un ita ry  o p era to r of algebra 1У. Like the classical case, p ro b ab ility  
P(A) of ev e n t Я £ A is m athem atical expecta tion  </7(/l)>. In  case of o.p. sa tis
fying th e  orthogonality  condition П(А) П(А’) =  0 for all non-intersecting 
A, A’ £ A,  i t  describes d irec t (rather th a n  indirect) observation, i.e. th e  ideal 
m easurem ent of observables Я =  J  /.Il(d/.) of algebra aU having com m on o rtho 
projectors n(dX). O therwise, observation is indirect even  if elem entary  events 
Я € d l  a re  still described b y  o.p. II (d/.) =  11(a) dX proportional to  som e pro
jectors 7Г(Я) into non-intersecting (b u t non-orthogonal) sub-spaces .'рл c  £>• 
Indirect, w ith  respect to  quantum  signal y, m easurem ents are also referred  to 
as quasi-measurements.
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In  th e  classical case, th e  received signal is, in  principle, com pletely ob 
servable, and an y  inform ation contained  in it m ay  be ob tained  as the resu lt 
of a rb itra rily  accu ra te  reg istra tion  of the  signal. In  th e  quan tum  case, there is 
no such a un iversal complete observation. Therefore, solution o f synthesis 
problem s gives rise to  a specifically quantum  problem  of observation optimiza
tion. In  order to  fin d  optimal s ta tis tica l solutions i t  is ev idently  sufficient to  
consider only those observations whose sets of expected results coincide w ith  
space 1У of allowable estim ates (each estim ate being observation r e s u lt !). In  
doing so, o .p.’s are also decision operators. This approach  has p roved  successful 
in  solving some B ayes problems o f  quantum  signal processing optim ization 
[4, 5, 9, 10].

The Bayes o p tim al observations are described b y  o.p. ’s m inim izing mean risk

Ä =  J J C ( A ,  ■») ■ P{dX I #)P{M) ,  P{dX \ ■&) =  Tr77(7A) e (0), (1.2)

where C(A, 0) is cost function, a n d  P(dS) is a given a priori d istribu tion  of 
p robab ility  of in form ation param eters  (or hypotheses) i). The condition of 
risk  (1.2) m inim ality , generalizing th e  conditions form ulated  in  [2] for hypo
thesis d iscrim ination problems, is th a t  of operator

Л =  J  &(A) n°{dX)  (1.3)

being H erm itian, w here át(A) =  J  C(X, {)) о (it) P{dif)\ together w ith  th e  con
d ition  o f positiveness

H(A) — Л ^ О  (1.4)

it is also a sufficient condition of o p tim a lity  if o.p. 77° satisfies th e  orthogonal
ity  condition (optim ization in the class of indirect observations in [2] was not 
considered).

In  th e  general case, there m ay be no solution 77° of problem s (1.3), (1.4) 
in th e  class of o rthogonal o.p.’s. To iso late th e  op tim al 77° in th e  class of ar
bitrary observations, condition (1.3) should  be supplem ented w ith  condition

( И ( А ) - Л )  • #(dA) =  0 (1.5)

which is satisfied au tom atically  on ly  for orthogonal o .p .’s. The necessary 
op tim ality  condition (1.5) was ob ta ined  in [4, 5, 10]. Together w ith  (1.4), it 
means, in  the  classical case, th a t th e  op tim al decision rule 77(<7A \ у ) is non- 
random ized and  concentrated  only in  those points A =  y(y) where th e  a pos
teriori risk  cü(A) has m inim al value for each  y. In  the quan tum  case, conditions 
(1.4) an d  (1.5) have a sim ilar meaning, however, th ey  do no t im ply th a t  under 
different A optim al o .p .’s are orthogonal, and corresponding to  th em  obser
vations are  non-indirect. Conditions (1.4) and  (1.5) m ay be readily show n to  be 
sufficient [11].

]*
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2. R eal quadratic-Gaussian case

L e t th e  transm itted  signal § (set o f  param eters f) — {f)x} to  be estim ated) 
be a Gaussian vector (column) with values in real space df of d im ensionality r, 
zero m ean value, and know n correlation m atrix  S  — 11 (fix9ß} \ \. L e t received 
real boson (see [1]) signal у  be real-linearly  m odulated and  Gaussian a t  each 9. 
This m eans th a t у  =  {yT} is superposition у =  Di) +  I  where D  =  |] Drx || 
is a real m atrix , and 'Q =  { | r } is G aussian real (f* =  | T) boson noise of a 
channel w ith  zero m ean value (£)  =  0 defined b y  m atrices

N  = G = ( 2 . 1 )

(briefly, N  =  £T>(, G =  [I, | т ], I is a  column, an d  | T is a row).

An optimal, w ith  respect to  th e  criterion

C(X,fi) =  - { X - ö ) T G{X —  fi), G =  | | G ^ | | > 0 ,  
2

( 2 . 2 )

observation  is to be found  realizing Bayes (Section 1) estim ate X £ °U.
Statement 1. U n d er the conditions form ulated above, the  op tim al obser

vation  reduces to  th e  op tim al coherent m easurem ent of repetitively  commuting 
observables и =  } A XIyTJ= A y  as introduced in  [12] where m atrix  A satis-

T

fies E q . [3, (3.10)} w hose complex form  is shown in  (3.6). Below we shall refer 
to  th is  m easurem ent as G-coherent.

The proof will require the following represen ta tion  of th e  boson channel 
defined by  decom position |  =  a +  a*, orthogonal w ith  respect to  a sym m etric 
positively  defined m a trix  H — || H xr || : a7Ha — 0, and satisfying the  com
m u ta tio n  relations [a, aT] =  0, [a, a  + ] }> 0 (a+ =  {a* } is a row associated 
w ith  column a — {aT}). Decom position |  =  a -\- a* referred to  as //-norm al 
w ith  respect to  (non-norm alized) annihilation operators ax and  associated 
creation  operators a*, is defined b y  a projection m atrix  P : a =  P | ,  a* =  P * |  
satisfy ing conditions P  -f  P*  =  I ,  P +HP* =  0 and definitizing (antisym 
m etric, imaginary) m atrix  C : PC  =  C P + (> 0. I f  m atrix  C is non-singular 
(this is implied below  for the sake of sim plicity), m atrix  P  is defined uniqely
, 1
by m atrix  H : P  — -  ( /  +  sign CH) .

2

Definition. R epresen tation  o f  operators g b y  functionals p(9) over rea l 
space S of vectors 9 =  {/>r, r  £ T  ) as norm ally  ordered expressions g =  : 
=  : p(a -[- a*): (i.e. such th a t  a ll operators {a * } ac t after operators {ях}) is 
called //-norm al if  decomposition £ =- a +  a* is //-norm al.
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I f  functional Pt('d) is d.o. o, o f  additive boson noise of a  channel with 
respect to  //-n o rm al decom position f  =  a  -j- a*, th en  functional p(ft) =  
— 7 b — Dft) is d.o. о {ft) of the o u tp u t у =  I) ft +  |  of this (linear) channel 
w ith  respect to  //-n o rm a l decom position у  =  b -)- b* (shift transform s b =  
=  a -f- PD  ft do n o t change ordering).

In  //-norm al representation, d .o . of Gaussian boson noise is described by 
a functional

Pt(ft) =  det |СЛг/71|1/г exp j--- — ftT N j^ft  J , (2.3)

w here m atrix  N h is ZZ-antinormally ordered correlation m atrix  o f noise |  =
=  a a*:

N H =  <a,flt +  aji*  +  aza* -f  a*a*}.

I t  is re la ted  to  m atrices (2.1) by re la tio n

N H =  N  +  Re PCP+ = N  +  — \CH\ / / - 1 (2.4)
2

which m ay be readily  obtained by passing to  sym m etrizing (Wigner) ordering 
th ro u g h  com m utation relations [a, a + ] =  P C P + an d  taking in to  account 
th a t  m atrix  2R eP C P +H  =  sign(C7/)C7/ is m odule \C H \  of //-H erm itian  
m atrix  CH.

B y substitu ting  in  (2.3) operators у  =  Di) for & a n d  integrating quadratic- 
G aussian expression

C(A, ft) : pg(y — Dft) : p(ft) (p(ft) =  det (2ttS )~ 1!2 exp {—ftTS ~ 1ft/2})

over ft, one easily finds th e  operator o f  a posteriori risk  in //-n o rm al represen
ta tio n  :

Jt(/) =  : Sipy(y ) : +  - j : (A —  Ay)T G(A — Ay) p y(y ) : (2.5)

Here is trace of SpSG(2 — AD))2 in  e\l, A  is so lution of equation

A (D S D T +  N) +  — A\CH\ H -1 =  R D T (2.6)
2

and py( • ) is Gaussian density

p y(y) =  det \C(DSDT +  M ) ~ ^  exp  j— ~  ftT(DSDT +  Ж )-1 ft

defining d.o. q — \ о ( ft ) P(dft) =  : py(y ) : as a norm ally ordered, w ith respect to  
operators b — py, b* =  p*y, expression.
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Proof of Statement 1. Consider firs t a case w here dim ensionalities of spaces 
$ an d  dt coincide. Then, if Eq. (2.6) after substitution of H  =  A TGA has non
degenerate solution A 0, it defines a unique o.u. 77° satisfying necessary and suffi
cient optimality conditions (1.3), (1.4) and (1.5).

Indeed, by tak in g  in (2.5) A  =  : Slp(y): =  átg, A =  A 0, у =  b -\-b*, 
b y  placing operators b =  { } ,  b* =  {b*} in th e  normal order, and  taking 
in to  account th a t  (b -  ß)TA oTGA°(b -  ß) =  0 a t  H  =  A oTGA°(ß =  P A °~Ч), 
one m ay represent operator oR(A) — A  in the following form

Ä(A) — A  =  (b —  ß)+AoTGA°Q(b — ß) (2.7)

where its positiveness is evident. O perator (2.7) for each ß has a  unique eigen
vec to r rp(ß) £ §  corresponding to  th e  zero eigenvalue, a coherent s ta te  vector 
w hich is also the  rig h t eigenvector of annih ilation  operators {bT} w ith  eigen
values ß — {ßr} : bxcp(ß) =  ß/pp. As shown in [13], system  of coherent vectors 
{pß} is nonorthogonal and overfilled and, consequently, defines a unique op
tim al quasi-m easurem ent described by  a  family o f coherent pro jectors {я°(А) =  
=  (p(ß)(f(ß)}, A =  ß -|- ß* £ dt. A ny such a fam ily m ay be represen ted  as lim it
lim  7ie(A) of a fam ily  of G aussian d .o .’s 
0^0

ti0(A) =  det 2sh—— A C A TG 
20

А ( - л У)ГС(я- ау)
( 2 . 8 )

A£de-

E ach  family (2.8) defines a G aussian o.p. 776(<7A) =  jterfp(A)/det ] AC A T I1 2
Г

norm alized w ith respect to  m easure dp(X) =  / /  (dXaf \ 2л) an d  describes for
a = l

0 —► 0 an optim al, w ith  respect to  criterion (A — u)T G(X — u) coherent m easur
em en t of linear functionals и  =  A y  [12]. Thus, optim al p ro jectors 77°(A) have 
th e  form of (2.8), are com pletely defined by solution A  =  A 0 o f Eq. (2.6) for

H  ~'1 =  A TGA an d  realize m inim al risk Jt° 1 SpSG(I  — A°D) coinciding

w ith  th a t found in  [3]. As distinguished from  th e  classical case, the  op tim al 
observation depends essentially on the  form o f quadratic criterion (2.2), i.e. 
on m atrix  G. T h a t is why we call it G-coherent observation (m easurem ent) 
o f  non-com m utating observables u° =  A°y.

In  the general case, m atrix  A  in (2.6) has dom ain of values A$  belonging 
to  d f: A3  c  df an d  rank r(A) <£ r(r =  dim  Ti). I f  r(ATGA) <£ r(c), one m ay  
t r y  to  reveal th e  indeterm inacy o f conversion [ATGA)~1 arising a t  substitu tion  
o f H  =  A TGA in to  (2.6) by  introducing function  sign(o') =  | x \fx:

A \ CH\ Я “ 1 =  A  s ign (CH)CH=ATGA sign(ACATG)AC.
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As a  result, E q . (2.6) tu rns into E q . (3.6) deduced  in [3] for th e  Gaussian 
real case b y  m inim ization of the  m ean-square risk  in  the class o f operators 
и  =  J  ХП {(IX) and  b y  using the generalized H eisenberg inequality  (u v T}+

1 T
This equation enables one to  isolate solution A  — A 0 if it

2
satisfies the  condition of m atrix  A°CAoT non-singularity  in  sub-space 
A ^ ^ d i ,  otherw ise m atrix  sign(A°GAoTG) is n o t determ ined over A I f  
such A 0 does exist, i t  defines th e  op tim al observation, G-coherent m easur
em ent of observables u° =  A°y. Indeed , since th e  non-singularity  o f m atrix  
A°C A oT in A % is equivalent to  th e  non-singularity  of m atrix  C\ induced by 
m atrix  C in sub-space A oTGA°S; sub-space =  A oTGA°$ and H  =  A oTGA° 
m ay be tak en  as defining //-norm al rep resen ta tion  of space an d  m atrix  H. 
B y representing d.o. о (ft) in the form  o f norm ally ordered expression of cor
responding operators b =  Py, b* =  P*y  form ing “sufficient s ta tis tics” 
yL =  b b* — E ry : A°y — A°y^ (being un it I  in projector E  =  P  +  P* 
from  <§ to  <!, satisfies condition A ° E 1 =  A 0), o p era to r of a posteriori risk m ay 
be read ily  shown to  have in this case also the  form  of (2.5) w here A  =  A 0. 
Orderliness w ith  respect to  the balance o f operators y2 — у — CE, C ^1y1 com
m uting w ith y1 =  E xy  and  included only  into: j>yjy  : =  q is unessen tial for 
detection  of non-negative determ inacy Sl{X) — A  >> 0. Indeed, b y  assuming 
in (2.5) A =  A 0, tak ing  into account th a t  A°y — A°y1 = A°{b +  ib*) and 
arranging operators b in th e  norm al order, ob tain  positively defined operator

Ä(A) — A  =  (b —  ß)+ A oT GA°e(b — ß) +  — X1[GX2q (2.9)
2

where X2 is G-orthogonal complement o f vector X1 =  A n(f> ß*) : X =  X1 -f- Я2, 
X!,G/4 =  0. In  accordance to  this, the  op tim al observation  is described by  o.p. 
concentrated  a t X2 0 in sub-space A°$  c  d f : n°(dX) =  0 where it  is still 
described by  G-coherent projectors ^"(/q) represen tab le by operato rs (2.8) 
a t X £ A°$  and  в —* 0.

F inally , if there is no solution A 0 o f (3.6) satisfy ing the condition o f non
singularity  of the  m atrix  induced by  m a trix  A ° C A 0T in A 0 $, th is  equation 
should be com plem ented by  equation A C A TGSU0 =  0 over some sub-space 
dfo <C A  §> th a t  gives a condition for determ ining th e  indefinite value o f m atrix  
В  =  sign (AGA TG) over ölf0. W ith app ropria te  “If 0 th is  se t of equations already 
has a  solution. (In particu la r, a t dl,, =  th ere  is alw ays a solution correspond
ing to  th e  com plete com m utativ ity  \u, u r \ =  A C A T =  0). Among all pos
sible solutions, optim al ones A 0 should be  sorted o u t b y  means of inequality  
I A °G A oTG I B A ° C A 0TG, this corresponds to  determ ination o f signature
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values over in terva l —1 <£ В  J (equality sign should take place a t least 
over G-orthogonal com plem ent 6[l1 =  ^4$© <’lfc to  <51!0 over which th e  signature 
is n o t determ ined). B y  using th e  norm al ordering w itli respect to  operators 
b =  Ру, b* =  Ру (P +  P + =  E r is u n it of ( A ^ G A 0)-1 — orthogonal com
plem ent i ,  =  Ä ,T GA 0 © $0 to  th e  kernel of induced m atrix  C in A 07 G A0 $ =  
=  §>0 0  $,) and y 0 — representa tion  w ith respect to  com m uting w ith  each 
o th er and w ith y v =  Е лу  operators y 0 =  E 0y (E0 is projector in to  i 0), one 
easily finds th a t  operator (2.9) will involve a  th ird  non-negative te rm  
(A0 — A tty n)r Go(kn — A °y0)/2 corresponding to  th e  ideal direct m easurem ent 
of com m uting observables A ° y 0 w ith  results /„  £ d f. Note, th a t  solution A 0 o f  
(3.6) which is understood  in degenerate cases in th e  m entioned above generaliz
ed  sense, m ight be ob tained  th rough  solution of a m ore general m a trix  equation 
ob ta ined  in [1] th ro u g h  m inim ization of risk in th e  class of Gaussian o .p .’s
(2.8) for finite в >  0 as lim it A 0 — lim A 0.

e-o

3. Complex generalization and more general solution of the optimal 
linear estimation equation

1. In  Section 2, while proving the o p tim ality  of coherent observation, 
usefulness of com plex represen tation  was dem onstra ted  which stem s form th e  
n a tu ra l complex s tru c tu re  of quan tum  signals. F rom  the view point of th e  
re la tiv ity  theory  of quantified fields, real signals are a  special (i.e. really  neu tra l) 
case of complex quan tum  signals. In  the general case,* the  boson signal is 
described by com plex vector y {y x} whose com ponents yT are repeated ly  com 
m uting with conjugate y*:

\ya, y*\ =  [ya, y T\ =  [у*, I/?] =  0, [y, CaT] =  0. (3.1)

Since (y* ■ yz)* =  y* ■ уa, m a trix  C of com plex num bers CaT is H erm itian , 
C + =  C, and, generally speaking, indefinite. In  particu lar, if m a trix  C is an ti-

T  r  1sym m etric С =  C, then  у is a com plexification у  =■ w= (yR +  i y / ) of real boson
l 2

signal yR of the sam e dim ensionality  [yR, y R] =  С (у/ is a copy o f y R: \ylt y t ] =  
=  C; [y„ yTR] =  0).

* C o m m uta tion  re la tions (3.1) m ig h t be rep re sen ted  also by  se lf-con jugate  gen era
1 1

to r s  b y  m ak ing  s ignals real, yR =  (y +  y*); y ,  

s iona lity  o f a  signal m ade real w ould  double.
V2 i

(У — У*)> how ever, th e  d im en-
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L et tran sm itted  signal be  represented b y  a random  v ec to r 9 =  ] w ith
com plex values and  G aussian distribution**

P(oc#) =  p(D) d(i(9)
where

p($) =  det (S-1 e - 9TS~'9, d^d)  =  J /  — dRe&^dlm'&m. (3.2)
a  ^

An o.p. IJ(X) is to be determ ined over v ec to r space di o f  complex values 
o f estim ates X =  {X,x} th a t describes an op tim al, with resp ec t to  qu ad ra tic  
criterion

C{X, #) =  (Л — #) + G(X — •&), G <  0, (3.3)

observation of superposition у  =  Di) - f  |  o f linearly-com plex m odulated 
signal '& and com plex Gaussian boson noise | .  T he la tter m eans th a t  the observ
ed signal у is described by com plex generators {yT} satisfying relations (3.1), 
an d  for each 9  has Gaussian d.o.

q{&) =  det |1 — e -QC\ e-(y-c»)+ Q =  ||QJ| >  о. (3.4)

Statement 2. Solution of the formulated complex quadratic-Gaussian opti
mal observation problem is completely determined by a complex matrix A  =  ] | A„\ \ 
and is described by coherent o.p. which may be conveniently represented as limit 
17° =  lim 11" for 0 —>-O of non-singular Gaussian o.p. I I е(dX) =  л"(Х) dg(X):

л°(Х) =  d e t \ AC A+(l -  e ^ ^ CA+) ~ ^  e ~ ^ ~ Ay)+ ° ^ Ay) (3.5)

du(X) I ! — d Re X/H m  X^.J  I  nr

Matrix A  minimizing the mean-squnre risk of linear estimation satisfies 
equation

A R  -f- — sign (ACA+ ■ G) A C  =  T  (3.6)
2

where R, T  are correlation matrices

R 1
2

<Уо, У* +  У* Уа) ) т =  I <#*?/?>

** I t  is n o t reasonab le  to  co n sid e r th e  com plex  rep resen ta tion  o f  m ore genera l 
G aussian  signals w ith  densities in v o lv in g  term s • iiß, U* ■ hfj along w ith  te rm s U* ■ 0ß. 
T h ey  should be rep re sen ted  by  rea l v ec to rs  of doub led  d im ensionality .
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expressed through  the in itia l correlation m atrices of signal 8  and noise N  =

=  — C  cthQC  in the conventional m anner, R  =  D S D + -J- N,  T  =  S D  + . 
2

T he proof follows th e  same reasoning as in the  re a l case. For d.o. (3.4) 
a represen ta tion  is used having the form  o f an appropria te  norm ally ordered 
expression. W e are n o t going to  rep ea t it, mention on ly  th a t the  tran sitio n  
from ordering (3.4) to  th e  norm al ordering  is, in m athem atica l term s, a  known 
transition  [14] from indefinite m etric  { x ,  x }  =  x + G x '  to  positive one 
I x \  x  I =  x % C x * — x t C x ' -  by m eans o f decomposition Ж  =  2C+© +  of 
complex space Ж  (dom ain of definition o f operator-valued functional y ( x )  =  
=  x ~  y )  in to  domains o f positiveness x+ C x +  < 0 ,  x +  £ Ж +  and negativeness 
x t C x ^  <  О, X- £ Ж- orthogonal w ith  respect to  a  sca lar product ( x ,  x )  =  
=  x + H ~ 1 x ' .  The only difference from  th e  real case is th a t  operators o f an 
nihilation b+ =  y ( x + ) an d  creation b* =  y ( x ~ )  in decom position y ( x )  =  
=  b+ +  b— commute an d  are re la ted  to  different m odes (in the  re a l case 
b+ =  for real H  an d  x  =  x +  +  x — ) .

2. To isolate th e  explicit so lution o f Eq. (3.6) satisfying th e  condition 
o f non-singularity  of m atrix  A C A +  in  А  Ж  introduce th e  following no tations:

K = \ \ ( . y * y ^ \ \  ||<у,у?>Ц = £  +  i ( 7  (3.7)
z z

and  ca rry  o u t factorization T  =  T + -f- T -  of m atrix T  =  11 y*) \ \ satisfying
the following conditions:

T + iK - 1 — L ~ l) T% >  0, T - ( L ~ X -  K - 1) T t  ^

^  0, T +{K~X — L ~ x) T t  =  0. (3.8)

There alw ays exists such  a G -orthogonal decomposition, matrices T  + being 
defined uniquely th ro u g h  formulae

T ± =  — (I  ±  sign (T  {K - '  — L - ^ N + G ^ T  (3.9)
2

if m atrix  T (K ~ X — L ~ X) T + is non-degenerate over subse t T Ж <  At o f m atrix  
T  values. In  the case o f Т Ж  <  ®lf, m atrix  inequality  (3.11) provid ing  this 
non-degeneracy in accordance w ith  (3.13) should be regarded as a s tr ic t  posi
tiveness only over sub-space Т Ж .

Statement 3. Solution of Eq. (3 .6) may be represented in the following form 

A 0 =  T + L ~ X + T - K ~ X (3.10)
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only if matrices K, L  and factorization (3.9) of matrix T  satisfy inequality

T +(L~1 -  Ь - Ч С Ь - ^ Т Х  +  Т Ц К - 1 -  K ~ 1L K ~ 1) T t  <  0. (3.11)

TProof. Indeed, assum e th a t am ong m atrices A  for w hich m atrix  AC A 
is non-degenerate a t least over sub-space of values of АЖ, th e re  is one such 
th a t it transfo rm s Eq. (3.6) into iden tity . T hen i t  m ay be factorized uniquely  
A  =  A + -j- A  _ so th a t  conditions

A ±G A + =  0, A +CA% >  0, A_C A±  <  0, A +CA+ =  0: (3.12)

A ± =  -  ( I  ±  sign (ACA+ G)) A 
2

are satisfied. B y m aking changes in E q . (3.6) —R  =  (K +  L)f2, C =  L  — K -  
obtain an  equation  w ith  respect to  A  + , A , : A +L  +  A _ R  =  T. The solution 
of the la tte r  equation m ay be represen ted  as A + =  T  +L ~ l, A _ =  T_K~~1 
through factorization T  =  T + -f  T _ satisfying conditions T+GT + =  0,

T A L - '  -  L - i K L - ^ T l  >  0, T _ ( K ~ l -  R ~ 1L R - 1) T + >  0,+ / + _  V  ----- (3.12a)
T +( K - 1 — L ~ l)T ± =  0

obtained b y  subsitu ting A + =  T + L ~ X, A _  =  T _ R ~ 1 into (3.12). Conditions 
(3.12a) assure th a t  conditions (3.8) defining m atrices (3.9) are satisfied b e 
cause th e  following m atrix  inequalities hold:

K - 1 -  L - 1 >  L ~ 1K L ~ 1, L - 1 — К - 1 >  K - 1 -  K ~ 1L K ~ 1 

which follow from identities

L - 1 -  L ~ 1K L ~ '  -  K - 1 -  L - '  -  ( K - 1 -  L ~ 1)K(K~1 -  B _1),
(3.13)

K - 1 -  K ~ 1L R - 1 =  L - 1 -  R ~ '  (L - 1 -  R - ^ L f i - 1 -  R ~ l).

This com pletes the proof of S ta tem ent 3 because inequalities (3.12a) in Ж are  
equivalent to  inequality  (3.11) in T%.

R epresen t solution of (3.10) w ith  allowance for (3.7), (3.9) as

A 0 =  [TR-1 — sign (T R - 1 £( 1 — S2Г 1 T+G) T R  ~l &] (1 — H2)-1 (3.14)

where $ =  — CR~X. N ote th a t th e  estab lished  optim al linear transform  A 0 

from Ж in to  df was found previously [1] only for simple cases adm itting  norm al
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complex represen ta tion  (evidently, fo r C >  0, A 0 =  T L ~ X and for G <1 0, 
A 0 — T K ~ X) and also for th e  one-mode one

where

3. D em onstra te  ano ther, direct w ay  to  solve th e  quadratic-G aussian 
complex m easurem ent problem  based on a natu ral ordering where operators 
y* act to  th e  left of y. In  th is  representation, d.o. (3.4) is described b y  a  Gaus
sian density  Pj(#) norm alized to  u n it j p ^^ d y i f t )  == 1 : g('ft) — d e t  | C \ : 
Pt(y — 7)ft): ; and the  a posteriori risk operator determ ined  hy in tegra tion  
Jc(A, ft) : p s(y — Oft): p(ft)dy of the qu ad ra tic  cost function  (3.3) w ith G aussian 
a priori d istribu tion  (3.2) is described b y  a quadratic-G aussian expression

Jt(A) =  d e t I G I [& :py(y):  +  : (1 -  T L ~ xy)+G(7 -  T L ~ xy)Py(y) : ] =
(3.15)

=  Sig +  (Я — TIj~1y ) +GQ{X -  T L ~ xy)

where át =  SpG(S  — T L ~ XT  + ), and py{7)) =  det [_1exp{ — 'ft +L ~ 1ft} is density  
p({'ft — DD) defining G aussian d.o. g =  [ p(f))P(d'ft) an d  averaged together 
with d istribu tion  (3.2):

(3.16)

I f  operators и  =  TIj~xy  have non-negatively defined com m utator m atrix  
[it, и + ] =  T ( L - X — J j- \K Jy-r)T + )> 0 th en  orderliness o f these operators in 
(3.15) is norm al, and th e  op tim al observation is reduced to  their G-coherent 
m easurem ent described, in  th e  complex situation , by  operators (3.5) a t  A  =  
=  T L ~ X an d  Ö — 0.

In  th e  general case, to  pass to th e  norm al ordering one has to  m ultip ly  
operator (3.15) from the rig h t and from th e  left by g~^ an d  take into account 
formula g^yp-^ =  ][LK-Xy.

The transform ed o perato r H(A)g~^ is represented by a quadratic  
form w ith respect to  operato rs V =  T M ~ xy  (where M ~ 1 =  L - x)pLK~ *) th a t
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m ay be read ily  ordered*:

e -+ & (A )e-+ =  &+ (A+ -  T +M ~ 'y ) +G(X+ -  T +M ~ 1y) +
4- (A_ — T _ M ~ 1y)T G*(X_ — T _ М ~ гу)*.

H ere T ± are m atrices (3.9) perform ing orthogonal decom position T +GT + =  0 
o f m atrix  [V , F  + ] =  T ( K -1 — L ~ X) T + in to  positive and  negative p a rts ; 
A+ =  (1 ±  sign{T {K -X -  L -^ T + G ))  A/2; and

Ä ° =  S p G ( S - T +L ~ 1T X - T _ K - 1T ±) (3.18)

coincides w ith  risk =  SpG(S — A ° T ) corresponding to  solution (3.10). 
B y  inverse transform  obtain

Ä(A) =  B°e +  (Ao -  T  +L~*y)+ Gß(X+ -  T +L ~ 1y) +
+  (A“ -  T _ K ~ y )TG*e(X^ -  T _ K ~ xy)*.

In  going so, th e  norm al orderliness will be preserved only if m atrices T, K, L  
satisfy  inequality  (3.16), th is  means th a t  com m utator m atrices [« + ,« * ] ,  
\u*, u r ] of operators u + =  T +L ~ xy, u_  =  T _ K ~ xy  are non-negative. C on
sequently, solution of the  op tim al complex m easurem ent problem , with regard  
to  condition (3.16), indeed is described b y  coherent projectors Z7°(A) satisfying 
equations и +л°(Х) =  Х+л°(к), и*л°(1) =  А*я°(А) and  representable as (3.5) 
a t  A  =  T +L ~ x +  T _ K - X an d  0 — 0.

4. In  conclusion note th a t  if dim ensionality  of signal space % does n o t 
exceed th a t  of 6\i, solution o f the complex quadratic-G aussian  optim al o b 
servation problem  is representable through projectors o°(A) satisfying equations

(V + -  A+)e°(A) =  0, (F _  -  A _)V (A ) =  0, V + =  T ± M ~ %

by form ula
№{dX) = Q - b Q»(X)Q-*P{dX) (3.19)

which is th e  quantum  analog o f the  Bayes form ula. Here P(dX) is a  probabilistic 
m easure giving “Glauber” decom position

e =  Je°(A)P(dA) (3.20)

w ith respect to  coherent projectors g°(A). I t  was B. L. Grishanin [9] who found 
solution o f th e  optim al estim ation problem  in th is  form for th e  real quadratic- 
Gaussian case and  equal dim ensionalities of spaces <3lt and %.

* G enera lly  speaking, rep re sen ta tio n  (3.17) ho ld s only  for X £ ТЖ and on ly  if  
m a tr ix  T ( K - l — L ~ l)T+ is non -degenera te  o v e r sub -space  ТЖ с  I n  th e  case o f  
Т%  с  Л1 i t  is a lw ays su ffic ien t to  re s tr ic t oneself to  considera tion  o f  estim ates X fro m  
T % .
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C oherent projectors о°(Я+ -f- Я*) a re  for operator (3.17) eigenprojectors 
corresponding to  the m inim al eigenvalue (i.e. “v acu u m ” for th e  quadratic  
“energy” o perato r r\+ - f  G r ] + -(- rj+ G rj*_  w here rj+ — T ± M ~ 1y  —- Я+) and  are 
described b y  a  correlation operator m a trix  г/ =  Т М ~ гу  — Я, for instance, 
by  a sym m etrizing one R :j =  <r/?]+) +

R V =  - ( T +  (K~1- L - 1)T+  +  T_{K~l —  L -1) T t  =
2

=  —T \T ( K ~  1 —  L - 1) T -  G T  j (T+ G T)-1 +  T +
2

lying on th e  boundary of th e  generalized [3] Heisenberg inequality

Д , ^  ±  Cvl2 (Cv =  [V, V+] =  T(K-1 -  L-1) T+) .

(3.21)

D istribu tion  P{dX) is concentrated  over sub-space o f vectors Я =  Я+ +  Я* 
coinciding w ith  the sub-space of m atrix  T  values w here it is described by  a 
positive G aussian density р(Я), Я 6 T%. T he positiveness condition p{X) >• 0, 
which in th e  Gaussian case reduces to  th e  condition o f positive definiteness of 
correlation m atrix  <3!я =  <ЯЯ + > over Т Ж ,  defines th e  op tim ality  dom ain of 
o.p. (3.19). T aking into accoun t th a t, in  accordance w ith  (3.20), sum  R 4 Rx 
is equal to  correlation m a trix  R v =  < F F  + >+ = T ( K ~ X + T “ 1)7,+/2 of ope
rators F  =  T M y 1 =  r\ -)- Я th a t  defines Gaussian d.o. (3.16), w rite th e  con
dition of m a trix  Rx =  R v — R v positiveness over Т Ж  as R v >  R,r T he la tte r  
m ay be w ritten , with reg ard  to  (3.21), as a  m atrix  inequality :

( K - 1 +  L - 1)T G T + >  I ( K - 1 -  L ~ 1) T +GT \ (3.22)

whose equivalence to  inequality  (3.11) u n d er taken re la tion  betw een dim en
sionalities d im  Ж <[ dim Tf is readily show n through identities (3.13). In  the  
one-mode case inequality (3.22) reduces to  num erical inequality  e > t  -  У*2 — 1 
where t =  S p T + GTR~1j2 Y d e tT + GTR~X obtained in [1]. In  th e  general 
case, inequality  (3.11), unlike (3.22), gives a  necessary a n d  sufficient condition 
of the non-degeneracy of op tim al solution (3.10) of th e  and m inim ality  of 
corresponding risk (3.18) for a m ore natural, reverse relation betw een 
dim ensionalities, dim Ж >  dim  e\i.

Conclusion

As m igh t be expected, optim al observations in  Gaussian linear boson 
channels giving minimal m ean-square e rro r for G aussian inpu t estim ation  are, 
thus, quasi-classical (i.e. coherent). H ow ever, unlike th e  classical case, th ey  
are indirect, depend essentially  on m etric  m atrix  G an d  m ay degenerate in



BELAVKIN: OPTIMAL OBSERVATION OF BOSON SIGNALS 15

some eases of indefinite com m utation re la tions. Exam ples o f such degenerations 
and  som e o ther physical exam ples are discussed in [1]. In  th e  present p ap er 
o p tim ality  o f G-coherent m easurem ent o f  optim al linear transform  A °y  is 
proved, condition of its non-degeneracy an d  its explicit form  (S tatem ent 3) 
are found as applied to  th e  general (m ultidim ensional, complex, indefinite) 
case. T hus th e  problem o f sta tis tica l observation  in q u an tu m  channels, whose 
special cases were discussed in [1-5, 9] m ay  be regarded as exhausted.
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CONTROL OPTIMIZATION OF MULTIPLE 
OPERATION RESOURCES
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(V ladivostok-M oscow )

(R eceived  M arch 10, 1974)

T he prob lem  o f  m u ltip le  opera tion  resources co n tro l is considered. T he  
co rrespond ing  m a th e m a tic a l m odel is s tu d ie d . A n exam ple  o f  op tim iza tio n  is 
given.

1. Statement of the problem

Resources necessary for jobs perform ing are divided in to  two groups: 
single-used (m aterials, energy, etc.) and repeated ly  used (equipm ent, people, 
etc.). Unused for the  tim e being, b u t ready for pu ttin g  into operation resources 
o f group 1 are considered to  be stocks, controlling them  requires a special 
s tudy . U nused resources of g roup 2, bu t read y  for operation  are considered 
to  be reserves, controlling them  has some peculiarities [1]. T his paper presen ts 
one of the optim al control problems.

There is given a set o f resources

R  = { R V . . . ,  R n) (1.1)

tak en  for jobs perform ing a t m any objects

v =  { V v  . . . .  Vm). (1.2)

T he am ount o f resources required  for each object is defined by resource 
capacity  (for exam ple, capacity  of labour, capacity  of energy, etc.) W j(j — 
=  1, m). Wj is usually an  add itive resource expenditure function w ith d if
feren t purposes and  therefore each resource o f th e  same purpose may be con
sidered separately . L et R  th e  resource having one purpose w ith  its p roductiv ity  
Ki  and q u an tity  N i for Hi (R,  i =  1, n.  L et th e  resource cap ac ity  be expressed 
by  the fornnda

W j  =  2  K i  K ,  X t j , j = l ^ n  (1.3)
1=1

1*
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where ay  is th e  tim e for using of the resource Л',- a t th e  ob ject F j. The values 
ay, i =  1, n\ j  — 1, m  are restric ted  by  constraints

ay ^  0 (1.4a)

if using R  for Vj is adm issible, and by

xj =  0 (] .4b)
otherwise.

We s ta r t  by  looking for {ay} satisfying constrain ts (1.3) and (1.4) and 
minimizing th e  to tal tim e T  for perform ing operation. Resource tran sp o r
ta tio n  tim es to  the objects a t  the  first s tage are not ta k e n  into account. The 
tim e Ti  for using A‘, a t a ll th e  objects is equal to

T , =  V x , i =  1 ,n . (1.5)
7=1

I f  the resources are used independently  th en  the goal function is equal to

T  =  m ax {T,} =  m ax 2 ^
7=i

( 1 .6 )

Assume the  resource R s be used a t  a ll admissible for objects during  the
tim e T s =  m ax {T,-} =  T,  and  the resource R t is used  the  time T e <  T s, 

i
both  kinds o f resources being utilized a t  th e  object Vr. The tim e T s can be 
decreased by  the  value / lxs reducing tim e xsr for resource using Rs a t th e  object 
Vr by the  value Axsr =  Axs. B u t to keep resource balance (equality of resource 
capacity and  resource expenditure) it is necessary sim ultaneously to  increase 
the tim e Xir for resource using Rt a t th e  sam e object Vr by  the value day  
respectively, to  satisfy th e  balance condition (1.3)

ks A7? Axsr =  kt N I Ax/r: (1.7)

Changing of Axsr m ay  be done so th a t  not to allow Axsr to  b reak  limits 
0 <  Axsr <C x sr on the one hand, and on th e  other m ay  be increased until 

_  rp̂  _  pecomes th e  largest of all T,  as the fu r th e r increasing does 
not allow T  to  decrease.

I t  is possible to  decrease T  by m eans of iterations being in troduced by 
moving of value day, w hich is m ultipled b y  the corresponding weight coeffi
cients, on th e  solution tab le  cells (Table 2) located a t  th e  vertices of a  closed 
polygon form ed by the “ castle  moves” . The sim ilar way it  is done in th e  sim plex 
m ethod of linear program m ing. I f  these operations resu lts  in th e  solution
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of the  ty p e , where all Ti  =  const =  T,  becom e identical then  fu rth e r T  
decreasing will n o t be possible. Hence th e  solution th u s  obtained will be 
optimal.

R eally, le t assume th e  solution be obtained, w here T( =  const =  T , 
i =  1, n. T h en  we try  to  decrease all 7',. F ir s t  we shorten  th e  time T a fo r 
using some resource R a a t  som e object Va b y  th e  value A xaa. To keep th e  r e 
source balance it  is necessary to  increase tim e  T b used a t  th e  same object o f 
the o ther resource R b by  th e  value

Ax  — A x
К ^ ь

respect to  (1.7), equal to  vertica l moving on  th e  column a  from  the line a  to  
the  line b. As a resu lt the  tim e  T h has been increased to  reduce it we m u st 
shorten th e  tim e xhß for using th e  same resource R h b u t a t  th e  other o b jec t 
Vß by the value

Axbß Axb a K g N a
K hN b

Axart.

In  the case of unequality  th e  sum m ing value T b is being decreased, in the  case 
of equality  i t  is not changed (horisontal m oving). To keep resource balance 
it is necessary to  increase th e  tim e xcß for using the o ther resource Rc a t  th e  
same object Vß by  the value

Ax.ß ^ ^ ^ A x , У K aN aAx  
bß> К. N f “

F u rth e r moving m ay be continued u n til  all the resources are u tilized  
or it m ay be stopped  a t any  place. However in  the  long ru n  we have to  com e 
back to  the  line of resource R a a t  the ob ject Vc having increased T a by  th e  
value

К  1V
A xai =  a a Axaa =  A xa,.

K aN a

Mind th a t  th e  unequality  sign m ust n o t be used in th e  la s t expression, 
as increasing A xaf will exceed its  original decrease A:raf, so i t  should look like

Ax at =  Ax a* ■

To obtain th is equality  a t th e  last itera tion  step  we should  substitu te  u n 
equalities for equalities a t  all th e  previous steps as well. T hus, further d e 
creasing T  an d  sim ultaneous resource balance keeping is impossible. All T ,• 
being equal one to  another th e  solution is optim al.

I f  the  solution is no t op tim al there m u st be some T ,• less th an  T.
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I f  in  th e  optim al so lution table th e re  is even one closed rectangu lar 
polygon adm itting  the  above movings, th e  optimal so lu tion  {жу} w ill not 
be single one.

In  op tim al solution nm  unknown quan tities are connected by m eans of 
n -\- m  (E qs. (1.3) and (1-5)). Since a t m  >  2, и )> 2 th e  num ber of equations 
is less th a n  th e  num ber o f  unknown quantities, the  p rincipa l possibility  of 
obtaining th e  sets of op tim a l solution is clear. To ana lyze the actual possi
bility  o f such solutions it  is necessary to  study th e  equation  coefficients 
m atrix  (1.3) and  (1.5) an d  th e  ability  to  satisfy  the constra in ts  (1-4). F o r  the 
practical purposes it is usually  more convenient to  find  in  the  solution tab le  
one of th e  closed rec tan g u lar contour in  w hich the m entioned  above m ovings 
are available w ithout break ing  the constra in ts (1.4). T he vertices in  these 
contours, where Axki an d  x ia are added up , alternate w ith  th e  vertices, where 
Ахы is substrac ted  from Xui- I t  is necessary th a t  the vertices having sub trac tion  
action to  conform s tr ic tly  to  the positive values of жу and  the value  Axk[ 
does no t to  exceed the  sm allest value xij.

2. The equivalent mathematical model and its properties

Theorem. To provide th e  existence o f the  value system  {жу}, i =  1 , n, 
j  =  1, m, satisfying in th e  constraints

2  Ki Ni X ' j  =  Wjt j = \ , m  (2.1)
i=i

xij > 0 ,  i =  1, n; j  — 1, m ( 2 . 2 )

and m inim izing the value T  (1.6) is necessary and sufficiently  to  h av e  the 
existence o f the function minimum.

2 K iN iT ? =  2 K ‘Ni 2
i=l z'=l

(2.3)

Proof. L et the values жу, i =  1, n; j  =  1, m  be th e  problem so lu tion  
of m inim ization of function  £  and m inim um  value £  in  th is  solution be equal 
to  £ 0.

The theorem  proves th is  solution to  be optim al re la tive to T  as well. 
L et us assum e the opposite: solution given  here is n o t op tim al re la tive to  T  
and there  exists another solution {жу^}, where

£(1) >  £01
T f < T s \

T s =  m ax Т,- =  T.

(2.4)

and
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I f  {xij} is n o t optim al re la tive to  T  th e n  as it is show n above, th e re  
exists if only one T, •< T s am ong T , .  To o b ta in  the op tim al solution we shall 
reduce T s to  th e  value an d  increase T, to  th e  same v alue, Т у ,  the  con
stra in ts  perm itting  or to  the  value 7 ;(1) <C T g ,  if constra in ts do not perm it. 
Thus, the  system  o f unequalities has been obtained.

L et us m ake th e  difference from (2.3)

A t  =  £ (1) -  £0 =  k, N ,  (T }1)! -  T ?) +  ks N s ( 7 f  >2 -  T 2S) =

=  ki N t  Ax, (7;0) +  Т,) -  ks N s Axs ( T ?  +  T s); 
or from (1.7)

A t  =  ks N s Axs [Tl,l> -  T™ + Т , -  T s]. (2.7)

As according to  th e  conditions (2.5) —(2.6)

Axs >  0, T, -  T s <  0, Т ((1) -  7s4 <  0,

th en  A t  <  0.
Thus, we have obtained th e  result: if  { x f f} is o p tim al relative to  T ,  

th en  £(1) <  £ 0 , th a t  contrad icts the  assum ption  (2.4). I t  m eans the su p p o 
sition  of solution to  be optim al relative to  T  b u t  not to £ is w rong. As A t  =  0, 
th en  the  function value £  in th e  point op tim al relative to  T  is less th an  an y  
o ther function value in the po in t no t op tim al relative to  T  a n d  in the op tim al 
solution b o th  T  an d  L  achieve th e  minimum sim ultaneously. T hus, the theorem  
has been proved.

According to  the  theorem  th e  resource op tim al conti ol problem  to m eet 
criterion of th e  fastest jobs perform ing is equivalen t to  th e  resource op tim al 
levelling problem  by  the q uadratic  goal func tion  £. This m eans the problem  
to  be solved b y  b o th  m ethods: th e  linear a n d  quadratic program m ing. T he 
suggestion widely used th a t th e  linear m ethods are sim pler th a n  nonlinear 
ones in th is  case proved to  be groundless.

Formulation of linear problem 

L et us consider the linear function system
m

TAX) =  Xjj ,
1=1

i — \ , n ( 2 . 8 )
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and  the  linear constra in t system

Wj =  j ? K , N i x t j f j  =  1, m. j  =  1, m. (2.9)
i= 1

We have to  find the so lution {x*j} satisfy ing these constrain ts, where

T(x*) =  min m ax  \Tt (z)|. (2.10)
X i

This is th e  m in m ax problem  o f K an to rov ich ’s type w hich presents th e  piece- 
wise linear program m ing problem . T aking the  variable у

\ T i { x ) \ ^ y ,  i = l T n  (2.11)

we come to  th e  linear program m ing problem  which m eans minimizing the 
function

when
m _____

J ? x ij +  У > 0 ,  i = \ , n
j=i

m ___
N1 Xjj +  у >  0, i =  1, n  

i = i

W j - v  к  j Nj  Xij, j  =  1, m
( = i

x ij ^  0, i = l , n ;  j = l , m

D im ensionality of th e  problem l — (m -f- 2n)mn  is ra ther high and 
besides, as a  set of calculations has shown th e  com puting process o ften  con
verges to  th e  solution very  slowly. I t  m ade us search th e  o ther ways. In  [2] 
the m ethod of quadratic  program m ing, particu larly  th e  Beale m ethod  [3], 
is used for sim ilar problem s. I t  is connected w ith  positive definiteness dem and  
(or sem idefiniteness) of th e  quadratic form  £ in co n tra s t to  a lot o f  o ther 
variations o f quadratic program m ing. T he quadratic problem  dim ensionality  
I =  w? n  is sufficiently lower th an  the equivalen t linear problem  d im ension
ality, the  com puting process converging hundred tim es as quick. Of course, 
to  make th e  general conclusions concerning quantity  estim ation  of efficiency 
methods, it is necessary to  carry  on the  additional investigations.

For a particu lar case, when for resource using th e  constraints a re  im 
posed as follows

( 2 . 12 )

(2.13)

Xij 0, i =  1, n; j  =  1, m (2.14)
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the optim al solutions is obtained a t  once w ithout th e  program m ing procedure:

W.
' i s

2 K , N t
i= 1

1 = 1 , w, s = l , m .  (2.15)

I t  comes from  the  Langrangian function

£ =  У  К IN'
i=i

V / ,
i = i  / y= i

2 k í n > * 4  w j  \ ■ <2 - 1 6 )
i=i

The function ex trem um  condition for £ is

2 У х и =  l n i = \ , n ; j = \ , m .  (2.171
j'= i

E quation  (2.17) is satisfied  by a single set {x*-}.
P articu larly , if we take

Xfs =  ——; l = \ , n \  s = \ , m  (2.18)
2 m

then  by  su b stitu tin g  (2.18) into (2.1) and by su b stitu tin g  its re su lt again into 
(2.18) we ob ta in  the  expression (2.15).

O ptim al levelling reduces th e  tim e wasted o f a set of resources as much 
as possible. W hen levelling is ideal, i.e.

Ti — const =  T.

The ideal tim e of all resources tak en  together is equal to zero.

Optim al solution {x*} being n o t unique a t  the  unique values {T*}. 
I t  makes possible to  select solutions optim al re la tiv e  to additional criteria 
from  a lot of solutions having equal constraints. In  support of th is  th e  following 
exam ple is given.

3. Example

The build ing  com pany disposes three ty p es  of digging machines R x, 
R 2, R 3 hav ing  p roduc tiv ity  100, 200 and 300 cubic metres, respectively. The 
quantities o f m achines N v N 2, N 3 are equal to  2, 1 and 1 respectively. I t  is 
necessary to  dig ou t five foundation p its requiring th e  resources expenditure 
equal to  100, 120, 160, 200 and 300 machine tim e  units, respectively, one



282 VORONOV, PETUUSHININ: OPTIMIZATION OF MULTIPLE OPERATION RESOURCES

hour m achine Itv w ork being tak en  for a tim e u n it. The constra in ts (2.1) 
having been sim plified are reduced to

The goal function becomes the following

£ =  2(xu  +  xu  +  x15)2 +- 2 { x 21 +  x23 +  x25)2 +

-) -  3 (^ 3 2  -( -  * 3 3  -f -  a;34 * 3 5 ) “ - ( 3 . 2 )

The original d a ta  reduced to  the basic machine R  hours of action are p u t in 
Table 1. B lanks are tak en  for inadm issibility  of utilizing the  resources in 
respect w ith  the technology process. T ables 2, 3 and 4 present the basis and  goal

Table 1

H i N , X ,
w ,

100 120 160 200 300

2 1 X 11 — — x l i X 13

1 2 X 2 l — X 23 X 23

R 3 1 3 — x 32 X 33 X 3 i X 35

Table 2

*15 *21 *33 *34 *25

X 11 50 — 1

x u 100 — 3/2

X 23 80 — 3/2

X 33 100 — 2/3 — 2/3

£ 116 600 +  20 —  140 +  180 - 3 0 —  120

X 15 +  20 +  10/3 —  2 2 —  5 +  4/3

* 2 1 —  140 —  2 +  4 3 +  3 +  2

X 33 +  180 —  2 3 +  15/2 +  3 5

x 3 i -  30 —  5 +  3 +  3 +  15/2 —  2

x 25 — 120 +  4/3 +  2 5 -  2 +  10/3

— basic e lem en t
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Table 3

* 1 5 *
*33 * 3 4 *25

*21 35 +  1/2 +  1/4 + 3 /4 - 3 / 4 - 1 / 2

X11 15 - 1 / 2 - 1 / 4 - 3 / 4 +  3/4 +  1/2

xu 100 3/2

X 23 80 — 3/2

*3 5 100 2/3 — 2/3

£ 111 700 — 50 +  75 + 7 5 — 50

*15 — 50 +  7/3 — 7/2 — 7/2 + 7 /3

u , +  1/4

X 33 + 7 5 - 7 / 2 + 2 1 /4 + 2 1 /4 _ 7 /2
X 3á + 7 5 — 7/2 + 2 1 /4 + 2 1 /4 - 7 / 2

^25 50 +  7/3 — 7/2 - 7 / 2 + 7 /3

Table 4

u . U x * 3 3 * 3 4 * 2 5

* 15 21.4 +  3/7
+  1/4

+ 3 /2 +  3/2 —  1

X 2 1 45.7 — 3/14 + 3 /2 —  1

* n 4.3 —  3/14 1/4 —  3/2 +  1

*14 100 —  3/2

X 2 3 80 — 3/2

* 3 5 85.7 2/7 —  1 —  1

£ 110 628

U 2 +  3/7

U, +  1/4

* 3 3

* 34

*25

function coefficients in optim ization process according to  B eale’s algorithm
[2], [3]. The v acan t tab le  cells are supposed to  be zeros.

To get th e  optim al solution (Table 5) tw o iterations were required. T he 
optim ization has led to  the  ideal levelling w here T x =  T 2 =  T 3 =  T  =  125.7 
hours. According to  Table 4 th e  goal function in op tim al po int does not depend
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Table 5

у  V 2 V3 V. r. Ti

1
i ?1 4.3 — — 100 21.4 125.7
J?2 45.7 — 80 — 0 125.7

* •
40 0 0 85.7 125.7

Table 6

4.3 — 0 121.4 125.7
R„ 45.7 — 80 — 125.7

*3 40 0 662/3 197ЗО 125.7

Table 7

25.7 — 100 0 125.7
R„ 24.3 80 — 21.4 125.7

R 3 — 40 0 0 85.7 125.7

Table 8

50 _ 0 75.7 125.7
r 2 0 — 80 — 45.7 125.7

Яз — 40 0 662/3 19У30 125.7

Table 9

R , 50 — ___ 75.7 0 125.7

R„ 0 — so — 45.7 125.7

*3 40 0 10.2 69.5 125.7

upon the variables x33, x 34, x33 and changing them  w ith in  the  op tim al basis 
we obtain th e  new op tim al solutions.

Choice having m any  meanings m akes it possible to  use the  additional 
optim ization criteria. As fa r  as every zero solution x y  =  0 m eans no tran s
portation  o f resource i to  th e  object j ,  th e  maxim um  of optim al zero solutions 
is taken as th e  second stag e  criterion th a t  corresponds to  the m inim um  of 
resource transporta tions. Tables 6 — 9 give us all solutions having m axim um
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of zeros. There are five solutions and  you can use one more criterion for th e  
following varia tion  choosing. L e t us take th e  m inim um  tim e required  for 
transporta tions to  th e  objects as the th ird  stage criterion. F o r th is purpose 
we need the tran sp o rta tio n  graph. L et us assum e the  complete tran sp o rta tio n  
graph  is given (Fig. 1). In  th is  graph every Vj has a node corresponding to  
index j  and every  link corresponds to  the tran sp o rta tio n  tim e of resource 
from  the  object F,- to  the  object Vj . The problem  is to  find th e  tran sp o rta tio n  
subgraph the  using of which minimizes th e  function

ti =  L'tkj  , i = \ , n .  (3.3)

T aking into account the  tran sp o rta tio n  tim e ti an d  the  using tim e for the re 
source Ri a t th e  ob ject Vj  we find

Xjj 1 =  m ax {ti} -)- m ax | S x tj I . (3.4)
J ' 1 \j= 1 J

In  th e  case the  tran sp o rta tio n  is perform ed independently , i.e. q and x,-y do 
no t influence each o ther, m inim ization can be done for com ponents separately. 
F inding  of min m ax 27Хц is analyzed above.

Seeking for m in m ax ti m eans finding th e  tree w ith m inim um  links 
len g th  sum m ed up  inside the  com plete graph. F o r th is solution it is possible 
to  use K ruska l’s algorithm  [6] involving the  consequent choice of the  shortest 
links, which do n o t form the  cycle with previously chosen links.

Taking into consideration the blanks (inadm issibility) of Table 5 
an d  th e  existence o f solution x13 =  0 in all o ther five tables we rem ove the  nodes 
n o t adm issable for each resource from the  com plete graph and  obtain  th ree 
in itia l d a ta  for g rap h  optim ization for resources R v R2, R 3 . H aving  rem ained 
the  shortest links in  it we shall have the trees shown in Fig. 2. To minimize 
th e  tran sp o rta tio n  tim e fu rther we shall try  to  shorten  the tree  R 3 w ith the 
longest route by  tak in g  away th e  node 4, i.e. p u ttin g  x3i — 0. Tables 5 and  7 
satisfy  this condition. Using an y  of them  one will increase th e  work tim e by  
10 hours because o f transporta tions.

As and a fte r th is  we have tw o more op tim al variations. L e t us use the  
criterion of the  4 th  stage which means reducing the  m em ber of the  tone-

T -m ax U 2
7=1
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kilom etres. The weights and  distances are no t shown in our problem . L e t us 
consider the  weights o f th e  load tran sp o rted  are proportional to  p roductiv i
ty  o f th e  tran sp o rted  machines and  th e  distances are proportional to  the 
tran sp o rta tio n  tim es. Hence, according to  Table 5 it is necessary to  carry 
out th e  tran sp o rta tio n  of the resource R 1 =  2 for 10 distance u n its  an d  the 
resource R 2 — 2 for 3 un its, to ta l 2 x  1 0 +  2 x 3  =  26 and  according to  Table 
3 the  sum m ed transporta tions will resu lt in 2 X  10 +  2 x 7  =  34. Thus, to  meet 
criteria of all 4 stages the  op tim al solution is th a t  given in Table 5. The 
corresponding tran sp o rta tio n  graphs are shown in Fig. 3, and th e  tran sp o r
ta tio n  schedules are shown in Fig. 4.

F ig . 3 F ig . 4
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Оптимизация управления ресурсами многократного действия

А. А. ВОРОНОВ, Е. П. ПЕТРУШИНИН

(Владивосток — Москва)

Рассматривается задача управления комплексом ресурсов многократного действия 
на заданном множестве объектов, относящ аяся к  проблеме управления резервами. В ка
честве критерия оптимизации используется минимум времени выполнения работ на мно
жестве объектов.

Соотношения (1.1), (1.2) определяют комплекс ресурсов R, участвующий в выпол
нении работ на множестве объектов V. Ограничения (1.3) задают трудоемкость объекта как 
линейную функцию времени использования ресурсов различного типа (при известном коли
честве и производительности ресурсов). Ограничения (1.4) являю тся технологическими,
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поскольку они характеризуют допустимость использования ресурса вида /?, на объекте Vj. 
Математически задача управления ресурсами состоит в нахождении минимума соот
ношения (1.6) при ограничениях (1.3)—(1.4).

В статье показано, что сформулированная задача может быть сведена к  задаче 
кусочно-линейного программирования (2.12)—(2.13) размерности 12 =  тг п +  2тп- (т  — 
число объектов, п — число видов ресурсов), однако более эффективный путь состоит в 
построении эквивалентной оптимизационной модели (2.1)—(2.3) с квадратичным крите
рием оптимизации. Д оказана следующая теорема. Для существования системы величин 
{Xjj}, удовлетворяющих ограничениям (2.1), (2.2) и минимизирующих (1.6), необходимо 
и достаточно существование минимума квадратичной целевой функции (2.3). Оптимиза
ционная модель с квадратичным критерием оптимизации имеет размерность 12 =  т'2 п и, 
кроме того, скорость сходимости в квадратичном случае в сотни раз выше. Существующее 
предубеждение, что линейные методы проще нелинейных, в данном случае оказывается 
необоснованным.

В статье показано, что в частном случае, когда технологические ограничения заданы 
в виде (2.14), искомый оптимум может быть определен непосредственно по соотношению 
(2.15).

В заключение приведен пример оптимизации трех видов ресурсов на множестве из 
пяти объектов. Соответствующая оптимизационная модель записана в соотношениях 
(3.1), (3.2). Таблица 1 показывает технологические условия задачи, где прочерки соответ
ствуют запретам использования ресурсов. Таблица 2 содержит запись исходной задачи в 
начальной точке. Таблицы 3 и 4 показывают процесс оптимизации, причем в таблице 4 
записана оптимальная точка. Д ля заверш ения оптимизационного процесса потребовалось 
2 итерации.

Таблица 5 показывает решение, полученное в процессе оптимизации. В таблицах 
6 —9 приведены новые оптимальные решения, полученные из исходного применением 
метода последовательной оптимизации (минимизация числа транспортных перебросок 
ресурсов на множестве объектов).

Рисунки иллюстрируют оптимизацию по дополнительным критериям минимума 
времени транспортных перевозок на объекты и минимума числа тонно-километров. По 
критериям четырехступенчатой последовательной оптимизации оптимальным является 
решение, даваемое таблицей 5.

Е. П. Петрущинин
Институт электронных управляющих машин 
СССР, Москва В-333 
ул. Вавилова, д. 24
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ON THE RATE DISTORTION FUNCTION 
OF STATIONARY SOURCES

К . M ARTON 

(B udapest)

(R eceived D ecem ber 0, 1974)

The r a te  d is to rtion  fu n c tio n  o f (d iscrete  o r  continuous tim e) s ta tio n a ry  
sources is expressed  as th e  in f im u m  o f in fo rm ation  ra te s  over a  se t o f  p a irs  o f ra n 
dom  processes. F o r  d iscrete tim e  sources su ffic ien t conditions a re  g iven  under 
w hich in fim um  can  be rep laced  b y  m inim um .

1. Main results

L e t us consider a (discrete or continuous tim e) stationary  source w ith a 
single le tter fidelity  criterion [1, Section 7]. W e denote by T  th e  set of ad 
missible values o f tim e: T  is the  se t o f all integers (discrete tim e source) or the 
set o f all real num bers (continuous tim e source). T he input and  reproducing 
alphabets of the source are com plete separable m etric  spaces Z  resp. U*, the 
d istribu tion  of th e  source is a s ta tio n a ry  probab ility  measure p  on X  =  j  /  Z,

s i T
and th e  single le tte r  fidelity criterion is defined b y  a nonnegative m easurable 
function q on Z x  U. This source will be denoted b y  [T, Z, U, q, p\.

L et I  =  ( |( s ) :  s £ T )  be a random  process w ith  values in Z  an d  d istrib 
u ted  according to  p. I f  tim e is continuous then |  is supposed to  be a  measurable 
process. Moreover, we assume th a t  for some s £ T,  s )> 0, we have**

1 ш 1 - / ( й . . , « )  =  0 . (1.1)
t — °° t

(Here we used the  following notation . L et V be an  a rb itra ry  set, and*** - o o  ^
s <  t <[ oo, II vs — | w(t): s  <  г <  t.) £ Л  V, an d  s', t '£T,  s <[ s'  <  t '  <[ t ,

s< r< ,t
then  we write v# for {«(t): s' <  r  <[ t}. I f  t =  oo o r t '  =  oo th en  th e  symbol 
<  in th e  definition o f vs resp. vs, has to  be replaced by  < .)

Set
Х ‘о =  / /  Y<0=  ] /  U ( t>  0 ).

0  <s<.t 0  < s< t

* Com plete sep a rab le  m etric  spaces are  also considered  as m easu rab le  spaces, 
th e  (7-algebras o f w hich  consist o f th e  B orel sets o f th e  un d erly in g  space.

** I  denotes m u tu a l in form ation .
*** s, t and  r  a lw ay s denote n u m b ers  in T; in th is  p a ra g ra p h  s =  — oo an d  t =  oo 

a re  a llow ed.

2
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Define

oÓ(*Ó. Уо) =  ^(xo’ У о) =

\
t

1
t

JZe(x(s),y(s)),
5= 1

í
f e(x(*hy(s))>

ö
corresponding to  w hether tim e is discrete or continuous. H ere z'0 =  (z(s) : 
0 <  s <  t) £ X ‘n, y 0 =  {y(s) : 0 <  s <  í} £ Y[, an d  z ‘0 and y ‘0 a re  assumed 
to  be measurable functions of s in th e  case of continuous time. L e t p ‘0 (t >  0) 
be th e  d istribution induced by p  on  X ‘0.

The rate d is to rtio n  function o f the  source [ T , Z, U, o, p] is defined as

Jt(d) =  lim — B'(d), 0 ,
t- -  t

where*
R ‘{d) =  in f {/(IÓ, rjl): P?0 = K  E q ^ l ^ K d ) .  (1.2)

The in f in (1.2) is ta k e n  over all those random  pairs (£0, rjo) th a t  ta k e  values 
in X q X  Y Ó, and for w hich IÓ is d is trib u ted  according to  p ‘0 and E q ( IÓ, V o) ^  d .  

I f  tim e  is continuous th en  pl0 =  {p(s): 0 <  s <[ t) is supposed to  be a m easur
able random  process.

L e t r) =  {p(s): s £ T}  be som e random  process (m easurable if tim e is 
continuous) w ith values in U and  such th a t th e  process (!, p) be stationary . 
(1.1) implies th a t  th e  inform ation ra te

3(1,»?) 4  lim - /(& » ? ')
t-*- OO f

exists, and**

3(1, rj) = ^ Е 1 { ? 0, p  I fű. J  =  Е Щ 1  p  I £L_)

for all t >  0. (Cf. [2, Theorem 7.4.2].)
T or d ]> 0 deno te  by W d th e  set of all s ta tio n ary  processes ( | ,  p) — 

=  {(|(s), V(s )) : s € T )  w ith values in Z x U  and  such th a t (i) |  is d istributed 
according to  p\ (ii) Т р ( |(0), p(0)) d.

Theorem 1. L e t \ T , Z, U, g, p  ] be a (discrete or continuous tim e) s ta 
tio n ary  source such th a t, if I =  { |(s) : s £ T )  is a  Z-valued ran d o m  process 
d is trib u ted  according to  p, then  (1.1) holds for som e s 0. Then for all d >  0

& (d) =  in f {3(|, p): (I, p) £ W d}. ( 1 .3 )

* E  denotes m a th em a tica l ex p ec ta tio n .
** E l  deno tes average  con d itio n a l in form ation .
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Now we are going to  form ulate conditions u n d er which in f in (1.3) can 
be replaced by min. F o r  the rest o f th is  section assum e th a t tim e is discrete, 
i.e. T  is th e  set of integers. M oreover, suppose th a t  q is continuous and  satisfies 
the following

Compactness condition. For any  com pact set C CZ Z  and for any  M  >  0, 
the set

K(C, M )  =  {(z, u) e Z x U :  z e C, g(2, и ) <  M)

is com pact.

Theorem 2. L e t \T,  Z, U, o, p \  a  discrete tim e sta tionary  source such 
th a t (i) if  I  is a valued  random  process then (1.1) holds for some s >  0; 
(ii) q is continuous an d  satisfies the  com pactness condition form ulated  above. 
Then for all d >  0

31(d) =  min {3(|, rf)\ (f, r?) £ W d).

2. Proof of Theorem 1

W e need the following

Lemma.  Let f 2, v91 and i)2 be random  variables taking values in a r
b itra ry  m easurable spaces. Suppose th a t  £v £2 and  ■!)., form a M arkov chain 
(in th is order). Then

4 ( t v  C2), (#!, #2)) <  I ( C v  #i) +  /(C2, Aj).

This lem m a is p roved  (although n o t explicitely s ta ted ) in [3]. (Cf. Lem m a 
2.1 in [3].)

Proof of Theorem 1. The inequality

St(d)<^mi  {3(|, n): ( £ , 4) €  Wd}

is obvious. In  order to  prove the reversed  inequality, suppose th a t 31(d) <  oo> 
and let I  =  { I(л-): s f  T )  be a Z-valued random  process d istribu ted  according 
to  p. Choose an 0, an d  let t be so large th a t th e  inequality

j  R>(d) <  31(d) +  e

holds. L e t r(ti =  {rj(s): 0 <  s <{ t) be a  U -valued random  sequence or fu n c tio n ’ 
according to  w hether tim e is discrete or continuous; in the la tte r  case let 
rjo be m easurable. Suppose th a t

E q{£o, Vo) <  d,

2*
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and

~l (^o ,r i[ )<Sí{d) -\-E . (2.1)

D efine a (7-valued random  process r] =  {rj(s): s £ T )  such th a t :  (i) for all 
г =  0, + 1 , . . . , th e  d istribu tion  of (|(*-_ш, rfy-rst) is the sam e as th a t o f 
(ló, J?o); (h) for fixed  г =  0, + 1 , . . .  , ’ria -i)! is conditionally independent
o f d ,  i f1 J )(, rjü). (Observe th a t  is not s ta tionary .)

L et v be a  random  variable independent o f ( | ,  rf  and uniform ly d istrib 
u ted  over th e  se t {0, 1, . . , t — 1} if tim e is discrete, and over th e  in terval 
[0, t 1) if tim e is continuous. Define

£'(s) =  I (s +  v), rj'(s) =  i f(s  +  v), s £ T,  (2.2)

an d  set £' =  { |'( s ) :  s £ T) ,  r\' =  {rj'(s): s £ T) .

We claim  th a t  (£', rf) £ Wd. In  order to  give an  idea how to  carry ou t 
th e  proof ,we ju s t show th a t  th e  process (£ ', r)') is s ta tionary . W e restric t 
ourselves to  th e  continuous tim e case. D enote by C and  f '  the  processes ( | ,  rf  
an d  (£', rj') respectively. L e t те be a n a tu ra l num ber, tv i2, . . . , tn £ T,  let 
A  be a Borel set in Z n X  Un and s >  0. Then

P r +  s )> ■ • • > f  +  s)) £ ^4} =
t

=  у  j  P r  { ( ? ( « !  +  s  +  t ) ,  . . . , t ( d  - f  S  +  T ) )  £  Á )  d r  =  ( 2 . 3 )

0

t +s

=  y  j Pr{(C(ii +  t), . . . , £(tn +  r ) ) i A } d r  =
S

t t  +  S  t  S

- tK J - U + t/ -
s t  s  0

t

=  у  J  P r {(?(ii +  T)..........£(tn +  t)) £ A} dr =  (2.5)

о
=  P r{ ( f '( i1), . . .  ,£'(«„)) M } .

((2.3) and (2.5) follow from (2.2) and from th e  independence o f v and ( | ,  rj), 
while (2.4) follows from th e  fact th a t  th e  d istribu tion  of (7(/, -)- r), . . .
. .  . , £(i„ t)) is the  same as th a t  of (C(tl +  т — t).........£(tn -j- т — ())• (2-5)
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proves th a t =  (£', rj') is s ta tionary . I t  can be proved in a  sim ilar way th a t  
£ ' is d istribu ted  according to  p, and 0), r]'(0)) <  d. I.e. ( ! ',  rj') £ W d.

Now we are going to  overbound 3(1', rj'). Observe f irs t th a t  is inde
pendent of v. Indeed, let n  be some n a tu ra l num ber, tv t2, . . , tn £ T, s £ T  П 
Л [0, t) and le t A  be a B orel se t in Zn. Using (2.2), the independence of £ an d  
v and  the s ta tio n a rity  of {, we see th a t

corresponding to  w hether tim e is discrete or continuous, therefore in b o th  
cases

F rom  the definition of ( | ,  rj) and  from the  lem m a sta ted  above, we see th a t

P r  {(!'(«!), . . ., £ '(U )  € A  I V =  s} =  P r  {(!(<J +  s), . . ., I ( t „  +  s)) 6 A}

=  P r  m h ) ......... !(*„)) € A ) , ( 2 . 6 )

i.e. the conditional p robab ility  (2.6) does n o t depend on s. 

Now we have for every  na tu ra l num ber N

(2.7)

Using the independence of (£, rj) and v, (2.2) implies th a t

1 Ü

Е Щ:'Ni ( 2 . 8 )

^ N+i)<, ^ N+i)') <  (N + 1) m i ,  r,‘0). (2.9)

Comparing inequalities (2.7)-(2.9) yields

( 2 . 10)

(1.3) follows from  (2.10) and  (2.1).
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3. Proof of Theorem 3

Suppose again th a t  á t(d) <  » .  W e have to  construc t a pair of random  
processes (f, r]) £ Wd such th a t

31(d) =  3(£, r]). (3.1)

L et us show first th a t  all the functions ql, n  =  1, 2, . . satisfy th e  com 
pactness condition im posed on q. L e t Gn cz X'J be com pact and M  >  0. 
I t  is easy to  see th a t th e re  exist com pact sets C /C .Z , i =  1, 2, . . n, such

th a t  Cn CI f f  Ci. Moreover, if for and  г/о€ To we have Qo(x1, yö) <  M,
i —  1

then e(x(i), y(i)) <, nM  fo r г =  1, 2, . . . .  n. Thus

K(Cn, M ) ^ { ( x 4 >,T / i ) iXn0 x Y n0-.xn0^Cn,q4(x4,yn0) ^ M } c z  J /  K{C„ n M ) . (3.2)
( = i

Since K(Gn, M)  is clearly closed, (3.2) im plies the com pactness of K(Cn, M). 
We need  the following notation. I f  q is a p robab ility  m easure on*

и  V. w here V is a com plete separable m etric space, th en  we denote by
i= - ~  n
<7o or by q th e  measure induced  by q on J f  V (n =  1 , 2 , . . . ) .

1 =  1

Now le t {(|fc, %): к  =  1, 2, . . .} CZ Wd be a  sequence of random  
processes such  th a t

31(d) — lim  3(1/0 rjk).
k-*- °°

Denote by  qk the d istribu tion  of ( | fc, rjk).

L et us show th a t th e  measures (<?/f)i, к =  1,2, , are uniform ly tig h t
on Z x U ,  i.e. for every e >  0 there ex ists a com pact set К  C  Z x U  such 
th a t qk(K) > l  — e for all k .  Choose a com pact set C CI Z  such th a t

P(C) > 1 ---- —,
2

and  set M  = — . We supposed th a t K(C, M)  is com pact. L et us show th a t

Indeed,
qk( K ( C , M ) ) > \  - e ,  * = 1 , 2 ..........

qk ( Z x U \ K ( G , M ) ) = ¥ v  { tk( \ ) $ C  or e( | A(l), 4fc(l)) >  M )  <, 

<: P ( Z \ G )  +  Pr (e(fk(l), 4*(1)) >  ^  J  + =  6 •

* i  a lw ay s  denotes in te g e r  num bers.
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(The last inequality  follows from th e  fact th a t  Eq(£k( 1), rjk( 1)) <  d, and from 
M arkov’s inequality.)

I t  can be shown in the sam e way th a t  for all n th e  measures 
{(<7fc)o : к  — 1 ,  2, . . . }  are uniform ly tigh t on X  T q.

Now [4, Theorem  6.7] implies th a t  {qk} contains a subsequence {qkj} 
w ith th e  following property : F o r all n the sequence {(qk.)o : j  =  1 , 2 , . . . }  
weakly converges to  some m easure c/q on X qX Y q, in symbols: (qkj)q =>■ qk). 
We shall suppose, to  avoid double indexing, th a t

Ы о" => (3.3)

as к —»■ oo, for all fixed  n. I t  is clear th a t th e  m easures {q’l: n  =  1 , 2 , . . . }  
satisfy K olm ogorov’s consistency conditions, so th e y  can be ex tended  to  a

s ta tio n ary  probability  measure q on X x Y ,  w here г  =  П  и .
i——oo

L et (I, rj) =  {(|(i), —t» << i <  » }  be a  random  process with
values in Z x U  and  d istribu ted  according to  q. W e show th a t ( | ,  rj) £ Wd. 
I t  is clear th a t  |  is d istribu ted  according to p. L e t us show th a t

E e( Z ( l ) , r , ( l ) ) ^ d .  (3.4)
Set

Qm(z, u) =  m in {m, q(z, «)}, m =  1, 2, . . ., z £ Z, и £ U.

The sequence Qm(z, u), m =  1, 2, . . .  , clearly increases to  o(z, u) for all 
z £ Z, и £ U. Choose « <  E q(£{ 1). i?(l))- For m  large enough we have

х < Е вт( т  V(i)),

and since qm is a bounded continuous function, it follows from (3.3) th a t for 
large enough к

* <  E e M  1), % (!)) <  ЕеШ1)> ч*(1)) ^  d.

(3.4) is proved.

Now we show th a t
3 ( |,  r,) <  а д .  (3.5)

Choose an  £ > 0  and  an  s for w hich (1.1) holds. L e t t be so large th a t

t
and

3 (f, V) <  Ц?о~а, virs) +  £ ■ (3.6)
t ----- S
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W rite n — t — s. I t  is proved in  [5, Lemma 2.2] th a t  m utual inform ation 
is lower sem icontinuous with respect to  weak convergence of m easures. Theie- 
fore (3.3) implies th a t  for large enough к

~  m ,  о  <, ~  i ( a k)s> (v m ) +  e • (3.6)H tl>

On the  o ther hand, we have

i m no> W o  (%- w - j ) = 4 W s ,  d  л)°— ) + щ ( £ к)ъ % i W - ~  >=
-  m \ ,  l° _ J  +  Е Щ s*)‘, Vk I (!*)“ . )  < t e  +  E I ( ( £ k ) ‘0 , r jk I W _  )=

=  te +  г щ к, щ). (3.8)

Com paring (3.6)-(3.8), we see th a t  for large enough t and к

V) <1 [“Kf/p i?/c) +  3 e ].
t  —  s

(3.5) is proved, and  th e  proof o f th e  theorem  is completed.

Acknowledgement. T he au th o r is in d e b te d  to  D r. I .  C siszár for calling  h e r  a tten tio n  
to  th e  p roblem  and  fo r h is valuable rem ark s .
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0 6  f -энтропии стационарны х источни ков

К .  M A P T O H  

(Будапешт)

Рассмотривается стационарный источник дискретного (или непрерывного) времени. 
Пусть Т — совокупность допустимых значений времени. П редполагается,что входной и 
воспроизводящий алфавиты источника Z  и U — полные сепарабельные метрические 
пространства, причем распределение на входе задаётся стационарной вероятностью р на 

/ /  Z,  а  критерий точности воспроизведения — измеримой неотрицательной функцией д 
ser
на Z  х  U.
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Пусть £ =  {£(s): s £ T} — случайный процесс со значениями в Z и с распределением р. 
Предположим, что для некоторого s € Т, s ;> О

Пт -  /(£ -- , Й) =  0.( —*■ оо I
Здесь

й =  (£(т): s < т <,t}, £ -- =  {£(т): — оо < т < О},
а через / ( • )  обозначается взаимная информация.

Пусть d ;> 0. Обозначим через Wd совокупность стационарных процессов (£, р) =  
=  {(£(s), ??(«)): s € Т} со значениями в Z X U и таких, что £ распределено по закону р  и 
имеет место Я  д (£(0), »/(0)) <  d. Обозначим через Л (-)  е-энтропийную функцию рассматри
ваемого источника. Тогда справедлива теорема.

Теорема 1. Д ля  любого d О

S l( d )  =  in f  { 3 (£ , р): ( £ ,  v ) í W d),

где Э(£, р) — информационная скорость процессов S u p .
В случае, когда время дискретно, а функция д непрерывна и удовлетворяет сле

дующему условию компактности.

Теорема 2. При условиях, сформулированных выше, для любого d >  0  имеет
место

á t(tf )  =  m in  (Э (£ , р): ( I ,  р)  €  W ä}.

К . M arton
M athem atical Research In s ti tu te  
H ungarian  Academ y of Sciences 
H -1053 B udapest, V. R eáltanoda u. 13— 15 
H ungary



-«Г MAGYAR
J U D O M  ÁNYOS AKADÉMIA 

• \  K Ö N Y V T A R A  .



Problems of Control and Information Theory, Vol. 4 (4), pp. 299 —310 (1975)

О СТОИМОСТИ ПЕРЕДАЧИ ПОСЛЕДОВАТЕЛЬНОСТЕЙ

Г. Л. ХОДАК 

(Омск)

(Поступила в редакцию 12 мая 1974 г.)

Рассматривается задача передачи сообщений по каналу без шума. Источник 
сообщений есть произвольный дискретный стохастический процесс, а кодирование 
есть любое измеримое отображение множества входных последовательностей в 
выходные. Стоимость передачи определяется как  среднее число выходных букв, 
необходимых для  декодирования одной буквы сообщения. Такое определение 
отличается от традиционного. Доказывается, что при конечноавтоматном коди
ровании новая стоимость равна традиционной, если кодирование дещифруемо, 
и бесконечна в противном случае. Обобщается основная теорема для каналов без 
шума, по-видимому, на максимально широкий класс источников и кодирований.

1. Введение

К- Шенноном [1] была сформулирована основная теорема для каналов 
без шума, утверждающая, что стоимость передачи (обратная величина ско
рость) не может превосходить энтропии источника, делённой на логарифм 
числа букв в выходном алфавите, но может быть сделана как угодно близкой 
к  этой величине. Отрицательная часть утверждения теоремы доказана: 
в [ 1 ] для кодирования любого источника автоматом, замещающим букву 
буквой; для блочного префиксного кодирования бернуллиевского источника 
в [2 ]; для произвольного блочного кодирования бернуллиевского источника 
в [3]; эти результаты обобщаются на стационарный источник [4]; для конеч
ноавтоматного кодирования марковского источника в [5]; для стационарного 
источника в [6 ]; для весьма широкого класса источников и отображений 
входных слов в выходные в [7]. Во всех этих работах кодирование считается 
в том или ином смысле дешифруемым. Положительная часть теоремы дока
зана в [1] для стационарного источника. Кодирования со стоимостью равной 
нижней границе построены: в [8 ] для стационарного источника, в [7] для 
более широкого класса источников.

В упомянутых работах под стоимостью передачи понимается среднее 
число букв выходного алфавита, выработанных кодером в ответ на одну 
входную. Это показатель работы кодера. Возможна такая  ситуация, что стои
мость конечна (скорость не нулевая), но ни по какому коду нельзя восста
новить сообщение. Т ак как стоимость передачи характеризует кодирование
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не полностью, то от него требуется та или иная дешифруемость, т. е. возмож
ность восстановления сообщения по его коду. Однако дешифруемость не 
гарантирует, что декодирование может вестись с той же скоростью, что и 
порождение кода.

В настоящей работе стоимостью передачи названо среднее число букв 
выходного алфавита, необходимых для декодирования одной буквы входного. 
Из определения видно, что стоимость будет служить показателем работы всей 
системы связи, а не только кодера. Т ак  как стоимость определена через деко
дирование, никаких условий дещифруемости на кодирование не накладыва
ется.

Под источником сообщений ниж е понимается любой дискретный стоха
стический процесс, выборочными функциями которого (сообщениями) явля
ются последовательности букв конечного или счётного входного алфавита, 
под кодированием — измеримое отображение входных последовательностей в 
выходные. Определение, наиболее близкое кэтому, сформулировано в [6, 8]. 
Там кодированием считается либо стационарное, либо монотонное отобра
жение последовательностей. В общем случае, как  известно, даже блочное 
кодирование не является кодированием в этом смысле. В работах [1—5, 7] ко
дированием называется то или иное отображение множества слов во входном 
алфавите в множество слов в выходном. При условии дешифруемое™ отобра
жение слов индуцирует единственное измеримое отображение последова
тельностей [7], и поэтому его можно считать частным случаем кодирования, 
определенного в настоящей работе. В то же время не всякое отображение 
последовательностей может быть индуцировано отображением слов. Д ля 
каналов без шума интересен случай только конечного выходного алфавита. 
В противном случае бесконечна пропускная способность. Из конечности 
выходного алфавита следует, что входной алфавит не может быть более, чем 
счётным. Без условия измеримости отображения последовательностей (ко
дирования) нельзя говорить о вероятностях слов на выходе кодера. Поэтому 
класс рассматриваемых источников и кодирований является максимально 
широким.

Доказывается (п. 6), что обычно традиционная и введённая стоимости 
совпадают, в частности: при дешифруемом конечноавтоматном кодировании 
марковских источников (при небольших ограничениях (теорема 1)); побук- 
венном дешифруемом кодировании бернуллиевских источников; при «декоди
руемом» [7] кодировании.

Показывается, что из конечности стоимости следует дешифруемость в 
обычных смыслах (п. 7). При конечной стоимости кодирование взаимно одно
значно почти всюду (теорема 2), т. е. дешифруемо в смысле [6]. При конечно
автоматном кодировании марковского источника (с небольшими ограничения
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ми) стоимость конечна тогда и только тогда, когда кодирование дешифруемо 
(теорема 3).

Обобщается (п. 8) основная теорема для каналов без шума на описанный 
выше класс источников и кодирований. Д ля получения из доказанной теоре
мы результатов других авторов нужно установить равенство стоимостей. К ак 
следствие получаются результаты [1—4], [7] для «декодируемого» кодирова
ния и [5] при небольших ограничениях. Положительная часть теоремы до
казывается аналогично [7].

2. Обозначения

Пусть 21 — некоторый алфавит; 21* — множество всех слов в алфавите 
21; Л — пустое слово; |А | — число букв в слове А; 21“ — множество всех 
последовательностей вида {аД/ДДо; € 21: г =  1 ,2 , . . . ) .  Если А 1 £ 21* и 
А 2 £ 21* U 21", то Aj • А, означает результат приписывания А2 справа к А 1. 
Если А £ 21*, V d  21* и п — натуральное число, то А п =  А ■ А . . .  А (п раз), 
А0 =  Л ,  Vn =  {A-l . . .  А п '■ A lt А„ £ V},

Vо =  {Л}, А " =  А • А . . ., 7 "  =  { А 1А % . . . :  А1( А2, . . . (  7}.

Запись A i<  А 2, где А г £ 21* и А2 £ 21* U 21“ означает что Ах есть префикс 
(начало) А2. Множество 7  d  21* называется префиксным, если ни для каких 
двух различных слов из 7  одно не может быть началом другого. Если А £ 21*, 
7  d  21* U 21“ , то А «< 7  означает, что слово А есть префикс всех элементов 
множества 7 .  [| 7  || — мощность множества 7 , q>~\V) — полный прообраз 
7  при отображении с/?.

Всюду далее 21 — конечный или счетный входной алфавит, || 21 || >  2; 
23 — конечный выходный алфавит мощности т,  2 <  т <  оо ; сг(21) — некоторая 
а — алгебра подмножеств 21", содержащая все конечномерные цилиндры 
т. е. А 21" £ а(21) для любого слова А 6 21* ; ег0(23) — а — алгебра подмно
жеств 23", порожденная всеми конечномерными цилиндрами; р  — вероят
ностная мера на сг(21).

3. Источник сообщений и его энтропия

Источником по определению будем называть вероятностное пространство 
{21", <т(21), р}.  Сообщением назовем последовательность в алфавите 21, т. е. 
элементарное событие вероятностного пространства {21", о-(21), р). Меру 
множества вида А 21", где А £ 21*, обозначим через р(А) и назовем вероят
ностью слова А. Назовем источник положительным, если положительны 
вероятности всех слов.
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Обычным образом определим энтропию префиксов длины п (п =  1 ,2 ,.  . .) 
Н(п) =  — р(А)  In р(А).* Функция Н(п) — монотонно неубывающая.

АОЛ" _ ___  J
Верхней и нижней энтропиями источника назовем: Н  =  lim ~  Н(п) и Н  =

I _ ^
=  lim — Н(п),  которые всегда существуют. Если Н  =  Н,  то говорят [5, 9],

П — Л __
что источник имеет энтропию И =  Н  — Н .

4. Кодирование

Кодированием назовем отображение ср: 21“ 23“ , измеримое относи
тельно а(Щ и <т(|(93), то есть V V 6 £ «/(31))- Кодирования, сов
падающие п. в. (почти всюду) назовем эквивалентными. Пусть ег(58) — 
=  ( F e  58°° :<p~\V) £ <х(21)}. Как известно [9, стр. 54], ст(23) есть ст-алгебра. 
По определению кодирования <т0(58) с а(Щ.  Кодирование переносит меру 
р с ст(21) на <т(93) [9, стр. 54]. По определению мера множества V  £ <т(23) 
равна мере его полного прообраза, т. е. p(9?_1(F)).

5. Стоимость передачи

Естественно считать, что префикс А  некоторого сообщения А ’ декоди
руется по префиксу В  последовательности <р(А’), если п. в. сообщения, коды 
которых начинаются в В, начинаются с А,  то есть А  <  у>-1 (В ■ S3“ ) п. в. Такое 
определение декодируемости соответствует случаю, когда буквы кода сооб
щения поступают в декодирующее устройство равномерно, без каких-либо 
пробелов между словами. Значит для кодирований вида у> : 21* 58* при по
лучении слова В не известно, является ли оно кодом некоторого слова А  
(В — у>(А)) или префиксом некоторого другого слова А',  для которого 
f - < А '  и В < гр(А').

Д ля /7 =  1, 2 , . . .  и любой последовательности В 1 £ (р(21)“ положим 
t(n, В ’) равным минимальной длине префикса последовательности В',  по 
которому можно декодировать некоторое слово длины п. Если такого пре
фикса нет, то t(n, В') =  + о о . Формально: положим

t(n, В' )
m injß |, если V(n, В') =  0  ; 
В £ V(n, В ’)

+  со, если V(n, В')  =  0  ,

* При р =  0 произведение р ■ In р считается равным нулю. Сумма всегда определена, 
так как  число слагаемых не более, чем счетно, и все они одного знака. Величина Н(п) 
может равняться <*>.
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где

V(n ,B ' )  =  {В <Е S3*: В -< В ' & З  Д €31*(|Д | = п & А <  <р~\В ■ S3” ) п. Ь.)}.

Легко проверяется, что при любом натуральном п функция 1(л), определена 
п. в. на S3” и измерима относительно cr(pg). Если кодирования гр, и ^ э к в и в а 
лентны, то соответствующие им функции tVi и t,Pt равны.

Обозначим через С(п) среднее число букв выходного алфавита, необ
ходимых для декодирования первых п букв сообщения: С(п)= \ t(n,) dp =

=  f t(n, cp( ) )dp* (n =  1,2, . . .).* Ф ункция C(n)—монотонно неубывающая.-
03

Верхней и нижней стоимостями передачи назовем:

С =  lim — С(п) и С =  lim — С(л). 
п

Эти пределы всегда существуют. Если кодирования <рг и ц>2 эквивалентны, то 
соответствующие им CVl, Сч,г и C,fi, попарно равны. Если С =  С, то будем 
говорить, что стоимость передачи есть С =  С = С .

При рассмотрении кодирований вида гр : 31* S3* стоимость передачи

обычно называют L =  lim — р(А) \ гр(А) | (предполагается существова-
fl лещ

ние предела) [5, 7]. В простых случаях за определение принимают явное 
выражение предела [ 1 - 4 ] .

Проиллюстрируем определение стоимости. Пусть Sí =  {а, ß, у},  S3 =

=  (0,1}, cx(3í) =  cr0(2í), источник бернуллиевский р(а) =  p(ß) =  р(у) =  -^-,

кодирование побуквенное <р(а) =  0 , cp(ß) =  0 1 , у(Я) =  11 , <р>{ау а2 ■ ■.) =  <р (öi) 
(f(a2) . . . .  Пусть В'  =  0к‘ • 1 к ’  ■ 0к’ . . .  — некоторая последовательность из 
9r(SÍ” ). Е сли /q =  0,к2^ 0 , т о  V ( l , ß ' )  =  { ! , . . . ,  1 к %  1 ^ 0 ,.. .}  и 1(1,/Г) =  1,так  как  
у -<<р \ \  ■ S3") и 1 — минимальный профикс В',  по которому декодируется 
некоторая буква. Если kt ;> 2, то (7(1 , ß1) =  {00, . . ., 0 \  0,(‘ 1, . . .}, 1(1, В '  =  
=  2, т. к. а -< до-а (00 • 58” ) и <р-1(0 • S3” ) =  а • SI” U ß ■ 31" (по профиксу 
О нельзя декодировать ни одной буквы). Если кг =  1 , к 2— четное, то 7(1, В' )  =  
=  {0  • 1**0 , 0  1А*0 0 , .  . .} и 1( 1, В ' ) = к 2 +  2 , так  как а -< <р~ \ 0  • I*1 • 0  • 58") и 
у )-](0 • \ к‘ ■ S3” ) =  аук‘ 2 • 3Í” П ß ■ укг'2 ■ 31". Если /q =  1 и к2 — неточное, 
то аналогично 7 (1 , В ') =  {О, 1л’ 0, . . .} и 1 (1, В ') =  к2+2. Если В ' =  0 • 1” , 
то 7(1, В ') =  0  и 1(1, В ') =  оо. Имеем р(1 • В ") =  р(у>_1(1 • В ” )) =  р(у ■

■ 2Í") =  1, р(00 • В") =  р (а2 -31" и а/3 31” ) = j ,  при к =  1, 2, . . . р(0 •

* Интеграл определен даж е если t(n) =  оо на множестве положительной меры, так  
как  / ;> 0. В этом случае С(п) =  +  оо.
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к= 1
Для декодирования первой буквы 

1 б
сообщения требуется в среднем —- выходных букв. Входное же устройство

У

выработает в ответ на первую входную L = y + 2 - y + 2 - y =  — , что

меньше предыдущей величины. Расхождение объясняется тем, что, зная 
только код буквы а, нельзя сказать, с какой буквы начинается сообщение. 
Легко проверить, что при любых: натуральном п, слове А  £ 91“ и после
довательности В ' =  у(А) ■ В "  £ (А  ■ 91“ ) t(n +  1, В') =  |<p(.A)| +  t (2, В ") .

Поэтому С(п +  1) =  nL  +  С(1).

6. Связь между различными определениями стоимости

Лемма 7. Если источник положительный и определена стоимость L,
то С ;> L.

Утверждение леммы следует из того, что никакое слово ах . . . ап € 91*, 
не может быть декодировано по у>(ах . . . ап~i).

Просто доказывается, что если кодирование «декодируемо» в смысле [7], 
то С <, L. Если к тому же источник положительный, то в силу леммы 1 С =  L.

В работе [5] доказано, что для дешифруемого конечноавтоматного ко
дирования марковских источников существует стоимость L. Определения, 
относящиеся к автоматному кодированию, стандартны и приведены в работе 
ватора [10]; здесь они не повторяются.

Теорема 7. Если источник марковский произвольного порядка связ
ности и положительный, автоматное кодирование дешифруемо и автомат 
сильно связный, то стоимость С существует и равна стоимости L.

Доказательство. Пусть выполнены все условия теоремы, у  : 91* U 9Í” — 
->- 93* U 93“ - автоматное кодирование и U  — универсальное декодиру
ющее слово, существование которого доказано в лемме 5 [10]. Положим

* При рассмотрении конечноавтоматного кодирования алф авит St считается ко
нечным. Будем считать, что U  Я, в противном случае в качестве U  можно взять любое 
непустое слово.

( 6 . 1)
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Фиксируем произвольно натуральное число п. Каждую последовательность 
аг • а2 . . . £ 91“ представим в виде аг . . .  ап • А х - А 2 , где |АХ| =  |Л2| =  
=  . .  . =  \U\. Если при некотором i (а такое / найдется с вероятностью 
единица) Л,- =  U, то а1 . . . ап (и даже ау . . . апА г . . .  Л,-_i) декодируется по 
(f(a1 . . .  ап ■ Ах . . . Ai) и поэтому

t(n, 99(A)) <; I <р{а, . . . ап • А х . . . Л,) \ <, \ ср{аг . . . ап) \ +  М  ■ /| U |, (6.2) 

где М  — длина максимального слова, сопоставляемого одной букве.

Интегрируем почленно неравенство (6.2)

с(п) <: 2  р(а ) Iч Щ  I +  aí • \ и \ ■ 2 ( i  +  0(1 -  Р)‘ =
Agai" í= o

=  2 \ Р(А) I <р(а ) I +  AÍ • I и  I • Р - 2. (б.З)
Agat"

Делим обе части неравенства (6.3) на п и переходим к  пределу при 
п —>■ оо, получаем С <  L.

Таким образом, из леммы 1 следует утверждение теоремы.

Следствие 1. Если источник бернуллиевский (не обязательно положи
тельный), входной алфавит конечен, а кодирование побуквенное и дешифруе
мое в смысле [3], то стоимость С существует и равна стоимости L.

Д ля доказательства достаточно рассмотреть кодирование на подалфа
вите из букв с ненулевыми вероятностями.

7. Конечность стоимости и дешифруемость

Теорема 2. Если ниж няя стоимость конечна, то сужение кодирования на 
некоторое множество полной меры взаимно однозначно.

Эскиз доказательства. Из определения стоимости и условия теоремы 
следует, что можно выбрать множество V ez 21“ так, что для всех 
Л  = а 1а2 . . . € F , всех п =  1 , 2 , . . .  и всех В  6 F (n , у(А )) выполняются 
соотношения t(n, ср (Л)) <  оо ; а1 . . . ап <  <р~\В ■ 33“ ) П V (beygy) ;  p(V) =  1. 
Отображение cp : V -»-99(F ) будет взаимно однозначным.

Кодирование <р: 21“ ->■ 33“ было названо П. Биллингслеем [6] дешифруе
мым, если оно взаимно однозначно п. в.

Следствие 2. Если ниж няя стоимость конечна, то существует эквива
лентное кодирование, взаимно однозначное п. в. (дешифруемое в смысле [б]).

Доказательство. По предыдущей теореме отображение ср\ V  -> 99(F ) 
взаимно однозначно. Если V  =  21” , то следствие выполняется. Пусть V ^  21” .

з
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Изменим кодирование н а З Д ~ \7 . Всегда найдется последовательность В £23°° 
вероятности ноль. Положим у(А) =  В  для всех А  £ 2I“ \ F .  Тогда любая 
последовательность из F \{ 9 9 _1(ß)} однозначно определяется по своему коду 
и p(F)\{<p_1(ß )}) =  1- Следствие доказано.

Теорема 3. Если источник марковский произвольного конечного порядка 
связности и положительный, кодирование осуществляется сильно связным- 
автоматом, то оно дешифруемо тогда и только тогда, когда стоимость С ко
нечна (определения приведены в [10]).

Доказательство. П усть выполнены все условия теоремы. По теореме 1 
для дешифруемого кодирования С =  L  <  оо. Покажем, что для не дешифруе
мого кодирования С =  ос. Пусть t(A)  — заключительное состояние автомата 
при подаче на вход слова А  £21*. Если кодирование не дешифруемо, то 
найдутся слова A v А 2 £ 21*, для которых

Ai ^  А 2, <р(Аг) =  ср(А2), t(A^) =  t (A2). (7.1)

Из (18) следует, что при любой последовательности А  £ 21"

<p(Ai ■ А)  =  <р(А2 ■ А). (7.2)

Из (19) и положительности вероятностей p A Q  и р ( А 2) следует, что не су
ществует взаимно однозначного сужения кодирования на множество полной 
меры. Поэтому в силу теоремы 2 С =  С = о о .  Теорема доказана.

Следствие 3. Если источник бернуллиевский, входной алфавит конечен 
и кодирование побуквенное, то оно дешифруемо в смысле [3] тогда и только 
тогда, когда стоимость С конечна.

Д ля доказательства достаточно рассмотреть сужение кодирования на 
подалфавит, состоящий из букв с ненулевыми вероятностями.

8. Основная теорема для каналов без шума

Теорема 3 А. При любых источниках и кодировании С Н  ■ l n - 1 т, 
С > Н  ln“ 1 т.

Доказательство. Фиксируем произвольно источник и кодирование. 
Будем считать, что С <  оо (8.1). Иначе утверждение теоремы тривиально. 
Положим

УДп) =  и  V(n, В)  (8.2)
В €?>(ЭД“ )

У(п) =  { B í  F 0(n): V ß ,  £ F 0(n) (В =  В г V В , <|< ß)} , (п =  1 , 2 , . . . ) ,  (8.3)
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где V(n, В) — множество, определенное в пункте 5. Множество V(rí) состоит 
из всех префиксов кодов сообщений, по которым можно впервые декодировать 
некоторое слово длины п; этом ножество префиксное. Если последователь
ность В ' п р и н а д л е ж и т  В  • 33“ при некотором В £ F(n), то мини
мальная длина префиксов последовательности В,  по которому можно де
кодировать некоторое слово длины п,

t ( n , B ’) =  \B \ .  (8.4)

Если В'  не принадлежит

U В  • S B “ ,  то t(n, В ' )  =  . (8.5)
В  € V (n )

Из (8.4), (8.5) следует, что*

С(л) =  2  Р (В)  |В | +  °о • р (3 3 ~ \ U В • 33” ) (л =  1 , 2 , . . . ) .  (8.6)
В  € V (n )  В  € V(n)

Фиксируем произвольно натуральное число п. Д ля А  (Е 2Г положим

V(A)  =  {В е У(п)  : А  <  <р-\В  • 33“ ) п ■ Ь} . (8.7)

Из (8.2), (8.3), (8.7) получаем

U V(A) =  V(n) . (8.8)
леи”

Из (8.7) следует, что А  ■ 21" Z) (J у>_1(В • 33“ ) и поэтому
в  е v(A)

Р ( А ) >  2  Р(В)  И  6 Г ) .  (8.9)
В  € V (A )

Из (8.1), (8.6) имеем р ( 3 3 " \  U В ■ 33") = 0 ,  поэтому
B í V ( n )

2  Р(В) =  \ .  (8.10)
В  í  И(п)

Из (8.6) следует, что если р(В) >  О (В  £ V(n)), то В  £ V(A)  только для одного 
А  £ 2Г. Поэтому из (8.9), (8.10) и того, что 2  Р(А)  =  1 > следует, что

Р(А) =  2 '  р(В)  и е Г ) .  (8.11)
В  € V (A )

{оо, если х >  О;

О, если х =  О.

3*
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По свойству энтропии [4 стр. 62] имеем

-  2  Р(в ) 1п Р(в ) >  -  2  P( V(A) • ® ” ) ln p(V(A) • S3") =
В  € V(n) A  í  91»

2  Р(А) In р{А) =  Щп) (п< 1 , 2 , . . . ) .  (8.12)
А  € 9 1 "

Из (8.12) и префиксности множества V(n) следует, что 

С(п) =  2  т  lß l >  ln_1 т ■ 2  Р(в ) 111 Р(В) >  ln - 1 m • Н(п). (8.13)
В  € V(n)  В  € V(n)

Делим (8.13) на п и переходим к пределу при л оо. Получаем утверждение
теоремы.

Проиллюстрируем доказательство на том же примере, что и в п. 5. Из 
сказанного там следует, что F 0(1) =  {1, 00, 010, ОНО, . . . } .  При п =  1 
F(a) =  {00, ОНО, 011110, . . .},

F (ß )  =  {010, OHI O, . . . } ,  F(y) =  { !} .

При n >  1 F 0(«) =  <р(9Г J) • F 0(l)  и при любом слове А  € А г • а £ 31" 
F(A)=?>(A)- F(ű).

Теорема 3 В. Д ля  любого источника существует кодирование, при 
котором С =  И  • In-1  т,  С = # 1 п _ 1 лг.

Дадим эскиз доказательства. Каждое сообщение А  £ 21" представляется 
в виде Л Х(Л) • Л2(Л) . . ., где [ЛП(Л)| =  л2 (л =  1 , 2 , . . . ) .  Д ля всех сообще
ний с общим началом А г . . . А п- 1 таким, что р(Аг . .  . А п -i) >  0, слова Л„(Л) 
кодируются префиксным кодом аналогичным коду К. Шеннона [1], построен
ным по условному распределению вероятностей

П П

Д ля этого кодирования С ( 2  В) < ; In-1  т ■ Н  ( 2  В) +  п при любом
í=i i=i

п =  1,2 , . . .  . Переходя к  пределу с учетом монотонности С ( ) и Н(  ), 
получаем утверждение теоремы.
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Заключение

Приведенные выше результаты показывают, что данное в работе опре
деление стоимости не только интуитивно естественно, но такж е согласуется с 
традиционным определением и позволяет сравнительно просто обобщить 
предшествующие результаты, в частности, основную теорему для каналов 
без шума.
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On the cost sequence transmission
G. L . K H O D A K  

(Omsk)

The tran sm issio n  of m essage over no iseless channel is considered . The source  
o f m essages is a n y  discrete s to ch as tic  process. T h e  coding is a n y  m easu rab le  m ap p in g  
o f a  se t o f in p u t sequences to  a  s e t o f o u tp u t ones. I n  co n trast to  o th e r  au th o rs  th e  co s t 
o f tran sm ission  is defined as  av e rag e  num ber o f  o u tp u t  sym bols w h ich  are  necessary  
fo r decoding o f  one sym bol o f a  m essage. T his d e fin itio n  m ore co rresponds to  an  in tu it io n  
an d  p erm its  to  generalize th e  fu n d am en ta l th e o re m  for th e  no iseless channels co m 
p a ra tiv e ly  sim ple and  th e  class o f  sources an d  co d in g  is a p p a re n tly  m ax im um  w ide. 
I t  is p roved  t h a t  fo r fin ite  a u to m a ta  coding th e  n e w  cost is equal to  th e  tra d itio n a l one 
if  a  coding is decipherab le  one is equal to  in f in ity  otherw ise.

Defin ition .  L e t 21 be fin ite  o r num erab le  in p u t a lp h ab e t a n d  В  fin ite  o u tp u t  
one. 21* and  21“  a re  m ean se ts  o f  a ll w ords a n d  a ll sequences o f  le t te r  from  21, | A  \ 
is a  n u m b er o f  le tte rs  in A  £ 21* its  leng th , fo r A ,  £ 21*, A 2 £ 21* U 21“  A l <  A , 
m eans th a t  A ,  is a  p refix  of А г, fo r V c  21* U 21“ . A l < V  m eans th a t  \ /  A  £ V ( A l <  A )  | |F |]  
is pow er o f a  se t V , A t V  =  { A , - A  : A  £ V}  ■ o(2l) m eans any  cr-algebra o f su b se ts  o f  
21“  con ta in ing  A  ■ 21”  for all A  £ 21*, o0(Sh) m e a n s  th e  tr-algebra o f  subsets o f 18“  
p roduced  b y  { B  ■ 23“  : В  £ 23*}, p  is a  sto ch astic  m easu re  on <7(21), p ( A )  =  p (A  ■ 21“ ) 
(A £ 21*).

The source  o f message is th e  p ro b ab ility  sp ace  {21“  ct(21), p } .  U p p er e n tro p y

o f th e  source is H  =  l i m ---- — S f  p ( A ) \ n p ( A )  a n d  low er one is H  =  l i m ---- У  •
n-=o П |Д|=П Л—~ n  |Д| =

• p (A ) ln  p(A ) .
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T he cod ing  is a n y  m easu rab le  m app ing  <p : 21“  ->- 23“  i.e . V V  £ о  {,($>) (<P~l ( V )  £  
£ o-(21)). T he cod ing  tra n sfe rs  th e  m easure p  from  <r(21) to

сг(ЭЗ) =  { V  <= 33” : <p-l(V )  £ <r(2l)} 3  <r„(S3) .

A  p re f ix  A  o f som e m essage  A '  m ay  b e  decoded w ith  a  p re f ix  В  o f sequence  
<p(A') if  A  <  ■ S3") a lm o s t everyw here (a.e.). F o r a ll n  =  1, 2, . . . a n d  all
B '  £ <p(21") t(n, B ')  m eans th e  m in im um  le n g th  o f  p refixes o f  B '  w ith  w hich som e 
w ords o f le n g th  n  m ay  be decoded ,

r m in  I В  I i f  V(n, B ')  j í  0  
tin, B ' )  =  B í v(n,B')

I +  oo if  V (n ,  B ')  — 0

where

V(n, В ' )  =  { B  £ S3* : В  -< В '  & g A  £ 21*(| A  \ =  n  & A  -< <p~l) В  ■ S3") a ■ e)} .

T he fu n c tio n  t(n), is m easu rab le

T he u p p e r  cost o f th e  coding is c =  lim  — J t(n, ) d p  a n d  th e  low er one  is
В  CO

I f  . . . .  . . 1
— tin, ) dp.  T he  tra d it io n a l d e fin itio n  o f  th e  co s t is L  =  lim  — V  •
П J  n— <*■ n  \A\=n

■ p{A)  j ч>(А) I for th e  coding y>: 21* -*■ S3*
I t  is p ro v ed  th a t  in  c lassica l cases c =  c =  L  i f  a  cod ing  is decipherable.
T he fu n d am en ta l th e o re m  A. F o r a ll sources and  co d in g  c ;> H  I n -1 11 S3 ||, 

c ^ i i - l n _ 1 |JS 3 ||.B . F o r  a n y  source th e re  e x is ts  th e  coding su ch  th a t  c =  H  I n -1  ||S 3 ||, 
c =  H  ■ In  —1 j 1 S3 ||.

Г. Л. Х одак
Политехнический институт 
СССР, Омск, проси. Мира, д. 11.
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THE EXTENSION OF THE EXTRAPOLATION 
TECHNIQUE IN THE SUMT METHOD

L. G E R E N C S É R  

(B udapest)

(R eceived  O ctober 6, 1974)

T he  ex tension  o f th e  ex trap o la tio n  tech n iq u e  will be  discussed. In s te a d  
o f a  single cu rve  x*(r) w e consider a  fam ily  o f  curves, w h ich  is defined b y  th e  
eq ua tion  V f ( x )  +  rS71(x) -f- r©  =  0. H ere  f ( x )  is th e  o b jec tiv e  function, I ( x )  is 
a  lo garithm ic  b a rr ie r func tion , r,  & a re  p a ram e te rs . These p a ram ete rs  a re  c o n 
sidered as  dep en d en t v a riab les  o f th e  v a riab le  x,  and  a  sea rch  process is g iven .

1. Introduction

We shall consider the  problem  of nonlinear program m ing in the form

min f(x) (1.1)

gi(x) > 0  i =  1, . . . , m. (1.2)

Here th e  functions f(x), —</Дж) are tw ice continuously differentiable 
convex functions of the  и -dim ensional vector variable x. These functions are 
defined on an open convex set containing th e  feasible region Q, defined b y  
condition (1.2). W e suppose th a t  Q is bounded and  the set o f  interior po in ts 
o f _Q is no t em p ty  and  it coincides w ith the  se t Q0

Oo =  {x: 9i(x) >  °}-
W e assume th a t  th e  problem  has a single so lution x*. Since we are going to  
use ex trapolation , some regu larity  conditions should be satisfied.

The set o f active indices in x* will be deno ted  by  I(x*) i.e.

I(x*) =  {i : g,(x*) =  0}.

The first condition which m ust be fulfilled is

Condition a).  The vectors \/д/(х*), i £ l ( x * )  are linearly  independent.

The m ultipliers in the  K uhn-T ucker condition will be denoted b y  
Xf (i =  I, . . . , m ). Our second requirem ent is expressed in

Condition Ъ) .  F or every i =  1,  . . . , to th e  num bers X *  an d  g i ( x * )  are n o t 
bo th  zero. (S trict com plem entary slackness.)
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The th ird  condition refers to  the L agrangian function  of the problem  
which we denote by

m
L ( x ,X )= f ( x )  y^Xjgiix).

=1

Here Я is a  vector w ith  com ponents Xv . . .  , Xm.

Condition c). The second-order sufficient conditions are satisfied, th a t  is 
for any vec to r v ^  0, w hich satisfies

SJg'^x^v =  0 i£l(x*),
the  inequality

v ’ \72L(x*, X*)v >> 0

holds. (Second-order sufficient condition holds.)
We assum e th a t Conditions a), b) a n d  c) are satisfied. We are going to  

solve the  problem  w ith  th e  SUMT m ethod. We choose th e  version w here a 
logarithm ic barrier function  is used, w hich is defined by

Define th e  function

!{x) — — ^  In gt(x).
i=i

P(x, r) — f(x) -f- rl(x).

The following assertions a re  contained in  th e  book o f Fiacco and McCormick 
[1]. For sufficiently sm all r th e  function P(x,  r) is s tric tly  convex an d  a tta in s  
its m inim um  a t a un ique poin t, say x*(r). The points x*(r) converge to  x* 
when r — 0, and th e  tra jec to ry  x*(r) is continuously differentiable for 
r >  0. A n extrapolation  can be used for the  determ ination  of x*, if only a 
few values o f x*(r) has been com puted. However th e  com putation o f x*(r) 
is quite difficult, when r is small.

2. Extension of the extrapolation technique

A direct way of th e  determ ination o f x* would be the in tegra tion  of a 
differential equation w hich is satisfied b y  x*(r). Such a  differential equation  
can be b u ilt by  differen tiating  in r the  equality

V P ( x ,  r) =  V /(z ) +  rs/ l(x)  =  0. (2.1)

This eq u a lity  holds along x*(r). We g e t

(V 2/(x) +  г  V 2 Ц х ) )  =  — V /(*) =  r - 1 V/(*) 
ar

where for x  the point x*(r) should be substitu ted .
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The m atrix  \ / 2I(x ) can be w ritten  in details as

v 2m

In troduce the  notations

Then we can m ake the following sim plifications in (2.2)
m m

V 2/(Z) +  r  S72 1(x) =  V 2/(x) ^ A ,(* )  v 2̂ (x ) +  r - 1 ^A ftas) Vfl-|(*) V '?/(*) •
<=i i=i

In troduce the  notation
m

Г(х) =  У  Щ(х) V gi(x) V'ffi(x).
í=i

Then we get using the L agrangian function:

V 2/(z) +  rS j4(x )  =  S72L(x, X(x)) +  г~1Г(х)

where Я(гс) is a vector w ith com ponents A,(a:), . . . , Ат (я).
F inally  in troduce the m atrix

D(x) =  rS/ Щ х ,  A) +  Д * )  (2.3)

where we su b stitu te  A =  А(ж).
Our hypotheses implies th a t  D(x) has an  inverse (see [1]) an d  we find th a t 

dx*
dr

=  -  D ~ \x ) \7 f {x ) . (2.4)

The num erical in tegration o f th is equation  is no t possible, since the right- 
hand  side is defined only along th e  curve x*(r). Therefore we shall replace 
th e  curve x*(r) b y  a family o f curves x*(r ,0) .  This fam ily is defined by the 
following equation:

y f ( x )  +  rS/I(x)  +  г в  =  0 (2-5)

Here 0  is a  vector w ith com ponents 0 V . . . , 0 m. The vec to r 0  is hold 
constan t while r is positive. T he solution to  th is  system  of nonlinear equations 
will be denoted b y  x*{r, 6).  T here exists a  single solution, since the  solution 
o f E q. (2.5) is equivalen t to  the  problem  o f m inimizing in x  th e  function

P(x, r, 0 )  =  f(x) -(- rl(x)  +  r0'x.

I f  r is sufficiently small then  th is  function is th e  sum of a s tric tly  convex 
an d  a linear function  of the variable x. Thus P(x, r, 0)  is s tric tly  convex 
in x, and a tta in s  its  minimum in a single po in t x*(r, 0).
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Sim ple m odifications of the usua l argum ent show th a t 

x*(r, 0)  —► x* when r  — 0.

Moreover th e  curve x*(r, 0 )  is continuously differentiable for r >  0 for 
every fixed  0. The tan g en t vector to  th e  curve x*(r, 0 )  is expressed in  form ula
(2.4) , w here the m atrix  D(x ) should be com puted in  th e  point x*(r, 0) .

Now we can use th e  above idea in  th e  following w ay. The curves x*(r, 0 )  
fill in som e p a r t of the  feasible region. Thus for an  a rb itra ry  x  we can find  some 
curves passing through th is  point. F o r th is  reason we have only to  solve Eq.
(2.5) , in w hich the unknow n variables are now r, 0 V . . . , 0 n. Since we have 
n  equations and n  +  1 unknowns we introduce an  additional equation . 
A simple w ay for th is is to  use th e  equation

V '/(* )0  =  o.
We then  get the solution

r rf.r) V Y (* )V /(s )
V '/(x )  V /(x)

The value o f 0  is no t needed in th e  com putation. I f  th e  value of r(x) is posi
tive, we go on m aking an  ex trapolation .

This means th e  we use a first-o rder Taylor-form ula in the  p o in t x  =  
=  x*(r, 0 )  for the com putation  o f x*\

(1
x*  =  x*(r, 0 )  — r ----- (r, 0 )  4- 0 ( r 2).

dr

This form ula is valid if th e  curve is uniform ly differentiable for r >  0. In tro 
duce th e  notation

h(x) -
dx*
dr

(r ,0 )  .

T his direction is com puted b y  form ula (2.4), i.e.

h(x) =  — D ~ 1(x) S7f(x).

We com pute D(x) according to  (2.3), where

r =  r(x) an d  Xj(x) =  r '^cl .
ffi(x)

The search  proceeds in  th e  direction of h(x). W e ap p ly  the  form ula

Xn+ 1 =  Xn +  r(xn) h(xn).
VI f  x n+1 does not belong to  the feasible region, th en  we replace r by — .
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3. Computational aspects

The m ain difficulty is the  inversion of the m a trix  D(x). Some sug
gestions are given by F le tcher and  McCann [2]. One reason  for this is th e  fact 
th a t  the  m atrix  D(x) converges to  the m a trix

m
r *  =  2 }* Vflf/(**) vV i(**)

i=1

when x  converges to  x* along some tra jec to ry  x*(r, 0 ). The m atrix  Г*  is 
singular, if th e  num ber of ac tive  constrain ts is less th a n  n.

B etter resu lts can be eventually  ob tained , when we have n ac tive con
stra in ts , th a t  is the  optim um  is reached in  a  vertex. N am ely  in this case the 
m atrix  Г* is nonsingular. Suppose th a t th e  active indices are 1, . . , n. T hen 
x* can also be determ ined from  the  equation

9l(x*) =  0

gn(x*) =  0.

There are several m ethods for solving a  system  of nonlinear equation, how
ever, we prefer to  use extrapolation.

We tested  the  algorithm  for the following num erical example:

min [(я -  l)2 +  (у — l ) 2 -f  (z — l ) 2]
subject to

1 — z 2 — 100y2 — ЮО22 >  0.
The initial po in t was

x  =  0. у =  0. z =  0.08.

A fter five itera tions we ob ta in ed  the po in ts

a; =  0.724 у =  0.037 2 =  0.057. (3.1)

The value of th e  objective function in th is  po int is 1.890, while the so lution 
is 1.875. The problem  is ra th e r  ill conditioned, therefore th e  solution (3.1) is 
far from being accurate, while th e  objective function has an  agreable value.

Acknowledgement.  I  express m y  th an k s  to  Professor A n d rá s  P rékopa fo r h is 
encouragem en t to  w rite  th is  p ap e r.
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Развитие экстраполяционных алгоритмов в методе штрафных функций
Л .  Г Е Р Е Н Ч Е Р

(Будапешт)

Рассматривается развитие экстраполяционных алгоритмов в методе штрафных 
функций. В частности, предлагается вместо одной кривой х*(г) ввести семейство кривых, 
определяемых посредством уравнения '7 fix)  -f- V (x) +  г 0  =  0, где f(x) — целевая ф унк
ция; 1(х) — логарифмическая ш трафная функция; г, в  — параметры. Параметры могут 
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(M oscow)

(R eceived N o v em b er 26, 1974)

Introduction

References [1, 2, 3] recom m end th e  use of d ifferential equations for sem i
in v arian ts  in sta tis tica l analysis of nonlinear dynam ic systems. Since these 
equations generally form  an infinite se t (the righ t-hand  m em ber of equations 
for sem iinvariants o f o rder к depend on sem iinvariants of an order higher 
th an  k) to  close these equations it is suggested th a t  senior sem iinvariants be 
neglected by assuming th a t  the sem iinvarian ts whose order exceeds a certain  
num ber r are zero. I t  will be shown th a t  a t r =  2 th e  equations for sem i
invarian ts coincide w ith  those for th e  m athem atical expectation  vec to r and 
a covariance m atrix  o f system  s ta te  coordinates ob ta in ed  by sta tis tica l li
nearization  [4]. Increasing r, or w ith  th e  num ber o f th e  sem iinvariants taken  
in account, the analysis accuracy increases as seen in  num erous exam ples. 
In  a num ber of cases resu lts are significantly  more accurate  th an  those ob
ta ined  in statistica l linearization. A lthough applicab ility  of th is approach 
(the sem iinvariant m ethod) to  analysis o f nonlinear system s, seems to  be con
fined to  system s where probability  d istribu tions are near-Gaussian*, th e  m e
thod  is found to be useful in a num ber o f practical problem s. However, equa
tions for sem iinvariants are often cum bersom e and  h a rd  to  formalize. Their 
derivation  in a m ulti-dim ensional case is a tiresom e an d  labor-consum ing p ro
cess. This is one of th e  disadvantages o f th e  method. E quations for m om ents 
are m uch easier to  derive. In  the case where the p lan t to  be analyzed is de
scribed b y  stochastic differential equations w ith polynom ial coefficients the  
equations for m om ents are generally linear. For these equations sim ple for
m ulae are known [5]. E quations for cen tra l moments are also easily formalized. 
E quations for m om ents also form an infin ite system  b u t unlike sem iinvari
an ts m ere neglect of higher-order m om ents for closing th e  system  resu lts in

* I t  is well know n t h a t  in  norm ally  d is tr ib u te d  ran d o m  v ariab le  th e  sem iin v a rian t 
o f o rder h ig h e r th a n  2 a re  eq u a l to  zero. T h is suggests th a t  in  near-G auss ian  d is tr ib u tio n s  
th e  significance of senior sem iinvarian ts  decreases.
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large analysis errors. Therefore th is  paper proposes a com bined m ethod  w here
b y  nonlinear dynam ic plants a re  statistica lly  analyzed by a  “ sem iinvarian tly  
closed” system  o f differential equations for m om ents. To do th a t  th e  notion of 
“ r-truncated” m om ents is in troduced , or of an  expression of senior m oments (of 
o rder k^> r) th ro u g h  lawer-order m om ents (of o rder p <  r) a t w hich the  sem iin
v arian ts  of order higher th an  r a re  assum ed to  be zero . The ‘ ‘sem iinvarian t” clos
ing of mom ent equations consists in  isolating a fin ite  system  o f equations for 
m om ents from one to  r inclusive w ith  replacem ent of m om ents higher th an  r 
w hich are incorporated  into th e  righ t-hand  p a r ts  of equations for moments 
u p  to  order r b y  “ r-tru n ca ted ” m om ents. E quations ob tained  in  th is  way are 
equivalent, as follows from th e ir  construction, to  equations for sem iinvariants 
up  to  order r w hich are ob ta in ed  from the  in itia l infinite system  of sem iin
v arian ts  by elim inating the  sem iinvariants o f order higher th a n  r. Therefore 
as far as accuracy  is concerned th e  m ethod proposed is equivalent to  th e  
m ethod of sem iinvariants. I t  is a ttra c tiv e  because of good form alizability  o f 
equations, ease o f com putation and  the w idespread knowledge o f the notion 
o f moments am ong researchers.

where x(t) =  ||а;,(^)||,=ря — column vector of p lan t phase coordinates; 
a(t ,x(t ))  = \\ai(t, x(<))||,-=i^  colum n vector-valued function o f equation co
efficients; a(t) =  iI07/(i)1|i,y=T,n m atrix ; |( i)  =  1 !,■(/)j|,-= fy  colum n vector of 
w hite Gaussian independent noises:

1. Statement of the problem

L et a dynam ic p lan t be described by  th e  differential equation

=  a(t, x(t)) -(- a(t) !(<) ( 1 . 1 )

Assume th a t th e  coefficients o,(i, x) are polynom ials:

at{t, x ) = aip,...pn(t) a f1- • ( 1 . 2 )

P1+ • • • +Pn—0

i =  1, n; P i  =  0, 1, 2, . . .  ; N t =  0, 1, 2, . . .
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and such th a t  a solution o f Eq. (1.1) exists a t t >  t0 . Assume th a t  th e  mo
m ents

whc,.../<„(«) =  M[x1'(t) . . . xknn(t)], кг . . . kn =  0, 1, 2, . . . (1.3)

of the  process x(t) a t tim e t =  t0* exists and are know n.

I t  is required to  find  m athem atical expectations

m{t)  =  M[xi(t)] =  m 00.. . io . . .0 (t)
i

and th e  second-order m atrix  of m om ents,

=  II Fijlf) \\i,j=hn
i

Г  ij(t) =  M[Xi(t)Xj(t)\ =  WÓ—f— (1.4)
i

or the  covariance m atrix

HM) =  II N i i 1 2) I \i,j=hn ; Nj{t)  =  -  m t(t ) )  (xj(t)  -  m ; ( < ) ) ]

of the process x(t) a t tim es t >  t0 .
These param eters can be com puted a t a certain  accuracy th rough  dif

ferential equations for m om ents of th e  process x(t).

2. Equations for moments

E quations for m om ents (1.3) of th e  process x(t) satisfying (1.1) are long 
since know n [5]. They can be arived a t  in  different w ays. They are o ften  de
rived th rough  a differential equation for the  characteristic function

1 n
~  21j ■ • • I n̂)>
2 /,m=1

where btm(t) — elem ents o f the m atrix

B(t) =  o{t)a*(t)

( 2 . 1 )

( 2 . 2 )

(2.3)

* — m atrix  transposition  symbol.

* T he n u m b e r к =  кг +  . . . +  kn is re fe rred  to  as o rder o f  th e  m om ent mit,. . . k„■
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In  doing so the  form ula

dzp . . . , 3 Z%n
(2.4)

г1=...=г„=0; k=k1+... + k„

is used. In  our case equations for moments ob ta ined  by  E qs. (2.2) and (2.4) 
are of the form

dmi Ni
,  --- ^  a ‘Pl---Pn(t)  m Pl---Pn

di Pi+---+Pn=o

d i \ j  _
dt

Ni
^  a Pi---Pn (0  m p , - - - Pi -u  P i+ l,P i+i....... .... ”1”

Pi + • • • +Pn=0
Nf

+  a jpl  ■ ■ ■ p A ^ ) m Pi"-Pf -X,Pi  + \ , P i + y - P n  +  bi j ( t )
PH----=Pn= о

(2.5)

dmk k n =  J x, J  a .pi pn(t)x
dt 1 = 1 pH---- IPn=0

X t̂pi-\-kit‘..,Pi_i+/cf—t» Pí+ftí- 1»Pí+i+ft<+i»*• *, р»4*Л»
1 n

+  “ ^  *,(*, —  1) ^n(0 mk1...ki_1,ki-2,ki+l,...,k„ +
2 /=1
1 71

+  —- kt kj bij(t) rnkl., .ki_ u ki- lt ki+.,...,kf_u kj-\, kj+x...kn
2 ij= i

i*j
k x -\-. .  ,-\-kn =  к 2.

As follows from Eq. (2.5), equations for m oments are linear and th is is 
their advan tage over equations for sem iinvariants. Besides, th ey  are well- 
formalized since E q. (2.5) is a relatively sim ple expression for equations o f 
moments o f an  a rb itra ry  order k.

E quations (2.5), however, generally form  an infinite se t of in terre lated  
equations an d  th e ir num erical integration is th u s  out of th e  question. Simple 
neglect of higher order m om ents for closing th e  system of equations for lower- 
order m om ents leads to  large com putation errors тД<), Г i j ( t ) ,  t  ^> t.  This is 
the  d isadvan tage of equations for m om ents: although sem iinvariants also 
form an infin ite  set of equations, neglect o f  higher order sem iinvariants is 
often less detrim ental.

E quations for central m om ents

( ik l . . . , kß )  =  М \ ( Х А 1) -  т А1))к'  ■ • • (x n(t) — m n ( l ) )k“] ( 2 . 6 )



of a rb itra ry  order к are also not hard  to  ob tain . U nlike equations for m om ents, 
these equations are nonlinear bu t, as (2.5), th ey  are well-formalized an d  th is 
is w hat m akes them  m ore a ttrac tiv e  th a n  sem iinvariant equations. E quations 
for cen tral mom ents also form  an infin ite set.
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3. Truncating the moments

The infin ity  of th e  system  o f d ifferen tial equations for mom ents ham pers 
their use in solving problem s of s ta tis tica l analysis for nonlinear dynam ic 
plants. I f  there  were precise form ulae in terre lating  higher and lower order 
m om ents, th e  problem  o f closing th e  m om ent equations would be a sim ple 
one. Expressing the m om ents whose o rder is greater th a n  a  certain  num ber r 
through m om ents whose order P  <  r, using E q. (2.5) we would have an  accu
ra te  fin ite closed system  o f differential equations for m om ents of order up  to  r. 
There are, however, no such formulae*, therefore higher-order m om ents will 
be expressed ju st approxim ately  th ro u g h  lower-order m om ents. This can be 
probably  done in m any w ays [6]. This p ap e r proposes one approach reducible 
to  the  so-called “ tru n ca tio n ” of m om ents by  using th e  re lation of m om ents 
and sem iinvariants

(3.1)

where q =  qx qn — order of th e  sem iinvariant. In  the  one-dim en
sional case such a form ula is convenient [7]:

™k =  К  +  2  c*-í m*-<r (3-2)
9=1

Using the  evident equality

where ip(z1 z2) =  In f(zv z2) and  in the  ligh t of (2.4) an d  (3.1) a t n =  2 it is 
easy to  o b ta in  an analogous form ula for a  tw o-dim ensional random  vector:

fc.-i
W lk - J i i  —  ^ I c i — 1  ^ 9 i * s 9 „  0

Q, 1

+  c k l  У  cfc)-i 9̂.9> m k ,- Q , .k * - Q >  ■ (3-3)
9 2 = 0  9 i = l

* A n  excep tion  is th e  case w here th e  fo rm  o f  th e  d is tr ib u tio n  law  for th e  v e c to r  
x(t) is know n. T hus in  s ta tis tic a l lineariza tion  techn iques th e  d is tr ib u tio n  is assum ed  
to  be G aussian .

4
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F o r an »-dim ensional vec to r x  =  (xv . . . x n) we can find th a t

(3.4)

T he formulae relating  th e  cen tra l m om ents (2.6) and the  sem iinvariants (3.1) 
easily follow from  (3.2)—(3.4). Thus from (3.2) follows

F rom  (3.3) follows
9 = 2

(3.5)

Л, - 2 k , -2

Form ulae (3.2)—(3.6) give an  accurate expression relating higher-order m om ents 
w ith sem iinvariants of th e  sam e order, lower-order sem iinvariants and low er- 
order m om ents. For our purposes of closing the  m om ent equations h igher- 
order m om ents should be expressed only th rough  lower-order moments. F o r 
this purpose introduce th e  notion of “ r- tru n ca ted ” m om ents.

Let f(zv  . . . , zn) be th e  characteristic function o f th e  random  vec to r 
x  =  (xv . . . , x n). I t  is associated w ith  th e  function

y{zv . . . , zn) =  1п/(гг, . . .  , zn) 2 • +  <7n
Z qi Zq n
y - A ,...?» (3.7)

1- 9» =  1 <h'- • ■ • Vn'-

where h--.qn — sem iinvariants. Assuming in E q. (3.7) th a t  Xq q =  0 a t  
r - ) - . • •  +  qn =  q <1 R  leads to  th e  function*

WrMz V

* Here the notation is introduced:
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In troduce a “ tru n ca ted ” characteristic function

B y “ r- tru n ca ted ” m om ent of order к  =  кг +  k n we will u n d e r
s tan d  the  param eter

m i ' R)kn( -  *)'
Э4”

fr,R (Zl> (3.10)

H ere r ]> 2 and К k ^> r are some n a tu ra l numbers.
“T runcated” central m om ents $ ’R?.kn are ob tained  from (3.10) a t  

m,- - M [ x j \  =  0, i =  1 , n .

From  (3.8)-(3.10) it follows th a t “ tru n c a te d ” m om ents coincide w ith  
the  actual ones only when sem iinvariants of o rder q (where r < q <  R) in ac tu a l 
d istribu tion  are indeed zero. This is true, for instance, for norm al d istribu tion  
whose sem iinvariants are zero a t  q )> 2. In  a general case “r-tru n ca ted ” 
m om ents differ from  actual ones and m ay be associated w ith  no d istribu tion  
whatsoever.

Consequently, th e  m om ents of original d istribution are “tru n ca ted ” 
by assuming th a t  some of its sem iinvariants are zero:

A = 0 ,  r < q  =  qx+  . . . +  qn < R .

The d istribu tion  itself w ith th is  “ sem iinvariant tru n ca tio n ” is, na tu ra lly , 
distorted.

Sem iinvariantly  tru n ca ted  moments o f order к can be expressed in 
term s of lower order (p  <( k) m om ents, in p articu la r, by using Eqs. (3.2)—(3.6). 
Assuming, for instance, in E q. (3.2) th a t =  0 , k > q ^ >  r gives

Wife 2 ^
9=1

U A ? 4 r4 ) +  2
9=fc-

(3.11)

The desired expressions for “ tru n ca ted ” m om ents may be ob tained  from  E q . 
(3.11) by  replacing there  the sem iinvariants A9, 1 <  q <  r b y  th e ir expressions 
in term s of m om ents m p, 1 <  p  <C r. The fo rm ula relating sem iinvariants an d  
m om ents, convenient for this purpose, are g iven  in [7]. W rite  down, for in 
stance, the re su ltan t mom ents o f order 5 and  6 for a one-dim ensional random  
variable x  assum ing th a t  the  sem iinvariants As =  A6 =  0

m f ’5̂  =  5m im1 -f- 10m3m2 — 20m3ml — 30т%т1 -f- 60 m2m\  — 2 4 ( 3 . 1 2 )

rn 4̂,e) =  15m4m2 -j- 10m\ — 60m 3m2m1 — 30m | -(- 90m\m\ — 24m®.

4*



Assuming th a t  in Eq. (3.6) th e  sem iinvariants 9 g +9 =  q <  4 are zeros, 
write down expressions for “ tru n ca ted ” cen tral m om ents of order 5 for a 
tw o-dim ensional random  vecto r

/*50 =  Ю/*30/*20 /*41  ̂ =  4/*30 Uli -f- 6/1.2] /*20

/*32  ̂=  /*30 /*02 ”Ь 6/*2l/*ll -f- 3/120/412 (3.13)

/*14  ̂ =  4/103 /*11 ~Ь 6/I12/*02> /*05  ̂== 10/*03/*02

The form ula for “ tru n ca ted ” moments o f an  и-dim ensional random  vector 
can be o b ta in ed  from E q . (3.4) a t Я9 9 =  0 , -f- . . . -j- qn =  q >  r  where
r  — order o f truncation.

N ote th a t  a t r =  2 , o r when sem iinvariants of o rd e r higher th a n  2 are 
assum ed zero, the form ulae for “ tru n ca ted ” moments coincide with th e  for
mulae in terre lating  higher an d  lower o rder moments fo r norm al d istribu tion  
of random  variable.
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4. Closing the equations for moments

L e t us confine ourselves in Eq. (2.5) to  a finite system  of equations for 
m om ents from  order one to  order r inclusive where r — certa in  a rb itra ry  num 
ber. The re su ltan t system  will be referred to  as “r-tru n c a te d ” . The righ t-hand  
parts  o f equations in an  “ r-trunea ted” system  m ay incorporate m om ents 
of order h igher th an  r an d  th is  prevents closing the system . Let the m axim al 
order o f m om ents in th e  righ t-hand  p a r ts  o f equations o f the “ r- tru n ea ted ” 
system  be R  >  r. Then a ll m oments mki ^  whose o rd e r is A =  Xq 
-+- kn >  r  a re  replaced b y  “ г-truncated” moments ■ W hat we have
now is a  fin ite  closed sy stem  of d ifferential equations fo r moments o f  order 
up  to  r inclusive. In teg ra tin g  it under in itia l conditions specified by  th e  mo
m ents a t  t =  t0 one can com pute with a ce rta in  degree o f accuracy th e  m ath e
m atical expectations m,-(/), i  =  1 ,n an d  second-order m om ents, a t  t > t 0. 
Note th a t  a t  r =  2 the re su ltan t equations coincide w ith  th e  equations which 
are ob ta in ed  by  the m eth o d  of s ta tis tica l linearization. A t r >  2 one should 
expect m ore accurate re su lts  of analysis th an  those ob ta ined  in sta tis tica l 
linearization.

L e t u s give an e lem en tary  exam ple illustra ting  th e  closing of equations 
for m om ents. Assume th a t  th e  plant is described by th e  differential equation

^ L  = —  ax*(t) +M (t)  (4.1)
at

* S em iinvarian ts  o f  o rd e r  4 should be  expressed th ro u g h  m om ents [7].
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where !(/) — w hite noise. E quations for m om ents o f the process x(l) according 
to  Eq. (2.5) are of the form*:

dmx
dt

-— am3 dm2
dt

----- —  2 amt +  b2

dm,.
=  —  kamk+2 + k (k —-1)

b2m k_2, , k =  3, 4 ,.
dt 2

L et us confine to  the  four firs t (r =  4) equations in (4.2)

(4.2)

dm l
dt

=  — amо dm2
dt

=  —  2 am. +  b2

=  — 3am5 -f-ЪЪ2т х, — —  4am6 -f  6b2m 2 . (4.3)
dt dt

H ere the m om ents ra5,m6 incorporated  into equations for m 3 an d  m 4 hinder 
closing the system . Replace th em  by “4 -tru n ca ted ” m om ents ш^4,6)
and write down th e  system  o f equations th u s obtained**

dm ,
----- =  — am ,
dt

dm ,
----   =  —  2«m4 -)- 62 (4.4)

=  — 3am^4’6) +  362m 1; _  — 4am(4.e) _|_ 6Ь2ш2
Л  dt

The system  (4.4) is closed since depend  only on th e  m om ents
mv . . . ,m t (see (E q. (3.12)).

Conclusions

The m ethod  of s ta tis tica l analysis for nonlinear dynam ic systems of 
th is  paper is reduced to  in teg ra ting  a closed, in  a special way, system  of d if
ferential equations for m om ents. The equations are closed b y  “ trunca ting” 
th e  mom ents using the hypothesis th a t  higher-order sem iinvariants are no t 
very  im portan t in  com puting th e  lower-order m om ents of near-Gaussian 
random  variables. The accuracy o f the  analysis resu lts obtained b y  this m ethod 
is equivalent to  th a t  of the  m ethod  of sem iinvariants***, b u t th e  m ethod is 
sim pler and th e  equations are easier to  formalize.

* F o r s im p lic ity  le t us w rite  m k in stead  o f m k(t).
** The sym bol ~  signifies th e  difference of th e  ap p ro x im ate  sy s tem  (4.4) from  th e  

a c tu a l  m om ents.
*** T herefore w e do n o t give n u m erica l exam ples illu s tra tin g  its  effectiveness. S uch  

exam ples m ay  be  found  in R efs [1, 2].
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Семиинвариантный метод замыкания уравнений для моментов в 
задачах статистического анализа нелинейных систем

М . Л .  Д А Ш Е В С К И Й

(М осква)

Рассм отрен метод зам ы кан и я  дифференциальны х уравн ен ий  для моментов в задачах  
статистического  анализа нелинейны х систем, в основе которого леж и т  предполож ение о 
возм ож ности  пренебреж ения старш ими сем иинвариантами п ри  вычислении м ладш их  мо
ментов. М етод развит д л я  систем, которы е описы ваю тся нелинейны ми стохастическими 
дифференциальны ми ур авн ен и ям и  (1.1) с полином иальны м и коэффициентами (1.4). Д л я  
начал ьн ы х  моментов процесса (1.1) вы писана в общем виде бесконечная система дифферен
ц и ал ьн ы х  уравнений (2 .5). И з  этой бесконечной системы уравн ен ий  выделена конечнаян 
система уравнений  для  моментов от 1-го до r -го порядка вклю чительно, где г  — неко
торые целое число. Эта система уравн ен ий  названа «укороченной». В п р авы е  части 
уравн ен ий  укороченной системы  могут входить моменты, по р яд о к  которы х к превосходит г, 
что м еш ает зам кнуть систем у. Эти «лишние» старш ие моменты предлагается  зам енять 
специально введенными «г-урезанными» моментами (3.10), которы е соответствую т «уре
занной» хар актер и сти ческо й  функции (3.9). «Урезанные» моменты вы раж аю тся только  че
рез м ладш ие моменты (п о р я д к а  к <, г); именно это позволяет зам кн уть  укороченную  сис
тему уравн ен ий . П роцесс «урезания» моментов проводится «приравниванием» к  нулю  семи
и н вариантов  порядка р > г в форм улах связи  старш их моментов с младш ими семиинва
риантам и и младш ими моментами ( 1 2 ) - ( 1 6 ) .  И нтегрирование укороченной системы 
уравн ен ий  позволяет с той  и ли  иной степенью  точности вы числить вектор м атем атического 
о ж и дан и я  и ковари аци онную  матрицу процесса в момент врем ени I >  tv если моменты  при 
t =  С известны . О тмечается, что при г =  2 укороченная система уравнений  совпадает с 
уравн ен иям и , которые п олучаю тся методом статистической линеаризации  коэффициентов 
(1.4). П ри  г  >  2 следует о ж и д ать  больш ей, чем  при статистической линеаризации , точ
ности результатов  статистического ан али за. П редлагаем ы й метод эквивалентен  по точ
ности методу сем иинвариантов [1, 2, 3], но обладает преим ущ еством : у р авн ен и я  для  мо
ментов легче ф орм ализую тся, чем у р авн ен и я  д л я  сем иинвариантов. П риведен пример, 
иллю стрирую щ ий идею зам ы кан и я  уравн ен и й  д л я  моментов.

М. Л. Дашевский 
Институт проблем управления 
СССР, Москва В—485,
Профсоюзная ул., 81.



Problems of Control and Information Theory, Vol. 4 (4), pp. 327 —  337 (1975)

THE EFFICIENCY OF COMPLEX HIERARCHICAL 
MULTILEVEL SYSTEMS WITH SPECIAL REGARD 

TO RELIABILITY

J .  B LIZN A K O V  

(Sofia)

(R eceived S eptem ber 20, 1974)

Introduction and task setting

In  solving control problem s of organizations and technical systems th e  
question, how to  im prove the  s tru c tu re  of th e  control, arises unavoidably. 
The task  becomes more complex by  the application  of electronic com puters 
in th e  productive-econom ical and  th e  non-productive fields of hum an activities.

Such tasks are solved usually  by the efforts of complete organizational 
collectives of com plex hierarchical m ultilevel structures. Therefore the ques
tions of the eva lua tion  of the  efficiency of th e  organizational structures p lay  
a  special role. T he need of m odelling the w ork of the com plex hierarchical 
m ultilevel system s (CHMS) and  evaluating th e ir  efficiency are o f a particu lar 
im portance, when new, great system s are established, or existing ones devel
oped, for selecting th e  most efficient solution o f the  system  structure.

Certain experiences, w ith  th e  corresponding theoretical developm ents 
in connection w ith  individual aspects of the th eo ry  of m odelling hierarchical 
system s, exist a lready  [1 ]—[5], b u t basically th e  problem was solved for b i
level hierarchical system s [5] in tw o working conditions [4].

The aim o f th is  paper is therefore to  determ ine the efficiency of complex 
hierarchical m ultilevel systems w ith  their re liab ility  taken in to  consideration.

CHMS is a  system  consisting of hierarchically organized controlled an d  
controlling elem ents (organs, subsystem s), which m ay be in several (multiple) 
working conditions, and  possessing no t less th a n  tw o control levels. Here th e  
expression “h ierarchical” signifies th e  presence o f controlled a n d  controlling 
subsystem s; “ m ultilevel” m eans n o t less th an  tw o control levels and “ com 
p lex ” denotes th e  existence of several different working s ta te s  (the norm al 
working s ta te  an d  a  num ber of n o t fully w orking states, a m ln g  them  also 
th e  non-working s ta te ) of the individual elem ents of the system .

The efficiency of the  CHMS is characterized by the  average o u tp u t 
effect of the system  in un it tim e. In  this sense th e  reliability  o f the CHMS 
elem ents is the characteristic degree of probability  (readiness) o f th e ir  unfailing



work during  the  working period of the  system  and th e  reliability  of th e  CHMS 
is the functioú  of the  re liab ility  of its  organs.

F o r solving the  p resen t task  th e  basic types o f th e  CHMS m u st be de
limited. Accordingly:

a) the  highest level (rank) control m ay  be, depending on the nu m b er of 
its organs (coordinators, elements),
— fin ite  — w ith one coordinator,
— unfin ite  — w ith  several coordinators;

b) according to  the nu m b er of the h igher level (rank) control organs as re
lated  to  the  given lower level (rank) organ it m ay be of
— independent control, where each organ of th e  CHMS is controlled  by 

only  one higher level organ,
— non-independent control, where th e  individual organs of th e  CHMS 

are controlled by  several higher level organs;

c) depending on the control channels:
— d irec t control, w ith  th e  presence o f controlling com m unication channels 

only between th e  ad jacen t levels (ranks) of th e  CHMS,
— indirect control, w ith  com m unication channels o f control also between 

th e  non-adjacent levels (ranks) o f the CHMS.

On th e  basis of th e  above classification we shall determ ine th e  efficiency 
of some o f the  basic form s of CHMS in  the  order o f increasing complicacy, 
as follows:

1. F in ite  CHMS w ith  independent direct control (Fig. 1).
2. N on-finite CHMS w ith  independent direct control (Fig. 2).
3. N on-finite CHMS w ith  non-independent d irec t control (Fig. 3).
4. F in ite  CHMS w ith  non-independent, indirect control (Fig. 4).
5. N on-finite CHMS with non-independent con tro l (Fig. 5).

In  practice the  functioning organizational system s show all th e  types 
of the  CHMS listed above, therefore th e  efficiency o f all these form s of the 
CHMS m ust be determ ined, while on th e  basis of these  5 types th e  efficiency 
of o ther CHMS structu res m ay also be determ ined in  th e  m ajority o f th e  cases,
i.e. in th is  way the question of the  efficiency of th e  CHMS w ith  variable 
structu res is solved w ith in  the  classified range.

In  all the  cases o f th e  efficiency determ ination of the CHMS identical 
aims are assumed, to  whose realization the activ ities of the hierarchically 
organized control organs is oriented. Accordingly th e  aims of all th e  control 
organs o f the  CHMS m u st be selected correctly in order to  reach th e  global 
aim of th e  CHMS and  to  obtain in th is  way the corresponding o u tp u t effect.
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The formalization of the task and its theoretical contents

The CHMS is regarded as a system  consisting of a fin ite  num ber of 
organs, which m ay be in a fin ite  num ber of sta tes.

We in troduce the following designations:
1. R ank  (level) of the  subsystem  — i (0 <[ i r) in th e  case of the 

m ultilevel system  (r )> 2).
2. N um ber o f organ (elements) of th e  i th  rank  — k{ (1 <  <[ Ki)

i b  e Ki).
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3. N um ber of th e  organ of (i — i)th  rank  controlling the  i t h  organ 
of ith  ra n k  — i,_ / (1 <[ k(_i A ,_ ;) {kt_i £ A,..;).

4. N um ber of th e  s ta te  of the i t h  organ of i th  ran k  — sk( (0 <  ski S ki) 
(ski £ S ki); Ski — 0 m eans the norm al working s ta te  of the i t h  organ  of 
ith  rank.

5. T he period, during  which th e  i t h  organ o f ith  rank  is in the 
Ski s ta te , —tSki (0 tski <1 T). T  is th e  to ta l working tim e of th e  CHMS.

6. The norm al efficiency (capacity) of the work (normal am ount o f work 
done by  th e  system  in u n it time), as a  resu lt of the  functioning of th e  i t h  organ 
of ith  ra n k  in the s ta te  s-Ki — 0, under th e  condition th a t  all the o th e r higher 
level organs are in th e  norm al working s ta te  — Woki\

7. The theoretical efficiency o f th e  CHMS — E t is determ ined, as the 
q u an tity  o f the  o u tp u t effect of the CHMS, when all its  organs are in th e  norm al 
working s ta te , i.e. E t =  TH0ao-

8 T he factual working efficiency (quantity  o f work by th e  system  in 
unit tim e), as a resu lt o f the work o f th e  i t h  organ o f i th  rank in th e  sta te  
ski ^  0 — K Wtki.

9. T he relative efficiency coefficient of the w ork of the i t h  organ  of 
ith  ran k  in the s ta te  Skt 0, as re la ted  to  the  s ta te  ski =  0 — K w

B y definition:

I f  there is a  linear dependence betw een th e  duration  (rSki) of finishing th e  unit 
work b y  th e  Mh organ o f i th  rank in th e  s ta te  S/«' and  its  efficiency an d  between 
the w ork o f the whole system , th en  th e  calculation m ay  be reduced an d  (1) 
assumes th e  form of:

where r 0*i — duration  o f finishing th e  u n it work by  th e  /tth organ o f i th  rank  
in the  norm al working s ta te  ski =  0. According to  (1) an d  (2) K woki =  1.

10. The p robab ility  density  o f th e  i t h  organ being in the ski s ta te  — 
Pski(t).

11. The p ro b ab ility  of the i t h  organ (of i th  rank) being in  the

ski s ta te  — P ski=  J  P ski(t) d t . The p robab ility  density  o f the CHMS being in

( 1 )

( 2 )

71

the ц  s ta te  is —
0
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12. The s ta tio n ary  p robab ility  of the CHMS being in th e  11 s ta te  — P fl.
13. The reliab ility  (readiness) of the M h organ of ith  ra n k  as to the  n o r

m al work efficiency (degree of readiness to  th e  norm al functioning):

Ski
M ki =  > ' p ski • K wski (0 <  M ki <: 1). (3)

S k i = о

14. The expected  working efficiency o f th e  kth  organ o f ith  rank

W ki — W ok i' M k i . (4)

15. The expected working efficiency o f th e  Mh organ o f ith  rank  as 
re la ted  to  th a t  o f th e  M h organ of (i — l) rank :

W k i ,k i - l  W oki ' P ki, ki—l ' Mki. (4 ')
W e assume th a t  the  rest of the  organs are in th e  norm al w orking state. P ki,ki-i 
is determ ined  as shown in No. 17.

16. The period of the  M h organ of i th  ran k  being in th e  state  of con
trolling the  M h organ of (i — /)th  rank  — tkii ki ,.

17. The p robab ility  th a t  th e  Mh organ o f i th  rank controls the кt r th  
organ of (i — i)th  ran k  — P ki,ki~i-

D uring th e  continuous control period o f th e  individual organs of (i — Z)th
rank:

Pki.ki-i =  lim
T - o o

T

2  2  h i ,  k i- t  
t= 0 l

T ki
2  2  2 hi, ki-i

1=0 k i=I l

lim
2  2  hi, ki—l t 1 _

T

( / = 1 , 2 ,  . . .  , i  2, i  — 1) .

B y definition ^  Pia.ia-i — 1 during the  continuous control (in tim e) of
ki — l

th e  individual organs of (i — Z)th rank. In  th e  double com m unication channel 
mode of operation  the  re liab ility  of the operation  is assum ed to  be higher.

18. O u tpu t effect of the  CHMS during th e  period t o f the p th  s ta te
-

19. Average o u tp u t effect o f the  CHMS during th e  period of a single 
11 s ta te .

Py. =  J E ß )  ■ Pah) dt ' (5)
o
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20. T he m athem atically  expected average length  o f one incidence of 
the CHMS in the p s ta te :

T

ip =  J  t - p ^ t )  d t . (6)
о

21. T he m athem atically  expected average o u tp u t effect of th e  CHMS 
during th e  period T  of its  functioning:

М[ЩТ)] =  2 ^ ^  (0 <1 p П  («« + 1)) ■ (7)
^  i=1

22. T he average efficiency of th e  CHMS w ith  th e  reliability  of its 
organs, from  the  0-th to  th e  ith  rank  including, tak en  in to  account — E0_j 
( 0 ^ i < ,  r). W e assume th a t  the  organs o f the o ther (r — i)th  ranks o f the 
CHMS are in the  norm al working sta te .

In  th e  general case th e  m athem atically  expected random  values of 
discrete d istribu tion  w ith  th e  final se t o f realizations is th e  sum o f th e  dif
ferential quotients of all th e  realizations according to  th e ir  probabilities [6]. 
In  the concrete case (7) th is  is changed in to  the sum  o f the  differential quo
tien ts of th e  average o u tp u t effect of th e  system  during  the period o f one 
p s ta te  over the  average num ber of th e  incidences o f th e  CHMS in to  the  p 
sta te  during  the  tim e T.

The efficiency o f th e  CHMS is d irec tly  influenced b y  the ski s ta te s  of 
each Mil organ of ith  ran k , which m ay be represented as the to ta lity  of the 
individual states, or

Ski =  s°ki U sh U . . .  U *  (8)

During th e  functioning o f th e  CHMS th e  states of its  organs change. Con
sequently  th e  sta te  o f th e  whole system  a t  a given tim e mom ent t m ay  be 
w ritten  b y  th e  vector

S(t) =  0ю (0. s2o(0- ■ • • - s21(t), , ski(t), . . . , skr(t)] . (9)

Each s ta te  o f the CHMS corresponds to  a  determ ined effect during th e  period 
of its being in th a t s ta te .

So th e  average efficiency of the  CHMS, i.e. th e  average o u tp u t effect 
in u n it tim e during the  period  T  of the  functioning o f th e  CHMS is:

M[E(T)]
T

=  lim
T  -*■ «>

where E =  th e  average efficiency of th e  CHMS.

(10)
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In  th e  CHMS th e  ou tpu t effect depends on th e  to ta lity  of th e  states 
skо of th e  executive (ou tpu t) organs. So, in  the case, where E^s^oj)  is linear, 
we o b ta in  [4]:

^ f i ( s kO’ t) —  cp I (0 ^  s k0 ^k o )  > (11)
where ca is the constan t coefficient o f th e  fi-th s ta te  o f the  system.

Consequently:

Й =  2 С* ' Р * '  С11')
к-

As it is shown in [4], fo r systems, whose o u tpu t organs can be only in  two 
states, (11) tu rns to

ё  =  с 2 у* - р *> (12)
p-

where c is th e  average o u tp u t effect o f th e  system  in u n it tim e w ith one nor
mally functioning organ; and у is th e  num ber of th e  norm ally functioning 
o u tp u t organs.

I t  is now evident th a t  (12) represen ts only one special case of th e  present 
task. Therefore let us consider all th e  basic forms o f th e  CHMS according 
to the given classification for obtain ing algorithm s su itab le  to  eva lua te  the 
efficiencies of the same.

T he efficiencies o f th e  individual form s of th e  CHMS are stud ied  w ith 
the help o f the  given graphs (Figs. 1-5) in the “order o f the decreasing effi
ciencies” .

The basic principle o f the suggested approxim ation is the  determ ination  
of the expected  efficiency of the CHMS based on its  theoretical efficiency, 
w ith th e  effect reducing th e  re liability  o f the hierarchically  organized ele
m ents an d  th e  p robab ility  d istribution o f  th e  controlling effects on th e  lower 
level elem ents of the system  taken in to  account.

F o r determ ining th e  efficiency le t us pass each g raph  of the controlling 
com m unication channels between the organs of the CHMS. This m ay be done 
in two w ays:

1. Horizontally, i.e. going th ro u g h  all the possible com m unication 
channels in  th e  horizontal section from  each higher level organ to  each lower 
level organ (starting w ith  the  lowest ra n k  and ending up  w ith th e  highest 
rank  controlling subsystem ) and sum m ing up the expected  o u tp u t effects 
in u n it tim e of each elem ent of all ranks o f the  controlling subsystem s.

2. Vertically, i.e. going through all possible controlling com m unication 
channels in the  vertical section from each  organ (elem ent) to  be controlled 
to  each o th er organ (s ta rtin g  from the  low est rank  and  ending w ith the  highest
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ran k  organ to  be controlled), and  sum m ing up  the expected o u tp u t effects 
in un it tim e o f each organ.

I t  m ust be no ted  th a t if  th e  controlling com m unication channel (serving 
for the transfer of the  control effect) betw een tw o hierarchical organs of th e  
ith  and the (i — /)th ranks respectively coincides, then  P ki,ki i =  0.

In  the  final resort th e  m ethod of going through th e  graphs does n o t 
change the ob ta ined  results.

1. F in ite  CHMS w ith independent d irec t control (Fig. 1). By the in 
ductive m ethod we obtain:

(13)

2. N on-finite CHMS w ith  independent d irect control (Fig. 2). Analog - 
ouslv we determ ine:

(14)

3. N on-finite CHMS w ith  non-independent direct control (Fig. 3).

(15)
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4. F in ite  CHMS w ith  non-independent indirect control (Fig. 4).

(16)

(Z =  1, 2, . . .  , i  — 2, i  1) ( 0 < / W , < l ) .

5. N on-fin ite CHMS w ith non-independent ind irec t control (F ig .5).

(17)

Discussion of the results and basic conclusions

B y com paring th e  ob tained  algorithm s (13)—(17) for the  evaluation  of 
the efficiencies of the CHMS of various forms, it m ay be established th a t  all 
of them  represent detailed  cases of (17). T he reason is th a t  the generalized 
type of CHMS is proved to  be the CHMS w ith  non-independent indirect con
trol. In  th is w ay (17) does n o t change, when in the course of the functoning 
of the  CHMS th e ir hierarchical structu res change in th e  classified senses.

Consequently the  ob ta ined  algorithm  (17) for evaluating  the efficiency 
of the non-finite CHMS w ith  non-independent indirect control may he utilized  
also for evaluating  th e  efficiency of CHMS w ith variable structures in the 
described senses.

So if a  CHMS tu rn s  finite, then in (17) ^  =  1 is ob tained; if i t  tu rn s
kr

into a CHMS of independent control, th en  — P'iki-i j 

into a CHMS w ith  d irect control, th en  — Pkiki-i =  Pkiki-i

and if it  tu rn s

In  determ ining the  efficiencies of th e  CHMS the corresponding algorithm s 
do no t in troduce any  lim itation  concerning the  application  of the CHMS.

Therefore it is advised to  utilize th e  deduced q u an tita tiv e  relationships 
for evaluating  the  efficiencies of the CHMS for the purpose of selecting the  
ra tional hierarchical s tru c tu res  of g reat organizations an d  technical system s



bo th  in the  productive an d  th e  non-productive fields o f national economy, 
including th e  g reater p a r t o f the  in tended  au tom ated  control system s of 
technological processes, th e  au tom ated  con tro l system s of th e  enterprises, 
th e  inform ation systems, etc.

On the  basis of the estab lished  efficiency criterion th e  structu re of the  
system  controls m ust be im proved  by selecting the CHMS variation, ensuring 
th e  m axim um  efficiency, i.e. where

E  —*■ m ax. (18)

O ther approxim ations are also possible for th e  form ulation of the  
efficiency of th e  CHMS, w ith  due consideration to  th e  expenses of th e ir 
creation. B u t in  any case th e  selected v a ria tio n  m ust alw ays be the  m ost 
efficient one.
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Эффективность сложных иерархических многоуровневых систем 
с учетом надежности

Й . Б Л И З Н А К О В

(София)

При решении проблем уп равления большими организационными и техническими 
системами постоянно стоят задачи  совершенствования структуры управления.

Под слож ной иерархической многоуровневой системой (СИМС) понимается система, 
состоящая из иерархически организованных управляемых и управляющ их элементов (ор
ганов, подсистем), которые могут находиться в нескольких (множестве) рабочих состоянях 
и имеющая не меньше двух уровней управления.

Эффективность СИМС характеризуется средним выходным эффектом системы в 
единицу времени. Надежность органов СИМС рассматривается к ак  характеристика сте
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пени вероятности их безотказной работы на протяжении срока действия системы. Н а
дежность СИМС является функцией надежности ее органов.

Классифированы основные виды СИМС (рис. 1—5). Приводится оценка эффектив
ности функционирования СИМС [см. (10)]. Получены алгоритмы для  оценки эффектив
ности всех основных видов СИМС с учетом надежности.

Дается приложение теории к  рациональному выбору иерархических структур 
организационных и технических систем в народном хозяйстве.

J .  Bliznakov
Com mittee for Scientific Technical Progress and H igh E ducation
Sofia
Bulgaria
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STRUCTURAL CHARACTER RECOGNITION 
BY FORMING PROJECTIONS

P . B R E U E R , M. V AJTA , J r .

(B u d ap est)

(R eceived D ecem b er 6, 1974)

I n  th is  pap er a  p rocedu re  for recognizing  h a n d w rit te n  num erals is suggested 
T he p rocedu re  s ta r ts  w ith  p lacing th e  num erals o n to  a  rasterfie ld . O n th is  basis 
as u sual, a  m a trix  w ith  zero and  o n e  en try  is a sso c ia te d  w ith th e  charac te r. 
D a ta  red u c tio n  (feaure ex trac tion ) is  m ade  in tw o  s tep s : first, in te g e r  valued 
“p ro jec tio n s” are  defined , second, id e n tic a l runs o f  ap p ro p r ia te  size in  th e se  p ro 
jec tions a re  used to  fo rm  a  fea tu re  o f  th ree  co m p o n en ts . The sm all size o f th e  
fea tu re  space p erm its  u s  to  m ake decis ion  using d ic tio n a ry . The fe a tu re s  a re  very  
easy  to  ca lcu late , w h ich  is th e  m ain  a d v a n ta g e  of th e  m e th o d . A fo rm al descrip tion  
o f th e  fea tu re  e x tra c tio n  is given b y  u s in g  a goal-o rien ted , con tex t-free  g ram m ar. 
A n acc o u n t is given on  som e ex p erim en ts  using th is m e th o d .

1. Introduction

From  th e  side of th e  structu re of th e  patterns one can som etimes achieve 
a b e tte r classification th a n  using s ta tis tica l m ethods. T he linguistic m ethods 
— as th ey  are called — are especially useful, when som e parts of th e  p a tte rn s  
have specific form, or, w hen there is an  im portan t in teraction  am ong some 
parts.

There are m any problem s when th e  stru c tu ra l exam ination leads to 
b e tte r solution th an  the  sim ple receptor/categorizer model, e.g. com plicated, 
two dim ensional pictures where the s ta tis tica l p a tte rn  recognitions are  either 
too difficult or impossible; line p a tte rn s, biomedical p ictures, etc.

The m ain advantage of the linguistic m ethods is th a t th ey  allow us 
to  discribe th e  p a tte rn  in term s of its s tru c tu re  and, therefore, to  m ake better 
recognition. T h a t is why it  is worthwile attacking th e  recognition problem s 
by linguistic m ethods, whenever it is possible. F o rtu n a te ly , this is th e  case, 
when investigating the problem  of th e  recognition o f handprin ted  num erals, 
which is our m ain concern in this paper.

I t  seem ed necessary to  recall basic ideas of the linguistic m ethods, which 
we have done in  Section 2. W e have tr ie d  to  form ulate our problem in Section 
3, as briefly  as we could. In  Section 4 a  new linguistic m ethod for recognizing 
handprin ted  num erals is suggested an d  discussed. Section 5 contains some 
experim ental results. F inally , we should like to m ention th a t  a m achine based 
on the ideas of this paper is under construction.

5*



2. Preliminaries

Primitives are  the sm allest p a r ts  into which an  object is subdivided for 
th e  purpose of th e  description.

Description is an app ropria te  representation of an object.

Structure is a specific arrangem ent in terre lation  of the prim itives of an  
object. S tructu re  is considered as a property assigned by m an or machine 
an d  based on physical or v irtu a l separation o f parts.

Structural description is th e  representation o f the  stru c tu re  of an object 
which defines th e  organization on th e  prim itives chosen to represen t object [1].

Picture processing is the  analysis or synthesis of pictures, in  other words 
tw o dim ensional objects, by  com puter with or w ith o u t hum an help. I t  includes 
com puter graphics and  digital p a tte rn  recognition.

In  the linguistic p a tte rn  recognition one can separate th e  following steps:
1. Preprocessing, including coding of p a tte rn  data. This is a sequence 

o f operations w hich transform  th e  original p ic tu re  (a) into m ore new pictures 
(oq, . . . , a fc) for fu rth e r processing.

2. Primitive detection. This often  consists o f tw o steps: (a) transform ation 
o f the  preprocessed picture in to  function of one variable; (b) fu rther tra n s 
form ation into series of real num bers which are strongly connected with th e  
prim itive set.

3. Building up  a goal-oriented grammar.
4. Parsing, or in o ther words, the sy n tac tic  analysis. This already 

includes the  Decision-making.
For details on linguistic p a tte rn  recognition we refer to  [1-15].

3. Problem statement

Our problem  is recognition o f handprin ted  characters. T here is no need 
to  explain how useful an app ropria te  solution could be in m any  practical 
situations e.g. post-code and  cheque decoding. There are m any  m ethods 
having quite a high succes in  O ptical C haracter Recognition [16-24] which 
refer to  m achine prin ted  alfanum eric characters, bu t no t in handprin ted  
[25-28] or even more han d w ritten  — cursive (italics) — ones [29, 30]. Some 
interesting approach based on phenom enological a ttribu tes can  be found in 
papers of B lesser e t al. [31, 32].

D ifferent realizations o f th e  same charac te r can be q u ite  dissimilar. 
D espite of this, people recognize them . One m ay  expect th a t  using appro-
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pria te  m ethods, a com puter (or m achine) can do th is  job, too. Our aim  is to 
construc t such a m ethod  using a classification of th e  characters, w hich is 
based on suitably chosen prim itives. U nfortunately , w hatever classification 
is m ade, th e  classes will overlap due to  th e  random ness involved (see Fig. 1). 
Our aim  is to  choose th e  prim itives (and, thus, th e  classes) in a w ay th a t 
such overlapping should occur as ra re ly  as possible, which, in tu rn  allows us 
to  keep the  num ber o f the  defective decisions very low.

4. A linguistic method for recognition handprinted numerals

Preprocessing, feature extracting. Ind ica ted  in th e  title  of the  paper, our 
preprocessing m ethod has two m ain principles: form ing m ean and projection.

The procedure serves for recognition of num erals 0 to  9.
I t  was, however, tested  for only  six num erals because of technical 

reasons. (Some digits m ay look quite alike in different writing, therefore we 
should have need “fin er” rasterfield, see below.)

The data-num erals are w ritten on to  a rasterfield  or, b e tte r to  say, squared  
wet (see Fig. 2) which is coded into b inary  form in a  w ell-understandable 
way. (In Fig. 2 zeros are missing for b e tte r  visual enjoym ent.)

i 1 1 
1111

1
1 1 

1 1 
1 1 
1 1
I l i i

Fig. 2
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An n x m  m atrix  A w ith  entries ay  corresponds to  the  ny,.m rasterfield  
in  th e  ord inary  way, i.e.

{ 1 if th e  (i, j)-box of th e  raste r contains of a segm ent o f th e  character 
0 otherw ise.

T he mean of l ’s in the ith  row is defined as:
m

2  j  ■ av
8j =  -------- , V i, j = l ,  . . .  , n

m
2  aij
j=I

where m is th e  num ber of colum ns.

I f  Si is n o t an  integer

S'i =  entier (Si +  0.5) (1)

T he mean of l ’s in the j t h  colum n is:
П

2
Sj =  - ---------, Vj, j = l ,  . . .  ,m

2  aui=i

where n is th e  num ber of rows.

The defin ition  of S j  is now obvious (1).

One can expect th a t  m eans provide a  “good” skeleton of the  figures. 
A ctually  th is is th e  case e.g. w ith  the num eral 3 (or see Tigs 2 and  3a).

At the sam e tim e these means do n o t perm it us to  distinguish well 
e.g. between th e  numerals 8 an d  0. Therefore, it seems necessary to  divide 
th e  original ra s te r  into sm aller un its, and re s tr ic t th e  calculation of the m ean 
to  these sm all un its. I t  seems reasonable to  m ake this division “vertically” 
an d  “horizontally” , th a t  is, sm aller units can be handle as rasterfields of 
th e  same ty p e  as the  original was. In  w hat follows, we will describe it  th rough  
an  example. In  th is exam ple we suppose th a t  n is divisible by  3 and m is 
divisible by 2 (which is an  u n im portan t restric tion). The m atrix  is divided 
vertically  in to  tw o dom ains o f size » X » / 2 each and horizontally  into th ree  
ones of size (n/3) X m. The m ean is calculated for incom plete rows and  columns 
F igs 3b, 3c). I t  is heuristically  clear th a t  b e tte r  perform ance can be expected 
using the m eans of th is incom plete m atrices th a n  those of th e  entire m atrix  
F o r example in  th is rough subdivision one can distinguish betw een the digits
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8 and  0 fairly well. T he determ ination of these m ean values term inates the 
processing.

T he following s tep  is the 'primitive detection. In  th is step we form  vertical 
and  horizontal projections of th e  cu t-up-characters. The form al description 
of th e  projections goes as follows:

F ig . 3

Suppose th a t in general the  ra s te r  (or, w hat is the  same, th e  m atrix  A) 
is d iv ided horizontally into r p a r ts  and  vertically  in to  s parts, such th a t  the 
colum ns w ith subscrip ts

j  £ J t =  {jt +  1 ,j t  +  2, . . . , j t+1} form  a unit, t =  1, 2, . . . , r
where

к  =  0 < j 2 <  . . . < j t+1 =  m

and, sim ilarly, the  rows w ith subscrip ts

where

The preprocessing will provide us th e  mean values

and

(In th e  case if any  o f these expressions is not m eaningful, define it as zero.)
T he mean values (1*) and (2) are used to  define the vertical and  hori

zon tal projections, respectively:
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Let

and

a*(i,j) 1 if j — S'i'ta for some 1 t0 <  r 
0 otherw ise

a**(i, j ) 1 if г =  S"jjt for some 1 t0 <  s 
0 otherwise.

The vertical and  horizontal projections are defined
m

by  v(i) =  a*(i,j),  1 < , i < n
j= J

П
an d  h(j)  =  a** (i , j ) , 1 < j  < m

f=i

respectively. Here, obviously v(i) and  h(j) ranges over the integers 0, 1, . . , r 
an d  0, 1, . . . , s, respectively. In  our example above, r =  2 and  s =  3. For 
th e  character of Fig. 3, we have

The derivation  of the horizontal and  vertical projections above serves 
illustra tive background ra th e r th a n  a com putational rule. F o r th is  purpose 
th e  following definitions are used:

Definition 1. L e t v(i) denote th e  num ber of th e  classes J t, 1 < t < , r ,  
i =  1, n, for w hich there is a  j  £ J t such th a t a,;- =  1.

L et h(j) denote the  num ber of the  classes I t, 1 <i, t s for which there 
is an  г £ I t such th a t  ay  =  1, j  =  1, m.

The vectors v =  . . . , v(n)} and  h =  {h(j), . . . , h(m)} are called
vertical and horizontal projections, respectively.

I t  is clear th a t  this definition is equivalent to  the  former one. The vec
to rs  v =  {v(i), . . . , v(n)} and h =  {h(j), . . . , A(m)} are used to  form the 
prim itives in our linguistic m ethod. There are th ree  prim itives only, which 
yield a great reduction of the  set of possible vectors. (We note th a t  it is pos
sible to  define m ore prim itives in th e  same fashion if necessary.)

Definition 2. L e t k*(r, n) be a given num ber, and define th e  vertical 
u pper prim itive, VU  as th e  g reatest integer which is assum ed a t  least k*

ntim es consecutively by  the  coordinates t>(l), v{2), . . . , v 1 If  such

an  integer does n o t exist, let VU =  0. Similarly le t th e  vertical lower prim itive
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VL  be defined as the g reatest integer which is assum ed a t least k* times con-
n  I

secutivelv by  th e  coordinates v — -  1 1...........v(n), and le t VL =  0 if such an

integer does n o t exist.
Obviously, bo th  VU  an d  VL  depend on  k*, which, in tu rn , depends on 

r and  n. F u rtherm ore 0 <  VU, VL  <  r.

Definition 3. Let k*(s, m) be a given num ber, and define th e  horizontal 
prim itive H  as th e  greatest in teger which is assum ed a t least к * times conse
cutively by th e  coordinates A(l), . . . , h(m), an d  let H =  0 if  such an in teger 
does not exist.

Clearly, H  depends on /с*, which in tu rn  depends on m, s. F urtherm ore
0 <  Я  <  s.

I t  has to  be em phasized, th a t  the values m, n, r, s, к*, к% should be 
determ ined experim entally  in such a way, th a t  the classification would have 
as small error p robability  as possible.

Linguistic analysis. Now we introduce a  context-free gram m ar to  a n a 
lyse the p a tte rn  syntactically  (parsing). This goal-oriented g ram m ar uses p ro 
jection “ thicknesses” as prim itives.

W ith th e  usual term inology the g ram m ar is defined b y  th e  fourtuple:

G = ( V n , Vt , S,  P)

where G is th e  gram m ar,
F jv is a  finite set o f nonterm inals (variables),
F t is a finite set o f term inals (here prim itives) (F N П F r  =  Ф), 
S  £ F,v is the s ta r t  or “ sentence” sym bol,
P  a  fin ite  set of productions or rew riting rules having the form  

of x ß where a  an d  ß are strings over FN U F r  and  a contains 
a t  least one nonterm inal sym bol.

In  our illustra tive  example, where r =  2, s =  3, we have

VN =  {S, H,  VU,  VL,  OX, IX,  2X,  3X,  OF, I F ,  2F }  

F t =  {0, 1, 2, 3}.

T he language £(G) generated by  gram m ar G is a  set of strings

£((?)
Q \ Q £ F t , an d  Q s ta rts  w ith  either 0, 1, 2 or 3 

an d  ends w ith e ither 0 or 1 or 2
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For every p a tte rn  this g ram m ar yields a  term inal sen tence of three num bers. 
These are u sed  to  make th e  decision. I t  is obvious th a t  th e  decision ru le  m ust 
be established experim entally . Our experim ents concerning the p articu la r 
case r =  2, s =  3 resu lted  in the following parsing £((?):

£(G): 111 => 7

112 =► 7

113 => 2 

122 = >  6 

123 => 6

212 =>9

213 => 9 

222 => 0 

223 => 8.

All patterns, having te rm in a l sentence n o t listed here, are rejected.

A ctually  words o f th is  language refer clearly to  th e  form of p a tte rn s  
(thickness o f projection show whole, single line etc.). T hree num bers in  a pro
per con tex t form the term inal num eral. In  this h ierarchy  of com position 
lies the pow er of linguistic method. The parsing leads to  classifying th e  p a tte rn , 
which term inates this syntax-contro lled  recognition process.

5. Experimental results

The linguistic m ethod  discussed above will be u sed  in a complete num eral 
recognition system. A flying-spot scanning device is u nder building. I t s  o u t
p u t is connected th rough  an  A/D converter to  a com puter, where softw are 
program will make the  recognition based  on our m ethod . The o u tp u t o f the 
A/D converter is the d igitized picture in  binary form.
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In  order to  investigate the  goodness of the m ethod, we have m ade some 
experim ents with th e  particu lar case o f rasterfield  1 0 x 6 ,  r =  2, s =  3 (see 
Fig. 4). The “roughness” of the  rasterfield  is due to  th e  m anual evaluation  of 
the  resu lts. This is th e  reason of ano th er restric tion too, namely, th a t  th e  pro
cedure was tested  on th e  digits 2, 6, 7, 8, 9, 0 only. I t  tu rn ed  out th a t ,  when 
form ing prim itives it is the best looking for th ree identical consecutive ele
m ents horizontally an d  for four ones vertically.

T able 1 sum m arizes the  resu lts o f an experim ent w ith th ree  persons, 
where each of them  h ad  w ritten  25 num erals of all th e  six type.

T here is no need to  explain the  dependence of th e  procedure on so-called 
“b ea u ty ” of w riting, especially in th e  case of such a  “ rough” raste r. The 
I l l r d  person has w ritten  very beautifu l num erals by  all means for th is  program . 
The g rea test problem  was to  recognize num eral 2. A high percentage o f them  
was classified as 9 or as 7. The num ber of rejections is neglectable except for 
the num eral zero. The reason of th e  more rejections in this case was th a t
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Table 1

correct
recogn. reject error

samples % samples % samples %

1st P e rso n

2 (25 sam ples) 13 52 0 0 12 48

6 (25 samples) 21 84 0 0 4 16

7 (25 samples) 24 98 1 4 0 0
8 (25 samples) 14 56 0 0 11 44

9 (25 samples) 21 84 0 0 4 16
0 (25 samples) 17 68 6 24 2 8

U n d  P erso n

2 (25 samples) 15 60 0 0 10 40

6 (25 samples) 20 80 0 0 5 20
7 (25 samples) 16 64 0 0 9 36

8 (25 samples) 24 96 0 0 1 4
9 (25 samples) 23 92 0 0 2 8
0 (25 samples) 18 76 0 0 7 24

U lrd Person

2 (25 samples) 16 64 0 0 9 36
6 (25 samples) 25 100 0 0 0 0

7 (25 samples) 25 100 0 0 0 0
8 (25 samples) 24 96 1 4 0 0
9 (25 samples) 25 100 0 0 0 0
0 (25 samples) 24 96 1 4 0 0

Sum  to ta l

2 (75 sam ples) 44 58.3 0 0 31 41.7
6 (75 samples) 66 88 0 0 9 12
7 (75 samples) 64 85.4 1 1.33 10 13.33
8 (75 samples) 63 84 0 0 12 16
9 (75 samples) 62 82.7 0 0 13 17.3
0 (75 samples) 59 78.7 7 9.3 9 12
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F i g .  5

person I  has w ritten  too small characters. F igure 5 shows the  flow chart of 
the program  w ritten  in ALGOL for RASDAN-3 com puter, an d  Table 1 
presents the results.

6. Concluding rem arks

On the basis o f our experim ents this m ethod  can be considered as a 
prom ising one. I ts  g rea t advantage lies in th e  very  simple com putational 
work involved.



I t  is the  task  of fu rther experim ents to  determ ine the m ost appropriate 
ras te r size, subunits (e.g. the num bers r and s), th e  length o f th e  identical 
consecutive runs required  in the  projection vectors. Clearly, i t  is possible to 
construct a learning process to  solve th is  task.

Our m ethod actually  does n o t m ake too m uch use of th e  skeleton, or 
the  gram m ar. We used skeleton (means) description ju st to  show the  facts 
which m otiva ted  our investigations. On the  o th e r hand, th e  linguistic de
scription m ay be useful in m aking th e  decision if  there  are m ore th a n  3 pri
m itives. Also, it indicates the  possibility  of using stochastic gram m ars for 
noisy patterns.

F inally , it should be m entioned th a t  our m ethod  is a goal-oriented syn
tax-controlled  linguistic recognition system . Looking it from th e  viewpoint 
of formal language theory  and considering th e  parsing  one can see th a t our 
gram m ar is context-free.

*

Acknowledgement. W e a re  v e ry  g ra te fu l to  d r. T . N em etz  for th e  v a lu ab le  d is
cussion an d  very  im p o rta n t rem ark s  on  th e  top ics o f  th is  paper.
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Стуктурное распознавание букв путем проектирования
in. БРЕЙЕР. М. ВАЙТА

(Будапешт)

В настоящее время имеется много методов решения проблемы распознавания букв. 
Большое развитие получил в последнее время лингвистический подход к  распознаванию 
образов.

В статье рассматриваются основные проблемы лингвистического подхода к задаче 
распознавания и подчеркивается значение связи меж ду методом и структурой образов. 
Рассматриваются отдельные этапы процесса распознавания.
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Специфичным является то, что производится чтение букв, или точнее цифр, напи
санных вручную. Неизвестные цифры записываются на поле размером п х т ;  после их 
преобразования образуется точка равновесия рисунка и определяются ее проекции на оси.

Рассматриваются теоретические основы данного метода и приводятся некоторые 
результаты, полученные на ЦВМ, а такж е делаются замечания о перспективах данного 
подхода.
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О НЕКОТОРЫХ ВОПРОСАХ ОПТИМАЛЬНОГО 
БЫСТРОДЕЙСТВИЯ В СТОХАСТИЧЕСКИХ СИСТЕМАХ

В. Б. КОЛМАНОВСКИЙ

(Москва)

(Поступила в редакцию 31 м ая 1974 г.)

Рассмотрена задача об оптимальном управлении по быстродействию в 
стохастических системах. Установлены условия существования оптимального и 
допустимого управления. Предложен способ приближенного решения задачи. 
Рассмотрены конкретные примеры.

1. Пусть управляемая система имеет вид

д о  =  /(до) +  Bii(x(t)) +  cr(x(o) т ,  t >  о ( и )
х(0) =  х.

Здесь В — заданная постоянная матрица, х(() — вектор фазовых координат 
из евклидова пространства Е п, функция / и матрица о удовлетворяют услови
ям, обеспечивающим существование решения уравнения (1.1) при и =  0, т. е. 
[1 ] при некоторой постоянной с 0 и хх, х2 £ Е п

I /  (xi) — Кх2) I +  I л(хх) -  <т(х2) I < ; с I хх — х2 1.

Наконец, £(/) — винеровский процесс, вектор х£ .Е п задан, а и(х) £ Е т — 
управление, причем при всех х

п(х) с  U , (1.2)

где U — заданное выпуклое ограниченное множество.
Пусть такж е задано некоторое множество Q (ограниченное или нет) 

в фазовом пространстве Е п. Граница Q далее обозначается через Qv  а через 
тх(и) обозначается момент первого достижения множества Q процессом 
(1.1) с начальным условием х(0) = х ,  где произвольная начальная точка 
х £ Е п при управлении и.

Если некоторые реализации процесса (1.1) не достигают Q ни за какое 
конечное время, то для этих реализаций случайная величина тх(ц) полагается 
равной бесконечности.

6
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Задача. Выбрать управление и, удовлетворяющее ограничению (1.2), 
минимизирующее функционал

М т х(и), (1.3)

где М  —- знак математического ожидания.
В теории оптимального управления детерминированными системами, 

т. е. системами (1.1) при < т = 0 ,  задача быстродействия занимает особое 
место [2]. Д ля этой задачи получены довольно полные и законченные резуль
таты. В частности, установлены теоремы существования и единственности 
оптимального по быстродействию управления, установлен вид оптимального 
управления, предложены алгоритмы приближенного построения управления, 
рассмотрены разнообразные примеры.

В то же время в поставленной выше задаче о минимизации среднего 
времени достижения управляемым стохастическим процессом заданного 
множества известные законченные результаты (см., например, [3]) сводятся 
к тому, что при некоторых условиях гладкости минимального значения V(x) 
функционала (1.3) этот функционал удовлетворяет уравнению в частных 
производных Веллмана:

Здесь Q2 — дополнение Q у  Qx до Е„; штрих — знак транспонирования; вектор 
dV  I Эх имеет координаты 8V  | эх,-, матрица Э2Р | эх2 имеет компоненты 
d2V I Эх,-; /, /  =  1,2, . . ., п ; символ Тг  — означает след матрицы.

Необходимо, однако, подчеркнуть, что задача (1.4) имеет не единствен
ное решение. Поэтому, даже если V(x) — достаточно гладкая функция, за
ранее не ясно, с каким именно решением уравнения Веллмана (1.4) она 
совпадает.

Разъясним сказанное на примере.

Пример.  Пусть система (1.1) — скалярная и имеет вид

i(0  =  U(0 +  V2 i(0 , I u(0 <  1, x(0) =  x . (1.5)

Множество Q есть интервал (—oo, а] при некоторой постоянной к. При х >  а 
уравнение Веллмана (1.4) имеет вид 

d2V (х) 
dx2

dV(x) +  1 = 0 ,
dx
V(*) =  0 ,
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решением которого служит любая функция вида х — а +  с (ехр(х — а) — 1), 
где с — произвольная неотрицательная постоянная. Заметим, что для этого 
примера оптимальное управление есть и =  — 1. Действительно, если x(t, и) — 
решение задачи (1.5) при управлении и, то х(/, — 1) <  x(t, и) с вероятностью 
1 при любом управлении и, \и\ <, 1. При этом, как показано далее, оптималь
ное время перехода при управлении и =  1 равно х — « для любого х ]> а.

Другое обобщение некоторых проблем оптимального быстродействия на 
линейные стохастические системы предложено в [4], где рассмотрена задача о 
минимизации суммарной вероятности пребывания управляемого случай
ного процесса вне заданной окрестности нуля за бесконечное время. Для 
решения этой задачи в [4] используется метод функций Ляпунова. Кроме 
того, в [4] обсуждаются способы приближенного решения задачи.

В разделе 2 настоящей работы установлены некоторые условия сущест
вования допустимого управления, формулируемые в терминах существования 
функций Ляпунова от траекторий системы, а в 3 рассмотрены условия сущест
вования оптимального управления, установлено, с каким решением уравнения 
Веллмана (1.4) совпадает минимальное значение функционала (1.3) и приве
дены некоторые примеры. Напомним [5], что процесс (1.1) при некотором 
управлении и называется возвратным, если тх(п) <  °°  с вероятностью 1 и 
называется положительным, если М  тх(и) <  оо для любых конечных х.

2. В этом параграфе рассмотрены условия существования допустимого 
управления.

Назовем управление и допустимым, если при этом управлении 
М  тх(ц) <  оо для любых конечных х и существует сильное решение уравне
ния (1.1), т. е. [I] существует случайный процесс x(t), измеримый относитель
но f(s), 0 <  s <  t, удовлетворяющий с вероятностью 1 интегральному то
ждеству

х(0 - Х  =  j  [/(x(s)) Bii(x(s))] ds +  j  a(x(s) d£(s).
Ó Ó

Из [5] стр. 130 вытекает

Лемма 2.1. Пусть существуют в Q2 функция и(х) и дважды непрерывно 
дифференцируемая функция V(x) ]> 0 такие, что при управлении и(х) су
ществует решение системы (1.1) и

U V ( x ) < ~ c ,  x í Q2, (2.1)

где с — некоторая положительная постоянная. Тогда и(х) — допустимое 
управление, причем М  гх(и) <  с " 1 V(x).

6*



356 КОЛМАНОВСКИЙ: О Н ЕК О Т О РЫ Х  ВОПРОСАХ ОПТИМАЛЬНОГО ЕЫСТРОДЕСТВИЯ

Пример 2.1. Пусть точка движется по прямой под действием управле
ния и, |u| 1 и случайной возмущающей силы где а — некоторая задан
ная постоянная. Уравнения движения имеют вид

х х =  х2, х2 =  и +  а \ . (2.2

Требуется осуществить быстрейшее попадание на ось х2, т. е. в данном слу
чае Q есть прямая хх =  0. Покажем, что при любом а допустимое управление 
есть

(2.3)

Д ля этого зафиксируем некоторую постоянную /с1> о -‘! |2, а затем подберем 
к2 так, чтобы при всех х1( х2 функция У, равная

V =  к2 + +  к2 -(- Xi, X i > 0 ,

V =  кх х2 +  — А  +  х2 х1( X! <  0 t

была неотрицательна. Вычисляя, получим с учетом (2.3), что всюду вне 
прямой хх =  О

Значит, на основании леммы 2.1 при управлении (2.3) процесс (2.2) положи
телен. Далее можно показать, что управление (2.3) оптимальное. Действи
тельно, при хг(0) >  0 и любом управлении их(х) >  — 1 неравенство

М  tUi(x) <  М  t_í(x)

невозможно, т. к. с вероятностью 1

*l(t, -  О < X x(t, Hi),

где через xx(t, и) обозначено решение xx(t) системы (2.2) при управлении и. 
Подобным же образом убеждаемся в оптимальности управления и =  1 в об
ласти хх <  0.

Замечание. При исследовании вопроса о существовании допустимого 
управления в некоторых конкретных ситуациях требования леммы 2.1 
могут быть несколько ослаблены. Точнее говоря, пусть в Q2 найдутся функ
ция п(х) и непрерывная функция V'(x) ;> 0 такие, что при управлении и(х)
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существует решение системы (1.1) и для любых точек tx <  t2 на траекториях 
х(/, и) системы (1.1)

М  V(x(t2, и)) -  М  V((x(tv  и)) <  -  c(t2 -  t j ,

где с — некоторая положительная постоянная. Тогда и(х) — допустимое 
управление. В частности, от функции V достаточно требовать, чтобы

lim \ [ M V ( x ( A , u ) )  V (х0)] <  1 . (2.4)
а-+о А

При этом, если V удовлетворяет требованиям леммы 2.1, то предел в (2.4) 
есть L u V(x„). Справедливость этих утверждений вытекает из результатов 
([5) стр. 130).

3. В этом разделе рассматривается вопрос о существовании решения 
уравнения Веллмана и способах его определения. Всюду далее считается, что 
Q — ограниченная область в фазовом пространстве Е п с гладкой границей Q1 
типа Ляпунова ([7], стр. 346.) Обозначим через R n последовательность та
ких шаров радиуса N  в пространстве Е„, что Q с  RN. Границу R n обозна
чим через rN. Определим последовательность скалярных функций VN(x) из 
краевой задачи

min (Lu V N(x) -f- 1) =  0 , x e Q 2 f ) R N ,
uíU

, (3.1)
V n ( x )  =  0, xCQj ,  x £ r N.

Здесь выражение Lu Vn(x) определяется формулой (1.4).
Приведем в виде леммы некоторые свойства функций V+(x), вытекаю

щие из результатов [8—10].

Лемма 3.1. Предположим, что коэффициенты уравнения (3.1) удовле
творяют требованиям раздела 1, матрица а(х) невырождена при любом х £  Е п и 
ограниченная область Q имеет границу типа Ляпунова. ]Тогда существует 
единственное решение VN(x) задачи (3.1), причем VN(x) ]> 0 и для любых 
N 2 >  Л',

VNt(x) >  Vn £x), х £ Q2 П R n .

Доказательство. Существование единственного решения краевой за 
дачи (3.1) вытекает из [8] (теорема 4.10.2), либо из [9] (теорема 3). Далее, в 
силу [10] (стр. 603) существует измеримая функция uNi(x) С U, доставляющая 
минимум в уравнении (3.1). Значит, функция V N(x) удовлетворяет линейному 
уравнению

L Un  V n { x )  + 1 = 0 ,  х 6 Q2 П R n -



358 КОЛМАНОВСКИЙ: О Н ЕКОТОРЫ Х ВОПРОСАХ ОПТИМАЛЬНОГО БЫ СТРОДЕСТВИЯ

Отсюда, с учетом нулевых граничных условий (3.1) для V n ( x )  и [8] (стр. 160) 
вытекает, что W (x )> 0 . Из неотрицательности всех VN(x) и теоремы 40.1 
([11]) следует справедливость последнего утверждения леммы 3.1.

Теорема 3.1. Пусть справедливы все требования леммы 3.1 и существует 
допустимое управление ш(х). Тогда

1) существует минимальное положительное решение внешней краевой 
задачи (3.1), обозначаемое через И0(х);

2) на любом ограниченном множестве изменения х последователь
ность Идг(х) равномерно сходится к Т0(х) при N  -+ оо, монотонно не убывая;

3) ни при каком допустимом управлении нельзя получить значение 
функционала (1.3) меньше Т0(х);

4) если при управлении п0(х), определяемом из условия

min L u Vo(x) =  LUo У„(х),
u c  U

существует решение системы (1.1), то и0(х) — оптимальное управление. 

Доказательство. Положим
W(x) =  М  тх(со).

Покажем вначале, что при всех N
VN(x) <L W ( x). (3.2)

Обозначим через т?(и)  момент первого достижения процессом (1.1) 
границ множества Q2 П R N при управлении и и х £ Q2 П R N, а через x(t, и) — 
решение системы (1.1) при управлении и.

Поскольку, очевидно,
M r ? (со) <. W(x) ,  (3.3)

то для доказательства (3.2) достаточно установить, что

VN(x) <  М  г?(со). (3.4)

С этой целью применим формулу Дынкина ([12] стр. 191) к функции VN(x) и 
марковскому моменту т?(со), что возможно на основании определения V N(x), 
леммы 3.1 и конечности математического ожидания г?(со) в силу (3.3). Имеем с 
учетом (3.1) при х 6 Q, П R N

r*(“)
Уы{х(г?(со), со)) -  VN(x) =  М  J  La VN(x(t, со)) dt >

о
т̂ (ш)

~^>М I min L„ VN(x(t, со)) dt =  — М  r?(co).
о UCU

Тем самым неравенство (3.4), а вместе с ним и (3.2) установлены.
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Зафиксируем произвольную ограниченную область Q3 ez Е п с границей 
того же типа, что и Qlt причем Qcz Q3 и установим сходимость VN(x), х  £ Q2 П Q3 
при N  ->■ оо . Д ля этого заметим, что из условий теоремы и неравенств (3.2) 
с учетом априорной оценки [8] стр. 316 при любом N

max
X

э ы * )
Эх2

< с ±, х € Q3 П Q ,. (3.5)

Здесь и далее С,- — некоторые неотрицательные постоянные.
Из (3.5), (3.2), невырожденности матрицы а(х) и справедливости для 

неё условия Липш ица, используя оценку вторых производных решений 
уравнений (3.1) ([8] теорема 4.6.3), заключаем, что

max
X

э 2 V N ( X )

Эх2
^  С2, X € Q3 П Q2. (3.6)

Оценки (3.2), (3.5), (3.6) означают, что на любом ограниченном множестве 
Q3 П Q, последовательность У Д х) вместе со своими двумя производными 
равномерно ограничена. Значит, ([13] стр. 240) последовательность (HN(x), 
ЭУл-(х)|Эх) компактна в пространстве непрерывных функций для х6(?3 П ф2. 
Будем считать, как и обычно, что и сама последовательность ( VN(x), 9VN(x | Эх)) 
равномерно сходится. Обозначим предел У/Дх) при N  °о через У0(х)- 
Тогда на основании [11] (стр. 176 теорема 42,9) и произвольности области 
Q3 предел У0(х) есть решение задачи (1.4).

Установим теперь, что У0(х) есть минимальное положительное решение 
задачи (1.4). Предположим противное, т. е. предположим, что найдется другое 
положительное решение У(х) задачи (1.4), причем

о <£ V(x) <: У0(х). (3.7)

Ф ункция У(х), будучи решением задачи (1.4), удовлетворяет уравнению (3.1) 
при любом N  внутри области х 6 Q> П R N и, кроме того,

V(x) =  VN(x) — 0, х € Qv  (3.8)

У(х) ^  y N(x) = 0 , х е rN.

Из (3.7), (3.8) и принципа максимума для квазилинейных эллиптических 
уравнений (3.1) ([11] стр. 162, теорема 40,1) заключаем, что и при всех 
х € q2 П R n

VN(x) <, V(x) . (3.9)

Из (3.7), (3.9) и установленной выше сходимости Удг(х) к У0(х) вытекает 
равенство У(х) =  У0(х). Тем самым утверждения 1), 2) теоремы доказаны.
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Д ля доказательства п. 3) теоремы предположим, что при некотором 
допустимом управлении получено значение W 0(x) функционала (1.3) меньшее, 
чем V0(x). Тогда, аналогично оценке (3.2), устанавливается, что при любом N

VN(x) <  W 0(x).

Отсюда и из сходимости Vn (x) к  С0(х) убеждаемся в противном, что W0(x)]> 
;> V'o(x). Наконец, для доказательства п. 4) теоремы положим в условиях 
леммы 2.1 функцию 1/(х) =  У0(х) и и(х) =  и0(х). Поскольку V0, и0 удовлетворя
ют уравнению Веллмана (1.4), то для них справедливо неравенство (2.1). На 
основании леммы 2.1

М  тх(и0) <  V0(x).

С другой стороны, в силу установленного утверждения п. 3) теоремы

М  тх(и0) >  V0(x).

Значит, утверждение п. 4) теоремы справедливо.

Теорема 3.1 доказана.

Замечание. Пусть в (1.1) В  == 0 (т. е. система (1.1) неуправляема) и 
процесс (1.1) при ß  =  0 положителен. Тогда утверждение теоремы 3.1 о том, 
что время достижения есть минимальное положительное решение уравнения
(1.4) при В =  0 следует из результатов [5, 6].

Доказанная теорема допускает ряд обобщений. Сформулируем некото
рые из них в виде следствий.

Следствие 1. Пусть выполнены все условия теоремы, но функция /(х) 
в (1.1) растет не быстрее некоторой степени ||х|| при ||х || -» оо и удовлетворяет 
условию Липшица в каждом ограниченном множестве, т. е. при 1111 <С JV, 
||Х2|| <  N,  Xj, х2 е Еп

IIt(Xi) -  f(x2)II <  c(N) !|хх — х*| I, (3.10)
где N  — произвольное число, a c(N) — некоторая заданная постоянная, 
зависящая от N.

Тогда все утверждения теоремы остаются в силе. Справедливость 
следствия 1 устанавливается повторением доказательства теоремы.

Следствие 2. Из доказательства теоремы видно, что её требование о 
существовании допустимого управления было использовано лишь при обос
новании оценки (3.2). Значит, утверждения теоремы справедливы, если 
выполнены все её условия, либо условия следствия 1, за исключением требо
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вания о существовании допустимого управления, которое заменено любым из 
следующих предположений:

а) существует неотрицательное решение W n задачи (1.4);
б) последовательность Vn(x) равномерно ограничена на любом ограни

ченном множестве изменения х;
в) последовательность VN(x) сходится поточечно к решению задачи (1.4). 
Д ля доказательства достаточно заметить, что при любом из условий

а) — в) справедлива оценка типа (3.2). Действительно, при условии а) в 
силу [11] (стр. 162) для любого N  последовательность Vn (x)< ,  М/„(х), а из 
условия б) следует условие а). Установленные факты дают способ определе
ния оптимального управления в задаче стохастического быстродействия. Д ля 
этого надлежит либо определить минимальное положительное решение 
задачи (1.4), либо построить последовательность V’N(x) из (3.1) и перейти к 
пределу при N  --->- то. В любом из этих случаев, если минимум в (1.4) дости
гается на допустимом управлении, то оно и будет оптимальным.

Замечание. Пусть V(x) — положительное решение уравнения Веллмана
(1.4) и справедливы требования раздела 1. Тогда для любого 1 > е > 0  
найдется такое допустимое управление п0(х), что

M r x(u0) < ~ ^ — V(x) .  (3.11)
1 — е

Д л я  обоснования (3.11) заметим, что из доказательства лемм 2.1, 2.2 
статьи [14] вытекает оценка

,91/ . 0V
ип —  <  min и -------|-е , (3.12)

д Х  u í U  дх

причем и0(х) £ U и удовлетворяет локальному условию Липшица (3.10). 
Значит, ввиду ограниченности U, при управлении и0(х) существует [15] 
единственное решение системы (1.1). Из (3.12) и уравнения Веллмана для V 
заключаем, что

К  V <  -  1 +  в.

Следовательно, на основании леммы 2.1 управление ий допустимо и 
справедливо неравенство (3.11). Из (3.11) вытекает.

Теорема 3.2. Пусть выполнены предположения леммы 3.1. Тогда

1) если существует минимальное положительное решение V0 задачи
(1.4) , то для любой фиксированной начальной точки х0 и любого е >  0 найдет
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ся такое допустимое управление и, что

M tXo(u) < , V 0(x0) +  s ; (3.13)

2) если задача быстродействия разрешима и минимальное время К0(х) — 
дважды непрерывно дифференцируемо, то V0 — минимальное положительное 
решение уравнения Веллмана (1.4). Действительно, оценка (3.13) следует из
(3.11). Д ля доказательства второго утверждения заметим, что минимальное 
время К0(х) 0 есть решение задачи (1.4). Поэтому в силу следствия 2 п.
а) существует минимальное положительное решение Ч7 задачи (1.4). Если 
бы в некоторой точке х0 было ИДх0) <  V0(x0), то ввиду п. 1) теоремы 3.2 
нашлось такое допустимое управление и, при котором М  тХо(и) <  В0(х0), что 
противоречит минимальности времени Н0(х0). Отметим, что теорема 3.1 
доставляет такж е способ приближенного или численного определения вре
мени быстродействия при помощи построения соответствующей последова
тельности Едг(х)

Пример 3.1 . Пусть система (I I) — скалярная и имеет вид

х(0 =  /(х(/)) +  и(0 +  0-1(0. (3.14)

Здесь а =и= 0 — накоторая постоянная, управление u(t) подчинено требованию 
|ц(0| <[ 1, наконец, множество Q, как и в примере 1, есть интервал (— оо, а ].

Потребуем, чтобы

Г —— d s  <! °° .
J b(s)
х

Здесь
t

b(t) =  exp Í -  J  J -  (/(s) -  1) rfsj

0

Требование (3.15) выполнено н. п., если sup /(х) <  1.

Покажем, что минимальное время перехода в этом примере есть
X °°

Щ х) =  - |  J  b(t)dí j  щ ,  х ^ а .  (3.17)
а t

Из (3.14)—(3.17) вытекает, что L _x W  =  — 1. Значит, управление и =  — 1 
допустимо, а потому и оптимально, ибо на основании теоремы сравнения 
[16] (стр. 120) х(1, — 1) <; x(t, и) с вероятностью 1 при любом допустимом и.

(3 .1 5 )

(3 .1 6 )
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Отсюда и из теоремы 3.1 следует, что оптимальное время перехода Р(х), соот
ветствующее управлению — 1, определяется из соотношения

V(x) =  lim VN( x ) , (3.18)
N -~

где функции V n (x) есть решения краевой задачи

+  (/(*) l ) * M ä + l - 0 ,  * > *
2 dx2 dx

Вычисляя, получим 

V n ( x )  =

l/N(x) =  0, х =  ос, x  =  N .

N N t . .

í j W d t  1 J  b V j d t ,  j b ( t j d t 2 j

h

dt3
m

(3.19)

Но процесс (3.14) возвратен при управлении и =  — 1. Поэтому ([5] стр. 138)

N
lim I b(t)dt =  оо .

а

Отсюда, переходя к пределу при N  ->■ °о в (3.18) с учетом (3.15), (3.17) и 
правила Лопиталя, заключаем, что оптимальное время перехода Р(х) =  W(x). 

Отметим, что в этом примере при и =  0 процесс (3.14) может быть даже

невозвратен, н. п. в силу [5], если /(х) =  ~  при х ;>  х.

Пример 3.2. Рассмотрим управляемое движение твердого тела под 
воздействием случайных возмущений. Пусть х/, i =  1, 2, 3 — компоненты 
кинетического момента относительно жестко связанной с телом системы 
координат, оси которой совпадают с главными центральными осями инерции 
тела. Уравнения движения Эйлера имеют вид

*i =  *2 *з (<к -  о.з) (<h ai ) 1 +  «i +
х 2 =  xL х3 ( -  ах +  а3) (а, а3) - 1 +  и, +  trf2 (3.20)

х3 =  x1 х2 (aí -  а2) (ах а ^ 1 +  щ  +  о£3.

Здесь а,- — главные центральные моменты инерции, а — постоянная, 
управление и — (и1: и2, и3) удовлетворяет при постоянной b >  0 ограничению

I “ I =  (“í +  “1 + «i)1/2 <1 b .
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Отметим, что система (3.20) с ограничением (3.21) допускает, например, 
следующую интерпретацию [17]. Имеется в распоряжении одна пара упра
вляемых газовых струй, создающих вращающие моменты, причем, газовые 
сопла можно установить под любым углом относительно твердого тела и 
воздействие управления на систему одинаково в каждом направлении

Д ля  системы (3.20) поставим задачу о наискорейшем в смысле функ
ционала (1.3) приведении её в сферу Q =  jx| <,г ,  где г — заданное поло
жительное число.

Решение этой задачи получим с помощью следствия 2 к теореме в соот
ветствии с которым необходимо построить вначале последовательность ре
шений VN краевой задачи (3.1), затем определить предел V0 последователь
ности Vjv при N  -<■ — и, наконец, по V0 построить оптимальное управление. 
Конкретизируем соотношения (3.1) применительно к рассматриваемому 
случаю. Имеем при г <  |х| <  N

Определим число rt =  rx(JV) как  корень уравнения

г, г, N  I

Здесь введены обозначения

(3.23)

(3.24)

Левая часть (3.23) при г1 =  г равна нулю и с учетом (3.24) монотонно возра
стает. Правая же часть (3.23) равна нулю при r1 =  N  и монотонно убывает 
при r ^ r . ^ N .  Значит, уравнение (3.23) при любом фиксированном N  имеет
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и притом единственное решение r^N),  причем

г <  r,(N) <  N.  (3.25)

Подстановкой в (3.22) убеждаемся, что решение (3.22) задается формулами

1*1 О

Vn (x ) =  - ,  j Zi(t) dt Г 4 -  при г! <, \x \ <̂  N.
^  J  J z j t j

1*1 r,

Покажем теперь, что

lim rx(N)  =  oo . (3.26)
Ai-

Вычислим производную dr^N )  \ dN,  существующую в силу [18] (стр. 452), 
для чего продифференцируем по N  обе части равенства (3.23). Имеем

Отсюда и из (3.25) вытекает, что последовательность rx(N)  монотонно возра
стает, т. е. существует её предел при N  —► со . Предположим, что равенство 
(3.26) неверно. Это означает, что существует такое число г0, г <  г0 <  °о, что 
rx(N)  <  г0 при всех N.  Покажем, однако, что в этом случае найдется такая 
постоянная с, >  0, что для всех N  >  г0 справедлива оценка

d r m
dN И , (3.28)

которая, очевидно, противоречит неравенству rx(N) <, г0.

В силу (3.24) первый сомножитель в правой части (3.27) равен

Интегрируя, заключаем, что при всех N  >  га и некоторой постоянной с2

с2 >  0. (3.29)
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Аналогичные соображения показывают, что при всех N  и некоторой посто
янной с3 >  О

Из (3.29), (3.30), (3.27) следует (3.28). Тем самым справедливость соотноше
ния (3.26) установлена. В силу (3.26), (3.25) на любом ограниченном мно
жестве изменения х

1*1 о
lim Т ^ ( х ) =  lim — j z(t )dt  Г -— .

Г г - -  О2 J  J 2(íx)
г t

Подставляя сюда вместо функции Z(t) её выражение (3.24), получаем

(3.31)

Используя представление (3.31) для V„(x), найдем управление и0(х), 
доставляющее минимум по и, |u| ^  b выражению

(3.32)

Д ля доказательства оптимальности управления (3.32) достаточно, 
ввиду следствия 2 к теореме, проверить, что управление (3.32) допустимо, 
т. е. проверить, что при этом управлении существует решение системы (3.20). 
Однако это немедленно следует из (3.32), (3.31) теоремы 3.4.1 ([5]) и того 
факта, что LUo V0 =  — 1.

Заметим, что при а =  0 выражение (3.31) установлено ранее в [19] для 
более общего случая детерминированных систем с инвариантной нормой, 
отличным от изложенного методом.

В связи с примерами 3 —5, в которых найдено оптимальное управле
ние, отметим, что в них оптимальное стохастическое управление совпадает с 
оптимальным управлением для соответствующей детерминированной систе
мы при а =  0.

Выражаю благодарность Ф. Л. Черноусько за внимание к работе и 
ценное обсуждение, способствовавшее улучшению работы.
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Some problems of time optimal control for stochastic systems

V . B . K O L M A N O V S K Y

(Moscow)

T he p a p e r  is devo ted  to  som e problem s o f  t im e  op tim al s to c h a s tic  system s. T h e  
m otion d iffe ren tia l equation  (1.1) a n d  th e  fu n c tio n a l (1.3) w ere g iven . F ir s t o f a ll th e  
problem  o f co n tro l existence su ch  th a t  fin ite  fu n c tio n a l (1.3) is in v es tig a ted  in S ection  2 
an d  some exam ples a re  also g iven.

T heorem s 3.1 and  3.2 a re  th e  m ain  re su lts  o f  th e  paper. T hese  theorem s g ive  
also a lgo rithm  for op tim al co n tro l an d  for th e  o p tim a l value o f c o n s tru c tin g  fu n c tio n a l
(1.3).

T here a re  tw o  m echan ica l exam ples in  w h ich  o p tim al co n tro l is found w ith  th e  
help  o f T heorem s 3.1 and  3.2.

В. Б. Колмановский
Институт проблем механики АН СССР
СССР, Москва А —40,
Ленинградский проспект, д. 40.
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INTERNATIONAL 1FAC SYMPOSIUM 
ON OPTIMIZATION METHODS

V A R N A  (B U L G A R IA ), O CTO BER 8 — 11, 1974

T he lectures delivered a t the  Symposium  represented the wide-spreading 
research work and th e  last restu lts achieved in practice w ith optim ization 
m ethods and  their applications in th e  field. The Symposium com prised the 
classical topics of th e  IF  AC:

models of the concrete, continuous-tim e and  discrete-tim e system s in 
chemical industry, m etallurgy, cellulose and paper industry; 
synthesis of the op tim al and quasi-optim al control systems, tak in g  into 
account the non-com plete inform ation of th e  objects and  interfering 
effects. In  this field  an effort is distinguished to  produce a connection 
required  between th e  most u p -to -da te  theory an d  the  practical realization 
of th e  optim al control.

Im p o rtan t problem s of the optim ization of th e  socio-economic “ large” 
system s developed jo intly  by th e  IFO R S and  I F I P  in the last years 
were also extensively discussed. The partic ipants were deeply in terested  in 
these them es because of the solution o f the socio-economic developm ent is 
very significant for all those countries whose scientists a ttended  the Symposium.

250 researchers from  23 countries partic ipa ted  a t  the Symposium . The 
list of th e  lectures accepted by th e  In ternational Program  Com m ittee and 
p resen ted  actually  a t  th e  Symposium  is shown in th e  table.

I t  is to  be no ted  th a t  from th e  very  interesting lectures p resen ted  by the 
Soviet scientists only four studies were read since th e  Sixth All-Union Con
ference on Control Problem s was held  a t  the sam e tim e as the  V arna IFAC 
Sym posium  To the  p a rtic ip an ts’ g rea test regret Academ ician L. S. Pontryagin , 
the g rea t Soviet au th o rity  on op tim al control th eo ry  because of his illness 
could n o t deliver his lecture on “L inear differential gam es” . The m ain topics 
of the  sym posium  were as follows:

linear and nonlinear program m ing 
- dynam ic program m ing

7
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Country Lectures

accepted delivered

B ulgaria 14 11
E ng land 2 1
F in lan d 3 3
F ran ce 4 4
F R G 2 1
H u n g ary 2 2
I ta ly 2 1
J a p a n 2 1
R o u m an ia 1 —

Spain 1 1
Sweden 2 2
USA 1 1
U SSR 13 4
Y ugoslav ia 3 3

to ta l  53 36

optim ization m ethods in th e  case of non-com plete inform ation 
num erical m ethods

— quasi-optim al control m ethods
- autom atic optim ization m ethods

— optim al control of large system s
— optim ization o f hierarchical control systems

- decomposition m ethods of op tim al control
- analysis of th e  sensitiv ity  of op tim al system s 

optim ization o f differential games
— optim ization o f biological an d  economical system s.

T he studies were arranged into th ree  sessions

1. Applied m athem atical program m ing
2. Large system s
3. Synthesis of feedback optim al systems.

Both the lectures and discussions dealt w ith  the  problems of the exten
sion of the in strum entation  of th e  methods of m athem atical program m ing 
and  algorithm s. W e have to  em phasize the im portance of those lectures which 
were devoted to  th e  developm ent o f the au tom atic  control theory , especially 
those which trea ted  the  variab le-structure system s opening new ways in the 
field  of optim ization (Soviet U nion). Very in teresting  studies dealt with 
th e  form ation o f th e  strongly convergent algorithm s (England); scientists 
from  the  USA rep o rted  the results obtained by  differential games in dynamic 
system s. D evelopm ent could be s ta ted  in the field  of the developm ent and
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new applications of the classical varia tion  m ethods (F rance, Sweden); in 
dynam ic program m ing (Spain) and  in linear program m ing (Bulgaria).

A t the  P lenary  Session Professor R . L un d erstad t (FR G ) delivered a 
lecture en titled  “Num erical M ethods of O ptim ization) showing a real p ic tu re  
o f the  m ethods, their p resen t s ta te  and  fu tu re  applications.

Acknowledgm ents are due to  IFAC a n d  IFORS, f irs t o f all to Professor 
M. Thomas, for th e  successful organization o f the  Symposium .

The m em bers of the  In terna tional P ro g ram  C om m ittee offered valuable 
help to  the  B ulgarian N ational Organizing C om m ittee in  th e  selection o f th e  
presented lectures and  elaboration of the fin a l program.

Prof. N. N aplata n o v  
(Sofia)
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BOOK REVIEW

R. K r a u s h a a r , L. J a k o b , D. G o t h : Datenfernverarbeitung (D ata Telepro
cessing). Siemens Aktiengesellschaft, Berlin an d  Munich, 1974, 192 pp., 88 
figs, (in Germ an)

In  recen t years  a  rap id  developm ent can be ex p ec ted  in d a ta  teleprocessing . M ore 
a n d  m ore in s titu tio n s  have  to  em ploy  ex p erts  in  th is  fie ld . T his book g ives a  b rief su rv ey  
fo r these experts .

The to ta l  d a ta  te leprocessing sy s tem  is tre a te d  fro m  th e  d a ta  s ta tio n s  un til d a ta  
te leprocessing  eq u ip m en ts  — in c lud ing  th e  possible m e th o d s o f  d a ta  transfers. T he 
book does n o t to u ch  th e  app lica tions in  process con tro l.

The book deals w ith  th e  questions a t  a  sim ple level. I t  does n o t  require  special 
tech n ica l qualifica tion . I n  th is  w ay  th e  readers — w ho a re  in te rested  in  genera l eng inee r
in g  an d  system  o rgan iza tion  questions — m ay  o b ta in  a  good in s ig h t to  th e  p rob lem s. 
T hough  th e  Siem ens equ ipm en ts a re  m en tioned  as exam p les, th e  p rin c ip les  o f a p p lic a 
tio n  are  valid  for o th e r  equ ipm en ts , too .

The book consists o f six ch ap te rs . The firs t c h a p te r  is a  preface. T he  second c h a p te r  
is a n  in tro d u c tio n  to  d a ta  te leprocessing: th e  o rg an iza tio n  p recond itions an d  th e  w ays o f  
so lu tions a re  review ed. The th ird  c h a p te r  deals w ith  th e  ind irec t d a ta  te leprocessing: 
its  scope is th e  fo rm u la tion  o f th e  o rgan iza tion  ta sk , th e  m ethods o f  so lu tion , in s tru c 
tio n s  for th e  p lan n in g  and  th e  m e th o d s o f d a ta  co llection , in p u t an d  o u tp u t . The fo u r th  
c h a p te r  deals w ith  th e  d irec t d a ta  teleprocessing. B esides su rvey ing  th e  organ iza tion  
ta s k , the  w ays o f so lu tions and  th e  in s truc tions fo r p lann ing , th is  ch a p te r  describes 
th e  o rgan iza tion  o f  th e  cen tra l d a ta  p rocessing system , th e  d a ta  te rm in a ls  and  d a ta  s t a 
tio n s  and  th e  p re lim in a ry  d a ta  teleprocessing. The f i f th  ch ap te r gives a n  accoun t on th e  
d a ta  netw orks: on th e  public  te leg rap h  system s, on th e  p riv a te  te le g ra p h  system s, on  
th e  selection o f  th e  d a ta  tra n sfe r channels and  on d a ta  insurance. T he six th  c h a p te r  
g ives a  review  on th e  codes and  p rocedures.

In  ad d itio n  th e  book con ta in s  a  collection o f w o rd s and  term ino log ies in troduced  
in th e  te x t, as well as a  reference lis t an d  an  index.

L . Lakatos

J u l i u s  T. T o u , R a f a e l C. G o n z a l e s : Pattern Recognition Principles. Addison- 
W esley P ublish ing  Company, Advanced Book P rogram , L ondon, 1974, 377 pp .

This book is an  easy -to -read  an d  w ell-presented  su rv ey  of th e  b asic  m ethods a n d  
ideas o f p a tte rn  recognition  theo ry . I t  was w ritten  to  p rov ide  engineers, scientists, a n d  
s tu d e n ts  w ith  a  com prehensive, w ell-organized, and  u p -to -d a te  accoun t o f  basic princip les.

This volum e consists o f e ig h t ch ap te rs . In  th e  f i r s t  chap te r th e  au th o rs  in tro d u ce  
th e  basic  concepts o f  p a tte rn  recogn ition  and  th e  fu n d am en ta l p rob lem s in  p a tte rn  reco g 
n it io n  system  design.

In  th e  second ch ap te r th e  p rin c ip a l functions, i.e . th e  decision  o r d isc rim in an t 
func tions a re  described . A t th e  end  o f th is  ch ap te r th e  o rthogonal an d  o rth o n o rm al 
func tions (e.g. th e  Legendre, th e  L aguerre  polynom ials e tc .) a re  also g iven.

In  th e  th ird  ch ap te r th e  idea  o f  p a tte rn  classifica tion  by  d is ta n c e  functions a n d  
th e  n eares t n e ighbou r c lassification  ru le  a re  tre a te d .

In  th e  fo u rth  ch ap te r th e  au th o rs  “ begin a  s tu d y  o f th e  s ta tis tic a l approach  to  
p a tte rn  recogn ition” . O ne o f th e  m o s t im p o rta n t classifier is th e  so-called B ayes classifier.
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I t  m in im izes th e  to ta l ex p ec ted  loss and  fro m  th e  s ta tis tic a l p o in t o f view  i t  rep reesn ts 
th e  o p tim u m  m easure o f perfo rm ance In  th is  ch ap te r we m a y  find  sev e ra l basic a p 
proaches to  o b ta in  estim a te  o f  th e  p ro b a b ility  d ensity  fun c tio n .

I n  th e  f i f th  ch ap te r th e  read e r can  b eg in  th e  stu d y  o f  tra in a b le  p a t te rn  classifiers. 
H ere g ra d ie n t m ethod  an d  leas t-m ean -sq u are-e rro r (LM SE) algo rithm s a re  presen ted .

I n  th e  n e x t chap te r th e re  are  som e m e th o d s  for e s tim a tio n  o f the  d en sitie s  p(u)j/x). 
F ir s t o f  a ll som e stochastic  ap p ro x im atio n  m e th o d s are p resen ted .

I n  th e  seven th  c h a p te r  th e  au th o rs  consider various fe a tu re  ex tra c tio n  an d  selec
tion  m e th o d s . These a re  th e  following: fe a tu re  selection th ro u g h  en tro p y  m in im ization , 
f.s. th ro u g h  orthogonal exp an sio n  (e.g. K a rh u n e n -Loéve expansion), f.s. th ro u g h  func
tional a p p ro x im a tio n  etc.

To b ridge  th e  gap  be tw een  th e  m a th e m a tic a l ap p ro ach  discussed th u s  fa r  and 
th e  lin g u is tic  p a tte rn  recogn ition  in  th e  la s t  ch ap te r th e  a u th o rs  give a  su rv ey  in to  
th e  s y n ta c tic  p a tte rn  recogn ition  m ethods.

O ne o f  th e  m ain  ad v a n ta g e s  o f th is  book  is to  p resen t sev e ra l illu s tra tiv e  exam ples. 
L et us em phasize  once ag a in  th a t  th is  book  is very  useful fo r engineers, sc ien tis ts , and  
s tu d en ts . I t  is very  easy to  re a d  and  u n d e rs ta n d  i t  because o f  th e  excellen t sty le , th e  
co rrect p ro o f  an d  the  illu s tra tiv e  exam ples.

M . Vajta, Jr .

E . D. G i l l e s : Systeme mit verteilten Parametern (D istribu ted  P aram eter 
System s). R. Oldenbourg Verlag, M unich —Wien, 1973, 185 pp. (in German)

N o t long  ago th e re  w ere only  a  few  p a p e rs  dealing w ith  D is trib u ted  P a ra m e te r 
System s (dps), b u t recen tly  th is  s itu a tio n  h a s  p ro foundly  changed . N ow adays th e  dps 
have  becom e an  organic p a r t  o f  contro l tech n ics . T his change w as b ro u g h t a b o u t b y  th e  
need, even  th e  co n stra in t o f  be ing  able o f  c o n s tru c t such new  process m odels w hich d e 
scribe th e  ram ify in g  chem ical technologies a n d  th e  processes in  th e  atom ic p o w er sta tions 
w ith  an  a d e q u a te  accuracy . I n  these processes th e  p a ram e te rs  a re  d ep en d en t n o t only 
on tim e  b u t  on  spatia l position  as well, co n seq u en tly  th e  process behav iour can  be  ch a rac 
terized  b y  P a r t ia l  D ifferen tia l E q u a tio n s  (pde).

I t  is a  w ell-know n fa c t th a t  app ly ing  th e  p d e  dem ands a  m ore  advanced  know ledge 
o f m a th e m a tic s  th a n  is ta u g h t  a t  m ost u n iv ersities , or can  b e  expected  o f  th e  m a jo rity  
o f in d u s tr ia l even  research  engineers. So th e ir  s tu d y in g  th is  fie ld  m eets severe d ifficulties.

A t th e  sam e tim e th e  ra p id  spread ing  o f  process co m pu ters  has a lread y  estab lished  
th e  p reco n d itio n  o f p rac tica l em ploym ent, so th e re  is u rg en t n eed  o f a  book  th a t  tre a ts  
th e  dps s ta r t in g  from  its  m a th em a tica l basis, th a t  sum s u p  th e  d ifferen t re s u lts  o th e r
wise d if f ic u lt to  survey.

T h is  book  aim s to  fu lfil th is  task . I t  consists o f 13 chap te rs.
C h a p te r  1 presen ts th e  ch a rac te ris tic  ty p e s  o f th e  d p s, th e  beh av io u r o f  w hich 

can be desc rib ed  m a th em atica lly  w ith  th e  he lp  o f  th e  pde. W e sh a ll find  here  th e  ph en o m 
ena o f h e a t  convection , h e a t  conduction , w ave p rop ag a tio n  a n d  th e  p ro p e rtie s  o f v ib 
ra tio n  o f  e lastom echanical sy s tem s, w hich re s u lt th e  pde o f 1st, 2nd and  4 th  o rder.

C h ap te rs  2 -6  con ta in  th e  m a th em a tica l bases needed la te r  on w hen  discussing 
th e  dps. T h e  a tt i tu d e  of th e  book  is concise a n d  clear, correspond ing  to  en g inee r’s m e n ta l
ity . T he a u th o r  focuses th e  a tte n tio n  p rim a rily  on  th e  re la tion  betw een  th e  in f in ite  d im en
sional v ec to r space and  th e  fu n c tio n  space. F u r th e r  on he p laces th e  inversion  o f  d iffer
en tia l o p e ra to rs  and  by  th is  G reen’s fu n c tio n  in  th e  centre.

T he  c h ap te rs  and th e i r  m ain  top ics a re  as follows:
C h a p te r  2. V ectors an d  F unc tions (In f in ite  D im ensional Spaces, C onvergence of 

V ectors, O rthogonaliza tion  o f  V ectors, L in e a r  T ransfo rm ations , F unc tion  S pace , Com 
pleteness o f  O rthogonal S ystem s, R e la tion  be tw een  F u n c tio n  Space and H ilb e r t  Space)

C h a p te r  3. F u n c tio n a l O pera to rs ( In te g ra l and D iffe ren tia l O pera to rs an d  the ir 
A d ju n c ts , th e i r  E xistence  a n d  U niqueness)

C h a p te r  4. Inversion  o f  D iffe ren tia l-opera to rs (G reen’s function , G reen ’s m a trix  
and  th e ir  E x istence)

Ы Т А  Könyvtára. 
Periodika £ 0  Í , :  9
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C hap ters 5 an d  6 p resen t contro lled  p la n ts  o f  2nd and  4 th  o rd e r and  en u m era te s  
th e  m o s t im p o rta n t w ays how th e y  can be described .

C hap ter 6 inves tiga tes  a  th ree-d im ensiona l contro lled  p la n t  o f  2nd o rder g iv in g  
its  p d e  and  d e te rm in in g  G reen’s function  and  th e  b lock d iag ram . I t  de term ines th e  
e igenfunction  o f th e  controlled p la n t  and  G reen’s fu n c tio n  in  sp e c tra l form , th e n  on  th e  
b asis  o f th em  gives th e  se lf-ad jo in t o f th e  co n tro lled  p la n t in  sp e c tra l form .

These eq u a tio n s are  th e n  tran sfo rm ed  in to  a n  algebraic fo rm  in  order to  p re s e n t 
th e  s ta te-space  m e th o d  as well. F in a lly  i t  w ill be  show n how G reen’s function  h as to  be  
m odified  if  th e re  is a  flow  too  in  th e  system .

C hap ter 6 inves tiga tes a n  elastic  d is tr ib u te d  p a ram e te r sy s tem  o f 4 th  o rd e r , 
w hich show s a  close connection  w ith  ships, ae ro p lan es, rockets, an te n n a s  and  m irro r-  
telescopes .

C hap ter 7 g ives tw o o th e r  possibilities for describ ing  th e  dps. A pp ly ing  th e  th e o ry  
o f  v a ria tions th e  sy s tem  is g iven b y  a  se t o f th e  p d e ’s in  canonical fo rm  and  we can  g e t 
a cq u a in ted  also w ith  th e  sta te -sp ace  m ethod.

C hap te r 8 ex ten d s  L y ap u n o v  s tab ility  c r ite r io n  to  th e  dps. G eneralizing s ta te -  
space rep resen ta tio n , L yapunov  func tiona l is in itia te d  too , and w ith  th e  help  of th is m e th o d  
s ta b il ity  in v es tig a tio n  is carried  o u t on th ree  co n tro l circuits w h ich  can  p rac tica lly  b e  
o f  high im p o rtan ce .

In  C h ap te r 9 th e  o b serv ab ility  and  co n tro llab ility  o f th e  d p s  is b riefly  t r e a te d .
C hap te r 10 exam ines th e  cooperation  o f  a  d is trib u ted  p a ra m e te r  contro ller a n d  

a  con tro lled  p la n t  o f  th e  sam e ty p e .
In  C h ap te r 11 only one d isc re te  value o f  th e  contro lled  v a riab le  will be con tro lled  

a t  a  ce rta in  p lace . T hen  th e  s ta b il ity  o f th e  co n tro l c ircu it is in v es tig a ted  by  m ean s o f  
roo t-locus m e th o d , N y q u ist s ta b il ity  criterion  a n d  D -separa tion  m e th o d . F inally  a  p ro 
cedure  is show n how  th e  s tru c tu re  o f con tro ller can  be determ ined .

C hap ters 12 an d  13 p re sen t th e  availab le  possib ilities (m odal contro l and  p o in t-  
b y -p o in t control) for m odelling con tro l c ircu its  in  case o f space-dependen t con tro lled  
variab les

D. T a ká cs

Ya. Z. Tsypkin: Autom atic Relay Control Systems. Izd. N auka, Moscow, 1974, 
575 pp. (in R ussian)

T his book is based on th e  a u th o r’s fo rm er book  on th e  th e o ry  o f re lay  co n tro l 
system s published  in  1965.

The new  possib ilities to  realize  contac tless “ re la y ” effects o ffered  by th e  d e v e lo p 
m e n t o f e lec tron ics give new  a c tu a lity  to  th e  th e o ry  and p rac tic e  o f  au to m atic  re la y  
con tro l system s.

R elay  sy s tem s are  app lied  in  several te ch n ica l areas, f irs t ly  because o f  th e i r  
sim plicity . In  m a n y  cases th e y  y ield  also b e tte r  p ro p ertie s  th en  o th e r  system s. I n  th e i r  
con tac tless rea liza tio n  th e  convenience in ch ang ing  th e  p a ram ete rs  offers new  p o ss ib i
lities in  th e  sy s tem  construction .

The re lay  system s a re  essen tia lly  n o n lin ea r, nevertheless som e concepts an d  
m ethods o f lin ea r system  th e o ry  (such as th e  tim e  a n d  frequency  characteristics) m a y  
be  re ta in ed  in  th e i r  study .

The book gives th e  th e o ry  o f re lay  con tro l system s based on  these  concepts a n d  
follow s u p  th e  o p e ra tio n  of th e  re la y  system s in  th e  sim plest w ay  illu s tra tiv e  also fro m  
p hysica l aspects.

T he volum e is devoted  to  th e  general p h em o m en a  and  p ro p ertie s  o f th e  re la y  
system s and  th e ir  s tu d y  (e.g. lim it cycle, sliding, oscillation , e tc .). T he theo ry  h as d e v e l
oped since th e  p reced ing  v a ria tio n  of th e  book. T h is  new  book deals also w ith  th e  n ew  
resu lts , discusses th e  problem s o f  s tab ility , th e  a n a ly s is  o f su b h arm o n ic  oscillations, th e  
th e o ry  of pu lse -re lay  system , th e  effects o f n e g a tiv e  hysteresis, th e  problem s o f m u lti-  
variab le  re lay  system s, re lay  ex trem u m  system s, e tc .

The book consists o f 14 chap te rs.
In  th e  in tro d u c tio n  th e  a u th o r  describes th e  general con stru c tio n  o f  co n tro l 

system s and p o in ts  o u t th e  p lace  o f re lay  co n tro l system s.
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C h a p te r 1 deals w ith  th e  p roperties o f  th e  re lay  system s a n d  the ir c lassifica tion  
w ith  severa l exam ples fo r illu s tra tion .

C h a p te r 2 discusses th e  equations o f  th e  re lay  system s. T he  au th o r in v es tig a te s  
here f irs t sep a ra te ly  th e  lin ea r p a r t  o f th e  sy s tem  w ith  its  tim e  a n d  frequency  c h a ra c te r 
istics and  th e  equations o f th e  re lay  p a rt, a n d  th e n  considers th e  sy s tem  as a  w hole w ith  
exam ples fo r b e tte r  u n d ers tan d in g .

C h a p te r 3 describes th e  p roperties o f  th e  re lay  system s, th e ir  various m odes of 
operation , th e  construc tion  m e th o d  o f th e ir  tra n s it io n  functions.

C h a p te r 4—10 are  d e v o ted  to  the  p rob lem s o f  stab ility  an d  v arious types o f  o sc illa 
tions. T he effects o f inner loops are  also s tu d ie d . Several s ta b il ity  crite ria  a re  g iven. 

C h a p te r 11 deals w ith  th e  d e te rm in a tio n  o f  th e  form s o f  periodical o p e ra tio n
modes.

C h ap te r 12 discusses th e  m ethod  o f  lin e ra iza tio n  and  ex ten d s  also to  th e  slid ing
effect.

C h a p te r 13 describes th e  problem s o f  p u lse d -d a ta  re lay  system s.
C h a p te r 14 tre a ts  th e  ex trem um  sea rch in g  relay  system s.
T he A ppend ix  sum m arizes th e  m a th e m a tic a l foundations in  short.
T he book  is fu n d am en ta l in  th is top ic . I t  is characterized  b y  clarity . B esides th e  

m ath em atica l tre a tm e n t th e  physica l aspec ts a re  alw ays ta k e n  in to  consideration . T he 
theo ry  is il lu s tra te d  by  n u m ero u s exam ples.

T he book  m ay  be o f  g re a t  help o f eng ineers designing o r w ork ing  w ith  re la y -ty p e  
contro l sy s tem s.

L. B . B e r k o v i t z : Optimal Control Theory. In  Applied M athem atical Sciences; 
Vol. 12, Springer-Verlag, New Y ork- H eidelberg —Berlin, 1974, 304 pp.

T he book  is an  in tro d u c tio n  to  th e  m a th e m a tic a l th eo ry  o f  op tim al co n tro l p ro 
cesses governed  b y  o rd in a ry  d ifferen tia l eq u a tio n s .

T he vo lum e consists o f  six  chapters.
C h a p te r I p resen ts som e sh o rt exam ples o f  contro l p rob lem s d raw n  from  d iffe ren t 

areas o f ap p lica tio n .
C h ap te r 2 deals w ith  th e  fo rm ula tion  o f  th e  contro l p ro b lem s and  discusses th e  

re la tionsh ip  betw een th e  m e th o d s  in  th e  ca lcu lus o f  varia tions a n d  specific con tro l p ro b 
lems.

C h a p te r 3 contains th e  basic  ex istence theo rem s for o p tim a l problem s in  w h ich  
a  certa in  co n v ex ity  cond ition  is p resen t. H ere  th e  contro l variab les a re  m easurab le  fu n c 
tions and  th e re  a re  no re s tr ic tio n s  on th e  r a te  a t  w hich th e  co n tro l variab les c an  be 
varied.

C h a p te r 4 inves tiga tes such  system s in  w hich  certa in  se ts need  n o t to  be convex . 
Section 2 o f  th is  ch ap te r is d e v o ted  to  th e  in e r tia l controllers, w hereas Section 3 to  th e  
so-called re lax ed  problem .

C h ap te r 6 deals w ith  th e  p resen ta tio n  o f  m ax im um  p rin c ip le  and  w ith  som e o f 
its  app lica tions. T he d ynam ic  p rogram m ing  a rg u m e n t is used to  derive  th e  m ax im u m  
principle. T h e  la s t section o f  th is  chap te r p re se n ts  th e  so-called LQ  problem , t h a t  is, 
th e  linear p la n t  w ith  q u a d ra tic  cost c rite rion  p rob lem . I t  is show n th a t  th e  n ecessary  
conditions a re  suffic ien t an d  th e  s tan d ard  sy n th e s is  m ethod  o f  th e  op tim al co n tro l is 
also derived.

C h a p te r 6 is devoted  th e  to  detailed  p ro o f  o f  th e  m ax im u m  principle. A c tu a lly  
a  theory  is p ro v ed  th a t  is m ore  general th a n  th e  m ax im um  p rin c ip le  and  the  m ax im u m  
princip le is o b ta in ed  as a  specia l case o f th is  theo rem .

T he bo o k  is o f m a th e m a tic a l ch arac te r, p ra c tic a l p rob lem s serve  only as i l lu s tr a 
tions for th e  th eo re tica l investiga tions. C onsequen tly  i t  is recom m ended  for s tu d e n ts  
and  experts  in  m a th em atic s  a n d  in  areas o f ap p lic a tio n  who w a n t a  concise and  co h eren t 
in tro d u c tio n  to  th e  su b jec t a n d  to  its re la tio n sh ip  w ith  app lica tions.

Fl. Bors

Tivadar Kovács
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E N G L I S H  T R A N S L A T I O N S  O F  T H E  C O M M U N I C A T I O N S  I N  R U S S I A N

ON THE COST SEQUENCE TRANSMISSION

G. L . K H O D A K  
(Omsk)

Message tran sm issio n  th ro u g h  th e  noiseless ch an n e l is considered. M es
sage source is an  a rb i tr a ry  d iscre te  s to ch as tic  process, a n d  cod ing  is an y  m easu rab le  
m ap p in g  o f th e  se t o f in p u t sequences in to  o u tp u t ones. T ransm ission  c o s t is 
defined  as th e  average  n u m b er o f o u tp u t  le tte rs  requ ired  to  decode one le t te r  o f  a  
m essage. This d e fin itio n  differs from  th e  trad itio n a l one. F o r  f in ite -au to m a to n  
cod ing , th e  new  co st is p roved  to  be e q u a l to  th e  tr a d it io n a l one if  cod ing  is d e 
codab  le, and  to  be in fin ite  o therw ise. T he fu n d am en ta l theo rem  for noiseless 
chan n e ls  appears to  be generalized to  th e  w idest class o f  sources and  codings.

1. Introduction

T he fundam ental theorem  for noiseless channels as it was form ulated by  C. 
Shannon [1], states th a t  transm ission cost (inverse variab le  is speed) cannot 
exceed th e  source en tropy  divided by  th e  logarithm  of th e  num ber of le tte rs  in 
the o u tp u t alphabet, b u t it can be m ade arb itrarily  close to  this value. The 
negative p a r t  of this s ta tem en t is proved in [1] for coding o f any source b y  an 
au tom aton  substitu ting  le tte r  for le tte r; in [2] for block prefix coding of 
Bernoulli source; in [3] for arb itra ry  block coding o f B ernoulli source (these 
results are generalized to  th e  sta tionary  source in [4]); in [5] for fin ite-au tom a
ton  coding of Markov source; in [6] for s ta tio n ary  coding o f sta tionary  source; 
and  in [7] for a ra ther wide class of sources and m appings of input words into 
o u tp u t ones. All these papers regard coding as decodab le. The positive p a r t  of 
the  theorem  is proved in [1] for the  s ta tio n ary  source. Codings w ith cost equal 
to  th e  lower boundary were found in [8] for the s ta tio n a ry  source, an d  in 
[7] for a  w ider class of sources.

In  th e  papers m entioned above, tranm ission cost is understood as an 
average num ber of o u tp u t alphabet le tte rs  given by th e  coder in response to  
one in p u t le tter. This is coder’s operation index. A situ a tio n  is possible where 
cost is fin ite  (speed is nonzero), bu t message cannot be resto red  w ith any  code. 
Since coding is not com pletely characterized by transm ission cost, it  should 
have certain  decodability, i.e. possibility to  restore message by its code. 
D ecodability  does not ensure, however, th a t  decoding speed is the  same as th a t  
of coding.
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2 KH0DAK: OX THE COST SEQUENCE TRANSMISSION

The presen t paper regards as the transm ission cost th e  average num ber 
of ou tpu t a lphabet letters requ ired  for decoding of one in p u t alphabet le tter. 
I t  is clear from  th e  definition th a t  the cost reflects operation of the  whole of the  
com m unication system  ra th e r th a n  of the coder only. Since th e  cost is defined 
through decoding, no decodability  condition is imposed on coding.

Below, any  discrete stochastic  process whose sample functions (messages) 
are sequences of finite or denum erable inpu t alphabet le tters, is understood as 
message source; and m easurable mapping o f inpu t sequences into ou tpu t ones 
is understood as coding. The m ost close to  th e  above defin ition  is form ulated  
in [6, 8] where e ither sta tionary , or monotone m apping of sequences is regarded 
as coding. In  th e  general case, even block coding is known n o t to  be coding in 
th is  sense. In  [1-5, 8] coding is one or another m apping of a se t o f words in th e  
inpu t alphabet in to  a set o f w ords in the o u tp u t one. I f  decodable, word m ap 
ping induces th e  only m easurable m apping o f sequences [7], and, therefore, it 
m ay be regarded as a special case of coding defined in the p resen t paper. A t th e  
same tim e, no t every sequence m apping m ay  be induced b y  word m apping. 
F o r noiseless channels, only fin ite  ou tpu t a lphabe t is of in terest, since, o th e r
wise, capacity is infinite. I t  follows from o u tp u t alphabet finiteness th a t  th e  
inpu t alphabet cannot be m ore th an  denum erable. W ord p robab ility  a t coder 
o u tp u t goes h an d  in hand w ith  m easurability  of sequence m apping (coding). 
Therefore, th e  class of sources an d  codings u n d er consideration is the  widest one.

The conventional, trad itio n a l cost and  th a t  introduced in this paper are 
proved (Section 6) to  coincide, in particu lar, under decodable fin ite-auto
m aton  M arkov source coding (under slight restric tions, Theorem  1), letter-wise 
decodable coding of Bernoulli sources, and “ decodable” [7] coding.

D ecodability in conventional term s is shown to follow from the cost 
finiteness (Section 7). W ith fin ite  cost, coding is nearly everw here one-to-one 
(Theorem 2), i.e. decodable in th e  sense of [6]. U nder fin ite-au tom aton  coding 
o f Markov source (under slight restrictions), cost is finite if an d  only if coding is 
decodable (Theorem 3).

The fundam ental theorem  is generalized (Section 8) to  the class of 
sources and codings described above. To deduce results ob ta ined  by other a u th 
ors from the  theorem  proved below, one has to  establish equality  of costs to  lead
ing to  them  resu lts of [1-4,7] for “ decodable” coding, and  o f [5] under slight 
restrictions. T he positive p a r t  o f the theorem  is proved in a  sim ilar way [7].

2. Notations
L et 31 be some alphabet; 31*  be a set o f all words in a lp h ab e t 91; Л be an  

em pty  w ord; [ A  j be the num ber of letters in A ; and 31”  be a se t of all sequences 
of form { а , } П = 1  ( « / 6  21: « =  1 ,  2 ,  . .  .). I f  M j g 9 1 *  and A 2€ 91* U  31“ , th en
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KHODAK: ON THE COST SEQUENCE TRANSMISSION 3

A 1 ■ A 2 resu lts from adding A 2 to  th e  righ t of A v I f  A  £ 91*, V cz 91*, and n 
is a n a tu ra l num ber, th en  A n =  A ■ A  . . .  A (n tim es); A 0 =  A, Vn =  {A t . . . 
A n: A v . . . ,  A n iV } ;  F ° = { /1 } ;  A°° =  A ■ A  . .  .; F “ =  {A ,  • A 2 . . .: 
A v A 2, . . . £ F } .  N otation  А г «< A 2 where A ^  91* and A 2£ 91* U 91“ 
means th a t  A 1 is a prefix  (beginning) o f A z. Set F  a  91* is referred to  as prefix 
set if for any  two different words from  F  one cannot be the beginning of an 
other. I f  A £  91*, F  a  91* U 91“ , then  A  -< F means th a t  word A  is prefix of all 
elem ents of set F. [j F  j| is the card inality  of set F ; q~ 1( F) is a complete 
pro to type of F  under m apping ip.

Below, 91, is alw ays a finite or denum erable in p u t alphabet, || 91 II > 2 ;  
Si is a fin ite ou tpu t alphabet of card inality  m, 2 <( m  <£ oo; a( 91) is some a- 
a lg eb rao f subsets of 91“ involving all finite-dim ensional cylinders, i.e. A 91“ £ 
£ a( 91) for any  word A £ 91*; tr0 (Si) is u-algehra of subsets of <S” generated  by 
all finite-dim ensional cylinders; p  is a  probabilistic m easure over a(91).

3. Source of messages and its entropy

B y definition, probabilistic space {91“ , u(9l), p} will be referred  to  as a 
source. A sequence in alphabet 91, i.e. an  elem entary even t of probabilistic space 
{91“ , a (91), //}, ois called message. D enote measure o f a set of form  A • 91” 
(where A £  91*) by p (A ) and call it probability  of w ord A. A source is called 
positive if probabilities of all words are positive.

Define, in the  conventional fashion, en tropy  of prefixes o f length n 
(n =  1,2,  . . . .) as H(n) =  — P(A) ln p (4 )* . F unction  H  ( ) is monotone

a esi*

non-decreasing. Always existing H — lim  — H(n) an d  =  l i m — H(n) will be,
f l  oo % П - *  oo 'Yb

respectively, referred to  as upper an d  lower entropies o f the  source. I f  H  =  H  
the source is said [5, 9] to  have en tro p y  H  =  H  =  H

4. Coding

M apping cp: 91” —*• cß“ m easurable with respect to  <x(91) an f u 0(oß), i.e. 
\/ V £ o0(Si)(([ ~1 (F) £ o'(91)) will be referred  to  as coding. Codings coinciding 
alm ost everywhere are term ed as equivalent. L et a(Si) =  { F c  Si°°: (p~1(V)£ 
£ <t(91)}. a (Si) is known [9] to  be a cr-algebra. a0(Si) d  a(Si) by the  definition of 
coding. Coding transfers measure p  from  cr(91) to  a(Si) [9]. By definition, meas
ure of se t V£a(Si) is equal to  th a t o f its complete p ro to type, i.e. p(<p~l( F)).

* P ro d u c t p  ■ In p  is considered as eq u a l to  zero u n d e r  p  =  0. The su m  is alw ays 
defin ite  because  th e  n u m b er of sum m ands is n o t g rea te r th a n  denum erable , an d  all of 
th e m  h a v e  th e  sam e sign. H (n )  m ay  be eq u a l to  o o .

1*



4 KHODAK: ON TH E COST SEQUENCE TRANSMISSION

5. Transmission cost

I t  is n a tu ra l to  believe th a t  prefix  A  of some message A '  is decoded with 
respect to  prefix В  o f sequence <p(A') if alm ost everywhere messages having 
codes beginning w ith  В  begin w ith  A ,  i.e. alm ost everywhere A  -< <p~X(B ■ $>°° ). 
This definition of decodability  corresponds to  a case where message code letters 
en ter decoder evenly, w ithout gaps between the  words. Therefore, for codings 
of ty p e  ip : 9 1 *  — c B * ,  it is no t know n, when w ord В  is received, w hether it is a 
code of some w ord A  (B  =  ip (A)) or a prefix o f another w ord A ' for which 
A A '  and В  <  ip(A').

F or n =  1 , 2 , . . .  and any  sequence В ' assume th a t  t(n, B')  is 
equal to  the  m inim al length of sequence B '  prefix  w ith  respect to  which some 
word of length n  m ay  be decoded; if there is no such a prefix, th e n  t(n, B') =  
=  -f- o o . Assume form ally th a t

t(n, B')
m in |5 |  if V(n, B ')  =  0 ;  
B £ V (n ,  B')
+  oo if V(n, B') =  0 ,

where V(n, B ') =  {B^Si*: В  <  В '  & ЗАВ 9l*( |A | =  я. & A -< gp 1 (B • o&“ ) 
alm ost everywhere)}.

I t  m ay be read ily  verified th a t  for any n a tu ra l n  function t(n, ) is defined 
alm ost everywhere over cB°° and  m easurable w ith  respect to  o(3i>). I f  codings <px 
and  qt>2 are equivalent, corresponding to  them  functions < , an d  fr/I_ are equi
valent.

Denote by  C(n) the  average o f o u tp u t a lphabe t letters requ ired  to  decode
firs t n  letters of a message: C(n) =  } t(n,) dp =  } l(n, q>( ))dp (n =  1 , 2 , . . . ) *

Я<*> Я"
Function  C{ )is  m onotone non-decreasing. C =  lim  C(n) and C =  l i m —C(n)

n-*°° Tl n-*°° 2
will be referred to  as upper and  lower costs of transm ission, respectively. These 
lim its always exist. I f  codings qo1 an d  <p2 are equivalen t, then corresponding to  
them  C9i, and  (7Vi, С<Рг are pairw ise equal. I f  С =  С, С =  С =  C will be 
referred to  transm ission cost.

1 . ,
In  discussing codings of ty p e  ip : 31* —► cB*, usually A =  l i m — _

n-*«- и Af Stn
p(A)  I ip (A ) I is referred  to  as transm ission cost (limit is assum ed to  exist) 
[5, 7]. In  simpler cases, the explicit expression of th e  lim it is tak en  as definition 
[1-4].

* The in teg ra l is defin ite  even  i f  t(n ,  ) =  oo over a  se t o f positive m easu re  because 
t  >  0. I n  h tis  case C(n) =  -j- oo.
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Illu stra te  cost definition. L e t SI =  {x, ß, у ) ,  So =  {0, 1}, a{Sí) =  cr0(91),

source be Bernoullian p(x) =  p(ß) =  p(y) =  — , an d  coding be letter-wise
3

<p(a) =  0, 9o(ß) =  01, (p(y) =  11, cp(av a2 . . .) =  <p(aß\ • <p(a2) . . . .  L e t B ' — 0k'- 
• l *1 • О*3 be a sequence from 91"). I f  kx =  0, k2 ^  0, then  V (\,B ')  =  {1, l 2, 
. . ., l \  l ,£l0, . . .} and  2(1, В') =  1 because у -< 9?_ 1(1, 08” ), and  I  is a  m inim al 
prefix  o f B '  w ith respect to  which som e letter is decoded. I f  /q >  2 , F (1 , B')  =  
=  {00,000, . . ., 0fc\  0ki 1, . . .}, t( 1, B')  =  2 because a -< 99_ 1(00, $&°°) and 
(р~х(0, 3i°°) =  x • 91“ U ß • 91“ (not a  single le tte r can be decoded w ith  respect 
to  prefix  0). I f  kx =  1, and k2 is even, F (l, B')  =  {0 • l fc* 0,01fc30 0 , . . .} and

To decode the first le tte r  of a message, on the average —  of o u tp u t le tters will

1 2
be required. The in p u t u n it will give in response to  th e  f irs t inpu t L = -----1-------b

2 5 3 3
+  — =  — which is less th a t  the value above. This discrepancy is accounted for

by  th e  fac t th a t, knowing only th e  code of le tter x, one cannot te ll w hich letter 
message begins w ith. I t  is easy to  verify  th a t for an y  n a tu ra l n, w ord 4̂ € 91" 
and  sequence B ’ =  cp(A)B"£<p(A • 91” ), t(n +  1, B ')  =  | q>(A) | +  <(L B ” ). 
Therefore C(n +  1) =  nL  +  (7(1).

6. Relation between various definitions of cost

Lemma 1. I f  th e  source is positive and cost L  is defined, C )> L. The lemma 
s ta tem en t follows from  the fact th a t  no word ax . . . an £ 91* can be decoded 
w ith respect to  гр (ax . . .  an_ß).

I t  is just proved th a t  if coding is “decodable” in th e  sense of [7], th en  C <( 
<{ L. If, besides, th e  source is positive, G =  L  in v irtu e  of Lem m a 1.
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In  Ref. [5] it has shown th a t  th ere  is cost L  fo r decodable finite-sautom a- 
ton  coding of M arkov sources. Definitions re la ted  to  the fin ite-au tom aton  
coding which are s tan d ard  and lis ted  in a publication by the  a u th o r [10], are 
n o t repeated  here.

Theorem 1. I f  th e  source is M arkovian, of a rb itra ry  finite o rder o f con
n ec tiv ity  and positive; au tom aton  coding is decodable; and  au tom aton  is 
s trongly  connected, cost C exists an d  is equal to  cost L.

Proof. L et all conditions o f th e  theorem  be satisfied, cp : 21* U 31“ -+ 
—► öS* U cB” be au tom aton  coding, an d  U be a universal decoding w ord whose 
existence is proved in Lem m a 5 [10]. Take

( 6 . 1)

F ix  arb itra rily  n a tu ra l num ber n. R epresent each sequence cq a2 . . .£ 91” 
as <qa2 . . . anA l ■ A 2 . . .  where | A x \ =  \ A 2 | =  . . . =  | U |. I f  for some i 
(such i will be found  with p robab ility  1) А,- =  U , then  <q . . . an (and even 
cq . . . anA 1 . . . A ,-_,) is decoded w ith  respect to  cp(a1 . . . anA 1 . . .A,) and  there
fore

where M  is the leng th  of a m axim al word assigned to  one letter. 
In teg rate  term w ise inequality  (6.2)

(6.3)

D ivide bo th  sides of inequality (6.3) b y  n  and pass to  lim it under n —*■ oo, obtain

C <; L. (6.4)

The sta tem en t of th e  theorem  follows from (6.4) and  Lemma 1.

Corollary 1. I f  the source is Bernoullian (not necessarily positive), the 
in p u t alphabet is finite, and coding is letter-wise an d  decodable in th e  sense of
[3], th en  cost C exists and is equal to  cost L.

To prove th is, it is sufficient to  consider coding over a sub-alphabet of 
le tte rs  with non-zero probabilitites.

* In  d iscussing a n y  fin ite -a u to m a to n  coding, a lp h a b e t 21 is assum ed  to  be fin ite. 
A ssum e th a t  U j í  Л ,  o therw ise an y  n o n -em p ty  w ord can  be  tak en  as U .
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7. Cost finiteness and decodability

Theorem 2. I f  th e  lower cost is finite, th en  contraction o f coding to  som e set 
of full m easure is one-to-one.

P ro o f outline. I t  follows from the definition of cost an d  from the theorem  
th a t  one can select set V a  91" so th a t  for all A  =  ага2 . . . £ F , all n  =  1, 2, ... 
and all B £V (n , <p(A)) th e  following relations hold: t(n, <p(A)) <  oo; ax . . . , 

<p_1(.B • <$") П V (everywhere); p{V) — 1. M apping cp : V -* cp(V) will 
be one-to-one.

Coding q>: 91" —*• <ffi~ was called by Billingsley [6] as decodable if  i t  is 
alm ost everywhere one-to-one.

Corollary 2. I f  th e  lower cost is finite, th ere  is an equivalen t coding which 
is alm ost everywhere one-to-one (decodable in the  sense o f [6]).

Proof. M apping (p : V  —>- (p(V) is one-to-one in v ir tu e  of th e  above 
theorem . I f  V =  91“ , th e  corollary holds. L e t V ^  91". Change coding to  91" \  V. 
There will always be sequence BfSb°° o f zero probability . Assume th a t  
(p{A) =  В  for all A £ 91" \ F .  T han  any sequence from  F \{< p_1(.B)} is determ ined 
one-to-one by  its code, and  p(V \{< p~1(B)}) =  1. Corollary is proved.

Theorem 3. I f  a source is M arkovian, o f a rb itra ry  finite order of connectiv 
ity  and positive, coding is done by  a strongly  connected au tom aton , th en  it  is 
decodable, if and  only if cost C is finite (definitions are given in [10]).

Proof. L et all conditions o f the theorem  be satisfied. In  v irtue of Theorem  
1, C =  L  <  oo for decodable coding. Show th a t  0  =  oo for non-decodable 
coding. L e t t(A) be final s ta te  of an au tom aton  in response to  inpu t w ord 
A £  91*. I f  coding is n o t decodable, there will be words ^ ^ 2 ^ 9 1 *  for w hich

^  -̂ 2> <P(-di) =  H^i) =  Z(̂ 42)> (7.1^

I t  follows from  (18) th a t  for any  sequence A £  91"

(p(Al ■ A) =  cp(A2 ■ A). (7.2)

I t  follows from  (19) and  positiveness of p robabilitites p(Mx) an d  p(A2) th a t  there  
is no one-to-one contraction of coding to  a se t of full m easure. Therefore, in 
v irtue of Theorem  2, С =  C =  oo. Q. E . D.

Corollary 3. I f  a source is Bernoullian, th e  inpu t alphabet is fin ite, and  
coding is letter-w ise, it is decodable in the  sense of [3] if an d  only if cost C is 
finite.

To prove this, i t  is sufficient to  consider coding contraction to  a  sub- 
alphabet consisting of le tters  w ith nonzero probabilities.
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8. The fundamental theorem for noiseless channels

Theorem 4 A.  For any source and coding, C )> H ■ In -1 m  and C ^ > H -  
. ln _1m.

Proof. F ix  arb itrarily  source and coding. Assume th a t
C <  oo. (8.1)

Otherwise, s ta tem en t of the  theorem  is triv a l. Take

V0(n) =  U V ( n ,B ) (8.2)
Bi<p(vt“)

V(n) =  {B e  V 0(n): V 5 , € V 0(n)(B =  B , V B X -|< B)} (n =  1 , 2 , . . . )  (8.3)

where V{n, B) is th e  set defined in Section 5. Set V(n) involves all prefixes o f 
message codes w ith  respect to  which one can  first decode any message o f  
length n, th is se t is a prefix one. I f  sequence -B'€<p(91” ) belongs to  В  ■ cB” 
under some B eV (n ),  then  th e  m inim al leng th  of sequence B '  prefix  w ith 
respect to  which one can decode some word o f length n, is

t(n, B')  = . I В  |. (8.4)

I f  B '  does n o t belong to  U В  • oB“ , then
в  e v(n)

t(n, B') =  oo. (8.5

I t  follows from  (8.4) and (8.5) th a t

C(n) =  2  P W  \B \ +  00 ' U В  ■ $>-)* (n =  1, 2, . . .). (8.6)
В  Í  V(n)  ' В  € V (n )

F ix  arb itra rily  a  natu ra l num ber n. For Л e 9i’\  assume th a t

V(A) =  {B e V (n ): A  -< <p~1(B • Si°°) almost everywhere}. (8.7) 

From  (8.2), (8.3) and (8.7), o b ta in

U V{ A) =V( n) .  (8.8)
A  6 91"

I t  follows from  (8.7) th a t A  • 91” 3  U <p~1(B ■ oB” ), an d  therefore
B e v ( A )

V(A)  ]> 2  P(B)  (A €91"). (8.9)
В  € V ( A )

By definition,
_  I  o o  if x  >  0  

0 if a; =  0 .
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W e have from (8.1), (8.6): p(B°° \  U Si • Si°°) =  0, therefore
В  €  V ( n )

2?  p{B) =  1 (8.10)
в e v(n)

I t  follows jfom  (8.6) th a t ,  if p(B ) >• 0 (5 c 7 ( t i) ) ,  then  B z  V(A) only for one 
A f  2ln. Therefore, from (8.9), (8.10) and  th e  fact th a t  2 £  V(A) =  1, it fo l
lows th a t леи"

p { A ) =  2  P(B ) ( A Z W ) .  (8.11)
в e v (A )

E ntropy  [4] leads to

P(B) In p(B)  >  — 2% P{V(A)  • Si” ) ln p  (V(A) ■ Si") =
В  € V ( n )  A  € 81”

=  — 2 £  ln р И )  =  H(n) (n =  1 ,2 , . . .). (8.12)
A  €91"

I t  follows from  (8.12) an d  prefixness o f se t V{n) th a t  

C(n) =  2 £  Р(В) I В  I ]> l n _1m • p(j5) ln p(B) 1п_1те • //(те). (8.13)
В  £ V (n) В  € V (n)

Divide (8.13) b y  и and pass to  limit under »  —>- oo. The s ta tem en t of the  theorem  
results.

I llu s tra te  the proof w ith  the sam e exam ple as in Section 5. I t  follows 
from w hat was said there th a t  F 0(l) =  {1, 00, 010, 0110, OHIO, . . .}.Forw  =  1, 
F(oc) =  {00, 0110, 011110, . . .}, V(ß) =  {010, OHIO, . . .}, F(y) =  {1}.

We have p(x) =  p(00) +  p(0110) +  . . . =  =  T
k =0 3 о

M  = p < 010) +  . . . - ^ - !

1
2>(y) =  Z>(1) =  —•

О

A t та >  1 F 0(w) =  99(2Г -1 ) F 0 (1) and any  w ord A =  • aZ 4ln V(A) =  <p(Ax) ■
■ (Fa).

Theorem 4B.  For any  source, there is coding for w hich C — H  • In -1 те, 
С =  H  • \n~1m.

Give outline of the  proof. Each message A gS i” is represented in the  
form  of A X(A) ■ A 2(A) w here [AX(A)| =  1, . . . |A„(A)| =  та2. F or all messages 
w ith  common beginning A v  . . . A n_1 such  th a t p[Ax . . . A n_x) >  0, words
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A n(A) are coded by a prefix  code sim ilar to  th a t  of C. S hannon [1] and con
stru c ted  w ith  respect to  conditional p robab ility  d istribu tion

Р \ . . . ап_АА) ff M i - ■ - A n_v A) 
ff M i- . -Л ,-!)

P or th is coding, C 2 *i=1
< T n _1m H  \ \ +  n  under

f=i

B y passing to  lim it w ith allow ance for m onotony of C( ) 
the  s ta tem en t of the theorem .

an y  n =  1 ,2 ,  . . .. 

an d  i f  ( ), o b ta in

Conclusion

The results above show th a t  the defin ition  of cost g iven in the p resen t 
paper is n o t only in tu itively  natu ra l, b u t also is in agreem ent with the t r a 
ditional definition and  enables com paratively simple generalization of th e  
preceeding results, in particu la r, the fundam ental theorem  for noiseless 
channels.
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SOME PROBLEMS OF TIME OPTIMAL CONTROL 
FOR STOCHASTIC SYSTEMS

V. B. K O LM A N O V SK Y  
(Moscow)

The p ro b lem  o f tim e o p tim a l contro l in s to ch as tic  system s is considered. 
Som e existence cond itions for o p tim a l and  a llow able contro l a re  estab lished . 
A  w ay  to  a p p ro x im a te  solu tion  o f  th e  problem  is suggested . Specific exam ples 
a re  d em onstra ted .

1. L et a controlled system  has the following form

x(t) =  f(x(t)) +  Bu(x(t))  +  a(x(t)) k(t), t ^  0

ж(0) =  x 0 (1.1)

where ß is a given constan t m atrix ; x(t) is a vector o f phase coordinates from 
E uclidean space E n‘, function /  an d  m atrix  a satisfy  conditions providing 
existence of solution o f Eq. (1.1) a t  и  =  0, i.e. [1] a t  a constant c 0 and
2*1 ) 2?2 £  E n.

; /(*i) — f(x2) I +  I o(Xj) — o(x2) I < ; C I X1 — X2 |.

F inally , |(<) is a W iener process; vec to r x £ E n is given; and u(x) 6 E m is 
control where for all x

u(x) e  U (1.2)

U being a given convex lim ited set.
L et in phase space E n some se t Q be also given (lim ited or not). B oundary 

of Q is denoted below as Qv  and th e  m om ent when process (1.1) w ith  initial 
condition z(0) =  x  (a rb itra ry  in itial po in t x  6 E n) reaches for th e  firs t time 
set Q under control u, is denoted as rx (u).

I f  some realization of process (1.1) do not reach Q during any  fin ite time, 
stochastic  value of rx (u) for these realizations is assum ed to  be equal to  in
finity.

Problem. Choose control и  satisfying re stra in t (1.2) and minimizing 
functional

M r x(u)

where M  is the sign o f m athem atical expectation.

(1.3)
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In  th e  theory  o f optim al control of determ inate systems (system s (1.1) 
a t  a =  0) th e  problem  of tim e occupies a special place [2]. R a th e r  complete 
and  finished results have been ob ta ined  for this problem ; in particu lar, theorem s 
of existence and uniqueness of tim e optim al control were proved, th e  optimal 
form  of control was established, algorithm s for construction o f approxim ate 
control were suggested, various cases were considered.

A t th e  same tim e, in the  form ulated  above problem of m inim ization 
o f th e  m ean tim e required  by a controlled stochastic process to  reach a given 
set, know n complete results (see, e.g., [3]) reduce to  th e  fact th a t  u nder certain 
conditions of sm oothness of m inim al value V(x) o f functional (1.3), it will 
satisfy  Bellm an’s p a r tia l differential equation:

min (Lu(V(x) +  1) =  0, x  £ Q2
U£U

V(x) — 0, ж € Qx 

dV  1 92FL UV =  ( / +  BU)X------- 1-----Truer2 ------ , V (ж) =  m in M t x(n) ,
dx 2 Эж2 uíu

where Q2 is com plem ent of Q П Qx w ith  respect to  E n, stroke is th e  sign of 
transposition ; vector d V /Эж has coordinates ЭF /Эж,-; m atrix  Э^/Эж2 has com
ponents d2V/dxi&Xj, (i, =  1, 2 , ,n)  and finally, symbol Tr  stands for
m atrix  trace.

I t  should be stressed, however, th a t  problem  (1.4) does n o t have, gener
ally  speaking, a unique solution. Therefore, even if  V(x) is a sufficiently smooth 
function, i t  is not clear in advance which solution of Bellman equation  (1.4) 
coincides w ith  it.

E xp lain  the above-said by  m eans of an  example.

Example 1. L e t system  (1.1) be scalar and  have the form  of

x(t) =  u(t) - f  У2 I (t), I u(t) I <; 1, ж(0) =  ж. (1.5)

Set Q is in terva l (— oo, a] a t som e constant a. F o r ж <  a, B ellm an equation
(1.4) has th e  form of

#Т (ж ) \dV{x)\----- — ---- I — 1 =  о , ж >  ж
dx2 \ dx

F(os) =  0

an y  function of form  ж — ас +  c(exp (ж — x) — 1) (where c is an  arb itra ry  
non-negative constant) is its solution. Note, th a t  for this exam ple the  optim al 
control is —1. Indeed, if x(t, u) is solution o f (1.5) under control u, then
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x(tr — 1) <  x(t, и ) w ith probability  1 u nder any  control u, m| <  1. In  doing 
so, the  op tim al transition  tim e under control и =  —1 is shown below to  be 
x  — a for any  x )> x.

A nother generalization of some problem s of op tim al tim e to  linear 
stochastic system s is proposed in [4] w hich considers th e  problem  of m ini
m ization of th e  to ta l p robability  of a  controlled stochastic process being o u t
side a given vicinity  of zero during infin ite tim e. R ef [4] uses the  L yapunov 
function m ethod to  solve th is problem , and, moreover, discusses ways to  its 
approxim ate solution.

In  Section 2 of th is paper some existence conditions for allowable control 
are established, form ulated  in term s o f existence of L yapunov  functions of 
system  trajectories. In  Section 3 conditions for existence of optim al control 
are discussed, particu lar solution of B ellm an equation (1.4) is found coinciding 
with the  m inim al value of functional (1.3), an d  examples are presented. R em ind  
th a t process (1.1) under control и  is referred  to  as recurren t if та (и) -< oo w ith  
probability  1, and positive if M r a (u) <  oo for any finite x.

2. This section considers examples o f existence o f allowable control.
Control и  will be referred to  as allowable if under th is  control for any  

finite x, M r a (u) <  oo. and  if there is a  s trong  solution o f (1.1), i.e. [1] th ere  
is a stochastic process x(t) m easurable w ith  respect to  |(s ) , 0 <[ g <[ t, and  
satisfying w ith  probability  1 the  following in tegral iden tity .

x(t) — x  =  I' [/(cr(s)) +  R m(o;(s))] ds +  j' a(x(s))cU;{s).
6 ö

The lem m a below follows from [5, p. 130]:

Lemma 2.1. L et in Q exist function u(x) and tw ice continuously d if
ferentiable function V(x) >  0 such th a t u nder control u(x) there is solution 
of system  (1.1) and

L u V(x) <  —c, x  £ Q2 (2.1)

where c is some positive constant. Then u(x) is allowable control, and  also 
M t x  (wK c - 1 V ( x ).

Example 2. L et a po in t move along a  s tra ig h t line under action of control 
u, \u\ <( 1, an d  a stochastic d isturbing force where a is a given constan t. 
M ovement equations have the  following form :

Xx =  x 2, x 2 =  и  4 -  cr£. (2 .2 )
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I t  is required  to  get as soon as possible in to  axis x2, i.e. in th is case Q is a 
s traigh t line xx =  0. D em onstra te  th a t  u nder any  a allowable control is

и  =  1, xx <  0

и  =  —1, хх <  0. (2-3)

То th is end, fix some co n stan t kx <  <r2/2 an d  select k2 so th a t  for all xv  x2 
function V be non-negative where V has th e  following form :

W ith allowance for (2.3) ob ta in  th a t  everyw here outside the  s tra igh t line 
xx =  0,

(у%
L uV =  - k x +  - .

2

Hence, on th e  basis of Lem m a 2.1, process (2.2) under control (2.3) is positive. 
I t  m ay be shown fu rth e r th a t  control (2.3) is optim al. Indeed, a t xx(0) >  0 
and any control uL(x) >  1 inequality

M r Ui{x) <  M t_x(x )
does not hold because

*i('i -  1) <  xAh ux)

with probability  1 where xx(t, u) denotes solution x x(t) o f system  (2.2) under 
control u. In  the same m anner, we see th a t  control и — 1 in domain aq <( 0 
is optim al.

Remark. In  studying  existence o f allowable control, requirem ents of 
Lemma 2.1, in certain  situations, m ay be som ewhat relaxed. To p u t it more 
precisely, le t there be in Q2 function u(x) and  continuous function /1(x) >  0 
such th a t  under control u(x) there is solution of system  (1.1), and for any  
points tx <  t2 in trajectories x(t, и ) of system  (1.1)

MV(x(t2, и )) — MV(x(tv u)) <, — c(t2 — tx),

where C is a  positive constan t. Then u(x) is an  allowable control. In  particu la r, 
it is sufficient to  require from  function V th a t

lim — [M F (x(d , w ))— ^(a'o)] — L
j-*+o A

(2.4)



К OLM А N О V SKY: TIME OPTIMAL CONTROL FOB STOCHASTIC SYSTEMS 15

In  th is case, if V  satisfies the  requirem ents o f Lem m a 2.1, lim it in (2.4) is 
L UV (xn). V alidity  o f these assertions follows from  the  results o f [5, p. 130].

3. In  th is section existence of a solution of the Bellm an equation and 
ways to  find it are  discussed. I t  is assumed below th a t Q is a hounded dom ain 
in phase space E n w ith  sm ooth boundary Q o f L yapunov ty p e  [7, p. 346].

Denote b y  R N a sequence o f spheres of rad ius N  in spa ce E n such th a t  
Q <C R n - B oundary  R N dem ote b y  VN. Define sequence of scalar functions 
V N(x) from th e  following b oundary  problem:

min (LuVn (x ) +  l)  =  0 , x £ Q 2HRn ,
“t u (3.1)

VN{x) =  0 , z C Q j, x £ V n .

H ere expression L UVN(x) is defined by form ula (1.4). L ist, in the form of a 
lemma, some of th e  properties o f functions V^(x)  following from  the resu lts 
of [8-10].

Lemma 3.1. Assume th a t  coefficients of E q . (3.1) satisfy  requirem ents 
of Section 1, m a trix  a(x) is non-degenerate a t an y  x  £ E N, and  bounded dom ain 
Q has L yapunov-type boundary  Qv  Then th e re  is a unique solution VN(x) 
of (3.1), Fjv(a:) )> 0, and for an y  JV2 JVj

VNi(x) ;>  F Ni(x), ж € Q2 n  r Ni .

Proof. Existence of the  unique solution o f the  boundary  problem (3.1) 
follows from Theorem  4.10.2 o f [8], or from T heorem  3 of [9]. F u rth er, by v irtu e  
o f [10, p. 603], there  is m easurable function uN(x) £ П providing m inim um  
in Eq. (3.1). F unction  F,\(x), thus, satisfies linear equation

L Ux V n (x ) +  1 =  x  €  Qi  П  R n .

Hence, w ith allowance for zero boundary values (3.1) for VN (x) and [8, p. 
160], it follows th a t  VN(x) >  0. V alidity of th e  la tte r  s ta tem en t of Lemma 3.1 
follows from th e  non-negativeness of all Vn (x ) and  from Theorem  40.1 of [11].

Theorem 3.1. L et all requirem ents of L em m a 3.1 be valid  and let th e re  
be allowable control co(x). T hen

1. there is m inim al positive solution o f ex ternal boundary  problem (3.1) 
denoted as V0(x)\

2. over an y  lim ited se t o f variations o f x, sequence F w(a") converges 
evently  to  V0(x) a t  N  —>- oo w ith o u t decreasing m onotonically;

3. there is no allowable control giving value of functional (1.3) less 
th an  F 0(a:);
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4. if  under control u 0(x) defined b y  condition

min Lu V 0(x) =  LUV0(x) 
ueu

there is solution of system  (1.1), th en  u 0(x) is optim al.

Proof. Assume th a t
W(x ) =  M t x (co ).

F irs t show th a t  for all N

VN(x)<. W(x). (3.2)

D enote by  тx (u) th e  m om ent w hen process (1.1) reaches for th e  first 
tim e boundaries of set Q2 П Aty under control и an d  x  £ Q2 П l i N, an d  by 
x(t, и ) solution of system  (1.1) under contro l u.

Since it is evident th a t

M tx(co) <[ W(x), (3.3)

to  prove (3.2) it is sufficient to  establish  th a t

VN(x) <> M tx (co) (3.4)

and, to  th is  end, apply D y n k in ’s form ula [12, p. 191] to  function F jv(x) and 
M arkov m om ent t n ( со) ,  th is  being possible on the basis of the defin ition  of 
Vx (ж), Lem m a 3.1 and finiteness of m athem atical expectation  rx (co) b y  v irtue 
of (3.3). W ith  allowance for (3.1) a t x  £ Q2 П R N we have

Vn(x(t”(co), с о )  —  VN(x) =  M  J  L uVN(x(t, co))dt >
o'a, .

>  M  ( m in L uVN(x(t, со)) dt =  — Мтх(со). 
о иси

Thus, inequality  (3.4) and, together w ith  it, inequality  (3.2) are established.

F ix  a rb itra ry  bounded domain Q3 СГ К n with b oundary  of the  ty p e  like 
Qv Q <  Q3, an d  establish convergence o f F N(x), x £ Q2 fl Q3 a t  N  со. 
To this end, no te  th a t on th e  basis of conditions of the theorem  and inequalities 
(3.2) and w ith  allowance for the  a priori estim ate of [8, page 316] a t  an y  N

(3.5)

Here and below (7,- are som e non-negative constants.
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On th e  basis of (3.5), (3.2), the  non-degeneracy of m atrix  a(x) and v a lid ity  
for it of L ipsch itz’ condition, conclude using estim ate o f second derivatives 
of solutions of equations (3.1) [8, Theorem  4.6.3], th a t

m ax I
S2F n (z ) 

dx2
x ^ Q ^ Q n . (.3.61

E stim ates (3.2), (3.5) an d  (3.6) m ean th a t  over any  lim ited set Q3 П Q3 
sequence VN(x) is lim ited evenly together w ith  its two derivatives. Therefore 
[13, p. 240], sequence (VN(x), dV N(x) |£ж) is com pact in th e  space of continuous 
functions for xdQ3 П Q3. As usual, assume th a t  th e  sequence ( V m ( x ) ,  b 1д(:г) j o'x) 
itself converges evenly. D enote lim it V^(x)  under N  —*- °o by V 0{x). 
Then lim it V 0(x) is solution of (1.4) on th e  basis of [11, p. 176, Theorem 42.9] 
and the arb itrariness of dom ain Q3,

E stab lish  now th a t V 0(x) is the m inim al positive solution of problem
(1.4). Assume th e  oppposite, i.e. th a t  there w ould be ano ther positive solution 
V(x) of (1.4) and  th a t

0 <  V(x) <  V 0(x). (3.7)

Being solution of (1.4), function V(x) satisfies E q. (3.1) a t  an y  N  inside dom ain 
x  d Q2 П R n  and, moreover,

V(x) =  v N(x) =  0 , x e ö i 

V(x) VN(x) — 0, x  € rN.
(3.8)

On the basis o f (3.7), (3.8) and  th e  m axim um  principle for quasi-linear ellip tical 
equations (3.1) [11, p. 162, Theorem  40.1] conclude th a t  for all x £ Q2 П R N 
the following holds:

Vлг(Я') ^  V(x). (3.9)

E quality  V(x) =  V0(x) follows from (3.7), (3.9) and established above con
vergence of Vm(x ) to  V 0(x). Thus, sta tem en ts 1. and 2. of the  theorem  are 
proven.

To prove S ta tem ent 3 of th e  theorem , assum e th a t u n d er some allowable 
control value W 0(x) of functional (1.3) is obtained  less th a n  V 0(x). T hen , in 
a way sim ilar to  th a t of estim ate (3.2), th e  fac t is established th a t for an y  N

VN(x) <, W 0(x).

This fact an d  convergence of VN(x) to  V0(x) lead  us to  th e  conclusion th a t  the  
opposite holds, i.e. W 0{x) 7> V 0(x). F inally , to  prove S ta tem en t 4. o f  the  
theorem , tak e  in the  conditions of Lem m a 2.1 th a t V(x) =  V 0(x) and  u(x) =
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=  u0(x). Since F 0 and  u 0 satisfy B ellm an equation (1.4), inequality  (2.1) 
holds for them , and on th e  basis of Lem m a 2.1

M tx(u0) <[ V 0(x).

On the o ther hand, by v irtu e  of S ta tem ent 3 of the theorem

M r x(u0) ;> V 0(x).

Hence, S ta tem en t 4 of th e  theorem  is correct.
Q .E .D .

Remark. L e t ß =  0 in  (1.1) (i.e. system  is uncontrollable) and process 
(1.1) under ß =  0 be positive. Then assertion of Theorem 3.1 th a t a tta in m en t 
tim e is th e  m inim al positive solution of E q . (1.4) a t ß =  0, follows from  the  
results of [5, 6]. The theorem  above allows a  num ber of generalizations. Some 
of them  will be form ulated as corollaries.

Corollary 1. L et all conditions of th e  theorem  be satisfied, bu t function 
f(x) in (1.1) grow not faster th a n  a certain pow er || ж|| a t  j| x  || -*■ oo and satisfy  
Lipschitz’ condition over each  bounded set, i.e. a t || aq || <C N, x2 11 <C N  ■
x^, x2 6 E n

II / Ю  — /(*2) II <  c(iV) \ \x1 — x2 ||, (3.10)

where N  is an  arb itra ry  num ber, and c(N)  is a given constan t depending, 
generally speaking, on N.

Then all th e  assertions o f the  theorem  hold, and v a lid ity  of Corollary 1 
is established by  repetition  o f the  proof o f th e  theorem.

Corollary 2. As it m ay  be seen from  th e  proof of th e  theorem , th e  re
quirem ent o f existence o f allowable control was used only  for justification 
of estim ate (3.2). Thus, th e  statem ents of th e  theorem  hold  if  either all o f its 
conditions, or those of Corollary 1 are satisfied  except for the  requirem ent 
of existence o f allowable control which is su b stitu ted  by  an y  of the following 
assum ptions:

a) there  is non-negative solution W 0 o f problem (1.4);
b) sequence Fjv(aO is evenly  limited over any bounded set of varia tions 

of x; and
c) sequence F aj(:c) converges pointw ise to  the solution of problem (1.4).
To prove this, it is sufficient to  dem onstra te  th a t  u nder any o f Con

ditions a) to  c) estim ate o f th e  type (3.2) holds. Indeed, under Condition a), 
sequence F N(x) <  W 0(x) for an y  N  by v ir tu e  of [11, page 162], and Condition
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a) follows from C ondition b). These fac ts  give a technique for finding th e  tim e 
optim al control in th e  stochastic problem . To do th is, one has either to  d e ter
mine th e  minimal positive solution o f problem  (1.4), or to  construct sequence 
F/v(r) from  (3 1) an d  to  pass to  th e  lim it a t N  — oo. In  any of these cases, 
if m inim um  in (1.4) is a tta ined  over th e  allowable control, the  la tte r  will be 
optim al.

Remark. L et V(x) be positive so lu tion  of Bellm an equation (1.4) an d  the 
requirem ents of Section 1 be correct. Then for any  1 >  e >  0 there  will be 
allowable control u 0(x) such th a t

íHtx(Mo) < — - — F (x ). (3.11)
1 — e

To su b stan tia te  (3.11), note th a t from  Ref. [14, proofs of Lem m as 2.1, 2.2] 
an estim ate  follows:

, dV , 9Fu0 ---- <  m in  a ------- 1- e (3.12)
dx uíu dx

and also u 0(x) £ U an d  satisfies local L ipschitz’ condition (3.10). This means 
th a t in view of boundedness of U u n d e r control u 0(x) there is [15] a  unique 
solution o f the system  (1.1). From  (3.12) and B ellm an equation for F  we see 
tha t

У — 1 +  e.

Thus, on the basis of Lemma 2.1, control u0 is allowable, and  inequality
(3.11) holds. This leads to  the following:

Theorem 3.2. L e t assum ptions o f Lem m a 3.1 be correct. Then
1. if  there is th e  m inim al positive solution V 0 o f problem  (1.4), th e n  for any 

fixed in itia l point x 0 and  any e >- 0 there  will be allowable control и  such 
th a t

MxXt(u) <_ V 0(x0) -f  e. (3.13)

2. if the problem  of time o p tim al control is solvable and m inim al tim e 
F 0(x) is twice continuously d ifferentiable, F 0 is th e  m inim al positive solution 
of B ellm an equation (1.4). Indeed, estim ate (3.13) follows from (3.11). To 
prove th e  second s ta tem en t, note th a t  m inim al tim e F 0(x) >  0 is solution 
of (1.4). Therefore, b y  v irtue of C orollary 2, a), th ere  is minimal positive sol
u tion W  of problem  (1.4). There h a d  been ]F(x0) <  F 0(x0) in some p o in t x0, 
then  th e re  would have been, in view  o f Theorem 3.2, 1, such an allowable 
control и  th a t  M r Xo(u) <  F 0(x0), th is  being in contradiction w ith th e  m ini
m ality  o f time F 0(x0).

2*
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Note th a t  Theorem  3.1 enables also approxim ate or num erical d e ter
m ination of th e  required  tim e through  constructing  an  appropria te  sequence 
VN(x).

Example 3. L et system  (1.1) be scalar an d  have the  form  of

x(t) =  f((x(t)) +  u(t) +  akit). (3.14)

Here и ^  0 is a  constan t; control u(t) complies w ith th e  requirem ent 
th a t  I u(t) I <[ 1; and, finally, se t Q, like in E xam ple 1, is in te rv a l (—oo, ос].

R equire th a t

-----ds <̂_ oo.
b(s)

a
H ere

t
b(t) =  exp I — J  ~  (fit) — 1) ds 

0

R equirem ent (3.15) is satisfied, for example, if sup f(x) <  1.

(3.15)

(3.16)

Show th a t  the  m inim al transition  tim e in th is exam ple is as follows:

W(x) =  -■ 1 b(t)dt [ — , x ^ x .  (3.17)ff2 J J b(s)
a  t

I t  follows from  Eqs. (3.14)—(3.17) th a t L _ 1W  =  — 1. Hence control и =  — 1 
is allowable and, therefore, op tim al, because, on th e  strength  o f th e  comparison 
theorem  of [16, p. 120], x(t, —1) <C x(t, u) w ith  probability  1 u n d er any allow
able control u. This and Theorem  3.1 lead to  th e  conclusion th a t  optim al 
transition  tim e V(x) corresponding to  control — 1 is defined b y  th e  following 
relation

V(x) — lim VN( x ) , 3.18)
N—»•»

where functions Vn (x) are solutions of the following boundary  problem

d2VN(x) 
dx2

+  (/(*) -  1)
dVN(x)

dx
+  1 =  0 , x >  x

^ ( z )  =  0, x =  a, x =  N.
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A fter calculations obtain
N

f n (z ) =  —
O'2

b(t) dt H h ) d t ^  t> ( t , 2 )  d t 2 J dt3
6(<3

(3.19)

B u t under control и  =  —1 process (3.14) is recurrent. Therefore [5, p. 138]
N

lim  ( b(t) dt — OO 

N - +  00 a

Hence, by  passing to  lim it a t N  —>■ 00 in (3.18), and by allowing for (3.15), 
(3.17) and  the  L ’H ospitale rule, come to  th e  conclusion th a t  the op tim al 
tran sien t tim e F (x ) =  TF(x).

N ote th a t  in th is exam ple u nder и =  0 process (3.14) m ay  even be n o n 
recurren t, for instance, by  v irtu e  of [5] if

f(x) — — a t x ^>x .
2

Example 4. Consider controlled motion o f a rigid body  subject to  s to 
chastic disturbances. L e t x,-, i —  1 ,2 , 3, be com ponents of th e  kinetic m om ent 
w ith  respect to  a body-fixed reference fram e whose axes coincide with th e  
principal central body axes. E u le r’s motion equations have th e  form of

Xj =  x2x3(a2 a3) (a3a2) 1 u2 olq

x2 =  aqx3(—a1 +  a3) (axaj ) " 1 +  u2 +  <r|2

* 3  =  щ ч {а1 — ö2) K « 2) _ 1  +  « 3  +  (3.20)

where a, are principal central m om ents of in ertia ; я  is a  constant; control 
и  =  (Mj, m2, m3) a t  constan t b ^> 0 satisfies restric tion

I и  I =  (ul 4- u\  +  и;])1'2 <; 6. (3.21)

N ote th a t system  (3.20) together w ith  restric tion  (3.21) m ay  be in terpreted , 
for instance, as follows [17]: th ere  is a pair o f controlled gas jets creating 
torques; gas nozzles m ay be positioned a t an y  angle with resp ec t to the rig id  
body; and control action on the  system  is th e  sam e in both  directions.

F o r system  (3.20), the  problem  is form ulated  as th a t o f coming to sphere 
Q =  j x  I <  r as quick as possible, in term s o f functional (1.3), where r 
is a given positive num ber.

Solution of th is problem  is obtained by Corollary 2 of th e  theorem  w hich 
d ic ta tes th a t , first, sequence of boundary  problem  (3.1) solutions VN should 
be found; second, lim it F 0 of sequence F,v at. N  — oc should be determ ined,
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and, finally, optim al co n tro l established using F 0. R ender relations (3.1) 
more concrete to  fit the case under consideration. F or F  <  I x [ <  N  we have

3 x\ dxx

Define num ber rx =  rx(N) as the  root o f equation

Г z(t) dt Г —  =  f  zx(t) dt Г .J J *(«) J J 2 »
r t r, r.

The following notations a re  introduced here

(3.23)

(3.24)

The left side o f (3.23) is zero a t  r1 — r and , taking in to  account (3.24), grows 
m onotonically. The righ t side of (3.23) is zero at rx — N  an d  decreases mono- 
tonically a t  r <[ rx N.  T his implies t h a t  E q. (3.23) fo r any fixed N  has a 
unique solution rx(N) an d

r < r x(N) < N .  (3.25)

B y su b stitu tin g  into (3.22) m ake sure th a t  solution of (3.22) is defined b y  for
mulae

Show now th a t
(3.26)
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Com pute deriva tive  dr^N) \ d N  existing b y  v irtue  of [18, p. 452] and, to  
th is  end, differentiate, w ith respect to  N,  b o th  sides of eq u a lity  (3.23). O btain

dr^N )  
d N

r r,

— -—  [ z r{t)dt-\------— Г z(t) dt I . (3.27)
Z i ( o )  J  z (r i )  J  j

r, r

This and (3.25) suggest th a t  sequence rt(N)  grows m onotonically, i.e. it has 
lim it a t N  -* oo. Assume th a t  equality (3.26) is not correct. This means th a t  
th ere  is num ber r0, r <  r0 <  со, such th a t  r,(AT) <C r0 for all N.  Show, 
however, th a t  in  th is  case th e re  will be co n stan t cx >  0 such th a t for all N  r0 
estim ate

(3.28)
dN

holds which is in evident contradiction to  inequality  r^N )  <Z r0.

By v irtue  of (3.24), th e  first term  in th e  right side o f (3.27) is
N

- 21 n I f  2b , ,
d i  =  e °° t*e°'  d t .

Г,
A fter in tegration see th a t a t  all N  >  r0 an d  some co n stan t c2

dr >  c2 <  0. (3.29)

Sim ilar reasoning shows th a t  a t  all N  an d  some constan t c3 >  0

r r

(3.30)

(3.28) follows from  (3.29), (3.30) and (3.27). This establishes valid ity  of (3.26). 
B y  virtue of (3.26) and (3.25), over any bounded  set of varia tions of x  th e  fol
lowing holds:

1*1 r
lim F N(a;) =  lim — Г z(t) dt ( - .

n—  a2 J J z(tx)
r t
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S ubstitu ting  (3.24) for function z(t), ob ta in  lim V N{x) =
N-* ™

Using represen tation  (3.31) for V ()(x), obtain  contro l u0(x) providing 
m inim um  w ith respect to  м, \ и \ <^b, in  expression

Obtain
(3.32)

On account of Corollary 2 of th e  theorem , to  prove th e  o p tim ality  of 
control (3.32), it is sufficient to  check w hether control (3.32) is allowable, i.e. 
to  m ake sure th a t under th is  control th ere  is a  solution o f (3.20). This follows 
directly  from  (3.32), (3.31), Theorem 3.4.1 of [5] and the  fac t th a t  L UV 0 =  — 1.

N ote th a t for a =  0 expression (3.31) was derived previously in [19] for 
a more general case o f determ inate system s w ith invarian t norm  by  using a 
different method.

In  connection w ith  Exam ples 2, 3, 4 for which op tim al controls were 
determ ined, note th a t  in them  the op tim al stochastic control coincides w ith  
the op tim al control for th e  corresponding determ inate system , i.e. the  system  
a t cr =  0.

Acknowledgement. M y th a n k s  are  due  to  F . L . C hernous’ko fo r in te rest a n d  a  h e lp 
ful d iscussion w hich w as beneficial for th e  p ap e r.
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н е о б х о д и м ы е  ф орм ул ы  и  г р а ф и к и , и м ею щ и еся  в  о сн о в 
ном  т е к с т е .  О бъем  р езю м е  н е  д о л ж е н  п р е в ы ш а т ь  
10 — 15%  о б ъ е м а  статьи .

А в т о р а м  вы с ы л аю тс я  г р а н к и  ст а ть и , к о т о р ы е  они  
д о л ж н ы  н е за м е д л и те л ь н о  в о з в р а т и т ь  в Р е г и о н а л ь н у ю  
секц и ю  Р е д к о л л е г и и  ж у р н а л а .

А в т о р а м  о б ес п еч и ва етс я  б е с п л а т н о  100 о т т и с к о в  их  
стате й . Р у к о п и с и  н е п р и н я т ы х  статей  в о зв р а щ а ю т с я  
а в т о р а м .
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THE HUNGARIAN-SOVIET SCIENTIFIC 
AND TECHNICAL COOPERATION

G. B O G N Á R  
(B udapest)

(R eceived A p ril 7, 1975)

On the  occasion o f the  25th anniversary o f signing th e  H u n g arian - 
Soviet agreem ent on scientific-technical cooperation the significance of this 
cooperation and  the resu lts  ob tained  in  the  fields o f  bo th  science a n d  industry 
in th e  course of the  cooperation were com m em orated all over th e  country  a t  
festive sessions. Scientific and  technical lectures apprecia ted  the re su lts  atta ined  
so far by  th e  scientific-technical cooperation agreem ent, pointing o u t the fur
th e r extension on the  basis of the p a s t experiences. In  addition, beyond these 
conferences and consultations the  concrete industria l results w ere illustrated  
by  exhibitions.

The H ungarian  A cadem y of Sciences organized on this occasion a scien
tific  session, w ith  Soviet scientists o f  w orld fame, lecturing on th e  m ost recent 
results o f Soviet science and  on th e  them es of th e  cooperation, discussing the 
advance and  the  fu tu re  prospects in  several fields o f research.

The aim  of th e  session was n o t alone festive com m em oration, b u t also 
an  op p o rtu n ity  for th e  Soviet and th e  H ungarian scientists to  su rvey  in the 
form  o f a d irect exchange of experiences the o b ta in ed  results o f th e  scientific 
cooperation, to  confirm its contents an d  to  lay th e  foundations o f the  future 
extension of th is cooperation.

Surveying the  com plete scientific cooperation is the  task  o f th e  scientific 
session. In  th is paper we m ention m erely  those fields of cooperation — with 
no in ten tion  to  dim inish by  far the  im portance an d  th e  results o f  o th e r ones — 
whose successful cu ltivation  in H u n g ary  would n o t have been possible w ith
o u t th e  efficient support o f the Soviet Union. In  th ese  fields th e  Soviet Union 
a tta in ed  outstanding resu lts by an  immense in te llectual and m ateria l con
centration . A t the  sam e tim e, their independent cu ltivation  by  a  sm all country 
like H ungary  could n o t have been carried  out w ith  success.

In  th e  age of th e  scientific-technical revolution, in the process of science 
tu rn ing  in to  a d irect productive force, the concentration of huge intellectual 
and  m ateria l capacities for solving individual problem s of o u tstand ing  impor
tan ce  is characteristic. The dim ensions and the  installed  equipm ents of the
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research in stitu tes are com parable w ith  those of in d u stria l objects an d  the ac ti
v ities of the  netw ork  o f these g reat size research in stitu tions are controlled b y  
a  cen tral special purpose research program . So th e  characteristic features are 
th e  high concentration of the in tellectual and m ateria l forces a n d  the orien
ta tio n  of the  research activities to  predeterm ined aims.

In  the fram ew ork of big-scale programs like these are realized  the re 
search for the u tiliza tion  of nuclear power, the space research, th e  developm ent 
o f rocket technics an d  au tom atic control, the in tensive enhancem ent of com
p u te r capacities an d  th e  extension o f their application, the u tiliza tion  of solar 
energy, the  research o f new s tru c tu ra l m aterials capable to  w ith s tan d  ex tra 
ord inarily  high loads, th e  realization of a worldwide com m unication network, 
e tc.

The age of th e  scientific-technical revolu tion  is characterized by th e  
developm ent n o t being controlled b y  th e  d irec t needs, b u t th e  very high 
dem ands, justified b y  th e  a tta in m en t o f peaks. F o r  an  example le t us mention 
th a t  the  degree o f m in ia turization  ensu red  by th e  in teg ra ted  circuits containing 
10 000 elements in  a  few square m m  area is n o t required  by rad io  and tele
vision program  receivers, whose dimensions are fixed  by the  dimensions o f 
th e  video-tube, th e  loudspeaker a n d  the hum an hand , operating th e  control 
knobs. N evertheless th e  in teg ra ted  circuits designed for com puters m ounted 
in  rockets are ever m ore extensively  applied also in  these apparatuses, simply 
b y  th e  fact th a t  th e  technology elaborated  for th e  purposes o f rockets is 
available; the m ass production resu lts  in acceptable prices, so th e  capacity 
arid th e  reliability  o f th e  program  receivers m ay also be perfected  by  the use 
o f these technics.

The u tilization of the specific s tructu ra l m aterials applied  in rocket 
technics perm itted  th e  use of supersonic aircraft fo r passenger tra ffic .

The daily u tiliza tion  of long-distance telephone calls and TV broadcasting 
w ith  the  help o f space com m unication systems elaborated  for rocket control 
I s  generally known,

In  H ungary  th ere  is no possib ility  to  concentrate  in tellectual and  m ate
ria l capactities in a  degree perm itting  the a tta in m en t of the aim s of a peak 
program  influencing th e  whole techn ical progress, w ith  any probability . This 
is w hy the  efforts o f H ungary’s partic ipation  in  th e  work o f th e  scientific 
.programs carried o u t b y  the  Soviet U nion in th e  field of th e  u tilization o f 
nuclear power, space research, com puter technics aim ed a t concrete goals 
are  of an  ex trao rd in ary  im portance.

I The cooperation in the  field o f utilizing nuclea r power for peaceful p u r
poses s ta rted  in 1955 w ith our ex p erts  signing an  agreem ent in  th e  Soviet 
U nion  for settling  a well-proved research reactor in Hungary.
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This research reac to r s ta r te d  to  operate in 1959 and since i t  fulfilled w ith 
no breakdow n th e  task s  dem anded b y  the research activities.

D uring the  p a s t  15 years th e  research reac to r became indispensable bo th  
for th e  scientific research and num erous branches of our industry . I t  created 
th e  possibillity o f s ta rtin g  the  developm ent o f nuclear physics, nuclear chem
istry , reacto r technics, several m odern fields o f solid-state physics, etc. in 
our country. The production of isotopes, ac tiv a tio n  analytics, biological irra 
d ia tion  research, e tc . a tta in ed  an  ever increasing im portance in m an y  branches 
o f our national econom y.

One of the  m ost im portan t effects of the research  reactor m ay  be m eas
u red  by  the  fact th a t  during th e  p a s t 15 years in ternationally  acknowledged 
ex p erts  of reactor technics and  reac to r operation were raised, who joined al
read y  in the  in te rna tional work d is trib u tio n  organized in th e  fram ew ork of 
CMEA and  in the  solution of th e  technical-scientific tasks connected w ith the 
erection of the nuclea r power s ta tio n  a t Paks.

T he wide-range propagation o f radioactive isotopes was m ade possible 
in  our country  by  th e  operation o f th e  research reacto r. M ethods o f producing 
short-life isotopes were elaborated  and  num erous isotope prepara tions for 
special purposes w ere produced. A very  great num ber of hom e an d  foreign 
u tiliza tion  dem ands were in itia ted  an d  satisfied la te r  a t a high level.

All th is shows th a t  the research  reactor realized in the fram ew ork of the 
H ungarian-S ov iet scientific-technical cooperation contributed significantly  to  
th e  developm ent o f the  whole H ungarian  techn ica l and natural-scientific 
research. Our experts , who learned  very m uch from  the Soviet scientists, 
becam e subsequently  actively partic ipa ting  p a r tn e rs  in the so lu tion  of the 
com m on tasks, capable for cooperation in num erous fields.

I t  should be especially m entioned the cooperation developed in  the  field 
o f reac to r research w ith  the K u rch a to v  A tom ic Energy In s ti tu te  and the  
In s ti tu te  for P hysical Energetics. Soviet experts partic ipa ted  in  our Central 
R esearch In s titu te  for Physics in  th e  initiation o f th e  so-called zero-reactor 
experim ents, whose results co n trib u ted  significantly  to  the  suggestion of 
creating a  tem porary  in ternational research collective in the C en tral Research 
In s ti tu te  for Physics for studying th e  neutron-physical properties o f th e  reactor 
zones o f 1000 MW capacity  com pressed w ater nuclear power p lan ts , as well 
as for controlling a n d  perfecting th e  calculation m ethods. The C om m ittee for 
A tom ic Energy o f CMEA decided in  1972 — on th e  basis of th e  approval o f 
th e  com petent governm ent organs — to  establish th e  research collective in
volved in these task s  indeed in B udapest, in the  C en tral R esearch In s titu te  for 
Physics. The period, which passed since th a t d a te , was devoted to  intensive 
w ork leading to  im p o rtan t results, as reported  b y  th e  head of th e  in terna tional



research collective in  Moscow a t th e  Novem ber 1973 session of th e  Com mittee 
for Atom ic E nergy  o f CMEA.

One of th e  m ost im p o rtan t Soviet contributions to  the hom e program  
o f th e  peaceful u tiliza tion  of nuclear power is th e  N uclear Pow er P la n t for 
producing electric power, to  be erected  a t  the  P aks area. The p repara tions for 
operating  the  nuclear power p lan t an d  the  solution o f the  scientific-technical 
problem s connected w ith  the  investm ent project w ould  even be unim aginable 
w ithou t th e  profitab le  effects of th e  assistance supp lied  by  the coworkers and 
m anagers o f Soviet in stitu tes, p lanning bureaus a n d  s ta te  control organs to 
H ungary  in order to  prom ote the  peaceful u tiliza tion  o f nuclear power.

Our country  is m em ber of th e  D ubna U nited  N uclear R esearch In s titu te  
an d  partic ipates in  th e  work since its  foundation. W e partic ipate  in  projecting 
and  realizing th e  yearly , m edium - an d  long-range plans of th e  In stitu te . 
O ur researchers took  and  take  p a r t  in th e  m anagem ent of the In s t i tu te  a t all 
levels, as well as in  th e  daily research activities. A  num ber of o u r experts 
ob tained  scientific degrees in D ubna, or a t hom e b y  utilizing th e ir  Dubna 
results.

The in stitu tes of our A cadem y (K F K I, ATOM KI) established connec
tions extending year-by-year w ith  th e  U nited  D u b n a  In stitu te , w hose great 
equipm ents represen t in  several research them es th e  only experim ental basis. 
A t present abou t 40 them es are investigated  in cooperation betw een th e  H un
garian  in stitu tes an d  th e  D ubna In s ti tu te  in th e  fie ld  o f the physics o f elemen
ta ry  particles, nuclear physics an d  th e  physics o f  condensed system s. The 
H ungarian  research in electronics contributes significantly  to th e  au tom ation  
o f th e  equipm ents an d  th e  m easurem ents in D ubna.

The them es o f th e  cooperation form  an organic p a r t  of our hom e research 
plans, so the  resu lts of our research workers a tta in e d  in D ubna are  added  to  
those reached a t  hom e and  enhance th e ir value.

F o r developing and  rendering more efficient the  H ungarian-S oviet 
cooperation in the  field  o f solid-state research a jo in t com m ittee was established 
in  1971 for the  prom otion  and  coordination of th e  com m on cu ltivation  of solid- 
s ta te  research. The tasks of the  com m ittee are as follows:

1. Organizing an d  developing th e  cooperation in  certain fields of solid- 
s ta te  research qualified as im p o rtan t for bo th  p artie s , by th e  exchange of 
inform ations, research coordination an d  carrying o u t common research  acti
vities;

2. D eterm ining th e  m ain directions of th e  cooperation, eva lua ting  the 
developm ent of th e  selected research fields, e laborating  proposals fo r common 
research them es an d  analyzing m ultip ly  the  experiences of th e  cooperation;
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3. Rendering m utual information on the long-range conceptions going 
beyond the scope of the mixed committee’s tasks, b u t involving fundam entally 
the future development of solid-state research;

4. In itia tin g  propositions for th e  practical u tiliza tion  o f solid-state 
research appearing as useful for other branches.

The suggestion for creating the J o in t Com m ittee for Solid-State Research 
was accepted by  th e  presidium s of bo th  Academies. T he founding session of the 
Jo in t Com m ittee was held in B udapest in  1973, w here the  parties m utually  
outlined  th e ir fundam en tal research conceptions, determ ined th e  them es of 
cooperation and  agreed in  devoting th e  w ork of th e  J o in t Com m ittee m ainly 
to  discuss scientific problem s.

The Jo in t Com m ittee held sessions in  the spring o f 1974 in Moscow and 
Leningrad.

According to the experiences gained so far, the Jo in t Committee is pro
moting the development of Soviet-Hungarian connections in the field of solid- 
state  research with a high efficiency and managed indeed to enrich our home 
research program by revealing numerous new possibilities, of which those 
appearing in the field of laser and crystal physics, magnetic and semicon
ductor research deserve special attention.

The* C om puter and  A utom ation R esearch In s ti tu te  of the  H ungarian  
Academ y of Sciences has been cooperating for years w ith  the in stitu tes  of the 
Academ y of Sciences of th e  Soviet U nion  in the fram ew ork of th e  problem  
“The scientific problem s o f com putation technics” . T he Committee ТБК М О  
coordinating and  directing th e  theoretical research in  th e  field of com putation 
technics perform ed by  th e  institu tes of th e  Academies o f the  socialist countries 
was established in 1967. Besides th e  C om puter an d  A utom ation Research 
In s titu te  the  C entral R esearch In s titu te  for Physics partic ipates also in this 
cooperation.

Mutually useful cooperation has been going on for years between the 
Computer and Automation Research Institu te  and the  Institu te for M athema
tics and Computation Technics of the Academy of Sciences of the  SSR of 
Latvia in the theme “Computer-aided design of logic elements constructed of 
great and medium integrated circuits” in the framework of the problem “Con
struction methods of optimum computerized control systems and the develop
m ent of modem means of autom ation” . In  the framework of the same problem 
the Computer and Automation Research Institu te performs common research 
with the Institu te  of Control Problems of the  Academy of Sciences of the  Soviet 
Union in the themes “Adapting search methods of complex system s” and 
“Research and elaboration of the synthesis of pneumatic pulse units and control
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devices based on th em ” . The task s  of the elaboration  and application  of th e  
m odern fluid an d  pneum atic elem ents are solved in common b y  b o th  in stitu tes.

The C om puter and A utom ation  R esearch In s titu te  concluded also a  
cooperation agreem ent w ith th e  In s titu te  for Physics and M athem atics of th e  
Academ y of Sciences of the  SSR o f L ithuan ia  in  th e  following them es: “ S ta 
tis tica l m ethods in  th e  field o f com putation  techn ics” , “The m ultid im ensional 
analysis and s ta tis tic s  of stochastic  processes” , “ S ta tistical m ethods in th e  
field of inform ation processing and  p a tte rn  recognition” .

In  connection with the cooperation themes listed above 30—40 research 
workers visit yearly the Soviet Union for participating in the  exchange of 
experiences, on conferences and for study tours and about the  same num ber 
of Soviet guests is accepted by the  Institute. In  addition several aspirants to  
scientific degrees from H ungary attend  courses in the institutes of the Aca
demy of Sciences of the USSR.

Space research is carried out in the framework of the Space Research 
Cooperation of the  Socialist Countries. The main research fields of the them e 
are as follows:

1. Research in cosmic physics
2. Research in cosmic meteorology
3. Space communication research
4. Medico-biological research

In  the framework of these research activities the observation of sputniks 
(satellites) and upper atmospheric research by using data supplied by sputniks 
were carried out.

In  cosmic m eteorology th e  d istribu tion  o f th e  clouds and  a ir contam ina
tio n  were the  sub jects of studies. These observations were ev a lu a ted  by com 
p u te r program s devised for th is  purpose. E lectron ic apparatuses were con
stru c ted  for fu tu re  instrum ental observations, designed for space flight. Also 
th e  rare ea rth  conten ts of th e  m oon rock sam ple supplied b y  th e  LU N A -16 
experim ents were determ ined.

The erection of a Hungarian space communication terrestrial station with 
th e  help of Soviet experts is under way.

The biological effects of irradiations appearing under space flight condi
tions were studied.

Let me be allowed to give a more detailed information on two themes of 
the scientific cooperation with the Soviet Union — beyond simply listing the  
tasks — all the  more so, as I  take part directly with my со workers in these 
themes, so I  am most familiar with them. These themes were not suggested
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for filling up  the  fram ew ork of official agreem ents, bu t were adop ted  in the  
m u tu a l knowledge of th e  scientific w ork carried on b y  the cooperating parties, 
th ro u g h  th e ir personal connections, weighing up th e  possibilities o f  cooperation 
an d  determ ining concrete aims on th is  basis.

More th an  25 years ago I  cam e into con tac t during a com m on work of 
nearly  half a year dura tion  through  an  in terna tional conference on radio engi
neering w ith  A cadem ician V. I. Siforov, D irector o f th e  In s titu te  o f Inform ation 
T heory  of the  Soviet Academy o f Sciences. The problem  at th a t  tim e was th e  
determ ination  of th e  principles and  th e  scientific bases of short-w ave frequency 
d istribu tion  among th e  countries. A bout 10 years la te r  a t a m eeting in Moscow 
th e  idea was raised th a t  for solving th e  concrete p ractical problem s of commu
nication and  for th e ir developm ent a  well-founded theoretical basis should 
be created . In  th is period the possib ility  of the application of space com m uni
cation was already expected. The application o f th e  m ethods a n d  the la test 
resu lts  o f inform ation theory  in add ition  to  th e  classical theo re tical m ethods 
an d  th e  subsequent stochastic m ethods became necessary. In  th e  in stitu te  of 
A cadem ician V. I. Siforov the whole com plexity o f inform ation transfer and  
processing problem s is studied. T he idea of th e  “whole com plexity” will 
b e  b e tte r  understood, if we consider th a t  for th e  engineering construction 
o f th e  m eans of com m unication a deep understanding of the appearing  problems 
an d  a  solid theoretical m athem atical basis are necessary. As b o th  the  tran s
m ission and  the reception of the inform ations occur finally th ro u g h  th e  sensory 
organs o f m an, obviously also th e  eye and the  ea r involved in  inform ation 
processing m ust be studied. And if  we th ink of th e  fact th a t  th e  inform ation 
supplied  by th e  sensory organs is processed a fte r passing the  nervous system  
in th e  hum an brain, i t  is clear th a t  th e  complete inform ation chain  extends 
from  th e  technical m eans over th e  sensory organs u p  to  the b rain .

There are problem s in com m unication which require th e  s tu d y  of this 
com plete chain in th e  age of the ever accelerating developm ent. S tudies of this 
n a tu re  m ay lead to  revealing the  functioning of th e  nervous system  of higher 
order, whose b e tte r knowledge m eans a release for hum anity , ju s t as m echani
za tion  m ade m an free of heavy physical work, au tom ation  from  complex 
m echanical in tellectual load and  com puterization from  m echanical routine 
activ ities. According to  our present prognostics ab o u t 15—20 years are neces
sary  for reaching more significant resu lts  in this field, w ith the help  o f properly 
d irected  scientific research.

O ut of th is im mense complex problem atics we cooperate in  th e  research 
of th e  electrocardiographical diagnostics of the disorders of th e  heart and  
vascu lar system  and  th e  application o f stochastic approxim ation an d  feedback 
channels in p a tte rn  recognition problem s by exchanging researchers, by orga-



nizing seminaries an d  finally  b y  th e  practical e laboration of th e  concrete 
system . The p artic ip an ts  in this cooperation are th e  Research In s ti tu te  for 
Telecom m unication an d  the  C om puter and  A utom ation  Research Institu te .

In  th e  field of m icrowave radio com m unication a  cooperation is realized 
betw een th e  in stitu te  N IIR  of the  M inistry  of P osts o f the Soviet U nion and 
th e  H ungarian  R esearch In s titu te  for Telecom m unication, s ta rted  in  1958 by 
m u tu a l visits of the directors of bo th  in stitu tes  and th e  assessment o f th e  m utual 
possibilities. The first objective o f th e  cooperation was the in terconnection 
of th e  radio relay system s developed independently  in  the Soviet U nion and 
in H ungary  to  perm it th e ir unified, in terconnected functioning, even on apply
ing th em  over the  sam e geographical areas.

This coordination was successful: th e  Soviet a n d  H ungarian microwave 
system s developed a t  th a t  tim e are functioning in  th e ir  in terconnection u n 
d istu rbed  over a d istance of several tim es 10 000 km .

Over th e  difficulties of harm onizing the param eters  of the independen tly  
developed Soviet an d  H ungarian  system s we came to  th e  conclusion th a t  it is 
m ore advised to  coord ina te  the system s in the phase  of their developm ent. 
Accordingly, afte r p relim inary  experim ents and theo re tical considerations a 
common work program  was elabo rated  — under an  appropriate work dis
trib u tio n  — for the  developm ent o f a  new, high-capacity  radio re lay  system  
to  be realized in th e  years 1963 — 1967. The volum e an d  the d ifficu lty  of this 
work are characterized b y  the fact th a t  th is was th e  period of changing over 
from  th e  firs t to  th e  second generation in the field  o f the m icrowave radio
re lay  system s.

In  the  last years a  grandious conception of a  unified  au tom atic  commun
ication netw ork was evolved in th e  Soviet Union, w ith  the determ ination  of 
its requirem ents including cable, m icrowave an d  space com m unication, as 
well as conducted electrom agnetic waves (also laser rays) w ith th e  necessary 
sw itching system s conceived as a un ified  com m unication system , tak ing  into 
consideration the  ever increasingly complex functions of telephone com
m unication, televison image broadcasting  and in  addition  the  requirem ents 
of inform ation transm ission.

The fundam ental aim  of our p resen t cooperation is the developm ent of 
m icrowave system s form ing organic p a r ts  of this un ified  au to m atic  communi
cation netw ork, m eeting the  requirem ents of th e  ev er increasing dem ands of 
service. The space com m unication system s are developed by th e  Soviet party ; 
in  th is program  th e  H ungarian  p a r ty  undertakes p a r tia l  tasks. T he elaboration 
o f th e  te rrestria l com m unications were d istribu ted  according to  frequency bands 
betw een th e  partners. The 2 and  4 G H z systems are  developed b y  the  Soviet 
p a r ty , while the  6 an d  8 GHz ones b y  th e  H ungarian  party . As a  resu lt of the
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cooperation th e  in troduction  of the th e  6 GHz system  in to  production is 
already u nder way.

The perfection of th e  sem iconductor devices and  the  fu r th e r developm ent 
o f the  technology of in teg ra ted  circuits open  new  perspectives before the devel
opm ent of th e  microwave system s. Our fu tu re  cooperation is based on p ro g 
noses m ade in  term s of th ese  prespectives.

The scientific cooperation with th e  S oviet U nion is efficiently  prom oted  
b y  the  com m on journals o f th e  Soviet and  th e  H ungarian  Academ ies of Sciences 
publishing o u r scientific resu lts  fast in R u ssian  and  in English. These are: th e  
“ Problem s o f Control a n d  Inform ation T heory” , “R eaction  K inetics an d  
Catalysis L e tte rs” and “Analysis M athem atica” .

Our scientific connections are assisted  by  the stu d en ts  graduating a t  
Soviet universities, the candidatures of H u n g arian  scientific workers in  th e  
Soviet Union, who join in  th is  way in th e  w ork of the  scientific schools. T he 
scientific long-range fellowship grants a re  also of high im portance in th is  
respect.

The fields of cooperation listed and  em phasized above show th a t the coope
ra tion  does n o t follow a p redeterm ined  p a tte rn , b u t develops in  m ultiple w ays 
depending on th e  actual scientific fields a n d  possibilities.

The com m on research task s  determ ined  b y  agreem ents, th e  work d is tr i
bu tion  in various research them es, th e  com m on scientific sem inaries, th e  
exchange o f research w orkers, th e  form ation  of cooperation fields on the basis 
o f  personal connections, th e  common jou rnals  — and  th e  lis t could be s till 
continued — are all well p roved  forms o f scientific cooperation, giving a  
fram evork in  which it is continually  expand ing  and  becomes more and m ore 
efficient.

G. Bognár
R esearch In s ti tu te  for Telecom m unication 
H -1026 B udapest, II . G ábor Áron u. 65 
H ungary
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1. Introduction

The use and developm ent of s ta tis tic a l m ethods in  control theory  were 
prepared b y  th e  works o f physicists in th e ir  studies of B row nian m otion and  
o ther flu c tu a tio n  phenom ena (A. E inste in , A. Campbell, A. D. Fokker, M. 
Planck) an d  b y  subsequent developm ent o f p robability  th eo ry  a t the  en d  of 
twenties a n d  in  thirties (E . E . Slutsky, A. N . Kolm ogorov, N . W iener, W. Eeller, 
A. Ya. K hinchin).

The f irs t result w hich could really b e  used to  solve som e special problem s 
of control system  accuracy was ob ta ined  by  A. C am pbell who derived the  
expression fo r the s tead y -sta te  variance o f  the  o u tp u t o f a  stable s ta tio n a ry  
linear system  excited by  a  Poisson flow o f  u n it pulses [1]. H is formula in effect 
is valid for an y  white noise a t  the input.

A fu r th e r  step was m ade by A. A . Andronov, A. A. W itt and  L . S. 
P ontryagin  [2] who used th e  Fokker-P lanck-K olm ogorov  equation to  find  
a  sta tio n ary  d istribution in  th e  state-plane o f a simple second-order s ta tio n a ry  
system  p av ing  thus a w ay  for the so lu tion  of some s ta tis tic a l problem s of 
control theory .

The general theory  fo r statistical s tud ies of any  system s described by  
stochastic differential equations was developed in [3] (see also [4]). This 
theory  is based  on the eq u a tio n  satisfied b y  the one-dim ensional characteristic 
function o f a  process defined b y  a stochastic differential equation . I f  the process 
X(t)  is defined  by the eq u a tio n

X  =  <p(t, X) - f  tp(t, X )  V(t), (1.1)

V(t) being a  white noise a n d  <p(t, X),ip(t, X )  some defin ite functions, th e n  th e  
one-dim ensional characteristic  function g().\ t) of X(t) satisfies the equation

dg(Á; t) 
Э t

M e " 1* o {(ü T<p(t, X(t))  +  *(A; t, В Д ) } , ( 1 . 2 )

where all th e  vectors are represented as m atrix-colum ns, T  indicates transposed  
m atrices, M  m eans expecta tion , and ■/(!', t, x ) represents th e  value a t s — t of
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the  p a r tia l derivative of th e  characteristic function 0(A ; t, s, x) of the in teg ra l
s

JF(s) — W(t) =  f rp[x, x(r)) V(r)dr  (1.3)
t

with respect to  s:

(1.4)

E quation  (1.2) determ ines р(А; t), certain ly , only if th e  function  %(A; t, x) in
(1.4) and  th e  expectation in  th e  right m em ber of (1.2) ex is t for any t. T hese 
are th e  on ly  restrictions on cp,xp and V(t) necessary for E q . (1.2) to  be v a lid . 
I f  th is condition is satisfied , then  (1.2) represents in fa c t th e  linear in teg ro - 
d ifferen tial equation in gr(A; t). In  the special case in w hich cp(t, x) is a p o ly n o 
mial in x  an d  ip(t, x) is independent of x, (1.2) represents th e  linear eq u a tio n  
in p artia l derivatives whose order coincides w ith  the degree of cp(t, x) in x.

I f  (1.2) has a solution gr(A; t) which has derivatives o f all orders, th e n  
using well-known relations betw een the  characteristic func tion  and  the m om ents 
of a random  variable (1.2) yields the infinite-order set o f  o rd inary  d ifferen tial 
equations for the  m om ents o f the  process X(t)  [3, 4].

2. Linear system analysis

In  th e  special case o f a linear equation  (1.1)

X  =  a(t)X +  6(f) +  c(t)V(t) (2.1)

0/ЭА being th e  colum n-m atrix  w ith elem ents Э/0Ax, . . ., 9/8A„. This is the lin ea r 
first-order equation in p a r tia l  derivatives which is easily  in teg ra ted  by  w ell- 
known s ta n d a rd  techniques yielding

0(A ; t) (2.3)

g0(fi) being an  a rb itra ry  characteristic function, and th e  solution o f th e  
adjoint equation

У =  - a { t ) T У
satisfying Ф(<0) =  / .

(2.4)



PUGACHEV: A SURVEY OF STATISTICAL CONTROL THEORY 15

In  th e  special case o f norm al w hite noise V(t)

Xß > t ) = A
(2.5)

where v(t) is th e  in tensity  o f th e  white noise V (t), and /t =  c(l )T Then assum ing 
X(t0) — 0 (2.3) becomes

being th e  weighting functions of the sy s tem  with resp ec t to  the in p u ts  b(t) 
and V(t). F orm ula (2.6) shows th a t th e  process X(t)  is norm ally d is trib u ted  
w ith the  expectation  and  th e  correlation m a trix  given b y

t
mx(t) =  J  wx(t, г) Ъ(т) dr, (2.7)

и
t

e x(t) =  j  W2(t, r ) v ( r )w 2(t, r)T d r .  (2.8)
to

These form ulae now w idely used are th u s  consequences o f the  expression (2.3) 
for the characteristic function  of X(t) pub lished  firstly  in  1944 in [3].

In  th e  special case of a  linear sy s te m  the infin ite se t of o rd inary  diffe
ren tial equations for the  m om ents of th e  process X(t)  ob ta ined  in [3] is p a r ti
tioned in to  independent sets of finite-order equations for m oments o f various 
orders. In  particu la r we ob ta in  the following equations for the  m om ents o f the 
firs t and  th e  second orders m x and Qx

mx =  a(t) mx +  b(t), (2-9)

Qx =  a(t) Ox -(- 0 xa(t)T - f  c(t) v(t) c(t)T. (2.10)

These eq u a tio n s were independently  o b ta in ed  la ter b y  I). Б . D uncan  [5].

The general s ta tis tica l theory of lin ear system s was given in [6]. This 
theory  w hich is applicable to  any linear system  contains two approaches to  
the  s ta tis tica l s tudy  of linear systems.
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One m ethod  is based on general form ulae for the expecta tion  and  th e  
correlation function  of th e  o u tp u t Y(t):

t
my(t) =  f 9(1’ x )m x{r)dr, (2-11)

to

t V

Ky{t,t')  =  J  I  g(t, r ) K x(r, r ' )g ( t ’, r')T dr d r ' , (2.12)
to to

mx(t) and  K x(t, t') being th e  expectation  an d  correlation fu n c tio n  of the in p u t  
X(t), and  g(t, r) weighting function  of th e  system . These form ulae rep resen t 
now conventional techniques fo r th e  s ta tis tica l s tudy  of linear systems.

A nother m ethod is based  on the th eo ry  o f canonical expansions o f r a n 
dom functions. I f  we represen t th e  inpu t to  th e  system  X(t)  b y  some can o n i
cal expansion

X(t) =  mx(t) +  J ’ F .M «) (2.13)
»=1

or by  an  in tegra l canonical expansion

X(t) =  mx(t) +  J  x(t, X)Z(dX) (2.14)

Vv  V2, ■ ■ • being uncorrelated  random  variab les, Z(A) a stochastic  m easure, 
and  xv(t), x(t, Я) the  respective coordinate functions, we o b ta in  the sim ilar 
canonical expansion for th e  o u tp u t

Y(t) = m y(t) + 2  (2.15)
V=1

or
Y(t) =  my(t) +  |y ( i ,  X)Z(dl)  (2.16)

the functions my(t), yp(t), y(t, X) representing th e  responses o f th e  system to  th e  
inputs mx(t), xv(t), x(t, Я) respectively. They m ay  be calculated b y  using ex p res
sions of th e  form  (2.11), or b y  sim ulating th e  system , or even  by using th e  
system  itse lf feeding it by  th e  respective in p u ts  mx(t), x,(t), x(t, Я).

The la tte r  techniques involve as a special case the use o f  spectral e x p a n 
sions of s ta tio n a ry  random  functions for study ing  stable sta tio n ary  lin ear 
system s [7].*

* See [8, 9] a n d  [10], C h. 13, an d  respec tive  references th e re . See also [11], C h . 7.
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3. Nonlinear system analysis

The generality an d  sim plicity o f the s ta tis tica l theory  of linear systems 
lead to  a  n a tu ra l tendency  to  use i t  for the approx im ate  study  o f nonlinear 
system s. So various ty p es of linearization techniques have been em ployed. The 
sim plest linearization technique is based on th e  Taylor-series expansion of 
nonlinearities [6, 10, 12]. Y et th is ty p e  of linearization is not applicable to  
some typ ical nonlinearities encountered in control system s such as disconti
nuities, satu rations, e tc . S ta tistical linearization techniques are generally  used 
in such cases. This m ethod  was proposed independently  by R. C. B ooton [13] 
and  I. E . K azakov [14, 15] and developed in m an y  subsequent papers which 
cannot be m entioned here individually. So we confine ourselves b y  m entioning 
a recent survey of s ta tis tica l linearization m ethods b y  I. N. Sinitsyn [16] where 
num erous references m ay  be found. W e m ention also the  excellent book by
F. Csáki [17] devoted to  nonlinear problem s of m odern  control th eo ry  where 
the  exposition of s ta tis tica l linearization techniques w ith  detailed bibliography 
is given.

The idea of the  m ethod  of s ta tis tica l linearization is to replace th e  actual 
in p u t-o u tp u t relation for a  memoryless nonlinearity  Y  =  <p(X) b y  an  approx
im ate expression

Y  k 0mx +  kx(X — mx) , (3.1)

k 0 and  k x being some coefficients (m atrices in general) depending on th e  expec
ta tio n  mx and  the  correlation m atrix  K x of the in p u t. The difference between 
K azakov’s and  B ooton’s approaches is th a t K azak o v  uses d ifferen t gains 
k 0, k x for th e  expectation  mx (which is supposed to  be a  signal carrying infor
m ation) an d  for th e  noise X  — mx, while B ooton takes k0 =  k v  T he gains 
k 0 an d  kx are generally chosen so as to  minimize th e  m ean-square erro r of the 
represen ta tion  (3.1). U sing the expression of the form  (3.1) for all nonlinearities 
involved, we linearize th e  system  w ith  respect to  th e  fluctuations only, and 
it  rem ains nonlinear w ith  respect to  signals carrying inform ation, preserving 
hence all specific features of nonlinear systems.

To tak e  into accoun t the deform ation of th e  spectrum  of th e  signal by  
nonlinearity  the  te rm  o f the  form  k 2(X  — mx) m ay  be added to  th e  right 
m em ber o f (3.1) [18].

The m ost general statis tica l linearization techn ique is based  on expres
sions of th e  form (3.1), m x and X  being considered as elements o f a  function 
space an d  k 0, kx as in teg ra l operators.

A nother approach to  approxim ate statis tica l s tu d y  of nonlinear system s 
is based on equations fo r m oments o f  the  ou tpu t. T he simplest w ay to  obtain 
such equations is th e  use of the sta tis tica l linearization  [19]. M ore general

2
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approaches are based on P ugachev’s E q. (1.2) for th e  characteristic  function 
g{X\ t) of the  process X(t).

L et f ( x ; t) be the  (unknown) probability  density  of th e  instan taneous 
value of the  process X(t). Assum ing a  definite functional form  f (x; t ,  a) for 
f(x; t) depending on some unknow n finite-dim ensional vector x  we m ay  always 
suppose th a t  th e  com ponents o f x  represen t the  m om ents of X(t)  u p  to  a  given 
order. Using th en  well-known re la tions between th e  m oments a n d  th e  charac
teris tic  function o f a  random  variab le  we obtain from  (1.2) the  closed finite set 
o f equations

This m ethod was proposed by  У. I . D em ukh [20]. Assuming no rm al f(x; t, x) 
w ith  x  =  (mx, Ox} the  equations for mx and  0 X derived b y  th e  statistical 
linearization m ethod  in [19], are ob tained  as a  special case. So D em ukh’s 
approach leads to  more general an d  more precise results th an  those  obtained 
b y  sta tis tica l linearization.

A sim ilar equations m ay be obtained  for th e  cum ulants o f th e  process 
X(t). Assuming a  definite functional form  f(x; t, ß) fo r the  unknow n probability  
density  f(x; t) depending on th e  set of unknown cum ulants ß u p  to  a given 
order and  w righting </(/; t, ß) for th e  respective function  g(X; t) we ob ta in

This m ethod was proposed by  M. L. Dashevskii an d  R. S. L ip tse r [21, 22]. 
E quations (3.3) are sometimes preferable as com pared with Eqs. (3.2) because 
th e  cum ulants o f higher order are  small. Y et E qs. (3.3) are m ore difficult to  
ob ta in  in an  explicit form th a n  E qs. (3.2). Thus th e  combined m ethod  is per
haps the  best one. This com bined m ethod is based  on using such  /(x; t, x) in 
(3.2) for which all the  cum ulants o f order higher th an  a given num ber are 
zeros. This is equivalent to  th e  closing a tru n ca ted  set of equations for the 
m om ents of [3, 4] b y  the  relations ob tained  by equating  to  zero th e  cum ulants 
o f higher orders [23].

O ther approaches to  th e  approxim ate solution of Eq. (1.2) were devel
oped in [24, 25].
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O ther group o f m ethods for th e  approxim ate sta tis tica l s tu d y  o f nonlinear 
system s — the so-called methods o f equivalent disturbances — was in itiated  
b y  B . G. D ostupov [26] and  developed in various works, especially in [27, 28].

There is yet a w ide class of nonlinear system s th e  precise s ta tis tica l s tudy  
o f w hich can be accom plished by  using  the s ta tis tica l theory  of linear systems. 
This is the  class of system s reducible to  linear ones [8, 9, 29].

A system  is called reducible to  linear one if  its  inpu t-ou tpu t relation has 
th e  form

y{t) =  A<p(t, rv  . . . , r n, ar(Tx).......... x(xn) ) , (3.4)

<p(t, rx, . . .  , тп, x lt . . . ,  xn) being a  fin ite  -dim ensional vector function  of the  
argum ents indicated, an d  A  a linear operator in  th e  space of respective vector 
functions of n  variables rv  . .  . ,  rn. T his class o f  system s covers systems de
scribed b y  tru n ca ted  Y olterra series, cp(t, rv  . . . ,  r n, xv  . . . ,  xn) being the vec
to r  whose com ponents are the p roducts  xv  хгх2, . . . ,  х гх2 . . . x n an d  A  the in
teg ra l operator w ith th e  kernel

The system  described b y  Eq. (3.4) can  be reduced to  th e  linear system  pu tting  

z(t, tv  . . . , rn) =  <p(t, Tj, . . . ,  T„, ^(iq), . . . ,  x(rn) ) . (3.6)

I f  th e  2w-dimensional probability  d istribu tion  o f th e  random  in p u t X(t) is 
given, th en  using well-known form ulae of p robab ility  theory th e  m om ents o f 
th e  f irs t and  second orders for the  random  function

Z(t, Tj, . . . , rn) =  cp(t, rv  . . . ,  xn, Z liq ), . . . ,  X(xn)) (3.7)

can be calculated a f te r  which the  s tan d a rd  techniques of the  linear theory 
yields th e  expectation an d  correlation function o f th e  ou tpu t Y(t). Some special 
system s o f this kind, i.e. systems described by  H am m erstein  operators were 
stu d ied  by  L. A. Z adeh [30, 31]. T he general s ta tis tica l theory o f th is  class of 
system s was given in  [29].* The system s described b y  tru n ca ted  V olterra  series 
were previously stud ied  in  [8, 9]. F u r th e r  developm ent of this th eo ry  was given 
in  [32-37] and in m an y  other works w hich cannot be cited here.

* See also [10], §§ 106, 107 (105-107 in  th e  1st R u s s ia n  edition, 1957).

2*
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4. Linear system synthesis

A m athem atical too l for solving optim ization problem s for d iscrete-tim e 
s ta tio n a ry  linear system s using the  m ean-square e rro r criterion was f irs t  given 
by A. N . Kolm ogorov [38, 39], and independently  som e tim e later b y  N . W iener 
who ex tended  his th eo ry  also to  continuous-tim e s ta tio n a ry  linear system s [40]. 
Some fu rth e r steps were made in [41-45]. The general s ta tis tica l theory  of 
op tim al linear system s using th e  m ean-square criterion was developed in 
[46-49]. The general solutions of optim ization problem s for any lin ear systems 
having any  num ber o f inpu ts and o u tp u ts  were ob ta in ed  in these papers using 
unified m ethod of canonical expansions of random  functions [6, 12] (see also 
[10], Chs. 9, 10, 17; [11], Ch. 14, an d  [8]).*

All th e  op tim ization problem s for linear system s are reduced  to an  
equation  o f the  form

LTK ( г, s) =  cp(t, s), (4.1)

L r being unknow n linear operator on  th e  space o f functions of т m apping this 
space in to  th e  space o f functions o f t, K(x, s) th e  correlation function  of some 
random  function X(t),  and  <p(t, s) som e known function. R epresenting X(t) 
b y  some canonical expansion of th e  form  (2.13) we find  a t the  sam e tim e the  
se t o f linear functionals {/,,} satisfying together w ith  the  coordinate functions 
x„(t) th e  b iorthogonality  condition f„x,j =  dvli. T hen  th e  solution o f  E q . (4.1) 
is given by

=  (4-2)
v=\ JJV

subscrip ts s and  r  indicating th a t  f vS acts on (p as function o f s, a n d  fvr acts 
on functions of th e  variable r. In  special case of sam pled-data sy stem  f,ip (and 
consequently L t) represents the Unear com bination o f the values o f the  func
tion  ip(t) a t  given values tv  . . . , t n o f  t. In  the case o f continuous-tim e systems 
/„ip (and consequently L r) represents th e  integral J  f v{t) xp{t) dt.

The expression sim ilar to  (4.2) m ay  also be ob ta ined  by using an  integral 
canonical expansion of X(t)  of th e  form  (2.14). As i t  was pointed o u t in  [47, 48], 
aU existing techniques for the  solution o f equations o f the  form (4.1) in  a closed 
form  are based e ither in  explicit o r im plicit form  on integral canonical repre
sen tations of random  functions of th e  form (2.14). I t  was also in d ica ted  in [47] 
th a t  th e  theory  developed solves also the op tim ization problem s for Unear 
d istribu ted-param eter system s an d  for systems reducible to  Unear ones (see 
also [29]).

* Note th a t the well-known Karhunen-Loéve expansion is a special case of 
Pugachev’s canonical expansion.
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The extension o f linear op tim ization theory  to  a  class of com plex sta tis ti
cal criteria  d ifferent from  the  m ean-square one was given by  N. I. A ndreev [50] 
(see also [10], Chs. 16, 17).*

An essentially new approach to  linear filtering and  ex trapo lation  theory  
was s ta rted  by R . K alm an  and  R . B ucy [51, 52] who developed th e  m ethod 
leading to  an easily instrum entab le solution. The K alm an-B ucy  theo ry  was 
ex tended  to  the  cases of coloured noise in observations [53, 54], an d  to  distri
bu ted-param eter system s [55-57].

Following K alm an  and B ucy  we consider th e  case in which th e  signal 
W (t) to  be filtered  (estim ated) is determ ined by  a  Unear stochastic differential 
equation  of the form

W =  aW  +  V (4.3)

and  th e  input to  th e  system , th e  observed signal Z(t) is determ ined by

Z  =  bW +  Vv  (4.4)

a an d  Ъ being some definite m atrices (which m ay depend on th e  tim e t), and 
V, V x being uncorrelated  white noises.The optim al system  w ith infin ite memory 
is described in such a  case by  th e  differential equation

W  =  (a — kb)W +  k Z ,  (4.5)

w here W(t) is th e  o u tp u t of the  op tim al system  (i.e. th e  best least-square esti
m ate  of the signal W(t)), and к =  HbTrj-1, H  being th e  covariance m atrix  of 
th e  erro r E(t) =  W(t) — W(t) o f th e  optim al system , and  vx the  in tensity  of 
th e  w hite noise V x(t) (it is essential th a t  vx be invertib le, as is alw ays the  case 
when th e  com ponents of Z(t) are m easured independently). The m a trix  H  is 
determ ined  by th e  R iccati m atrix  equation

H  =  all  +  HaT -  IlbTVi^bll  +  v , (4.6)

w here v is th e  in ten sity  of the  w hite noise V(t). E q u a tio n  (4.5) shows th a t the 
op tim al system  is ob ta ined  by  closing th e  system  form ing the  signal W(t) by 
th e  feedback w ith  th e  m atrix  gain b and  using th e  am phfier w ith  th e  gain к 
in  th e  d irect line.

Sim ilar results are easily ob ta ined  in the case o f sam pled-data system s if 
th e  signal W{t) is determ ined by  a  Unear stochastic difference equation.

The extension o f K alm an’s th eo ry  to  the case of th e  noise V x{t) in  observed 
signal different from  white noise, b u t  shaped from  a  white noise b y  a  Unear

* A t the same tim e this extension was given independently by V. S. Rybakov 
who did not publish his work.
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filter described by differential equations, was ob ta ined  in [54] b y  using the 
system  inverse w ith  respect to  th e  shaping filter for the  noise F 1(<) reducing 
th u s  th e  proplem  to  th e  case of K a lm an  and Buoy.

The m ost convenient w ay to  ex tend  K a lm an ’s theory  to  d istribu ted- 
param eter system s is to  convert th e  equation determ ining th e  signal W (t) 
in to  th e  form  o f E q . (4.3) in a su itab ly  chosen H ilb ert space [57], a, b, Jc, v 
an d  vx being linear operators on th is  H ilbert space in such a  case.

5. Nonlinear system synthesis

T he first nonlinear system  optim ization problem s were n a tu ra lly  raised 
in com m unication th eo ry  as problem s o f minimizing th e  p robability  o f an error 
in  signal detection. T he first results in  th is  were ob ta ined  by  У. A. K otelnikov 
in  his theo ry  of p o ten tia l no ise-stability  of radio-receivers [58, 59]. F u rth er 
results and  the developm ent of th e  general th eo ry  of signal detection  were 
given in num erous works of which we m ention here only [60-63].

Some nonlinear signal estim ation  problem s were solved in  [62-66]. 
In  [62, 63] a s ta tis tica l decision th eo ry  approach to  signal detection  and esti
m ation  was also in itia ted .

To form ulate th e  general p roblem  of optim izing a system  le t r(z, w) be 
th e  average risk (the cost function) associated w ith  the  inpu t z an d  o u tp u t w. 
I t  is often  used in s ta tis tica l decision theo ry  the  u tili ty  function u(z, w) instead 
of the  average risk r(z, w). One of these  cases can alw ays be reduced to  another 
by tak ing  u(z, w) =  r0 — r(z, w), r0 being any  num ber chosen so as to  make 
u(z, w) non-negative for any  z, w. I n  th e  case o f an  au tom atic system  r(z, id) 
(and  consequently u(z, w)) m ay easily  be evaluated  if a loss function  is chosen 
characterizing the  cost o f deviations o f system  o u tp u t w from th e  desired ou tpu t 
w and  th e  conditional d istribu tion  o f th e  desired o u tp u t for any  given inpu t z is 
known. D enoting th e  loss function l(w, id) we o b ta in  the  following expression 
for th e  average risk

r(z, w) =  J  l(w, w)p(chu I z), (5.1)

where p(w \ z) is th e  conditional d istribu tion  (the regular conditional p roba
b ility  measure) of th e  random  desired  o u tpu t W  fo r a  given in p u t z *

D enoting d(w\ z)  the  decision function of th e  system , i.e. th e  conditional 
d istribu tion  (necessarily regular) o f th e  random  system  o u tp u t W  for a given

* F o r  sim p lic ity  w e w rite  p(w  \ z) in s tead  of) m o re  rigorous sym bo l p (A w  | z), Aw  
be ing  a  m easurab le  se t in  th e  space o f  a ll possible o u tp u ts  (i.e. an  e lem en t o f  th e  a p p ro 
p r ia te  u -algebra o f se ts  o n  w hich p(A w  \ z) is defined). T h e  dom ains o f  in te g ra tio n  o f  all 
th e  in teg ra ls  in  th e  seque l rep resen t th e  w hole respec tive  spaces.
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inpu t 2, th e  average risk associated w ith a  given decision function  d and a  given 
input 2 is determ ined by

В(д  I z) =  j r(z, io) d(dw I z) . (5.2)

The problem  of optim izing th e  system  (or th e  decision ru le) is then reduced  to  
finding an  optim al d(to | z).

I f  th e re  exists a non-em pty  set D z o f  values o f to fo r which r(z, to) =
=  in f r(z, у ):

у
D z =  {w\ t(z, tv) =  in f r(z, y)}

У

for any possible input z, th e n  an a rb itra ry  probability  d istribu tion

d0(w I 2) on Dz, 00{DZ I 2) =  1

represents th e  optim al decision function a n d  B(d0 | 2) =  in f  r(z, у ). In  th e  spe-
y

cial case o ften  encountered in  problems o f practice where D z consists of a  single 
poin t to =  tv(z) for any 2, th e  optim al system  is determ inistic an d  not stochastic. 
So s ta tis tica l optim um  system  theory  o ften  leads to  determ inistic o p tim al 
system s.

A nother situation arises when th ere  ex ist no values o f w minimizing th e
average risk  r(2, w) so th a t  in f r(2, y) is n o t achieved for a n y  to. In  such a  situ -

y
ation for an y  e >  0 exist alw ays values o f to for which r(z, to) — inf r(z, y) ■< s. 
An a rb itra ry  probability  d istribu tion  de(tb \ 2) on the se t y

Dsz =  {to : r(z, w) <  in f  r(z, y) +  e}, 
у

öe(Dez I 2) =  1, represents th e n  an  e-optim al decision function , and li(bF | 2) -< 
<  in f r(z, y) -f- e. Hence e-optim al decision functions alw ays exist and can n o t 

у
be unique for any  e >  0. A nd, as one never can indicate ex ac tly  an adm issible 
upper b ound  for e, the adm issible set o f decision functions which m ake th e  
system  a rb itra rily  close to  optim um  is in  fa c t  much wider.

W e see th u s th a t m odern  statistica l decision theo ry  perm its in princip le  
to  find n early  optim al system s in any situations.

The optim ization procedure just o u tlin ed  is based  on the  assum ption  
th a t  r(z, to) is known. B u t i t  is not usually  an d  com pletely known. I t  is o ften  
known only u p  to  certain  unknow n param eters, say is a  defin ite function  o f 
2, tu and  som e unknown finite-dim ensional v ec to r u, r(z, to, u). Thus the o p tim i
zation problem  w ith some degree of u n ce rta in ty  arises. Assuming th a t  th e  
unknown p aram eter и  rep resen ts a realization  of certain  random  vecto r U
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w ith  some p rio r d istribution x(u) (а(и) m ay  be taken as Lebesgue m easure 
in  the case w here all the com ponents of U a re  unknown non-random  q u an titie s  
which can assum e any values [68, 70, 10, § 144]) we m ay average r(z, w, и ) 
w ith  respect to  th e  posterior d istribu tion  co(u | z)\ i.e. to rep lace r(z, w) in (5.2) b y

r(z, w) =  J  r(z, w, u) co(du I z). (5.3)

The u n ce rta in ty  m ay  in  particu lar arise owing to  dependence o f th e  
random  in p u t Z  on some finite-dim ensional random  vecto r U, p(w\  z) d ep en d 
ing on и in  such  a case. G eneral m ethods o f finding o p tim a l systems in  th e  
cases where th e  conditional d istribution o f  Z  is norm al for a n y  given v a lu e  и  
o f U and th e  correlation func tions of Z, W  a re  independen t o f и  were deve l
oped for a n y  loss functions l(w, w) in [67-72]. These m ethods were ex ten d ed  
to  the cases where not on ly  conditional expectations o f Z,  W  bu t also th e ir  
conditional correlation fu n c tio n s depend on  и  in [73-75]. T he general th eo ry  
developed in  [67-75] covers a ll the  sta tis tica l problems o f signal estim ation an d  
signal de tec tio n  and recognition  as well. I t  is also applicab le to  a lo t o f  si
m ilar problem s in other fie ld s such as, fo r instance, th e  problem s of n o n li
near filtering  of random  fields, etc. A ll these general results were ob 
tained  by m eans of the m e th o d  of canonical expansions o f  random  functions 
(see also [10], Ch. 18; [11], Ch. 15). T he extension of th is  theory  to  a  m ore 
general class o f signals w as given in [76] on the basis o f  th e  sim ultaneous 
canonical expansions of tw o  random  functions with the sam e set of coordinate 
functions th e  theory  of w hich  was previously developed in  [12] (see also [77]).

The general s ta tis tica l theo ry  for optim izing  system s reducible to  linear 
ones and, in  particular, sy stem s described b y  tru n ca ted  V olterra series was 
given in [29] (see also [10], § 137). F u r th e r  developm ent o f the  op tim ization  
theory for su ch  systems was given in [33-36 , 78-81] and  in  m any  other papers.

A nother technique fo r solving n on linear filtering problem s was proposed 
by  R. L. S tratonovich [82, 83] who used fo r this purpose h is theory o f condi
tional M arkov  processes.

An ex tension  of th e  K alm an -B u cy  filtering theo ry  to  nonlinear system s 
was given b y  A. N. S h iryaev  and R. S. L ip tser [84-91]. T hey have no ticed  
th a t if th e  signal W{t) to  b e  estim ated is a  subvector o f  th e  vector M arkov 
process determ ined  by stochastic  d ifferen tial equations o f th e  form

W =  a x( t ,  W X)W +  a0(t, W x) +  F, 1
* 1=  \ { t ,  W J W  +  b 0(t, W J  +  v 11 1 >

and the in p u t to  the system  Z(t) =  Wx(t), th en  the process W(t)  is conditionally 
normal, i.e. its  conditional d istribu tion  fo r a  given realization  z(t) of th e  in p u t 
Z(t) (or, as is the  same, fo r a given realization  w^t)  o f W^t))  is norm al. This
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fac t perm its to  obtain  th e  closed equations sim ilar to  (4.5) and (4.6) for the 
firs t and  second conditional m om ents of W(t). These equations rep resen t an 
ex ten tion  o f the  K alm an-B ucy  equations describing optim al system  because 
th e  conditional expectation  of W{t) is just the op tim a l estim ate W(t)  of the 
signal W(t).

A special direction in  statis tica l optim ization th eo ry  is form ed b y  works 
extending  P on tryag in ’s m axim um  principle to  stochastic  optim um  control 
problem s. W e confine ourselves here to  m ention only  the books [92-97] 
where num erous references to  the  original papers a re  given.

6. Learning system theory

T he firs t scientific approach to  processes of learning, self-learning and 
using experience in au tom atic  system s appears to  be m ade by A. Spacek and 
his num erous pupils [98—107]. Their approach is based  on using s ta tis tica l esti
m ation o f unknow n probability  d istribu tions of the signals involved for design
ing algorithm s of learning and  self-learning. R ather general statistica l s ta tem en t 
o f th e  problem  of self-learning of an  autom atic system  was given in  [108], 
where also the  way of its  solution using nonparam etric s tatistica l estim ation  
was indicated . A B ayesian approach to  one problem  o f p a tte rn  recognition 
seems to  be given a t f irs t in [109]. T he general s ta tis tica l theory  o f learning 
an d  self-learning of au tom atic  system s was developed in  [110-114, 75]. In  these 
papers a unified approach to  learning and  self-learning of au tom atic  control 
system s, inform ation processing system s and recognizing systems based  on 
s ta tis tica l decision theo ry  was given. T he concept o f th e  real teacher, i.e. the 
teacher perform ing teaching  processes w ith random  errors, was in troduced  
here an d  some general properties of op tim al Bayesian learning an d  self-learn
ing procedures were studied. There was also given in  [75, 114] th e  th eo ry  of 
learning an d  self-learning processes in  random ly vary ing  environm ent, the  ef
fects of teaching inform ation aging in  such s itua tions were stud ied . F i
nally  some approaches to  estim ate th e  perform ance o f a tau g h t or self- 
tau g h t system  were proposed.

T he possibility of using learning, or self-learning o f a system arises when 
some param eters of a control or inform ation processing problem  are unknow n 
and  e ith er have constan t values or v a ry  slowly enough th a t their estim ates 
were available w ith sufficient accuracy to  be used in  control or inform ation 
processing algorithm s. If, for instance, th e  param eter и  in  (5.3) (or som e of its 
com ponents) rem ains constan t or is vary ing  slowly enough during som e tim e 
of system  operating (or some cycles o f system  operating) then th e  posterior 
d istribu tion  of и  m ay be estim ated m ore precisely if som e additional inform a
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tion, except th e  usual system  in p u t is used. D enoting  the ad d itio n a l inform a
tion  £ we m ay replace the posterior d istribu tion  co(u\z)  when th e  inpu t z only 
is known, b y  th e  posterior d istribu tion  co(u | z, £) when z an d  £ are known. 
Then (5.3) takes th e  form

r(z, £, w) =■ \ r(z, w, и ) co(du I z, £). (6.1)

The additional inform ation £ is called teaching inform ation, th e  system  using 
r(z, £, w) instead  o f r(z, w) in (5.2) is called learning system , a n d  the source 
of th e  additional inform ation is term ed  the  teacher. I f  th e re  is no external 
source of add itional inform ation and  all th e  inform ations £ consist of past 
system  inputs, th en  the system  is self-learning. In  the  case o f a  vary ing  param 
e te r u, co(w I z, £) represents th e  conditional d istribu tion  o f its  value a t  a 
given tim e in s tan t or a t a given cycle of system  operating.

The posterior d istribu tion  co(u | z, £) was eva lua ted  for th e  case of a con
ditionally  norm al in p u t Z  (i.e. conditional d istribu tion  of Z  w ith  respect to  и 
being norm al) in  [111-113] for constant и  a n d  in [75, 114] for varying u.

Some problem s of self-learning of au to m atic  system s using em pirical 
B ayesian approach  were considered in [115-119]. O ther applications of non- 
param etric s ta tis tica l estim ation  to  learning a n d  self-learning system s were 
developed in [120-123].

An im p o rtan t direction in  th e  s ta tis tica l theo ry  of learn ing  systems is 
form ed by  recursive alogrithm s o f learning an d  self-learning. This direction 
was in itia ted  b y  A. Spacek a n d  his pupils [102,104-107,124—126] and contin
ued in [127-138] and  in num erous o ther w orks which canno t be cited here  
individually.

7. Stochastic systems

M odern control problem s especially those concerning large-scale system s 
cannot be solved b y  usual techniques of au to m atic  control th eo ry . In  particu lar 
more general models for such system s th an  those considered in  conventional 
control theo ry  are necessary.

U sual determ inistic models are insufficient and  m ust give th e  way to  more 
general indeterm inistic models. So a stochastic system  seems to  be an adequ
ate  model for rea l complex system s encountered in m odern contro l problems.

A general definition o f a  stochastic system  in term s o f p robab ility  d is tri
butions in th e  space of o u tp u ts  was given an d  some general properties of th e  
class of stochastic system s were studied in [139, 140]. S tochastic  models m ay  
serve to  solve m any  problem s o f large-scale system  control as well as m any ope
ra tion  research an d  system  analysis problem s.



PUGACHEV: A SURVEY OF STATISTICAL CONTROL THEORY 27

In  view of th e  com plexity o f a  general m athem atical descrip tion of a 
stochastic  system  and  th e  lack o f available inform ation for designing general 
stochastic models for real complex system s the necessity  of using som e simpler 
stochastic  models arises. The sim plest stochastic m odel for a  re a l system  is 
represen ted  by  a  norm al stochastic system , i.e. such  stochastic system  whose 
in p u t an d  o u tp u t have norm al jo in t probability  d istribu tion  if  th e  input is 
norm ally  d istribu ted  [141]. The no tion  of the no rm al system  is a  natu ra l 
generalization of th a t  o f the  linear system . The problem  of norm alizing arb i
tra ry  stochastic system s for purposes of approxim ate study  a n d  control- 
system  design n a tu ra lly  arises. The firs t steps in th is  direction were made in 
[142, 143] where a general approach to  the problem  was proposed and  tech 
niques for norm alizing queueing system s were developed.

Num erous new sta tis tica l problem s arise in  stochastic system  theory. 
Some o f these problem s represent a generalization o f  similar problem s arising 
in conventional au tom atic  control theory , and some a re  quite new. T he genera
lization of m ethods o f au tom atic control theory  to  more general situations 
arising in stochastic system  theory  m ay  be based on respective generalization 
o f th e  theo ry  of th e  canonical expansions of random  functions [144].

One of th e  m ain problem s of stochastic system  theory  is th e  problem  of 
designing an adequate stochastic m odel for a real complex (e.g. large-scale) 
system . This problem  is a  generalization of ord inary  identification problems. 
An im portan t special class of stochastic models is th e  class of models described 
b y  stochastic differential equations. T he problem o f identification o f systems 
described by  definite linear stochastic differential equations by ad justing  some 
unknow n param eters  in the  expressions of the coefficients of these equations 
was solved in [145]. B u t th is  problem  is in effect m uch more d ifficu lt in sto 
chastic system  th eo ry  because no t on ly  some param eters in a definite stochastic 
differential equation, b u t an  ad eq u a te  order and form  of this equ a tio n  m ust 
also be estim ated  using operating  d a ta .

W e cannot give here a detailed  survey of w orks in the im p o rtan t field 
o f identification. A very  good tex tb o o k  on the problem s of identification by 
P . E ykhoff [146] perm its us to  confine ourselves here b y  m entioning th is book 
as well as th e  popular book by  N . S. R aibm an and  V. M. Chadeev [147].

One of th e  m ost im p o rtan t problem s of s tochastic  system  th eo ry  is the 
problem  of decision-m aking in control an d  m anagem ent. Thus th e  statistical 
th eo ry  o f decision-m aking processes is now one of th e  m ain parts o f stochastic 
system  theory.

The procedures for finding op tim al decisions ou tlined  in Section 6 are also 
applicable to  problem s o f elaborating decisions m ade b y  men. I t  is only  neces
sary  to  com plete these procedures b y  some techniques for estim ating personal
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subjective probabilities and u tili ty  functions w hich characterize personal 
experience and  ac tiv ity  of each m anager. B ut th is  is a  separate problem  to  be 
discussed. So we confine ourselves b y  mentioning only  the book [148] and the  
surveys [149, 150] w here fu rther references m ay be found.

Concluding remarks

W e outlined here a brief su rvey  of the m ain  directions o f developm ent 
of s ta tis tica l control theory. I t  is easily  seen from  th is  survey th a t  the  Soviet 
scientists as well as th e ir collegues from  H ungary  and  Czechoslovakia have 
b rough t an  essential contribution to  th is  im p o rtan t branch of m odem  science 
w hich covers now th e  great m ajo rity  o f modern con tro l problem s an d  is in fact 
very  promising for fu tu re  studies in  m any other fields.

The au thor begs to  apologize him  for n o t m entioning m an y  interesting 
an d  valuable works. I t  was quite impossible to  p a y  a tten tion  to  all im portan t 
contributions to  th is  v as t field in  a  b rie f paper.

In  w riting th is  survey I  used reviews of various parts of s ta tis tica l control 
th eo ry  prepared b y  А. У. A vtonom ova, It. A. B atarsh in , A. V. Dobrovidov,
I . D . Siluyanova, M. E . Shaikin a n d L . P. Sysoev. To all them  I  express g ra te 
ful thanks. I  th a n k  also E. A. P ukhalsk ii and  I. V. Sinitsyna for assistance.
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1. The significance of cooperation

I t  is very  difficult to  tell, even if re s tric ted  to  a narrow  research field, 
how m uch th e  technical-scientific cooperation w ith  the socialist countries an d  
especially w ith  th e  Soviet U nion  m eant an d  m eans for us.

W e call our age by  rig h t the  age of th e  scientific-technical revolution, 
w ith  new im p o rtan t scientific disciplines developing, w ith  th e  scientific d is
coveries going over w ithin a  re la tively  short tim e into practice forming the  in 
dispensable basis of m odern production processes.

A utom ation  (open- an d  closed loop controls), m easurem ent technique, 
inform ation tran sfer and  processing, com putation  sciences form  an essential 
p a r t of the  scientific-technical revolution. T hough some of th e ir  solutions were 
m et w ith  before, sporadically, th e  nam ed disciplines and  th e ir  engineering 
realizations, developed during th e  last q u arte r of a century  an d  s ta rted  w ith  
th e  in troduction  of transisto rs an d  followed b y  th e  in tegrated  circuits, brought 
abou t revolu tionary  changes, which could n o t have been even followed up w ith 
ou t the  efficient technical-scientific cooperation w ith the  socialist countries 
an d  m ainly w ith  the  Soviet U nion. The resu lts  of the technical-scientific co
operation p erm itted  our cou n try  no t to  be m erely a passive observer, b u t to  
become an  ac tive p artic ip an t in the  revo lu tionary  changes brought abou t 
am ong others in  the  field o f autom ation , inform ation processing and d igital 
com putation.

2. Some results of the multiple socialist cooperation

The socialist countries m ay  be p roud  b y  righ t of having m anaged to  
develop b y  th e ir  technical-scientific cooperation a modern, uniform  com puter 
system , (UCS) called E SR . The family o f machines ranging from  R-10 to  
R-60 has been designed, developed, realized an d  m anufactured  in series produc
tion  w ith  the  partic ipa tion  o f th e  Soviet U nion, Poland, the G erm an D em ocratic 
R epublic, th e  Bulgarian People’s R epublic an d  the H ungarian  People’s 
R epublic, whose experts continue its developm ent and  application  prom otion
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in the framework of numerous consultative and work groups of the In te r
governmental Committee for Computation Technics (see Fig. 1).

Our age may be regarded rightly also the age of space research and space 
navigation. In  these fields the Soviet Union and the  U nited States play the 
leading role, bu t certain research tasks were made available for the scientists

ICCT — Intergovernmental Committee for Computation Technics
CC — Coordination Centre
CCC — Council o f Chief Constructors
M INI CCC — Council of Chief Constructors of Mini-Computers
WGACS — W ork Group of A utom atic Control Systems
WGAEA — W ork Group of Automatized Engineering Activities
TWG — Temporary Working Group
TEG — Temporary Experts Group
TWGAPP — Temporary Working Group for Application Program Packages

of the socialist countries as well by INTERCOSMOS. This union is directed by 
Academician B. N. Petrov , whose ac tiv ity  will be m entioned in the following 
also in o ther respects.

Several new forms of cooperation are practised by  the CMEA member 
countries in the framework of the integration program. Undertakings of a high 
importance are the international economical associated enterprises. E.g. 
INTERATOMINSTRUMENT, founded by Bulgaria, Hungary, the  German 
Democratic Republic, th e  Soviet Union and Czechoslovakia, carries out nuclear 
scientific research, experiments, designs in nuclear-technical activities, IN TER - 
ETALONPRIBOR supplies special measuring means, and standards for the 
research and  planning institutes of the  socialist countries.

The experts of the  Soviet Union and Hungary cooperate closely also in 
the framework of the international scientific organizations. W ith no claim 
to completeness we m ention IF  AC, the  International Federation for Autom a
tic Control, IMEKO, th e  International Congress for Measurement Technics, 
IF IP , the  International Federation for Information Processing and the ac
tivities of th e  International Institute of System Theory in Laxenburg, Austria.
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3. Some results of the bilateral technical-scientific cooperation

Concerning H ungary  th e  b ila tera l technical-scientific cooperation d ev e
loped m ost closely w ith  the Soviet Union. In  th e  following on ly  a  few im p o rtan t 
resu lts of th is form  of cooperation bearing on autom ation , com m unication 
an d  m etrological aspects are m entioned.

The R esearch In s titu te  fo r Telecom m unication developed in cooperation 
w ith  th e  Moscow in s titu te  N U R  th e  m icrowave chain Druzhba covering tw o  
continents. Over th e  8-track w ide channel o f  th e  chain 1920 telephone lines 
can sim ultaneously be used, su itab le  for tran sm ittin g  black-w hite and colour 
television, telex  an d  picture te legraph  signals. In  the  developm ent w orks
G. Bognár, H ungarian  A cadem ician and his coworkers p lay ed  an im p o rtan t 
role.

W ith  a  sim ilar pride and  satisfaction we m ay  m ention th a t  the develop
m en t and  the  delivery of the  au tom atic co n tro l systems serving the Soviet 
oil lines supplying th e  socialist countries have  been realized w ith  H ungarian  
cooperation. We have supplied also num erous fully au tom atized  equipm ents 
for th e  food preserving industries. In  the field  o f vehicle production  we p a r 
tic ip a te  b y  the  supp ly  of in stru m en t panels a n d  car radio receivers produced 
in  long series, in th e  production  o f the “Zhiguli” cars.

The Soviet U nion  took an  im portan t p a r t  in the design and  the supp ly  
o f th e  equipm ents o f the  H ungarian  D anube Iro n  Works a n d  D anube-shore 
Pow er P lan t. A utom ation plays an  im portan t role in b o th  industria l objects. 
W e m ay m ention sim ilarly th e  Tisza-shore Chem ical C om binate, the A lum ina 
P ac to ry  of A lm ásfüzitő, the A lum inium  B last Furnace P la n t o f  A jka and  th e  
D anube Rock Oil E nterprise .

The N ational B ureau for W ate r M anagem ent develops au tom ated  ir r i
gation  system s in close cooperation with th e  Soviet coun terpart Bureau, w ith  
th e  extensive u tiliza tion  of com putation  technics.

The H ungarian  lam p fac to ry  U nited  Incandescent realized the fu lly  
au tom atic  bulb production line w ith  Soviet cooperation. In  th e  construction 
o f th e  M ETRO underground lines and the line autom ation we relied on Soviet 
experiences. M ention m ust be m ade also of th e  developm ent o f  th e  black-white 
an d  coloured TV broadcasting stations, th e  h ig h  capacity rad io  transm itte rs 
an d  th e  erection o f the  te rres tria l follow-up stations of th e  artificial e a r th  
satellites.

4. Cooperation in the research

The Soviet—H ungarian  technical-scientific cooperation contributed to  
th e  developm ent o f th e  netw ork o f H ungarian  research in stitu tes . The Soviet 
an d  th e  H ungarian  b ro ther-in stitu tes carry o u t common research  in num erous
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them es. So th e  Soviet IP U  (Institu te  fo r Control Problem s) and its predecessor 
IAT (In stitu te  of A utom ation  and Telemechanics) and  th e  H ungarian SZTA K I 
(Com puter and  A utom ation  Research In stitu te ) an d  its  predecessor A K I 
(Research In s titu te  for A utom ation) have  m aintained connections fo r several 
years. T he director o f th e  institu te  IP U , Academician V. A. T rapeznikov is 
H onorary  Member of th e  Technical D ep artm en t VI of th e  H ungarian A cadem y 
of Sciences.

A n especially close connection ex ists between th e  in stitu tes IP P U  
(In stitu te  o f Inform ation  Transfer) a n d  T Á K I (Research In stitu te  fo r Tele
com m unication), b o th  o f w hich organize common sem inars in a lte rn a te  years 
in Moscow and  B udapest, respectively. T he director o f  IP P U , Academ ician 
У. I. Siforov is H onorary  Member o f th e  Technical D epartm ent V I o f the 
H ungarian  Academ y o f Sciences.

Academ ician M. V. Keldish, th e  president of th e  Academ y o f Sciences 
of the  U S S R  a t th a t  tim e, H onorary M em ber of the T echnical D ep artm en t VI 
of th e  H ungarian  A cadem y of Sciences v isited  some years ago th e  scientific 
in stitu tio n s o f our coun try . On th is occasion A cadem ician T. E rdey-G rúz, 
H onorary  M ember of th e  Academy o f Sciences of the U S S R  suggested th a t  the 
Sov ie t-H ungarian  scientific cooperation could be made s till  closer by publishing 
common journals. Since th a t  tim e three com m on journals were started . T he first 
was P U T I (Problem y U pravlen iya i Teorii Inform atsii) — PCIT (Problem s 
of C ontrol and  Inform atiom  Theory) in  R ussian  and E nglish , whose Soviet chief 
editor, Academ ician B. N. P e tro v  is H o n o ra ry  Member o f  th e  Technical D ep art
m ent V I o f the  H ungarian  Academy o f Sciences. The jo u rn a l presently appearing 
four tim es annually, en tered  the fo u rth  year of its publication a n d  soonlv 
will appear six tim es a  year (see th e  E d ito rial B o ard  on the in te rn a l title 
page). As a  com plem entary volume, th e  proceedings o f  th e  2nd In te rn a tio n a l 
Symposium  on In fo rm ation  Theory, he ld  in Tsahkadsor, was pub lished  in 
bookform  in 1973. The sessions of th e  E d ito ria l B oard , held twice yearly  in 
Moscow an d  in B udapest, respectively, serve as occasions for discussing actual 
scientific problem s in connection w ith  th e  evaluation o f the  received papers.

From  among the multiplicity of the  scientific connections let us mention 
only th a t  numerous H ungarian research workers contributed papers to  con
ferences, and symposia organized by th e  Academy of Sciences of the  USSR 
and we have also opportunity  to greet a t  our scientific events organized by the 
H ungarian  Academy of Sciences numerous outstanding Soviet scientists (e.g. 
on the V th  Microwave Colloquium, or the  festive session on the occasion of the 
jubilee of the Soviet-Hungarian scientific-technical cooperation).

W e mention here th a t  the activities of the Soviet research workers are 
well known in our country  also by their published books and papers. Several
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Soviet works dealing w ith  our professional field were transla ted  in to  H u n g a
rian, while th e  works o f th e  H ungarian scientists published in foreign languages 
are know n in th e  Soviet U nion and som e o f these were tran sla ted  in to  R ussian  
as well.

5. Cooperation in the field of education

On th e  basis of th e  H ungarian-S oviet technical-scientific agreem ent a 
great volum e of high-level scientific an d  technical knowledge keeps flowing 
into our country , which we are able to  re tu rn  only in a lesser measure. In  addi
tion to  handing over docum entations, an  im portan t contribution is to  be no ted  
in th e  education of experts  as well. A g reat num ber o f H ungarian studen ts 
are learning a t Soviet universities and  colleges, also in  th e  fields of au tom ation , 
com m uniation and  d ig ita l com putation. M any tim es also possibilities were m ade 
available for specific education, which we could have realized only w ith  great 
difficulties, or no t a t  all, by  ourselves. The acquisition of the  professional 
linguistic knowledge is also notable, as it  prom otes th e  possibility o f fu ture 
technical-scientific cooperation.

T he m utual connections between th e  Soviet an d  th e  H ungarian  univer
sities are confirm ed b y  num erous sociahst cooperation contracts. W e m ay 
em phasize especially th e  close contact o f over a decade between th e  Moscow 
U niversity  for E nergetics (Moskovskii Energeticheskii In s titu te , M EI) an d  the  
Technical U niversity  o f B udapest perm itting  not alone th e  exchange o f expe
riences in  th e  field o f teaching and education, b u t also personal connections 
by  m u tu a l visits to  th e  professional counterparts, advancing the  scientific 
cooperation greatly. H ungarian  lecturers partic ipa te  regularly a t  scientific 
sessions organized in Moscow, while Soviet lecturers contribute papers to  
scientific conferences held  in B udapest.

The guidance of diplom a planning studen ts has been in troduced and  is 
becoming ever more frequent. The exchange of guest lecturers s ta rted  as well.

In  addition  to  educating engineers, the  Soviet lecturers and  research 
workers undertook  a  considerable role also in tra in ing  H ungarian  asp iran ts 
(post-graduate students) to  scientific degrees and we m ay  send candidates for 
doctorate as well. Some Soviet postgraduates are being tra ined  in H ungary .

6. Contributions by Soviet research workers to the development
of control theory

M y narrow er research field, contro l engineering an d  its basis, contro l 
theory  look back only to  a  past of a few decades, b u t during  this tim e i t  devel
oped im m ensely and  represents even to d ay  one of th e  m ost rapidly  changing 
disciplines. The Soviet research scientists p layed a  highly im portan t role in



th is  fast developm ent. E.g. th e  cen tral them e o f our days is op tim um  control, 
in  which th e  m axim um -principle developed b y  Academ ician P on tryag in  
(H onorary M em ber of D ep artm en t I I I  of th e  H ungarian  A cadem y of Sciences) 
a n d  his coworkers plays a  decisive role. P a r t  o f the  activ ities o f the  Soviet 
research workers relies on earlier results o f R ussian  research. An example o f 
th is  is the s tab ility  te s t m ethod o f nonlinear system s elaborated  by  the  R ussian 
Academ ician L yapunov  (in 1892) and  perfected  since considerably by  Soviet 
scientists.

In  the  fram ew ork of a  sh o rt paper it  is impossible to  give even a sketchy  
outline of the  resu lts  a tta in ed  b y  th e  Soviet research workers, therefore m erely 
a  few of the  m ost im p o rtan t m ethods m ay be presented mosaic-like here.

6.1. Some results involving linear systems

One of th e  m ost im p o rtan t range of problem s in Unear system s of co n - 
s ta n t, concentrated  param eters is s tab ih ty . M ikhailov suggested in 1938 th e  
following s tab ility  criterion. L e t us s ta r t from  th e  characteristic polynom ial

K(s) =  a0s +  a1sn +  • • • +  On—i s -f* an> ( ^ o ^ O ) .

S ubstitu ting  th e  value s =  jco into th is  characteristic polynom ial a n d  
vary ing  th e  rad ian  frequency со between th e  Umits 0 =  со <  oo, th e  system  is 
stab le  if  and  only  if  the  locus curve K(jco) passes exactly  n  p lane quadran ts 
in  th e  complex p lane (that is, surrounding th e  origin ju st over th e  n  quad
ran ts). I f  K(jcoc) — 0, for a ce rta in  critical rad ian  frequency coc, th en  w ith  
th is  rad ian  frequency  a rem anen t oscillation arises in the  system .

A nother im p o rtan t stab iU ty  testing m ethod  is the so-called D -separation 
perm itting  to  resolve not alone th e  stab ility , b u t  also to  determ ine the  p e r
missible range o f some param eter, usually th e  loop gain.

This m eth o d  was in itia ted  b y  N eum ark and  p ropagated  b y  Meierov. 
L e t D(y, i, v) deno te  a set o f  th e  coefficients, or the  system  param eters, to  
w hich num ber у  o f  negative rea l p a r t, num ber i im aginary an d  num ber v 
o f positive real p a r t  roots o f  th e  characteristic equation o f й -order (y - f  t -f- 
+  v =  n) belongs. E or deciding upon stabiU ty it  m ust be assessed, if a  se t 
D(n,  0, 0) exists, an d  if so, w hich one is it, i.e. which coefficient, or to  which 
p aram eter ranges i t  m ay be assigned.

The stab iU ty  te s t is on ly  simple, if  a single coefficient, or param eter P  
m ay  v ary  freely. In  this case th e  characteristic equation

K(s) =  0
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is w ritten  in  th e  form
Q(s) =  PB(s) =  0 

or

Р = _ ш
m '

A lthough th e  param eter P  m ay  usually  b e  only real, i t  is perm itted  to  
assume com plex values as well. B y  substitu ting  s =jco,  we have:

\ P(ja>) = - Q{jy)
B(jco)

W hile th e  rad ian  frequency  varies betw een the lim its — oo <  со <  oo, 
essentially th e  im aginary  axis o f  th e  complex p lane s is being transform ed b y  
conform al m apping on th e  curve P(jco) of th e  com plex plane P(s). As on running 
over the im aginary  axis in  th e  direction of th e  increasing со th e  left half p lane 
s falls left from  th e  axis, therefore th e  left side o f th e  curve P(jco), i.e. the inner
m ost left side ranges form ed b y  th e  curve P(jco) m ay only claim  the  title  o f 
se t D(n, 0, 0). W h e th e r th e  n am ed  ranges determ ine indeed th e  values ensuring 
th e  stab ility  o f th e  p aram eter P,  o r we have m erely  to  do w ith  th e  set D(fi, i, r) 
ensuring th e  h ighest num ber o f left side roots /1 , m ay be decided b y  assuming 
appropriate P  values and  b y  o th e r tests.

F rom  th e  s tab ility  range enveloped by  th e  curve P(jco) also th e  perm is
sible m axim um  an d  m inim um  values of p a ram ete r P  m ay be assessed.

Meierov stud ied  in  1947 th e  s tru c tu ra l s tab ility  of m ultiloop system s. 
H e established e.g. in a system  w ith  rigid feedback and  consisting of f irs t 
order lag elem ents, whose tran sfe r function is Kj/(  1 -f- sT{); (i =  1, 2 , . .  n),
th a t  only th e  in term ediate  feedback o f tw o f irs t order lag elem ents m ay be 
reahzed b y  a  stabilizing elem ent o f the  tran sfe r function sT/(  1 -f- sT), if th e  
resu ltan t gain of b o th  involved elem ents is to  be increased arb itra rily . N atu rally  
o ther conditions m ust also be m et w ith for ensuring the  stab ility . Meierov 
stud ied  several system s in  d e ta il and  gave th e  stab ih ty  conditions, as found 
in  his book, w hich is tran s la ted  also into H ungarian .

T sypkin an d  Brom berg in troduced  in  1945 th e  conception o f the degree 
o f “s tab ih ty ” . T hey  estab lished  on the  basis o f the s ta b ih ty  criterion o f 
R o u th -H u rw itz  th e  condition, a t  which none o f  th e  left side ro o ts  of the ch ar
acteristic equation  K(s) =  0 approxim ates th e  im aginary axis by  m ore, 
th a n  the value <5, m eaning th a t  even the m ost slowly dam ped com ponent tends 
to  zero, as e~6t, or in  o ther w ords even the  h ighest tim e constan t o f the system  
is lower, th a n  T  =  l/<5.
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The above range o f problem s leads already to  th e  quality  investigation  
o f the linear systems. In  th is  connection th e  trapezoid  ru le  for calculating the  
un it step  response from  th e  frequency function given by Solodovnikov 
(published in  1945, 1948) is of a high im portance. L e t u s approxim ate th e  real 
p a r t Re W ( j c a )  of the frequency characteristic curve W ( j i a )  by trapezoids. 
Be the equ a tio n  of the  i t h  trapezoid approxim ation

Then the i th  component o f the unit s tep  response m ay be expressed in the 
following form:

where ш,- +  A ( =  1 is assumed, x  =  (со,- — d,)/(co/ +  zJ*) =  со,- =  A { and  Si(xi) 
is the so-called integral sinus function:

X

. Г sin coi T 
b i ( x  t ) =  1 — — —  a w .

о

V oronov (1952) uses instead of th e  trapezoid  approxim ation a  trian g u la r 
approxim ation ; in th is case x  =  0 a n d  th e  ith  com ponent of th e  u n it step 
response is

The quality tes t and the optimization is performed often on the basis of integral 
criteria of th e  form

I  =  \  F [ x ( t ) ,  t )  á t  =  min.
6

Kharkevich, Feldbaum , Krasovskii suggested subsequently linear and 
general quadratic integral criteria weighted by time. Letov attained notable 
results in the  analytical design of controllers based on integral criteria.

Recently the sampled-data, discrete-time and digital systems play an 
im portant role in control systems. In  th is respect especially Tsypkin’s oeuvre 
is most notable, who suggested the introduction of a transform ation similar 
to  the г-transformation and  reached numerous excellent results.
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T he sta tis tica l analysis and synthesis m ethods gain  also ever m ore ground. 
The activ ities of Solodovnikov, Pugachev  and K azak o v  m ay be p o in ted  out 
in th is  respect from  am ong the  g rea t num ber o f Soviet research workers. 
(Academician Pugachev is deputy  ed ito r of the com m on journal PCIT.) R aibm an 
a tta in ed  considerable results in th e  field  of s ta tis tica l identification.

A special Soviet school was form ed for the  elaboration  of th e  so-called 
invariance principle. This m ethod is used to  s tu d y  how certain d isturbances 
could be elim inated to ta lly  from th e  control system s. In  th is field th e  works of 
Academ ician K ulebakin , Academician Petrov, K u k h ten k o  and C hinaev m ay 
be distinguished.

In  connection w ith  the varying-param eter system s Solodov’s nam e have 
to  be m entioned, while B utkovski a n d  Egorov perform ed pioneering w ork in 
the  field  o f d istribu ted-param eter system s.

6.2. Some results of the Lyapunov stability test method

T he most im p o rtan t problem o f control system s is stability . T he m ethod 
of th e  R ussian  Academ ician L yapunov developed a t  th e  end  of the la s t century  
m ay be applied to  nonlinear system s.

W ith  the  L yapunov  m ethod th e  stab ility  an d  th e  asym ptotic stab ility , 
respectively, of a system  is evaluated  b y  constructing e.g. a  positive definite 
L yapunov function an d  on the basis o f the  negative sem i-definiteness and  ne
gative definiteness, respectively, of th e  derived function.

Stability theorem. I f  for the nonlinear system  o f те-order w ritten  u p  in the 
form o f th e  vector differential equation

r l v

- —  =  X =  f(x), f  =  (fv  . . . ,  fn)T, X =  (xv . . . ,  х п)т (f =  0, when x =  0) 
at

a continuous and derivable definite function F  =  F(x) m ay be selected  in 
a w ay th a t  its deriva te  w ith respect to  the  tim e

l T ( x ) = ^ =  F(x) =  (V l F)T (V * F )Tf 
di

where
V _  I 3 9 |T

( 9aq dxm ]

is also definite, bu t o f th e  opposite sign, then the  system  is asym pto tically  
stable in a  sm all region around the  origin. I f  the  func tion  IF(x) is on ly  semi-



definite, th en  th e  system  is s tab le , b u t no t asym pto tically  stab le  (however 
— as B arbashin an d  K rasovskii dem onstrated  — if  IF(x) is sem i-definite and 
F(x) =  0 is no tra je c to ry  of th e  differential equ a tio n  x =  f(x), th e n  th e  solution 
is asym ptotically  stable). The global stability , o r asym pto tical s ta b ih ty  means 
th a t  the  conditions are satisfied in  th e  whole phase  space.

Unstability theorem. I f  for th e  nonlinear system  of я -order a  Lyapunov 
function F(x) m ay  be selected, which is continuous and whose derivate  w ith 
respect to  the  tim e IF(x) is negative definite, th e n

a) the  system  is unstable in  th e  finite range, where F(x) is non-positive 
sem i-definite,

b) w ith  th e  extension of tim e th e  deflection o f th e  system  increases beyond 
every  lim it, if F(x) is globally non-positive sem i-definite.

Num erous varia tions of th e  m ethod are know n for eva lua ting  th e  stab i
h ty  in  the  sm all a n d  in  the large. T he greatest problem  is even th e  construction 
o f th e  L yapunov functions. Several procedures for autonom ous system s are 
know n in this respect. R elatively  few theorem s ap p ly  to  non-autonom ous sys
tem s. The lite ra tu re  of the L yapunov  m ethod is v e ry  extensive. Some ou tstan 
ding names in connection w ith th e  L yapunov m eth o d  are Aizerm an, B arbashin, 
Chetaev, D uboshin, Erugin, K rasovskii, L etov , L ur’e, M alkin, Moiseev, 
N em ytskii, Persidskii, R azum ikhin , R um yantsev , Zubov. F o r Unear autono
mous systems, w hen x =  Ax, th e  selection of th e  L yapunov function  is re la
tively  simple. In  th is  case we select the positive definite qu ad ra tic  form of

F(x) =  xTPx

as L yapunov function, where P is the positive definite sym m etric  m atrix. 
T he derivate o f F(x) m ay be b ro u g h t into th e  form  of

IF(x) =  —xTQx
where

Q =  ATP +  PA

TF(x) is negative definite, if  a n d  only if Q is a  positive defin ite  sym m etric 
m atrix .

Perhaps th e  m ost general theorem  for nonlinear x =  f(x) system s is the  
theorem  of K rasovskii. Here th e  positive defin ite  quadratic form
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F(f) =  fT Bf
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is selected as L yapunov  function, whose derivate  is the q uadratic  form

IF(f) =  - f TCf
where

- C  =  JTB +  BJ,

furtherm ore J =  f(V*)T is the  Jaco b i m atrix. H ere

T he quadratic form  TT(f) is negative definite if, and  only if  C is a  positive 
defin ite m atrix.

The m ethod o f A izerm an m ay  also be app lied  often. I f  th e  differential 
equation  of the  nonlinear system  is

i  =  Ax +  g(x)

an d  a  К  m atrix  m ay  be found, w here

g(x) <; Kx

for each com ponent, th en  the linear system

x =  (A K)x

m ay be considered w ith  the  help o f th e  m ethod presen ted  for linear autonom ous 
system s.

In  th e  s tab ility  te s t of nonlinear system s th e  first canonical form o f 
L u r’e plays an  im p o rtan t role. System  equations o f the  form

x =  Ax -f  bgf(u)
T<7 =  С X

m ay  be transform ed b y  th e  coord inate  transform ation

x =  Lz

in  th e  case of d is tin c t eigenvalues in to  the firs t canonical form  of

z =  Sz +  u<7( cr)
Ta =  az .

H ere th e  transfo rm ation  m atrix  L is to  be selected in a w ay to  have on th e  
one hand

L “ 1AL =  S =  diag fo , s2, . . . ,  s„]
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and on th e  other hand
L - 1 b =  u; u =  (1, 1, . . . ,  1)T

where sv  s2, . . sn are th e  d istinct, nonzero roots of th e  characteristic equation 
I A -  Л  I =  0.

F ina lly
aT =  cTL .

In  th is  case th e  L yapunov  function  m ay be selected  (with neglecting a 
term , w hich m ay be rendered  a rb itra rily  small) in th e  form of

V =  zTPz

where th e  p ik elem ent o f th e  m atrix  P  is

Pik =
ai ak 

s i +  sj
Here a,-, ak (i, к =  1, 2, . . ., n) are a t  p resent undeterm ined coefficients. The 
deriva te  of the  L yapunov  function m ay  be brought, w ith  due consideration to  
the  canonical form, in to  th e  form

V =  zT(STP -f- PS)z — og(a) +  [aTz 2uTPz] g(a).

F or V  to  be negative definite, th e  m ultiplier fa c to r of g(a), t h a t  is, the 
expression in the sq u are  brackets m u st be zero. F ro m  this we ob ta in  the 
system  o f quadratic equations

а,- — 2a, ^  = 0 ;  (i =  1, 2, . .  . , n) .
k= 1 si +  sk

The sufficient condition o f the global asym ptotic s ta b ility  is th a t  th e  a,- solu
tions belonging to  th e  rea l (complex) sf roots are also real (complex). L u r’e 
and L e to v  derived several other, so-called secondary stab ility  crite ria  as well, 
which are similar to  th e  above.

6.3. Results in the field of optimum control

Pioneering w ork w as done in th e  field of o p tim um  control especially 
by F eldbaum , P on try ag in  and his coworkers, B oltyanskii, Gam krelidze and 
Mishenko.

T he discussion o f th is  topic in a n y  detail would lead  very far, so we merely 
po int o u t here the form ulation of th e  m axim um  princip le  of P o n try ag in  and 
the  sim ilarity  of the H am ilton ian  equations in m echanics.
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Be th e  differential equation  of the  (n  -f- l)-order of th e  dynam ic system

where f  an d  x  are (n -{- l)-com ponent, u  is an  r-com ponent column v ec to r. 

L e t us form ulate the  H am iltonian function  H\

where

where superscrip t T refers to  th e  transposition .
Be u ( i ) ,  0 < , t < T  a permissible control vector ensuring the a rriv a l of 

the tra jec to ry  x ( i )  from  p o in t x (0 )  into th e  po in t x ( i ) .  The necessary condition 
of u(t) an d  x ( i )  to  be optim um  is the  existence of a  non-zero vector function  
p ( t)  of (n - f  1) continuous com ponents, w hich is also a function  of u (t) a n d  x(t) 
and the  H am ilton ian  function  H{p , x ,  u )  for

(i) should assume in each tim e t th e  m axim um  value (0 <( t <C T)  
a t  u  £ U

u(i)] =  M\f(t ) ,  x(i)]; and

(ii) in  th e  final in s tan t T

p 0(T) <  0; M[V(T), x(T)] >  0

should be satisfied  (generally condition (ii) is satisfied n o t alone for th e  in 
s tan t T,  b u t for any  0 < t < T  in s tan t as well).

Remark. In  the  above vector equations th e  op tim ization condition 

J  — \  /o[x (0> u(#)]dí =  x 0 =  m in
appears in  th e  form:

E.g. if /о =  1, th en  th e  sh o rtest conversion period is to  be found

J  =  T  =  m in.



The P o n try ag in  principle gives a very  general form ulation of th e  optim um  
problems in contro l system s, involving possib ly  not alone system s of optim um  
transition  periods, bu t also o th e r optim um  system s m inim izing some in tegral 
criterion, or a n y  other system s.

The P o n try ag in  principle is a re la tive ly  new principle, b u t the  num ber 
o f scientific publications re la ted  to  it am oun ts already to  several hundreds, 
dealing m ain ly  w ith  the s tu d y  o f optim um  tim e system s an d  only in  a  lesser 
measure w ith  o th er optim um  systems. T he g reatest problem  seems to  be how 
fa r the so-called switching hyper-surface can  be also given in a closed form , 
when the  expression of the  function  is re la tiv e ly  complex, rendering th e  p hysi
cal realizability  questionable. P a r t  of the stud ies sets th e  aim  o f approxim ating  
these sw itching hyper-surfaces to  p ractically  simpler realizable planes, or 
surfaces.

N um erous papers were published in  th e  literature po inting ou t th e  re la 
tionships betw een  the m axim um  principle, th e  classical calculus of varia tion  
and  dynam ic program m ing (in th is respect th e  series o f artic les b y  R osenauer 
deserves to  be emphasized). T he m axim um  principle and  th e  dynam ic p rog ram 
ming form th e  basis of one o f  th e  most im p o rtan t chapters in  control sy stem s 
and  we m ay  coun t righ tfu lly  on the appearance of m an y  more publications 
and  papers in  th e  years to  com e, related  to  th is  range o f problems.

6.4. A  few other results

In  nonlinear control system s several m ethods were developed showing 
a  certain a ffin ity  to  nonlinear oscillation th eo ry , b u t a tta in in g  their full devel
opm ent specifically in con tro l systems. Such is e.g. th e  harm onic linearization 
method, in itia te d  by K ry lov  an d  Bogolyubov. H arm onic linearization, know n 
also under th e  nam e of the  “ m ethod  of th e  describing functions” assumes sinu
soid oscillations in the in p u t o f the  nonlinear element an d  takes only fu n d a
m ental on th e  o u tp u t of th e  nonlinear e lem ent, neglecting th e  upper harm onics. 
As the o ther linear parts o f  th e  control system  are generally  of a  low-pass 
filter character, this approxim ation  leads o ften  to  very  good results, especially 
in  the eva lua tion  of the s tab ility , or the lim it cycle, respectively. The spreading 
of harmonic linearization is due  to  the fac t th a t  it perm its essentially th e  calcu
lation w ith  th e  equivalent linear system , i.e. the application  of certain  well- 
known m ethods of the Unear control system s to  nonlinear system s.

Be th e  function of th e  nonhnear elem ent у =  f(u), where у  is th e  o u tp u t 
signal, и th e  in p u t signal. I f  th e  la tte r is a  harm onic signal:
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u(t) — В  sin  cot,



th en  th e  o u tp u t signal is

y(t) =  A 0 +  J ?  (An cos ncot -f- B n sin cot)
П = 1
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where A 0; A n, В n (n =  1, 2, . . .) a re  th e  coefficients of the  F ourier series. 
In  th e  harm onic linearization only th e  constan t coefficient an d  th e  funda
m ental is tak en  in to  account. So th e  o u tp u t signal is approx im ated  by the  
relationship

y(t) ^  A 0 +  q(B) В  sin  cot - f  q'(B) В  cos cot.
H ere

2 л

A g = -----  f ( B  sin  cot) d cot,
2n J

о

q{B) f ( B  sin cot) sin cot dco t ,

q \ B ) l
7lB

2л
j / < *  sin cot) cos cot d cot. 
0

The describing function itself is:

N { B ) = q { B )  +jq ' (B) .

The lite ra tu re  dealing w ith th e  m ethod o f th e  describing functions is 
very  extensive and  even in recent years there ap p ear new and  new  papers 
discussing individual variations of th e  m ethod (see e.g. th e  book o f Popov 
an d  Paltov).

A w idespread m ethod  of the linearization in  th e  tim e dom ain similarly 
to  th e  harm onic hnearization  is the  so-called s ta tis tica l linearization. W ith  this 
m ethod  a  sta tis tica l in p u t signal is assum ed, regarded  generally to  be of the 
norm al Gaussian distribu tion . Also th e  o u tp u t signal is of norm al d istribu tion  
an d  on th e  basis of b o th  signals e.g. an  equivalent linear gain m ay  be assigned 
to  th e  nonlinear elem ent. N aturally  o th e r characteristics m ay additionally  
be defined as well, b u t m ost frequen tly  th e  linearized gain is used.

Be (in th e  sim plest case) the func tion  у  =  f(u) o f the  nonlinear element 
an  odd equivalent function  and th e  in p u t signal u(t) a  s ta tio n ary  stochastic 
signal w ith  zero expected value:

M[m(í)] =  0.
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T he real stochastic signal y(t) m ay  be approx im ated  by an ideal signal i(t) 
rendering the m ean square of th e  difference of b o th  signals m inim um :

М{Ы*) — í(<)]2} =  m in.

According to  the  m ethod  of the  sta tis tica l linearization

i(t) — K su(t),
and  th e  equivalent gain is

j  uf(u) p(u) du

K s =  — „-----------------
J  u2p(u)du

where in the  case o f a s ta tio n ary  process th e  probability  d en sity  function 
p(u) o f the input signal u(t) is tim e-independent. In  connection w ith  th e  s ta tis ti
cal linearization th e  nam e of K azakov  m ust be m entioned in th e  first place.

A nother range of them es in th e  field of nonlinear control system s devel
oping greatly  is extrem um  control, or optim um  search m ethod, as it is also 
called. Here essentially  the finding of the ex trem um  of a nonlinear single
valued function is involved. The task s  m ay be classified in two groups: on th e  
one han d  to  various m ethods for determ ining th e  gradients an d  on the o ther 
han d  to  steps tow ards the  ex trem um  value. These la tte r  tasks are often  called 
also “ hill climbing m ethod” . The m ost frequently  used processes are th e  G auss- 
Seidel m ethod, th e  gradient m ethod  and the m ethod  of the steepest ascent or 
descent. This range o f problems has an  ample lite ra tu re  extending no t alone to  
theoretical considerations, bu t also to  the  possibilities of p ractical realization. 
In  th is connection we refer to  th e  work of F eldm an , K rasovskii and  others.

The m ethods o f optim um  search form a subgroup of the ad ap tiv e  system s 
of varying structu res. This la tte r  range of problem s is in the centre o f the  a t te n 
tion o f the  control engineers, as shown also b y  th e  great num ber o f publica
tions related  to  th e  adaptive system s. F rom  am ong the Soviet scientists 
T sypkin a tta in ed  excellent results, especially in  th e  field of th e  stochastic 
approxim ation. Academ ician P e tro v  and  his school atta ined  rem arkable results 
in  th e  field of th e  adaptive control o f flying bodies.

Concerning th e  system s o f vary ing  s tru c tu re  th e  activities o f Em elyanov 
are outstanding.

An extensive research work is pursued also in  the  field of com puter-aided 
design and com puterized production  control. In  the  former field  Academ i
cian Gavrilov, in th e  la tte r the  nam e of Em elianov is to  be m entioned.

The recently  deceased Academ ican Sotskov deserved undy ing  m erits 
in  th e  elaboration o f apparatuses based on new principles in physics.
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7. Conclusions

The preceding could be b y  necessity m erely a  schem atic su rvey  of some 
o f th e  more im p o rtan t results of socialist and specifically of th e  Soviet-H un- 
garian  technical-scientific cooperation, the forms o f th e  various level connec
tions and  some m ethods in ind iv idual fields of au tom ation , instrum ent technics, 
com m unication an d  com putation sciences.

In  the age o f th e  technical-scientific revolution, where the tim e factor is 
o f decisive im portance, th e  perfection of the technical-scientific cooperation, 
th e  developm ent o f new forms an d  modes of th e  sam e is an indispensable 
necessity.

On the basis o f th e  experiences gained in  cooperation over 25 years it 
m ay be rightfully  expected  th a t  th e  Sov ie t-H ungarian  technical an d  scientific 
cooperation will develop fu rther, th e  connections become ever closer, the 
exchange of experiences and  th e  com m on research o f th e  Soviet an d  th e  H un
garian  research workers will p rom ote th e  growth o f th e  scientific, technical and 
economical po ten tia l o f our countries.

W e believe th a t  th e  Academies of Sciences o f the  Soviet U nion  and 
H ungary  m ay p lay  an  im p o rtan t role in developing the  technical-scientific 
cooperation fu rther an d  in creating closer and still more active m u tu a l con
nections.

F . Csáki
D epartm en t of A utom ation
Technical U niversity  o f B udapest
H - l l l l  B udapest X I., G oldm ann Gy. té r 3.
H ungary
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The state-of-art and major problem s of the multi-objective decision
making theory and methodology are discussed. A classification is proposed o f 
multi-objective problems and methods o f th e ir solution. Major difficulties involved 
into justification of decision methods for multi-objective problems are treated . 
Various approaches to  construction of decision rules, their advantages and dis
advantages are analyzed. Consideration is given to new approaches to the devel
opment of decision procedures for multi-objective problems.

Introduction

I t  is a  well-established fac t now th a t  fo r th e  m ajority  o f practically  sign i
fican t decision problems th e  quality  of decision cannot be es tim ated  by a  single, 
scalar-valued param eter. In  such situations one has to  es tim ate  and com pare 
alternative courses of ac tion  w ith  respect to  q u ite  a few crite ria , i.e. one m eets 
w ith  m ulti-objective decision problems (decision-m aking u n d er a  vector-valued 
criterion) [1 — 6].

N ecessity  to  solve com plicated p ra c tic a l m ulti-objective problems a n d  
in terest in th e  theoretical aspects involved in to  them  led to  extensive develop
m ent of stud ies in this field. M ethods were proposed  to  solve particu la r problem s 
based on various assum ptions and  various k in d s of inform ation; com prehensive 
m athem atical h tera tu re  also exists deahng  w ith  m ulti-objective problem s.

H ow ever, in spite o f th e  great nu m b er o f  publications on m ulti-objective 
problems, p resen tly  there  is no form alized decision m eth o d  which could be  
applied to  a  wide varie ty  o f practical ta sk s . M ajor d ifficu lties involved in to  
developm ent o f such m ethods are due to  th e  fa c t th a t  m ulti-objective decision 
problems are ill-structured  [7]; and to  fo rm ahze them  successfully, one has to  
allow for m an y  factors from  the m easurem ent theory, sociology, psychology 
and  other disciplines. I f  one neglects th ese  factors in formalizing decision 
problems, th is  would inev itab ly  say on th e  decision-m akers’ a ttitu d e  to w ard s 
recom m endations given on th e  basis o f th ese  formalized m ethods, th u s d e
valuating  them .

4*
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A g re a t num ber o f w orks was pub lished  recently discussing various th e o 
retical, m ethodological a n d  practical aspects of decision-m aking in  m ulti- 
objective problems. The volum e of publications grows dram atically , th e  p e r 
centage o f theoretical w orks is m uch g rea te r th an  th a t  of announcem ents 
about successful apphcations of the p roposed  m ethods. M any publications on 
solution o f m ulti-objective problems do n o t indicate appropriate  conditions 
and areas o f application. S till more and  m ore new m ethods are proposed dealing 
w ith p a rticu la r and specific situations an d , thus, m aking i t  impossible to  d raw  
some conclusions and m ake generalizations characterizing problem s/classes of 
problems u n d er consideration.

An essential p a r t o f pubhcations on m ulti-objective problem s is d iscussed 
in surveys [4—6,8 — 10]. T he papers analyzed, as well as th e  surveys them selves, 
however, do  no t give a well-defined te s t  for complete a n d  consistent classifi
cation o f decision m ethods for m ulti-objective problem s. The present p ap e r 
attem pts

— to  propose such a  classification;
— to  discuss w ithin its  fram ew ork some typical m ethods;
— to  estim ate th e ir  possibihties, advantages an d  disadvantages; an d
— to  contem plate possible ways to  im prove them .

Classification of decision methods for multi-objective problems

The m ulti-objective decision problem s considered in  th e  literature belong 
usually to  one of the following three categories:

1) identification o f th e  set of non-inferior elem ents (Pareto set);
2) identification o f th e  most preferable alternatives;
3) ordering  of the feasible a lte rna tive  set in the decreasing order o f p re 
ferences.
The basic elements o f  m ulti-objective problems w hich in the m a jo rity  

o f publications are tak en  in to  consideration to  some degree of detailing  a n d  
justification are as follows:

— se t o f feasible a lternatives;
— se t o f criteria;
— preference judgem ents of the decision-m aker; an d
— decision rule.
In  accordance to  th e  above, the m ulti-objective decision problem s m ay  

be classified as follows:*

* O ur references do n o t com prise  all k n o w n  pub lications, b u t  a re  o f ra th e r  i l lu s t r a 
tiv e  n a tu re .
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— problem s w ith a prescribed set of feasible a lternatives [11] and  w ith  
feasible a lternatives generated during decision-m aking [12];

— w ith  fin ite [13] or in fin ite  [14] set o f feasible a lternatives;
— w ith  prescribed set o f criteria [15] and w ith  crite ria  generated  

during decision-m aking [16];
— w ith  analy tical [17] an d  non-analy tical [18] criteria;
— w ith  decision-m aker’s preference judgem ents expressed as num erical 

estim ates [19] or in some o ther form [20]; an d
— w ith  a  given decision rule [21] an d  with th a t  constructed  during  

decision-m aking [22].
A v ery  g reat diversity  o f m ulti-objective problems stem s from the  possi

b ility  of having various com binations of classifications. T he theory  an d  a p 
proaches to  problem s of various kinds are e laborated  to  d ifferen t degrees.

I t  is reasonable, in analyzing the p resen t s tatus a n d  m ajor problem s 
involved in to  th e  developm ent o f the  decision theory  and  m ethods for m u lti
objective problem s, to  use as basic a ttrib u te s  for classification the principles 
and  procedures underlying decision rule construction. W ith  this approach , 
classification will be carried o u t w ith respect to :

1) construction principles:

— axiom atic principle o f decision-rule construction w here either decision 
rules, or some assum ptions enabling their construction are  postu lated  [23];

— heuristic principle o f construction based  on non-form al considerations 
and  peculiarities of particu lar problems, w ith o u t any explicit axiom atics [24];

2) construction procedures:

— one-step m ethods b u ilt around single application o f a postu la ted  or 
constructed  decision rule [15];

— m ulti-step  m ethods based on m ultip le application  of a  decision 
rule(s) generated  as problem  is being solved [22].

One-step methods

Among m ulti-objective decision problem s discussed m ost frequen tly  
there is th a t  of identifying a se t of non-inferior alternatives (Pareto set) [15], 
firs t fo rm ulated  in economics [25] for com parison of preferences given to  
various sets of goods.

The problem  of identifying the  non-inferior a lternative  set was posed in  
the  operation research theo ry  [1] and in th e  optim al contro l theory  [3] owing



to  the em ergence of m ulti-objective problem s and  the criticism  levelled against 
concepts based  on scalar-valued criteria.

In  identifying a non-inferior a lte rn a tiv e  set, i t  is u sually  assum ed th a t  
alternatives is characterized by и-dim ensional vec to r x  — (aq, x2, . . . ,  xn) 
whose rea l com ponents a re  values of и param eters. A lte rn a tiv e  q is e s tim ated  
by  m -dim ensional vector

f(x)  =  (fi[x), f%{x).......... fm (x)),

where /;, i  =  1 ,2 ,. . . ,  m,  are  given re a l functions o f x ■ A lternative ж0£ Y  
(where Y  is subset of m -dim ensional E uclidean  space R m) is non-inferior w ith  
respect to  f(x)  if  and only if  th e re  is no a lte rn a tiv e  x  in Y  such  th a t  /Да;) ]>  /Да;0),
г =  1, 2......... m,  a t  least one o f the inequalities being s tr ic t, i.e. th ere  is no
alternative more prefereable th a n  a;0. O th er term s s tan d in g  for “non-inferior” 
are “non-im provable” [17] an d  “effective”  [26].

The notion  of o p tim a lity  under vector-valued  crite rion  is in troduced  
in  [3]: a lte rn a tiv e  a;0 £ Y  is referred to  as op tim al in  Y  w ith  respect to  f(x) 
if  /Да;0) /Да;), i  =  1, 2, . . . ,  m  for all x  £ Y.  I t  follows from  the op tim a lity
of x° th a t  i t  is non-inferior. The reverse sta tem en t, generally  speaking, is no t 
valid. H ow ever, if  f(x) is a  scalar function, these notions coincide.

Z adeh [3] indicates th a t  the  set o f  all non-inferior points lying in  the  
boundary o f Y  m ay be o b ta in ed  by determ in ing  op tim al points in Y  u nder 
weighted scalar-valued criterion

m
fix,  a) =  2 x t f t ,

i=l

where a,- are non-negative re a l num bers.

I t  is shown in [26], however, th a t  coefficients ос,- sh o u ld  be stric tly  posi
tive; otherw ise, “ false” non-inferior po in ts  m ight be ob tained .

The problem  of finding all non-inferior (effective) alternatives was te rm ed  
th e  vector m axim ization problem  [27]. Some of th e  pap ers  regard vec to r 
m axim ization (or optim ization) as im plying also separation  o f the m ost p re 
ferable a lte rn a tiv e  from a  se t o f non-inferior ones [15, 17]. V ector op tim ization 
has th e  m ost n a tu ra l m athem atica l form ulation , in co n tra s t to  o ther m u lti
objective problem s necessarily requiring allowance for non-form al, m eaningful 
considerations.

The v ec to r m axim ization problem  is form ulated  in  [27] as follows: 
vector function  V[x) over R n is considered u n d er restric tions §(x)  0, x  € Y
where Y  is an  isolated a n d  convex set. Com ponents o f functions ^(x)  and
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§(x)  are assum ed to  be concave functions of x. V ector x° satisfying restrictions 
(feasible vector) is an effective decision if  there is no  other feasible vector x  
for w hich И(ж) ]> ^)(ж°). T he well-known K arlin  lem m a [27] establishes rela
tio n  betw een th e  vector m axim ization problem  an d  th e  param etric  one: if x°
is a  non-inferior (effective) point, th e re  exists v ec to r a  =  (ccv  cc2, . . a n)

m
having com ponents a,-^>0 an d  satisfying equality  а,- =  1 such th a t  over the 
set o f all x  satisfying restric tions о?(ж) )> 0, x £ Y ,  function g(x) =  (а, ^(z)) 
has m axim um  in x =  x°. Necessary a n d  sufficient existence conditions for 
non-inferior points are form ulated in  a  theorem  b ased  on th is lem m a. As it 
was shown in [28], x° £ К  is an effective solution o f  th e  linear v ec to r m axim i
zation problem  if and  on ly  if x° is th e  m axim al so lution of a  corresponding 
linear param etric  problem  for some v e c to r  p aram eter t >  0. B y m eans of this 
theorem , th e  linear v ec to r op tim ization  problem is reduced to  a  param etric 
problem  of linear program m ing. This enables the s tu d y  of the com plete set of 
non-inferior alternatives an d  characterization of each  o f them  b y  a  correspond
ing p aram eter vector.

Identification  of th e  non-inferior alternative se t is usually regarded as 
th e  firs t s tep  tow ards identification o f th e  most preferable a lternative  [3,15,21]. 
Zadeh [3] draws a tten tio n  to  the fac t t h a t  this m igh t be done e ith e r by  in tro 
ducing a  scalar-valued criterion over th e  set of non-inferior a lternatives, and 
no t necessarily over Y  (such a criterion is used, e.g., in  [29]), or b y  th e  random  
choice. However, if we decide upon th e  random  choice of the m ost preferable 
a lte rn a tiv e  th a t  is based on th e  assum ption  of the  decision-m aker’s indifference 
to  th e  choice between non-inferior alternatives, th is  would im ply p u ttin g  the 
end  to  an y  fu rth e r analysis of th e  problem . A ctua lly , in situations where 
add itional inform ation ab o u t non-inferior a lternatives is lacking, i t  is more 
reasonable to  en tru st th e  decision-m aker with th e  fin a l choice o f th e  m ost p re
ferable one. T or the  tw o-criteria case, [8 ] recom m ends to  plot curves enabling 
decision-m aker to  m ake th e  final choice.

I t  ought to  be n o ted  here th a t  iden tification  o f th e  non-inferior alterna
tive  se t m akes it  possible to  identify th e  most preferable a lternative , b u t does 
n o t enable linear ordering of the s e t  o f  feasible alternatives. W ith  one-step 
m ethods, ordering of feasible a lte rn a tiv e  set is based , as a rule, on  introducing 
global criteria defining perfect-order relation over this set. Such criteria 
enable also identification o f the m ost preferable a lternative  b u t  inform ation 
used to  th is end  m ay tu rn  out to  be redundan t.

B o th  in  problem s o f iden tification  of the m ost preferable course of action 
an d  in those of linear ordering of feasib le a lte rna tive  set, global criteria  have 
th e  form  o f functions o f  estim ates w ith  respect to  th e  scales o f  all criteria



(“ criteria convolution” [30, 31]):

u(x) =  u f j^x) ,  f2(x)..........f m(x) ) . (1)

The m ost exhaustive list o f all global c rite ria  (“ compromise schemes” ) 
is contained in [32].

The following function is a  typ ical example o f global criterion:
m

2  [< * /(* ,* -  X i j ) f  ( 2 )
i= i

w here x* is “ ideal” [15], “o p tim a l” [14] or “ requ ired” [33] estim ate w ith  
respect to  the  scale o fy th  criterion;

Xij is norm alized estim ate o f i th  a lternative  w ith respect to  the scale 
o f j t h  criterion;

xj  is re la tive im portance fac to r (“w eight” ) o f j t h  criterion; and
S  is an  index enabling generation of d ifferen t decision rules.

I t  is assum ed th a t  by  tak in g  corresponding values of xj  a n d  S  one can 
ob ta in  different decision rules a n d  choose from th em  those corresponding to  
a  problem  a t hand . In  fact, th e  choice and justification  of these  values are, 
in th e  m ajority  o f problem s, as d ifficult for the  decision-m aker as the d irect 
choice of the  m ost preferable a lternative . In  a num ber of pap ers [15, 33], 
a  s ituation  is discussed where th e  decision-m aker has to  choose from  a set o f  
decision rules one w hich best corresponds to  his understanding  o f th e  problem. 
In  doing so, “ a rb itra ry  rule is transferred  from  one instance to  another” , 
as in  [34] is noted.

W ith  application  of a global criterion, one m eets with th e  problem o f 
choosing a principle for reducing scales of all crite ria  to  a single scale (“norm a
lization of criteria” ) and  with th e  problem  of choosing a way to  allow for their 
re la tive  im portance. Borisov [15] gives some recom m endations contributing 
to  th e  solution o f these problem s. However, th e  m ethodological difficulties 
involved into the  application o f g lobal criteria are exterem ely g reat.

A nother group of g lobal-criteria-oriented m ethods is based on  the  u tility  
th eo ry  [23, 35, 36]. This theory  has shown th a t if  a  decision-m aker acts on 
th e  basis of certain  assum ptions, over the  set of feasible a lte rna tive  outcomes 
a  u tility  function m ay  be constructed  mapping th is  se t in th a t o f re a l numbers. 
S ta ted  differently, th e  u tility  func tion  is a w ay to  consistent description o f 
decision-m aker’s preferences by  m eans of the real num ber scale, provided th a t 
his preference judgem ents are consistent with th e  assum ptions o f the  u tility  
theory .
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T he u tility  th eo ry  perm its to  represent the  global criterion in th e  fol
lowing form :

u(x) =  «(«it/jia:)], u2[f2(x)], . . ., um [fm(x)]), (3)

where it is a u tility  function  over th e  vector estim ate  set, and uv  it2, ■ . u m 
are u ti li ty  functions o f criteria f v  f2, . . .  , fmt respectively.

T he m ost im p o rtan t notions o f th e  u tility  theo ry  as applied to  m ulti
ob jective decision-m aking are those o f criterion independence and  ad d itiv ity  
[37-44]. The criterion independence requirem ent boils down to th e  fac t th a t  
estim ates w ith respect to  the scale o f each criterion m ay be ordered b y  the 
decision-m aker independently  of th e  estim ates w ith  respect to  th e  scales of 
o ther criteria. Hence, if  for m — 2 decision-m aker prefers estim ate (aq, x2) to  
(aq, y2), th e  independence condition requires th a t  estim ate  (yv x2) should be 
preferred  to  (yv y2) fo r any  y v

F ish b u rn  [37] gives definitions o f criterion independence an d  u tility  
function  ad d itiv ity  based  on the  decision-m aker’s indifference judgem ents 
about th e  choice betw een specially com posed lotteries. Some tests for add itiv ity  
are given in [37-40] an d  generalized in [41].

T he following add itive  function

Ф )  =  ^  kiUi[fi{x)] (4)
i=i

is th e  sim plest form  o f th e  u tility  function where Zq are factors o f criterion 
re la tive im portance.

F o r cases w here th e  assum ption about u tility  function ad d itiv ity  does 
not hold, a m ethod  for comparison o f alternatives using quasi-separable 
(quasi-additive) u ti li ty  functions is proposed [42]. F o r the two-dim ensional 
case, quasi-additive u tili ty  function u(xv x2) is proved  to  have, under a num ber 
of assum ptions, th e  following form

u(xv  x2) =  iq(aq) +  u2(x2) +  ku^x^u^x^ )  (5)

where constan t к should  he determ ined  em pirically. Existence assum ptions 
for th is  u tility  function  are less restric tive  th an  those for additiv ity . The add i
tive u tili ty  functions m ay  be easily shown to be a special case o f th e  quasi
additive function.

M ultiplicative u tili ty  functions are discussed in [43, 44]. The la tte r  paper 
points o u t th a t  in a  num ber of p a rticu la r problem s m ultiplicative u tility  
functions enable approxim ation o f ex p e rts’ u tility  estim ates w ith  accuracy 
close to  th a t  of ad d itiv e  functions.
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Sometimes, m ulti-objective decision-m aking reduces to  linear [14], 
quadratic  [45], discrete [46] or geom etric [47] program m ing. Com plexity of 
th e  m athem atical apparatus used  in  these problem s does n o t reduce difficulties 
involved into th e  su bstan tia tion  o f the  global criterion, choice of criterion 
re la tive im portance factors, etc. F o r exam ple, in  [14] the  squared  distance 
betw een an a rb itra ry  point characterizing an  estim ated  a lte rn a tiv e  and  some 
“ optim al” po in t (quadratic function) is tak en  as th e  global criterion. The prob
lem  boils down to  finding an  a lte rna tive  m inim izing this distance. The global 
criterion in [14] is chosen, however, for m athem atica l convenience of studying 
th is  problem  an d  has no ev iden t m eaningful justification.

M ulti-step methods

The d isadvantages of one-step  decision-m aking m ethods led  to  th e  devel
opm ent of new approaches based  on more deta iled  analysis o f  m ulti-objective 
problem s. The m ost im portan t elem ent of such an  analysis is gathering and  
use o f additional inform ation required  to  su b stan tia te  decision rules coordi
n a ted  w ith decision-m aker’s preference judgem ents and  assum ptions m ade. 
W ith  one-step m ethods, such an  analysis is carried  ou t only partia lly , if any.

Presently , th e  m ulti-step decision-m aking m ethods are w eighted m ostly 
tow ards combining m athem atical models w ith  inform ation ob ta in ed  from  the  
decision-maker. Such an approach  enables one to  develop ite ra tiv e  procedures 
using obtained inform ation for construction an d  fu rth e r updating  o f th e  model.

One of th e  f irs t  and m ost in teresting approaches in the  field  of m ulti-step 
m ethods is th e  successive concession m ethod suggested in [1] an d  developed 
in  [48-50].

W ith  application  of th e  successive concession m ethod, all criteria 
f v  / 2, . . ., fm are placed in decreasing order o f im portance. F o r sim plicity, i t  is 
assum ed th a t  estim ates w ith resp ec t to  all crite ria  should be m ade m aximal.

The search algorithm  for finding the  m ost preferable a lte rn a tiv e  is as 
follows. F irst, a lte rna tive  xv  op tim al w ith  respect to  criterion f v  is looked for. 
N ex t, a “ concession” Af1 is m ade defining losses tolerable w ith  respect to  th is 
criterion and  leading to  a b e tte r  resu lt w ith  respect to  the scale o f th e  second 
im p o rtan t criterion /2. Then a lternative  x2 is found, op tim al w ith  respect to  
criterion /2 u nder additional restric tion

/1(^2) ^  /1* -  Л/ i .

where /* is th e  m ost preferable (maximal) es tim ate  w ith respect to  criterion 
scale.
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N ext, “ concession” Af2 is m ade defining losses w ith  respect to  the c rite 
rion  /2 scale th a t  m ay be allow ed in order to  o b ta in  the m ost preferable estim ate  
w ith  respect to  criterion / 3 scale, etc.

This m ethod, thus, reduces to  a sequence of m problem s:

(1) find  т а х / 1(ж) =  f t ,  x  f  T;
(2) find  m ax f2(x) — f t  u n d er conditions x £ T, fx(x) f> f f  — Ax;

(m) find  m ax fm(x) =  a  under conditions x  £ Y ,  f t{x) >  f* — A it 
i  =  1, 2, . .  . ,  m  — 1

where Ai is th e  m agnitude o f allowable ab a tem en t (concession) with respect 
to  criterion fi scale, Ai f> 0.

As it  is po in ted  ou t in  [49], any solution of problem (m) is no t effective, 
b u t a t least one of them  is. In  th is case, fo r any  effective solution x° th e re  
are concessions Af  such th a t  x° is the  un ique solution o f problem  (m).

A nother direction o f stud ies in th e  fie ld  of m ulti-step  decision-m aking 
m ethods is re la ted  to  th e  m ethod  E L E C T R E  [51] and  its  m odifications [9] 
enabling one to  identify  various non-inferior alternative se ts  on the basis of 
some coefficients (“ concordance index” , “discordance index” , an d  a param eter 
characterizing th e  ordinal num ber of “discordance in te rv a l” ). Correctness of 
E L E C T R E  is called in question b y  its num erous draw backs (possibility of losing 
tran sitiv ity , requirem ent to  choose and ju s tify  three param eters, use of c rite 
rion weights, etc.). However, underlying th is  m ethod, idea o f successive changes 
in  the  non-inferior a lte rn a tiv e  set deserves fu rth e r im provem ent and devel
opm ent.

The ideas of the  ad ap ta tio n  theo ry  to  th e  solution o f m ulti-objective 
problem s w hich are regarded  as those of op tim ization u n d er a  special ty p e  o f 
u ncerta in ty , i.e. u n ce rta in ty  in  choosing th e  op tim ality  criterion  are a ttem p ted  
to  be applied [52-55]. This u n certa in ty  m ay  be e lim inated  in two w ays. 
On the  one hand , one m ay  ca rry  ou t experim ents giving inform ation sufficient 
to  overcome th is  un certa in ty .

In  [53, 54] such experim ents involve checking for certain  conditions 
which m ay be satisfied in  a  num ber of p a r tic u la r  m ulti-objective problem s. 
E or cases w here these conditions are m et, theorem s are form ulated  defining 
th e  form of th e  o p tim ah ty  criterion.

H ow ever, one cannot accum ulate th is  inform ation u n til  i t  is enough to  
elim inate th e  in itia l u n ce rta in ty , b u t can change or correct decision succes
sively in accordance w ith  th is  inform ation as i t  comes. In  doing so, its form , 
m eans of processing and  use are defined b y  th e  structu re  o f em ployed ad ap tiv e
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algorithm . A general schem e for form ing such algorithm s is given in  [52], 
and in [55] is shown how these alogirthm s m ay be app lied  to  the so lu tion  of 
a  m ulti-objective problem  form ulated as th a t  of learning.

C om puters make i t  possible to  construc t iterative dialogue (m an-com pu
ter) procedures for m u lti-step  problems [56]. A typ ical m an-com puter proce
dure for so lution of m ulti-objective problem  [57] is as follows:

m ax u(f(x))
xfX

where /  is an  г-dimensional vector-valued criterion function , x  is an те-dim en
sional v ec to r of variables, X  a  R n is a  dom ain of allow able values o f x, and  
те is a u ti li ty  function defined  over th e  dom ain of values o f /. те and each com 
ponent o f /  a re  assumed to  be  convex an d  differentiable, w ith  те increasing w ith 
respect to  each  /,■; and se t X  is assum ed to  be convex a n d  com pact. T he ite ra 
tive dialogue procedure fo r problem so lu tion  bears resem blance to  th e  proce
dure for solving nonlinear program m ing problems. Two problem s are solved 
a t  each s tep : choice of n e x t step  direction and  determ ination  of its length  [56]. 
In  order to  choose d irection for Mh step , r — 1 questions are pu t to  th e  deci
sion-m aker: “ To w hat decrease of zl/J w ith  respect to  criterion i w ould you 
agree to  g e t increase Afk, w ith  respect to  criterion 1, p rov ided  th a t estim ates 
w ith respect to  the scales of the balance of criteria f j , j  Ф  1, i, are no t 
changed?” Values of Afk, i  =  2 ,.  . ., r determ ined th ro u g h  answers allow to 
make approxim ate com putation  of coordinates

du/dfilf  =  f (xk) Af tд
d u / d f ^ f  =  f (xk) Af f

=  1 . 2 , ( 6 )

of a vector collinear to  th e  vector of g rad ien t \7/u(f(xk)). This enables solution 
o f the d irec tion  problem. T he step length  choice is the problem  of op tim ization 
on the s tra ig h t line which is solved in collaboration w ith  th e  decision-m aker. 

At each  step the following problem  is solved:

m ax W kTf '(kk) у  (7)
y t x

where wk is obtained from  (6), and f ,{xlc) is value of th e  Jaco b i m atrix  г X те in 
point xk. D irection of th e  n ex t step is determ ined b y  v ec to r dk =  yk — x k 
where yk is th e  solution o f (7). I t  set X  is given by linear restrictions, (7) is a 
linear program m ing problem .

To o b ta in  wk, i Ф  1, com puter p rin ts  ou t vector f k denoted as <Л and  
vector (fk -f- Afk, f 2, . . . , f k — Afk, . . ., f k) denoted as Sb.

I f  cB is more preferable to  the decision-m aker th a n  аЯ, A fk is doubled and  
th e  question is repeated u n til  the decision-m aker prefers оЯ. F u rth er search
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of th e  value of Aff  for which оЯ an d  Si become ind ifferen t to  the decision-m aker

is done b y  dichotom y. N ext, w\
A ß
A f

-is com puted and  the procedure is re 

p ea ted  for all i =  2, . . r. The s tep  length is chosen in  the following way. Com
p u te r p rin ts  out a  num ber of p o in ts  lying in a  segm ent of th e  stra igh t line 
connecting points x k an d  yk. T he decision-m aker picks the m ost preferable 
point, thus defining th e  step leng th  and the in itia l point for th e  n ex t step.

Conclusion

The m ajor difficulties involved into the justification  of decision-m aking 
m ethods for m ulti-objective problem s are due to  th e  necessity o f solving in each 
p articu la r case th e  following set o f problems:

— identification of the problem  type;
— generation o f a  set of feasible a lternatives;
— generation o f a set of crite ria  characterizing each a lternatives;
— developm ent o f criterion scales;
— determ ination  of estim ates of a lternatives w ith respect to  criterion 

scales;
— identification o f decision-m aker’s preference judgem ents;
— generation o f a decision ru le; and
— ordering o f feasible alternatives in te rm s o f the decision rule.
Analysis of th e  literature shows th a t none o f the publications trea ts

exhaustively  all of th e  above-m entioned problem s. The em phasis is made on 
the  decision rule generation  and on th e  use of th e  ru le  for obtaining th e  ordering 
required  by  a problem . In  doing so, in one-step m ethods one generally  postu
lates th e  decision ru le  as a global criterion, a n d  decision-m aker’s preference 
judgem ents are expressed as some factors (“crite rion  weights” ). T he possibility 
of justified  choice o f these factors, however, is doub tfu l, thus n o t allowing in 
p articu la r problem s to  establish correspondence o f  global criteria  to  decision
m akers’ preference judgem ents. G lobal criteria enab le  linear ordering  of the  
feasible alternative se t; in problem s where lin ear ordering is n o t required, 
th is leads to  red u n d an t (and often  unreliable) inform ation  concerning decision
m aker’s preferences. A t the  same tim e, some ty p es  o f m ulti-objective problems 
(e.g. identification o f a  given num ber of non-inferior alternatives) cannot, 
in th e  general case, be solved b y  one-step m ethods.

M athem atical decision-m aking methods enab le  com bination of m athe
m atical model s tu d y  w ith  revision of decision-m akers’ preference judgem ents. 
P resen tly , however, solely those procedures are m ost w idespread where the  
decision-m aker answ ers questions aim ed at e lucidating  preferences o f a  certain



type. This approach is related  to  th e  use of a certa in  ty p e  of decision rule and 
to  successive revision of the  m odel param eters; on  th e  other h an d , th is  does 
n o t exclude discrepancies in in form ation  re la ted  to  preference judgem ents. 
D evelopm ent of m ethods involving construction o f a  system (sequence) of 
coordinated models appears to  be m ore promising.

The quest for use of form alized m ethods and  procedures in  m ulti-objec
tive decision-m aking requires developm ent of involved  models w hich  would 
merge capacity  to  solve com plicated problem s by  m eans of form alized methods 
and  com puters w ith  th e  contribu tion  o f decision-m aker’s experience, intuition 
and  com m on sense.

There does n o t ex ist the “ only  correct” m odel for each m ulti-objective 
problem  whose resu lts should be accepted and  used. Since ev e ry  practical 
problem  m ay be characterized by  a  g rea t num ber o f criteria, the sam e situation 
m ay be represented b y  various m odels depending on  purpose in  v iew  and on 
possibilities of getting  inform ation ab o u t decision-m aker’s preference judge
m ents. D evelopm ent of form alized models an d  decision-m aking methods 
require  special organization of th is  ac tiv ity  an d  in teraction  o f experts on 
decision-m aking w ith  th e  decision-m aker [57, 58]. U se of a m odel developed 
an d  revised by  th e  analysis ex p e rt in  dialogue w ith  the  decision-m aker is 
seem ingly th e  m ost general approach  in  the  decision-m aking m ethodology.
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1. Introduction

A t th is  Jub ilee Session of the  25th A nniversary  of th e  S ov ie t-H ungarian  
Scientific-Engineering Cooperation Academ icians F . Csáki an d  V. I. S iforov 
already  gave an  overview of (a) th e  work re la tions of the  Soviet and the H u n 
garian  research  schools in th e  field of C ontrol and  In fo rm ation  Theory an d  
(b) th e  experience of co-work, specifically in  th e  field of In fo rm ation  Theory [1] 
and  the  developm ent o f a  service system  relying upon recognition techniques 
[2]. A cadem ician Siforov po in ted  out th a t  efforts are m ade, specifically in  th e  
la tte r  area, to  assist mass-wise exam inations in cardiology b y  computer.

W e add , in w hat follows, to  these lectures some com m ents concerning 
specifically p ro jec t No. 10 o f the  jo in t research program  o f the  Scientific 
Academies o f th e  USSR an d  H ungary, viz. th e  research in Inform ation  T heory  
an d  recognition problem , an d  the  developm ent of the  afore-m entioned service 
system .

2. Goals

The purpose o f th is  w ork is (a) to  ensure m anysided exchange of views 
betw een Soviet and  H ungarian  researchers pursuing m athem atical top ics 
in th is  field  an d  (b) th e  developm ent of an  R-10 based m ass service of im m e
d iate  p rac tica l significance an d  of in te rest also in a more general co n tex t 
concerning recognition techniques.

As it  was pointed o u t already by  Academ ician Siforov, series of an n u a l 
in te rin s titu tio n a l sem inars an d  in terna tional conferences serve, since 1968, 
for th e  reg u la r exchange o f ideas betw een Soviet and  H ungarian  researchers

* P  re sen ted  a t  th e  S cien tific  Session o f  D e p a rtm e n t 6, H u n g a r ia n  A cadem y  о 
Sciences, B u d a p e s t, S ep tem b er 19, 1974, d u rin g  th e  F es tiv e  M eeting  a rranged  o n  th e  
occasion o f  th e  25 th  A n n iv e rsa ry  o f  th e  H u n g a ria n -S o v ie t S cien tific-E ngineering  C oope
ra tio n .
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in  the field w ith in  In fo rm ation  Theory a n d  S ta tistical In form ation  Processing. 
These activ ities got a new publication forum , the com m on journal o f th e  A ca
demies of th e  U SSR  and H ungary : the  “ Problem s o f C ontrol and  Inform ation  
Theory” .

This m anysided jo in t ac tiv ity  has, o f  course, an  essential im pact on th e  
techniques a n d  way of th in k in g  of th e  partic ipa ting  H ungarian  in stitu tes, 
in research as well as in a c tu a l practice.

The Soviet and th e  H ungarian  p artic ip an ts  o f th is  common scientific 
ac tiv ity  are lis ted  in Table 1.

Table 1

In terinstitu tional sem inars, from 1968

Soriét Hungarian

institutes

Telecommunication Research In s titu te  (TK I); 
M athematical Research In s titu te  of the H ungarian 

Academy o f Sciences;
Computer an d  Automation In s titu te  (SZTAKI) o f the 

H ungarian Academy of Sciences;
József A ttila  University of Sciences (Szeged), Cybernetics 

L aboratory;
Technical U niversity of B udapest, D epartm ent of 

Autom ation;
Technical U niversity  of B udapest, In s titu te  of Communi

cation Electronics

On th e  o th er hand, we have been developing since 1969 a specific ta sk  
(a “pilot p ro je c t” , in the  u su a l sense o f in terna tional organizations), which 
m ight be also instructive, in  a  broader con tex t for com puter-based mass ser
vice, for assisting mass exam inations, b y  th e  com puter R-10, in cardiology.

The partic ipan ts  of th is  la tter a c tiv ity  of im m ediate p ractical in terest 
are listed in  T able 2.

IP P I
occasionally:

Steklov M athem atical Institu te; 
IPU

(Academy o f Sciences of 
the USSR)

MGU

Table 2

Computer assistance to  cardiological examinations, from 1968

Soviet Hungarian

institutes

IP P I, A cadem y of Sciences o f th e  USSR H ungarian Cardiology In s titu te

MONIKI Telecommunication Research In s titu te
COLIU (TKI)
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3. On selecting the topics

T he fundam ental idea of th is  twofold a c tiv ity  came up s till in  1968, 
during th e  first exchange of views between A cadem icians G. B ognár and 
V. I. Siforov and th e  in ten tion  was, already from  th e  very  outset, a t  th e  same 
tim e a  lasting, m anysided, joint scientific life, concerning these tw o Academies, 
and  th e  jo in t realization  of a com plex  actual endeavour.

T he a tten tio n  tu rn e d  to  th e  com puter R-10, as th is country was joining 
the U nified  C om puter System  and, w ith in  this m ainly, th e  developm ent of m ini
com puters. Dr. I. V árad i, General D irecto r of th e  Telecom m unication Research 
In s titu te , had a decisive role in com bining academ ic and  industrial aim s. This 
kind of topic selection was supported  by  the  very  defin ite intention o f th e  H un
garian Academ y o f Sciences to  offer fu rther possibilities for increasing scien
tific activ ities w ith in  th e  country for developing basic approaches to  com puter 
applications.

Of course, all ac tu a l and personal experiences gathered during  th e  p re
vious decade, in th e  co-work of th e  T elecom m unication Research In s ti tu te  and 
the N IIR  (Research In s titu te  for R ad io  Science, M oscow) and personally  of 
the D irector of the  la tte r , Professor F o rtushenko  an d  Academician G. Bognár, 
and his coworkers — am ong them  th e  present a u th o r  — in the field  o f broad
b a n d  rad io  relay system s, especially during the jo in t developm ent o f th e  radio 
relay system  Druzhba [3], had an  essential im pact forming these well-defined 
ac tu a l efforts.

S etting  th e  specific tasks precisely was p receded  by a s tudy  o f th e  avail
able technical U terature and solving several p ilo t tasks, and searching for 
such recognition ty p e  mass services which are re la ted  to  sufficiently frequent 
and  widespread applications and  appear, a t th e  sam e tim e, appropriately  
instructive  also for o th er kind o f frequen tly  appearing  actual jobs.

In  th is respect th e  role of th e  IP P I , and personally  th a t of Academ ician 
Siforov and  Associate D irector, D r. Ovseevich, was particu larly  relevant, as 
th ey  presented th e  p a tte rn  recognition research a t  th e  IP P I, during  th e  first 
Moscow sem in a r, for a  prestudy. In  our final choice we have found enthusiastic 
partn ers a t  the H ungarian  Cardiology In stitu te  (O K I), viz., personally in P rof

essor Gy. Gábor an d  h is  coworkers.
F inally , we have  arrived a t  th e  assistance to  mass exam inations in 

cardiology, as a specific  system  project, for th e  following tw o  reasons: 
(a) because of the  increasing  social significance o f  Public H ealth  Inform ation 
System s and  the a n tic ip a te d  g radual expansion o f these, and (b) also because 
of th e  frequency a t  w h ich  heart a n d  vascular system  diseases ac tu a lly  occur 
in  m ass health  care.

5*
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4. Co-work in information theory

Today, a t  th is  session of D epartm en t 6, o f  th e  H ungarian A cadem y of 
Sciences, I  should like to  point o u t, by  a few specific facts th e  ac tu a l signifi
cance, I  guess, our close relations w ith  the  research  schools o f th e  Academy 
o f Sciences of the  U SSR  have, rely ing m ainly upon  th e  In stitu te  o f Inform ation 
Transm ission Problem s (IP P I) — particu larly  in  the  field o f Inform ation 
Theory (meaning b y  th is in the p resen t context, probabilistic approaches related 
to  th e  s tudy  of th e  inform ation m oments).

In  this case, inform ation th eo ry  in concerned particularly  w ith  the  prin
cipal possibilities o f inform ation transm ission a n d  processing, as a  m atter 
o f fac t w ith  revealing, how efficient the  available ac tua l techniques are with 
respect to  the  principally  a tta in ab le  possibilities.

Inform ation  theoretic  studies are of fundam en tal interest (a) in  obtaining 
a  clear overview o f inform ation transm ission a n d  processing principles, and 
(b) in  various specific research problem s.

W ith  the  developm ent o f m icroelectronics and  the fast decrease of 
re la tive im plem entation costs — b o th  in inform ation  processing an d  tran s
mission — th e  scope o f those topics, concerning everyday  design, a re  gradually 
extending in which th e  good, or b ad  explo itation  o f the  available possibilities, 
done by  the  designer, leads to  strik ing  differences.

Accordingly, m ore and m ore inform ation th eo ry  topics come closer to  
everyday  design practice. This tre n d  gives a p a rticu la r significance to  th e  infor
m ation  theo ry  aspects of this со-w ork, viz., to  th e  close contacts w ith  the re
search groups in inform ation th eo ry  a t  th e  IP P I , as well as the fu rthering  of the 
existing trad itions in  th is  country, in  th e  field o f inform ation th eo ry .

The survey b y  Academ ician Siforov po in ted  already ou t th a t  these tra 
ditions started , here in  Hungary, b y  Academ ician A. Rényi, the  founder of the 
inform ation theo re tica l research in  our country, who, however, unfo rtuna te ly  
deceased four and  a  h a lf year ago.

Table 3 enlists th e  main field, th e  con tribu to rs and the  a c tu a l signifi
cance of th e  topics, viz., those w hich appear, a t  least, for the p resen t author, 
as m ost significant, concerning th e  S ov ie t-H ungarian  co-work in  inform ation 
theory .

Table 3, obviously, includes n o t all the  in terna tionally  re lev an t results 
o f Soviet inform ation theoretic schools, m issing those, to  w hich no lasting 
activ ities have been related, a t least in the  fram ew ork of the p resen t co-work 
(due to  the  lim ited  range of our activ ities here, o r possibly to  our one-sidedness 
only). The survey does no t extend, n a tu ra lly  to  everything, concerning activities 
w ith in  th e  country  in this field either.
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Table 3

Co-work in  information theo ry

Results Significance

— Principial possibilities o f information transmission 
under constraints close to  real life conditions (Rate 
distortion, coding theorem s) (Dobrushin, Pinsker, 
M arton)

Possibility o f studying fidelity 
criteria; of in terest in analog 
information transm ission

— Principal possibilities o f information transmission 
w ith  feedback and efficient algorithms (Pinsker, 
Dobrushin, Khasminskii, Zigangirov)

in teleprocessing

— Principal possibilities o f information transmission 
under complexity constrain ts (Pinsker, Dobrushin 
and others)

in teleprocessing

— Source coding and coding theorems for noiseless 
channels (Csiszár, M arton)

in teleprocessing

— Simultaneous servicing o f several sources (Körner) in  computer communication
— Estim ation efficiency (Ibraginov, Khasminskii) in information processing
— Inform ation m om ents for statistical purposes, 

estim ations (Rényi, Csiszár, Perez, Nem etz, Vajda, 
Fritz , Győrfi)

in  information processing

F o r fu rther orientation, concerning this top ic , I  refer to  th e  Siforov 
lecture [2], to  our state-o f-art rep o rt, w ritten u p  early  in 1972 together w ith 
I . Csiszár and  G. Gordos [7], a review  on the P in sk e r Seminar Series, held in  
B udapest in 1974 [5] and  the su rvey  by A. W yner, which appeared  early  in  
1974 [6].

5. Co-work in recognition problems

In  this p a r t o f  our joint ac tiv ities the a tte n tio n  was m ain ly  directed to  
th e  developm ent o f th e  techniques which guaran tee  in advance th a t  an algo
rith m  will learn, from  masses o f labelled ind iv idual cases, classification an d  
in te rp re ta tio n  rules. W e are concerned, in th is sense, mainly w ith  sta tis tica l 
learning processes.

In  this respect we were m ain ly  interested in  (a) recurren t estim ations, 
(b) com putational constraints, (c) opening procedures, s topping  rules and  
(d) th e  stu d y  of rea l life conditions, e.g., th a t o f  th e  interdependence between 
sam ples. These were th e  main top ics in our work, done so far.

R eferring to  som e related com m ents in th e  Siforov lecture, we point ou t. 
th is  tim e again, som e features to g e th er with th e  contributors (Table 4).

This work is d irec tly  related  to  th e  design o f  th e  statistica l learning algo
rithm s, and  to  th e  very  service ou tlined  in Section 6. This is th e  theoretical
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Table 4

Recognition problems

R e s u lts S ign ificance

- -  Algorithms w ith preguaranteeable learning cap
ability , for independent samples (Aizerman, Tsypkin, 
Braverm an, Rosonoer, Khasminskii, Nevelson,
Gulyás, Győrfi)

Fundam ental algorithm s for 
recurrent learning

— Im proving density function estimation (Révész, 
R ejtő, Major)

Consistent estim ates

— Lyapunov-type theorem s (Braverman, Rosonoer, 
Csibi)

S tab ility  of processes

— Simultaneous estim ation of error probability, 
optim um  approxim ations in the sense o f error 
probability (Győrfi, F ritz)

Stopping problems, meaningful 
approximations

— Exploitation of the  dependence of the samples, 
recurrent learning from  weakly dependent samples, 
domain of a ttraction  for learning capabilities 
(Révész, Csibi)

E xtending the range of learning 
algorithms, considering com
putational constraints

background, on w hich a  program  lib ra ry  has a lread y  been successfully used 
for learning in terp re ta tio n  rules by th e  com puter in  various p ilo t tasks. We 
in tend  to  apply  (and develop) th is also w ithin th e  experim ental service to  be 
described in Section 6.

An additional insight into th is w ork is given b y  the afore-m entioned 
sta te-o f-art repo rt [7], a  previous su rvey  by the  Telecom m unication Research 
In s titu te  [8], several re la ted  articles published in  “ Problem y P eredach i Infor- 
m atsii” (“ In fo rm atio n  Transm ission Problem s” ), “ A vtom atika i Telemekha- 
n ik a” (“A utom ation an d  Telem echanics” ), “Problem s of Control a n d  Infor
m ation Theory” , and  several preprin ts o f the  M athem atical R esearch Institu te  
of th e  H ungarian  A cadem y of Sciences an d  of the Telecom m unication Research 
In s titu te , which appeared  in  the m eantim e.

W ithin  this a c tiv ity  our work has been defin itely  restric ted  to  the  sta
tistica l topics of recognition tasks. T he activ ity , concerning th e  s tructu ra l 
m ethods of recognition is, of course, also growing, w ithin the A cadem y of 
Sciences of the U SSR  as well as th e  H ungarian  A cadem y of Sciences, viz. in 
im age processing, scene analysis and  in  o ther aspects. B u t we are, fo r th e  time 
being, still n o t m uch pursuing (perhaps ju s t because o f  excessive one-sidedness) 
th e  s tru c tu ra l aspects, w ith in  th e  p resen tly  rep o rted  co-work o f th e  two 
Academies.

In  inform ation theory , as well as in  the  s tu d y  o f recognition topics, our 
work is closely re la ted  to  th e  topics in  p robability  th eo ry  and sta tis tics , jointly
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reported  a t  th is  present Jubilee Session b y  Academician Y u . V. Prokhorov, 
Associate D irecto r of th e  Steklov In s titu te  o f the  Academ y o f Sciences o f th e  
USSR and  M. A rató, Associate D irector o f the  Com puter and  A utom ation  
In s titu te  o f th e  H ungarian  Academ y of Sciences.

6. Assisting examinations in cardiology by computers

C om puter assistance to  exam inations in cardiology has, for th e  
tim e being, a lready  an extensive lite ra tu re , from  which it  is obvious th a t  
— besides significant resu lts — the approaches of such k in d  of services are 
still a t a fa irly  developing stage. The im provem ent of these approaches opens 
up, however, obviously new possibilities before the cardiologist and raise new  
open problem s as well. The im plem entation o f such services, w ithin each new 
com m unity  o f medical doctors, as a m a tte r o f fact, takes a  long tim e an d  calls 
for regular w ork in common, including cardiologists an d  system  designers.

The developm ent of th is  project is d irec ted  a t the following: (a) the  p o s te 
rior analysis an d  in terp re ta tio n  of the  d a ta  masses ob ta in ed  in  the course of 
screening an d  ab ility  tests, (b) the  assistance to  cardiologist exam inations in 
the  presence o f the  patien t, (c) consultation, (d) teaching, (e) assistance to  th e  
analysis o f archive stuffs.

We wish, o f course, in  accordance w ith  the  spirit o f academ ic research, 
to  offer fu r th e r investigation possibilities to  th e  cardiologist, through p rac tica l 
as well as m athem atical approaches.

F igure 1 shows a C II 10010-based experim ental system , which we have 
been using a t  the  H ungarian  Cardiology In s titu te  of B udapest an d  the  
Telecom m unication R esearch Institu te , since late 1972.

This system  m ay be operated  in tw o  w ays: (a) th ree-lead  ECG signals 
are fed in to  an  analog m agnetic tape u n it (Fig. 2), add itional d a ta  of cardiolo
gist exam inations are recorded on a s tan d a rd  form at sheet a n d  these tw o k inds 
of d a ta  are in troduced  in to  th e  com puter a t  a  later d a te ; (b) the afore-m en
tioned ECG record  is conveyed in the  form  o f an  analog signal, and the  a lpha- 
num erical d a ta  (by using a  keyboard) over a  switched telephone netw ork in to  
the  center. (In  th e  la tte r  case th e  term inal m ay  be sw itched over simply in to  one 
of the following modes: (i) speach, (ii) alphanum erical in form ation exchange,
(iii) ECG signal input.)

B y pressing a pu sh b u tto n  a 10-sec long observation is m ade of th e  h ea rt 
current a c tiv ity  of the  p a tien t and fed in to  th e  com puter, together w ith  a 
calibration square wave of 1 mV peak-to-peak am plitude (Fig. 3). The com puter 
center draw s from  each in p u t signal 300 sam ples/sec, and  rounds off the analog 
samples ob ta in ed  in this w ay to  about 128 levels.
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TELECOMMUNICATION
INSTITUTE

RESEARCH

Start

max. 500 samples / sec 
Number of quantization 
levels .6A, 128 or 256

SOFTWARE 
Operating system 
Data input and correction 
Sorting ECGdata
Automatic recognition of critical points 
Classification in to  diagnostic c la s se s ,  
medical report

HUNGARIAN CARDIOLOGY 
INSTITUTE

Automatic calibration 
10sec run
Automatic level control

3-LEAD ECG TAPE 
RECORDER C ANALOG) 

Q _ 0

LINE 
SWITCH 

-<H Telephone 
->LECG 
-» Console

1075 1935 2365 Ft: 
3 -channe l  analog 
FM transmission

Additional 
patient data;  
Name
Body weight 
Laboratory 
test results. 
etc.______
Medical report 
Request for 
repetition 
Request for 
lead-system, 
etc.

I
F ig . 1. T he  C II 10010-based ex p erim en ta l system  o f  O K I  an d  T K I

F ig . 2. M agnetic ta p e  u n it



CSIBI: CO-WORK IN INFORMATION THEORY AND RECOGNITION PROBLEMS 73

Fig. 3. Record drawn back from digital data by  an automatic p lo tter

W e have tr ie d  out, during 1972 in the  f irs t version of th is  system , all 
the  functions of th e  entire program  system  up  to  th e  medical rep o rt, bu t the 
m easurem ent resu lts  could n o t be well reproduced for noisy ac tu a l patien t 
record. A t present a  program  o f b e tte r  noise p ro tec tion  is operated  only up to  
the vector-cardiographic description. A type o f m edical report program , con
nected  to  this, is for the  time being under developm ent.

N ext to  sem antic  noise p ro tection , calibration, base line determ ination, 
coordinate and v ec to r peak recognition and segm entation  the program  supplies, 
in rhy thm ical cases, th ree coordinate curves a n d  th e  vector m odel curve of 
a single selected patien t-period  for fu rther s tu d y . Otherwise i t  reports a r
rhy thm ia.

A t the  p resen t stage of developm ent we can  gather re liab ly  standard  
archive m aterial. U p  to  now we have registered tw o-hundred  carefully  collected 
archive cases, supplied  w ith th e  corresponding medical diagnoses. This is, 
of course, still insufficient for th e  com puter, fo r learning classification rules. 
F ro m  the  nex t year on a faster collection of arch ive stuffs is p lanned  by  in tro 
ducing addition M. D . workplaces, supplied w ith  m agnetic tapes, b o th  in B uda
pest and  Moscow.

B y the end  o f 1973 an R-10 configuration w as im plem ented in  the  Tele
com m unication R esearch  In s titu te , in order to  co-work also w ith th e  H ungarian 
Cardiology In s ti tu te  in  the second half of 1975 in  an  experim ental service, 
essentially equivalen t to  the one, available by th e  e n d  of this year on th e  present 
C II 10010 configuration.



In  the  R-10 based  service, th e  present algorithm  will, how ever, run 
— according to  estim ations — w ithin  one m inute up  to  th e  vector-cardiographic 
description, instead o f the  present 8 m in run tim e on the  CII 10010 configura
tion. In  addition, we in tend  to  replace the presently  used telep rin ter term inal 
as well for an alphanum erical display , supplied w ith  a keyboard. T he curve
depicting possibilities of the alphanum erical display  are presented in  Table 4. 
This also seems to  be already useful for experim ental cardiological exam ina
tions. T or a routine, however, we are planning to  ap p ly  a quasi-graphic display, 
to be developed in V ID EOTON, an d  a  fine po int-grid  displaying o f th e  curves 
investigated.

To sum  up, th e  outlined p ro jec t is a t an advanced  stage of au tom ation , 
b u t for cardiologist procedures will be really fit only n ex t to  fu rth e r advances.

T he co-working cardiologists have done, up to  know, instructive  investi
gations on vector-cardiographic curve-complexes, reproduced by  a  p lo tte r in 
analog form  for th e  au tom atic  recognition and in terp re ta tio n  of physiologically 
critical points. In  addition  we have, up  to  now, a learning program  package, 
tested  p a rtly  on school examples, an d  p artly  on some simple a c tu a l tasks, 
taken, however, from  other m edical areas. B y m eans of these a n d  further 
program s we in tend  to  enable the  learning and revision of classification rules 
on th e  basis of the  to ta l  archive m ateria l and various partia l d a ta  o f th e  same

74 CSIBI: CO-WO UK IN INFORMATION THEORY AND RECOGNITION PROBLEMS

Fig. 4. A segment of one of the lead-signals, depicted of an alphanumeric display, for
experimental purposes
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The contributors to  th is work w ere on the p a r t  of the H ungarian  Car
diology In s titu te , Drs. Gy. Lam m , K . Ghyczy, J .  N ém eth and occasionally 
o ther cardiologists on d u ty , and  also tw o  medical assistants, and on  th e  p a r t of 
th e  Telecom m unication Research In s ti tu e  (in add ition  to  the co-authors of 
Ref. [8]) A. В .-Nagy, B. Balog, F . Csánki, I. K erekes, Mrs. É v a  Szilléri, 
T. W olf, Mrs. M ária Szélesi, a program m ing technician and  a m edical-com puter 
assistan t. The m anager of the  m inicom puter center was form erly L . Ungvári 
an d  recen tly  E . Neményi.

Y. Shakin, C. Sc. (M ath.-Phys.) is contributing, on the p a r t  o f IP P I, 
co-principal investigator of the project, to  research an d  system  design, here in 
B udapest. H e  spent already  a t th is place one m on th  early in 1972, and is 
ac ting  now, from the  beginning of Septem ber 1974, here as a K eld ish  Fellow, 
for a  period of 9 m onths a t  the  Telecom m unication R esearch In s titu te .

The plans for th e  ac tu a l service system  have been presented to  th e  Moscow 
R esearch In s titu te  for Clinical R esearch  (M ONIKI). The delegations of 
M O N IK I, IP P I  and  th e  COLIU are expected  to  come next year, in  th e  first 
quarte r, for the coordination of the ac tu a l service objectives to  be supplied by 
th e  R-10-based system . We in tend  to  consult th is  project also from  further 
aspects w ith  th e  M inistries of Public H ea lth  of th e  U SSR and th e  H ungarian 
People’s R epublic, an d  follow as for as possible, also th e  “M inimum Operation 
R equirem ents” to  be discussed by  th e  ТС IV, IF IP .
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The paper discusses new problems posed to  the  finite autom ata theory by
the discrete circuit design automation. Along w ith a  general discussion of the
development of the theory, some new results by the  author are presented.

The beginning of th e  fin ite au to m ata  theory  is due to  the progress of the  
discrete technology. A R ussian  physicist P . S. E renfest [1] was f irs t to  recognize 
th e  possibihty o f su b stitu tin g  objective m athem atical m ethods for intuitive 
design of control circuits. He supposed th a t circu its controlling telephone 
sw itching netw orks m ight be described in  term s o f th e  Boolean algebra. The 
fin ite  au tom ata  th eo ry  as a  m athem atical model o f discrete circuits was devel
oped in  the  works b y  W. McCulloch an d  W. P itts  [2] and S. K leene [3] who 
were th e  first to  in troduce th e  notion o f finite au tom aton . Am ong the first 
w orks where the  Boolean algebra was applied to  th e  design of re lay  circuits, 
those by  C. Shannon [4], У. Shestakov [5], and A. N akashim a and  M. H anzava 
[6] m ay  be m entioned.

The book b y  M. A. G avrilov [7] was the  first m onograph ded ica ted  to the 
theo re tical and  p ractical aspects of B oolean algebra application to  design of 
d iscrete circuits.

F u rth e r developm ent o f th is field  is due to  in terna tional contributions. 
References [8-11] contain  ra th e r detailed  reviews o f th is initial period  in the  
h isto ry  of the fin ite au to m ata  theory , th a t  of th e  “ classical” form ulation of 
th e  discrete circuit design.

Conditionally, th e  h istory  of th e  fin ite au to m ata  theory m ay  be broken 
down into the  following periods:

a) Years 1938 to  1960 when th e  basic m ethods for m inim ization o f 
Boolean functions w ritten  in the  canonical form w ere developed and  exten
ded  to  un ilateral conductiv ity  elem ents, contactless ones, etc.

b) The n ex t period covers studies of th e  sequential c ircu it theory. 
A lthough the f irs t problem s (the so called m ethods o f “ transition
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tab les” ) were considered as early as 1948 to  1950 [12], this a rea  has been 
extensively  explored only since 1958 [13]* and involves now s tab ility  studies 
in itia ted  by  the sam e paper and w orks on fault-tolerance s ta rted  in  1960 [14].

c) The following period is characterized by  extension of th e  fin ite  au to 
m ata  theo ry  to  the  so called “non-determ inate” an d  “ probabilistic” au tom ata
[15], developm ent o f th e  “ regular e v e n t” theory [16] and  “event a lgeb ra” [17], 
application of the fin ite  au tom ata  th eo ry  to  fault detection  and diagnosis tests  
[18], etc.

d) The present tren d  to  p rac tica l application of the fin ite  au to m ata  
theo ry  has led to  th e  developm ent o f machine m ethods for synthesis of its 
structu re .

L e t us dwell upon  th e  problem s which em erged during th is  period.
R a th e r well developed “classical” methods o f determ ining th e  stru c tu re  

o'f discrete circuits are based upon th e  model of fin ite  au tom aton as m entioned 
above.

This model is characterized b y  a  quintuple o f sets:

A  =  (X, Y, Z, <p, 1p)

where X  is the inpu t se t of the au tom aton ; Y  is th e  in ternal s ta te  se t; Z  is th e  
o u tp u t set; (p is th e  function defining transition  from  one s ta te  to  another 
(tft+i == <p{xt> Vt))> an d  y> is the o u tp u t function (z — rp(xt, yt)),**

T he so-called transition  tab les [13] and graphs are used in  practical 
problem s to  describe th is  model.

In p u t (x) and  in te rn a l elem ent (y) states a t  tim e t are assigned, respec
tively , to  columns an d  rows of the tran s itio n  table whose entries con tain  in ternal 
elem ent s tates a t tim e t -|- 1 and o u tp u t z.

Functional algorithm s of com binational au to m ata  are described by  means 
of th e  so-called s ta te  tables where columns are assigned to  in p u t variables 
and  o u tpu ts , and rows contain appropriate  o u tp u t states assigned to  each 
in p u t s ta te .

A lthough tran sitio n  and s ta te  table-based m ethods for synthesis of d is
crete circuits are sufficiently developed, they  have  a num ber o f essential 
draw backs standing in  th e  way to  th e ir  application in  problems o f such dim en
sionality  as m et in  practice.

One of the m ajo r drawbacks is due to  th e  fac t th a t th e  presen t-day  
m ethods of the classical finite au to m a ta  theory requ ire  consideration of every 
inpu t, o u tp u t and in tern a l state, an d  th a t  to o b ta in  minimal d iscre te  un it in

* Here and below, references are made mostly to  fundamental works in a given 
field of study.

** t is a discrete time.



GAVRILOV: FINITE AUTOMATA THEORY IN DISCRETE CIRCUIT DESIGN 7 9

te rm s of given prim itives one has to  perform , in principle, a com plete throw - 
over which even w ith com puters becomes unpractical when th e  num ber of 
in p u t variables is about 10 to  12.

The only w ay out is, firs t, to  develop m ethods th a t  w ould be based on 
sets of states ra th e r  th an  on individual s ta tes, and , second, to  w ork o u t approx
im ate  optim ization m ethods based on some criterions reducing selection or 
elim inating it a t  all.

Among th e  firs t a ttem p ts  to  m ake use o f these ideas R efs. [19, 20, 21] 
should be quoted.

For classical finite au to m ata , the  m ost com pact form of presenting th e  
re la ted  inform ation is the parenthesis form  of Boolean functions.

E ach form  of this type, however, lim its, in  a way, th e  dom ain where 
th e  optim al realization of an  au tom aton  is looked for because i t  is only th e  
s ta te  table or th e  initial tran sitio n  one th a t  contain  all possible realizations.

Thus, th e  problem  arises of finding ana ly tica l m ethods enabling determ i
n a tio n  of all th e  d a ta  required  to  find th e  closest to  the op tim al realizations 
th rough  given function b u t w ithou t analyzing separately each o f required 
s ta tes . In  essence, th is problem  boils down to  find  through given Boolean 
functions the  pow er and com positions of s ta te  subsets satisfy ing given 
requirem ents. P resently , th is is one of th e  m ajor problems in th e  developm ent 
o f m odern m ethods of optim al realization of fin ite  autom ata.

A nother re la ted  problem  is th a t  of ex trac tin g  subfunctions involving 
s ta te s  w ith requ ired  properties from  given (in any  form) B oolean function. 
Solution of all th e  m odifications of th is p roblem  arising in im plem entation 
o f discrete devices is based upon the  notion o f th e  so called “ derivative” 
o f Boolean functions which was firs t in troduced  in [22] b u t on ly  recently 
has been applied to  this field.*

Basically, all the problem s arising a t  all stages of logical synthesis of 
d iscre te  devices m ay be reduced to  com positions or decom positions of finite 
au to m ata . F o r instance, the  classical problem  o f synthesizing th e  s tructu re  of 
one-ou tpu t discrete device given in the  following form

F  =  f(xv  xv  . . . ,  x„)

(where x v x2, . . . , x n are inpu t variables) on the basis of com ponents given also 
b y  Boolean functions <p —у(у\ ,  y2, ■ ■ . ,  yq) (where y v y2, yq are com ponent’s 
in p u t variables) is to  represent function F  as

F*  =  f*(<pv tp...........<pm)‘

* Solution of both problems will be considered below.
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Generally, th is m ay be represented as decom position o f an  autom aton  described 
by  function F  into sub -au tom ata  described by functions <p.

Analysis of th e  d iscrete device block-diagram  is, in essence, resto ration  
of the  original function F  through F*.

I t  should be n o ted  th a t  the analysis entails som e specific problem s. F o r 
diagnosis or reliability  analysis, for exam ple, one needs complete inform ation 
about th e  structure, i.e. a ll the d a ta  ab o u t com ponents involved into th e  circuit 
and th e ir interconnections are required . W  ith  the analysis m ethods of th e  classical 
finite au to m ata  theo ry  where one re tu rn s  to  the original function F  of only 
in p u t variables, this inform ation vanishes. To preserve it, a model is required  
differing from  the classical finite au tom aton  model. Such a model was proposed 
in [23].

T he scope of th is  p ap er does no t allow exhaustive discussion of all problem s 
involved into the design autom ation an d  related to  th e  fin ite au to m ata  theory . 
As an  example, com position and decom position of com binational au to m a ta  is 
p resen ted  below. New problem s arising in the fin ite  au to m ata  theo ry  because 
of application of m ethods for d irected  search of o p tim al im plem entations of 
discrete circuits and  due to  difficulties generated b y  high dim ensionality  are 
m ost p rom inent there.

Discuss first com position o f com binational circuits. The problem  is 
posed as follows: a m u lti-ou tpu t com binational au to m ato n  is given as a  set 
of incom pletely specified functions F v  F 2, . . . ,  F k given in a rb itra ry  form ; 
the  functions are to  be defined so as to  decrease “ distance” betw een them  
and to  determ ine th e  general realization layout w ith  com plete fusion o f sepa
ra te  functions w herever possible.

E xisting  m ethods for im plem entation of m u lti-o u tp u t incom plete com bi
n a tional au tom ata are bu ilt around determ ination  o f th e  so called “ m ulti
o u tp u t” implicants [24, 25, 26, 27] o r around using outputs of com ponents 
im plem enting one o f o u tp u t functions for im plem entation of o th er o u tpu t 
functions [28].

T he shortcom ing o f these m ethods is th a t  th e y  ignore some function 
m etrics characterized b y  the fact th a t  “ closer” functions are m ost connected 
and  som etimes (for certain  ways be completing them ) m ay be fused w ith 
each o ther.

L e t two com binational au to m ata  А,- and Ay be given described by  func
tions F), F°i and F) F°j characterizing their perm it an d  forbid states.*

* States giving “ 1” a t the autom aton output will be referred to  as “perm it” 
states, those giving “0” will be referred to  as “forbid” ones.
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D istance betw een these elem ents will be defined as card inality  of subsets 
o f inpu t s tates w hich are p erm it states in one au tom aton , and  forbid ones in 
another. D enote them , respectively, as M'f, M f  an d  M'f, M'f. B y  definition,

M  f  =  M 'f  and M 'f  =  M 'f.

D enote functions characterizing these states as F 'f  , F 'f  and  F'f, F ' f , respec
tively , F'f  =  F 'f  and  F f  =  F'f. E vidently, F 'f  =  F \F )  and  F 'f  =  F ]F ).

Let a f ,  a ? ,  ay and  a f  be powers of app ro p ria te  s ta te  subsets having 
identical indexes. Assume th a t  th e  lower is pow ers of s ta te  subsets union 
M 'f  U  M f  or M 'f  U M'f, th e  closer are au to m ata  A,  and  Aj.

Identify  in  addition th e  following subsets:

Subset M fj  o f perm it s ta te s  similar in A t an d  Ay,
Subset M fj  of forbid s ta te s  sim ilar in А,- an d  Aj\
Subset M*} o f perm it s ta tes  in  А,- which are  absent in Aj\
Subset M f  o f forbid s ta tes  in  A, which are absent in Aj]
Subset M f  o f perm it s ta tes  in  Aj  which are  absent in Aj]
Subset M f  o f  forbid s ta tes  in  Aj  which are  absen t in Aj]
Subset Ж ~  o f the  so called “ do not care” s ta tes , i.e. sta tes for which th e  

o u tp u t s ta te  is o f no im portance or which are know n to  be impossible.

Functions characterizing these states are as follows:

F fj  =  F \ F  ] F% =  F°j F j  

M f  =  F)  =  F) F j  F°j 

M f  =  F°j F J  =  F°j F)F°j 

M f  =  f ) f ~ =  F )F )  F°

M f  =  F°j F~  =• F) F\ F°j.

D em onstrate th a t  if  F 'f  =  F'° =  0 or F f j  =  F sf  =  0 i.e. if  distance 
betw een au to m ata  Aj  and  Ay is zero or m axim al, th e  au tom ata  m ay  be imple
m ented  by the sam e structu re .

Represent s ta te  sets F 1 an d  F° as unions o f th e  subsets above and  write 
th e  autom aton functions as

A j  =  ( M f  U M f  U M f) ,  (Mfj U M 'f  U M f)

A j  =  ( M f  U M f  U Mf ) ,  ( M f  U M' f  U Mf) .

6
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I f  M f  =  M\ f  =  M f  =  M f  are em p ty , then

AI  =  (Mfj  U M f ) ,  (Mfj  U M f )
and

A j  =  (Mfj  U M f ) ,  (Mfj  U M f ) .

Com plete А,- and  A j  as follows:

S eparate  from M f  o f А,- some s ta te  subset A M f  =  M f  and  som e s ta te  
subset A M f  =  M f  an d  a d d  them  to  M)  and  M f  respectively. Sim ilar operation 
is done in  Aj.  As a re su lt obtain

A t =  ( M f  U M f  U M f ) ,  (M% U M f  U M f )

Aj  =  ( Mf j  U M f  U M f ) ,  ( Mf  U M f  U M f ) .

Composition of s ta te  subsets in  b o th  au to m ata  is the  sam e; therefore, 
they  m ay be im plem ented b y  the sam e structure . In  th is  case au to m a ta  A t  and 
Aj  will be referred to  as com pletely connected.

A sim ilar extension could be done if M f  =  Mf j  are em pty. In  th is  case 
com pletion o f au tom ata  A,  and Aj  is done as follows:

A,  =  ( M f  U M f  U M f ) ,  ( M f  U M f  U Mf )

Aj  =  ( M f  U M f  U Mf ) ,  ( Mf  U M f  U M f ) .

I t  is easy  to see th a t  under such a  completion A j  =  Ä{ and b o th  a u to m a ta  
m ay be im plem ented b y  the  same s tru c tu re  w ith th e  only difference th a t  the 
ou tpu t o f one of them  should be connected to  inverter. Such au to m a ta  will be 
referred to  as inversely com pletely connected. Using some estim ates (those of 
Sholomov [6], for instance), one can read ily  show th a t  jo in t and sep ara te  im ple
m entations of com pletely or inversely com pletely connected functions are of 
similar com plexity (to w ith in  criterion used) only in  th e  extrem e case where 
subsets M f j  and Mfj  a re  em pty and  com pletion of Ft  and  Fj  is m axim al, in all 
other cases connected im plem entation is more expedient.

T o ta lity  of o u tp u t functions o f a  m u lti-ou tpu t net th a t  are com pletely 
(or inversely  com pletely) connected w ith  each o ther will be referred  to  as con
nectiv ity  “ node’*. I t  s tan d s  to  reason th a t  in the general case an  ex p ed ien t in 
terms o f m inim ality  s tru c tu re  of o u tp u t function m ay  be represented as several 
node functions and re la ted  to  them  functions which are m ost close in  term s 
powers o f  subsets M f  a n d  M f ,  an d  w hich it is reasonable to  im plem ent (from 
the view point of sim plicity) by add ing  some more circuits to  those realizing 
the node functions (see e.g. [7]). In  doing so, “ p ro fitab ility ” of connected or
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disconnected realizations o f these functions should be established b y  m eans 
of appropriate  criteria.

D eterm ination  of pow er of sets M 1 and  M°,  subsets of classes S,  r 
and t, e tc . is done on th e  basis of th e ir  functions w hich m ay be w ritten  in 
an a rb itra ry  paren thetic  o r some other form s. Given function  is reduced  to  
some “ canonical” form w here the num ber o f states realizable by  the  func tion  
is representable as a sum  o f states realizable by  its sep ara te  parts.

P a rts  o f a  function connected by  th e  sign of d isjunction/conjunction will 
be referred to  as disjunctive/conjunctive term s. Then, according to  [8], a  form  
where all te rm s included in to  disjunctive term s are m u tu a lly  orthogonal, an d  
those included into conjunctive ones do n o t contain th e  sam e variables is th e  
“ canonical” form  satisfying the  condition above.

The num ber of s ta te s  realizable b y  a  d isjunctive te rm  is
i=m

« v =  2  (4)
i' = l

and th a t realizable by th e  conjunctive one is

* Л =  2n~k ß v  ß2, . . . , ß s

where m is th e  num ber o f  conjunctive te rm s in the d isjunctive term  u n d er 
consideration, n  is the  to ta l  num ber of variables, к is th e  num ber of variab les 
in the  conjunctive term , s is the num ber o f disjunctive term s in it, an d  
ßv ß2, ■. ■, ßs are num bers of states realizable by each o f these d isjunctive 
term s.

P relim inary  com pletion of functions w ith  the aim  o f their com position 
is som etimes very  effective and, as some exam ples dem onstrate , results in  35 
to  40 % less num ber of elem ents as com pared w ith im plem entations of incom 
pletely specified m ulti-o u tp u t discrete nets.

Consider now decom position of com binational au to m ata . One o f th e  
m ethods used  here will be dem onstrated  th ro u g h  realization of a function given 
in the  m inim al norm al form .* The classical theo ry  of com binational au to m a ta  
tackles th is  problem  b y  determ ination o f th e  set o f th e  so called “ m in- 
term s” (“ sim ple im plican ts” )** and selecting, in a way, som e subset realizing 
all perm it an d  forbid s ta te s  of the given Boolean function  [32-34]. In  [21,

* T h is  so lu tion  o f th e  decom position  p ro b le m  is o f in te re s t fo r th e  design o f  la rg e  
scale in te g ra te d  circu its.

** A  m in im al co n ju n c tio n  o f le tte rs  rea liz in g  n o n -co n trad ic to ry  one o r  m o re  
s ta te s  in th e  p e rm it and  fo rb id  p a r ts  o f th e  s ta te  ta b le  and  such  t h a t  omission o f  a t  le a s t  
one le t te r  w ou ld  re su lt in  a  co n trad ic to ry  rea liz a tio n  (w here a t  le a s t one p e rm it a n d  one  
forbid s ta te  a re  realized sim ultaneously) is re fe rred  to  as m in te rm  o r sim ple im p lic a n t.

6*
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25-27] th is  problem  is solved through s ta te  tables w hich enab essential 
reduction o f problem  dim ensionality  as i t  w as indicated leabove.

Consider a  more general approach to  th is  problem based  upon tran sfo r
m ation of B oolean functions given in a rb itra ry  form an d  determ ination  of 
Boolean func tion  derivatives and  their p a r ts  w ith  the view to  identify sub- 
functions characterizing s ta te  sets th a t  have  certain featu res and to  m ake 
a  count o f th e ir  powers in o rder to  apply te s ts  for directed search  of o p tim al 
realizations.

L et an  incom plete function  Fi  be g iven by  its functions F)  an d  F°i 
characterizing perm it and fo rb id  states. T he f irs t step in th e  synthesis of com 
binational au tom aton  n e t is elim ination o f  unessential variables from these  
functions, i.e. variables w hich are no t essen tia l for non-contrad ictory  an d  
complete realization  of given functions.

U nessent ial variables a re  determ ined b y  means of th e  so called “ obliga
to ry “ le tte rs , i.e. letters p resen t in two s ta te s  o f which one is in  the  perm it se t 
and  ano ther is in  the  forbid se t, and which differ only in value  o f this variable. 
E lim ination o f such a variab le  leads to  in h eren t contradiction, th is  is th e  reason  
why such variables should be left.

V ariables w ithout obligatory  letters, th u s, are unessential.
To id en tify  unessential variables, in troduce a  notion o f derivative B oolean 

function:
(1 E7

“ ■ =  * W l )  n * - 0 )  +  -F i(X(=0> ^ V l )(iX[ .

I ts  f irs t  te rm  defines s ta tes  where variab le  x,- is ob ligatory  and is 1, th e  
second te rm  defines the s ta te s  where variab le  x,- is obligatory  as well b u t is 0.

E lim ina tion  of unessen tial variables is done one b y  one in th e  order 
of their closeness to  constan ts which is determ ined  by th e  following tes t:

U i=  x(- x^Xi -(- XgX( ajx(

where x\X( a n d  x°lx. are num bers of states in  th e  perm it p a r t  w here variable X,- is, 
respectively, 1 or 0, Хщ a n d  XgX{ are num bers of forbid s ta te s  where variab le  
xf is, respectively, 0 or 1. T he lower is th e  value of te s t tXi* th e  closer to  con
s tan t is variab le  x,-.

* I t  w as  p roved  in  [35] t h a t  in  th e  e x tre m e  case w here a  fu n c tio n  is rea lized  b y  
one le tte r , c r ite r io n  tXi w ill h a v e  th e  m ax im al v a lu e .
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Consider an  example.

L et some function F  be given by appropria te  functions characterizing 
its perm it and  do n o t care s ta tes :

F x =  x  5 +  х ^ гхй +  хг(хъха +  х ^ 5хвх 10хп ) +  х гх2{х3 +  í 4 +  ж7 +  i 8 +  Xg),

F ~  =  X3X4 +  XSXg .

Then
F 1' ~  =  x5 +  x5x,xü +  Х](х5хв +  x2x5x6x 10x n ) +

' +  x ±x 2 ( x 3  +  x4 +  X 1 - f  x8 +  X g )  [x3x4 +  i 8z 9] ,  *

F°‘~  =  [xs +  X5x 4x6 +  xx(x5 -  x6 +  х2х ^ х 1йх 41) +

+  x 4x2(x3 +  xK +  z7 +  xs +  жв)] [x3x4 +  XgXg).

A fter decom position w ith  respect to variab les x v x2, x3 a n d  x4, canonical 
form s of these functions will be as follows:

F b ~ =  {1(^c1x^c3x i  +  x4x2x3 +  (Зх гх2 +  5j)3 •

(з^*5 4 “ X 3 *̂ 0 ) 2  ( 3Я 3 “b  X 3X 4 ) 3 ) 2 [ g X g X g j z

and
A0,~  =  (1(2̂ ! ^  +  x4)2 [2x5 +  x5x6]2 (2x3 +  x3i 4)2 [2а^е9]2)1.

Values of t X{ are listed in T able 1.

Table 1

X1 X2 *8 Xt Xb X$ XB X%

«1 63 63 3 9 39 7 2 72 78 78

< 54 5 4 7 8 78 4 5 45 39 39

a ° 9 9 9 9 0 0 18 18

a o 18 18 18 18 27 27 9 9

f x* 1727 1727 1 4 0 2 1402 1 9 4 5 1945 1402 1 4 0 2

* The co n ven tiona l inversion  b a r  is su b s titu ted  h e re  by  square  brackets.
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The lowest values a re  obtained by  th e  test for variab les x3, xv  x8 an d  x9. 
Consider f irs t variable x 0:

d F =  (хлх2хк +  (XjX2 +  Xj) (x5 +  x5a:e))x4 [x8x9] •
dx3

■ (XjX2 +  Xj) [Xg +  *5*6 ] [*8*9] +  (*1*2 +  (*1*2 +  * 1) (xs +  *5*6)) •

• [*8*9] (*1*2 +  *l) [*5 +  *5*6] *4 [*8*9] =  0 •

V ariable x3 is unessential. E lim inate i t  from expressions for F 1’ ~  a n d  F (>’ 
com pute tX( again and estabhsh  w hether next variable is essential o r not. 
Functions F x’~  and F ° ’~  are sim plified in  this m anner un til only essential 
variables a re  left.

The final form of F 1’ ~  and F 0’ ~  is as follows:

F U~ =  XXX2 +  (X]X2 +  Xj) (Xg +  XgXg)

=  (XjX2 +  Xj) [Xg +  XgXg] =  (XjXjj +  X]) XgXg .

N ex t stage of synthesis is to  sep a ra te  the kernel m interm s a n d  th e  so 
called “ insufficient m in term s” . M interms are  conjunctions consisting o f obliga
to ry  le tte rs  and  giving non-con trad icto ry  realization o f perm it a n d  forbid 
states. Conjunctions o f obligatory le tte rs  realizing concurrently  b o th  perm it 
and  forbid sta tes and therefore requiring specification to  be com pleted in  order 
to  avoid contradictory  realization are re ferred  to as insufficent m interm s.

Therefore, the f irs t s tep  in im plem entation of th e  functions ob ta in ed  is 
to  determ ine obligatory le tte rs  and consisting of them  conjunctions.

N ote th a t  analysis o f  unessential variables gives also for all essential 
variables b o th  lists of essen tial letters a n d  expressions characterizing states 
in to  w hich th ey  are involved.

Expressions ob ta ined  above as th e  result of determ ination  o f essential 
variables are shown in T able 2.

Table 2

O bligatory  le tte r
F u n c tio n  characterizing s ta te s  
in  w h ich  the  le tte r is involved

x x =  1

=  1
a;s =  1 (X]X% -f- # 1  )xgXG
x e =  1 ( » Ä  +  i l )  V t
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To ob ta in  conjunctions o f obligatory le tte rs , compare pairw ise the ex p res
sion above and  determ ine th e  num ber of s ta te s  realized b y  a  function w hich is 
conjunction of these expressions. I f  for a p a ir o f expressions th e ir conjunction 
is not zero, th is means th a t  corresponding obligatory  le tte rs  form conjunction 
and  th a t th e  expression o f th e  function in to  which th ey  are involved will 
enable bo th  determ ination  of th e  num ber o f s ta te s  which th e y  realize an d  th e  
function characterizing these states.

In  th e  case under consideration, conjunction of obligatory  le tte rs  is 
formed only by  x x and  x2 because their expressions in T ab le 2 intersect an d  
expressions for x5 and  xe are orthogonal bo th  to  each o th er a n d  to  expressions 
for Xj and  x2.

Verify now which of obligatory le tter conjunctions a n d  separate ob liga
to ry  letters are m interm s of th e  kernel or insufficient m in term s and w h e th e r 
th ey  give com plete realization o f F 1,~. D enote disjunction o f all m interm s as

<p =  x xx2 +  x5 +  xe
and  determ ine expressions

F 0 • cp and F x ■ cp.

I f  the firs t is equal to  zero it  m eans th a t im plem entation is non-contrad ictory ; 
if  the second is zero, im plem entation is com plete.

F 0 ■ cp =  ( а д  - f  x x) x5xe(xxx2 -f- x5 +  xt ) =  0

F x -q> =  (xxx2 -f  ( а д  +  xx) (x5 +  а д .) )  [ а д  +  xs +  ar6] =  0.

Thus, ob tained  above functions F x’~ a n d  F 0, ~ are non-contrad ictorily  
reahzed as th e  following canonical sum -of-products

cp =  x xx2 +  хъ -f- x6

an d  all term s involved are m inim al kernel term s.
Consider a  case where in  determ ination o f obligatory letters defective 

m interm s occur along w ith  kernel minterm s.
L et th e  following functions of six variab les result fro m  elim ination o f 

unessential variables:

F 1 =  +  x3(xAx5x6 +  i 4) (x5x6 +  x5x6)) +

“f" # 5 # б # 4 (# з (# 1 # 2  +  *^1^ 2) “f~ *^2*^6 * ( З Д Э Д ;  ~t~~ *^1*^3*^4*^5)

F ® =  X]X%X§Xq(^ 2 ^ * 4  - j -  ХуХ^)  “ Ь  * ^ 1 * ^ 2 )  +

+  x5(х±х ^ л 4- x ±x2x3)) 4- XsPfáXtfCj).



F unctions containing obligatory le tte rs  are given in  Table 3.

Table 3
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Obligatory
letter

Function characterizing  states in which th e  le tte r  
is  involved

x 1 =  0 X3X4X5(5iX 2Xe +  w 6)

x 2  =  0 Xj Xj Xj ÍX j X ^  +  Xj X ^ j )

ОII

X lX ^3X4X6X6

x i  = 1 XiX2X3X4X5X6

x 4  =  0 ХХХ^С^Х6Х̂

«Р II о

xe — 0 X1(x3Xß(x2X^X5 -j- Х2ХдХ5) -f- X2XgX^X5Xß

Com pare these functions pairwise a n d  construct a  triangu lar m atrix  
where 1 a n d  0 stand  for in tersection or its  absence, respectively.

Table 4

•P II о 1

оIIсо 0 0

х4 =  1 0 1 0

х4 =  0
•

0 0 0 0

х5 =  0 0 0 0 0 0

хв =  ° 1 1 0 1 0 0

х4 =  0 II о II о я4 -  1 х4 =  0 х6 =  0

I t  follows from the m a tr ix  th a t th e  obligatory le tte rs  form the  following 
function

<P = X±X2 +  XjX6 +  X&iXe +  x3 +  xt  +  xs .
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As it m ay  be seen from  F°<p, conjunctions xxx6 an d  х ^ х 6 are kernel 
m interm s, an d  x xx2, x3, xA a n d  x5 are defective minterm s.

9» =  x ixn +  ¥ A

9h =  #i#2 +  x3 -f- ^4 +  хь — 9\,n  +  9%и +  9з,н +  9 í,h -

According to  [35], th e  n ex t step is selection from th e  se t of insufficient 
m interm s an  optim al (having m inim al num ber o f m inim al-length conjunctions) 
subset com pletely realizing th e  residuum  o f th e  function w hich is not realizable 
b y  the kernel m interm s.

F irst, determ ine th is residuum :

A F 1 =  F^cpe] =  +  x3(x4x 5x6 -f  хА{хъха +  x5x6))) +
1 2 3 4 5 5 43

+  Х 5 Х 6 Х А ( Х  3 ( x AX 2  +  Х Л Х 2 )  +  X & , £ C 3 )  +  Х 2 Х в ( Х ] Х 3 X 4 X 5  +

3 4 4 3 3

+  Х 1 Х 3 Х 4.Х з ) )  í x l x e  +  X-F%X%\) =  xi~x2(x3x4x5xr> 4- x3(x^5x3 +
32  2 21

+  Xi XbX<i) +  X ^ 6(X l X 3Xi X 5 +  ¥ Ä * s ) '

Insufficient m interm s m ay  lead to red u n d an t realization. Therefore, th e  
n ex t step is to  select am ong th em  a subset w hich would com pletely and m ost 
effectively realize all the s ta te s  w ithout rem ainder.

Take th e  m axim al n u m b er of perm it s ta te s  realized along w ith the m in i
m al num ber o f forbid ones as a  te s t for selection of the m ost effective term s. 
According to  Sholomov’s te s t,  th is would re su lt in the sim plest realization 
o f completing functions. To determ ine these param eters, one has to  m ake 
a  count of th e  num ber of s ta te s  characterized b y  functions resu lting  from su b 
stitu tio n  in to  A F 1 and F 0 o f values of ob ligatory  letters w hich  are included 
into insufficient minterm s.

For exam ple, for insufficien t minimal te rm  x Ax2 the  following holds:

^ - 0 , ^ 0  =  X 3X i X5X6 +  Х з ( Х4Х 5Х в +  Xi X5Xe)

-̂  X̂ O, x,=0 =  х£хЗХЪхв

Hence ocdfi =  3, xp, — 1.
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Values obtained for all the  functions are tab u la ted  in Table 5.

Table 5

Functionminimal term of states

A F 1 жз +  х з(х ^ 5 х е +  W e ) 3
*1*2

A F ° ж354ж-ж6 1

A F 1 X 5 Xg +  X jX & X JC g 2
x 3

A F 0 X 1 X 2 X 4 X 5X 6 1

A F 1 X 1 X 9X 3 X 5 XQ -f- XXX ^ 5X% 2
x \

A F 0 X jX jc t fC t  +  x J x ^ . x - j X -  4 - X j X j c f á ) 3

*5
A F ' W A  + 3

A F 0 X l x ^ e( x & t  +  V f )  +  W « ( V !  +  *1жг) i

The functions ta b u la te d  above A F 1 and  AF° define a t  the same tim e  for 
app ropria te  incomplete te rm s com pleting functions elim inating contradictions 
introduced b y  the term s.

W ith in  the subset o f  effective insufficient m interm s, x-Lx2 is tak en  as the 
first one on the  ground o f values of a.

To avo id  redundan t realization in  selection of n e x t m inim al term s, sta tes 
realized b y  insufficient te rm  x xx2 are elim inated from th e  function for insuffi
cient te rm s x3, xv x5 be m eans of form ulae

=  X3 F-Xt [Xj X2 í 'x jx ,]  I x 3 A F x a =  X3 í x a [®i®2 ^ x , X,] ■

As th e  formulae show, these s ta te s  are elim inated from A F 1 a n d  AF° 
sim ultaneously with th e  aim  of obtaining in  F 0 a more com pact group o f  states 
which, in  compliance w ith  Sholomov’s te s t,  would re su lt in be tte r realization 
of com pleting functions.

T hen  values of a 1 an d  a 0 are com puted  once again, a n d  the next insufficient 
closest to  th e  optim al te rm  is selected. Continue th is  procedure u n til  the 
selected defective m in term s realize all perm it states, i.e. un til the following 
equality  is reached:

1Pí,h AFIíb =  <pitи F li B [9 3 , - 1 ,и K í- uh] =  0 •

A num ber of defective m interm s m ight tu rn  o u t to  be red u n d an t and 
would n o t be considered.
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In the example under consideration, it is x- that is such a defective term. 
For the rest of insufficient terms, the following completing functions 

are obtained:

These functions are realized similarly to the realization of initial functions 
F 1 and F°. The process begins with the function giving the simplest realization 
in terms of some test (that of Sholomov, for example).

Sometimes, the completing function of the last among all insufficient 
minterms turns out to be such a function because from it all states are 
excluded realizable by formerly selected terms.

The completing functions are realized either in the order of increasing 
complexity (with respect to appropriate tests), or in the order reverse to that 
of selecting insufficient minterms.

In a case where several realizations of some completing function exist, 
these versions are checked for realization of states of other completing func
tions, and the most effective function in this sense is selected. Corresponding 
states are eliminated from these functions to avoid redundancy. For example, 
for defective minterm x3, completing functions may be realized also as follows:

iV /у У У 'У 'У'JyZu'4c> *̂ 3*̂5 *

From these versions either х}х3, or x3xi should be selected because they 
realize one of the states in the completing function of defective minterm X]X2.

After realization of all completing functions, the following realization 
o f given function F 1 results:

F 1 =  *2*4*« +  Х г Х в  +  X & t  +  X t X 3  +  X j X 2 X 5 X e  .

This method of decomposition is applicable to all functional components 
with symmetrical inputs and parameter r9 =  1 ,* as well as to those components 
whose properties may be reduced so as to comply with these conditions [35].

* r,p is a  p a ra m e te r  o f a com ponen t, de te rm in ing  its  s tru c tu ra l p ro p e r tie s  [35].
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W ith  various com ponents, application o f the m ethod above differs on ly  
in  realizations o f given functions with respect to  either p e rm it or forbid s ta tes , 
or a lternate ly  w ith respect to  both, like in  th e  case of N A N D ’s and N O R ’s.

Synthesis for com ponents w ith non-sym m etrical inputs is m ore com plicated 
due to  a  num ber of new problem s arising here such as determ ination  o f th e  
optim al sequence of filling in p u ts  of com ponents, and selection o f optim al v a r i
ables fed in to  them ; determ ination  of th e  op tim al order o f constructing in p u t 
completing functions and  o f procedures to  determ ine th em  w ith  as g rea t as 
possible allowance for the  s tru c tu ra l p roperties of com ponents; consideration 
of constrain ts on the num ber o f com ponent’s inputs, d ep th , fan-outs, etc.

L ack o f constraints on  both  form  o f  functions describing au tom aton  
operation an d  on the s tru c tu ra l properties o f com ponents is o f prim e im portance 
in m ethods for solving these problem s from  th e  viewpoint o f  bo th  application 
and  b e tte r  realizations.

The corresponding m ethods are o rien ted  to  functions given in any  form  
(canonical or parenthesis o f  an y  depth) a n d  to  arb itra ry  com ponents given by  
any kind o f Boolean function  as well.

The differential B oolean algebra, various heuristic te s ts  and a rb itra ry  
Boolean function  transfo rm ation  techniques find wide application to  these 
problems. One of such m ethods for op tim al realization o f com binational a u to 
m ata is th e  so-called “ tran s itio n  tab le” m ethod  discussed f irs t  in [28] and  la te r 
elaborated in  [23] and [36].

In  th e  transition  ta b le  columns are  assigned to  in p u ts  and rows are 
assigned to  perm it and fo rb id  states of a  given function. Assum e th a t a func
tion given b y  perm it F 1 a n d  forbid F°  s ta te s  is to  be realized  by an elem ent 
whose s tru c tu ra l properties are given b y  com ponents cp° a n d  <p° characterizing 
its perm it an d  forbid s ta te s , respectively.

T hrough some heuristic tes t m ost appropriate  variab les are selected to  
be fed in to  elem ent inputs [36]. This leads to  some o u tpu t functions f(h) an d  f(g) 
characterizing, respectively, perm it and  fo rb id  states o f th e  element resu lting  
after su b stitu tio n  in cp1 a n d  <p° of input variab le  symbols fo r those of elem ent 
inputs.

I f  F  • f(h) =  0 and  F°  • f(g) =  0, a  s ta te  of f(h) w ill correspond to  each 
perm it s ta te  o f F 1 in the s ta te  transition  tab le , thus resu lting  in  1 a t the elem ent 
ou tput, a n d  a  state  from  f(g) will correspond to  each fo rb id  state, of F°  th u s  
giving 0 a t  th e  ou tput. F unction  F  will be realized non-contrad ictorily  by 
a single o u tp u t element.

O therwise, to elim inate contradiction, inpu t variables should be replaced 
by com plem enting functions.
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D eterm ination  o f these functions is ra ther a com plicated ta sk  which is 
a  good illusration to  th e  problem  o f separating from  th e  se t of states charac ter
izing a  given function  a  subset hav ing  some preassigned properties as it was 
m entioned  in the beginning of th is  paper.

I f  one considers a  transition  tab le  column corresponding, from  th e  one 
hand, to  some elem ent in p u t y h and, from  the o ther hand , to  inpu t variable ж,-, 
th e  following groups o f states m ay be identified w ith  respect to  th e  column:

a) states where ж,- =  1 o r ж,- =  0 and  the  given function is realized a t 
the  o u tp u t correctly, w ith  the  change o f ж/s  value changing the  o u tp u t and 
m aking it  contradictory . This value, obviously, should  be preserved in the 
com pleting function replacing ж,-; and

b) states where ж,- is also 1 or 0 b u t where function  of ж,- is realized a t 
the  o u tp u t incorrectly, w ith  the  change of x /s  value leading to  elim ination of 
th e  contradiction. L ike in  the case above, le tter ж,- is obligatory, and, to  avoid 
contradiction, this s ta te  should be replaced by  a s ta te  in  th e  opposite p a r t of 
th e  tab le .

I f  th e  sta te  u n d er consideration differs from those  in  the o th er p a r t of 
the tab le , changing ж,- value by  m eans o f a  com pleting function m ight prove 
useful because i t  decreases the  “d istance” between th e  given s ta te  an d  th a t 
correctly  realizing th e  given function, thereby  sim plifying realization o f com
pleting functions a t  o th e r inputs o f th e  element.

W ith  analy tical represen ta tion  o f function an d  elem ent, one has to  find 
a function  characterizing all these groups o f states in  order to  obtain expressions 
for com pleting function.

As it  was dem onstra ted  in [23], perm it and  forbid s ta tes  of the com pleting 
function for inpu t у,- are  determ ined in  th is case as follows:

К  =  F ' ( d(h)yi +  S(g)yt) +  F°(d(h)y{ +  S(h)yx)

F \  =  F ^ m - y ( +  S{g)yt) +  F(d(h)yt +  S(h)yt) ,

where F \ ( and  F°yt are  functions characterizing p erm it an d  forbid s ta tes  of 
th e  com pleting function  for the  in p u t у,- of the o u tp u t elem ent;

h an d  g are functions characterizing perm it and  forb id  states o f th e  func
tion  realized a t the  elem ent o u tp u t a f te r  feeding variables a t  its inpu ts;

9(A)* =  А (у,- =  l ) g  (уI =  0) is a so called “p a rtia l” first-order derivative 
of function  h w ith respect to  у,- w ith  sym bol у,- su b s titu ted  for variable fed into 
y,’s in p u t;
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d { h )y i =  h ( y i  =  0) g(yt =  i )  is partia l first-oder derivative of function 
A w ith  respect to  у/ under th e  sam e conditions;

d(g)y( and d(g)yi are firs t-o rder derivatives o f function g w ith  respect 
to  у  I and I/,• defined in the sim ilar m an n er;

S(h)y( — Vy—2 QqA )>l( is d isjunction  of derivatives of function  A w ith 
respect to  from  2-nd to  qth o rder; and

S(h)y{, S(g)y( an d  S(g)yj are sim ilar disjunctions of derivatives of A w ith 
respect to  yi, and  o f g w ith respect to  г/,- and г/,-.

R ecently, th e  above-described results o f th e  finite au to m ata  theory  
have found application to  th e  design of sequentia l au to m ata  [37-39]. They 
are also used in o ther problem s such as analysis of s ta tis tica l an d  dynam ical 
races, synthesis o f  reliable d iscre te  circuits, design of m odular discrete cir
cuits, construction of dynam ical and  checking tests , etc. (M ethods for solving 
these problems an d  other problem s of m odern finite au to m a ta  theory  are 
review ed in [40].)
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H  —1111 B u d a p e s t X I . ,  G o ldm ann  György té r  3, H u n g a ry Н  —1111 Б у д а п е ш т  X I ,  п л ощ адь  Г о л д м а н н  Д .,  3, 
В е н г р и я

T he a u th o rs  a re  req u e s te d  to  re ta in  a  th ird  copy  o f  the  
s u b m it te d  ty p e sc r ip t to  be ab le  to  check th e  proofs ag a in s t it.

А в т о р а м  р е к о м е н д у е т с я  о ст ав л ять  у с е б я  к о п и ю  всех 
п р е д с т а в л е н н ы х  им и м а т е р и а л о в  д л я  с п р а в о к  п ри  к о р 
р е к т у р е .

T h e  p ap e rs , p re fe ra b ly  in  E n g lish  or R ussian , sh o u ld  be 
ty p e d  doub le -spaced  o n  one  side  o f  g o o d -q u a lity  p a p e r, 
w ith  w ide m arg in s  (c. 4 — 5 cm ) shou ld  ca rry  th e  t i t le  o f  the  
c o n tr ib u tio n , th e  a u th o r(s ) ’ n am e, a n d  th e  n am e o f  the  
c o u n try . A t th e  en d  o f  th e  ty p e sc r ip t th e  n am e o f  t h a t  a u th o r  
w ho m anages th e  p ro o f-read in g  should  also be g iven .

С т а т ь и , ж е л а т е л ь н о  н а  русском  и л и  ан г л и й с к о м  
я з ы к а х ,  о тп еч а тан н ы е н а  бум аге  х о р о ш е г о  кач еств а , 
с п р о м е ж у т к о м  в д в а  и н т е р в а л а  и ш и р о к и м и  (4 — 5 см) 
п о л я м и  д о л ж н ы  с о д е р ж а т ь  н а и м е н о в а н и е  статьи , 
ф а м и л и ю  ав то р а  (а в т о р о в ) , н азван и е с т р а н ы . В кон це 
с т а т ь и  необходим о т а к ж е  у к а зат ь  ф а м и л и ю  а в то р а , 
о тв ет ст в ен н о го  за  к о р р е к т у р у  .

A n  a b s tra c t  o f  a b o u t 50 to  100 w ords shou ld  h ea d  the 
p a p e r.

С т а т ь е  д о л ж н а  п р е д ш е с т в о в а т ь  а н н о т а ц и я  объемом 
5 0 — 100 слов.

T he a u th o rs  a re  en co u rag ed  to  use th e  follow ing head ings: 
In tro d u c tio n  (o u tlin in g  th e  p rob lem ), M ethods a n d  resu lts . 
D iscussion , C onclusions, R efe rences . T he e n tire  m a te ria l 
sh o u ld  n o t exceed  15 pages in c lu d in g  tab les  a n d  references. 
T he p roper lo ca tio n  o f  th e  ta b le s  a n d  figures m u s t be in d ic a t
ed  on  th e  m arg in s . M a th e m a tica l n o ta tio n s  sh o u ld  follow 
u p - to -d a te  usage.

А в т о р ы  при н а п и с а н и и  статьи  д о л ж н ы  п р и д е р ж и 
в а т ь с я  сл едую щ ей  ф о р м ы : введение (п о с т а н о в к а  за 
д а ч и ) , основное с о д е р ж а н и е  и р е з у л ь т а т ы , о б су ж д е
н и е , вы воды  и л и т е р а т у р а .  О бъем с т а т ь и  н е  д о л ж ен  
п р е в ы ш а т ь  15 п е ч а т н ы х  стр ан и ц , в к л ю ч а я  т а б л и ц ы  и 
с с ы л к и . П о с л е д о в а те л ь н о с ть  та б л и ц  и р и с у н к о в  д о л ж 
н а  б ы т ь  отм ечена н а  п о л я х . М ате м ати ч еск и е  обозн а
ч е н и я  р ек о м ен д у ет ся  д а в а т ь  в с о о т в е т с т в и и  с совре
м е н н ы м и  т р е б о в а н и я м и  и тр а д и ц и я м и .

T h e  su m m a ry  — possib ly  in  R u ssian  i f  th e  p a p e r  is in  
E ng lish  a n d  v i c e  v e r s a  — sh o u ld  co n ta in  a  b r ie f  a c co u n t o f  th e  
p ro p o s itio n  a n d  in d ica tio n s  o f  th e  fo rm u las  u sed  a n d  figures 
show n  in  th e  p ap e r. T he su m m a ry  is n o t supposed  to  exceed 
10 — 15 per c e n t o f  th e  p ap e r.

К  с т а т ь е  о б я за т е л ь н о  д о л ж н о  бы ть п р и л о ж е н о  резю 
м е -р е ф е р а т . Резю м е — н а  р у сско м  я з ы к е , е с л и  статья  
н а п и с а н а  на а н г л и й с к о м , и  н аоб орот — д о л ж н о  содер
ж а т ь  к р а т к о е  и з л о ж е н и е  те к ст а  стать и  со  с с ы л к а м и  на 
н ео б х о д и м ы е  ф о р м у л ы  и гр аф и к и , и м е ю щ и е с я  в основ
н о м  т е к ст е . О бъем  р езю м е  не д о л ж е н  п р ев ы ш ат ь  
1 0 — 15%  объема с т а т ь и .

T h e  a u th o rs  w ill be s e n t sh eet-p roo fs  w hich  th e y  are  to  
r e tu rn  b y  n e x t m a il to  th e  sen d er R eg ional E d ito r ia l B o ard .

А в т о р а м  в ы с ы л ае тся  к о р р е к т у р а  с т а т ь и , к о т о р у ю  они 
д о л ж н ы  н езам ед л и тел ь н о  в о зв р ати ть  в Р е г и о н а л ь н у ю  
с е к ц и ю  Р ед к о л л еги и  ж у р н а л а .

A u th o rs  a re  e n t it le d  to  100 re p r in ts  free o f charge . R ejec ted  
m an u sc rip ts  w ill be re tu rn e d  to  th e  au th o rs .

А в т о р а м  о б е с п е ч и в а е тс я  бесплатн о  100  о т т и с к о в  их 
с т а т е й . Р у ко п и си  н е п р и н я т ы х  статей  в о зв р а щ а ю т с я  
а в т о р а м .
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