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ON THE EMBEDDING OF A-NUCLEAR SPACES 
INTO PRODUCT OF BANACH SPACES

J. M. GARCÍA-LAFUENTE (Badajoz)

0. Introduction

If £  is a nuclear space, Grothendieck [1] proved that for every 0-neighborhood 
U in E, there is an absolutely convex О-neighborhood F in E, VczU such that 
Ey is norm-isomorphic to a subspace of lp (whatever p d [  1, °°)). As usual, Ev is 
the completion of the linear space Ev = E /f]n~1V normed with the gauge of V.

П
If E  is the nuclear space s of rapidly decreasing sequences and F is any infinite- 

dimensional Banach space with Schauder basis, then for every О-neighborhood U 
in E there exists an absolutely convex О-neighborhood VczU in E  such that Ev 
is norm-isomorphic to E (see [6]). This result of Saxon was improved later on by 
Valdivia [8] proving its validity when E is an arbitrary nuclear space and F any 
infinite-dimensional separable Banach space.

In the present paper we bring up these results into the context of 1-nuclearity. 
Namely, we will prove that for certain sequence spaces Я, a Mackey space a can 
be found satisfying the following condition: If F is  any infinite-dimensional Banach 
space with Schauder basis, for every О-neighborhood U in a there is an absolutely 
convex О-neighborhood V in a such that av is norm-isomorphic to F. As a conse
quence we prove an embedding theorem of /.-n uclear spaces into some product of 
any given infinite-dimensional Banach space with Schauder basis.

This research, supported by the University of Extremadura, was carried out 
during the author’s visit to the University of Kaiserslautern (F.R.G.).

1. Definitions and previous results

The linear sequence spaces Я we will deal to are assumed throughout to be 
normal, additive, decreasing rearrangement invariant and such that lczlq for 
some <7>0 (see [4] for definitions). The diametral dimension of a Hausdorff locally 
convex space F, denoted by Л (F), is the collection of all sequences (<5„) of non
negative numbers such that for every О-neighborhood U in F  there is a 0-neighbor- 
hood V in F, VczU such that 3„(V, U )^M Sn for every n€N and for some 
M^O. Here Sn(V, U) is the и-th Kolmogoroff diameter of V with respect to U. 
This notion of diametral dimension, different of that of Terzioglu [7], fits better in 
our context of Я-nuclearity which is defined as follows: A Hausdorff locally convex 
space F  is said to be Я-nuclear if for each 0 the following condition holds: For 
every О-neighborhood U in F  there is a О-neighborhood F in  F, F c U such that 
(<5„(F, U))d№ (a sequence (£„) is in Яр iff (£p) is in Я).

Following [4] we denote by Я+ the subset of all sequences ( in) in Я such that

)•



4 J. M. G A RC ÍA -LA FU EN TE

<5i =  ̂ 2 = _=0 and we define the linear space а=  P) %р where А= {т=(т„);
р> О

\тп\^£„ for some £=Р„КА +}. The space a is always assumed to be furnished with 
its Mackey topology p{o, <rx), where <rx is the а-dual of a.

As usual, given a non-bounded increasing sequence a=(a„) of nonnegative 
numbers, the power series space of infinite type

Л(ое) = {ß = (/?„); pk(ß) =  Í  ekx"\ß„\ VfcíN}
И = 1

is endowed with its natural Fréchet topology defined by the seminorms pk, 
к = 1,2, —  If Vk is the unit ball of the seminorm pk it is known that for every 
«€N, mCN, N, <5„(Ffc+m, F*) = e~mo:".

We have the following alternative description of a power series space of infinite 
type.

Proposition 1.1. I f  £„>0 for every n£N we define the linear space A(£)= 
= {ß=(ß„)', sup £ A11/41-= + “ }• We then have Л(а) =  f] Щ )” for a„ =  ln

n £ N  p > 0
n€N.

Proof. Since /Р  Л (a) iff ^  £nk\ßnl< +°° for every k£N, the inclusion
П

A (a) cz Pi Ap)p is trivial. Conversely, if  ß^2(f)p for every p> 0, given k£N
p>- 0

let us choose 0 such that |/4 |= М ££+4 for every n€N (remember Ac/4). 
Then we have 2! ^nk\ßn\—M  2  +  °° and ß£A( a).П П

Let us denote by s=  Л ((log n)„ ) the Fréchet nuclear space of rapidly decreasing 
sequences. We have

Proposition 1.2. For each (£„)6АР1 A (sN), a is topologically isomorphic to 
Л(а) where a„=ln

Proof. If we prove A{a) = o we are done, because the Mackey topology 
p(o, <rx) in a is then equal to the (Mackey) topology of Л(а) since Л(а)' =  <г* (cf. 
[3] § 30). Let ß f A (a). By Proposition 1.1, for every 0, \ß„\pziM p <p for 
every и£N and some M p>0. Since £€A+ we conclude ß ^ f ) l p=(r. Conversely,

p
let t£A+. If we exclude the trivial case t„ = 0 for all but finitely many «€N, we 
have t„ > 0 for all n€N and we define y„ =  ln r~ \ n£N. The Fréchet power series 
space Е=Л(у) is even nuclear; indeed, if  q> 0 is such that Ac/4, then we have 
2  (e~4)y"<  +oo and the Grothendieck—Pietsch criterion applies. By the Kömura—

П

Kömura Theorem [2], E is topologically isomorphic to some subspace of sN and 
hence ££Л (sN)czA(E). Taking into account the evaluation of the и-th diameter of 
Kolmogoroff just before Proposition 1.1, we deduce that there is m£N and 0 
such that г for every n£N. Thus P) Apc  p| Ap)p and by Proposition

p > 0  p >  0
1.1, (гсЛ(а).

Acta Mathematica Hungarica 48, 1986



ON TH E EM BED D IN G  O F Л-N U CLEAR SPACES 5

Corollary 1.3. I f  l  — lq for some q> 0 then (n P)„€A for every p> q  '. 
Conversely i f  (n~ p)„€A for some p > 0 then o= s (topologically as well).

Proof. The first assertion is trivial. For the second one, let us note that, since 
sN is nuclear, (n~ p)£2.C\A(sN) ([5], 9.4.1). By the above proposition o — A(a)=s 
for а„=1пир, N.

2. The isomorphism theorem

D efinition 2.1. A sequence (£„), c„>() for every nd N, is said to be pseudo-k- 
nuclear iffor every к  €N there is k'd  N and /•> 0 Suchthat 2  £nk\ßn\—rsuP €nk'\ßn\

П П
for every ß = (ßn)do.

It is clear that any sequence (n~p)„ for p >  1/2, is pseudo-A-nuclear. Associated 
with any pseudo-A-nuclear sequence f  we construct the power series space of infinite 
type Л?=Л(а) where a„=ln £“\  ndN, endowed with its natural topology.

L emma 2.2. Let F be any infinite-dimensional Banach space with Schauder basis, 
and let Q be a pseudo-?-nuclear sequence. Then for every neighborhood U o f 0 in aF 
there is an absolutely convex neighborhood V o f  0 in /F such that A ) is norm-isomor
phic to F.

Proof. The guidelines of the proof are those of [6] modelled to fit our parti
cular situation. Let {v„} be a Schauder basis in F with ||jcJ  =  1 and with coefficient 
functionals {un}. Since {u„} is a weakly bounded sequence, the Uniform Boundedness 
Theorem applies to conclude that W = {m„}° is a О-neighborhood in F and its (con
tinuous) gauge qw satisfies sup \u„(x)\=qw( 2  w„(x)a'„)ss M!|x|| for everyn n
x = 2 11 n (x)xnd F  and for some non-negative constant M. Let U be a 0-neighbor-

n
hood in /F. There is no loss of generality in assuming that U={ßdA^; pk(ß) íí 1} 
holds for some seminorm pk generating the topology of /F  (see Section 1). Let 
k 'd N  and r> 0 be the numbers associated to к in the Definition 2.1. The (linear) 
map Ф: /F-*F given by

<P(ß) — rM  2  Z;k'ßnx„, ß = (ßn)eAi
n—1

is well defined since the series 2  %nk ßn is absolutely summable and F is  complete.
П

Ф is injective because {x„} is a Schauder basis and Ф has dense range as well. There
fore /F endowed with the norm q(ß) = ||Ф(/?)||, ßd /F, denoted then (/F, q), is norm- 
isomorphic to a dense subspace of F. The norm q is continuous in /F because 
q(ß)—rM 2  ^ k'\ßn\ = rMpk.(ß) for all /?€/F and, thus, V={ßdA^; q (ß )^ \)

Я
is an absolutely convex neighborhood of 0 in A?. Furthermore V aU  because 

Pkiß) S r  sup £"*'!/?„ I =  rqw( 2  i~ k'ßnx„) Ш IФ (£)|| =  q(ß).
П П

Since q is a norm, A% is norm-isomorphic to (/F, q) and by the preceding remark, 
(ÁF, q) is norm-isomorphic to F.

Acta  Mathematica Hungarica 48, 1986



6 J. M . G A R C ÍA -L A FU E N T E ; O N  THE E M B E D D IN G  O F A-NUCLEAR SPACES

We then get the main result. A is a sequence space and a=  f) is endowed
0

with the Mackey topology erx).
T heorem  2.3. I f  ЛГ\ A (sN) contains a pseudo-)-nuclear sequence, for each infinite

dimensional Banach space F with Schauder basis and each О-neighborhood U in a, 
there is an absolutely convex О-neighborhood V in a such that dv is norm-isomorphic 
to F.

P roof. Let £ be a pseudo-A-nuclear sequence in А Г Ы ^). By Lemma 2.2, 
a neighborhood V can be found such that Af, is norm-isomorphic to F. But 
is the space a by Proposition 1.2.

Assuming the hypothesis of the above proposition, there exists a basis У  of 
absolutely convex neighborhoods of 0 in a such that ov is norm-isomorphic to F 
for every V£V. Thus, Moscatelli’s Embedding Theorem [4] jointly with 
Theorem 2.3 yields the following embedding theorem for A-nuclear spaces

C o ro lla ry  2.4. Under the hypothesis o f the theorem, every Л-nuclear space E  
can be embedded into some I-fold topological product o f any infinite-dimensional Banach 
space with Schauder basis.

P roof. By [4], Lemma 3, E  is topologically isomorphic to a subspace of a pro
duct of ff’s. On the other hand, a is topologically isomorphic to a subspace of 
]J dv . The conclusion now follows from the above remark. It is worth noting

ver
that if E is Fréchet, the index set I  can be chosen countable because о is Fréchet as 
well (Proposition 1.2).
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A THEOREM ON INFINITE DISTRIBUTIVITY 
FOR POST L -ALGEBRAS

F. M. YAQUB (Beirut)

It is known that every Boolean algebra В satisfies the infinite distributive laws

(Dr)
and

(D2) У +  П  * i=  П(У +xd,«€/ ■€/

у  2  X i =  2 y x i ,
iU  i i l

while an arbitrary distributive lattice may fail to satisfy either or both of these laws. 
In this note we show that both (Dr) and (D2) hold for a Post L-algebra P= (B, L) 
with a finite lattice of constants L.

Post L-algebras were introduced by T. P. Speed in [2] and further investigated 
by the author in [3] and [4]. It is shown in [2] that if L  is a bounded distributive lattice, 
then every Post L-algebra P is isomorphic to the coproduct of a Boolean algebra В 
and L, where the coproduct is taken in the category of bounded distributive lattices 
and lattice homomorphisms preserving 0 and 1. P will be denoted by P=(B, L).

All lattices considered in this note will be distributive lattices with 0 and 1, and 
all lattice homomorphisms will preserve 0 and 1. We shall use the terminology and
notation of [1]. In particular, if L' is a sublattice of L and SQL', then the least

и
upper bound of S  in L ' and L will be denoted (whenever they exist) by

L
Z xxiS

and

2! x  respectively. Similar notation will be used for the greatest lower bounds of S
xiS
in L' and L. We recall the definition of coproduct.

D efin itio n . Let L x, L2 and L be distributive lattices and let ix: Lx—L and
i.,: L2 — L be lattice monomorphisms. The pair (L, {/x, i2}) will be called the copro
duct ( — free product) of Lx and L2 if for every distributive lattice D and every pair 
of lattice homomorphisms hx: LX-*D and h2: L2-+D, there is a unique lattice 
homomorphism h: L —D suchthat hi1=h1 and h f  =  h2.

We shall denote the coproduct of L x and L2 by Lx * L2 and to simplify the nota
tion we shall identify Lx and L2 with their isomorphic images ix{Lx) and i2(L2). With 
this convention, Lx* L2 can then be characterized as follows (cf. [1], Theorem VII. 1):

L emma 1. Let L  be a distributive lattice generated by the union L x U L2 of two 
sublattices Lx and L2. Then L is the coproduct o f Lx and L2 i f  and only i f  for every 
a1,b 1£Li and a2, b2(LLz, axa2s b x + b2 implies а1шЬ1 or a2^ b 2.
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With the above convention every element x in the coproduct Lx * L2 can be 
expressed as

(1) x  = 2  ŰA>
1 =  1

or
m

(2) x  =  IK^i+bi),
j = 1

where all at, a f L x and all bi,b j ^ L 2.
We begin by showing that each jL;, г = 1,2, is a regular sublattice of L= LX*L2;

L , L  L , L
that is, for every S Q L t, if 2  x  exists, then 2  x  also exists and 2  x= 2

xes xes xes xís
and similarly for greatest lower bounds.

T heorem  1. Let L = L X*L2 be the coproduct o f  two distributive lattices Lx and 
L 2 ■ Then Lx and L 2 are regular sublattices of L.

r-i
P r o o f . Let S — {x t}téT = tLx and suppose that 2  xt~ a- We shall show that

ter
L  n

a= 2  x t- Let u£L  be an upper bound of S  and express и as u= JJ {at+bf,
t C T  i=1

where for all /€ {1, 2, ..., n), a f L x, b f L 2 and bt^  1. Then for a fixed i and for 
every idT, a, •l= a t^ u ^ a i+bi. Therefore by Lemma 1 and the fact that b ^  1,

П
a ,S a ; for all t£T. Hence űSűiSűj+í); and it follows that a ^  JJ  (й;+ й;)= м.

i =  1
Thus a is the least upper bound of S  in L. Similarly we show that greatest lower 
bounds in Lx agree with those in L.

Our aim is to show that a Post L-algebra P=(B, L ) with a finite lattice of cons
tants L  satisfies the distributive laws (D J and (D2). But first we note that P~(B, L) 
need not satisfy either of (Dx) or (D2) if L  is infinite. Indeed, it follows from Theorem 1 
that if L  does not satisfy (D;), i= l or 2, then any Post L-algebra will also fail to 
satisfy (Dj). It is not known whether, for infinite L, (D,) holds in P=(B, L) whenever 
it holds in L.

Let P = A *L , where A and L  are distributive lattices and L = {lx, l2, ...,/„} 
is finite. Then every x£P  has a representation

(3) x =  2 aih,
i= l

where each a fA .  Of course this representation of x is not unique; however, among 
all these representations there is one which we shall denote by

(4) x = 2 a* U
i = l

and which has the property that for any other representation (3) of x, a***at for 
every id {1, 2 , ..., n}. The representation (4) will be called the largest representation

Acta Mathematica Hungarica 48, 1986
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of x and it can be obtained as follows: Let (3) be an arbitrary representation of л:. 
Then

x  = 1 • x = (/i +  /2+  + 4) 2  aih =  2  atk-
i—l  i = l

Note that each a* is the least upper bound of {а}: lj=li}- Moreover, for every
n

id {1, 2, n}, a*=xli, hence 2 ath  is the largest representation of x.
i =  1

For the remainder of this note we shall assume that L={11,12, /„} and that
every element xd P = A * L  has been expressed by its unique largest representation (4).

Lemma 2. Let P = A *L , where L ~  {/l5 /2, and for every t f  T, let
П P  P

xt= 2  at,ih- V  2  x t exists, then for every i£ {1, 2, ..., w}, 2  at,ih exists and
i = 1 ’ t€T T

2  x t — 2  { 2  at,i h)- 
t e r  i = i  г6 T

P n
Proof. Let 2  x t=u  ̂ where u= 2  ath  is the largest representation of u.

i € T  i = 1
p

We shall show that for every {1, 2, и}, dfli= 2 atih- Indeed, let
i'€{1, 2, ..., /1} be fixed. Then since a*lv=uIV9 a*.lv is an upper bound of S=

n
S={a*ili}teT. Moreover, if v= 2 ^ * h  JS another upper bound of S, then it

>=1
follows from the property of the largest representation that b*.lv is also an upper

П

bound of S. Hence if Ь*,1и<а*,1г , then the element b*dv+ 2 ath  would be an
i = 1iVÍ'

upper bound of {xt},er which is less than u. It follows from this contradiction that 
af, /;. is the least upper bound of S, and the conclusion of the lemma is now clear

Theorem 2. Let A and L be distributive lattices where L =  {/,, l2, is
finite. Then the coproduct P = A * L  satisfies the distributive law (D;), /= 1 ,2 , i f  
and only i f  A satisfies (D;).

Proof. By Theorem 1, A is a regular sublattice of P = A *L . Hence if (D;) 
holds in P, it will also hold in A. Conversely, suppose that (Dx) holds in A. We shall

л p
first show that if {«;};e i fA  such that 2  ai exists and if IdL, then 2  âi exists

it I it l
and

(5) 1 2  ai = 2  lai- t t i  iii
A

Indeed, let a— 2  <*i-
it Iк

Then la is an upper bound of S={ail}iiI in P. Moreover,

if u= ]J (bj+nij) is another upper bound of S  in P, then for all i£ l  and all jdK=

Acta Mathematica Hungarica 48,1986
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— {l, 2, ..., k}, a J ^ b j +m} and hence by Lemma 1, a ^ b j  of Isn tj.  Let
A

J= {jdK : l^ntj} and J '  — {jdK: b j ^  2  at = aj. Then
1 =  1

and
la = nij = bj + nij, when jd  J, 

la S  bj S  bj + nij, when jd J '-
Therefore la^bj+ ntj, for all jd JU J '= K , so that la^iu. Thus la is the least 
upper of S  in P and (5) holds. Now, to show that (Dx) holds in P, let yd P and

P  П П
suchthat 2  x, exists. Let y =  2 a*h and for every tdT, x ,=  2  a*th 

t e r  > = 1  i = i
be the largest representations of у and x t . Then using Lemma 2, equality (5), and the 
fact that (Dj) holds in A,

у 2 x< = (Í a j i j ) (2 ( 2  <ii , ) )  = 2 (Í ( « ; h Í <ih))  =
t i T  7 = i  i=l  t e r  7=1 i= i  t er

= 2 ( i { a J i A 2 < d ) =  2 ( i ( b h  2 < i« T »  =j  =  1 i =  1 f € Г j  = 1 i = 1 t £ T

É  ( É  ( 2  a t t h a p j ) )  =  2  { 2  ( a t M  2  a j l j ) ) )  =  i X , y .
7=1 i= i 1=1 t e r  7=1

Thus P  satisfies (DJ. To show that (D2) holds in P whenever it holds in A, we 
dualize Lemma 2 and the above argument. This completes the proof of the theorem.

Since every Post L-algebra is isomorphic to the coproduct of a Boolean algebra 
В and L, and В satisfies both (Dj) and (D2), Theorem 2 gives the following

C o r o lla r y . Every Post /.-algebra P={B, L) with a finite lattice of constants 
L  satisfies both (Dj) and (D2).
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A DECOMPOSITION OF CONTINUITY
JINGCHENG TONG (Jacksonville)

1. Introduction

The а-set was first introduced by Njástad [16]. а-continuity was studied in 
[15]. In this paper, we introduce the notion of si-set and ^/-continuous mapping, 
and prove that a mapping is continuous if and only if it is both а-continuous and 
^/-continuous. Our decomposition of continuity is different from Levine’s [10]. We 
also discuss some properties of ̂ /-continuous mappings, and point out that .^-contin
uity is different from twelve known continuities in weak sense.

2. Preliminaries

We recall some known definitions.

D e fin itio n  2.1 ([16]). A subset 5  of a topological space X  is said to be an a-set 
if 5 c  Int (Cl (Int (5))).

Definition 2.2 ([15]). A mapping / :  А —У is said to be а-continuous if for 
each open set V cY , f ~ x(V) is an а-set in X.

Definition 2.3 ([11]). A subset 5  of a topological space X  is said to be semiopen 
if there is an open set U in X  such that t/c5cC l({7). A mapping / :  А—У is 
said to be semicontinuous if for each open set F c  Y, f ~ l(V) is a semiopen set in X.

D ef in it io n  2.4 ([1, p. 92]). An open (closed) subset of a topological space X  is 
said to be a regular open (regular closed) set if 5= In t (Cl (5 )) ( 5 = Cl (Int (5))).

D efin itio n  2.5 ([10]). A mapping / :  А-*-У is said to be weakly continuous if 
for each open neighborhood of f ( x ) in У, there is an open neighborhood U of л in X  
suchthat / ( t / ) c C l(F ) .  A mapping/ :  A— Y  is said to be weak* continuous if for 
each open set V in Y, / -1(Fr (F )) is closed in X, where Fr (F ) =  Cl (F ) \In t (F).

The following decomposition of continuity was given by Levine [10]:

Theorem 2.1. A mapping f  : А —У is continuous if and only i f  it is both weakly 
continuous and weak* continuous.

Rose [18] generalized the above theorem. He weakened weak* continuity to be 
locally weak* continuity.
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3. ja/-sets

Definition 3.1. A subset of a topological space X  is said to be an .5/ -set if 
S = U \fV , where U is an open set and Ж is a regular open set.

It is easily seen that a subset S  is an si-set if and only if S=UDC, where 
U is an open set and C is a regular closed set. An open set U is an si-set since 
и = и \Ф .

Theorem 3.1. An si-set is semiopen.
Pr o o f . Let S=U(1C  be an si-set, where U is open and C=Cl (Int(C)). 

Since we have Int (S)z) C/fllnt (C). It is easily seen that Int (S)czSczC,
hence Int (»S)=Ini (Int (5'))c:Int (C). But Int (S )a  Sc: U, hence In t(5 ')c  
cC /n in t(C ). Therefore Int (S) — [/(Tint (C). Now we prove ScC l (Int (51)). 
Let x£S  and Vhe an arbitrary open set containing x. Then Ufl V is also an open 
set containing x. Since x€C = C l (Int(C)), there is a point z£lnt(C) such that 
Z7*x and z£U nV . Hence zCC/fllnt (C) =  Int (S). Therefore xgCl (Int (S)) 
and S cC l (int(S)). From Int (S) CiScCl (Int (S')) we know that S  is semiopen.

The most significant property of si-set is the following:
Theorem 3.2. Let X  be a topological space. Then a subset of X is open i f  and 

only if  it is both a-set and si-set.
Pr o o f . Necessity is trivial.
To prove the sufficiency, let S=UC\C  be an si-set, where U is open and 

C=C1 (Int(C)). Since S  is an а-set, we have
C /n C c In t (Cl (Int (С/ПС))) =  Int (Cl (Int (С/) П Int (C))) =

= Int (Cl (Cfllnt (C)))c:Int (Cl ( t / ) n c i  (Int (C))) =  Int (Cl (С/)ПС) =
=  Int (Cl (£/))DInt (C).

Since C/cInt (Cl(f/)), we have иПС=([/ПС)П(Ус:Ш  (Cl (C/))DInt (C)flC/= 
= f/n in t(C ). Notice f/П Cz> Í/П Int (C), we have UD C = U flin t (C), therefore 
S=U(1C  is an open set.

The s i-set is different from semiopen set or а-set. We have the following example.
Example 3.1. Let X= {a, b, c} with topology т={0, {a}, X}. Then {a, b} 

is semiopen because {a}a{a,b}czX=Cl ({a}). {a,b} is also an а-set since 
Int (Cl ({u, h})) = Int (X) = X z) {a, b}. But {a, b} is not an s i-set since {a, b }^X , 
{а,Ь}^{а}, \а ,Ь}^9, and {a,

4. A decomposition of continuity

Definition 4.1. A mapping / :  X-+Y is said to be ^/-continuous if for each 
open set F c F ,  f ~ 1(V) is an si-set in X.

By Theorem 3.2, we have the following decomposition of continuity:
Theorem 4.1. A mapping f:  X ^ Y  is continuous if  and only if it is both ot-con- 

tinuous and si-continuous.

Acta Mathematica Hungarica 48, 1986
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Although it is known [15] that а-continuity implies weak continuity, our decom
position is different from Levine’s decomposition because .«/-continuity is indepen
dent of both weak and weak* continuities.

Example 4.1. Weak continuity does not imply .«/-continuity.
Let X= {a,b,c}  with topology т={0, {a}, X}, Y = (a, b, c) with topology 

g  — {0, {a}, {a,b}, У}. Let f  : X —Y  be the identity mapping. Then /  is weakly 
continuous but not .«/-continuous since b})={a, b) is not an «/-set in X.

Remark 4.1. The mapping /  in Example 4.1 is also a-continuous.
Example 4.2. «/-continuity does not imply weak continuity.
Let /=[0,1] with the usual topology, X = IX l, Y —I, E=( 1/3, 2/3). 

Let / :  Х—У be defined as follows :

tu  V v _ J °  if (x ,y )€ lX E ;
/((*, if (x, y )e iX (I \E ) .

Then if Vcz Y  is an open set, 0 $ К we have
f - \ V )  = V X (1 \E ) =  (F X /) \(F X £ )  = (V X I) \( IX E ),

where IX E  is a regular open set in X, hence f ~ x(V) is an «/-set. If 06 V, then 
f ~ 1(V )= (V X (l\E ))lJ (lX E ) = (V X I)U (IX E ), hence f ~ x(V) is an open set. 
Therefore /  is «/-continuous.

The m apping/is not weakly continuous since for x=(l/2 , 1/3)£X, F=(l/4 , 
3/4)Э1/2=/(х), there is no open set UЭх, such that f(U )c C \  (F) = [l/4, 3/4].

Example 4.3. Weak* continuity does not imply «/-continuity.
Let X= {a,b,c}  with topology t = {0, {a}, X}, Y= {a,b ,c}  with discrete 

topology. Let / :  X—У be the identity mapping. Then / i s  weak* continuous but 
not «/-continuous.

Example 4.4. «/-continuity does not imply weak* continuity.
Let X={a, b, c, d} with topology r = {0, {c}, {a, b}, {a, b, с}, X}, Y={a, b, c, d } 

with topology er =  {0, {c}, {c, d }, {a, b, с}, У}. Let / :  X—У be the identity map
ping. Then / i s  «/-continuous since / - 1({c, d } )— (c, d }= X \{a , b} and

Intx (Clx ({a, h})) =  Intx ({a, b, d}) = {a, b}.

But /  is not weak* continuous because / _1(Fr ({c, d})) = / _1(У\{с, í/} )=  
= f~ 1({a, b}) = {a, b}, and {a, b} is not closed in X.

Example 4.5. Weak continuity and «/-continuity do not imply continuity.
Let X={a, b, c, d) with topology r = {0, {b}, {c, d), {b, c, d}, X}, Y={a, b, c, d} 

with topology g  — {0, {а}, У}. Let / :  X—У be defined by f (a )—f(b)=a, f(c)= c, 
f(d)=d. Then/ is weakly continuous since С1у({а})= У; / is «/-continuous since 

/ _1(W )= {a’ fc} =  ̂ \ { c>4 and Intx (Clx ({c, i/})) = Intx ({a, c, i/})={c, d}. It is 
easily seen that /  is not continuous.

Example 4.6. Weak* continuity and «/-continuity do not imply continuity.

Acta Mathematica Hungarica 48, 1986
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Let X={a,b,c}  with topology т = {0, {a}, {с}, {a, c}, X}, Y =  {a, b, c) with 
discrete topology. Let / :  X-* Y be defined by f(a)=a, f(b)= f(c) = b. Then /  is 
weak* continuous since Fr (A) = 0 for every subset A of Y ; f i s  ^-continuous since 
/ _1({^})={^ с}=У\{я} and Int* (Cl*({a})) = Int* ({a, b}) = {a}. It is easily 
seen that /  is not continuous.

5. Properties of .^-continuous mappings

Continuities in weak sense have been extensively investigated. We have Singal 
and Singal’s almost continuity [9]; Husain’s almost continuity [7, 8]; Stallings’ almost 
continuity [20]; Frolik’s almost continuity and weeb continuity [3]; Fomin’s 0-con- 
tinuity [2]; Kempsty’s quasicontinuity [9]; Gentry and Hoyle’s somewhat continuity 
[5]; and Levine’s weak, weak* and semi-continuities [10,11]. In the following, we will 
show that .cZ-contmuity is different from all of them.

By Theorem 3.1, we have an immediate result.

T h eo rem  5.1. Continuity => si-continuity => semicontinuity.

In the above theorem, no converse implication holds, s i -continuity does not 
imply continuity by Example 4.5 or 4.6. To show that semicontinuity does not imply 
^/-continuity, we have the following example.

E x a m pl e  5.1. Let X= {a,b,c}  with topology t  =  {0, {a}, {b}, {a, b}, X}, 
Y={a, b, c} with topology <r = {0, {a}, {b}, {a, b}, {a, с}, У}. Let / :  У—У be the 
identity mapping. Then /  is semicontinuous since / - 1({u, c})= {a, c} and 
{a}c{a, c} =  Cl* ({«}). But /  is not л /-continuous because f ~ 1({a, c})= {a, c} 
and X \{ b }  is the only way for {a, c} to be expressed as a difference of two open sets 
in X, while Int* (Cl*({b})) =  Int* ({b, c}) =  {b, c}^ {b}.

E x a m pl e  5.2. Let X={a, b, c} with topology т =  {0, {а}, У}, Y= {a,b ,c}  
with topology u = {0, {я}, {b}, {a, b}, {а, с}, У}. Let / :  JE— У be the identity 
mapping. Then / is almost continuous in the sense of Singal and Singal, Husain, Stal
lings, Frolik, and is weebly, quasi-, somewhat, and ö-continuous, bu t/is  not ^ -con
tinuous.

jaZ-continuous mappings possess a property which the twelve continuities in 
weak sense (eleven mentioned in the beginning of this section and a-continuity) do 
not possess.

Let / :  W- У  be a surjective 1—1 mapping, where У is a 7) space (/=0, 1, 2). 
If / i s  continuous, then X  is also T, space ( i= 0 ,1,2). If /  is ^-continuous, the 
assertion is true for 1= 0.

T h eo rem  5.2. I f  f :  X-+Y is an si-continuous, 1—1 mapping and Y is a T0 
space, then X  is also a T0 space.

Proof. Let x ,y£ X  and x ^ y .  Then/(х),/(у)€У  and f{x)A f(y). Since У is 
T0, at least one off(x ),f(y ), say f(x), has an open neighborhood V such that f(x )£  V 
and f(y )$ V . Let S = / -1 (K). By ^/-continuity of/, we have S= U 0C , where V 
is open and C is a regular closed set, and x£S , y$S . There are two possible cases
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for y$ S :  (i) 7 $ U and (ii) y $ C .  In case (i), x£U, y iU \  in case (ii), }»eA\C 
and xC;C, X \ C  is open and Therefore X  is a T0 space.

R emark 5.1. In Example 5.3, Y  is Tn but X  is not T0; in Example 4.1, Y  is T0 
but X  is not T0\ in Example 4.3, Y  is T2 but X  is not T0.

Acknowledgement. The author thanks the referee sincerely for pointing out 
some mistakes in the examples of the original manuscript.
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THE PRINCIPLE OF LOCALIZATION 
FOR THE [/, f ( x ,  y ) ]  MEANS

F. USTINA (Edmonton)

The [J,f(x, y)] transform is the two dimensional analogue of the [/,/(x)J trans
form introduced by Jakimovski [2], and is defined in a fully analogous manner. Let 
{jm„} be a sequence and let /(x , y) be differentiable infinitely often with respect to 
each variable on the positive real line. Let

fim+n
/(,m')(x’ y) = № W K x ’ y)'

and
( _  ( _  vy

(1) *(*,y ) = 2  ■ f (mn)(x’ y )* ~-0,0 m

If t(x, y) converges for all large x and y, and if lim t (x, y) = t, x, then t is
called the [/,/(x , y)] limit, or simply the /-limit, of the sequence {vm„}.

Ismail [8] has shown that the [/,/(x , y)] transform is regular if and only if

/(x , y) =  f  exp { - ( ux+vy)}dg(u, v), x, у  0,
0,0

f (mn\ x ,  y )=  f  (-w )m(-u )nexp {-(ux+ vy)}dg(u, v), 
o.o

where g{u, v) is of bounded variation in the sense of Hardy—Krause [1] with total 
variation equal to 1, 0^u , v< °°, g(0, 0)=g(0, v)=g(u, 0)= g(0+, v)=g(u, 0+) =  0, 
and g(u, p)-*-l, u,

We use the notation of [7] and let [c, d; a, b] denote a rectangle with vertices at 
(a, b), (a, d), (c, b) and (c, d), a<c-,b<d. For 0 -=cő<7c, let i?(<5)=[<5, (5; —5, —5], 
АГ(0)=[я, <5; —л, — <5]U[(5, л; —д, —n], С(д) = [л, л; —л, — 7t]~iV[<5], and É(ő) = 
=N(ő)~R(ö). For let d(?)=(oo, о»; т, т], and let 0(т)=(°°, 0, 0 ]~
~ d(i). Then N(ő) is a cross-neighborhood of the origin, and 0(r) is the т-neigh- 
borhood of the boundary of (°°, 0, 0].

Suppose that h(s, t) is defined on the rectangle R=[c,d\ a, b], and for each 
fixed t ,b ^ t ^ d ,  let VQr,s) be the total variation of h as a function of s alone, 
a ^ s ^ c .  If the set {V (lv ,s):b^t^d}  is bounded uniformly for almost all t, then h(s, t) 
is said to be of bounded variation in the restricted Tonelli sense with respect to s on R.

d
It follows that the integral J  V(h; s) dt exists. Bounded variation with respect to t

so that

(2)

2
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on R is defined in a similar manner [6]. Bounded variation in this sense does not 
imply and is not implied by boundedness. Other definitions of bounded variation 
for functions of two variables are given by Clarkson and Adams [1].

In this paper, we consider the [J,f(x,y)]  means of double Fourier series and 
establish the following result:

Theorem. Let h{s, t) he periodic, of period 2л, of bounded variation with respect 
to s on [<5, я ; —Ö, —л], and with respect to t on [л, <5; —л, — <5], and let h(s, t) be 
bounded on N{$). Then the [J,f(x,y)] transform of the Fourier series o f h (s, t ) dis
plays the principle of localization at (0, 0).

Neither the condition of boundedness nor that of bounded variation in this sense 
can be relaxed in the statement of the theorem. That boundedness cannot be relaxed 
follows from a remark of Zygmund ([9], Vol. II, p. 305) relating to the classical Abel 
means which are [/,/(x , y)] means. That bounded variation in this sense cannot be 
relaxed follows a similar argument, using the result [4] that there exist [J , f ( x )] 
transforms which display the du Bois Reymond singularity.

Proof of the Theorem. Let t)}  be the sequence of partial sums of
the Fourier series of h(s, t). As in [7], it is sufficient to consider the sequence 
UmnW, 0)}, denoted simply by Then

If a regular linear sequence to function transform [J,f(x, y)} is applied to the sequence 
and if j{x,y) denotes the corresponding transform, then

(4) j(x , y) =  / { s m„} = J{rmn} + J{emn}+J{cmn) = <x(x, y) + ß(x, y)+y(x, y).

Since h(s, t) is Lebesgue integrable, the sequence {cm„} is a null sequence by the Rie- 
mann—Lebesgue lemma. Since the transform is regular, it follows that the /-limit 
of the sequence {cm„} is zero. Thus to prove that the usual concept of the principle of 
localization holds for the [J ,f{ x ,y )] transform, it is necessary and sufficient to prove 
that the /-lim it of the sequence {em„} is zero. Then the /-limit of the sequence {.sm„} 
equals the /-limit of the sequence {rmn} and the theorem follows.

We consider the [J,f(x, y)] transform of the sequence {e'mn}, where

The results obtained for the transform of this sequence are then easily extended to 
results for the transform of the sequence {emn} by using the symmetries of the set 
E{S) and interchanging the roles of the variables in a suitable manner. Let Dmn(s, t)

(3)
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be the Dirichlet kernel, and by (1), (2) and (3),

ß'(x, у) = J  {e'mn} = -r 21 v ( - * r  i - y ) n
яао“  m! и!

It, ő

X

X f  ( - u ) m(-v)"exp{-(ux+ vy)}dg(u, v) f  h(s,t)Dmn(s,t)dsdt =
0,0 <5,0

= ~TZ /  f  exp ( -  (их + vy)) h (s, 0 { 2  ~ ~  Dmn (s, ?)} ds dt dg(u, v) =

J oo?oo TZ, Ő
- i  h(s, t) exp (wx(coss—l)}exp {ry(cos t — 1)}X

X
sin (их sin s +s/2) 

2 sin (s/2)
sin (vy sin t + t/2) 

2 sin (7/2) ds dt dg(u, v) = 4л2 X
oo, oo 7t, Ő

X /  /  h(s, t) exp {nx(cos s — 1)} exp {ry(cos Г — l)}{sin (их sin s) sin (vy sin 7)X
o,o г,о

Xctn (s/2) ctn (7/2) + sin (их sin s) cos (vy sin i) ctn (s/2)+ cos (их sin s)X
Xsin (vy sin f) ctn (//2)+cos (их sin s) cos (vy sin !)} ds dt dg(u, v) = У] + /2 + /3 + /4,

where we have used the dominated convergence theorem, an elementary trigono
metric identity, and a result of Lorch ([3], p. 82) by which

y iu x T
о те!

sin (exp (их cos s)} {sin (их sin s + s/2)}.

Now g(u, v) is of bounded variation in the sense of Hardy—Krause and also 
g(0, v)=g(0+, v) = g(u, 0)=g(u, 0+), so that for any e > 0, and any fixed positive 
K, it is possible to choose т small enough so that

К  f  \dg(u,v)\<e.
в(т)

Then
I  oo, oo 7Г, Ő

h  = f  f  {h(s, t)exp  {и, x(coss — l)}exp {ry(cosi— 1)}X 
471 o,o s,o

Xcos (их sin .s’) cos (vy sin /)} ds dt dg(u, v) —

=  4^ {  / + / }  I  { -}d sd td g (u ,v )  
о т  а(т) s,o

and
It ,0

(5) |/4| <  { f\d g (u ,  t>)| +  exp {ry(cos<5-l)} f  \dg(u,v)\} f  \h(s, t)\ds dt =
ем aw a, о

= K J\dg(u , n)| +  exp {tj>(cos S — 1)} /  \dg(u, n)| <  e +  o(l), у  -
в (т) A{ t)
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20 F . U ST IN A

since in the region of integration A (t),

exp {vy (cos t — 1)} =  exp {ту (cos <5 — 1)}, exp {их (cos s — 1)} ^  

h(s, t) is integrable, g(u, v) is of bounded variation in the sense of Hardy—Krause
It, 3

and e is arbitrary. Here, we have taken К  = J  \h(s, /)| dsdt.
Ő, о

In the same manner, it is equally easy to show that

(6)

since

|/3| <

/3 =  o ( l ) ,  у

ctn (<5/2) 00, 00 T I ,  Ő

4л2 /  /  Ih(s, 01 exp {nx(coss-l)}exp {ту (cos t-\)}dsdt\dg(u , t>)|.
0,0 <5,0

To estimate / 2, we first simplify the integral in the manner of Leviatan and 
Lorch [4]

(7) h
1

4л2

ír, 3

f  J  h(s, Oexp {их (cos s — l)}exp {ту (cos t — 1)} sin {их sin s)X
0,0  <5,0

Xcos (vy sin 0 cos 2/s) — I/sin (s/2) J ds dt dg(u, v) =

■к ,3

2л2 f  J  h(s, Oexp {ux(coss — l)}exp {i?y(cos t-1)}X
0 ,0  <5,0

, . sin (их sin s) , , , ,Xcos (s/2) cos (vy sin t) -------------- - dsdt dg(u, v) +12.

Since (2/s —1/sin (s/2)) is bounded, 0 < s^n , I'2 = o(l) as y — by an argu
ment similar to the one used in getting the estimate for / 4. As for the remaining 
integral, coss —1< — s2/3, and so

Also,
exp {mx(coss'— 1)} <  exp { — uxs2/3).

|sin uxs — sin (их sin ,y)| s. ux(s— sitii) s  uxX’ß

in the region of integration. Hence we may equate the remaining integral to / 2 
where

j  <=0,00 tz,3

/ 2" = y j -  f  f  ^(s, 0 exP {их (cos s - 1)} exp {vy (cos t - 1)} X
0,0 «5,0

Xcos (s/2) cos (vy sin 0 s*n ûxs  ̂ dsdt dg(u, v)
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and
I  00, 00 7E, Ö

I = _ ! _ / ■  Г h (s, t) exp {их (cos s — 1)} exp {vy (cos t — 1)} X

X {sin (их sin s) — sin iocs}  ------ dg(v, u),
so that

0 0 , 0 0  71, U

I f f l « /  /  |h(s, 01 exp { —nxs2/3}exp {vy (cos t — 1)} {uxs3/3}ds dt \dg{u, r)| <
0 ,0  3,0

■с e f  J  \h(s, 01 exp {iry(cos t — l)}ds dt \dg(u, n)| =  o(l), у  °°,
0 ,0  3,0

by the same reasoning as used in getting the estimate for / 4. Here we have used the 
inequality ze~z^ e ~ \ z £ 0. Then by (7) and (8), and the estimates for Г2 and I" . 
we have

Now h(s, t) is of bounded variation in the restricted Tonelli sense with respect 
to s on [с), я; 0, 5], and so for each fixed 1, it can be expressed as the differencee of two 
non-negative functions, each monotonically decreasing in s. Doing this for all t, 
it follows that h(s, t) can be expressed as the difference of two functions, each non
negative and monotonically decreasing in s. Thus the integral in (9) can be split into 
two integrals, where in each case, h(s, t) is replaced by a function which is non-nega
tive and monotonically decreasing in t. Thus we may assume that h(s, 1) is already 
such a function. Then so, also, is the function h(s,t) exp {их (cos s — 1)} for every 
non-negative и and x.

If ux = 0, then the integrand in (9) is zero. Otherwise, we can write 

I J  h (s, t) exp {их(cos s — l)}exp {ry(cos / — l)}{cos (s/2)cos (vy sin /)-^П ^UXS\ ls d/| =

(9) J  h (s, t) exp {их (cos s — 1)} exp {vy (cos t — 1)} X

J  cos (vy sin /) exp {vy (cos t — 1)} J  h(s,t)exp {юс (cos s — l)}cos(s/2)x
5 0

sin uxs nn/ux

X dsdt S  J  exp {vy (cos t — 1)} (.— 1)" J  h(s, /) exp {шс (cos s — l)}x

a о
<  Bn2 exp {vy (cos 5 — 1)} =  o(l), у -* °°.
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Here, В is the upper bound for h(s, t), and the prime in the summation indicates 
summation from /1=1 to n = [Sux/n], with the additional last term of

a
(_!)"+! J  /j(s, t) exp {ax(cos s — 1)}

nn/ux

Thus, the integral in (9) is majorized by

n2B ° f  exp {py (cosÖ— 1)}\dg(u, r)| + o( l)  =  o(l) + o(l) =  o(l), у — °°
0,0

by applying the same argument as in (5) above. It follows that under the assumed 
restrictions on h{s, t),
(10) I2 = o(l), у  -*■ °°.

That /j =  o( 1), y — °=, follows the same argument as in obtaining the estimate 
for I2, since (sin (7/2) )_1 is bounded in the interval 0 and so can be 
absorbed in h(s, t). Collecting the results, it follows that ß'(x, y)=o{ 1), y-*-°°.

As indicated, the same argument can be applied to get an estimate for the con
tribution to ß (x ,y )  as a result of integrating over [0, n; — <5, <5], and then over 
[d, — <5; —<5, —7г]. Adding these contributions, it follows that their sum is o(l), 
у  — °°. Similarly, the contribution to ß(x, у) due to integration over

[-Ő, <5; — я, — <5]U[7Г, <5; Ő, -5]

is o(l), X — Combining the results, it follows that ß(x,y) = o( 1) as x ,y  — °°, 
and the proof is complete.

sin uxs
ds, n =  [őux/n].
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NOTES ON THE INAUGURAL LECTURE DELIVERED 
BY FREDERIC RIESZ IN 1925 AS RECTOR 

OF SZEGED UNIVERSITY1
M. BOGNÁR (Budapest)

Several examples have been given by Frederic Riesz in his inaugural lecture in 
Szeged to the problem of keeping theorems of higher mathematics so that one uses 
only tools of elementary mathematics and certain general principles [4], [5]. One of 
these examples is the following.

Let a circular disc of fixed radius q run along a curve lying in a bounded planar 
domain of area T. Suppose that all of the discs obtained in this way are confined to 
the interior of this domain. Then the length of the envelope of these discs cannot 

2 Texceed the value — .
в

The proof of Riesz is based on the observation that if the length of the curve is 
nonessential then so is the fact that the centers of the discs lie on a curve. Thus he 
generalized the example as follows.

A family of circular discs of fixed radius q lies in a bounded planar domain of
2 Tarea T. Then the length of the envelope of the discs cannot exceed — .

Q
First Riesz establishes a fully elementary proof in a particular case, namely if 

the family in question is finite, and then he applies the following principle.

P r in c ipl e  1. A sequence of curves each of length =z cannot have a limit curve o f 
length >z.

R em a rk  1. By the envelope of a family of sets {..., N„, ...} one clearly has to 
understand here the boundary of its union i.e. the set

Fr(U  K )  =  [U Y J \< U  Na) = [U n  [ R \U  Nxya a a a a
R em a rk  2. The envelope of an infinite family of circular discs may have an 

infinite number of components and each of these components might possess an in
finite number of ramification points. Therefore the usual notion of length cannot be

1 This is a slightly modified version o f a paper written in Hungarian in 1958 [1]. However, 
the main part of the lecture of Riesz has later been translated into French [5]. So it seems to be useful 
to translate into English the “Notes”.

2 [M ] is the closure and (M ) is the interior of the set M . R2 is the plane and M \ N  is the dif
ference o f M  and N. U IV* is the union o f the sets IV* and Fr M = [ M ] \( M )  is the boun-

a
dary o f M .
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used here. Thus we need some kind of generalization of the concept of length. In this 
paper we shall apply the outer linear measure of Carathéodory [2].

D efinition 1. Let M  be a set in the plane, e>0, and

Z£(M) =  inf J  ,5 (M() 3
; = i

where M — |J  M; and for /= 1 ,2 ,... d{Mi)-<e. Let
i = 1

L*(M) = lim LJM).E-*-0

(Since Le(M) is a monotone decreasing function of e it follows the existence of this 
limit. This limit may reach the value »  or even Le(M ) may attain the value »  for 
all the e-s.)

L*(M ) is said to be the Carathéodory outer linear measure of M.
Let us mention some elementary properties of this concept (see [2]).
(A) Each set in the plane has a uniquely determined Carathéodory outer linear 

measure and this measure is either a nonnegative real number or
(B) If BC.A then L*(B)^L*(A).

(C) If A = U Aj then L*(A) 35 jr i* (A j) .
} = 1  j = 1

(D) If the distance of the sets A and В is positive then

L*(AUB) = L* (A)+L*(B).

An immediate corollary of this property (D) is the following:
(E) If Alf ..., An are mutually disjoint closed sets of the plane so that at most 

one of them is unbounded then

I* (A  U ... U A„) = L*(AJ+  ... +L*(A„).

The last two elementary properties are as follows.
(F) If At c  A2 c . . .c  A„ c . . .

then

L * ( \J A n)=  lim L*(A„).
n = 1

(G) The outer linear measure of a simple arc coincides with its usual length.
Remark 3. Principle 1 is true if each curve in question is connected. However, 

since the envelope of a finite family of circular discs need not be connected or even 
more, since the number of components of the envelope might tend to infinity if so 
does the number of discs, it follows that Principle 1 cannot be applied. E.g. consider 
the following example.

3 <5(JV) is the diameter o f the set N. If N =  0 then let S ( N) —0.
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For k —1,2,... let Gk be the curve consisting of the intervals

The limit curve of the Gk-s is the interval 0 ^ x ~  1, у =(). The length of each Gk

However, it is still true that if the Carathéodory outer linear measure of the en
velope of each finite subfamily of a family of circular discs of constant radius lying 
in a bounded planar domain does not exceed an upper bound z then so does the outer 
linear measure of the envelope of the whole family.

We can now seek for a principle generalizing this phenomenon.
It would seem plausible to omit the condition of constantness of the radii of the 

discs. However, accepting this modification the previous statement becomes false. 
This can be shown by the following example.

Set the rationals of the closed interval [0, 7] into an infinite sequence rx, ..., rn, .... 
Consider the system of circular discs of the plane

While the outer linear measure of the envelope of an arbitrary finite subsystem of

the X-axis is confined to the envelope of the whole system and thus the outer linear 
measure of this latter envelope is at least 7 and so it is larger than 2n.

If, however, we replace the condition of constantness of the radii of the discs by 
the following weaker one: all the diameters of the discs are not less than a positive 
lower bound w, then the statement above remains true. The statement even remains 
true if, instead of circular discs, we take connected sets such that all of their diameters 
are not less than a positive lower bound w.

We can omit the condition that all the sets are lying in a bounded domain of the 
plane, moreover the sets in question need not even be bounded sets. Finally, we can 
omit the condition of connectedness of the sets. We only need to suppose that the 
diameters of all the components of the sets are not less than a positive lower bound tv.

Thus the systems of sets in question are the following:

D efin itio n  2. Let tv be a positive and z  a nonnegative real number. A system 
{..., Na, ...} of sets of the plane is said to be a (tv, z)-system if

(i) The components of the sets Na are of diameter ^tv.
(ii) For every finite subsystem Nai, ..., N„k of the system we have

is — , nevertheless the length of the limit curve is 1.

( x - r „ ) 2+ ( y - ^ )

these discs does not exceed the upper bound 2n— =2n, the interval [0,7] of
«=1 ^

к
L* (Fr (U^ Naj)) =  z.

Our result is now the following:
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Principle 2. Let w=-0 and zgO. Let {..., Na, ...} be a (w,z)-system in the 
plane. Then

£*(Fr(U^.))s*.a
The proof of Principle 2 proceeds in seventeen steps.
1. Let F be the boundary curve o f a closed bounded nonlinear convex set o f the 

plane. Then L*(F) is finite.
In fact, the usual length h(F) of F is finite. However, F is the union of two simple 

arcs Cx and C2 with the same endpoints and thus for the usual length /i(Ci) and /i(C2) 
of these arcs we have obviously h(C1)+h(C2)=:h(F). On the other hand in view of 
(G) for i = l , 2  we have L*(Ci)=h(Ci) and thus by f^C^LICo (C) shows that

L*(F) ^  L*(CJ+L*(CJ = h{F) <  » .
2. Let M  be a bounded nonempty connected set o f the plane. Then L*(M )Ső(M ).
To prove this statement we only need to show that for any e>0 we have

Lt(M ) ^  S (M )-e .
Now let s>0 and M  =  MxU ... UM tU ... a decomposition of M  where for

i = l , 2 ,  .. . <5(M;)<£. For i = l , 2 , . . .  let

a. 3 e2,) .
Hence

(1) 2  0(Gd ^  +
i=1 i=1 J

Let p  and q be points of M  such that

(2) r(p, q) & S(M ) — 4 5

Since Gx, ..., G;, ... is an open covering of the connected set M  it follows the exis
tence of a chain Gh, ..., Gin such that ix, ..., i„ are pairwise distinct, p £ G h , qdGin, 
and any two consecutive elements of the chain are intersecting. Let p= p0, q=pn 
and for j — 1, ..., n — 1 let Pj£Gi.C\Gij+1. We then have

r(p, <?) =  r(Pj, Pj+i) = 2  ö(gíj) -  2  ö(Gi)>
У—0 j - 1 i = l

consequently in view of (1) and (2)

2  >Ч Ю + Т *
J  ;= 1  J

4 For any (/> 0 , 0 { N , n )  is the (/-neighbourhood of the subset N  of the plane.
5 r(p,  q) is the distance of the points p  and q of the plane.
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holds. Thus

i =  l

This relation is true for every decomposition M = (J M; of M into parts Mi
i =  1

of diameter <e, consequently

Lt (M ) ^  S { M ) - e
as required.

3. Let vv>0 and let N  be a set in the plane each component o f which is o f  diameter 
ёи>. Let C be a bounded closed nonlinear convex set in the plane and let F be the 
boundary o f C. Let N ' = (NnC)U F. Then each component of N ' is o f diameter 
^min (<5(C), w).

In order to prove the statement we only need to show that each component of 
N ' contains either a component of N  or the curve F.

Now let M ' be a component of N ' and let p£M '.
Since F is connected it follows that in the case p£F  we have F c M '.
Suppose that p$F . Then p£Nf] (C) and thus p belongs to a component M  

of N. If M a C  then M d (N Í]C )ö F = N ' and thus, taking also the connectedness 
of M into account, we have Mc:M'.

Suppose now that M  ф C. Then there exists a point of M  in the exterior of C 
and thus p£(C) and the connectedness of M  imply M O F^Q . However F is also 
connected, consequently M U F is a connected set, too. The set (MU F) П C= 
=(jW nC )U f is connected as well. In fact if (M П C) U F had a decomposition 
(M nC )U F = G 1UG2 into disjoint nonempty sets Gx and G2 open in (M DC)UF, 
then F would be confined to one of the G,-s, say to G ,. Hence there would hold 
GgC:(C). However, in that case GXU (M \C ) would be open in

(M \C )U (M D C )U F = M U F

and thus there would exist a nontrivial decomposition M U F= G 2U (GiU (M \C ))  
of the set M U F into nonempty disjoint sets open in M U F, contradicting the fact 
that M U F is connected. Now by p£(MC\C)UF  the connected set (M flC )U F  
is contained in the component M ' of N'=(N(~)C){JF. Hence in this case M ' 
contains again the curve F.

4. Let G be a connected nonempty open subset o f the 2-sphere S 2. Let M  be a 
component o f S 2\G . Then the boundary Fr (М) = М \(М )= М П [5 2\ М ]  o f M  
is connected.

In fact, let M ' be a component of S 2\ G  distinct from M. Joining a point p 
of M ' with a point q of G by a simple arc pq and going on pq from p to q, let s be the 
first limit point of G. The point s clearly belongs to M ' and GU{s} is connected. 
Hence by M'(T(GU{х})^0 the set M 'U (G U {i})=M 'U G  is connected. This is 
true for each component of S 2\G  distinct from M  and thus S 2\ M  is connected. 
Consequently [S2\M ]  is connected as well.
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Now if Fr M =A fíl[5 'í\M ]  were nonconnected then by the connectedness o f 
M  and [52\М ]  the set A/U[52\A /]  would divide the sphere S'2 in at least two 
parts (see [3] p. 354) but in view of M U [S2\ M ] = S 2 this is impossible.

5. Let C be a bounded closed nonlinear convex set in the plane. Let F be the boun
dary of C. Let N  be a set in the plane containing F. Let N '—NOC. Then

Fr(N') = FU (Fr(iV) ПС).
In fact, we have

[iV ]n(C)c[iV n(C>]c[iVnC].
On the other hand FczN implies

[ iV ]n / '=  f c [ ^ n C ] ,
Now these two relations imply

[IV] DC = ([iV]n<C»U([iV]nF)c[JVnC],

but this yields [ЖПС]=[Л^]ПС. On the other hand we have (N П C) = (N) П (C) 
and thus

Fr(N') = Fr(iVDC) = [ЛГП C ] \(C f l TV) =

= (([iV]nC)\<C»U(([iV]nC)\<JV» =

=  ([iV]flF)U (Fr(iV)nC) =  FU (Fr(iV)DC)
as required.

6. Let S=  {..., Na, ...} be an arbitrary system o f sets lying in a bounded planar 
domain. Let jj>0. Then there exists a finite subsystem NXl, ..., NXk o f S such that

F r( (JO c = 0 (F r(U  Naj),t,).
a  j =  l

In fact, the compact set [U  Д*] is covered by the open sets 0{N a, r\). Hence
a

there is a finite subsystem Nai, ..., NXk of S  such that

(3) [ U t f j c  \JO (N aj,r,).
a j =  1

However 4

(4) U 0 (N aj, rj) = 0 ( \J  Naj,t]) = ( \J  7Vaj)U O (Fr(U  Naj), rj).
j= 1 j= 1 j= 1 / = i

On the other hand we have

Fr(U Nx) = [U iV j \ ( U  N.)
a a a.
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and thus Fr ((J Nx)  fails to meet the set ( Q ЛГ )̂, consequently (3) and (4) imply
a  7 = 1

Fr(U  N') = [ u  ^ a ]\< U  iVa)c O (F r(U  NtJ), r,)
a  a  a j —1

as required.
7. Let S=  Nx, ...} be an arbitrary system o f sets lying in a bounded planar 

domain. Let r\>0 and let NXl, ..., NXk be a finite subsystem of S  such that

F r ( U ^ ) c O ( F r ( U  Л д ,  n).
a  7 =  1

Let N7k+1, Nak+m be an arbitrary finite Subsystem of S. Then
k + m

F r(U ^ a )c O (F r(U  л д ,  I/).
a  7 = 1

In fact, by assumption we have

[и  л у \ < и  к )  = Fr (и  g c o ( F r (  и  л д ,  д о ( [  и  л д 5 ч) с
я я  а  7 =  1 7 = 1

к+т к+т к+т
с О ([  U л у ,  , )  = < и  JV.,>UO(Fr( и  лгу, ,) .

7 = 1  7 = 1  7 = 1

к + т
However, ( l j  Nx̂ )cz(fj А д  consequently Fr ([J Na) does not meet the set

7* =  1 а  а
к +  т

( U ЛГУ and thus
7=1

к + т
F r ( U ^ ) c O ( F r ( U  Л д , г,)

а  7 =  1
indeed.

8. Let w >0. Let 51— {..., Na, ...} be a system o f bounded subsets o f the plane 
such that (J Nx is unbounded and each component o f  an Nx is o f diameter Ŝ iv. Then

я
to every гШ 0 there is a finite subsystem Л д  ..., N Xk of S such that

L* (Ft ( (J NXJ)) >  z.
J = 1

P roof. Let z£0. Let к  be an integer satisfying the relation

(5) к z
w ’

Let us take points plt ...,pk in IJ such that j \  =g2 implies
а

(6) riP h’Ph) >
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This can clearly be done. For each pj, select a set Naj such that Pj£Naj. Then the 
set

N ' =  [ Ú л у
7 = 1

is clearly compact.
Let G be the unbounded component of the open complement of N '. Let us 

consider the components of R2\G  containing the points p t , ...,pk. They should be 
in turn Mx, ..., Mk. Each M j is a compact set. Let us extend the plane R2 by addition 
of an ideal point q to a 2-sphere S 2. Let G'=GU {q}. G' is obviously a connected 
open set in S 2 and since S 2\G '= R 2\ G  it follows that A7j, ..., Mk are components 
of S 2\G ' ,  too.

We are going to show that for j = \ ,  ..., к the relation

F r(M ,.)cF r(Ű  i \ y
7 = 1

holds.
In fact, let p€Fr M j. Then p$G  but each neighbourhood ofp meets G. Thus 

pZN' and p$(N'). Hence p£Fr N', consequently for j —l, ...,k  we have

(7) FriM ^cFrCTV O cFrdJ K j),
j=1

indeed.
For y '= l, ..., к let M j be the component of N^. containing pj. Since pj^M j, 

it follows Mj П Mj 9̂  0 and thus Mj a  R2\ G  implies M'j CzMj , consequently

(8) S (M j)^ w  (j = 1, ..., k).

On the other hand, since each Mj is a compact set in the plane we have

(9) 8{Fr(Mjj) = 8(M j\(M j)) = 0(Mj) О = 1 , k).

Moreover Step 4 shows that for j=  1, ..., к  Fr (Mj) is connected and thus by Step 2 
we get
(10) Z,*(Fr(My)) S  <5(Fr (Mj.)).
Now we have two possibilities:

(a) M Jl^ M j2 provided that
Then the boundaries of Mx, ..., Mk are mutually disjoint compact sets. Thus by

(5), (7), (8), (9), (10) and by (B) and (E) we have

L* (Fr( U Naj)) =  L*( (J Fr (Mj)) = Z L *  (Fr (Mj)) Ш kw > z.
i =1 ;=i j =1

(ß) There exist two different indices j \  and j 2 such that M jx=Mjt.
Then by ö(MJl) ^ r ( p j1, pj2) and by (6), (7), (9), (10) and (B) we have

L* (Fr ( U K j)) S  L*(Fr(MJlj) S  r(ph , Pjj) >  z.
7=1
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The assertion has been proved.
Now we introduce two new concepts.
D ef in it io n  3. Let H  be a set in the plane. An infinite sequence Cl5 ..., C;, ... 

consisting of compact convex nonlinear sets of the plane is said to be a convex 
covering system of H  if

(a) t f c  U <C,>.
i=l

(ß) The sets Ct are pairwise disjoint.
(y) Each bounded set in the plane can meet only a finite number of sets Q.

(<5) 2  ö(c i) -= 00•
i =  1

D e fin itio n  4  (sweeping procedure). Let £ be either a positive real number or °°. 
Let Qt , ..., Qt be a finite system consisting of bounded planar sets. The ((-sweeping 
procedure is the following:

We declare that the 0-th step can be done and its result is the system
Zo =  { Q i , - , Q , Y

и-th step (n—1,2, ...). Suppose that the (и —l)-th step can be done and its 
result is the system of sets Xn- 1. If it is possible, take two members out of 
such that their diameters are less than £ and their closed convex hulls intersect. 
Delete these two members from Zn_1 and add their union to the reduced system. The 
system obtained in this way is said to be the result of the и-th step and it is denoted 
by X„. We also declare in this case that the и-th step can be done.

If such members do not exist in T„_x then we say that the и-th step cannot be 
done. In this case T„_x is said to be the result of the ((-sweeping procedure.

If the и-th step can be done then we try to continue the procedure. Since the 
number of members of the system reduces by each step it follows that after a finite 
number of steps we must stop. Consequently the procedure ought to have a result. 
Denote this result by X.

We add some elementary remarks to this sweeping procedure.
The union of the system X is the same as that of X0.
If T0 is an open system then so is X.
Since the diameter of the closed convex hull of a bounded set is the same as the 

diameter of the set itself it follows that the sum of the diameters of the members of X 
is not bigger than that of T0.

The closed convex hulls of members of diameter <  £ of X are mutually disjoint.
9. Let H  be a nonbounded closed set in the plane such that L*(H) is finite. Then 

H can be covered by a convex covering system.
Proof. Let L*(H)=z. Then by Definition 1 there is a decomposition

CO

J /=  U Hk of H  into bounded sets Hk such that
fc=l

i i ( t f * ) s z + l .k=l
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For k = 1 ,2 ,... let Gk = 0(H k, 1/2*). W ethen have

(11) i / c  0  G*
k = 1

and

(12) Í«5(G fc) ^ z + 3 .
k = 1

Let ATl5 ..., K„, ... be a monotone increasing sequence of concentric discs in the 
plane such that the difference of the radii of two consecutive discs is at least 2z+7 
and the boundary of each disc meets the set H. There exists obviously such a sequence. 
Let K0 be the empty set and for n = l,  2, ... let

H n =
The compact set H" is covered by the open Gk-s. Hence there is a finite subsystem 

of {Gk; k = 1,2,...} which covers H n too. Let GB>1, ..., G„iPn be such a finite 
subcovering. We also assume that for j= l ,  <7п>уП Я "^0 and Gn<ĥ G „jz
provided that j\ ̂ j 2 • In such a way we get a system of nonempty sets

(13)

and we clearly have

(14)

Gk,i, ••• ’ Gi,Pl

G„,i, •■■’ G„,Pn

Я = 0 я * с Щ и  G„'j).
n =  1 и = 1  7 =  1

Each Gk can occur in the system (13) at most twice in two consecutive rows. 
In fact, if Gk appeared in two nonconsecutive rows then its diameter would be 

at least 2z+7. However, (12) shows that 0(Gk)S z+ 3 .
Hence taking also (12) into account we get

(15) Í ( S  <5(G„,,.))=s2z +  6.
n = l  y =  l

We are going to construct the sets G'n J as follows.
Let us apply the °°-sweeping procedure to the system Gljl5 GltPl. The result 

of the procedure should be

Gi,i, > Glj?i.

Now let « S 2 and suppose that the system

G'n-l.i» ••• > G'_ljen l

has already been constructed. Let us regard the system

G „,i, . . . ,  G„'Pn, G '_ 1;1, . . . ,  GB_ 1( n̂_1
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and apply the ^-sweeping procedure to this system. The result of the procedure 
should be

G'„,i,  ...
Now considering the system of sets

>G'„,qn.

G'x,i, ...■.gí,9i

(i6) •. G'n,qn

let us mention some properties of it.
(a) Each G'„yj is the union of certain Gn, j , -

(b) 2  ^(Gn.j) = 2z+6 (n — 1,2,. 
7=1

In fact by the construction we have

j?a(G w ), 
j=1 ;=г

and for n=2, 3 ,__

2  á  2  H G ' j H Z 1 «(GJ-w).
j=1 i =1 ;=i

Taking into account also (15) these two relations verify the required formula (b).
(c) For any fixed n, G'nJl and G'nJi have disjoint closed convex hulls provided 

that jx ^ k -
(d) Each GnJ is confined to precisely one of the G'nJ.-s. (c) shows that the other

members of the system G'nд , G'„y4n are disjoint from GnJ.
(e) Each G'nj  is confined to precisely one of the G '+1>J--s. (c) shows that the

other members of the system G'n+1,i, , G '+1>in+1 are disjoint from G'nJ.
A corollary of this fact is the following:
(f) Let G'niiJl, ..., G'sjJs be a finite subsystem of mutually intersecting sets 

of (16). Then there is a member G'„ryJr containing all the other members of the given 
subsystem.

Now two members of the system (13) are said to be equivalent if there is a member 
of (16) containing both of them. This relation is obviously symmetric and by (d) it is 
reflexive. Also, it is transitive. In fact let Gniijl\JGn2tj2c:G'n̂ r  and G„2ij2UG„3iJ-3c  
c  G'»: j ... Then G'„'fy  meets G'n~yJ-  and thus by (f) one of them is confined to the 
other, say G'>fJ-.cG '»^.. However, in this case G'n-yJ- contains both of G„uJl and 
G„ayJt, and thus G„ujl and G„3iJ-3 are equivalent as well.

We are going to consider the equivalence classes of this relation.
First we show that to each class there belongs only a finite number of members of 

the system (13).
In fact let the members G„lijt and G„2>J-2 of the system (13) belong to the same 

class and let G'. y. be a member of the system (16) containing both of these members of
(13). (b) shows that 0(G'n-yJ-)S2z+6. Hence by the assumption on the discs Kn
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the members GniJl and G„tth occur either in the same row or in two consecutive 
rows of (13). However, only a finite number of members is confined to two conse
cutive rows of (13) and thus only a finite number of members of (13) belong to a class,

(g) For each equivalence class the union of its member belongs to the system
(16).

In fact let
^  =  ’ Gn„j,}

be an equivalence class. Let G'n' y j / , ...,G ^  у  be members of the system (16) such 
that for t= \, ...,s

Gn1j 1̂ G„tJtc ■ G'r

holds true. By the equivalence of G„uJl and G„tJi there exist such G'n\y - s. Any two 
of the Gy у  -s are intersecting and thus by (f) one of them, say G'„>ty ,  contains all 
the others. Hence

U GntJtd G ^ j ,

On the other hand (a) shows that G yfJ' is the union of certain G„yJ-s and these 
G„j-s belong to the same equivalence class, thus they clearly belong to Q. Conse
quently

U G n „ j c = G'KJ,t=i
and this is what we had to prove.

(h) Let G'„j be the union of an equivalence class Q. Let G 'jC G '+ i r  (see(e)). 
Then Gnj —G'n+1j" .

In fact, according to (a) G '+lj r  is the union of certain Gn.yj,-s and these G„.j,-s 
belong to the same equivalence class which clearly coincides with Q. Consequently 
G'„+i,r <̂ G'nj  and thus G'nJ=G'n+1,r .

Now for each equivalence class let us form the union of it. We can clearly arrange
these unions in an infinite sequence G[, ..., G[,__ Each G[ appears in the system
(16) and so it is an open bounded set. Moreover we have

(17) 0  (?,'= ű  (U  GnJ).
i =  1 и =  X j  =  1

Now for /=1, 2, ... let C; be the closed convex hull of G-. The system

(18) Q , ..., C;, ...

consists of nonhnear compact convex sets of the plane. Hence we need only to verify 
that conditions (a), (/?), (y) and (<5) of Definition 3 are fulfilled.

First (14) and (17) show that

Thus (a) is satisfied.
H c U G i ' c U  <C().

1 - 1  1 -1
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Next, let C; and Cv be two distinct members of the system (18). Cu is the closed 
convex hull of G- and Cr is that of G\,. Let G[=G'nJ and G[.=G'n-3y . There are 
two possibilities. Either n=n or n ^ n .

The latter case can be reduced to the former one. In fact let n<n'. This can be 
supposed without loss of generality. Then (e) and (h) show that there is a unique 
G’n'.y for which G'„'j=G'n j" .

Since G'nj  and G'„3y  (G'.^» and G'n. r  respectively) are distinct sets it follows by 
(c) that their closed convex hulls C; and Cv are disjoint. Condition (ß) is fulfilled as 
well.

Now let M  be a bounded set in the plane. Then one of the discs Kx, ... ,  say K„, 
contains M. Since in the first n + 1 rows of the system (13) there are only a finite 
number of sets it follows that the number of equivalence classes containing one of 
them is finite as well. So the number of Ct- s containing the unions of these equivalence 
classes is finite.

Let us consider now a G- which fails to contain any G„-3y  from the first n + 1 
rows of (13). Then by (b) and (g) we have

<5(C;) =  <5 (GO s 2z +6.
There is a point on the boundary or in the exterior of K„+1 belonging to G- and so to 
C, . Thus by the construction of the discs Kx, ... the set C; does not meet K„ and so it 
fails to intersect the set M  contained in K„.

Hence M  meets only a finite number of С,-s. Condition (y) is satisfied, too. 
Finally, let us consider an initial section Cu  ..., Cm of the sequence (18). For 

i= l ,  ...,m  select the couples (и;,У,) such that
G't = G'nuil (see (g)).

Let nSmax fo; i=  1, ..., m) and for i= l ,  ...,m  let

G'n,K =
According to (e) and (h) there exist such G',^-s and for ixjt  i2 we have G'„j> ^G ', ^  . 
Consequently, since ö(Ci)=ő(GÍ)=S(G'„3jj) it follows by (b) that

Z K C d =  2 H G '.y ) ^ 2 z + 6 .
i = l  i = l

This implies

Z ö iC d ^ l z + e .
i= l

Condition (S) is satisfied as well.
The proof of the statement is complete.
10. Let Hbe a compact set in the plane. Then H  can be covered by a convex cover

ing system.
In fact, H  can be covered by a single open bounded nonempty convex set G. 

Let C, be the closure of G. C, can clearly be extended to a convex covering system 
Cx, ..., Ct, ... of H.
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11. Let N be an unbounded set in the plane R2 such that the Carathéodory outer 
linear measure o f its boundary is finite and each component of it is o f diameter a  tv for 
fixed  tv>0. Let CL, .... Ct, ... be a convex covering system of the boundary Fr (N) 
o f N. Then

(R2\ ( J  (Cj»c(iV).
l' =  1

We first show that Ä2\ U  <Сг) is connected.
i = l

In fact, for 'i =  l, 2, ... let Ft be the boundary of C;. The Fr s are clearly closed 
Jordan curves. Let/) and q be points of i?2\ U  (C;). The segment [p, q] is a bounded

i = l
set and so according to Definition 3 (y), [p, q] meets only a finite number of C;-s 
in their interior. Without loss of generality we can suppose that these Cr s are in 
turn Cly C„,. The sets (Cx), ..., (Cm) intersect [p, q] in disjoint open intervals. 
Deleting these intervals from [p, q] and adding the boundaries /*j, ..., Fm of Clt ..., Cm
respectively, we get a connected set in 7?2\ I J  <C;) with the points p and q. If

1 =  1
[p, q] does not meet any (C-) then [p, q] itself is such a connected set. Hence 
1?2\ 1 J  (C;) is connected indeed.

i =  1

The connected set i?2\ l j  (Сг) has no common point with the subset Fr (N)
i= 1

of U (C;). Thus i?2\ U  (C;) lies either in the interior (TV) or in the exterior 
Л2\[ЛГ] of N.

The latter case cannot occur. Otherwise [lV]c |J  (C;) would hold. Since N
i =  1

is an unbounded set, it would intersect an infinite number of Cf-s. However, condi
tion (d) of Definition 3 says that JS1 <5(C;J< °° and so there would exist a Cm

i  =  1
meeting N  such that <5(Cm)<vr. Since the <Cf)-s are disjoint open sets by 
N c  IJ (C,), a component M o íN  would lie in Cm and so ő(M )^ő(C m)<w  would

i =  1
hold contradicting the assumption.

Thus

(Ä2\ ü  <C;» c< ^>
i =  1

indeed.

12. Let iv>0 and z § 0. Let {..., Nx, ...} be a (vv, z)-System in the plane R2 
and Nai an unbounded element o f this system. Let Cl5 ..., C,, ... be a convex covering 
system of Fr (NXi). Then

Fr(U iV a) c  U<C,>.
a i= l  . ‘
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In fact, Step 11 shows that

*2\ Ü  <ci>c<^1),
i=  1

and thus (NXl)cz(U Na) implies
a

<C;> c < U  K ) .
i  =  1 a

Consequently in view of
Fr(U K )  = [U ^ ] \ < U  K )

a  a  a
we have

F r ( u  лд<= 0  <Ci>
a. i= 1

indeed.
13. Let Cl5 Ch ... be mutually disjoint compact sets in the plane. Let H  be 

a closed subset of [J C; and for i=  1 ,2 ,... let Ht = НПС^. Then
i = l

L*{H )=  2  L \H j).
• = 1

In fact, by (F) and H= (J Hi we have
i =  l

L*(H )=  lim L* (tfj U ... U Hn).
П  —► oo

On the other hand, since Нг, ..., Hn are closed subsets of the mutually disjoint com
pact sets C1? ..., C„ respectively, in view of (E) one has

L*(H1U ...U H n) = 2 ^ * { Щ  
1=1

and thus, taking also into account the preceding relation, we get 

L*(H) =  lim 2  L^H;) -  2  L* (Hi),
i = l i = l

indeed.
14. Let iv>0 and z^O. Let {..., Na, ...} be a (w, z)-system and Nao a member 

o f it. For each a let N*=NoloUNa. Then {..., N*, ...} too is a (w, z)-system, and the 
envelope of this latter system is the same as that o f the foregoing one.

In fact, considering an arbitrary member N* = N xUNXo of the second system, 
each component of iVa and Nao is confined to N*; hence it is confined to a component 
of N*. Consequently each component M  of N* is the union of certain components 
of Nx and NX() and thus the diameter of M  cannot be less than w.
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Next, consider a finite subsystem N*y, ..., N*k of {..., N*, ...}• Since

U К  =  ( и  NXJ)ÖNX0
7 =  1 7 = 1

and by assumption

L*(Fr((U  ^ ) U ^ ) S Z
j  =  1

it follows

L *(Fr(U  K ) )  = z-
7 = 1

...} is a (w, z)-system indeed.
Finally, the relation

U К  = и  (Л ^и Na) =  (U N')ÖNX0 = \JN .
a a a a

evidently implies
Fr(UW a*) =  F r(U A y

a a
as required.

15. Letw>0 and {..., Nx, ...} asystem of nonempty sets lying in abounded domain 
o f the plane R2 such that each component o f an Nx is o f  diameter Sw. Let z^O, 
C >0, 0<e<6w, and r/ =  e<^/(12(3z+2^)). Suppose the existence of a finite subsystem 
NXl, ..., NXk of the system Nx, ...} such that

Fr(U A Q cO (Fr( U NXj), tf) and L*(F r( U Nej)) ^  z.
<x 7 = 1  7 = 1

Then
^ (F r (U  Nx)) <  z + f

a

P roof. Let us introduce the notations

i f  = Fr((J Nx), H ' = F r(U  NXJ).X 1 = 1

By assumption we have Ь*(Н')Шг, and thus

LC/6(H ') =5 z.

Consequently, there exists a decomposition Н '= Н [0 ... Uff-U... such that for 
/= 1 ,2 ,  ...

(19) < 5 ( Я / ) < - | Я ^ 0  
and

(20) Í á ( ^ ' ) < z + | .
1 = 1
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For i '= l ,2 , . . .  let

Qi =  min jy )  and G; = О {Hi, qI).

According to (19) and (20) we clearly have

<5(G i)<y, G ^ 0
and

~ 21 2 ö ( G i) ^ z  + ̂ .

The system {G\, ..., G,, ...} is an open covering of the compact set H'. Hence 
there exists a positive integer n such that Gx, ..., G„ is a covering of H ' too. Let us 
apply the б/6-sweeping procedure to this latter finite system (see Definition 4). 
The result is a finite system

g í , . . . , g ; , g; +1,
of nonempty open sets such that

H 'a  Ú Gl,

(21) Z H G 'i) ^  Z H G d ^ z  + Ц ,
i —1 i =  l  J

(22) -l^á(G (')<  j  (i = l , ...,/»),

S(Gl) <  у  {i = p + l,  ..., r)

and the closed convex hulls of the sets G'p+1, ..., G' are mutually disjoint. 
Observe that by (21) and (22) we have

(23) 3z + 2£ 
e

6

Now we arrange the sets G '+1, ..., G' in two classes. The sets whose closed
p

convex hulls are disjoint from (J G- belong to the first class. The others are assigned
i =  l

to the second. Without loss of generality we can suppose that G '+1, ..., G' belong 
to the first class and G'q+1, G ' r to the second.

Now for /=<7 +  1, ..., r let m(i) be an integer such that m (i)^p  and G'm(i) 
meets the closed convex hull of GÍ - For i= l ,  ...,p  let

Gf =  G; U(U{Gj'; m {0  = i}).

Acta Mathematica Hungarica 48, 1986



40 M . B O G N Á R

Thus we obtain a finite system of open sets

such that
G// /'■'>// Г’/1» ^P +1’ *•*’

# ' c:(g í u . . .u g ; u g ; +1u . . .u g ;),

(24) l<5(Gf) + i  <5(G,0  ̂ i < 5 ( G / ) < z + ^ ,
i=1 i=p+l i = l

/0,

<5(Gj')<-|- (i = p + 1 , q ) .

Let the closed convex hulls of G '+1, G'q be in turn Cp+1, Cq. These hulls 
are mutually disjoint and they have no common point with any of the sets G’[ , ..., G".

Let us consider the boundaries Fp+1, ..., Fq of Cp+1, ..., Cq, respectively. They 
are closed Jordan curves. By the construction the curves Fp+1, ..., Fq containing 
the sets G'p+1, ...,G'q respectively in their insides have no common points with the 
sets G[, G'. So they are disjoint from H '. Moreover, for i=p + 1, ..., q we clearly
have
(25) S (F;) =  6(C) = 5 (GO.

Now we are going to show that for i=p + 1, ..., q the relation

(26) F;c < U  ^ aj)
j =  1

holds.
As we have seen, the connected set /•', has no common point with

н '  =  [ u  NajJ \  ( U Naj)
j=l  7 = 1

к
and so it lies either in the interior ( |J  or in the exterior

j - г

« 2\  [ u  NXJ] of U A aj.
i =1 J=i

The latter case cannot occur. In fact H ' meets the open set G- which lies in the 
inside of F; and thus some of the Na -s meet G- too. Hence there is a component M

1 к
of an Na. intersecting G't . Now if F; lay in F2\ [  IJ iV j then in view of

j- г
к

M a  IJ Na , M  would be disjoint from F, and so by the connectedness of M  this 
i = 1
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M would lie in the inside of Fi which would imply M e  C; and thus

P. f)W

contradicting the assumption ö(M )^w .
Relation (26) holds true indeed.
Next we are going to show that

(27) t f c (U  0(G", t,)[J U C).
1=1 i=P+1

In fact let s£H. Let t be one of the points of H ' that have a minimal distance 
from s. Since H cO (H ', rj) we have r(s, t)crj. Thus we need only to show that for 
i=p + l , . . . , q  the relation 16C; implies s fC t.

We reason by contradiction. Suppose that t€C; and s C t. Let и be the cut 
point of the segment [s, t] and Ft. Since s f H  it follows s$(U  Na') and so s fails to

a
к

belong to the subset ( (J of (IJ N^>. However, in view of (26) we have
j=l a

к
mG( U TV*,) and so there is a common point v of the segment [s, u] and the set 

j =г
к

H '=Fr ( (J NXj). v f H'  is nearer to 5 than If FI' contradicting the assumption
j = 1

that r(s, t) is the distance of s and H'.
Relation (27) holds true indeed.
Now let

(28)
(0(G ?,r,)nH  for i s i s p  

~ \  Q f ltf  for p"b 1 — i — q.

In view of (27) we have

H =  u Hi.
i=1

2 £Moreover for i= \, ...,p  S(G -)< ~ e and = together show that
3 12(3z+2<;) 6

ö(Hi)<£. Taking into account also the relation

<НС;) = «5(С ,0<- ( i= p + l , . . . ,q )
we get

<5(Я;) < £  0  =  1, . . . ,q)

and in view of (23), (24), (25) and (28) one has

Í< 5 (tf ,)^  2S(G'{)+2pq+ 2  á ( Q < z  +  ̂  +  4  = z + 6
i =  l  i =  l  i=p+1 Э J
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We have got a decomposition of / /=  Fr ((J Nx) into parts of diameter < e
a

such that the sum of the diameters of these parts is less than z +  £. Hence the 
relation

Z,e(F r(U iV ,))< z  +  £
a

holds.
16. Let w >0, z^O, and let S= {...,N X, ...} be a (w, z)-system lying in a 

bounded domain of the plane. Let H  be the envelope of this system. Let ^>0 and

(29) z* =  inf/,*(Fr( (J Naj))
7 =  1

where Nai, ..., N ak runs over all the finite subsystems of S  satisfying the relation

7/c=0(Fr(U  NXJ), ч).
7 =  1

(According to Step 6, such a subsystem exists.) Since for each finite subsystem Nai, ...
к

. . . ,N Xk of S we have by assumption L*(Fr((J NXj))^z<  =» (see Definition 2),
j —г

0 S z j s z  follows. Hence z* is a bounded monotone decreasing function of >). Let 
z* =  limz*. Then z*Sz. We now show that Ь*(Н)Шг*.

In fact, we only need to prove that if S  consists of nonempty sets then for each 
one has L*(H)<z*+  £ and in order to verify this latter relation we only need 

to show that for 0<£<6w we have LE(H)<z* +£,.

Now let £ > 0 , 0<e<6>v, <T =  y  and z '= z * + ~ .  Let rj= l2 ^ + 2 ^ ) ' Fi‘
nally let iVai, ..., N„k be a finite subsystem of S  such that

tfc O (F r(U  Naj), rj)
7 = 1

and

L *(Fr(U  NXJ)) ^  z'.
7 =  1

Since z*^z*, in view of (29) such a subsystem exists. Now according to Step 15 
we get

L , ( f f ) < z '+ r = z * H
Observe that for (w, z)-systems lying in a bounded planar domain the proof 

of Principle 2 is complete.
17. We are going to prove Principle 2.
Let w>>() and z^O. Let S = { ..., N„ , ...} be a (w, z)-system in the plane R2. 

If it lies in a bounded planar domain then as we have seen in Step 16, the principle is 
true. Thus we can suppose that S' does not lie in a bounded planar domain. Under this 
assumption it is impossible that each Na should be bounded. For if S consisted only 
of bounded sets then according to Step 8 there would be a finite subsystem NXl, ...
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к
...,N ak of S  such that L* (Fr ( (J NXj))>z and this contradicts our original assump-

j =1
tion. Hence there is at least one unbounded set among the Na-s, say NXo. For each a 
let Л ^Л ^иЛ ^,,. Then by Step 14, S *= { ..., N£ ,...} is а (w, z)-system with the 
same envelope as that of S'. Thus we need only to verify our principle for this latter 
system.

Let Cj , ..., C,, ... be a convex covering system of Fr (N*J. Taking into account 
also L*(Fr (N*0))Sz, Steps 9 and 10 show the existence of such a covering system. 
Observe that we have by Step 11

(i?2\ u  <С;» с : « >  =  (N J.
1 = 1

Since for each a' we have (N*0)d (N J )  it follows

(30) (^ \и < С ,-» с< ^ * > с= < и ^ > .
i = 1 a

Now for /=1, 2, ... let F; be the boundary of the compact convex domain C, 
and for each a. and each i let Л^Л^ПС,-. Since for each a ' we have by (30)
(31) Fic{N *,)cN *.a  IJ N*

a
it follows
(32) 4 = № n C ;)U F ,

Now we are going to show that for an arbitrary finite subsystem N*x, ..., N*k 
of S* and for /=1, 2, ... we have

(33) F*(Fr( U K ) )  = L*(F,.)+F*(Fr( U К ,)Г \С ()
J = 1 7 = 1

and
(34) L*(Fr((J Щ  = L*(Ff) + L*(Ft(U N*)C\ Cf).

a

In fact, let ...} be a nonempty (eventually non proper) subsystem of
S*. Let N* = \JN*. and

N ‘ = N*nC; = U ( К  П Ct).
o'

Then in view of (31) and Step 5 we have
F r (N') = FtU (Fr (N*)ПС,).

Consequently for /= 1 ,2 ,.. .  one has

F r(U K )  =  F(U(Fr(U  NfinCt).
a' a'

On the other hand in view of (30) we obtain

Fr(U K )  c= 0  <Q)
a' i = l
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and thus for i=  1,2,... the compact sets Ft and Fr ((J /V*,)ПC; are disjoint.
a'

Accordingly by (D) we have

L*(Fr(U K ) )  =  L*(F;) + Z.*(Fr(U ^ )П С ;).
af a.'

Now (33) and (34) are particular cases of this last relation.
Next, since S* is a (w, z)-system, (B) shows that for j =  1 ,2 ,... and for any 

finite subsystem N*x, ..., N*k o f S* we have

L*(Fr( Ű N*j) П Cf) ^  L* (Fr ( (J N%)) =5 z
} = 1  7 = 1

and thus (33) yields

r ( F r ( Ú ^ p I * № ) + z
7 =  1

(see also Step 1). Flence in view of Step 3 and (32) for /=1, 2, ... {..., IVj, ...} is a 
(min (<5(C;), w), Z-*(F;)+z)-system lying in a bounded planar domain (namely in Cf). 

Let >/>-0. For /= 1 ,2 ,.. .  let

(35) z \ =  inf£*(Fr( (J N'j))
j = 1

where N ‘Xl, N lXk runs over all those finite subsystems of {..., TV*, ...} for which 

Fr(U  A i)cO (F r( U Ni), if) (see also Step 6).
a 7 = 1

Let
(36) zl = lim z‘„.v-+o

We clearly have z'^L*(F f)-fz and thus z* is finite. Now in view of Step 16 and (34) 
we have

(37) L*(Fr(U JV«*)nC,) =  £*(Fr(U N $ j)-L \F f)  ^  z '-L 'fF f) .
a. a

The following step is to show that

(38) J  (z‘-L*(Fd) z.
i=  1

In fact we clearly need only to prove that the relation

(39) 2  {z '—L*(F,)) S  z +  £
i =  1

holds for each e> 0  and for an arbitrary positive integer n.
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Now let e=»0 and let n be a positive integer. For i= l ,  ...,n  let be a positive 
real number such that

(40)

In view of (36) such real numbers rjt exist. For /= 1 , n let N* l5 N *.. be 
a finite subsystem of S* such that

(41) F r ( U ^ ) c O ( F r ( U ^ >  /?,)•
a 7 = 1

In view of Step 6, such finite subsystems exist. Consider now all the sets N*t 
(/=1, . ..,n ; j=  1, ..., kt) and arrange them into a sequence NXl, N*k. Then for 
i =  1, ..., n we have by (41) and Step 7

Fr(UTVi)cO(Fr(U N1,),%)
a j — 1

and thus (35) and (40) show that

j=i n
However by (33) this yields the relation

L*(Fr( U ЛгуПС,) s
j = 1 П

к
and since the C;-s are mutually disjoint compact sets and thus the Fr ( (J N*) П C, -s

7=1
are mutually disjoint and compact as well, it follows by (E) that

(42) L*(Fr( (J N*XJ) (T(C1U...UC„)) = L*(LJ (Fr ( (J N%)П C;)) =
j =1 (=i 7=1

= Í  £*(Fr((J ^ )П С ;) S  Í  L ‘- L \ F t - A  =  Í  (z '-L * (F d )-e .
i = l  7 = 1  i = l  v n t  i = i

Recall that S'* is a (w, z)-system and thus taking also (B) into account we find

(43) L* (Fr ( (J JVy П (C, U ... U C„)) == L* (Fr ( (J N*aj)) ^  z.
7 = 1  7 = 1

Consequently in virtue of (42) and (43) we have

and thus

z i - i t z ' - L *  ( /)))-£
i = l

J ( z '- L * ^ )  S  z+e. 
» = 1
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Now in view of (37), (38), Steps 12 and 13 we get

L*(Fr(U K ) )  = 2  £*(Fr(U JV ?)nct) ^  i  V -L * (F $ ) ^  z.
a i =  l  a i = 1

The proof of Principle 2 is complete.
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A NOTE ON (0, 2) INTERPOLATION
T. HERM ANN (Budapest)

1. Introduction

In the famous problem collection of P. Túrán [6], Problem 29 deals with (0,2) 
interpolation on the roots of Jacobi polynomials and is as follows:

Find all Jacobi matrices P(a, ß), a?± ß for which the (0, 2) interpolation problem 
does have a unique solution.

By a Jacobi matrix P(a, ß) Túrán means the triangular matrix {xti„}*=1“=1 
whose n-th row consists of the roots of the и-th Jacobi polynomial Pj?'ß)(x)

The case ot—ß was analysed by Túrán and his coworkers in [4] and [1].
Recently A. M. Chak, A. Sharma and J. Szabados [2] solved this general 

problem and gave explicit representations of the fundamental polynomials.
The weight function of the Jacobi polynomials is always greater than zero within 

( — 1,1). It would be interesting to know what can be said in the case when the weight 
function has zeros in ( — 1, 1). So let us consider the weight function |x|2a+1(l — x2)ß 
(a, /?> — 1). The corresponding orthogonal polynomials are called Lascenov-poly- 
nomials [3]. In the following we shall investigate the problem of (0,2) interpolation on 
the zeros of the Lascenov-polynomials.

Let us denote by R Y’p)(x) the n-th Lascenov polynomial. The weight function 
|x|2a+1(l —x2Y  is even, so the roots of R(„a,l>> are symmetrical to zero. By a theorem of 
Túrán and Surányi [4], for odd n’s such node systems are not regular (i.e. there are 
no unique solutions for the (0,2) interpolation problem). Therefore in the following 
we suppose that n is even (n=2m).

It is well-known [3] that

We shall need some known properties of the Jacobi polynomials [5]. They satisfy 
the differential equation

Ox,/? > -!)•

2. Preliminaries and main result

(2.1) R?-ß\x )  = P%’ß)( l - 2 x 2).

(2.2) (1 -х 2) / '+ [0 3 + 1 )(1 -х ) - (а + 1 )(1 + х )] /  +  п(и + а + Д+1) =  0.
We shall use the normalization

(2.3)
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and in this case it is known that

(2.4) = 2 -  Í  ( " + £ )  (n+k ß) ( х - 1 П х + 1 ) - ‘

We shall prove the following
Theorem. The problem (0,2) interpolation on the roots o f R(nx,t>) (a, ß> — 1) 

is uniquely solvable i f  and only i f
(2.5)
where (n = 2m)

(2.6) D„

A>,»(a, ß) ^  0 ( i =± l )

(m +  al (m + ß\ 2a + i ß + \
\m —k) l к ) 4 2

к m —k
Remarks, a) The proof follows the ideas of [2].
b) If a =  — -i- then Rj,~1/i,ß\x)= P j,ß,ß\x )  i.e. then R„ is an ultraspherical 

polynomial. Then

and

l)
m ~ 2

[ß+ \
2

) m m

(« ) ß + l

" - ( - у • * ) = ¥ , i m Í 1
3ß+ l) m+ 2

vmj m

so in this case the problem is regular if and only if ß is not an odd integer. This was 
proved by J. Surányi and P. Túrán [4] in a different way.

3
c) If ß and 2a are odd integers and if n ^a  + ß +— then the (0, 2) interpolation

О I J '
on the roots of R f 'ß) is not regular, because then 2

m —k
., m ß + l 1 and for higher k 's either (2a+ 1 =  0 or (2a —1)

4 4
к к

= 0 for k = 0,1,...

=  0.

d) If only one of 2a and ß is odd and if n>x-\-ß+—, then ^ 0. For if ß

is odd and 2a is not, then the summation in (2.6) extends from k = m —ß ^--  to 
k = m. Also

=  ( - i ) * - 4 = p ? ± i ]sgn 2 a +  i
4
к
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so that sgn D„a(a, ß)= ( — \)'n~l‘. The case when 2a is odd and ß is not is similar. 
Thus in this case the problem is regular.

e) The explicit formulae of the fundamental polynomials can be determined the 
same way as in [2] with the necessary modifications evident from the proof of our 
theorem.

3. Proof of the Theorem

Let {Xj}nj=i be the zeros of P £'p)(x), then by (2.1)

(3.1) J’j = - y - j  = j /  1 2 * O'= 1.2, ...,»») 

are the roots of R ^ ,fi)(x) (n—2m).
We shall show that the only polynomial F ^ n ^ - i  which satisfies the following 

homogeneous conditions of (0, 2) interpolation

(3.2) F «4yj) = 0 (k = 0, 2; j = ±  1, ± 2 , ..., ±m),
is identically zero if and only if Dn>i(a, ß )^0  (i= ±  1).

Let G(x)=F(x) + F (— x) and H(x)=F(x)—F (—x). Obviously (3.2) is true 
for G and Я  too and F is identically zero if and only if G and Я  are so.

From its definition, G(x) is even and by (3.2) and (2.1)

G(x) = Pm( l - 2 x 2)gm( l - 2 x 2)
where deg gm̂ m —1.

Then from (3.2) when к =2 we get
(3.3)

0 =  G " ( y j )  =  2 (—4_уу P' (xj)) ( —4 y }  g'm ( x j ))+ ( —4P' ( x j ) + 1 6y* P" ( x j j )  g m (Xj)  =

=  4P ' ( X j )  |4 (1 -  X j )  g'm (Xj) -  gm ( X j )  + 2(1 - X j )  Pp ^ Ĵ  Sm  (*,)}

where we used (3.1), too.
From (2.2), we have

P"(Xj) (ß + 1)(1 — Xj) — (CC + 1)(1 +xj) 
P'(Xj) \ - x )

so that (3.3) yields (for /= 1 ,2 , ...,n ),
(3.4)

°  =  T + j T {4(1 - xj)Sm(Xj)-[2(ß + W  - X j ) - Q a + W  +*,)] gm(xj)} =
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where the differential operator is given by

&[g(x) =  — 4(x2 —l)g'(x) +  [2(/J + l)(x —1)+ (2a+ l)(^+ l)]g(x).

Then from (3.4), we have

(3.5) Selgm{x) = c1P^<>\x ) .

H(x) is odd by its definition so by (3.2) we have

H(x) = xPm(l-2x*)hm( l - 2 x 2)
where degfimSn — 1.

Similarly as for G we get with an easy computation

(3.6) y . 1Am(r) =  c .1Pi“' i,)(^)
where

(3.7) ÄLifcOc) = - 4 ( x 2- l)h '(x )  + [2 (ß + V (x -l)  + (2oi-\)(x+l)]h(x).
Let

m — 1

qm( x ) =  2  <**(*-1)*(*+1 Г"1"*.
k = 0

Evidently, every polynomial of degree m — 1 has such a representation which is unique. 
Then by an easy calculation, we have ( i= ± l)

— (2а +  г)а0(х+ 0 m+ 2  (*—1)‘(* +  1)ш к[як(Ъ.+ i + 4k) +*=1

+ %k-i(2(ß+ l)+4(m  —fc))] + 2(/?+ l)am_1(x—l)m.

Using (2.4) and comparing the coefficients of (x—l)k(jc +  l)"- t  on both sides in (3.5) 
and (3.6), we have the following system of equations:

(3.8)

(2a+0«o = c i2~ m ( m^ a ]

22^+ i + 4k)ak+(2(ß+l) + 4 (n -k ))a k_1 = ci2 -m( Z t t \ ( m t ß )
(fe =  1, 2, ... ,m  — 1)

2(j8+l)am_x =  С ; 2 ~ "

Expanding the determinant of this system in terms of the elements corresponding 
to C; we get (2.6). The non vanishing of these determinants is necessary and suffi
cient for the system of equations (3.8) to have the identically zero solution.

Acta Mathematica Hungarica 48, 1986



A NOTE ON  (0 ,2 ) INTERPOLATION 51

References

[1] J. Balázs and P. Túrán, Notes on interpolation. Ill, Acta Math. Acad. Sei. Hungar., 9 (1958),
195—214.

[2] A. M. Chack, A. Sharma and J. Szabados, On a problem of P. Túrán, Studio Sei. Math. Hung.,
15 (1980), 441— 455.

[3] R. V. Lascenov, On a class of orthogonal polynomials, Veen. Zap. Leningrad Gos. Ped. Inst., 89
(1953), 191— 206 (in Russian).

[4] J. Surányi and P. Túrán, Notes on interpolation I. On some interpolatorical properties of the
ultraspherical polynomials, Acta Math. Acad. Sei. Hungar., 6 (1955), 67— 80.

[5] G. Szegő, Orthogonal polynomials, Amer. Math. Soc. Colloquium Publications Vol. XXIII,
American Mathematical Society (Providence, R. I., 1975).

[6] P. Túrán, On some problems of approximation theory, J. Approx. Theory, 29 (1980), 23—85.

(Received January 27,1984)

M ATHEM ATICAL IN STITUTE
O F TH E H UNGARIAN A CAD EM Y  OF SCIENCES 
REÁLTANODA U. 13— 15 
H-1053 BUDAPEST 
H U N G A R Y

4* Acta Mathematica Hungarica 48, 1986





Acta Math. Hung. 
48 (1—2) (1986), 53— 57.

A N  INTERPOLATION PROBLEM FOR REAL 
POLYNOMIALS BY THEIR MEANS BETWEEN 

CONSECUTIVE ZEROS
Z. RUBINSTEIN (Haifa)

§1. Introduction. It is well known that besides the classical interpolation 
problems of Lagrange and Hermite types there are additional, well posed, interpola
tion problems. Among these are the interpolation by extreme values [4], [6] in the 
real case and [1], [7] in the complex case, and the mixed-type interpolation by extreme 
points and extreme values [8]. In this note we consider the interpolation problem for 
real polynomials by their mean value between pairs of consecutive zeros. These mean 
values have important properties and were treated by several authors [2], [3], [9]. The 
general approach is similar to that employed in [8]. The existence and uniqueness 
of the mean value interpolating polynomial is reduced to the nonvanishing of a cer
tain Cauchy type determinant. Several conjectures are stated supported by numerical 
calculations.

§ 2. Several lemmas. Following are three lemmas required in the proof of the 
main theorem.

Lemma 1. [5] Let f  : Sn -*■ S n be a continuous function defined on an n-dimensional 
sphere S" Such that for some p£S" we have

(В (a) f(p ) = p , (b) /(S''-{/?})c=.S'"-{/>}, and (c) / | s„_{p}
is a local homeomorphism. Then f  is a homeomorphism of Sn onto itself

Lemma 2. Let f(x) be a positive real-valuedfunction definedfor positive, x  bounded 
away from zero and integrable on every finite interval of the positive axis. For a fixed

H
set o f Xj, У = 0 ,1,..., n, 0 = x0< x1-<...<xn, define p(x)= JJ (x —xk) and

k =  0

(2) Ai = ( -  1)"-J+1 1 f Jf(x)p(x)dx ( j = l ,  ...,«).
XJ ~ XJ-1 x . f

Then, for fixed n, as
a = ot(x1, ..., xn) = min (xJ- x j ^1, х~г) -+ 0

also
ß = ß(xk, ..., x„) = min (Aj, A]-1) -  0.

P roof. It is enough to show that there is a positive function h(d) defined for 
positive d such that (i) h(d)—0 as d—0, (ii) ß ^ h  implies o t^d2n+2 for all suffi
ciently small positive d. One verifies that ß>0.
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Assume ß ^ h  and /(x )fe« r> 0. Then h s A j ^ h  1 for j=  1, 2, ...., n. Choose 
H such that Ax^—x^—x ^ ^ x j n .  We then have

Л“1 §r A„ =  ( - 1)"-m+i J L  f  f(x )p (x )d x sz - j^ -  f  ( x - x ß_1)'1(xll- x ) n-i1+1dx=:
■ *„-i

mdx£+ i p \ (n -ß + l) l
(и+ 2)!

юх?+i
л"+1(и + 2)! ‘

So that
(3) x„ ^  cfi-VC»+i)

where c is a positive constant depending only on n and m. On the other hand, for
j  1 ? 2, ..., /7

(4) h ^  A j ^  f  f ( x ) ( x - X j - 1)(X j-x )d x S A X jX n„-1 f  f(x)dx.
3 xj-i о

t

Define <p(t)= f  f(x )d x , \]/ = cp~1. Let d=[(p(ch~1,(n+1))]~1. Then h=h{d) = 

=  c',+ 1[^(d~1)]~(n+1). —°° as s — =° so h(d)-»0 as d —0. By (3) and (4)
we have

xn
(5) ÄXj S  hx~(n~l) ( J  /(x )dx ) 1 shc~("-1) h("-1)/(n+1)[(j!>(c/i~1/(n+1))]~1 =

о

Now (p(t)^m t implies ^ ( t ) ^ t /m  for i> 0 . Therefore by (3)
(6) x “1 ^  C" 1h1/(n+1) =  [(/'(d-1) ] -1 S  md ^  t/an+2 

for all sufficiently small d>0. Also
ft(d) =  cn+1 [i/j (d -1)]_(n+1) s  c"+1mn+1dn+1.

Thus, by (5)
(7) Axj 5? cn+1m2nd2n+1 Ш= d2n+i

for all sufficiently small d=~0 and all j= l ,2 , . . . ,n .  By (6) and (7) a ^ d 2n+2 for 
all sufficiently small d>0. This completes the proof.

Let
P =  {Oh, •••, Т„)€ЛВ, 0 <  у г <  y2 < ... <  y„} 

and let Q, Q ziP  be defined by
Q = {Oh, z„), Zj > 0 ,  j  = 1, 2 , n).

We have
Lemma 3. Let /(x) be as in Lemma 2. Define a mapping F: P ^Q  as follows.

П
For x=(xx, ..., x„)£P construct p ( x ) -  ][ (x —xk), x0=0, and let A j be given by (2).

t=o
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Then the mapping F defined by F(x) = A = (Aj) is a homeomorphism of P onto Q i f  F 
is a local homeomorphism.

Proof. Since P and Q are homeomorphic to R" it is possible to extend the map
ping F to S" by adjoining points and °°q€Q and letting F(°°P) =  ooß.
If F is a local homeomorphism on P, then since by Lemma 2 F is continuous on S'\ 
F satisfies conditions (1) of Lemma 1 with p= °°p. Thus, F is  a homeomorphism of 
S" onto itself, hence of P onto Q.

§ 3. The main theorem and some conjectures. We are ready now to formulate 
the main result.

T h e o r e m . In order that for any given positive numbers Ax, A2, A„ there exist
П

a unique polynomial o f the form p(x) = f j  (x —xk), 0= хо< х г< ...<xn such that
k = 0

(8) —f ----  /  p(x)dx  = ( - l ) n- j+1Aj, 7 = 1 , 2 , . . . , «
X> *•/-!

it is sufficient that the determinant o f the matrix В = {bi})  where

(9) К  = 2 1 - + S U- 1Уi~ x k ,J AXj ’ i , j=  1,2, . . . ,«,

be nonzero for all 0= x0< j 1< x 1<y2< . . .< j„ < x n. öu is the Kronecker delta.

Proof. By Lemma 3 it is enough to show that the nonvanishing of the determi
nant of matrix (9) implies that the mapping F is a local homeomorphism. This in 
turn amounts to showing that /= ||3 (F 1, F2, ..., Fn)/d(xx, x 2, ...,x„)||^0 at every 
point of the set P. Now

( _ i y i - j ' + i  p  n
F Jf x 1 , x 2, . . . , x „ )  =  — —  -----  J  I J ( x ~ X k) d x ,  7 =  1 , 2 , . . . , « .X;—X: — 1 ^ ъ — п

Let

We have
g j  =  ( - 1 ) ” j+1Fj, AXj =  X j - X j _ l5  p(x) =  f j ( x - x k).

k  =  0

B j j  — - f-1- = f  P(x) X Xj 1 dx,JJ dx, A x]r -l x - x ,
J  j  X j _ t  J

dGj 1 p  x - x j  j

and if k?±j—l , j
dxj_j Ax) XJ x - x

3Gj
Bjk dxk Ax?

1 p  . . Axj
=  ~ J 3  J  r W j z

Passing to a determinant with elements yjk= —Ax)Bjk, it is clear that / = 0  if and
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only if there exists a nonzero vector A=(At) such that
n

2  K ljb  =  0, j  = 1, 2, и.

A short calculation shows that

( 10)
p

J p(x)R j(x)dx  = 0, j  =  1, 2, ..

where

Rj(x) = 2
k = i X - x k A x j  ’

n Ak AA, 
- ± -  +  - r L j  = 1, 2, n, A0 =  0.

Obviously (10) implies the existence of numbers yj, such that
2ij(yj)=0, y = l ,  2, n. Considering the last equations as a homogeneous, linear 
system for A one deduces the vanishing of the determinant of A = (aJk) with

Finally it is easy to verify that \\A\\ =  ||B||. As a result we have shown that / = 0  
implies (IjBII =0 . This completes the proof.

Actually numerical calculations support the following conjectures.

C o njecture  A. The determinant ||B|| in (9) satisfies

sign ||5|| =  (-1)", И = 1 , 2 ,  ....

A related conjecture arises by considering the Jacobian matrix

C onjecture  B. The determinant ||Z)|| of the matrix with elements

is positive for n = l , 2 , ....
As before the last determinant is equal to the determinant of the matrix C=(cy), 

where

It is also clear from the preceding that Conjecture A can be put in another form. 

C onjecture А г. Given a nontrivial rational function R(x) of the form

., n.

d(fj ,  F2, ..., Fn)/d(x0, Xj, ...,x„_o).

Ä (*) =
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O ce^X aC  ...<x„, there is at least one interval (x7_l5 х7), j —1,2, n, where 
R(x)+A?.j/Axj does not vanish. Here /.o= x o=0.

Finally Lemma 2 and the results in [8] also suggest strengthening the main theo
rem by replacing p{x) in (8) by p(x)f(x) where/(x) is a continuous function which 
satisfies Lemma 2. No numerical calculations have been done, however, in this case.
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PERIODIC SOLUTIONS OF SECOND ORDER 
NONLINEAR DIFFERENTIAL EQUATIONS

J. J. NIETO* (Arlington) and V. SREE HARI RAO** (Ames)

1. Introduction

We shall consider the following nonlinear second order differential equation: 

(E) x " +Xx+fig(x) =  eh (t)

in which X, g and e are real parameters and g and h are real valued continuous func
tions. In addition to the assumption that h is a periodic function of period t, under 
certain conditions, we prove the existence of т-periodic solutions for (E). We shall 
first consider a periodic boundary value problem (PBVP for short) associated with 
(E) and obtain the existence of solutions by employing the methods involving dif
ferential inequalities [1], and the alternative method for nonlinear problems at reso
nance [2]. These solutions will then be related to the т-periodic solutions of (E).

In this study, we not only allow g to be nonlinear and unbounded, but no hypo
theses concerning the existence and uniqueness of solutions of the initial value pro
blems for (E) are required. In Section 2 of this paper, we include the preliminaries on 
the alternative method for problems at resonance and also mention an existence 
result for such problems [3], which is crucial for our study. Section 3 contains the 
main results.

Indeed, some special cases of (E) have been considered in [4], [6] and [7]. Our 
results include and improve some of these results. We note that our techniques and 
methods differ from earlier studies.

2. Preliminaries

Let X  be a real Hilbert space with inner product (■, •), and norm || • ||. Let 
L : D (L)dX  -*X be a linear operator with finite dimensional kernel X0 and range 
Xi=Xo so that X=X0® X1. Let P: X —X  be the projection operator with the 
range X0 and let # :  X1-+D(L)C\X1 be the partial inverse of L  so that H (I~ P )L =  
=LH{I—P )—I —P. Since L  has a nontrivial null space, this case is known as the 
“problem at resonance.”

We are interested in solving the operator equation

(2.1) Lx = Nx, jc£ D(L),

* Present adress: Departamento de Ecuaciones Funcionales Facultad de Matemáticas Universi- 
dad de Santiago, Spain.

** On leave from Osmania University, Hyderabad — 500007, India.
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in which N: X-*X  is a nonlinear operator. Thus, x= x0+ x!, where x0£X0, 
x^A^ is a solution of (2.1) if and only if [2],
(2.2) Xl = H (I-P )N (x 0+ x1) 
and
(2.3) PN(x o+xj) =  0.
The equations (2.2) and (2.3) are called the auxiliary and the bifurcation equations 
respectively.

The following result of [3], will be used in our subsequent discussion.
Theorem 2.1. Assume that H  is compact and the following conditions hold:
(i) there exists a constant /= -0  suchthat ||iVx|| S /  for all x£X\

(ii) there exists a constant R > 0 such that for all x = x „+ x 1 in X, x 0£X0, 
Xl£Xx with ||x0||= R  and x 1 = H (I—P)N(x0+ x1), we have (Nx, x(l)^ 0  (or ё0 ). 
Then the equation (2.1) has at least one solution.

3. Main results

We now consider the second order equation

(3.1) - x " = f ( t , x )
in which, we assume f ( t ,x ) is continuous on S= {(t,x): t£ R, x£R}. A function 
a(/)€C2[0, t] will be called a lower solution of (3.1) on [0, t ] if —a"^ f(t, a) on 
[0, т]. Similarly, ß(t)£C2[0, т] will be called an upper solution of (3.1) on [0, t] 
if -ß " W ( t,ß )  on [0, т].

We shall prove the following result:
Theorem 3.1. Assume that there exist a lower solution a(t) and an upper solution 

ß(t) of (3.1) on [0, t] with a(0) =  a(r), ß(0)—ß(z) and such that a.(t)^ß(t) on 
[0, t]. Furthermore, assume that the inequalities oc'(0 )S oc'(t) and ß'(0)^ß'(z) hold. 
Then the periodic boundary value problem

(3.2) — x" = f( t, x), x(0) = х(т), x'(0) = x '(t)
has at least one solution.

Proof. Let F be the function defined as follows:
F(t, x) = f(t, p (t, x)) +  r (t, x) 

where p(t, x) =  max {a(i), min (x, Ж 0 }} ar>d

ß ( t ) - x  
1+ x 2

r(t, x) — 1 0
x ( t ) - x
1+ x 2
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and consider the modified PBVP
(3.3) —x" =  F(t, x), x(0) =  x(r), x'(0) =  a' (t).

Clearly, F is continuous and bounded on [0, t]XR. Following standard argu
ments ([1, p. 19]), one can show that, if x is a colution of (3.3) then a ( i ) ^ * (0 —/КО 
for all /6 [0, t] ; and consequently x will be a solution of the PBVP (3.2). By employing 
the alternative method, we shall show that the PBVP (3.3) has at least one solution.

Let V = L 2[0, t ] and L x = —x" where D(L)={x£X: x  and V are absolutely 
continuous, x"£X, x(0) = x (t) and x'(0)=x'(0}- Let N  be the Nemytskii 
operator generated by F. Then, the PBVP (3.3) can be translated into the 
operator equation (2.1). It is easy to see that X0, the kernel of L, consists of all 
constant functions and the range of L, Хг is the class of all functions whose 
average is zero and Х = Х й®Хг. We define the operators P: X —X  and

1 *
H: Хл-*0(Ь)С\Х1 as follows: P x= — f  x(s)ds and H x1—y 1 if and only if

т 0
-У1=хX, ki(0)=kiW, TÍ(0)=JÍ(r) and P yx=0.

Since F is bounded, there exist positive constants J  and В such that \\Nx\\ =./ 
for all xZX  and |X](/)| S  В for all f£[0, t] and x1 solution of (2.2). Notice that В is 
independent of x0€ X0.

Now, choose 0 such that
(3.4) R - B >  max ß(t) and — R+B  <  min a (t).

taio.r] t с [о, t]

Choose R = -= . If x0€X0 and ||x0|| = R, then either x0 = R or x0= —R. Hence, 
/2

if x0—R using the definition of F, (3.4) and the hypotheses, we see that

(tffo+ xO , *„) = R f  F(t, R + Xl(t))dt = R  / f(t,ß{ij)dt + R f

— R f  ß(tj)dt S -R (ß '(x )-ß '(0 )) ^  0.
0

Similarly, if x0= —R then we also see that (iVXxo+Xj), x0)sO . Thus, by Theorem
2.1, it follows that the PBVP (3.3) has a solution and this completes the proof.

Remark 3.2. Notice that if, in addition to the assumptions of Theorem 3.1, 
f(t, x) is a periodic function of period т in t, that is f ( t+ r, x)= f(t) for all i£R, 
then the solution x obtained in Theorem 3.1 is a -r-periodic solution of the differen
tial equation (3.1).

If f{t, x)=Ax+/ig(x)— eh(t), where g€C(R, R), h£C[0, t] and A, g and e 
are real parameters, we have, as an immediate consequence of Theorem 3.1, the fol
lowing result.

Theorem 3.3. Assume that there exist functions a, ß£C 2[ 0, т] satisfying
(i) a (0 = ^ (0, f€[0, t ] ,  a (0) =  a ( t ) ,  ß(0) =  ß(r);

(ii) a '(0) ^  а'(т) and a"+Aa+/ig(a)seh(í), F [0, r ] ; and
(iii) ß'(0)^ß'(y) and ß"+Xß+gg(ß)^eh(t), i6[0, т].
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Then the PBVP
(3.5) —x" = Xx+pg(x)—eh (t), x(0) =  x (t), x' (0) =  x '(t),

has a solution x  such that a ( i)= * (0 =ß(0 > f or °d  i€[0, т].

Corollary 3.4. Assume that there exist constants a and b such that aSb and 
Áa+gg(á) —£/i(í) =  0^Afc+^g(b)— eh(t), for all Г6[0, т]. Then the PBVP (3.5) 
has a solution x  such that a ^ x ( t ) s b  for all i£[0, т].

Proof. The functions a, ß: [0, t]-*R defined by a(t)=a  and ß{t)=b for 
all i£[0, t] are lower and upper solutions, respectively, satisfying the hypotheses o f  
Theorem 3.3 and hence the conclusion.

The following example illustrates Theorem 3.3.

Example 3.5. Consider the PBVP

(3.6) x " + x —x3 = —sin3 t, jc(0) = x(2n), x'(0) = x'

Choose a ( / ) = — 2 + sin t and ß(t) = 2 for /€[0, 2л]. It is easy to see that all the 
hypotheses of Theorem 3.3 are satisfied and hence the PBVP (3.6) has a solution x, 
satisfying the inequality — 2+sin t ^ x ( t ) ^ 2  for all t€[0, 2л]. Furthermore, since 
sin31 is 2л-репоВю, in view of the Remark 3.2, it follows that x(t)  is a 2r-periodic 
solution to the differential equation x"+ x—x3= — sin31, R. Indeed, the function 
x(t)= sin t is such a solution.

R emark 3.6. If the function /  in (3.1) also depends on x', a result similar to 
Theorem 3.1 may be proved by requiring that / satisfies a Nagumo condition relative 
to the lower and upper solutions a and ß ([1, p. 25]). For details, we refer the reader

Now we shall consider the PBVP (3.5) and prove another result on existence of 
solutions. This result does not require the existence of upper and lower solutions 
as in Theorem 3.3.

For a>0, define

Lemma 3.7. The PBVP (3.8) has at least one solution provided there exists an 
ooO such that

to [5].

(3.7)

and consider the modified PBVP

(3.8) x" + /-(px (x) + pg (<px (x)) =  h(t), x(0) =  x (t), x ' ( 0 )  = x'(r).

We shall prove the following result for the problem (3.8).

(3.9) {'
either (i) Aa +  ̂ g(a) ^  ePh S  — ?M+pg( — a) 

or (ii) Aa +  /tg(a) S  Eph ä  — Яа+ /rg( — a)

where
о

Acta  Mathematica Hungarica 48, 1986



SECOND O R D E R  NONLINEAR D IFF E R E N T IA L  EQ U A TIO N S 63

P r o o f . The proof is again an application of Theorem 2.1. As in the proof of 
Theorem 3.1, we consider the space X —L2[0, t] with the usual inner product and 
norm, and define the operators L, P and Ft and the subspaces X0 and Xt as before. 
Let Nx: X-+X be the nonlinear operator defined by (Аа(х))(0 = фа(х (0 )  + 
+/ig((px(x(i))) — F.h(t). Clearly D(Nx) = X  since <px is bounded. Thus, the PBVP
(3.8) may be translated into the operator equation
(3.10) Lx =  N xx.

For x£X, set x = x 0+ x 1 where x0 = Px and xt = (/ — P)x. Thus (3.10) is 
equivalent to the coupled system of equations
(3.11) Xl = H (I -P )N a(x0+Xl) 
and
(3.12) PNx(x0+Xl) = 0.
Since cpx is bounded, there exists a constant /> 0  such that ||lVex|| s»/ for all 
xdX. Also, given x0£X0, we can find a constant c>0, independent of x0G l0, 
such that max \xXt)\-^c, for any solution xx of (3.11).

O S t S t
Now choose R > 0 large enough so that

(3.13) í - с ё  a and — R + c ^ — a.
Proceeding exactly as in the proof of Theorem 3.1, we see that all the hypotheses 

of Theorem 3.1 are satisfied and hence the equation (3.10) has a solution. This 
completes the proof.

Lemma 3.8. Assume that Ph=0 and g(0)=0. Then, for any ot>0 and for 
any of the following choices o f X, g and g given by

(i) 1> 0, ß=0, xg (x )^0  for all x;
(ii) 1 > 0, fi~0, xg(x)& 0 for all x;

(iii) A<0, gfeO, xg(x)s30 for all x;
(iv) A-=0, gSO, xg(x )s0  for all x,

the modified PBVP (3.8) has a solution x. Furthermore, for each solution x  o f  (3.8) 
there is some rj£[0, t] such that x(r])=0.

P r o o f . Clearly, for any a> 0  and for each choice of X, g and g the hypotheses 
of Lemma 3.7 are satisfied and hence the PBVP (3.8) has a solution x on [О, т]. 

Integrating the differential equation in (3.8) on [0, r], we get
T

(3.14) /  [X<px(x(t))+ng((px(x(t)))]dt = 0.
0

Suppose (i) holds. If x ( t)A 0 for all i£[0, t], then by the continuity of x, either 
x(t)>0 or x(/)-=0 for all i£[0, r]. If x ( t)> 0  for a l l /, then Яф1(х(Г))>0 and 
gg(<Pa(x(0)) —0 and hence (3.14) cannot be satisfied. By the same reasoning 
x (/)< 0  for all t and hence x(g) = 0 for some g€[0, т]. Similar arguments complete 
the proof in all cases.

We now set 5= max \h(t)\ and gx= max |g(x)|, and prove the followingO t̂^r —а̂ дс<а
result.
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T heorem  3.9. Assume that the hypotheses o f  Lemma 3.8 hold. I f  there exists an 
a >0  such that
(3.15) (|A|a + |g|ga + |г|<5) r 2 ^  a 
then the PBVP (3.5) has a solution.

P roof. From Lemma 3.8, we see that the modified PBVP (3.8) has a solution 
x on [ 0 ,  t ] and x(tj)=0 for some t]^[0, т]. The boundary condition x(0) = x(z) 
implies that x '(£) =  0 for some £€[0, т]. Also since \<px(x)\^a, for all x, it follows 
that

(3.16) \x"(t)\ \X\«+\p\ga+\e\S for all ig[0, т].
t

From the identity x '{ t)= x '^ )+  J  x"(s)ds, we have in view of (3.16)
(

(3.17) | x ' ( 0 |  ^  (Wa + |Aí|ge + |e |á )T .

t

Since x(tj) = 0 for some i/6[0, t], using the identity x(t)= J  x'(s)ds, and (3.17),
v

we get
I* (01 =  (Wa+Hga +  I# )*2.

It is easy to see that if the inequality (3.15) is satisfied, then x(t)  will be a solution 
to the PBVP (3.5) and the proof is complete.

Remark 3.10. In Theorem 3.9 the choice that g is an even function of x is not 
permitted. However, the following examples illustrate the case when g is an even 
function of x.

Exam ple 3.11. Consider the equation
(3.18) х"  + Лх+рх2п =  eh(t)

where n is a positive integer, e^O, A, g>0 and h is т-periodic and Ph=0.
The modified problem is given by

(3.19) х" + Лсра(х) + р((рх(х))2п = eh(t).
Choose a> 0  so that
(3.20) 0 <  a <  (A/g)1«2»"1).
It follows from Lemma 3.7 that the equation (3.19) has a solution x  satisfying the 
boundary conditions
(3.21) x(0) =  x(t), x'(0) =  x'(t).
Integrating (3.19), we get

(3.22) /  [А < р Д * (0 )+ м Ы * (0 )№  = 0.
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It is easy to see that x(t) cannot be positive for all i£[0, т]. Suppose that x (i)< 0  
for all /£[0, т]. Then (jc(F) ) < 0 on [0, t] and using (3.20), we get

Я < р Д * ( 0 ) + ^ ( < Р а ( * ( 0 ) ) 2"  =  №x(x(t))  [ -^ -+ (< г > а ( х ( 0 ) ) 2 л - 1 ]  <  0 ,

a contradiction to (3.22). Thus x ( t) is a solution of the PBVP (3.18)—(3.21) if
(3.23) (Aa+ [ix2n + |e\S) t2 rS a.

Observe that (3.23) is possible only if Ar2< l .  Thus, if 0 < a <
we have (Aa+/ia2")T2<a. Therefore for e sufficiently small the PBVP (3.18)—(3.21) 
has a solution provided /т2 <  1.

R em ark  3.12. If we choose /.= /;= 1 and h { t ) —cos cot, where 0, then 
(3.18) reduces to
(3.24) x " + x + [ i x 2 =  e cos cot

with т = 2 ш '1. In [4], it is proved that, if 2л, then the equation (3.24) has at 
least one 2nco~ 1-periodic solution for all sufficiently small e. The same conclusion 
may be obtained from Example 3.11. Now, we shall improve this result using Corol
lary 3.4, by removing the restriction со>2л and also by giving an estimate for e. 

The change of variable s = c o t  transforms (3.24) into

(3.25)

in which x —x{s) and x” —

x " + c o  2[x+[XX2—e cos s] 

d 2 x
d s2

; and the boundary conditions (3.21) into

(3.26) jc(0) =  х(2л), x' (0) =  x  (2л).
Notice that the PBVP (3.25)—(3.26) is equivalent to the PBVP (3.2) with f( s ,  x) =  
=со~2[х+цх2 —e cos i] and 2n replacing т in the boundary conditions.

Let a ^ a 2 be the roots of /xa2+a — |e| =0. If | e [ —, then [xb2+b + |e| = 0
has real roots and let b ^ b 2 be those roots. Choose constants a and b such that 
bf_[by, b2] and ű^min {a ,̂ b). Then, we have

and
b+[xb2—ficoss S  b-\-[xb2+ |e| ^  0 for all s(E[0, 2л],

a+/xa2—e c o s s  a  a+[xa2 — |e| a  0 for all s€[0, 2л].
1From Corollary 3.4, it follows that, if |e|<-j—, then the PBVP (3.25)—(3.26) has a 

27t-periodic solution. Consequently the equation (3.24) has a 2 лсо- Aperiodic solu
tion provided that |e| < ^ .  Thus, we see that the restriction со=»2я in [4] is not 
crucial to conclude the existence of 27toi- Aperiodic solutions for (3.24). Also, we 
notice that the inequality |e | < - ^ -  gives an estimate for e .
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Remark 3.13. One may obtain a similar estimate for e in terms of the parameters 
A and Ц by retaining A in (3.18). Also, the assumption that /x>0 in the equations 
(3.18) and (3.24) is no loss of generality since the transformation a——a leads to 
the same equations except that ц and e are replaced by — ц and —e respectively. In
that case, we see that (3.24) has a 2na> Aperiodic solution provided

4. Concluding remarks

In this paper we have concentrated on the question of existence of т-periodic 
solutions for the nonlinear equation (E) which contains real parameters A, /x and e. 
An important problem is to obtain periodic solutions of (E) which reduce for e =  A = 0 
to those of the equation

(É) x"+ng(x) =  0

which have a period in common with h(t). If g(0)=0, then the identically zero solu
tion of (É) is the simplest periodic solution, and periodic solutions near to it may be 
studied by employing perturbation techniques. A more interesting case is that of 
periodic solutions of (E) near the nonconstant periodic solutions of (É). Although 
we have not attempted to answer these questions in this paper, it seems likely that 
some satisfactory answers can be given to these questions.
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НЕОБХОДИМ Ы Е И ДОСТАТОЧНЫ Е УСЛОВИЯ  
СХОДИМ ОСТИ РАСШИРЕННОГО  

ИНТЕРПОЛЯЦИОННОГО ПРОЦЕССА ЭРМ И ТА — ФЕЙЕРА
В М ЕТРИКЕ L „

Д. Л. БЕРМАН (Ленинград)

1. Введем следующие обозначения: С  — множество всех функций, непре
рывных в [ — 1,1]. А —  подмножество из С, содержащее все функции /(к), 
имеющие правую и левую производные соответственно в точках x = : f l .  
Пусть задана матрица чисел
(М) {х£п)}, к  =  1, . . . ,  и; - 1  <  х<и) <  < . . . <  х]и) < 1 ,  и =  1, 2, ...
и пусть H n( f , x )  — полином степени 2и — 1, однозначно определяющийся из 
условий

H n( f ,  4 Л>) = / ( 4 в)), Д .Ч /, 4 В)) =  о, fc =  1,2, . . . ,  п.

Классическая теорема Л. Фейера [1] утверждает, что если п-я строчка матрицы 
(М) состоит из чисел

( 1)
(п) (2/с — 1) пxín) = cos -— ------, к* 2 п 1, 2 , п,

то для любой /ЕС выполняется равномерно в [ — 1, 1] соотношение
(2) Я „ ( / ,х ) - / ( х ) ,  п -  <*>.
Хорошо известно, что процесс {Hn(f, х)} называется интерполяционным про
цессом Эрмита—Фейера.

Пусть полином //„ (/, х) построен для и-й строчки произвольной матрицы 
узлов вида (М). Наряду с H„(f, х) рассмотрим полином F„(f, х) степени 2л+3, 
который однозначно определяется из условий

сп(/,х<->) = / ( 4 B)); W ,  ± 0  = /(± 1 );  К ( / , х Р )  =  K ( f ,  ± i)  =  o , k  =  i , . . . ,«.
Интерполяционный процесс {Г„(/, х)} естественно называть расширенным 
интерполяционным процессом Эрмита—Фейера. В [2—7] автор изучал процесс 
{F„(J ,  х)} для узлов

( 3 )

Х<в + 2) =  1, X« =  cos (2fc —1)я
2 п  ’ fc =  1, ^ B++i2) = - 1, « — 1, 2,

Было доказано, что этот процесс, построенный для /(х )= |х |,  или для /(х )= х а 
расходится всюду в ( —1, 1). При / (х ) = х  процесс расходится при х ^ О  из 
( —1, 1). С другой стороны, легко доказать, что процесс { F„( J ,  х)} равномерно

5*
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сходится в ( —1,1) при /(х) = 2х2+х*. Поэтому возникла задача об определении 
тех функций для которых проуесс {/„(/, х)} сходится, и тех функций для ко
торых он расходится. В [8] эта задача решена для класса функций С2, имеющих 
непрерывные вторые производные в [ — 1, 1]. В [9] эта задача решена для более 
широкого класса функций А. В [8] также изучается вопрос о сходимости про
цесса {/•’„(/, х)} в метрике L,. После этого, вполне естественно изучать сходи
мость процесса {/гя(/, х)} в метрике Lp, 0 <р<оо, когда расстояние между 
функциями f u g  задается по формуле

(4) <?(/, g) =  ( /  \ f - g \ 'd x ) llP.
-1

Этому вопросу и посвящена эта заметка. Переход от метрики L2 к метрике 
Lp, связан с некоторыми трудностями, ибо в случае Ь2 можно было
соответствующие интегралы непосредственно вычислить, в случае же метрики 
L p этого сделать нельзя.

2. Докажем следующую теорему
Теорема. Пусть интерполяционный процесс х)} построен при узлах

(3) для f<íA. Для того чтобы он сходился в метрике Lp, необходимо
и достаточно, чтобы / ' ( — 1) = / ' ( 1)= 0.

Для доказательства теоремы введем функционалы

«„(/) =  Я ” Т -1- - + ТГ7ТТ 1)], сол(х) = П  ( х - х П2 ш„(1) i= 1

ßn( f)  = H 'Áf:  ~  1) + ~т~~7т[/(—о —#„(/, -  ól

где f£A  и H„(f, х) интерполяционный полином Эрмита—Фейера, построенный 
для п строчки матрицы (М).

Можно доказать, что [11]

(5) «„(/) =  - i  Í  hk( ] ) - i  Í  Íf(l) + ̂ í l l / ( l ) ,
Z  k =  i  I —  X k L  fc= 1  1 —  X k G>n W

где, как обычно,

« * > =

Vk { ) 1 w'(x(k">) iX Xk ’■

Положим в (5) /(x ) = l и учтем, что при этом <*„(/) =0. Тогда из (5) получим, 
что

(6 ) ©i(Q 1 . 1
©„(1) 2 Ä 1-

т _
Хк ‘ 2 *±i 1 - x fc• +
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Из (5) и (6) следует, что

(7)

Поэтому

(8)

1 ^  /(!)-/(* * ) . /1Ч , 1 ^  /(!)- /(* * )
“»(/) = Т  Z  ,Z  fc= 1  1 —

■ fc*(l)+-x- 2 ' , 
1=1 1

/ |( 1).

«п(Л ~ Ц р-  Í [ / Í n)(l)]2 -  у  1 / ( у  у - - ^ ( 1) + у  Í  ( Д11) f  - /4 1 ))g (D .
Z  fc =  i  Z, fc =  l 1 — Z  fc =  l V 1 —  /

Л. Фейер [10] доказал, что при узлах (1) справедливо равенство

lim Z V Í" 4 О]2 =  2.
к = 1

Отсюда и из (8) можно вывести, что при узлах (1) имеет место равенство

(9) lim а„(/) =
П~+о° Z

В [8] доказано более обшее равенство, но относительно функции /(х) предпола
гается, что она из класса С2. Для случая fd A  упомянутое равенство доказано 
в [11]. Воспользуемся случаем, чтобы отметить, что требование, чтобы /(1 )= 0  
из леммы статьи [11] является излишним, что непосредственно вытекает из (7).

Аналогичным образом доказывается, что при узлах (1) и /б  А выполняется 
равенство

(Ю) lim =
П -* - о о  Z

Введем обозначение гя=е(Я „(/), F„(/)), где q(J, g) определяется согласно
(4). Ясно, что
(И) г „ -е(/, я п( /) )  ^  Q(f, F„( /))  s  rn+e(f ,  н п(/)).
В силу (2) и (11) получим, что для любой /6  С

Г„-о(1) 2§ е(/, Fn{f)) Гп + о(1), п -* со.
Поэтому для доказательства теоремы нужно доказать, что г„-*0, Из
определения полиномов Я„ (/, х) и F„(/, х) следует, что

d„ =  = Tjj(x)(Anx*+Bnx2+Cnx+ D n),

где коэффициенты Вп, Сп, D„ определяются из условий
(12) An+Bn + Cn+Dn = f ( \ ) - H n(f,\y ,
(13) - Аа+Вя- С л+Ва =  / ( — l ) —Hn( f  - 1 ) ;
(14) 2ri\An+Bn+Cn+Dn)+(3An+2Bn + Cn) = -Я „ '( / , 1);
(15) -2 ri* (-A n + B „-C n+Dn) + (3An-2 B n + Cn) = -1).
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Из (12) и (13), в силу (2), получим, что Ап + Сп-*0, Bn+D„-*0, и— Поэтому

(16) d„ = Г 20с)[(*2- 1)(Л*+Д,)+<>(1)]-
Из системы (12—15) следует, что

А  = -  Я "(/ ’ 1} -я» (Д 1)-Д -.(/, 1 ) ) ~ [ / ( 1 ) - Я „ ( / ,  1 ) - / ( - 1 )  + Я„(/, - 1 ) ] - 0 „ ,

А  =  ^[Я „ '(/, 1)-Я„Ч/, 1)—2л2(/(1)—Я„(/, 1 ) + / ( - 1 ) -Я п(/, -1))], 

и в силу (9) и (10)

(17) Ап ---- • |-(/'(-1 )+ /,(1)),

(18) 5 „ - ^ - ( / Ч - 1 ) - / '( 1 ) ) ,  и -*«-

Из (17—18) и (16) заключаем, что гп—0, и—°° тогда и только тогда, когда

и ^ =  /  т;г'’(х )|/, ( - 1) - / Ч 1) - ( / , ( - 1) + / Ч 1) Ж 1- х 2)р^ - * о ,  л - - .
-1

Очевидно, что
тс

(19) í/n(p) =  f  cos2p пв\а — b cos 0|psin2p+19 d9,
О

где a = f \ — 1) — / ' ( 1); & =/'( — 1) +/'(!)■ Для дальнейшего нам нужна
Лемма. Пусть <р(в) непрерывна в [0, л]. Если (р{0) ^0 , 0€[О, п] и при не

котором р, выполняется равенство
7С

(20) lim Г <р (0) cos2” пО =  0,
"~“ <Г

то (р(0)= О, 0£[О, л].
Д оказательство . Допустим, что в некоторой точке у€[0, л], cp(y)= L>0,  

тогда в силу непрерывности <р(0) существует интервал (а, /1) с [ 0, л], такой,
что при 06(а, ß), (р(0) ——• Поэтому

7Е j  ß

(21) /п(р) = /  (p(9)cos2pn9d9 ^  — f  cos2p п9 d9.
О а

При 0 < р < 1  имеем cos2pn9^cos2n9. Отсюда выводим, что 

fD) L  i ß —а sin lnß  — sin2«a )
п =  Т  Г 1Г +  2л J
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Стало быть, (20) не выполняется при Рассмотрим теперь случай
Заметим, что cos.2pndscos2(Cp]+1)пО, где [р] — целая часть числа р. 

Поэтому достаточно рассматривать лишь целые р >0. Воспользуемся теперь 
хорошо известной формулой

со$2Рпв = é  [ M 2 {2k ) cos2(p~ k)n0+{2p ] )  ■
Отсюда следует, что

(22) lim f  cos2pndde = ^ -{ 2p](ß-K).п — °° J 2р \  р /а г

Из (21) и (22) следует, что Iip) не удовлетворяет (20). Итак, лемма доказана. 
Применим эту лемму к интегралу (19), где <р(0) =  |а— bcos0\ sin2p+10. Тогда 
получим, что а=Ь=0. Стало быть, / ' ( —1) = /'(!)= 0 . Теорема доказана.
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A GENERALIZATION OF DISTRIBUTIVE IDEALS 
TO CONVEX SUBLATTICES*
C. MALLIAH and P. BHATTA (Karnataka)

1. Introduction

The notion of standard sublattices was introduced in [3] by generalizing the 
notion of standard ideals to convex sublattices. In this connection G. Grätzer posed 
the following problem.

P roblem  1.1 (Problem III. 1 of [4]). Generalize the concepts of distributive and 
neutral ideals to convex sublattices.

The first part of this problem is answered in Section 2 by introducing the notion 
of D-sublattices.

The notion of modular elements introduced in [2] has been extended to ideals 
in Section 3 and it is shown to preserve some properties of standard ideals. A genera
lization of modular ideals to convex sublattices — called M-sublattices — is also 
obtained using which a new characterization of standard sublattices is found.

D efin itio n  1.1 [3]. A convex sublattice S' of a lattice L is called a standard sub
lattice of L  if

I \ { S ,K )  = (IAS, IA K)
and

IM (S,K) = (IMS, /V K)

hold for any pair {I, K} of convex sublattices of L, whenever neither SC\K nor 
IC\(S, K) is empty.

D efin itio n  1.2 [2]. An element d of a lattice L  is called modular iff for x, y(zL, 
x ^ y ,  dAx = dAy, d\Jx=d\Jy imply x=y.

For additional notations and basic results we refer to [4].

2. Z)-sublattices

D efin itio n  2.1. A convex sublattice S of a lattice L  is called a D-sublattice iff 
the congruence relation Ж [S] generated by S can be described as follows:

For x,y£L , x= y  (.?f[S]) iff there exists a sequence xV y=z1^ z 2S .. .S z n =  
= xAу  and for each i there exist a(, b £ S  such that the following condition (1) or

* Forms a part o f  the Doctoral Thesis of Parameshwara Bhatta, S., submitted to the Man
galore University on 20th July 1983. The research is supported by CSIR, N ew  Delhi, India, under 
the Research Fellowship Scheme.
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(2) holds:
(1) zi+1 =  z,A(zi+1Vbf) and z,Wa, =  zi+1Va;,
(2) Z; =  zi+1V(ZiAa;) and Z;Ab; = zi+1Abf,
for 2 = 1, — 1.

Conditions (1) and (2) of this definition are equivalent to the following conditions 
(Г) and (2'), respectively, since by monotonicity ai^ b i can be 
assumed:

(10 Z;/Z;+1/'Z;V Uf/zi+1V b ^ a jb , ,
w w

(2') z;/zi+ i \ ziA ai/zi+1Abi/ 'a i/bi .
W W

We observe that in the lattice of Fig. 1 the convex sublattice 
S  = {a, b, c} is a D-sublattice but it is not a standard sublattice.

Theorem  2.1. An ideal I  o f  a lattice L is distributive iff it is a D-sublattice.

P roof. Let I  be a distributive ideal and x ,y £ L ,x = y  (Ж[1]). Then x f  y  = 
=xAу (Ж[1]). Hence by a Theorem of [4] there exists a£I such that {х\/у)Уa — 
= (x\y)\/a. Set b=xAyAa. Clearly b£l. Now x A y = (x f  y)A((xAy)\/ b) and 
(xVy)Va=(xAy)Vu. Hence (1) of Definition 2.1 holds for the chain {x\Jy, xAy), 
proving /  is a D-sublattice.

On the other hand if /  is a D-sublattice and x,y£L , x = y  (ЖЩ), then either 
of (1) and (2) of Definition 2.1 imply z f f  a— zi+1\/at for i = l , ..., n— 1. Set 
n=u1V...V an_1. Then clearly a£I. Also (xAy)VuSz„Van^ 1=zn_1Va„_1, which 
impfies (xAy)Va^z„_1Va and so on. Finally we obtain (xAy)Va^;z1\/a=(xVy)Va. 
Hence (xAy)\J а={х\/y)\/a, which yields x\Ja=yVa, proving 1 is distributive as 
desired.

Lemma 2.1. Every standard sublattice is a D-sublatrice.

P roof. Let S'be a standard sublattice and x= y (y f[S ] ). Then by a Theorem 
of [3] there exist a,b£S  suchthat xAy= (xVy)A  ((xAyl'Vb) and xVy=(xAy)\/ 
V((xVy)An). Now {xVy, xA>’} is a chain satisfying (1) of Definition 2.1, which 
proves the lemma.

T heorem  2.2. I f  S is a D-sublattice, then S  is a congruence class by the congruence 
relation Ж[Б].

Proof. Let x= y x>y, y£S. Since S'is a D-sublattice there exists
a chain y —z1< z2<...-<z„=x and for each i there exist at, b f S  satisfying one of 
the following:

(2.3) Z; =  zi+1A(zi\Jbi) and j ZiVű; = zi+1Va;,

(2.4) Z;+1 =  z,V(z;+1Aa;) and ZjAb, = zi+1Ab;, 

for 2 = 1, ..., П — 1.

1

Fig. 1
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Set Va„_i- Clearly adS. Now by (2.3) or (2.4),
y\la = (z1Va1)Va2V...Va„_1 =  (z2V ax)V a2V ...V an_j = 

= atV (z2Vo2)V ...V a^i =  aiVÍZsVaOV.-.Va,,-! =

=  ... =  (aiV a2V... V a„_i)V z„ =  xVa.

But y ^ x ^ x M  a = y f a, y, yVadS  imply by convexity. The dual argument
completes the proof.

T h eo rem  2.3. I f  S  and T  are D-sublattices in L such that SC17V0, then (S , T) 
is also a D-sublattice.

P r o o f . Let x= y (j?[(S, T)J). Since STI7V0, J^[(S, T )\= tf[S]V  3V[T] 
by a lemma of [1]. Hence there exists a finite chain x f  y = z 1^ .. .^ z „ —x f\y  and 
for each i either z,=zi+1 (ji?[S]) ox zi= z ;+1(.#’[7T]) for i =  l, ..., и — 1. In any 
case, since S  and Tare £>-sublattices, for each i, i= l, 1, there exist a finite
chain zi =  ?5. = 4 = . .-= 4 I= z i+i and a j,b j£ S  or T  such that either i} = i j+1V 
\I(t)Aaj) and t )Abj=t j+1Ab, or t)+1=t)A(,t)+1\/bj) and i)Vaj = t ij+1\ /a} hold 
for y’= l ,  — 1. This completes the proof.

However, under the assumptions of the above theorem S O T  need not be a 
D-sublattice, which is already known when S  and T are ideals.

3. Modular ideals and M-sublattices

D e f in it io n  3.1. An ideal /  of a lattice L  is called a modular ideal iff it is a modular 
element of the ideal lattice of L.

It follows from Lemma 1 of [5] that an ideal is standard iff it is distributive and 
modular. Now we give a characterization of modular ideals.

T h eo rem  3.1. An ideal I  o f a lattice L  is modular iff for any x ,y ,z d L  with 
z>y=*x, z /x \a /b , a, b £ l imply the existence of ax, bx£ l  such that y / x \ a x/bx.

P r o o f . Let 7 be a modular ideal of L. Let z> y> x , x, yz£L  and z /x \a /b ,  
a,b£l. Then /V (x] 3  (a] V (x] = (a V x] =  (z] = (a Vy] =  (a] V (j]. Hence /V (x] 2
27V(a]V(y]=7V(y]. But 7V(x]^ /V (t] since (хШО>]. Thus 7V(x]=7VO'].

Since 7 is modular and (x] £(y], by a lemma of [2], we get
(x]V(/AOD =  ((x]V7)A(y] = (y],

which implies y= x\!ax for some a fIA (y \Q I .  Set b1= xA a1. Then y / x \ a 1lb1, 
ax, b f l  as desired.

Conversely, if I  is not modular, then 7(L) has a sublattice of the type given in Fig. 
2. Hence there exists xdJ  such that x^K . Clearly x£I\/J= I\/K . Therefore 
there exist a£7, y£K  such that x ^ a f y .  Now x f y ^ J  but x fy ^ K  
since x ^ K .  Also a \fy /y \a /aA y , a, aA y£ l and a\J y> x\J  y> y  imply 
by assumption the existence of ax, b f l  such that xV y / y \ a l/b1. But then 
a ^ IA J Q K  and hence x f  y= ax4 y£K, a contradiction, which completes 
the proof. Fig. 2
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Now we extend a property of standard ideals (see [5]) to modular ideals.
Theorem 3.2. Let 1 be a modular ideal and J  be any ideaI o f a lattice L. I f  /V /  

and JAJ are principal ideals, then J  is also a principal ideal.
Proof. Let IVJ=(a], IAJ=(b], a,b£L. Since a d l j j  there exist x£l, y£J  

such that a ^ x V y .  But xVy€(a]- Hence a=x\Jy.
Now if z ^ y f b ,  z£J, then (a] |2/V(z]3/V(yVb]i?/V(y]i5(a], which implies 

/V(z]=/V(yVh].
Further, (Ь]=М /§/Л(гШ /ЛОЛ/ЬШ /Л(Ь]=(Ч> which implies IA(z) = 

=IA{yMb].
The above two equalities together with (z]^(yVh] imply that {z]={y\Jb\ 

since I  is modular. Hence there are no elements in J  greater than у V b, proving 
J = (y jb ]  as required.

Corollary 3.1. I f  the meet and the join o f two modular ideals are principal, then 
both ideals are principal.

Corollary 3.2. In a modular lattice if the meet and the join o f two ideals are 
principal, then both ideals are principal.

D efinition 3.2. A convex sublattice S' of a lattice L  is called an M-sublattice iff 
it satisfies the following conditions.
(1) For x,y£L , a ,b eS  with y= xA (yV b) and xVa=y\Ja imply x=y\/(xAa1) 

for some at £S.
(2) For x,y£L , a ,b£S  with x —yV(xAa) and xA b —yAb imply y —xA(y\/bi) 

for some hx€S.
Clearly every convex sublattice of a modular lattice is an M-sublattice.

Theorem 3.3. An ideal 1 o f a lattice L is an M-sublattice iff it is a modular ideal

Proof. It follows from Theorem 3.1 that an ideal I  is modular iff I  satisfies 
the following condition:
(3.1) For x ,y £ L  with xS y  and xVa=yVa, a£I imply x=y\Zax for some

ax€/.
Let /  be a modular ideal. Trivially (2) of Definition 3.2 holds for any ideal 

(take Ьг=уАЬ). Also if x,y(LL, a ,b£l with y=xA(yMb) and xVa=yVa, 
then y ^ x  and by (3.1) х=уУ at for some a ^ I ,  which implies (1) of Definition 3.2.

On the other hand if I is an M-sublattice and x,y£L , xSy, x\J a = y j a, a£I, 
then b=yAa£I. Now y = x A ( y j  b) and hence by Definition 3.2 there exists a f l  
such that x=yV(űiAx), which implies (3.1) since а1Лх€/. This completes the 
proof.

Lemma 3.1. Every standard sublattice is an M-sublattice.

Proof. Let S  be a standard sublattice of a lattice L. Let x, y£L, a,b£S, 
y=xA(yVb) and xVa=yVa. We can take a ^ b  by monotonicity. Then
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x/y/yV a/yV  b\a/b, which implies x= y  (MJ[S]). Since S  is standard, by a theo-
W W

rem of [3], there exists a f l  such that x= yV(xAa1), which shows (1) of Definition 
3.2 holds. The dual argument completes the proof.

T heorem  3.4. A convex sublattice S  o f a lattice L is standard iff it is a D-sublattice 
and an M-sublattice.

P r o o f . Necessity follows from Lemmas 2.1 and 3.1.
To prove sufficiency, let x,y£L , x = y  (Ж[Б]). Since S  is a D-sublattice there 

exists a finite chain x \/y = z1^ z a^ . . . ^ z n=xAy  and for each i there exist at, b fS  
such that (1) or (2) of Definition 2.1 holds for i= l,  ..., n — 1.

If for an г, 1 Ű;, b f S  and (1) of Definition 2.1 holds, then since S  is an
M-sublattice there exists a 'fS  suchthat zi=zi+1V(^iAűi'). Also zi+1Abi~ z iAbi. 
Hence the pair a[, b( satisfies (2) of Definition 2.1. By duality we conclude that for 
each i there exist elements at, bt, a-, b't£S  such that the pair ah bt satisfies (1) of 
Definition 2.1 and the pair а[,Ь[ satisfies (2) of Definition 2.1, for /= 1 , 1.

Set a— V a'i,b— Д h;. Clearly a,b€S. Also (xVy)A((xAy)Vh)=
i—1 1 = 1

S z1A(z2Vhi)=z2. Therefore
(xdy)A((xAy)Vb) ^  z2A (z„V b) S  z2A (z sVbf) = z3,

and so on. Finally (xVy)A ((xA y)\/b )^zn=xAy, which implies (xVy)A 
Л ((xAy)\/b)=xAy. Similarly (xAy)V ((xVy)Au)=xVy. Hence S  is standard by 
a theorem of [3].
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AN EVERYWHERE DIVERGENT HERMITE— FEJÉR TYPE 
INTERPOLATION PROCESS OF HIGHER ORDER

R. B. SAXENA and S. R. M1SRA (Lucknow)

1. Let f ( x ) be a given function on [ — 1, 1] and let A'={xfc>n}Z=1, n = l, 2, ... be 
a given matrix of nodes. Let Fn(f,X ,x )  be the polynomial of degree — 1, 
uniquely determined by the conditions

(1) Fn(f, X, xkJ  =/(**,„), FU>(/, X, xkJ  -  0, к = 1,2, ... ,  n; j  = 1, 2, 3.

The process {Fn(f, X, x)} is usually called Hermite—Fejér type (HFT) interpolation 
of higher order. If X=T, i.e.

xk,n — cos [к “ I ~  ? к 1, ..., n,

which are the zeros of the ntb Tchebycheff polynomial of first kind T„(x), then [10]

(2) F„(f, T, x) =  1  2 / Ы  [ - ^ - 1  [d  -xXk,nY~ +
n  fc =  i  1 Х  —  Х к '„Л  l

+ (x -x kt„y (и2- l)( l-x x * jB) - 1

It was shown by Krylov and Steuermann [6] and Laden [7] that if /(x)€C[—1, 1], 
then

(3) lim F„(f, T,x) = f(x )

uniformly in [ — 1, 1].
Several authors, namely Stancu [11], Florica [3], Mills [8], Prasad [9], Knoop [5] 

have obtained the error estimates in terms of the modulus of continuity co(f, <5) 
of f(x). We mention the following recent result of Goodenough and Mills [4] which 
shows the interpolation character of the polynomial F„(f T, x). It states that if 
/ (x )£ C [- l ,  1], then

\Fn(f, T, x )- f(x )\ Ш Í L - í l  +  l j  + с Ц / ;

where Q  and C2 are absolute constants.
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Cook and Mills [2] studied the HFT interpolation on the extended Tchebycheff
nodes, i.e. on the points х0,я+2= 1, **,„+2=cos ^ A r -y jy , k  — \ , ..., tt, xn+1,n+2 =
=  — 1 which are the roots of (1 —x 2) T „ ( x ) .  We denote this polynomial by K „(f T, x) .  
Thus K„(f T, x )  is a polynomial of degree Si4/z+7 uniquely determined by the 
conditions

(4) Kn(f, T, x k, n + 2) = /(x t>I1+2), KW  (/, T, x k,n + 2) =  0,

к =  0, 1, и + 1, j =  1,2,3.

It was shown in [2] that {K„(f, T, x)} is a divergent process at x=0. In fact if/(x ) = 
=(1 —x2)3, then

os
(5) lim ((1 —x2)3, T, 0) = .

n - * - o o  J

This result is unexpected in view of the aforementioned results of Krylov and Steuer
mann [6] and Laden [7]. The question of divergence of this process at хт^О remains 
open. With the help of a method other than in [2] we give here the complete solution 
of this problem.

Theorem. The HFT interpolation process {Kn(f, T, x)} constructed for f ( x ) — 
= (1—x2)3 diverges at each point in ( — 1, 1). Moreover, for each x€( —1, 1), there 
exists a sequence su°k that

(6) lim K ((lt —OO -X 2)3, Г , х )  = - y ( l - X 2) 3.

Our method of proof consists of constructing the polynomial K„(f, T, x) in 
terms of the polynomial Fn{ f  T, x). For this we shall need few preliminary results 
formulated as lemmas. We only hint at the proofs and omit the details. From now on 
we shall write Kn(f, x) for K„(f T, x), F„(/, x) for F f f  T, x) and xk for xkt„, etc.

Lemma 1. I f

Ak'„(x) = Ak(x)

and

Bk,n(x) = Bk{x) =  (1 -  xx fe)2+ (x -  x j 2 | y  (ns - 1 ) ( 1 - x x k) - y  xxtJ ,
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then

Л (1) =
1

4 4 n2
Ak( 1 ) = - ,. -  +

A"k(l) =

Ak ( 1) =

(1 - x k)s (1 - xk)4 ’

20
(1 - x kf  ( l ~ x k)

32 n2 4n2(l0n2—l)
3(1- x k)4

120 240/I2 16w2(10n2 —1) 8и2(68я4 —25n2 +  2 )  _
47 ^  Л 46 — J 1 _ v 45 +(1 - x ky  ( l - x kT (1 - x kf 15(1 - x kY

_ ... (1— jc*)2 4л2 —1
*»(l) =  -L — — + — —  (1

*i(D  =

2

4я2 — 1 4и2+11
(1-**)3 + ---- (1-х*)2-3 (1 -х * );

g ( l )  =  - ^ y ^ ( l - ^ ) 2-  4и23+11 (1- x J  + l,

( 1 )  =  ( 4 f i a — 1 ) [ ( 1  — x k)  —  1 ] .

Proof. Just differentiate and use
r„(i) =  1 = ( - i ) " 7 ; ( - i ) ,  
г в' ( 1 )  =  п 2 =  ( - 1 ) " - 1 7 ; ' ( - 1 ) ,  

л2(я2- 1)
г ; о ) =  ( - 1)пг Л - 1),

л2(я2 —1)(л2 —4)
C 'O ) =  " v‘ — -  =  ( - i r ^ r í - i ) .15

Lemma 2. We have

У[ , ( |  , 6 ( 1 _ ДГ()

«4 W ,  1) = É f ( x k) f
k = l  L

5 5 16и4 — 1
+  ̂ T71---ГТ5- +2(1 - x ky  2(1 —xk)2 6 ( 1 - x k)

«4W , i)=  Í / ( * * ) [ n 4* = 1 1(1—Xi

]•

r 35 100 л2+65 28 л4 —50я2 —8 1
1(1 -*L>4 3(1 - x kf 3(1 - x kf

+
10и2(4л2-1)(2л2+1) 

9 ( \ - x k) I
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п * к а  о  =  z f ( x k) \ - ™  +*=i L (1_
392л2+175 120л4 + 228л2+ 27

(1 - х кУ О -**)3

928л® -  1040л4—338л2 2 л2 (544л6+ 264л4-  144л2+ 11) 1
15(1 —х*)2 +  45(1 -х*) J

Proof. Notice that

Fn(f, *) =  Л  2 f ( x k)[Ak(x)Bk(x)\. n »=1

Differentiate and use Lemma 1. 
Lemma 3. We have

+  (1 - x l ) 3 3 ^  (1 - x l f  5
£  l ~ x k 8 ’ £ ( l  -x* )2 8 " ’

^ ( l - x £)3 5 £  (1 - x )̂3 16л2 — 15я
£  (1 - x *)3 ~  2 П’ £  (1- х *)4 “  2

^ ( 1 - х £)3 16л4 —28л2+ 15л
* t í ( l - x * ) 5 ~  3

Proof. Use

2  хк = 0, 2  ** =  у
* =  1 к = 1 L

п З п  п 1
2 x i  = f ,  2 - г 1 -

к = 1 о  * =  1 1 — X *
п \

1 2л4+ л2
* = i(l-x * )2

Lemma 4. I f  /(х )= ( 1—х2)3, then

л4/ ;  ((1- х 2)3, 1) =  n4F '((l — х2)3, 1) =  л5- 11л,

n4F"((l - х 2)3, 1) =  у  (Юл7 - 1 5л5-220л3 + 840л2-945л),

л4/7((1  - х 2)3, 1) -  ^ (2 7 2 л 9-1028л7-7772л5 + 53760л4-1 0 4 872л3 + 

+ 112 560л2-7 9  200л).

Proof. Put /(х)=(1 —х2)3 in Lemma 2 and use Lemma 3.
We now prove the main

Lemma 5. Let /(x)€C[ — 1, 1] be an even function. Then

T, x) = F„(f T ,x )+ [ал>2x*+ fln>4x 4 + a„,ex2+ a„t8]T4(x),
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where
48a.,, = -J= T (/, l) + (12n2 + 3 )F ;(/, 1) —(56«4 + 28«2 +  3)F '(/, 1) +

+  í j  (1504«® +1120n4 +  256«2) {F„ (/, 1 )-/(1 )} ,

16fl„,4 =  F :  (/, 1) — (12h2 + 5) F" ( /, 1) + (56n4 + 44n2 +  5) F'n (/, 1 )-  

- 1̂ (1504ne+1680«4 + 416H2){F „(/,l)-/(l)} ,

16a„,6 =  1) + (12h2 + 7 )F ;(/, 1) — (56n4 + 60«2 +  15) F' (/, 1) +

+ -L (1504n6 + 2240«4 + 1056«2) {F„ (/, 1) ■- / ( 1)}
and

48an>8 = iC (/, 1)-(12«2 + 9 )F ;(/, l) + (56n4 + 76rc2 +  33)F '(/, 1 ) -

_  _L (1504«® + 2800«4 + 2176«2 + 720){F„ (/, 1) - / ( 1)}.

P r o o f . Let us write

K ( f ,  x) = F„(f, x) +  [ 2 ’ a>x8-i] T*(x),i—i

where we write a; for an>i. We see that Kn( f  a) is a polynomial of degree 4«+7, 
which owing to (1) satisfies all the conditions of (4) except those at ±1. If we apply 
these conditions, we get 8 equations in the unknowns at, l S / ^ 8.

On adding and subtracting these equations and using the fact that, for / ( a)  even, 
a1=a3—a&=a4—0, and

F„(/, T , x) = F„(/, T , - a),

we obtain the following 4 equations :

a2 +  a4 + a6 + a8 = / ( l ) - F „ ( / ,  1),

4(a2+a4 +  a6 + a8)«2 + (6a2 + 4a4 + 2<*e) =  ~ K ( f ,  1),

4(a2+ a 4 +  ae+ a 8) ------ 5-------+8(6a2+4a4+ 2 ae)«2+

-f (30a2+  12a4+ 2 a6) — — F"(/, 1),
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and

o, , , л2(68л4 —25л2 + 2) . „ . л2(10л2-1)
8 ( a 2 +  a 4 +  a 6 +  a 8) ----------------j j ---------------------1- 1 2 ( 6 а 2 +  4 а 4 +  2 а 6) ----------------------------(-

+ 12(30я2+ 12а4 +  2а6)л2+(120а2 +  24а4) = —F'" ( f,  1).

On solving this system of equations we have a2, at , a6, as, as given in the lemma.

P roof of t h e  T heorem . We now complete the proof of our theorem. Let 
/(x )  — (1 —x2)3. Then owing to Lemma 4, the coefficients a2, а4, a6 and as on simpli
fication become

98 4 182 , 36
~  1  n - 9 8 + i V 47

70

a®
15 112 75 98 5 77 15
2n л2 +  2л3’ 08 ~  3 + 4 л + 3л2 4л3'

Hence from Lemma 5, we have
go

*»((1 - * 2)3, *) =  F „((l - x 2)3, x) - у  (1 - x 2)3 П ( х )  +

+ П (х)[ — 16x8+ 40x4 — 30x2 +  5 
An + ̂ ( - - ^ x e+ 147x4- H 2x2+ y )  +

+ Дг(збх6-70х4 + ̂ х 2л3 V 2

It is known from Berman [1] that given any x€( — 1, 1), a sequence {x„J can be found 
such that

lim T;k(x) = 1.
k-*-oo

According to (3),
lim (F„(l - x 2)3, x) =  (1 - jc2)3.

Therefore

(7)
QQ Q<4

hm K„k((\ - x 2)3, x) =  (1 - x 2)3- y  (1 - x 2)3 = - у  (1 - x 2)3.

From this it follows that the process {Kn(f, T, x)} diverges at all points of the inter
val ( - 1 ,  1). The result (5) of Cook and Mills [2] is obtained from (7) for x=0.
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ON A BOUNDARY VALUE PROBLEM 
FOR FUNCTIONAL DIFFERENTIAL EQUATIONS

S. K. NTOUYAS (Ioannina)

1. Introduction

Consider the Picard boundary value problem 
(E) x"+f(t, x, x') = 0,
(B. C) x(a) =  xa, x(b) = xb
where /(C [[e , b]xR"XR", R"].

There is a large, constantly growing literature on the subject of boundary value 
problem for ordinary differential equations. The book of Bernfeld and Lakshmi- 
kantham [1] gave a reasonably complete view of this field. On the other hand, many 
authors extended results from ordinary to functional differential equations. Among 
them, Bernfeld, Ladde and Lakshmikantham [2] studied the boundary value problem
(Ej) x ”+f(t, x, xt, x') =  0, x(t) = t£J;, ( = 1 , 2

where /£C[[a, b]XR"XC([—r, 0], R")XR",R"], Jx = [a—r,ai], Л = [a, b-f-r].
Also the author [5] studied the two point boundary value problem

(E2) {Qx')+f(t, x ,,x ')  =  0, x(t) = /1(0, - r S i S O ,  x(T ) = A
where /£C [[0, 7 ]X C ([-r,0 j, R")xR", Rn] and q  is a positive continuous function 
defined on [0, Т].

Recently, Fabry and Habets [3] studied the periodic boundary value problem 
(E) + (B.C.) i.e. x„=0=X|, with the condition |x(i)|=<H0, where q> is a prespeci
fied function.

In this paper, the existence of solutions is studied for the following boundary 
value problem for second order functional differential equations:

(1) (<?(0*40)'+/(í, *40) =  o,
(2) x  (0 =  /1(0, - r S ( S  0, /»(0) =  0, x(T) =  0 
and

\x (01 si <p(0,
where /€C[[0, 7 ]X C ([-r, 0], Rn)xR", R"], e€C([0, T], (0, 1]) and <p is a pre
specified function.

The result of this paper generalizes a previous one due to Fabry and Habets [3] 
(which concern ordinary differential equations with e(i) =  l)  and it is very closely 
related to previous results from [5]. The method we use here is similar, in its basic 
steps, with that of [3]. We use the a-priori bound method.
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2. Main result

Let R" be the real Euclidean «-space with norm | • | and scalar product ( ., .) .  
Let Cr denote the space of all continuous functions x: [—r, 0] — R" furnished with 
the sup-norm ||jc|| =sup {|jc(i)|: /€[ —r, 0]}. For a continuous function 
x: [ —r, 7’]-*-R'1 and /£[0, T) define x,€Cr by x,(0)=x(/-|-0), 0£[—r, 0].

Finding a solution of the boundary value problem (1)—(2) is equivalent to finding 
a solution of the integral equation

where G(t, s) is the Green’s function associated with the boundary value problem

Let В be the linear Banach space of all continuous functions x: [0, T] — R" 
having continuous first derivatives on [0, T ] and norm

Our main existence result is given by the following theorem:

Theorem. Assume that there exist a twice differentiable function cp: [0, T] — 
” R+ {0} and a continuous function F: [0, 7 ]X R X R -R  satisfying the following
conditions: for any (t,u ,v ) with /£[0, T], |j«|| =<p(t), (u(0), v) =  ||«||<p'(0 one has:

(i) <m(0), f i t ,  u, v)> =s (jo(t)F(t, (pit), (p'lt)) + Qlt)\v\2-Qlt)(p'lt)2,

(ii) (elt)<p'lt))' + F(t, (pit), (p'lt)) == 0.
Assume moreover that there exist numbers af[0, 1) and b ^ 0  such that, for any 

lt,u ,v) with /€[0,7], ||м||^<р(/) and v£Rn
(iii) <m(0), f i t ,  u, v)> == aelt)\v\2 + b,
(iv) |<v,/(z, u, v)>| S  #(ß(/)|v|)|v|

where H : R+ -*R+ — {0} is an increasing continuous function which satisfies the con-

T

x lt)=  J Git, s)f(s, xs, x'Is))ds
0

(e It) X'It))' = 0, x(0) -  0 =  X(T)
i.e.

(3)
with

(4) ||x||* =  max{ sup |x(/)|, sup |x'(/)|}.
te[o,T] teio.T]

dition
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Then the boundary value problem (1)—(2) has at least one solution x such that |a(í)| =  
^ ф (0  for any fC[0, Т].

The proof of our existence theorem is based on the theory of of completely 
continuous mappings. More precisely, we apply the following two lemmas.

L emma 1 [3, Theorem 1]. Let X be a Banach space, A : X —X be a completely con
tinuous mapping such that I—A is one to one, and let Q be a bounded set such that 
0£(7—A)(£2). Then the completely continuous mapping S : Q-+X has a fixed point 
in Q i f  for any A€ (0, 1), the equation
(5) x = A Sx+ (l—T)Ax
has no solution x  on the boundary dO o f Q.

L emma 2. Let x  : [0, T] — R" be an absolutely continuous function with an abso
lutely continuous derivative. Assume that for almost all í£[0, T] one has

|<*'(0, (e(0*'(0)'>| ^ H(e(t)\x'(0IM0I
where H: R" — R+ — {0} is continuous and satisfies

Then

+~ s2
/ H(s) ds = + °°.

\x '(t)\^  1  g ( / Q2(t)\x'(t)\2dt),

where q = min o(t) and g is defined by о s is r
9i z) s2
f  Т Щ

I f f

ds = z.

We omit the proof of Lemma 2, since it is similar to that of given by Mawhin [4]. 
To apply Lemma 1 we actually have to find a fixed point for the mapping 

S : B ^ B  defined by
T

(6) (Sy)(t) = f  G(t, s)/(s, ys, y'(s))ds
о

if a suitable operator A and a set Q can be built. Then the function

will be a solution of the boundary value problem (1)—(2), since h(0) —0.
P roof of th e  T heorem . By (iii) and (iv), /  maps bounded subsets of 

[0, T]XC,XR" into bounded subsets of R", so the mapping S  defined by (6) is com
pact.
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Now define А : В—В and the set ß  by

(7) (A x ) ( t ) = - f  G(r, s)x2- ^ x ( s ) d s ,  x ^ O  

and
(8) fl, =  {x€B: Ví€[0, T], |х(0| <  (p(t), \* ( t) | <  

for a certain и > 0.
It is clear that ß„ is open and bounded in В and A is a completely continuous 

operator.
We will show that I —A is one to one and that if t] and x are chosen large enough, 

no solution of (5) with S  defined by (6), can belong to d ß , for A£(0, 1). Then the 
existence of a solution x € ß  is implied by Lemma 1.

In order to prove that the linear operator I —A is one to one, we must show that 
x —Ax  implies x=0. Indeed, if x  satisfies the equation x —A x= 0 then it is a solu
tion of the boundary value problem

(9) (e(t)x'(t))' =  x2~ x ( t ) ,

(10) x(0) =  0 =  x(T).

By using the transformation w= j  , equation (9) becomes

(11) z"(w) =  x2z(w)

ÜT ds \^ =  0. The latter problem has the unique solution x=0,

see [3]. Therefore the operator l - A  is one to one.
Secondly, we prove that if хвд(2ч is a solution of (5) then there exists no 

C€(0, T) such that either |x(i)|2—<P2(0  reaches the maximum value 0 at 
or |x'(OI=»i-

Assume that |x(t)|2 — <p2(/) reaches the maximum value 0 at / =  ££(0, T). 
Then we have the following relations:

l*(OI =  < P t t \  ( x ( 0 ,  *'(£)>-<?(£)<?'(£) =  0,

(12) <x,(0), *'(£)>-<? (£)<?'(£) =  0, (m(0), Q(S)x'(l;))-Q(l;)<p(0‘P '(0  = 0,

(13) /  =  <и(0),(еЮУ(^)У>+е(^)|х'(О12-(еЮ<г>ЧО)ХО-еЮ<г>,2( О s o .  

Assume that x  is a solution of (5). That is

(14) (<?(/)*'(0)' + A/(r, x„ * '(')) =  (1 - X W - ± - x ( t ) .

Acta Mathematica Hungarica 48, 1986



O N  A BOUNDARY V A LU E PROBLEM 91

For Ag(0, 1), by our assumptions and (12) we have:

/ =  (и(0), -A/(f, u, v)> +  e|v|2 - ( 0 9 ')> -e< P 'ä+(l-A)^-(w (O ), и(0)> =

=  — A(u(0),/(r, и, V)>+(1-A)^<n(0), и ( Р ) ) + е \ у \ ' - ( в ( р У < р - в <р'г -
ii

=  — А(и(0),/(/, и , v ) ) + ( l - X ) ^ < p *  +  Q \v\2- ( Q < p ' y ( p - Q ( p ' 2 

S  A[-<m(0 ),/(í, u ,  v)) +  <pF+e|v|2-ß<p'2] +

+ 0 - A) [ gM2- g + У{ f  <p-(e<pj}] =  Л + ( l-A ) / , .  .

But by (i) and У2—0 by Cauchy—Schwarz inequality. Consequently / > 0
if x2 is large enough which contradicts (13).

Next, we will prove that for any solution x  of (5) satisfying the condition 
|x(/)|=<K0> |*40l has an upper bound which does not depend on A£(0, 1].

Let x  be a solution of (5); multiply both sides of (14) by x(t),  and integrate by 
parts over [0, T \ .  Then by (2) we have:

<*(/), (е(0 *'(0 )')+Я<«(0 ),/(Г, и, v)> =  (1 - A ) - ^ - < « ( 0 ), и (0 )>,

- / Q ( t ) \ x ' ( t ) \ 4 t + k  f  ( u ( 0 ) , f ( t , u ,  v ) ) d t  =  (1 —A)x2 /  - ± - \ x ( t ) \ 4 t  
0 0 0 "

- /  g ( t ) \ x ' ( t ) \ 4 t + k b T + a k  f  Q ( t ) \ x \ i ) \ * d t  ш  0, 
о 0

from which we have

г  . . ,t ,j  k b T  b T  T-

Since e (0  =  l we obtain

/ e, (0 l* 4 0 l, * s  / eWI*'MI2^ s / c  
0 0

Using Lemma 2 and (iii) we have an upper bound for |x '(0 | '•

1*401 3  у  g(K), V /€[0,r].

Therefore any number larger than у  g ( K )  can be taken for t] in the definition of 

fl, and thus the proof of the theorem is complete.
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Remark 1. If e (f )> l, then divide (1) by sup o(t) = N  and obtain an equa- 
tion of the form

(1 *) (w (0  * ' (/))' + /(/, x, ,x '(t)) = 0

1
where w(i) =  l and f = — f  Then/also satisfies the conditions of the Theorem by
a suitable choice of constants. Therefore the above method can be applied also in the 
case when

Remark 2. In case when <p(t ) is a constant function — say b — our result here 
leads to the corresponding one recently proved by the author [5, Theorem 3] in a dif
ferent way.

3. An application

Consider the differential equation

(15) x"(t) + q(t)L(x,) + m (t)x'(t) = 0

where q(t), m(t) are bounded functions with bounds Q and M  respectively and L(cp) 
is a linear bounded operator in Cr.

We shall show that for equation (15) the conditions of the Theorem are fulfilled 
for a suitable choice of the function F. Let ||L|| be the norm of L, set A = Q\\L\\ and 
define F by

F(t, x, у ) =  [a + -^ - )  ||л|| +M\y\.
Then we have

(1 6 ) (u(0),f(t, u, v)) = q(t)(L(u), u(0)) + m(t) u(0)v ^  A ||m||2 +  A /m(0 )v.

Now following [3] we see that

K«(0), v|

|<u(0), v)|2

J .

+  |v|2 —М|(и(0), v>| +Af||«|| |v|—2 |v| S

4 .
M 2 2 | < u ( 0 ) ,  v ) | 2+ M\\u\\ . v +  |v|2 —M |(m(0), v> |+A /]« ||.|v|.
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Consequently from (16) we have

<и(о),ллv)> ̂  a  m -+ ^  и«а2- |<цу |2-иу1г+мццц.м =

= Ml { (^ + ^ -) ||h||+ M |v| |  + |v|2-  =  <Рр ((, 9 ,  ф') +  П 2-<р'2

i.e. condition (i) is satisfied for (p = ||u||.
Condition (ii) is also satisfied, see [3, p. 194]. For (iii) we notice that

(17)
<u(0),/(/, u, v)> =  q(t)(L(u), и (0)> + m(t)u(0 ) v =1 A H |2 +  M v |i/(0)| =S A* + B* |v|

(where A*=AC, B*=MC, C is the bound of tp). If |v|< 1, then (iii) is obvious 
from (17). If |v |> l, then (iii) follows from the inequality

B* s= 5*|v| -  A|v|2, for each Bx 3= 0
indeed, we have

j4* +  2í*|v| = Л +  jB1 |v |2 +  5*|v| — |v|2 á  A*+B*+B1|v|2.

Finally, it is easy to see that condition (iv) is satisfied.
Hence by the Theorem we conclude that the boundary value problem (15), (2) 

has a solution.
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RADICAL THEORY FOR ALGEBRAS 
WITH A SCHEME OF OPERATORS

B. J. GARDNER (Hobart)

Introduction

It is fairly well known that the Kurosh—Amitsur theory of radicals works for 
any variety or, more generally, any “universal class”, of multioperator groups as 
defined by Higgins [5]: details can be found in papers of Mlitz [10] and Ryabukhin 
[13]. Rings, groups and modules are examples of the structures covered by this obser
vation. Various authors, e.g. Shul’geifer [15] and Andrunakievich and Ryabukhin
[1] have devised axiom systems for categories in which radical theory works. Unfor
tunately, the examples of such categories which are presented are all categories (not 
necessarily varieties) of multioperator groups. Recently some radical theorists have 
begun to direct attention towards graded rings; see Divinsky, Sulinski and Anderson
[2] , Sulinski [16], Sulinski and Watters [17]. Now (externally) graded rings are not 
multioperator groups, and even internally graded rings (effectively the same thing), 
while they are rings, do not form a universal class of rings.

In this paper we shall consider a generalization of multioperator groups, where 
instead of a single underlying set there are several (possibly infinitely many, but the 
number is fixed). The structures we shall look at are special cases of the algebras with 
schemes of operators introduced by Higgins [6]. For these latter there are notions of 
homomorphism, congruence, identity, variety, etc., which coincide with the familiar 
notions in the special case (one underlying set) of universal algebras. Varieties in the 
pertinent special cases turn out to be categories satisfying the axioms of Shul’geifer 
[15], and therefore suitable environments for radical theory, while not (necessarily) 
classes of universal algebras. They also include classes of graded rings, modules over 
variable rings and group representations. Thus we get some further justification and 
motivation for a categorical approach to radical theory, while presenting a systematic 
way of treating various possible settings for radical theory without the necessity of 
introducing ad hoc definitions for normal subobjects, factor objects, and so on.

After developing the theory and establishing the axioms of Shul’geifer [15], we 
present a number of examples of the structures we are concerned with. One concei
vable way of getting a radical property for a multiset structure is by combining in 
some way radical properties of the “components” (which are multioperator groups). 
We consider this in the final section, and are led to the notion of a normal family of 
radicals, a generalization of normal radicals as defined by Jaegermann [7].
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1. Background

Let (/, fl) be an algebra with a set Í2 of (possibly partial) Unitary operations. 
An (I, Q)-graded algebra (which wherever possible we will subsequently call simply 
an algebra) is a collection A = {Ai\i£I} of non-empty sets such that for every шб Q 
and every ix, i n, i£ l  such that ca(ix, ..., in)=i, there is an associated function 
AhX ... X A in̂ A t. This function will then also be called со, or sometimes coA. We 
adopt the convention that a nullary operation in О is a function from {0} to /: if 
this function picks out the corresponding function attached to A picks out an 
element of Aio, i.e. is a nullary operation on Aio. (Although some operations in Q 
will be partial, we do not consider empty nullary operations.)

A homomorphism from an algebra A = {A {\i(zI} to another, B= {B(|/£/}, is a 
set {0,|i€/} where, for each i, 0;: А;—В, is a function, and if co(i1, ...,/„)=/, 
then for a1̂ A i ..., a„£Ain, we have

0t(o}A(a1, ..., a„)) =  coB(6il(a1), ..., 0,•„(«„)).
(In particular, if со is nullary and picks out i, then 0i(ojA) = o)B.)

“Subalgebra” has its expected meaning: an algebra S  =  {5;|/6/} is a subalgebra 
of A =  {Aj|i€/} if for each I ,  S i Q A t and the inclusions S i ^ A i form a homomor
phism.

An (I, Q)-congruence on an algebra A =  {A;|/€/} is a set a={ai\i^I) where 
for each <r; is an equivalence relation on A { and the expected compatibility condi
tions obtain:

w{ii, ...,!„) =  i& űi, aleAh, ...,a„ , a ^ A ^ a ^ ^ a í ,  ..., anaina'n =>
=> oo(ai, ..., an)cr,cü(aí, ...,a'n).

There is the obvious notion of factor structure and we have the predictable intimate 
connection between congruences and homomorphisms. We shall have more to say of 
this shortly: in the cases we shall discuss, things are somewhat simpler.

We shall impose the following additional conditions on Í2.
(i) For each /£/, there is a nullary operation 0 ;G Q with O;(0)=/.

(ii) There is a partial binary operation +€£2 such that i+ j=  +(/,./) is defi
ned only for i= j and then i+i=i.

(iii) There is a unary operation — such that —i= i  for every i.
There are further restrictions also: we shall work in a (sub) variety of algebras 

as so far described. We therefore need to define identities.
Let X —{Xi\i^.I} be a set of countably infinite sets. We define (I, ß)-words of 

type i as follows.
If x£ X t, then x is a word of type i.
If со(г\, ...,i„)=i and if wt , are words of types ix, ...,/„ respectively,

then cô Wĵ , w„) is a word of type i. (Thus, in particular, nullary operations are 
words.) Let Wt be the set of words of type i, for each i. From the definition it is clear 
that W = {Wi\i^I} is an algebra. In fact W  is a free algebra on X  in the sense that 
every family {/;: А)—А(|г'С/} (for an algebra A = {A^ifJ}) extends uniquely to 
a homomorphism from W  to A.
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One then defines an identity as follows. Let w=w{xil, ..., x tj) and 
u=u(xJl, ..., xJm) be words of the same type. An algebra A = {АЛ\КЦ} satisfies 
the identity w=u if

w(űi, = u(bx, ..., b j

for every substitution ax for xtl, an for x in, bx for xjx, ..., bm for xjm, where each 
a is of the same “type” as the corresponding x  and each b is of the same “ type” 
as the corresponding y.

Identities define varieties and the latter are characterized by closure under sub
algebras, homomorphic images and (componentwise) cartesian products. All the 
foregoing was introduced by Higgins [6].

Our universal class will be a variety of (/, ß)-algebras satisfying, in addition to 
(i), (ii) and (iii), the following identities.

(iv) V i£/, \/x, y, z£Xi, (x+y) + z — x + (y  + z).

(v) V i€/, Vx^Xi, x  + 0; = x = Oj+x.

(vi) V i£/, V*€-3fj, x + ( —x) = 0; =  ( —x )+ x

(vii) If a>0i,..., in) = i, then ш(0;1, ..., 0in) = 0;.

In particular, if a  is nullary, then со=0; for some i.
These identities make our universal class, in effect, a category with a forgetful 

functor to graded (not necessarily abelian) groups.

2. Radical theory

ShuTgeifer [15] showed that Kurosh—Amitsur radical theory can be developed 
in any category satisfying the following conditions.

(1) For every pair of objects A, В there is a zero morphism A-+ B.
(2) Every morphism has a kernel.
(3) Every morphism has an image.
(4) Conormal epimorphisms take normal subalgebras (= kernels) to normal 

subobjects.
(5) Well-ordered ascending chains of normal subobjects have joins.

We shall now show that any variety ЦА of (I, i2)-algebras satisfying (i)—(vii) 
of §1 forms a category (with (I, ß)-homomorphisms as morphisms) satisfying 
Shul’geifer’s conditions.

Proposition 2.1. The O, are the only nullary operations in Q.

Proof. Let e be a nullary operation which picks out z‘0£/, and let A = {Ai\i£l} 
be an algebra. Then by (vii) e picks out Oio in Aio. □

Proposition 2.2. The algebra (I, Й) as {{i} |i£ /} , is a zero object for iT .
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P roof. The nullary operation 0 ; certainly picks out an element of {/}, for 
each i. If, on the other hand, w£ (2 and oj(/15 ..., /„)=/ (n ^ l)  there is obviously 
an induced map

{il}X...X{i„} = {(*!, i„)} -  {/}.
Thus /  is an (I, ß)-algebra. Let w(xh, ..., xin) = u(xJl, ..., xjn)  be an identity satis
fied by all algebras in iV, where x h£Xh, ... ,x in£X in, yjfiXh , yJm£XJm. Then we 
must have w(ix, ..., in)=u(J1, ..., j m) (as for elements to have the same value they 
must be in the same At). But this simply means that I  satisfies all identities; in parti
cular those defining W. Thus I  is in W.

Let A = {Ai\idI} be any algebra. Define vA: A -*I by
vA(a) = i, VaeAt, Vi.

In particular, vf(Oi)=i, so vA respects nullaries. If cofo, ..., i„)=i, then for 
ах€Ак, ...,a„€Ain, we have

" ( víÍ ( ííi), , vt ( an)) =  ••• , in) = i =  vj*(o>(ai, . . . ,  a„)).
Hence vA is a homomorphism. Now define juA: I — A by

M?(i) = Oi.
Utilizing (vii), we see that gf is a homomorphism. It is clear that pA and vA are the 
only homomorphisms between A and I. □

Thus iV  has zero morphisms, namely those that factor through I.
Now in view of the identities (iv)—(vii) we have imposed on iF, homomorphisms 

are, inter alia, collections of group homomorphisms. Our characterization of zero 
maps thus admits the following paraphrase: a homomorphism

в: A — {Ai\i£ I} -~ B =  {ß,|i€/}

is zero if and only if each 0,: А,— B{ is the trivial group homomorphism. To esta
blish the existence of kernels, it is enough that we show that the group theoretic 
kernels of the components of a homomorphism form a subalgebra.

P roposition  2 .3 . Let

в: A = {T;|i£ /}  - B  = {£,!*'€/}

be a homomorphism. For each i£I, let Kt denote the kernel of 0; as a group homomor
phism (with respect to +). Then K =  {/f;|i£/} is a subalgebra of A, and a kernel for 0.

(Note that we are pragmatically adopting the view that kernels are subalgebras 
rather than equivalence classes of monomorphisms; in the present context they are, 
of course.)

P roof. A s far as the nullary operations are concerned, К behaves appropriately, 
being a collection of subgroups. If co££2 is и-агу, n = 1, and if o)(i1, ...,/„) =  z, 
then for k ^ K ^ , ...,k„dKin, we have

eh(K) = о.® = - .  eM  = of„ = ein{oA\
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so, since equality under a homomorphism defines a congruence (see §1), we have
0,(со(кн , ..., k J )  = Ot(to(Pfl f ..., OfJ) =  0,(0?) = O f

(where we have invoked (vii)), i.e. co(ktl, ..., kJd K ,. Thus К is a subalgebra. Our 
remarks above now make it clear that К  is a kernel for 6. □

We shall call a subalgebra normal if it is the kernel of a homomorphism.
Proposition 2.4. A subalgebra K — {K,\i£I} o f an algebra A = {A,\i£I} is 

normal i f  and only i f  each K, is a normal subgroup o f A , and К satisfies the condition
(*) co(ix, . . . , in)=  i& a1,a'1£All, ... ,  an, а'пеА1пЬ а1-а '1£Кн, ..., an-a 'n£Kin =>

=> 0)(a1, ..., и„)-ш(я(, ..., а'п)£К,.
Proof. Let К be the kernel of some homomorphism в issuing from A. Linder the 

hypotheses of (*), we have

O i f a J - W )  = = Of„ - ,  Oin(a„)-ein(a'„) =  O f,

0h(ai) = Oh(aJ), . .. ,0 in(an) = 9in(a').

Since equality under 9 is a congruence, we then have

0i(to(aj, ..., я„)) =  Oi(co(ai, . . . ,  a')), 
so

..., an)-w (a (, ..., a')) =  Of, 
i.e.

oi(a1 ;..., a„)—co(a( , ..., а'п)еК,.
Thus (*) is satisfied.

Conversely, if (*) is satisfied and each K, is a normal subgroup of the corres
ponding Ah we can form the collection {А,/К,\1£1}. For codQ, a>(ix, ...,/„) = i 
and a1£Ail, a„£Ain, we define

co(a1+Kil, ..., a„ + K,J = co(ax, . . . ,a„)+K,.
Then (*) ensures that со is well-defined. It follows that A/K= {A JK fitl}  is an algebra 
and the natural homomorphism from A to AJK has kernel K. Note that (*) implies 
that К  is a subalgebra, by (vii). □

Condition (*) of Proposition 2.4 is equivalent to

®0i, •••, in) = i& a^A b , a ^ A ^ & k ^ K b , ...,k„EKin=>
=> co(aj , ..., a„)-co(a1 + k1, ..., ап + к„)£К,.

Since
cu(Ui, ...,a„)-co(a1 + k1, ...,a„ + kn) = co(ax, ..., an)-co(a1 + k1, a2, . . . ,a n) + 

+ ft)(a1 +  /c1, a2, ..., an)-co(a1 + k1, a2 + k2, ..., a„)+ ...
...+co(a1 + k1, a2 + k2, ..., an_1 + kn_1, a„)-co(ax+k1, . . . ,a n + k„), 

and since any of kx, ..., k„ can be zero, we get

7* Acta Mathematica Hungarica 48, 1986



100 В. J. G A R D N E R

Corollary 2.5. A subalgebra К is normal in an algebra A if  and only i f  for each i, 
Kt is a normal subgroup o f At and К satisfies the condition

Vi Vjco(i‘i, ..., <„) =  i& a1(:Ail, ..., апеА 1пКкеК^ =>
=> « (u i, ... , an) со (aI, — , aj-yk, , afiyiCi.

Let 0: Л — В be a homomorphism. Then {0(Л;)|/£/} is a subalgebra of В 
which is easily seen to be an image of 0.

One establishes the existence of cokernels by using group theory, just as we did 
with kernels. It follows that the conormal epimorphisms are the homomorphisms 
whose components are surjective.

Now let 0: A-*B be a homomorphism with surjective components and let К 
be a normal subalgebra of A. Then each 0;(Aj) is a normal subgroup of the corres
ponding Bf. If 0)(/i, ..., i„) =  i and if b fiB h, ..., b fiB in and /60,-(/С), 1 
let b1 = 0ifia1), ..., b„ —0;„(an), i=0,,(fco), k,fiK tj. Then

« ( V  ... ,  bn)-co(bu  . . . ,  b j- i, bj+l, bJ+1, ...,b„) =

= «(0,4(«iX •••, M űn))—«(ö^Oi), ..., 0ij_fiaj - 1),
O^afi+Oijd), 0ij+fiaJ+1), ..., 0,n(an)) =

=  0f(«(a i ’ •••> fl„))-0;(«(ai. •••> fly-i, 0/ +  /, aJ + 1, ..., a„)) =
=  0i(«(ai, . . . ,  e j - o i f l ! ,  ..., ay-г, aj + l, aJ+1, ..., a fij^ fiK fi

By Corollary 2.5, {0,(АГ;)|/6/} is normal in {B;|i£/}.
We observe, finally, that the componentwise set union of any infinite ascending 

chain of normal subalgebras is a normal subalgebra (by Proposition 2.4).
We summarize all this in
T heorem  2.6. The variety i f ,  as a category, satisfies conditions (1)—(4). □
Thus, as pointed out by Shul’geifer [15] we can now proceed to develop radical 

theory exactly as in Kurosh [9]: radical classes have the same characterizations, lower 
and upper radicals are defined as usual, and so on.

Examples

(1) Graded modules. Let R be an associative ring with identity, S  a monoid. For 
each s£S, let + , —, Os be defined as in (i)—(vii) of §1. For each r£R, let cor 
be a unary operation on S  such that cofis)=s for each s. Let

Q =  {+, -}U {O s|j€5}U{ft)r|r€Ä}.

An (S', i2)-algebra A =  {/ys^S} is called an S-graded R-module if it satisfies the 
following identities

x+ y  = y + x ;  cofix) = x; cofix+y) = cofix)+со fiy)V r; 

cor+fix) =  cofix)+cofix)■, cor(cofix)) = C O rfix) Vr, t.
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The condition for normality of В in A (Corollary 2.5) here is simply that
(or(a)-cor(a + b)£Bs

i.e. cor(b)ZBs for every rCR, b£Bs, s£S, i.e. that each Bs be a submodule of the 
corresponding As: all subalgebras are normal.

(2) Graded rings. Let S  be a monoid. Let + , — and Os be defined as in §1. Let

ß  =  {+, -}U{0SK 5 }
where • is the multiplication of S. (Note that the condition that S' be a monoid can 
be described by means of identities.) An (S, fi)-algebra A — {AI-sCS1} is called an 
S-graded ring if it satisfies the identities

x+ y  = y+ x; (xy)z = x(yz); x{y+ z) — xy+ xz; (x+ y)z  = xz  + yz.
(Here • maps AsXAk to Ask.) In this case the normal subalgebras are entirely determi
ned by • : В is normal if and only if

ax a2 -  Ui (a2 + b2)€ Bh h, a1a2- (a 1 + b1)a2eBilh,

i.e. axb2, bxa2£.Bixii whenever ax€Aix, bx£Bix, a2£Aia, b2€Bia, ix, i2<ES. Note that if 
e is the identity of S, we have Be Be Я Be.

(3) Group homomorphisms. Let /={1, 2}, let + , —, Ox, 0 2 be as in §1 and let 
(a be a partial unary operation such that co(l)=2 and со(2) is not defined. Let 
fl= { + , —, Ox, 0 2, со} and consider the (I, fl)-algebras defined by the identities

u>{x+y) =  co(x)+co(y).

If (Ax, A2) and (Ci, C2) are such algebras, a homomorphism 0: (Ax, A2)-+(CX, C2) 
is a pair of group homomorphisms 0,-: A ^ C i  such that 02(w(a)) =  co(0i(a)), 
i.e. the sides of a commutative diagram

A —  a 2
в ,  [e,

c x- ^ c 2

of group homomorphisms. In this case (Bx, B2) is normal in (Ax, A2) if and only if 

а>(а)-а>(а + Ь)£В2, i.e. co(b)£B2 

for all (a€ A  and) b£Bx, i.e. all subalgebras are normal.

(4) Complexes. Let R be an associative ring with identity. We introduce some 
further structure on the variety of Z-graded Ä-modules in the sense of (1). We intro
duce a partial unary operation у on Z by setting %(n) = n + 1. A complex of .R-modu- 
les is a (Z, ß)-algebra, where Q=Q U {'/_} (with Q as in (1)), which satisfies the iden
tities

X(x+y) = х (х)+ х(уУ, хсоДх) =  cor/(x)V r; x x ( x )  = 0.
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A subalgebra В of A is normal if (as in (1)) each Bn is a submodule of the correspond
ing An and

X(b) = x(a)~x(a + b)£Bn + 1 whenever b£Bn.
Again, all subalgebras are normal.

(5) Modules over various rings [3], [12]. Let /= {  1, 2}. Let + , —, Ox, 0 2 be as 
in §1, let со be a partial binary operation such that co(l, 2)=2 and co(i,j) is undefined 
otherwise and let 1 * 1  =  1 with i • j  undefined otherwise. Let ß  =  {+, —, 0 lf 0 2, 
со, •} and let "W denote the variety of (I, ß)-algebras defined by the identities

oo{x, y, z) =  x-co(y, z); co(x+y, z) =  co(x, z) +  cu(y, z);
co(x, y + z ) =  co(x, y)+co(x, z); x - (y - z )  = (x -y )-z ;

x - (y  + z) =  x - y + x - z ;  (x + y ) - z  = x - z + y -z .
A homomorphism 0: A-+B is a pair (01, 02j where each 0f: Bt is a group
homomorphism and

9i(x-y) = 9i(x) • 0i(у); в2(т(х, y)) = co(01(x), 02(y)).
A subalgebra В of A  is normal if

со(а1,а 2)-со(^а1, b2 + a2) = oo{a1, b2)£B2,

co(au  a2)-o>(ai +  bi, n2) =  a ^ B 2,
a • a' — a-(a ' + b') = —a • b '^B 1 and a • a' — (a + b)-a' — —b • a'ZB1

for all ax, a, a'dAx, a2£A2, blt b, b 'dBx, b2dB2 (i.e. B2 is an ^-m odule, B1A2QB2 
and Bx is an ideal of Ax).

(6) Group representations [11], [18]. This example is somewhat similar to the 
previous one. Let /={1,2} and let R be an associative ring with identity, e. Let 
+ , —, Ox, О2 be as in §1 and for each r£R let cor be a partial unary operation such 
that car(2)=2 and oj, (1) is undefined. Let p be a partial binary operation with 
p( 1, 2)=2. Let ß  =  {+, O j|/= l, 2}U{—}U{car|rCi?}U{g}. An (I, ß)-algebra 
{Ax, A2j is called an /i-group representation if A2 is a unital i?-module with scalar 
multiplication given by the cor and if p defines a group homomorphism from Ax to 
the automorphism group of A2. (All these conditions can be described by iden
tities.) A subalgebra В of A is normal if and only if B1<iA1 and the following 
conditions are satified:

cor(b) =  cor(a) — a>r(a + b)dB2 for all (adA2 and) bdB2, r£R 
(i.e. B2 is an Ä-submodule of A2),

-p (a x, b2) = p(a1,a 2) - p ( a 1, a2 + b2)dB2 for all a1£A1, b2dB2 
(i.e. B2 is invariant under the automorphisms of A2 defined by p on Ax), 

p(a1,a 2-p (b 1,a 2)) = p(ax, a2) - p ( a 1, p(bx, a2)) = p(ax, a2)~ p (a x + bx, a2)dB2
for all a1£A1, bxdBx, a2£A2, i.e. p ( - a x, p(ax, a2-p (b x, a2)j)dB2, i.e. a2 — 
—p(J?x, a2)£B2 (i.e. Bx acts trivially on A2/B2).
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(7) Morita contexts. Let /= { (1 ,1), (1, 2), (2, 1), (2, 2)}. As well as + , — and 
Oij, we let Q contain partial binary operations pu , i,j=  1,2, acting as follows:

к), (kJ)) = (i j )•
An (/, ß)-algebra is called a Morita context if it satisfies the following identities 

ßij(x, Hij(y, z)) =  Hu(nlk(x, y), z),
Hij(x + y, z) = Hij(x, z)+Hij(y, z), 
ßij(x, y  + z) = Hij(x, z)+nu(y, z).

A subalgebra В of A is normal if it satisfies the following conditions.

RijC^ik’ ^kj) k'ij(^ik’> O'kjA'bkj) bij(&iki bkj)£.Bij J ■ Cl ̂  ( A ̂  , bkj(_ j ,
^kj) Hij(atk~i~bik, akj) fhjibik, akj)£Bij, V akjbAkj , b (- B k̂.

Thus a Morita context consists of a pair of rings, a bimodule over each such that 
the ring multiplications, the scalar multiplication and certain bilinear mappings from 
the cartesian products of modules to the rings are appropriately associative. Follow
ing Sands [14] we can represent a Morita context in matrix form

ГК M~\
[a  s \

where R and S' are the rings, M  and N  the modules. This set of matrices is then an 
associative ring and its normal subalgebras qua context are among its ideals qua 
ring.

3. Decomposable radicals

Let A  =  {A J c l }  be an (I, ß)-graded algebra. Let / £ /  be a universal idempo- 
tent, i.e. whenever mf Q and co(jJ, . ..J )  is defined, we have a>(j,j, ...,)=_/. Then 
each induced function on a cartesian product A j X A j X . - . X A j  takes its values in Aj ,  
i.e. is an operation (full) on Aj .  This Aj is then a multioperator group (see (iv)—
M ) .

For any variety i f  of (I, ß)-graded algebras, the “restriction” of the defining 
identities to a universal idempotent j  will thus define a variety ifj of multioperator 
groups. We get a functor Ф}\ i f  -+if} by setting <Pj(A)=Aj and ФД0)=0у. 
The characterization of normal subalgebras given in Proposition 2.4 makes it clear 
that the functor <Pj is exact and preserves joins of ascending chains of normal sub
algebras. Now ifj is also a category satisfying Shul’geifer’s conditions. (This is old 
hat — see, e.g. [10] — but in any case varieties of multioperator groups are special 
cases of the varieties we are considering.) Now functors with the abovementioned 
preservation properties “reflect” radical classes [4]. Thus we have

P ro po sitio n  3 .1. Let i f  be a variety o f (I, Q)-graded algebras, j  a universal idem- 
potent in I, ifj the corresponding variety o f multioperator groups. I f  St is a radical class 
in ifj, then 3t* — {A^if\A j^M } is a radical class in i f .
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Since intersections of radical classes are radical classes we have the following 
immediate consequence.

Corollary 3.2. Let J  be a set of universal idempotents in I  and for each jd J  
let be a radical class in IV]. Then ülj =  {A£LV\Aj ^?ÄJ'ij} is a radical class in iV].

In particular, one can take for J  the set of all universal idempotents.
D efinition 3.3. Let /„ be the set of universal idempotents of I. A radical class 

of iV-algebras is decomposable if it has the form dtj0 in the sense of Corollary 3.2.
Definition 3.4. A iV -normal family o f radical classes is a set {f%j\jdJü}, where 

Mj  is a radical class in if] for each /£ /„  and such that for each AdiV, we have

m M )  =
where Bt = (Aj) for each /€•/„.

It is clear that for every TSC-normal family, the corresponding radical class in 
iV  is decomposable. As we shall see, the converse is false.

D efinition 3.5. Let A = {A fid I)  be a iV -algebra, the set of universal idempo
tents of /. For each j£J0, let Nj be a normal subobject of Aj. The set {Л/|/&/0} 
is called a compatible family for A if A has a normal subalgebra {B;|i£/} with Bj= N j 
for all jdJ0-

We shall need the following result.

Lemma 3.6. Let B = {Bi\i£I} and C — {C fidl) be normal subalgebras o f  
A = {At\idI}. Then in the lattice o f normal subalgebras o f A, the join of В and C is 
{В; + С;|/€/}.

Proof. We only have to show that {Bt + C fid l)  is a normal subalgebra. Let 
*ö(ii, ...,Q = i, a1€Ail, ..., a„dAin, bdBik, cdCik. Then

o>(cti, ..., a„)-co(al5 ..., ak + b+c, ..., aj) =

=  с ф о  •••, a*, ..., an)-co(a1, ..., ak + b, ..., an) +

+ co(alt ...,ak + b, ..., a„)—co(a1, ..., (ak + b) + c, ..., ап)€В, + С;.

Since Bi+Cf is a normal subgroup of At for each i, we have what we want. □

Proposition 3.7. Let be a decomposable radical class o f iV-algebras, defined 
by /€/„• Then {Mj\j£ju} is a iV-normal family i f  and only i f  {f%j{Aj)\jdJ0} 
is a compatible family in A, for every A.

Proof. Suppose {f%j(A])\jdJj\ is a compatible family, for each A. Let 
D = {Di\idI} be the join of all normal subalgebras of A with /-component fftfiAj) 
for each j£J0. It follows from Lemma 3.5 and its iterations that Dj =3%j (Aj) for 
all jdJ0• Now A/D = {Ai/Di\idI} has /-component {Ofi for every /£ /„. Let 
{Et/Dfidl} be a normal subalgebra of A/D such that Ej/Dj = 0 for each jd J0. 
Then (see, e.g. [15]) {Lj/e/} is a normal subalgebra of A with Ej = Dj = 01 j (Aj) 
for all j£J0. Hence EiQDi for all i f j .  It follows that {OfidI} is the only normal
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subalgebra of A/D belonging to &t*Jo. On the other hand, clearly D £3t.j0 Thus
W M )  =  D = {A lia},

where Dj = .<%j (Aj) for every /€/„, i.e. {@j\j€Jo} is a iV -normal family.
Conversely, if {á?j[/&/0} is a "W -normal family, then for every A we have

& ÍM )  =  Wl<€/},
where Fj = 3tj(Aj) for every j€J0. Thus {&j(Aj)\j€Jo} is compatible for 
every A. □

The term “normal family” is inspired by the term “normal radical” (see, e.g., 
[7]). As our first example, therefore, we shall consider normal families for the variety 
of Morita contexts. In this case (Example (7)) the universal idempotents o f /a re  (1,1) 
and (2,2). In the following proof we shall find it convenient to represent the partial 
binary operations gy by juxtaposition. The standard matrix form of Morita con
texts will be used. The algebras Au  and A 22 are, of course, rings in this case.

Proposition 3.8. A family {á?u , {alí, . / }  of ring radical classes is normal
for Morita contexts i f  and only if °11=У and °U is a normal radical class.

Proof. Suppose \fll,У} is a normal family. Then every Morita context
[fyl -Jjf 1

* У ф )У
Thus we have the inclusions B J(D )C Q ^(A )  and СаИ(А)В<^Уф), so if аИ=У, 
this radical class is normal [7].

Let A be a ring with identity. Then the matrix ring can be viewed as a
Morita context, and by what we have just shown, we have

У (A) = АУ(А)А  g  ЩА) and ЩА) = AW(A)A g  У (A).
Thus atl and У agree on rings with identity. We now consider two possibilities.

If <^(Z)= y (Z )=0, then for every ring R, denoting by R * Z  the standard unital 
extension, we have

<%(R) = Rf)<%(R*Z) = R C\y(R*Z) = y(R),
so °и = У.

Let us then consider the case where <%(Z)=y(Z)9£0. Consider the context 

[z Z°] w^ere 2° denotes the zeroring on the integers, Z  is unital when viewed as a
Z-module and has trivial scalar multiplication when viewed as a Z°-module, and 
where the partial operations ZxZ->-Z and ZXZ->-Z° are given by (m, n)>-*-0 
and (m, ri)>-+mn respectively. (This context was used by Jaegermann [7].) In effect 
we are considering 2 x 2  integer matrices with the multiplication

fa hi fe /1  _  fae af1 
[c d \[g  h J -  [ce cf\-

We have
y (Z ° )  3  Z -^ (Z ) -Z  (“context product”)

=  (Z^(Z)Z)° (“standard product”)
=  ®(Z)° pi 0.
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It follows that J  contains all nilpotent rings. In the same way, using the analogously 
defined context

we see that °U contains all nilpotent rings. Now let В be any ring in °U, and consider 
the context R R . We have

so is nilpotent. But J  contains all nilpotent rings, so В is in . /  and ÚU Q J .
Similarly ./g 'fk .

By our initial remarks, $1=J ’ is a normal radical class.
Conversely, if °U is any normal radical class, then by Theorem 2 of Jaegermann

[8], for every context l Í ^  1, viewed as a ring, we have

for some X, Y. The right-hand term is an ideal, and thus a normal subalgebra of 
Thus {aä, 6U\ is a normal family. □

Note that this implies that not every decomposable radical class is defined by a 
normal family.

As we have defined varieties of graded rings, only homomorphisms of degree 
zero have been mentioned. If (for the cases where the grading monoid is Z or Z„) 
one uses homomorphisms of different degrees, then one gets a sort of quotient cate
gory or, alternatively, one can view the investigations in [2], [16] and [17] as being 
concerned with radical classes satisfying extra conditions — closure under isomor
phisms of all degrees. With these provisos we can view Theorem 4 of Divinsky, 
Sulinski and Anderson [2] as a special case of Proposition 3.7.

As a final example we consider normal families for modules over various rings 
(Example (5)). The associated multioperator groups here are rings and abelian groups. 
Let {Я, M) be an Я-module. For any radical РЛ of rings and radical °U of abelian 
groups, we have !M{R)all(M )(Yí ató(M), as ÚU{M) is a fully invariant subgroup. Thus 
{0t, is a normal family if and only if S i{R )M ^ aU{M) for all R and M. Thus, if 
all rings in are additively in 6U, then {0t, °U\ is normal. On the other hand, if {0t, ÚÜ) 
is normal, let A be in ^  and let A' denote the standard unital extension of A. Then in 
an obvious way {A, A1} is an А-module, so

Now as groups we have Щ (Аг)/А g  A1/A = Z, with °U(AX)/A^ÚU. If áti(Ar)/A = Z, 
then °U contains all abelian groups, so á?-rings are certainly addively in all, while if 
Щ(А1)1А=0, we have A = att{A1)(L(%.

В3 = BBB = ВЩВ)В c

ЩА)
ЩЛ) i

A =  A A 1 = ^ (A )A 1 g  ^ ( A 1).
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ON THE ASYMPTOTIC REGULARITY 
OF NONEXPANSIVE MAPPINGS

DO BA KHANG (Hanoi)

0. Introduction

Given a normed space X, a self-mapping P of X  is said to be asymptotically 
regular if for every point л: in X  we have ||Р"+1лг—P"x|| -*-0 as л — °°.

The notion of asymptotic regularity plays an important role in the theory of 
nonexpansive mappings, especially in the study of the convergence of algorithms for 
computing fixed points of such mappings (see e.g. [2], [5], [7] and [8]). The first 
classic results on the asymptotic regularity of nonexpansive mappings can be resumed 
in the following theorem:

T heorem  A ([2]). Let Xbe a uniformly convex Banach space and Tbe a nonexpan- 
sive self-mapping o f X  with a nonempty set F of fixed points. For a given constant t 
with 0 < i< l  let

p  = (1 - t ) I + tT

where I  is the identity mapping of X. Then P is asymptotically regular.
In [4], S. Ishikawa pointed out that the theorem can be proved without the assum

ptions on uniform convexity and completeness, even in a much stronger variant:
T heorem  В ([4]). Let D be a subset o f a normed space X  and T: D -»X be a non- 

expansive mapping. Given a sequence (xn) in D and a sequence (tn) o f real numbers 
satisfying (i)

(i) 0 S t„ s  t <  1 and %  t„ = oo,
1

(ii) x„+1 = ( l- t„ )x n + tnTxn for n = 1 ,2 ,..., 

i f  (x„) is bounded then ||T!x„— x j  —0 as n — °°.

The aim of this paper is to present some results concerning the notion of asympto
tic regularity for nonexpansive mappings. First we give a symple proof to the theorem 
of S. Ishikawa. Then motivated by the fact that the identity mapping itself is nonex- 
pansive and asymptotically regular, a sufficient condition is given under which the 
identity mapping can be replaced by such mappings. Finally we extend Theorem A to 
multi-valued mappings which are nonexpansive in the sense defined by S. Nadler 
(see [6]).

The paper consists of three sections. In the first one we prove an elementary 
lemma on which the proofs of all of our results are based. The following two sections 
present our main theorems concerning the asymptotic regularity of single- and 
multi-valued mappings.



п о D O  B A  K H A N G

1. Preliminaries

Lemma 1. Let X  be a normed space and (a„) and (b„) be sequences in X. I f  there is a 
sequence (t„) o f real numbers satisfying

О) II — r as n -  со,
n

(ii) lim sup J j К S  r and ( 2  i f f  is bounded,
n- “  i= 1

(iii) 0 S / „ S í <  1 and 2  t„ —
1

(iv) an+1 =(1  - t n)a„ + tnbn,
then r — O.

Proof. Suppose that r > 0 and let

M  = sup {H Í1 tibi II: n = 1,2, 3, ...}.
i = l

Choose a number N  >max {2M/r, 1} and then choose a positive e such that

1 —2e exp ЛЧ-1
1 - t

f
2 ‘

From (iii) it follows that there exists a natural к such that

2  N + l.
i-1

Since ||aj| —-r and lim sup ||fen|| S r, without loss of generality we may assume that 
for every n

r ( l —e) <  I a J  <  r( l+ e )  and ||b j <  r(l+e).
Now taking sn =  1 — /„, upon simple computation one obtains from (iv)

Let

and

a k + 1  — si s2 --- skai +  t1s2s3... skbk + ... + tk_1skbk_1 +  tkbk, 
ak+i£B:= со {ak, bl f b2, . . . ,  bk}.

к к
x:= T~x 2  tibi where T  = 2  h (so bl+ 1 =► Г >  N  >  1)

i=l i=l

к
y = ( l —S) 1ak+1 — S ( l —S) Xx  where S — JJ st.

i = l
Then it is clear that x£B, at+1 = 5,x + ( l  — S)y  and у  belongs to the affine hull of 
ak+x and x, and so to the affine hull of {a1,b 1,b 2, bk). Moreover one can write

у = 5(1 —S)_1 {«! +  ?! (sf1 — T ~ 1) b 1 +  t 2( s £ 1s 2 1 — T ~ 1')b 2+ . . . + t k( S ~ 1 — T ~ 1) b k}.
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Since OSi.-Sl and T>  1, all the coefficients of аг, Ьг, ..., bk are nonnegative. Thus 
the affine combination on the right hand side is also convex and then y(zB. Therefore

I M I  ^  m a x  { K l l ,  I I b j ,  \bk 11} <  r ( l + e ) .
Hence

r ( l - 8 ) <  ||a*+1|| S5|W | +  (1 -S ) |H | S S |M |+ ( l - S ) r ( l+ e )  
which implies

||jc|| >  r(l —S~ 1(2 — S)e) >  r ( l  — S_12s) = r ( l  —2e ]J (l - t , ) " 1).
i=l

к
On the other hand ||x|| =  Г“ 1|| L-bi|| =  T~XM. Now, since log (1 +и)'Ли for

i = 1
— 1 as in [4] we have

M ^ r T ( l - 2 e  j j  (1-Í,-)-1) =  r r ( l - 2 e e x p Í l o g ( l  + fi( l - í i) - 1)) £
i = 1 i —1

^  гГ( 1—2 г е х р ^  ^(1 — íf)_1) ^  rT{\ — 2e exp T{\ — i)“1) ^
i=l

= гА (1-2еехр(Л Ч -1)(1-/)_1) >  rN ^- > M,
a contradiction.

Corollary 1. Let X  be a normed vector space and (ű„) and (bn) be sequences in 
X. I f  for a constant t with 0 < i< l we have

0) IIa J  -  r  as n  —► °°,
00

(ii) lim sup ||Ь„|| ё  r and 2  b„ is bounded,
1

(iii) an+1 = (1 - i ) a n- tb n, 
then r —0.

2. Asymptotic regularity of single-valued mappings

We begin this section by giving a simple proof to Theorem B.
P r o o f  of T h eo rem  B. Setting an = Tx„—xn and bn= t~1(Txn+1 — Txn) we 

have an+1 = ( \ - t n)a„ + tnbn and ||b„|| =  t^\\Txn+1- 7xJ=iiIr1||xI1 + 1 - x n\\ = ||a j . 
Then ||an+1| |« ( l - t n) ||a j  + t j h j s | | a j  and the nonincreasing sequence (||a„||) 
will converge to some 0. Clearly lim sup ||b„|| ^ lim  ||a„|| =r. Finally we have

П - * - о о  П -* - oo

Ili tibiW = Hi (7х;+1-Гх,.)|| - ITx.^ -T xA =£ lxn+1- Xl\\
i—l  i—1

which is bounded. Hence Lemma 1 applies and the theorem is proved.
The main result of this section is the following
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Theorem 1. Let D be a convex and bounded subset o f a normed space X  and S and 
T  be nonexpansive self-mappings o f D. For a constant t with 0 < /< l  let 
P = ( l—t)S + tT  and suppose that

(i) S is asymptotically regular,
(ii) P(Sx) = S(Px) for every x£ D.

Then P is asymptotically regular.
Proof. For an arbitrary x ^ D  put xn+l=Px„ for n ^ l  and let 

an = x n + 1- x n = P x„ -P xn- 1, bn = T xn+1-Tx„, 
c n Sxn + i SXfl, en Sxn xn.

S  and T  are nonexpansive, so is their convex combination P, hence the nonincreasing 
sequence (||a j)  converges to some r ^ O  as Yl —►

One can write

Then
a„ + i = ( l -t)c„ + tb„ and cn = an + en + 1-e„. 

an+\ =  ( l - 0 a n + ib„ + ( l - / ) ( e n+1-e„) =  ( l - t ) a n + tb'n
where

К = bn + t - \ l - t ) ( e n+1- e n).
Let us accept for a moment the following lemma.
Lemma 2. Under the hypotheses o f Theorem 2 we have ||e„|| — 0 as 
Then

limsup \\b'\\ ^  H m supdlhJ+ t-H l-O lkn  + i - e J )  ^

-  1 ( l - 0 l k n + i - « B | | )  =  r
and

HÜ bill = IIÜ bi + t 4 1 - 0  Z  (Ъ+1 -ед \\  ^  \Txe+x- T x x\+ t 1(1 — 011ел+1 — е1||
i —1 i = l  i = 1

which is bounded since D is bounded, hence Lemma 1 implies Theorem 1.
Proof of Lemma 2. Let a" =  ||5'm+1xn —5mxn||. We have to prove a“—0 as 

72 —► oo. First notice that

a™+1 =  IIS'"+1 Pxn — SmPx„I =  \\PSm+lxn- P S mxn\\ Ш (1 -0< C _1 +  i<C.
By simple induction on n one obtains

z ( 7 ) o - o' / - ‘«ip+i.

In particular, for m = 0 we have
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But S  being asymptotically regular, of,—0 as i T h u s  it follows from the classi
cal Silverman—Toeplitz’ theorem (cf. [3], p. 75) that a° — 0 as n-*°°.

R e m a r k . The identity mapping /  of X  is clearly an asymptotically regular and 
nonexpansive mapping which commutes with every self-mapping of X. Hence Theo
rem A follows immediately from Theorem 1.

3. Asymptotic regularity of multi-valued mappings

In this section we extend the notion of asymptotic regularity for multi-valued 
mappings and sequences of multi-valued mappings.

D e f in it io n . Let D be a subset of a normed space X. A sequence of multi-valued 
mappings P„ from D into X  is called asymptotically regular if for every xx in D there 
exists a sequence (xn) in X  satisfying

(i) xn+1ePnxn for every n 1,
(«0 - 0  as n -°o .

A multi-valued mapping P is asymptotically regular if and only if the constant 
sequence Pn=P  is asymptotically regular. When P reduces to a single-valued map
ping one obtains the classical notion of asymptotic regularity.

N o t a t io n . For a subset D of a normed space X  we denote by CB(D) the set of 
all closed and bounded subsets of D and provide CB(D) with the Hausdorff metric

H{A, B) — max {sup d(a, B), sup d(A, b)}

where d{a, B) — inf ||a — b||.
b £ в

Recall that a multi-valued mapping P: D-+CB(D) is called nonexpansive is 
for every x  and у in D we have

ЩРх, Ру) l x - y l

(This notion was introduced by S. B. Nadler in [6] under the name ‘multi-valued 
contraction’.)

The aim of this section is to prove the following generalization of Theorem В for 
multi-valued mappings.

T heo rem  2. Let D be a convex and bounded subset o f  a normed space X  and 
T: D--CB(D) be a nonexpansive mapping. For a sequence (tn) o f real numbers satis
fying 0 < í „ s í< l  and ^  oo let Pn= ( l—t„)I+t„T. Then (Pn) is asymptotically

l
regular.

In order to prove the theorem we require an elementary lemma.
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Lemma 3. Given a sequence (e„) o f positive numbers with ^  e„< °=, let (a„) be a
l

sequence of real numbers which is bounded from below and satisfies x„+1=a„+E„. 
Then (a„) converges.

Proof. There exists a subsequence (oc„k) converging to a where a=lim inf a„./!-*• °°
For any given positive s one can find an integer N  such that Jg e,<e. Now since

i= N
<x„k^ a ,  for every n ^ n k<) we have

n — 1
a „  =  oc +  2  £ i =  a  +  £

0 i= nk *0
which implies limsup a„Sa+£ for an arbitrary positive e, that is lim supa„Sa =

П-*- o° n-*-°o
=  lim inf a„ or lim a„=a.

«-►со П-*~оо

P roof of T heorem  2. Let (e„) be a sequence of positive numbers with 
and t~1sn->-0 as и — °°. For xx in D we construct a sequence (x„)

/1 =  1
as follows:

Choosing j>x in Txx, we put x2= ( l -t^X x+ fy ^P x X x . Suppose that x„_l5 
x„ and y„_x have been constructed so that yn-x£ Tx„-X and x„= (l — t„_1)x„_1 +  
+ t„_xyn_fiP n- xx„-x. Then we choose y„ in 7xn satisfying

\\Уп~Уп-Л  =  dOb-i, TX,)+£„-i
and put x„+1= ( l  — i„)x„+i„>’!l£P)Ixn. So the construction can go on iteratively. 

Now since 7„_i€rx„_x, it follows from nonexpansiveness of T  that
llj'i,—T'n-ill S  d(yn_i, Гхя)+е„_i. =S H(Txn- 1, Tx„)+en_x ||x „ -x n_1||+£n_x.

Setting an= yn- x n and bn = t~l{yn+l- y n) we have

^n+i (1
and

\\bj = t^ \\y n+x- y nW ss tB~1||x„+1- x J  +  fIT1£II =  lk l  +  с Ч -
Then

i|an+1|| S  ( l - r n)[|a„|[ + /Jb„|| ё  i|an|| +e„.
oo

Since 2  £n< °° it follows from Lemma 3 that | |a j  converges to some r as n-»°°.
П = 1

On the other hand since /“3 £„-*() as we have

lim sup ||h„|| ё  lim (||a„|| +  = r.
П-*-оо n-t- со

П
Finally 2  Ubi=yn+i—yi is bounded as D is and Lemma 1 applies.

i = l
Corollary 2. Let D be a convex and bounded subset o f a normed space X  and 

T: D — CB(D) be a nonexpansive (multi-valued) mapping. For a constant t with 1
let P = (l—t)I+ tT . Then P is asymptotically regular.
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APPLICATION OF THE OPERATIONAL CALCULUS 
IN SOLVING PARTIAL DIFFERENCE EQUATIONS

H. MIELOSZYK (Gdansk)

We are given an operational calculus CO(L°, L1, S, T(q), s(q), Q), where 
L°, V  are real linear spaces, the linear operations S, T(q) and s(q) are called deri
vative, integral and limit condition, resp. (Axioms, properties of operational calculus 
etc. see [1], [2].)

§1. Scalar product. Examples

Given the assumptions
(a) Г с 1 " ,
(b) L1, L° are commutative algebras over the field of real numbers,
(c) L° is a Mikusinski’s space such that Д x2§ 0 ,

x iV >
(d) [T(q^ — T{q^)\ is a non-negative operation,
(e) [T(qo) — T(q1)]x2 = 0 implies x= 0  for x£L°,

we may introduce the product
( 1 )  (x, y) =  [T ( q0 )  -  T ( ? ! > ]  ( x y )
of the elements x,y£LP. This product satisfies the following properties:

(x, y>£ Ker S, (x, у ) =  (у, x), (ax, y) = a(x, y), a£R,
(x+ y, z) = (x, z)+ (y , z), (x, x) ^  0 and (x, x ) ^ 0  for x  ^  0, (0, 0) = 0.
So we will call it the scalar product of the elements x, y£L°.

Examples. 1. L°=C°([0, a], R), L1= C 2([0, a], R). Introduce an operational 
calculus with the derivative S = d 2/dt2, integral

T(t0) {/(i)} = { / ( * - t) /(t) dr}, /£  L \  t, i0£ [0, a] 

and limit condition
s(i„){u(0} = {u'(t0)t  + u(t0)}, udV ,  t, 7o£[0, a].

Define the order in L° by the formula {/(0}=/ s 0 o / ( i ) 5 0  for (£[0, a]. Then

[T(0) - T(a)] = { ( f  f(x)dx) t + f (a-z)f(z)dz}
0 0
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is a non-negative operation for t£[0, a]. The scalar product has the form
a a

(x, У> = { ( /  x (x )y (x )d x ) t+ f (a-x)x(x)y(x)dx}, 1€[0, a],
0 0

Remark. The elements x  and у  are orthogonal if and only if
a a

j  x(t)y(t)d t = 0 and J  (a —x)x(x)y(x)dx = 0 
о о

i.e. when x  and у  are orthogonal with respect to the weights i?={l}, t€[0, a] and 
e = {<?(0} =  a - '} ,  i£[0, a].

{x(t)}={/} and {f(0} =  {29/27 —5/3 —4?2 + 2} are orthogonal with respect to the 
scalar product introduced in Example 1 with a—1.

2. Let us consider the derivative S=d/dx, the integral

T(x0){f(x, j ’)} =  { /  / ( x, y)dx}
X0

and the limit condition y(x0) =  1. We accept here L '= C a{[xn, xdX [y05 yd, R), 
L1 = C([x0, x jX [jo 5 У1], R) and the order in L° defined by

{fix, y)} = / =  0 o f ( x ,  у) Sr 0 for (x, y)£fxa, xJXLfo, yd-
We may easily notice that the operation [7Xx0) — Дл*)] is non-negative and it satis
fies the assumption (e). In this example the scalar product has the form

(/. g> =  { /  Ж  y)g(T, y)dxj = {cp(y)}eKer-^.
X0

We see from the last formula that the surfaces z1 = {f(x, y)} and z2 — {g(x, y)} 
are orthogonal if and only if the respective intersections of these surfaces with the 
plane y= ya are orthogonal (y„ is arbitrary belonging to the interval [y0,y j) .

3. In case of the operational calculus with the derivative

S{u(Xl, x t , ..., *„)} =  { J  b, du(Xl’ •• »Xn)}, b£R , i = l , 2 , . . . , n  

the integral
Tix'Difix^Xz,  . . . , x „ ) }  =

=  {^- /  f ( x ! - y ( x n-x),  x2- ^ i x „ - x ) ,  , x„_i — -T) ,  t)  rft}
nx°

and the limit condition
s(x“){w(Xi,xr2, ...,x„)} =  

=  Х2~ ( х п-х° ) ,
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where u£L1=C*(Rn~1X [x\, хЦ R), f£L °  =  C^R" 1X[xj, x®], R), x°n£ [xj, xjj], 
b„>0 (see [4]). The scalar product defined by (1) has the form

</, g> = [ а д - а д ж /g) =
x2

=  {jj- f  t̂ - ( x n - T ) , x } g \ x 1 ~ ( x n - r ) , . . . , x n- 1 -

In the space C°(/?"_1X[xJ, xjj], R) we may introduce the order

{/(xt , x2, . . . ,  x„)} = / S  0 « - /(x j ,x 2, . . . , x j ^ 0

for (xx, x2, . . . ,  x^ Ä " -1 X [x^, xjj]. With this order, the operation [r(x]j) — TXxjj)] 
is non-negative (see [7]), and it satisfies (e).

4. Let L°=L1=C(N) be the space of sequences of real numbers x — {xk}, 
k= 0 ,1, 2, .... The derivative S, the integral T(ku) and the limit condition s(kQ) are 
defined by

‘''{-'"к} =  { X k  + 1  “

HK){xk} ^
0 for к =  k0
**o + *‘o+l+ ••• +  **-1 
~ x k0- l ~ X k0 - 2 ~ ~  ••• ~ X k

for
for

kp < к 
k0 >  k,

s (£<>){**}= {**„}•

By the order x^O if and only if xk^ 0  for k= 0,1,2, ... and the modulus 
|x| =  {|xfc|}, C(N) is Mikusinski’s space.

For k ^ K ,  [T(k0 +  1)~ T(k1 + 1)] is a non-negative operation (see [5]). For 
condition (e) to be satisfied we must consider sequences in which xko+1= x fcl+1=0 
and restrict ourselves to considering only a part of a sequence with coordinates 
*fc0+2»**„+з> •••>xki- Introduce the following relation of equality of sequences:

{**}= (Л> <=►** = Ук for к = fco+ 2, . . . ,  fei-

Now we are ready to define the scalar product of the elements {xk}, {yt}:

<{**}, Ы >  = [ПК  -И ) -  П К + i)]{xkyk}.

In a similar way we may define the scalar product of the elements {xt}, {yk} with 
weight e =  {ek}, 0 for k= k0+2, k 0+3, ...,K :

<{**}» { л »  =  [r(fco+i)-r(fco+i)]{eifc^y*}.
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§2. Properties of the Wronskian. Examples

Let the assumptions (a) and (b) from §1 be satisfied.
D e f i n i t i o n .

W(u, v) = U V
Su Sv u(Sv) — v(Su)

will be called the Wronskian o f a given system of elements u, v£Ll.
Additionally, let us assume that L1, L° are commutative algebras with unity e 

over the field o f real numbers with the multiplication /  -g such that
(2) S(fg) = (Sf)g+f(Sg), f , g i L \
The properties of such a multiplication are listed in [3].

Lemma. I f  u, v^L1 and v has the inverse v~1 then S(uv~l) =  v~2[(Su)v — u(Sv)]. 
Theorem  1. I f  u=cv, c£Ker S, vdL1 then W (u,v)—0.
Proofs are implied by properties of the derivative S.
T heorem 2 . I f  W (и, v)= 0 , u, v^L1 and i f  и has an inverse u~x ( if  v has an inverse 

v~x) then v = cu, cZKer S (u = cxv, c1€Ker5').

P roof. From the assumption it follows that

W(u, v) и v 
Su Sv (Sv)u-v(Su) = 0.

As и has an inverse u~x, so multiplying the last equality by u~ 2 we get

m“ 2[u(5i;) —e(5m)] =  0.

On the basis o f the last theorem we have

S(vu J) =  0, i.e. vu 1 — c£Ker S,

so v=cu, cgK er S. Analogously, we prove the theorem if v has an inverse.

R em ark . We should realize the fact that in the last two theorems the coefficient 
of proportionality c may be a real number a. It is only an apparent real number be
cause u—av=aev = cv, then it is also a coefficient c = y.e of Ker S.

Э 3
E xa m ples. 5 . For the derivative S = - — bm — a specific case of the operationalox oy

calculus from Example 3, from the condition W(u, v)=(), u, vdL1, u(x,y)?±0 for 
(x, k)€RX[yi, y 2\ on the basis of Theorem 4, {v(x, >’)} may be given in the form of 
the product of cp(x—y) and {u(x, y)}. <p is of the class C1.

6. In the space C(N) of real sequences a=  {ak}, let us introduce the deriva
tive S by

S{ak) — {Ufc + i}.
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Introducing in C(N) a multiplication of the sequences a={ak), b = {bk} according 
to the formula

a*b  =  | Д  ^  j  a A - i} ,
we may prove that the condition

S(a * b) — (Sa) * b + a *(Sb)
is satisfied (see [1], p. 19). In this case W({uk}, {rt})=0 and щ 5̂ 0 mean that the 
sequence {rk} can be represented in the form of a product of the sequences {и*}= 
=(u0, щ, щ, ...) and {ct}=(c0,0 , 0, 0, ...), i.e. Н}={с*}* {и*}.

7. In C(N) the difference derivative S  defined by the formula

*̂ {ак} =  {ak+l~ ak}
does not satisfy Condition 3, given the following multiplication of sequences:

{«*}{&*} =  К  bk).
S  satisfies the condition

S({ak}{bk}) = {afc+i}(5,{bJ) +  {bt}(5'K})
(see [5]) which is similar to Condition (2).

With this derivative, Theorem 2 is also true because if
К) Ы

S { u k )
{«ЛК+1-°к}-{»ЛК+1-«*} =  0

and vk^ 0  for k = 0 ,1 ,2 ,... then ukvk+1=vkuk+1 and v ^ O  for k = 0,1,2, i.e.

— =  Uk+1 for к = 0,1, 2, . . . , {u k}  - {ay*} =  а{и*}.
v k v k + 1

C o ro lla ry . The Wronskian o f the elements {uk}, {r*} equals zero i f  and only if  
the Casorati's determinant o f the elements {uk}, {rfc} equals zero.

R em a rk . The assumption vk?±0 for k = 0 ,1 ,2 ,.. .  is essential. Notice that for 
the sequences {uk}=(u0, uk, 0, u3, щ, щ, ...) and {vk}=(au0, аиг, в, ßu3, ßu4, 
ßu5, ...), a ^ß , а, ß£R  proportional by parts, we have W({uk}, {i>*})=0.

§3. Eigenvalues and eigenelements of the difference equation

We are given the operational calculus CO(L°, L1, S, T(k0), s(k0), Q = N) 
where L°=L1 = C(N) is the space of sequences of real numbers x — {х*}, 
k = 0, 1, 2, .... S, T(k0) and s(k0) are defined by

£{**}= {**+!-**},
0 for к = k0
k̂o +  ̂ ko + l + ’-’+ ^k-l

— ̂ k 0- l — x k0- 2 ~  ■■■ ~ X k

S(k0){xk} =  {**,}.

for
for

k0 <  к 
k0 >  k,
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R emark. Instead of {**} we will often write xk for clarity.
In C(N ) an order like in Example 6 is introduced.
Let us consider the difference equation

(3) S(rkSwk) =  -AftvvH1 

with homogeneous conditions

(4) s(k0)wk+1 =  0 i.e. s(k0+ l)w k =  0,

(5) s(k1)wk+1 = 0 i.e. s(k1+ l)w k = 0,

where pk, rk, wkZC(N), X£R, pk, rk?±0 for k = 0, 1, 2, .... Additionally we assume 
that к0^ к г, kx^ k 0 + \, k x^ k 0 — 1 (see Corollary 1 in [5]).

Theorem 3. I f  wk is an eigenelement corresponding to the eigenvalue X (i.e. wk 
is a solution o f the equation (3) with condition (4), (5) for X—X), then a.wk, 
afR  — {()} is also an eigenelement corresponding to X.

Theorem 4. I f  wk?±wk and wk, wk are the eigenelements corresponding to the dif
ferent eigenvalues X, X, then wk and wk satisfy the condition

[T(k0)-T (k()\ {wk + 1wk + lPk} = 0.

Theorem 5. I f  pk>0, rk> 0, k = 0, 1, 2, ... and kn< k1 then the eigenvalues of 
the difference equation (3) with conditions (4), (5) are non-negative.

Theorem 6. 2 = 0  is not an eigenvalue o f the difference equation (3) with conditions 
(4), (5) when rk>0, k —0 ,1 ,2 ,.. .  or /*<0, k —0 , 1 , 2 , __

The proofs of Theorems 3, 4, 5 and 6 can be found in [5].

Theorem 7. I f  uk and vk are eigenelements o f the equation (3) with conditions (4) 
and (5) corresponding to the same eigenvalue X, then vk = auk, a£R, a^0.

Proof. Because uk, vk are the eigenelements corresponding to the eigenvalue X, 

v k + l  S ( f k  S u k ) ~  u k +  l  S ( r k S v k )  ~  0-

Operating bilaterally on the last equality with the integral T(k0 + 1) and applying
(1.5) from [5] and conditions (8) and (11) we get

T(k0+ l)(vk+1S(rkSuk) ) -T (k 0+l)(uk+1S(rkSvk)) =  vkrkSuk- u krkSvk =  0,
i.e.
(6) vkSuk- u kSvk =  0, or tV(vk, uk) =  0.
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From conditions (4), (5) it follows that in the sequences uk and vk there appear zeros. 
From the fact that W(vk, uk)= 0 and from the remark in Example 7 it follows that 
it should be checked whether the proportionality coefficients for the fragments of 
sequences with the elements other than zero and separated by zeros are equal. Let 
ukt+1=0 for к2^ к 0— 1, k 0 + \ ,k 1 — \ , k 1 + \. uk2, uki+z?±Q on the basis of Corollary 
1 from [5]. From (6), uta+1=0. vk is an eigenelement, so by Corollary 1 from [5], 
vH, «*,+2^0, i.e. vk2=xukt, vki+2=ßuki+2,a, ß£R, x, ß^O  on the basis of the 
Wronskian.

From (3) for k = k 2 we have

i.e. tx=ß. Taking a.=a we get vk= auk which completes the proof of the theorem. 
Let now

Гк2+1  M/t2+2 + r k i Uk t = 0 , i.e. и*2+2 =

Similarly, on the basis of (3) for k = k2 we have

rki+iVki+2+rkivkt = 0.

Substituting into the last equation vk2 = auk2 and vki+2 = ßuk2+i= — we get
Lb> + 1

for к — 0, 
for к 7̂  0.

S o K } =  ( a o ,  0 ,  0 ,  . . . } .

C o ro llary  2 . We have

(7)
and

(8) S<>(ak bk) — (S0ak)(S0 bk).

T heorem  8. I f  wk is an eigenelement o f the equation

S(RkST0wk) = - kPkwk

s(k0+l)wk =  0, s(k1 + l)wfc =  0

(9)
with coiulitions

( 10)
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corresponding to the eigenvalue X, then it is also an eigenelement o f the equation

S(rkSwk) =~Xgkwk+1
with conditions

s(k0+ l)w k — 0, =  0

corresponding to the eigenvalue X when Rk = T0rk+s0rk, Pk = T0pk +s0pk.

Proof is implied by properties of S’,,.

C o ro lla ry  3 (from Theorems 8, 5 and 6). I f  rk>0, pk>0, k —0, 1,2, ..., 
k0^ k 1 then the eigenvalues o f the difference equation (9) with conditions (10) are 
positive.

Using the property of the difference derivative we may write (3) in the form

rk+iS 2wk + SrkSwk = -Xgk wk+1,

and rearranging further we get an equation of the form

(11) rk+1wk+2+(Xpk- r k- r k+1)wk+1 + rkwk = 0.

Taking k = 0,1, 2, 3, ... in the last equation and using conditions (4) and (5) we get 
the following system of equations

r1w2 + (Xp0- r 0- r 1)w1 + r0 w0 = 0
Г2 Wo +  (/./?! ~Гк~  i-2) W2 +  1\ H’i = 0

rko+iWko+2 +rkowko =  о
r k0 + 2 w /t0 + 3 + ( / l p t o + x ~ r k0 + l r k0 + 2 ) Wk<,+ 2 =  0

r k0 + 3 W k0 + 4 +  ( k P k 0 + 2 ~ r ko + 2 ~ r k0 + 3 ) W k0 + 3 +  Гк„+ 2™к0 + 2 ==  0

ß p kl •S1111 w k l  +  r k l -

©II1£

r * i  +  l w k l + 2  + rklwkl ==  0

r lti +  2 w k l + 3  +  ( X p k l + i —  r * i + i  — r k i + 2 ) Wk l  + 2 =  0

r kl +  3 W k l  + i  +  V - P k 1 + 2 ~ r k l  + 2 ~ Гк1 +  з ) и ’к1 +  3 +  ' * 1 + 2W’*1+ 2  == 0

in which the unknown quantites are w0, wk, ..., wko_1, wko, wk(l+2, wko+3, wkl_1, 
wkl, wkl+2, wtl+3, .... For an arbitrary set up k ^ k l — l it is a homogeneous system 
of equations with the same number of unknowns and equations. To the last system 
of equations, there corresponds the following matrix of coefficients:
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1
'  о А/?0 - Г о - r i ' i 0 0 0 0 0 . . .  0 0 0 0 0

0 ' l  к р х ~- ' l ~ ' l ' » 0 0 0 0 . . .  0 0 0 0 0

0 0 ' a  ^ Р г  “- ' « - ' я 'я 0 0 0 . . .  0 0 0 0 0

0 0 0 ' з  Л р $ ~ - ' а - ' * • • •  0 0 0 . . .  0 0 0 0 0

0 0 0 0 Г4 0 0 0 . . .  0 0 0 0 0

0 0 0 0 0 г  г , - г 0 0 . . .  0 0 0 0 0

0 0 0 0 0 ^ Р к , - г ~ г к0- г - ' • * 0 - 1  ' * , - 0 . . .  0 0 0 0 0

0 0 0 0 0 ' * „ - 1 ^ Р к в - 1 ~ г к„ - 1  - Г к о  0 . . .  0 0 0 0 0

0 0 0 0 0 0 Гко '* о  +  1 . . .  0 0 0 0 0

0 0 0 0 0 0 0 А Л о  + 1 —  ' * 0 +  1 — '* 0  + 2 • • • 0 0 0 0 0

0 0 0 0 0 0 0 '**0 +  2 . . .  0 0 0 0 0

0 0 0 0 0 0 0 0 -  Г* , - 2 0 0 0 0

0 0 0 0 0 0 0 0 ••• ^ * 1 - 2 “ ' * ! - *  — Г* 1 - 1 ' * ! - 1 0 0 0

0 0 0 0 0 0 0 0 •••  ' * 1 - 1  ^ Р к 1 - 1 ~ 0 0 0

0 0 0 0 0 0 0 0 . . .  0 '*1 '* 1 + 1 0 0

0 0 0 0 0 0 0 0 . . .  0 0  A p * i + i — '* 1  +  1 _ '*1  +  2 '*1  + 2 0

0 0 0 0 0 0 0 0 . . .  0 0 '*1  +  2 ^ * 1  +  2"- ' * !  +  2 — '* !  +  3 ' * !  +  3
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Let Ak stand for the determinant of the matrix of coefficients of the first к +1 equa
tions, k ^ k x — 1. Let A be the determinant of the matrix cut off from the matrix 
of the system of equations i.e.

r*0 + l ~ rk0+ 2 rk 0 + 2 0 0 0
*"ка + 2 АРк0 + 2 ~ Гк0 + 2~ Гк0 + 3 г*0+з . . . 0 0

0 rkQ+3 ^Pk0 + 3~ rk0 + 3~ rko + i ••• 0 0
0 0 rk0 + i . . . 0 0

0 0 0 rkl-  2 0
0 0 0 ... Xpkl_2~ rkl- 2~rkl- i
0 0 0 ... rkl-i ^Ркг-1 - r kl-

We may easily notice that for every к ^ к г — 1, Ak = 0 if and only if A — 0. This 
means that for an arbitrary set up к ^ к г — \, a homogeneous system of equations 
has a non-zero solution when A=0.

From the condition A =0 it is easy to determine the eigenvalues as the roots of 
a polynomial of order kj^—kg — 1. Knowing the eigenvalues, from the system of 
equations we may determine the coordinates wko+2, ..., wkl of the eigenelement wk. 
The rest of the coordinates may be determined from (11) by calculating

( 12)

or

(13)

W4 - r k+iWk+2-(lPk-rk- r k+1)wk+1 for к ё  k0

=  - r . » . for k s k i .
f k +1

If we reduce the eigenelements to vectors of finite dimension including only the coor
dinates iv*0+2, wto+8, wkl_k, wkl i.e. to vectors of the form

0 4) W =  [w4o+2, wko+a ,  ... ,  wtl_!,

then on the basis of Example 4 and Theorem 4 we obtain

Theorem 9. The eigenelements o f (3) with conditions (4) and (5) corresponding to 
various eigenvalues are orthogonal with respect to the weight

f 0 for к = 0 
e " e‘ " l A - i  for k * 0 .

Corollary 4 (from Theorems 7 and 9). I f  (3) with conditions (4), (5) has 
k i~ k 0 — l various eigenvalues X then the eigenelements corresponding to these eigen
values form a basis in RkI- *«-1, i.e. an arbitrary element (pkCRki~k°~1 can be repre
sented as

(15) (pk = 1 2 j cfwi for к =  fc0+2, k„ +  3, kk
i =  1
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where 

(16) c ,= [T(k0+1) — Т(кг + l)](ßk(pkwk)
[ П к о + ъ - т ^ + Щ в М У ) fo r  i = 1, 2, 3, ... ,  k i-k o -1

and
(0 for к = 0 

Qk ~  \p k- 1 for к 0.

E xam ple  8. Let us find the eigenvalues and eigenelements of the difference 
equation

S(k lS u k) = — X(k + 2)kl uk+1

with conditions ux—0, ub= 0. We have to find the solution of the equation

ЗЯ-3 2 
2 8Я-8
0 6

0
6

ЗОЯ-3 0
=  0

taking rk=k\, pk—{k+2)k\. From the last equation we have

(Я — 1)(60Я2-  120Я+41) = 0 
so

Knowing the eigenvalues we may find the coordinates u‘2, u\, u\ of the eigenvalues 
uk, i= 1,2,3.

For Я1= 1 - / |  we get 4 = y ,  u\= 5 j /Ц " , «J=l.

For Я2=1 + У ^  we get u |= y ,  «1= и |=1.
For Я3=  1 we get u| =  — 3, aj}=0, «4 =  1.
Using (12) or (13) we may find the other coordinates of the eigenelement u k . 

So for example for the eigenvalues Xlt Я2 and Я3 from (12) we obtaim «£ = — ,

«о=—у  and «0 =  3.

For Я3=  1, from (13) we have m|=  —у , и?=0, Ml= y -  etc.
With the scalar product defined in Example 4 and on the basis of Theorem 4, the 

eigenelements uk , uk , uk are orthogonal with respect to the weight

f 0 for к = 0
e* =  j(k  + l) (k - l) !  for k *  0.
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§4. Partial difference equations

Let us consider the difference equation

(17) Sk (rk Wk,l) + Pk So S2 wk l — 0 
with conditions
(18) wk t = <Pk for к = k0 + 2, k0 + 3, ..., fcl5

(19) wk„ + l,l =  0»

(20) wki+i,i — 0,
rk>0, pk> 0 for k —0 ,1, 2, wktl are double real sequences. Define a multiplica
tion of double sequences by

i uk,l}{vk,l) =  {uk,lvk,l}•
(rk, Pk are also double real sequences.) Introduce the derivatives S k, S2 and operation 
S, by

=  {uk + l , l~  uk,l}> =  {uk,l + l ~  uk,t}> ^o{uk,l} =  {uk + l,l}-
We shall seek a solution of equation (17) with conditions (18), (19), (20) of type 
wk,i—ukVi. Substituting wkit= u kvl into (17) we get

Since
[Sx (rk Sk uk)] (p k uk + 1) 1 +  (S2 vt) v, 1 = 0. 

[^ 'i (гк  S k uk)] (p k uk + 1) 1 £ Ker S 2

and ( S 2v i ) v t 1€Ker51, so (rkS kuk) ] (pkuk +T) *= —( S 2v l) v f 1 =  —A. From the last
relations we have

^l(.r k ^ l  uk) — ~~^Pkuk + l  an£l vl — Auj.
The equation Sx(rk Skuk)=  — Лркик+1 has the conditions u/l.o+1=0 and ukl+1 = 0 
implied directly by conditions (19), (20). Let the equation

S l ( r  k $ l Uk ) — } -P k  Uk + l

with conditions uk,+i —0, ukl+1=0 have к к—кй—1 various eigenvalues Xn£R, 
with corresponding eigenelements uk. For the eigenvalues A„ we find the solution of 
the equation S 2 vj= A„»". It is known that the last equation has a solution of the form

*7 = 0  + A„)'uS
(see [5], [6]). On the basis of Theorems 5 and 6, A„>0, so t f  # 0  for 1=0, 1, 2, ... 
when For the eigenvalues A„ we have the solutions
( 2 1 )  wk”t = ifktf =  i > g ( l  + A „ ) 4

of equation (17) with conditions (19), (20). The sum of the solutions of (21) satisfies 
(17), (19) and (20). We look for the solution of (17) with conditions (18), (19) and (20) 
in the form o f the sum of sequences

(22) wk.i =
kt ко 1

2  »5(H-2.n) «2, П — 1,2, . .. .fc i-fc o -l.
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We now show that wkJ satisfies also condition (18). On the basis of Corollary 4,
k , - k 0- l

<pk =  2  C»K  for fc =  k0+2,  k0+3,  ..., kkП = 1
where cn is defined by (16). Substituting cn in place of in (22) we get

K i l  -  kl2  * cn (i+ h ) luZ =  kl2  1 cn“í =  <Pk
Ki~Ko~
2

л —1 n = 1

for k = k 0+ 2, k0+3, . . . ,k 1.
Example 9. Find the solution of the partial difference equation

Sx(k\ Siwkii) + (k + 2) fc! S0S2wKl = 0
with conditions

w2,o = 13 =  <p2, W3>0 = - 5 | / ^ |  =  cp3, w4>0 = 2 = <piy wlfi =  0,

w5,i =  0» Z =  0, 1, 2, ....
After rearranging we get
(23) S ^k lS iu J  = - k ( k  + 2)k\uk+1,

(24) S2 V[ — Xvi, 
and
(25) m  =  u5 = 0.
Equation (23), with conditions (25) has the eigenvalues Al5 A2, 13 and eigenelements 
u\, ul, uk determined in Example 13. (24) has the solutions

'! =  (2 - / 1 г Ь '  =  ' ! =  *■«

corresponding to the eigenvalues кг = 1 —j /  ~ , A2 =  1 + j /  , A3 = 1. From (22)

wk,i = (2—|/  MÍ + c ,[2 + | / ^ |  ul + c32liif.

Finding the coefficients ck, c2, c3 from (16) we have

w‘-'= (2~ y i )  u i + 2 [2 + i m )  ut~ 2iui
From the last formula and Example 8 it is easy to determine wkJ and so, for example

w<•‘ = t (5o+ i° / D - w0 о =  —13 etc.
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ZU EINER AUFGABE VON J. M. WILLS
В. WEIßBACH (Magdeburg)

Gewidmet seinem verehrten Lehrer Prof. Wilhelm M aier

1. In der von W. Moser verbreiteten Sammlung [2] findet man unter Nummer 21 
die folgende Aufgabe von J. M. Wills:

Man betrachte die konvexen Körper

K? = { (* , . . . ,  *„): ( J  x?yr- =§ n- iß  (r [ j +  l ) j  ”},

Ц  = j(* i» - ,  Xj: Z \ X i \ ^ j ( n !)1/n| ,

Kg = {(Xi, ..., x„): max \xt\ ^  T | ,  
t x s ia n  Z )

also eine Kugel, ein Kreuzpolytop und einen Würfel im R", mit dem Volumen 
V(K?)=1. Man setze K^q:=K^C\Kq für p ^ q  und untersuche, ob die Folgen der 
Volumina V(K"q) Grenzwerte besitzen. Wenn dies der Fall sein sollte, gilt

lim V(K") = 0 oder lim V(K") ^  0?
П-+ OO / y n-*- oo 14

Inhalte von Teilen einer Kugel zu bestimmen bereitet in Räumen beliebiger 
Dimension bekanntlich bereits in den einfachsten Fällen beträchtliche Schwierig
keiten. Aus diesem Grunde werden hier nur die Durchschnitte der Polyeder KJ 
und KJ betrachtet. Es zeigt sich, daß die Folge F(KJ3) in der Tat einen Grenzwert 
besitzt; und zwar gilt
(1) lim F(KJ3) = 0.П-*-оо

Um dieses Ergebnis zu gewinnen, wird ein Weg verfolgt, den J. Fáry und L. Rédei [1] 
vor längerer Zeit bei einer ähnlichen Aufgabe eingeschlagen haben.

2. Das Kreuzpolytop KJ und das Maßpolytop KJ sind so gelagert, daß sie bei 
Spiegelung an den Ebenen x t=0, /=1, ..., n in sich übergehen. Aus diesem Grunde 
ist
(2) V„ := F(KJ П KJ) =  2" V (KJ П KJ) = K(2KJ П 2 KJ)

wobei mit KJ und KJ etwa jene Teile von KJ bzw. KJ gemeint sind, die im JCegei 
Xj=0, i= l ,  ..., n liegen. Um die Bezeichnungen zu vereinfachen werde 2KJ=: S

9*
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und 2 ^ ' =: S  * gesetzt. Zu ermitteln ist also V„ =  F(Sfl S*) wobei S  und S * durch

(3)

n n_
s  = {(Xj,..., x n): 2 , xi -  F”!; x i -  0» i = l , .

i — 1

s *  =  {(x1;..., x„): OäjcjS I ;  i =  l , . . . ,n )
gegeben sind. Offenkundig ist S  ein Simplex. Ist M  eine Teilmenge von S, so soll mit 
M die abgeschlossene Hülle von S \ M  bezeichnet werden. Bekannterweise gilt dann 
für jede natürliche Zahl rfel die Identität

(4) м1пм2п...пмг = м1и м 2и...имг
und sicher ist
(5) V„ = У (S il S*) = V (S) — V (SOS*). 
Werden nun noch durch

■Mp . { (X i, . . .  , Xn) . Xp  1- 1}, Mq . { (X i, . . .  , Xrt) . Xq — 1}

abgeschlossene Halbräume gekennzeichnet, deren Ränder zur Begrenzung von S*  
gehören, so gilt

(6) SDS* =  ST W f П ...П Я - =  П (5ПЯГ)
i = 1

und weil
SClHi~ = SDH ,+, i =  l , . . . ,B  

ist, ergibt sich aus (5) mit (6) und (4) zunächst

(7) Vn =  K (5)-K (U  (SDH?)).
i=i

Für den Inhalt einer endlichen Vereinigung meßbarer Mengen gilt aber — wie man 
durch Induktion leicht bestätigt — die Beziehung

V(At U . . .U Ar) = ZV(Ah) - ZV(AhПAk) +  - . . . + ( - l) '"1 ZV(AhП ... ПAir)
wobei in der k -ten Summe über alle Teilmengen {/x, ..., ik}cz {1, ..., /•} zu summieren 
ist. Wird zur Abkürzung
(8) (5Т1Я^)П...П(5ПЯХ) = 5П Я ;+ П ...ПЯ£ = : Sh . . . ik 
gesetzt, so erhält man demnach statt (7)

v„ = V{S)-ZV (Sh) + XV(ShJ -  + ...+ (- l) '> F (5 ii...i„).

Man sieht nun sofort, daß für jedes к die Mengen i(c untereinander, und damit
insbesondere zu Sl k  kongruent sind. Je к  Halbräume Я £ , ..., Я£ können durch 
Tausch der Koordinaten auf die Halbräume Я 1+, ..., Щ  abgebildet werden. Dabei 
geht aber S  in sich über und mithin Sil ik in S \ k. Man gewinnt also die Darstellung

(9) F, = í ' ( S ) + Í ( - l ) ‘ (fc)K(51..Jt).
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Von ausschlaggebender Bedeutung ist nun, daß das Volumen von S) . k sofort be
stimmt werden kann. Ist &>]/«!, so ist S l k leer — also r/ ( S l k ) = (l da dann die 
Forderungen

я " -----
2 ? X i ä y n !  und Xi S  1, i = l , , . . , / c

Í=F 1
nicht mehr zu vereinbaren sind. Enthält mehr als einen Punkt, dies ist für

n _
£ < /« ! der Fall, so ist S ±^k ein «-dimensionales Simplex, dessen Wände zu den 
Wänden von S  parallel verlaufen. Sowohl S  als auch S l kc S  werden von der 
Ebene

H  =  {(xj,..., x„): - L  2 Xi =
( У n i = l у n )

begrenzt, und liegen im gleichen Halbraum bezüglich dieser Ebene. Mithin ist 
V(Si...ú= %iV(.S)‘> 0<Л*-<1 und dieser Faktor Xk ergibt sich sofort durch Ver
gleich der Abstände jener Ecken von S  bzw. S , k die nicht in H  liegen von dieser 
Ebene zu

n

Zusammenfassend gewinnt man demnach mit Rücksicht auf E(S') = 1 die Darstel
lung

(10) v . = ±  2C - D * ( i ) ( V 5 r - ^

3. Die Beziehung (10) ist durchaus brauchbar, um V„ für kleine Werte von n 
zu berechnen. Für Grenzbetrachtungen dürfte sie allerdings kaum geeignet sein. 
Die bereits genannte Arbeit von Fáry und Rédei enthält aber einen Hinweis von 
P. Túrán, wie ein derartiger Ausdruck unter Umständen geeignet umgeformt werden 
kann. Man beachte nämlich, daß mit einer reellen Zahl а

öd « f -2ni J z"+1 dz ■
an—r für i ^ O  n\
0 für a s O

gilt, falls als Integrationsweg l die Gerade z= l+ it gewählt wird. Diese Beziehung 
nutzend kann statt (10) auch

n ( n \  1 „  (A Y n \ - k ) z  1 .  e \ n \ z  n ( n \

V, =  2 ( - v { k) ш  =  Ш  f b W Z W - v r
geschrieben werden, womit man zu der komplexen Darstellung

( 12)
fiúz

v- = - h S d* ‘-7* r < i - « - f2 ni
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gelangt. Offenbar ist hier für jedes n ^ l  der Integrand/„(z) im Gebiet 0< |z |< °° 
regulär. Die Integration kann darum auch über einen Weg /, erstreckt werden, wie er 
in der Abbildung angedeutet ist.

Auf den zur reellen Achse parallelen Stücken z —± /a+ f, 0,
Weges ist aber

. . |e±ia/n !| e ^ ‘( l  +  \e±ia\ e ~ t)n
l'/n('Z)l = |± ia  + i|n+1

eYM2«
an+1

OsSfsil dieses

Folglich wird auf diesen Wegstücken /„(z) beliebig klein, sobald a genügend groß 
gewählt wird, und mithin kann die Integration auch über den angegebenen Weg /2 
erfolgen. Man zerlege nun /„(z) in den geraden und den ungeraden Anteil. Es wird

mit
(13)

/Л * ) := y ( /„ (z )+ /n( - a ) )  =  y [  

у  (/„(?)-/„(~z)) =  у  (•

e * / 2 _ e —z/2~|

gl/2_ g —z/24

e ~an z/2 — e an zl2 

Z

e -< i„z/2_ |_e a „z /2

Z

n

Man erkennt, daß /„+ (z) für |z |<  °° regulär ist. Statt über den Weg l2 kann f+ (z) 
folglich auch längs der imaginären Achse integriert werden. Die Funktionen f~  (z) 
besitzen bei z = 0  einen Pol erster Ordnung mit dem Residuum +1. Da / “ (z) 
ungerade ist wird

2 f f ~ ( z ) d z  =  f f ~ ( z ) d z +  f  f -  ( z ) d z  =  f f ~  ( z ) d z ,
l, !t к

worin к für einen positiv umlaufenen Kreis mit dem Ursprung als Mittelpunkt steht; 
und man erhält

*8 *
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Man gelangt damit zu der reellen Integraldarstellung

V =  —+ —  f2 +  2тг J

+  oo

2 2n

. t
sinT

also zu 

(14)

2

sin (— a„) —
dt,

V -  1 1 /  í SÍnX)n S Í n ~ 2 dx.2 n 1 x  / x

4. Um zu zeigen, daß V„ wie behauptet gegen Null strebt, muß nachgewiesen 
werden, daß

lim /„ =  lim *" n~coJ { x  J x 2

gilt. Dies ist keineswegs sofort ersichtlich. Bezüglich der Begriffe und Sätze, die im 
folgenden benutzt werden, sei auf [3] verwiesen. Zunächst setze man / „ = / '+ / "  
mit

K  = S { ^ \ ^ d x -, / ( 2 £ £ ) " 2 5 f = f . * ,

und erhält einmal 

(15)

Andererseits wird

f  also lim /; =  0.

(16)

mit

(17)

/

. x  sin — n
X
n

" . 1 sm — a.x 1
sm — a„x

<Pn(x) =  '

~ -----d x =  f  cpn(x)-----

für Ö S i S / I

■dx

. X sin —n fürJC
n
0 für

( sin X ^Selbstverständlich is t------ für x=0 der Wert 1 zuzuweisen. I Nun gilt

“ (‘Чг)*(18) lim <pn{x)
sm — a.x  sm I n
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und in jedem abgeschlossenen Intervall [0, а] (<з>0), erfolgt die Konvergenz sogar 
gleichmäßig. Wegen [sin их —sin vx\S.\u — ю||х| ist ja einerseits

• 1 ■ Ísin — a„x sin 1‘ - D * 2 J n \
X X n

woraus mit — ]/n\ -*■— die gleichmäßige Konvergenz des einen Faktors abzulesen ist. n e
Andererseits wähle man, sobald a vorgegeben ist, eine natürliche Zahl n0 derart aus, 
daß a<n0 gilt. Für jedes и> и0 und jedes x  aus [0, a] gilt dann nach (17)

1 =  <P„(x) =
sm-

a
n

(s i n  X  \n—— J im Intervall [0, 1] streng monoton fällt. Daß dann (p„(x)-+-1 gelichmäßig 
in [0, а] gilt, ist aus

limП-*-«»

\asin n
a
n

1 , s in a x— ln ---------
x  ax = eо

zu folgern.
Bei gleichmäßiger Konvergenz des Integranden in jedem endlichen abgeschlos

senen Teilintervall von (0, « ) gegen eine integrable Funktion ist es aber statthaft, 
Integration und Grenzübergang zu vertauschen, sobald das betreffende Integral 
gleichmäßig für alle genügend großen Werte von n existiert ([3], p. 244). Nun sind 
die gemäß (17) erklärten Funktionen q>„(x) für jedes n in [0, °=) monoton fallend und 
integrabel, außerdem gilt 0 s- cpn (x) =51. Nachdem Monotoniekriterium ([3], p. 240) 
existiert dann das Integral / '  gleichmäßig für jene Werte von n, für die auch das In
tegral

. 1sin — a„x
---- ------ dxx

gleichmäßig existiert. Weil hier der Integrand wegen

. 1sin — a.x  n 1
n
Vn! 1 ? 1

X n a" n 1 - 1e

gleichmäßig beschränkt ist, genügt es zu zeigen, daß 1* für genügend große Werte 
von n gleichmäßig nach °° integriert werden kann. Dies läßt sich auf bekannte
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Weise leicht erreichen. Da 1-----> 0  ist, gibt es sicher eine positive Zahl q und einee
natürliche Zahl n0, so daß für n>nn stets —an>q gilt. Weiter gibt es wegen

zu jedem positiven e eine Zahl /? >0, so daß

ausfällt, und diese Beziehung bleibt erhalten, wenn die untere Grenze vergrößert 
wird. Mithin ist für auch

/

■sin  — л: n
x dx £

und dies gilt auch noch, wenn p durch eine beliebige größere Zahl ersetzt wird. Es 
existiert also /* und folglich auch / '  gleichmäßig für и>и0 und man erhält

sin t , n
---- dt = -x-,t 2

womit der Beweis abgeschlossen ist.
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SEMIHOMEOMORPHISMS
D . SIVARAJ (Tamil Nadu)

Introduction

In 1972, S. G. Crossley and S. K. Hildebrand [3] have introduced and studied the 
concepts semihomeomorphisms, irresolute functions and presemiopen functions. 
A bijection is a semihomeomorphism if and only if it is irresolute and presemiopen. 
Every homeomorphism is a semihomeomorphism but not conversely. Every conti
nuous, open function is irresolute as well as presemiopen. The purpose of this paper is 
to discuss under what additional conditions on the function and on the range and 
domain of the function, the following holds: (i) Every semihomeomorphism is a 
homeomorphism. (ii) Every irresolute, presemiopen function is continuous, (iii) 
Every irresolute, presemiopen function is open.

1. Preliminaries

Let Zbe a topological space and A be a subset of X. We will denote the comple
ment of A in Xby X —A, and the closure and interior of A in X  by Cl (A) and Int (A), 
respectively. A is regular open if A = lnt (Cl (A)). R.O.(X) is the family of all 
regular open sets in X. A is semiopen [4] if there exists an open set G such that GczAcz 
crCl (G). S.O. (A) is the family of all semiopen sets in X. The complement of a semi
open set is Semiclosed [2]. The semiclosure of A [2], denoted by sCl (A), is the smallest 
semiclosed set that contains A. The semiinterior o f A  [2], denoted by 
sínt (A), is the largest semiopen set contained in A. Therefore, A is semi
open if and only if y4=slnt (A) and A is semiclosed if and only if Л =sCl (A). A  is 
an a -set [6] if A c in t  (Cl (Int (Л))). The family of all а-sets in a space (X, r), 
denoted by t®, is again a topology on X  which is finer than r and S.O. (X, r) = 
— S.O. (X, г“). Moreover, by Proposition 4 of [6] and Theorem 2 of [1], t®—F(r), 
where F(t) is the finest element in the equivalence class of all topologies on X  having 
the same collection of semiopen sets as т [2, 3]. Henceforth, by a space X, we will 
always mean the space (X, t) and the space (X, F(r)) is denoted by X*. Sets closed 
in X* are called a-closed sets. A is nowhere dense [9] if Int (Cl (Л)) =  0. A topology т 
on X  is an a -topology [6] if t= F ( t), or equivalently, all nowhere dense sets are 
closed [6, Corollary to Proposition 4]. Since F(F(t))= F (t) by Propositions 1 and 
3 of [6], F(t) is an a-topology. We will call a space with an a-topology an a-space. 
Clearly for any space X, X* is an а-space. A space X  is dense in itself [9] if no point 
of X  is open in X. X  is semiregular [9] if for each open set G and x£G, there exists 
a regular open set H  such that xdHczG. A function / :  X —Y  is irresolute [3] if 
/ _1(A)€S.O. (X) for all /Í6S.O. (У). / is presemiopen [3] if f{A )^S.O . {Y) for all 
v4€S.O. (X) . f  is almost continuous [8] if f ~ 1(R) is open in X  for all Ä£R.O. (Г).
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/ i s  almost open [8] if f (R )  is open in Y  for all R£R.O. (A'). The following lemmas 
are useful in the sequel.

L em m a  1.1. I f  A a O is semiopen, then In t (Á)A0.
(Follows from the definition.)
Lemma 1.2. I f  A is semiopen and A c  B d C l (A), then В is semiopen [4].
Lemma 1.3. I f  a singleton is semiopen, then it is open.
(Follows from the definition.)
Lemma 1.4. I f  A is semiopen, then A — Int (A) is nowhere dense in X.
Lemma 1.5. A is semiclosed if and only i f  Int (Cl (A ) ) c A  [2].
Lemma 1.6. The intersection of a semiopen set and an open set is always semi

open [2].
Lemma 1.7. The spaces X  and X* have the same collection o f nowhere dense sets [6].
Lemma 1.8. A is nowhere dense i f  and only if  sínt (sCl (Л))=0 [3].
Lemma 1.9. Nowhere dense sets are x-closed.
(A is nowhere dense in X  implies that A is nowhere dense in X*, by Lemma 1.7. 

Since X* is an а-space, A is a-closed).

Lemma 1.10. For any space X, R.O. (A') =  R.O. (X*) [6].

Lemma 1.11. A function f : X-*Y is almost continuous i f  and only if  Cl ( f ~ 1(A))c  
с /-!(С 1 (Л )) for all AdS.O. (Y) [5].

2. Semihomeomorphisais

D e f in it io n  2.1. A bijection f:  X-+Y is a semihomeomorphism [3] if/is  irresolute 
and presemiopen.

Remark 2.2. Every homeomorphism is a semihomeomorphism but not conver
sely [3].

T h eo r em  2.3. A function f:  X-»Y is a semihomeomorphism if and only if 
f:  X * ^ Y *  is a homeomorphism.

P r o o f . Necessity follows from Theorem 2.6 of [3]. Sufficiency follows from the 
fact that S.O. (2f) =  S.O. (2f*) for any space X.

C o r o l l a r y  2.4. I fX  and Y  are x-spaces, then every semihomeomorphism / :  X ^ Y  
is a homeomorphism.

Lemma 2.5. The inverse images o f regular open sets under a semihomeomorphism 
are again regular open.

P r o o f . Theorem 2.3 and Lemma 1.10.
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D efinition 2.6. A space X  is said to be s-semiregular if X  is semiregular at all 
points which are semiclosed in X.

Remark 2.7. Every semiregular space is s-semiregular. It is not difficult to see 
that the converse fails.

Lemma 2.8. Singletons which are semiclosed in a space X  are either regular open 
or nowhere dense.

Proof. Suppose {x} is semiclosed in X. By Lemma 1.5, Int (Cl ({x}))cz{x}. 
If Int (Cl ({x}))=0, {x} is nowhere dense. If Int (Cl ({x}))=^0, then Int Cl (({x})) =  {x} 
which implies that {x} is regular open.

Lemma 2.9. The following are equivalent for any space X:
(i) X  is s-semiregular.

(ii) X  is semiregular at all points which are a-closed.
(iii) X  is semiregular at all points which are nowhere dense.

Proof. (i)=v(ii) is clear. (ii)=>(iii) follows from Lemma 1.9. (iii)=>(i) follows 
from Lemma 2.8.

Theorem 2.10. I f  f :  X —Y is a semihomeomorphism where Y is s-semiregular, 
then f  is continuous.

Proof. Suppose /  is not continuous. Then there exists a non-empty open set G 
in Y  such that / -1 (G) is not open in X. Since / _1(G) is semiopen, by Lemma 1.1, 
Int ( / _1(G))t£0 and so there exists x € /_1(G) such that x^ Int ( / -1 (G)). By 
Lemma 1.4, it follows that {x} is nowhere dense in X  and so by Theorem 1.12 of [3], 
{/(x)} is nowhere dense in F. Since Y  is s-semiregular, there exists a regular open set 
H  such that f(x) fHczG,  which implies that x€f ~ 1 ( H ) a f ^ 1 (G). Since f ~ 1(H)^ 
€R.O. (X) by Lemma 2.5, x£lnt ( / -1 (G)), a contradiction to the assumption. 
Hence /  is continuous.

Corollary 2.11. Let f:  X —Y be a closed or open function where Y  is s-semi
regular. I f  f  is a semihomeomorphism. then f  is a homeomorphism.

Corollary 2.12. I f  X and Y are s-semiregular spaces, then every semihomeomor
phism f:  X —Y is a homeomorphism.

Corollary 2.13. I f  X  and Y are semiregular spaces, then every semihomeomor
phism f:  X —Y is a homeomorphism.

Remark 2.14. Piotrowski [7] has established the following: If f :  X —Y  is a 
closed function from a regular, Tx space X  onto a regular, 7\ and dense in itself 
space F, then/is a semihomeomorphism if and only i f / is  a homeomorphism [Theo
rem 17]. The above Corollaries 2.11, 2.12 and 2.13 are strong generalizations of this 
result.

The following example shows that in Corollaries 2.4 and 2.12, the condition 
‘а-space’ or ‘s-semiregular’ on X  or F  cannot be dropped. Moreover, it also shows 
that а-spaces and s-semiregular spaces are not preserved by semihomeomorphisms.
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Example 2.15. Let R be the real line with the usual topology. Then R a R* 
[6, Example, p. 963]. If i: R-+R* is the identity function, then i and i-1 are semi- 
homeomorphisms but not homeomorphisms. R* is not 5-semiregular by Theorem 
2 . 10.

The following example shows that the converses of Corollaries 2.4, 2.12 and 2.13 
are not true.

Example 2.16. Let R be the real line with the usual topology. Clearly, every semi- 
homeomorphism of i?(resp. R*) onto itself is a homeomorphism, but R is not an 
а-space and R* is not an 5-semiregular space.

D efinition 2.17. A space X  is said to be s*-semiregular if  every space semi- 
homeomorphic to X  is 5-semiregular.

Lemma 2.18. The following are equivalent for any space X.
(i) X is s*-semiregular.

(ii) X* is s-semiregular.
(iii) X  is an s-semiregular or-space.
Proof. (i)=>-(ii) follows from the fact that X  and X* are semihomeomorphic. 

(ii)=>-(iii) follows from Theorem 2.10. For (iii)=>(i), consider a semihomeomorphism 
/ :  X -»Y  from X  onto any space Y. By (iii) and Theorem 2.3, / :  X —Y * is a homeo
morphism and so Y* is 5-semiregular. By Lemmas 1.7 and 2.10, it follows that Y is 
5-semiregular. Hence X  is 5*-semiregular.

R emark 2.19. Every 5*-remiregular space is 5-semiregular (Lemma 2.18) but not 
conversely, since the real line R is 5-semiregular but not 5*-semiregular.

Theorem 2.20. I f  either X  or Y is s*-semiregular, then every semihomeomorphism 
f :  X —Y is a homeomorphism.

P roof. Corollary 2.12.
R emark 2.21. Example 2.16 shows that the converse of Theorem 2.20 is not true.
Lemma 2.22. I f  every space semihomeomorphic to X  is homeomorphic to X, then X  

is an a-space.
Proof. Since X  and X* are semihomeomorphic, by hypothesis, X=X*.  Hence 

X  is an a-space.
Theorem 2.23. Let X  be an s-semiregular space. A necessary and Sufficient con

dition that every semihomeomorphism / :  X -Y is a homeomorphism for all Y is 
that X  is an s*-semiregular space.

P roof. Theorem 2.20 and Lemma 2.22. 3

3. Irresolute and presemiopen functions

In [3], S. G. Crossley and S. K. Hildebrand have established that every con
tinuous, open function is irresolute as well as presemiopen [Theorem 1.8]. The follow
ing example shows that a semihomeomorphism and hence an irresolute, presemiopen 
function need not be either continuous or open.
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Ex a m ple  3.1. Let X={a,b ,c ,d)  with the topology t ={X, {a,b, c}, {a,b},&} 
and Y —X  with the topology o={Y, {a,b,d}, {a,b},Q}. If i: X-+Y is the identity 
function, then i is a semihomeomorphism but neither continuous nor open.

L em m a 3.2. I f  f :  X-<-Y is an irresolute, presemiopen function where Y  is dense in 
itself, then f  is almost continuous.

P r o o f . Suppose /  is not almost continuous. By Lemma 1.11, there exists 
F€S.O. (T) suchthat Cl ( / _1(L ))c t/_1(Cl (F)). Hence there exists x £ C l(/-1(F)) 
suchthat x<£/_1(Cl(F)). Since/isirresolute, / ^ 1(F)gS.O. (X) and so by Lemma
1.2, / _1(F)U{x}6S.O. (X). Since/is presemiopen, H = f ( f ~ 1(V)iJ {x})€S.O. (Т). 
Now х (£ /-’(С1 (F)) implies that f ( x ) (JCl (F) and so there exists an open set G 
containing /(x ) such that G flF=0. By Lemma 1.6, GC\H£S.O. (У). Moreover, 
/W 6G flffcG n (F U {/(x )} )= { /(r)}  and so {f(x)}=G(~)H. By Lemma 1.3, 
if(x)} is open in Y, a contradiction to the fact that Y  is dense in itself. Hence /  is 
almost continuous.

The following example shows that the condition ‘dense in itself’ on the space Y 
in Lemma 3.2 cannot be dropped. Moreover, it also shows that an irresolute, prese
miopen function from a space into an л'-semiregular (semiregular) space need not be 
almost continuous.

E xa m ple  3.3. Let X={a, b, c, d)  with the topology t={X, {a, b, c}, {a, c), 
{a, b), {a}, {£>}, 0} and Y={a,b} with the discrete topology. Define / :  X —T by 

/(a)= /(c) =  a and f(b)=f(d)=b. f i s  an irresolute, presemiopen function but not 
almost continuous, since / -1({i>})={b, d)  is not open in X.

Piotrowski [7] has established that if / :  X-*Y is an irresolute, presemiopen 
function where Y is regular, Tx and dense in itself, th e n /is  continuous (Corollary 8).

The following theorem is a generalization of this result.
T heorem  3.4. I f  / :  X-»Y is an irresolute, presemiopen function where Y  is semi

regular and dense in itself, then f  is continuous.
P r o o f . Lemma 3.2 and Theorem 2.4 of [8].
R em a rk  3.5. Example 3.1 shows that the condition ‘semiregular’ on the space Y 

in Theorem 3.4 cannot be dropped. Example 3.3 shows that the condition ‘dense in 
itself’ on the space Y  cannot be dropped.

D e fin itio n  3.6. A function / :  X —F  is said to be presemiclosed if f (A )  is semi- 
closed in Y  whenever A is semiclosed in X.

R em a r k  3.7. A bijection / :  X ^ Y  is presemiopen if and only i f / i s  presemi
closed.

L em m a  3.8. Let f :  X-+Y be a presemiclosed function where Y is dense in itself. 
I f  (x) is semiclosed in X, then {fix)} is nowhere dense in Y.

P r o o f . Since/is presemiclosed, {/(x)} is semiclosed in Y. By Lemma 2.8, since 
Y is dense in itself, {/(x)} is nowhere dense in Y.

T heo rem  3.9. I f  f  : X —Y is an irresolute, presemiopen and presemiclosed func
tion where Y  is s-semiregular and dense in itself, then f  is continuous.
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P r o o f . Suppose /  is not continuous. Then there exists a non-empty open set G 
in Y  such that / _1(G) is not open in X, and so there exists x £ /-1 (G) such that 
x^Int Since {x} is nowhere dense and hence semiclosed in X, by Lemma
3.8, {/(x)} is nowhere dense in Y. Since Y  is .v-semiregular, there exists a regular open 
set H  such that f ( x )€ H a G  and so x £ f ~ 1(H)c:f~1 (G). Since f ~ 1(H)  is open in X  
by Lemma 3.2, x£lnt ( f~ 1(G)), a contradiction to the assumption. Hence /  is 
continuous.

Example 3.1 shows that the condition ‘5-semiregular’ on the space Y  in Theorem 
3.9 cannot be dropped. Example 3.3 shows that the condition ‘dense in itself’ on the 
space Y  cannot be dropped. The following example shows that the condition ‘prese- 
miclosed’ on the function cannot be dropped.

E xa m ple  3.10. Let the space X  be the space X  of Example 3.1 and Y={x,y,  u) 
with the topology <5 =  {T, {x, y), 0}. The space Y is 5-semiregular and dense in itself. 
Define / :  X-»Y  by f (a )~x ,  f{b )= f(d )—y and f (c)  = u. f  is both irresolute and 
presemiopen but neither presemiclosed nor continuous.

L em m a 3.11. I f  f  : X —Y is an irresolute, presemiopen and presemiclosed func
tion, then f  is almost open.

P r o o f . Suppose /  is not almost open. Then there exists a non-empty regular 
open set G in X  such that /(G ) is not open in Y  and so there exists x£G such 
that /(x ) (J Int (/(G)). Since regular open sets are semiclosed and /  is presemiclosed, 
A = Y —f{G) is a non-empty semiopen set not containing/(x). Now /(x )  $ Int (/(G)) 
implies that /(x)€Cl (A) and so by Lemma 1.2, iU{/(x)}CS.O. (F). Since / i s  
irresolute, / _1(Л U {/(x)})€S.O. {X). By Lemma 1.6, G n / _1(dU {/(x)})=
= B£S.O.(X). Since / i s  presemiopen, /(B)£S.O. (Y). But /(x )€ /(B )c /(G )fl 
n(dU {/(x)}) = {/(x)} which implies that {f(x)}=f(B). By Lemma 1.3, {/(x)} is 
open in Y, a contradiction to the assumption that /(x )$ Int (/(G)). Hence /  is 
almost open.

The following example shows that the condition ‘presemiclosed’ on the function 
/ i n  Lemma 3.11 cannot be dropped.

E x a m ple  3.12. Let the space ХЪе  the space X  of Example 3.1 and Y = X  with 
the topology <т=(У, {a, b), 0}. Define / :  X —Y  by f (a)—a, f (b )=f (c )—b and 
f (d )  = c. f  is an irresolute, presemiopen function but neither presemiclosed nor 
almost open.

L em m a 3.13. Let f: X —Y be an irresolute and presemiopen function. I f  {>’} 
is nowhere dense in Y, then / _1(y) is nowhere dense in X.

P r o o f . If {y} is nowhere dense in Y, by Theorem 1.4 of [3], f ~ 1(y) is semiclosed 
in X. Suppose sínt ( / - 100)^0- Let x€slnt ( f ~ 1(yj). Then there exists a semiopen 
set G such that x £ G c f ~ 1(y). Since /  is presemiopen, /(G)={y} is semiopen in Y, a 
contradiction to the fact that {y} is nowhere dense in Y. Therefore sínt ( /~ 1(y))=0. 
By Lemma 1,8 ,/~ 1(y) is nowhere dense in X.

T heorem  3.14. I f  f :  X-+Y is an irresolute, presemiopen and presemiclosed func
tion where X  is s-semiregular, then f  is open.
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P ro o f . Suppose / is not open. Then there exists a non-empty open set G in X  
such that /(G ) is not open in Y. Since Int (/(G))?í0, there exists x€G  such that 
/(x)$Int (/(G)). Since {/(*)} is nowhere dense and hence semiclosed in Y, by 
Lemma 3.13,/“ 1 ({/(*)}) is nowhere dense in X  and so {*} is nowhere dense in X. 
Since X is j-semiregular, there exists a regular open set H such that x € H c G  and so 
f{x)^f(H)af(G).  By Lemma 3.11, f (H )  is open in Y  and so /(x )€ ln t (/(G)), a 
contradiction to the assumption. Hence / i s  open.

Example 3.1 shows that the condition ‘j-semiregular’ on the space X  in Theo
rem 3.14 cannot be dropped.

T heorem  3.15. I f  f :  X-»Y is a presemiclosed function from an s-semiregular 
space X  into an s-semiregular and dense in itself space Y, then f  is continuous and open 
i f  and only i f  f  is irresolute and presemiopen.

P r o o f . Theorems 3.9 and 3.14.
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ON DIVISORS OF SUMS OF INTEGERS. I
A. SÁRKÖZY (Budapest) and C. L. STEWART* (Waterloo)

§1. Introduction. Let TV be a positive integer and let Ax, ..., Ak be non-empty 
subsets of { 1 , TV). Let \At] denote the cardinality of At. For any integer n larger 
than one let P(n) denote the greatest prime factor of n. In [1], Balog and Sárközy 
proved, by means of the large sieve inequality, that if | |̂ 4a| >  100iV(log N)2 and 
N  is sufficiently large then there exist a1£A1 and a2€_A2 such that

P (a i+ a 2) 1 (Их1И21)1/2
16 log N  ‘

In the same article they obtained a slightly weaker result by means of the Hardy— 
Littlewood method. We propose to employ the Hardy—Littlewood method in connec
tion with this problem in a sequel to this article. However, the purpose of this note is 
to estimate P(ax + ... +ak) where ax, ...,ak are chosen from the к  sets Ax, ..., Ak 
respectively. Put

т = ( П Ш ) 1/к.
7=1

T heorem . Let Ax, ..., Ak be non-empty subsets o f  (1, ..., N) with |^ х| = т т  \At\ 
and 1, and let ebe a positive real number. I f

2 Ш  > ( i +£)tv,
i=i

then for any prime p  with 7V</i<^l+-^-]v, there exist a f A iy for  / = 1, ..., k, 
such that
(1) P(ax+.. .+ak) =  p,

whenever N> Na(e, k). I f  T>8N112 log N, then there exist a f A t, for i= l , . . . ,k ,  
such that

kT
(2) ■ P{a1+...+ a J >  14log f  >

* This research was supported in part by Grant A3528 from the Natural Sciences and Engi
neering Research Council of Canada. I ■.
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fo r  N > N t ( k ) .  Further, there exist a ^ A , ,  fo r  j = l, k , such that

(3) /»(öi + .-.+öt) .

f o r  N > N t (e, k). H ere N 0{e, k ), N t (k )  a n d  N 2(b, k ) are num bers which are  effectively  
com putable in terms o f  e and k, k , and  e an d  к  respectively.

To prove (1) we appeal to the Cauchy—Davenport Lemma. Note that we are able 
to specify the greatest prime factor of a x + ... + a k in this case. For the proof of (2) we 
use the large sieve inequality in conjunction with the Cauchy—Davenport Lemma. If 
k —2  then (2) yields the result of Balog and Sárközy referred to above. Finally, (3) 
is obtained using the Cauchy—Davenport Lemma and Gallagher’s larger sieve.

In the following result, which is an immediate consequence of our theorem, we 
require that all the summands be taken from a single set.

Corollary. L e t A  be a non-em pty subset o f  {1, ..., N } ,  le t e be a  p o s itiv e  real 
number an d  let к  be an in teger larger than one. I f  |Л| >(1 + e ) N /k  an dp  is  an y  prim e

number with +-^J iV then th ere  ex ist ax, ..., ak in A  such that

P i a ^ - .  +  af) =  p ,

fo r  N  sufficiently large in  term s o f  e a n d  k . Further, i f  |/4|>8i'í1/ílog N  then there 
exist a t f  . . . , a k in A  such that

P (a l F . . . - l - a k)
k\A \

14log \A \’

fo r N  sufficiently large in  term s o f  k . Furtherm ore, there ex is t *(, 
that

P (a l  +  . . . + a f ) \A I
дп/*+• *

a* in A  suck

fo r  N  sufficiently large in  term s o f  e an d  k .

It would be interesting if one could obtain results of comparable strength to the 
above for subsets of {1, ..., N }  of cardinality less than N 1/k. The only result of which 
we are aware in this connection is due to Erdos and Túrán [4]. They showed, in 1934, 
by means of an elementary argument that for any finite set of positive integers A  there 
exist integers ak and aa from A such that

Р (а 1 +  а г) =- c log \A\,

for a positive constant c.

§2. Preliminary lemmas. Let Z denote the set of integers.

Lemma 1 (Cauchy—Davenport [2], [3]). L e t p  be a p r im e  number and le t A  and В 
be a  su bse ts o f  Ъ1рЪ. I f  \A \= m  and \ B \ —n then \ A + B \^min { n t + n — l , p } ;  here 
А + В = { а + Ь \ а € А ,  b £ B } .
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Lemma 2 (large sieve). Let J f  be a set o f integers in the interval [M + 1, M-\-N], 
For each prime p let v(p) denote the number of residue classes modulo p that contain an 
element o f J f . Then for any positive integer Q we have

N+Q* for L X  П4=Q p\q
p -v (p )

L q̂ o sin
where the summation is taken over square-free positive integers q.

Proof. See Theorem 7.1 of [8].

Lemma 3 (Gallagher [5]). Let J f  be a set o f integers in the interval [M + \, М+Щ.  
For each prime p let v(p) denote the number of residue classes modulo p that contain 
an element o f Jf. Then for any finite set o f primes S  we have

2  log p —log N
m  ^  ^ --------------- ,

Z ^ - l o g *  i t s  v(p)

provided that the denominator is positive.

We shall also require the following result.

Lemma 4. Let p and к be integers with f c s 2 and p —l S ( L  —1)\ Let
D =\(x1, |jci +  ... +** = 1 + - —— a n d ~ S x — - for /= 1 , ..., л |.  ThenУ p p p )

(4)

and

(5)

min [ f  Í— -1 }  =
D i i i  \ X i  )

k 1
min 2  — =  D i t 1 xt

1 + k - 2 - 1

к2

1 + к - 2

Proof. First we shall establish (4) by induction on k. It is readily checked that
(4) holds for к =2 and so we may assume that к >2. Our inductive hypothesis is
that (4) holds with к — 1 in place of A:. We observe that the minimum of /7  —

in D, occurs in D0 where ö 0= |(jr1, . . . ,xk)£D | jcx -F... +*fc = l + ~ ~ |  • Note also

that Í ( j - í )  and ^ l o g f —- l )  achieve their minimum value in D0 at the 
same points. Applying the method of Lagrange multipliers we conclude that if 
JS’l o g -----11 has a local minimum at (jc15 ..., x*) in the interior of D0 then for all
i=l '
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integers i and /' with 
and j  then

\ S i , j ^ k  either x — Xj or х{=1 — Xj. If for all г

On the other hand if x — l —Xj for some i and j  then Х;+ху =  1 and by the defi
nition of D0 we have xt = —for some integer /. Similarly if (xx, ..., xk) is on the boun-

P
dary of D0 then we again have x,= —for some integer I. However, if x t= — and

P P
(xx, xk) is in D0 then

where
i * l  i?H

D' = {(xx, . . . ,x ,_x, x i+1, . . . , x k)£Rk +  +  Щ 1 +

and — ^  Xj ^  -1 for i =  1, / —1, Z+l, ..., k\.
P P

k - 3

By our inductive hypothesis the minimum over D' of JJ (—— l) is
i =  l  H i  J
•V i

к - 1

1 + k - 3 - 1 , which is at least 1 since к >2. Therefore if (xx, . xk) is a

point in D0 with X,—— then 
P

я Р — i ) ^ p - i ^ ( k - i y
1 =  1 \X ;  )

consequently the minimum of on D occurs with

Thus (4) holds and this completes the induction.
To establish (5) requires only a routine application of the method of Lagrange 

multipliers. Alternatively (5) can be deduced from the arithmetic-harmonic mean 
inequality. j
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§3. Proof of the main theorem. We shall first prove (1). Let p  be a prime with 
Assume that jV>max ^ , kj and put Ai(p) =

= {а+рЩа^А^} for i = l , k. By repeated application of Lemma 1 we find that

(6) Mi (p)+  -+ A C p)I — min{ \Ai(p)\-(.k-l),p}.

Since {1, N}  and p > N ,  \Ai(p)\ = \Ai\. Therefore

2  \MP) I  > ( l + e ) i V

and, since — N > k — l,the minimum on the right hand side of (6) is p. Accordingly,
\A1(p) + -..+Ak(p)\=p, hence A1(p) + ... +Ak(p) = ZjpZ. Therefore there exist 
a^Ai,  for i= l , . . . , k ,  with p\a1 + ...+ak. Since a1 + ...+ ak^ k N , k ^ N  and 
p>N,  P(a1 + . . .+ak)=p as required.

kTTo prove (2) we assume that T ^8 N 112 log N  and we put Q — ^  ̂ ^ . Further,
we shall suppose that N  is chosen sufficiently large for the subsequent argument; 
in particular, large enough that ^  >(k — I)*, T i n >k  and 7V1/2> 8  log N. We shall

now show that the assumption that P(ak + ... whenever a^A j, i=l ,  ..., k,
leads to a contradiction and this will establish (2).

Applying Lemma 2 with M —0, we find that

\ A t
N+Q2

2ß/2-=p-=ö
P-Vj(p)  ’ 

Vi(p)
where the summation in the denominator is taken over primes p  and where vt(p) is 
the number of residue classes modulo p that contain an element of At. Thus

(7)
where

N+Q2
H

H = ( #  2  .Vi=i e/2-=p-=ö vi\P) '
By a generalization of the Cauchy—Schwarz inequality (see 81.3, page 68 of [7]),

(8) 2Q/2«=p-=aШ  v;(p) J
Define Aj(p) as above and notice that, by Lemma 1, we again obtain (6). How

ever, for each prime p with ~~=^p^Q, A1{p) + ... +Ak(p) does not contain the zero
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residue class hence \AX(p) + ... +Ak(p)\^p — \. Further, vi(p) — \Ai(p)\ and there
fore

(9) V i0>) + .. .  + v*O) p  + k -2 .

Certainly 1 ^  v,(p) — 1 and thus putting 

we find, since p > ~ > (k  — l)k, that

v.O) =xt and applying (4) of Lemma 4

( 10)
(Д ^ -О Г -Г З Е

1 ar — 2 -  2

By the prime number theorem,

(П)

P

kQv A ̂
Q/2-cpcQ 2 5 lüg ß  ’

for N sufficiently large. Combining (7), (8) (10) and (11) we obtain

N + Q 2
kQ

5 log Q

By assumption Af1/2>8 log N  and so N ^ j Q 2. Thus

and, since Т 1/7

kT
6 ß l 0 g ß -  7 T ^ T l0gfcr’

kT
7 log T log kT kT  

6 '
This gives the required contradiction.

Finally, we shall prove (3). We may assume without loss of generality that e is 
less than one. Put

Q = M i l
jyVk+Ф and Qx = \AX |.

We shall assume that N  is sufficiently large in terms of e and к  for the validity of 
the argument to follow. Further we shall assume that Q>N*'2 and that P{a1 + ... 
...+ a t) ^ ß ,  whenever а£Л г, i= l , . . . , k .  Let v,(p) denote the number of residue 
classes modulo p  that contain an element of At. By Lemma 3,

( 12) Mil S
2  logp — log#

Q̂ P̂ Qi___________

2  ^ x - i o g  n '
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for 1= 1, k, whenever the denominator is positive; here the summations are 
taken over all primes p between Q and Q1. We shall show that for at least one integer

g
i the denominator in (12) is at least—log N. As before we find that (9) holds for each

primep with Q<p<Q\- Since l^V ;(p)^p — 1, on putting V|̂  =  x t and applying
(5) of Lemma 4 we find that

_1_ log P a  log p к
к Á  V;(p) ~  P 1 fc —2 '

Since p > Q ^ N ‘/2,

1 +
k , e
k - 2  "  8

for N  sufficiently large. Thus

j Z (  2  ^ - i o g w ) =  2  ( r i S ) - lo^ !
к  i = i  ^ i \ P )  '  Q ^ P ^ Q x  *“ 1 V i \ P ) '

C-=p-=Gi
By Theorem 425 of [6] there is a constant C such that the right hand side of the above 
inequality is

ё  (fc - ! )  d°g &  -lo g  ß  -  C) -  log ЛГ s  (fc- ± )  log (ßr/Ö )-lo g  N.

This in turn is >ylogiV , since /с = 2, e< l and Q1/Q=N1,k+eta. Since the ave
rage of the denominators in (12) is at least e/2 log N, for at least one integer i,

2  log p log N
\A .\ ^  ---------- -------- .

у  log N

Hence, by the prime number theorem,

m = £  4&  -  4 Mil
1 elogA e l o g A ’

for N  sufficiently large. But [̂ (xj ̂  |^ 4| and so we have a contradiction for N  suffi
ciently large. Therefore either P(uj-f... +ak)> Q  for some ах^А/,  /=  1,..., к  or 
Q<Ne/2. Consequently, for some a^A t, i =  1, k,

, . ч Q _  \Aj\
P ( a l A - ^  pje/2 f l l / k + t  ’

as required.
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SOME MONOTONICITY PROPERTIES OF THE ZEROS 
OF ULTRASPHERICAL POLYNOMIALS*

Á. ELBERT (Budapest) and A. LAFORGIA (Torino)

1. Introduction

A well known result of Stieltjes [4, p. 121] asserts that the £th positive zero
x ik \  £ = 1,2, ..., j ^ j  of the ultraspherical Jacobi polynomial P(„x> (x) decreases as A
increases, for A >0. Recently one of the present authors [3] proved that the function
X x ^  increases as A increases provided 0<A<1 and £=1,2, ..., J y j . Ahmed [1]
extended this result to the larger interval 0<A s3/2.

In this paper we prove further monotonicity properties of x ^  and 0<jP =  
=arc cos x^K Our principal tool is the Sturmian comparison theorem which will 
be enunciated in the following lemma.

L emma (Sturm comparison theorem). Let the functions у {x) and Y(x) be nontrivial 
solutions of the differential equations

y"{x)+f(x)y(x) =  0, Y''(x) + F(x)Y(x) =  0,

and let them have consecutive zeros at xk, x2, ..., xm and Xk, X2, ..., Xm respectively 
on the intervals (a, b) and (a, В ).

Suppose that the coefficients f(x ) , F(x) are continuous, that f( x )  <  F(x) on the 
interval (a, Xm) and that

(1.1) lim [ / W f W - y W F 'W l  = o.JC-*-a +

Then Xk<xk for k = l,2 ,. . . ,m .

This version of the Sturmian theorem, taken from [2, p. 247] differs from the 
usual formulation in the fact that here we require the inequality / (x )<  F(x) only on 
the interval (a, Xm), and not on the larger interval (a, xm) or on (a, b).

The connection between the two differential equations under the conditions of the 
Lemma is simply characterised by saying that the second differential equation is a 
Sturmian majorant of the first one.

The main results of this paper are the following theorems.

Work sponsored by the Consiglio Nazionale delle Ricerche of Italy.
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Theorem 1. Let

1 ̂ '=2 | y j . Then for

( 1.2)

i,j, n, rn be natural numbers such that m ^ n ^ l ,  

-1/2-= As 3/2 the determinant

sign/.
y(f) v(^) * n i  л п,1 + 1

y(^ y( )̂л т , ]  + 1

is positive provided and the integer 1^0  satisfies the relations
—min {/— l , j — l}< /<m in {n — i, m —j }.

T h eo rem  2. Suppose that — 1 /2<A-=A', 0  s  A' = 1 /2 anrf n S 4 .  Then

provided

sign ( i-k )
e iP  o<P
ö'kA) 6<T

> 0

ij^k.

2. The proofs

In this section we shall give the proofs of the theorems announced above and 
also two corollaries of Theorem 1.

Proof of Theorem 1. The function

u„x(x) =  (1 — x2)i/2+1/4P<i)(jc)

satisfies the differential equation

(2. 1)

where

(2.2)

y"(x)+p„,x(x)y(x) =  0, - 1  <  x <  1,

, N (n + A)2 2 + 4A —4A2 +  x2
Pn,x(x) = --- Í---—  +  ’1 —X2 4(1- x 2)2

Substituting x by x ^ t  we have that the function unX( x j , P t )  is a solution of the dif
ferential equation
(2.3) z"(t)+q„'X,i(t)z(t) = 0,
where

(2-4) qn,x,i(t) = (x iP fp n, x(x(„P t)•

Besides (2.3) we consider the differential equation 

(2-5) w'(0+?»,A,7(0w(f) =  0
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satisfied by um l ( x $  t ). The functions u ^ x ^ t )  and uml( x $ t )  have consecutive zeros 
at

vW
*nk =  Г Щ »  ^  =  1» 2 ,  . . .  ,  П, 

x ni

JC<Vmk L — 1 2 m ,

respectively.
For the sake of short notation we introduce £, and tj by £,= x^f\ r\=x$ . Then 

by the conditions of Theorem 1, 0 <£<!/. We claim that the differential equation
(2.5) is a Sturmian majorant for (2.3) if — 1 / i / < l /т]. To prove this it is sufficient 
to show that the function A defined by

A = 4(1
is positive. Using (2.2) and (2.4) we get

A = 4 (m — л) (m + л + 2A) (1 — £2/2)2 (1 — i/2í2) í/2 +
+ (n2- ^ ) [ 4 N + A - ( 4 N - l ) ^ + r i2) t2+ (.4 N -A -2 )^rj2ti] =  Ax+A2,

where 7У=(л+А)2, Л=2+4А —4A2. It is clear that Let a, ß be defined by
a = ^ 2i2, ß = if t2, then 0 < a < /? < l; thus the term A2 can be written as 
А2 =(п*-£*)<12, where

d2 =  d2(<x, ß) =  4ЛЧ-Л-(4Лг-1)(а+/?)+(4ЛГ-Л-2)а/?.
The values of d2 depend linearly on a and ß, hence

d t s  min {d 2( 0 ,0), d 2(0, 1), d,(l, 0), d2(l, 1)} = min {4А+Л, Л + 1,0}.

By our restrictions on A, л we have

Л + 1 =  -4A 2+4A+3 =  ( —2A+3)(2A + 1) S O
and

da(0,0) = 4ЛЧ-Л S47V-1 =  (2л+2А+1)(2л+2А-1) >  0.

Hence A is positive and the differential equation (2.5) is a Sturmian majorant for
(2.3). Now the functions мпЛ(х^л)0  and umX(x'J] t )  have a commo zero at 7=1 and 
the limit condition (1.1) is trivially satisfied with a = l in the present case. Applying 
our Lemma to the differential equations (2.3) and (2.5) we obtain the inequalities

t n . i + t ^ U j + i  for / =  1, 2, min { n - i , m - j } ,

for /=  1, 2, ..., min { i - 1,7 - 1),
which is equivalent to the positive sign of the determinant (1.2). Thus the proof of 
Theorem 1 is complete.

Corollary 1. L et 1 ^ / ^ y j  and —1/2< Â 3/2. Then the quotient x f f l /x W  

increases with respect to n f o r  k > i  and decreases fo r  1 Sfc-=i.
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Proof. The conclusions o f the Corollary follow from Theorem 1 when we con
sider the case i= j  and m>n. In fact under these hypotheses we know that 
<x2* and then Theorem 1 yields

sign (k — i) •
у(Я) -у-№
„(Л ) (Д) 0,

from which the desired result follows.

Corollary 2. Let l= /< /s |^ |-J  and —~ A S . Then the quotient x  
/x („ j+i increases when the integer l increases from  0 to n + l —i.

we can apply Theorem 1 with m =n  obtaining theProof. Since x, 
desired result.

Proof of Theorem 2. Let us consider the function vnA(0) defined by 

плЯ(0) = (sin OfP'f'* (cos в) 

which satisfies the differential equation

(2-6) * ± + rnX(ß)v = 0,
where

(2.7) rn,{0 )= {n+ W  +
Я(1-Я)

sin20

For the sake of simplicity we introduce the notations c and d by c — Off and 
d= h ii)- Due to the restrictions on Я, Я' we have c<d. The functions Vxiß) — 
= v„-(cO) and v2(fi)—vnX(d&) satisfy the differential equations

(2.8) -j0^+sn,i(0)t’i — o
and

(2.9) ^ Í + s nX.(e)v2 = 0,

respectively, where snX(0) = c2rnX(c0) and snX,(0) = d2rnX.{d0). However the zeros of 
vfO) and v2(0) are at Off/с, j —l, ..., n and e tf'fd , j — 1, ..., n, respectively, satis
fying the relations

and
0 <

Д(А') 
° n , k - 1

б й +1 . 0W
<  "" < n

c c c

e & h  . QU")unn n
d d d '

Acta  Mathematica Hungarica 48, 1986



T H E  ZEROS OF U LTRASPHERICAL PO LY N O M IA LS 159

We claim again that the differential equation (2.9) is a Sturmian majorant for
(2.8) if О<0<тгД/. In order to prove this statement we must show that the inequality

2 (1- 1)1 
sin2 (C 0 )  J

holds. Since и + 2 '> и + 2 >  0 and 2'(1 —2') a  max (0, 2(1 —/)}, it is sufficient to 
show the validity of the inequality

d2 c2
sin2(d6) > sin2(c0) if 0 <  0 71

7 ’
But this holds because the function 0/sin 0 increases for O<0< 7t and we have 
0 and O<d0< 7i. Moreover, in this case the common zero of u,(0) and v2(0) 
is at 0 =  1 and the limit condition (1.1) in our Lemma is satisfied with a=  1. So an 
application of the Sturmian comparison theorem gives

0<*> 0W
d c

for j =  1, 2, . . , , / c -

0(яо 0U)wnj un]
d c for j  = k + 1, ... ,  n.

This completes the proof of Theorem 2.
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A STRONG APPROXIMATION THEOREM 
FOR SUMS OF RANDOM VECTORS IN THE DOMAIN 

OF ATTRACTION TO A STABLE LAW
I. BERKES (Budapest), A. DABROWSKI (Ottawa), H. DEHLING (Göttingen) and

W. PHILIPP (Urbana)

1. Introduction. Let x x, x2, ... be independent, identically distributed symmetric 
random variables in the domain of normal attraction to a stable law Gx of exponent 
0< a< 2 . As is well-known this is the case if and only if the distribution function F  
of X! satisfies
(1.1) l —F(t) =  c t ~ * + ß ( f ) t ~ ir, 0

where c>0 and /?(/)— 0 as i —°°. Further, if this condition is satisfied, then {*,} 
are outside of the domain of partial attraction of the normal distribution and thus, 
by a theorem of Heyde [7], for any positive numerical sequence {a„}, we have

(1.2) lim + — о a s or fim +  ^  a s
a„ »*“  an

according as 2  jP{l*il>an} converges or diverges. We say that {a„} belongs to the
П = 1

upper (lower) class if the first (second) relation of (1.2) holds.
In [12] Stout proved an almost sure invariance principle, the first of its kind, 

which can be summarized as follows: Let xx, x 2, ... be independent symmetric ran
dom variables with common distribution function F satisfying (1.1) with o O ,  
0< a< 2 , ß (t)—0. Let у be a symmetric stable random variable belonging to the 
same parameters c, a, i.e.
(1.3) P{y >  t} ~  ct~a as (-*■«>.

Let {an} be an upper class sequence. Then under some regularity conditions on ß 
there exists a sequence of independent random variables {yt, i= 1, 2,...}  each having 
the same distribution as у  such that

(1.4) 2 X i-  2 y t  = 0(a j(a„ ))  a.s.
i= l i= l

Obviously, a„—(n log n)1/x(log n)y belongs to the upper class iff y>0. Thus, if 
ß(t) = 0{t~ x) for some A>0, then the remainder term in (1.4) is 0(n1/ai_t) for 
some t> 0. Similarly, if /?(/) =  0((log /)~д) for some A>l/a, then the remainder 
term in (1.4) is 0 (n1/a(log n)~x) for some t> 0. However, a„=(n log n)1'1 belongs 
to the lower class and thus if /?(i)~(log t)~x for A<l/a, then no matter how we 
choose the upper class sequence {a„}, the remainder term in (1.4) cannot be 0(n1/x).

и
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Thus, if ß(t) tends to zero very slowly, Stout’s theorem does not even imply the weak 
limit theorem
(1.5) «_1/ai(* i+ •••+*„) — * <?«•
One purpose of our paper is to extend Stout’s theorem to cover functions ß tending 
to zero arbitrarily slowly.

Theorem 1. Let xx, x 2, ... be independent identically distributed symmetric ran
dom variables with distribution function F(x) satisfying
(1.6) l - F ( t )  = ct-*+ß(t)t-*, t ^ t 0
where о 0, 0< a < 2, /?(?)->-0 as t-* +  °o and ß(t)t~x is decreasing for t ^ t 0. 
Then, i f  the probability space is rich enough, there exist sequences {y;, j ё  1} and 
{zj, i ^ l )  o f independent random variables such that

(1.7) 2 ( x i- y i- z i)<scn1l“->-
i = l

where A> 0  is a constant, the common characteristic function of the y?s is 
exp ( — c-j! ZI“) for some cx> 0  and the z?s have a common symmetric distribution func
tion F fx )  satisfying

(1-8) l - F 1(t) = ß(t)t~*, t ^ t 0.
Finally, the sequences {yt, i ^  1} and {z;, /^ 1 }  are independent of each other.

П  П

Note that in Theorem 1 we approximate the partial sums 2  xt not by 2  У(
i=i i=i

n n
of i.i.d. stable random variables but by 2  У1+ 2  zn where yt are i.i.d. stable

1 =  1 1 =  1
random variables and zt are small “correcting” random variables which are i.i.d. 
and also independent of the y;’s. As Theorem 1 shows, such an approximation is 
always possible (no matter how slowly ß  tends to zero) with a remainder term 
0(n1/x~x), X >0. Rewriting (1.7) in the form

(1.9) 2 x i ~  2 У1- 2  zi+ 0(n1lx~x) a.s.
*=i i=i ;=i

we see that Theorem 1 enables one to decompose the remainder term 0(a„ß(an))
П

in Stout’s theorem (1.4) in the form 2! 2, -И9(и1/я_л) where the z;’s are independent
;=i

random variables with common distribution function F± defined by (1.8). Conse
quences of this decomposition will be discussed in Section 4. As we shall see, (1.9) 
is more informative than Stout’s theorem for ß(t) tending to zero more slowly 
than any negative power of t; for example, it enables one to derive limit theorems for 
{x„} even when the remaider term 0(a„ß(a„)) in Stout’s theorem (1.4) is too weak 
to do that. Moreover, (1.9) leads to an improvement of Stout’s theorem for a<  1, 
see (4.7).

Stout’s proof is based on the quantile transform method and is thus restricted to 
the treatment of real-valued random variables. Since our proof of Theorem 1 is based
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on a multidimensional approximation theorem of Berkes and Philipp [3] we can also 
treat vector-valued random variables. The second purpose of this note is to prove such 
an invariance principle.

Let {jCj ,./=1} be a sequence of independent Revalued random vectors with 
common distribution function F, belonging to the domain of normal attraction to 
a stable law Gx of exponent 0 < a < 2 . Let

(1.10) v(m) = f  \x\m\F—Gx\(dx), m = 1,2,.. .
Rd

be the pseudomoments of F—Gx. Then we have
Theorem 2. Let {x j,y^ l}  be as above and suppose that

(1.11) v ( l+ [a ] )< ~ .
Then, without changing its probability law, we can redefine the sequence {xj ,7= 1} 
on a new probability space together with a sequence { ^ ,_ /^ 1} of independent random 
variables with common distribution Gx such that
( 1. 12) 2  (x j—yfi <sc п11с‘~л a.s. 

j^n

with probability 1 where A = —.32(a +  l)a
Here, [a] and {a} denote the integral and fractional part o f a, respectively.
Theorem 2 gives new information only for d> \ since for d=  1 (1.11) implies 

that the distribution functions F and Gx of x x and y± satisfy \F(t)—Gx(t)\ = 
— 0 {t~ w), t-* ± ° ° and thus

1 -F (t)  = c i-“+ 0 ( / - “- A) (A >  0).
But then, Stout’s theorem also yields (in the symmetric case) a remainder term 
0(nlla~Xl), Яг>0. Note also that for oc—2, Theorem 2 is well-known (see [11], 
Theorem 2). At the cost of some further calculations the theorem could be generalized 
to В-valued random variables under the assumption that their partial sums can be well 
approximated by their finite-dimensional projections with a certain degree of accu
racy.

We shall first give the proof of Theorem 2, which needs less preparations than the 
proof of Theorem 1 and thus makes the method more transparent. Section 3 then 
contains the proof of Theorem 1 and in the final section we make some supplemen
tary remarks in connection with Theorem 1.

2. Proof of Theorem 2. We first give some definitions and lemmas. For nonne
gative m, Jl5 ..., sd with s1 + ...+ si =m we put

p(Si,..., sd) =  / ui1... usf ( F —Gx)(du).
Rd

Define Sn—n~1/a 2  xj an^ write
ián

/„(/) =  E exp i(t, S„), (px(/) =  f  exp (i</, u))Gx(du)
R d

II* Acta Mathematica Hungarica 48, 1986
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and

•КО = n-(r-°)lx 2
s 1+ . . . + s d = r  S i ! .  . . S i ' .

Here and throughout the paper r= 1 +[a], It is well-known that for some constants 
Cj>0 and c, we have

<P«(0 = e x p ( - | / |a(ci +  ic2)).

Lemma 2.1 (Banys [2]). Suppose that (1.11) holds. Then there exists a positive 
constant A such that for all \t

| / „ ( 0 - ( l  + iK OK(0| ^An-('-*v*(\t\' +  \t \ '+ * + \t\* ')e x p {- jCl\t\-y

Corollary. Suppose that (1.11) holds. Then there exists a positive constant A 
such that fo r  all

( 2 . 1 )  | / . ( 0 - 4 > . ( 0 l  ^  An-*-**.
Proof. This follows at once from

\fn(t)-<Pa(t)\ = | /. (0 -  (1 + iKO) (01 + 1 iKO V« (О I =

S  Tn-(>-*)/«(|i|r+ |i|r+e +  | f | 2 r )  exP (  -  y  C l  l f l “ ) +An-('-*i* |t|r exp (  - y  | / | “ j .

Lemma 2.2. Let {c,j: ls ./S n }  be a finite sequence o f independent identically 
distributed Rd-valued random variables with sum S=  2  £/• Assume that the distri-

jsn
bution function o f \£x\ is continuous. Then L, defined by |£L| — jnax \£j\, is with proba
bility one, a well defined random variable that is independent ö f S  and has uniform 
distribution on {1, 2, n).

The proof of this simple lemma is given in [5].
Turning to the proof of Theorem 2, we first observe that there is no loss of gene

rality in assuming that F is continuous, since if it is not, we may convolve F with a 
Gaussian distribution of sufficiently small second moment so that (1.11) remains 
valid. The conclusion of the theorem remains uneflfected since for a sequence of 
independent identically distributed Gaussian random vectors the law of the iterated 
logarithm holds and since for all 0 <  a <  2 we get by elementary calculations 
(l/a )-A > l/2 .

The proof of Theorem 2 is now as follows. Put

(2.2) q  =  8(d+l)/(r-<x), у  =  4/a,

(2.3) tk =  [fce+1], nk = tk+1 — tk, Tk =  lcy, Hk = (tk, ifc+i],

(2.4) Xk = «L1/a 2  Xj.
iCHk
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We define Lk by |x,k+iJ  =  max |x;|. By Lemma 2.2 Lk is defined with probability 1,
has uniform distribution on [0, nk]CiZ and is independent of Xk.

Let f k be the characteristic function of Xk. Then by Lemma 2.1, (2.2) and (2.3) 
we have for all sufficiently large к and all \ t \ ^ T k
(2-5) \ m - c p M ^ c n k <'-«>/«.
Here c is a constant. Moreover,

(2.6) <s:Tk * <k k-*.

After possibly enlarging the basic probability space (Q, FF, P) we may assume that 
on this space there exists a sequence {u;, i'£ l}  of independent random variables, 
uniformly distributed over [0, 1] and independent of {x;, /S i) .  From (2.5) and (2.6) 
we get, using Theorem 1 of Berkes and Philipp [3], that there exists a sequence 
{Yk, к ̂  1} of independent random variables with common distribution Gx such that
(2.7) P{\Xk- Y k\ ^ * k} ^ z k 
where
(2.8) ak «  Tk l log «  k~312.
Moreover, as the proof of Theorem 1 of Berkes and Philipp [3] shows, {Yk, & £ l}  
can be chosen in such a way that Yk is measurable with respect to the а-field gene
rated by Xlr ..., Xk, Ml5 ..., uk.

Now, {.£,*, A:^l} is measurable with respect to the er-field generated by {xf, 
1̂ 1}, hence is independent of {ut, i = 1}. Since by Lemma 2.2 {Lk, k s l}  is also 
independent of {Xk, k ^  1}, we finally get that {Ьк,кш  1} is independent of {Tt , 
k s l} .

Let {yi, i^ l}  be a sequence of independent random variables, defined on some 
probability space and with common distribution G„. Denote by Lk the random 
variable defined by |y, + i*| =max \yj\. By Lemma 2.2 Lk is well-defined, has uni-
form distribution on [0, nk]C\Z and is independent of Yk =nk llx 2  Уj-

ян „
Hence the sequence {(Yk, Lk), fc^l} has the same distribution as {(Tt , Lk), k ^  1}. 
We apply Lemma A1 of Berkes and Philipp [3] to the joint law F of the sequences 
{xj, i s l ,  Xk, k ^ \ )  and {(Yk, Lk) ,k ^  1} and the joint law G of the sequences 
{(У*, Lk), fc^l} and ,/= 1 }  and the spaces S,1 = (R‘,)“ X(R‘,)“% S'2 = (R|1XN), 
S,3=(R‘i)°0. We obtain a joint law О with marginals F and G, which we realize on 
some probability space Q'. Hence, keeping the same notation we can set Yk = Yk 
and Lk=Lk. (For the details see [5], pp. 487—488.)

In summary, we have redefined the sequences {x;, iSi}, {Yk, k ^  1} and {Lk, 
k^ Y )  without changing their joint law on a (possibly) new probability space, which 
for convenience we denote again by (Q, !F, P), together with a sequence {yi5 i g  1} of 
i.i.d. random variables with common distribution Gx with the following properties:
(2.9) Y k =  n k 1/1 2  Уй IY t k + L k \ =  max \ y t \.

i £ H k l i H k

i.e. the location tk + Lk of max |x;| and max |y,| is the same.
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This together with (2.4) yields:

(2.10) Z  (■x j - y j ) =  n l ' \ X k- Y k).
j t n k

From (2.7) and (2.8) we get, using the Borel—Cantelli lemma,
Xk — Yk <sc ack <sc k~312 a.s. as к — °° 

and hence using (2.2) and (2.3) we find
(2.11) Z  (x i — yi) <<: ^  nj/aj_3/2«  i/г ^  ?(i/«)-a a s.

i^rfc j^k
This proves the desired estimate for all n of the form n—tk. For general n we need 
the following lemmas.

L e m m a  2.3. As & — we have

with probability 1.
max min Í j
"E»k 11 2  ■ I z  * , | } « 4 1/‘ ) - л

P roof. By Theorem 6.1 of de Acosta and Giné [1] we have for p<a:

su p E\n~1/X Z x j\P<°°-n^l j=zn
Thus the hypotheses of Theorem 12.1 of Billingsley [4] are satisfied with Uj = 1, 
yB=p and <xB=p/a. Hence the probability of the left side exceeding the right side 
in the statement of the lemma is bounded by nkplxtk ~*)2p<sc/c~5/4 by (2.2) 
and (2.3). Applying the Borel—Cantelli lemma we obtain the result.

Lemma 2.4. With probability 1 there exists a k0 such that for all k ^ k 0 there is 
at most one index j£Hk with |Xj|

P roof. Since s u p /“Ii >(|A'1|= - i ) < ° o  we have
ISO

P{min ( | X j | ,  |Xj-|) => t\!a~x for s o m e  i ^  j£ H k} «  nkP2{\xk\ >  / (V«»-*} ^

=  и gif <“A- 1) <k fc-з/2
by (2.2) and (2.3). The result follows now from the Borel—Cantelli Lemma.

Now let пШ1 be given and choose к such that n£Hk. Assume first that 
:= {|A |̂ ̂  6r̂ 1/a>—A}. Then we have by Lemma 2.3 and (2.11)

2 ( X j - Y j ) I =  I 2  ( X j - y j ) I + 1 z  ( X j - y j ) \ + m i n { | Z  * / | ,  I 2  * / | }  +

+  min {| Z
tk<js у  A 2  y j \ } + \ 2 xj \ « t \ a«/Si, JiHk

If on the other hand co£Ek then by Lemma 2.4 there is with probability 1 at most 
one /6 Hk with [jCj| Since со££* Lemma 2.3 implies that there is with
probability 1 a k 0 such that for k=ska:

\ Z xj -  2  Xj \  S  4 1 / я )  -  A, tk <  n <  Lk
j^n j^ tk
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and
I Z x j -  2  X j \  s s  L k ^ n ^ t k + 1 .
j s n  j s t k + 1

Indeed, as n runs through Hk the minimum in Lemma 2.3 must switch at least
at one location from the first term to the second term. Since co£Ek each such switch 
must occur at a location j  where \xj\ ^ 4 klx~x. Hence, in view of Lemma 2.4 there 
is exactly one such switch and this takes place at the location tk +  Lk of the largest 
|Xj|. These inequalities remain valid if Xj is replaced by у,- since the locations of the 
maxima in the blocks are the same for the x- and the у-process. Thus if Lk
by (2.11)

\ 2 ( * j - y j ) \  =  I 2  (*,— У;)|+| 2  * ,'M  2  y }\ «
j ^ n  j ^ ctk  tk < j ^ n  tk < j ^ n

We obtain the same estimate for Lk^ n ^ t k+1 in a similar fashion and thus the proof
of Theorem 2 is finished.

3. Proof of Theorem 1. We first need two lemmas.
L emma 3.1. Let F be a symmetric distribution function such that 1 — F(i) =  

=ct~*+ß(t)t~°‘ for  iS t0 where 0<a<2, cSO, ß(t)-*0 as t —+ °° and ß ( t) t~ ix 
is decreasing for t = t(). Extend ß(t) for all i^ O  by defining ß(t) = 0 for O s t < i 0- 
Then for the characteristic function f  o f F we have

(3.1) 
where

(3.2)

f(u) — 1 —ckux—ßfiu)ux-\-О (iF) as u|0

CO

dy.

(Here both integrals are convergent as Riemann integrals.) Moreover, ß fit) -*0 
as f|0.

P roof. The assumptions made on ß(t) imply that A =  sup |/?(t)| < + °°. Fix
tso

i/>0 and let fc0= [™ ] +1. The monotonicity of ß(t)t~x for t ~ t 0 implies that the 
terms of the sum

_ ««>„0 (■£ Is in j’
%  /  - 4 = — ^k=k.

are alternately positive and negative and their absolute values tend monotonically 
to zero. Hence the sum is convergent and thus the integral defining ß fu )  is convergent 
as a Riemann integral. It follows also that for k ^ k 0 (and consequently for A:Si 
if 0 <м^л/Г0)

(3.3)
- ß [ í ) s i n y

/ J
kit r  dy

(fc+Dit ß\ sin у
I  -

kit
---------- dy

y *
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On the other hand, as ß{t)-+ 0 for t — + °° we have for every fixed 1,

kn

I ’ i i )
sm у

У*
■dy — 0 as «(0

since the integrand tends to 0 for every fixed у  and |/i sin у  -у “ = A |sin у/у*
which is integrable over [0, kn]. As (3.3) holds for /cSl provided 0 < w ^ n/t0, it 
follows that ßi(u)-^0 as « — +0. To show (3.1) we write, using the symmetry 
of F and integration by parts,

/(и) — 1—2« J  (l — F(x)) sin uxdx = 1—2« J  (l — F(x)) sin uxdx+0(u2) =
о ,0

— 1—2« J  cx * sin uxdx — 2« J ß (x) sin MX dx + O («2) =

- 1 - 2 *  J  e- ^ d y - 2 *  f
t„u ” t„u

sm у
■dy + 0 (u2)

1- 2« - /  C- ^ d y - 2 u * f  
0 s

sm у
dy + 0(u~) =V0 *

= 1 - с 1ма-)51(и)м«+0(«*). □
Lemma 3.2. Let F and Fx be symmetric distribution functions such that 

\ - F ( j )  =  c t - ‘ + ß { i ) t ~ \  t ^ t 0 ,

l - F 1(t) = ß ( t) t - ,  t ^

where c> 0 , 0 -<os< 2, ß(t)-+ 0 as i ->- + °° and ß(t)t~x is decreasing for t ^ t 0. 
Let f  and f  be the characteristic functions o f F and Flt respectively. Then

(3.4) /(т ^ г )  = e x p ( - c 1|« H /1( ^ )  +0(n *)

for |м| =иг; here cy is the number defined by (3.2) and ő is a positive constant.
P r o o f . Since/ and f  are even functions, it suffices to consider the case н ё 0. 

Let ß1 («) be defined as in Lemma 1 then ßfiu)-~0 as «(0 and thus

provided O ^ u ^ n 112*. Thus we have by Lemma 1, setting g = min 2̂/oc — 1,-i-
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and assuming м*ёи1/4, и2̂ п с1г,

4 - ^ ) М - * М т У ) < 1+0< ^ » ] -

Applying Lemma 1 with c=0 we get

l-u 'ß A u )  = f1(u) + 0 (u 2) =Л(й)(1+0(и*))

provided |/1(M) |£ y  which is satisfied if |u|^w0 with a small u0. Using this, we get 
for \u\^ns, and <5 sufficiently small,

К  а Ш Г -  а Ш  H  УУГ -/■
Thus finally

/ ( 7717т) — / i  (7777т) (1 + 0 (n~ e,z)) ■ exp{ —с1мя + 0(и_с/2)} =

=  А  (7717т) exp ( -  схи*) (1 + О (n ~е/2)) = f  exp (—c1u*)+0 (n ~e/2)

for \u\-^ns, if 5 is sufficiently small. □

We can now complete the proof of Theorem 1. Obviously, Theorem 1 can be 
formulated equivalently as follows:

T heo rem  1*. Let x x, x 2, ... be independent identically distributed symmetric 
random variables with distribution function F satisfying (1.6) where о 0, 0-=ot<2, 
/1(f)— 0 as f—+ 00 and ß(t)t~x is decreasing for t ^ t 0. Let у and z be independent 
symmetric random variables such that the characteristic function of у is exp ( —с1|м|а) 
with cx defined by (3.2) and the distribution function Fx of z satisfies (1.8); put 
w=y+z. Then there exist independent identically distributed random variables wx, 
w2,... each distributed as w such that

(* !+ ...+xn)-(w’1+ ...+ w n) = 0(п1/а_А) a.s.

with a positive constant X.
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Theorem 1* is analogous to Theorem 2 and can be proved in the same way. Set 

fnO) =  E  exp {iun~lla( Z  **)}’ &■(«) =  E  exp {iun-l!* ( Z  w*)}
fc= l k —n

where wj, w2, ..., wn are independent random variables distributed as w. Then by 
Lemma 2 we have
(3.5) l/n(«)-gn(w)l ^  Cn~s for |w| = n6 
with positive constants C and <5. Also,

P{vv ^  t} ~ P{y ш t} ~  ct~a as t — + o°
i.e. w also belongs to the domain of normal attraction of the stable law Gx. Conse
quently, by the theorem of de Acosta and Giné above we have

sup £ |n _1/l1 Z  w k\x/2 <  +  00
Л * 1  * =  1

which implies

(3.6) P{n~1/X I 2  w*| ^  <sк t-*12 for t  sr 1, n a  l.

By (3.5) and (3.6) the Prohorov distance of the distributions belonging to /„(a) 
and gn(u) is <szn~e for some £>0. From this point on, we can follow the proof of 
Theorem 2 without any change (the w( playing the role of the y;) and we get Theo
rem 1*.

4. Remarks. In this section we discuss applications of Theorem 1 and its relation 
to Stout’s theorem. First we shall deal with the almost sure approximation. If
ß (x )S x~ y for some y>0 then Z  г 1 = 0(п1,х~Х1) a.s. for some by Theo-

i = l
n

rems 1 and 2 of Feller [6] and thus, as Z  zi Can be absorbed into the error term of
(1.9), we obtain in this case i=1

(4.1) Z xi - 2  У1 =  0(n1/x- x) a.s.
i ^ n  i ^ n

for some 1>0. This is equivalent to the conclusion of Stout’s theorem applied to 
this case.

On the other hand if ß tends to zero slower than any negative power of x, the 
situation is different. For the discussion it is convenient to formulate the following 
fact explicitly.

Lemma 4.1. Suppose that ß is non-increasing and that
(4.2) m o — CO for all S >  0
and
(4.3) K:= supß(t)/ß(t2) <oo.

Then
(4.4) P{ Z  zi = n(ß(an))1/a i.o.} =  0 or

i^n
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according as {a„} belongs to the upper or lower class o f { a „} i.e.

(4.5) 2 f l / <a> or = “ .
/iSl

R em a r k . If for instance ß(t)=(log t)~x or (log log t) x etc. for some A>0 
then the lemma applies.

Proof. By (1.8) £ ’|zi|y=°=> for any a < y  and so zf is outside the domain of 
partial attraction to the normal law (see [8], p. 117). Thus by [7, Theorem 1] a se
quence {c„} with c„> 0 belongs to the upper class for {z„, « ̂  1} if and only if

(4.6) 2  ^(1*11 =  cn} <  "■n^l

Let cn:=an(ß(an)y /x with then ax,2̂ c„^a„ for n=sn0 and thus

P{\zi\ ^  cn) = ß (c„)c-“ ^  a~“, n s
and

P{\zi| ^  c„} ^  ß(cn) a - alß(an) Ш Ka~x, n ёг щ.

Consequently, the series in (4.5) and (4.6) converge and diverge simulta
neously. □

As an immediate consequence of Lemma 4.1 we see that if {an} is an upper class 
sequence for {x„, n =  l} then

(4.7) 2  x i ~  2  y t =  2  z i + ° ( nl/x~*) =  ° ( a n (ß(an))1,x) a.s.i^n i^n i^n

This is better than Stout’s result (1.4) for a < l, but worse for a > l .
Passing from the almost sure approximation to approximation in probability 

we note first that if ß satisfies the hypotheses of Theorem 1 then

(4.8) n~1/x 2  zi 0 in probability.i^n

This follows immediately from the classical degenerate convergence theorem or 
from Lemma 3.1 with c=0. Hence by Lévy’s maximal inequality we have

n~1,x max I 2  zi\ -*• 0 in probability.
1—m—л î m

and hence by Theorem 1

(4.9) n~1,x max I 2  (x i~ T>)l -*-0 in probability.
i s m s / .  'i S m  1

Of course, (4.9) also follows immediately from [10, Theorem 1].
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OSCILLATORY PROPERTIES OF ARITHMETICAL
FUNCTIONS. I

J. KACZOROWSKI (Poznan) and J. PINTZ (Budapest)

1. Introduction

The first general theorem concerning sign changes of partial sums of arithmetical 
functions has been proved by E. Landau [8] in 1905 and sounds slightly reformulated 
as follows (we shall use the notation s= o + it throughout this paper):

T heorem  (Landau). Let f(x )  be real for x ^ x ü\ suppose F(s)=  J  f(x )x~ s~1 dx
*0is regular for <x>0 but not regular in any half-plane <7>0 — a with £>0. I f  F(s) 

is regular at s~ 0  then f(x )  changes sign infinitely often as
Unfortunately, this very beautiful and general theorem does not yield any infor

mation about the frequency of sign changes. For any real function f(x)  defined for 
x> 0  we may define the number V(f, Y ) of sign changes in the interval (0, У] as 
follows:
(1.1) V(f, Y) =  sup} N; 3 » i ,  0 <  xt < . . .<  x N Ш Y,

fixd  *  0, sgnf(x,) Ф sgn/(xi+1), 1 ^  I <  TV}.

We shall say, that V{f, Y )> h(Y )  with combined oscillation of size g(x) if there 
exists a series with sgn/(x^Fsgn f ( x 1 + 1) and |/(x,-)| >g(x;).

Imposing more conditions on the function f  Pólya [11] was able to deduce 
another general theorem concerning the behaviour of the function V{f, Г).

T heorem  (Pólya). Let f( x )  and F(s) satisfy the conditions o f Landau's theorem, 
further let F(s) be meromorphic in some half-plane a ^ 0 —ca, c0=-0. Let y= inf {|/|; 
F(s) is not regular at s = 0+ it} and let y=  °° i f  F(s) is regular on <7= 0. Then

( 1.2) ш Ш Л
r-~  log Y

У_ 
n '

Finally, Grosswald [3] succeeded in generalizing the theorem of Pólya, for the 
case when logarithmic singularities with principal part Pn( s —s„) log (j —s„) are 
allowed in the strip 0 —coS<7S 0 too, where Pn(u) are polynomials with 
sup deg Р„(м)< со.П

The aim of this work is to show that the ideas of the first named author [5] 
which led to the proof of

lim F(il / ( x ) - x ,  Y) 
log Y > 0, lim

Y-*-oo

F (n (x )-lix , У) 
log Y >  0(1.3)
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can be extended as to show Grosswald’s theorem with Ihn instead of Em. This will 
be our Theorem 1. The corresponding sharpening of Polya’s theorem will be formula
ted as Corollary 1. Corollary 1 enables us to prove at least c log F  sign changes for 
the partial sums of many number theoretic functions, including

(1.4) i j / ( x ,  q, 1 д ~ Ф ( х ,  q ,  I J ,  (Ji, q )  =  (Z2, q) =  1, U fá l2(q ) ,

(1.5) M(x) = 2
n^x

( 1.6) RÁ*) = в к М - Щ )  = 2  2
n ^ x  dk \n

X

Ш ’
in case of (1.4) using the hypothesis that there are no real positive zeros of L- 
functions mod q. This condition is necessary in some sense, due to the explicit for
mula

(1.7) ф(х, q, li) ф(x, q, l2) = 2  (x(k) ~x(h)) 2  ~  + 0(logx).
x(9) e=Qx Q

In the case of (1.4) Knapowski and Túrán proved [7] a very weak lower bound for 
the number o f sign changes under the same condition as our Corollary 2 (in part V). 
Further they showed (in part VI) V(f, F )>c log log F under the additional condition
that the domain <r>y, \t\^.cq10 is free of zeros of L(s, x, tf) functions. In case of
(1.5) and (1.6) the best known lower bounds for V(f, Y ) were c log T/logjpT (Pintz 
[10]) and clog log Y (Kátai [6]), resp.

The only general theorem, existing in the literature, which yields concrete lower 
estimate of V (f, Y) for every value of Y, seems to be Theorem 2 of Kátai [6] which 
ensures the inequality V(f, F ):»log log Y  for a wide class of functions. It is too long 
to quote exactly his theorem; however, we may remark that this class includes the 
functions (1.5) and (1.6) (but not (1.4), for general q). His theorem, although it 
refers to a smaller class of functions and it gives a weaker lower bound for V ( f  Y) 
has two advantages over our Theorem:

(i) it usually yields effective lower bounds for V(f, F );
(ii) it ensures a larger (in some cases, apart from a constant factor, optimal) 

size of oscillation.
Due to some theoretic reasons the method presented does not allow to obtain 

optimal oscillation. However, it is possible to prove a restricted version of it, Theorem 
2, which leads to V(f, F )> c  log F, as an effective estimate for a rather wide class 
of functions. The conditions imposed for F(s) are similar to that of Kátai’s Theorem 
2 [6].

Unfortunately the type o f singularities, as required in (3) of our Theorem 1 are 
not general enough to cover the most important applications with logarithmic singu
larities as n (x )— lix, e.g. (which was dealt with in Kaczorowski [5] using more 
complicated arguments). Thus, we have to remark that it is stated erroneously in 
Grosswald [3] that his Theorem 6 follows from Theorem 2. (Similarly Theorem D  of 
his paper [4] does not imply Theorems 3, 5a, 18, 20, 22, 24.) Another extension of 
Polya’s theorem for the case o f functions having logarithmic singularities is due to
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Levinson [9], although his theorem needs also some modifications to yield the needed 
applications.

In the 2nd part of this work, we shall extend Theorem 1 for a larger class of func
tions (including л (х )— li x, л(х, q, /j) — n{x, q, l2) and some other important arith
metical functions).

Acknowledgement. The first named author wishes to thank the János Bolyai 
Mathematical Society for the invitation to Budapest in 1983 and providing the excel
lent conditions to joint work.

2. Statement of results

We shall prove first a general theorem which, however, yields in most cases inef
fective results.

oo

T heorem  l. Let f(x )  be real for x^O  and suppose that the integral J  f(x )x~ s~1dx
о

converges absolutely for and represents in that half plane a function F(s)
having the following properties:

(1) F(s) is regular for <r>0 but not in any half plane <r>0 — e with 0 ;
(2) there exists a denumerable (finite or infinite) set S={gv= ßv±iyv} (yvs 0) 

without finite limit point satisfying 0 —coS /?v^ 0  for some c0> 0 and such that 
F(s) can be continued as a meromorphic function in the open set D obtained by making 
the cuts S=a + iyn (сгё/?„) in the half-plane <r>0 — c0; 3

(3) for s —*~gv (s£D) F(s)=Pv(s —sv) log ( s —sv) + Fv(s) where Fv(s) is mero
morphic at s = qv, and Pv is a polynomial (Pv= 0 is possible too). Let y=min yv
and y=oo i f  /Jv< 0  for all v =  l , 2, __

Under these conditions we have

(2. 1)

and every interval o f the form
lim V(f, Y) 

log Y

(2.2) [T1-£, П  Y  >  Т0(е)
contains at least one sign change off(s). The sign changes in (2.1) and(2.2) are combined 
with an oscillation o f size (cf the definition following (1.1))
(2.3) Xе- ,
for arbitrary e > 0.

Theorem 1 yields the following sharpening of Polya’s theorem.
oo

C o ro llary  1. I f  f(x ) is real for  x > 0 ,  F(s)= J  f{x)x~s~1dx converges ab-
o

solutely for a ^ a 1 and
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(Г) F(s) is regular fo r o>0 but not in any half-plane <т>0—e with 0; 
(2') F( s) is meromorphic for o^O  — c0 with some c0>0.
Then relations (2.1) to (2.3) holds.
We remark that Grosswald [3] needs additionally the condition that 

sup deg Pv<°°. His result is with the additional condition
1=2 V <  00

(2.4) O log Y  n

The example f{x) —0 for 1, / ( r ) = x i,+i4 ^ ' i, 2 3( r £ l )  (with the corres
ponding F (s )= (s -ß —iy)~1+ (s—ß+iy)~1) shows that inequality (2.1) (unlike
(2.2)) is best possible, since in this case V ( f  У) ru — log Y.

'  71
Since in the proof of Theorem 1 many singularities of F(s) may occur and in 

concrete applications we do not have enough information about the distribution of 
them (this being the case in the most important number theoretic problems when 
singularities of F(s) are zeros of the Riemann zeta or Dirichlet’s T-functions) we shall 
prove a second theorem which yields effective results as well. Here only one singula
rity of F(s) occurs and therefore the conditions might be checked in concrete cases 
(although they are stronger in some sense than in Theorem 1).

For the aim of concrete applications we give the formulation of Theorem 2 only 
for meromorphic functions but this can be extended in the same way for the case of 
logarithmic singularity as Theorem 1.

T h eo r em  2 . I f  f ix )  is real for x> 0 , F (  s) =  j  f(x)x~*~1dx is absolutely con-
0

ver gent fo r  o xs^  and

(1) F(s) has a pole at Q(,=ß0 +*у0, Д0=~0 with principal part
k + 1
2  h j(s-Q o)-j ;

j = 1 _
(2) apart from the poles q 0 and q 0 ,  F (s) is regular on and to the right o f the broken 

line L defined by
И — Г, o = (T1+a0 
ßo+aj. == a S  ffi +  Oo, |f| =  Г

(2.5) L  =  H  =S |i| Г, о =  До + ai
До- fl2 — — До + Ö1, kl =  H

I — H, О =  Д о-02 ,

where a„=>0, 0<д2<Д0, —a2S a 1S o 1+a0—ß0, Г=^Н>-у„ further

(2.6) d1 = max o-j + űo-До
loglgl +  a° + lTl * log ^ 0 +  ai + iF |

led Ы
log led

ßo~a2

= ds

(3) \F (s)\^M  for s£L.
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Then for every £>0 and Y^-Y0= Y0(e, a0, ak, a2, ax, ß0, y0, H, M, Г, hk, ... 
...,h k+1), effective constant, we have

(2.7) r (/ , K ) > ( l - | - 8) £ log r.

We remark that if the singularities of F(s) are the zeros of £(s) then by the 
calculations of Brent, van de Lune, te Riele and Winter [1] (see also the remark in 
Zbl. 486 10027), the first 300 million zeros are on the critical line and therefore we 
may choose

(2.8) ffi =  l ,j»0 =  y ,  7o=14.13..., Я  = 21, Г = 1 0 8,

and arbitrary values at with a0> 0, O c a ^ y ,  0< a2< y .
The most important applications of Theorem 1 (more precisely of Corollary 1), 

apart from those discussed in [5] (cf. (1.3)) are the following.

Corollary 2. I f  (/l5 q)=(l2, q) = 1, h fél2(q) and the L-functions mod q have 
no real zeros in | y ,  lj then for

(2.9) A3(x, q, h , l2) = A3(x) = 2  Л (п )- 2  л (п)
n = lx (ff) я = 1 , (q)n^x n^x

(where Л (n) is von Mangold?s function) we have

(2.10) lim
Y - O O

W » ,  Y) 
log Y 0,

with combined oscillation o f size x1/2 *.

Corollary 3. I f  (l1, q) = (l2, q) = \, l ^ f i q ) ,  both /j and l2 are quadratic non
residues or both are quadratic residues and the L-functions mod q have no real zeros in

[ y ,  l] then for

(2.11) 

we have 

(2.12)

d t (x, q, h, l2) = zf4(x) = 2  logP 2  log P
P = l l W  р з ! , ( ! )

log Y

with combined oscillation o f size x1/2~e.

We remark that the condition concerning the absence of real zeros of L-functions 
was verified by Spira [12] for all q<25. So for these moduli (2.9)—(2.12) hold without 
any unproved hypotheses.

12 Acta Mathematica Hungarica 48, 1986



178 J . K A CZO RO W SK I an d  J . PINTZ

C o r o l l a r y  4. Let ji(n) denote the Möbius-function, 
?!= min Im e =  14.13..., a arbitrary real number and

Im  0

6 = sup Re q, 
?(<-)=«

0 for x  <  1
(2.13) Ma{x) =

Then we have

(2.14)

with combined oscillation o f size

2  h(n)n a
1

C(e)

W J )  _Иш , vY-*-oo log F

1-

2i
n

(2.15)
Hence in case of a <.6 the constant 1 /C(a) can be deleted from the definition 

of Ma(x) or can be substituted by an arbitrary other constant.
By the aid of Theorem 2 we are able to prove a similar but effective theorem for 

a restricted range of a, however. It is possible to prove e.g., the following version:
C o r o l l a r y  5. I f  — 1СГ8<а-=1/4 and

(2.16) M a(x) = 2  ц(п)п~аn^x

then for Y  >Cj(a), effective constant, we have

(2.17) F(Ma,F ) > - i lo g F .
Further, Theorem 2 yields
C o r o l l a r y  6. Let Qk(x) denote the number o f к-free numbers not exceeding x, 

where k ^ 2  is a natural number and let Rk(x) =  0 for 1 and

(2 .18) а д  =  а ( х ) ~ =  2 x l - щ  for JC — 1-
|>|n—

Then we have for Y >c2(k), effective constant,

(2.19) F (R „ F )> ^ - lo g F .

3. Proof of Theorem 1

We are entitled to assume 0>O since otherwise we can work with f(x )  •x c. 
Let us define the operation <5 by

¥(x) = f f- ^ d f(3.1)
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and let ök be the к times iterated operation, i.e. <51=<5, It is easy to see that

(3.2) A ( /M )=  f j f S & d u d t -

and we obtain by induction according to n that

(3.3) S J(x) = ~  f  F (s )^ d s .
1 (<u)

Let us consider first the case when F(s) is meromorphic for a ^9  — c0 (or at 
least for o ^ 9  — r\, \t\S .r  with some 17 >0 and with a sufiiciently large Г).

We may suppose y>0 otherwise we have nothing to prove. Let us chooseQ
t] >0 in such a way that rj<c0, 17 < — and that the following region and line,

(3.4) a >  9 —rj, |í| =  у and а — в — ц, — |í| -=°°,
resp., should contain no singularity of F{5) except 0+iy, if y<°°. If let t]Q
be defined so that ij< c0, 17 < — and that the segment [9 — t], 0] should be free of 
singularities of F(s).

Later on we shall choose a sufiiciently large constant Г so that there should be 
no singularity q of F(s) on the broken line L  defined by

W = Г , a = с7г
(3.5) L = ■ 9—r\ S. a S  c x, |/| =  Г

. И SS Г, о = в -ц
but there should be at least one singularity to the right of L. Then we have

(3.6, A / W  =  2 ÍR e { R e s (F ( s) ^ _ J + 0 ( U ) + O ( - ^ r ) =

m  f Vi?vl
= :2  ^ R e T v(x) —

where q1, . . . ,  Qm (m s l)  are the singularities of F{s) above the real axis and right 
of L, numerated according to 0<y1̂ . . . ^ y m.

Let

(3.7) n = [b log Y\, x = Y «, f b ^  a S i .

If we fix b satisfying

(3.8) b <  b0 = b0(rf) <  min i - ^ ,  j
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where b0 is chosen sufficiently small (but independently of Г) then with a positive dx

(3.9) A  «  f — Y~d>
Ißil"

Now we fix Г satisfying
(3.10) Г > Г 0(Ь,г,)
where Г0 is chosen sufficiently large. Then with a positive d, we have

X?i(3.11) «  f —  Y-**.
Ißil"

Later on we shall choose A sufficiently small with
(3.12) A <  b min [log|^v| — log|e„|| = A0.

Then it is easy to see that the inequality
(3.13) \(ßvx —b log \Qv\)-(ß „ a -b  log |e„|)| >  A
holds for all v, ц with lS v S /t^ ra  and for all a£[0, 1] apart from finitely many 
intervals of total length at most

(3.14) AD, D = D (T ,n) = 2 2  1

Let us choose 

(3.15)

\ßv ßp\

nun
( £ • 4

In such a way we obtain disjoint intervals of the form (ev, e'^)c.\fb, 1] (ev=e'v is 
possible) of total length at least

(3.16)
such that for ls v S m

(3.17)

1 - A D - f b  S  1 - 2  fb

max ^  ~г~т~ Y~A if х€(Ге*, Y<). 
«<■*- Ы л lövi" v 7H5*V

Taking into account that with the notation in (3.16)
(3.18)

we obtain by (3.9), (3.11) and (3.17) with a positive ds

(3.19) 0„/(х) = 2 К е { л Д х ) ^ - } + о ( ^ г У-«з) if xZ(Y'»,Y<).
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*+l
If the principal part of F(s) at s = qv has the form (A:SO, Ak+1 ̂ 0 )  ^  hj(s — Qv)J

j =1
then we have by (3.18)

A M  =  ^  x - ( - n )  . . . ( - n - l + V e t '  + O ( lo g - 'Y )  =

hk+i(3.20) k , ' Д  ( / ) log* lx{~n)lQ-l + 0 { log* *T) =

= % 1 h i - r J ,+O0o8‘“'y ) = T f ( ' ° 8)t-S ) * ( 1+o( iíÍ 7 ) ) ’
owing to (3.7)—(3.8). If u=log д: runs over an interval

(3.21) u € /=  (u0, v0+ y ( l  + Ь ))с(У .,У < ) 
then by (3.7)—(3.8)

(3.22)

Therefore we have for J —\X0,To exp

( " - f j = b - D  (, + о Ш ) -

£<H)c (T S  Tv)

(3.23) x x, x 2, x 3£ J ,  xx <  x 2 <  x 3 

such that for j =  1,2 and y= 1,2 ,3 , resp.

(3.24) sgn á„/(Aj) sgn S „ f(x j+1), \Snf(Xj)\ » S  - j ^ p .

This implies that the number of sign changes of Snf(x) in the interval (Tev, Ye*) 
is at least
n  ,  f (ev — О  log У 1 a  ? Г (e( —ev) log Y 1
* '  I (2*/yv)(l + b ) \ ~  i (2n/yi)(\ + b) J •
Taking into account (3.16) we obtain for Y sufficiently large

(3.26) V(Snf ,  У) >  (1 - 3  yü) p lo g  Y.

Now we have only to note that if y< °° then by (3.4) we have yi=y. If y =  <=° 
then for every constant C we have yx >C if we choose rj so small that the domain 
<rS0—t], |r t — C is free of singularities of F(s). Remarking further that for an arbi
trary function g
(3.27) V (g, f ) s F  (Sg, Y)
we see that

(3.28) lim
У -о о

V(f, Y) 
log Y
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We remark further that if for an arbitrary g the function Sg has at least k + 1 
sign changes in an interval [A, ß] then g has at least к sign changes in [А, В]. Since 
owing to (3.16) and (3.23)—(3.24) the interval

(3.29) exp f ] c  [ri-siT-Ort/r,), F]

contains at least n +1 sign changes of 8„f the function fix )  has at least one sign change 
in the interval

(3.30) [F 1- 4^ ,  F], F  >  F0

if b was chosen sufficiently small.
What concerns the order of magnitude of the oscillation of f{x) we obtain the 

assertion of our Theorem if we can show the same assertion with f(x ) replaced by

(3.31) f(x), 0 ^ x
f ( x )± x e~e,

<  1
X s  1.

But we have obviously for the corresponding function

(3.32) f

and since we do not use in the proof any properties of F(s) in the halfplane о < 0 -ц ,  
everything remains actually unchanged if at the beginning we choose

(3.33) ц S  e/2.

If Fis) has logarithmic singularities too, then we proceed similarly with the 
choice of the parameters and broken line L. But, using the idea of Grosswald [3] we 
consider now the functions

(3.34) F ^ is )  = f  (—l)KlogKx -fix )x ~ sdx, К = max (degP +1)* l^v^m

instead o f /( i )  and F)s). Thus, similarly to [3, p. 215] we obtain that Т(к,(г) is mero- 
morphic on L  and to the right of L  and therefore the argumentation (3.1)—(3.33) 
can be applied to F{K\s ) .  So we have the same conclusions for the function f ix )=  
—( —1)K logKx-/(x) in place of /.  Since we have obviously

(3.35) |F ( / ,F ) - F ( / ,F ) |^ 1  
and

(3.36) f ix )  » lo g ~ Kx-fix ) ,

all assertions of Theorem 1 hold for f ix )  in this case too.
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4. Proof of Theorem 2

Since the proof of Theorem 2 is very similar to that of Theorem 1, we shall be 
brief. We obtain similarly to (3.1)—(3.6)

{ V0ol f  ( X^0~a2
^М \с1+а0+гГ\ ( (ßo_ aoJn +

xßo+ai Xat+ao
+  \ßo +  a i + i H \ n +  \ a1 + a 0+ i r \ n

with absolute constants in the О symbols.
If we choose now

(4.2) n = \dx log Y + log У], x£ [Ydi'di exp (log3/4 Y), Y]
then easy calculation shows that the three error terms in (4.1) are all

(4.3) « e x p  ( - lo g  if Y  >  Y(ß0, ox, at, dj, M, Г).
\во\

Further we obtain, similarly to (3.18)—(3.24), at least two sign changes of d„f in 
every interval of the form (e >0 is arbitrary)

(4.4) J  =  (лг0, To exp ( ^ ( 1  +e))j c [ У -Л  exp (log3/4T), Y],

if Г > Г 0. This gives the desired inequality (2.7) similarly to (3.25)—(3.28).

5. Proofs of Corollaries 2 to 6

In case of Corollary 2 the corresponding function F(s) is, as well known,

14 EY ч 1 лгт Л(п)(5.1) F(s) =  — 2  72 _S n=/,(«) П n=I«(4)
n~ i x  n ^ x

Л(п) L'
2  V  =

which is meromorphic in the whole plane and has singularities in the half-plane <x
(see Grosswald [2]). This proves Corollary 2. If lx and /2 are both quadratic non-resi
dues then we have
(5.2) Ai(x) = d3(x) +  0 (x1/3)
whilst the oscillation of /f3(x), ensured by Corollary 2 is at least x1/2-£ and therefore 
Corollary 3 is true in this case. If lx and /2 are both quadratic residues then let 
ax, ..., а'н and ax, ..., v"N denote the solutions of the congruences jc2s lx (mod q) 
and x2= /2 (mod q). (The number of solutions of the two congruences is equal.) 
If we define
(5.3) л4(х )=  2  M n ) -  2  M n ) - 2 {  2  л (n2) -  2  Л("2)}

лэ1,(4) л= /,(« ) J — 1 n = x 'j(q ) n sa ." (q )
n S x  nSJ n'S*
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then we have clearly

(5.4) Л4(х) =  d4(jc) +  6>(x1/3).

On the other hand, the function

(5.5) /

is also meromorphic in the whole plane and has also singularities in the half plane 
a — ~2 ’ since the second summand is regular for c r ^ y . Therefore Corollary 1, ap
plied to Z4(jc) and (5.4) prove Corollary 3.

To prove Corollary 4 we have only to note that the function

(5.6) /
1 1 1НЛх) d 1 -g и(п)п a______________________

^ +1 s ns s£(a) s£(s+a) s£(a)

is regular for real s=~ — a—2, meromorphic in the whole plane and has its “lowest” 
non-real singularity at s—~  — a+iy1,y1=14.13... so Corollary 4 follows from 
Corollary 1.

In the proof of Corollary 5 we have the identity

(5.7) /
M a(x) dx

s£(s +  a) '

Thus, in view of (2.8) we may choose

(5.8) < T i= l-a , ß0= Y ~ a’ Vo — 14.13 ... ,  Я  =21, Г  =  10*,

10 3, ax — 10 20, a2 =  min

and with some calculations this leads to dJd2-=:0.9. Hence we obtain (2.17) by Theo
rem 2.

In case of Corollary 6 we have

(5.9) / *<*>.,,* = «*> 1
s + l s£(ks) (s-l)C (fc)’

which is regular for real i > 0, meromorphic in the whole plane and has simple poles
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(5.10) a 0 —  a l --------> a 2
IO' 3 _ 2_

5к
wliich leads to í/1/í/2<2/5. Thus Theorem 2 implies Corollary 6.
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MULTIPLICATIVE FUNCTIONS OVER THE GAUSSIAN 
INTEGERS WITH REGULARITY PROPERTIES

I. KÁTAI (Budapest), member of the Academy and M. A M ER (Mainz)

1. The letters C, Z, N denote the set of complex numbers, rational integers and 
natural numbers, respectively.

Let G* denote the multiplicative semigroup of the nonzero Gaussian integers. 
We shall say that a function F: G*-+C is completely multiplicative if

(1.1) F{atß) = F(at)F{ß)

holds for each ot,ß£G*. From (1.1) we get immediately that F(i)*=F(—i)*— 
= F( — 1)2=F(1) =  1, except the case when F is identically zero.

Let y£G*. We are interested in characterizing all multiplicative functions satis
fying the condition

(1.2) FQx + y) — F(ct) — 0 as |a| — 
or something like that.

Presently we are unable to determine all solutions.
Let SF denote the set of all functions ф satisfying the following conditions:
a) ф(х) is defined on (0, °°);
b) ф(х) is positive, tending to zero monotonically,

c )  i « K 2 ' ) < ~ -i=i

Th eo rem . Let F: G*-+ C be a completely multiplicative function such that 
|F(a)| =  l for each a£G*. Assume that fo r  some ф£&,

(1.3) |F (a+ 7)-F (a)| ф(|a|)

holds for each at £G*, ат±—у, where y£G* is an arbitrary fixed Gaussian integer. 
Then

(14) F(ot) = eitlogH • ettarg0!

where т is a real number, к  is an integer.
R em a r k . It is obvious that F defined by (1.4) is completely multiplicative and 

satisfies (1.3).
2. Lemmata. Assume that the conditions stated in Theorem hold.



188 I . KÁ TA I and M. A M E R

Lemma 1. For every <5£G* there exists such that, for aA — 5,

(2.1) |F (a +  <5)-F(a)| S  ^(1«!)- 
t/q may depend on <5.

Proof. Let denote the set of those Ö for which (2.1) holds. It is obvious that 
<5! , ő2€& implies öl +ö.f£A. Furthermore by substituting oc5 into a in (2.1) and 
observing that |F(<5)| = 1, we deduce that \d& . Let now e€ {/, — i, — 1, 1}, i.e. 
a unit in G*. Since F(oc+£y) = F(ea+y)F(e), F(a) = F(E«) F(e), we get kfiäd if 
y£ St. So {/, —i, —1, 1}£&, consequently the assertion is true. □

Lemma 2. I f  / :  N-*-C is a completely multiplicative function such that |/(n)| =  l
and

(2.2) I/ («  + 1 )- /(и ) I =£ i//2(n) 
with a suitable xj/^ З ё , then f(ri) = niz with a real t.

This is Theorem 4.1 in [1].
For a real z let ||z|| denote the distance of z to the nearest integer.
Lemma 3. Let £, be an irrational, ;/ be a real number with the following property: 

i f  ml<m2< ... is an infinite sequence o f natural numbers such that ||mv̂ || —̂0, then 
\\mvrj\\ -►(). Then q=k^+l, к and l are integers.

For the proof see [2].
Let oc£G*. It is known that the relation

(2.3) v arg a = 0 (mod 2n) 
can be solved with nonzero integer v, if and only if

arg a = 0 ^mod .

We shall say that a CG* is a primitive element, if arg a ^ 0  ^mod , and 
D/a, D£N implies D = 1.

We shall say that a6G* is a square-free number if in its prime-decomposition 
oc = nl1...n“r each exponent a3 =  1 ( j= l, .. . ,r ) .

Lemma 4. Let a, ß be square-free primitive, coprime elements, i.e. (a, ß) — \, 
furthermore ßA ä. Then the relation

with rational integers A ,B ,v ,n  cannot hold, except when v = 0, p = 0, or when 
v —p and ß = öLr]d~1 with 6= 1+ i and a suitable 77j2.

P roof. Let us assume on the contrary that there exists another solution. We may 
assume that (A, 13)=1, and v>0. From p —0 it would follow 2varga=0
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mod 2n, which is excluded by the assumption that a is primitive. Since (a, /0=1, 
therefore a\A and so oc\A. Since a is primitive, therefore (a, a) =  l or 5, and so 
aa\A. Let us assume that y=(ä, B), and у is not a unit in G*. Then as above we de
duce that yy\B, which by iV(y)|jV(a)|^4, contradicts the assumption (A ,B ) — 1.

It has remained the case when /i>0, ä\ßßdv. But then ä\ßÖ since ä is a square- 
free integer. Since av\A, therefore p ^ v .  Since p is positive, the roles of a and ß 
can be exchanged. Hence it follows that v=p and ß\ad. Thus Sß = äA, да=ßH, 
A, HdG*, whence A\2.

The lemma is proved.
L em m a 5. Let k: G*->- Z  be a function such that

is completely multiplicative. Then k{a)—k is constant for all a£G*, arg a^áO járnod . 

P r o o f . Since H(aß)=H(a)H(ß), therefore
1 =  H(aß)H~1(a)H -1(ß) = e‘^ ^ kUß)̂ kMß-k(ß\  

whence we have that
(2.4) Г:= (aß)k(*ß) a^k(a) ß~k(ßt

is a positive real number. Since Г is an element of the field of Gaussian numbers, 
Atherefore Г = —, A, В are rational integers. From (2.4) we haveв

1 1  =  rjk ( a ß ) - k ( a )  ß k (z ß ) -k (ß )_

Let now a and ß be such integers for which the condition of Lemma 4 holds. 
Then, from Lemma 4 we get k{a) = k{ß). This implies к (a)= к = constant if a runs 
over the set of primitive, square-free elements.

Let now 7z£G* be a primitive prime. Then

implies
1 —  H ( % a) H ( n ) ~ “  =  afg (na) — ik  (я) a arg n

пак(п“)п -ак(ж) — —
В ’

i.e. ak(na) = ak{ri), k(na) = k(n) = k.
Let now a=7tj1...7t"«-be composed from primitive primes. Starting from 

1 =  H ( a ) H - ai(Tt1) . . .  H-°r{nr),

we deduce as above that

(2.5) nf.»(«)-« ... =  4 ,В
A, B, are positive rational integers. The left hand side can be represented as ak<I)~k.
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Let us assume that к(а )^к . Then a satisfies (2.3) with v=k(a)—k, and a is not 
a primitive element. Similarly, k((l +i)a.)=k(a)—k.

So we have proved that k(c/)=k for each primitive element oc £(7*. Finally, 
F((l +i)nd)= k{m )= k(d)—k.

L emma 6. The set o f functions F satisfying the conditions stated in the theorem 
is a group under the multiplication F, • F2(a) = F fa )F 2(a), furthermore F~l(d) —
= w

This is an easy consequence of the triangle inequality so the proof is omitted.
L emma 7. Let 3):=  {0, 1 , / ,  1 + / } ,  AdG* such that \A\<2M. Then A can be 

represented as
A = ö0+ö1-2 + ...+ ö M-2M + ß -2 M+1,

where 5 ^ 3  (j = 0, ..., M), ß£G, \ß \^ 2 .

P r o o f . is a full-residue system mod 2 in G. Therefore we can define the algo
rithm ő0=A (mod 2), ő0£3>, A = S0+2A1, A1 = ö1+2A2, .... Hence

and so
n , +1| S M L f ,

Мм I Mm- i I .
2 2

М м-2| У2 V 2
22 + 2 +  22

Мм+il "2—F T̂2.
This gives the desired result.

3. Proof of the Theorem. From Lemma 1 we deduce that
|F (n + l)-F (n ) | =  1КО )

as л — over nf N, which by Lemma 2 gives F(n)=eizlog" with a suitable real r. 
Let now

(3.1) H{ a):=  e -h,°gl«l, 
and
(3.2) Ff a)  := F(a)tf(a).

Since H  satisfies the conditions stated for F in the theorems, by Lemma 6 we 
get that they are valid for Fx as well.

First we observe that Fx depends only on the argument of a. Indeed, if arg a=
—argß, a, ßfG*, then ß = ra, r>  0 real, therefore r —— —rational. We may assumeВ
that Л, В >0, and so we have

FfBß) = Fri/i) -  Fx(Ta) =  F, (a) 
since F1(n) = l if n£N.
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Let now oc=\a.\e2nii, £ irrational. Let furthermore mt be any sequence of positive 
integers, т , —со5 suchthat ||wj,£||-*-0. Let r, be a monotonic sequence of positive 
integers, i, and s, be such positive integers for which the inequality

holds. Then 

(3.3)

t, се П
s, 2'i

t, am>
s, 2' - 1

1/P

J _

2*7
for a suitable monotonic sequence ... of integers, where ht ->oo (J—*"Oo).
Then, for E:=tla.m>—sl2r> we have
(3.4) \E\ <  20-bs,.
Let К  be the integer for which 2K~1^ s l<2K. Then by Lemma 7 E  can be written 
in the form

E =  00+S1 ■ 2 + ...+ön- hl+K • 2ri~hi+K+ß • 2 '.- ‘.+*+i, 

where \ß\ Ш 2.
Let now u be the nonnegative residue of mod (2K_*i+2), i.e. st=a+b •2K~h<+2, 

0 S a < 2 I_ ti+!. Let
a =  e0+e1-2 + ...+ eK_hl+1-2K~hi+1

be the binary expansion of a, i.e. е7-6{0,1}. Hence we get immediately that 
M:=E+s,2ri can be written in the form

M  =  0o +  0 ! -2+ . .  . + e H - 2 H + b - 2 H + \

where H =rl+K—hl + \, Oj£G, [0j|^3. Since 2K~1^ s l-^2K, we have
2« -1 -2 х- а.+2< Ь .2*-л.+2< 2 к, and so 2Ä*~3— 1 <  b <  2A--2.

Let now Mj, M2, ... be defined as follows:
( M 0 : = ) M  =  00+221^!, Afi =  01+2Af25 • ••» M H =  6 H + 2 M H+1, M H+1 =  b.

From Lemma 1 we get, with a suitably chosen \

|F’1(ilfi)-T '1(2Mi+1)| ^  </г2(2|М,.+1|)
if b — M H+1^3. Since ^ (2 )  =  1, F1(b) = 1, we get

|^ ( М ) - 1 |^  Í ^ ( 2 |M , +1|).
1 = 0

Since |M jls2|M J+1|—3, and MH+1>2h>~* — 1, by Property c) of i/i2 we get imme
diately that \F1(M) — 1 where g,—0 as /->-°°. Now we observe that M = tla.m‘,
and so from F1(tl)=  1 we get |F1(ami) —l |^ e , ,  and so by F1(a):=e2’1"', ||ijm,||—0. 
Thus from Lemma 3 i/= ££+ /, k, l£Z. Let now £ be a rational number. Then £ is 
a multiple of 1/8, i.e. {= 0  (mod 1/8). Let a = l+ i,  giving the value £ =  1/8. Then
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a8= positive integer, consequently F1(a8) = F1(a)8= e 2m8,'= l ,  and so 81/ = integer, 
rj=  -^-, n€Z. All the rational É’s are determined by a-7 (J= 1, 8), the correspond-

О

ing values of £ and r/ are7/8, nj/8 (mod 1). So we have proved that t]=k(a)^+l(a), 
&(a), /(a)£Z holds for otfG*. Since 27t£=arga, the conditions of Lemma 5 are 
satisfied for Я = F 1. Consequently F1(a)=e‘*iarga with a suitable integer k, assuming
that arg a ^  0 jmod .

Let now a„=(l +i)n. Then F1(a.n-\-\) — Fi(a„) — 0 as F1(ali) =  F1( l + 1).
Since

arg(a„+ l) =  a rg 1̂ + i — -  arg(l +  i),

from the continuity of the functions arg and exp we get that F ill -f-z)=e‘*arg(1+i> 
as well. So

Fx((l + 1У) =  e » W « rg ( i+ i )  =  «jttafca+iy for j  =  i 5 ;  8.

By using the multiplicativity of Fx we get immediately that F1(a) =  ei'targa for oc£G*. 
The proof of the Theorem is finished.

4. Remarks. 1. Perhaps the same assertion can be deduced from (1.2) instead of
(1.3). Our method is not strong enough to do this. Recently E. Wirsing proved that if 
/ i s  completely multiplicative, defined on N, /(«  +  ! )—/(n)—0 (n —► OO ), |/(и)| =  1 
(n= 1, 2, ...) then f(ri)=e,,logn. By using this theorem we can deduce immediately 
the following assertion.

If F: G*—C is completely multiplicative, |F(n)| = l satisfying (1.2) then

F( a) =  eiu°g|a[ Я(а),

where Я  satisfies (1.1) and it depends only on the argument of a.

2. A similar theorem can be proved for multiplicative functions defined on the 
set of integers in other imaginary quadratic fields.
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ON CONSECUTIVE SUMS IN SEQUENCES
N . HEGYVÁRI (Budapest)

Introduction

Let A c: N. We define В as the following set of integers, called the set of the con
secutive sums in the sequence A:

я  =  { 2  iii\A = {аи аг, . . . , a n}, 1 ^  и =§ v n).
u^i^v

We will call it shortly the set of c-sums.
In [1] Erdős and Harzheim asked that if l^ a i ,a 2, ..., ak^n , can we find 

cn a/s so that all c-sums are different? (They conjectured that this is not true if 
al<a2<a... <ak is also assumed.)

We now answer the first question and investigate several related problems. 
Some authors examined the case of c-sums with just two terms (see Segal, 

Odlyzko in [1] and see also [2] and [3]).
1. In this section we answer the question of Erdős and Harzheim. We prove the 

following
T heo rem  1. L et k=f(n) be the maximum number of integers so that 1 S o b fl2, ... 

..., ak^ n  and all c-sums are different. Then

(y + o ( l) )«  = /(» )  sá (y+o(l)]w .

Proof. First we prove the lower bound. Let

Si =  f lu s 2 =  fli +  fl2 ) • Sfc — f l i + a a + •• •+fljfc- 

The condition that all c-sums are different implies, that

(1.1) sv—su-1 = 2  2  fly = s,-s,-i.
uSiSu rSjSt

However, this means that the sequence {sf} is a Sidon sequence and obviously
S|*+i Sj =  /7, i 1 , 2 , . . . ,  к  1.

Let now p  be a prime satisfying

(1.2) (1 - e ) j S p S y
and let
(1.3) at+1 =  2 p + [( i+ \)% -[ i\ ,  i =  0, 1, . . . ,  p —\

13
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where
[ i \  =  i2 mod p and 0 ^  [i2]̂  ё  p -1 .

It follows from (1.2) and (1.3) that

a.-+i =  2/?+[(i +  l)2]p- [ i 2]p <  Зр == и
and

St =  2pi+[i%.
It is well-known that the sequence {•?,} is a Sidon sequence (see [4] p. 90) and this 
proves the lower bound.

Upper bound. Let t be sufficiently large but fixed. Consider all c-sums where the 
number of terms is at most t:

u+r

(1.4) bu,r= 2  ai’ 1 I s a l r s t .
u + l

Summing all such bUi,-s, we observe that an at appears in the sum at most
times (namely if 1 ё г ё / ,  then at occurs at most in ^ _ 2,г5
is at most r times). So

r that

(1.5)

2 bu , r
( f+ l)2

2 [n-fc+1-K .. + n] 0 + 1 )2
2

k(2n — k + 1)
2

On the other hand bUtr̂ b Vt, so

( 1 - 6 )  2  ^ « , r  =  ( ^ 1 , 1  +  & 2 , 1 + . . . + b n _ l ( l )  +  ( b l , 2  +  f>2,Í + - . . + h t - 2 , * ) + • ■ •

l^u+r^k
••• +(bi,»+ ... + bk- til) = Ci + Cj-b... + clt_^+ij — 1 + 2  + ...

where Ci-=c2-<... are the bu r monotonously ordered. But t is fixed so we have

(1.7) 2  K r
1 SrSI

1 s « + r s k
if л is large enough.

From (1.5) and (1.7) we have

fc2/2(l —e) 
2

(1 -г) к2 г2

so к < (1+е') — и. Q.e.d.

(г+1)2 к(2л —fc-t-1) 
2 2
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Remark. P. Erdős observed that the upper bound follows also from the Erdős— 
Túrán argument on finite Sidon sequences (see [4], p. 86).

In the next sections we will investigate monotone sequences i.e. where fli-=o2<  ...

2. Translating problem. Let A = {a1<a2< be a finite sequence and as
usual

A + t = {a 1-t-t <  я2+Г <•••< űk + 0’ t€N.
It is easy to see that for every finite sequence there exists an integer t such that 

every c-sum is different.
In fact

(0 2  (««+0 =  2  (aj+t)
• =  и + 1  y =  u + l

implies r j í s  (the sequence is monotone) and
u + r  v+s

(fi) 2  « i- 2  aj = (s~r)t.tl+1 t>+l
So if

к u + r  v+s
t - 1 =  2  ai = max { 2  ai~  2  aj}

i = 2  u .r .s .v  1 U +  1 V+1

then (i) and (ii) do not hold.
к

But t may be smaller than 2  a> -
2

Definition 1. Denote by t= tA(k) the minimal value o f t for which A + t =  
=  {ű1-H <a2+ í-= ...< u t + í}  is such a sequence where all c-sums are different.

к
We will show that for A = { 1,2, .... /r) tA(k) is not much smaller than 2  *~&а/2.

1 =  2
In fact we prove the following

Theorem 2. We have

Proof. First we prove that tA(k) does not exceed k2j4. Let

K M .

so

Assume

(2. 1)

or

(2.2)

u + r  V + S

2  0 + 0 =  2  0+0
i= *i-f-1  j  —v+ 1

U+r tf +  S

2  » -  2 1  = »•<5.
* =  M+1 j - v + l

13* Acta Mathetnatica Hungarica 48, 1986
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But
м + г  u -fs

(2.3) 2  i -  Z  j  — dr — m
i - u + 1  j = v + l

where
v + s —r

m — 2  J and d = (« +  r)-(i>+s).
j - v  +  1

Since r<s, therefore d + r ^ k  so from the right hand side of (2.3) we have

, , (d  + r \2 к2(s - r ) t  =  dr — m <  ^—I — m < —-m  <  t,
a contradiction.

k~Now we deduce that if / s — (1 +o(l)) then there exists at least one pair of 
equal c-sums.

Denote by B(x, y) a block of consecutive integers with у  terms — where у  is an 
odd number — and with centre x. I.e. let

b (x, y) =
Put

*+(y-l)/2
I^O , у1)! = 2  * = xy.

i~x—(y—1)/2

Let ш = [ щ | • We shall consider certain ß-blocks of the form B((2/—1)(2i +  1 ; u) 
and (B(2i— l)(2i'+3); v) with suitably chosen и and v:

BiA =  2?((2 i-l)(2 i+ l); 2i +  3) = [cf>1; rf(>1].
Д .2 =  B((2i -l)(2 /+ 3 ); 2i +  l) = [ci>2; di>a],

= B((2i +  l)(2i+3); 2* — 1) = [c,3; d,.3], 
i =  l,2, ..., w - 1 .  Clearly |Sf,i| =  |B,-,2|=  |В/>3|-

Case I: cifl^ t= c ii2. Since
di>3 — t =  d,-,3—citl =  lOi+4 <  к

therefore both Bi 2 and Bi 3 are completely in the interval [ r -H ; t-yk]. 

Case II: ci>2á í< c i+lil. Since

di+i,2 '1 — di+i,2 -̂,'.2 — 10i4-9 <  к
therefore both Bj+1>1 and Bi+1>2 are completely in the interval [H-l, t+k]. 

We show that for any

t — cm-i,2 =  4m2 —5m —2 =  -^ -(l+ o (l))
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the interval [t + 1; t+k]  necessarily contains two equal c-sums, namely either both 
Bit2 and Bi3 or both Bf+1>1 and Bi+12, for some i. Q.e.d.

3. We have seen in the first section that there exists a sequence with cn terms till 
n, so that all c-sums are different. Prof. Erdős asked the following question in connec
tion with this (personal communication). Is it true that if {aj is an increasing sequence 
and
(3.1) ai+1- a t ^ K ,  Ke N,
then there exist at least two c-sums which are equal if я,- is large enough?

The answer is yes and we establish this statement in a quantitative form.
Let f(a , К) be the largest integer with the following property: There exists an 

increasing sequence
a = ci! <  a2 < . . .<  a, = f(a , К)

such that
ai+i~ai — K, / = 1,2, s — 1

and all c-sums are different.
It is easy to see that

/(1, 1) =  2, / ( 2, 1) =  4, /(1, 2) =  7, /(2 , 2) =  10 
and we have seen in the preceding section that

a + ( l+ o ( l) )2 /a  < /(a , 1) -= a + (l+ o (l))5 ^a  for a =- a0.
We give an upper bound for f(a, k), wich proves that f(a , k) exists for all a and k. 

T heorem  3. We have
f(a, K )< (a  + K/2)eK+1 +  Ke2K+2.

P ro o f . Let D be arbitrary but fixed. We estimate how many blocks have c-sums 
less than D. (3.1) implies
(3.2) ai + 1 S a  + iK 
so

(3.3) а1+1+ . . .+ а ^ ^ ] а  + к [ [ 1+]2+1^ - ( 1̂ ] = К а + К 1 2 )  + ̂ (И ]+ р ).
Thus if

(3.4) j ( a + K /2 ) + j( 2 i j+ f) s D

then the block ai+1 + ... +ai+J clearly has a c-sum less than D. Rearranging (3.4) 
we obtain

. < D a + K/2 j  
l ^ K - j  К 2 '

This means that there are at least
[ D a + K/2 П  
IK j  К 2 i
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blocks of length /  and c-sum less than D. Summing for all ./' from 1 to A we have at 
least

(3.5)

blocks with c-sums less than D. Now

(3.6) =  .
/С /С 4

к
(3.7) 5 ' ^  Z>
then obviously we must have two blocks with equal c-sums (since all c-sums are less 
than D). (3.7) means

D (logA - K ) > A ( a  + K/2) + +-2)" .

If we choose A = [eK+1] then we obtain
D > L  = eK+1(a + K/2)+Ke2K+2.

This means that we necessarily have equal c-sums among those blocks whose c-sum 
is in the range [1, L\.

Thus we must have also f(a , K )^ L .  Q.e.d.

4. It is well-known that if A = {ay <  a2 < ... <  a„} then the difference set D(A) = 
= {a; — cijlai, aj£A г } contains at least n — 1 elements and A —{d,2d,...,nd} 
shows that this is sharp. But what happens if we assume that the set of the consecutive 
gaps is an increasing sequence?

Is it true that if
g (n)=  mjn{|Z)(/l)||b1 <  b2 < . . .<  bn, bi = а1 + 1- а ;}

then limg(n)/n=°°? I conjecture that to every e=-0 there is an n0 such that for 
every n> n0, g(n)>«2" £. We are very far from being able to prove this, but we prove 
the following weaker

Theorem 4. We have

g (n) >  cn log n
log log n '

Remark. Erdős and Harzheim noted in [1] that for a ~ i2, \D(A)\=o(n2)
which shows g(n)=o(n2).

It is not too difficult to see that for at= i2

\D(A)\ =  0(n2Klog n)x) for some a >  0.

Proof. It is clear that D(A) consists of the c-sums of the set {űi+1—at}. We 
distinguish two cases.
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Case A: For

Then consider the sums

(4.1) bk + b)j+1, bk+1 + bk+2, ..., b2k- 1 + b2k.

It is clear that these sums are different and do not exceed 2b2k ■ 
There exists an integer ik such that

(4.2) -b-ik b№ . 
ik ~  log n ’

for example »*=2 ([log «] + !). But then

(4.3) 2b2k S  2 logn-bk < ikbk <  bk + bk+1+ ... + bk+ii- 1 

■ ■■^b2k-i1+1+■■■ + b2k ■«= iibjjt

are different and are not equal to any of the sums in (4.1). And generally, if ij has 
already been defined then define ij+1 so that

(4.4) ijb 2k b2k
ij+i log n

For example let iJ+1=2([log«] +  l)J+1. But then

(4.5) ijb2k <  bk + bk+1 + ... + bk+ij+1^1 -=...-= b2Jfc_ij+1+1+... + b2k <  ij+1b2k. 

The process runs until
(4.6) 2([log n]+l)J +1 <  «/3,

i.e. j < c - log n
log log n

We now count how many sums we have obtained. In the first step we got n/3 
sums, in the ij-th step we got - j —ij+2 sums. So we have

Iog/J
П 1n<y n 1

(4.7)
n log n loglogn log«

2  lj> C  П3 log log« j t 1 ~ ” log log и

(since l i j  = 1 2([log «]+ l)J <k «) and this proves the theorem in Case A.

Case B: ■ >  bk orlog«

(4.8) , n n и
b‘ -
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Let

and consider the sums
(4.10) b2ii + iT+1 + ...+b2k+jT, 1 ё  I logii
and
(4.11) bu+... + bv, 1 ^  и <  v ^  n/3.

The sums in (4.10) are larger than biк * b2k • n/3 log n, and the sums in (4.11) do 
not exceed bk-n/3.

So (4.8) implies that the sums in (4.10) and (4.11) are different.
Now consider the sums

(4.12) bi + ... + b2k+JT, I s i s  и/3, 1 — J =  log n.
We assert that the sums in (4.12) are different. Indirectly if we find two equal sums
(4.13) bj+ ... + b2k+JT = bu+ ... +b2k+VT> 
i<u, j< v , then we have
(4.14) &(+...+&„_! = b2k+JT+1 + ... + b2k+vT 
which is impossibile.

flSo from (4.12) we obtain у  log и different sums, wich proves the theorem in
Case В and thus the proof of Theorem 4 is complete.

Acknowledgement. I thank P. Erdős and R. Freud for their valuable comments 
and suggestions.
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PROBLEMS AND RESULTS ON ADDITIVE 
PROPERTIES OF GENERAL SEQUENCES. II

P. ERDŐS, member of the Academy and A. SÁRKÖZY (Budapest)

1. Let si= {a1, a2, ...} (a i< a2< . ..) be an infinite sequence of positive integers. 
Denote by R(n) the number of solutions of й;+ я, = и. Starting from a problem of 
Sidon, P. Erdős [1] proved the following theorem (by using probabilistic methods): 
There is a sequence s i  so that there are two constants сг and c2 for which for every n
(1) cx log n <  R(n) <  c2 log n.
On the other hand, an old conjecture of Erdős states that for no sequence s i  can we 
have

(2)
R ( n )

log n (0 c <  + °°).

(See [2] and [4] for further related results and problems.)
These problems led us to study the question: how regular can be the behaviour 

of the function R(ri)l In part I [3] of this paper, we proved the following results:

Theorem 1. I f  F(n) is an arithmetic function such that

(3) F(n) — +  °°,

(4) /"(«+1) ^ F(n) for n & n0

and

(5)
and we write

M N )=  1 (Ж я )-Е (л ))2, 
/1 =  1

then A{N)=o(NF(N)) cannot hold.

Corollary 1. I f  F{rí) is an arithmetic function satisfying (3), (4) and (5), then

(6) max IR(n) -  F(n)| =  o((F(n))1/2)

cannot hold.
(In fact, Theorem 1 says that (6) is impossible in square mean.)
The aim of this paper is to show that the above results are nearly best possible. 

We will prove the following theorem:
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Theorem 2. I f  F(n) is an arithmetic function satisfying 
(7) F(n) >• 36 log n for n >  «о,
and íhere ex/sí a real function g(x), defined for + °°, and real numbers x0, nx
such that

(i) g'(x) exists and it is continuous for +  °°,
(ii) g 'W á O  for x= x0,

(iii) 0 < g (x )< l for x ^ x 0,
n/2

(iv) |F(n)—2 J  g(x)g(n—x)dx\<(F(n) log n)1/2 for n>nt ,
о

then í/геге exists a sequence sJ such that
I/?(«) — F(u)| <  8(F(«) log и)1/2 for n >  я2.

By choosing F(n) and g(x) in Theorem 2 in an appropriate way, the following 
corollaries can be derived from Theorem 2:

Corollary 2. I f  ß is an arbitrary real number such that ß >8/л:1/2, then there 
exists an infinite sequence sd such that (1) holds with (0<)c1= ß2Ji — 8ßTt1,is, cs — 
=ß2n+8ßji1'2.

(So that, e.g., choosing ß= 5, we obtain that (1) holds with c1=6<ß2n —8ßк1,2 
and c2= 151 > /? 27r+8/?7t1/2.)

Corollary 3. I f  G(x) is a real function defined in (0, +=») and such that

(0
G(x)lim ------ = +

c - + ~  log*
(ii) G(x)=o(x),
(iii) G'(x) exists and it is continuous for 0<x~
(iv) G '(x)>0 for x> x0

and

(v) =
then there exists a sequence s i  such that

lim Ш - 1 .Л- + СО G(n)

(So that, e.g., there exists a sequence s i  with R(n) iV log n log log n.) 

Corollary 4. I f  0 < a <  1, then there exists a sequence sisuch that 

\R(h) — na\ <  8 л*/2 (log и)1/2 for n > n0.

In fact, in order to derive Corollaries 2, 3 and 4 from Theorem 2, we have to use 

Theorem 2 with ’ c*(a-1)/2 (where c= c(a)) and ß2n log n,
nj 2

2 J  g(x)g(n—x)dx, na in place of g(x) and F(n), respectively.
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2. Sections 2, 3 and 4 will be devoted to the proof of Theorem 2. The proof is 
based on the probabilistic method of Erdos and Rényi [1], [2]. The Halberstam—Roth 
book [4] contains an excellent exposition of this method thus we use the terminology 
and notation of this book. In this section, we give a survey of those notations, facts 
and results connected with this probabilistic method which will be needed in the 
proof of Theorem 2.

Let Í2 denote the set of the strictly increasing sequences of positive integers. 
L e m m a  1. Let

(8) oq, a2, a3, ... 
be real numbers satisfying
(9) 0 < a „ < l  ( n =  1 ,2 ,...).
Then there exists a probability space (Q, S, g) with the following two properties:

(i) For every natural number n, the event B(n) = (со: co^Q, n€co} is measurable, 
and g(B(n)) — 0Ln.

(ii) The events B(1), B(2>, ... are independent.
This lemma is identical with Theorem 13 in [4], p. 142.
We denote by Qn(co) the characteristic function of the event B(n):

{ 1 if n£co,
0 if n$co.

For some co={a1, a2, ...}£ß, we denote by rn= r „ ( c o ) the number of solutions of 

(10) ax+ay — n> ay£co, ax <  ay
so that
(11) |R (n )-2 rn(cu)| S  1

(where R(n) is the number of solutions of (10) without the restriction ax<ay) and

r , ( f f l )  =  2  e j ( p ) ) Q » -

Furthermore, we put
ö„U) =  b({<ö: ;'€й), n-jeo)}) = ccj(xn_j for j  <  n/2,

К  = M (rn{(o)) =  2  -5„0)
« 4

(where M (f) denotes the expectation of the random variable ^),
(12) Pn{d) = p ({oj: r„(co) =  d}) =

2  8 а Ш { 1 - 8 а ш ) - 1 - 8 ш 0 № - * . Ш ) - г  П  (1- Ш )
1 S j t -<...-<ja-<nl2 lS y '«= n /2

for 0 é á  á  /I

Acta Mathematica Hungarica 48, 1986
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and

(13) A z)  =  ±  Pn(d)z* =
<1 = 0

=  Í (  2  П  (1 -^ 0 )) )^  =
d = 0 lSj'1-=...<yd<n/2 l S j ^ n / í

= П  ( ( i - A C D H ^ o »
15)«l/2

(for any complex number z).
We shall also need the Borel—Cantelli lemma:
L em m a  2. Le/ (X, S', p) be a probability space and let Ег,Е 2, ... be a sequence of 

measurable events. I f

2  p (Ej) <  + °°.
7 =  1

then, with probability 1, at most a finite number of the events Ej can occur.
(See [4], p. 135.)
3. The proof of Theorem 2 will be based on Lemma 3 and Theorem 3 below. 
L em m a  3. I f  the sequence (8) satisfies (9), тШЗ, and A is a real number satisfying

(14) 0 <  A <  A„, 
then we have
(15) /í ({cu: Ir„(«)-/>„! Sr A) <  2 exp ( - A 2/4?.„).

(Note that (9) implies A„>0 for n ^ 3 .)
P ro o f  of L emma 3. First we estimate p({co :  r„(co)sAn+d}). In view of (13) 

and (14), for l< x < 2  we have

(16) p({co: rn(o ;)^A „+ d})=  2  Pn(d) S  2  Pn(d )* ~ ^ +»  =
d s X „ + A  d s X „ + A

= 2  Pn(d)xd S  x~<A»+/9 2  Pn(d)x* = x~<A"+d)/(x) =
d s H „ + A  d = 0

= (l+ (x-l))-(V M > П  ( l+ (x :- l)^ n0‘)) <

<  exp I - (Я„ +  A) ^(x -1 )  -  ■* 2-Г) jI ^ Д  2 exp ((x-l)<5„(j)) =

=  exp |-(А п +  ̂ ) ( ( х - 1 ) - ^ ^ ! ) + ( х - 1 ) ^ Д  ^ па)) =

=  exp |  -  (A„+ d) ((x - 1 )  -  2 ^  ) + (x - 1 )  A„j =

=  e x p (-d (x - l)+ (A n + d) j <  exp (—A (x— 1)+A„(x— l)2)
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since we have 1 + for м>0 and

м3 \  /
м - у + у — . . . I  >  e x p jw -y j for 0 =  w <  1.

Writing x=l+A/2X„ in (16) (then 1 < x < 2  holds by (14)), we obtain that

(17) ^({oi: r„(co) ^  A„ +  d}) <  exp (--zl2/2A„ +  d 2/4A„) =  exp ( - d 2/4An). 

Similarly, for 0 < r < l  we have

(18) ц({оз: l„ - A } ) =  2  pn(d) ^  2  p„(d)xd- ^ - ^  =
d ^ k n- A  d^X n-A

= ^  Pe(d)** 35 2  Pn№ * = ЛГ-(Я"-^>/(*) =
d ^X n- A  d = 0

= (1 -(1  -x ))-« n -4  U  (1 -(1  - х ) Ш )  <
1 ^ у < л /2

< exp ((1 -X X X .-Ä )) П  e x p i-O  =

— exp Í(1 —x)(Xn—A)—(\ —x) 2  ő . 0 ) + - ^  (i.Ü ))* )s
'  1 ^ у < л /2  ^  1 ^ / < я / 2  '

=s exp Í(1-* )(!„ - d ) - ( l - * )  2  2 1 <Ш)) =V lsy-cn/2  ̂ lSj-zn/i /

= exp [(l-x)(A n- J ) - ( l - x ) A „ + (1 2X) A„j =  exp |  —d (1 —x) + - * A„j

since for 0 < v <  1 we have

(
a2 n3 ) ( K2)— и + y - y + . . - J  <  exp I -w  +  y l .

Writing x = l —d/A„ in (18) (then O cc holds by (14)), we obtain

(19) p({(o: rn(co) == A„-d}) <  exp ( - A 2/A„+A2/2A„) =  exp ( - d 2/2A„).

(17) and (19) yield (15).

Theorem 3. I f  the sequence (8) satisfies (9), and there exists a positive integer щ 
such that 20
(20) A„ = 2  Xj^n-j >  9 log л for n ^  «о,

1 в У -= л /2

then, with probability 1, there exists a number n ^ n f ia )  such that 

\R(n) — 2A„| <  7(A„log «)1/2 for n >  n±.

Acta Mathematica Hungarica 48, 1986



206 P . ERDŐS and A . SÁ RK Ö ZY

P roof. By using Lemma 3 with А =  3(A„ log л)1/2 (then (14) holds by (20)), 
we obtain

2  ^({ш: к«(Ь)-Яп| ^  3(A„ log л)1/2}) =
Л =  1

=  0(1)+ 2  kn(oo)-A„| s3(A„log«)1/2}) <
n= n0

<  0 ( l)  +  2 2 °  exp (—(3(A„ log n)1/2)2/4A„) = 0 (l) + 2 +f
n=n0 n=n0

Thus by the Borel—Cantelli lemma (Lemma 2), with probability 1, at most a finite 
number of the events

I'•„(")-Я„I ä  3(A„ log n)112
can occur, i.e., with probability 1, there exists a number n2—n2(co) such that 

|r„(cu)-A„| <  3 (A„ log n)1/2 for n >  n2.
By (11) and (20), for such a sequence a>, for large n we have

|*(n)-2A„| ^  \R(n) — 2rn(io)\+2\rn(o)) — l n\ <  l+6(A„log я)1/2 <  7(A„ log я)1/2 
which completes the proof of Theorem 3.

4. In this section, we complete the proof of Theorem 2. We put
_ f 1/2 for l á n S  x0,

a" ~  l g(n) for X0 -= tl <  + °°.
Defining the sequence (8) in this way, (9) holds trivially. Furthermore, in view of (iii) 
in Theorem 2, we have
( 2 1 )  K =  2  lxj<Xn-j= 2  g ( j ) g ( n - j )  + 0 ( l ) .

l ^ j c n / 2  x Q- < j^ n l  2

By (i) in Theorem 2, we may use the Euler—Maclaurin summation formula in order 
to estimate the last sum. In view of (i), (ii) and (iii), we obtain
(22)

2  g ( j ) i (n ~ j)=  f  g (^ )g (n -x )d x -[g (x )g (n -x :) ix :-M —i ) l  +
x q  1  1  2 )K0

»/* ( 11 
+  /  ( g ' W g i w - ^ - g W g ' i w - ^ ^ - M - y J d x :  =

x0
n\2

= ( /  gW g(«-x)dx: +  0 (l))  + 0((g(w/2))2 + g(x0)g(«-Xo)) +
1

n \2

+ ° ( f  (lg'(*)l +  |g '(» -* )l)d* ) =
nj2 n/2

= /  g (x )g (n -x )d x + O ( l)+ 0 ( f  ( - g '( x ) -g '( n - x ) )d x )  =
1 x 0

n/2 n/2

= f  g(x)g(n-x)dx+ O (l)+ O ([-g(x)+ g(n-x)]"x,02)=  f  g (x )g (n -x )d x+ 0 (  1).
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(21) and (22) yield
п{ 2

K  = f  g (x)g (n -x )d x+ 0 (l).
1

Thus by (7) and (iv) in Theorem 2,
п/2  л/2

(23) \F (n)-2k„\m \F(n)-2 f  g (x )g (n -x )d x \+ 2 \f  g(x) g ( n -x )d x -2 n\ <
1 1

<  (F(/z) log n)1,2+ 0(l) <  2(F(n)—log л)1'2 
for large n, hence in view of (7),

К  >  у  F(n) -  (F(n) log л)1/2 >  у  F(n) -  ̂ F(n) - =  у Я " )  >  12 log л

so that also (20) holds.
Thus all the conditions in Theorem 3 hold. By using Theorem 3, we obtain that, 

with probability 1, for large n we have
(24) |7?(л) — 21n| <  7 (Я„ log я)1/2.

In view of (7), (23) and (24) yield for large n

|Ä(B) - F ( B)| ^  \R(ri) — 2X„\ + |2A„ —F(B)| <  7 (A„ log л)1/2 +  |2A„ —F(B)| =§

^  7 | { f ( « ) + |  |2A„-F(n)|)log л | ' +|2ЯП —F(«)| <

<  7 F(л) + (F(m) log л)1/2) log nj  +  2 (F(n) log и)1/2 <

<  7 F(n) + (F(„) • ] log л) +2(F(n) log л)1'2 =

( 2  \ x'2= 7 l y  F(n) log л I + 2 (F(n) log л)1/2 < 8(F(B) log л)1/2

which completes the proof of Theorem 3.
5. So far we have estimated the probabilities P„(d) for d “far” from the expec

tation Xn=M(rn(a>)). In [2], Erdős and Rényi gave lower and upper bounds for 
Pn(d) for all d. These estimates give the right order of magnitude of P„(d) for d 
“near” provided aJ= 0 ( j~ 1,i). Furthermore, they determined the limit distri
bution of r„(a>). Sharpening and generalizing these estimates, we are going to com
plete this paper by giving an asymptotics for P„(d) for d “near” Xn.

Theorem 4. I f  the sequence (8) satisfies (9),

(25) lim a„ =  0
Я-*- +  оо

Acta M athematica Hungerica 48, 1986
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and
(26)
and we put

К

K  = 2  VjZn-j > 3  for П =  Uq ,l̂ y'<n/2

2  < X j < x „ - j ( l - 0Cj<xn - j )  =  2  < Ш ) ( !  - А О ) ) »1^7<я/2 l ĵ<n/2
then for n > n x and all d we have

Pn(d)- (2ni&*
-a„-.o*/2A' 13 (log A„)2 

A-
where Pn(d) is defined by (12).

(Thus the limit distribution of the random variable 
distribution.)

rn(< o )-K
W )1/2

is the normal

P r o o f . Throughout the proof, 0 will denote a complex number with absolute 
value S i .  (In other words, u=6v means that |h|s |d|.)

We denote the characteristic function of the random variable r„(co) by ep(t), 
so that in view of (13)

<H0 = M ( e W )  = f( e u)  =  2  PM ) еш = 2  ((1 пО)) + <ШУ')-
d = 0 1 ^  j<nj2

Furthermore, we put

Then we have

(27) p n(d) = ~  f  (p(t)e~id‘dt

= — Г е-(У*>*;«у(гв-4)»̂ __1_ f  e - <-m *'"t*eiix”- i)tdt +2n J 2n J,.4 S |( |

+ — J  (e a"‘(p(t) — e (1/2)^nt^ei(in fitd t-(-2 n 

In

1*1—4

J" <P(0e~,d> dt = J — J1 + J2 + J3. 

First we estimate/.  Substituting / = (A')_1/2x, we obtain
+  oo

2n(28) J  = ^ ~  f  ,d t =2n

=  ______ Í_____  Г  c - ( l / 2 ) ^ c -  1 - . - ( А - -О Т 2 Л ;

2 * ( W  1  (2n  W *
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since it is well-known that
-f- OO

f  е ™ - * г1 Ч х  =  (2я)1/2е - “”/г

(see, e.g., [5], p. 261).
In order to estimate J2 and J 3, we need an estimate for <p(t). For |z|< 1/2, 

we have

^  + “ Н* №  1 |z|2
~  Á  3 6 l - \ z \  3

and
k=s k!

- Z  +  y - y  +  ...I =

. ехр( _ 2 + е (¥ + И + . . . ) ) ^ р ( _ г + , ( Н + И + ...))

=  exp( _ 2 + 0 ^Y T3|7[) =  expC -z+eizI2).

Thus in view of (25), for large n, l^ j< n /2  and | t |s l / 2  we have

e -“-w *((l -< Ш ))+ < Ш У  0 = e-«-W (l -5„0)(1 - * “)) =

=  ( I -  ‘AO’) * -  у  (<5„О'))2 t2+ J  (<Ш )3/3) [ l - ^ O ^ - i i  +  y + y l » ) )  =

= 1 - y ( ^ ( j ) - ( ^ 0 ) ) ,)íI +  y á n0 ) í3 =

=  exp[ -  у  (á„0) -(á„ (j))2) t2+ j S n (j) t3+ 0 ( -  у  (<5„ t2+ jS „ U r )  ) =

-  exp ( -  у  (<5„ (j) -  (<5„ ( j) f)  t* + jS n (j) Í3+ у  (Sn (j))2 i4) =

=  exp ( - y  (S .(J)-(S.(j)),) ‘a+M ,(j)fi]
hence

(29) e-^ 'cp (t)=  П  e - W { ( l - 0 . m + W f ) * )  =1  ̂7<л/2

=  П  e x p í- l (á „ O ) - ( ^ O ) ) 2)í2+0á„O)í2) =  e-W2>^‘,+w»‘3

(for large n and |f |^ l/2 ).
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(30)
Furthermore, in view of (25), for large n and |( | we have

|Ф(01= П  \ 1 - Ш + Ш е и\ =1̂ у-<л/2

1 ^ у < л / 2

= П  ((1 —(J))2 + (S„ (j))2 + 2ön (_/) (1 — *5„ (j)) cos /)1/2 =
1 ^ у < л / 2

= П  (1 + 2<Ш)(1 - <Ш ))(c o s t-  I))1/2 =
1 ^  у '< л /2

= /7  2 (1 -4 á „ 0 )( l — <5„0'))(sin t/2)2)1/2 S

S П ( i - 3̂ 0 ) ( | ~ ) 2)1/2= П (1-|<Ш )/2)1/2з
X S j c n / 2  (  '■7I ^  > )  1 * у < л / 2  v  я  /

^  n  [ i — ш А 1'2^  n  ( i - | ő Bo ) t2) <lí)<«/2' ^ /  1SJ<b/2 V ö /
J J  e -  (1 /8 )  *n ( y )  f2 =  e  -  (1 /8 ) An f  *

1̂ у<л/2
(for large и and |í |S tc), since

|sin jc| =  — |x| for |jc| =  jt/2,

(1 — n)1/2 -< 1 —— f°r 0 á « < l
and

(0 -<) 1— x <  e * for 0 ^ x < l .
By (25), (29) and (30). for large n we have

(31) 1Л1 + 1Л1 5= 27 /  e -(1/2)̂ ' sd / + i -  /  k ( 0 l * s

S y  ( /  e~(1/2) x'",2dt+  f  e -a /»V  *dt)
435|f| |í | =2 7E

2л
( J  e - ( l /8 ) A „ r »<*/ +  у  е -(1 /8 )Я „* 2 d t )  =  - I  у  е - (1 /8 )2 в » ^ ?

4*1*1 4 — 1*1 4 — 1*1

~ +оо 2 +°° *
= ± Г  e - W ^ d t  s  — f  -le-U/8)K ''d t = 

n У n J t\tj tl
Q Q

[e -  0 / 8 )  l „ t 2]  +  ~  =  e  -  (1 /8 ) Ч2

re(Anlog Я„)1/2
. (1 /2 )log

/„(log;.,)1/2
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and
(32)

IJ2 1 — — [  |e_unf<p(i) — e dt = f  e (1/2) V !|ee(0i„«3_ \\dt271 ” 27Г . У

since

l»l«4
1

—

2n

|ez— 11

Jr /  2A„\t\4t s Í A „  f  , f  dt = 1  <  11
-7Г |r|S, 71 |»|Sl( 71

(log 2„)2

22 . z3
Z + 2! + 3T+- ^  ы + ы * + ы * + .. .= 1-lzl

2|z|.

In view of (26), (27), (28), (31) and (32) yield for large n that

\Pn(d )-J \ =

s  1Л1 +  1Л1 +  1Л1

1
(2яЯ')1/2

A„(log n)1/2
which completes the proof of Theorem 4.

, , ,  (logAJ2 , ,  (log2„)2 
Я„ A„
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м-ISOMORPHIC SEMIGROUPS OF CONTINUOUS
FUNCTIONS

Á. CSÁSZÁR (Budapest), member of the Academy

0. Introduction. Let X  be a topological space, and denote by C(X) the set of 
all real-valued continuous functions defined on X, by C*(X) the subset of C(X) 
composed of bounded functions. Both C(X) and C*(X) can be considered as a ring 
under pointwise addition and multiplication of functions, or as a semigroup under 
pointwise multiplication. For a completely regular Hausdorff space X, let ßX  and 
vX denote the Cech—Stone compactification and the Hewitt realcompactification 
of X, respectively (see e. g. [2]).

The following propositions are well-known for completely regular Hausdorff 
spaces X  and Y:

A. I f  C(X) and C(Y) are ring isomorphic, then vX and vY  are homeomorphic.

B. I f  C*(X) and C*(Y) are ring isomorphic, then ßX and ßY  are homeomorphic.
It is also known that, both in Propositions A and B, ring isomorphy can be 

replaced by semigroup isomorphy. Moreover, for A, an essentially stronger result is 
valid. In order to formulate it, let us recall (cf. [1]) that, in a semigroup S, we write 
at=~b for a,b£S, iff there exists an element cdS  suchthat a=cb\ for two semi
groups Sx and S2 and the respective relations and t>2, a bijection q>: S x-+S2 
is said to be a d-isomorphism iff

ас=чЬ о- (о (а)о2ф(Ь).
C. (cf. [1], Theorem 3). For two completely regular Hausdorff spaces X  and Y, 

i f  C(X) and C(Y) are d-isomorphic, then vX  and vY are homeomorphic}

In fact, [1], Theorem 3 says still more: we can replace C(X) and С(Г) by S fX )  
and respectively, where and S 2(Y) denote the semigroups composed of
all continuous functions from X  to Sx and from Y to S2, respectively, Sr and S2 are 
quasi-real semigroups, and we consider pointwise multiplication of functions.

As to the concept of a quasi-real semigroup ([1], p. 133), S is said to be a quasi- 
real semigroup iff it is a topological semigroup containing the subsemigroup [0, +  °o) 
of the real line R equipped with the usual topology and the multiplication of real 
numbers as a topological subsemigroup, the numbers 0 and 1 are a zero element and 
a unity element in S, respectively, for a£S, a?±0 there is b€S such that a • fcti- 
—b • a=  1, this element b is a continuous function of a£S — {0}, there is a con = 1

1 In [1], owing to a misprint, X  and Y  stand instead of vX  and vY.
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nuoushomomorphism a*-*\a\ from S into[0, +°=>) satisfying \a\—a for a£[0, +  °°), 
finally the sets Fe={x£S: |x |<e} (г>0) constitute a neighbourhood base of 0 in S.

It is quite natural to ask whether we can replace, in Proposition B, ring isomorphy 
by some weakened form of semigroup isomorphy (like i/-isomorphy or something 
similar), and C*(X), C*(T) by semigroups composed of continuous functions from 
X  and Y to suitable topological semigroups S2 and S2, respectively. The purpose of 
this paper is to answer this question (a somewhat similar but, at least partly, weaker 
result is contained in [4], Theorem 5.11).

1. и-isomorphic semigroups. Let S  be a semigroup. According to [4], we intro
duce a relation >- in S  (called in [4] canonical order in S ) by defining a>b iff a = ab 
(a, b£S), i. e. iff b is a relative right unity element with respect to a.

If Sx and S2 are two semigroups, a bijection (p: SX̂ S 2 is said to be a u-iso- 
morphism iff

a > x boq> (a) >- 2 (p (b)

for a, b£Sx and the respective relations and >-2. Sx and S2 are said to be u-iso- 
morphic iff there exists a «-isomorphism cp: S 1-+S2.

A  semigroup isomorphism is obviously a «-isomorphism. Conversely, two «- 
isomorphic semigroups need not be semigroup isomorphic. In fact, in a group G 
(considered as a semigroup), a > b iff b is the unity element of the group. Hence two 
groups of the same cardinality are always «-isomorphic without being necessarily 
(semi)group isomorphic.

In general, «-isomorphy introduced here and J-isomorphy considered in [1] are 
independent of each other.

Exam ple 1.1. Let 5  be the interval (0,1] equipped with the multiplication of real 
numbers. In this semigroup, clearly

a o b o a ^ b ,  a> b <=> b — l.

Hence S is м-isomorphic to any group of cardinality 2“ (e. g. to (0, + °°) with the 
multiplication of real numbers) without being if-isomorphic to a group (in which 
at>fc for any two elements). □

E xam ple 1.2. Let 5'1= [0 ,1), S 2= (—1,1), the semigroup operation coinciding 
in both cases with the multiplication of real numbers. Now clearly

aE>xb either a — b = 0 or a -= b ,

a o 2b о  either a = b — 0 or |a| <  |b|, 

a > xb <> a = 0, a > 2b о  a = 0

for a,b£Si or a, bdS2, respectively. Hence a bijection <p: S X-*S2 such that 
<p(0)=0 is a «-isomorphism while Si and S2 fail to be d-isomorphic because, for 
a,b(iSi, a ^b , either ао~хЬ or bt=-1a is always valid, but neither c> 2- c  nor 
- o 2c holds for 0< c<  1. □
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E xam ple  1.3. Let S1= S2= (0 ,1], the semigroup operation being defined in S x 
as the multiplication of real numbers, in S2 by min (a, b) (a, b £ S 2). Now

Ь <=> ac=~2b о  a S  b, 
a > 1b o b  = 1, a>-2b c > a ^ b .

Hence Si and S 2 are d-isomorphic without being м-isomorphic, о
If, instead of considering semigroups in general, we restrict ourselves to semi

groups of the form C(X), the situation changes essentially. In fact, by [1], Theorem 4, 
tf X  and Y  are arbitrary topological spaces, the d-isomorphy of C(X) and C(Y) 
implies their ring isomorphy and, a fortiori, their semigroup and м-isomorphy. On 
the other hand, we have

E xam ple  1.4. Let X be a non-compact, realcompact space, Y=ßX. Both X  
and Y  are realcompact, hence C(X) and C(Y) are not d-isomorphic by statement C.

We show that C(X) and C(Y) are м-isomorphic. Since C (Y)  and C*(X) are 
ring isomorphic, hence semigroup isomorphic and м-isomorphic, it suffices to esta
blish the м-isomorphy of C(X) and C*(X):

T heorem  1.5. For an arbitrary topological space X, C(X) and C*(X) are n-iso- 
morphic.

P roof. For A, BczX, А П B = 0, let CAB and CAB denote the set of those /€  C(X) 
and f£C*(X), respectively, for which

Z ( f )  = A, Z(l —f )  =  B,
where, for f :  X-+ R,

Z ( /)  =  {xiX: f{x) =  0}.

For distinct pairs (A, B) and (A', B'), the sets CAB and CA.B. are disjoint, and the 
same holds for CAB and C^.B>. Clearly

C(X) = U{CAB: A, BczX, АГ)В = 0},

C*(Z) =  U{CJ[B: A, BczX, ЛПЯ = 0}.

Now \CAB\ = \CAB\ for every pair A, BczX, ADB=Q. In fact, CAB<zCAB, 
hence \CAB\^ \C AB\. On the other hand, let ip: R-~( —1,2) be a homeomorphism 
such that ф(0)=0, i^(l)= l. Then x ( /)=lA0/  defines an injection from CAB 
into CAB so that |C^B|á |C ^ B|.

Therefore there exists a Injection cpAB: CAB-+CAB for every pair (A, В) in ques
tion, and from these bijections we obtain a injection cp: C(X)~*C*(X) satisfying

<P\Cab =  Флв (d, BczX, A C\B = 0).

Now, for f  giC(X), clearly

/ = / g ~ Z ( / ) U Z ( l - g )  =  Z, 
ф(Л = <p(n<P(g)oZ(cp(f))ÖZ(l-cpig)) =  X.
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However, /6 С ДВ implies (p(f)£C*AB, hence
Z (/) =  Z(<p(/)) = A, Z ( 1 - / )  =  Z(1 — ф (Л ) =  В,

so that Z (f)= Z ((p (f)), Z(1 —g)= Z(1 — <jo(g)) for f,g £ C (X ), and is a и-iso
morphism. □

Consequently we can say that, for semigroups of the form C(X), d-isomorphy 
is stronger than и-isomorphy. In particular, Example 1.4 shows that, in Proposition C, 
d-isomorphy cannot be replaced by и-isomorphy.

The same argument furnishes, if we denote by ^  a homeomorphism

Ф- [0 ,+ « )  -*[0,2)

such that (0)=0, — the following
T h eorem  1 .6 . Let X  be a topological space, S(X) and S*(X ) the sets o f all conti

nuous functions f  : T —[0, +«=) and o f all bounded continuous functions f :  X — 
—[0, + °°), respectively, equipped with a semigroup operation defined by pointwise 
multiplication. Then S(X) and S*(X) are u-isomorphic.

2 . Segment-like semigroups. On generalizing Proposition A, the role of the 
multiplicative semigroup R of the real numbers was given to quasi-real semigroups. 
Now we introduce a larger class of topological semigroups in order to play a similar 
role in the generalization of B.

A topological semigroup S will be said to be a segment-like semigroup iff
(2.1) The topological subsemigroup [0, 1] of R is a topological subsemigroup 

of S,
(2.2) 06 [0, 1] is a zero element in S,
(2.3) l€ [0 ,1] is a unity element in S,
(2.4) a, 66S, ab—a implies either a = 0  or 6=1,
(2.5) There exists a continuous homomorphism a ^ \a \ from S into R,
(2.6) |a |= fl for a6[0, 1],
(2.7) jaj =0, a£S implies a=0.
The definition in [1], p. 133 shows that every quasi-real semigroup is segment

like; similarly, in a quasi-real semigroup, all elements x  satisfying |x |S l constitute 
a segment-like subsemigroup.

Further examples of segment-like semigroups are e.g. the subsemigroups of R 
of the form

[c, 1] for — 1 S c § 0 ,  
or

(c, 1] for - 1  S c < 0 ,
More generally, let S„ be a segment-like (in particular a quasi-real) semigroup, 

and consider the topological subsemigroups for 0 < c ^ l :

Sx =  [0,1]U{*6S0: \x\tac),

S2 =  [0, l]U{x6S0: \x\ <  c}.

Then Sx and S2 are segment-like semigroups.
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Let us note that condition (2.7) is independent of the others:
E xa m ple  2.8. Let S —ifU{0} where

H  = {(x, n): x£(0, +°=), n =  0, 1, 2, ...},
0 is distinct from the elements of H, and the latter is an open subset of S equipped 
with the topology inherited from R \ while a neighbourhood base of 0 is composed of 
the sets

Ve =  {(*, n)£H: x  <  e}U{0} (s >  0).
We define

(x, n) ■ (у , m) =  (xy, n + m),
0 • (x, rí) =  (x, ri) ■ 0 =  0 • 0 =  0

for (x, n), (>’, m)fH. Then S is a (commutative) topological semigroup and, after 
having identified (x, 0)£H  with x£R, conditions (2.1) to (2.4) are fulfilled.

Now let
|0| =  0, \(x, 0)| =  x, |(x, и)I = 0  for n s l .

Then (2.5) and (2.6) hold; however, (2.7) fails to be valid. □
The same holds for condition (2.4):
E xa m ple  2.9. Let S  be the set (0, 1] X(0, 1] equipped with the topology inherited 

from R2 and with the semigroup operation
(x, у ) • (x , / )  =  (xx , min (y, / ) ) .

Then define S^^UIO} where O^S1 and
0 • (x, y) = (x, y) ■ 0 =  0 • 0 =  0 for (x, y)(i S.

Let S  be open in S and the neighbourhood base of 0 composed of the sets

К  = {(л, y)eS: x  <  e}U {0} (e >  0).

Clearly S is a topological semigroup satisfying (2.1) to (2.3), provided (x, 1)6S  is 
identified with x6R and 06S with Of R.

Define |(x, y)\= x  for (x, y)6S, |0|=0. Then (2.5) to (2.7) are true. 
However, (2.4) fails to hold because e. g.

(•■t M '- t M ' - t )- □
3. м-ideals. Let 5 be a semigroup. By a slight modification of the definition of 

an О-ideal in [4], we say that a subset U c.S  is a и-ideal iff
(3.1)
(3.2) a£S, b£U, a>b  imply a£U,
(3.3) a, b£U implies the existence of c6 U with ay-c, by-c.
We get from (3.3) by putting a=b:
L emma 3.4. I f  U is a и-ideal, then, for a£U, there is cd U such that a>c. □
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Now let X  be a completely regular Hausdorff space, S a segment-like semigroup, 
and denote by S(X )  the set of all continuous functions from X  into S. S(X) is a semi
group under pointwise multiplication of functions.

For f£ S (X ), we define the function \f\: X -~R by

l/K*) = ш \ .
By (2.5) \f\£C (X) for /e.S'(A'). We denote by S*(X) the set of all f£ S (X )  such 
that \f\£C*(X)', clearly S*(X) is a subsemigroup of S(X). Similarly, let S0(X) 
denote the subsemigroup of S(X) composed of those /  for which /(Z )c [0 , 1]. 
Clearly S0 (X)c.S* {X) aS (X ).

Now let S  denote any subsemigroup of S'(A') such that S0(X)czSczS(X). 
For f£ S , we introduce the notations

Z ( / )  =  {x£X: f(x )  =  0}, £ ( / )  =  {x£X: f(x ) = 1}.
For f£ S  again, we denote by f*  the continuous extension of \f\£C{X) to ßX  

with range contained in the one-point compactification R* =  RU{°°) of R. Simi
larly to the above notations, we put

Z (/* ) =  {x£ßX: f* (x ) = 0}, £ (/* ) =  {x£ßX: f* (x ) =  1};

both Z(f*) and E (f*) are closed subsets of ßx.

L emma 3.5. For f ,g £ S , f> g  holds iff

Z ( / )  U E (g) =  Z,
and the latter equality implies

Z(/*)U £(g*) =  ßX.

P roof. The first statement results from (2.4). If Z(f){JE(g)= X, then Z ( f ) U 
UE(g)—ßX, the closures being understood with respect to ßX. By (2.6)

Z ( /)c Z ( /* ) ,  £ (g )c £ (g +),
hence

Z(/*)U £(g*) = /?Z. □
The following two theorems are contained in [5] for a compact X  and S = R:
T heorem 3.6. I f  0 ^  FczßX is a compact subset and U is composed o f those f£ S  

for which F e in t Z(f*), then U is a u-ideal.
Proof. By (2.6) Z{f*)= ßX  if /Qc)=0 for x£X, hence t/^ 0 . Similarly 

Z (/* )= 0  if f ( x ) —l for x£X, hence U *S.
Suppose f£ S , g£ U, f> g .  By 3.5

Z(/*)U £(g*) =  ßX, Z(g*) c  ßX — E (g*) cZ (/* ),
and

F e in t Z(g*)c int Z t n
shows f£  U.
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Now suppose f  gd U. Then
F c  int Z (/*) П int Z (g*)

so that, by the normality of ßX, there are open subsets G, G, and a closed subset Fx 
of ßX  such that

F cG 1(zF1czGczZ(f*)r\Z(g*).
Let h0: ßX-~*[Q, 1] be a continuous function such that

h0(x) = 0 for xdFly 
h0(x) = 1 for xdßX—G.

Then by (2.1) h=h0\XdS, by (2.6) h*=h0, and
F c zG ^ F ^ Z ih * )

shows hdU. Finally f> h ,  g>h  because, say, xdX, f ( x ) ^ 0  implies by (2.7) 
x$Z(f*), x$G, hence h0(x)=h(x) = l. □

Theorem 3.7. For a и-ideal U in S,
F =  П { Z ( /* ) : /€ l /} ^ 0

is a closed subset of ßX such that U is obtained from F by the construction described 
in 3.6.

Proof. For fdU, by 3.4 there is a gdU  such that f> g ;  thus Z(/*)?í0, 
otherwise (2.7) and 3.5 would imply Z (/)= 0 , E(g)=X, hence h>g  for every 
hdS, consequently U—S  by (3.2), in contradiction with (3.1).

We show that the non-empty sets Z (/*) (fdU) constitute a filter base. In fact, 
if / , gdU, let hf U satisfy f> h , g>h. Then, by 3.5,

Z(f*)ÖE(h*) = Z(g*)UF(fc*) =  ßX,
Z(h*)czßX-E(h*)czZ{f*)C\Z{g*).

By the compactness of ßX,

F = n{Z(/*): /€  E/} Ф 0.
We show, for fdS ,

fdU  о  F a  int Z  (/*).
In fact, for fdU , by 3.4 we can choose gdU  such that f> g ,  and then by 3.5

Z(/*)lJ£(g*) = ßX,
Z(g*)a ßX—£(g* )cZ  (/*),

so that
F c  Z(g*)czintZ  (/*)

because E(g*) is closed.
Conversely, suppose fd S ,  Feint Z ( / +). Then, again by the compactness of 

ßX, there is a gdU such that
Z  (g*) c  int Z  (/*) c Z  (/*).
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By 3.4 there is an hdU fulfilling g>h. Then, by 3.5,
Z  (g) U E (h) = X.

Now by (2.6) and (2.7) Z (g )c zZ (f) so that
Z (f)U E (h)  =  X,

f> h  by 3.5, and f f U  by (3.2). □
Corollary 3.8. The formulas

(3.9) fd U  о  F e in tZ (/* ) 
and
(3.10) F =  D{Z(f*y. f e u }
establish a bijection between the set o f all u-ideals in S and that o f  all non-empty 
closed subsets o f ßX. I f U U 2 are u-ideals and l-\, F2 denote the corresponding closed 
subsets, then
(3.11) Ut cz U2 iff F ^ F 2;
consequently the singletons in ßX  (i.e. the points o f  ßX) correspond to the maximal 
u-ideals in S.

Proof. The first statement results from (3.6) and (3.7) if we observe that, if Fez ßX  
is closed and x*-rjX, x$F, then there is a g£C(ßX) such that O ^ g ^  1, g= 0  on a 
neighbourhood of F, g(x)= 1; then f= g \X  satisfies f£ S ,f*  = g, Fez int Z(f*), 
x$Z(f*). (3.11) is clear from (3.9) and (3.10). □

4. Main results. The following theorem yields an answer to the question raised 
in the Introduction :

Theorem 4.1. Let Xr and X2 be two completely regular Haüsdorff spaces, S x 
and S2 two segment-like semigroups, and denote by S fX ß  the semigroup composed o f  
all continuous functions from X-t to S;, by Si a subsemigroup o f S fX ß  such that

SffXdczStCSfX;)
where

Se(Xd =  (Д Э Д ) : /№ )с (0 , 1]}.
I f  Sx and S2 are u-isomorphic, then ßXx and ßX2 are homeomorphic.

Proof. A и-isomorphism from Sx onto S 2 carries the и-ideals in Sx to the u- 
ideals in S2 by keeping their inclusion relations invariant. By .3.8 this furnishes a 
homeomorphism from ßXx onto ßX2. □

If X  is an arbitrary topological space, then there exist a compact Hausdorflf 
space Y and a mapping h: X -*Y  such that

C*(X)  -  {/oh: f€C(Y)}
(see e.g. [3]). From this, it is easy to deduce:

Theorem 4.2. Let Xx and X2 be arbitrary topological spaces> S d [0, 1] a topolo
gical subsemigroup o f R (equipped with the multiplication o f real numbers and the
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usual topology), Si the semigroup under pointwise multiplication o f all bounded conti
nuous functions f:  X;—S. I f  S x and S2 are u-isomorphic then they are semigroup 
isomorphic.

Proof. Let Yt be a compact Hausdorff space and hp Xi 
fying

СЧ*,) = {f°hp f€C(Yi)}.

Yt a mapping satis-

Then Si is semigroup isomorphic to Si, the semigroup of all continuous functions 
from Yf into S. Since S is easily seen to be segment-like, 4.1 yields that Yx and Y2 
are homeomorphic, hence Si and S'2 are semigroup isomorphic, and the same holds 
for Si and S2. □

It is easy to see that the subsemigroups of R containing [0,1] are precisely

R, [0, +oo), [c, 1 H - 1 S C S  0), (c, 1](-1 S c < 0 ) .

In the case S = R, the above argument furnishes:
Theorem 4.3. Let Хг and X2 be arbitrary topological spaces. I f  С*(Х}) and 

C*(X2) are u-isomorphic, then they are ring isomorphic. □
Let us note that a similar argument to that one applied in the proof of 4.2 yields 

the following analógon of [1], Theorem 4:

Theorem 4.4. Let Хл and X2 be arbitrary topological spaces, and S, the semigroup 
o f all continuous functions from Xt to [0, + « ) under pointwise multiplication. I f  Si 
and S2 are d-isomorphic, then they are semigroup isomorphic.

Proof. Notice that [0, +  °°) is quasi-real so that [1], Theorem 3 can be applied 
for two realcompact Hausdorlf spaces Y, and Y., and mappings ht: Хг -+ Y, such 
that

C(Xi) = {fohp fiC (Yi)}. □

It is natural to ask whether u-isomorphy can be replaced by d-isomorphy 
in 4.2:

Problem 4.5. Let XL, X2, S, Slf S2 be the same as in Theorem 4.2, and suppose 
that Si and S2 are d-isomorphic. Is it true that they are necessarily semigroup isomor
phic?

The answer is positive in the cases S =  R and S = [0, + » ) .  In fact, the argu
ment in the proof of 4.2 reduces the question to the case when X, and X2 are compact 
Hausdorff spaces and then [1], Theorem 4 or 4.4 of the present paper applies. Ho
wever, the question remains open if

S =  [c, 1] ( - l i c S O )  or S =  (с, 1] ( - 1  ^  c <  0).

The author thanks Dr. J. Gerlits and Dr. E. Makai jr. for valuable remarks.
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EXPONENTIAL SUMS OVER PRIMES 
IN SHORT INTERVALS

A. BALOG (Budapest) and A. PERELLI (Genova)

Introduction

As it is well known, non-trivial estimates for the exponential sum

S(*)= Z  Л(п)е(т),П̂ Х
where Л is the von Mangoldt function and е(х)=е2х,х, may be obtained by the 
method of Vinogradov [8], Ch. IX, by the zero-density method (see Montgomery 
[3], ch. 16) and by Vaughan’s method [6] and [7]. The estimates of 5(a) depend 
on q, the denominator of a “good” rational approximation to a, and are non-trivial 
in the range \ogc x ^ q ^ x \o g ~ c x, with a suitable constant o O .

The method of Vinogradov and the zero-density method were used by Pan 
Chen-Dong [4] and subsequently by Chen Jing-Run [1] in order to give estimates for

5 (x, у, a) =  Z  л  («)e («“)•x—y<n^x
The results of Chen are non-trivial only when y » x 2l3+ c and q is in a certain range.

In the present paper we use Heath—Brown’s identity [2], together with analytic 
techniques, in order to obtain estimates for S(x, y, a) in the wider range y » x 3/5+e. 
Precisely, our result is the following

T h eo rem . Let 1 ̂ a < q , (a,q) = 1 and 1 ^ y ^ x .  Then

5 (jc, y, « (x1V /2 +  T<T1/2+*3/1V /2) log100*.

The exponent of the log-factor is far from being optimal.
Pan [4] and Chen [1] used their results to prove a localized form of the Vinogra

dov three-primes theorem, i.e. they proved that every large positive odd integer N 
can be written as

(1) N = Pl+p2+p3, Pi = N/3 + 0(№ ), i =  1, 2, 3,

and 0 ^ 2 /3 +E (Chen [1]). The estimates for S(x, y, a) are used when a lies on cer
tain “minor arcs”. A disadvantage of our method is that it works only for rational a, 
and it seems that our estimate does not lead to an improvement on Chen’s value of в 
in (1).

P ro o f  of the T h eo rem . We may clearly assume 2 ^ q ^ x ,  otherwise the 
result is trivial. Using the well known bound for the Gaussian sums (see [3], ch. 16)
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we have

(2) S (x ’ y ^ ) =  Z  Л{п) + 0{ Z  Л(п)) =
\  Ц /  b =  l  \  t /  /  x —y < n ^ x  x —y ^ - n ^ x

n = b  (m o d i)  (n,q)?± 1

í v ) ]  2  A(n)x(n)+0(\og2x)<z
' 4 ' ) x—y<n^x

« ф Т - ^ 2 1 2  A ( n ) x ( n ) \  +  log2 x,
w \ 4 )  X x —y < n ^ x

where the * means that the sum is restricted to (b, <7) — 1.
Let us recall Heath—Brown’s identity [2]. Let 1 and n ^2 x;  then

(3) Л(п) =  2 ’( - 1)J 2 - 2  v ( mi) ■■■̂ (tnj)logn1.
j  — 1 '  n x...rijmv . . m j= n

m v . . . ,m 1̂ x l / k

We choose k — 5 in (3), and use (3) in order to treat the character sum in (2). Remov
ing the log-factor by partial summation and using a splitting-up argument we are led 
to consider multilinear forms of the type

( 4 )

We have

( 5 )

=  2 2  — 2  ■■■ n(mj)x(m  1... ... ríj)I.
X x —y< m l ...mj nl . . . n j - ^ x  

Ni~<ni^ 2 N i

S i^, y, — j  -sc max —̂  log12 x  + log2 x,

where the max is taken over all the multilinear forms L  of the form (4) satisfying the 
following conditions

(6)

We write

f j ^ 5 ,  1/2 ^ М ^ х ' ! \  i =
[ 1/2 ^  Nt S  x, i =  1, M x ... M jN x... Nj 5= x.

M i(s,x)=  2  n(m)x(m)m s, Nt(s, x) = 2  '/An)n~s,Mi<m̂ 2Mi Ni<n̂ 2Ni

and evaluate L  by Perron’s formula (see Prachar [5], p. 376), thus obtaining

m  l  = - 2 f  П  M, ( y  +  it, z] Nt i y  +  it, z j W i y  + it, x, y j di| + О (-2L -),

where

w(s, x, y) = xs—(x —y)s
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Since

» ( y + t i , * , ? ) «  |Щ - ) .

putting T= x  and T0 = — and using a splitting-up argument we get from (7)

(8) ^ « 3̂ 2  f  П  Mi [ j + U’ z) Nt (-̂  h it, A d t +
x —t0 I

—lo g x2  f  \.ПМ>( y + , 7 > / )  ^  ( y +  u> x ) |  qx-+ max „  
I . s r s T  T

.1/2

maxт0тт'тт T x _-T

From (5) and (8) we finally get

(9)

y r l o g ^ Z  /  # М ^ у + Ь ,* ] л ^ у + 1 / ,  di +  ̂ x1/2.

* 1/2
«  I max max i;. (L) T q1’22  f  I I  Mi j^i-+ it, yj JV, | j +  it, y)| dt +  y /2x1/2] log1 •V,

where max means that the maximum is taken over j, M( and Nt satisfying the con- (.2)
ditions (6).

We now show that we can group the factors M Js, y), Ni(s,y), / — 1, 
in such a way that the resulting product has either the form

(10) /7  Mi(s, x)Nt(s, x) =  M(s, y)N(s, y),
1 = 1

with

M (s,x)=  2  a(jn)x(m )m -s, N(s,y) = 2  b(n)x(n)n~’,
NoiSCK

С ^  29, |а(и)|, |b(n)| =  d9(«) and M, N  ^  x315,
or

(И) П  Mt(s,x) Nt(s, x) = M(s, x) Ni (s, x) N2(s, y),
i—l

where M(s, y) is as before, with M ^ x 3/5, and we allow the possibility of N2(s, y) = l 
(i.e. N2 = \/2). It is understood that M (s, y) and N (s,y ) are products of some 
M t(s, y) and Ni(s, y). Moreover, such grouping will be independent of the charac
ters y.

First we subdivide the set (M ^s, y ) ,..., M j(s, y), Nt(s, y), ..., Nj(s, y)} into two 
subsets J Í  and J f  where J i  contains the factors of length ^ x 1,& and J f  those of 
length > x1/6, where the length of a Dirichlet polynomial M t(s, y) (or Nt(s, y))

is Acta Mathematica Hungarica 48, 1986
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is just Mi (or Ni). It is clear that JT contains only factors of type Nt{s, ■/), and
|Ж |ё4.

We have to consider two cases separately, according to the size of
=  П  Ni (an analogous definition holds for FIJI).

N,(s.x)e^

Case 1: If П.Л'ПЛS v2/5 then (10) is true with M(s, '/) —
j

= Ц  Mt(s, x)Ni(s, %), N (s ,x ) = 1. If instead we have ПЛ'П.Ж =-.v2/5 then there is a
/=i

(not necessarily unique) subset Л *  с  J i  such that
x 2'5 < Я 1 * Я / 5  x3l\

since the length of the polynomials contained in ,M* is Hence, taking

M (s,x)=  П  П  Ni(s, x),
м ^ , Х) е л *  v ,  ( , v , и - r

N(s, x) = П  Mi(s,x) П  Ni(s, x),
м , ( * , Х) е л \ л *  N t (s, z )  €

we get a grouping of the form (10).

Case II: Я / > # .  There is always a subset / * с /  (not necessarily unique) 
such that |Л/'* |^ 2  and n / * > ^ s, since the length of the Dirichlet polynomials 
contained in JT  is > x 1/5. Taking

M {s,x)=  П  Mt(s,x) П  Ni(s, у),
M , ( s ,  X.) €  M  ft , (s ,z )€ -*U  ( Ж \ Ж * )

^ *  =  {tfi(»,X), iV2(s,x)}

(in the case \JF*\ = l we choose N«(s, x) = l), we get a grouping of the form (11). 
As we have already remarked, the grouping depends on the length of the polynomials 
M t{s, x) and Ni(s, x) but is independent of /.

We now show that either of the grouping (10) or (11) lead to the proof of the 
Theorem.

We need the following two lemmas.

Lemma 1. For any T s2 , M s  1/2 and complex numbers a{m) we have 

2  f  I 2  a(m)x(m)m~1,2~u\2dt (qT + M) 2  •
/ (m o d q) _ y  m ^ M  m ^ M  Wl

This is Theorem 6.4 of Montgomery [3].

Lemma 2. For any T ^ 2  and 1/2 we have
T

2  f  i 2  X ( / j ) « _ 1 / 2 - , , | 4 d r  <*: qT\ogs qNT.
/(m od«?) _ T  N < n ^ 2 N
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P roof. We give only the sketch of the quite standard argument. Using Perron’s 
formula and shifting the line of integration to er=0 we have

1 1У (2NY—NS
2  = /  XW 2 + it + s ,x )— 1-------- ds +  0 (l)  «N̂ nmtN 2.П1 S

V ,
«  f  l& il/2 + it+iu, x)l , , du + 0{ 1).

- v  '  +  lMl
provided that U is large enough. Rising both sides to the fourth power, using the 
Holder’s inequality, integrating over t and summing over /  we arrive at

2  f  \ 2  X W  d t «  los? U Z  f  f  \ S f ( l / 2 + i t + i u ,  x)\* Y T j- :d u  d i  +
* _JT ' * _JT_JV l + l«l

+
I V

0(qT) «  Tlog4 U — 2  f  ^ \ ( \ /2  + iv, x)\*dv + O(qT).

Lemma 2 follows from Theorem 10.1 of Montgomery [3]. (Note that bounding 
the contribution of the main character requires a different argument.)

We have to estimate the quantity

/  =  /(Mi, ..., M j, Nx, ..., N j, T') = 2  f  

If JJ Mi(s, x)Ni(s', y) has the form (10) then by the Cauchy—Schwarz inequality
í=i

and Lemma 1 we have
, 1/2

<*c(12) i« (q T '+ M y i* (q T '+ N y '2[ 2  d"(tnr)  [ 2  d Á n f  I
W < * S C M  t n  )  \ N * z n S C N  f t  >

«  {qT' + qlli(Г У 2Х3/10 +  X1/2) log80 X.
If [ f  M,(s\ x )N i(s , y) has the form (11) then by the Cauchy—Schwarz inequality, 

1 = 1
Lemmas 1 and 2 we get
(13)

/  «  (qT' + М У'2 Í 2  d°-rn)2]  1 (qT' log * q T 'N tf^ q T ' log aqT'N2yi*
VVf̂ mSCM m >

«  {qT' + qll2(T 'y l2̂ /10) log50 x. 

Finally, from (9), (12) and (13) we obtain in any case

max max
(L) T0S T ' X T \ q( т П - ^ г Г Ь ”*(T 'yn

«  (q1/2x 1/2 + yllix3/10 + yq~ 1/2) log100 x,

and the theorem is proved.
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A CORRECTION TO MY PAPER 
“MULTIPLICATIVE FUNCTIONS WITH 

REGULARITY PROPERTIES. I”
I. KÁTAI (Budapest), member o f  the Academy

As E. Wirsing called my attention, the assertion of the Lemma in [1], p. 306 
is erroneous. Here I give the correct version of it.

L emma. Let a be an irrational, ß be a real number, with the following property: 
i f  is an infinite sequence of natural numbers such that ||»iva||->-0, then
iK ß ll-o .

Then ß=ka  +/, к and l are integers.
P roof. If 1, a, ß  are rationally independent, then the sequence (met., m ß )  

(m=  1, 2 ,...) is uniformly distributed mod 1 and the property stated in the lemma 
cannot hold. Consequently, we may assume that 1, a, ß  are rationally dependent,
i.e. Act+ßB = C holds with suitable integers А, В, C. Then Bye 0, since a. is irrational. 

С cIf A — 0, then ß= — = - (c,b) = 1. If ß is not an integer, then |6|>1. Let / be 
В  b

such a residue mod \b\ for which c /= l (mod \b\). Then for mv=l+v\b\ we have
m„ß=-r- (mod 1) while n?va(mod 1) is everywhere dense, so it contains a suitable b
subsequence mVta, ||mVta|| ->-0. This contradicts the assumption stated in the lemma.
Assume now that A 5*0. Then ß= -r — A ~ .  First we show that Ц-=integer. Let

A B  A

—  be the sequence of partial quotients to We have 
<7v B

Then

( 1)

(2)

a   Pv , Ifl I <  1~Б =  — + KI S  1.-В Ях

qvcc = Bpv + evB 
4v ’

dyß
c
A q ,-A p v A6„

‘

From (1) ||<7va ||— 0 follows. Therefore by the assumption \\q,ß\\ -*0, so from 
C(2) we get 

we have a
J q'

С c- 0. Let us assume that — =  — ,(c , a) — 1. Then A a
c
a q' ►0, whence

qv for every large v. This contradicts the well-known relation

\pvqv- i —pv- iq v\ =  1.
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It has remained to consider the case when ß = E ——а, А, В, E  are integers. We haveВ
A A Pto prove that —= integer. Assume in the contrary that— — — , (P, Q)=1, 1. LetВ В Q

p
-у-be the sequence of partial quotients to a. We have

a =
ßv

|gyl
Чу ’ |0vl 1, ß E - t  h - L

Q Qy Q QV
By choosing now mv=Qv, we get

and so
г л

a ,ß  = c Q ,-Q p ,+ o ,m ,

-0. Hence Q\PV holds for every large v, a contradiction to

IA ßv-i-Pv-iÖ v!= l- The lemma is proved.
All the theorems the proof of which was based on the incorrect form of Lemma, 

can be deduced from this by minor changes in the argumentation.
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NONEQUIVALENT SPLITTINGS OF ABELIAN GROUPS
S. SZABÓ (Budapest)

1. Introduction. Let G be a finite abelian group written additively; S  a subset 
of G and let M  be a set of integers. We say that the multiplier set M  splits G with 
splitting set S if every nonzero element of G has a unique representation as a product 
ms, where m(M  and s£S.

Splittings arise in connection with the problem of tiling the Euclidean space by 
translates of certain symmetric star polytopes composed of unit cubes called crosses 
and semicrosses. The existence of cross and semicross tilings were investigated in 
a number of papers (see the references).

The purpose of this paper to study the geometrically nonequivalent cross and 
semicross tilings.

2. Definitions. If т is a point set in the и-dimensional Euclidean space and L 
is a vector set, then (t, L) will denote the family of translates of t  by elements of L.

The system (r, L) is called an integer lattice tiling if the interiors of its elements are 
disjoint, the system covers the whole и-space, L is a lattice and every vector of L has 
integer coordinates.

Denote X the lattice spanned by the coordinate unit vectors el5 ..., e„.
Let г be the union of finitely many closed и-dimensional unit cubes whose edges 

are parallel to the vectors el5..., e„ and whose centers are Plt ..., Pr. Assume the 
following: interiors of the cubes are disjoint, the neighbouring cubes meet along 
entire (n— l)-dimensional faces, Pk is a fixpoint of every motion which takes т into 
itself, and the set Т = {Р 1Ё1, РгРа, ..., PxPr} has и linearly independent vectors.

We say that the integer lattice systems (t, L) and (t, L') are congruent if there 
exists an orthogonal mapping a: X-*X such that a(T)=T and a(L)=L '. 3

3. Noncongruent tilings. Our first purpose is to characterise the orthogonal 
mappings or. X-+X for which a(T)=T. Since a is an orthogonal mapping and T 
has и linearly independent vectors, a(X)= X and a maps the set of pairs 
{— el5 ex}, ..., {—e„, e„} onto itself. Divide the pairs into two parts. If there exists 
an orthogonal a for which a(T)=T and a(—e,)=e;, then {—e;, e,} belongs to the 
second class. We may assume that {— el5 ex}, ..., {—ek, ek} form the first part. Thus 
a maps the set of elements вц ..., ek onto itself and the set of pairs {— et+1, e*+1}, ..., 
..., {— e„, e„} onto itself as well. We can divide the previous elements into transitivity 
classes. If there exists an orthogonal a such that a(T )=T  and a(e,)—e7-, then e( 
and Cj belong to the same class. Similarly, if there exists a such that a {— e;, e;}= 
=  {—Cj,ej}, then these pairs belong to the same class. Denote {e,: z^L},..., 
.... fa : /€/,} and { { -e „  e,}: i t l j ,  ..., {{ -ef, e,} : r<EL} the transitivity classes.
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We can summarize our results in the following theorem.
Theorem 3.1. I f  or. X —X is a linear mapping, then a is an orthogonal mapping 

from X onto itself and a(T)=T i f  and only if
(3.1) a{e;: *G/y} =  {e,: i t f }  for 1 ^  j  ^  r,

(3.2) <x{{-e,, e;}: i£lj} =  { { - е {,е,}: iä j }  for
Now we shall formulate the congruence of two integer lattice tilings by means 

of finite abelian groups. Denote T  the set of coordinates of vectors of T, i.e. let

T — {(fi, •••, 0 : fie1+ ... +  t„e„€T}.
If G is an abelian group written additively and there are gx, ..., g ,fG  and each ele
ment g  of G is uniquely represented in the form g = t 1g i +  ... + t„g„, (ty, ..., í„)€T, 
then we shall use the notation G =T(gy, ..., g„). If G—T(g1,...,g„) and 
G=T(g'y, ...,g'„) and there is an automorphism у : G—G suchthat

(3.3) у {g;: i e i j }  = (g,-: i e l j ) ,  1 ^ j ^ r ,

(3.4) У {{—go g;}: »€*;} = {{— gi, gi}: i € I j } ,  1 ^ j ^ r ,

t hen we shall say that (gt , ..., g„) are equivalent to (gi, ..., g'„). Obviously, this relation 
is an equivalence relation. Denote h(G, T) the number of equivalence classes. If 
there is only one empty equivalence class, then let h{G, T)— 0.

The main result of this section is the following theorem.
Theorem 3.2. The number o f pair-wise noncongruent integer lattice tilings (r, L) 

is X (G, T), where the summation is extended over all pairwise non-isomorphic finite 
abelian groups G.

P roof. Let (r , L) and (t, L') be integer lattice tilings. We shall show that there 
are finite abelian groups G,G' and gx, ..., g fG ,  g[, ..., g 'fG ' such that 
G—T(g1,...,g„) and G'=T(g'1, ..., g ' ) .  The system (t, L) is an integer lattice tiling 
if and only if each element x in X is uniquely represented in the form
(3.5) x =  l + t1e1+ . . .+  ?„e„, l£L, (fi, ..., tn)£T.
Let G be the factor group X/L and g t the coset ег+ Ь  so G=T(gy, ...,g„). The con
struction of G' can be done in an analogous way.

Now assume that (t, L) and (т, I / )  are congruent integer lattice tilings. So there 
exists an orthogonal mapping a: X-*-X suchthat <x(T)=T and a(L) =  L'. Using 
the facts «(X)=X, ot(L)=L', G =X /L  and G '=X /L '=a(X )/a(L ) we conclude 
that the mapping y: G—G' given by y(L+x)= a (L + x )= L ' + a(x), xgX is a well 
defined mapping and it is an isomorphism. Now we prove that у satisfies the condi
tions (3.3) and (3.4). Indeed, according to (3.1) and (3.2) we have

y{g,: i£/y} =  y{L+ef: i£ lj}  =  {y(L+e;): i f j f i  = {a(L+ef): i£/,} =
= {L' +  a(e;): K f )  =  L ' +  (a(e,): = L ' + a{ef: ie f }  =

=  L' + fe: iU j)  =  {L'+ep i f f }  =  {g'p. i f f ) .
3.4) can be verified in a similar manner.
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Assume that there are abelian groups G and G'  and glt . gnfG,  g[, g'„f_G'
suchthat G=T(gx, ...,gn) and G'=T(g[, g'„). We shall prove that there are
integer lattice tilings (t, L) and (t, L'). Let cp be a homomorphism from X onto G 
defined by q>(z1e1+... + z„e„)=z1g1+ ... + z„g„, z1, ..., z„ are integers. According to 
the homomorphism theorem L=K er cp is a subgroup of X; in other words L is an 
integer lattice. Since each g in G is uniquely represented in the form g= t1g 1+ ... 
... +  tngn, (h , ..., ?„)£ T, each x in X is uniquely represented in the form (3.5). T hus the 
system (t, L) is an integer lattice tiling, (t, L') can be constructed in a similar way.

Now assume that (g1, ..., g„) and (g[, ..., g'„) are equivalent, i.e. there exists an 
isomorphism y: G-*G' satisfying (3.3) and (3.4). We shall show that the tilings 
(t, L) and (т, I /)  are congruent, i.e. there exists an orthogonal mapping or X —X 
such that a(T)=T and oe(L) =  L'. Let ф' be the restriction of cp' to the set 
{—el5 ..., — e„, e., ..., e,,}. We can easily see that ф' is a bijection between the sets 
{ -e 1; ..., —e„, el5 ...,e„} and {-g(, -g'„, g[, ...,g'n}. Let a be the linear mapping
from X onto itself given by a(ei)=il/'~1y(p(ei), \ ^ /= n. Now we prove that a 
satisfies (3.1) and (3.2). From this we would conclude that a is an orthogonal 
mapping and a(T)=T. Indeed, using (3.3) we have а{ег: /’£/,•}= {а(ег): /£ /,}=  
= {'j''~1y<P(ei): i O j )  = {4/'~ 1y(gd- iU j} = ^ ' - 1y{gi: i O j }  = \l>'~1{g'i : i< U j}  = 
{ф' 1(g'i). {e;: 1 =j=r. (3.2) can be verified in an analogous way.

It remains to prove that a(L) = L'. Since L=Ker <p and L' = Ker <p' so we 
want to prove that from x£ X and <p(x)—0 it follows (p'a(x)~0. Let x = z1e1+ ... 
... + z„e„, where zl5 ...,z„ are integers. Then

<p'a(x) =  z1(p'a.(e1) + ...+ zn(p'u(en) = г1(р'ф'-1у(р(е1) + ...+ гп(р'ф'-1у(р(еп) =
=  ziy<p(?d+-+zny<p (e„) =  y<p(z1e1 + ... +z„e„) =  yq>{x) =  y(0) =  0.

Thus a(L)gLT The converse embedding a (L )3 L ' can be proved using the fact 
L 3  а _1(Ь').

4. Nonequivalent splittings. In this section we specialise the set т to cross and 
semicross. Let M  be a set of integers, T={0, mei: m£M, 1 á iS n } , and

T -  {(0,..., 0), (m, 0 ,..., 0), ..., (0, ..., 0, m): m£M ).
In case M = {  1. ..., k) the set т belonging to the above set T is the union of kn+  1 
cubes formed of n arms of length к meeting a corner cube; it is called a semicross. 
In case M  = {—k, ..., — 1, 1, ..., k} the set т is called a cross which is a union of 
2kn+ 1 cubes formed of 2n arms of length к  attached to a central cube.

According to Theorem 3.2 there exists an integer lattice tiling (t, L) if and only if 
there exists an abelian group and elements gx, ..., g„ in it such that G ~T(g1, . . . ,g n). 
Notethat G =T(g1, ...,g„) if and only if M  splits G with splitting set S={gl5 ..., g„}.

If each element of M  is relatively prime to the order of G, then the splitting is 
called nonsingular, othrewise singular.

We want to study the noncongruent integer lattice tiling ( t ,  L), hence we need to 
give the orhogonal mappings which carry the set T onto itself. The linear mapping 
or X-<-X is an orthogonal mapping and a(T )= T  if and only if

® { {  ®1 ’ ®l}> • • •» {  > ®n}} { {  ®1 5 ^ l } ,  • • - 5 {  ®n ’ ®n}}>

a{ei, ..., e„} =  fo ,  ...,e„}
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respectively, depending on M  is partitioned in the form M = (— M)UM or not. So 
the splitting sets S  and S ' of G which belong to the same multiplier set M  are equiva
lent if there exists an automorphism у : G-*G such that у (S  U (— S))= S ' U (— S '), 
y(S )= S ', respectively. Note that if M_ splits G with the splitting set S, then M  is 
partitioned in the form A f= (-M )U M  if and only if M  splits G with the splitting 
set (— S)US. This enables_us to_restrict ourselves to the case when M  is not parti
tioned in the form N=(— M )UM , but we have to distinguish cases when S  is par
titioned in the form S = ( - 5 ) U 3  or not. Denote Q(G, M) and <u(G, M) the number 
of nonequivalent splittings of G by M, respectively.

We shall use the following theorem due to W. Hamaker and S. K. Stein [3].

Theorem 4.1 . Let G\, G., and G3 be finite abelian groups and 

{0} -  G ^  G2^  G3 -  {0}

an exact sequence. Assume that M  splits the groups G1 and G3 with splitting sets S x 
and S3 such that the splitting o f G3 is nonsingular. Then M  splits G2 with the splitting 
set S ^ a iS J U ß -H S ,) .

Evidently, if Sx and S3 are partitioned in the forms SJUSi and
Ss= ( — S3)US3, then S2 is partitioned in the form S2=(— S2)U S2-

Theorem 4.2. I f  M  splits the finite abelian group G nonsingularly and H is a charac
teristic subgroup o f G, then

w{G, M ) S  co(tf, M)co(G/H, M ) and Q(G, M ) -  Q(H, M)Q(G/H, M).

Proof. For the sake of brevity we shall prove only the first statement. Assume 
that M  splits the groups H  and G/H. Obviously, these splittings are nonsingular. 
If  a is the inclusion mapping and ß is the natural homomorphism between G and 
G/Я, then

{0} -  H  dU G^~ G/H  -  {0}

is an exact sequence. According to Theorem 4.1, M  splits the group G with the split
ting sets S U/?- 1 (F) and S 'U ß  _1(F'), where S, S ' and V, V ' are splitting sets of 
H  and G/H, respectively. Assume that S U/?-1 (F) and S 'U/?-1 (F ') are equiva
lent, i.e. there exists an automorphism y: G-*-G such that y(SUjß_1(F ))=  
= S ' U ß -^ V ') .  From this we conclude ßy(SU ß  -  1( K ) ) = U > S a n d  so 
ßy(S)lJßyß ~1(V)= ß(S'){JV '. Since Я  is a characteristic subgroup so y{H)—H  
and since S ,S 'Q H ,  hence ßy(S)= ß(S ')= 0. Thus jSyjS_1(F )= F '.  Using the 
facts y(G)=G and y{H)=H  we can verify that the mapping у : G/H-+G/H given 
by y(g+ И )—У(g)+ Я, g£G is well defined and it is an automorphism. Since 
yß(g)= H g+ H )= y(g)+ H = ßy(g) so V '= ß y ß -1(V)=yßß~1(V)=y(V) hence 
V ' and F are equivalent splitting sets of G/H.

Obviously, S = ffn (S ,U )S-1( n )  and S '= fffl(S 'U j3  ~1(V')). So y (S )=  
=  у(Я П (5и^ _1(F)))=')’(Я )П y(5U ^ _1(F ))= Я П  (S'U)S ~1(F ,) )= S ,, i.e. S  and 
S '  are equivalent as well. This completes the proof.

The following theorem is sharper than the previous one for cyclic groups whose 
orders are prime powers. Denote C (r) the cyclic group of order r.
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T heorem  4.3. Let p be an odd prime and t a positive integer. Assume that each 
element in M  is relatively prime to p. Then

w(C(/>f), M ) Sr [«(C(p), МУ\*\М\*~\
q{c{p%m) ^ [й (о д , м)У(\м\ру-к

P ro o f . We shall prove only the first statement. Let c be a generator element 
of C(p‘) and let р‘С(р') be a cyclic group of order p‘~l with generator plc.

Assume that M  splits p,~1C(p‘). Each splitting set of pt~1C{pt) is represented in 
the form р'~гсУ, where V is a set of integers and we can choose these sets such that 
p,~1cV and p,~1cV ' are equivalent if and only if V = V '. For m£M  the mapping 
p: C (/?')-► C(p') given by p(c)=mc is an automorphism, because m is relatively 
prime to p. Obviously, p,~1cV is a splitting set of p‘~1C(pt) if and only if p‘~1cmV= 
= p(pt~1cV) is a splitting set of pt~1C (//).

Consider the exact sequences
{0} -  -  j f - 'C t f )  -  {0}

for O S íá í— 1. If M  splits pt~1C{pt) with the splitting set pt~1mtcVt, then according 
to Theorem 4.1, M  splits p,~1C{pt) with splitting set pt~1mtcVt{Jp,- ‘i mt_1cVt_1+ 
+p,~1C(pt). Again according to Theorem 4.1, M  splits р*~3С(р‘) with splitting set 
pt~1mtcVt\Jp,~2mt_1cVt^i+pt~1C(p,)Up,~3mt_2 cVt_2 +p,~2C(pt) and finally M  
splits C(p') with splitting set

Assume that
S =

t- 1
U p ' 1 xm,^icVt. i + p t- iC{pi‘).
i = 0

S ' = и  P,- i- 1m't_icVt' . i+p‘- i C(pl) 
1=0

is a splitting set as well and mx= m[. If S and S ' are equivalent then there exists an 
automorphism y: С(р‘)--С(р‘) such that y (S )= S ' and so

y(p* ‘ 1mt_icVt_l+p,- iC(pt)) = pt~i~1m't_icVt'_i+p^~,C(pt) for —1
because у preserves the orders of the elements. Multiplying by p‘ we conclude that 
y(p,~1mt_iCV,-i)=pt- 1m't_icVti.i for 0 t£ itá t- l .  Thus p'tl l  р,_{у {p1 - гсЦ_,)= 
=p‘ 1cV/_i, i.e. pt~1cVt. ,  and pt ~1cVt'_i are equivalent splitting sets, therefore 
Vt-i=  If y: C{p,)-*C{p‘) is defined by y{c)—dc, where d is an integer, then 
pt~1dmt- i=pt~1m’t_1 (mod pf) and so с/тг_г= т г'_г (modp). Now using the fact 
тх—т [^е  have d=  1 (modp) and mt. i=m't_i (modp). Since M  splits pt~1C(p‘) 
whose order is p, so elements of M  are pair-wise incongruent modulo p and 
therefore from mt- i=m!t_i (modp) and mx, ..., mt, m[, ..., m't£M  it follows that 
m ,-i=m't_i for O ^ i ^ t — 1. Thus there exist [w(C(p), M )]'|M |'_1 nonequivalent 
splitting sets of C (p1).

Now we specialise our result to the case M = {  1,2}.
T heorem  4.4. I f  2 is a primitive root modulo p* for each t, then co(C (//), (1, 2})= 

=  2'-1 and i f  4|(p— 1), then Q(C(p*),{ 1, 2})=2*-1. {For example p may be 3,5, 
11, 13, 19.)
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Proof. According to the previous theorem co(C(p'), {1, 2})ё co(C(p), 
{1, 2})2,_1. At first we prove co(C{p), {1, 2})=1 so it will be sufficient to prove 
2Í_1=  (o{C{pt), {1, 2}).

In our case 2 is a primitive root modulo p so we can construct only two splitting 
sets {c, 4c, 16c,...} and {2c, 8c, 32c,...}, where c is a generator of C(p). But these are 
equivalent.

Now we shall prove that 2'-1^  а>(С(р{), {1, 2}). Consider the autmorphism 
defined by c->-2c. This is a permutation of elements of C{pl), and it consists of t 
cyclics (p'c, 2p'c,..., —p'c, —2p 'c , ...). Hence we can construct only 2‘ splitting sets. 
But among these there are only 2t_1 nonequivalent. Indeed, a splitting set containing 
the elements c, 4c, ... from the first cycle is equivalent to an other splitting set con
taining the elements 2c, 8c ,....
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SOME PROPERTIES OF GENERALIZED MEASURES 
ON THE DYADIC GROUP

K . YONEDA (Osaka)

1. Introduction. Let

P = 2  ß(k)wk(x)
k—0

be a Walsh series and let mß be the dyadic measure defined by the equation
n

»*„(/) =  lim / ( 2  ß(k)wk(x))dx
n~°° I k — 0

for each dyadic interval I. I„p denotes the set of all 0—1 sequences ( e ^  •..) such that

(1) 2  %/2fc = P ß \  n = 0 ,1 ,-.., P =  0 ,1 ,. . . ,2 " -1 .t=i
In this paper, we shall identify ( e ^ ...) and p/2" if (1) holds. I£ is called a dyadic 
interval of rank n and In(x) is the dyadic interval of rank n which contains x.

When a dyadic measure mß satisfies ß(k)—0 {\)  as /с — oo, it is called a pseudo 
measure. It is easy to see that if a dyadic measure mß satisfies

1 2 " - l
(2) f  \S2n(p, x)\dx = 2  1шм № )1= °(1) as n-+°°,

о p = о

where Sk(p, x) is k-th partial sum of ц, then there exists a unique Radon measure m* 
on the dyadic group such that m * ( I for all dyadic intervals 1. We shall 
identify m* and mß.

2. Pseudo measures and Radon measures. It is easy to construct a dyadic measure 
mß such that

m ^ f ix j)  9^ 0(1) everywhere as n -»°°.
But we have the following:

Theorem 1. I f  mß is a pseudo measure, then
(i) mß(In(x)) = o(n(logn)1+£/y2") a.e. as n— °° for each e>0;

(ii) the above convergence is quasi-uniform.
Proof. Since

2” —1
SV-Oh X)  = Szn(x) = 2  ß(.k)wk(x) = 2nmß(ln(x)),
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we have

f  21/2(п- 21о8в- 2(1+г)1о81о8Л)|52п(х)|/2я}2 dx  =

=  /  { 2  l/(«(log«)1+£) ( ^  «(log«)1+£X
О л =  2 /1 = 2

x  2 (» -  2 log n -  2(1 +  e) log log /.) I ^  12 /2 2») =

= ( j?  l/«(log и)1+£)( ('og «)1+V(2n«(log и)2(1+£)) f  \S2n(x)\2dx
и — О M — о У

^  ( 5  i /(n(iogW)i+£) ) ( i  i / (» ( iog n y + ' ) * z  \ № № л) ^
п = 2 // = 2 к=О

=Э ( 2  l/(«(log и)1+£)2 <°°,
Л =  2

for each е>0, from which (i) follows.
Since

(sup \тц(1п(х))\)2 s  sup 2 ” l"ig(/»p)l2 =
n n p = 0

|S2»(*)|2dx =  sup(l/2" 5 1 l/K*)!*!
" 1с=0

and the last term is finite, the majorant function of mß(In{x)) is bounded. From Theo
rem 3 of [5], we have (ii).

Remark. When m„ is a Radon measure,
т Д /п(х)) =  0(1/2") a.e. as и — °°.

Theorem 2. Tor о countable dense set E, there exists a positive Radon measure mß 
such that

mß(ln(x)) ^  o(l) as n on E.

Proof. Let {$„}„ satisfy 2  On— 1 and 0„>O for all n, and set E= {x1, x 2, ...}. 
/1 =  1

Define mß by the equation

"VOO = 2  Qkxkei

for all dyadic intervals I. Obviously, mß is a positive Radon measure and it satisfies

lim m jf„(xk)) =  Qk *  0
n-*- CO

for all k. The proof is complete.
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Theorem 3. I f  mfl is a Radon measure, then the following conditions are equivalent:

(i) (1/«) Í  \ m \ 2 = o(l) as /7 -°° ,k = 0
(ii) m/J(/„(x))=o(l) everywhere as
(iii) (/„(x))=o(l) uniformly as n-*- °°,
(iv) vv/гси tp(t) is continuous and cp(t)|0  űa i-»-0+,

(1/«) "z <p(\ß(fi)\) = °(1) as «-*” •
k = 0

Proof. We shall first prove (ii) from (i). By (i), we have

(1/2") 2  \№ )\2= 2  N,.W )I* = 0(1) as Л - » ,
k =  0 p = 0

then (ii) follows.
Set

F.(t) =
2  \mM\, for /7/2-< i ^  (/7+1)/2”, p =  0, 1 , 2 "  — 1,

k= 0

0, for t =  0.
By assumption, there exists a limit function F(t)= lim F„(t) which is increasing.

П-*- oo
By (ii), F (t) is continuous. Then it is uniformly continuous. By 

F ((p + l)/2 " )-F (p /2 ") ^  Imt {Ig)\t
we have (iii).

By (iii), we have

2  1"»ДОТ S  max |m„(/If)| ( 2 ” l"»„Ctf)l) =  o(l), as лp=0 P fc=0
Then (i) follows.

By assumption, we can set \ß(k)\sK  for all k. For each e>0, let te be a posi
tive number such that <p (/„)<£. Hence we have

(i/«) 2  <p( №) \ )  =  (! /» )(  2  +  Z  ) s
fc=o |A(*)|>ie

^  (1/л)( У 8+ 2 1 К )^Е + К (1/п)${к; гг <|Д(/с)|,

sS б +  ̂ (1/Г?)(1/л) 5 1 !A(fc)l2 <  e+£ =  28,
к =  О

for sufficiently large и. Then (iv) follows from (i).
The converse is obvious.
Remark. When is a Radon measure, (iii) holds if and only if

( 3) (1/«) 2  № )\ = o(l) as и —oo.
k = 0
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Theorem 4. I f  mß is a Radon measure, then 
1

f  \S2n(p, x)|1+E" dx = 0(1) as n -»-oo, 
о

where en= 0(l/ri) as n-+ <=°.
Proof. By the relations

/ \S2~(p, x ) \^ n d x  = 2 ^ 2  Im,(//)| =  О{ { 2  К ( / р)1)1+£")
0 P=0 p = 0

1
=  О ( [ f  IS2n(ji, jc) |  dx)1+Cn) =  0(1) as n —

0

the conclusion follows.

Theorem 5 . I f  a Radon measure mß satisfies 
1

(4) J  \S2»(ß, x)\1+E»dx=  0(1) as
0

where sn=o( 1) and nent°° as n —°°, then mf, satisfies (3).

Proof. Let us assume that

2  \ т ц ( ! пР ) \  <  ^p = 0
and

1
J I52"Cu, x)|1+c»d;t <  Äi for all и, 
о

where £ ё 1 . Therefore we have

(1/2”) ' J '  № ) \ *  =  "2  K (/,f) l2 =  ' S '  K t t f ) l1+£"+1- £» ^
k  =  0 p  =  0 p =  0 S

S  max\mfiIP)\1- ^ { 2  1™Д/„р)11+£"} =
p p = 0

2й —1
-5(2"  l ^ ( / p)l1"E"2"£" 2  lwp(-^f)l1+£"0/2“ n) =

p =  0 p =  0

== AT1-*- f  \S2»(ji, л:)|1+£» dx(l/2nEn) Ä АГ2(1/2И£») = 0(1) as n

From Theorem 3 and Remark, the proof is complete.
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R em ark . Let m ß be a positive Radon measure such that

m ,(/0°)=  1, т Д Й , )  = (l/2 + en+1)mß(I>), тД /„2̂ 1) =  ( l /2 -0 „ +1)m ,(//),

for О<0л<1/2 and n=0, 1,..., p —0, 1, 2"— 1.
If liminf0„< 1/2, then (iii) of Theorem 3 is valid. Moreover for e„iO we haveП со

/  \Sr(ji, jc)| 1+'»dx = |пгд(/^)|1+еп =
0 p —0

= 2"£n #{(1/2-0*У +£» + (1/2 +  0*)1+Ч-
k =  l

The above product is bounded if and only if

Л  =  ne„+ Í4 o g 2((l/2 -0 k) ^  +  (l/2 + 0*)1+£")
k =  1

is ЬоппНрН from above. Since

(l/2±0)1+£ = (l/2)1+£ +  (l + г)(1/2)£0 +  (1 +  e)£(l±0/)£-102

for some 0' such that O<0'<0, we have

(1/2—0)1+£+(l/2+0)1+£ =

=  (l/2)1+£+e(l +г){(1/2 + 0")£-1 +  (1/2 —0W)£_1}02

for some 0< в", O'"<0. By
log2((l/2)£ +  i) ^  -£  + (2£/loge 2)1,

we have

A„ = п е „ — ns„ + 2  (2£"/l°ge2)£„(1+£„)X
k = 1

x (i/2 + 0 ;)£. - 1+ ( i / 2 - 0 í > - 10̂  S  Ce„ 2 0 1
k — 1

where C is a positive constant.
If

O/и) Z el  =  0(l/(ne„)) as л
k = l

then mß satisfies (4). Let Amß(If)= mß(/„2£ J —mß(I„1 {*). Then by easy computation 
we have

2 1 И т д(/*)| =20n+1.
p = 0
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R emark. Let mß be a non-negative Radon measure which is defined by the follow
ing equations:

m ß(lS) = 1, шД/f) = тДД1) =  1/2,

=  т„ (/$  =  1/2, т„(/|) =  т Д /f) = О,

and
= ) =  I/2’ тМ  = 0 for р ^ 0 , 2b-1 * * *,

КС/,%1) = тД//1+1) = !»„(/*,) = «„(/*+*) = 1/4,
K a i +i)= 0  for 0, 1,2'., 2'.+1.

Continuing in this way is defined for /„f°° as n— m,, has the following prop
erties :

m/1(i„(x)) = o(l) everywhere as л —

2  И т м(7»р)1 =
p = 0

1, for и = Zt ,
L 7̂  1 ,2 ,...,

and
0, for n lk, 

2nmß(ln{x)) — o (l) a.e. as rí

mjei us assume that ls= sN  for j = 1,2, ... where N  is a natural number. When 
/ ,ё и < / ,+), we have

f  \Sr>(ji, *)1+£"dx =  2ne" 2  K W )1+t»)l =
2n —1 

P= о

=  2"£"(l/2s)1+£" =  2(n_s)£» S  

&  2 (I» _ s ) £ / , +1 &  2 (JV_14 + i  =  2 « w - i ) /(v + i ) ) (v + i )K n ( , + .,_

The last term tends to infinity if ne„f°° as n - + ° o .  Then we have
1

J  |S2»(/*, x)|1+£" dx -*■ °° as « — =».
и

Theorem 6. I f  f  is an integrable function, then

2  \AmfW )\ =  o(l) as
p =  0

Proof. It is well known that
1

/  \S2" ( f ,x ) - f(x ) \d x  = o(l) as
0
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Hence we have

V  \Amf OS)\ = /  x ) - S A f  x)\ dx =
p=0

^  f  IS r A f ) - f \ d x +  f  \ f - S 2.( f) \d x  = o(l) 
0 0

as и-*-<=°. The proof is complete.
Remark. Let i/„= 1 and i/„=20„|0 as n—°°. Set

r 2k+1(r/k —r/fc+i) on It+1, for k = 0, 1, ..., 
for x = 0.

f 2* +
g(*) = l ” ,

1
Obviously, g(x) satisfies g (x )^0  and J  \g(x)\dx=  1. On the other hand, we have

0
1 2 " - l

/  |S2-(g, x)|1+W/x = 2"‘n 2 1 |in,(/„p)|1+£" ^  2"£n»/i+£»
and

P — 0

*2 \Ат,{1*)\ £  |íí, - 2 iÍii+1|.
p =  0

Let us assume 0„+1£(3/4) 0n for all и. Then we have

2>ln + i - t l n = 40„+1-20„ =  40n+1-3 0 n +  0„ — 9n. 

When ne„\°° as let {?/„}„ satisfy

2"E"»/i+et°° as n ->■ °o.

1
Then

f  l^2n(g) x)|1+£” dxt°° as n

and
2 " - l2  \Amg(I£)I £  0„ for all n.
p =  0

Theorem 7. For each 0 < a < l ,  there exists a pseudo measure m/t such that

2  Мт д(А.р)11+“ as я — со,
p = 0

but fi(k)=o( 1) as k-»<=°.

Proof. Let в be a positive number such that
(, /2)2/0 +e> < 9 < 1 д
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When 0 ^ /x 4 n, set p=^"~lpn-\+■■■ + ̂ Pi+Po, where p = 0, 1, 2, 3 and let N(p) 
be the number of pt=3, i= l, 2, n— 1. Set

and
d m „ ( / , f n )  =  0 4 — l ) " ( p )

Am „(11+1) =  {  q  (

0(—l)iv(p), for even p, 
otherwise.

When 4nsjk< 2 -4"— 1, we have

£(fc) = /J(4" +  fe') =  2  A m ^I& w ^ip /r)
P = 0

=  0 " { i -  i  ( -1 )Жр)^ ( 0 п-1/4)..^,,(0о/4)} =
Po = ° Pn- 1  = 0

=  0" /7  ( 2," ( - i ) wu><)wik.(ft/4"-i))1 = 1 P| = 0

where fc'=4"_1A:n_1+  ..,+4^+A:,,. On the other hand, we have

2  ( - l ) N<'p,'Wk'(Pi/4n
p< = о

f) =

=  (0/4"_i) + w*. (1 /4" ~‘) + w4, (2/4”_ — wt. (3/4"-i) =

Hence we get

2, for k„-i- 1 = 0, 1, 2, 
- 2 ,  for =  3.

/t(fc) =  б" V  (2(— =  0"2"(— 1)»<W.
1 =  0

Similarly we can prove that

/l(fc) =  0»45 1( - l f (p)wr (/7/4")
p  =  0

for 2 • 4” ̂  A: = 2 • 4" + &'< 4"+1. When 0 ^ k '< 2 -3n, quite similarly to the first 
case, we have

/i(fc) =  0" 2"(— l)*CO

When 4"SA:, s4"+ /c ,'<2-4", we have

Д(к) = O"4̂ 1 ( -  l)*(pW(W4")vv(/V4") =
p =  0

= Qn*2 ( -  l)N(p)wfc»(p/4n) =  0n2n(— 1)W>.
p =  0
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By assumption it is obvious that ß(k)=o( 1) as On the other hand, we can
prove that

*2  И т Д /пр)|1+« =  0(1+e>B4" =  (401+<*)n -*oo,
p = 0

2  |dm/i(/,f)|1+a =  4B0(1+°‘)* a s  n -*-<*=.
. p=0

The proof is complete.
Helson [2] solved the problem of Steinhaus (see [1], p. 244—252) and gave a 

positive answer, that is, i f

/ I 2  \fi(k)exp(ikx)\dx = OQ.) as n -*•», 
о *— Л

t/zen /2(к)=о(1) as к -*-=>. Sidon [4] showed that this problem has a negative answer 
in case of Walsh series. However we can prove the following:

Theorem 8. I f  a Walsh series ß satisfies

} n
I \ 2  fiOc) wk(.x)\dx = 0(1) as 

0 *=°

then mß is a Radon measure and

d/«) 2  l / W  = 0(l/logAz) as n —oo. 
t=o

Proof. By Olevskii’s inequahty (see [3] p. 6), we have

( sup \fi(k)\) (max f  \ 2  fiU)wj(x)\dx) ^ K { 2  \fi(j)\2/n)logn,
оg i s n  ° - k о 7 = 0  7=o

where A is a positive constant, from which the conclusion follows.

3. Application to a certain stochastic process. Let (Q, srf,  P ) be a probability 
space and X(co)= {X„(co)}“_0 a sequence of random variables which take the values 
0 or 1. Let mß be a dyadic measure defined by

m fil)  = P(co£Q; X(a>)£l)
for each dyadic interval I.

Theorem 9. (i) X  is a sequence of independent random variables i f  and only i f  1

я  ж 2*01
for n = 2ki + 2ki +,..-\-2k‘, k± <  k2 < . . .<  ks,
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(ii) X is a Markov-chain i f  and only i f

(5) d e t P (0) fi(k) U d e t f  /i(2”“ 1) ß{2n" + k) ) — 0( J Ű 4/2(2") /2(2"+Ы  + MU ( 3 . 2 —l) й ( 3 ‘ 2 Г - 1 +  к ) )./1(2") /2(2п+к) 
fo r  п= 1, 2, к = 0 , 1 , 2"-1— 1.

P roof. From the definition of mß it follows that 
/1(0) -  mß(I$) = P(X£I°) = 1.

For e=0 or 1, we have

P(Xk =  в) — 22 _1р(ЛГе/,(5/2‘-Ч е/2 )) -
s = 0

=  2 “ Z  1  mß(lk(sl2k̂  + o/2k)) = ik'z 11 / 2 ‘ * 2  fi(j)Wj(s/2k-k + el2k) =
s=0 s = 0 7  = 0

=  1/2* У  AC j)w j№ t)* ~ 2 1 W jisp -1) = 1 /2й (Д (0)+/2 (2*_1) W2k-r(£/2k))2k- i  =
7 = 0  s=0

=  1/2(1 + /2(2*_1) w2k-i(£/2*)).
On the other hand, for each a:=(£1e2...£„...) we have

У  К к ) щ ( х )  =  2"m,,(/„(*)) =  2 " P ( X e l n( x ) )  =

= 2" fr  P(Xk = ek) = U  (1 + /2 (2 * -> 2*-.(Е*/2*)) =
Jfe=l fc = l

=  П  ( I + ß ( 2 k ~ 1)  w 2k - i ( x ) ) ,
ft=i

from which (i) follows.
(ii) can be proved in a similar way.
R e m a r k . A Rademacher series satisfies (5).
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A CLASSIFICATION OF KAEHLERIAN 
MANIFOLDS SATISFYING SOME SPECIAL 

CONDITIONS
S. S. SINGH, R. K. SRIVASTAVA and R. P. OJHA (Gorakhpur)

1. Introduction

Let us consider an n (= 2 m) real dimensional Kaehlerian manifold K" with 
(g, F) as its Kaehlerian structure. That is, g is  a Riemannian metric and F is a complex 
structure in K n such that

where gß and F k are local components of g  and F respectively. It is well known that 
F j= F fg ti is skew-symmetric.

The holomorphically projective (or //-projective for brevity) curvature tensor 
Pkji of a Kaehlerian manifold is given by

where Rkjih, RJt and R denote the Riemannian curvature tensor, the Ricci tensor 
and the scalar curvature respectively, and S j— F /R ^ . This tensor corresponds to 
the WeyFs projective curvature tensor of a Riemannian space and is invariant under 
any holomorphically projective correspondence.

On the other hand, as a complex analogue to the Weyl’s conformal curvature 
tensor, Bochner [10] (see also Yano and Bochner [6] introduced in a Kaehlerian mani
fold the curvature tensor

Bochner introduced the curvature tensor using a complex local coordinate system. We 
call this the Bochner curvature tensor. The form (1.2) of this Bochner curvature 
tensor with respect to the real coordinate system has been given by Tachibana [9] 
(see also Yano [5]).

In order to shorten complicated calculations, we put

( 1.2)

R
+ (я + 2)(и+4)

where
(1.3)

2*
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and
(1.4) DkJih = ő j 'L u - S fL j t+ L fg u - L tg j t+ F j 'M u -  

-  Fkh Mjt + M /  Fki -  Mkh Fjí +  2 (FkJ M? + MkJ Ff).

Then from (1.2) we have
(1.5) BkJih = RkJih—DkJih 
and
(1.6) Bkj A =

Moreover, Ljt and Dkjih satisfy the following relations:

(1.7) L  =  Ljigji = R
2(n +  2) ’

Dkjih — Dkji“gah — Djkih — —Dkjhi — Dihkj.

§2 deals with some properties ofKaehlerian manifolds satisfying Rijtk= R iKj. 
§3 is concerned with Kaehlerian manifolds with parallel Bochner curvature tensor 
which are Ricci-recurrent. In §4 a classification of such manifolds whose Ricci tensor 
is Codazzi is given.

2. Kaehlerian manifolds satisfying RiJtk=Rikj  

D efin itio n  2.1. A symmetric tensor T  is called a Codazzi tensor if

(2.1) TiUk = TikiJ.

R em ark  2.1. In a Kaehlerian manifold whose Ricci-tensor is a Codazzi tensor the 
scalar curvature is covariant constant.

Proof. Let R j  be a Codazzi tensor, then we have

(2.2)
Transvecting with gjl we get

Pij,k — Rik.

(2.3)
i.e. R is a covariant constant.

R,k ~

Remark 2.2. In a Kaehlerian manifold whose Ricci tensor is a Codazzi tensor 
the relation

(2.4) Pk]i°,a = 0
is satisfied.
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P roof. From (1.1) it follows that

■ ?.5 Pkji“,a — n_|_2 №ji.k~Rki,j)-

Equations (2.2) and (2.5) yield (2.4).
T heorem  2 .1 . Ina Kaehlerian manifold K" the H-projective curvature tensor satis

fies the identity

( 2 . 6 )  P k j i h , l  +  P j l i h , k  +  P l k ih , j  ^ '* " • a ~ % k h * >У  "• * +

+ glhPkJia,a + FjhFiaPkalb,b~FkhFiaPjalb, b +
+ FlhFi°P jJ ,b + Fih(Fk°Plaj\ b + F fP kal\ b + Fl°PJak\ b)] = 0 ,

P roof. Multiplying (1.1) by gh, and summing for t we have

(2.7) PkJih =  Rkjih + "n _^2 ^ ki ~  %kh ̂ S k i  ~Fkh Sji + 2FihSkj).
From (2.7) we obtain

(2-8) Pkjih,I + Pjuh,k + PIkihtj = w_j_2 fei*(^ki>1 ~ ^ u’ ~

> ~  Skh (Pji,l~Pli,j) +  Slh (Pji.k — Pki.j) + Fjh(Ski, I — S,i>k) —
~Fkh(Sji>i—Sli,j)+Flh(Sji,k—Sktj)+ 2 F ih(Skj,l+Sjlik+ S lk,i)] = 0.

In virtue of (2.5), (2.8) reduces to (2.6).
R em ark  2.3. We shall call (2.6) the Bianchi identities for the Я -projective curva

ture tensor.
In view of Remark 2.2 and Theorem 2.1 we have the following
C o ro lla ry . In a Kaehlerian manifold K n, whose Ricci tensor is a Codazzi 

tensor we have
(2.9) Fк jih, l + Pjlih,kF F l kill, j = 0.

R em ark  2.4. In a Kaehlerian manifold K", whose Ricci tensor is a Codazzi 
tensor, the tensor Bkji vanishes identically (S. Tachibana [9]).

P roof. The tensor

Bkji = R ji,k-R ki,j+  2(n+2) ÍSkiSj“- gjiV  +  FkiFja- FjiFk° + 2FkJFf]R,.  
satisfies the identity

(2. 10) D Cl ___Dkji ,a П R 
~n + 4~Bkji'

Hence the statement.
A Kaehlerian manifold is called symmetric in the sense of Cartan (resp. Я- 

projective symmetric) if thej'Riemannian curvature tensor (respectively Я-projective 
curvature tensor) is parallel.
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A Kaehlerian manifold for which the Bochner curvature tensor Bkjih satisfies the 
relation

(2.11) V .  , =  °,
is called a Kaehlerian manifold with parallel Bochner curvature tensor. For the sake 
of brevity such a manifold shall be called a BS„ -manifold.

The following characterizations of a Kaehlerian manifold satisfying RiJik— R ik,j 
are direct consequences of some of the results in [3, 7, 8].

R em ark  2.5. A Kaehlerian manifold which is symmetric in the sense of Cartan 
is a Kaehlerian manifold whose Ricci tensor is a Codazzi tensor.

R em ark  2.6. A Kaehlerian Я -projective symmetric manifold is a Kaehlerian 
manifold whose Ricci tensor is a Codazzi tensor.

It

R emark 2.7. A Kaehlerian manifold with parallel and nonvanishing Bochner 
curvature tensor is a Kaehlerian manifold whose Ricci tensor is Codazzi tensor. 

Moreover, we have
R em ark  2.8. In a Kaehlerian manifold whose Ricci tensor is a Codazzi tensor 

the relation

(2.12) Rkjih,l ~  Rkjih.l

holds.

3. Ricci-recurrent В  ̂ „-manifolds

A Kaehlerian manifold is called Ricci-recurrent if the Ricci tensor is non-zero 
and is recurrent. That is, R iJtl= A lR{j for a non-zero vector A t .

We shall prove the following
Lemma 3.1 .A  necessary and sufficient condition for Rj; to be a recurrent tensor is 

that LJi be a recurrent tensor.
Proof. If  we put

(3.1) LJltl =  At LJt,
we get
(3.2) L j =  AtL
or equivalently Rtl=A,R. Consequently, from (1.3) we have

(3.3) R íja — ^ I Ri j  ■
Conversely, if we have (3.3), then (3.1) holds by virtue of (1.3).

Lemmas 3.2 and 3.3 below were proved by A. G. Walker [1], [2].
Lemma 3.2 (A. G. Walker). The curvature tensor o f a Riemannian space satisfies 

the identity

(3.4) R kjihAm Rkjih.rnl Rihlm.kj Rihlm.jk ' RlmkjAh Rlmkj,hi
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where Rkjih,lm Hkjih,l,m•
Lemma 3.3 (A. G. Walker). I f  axß,bx are numbers satisfying

(3.5) aXß = apx, axpbv+afybx + avxbp = О
for а, ß, v= 1, 2, ..., N, then either all the axß are zero, or all the bx are zero.

Using these lemmas, we can prove the following
Theorem 3.1. In a BS„-manifold, i f  Rjiti=AiRjt for a non-zero vector At and 

a non-zero tensor Rj4 then the recurrence vector Al is gradient.
Proof. If we assume that RJU,= At Rjt or equivalently LjiA—А{Ь^, then 

we have
(3.6) DkJi\ t =  A,Dkf .
Consequently, from (1.6) we get

(3.7) R k f j  =
Differentiating (3.7) covariantly and using (3.6) we have

Hkjih,im — Al<mDkjt + AlAmDkj t  ■
Hence

Rkjih,lm ~Rkjih.ml ~  HlmDkjihi
where Alm=AUm—AmJ. The identity (3.4) now gives
(3.8) A,mDkj ih + AkJ Dihlm + A ihDlmkJ = 0,
which is of the form (3.5) because Dkjih=Dihkj, the indices a, ß, v being replaced by 
kj, ih, lm. Since Rtj is a non-zero tensor, DkJih is not all zero. Accordingly, from Lemma 
3.3 it follows that A,m=0. Hence At,m=AmJ, which is the condition for A, to be 
gradient.

The following theorem can easily be proved.
Theorem 3.2. A BS„-manifold satisfying Rji—0 is symmetric in the sense o f  

Cartan.
Now we shall prove the following
Lemma 3.4. In a Ricci-recurrent BS„-manifold the relation

(3.9) (n+4)LmaBkJi°+LBkjim = 0 
holds.

Proof. Let us assume that a BS„ -manifold satisfies
(3.10) LJU =  AtLjt
for a non-zero vector At. If LJt= 0, then RJt= 0 and therefore, the manifold is sym
metric in the sense of Cartan by virtue of Theorem 3.2. So we assume that LJi is a 
non-zero tensor. Then, from Lemma 3.1 and Theorem 3.1 it follows that the recur
rence vector At is gradient. Consequently we have

(3.11) I'ji.l.m — 0-
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When the Ricci identity and (1.5) are applied to (3.11), this expression becomes 
(3-12) L aiBimja+ L jaBlmia+ L aiDlmja+ L jaDlmia = 0.
Differentiating (3.12) covariantly and using (2.11), (3.6) and (3.10), we have 

As(LaiBimja+ L jaBimia) + 2A s(Lai Dlmja+ L JaDlmia) = 0 
from which follows
(3.13) L ai Blm/ +LJa Вш а+ 2 (Lai DlmJa+ L Ja Dlmia) =  0,
because of the A x being non-zero. Therefore, from (3.12) and (3.13) we find
(3.14) LaiBlmj°+ LjaBlmi° =  0, 
which implies
(3.14) ' MaiBlmja—M aj Blmia =  0.
Transvecting (3.15) with gim, we get
(3.15) L°mBjalm =  0.
On the other hand, it follows from (2.11) that

Bkjih,l,m'~Bkjih,m,l =  0"
Applying the Ricci identity and^(1.5) to this equation we have

(3.16) Blmah Bkj° -  Blmk“Bajih -  BlmjaBkJ  -  Blmi°Bkjah +DlmahBkji° -

~DlmkaBajih—DlmjaBkaih—DlmiaBkjah — 0.

Differentiating (3.16) covariantly and using’(2.11) and (3.6), we have 

As{DlmahBkjia- D lmkaBajih- D lmf B kaih- D lmihBk3ah) = 0, 
from which follows
(3.17) DlmbBkj“- D lmk°Bajlh- D lmj“Bkalh- D lmi°Bkjah = 0.

Contraction with respect to h and l gives

Dima Bkj? ~ D tmka Bajl  —Dimja Bkai —Dlmia Bkja =  0- 

After some calculations we have

(n + 4) LmaBkji — LBk Jim + Fma [Mlk BaJi + Mu Bkail + MuBkJal] +

+ Mm‘‘[FlkBaj!+ F ljBkail+FliBkjal)+2Flm[MkaBaJ}+ M jaBka!+Mi°Bkjal]+

+ 2Mlm[Fk Ba]il+ FjaBkai + F f Bkja] -  0.

Making some lengthy but straightforward subsequent computations with the help of
(3.14), (3.15) and Bkjih+ BJikh+ B ikjh= 0, we obtain the required relation (3.9).
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4. Classification of Kaehlerian manifolds satisfying some special conditions

We shall prove the following main result:
Th eo rem  4.1. In a В S„-manifold whose Ricci tensor is Codazzi and recurrent, 

the following cases occur:
i) the manifold has vanishing Bochner curvature tensor and is recurrent,

ii) the manifold is symmetric in the sense o f Cartan and RtJ=0,
iii) the scalar curvature vanishes and the recurrence vector At is null.
P r o o f . Making use of

(4.1) Rij, к
we have
(4.2) Lij A к =  L ik A j

From (4.2) by transvection with gik follows
(4.3) A°Laj = L A j.

Transvecting (3.9) with A m and using (4.3), we get
(4.4) LA“BkJia =  0.
Hence, either
(4.5) AaBk]ia =  0, 
or

(4.6) L  =  0 or equivalently R  = 0.
We first consider the case when (4.5) holds. Transvecting (4.2) with Bhlm and 

using (4.5) we have AkL iaB hlma— 0, and consequently
(4-7) Lia Bhima — 0,
substituting (4.7) in (3.9), we obtain LBkjim—0. Hence, we find either L =  0 or
B j k i m = Q-

We consider the case when B kiih= 0. In general, when a ii  S' -manifold satisfies
(3.10) we have
(4.8) R kJih,i+ A l(BkJih- R kJih) = 0.
Substituting B kjih—0, we find Rkjih,i= A iR kjih, that is, the manifold is recurrent. 

Next, we consider the case when (4.6) holds. In this case from (4.3) we have
(4.9) A°Rja =  0.
From (4.1) we obtain

B-ij Ak =  R ik A j ,
which on transvection by Ak reduces to

A kA kRji- A j A kR ki = 0.
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Using (4.9) we get A kAkRjt~ 0, which implies 
(4.10) A kAkLji = 0.
Since Ljt is a non-zero tensor by our assumption, from (4.10) we find that A k is a 
null vector. This completes the proof of the theorem.

Corollary 4.1. A ВS„-manifold with non-vanishing scalar curvature whose Ricci 
tensor is Codazzi and recurrent is a Kaehlerian manifold with vanishing Bochner curva
ture tensor and recurrent.
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MATRIX TRANSFORMATIONS OF CESÄRO 
SUMMABLE SERIES

B. THORPE (Birmingham)

1. In a recent paper [1] Alpár gave necessary and sufficient conditions for an 
infinite matrix A to transform every (C , a) summable series into a (C, ß) summable 
series where a and ß are any non-negative real numbers. Now Cesäro summability 
(C, a) is usually considered for the range a s  — 1 (see [4]) and it is the object of this 
note to extend Alpár’s results to the cases a, /Ss — 1. Since summability (C, — 1) 
requires a separate definition, we have to consider the cases a=  —1, - l < a S 0  sepa
rately and our proof uses the functional analytic properties of these spaces of Cesäro 
summable series.

2. We shall basically use the notation of [1] and in this section we give the extra 
notation and definitions needed.

We say Z an=s (C, —1) if the series to sequence transformation
«=o

(1) (п = " 2  ak+(n+l)a„
k = 0

tends to s as n tends to infinity. Thus the infinite matrix associated with the (C, — 1) 
transformation is a normal matrix i.e. a lower triangular matrix with all terms on the 
main diagonal being non-zero.

The convergence domain of an infinite matrix A is defined to be

cA = {x =  (*«),. sol',, =  2  ank*k -  limit as n -  oo}.
fc =  0

It has a unique topology under which it is an FK space i.e. a complete, metrisable, 
locally convex space of sequences with continuous coordinate projections (see [5],
[6]). In the special case A = (C, — 1) we shall use the notation c_x and note that the 
topology on c_x is given by the norm

(2) I a I = sup I 2  ak+(n + l)u„|
nSO k = 0

for a—(a„)„soic_ 1. For A —(C, a) where a>  — 1 we use ca instead of cA and its 
norm is given by

(3) ilail =  sup 2 ^ ^ -
л̂ О fc=0

for л—(а„)пт0£сх.
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If  6" denotes the sequence with 1 in the n,h coordinate and 0’s elsewhere then we 
say that the FK space X has AK if {8"}„g0 forms a Schauder basis for X i.e. for every
x = (лгв)пй0€-У we have x= 2  xn8" where the convergence is in the topology of X

/2 =  0

(see [7]). We make the remark (though we shall not need it) that for a> 0, c7 does 
not have AK whereas we shall prove in the next section that, for — 1 ё  а ё  0 ca does 
have AK and this turns out to be crucial to our proof.

3 .  From ( 1 )  it is not difficult to show that a£c_1 if and only if 2  a n  is conver-
/2 =  0

gent and na„=o( 1). Using this and (2) it is easy to verify that c_x has AK. In the 
case — 1 < аё0  if we use (3) then the main result in [2] proves directly that ca has 
AK  (though without using this language.) We shall need a representation of the space 
of continuous linear functionals on crj (— l i a s  0) and we give this in the next two 
theorems.

T heorem 1. Let — 1 < аё0  and suppose that f  is a continuous linear functional 
defined on cx. Then there exists a constant A£C and a sequence к =(/.„)„ (the 
space of absolutely convergent series) such that

( 4 )  Л * )  =  2 х пи + 2 ^ Ф )  ( * € 0
/ 2  =  0 N k = n  )

and

(5) ll/ll = \ л \ + 2 \К\-
/2 =  0

Conversely, given A£C and k£ / there exists a continuous linear functional f  
defined on cx such that (4) and (5) hold.

P roof. We first observe that (3) defines an isometry between ca and c, the space 
o f convergent sequences taken with the uniform norm ; we can use this to obtain an 
isometry between their dual spaces and then use the known representation of the 
continuous dual of c (as in [5]) to obtain (4) and (5).

/ 2

Hence, if x£cx then t=(C, a)x belongs to c where for и ё 0 tn— 2  • k• 
and р ||с= ||х ||с„ from (3).

Conversely, given tf_c there is an x£ca such that these relations still hold
/2

(by just defining x  to be the inverse (C, a) transform of t i.e. x„= 2
k =  о

for n£0). Thus f(íc* (the continuous dual of c j  if and only if F£c* where for all

/(x) =  F((C, a)x) -  F(t)
and moreover

1 /1 =  sup |/(x ) | =  sup |F(0I = 1F||.
Ilx||c  = 1  lltllc =  l
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We know from [5] that Fgc* if and only if there exists TgC, kg/ such that for all
tec

F(t) =  A lim t„ + 2  К к
n- 00 л = 0

and ||F|| =  |/1| +  2  |Я„|. Thus, if .fee* then for all xgca we have 
/2  =  0

/(x) =  Л lim tn+ 2  К 2 ^ ~

and (5) holds. Moreover, since a^O, every (C, a) summable series is convergent so 
that lim t„= 2  **» and we get

(6) Д х) = л  2  xk+ 2  2
k = 0 л=0 k=0

To obtain (4) we have to prove that we can interchange the order of summation in the 
second sum in (6). We write this sum as

lim 1  2(. . . )=  lim Í Í ( . . . ) =  lim 2 { Z ~  2  }(•••)
N - * ° ° /| =  o k = 0  N - o o  k = 0  n = k  N - + o o k = 0  n = k  n = N  +  1

o° Да ^
since we know 2 —"j, ” is convergent as kg/. Thus it remains to show that

n  — k

(7)
But

N <*> ax ;
lim 2 x k 2  ^ p -  =  0.

~  * = 0  n = X + l

N “  A a ,Д„ oo N A •  ,
2  x k =  2 2

k = 0 n= N + 1 A n n = N + l k=0 A „

and so by an inequality known to Anderson and Bosanquet (see page 35 of [3]) 
since — l< a S 0  and xgca

(8)
y ,  A*^kxk 

* = o  A l
S  max \tk\ = 0(1) as NOSk&N' '

and hence (7) holds since kg/.
The converse follows similarly (again using the inequality in (8)).

Corollary 1. Suppose that (en),)S0 /J a sequence with the property that for every
xgca (— 1< * s 0), 2  x n En ™ convergent. Then its sum g(x)= 2  x « En defines a

/2 =  0 /2 =  0
continuous linear functional g on ca with

(9) =  [во— 2  A°nA*+1en|+  2  AZ\A*+1en\ 

/2 = 0  /2 =  0
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where /1а+1£„ denotes the fractional difference 2  AkTn 2sk and (9) is taken as including
k = n

the assertion that this series converges.
P r o o f . Clearly g£c£ by the Banach-—Steinhaus theorem since the projection 

mappings xi—x„ (n fixed) are continuous and ca is a Banach space. Suppose Л€С 
and k£/ are such that

( 10)

so that
g(x) =

oo

2  ХП£П
/2 =  0

2  Xn

£n — 2
k = n

Ak~„Ak 
Al '

In terms of fractional differences this can be written

£„ A + Á « 1 (л^) *

By a result of Andersen (see page 36 of [3]), since — l«=oeSO we can solve this dif
ference equation for X to get

A* £„ = Aa+1 |л + /1 - я~1

so that An=A%A°‘+1s„. Also, from (10),

g ( S ° )  =  £ o  =  A +  2  К
k —0

and hence (9) follows from (5).
T heo rem  2. Suppose that f  is a continuous linear functional defined on . Then 

there exists a constant Л£C and a sequence A—(A„)nS0€/ su£h that

(11) f(x )  =  2 xn{A + nl„+ Z  Ak) (x6c_x)
« = 0  k= n

and (5) holds.
Conversely, given Л€С and Adi there exists a continuous linear functional de

fined on c_1 such that (11) and (5) hold.
P r o o f . This follows the lines of proof of Theorem 1 (although it is simpler since 

no inequality like (8) is necessary).
Corollary 2. Suppose that (e„)„£0 «  a sequence with the property that for every 

x€c_x, f f  xn s„ is convergent. Then its sum g(x) defines a continuous linear functional
n =  о

g on c_x with

( 12) M  = £o -  2  2
л = 0  k = n k + 1 + 2

/2 =  0
2 Ask 

k + 1

and (12) is taken as including the assertion that у  Aek
é n k + l

is convergent.
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P r o o f . Similar to the proof of Corollary 1. We make the remark that the con
verse to both corollaries was proved in [3] i.e. the finiteness of the sums in (9) and (12) 
ensure that (£„)nS0 is a convergence factor for cx (— l< aS O ) and c_2 respectively.

4. In order to classify those matrices A that transform ca into cß where 
a, ß= — 1 we prove a more general result that gives necessary and sufficient condi
tions on the matrix A to transform ca into cB where a& — 1 and В is any normal 
matrix. The special case B=(C, ß) where /iS  — 1 then gives the required extension 
of Alpär’s results. We have to consider the cases «=-0, — I< « s 0 , «=  — 1 sepa
rately.

T h e o r e m  3 .  Let o o O  and В be a normal matrix. In order that

O3) yn = 2  a»k*k
k  =  0

should exist for each «SO and that y£cB for every x£ca it is necessary and sufficient 
that the following conditions hold:

(I) for each fixed n=0, 1 , ank = 0 (k~ x) as k —
(II) for each fixed k=  0, 1, ... there exists afiC  such that

2  ank = ak (В),
n — 0

(III) sup 2  Ak\2  b„rAa+1ark\< °° where Ax+1ark= 2  Л~Л-!Ч» (which con-
n S O  k = 0 r  =  0 k  k  s = fc

verges by (I)/.
Moreover, i f  (I), (II) and (III) hold and t=(C, a)x then

(14) lim 2  ЬпкУк = (a0-  2  4 iA *+1ak) lim tn+ 2  *кА1Ая+1ак
n ~ ° ° k  = 0 k = 0 fe =  0

P r o o f . This is modelled closely on Alpár’s proof of Theorem 1 in [1]. We 
first prove the sufficiency of the conditions. Suppose that (I), (II) and (III) hold. 
From the convergence of the sum in (III) for each fixed n, we show that

05) 2 ^ M * +1a J < c o
k=0 k

for each fixed n. In order to do this we write 1
П

K k  =  2  b„rA*+1ark
r = 0  K

and let (b~f) denote the reciprocal matrix of В so that

2  AZ\A*+1ank\ S  2  Ю  2 A l \ u rk\  < “
k —0 к r  =  0 k = о

by (III).

1 This was suggested to me by Professor B . Kuttner.
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Now, using (15) and (I) we see that the hypotheses of Theorem A—В on page 
236 of [1] hold and so (13) exists for each x£ca and since a > 0,

У п =  2  a n k * k  =  2  < к А 1 А * + 1 а пк
k = 0 k = 0 k

where t=(C, a)x.
Hence

(16) vn= 2  ЬпгУг — 2  h Al 2  bnrAx+1ark
r= 0  k = 0 r = 0 k

and to complete the proof of the sufficiency we have to show that the sequence to 
sequence transformation from (tk)ks0 to (т„)„е0 is conservative. Since (III) is assumed 
to  hold it remains to prove that

(17) lim 2  A k 2  bnrAx+1ark exists
• fc =  0 r= 0

and that for k = 0, 1, ...

(18) ilim 2 i bmAx+1ark exists.
r=о k

To prove (17) we observe that

2  Al 2  K rA* ^ a
k  =  0 r= 0  K

r k -  2 b nr 2 A k A “ + l a rk 
r —0 k =  0 K

and using Lemma A on page 236 of [1] (since (I) and (15) hold) this simplifies to
П

2 t b„rar0 which tends to a0 as n tends to °° by (II).
r  =  0

In order to prove (18) we first observe that for each fixed и ё 0,

2  b n r a r k  —  0(k~x) as k-*oo,
r =0

and since (III) can also be written as

(19) sup 2  A k \ A X + 1 ( 2  K r a rk) \  < ” ,

Lemma A in [1] implies that

2  K a rk =  2  A * s -k A x + 1 ( 2  Kr<irs) -  
r=0 s = k  s r  =  0

Hence, by (19) we get that

(20) sup I 2  Ь„ал \ < ~ .
n t k  r = 0

A c ta  Mathematica Hungarica 48,1986



M ATRIX TRANSFORM ATIONS O F  CESÄRO SUM MABLE SERIES 261

(since A f k^A *  for s^k ).  Now the sum in (18) can be re-written as

(21) 2  A*-k2 2  bnrars
s = k  r =  0

and so (18) will be proved if we can show that for each fixed A:SO, the series in (21) 
is uniformly convergent with respect to n, since (18) will then equal

2  ДГ-Y2(lim 2  bnrars) = Ax+1ak
s —k n-*-oo г —о

by (II). But the uniform convergence of (21) follows since

sup I 2  А7-кг 2  bnrarsI за sup I 2  bnr ars\ 2  МГ-V21 -  0 as
wSO s =  K  r =  0 n ,s  r —0 r = K

by (20).
Hence the sufficiency part is proved and (14) follows from the standard results on 

conservative transformations (see [4]).
For the necessity of the conditions we first observe that for each fcsO 6k£ca 

so that A5k£cB and so (II) must hold. Also since (13) is assumed to hold we can 
apply Theorem (A—B) of [1] to deduce that (I) and (16) must hold. The necessity of
(III) follows from the fact that (16) is necessarily a conservative sequence to sequence 
transformation.

C o ro llary  3. In order that A: cx->-cB (where o o O )  with the limits agreeing, 
it is necessary and sufficient that, further to (I), (II) and (III) we require that ak= 1 for 
all ks= 0.

P ro o f . Clearly, if ak— 1 for all k^O  then Ax+1ak= 0 and (14) shows that in 
this case A preserves limits.

Conversely, if A preserves limits, then by taking x=6k in (13) we see that ak— 1 
from (II) and this proves the result.

T heorem  4. Let — lcoiSO  and В be a normal matrix. In order that (13) should 
exist for each 0 and that y£cB for every x£ca it is necessary and sufficient that 
(II) and (III) hold, where we assume that (III) includes the assertion that the series 
defining Ax+1ark is convergent. Moreover i f  (II) and (III) hold then so does (14).

P ro o f . Assume that (II) and (III) hold. Then (15) holds by the same argument as 
in the proof of Theorem 3. By Theorems 4 and 5 of [3] we see that (15) implies that
(13) exists for each nSO and each x£ca. Hence, by the corollary to Theorem 1, if
we define

g„(x) = 2  ank*k
k =  0

for x fc x and 0, then gn£c% and so

(22) s n(x) =  2  bnrgr(x) = 2  x k 2  b„r a i
r= 0  k = 0 r= 0
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is also a continuous linear functional on ca with
n n n

from (9). Now (II) and (III) imply that {2?„}nE0 *s a uniformly bounded sequence of 
continuous linear functionals on c„; (note that we only need (II) for the case k = 0 
and that in (III)

since (III) includes the assertion that Ax+1ark exists.) Also (II) and (22) imply that 
for each fixed к SO

But by the remarks at the beginning of Section 3, ca has AK so that in particular the 
closed linear span of {S'1: k —0, 1,2, ...} is ca, and since {Вп}пШй is a uniformly 
bounded sequence of continuous linear functionals on cx with lim B„(x) existing on

Л — oo
a dense subspace of ca, it must exist for all х£ся. Hence (II) and (III) are sufficient 
for A: ся—cB. In order to show that (14) also holds we observe that by using the 
proof of Corollary 1, we have, from (22), for each fixed я ё 0 a constant Л„£С 
and a sequence (А„*)*й0£/ such that for every х€ся,

Since lim Bn(x) exists for every x£ca, this means that (A„s) transforms every con-
П -+  oo

vergent to zero sequence into a convergent sequence and that

П n

n
lim B„(8k) =  lim 2  bnrark = ak.
/1 -00  /1-00 n

(24)
where

П

Moreover, if t= (C , a)x, then we can use (8) to show (24) is equal to

Bn(x) = Л„ lim tk+ 2
s = 0

which can be written as (since (A„s)sg0€/)

(25)
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where 2s=limA„s. Also (since sup |A„S|<°°), so that (25) can be re-arrang-
яео s=o

ed to

lim Bn(x) = (a0-  2  4 )  lim tk + 2 K L -  
»■*“ s=o 5=0

Hence (14) will be proved provided we show that, for each fixed /fcsO,

(26) lim Aa+1( 2  b„rark) = Ax+1ak.
я-~ * r=0 k

Using (II), a sufficient condition for this to be true is that for each fixed /k&O, 
the series in (21) is uniformly convergent with respect to n.

We can prove uniform convergence by using the fact that ca has AK (since 
— 1<<х^0) and that (А~*к 2\ ш0€са for each fixed k^O. For, using (22),

sup I 2  АГ-к2 2  KrarS I = sup |Д,( 2  Л~-/Г285| =5
л ^ О  s = K  r  — 0 л ^ О  s — K

i§ ( s u p l5 j ) . | |2 ^ - -V a8s|k ^ 0  as *  —
• л ^О  s = K

since (.S„)„s0 is uniformly bounded and ca has AK. Thus (14) follows from (II) and
(III).

In order to prove the conditions necessary, (II) must hold as in the proof of 
Theorem 3. Also, for every x£ca, (22) holds and since (Bn(х))„ё0 is convergent, 
(Д,)„ё 0 is apointwise bounded system of continuous linear functionals on the Banach 
space ca and hence is uniformly bounded and thus (23) implies that (III) holds.

Corollary 4. In order that A: ca-*cB (where —1-= 0) with the limits
agreeing, it is necessary and sufficient that, further to (II) and (III) we require that 
ak= 1 for all k^O .

Proof. The same as Corollary 3.

Theorem 5. Let В be a normal matrix. In order that (13) should exist for each 
« 5 0  and that у £cB for every x€c_j it is necessary and sufficient that (II) and (IV) 
hold where

(IV)
oo

sup 2
л& о k = 0

Л oo

I K ,  2
@rs &r,s + l

S +  1
<  oo

oo
and (IV) is taken as including the assertion that 2  ~ — -**+1

s=* J + l
over, i f  (II) and (IV) hold and t=(C , — l)x  then

is convergent. More-

i l l )  lim 2 K kyk = ( a 0-  2  2  ~ r r )  Hm L + 2  h 2
я - “ * = 0 v * = 0  5=* fc=o s —k

M
s+1
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Proof. This follows the lines of the proof of Theorem 4 and only the signifi
cant changes in detail will be mentioned. Assume that (II) and (IV) hold. From (IV) 
we deduce that for each n^O,

(28) i
k =  0

2
r= k

anr an,r + l

Г+1
<  CO

(just as (15) was deduced from (III)). By Lemmas 7 and 7(a) of [3], (28) implies that 
(13) exists for each n=0 and each х£с_г and hence that (22) defines a continuous 
linear functional on c_x with

(29) K U Z  Krar0 -  Z  Z  t>nr Z -
'= 0  fc = 0 r = 0  s = k

■l r , s  + 1

s+1 + 2
k = 0

Z K r Z —  . ,  ,
r = 0  s = k  S + 1

r, s +  1

from (12). The sufficiency now follows as before since c_x also has AK.
To see that (27) also holds, we repeat the argument used in the previous proof, 

using Corollary 2 instead of Corollary 1, to get that (27) will hold provided we show 
that, for each fixed feO ,

(30) lim Z b  Z  — — =  Z
n ™  r=0 ° " r s= k  S + 1  Á  S + 1

Using summation by parts and the fact that for each fixed rfeO, ars=o(s), 
(see p. 38 of [3]) the inner sum of (30) gives

(31> | ^ Т ^  = 1 Г Г + . . 1 / " ( г Ь г 4 ) -

and (30) will follow from

(32) lim Z K  Z  1 ) =  Í  в . ( т п — t )
n ~*°° r = 0 s = k + l  ' S t  1 s j  S = k + 1 ' S  +  1 s j

on summing the right hand side by parts as in (31) (we shall prove that as=o(s)). 
To obtain (32), we prove that for each fixed k = 0, the series

(33)
~ ( 1 П  H

2  + T - 7  2 U
s = t + l  'S - F  1 S /  r = 0

is uniformly convergent with respect to n, and so (32) then follows from (II). To prove 
the uniform convergence of (33) we use the AK property of c_t and the fact that

from (1) with

CO

s = k  +1

Í 1
0 ls+1 sj6"-1

Z  8 s Í
= k + 1 V

1 M
1

s + 1 s ) IL_X k + 1
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from (2). Thus, using (22),

s u p l i y ^ D i i v
n^O \s = K  V s  -f- I S )  r —о

= sup
л̂ О 4 # / 4 т 4 ) ) Ь sup||5„| • —

ЛЁО л

0 as
since (B„)nS0 is uniformly bounded and hence (33) is uniformly convergent with re
spect to n. We get, using (II), (31) and (33) that

(34) «г* — a
lim 2  Kr 2  . , *
n~“ r=0 s = k  s+1

r, s +  1

From (25) we know that the right hand side of (34) is the k tb term of an absolutely 
convergent series (it corresponds to к in (25)), so we deduce that ak=o(k), and we 
use (31) to obtain (30). Hence (27) holds if (II) and (IV) hold.

The proof of the necessity of (II) and (IV) is essentially the same as that given 
in the proof of Theorem 4 using (29) instead of (23).

C o ro lla ry  5. In order that A: c_1̂ c B with the limits agreeing, it in necessary 
and sufficient that, further to (II) and (IV) we require that ak— 1 for all ksO .

P r o o f . The same as Corollary 3 but replacing (14) by (27).
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ON THE DETERMINATION OF THE JUMP 
OF A FUNCTION BY ITS FOURIER SERIES

M. AVDISPAHlC (M ostar)1

1. Joint work with C. Goffman on everywhere convergence of Fourier series
[7] has led D. Waterman to the following generalization of the concept of bounded 
variation in [9].

D efin itio n . Let fb e  a real function on an interval I, {/„} a sequence o f nonoverlap
ping intervals I„= [an,b„]al and /(/„)=/(£>„)—/(a„). Let A denote a nondecreasing 
sequence {?.„} o f positive real numbers such that 1 1/A„= °°. A function f  is said to be 
o f Л-bomded variation (ABV) if, for every {/„}, we have

2 \AQ\!K <

The supremum o f these sums, VA(f;  I), is called the Л-variation o f  f  on I.

We shall suppose that 1= [0, 2n] and that /  is 27t-periodic.
The relationship of this notion of bounded variation to another interesting 

generalization given by Z. A. Canturija’s modulus o f variation [4], was discussed by 
the author in [1] and [2]. The existing inclusion relations yield that certain theorems 
on the absolute convergence of Fourier series of functions of Waterman classes 
{ri*}BV, 0 < a <  1, are equivalent to the corresponding statements for Canturija’s 
V[ny], 0<y <  1, and further to the older ones for Wiener classes of boundedp-varia- 
tion, [2]. The case a— 1, i.e. A„=n, when we also speak of harmonic bounded varia
tion (HBV) is, however, a distinguished one. It appears that some important classical 
theorems, valid for the Jordan class BV, find in HBV  their natural setting. D. Water
man has proved in [9] that the Fourier series of functions of this class converge every
where and converge uniformly on closed intervals of continuity. (See also Canturija 
[5]. Note that his class V[\{ri)] with Iv(k)/k2< °° is contained in HBV.) Further, 
the classes L and HBV are complementary in the sense that for a product of f£  L  
and g£HBV the Parseval formula holds (Waterman, [11]). Both of these results 
are best possible in that they are not valid for any strictly larger class ABV.

In this note we shall show this is also the case with the equation

( * )  lim Л  =  — [/(x 0+ 0 ) —/(* „ —0)],
л— “ > n  Л

1 This work was done while the author was a D A A D  fellow at the Mathematical Institute A
of the University o f Stuttgart.



2 6 8 M. AVDISPAHlC

where S„(x0, f )  denotes the и-th partial sum of the Fourier series

^r-+ 2  (akcos k x + bk sin kx)2 t=i

of a function /  at a point x 0.
More precisely, our result is as follows.

Th eorem  1. The equation (* ) holds for any function f£ H B V  at any point x0.

R em a r k s . 1. (*) was proved first by L. Fejér [6] for /  satisfying the so-called 
Dirichlet-condition and then by P. Csillag [3] for functions of the class BV (see also 
Zygmund, [12] p. 107). In [8] В. I. Golubov has generalized it for the larger classes Vp, 
l< p< °°, of Wiener’s bounded /^-variation.

2. Let Ф be a convex function defined on [0, °°) such that Ф(0)=0, Ф(х)/х~»0
(jc-*-0+) and Ф(х)/х->- со °° ). Its complementary function 4* is given by
ÍF(x)=sup {xy— Ф(у)- уёО ). If now 2 ' ¥ ' ( 1 / и ) -= : it follows readily (Young's 
inequality) that HBV contains the class Уф of all functions of Ф-bounded variation, 
i.e. of those for which there exists c > 0 (depending o n /)  such that

2 * № h ) \ )  <  -

for every sequence of non overlapping intervals Ik с  [0, 2л]. In particular, all Wiener 
classes ( Ф(и)=ир, l< p < °°)  are contained in HBV. Hence Theorem 1 generalizes 
the corresponding statement of Golubov.

3. Actually ( *) says that the sequence {ck (x„)}, ck (x0)= kbk cos kx0—kak sin kx0, 
is Cesäro summable. Given another regular matrix summability method A = (A„k) 
with Ank= 0 for k>n, it is well known that Cesäro summability implies A-summa- 
bility (to the same limit) if and only if

(.)  Z k \A A nk\ = 0 ( l )  (n -*■ °°),
k  =  1

where AA„k—Ank—Ank+1. The matrices A <r), r=  1 ,2 ,..., with the entries A $  = 
=rkr~1lnr for l ^ k ~ n ,  Afi) = 0 for /с>и, are regular and satisfy (.). Further

S ^ + » (x Q, f )  ( -1  у
„2Г+1 2r +1 k=iZ A < ? ^ c k(xn),

Sj,2r)(x0, f )  ( - l ) rH
2 r ■ 2  A („lr)Ck(x0),

k = 1

where S„(x0, f ) denotes, as usual, the и-th partial sum at x 0 of the series conjugate to 
the Fourier series of / .

Therefrom we conclude: once Theorem 1 is proved, the following apparently 
more general form of it is true.
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T heorem  Г . Let fdH BV and r— 1, 2 , ... . Then for any point x 0 we have

(2)

(1) lim # 2,+1)(*о,Л ( -1 У
n2r+1 (2г+1)л

S?r’(x0, f )  ( - 1 /+ 1lim

№ o+ o) - / ( j 0- ö)],

[/(*o+0)-/(*o-0)].n2r 2rn
4. We can prove that if A B V fH B V  then there exists a continuous function of Л-

П
hounded variation such that 2  kbkVO{ri). Thus HBV is the limiting case in the

k = l
scale of ABV classes for applicability of (C, 1) method in matters of determination 
of the jump of a function from its Fourier series. For larger ABV classes any of the 
(C, a), a=-l, methods can be used (see [12a]), p. 62).

2. P roof of T h eorem  1. Let ffJIB V . Translation of the argument reduces 
the problem to the case x0~  0. The function

/«(*)=  =  for 0 < x < 2 ; r ,  М х + 2 л )= М х ),
k= 1 к  X

has a jump at the point x0= 0, equal to л, f 0 belongs to BVczHBV  and satisfies 
(*). Subtracting a multiple of it from f  we may suppose that /  is continuous at 
x„=0. Since (*) is invariant with respect to subtraction of a constant from the func
tion, we can assume /(0)=  0.

Now it is convenient to look at the Dirichlet kernel in the form

where

Then

, „ sin (n+ 1/2) t sinwi ..  . cos nt 
C"<*> = 2 sin t/2 ~ =  — + 8« ) S.n « + —

g(0  = 2tg t/2

D'Jt) cos nt sin«? , sin nt .  ̂ 1 .
- ST -  = — }-------^ i - + ^ ( 0 —jj - + g ( 0 c o s i i i - T  srnni.

Note that both g and g' are continuous on [— л, л]. Hence, for an arbitrary 
0< <5-= 7r, we have

- « Ä =  /д о  *+.(!) =

=  /  [ Д 0 - Л - 0 ] [
cos nt sin nt

nt2 j dt+o( 1).

The function
, , .  cos nt sin nt - , . ...hn(t) =  —--------- for t v  0 and hn(0) =  0
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is continuous, h „ ( n ) = ( — l)"/n,  and h „ ( t 0) = — П S1̂  nt°- at the point t„ where 

A'(?o)=0. Therefore \hn( t ) \ ^ n  for every t and every n,  and
n/n

I f  sup | / ( 0 - /( -0 1 = 0 (1 ) -0 1 0 <t<izln

Now let N + \  = [ n 5 j n \  and <p(7)=/(f)—/ ( — t ) .  Clearly

CN + l)nln

r  . . C O S  f i t  , . . .  .  /• ,  .  s i n  f i t  , . . .
/  <9(0— — á/ =  o(l) and f  <j»(0——— dt = o(l).
1 '” '»  ' (A  +  l )* / i l  "

Since is bounded (being in HBV) and continuous at 0, we have also
(N + l)* /n

/  <P(0
In fact

Tt jn
sin nt 

nt2
dt  — o(l).

(lV+l)jt//l
л ' ... sin nt " f  t t + K n  1

/  „ (0  J ,=  2  f J
N (* + 1)л/л

n/n —1 knfn

The integrand here is dominated by

£  r _ f / + f c j O ( - i y s i n /
0t+kn)2 dr.

Given e>0, choose /V„ such that 2  l/k2<e. Then
*0+1

2  [<9 P  " fc7r)J/fc2 =£ sup |<K*)I • 2  l/fc2 +  £ sup |<p(*)|
fc= l I V « / ]  0-=xS(JV0+ l) n /n  k = l

and the first term on the right is o(l) as n—
So it remains to prove
C N M  cos nt C*+1M. cos f

/  <p(t)— — d t=  f  f i t ) — -
n/n n/n

(N  -f l)it/n. Г у ,  4  C O S nt  .  ...d t -  f  / ( — 0 —-— dr =  o(l).

The first integral may be treated in the manner indicated by D. Waterman to get 
o(l). We demonstrate it here for the sake of completeness. (Letting / i ( r ) = / ( —Г) 
we reduce the second one to this case.) We may suppose N  even. Now

(*+1)я/л  cn^n t  *  l ‘ + W  cr>4 nt ”  *
f  Д О /  Л 0 ^ Л  =  /  2 / ( ^ 1

ф  г * - 1  кп/п * 0 к = 1 У п  >

The absolute value of the integrand is dominated by

f t + k n \ (— l^cos r
l n ) t +  kn

dt.

\Ny ' \ f (  t + kn ) 1 _ .rf f  +  (fc+l)rc) I
l t  =  l  K in  J r +  fcn • ' l  И Jr+(fc+l)7T
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where ' indicates summation over odd indices. The general term of the sum equals

1 1
t+ kn  i+(fc+l ) d

Since —Í---------- J ——— с -ri-, the sum of the absolute values of the second
t+ kn  t -b (k —f- 1) 7Г k2

terms may be treated in the same way as (p above, to conclude that it is о (1) as n — °°. 
Finally

! > [ / ( ^ ) _ / ( i ± ö ± ! ) £
t + kn

2 '  I/  [ ~ r - )  - f [ t + ( k n l ) n ) \ l k -  M /;  t°’
But V„(f; [0, <5])<e if <5 is sufficiently small, since / i s  continuous at 0 (Water

man, [10]). The theorem is proved.
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ALMOST SURE LINEARITY FOR SIGNED RANK 
STATISTICS IN THE NON-I.I.D. CASE
M. L. PURI (Bloomington)1 and S. RALESCU (New York)

1. Introduction. Let Yvi, ..., XNN, N s  1 be independent random variables 
with continuous distribution functions Fm , ..., FNN, N s  1 respectively. For every 
N s  1 and 0£R, consider the signed rank order statistic

(1.1) S t  (в) = -1  Д  sgn (Yu -  О)ал.(^ (0 ) )

where А^г(0) is the rank of [Y^— 0| among lY ^—0 |,..., lY ^ —0|, i= l ,2 , . . . ,N ,  
sgn 1 or — 1 according as xsO  or < 0  and aN(i), i= 1,2, ..., N  are the scores 
generated by a known function <K0, 0<  1 by

(1.2) «ivCO =  ( iv T l)  ’ i =  1 .2 ,..., JY.

For any A >0, k > 0 define

(1.3) coN(K, k) — sup AW2|YU0)-YKO) +  0Cw|
e a N{K,k)

where
(1.4) 7jv(Y  k) =  [—AY ~1/2 (Log Y ) \  AY~1/2(Log Y)fc]
and Cw is a constant depending on ф and FN1, ..., FNN to be specified later.

For the case when FN1= ... = FNN=F, Sen and Ghosh [5] showed under rather 
stringent regularity conditions on the score generating function that when F  is sym
metric about 0 and k s  1,
(1.5) o)N(K, к) =  0 (Y _1/4(Log N )2k) a.s. as N  -

When F has a symmetric density, by adapting Jurecková’s [3] method dealing 
with linear rank statistics, van Eeden [10] showed that under certain regularity con
ditions
(1.6) coN(K, 0) = op(l) for every fixed K.

However, for many statistical applications it suffices merely to have an inter
mediate result, namely that
(1.7) c%(A, k) -* 0 a.s. as N  —

1 Research supported by office of Naval Research under Contract N00014-85-K-0648.
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Recently, Sen [6] has obtained this conclusion requiring certain regularity con
ditions but allowing F not to be symmetric about 0.

In all the above it is assumed that the observations are independent and identi
cally distributed. The purpose here is to establish almost sure linearity of the kind
(1.7) when XN1, ..., XNN, 1 are independent but non-identically distributed. The 
results presented here enable us to get more precise information in sequential analysis 
based on rank statistics and in this connection we refer to Lai [4] and Steyn and Geert- 
sema [7].

2. Main result. Concerning the score function ф we shall make the following 
assumptions:
(2.1) ф(0)—0 and Ijj{t) is nondecreasing in td (0, 1),

ф is twice differentiable on (0, 1) and for all 0<  1

(2.2) |<K0I S  C ( l - i ) -v i+ *, |V><0(01 S  C ( l - i ) “ i_1/2+a

for i=l ,  2, and some l/4<<5<2-=: 1/2, 21— (5>l/2, where C is a positive constant.
It may be noted that (2.1) and (2.2) hold true for example if \jj{t)—G 1

0 1 ,  where G is a symmetric d.f. having a smooth density and whose tail has an 
increasing failure rate (e.g. G= Ф, i.e. standard normal d.f.).

For the ease of convenience we shall suppress, from now on, the subscript N  
from Xm,F m , R+t(-) etc.

Define for 0£R

(2.3)
H ( x )  = - I  J  u ( x - X f ) ,

i  V i = 1
■

Й вЛ х )  =  -1  J  u ( x - \ X f \ ) ,

n w  = i  F?(x),Jy j = l

H%(X) = ± 2  F*'e(x)iV , = 1

where Х ? = Х ,-в , F?(x)=P(X?Sx), Ft*-e(x)=PQX?\^x), i= l , . . . ,N  and
u(t)=  1 or 0 according as (£ 0  or <0. (In the sequel we shall suppress 0 when
0= 0.)

Furthermore we assume that each Ft, I s i s N ,  iVS 1 has a continuous density 
f  such that f i  (x) exists and is continuous for almost all x€R and the following 
condition is satisfied:

(2.4) sup sup/w(*){Fw(x)(l - F n(x) ) } - ^ +>° < oo
N x

for some 0-= <50-=:<5, where Jn (x )= -~  2 i ( x )-
™ / = 1 

Set

(2.5) f  Ф{Fn (x +  0)-F „ ( ~ x  + 0))dFN(x+0), 0€R
0

and note that under the assumption (2.2), is finite for all 0€R.
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Now, using (2.2) and (2.4) it is easily shown that
(2.6)

v №  = - W W  = 2 f  r { F N(pc+0)-Fn( - X + 0))h{x+ 0)JN( -  * + 0 )  dx 
0

exists (finite) for all 0€R. 
Define

(2.7) (o*N(K, k) =  sup N 1121 SjJ (0) — Sfj  (0)—2/ifj (0) + 2р$  (0)|.
ea N(K,k)

The main result of this paper is the following theorem:

Theorem 2.1. Consider the statistic S# (0) defined by (1.1) with scores given by
(1.2). Then i f  (2.1), (2.2) and (2.4) are satisfied, for every K > 0, &Sl there exist 
positive numbers Cx, C2, « and ß such that

(2.8) P {ea%(K,k)^ClN —} s C tN - 1-f, 4 N s= N 0.

I f in  addition we assume
(2.9) lim sup sup I J'N (лг)| <  °°

N -* -o o  X

then (2.8) also holds true for co%(K, к) being replaced by coN(K, k), where CN=2v% (0) 
and we have
(2.10) sup jV1/2|.S;J (0) —Sjv (0)—2vjJ(O)0| — 0 a.s. as N  ^  «.

ea N(K,k)

3. Proof of Theorem 2.1. The proof of Theorem 2.1 rests on the following lem
mas:

L e m m a  3.1. For every e> 0 , there exist 0 and N0 (both depending on s  

only) such that fo r  N ^ N 0 we have

13 11 p Ísud___ \FN(x)—FN(x)\___ =s M N ~1,2loen \  1 —
(3.1) * т * р {Ff ix)( l-FN(x))Y12-^ ~  g j -
where

—

1+8
2 (2 +  e)

Lemma 3.2. For every г>0, C > 0 and к ё  1 there exist 0 and N0 (both 
depending on г, C and к only) such that for N s N 0 we have

(3.2) P { sup N - ^ \ É N( x ) - P N( y ) - F N( x ) + F N( y ) \ ^
I Fj j ( x )  -  FN0>)| S C N -l / ! (L og  N) k

— M N -1̂  (Log iV)'1} & 1 —

The proofs of Lemmas 3.1 and 3.2 are given in the Appendix.
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Now set

(3.3) S+ (0) =  ±  Д  u(X?)Ф ( ^ J - ) , 0€R
and note that

(3.4) 5$(в) =  2 Е $ ( Ю - ф я , $ n =  Д  Ф ( л г г т )•
Then, writing

(3-5) S $ ( f l ) =  f

we have with probability one the following Chernoff—Savage [1] type decomposition:

(3-6) s+ ( в ) - ^  (в) = -1  J  r w,(0)+ßw(0)
where

(3.7) r Ni(0) =  [и (^ в)^ (Я ^ ( |Х ? |))-^ (И(Хгв)^(Я^(|ЛГг|)))] +

+ /  [ u ( x - W / 0 - ^ 4 * ) W W * ) ) ^ U * )
0

and

(3.8) ß w(0) =  /  [tfr ( ^ T # # ) - Ф(Я9*)] d£%-  f

Now it is easily seen that the first term in the right hand side of (3.7) equals

f  [Ff (x) — it (x+ 0— 2Q] Ф' (Щ  (x)) dH% (x),
0

and we obtain

(3.9) Л  (0) = ~  1  Ym (0) = A N1 (0) + AN2 (0) 
where
(3.10)

АН1(в) — f  [£n(x+6)—FN(x+e)№ '(FN(x-{-6)—FN(—x+6y)dFN(—x+ 0)
0

and
(3.11)

An«(6) =  — /  [FN(— x + в) —FN(— х+0)]ф'(FN(x+ 9) —FN(— x +9))dFN(x+ в).
о

We now show that under (2.4)

(3.12) v f  — lim sup sup |vj£ (0)| < “ .
N-*- ©о в
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Indeed, by (2.2), (2.4) and (2.6),

0 ^  -  (v̂ - (0). == (sup sup Ш 1 Ы х ) Г 1П+д°) X

x f  ( l —FN( x + e ) ) ~ 1+i~doJN( x + 0 ) d x  ^ c o n s t [ l —FN(6)]9~so ^  cons t ,  V06R 
0

and (3.12) follows.
Now, with a > 0  to be specified later, for every K > 0, k ^ l  set

(3.13) mN = [ K ( L o g N f N a] + l , 0 J N = j N - ‘ for j  =  0, ±1, ..., ± ( т * - 1 )
and 0mN,N= - e _ mNiN= K ( l o g N ) k ([-]=integer part).

Then, by using the Mean Value Theorem, (2.1) and (3.12) we get
(3.14) 0 == nZ(N-V*0 j 'N) - r i ( N - v * e J+1,N) Vq N ~ 1,2~x,

j  = - m N, —m N+ l , ..., mN — l .

Thus (2.7), (3.4), (3.14) and the fact that 5£(0) is nonincreasing in 06R yield
that
(3.15)
co*N(K, k) — 2 max \S+N ( N ^ 0,,N) - ( 0 )  - / 4  (TV"1'2Oj,* )+ /4  (0)|+ 2v0+ N - .

U\^mN
Now from the decomposition (3.6), using (3.9)—(3.11) we have for \j \^ m N

(3.16) N ^ S Z i N - ^ e j ^ - n t i N - ^ e j , » ) )  =
= n i/2a n1 (N -u *  qu n) + n i /2a N2 (N -v*  eh  N) + n ^ q n (N -v *  eh  N).

Choose 8>0 such that
1+fi(3.17) 1/4 <  e0 = 2(2 +  8)

and let Qn be the set on which both bounds provided by (3.1) and (3.2) are simulta
neously satisfied. On this set the terms N1,2[AN1(N~ll2eJiN)—A N1(0)] and 
N1/2[AN2(N~ll20jtN)—A N2(0)] are now dealt with.

Let 0<u< 1/3 and select x N> 0  such that
(3.18) HN(xN) =  1- N —, TVS 1.

Now, with \ j \ ^ m N fixed, set N ~ 1,29JtN=rijtN. For convenience we omit in 
the sequel the subscripts j  and N  from t]jtN. Assume for the moment that 17>0. 
Then, noting that
(3.19)

00

N * A n (rj)= f  N'l*[Fn(x +2if) ~ F n(x+2n)W (F n(x + 2n) —FN( - x)) dFN(-* )
-n

we write

(3.20) N 1,2A N1(rj) = / ( . . . ) +  /" ( ..• )  +  / ( . . . ) =  А М Ш А Ш + А Ш п ) -
- n  0 x N
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With the help of (2.2), (3.1) and
(3.21) ’ sup sup/^(x) <oo

(this fact follows from (2.4)) we obtain

(3.22) Ц Й m  S  const. / ф '(Р „(-х+ 2ц)-Р „(х))dFN(x)
0

=§ const, f  ip'(FN(-x + 2 t] )-F n (x))[fN(x) + f N ( - X + 2//)]dx =
0

=  const. \l/(FN(ri)—FN(0)) S  const. 7V-1/2 (log N)k

where we have used the fact that r j = 0 ( N ~ 1/2 (log N )k) uniformly in |y 
Further by (2.2), (3.1), (3.17) and F N(—x N) ^ N ~ a we get on QN

(3.23) MJÄO0I =S const.(logN ) f  {FN(x+ 2ri)(l-F N(x+2r]))}1/2~Eox
X N

X (1 - F N(x + 2 r ,)+ F N( . - x ) ) - 3/2+sd ( - F N( - x j )  ^

ё  const, (log N ) f  [FN( -x ) ] -1+í_£o d (-F N(-x)) S
X N

S  const, (log N)[Fn(— Xjy)]i_co ^  const, (log N)N~^s~eo)a.
Now

лтч)-А$(0) = в$(ч)+вьш
where

(3.24) в$т  =

— f  N 1'2 [Fn (x 4- 2 tj) -  PN (x) - F n(x + 2 r\)+Fn (x)W (F n (x +2ц)- P N ( -  x)) dFN ( -  x),

в$№ =
=  f  N ^ [F s (x )-F N(*)] [ф'(Р,(x + 2ц) - F s ( - x))- V (F N(x) - F n(-* ))]  dFN(-x).

О
Then, since FN(xN+2t])-FN( - x N)=-FN(xN) - F N( - x N) + 0 ( N - 1/2(log N)k), 

on using (2.2), (3.2), (3.18) and (3.21), we have for sufficiently large N

(3-25) \B®(r,)\ ^

— const. N ~k,i(log N)k f  il/'(FN(-x+ 2 r i)-F N(xj)[JN(x)+JN(-x + 2 r i)]d x ^
~ X N

S  const. N~lft (log N )kil/(FN(xN + 2r])—FN(—xN)) ^  const. Лг_1/4+а(1/2_д) (logN)k.
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Finally, by the Mean Value Theorem, (2.2), (3.1), (3.21) and the fact that 
FN(x+2ri)—FN(x)= 0(N ~ 1/2(log N)k) uniformly in x€R and l/ISm* we obtain
(3.26)

0
\B$(rj)\ S  const. N~1/2 (log N)k+1 f  (1 - F n( -  x + 2ц)+FN( x ) ) d F s (х)

~ X N

=§ const. N-W Q .og V)k+1(l - F N(xN+2t])+FN( - x N))-3/2+i ^
=s const. Л7-1/2+«(з/2-а) (jog N)k+

A similar analysis holds true for 0. Therefore from (3.22)—(3.26) we see 
that there exists a Vi>0 such that on QN

(3.27) I ^ 1/2N m (i7)-A jvi(0)]| = 0 ( V ~ 4
Similarly one can show that there exists y2> 0  such that on fíN

(3.28) 1#1/2[Л*20/)-Л *2(0)]| -  О(М-Уг).

Now, it follows from Ralescu [8] that there exist 0<y3< l/2  and t> 0 such 
that for sufficiently large N  and every 0£ R

(3.29) P{lßiv(0)l S  C ÍN -^ - ib )  ^  C IN - '- ' 
foi some C(,C(>0.

Therefore using (3.27)—(3.29) we infer the existence of positive constants 
y, q, C'i, C l and N0 (all possibly dependent on C, <5, A in (2.2), K, k, a) such that
(3.30)

P{V1/2|S jf(V -^0J. JV)-S ^ (O )-/ii i(V -1/20y,iv)+ ^ (O )| ^  C i'N -y}^C "N -'->  

for all \ j \S m N, N ^ N 0.
Finally, if we choose 0<a<m in (y, q) in (3.13), the satisfaction of (2.8) with 

ß= ß—a follows from (3.15) and (3.30).
The proof of the Theorem 2.1 will be completed if we show that by requiring 

also the condition (2.9) that

(3.31) sup |vjj (0) —Vfj (0)| =  0 (N ~ b) for some h >  0.
ea N(K,k)

To this end, with xN defined as in (3.18) we decompose

(3.32) vjj(0) = v^1(0) +  vjj2(0) 
where

v*i (Ö) -  2 f N ( x ) - F n ( - x + 20))/n ( x ) f N ( -  x  +  20) dx
в

and

(3.33) vjf2(0) = 2 f  Г (Fn(x) - F n( -  jc+ 20))/w(x)JN( - x + 20) dx.
x N
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Assume that 0^IN{K,k), 0=-0 (similar bounds will hold true for 0<O). Then 
using (2.2), (2.4) and the fact that 1—FN{xN) ^ N ~ a, we get
(3.34)

|v£2(0)| ^  const, f  ( l - F N(x)+FN(-x + 2 0 ))-3l2+0f N(x)fN(-x+ 2 e) dx ^
XN

S  const.{supsupf N(x)[FN(x)]-1,2+so} f  [1 -F»(x)]“1+1“U W dx ==
X N

Sä const. [1 — FN(x)]S~S° — const. N~“V~So\
Furthermore, from (2.1), (2.2) and (2.9), we have for sufficiently large N

(3.35) 2 f  il/'(FN(,x)-F N( - x ) ) fN(:- x ) f N(x )d x ^
0

0
— const, f  r ( F N(x) - F jv( - x))[/jv(x) + /jv( - X)] dx =£

0
S  const. iI/(Fn(Q)—Fn(— в)) ^  const. 7V_1/2(log N)k.

Then, (3.32)—(3.25) entail
(3.36) vjy (0)—vjj (0) =

=  f  [Ф'(Рн (x) - F N( - x + 20)) -  ф'(Ря (x )  - F n ( -  *))]/* (~ x  + 20)/* (x) dx +

+ / > ' ( ^ ( х ) - ^ ( - х ) ) [ / л ( - х + 2 0 ) - Л ( - Ж ( х )  ̂ + О ( А - ^ - г0)) +

+  0(N ~1'2(logNf).
Now, using the Mean Value Theorem, (2.2), (2.4) and (3.18) we have

(3.37) | / N[IA4...)-<A/C..)]/n( - x +  20)/jv(jc) ^ |  ^
0

=§ const. N ~1/2 (log N)k f  (1 —Fn (x) +Fn (— x)) ~5/2+>(Jn (x )  + fN (— x)) dx 
0

== const. V-V2(log А /(1 -Т*(**)+Т*(-;с*))3/2+г =  const. JV-i/2+«(3/2-«  (log V )\ 
Finally, using (2.2), (2.4), (2.9) and (3.18), we get

(3.38) I } N ф'(Ры(х) — Fn (— x)) [/* (— x +20) -/* (-х )]/* (х ) dx I s  
0

— const. 7V-1/2(logTV)1 / " ( 1  —Fn(x)+Fn(— x))_3/2+г (/* (x) + /* (— x)) dx =§ 

á  const. V~1/2(log iV)fc(l — Fn(xn)+Fn(— xn))~1/2+ó = const. N ~1/2+â1,2~s)(logN)k.
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Therefore, since 1/3, relations (3.36)—(3.38) entail the satisfaction of
(3.31). Thus (2.10) follows and the proof is complete.

4. Appendix. P r o o f  o f  L e m m a  3.1. We first establish that for every e>0 there 
exist M > 0  and N0 such that for N ^ N 0

(4.1) PI |TN(x)-§цр —___" 4 y
'й В Д ё!-IV-1 {FV(*)(1 -

Note that with probability 1

(4.2) sup _ ^ \ F A x) ~ F n(x)\
JV-»SFwWSl-IV-> {fjvWl1 —fx (^))}1/2

sup
N-istSl-N-

\FN( F - \ t j ) -  
{r(i - 0 } 1/2

S etG jvW ^Í/d -í)} -172̂ ^ 1« ) - ? ] ,  0 < i< l  and aJtN=j/N, iS j& N - l .  
Using the monotonicity of FN and FN, it is easily seen that

(4.3) sup |G*(0I S  21/2 max \GK(a. N)\+21li N~1' \
N-^tSl -N-1 lrnjSN-l

Now, with l s / s lV —1 fixed, note that

NFn(FN1 (aJiNjj = 2  u(Fjj\aj.N)-Xt) = 2
i= 1 1=1

where Z f, l ^ i ^ N  are independent Bernoulli r.v.’s with

P{Z, =  1} =  Ft(FaH«j.M)) = Pi, 1 S i á  N.
Consequently, with Mx>0 to be specified later, by Bernstein’s inequality 

(see Uspensky [9], pp. 204—205) we obtain for I s j ^ N — 1
(4.4) Р{К?*(а,,*)| ^  Mx N -v*  Log N ) ^  2 exp ( -  hJiN)
where

i 4 5 )  h ____________________
J’N ~  2 l+ M 1[NccJ'N( l —aJ'N)]~1/2LogN  '

Now using the relations [aJiN(l —aJjJV)]_1/2S(2iV)1/2, for all lSySlV — 1, it 
follows from (4.5) that if M x^25,2(2+e), then

(4.6) 2  exp( -h j 'N) ^  N - 1̂ ,  N  S  Nt .
j = 1

Finally, if we let M — 2ll\ l+ M 1), the assertion (4.1) follows from (4.2)—(4.4) 
and (4.6).

Now, using Bernoulli’s inequality we have:

P {  sup ^(FifH O ) =  o} s  l - w - 1-*
o*=«iv-2-e

which implies that with probability ^ 1  — jV~1_£

(4.7) sup |G*(0l =  O iA -1-^ 2).
0
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Similarity one proves that with probability S i —ЛГ_1“г
(4.8) sup (01 =

1-1
We now show that for any e>0, there exist Af=-0 and N0 such that

(4.9) P { sup I (01 ё  M N - 1'2 Log N \ S  2 A -x~£, N ^  N0

where K N( i )  — {/(1 — 0}*®Q(0, 0 <  t  <  1.
Observe that

(4.10) sup \ K N(t)\ s  21/2 max \KN(ßJtN)\ + 0 ( N ~ 2'2~‘)ISjSlff'+l

where ßj,N—j/N 2+c, l ^ j ^[Arl+£] ([ •]=integerpart).
Using the Bernstein inequality again

(4.11) P { |Q (ßj,N)\ S  M N ~ 1/2 Log y V } ^ 2  exp ( -  lJtN) 

where
lJiN ^  М 2 -х/(2(2+£))- 2 Log Wx/4.

Hence, by choosing M  sufficiently large we get 
[№+*]

2 2  ехр(-0,*)=£2ЛГ-х- £,
J- 1

which together with (4.10) entails (4.9).
Similarly one proves that for every e> 0, there exist M >0  and N0 such that

(4.12) P { sup \KN(t)\  ^  M N -1'2 Log N \  == 2A "1- ', N  S  N0.

Finally, (4.1), (4.7), (4.8), (4.9) and (4.12) entail the satisfaction of (3.1). The 
proof of Lemma 3.1 is complete.

P roof of L em m a  3.2. As in the proof of Lemma 3.1 it suffices to show that 
there exist M >0 and N0 such that for N ^ N 0
(4.13)
P{ sup N 1'2| / n(F^x(s)) — FN(F ^\t))—s +1\ & MA~1/4(Log N)k\  ^  A-1“'.

Js—1\ ^ C N ~l/2(Log N)k

Define

Av(0 =  sup \FN(F ^ (s ) ) -F N(F ^ ( t ) ) - s  + t\, 0 <  r <  1
\s—t \ s C N ~ 1 A (Log N)fc

and
7N,j = j/[N 1'2], j  =  0, 1, ..., [Ax/2], ([•] =  integer part).

Observe that

(4.14) sup |^ ( F nx(s) ) - ^ ( W 0 ) - s+ í| < 3 max DN(yNtJ).
\ s - t \ ä C N - ' '4 b o g N ) k  1 S j S l N l , ‘l
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and

Further set

TNj(s) =  1 S j S  [iV1'2]

CN~112 (Log N )k 
Sr.N Уы,}+ [iV1/4] Г'

where r is an integer. Then

SUP ITvj(s)l — max |jTŵ (fj w)| +  ír.iv)
iP>ws«={r+1>N '=-.'+1

which entails for N  sufficiently large

(4.15) DH(yKJ  S  \ T ^ -  n)\ +  ̂ - S/4(Log N )k-

Now using Bernstein’s inequality we obtain 

(4-16) P {_(Jvl/1]m ^ JV,/4]_1 |Гад«г.1»)1 >  MN-** (Log Л0*} =5 4A^4 exp ( -  A*) 

where
, _  M 2 (Log N)k 
N 2 C+MN-u* '

From (4.14)—(4.16), we get for M >C,
(4.17)

P{ sup |/?* ( W S) ) - /* ( F * 1(0 )-s  +  '| S  3MN~3/i (Log Л^} S  <?*
|s-i|SC iV -U «(LogIV ),‘ 1 1 '

where

n -1.V»«cr.Dí { M ~ C f  (LOgN)k 1 ßN P l 2 C + iM - C ) ^ - 1'4/ '
Now, since f c s l ,  it follows that

(4.18) lim Loge*
n- ~  LogiV

— oo if Ic >  1
3 (M -C )2

2C if к — 1.

Thus, if M  is chosen sufficiently large, (4.17) and (4.18) imply (3.2) and the proof 
of Lemma 3.2 is complete.
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SIMULTANEOUS TRIANGULARIZATION 
OF PROJECTOR MATRICES

GABRIELLA SZÉP (Budapest)

It is known that every matrix can be transformed into upper triangular form 
with unitary transformation. Now consider the problem of simultaneous triangulari- 
zation of two matrices. Considering the results mentioned by H. Shapiro [1] it seems 
to be useful to find simple necessary and sufficient conditions which can be easily 
verified for special matrices to be simultaneously triangularisable with unitary trans
formation.

T h eorem . Assume that C and D are projector matrices with complex elements. 
Then they can be simultaneously transformed into upper triangular form with unitary 
transformation i f  and only i f  CD —DC is nilpotent.

P roof. I. It is obvious that the nilpotency of CD — DC is necessary for arbitrary 
matrix pairs.

II. 1. First we prove that if CD — DC is nilpotent then C and D have at least one 
common eigenvector. Let us transform these matrices with a similarity transforma
tion which transforms D into the special form

Г /1° 1
P-'D P = B =  I I and P-'CP = A.

C and D have a common eigenvector if and only if A and В  have.
Since

Г ^ ll i-̂ 12 1
=  I a ^ \ a Z \

is a projector, the following equalities are true:

(1) А ц  Ац~\~ Ai2 A 2± = A u ,

(2) А ц А 12+ A12A 2 2 =  a 12,

(3) ^2i ^ h + T 22̂ 42i =  Л21,

(4) A 2iA i 2-f-A22A 22 — A 22.

By premultiplying (2) by A21 and by postmultiplying (3) by A12 and subtracting the 
resulting equations we get

(5) A 22 (A 21 A}2) — (A 21 A 12) A 22
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and similarly

(6)
Since

we have

— (^12 ̂ 21) •

(A B -B A )k =<

A B - B A =1

1 2  к
ázA12A 21.--A2i

IM10

О
 

О

e>i

1 2  к
0 + A 2i A 12---A12

1 2  к
0 ± A i 2A 2l---A12

1 2  к
- i  ̂ 4 21^12-• -^21 0

for even к

for odd k.

a) If A12= 0 and A.n =0  then AB—B A —0, consequently A and В have a 
common eigenvector.

b) Let us assume that there is an integer к such that
(7) i  *, k - i  1 3  i  L w i

A 1 2A 21...... ^  0 but A12A 21 •..... “  0 and A21 A 2̂...... ~ 0.
The cases when к is even or odd will be studied in different ways.

1 2 k - l
a) Assume first that к  is even. Then by premultiplying (2) by A2iA12... A2l we get

x_ «£l 1_ k-l 1 k-l
A2i ...A2i A11A12-}- A2l...A21A12A22 =  A2l...A2lA 12

which implies

(8) 1 2 k - l

^21 Aja-■ ^21^11 A, 0.121л 12'"л 21л 11л 12
L Ъ liz}

By postmultiplying (1) by A 12A21... A12̂ 0  we get
(9) L ’kz} i  k-i

Ац ^Ац А^.. .A12) = Au A12...A12.
i  k - l

If An A12... AVi^-0 then an arbitrary nonzero column of
1 5-1 '

An A12. ■ -A12
Ö

is a common eigenvector of A and B, since

AG
A l l :  T 12 "I

^21 ■ A22 J

i  w 1
An Ал».. .A 1Ч1Л12'

Ö

L
AnAn A12...Ai2 

1 к—1*
A2iAn A12...A12
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(9) implies that the upper part of the right hand side is equal to the upper part of G, 
and (6) and (8) imply that the lower part is the zero matrix. If
(10) i  4z}

A nA w -A iz = 0
then an arbitrary nonzero column of

' i  ’iz} '
A12...A12

o.......
is a common eigenvector of A and В since (10) and (7) imply AG=0. 

ß) Assume next that к is odd. Then similarly to (9) we get

G =

( П ) 1 k - l  1 k-1
Au(An A12...A2l) = A11A12...A2}. 

If AUA12...A 2i ^O, then every nonzero column of

А и A,2...A2( 12) Ml л 12; 
0

121

is a common eigenvector of A and B. Observe that
1 k-l

An А-,-, АЛ2...А
AG

L A21; A22 J q

k - l
A21

_ 11л 11л 12---л 21
i  iz i

A2i A n  A i2  • •. A 21

then every nonzero column of G = is a common eigenvector of A and B.

(11) implies that the upper part of the right hand side equals the upper part of G,
1 k - l

and (6) and (7) imply that the lower part equals the zero matrix. If АцА ^ .^ А ц — 0,
1 k - l  •

Ai2...A2i 
0 .

1 2 k - l
c) Let us now assume that there is an integer к such that Л21Л12. . .^ 0  but 

1 3 i  1 2 k
A 2i Ai2... — 0 and Ai2A2i ...~0 .

We can show similarly to the provious cases that there is at least one common 
eigenvector.

2. To construct the unitary matrix for transforming simultaneously these two 
matrices into triangular form apply the initial step of the wellknown method for 
transforming one matrix into triangular form with unitary matrix. Since C and D 
have a common eigenvector, the first step can be performed, that is there exists a 
unitary matrix C/1 such that

and
C = U i*C1U1^ U 1* \ j \ - j1)] ui 

D = UfDiUi =  Ui* ] Ui.
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Then we have to prove that C}x) and are projectors, and C{1)Z)j1)— is 
nilpotent, consequently the triangularisation process can be continued. Observe that

consequently =  (Cj15)2. Then
0 = (C D -D C f  =  =  UiiC, D, —D, Cj)k Uj =

= u * [ of - Б  w’c f y  ] Ul

which completes the proof.
Remark. The conditions o f the theorem are not very restrictive, since there 

exist nonzero, noncommutative projector matrices having these properties. If one 
selects

1 0 0 0 1 - 1 1 0 0 0 0 0
0 1 0 0 0 0 0 1 0 0 0 0
0 0 1 0 - 1 1

, в  = 0 0 1 0 0 0
0 0 0 1 0 0 5 0 0 0 1 0 0
1 2 1 2 0 0 0 0 0 0 0 0
1 2 1 2 0 0 0 0 0 0 0 0

then
A B - BA и  0, but ( A B - BA)2 = 0.

Acknowledgement. The author is indebted to the referee for his valuable remarks.
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A NOTE O N ALMOST NILPOTENT RINGS
E. R. PUCZYEOWSKI (Warsaw)

All rings considered in this note are associative. Let a, aг, ar, as be the classes of 
all rings R such that every non-zero ideal, left ideal, right ideal, subring of R, respec
tively, strictly contains a power of R. Obviously «За ,, ar i2as. Rings of the class a 
are called almost nilpotent.

Let Im denote the lower radical determined by a class M  of rings. In [3] 
Heyman, Jenkins and Le Roux proved that /as^/a, and asked whether

a) lcts is equal to the prime radical ß;
b) letale/..

They proved that if R is the ring of Example 13 of [1] then T  = Rzdct and conjectured 
that

c) Г$а,.
In [7] Sands answered the questions a) and b) and asked whether
d) a ,= ar or /a,=/ar .
Here we will make some simple observations on the subject. In particular we 

answer the quoted questions (arguments applied to a) and b) differ a little from those 
used by Sands) and give a new proof of the fact that lot is an iV-radical.

That I  is an ideal (left ideal, right ideal) of a ring R will be denoted by /«a R 
( /< гЯ , /< гЯ).

It is known [3,4] and easy to check that the class a consists of nilpotent and 
prime non-idempotent rings, the classes a, a ,, as are hereditary with respect to ideals, 
left ideals and subrings respectively and that the classes a, a ,, as are homomorphi-

©o

cally closed. Let us observe also that R í a if and only if f)  Rn — 0 and
n = l

implies that R/I is nilpotent.

L emma 1. Let M  be a left hereditary class o f rings any element o f which is 
ß-radical or ß-semisimple.

i) i f  RdM  and R contains a non-zero nilpotent element then Rdß.
ii) i f  M  is homomorphi cally closed then a.%lM.

P ro o f , i) Let S be the subring of R generated by a nonzero element ad R  such 
that a2=0 and let L= R1a, where R1 is the ring obtained by an adjoining unity to 
the ring R. Since Ria<iR, R'adM. Now S - ^ ^ a  and S 2=0. Thus ß(R 1a)^0 , 
so Rhzi/k In consequence ß(R)^0. Hence Rdß.

ii) In [4] Korolczuk proved that if R is a finitely generated prime nil ring (exam
ples of such rings were constructed by Golod (cf [2]) then R contains a maximal ideal 
/  with respect to the property Rnf l  and that the ring R = R /I  is prime and belongs
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to a. We claim that R $ lM. Namely, if not, then, since M  is homorphically closed, R 
contains a non-zero accessible subring AdM. But A  is a nil ring, so i) implies that 
Adß- Thus ß(R)A0, a contradiction.

C o ro llary  1 ([7], Theorem 1). as is the class o f  all nilpotent rings and locs= ß.
P roof. Hilbert Nullstellensatz implies that if a nonzero element x of a ring R  

is not nilpotent then the subring of R  generated by x can be homomorphically map
ped onto a finite field. Thus every homomorphically closed class of rings which is 
hereditary with respect to subrings consists of nil rings or contains a finite field. This, 
i) and the fact that as contains no field imply that asQß. Now the fact that all 
/1-rings of a are nilpotent ends the proof.

The class oq satisfies all the assumptions of Lemma 1 ii). Thus we have
C o ro llary  2 ([7]). а %1щ. In particular h-Ah-i-
This Corollary is also a consequence of the following
P ro po sitio n  1. I f  R is the ring o f Example 13 o f [1] then T = R z is lat-semi- 

simple.
Proof. If /аг(Т )^0  then T  contains a non-zero accessible oq-subring A. Since 

T A  is also an accessible subring of R. Let A* be the ideal of R  generated by A. 
By Andrunakievich lemma (A*)nf A  for some n. Since ß(R )= 0, (A*)"A0. The 
hereditariness of oq implies that (A*)"da,. Since all the ideals of R have the form 
Rzm, m=0 ,1 ,... ,  weobtainthat (A*)"= Rzmda, for somem. Now 0 a R(\ — z)zm«= 
-=iRzm. Obviously no power of Rzm is contained in R (l—z)zm. Thus Rzm $ a ,, 
a contradiction.

Obviously Proposition 1 confirms c).
A modification of Proposition 1 answers d). Let К  be the field of rational func

tions in countably many variables x i,x 2, ... with rational coefficients and let 
P—K{z, a } = { 2  aizi\a fK }  be the skew power series ring with the homomorphism 

/■=o
a: K-*K defined by а(х;)=х;+1.

P ro po sitio n  2. The ring Pz belongs to a, and is lar-semisimple.
P roof. One can easily check that if L-=fP  then P and L= Pzn for some 

integer и SO. Thus Td otj. Now if lccr(T)A  0 then T  contains a non-zero acces
sible subring Ad<xr. Andrunakievich lemma and hereditariness of <xr imply that we 
can assume A*aP. Thus A = P z" for some и ё  1. Now zPz"=<j (K){z, cr}zn+1 
is a non-zero right ideal of A. Since for m = l,2 , ...,A m—(Pzn)m—Pz"+m̂ zP z", 
we obtain a contradiction.

The class a is neither left nor right hereditary ([7]). However we have
P r o p o s it io n s  . I f  L is  a left (right) ideal o f  Rda. then L/ß(L)da.
P roof. Let L<,R  and Rdoc. If R is nilpotent then L= ß(L), so L/ß(L)dct. 

Thus let the ring R be prime. Then, since Lß(L)< tR and Lß(L)dß, Lß(L)—0. 
This proves that ß{L)= {IdL\Ll=0). Hence if 0A l\ß(L)<iL/ß(L) then L Ij±0 
and, since R is prime, 0^ L IR <iR. Thus R/LIR  is nilpotent and, consequently, 
LjLC \LIR^ L+  LlRjLIR is nilpotent. This and the fact that (L D L IR fQ L IR L ^
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Q LILQ I, prove that £ //  is nilpotent. Now since f) Rn=0, p| (L/ß(L))n= 0.
Therefore £//?(£)£ a.

Similarly if L < rR then L/ß(L)£a.
Corollary 3. The radical la. is left and right hereditary.
Proof. Let ä— {R\R/ß(R)£a}. Obviously la —lä. By Proposition 3, ä is left 

and right hereditary, so la is left and right hereditary.
Proposition 4. Let L  be a left (right) ideal o f R and let L* be the ideal o f R 

generated by L.
a) I f  1*3L* and IL£ß(LhIß) then IQß(L*).
b) I f  L/ß(L)£a then L*/ß(L*)ea.
Proof. Let us assume that £  is a left ideal of R (if £ < rR, symmetric arguments 

can be applied).
a) Since /£< ,£*, ILQß(L*). Now ILM — ILR1Q ß(L*)Rl Qß(L*). In particu

lar I 2Qß(L*), so IQß(L*).
b) Let /?(£*) с / с L* and let I* be the ideal of R generated by I. Since 

ILQI*C\L  and, by a) IL$ß, we have LC]I*(fß. Thus, sinee L/ß(L)(i<x, L/ß(L)+  
+ LC\I* is nilpotent. Now £Д (£)<г£* and Lß(L)eß, so Lß(L)^ß(L*)Q I*. 
Hence (ß(L)yQL(~)I* and, consequently, (/?(£)+L(~)I*)2QLr\I*. This proves that 
L/LO l*  is nilpotent. But L*/I* is equal to the ideal of Rjl* generated by 
L+I*/I*^LILC\I*  and (I*)3QI, so L*/I is nilpotent.

Now ( f |  (£*)")£=(П ( L R ^ L Q  П (LR1)nL= f] Ln+1Qß(L). Hence, by
n = 1 /1 =  1 n = 1 n =  1

а), П This ends the proof.
/1 =  1
Proposition 4 and Proposition 3 of [5] give the following 
C o ro llary  4. The radical la is left and right strong.
Left strong and left hereditary radicals containing ß are called ([6]) iV-radicals. 

Thus la is an jV-radical.
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К РАСШ ИРЕННОМУ ИНТЕРПОЛЯЦИОННОМ У  
ПРОЦЕССУ КРЫ Л О ВА— Ш ТАЕРМАНА

Д. Л. БЕРМАН (Ленинград)

1. Пусть

( 1)

и С —множество всех функций /(х ), непрерывных в [ — 1, 1]. Обозначим через 
#„(/, х) Многочлен степени 2л —1, однозначно определяемый из условий

где /6  С. Как известно, процесс {#„(/, х)} называется интерполяционным 
процессом Эрмита—Фейера. Л. Фейер [1] доказал, что для любой /6  С выполн
яется равномерно в [ — 1, 1] соотношение

Н. М. Крылов и И. Я. Штаерман [2] удлинили процесс Эрмита—Фейера в том 
смысле, что они заменили полином Нп ( f  х) степени 2л —1, однозначно опре
деляемый из условий (2) на полином P„(f х) степени 4л —1, однозаначно опре
деляемый из 4л условий:

где Р(п1) (/, х) — производная порядка i от Рп(f  х). Н. М. Крылов и И. Я. Штаер
ман [2] доказали, что для любой /6 С  выполняется в [ — 1, 1] соотношение
Pn( f  * )-/0 )>

В 1965 г. появилась статья автора [3], в которой изучался процесс {#„ (/, х)} 
для узлов

полученных расширением узлов (1) добавлением в качестве узлов точек ±  1. 
Оказалось, что этот процесс, построенный для /(х) =  |х|, расходится при 
х=0. Позже [4], [5], [6] было доказано, что процесс {#„(/, х)}, построенный 
при узлах (3) для /(х )= х 2 и /(х )  —|х| расходится всюду в ( —1, 1). При 
/(х )= х  этот процесс расходится во всех точках х=  ̂0 из ( —1, 1). Л. Кук и 
Т. М. Миллс [7] доказали, что порцесс {/*„(/, х)} Крылова—Штаермана, пос
троенный при узлах (3) для /(х )= (1  —х2)3 расходится при х=0. После этого 
естественно встал вопрос и построении всюду расходящегося в [—1,1] процесса 
Крылова—Штаермана. Этот вопрос решен в [8]. Полином Pn(f, х) имеет доволь

(2)

Я„(/, х) - / ( х ) ,  п-+ со.

ta M a
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но сложный вид. Для упрощения вычислений в [8] рассматривался случай 
четного п, п —2т. Тогда среди узлов (1) нет точки х=0. Именно эта точка 
и добавляется в качества узла. Таким образом, матрица узлов состоит из 
чисел 1

2к—1
(4) xí2m) =  cos—------л, к =  1,2....... 2т, х  =  0, т ~  1 ,2 ,—4 т
Расширенный интерполяционный полином Я„(/, х) Крьшова—Штаермана 
степени 8/и +  З однозначно определяется из условий

Я„(/, 4 ^ )  = Л х П  Я<'>(/,х<2”>) =  0, i = 1,2,3, к — 1,2,...» 2т,
Я „(/,0 )= /(0 ), Я<г>(/,0) =  0, i=  1,2,3.

В [8] доказана следующая теорема:
Т еорем а 1. Расширенный интерполяционный процесс {Я„(/, х)} Крылова— 

Штаермана, построенный при узлах (4) для / (х )= х 2 расходится во всех точках 
х^О  из [ — 1, 1].

2. В связи с этим интересна:
Теорем а 2. Расширенный интерполяционный процесс {Я„(/, х)} Крылова— 

Штаермана, построенный при узлах (4) для f(x )= x 2m, т ^2 , сходится равно
мерно в [—1,1].

Д оказательство . Рассмотрим разность г„(/, х)=Я „(/, х)—Р„(/, х). Из 
определения полиномов Я„(/, х) и P„(f х) следует, что точки { x j явля
ются корнями четвертой кратности т„(/, х). Учтем еще, что узлы {x[n) }£=i 
расположены симметрично относительно точки х=0 и что /(х )= х 2т — чет
ная функция. Поэтому
(5) г„ (/, х) =  Т* (х) (а + Ьх2), Т„ (х) =  cos п arc cos х, 
где а и й определяются из равенств

(6) a = f(0)—Pn(f, 0), [Гл4(х)(а +  Ьх2)]"=0 =  -P "(J , 0).
С помощью дифференциального уравнения для Тп(х) и формулы Лейбница из
(6) получим

(7) Ъ -  2«2(/(0)- P n(f, 0)) - J  Р Ж  0).

Найдем теперь Pn( f  0) из Р" (/, 0). X. Н. Ладен [9] доказал, что при любой систе
ме узлов {х*}£=1 интерполяционный полином Крылова—Штаермана Р„(/, х) 
может быть вычислен по формуле

(8) РЖ, X) =  2  f (x k) Uk(x)[lk(x)]\
k=i

1 Интерполяционные процессы при матрице узлов (4) также рассматривались в [10] и
[П].
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где

(9) Uk( x ) = l - 2 ( x - x k) ^ Xk) 1 **** Í J  ""(**) 1 4 ш<3>(хк)

+
( х - х к)3

со'(хк) 2
уЗ

Г 5 Га/Чх*)Г  4 o /3>fa) 1
L I о/(хк) ) 3 , со'(хк) \ '

( 10)

Г . л  со"(хк) X1 , 1П to"fa)m(3)(xfc) (ßw ( x k)  }

[ (ю'(х*))2 o j ' (x k) У

£ü(x)
lk(x) ~  ( x - x k)a>'(xk) ’

n
=  o j ( x )  = J] ( x - x k).

*=1
Из (9) с помощью дифференциального уравнения для Тп{х) после элементарных 
вычислений получим, что

( П )
При узлах (1) 

( 12)

гг /г»\_, , 2(и2+ 2 )4  , (2п2+ 1)4
икУУ) -  1Н 571— ЗгГ-  + '3 (1 -4 )  3(1 - x f ) 2

№  = ( - i ) k+mY T = 4/nxk. 

Из (8), (11), (12) следует, что при f (x )= x 2m

(13) Pn{z2m, 0 ) = Z x t m[ 
к=1  V

Введем обозначения

1 + 2(«2+2)х? , (2n2+ \) x l \  (1 - x t f
+3 (1 -4 )  з(1 - 4 )

) (1 - 4 ) а
) п*хк

2 4 m- 2 =  2 4
fc=X к = 1

2т Ом

и напомним тождество 

(14) 2 ^
к = 1 х к

п \

которое нужно будет в дальнейшем. Из (13) получим

(15) № - , 0 )  =  1 ) .

Найдем теперь b. С помощью формулы Лейбница из (8) вытекает

(16) о) = 2  4 т и к (о)(1к(О))4+8 2  x lmu í ( 0)/|(0)4'(0) +
f c= l  fc =  l

+ 12 2  4 т ик (о) (0) (í£ (О))2+4 2  4 mC4(0)i2(0)/t(0) =  2
* = 1  к = 1 i = l

Из (9) с помощью дифференциального уравнения для Тп(х), после некоторых

5* Acta Mathematica Hungarica 48, 1986



296 Д . Л . Б ЕРМ А Н .

вычислений, получим, что

(17) £4'(0) =
2хк(2п2+ 1) (4л2+  1)х®

3(1 -д ф  2(1 - х 2)2

(18)
Из (16) и (12), (18) следует

3(1 —Хк) ' (1 -х1Г  • 

4(л2 —1)(1 —х2)
(19) 5 1 = Л 1 ^ 2т- 4[П fc=i L -J

Если учесть т s2 , то из (19) вытекает

(20) S1 = o ( - i ) .
В силу (10) получим

(21) т  = ( - 1>
Из (16), (17), (12), (21) выводим

+ 4 л2*2

т + к
пх2к

8 » (
о  __ X 7 „ 2 т - 5  I

— ~ 4  Z j  Х к IП fc = i \
2хк(2п2 + 1) х?(4л2 +  1) \

3(1-x D 2(1- x f ) 2 }

Поэтому при m s 2

(22) * ~ ° Ш -

Вычислим теперь 1S3. В силу (16), (11), (12), (21) имеем

2(л2 +  2)х2 (2 п2+ 1 )412 "

п  к = 1

, 2(л2 +  2)х2 (2п2+ 1)х£) _  , 2
11+ 3(1- х 2) + 3(1-х£)2 Г  ' к) '3(1 -аф

Отсюда при т >2 непосредственно видно, что

(23) s 3 =  o Ш -
Если же т = 2 ,  то для установления (23) нужно использовать тождество (14). 
Вычислим Si. Из (10) получается, что

(24) 1'а0) =  ( -  i)»+*+i(n2xg_2) ]/1 -хЦ пх1.

Поэтому из (16), (11) (24) выводим
2(п2+ 2)хк (2п2+\)х*

Si ~

Стало быть, 

(24) S4 =  -

4 яV v-2/п -  6-Zi Z  хкп  jfc=l 3(1- х 2) 3(1-X 2)21+ V " +  

8(«2 + 2)(01- 0 2) 4(2л2+1)02

)(n 2x f - 2) ( l - x f ) 2.

3/2 3 /2
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Наконец, из (16), (20), (22), (23), (24) выводим

Из (7), (15), (25) следует, что

(26)
В силу (5), (26) выводим, что

(25)

IIn n(f, x ) - P n(f, а)II £ ,  f ( x )  =  Х 2т,  ll/ll =  _ M a x i I/ ( а ) I,

где С >  0 — константа. Поэтому

1|ЛИ(/, а ) - / ( а ) I \\Pn( f ,x ) - f ( x ) \ \+ £ .

Согласно теореме Крылова—Штаермана lim ||Р„(/, а ) — / ( а)||=0. Поэтому

В данной статье рассматривается процесс Крылова—Штаермана при корнях 
полинома Чебышева. Хорошо известно, что полиномы Чебышева частный 
случай полиномов Якоби. Вероятно, было бы интересно рассматривать 
расширенный интерполяционный процесс Крылова—Штаермана при корнях 
полиномов Якоби.

[1] L. Fejér, Über Interpolation, Göttinger Nachrichten, (1916), 66— 91.
[2] H. M. Крылов, И. Я. Штаерман, Sur quelques formules d’interpolation convergentes pour-

toute fonction continue, Записки физ.-матем. отд. А Н  УССР, 1 (1922), 12—13.
[3] Д. Л. Берман, К теории интерполяции, Д А Н  СССР, 163 (1965), 551—554.
[4] Д. Л. Берман, Исследование интерполяционного процесса Эрмита—Фейера, Д А Н  ССР,

187 (1969), 241—244.
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Фейера, Известия вузов, М ат ем., 9 (1975), 84— 87.
[7] W. Lyle Cook and Т. М. Mills, On Berman’s phenomenon in interpolation theory, Bulletin

o f  the Australian Math. Soc., 12 (1975), 457—465.
[8] Д. Л. Берман, Всюду расходящийся расширенный интерполяционный процесс Крылова—

Штаермана, Известия вузов, Матем., 4 (1981), 5 —11.
[9] Н. N . Laden, An application of the classical orthogonal polynomials to theory o f interpolation,
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[10] Д. Л. Берман, Расширенный интерполяционный процесс Эрмита—Фейера, Известия

вузов Матем., 1 (1972), 93— 96.
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l i m  | | Я „ ( / , а ) - / ( а ) | |  = 0 .
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О ПРОЦЕССЕ УСРЕДНЕНИЯ Ф УНКЦИЙ  
ОГРАНИЧЕННОЙ ВАРИАЦИИ

Г. А. КАРАГУЛЯН (Ереван)

Пусть Ф некоторый класс вещественных ограниченных функций опреде
лённых на множестве X. Следуя [1] введём:

Определение 1. Пусть P=(S, А, ц) вероятностное пространство. Ска
жем, что функция F (x,s): XxS-+R  допустимая, если удовлетворяет следую
щим условиям:

(i) F(x, s) ограничена,
(ii) F( •, s)( Ф при любом s£S,
(iii) F(x, •) измерима в (S, А) при любом x£X.
Определение 2. Через Фа обозначим класс тех функций / :  X —R,  для 

которых существуют вероятностные пространства P=(S, А, д) и допустимые 
функции F(x, s), такие что

f(x )  =  f  F(x, s) dn(s) (x£X). 
s

Через U обозначим класс ступенчатых функций определённых на [0, 1], 
т.е. / 6 U тогда и только тогда, когда существуют точки 0 = х 0< х1< ... <д-„ = 1, 
такие что f  постоянна на интервалах (хг_х, х(). Через V обозначим класс функ
ций ограниченной вариации определённых на [0,1], и через W обозначим класс 
функций f{x )  определённых на [0, 1], для которых V„(f)=o(n) где

К (Л  = sup Z  \f(X i)-f(x i+i)\- 
W,"= 1 i=0

Легко видеть, что W  совпадает с классом функций, имеющих только точки 
разрыва первого рода, а последний совпадает с классом функций, для которых 
существуют пределы

/ U + )  =  Hm / О )  и  Д у - ) =  Hm / ( z )
Z - + X +  z - y  —

где jc€[0, 1) и у6(0, 1]. Легко убедиться также, что каждая функция f£ W  есть 
равномерный предел ступенчатых функций.

В работе [1] была поставлена следующая задача (см. [1]): найти класс Фа 
в том случае, когда Ф — V, т. е. определить структурные свойства функций 
класса V“.
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В настоящей работе доказывается следующая

Теорема. Ua — Va=W a — W. Если f€W , тодлялюбого е> 0  существует, 
определённая на [0, 1]Х[0, 1], функция F(x,s), такая что

1) Ill’ll •*= 11/11 +£ (||-II означает точная верхная грань значений функций),
2) F (‘ ,s)£ U  для любого j €[0, 1],
3) F(x, •) измеримая по Лебегу для любого j £[0, 1],

4 )  /(* )=  f  F(x,s)ds.
о

Эта теорема является решением вышеуказанной задачи.

Д оказательство . Сперва докажем, что Waa  W. Пусть P=(S, А, у) вероят
ностное пространство, a G: [0, 1 ] X S-+ R допустимая функция относительно 
класса Ж Пусть f(x )=  [ F(x, s') dy(s). Если x„<x и lim xn=x, то для

s
любого s£S  lim G(x„, s)=G (x+ , s) так как G( ■, s)£W. Тогда, используя

П-*- oo
ограниченность G(x, s) и известную теорему Лебега, имеем

1 1
lim /(х„) =  lim f  G(xn, s)dp(s) = f  G(x+, s) dp(s).
Л-Ч.ОО n - f  CO J J0 0

и следовательно, в силу произвольности х„, существует / ( х + ) .  То же самое 
верно и для / (х —). Следовательно fd  W.

Теперь пусть заданы fd W  и е>0. Можно предположить, что ||/1| =  1. 
Выберем 0 -=í7<1, такое что ц/(1 —rj) <г и последовательность функций 
gkGU. такая что |/(х )— gk(x)| <íyk+1/2 (k —0, 1, 2,..., х£[0, 1]). Обозначим

fo=go и f k=gk- g k- 1 (k=  1 ,2 ,...). Имеем /*€</, f = Z f k, ll/0ll <1 +*lß и
fc=0

||/ J  <rik(k ̂  1). Для любого x£[0, 1], определим F(x, 0)=0 и F(x, s) =  
=(tjkr]k+1)~1f k(x ), если цк+1 -=-~ŝ rjk (/c=0, 1, ...). Легко убедиться, что F(x,s) 
удовлетворяет условиям 1)—4) теоремы, и следовательно WczlJ“. Соотно
шения Ua<z.Va c .W a следуют из соотношений UczVczW. Итак, имеем 
U °c.V ac W ac W c z U a. Теорема доказана.

В заключение автор выражает благодарность рецензенту, за предложенное 
упращение доказательства теоремы.
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ALGEBRAS WITH BOOLEAN AND STONEAN 
CONGRUENCE LATTICES

T. KATRINÁK and S. EL-ASSAR (Bratislava)

1. Introduction

It is known tha the congruence lattice Con (A) of an algebra A is complete and 
compactly generated. Assuming congruence distributive algebras A (lattices, 
/-groups, Boolean algebras etc.), the lattice Con (A) enjoys an additional property : 
Con (A) is relatively pseudocomplemented and, in particular, pseudocomplemented. 
Thus a natural problem arises to determine those algebras whose congruence lat
tices have certain specified properties formulated in terms of (relative) pseudocomple
ments. For example, one can ask after those algebras whose congruence lattices are 
atomic, Boolean, Stonean or completely (relatively) Stonean.

There are some results in the literature along these lines. For example, T. Tanaka 
[23], G. Grätzer and E. T. Schmidt [11], and P. Crawley [6] have characterized those 
lattices whose congruence lattices are Boolean, answering a question posed by G. 
Birkhoff (see [5; p. 157, Problem 39]). R. Beazer [2] have described pseudocomple
mented semilattices (see also H. P. Sankappanavar [21]), /7-algebras (see also J. 
Berman [4]) and double /7-algebras with Boolean congruence lattices. For comple
mented lattices this was done by M. F. Janowitz [15]. Tanaka’s result has been general
ized for universal algebras by J. Hashimoto [12]. On the other hand, O. Frink [9] 
described Boolean algebras with Stonean congruence lattices. T. Katrinák [17] of
fered a description of those lattices whose congruence lattices are Stonean. Later, for 
special classes of lattices, the same was done by Iqbalunissa [13] and M. F. Janowitz
[14], [15]. The last known results in this area are those of R. Beazer [3] for regular 
double /7-algebras and of H. P. Sankappanavar [21] for pseudocomplemented semi
lattices.

In this paper we use a technique of Tanaka [23] adapted for universal algebras and 
that of Hashimoto [12] to describe algebras with atomic, Boolean, Stonean and com
pletely Stonean congruence lattices, respectively (Theorems 1, 2, 4, 5, 7, 9 and 10). 
We have introduced a concept of an algebra with a strong centre. T he class of these 
algebras comprises almost all the mentioned special algebras, as /7-algebras, comple
mented lattices and so on. Theorems 6 and 11 give information about those algebras 
with a strong centre whose congruence lattices are Boolean and (completely) Stonean, 
respectively.

2. Preliminaries

Let Con (A) denote the set of all congruence relations on a universal algebra A. 
Then Con (A) forms a complete and compactly generated lattice with A and V, 
the smallest and the largest congruence relations, respectively. Throughout this 
paper we consider congruence distributive algebras only. i.e. we assume that Con (A)
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is a distributive lattice. It is a well known fact that distributivity of Con (A) implies 
infinite distributivity

0 a V (а;.- i€ /) =  V (0 л аг: i£l)
for any в, я;6С оп (A). It follows that for every ’a, /36 Con (A) there exists a largest 
z£Con(A) such that а a t S /3. Clearly, х—У (3: а л ö^ß). (Notation: x—a^ß.) 
In particular, for every а6 Con (A) there exists a (uniquely determined) pseudocom
plement a*=a*d. Thus, Con (A) is a complete Heyting algebra.

A pseudocomplemented semilattice (=  PCS) is an algebra (S; л , *, 0, 1) in 
which (S; л , 0, 1) is a bounded meet-semilattice and for every element a€S  the 
element a*Z S  is the pseudocomplement of a; that is x^a*  if and only if x a  a=0. 
If, for any PCS S, we write B (S)  for {x6 S : x —x**} (the set of closed elements of S) 
and D(S) for {x£S: x**= 1} (the set of dense elements of S), then (B (S ); u ,  л , 
*, 0,1) is a Boolean algebra when a u b  is defined to be (а* л b*)*, forany a, bdB(S) 
and D{S) is a filter (dual ideal) in S.

An algebra (L; v , л , *, 0, 1) is called a p-algebra or a pseudocomplemented 
lattice (=PCL) if (L; л , *, 0, 1) is a PCS and (L; v , л )  is a lattice. A double 
p-algebra is an algebra (L; v , л , *, +, 0, 1) in which the deletion of + gives a p-al- 
gebra and the deletion of * gives a dual p-algebra, that is a v  x =  1 if and only if 
x ^ a +.

A special class of PCS’s is formed by the implicative semilattices (S; л , *, 0, 1), 
where (S ; л , 0, 1) is a bounded semilattice and x л у —z if and only if y ^ x ^ z .  
Then x*=x*0 plays the role of a pseudocomplement of x. (L; v ,  л , *, 0, 1) is 
called a Heyting algebra if the deletion of v gives an implicative semilattice. Similarly, 
<L; v , л , * , + ,  0, 1) is called a double Heyting algebra, if (L; v , л , *, 0, 1) is a 
Heyting algebra and the dual of (L; v ,  A  , +  , 0, 1) forms also a Heyting algebra. 

Frequently we shall use the following rules of computation with *, v , л .
(1) x ^  у  implies x* S  y*,
(2) x S  x**,
(3) x* =  x***,
(4) (x v y f  =  x* л y*,
(5) ( х л ^ *  =  х * * л /* ,
(6) (x v y)** =  (x** v y**)** =  (x* л y*)*.

For complete PCL’s it is true that
A(x**: i f j )  = (A(x**: i€ /))**.

A distributive p-algebra L  is said to be a Stone algebra, if it satisfies the identity

x*vx** =  1.
This is equivalent with the identity (хлу)* =  х* vy*.

The relation у on a PCS or a PCL L  defined by

a = b(y) if and only if a* = b*

-Acta Mathematica Hungarica 48, 1986
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is a congruence relation on L and is called the Glivenko congruence. The relation cp 
on a double p-algebra L  defined by a=b{cp) if and only if a*=b* and a+= b+ 
is a congruence relation on L and is called the determination congruence. A double 
/»-algebra L  is said to be regular, if (p=A.

Every Boolean algebra (B; v , л , 0 ,  1) is a distributive /»-algebra in which 
a*—a' for every ad_B. It is easily verified that a /»-algebra L is a Boolean algebra if 
and only if x=x** for every x£L. Distributive /»-algebras satisfy the identity

x  =  x** л (x v x*),

which has the following consequences: (i) A distributive /»-algebra L  is a Boolean 
algebra if and only if D{L) contains only 1.

(ii) Let A be a congruence distributive algebra. If Od. Con (A) is (completely) 
meet-irreducible, i.e. А/в is finitely (subdirectly) irreducible, then 0£D(Con (A)) 
or 9 is a dual atom of В (Con (A)).

The centre C (L) of a bounded lattice L  is the set of all complemented, neutral 
elements of L and is, of course, a Boolean sublattice of L.

An ortholattice (=OL) is an algebra (L; v , л , ' ,  0,1) satisfying the following 
identities:

(i) (L; v , л , 0, 1) is a bounded lattice,
(ii) r v r '= l  and x /\x '—0,
(iii) (x л у ) '= х ' v y '  and (x v j» )- х ' л / ,
(iv) x=(x')'.

An ortholattice L  is called an orthomodular lattice (=OML) if 

x  ^  у  implies x v (x' a j ») =  j »
for any x,ydL .

We recall that an algebra A is called (finitely) subdirectly irreducible if

A(a;: id I) = Л (for finite /)
in Con (A) implies a ~ A  for some id I.

We refer to G. Birkhoff [5] and G. Grätzer [10] not only for the standard results 
about PCS’s and PCL’s but also for general lattice-theoretic and universal algebraic 
notations, terminology and result (see also P. Crawley and R. P. Dilworth [7]and E. T. 
Schmidt [22]). The standard results and rules of computation in double /»-algebras 
may be found in R. Beazer [1] or in T. Katrinak [18], while those for implicative semi
lattices and ortholattices may be found in W. C. Nemitz [20] and G. Kalmbach [16], 
respectively.

3. Atomic congruence lattices

We shall start with a Tanaka’s result stated for lattices. It can be generalized for 
congruence distributive algebras without changing the original proof. First we recall 
three concepts: Let {af: f£/}CB(Con (A)) be such that ot*= Л (a,-: jd l, jA i)  for 
every idl- Then (T/a;: idl) is called a canonical subdirect factorization of A. 
A subdirect factorization (A/ap. id I) of A is said to be irredundant if Л (о»,-: jd l, 
j ^ i ) ^ A  for every id I- Eventually, a lattice with 0 is called atomic, if for every 
a A 0 there exists an atom p ^ a .

Acta Mathematica Hungarica 48. 1986
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T heorem  A ([23]; Theorem 1, Remark 1]). Let A be a congruence distributive 
universal algebra. The following conditions on A are equivalent:

(i) Con (A) is an atomic lattice;
(ii) A>(Con (A)) is a principal filter;

(iii) A has a canonical subdirect factorization with subdirectly irreducible factors;
(iv) A has an irredundant subdirect factorization with subdirectly irreducible 

factors.
Now we can add two new conditions.
T heorem  1. Let A be a congruence distributive algebra. Then the conditions

(i)—(iv) from Theorem A are equivalent with the following two conditions:
(v) В (Con (A)) is atomic and every dual atom o f 2? (Con (A)) is completely meet- 

irreducible in Con (A) ;
(vi) Con (A) satisfies the (infinite) identity

(8) A ( x * * :  i€ /)  =  (A(xf: i £ I ) ) * * .

P r o o f . (i)=>(v). Let {a;: i£l} denote the set of all atoms of Con (A). Then 
(a*: /£/} comprises all dual atoms of A (Con (A)). Suppose that a*<<5 for some 
i£l. Therefore, <5 €77 (Con (A)), because a* is a dual atom of A (Con (A)). Hence 
ocí= ö, as otj is an atom. Thus а*<а,-v a*Sc5.

(v) =>(iii) is trivial.
(ii)=>(vi). Assume [ß)=D(Con (A)). Since a— af* л d; for every i£l, where 

Sfi [/?), we have
(Л(а;: iei))** = (Л(аГл0р. i€ /))** = ((A(af*: i£I)) л(Л(<5;: /)))** =

= (A(a**: í€7))**a (A(<5;: i<=/))** = (A(a?*: i€I))** = A(ocf*: i£ I)
using (7) and the fact that Л(<5(: i£ l) ^ ß .

(vi) =>(ii). E\idently, ß**=(A(<x: a€£»(Con (A))))**= A (a**: a££>(Con (A)))= 
=  V. Thus [ß)=D(Con (A)).

T heorem  2. Let A be a congruence distributive algebra. Then the following con
ditions are equivalent:

(i) A (Con (A)) is atomic;
(ii) Con (A) satisfies the (infinite) identity

(9) A((V(*„: s£S))**: t£T ) = (V(A(x,„(t): teT)): (piST)**;
(iii) A has a canonical subdirect factorization with finitely subdirectly irreducible 

factors;
(iv) A has an irredundant subdirect factorization with finitely subdirectly irreduc

ible factors;
(v) A has only one irredundant subdirect factorization with finitely subdirectly 

irreducible factors.
P r o o f . (i)=>(ii). It is well known that an atomic and complete Boolean algebra 

satisfies the completely distributive identity. Hence A (Con (A)) is completely dis
tributive. Moreover, Con (A) satisfies also the identity
(10) (V (x,: i t  I))** = (V (xf*: i€ /))**•
The last two facts imply readily (9).

Acta Mathematica Hungarica 48, 1986



ALGEBRAS WITH BOOLEAN AND STONEAN CONGRUENCE LATTICES 305

(ii) =>-(i). Identities (9) and (10) imply complete distributivity of В (Con (A)). 
From this (i) follows by a known theorem of Tarski (see [5; Theorem V.17]).

(i)=>(iii). Let {a;: i£ lj denote the set of all dual atoms of B(Con (A)). Then 
(A/ap. i£l) is a desired factorization of A.

(iii) =*(iv). Evidently, the factorization from (iii) is irredundant.
(iv) =>(i). Let (T/a;: i£l) denote an irredundant subdirect factorization with 

finitely subdirectly irreducible factors. Therefore the a/s are meet-irreducible 
congruence relations on A, and

A(a;: i£I) =  A

holds. We know that for every i£l, a; is a dual atom of B(Con (A)) or on (A)).
We claim that ocfBlCon (A)) for every id I. Assume to the contrary that 
at£D(Con(A)) for some i f  I. Then ß= h{y.j: ./€I ,jA i)A A . Hence A = ß Aah and 
consequently, A** = A=ß** Aa**=ß**, a contradiction, as ß^ß**. Thus the a/s 
are dual atoms of В (Con (A)). Now it is easy to show that A (Con (A)) is atomic.

(iv)<=>(v) is now trivial.

Remark 1. Since for a congruence distributive algebra A is В (Con(d)) a complete 
Boolean algebra, Con (A) satisfies also the following (infinite) identity:

(x v  A (xf*: id /))** = Л ((* v xß**: id /).

It is easily verified that an atomic Con (A) satisfies the identity (A(V(xís: sd S ) : 
td T))** = ('\/(A(xlip(t): tdT)): cpd S T)**. It is an open question whether this identity 
holds for a larger class of algebras, even for all congruence distributive algebras.

Examples. 1. Evidently, for a Boolean algebra A, Con (A) is atomic if and only if 
A is atomic. Similarly for implicative semilattices and Heyting (brouwerian) alge
bras, Con (A) is atomic if and only if A is dual atomic.

2. Making use of weak projectivity between quotients of a lattice L one can 
easily describ ethe congruence atomic lattices, n/h—c/d is our notation for cjd~~w 
« wa/b (see [10; p. 130, 131]). First we need a concept: A proper quotient ajb of a 
lattice L (i.e. b< a) is said to be primitive, if a/b-^c/d in L for a proper quotient 
c/cf implies the existence of a finite b=t0= , . . ^ t k^ a  such that c /d -^ tjti^  for 
every i= l , . . . , k  (see [6] or [7]).

Now it is routine to prove: (i) 0£Con (L) is an atom i f  and only i f  0=0 (a, b) 
for some primitive quotient alb;

(ii) Con (L) o f a lattice L is atomic i f  and only i f  for every proper quotient alb 
o f L there is a primitive quotient plq o f L such that alb =plq.

For weakly modular lattices (i.e. a/b^u/v for proper quotients implies n/w— 
-^ajbi for some b ^ b ^ a p ^ a )  we get a simplification.

(iii) Con (L) o f a weakly modular lattice L  is atomic i f  and only i f  every proper 
quotient of L contains a primitive subquotient;

(iv) (See [6; Lemma 3.1] or [7; Theorem 10.5].) I f  L is a distributive lattice, then 
Con (L) is atomic i f  and only i f  every proper quotient ajb contains a prime subquotient 
a jb 1 (i.e. at covers bß.
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We close this section with the following
Lemma 1. Let A be a congruence distributive algebra with atomic B(Con (A)). 

Assume that {a;: /£/} is the set o f all dual atoms o f В (Con (A)). Then the map

М - ~ 9 м = Л (аг: iZI—M)
is an isomorphism between Boolean algebras 2f and В (Con (A)). Moreover, i f  (At: 
id I) is a subdirect factorization o f A with factors А ~ А /а г, i f i ,  and x = (x i)ieI, 
y= (ydia£A , then x= y(9 M) i f  and only i f  {ifj: x ^ y f f T M .

Proof. (Similar to [12; Theorem 3.1].) Since В(Con (A)) is an atomic and com
plete Boolean algebra, every element of В (Con (A)) has the form вм. Moreover, the 
map M-*9M is one-to-one and isotone. Hence 2l = B(Con (A)). The last statement 
follows from the fact that x= y(at) if and only if х ~ у г.

4. Boolean congruence lattices

Again we begin with a Tanaka’s result generalized for algebras by J. Hashimoto.
Theorem В ([23; Theorem 2], [12; Theorem 5.1]). Let A be a congruence distri

butive algebra. Then Con (A) is a Boolean lattice i f  and only i f  A has a discrete sub
direct factorization with simple factors fi.e. the components o f arbitrary two elements of 
A are identical except a finite number o f components).

Crawley’s result [6; Theorem 4.1] (see also [7; Theorem 10.6]) proved for lattices 
can be also generalized for algebras as follows.

Theorem 3. Let A b e  a congruence distributive algebra. Then Con (A) is a Boolean 
algebra i f  and only i f

(i) Con (A) is atomic and
(ii) for every a, b£A,  a ^ b  there exists a finite set o f atoms 0,, ...,9k o f  Con (A) 

such that
в(а, b) — 0j v ... v 9k.

Proof. Let Con (A) be a Boolean lattice. Then H(Con (T))=[Vj and Con (A) 
is atomic (Theorem A). Since Con (A) is atomic and complete, every 9f Con (A) is a 
join of atoms. From this (ii) follows, as 9(a, b) is compact.

Conversely, let Con (A) satisfy (i) and (ii). Again by Theorem A, D (Con (A))= 
— [/?). Assume 9 is an atom. Evidently 9=9** л <5, where <5ёД. Since 9 is an atom, 
we also have 9=9** Aß.  Hence 9 ^ ß .  Therefore,

V =  V (0;: 0,- is an atom of Con (A)) ^  ß,
using (ii) and the fact that W=f(9(a,b): a, b£A). Thus ß= V  and Con (A) is a 
Boolean lattice.

Now we shall examine algebras A with Con (A) enjoying the (infinite) identity 

(И) V (x**: i€I) = ( y ( Xi: i f  I))**.

(Note that in a general case V(x**: /6 /)= (V (x ;: /£/))**.)
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Lemma 2. Let Con (A) satisfy the identity (11). Then
(i) Con (A) is a Stone lattice,

(ii) В (Con (A)) is a closed sublattice o f  Con (A),
(iii) В (Con (A)) is compactly generated and
(iv) B(Con (A)) is atomic.
Proof, (i) Clearly, (a v a*)**=V=a** v a*, by (11). (ii) follows directly from (7) 

and (11). (iii) If в is a compact element of Con (A), then it is easy to see that 0** is a 
compact element of ü(Con (A)). The rest is a consequence of (11). (iv) follows from 
(iii) and Theorem A (ii) (see also [12; Theorem 4.2] or [7; Theorem 4.3]).

Lemma 2 gives rise to the following definition.
D efinition 1. A complete distributive PCL is called completely Stonean if it 

satisfies the identity (11).
Lemma 3. Let Con (A) be completely Stonean. Then for every a, b£A there 

exist atoms 0X, ..., 0k (k is finite) o f В (Con (A)) such that
0(a, b) ^  0! v ... v 6k.

Proof. According to Lemma 2, ,S(Con (A)) is an atomic complete Boolean 
algebra. Therefore, for a Ab,

0(a, b) ^  (0(a, b))** = V (0,: i€7) =  (V (0,: i€ /))**,
where {0;: /£/} is a set of atoms of В (Con (A)). The compactness of в(а,Ь) 
implies в(а, b)S  V (0,-: г‘€Л) for some finite I  i f .  I.

T heorem  4. Let Abe a congruence distributive algebra. Then C on (A) is a Boolean 
lattice i f  and only i f

(i) A has a subdirect factorization with simple factors and
(ii) Con (A) is an atomic completely Stonean lattice.
Proof. Let Con (A) be a Boolean lattice. Then (i) follows from Theorem B. 

(ii) is trivially true, because a=a** for every a£Con (A). Conversely, let A satisfy
(i) and (ii). Suppose that A is subdirectly decomposed into (Ajap. i£l), where T/a; 
are simple algebras. Since D(Con (A)) is a principal filter (Theorem 1), we can assume 
without loss of generality that afiB(Con (A)) for every ifil. Clearly, {<*;: 
is the set of all dual atoms of B(Con (A)) and the factorization is irredundant. Take 
a,b£A. Let a=(ai)i(I and b=(bj)iiI be representations of a, b in the considered 
subdirect factorization of A. Clearly, аг= Ь г if and only if a=b(aj). According to 
Lemma 3, в (a, b )^  V(a*: i£/i) and f  is a finite subset of I. Evidently,

V(otf: i(E/1) =  A(ai: i€ / - / , ) ,

as V (a*: i€L)£ В (Con (A)). Hence 0(a, b )sA (a;: if^I—f ) ,  which is equivalent to 
öj—bt for every i^ I— f .  Thus (Ajap. ip l)  is a discrete factorization of A and 
Theorem В concludes the proof.

As a consequence of Theorem В or Theorem 4 we obtain
Corollary. Let A be a finite congruence distributive algebra. Then Con (A) is a 

Boolean lattice i f  and only i f  A has a subdirect factorization with simple factors.
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Proof. According to Theorem 4 we have only to show that Con (A) is a Stone 
lattice, i.e. a**va* =  V for every a^Con (A). This is true for every dual atom 
ad Con (A). Assume that for ijdCon (A) we have rf* = a** л т** suchthat a** v a*=  
=  x** v т*=V. Therefore,

if*  v i/* ё  (а** л x**) v a * v r*  = (a** v a* v x*) л (x** v a* v т*) =  V.
Since Con (A) is finite, we see that Con (A) is a Stone lattice.

Lemma 4. Let an algebra A be a direct product o f algebras (Ap. id I) with 
\A j\^2  for every i f  I. Let Con (A) be completely Stonean. Then I  is finite.

Proof. Every element xdA  can be written in the form х = (х ;);а , where 
x fiA i for every id I. There are congruence relations {y.p. idl} defined as follows:

x  =  y(a;) if and only if x L = yt.
Consider the congruence relations

0M = Л (ap. id l - M )
for every M Q I  (see also Lemma 1). We shall use the notation 0; for 0{l}, i f j .  
Clearly, 0MA 0/-Af= d  and 0M v 0/_м—V. Hence QMd В (Con (A)). Now, by (11)

V (0,-: id I)  =  (V(0,: id I))** = V,
as (\/(0,-: idl))*— A(0j-{i>: idI)—A, But х=у(\1(в(: id l)) if and only if {/£/: 
XiAyi} is finite. Thus I  is finite.

Theorem 5. Let an algebra A be a direct product o f algebras (Ap. i£l) with 
\A fis2  for every id I. Let A be congruence distributive. Then Con (A) is a Boolean 
lattice i f  and only i f

(i) 1 is finite and
(ii) Con (Ai) is a Boolean lattice for every idL
Proof. The necessity of (i) and (ii) follows from Lemma 4 and the fact that 

A i^AIQI_ ^ , idL For sufficiency we invoke [8] to see that every 06Con (A) can be 
written in the form 01X...X0„, where Of Con (A;), id l= {l, ..., n}. Therefore, 
Con (A)=Con (A fX  ...XCon (A„). Hence Con (A) is a Boolean lattice.

Remark 2. A simplification of identities from Remark 1 can be achieved for con
gruence lattices satisfying identities (8) and (11):

JC** v A (xf*: id / )  =  A (x** v  x f* : id / ) ;
Л(V (x*f: sdS): tdT )  -  V ( A « (0: tdT): ydS*).

In the next theorem we want to apply Theorem 4 to classes of algebras as Boolean 
algebras, PCS’s, PCL’s, OL’s, OML’s, double ^-algebras, Heyting algebras, double 
Hey ting algebras, implicative semilattices, bouneed lattices and so on. First we need 
some concepts.

Let (S', a  , 0, 1) denote abounded meet-semilattice and F(S) the lattice of all 
filters of S. An element ad S is said to be central if the filter [a) is a central element of 
F(S). C (S ) denotes the set of all central elements of S. It is routine to verify that
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C(S)=C(F(S)). It is also evident that for lattices the introduced concept coincides 
with those known in the literature (see [5] or [10]).

To every element a£S one can assign a congruence relation 6a defined as fol
lows

x  =  y(9a) if and only if а л x = а л у.
ва is the smallest congruence relation with the kernel [a), i.e. 0а=0[[я)]. Now, we 
shall say that an n-ary operation /  on S is centre-preserving if for every a^C (S)  
Xi=yt(ea), i= l, . . . ,n ,  implies

f( x i ,  ..., x„) = /(} ’!, ..., y„)(9a).
Definition 2. A universal algebra (S', л , 0, 1,/1? ...) is said to have a strong 

centre if (S; л , 0, 1) is a bounded meet-semilattice and every operation f  is centre
preserving.

It can be readily verified that Boolean algebras and bounded lattices have a 
strong centre. Assume S to be a PCS, a£C(S). Therefore,

а л x  = а л у  implies а** л  x** = а** л у**.
Thus x=y(6a) implies x**=y**(Oa**) in the Boolean algebra B(S). Hence x* =  
=у*(ва**) in B(S), that means а * * л х * = я * * л /. It follows that а лх*= а  лу* , 
as аШа**. So, PCS’s have a strong centre. Similarly it can be shown that PCL’s 
and double p-algebras have a strong centre as well. Clearly, a a x —a Ay  implies 
a 'v x '—a 'v y '  in an ortholattice L. Hence a a x ' = a Ay', using the property that 
a£C(L). Thus OL’s, and OML’s in particular, have a strong centre. Eventually, 
suppose that (S ; л , *, 0,1) is an implicative semilattice. Take a, x, y£ S arbitrary. 
It is known (see [20]) that there is a one-to-one correspondence between filters and 
congruence relations on S. More precisely, for J£F(S)

x  =  y(0[/]) if and only if x*yA y*x(L J.
Having / =  [a), х му  л д х ([а ) implies x л (x¥y  a y^x)=y a (x^y a  y^x)—x a y, whence 
a a x —a Ay. Conversely, a a x= a  Ay implies а л х ё х л у .  Therefore,

a ^  x*(a  a  x) = x * а Ш х * (х л  у) =  x *  у.

Similarly, a whence аШ х^уАу^х. Thus 0a=0[[a)] and implicative semi
lattices have a strong centre. The proof for Heyting and double Heyting algebras runs 
in the same way.

Lemma 5. A nontrivial PCS (PCL, Boolean algebra, Heyting algebra, implicative 
semilattice, distributive lattice) S  is simple i f  and only i f  \S\ = 2. A simple double 
p-algebra is regular.

Proof. Let S' be a Boolean algebra (Heyting algebra, implicative semilattice). 
It is known that every congruence relation on this algebra is uniquely determined by 
its kernel, which can be an arbitrary filter. Hence, S nontrivial and simple implies 
IS I =  2. A similar argument can be used for distributive lattices. Let L be a nontrivial 
simple PCS or PCL. Then y — A for the Glivenko congruence y. Hence, L —B(L) 
is a Boolean algebra. Thus |L| =  2. Similarly, if L  is a simple double p-algebra, then 
<p—A for the determination congruence cp. Thus L is regular.
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Suppose that (А; л , 0, 1 , / i , ...) have a strong centre. If there exists a polynomial 
function g  on A such that g (l)= 0  and g(0)— 1, then A  is said to be quasi-comple
mented algebra and g a quasi-complementation. (Of course, quasi-complementation 
will also stand for a unary polynomial g  correlated to a polynomial function having 
the described property.)

It is easy to verify that PCS’s, PCL’s, PL’s, PML’s, Boolean algebras, double 
p-algebras, implicative semilattices, Heyting algebras, double Heyting algebras and 
complemented lattices are examples of quasi-complemented algebras (a*, a ß  and 
a.' are quasicomplements, respectively). On the other hand, bounded meet-semilattices 
or bounded lattices are not quasi-complemented.

We shall also have occasion to invoke the following property:
(PCC) Any two complemented congruence relations permute.

Lemma 6. Let a quasi-complemented algebra A have a subdirect factorization with 
two-element algebras. Let g  denote a polynomial o f quasi-complementation. Moreover, 
let h be a binary polynomial defined by

h (x, y) =  g(g(x) л g(y)).

Denote by A '= (A; A ,h ,g , 0, 1,/i, •••) an algebra in which the deletion o f h and g 
gives the algebra A, and by A"=(A; A ,h ,g , 0, 1). Then A" is a Boolean algebra, A' 
is quasi-complemented and Con (A)=Con (A ')= Con (A").

Proof. Since h and g  are polynomial functions on A, we see that A' is also quasi- 
complemented. By assumption, A is a subdirect product of algebras (Bp, i£ l)  with 
Bt— {0,1} for every /'€/. It is easy to check that (Bp, A , h , g ,  0,1), /£/, are two- 
element Boolean algebras. Defining B[=(Bp, a  ,  h,g ,  0, 1 ,/i, ...), i£l, we obtain
two-element Boolean algebras with additional operations / i , __Since g and h are
polynomials, A ' is a subdirect product of the system (B\; i^ I). Hence A"(A') is a 
Boolean algebra (with additional operations). Clearly Con (A) = Con (А') Я Con (A"). 
Assume 0€Con (A"). There exists a filter F  on A" such that 0=0[F]. Clearly, 
0[F]=V(0[[fl)]: a£F) in Con (A"). Since C(A)=A, we see that 0[[a)]£Con (A) 
for every a£A. But Con (A) is a closed sublattice of Con (A"). Hence, 0£Con (A). 
Thus Con (Л)=Соп (A").

Theorem 6. Let A be an algebra with a strong centre.
(i) C(A) is finite whenever Con (A) is completely Stonean and satisfies (PCC).
(ii) Let A  be quasi-complemented and have a subdirect factorization with two-ele

ment algebras. Then Con (A) is a Boolean lattice i f  and only i f  A is a finite Boolean 
lattice.

(iii) Let A  be congruence distributive and let A enjoy the property (PCC). Then 
Con (A) is a Boolean lattice i f  and only i f  A is a finite direct product o f simple algebras.

Proof, (i) Con (A) is a Stone lattice (Lemma 2) from which it follows by (PCC) 
that С (A) ̂  В (Con (A)). Take a filter J  of C(A). Then

V(0„: а € /)  =  0[/]€Д(Соп(Л))

by (11). From (PCC) we deduce 6[J]=9b for some b£C(A). First we show that 
Ker 0(J)=J. Take c=l(0[7]). Then there exists a finite chain 1= zû z ^  ...Sz„= c
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suchthat Zj_! л ai= zi л ai for some afcJ, i= l ,  ...,n . Therefore z f iJ  for every 
1= 1 ,...,« . Thus c£J, whence Ker 6[J]=J. Since Ker 0b~[b), we get J=[b). 
Every filter of the Boolean algebra C(A) is principal. Hence C(A) is finite.

(ii) Using the notation from Lemma 6, A"=(A; л , h, g, 0, 1) is a Boolean 
algebra and Con (.4)=Con (A"). It is well known that Con (A") is a Boolean lattice 
if and only if A is finite (see [9]). Since h and g are polynomial functions on A, A is а 
finite Boolean lattice. Conversely, invoking Lemma 6 we have Con Ц1)=Соп (A"). 
Since A is finite, we see that Con (A") is a Boolean lattice.

(iii) Assume that Con (A) is a Boolean algebra. It follows by (PCC) that 
C (A) sí Con (A). Since Con (A) satisfies the identity (11), we see by (i) that C(A) 
is finite. Let al f ..., a„ denote the dual atoms of Con (A). Again by (PCC)

V ё  (oq л ... л  (Xi-JotXi >  a-octj =  af v a't =  V.

Therefore, A is a direct product of simple algebras (А/ap /=  1, ...,« ). Conversely, 
if A is a finite direct product of simple algebras (Ap. i= 1, ...,«), then by [8] every 
congruence relation 0€Соп(Л) can be represented in the form 0гХ ...Хв„, where 
в^С оп (A;), i = l , ...,« . Hence Con (A) is a finite Boolean lattice.

Corollary 1. Let L be a PCS (PCL, Boolean algebra, Hey ting algebra, impli
cative semilattice). Then Con (L) is a Boolean lattice i f  and only i f  L  is a finite Boolean 
lattice.

Proof follows from Lemma 5 and Theorem 7 (ii).

Corollary 2. Let Lbe a double p-algebra (double Heyting algebra, OL, OMLi 
complemented lattice). Then Con (L) is a Boolean lattice i f  and only i f  L is a finite 
direct product o f simple algebras.

Proof. Clearly, all considered classes of algebras are congruence distributive. 
First we check that the algebras in question satisfy (PCC). Let L  be a double p-alge
bra with a Boolean Con (L). Since simple double p-algebras are regular (Lemma 5), 
we see that also L  is regular (Theorem 4). Now we can start with a regular double p- 
algebra L. Beazer [1] has shown that any two congruence relations on a regular double 
p-algebra are permuting. The same is also true for double Heyting algebras, because 
every congruence relation has the form 0= 0[J], where 7 is a special filter. Note that 
the lattice of all filters on a double Heyting algebra is distributive. Finally, Janowitz 
[15; Theorem 2] established (PCC) for complemented lattices. It follows that the same 
is also true for OL’s and OML’s. Now we can apply Theorem 7 (iii) and the proof is 
complete.

f  Remark 3. Corollary 1 was established for PCS’s by Beazer [1], [2], Sankappan- 
avar [21] and for PCL’s by Beazer [1], [2] and Berman [4] using different methods. For 
Boolean algebras this result is well known. Double p-algebras were investigated by 
Beazer [1], [2]. He obtained an intrinsic characterization of those double p-algebras L  
whose Con (V) is a Boolean lattice. For complemented lattices Corollary 2 was estab
lished by Janowitz [15].
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5. Stonean congruence lattices

Recall that for atomic ű(Con (A)) every closed congruence relation can be writ
ten in the form 0M, M Q I  (Lemma 1).

Theorem 7. Let A be a congruence distributive algebra with atomic li(Con (A)). 
Let вм , M  Q I be congruence relations from Lemma 1. Then Con (A) is a Stone lattice 
i f  and only i f

О м  UN =  0M v 0N for any M, N<TI.
Proof. Assume that Con (A) is a Stone lattice. 0M v 0N^ 0 M[JN is trivially true. 

For the converse inclusion we need to know that

Ümun =  (ßM v 0a)* = 9*м л
Since 0g =  0/ _R (Lemma 1), we see that 0*MuN= 0,-(MuN), Oll=bĴ M and 0*N= 
= 0/_N. But I—(M U N ) = (I—M)C\(I—N). Hence 0миn= ^m a ^n - Moreover,

(в * м  А  в * » ) *  =  6*м *  V 0Г =  0M V 0* -  0J?UW =  0MUN, 
as Con (A) is a Stone lattice.

Conversely, assume 0M{JN=9Mv  0N for any M, N<TI. By Lemma 1, every 
06 В (Con (A)) can be written in the form 0=0M. Take «([Con (A). Then a*=6M 
for some M Q I. Evidently, a**=0/_M. By assumption,

a* v a** =  0M v 0j_M = 0/ =  V, 
and the proof is complete.

Corollary 1. Let A be a congruence distributive algebra. Then Con (A) is a 
Stone lattice and obeys the identity (8) i f  and only i f  any irredundant subdirect factori
zation o f A with subdirectly irreducible factors (Ay. i£ l) satisfies the following con
dition:
(S) Let л ~ ( л y~(ydif.i be elements o f A with /€/. Then for any

M, there exists a finite sequence x= t° , ..., t"=y in A such that {i£L:
X iA y fi fM A N i f  and only i f  {i£l: or {i£l: t'-At'i+1}QN
for every k — 0, ..., n— 1.
The proof follows from Theorems 1, 7 and Lemma 1.
Corollary 2. Let A be a congruence distributive algebra. Let A be a direct prod

uct o f finitely subdirectly irreducible algebras. Then Con (A) is a Stone lattice.
Proof. Assume that A is directly factorized with (Ay. i£l), \At| s 2  and let 

(af: /£/} be the corresponding set of congruence relations on A. Since A /a ^A i,  
i£l, we see that a; is meet-irreducible. The factorization is irredundant. Therefore, 
{ay. i£ l}  is the set of all dual atoms of J?(Con (A)) (Theorem 2). Take v = (x ;)ie/, 
y=(}’i)iCiCA. Assume x= y(0MiJN). Take z=(z;)ie/ from A defined as follows: 
Zi—x t for all i e l - N  and z;=y ; for all i£N. Then x=z(0M) and z=y(6N) 
(see Lemma 1). Hence x= y(6Mv 0N) and Theorem 7 concludes the proof.

Only a partial result has been obtained without the assumption of atomicity of 
В (Con (A)) (see Theorem 7).
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Theorem 8. Let A be congruence distributive and let A be a finite direct product 
o f algebras (Ay. i= 1 , n). Then Con (A) is a Stone lattice i f  and only i f  Con (AJ 
are so for every i= l, ...,n .

Proof. Let al 5 a„€Con (A) denote the congruence relations corresponding 
to the product (Ay. 1 , и), that means А/хь̂ А ( for every z= l, n. There
fore,

a* =  ocx v ... v (*;_! v ai+1 v ... v a„

is the complement of a; in Con (A) for every i—l,  Hence a;=a**, i= l , . . . ,n .  
Now it is easy to verify, for every i= l ,  ..., n, that [ai5 VJ^Con (At) is a Stone 
lattice whenever Con (A) is so. Conversely, if Con (AJ are Stonean for every i=  1, ..., 

then also Con (A) is Stonean, because Con (d)=Con (A ^X  ...XCon (A„)
by [8].

Theorem 9. Let A be a congruence distributive algebra. Then Con (A) is comple
tely Stonean i f  and only i f

(i) В (Con (A)) is atomic and
(ii) for every a,b£A there exists a finite set o f atoms 0L, ..., вn o f B(Con (A)) 

such that
в(а, b) s  öj v ... vfl„.

Proof. The necessity follows from Lemmas 2 and 3. Conversely, assume that A 
satisfies (i) and (ii). Take an arbitrary subset {ay f i i}  of Con (A). Let 0(a, b )^  
s (V (a j: /£/))** for some a,b£A. By (i) and (ii),

6(a, b) S  0X v ... v  0„

for some atoms 0X, ..., в„ of В (Con (A)). Without loss of generality we can assume 
that v ... v 0„^(V(a;: ifi/))**. We claim that

0j v ... v0„ == V(af*: fii)-

Indeed, suppose to the contrary that 0 j^  V(a**: f i i )  for some lS /S n . Therefore, 

0j a V (a**: f i i )  = V(9j a  af*: f i i )  = A, 

by infinite distributivity and the fact that 9j is an atom of U(Con (A)). Hence

A = 9j a  V (a?*: f i i ) =  9} a  (V (a,: fii))**

by (5) and (10), which is a contradiction. Thus, 0X v ... v 0„s V (a**: fiJ), as claimed. 
It follows that 9(a, i)SV (af*: i f j )  and Con (A) satisfies the identity (11), because 
Con (A) is compactly generated.

Corollary. Let A be a finite congruence distributive algebra. Then Con (A) is a 
Stone lattice i f  and only iffor every a, b(LA there exists a finite set o f atoms 9lt ..., 0„ 
o f В (Con (A)) such that

9(a, b) á  0! v  ... v 0„.

There is another description of completely Stonean congruence lattices.
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T heo rem  10. Let Abe a congruence distributive algebra. Then Con (A) is (atomic 
and) completely Stonean i f  and only i f

(i) Con (A) is a Stone lattice and
(ii) A has a discrete subdirect factorization with finitely subdirectly irreducible 

(subdirectly irreducible) factors.
P roof. Assume that Con (A) satisfies (11). (i) follows from Lemma 2. Lemmas 

2, 3 and Theorem 2 imply (ii). Conversely, assume (i) and (ii). We shall prove that 
both conditions from Theorem 9 are satisfied. By the hypothesis A is a discrete 
subdirect product of finitely subdirectly irreducible (subdirectly irreducible) alge
bras Ai=A/cCi, id I. Evidently, {af: id l)  is a set of (completely) meet-irreducible 
congruence relations of A. Therefore, аг££>(Соп (A)) or аг is a dual atom of 
В (Con (A)), for every idl. Consider 0(a, b)d Con (A) for some a Ab in A. By (ii),

0(a, b) sA (« f: i € / - { l ,  .... n}).
Since Л(аг: i£ l)= A , we have

9(a, Ь )лакл  ... ла„ =  A. ;
Without loss of generality we can assume that ocl f ..., ockdB(Con (A)) and at+1, ... 
..., ocndD(Con (A)), where 1 Ш к^п. Since ak+1 ... a„dD(Con (A)), we have

в (а, Ь)лос1л  ... л  ak = A. |
Therefore, 9(a, л ... л (xk)*—al v ... v tx%, by (i). Evidently, a*,...,ak are
atoms of B(Con (A)), because alt ..., ak are dual atoms of B(Con (A)). Now, we have 
established condition (ii) of Theorem 9. It remains to show that В (Con (A)) is 
atomic.

Assume that A A 9d В (Con (A)). Then there exist aAb  suchthat 0(a ,b )s9 . 
We have just proven that there exists a finite set of atoms 0X, ..., 0„ of В (Con (A)) 
such that

9(a, b) ^  0j v ... v 0„.

We claim that 9 ^ 9  for some 1 ~ /= и . If 0y$0 for every lSy'Sn then 
0 л (0! v ... v  0„)—(0 a  0j) v ... v (0 л 0„)—A, because 0 ,,...,0 „  are atoms of 
B(Con (A)). It follows that A = 9(a, b), which is a contradiction with aAb. 
Thus 0; ^ 0  for some l ^ j S n ,  as claimed, and B(Con (A)) is atomic. Now Theorem 
9 concludes the proof. (For the atomicity of Con (A) see also Theorem 1.)

C o r o l l a r y . Let A be congruence distributive and let A be a direct product o f 
algebras (A,: id I) with \A ) ^ 2  for every idL Then Con (A) is (atomic and) com
pletely Stonean i f  and only i f

(i) 1 is finite and
(ii) Con (At) is (atomic and) completely Stonean for every idL
The (alternative) proof follows from Lemma 4, Theorem 8 and the fact that 

every 0€Con (A) can be written in the form 0= 01X...X0„ (see [8]).
R e m a r k  4. Comparing Theorems 3 and 4 with Theorem 9 one can ask whether 

an atomic completely Stonean Con (A) is Boolean. The answer is: NO. Namely, it 
is enough to consider a finite Stonean and non Boolean lattice D. It is well known
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(see [10; Theorem II. 17] or [22; Theorem 3.3.1]) that there exists a (finite) lattice L  
such that Сол (L)ss£). (Note that Theorem 3 is valid also in the case if there 
“0(a, b)=61 v ... v  0k" is replaced by a weaker condition “0(a, Ь )^вг v ... v 0*” .) 
Finally, we can also say that the conditions of Theorem 4 are independent. In order 
to prove this assertion it is enough to consider the above example and an infinite 
non complete Boolean algebra (see [9]).

The final theorem is devoted to the algebras with a strong centre. First we need 
a new concept: An algebra A = (A ; л , 0,1, v , f 2, ...) with a strong centre is said to 
be an l-algebra if (А; л , v , 0,1) is a bounded lattice.

Theorem 11. Let A be an algebra with a strong centre.
(i) Let A obey (PCC). //Con (A) is a Stone lattice then C (A) is a complete Boolean 

algebra which is V -closed in A. I f in  addition A is an l-algebra, then C(A) is a closed 
sublattice o f (A; a , v , 0 , 1).

(ii) Let A be quasi-complemented and have a subdirect factorization with two- 
element algebras. Then Con (A) is a Stone lattice i f  and only i f  (A ; л , h, g, 0,1) (see 
Lemma 6) is a complete Boolean algebra. In addition, Con (A) is completely Stonean 
i f  and only i f  Con (A) is a Boolean lattice.

(iii) Let A be a congruence distributive algebra and let A obey (PCC). Then 
Con (A) is (atomic and) completely Stonean i f  and only i f  A is a finite direct product o f  
finitely subdirectly irreducible (subdirectly irreducible) algebras.

Proof, (i) By assumption, C(A) s*B(Con (A)). But В (Con (A)) is a complete 
Boolean lattice. Hence C(A) is also complete. Take JQC(A). For every a£J there 
is ва£В(Соп (A)). Since A(0a: a£J)£B(Con (A)), we see by (PCC) that there 
exists b£C(A) with 0b= A(0a: a£J). Moreover, J

K er0b = [b) = Ker(A(0a: a£J)) =A([a): a£J).
Thus b— V (a: a£J) and C(A) is V-closed in A. By dual reasoning we can establish 
the last part of (i).

(ii) First we need to know that Con (B) of a Boolean algebra is a Stone lattice if 
and only if В is complete (see [9] or [17]). In one direction the statement (ii) follows 
from (i), the converse is easily verified. For the last part of (ii) we need to know that 
for a Boolean algebra B, Con (A) is completely Stonean if and only if В is finite. This 
follows from Theorems 1 and 4. The rest is a consequence of Lemma 6 and Theo
rem 6.

(iii) The proof is similar to that of Theorem 6 (iii).
Corollary. Let Lbea regular double p-algebra (Heyting algebra, double Hey ting 

algebra, OL, OML, complemented lattice). I f  Con (Z.) is a Stone lattice then C(L) 
is a complete Boolean lattice which is a closed sublattice of L. Moreover, Con ( L) is 
(atomic and) completely Stonean i f  and only i f  L  is a finite direct product o f finitely 
subdirectly irreducible (subdirectly irreducible) algebras.

P roof. All algebras in question are congruence distributive /-algebras enjoying 
(PCC) (see Corollary 2 to Theorem 6). The rest follows from Theorem 11.

R emark 5. In general, the converse implication to the first statement o f Corollary 
is not true (see Beazer [3] for regular double /7-algebras and Janowitz [15] for com
plemented lattices).
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Remark 6. It seems possible to generalize some of the results of this paper for 
commutator varieties. P. Zlatos [24] has succeeded in establishing a general form of 
Theorem 8.

Remark 7. In [19] we have characterized those quasi-modular /»-algebras whose 
congruence lattices are Stonean, completely Stonean or relatively Stonean.
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О НЕПРЕРЫВНОСТИ Ф УНКЦИИ многих 
ПЕРЕМЕННЫХ ИЗ КЛАССА ОБОБЩЕННОЙ  

О ГРАНИЧЕННОЙ ВАРИАЦИИ
Т. И. АХОБАДЗЕ (Тбилиси)

§1. Введение

В 1924 году Н. Винер [26] получил следующий критерий для непрерывности 
функции ограниченной вариации: пусть 2я-периодическая функция /  имеет 
ограниченную вариацию на периоде и в каждой точке д+[0, 2л]

min { / (* -0 ) ,  / 0  +  0)} =  /О ) =  max ( / 0 - 0 ) , / 0  +  0)},

тогда для непрерывности функции / необходимо и достаточно каждое из следу
ющих условий:

( О  ~ 2  квк =  » О )  1
п  к =  1 

И

(2) 4  2  к*Ql = 0(1)п Jc = i

при п—°°, где Qk=yal+bl, а ак и Ьк — коэффициенты Фурье функции /.
С. М. Лозинский [16,17] показал, что для непрерывности функции из 

класса ограниченной вариации необходимо и достаточно каждое из следующих 
условий:

( 3 )  4 "  2  =  ° ( 1 )  и  2  в к  =  о  O n  п )
П к= п к = 1

при П—°°.
Б. И. Голубов (см. [5], [6], [8], [10]) установил, что условия (1)—(3) необходи

мы и достаточны для непрерывности функций класса Vp при 1 < р < 2  и доста
точны при р ^ 2 .  Он же показал, что при р ё 2  для включения / 6  С(0, 2п)П Vp 
не существует необходимых и достаточных условий, выраженных в терминах 
модулей коэффициентов Фурье.

Эти исследования были продолжены Е. Коэным [4] и 3. А. Чантурия [24, 
25], соответственно, для классов Уф и V[v(n)]. С другой стороны, Б. И. Голубов 
[7, 11] впервые исследовал вопрос об аналогах упомянутых выше теорем Н. 
Винера и С. М. Лозинского для функций многих переменных, имеющих огра
ниченную р-вариацию в смысле Харди. 1

1 Как отмечал Б. И. Голубов в своей работе [7], достаточность условия (1) для непре
рывности функции ограниченной вариации можно вывести из одной теоремы Фейера (см., 
напр., [12], стр. 177, теорема (9.3)), а необходимость этого условия доказал также Сидон [18].
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В настоящей работе (для любого натурального л) вводятся классы функций 
m">, Я Й Г — изучаются некоторые свойства функций из этих клас

сов и установлены в основном неусиляемые (в определенном смысле) теоремы 
типа Винера—Лозинского.

§2. Определения и формулировки основных результатов

Пусть функция /  является вещественной, конечной, измеримой функцией, 
определенной на л-мерном евклидовом пространстве R" и Оп—[—п, п]п. Пред
положим, что она 2л-периодическая относительно каждой из переменных и 
Сп .._Гп(Л  — коэффициенты Фурье функции / по тригонометрической системе, 
т. е.

СГ1...ГК( Л  =  -Щ уГ f  f i x 1,..., х„)е -'(гл+•••+rn*n)dx±.. ,dxn.

Обозначим через В  любое непустое подмножество из М = {\, 2, л},
а через х в — множество тех координат хх, х 2, ..., х„, индексы которых составля
ют множество В. Пусть ..., i p }  (í1< /2-= ...< íp) и mlt т2, ..., тп — нату
ральные числа. Положим

(4)

А 7$) ( fi  = 2  ( - i y '1Cm lf(x1, . . . , x tl- 1,x?l‘l)+Vilh(!c‘l\ x tl+1, . . . , x n),
xil 1 1 ví,=o 1

( т / m(* )

где

x  I , . . . , x  p ip
1 *P

*i 'p-i

/.<*'.> = _L(je»i1+ » _ x »/,)) f h y  = J_ (А+»-А>).
'» m,. ‘i 'p m, ‘p ‘pmh ' ч *i - ‘p m,_ ' ‘p

Ниже будем использовать и такие обозначения

(5)
_(т / , )

,Х^к , р  i f *  ’ •••» > •'“1 > X ^ - l ,  X j  + 1 ,  ...» X; -1 , X /  +1, •••> X„) —
K l,  “

= h y , . . . , hy ) .

Если {as)s=i — некоторая система вещественных чисел, то будем считать,
что

П., = {а, =  х<°> <  X « xf*> =  я,+2тг}
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— произвольное разбиение периода, а

= П„I aj ...aj — П а. У\Па. X . . .  Х П а ,!i ‘1 1Р 1х 1г 1Р

где индексы /1з i2, ..., гр составляют множество В.
Допустим еще, что Ф(п)={Фв}вам — система строго возрастающих 

(непрерывных в точке 0) функций, определенных на [0, +°°[, для которой 
фв(0)=0 (В сМ )  и lim Фв(х)=°°.Х—оо

Введем обозначение
Уф1(/\ Щг, •••> Щр) =

N t  - 1  N t  - 1  *р
=  sup sup sup ]>j ••• 2

xr r On Пп k: =0 fc/ =0Ч м "  B  ° B  *1

Если существует такое взаимно однозначное соответствие между систе
мами {£}ссм и {Фв)вс:м, что ( / ;  mh......m/p)< °°  для каждого В сМ ,
то будем говорить, что функция /  является функцией ограниченной Ф-вариации

....mJ =  Нф™п,). Если Фв{и)=Ф(и) для любого В с М ,  то класс
Нф™п) обозначим через Н^т)(п).

Положим

*i zp

5 )  = / ( * i + < 5 ,  х 2 ,  . . . , * „ ) ,

..... ( / ;  г) -  S Xk{ S X l  Xk_ x f\ -5); г), к = 2,3,

Множество функций / из класса для которых

(6) .....х„(/; -5) =  0

обозначим через Я ^ )=Я^„1)’—т").
Пусть se такая точка из Я", что все координаты точка £в, индексы которых 

составляют множество В отличны от нуля, а остальные координаты — нули. 
Далее, запись вв-*-0 будет означать, что все координаты этого вектора, индек
сы которых составляют множество В стремятся с определенной стороны (либо 
елевой, либо справой) к нулю.

При тх= 1, Ф(1}(м)=и — Яф™') совпадает с классом V класс функций ограни
ченной вариации; при т1—\, Ф ^(й)=ир (д >  1) — с классом Vv Винера [26], а при

1 и для общей Ф этот класс превращается в класс Уф Л. Юнгой [27]. Далее, 
при n = 1, и Фщ(и)—и этот класс впервые рассмотрел Ф. И. Харшиладзе 
[21] и изучил (см. и работы [22], [23]) некоторые свойства функций из этого клас
са. В случае л=1 и Ф{1}(м)=н класс Н$п) ввел С. К. Хавпачев [19], а при n= 1 
и Ф{1}(п)=мр (р>  1) — А. А. Кельзон [14]. Класс Я^т)(2) при mt = 1, т 2 — 1 
и ф{и)=и превращается в класс Харди [13]. Наконец, отметим, что в много
мерном случае для общей Ф класс Я^т)(и) (при т1=т2=...=т„=1) ввел 
Б. И. Голубов [9], а Я ^  (при т1—т ,=...=т п=2) рассмотрен в нашей рабо
те [2].
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Справедливы следующие утверждения:

Теорема 1. Любая функция из класса ограничена.

Теорема 2 .Если /6  Н$>$) 11 *(0)€-К", то для любого В (В с  М) существуют 
конечные пределы

l im /(x (0)|8 j) .ев—0

Теорема 3. Пусть
(а) Если lirn  ̂ (и2/Фм(и))=0, то каждое из следующих условий

1) П P l - 2m* . 2  - . 2  IQ,...-„(/)l2 П  % т’  =  0(1),

2)

3)

4)

5)

2  Z  IQ,.,„(/)I f l  «Г* = о(1),
*=1 i, = -P, i„---Р„ s=l

P l

z  -
Pn

2  IQ,..
h  =  ~Pi ’n = - P n

•• 2 1 IQx..l‘nTíp„ .,„(/)! =  o { (

n P i

lim ( /7 *n л ) -1 2 1*=i <i= —p

Pl p«

необходимо и достаточно чтобы f  € W®(,í).
(б) Каждое из перечисленных условий достаточно для выполнения (6).
(в) Если для любого Bei М lim (и2/Фв(и))^ 0, то для включения /€Я^7»)

н— +о
не существует необходимых и достаточных условий, выраженных через модули 
коэффициентов Фурье функции / .

Отметим, что при гг£т,-, i— 1, Действительно,
для этой цели достаточно показать, что ....m">d H ^  —mi.+1 т")) где
is (1 S i s Sri) — некоторое число. Возьмем некоротое подмножество В аМ , 
которое содержит is. Пусть B={ix, . . . , i s, ..., ip}. Тогда по определению

Ж; - 1  Ж; - 1  ж,- - 1
(В) (/; т «ч, •••, т,-,+ 1, ...,т 1р) =  sup siipsüp ^  ••• 2 1 ••• ^

*смв “в *(i=o *,я=о *íp=o

рр- z  тI -
Фв{ 2 r=1 '

О";,....mi +1.....mi )
...., V ..... ,»/,)(/■; А//‘ >
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Но, как легко видеть,
("Ч,....

И Х > . . .
mi.+1’ ■
. м

...ш/ )

*1 1р
(«,у - raV-

....ä >(/; ^  *р>. t ; ) l ;
S  S

2 2 шах{И^Д).... ,%№/р) ( / ; й-*'Л •••, ..., ä<V)I»
*1 *s *р * Р

.... ,cV ( / ; й;ч  ..., * « ч  .... *£»!>,
S *S

где операция A(;m)i....тч....."Vs совпадает с только с той раз
ницей, что в A(m‘i '"’"’‘V....% )s № 0 = ----— -(х^ч+1)— X®’*5). Поэтому, получимт, +1 '» ’»*s

У ф 1 ( / \  М ;  , . . . ,  т , , +  1 ,  . . . ,  / и ,  )  Ä  F e ? ( / ;  т г, , . . . ,  ш ; , т ,  ) .

Замечание 1. Так как Я^ 1; - ’Шп>с.Н ^„у-Гп) при гк^ т к, к = \, . . . ,п ,  то в 
условиях 1) и 2) пункта (а) теоремы 3 тк, соответственно, можно заменить 
числами г к.

Теорем а 4. Предположим, что / € Нф(г̂ .
(а) Если lim^(и2/Фщ(и)) = 0 (г =  1, ..., и), то для непрерывности2 функции

f  необходимо и достаточно выполнение следующих условий

( 7 )  2  2 i  \Ch...,„(J)\2 = odlPj), Pj~<™ ( J = l ,

где символ 2 'i означает, что суммирование производится относительно всех
индексов (кроме j -го индекса) от — оо до + °°.

(б) Совокупность перечисленных условий (7) достаточна для непрерывности 
функции / .

(в) Если для некоторого i (1 S i^ r i)  lim (и2/Ф^(и)) >0, то для непрерыв-
и-+ 0

ности функции /  не существует необходимых и достаточных условий, выражен- 
нных через модули коэффициентов Фурье функции f

Теорема 5. Пусть /€  .

2 Ниже любую функцию эквивалентную (в смысле меры Лебега) непрерывной функции 
будем называть непрерывной.
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(а) Если ИтДи2/Фр}(н))=0 ( i= l ,  rí), то для непрерывности функции /  
необходимо и достаточно выполнение следующих условий

(8) р}-*"/ 2  2'АСц...,п(Л \г^  = о(.1), p j ü  =  i , - ,  и).
i j -----Pj  —

(б) Совокупность перечисленных условий (8) достаточна для непрерывности 
функции / .

Так как приведенные утверждения в общем случае (для любой конечной 
размерности) доказываются аналогично случая п —2 и, кроме того, в много
мерном случае доказательства этих теорем имеют довольно развернутую 
форму, то мы собираемся доказать сформулируемые теоремы только для случая 
п= 2.

Наконец, заметим, что некоторые результаты этой статьи анонсированы 
в [3].

§3. Доказательства теорем 1 и 2

Д оказательство  теоремы  1. Требуется доказать, что если f  
то /  ограничена. В силу условия теоремы существует такая константа 
С(/, Ф{1})>О,3 что для любых точек х['1)<х[*:+1) (xj[l)6[0,2n], k = 0 ,1,2,...) 
будем иметь

sup Ф{1} {21-'"‘| 2  ( -  1 y C l xfW >  + vhP, JCa)|} =S C(f, Ф{1}).
x z v=0

Так как lim Ф т (x) =  +  °°, то отсюда
X-*- +  oo 1 1

I 2  ( -  1 y c ^ f i x p  + vhp , C if, Ф{1}).
v =  0

Тогда из последнего неравенства и результата С. К. Хавпачева [20] (см., также, 
[14]) об ограниченности функции одной переменной m-изменением, заключаем, 
что / как функция от х г ограничена для каждого фиксированного х 2- Для пол
ноты изложения дадим доказательство последнего факта. Пусть Ё  — некоторое 
множество положительной меры на оси и — точка плотности множества 
Ё .  Тогда для любого достаточно малого t  ( /> 0 ) найдется число т такое, что 
0 cxS í/m ! и x ^ + t —kxdE, k = \,  2, ..., т±. Для доказательства последнего 
предложения рассмотрим последовательность положительных чисел tn для
которых lim í.=0. Положим А„ = ЁП  [х{*) + — —— L, + f l  и mes A„—hn.

L т х J
Точки множества Ап могут быть представлены в виде + /„—т, где т — рас
стояние точки из А„ до точки х{*} + 1„. Подвергнем точки множества А„ линей
ному преобразованию по формуле v=x[*^+ta—k t  {к=2,3, ...,т 1). Этим об
разуются множества Ек (к=2, 3, ..., Híj).

3 В дальнейшем мы обозначаем через С(/), С(/, Ф^, £), Ci(mu т2,/) ,  ... положи
тельные константы, зависящие лишь от указанных параметров.
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Так как х(*} — точка плотности множества Ё, то для произвольного е >0 
существует JVS>  0, что при п >-Ne

mes ( ^ n [ x í * ) , x í * ) + a > ( i - ^ ) ^ -

В результате линейного преобразования v= x^'>+tn—k t  (к=2, 3, т^}, где
0 < x s t jm x, точки множества ЕС] Гх{+)+ — —- t n, —-  ?_] попада-[ тх кт1 \

[ ,*. гпл—к гпл— 1 I „х{ Ч---------- 1„, xj Ч -----------tn\. Пусть Мера той части мно-
т1 ТП\ I

жества точек точки

тх

Ё П [х(*> +  т п̂ 1 t„, Для которых
вида x{*')+tn—kx из Ек не принадлежат Множеству Ё, равна atjkm x. Пока
жем, что а<е. Действительно, если а Se, то

mes т  м * > ,* г+ < „й  — ^  tn тх

тх--1----L.tn, х[*Ч
2mx — \r4

В делом, множество точек xí^-K- —т из ЕС\ I xí*J -I— ,
L mx 2 mx

для которых точки вида x ^ + í , ,—кх (к=2, 3, ..., гпх), лежащие вне сегмента
х̂{*̂  Н—~ ~ — Ч  xí+) +  /nj ,  не принадлежат множеству Е, имеет меру, не боль

шую, чем
ml pf pf ml 1у  b l n   b l n у  J _

i =2 kmx mx 2 к '

Множество ED ^xf^-f-^^— ^  xí*4—" — /„j имеет меру не мень- 
t ztшую, чем -г-5------- —. Тогда Множество точек x[*^+t„—х из множестваInti mx

ЁС\\х(£'>+— ——1„, x i ^ + ^ —L—— /„], для которых точки вида x{n  + t„—kx L УЕ1\ 1ТУ1\ J
(к=2, 3, ..., тх) принадлежат множеству £, имеет меру, не меньшую чем

J n ___£t„ ”»_1_
2mx mx tnx 1=2 к ‘

Соответстующим выбором e (e >0) последнее выражение может буть сделано 
сколь угодно близким tJ2mx.

Зафиксируем точку х2 и пусть Е  множество положительной меры тех х1; 
где отображение xx-+f(xx, х2) ограничена. Как известно, почти все точки мно
жества Е  являются точками плотности множества Е. Рассмотрим одну из них 
и обозначим ее через xí*\ Тогда из выше сказанного следует, что для любого
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достаточно малого t (7>0) найдется число т, такое, что 0<т^t/m 1 и 
x[*)+t—kx£E, к= 1,2 , Имеем

, т>2  ( -  iyCZj(xl*'  +  í - v t ,  х 2 )  á  С ( / ,  Ф { 1 } ) .
v = 0

Следовательно,
IМ * >  +  и  х 2) \ ^ С ( Г , Ф {1], Е , х 2)

д л я  л ю б о г о  д о с т а т о ч н о  М а л о г о  t, т .  е .  с у щ е с т в у е т  т а к о е  ч и с л о  <5 (д > 0 ) ,  ч т о ,  

е с л и  0 < í S ( 5 ,  т о

I№*> + *, х 2)\ = C(f, Ф{1}, Е, х2).

Если учесть неравенство

то получим

т. е.

2 ( - i y c i j { x í * > + v — ^  С(/,Ф{1}),
v = o  V т 1 1 Л

[ / (x f > + ^ Т Г  *«)| — с(/, Ф{1}, Е, х 2) (0 < í =  5), 

|/(x* +  í, x2)l Ä С(/, Ф{1}, F, х2),
Л h í i  <5 „  ,если O c íS -------—. Продолжая этот процесс, через /с-тое число шагов будемЛТ?! — 1

иметь

I /(*<*> +  /, х2)| ~ С(/, Ф{1}, £, х2) (о <  í S  ^  .

Теперь для доказательства ограниченности отображения x 1-*f(x1, х2) при 
фиксированной точки х2 остается учесть периодичность функции f  относительно
х х. Так что ср (хо) =  sup |/(х2, x j l  — конечная функция, 

и
Пусть F — множество положительной меры тех х2, где <р ограничена. 

Положим
I/От, х2)1 — <Р(х2) = С(/, F, Ф{1}), x2í  F.

Возьмем — некоторую точку плотности множества F. Тогда, как и выше, 
для любого достаточно малого s ( s > 0) существует такое число I (0 </<s/m 2), 
что точки x ^ + s —jxl^F, д — 1, 2, ..., ш2. Так как то

т?
1 2  ( - 1  УС^Яхх, x W + j - д О  ^  С ( / ,  Ф { 2 } ) .
м=0

Следовательно,
+  J)l — С(/, Ф{1), Ф{2}, F, х<*>)
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для любого хх и достаточно малого s, т. е. существует rj (rj >0), что если 
то

I/(% , 4*> + *)1 — C(f, Ф{1), Ф{2}, F, х<*>)
равномерно относительно хг. Продолжая это рассуждение таким же образом 
как и выше, через к-тое число шагов будем иметь

4*> +S) I ^  C(f, ф{1}, Ф{2}, F, х<*>) (о < í á  (m2/(m2- l ) ) ktj).
Теперь ограниченность функции /  следует из периодичности этой функции 
относительно х 2.

Д оказательство  теорем ы  2. Покажем, что если то в каж
дой фиксированной точке (х{0), х£0)) существуют конечные пределы

f(x i(0)±0, х{0)) =  lim /(х{0)±е, х{0)), Дх{0), х£0)±0) =  lim Дх1(0), х£0) ±е),£-► + 0 в-*-+0
Л 4 0) ±0, х2(0) ±0) = lim /(xí°> ±е, х<0) ± <5).

£-►+0
<5-+0

Можно ограничиться функциями Фв(й)=и ( 5 с  {1,2}), так как в общем 
случае доказательство проводится аналогично.

При каждом фуксированном х|°> функция /  как функция переменной xt 
является из класса Нф$ ; поэтому, в сущности, из результата А. А. Кельзона 
[14] вытекает существование конечных пределов /(х{0) ±  0, х |0)). По аналогич
ной причине существуют и конечны / (х{0), х |0) + 0).

Теперь докажем существование конечных пределов /(х{0)±0, х |О)±0). 
Покажем существование конечного предела /(х{0)+0, х |0)+0). Существование 
остальных пределов доказывается аналогично.

Положим д=х{0) — и и b=xi0) — л, т. е. центром квадрата [а, а+2п\ X 
X[b,b+2л] служит точка (х{0), х{0)). Пусть x{fe) и х{А) (k= 1, —последова
тельности на [д, а+2л], а х |г) и х р  (i =  1, ...,°°) — на [Ь, Ь+2п], причем хр) — 
— +х{0) и x{fc)->- +х{0) при Покажем (см. (4)), что

(9) lim А
к, / —со

(mi,m2) х(.к) -<#> 
Х 1  * л 2

( / ;  (x ^ -x p ^ /m i, (х<!)- х Р ) / т 2) =  0.

Допустим противное, пусть

fcIjm ( / ;  (х{*>- x í k))/m1, ( 4 ° - x{°)/m2) =  С >  0.

Тогда сущестуют такие подпоследовательности хрД xpr), х р \  х р \  что

( 10) lim I , ( и „ т 2) / / • .
Идм МгАА Iх! ■ *1 • х2

-XIл г))!т1 , (х2г)- х 2г)) /т 2)| = 0.

Ясно, что из последовательностей х{кг) и хрг) можно вьщелить такие убываю
щие подпоследовательности х^г? и x f rj\  что сегменты [х^гЛ х^'?] не пересе
кались.4 Поэтому, учитывая (10) заключаем, что суммы вида

4 k' h
Предполагается, что х ^ г?  s X ^ r? . В противном случае рассмотрим сегмент [х^‘г? ,
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2  \ ^ p j y ( A  ( х У - х ^ / т , ,  & у - ху ) Ы \
7=1

можно сделать сколь угодно большими вместе с р. Последнее противоречит 
тому, что f£H&72Vm,,> т. е. имеет место (9).

Если xi*’— +*{0), +jcí0), а х р  — любая последовательность из
[л-£0)-7г/(ш2 +  1), ^ 0) + я/(т, +  1)], то (см. (5))

(11) lim (ü í^ -x f4 )/»!,; xí°) =  0.
i , k — о» 1

В самом деле, сначала докажем, что предел существует. Пусть

,1р Ж ( / ;  « Г '- х П / т г ,  *<«) =  В,
i ,k -~  оо 1

(12) Щп Ä j $ $  ( /;  (*14) - x { ‘,)/"J1; х<°) =  А .
1 ,к ~ ° о  1

Тогда существуют такие подпоследовательности и х$р), что

(13) lim ( / ;  (х У  - x f p))lm1; х ^ )  = В.
Р — 0 0 1

Отметим, что значение предела в (13) зависит от выбора последовательности 
хЬ1"'. Предположим, что х£р) — некоторая последовательность из 
[х(20)-п/(т2+1), х (20)+п/(т2+1)] и

( х У - х У ) /т 1; х Р )  = В({Пр)}),
р - * о о  1

lim Ж ( / ;  ( * ? р)- х У ) / т г-, jejrt) =  Л ({4Р)})-
р — оо р

Положим sup 5({х1р)})=5* и inf А ( { х ^ )} ) = А * .  Тогда A * ä B ^ B * .  Ясно, что 
найдутся такие подпоследовательности х ^ р?, х^р? и последовательность 
x t a), из [xi0)—n/(mi+]), xi0)+n/(m2+\)], что

(14) lim Ä ; ( / ;  (x<V -*<V )/m i; *Jü>) =  2?*.
j ~ + ° °  1

Далее, имеем см. (13)

(15) lim Ä V ( / ;  ( х У - х ^ / т , ]  x<V) =  2?.
J  -*-oo 1

Рассмотрим любое натуральное число / (/ё/Ка)- Тогда в силу (9) для 
любого т= 0 , 1, 2,..., / имеем

(16) l i m I f  ( -  1)VC’7* J $ / / ;  (Xy - x f p?)/mi\ * íü4v(x<V -x£0>)) = 0.
j~+°° v =*т 1
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Следуя А. А. Кельзону [15], введем обозначение

x tU) +v(xi‘»?-х% а))), 

v =  0 , m2+l; j  = l,

Из последовательностей (4}Го’}, выделим сходящиеся
последовательности. Предположим, что

lim i =  A(vmi); v =  0 , m2+I.
S-+00 Ja%

Согласно (14) и (15) имеем

д<то _  д*5 ^(И1) = в  и m2; / )  s  A',mi) ^  С2( т 1? m2; / ) ,

v =  2 , m2+ l
Пусть

Л =  i ( - l ) vCrM<M>> (г =  1,.... ~).
v =  0

Учитывая (16), находим

(17) Т  ( -  l)’C^*JÍ-»> =  0, т =  0...... I.V = T

Отсюда, в силу равенства

S+1 S S
2  ( -  i)vc ;+1j<m>) -  2  ( -  1У с ; а !г а +  2  ( -  i)v+1c ; 4 ”\>, * = о,

v = 0  v = 0  v = 0

получим
Атг = Ami+1 ==...= Ama+i = 0.

Отметим, что из условия Атг=0 вытекает Атг̂ 1—0. Последнее можно 
доказать так же, как это делается в работе А. А. Кельзона [15]. Мы для пол
ноты доказательства приведем соответствующее рассуждение.

Вновь учитывая соотношение (17), находим

%+mt—1 m-—1
(18) Лт - ! =  2  ( - i ) v- * Q r : i4 Ml)=  2

v*=t v=0

Последнее доказывается с помощью индукции. Ясно, что 1) при т= 0  имеет 
место (18). Пусть (18) справеделиво для т —1, т. е.

Ат,-г  =  т+5 ‘ 2(-1 )’- т+1^ : л м ^ 1)V«=T—1
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и докажем (18) для т. Имеем
т+тп, —1 T-f-m2 —2

2  2  =  ( - i ) c » 2_14 í”i> +
v = т  v = t —1

r+m2 —2
+ 2  ( - i ) v- I[Q 7 l1+ Q - i í 1)^ ími)+ ( - i ) m»-1c ^ r 112i- 1  A (m i) __

Т + Ш 2 - 1

t+m2—2
= 2  ( - i)v- tc ;;’+lJím»>+(-i)C®,4í=i>+(-i)m.- 1c j i»dííj>I-i =

V=T
T—m2—1

= - 2 "  (- i) '-t+1c ~ +14-*>.
v = t — 1

Последнее выражение в силу (17) равняется нулю.
Соотношение (18) дает

I тг — 1

(!+1)Ата- 1 =  2  2  ( -1  У<%'-гА№ =
t = 0  v = 0

m2—1 I m2 —1 l+ v

= 2  ( - 1  У С ^ 2 4 Т 1  = 2 2  Sv,rí
v =  0 т = 0  v =  0 t = v

где gVlt= ( - l ) vQ 2- i^ t(mi)- Имеем
(Z+l)^m2-i =  go,0 +  go,l+-"+go ,т2 — 1 S>0,m2 +  ••• +  go,! +

gl,l + gl,2+--- +  gl,m2-l + gl,m2 +  "•+gl.! +  gl,I + l +

gwi2 —1, m2 — 1 7" gm2 —1, m ‘ gm2 —1,1 gm2 “1> í + 1 "7" "7" gm2 —1>nt2~ 1 + í
m2—2 к l m2 — 1 Z + m2 — 1 m2 — 1

= 2 2  Sv,k+ 2 2 Sv,k+ 2 2 sv,k —fc=0 v = 0 k  =  m 2—1 v = 0 k  =  l  +  l  v = k  —  l

m2 —1 к l m2 — 1
=  2  4 Ml) 2 ( - i ) vQ 2- i+  2  4 mi) 2  ( -1  )vQ 2- x+

fc =  0 v =  0 k = m 2  — 1 v = 0

l  +  m 2  —  1 m2 — 1

+ 2  4 ras) 2  ( - i ) vQ 2-i-fc=Z + l  v = k — l

m2 —1
Ясно, Ч ТО  ( —  l)v C^2_! =  0. Поэтому,

v —0

m2 —1 к í+m2 — 1 m2 — 1
(Z+i)^m2_1 =  2  4 mi) 2 ( - i ) vQ 2- i+  2  4 m0 2  ( -1  )vQ 2_!.

fc=0 v = 0  fc= Z + l v = k  —  l

Так как функция /  ограничена, то последняя сумма оценивается константой, не 
зависящей от /. В силу произвольности 7 Ат _1=0. Последовательно повторяя 
это рассуждение, получим А х= 0, т. е.

_  С1 Jfm,)
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Стало быть, В=В*. Аналогично можно показать, что А*=В=В*. Таким 
образом, предел в (13) не зависит от последовательности xi‘̂  (p= h  ..., °°) 
(jf2ip)€[^20)—я/(/и,+1), л40)+ л /(т 2+1)]). Е сли  теперь в (13) вместо х£‘р) подста
вить постоянную последовательность х!/^  =  С (р= 1, ..., °°), то из существова
ния предела /(х{0)+0, С) следует, что В —0. Точно таким же образом можно 
показать (см. (12)), что А = 0. Следовательно, имеет Место (11).

Теперь покажем, что для любых последовательностей h{k)(h[k̂  -*■ +0), 
t{k)(tík) — +0), х!,°(х(20) -п /(т 2+ 1) s  S  x |0) + 7c/(m2+ 1))
(19) . lim [f(h[k>, X1») -/(/<*>, *<•>)] -  0.oo

Пусть
.Пт [f(h[k\ x P ) - f ( t ? \  лг|°>] =  P,i, k-*- oo

( 2 0 )  H m  [ / Э Д » ,  T « )  - / ( 4 fc),  4 l))] =  Q-i,k-*-°°

Тогда найдутся подпоследовательности h[kj \  t[kj \  для которых

(21) Hm [Д М Ч  4 'j)) -М Ч Ä  -  P-
j — “ >

Рассмотрим любое натуральное число г Sw. Тогда из соотношения (11) 
для любого у=0, 1, 2, ..., г получим
(22)

lim Ш2  ( - \yC'm- * f ( h ^ + у(tfP - h ? j\ 4 ,р) =  0, v = 0, ..., т + г, j =  1, ..., -
V =  S

Будем предполагать, что /г}4-»0 ё  Если для некоторых j  последнее не выпол
няется, то в (22) вместо híkP будем предполагать t[kP. Пусть

<Pj,v = f ( h i j) + v( / Ч - h[kj}), X2j)).

Как и выше, из последовательностей {(Pj,0}, {фу,i}, •••, {<Pj,m+r} выделим схо
дящиеся подпоследовательности

lim cp- v =  <pv, v =  0, ...,m + r.
p -* ~  oo J  P

Из равенства (21) следует, что
(23) (p0-(pi = р.

Рассмотрим

К , =  i ( - i ) vc ,> v.
v=0

Соотношение (22) дает
m+s
2  ( - i)vc»-*</)v =  о, 5 = о,...,г.
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В силу последнего равенства имеем

— ^ т  + 1 = ••.=  Кт+, =  0.
Используя предыдущее рассуждение можно заключить, что из соотношения 

Кт = 0 следует АГт_х=0, и т. д. — следует K í —О. Последнее означает, что 
(см. (23)) Р = 0.

Аналогично можно показать, что (см. (20)) Q=0. Следовательно, имеет 
Место (19). Точно таким же образом можно доказать, что

(24) lim [ f ( x { k\  4°)-/(*!*>> 4°)] = 0.

где 4°, z ^ - ^ + x i0’, а х[к,€[х10 ) х[0)+nl(m1+l)].
Наконец, докажем, что / ( х ( 0)+0, л40)-ЬО) существует. Пусть

lim f ( x l t  х 2) = М  и Иш Д*и х г) = N .

*«-’-+4°> дг,-  + *<<»

Тогда найдутся такие последовательности xí*\ х^к), хЦк) и х£к> (х{к), х [к> — 
+ х 1 °\ a. xhk), x ik)- + + x i0) при к-~<х>), что

lim /(х$1), x^k)) =  М , lim /(х{к), х (2к)) — N .
к-*оо к-* оо

В силу (19) следует
lim f(x[k\  х^к)) =  М,к—оо

а из последнего (см. (24)), находим

lim f(x[k), х<2к)) = М.
Je-*-оо

Таким образом, M = N , т. е. существует /(х (0)+0, х |0)+0).
Теорема 2 доказана.

§4. Вспомогательные утверждения

Докажем некоторых утверждений, которые понадобятся в дальнейшем. 

Лемма 1.® Пусть
2 п  2п

,Пг)( / ;  <5, п) =  sup /  Г Фм (2г~т1~т*\ A ^ 7 i t Xt-e ,2 Í f ;  и 0)1) dXl dx2.
OSÍSÍ о 0 ososti

Тогда
«,)(/. S' ^  s  4ml m2dr jV ^{ f\  mlt m2).

5 Относительно лемм 1 и 2 см. работу Б. И. Голубова [7].
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Д оказательство. Положим x [ t)= i m 1 <5, xiJ)=jm2rj, где /= (),...,р  +  1, 
У=0, 9+1, 0 « 5 , г]^2п‘, р  и q подобраны так, что х[р)S in , xi9)^ 2 n ,
x íp+1)s»2n, xiq+1)>2n. Имеем

2* 2x

/  /  Ф„(2*—i—. х,_ч/2( /; Ч)|) dXl d x 2 =
О о

х[ »  *<■О)
= 2  2  I  I  M )l)d x id * 2+Í = 1 У = 1 д-О-1) Jfjy-l)

2 я  2я

+  /  /  Ф м (22 _ т >- т ‘ | 4 ”- ”/2 .* ,- , /2 ( / ;  ^ í / ) l ) d x 1 (/x 2 +
x<p> *(«>

2* Л»’’
+  f f  Фм( 22- m' - m'\№l'd№x,-4i2(f-,ő,rl)\dx1dx2 +

Х <Р ) О

+  /  /  Фм(2*— 1—. | х ,- ,/2( / ;  г, r/)|) dx2 =
о *<«>

= f  J  2  2  ^ ( 2 2- M'-" l‘MÍ”í ”i!-i)-i/2,Xj+i(/-« -,,a( / ; 5,»;)|)dx1ííx2 +
о о i —i j —i

2я—дг£в)
+ f  f  <í,Aí(22- m»-m*MÍ"+x?i)_á/2.x!! + 4->-,/2(/; <5> »í)l)<*-M*2 +

о 0

2я— m M1 m2̂ g
+ /  /  ^  Фм(22- т>-т» |4”+^>-г/2.х,+4>-1>-,/2(/; <5»»/)I)^1ííx2+

0 0 >=1
m,i 2x-*5«> p

+ f  f  2  Фм(22- т‘- т>И^+"(‘)-1>-а/2.^ +4 ‘.>-,/2(/; <?> ^)l) dXl dx t  — 
0 0 <=1

S  4 ml5 m2).

Лемма 1 доказана.

Лемма 2. П уст ь Для того чтобы f  принадлеж ала к л ассу
ЛфЦ)тг) необходимо и достаточно, чтобы

(25)
где

lim sup ©£■»;"»>(/; 5, i/) =  О, 
о,Ч-»и ж,,х,

n íV X 'H fi S, г,) = sup л в)|.Oátá*
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Д оказателство . Из соотношения (25) легко следует (6) при п—2. Пусть 
/е В Д 5 тг), но

lim sup ( / ;  <5, ?у) >  0.
■M-Oxj.xa

Тогда найдутся такие последовательности <5[р) и ^|р) (áíp), ^ р) — +0), что
sup ш^Дата) ( /;  <5{р\  í/ |p>) >  <50,

где <50 — некоторое положительное число. Отсюда следует существование таких 
подпоследовательностей д{р,), rjiPl) и последовательности (х{!), х ^ )  точек, что

(26) (тл,тш)
СО,(п до ( /; <5(р.) Л 0*

Учитьшая периодичность функции / ,  Можно считать, что точки (х} ,̂ х|9) лежат 
в Ог. Либо из последовательности (х^, х£')) можно выделить бесконечную 
стационарную последовательность ((xíífc), x |‘fc,)=(x{0), х£0)), к=к„, к0 + 1, ...), 
либо в ней найдется бесконечное множество различных точек ((xí'fc), х£к))?± 
^ ( x í ‘j \  х ^ )  при iVj). Легко видеть, что в первом случае условие (26) про
тиворечит соотношению (6) при и=2, а во втором — предположению 
f c  н ("ч » т2 )Т̂ ПФ(2)

Л емма 3. Пусть (см. (5))
2 к

" ф{1}(/. <5) = sup [  Ф{1}(21" тЧЛ'^1)1/2(/; /; Х2)|)^Х!,
о s t m ő , x s п

Шф,2)(/, <5) =  sup f  Ф{2}(21' тН̂ 'х"'-5/2(/; s; x()\)dx2.
1 ' IpOSsSá о

Тогда
шЭД (/, <5) 2m lŐV%}{.} (/; mf), i = 1,2.

Последнее утверждение доказывается так же, как лемма 1.
Л емма 4. Предположим, что /€ЯХ"21/ т2) и для любой точки (хг, х2) 

/(X i+0, х2) =  /(Xi -  0, х2), / (х х, х2+0) =  f ( x í , х2 -  0).
Тогда
(27) lim sup со%"д (/, ö) =  0; i = 1 либо i<5-0 *’
где (см. (5))

(28) <5) = sup í; x2)|,

(29) о£”?хг( /,  <5) =  sup И ^-с /2(/; 0; *i)l

Д оказательство . Допустим противное, пусть

lim sup со
<5-0  ^

(™i),( / ,  «5) 0.
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Тогда найдется последовательность <5{р) (ő[p) — 0 при р -► °°), что

sup <5íP)) = <5о >  0.
X1

Стало быть существуют такая подпоследовательность и последователь
ность точек х['\ что

Теперь рассуждая так же, как при доказательстве леммы 2, получим, что верно 
соотношение (27) при г =  1. Аналогично доказывается (27) в случае г=2.

§5. Доказательства теорем 3,4 и 5

Д оказательство  теоремы 3. Сначала докажем пункт (а). Обозначим 
через С*,„2 коэффициент Фурье функции 22-7”1 - Í T - 2- ч/г ( /;  <5, П) (как 
функции относительно хг и х2). Тогда простые вычисления показывают, что

пгд
( 3 0 )  С п11„г = 4 ( — i ) mi + m2 е Ж « ,- D V / 2 + 0 «  - 1)л,ч/2] s j n m, А 2 А 1  s j п т * - ^ -  С П1„2 ( / ) .

Таким образом, в силу равенства Парсеваля имеем
1 2п 2п

(ЗГ) ^ - 5 - /  /  р«—.-».д^Й **-»/«С ^;«,ч)]2*с1^ а =
47С О о

00 00 и  У1 YÍ
- 1 6  2" 2  |Сщп2(/) |2 sin2mi — sin2m- 2,7

Wl =  - o o  Л ,=  - 2 2 *

Пусть f£H$%5тг). Так как Пт ̂ (и2/ Фм(и)) =  0, то м2= Фм (и)а(и), где 
а(м)=о(1) при и-~ +0. Поэтому, в силу лемм 1 и 2 находим

1 2п 2п г / \12
(32) f  f  [22_т1_т!^*1-яД2р),х,-л/(2в) [ / ;  —>—jj dx1dx2 =

\ I" Vе [
= 4 И / / Ф” Г *«-*/(*«) l / ‘>

Ха 2a- mi- m* х̂”-пД2р),хг- 1г/(29) [ /; — > —)Jj dx-i. dx2 =

Hi)!)*
X /  /  фм ( г * -* - -  Ц ^ ^ Р),х, - я/(24) ( / ;  У Л ) |)  d*i dx2 =

=  o(i)-0 (n2/pq) =  о(1/(м)) при p,q-*°°.

sup а
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Следовательно, учитывая неравенство sinxfe-^-x ^ O ^ x S y j и (31), 
получим

(33) 2! 2  \Си(Л\2?-яч2т> =  0 (1) при р, q-~оо.
< = - р У = - 4

Используя неравенство Коши—Шварца, имеем

( 1  / ( р - . ? * 4 ) )  J ;  2  |С у С Л 1  S
i = —p  J = - q

s  2  2  Ic , j ( / ) |iitm*j2"«}1/*{ J  2  p - 1? - 1}1'*.
l = - p j = ~ q  i = - p  ) = - q

Отсюда

(34)

Из последнего соотношения, в свою очередь, следует, что

(35)

Действительно, пусть

(1 /(р " .0"О) Z  2  \CiJ(f)\im4 m' = о(1).
\ = —р  j = —q

р  я
2  2  \Cij(f)\ =  o (lnplng) при p,q

i = —p  / = - «

Тогда

Am,n — 2  2  i",i/mi|Cy ( / ) | =  o(M"iiVmi), M ,N -~ °o,
<=iy=i

ai.N = 2  jm,\Clj(f)\‘
J - 1

AÍ

/=1
Применяя преобразование Абеля, получим

J  i lC y í f l l  =  1  2 < f i u - a i . j - ú ] - n' =  2  *2 ( r m' - ( j + i ) - m' W j +
i= l/= l /=1/ = 1 f= l/= l

+  2 N - m*<*i,N =  2  ( r m* - 0 ' + i ) _M i)  2  < * i , j +  2 N - m* a t ' N .
1=1 y=l i=»l /=*1

Вновь пользуясь теоремой Абеля, находим

2 « u  =  2 i - m'(Ai.]-Ai-x,j)= 2  ( i - « . - ( i  +  l ) - i ) 4 u +
i = l  i= X  i = l

M-l
+ 2 1 (i-m« — ( i4- l)~m‘)o(imi • j m*)+o(jm*) =

i = 1

=  öO’W2lö-Af)-böO‘wa) = o O m*ln AO-
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Следовательно,

A í N  N _1
2  2 \Q j(f)\ =  2  (y-m,- 0 '+ 1)-m*)°C/m,lnм )+ о(\пМ )  = i=iJ-1

=  о О'-1 ln М )+о (ln М) = o(lnA/lniV).
j = i

Таким образом, выполняются соотношения (33)—(35) и, кроме того, 
(33)=>(34)=>(35). Из (35), в свою очередь, вытекает равенство

lim (inping)-1 2  2  IQ>COI = о.
P.4— “  i = - p J = - q

Отсюда, применяя во внимание двумерный аналог теоремы Лукача (см. лемму 
3 из работы Б. И. Голубова [7]), заключаем, что /еЩ ,”^jma).

Теперь покажем, что из условия

(36) 2  2  \C i j i fr  = o(l/(pq)) (р, q
1*1—Р l-fls?

следует (33). Действительно, легко обощить для двукратного случая одну 
формулу Абеля (см., напр., [1], стр. 78)

(37)

Имеем

2  k ui — 2  (^i—̂ i-i) 2  Mv+^i 2  и* ~ к  2  Mv
i = 1 i = 2  » = /  » = 1  v = p + l

2 " 2 К з ии -  2  2 ( K j - K j - i - h - i , } + t - i - i , j - i )  2  2  urv+
i = l j = l  i = 2 j= 2  r = i v = J

+ 2 ( k , j —k , j - i )  2  2  urv~ 2 p.j ^p,j-i) .2  ^  Mrv +
/ '= 2  r = l  v = j  y = 2 r = p + l  v =  /

+  2(ki~k-i,i) 2 2 u r v + ^ i , i  2 2 urv~̂-p, 1 2 2 un~
i= 2  r = i  v = l  r = l  V—1 r = p + l  » = 1

— 2 ( . k q ~ ' к - l ,  q )  2 2 U r v ~ k , q  2 2 U r r  + ̂ - p . q  2 2 U r v
1 =2 r = i  v = q + 1 r —1 v=4+l r=p+l V=?+l]

Положим
k j  = Щ] = |C,7(/)la-
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Тогда при условии (36), получим

2  2  i2mij2m,\ctJ(f)\2 =  2  2  [(2m‘- ( í - i ) 2m‘] ü 2m* - 0 ' -  i)2m’]o ( i/(y ))+i“1 J—l 1 = 2 y=2

+ 2 " ü 2",,- 0 ' - i ) 2m,]o 0 //)+  2  p2”1 U2m‘ -  0‘ - 1 )2”! ] о (1 //> ,•)+7 = 2 7 = 2

+ 2  [i2m‘
1 =  2

- ( i - l ) 2mi]o(l/i) + 0 ( l)+ P 2m>o(l/p) +

+  2  ? 2m*[í2m‘— (í — l)2mi]o(l/(Í9)) +  92m*o(l/g) + 
1 =  2

+  p 2mt q 2mz o ( l / ( p q ) )  =  o ( p 2mi 1q 2mi ~ 1)  при p , q - ~ ° ° .

Стало быть, из условия (36) следует Теперь обратно — докажем,
что при условии теоремы 3 из соотношения (6) вытекает (36). Так как /G#®7ojm2), 
lim^ (и2/Фм(и))=0 и имеет Место (6) и (31), то как и выше (см. (32)) можно пока

зать, что

1(f) =  lim (l/(Af?)) 2  2  |Cy(/)l2 sin2”» 17гй sin2m* jntj =  0.
Л>>7-*-0 / = — оо j = — oo

Далее, легко видеть, что

/
e ~ klx i е ~ р !х1

-у.3 v 3 
• * 1 Л 2

dx1 dxf) X

со оо

х /  /  *i*2 2  2
0  0  / =  —  о о  У =  ОО

тIQy(/)l2sin2wi —  sin2 
X1

jn  e~k<xie-plxi
~Z v3 уЗл-2 2̂

í  /  .V] d  Х -i —

- hm fc2p2 2
> 7  =  - °

|e 0-CO|2 f  sin2mi inx1e~kxi dxi J  sin2m*jnx2e~pxidx2.

Ho

/ sin2mi Í7ix1e kxidxy = (in)2mik(2mA)\ f j  [k2 + (2irn)2] 1
t = 0

^  7t2mi (2m2) ! i2mi к 1[k2+(2m1in)2] тк
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Следовательно,

X [ p 2 + ( 2 n m 2j ) 2]
(2m1)!(2m2)!

22{mi+mz) m|mi lim4—~
p - * - o o

2  2= -°° 7 = -«
IQ j(/)l2^ i 2mi72míX

X(fc2 + t2)_n4 p a+./2)“m*
(2m1)!(2m2)!

22(m1 + mj) Wj2mi m|m2 lim
k~*- oo
p - * - o o

2  2  |C0.(/)I2^ Í 2'”1J2̂ X|i|e4 |7|sp

X (2i2)_mi(2j2)_mz (2m1)!(2m2)!
23(mI+mj)fti2mi m |m2 lim kp 2  2  \Cij<J)\2 

PZZ l*1sfc|y|sp
Стало быть, имеет место (36).

Относительно доказательства пункта (б) теоремы 3 при и=2 отметим 
следующее. При доказательстве достаточности условий 1)—5) пункта (а) тео
ремы 3 мы не пользовались успловием lirn  ̂(и2/Фм(и))=0. С другой стороны,
отметим, что доказательство достаточности условий 1)—4) теоремы 3 вытекает 
из работы Б. И. Голубова (см. [7], теорему 2).

Для доказательства пункта (в) можно использовать пример, построенный 
Б. И. Голубовым [7]. Действительно, положим

f t < * 0 = i “ L p . , y, f a ) = Í ” n ' , (JÍ |+logp) .
P = l  Р Р=1  Р

Функция срх — ограниченной вариации, а функция ср2 — из класса Lip 1/2 (см., 
наир., [12], стр. 317—320). Пусть

/l(* l, *а) =  (Pl(.x l) <Pi(x2) и f 2(Xi , х2) = ср2(хх) (р2(х2).
В силу условия пункта (в) теоремы 3 найдутся х{0) (х[0) >0) и такая положитель
ная константа А, что если то
(38) Фв(х1) Ш Axf,  В с  М  =  {1, 2}.

Ясно, что (ру имеет неустранимый разрыв в точке 0. Так что <px(r.H$í) и 
<Pi"€# ф(1), где Ф(и) = и. Следовательно, f x но f íZH (̂ mi). С другой 
стороны, учитывая (38) находим

<р2€ Lip 1/2 с  Нф*(1),

где Ф*(и) = и2. Стало быть, / 2СЯ^(2)т2)- Остается заметить, что модули коэф
фициентов Фурье функций f x и / 2 с одиноковой парой индексов совпадают. 

Теорема 3 доказана.
Доказательство теоремы 4. Пусть С21Л2 — коэффициенты Фурье функ

ции 21" mi/T)mo/2(/; ,5; х2). Тогда, как и выше (см. (30)),

С21П2 =  2(— sinmi С„1ПЗ(/) .
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В силу равенства Парсеваля 
(39)

1
4л2 /  /  [ 2 1 - - . ^ /2( / ;  <5; x ^ d x . d x ,  =  4 f  J  |Cni„J( /) |2sin2'».

/?. =  —  OO W, =  —  О

Wj 5
T - '

7ГПусть 5 = — , тогда 
P

(40) д а / /  I21""1?-*«« (/; f ; *)] iXt  dx '

= 2 2  К ; , . , ( / ) 1 2 ™ = " д а +  2  Í  s
" l = - P  « ! = - “  K | = - p P , =  - ~

^ ( n / ( 2 P) ) ^  2  2  lc„iníCOI2«i2mi+ 2  2  ICUCOI2-
"|=-P П|=-“  К1=-РЯг= -"

Используя (7) и преобразование Абеля (см. (37)) для первого слагаемого 
последнего соотношения, получим

р1- 2т- 2  2  |Сп,п,(/)1«?в,1 =
/Tj =1 Л,= — оо

= Р1-2Щ 2  2  [nfn,i- ( « i - i ) 2m'] 2  |с„„2СЛ12+
/Ij= — оо /»j = 2 V = /7j

+рг- 2т' 2  2 1 С УП2(/)12- д1- 2'"* 2  />2и- 2  1СУЯ>СЯ12 =
/7,= —  оо V =  1 n t = — oo Х =  р + 1

=  p l~ i m 1 2  [nimi—(n1 — \)2mi]o(rii1) + 0 (p 1~2mt)+po(p~1) =  о(1) при р-»°°.

Стало быть, первое слагаемое в (40) имеет порядок о(р~г) при р—°°. Поэтому, 
в силу (7) имеем

2я 2я г í n  \"|2
(40  /  /  U^-W(2p)l/ ;  —; *г1 =  0(1/д) при р - о о .

0 0 * *  \ р  /Л
Так как функция /  ограничена (см. теорему 1) и существуют односторонние 
пределы во всех точках (см. теорему 2), то

2 я 2тс

(42) J  J  [/(* !+ 0 , х2) - f ( x x—0, х2)]2 dxy dx2 =  0.
о о

В силу периодичности функции /  будем иметь (см. (41))
2я 2я  j (  П  л ) | 2

/  /  №Г-*/(зд1/; —; * í± —\ \d x 1dxt = о(1/р) при р, q -+е°. 
о о * '  Р
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Отсюда

(43) /  /  [ f (x1+ 0 , x 2± 0 ) - f ( x 1- 0 , x 2± 0 ) ] 4 x 1d x 2 =  0.
о о

Аналогично получим
2 it 2 It

(44) /  J  [/(* ! , х2+ 0 ) - /( * ! , х2 -  О)]2 d x x dx2 =  О,
О о

2 it 2 ír

(45) /  /  [/(x1± 0 ,x 2+ 0 ) - / (x 1± 0 ,x 2-0 )]2dx1dx2 =  0.
О о

Таким же образом можно показать, что
2 п 2л

(46) f  f  [ /(х х, х2) - / ( х х+0, х2)]2 dxj dx2 =  О,
О О

2it 2тг

(47) f  J  [ f ( x1, х 2 + 0) - /(x x+0, х2+ О)]2 dxj d x 2 =  0.
о о

Теперь объедняя равенства (42)—(47), легко заключить, что почти всюду 

/ (x j , х2) = / ( х х±0, х2± 0) = / ( х х±0, х2^ 0) = / ( х х±0, х2) =  / (х х, х2±0).

Таким образом, достаточность условий (7) дозакана. Покажем их необ
ходимость. В силу (39) и того факта, что Нто(м2/Ф(1}(м)) =  0 имеем ( и 2 —

=  Ф{1)(м)а1(м), где ах(м)=о(1) при и—+0)
2 it 2тс

(48) 4 ^ /  /  [21- " . 4 : i , 2( / ;5 ;x 2)]2dx1dx2 =

2it 2it

4л2 /  /  Ф{1)(2 1 _ т 1 |1 Ä 2(/; <5; х, ) ! )«^- -". I «5; x,)|)dx, d x 2 =
0 0

1 2 it

= TJ /  {sup ai(21-* .|i 'Í7i)i/2( /;  5; x2)|)x
2 it

x /  ф{1) (21 _m< |/x”-i/2(/; <5; *2)!) dxi} Jx 2.

Отсюда, используя леммы 3 и 4, находим
1 2it 2 7t

(49) - г - , /  /  ,5; x ^ d x ^ x *

(5mt
2я2

о о
2 7t

^ ( Z ;  ™i) /  {supa1(2i-'".|47i)i/2(/; ő ;x2)|)dxa =  o(ő)}, <5-+0.
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Поэтому (см. (39)),

h i f )  =  lim О ДО 2  2  IQ j(/)l2sin2mi ink =  0.
Я-*-° i=_CO J =  —со

Стало быть,
/ Г *-*/*. ч-1 “ ~ ~

АСЯ — ( /  - з - ^ i j  /  xi. 2  . 2* V Xl 7 0 l = - O O j  = - ~

iir p~klx 1
| C , v ( / ) l 2  s i n 2 m i — - - - - - 3 - d x 1  =

lim k2 2" 2  |Cy( / ) |2 /  sin2mi inxl e^kxi dxl .

Отсюда

/Д /)  ^  Пт я2т1(2т!)! 2  2  [fc2 +  (271m!i)2] m‘ |CiJ'( /) |2i2"'i /c s
l = — O O J  =  — о

(2mx) !
=  , J L , -  J L  k \ C t J ( J ) V i ^ + i ^  i

s  ‘ K W I - p - P O -  =

= 032mial ПЕ fc 2  2  |C y(/)|2.
Z  l f f l 1 1 “  Ij|fefc j  =  —o=

Следовательно,

2  2  l<V /)l2 -  o(i/fc), k —<=°.
I /1 ̂ fc ] — —  eo

Аналогично можно показать, что

2  2  IQ;(/)I2 -  o(i/fc), fc— .l/fsft (=—■»
Анализируя приведенное доказательство пункта (а) теоремы 4, легко заклю

чить справедливость пункта (б) той же теоремы.
Пункт (в) теоремы 4 (в случае л=2) легко доказывается, если будем пост

роить две функции двух переменних, постоянных относительно одной перемен
ной, а относительно другой — построим так, как это сделано в работе Е. Коэна 
(ом Г41, стр. 231).

Д оказательство  тео р ем ы  5. Необходимая часть пункта (а) теоремы 5 
следует из выше приведенного рассуждения (см. (48), (49) и (39)). Для доказа
тельства достаточности заметим, что из условий (8) следует (см. (40)) соотно
шения (42), (43), (46) и (47). Аналогично можно получить (44) и (45), а из этих 
равенств, как и выше, следует непрерывность функции f  и  доказательство 
пункта (б) теоремы 5.
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ON A BOHR TYPE INEQUALITY
NG U YEN  XU AN KY (Budapest)

1. Introduction. In 1952 H. Bohr proved that if

N

f(x ) — 2  (akcos Лкх+Ьк sin Ад*), 0,
k = l

then its integral function

F(x) = f  f( t)d t N 1=  25 - y  (tffcSinlfcX — bkcos Xkx )  
k = 1 A

satisfies the inequality

(1) max |F(x)| S  —
— oo-cx-coo

max \f(x)\.— co<jc<o°

Here the constant n il is best possible (see H. Bohr [1]). Later many authors discussed 
the analogues of inequality (1) (see e.g. [2], [7]).

In 1970, G. Freud and J. Szabados [6] considered the analogue of (1) for the case 
of algebraic polynomials. They proved the following statement. Let a, a+ /?>  — 1 
be real numbers, and let {/„JjJLjCLJ— 1,1] be a sequence of functions satisfying

a) |/(x)| S  c„ (1 - x2Y  (c„ >  0, x€ [-  1,1]),

b) /  /„(*)/>„(*)(! - x 2)“ dx = 0 
-1

for any pn£ P„, where P„ denotes the set of all algebraic polynomials of degree at 
most n. Then we have

«I /  ( \ - P T fn{t)dt\
(2) l im s u p -^ -------------------- ^ я (1_ лг2)1/2+«+^ x € ( - l , l ) .

c„

An equivalent formulation is the following: let

ß(x) = (1 - х 2У ( y > - l ,  x€(— 1, 1)).

8*
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If g(x) satisfies the conditions

a')

b')

then

(3)

:= llglU“(-i.D °°»

f  g (x)p(x ) q  ( x )  dx = 0, Vpe P„

/ I — x 2e(x) _i
f  g(.t)e0)dt ~ n

A natural question to consider is the following: what is the situation if we replace 
the weight q  by another weight function?

In 1974 G. Freud [4] considered this question for the weight g(x)=e~*2/i 
(* £ (- oo, с«)), He gave interesting applications for weighted polynomial approxi
mation.

In this paper we consider the analogue of (3) for the weight functions 
v(x) = v„'ß(x) = (1 —x)*(l + xY, a, ß S  - 1 ,  x £ (-1, 1),

u ( x )  = ux ( x )  = x xe x, Я ^  0, x  >- 0.
In forthcoming papers we shall give applications of these results for weighted polyno
mial approximation.

2. A Bohr type inequality with the weight v. For n S l, let P̂ ~ (r) be the set of all
integrable functions g satisfying

1. !g||~ < °°
1

2. f  g(i)Pn(f)v(t)dt = 0, Mpn£Pn.
-1

We have the following
Theorem 1. Let a , /?> — 1, n — 1 , 2 , . . . .  For  every g £ P„ ( v)  wehave

(4)
|/1

~  —  /  g(t)v(.t)dt 
- x 2v(x) -1 "  n

where ci (and later ck (x,y, ...)) denotes a constant depending only on a, ß, (x ,y , ...)• 
P roof. Let

for ( S i
■ «  =  { J0 for x  <  t (*, te r ),

and

En(Tx) ^  inf f  \r j t ) -p ( t) \v ( t )d t  (x€[— 1, 1]). 
p£Pn J

Fisrt we prove that

(5) Еп(Гх) = ^ f \  - x 2v(x) (*€[- 1, 1]).
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For this purpose we apply estimates of the Christoffel function. Let us denote by 
J[a'ß)(x) the k-th orthonormal Jacobi polynomial (k=0, 1, 2, ...), and let Ajf,ß)(x) 
be the Christoffel function of the system {/|a'W}j“L0, i.e.

№ n (x) = { 2  [/^«(je)]2} -1.
k  =  0

In [8], Lemma 2.1, P. G. Nevai proved the following estimate:

n~2v(x) if l — cjn2^ x ^ l
(6) *<«•«(*) s * n 1^ \ —x 2v{x) if — l + c5/n2 S x ^ l —cJn2 

n~2 if — 1 ^  x  — l + c jn 2 (n = 1,2,...).
Now we prove (5) in three steps:

a) If l - c 4//i2g x g l  then
1

J  v(t) dt =  c e ( l  — x ) i ; ( ; c )

*
from which we obtain by approximation with the polynomial gi (x) =  1

Еп(Гх) S  f  \rx( t) -g 1(t)\v(t)d t=  f  v(t)d t c 7 ( l - x ) n ( x )  S

n n
b) If — l ^ x S  — l +  c4/n2, then a similar consideration with the polynomial 

g(x)=0 gives (5).
c) Finally, the case — l + cJn2̂ x S  1 — cjn2 follows from the estimate (6) by 

application of the following inequality (see G. Freud [3], p. 72):

Е„(ГХ) S  2 ^ ’ß)(x) ( x e [ - l ,  1]).
Now we return to the proof of Theorem 1. Let g€P^(v). For any p„£P„ we 

have by the properties of g:

I /  Z(i)v(i)dt\ ^  I f  g{t)rx(t)v(t)dt\ =
- 1  - 1

= | f  g(.i)[Ex(.i)-Pn(.t)]v(t)dt\ ^  lg||„ f  \rx( t) -p n(0\v(t)dt.
-1 — 1

So, by (5) we have

I / g(t)v(t)dt\ == ||g||cc£n( r x) ^ -^ •)/ l - x :2ü(x:)||g||„, x € [ - l , l ] ,
-1 П

which is equivalent to (4). This completes the proof of our theorem.
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3. A Bohr type inequality with the weight u(x) .  Let us denote by P^(u),  
n = 1, 2, ... the set of all functions g  which are integrable on (0, °°) and satisfy the 
following properties:

1 )  I I g i l t  : =  i g l k “ ( o , - )

2) f  g(t)p(t)u(t) dt = 0, Vp€P„.
0

The following theorem is true:

Theorem 2. Let AsO, nS  1. For every g£ P„{u) we have

(7)
_ J__

Ух u(x)
f iW

llgllt.

Proof. The proof of (7) is analogous to that of (4). We apply the following esti
mate, which follows from Theorem 4.2 of G. Freud [5]:

Qxn (*) := { *2 U i m } - 1 S  Ух u(x) 1 ,2 ,...) ,
fc=o \ n  \ n )

where l£(x), k = 0,1, ... is the /с-th Laguerre’s orthonormal polynomial with re
spect to the parameter A.
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ON A GROUP-MATRIX TYPE AUTOMATON 
WITH OUTPUT

A. SENGUPTA (Calcutta)

1. Introduction

In this paper some results of [6] are extended for a strongly connected group- 
matrix type automaton with output. A new type of representation of a strongly con
nected group-matrix type automaton of order n on G with output or an (и, G)- 
automaton with output is introduced. Using this representation we prove some im
portant results on automorphism groups of a strongly connected (n, G)-automaton 
with output and also on a strongly connected abelian (n, G)-automaton with output.

2. Introductory concepts

D efinition  2.1. An automaton A is a 5-tuple A = (S , Z, A, M, Z )  where 5 is a 
non-empty set called the set of internal states, Z is the input alphabet, A is the output 
alphabet, M  is a function from S X Z  to S called the transition function, Z  is a 
function from S X Z  to A called the output function.

Z* denotes the free monoid generated by the elements of Z and e is its identity.
For all s£S  and all x, y£Z* we have M (s, s)=s and M (s, xy)= 

= M (M (s,x),y ).
Also we have for all s£S  and x ,y iZ *  Z(s, e)=8, őiA*, where A* is the 

output dictionary,
Z(s, xy) =  Z(s, x)Z(M(s, x), y).

D efin itio n  2.2. Let A —(S, Z, A, M, Z )  be an automaton. A one-to-one mapp
ing of A onto itself q : A-+A is called an automorphism if it is operation-preserv
ing, that is, ^

q {M(s, x)) =  M (q(s), x)f\Z(s, x) = Z (q(s), x) 

for all s£S  and x£Z*.
The set of all operation-preserving permutations of A forms a group, the auto

morphism group G(A) of the automaton A.
D efinition  2.3. An automaton A = (S, Z, A, M , Z ) is said to be strongly connect

ed if for any pair of states s ,t£ S  there exist <r0, such that M (s ,c 0)= t
and M (t,a)=s.

Lemma 1 and Theorem 2 proved in [4] can be easily extended as follows:
T heorem  2.1. I f  A=(S, Z, A, M ,Z )  is a strongly connected automaton and 

g ,h  are elements in G(A) such that g(s0)=h(s0) for some s f  S, then g(s)=h(s) 
for all s í S.
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Theorem 2.2. I f  A= (S, I ,  A, M , Z )  is a strongly connected automaton, then 
\G(A)\ divides |S |, where |J£| denotes the cardinality o f the set K.

D efinition 2.4. The automata A= (S, I ,  A, M , Z )  and B=(T, Г, ß, N ,Y )  
are said to be isomorphic to each other, denoted by A ^ B ,  if there exist two one-to- 
one and onto mappings e : S-+T and £: 2-+Г suchthat

q{M (s, ct)) =  N(q(s), £0))A Z (s, a) = Y ( q(s), £0)) 

for all and
Theorem 2.3. I f  A and В are isomorphic automata then G(A) is isomorphic to 

G(B) (G(A)*G(B)).
Now in order to construct a group-matrix type automaton of order n on G or an 

(и, G)-automaton we recall some important definitions introduced in [6].

D efinition 2.5. Let G be a finite group. Let G° be the set GU {0} endowed with 
two operations ( •) and (+ ) satisfying the following properties:

(a) For all g,h£G, g-h  is defined as the group operation in G.
(b) For all g€G, g -0 = 0 -g = 0  and 0-0=0.
(c) For all g£G, g+ 0= 0+ g= g  and 0+ 0= 0.
(d) For any g,h£G , g+h is not defined.

D efinition 2.6. Let G be a finite group and let n be a positive integer. An nXn 
matrix ( /pe) ( l-^ p ^n , \S q S n , fpq£G°) is called a group-matrix of order n on G if 
for each p f l ^ p '^ n ) ,  there exists a unique number q '( lS q '^ n )  such that / pV + 0.

The set of all group-matrices of order n on G is denoted by G„. Then G„ forms a 
semigroup under the operation

Л

( f p q l i S p q )  ( ^ j f p k S k q ) •
k = l

D efinition 2.7. Let G be a finite group and let и be a positive integer. A vector 
( /P)(l=3p=sn,/P€G0) is called a group-vector of order n on G, if there exists a unique 
number p '( lS p '^ n )  such that / р-?^0.

The set of all group-vectors of order n on G is denoted by G„. For all ( /P)€G„ 
and (gpq)(:(jn, the multiplication is defined by

(.f p ) ( g p q )  =  ( Z f k S k p ) -
k = 1

Under this operation, ( /p)(gpe)£G„.

3. (и, G)-automaton with output

D efinition 3.1. Let G be a finite group and let и be a positive integer. An auto
maton A=(G„, I ,  A, M v , Z )  is called a group-matrix type automaton of order n 
on G with output or an (и, G)-automaton with output, if the following conditions are 
satisfied:

A cta  Mathematica Hungarica 48, 1986



O N  A GROU P-M ATRIX  TYPE AUTOM ATON 349

(1) G„ is the set of states.
(2) I 1 is a set of inputs.
(3) A is a set of outputs.
(4) M T is a state transition function defined by

M y(|,x) =  |У (* ) «€<?„, x£Z*)

where W is a mapping of Z* into G„ and W (xy) = W (x) Ч'(у) for all x,yZZ*
(5) Z  is a function from G„XZ* to A* called the output function.
(Cf. Definition 2.4 in [6].)

T h eo rem  3.1. An (n, G)-automaton with output A= (G,„ Z, A, Mv , Z )  is strongly 
connected i f  and only i f  the following condition is satisfied:

For all p ',q '( \S p '^ n ,  \^q '= n ) there exist an element x —OgO^Z* suchthat 
i//pV(x) =  e (e is the identity o f G) where o0, o fiZ  and we put 4/ (x)=(xl/pq(x)).

P r o o f . Necessity. Assume at first that A is strongly connected. Then there exist
О д ,  o fiZ  such that
(3.1) My ( |p, О д )  = | g ,

and
(3.2) M y ( |„  <t) =  |p-.

Using (3.1) and (3.2) we have

(3.3) M y(|p, О д О т )  = |p-

Now set Од0i —x € Z*. Then by (3.3), M.v{gp., x)=gp, thus gp,'F(x)=gp- 
and \l/p.q.(x)=e.

Sufficiency. Assume now that the condition of the theorem is satisfied. Then, 
Mv (gp,, x)=gP’, lF(x), hence M y ( |p-, <70ff1) = | , .  and M y(M y(|p., o0), o()=gp.. 
Set М у ( |р-, Од)— | 9-. Then we have M y ( |9-, o-1) = |p.. Thus A is strongly connected.

L em m a  3.1. Let A  =  (G„, Z, A, M 4,, Z ) be a strongly connected (n, G)-automa- 
ton with output and let /г1,/г2; A-*A be operation-preserving mappings satisfying 
hi(gp)= h2(£p) for any gffiGn. Then ffi=h2 (that is, h fg )= h fg )  for all g£Gn).

P r o o f . Suppose that ht and h2 satisfy the hypothesis of the lemma and let g£G„ 
be an arbitrary state. Since A is strongly connected there exists o£Z  such that 
M4,(gp,o)=§. Then

h fg ) = hfM yigp, cr)] =  My (fix (^p), о) = Mv {h fg p), о) = h2[Mr (gp, cr)] =

= h2(i) for all |€<?„.

Hence =/z2.

T heorem  3.2. Let A — (őn,Z ,A ,M ^ ,Z )  be a strongly connected (n,G)-auto- 
maton with output. I f  a function a: Gn-*G„ isin G(A) then for some x£Z* a ( |)  = 
= |T ( x ) - | .
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P ro o f . Let tx£G(A) and <x(£p)= §p. Since A is strongly connected there exists 
x£Z* such that 4/ (x)=e. Let <x'(g)=g4'(x)=g. Then

cc' [Mv (§, y)] = a' [g T  (» ]  =  a ' (g) 4> (7) =  M v  (a' (g), y), y£Z* 
Furthermore

Z(«' (g), y) = z (g  !P(x), y) =  Z(g, y).

Thus a' is operation-preserving.
But a '( fp )=0£(ép ) and so by Lemma 3.1, a ( g ) = a '  ( g ) = g T  ( x ) = g .  Hence the 

theorem is proved.
R em ark  3 .1 . In the above theorem oc is an automorphism of A and the mapping 

g —a is an isomorphism of G onto a subgroup of G(A). (Cf. Theorem 2.1 in [6].)

D efinition  3.2. An (n, G)-automaton with output A=(Gn, I ,  A, M,p, Z )  is 
said to be abelian if T{xy)~ 'P(yx), x,y£I* .

T heorem  3.3 Let A=(G„, Z, A, M v , Z ) be a strongly connected (n,G)-auto- 
maton with output. Then i f  G(A) is abelian it follows that A is a strongly connected 
abelian (n, G)-automaton with output.

P r o o f . Let
(3.4) x(g) = gT(x) 
and
(3.5) ß(g) = gW(y),

where x, y£Z*. Now since G(A) is abelian we have

(3.6) a / J ( g )  =  /Mg).

Hence from (3.4) and (3.5) we obtain by (3.6),

W (x)T(y) — T (у) T  (д:) or T (xy) — 4* (yx).

Hence the theorem is verified.

R em a rk  3.2. The above theorem can be proved for an (n, G)-automaton with 
output only.

In a similar way we can also verify the converse of the above theorem:

T h eo rem  3.4. I f  A=(G„, Z, A, M .v , Z )  is a strongly connected abelian (n, G)- 
automaton with output then G(A) is also abelian.

D efin itio n  3.3. An (n, G)-automaton A with output is called regular if A is 
strongly connected and G{A)^G.

T h eo rem  3.5. Let A=(ö„, Z, A, M v , Z )  be an (n, Gfautomaton with output. 
Then i f  A is strongly connected, A is regular.
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P roof. We have to prove that G(A)mG.
In order to show this, it is enough to verify that g=a for all g£G(A), where a 

is the mapping of G„ onto itself [see Theorem 3.2].
Now assume that g£G(A). Then, we have for all g€G„ and x£Z*

q(Mv (§, xj) = M v (q(£), x)Az(g, x) =  z(g(g), x)
This means that g=g(g) [cf. [5]]. Now Theorem 3.2 implies that oc(g)= 

= g'P(x)=§=e№ - Hence oc= q.
R em ark  3 .3 . The above theorem w as proved in [6] only for a (1, G)-automaton 

without output.
L emma 3.2. Let G and G' be two isomorphic groups. I f  A=(G„, I ,  A, My , Z) 

is an (n, G)-automaton with output then there exists an (n, G')-automaton with output 
A'=(G'„, Z', A', M v,, Z ') such that А я; A'. Moreover i f  A is regular, then A' is 
regular, too.

P ro o f . Set Z'= {o'; a^Z). Let Ф be an isomorphism from G onto G'.
We define 'F'(o')={$№pq(o))), where $  is the extension of Ф to G° such that 

Ф(0)=0 and Ф (о)=(ф pq(o)).
Set A'= {S'; S£A}. With the above Z', *F' and A' we define 

A' = (ő ',Z ',A ',M r ,Z ').

In order to prove that A m A ' we set £(cr)—o for all Z and e(g)—($(gp)) 
for all g= (gp)€(?„.

Then, £ and q  are one-to-one mappings of Z onto Z' and of G„ onto G'„, respec
tively. By definition of W' and using that Ф is an isomorphism from G onto G', we can 
easily prove that

e (M r (g, <j)) = M r .(e(g), (̂cr))Az(g, d) =  z ' { Q{g), 5(ff)).
Hence Am A'. Furthermore, assume that A is regular. Then, G(A)mG. By Theorem
2.3, we have G(A)mG(A'). Moreover GmG' holds by assumption. Hence we have 
G(A')mG'. This means that Ä  is regular.

(Cf. Lemma 3.1 in [6].)

T heorem  3.6. Let A = (S , Z, M, A, Z )  be a strongly connected automaton with 
output such that |S| =  n|G(^4)| where n is a positive integer. Moreover, assume that G 
is a finite group such that GmG(A). Then there exists a regular (n, G)-automaton 
with output isomorphic to A.

P ro o f . Similarly to the proof of Theorem 3.1 in [6] we have 

M r (g(s), £(<r)) =  q ( M ( s , <t)).

Moreover since S  is isomprhic to G(A)n it follows that [cf. [5]]. This
implies that Z(s, o ) ~ Z ' ( q ( s ) ,  a) where Z '  is the output-function of the (n, G(A))- 
automaton. Thus

Z(s, a) =  z'(e(s), £(o)).
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Therefore, A ^ A '  and A ' is strongly connected. Moreover, by Theorem 2.3, 
G(A)^G(A'). Hence A' is regular.
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ON COMPLETELY ADDITIVE FUNCTIONS
GY. MAKSA (Debrecen)

1. A sequence of positive real numbers (A„) is an interval filling sequence if
A„+1<A„ for all n£N (the set of the positive integers), A„=.L£R (the set of the

/1 =  1
real numbers) and for any x£[0, L] there exists a sequence (e„) suchthat e„G{0, 1} 
(n£N) and x=  ^  £n).n. If (A„) is an interval filling sequence, J>’ ).n=L  and a

П = 1 /1 = 1
function F: [0, L]-*-R satisfies

0 )  F ( 2 * n K ) =
n = 1 /1=1

for all sequences (s„), e„d {0, 1} (nd N) then F is called a completely additive function 
(with respect to (A„)).

These notions have been introduced and discussed in [1]. In [1] and [2], under 
various further assumptions on the interval filling seqence, the completely additive 
functions have been determined by showing that they are linear functions.

In this paper we suppose nothing on the interval filling sequence und prove that 
those completely additive functions, which are nonnegative or differentiable at a 
point, are Unear functions.

Throughout this paper (A„) denotes a fixed interval filling sequence with

/i=l
2. If F: [0, L]->-R is a completely additive function then, as a simple conse

quence of (1), we get that F(0)=0 and
(2) F(x) + F{L~x) = F(L)
for all x£[0, L\. In our investigations we use the following two results proved in [1].

Lemma 1. (a) I f  x£[0, Ц  then there exists a sequence (s„) such that £„€{0, 1}
(ndN), sn—0 for infinitely many nd.N and x =  En).„.

/1 =  1
(b) I f  F: [0, LJ--R is a completely additive function then F is continuous. 
The following observation is due to Z. Daróczy.
Lemma 2. I f  F: [0, L]->-R is a completely additive function and F(x)> 0 fo r  all 

x€]0, L] then F is strictly increasing, consequently F is differentiable at almost all 
points o f [0, L].
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P r o o f . Let 0 ̂ t - ^ s ^ L .  Since F is continuous, there exists h€ [i, .v] suchthat 
F(u)=sup F([f, j]). Suppose that u<s. Then, by the statement (a) of Lemma 1, 
there exists £„£{0,1} (n£N) such that £„=0 for infinitely many n£N and

oo

u — 2  snK- Therefore there is z£N so that u+?.t<s and £—0. Hence, by (1),
П = 1

F(u+Xi)=F(u)+F(Xi)^~F(u), which is impossible. Thus u= s  and F(t)^F {u)=  
= F(s). Similarly, there is k £N so that t+/.k<s and F(t+hk)— F(t)+ F(Xk). 
Thus F ( j ) ä f ( i + y > F ( i ) .  □

To prove our main results another lemma will also be needed.
Lem m a  3. Let F: [0, L] —R be a completely additive function.
(a) For all x£]0, L[ there exists n(x)£N such that

(3) F(A„)€{F(x+A„)-F(x), - F ( x - k n) + F(x)} 
i f  n(x)-=n£N.

(b) I f  F is differentiable at a point x£ [0, L] then the sequence м conver
gent and

(4) lim 4 ^ -  -  F'(x).
П-* CO /w„

Pro o f , (a) If x£]0, L[ then there exists n(x)6N suchthat A„<min {x, L —x}
if n (r)< n íN . Let x=  £„/.„ (£„€{0,1}, m€N). If n> n(x) and £„—0 then, 

/1 = 1
by (1), F (x+ ).„) = F(x) +  F (/.„). If n>n(x) and £„= 1 then, again by (1),

F(F-x+A „) = F (L —x) + F(k„) 
whence, according to (2), we obtain

- F ( * - A „ ) = - F ( x )  + F(A„).
(b) Let F  be differentiable at a point x€[0, L], If x — 0 then (4) is trivial. If 

x= L  then, by (2)

F \L ) lim
П-+ со

F(L~).n) -F { L )
- K

lim
«-►oo

F(A„)

If x£]0, L[ then it follows from part (a) that there is n(x)£N so that for n >  n (x) 
F(A„) J  F(x + X„)-F{x) F (x-A „)-F (x) \

К  n  a„ ’ 1
which implies (4).

3. In this section we prove our main results.
T heo rem  1. I f  F: [0, L ]—R is a completely additive function and F (x )ä 0  

for all x£[0, L] then there exists c£R such that
(5) F(x) — cx
for all x€[0, L\.
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P r o o f , (i) First we suppose that F(x)>0 if x£]0, L], Then Lemmas 2 and 3 
(b) imply that F is differentiable almost everywhere and for some c£R, F '(x )= c  
for almost all x£[0, L]. Furthermore, there exists K£R such that; F(/.n)^lG.„ 
for all n£N. Because of (1), this implies F ( x ) t= K x  for all x£[0, L]. Define the 
function F1 on [0, L ] by F1(x)=(K+  l)x — F(x). Then Fx: [0, L]—R is completely 
additive too, and Fx(x )> 0 if x£]0, L], Therefore, by Lemma 2, F, is increasing 
thus for all O S r í j í S l  we have

F (y )-F (x )sS (F + l) (y -x ) .

This implies that F  satisfies the Lipschitz condition, consequently, F  is absolutely 
continuous. Thus for all x£[0, L]

F(x) = F(x) — F(0) = J  F' — J  c — cx.
о 0

(ii) If F (x)a0 for all x£[0, L ] then define the function F2 on [0, L] by F2(x)= 
= F (x)+x and apply the result proved in (i) to Fa.

Theorem 2. I f  F: [0, L]-*R is a completely additive function and F is differen
tiable at a point o f[0, L] then we have (5) with some constant c£ R.

P ro o f . It follows from part (b) of Lemma 3 that there is F£R  so that F(A„) ̂  
^K X n for all и£N. This implies that the function /  defined by f ( x ) —Kx— F(x), 
x£ [0, L] is nonnegative and completely additive. Thus Theorem 2 is a consequence of 
Theorem 1.

This theorem implies that if a completely additive (consequently continuous) 
function is not linear then it must be nowhere differentiable. The existence of such a 
function is an open problem.

The proof of Theorem 2 shows that if F is a competely additive function and the
sequence is bounded from one side then F is linear. It follows from (3)
that this condition is satisfied if

sup F([t, x]) = inf F([x, s]) or inf F([f, x]) = sup F([x, s]) 
for some 0^ í< x < tó L .
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BEMERKUNG ÜBER DIE PARWEISE 
UNABHÄNGIGEN ZUFÄLLIGEN GRÖßEN

K. TANDORI (Szeged), Mitglied der Akademie

1. Der folgende Satz ist wohlbekannt. (S.z.B. [3], S. 87.)

Sa t z  A. E s sei {£„}Г eine Folge von orthonormierten zufälligen Größen. Ist

( 1)

dann gilt
n—X П

{1 + ... +  Í . О (и -*■ °°)

mit Wahrscheinlichkeit 1.

Wir haben bewiesen, daß die Bedingung (1) genau ist. Es gilt nämlich der fol
gende Satz [4].

Sa t z  B. E s  sei {£>„}“ eine Folge von positiven Zahlen mit

und

A, A, + i
n ~  Л + 1

(л =  1,2,...)

Dann gibt es eine Folge {£„}" von orthonormierten zufälligen Größen derart, daß 
£>(£„)=£>„ (n= 1, 2, ...) und

m \ Z x ± ^ ± U _
n

mit Wahrscheinlichkeit 1 bestehen.

B e m e r k u n g . Mit in der Arbeit [4] angewandter Methode kann man zeigen, daß 
im Satz В die Folge {{„}“  derart angev/ählt werden kann, daß \%„\^DnK (n=  1, 2, ...) 
mit einer endlichen Konstante К mit Wahrscheinlichkeit 1 besteht, und die im 
Wahrscheinlichkeitsfeld ((0,1), sd, ß) definiert sind, wobei sd die er-Algebra der in 
Lebesgueschen Sinne meßbaren Untermengen vom Intervall (0, 1) und ß das gewöhn
liche Lebesguesche Maß sind.
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In der Arbeit [1] ist das Problem aufgeworfen, ob die Bedingung (1) auch für 
paarweise unabhängige zufällige Größen genau ist.

In dieser Note werden wir den folgenden Satz beweisen.
Satz . Unter den Bedingungen des Satzes В  gibt es eine Folge {£„}Г von paarweise 

unabhängigen zufälligen Größen derart, daß die Folge

I  £i + ... + £„ 1 
l n J„ = i

mit Wahrscheinlichkeit 1 divergiert.
2. Zum Beweis des Satzes werden wir den folgenden Hilfssatz anwenden.

H ilfssa t z . Es sei {ф„(х)}Г e n̂e Folge von in ( 0 ,1 )  orthonormierten Funktionen, 
fü r  die
(2) \(P„(x)\ =  1 (*6(0, 1), n =  1,2,...) 
und

(3) /  9 n(x)dx = 0 (и = 1 ,2 ,. . . )
0

bestehen. Dann sind die Funktionen <p„(x) (n= 1, 2, ...) im Intervall (0,1) paarweise 
unabhängig.

Diese Bemerkung stammt von S. V. Botschkarjev. (Wörtliche Mitteilung.)
B eweis d e s  H ilfssatzes. E s seien n, m (n ̂  m) positive ganze Zahlen und 

/ j , / 2 nichtnegative ganze Zahlen. Dann gilt

(4) f  ((pn(x))b((pm(x))‘*dx = f  ((p„(x))^dx f  ((pn(x))bdx.
0 0 0

Sind Il9l2 gerade Zahlen, dann gilt (4) wegen (2) und (3). Ist /2 gerade und l2 ungerade, 
dann|gilt (4) wegen

1 l i i
f  ((pn(x))li((pm(x))lulx =  f  (pm(x)dx = 0 =  f  <pn(x)dx f  <pn(x)dx =
0 0 e 0

1 1
= /  (<Pn(x))l'dx f  (cpm(x))bdx.

0 0

Sind /j, /2 ungerade Zahlen, dann folgt (4) wegen (2), (3) und wegen der Orthogonalität 
der Funktionen cpn(x). Aus (4) erhalten wir durch Anwendung eines bekannten Sat
zes [2], daß die'JFunktionen (p„(x) paarweise unabhängig sind.

Beweis d e s  S a t ze s . Auf Grund der Bemerkung gibt es eine Folge {<•/?„ (х )}Г  
der in (0,1) orthonormierten Funktionen, für die

\<pn(x)\ á  .K(<°o) (x€(0, 1); n = 1,2,...)
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gilt, und die Folge

l n J „ = i

in (0,1) fast überall divergiert.
Durch Anwendung eines bekannten Satzes [5] folgt daraus, daß ein orthonormier- 

tes System {ф„(:c)}f im Intervall (0, 1) derart existiert, daß
\Ф„(х)\ = 1 (x€(0, 1); n =  1 ,2,...)

besteht, und die Folge

p i  » f r i  ( * )  +  - +  А .  Фп О )
i  n i n= l

in (0,1) fast überall divergiert.
Es sei

(фп(2х), x€(0,l/2),
W . ( 2 ( x - l / 2 ) ) f x € (1 /2 ,1 )

(«=1,2, ...). Das System {^B(x)}r ist offensichtlich orthonormiert in (0, l);d ie Folge

j A x i ( * ) + - + A X n ( * ) r
i  И J „ = l

divergiert in (0, 1) fast überall, weiterhin gelten

l*»(*)l = l (*€(0,1); и =  1,2,...)
und

1
/  Xn(x)dx = 0 (n = 1,2,...).
0

Durch Anwendung des Hilfssatzes ergibt sich, daß die Funktionen x„(x) paarweise 
unabhängig sind.
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MULTIPLICATIVE FUNCTIONS OVER 
THE GAUSSIAN INTEGERS. II

I. KÁTAI (Budapest), member of the Academy and M. AMER (Mainz)

1. We shall use the following standard notations: N=natural numbers, Z — 
rational integers, Q=rational numbers, R=real numbers, C=complex numbers, 
F =  0 ( 0 —the simple extension of Q by i, G=the Gaussian integers, i.e. the ring of 
the integers in F. Let furthermore G*=G\{0} be the multiplicative group of G ; 
Qx, R*, F*, Cx be the multiplicative group of the positive rationals, positive reals, 
of F and of the complex numbers, respectively.

The letters с, сг, c2, ..., К  shall denote suitable positive constants not the same 
at every occurrence.

We shall say that a function F: G*-+ C is completely multiplicative if 

(1-1) F(aß) = F(a)F(ß)

holds for every a, ß£G*. We shall denote by Ji*  the class of the completely multi
plicative functions.

Let N(a)=au denote the norm of a.
The domain of F£Jt* will be extended by F{0)=0 onto G.
If F£J£* is nowhere zero in G*, then by

(1.2) F { j ) := F (a)-T -4Ä ,

we can extend the domain of F  onto F, furthermore the relation 

(1-3) F(yS) = F(y)F(<5)
will be true for each y, <5£F.

It is obvious that if F£Jt* is not identically zero, then l <1)= 1, F(z')€ {1, — 1,
U -»}•

We are interested now in those F£Jt* for which some regularity condition 
holds.

In the first paper of this series [1] we considered those F£Jt*  for which 
|F(a + y)—F(a)|S e(|a|) hold for each я (EG* with a suitable fixed y(E G* and with
a suitable monotonically decreasing a(x) satisfying £  e(2°)<°°, and concluded

a = l
that F has to be of the form F(a)=  |a|‘V 'tar8°: with t(ER,&£N. Here we stated our 
conjecture that the same assertion can be deduced from the weaker assumption 
F(cc+y)— F(a)->-0 (|a |-*-«=) as well. This was proved by E. Wirsing recently. Namely
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he proved the following result.1 If F cjf* ,
(1.4) F(a + y)-F(a) -  0 ( | a | F(y) A 0,
then F(oc)->-0 (|a| —°°) or F(a)= |a |ff+,te'*:ar8e.

We shall say that F£Ay, or F£ if

^  |F (a+ y )-F (a)|
& -------- f f l -------- <0°

v  № 1
Л *  N*

holds.
The following observations are almost obvious.

Lemma 1. Let FdAy, ydG*. Let LA denote the set o f  those ßdG* for which 
F£Aß. Assume that F(y)?±0. Then ß=G*.

Lemma 2. Let F£Ay, y£G*. Assume that F(ő)=0 for a suitable d£G*, 
(<5,y)=l. Then F€JSP.

Proof of Lemma 1. Summing over ay in (Ay), by F(y)?± 0 we immediately 
get l(z-A. Let us put now — a, ia, — ia into the sum (Af) instead of a, we get — 1, — i, 
id.A. Here we use that F (—1), F (—/), F(/)=^0, which is obvious, since F ( l)= l .  
Furthermore, by the triangle inequality we get that ßi, ß^3ä  implies ß1+ß.f-A, 
and so к Л + l -i^Sd for every k, l£Z. □

Proof of Lemma 2. We may assume that F is not identically zero, and so 
F ( l)= l, F (/)^ 0 , F(—i)A 0, F (—1)^0. Let as earlier 3d denote the set of those 
ß£G* for which Aß holds. By changing a into ia, —ia, —a in (Ay), we get iy, —iy, 
—y^Sd, consequently from the property ßi , ß,f3S=>ßL+ ß2L3S, we get ey^Sd for 
each e£G*.

Let us consider now A ey and put da instead of a. Then by F(<5)=0 we get

(Ay)

or

v n

(1.5) у  |F(<$« +  ey)| 
Г  l«5a|2

<  oo .

Let now e0=0,elt ..., et_x be a complete residue set mod Ö. Since (с), y)= 1 
therefore Sjy ( j= 0 , ..., t— 1) is a complete residue set mod <5 as well. (1.5) is obviously 
true for e=E0=0, since F(<5)=0. Summing the sums (1.5) choosing £=s; 
(J= 0 ,..., t— 1) we run over the whole set of a£G* which gives F^T£. □

2. Some lemmata. Let us assume that F£.Ji* is nowhere zero in G*. Then we 
can consider F  as a homomorphism from F*-*- Cx . We shall say that F  is continuous 
at the point 1, if rv€Fx, ry-*~ 1 (v-»■«>) implies F(rv)—1 (v-*- °°).

1 Oral communication (September 7, 1984).

Acta Mathematica Hungarica 48, 1986



M ULTIPLICATIVE FUNCTIONS OVER T H E  GAUSSIAN IN T E G E R S. II 363

Lemma 3. Let F: Fx—Cx be a homomorphism continuous at the point 1. Then 
its domain can be extended onto C x by the relation

F(w):= lim F(rv)rv—w r»eF,
uniquely. The mapping F: C X- * C X so obtained is a continuous homomorphism, and so 
(2.1) F(w1 w2) =  F(wx) F(w2), V wx, w26 C x .
Consequently F(w)=\w\se,kliTBW, s í  C, k fZ .

Remark. A similar lemma was used and proved in [2].
Proof. First we observe that F is bounded in every bounded domain. Let us 

assume the contrary. Then there would exist a convergent sequence rv£Fx, rv->-w, 
wZO such that |F(tv)| — °o. Then for every v there would exist an /„ such that 
|f('7v)l>v|F(/-v)l- But 0 -°o ), and this contradicts the assumption that F
is continuous at the point 1. Since F~1(t)=  F , we get that F -1(/) is bounded
when so is l/t.

Let w iC x, rv, s^dF*, rv-*w, sß-+W, t^ ^ —r.s^1. Since 1, therefore

(2.2) F(tv>ß) = F(rv) F - i ( g  -  1.
Since the sequences F(rv), F ~ 1(tfl) are bounded, from (2.2) we get
(2.3) F(rv) —F(tp) -*■ 0 (v, /I -  ~)-
This implies immediately the first assertion stated in the lemma. The continuity of F 
in Cx and the validity of (2.1) are straightforward, so we omit the details.

Let us consider now the explicit form of F satisfying (2.1). It is obvious that 
F(w) is nowhere zero, since F(z)=0, z i  Cx would imply that F is identically zero. 
We observe that F is a continuous function that satisfies a Cauchy-like equation in a 
multiplicative form. Let G(w)=|F(w)|. Since from (2.1), log G(w1w2)=
=Tog GtwJ + log G(vp2), we get G(w)= \w\a, cr£R. Let now H(w) = . ThenCjyw)
H(vv1w2)=H(w1)H(w2), \H(w)\ = 1, consequently Я  is a continuous character, and 
so it has the form H(w)— \w\iTeikargx, t£R, □

Lemma 4. Let us assume that FíA„, F is nowhere zero. I f  IF(n)|< 1 for at least 
one pCG \ then Fife.

Proof. Let r = |F (p ) |< l , fdp={a0— 0, ax, ..., a,^}  be a fixed complete residue 
system mod p. Let Я be a large constant, K=K(p), and

(2-4) /(«):= max I F (a)-F (/0 |.\X — p\^K

From Lemma 1 we get

(2.5)
,Ú* №

A cta  Mathematica Hungarica 48,1986
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Let P= \p\. 
relation:

Hence we get

We have 

a

t — N (p)—pp— P 2. Let us define als b0 by the following

=  P * i  +  b 0 ,  b 0 e @ p ,  o c ^ G .

with suitable o O ,  and so for every e>0

(1-6)
p 2 K I 2

(1-e)
1

Ргы  ’
whenever |a| is large enough. Since aj occurs exactly for t=  P 2 of the a’s, and

- K p* i) =  |77(a) l- |7 r(p)l • l^(«i)l = Kp*i),
we get by (2.5)

(2.6) (1 —e)I P(p)lВ (-Í- — Cjj — c2 ss B(x) ( l+£)|F(p)|£(|-+c1) + c2.

Let £ be so small that j:= |F (p ) |( l + e)< 1. Considering the right hand side of
(2.6) we get easily that B(x) is bounded, i.e. F€<5?. Indeed, by choosing x0=  1, 
xv+1=Fxv-C i, we get

F(xv+1) ё  sB(xv)+c2 ( v  =  0 ,  1 , 2 , . . . )

and so P(xv) is bounded. □

Lemma 5. Let FdAy, F is nowhere zero, F$£F. Then |F(a)| = |a|J with a 
fixed A, 0 ^ d < l .

P roof. If F£Ay, then \F \£Ay, so we may assume that F(a)>0 \j<x.£G*. 
Let p£G*, P— \p\> \.

Let ^ p, al9 b0, B(x) be defined as in the proof of Lemma 4. Let F(p)= Pr, 
r= rp. Consider now (2.6). By Lemma 4 we may assume that грё  0. Let g = ( l  + £) Pr,
P kS x ^ P k+1, V0= x, Yl+1= % +Cl (1=0,1,..., к). Since

Y  <  +  c  - s  Xhz±-LC . f l  ^* k  =  —p  HCl. S  — 2 l-Cj-f-—  ^  .■ • - F +Cl( l+ J + " ) - p + T= TJp=: L '

from the right hand side of (2.6) we get

B(x0) ^ ÖF(xx) +  c2 g  ö2F(x2) + öc2+ c2 S. . .  

• - S ß ^ + ^ O + Ö ' H - )  <  csQk.
This gives

(2.7) lim
X - * -  °o

log P(x) _ 
logx ~ Г‘

A  eta  Mathematica Hungarica 48, 1986
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Now we prove that

(2.8) lim
X  —► 00

log-g(x)
log* p'

Since B(y)-*<x>, the left hand side of (2.6) gives

(2.9) S  B(x), R = (l - 2 s)F(p),

whenever x > x 0(s). By choosing Z 0=x, Z v+1—- ~ — cl5 we get

B(x) ^  RVB (Zv) (Zv >  x0(£)), 
which gives (2.8) immediately.

(2.7), (2.8) imply that r —A is a constant. Then F{a)= \a\A. Since F£Ay,

\F(a+ V) — F(a] I !•/ , 1 A „ 1
1 + - - 1 5 1 + -a a 1+

2 R e a + l
& F ~

we get |F (a + 1)— F (a ) |x |a |J 2|2 R ea+ l|. The condition F£AX implies J < 1 .  □

3. Formulation of the theorem and some further lemmata. Theorem. Let FdA.. 
for a suitable ydG*, and let F{y)A0. Then f d Jz? or
(3.1) F(oe) = |a|sei,Iar8a. (Va6 G*), 

where sdC, kdZ', OsRej-=:l.
For an arbitrary pair p, qdG* let Жр̂  be the set of the accumulation points of 

the sequence pkq ~ \k , l—Ь, 1, 2, ...). We should like to find a pair p, q such that
dZp,q=G.

Lemma 6. Let q= 2, p1=(2+i)(3+2i)(4+i), p2= (2 + z)(3 —2z')(4— i), p3= 
= (2—i)(3 + 2i)(4—i). Then at least one of the sets Жръ3, Жръ3, ЖРз>3 is equal to C.

Proof. Let p = РеШч>, \p\ — P, w=er ■ e2nis. wdЖPt2 if there exists a sequence 
(kt , /,)€N2 such that pktq~lt-*w, i.e.
(3.2) |kt lo g P -/,lo g 2  —r| <  e„

(3.3) \\k,(p-s\\ <  et

for a suitable £r-<-0. (3.2) can be rewritten in the form

log P r
К log 2 log 2 log 2 '

So ЖрЛ — С if for every r£R, í£ [0 ,1) the inequalities

в, И /c<p —s|| <  elog 2

Acta Mathematica Hungarica 48, 1986
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are satisfied for infinitely many k, for every s>0 . Kronecker’s theorem asserts that
log P 
log 2 , cp, 1 are linearly in-these inequalities are satisfied for infinitely many к if

dependent over the field of the rational numbers.
Let now (pj (J— 1, 2, 3) and P be defined by

Pj = P e ^ j  Ü =  1,2,3).

Then P= \pj\ =  У5 • 13 • 17. It has remained to prove that <Py, 1 are linearly
independent at least for one j. Assume the contrary. Then we get immediately that 
<plt 9*2> Фз are linearly dependent, i.e. r1(p1 + r2(p2+rs(ps=0, rt£Z, Srf^O. Conse
quently

Pirip\r*-p f3 = p"(ri+rt+r3)e2Ki'2 (rivl+rz,Pi+r3<P3) =  5 • 13 • 17.

Using the unicity of the prime decomposition over the Gaussian integers, we deduce 
easily that fi= r2=r3=0, and this is a contradiction. □

Lemma 7. Let F(LA.r  Assume that |F (a ) |= l V«€G*. Let p£G* be a number 
such that ЖР'2~C . Let A,BdG*. Then

(3.4) 
implies

(3.5)

pkt • 2- ~A

F(pkt • 2-'.) -  F
(4)-

Proof. Let P= \p\, <%p,ű§2 be fixed complete residue sets m odp, mod 2, respec
tively. Let
(3.6) C(u, v) :=  {a|a£G, |a — u\ <  v}.

Let s, <5, r be small positive numbers, and let k ,l ,H 1,H 2̂ N be such that

(3.7)

Let

pkA
2 lB — 1 <  e, pH 1

2PT 1 S.

Z)x := C ^Арк+Иу, j  F*+H>), D2 = C(B • 2'+*», r • 2'+H*).

First we observe that D2QD1 if r is sufficiently small, r may not depend on 
к, l, HX,H 2, but may depend on A ,B ,p . Inded, let a£ Д>. Then \a~B ■ 2,+Нг|<  
< r - 2 !+Hz. But then

\а -А р к+Щ s  \а - В -2 1+н>\ + \В -21+вг-А р к+нг\ S

^  r .2 l+B* + \B\ -2l+H*
Apk+Ht
B -2 l+,h
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Taking into account (3.7) we get
Iа-Ар*+Яг1 =g 2‘+«2(г+\В1(2е + 20))

and the right hand side is smaller than ^ P k+H 1 if e, <5, r are sufficiently small.
Let s, 5, r be so small that D2Q D 1. Let now <x£D2 and consider the following 

two algorithms:
a0 = a, am =  ccm+1p+bm; bm£38p, ccm+1£G (m =  0, 1, 2, ...),

Ä> =  «. ßm = ßm+i-2 +dm, dm(i®2, ßm+i£G (m = 0 ,1 ,2 ,...) .
By elementary computation we get

a л a
— Li> ^~~2Р

(3.8) \By.kAßi\ tk L2\
furthermore

ave c Í T ^ + f f i - v, I p N - H . - v + x )  ßp£ C ( B  • r  ■2l+H*~fl +  L 3)
!--juf.-. t 4 )

with suitable constants Lly L2, L3; L j—Lj{p, A, B).
Let K=K(p) be a large constant, and /(a) be defined by (2.4). We have

|F(am) - F ( a m+l/>)| S  l (am), \F(ßm)-F (2 ß a+1)\ == l(ßm),

and by |F(p)| = |F(2)| =  1 we get

\F(cc) — F(pkak)\ /(a0) + /(a1)+ ...  +  l(a*_1),

|F (a)-F (2 'ß )l ^  l(ß0) + l(ßi)+ ... + l(ß,-i).

Since a, occurs exactly for P2t distinct oc’s, with the notation

we get
*00 :=

№  
\é y  м 2

Д 1 И « ) - П Л Т Ы | Т * 2 , ( 1 / . . , ) ,

whenever Hk,H 2 are sufficiently large. Then

Д  И т г )  a  2, ( I  P».)+2, ( i p » . ) ,
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and SO

.й,\ Ув) Ы1 м* -.to. M* U r  U
Let us estimate now the sum on the right hand side. From (3.8) we get

|F(a*J?)-.F(M)l á  l(akB).

Furthermore say, ak occurs exactly for P2k of distinct a ’s, so this
z  p

sum is less than

ct (t H -
Let us consider the left hand side. This can be written in the form

\F(£)-F(±)\ 2 _L I v 2 J Ы I A m2
Since #  (Т>2)= г2-22(г+Н2)л(1 + о(1)), and

1 1 2
2 • \B\2 • ^  |a|2 ^  \B\2 ■ 22<-l+HJ ’

we get

c(r,A ,B)(>  0).

Collecting our results we get that

И £ ) ^ ( т Ь 4 ( т Н + ' ( т 2"-))
with a positive constant сг, independent of к, l, Нг, H2.

Let now (k, l):=(kt , /,) be such a sequence for which pkf2 ~ lt—— . Then
H i= H i(t), H2=H2(t) can be chosen so that Я ,(/)—=°, H 2(t)^-oo. This completes 
the proof of our Lemma. □

4. Proof of the theorem. I. The case |F (a)|= l \/a£G*. We shall prove that 
F: Fx-+Cx is continuous at the point 1, and take into consideration Lemma 3.ß

Let p denote such a pj in Lemma 6 for which ЖР]Л—С. Let /■„=—2 —*-1,
2iv

Av, By£G*. For each fixed rv there exists a sequence

pkjW . 2~lP'> F ( p kP n - lP>)
A v
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Let ev be a sequence of positive numbers such that £v-*-0. We select an element 
(av, bv) from the sequence (kj(v), /,(v)) such that a ,äv , bvSv,

(ВЛ\ в
F(p-v.2-bv) —f [ - ^ J |< £ ,

hold. Then pa* • 2~b 
But this implies F

1,

№ ■

and by Lemma 7 (A—B=  1) 
»1.

we get F (p av  2 _bv)-*-l.

The proof is complete under the assumption |F(a)| =  l \/a£G*.
II. Completion o f the proof. Let us assume now that |F(a)| ^  1 for at least 

one ct<?G*. Taking into account Lemma 4 we may assume that |F (a ) |> l. Let us 
assume that F(fü?. Since F(y)?*0, by Lemma 2 we get that F is  nowhere zero, 
and so by Lemma 5 that |F(a)| =  |a|^, 1. Let T(a) be defined by F(a)—
=  |a|4 • F(a). Since F£Ay, therefore F£AX. To complete the proof it is enough to 
show that T£AX. But this is an immediate consequence of the inequality

|Г (а+1)-Г (а)|
F(ot+l)
|a + l |4

1 а
+ ~oc\A 0C+ 1

Fi?О
ы л

1
- 1

■ S - j ^ j № + l ) - F ( « ) |  +  

|F (a+ l)|.

References

[1] I. Kátai and Mahmoud Amer, Multiplicative functions over the Gaussian integers with regularity
properties, Acta Math. Hung, (in print)

[2] Z. Daróczy and I. Kátai, On additive arithmetical functions with values in topological groups,
I.—II., Publ. Math. Debrecen (in print).

(Received December 17, 1984)

EÖTVÖS L. UNIVERSITY, 
BUDAPEST, BOGDÁNFY Ü T  10/B 
H — 1117

AM  SO N N IG E N  H A N G  23
65 M A IN Z 32
BRD

Acta Mathematica Hungarica 48, 1986





PR IN T E D  IN  HUNGARY 

Szegedi Nyom da, Szeged





Instructions for authors. Manuscripts should be typed on standard size paper (25 rows; 50 
characters in each row). Mathematical symbols (except sin, log, etc.) will be set in italics, so use 
handwritten letters, or indicate them by simple underlining. The text of theorems, lemmas, corol
laries are to be printed also in italics. The words THEOREM, LEMMA. COROLLARY, PROOF, 
REM ARK, PROBLEM, etc. (or their German and French equivalents) should be typed in capital 
letters. Sub-headings will be set in boldface lower case; indicate them by red underlining. Other special 
types o f symbols (such as German, Greek, script, etc.) should also be clearly identified. Mark foot
notes by consecutive superscript numbers. When listing references, please follow the following 
pattern:

[1] G. Szegő, Orthogonal polynomials, AMS Coll, Publ. Vol. XXIII (Providence, 1939).
[2] A . Zygmund, Smooth functions, Duke M ath. J., 1 2  (1945), 47—76.

For abbreviation o f names of journals follow the Mathematical Reviews. After the references 
give the author’s affiliation.

D o not send abstract and second copy o f  the manuscript. Authors will receive only galley-proofs 
(one copy). Manuscripts will not be sent back to authors (neither for the purpose o f proof-reading 
nor when rejecting a paper).

Authors obtain 100 reprints free of charge. Additional copies may be ordered from the publisher.



Periodicals of the Hungarian Academy of Sciences are sold 
at the following addresses:

AUSTRALI A
C.B.D. LIBRARY AND SUBSCRIPTION SERVICE
Box 4886. G.P.O., Sydney N.S.W. 200)
COSMOS BOOKSHOP, 145 Ackland Street 
St. Kilda (Melbourne), Victoria 3182
AUSTRIA
GLOBUS, Höchstädtplatz 3, 1206 Wien XX 
BELGIUM
OFFICE INTERNATIONAL DE LIBRAIRIF
30 Avenue Marnix, 1050 Bruxelles 
LIBRAIRIE DE MONDE ENTIER 
162 rue du Midi, 1000 Bruxelles
BULGARIA
HEMUS, Bulvár Ruszki 6, Sofia 
C A N A D A
PANNÓNIA BOOKS, P.O. BOX 1017 
Postal Station „B”, Toronto, Ontario MST 2T8
C H I N A
CNPICOR, Periodical Department,  P.O. Box 50 Peking
CZECHOSLOVAKIA
MAD'ARSKÁ KULTÚRA, Národní trida 22 115 66 Praha
PNS DOVOZ TISKU, Vinohradská 46, Prha 2 
PNS DOVOZ TLACE, Bratislava 2
DENMARK
EJNAR MUNKSGAARD, Norregade 6 1165 Copenhagen К
FEDERAL REPUBLIC OF GERMANY
KUNST UND WISSEN ERICH BIEBER 
Postfach 46, 7000 Stuttgart 1
F I N L AN D
AKATEEMINEN KIRjAKAUPPA, P.O. Box 128SF-00101 Helsinki 10
FRANCE
DXWSON-FRANCE S. А., В. P. 40, 91121 Palaiseau 
EUROPÉRIODIQUES S. A„ 31 Avenue de Versailles,78170 La Celle St. Cloud
OFFICE INTERNATIONAL DE DOCUMENTATION 
ET LIBRAIRIE, 48 rue Gay-Lussac 75240 Paris Cedex 05
GERMAN DEMOCRATIC REPUBLIC
HAUS DER UNGARISCHEN KULTUR 
Karl Liebknecht-Straße 9, DDR-102 Berlin 
DEUTSCHE POST ZEITUNGSVERTRIEBSAMT 
Straße der  Pariser Kommune 3-4, DDR-104 Berlin
GREAT BRITAIN
BLACKWELLS’S PERIODICALS DIVISION 
Hyche Bridge Street, Oxford OXI 2ET 
BUMPUS, HALDANE AND MAXWELL LTD.
Cowper Works, Olney, Bucks MK46 4BN 
COLLET'S HOLDINGS LTH. Denington Estate Wellingborough, Northants NN8 2QT
WM. DAWSON AND SONS LTD., Cannon House Folks- tone, Kent CT19-5EE
H. K. LEWIS AND CO., 136 G ower Street London WC1E 6BS
GREECE
KOSTARAKIS BROTHERS INTERNATIONAL 
BROOKSELLERS, 2 Hippokratous Streec, Athens-143
H O L L A N D
MEULENHOFF-BRUNA B.V, Beulingstraat 2, Amsterdam 
MARTINUS NIJHOFF B.V.
Lange Voorhout 9-11. Den Haag 
SWETS SUBSCRIPTION SERVICE 
347b Heereweg, Lisse

INDIA
ALLIED PUBLISHING PRIVATE LTD., 13/14
Asaf Ali Road, New Delhi 110001 
150 B-6 Mount Road, Madras 600002 
INTERNATIONAL BOOK HOUSE PVT. LTD.
Madame Cama Road. Bombay 400039
THE STATE TRADING CORPORATION OF INDIA LTD.,
Books Import Division, Chandralok
36Janpath, New Delhi 110001

ITALY
INTERSCIENTIA, Via Mazzé 28, 10149 Torino 
LIBRERIA COM MISSION ARI A SANSONI, Via Lamarmora
45, 50121 Firenze
SANTO VANASIA, Via M. Macchi 58 20124 Milano 
D. E. A., Via Lima 28, 00198 Roma

JAPAN
KINOKUNIYA BOOK-STORE CO. LTD.
17-7 Shinjuku 3 chome, Shinjuku-ku, Tokyo 160-91 
MARUZEN COMPANY LTD.. Book Department, 
P.O. Boy 5050 Tokyo International. Tokyo 100-31 
NAUKA LTD. IMPORT DEPARTMENT 
2-30-19 Minami Ikebukuro, Toshima-ku, Tokyo 171

KOREA
CHULPNMUL, Phenjan

N O R W A Y
TANUM-TIDSKRIFT-SENTRALEN A.S., 
Karl Johansgatan 41-43, 1000 Oslo

POLAND
WEGIERSKI INSTYTUT KULTURY, 
Marszalkowska 80, 00-517t Warszawa 
CKP W, ul. Towarowa 28, 00-958 Warszawa

R OU M A N I A
D. E. P., Bucuresti
ILEXIM, Calea Grivitei 64-66, Buguresti

SOVIET U N I O N
SOIUZPECHAT—IMPORT. Moscow 
and the post offices in each town 
MEZHDUNARODNAYA KNIGA, Moscow G-200

SPAIN
DIAZ DE SANTOS, Lagasca 95, Madrid 6

SWEDEN
GUMPERTS UNIVERSITETSBOKHANDEL AB 
Box 346, 401 25 Göteborg 1

SWI TZERLAND
KARGER LIBRI AG., Petersgraben 31, 4011 Basel

USA
EBSCO SUBSCRIPTION SERVICES 
P.O. Box 1943, Birmingham, Alabama 35201 
F.W. FAXON COMPANY, INC.
15 Southwest Park, Westwood Mass. 02090 
READ-MORE PUBLICATIONS. INC.
140 Cedar Street,  New York, N.Y. 10006

YUGOSLAVI A
JUGOSLAVENSKA KNJIGA, Tarezije 27. Beograd 
FORUM, Vojvode Misica 1, 21000 Novi Sad

Index: 26.014


	1986 / 1-2. szám
	García-Lafuente, J. M.: On the embedding of -nuclear spaces into product of Banach spaces������������������������������������������������������������������������������������������������
	Yaqub, F. M.: A theorem on infinite distributivity for post L-algebras�����������������������������������������������������������������������������
	Jingcheng Tong: A decomposition of continuity����������������������������������������������������
	Ustina, F.: The principle of localization for the (J, f(x,y)) means
	Bognár M.: Notes on the inaugural lecture delivered by Frederic Riesz in 1925 as rector of Szeged University�������������������������������������������������������������������������������������������������������������������
	Hermann T.: A note on (0,2) interpolation������������������������������������������������
	Rubinstein, Z.: An interpolation problem for real polynomials by their means between consecutive zeros�������������������������������������������������������������������������������������������������������������
	Nieto, J. J. - Sree Hari Rao, V.: Periodic solutions of second order nonlinear differential equations������������������������������������������������������������������������������������������������������������
	Berman, D. L.: Neobhodimye i dostatočnye usloviâ shodimosti rasširennogo interpolâcionnogo processa ermita-Fejera v metrike Lp�������������������������������������������������������������������������������������������������������������������������������������
	Malliah, C. - Bhatta, P.: A generalization of distributive ideals to convex sublattices����������������������������������������������������������������������������������������������
	Saxena, R. B. - Misra, S. R.: An everywhere divergent Hermite-Fejér type interpolation process of higher order���������������������������������������������������������������������������������������������������������������������
	Ntouyas, S. K.: On a boundary value problem for functional differential equations����������������������������������������������������������������������������������������
	Gardner, B. J.: Radical theory for algebras with a scheme of operators�����������������������������������������������������������������������������
	Do Ba Khang: On the asymptotic regularity of nonexpansive mappings�������������������������������������������������������������������������
	Mieloszyk, E.: Application of the operational calculus in solving partial difference equations�����������������������������������������������������������������������������������������������������
	Weißbach, B.: Zu einer Aufgabe von J. M. Wills�����������������������������������������������������
	Sivaraj, D.: Semihomeomorphisms��������������������������������������
	Sárközy A. - Stewart, C. L.: On divisors of sums of integers. I����������������������������������������������������������������������
	Elbert Á. - Laforgia, A.: Some monotonicity properties of the zeros of ultraspherical polynomials��������������������������������������������������������������������������������������������������������
	Berkes I. - Dabrowski, A. - Dehling, H. - Philipp, W.: A strong approximation theorem for sums of random vectors in the domain of attraction to a stable law�������������������������������������������������������������������������������������������������������������������������������������������������������������������
	Kaczorowski, J. - Pintz J.: Oscillatory properties of arithmetical functions. I��������������������������������������������������������������������������������������
	Kátai I. - Amer, M.: Multiplicative functions over the Gaussian integers with regularity properties����������������������������������������������������������������������������������������������������������
	Hegyvári N.: On consecutive sums in sequences����������������������������������������������������
	Erdős P. - Sárközy A.: Problems and results on additive properties of general sequences. II��������������������������������������������������������������������������������������������������
	Császár Á.: u-isomorphic semigroups of continuous functions������������������������������������������������������������������
	Balog A. - Perelli, A.: Exponential sums over primes in short intervals������������������������������������������������������������������������������
	Kátai I.: A correction to my paper "Multiplicative functions with regularity properties. I"��������������������������������������������������������������������������������������������������

	1986 / 3-4. szám
	Szabó S.: Nonequivalent splittings of abelian groups�����������������������������������������������������������
	Yoneda, K.: Some properties of generalized measures on the dyadic group������������������������������������������������������������������������������
	Singh, S. S. - Srivastava, R. K. - Ojha, R. P.: A classification of Kaehlerian manifolds satisfying some special conditions����������������������������������������������������������������������������������������������������������������������������������
	Thorpe, B.: Matrix transformations of Cesaro summable series�������������������������������������������������������������������
	Avdispahić, M.: On the determination of the jump of a function by its Fourier series�������������������������������������������������������������������������������������������
	Puri, M. L. - Ralescu, S.: Almost sure linearity for signed rank statistics in the non-i.i.d. case���������������������������������������������������������������������������������������������������������
	Szép Gabriella: Simultaneous triangularization of projector matrices���������������������������������������������������������������������������
	Puczyłowski, E. R.: A note on almost nilpotent rings�����������������������������������������������������������
	Berman, D. L.: K rasširennomu interpolâcionnomu processu Krylova-Štaermana���������������������������������������������������������������������������������
	Karagulân, G. A.: O processe usredneniâ funkcij ograničennoj variacii����������������������������������������������������������������������������
	Katriňák, T. - El-Assar, S.: Algebras with Boolean and Stonean congruence lattices�����������������������������������������������������������������������������������������
	Ahobadze, T. I.: O nepreryvnosti funkcii mnogih peremennyh iz klassa obobsennoj ograničennoj variacii������������������������������������������������������������������������������������������������������������
	Nguyen Xuan Ky: On a Bohr type inequality������������������������������������������������
	Sengupta, A.: On a group-matrix type automaton with output�����������������������������������������������������������������
	Maksa Gy.: On completely additive functions��������������������������������������������������
	Tandori K.: Bemerkung über die parweise unabhängigen zufalligen Größen�����������������������������������������������������������������������������
	Kátai I. - Amer, M.: Multiplicative functions over the Gaussian integers. II�����������������������������������������������������������������������������������

	Oldalszámok������������������
	_1���������
	_2���������
	_3���������
	_4���������
	_5���������
	_6���������
	1��������
	2��������
	3��������
	4��������
	5��������
	6��������
	7��������
	8��������
	9��������
	10���������
	11���������
	12���������
	13���������
	14���������
	15���������
	16���������
	17���������
	18���������
	19���������
	20���������
	21���������
	22���������
	23���������
	24���������
	25���������
	26���������
	27���������
	28���������
	29���������
	30���������
	31���������
	32���������
	33���������
	34���������
	35���������
	36���������
	37���������
	38���������
	39���������
	40���������
	41���������
	42���������
	43���������
	44���������
	45���������
	46���������
	47���������
	48���������
	49���������
	50���������
	51���������
	52���������
	53���������
	54���������
	55���������
	56���������
	57���������
	58���������
	59���������
	60���������
	61���������
	62���������
	63���������
	64���������
	65���������
	66���������
	67���������
	68���������
	69���������
	70���������
	71���������
	72���������
	73���������
	74���������
	75���������
	76���������
	77���������
	78���������
	79���������
	80���������
	81���������
	82���������
	83���������
	84���������
	85���������
	86���������
	87���������
	88���������
	89���������
	90���������
	91���������
	92���������
	93���������
	94���������
	95���������
	96���������
	97���������
	98���������
	99���������
	100����������
	101����������
	102����������
	103����������
	104����������
	105����������
	106����������
	107����������
	108����������
	109����������
	110����������
	111����������
	112����������
	113����������
	114����������
	115����������
	116����������
	117����������
	118����������
	119����������
	120����������
	121����������
	122����������
	123����������
	124����������
	125����������
	126����������
	127����������
	128����������
	129����������
	130����������
	131����������
	132����������
	133����������
	134����������
	135����������
	136����������
	137����������
	138����������
	139����������
	140����������
	141����������
	142����������
	143����������
	144����������
	145����������
	146����������
	147����������
	148����������
	149����������
	150����������
	151����������
	152����������
	153����������
	154����������
	155����������
	156����������
	157����������
	158����������
	159����������
	160����������
	161����������
	162����������
	163����������
	164����������
	165����������
	166����������
	167����������
	168����������
	169����������
	170����������
	171����������
	172����������
	173����������
	174����������
	175����������
	176����������
	177����������
	178����������
	179����������
	180����������
	181����������
	182����������
	183����������
	184����������
	185����������
	186����������
	187����������
	188����������
	189����������
	190����������
	191����������
	192����������
	193����������
	194����������
	195����������
	196����������
	197����������
	198����������
	199����������
	200����������
	201����������
	202����������
	203����������
	204����������
	205����������
	206����������
	207����������
	208����������
	209����������
	210����������
	211����������
	212����������
	213����������
	214����������
	215����������
	216����������
	217����������
	218����������
	219����������
	220����������
	221����������
	222����������
	223����������
	224����������
	225����������
	226����������
	227����������
	228����������
	229����������
	230����������
	230_1������������
	230_2������������
	230_3������������
	230_4������������
	230_5������������
	230_6������������
	230_7������������
	230_8������������
	231����������
	232����������
	233����������
	234����������
	235����������
	236����������
	237����������
	238����������
	239����������
	240����������
	241����������
	242����������
	243����������
	244����������
	245����������
	246����������
	247����������
	248����������
	249����������
	250����������
	251����������
	252����������
	253����������
	254����������
	255����������
	256����������
	257����������
	258����������
	259����������
	260����������
	261����������
	262����������
	263����������
	264����������
	265����������
	266����������
	267����������
	268����������
	269����������
	270����������
	271����������
	272����������
	273����������
	274����������
	275����������
	276����������
	277����������
	278����������
	279����������
	280����������
	281����������
	282����������
	283����������
	284����������
	285����������
	286����������
	287����������
	288����������
	289����������
	290����������
	291����������
	292����������
	293����������
	294����������
	295����������
	296����������
	297����������
	298����������
	299����������
	300����������
	301����������
	302����������
	303����������
	304����������
	305����������
	306����������
	307����������
	308����������
	309����������
	310����������
	311����������
	312����������
	313����������
	314����������
	315����������
	316����������
	317����������
	318����������
	319����������
	320����������
	321����������
	322����������
	323����������
	324����������
	325����������
	326����������
	327����������
	328����������
	329����������
	330����������
	331����������
	332����������
	333����������
	334����������
	335����������
	336����������
	337����������
	338����������
	339����������
	340����������
	341����������
	342����������
	343����������
	344����������
	345����������
	346����������
	347����������
	348����������
	349����������
	350����������
	351����������
	352����������
	353����������
	354����������
	355����������
	356����������
	357����������
	358����������
	359����������
	360����������
	361����������
	362����������
	363����������
	364����������
	365����������
	366����������
	367����������
	368����������
	369����������
	370����������
	371����������
	372����������
	373����������
	374����������


