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A THEOREM OF PICARD TYPE
M. NI1MURA (Tokyo)

Let R  be a hyperbolic Riemann surface, let g(a) be the Green function for R with 
pole at a fixed point a0 chosen arbitrarily in R, and put R(ot) — {a: g(ü)>a} for any 
oe>-0. In this note we assume the following conditions (1) and (2):
(1) The closure R (a) of R (a) is compact for any oe>0.

(2) J 2?(a)doc<°°, where 5(a) denotes the first Betti number of R(oi).
0
The classical Picard theorem on exceptional values is well-known. E. F. Colling- 

wood and M. L. Cartwright have shown the following theorem of Picard type (see [1], 
p. 139): If /(z) is meromorphic in {|z|<  1}, then every point of {|z| = 1} belongs 
either to P or to F'. Here P  denotes the set o f points ew for which the complement of 
the range of /(z) contains at most two values, and F' denotes the derived set o f points 
ew at which/(z) has the angular limit.

In this note we shall give a theorem on Green’s lines. As an application we shall 
obtain an extension of Collingwood—Cartwright’s theorem to a class of hyperbolic 
Riemann surfaces satisfying (1) and (2).

For the definitions concerning Green’s lines we refer to [5] and henceforth consi­
der Green’s lines issuing from a0. Let h(a) be the conjugate harmonic function of 
g(a). We map the union R ’ of {a0} and all the Green’s lines onto a subregion of 
{|z|< 1} by z=tp(a)=e~eM~,hM. The infimum of g(a) over every Green’s line, which 
does not terminate at a point of Z={a„: grad g(a„) =0}, и= 1 , 2, ..., is equal
to zero by (1). It is seen from the proof of Theorem 1 (H. Widom) of [3] that g(an) —

CO

^  J  B(pi)daL for a„dZ. The total length of the slits of tp(R') is hence finite by (2). 
о

Let R* denote the Martin compactification of R, let <;=/(«) denote a function 
meromorphic on R, and put A —R*—R. At a point e‘° of {|z| = l}f)d<p(R'), where 
d denotes boundary, let there be the tangent line to dtp (R') and a sector region A (ei0), 
included in tp(R'), having vertex at eie and bisected by the radius / e drawn to eie. 
If <p̂ 1(Áe) terminates at a point p on A, then we denote by S(p) the set of <р~г(Л (ei0)) 
for all A (e'°) at eie. Iff  tends uniformly to some limit inside any 5E S(p), then we say 
that/has angular limit at p.

F (f)  denotes the set of points p on A such that /has angular limit at p. F '( f )  deno­
tes the derived set of F(f). P (f)  denotes the set of points p  on A such that every value 
of m  Ш °°} is taken by /  infinitely often in every neighborhood of p with two pos­
sible exceptions.

i* Acta Mathematica Hungarica 45, 19Sr,



4 M . NUMURA

Theorem. I f  £ —f(a) is a function meromorphic on R, and if, fo r  any r-neighbor­
hood U(p, r) o f  a point p on A, AC\U(p,r) is o f  positive harmonic measure, then 
either p fP (J) or p fF '(f) .

Proof. Suppose that p $ P (f) ,  and choose any r '> 0. Then there is a U(p,r 
О such that/does not take three distinct values in RP\ U(p, г /  By Theorem 
7 of [3], radial paths ending at almost all points o f {Î I == 1}П0ф(/?0 are mapped by 
(p~x to Green's lines in R' terminating at almost all points of A with respect to har­
monic measure. Therefore there are two Green’s lines L„ and L e-, with distinct 
coordinates 0 and 6', terminating a t points of А Г) U(p, г /  0<r2< i\.  It is possible 
to form a simply connected, rectangle-shaped region G in {|z|< 1}, bounded by parts 
o f the radial paths (p(Le) and <p(Le.), and arcs o f {|z|=r0, 0-=ro< l}  and {|z| =  1} 
such that <p_1(G—Af), where M  denotes the set o f the slits of cp(R'), is included in 
U(p, rx). Let G' be a component o f G —M. G' is a simply connected region, and the 
length of dG' is finite.

We map G' onto {|w|-=l} by a univalent holomorphic function w=^(z). Now 
fo(p~1oil/~1(w) does not take three distinct values in {|w|<l}. We may assume that 
it does not take the values 0,1 and °° in {|w]< 1}. Let НЪе the inverse of the modulaf 
function for the half plane. We consider the function

H*{0 =

where l 0 is a number which is no t real. Put H 0(w)=H*ofo(p~1oij/~1(w). Then 
|i70(w)|< 1 in {|w| <  1}. By the monodromy theorem, H0 is one-valued.

It is easy to see the following results from page 5 of [4]: At almost all points e,e o f 
{|z| =  l}ndG', there are sector regions A(ew), included in G', having vertex at ei0 
and bisected by the radius drawn to eie. At the point ei0' of {|w| =  1} corresponding 
to  eie, under the homeomorphism o f the frontiers included by ф _1(iv), there is a sector 
re g io n é in  {|w|-=l} such that i[/(A(ei0))czAw, having vertex at eie’ and bisected by 
the radius drawn to ew'.

By applying Fatou—Lindelöf’s theorem to H a, it is seen that Haoi]/(z) tends 
uniformly to limits inside A(ei0*) and A(ew*'), 0*9ád*', in G', and that both Le, and 
L e„ terminate at points of А П U(p, r2). Thus there is a point p',p'?±p, on AC)U(p,r2) 
such that H * o f  tends uniformly to a limit inside any SdS(p'). Thus / =  
— (H*)~1oH *of has the angular limit at a point, different from p, on Af]U(p, r'). 
The assertion of the Theorem is proved.

Corollary 1. I f f  is a function meromorphic on R and for every p on A and fo r  
any  r>0, A OU(p, r) is ofpositive harmonic measure, then the points o f  P (f) and F (f)  
are everywhere dense on A.

Corollary 2. I f  under the hypothesis o f Corollary 1, P(f) is empty, then the points 
o f  F (f) are everywhere dense on A.

As an application of Corollary 2 we obtain an extension of Corollary 22.1 of [1].

A cta  Mathematica Hungarica 45, 1985
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STRONG POROSITY FEATURES OF TYPICAL 
CONTINUOUS FUNCTIONS

A. BRUCKNER* and J. HAUSSERMANN (Santa Barbara)

1. Introduction

In 1931 Banach [1] and Mazurkiewicz [12] proved independently that the “typical 
continuous function” is nowhere differentiable. (Here, and in the sequel, we use the 
term “typical continuous function” to mean that the set of functions which exhibit 
the property we are discussing is residual in the complete metric space W[0,1]). 
Shortly thereafter, Marcinkiewicz [11] and Jarnik [7] [8] [9] used the Baire Category 
Theorem to show that typical continuous functions exhibit a great deal of pathology 
with respect to differentiation properties. More recently, other authors have obtained 
a number of similar results: negative ones, showing that the typical continuous func­
tion is nowhere differentiable with respect to some generalized derivative; and positive 
ones, showing that it is differentiable in certain senses. (See [2] for a summary of such 
results.)

In the present work we show that if Ж  is a u-compact subset of (€, then the graph 
of the typical continuous function intersects the graph of each member of Ж  in a 
“very thin” set. We show that this implies some of the known negative results, men­
tioned above, (as well as some new negative results), and we also observe that the 
result clarifies some of the known positive results.

2. Main results

We mentioned in the Introduction that typical continuous functions agree with 
function in a (т-compact subset of on “very thin” sets. Our main result is Theorem 
2.5 below which makes this idea precise. We begin with a definition:

D efinition 2.1. A set EQ R  is called bilaterally strongly porous (bsp) at a point 
y0 provided p+(E, y0)=p_(E, y0) = l where p+(E,y0) is the right-porosity of
E at Jo :
p + (E, j 0)=lim 1,4 — - where /.(E, x, h+) is the length of the largest open inter-A(0 h
valin E eC\(x, x+h). We define p~(E, y0) similarly.

E is bsp if i ' is bsp at all its members. (When working in [0, 1], we require strong 
one-sided porosity at the endpoints.)

* This author was supported in part by an NSF grant.
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8 A. B R U C K N E R  A N D  J. H A U SSERM A N N

The first two lemmas require some notation. Let n be a positive integer, (яй2), 
and let 0<(5n< —. Define sets Ak for given x  and k d { \,2 , 3,4} by:

A .
2n2’ ' 2n J|, a 2 - 1[X+l d 2 +

A  * <5/i 11 A - 1 v — /S v —, A _ A 1
2 n ,X 2n2JI’ 4 л  u n ,  Л 2n2 n J

The next three lemmas are variants of results found in Goffman and Pedrick [6], 
which are suitable for our purposes.

L emma 2.2. Let a be a modulus o f  continuity, l/2>e=»0, n a positive integer, 
(п ё 2). Then there exists (5„£̂ 0, and t]> 0 suchthat

(a) there exists /€ # ,  with ||/j| S=£, so that for every л€|0, 1— -J and every

gd'A with II/— there exists &€{1,2} such that |g(x)—g (y ) |x r ( |x —y|) for 
all y€A k; and

(b) there exists /б 'й’, with [ |/ ||^ e , so that for every xd l j  and every gdjd
with II/— g\\<4 there exists kd {3,4} such that \g(x) —g (>j | =- (|x — v () for all 
y£A k.

P roof. Choose <5„£̂ 0, such that о (őn) ^ - ^ .  Let er • For
part (a):

Let /b e  the polygonal function on [0, 1] with slopes ±s/<5„ so that 0 S /(x)Ss,
/(1) =  0, and all but (possibly) the first segment have length /e 2+<5;j. Fix xgjo, 1—-j .

Case 1: (>’, / ( / ) )  is on the same segment as (x,/(x)) for every ydAk. Then, 
for every y£Alt

\f(x ) - f(y ) \ = ±  \x - y \  >  ^  <T(d„) I * - y\ ^  (<5„) ^  2c(|x —y|)

since \ x - y \ ^ 5 n.

Case 2: Case 1 does not hold so that (y,f(y))  is on an adjacent segment to 
(x ,/(x)) for every yd A.,. Then, for every ydA2,

\/{x)-f(y)\ ^  |/(*+ £)-/ö»

An-a (ő„) Sn 
Sn 2n2S 2 f f ( |x - j |)

Acta Mathematica Hungarica 45, 1985
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<5 <5 Г 11since -^+ -^Е ш \х—у\Ш:8п. So, for x€ [о, 1 ——I there exists *€{1,2} suchthat
for every y£Ak \f(x )-f(y )\> 2 o {\x -y \).

Let gCF with !|/-g ||< i?. Then, for x€ [о, 1—- j  there exists *€{1,2} such 
that for every y€ Ak  ̂ n *

|g ( * ) - g O O I  >  \ f (x)-f(y)\~2t]  > 2 u ( | x - y | ) - a ^ A j  s  
=  2(7(|Y -y|)-o-(|x-y |) =  o-(|Y-y|).

To prove (b) take/ to be like / except that /(0 )= 0  and all but (possibly) the last 
segment have length YW+S2. The rest of the argument is analogous to that for (a).

Lemma 2.3. Let a, n be as in 2.2 and let

E l — | / € <̂|3<5„€^0, -i-j so that \/хб|о, 1—-i-J 3*€ {1, 2} such that 

\f(x )-f(y )\ >  <r(|Y-y|) fy £ A k}
and

=  | / € ^  | 3 ^ „ € ^ 0 , so that Vy€ ^ ,  l j  3*6 {3,4} suchthat

1/ ( 4 -/0 0 1 >  C7(\x-y\) 4y£A k}.
Then E l and El contain dense open subsets o f  C.

The proof of both results is the same as that given by Goffman and Pedrick [6].
Lemma 2.4. Let a be a modulus o f  continuity and 'F(a) denote the corresponding 

equicontinuous family o f  functions. The set o f  functions $  in FI such that i f  /64" and 
gdF’(o), then {x: f(x)= g(x)} is bilaterally strongly porous, is residual in c€.

Proof. Let El and F f be as in 2.3, SJl=  p| E l, and S 2=  f) F f. Then S 1 and
S 2 are residual subsets o f(6. We show that for f ^ S 1 and g€^(cr), H ={t: f(t)= g(t)}f) 
П[0, 1) has right porosity one at all of its members.

Let x^H , N  a positive integer so that v€ |o, 1 — A j ,  and B={y: \f(x )—f(y)\>
>er(|x—y])}. Then ВЯ^НС since g ^ ( a ) .  For n ^ N , f£ E l  implies either:

Case 1: AkQ В infinitely often, (for rí), where Лх =  |х + A - 5 x + ~ j ,  ^„€^0, — j .

2 ^-10 implies

P+ (H, x) = lim
A|0

or

k(H, x, h+) S  lim/I—► OO
A * 4 ) # 4 )-------=--------  lim ------- --------

A
2 n

A
2 n

= 1;

Acta Mathematica Hungarica 45, 1985
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Case 2: A ^ B  infinitely often, (for n).
Then we obtain

Р+(И, x) S  lim (l ^ s )  =  !•

This shows that H  has right porosity one at all of its members. Similarly, one can 
show that for f t S 2 and g t^ ifi) , {/=g}f)(0, 1] has left porosity one at all of its 
members.

Take $= £* 1(Л£2. Then S' is a residual subset of 'if, and for f t S  and gt/3(o), 
{/= gj is bsp.

Because of Ascoli’s Theorem, the following is an immediate consequence of 2.4.
Theorem 2.5. Let Ж  be a o-compact subset o f 'S . The set o f functions 3?  in ((i such 

that i f  f t F  and g t Ж, then {x: f(x)= g(x)} is bilaterally strongly porous, is residual 
in Я>.

Obviously, 2.5 is valid if we assume merely that Ж  is contained in a cr-compact 
subset of <€.

3. Consequences of Theorem 2.5

Theorem 2.5 has a number of consequences; some are entirely new and others 
provide alternate proofs of known results.

Theorem* 3.1. Let S£rj be the class o f  Lipschitz functions o f order a on [0, 1]. The 
set o f functions F  in (S such that i f  f t  2P and g t S£a then {x: f(x )  =g(x)} is bilaterally 
strongly porous, is residual in (в.

We note that 3.1 extends a recent result of Thomson’s [14]. There, the author 
obtained the corresponding result for the class of constant functions.

Observe that an immediate consequence of Theorem 3.1 is that a typical conti­
nuous function cannot agree with a function having a bounded derivative except on a 
bilaterally strongly porous set. What may be a bit more surprising is that we can 
replace the term “bounded” by the term “finite” even though the class of functions 
with finite derivatives is not relatively compact.

Theorem 3.2. Let A denote the class o f differentiable functions on [0, 1], (with 
finite one-sided derivatives at the endpoints). The set o f  functions S' in such that i f  
f t  Ж and gtA , then (x: f(x) =g(x)} is bilaterally strongly porous, is residual in e€.

Proof. Let F  be as in 3.1. Take f t  3F, g tA , and assume {x: f (x) = g (x)} is 
not bsp. Then there exists x„, {x„}“=1 with xnt  {f = g}, n=0, 1,2, ... such that
x„--x0, lim —Л"+1‘ <1, and lim ■ ^ Л°̂  — We can assume p=0,|x „ -x 0, X n - x 0
x0=0, f (x0) =0, and x„;0. There exists a positive integer k , (k-=2), so that

P + ( K } , 0 ) < ^ - .  Since P + ({^ j} ’ °)
к - 1 

к , there exists J  such that ( *) for every

* Bernt Oksendal has observed that 3.1 exhibits a contrast between typical behavior in our 
sense and in the sense of Brownian motion. In the latter sense, the typical function is Lipschitz a for

1
every a < — .
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j a /  there exists xn so that xnd[l/kJ+1, l / k J]. Since x„\, we can choose a subsequence 
{.v„.} Q {*„} such that

c Л - 1 ______ -___1
"* LfeJ+2‘- 1’ kJ+2i~2i  ’ * = 1.2, 3, ...

and ■ M, i= 1 ,2 ,3 ,... for some 0.
Consider the continuous function F  obtained by joining sucessive points 

and (x„l+1,f(x„i+1j) byline segments for * =  1 ,2 ,3 ,.... Then F  is a 
Lipschitz function. To see this, observe that the greatest possible slope of any
segement of F occurs when x„=-j- and x„.t i= (where (x,,., f(x„ )) and

K J AC

(x«n-vf(xni+̂ )) are endpoints of that segment and j= J+ 2 i — 1). Then,

!/(*«,)+ /(*,.,+ 1) I _
к — 1 
kJ+1

, 1 1  1 1 k*+1
M l k J + kJ+1) к - 1 m J£ t  s  3M•

(since k s2 ). Thus, F£JS?. We also claim p +({x„.}, 0)<  1.

The largest “gaps” in {x„J occur when X«,=JJ  and хп1+1=~^]+з, where j=  
=J+2i — 2. Thus,

J.____ 1_
п  l пл 1— xm~xn,+1 kj ~ kJ+3 к3- 1P+(K,bO) =  Im x„t

lim

kJ
k3 1.

This implies {?: /(?) =  F(i)} is not bsp, giving us a contradiction and completing the 
proof.

Theorem 3.2 sheds some light on a number of theorems concerning nowhere gene­
ralized differentiability of typical continuous functions. To see this, suppose x0£[0,1],

f (x  \  —f(x  )
x„—.y0, and lim ------ ——■ exists and is finite. It is easy to construct a differenti-n—~ x„ — x0
able function g such that f(x„) =g(x„) for all n =0, 1, 2, .... By Theorem 3.2., for 
typical / ,  the sequence {xk\ must be bilaterally strongly porous at x0. In particular, 
we have the following general result.

T heorem  3.3. Let F =  {Fx: x£[0, 1]} be a system o f  paths [5]. I f  fo r each 
x€[0, 1], Ex is not bilaterally strongly porous at x, then the class o f functions which are 
nowhere E  differentiable is a residual subset o f (€. In particular, the'typical continuous 
function is nowhere unilaterally approximately differentiable, nowhere unilaterally 
preponderantly differentiable, and nowhere qualitatively differentiable.

Theorems 3.2 and 3.3 also clarify certain positive theorems. The remarkable 
results of Marcinkiewicz [11], Jarnik [9], and Scholz [13] may seem a bit less remar-
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kable once one sees that the relevant paths are bilaterally strongly porous. Consider, 
further, the following positive result of Laczkovich [10]: Let /b e  measurable on the 
measurable set / / ^ [ 0 ,  1] with A (//)> 0. Then either

(i) there exists a perfect P Q H  such that f \P  is infinitely differentiable on 
P  (with finite derivatives) such that (/[Р )(и)=0 for n sufficiently large, or

(ii) for every c> 0  there exists a perfect P Q H  suchthat ).(Р)>/.(Н )—г and 
f\P  is infinitely differentiable with finite derivatives (/. denotes Lebesgue measure).

Since (ii) implies approximate differentiability on a large set, option (i) must 
hold, (for all H ), for the typical continuous /  and P must be bilaterally strongly 
porous.

Finally we note that in [3] one finds a study of the manner in which the graph of a 
typical continuous /  intersects straight lines. In particular, “most” such intersections 
are nowhere dense perfect sets. Theorem 3.2 (or 2.5 or 3.1) shows that all such inter­
sections are bilaterally strongly porous.

4. Convex boundaries

Let /  be a bounded function on [0, 1] and let H  be the convex hull of the graph 
o f / .  The boundary of H  can be decomposed into the graphs of two functions hx and 
/z2, of which Aj is convex and /z2 is concave. These functions are differentiable except, 
perhaps, on some denumerable sets. Even if/is well-behaved, say a Lipschitz function, 
the infinite exceptional sets of nondifferentiability may exist. Surprisingly, for typical 
continuous /  the functions hl and h., have finite derivatives everywhere on (0, 1) 
and infinite derivatives at 0 and at 1.

T heorem 4.1. The set o f functions in for which hx and h2 have the properties 
listed below is residual in (6.

(i) h[ and I f  exist and are continuous on (0, 1);
(ii) Aí(0)= — ” , /z[(l) = °°, l f { 0) =  °°, A '( l)= —oo;

(iii) h[ and I f  are unbounded Cantor-like functions;
(iv) the Cantor-like sets o f support are bilaterally strongly porous in (0. 1).
Proof. Lemma 4.5 of [3] states: there exists a residual set of functions/in Я> such 

that for every open rational interval IQ  [0, 1], the slopes of the lines that support the 
graph of/in /  from above at more than one point form a dense set in R, and the same 
holds for the lines that support the graph of/in  /fro m  below at more than one point.

Define 2Г to be the intersection o f this residual set of functions and PP from 3.2. 
Let f^PP and h., be the concave upper boundary of the convex hull of the graph off.  
We show properties (i) through (iv) hold for lu.

By the referred lemma, the slopes of the lines that support/from above on (0, 1) 
at more than one point form a dense subset of R. A segment of each such line must be 
in the upper boundary of the convex hull of the graph off.  No two such segments can 
abut, otherwise an entire interval of slopes is missed. Thus, h2 must be differentiable 
—- a concave function is right and left differentiable everywhere; if the unilateral 
derivates disagree a t a point an entire interval of slopes will be missed. Thus, since 
h2 is concave and h'2 exists, If is continuous on (0, 1). This proves (i).

Since the upper right derivate of/ at zero is infinite and the lower left derivate of 
/ a t  one is negative-infinite,/z2(0) =  °° and h'f 1 )= —°°, proving (ii).
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It is clear that h', is constant on every interval /£ (0 ,  l) \{ x : /;2(x)=/(x)}. 
Since {x: h2(x)=f(x)} is nowhere dense, (iii) is shown, and since {x: /г2(х)=/(х)} 
is actually bsp in (0,1), (iv) is proved.

One can similarly show hi satisfies properties (i) through (iv), completing the 
proof.

5. Concluding remarks

The results in Section 3 indicate that any path relative to which a typical conti­
nuous /h a s  a finite derivative must be bilaterally strongly porous. (The term “finite” 
cannot be dropped from this statement, since the typical/ does have infinite unilatral 
derivatives on uncountable sets.)

We view a set A which is bilaterally strongly porous at a point x0 as being very 
thin at x0 because A has huge gaps near x0. This view is a bit misleading, however, 
because it is possible that both A and are bilaterally strongly porous at x0. It is 
therefore somewhat misleading to assert that the typical /  is nowhere differentiable 
except with respect to “very thin” paths. Indeed, the complements of these paths may 
also be “very thin”. For example, Scholz’s result [13] shows that the typical continuous 
/ i s  almost everywhere essentially differentiable to an arbitrary preassigned measurable 
function! And Zajfcek’s recent results [15] show that for every continuous /  the extreme 
derivates are essential derived numbers except on some first category set. They may 
be infinite, of course.)

On the other hand, the sets of relative differentiability of a typical continuous /  
are “genuinely very thin” : Iff \  A is differentiable, then A is bilaterally strongly porous 
at every point of A — in particular A is a nowhere dense null set.
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REGULARITY PROPERTIES OF POLYNOMIALS ON
GROUPS

L. SZÉKELYHÍDI (Debrecen)

1. Introduction

Polynomials play an important role in the theory of linear functional equations. 
In general cases all solutions of linear functional equations are polynomials ([1], [2],
[4], [6], [7], [8], [10], [11]). In this paper we deal with regularity properties of polyno­
mials on groups. Our results can be used to characterize regular solutions of general 
linear functional equations on commutative topological groups and also extend some 
classical results concerning the wellknown Cauchy-, Pexider-, Fréchet-, and square- 
norm-equations ([1], [2], [5], [6], [9]). We note that similar results can be obtained for 
exponential polynomials but these results will be treated elsewhere.

Let G be an abelian group, X  a complex linear space and / :  G —X  a function. 
For all y£G  we define the difference operator Ay on f  by the equation

Ayf(x) = f(x + y ) - f( x )
whenever x€G. Further for all positive integer и and for yt , . . . ,) ’n+1€G let

....У„+1Д*) = ....у„Л(х)
whenever x£G. Especially, if yi = -..=y„+i=y then we use the notation

A"+1f(x )  = Ayi....л+1/(х )
for all x£G. The function/is called a polynomial of degree at most n, if

К .... .,/(* ) =  0
whenever х,у15 ... ,y n+1€G.

Let и be a positive integer and A : G"-*X a function. The function A is called 
и-additive ifit is a homomorphism of G into Xin each variable. For the sake of brevity 
we use the notation G°=G and we call constant functions from G to X  0-additive.

If A : G"-*X is «-additive, then we use the notation

Aw (y) = A(uu  ..., u„)

whenever ul ~ ... — un=y. It is easy to prove that for any A: G" 
symmetric function the equality

4 ,......4<y‘....................................л )
for
for

k — n 
к  >  n

-*X /г-additive,

holds, whenever x, y, y t , ... ,y n£G.
It is wellknown ([3]), that the function / :  G-*X is a polynomial of degree at 

most « if and only if there exist Ak: Gk-*X /с-additive, symmetric functions
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16 L. SZÉK ELY H ÍD I

(к=0, ..., n) such that

/ ( * ) =  2 A P ( x )
к = 0

holds for all x£G. Further this expression for/  is unique in the sense that the Ak’s 
different from zero are uniquely determined.

2. Zeros of polynomials

Theorem 2.1. Let G be a topological abelian group which is generated by any 
neighborhood o f  the zero and let X  be a complex linear space. I f  a polynomial p : G—X  
vanishes on a nonvoid open set, then it vanishes everywhere.

n
Proof. Let p(x) = 2  Akk)(x) where Ak: Gk-*X is a L-additive, symmetric

function (k~0, ..., n). Obviously, it is enough to prove that An=0. As any translate 
of a polynomial is a polynomial again, we may suppose that p vanishes on the neigh­
borhood U of the zero. Then we choose a neighborhood V of the zero such that for 
all x ,y l9 ..., ynd V we have x+ yk+ ...+ yn€U. We obtain

A ( y i >  •••> Уп) =  ......ynp ( x )  =  - iy  2  ( - l ) ' ,- fcp ( x + y i l+ . . . + y ilt)  =  0

whenever x ,y k, ..., yn£ V, that is, A„ vanishes on Vя. Using the n-additivity of An 
and the fact that V" generates G", our statement follows.

Theorem 2.2. Let G be a locally compact abelian group which is generated by any 
neighborhood o f  the zero and let Xbe a complex linear space. I f  a polynomial p: G-+X 
vanishes on a measurable set o f  positive measure, then it vanishes everywhere.

Proof. Using the same notations as in the preceding theorem we show that 
A (nn) =0. Let KczG be a compact set with positive Haar-measure /.AT>0 suchthat 
p  vanishes on K. It is wellknown that the function x-~).(KC\K—xC\... П K —nx) is 
continuous on G, and as its value is positive at the zero, we have that there is a neigh­
borhood UczG of the zero for which y€ U implies X{KC\K—yC\... C\K—ny)>0. 
That is, for all y£U  there exists an x  £K  suchthat x+ ky£K  for k = \,  2, ..., n. 
Then we have

Ain\ y )  =  - ^ A nyp(x) = -iy Д  (-1  )n~kp(x+ ky) = 0,

whenever y£ U. This means that the polynomial A f } vanishes on U, and hence by the 
preceding theorem it vanishes everywhere.
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3. Boundedness of polynomials

Theorem 3.1. Let G be an abelian group and let Xbe a locally convex topological 
linear space. I f  a polynomial p: G— X  is bounded on G, then it is constant.

Proof. Using the same notations as in Theorem 2.1, we show that = 0 for 
n> 0. From the expression

A (J i , —,Уи) = J ] An. = T 7П ! os (- i) p О+Te+• • •+y ik)

which holds for all x, ylt ..., y„€G we see that A„ is bounded. On the other hand, 
for 0 the л-additivity of An implies

A („n) (my) = m"A,(f ( y )

for all y£G and for any positive integer m. Suppose, that A,(f  (xo)A0 for some 
x0dG. We choose a balanced and absorbing neighborhood W a X  of the zero such 
that A I f  (x0) $W  As A{nn> is bounded, there is a real a. for which

mnAf,n)(x0) = A I f  (m x0)^alV

for all positive integers m. Then am- "< 1 for some m, and we have 

A If (x0) = m ~nAln) (mx0)£cnn ~nW c  W, 

which is a contradiction, hence the theorem is proved.

4. Continuity of polynomials

Theorem 4.1. Let Gbe a topological abelian group and let X  be a topological linear 
space. I f  a polynomial o f degree n p: G-+X is continuous, then there are Ak: Gk -^X  
continuous, symmetric, к-additive functions (k=0, 1, ..., n), such that p (x) =
=  2  Akk) (x) holds for x(z G.

J t= 0

Proof. This is a consequence of the formula

A„(yi, ...,y„) = —  An ......ynp(x)

which is valid for all polynomials p: G-*X of the form

P(x) = 2  A[k) (x) (x, y lf ..., y„€G). 
о

Theorem 4.2. Let G be a topological abelian group which is generated by any 
neighborhood o f  the zero, and let X  be a topological linear space. I f  a polynomial 
p : G-~X is continuous at a point, then it is continuous on G.
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18 L. SZÉK EL Y H ÍD I

Proof. Using the notations of Theorem 2.1 , it is obvious from the formula

А (л; —, т„) = ....Упр(х) = 2  (-!)'И! П1 osi.-=...-=it Sn
n—kP(^+Ti,+ - + J i fc)

that An is continuous at the point (0,..., 0). It is enough to show, that A„ is conti­
nuous on Gn, and we may suppose лё1. First we prove that for all k= \, 2, ... ,  n 
and xk+1, ..., x,£G  the function (gt , ..., gk)-~An(gu ... ,g k, x k+1, ..., x„) is con­
tinuous at the zero. Let WczX be a neighborhood of the zero and t/cG  be a neigh­
borhood of the zero for which An(U, ..., U)czW. As G is generated by U, there 
exists a positive integer N, suchthat xk+1, . . . , x n£NU. Further there exists a neigh­
borhood V(~G of the zero such that N n~kVczU. Let gi, •■■,£*€ F, then 
N"~kgi, . . . ,g k£U  and

Л п (g i 5 • • • > Sk > x k +1 > • • • » x u) =

1
N n-k A „ ( N ^ k g l , ga . ■gi, yik+1) +  -..+Fw +1)> VÍ'0 +  ■•+J&0)

where yP, ..., y (f  £ U ( i= k + 1, ..., rí). By the /г-additivity of A„ this latter element of 
X  can be expressed as a sum of N n~k terms, each of them belonging to N"~kW, and 
hence it belongs to W, and our first statement follows.

Now let x lt ...,x ,fG  be arbitrary, then for all gl5 ..., g„€G the difference 
A„(x1+g1, ..., x n+g„)—A„(xi ,  ..., x„) can be expressed as a sum each term of which 
belongs to an arbitrary given neighborhood o f the zero of X  whenever g1, . . . ,g n 
is chosen from an appropriate neighborhood of the zero of G by the statement proved 
above. This implies the continuity of A„ at (хг, x„).

Theorem 4.3. Let Gbe a topological abelian group which is generated by any neigh­
borhood o f  the zero and let X  be a locally convex topological linear space. I f  a poly­
nomial p : G—X  is bounded on a nonvoid open set, then it is continuous.

Proof. Using the notations of Theorem 2.1, one can see that An is bounded on a 
neighborhood of the zero in Gn. Let i/cG  be a neighborhood of the zero for which 
An(U, ..., U) is bounded in X. It is enough to prove that A,(f  is continuous at the 
zero. Supposing the contrary there exists a balanced and absorbing neighborhood 
WczX of the zero such that every neighborhood of zero in G contains an element z 
for which Ж On the other hand, there exists a positive integer N  with the
property An(U , ..., U)<zNW. Let be an integer and let VczG be a
neighborhood of the zero for which mVczU and z£V  suchthat A<tn)(z)$W  Then 
mzZU, and hence A("Hmz)(iNW, but A jf  (mz)=m" A jf (z) (£ m"W. On the other 
hand, mn Wz> NW, which is a contradiction and our theorem is proved.

5. Measurability of polynomials

Theorem 5.1. Let Gbe a locally compact abelian group which is generated by any 
neighborhood o f  the zero and let X  be a locally convex topological linear space. I f  a po­
lynomial p: G-+X is bounded on a measurable set o f positive measure, then it is con­
tinuous.

A c ta  M a th e m a tic a  H u n g a rica  45, 1985



R E G U L A R IT Y  PROPERTIES O F  POLYNOM IALS O N  GROUPS 19

Proof. By the conditions p is bounded on a compact set KczG with XK>0. 
Let UczGbe a neighborhood of the zero, for which x£ U implies KC\K—jcfl... 
... ПА— nx^Q. Then there exists ydG suchthat у, y+ x , ..., y+nx£K. Using the 
notations of Theorem 2.1 we have

Л<">(*) = ± Л 1 р (у) =  r - kp{y+ kx \

and this means that A jf  is bounded on U. Then by Theorem 4.3, our statement fol­
lows.

Theorem 5.2. Let G be a locally compact abelian group which is generated by any 
neighborhood o f the zero and let X  be a locally convex and locally bounded topological 
linear space. I f  a polynomial p: G-+X is measurable on a measurable set o f  positive 
measure, then it is continuous.

Proof. By the conditions p is measurable on some compact set К with ЛК>0. 
Let W a  X  be a bounded, balanced and absorbing neighborhood of the zero and let

A„ =  (x: р(х)£п1У}ПК (n =  1 ,2 ,...).
CO oo

As |J  nW=X, it follows U A„=K, and A„cAn+1 implies lim ЛА„ = ЛК.
л =  1 п=1

Finally we have that p is bounded on some measurable set of positive measure, and 
by Theorem 5.1 our statement follows.
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REGULARITY PROPERTIES OF EXPONENTIAL 
POLYNOMIALS ON GROUPS

L. SZÉKELYHÍDI (Debrecen)

1. Introduction

In a recent paper [13] we have studied regularity properties of polynomials on 
groups. The results extend some classical theorems and can be applied in the theory 
of functional equations [1], [8], [9], [10]. Besides polynomials, another important class 
for the applications is the class of exponential polynomials. The present paper is devo­
ted to the study of regularity properties of exponential polynomials on Abelian 
groups.

Concerning polynomials we shall use the same notations and terminology as in 
[13]. Concerning exponential polynomials one can find further investigations and 
results in [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12].

If G is an Abelian group, then every homomorphism of G into the multiplicative 
group of nonzero complex numbers is called an exponential. If H  is a complex vec-

It

torspace and a function / :  G— H  can be expressed in the form / =  2  where
t=i

Pi: G-+II is a polynomial and mp. G-*C is an exponential, then f  is called an expo­
nential polynomial. If further [m;j — 1 and pt is constant for all i, then f  is called a 
trigonometric polynomial.

As in the case of polynomials, here we shall also use difference operators on G. 
Concerning the notations and definitions see [13].

We shall often use the following two lemmas which can be proved easily by 
induction:

Lemma 1.1. Let G be an Abelian group, H  a complex vectorspace, m: G-+C an 
exponential, p: G-+H a function and f=mp. Then for all x, y£G we have

Ay f i x )  =  m(x) 2 q (m(y)~  1 )N~kA*p(x+ (N — k)y).

Lemma 1.2. Let G be an Abelian group, H  a complex vectorspace, A: G-*H an 
n-additive symmetric function, q : G-+H a polynomial o f degree at most n—1, and 
f= m (A ^+ q ). Then for all y£G there exists a polynomial qy: G-*H o f degree at 
most n — 1 such that for all x£G we have

A"f(x) = m (x) [(m (у) - 1  )nA (n) (x)+ qy (*)]

(Here A(n) denotes the diagonalization of A, that is the homogeneous polynomial of 
degree n generated by the л-additive symmetric function A.)
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2. Zeros of exponential polynomials

Theorem 2.1. Let G be an Abelian group, H  a complex vectorspace, mp. G- С ш
П

exponential and pp. G-*H a polynomial (/=1, I f  2  miPi~0, then p ,= 0
(l =  l, ...,7l). i = 1

Proof. We prove the statement by induction on и. It is trivial for n=1 , hence we 
suppose that it is proved for n ^ k —1. Assume that n = k ^ 2 ,  and let Pi=A\ni) +<?; 
where Ap is an «-additive symmetric function with diagonalization Af"l>,
and qp. G-+H is a polynomial of degree at most 1 ( i= 2 ,...,«). Further 
suppose that pt is of degree N. Obviously, it is enough to show that Al"2> =0. Let 
y£G suchthat m2(y)?±mi(y). By Lemma 1.2 we have

^ y +1Pi(x)+ 2  mi{x)ml (x) - 1 [ ( m ,O ) O )  _1 -  1)N+1 Ai(n')(x)+ qi%y(*)] =  0
i=2

where ql>y: G—H  is a polynomial of degree at most и,—1. Then we obtain the 
equality

2  mi(x)l(mt(y)m1(y)-1- i y ,+1AF>(x)+qi'y(x)'] = 0,
i=2

and by our assumption it follows for /= 2 ,. . . ,  n and x£G
(mi (y) m1(y)~1 — \)N+1A w  (x) + qu y (x) =  0.

Here qity is of degree at most щ—1, and by «72(>)m1(_y)~1^  1 the first term for i= 2 
is of degree n2, hence our statement follows.

We remark that by the above theorem the representation of exponential poly­
nomials with different exponentials is unique. In the topological case the above theo­
rem has two generalizations concerning the zeros of exponential polynomials. Here 
we cite only the results, each of them is proved in [11].

Theorem 2.2. Let G be a topological Abelian group which is generated by any 
neighborhood o f  zero and let H  be a complex vectorspace. I f  an exponential polynomial 
f :  G-+H vanishes on some nonvoid open set, then it vanishes everywhere.

Theorem 2.3. Let G be a locally compact Abelian group which is generated by any 
neighborhood o f zero and let H  be a complex vectorspace. I f  an exponential polynomial 
f :  G-+H vanishes on a measurable set o f  positive measure, then it vanishes every­
where.

3. Boundedness of exponential polynomials

Theorem 3.1. Let G be an Abelian group, H  a locally convex topological vector- 
space, and f :  G-»H an exponential polynomial. I f f  is bounded, then it is a trigono­
metric polynomial.

П
Proof. Let f=  2  mtРь where mp, G —C is an exponential, т ^ т у  for

i=i
iA j, pi'. G-*H  is a polynomial and p^ 0 ( i ,j= \, ..., ri). We prove by induction
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on n. Let 72—1 and f=m p  be bounded. If p is of degree zero, that is constant, then 
m is bounded. Indeed, otherwise there would exist a sequence {r„}cG for which 
|772(xn) |= 72. On the other hand, if W(zH  is a balanced neighborhood of zero and 
p$W, then there is an a >0 for which m(x„)p£ocJV (n = 1,2...). As |72772(x„)-1|^ l ,  
hence np=nm(xn)~ 1m(x^p£aW. For n we have a72-1< l ,  and hence p^an^W aW , 
which is a contradiction. That is, 772 is bounded. If at a point x0£G, |ти(х0) |#  1, 
then |tí2 (x0)| or \m(— x„)| is greater than 1, and hence m(nx0) or m(—nx0) 
has arbitrary great absolute value, contradicting the boundedness of m. Suppose 
now that we have proved our statement whenever p is of degree at most N — 1, 
and let p be of degree A s l .  Then there exists y£G  suchthat p{x+y)^-p  (x), that is 
Ayp is not identically zero, and it is a polynomial of degree at most A —1. 
Further, for xd G

m{x)Ayp{x) — m (y )-1m (x+ y)p(x + y)-m (x)p (x )
is valid, which implies that mAyp is bounded. Hence by induction jwj = 1, and this 
implies that p is also bounded. Then p is constant by the results of [13].

Now suppose that we have proved the theorem for 7 2 — 1 and let пШ2. Let 
Pi~A[ni) +qh where Ap Gn‘-»H is тгг-additive and symmetric with diagonalization 
A[ni) and qp G—H  is a polynomial of degree at most — 1 (2 =2, ...,тг). It is 
enough to prove that \m2\ = \ and A(2"2) is constant. Let y£G  such that т2(у ) ^  

T̂72i (y). If A denotes the degree of p±, then by our assumptions and by Lemma 1.1 
we have

2  mt (*) [(mi O') O')“1 - í ) N+1A fn‘> (x) + qiiy(x)] =
i = 2

N + l  /ЛГ i 1 \
= 2  {  k J(»,1(y)-1- i ) ,,+1" ‘^ / ( * + ( ^ + 1- fe)J')-

Here qUy: G—H  is a polynomial of degree at most тгг — 1 (i—2 , ..., ti) and 
/ :  G-+H is a bounded function. By induction it follows that (772i(y)7721(y)_1—l)iV+1 
А\щ) 0 implies |т г| = 1 and А-щ) is bounded. As the condition surely holds for 
i —2, our theorem is proved.

4. Continuity of exponential polynomials

Lemma 4.1. Let G be a topological Abelian group, H  a locally convex topological
П

vector space and f :  G-+H a continuous exponential polynomial. Then f  = 2  Pi^h
i = 1

where pp G-*H is a continuous polynomial and mp G—C is a continuous exponen­
tial (2*— 1 ,  . . . ,  7 2 ) .

Proof. Using the notation of Theorem 3.1, we can prove similarly, with the only 
difference in the case 72 =1. Let f —mp be continuous, where p: G-*H is a poly­
nomial, p^O, and m: G-+C is an exponential. If p is of degree 0, that is constant, 
then we show that m is continuous at zero. Obviously 722(0 ) =  1, and if m were not 
continuous at zero, then we could find an e>0 and a sequence {x„}cG with x„-»0 
and 1772(лт„) — 1 ] =T8. Let WczH be a balanced neighborhood of zero with p \W .
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As x —m(x)p is continuous, hence m(x„)p — pdvW, whenever и is large enough. 
On the other hand, e\m(x„) — l | _1S l  hence epdsfV and pd W, which is impossible. 
That is, m is continuous at zero, and by the exponential property it follows its con­
tinuity everywhere. The remaining parts can be proved in the same way as in 
Theorem 3.1.

T heorem  4.2. Let G be a topological Abelian group, which is generated by any 
neighborhood o f  zero, H  a locally convex topological vectorspace, f:  G-+H an expo­
nential polynomial. I f  f  is continuous on some nonvoid open set, then it is continuous on 
G. I f  f  is bounded on some nonvoid open set, then it can be expressed in the form  f=

П

— 2  mi7iPi> where yp. G-+C is an exponential with |уг| =  I, mp G—C is a con-
i=1

tinuous exponential and pp G->-H is a continuous polynomial (7=1,..., n).
Pro o f . We use the notations of Theorem 3.1 supposing th a t/ is  continuous on 

the neighborhood t / c  G of zero. We prove the statement by induction on n. First let 
f= m p, and suppose that p is of degree 0, that is constant. Then m is continuous on 
u, and its exponential property implies its continuity everywhere. Suppose that we 
have proved our statement for all p of degree at most N — 1 and let the degree of p 
be N>- 1. Let F cG  be a neighborhood of zero for which V+ Vcz U. As G is gene­
rated by V, it is easy to see, that there exists a yd V forwhich Ayp  is not identically zero 
on V. On the other hand, the degree of Ayp is at most N — 1 and in the equation

m(x)Ayp(x) = m(y)~ Xf { x + y) —/ (x)
the right hand side is continuous on V, hence by induction we have the continuity of 
m. Then, of course, p is continuous on u, and hence on G by [13].

Returning to the original statement of the theorem we suppose that it is valid 
for Ti — 1. Then for all xd G we have

П

Pi(x)+ 2  mi(*)mi(x)_1 Pi(л') =  “ iM 'V W -  
1 = 2

We show that for example m2 and p2 are continuous. If px is of degree N, then by 
Lemmas 1.1 and 1.2 we obtain for all x,ydG

2  mi (*) [("h O’) OO -1 - 1)*+1Л i(ni) (x) + qity O)] =
i= 2

=  Д  1)(»b(>’)_1- l ) iV+1_*‘7dJ/(x+(A +l-/c)j;).

Here 77; is the degree of ph Ap. G"-—Я  is n;-additive and symmetric, and qi>y: G-+ 
-+H is a polynomial of degree at most 77; —1 (7=2, ...,n). Let VaG  be a neigh­
borhood of zero for which x, yd V implies x + (N + 1 —k)yd U (k= 0 ,1 ,..., N + 1). 
Then the right hand side of the above equation is continuous on V for all fixed yd V. 
As т±Ат2, there exists yd V such that m2(y)m1(y)~1 — l ^ 0 . Indeed, supposing 
the contrary the exponential property of mx and m2 together with the fact that V 
generates G would imply mx*=m2. Returning to the above equation, choosing 
yd V with this property, the coefficient of m2 on the left hand side is different from
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zero, hence by induction, m2 and its coefficient are continuous on G. As is of 
degree at most h2 — 1, hence A2 is continuous. Now we can apply our argument for 
the function

É  Р 1Щ + (Р г-А ^)т 2
i= l
Ш 2

and hence the first statement of the theorem is proved.
For the proof of the second part we assume th a t/is  bounded on U, and we prove 

by induction again. The case n = 1 means that f= m p  is bounded on U. Here we 
prove by induction on the degree of p. As above, it is enough to show, that if the 
exponential m : G->-C has the property that the function x —m (x)h  is bounded on 
U for some nonzero ltd II, then m —py, where y: G-+ C is an exponential with 
|y] =  l, and p: G-+ C is a continuous exponential. Let Wc.H  be a balanced and 
absorbing neighborhood of zero for which h $W, and let a. >0 be such that m (x) h € ctlV 
for all x£G. If m is unbounded on U, then there exists x£U  with |m(x)|>a and 
hence am(x)~1WczW, further h€ocm(x)~1Wc:W, which is a contradiction. Let 
p=\m\ and y=m\m\~1. Obviously |y| = l and p>~0, further y, p: G-+C are 
exponentials. If A = In p, then A  is additive and bounded on U, hence by [13] it is 
continuous. Finally m = yexpA  which was to be proved in the case n= 1. From 
now on the proof continues just like in the case of the first statement.

5. Measurability of exponential polynomials

T heorem  5.1. Let G be a locally compact Abelian group which is generated by any 
neighborhood o f  zero, H  a locally convex and locally bounded topological vectorspace, 
f:  G-+H an exponential polynomial. I f f  is measurable on some measurable set ofposi­
tive measure, then it is continuous. I f f  is bounded on some measurable set o f positive

n
measure, then it can be expressed in the form f — 2} ЩЬРь where mh yt, pL are

i = 1
the same as in Theorem 4.2.

P roof. Using the notations of 4.2, let K aG  be a compact set with 0 and /' 
measurable on К (A denotes a Haar-measure on G). Using the local boundedness of I I  
we may assume that /  is bounded on K. First let n — 1 and f —mp, where p is 
constant. By the same method as above we obtain that m is bounded on K, and hence 
on K+K  too, but this latter set by the Steinhaus theorem has a nonvoid interior. 
By theorem 4.2. m=py, where p, у ; G—C are exponentials, p is continuous 
and |y| = I. Thus у is measurable on K. Let s> 0  be arbitrary. It is wellknown, that 
there exists a neighborhood UczG of zero such that

/  \У ( x + У) - У O') I dk (y)  <  eXK
К

for xdU. On the other hand,

IK * ) - ! !  =  / | K * ) - 1 | ^ 0 0  = f  \ y (x+y) - y (y ) \dX(y )<E
К к.
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whenever x£ U, that is, у is continuous at zero. But this implies the continuity of y, 
and of m everywhere.

Now let p be of degree iV> 1 and suppose that the first statement is proved if 
71=1 and p is of degree at most N — 1. Let UcG  be a neighborhood of zero for 
which y£U  implies 1{KC\ (Ä—y))>0. Let y£ U be an element, for which Ayp is not 
constant. These choises are possible in view of Steinhaus theorem and the fact that U 
generates G. By the identity

m(x)Ayp(x) =  m ( y ) - 1f ( x + y ) - f ( x )

we see that mAyp is measurable on the set КГ\(К—у) o f positive measure, and 
hence by induction we have our statement for n=\. From this step the proof con­
tinues just like in Theorem 4.2.

The second statement of our theorem can be proved similarly, and even in the 
case 7i=1 the above proof works literally except the measurability of y, but in this 
case it is not needed.

References

[1] Aczél, J., Lectures on Functional Equations and Their Applications, Academic Press (N ew  York
and London, 1966).

[2] P. M. Anselone, J. Korevaar, Translation invariant subspaces o f finite dimension, Proc. Amer.
Math. Soc., 15 (1964), 747—752.

[3] F. W. Carroll, A difference property for polynomials and exponential polynomials on  abelian
locally compact groups, Trans. Amer. M ath. Soc., 114 (1965), 147—155.

[4] M. Engert, Finite dimensional translation invariant subspaces, Pacific J. Math., 32  (1970),
333—343.

[5] P. G. Laird, On characterization of exponential polynomials, Pacific J. Math., 80 (1979),
503—507.

[6] M. A. McKieman, General solution of quadratic functional equations, Aequationes Math,
(1970).

[7] M. A. McKieman, Measurable solutions o f  quadratic functional equations, Colloq. Math.,
35 (1976), 97.

[8] R. C. Penney, A. L. Rukhin, D ’Alembert’s functional equation on  groups, Proc. Amer. Math.
Soc,. 77 (1979), 73— 80.

[9] A. L. Rukhin, The solution o f  functional equations o f d’Alembert’s type for commutative groups,
Mimeograph Series 79—23, Dept, o f  Statistics, Purdue University, 1979.

[10] L. Székelyhídi, Functional equations on Abelian groups, Acta M ath. Acad. Sei. Hungar., 37
(1981), 235—243.

[11] L. Székelyhídi, On the zeros o f  exponential polynomials, C. R. M ath. Rep. Acad. Sei. Canada,
Vol. IV (1982), 189— 194.

[12] L. Székelyhídi, Notes on exponential polynomials, Pacific J. Math., 103 (1982), 583— 587.
[13] L. Székelyhídi, Regularity properties of polynomials on groups, Acta Math. Hung., 45 (1985),

15— 19.

(Received September 24, 1982)

D EPA R TM EN T O F M ATHEM ATICS 
UNIVERSITY O F  DEBRECEN 
H-4010 D EB R EC EN , PF. 12

Acta Mathematica Hungarica 45, 1985



Acta Math. Hung. 
45(1—2) (1985), 27—32.

ON «-CONTINUITY IN TOPOLOGICAL SPACES
I. L. REILLY* and M. K. VAMANAM URTHY (Auckland)

1. Introduction

Let S' be a subset of a topological space (X, ST). We denote the closure of S  and 
the interior of S with respect to 9~ by ST cl S and ST int S  respectively, although we 
may suppress the ST when there is no possibility of confusion.

D efinition 1. A subset S of (X , ST) is called
(i) an а-set if S c .T  int (ЗГ cl {ST int 5)),

(ii) a semi-open set if Sc. ST cl (ST int S),
(iii) a preopen set if S c S Í  int {ST cl S).
These three concepts were introduced by Njástad [5], Levine [1], and Mashhour 

et al [3], respectively. Njástad used the term ß-set for a semi-open set. Any open set in 
(X, ST) is an а-set, and each я-set is semi-open and preopen, but the separate converses 
are false. Theorem 3 below shows that a subset of (X, ST) is an я-set if and only if it is 
semi-open and preopen.

Following Njástad [5] we denote the family of all а-sets in (X, ST) by ST*, rather 
than by the notation a(X) of [2] and [4]. The families of all semi-open sets and of all 
preopen sets in (X, ЗГ) are denoted by SO (X) and PO (X) respectively. Njástad 
[5, Proposition 2] proved that STX is a topology on X. It is unusual for either SO (X) or 
PO (X) to be a topology on X. For example, Njástad [5, Corollary to Proposition 7] 
has shown that SO (X) is a topology on X if and only if (X, Si) is extremally discon­
nected. The complement of an а-set in (X, SP) is called an а-closed set. Semi-closed 
and preclosed sets in X are similarly defined.

The concepts of а-continuity and а-open mapping have recently been introduced 
by Mashhour et al. [4].

D efinition 2. A function / :  (X, .T )^ (Y , aU) is called
(i) а-continuous if the inverse image of each open set in (Y, °U) is an а-set in

(Y  ^ ) ,
(ii) a-open if the image of each open set in (X, ST) is an а-set in (X, %).
One purpose of this paper is to show that the distinction made in [4] between the 

concepts of а-continuity and continuity, and between the notions of а-open mapping 
and open mapping, must be interpreted very strictly. Indeed, we observe (in Theorem 
1 below) that if the domain space of an a-continuousmapping/isretopologizedin an 
obvious way, then the mapping /  is simply a continuous mapping. Furthermore, as 
Theorem 2 indicates, if the codomain space of an а-open mapping g is retopologized 
appropriately, then the mapping g is simply an open mapping. These observations

* The first author acknowledges the support of the University of Auckland Research Fund.

Acta Mathematica Hungarica 45, 1985



28 I. L. REILLY A N D  M . K . V A M A N A M URTHY

put these notions of а-continuity and а-open mappings into a more natural setting, 
and enable us to provide immediate proofs of many of the results in [4]. In Section 
4, we give factorization results for these classes of mappings, and Section 5 relates 
these classes to the a-irresolute mappings of [2].

2. a-continuity

Here we examine the relationship between the concepts of continuous mappings 
and а-continuous mappings.

Theorem 1. The mapping f : (X, S~)->-(Y, 6ll) is a-continuous i f  and only i f  
f:  {X, S'*)-*(Y, JU) is continuous.

Proof. We have / :  (X , Y) —(Y, W) is а-continuous if and only if f ~ x(B)^S*  
for all that is if and only if f :  (X, Y*)—(Y, Щ) is continuous. □

The observation of Mashhour et al. [4] that continuity implies а-continuity is 
simply a reflection of the fact that S ' d  IT* in the lattice of topologies on X. They show 
by example [4, Example 1.4] that if one takes the topology on X  as fixed, then the 
notions of continuity and а-continuity are distinct. Theorem 1 indicates that these 
concepts are the same if one is willing to change the topology on X  in the appropriate 
manner. Then [4, Example 1.4] can be regarded as the statement that the set 
C((X, Y), Y) of continuous functions from (X, Y ) to Y  is a proper subset of 
C((X, S'*), Y), and this is not surprising.

Proposition 1. I f  A is a subset o f  (X, Y) then
Y c lT  d> Г с У  3  Y  cl (Y int (ST cl A)).

Proof, (i) S ' cl A is Y  closed and hence S'* closed, and A d s '  cl A so that 
Y a cl А аЗ~  cl A.

(ii) We use the fact that a set В in (X, S ')  is S'* closed if and only if 
S ' cl (S ' int (S' cl B ))dB . If we take B = S*  cl A then A d  В so that 
S ' cl (S ' int (S~ cl A))dS~  cl (S' int (S~ c l))c 5  since В  is S~* closed. □

The following examples show that the inclusions in Proposition 1 are proper. 
If A is a non-empty S~ closed set with empty S ' interior, then cl (int (cl A))= 0^  
r/íS'* cl A. On the other hand, if (X, S ')  is the reals with the usual topology and
T=[l,2]u{-^-: 7i€n | ,  then cl (int (cl Л))=[1, 2]dA  so that A is S'* closed and
A = S'* cl A, while we have S ' cl A — A U {0}.

From Proposition 1 we can obtain equivalences for parts (iv) and (v) of Theorem
1.1. of [4].

Proposition 2 . I f f ' .  (Y, Y )—( Y, all) is a mapping, then
(iv) f ( S  cl (.Yint (S ' cl A)))dÚU cl f (A )  for each A d X  

i f  and only i f
(iv)' f (S *  cl A )d d l cl f(A ) for each A dX .
P roof, (iv)' implies (iv) since by Proposition 1

f(S ~  cl (S' int (S ' cl A))) d  f  (S'* cl A).
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Conversely, to show that (iv) implies (iv)', let A cX , C~ °tl cl f(A ) and 
B = f~ 1(C). Then by (iv) f(.Tc\ {ST int (ST cl B)))c *  clf{B)czW  cl C= C. Hence 
ST cl (ST int {ST cl jB))c; / -1(C )-5 , so that В is 2Г* closed. Now A c f ~ 1(f(A))<z 
с / _1(С )= Д  so that S'* cl A cz^-“ cl B=B. Thus we have that f(STx c\A)c: 
c f (B ) c C = ad cl f(A )  as required. □

The following result can be proved in a similar way.
P roposition 3. I f f :  (X, ST)-+{Y, °ll) is a mapping, then
(v) .X cl (jX int (,T cl cl M) for each Mez Y,

i f  and only i f
(v)' A xc lf~ 1(M )c f~ 1(adcl M ) for each MczY. □
Propositions 2 and 3 reveal that Theorem 1.1 of Mashhour et al. [4] is a restate­

ment of the standard equivalent characterizations of the continuity of the mapping 
/ :  (X,.T*)^(Y,% ).

Lemma 1.1 and Theorem 1.3 of [4] raise the question of when ST*\A equals 
(fT\Ay  for a subset A of (X, ST). We observe that Lemma 1.1 is no longer true 
for A $ PO (X). If (X, ,X) is the space of Example 1.4 of [4], and A =  {b, c} then 
dT int A —0 so A $ PO (X). Let B={a,b}. Then B£a(X) but B{~\A = (b}\a(A). 
We have that ST\A is indiscrete so that (T\AY is indiscrete, while STaj A is the discrete 
topology on A.

Lemma 1.2 of [4] follows immediately from the observation that ST* is a topology 
and the definition of subspace topology. Using our Theorem 1, Theorem 1.4 of [4] 
can be regarded as part of the standard result of the preservation of continuity under 
the piecewise definition of maps. There is a similar result if the family {Up. i f f }  of 
[4, Theorem 1.4] is a locally-finite collection of A~x closed sets.

3. а-open and а-closed mappings

The relationship between the notions of а-open mapping and open mapping is 
given by the following result whose proof is an immediate consequence of the defi­
nitions.

T heorem 2. The function / :  (X, 2T)^(Y, /Jll) is an а-open mapping i f  and only i f  
f :  (X, ,T )^(Y , óWr) is an open mapping. □

The fact that ŐUezúlU implies that each open mapping is an а-open mapping. 
If we take the topology on Y  as fixed, then a distinction can be made as in [4, Example 
2.3] between the notions of а-open mapping and open mapping. Theorem 2 above 
indicates that conceptually there is no distinction if one is willing to retopologize the 
codomain in a suitable fashion.

Exactly similar comments apply to the class of а-closed mappings introduced and 
studied in [4], since / :  (X, °li) is а-closed if and only if / :  (X, lY) —
-»(Y,^*) is closed.

Definition 2.2 of [4] is simply that of the closure of a subset in (X, ,T). This 
observation together with Theorem 2 above indicates that Theorems 2.1, 2.2 and 2.3 
of [4] provide restatements of the basic characterizations and properties of open and 
closed mappings.
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4. Comparisons

In this section we provide ‘factorizations’ of the notions of а-continuity and 
а-open (a-closed) mappings. The following classes of mappings were introduced in
[1] and [3].

D efinition 3. A function / :  (X, <Щ is called
(i) semi-continuous (abbreviated as s.c.) if the inverse image of each open set 

in У is semi-open in X,
(ii) semi-open if the image of each open set in X  is semi-open in У,
(iii) precontinuous (abbreviated as p.c.) if the inverse image of each open set in 

Y is preopen in X,
(iv) preopen if the image of each open set in X  is preopen in Y.
Our ‘factorizations’ depend on the next result that &~x =  SO (X) П PO (X).
Theorem 3. A subset S  o f a topological space (X, .T) is an ос-set i f  and only i f  S 

is semi-open and preopen.
Proof. One implication, namely ^"acSO  (X)fi PO (X), is clear since closure 

and interior respect inclusion.
Conversely, let S' be semi-open and preopen. Then since S is semi-open we have 

S c  cl (int S), so that cl S c  cl (cl (int S))=cl (int S), and hence int (cl S )c  
c in t (cl (int S)). But since S is preopen, S c in t (cl S) so that Scin t (cl (int S)), 
that is S is an oc-set. □

Mashhour et al. [4, Theorem 3.1] have given an alternative proof of the following 
characterization of a-continuity.

Corollary 1. The function f \  (X, .T)-+(Y, Ш) is a-continuous i f  and only i f  
it is semi-continuous and precontinuous.

Proof. That/ is а-continuous implies / is s.c. and /  is p.c. follows immediately 
from the definitions, as observed in [4].

Conversely, let / b e  s.c. and p.c., and let Fbe an open set in Y. Then / -1(F)€ 
6SO (А)П PO (X), so that / -1(K)£^'a by Theorem 3, and hence/is я-continuous.

Corollary 2. The function f : (X, ST) -* ( У, '¥) is у-open i f  and only i f  it is semi­
open and preopen.

Proof. One implication is immediate from the definitions, see [4].
Conversely, le t/b e  semi-open and preopen, and let U be an open set in X. Then 

/(t/)£SO  (У)ПРО (У), so by Theorem 3,/([/)£"#*, and hence/is a-open. □
We have the analogous result for the class of я-closed mappings, / : (X,

-*(У, °U) is я-closed if and only if it is semi-closed and preclosed.

5. a-irresolute mappings

The class of a-irresolute mappings was introduced by Maheshwari and Tha- 
kur [2].

D efinition 4. A function / : (X, (У, °U) is a-irresolute if the inverse image
of every а-set in У is an а-set in X.
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An alternative characterization of a-irresolute mappings is available immedia­
tely from the definition. We have that / : (Z, 2T)-*(Y, °U) is a-irresolute if and only 
if / : (X, IXх) -*(Y, °UX) is continuous. It is clear that/ is a-irresolute implies tha t/  
is а-continuous. Example 1 shows that the converse is false.

Example 1. Let X — {a, b, c, d} and Y={x,y,z},  and define topologies 
X —{f),X, {a}, {b,c}, {a, b, c}\ and ® ={0, Y, {a}}. We define f : X - * Y  by 
f(a)=x, f(b)= y, f{c)= f(d)= z. Note that 2ГХ=9~ and %*—{$, X, {a}, {a, y),  {a, z}}. 
Then /  is а-continuous, but not a-irresolute since /~ ]({x, y}) = {a, b }$X x.

We observe that Theorem 3.2 of [4] shows that if/  is preopen as well as a-con- 
tinuous then /  is a-irresolute. Our next example shows that this implication is not an 
equivalence.

Example 2. Let (X, ,X) and (F, all) be defined as in Example 1. Then we have that 
PO (F) =  °llx. We define h : Z —F by h(a)=h(d)=z, h(b)=h(c)=x. Then h is 
a-irresolute, but It is not preopen since h( {a}) = {z) is not preopen in F.

Thus our next result is an improvement of Theorem 3.3 of Mashhour et al.[4].
Proposition 4. I f  f  : (X, 5")—(F, al/f is a-irresolute and g: (Y, °U) — (Z, У, 

is я-continuous, then g o f : (X, .X)-^(Z, iX) is я-continuous. □
D efinition 5. The function / : (X, ST) — (F, ull) is called
(i) irresolute if the inverse image o f each semi-open set in F is semi-open in X,
(ii) pre-irresolute if the inverse image of each preopen set in F is preopen in X.
We observe immediately that if / is  irresolute then it is semi-continuous, and iff

is pre-irresolute then it is precontinuous. In Example 1, SO (X)=^YU{{a, d}, {b, c,d}} 
and SO ( Y') = aU!l so that the function f  is semi-continuous but not irresolute since 
/ -1({a, _y})(£SO (X). In Example 3 below the function j  is precontinuous but not 
pre-irresolute.

In Theorem 3.4 of [4] it is shown that if/ is а-open in addition to being precon- 
tinuous then/is pre-irresolute. Example 1 shows that the converse is false. There we 
have that PO (Z) =  ̂ r U{{6}, {c}, {a, b}, {a, c}, {a, b, d }, ;{a, c, </}} and PO(F) = 

The function/is pre-irresolute but it is not a-open since f({b, c))= {y, r}(t V .
Corresponding to Proposition 4 we have the following results, the proofs of 

which are straightforward.
Proposition 5. Let f : (X ,.T )^ (Y , Щ and g: (F, %)- ( Z ,Г).
(i) I f  f  is irresolute and g is semi-continuous then g o f  is semi-continuous.

(ii) I f  f  is pre-irresolute and g is precontinuous then g o f  is precontinuous. □
Our next result relates these classes o f ‘irresolute’ mappings.
Proposition 6. I f  f :  (X, d~)-+(Y, °ll) is irresolute and pre-irresolute then f  is 

a-irresolute.
Proof. Let V be an а-set in F. By Theorem 3, V  = SO (F)flPO (F). Since/is 

irresolute and F€SO (F ) we have / -1(F)6SO (Z). Similarly,/is pre-irresolute and 
F6PO (F) implies / “ /L ^ P O  (Z). Hence / - J(K)€SO (Z)PlPO (X )= 2T \ so 
that/ is a-irresolute.

That the converse of Proposition 6 is false is shown by the following example.
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Example 3. Let (7, °U) and (X, ST) be as in Example 1, and define the function 
j:  (7, °U)-*(X, ,iT) by j(x)=b, j(y )= c , and j(z )  = d. Then/is a-irresolute. But /  is 
not irresolute since j  _1 ({a, d}) =  {z}$SO (7), nor is / pre -irresolute since j~\{c}) =  
=  {y}íPO(7).
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ON HYPERSURFACES OF FINSLER SPACES 
CHARACTERIZED BY THE RELATION Maß= ehaß

В. N. PRASAD (Gorakhpur)

The relation between induced and intrinsic connection parameters of a Finsler 
hypersurface and the heridity properties of special Finsler spaces depends, to a large 
extent, upon a tensor Myß ([1], f 14], [15]). Some properties of Finsler hypersurfaces 
with Mxß=0 have been studied by Brown [1]. In this paper we shall study those 
Finsler hypersurfaces for which Mxß = ghxß where q is a scalar function and hxß are 
the components of an angular metric tensor. In a hypersurface of a oreducible 
Finsler space Maß is of this form. It has been shown that the hypersurfaces of some 
special Finsler spaces are Finsler spaces of the same type if the hypersurfaces are 
characterized by the relation Maß — ghxß.

1. Fundamental formulae

Let Fn be an и-dimensional Finsler space equipped with metric function F(x, x). 
Let Fn_1 be a hypersurface of Fn given by the equation х ‘~х'(и*)*. Suppose that 
the functions x'(u“) are at least of class C2 and the matrix whose elements are

• ( Ox* \ is of rank n — 1. The element of support x' of F„ is to be taken tangential 
t o i . e .
(1.1) х ‘ = В‘айх.
II gijipc, лг) denotes the metric tensor of Fn then the induced metric tensor on Fn ^  is 
given by
(1-2) g%p(u, ü) = gijix, x)B‘xBJß.
At each point of the hypersurface a unit normal vector N '(x, x) is defined by
(1.3) (a) gij(x, x)N l(x, x)B{ =  0, (b) gtJ(x, x )N ‘(x, x)NJ(x, x) =  1.
If (Ni, Bf) are the vectors dual to the vectors (N \ B‘x) then we have

f (a) Bf (x, x) =  ga“ (u, u)gij (x, x) B j,
1 (b) Nt (x, x) = gij (x, x)Nj (x, x),

g^B^Bj, = giJ- N ‘Nj.

(1.4)

(1.5)

* Throughout this paper the Latin indices /7, 1, / ,  k , ... vary from 1 to / 7  while Greek indices 
a ,  ß , ;/, Ő, ... vary from 1 to / 7  — 1.
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If Г%(х, x) denotes the Cartan’s connection parameter of F„ then the induced con­
nection parameter Г%*(и, й) of F„_1 is given by
(1.6) П*(и, Ü) = B f(B ^+ r% B jB ^

(ft X*where = );. If Ay and Cijk denote the angular metric tensor and (h)hv the
torsion tensor of Fn then from (1.1) and (1.2) it follows that the corresponding ten­
sors of Fn_x will be given by
(1.7) (a) K„ = h ijB iB j, (b) Caßy =  CiJkB‘xB jBky.
If Pß4 is the intrinsic connection parameter of Fn_x then [14]
( 1.8) t*ßn-F %  =  A%n,

(1-9) A ß = g:,iAiß,l = (MnxQßn + Mß7Qnü — Mßn fíj,,) —
“ {Miß Cxn + Mőtl C*ß — M dx Cßn) ß 00,

where
(1.10) (a) M xß — CiJkN kB‘xB j , (b) Qxß = N^B'ß + r ^ B iB ^ r
and 0 denote the contraction with the element of support u".

2. Finsler hypersurfaces with Maß — ghXß

A Finsler space Fn is said to be a c-reducible [4] Finsler space if its (h)hv torsion 
tensor Cijk is of the form

(2.1) Cijk — -- (Cihjk+Cjhki + Ckhij)

where C; = C!jk g 'k is the torsion vector. From (1.1) and (1.3) it follows that
(2.2) hijN 'W  = 1, hijBlNJ = 0
The relations (1.7)a, (1.10)a, (2.1) and (2.2)lead to MxB—ghaB where q = —Ц -С,А ‘.n+ 1
Hence we have the following

Proposition 1. In a hypersurface o f a c-reducible Finsler space, Mxß = ghxß. 
A semi c-reducible Finsler space is characterized by the relation [9]

(23)

where C2 
get

c ijk = - ^ T (Cihjk + Cj hki+Ckhu) + - ^ C iCJCk

=giiCiCj and p+ q= l (pcj^O). From (1.7)a, (1.10)a, (2.2) and (2.3) we

л  4 _  Pd L I УР T T

* M aß differ from those in the paper [1] by a factor F.
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where p= C iN ‘ and Lx=  C; . Now if Maß =  Qhxß then

Since the rank of the matrix hxß is n—2, from (2.4) it follows that either n = 3 or
в = —^~г- If g = - P%  then (2.4) leads to either p= 0 or La=0. Hence we have n +  1 n +  1
the following

Proposition 2. In a hypersurface o f a semi c-reducible Finster space F„ i f  M aß = 
= в hXß then either the dimension o f the enveloping space is three or Q is tangential to the 
hypersurface or Q is normal to the hypersurface.

Corollary. I f  Cf is tangential to the hypersurface o f  a semi c-reducible Finsler 
space then M xß=0.

Now we establish the following
Theorem 1. I f  the hypersurface o f a Finsler space is characterized by the relation 

Mxß =  ßhxß then the induced and intrinsic connections o f the hypersurface are identical i f  
and only i f  either q= 0 or Qx0=0.

Proof. From (1.9) it follows that if Mxß = Qhxß and then

hßn^zO~ C3/}4i20o) — 0,

from which we have either g = 0 or

(2-5) ~ C XßnQm+hxßQ40+hxnQß0--hßnQx0 =  0.

Contracting (2.5) with йх we get Qim = 0 which in view of (2.5) leads to ß aO=0.
Conversely, if M xf = QhxP and either o = Q or Q,„ = 0 then from (1.9) we get 

djj,,=0. This proves the theorem.

3. Heredity property of some special Finsler spaces

The hypersurface of a c-reducible Finsler space is a c-reducible Finsler space 
[15]. Similarly the hypersurface of a semi c-reducible Finsler space is a semi c-redu­
cible Finsler space [16]. Thus the c-reducibility and semi c-reducibility properties of 
a Finsler space are heredity properties. In the following we shall study the heredity 
properties of Landsberg space. S3-like and S4-like Finsler spaces and the Finsler 
spaces depending upon T-ten sor.

A Finsler space is said to be a Berwald’s affinely connected space ([13], p. 81) 
if its Cartan’s and Berwald ’s connection parameters are equal and they are functions 
of coordinate only. A Landsberg space is characterized by the relation P'Jk ~  0 
([11], [12]), where P)k =  C)kUx\

() В“Differentiating (1.6) with respect to йд and using the relation [J]
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we get
ЯГ*Х Я Г *1

(3.1) - j f i -  =

This gives the following
Proposition 3. In the hypersurface o f a Berwald’s affinely connected space the 

induced connection parameter is independent o f  the directional argument i f  and only 
i f  either MxB= 0 or Qxg=0.

дГ*1Contracting (3.1) with id and using the relations (1.1) and 
p. 81) we get

ЯГ*1 =  2 M lQ ^B 4 P 'hjB \B f

This relation gives the following
T heorem 2. I f  the hypersurface o f  a Landsberg space is characterized by the rela- 

дГ*хlion = nhyp then - !<’1 it4 vanishes i f  and only i f  either n = 0 or fil0=0.
дГSince in a hypersurface. = n’, we have by virtue of Theorems 1 and 2,

Theorem 3. I f  the induced and intrinsic connection parameters o f  a hypersurface o f  
a Landsberg space are identical and Maf! = ghxP then the hypersurface is a Landsberg 
space.

A Finsler space F„(n = 4) is called S3-like [3] if the »-curvature tensor SMJk is of 
the form
(3-2) F~Shijk =  к {hhj hik — hkh hjf,

where the scalar к is called the »-curvature and it is a function of coordinate only. It 
is well known [6] that SMjk of a 3-dimensional Finsler space is of the form (3.2). 
Since we have to discuss the S3-likeness of a hypersurface of F„ we consider и is 5. 
Contraction of (3.2) with g'k gives F 2ShJ=k(n — 2)hh] where ShJ= ShiJkg,k is a v- 
Ricci tensor. Again contracting this with ghJ we get к = F2S/ (n — 1) (и — 2) where 
S=  ShJghJ is a ю-scalar curvature. Thus a S3-like Finsler space is characterized by the 
relation

5
(3.3) Shijk _l)(n —2) ^ l,J ^ ik ^hk

The Gauss equation for the »-curvature tensor is given by [17]

(3.4) SXßnS = ShijkBZB‘ßBJBk+M ЩМ MxäMß4.

If S denotes the »-scalar curvature of Fn_1, i.e. S= SxßqSg*,lgl>'’, then from (1.5),
(2.2), (3.3) and (3.4) it follows that

(3.5) S =  ^ 2 - S + M
/1 — 1
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where M=M%Mßß — AfßM ß. The relations (1.7)a, (3.3), (3.4) and (3.5) lead to
5

(3.6) âßtjd (n 2) (II 3) ^ fit ^ßn ̂Olö) T Afâ  Afßß 3/,^ Л/д;̂

(п —2)(77-3) ('hx”hß3 hß’>hxi)-

This relation gives the following
Theorem 4. A hypersurface o f an S3-like Finsler space is an S3-1ike Finster space 

i f  and only i f
M

( •̂ )̂ Marjkfßg AIx p M ^  2) ( 7 7  3) hßqhxß).

Now if Mxß = qhXß then At=g'-(n—2)(n — 3) and (3.7) holds identically. Thus
T horem 5. A hypersurface o f an S3-like Finsler space is an S3-like Finsler space 

provided the hypersurface is characterized by the relation M aß =  Qh,tß.
The u-curvature tensor Shijk of any four dimensional Finsler space is written in 

the form [8]
(3.8) F" ShiJk = hhJ Mik + hik M„j -  hhk Mi} -  htJ Mhk
where M tJ is a symmetric tensor and satisfies M0j=0. Matsumoto and Shibata [9] 
introduced the concept of S4-likeness. A Finsler space Fn (n 5) is called S4-like if 
Shijk is of the form (3.8). Thus in order to introduce the S4-like hypersurface of F„ we 
take 77== 6. Matsumoto and Shimada [10] have obtained the value of M tj in terms 
of the 77-Ricci tensor and the 77-scalar curvatui'e in the form

Thus an S4-like Finsler space is characterized by the relation 

S  1(3.9) Sf ű ^ ^  ^  (h{jкм hjk hfjj) T ^ ^  (̂ /»j *5\k T S^j S;j hijSjt

From (1.5), (2.2), (3.4) and (3.9) we get

(3.10) s an -  satnigßS = ShjBiBi + (^ 2  -  SU K +  .
(3.11) S = S^g*' =  S - 2 S UN ‘NJ+M
where and M = M lM ßß- M aßM ß. From (1.7)a, (3.4), (3.9),
(3.10) and (3.11) it follows that

S 1
(3.12) (n 3)(n 4) hßöhztj)~\ ^ ^ (̂ a>i*5ßd~b

~F hßö h(ZÖ Sßfj hßq Sjö) “b Qxßrjö ?
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where

Qxßqö — M„ (hßq h,s — ll/is hart) ~

Hence we have the following
Theorem 6. A hypersurface o f  an S4-like Finsler space is an S4-like Finsler space 

i f  and only i f  Qaß„s=0.
Now if M xß = Qliaß then Qaß = Q2(n—3)haß, М = дг(п—2)(п — 3) which give 

Qccßßö=Q- Hence we have the following
Theorem 7. A hypersurface o f  an S4-like Finsler space is an S4-like Finsler space 

provided the hypersurface is characterized by the relation = ohyfi.
The Г-tensor in a Finsler space F„ is defined as [5]

where /г are the со variant components of the unit vector in the direction of an element 
o f support x‘ and [*. stands for u-co variant differentation. If Thijk vanishes identically 
then F„ is said to satisfy the Г-condition [7]. Furthermore Ikeda [2] introduced a spe­
cial form of Г-tensor given by

where Я(х, x) is a scalar function. I f  a Г-tensor of a Finsler space F„ is of the form
(3.13) then we shall say that Fn is a Г-reducible Finsler space. It is well known [2] 
that every c-reducible Finsler space is Г-reducible.

If TxßnS denotes the Г-tensor o f F„_k then we have by (1.5) and (1.10) (a)

(3.14) Taßnö =  ThiJk B^ß B{ B\ +  F(Mxß MnS +  М щ Mßs+ Ma} Mßn).

The following theorems are direct consequences of (3.14).
Theorem 8. I f  the hyper surface o f a Finsler space satisfying the T-condition is 

characterized by the relation Maß =  ghXß then the hypersurface is T-reducible.
Theorem 9. The hypersurface o f  a T-reducible Finsler space is T-reducible pro­

vided that the hypersurface is characterized by the relation Mxß = Qhaß.

The author is thankful to Dr. U.P. Singh, Department of Mathematics, Univer­
sity of Gorakhpur for his useful suggestions in the preparation of this paper.

(3.13) Thijk (Й И  hjk P h/jj hik I hkk hfj),
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ON ALMOST NILPOTENT RINGS
A. D . SANDS (Dundee)

Our object here is to answer two questions left open in [1]. We recall from [1] 
that oq, oq, ot3 are defined respectively to be the classes of all rings R  such that every 
non-zero subring, left ideal, ideal of R  strictly contains a power of R. It is shown there 
that

i?a2 g  £?oc3 g
where ß denotes the lower Baer radical, the lower radical generated by oq and 
ßv the Andrunakievic antisimple radical. We show here that ß = £ ’a1 and that 

The example given for this second result contradicts Theorem 3 of [1] 
and we point out a possible error in the proof there of Lemma 3. Further we prove 
that i?a3 is an A-radical.

Theorem 1. oq is the class o f  all nilpotent rings. jSfoq is equal to the lower Baer 
radical ß.

Proof. Since it is clear that every nilpotent ring belongs to oq to prove the Theo­
rem it is sufficient to show that each ring R in oq is nilpotent.

Suppose first that R contains a non-zero nilpotent element a. Let S be the subr­
ing generated by a. Then the elements of S  are the polynomials in a with integer 
coefficients and zero constant term. Thus a'” = 0 implies Sm=0. Since R£oq there 
exists и such that RnczS. Therefore Rnm=0 and so R is nilpotent.

Suppose next that R contains a non-zero element a with non-zero right annihi- 
lator. As above it follows that S  has non-zero right annihilator in R and so R" has 
this property also. From this it follows that R has non-zero right annihilator. Hence 
R contains a non-zero nilpotent element and so R is nilpotent.

Finally we may suppose that each non-zero element of R has zero right anni­
hilator. Let afR , a AO and let The the subring generated by a1. Then, for some inte­
ger n, Rna T . Let m be an odd integer, m ^n. Then a"fR" and so T. It follows 
that am is equal to a polynomial in a2 with integer coefficients and zero constant term. 
Using the fact that a has zero right annihilator we see that there exist polynomials in 
a of the following type

ka ~b k2uA -b... 4- ksa A =  0,

where each term ka, k taf ‘ is non-zero, 1 < /2 < ...  < /s and s ^ 2 .  Amongst all such 
expressions assume that we have chosen one with the smallest value of s. Let b — 
= кга^~х+ ...+ ksâ >~1. Then it follows that b^O  from the choice above and the 
fact that a has zero right annihilator. For any r£R, a(kr+br)=0 and so kr+ br= 0. 
In particular b2— —kb. Let U be the subring generated by b. Then U=Zb. Let p be a
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prime not dividing k. Then either pb= 0 or RqczpU for some integer q. In the second 
bq=ptb for some integer t and so (p t—( —k)q~1)b = 0. In each case b has finite order 
with respect to addition and so U is a finite ring without non-zero nilpotent elements. 
It follows from the Wedderburn—Artin Theorem that U is a direct sum of fields. 
This gives U2=U  which is impossible with UQR  and Rd a1. It follows that I? is 
nilpotent.

We now give the example which shows that JS?a2^  £Pct3. In [1] a ring W is used 
which is defined to be the set of all rational numbers m/n where m is an even and n 
is an odd integer. It is shown that Wda2 but that W$ . Let I? denote the 2X2 
matrix ring with entries from W. We shall show that Rd a3 but that R 4 J§?a2. The 
statements Wdoc2, Rd.4Po:2 contradict Theorem 3 of [1]. The present author cannot 
follow the assertion MnQ P  in the last line of the proof of Lemma 3. This assertion 
is true if P is an ideal rather than a left ideal. So the remarks after Theorem 3 in [1] 
about ifa , and =Sfa3 (which is misprinted as £Раг on p.14, line 20) are true because of 
Theorem 1 and this fact.

Let A be a non-zero ideal of R and let a occur as an entry in a matrix of A. Let 
rEjj denote the matrix with r in position (i,j)  and all other entries zero. Then it is 
clear that 4аЕц belongs to A for all i,jd  {1, 2}. Let Аи denote the set of entries 
occurring in position (i,j) of matrices in A. Then each Аи is an ideal of W  and so 
Aíj-Г) W"u for some integer Пц. Let тп>Иу+1 for all i,j. Then, from the above, it 

follows that R m^  A. It follows that Rdoc3. Now suppose that Rd&a2. In [1] it is 
shown that jS?oc2 is superniipotent; hence R contains a non-zero ideal A in a2. Let L be 
the set of matrices in A whose second columns are zero. Then L is a non-zero left 
ideal of A. No power of A has the property that every matrix in it has second column 
equal to zero. Hence no power of A is contained in L. This contradicts Ad a2. There­
fore RQJif aa. Thus jSfa2X^Sfa3 and so а2 X a3.

An example has been given in [5] to show that S£a3 is strictly contained in ßv . 
This question was raised first in [3].

It is shown in [1] that jS?a2 is left hereditary. The above example shows that JEx2 
is not left strong. We now present further results of this type for these radicals. The 
notations used in the next result may be found in [2].

T heorem  2. £?a3 is an N-radical.

P roof. Let (R , V, W, S ) be a Morita context such that VsW=0=>s=0 and 
such that R is in the semi-simple class of the radical S£a3. We need to show that S  is 
also semi-simple. If not then S  contains a non-zero ideal A in a3. Since DAm can 
properly contain no power of A we have П Am=0. Let B=VAW , then В is a non­
zero ideal of R. Let A be a non-zero ideal of B. WKV—0 implies VWKVW= 0, 
which implies A 3=0. Since ß a £ fa 3, R and В are semi-prime rings and so KAO 
implies K3?±0. Hence WKV is a non-zero ideal of A. Since Adoc3 there exists an 
integer и such that A"czWKV. Then

B"+2 = (VAW)n+2 -  VAWV (AWV)n~x AWVAW d^.VAWVAnWVAW Q 

g  VAWVWKVWVAW g  VAWKVAW g  K.
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If no power of В is strictly contained in К  then we must have 0^K = B "+2=B"+3= 
= ...= Bm= .... Let k£K . Then WkV£WBmV=W(VAW)mVQAm for all m. Hence 
WkV= 0 and so VWkVW=  0. Since R  and VW are semiprime rings it follows that 
k= 0. This contradiction implies that К  properly contains some power o f B. Hence 
B£ a3. This contradicts the fact that R  is semisimple. Therefore S is semisimple. It 
follows from Theorem 10 of [2] that j£?a3 is a normal radical. Since ß<z£Rtx3 it follows 
that SRa3 is a supemilpotent normal radical and so an TV-radical [4].

In [1] it was shown that i?a3 is hereditary. From Theorem 2 it follows that SCa3 
is left and right hereditary and left and right strong.

Having seen that oq ̂  a2 a3 it is natural to consider the class dual to a2, i.e. the 
class a2 defined using right ideals instead of left ideals. One has dually ax $ a 2$ a 3 
and so the question arise as to whether a2 =  a2 or jS?a2 =  2i?a2. We have not been 
able to settle these questions. In Lemma 1 of [1] it is shown that a2 is left hereditary and 
so, dually, a2 is right hereditary. We now show that the dual results hold also.

Lemma, a, is right hereditary and a2 is left hereditary.
Pr o o f . Clearly we need only prove one of these results. Let R£oc2 and let L be 

a non-zero left ideal of a right ideal A o f R. Then L + R L  is a non-zero left ideal of 
R and so there exists n such that RnczL+RL. Then An+1<̂ AR"<=A (L+RL) Q 
Q A L ^ L .  Since DRm=0 and this implies C\Am=0, some power of A is strictly 
contained in L. Hence A€_a2. Thus a2 is right hereditary.

It follows that the radicals =S?oc2 and jS?a2 are each left and right hereditary. We 
have also seen that JS?a3 is left and right hereditary. It should be noted that the class 
a3 itself is neither left nor right hereditary. We saw that the 2x2 matrix ring R with 
entries from W belongs to a3. However the left ideal L o f R consisting o f all matrices 
of R whose second columns are zero belongs to J£?a3 but not to a3. For if A is the 
subset of L  whose entries in position (1,1) are zero then A is anon-zero ideal of Land 
ЬпфА  for any n. Similarly by using rows one can show that a3 is not right heredi­
tary.
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(Г, r)-FREE BORDISMS, CHARACTERISTIC 
NUMBERS AND STATIONARY POTNT SETS

S. S. KHARE* (Shillong)

Introduction

C. N. Lee and Wasserman [7] developed the notion of characteristic numbers for 
G-manifolds and proved their G-bordism invariance. In [2] we defined characteristic 
numbers for an unoriented singular G-bordism and proved their invariance with 
regard to singular G-bordism. The case of oriented singular G-bordism is considered 
in [3] and [4]. One of our primary aims in this paper is to develop these notions for 
(Г, T')-free singular bordisms, Г с Г  being families of subgroups in a finite group 
G. (For definition see [6]). In [2] we tackled this problem for some special pairs of fa­
milies (for so called “almost adjacent” pairs). In an eifort to consider more general 
pairs of families, we get an analogue of Stong’s result [6, Proposition 2] for finite 
abelian groups in §3. In this section we prove that if ( i f ,  0) is a G-manifold with 
stationary point free induced action of the subgroup G2, then (M n, 0) is a G-boundary, 
G a finite abelian group. Lastly in §4 this analogue has been used to show that if the 
fixed point set F of G2 in M" is nonempty and if F has an equivariant trivial normal 
bundle in M ", then (M n, 0) is a G-boundary.

The author wishes to thank Dr. P. Jothilingam and Dr. R. Tandon for several 
helpful discussions and Dr. Kalyan Mukherjea for this helpful comments. I am 
indebted to Prof. R. E. Stong for his invaluable suggestions.

Characteristic numbers for an almost adjacent pair (Г, Г')

Let G be a finite group and ХЪе a G-space. Let h* be an equivariant cohomology 
theory and /7 * be the associated equivariant homology theory [1] given by h* — H*A 
and = where A is a functor from the category of G-spaces and G-maps to the 
category of topological spaces and continuous maps, H* is the singular cohomology 
theory and //* is the associated singular homology theory. Let

<, >: h*(X; G) ® h*(X; G) -
H*(J> r.)

be the Kronecker pairing.
Suppose for each compact G-manifold W there exists a class [W,dW]€ 

<Uu(W.dW\ G) such that
a) [ Wx U W, . d Wx U d W2] = [ W1. d W, ] +  [ W2, d IF,] 

and
b) d*[lV,dW]=[dlV].

Such an element [W, d W]Crh,{W. dW; G] is called a topological class of W.

* The author was partially supported by D . A. E. grant.
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Following Stong [5], a family Г in G, is a collection Г of subgroups of G such 
that (i) #6  Г implies that all the subgroups of H  also belong to Г  (ii) Ш  Г implies 
that gH g^ZT , \j'gdG. Let f ' c f  be families in G such that each member of 
Г—Г' is maximal in G. Such a pair (Г, Г') is called a pair of almost adjacent families.

NFor any subgroup i f  of G, let K = — , N bemg the normalizer of H in G. Let FH(X)
Jtl

be the set of x £ X  suchthat h x= x , \/hdH. Consider the action of К  on FH(X) by 
(gH)x=gx. Let EK be the total space of the universal A1-bundle. For a pair (Г, Г') 
o f almost adjacent families, consider the equivariant cohomology and equivariant 
homology

h*(X- G) =  0  H*((EKXF„(X)/K- Z2)
H

K{X\ C) — 0  H*((EKxFn (X)/K\ Z2),
H

the summation is over the set of all representatives of the conjugacy classes of sub­
groups H  in Г —Г'. Let X  be a G-space and [M n, dM", <p, 6 ,f]  be an element of 
(Г, r')-free bordism group xn(G; Г, Г') (X) [5]. Then

АДМ"; G) «  0  0  H*(Fh(M")/K-, Z2),
H  k =  0

where Fki(M") is the union of ^-dimensional submanifolds in FH(M"). We define 
a topological class [M, dM] o f M" in /г*(Л/п, dMn; G) to be 0  0  alk

H  k =  о
where okdHk(F^(M")/K', Z2) is the fundamental class of Ffj(M")/K. Let 
udh*(XxB(0, G)„; G). Let zMn: M"-»B(0, G)„ be the tangent map.

D efinition 2.1. We define the и-characteristic number of an (Г, Г ')-free element 
(Л /л, dM", (p,  0 , f )  by ((/X rмпУ(и), [M ,dM ])eZ2.

Regarding the bordism invariance, we establish
T heorem 2.2. \_M", dM", <p, 0 ,f]£ x n(G\ Г, Г') (X) is zero i f  and only i f  all the 

и-characteristic numbers (corresponding to the theory h*) o f the (Г, F’)-free element 
(M ", dM", ip, d , f ) are zero.

P roof. The G-equivariant m a p /: M "^X  gives A'-equivariant map / :  Fjf,(M")-^ 
Fh(X). Let

v,»: F ffM ")  -  F„(B(0, Юп-к)

be the normal map. In fact the image of vk will be contained in F,',(B(0, N)„_k)  the 
union of path components of p€LFH(B(0, N)„^k) for which the fibre (y"~k)p at p  
contains no trivial //-representation, y"~k being the universal real W-vector bundle. 
Let ak : F^(M")-*EK be the cover of the classifying map for/^-bundle F„(M") — 
-*(Fh(Mn))/K. Let f k be the map obtained from or.k X (/X  vk ) on passing to quotients. 
This gives the map

4: *.(G; Г , Г')(Х) - 0 0  xk{(EKx{FH(X)XF'H(B(0, N)„_k)})/K)
H  k =  0
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defined by

m \  cp, 0, /] )  =  0  0  [Fh(M")/K, я ч
H  4 = 0

We know that rj is an isomorphism [5] and thus [M'\ dM", cp, 9 ,f]  is zero if and only 
if [Fh(Mn)/K,fF] is zero, \/k and H. Next the group h*(X xB (0, G)„; G) is iso­
morphic to

© ©  \H*((EKX {FH(X)XF'H(B(0, N \_ k)})/K; Z2)®tf*(f?0t.; Z2)]. 
я  * = o

Also (/Хтм")+= Ф  © (fkX T l1)* where rk : F^(Mn)/K-^BOk is the tangent map.
я  4 = о

Thus the и-characteristic number

( ( /X lr )  * (l0> [M, dM}) = <© 0  ( f k X t k)*(uk), © 0  <>
Я  k = 0  Я  4 = 0II

where uk is given by и = ©  ф  и®. This together with the fact that [Mn, dM", cp, 6,f]
H  4 = 0

is zero if and only ii[F ^(M n)/K ,f^] is zero gives the theorem.

An analogue of Stong’s result and characteristic numbers for 
a more general pair of families

So far we confined ourselves to a pair of almost adjacent families. In an effort to 
get rid of almost adjacent families as much as possible, we come across an analogue 
of Stong’s result [6 , Proposition 2] for general groups. For this let G be a finite abelian 
group and П be the family of all subgroups of G. Let f ' c f  be families in G such 
that there exists an element a in G of order 2 such that

(О нег'= > [ни{а}]ег',
(2) e<£tf, V t f e r - r ,
(3) the intersection S  of all the members of Г — Г' is in Г —Г'. We call such 

a pair of families an admissible pair with respect to af G.

E xa m ple  3.1. Let G be a finite abelian group of even order given by G2XH,
r

where Lfis a finite group of odd order and G2= X (Z а/)ис Let Fk—^UXV: F is a
1 =  1

subgroup of FI and U is a subgroup of G‘l not containing 7 \ = [/j, ..., 4 .], 1 s f g y ,
r

where 4 , ..., tyr generate (Z 2) a , yr— «.}. It is simple to see that (Гк+1, Fk) is
1 = 1

an admissible pair with respect to tk+1. Here by ГУг+1 we mean the family of all 
subgroups of G.

T heorem  3.2. I f  (Г, Г') is an admissible pair o f families in G with respect to a, 
then а (Г, r 'ffre e  element in jí*(G; Г, Г') is zero as an element o f y.fG; П, Г').

Pr o o f . It is enough to show that the homomorphism /*: x*(G; Г, Г') — 
--x*(G; П, Г') induced from the inclusion i: (Г, Г')-*(П, Г') is the constant homo­
morphism. Let [M, в] be an element of x*(G; Г, Г'). Let Fbe the closed submanifold
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of M  consisting of all points of M  fixed by S, S  being the intersection of all the mem­
bers of Г —Г'. Let v be the normal bundle of the imbedding of F in the interior of 
M  and let D(v) be its disc bundle with the action 0* of G on D(v) induced by the real 
vector bundle maps covering the action 0 on F. Since F is the fixed point set of S, 
a$Ff, МН^Г —Г' and no point of F is fixed by the subgroup [5U{a}j generated by 
>SU{tf}, a will act freely on F  and hence on D(v). Let F' — Ffia] and D'(y) — 
=  Z>(v)/[a]. Since G is abelian, the actions 0 and 0* on -Fand Z)(v) induce actions 0' 
and 0*' on F' and D'(y), respectively. Consider the quotient maps qy: D(y)^-D'(v) 
and q ,: F-+F' which are equivariant and double covers over Z>'(v) and F', respec­
tively. Let C\ and C2 be the mapping cylinders of qx and q2 and фу and ф2 be the 
induced actions on Cy and C2, respectively. We have the following commutative diag­
ram

Q —- D'(v)

“I Y
C2- ^  F'

where a: Cx — C2 is the map induced from v ': D'(v) — F' by going to mapping 
cylinder. It is simple to see that dC2 ~  F and the action ф, on a~'(dC2) is isomorphic 
to the action 0* on D(v). Consider W = Mx[0, 1]U Cx/~  where ~  is the equivalence 
relation obtained by identifying D (v) X {1} with a _1 (0C2). Let the action 0  of G on 
IFbegivenby &\MnX l= 6 X l  and 0 |C 1 =i/'*. T ak eF to b e

( д м х  I )  u (M x {1} -  ( d  (v) x {1})°) u ( r ) cy -  (orHdcj)«)

where 0 is the interior operator. Clearly V is (Г', Г')-free and dW  is isomorphic to 
M U V by identifying dVwith dM. This shows that [M, 0] is zero in %*(G; П,Г').

T heorem 3.3. Let Г be a family in a finite abelian group G such that there exists an 
element a in G o f  order 2 with [a] (f Г, [a] being the subgroup o f G generated by a. Then 
the homomorphism x*(G; Г)-*->£*((?; П) induced grom the inclusion i: к^-П  is 
the zero homomorphism.

P roof. Let [M, 0]£%*((?; Г). Since [«] (Í Г, a will act freely on M  and therefore 
the quotient map q : M-*Mj[a\ will be a double cover over Mfci], Let C be the mapp­
ing cylinder of the double cover with the induced action ф of G on C. Clearly the 
boundary dC is isomorphic to M  with i^|0C=0. Consider W = M x[0, l)U C/~ 
where ~ is the equivalence relation obtained by identifying M X  {1} with dC. Let the 
action 0  of G on W  be given by 0 |M x l= 0 X l  and 0\С=ф. Clearly d(H/',0 )  = 
= (M, 0). This shows that [M, 0] is zero in %*(G; П).

Let G be a finite abelian group and P be the family of all proper subgroups of 
G. Suppose Г' is another family in G such that there exists a chain of families 
Г = Г 1 с . . . с Г г+1= Р  with (Г;+1, Г,) being an admissible pair of families with 
respect to an element ah i= 1, ..., r. By repeated application of Theorem 3.2 one 
concludes that the homomorphism /*: %*(G; FI,r')-<-x^(G; I f  P) induced by the 
inclusion j : (Г1, Г')-+(П, P) is a monomorphism. Therefore we can give charac­
teristic numbers for an (17, Г')Тгее element, since (Л, P) is an almost adjacent 
pair. Tn this case we define equivariant homology and cohomology as h¥(X; G) = 
= H fiF G(X)\ Z2) and h*(X,G) = H*(Fc(X); Z2), for a G-space X, Fa(X) being
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the fixed points set of X  under G. Thus corresponding to the equivariant homology 
and cohomology defined as above, using Theorems 2.2 and 3.2, one gets the following

Theorem 3.4. An (Я, Tf-free element in y.„ (G; 77, Г') is zero i f  and only i f  all the 
characteristic numbers are zero.

r
Special cases. We will consider two cases G =  ZÍ and G= X (,Z2i)"‘XH, H  being

i = l
any finite abelian group of odd order and each element of H  commuting with each

Г
element of X (Z 2 i)"i.

i=i
Case I: G =Z\ = \tx, ..., tk\. Let Tt= {U: U is a subgroup o f Z | not containing 

Z |=[tx, ..., г,], 1 ^ i^ k } .  It is easy to see that (Ti+1, Гг) is an admissible pair with 
respect to ti+1 and Г с Г 2 с . . . с 7 \= Р .  Therefore by repeated applications of 
Theorem 3.2 one infers that the homomorphism

7i*• **(Z£; П, Гi) ->-x*(Z|; Я, P)
induced from the inclusion j \ : (77, rfi-+(n, P) is an injection. Also [i,] 4 Г ,, there­
fore by Theorem 3.3 the homomorphism

7г*; k*(Z£; 77) -*■ y.jf.(Z£; Я, 7\)

induced from the inclusion j 2: (Я, Ф)->-(77,7\) is a monomorphism. Thus 
./*: ^*(Z£; n ) - * x f  Z |; П, P) is a monomorphism, /: (Я, (р)—(П, P). Let us define 
the equivariant homology and cohomology as follows: h fX ,  Z£) =  Я*(Я2 к(Аг); Z2) 
and /г*(Т; Z|) =  H*(FZk(X); Z2), where /7, and Я* are singular homology and 
cohomology, respectively. Using the monomorhism of

j*: %*(Z|; Я) >i*(Z|; Я, P)

and Theorem 2.2 for the almost adjacent pair (П , P), one immediately gets
Theorem 3.5. A П-free element in x fG \ П) is zero i f  and only i f  all its charac­

teristic numbers (corresponding to the theories h* and h* defined as above) are zero.
Case II: G is a finite abelian group of even order given by G2X H  where Д  is a

r
finite group of odd order and G2 is the 2-group X (Z2 /)"i. Let P be the family

i = 1
of all subgroups of G of the type U XV  where V  is a subgroup o f H  and Я is a sub-

r
group of G2 not containing G2 = (Z 2)X yr= n;. Let (Z2)>v be generated by {tk},

i= 1
1 ^ k ^ y r.

Theorem 3.6. The following sequence is exact:

0 -  %*(G; П) x*(G; Я, P ) i u  x*(G; P) -  0.

Proof. By Example 3.1, (f k+1, r t) is an admissible pair with respect to tk+1, 
l ^ k ^ y r. Therefore by repeated application of Theorem 3.2, one infers that the
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homomorphism
O'i)*-’ **(<?; П, Г]) -  xJG; П, P)

is a monomorphism, j \ : (Я, А )— (Я, P). Since [fiK A , using Theorem 3.3 we get 
0г)*‘ ^ (G ; n)-*)t^(G; Я, J \)  to be monomorphism, y2: (Я, <р)^(П, Г,). Thus the 
inclusion / : (Л, (р)-*(П. P) induces monomorphism 7 *. This completes the poof of 
the Theorem.

C o r o lla r y  3.7. Let (M ”, 9) be a G-manifold and the induced action o f  the sub­
group G2 be stationary point free. Then (M n, 9) bounds as a G-manifold.

The stationary point set FGf M n)

As in Case II of §3, let G = G2XH  be a finite abelian group of even order where
Г

Я  is an odd order group and G2=  X (Zg/)"1- Let us denote the subgroup (Z2)^  by
i=1 

r

by G„ yr= 2  nt• bet R be the field of real numbers and G L(R,j) be the set of all
i = l

isomorphisms of the vector space onto itself, 7  =  1,2. Any irreducible real represen­
tation of G will be either one dimensional or two dimensional. Let qj : G-+GL(R,j) 
be any nontrivial irreducible real 7 -dimensional representation of G,j=l, 2.

Theorem 4.1. Ker qj contains a subgroup o f  G isomorphic to (Z ,)^-1.
Pr o o f . It is simple to see that the image (qj/G2) is either the trivial subgroup or is 

the subgroup consisting of just two elements, namely the identity element and the 
isomorphism 9: Rj-*r j given by 0(x) — (—l)x, for every vfR-'. Therefore 
Ker (Qj/G2) is either G2 itself or is isomorphic to (Z2)a--1.

Let (M n, 9) be a closed G-manifold and F= F(if  M") be the stationary point set
П

of M ” under the subgroup G2. Consider the decomposition F=  IJ Fl where Fl is the
1= 0

/-dimensional component. Let D(v;) be the normal disc bundle of Fl in M" with the 
induced action 9,. Let П be the family of all subgroups of G and P be the family of 
subgroups of G of the type U X V  where Lis a subgroup of H  and U is a subgroup of 
G2 not containing G2.

D e f in it io n  4.2. F is said to have an equivariant trivial normal bundle in M n if 
G/G2 acts trivially on F and there exists some positive dimensional real G-representa- 
tions (Щ, cp,) such that in x  j G .  Ji, P) [D(v,), d(] = [Т'][_0(И7), <p,] where D(Hj) 
is the unit disc of Щ.

Given a real representation q: G->-GL(R,j) of G one gets a 7 -dimensional 
vector space RJ over R with the action ф: G x R J^R J given by i//fg, x) = g(g)(x). 
We say (RJ, 1//) a representation space of G or by abuse of language, a representation 
of G. Let {(Vk, iMjisfcSm be the finite set of all nonisomorphic nontrivial 
irreducible real representations of G. Let Z + be the set of nonnegative integers. Given 
anymap / :  {1, ..., m}-*Z,+ one has a real representation (V (f) , ф(/)) of G given by

m
V (f)=  ® (Vk, фкУ(к) where (Vk, ф кУ (к) is the direct sum of f( k )  copies of (Vk, ф к) .

k=1
Let us denote the unit disc and unit sphere of V (f)  by D(/ )  and A ( /) ,  respectively.
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T heorem 4.3. I f  F  has an equivariant trivial normal bundle in (M", в) then it is the 
boundary o f some manifold and (M n, в) itself is the boundary o f some G-manifold 
(N, в ).

Pro o f . Since F  has an equivariant trivial normal bundle in M ", we have 
[Z)(vj), Oj\=[Fl][D(Wi), (pj\ for some positive dimensional real representations 
(Щ, <Pi) of G. Also (Щ, cp,) = (V (f) , i//(f,)) for some map f :  {1, ..., m}-~Z+. 
Therefore [D(v,), в,] = [Fl][D(f), ф(У,)]. Let x t (G; П )^х :¥(С; Я, P) be the 
homomorphism induced by the inclusion j: (П, Ф)—(П,Р). We have

h W n, в] = Í [D (v ;), 0,] =  Í [ F '] [ D (f), ф(f)\.
1 =  0  1=0

Therefore from Theorem 3.6, one gets

(d*h)[Mn, 0} = Í), 2  [Fl][D(f), ФШ\ = 2  lF l][S(fd, ФШ\ =  0
1 =  0  1 =  0

in x*(G; P). Therefore there exists a P-free G-manifold (D, if) such that

(1) m ,r j ) =  ű  (FlX (S(f), tA(/,)))
I —0

Since each (Щ, (pi) is a positive dimensional real representation of G, there 
exists a member k(l) in the set {1, ..., m) such that f{k(l))x(). By Theorem 4.1 
there exists a subgroup HW) of G isomorphic to (Z2)'V-i fixing Ушу Let us fix some 
ß, 0 S ß ^ n .  Let Ak(ß) be the largest subset of {1, ..., m} such that H k(ft) fixes Vh 
j£Ak(p)- Let Ak(ß) be the disjoint union of Bk(ß) and Ck(ß) where Bk(ß) consists of all 
j£ A k(ß) such that Vj is one dimensional and Ck(ß) consists of all jdAk(ß) such that Vj is 
two dimensional. Let

. 2 1 f,U)'+ . 2  2 f(j) = A { l ,ß )d Z \
j ( Bk(ß) j ( Ck(ß)

Since fß(k(ß))A0 and Ak(ß) contains k(ß), A(ß, ß) cannot be zero. From (1) we get

(2) FHk(ß)m  17) =  FIlkW( Ú (F 'x  (£(/,), Ф(/,)))).
1=0

Suppose FHk(ß)(D) — F* and Z2>/S«;Z  be the complement of Hk(ß) in (Z2)>v. Then 
from (2) we have

(dF*, r,\ZtiP) = \J (FlX (S* ,’» - \  a))
1=0

where a is the antipodal involution. Since D is P-free, F* will have stationary point 
free action of Z2jS. Therefore [dF*, q\Z2ß] is zero in я*(Z2>i, Гг) so that

(3) =  O
1 =  0Ф

in x+(Z2>i, Tj) where J \  is the family in Z2 ß consisting of only trivial subgroup of 
Z2> ß. We know that jí*(Z2, Г,) is the free x*-module with generators {[S'”, a], n£ Z +).
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Therefore (3) gives [F^]=0, since A (ß ,ß )^ 0. By varying ß, one concludes that 
[F^] =  0, ß = 0 Hence [F]=0 in x*. Also

JAM", Q]= 2  VFl][D(f), ф (М  = о.
1 = 0

By Theorem 3.6, j ¥ is a monomorphism and therefore one infers that [Mn, 0] is 
zero in %*(G; П). This completes the proof of the Theorem.

Combining Corollary 3.7 and Theorem 4.3, one infers that the fixed point data 
of the subgroup G., determines the equivariant bordism class of a G-manifold (M", 9).
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ON SUNS AND COSUNS IN FINITE DIMENSIONAL 
NORMED REAL VECTOR SPACES

L. HETZELT* (Erlangen—Nürnberg)

0. Introduction

We are concerned with some “dual” aspects between best approximation and 
best coapproximation in finite dimensional normed real vector spaces which are 
especially apparent in the plane.

In the first section we study the asymptotic behavior of Leibniz planes. Section 2 
deals with so-called cosuns of best coapproximation, the counterparts of suns in 
the theory of best approximation. We show that in strictly convex spaces every 
existence set of best coapproximation is already a cosun. This is done by using 
a structural property shared by the metric projection and the metric coprojection as 
well. The asymptotic behavior of Leibniz planes plays an essential part in the descrip­
tion of cochebychev sets. We interpret the respective results of Westphal [22] on 
cochebychev sets in smooth lp -spaces from a geometrical point of view and give a 
complete description of all cochebychev sets in a strictly convex plane.

In Section 3 we sharpen a known result of Busemann [3] on the “symmetry” of 
Birkhoflf-orthogonality in the plane and show that the sun and cosun are just dual no­
tions in the plane. The duality permits to give an intrinsic characterization of the 
important variants of suns in the plane. We show that a closed subset of the plane is 
a sun iff for each element of the plane its elements of best approximation are a non­
empty contractible subset. More precisely, this subset is the compact part of an angle. 
We further study selection properties of the metric projection for a sun in the plane. 
In particular we show that there are always ray selections of the metric projection and 
any such ray selection is strongly contractive with respect to the dual *norm.

As to the notation we denote by X  a finite dimensional normed real vector space 
(of dimension и) with norm || . ||, its dual space is X'. For real numbers we use small 
Greek letters, for the set of strictly positive (negative) real numbers R + (R_). The 
closed ball centered at x  with radius q is denoted by B(x, q); B(x, q) denotes its 
interior. For K Q X  the distance function is given by d(., К ) and the metric projec­
tion by PK. For the boundary of К  we write dK, for its convex hull со К. We call 
К norm-convex if for any two points in К  there exists a metrical midpoint in К  [18]. 
The closed segment between x, y£X  is given by [x,y]. We repeatedly use the semi- 
inner product (s.i.p.) defined by the Gateaux differential of || . ||2/2 on XXX,  i.e.

||*+Яу||2-1|х||
2Я x, y£X.

* The paper contains parts of the authors doctoral dissertation.
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For its basic properties see [10]. We always use orthogonality in the sense of Birkhoff, 
e.g.

x l_ y  о  ||х+Лу|| ё  ||x||, Vi€R.
It is easy to see that

x ± y < * (y , 4 ^ 0  and ( - y ,  x)s ^ 0 .

1. The asymptotic behavior of Leibniz planes

Following Busemann [8] and Gruber [12] we call E(x, y) = {zC_X: ||x—z\\ =  ||y — z||} 
the Leibniz plane determined by x,y£X , x ^ y .  The plane is symmetric about 
(x+y)/2. We call Ex(x,y) = {z£X: \\x—z\\<\\y—z||} the open Leibniz halfspace 
containing x.

One should be cautious not to overvalue the term “plane”. For n ̂ 3  each Leibniz 
plane is truly “flat” if and only if the space is Euclidean, Mann [17]. Furthermore, to 
each segment parallel to x —y  in дВ(0, 1) there corresponds a 2-dimensional solid 
angle in E(x, y), thus E(x, y) might have interior points.

Kalisch and Straus [14] study Leibniz planes in connection with their investiga­
tions of determining sets (a set К  is determining if each x£X  is uniquely determined 
by its set of distances {|[x —k ||: fc£K}). We shall be concerned with the asymptotic 
behavior of Leibniz planes.

Blaschke ([5], p. 157) calls

SG (x) = dB (0, 1) П [В (0, 1) + Rx), x<E X\{0},

the shadow-boundary for x. If it does not contain a segment parallel to x, we call 
SG(x) strict. The upper rim, resp. the lower rim of SG(x) is given by

SG°(x) = {ziSG(x): z + R +x$SG(x)},
resp.

SGu(x) = {z£SG(x): z - R +x^ SG(x)}.

With SG(x) we associate the shadow-cone

with its upper, resp. lower rim
SK(x) = U l-SG(x)

AS0

SK°(x) = U a.S'G°(x), resp. SK u(x) = U ?.SGu(x).
AS0 AS0

See Figure 1 for a typical Leibniz plane and its shadow-cone in a smooth, 3-dimensio­
nal lp -space. SK(x) separates X  into two parts, the upper, resp. lower halsfpace of the 
shadow-cone

SK+ (x) = S K \x ) + R+ x, resp. SK~ (x) =  SKu(x) -  R+x. 

Using s.i.p., we have the following description of these sets.
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A Leibniz plane (above) 
with its corresponding 
shadow-cone (below)

AO

Lemma 1.1.
SK + (x) =  {zeX: ( -X ,  z)s <  0),

SK(x) — {z£X: (x, z)s ё  0 and (—x, z)s ^  0}, 

SK~{x) =  {z e X : (x, z)s <  0}.
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A first, but rather coarse statement about the asymptotic behavior of Leibniz 
plane is

P r o p o s it io n  1.2. E(x, y) g  C(х + 5 £ + (х -у ))П C (y + 5 £  “ (x-y)).
It follows that the shadow-cone is the limit (with respect to the Hausdorif dis­

tance) of a family of Leibniz planes.
Proposition 1.3. lim E(?.x, 0)=SK(x).

P r o o f . Let ||x|| =  l. By a simple geometric reasoning we have 

max d(z, SK 0(x) + Ax) = Aг € дЕЛх(Лх, 0) V '
and

max d(z, SK u(x)) A.z(_<)E0Q.x,0) 4 '
Clearly,

C SK -  (x) П C (Ax+ SK+ (Ax)) = CSK~ (x) fl (Ax + CSK + (x)) Э SK(x),

where the left hand side converges (with respect to the Hausdorif distance) to SK(x). 
Thus £(Ax, 0) converges to SK(x) for A jO. □

We always have
dEx (x, y) g  C(y+SK +(x-y)).

But under which conditions do dEx(x,y) and y-t-5£°(x—y) approach each other? 
This is just a geometric way to look at property (5) given by Bruck and Reich in [7].

Let y = 0. If SG(x) is not strict, the upper rim of £(x, 0) touches SK°(x). Thus 
let us suppose for the rest of this section that 56’(x) is strict. Then £(x, 0) contains 
no solid angle and SK(x) =  S K 0(x) = SKu(x). Furthermore E(x, 0) lies strictly bet­
ween SK(x) and x+S£(x). For z£SK(x)C\É(0, 1) let

s0 =  dB{0, l )n (R +x +  z), resp. s„ =  dB(0, l)fl(R _x+z).

We define the positive function Cx on SK(x) C\B(Q, 1) via

the so-called chord ratio associated with x. This ratio gives a faithful image of the 
behavior of E(x, 0) between SK(x) and x+  5A(x). Thus E(x, 0) is strictly bounded 
away from 0 and +«= on SK(x)C)B(Q, 1). Indeed, it is the behavior of C(z) on 
5А(х)П£(0, 1) for !|z|| -*-l, which determines the asymptotic behavior of E(x, 0).

Pr o p o s it io n  1.4. Let the norm be twice continuously differentiable on SG(x) and 
let

x TH (u)x  > 0 , V m6 56  (x),
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where H(u) is the Hessian o f  the norm at u. Then
lim Cx(z) =  1,Hzll—1

z € S K (x )n S (0 ,l )

i.e., the chord ratio asymptotically equals 1.

P r o o f . Let ип£5К(х)Г\ B(0, Г), ||и„|| — 1 and J f ,  / .“ £ R  suchthat u„+Ä+x  
and un+ l~ x  belong to дВ(0, 1). We have

- +  ■ x .

For sufficiently large n we can write the Taylor series expansion of this equation up to 
the second order term as

(трЦгГ x T H  i-jr-Vl x+ O  f-jf—p ) = ( ^ т ) 2^ ^ ( / т ) х + 0 ( г ^ ) >Ч 1«»1 |/ Ч К 1 М  ч к И  J 4 u„ V  41 «„IM  M k l l2-'
where the first order term vanishes since un(z SK(x). Multiplying with ||i/„||2 and tak­
ing the limit, we have that the chord ratio asymptotically equals one. □

Thus a “reasonable” curvature behavior of the unit sphere at SG(x) gives a 
Euclidean asymptotic behavior of E(x, 0), i.e. E(x, 0) converges “uniformly” to 
(x/2) + SK(x). This is quite plausible because from a great distance a point with posi­
tive curvature looks like “being Euclidean”.

In general it is rather difficult to relate the strict boundedness of Cx on SK (x) (T 
nÜ(0, 1) to curvature relations on SG(x). In the plane however we can compute Cx 
in this manner.

Let SK(x)=Ru  with ||м|| — 1 and let us orient the unit circle so that it has the 
same orientation at и as the ray u—R+x. Take e as the Euclidean normal at и to 
SK(x) which points in the direction given by the orientation of DB(0, 1) at u. Let 
m_(m+) be the slope of the left (right) halftangent line T_(T+) to дВ( 0, 1) at и and m 
the slope of SK(x) in the Cartesian system whose origin is и with the “x-axis” given 
by e and the “у-axis” given by —u. For 0 < л <  1 let (5 + (/.)) be the outpoints of 
An+R + x (lu — R+x) with dB(0, 1). Furthermore, let r_(X) {r+{/)) be the radius of

Fig 2
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the Euclidean circle which passes through s_(A) (V ; (A)) and и and which is tangent 
to T_(T+). Then the chord ratio is given asymptotically as follows by using a 
suitable Taylor series expansion ([13]).

Proposition 1.5. ( i) I f m_  ̂ 0  or т+7^0, then

Hm Cx(Xu) = m + |m_| 
m—\m + \

with a natural interpretation given for the singular cases.
(ii) I f  m_ — m += 0, then

lim Cx(Xu) = lim
A t l  A t !

МЯ)
г+(Я)’

lim С_(Аи) = Em
A tl A tl r +(l)

From here we can obtain a complete description of the asymptotic behavior o f a 
Leibniz line in the plane, given E(x, y) for some pair (x, y). If a supporting line paral­
lel to x —y  at the unit circle is not a halftangent line, E(x, y) converges asymptotically 
to z+ SK (x— y) strictly between x  + SK(x— y) and y + SK(x—y). If this supporting 
line is a halftangent line, but not a tangent line, the respective asymptotes of E(x, y) 
are given by х + Ж ( х — у) and у + 5ЛГ(х—у). If the supporting line is a tangent 
line, the asymptotic behavior o f E(s, y) is determined by the curvature relations in 
the support point. If the curvature exists and is not zero, (x+y)/2+  SK(x— y) gives 
the asymptote o f E(x, y). Even if  the curvature does not exist, but instead the lower 
and the upper curvatures from the right and from the left are different from 0 and 
+  “ , the minimal distance o f E(x, y) from x  + SK(x— y) and y+ S K (x— y) 
remains always positive.
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2. Existence sets of best coapproximation

For KQX, x£ X  we define
BK(x) = {z e X : \\z-k\l =S ||x-fc||, \/k£K}.

BK(x) is compact and convex. A geometric interpretation of this definition is given by
BK(x) = {z€ X \{x}: К Q C E Jx, z)}U {x}.

BK is an upper semi-continuous projection. For each x£X, x  is an extremal point of 
BK(x). The metric coprojection from X to К  (see [20]) is given by

RK(x) = Вк(х)Г)К.
The elements of RK(x) are called the elements o f  best coapproximation of x in K. Of 
course, 7tK(x) may be void. We call К  an existence set o f best coapproximation, if 
RK(x) is never void. We speak of A as a cochebyshev set, if \RK(x)\ =  1 \/x£X.

Proposition 2.1. An existence set o f best coapproximation is closed and norm- 
convex.

Proof. Let К  be an existence set of best coapproximation. Of course, k £ K \K  
cannot have an element of best coapproximation in K. Thus К  has to be closed.

Now let k, k'£K, k?±k' and let z be a metrical midpoint to k  and k ' in X, i.e.

\\k-k'\\ = ||fc-z||-H |z-fc'||.

Then each k0£RK(z) is a metrical midpoint to k and k' belonging to K. □
However for и ё 3, all closed norm-convex sets are existence sets of best coap­

proximation if and only if the space is Euclidean. This is an easy consequence of the 
theorem of Kakutani (see [13]).

For x£X  we define f K(x, .)£C(K) as

f K(x ,k) = \\x-k\\, V k£K.

{ / k (x , .): x£X} supplied with the order of C(K) is a partially ordered set satisfying 
the descending chain condition. Thus there are minimal elements in it. Following 
Beauzamy and Maurey [2], we call x£X  minimal in the weak sense, if f K(x , .) is mi­
nimal. If К  is determining, X  supplied with the partial order

у tsKx о y£BK{x)

is order-isomorphic to {fK(x , .): x(LX). An xf_X is called minimal (with respect to A) 
if BK(x) = {x} ([2]). Let us denote the set of minimal elements (in the weak sense) by 
min (A) (Min (A)). We have min (TQQMin (K). If К  is determining, min (K) 
equals Min (K). We call ([2]) К optimal (in the restricted sense), if min (K) f  К  
(Min (К) с  к). Since for each x£ X  there exists some y^Min (K), suchthat y^=Kx, 
we have

Proposition 2.2. К is an existence set o f  best со approximation i f  and only i f  К  is 
optimal in the restricted sense.
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In a non strictly convex space there are optimal sets which are not existence sets of 
best coapproximation. In a strictly convex space, however, the optimal sets are just the 
existence sets of best coapproximation. Especially optimal sets are convex in strictly 
convex spaces.

To give another interpretation of existence sets of best coapproximation let us 
recall the definition of a quasi-nonexpansive mapping. T  is said to be quasi-nonexpan- 
si ve if

\\Tx-p\\ ||x -p ||

for all x£ X  and each fixed point p of T. Clearly an existence set of best coapproxima­
tion is the fixed point set of a quasi-nonexpansive mapping. Conversely we have 
(see [13]).

Proposition 2.3. Let К  be the fixed point set o f  a quasi-nonexpansive mapping. I f  
К is determining, then К is an existence set o f  best coapproximation.

Hence in a strictly convex space the optimal sets are just the fixed point sets of 
quasi-nonexpansive mappings.

The Browder approximation region for К  and x  is given by
A K(x) — {z£X: ( x —z, z —k)s 0}

(see [6 ]) or taking the geometrical viewpoint

AK(x) =  {z€*\{x}: К  Q C(z + S/s:+(x-z))}U{x}.
we have

d к (x) =  В к (x).

We say that /fis a cosun if Ак(х)ПК^0, \fx  $ K. Thus A"is a cosun if for each x$ К 
there is some k£K  suchthat KC\(k + S K +(x —kj)=V). From this characterization 
we see the analogy with the notion of a sun (Vlasov [21]).

Proposition 2.4. К is a cosun i f  and only i f  ).I+(\ —X)RK is surjective for all 
A>1.

Proof. The fact that a cosun fulfills the surjectivity condition is easy to see. Thus 
let us prove the other direction. Let x £ X \K .  For т ё 2  there exists (x,n, km)£RK 
with

x - mx„, + ( l - m ) k m.

We have x m—km->-0. Since km£RK(x), let us suppose that {Lm} converges to some 
kQf  RK(x). Let <5g(0, 0- We have

\\k0- k \ \  = lim \\km-k \\  S  lim ||(l-<5)xm+&c-/c|| -  ||(1 -«5H'0 +<5x-/c||
m-+ o o  m-*-oo

for all k£K . □
For each A>1, //+ (1  —i.)RK has the interesting property of being outward 

directed in case К is an existence set of best coapproximation. By that we mean, given 
a k0£K, for each x £ X \K  and y£RK(x) the vector Ax +  (1 —l)y  has its endpoint in 
the complement of the tangent cone to B (k0, ||x—&J) at x. If X  is strictly convex, 
we know that 27+(1 —X)RK is upper semi-continuous, compact- and convex-valued.
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Thus we can use Theorem 3.14 in ([16], p. 47) to conclude
(A /+ (l-X )R K)(B(k0, \\x -k0\\)) 2  B(k0, \\x -k 0\\).

This means that A /+ (l— X)RK is surjective, from which we obtain via proposi­
tion 2.4.

T heorem 2.5. Let X  be strictly convex. Then an optimal set is a cosun.
From Theorem 2.5 we can conclude quite easily a result of Beauzamy (see [3]).
Corollary 2.6. In a strictly convex, smooth finite dimensional vector space, the 

optimal sets are just the contractive ray retracts o f  the space. The unique contractive ray 
retraction is given by

x  -*■ RK (x) = Ак (x) П K.
Since |7?K(x) I =  1 for a cochebyshev set, we can use the same argument leading to 

Theorem 2.5 to prove
P ro po sitio n  2.7. Every cochebyshev set is a cosun.
For an elementary proof see Westphal [22].
Let as call x£dB ( 0, 1) non-rigid, if there exists some /.=>() suchthat 

[—Ax, x] ^  BCSK+(x)(x).
Thus x is non-rigid if and only if E(0, x), which belongs to SK + (x) is strictly bounded 
away from SKu(x), a question we discussed in section 1.

We call X non-rigid, if every x£r)2?(0,1 ) is non-rigid. Anon-rigid space has to be 
strictly convex. Also

P r o po s it io n  2.8. I f  X  is non-rigid, every cochebyshey set is an ajfine subspace.
Proof. Let A be a non trivial cochebyshev set containing the origin. Since X  is 

strictly convex, К  has to be convex. Let x be in the linear hull of K, but x(f K, and 
suppose x£<LB(0, 1) and RK(x) = 0. There is a 7. > 0  satisfying —ЛхУ_Вк(x). Thus 
Вк(— Лх)ЯВк(х) and, consequently, RK(—/.x) = RK(x). Since A is a cosun, A belongs 
to SK(x). But then x would have to belong to SK(x), too. □

The results of Westphal [22] as well as those of Bruck and Reich [7] show that 
smooth lp-spaces are non-rigid.

It is easy to see that in strictly convex and smooth spaces, the linear cochebyshev 
sets are exactly the subspaces admitting a linear contraction (see [2]). From this we 
obtain the following theorem of Westphal [22].

Theorem 2.9. The following statements are equivalent in a smooth lp-space.
(i) A is cochebyshev
(ii) A is the translate o f the range o f a contractive linear projection

(iii) К is is the translate o f a sub space which is an lp-space.
The equivalence of (ii) and (iii) is just the famous result of Ando [1] about the 

intrinsic characterization of the ranges of linear contractions in /„-spaces.
In general normed spaces it seems hopeless to give a complete description of all 

cochebyshev sets. But we have succeeded in doing so for a strictly convex plane by
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using the detailed study of the asymptotic behavior of Leibniz lines in Section 1 (see 
[13]).

T heorem 2.10. In a strictly convex plane a cochebyshev set, being not a single point, 
is a parallel strip whose direction meets дВ{ 0, 1) in a point o f  smoothness. This parallel 
strip is not a line i f  and only i f  the point o f  smoothness is extreme and the chord ratio 
belonging to it is not strictly bounded away from  0  or + » .

The meaning of a parallel strip and its direction is evident.
In a non strictly convex plane the situation becomes more complicated. Let L 

be a norm-segment with respect to the/«, -norm joining(—1, 0) and (1,0). Then

LU{(£,f/): |ч |з£ |е+1 |, f s - l } U { « , 4): M s - K - l l ,  £ s  1} 
is a cochebyshev set in 1 |L.

3. Suns and cosuns in the plane

In this section X  will be a two-dimensional space. Via the quadratic and skew- 
symmetric form

Q (x,y) = í / i f z - tó »  * = (£i, Q , У =  (hi, h á íX  

we define, following Karlowitz [15], the dual *norm

N1* =  sup{ß(x, у): y€ 5 (0 ,1 )}, x£X.

All entities referring to this norm are supplied with a ß  * (0, 1) is just the dual unit 
ball rotated by 90°. According to Busemann [9], dB*(0, 1) is the homothetic to a solu­
tion of the Minkowskian isoperimetric problem in X. He pointed out that

x  _L у о  у  _L*x, V x, y£ X.
More generally, we show 

Proposition 3.1.

<x, Д ё О о  (у, x)* SO, Vx, y€ X. 

Proof. Let x and у  be linearly independent. We have 

Q(x + /.y, y + p(x + Ay))|||х + у|Г =  sup 
M € R

and
\\y+p(x+Xy)\\ Q (x, y)/ inf II у + P (x+ 2 y)||, X >  0 ,ii€R

\\x\\* = Q(x, y)/inf ||y+/ix||. 
Me R

For 2> 0  the ray у + R +(x + Ay) lines in the interior of the angle with the sides 
y + R+y and y + R +x. If (x, y)s=0, then y+ R x  is tangent to 5(0, 1) at y, thus

If <x,y)s>0, then
d(0, y+ R (x+ y)) ^  IIУII =  d(0, y+Rx). 

d(0, y+Rx) =  ||y+/i0 x||
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with /i„<0. Thus y+R(x+/.y) cuts the interior o f the segment [0, y+ p 0x), e.g., 

d(0, y+R(x+2.v)) <  Hj + jUô II =  d(0, y+Rx).
Thus we always get H * + W /ll* r s .l or (у ,Д *ёО . □

The cone o f decrease C(x, y) for x, ydX  is given by
C(x, у ) =  {z£X: ( x - z ,  y - x ) s < 0}.

Clearly, C(x,y) is the open convex tangent cone of B(y, \\x— y||) at x. We recall 
that К is a sun if for each x f K  there exists some kcK  satisfying С(к,х)Г\К=$. 
Using Proposition 3.1 we get

Proposition 3.2. C* (0, x) =  S K +(x).

P roof.

C*( 0, x) = {z6 T: < z, x>* <  0} =  C{zdX: <-z, x>* £ 0 }  =
=  C{z€X: (pc,- z ) s — 0} z== {z£X: ( x , - z ) s <  0} =
= {- z£ X: (x, z \  <  0} =  -  S K -  (x) = SK+(x). □

Thus the best coapproximation in the plane is closely related to the best approxi­
mation in the plane. Indeed,

P r o p o s it io n  3.3. К is a cosun with respect to || . || i f  and only i f  К  is a sun with 
respect to || . ||*.

This reinterpretation of the cone of decrease as the upper halfspace of the sha­
dow-cone with respect to some “dual” norm is a strictly 2 -dimensional phenomenon. 
For 3 this can be done if and only if the space is Euclidean. Nevertheless part 
of the cones of decrease may allow such a reinterpretation. Take for example a 
3-dimensional /«,-space. The cones of decrease which can be interpreted as SK+ in the 
/j-norm are just the cones defined by vectors pointing strictly into the interior of the 
faces of the L-norm.

We shall use the duality between suns and cosuns in the plane to give the follow­
ing intrinsic characterization.

P r o p o s it io n  3.4. The suns in the plane are exactly the closed, *norm-convex 
subsets.

P r o o f . “ =*•” : Since a sun is a *cosun, it is Tiorm-convex by Proposition 2.1.
Gruber [12] has shown that the closed, norm-convex subsets of the plane 

are the contractive ray retracts of the plane, and, consequently, cosuns. (A proof 
using best approximation methods is given in [13].) □

To fully appreciate this proposition one should be able to construct all closed, 
norm-convex sets in the plane. The structure o f a compact, norm-convex set in the 
plane is given by (see [1 2 ])

P r o p o s it io n  3.5. Let К be compact. К is norm-convex i f  and only i f  К is obtained 
from  со (К) by cutting out a countable number o f  disjoint subsets each o f them bordered
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by a closed segment S in со (К) and a normsegment joining the two endpoints o f  S 
in K.

The structure of unbounded suns can be obtained by using the following locali­
zation principle.

Let К  be norm-convex and closed and P a parallelogram whose sides are parallel 
to lines through the origin cutting дВ(0, 1) in extreme points. Then {Kf lmP: m£N} 
gives an increasing sequence of compact, norm-convex sets converging to K.

Another elementary description of suns is that pointed out by Berens in [4].
Proposition 3.6. К  is a sun i f  and only i f  /L +(l —Ä) PK is surjective fo r  all

1 6 (0 , 1 ).
We can considerably weaken this proposition in the plane. For KQ X, x ( fX \K  

and ufdB(0, 1) we let x(K , u)=x—d(x, K )u  and W(K, x, u) = C(x(K, u), x). 
Evidently, W(K,x, u) is the interior of the convex tangent cone of B(x, d(x, Kj) 
with vertex at x(K, u). Therefore the boundary of this tangent cone is a line or an 
angle with vertex at x(K, u). Let us orient дВ(0, 1) counterclockwise. Then we are 
able to orient dW(K, x, и) correspondingly and we can speak of the left fright) side 
()WfK, x, u) (dWr(K, x, и)) o f dW(K, x, u). Let

Of course,
S(K, x) =  {ufdB(0, 1): KDW(K, x, и) =  0}.

S(K, x) -  {ufl)B(0,1): PK(x) g  dW(K, x, u)}.

With a proof similar to that o f Proposition 3.6 (see Berens [4]), we get
Lemma 3.7. I f  H+  (1 — Л)РК is surjective for some A£(0, 1), then S (K, x) У % 

for all x  6  K.
Also we have
Lemma 3.8. Let x £ X \K ,  u f S(K, x) and к£Рк(х). Then k and x(k, u) belong 

to one face o f  B{x, d(x, K)).
If S(K, x )^0 , there are at most three different tangent cones of B(x, d(x, К)), 

which contain /\(x). More precisely:
(1) If PK(x) does not belong to any proper face of B(x, d(x, K)), then 'PK(x)\ = 1 

and S(K, x) =  {(x — PK (x))/|| x  — PK (x)|l}. There is only one tangent cone of 
B(x, d(x, К )) which contains PK(x), namely the one with vertex at PK(x).

(2) If a face of B(x, d(x, K)) contains elements of PK(x), then x(К, и) belongs to 
this face for all uf S(K, x). I f  x(K, u) is interior to this face, dW(K, x, u) is the line 
generated by PK(x), e-g-, Рц(х ) belongs completely to this face. S(K, x) is the corres­
ponding antipodal face of B (0, 1). The tangent cones of B(x, d(x, Kj) containing 
PK(x) are the halfplane bordered by the line generated by PK(x) and the two tangent 
cones having their vertex at the endpoints of the corresponding face of B{x, d(x, Kj), 
respectively.

(3) The linear hull of F K(x) may be two-dimensional, but only if the face of 
B(x, d(x, AT)) containing elements of PK(x) is joint by another face of B(x, d(x, K)) 
containing elements of PK(x). Then there is exactly one tangent cone of B (x ,f(x , AT))
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containing Px(x), namely the one given by these two faces of B{x, d(x, Kj). The two 
faces touch in х(АГ, и) and S(K, x) = {и}.

Lemma 3.9. I f  A /+ (l —X)PK is surjective fo r some /.£ (0, 1), then for all x £ X  
we have that PK (x) is contractible.

Proof. Let x £ X \K .  By Lemma 3.7 we know that S(K, x )^ 0 .  For jPx (x)| =  1 
nothing is left to show. Thus let pa be the first and pe the last point of a face of 
B(x, d(x, AT)) containing more than one element of PK(x). Let Aq and kz be elements 
of PK(x) in this face with no other element of PK(x) lying in between. We set 
x '= (k1+k^J2. Let и equal {р—р^)1\\х—ре\\. Suppose Aq, k^d W fK , x, u). Let 
v1=(pa—pe)/\\pa—Pe\\ and let v2 be the imit vector in direction of dWT(K, x, u). It 
may happen that v1= —vz. Let и'£дВ(0, 1). If u' lies beyond и and in front of 
— uondB(0, 1), but kV m, then k f  W(K, x ', u ). If и lies beyond —u and in front 
of и on dB(0, 1), but u ' ^ —u, then k .f  W(K, x', u). Thus S  (AT, x') = 0 contradict­
ing our assumption. We conclude that the intersection of PK(x) with a face of 
B(x, d(x, К)) is a segment.

If PK(x) belongs to two faces of B(x, d(x, К)) touching each other, then 
S(K, x) = {u} and x(K, v) is the point of contact of these faces. According to our 
assumption there is some (y, ky)£PK suchthat x —Xy+(\~X)ky. Thus Pk(x)Q  
=  Рк(у)- Consequently there is only one tangent cone of B(y, d(y, К)) containing 
PK(y) namely the one which contains the two faces of B{y, d(y, К )) containing P k ( x ) .  

This tangent cone has to coincide with W(K, x, v). Thus we have j>£x+R+u, i.e., 
k y=x(k,v). Thus the vertex of dW(K, x, v) belongs to PK(x). □

We conclude that for a sun PK(x) is a single point, a segment or the compact 
connected part of an angle.

It is quite easy to see that A/+(l —X)PK is outward directed for all Я£(0, 1) in 
the sense we have defined it in Section 2. Just as in Section 2, replacing convexity by 
contractibility, we see that Я /+ (1 — X)PK has to be surjective for all Я£(0 , 1 ), if it 
is surjective for some A€(0, 1). Thus we get

Theorem 3.9. The following statements are equivalent in the plane.
(i) К is a sun

(ii) / / + ( 1  —))P K is surjective for some l£ ( 0 , 1 )
(iii) PK(x) is contractible for all x£X.
From this we can derive an intrinsic description of other variants of suns in the 

plane. Recall that AT is a strict sun. if for each x£ X  and all k£P K(x) we have KP\ 
flC (L  x)=0.

Proposition 3.10. The following statements are equivalent in the plane.
(i) К is a strict sun

(ii) К is *norm-convex and i f  there is a segment in its boundary which is parallel to 
a face o f B(0, 1), then the line generated by this segment has to support K.

Also AT is a Chebyshev set, if |PK(x)| =  1 for all x£K.
Proposition 3.11. The following statements are equivalent in the plane.
(i) К is a chebyshev set
(ii) К is *norm-convex and it contains no segments in its boundary, which are 

parallel to a proper face o f В (0, 1).
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Having given a complete description of suns let us now take a close look at 
selection properties of PK. We call

P°k(x) = {kePK(x): k + R + (x — k) £  P ^(x )}
the set of sun-points of x (with respect to K). Evidently, A' is a sun if and only if 
P sK{x)^<d for all x<EX \K .

Let К  be a sun- Then P |(x )  contains one element or equals PK(x). Since the 
set-valued map P£ is continuous, we obtain using Michael’s selection theorem [19] 
at least one continuous selection of P£. Accounting for the special properties of 
Pk(x) we can even construct continuous ray selections of P£. It is easy to see that any 
ray selection of PK in the plane has to be continuous.

There are ray selections. Indeed, one such selection SK of P£ is given by
SK(x) — right endpoint of P£(x), x§  K.

We recall that Р |(х) is a possibly trivial segment in dB(x, d(x, К )). Thus by the orien­
tation of ()B(x, d(x, К)) it makes sense to speak of the left and the right endpoint of 
P|(x). Using the contractibility of PK(x) it is not hard to see that SK possesses the ray 
property. We could have chosen

SK (x) =  left endpoint of Р |(х ), x$K ,
as well. These two selections are in some way “extreme”. Indeed one can determine 
selections “in between”. In case that P f (x) is a single point we always have to set 
SK(x)=Px(x). But if P£(x) is a non-trivial segment, we look at the largest segment, 
halfline or line L  containing P£(x) which belongs to dK. The line G generated by L 
supports K. Suppose L  is a segment. Let m be the midpoint of the smallest circle 
containing L  in its boundary lying on the same side of G as K. Set ^ (г)= [т , x]flL. 
If  L is a halfline or a line we can use this definition as well by selecting m at infinity. We 
will not go into the details.

Let us recall that a mapping S : X —X  is called orthogonal to K, if S is a selec­
tion of AK (see Brack [16]). Using the interpretation of a cone of decrease as S K +-set 
we see that a ray selection of PK is orthogonal to AT with respect to the *norm.

Theorem 3.12. Each ray retraction S in X  orthogonal to S(X) is strongly contrac­
tive, i.e.

||S'(x1) -5 '(x2) | | 2 ^  (xj-Xg, S (xJ  — S(x2))„ Vx1? x2iX .

Proof. Suppose x1^ x 2 and 5'(x1)?í S(x2). Let
P(x) =  {gdX': g(x) -  ||g | | 2 -  \\х\П xeX . 

It is known (see [10]) that

(y, x)s = max (g(y): g€ F(xj\ у, x€ X.
Let

c =  <(xx -  S' (xj)) -  (x2 -  S (x2)), S (Xj) -  S (x2))s.

(1) For S(x1) - S ( x 2)€S A “ (x2 -S (x 2)) and S(x2) - S ( x a)eSA -(x 1 -S '(x 1)) 
we have

c g (xi — S(x)) — g (x2 —S(xg)) V g€P(S (xi)-S (x2)).
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Thus
c S - ( x , - S ( x , ) ,  ^(*i)- 5 (x2))s-  <x2 -  S(x2), S(x, )- S (X(j))s is 0.

(2) Let S(Xl) -  S(x2)£ SK ~(x2 -  S (x2)) and 5(xa) - 5 ( x 1) € ^ ( x 1 - S ’(x1)). 
There exists g o £ F ( S ( x ^ ~  S^x^) with g0 (x1 —5'(x1))=0. Thus

c =  g o ( * i  -  S (x j) )  -  <x2 -  S ( x a ) ,  5 (x 1) - S ( x 2) ) s =

— (x2 —,S'(x2), S(xJ - S ( xJ).  S  0.
(3) Analogously for S(xj) — S ( x ^  SK(x2 — S(x^i) and S(x^) — S(x^)£SK~X  

X(xx — S(x1)) we obtain c^O.
(4) Let ^ix^ —̂ ix^C S^X j —5,(х1))П5'А’(х2 —̂ (хз)). There exist g f  

€ F(S(xj) — S(xf), /= 1 ,2 , satisfying
8 i ( x i ~  S ( x t) )  =  0, i = l,2.

If Xj —S(xx) is parallel to x2-  5’(x2) we can choose g1=gs and conclude csO . 
Therefore let us suppose that Xx —£(хх) is not parallel to x 2 — S(x^). Then the lines 
S (Xx) + R (xi -  S (xi)) and S(x2) + R (x2 — S (xá)) have a unique cutpoint s given by

S (xj) +  <5 (xi — S (Xx)) =  S  (x’a) + т (x2 — S' (x2)).
Suppose that g1(x2—S(x2))>0 and g2(x1~ S'(x1))<0. Then the uniquely deter­
mined <5 and T are given by

Ő = - \ \S  (x2) -  S (xi)||/g2(x1 -  5 (xx)) 
and

t  =  II s (Xj) -  S (x2)|| /gx (x2 S (x2)).
Since <5 and x are positive, we conclude S(x1) = S(s)=  S(x^) contradicting our 
assumption. Thus let gx(x2 — S(x2))^0. We have

C =  gx ( x i  -  S  (Xx)) -  gx (x 2 -  S (X a)) =  - g i ( x 2- S ( x 2) )  ^  0.

In the case g2(Xl — SCxj^feO we argue analogously. □
Applying this theorem to best approximation in the plane we get
Theorem 3.13. Let К  be a sun in the normedplane. There exist ray selections o f  PK 

and any such selection is strongly contractive with respect to the *norm.
From the point of view of best approximation a normed plane is “almost” 

a Euclidean plane.
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DISTRIBUTION STATISTIQUE DE L’ORDRE D ’UN 
ELEMENT DU GROUPE SYMETRIQUE

J. L. NICOLAS (Limoges)

I. Introduction

Soit S„ le groupe des permutations de n objets. P. Erdős et P. Túrán ont d é­
montré : (cf. [5])
(1) lim Probt 108(ordre °>~W2)1°8‘ h ^ 1 =

■*“ 1 (l/]/3)\og3/°-n J
avec

1 *
Ф ( * ) = - = -  f  e - '^ d t  

i i n  -"L

en mettant sur S„ la mesure d’équiprobabilité. P. Erdős et P. Túrán annoncent qu’il 
est possible d’obtenir un terme d’erreur dans la formule (1).

Pour chaque permutation erÇSn, nous désignerons par

«i <  n2 <...-= nk

les différentes longueurs de cycles de cr, et par m 1, ..., mk leur multiplicité, de telle 
sorte que

2  mini — n-liëirsk

La démonstration de (1) est basée d’abord sur le résultat (cf. [4]): excepté 
o(n !) permutations, tous les éléments aÇ_S„ vérifient:

(2) exp (—3 log n (log log n)*) s  _ordre de a ^  j
пкп%...пк

et ensuite sur la distribution des valeurs de la fonction

f (v )  =  2  l°g ifiisis*
à l’aide de sa fonction caractéristique.

Par la suite, M. R. Best [1] et J. D. Bovey [2] ont redémontré la loi limite vérifiée 
par / ,  par des méthodes plus élémentaires.

Nous allons démontrer le théorème suivant, qui améliore (2) :

Théorème 1. Si Гоп enlève de Sn un ensemble de 0(/î!/|/log «) permutations, 
celles qui restent vérifient:

log (ordre de d) =  / ( a )  — log n log log n +  O (log n log log log n).
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La démonstration du théorème 1 repose sur l’idée suivante, fournie par P. Erdős : 
dans une permutation aléatoire, la moitié des cycles est de longueur paire, un tiers des 
cycles est de longueur multiple de 3, etc... et le nombre de cycles étant environ log n, 
la contribution des nombres premiers p ^ logn  dans la différence /(<r) — 
—log(ordre de oj est approximativement:

2  l°g  P =  l°g  n (l°g log n +  O (l))-
pslogll P

La contribution des nombres premiers /?=»log n est négligeable. La proposition 
1 permet d’évaluer très précisément le nombre de <t£S„ qui ont exactement ./ cycles 
de longueur multiple de oc, et je remercie M. Szalay, qui m’a signalé la référence [11]. 
La proposition 2, qui m’a été suggérée par A . Odlyzko, majore le nombre de oÇSn 
pour lesquelles пгп2...пк est divisible par une puissance assez grande d’un produit 
de nombres premiers.

Nous montrerons ensuite :

Théorème 2. On a uniformément en x£ R :

Prob{ / ( î / t î ) l o s ? » "  *  * }  “

La démonstration du théorème 2 reprend les calculs originaux de P. Erdős et 
P. Túrán. En fait un calcul similaire a été fait dans [10], pour étudier une fonction 
voisine de f ,  définie sur l’ensemble F*n) [X] des polynômes unitaires de degré n sur un 
corps fini.

On déduit immédiatement des théorèmes 1 et 2 :

Théorème 3. On a uniformément en xÇR:

prob f log (ordre de o) -  (1/2) log2 n +log n log log n <  J  = ф(х )+ о  (loë 1оё 1оё и 1 
1 ( l / / 3 ) l o g 3/2 n J l  /lo g  n ] ’

Nous conjecturons que l ’on peut supprimer le log log log n dans le reste du 
théorème 1, et du théorème 3.

Notations. Nous écrirons, pour simplifier

/ — log n ; l2 =  log log n; 13 =  log log log n.

к

Pour 1 et pour o d S n fixé, nous poserons: N(v)= 2  le nombre de lon-
i = l 
vl nt

gueurs distinctes de cycles de a  multiples de v. La lettre p, indicée ou non désignera 
toujours un nombre premier. Enfin nous noterons [ x ]  la partie entière de x .
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П. Démonstration du théorème 1

Enonçons d’abord quelques lemmes :

Lemme 1. Soit x > 0 . On a: 
pour « s r ;

et pour

D émonstration. Elle est facile (cf. [8], p. 149).
r

Lemme 2. Soit l S v 1< v a< . . .< v r avec 2  vp^n. Le nombre de permutations de
1 =  1

Sn ayant au moins un cycle de longueur vx, un cycle de longueur v2, . . . ,  un cycle de 
longueur vr est S  n !/(v1v2...vr).

D émonstration. Il y  a
_____________ ni_____________
v1!va!...vr!(n —vx—v2—... —V,)!

façons de choisir r parties de {1, 2, ..., n} de cardinal v1 ; ..., vr. Dans chacune de 
ces parties on doit avoir une permutation circulaire ce qui donne (Vj — l)!...(vr— 1)! 
choix possibles. Dans ce qui reste, n’importe quelle permutation marche, il y  en a 
(n — Vj —... — vr) !. Cette démonstration est voisine de celle de la formule de Cauchy 
(cf [3], t.2, p. 75).

Lemme 3. Soit X réel vérifiant 0 < / <  I. On a:

V lo§ P  Zj _Am

2  =  lo g x + 0 ( l ) ;  2  =  lo g * + 0 ( l ) .
pSx  P

Si x ë 2  et si Яй2, on a:

y — - ä --------------—
p s x  PX (log x )Xя

Démonstration. Soit 9(x)= 2  \ogp  la fonction de Cebysev. On a, p ar
p S x

l’intégrale de Stieltjes

2  РлP̂ X P
log P • r dmt)]  0(x)r  «

J  tx + / ?
m ) dt
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etcomme 0(t)=O(t), cette quantité est :
JC

0 { х г~х + f  À r xdt) = 0 (x1- xl(i-X )).
O

Pour évaluer 2  (log p)p~km, on procède de même en remplaçant 0(x) par
pm̂ x

ÿ(x) = 2  log P’ la seconde fonction de Cebysev. L’estimation de 2  (log P)IP est
PmSx psx

classique (cf. [9], ch. 22).
De même, soit tz(x)— 2  L on a:

pSx

V  _  Г  _  n ( x ) ~ l  , Y '  À n ( l )  ^

pÍxP J  tX -  XX + J  t**' ClL

Or on sait que 7i(?) = (3/2)(i/log t) pour tout t, donc

2  f  k t~ xdttk- 3
p f x  l o i ?  X  Jlog X  y  (logx)x*_1 '

Lemme 4. Soit 20 ̂  ft>i, co2=n. Si l’on enlève de S„ un nombre de permutations 
=  3n! ( 2 .  +  JL-), les permutations restantes ont la propriété suivante: les cycles de 
longueur >fflj sont uniques et les cycles de longueur ^co1, ont une multiplicité ёю 2. 

D émonstration. Ce lemme est le lemme III de [4].
Proposition 1. Soit:

cj =  ( l /n ! ) C a r d { < 7 Ç S „ ;  2  m i =  j }
I S i S f c

«l”i
la probabilité qu’une permutation de Sn ait exactement j  cycles dont les longueurs sont 
multiples de a. Alors, si l’on pose r=[n/a], on a:

k=j 1 ■ X \JJ
où s(r, к) désigne le nombre de Stirling de l ère espèce, et on a la majoration, pour
r ê 2

Cj = eyr ^ ,x^ - ( j  + H)

où y désigne la constante d ’Euler, et H — 1 + 1
...+

1
r — 1

Démonstration. D ’après la formule 0.27, p. 183 de [11], on a:

2  cjxj = (
j = 0 t

( x - l ) /a  + r'
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et d’après la définition des nombres de Stirling de première espèce, le deuxième 
membre ci-dessus est égal à : (cf. [3], t.2, p. 48)

« П o^k^r

= 2 x > 2k ~ j  r l  a"

Ce qui nous donne la première formule de la proposition. 
On utilise ensuite la majoration :

a j=oУJ >

1 l»(r,t)l

|s(n, k)\ ( n -— 1)! (. 1 1 V
(fc^ î)T l1+ T + -  +  17=Tj ’

Cette majoration peut être démontrée par récurrence en utilisant la formule :

|s(n + l, fc+l)| =  |s(n, fc)| +  «|s(n, k + 1)|.
.1

On obtient alors :

Cj s  Ÿ, l?' / / " - 1 kl
k = j  r \  ( f c - 1 ) ! ! (a —IV l a )m - j ) ' .  (a - l>

et en posant i= k —j,

J ~  r jW  i ü  H ,J)-

La sommation est majorée par:

2  *//( l 1 (i +j ) =  (Я ( 1 -  l /а) +j) exp (H (1 -  1/a».

Compte tenu de ce que
IT , 1 1
H  — 1 +-2"+ ••• + ~—y  — y+log r

on obtient le résultat annoncé.

Corollaire. Si l ’on enlève de S„ un nombre de permutations О (л ! /(log и)2), 
celles restantes ont la propriété: Pour tout oc^///f, le nombre de cycles dont la lon-

. . .  . log n Л ( log n )°>8gueur est multiple de a est —-----h О I — - — I .

D émonstration. Fixons d’abord a. On pose, avec les notations de la propo­
sition précédente, x=H/a, 7 o=X — xu, j 1= x+ xu + 1. On choisira w=0,8. Le nombre 
de permutations à enlever, c’est-à-dire celles qui ont moins de j 0 (ou plus de j\) cycles 
dont la longueur est multiple de a, vaut :

5  =  2  ‘,+  2  ci s  2 « v -v .( 2  £ +  2  T p i r )
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et, par le lemme 1,

Or on a:
— ( © Ч т = г П -
Jo log (ex/j0) 1 + 0 (x 3u 2)

Oi — 1) log (ex/(j\ — 1)) = х -^ -х ‘-“-1 + 0 (хш-2). 
Ce qui nous donne :

S = O ^r^ ^e x  p (x —<5x2u_1)) 

pour un certain ô >0. On remarque ensuite que

H  — 1 +  — +  . . .  4 ---------- r2 r — 1 log r + 0(1)

et donc ex — 0(rvx). Enfin, comme г=[и/а], on a: x =  (l/a)(/+0(/2)); comme 
aS ///f, on voit que x ë /f/2  pour и assez grand, et donc

5 =  0  (exp ( -  <5, l\■2)) = O (l- 3)
en choisissant и=0,8.

En faisant le même raisonnement pour tous les a = /// |,  on obtient qu’excepté 
О (и!//2) permutations, le nombre de cycles dont la longueur est multiple de a est 
compris entre x —xu et x+ x u+ l, ce qui achève la démonstration du corollaire.

Pour démontrer le théorème 1, nous allons construire des sous-ensembles S ^ c z  
c5 „ , ..., 5 ‘i+1)c5 ® , toustelsque Card(5„- 5^l)) = Q(ni/1'7).

Construction de On utilise le lemme 4 avec col =  [/log/i] et co2 = 4 • On a 
bien:

1М-ы/ш2! = o(i/ f'7)
et les (i£ 5 ^  ont la propriété

Pj: (и,- =- f7 => nij =  1) et (n; ^  Ÿl => mt S  L).

On désignera par A'0 le nombre entier tel que nkô Ÿ l< n ko+1. La propriété Pk 
s’écrit alors:

Д : (1 ^  i ^  k0=> mt l2) et (fe0 <  i ë  1 =» ш; = 1).

Construction de 5^2). On utilise le corollaire de la proposition 1. Les 5 '2) 
auront la propriété Pk et la propriété P2 :

P2:Vass///| , У Щ = //a + 0(//a)0'8.
a|ri{

Minoration dans le théorème. 1. Nous allons montrer que pour aÇ 5,(2), on a : 

f(p ) — log (ordre de a) s  //2 + 0 (//3).
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On remarque d’abord que, à cause de Px,

Z  щ =  2  1 +  Z  i m , - l )  =  N ( a ) + o [ ± p - ) .
l ë i â f c  l ^ i ^ k  1 ^ Ш к 0 \  Ci /

«|nf (X.\ni n\ni
On a donc, par P2, et si a s / / /f  :
(3) N (a) =  (//a) +  0(//a)0,8.
On a ensuite :

/ ( a )  -  log (ordre de <r) = log (n1...nk) -  log (р.р.с. m(/il5 ..., и*)) &

— 2  logр (Щ р)-\).
PS///!

Cette dernière somme vaut :

Z  i ^ + o { i ° ’a^ ß - )  = ik+o(U3)
psl/tl P V P )

par le lemme 3.
Construction de SjfK On remarque d’abord, en faisant a = l dans la formule 

(3), que l’on a pour tout crÇ S£*> la propriété P', :
P ’2: к = iV(l) =  log n + 0(log z?)0,8.

En fait, on aurait pu obtenir P2 à partir des résultats de Goncarov [7], comme l’ont 
fait P. Erdős et P. Túrán [5].

On impose ensuite les propriétés suivantes :
P3: Va S  (log n)3, N  (ci) ^  1,

P3: V a s  (log n)3'2, N  (a) S  4,

Р'з -У У, l/l 1 = У S  I, Va S j ,  N( a) S  II J  y.
Fixons a s / / / | et y0S//a. Avec les notations de la proposition 1, on a r ^ n /2,

H  = 1 + ... + - - = y + log /• Ш log/?

et le nombre de o£ Sn pour lesquelles jV(a)S/0 est majoré par:

/?! 2  cj
J-Jo

3= 2/?! ( (1/aV (Z/аУ-1 j
Д  I ./! a(j-1)! J WJ /?!

par le lemme 1, à condition que / 0S  2 et y0S/.
Pour on fait j o =  2. Le nombre de crÇ,S'„ qui font exceptions à P3 est majoré 

par
n\0(r- 2  а “2) = O(??!//).

â Z3
Pour Eg on raisonne de même avec /„= 5 .

Pour Pà', on fixe y, et a, avec j ^ a ^ / 3/2. (Pour a > /3/2, on a par P 3, 7V(a)â 
s 4 ^ ll jÿ ) .  On choisit jo — lljy. On a bien I/«Sj0^ l  et on remarque que j 0 = l2-
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Le nombre d’exceptions est donc :

Comme il y a au plus l valeurs de y  et 73/2 valeurs de oc, le nombre d’exceptions à P£ est 
négligeable.

Proposition 2. Soit n assez grand, m ë l, t= 2, tm ^l/2, Le nombre de
a pour lesquelles il existe m nombres premiers < ... , avec y=p%
tels que N (p j)^ t, ..., N{pm)=st est majoré par:

D émonstration. Fixons d ’ab o rd  P i,...,pm. Comme im ë(l/2)logn, par la p ro­
priété P'2 si a est telle que chacun de ces pt divisent au  moins la longueur de t cycles 
distincts, on peut trouver P cycles de <7 , de longueurs ... <  v/( avec t ^ p , ^
S tm  et Vj =£/ lo g  n tels que P=p\...p\n divise v^.-v,,. Le nom bre de telles о est 
do n c  majoré d’après le lemme 2 , p a r  :

— 1 y ïo g « S v .« ,< .. .
pfv,v2...vw

ni
V,...V„

и!
w

On peut mettre 1/P en facteurs dans la dernière somme, à condition de multiplier
(
u + t— IV"t I . La fonction тг(n) est définie par:

p o u r  r ^ 3,

Il s’ensuit que :

т2(и) = 2  1
d\n

T,(и) =  2  T,-1 (d).
d\lt

-- n! 1( 4e2 log n )i<m tm __ n ! ;< 30 log n \
~  P \{ t J (V2^7)m+1 ~  Pi—PL I{ t J

en minorant m! par }/2nuuue~u, et en majorant p + t par 2p et 4e2 par 30.
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Maintenant, on fait varier les nombres premiers px, ..., pm. On a :

2  — _ ^  U  2 -  Г  ^  Í -  Z - T  ^  Í _ _ ? _ _ ГР1--Рт т \ \ £ у рЧ \ т р% р Ч  Kmyt l \o g y )

d’après le lemme 3, ce qui achève la démonstration.
Construction de Sfp. On va imposer aux S(n3> la condition suivante; avec 

c0= 18 exp (60/e)
P4: \ft, 2 3= f ^  h, mt =  Card { p s i ;  N(p s  t} ^  c02~fZ/Z2.

Fixons d’abord t; on applique la proposition 2, avec y —\ogn, m=[c02- , //ZJ + l. 
Le nombre d’exceptions est allors majoré par :

n!2-c02 - '. i/i1 =  о  (nU~2)
et on fait ensuite varier t.

Construction de La condition supplémentaire imposée est

Pь‘ V y, Z/Z| — y  — l, Vs, 2 3 2  s =  /2,
mi =  Card {p S  y; N(p) >  60Zs/p} ë  36 • 2~sy/l2.

On fixe d’abord y  et s, on applique la proposition 2 avec t =[60 ls/y\ + 1 et m= 
=[36 • 2~sy/l2] + 1, et on termine comme précédemment.

Démonstration de la majoration dans le théorème. Soit nous devons
majorer /(er)—log (ordre de 0). Cette quantité est d’abord majorée par:

2  (log p)N(pa)=  2 Ti
p,a i = l

N(pa) ^ 2

où les sommes partielles 7) portent sur les couples (p, a), p premier, a ^ l  vérifiant 
N(pa) s 2  et:

i = 1  p° >  Is

i =  2 Pa tkl\l\

i — 3 a = 1 et Z/Zl -c p ^  Z

i — 4 a = 1 et Z <  p 3 2  Z3

i =  5 a ë 2  et Z/Z| < p S  Z3 /2

1 =  6  a~s2, p ^  Z et Z3 /2  <  p“ S  Z3

i =  7 a S  2, p >- l et Z3 /2  <  p" ^  Z3.

Par la propriété P3, la somme Xi est vide.
Par P2, on a:

r , s  2  î i ? t L + o f i« - !5 S £ t
p a = S // / | P \ 1

par le lemme 3.
J И2 +  0(Иа),
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Dans T-0 le nombre de termes est O (l3/i), et par P3, on a :
t 5  =

Dans T6, en utilisant P 3 , on a:

T e ^  2  b g  P  2  4  S  1 2 / 2 т г ( 0  =  0 ( 0 -
p ^ l  a ^ 3 / 2 / I o g  p

Dans P7, on remarque que a vaut exactement 2 et comme N(pa)sN (p ) ,  on constate 
que T7̂ T t . On a ensuite:

T \=  2  Qog p)N(p) s  3i2 2  n (p)-l<p^l3 l<p^l3N(p)̂ 2 N(p)^ 2
D ’après Рз', N (p )^ l2 et par la propriété P4,

P 4 S  3 / 2 2  = 0(1).
t= 2

Pour évaluer T3, choisissons y, 1/1%=уШ/2 et considérons

Wy — 2  0 °g р)Щр) = h 2  n (p)-y<p̂ 2y y<p^2y
Nous allons montrer que pour tout y, Wy=0(l). Il en résultera que T3=0(ll3) ce 
qui achèvera la démonstration du thèoreme. Par la propriété P3, on a N (p )s ll2/y. 
Ensuite, par P5,

2  Щ р)3s
120/( y  1)+ g  60 /(s + 1 )

У у-Рркгу s=2 У
m's = 0(1/12).

Pour supprimer le «/3» dans le reste du théorème 1, il faudrait pouvoir montrer
que:

T3 = 2ll3+0(l).

III. Démonstration du théorème 2

Nous utiliserons la notation suivante pour les séries entières :

2  «nzn«  2  b„z"n=0 n=0
signifie : pour tout и ё 0 , \an| ë bn.

L e m m e  5 .  On a:

2  2
m =  2  f i l  £  1 Z  I  Z  m =  l

7 Г

m
L em m e 6. On a:

“  log2m m 1 . , 1  _ “  logm
2  — ---- 2 m- — log3------ « 2  2  ——  zm.

^= 2  m  3  1 - z  m = 2 m
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Lemme 7. Soit ci>0 et une suite de coefficients ak vérifiant \ak\^ a /k  pour 1 iS&ïS 
=n. On pose:

Alors, on a, pour lëA âH
e x p ( Z « k Z k)  =  1 + 2  b kZ k-

k s i  t  =  1

Ibk\ з£ аеЧ“- 1.
Lemme 8 . Soit /i=s3 et tÇR, vérifiant [?| =  / lo g  n. On pose:

h(z) = c x p It I 2 1------- - log 2 ----l21ogs/2n 1 — z 6 log3 
Alors on a, e0=e1= 1, et

—  log3 —*—} =  2  n 1 - z )  „ffioernt­

en =  e x p  

et pour 2 ^ m ^ n ,

\e.

( T X ' - i i H i )

où les O sous entendent des constantes explicites.
La démonstration des lemmes 5 à 8 se trouve dans [10]. Sous une forme un peu 

moins précise, ces lemmes figuraient dans [5].
Lemme 9. On a pour tout x  réel et m entier ë  1,

e'x— 1 — ix — . . .— (ixY
(m  — 1)! m\! ’

La démonstration est facile, et se trouve par exemple dans [6], p. 512.
Lemme 10. Soit a un nombre réel vérifiant O ^ aS  1/6. Soit ak une suite de coeffi­

cients vérifiant \ak\^a /k 2 pour k ^ l .  On pose:

e x p  ( 2  a k t k)  = 1 + 2  b k t k-Лё1 k^l
Alors on a pour 1 :

\bk\ ^  2a/k2.
D é m o n s t r a t i o n . On p o s e :

y(z) =  e x p  ( 2  azkffi2) = 1+ 2  ик*к- ssi ta l
On a évidemment \bk\^u k pour tout /c^l. D’autre part, y vérifie l’équation diffé­
rentielle :

/  = a y (2 z k~1/k)
d’où l’on déduit, pour n^O

(n+l)u„+1 =  —3 ~ j - +  2  a u j / ( n - j + 1 ) .  
n  + 1  j = i
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Montrons par récurrence sur n, que l’on a u„^2a/n?. La relation est vérifiée 
pour n— 1, puisque uk=a. Supposons la vérifiée jusqu’à и (n ^ l)  et montrons la 
pour 7 J + 1 .  On a:

(n +  l)w„+1 a 2a2
V + T + Ä f ( n - j + i )

Or on a:

ce qui donne:

a
■+2 a2 Z

i'=i
f 1

n +  1 U n +  l ) /

1 » 1
■ ^ 7 * -j=i j

l+ lo g n
n +  1 n +  1

• +
1

r  +(n +  l ) p  (n + l)2j  (n +  l)2(n +  l - / )
i _ _ _ ].
(n +  l - j )  )

10a2(п + 1)2и„ + 1^  a H— — + 2,4a2 ^  2a lorsque a S  1/6.

R em a r q u e . Cette condition a s  1/6 n’est pas indispensable. En utilisant les mé­
thodes de l’analyse complexe, H. Delange peut démontrer que pour tout a fixé, le 
coefficient uk ci-dessus vérifie uk~ae“/k2.

L emme 11. Soit nx<nz~=c... <-nk les longueurs distinctes des cycles de adS„. 
La valeur moyenne de f(a )  =  Z  log nt vérifie:

is is t

Mn Z  №  =  -4-log2«+ o (i) .«!<res„ 2.
D ém o n st r a tio n . Rappelons d’abord le résultat classique: soit k, l s f c s n ;  

je nombre de permutations de S„ qui n’ont aucun cycle de longueur j  est :
[n/t]

n! Z  (-1 У/U'-V).
J= о

Lorsque k=  1, c’est le problème des chapeaux (cf. [3], p. 10). Il s’ensuit que, le nombre 
d(n, к) de permutations qui ont au moins un cycle de longueur к vérifie:

i r { Î - Z k ) - din' k ) - nllk-

On remarque ensuite que l’on a:

Mn = ~  Z  (logk)d(n,k) = 2  —f — +  0(1) =n ■ l^k^n l^k^n K

= / - ^ - d x  + 0 ( l)  =  y lo g 2n +  0 (l).

l ère étape. Avec la notation du lemme 11, on pose:

Fn(x) = Prob {f(p) — Mn <  X  log3/2 n).
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On associe à la distribution de probabilités Fn sa fonction caractéristique, définie par 
l’intégrale de Stieltjes:

+ 00
cpn(t)= f  e“xdFn(x).

On a, d’après [5], p. 313:

(4) <P„(0 =  exp • CoefT. de z" dans expDn(z, t)
avec

t = ?(log n)~3'2 
et

A.O, r) =  2 ' log{1+ 0 ‘‘r- 1)(1- e~zJ/y')}-
J = 2

2ème étape. P. Erdős et P. Túrán ont montré que pour t fixé,
(5) lim <pn (t) =  exp ( - 12/6).
En vue d ’une estimation du terme d’erreur dans (5), nous supposerons que | i |â  
ä ß ]/log n, où ß est une constante assez petite. Les majorations qui suivent, y  compris 
les «O» seront valides pour |f \^ ß  }/log n et n=sn0, où n0 est une constante absolue. 

On écrit comme dans [5]:

avec
D„(z, t) = /i!(z) +  ù2(z) + /î3(z) + ù4(z) 

log j  T2 log2 JI y
K ( Z ) =

j= 2 t J

>h(z)
n f /■"—1

-  2 1 V -j= 2 J
■ l T

2 j

logg j  I T2 log2 j  1 ,y 
j  2 J

*.(*) = J= 2

*.(*) =  Í  i —
j = 2  r = 2  '

On a, par le lemme 9, avec la notation <$c :

K{z) 2
j =2

Et, P. Erdős et P. Túrán donnent:

" 't|3 log3 j  j  j ,  \t\3 zj
j =2 6j “ J=2 6 (iOg U)3/2 j

et

r2 “  zJ'
ù4(z) «  c4-------  2  —

log  И уГ 4 j 2

ù3(z)<sc: c3 И
/log  И j% j2 4 r -
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On remarque que la condition: n>exp(104t 2) est assurée en choisissant /?<10 2. 
On peut donc écrire:

(6)

avec

(7)

D n(z,  t) =  lh(z)+ 2  a <j1)zJ
j  =  2

И ( 1 /2 1
yiogn U '2 7 log n J

3ème étape. Compte tenu de (6), et en observant que les puissances de z d’exposant 
-n n’interviennent pas, (4) devient:

= exp f  itM„ } 
1 log3/2 ni ■ Coeff. de z" dans

1 expiir j j i ° § L ^ } e x p { Í  n f v } .1 —  Z  l j = 2  J  I j=2 J  > 4-2 t
On utilise alors les lemmes 5 et 6, et avec la définition de la fonction h dans le lemme 
8, on obtient: <

(8) (pn (0  -  exp {, ~ ^ ^ } * Coeff. de z" dans h (z) exp { д  a j2)zJj

io j2> I s  c(2) i - J £ = + 4 ( M - ) ,
J l j 2(/logn ylog3/2nJ

avec

pour 2 SyS/î.
4eme étape. On pose :

(9)

exP ( 2  «j2)2J] = 1 + 2 "

0  = 2 J -  flog n J j =2
c(2,(|t| +  |t3|)

a = log3/2 n •
(On impose à /1 d ’être assez petit de façon à avoir a s  1/3)

exp Í 2, a ((’ '0 —) = 1 +  2  b ^ z ’,
0 = 2  J  > j =  2

( 1 + i  ^ г)^ )(1  +  5  b f ]zj) =  1 + 2  bjzj .
j =  2 J = 2 J =  2

On aura alors, pour 2SySn,
| a f  I L bj.

Il reste à estimer b j . D’après le lemme 7, on aura :
bj2) s  él,saja~1 s  2aya-1
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et d’après le lémmé 10, en choisisant l/6c(2),
2c(2>|i|

Il s’ensuit que :

bW ^  ,
]/log n f

J- 2

b j ^ b (p  +  b f ^ +  Z  4 c (2)- И
r = 2 У log n r~ ( j - r ) 1 “ 

On coupe la somme en deux, suivant que rsy /2  ou non. On a:

et
2  3 0 _ . у -  = 0 ( a j- i )  2mrmjl2 > U r)

M-Mj-2 r2( j - r )
On a donc, pour 2SyS«:

a 4 Z  аг*-'= 0(Г> '*).
J r = 2

d’où l’on déduit: 
( 10) 
et

(H )

u)3> =  o (  , l-1- .
l У log n )

a f)  =  0 ( Г 2/3) (2 = j  = n)

У log и " I yiogi
5e étape. Compte tenu de (9), et avec les notations du lemme 8, (8) devient :

9.(0  =  exP {|Qg3̂v "} (e» + 2  « f  e.-j+eà»!).

Le même calcul que dans [10] donne, en tenant compte du lemme 8, de (10) et de (11):
( 12)

9 . ( 0  =  exp (— ?2/ 6) +  (exp (— t2/48)) O f— + CXp | >>
( yiog П ( yiog n  ) )

= / î  /■'  ■— oo

-(3/2)ul du.

6e étape. On pose:

F{x)

Sa fonction caractéristique vaut:
+ °®

(p(t) — J  e‘,x dF(x) = е~,г16 

et l’on a la formule (cf. [Fel], p. 538):

03 ) \Fn(x)-F (x)\ si 1  /  я ".
(Pn(t)-<f>(t) dt -f 24 F '(0) 

tcT
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valable pour tout x réel et tout T >0. On choisit T=ß /log n avec ß assez petit. 
Le même calcul que dans [10] permet de déduire des formules (12) et (13) que l’on 
a, uniformément en x :
(14) F„ (x) -  F(x) = 0(1 //lo g n ).
La démonstration du théorème 2 découle alors de (14), puisque l’on a:

Prob '/(о -)-(1/2) log2 n -*= x) =} =  Fn(y)
avec

( l / / 3 ) l o g 3/2n

y  =  x/l'3  +((1/2) log2 n — Mn)/log3/2 n = x/ \3  + 0  (log_3/2 и) 
par le lemme 11.
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ON AN INTERPOLATIONAL PROCESS WITH 
APPLICATIONS TO FOURIER SERIES

R. GÜNTTNER (Osnabrück)

1. Let SJg] denote the trigonometrical polynomial of degree at most n that 
interpolates the function g of period 2n at m = 2n+ \ equidistant nodes

(1) 'i =  T+l ! f  0 = 0, ±1, ±2,...).

Following Kis-Névai [7] we consider the polynomials

(2)

which for k=  1 and к =2 were first introduced by S. N. Bernstein [1]. If not noted 
otherwise we take' m > k  só that the arguments of S„[g] in (2) lie within a period of 
length 27t.

In [7] the expressions

(3) Mkn(t) sup
eictn 

дт= const.

| 5 » , [ g ] ( 0 - g ( 0 l

03 ( « .# )
ck„ = sup

- o o  -a-c
M kn(0 ,

were investigated. Similarly, we define

(4) A„( 0 = ! sup
e£LipMl

fo ,[g](0-g(01
, ,  Л M  — m

àk„ = sup
- CO <f< oo

RkÁt),

where gÇLipMl means \ g ( x ) — g { y ) \ ^ M \ x — y \  for all x ,  Without loss of 
generality we can choose t= 0 in (1)—(4). Similarly to Theorem 1 in [7] we have

i U - 0  =  RkÁt) =  Rkn\t  + ~ y

Therefore it suffices to study Rkn for 0 ^ t^ n /m  only. Skn [g] can be written in the 
form

(5) -w ' §kn[g ] ( t )=  2  g o s s ip ) ,
i=—л
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where

(6)

Let finally 

(7)

' « » - ■ M C  W ,+ V M -
dn(t) 1 2 "  . 1 . m t  t---- 1---- Z  cos it — — sin —— cosec —.

m  m  m 2  2

<Ti(t)= 2  sj ( 0 ( } = —n , - n  +
j= -n

ffi(0  =  2  sj(0  O' =  1» 2 , . . . ,  «).J=i

We get from [3] as a special case

i = —n

To complete the proof in [3] we first verify
n

Theorem 1. 5 o n =  sup 2  K O “ ^)!-
- o o < f < o o  i=—n

In [4] it was shown that

d 0n =  ~ l n  m + C + e on, 0  <  son <  ~ j ^ r n 2 ’  C : = “ ( 7  +  l n 7 ) : = 0 >9 6 2 5 "-»

(y=0,5772... denotes Euler’s constant).
Now let k=  1. A sa main result of this paper we prove
Theorem 2. For 0 ^ t^ n /m ,  n>0, we have

2 i — 1 1 . 

h , " ) 4
i t  2 i + 1
\  m ' ” ) ]  +  (  +  (  ! )■ )< < .«

f n + l l
L 2 J

■t 2  S in (2 j - 1 ) ( £ - / ]
1 2 / - 1  

Ctg 7C +  r B,
' m

1 >3
1

0 s II

4n  )

Now the same methods as in [5] can be used to estimate <5ln. We first notice that

( 8 )  <5i„ =  < 5 + o ( l ) ,  <5 > 1  +  1 ( У 2  - I n  ( l  +  j / 2 ) )  =  1 ,1 6 9 6 0 . . . .

It is somewhat difficult to get a precise upper bound. We show
T h e o r e m  3 .  <5ln =<5 + el n , <5 =  1 ,16  9 6 8 . . . ,  £ln < l / n 2. (<5 c o i n c i d e s  w i t h  t h e  c o n s t a n t  

c  i n  [5]).
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We mention that 510=1, 5U=1, <512=1,058..., с>13= 1,080..., <514=  1,100.... 
For k >  1 we get

T h e o r e m  4. <52„=>1,36- l-— 2— , ôk n 2), (<520 =  1).
/И Z

As a corollary we can conclude that к —1 is the best choice for k.
2. It is natural to extend some of the results obtained in Section 1 to Fourier 

sums and Bernstein—Rogosinski means of Fourier sums. We denote by 5„[g] the 
nth partial sum of the trigonometric Fourier series of g£C2n, which may be repre­
sented in the form

(9) S „ [g ] (* )= i /  g(t)Dn(x—t)dt, Dn{ z ) = ^ - d n(z).

Similarly to (2) and (3) we have

(io) sug](* ) = j e J2  ( J )  Ш  ( x + ^ - n ) ,

Mkn(x) = sup
etc,„

g T  c o n s t .

l$Jg](*)-g(*)l

It is well known that Mkn does not depend on x  thus Mkn(x)=Mkn (0 )= Mkn. This 
is valid also for

(11) R k n ( x )  = sup
9£LipM 1

l*9*„[g]W-gWI

m

As pointed out in [7] we have for k = 0, 1, 2,...

(12) M fcns — /  M kn(t)dt, Rkn Ш ~  f  Rkn(t) dt.
71 S 71 о

From this we get
1 *Theorem 5. Ron= — f  \Dn(t)\dt.
n - Í

It is known that

i  f  \D„(t)\dt = 4fln/n +  0 (l) .

Finally we state
Theorem 6. Rln^y + y n, у =  1,11 261 y„< l/n2.
We mention that R10=0,5, 0,893, R12S 0,989, i?13̂  1,022, J?14s  1,043.
In the following sections we will prove the results.
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3. Proof of Theorem 1. Since the proof for n=0 is easy we may assume n>0. 
We start with (5) and [7] (23). By Abel transformation we obtain from (7)

(13) s*n[g ] (0 -g (0 =  2  { g ( 0 - g t t+i )H (0 +
i =  —n

+ {g(ío)—g(0}<To(0+{g(íi)—g(í)}°'i(0+ 2
i = 2

Let k = 0. In [3] it was proved that

(14) Ron(O á  2  \dn(t-t,)\.
i — —tl

It is known from [2] that for i'= (l/2 )(f0+fi) v7ehave

2  \cln(t'-ti)\ =  sup 2  |.
i — —П — o o < f < o o  i=z —  n

Thus in order to verify Theorem 1 it suffices to construct a function gÇ LipMl such 
that

o s )  s w [gm - g ( t ' ) = ^ -  ê  K v - t i ) I-

We choose а 2я-регiodic function g, g(t') = Miz/m, and for —n s i ^ n

i2Mn/m,  i = 0, — 2, — 4,... and i =  1, 3, 5, ...
0, i = - 1 , - 3 , - 5 , . . .  and i =  2,4,6, ...

(g is linear in the remaining intervals). By virtue of (13) and Lemma 2 in [7] this 
yields

A/f-TT  ̂ ]\/fТГ I*
s on[g ] (0 -g (0  =  - —  {2 2  k ( 01+1} =  - ^ { 2  2  к (O l-i} -

III i=  — n i — — n
Ы 0,1

Now applying [7] (11) and (9) we get (15) which was to be proved.
4. Proof of Theorem 2. Let k =  1, «>0. From (13) we immediately get for 

gÇLipMl, 0ШШп/т,
~ 2 Mn " (  2 n  \

(16) № „[g](0-g(0 ! ^ — ~  2  WM+Mt o At y +MX— t W ® .Ill i— — n \ ni /
iVO.l

From [7] (37) we conclude that

(17) 2  к (01 =  2  k ( 0 l - M 0 l = i - * i ( 0 —U - i y d . ç t - n ) .» = — n ^ ^

Further we infer from al) + a1=l

(18) « . ( O + f ê - ' ) « ’. »  =  Й ~ » . ( в ) ( 2 < - ^ ) + ^ .
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Now (17) and (18) can be used to transform (16) to

(19) |5lB[g](0-g(OI ^  +

O^tSn/m.  Let us now construct a 2n-periodic function g€Lip^l such that equa­
lity holds in (16) and (19). We can choose a piecewise linear function g satisfying

g  (6 )

2Mn
m

4Mk
m

g(u) =
M

M

for i — 0, —2, —4, ... 

for i =  — 1, —3, —5, ... 

s<,)

|- ^ - -2 t j  for i =  l, 3, 5, ...

(— — 2i| for i = 2, 4, 6, ..., Km )

( n — /'),

I ~  и.

Now starting with (13) and [1], Lemma 2, it is easy to verify that equality holds in 
(16) and (19). Using 1/2 —ff1 = cr0 —1/2 this yields

(20) Rln(t) =  1 - А ( а о(0 -1 ) - ( -1 У Ч ( /-7 г ) .
From [7] (34) we see that

"•<'>4 - T {,4 [i- (,+%i *) -4'-4r ")]+''■<'-">} •
The first part of Theorem 2 now follows from this and (20). To prove the second part 
it is useful to introduce some abbreviations, Rln = 1 +  a +  ß,

(21)

(22)

■<'>■= 4  , ! W  ,+ 4 r 4 - 4 - 1 w 1 4

m  =  ( - ^ - - ( - ! ) " )  4 ( t - ^ ) -
1 2 "From d.(t) = — h— N cos it it follows thatm m  j = i

4 ' 4 4 “) - 4 - 4 r 4 -

4 J| [ c o ! j ( ' + 4 1 * ) - co884 2!4 " ) ]

4 V • • Í 71 ,1 2ij;r= — 2  Sln 7 I-----1 Sln'—m Km J m
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thus we have 
(23)

sin •

Using
4 , • • 2'jn I f .  /7tl>J Sini----  = ---------- :— cos in— cos— ,i=i m jn  l  mi2 . jsm — m

cos ' •— s — f - a =
2 sin* jn_

2m ’
Л 2 i 71

~ 2 а х Ш ‘
„ n ■ jn . . j n  in . .and 2 sin——4 sm - — cos-—, we obtain m 2m 2m

(24) 4, . 2ijn
Z j sm-----;=i m

1 /я ~ ^
~ T tan2 ^ ’ J = 2’4’6’ -

T ctgê *  •/ =  1’ 3’ 5’ - -
Let n be even. From

sin n 11 2v—1 . ( n 11 2vi (2v — 1) I-----1 — ctg —-— я —sin 2vl------1 — tan - — n Шv '  \  m ) 2 2m \m  ) 2  2m

. „  л. ( п  11 2v —1 . 1s( n  I I  2v —1

=sin(2v — 1)Í— - /Ic tg  —— í-я l g 2 v - l  s n) m m
and by virtue of (21), (23) and (24) we get

4 ( ti  ̂ 2v — 1(25) «(0 ——f j£sin(2v—1) I----- / 1 ctg-------- n (n even).n v=i \m ) m
Let n be odd. The same methods now yield

(26)
n + X

.. 4 4, . 7t 1 2v—1 2 ( n 1a(f) s —t ^  s in (2 v - l) |------t lc tg --------я 4— t sin и ------t i tann у= 1  u n  1 m л \m )
n we have

. . .  f m/ .1 1  m t 2 ( 11
i(,) +1j m cosT ‘SeC 2 S “ 'C0T '+ j j

But for odd « we have
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It follows that
2 . (  n  ) t i n  . . .— i sin n I----- i1 tan —-----h ̂ (0 — 0,n \m ) 2m

if we consider tan (mr/(2m)) Ш 1 and

( 71 \ ( 71 )1 ( Оsin n ----- 1 1 =  cos 1 ni 4- ~— S  cos|ni4-w-|\m ; l  2m)1 ( 2)
It can easily be checked that ß(t )=0, for n even. Thus we conclude from (25) and 
(26)

[i±i]
(27) Ru (t) =S 1+4-Í 2  sin (2y —1) — / ) c t g^— (n =  1,2, 3, ...).

71 у = 1  \ n t  J n i

To get a lower bound we proceed like this. Let n be even in (23) and (24). Estimating 
in the following manner

2v+l
2m 71 5?. _ ( n ) 1 2v7t . . .  , T  ü ) 1

-  2v l m -  ‘ J 2 ton3 5 - +Sm <2v+4  U “  'J 2 “ 8 ■
. ( л  ) 1 2v+l . . .  .. ( n ) 1 2v +  l: - m ( 2 » + l ) [ - - ( J T U B -5 r * + sm (2 .+  l ) | - - / J T c t* -3 i r * -

=  sin(2v + l ) ^ - / j c t g 2v + 1■n, 0 S I S — , 1 S2v  +  l s n ,m m

we get from (21), (23) and (24)
.. 4 ig . ... .. ( л I 2 j—1 2 ( n. ) mt

“(0 *  7 ‘’ - ' h  — 7 ' s,n " Ь Н Ш
2 . ( 71 \ 714— i s m ----- i ta n -— .
ti \m  ) 2m

2  . ( 71 \  M l  1
~ T isinn r ^ r ~ / t a n 9^rn \m  /  im  n

/>» =  (•\ n  ) m
By the same methods we obtain for n odd,

4-

We simply have for 0,

mt t 1• cos - r -  sec — =►-----.m 2 2 n

n+l

a(i) S — t 2  sin(2/ — 1)Г—— il c t g ——ti4*“ t sin Í—— il ta n -^ - ,  
it j f l  \ m  J m  n  \ m  ) 2 m

n, . . 1  mt t 2/К0 ^ - 2  — cos—- s e c — >m A A n
Thus we have proved the second part of Theorem 2.

Acta Mathematica Hungarica 45, 1985



92 R . GÜNTTNER

5. Proof of Theorem 3. By Theorem 2 and the well known series expanonsi 
sin x=  2  avx '  we transform R ln(t) to

(28) í— 1V L 2 JK 4 mi "  ( n m/ Vf  2 V гг  J 2 n ( 2 j —l )v 2j — 1M O - 1 + — —  2 X ( y  y ) I  IF* £  ~in 1 m n ) Ctë~ ^ T n J  +  r " ‘
The sum in brackets can be interpreted as a Riemann sum of f v(x)= xv ctg jc with 
step h=2n/m. Thus the same methods as in [5] can be used to prove Theorem 3 and 
the first statement of (8). In addition we remark that the final substitution z=mtf2, 
OstSn/m,  leads to an expression of the form

(29) Km (0 =  f ( z )  +fn (z), 0 =§ z =s y ,

/„(z) =  0  /„ (z )< l/n 2. Unfortunately / does not reach its maximum at the mid­
point z = 7r/4, resp. t = n/(2m), thus complicating the evaluation of ^lB = supRln(i). 
Simply substituting t=n/(2m) in Theorem 2 yields

2mMs) гn j~ i m
7t . 4 71 2/ — 1sm (2j — 1) —— ctg------- n + rn.2 m m

Now sin X ctg 2x: =  sin x  | y  ctgx—у  tan xj=cos x  —у  sec x, thus

(
n \ 2 nl* 1 1y y j  «s 1 -f- у  J  cosx d x  — — J secxdx =  1 +  — {tfl — In ( l + M)),

which proves the second statement of (8).
6. Proof of Theorems 4—6. For к = 2 consider a piecewise linear function g,

g í ü j ... — , satisfying Km) m
Í 2Mnlm, i = 1, 3, 5, ... and i = 0, —2, —4, ... 

^ ‘) ~ [ 4 М п / т ,  i = 2 ,4 ,6 , . . .  and i =  - 1 ,  - 3 , - 5 ,  ... |г| n.

Mn
m 1 + 2

J .  K #

Applying (13) and [7] Lemma 2 we get 

As shown in [7] (44) we have
i;*0,1

i 7*0,1
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Finally it suffices to mention that

which follows easily from (6) and [7] (41).
To prove the second part of Theorem 4 we let к be odd. From (2) we immedia­

tely get for £<ELÍPm1,

It is easy to construct a function g such that equality holds (m >k ). Evaluating the 
last sum as in the proof of Theorem 2 in [6] we get

Similarly we can obtain for к  even,

ü [g ](0 )-8 (0 ) l =  i  ( ) )  |*-2Я. V .  ■ i ( 2; ) -

As it can be shown by induction, the expression

Vv V -  1,2, 3, ...

as a function of v is monotonously increasing, thus
3

k̂n — ^/2 2  ’ к = 39

which completes the proof of Theorem 4.
By virtue of (12), (14) and (9) we easily deduce Theorem 5, integrating (28), resp. 

(29) we obtain Theorem 6.
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ON THE MAXIMUM RANK OF 
A TENSOR PRODUCT

P. PAMFILOS (Iraklion)

1. Introduction

The tensor product V— Vx ® V2<S>... <g> Vm of the real vector spaces Vx, V2, ..., Vm 
of dimensions щ , n2, respectively, contains some special elements called
decomposable tensors of the form:

v1<8>v2®, ... ®, v„, with ViZVi, for i — 1 , 2 , ..., m.

In general each tensor V has a representation as a sum of such elements:

t — 2  vi° ® v2° ® . • • <8 > vH*.i = l

The minimal к for which / has such a representation is called the rank of t and is 
denoted by r(t). The maximum value of r(t) for all t(z V is called the maximum rank 
o f V and is denoted by г(щ, n2, ..., nm). No general method for the computation o f 
either r(t) or r(nx, n2, ..., /?„,) is known. In the case of a product V= VX®V2 of two 
spaces, tensors t can be identified with matrices and r (t) coincides with the usual rank 
of the corresponding matrix. Also r{nx, u2)=min (nx, n2).

In the case of a product V— Vx® V2® V3 of three vector spaces the situation is 
radically different. Some lower bounds for the rank r(t) of a tensor can be found, but 
such simple tensors as the one that performs the matrix multiplication are of unknown 
rank ([1], [3]). Some of the numbers r(nx, n2, n3) for small values o f nx, n2, n3 have 
been calculated. The computations involved are quite formidable and remain unpub­
lished. It has been asserted e.g. that

r(2, 2, 2) =  3, r(3, 3, 3) =  5, r(3,3,4) =  6 , r(3,3, 5) =  6  or 7.

See [2] and the references given therein. Several results bearing to special triples o f 
integers are also known ([2], [3]), e.g.

r(m, n, 2 ) =  min (2m, 2n, m+[n/2], n+[m/2 ]),

r(m, n, mn —к) = mn — k2+ r(k , k, k2—k).

It is conjectured ([2]) that r(m, n, nm—k)—mn—[k/2], for m, n ^ k .  There are also 
some inequalities ([2],[3]) such as:

r(n, n, 3) ё  2«, r(m, n, p) ^  m + [p/2]n, if m ^  n,

r(n, n, p) = (p + l)n/2 , ?-(m, n, p) S  mnp/(m + n + p —2 ).

A c ta  M a th e m a tic a  H u ngarian  45, 1985



96 P. PA M FIL O S

I could not find in the literature analogous results for products of more than three 
spaces. In this note I generalize the last inequality for an arbitrary tensor product and 
prove that

r(nx, n2, nm) s=n1n2...n J (n 1 + n2+... + nm- m  + 1 ).
The principal role in my proof is played by the manifold My of decomposable ele­
ments o f V  discussed in §2, and a certain construction, which imitates the Stiefel 
manifold Sk(R") of ^-frames in R" and is discussed in §3. For general definitions, 
elementary facts and notations I refer to Marcus [4], Brickell and Clark [5], and 
Hirsch [6 ].

2. The manifold My of decomposable tensors

Without affecting the generality we can suppose that each Vt carries an inner 
product The linear isometries o f this inner product constitute the orthogo­
nal group O(Vi), isomorphic to О (/?,), the group of orthogonal л;Хи; matrices. On 
V we can then define an inner product:

m
(v1® .. .® vm,w1®...<g>wm) =  IJ (Vi, w(>,

i = l
for all decomposable tensors. For the remaining tensors the product is defined by 
linear extension. Let now My denote the set o f decomposable tensors of length 1 with 
respect to ...). It is easy to see that My is identical with the set of tensors vx® ... 
...® rm with |Ы  = |М  =  ... =  ||»И|| =  1. The group product

G = 0 (V 1)XO (V2)X ...X O (V J
operates on V in a natural way via the tensor product of linear maps

(.Ay, As, ..., A J ( v1®v2®...<8)vJ  =  (A1v1)® .. .® (A mvJ
for all decomposable tensors. For the remaining tensors the definition is extended 
linearly. Obviously this action is transitive on the set My. Using orthogonal coordi­
nates in each Vt one can easily calculate the isotropy group on an element vL® ... 
... ® Vm£My . This group is isomorphic to the group of matrices

С ° = { ? )1 ( о  У, )l £i =  ± 1  f o r  i =  1, . . . ,  m, e ^ ...sm =  l j .

Then according to well known theorems ([5], Proposition 13.3.1, p. 250) Л/, is a C°°- 
differentiable submanifold of V of dimension

dim (Mj) =  dim (G )-dim  (G0) = n1 (n1 —l)/2+Ha(nj!—l)/2 +  ...+nm(nm — l) /2 -
— ( « 1  - 1 ) ( « 2  — 2 ) / 2  —... ~(nm - 1 ) (nm -  2)/2 = nx + n2 + ... + nm -  m .
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3. The restricted Stiefel manifold S k(M )

Let M  be a submanifold of a real finite dimensional vector space W; for simpli­
city take W=Rn. For fixed k ^ n  let Sk(M) denote the set of linear /c-frames 
(ег, ..., ek) of Rn with et£M  for j =  l, 2 , k. We call Sk{M) the restricted Stiefel 
manifold of M. For M = Rn, Sk(Rn) is the well known Stiefel manifold of A>frames of 
R" ([5], p. 92). Mapping each frame (ex, ..., ek) of R" to the n X k  matrix whose co­
lumns are the coordinates of ex, , ek, we see that Sk(R") is diifeomorphic to the 
open subset of (Rn)k^ R nk of n X k  matrices of rank k. Similarly Sk(M) can be 
identified with an open subset of M x M X -.-X M  (к  times) which is a submanifold 
of (Rn)k, namely

Sk( M )  =  ( M x M X . . . X M ) n S k(R").

Hence S k{ M )  carries the structure of an open submanifold of M x M X - . - X M  
(k times), and is of dimension mk, where m=dim (M).

4. Proof of the inequality

Let M x be as in §2, the submanifold of decomposable tensors of V. For a fixed 
k ^ n 1n2...nm consider the map

Pk: S k(Л/j)XR k -  V

Pk((ei> •••> ek)> i^'i5 •••> '-k)) — 21ei +  A2 e2+ ... +  2mem
for each &-frame (ex, ek) of elements of M x . Obviously p k is a C°°-differentiable 
map. Would к  coincide with г ( щ ,  then p k should be surjective. But higher
dimensional manifolds cannot be covered by lower dimensional ones via differenti­
able maps ([6 ], Proposition 1.2, p. 69). Hence we should have

dim(5't (M1)XÄ,:) ^d im (F ), к ( щ + п 2+ ... + nm-m )+ k  ё  n1n2...nm, 
which proves the stated inequality.
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STABILITY A N D  CONVERGENCE OF AMARTS 
IN FRÉCHET SPACES

DINH QUANG L U U  (Hanoi)

0. Introduction

The measure amarts in Banach spaces were considered in [3]. The extensions of 
Bochner integrals and of Banach space-valued amarts to the Fréchet space case are 
natural [5, 8 ]. Therefore, one can study the measure amarts in Fréchet spaces. The 
Riesz decomposition, stability properties and convergence of amarts in Fréchet spa­
ces are considered in Section 2. For terminologies and notations we refer to Section 1.

1. Terminologies and notations

Throughout the paper, let £  be a Fréchet space, U(E) a fundamental countable 
family of closed absolutely convex sets which forms a О-neighborhood base for E, E' 
the topological dual of E  and (Q, si, y) a probability space. Given £/£ U(E), the 
polar U° and the continuous seminorm p v ( •) associated with U are defined as

U° = {e£E'; |<x, e ) |  =  1; £7}
and

pv(л-) = inf {(5 =» 0; (5- 1 .v£ £/},
respectively.

We shall denote by йИ(£)=9М(й, s i , E) the class of all E-valued measures on 
si. Given р£Ш(Е), f/£ {/(£), the semivariation (or the total variation, resp.) semi­
norm Sv(p) (or Vи(ju), resp.) is defined by

S u(p) = sup {\(ji, e)\(ß); efW ],

Vv(p) =  sup {2 P u (K A j))l (Aj)kJ=1en(Q)}, 
j= 1 *

where л (й )  denotes the set of all measurable finite partitions of (2.
By S(E) = S(Q, s i, E) (or V(E)= V(£2, si, E), resp.) we mean the space of 

all ^-equivalence classes (or F-equivalence classes, resp.) of ^-bounded (or F-boun- 
ded. resp.) measures in SOI (E). Thus, the proof of the following property will be omit­
ted since the argument is analogous to that contained in [7] for 1}(E) and 1} {£}.

Pr o pe r ty  1.1. Both S (E ) and V(E) are Fréchet spaces.
Let L 1(E)=L1(Q, s i ,  E) be the space of all Bochner integrable functions 

/ :  Q-+E. Thus every / £ £ г(£) is Pettis integrable and if we identify f  with the 
measure pf , given by

pf : s i ~ E ;  Pf(A) = J  fdy (A £si)
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then according to [5], LX(E) can be regarded as a closed (hence by Property 1.1, 
Fréchet) subspace of V(E) with

VuCf) = v v(ji,)=  f  Pu(J)dy { fd L fE ), UeU(E)).

The following result can be established as in the Banach space case
Property 1.2. Let S(E), U£U(E) and f£ L x(Q, (3, E) for some sub a-field 

fflasd. Then
(1) Su(h) — Vu(p)  > P u(fi) — Su (p) — 4 P u(p), 

where Pv(n) = sup {Ри(ц(А)); A £si} .

(2) PV(J) = Л/Оу) ^  SD(J) = Sa(nf ) 4Pu(nf ).

2. The Riesz decomposition stability and convergence of amarts

Hereafter, we shall fix an increasing sequence (s/n) of sub er-fields with E = 
=  and sé  =  cr—(T). Put

S((sd„), E) =  fineSn(E) =  S(s tn, E )l

L{(sd„), E) =  {(/„>; f £ I J №  =  LX{Q, sin, E)}.

T=the set of all bounded stopping times. Given z£ T, E) and (/„>€
<E £ ( « > ,£ ) ,  let

s /x = {A €si; AC\{z = n}es/„, (n£N)},

hd si*-* E: nx(A) = 2  h j(A П {t = j}).
N

U  Q -  E: f x(co) = f  (со) (o>€ {z =  j}), j'€ N.

It is easily checked that for each т£ T, six is a sub cr-field o f s i ; SZ(E) — 
— S{Q,six,E )  and f fL \ (E )= L 1(Q, séx, E). Furthermore, if а, т^Г with itS t 
then s/xezsi„.

Definition 2.1. Let (g„)í S((sfn), E). Call (ц„) a martingale, if  for all m^n£N, 
one has цт<п=цт\s/K=fi„.

It is easily checked that, if this occurs then for all z,a£T  if a ^ z  then n„iX= 
—Pa\rfx=Px and the element /rt(i2) does not depend upon the choice of z£T.

Call (/*„) an amart if the net {/rT(fí)} converges. Clearly, every martingale is an 
amart.

The following result is fundamental in the theory of measure amarts. A result 
very closed to this was proved by Edgar and Sucheston [6 ]

Theorem 2.2. Let (цп)£ E). Then the following conditions are equivalent:
( 1 ) (цп) is an amart.
(2) lmsupS&</i„tl- ft)= 0  (Ue U(E)).

х*т аШх
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(3) (/i„) has a Riesz decomposition: p„=tx„+ßn (nfN), where (a„) is a martin­
gale and (/?„) a potential, i.e.

lim^(jSz) =  0.

(4) There is a finitely additive measure p„: X-+E such that each п=Цж\& £ 
d S n(E) and

hm Sb(pz- g „ z) = 0 (ueu(E)).

Proof. (I --2) Let (g„) be an amart in S ((s /n), E), then by definition the net 
(/ir(ß)} converges, hence is Cauchy in E. Thus if U£U(E) and e>0 are given, one 
can choose some т(е)£Г such that if xlf o±d T  with r l 5  aT=x(c) then
(2.1) P v (pai(Q )-pT1(Q ))^el4 .

Now let o ,xdT  with c a n d  Adsdt . Define xx—x\ cr1=cr on A and 
Ti=<Ti—m on AC= Í2\A  for some ni>max (t, a). Then as it has been noted in [4], 
d i ,  t i £ T  and d j S x1^ x ( e) .  Hence by (2.1), one has

Pv{ha(A)-pt {A)) = p v(pai{ ű ) - jiXl(ß)) s= e/4.
Consequently, by Property 1.2, we get
(2.2) sup S rv (p„tZ- p z)tá  4 sup P l ( ^ z- p t) ^ e .

This proves (2).
(2-<-3) Fix I]dT and let e>0 be given. Choose x(e)^rj such that (2.2) holds. 

Therefore, if (7 ^ tS t(í), one has

ЭД0 *<г,Ч-Л ,„) = ЗЬ(е)(Е*М*)-ТХ,г(г)) =
á  Sl(e) (ра- t(£) -  gz(ß)) +  5 # £) (fiZt zM -  /Ít(£)) = 2  2e.

This means that the net is S-Cauchy in S(E). Consequently, by Property
1.1, there is an element (a,,) in JJ Sn(E) such that

чет
(2.3) S A -  lim u =  <x„ О/бГ).

This implies that (a,,) is a martingale and

“„(Л) =  2  oij(A П { /7 =  )}) (Adstffi.
1= 1

Now put ß„=pn — an (ndN). It is easy to check that by (2) and (2.3), (ß„) is a poten­
tial, i.e.

hm Sb(ßz) = 0 (UdU(E))
which proves (3).

(3-*-4). Define £  by
H«,(A) = a„(A) (A£sd„; n£N).

Obviously, p satisfies all assertions of (4). Finally, since (4->-1) is trivial, the proof of 
the theorem is completed.
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Note that every paper concerning the vector amarts contains a version o f the 
above theorem. But the main idea was contained first in [4].

The following result is due to Bellow [1].
Theorem 4. Let Ebe a Banach space and ( f n) an amart in E). Suppose

that sup £’( ||/J )< ° ° . Then ( / ,}  is uniformly bounded in the Pettis norm, i.e.
I

sup sup f  / c /у <°°.
г e r x w , 11;  11

We note that the above result can be generalized as follows:
Theorem 2.3. Let E be a Frédiét space and U£ U(E). Suppose that 

€ S((jdH), E) is an amart. Then
niV)

(2.4) sup PI (pr) ^  2  pu (ßj) +  2 (lim inf Pff (pm) + 1),
t€T j  = 1 m

where n(U) = in f {icdN; sup PJ(pr—/<„ r) ^  l} <
Proof. Let U£U(E) and (//„)£S((sd„), E) an amart. We shall show first that

(2.5) P{j(pM) = sup{Pv(po.(A))\ A £Z } Ш liminfP f (pm).m
Indeed, let A f Z  then A^siniA) for some n(A)£N. Thus if m ^n (A ), one has 
Pu(poo(A)) — Pu(pm(A))+Pu(pm(A)-p„(A)) = Pc(pm(Ä))+ Pv (pm (A)-p„tln(A)). 

This with Theorem 2.2 yields

Pv(prx,(A)) =§ lim inf Pv (/(,„(A)) + limsup PL,(/<„,(A )-p „ >m(A)) s  

— Hm inf P‘a(fiJ +  lim sup РЦЦрт- р ~ , т) = lim inf PűQ iJm m m

which implies (2.5), hence

(2 .6 ) p v(P~,r) =  p v 0 ~) = lim inf P’S (pm) (т£Г).m
Now define

n(U) = inf {k£N; supPh(dz~l‘̂ ,t) -  !}•
T S fc

It follows from Theorem 2.2 (4) and Property 1.2 that « ( ( /)< °°. Let x£T and 
A£sdz, then

= 2  t‘j(A п  {t =  j}),
2 = 1

PrVn(u)(A)= 2  Pj(A n  {t = )}) +  nn(V)(A П {r S  и ( С/)}).
j=-«m

Consequently,

fit(4) =  2  |«Д4П{т =  y})+fitVn(to(4)—/(п(ю(4П{т n (£/)}).
j^n(U) *’•' '
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But by (2.6),
P f n{U) (/loo, rVn(u)\ Pu U) (P„(U)) s  lim inf P’S (nJ,m

and Theorem 2.2 with x\/n(U), n(U )Sn(U ) implies
Pu(Pz(A))= 2  PJu(ßj) + (Pü(ß°°,TVn(.U)(A))+i)+(Pu(fl„'Km(Ä)) + l) —

j s n ( U )

sS 2  PJu(ßj) + (PvVa(U> (m- ,  tVn(ü)) +1) +(P&W) (ß„(CJ>) +1) S  3sn(l0
=3 2 1 Of,) + 2 (lim inf P'S ( p j  +1).

jSn(U) m
This proves (2.4) and the theorem.

In what follows we shall need the following result which is interesting in itself.
L e m m a  2.4. A Fréchet space E is nuclear i f  and only i f  S(E)=V(E) for every 

probability space (12. sd, y).
Pr o o f . ( —) Let £  be a nuclear Fréchet space. Then by ([9], 4.1.5) for each U£ 

£[/(£) there is some U(E) and a finite positive Radon measure q> on C° such 
that
(2.7) Fu(x) J\(x,e)\d(p(e) (*€£).

С«
Let /x£S(E) and (Aj))=1£n(Q). Applying (2.7) to each /i(^ )w eget

Í  Pv(p(Aj)) =S Í  f  M A j), e)\ dcp(e) =  /  Z  I<p(4j), e)\ d<p(e) Ш 
j  =  l  j = 1  ре c° 2 - 1

— <?(C°)sup{ 2  I<ß(Aj), e)|; e£C0} á  
j  =  1

á  fl»(C“) sup {|(/i, e>|(Q); =  (p(C°)Sc(p).
Hence,
(2.8) Fc(,0S (p(C o)Sc00.

This shows that S(E)= V(E) and the 5-topology is stronger than the F-topology. 
Thus, in view of Property 1.2 S(E)=V(E). The proof of the necessity condition 
is completed. We shall see in the next theorem that S(E)=V(E) is also a sufficiency 
condition under which E must be nuclear.

T h e o r e m  2.5. Let E be a Fréchet space. Then the following conditions are equiva­
lent:

(1) E is nuclear.
(2) Every potential in £ ((j/„), E) is o f  class (В).
(3) Every potential is Bochner bounded.
P r o o f .  (1)-*-(2) Let £  be a nuclear space and (/„) a potential in L((.sd„), £). 

Consequently, (/„) is Pettis bounded. Therefore, it follows from Theorem 2.3 that 
(/„) is Pettis uniformly bounded. Thus, applying (2.8) to each P /ftZ  T), the Pettis 
uniform boundedness of ( f z) implies the Bochner uniform boundedness of ( f  ), i.e. 
(f„) is of class (5). This proves (2).
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(2 — 3) is trivial.
(3 — 1). Suppose that E fails to be nuclear. Consequently, by ([9], 4.2.4) there is a 

summable sequence (x„) in E  which fails to be absolutely summable, i.e.
Z P v (xn)—°° for some U£U(E). Therefore, one can suppose that Pv 

/1 =  1
(n£N) and one can choose пк< щ -< щ < ...^пк-<... suchthat

(a) nk+ 2 ts n k+1 (k£N)
and

(b) "z Pu(Xj) = xk = к (kiN ). 
j=nk+г

In the proof we shall use only Property (b). Property (a) will be needed in the sequel. 
For each k£N , let ( A  k _ =+n‘fc+i € я ([0, 1]) with

У(A.j) = Pv(xj)l<Xk («*+1 = j  = n*+i> keN),
where у is the Lebesgue measure on &[o,n- 

Define

f k = " z  ZkXjlAb'JPAxj) (keN ), o - ( U , U , . . . , f o = s t k (kiN ).
J=”k+ 1

We shall show that ( / t) is a potential which fails to be Bochner bounded.
Indeed, let т£ T. Define

г =  inf{n; у({т =  n}) >  0 }, f  =  max {и; у({т =  и}) > 0 }.
We have

f f t d y  =  f  z  z '  akxjlBk,JP и(xj) dy — z  Z  «kxjy(Bk,j)IPu(xj),
0  0  t = t j  =  n t + l  l í = i j = « t + l

where \ J= ^ iJ. D { t = t } c 4 / (nt + lS ./S n H 0. But since y(BktJ) ^ P v(Xj)/<xk
1

(n t +  lSy'S/it+i) by ([9], 1.3.6) the net { J f d y }  converges to 0. Equivalently, 
( f k) is a potential. о

Finally, since

ni(+i n?c+t
P v (fk) dy =  Z  « k P v ( x j ) y ( A , j ) / P v ( X j )  =  2 1 Л / ( * / )  =

0  J “ " ; c + 1  • '= , , f s + 1

clearly, (/*) cannot be Bochner bounded. This contradicts (3). The theorem is 
proved.

Note that the above example shows at the same time the sufficiency condition of 
Lemma 2.4.

L e m m a  2.6. Every uniform potential (f„) in L{(-séf, E),

(2.9) ton J  Pи(fr) dy =  0 (U€U(E)),
T€ 1 Q

converges strongly a.s. to 0, where E is an arbitrary Fréchet space.
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P r o o f  By (2.9) and by definition, as a sequence of real-valued functions, (Pv(ff)) 
is a uniform potential. Hence by [2] or [3], (Pv (/„)) converges strongly to 0, a.s. 
(U£U(E)). But we note that since U(E) is countable then (/„) itself converges 
strongly a.s. to 0 in E. This completes the proof.

Note that the proof of the main result ([8 ], Theorem 4) given by Egghe was 
mostly devoted to showing that a uniform potential in a nuclear Fréchet space con­
verges strongly to 0, a.s. But as we have seen that it is easy even for uniform poten­
tials in Fréchet spaces.

C o r o l l a r y  2.7. Let E be a Fréchet space. Then the following conditions are 
equivalent:

(1) E is nuclear.
(2) Every potential is uniform.
(3) Every potential converges strongly to 0, a.s.
(4) Every Bochner-convergent potential converges strongly to 0, a.s.
Proof. (1 -L2) It follows from definition of potentials and Lemma 2.4.
(2—3) follows from Lemma 2.6.
(3—4) is trivial.
(4—1). Suppose that E is not nuclear. Take (x„), U£U(E), nl<  и2 < ... as in 

the proof of (3—1) in Theorem 2.5.
Define fj(to)=xJ/Ak j/Pu(x:j), (nk+ l^ jS n k+1, k£N),

d j  =  < r - ( / i , / 2 , : . , f j )  0 '€ N).

It is easily seen that the same proof of (3 — 1) in Theorem 2.5 implies
( 1 ) ( f f  is potential,
(2) f  Pc (fj) dy= a*“ 1 Pc (xj) -  0  as jt°s 

a
and

(3) It follows from property (a) of (nk) and definition of ( f )  that ( f f  cannot 
converge strongly, a.s.

The proof of the corollary is completed.
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SYNTOPOGENOUS SPACES WITH PREORDER. IV 
(REGULARITY, NORMALITY)

K. MATOLCSY (Debrecen)

In the fourth part of the series ([8 ]—[10]) the notions of a regularly, completely 
regularly and normally preordered syntopogenous spaces will be introduced. The 
theory developed here has three different sources: the separation axioms (5;) o f topo­
logical spaces that originate from (7)) without the assumption of (Г0) (7=1, 2, 3, n, 4; 
see e.g. [5], ch. 2.5), their extension to syntopogenous spaces ([11], [6 ]), finally the 
notion of (strongly) regularly [12], (monotonically) completely regularly [14] and 
normally [13] ordered topological spaces.

0. Introduction

A preordered space (E , s )  is a pair consisting of a set E  and a reflexive and tran­
sitive relation á  on £  called preorder. Its graph is G(=) =  {(x, y)£EX E : xSy}. 
A preorder S  is called an order iff x S y , y X x  imply x = y . is linear iff either 
x S y  or уШ.х holds for every x,y£E. X i~E  is increasing (decreasing) iff xX y  
{y=x) and xdX  imply ydX. For an arbitrary X cE , i(X ) = {y£E: x S y , x ( I ]  
and d(X) = {y£E: уШх£Х} are the smallest of all increasing and decreasing sets 
respectively, which contain X. A mapping /  of the preordered space (E , =s) into 
another one (£", X) is said to be preorder preserving (inversing) iff x X y  implies 
/ ( x ) s '/(> ')(/(_r)= 'f(x)). The product of the preordered spaces (£,, Sj) {jEJX-Щ is 
a preordered space (E, s ) ,  where E =  X  Ej, and (xj) S ( r () is equivalent to 
Xj^jVj for each j£J.

The terminology and the notations concerning syntopogenous spaces will be taken 
over from the monograph [4]. A local syntopogenous structure [11] is an order family 
on a set E  such that
(LI) -=, < '£X , implies for some
(L2) for <  there exists so that x£E, x < 5  imply x<'C<bB

for some CczE.
A preordered (local) syntopogenous space is a triplet (E, X, s), where E is 

a set, EE is a (local) syntopogenous structure and is a preorder on E (cf. [1]—[3], 
[8 ]—[10]). If sd is an order family on E, we write G(sd) = П{(7(<): -=€«s/}, where 
G(<) =  {(x, y)£ExE: x < E —у  is false}. The preordered syntopogenous space 
(E, X, =s) (or shortly EE) is said to be increasing (decreasing) iff G (^)cz  G(X) 
(G(=) 1 cz G (EE)) ([8 ],cf. [1]—[2]). EEu(EEl) denotes the finest of all increasing (decreas­
ing) syntopogenous structures coarser than EE (see [2]). (E, EE, c )  is called “-convex, 
where “ is an arbitrary elementary operation ([4], p. 69), iff У ~(У ’“у У ') ‘| ([8 ], cf.
[1]—[2] for " = ' or p). (E, ЕЕ, x)  is symmetrizable [8 ] iff there exists a symmetrical
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'-convex syntopogenous structure 9 0 on (£, s )  such that 90< 9  < 9 0p. (E, 9 ,  g )  is 
called continuous iff, for there is <x€_9 such that A < B  implies i(A)<t i(B)
and d(A)<1d(B) (see [9]). If  -9  and M are order families on E, we use the order 
family -=2€^}, where < x < 2  is the topogenous order defined
by

A(<!<2)B  iff А<±С<гВ  for some C c £

(see [6 ]). (E ,9 ,  =ä) is T0-preordered iff С(У“) П С ( ^ с)= С (ё )  [10], 1)-/?reordered 
iff С(У“) = С ( ^ гс) = С(^) [2], and T,-prerdered iff G (9u9 lc) = G(9) [10].

1. Regularly preordered spaces

(1.1) Lem m a . Let (E ,9 , 9 )  be a preordered syntopogenous space and consider 
the following conditions:
(S j) 9 ub~ 9 lcb;
(SJ  9 “< (9 u9 lc)b and 9 ' < ( 9 l9 uc)b;
(S 3) 9 U< (9 U9 ,C)P and 9 l< ( 9 l9 ucy.
Then (S3)=>(S2)= > (S 1).

Proof. (S3)=>(S2) is trivial. (S2)=>(Si): 9 U < ( 9 u9 ,c)b < 9 lcb, 9 ,c < (9 ‘9 uc)bc <  
< 9 исьс= сриссь = 6риь (cf. [4 ], (5.17», thus 9 иЬ< 9 lM= 9 lcb and 9 ,cb< 9 ubb = 
— 9 ub. □

( E ,9 ,s )  will be said to be S t -preordered (/= 1 ,2 ,3), if it satisfies condition 
(Sj). An S3-preordered space will be called regularly preordered.

(1.2) R e m a r k s .  (1.2.1) In a discretely ordered syntopogenous space (E , 9 , =) 
we have 9 u9 lc ~ 9 9 c, and the latter is equivalent to the order family 9 Л introduced 
in [11]. Thus (E, 9 ,  —) is A;-preordered iff [£, 9 ]  is an 5)-space in the sense of [11].

(1.2.2) Let r be the classical topology associated with the topology 9  on (E. =). 
Then ( E ,9 ,9 )  is Si-preordered iff, for arbitrary points x ,y£ E , the condition

(*) x f  V and y $ V  for an increasing r-open K c £  is equivalent to the following 
one:

(**) yd W and W for a decreasing r-open WczE. (E ,9 , s=) is S2-preordered 
iff either (*) or (**) implies,

(***) x £ W ', V'D W' — 0 fo r  an increasing r-open V’czE and a decreasing
r-open W 'd E .

(E, 9 ,  s )  is £3 -preordered iff it is “strongly” regularly preordered in the sense 
o f McCartan [12].

(1.2.3) In respect of (SJ ̂ ( S 2)  9>(S3) one can refer to [5], p. 95, 97. □
(1.3) T heorem  (cf. [11], (1.3)). I f  a space is both T0- and St -preordered, then it is 

Ti-preordered (/= 1 , 2). For topogenous spaces the converse is also true.
P roof. Suppose (E ,9 , 9 )  is T0-and 5)-preordered. Then

thus
G (9U) = G ( 9 ub) = G ( 9 ,cb) = G (9 lc),

G (^ ) = G (9 u)D G (9 lc) = G ( 9 U) = G (9lc),

A cta  Mathematica Hungarlca 45, 1985



SYNTOPOGENOUS SPACES W ITH PR EO R D ER . IV 109

i.e. (E, У , is Tx-preordered. If (E, is T0- and S*-preordered, then Sfu<
^ с /ucficy  and

therefore
Cflc <  (CflCfucyc _  (Cflyucyb _  {CfuccCflcy _

С(У,иУ’,с) = G((&’u£flc)b) c  G(SE" V ^ ,e) =  G (.ru) n G ( ^ 'c) =  G(=s),
thus (F, 5^, is in fact T2-preordered (cf. [1], 3.3, [10], (1.2)).

Conversely, assume that is a topogenous structure on a preordered space 
(F, ^). Then STu~2Tut and ЗГ1~ЗГи (see [2], 3.1, 3.2; [8 ], (1.7)). If (E, ^ )  is
Tx - or T2-preordered, then it is T0-preordered, too. Let now (E, У , ^ )  be Tx-preor­
dered. Then G (^)= G (^ '“)= G (^ 'C), thus

apub ̂  aputb _  g-lctb _  aj-ltcb ̂  ry-lcb

by [10], (0.1). If (E, 2Г, ё )  is Г»-preordered, then
G(STuSrlc) =  G(=S) c  G (J “) n G ( J ,c),

therefore
У и <2/őj~utb (ßj~u óflcyb __ (ó/~ut ĉ -lct̂ b __ Oj-ltc'jb ̂  (ßfu őf'lc'yj

and similarly У 1с < (У иУ ,с), hence
_  őj'lcc ^  yyu aj-lcyc _  ^apu aplcyb _  yspl űpucy □

(1.4) E xam ple . [11], (1.4) shows that, in general, the implication (Гг)=^(5;) is 
not true. □

We shall say that a (local) syntopogenous structure spans the preordered syn- 
topogenous space (E , <5̂ , s )  iff (5̂ 0C is also a local syntopogenous structure), -У0 < 
^£/> u and .

If <5̂ is a syntopology, then if* ̂ £ fup, S2l~£2tp ([2], 3.1, 3.2), thus in this case 
У0 spans {E, £f, ^ )  iff S20p~ y u and ^ 0ер- ^ ' .

(1.5) T heorem . A preordered syntopogenous space is regularly preordered iff 
there exists a local syntopogenous structure spanning it.

P r o o f . Let $2a be a local syntopogenous structure spanning the preordered syn­
topogenous space (Е ,У ,^ ) .  For there exists < ' € ^ 0 with <  C < /p.
Choose for < ' in accordance with (F2), and suppose -=а€У'
such that < " C < i and -=,,cC < a- Then A<B  implies x< B  for every x£A. 
If x<"Cx<"B, then we have thus х(<!<^)Г  for each x£A , i.e.
Л(<х<!У В, therefore -= C (< i< 2)p- This means £2“ <(.9?“.9’,c)p. The proof of 
£2‘ <  (£2l£2uc)p is analogous, hence (E, £2, ш) is regularly preordered.

Conversely, let (E , £2, s )  be regularly preordered. It will be verified that 
£20=£2u£2lc is a local syntopogenous structure spanning (F, £2, s ) . It is easy to see 
that £20 satisfies (LI). After this assume <££2U, -<£^£2l. Select ^ £ £ 2 “, for which 
< C < f ,  and suppose < 2 ££2U, <г<££21 with < iC (< 2 -:=0 p by (S3). Finally put 
-=iU < 2C < 3€^" and <  U ^ C ^ ^ ' . T h e n  x£E, x (<  < 'C)B implies х ^ хХ<х 
<XC<’CB for some X, C cF , hence r < 2 f < 2CI < i C < ' c 5  for a suitable YaE, 
therefore x(< 3<3) X (< 3<3) B, thus (L2) is also satisfied by £20. It can be similarly
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shown that i f f= S f li f M is also a local syntopogenous structure. From (S3) we get 
< i f u< i f f  and i f f < i f l< 9 ocp, that is spans (E, if, f ) .  □

Considering the discrete order — of E, the above theorem yields a generalization 
of [1 1 ], (1 .1 0 ):

(1.6) C o r o l l a r y . The syntopogenous space [E, if)  is regular if f  there exists a 
symmetrical local syntopogenous structure ifü on E  such that if3 < i f  <  i f f .

P roof. If [E, i f )  is regular, then (E, if ,  =) is regularly ordered, thus by i f u^  
~  i f 1 ~  if, we have i f '  < if<, i f p and i f ' c < if< i f 'cp, where i f  is a local syntopogenous 
structure such that i f c is also of this type. Then clearly i f s is also a local syntopo­
genous structure on E, and i f ' s ~  { i f  U i f  У  < i f < i f p< i f sp, therefore ifü= i f ’s 
satisfies the condition. Conversely, if ifü is a symmetrical local syntopogenous 
structure such that if{)< if  < i f f , then it spans (E , i f , =), thus it is regularly 
ordered and [E, i f )  is regular. □

Another particular case of (1.5) is the following one:
(1.7) C o r o l l a r y  (cf. [15], Th. 3.2). Let ( E , i f ,  f )  be a p-convex regularly 

preordered syntopological space. Then there exists a local syntopogenous structure 
i f0 on E such that i f f  is also a local syntopogenous structure,

(1.7.1) i f ~ i f f p 
and
(1.7.2) G (S )c G (^ „ ).

I f  (E, if ,  ä ) is Tn -preordered, then ifn can be chosen so that

(1.7.3) G (^ )  -  G(iff).

Proof. As we showed in the proof of (1.5), if()= i f ui f lc is a local syntopogenous 
structure spanning (E, if ,  f ) .  Because of that i f  is perfect, we have i f f  ~  if* and 
i f f f - i f 1. Thus

i f  ̂  { i f  u V i f lY  = ( ífu U i f ly p ~  {iff U i f f p)gp ~  {Sf0 U i f f f p ~  i f f p

(see[4],(8.18),(8.48)). Since i f u is increasing, and i fa< i f u, we get G (s )c G ( i" “) c  
cG (y ,). If (E, i f ,  ä ) is T0-preordered, then it is also T2-preordered by (1.1) and
(1.3) . Thus G {^) = G{ifui f u) = G{iff). □

2. On a false lemma of Singal and Sunder Lai

I cannot prove the converse of (1.7) (i.e. that (1.7.1)—(1.7.2) imply that {E, i f ,  s )  
is regularly preordered), and my conjecture is that this implication is in fact impos­
sible. In any case, it is sure that (1.7.1)—(1.7.2) do not imply that if0 spans {E, i f ,  s ) .

(2.1) Ex a m pl e . On the real line R there exists an order a topology i f  and 
a topogenous structure ifn such that Sffp= ff  G (^) = G(T0), but i f f  ̂  ÜT" is not 
true (i.e. does not span (R, if, ^ )).
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Let Q be the set of the rational numbers, and, for x, y c R, define
(2 .1 .1) r S j  iff either x ^ y £ Q  or x = y $ ( 2 -
Let 2Г denote the topology on R, in which a set F cR  is open iff VП Q is open in 
the natural topology of Q. Putting
(2.1.2) A < 0B iff A aB , and there exists £>0 such that (x —£, °°)OQc:B for any 

x£A ,
a topogenous structure ^> = {< 0} Ciin be determined on R (for the verification of 
< ()C <o, in the case of A~=nB. consider C=AU {y€Q: 3x£A, x —е/2<у}; then 
d < 0 C< 0 B). It is easy to show that
(2.1.3) A <5-0 iff der .6 , and there exists £>0 suchthat (—°°, x  + e) czB for each 

x£AC\Q.
FcR  is .̂ ц!р-ореп iff, for each x£VP\Q, there is £>0 with (x — s, x  + £)í1Q ci V, 
that is V(1 Q is open in the natural topology of Q, thus ^ p—ST. The equality 
G(^) — G (^o) is also obvious. {ST is also ^-convex by [8 ], (2.12), (2.5).)

Now if x([R—Q, then [x, °°) is increasing jF-open, but x ^ 0[x, °°) is impos­
sible, therefore 9~u <  -Тйр is not true. □

I should like to call the attention of the reader to an error in a paper of Singal— 
Sunder Lai ([15], Lemma 3.1). To my knowledge, in this respect correction was not 
yet published. The quoted lemma deals with local proximity preordered spaces 
(X, 5*, s )  defined as follows:

(1) There exists a relation <5 on 2X (so-called PR-proximity) such that (i): 
AŐB=>A^0AB; (ii): AU BSCoASC  or BSC, and ASBUCoASB  or ASC;
(iii):А П В ^0 ^А З В ;  (iv): x£X, {х}ЗВ ^ЗС аХ :  {x}SC and Х-СЪВ.

(2) S generates <5*, i.e. Ад*В iff from every finite covering A and В of A and В 
respectively, sets A0£A, B0dB can be chosen such that A0SB0 and B0SA0.

(3) S generates S , i.e. xS y  iff |x}<5{j’}. The topology r(S*) of this space is 
defined so that V c X  is open iff {x}S*X—V for any x£F. Denoting by D(A) the 
intersection of all decreasing r(<5*)-closed sets containing AczX, Lemma 3.1 of [15] 
states

D (A)=n{BczX: X-BÓÁ).
If this were true, then, for any increasing r(d*)-open set F, we would have

V= X - D ( X - V )  = Х -{Л {В  a X :  X -B 3 X -V }  =
- U { C c  X: CŐX-V} = {xeX: {x}3X-V},

which means that each increasing r(<5*)-open set is open in the topology induced by
S. Example (2.1) shows that in general this is not valid (in fact, let us consider the 
correspondences 3T0++S, 3T£++S* and &~++r(S*) defined in the usual way).

Since the cited lemma is used essentially in the proof of Theorem 3.1 of [15] 
(which states that r(S*) is always regularly preordered), this latter is probably also 
incorrect.
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3. Completely regularly preordered spaces

A preordered syntopogenous space (E, i f ,  s )  will be said completely regularly 
preordered iff there exists a syntopogenous structure spanning it.

(3.1) L e m m a . Any completely regularly preordered syntopogenous space is regu­
larly preordered.

Proof. See (1.5). □
(3.2) E x a m p l e . A discretely ordered syntopogenous space (E, i f ,  =) is comple­

tely regularly ordered iff it is symmetrizable.

In this case i f u^ i f l^ i f ,  therefore, if ifü spans (E, if, =), then if$ < i f  < i f f  
and i f f  < i f  < iff" , hence i f f  < -if < i f f  <  i f f ”. Since any syntopogenous structure 
on (E, =) is '-convex, i f  is symmetrizable. The converse is trivial. □

There is an important class of preordered syntopogenous spaces (E, i f ' , ш), in 
which the following condition is satisfied:
( • )  C p ' u p ^ c p f p u  and c p r lp  ^  C f 'p l

(see [8 ], (5.3); [9], (3.5)). This is shown by the next theorem, too: []
(3.3) T h eo r em . A p-convex preordered syntop о logical space (E, if, s )  is comple­

tely regularly preordered iff there exists a symmetrical '-convex syntopogenous struc­
ture i f '  satisfying (m) on (E, á )  such that i f  ~ i f '".

Proof. Suppose that there exists such a structure if '.  Then if^—if'"  spans 
(E ,if, =s). In fact, i f '< i f ,  hence ifü< i fu and i f f = i f ’uc~ i f ' l< f l (cf. [8 ], (1.8)). 
On the other hand i f u~ i f 'pu~ i f ’up̂ i f f , and i f l^ i f pl~ i f np~ i f ’»cp= c/>cp (cf 
[8 ], ( 1 .8 )).

Conversely, if (E, if, ^ ) is completely regularly preordered, then ■% < if" < i f f  
and i f f< ,i f l< i f f p (consequently i f f  ~  i f up ~  i f u and i f f p^ i f lp^ i f l) for a 
suitable syntopogenous structure i f0. ifü is increasing by [8 ], ( 1 .1 .1 ), therefore 
i f ' = if f  is ‘-convex on (E, =ä) (see [8 ], (2.12)). We have

i f  ~ ( i f u V i f l)p ~ { i f f  V iff")" =  V iff)" ̂  iff" = i f 'p 
(cf. [4], (8.99) and (8.107)). i f '  fulfils ( • ) ,  because if« < if’a, and

tf '"u~ i f u~ i f f  <  if'«* <  . f ' pu 

(see [8 ], (1.7)), furthermore similarly i f f  < i f ’uc ~ i f ' 1, thus 

i f ,pl~ i f i~ i f fp  <  , f ' lp <  if 'p \ □

(3.4) C o r o l l a r y . Any p-convex completely regularly preordered syntopological 
space is symmetrizable. □

(3 .5) C o r o l l a r y . Any symmetrizable linearly preordered syntopological space is 
completely regularly preordered (and "-convex, too).

P roof. [9], (1.6), (3.5). □
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(3.6) Example. There exists a completely regularly preordered topological space, 
which fails to be symmetrizable.

Let (R, s )  be the naturally ordered real line, ß c R  be the set of the rationals. 
Define a relation <  for A, jSc R by A<B  iff, for any x£A, there exists e>0 with 
{x}U((x—e, x + e )n ß )  с  B. It is easy to show that ,/"= {<} is a topology on 
(R, á), which is not '-convex (and even not locally convex), thus it cannot be 
symmetrizable (cf. [3], (5.3)).

If V is an increasing ,T-open set, and x€ V, then W= {x}U((x — e, x+e)DQ)cz 
c F  for some £>0, therefore (x —£, oo) = i(W )czV. This shows 2/~u< J c'p. Since 
J ct is increasing and J ct <  is trivial, we get .‘F u^ J c,p. The equivalence ,Tl ~
is analogous, consequently the topogenous structure 2f^=^ct spans (R, ST, ä ). □

(3.7) Problem. Find symmetrizable, but non completely regularly preordered 
syntopogenous (particularly syntopological) spaces. (Such a space cannot be both 
linearly preordered and syntopological by (3.5). This problem is in a close conntecion 
with the study of property ( • ) ,  too.) □

As the following theorem shows, the class of completely regularly preordered 
syntopogenous spaces is an extension of that o f Priestley’s monotonically comple­
tely regular spaces [14]:

(3.8) Theorem. A preordered syntopogenous space (E, if, s )  is completely 
regularly preordered iff, for each <  i i f u ( < £ i f l), there exists an (if, У ̂ -continuous 
functional family cp such that whenever x<  V, then a preorder inversing (preserving) 
function fi jp  can be found with the properties / ( £ ) c [ 0 , 1 ], f ( x ) — 0  and f ( y )  =  1 
for y£E —V.

In this case, denoting by Ф the set o f all (if, ,ß ̂ -continuous ordering families con­
sisting o f preorder inversing functions, if0 is the finest syntopogenous structure spanning 
( E , ! f , s ) .

Remark. The comparison of this theorem with [8 ], (4.8) makes more clear both 
the similarity and the difference existing between the notions of symmetrizability 
and completely regular preorderedness.

Proof. We use the terminology of ch. 12 o f [4]. It is easy to see that an ordering 
family (p is (if, ./^-continuous and consists o f preorder inversing functions if, and 
only if, — (p = {—f:  ff(p) is (if, ./^-continuous and consists o f preorder preserving 
functions (cf. [8 ], (4.9)).

Let Ф denote the set of all (if, ./^-continuous ordering families of preorder 
inversing functions. We show that under our conditions if9 spans (E, if, ä ). In 
fact, И’ф is increasing on (E, ==) by [8 ], (1.5), (1.1.6), and any (pi Ф is {if, ^ -c o n ti­
nuous, therefore ifф <if (see [4], (12.33)), consequently 1/ф <  i f u. In view of the above 
said, we have

ü f  = ( V -ifv)c = M  i f f  = V У-, = V ^ \  =
<р€Ф <р£Ф <р€Ф

where Ч* denotes the set of all (if, ./^-continuous ordering families consisting of preor­
der preserving functions. Applying again [8 ], (1.5), (1.1.6), [4], (12.33), we obtain 
i f y < i f l, thus i f f  < i f 1 is also valid. If < i i f u, and <p is the functional family deter-
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mined by the condition, then, for any c > 0 , there exists suchthat

(+) У -1(<D c <(t)
for each f£cp. Denote by cp' the set of all bounded, preorder inversing functions on 
(E, S), which have property (+ )  for every e> 0 . It can be easily shown that cp' is an 
ordering family, thus cp'£ Ф. Because of the choice of cp, <  C that is ,9"‘ <  i f f  .
In the same manner У 1 <£/?ф=£/’£р.

Conversely, suppose tha t (E, У, á )  is completely regularly preordered, and let 
£f0 be a syntopogenous structure spanning it. Denoting by Ф0 the set of all (Sf0, J)- 
continuous ordering families, holds ([8 ], (1.11)). On the basis of£f0< £f"< £f
and <  ST1 < ST, the inequality Sf£ <  Sf holds, thus each cpS <P0 is (£?$, Jf)-, 
(У0®, J s)-, and {ST, ./^-continuous. Because o f STÜ <  ST" the structure ST0 is increasing, 
hence every cp£ Ф0 consists o f preorder inversing functions (see [8 ], (1.6)). For <  бУ", 
there exists < 0€^o with <  C Using theorem (12.41) of [4], an ordering family 
cp£ Ф0 can be chosen such that < 0C-=^,i, which means <  C <J,i- Thus, for 
x<V, there is f(z(p with f(E)cz[0, l],/(x) =  0 and f(y )  =  1 for y£E— V. Turning 
to У0С and ST1 from Sfa and STU respectively, the remaining part of the condition can 
be verified.

We showed that if (E , ST, s )  is completely regularly preordered, then spans 
it. From the above consideration it follows also Ф0с  Ф , hence STa < Уф holds.

Re m a r k . With a slight modification of the proof one can see that in the above 
theorem Ж= S sb, J st or Ж гр can be written instead of ./ ',  provided ST is perfect, 
simple or topological, respectively. □

In order to show an example for completely regularly preordered spaces, let us 
recall that a syntopogenous structure ST on a set E is locally compact, if there is an 
order <  dSf such that, for each x£E, an .У''-compact set Kx<zE can be found with 
the property x< K x (see [1 1 ]).

(3.9) T h e o r em  (cf. [11], (2.6)). Any locally compact, continuous, Sz-preordercd 
syntopological space is completely regularly preordered.

First of all let us consider the following lemma:
(3.10) L e m m a . Let (E, ST, ==) be a locally compact, continuous, Sz-preordered 

syntopological space, and < ( У “ (<  6 У'). There exist < '(У “ and -T’yST1 such that, 
i f  Ka< V for an ST-compact set K0, then there is an LA-compact set К  with the property 
i(K0)<'i(K)<"cX< 'V {d(K0)<"d(K)<'cX<"V).

Proof. Choose < f S T u with and < f S T u, ^ 4 S T l with < XC
С (<2< 2С)ь (see (S2)). Suppose < 3 €Уи, <з€.У!, for which < 2C <3, <áC-< 3 2- 
Since an order < 4 £ £ fl can be selected such that < 2PC < 4 - In view of the
local compactness there is such that xdE  implies x < 0Kx for a suitable
compact KxczE. Assume <{f.ST, <3C and <0C <[2. Let us choose the 
required orders < '€У “, <"cSTl so that, on the one hand < 1U í(< í)C < / (see
[9], (2.4.5)), and on the other hand <ÍC <"2-

If K0< V, where K0 is У’-compact, then there exist sets F, J, X c E  such that

(3.10.1) A'0 < 1 F < 1 / < 1 Ar< 1K
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We show that
(3 10.2) there exists a compact К  a  J  with i(K0) < ' i(K).
In fact, in view of the choice of for each x£E, there is HX<^E such that
х<'гНх<[Кх. If H  denotes the union of the finite number of the sets Hx covering 
Ka, then joining the corresponding sets Kx, we obtain a set K ' such that
(3.10.3) K0 a  H  and K ' is compact.
If K'czJ, then the verification of (3.10.2) is finished, because from !'(<0c<' and 
K0̂ 'K '  the inequality i(K0)< 'i(K ') follows. Therefore let us suppose К ' ф / ,  and 
put J '= K '- J ,  F' = K '- F .  If x£K0 is fixed, then
(3.10.4) x  < 2 Axy <зс Bxy <зе E—y
for any y£F ' by (3.10.1). Because of (3.10.1) again, there exists a closed set S  such 
that E —J a S a E —F, thus SD K ' is closed in Sf\ K', for which J 'czSO K ' c f .
(3.10.4) yields that (£ —Bxy)C\K' is a neighbourhood of any ydF ' in SE\K', there­
fore J' is covered by a finite subsystem of the sets E —Bxy. Denoting by E —Bx and 
E —Ax the union of the corresponding sets E —Bxy and E —Axy, respectively, we 
obtain

x  < 2 Ax <зс Bx с  E — J ' =  (E - K ') U J.
Taking a set Cx for each x£K 0 suchthat x*=3Cx<3Ax, and denoting by C, A and 
В the union of the finite number of the sets Cx covering K0, and the corresponding 
sets Ax and Bx, respectively, we have
(3.10.5) K0 a  C < 3A < 3CB c (E -K ')U J .
Further on let Ä be the ^-closure of A. It is easy to show that K—K'C\Ä  is also 
com pacting. Owing to (3.10.5) A c B, thus KaJ. Since from (3.10.3) and (3.10.5) 
we get Ä'o-cjÄ" and Т0< ^ с Д  it is obvious that K0<[K, hence i(K0)c'i(K ).

After the verification of (3.10.2), let К  be the compact set determined there. For 
a fixed y£ E —X  and for every k£K, k < 3Vky<3 E—y  issues from (3.10.1). There­
fore a set Vy can be found such that K c  Vy<3 E —y. Applying this for any y(LE—X, 
we obtain E - X ^ f E - K ,  hence E - X ^ E - K .  Put E —X  W<"E—K. Then 
by [8 ], (1.2) d (W )^ E -K ,  consequently i(K)<zE—d (W )c E — W — W<"CX,
that is
(3.10.6) i(K }< "cX.

Finally, on the basis of the choice of X < 'V  holds, thus (3.10.2), (3.10.6) give 
the proof of the first part of the lemma. The other part is the dual of the first one. □

The proof of the theorem will be continued with a construction of an order 
[<"c, < '] for any <'££?“, as follows: Define, for A,BczE, the relations
/(< "c, < 0  and D (^ ,c, <") so that

(3.11.1) A(<"C,^ ' ) B  iff either A = 0, or В = E, or A c  i(K) <"cX < ' B, 

where К  is compact, and dually

(3.11.2) AZ>(<'C, <")2? iff either A = 0, or 0  = £, or Aczd(K) < CX < " B ,
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where К is compact. It is obvious that 7(<"c, «=') and £>(<'c, <") are semi-topo- 
genous orders on E.

(3.12) L e m m a . Under the conditions o f (3.10)—(3.11) consider the topogenous 
order
(3.12.1) [<"c, -='] =  (/(<"*, <0 U D (< 'c, < y y .

Then the order family
(3.12.2) =  {[<"c, <']: <"€■?"}

/.s' a syntopogenous structure spanning (E, У, =ё).
Proof. If  < ( ,  and «=", then there exist <d-9’u, such

that U < 2  C and U < a C < "  It is clear that

/(<r, <i)u/(<2c, <2) c /(<"c, <0
and

D « c, < 3 U D (< ;(, < 3 C Ű ( < C, <'0,
thus

[<Г, <i] и [<Г, <2] c [<"c, <1
by [4], (3.25).

After this suppose ■<■'€&“, We prove [<"c, -=='] C [< íc, <ó] 2 for
suitable <'0£ У и, In fact, for < '£ У и, let us choose in
accordance with (3.10), and select for in the same manner.
I f  А1(<пс, < r) A, then Aczi(K)-<'В for some compact set ЛГ, thus K<B. By
(3.10) i(K )< ii(K ')< icX<[B, where K' is compact. Because of K<[i(K') and
(3.10) we have

A c  i(K) <2CY < 2  i(K') ^ X ^ B ,

therefore, if < ÍU  <áC - = 3 6  .S'9“ and then

(3.12.3) / ( < " c, < ') С /(< зс, <з)2-

Dually to the above reasoning, choose < 4 6 ^ “ for and similarly
< 5 ^ ' ,  for < 4  in accordance with (3.10), further consider < 4 U < 5  C
C  and < ÍU < 5 C < Í € ^ “. Then

(3.12.4) Z>(<'c, <")C D (<;c, <e)2-

Assuming <áU  ^ é C ^ ó í ^ “, <з U <e C f r o m  (3.12.3), (3.12.4) and [4],
(2.16), (3.53) the inequality [<"c, < ']  C[<?c, <0] 2 follows, thus ,9’+ is in fact a syn­
topogenous structure.

If then 7(<"e, O C < '  and 7>(<'c, <")cc < cc=
besides 7(<"c, < ')CC <"cc= ■<." and D (<'e, <") C thus

(3.12.5) [<"c, <'] C  and [<"c, <=']c C

In view of the compactness of the one point sets and (3.10), for < ' 6 ^ ’И,
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there exist ^ i i f " ,  < 1 , < f f i f x such that

(3.12.6)
< ' c /(-=? , < r  C [ < r ,  -=ÍF and < "  c /) (< /, <D P c [<;*, ^ cp,

hence by (3.12.5), (3.12.6) i f + spans (E, if, ^ ). □
Thus theorem (3.9) is proved. □

4. Normally preordered spaces

A preordered syntopogenous space (E, if, s )  will be called normally preordered 
iff i f u if" < i f " i f lc.

(4.1) R e m a r k s . A discretely ordered syntopogenous space (E, if, =) is nor­
mally ordered iff [E, if] is normal in the sense of [11 ] (see also [6 ]). A preordered topo­
logical space is normally preordered iff its “classical” associated is normally pre­
ordered in the sense of Nachbin ([13], p. 28; see also e.g. [7], [12], [15]). □

The following theorem is a common generalization of [6 ], (2.20) (see also [11],
(1.14)) and [15], Th. 3.4:

(4.2) T h e o r e m . The preordered syntopogenous space (E, if, s )  is normally pre­
ordered iff i f lcif"  is a syntopogenous structure on E. Then this is the finest o f  all synto­
pogenous structures ifü on E such that ifn < ,ifu and i f f  < i f 1.

Proof. Assume that (E, if ,  s )  is normally preordered. Then i f Xcif"  is 
obviously directed, moreover i f 'cif"< ,iflc'i i f " 1< .iflci f lcif" if" < ,if lci f " i f lci f u<. 
< ( i f ,cif"fi, thus i f lcif"  is a syntopogenous structure.

Conversely, if i f Xcif"  is a syntopogenous structure, then i f lcif"< .(iflci f uy<, 
< .iflc i f " i f lc if"  < ,if" iflc, that is (E ,if,ff)  is normally preordered.

Finally, if if(i is a syntopogenous structure on E such that if(i < if"  and i f f < i f l, 
then ifü< i f f < i f f cifü< i f icif" . □

Theorem 1 of [13] can be generalized as follows:
(4.3) T h e o r e m . The preordered syntopogenous space (E, if, ff) is normally pre­

ordered iff, for every - f f i f " ,  < "d ifl, there exists an (if, J')-continuous functional 
family cp on E such that A< /cC<"fi implies f(E )c .[0, 1], / ( x ) = 0, f(y )=  1 for any 
x fA , ydE —B, where f  is a suitable preorder preserving function o f  <p.

P roof. Let (E, if, s )  be normally preordered. Then i f ^ = if lcif"  is a syntopo­
genous structure on E, and i f f= i f" ci f l is decreasing,because i f f  < i f 1. By[4],(12.41), 
for any <  6ifÜ, there exists an ( i f f  .//continuous ordering family cp on E such that 
A<B  implies f(E )cz\0, 1], f( x )  = 0, f(y )=  1 for each x fA , у  i E -  B, where /€<?. 
Because of [8 ], (1.6 ) / i s  preorder preserving, and owing to

i f f  ~  H0 V i f f  < i f u V i f 1 < i f  

<p is ( i f f , ,/)-, (iff, J s)-, and (if, ./'/continuous.
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Conversely, assume <-fiif", < ’f i i f l, and let cp be a functional family on E  
satisfying the condition of the theorem. Suppose that (p0 is the family of the preorder 
preserving functions of <p. Then both q>0 and — <p0 ={—/ : /£<р0} are №  •?“)-, and 
a fortiori (if, J)-c  ontinuous, thus ifv <  i f  and i f f ^ K i f .  From this Sf9a <  i f 1 and 
i f - Vo< i fu by [8 ], (1.5). Regarding [8 ], (4.9), we have i f - ^ i f ^ .  In view of the assump­
tion concerning <p, the inequality is valid, hence

{ < C-"}  <  <  ^ ,2„ <
With respect to the arbitrary choice of < ' and we get

i f u if"  =  ( i fuc i f l)c <  ( i f lif"c)c = i f u i f lc,

that is (E, if, ^ )  is normally preordered. □
It is well-known that in order that a normal topological space be completely 

regular the condition (5)) is necessary and sufficient (see [5], (4.2.5)). The following 
theorem gives such a condition for normally preordered syntopogenous spaces 
(cf. [11], (1.17)).

(4 .4 ) T h eorem . A normally preordered syntopogenous space (E, if, s=) is com­
pletely regularly preordered iff the following condition is satisfied:

(P) if"  <  i f lcp and i f 1 <  i f ucp.

In this case i f lcif" is the finest o f  all syntopogenous structures spanning (E,if, ff).
(4 .5 )  L e m m a  (c f. [11 ], (1 .1 5 ) ,  (2 .7 ) ) .  Conditiori (P) is weaker than (S3) and stronger 

than (Sj). I f  (E, if, ff) is either perfect or compact, then (P) and (Sj) are equivalent.
Pr o o f . If (E, if, is S3- (i.e. regularly) preordered, then if"  < (Sfu£flcy  <  Sflcp 

and i f l< (SflSfucy < i f ucp. if  (E, if, ff) has the property (P), then Sfub< Sflcpb= 
= i f lcb and

Cflcb ^  Cfucpcb _  (j.?ucpbc __ Cfucbc __ Cfubcc __ ^>«6

thus Sfub~ i f lcb (cf. [4], (5.22), (5.33), (5.17)).
Let now (E, if, ^ )  be perfect and St -preordered. Then if"  ~  £fup and i f 1 ~  

~ i f lp by [8 ], (1.7). From here

and
Cfu ^  Cflcb _  Cflccpcp __ Cflpcp ̂  ylcp

^  (fib _  (flbcc _  (flcbc ̂  Cfubc __ Cfuccpcp __ (f>upcp ̂  (f>ucp

([4], (5.33), (5.17)).
Finally assume that (E, if, s )  is a compact Sx-preordered space. For -= £ if"  

choose < f f i f u with <  C <i- Suppose - ^ ^ f i f1 such that <ÍC-= 2b, and put 
<з £ i f l, where Then x<  В implies for some С с  E. If
y£E — C, then y< 2E —x, thus y ^ 3Vy^ sE —x. Because of i f u<.if, i f 1 < .if and
[4], (15.93), a finite number of the sets Vy covers E —B, therefore E —B<3E —x, 
that is x < 3 B. If A< B, then we get В for any x£A, thus A fffB .  hence 
-еС-^з'’. The proof of if f <,if"cp is dual. □
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Proof of (4.4). If (E, -9, g )  is completely regularly preordered, then it has 
(S3), thus satisfies (P) (see (3.1), (4.5)).

Conversely, assume that (E, 9 , ff) has property (P). We verify that 9 lc9 u 
spans (E , 9 ä ). In fact, if < £ 9 U, then there exists <1£ 9 U so that <  C < f, 
further an order <<£.9“ can be selected such that < j C <SP. If A< B, then A < x C <x 
<XB for a suitable CczE. Thus A< 2PC, which means i.e. for
any x£A, hence d (< 2 < x)PB. This shows 9 u< (9 lc9 u)p. The proof of 9 l< 
< (9 UC9 l)p = ( 9 ,c9 “)cp is analogous. These give that 9 lc9 u spans (E, 9 ,  ä ) by
(4.2). If 9 0 is another syntopogenous structure spanning (E, 9 ,  s ) ,  then from (4.2) 
it follows that 9 0< 9 lc9 “. □

(4.6) Example. Any symmetrical preordered syntopogenous space is normally 
preordered and has property (P), thus it is completely regularly preordered.

This statement is an immediate consequence of [8 ], (1.8). □
Now we prove the theorem corresponding to [11], (2.8) (cf. [13], th. 4):
(4.7) T heorem. Any compact S.,-preordered syntopogenous space is normally 

preordered.
Proof. Let (E, 9, s )  be compact S2 -preordered, and suppose -9^_9l.

Assume - ^ f f 9 u, and < £ .9 U, <'2d 9 l are such that
finally < £ .9 “, < 3 6 for which < 2 C < § and < 2 С < з2- If  A<.'CC<B, then 
there is X c E  with A 9 C C<1X<.lB, therefore x<2Cxy<'2cE —у  for each jc£C, 
y£ E -X . Fromthis x< 3 Axy< 3 Cxy<'3cВху~='ясE —y. Put 9 ,p=  {<*}. Then A-E*CC 
and xc*A xy for any x£C, thus from [4], (15.93) it follows that a finite number 
of the sets Axy covers A, hence there are sets A y, Cy, By such that

A <= Ay < 3 Cy <зс By < 3c E - у .

Since E —B*CE —X  and y< *E —By for each y£ E —X, the set E —B is covered by 
a finite number of the sets E —By. Denoting by E—B', E  — A' and E —C ' the 
union of the corresponding sets E —By, E —Ay and E —Cy respectively, we have

A c  A' < 3 С  < зс В’ с  B,

therefore in view of the arbitrary choice of < ,  we obtain 9 lc 9" < 9 u9 lc, that 
is (E, -9, ä ) is normally preordered. □

(4.8) T heorem. A compact preordered syntopogenous space (E, .9, =2) is comple­
tely regularly preordered iff it is S2-preordered. In this case (disregarding equivalences) 
9 lc9 U is the unique syntopogenous structure spanning (E, 9 , ä ).

Proof. Any completely regularly preordered space is S2 -preordered. Conversely, 
every compact S2-preordered space is normally preordered, and since it is Sx-preor­
dered, it has property (P), so that it is completely regularly preordered.

Further on suppose that 9 0 is a syntopogenous structure spanning the compact 
S2-preordered space (E ,9 , 9 ). If < 6 9 "  and 9 y 9 ‘ are arbitrary, then there 
exists <'0f 9 0 suchthat < C < ó p, and there is with -=ÍC<o- Putting
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A < CC<B, we have x< 0 Cx< 0 2? for each x£ C  and a suitable set CxcE . If we 
denote by C  the union of the finite number of the sets Cx covering A (see [4], (15.93)), 
then /!c C ' < 0  5. Thus f f lc Sf>u The inequality in the opposite direction fol­
lows from (4.4). □
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BEMERKUNGEN ZU EINER ARBEIT VON 
INGHAM ÜBER DIE VERTEILUNG DER 

PRIMZAHLEN
W. DETTE, J. MEIER (Löhne) and J. P1NTZ (Budapest)

1. Einleitung

Riemann [9] vermutete in 1859, daß

(1.1) für x > 2 .

Im Jahre 1914 bewies Littlewood [5] jedoch, daß die Funktion тг (лг)—И x  unendlich 
viele Zeichenwechsel hat. Sein Beweis war ein reiner Existenzbeweis und erlaubte 
nicht, ein X0 so zu bestimmen, daß n(x) —li x > 0  für mindestens ein x< X 0. 
Weiterhin war es nicht möglich, für die Anzahl V(y) der Zeichen Wechsel von 
n(x) —li x im Intervall [2, y] eine Abschätzung (weder effektiv noch ineffektiv) nach 
unten zu geben.

Eine obere Schranke für den ersten Zeichen Wechsel konnte Skewes [11] im 
Jahre 1955 angeben:

(wobei exp4 x=exp x —ex, exp„ + 1  x=exp expv x).
Über die Anzahl der Zeichenwechsel bewies Ingham [2] im Jahre 1936: 
Sei

Satz A (Ingham). Falls eine Nullstelle der £-Funktion existiert, die (1.4) erfüllt, 
dann hat 7t(x)—lix  mindestens einen Zeichenwechsel in allen Intervallen der From

( 1.2) X0 <  exp4 7,705

(1.3) 9 =  sup (Re q),
«e)=o

und es existiere eine Nullstelle q0 mit
(1.4)
dann gilt:

Re go = 9,

(1.5) [y,Dy\ für y > Y 0,

wobei Z>> 1 eine absolute Konstante ist.
Daraus folgt unmittelbar
Satz В (Ingham). Unter derselben Annahme wie in Satz A gilt:

( 1.6)
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Die Methode von Ingham erlaubte es jedoch nicht, die Konstante D effektiv 
anzugeben: falls 0 >  1 /2, hängt D

(i) von 0  — 1 /2 ,
(ii) von der Verteilung der Nullstellen „nahe“ der Geraden <r = 0,

(iii) von wobei y'= min {y >O | ( ( 0  +  iy)= 0 } und y*= min {y>y'\C(0 + iy) —
= 0 } (min 0 =o°)

ab;
falls 0 = 1/2, liegt der Grund der Ineffektivität in der Verwendung eines Satzes 

von Bohl aus der Theorie der diophantischen Approximation:
S a t z  (Bohl). Für beliebige reelle x l , , xN und 0 < e< l/2  existiert ein L =

=L(e, xx, ..., xN), so daß für alle N ein n£N, n ё  L existiert, f ü r  welche
(1.7) ||(га +  п)л:г|| S  £
gilt, wobei |U|| =m in {x — [x], 1 —x+[x]}.

Ziel unserer Arbeit ist es, für den Fall, daß die Riemannsche Vermutung wahr 
ist (womit insbesondere die Annahme der Sätze A and В erfüllt ist), eine effektive 
Form von Satz В zu beweisen. Darüber hinaus zeigen wir einen zum Satz A ähnlichen, 
aber viel schwächeren, jedoch effektiven Satz. Außerdem diskutieren wir noch das 
Problem der Effektivierbarkeit von Satz A.

Wir zeigen
S a t z  1. Unter Annahme der Riemannschen Vermutung gilt

(1.8 ) V(y) >  exp^1107 log >' >  10- 9 ä 7  log у 
für  j=-exрз 7,707.

S a t z  2. Unter Annahme der Riemannschen Vermutung hat n{x)— l i . v  mindestens 
einen Zeichenwechsel im Intervall
(1.9) b>™-957, y] 
für j> e x p 3 7,707.

Wir weisen darauf hin, daß es mit komplizierteren Methoden möglich ist, Satz 2 
auch ohne Annahme zu beweisen; allerdings mit einer kleineren Konstanten als
io-957.

Daß die Ineffektivität von Satz A sehr eigenartig ist, zeigt der folgende
S a t z  3. Falls die Riemannsche Vermutung wahr ist und die Imaginärteile der ersten 

69 Nullstellen mit positivem Imaginärteil über dem rationalen Zahlkörper unabhängig 
sind, dann kann man in endlich vielen Rechenschritten effektive Werte für D und Y0 im 
Satz A angeben; jedoch kann man die Anzahl H der dazu nötigen Rechensch/itte 
nicht im voraus abschätzen.

Möglicherweise führt dieselbe Methode auch im Falle der linearen Abhängig­
keit der Imaginärteile der Nullstellen in endlich vielen Rechenschritten zu effektiven 
Werten von D und Y0 ; dies können wir aber nicht garantieren.

Zu der in Satz 3 erwähnten Anzahl H  der nötigen Rechenschritte ist zu bemer­
ken, daß sie sich mit dem in §3 beschrittenen Weg als so groß erweist, daß eine Berech-
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ruing von D und Yg mit heute zur Verfügung stehenden Computern nicht mög­
lich ist: wir zeigen dort, daß H>  1048; aber höchstwahrscheinlich gilt sogar H >  109".

Eine obere Abschätzung für H  können wir nicht beweisen; aus heuristischen 
Gründen ist es jedoch wahrscheinlich, daß etwa 10uo Schritte genügen, um D, 
und etwa 10140 Schritte genügen, um auch Y() effektiv zu bestimmen. Vermutlich 
erhält man Z><exp 10no bzw. max {D, У0}<ехр 10140.

Im Zusammenhang mit Satz В bemerken wir, daß das erste, ohne unbewiesene 
Annahme gültige Ergebnis im Jahre 1962 von S. Knapowski [4] erreicht wurde. 
Er zeigte:
(1.10) V ( y )  = e~36log4}> für y S e x p 535
(wobei lógj y=\ogy, logv+1 j^ lo g lo g vp). 

Das beste effektive Ergebnis

( 1. 11) v ( y )
1 flogp

exp3 3,55 log2 у
stammt von den Autoren [1], [7]. 

Das beste ineffektive Ergebnis

( 1.12) V(y) >  10‘ log У 
(log2 y f

für у  exp4 3,57

für у  >■ Fi

wurde von dem letztgenannten Autor [8] bewiesen.
Beim Beweis von (1.10), (1.11) und (1.12) spielt die Turänsche Methode eine 

entscheidende Rolle.

2. Beweis von Satz 1 und Satz 2

Im folgenden verwenden wir die folgenden Bezeichnungen:

A0(x) = ф(х) — х  = 2  logp — x, Ay{x) =n(x) —li x — 2  1 -I i* ,pm̂ x p^x
1 Г

, )  A2(x) = IJ(x) — lix  ~  2 — n(.xl,v) ^ lx ’ A (x )= J  A0(t) dt,
v —1 V 0

ЛЦ Х) = Щ ,  A t=  éáápLlfiir 
\ x  \ x

3 1
Sei weiter Л = 500, 5=3600, r\ = , C=exp 103, p = —+ /y bezeichne eme
beliebige nicht triviale Nullstelle von C ( s ) .  Weiterhin verwenden wir die folgenden 
numerischen Ergebnisse:

(2.2) 2  —^  м27 > 0  У

(2.3) ^  sin (yco) ( |y|)
1 г£л У v А ) "

= 0,0233, 

1,0262 bzw. <-1,0262,
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falls für alle \у\<Л gilt

(2.4) \\уа>-УП\\ ^  bzw. ||уо) +  у»/|| =£

(2.5) N(A) =  2  1 =  269.

Zu (2.2) vergleiche Rosser [10]; (2.3)—(2.5) wurde von Skewes ausgerechnet [11].
Bei den folgenden Hilfssätzen setzen wir voraus, daß die Riemannsche Vermutung 

wahr ist.
H ilfssatz 1. Für дгё! gilt:

(2 .6)
. ,  *  X2 Yc + 1  Г  T' ~  v l —2n

2n(2n — 1)

Für den Beweis siehe Ingham [3], Seite 73, Theorem 28. 
H ilfssatz 2. Für T ^ x 2/2, x ^ C  gilt:

(2.7) f  «KO d t - Z - +  2
ve+i

2 |y|<r e(e  +  i)
ä  5x.

B e w e i s .  (2.7) folgt aus (2.6), falls wir 4-(0) = log 2зг, ^ -(—1)= 1,98 505... 
(siehe Walther [13]) und
(2.8) 2  1 «= 4 log A'

1 0 < K S J S i + 4

(vergleiche von Mangoldt [6]) berücksichtigen.
Aus Hilfssatz 2 und (2.2) folgt
H tlfssatz 3. Für x ^ C  gilt:

\A (x )\s x3/2 
20 '

j/2
H ilfssatz 4. Für x ^ C  gilt:

KM I = Vx{ 2  "гг—f 12Ny|<x‘ Irl
Beweis. A us Hilfssatz 2 folgt

)•

(2.9)

ф(х) '1' 1(х+ У х)-ф  i(x)
f t

f» 1 1 K+ }/x
— — i- 2  I . 112 Max2 ItI .vI /  /е<1/|+11 j/x.

Analog erhält man die untere Abschätzung. 
Aus Hilfssatz 4 folgt zusammen mit (2.8)
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H ilfssatz 5. Für x £ 2 C  gilt:

|/l0(x)[ ^  20 Ух log2x. 
H ilfssatz 6. Für x £ l  gilt:

(2.10) A 2 ( x ) -
^oU)
logx

A ( x )  , Г  л  /Л  1 0 g £ T Z  ,

л: log2 x J  t2 log31
log/+2
t2 log31

A(2) 2
Г +  Т2 log2 2 log 2 li 2.

Für den Beweis vergleiche Ingham [3], Seite 64.
Aus den Hilfssätzen 3 und 6 folgt unter Verwendung der trivialen Abschätzung 

|d (x)|Sx2logx (für rS C )
H ilfssatz 7. Für х ё С 10 gilt:

(2.11) U m j5_
log2 л: 10 _4

logxlog  л:

H ilfssa tz  8 . Für x&C10 giYr.-

(2.12) |d 2(*)l = 21 Ух log2 x, |dj(x)j ё  22 )̂ x log2 x.
B ew eis . (2.12) folgt unmittelbar aus den Hilfssätzen 5 und 7 unter Verwendung

von

0 S  A 2 ( x ) - A 1 ( x )  —  ^  — rc(x1/v) ё  - ^ - + V x l o g x  ^  У х .v^2 V Z
H ilfssatz 9. Für x ^ C 10 gilt:

(2.13) x я (я) x Зх 
- +  ■

(2.14)

log X vv log X log2 X ’ 
Beweis. (2.13) ergibt sich aus (2.12) und

2x
log x log2 x 

H ilfssa tz  10. Für х ё С 20 gilt:

lix -+log X  log2 X  '

(2.15) 42( x ) - d 1(x )- »5
logx ^  7 Ух

log2 X ‘

Bew eis . (2.15) folgt aus (2.13) unter Verwendung von

2  — n(x1,v) <  Ух logx.
* 8 3  V

Aus den Hilfssätzen 7 und 10 folgt

A c ta  M a th e m a t ic a  H u n g a rica  45, 19S5



126 W . DETTE, J. M E IE R  A N D  J. PINTZ

(2.16)

H ilfssatz 11. Für х ё С 100 gilt: 

Ух A0(x)^i(x)+- s 8 J Í i - S 8 . 1 0 - .  ^log2xlog X  log X
was gleichbedeutend ist mit:

(2.17) l z l í ( x ) - ^ ( x )  +  l |  ^  8 -1 0 -5.

H ilfssatz 12. Für x=- 1 gilt:

i//(x+0)+i/'(x—0) _  ^  xe C
" 1

log x

(2.18) = * - Z ^ - x ^ ( 0 ) - y l o g ( l - l ) .
Für einen Beweis vergleiche Ingham [3], Seite 77, Theorem 29. 
Aus den Hilfssätzen 11 und 12 folgt
H ilfssatz 13. Für x ^ C 100 gilt:

(2.19) x '
d*(x) + 2j ~T" +  1Q Q

Ä 10-

Daraus ergibt sich unter Verwendung von (2.2) und 

Hilfssatz 14. Für x fe C 100 gilt:

1___
в iy ~2f

(2.20)

Wir setzen nun

(2.21)

A U x ) + Z — + i
в 4

G(v) = 2

0,0234.

Г iy

Aus Hilfssatz 14 folgt, daß d x(x) in einem Intervall
(2.22) [e°i, еаг] c  [exp 105, y] 
mindestens einen Zeichenwechsel hat, falls wir zeigen können, daß
(2.23) max G(v) =- 1,0234. und min G(v) <  — 1,0234.ö1̂ v^ü2 at^v^a2
Dazu verwenden wir eine Idee von Ingham und betrachten

2. и
AB

/— AB

(2.24) -

. u 
” T

'<“> = i  /

и 
~2 

. и
sinT

и
T
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Die letzte Gleichung folgt unter Verwendung von

(2.25) —  f2 n J

иsmT

uT
elxu du Л 1- '

l  о
-  \ x für |jc| ^  1 

sonst.

Mit partieller Integration folgt nun leicht:
\2

(2.26) /

u
sinT

и
~2

elyu‘A du

. u 2t oo f . и 2-

^  „ i y u / A sm 2 A f j n n  d Sm2 duiy u T iy J  du u
l 2 J A B .( 2 J

А 4 А 4 5
“¥ Ö W + l y f Ä ß  -  в \ у \  ■

- A B

Obige Abschätzung gilt analog für J  , und somit erhalten wir unter Verwendung 

von (2.2)

(2.27)

(2.23) folgt also, falls wir zeigen können, daß

(2.28) max /(со) =» 1,0235, min

IO"4.

I  (to) <-1,0235.

Aus (2.3) folgt für ein со, das (2.4) erfüllt:

(2.29) /(со) >1,0262 bzw. <-1,0262.

Im folgenden suchen wir nun solche Werte nv, für die

(2.30) 7 i  < A ,  v =  1, ..., M )

erfüllt ist, denn dann ist (2.29) mit den Werten
(2.31) со = nv + ij bzw. nv — T]
gegeben.

Um (2.30) zu sichern, benötigen wir die folgende Verallgemeinerung des Dir- 
ichletschen Approximationssatzes (vergleiche Titchmarsh [12], Seite 153).
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H ilfssatz 15. Seien q= l und M  natürliche Zahlen; xlt . .. ,x N beliebige reelle 
Zahlen. Dann gibt es natürliche Zahlen nY mit:
(2.32) 1 ^  «j -= n2< ... <  nM =  M q N, 
so daß fü r  lS v s M , 1 ^ i ^ N  gilt:

(2.33) \\nvXi\ \ ^ ^ .
Falls wir nun

(2.34) q = B ; x, = - £  (i =  1 ,..., N(A) — N),

(2-35) M  = P 08^ " 1 ]

wählen, so erhalten wir natürliche Zahlen
(2.36) 1 ^  nx < . . .<  nM ^  log у —В — 1 mit
(2.37) / (n v—tj) < -1,0262 <  1,0262 <  I(n v + r\).
Also hat A1(x)= n(x)—li x  mindestens einen Zeichenwechsel im Intervall
(2.38) [e"v-B-i, e-v+B+i] c  [exp 105, y], (1,1 • 105 ^  v ^  M).

Daher folgt für у  >exp3 7,707:

(2.39) ^ ) > w ( [ ‘° w ‘°‘ ] - 1-1 1 0 ,) >

=- t í s W 106^ 10' “ ' 108^
Falls wir den ursprünglichen Dirichletschen Approximationssatz (vergleiche Tit- 
chmarsh [12], Seite 152) verwenden, erhalten wir die Existenz eines щ mit

(2-40) ’ logp— IO3 4] ,

so daß (2.30) mit v = l erfüllt ist. Daher hat Al(x) = Tt(x) — ]ix mindestens einen 
Zeichenwechsel im Intervall

(2.41) [e"i-B~ \  е»!+в+1] c  b 10"957, y] für у > exp3 7,707.

3. Bemerkungen

Aus dem Beweis der Sätze 1 und 2 ist ersichtlich, wie der Bohlsche Approxi­
mationssatz Zum Ergebnis von Ingham führt. Um die weiteren Bemerkungen bezüg­
lich der Effektivierbarkeit des Satzes A von Ingham verständlich zu machen, geben 
wir den folgenden Beweis für den Satz von Bohl :
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Wir teilen den A-dimensionalen Einheitswürfel mod 1 auf in kN kleinere, 
abgeschlossene Würfel Щ, ..., Wkn mit der Seitenlänge \/k, wobei к die kleinste 
ganze Zahl a £- i  ist. Sei i f  die Menge derjenigen Würfel, die mindestens einen der 
Punkte nx enthalten (x=(x1? ..., xN)). Dann gibt es eine Zahl L(c, x), so daß alle 
Wi0V mindestens einen Punkt nx mit n ^L (e , x) enthalten. Da aus dem Dirich- 
letschen Approximationssatz folgt, daß für beliebige H > 0 der Punkt 0=  
=  (0 ,..., 0)€{их},Г=н> ist auch —тх£ {их}“=1. Also existiert ein Würfel Wj mit 
— mx£Wj, der mindestens einen Punkt nx mit n^L (e , x) enthält. Dann gilt:

(3.1) | | ( «  +  m ) X j | |  = IIи х ,- (-mx,)|| á | á £ ,  (i = 1, ..., А).

B e m e r k u n g  1. Es ist nicht möglich, L(e, x) mit einer Funktion, die von e und А 
abhängt, nach oben abzuschätzen:
für alle e< l/2  und A d  gilt mit kleinem >] und xl = i), x2, ..., x N beliebig

(3.2) L(e, x1; ..., x N)

Die obige Bemerkung zeigt die Schwierigkeiten, die bei einer eventuellen Effek­
tivierung von Satz 1 auftreten können. Insbesondere muß man berücksichtigen, daß 
außer dem obigen trivialen Beispiel noch andere, kompliziertere Beispiele existieren, 
die zeigen, daß L(e, x) beliebig groß sein kann.

Andererseits ist der obige Beweis des Bohlschen Satzes doch gewissermaßen 
konstruktiv, und so ergibt sich die folgende

Bemerkung 2. Falls wir bei gegebenen £, x die Menge i f = if(c , x) kennen, so 
kann man in endlich vielen Schritten eine Zahl L ( e, x) bestimmen. Die Anzahl der 
dazu notwendigen Rechen schritte kann man jedoch nicht im voraus abschätzen.

Falls die Zahlen хг, , xN (über dem rationalen Zahlkörper) linear unabhängig 
sind, dann enthält i f  nach dem Kroneckerschen Satz (vergleiche Titchmarsh [12], 
Seite 153) alle Würfel Щ (*=1, ..., kN) ; wir haben also

Bemerkung 3. Falls die Zahlen xl5 ..., x N linear unabhängig sind, so kann man 
eine Zahl L(e, x1; ..., Xjv) in endlich vielen Schritten bestimmen.

Damit haben wir das in der Einleitung erwähnte interessante Phänomen, daß 
die Konstante im Satz A ineffektiv ist, aber unter der genannten Zusatzannahme 
kann man sie in endlich vielen Schritten bestimmen.

Nun gilt

(3.3) 2 2 lei >  l,

wie sich durch explizite Berechnung ergibt. Berücksichtigt man dieses Ergebnis so 
ergibt sich Satz 3. Dabei ist zu bemerken, daß aufgrund der Tatsache, daß wir
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7 l4 , )>70 mit beliebiger Genauigkeit berechnen können, es keine Schwierigkeiten
gibt, falls wir Näherungswerte für yl5 ..., y70 verwenden*.

Da nun

(3.4) 2 2 - r r i l ----- — für N = 1, ...»68i=i Ißil  ̂ yN+i >
gilt, muß man ein mindestens 69 dimensionales diophantisches Problem lösen. 
Außerdem muß man, nach (2.30) und (2.31) s< l/4  (also 5) setzen (ansonsten 
erhält man etwas völlig Triviales). Aus diesen beiden Überlegungen ergibt sich, daß 
die Anzahl der Würfel und damit die Anzahl der notwendigen Schritte bestimmt 
größer ist als
(3.5) 569 >  1048.
Für praktische Berechnung ist diese Anzahl natürlich schon zu groß.

(3.5) gibt nur eine absolute Mindestzahl für die Anzahl der Schritte an, die sich 
bei der Wahl des tatsächlich notwendigen e natürlich wesentlich erhöhen wird.

Eine Verbesserung kann eintreten, wenn man N  etwas größer wählt und damit
auch

größer its. Z. B. erhält man für V = 100

(3.7)

wobei e< ———- sein muß. Wählt man nun e=— , so erhält man für die Anzahl der
10,6 11

in diesem Falle nötigen Schritte mindestens
(3.8) Цюо >  10104’13.

Orientierungshalber wollen wir nun einige Überlegungen für eine Abschätzung 
der Anzahl der Schritte nach oben durchführen.

Falls ein Punkt Pt mit einer Wahrscheinlichkeit von 1 /М  in einen der M  Würfel 
fällt und die Verteilung von P; und Pj für i ,j  unabhängig ist, so enthalten alle Würfel

* Nehmen wir an, daß y1; . . . ,  y10 linear unabhängig sind, und sei ; / = (y’x, ..., ŷ 0) ein Nähe­
rungsvektor mit \y'v — y„|-=l/n. Weiterhin sei £ eine feste positive Zahl, e = l /9  k, kg N und (T,'Vc 
( v = l , . . . , (3~is~1)N~) das früher beschriebene Würfelsystem m o d i, wobei die Seitenlänge der 
Würfel Vc ( /= 0 , 1, 2) ist. L(e, x) sei definiert wie im Beweis des Satzes von Bohl.

Falls n?-[(L(£, y )+ 2 )s_1], dann enthalten alle Würfel И?" mindestens einen Punkt der Reihe 
{my'Y^Ju da e n ^ L (e ,y )  und \m ■y'v —myv\< s .  So erhalten wir nach endlich vielen Schritten eine 
natürliche Zahl n0 und einen Näherungsvektor /  mit |y'v —yv\<  l/n0, so daß alle Würfel fVv3c mind­
estens einen Punkt der Reihe {m/Jtond enthalten (dabei wissen wir nicht, ob /;0^[(L(e, y )-r2)c_1] 
oder nicht). Dann enthalten alle Würfel mindestens einen Punkt der Reihe {my}ü^ol. Auf diese 
Weise erhalten wir die effektive Abschätzung L (l/k , y)-=cn0.
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nach c A flo g M (o l)  Schritten mit einer Wahrscheinlichkeit

( 4 \ c M  l o g  M

1 - — I

mindestens einen Punkt.
Das sagt natürlich nichts für die spezielle Punktfolge n 1 ^ - ,  ..., I , wenn-\2n  2 n )

gleich (3.9) xyahrscheinlich für fast alle Folgen nx, x£R100 bewiesen werden kann. 
Das heißt aber, daß man gute Chancen hat, daß

(3.10) ( m
Ъ_
2n

Уюо I ,  JO109 
2л )

ist. Damit existierte dann zu allen Punkten x€R 100 ein n<10109 mit

(3.11) (i =  1, ...,100).

Falls man also für die Werte yt Näherungswerte y* hat, die mit einer Genauig­
keit von 112 Dezimalen mit yt übereinstimmen, dann ist für ж  IO109
(3.12) \nyt~ny,\ <  IO“3.
Damit folgt aus (3.11)

(3.13)

Ebenso kann man nun die Rollen von у; und yf vertauschen, d.h. (3.10) annehmen 
und auf (3.13) mit y( schließen.

Falls man nun also annimmt, daß man Näherungswerte y* für yt mit einer 
Genauigkeit von 10-112 in weniger als 10109 Schritten finden kann, was möglich zu 
sein scheint, so haben wir Chancen, mit etwa 10uo Schritten den Wert der Konstanten 
D im Satz A von Ingham anzugeben (ö<exp IO109).

Falls wir auch noch Y0 effektiv angeben möchten, dann müßten wir eine Zahl 
explizit bestimmen, für die

(3.14) (üyj_
2n < £, i =  1, ..., 100.

Statt (3.7) müssen wir dann

(3.15)
loo

2 2

voraussetzen, also £=1/22 wählen.
Daher sind dann wahrscheinlich etwa 10140 Rechenschritte nötig, und man erhält 

wahrscheinlich max (Z), У„}<ехр 10140.
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ON DISTRIBUTIVE PAIRS IN LATTICES
S. MAEDA (Matsuyama)

1. Introduction

The concept of modular pairs in lattices has been well-investigated in the litera­
ture, especially in [3] and [4]. A lattice L  is modular if  and only if every pair of elements 
of L  is join-modular (or equivalently, every pair is meet-modular), while in some 
non-modular lattices, interesting characterizations of modular pairs are given. For 
instance, in an affine matroid lattice, a pair of lines is meet-modular if and only if 
they are not parallel ([3], §17); in the lattice of closed subspaces of a topological 
vector space, a pair is join-modular if and only if their linear sum is closed ([3],
§31).

In this paper, we consider two new concepts, distributive pairs and semidistri­
butive pairs in lattices. A lattice L  is distributive if and only if every pair of elements 
of L  is join-distributive (or equivalently, every pair is meet-distributive). Any join- 
(meet-)distributive pair is join-(meet-)semidistributive and any join-(meet-)semidis- 
tributive pair is join-(meet-)modular. Moreover, it will be shown that a lattice is 
distributive if every pair of elements is join-(meet-)semidistributive and that in a mo­
dular lattice or in an atomistic lattice, any join-semidistributive pair is join-distri­
butive.

In the last section, interesting examples of distributive pairs are given. It is well- 
known that the congruence lattice of a lattice is distributive, while it was proved in [ 1] 
and [5] that the congruence lattice C(S) of a join-semilattice S  is distributive if and 
only if any two non-comparable elements in S  have no lower bound in S. In this 
paper, we give a necessary and sufficient condition for a pair in C(S) to be join- 
(meet-)distributive. Moreover, we prove a remarkable property of C(.S) that any meet- 
modular pair in C(S) is meet-distributive.

2. Distributive pairs and semidistributive pairs

D e f in it io n . Let L be a lattice. A pair of elements a, bf_L is called join-distri­
butive (resp. meet-distributive), denoted by (a, bjD j (resp. (a, b) />„,), when

la\l b)Ax — {aAx)M{bAx) for every x£L  
(resp. (aAb)\/x =  (aVx)A(hVx) for every x£L).

(a, b) is called join-modular (resp. meet-modular), denoted by (a, b)Mj (resp. 
(a,b)Mm), when

c is b implies cA(aVb) =  (cAa)Mb 
(resp. c S i  implies сЧ(аАЬ)=(сУа)АЬ).

(ia,b)Mj (resp. (a,b)M ,„) coincides with (a ,b )M * (resp. (a ,b )M ) in [3].
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Lem m a  1. (i) (a, b)Dj is equivalent to the following condition:
(1) I f  xSa \lb  then there exist ax,b x€.L such that a j S i ,  ЬхшЬ and ax\/bx=x. 

(ii) {a, b)Mj is equivalent to the following condition.
(2) I f  bäx^aM b then there exists ax£L suchthat axS a  and ax\lb = x.
Proof, (i) {a, b)Dj implies (1) by putting ax=aAx and bx=bAx. Conversely, 

if we assume (1), then, putting y=(a\lb) Ax, there exist ax, bx such that ax^a , 
bx^ b  and a fjb x—y. Then, since ab  we have ax^ a A x  and bxSbA x,
whence

(a\jb)Ax  =  a f!b x ^  (aAx)V (bAx) ii  (aVb)Ax.
(ii) (a,b)M j implies (2) by putting ax=xAa. Conversely, if we assume (2), 

then since b ^cA (a \lb )^a \lb , there exists ax such that а ,ё й  and ах\1Ь—сА{а\1Ь). 
Then, axScA a , and hence

сА(аУЬ) = axMb ё  (cAa)Vb ^  cA(aVh).
D efinition. A pair of elements a, b£L  is called join-semidistributive, denoted 

by (a, b)SDj, when it satisfies the following condition:
(3) If  xSaMb then there exists axdL  such that ax^ a  and ахШ х^ахУb 

(hence, x f  b=axMb).
It is easy to verify that

a S b  => (a, b)D j(o(b, a)Dj) => (a, b)SDj => (a, b)Mj 
and that (3) is equivalent to

{(a fb)A x}\/b  — (aAx)Vb  for every x£L .
Remark that conditions (1), (2) and (3) can be available for elements of a join-semi* 
lattice. 0

The definition of a meet-semidistributive pair (a, b)SDm can be given by the dual 
way.

Lemma 2 . I f  {a, b)SDj and i f  (b, ax)M j for any axSa , then (a, b)Dj.
Proof. I f  хШаУЬ, then  there exists ax£L  suchthat ax^ a  and axS x ^ a x\/b. 

By (b,ax)M j and Lemma 1, there exists bx^ b  suchthat bxf  ax—x.

It follows from this lemma that (a, b)SD j<=>(a, b)Dj in a mo­
dular lattice. While, in the lattice given by the figure, both (a, b)SDj 
and (b, a) SDj hold, but (a, b)Dj does not hold.

Theorem 3. For an element s o f a lattice L, the following three statements are 
equivalent.

(a) s is  a standard element, that is, (s ,x)D j for every x£ L  (see [2]).
(ß) (ä, x)SDj and (x, s)SDj for every x£L .
(y) (s ,x )M j and {x, s') SDj for every x£L .
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Proof. The implications (a)=>(/?)=>(y) are evident. It follows from Lemma 2 
that (y)=>(a).

Corollary. L is distributive i f  (a, b)SDj for every a, b£L.
(This result was shown in [6], p. 33.)
Proposition 4. (i) I f  (a, b) Dj and (adb, c)Dj then {a, bd c)Dj for any a '€  

€[я, adc\.
(ii) I f  (a, b)Dj then (a',b')Dj for any a f[a , аУЬ] and b f[b , adb].

(iii) I f  (ax, b)Dj and (az, b)Dj then (ai t\a2,b )D J.
Proof, (i) Let x^a'VhVc. Since a'MbMc=afbMc and since (a\/b,c)D j, 

there exist dSaWb and c ^ c  such that d4 cx—x. Since (a,b)D j, there exist 
axS a  and bx^ b  such that aflb^—d. Then, ax^ a ',  b fJ  c1̂ bV  c and a1V(h1Vci)=x.

(ii) Let (a,b)Dj and bf[b , aVb], Since b'^aWb, we have {a\!b, b')Dj. 
Hence, it follows from (i) that (a', b')Dj for any a f[a , aVb']=[a, aVb].

(iii) Let х ^ (а 1Аа^)У b. Since x ^ a fJ b  and (al ,b)Dj , there exist c1̂ a 1 
and bx^ b  such that c1Vft1 = x. Since c ^ x ^ a . fJ b  and (a2, b)Dj, there exist 
c2^ a 2 and Ь2шЬ suchthat c2db2=c1. Then c2^ c 1Aa2̂ a 1Aa2, bxVb2S b  and 
c2\l(b1Vb2)=x.

It follows from (i) and (iii) of this proposition that if sx and s2 are standard ele­
ments then so are S jV.v2 and s xA s2 (cf. [2J, p. 143).

Proposition 5. (i) I f  (a, b)SDj and (adb, c)SDj then (a\ bdc)SDj for any 
a f[a , a fc \.

(ii) I f  (a, b)SDj then (a', b')SDj for any a f[a , aMb], bf[b, aWb].
(iii) I f  (ax, b)SDj and(a2,b)SD j then (axAa2, b)SDj.
Proof. These statements can be proved similarly to Proposition 4.

L em m a  6. The following statement ( * )  implies (a, b)SDj.
(* ) I f  x ^a V b  and i f  x  and a are non-comparable then x S b.
Proof. Let xSaVh. We put ax= x  if x = a  and put ax=a i f  х ё а . Then, 

ű j í a  and a ^ x ^ a jd b .  If x and a are non-comparable, then we have x s b  by 
(* ). Hence, any lower bound ax of {a, x) has the desired property.

Lemma 7. Let p be an atom o f  a lattice L with 0. The following statements are 
equivalent.

(a) (p,b)SD j.
(ß) I f  x ^ p d b  then either x ^ p  or xSb.
Proof. (a)=>(/i). If x S p fb ,  then by (a) there exists px^ p  such that 

á x S p aVh. Since p is an atom, px is either p or 0. px—p implies x ^ p ,  and px — 0 
implies x^b.

(ß) =>(%). If x^pW b  and if x and p are non-comparable, then x s h  by (ß). 
Hence, it follows from Lemma 6 that (p, b)SDj.

R e m a r k . If p is an atom, then it is easy to verify that (p, ‘If Ь^хШ
^pW b  then either x ^ p  or x = h ” .
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T heo rem  8. Let p and q be atoms o f  a lattice L with 0 . The following three state­
ments are equivalent.

(a) (P,q)D j•
Iß) (p, q)SDj and (q,p)SDj.
(y) I f  0< x< p4q then either x= p  or x —q.
Pr o o f . (a)=>(/?) is evident. 0?)=>(y). Let 0<x<pVq. Since (p,q)SD j, we have 

x ^ p  or x= q  by Lemma 7. If x>p, then since (q,p)SD j, we would have x ^ q  
by Lemma 7, and then x^pM q, a contradiction.

(y)=>(ot). Let xSpM  q. By (y), x  is one of the four elements 0, p, q, рУ q. Hence, 
it is easy to verify that there exist px~ p  and qx=q suchthat p1Jq1~ x.

We remark that the above arguments from Lemma 2 can be available for join- 
semilattices, except (iii) of Lemma 4. By the dual way, we can obtain dual results 
about meet-distributive pairs and meet-semidistributive pairs, and they can be avai­
lable for meet-semilattices.

3. Join-distributive pairs in atomistic lattices

Let L  be an atomistic lattice (see [3]), and denote by Q the set of all atoms of L. 
For every aZL, we put

Q(a) = {p£Q; p ^ a )  (Ű(O) =  0)
The mapping a-<-Q(a) of L  into the complete lattice of subsets of Q is order-preserv­
ing and Q(Aaaa)= C\xQ(ax) whenever Aaax exists. Moreover, this mapping is 
one-to-one since L is atomistic.

T h eorem  9. Let a and b be elements o f  an atomistic lattice L. The following Jour 
statements are equivalent.

(a) (a,b)D j.
(ß) (a,b)SD j. ( Я  (b,a)SDj.
(y) Q(adb) = Q(a)[JQ(b).

P r o o f . Evidently, (a) implies (ß) and (/?')• (/?)=>(y). It is evident that Q(a\lb)z> 
D fi(a)U Q(b). If p jQ (ayb), then by (a,b)SDj, there exists ax^ a  such that 
a ^ p ^ a f J b .  Since p is an atom, a, is either 0 or p. ax=0 implies p s b  and 
ax—p implies p ^a . Hence, p£Q(a)UQ(b). Similarly, (ß') implies (y).

(y)=>-(a). Let x^a V b . Putting аг= аА х  and bx= bAx, we have a f / b ^ x .  
If p is an atom with p S x , then since pfQ (a'Jb) — Q(a) U Q(b), we have p = a x or 
p ^ b x, whence p S a f!b x. Therefore, x  = a f lb 1 since L  is atomistic.

4. Distributive pairs in congruence lattice of semilattices

Let S' be a join-semilattice. A congruence relation 0 of S  is an equivalence rela­
tion having the following property:

If xl = y1(0) and x 2~ y 2(0) then x1Vx2=y1Vya(0).
The set of all congruence relations o f S, denoted by C(S), forms a complete 

lattice, where
x  = y(Ая6£ *> x  = y(0a)
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for every a. Moreover, л =y (03 V 02) if and only if there exist щ, щ , ..., u„£S such 
that u0=x, u„=y and ui_1 = ui(0 j where O'= 0X or 0'=02 (see [5]). The greatest 
congruence 1 is given by x= y(  1) for every x, y£ S. If J  is a proper ideal of S, then 
there is a congruence relation 6(J) with two equivalence classes J  and S —J. (If 
J —S, then 0(J)=  1.) It is evident that 0(J) is a dual-atom of C(S) for any proper 
ideal / ,  and it can be verified by the following lemma that every dual-atom has such 
a form and that C(S) is dual-atomistic (cf. [5], Theorem 1).

L emma 10. Let J  be an ideal o f  S, and let 06 C(S). I f  we put 

J  = {x6S; x ^  у = z(0), z£J),

then J is an ideal o f  Sand 0^0(J). I f  J=(a) (a 6 S), then J= {xdS; xd  a=a(0)}.
Proof, (i) It is easy to verify that J  is an ideal. If x=x'(0) and x£ J, then since 

xSy=z(0) with z£ /, we have x '^ x 'd y = x d y —y=z(0), whence x f J .  Hence, 
0^0(J).

Let /=(«]■ If xd  a=a(0) then evidently x£ J. Conversely, if xSy= z(0) and 
z£/, then since z ^ a ,  we have x d  a= xd zd  a= xd  y d  a=yd a= zd  a=a(0).

L emma 11. I f  Jx(a£Ä) are ideals o f S and i f  П в/„5^ 0, then AxiA0(Jj)S
^ 0 (П а6лЛ).

Proof. Assume x= y(A x0(Jx)), that is, x=y(0(Jj)) for every a. If x, y € /a 
for every a, then х=у(0(П аУО1)) since x, y € i)xJx. If otherwise, x, у6S — Jß for 
some ß£A, and hence x= y  (0(Па/ а)) since x, убА— ПЯЛ.

T heorem 12. Let S be a join-semilattice and let 0,, 02 be congruence relations o f
S. The following seven statements are equivalent.

(a) (0X, 0d)Dm in C(S).
(ß) (01S 0 jS D m in C(S). (ß j (02, 01)SDm in C(S).
(>') (0i, 02)M m in C(S). (yj (02, 0x)M m in C(S).
(<5) I f  J  is a proper ideal o f  S  and i f  0XA02 = 0(J), then either ()L̂ ()(./) or 

0 ^ 0 (J ) .
(g) I f  Jx and J2 are ideals оf  S and i f  01S 0 ( /]), 02S 0(/2) and ./x П /2т^0, then 

either 0x^0 (Jxf]J2) or 02̂ 0 ( / j  C\J2).
Proof. Since the dual of the lattice C(S) is atomistic, it follows from Theorem 9 

that the four statements (a), (/?), (ß j and (<5) are equivalent. The implications (ß)=> 
=>(y), (ßj=>(yj are evident.

(y)=>(g). Let f ,  J,, be ideals, and let 01s 0 ( / 1), 02 = 0(72) and JXC\J2 Â(). 
If 0xjßO(Jxr\J2), then there exist u, v £ S  suchthat u = v(0x), u^JxP\J2 and v j J x П 
П J 2. Putting ф = 02A0(Jx C\Jj, we have 0хА02^±ф, since 0XA02 ^0 (Jx)A0(J2)^s 
á 0 ( /1f l /2) by Lemma 11. Hence, by (y), we have (фd 01)A02 — фd(0,A02) = ф. 
We shall show 02̂ 0 ( /1ПУ2)- Let x=y(02). We have vd x  = vd у(ф) since 
vd x= vd y(02) and nVx, vd y j J xi)J2. Moreover, since ud x= vd  x(0x) and 
udy= vdy(0x), we have ud x= u d  y ( fd  0 j. Therefore, u d x= u d у (0(JxC\J2)), 
since udx= udy(02) and (фd 0х)Л02= ф ^0 (JxПJ2). If x f J xC\J2, then since 
и\/х€Л П /2, we have ud ydJxC\J2, whence y£JxП /2. Thus, we obtain x =  
=у(0(/гП /2)), and therefore О2̂ 0 (1 ХГ\12).
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Similarly we can prove (у') =>-(e).
(e) =>(<5). Let /  be a proper ideal such that 0ХЛ02 = 0( / ) . We put

A =  {xeS; x ^ y  =  z(Qi), z£ /}  (i =  1, 2).

Then, it follows from Lemma 10 that A and J2 are ideals with 0Х̂ 0(А ) and 02= 
S 0 ( /2). Since Jt Z) / ,  we have А П / 2 =) / ^  0, and hence, by (e), we have either 
6 ^ 0 (А ПA) or 02ё 0 (А П /2)- Assuming 0]350(АП/2), we shall prove J= J1. 
If x£J1, then х ^ у = г (в г) with z£ /. Since y=z(0(A П A)) and z^JczJxC\J2, 
we have у б Л П /2с :/2, whence y ^ y '= z '(6 j)  with z'G_J. We have у VzVz's 
zVz'(0i), and since y'VzVz'=zVz'(02), we have yVzVz'=yVy'VzVz'=y'V 
VzVz'=zVz'(02). Hence, yV zV z'=zV z'(0(/)) since 01A02=0(J). Since zW zfJ, 
we obtain xSySyM zM  z f J -  Therefore, / 1 = / ,  whence 01̂ 0 ( /1)= 0 ( /) .  Simi­
larly, if 0а^0(А П А ) then 02=S0(/).

C o r o lla r y  13. (01; 02)M m implies (02, 0j)Mm, that is, C (S) is M-symmetric in 
the sense o f[3].

C o ro lla ry  14. Let A and J2 be proper ideals o f S. The following statements are 
equivalent.

(а) (0(A), 0W )D r
(/1) (0(Л), e(J.z))SDm. (ß j (0(/2), 6(J1))SDm.
(?) (0(A), 6(A))Mn . ( / )  (0(/2), 0(/i))Mm.
(<5) 0 ( /1) Л 0 ( /2) has three equivalence classes,
(e) / j C / j or / гз / 2 or / 1П /2 =  0.
Pro o f . The equivalence of ((5) and (e) is easily verified. The rest is equivalent to 

(e) by Theorem 12.
C o r o lla r y  15. The following statements are equivalent.
(a) CfS1) w distributive, 
iß) C(S) is modular.
(a') (0(A), 6(J2))Dm for any proper ideals A and J2.
(ß') (0(A), 0(J2))Mm for any proper ideals A and J2.
(7 ) I f  two elements o f  S  are non-comparable then they have no lower bound in S. 
(d) I f  two ideals f a n d  J2 o f S  are not disjoint then Ji czJ2 or J1z^J2.
P roof. The equivalence of (7) and (ö) is easily verified. The implications (a)=> 

=>(ß)=>(ßr) and {a)=>{aj=>{ßj are trivial, (ß') implies (<5) by Corollary 14, and 
(<5) implies (a) by Theorem 12.

The last corollary was partially proved in [1] and [5].
Theorem 16. Let S  be a join-semilattice and 0l5 02 be congruence relations o f S. 

The following three statements are equivalent.
(a) (0j, d2)Dj in C(S).
(ß) I f  A:=y(01 V02) then there exist u f S  (/=0, 1, ..., n) such that x= u0^  

S « 1 s . . . g « n=^V 7  and и4_! =  м((0 ') where 0' =  02 or 0 '  =  02.
(7) I f  x=y(0fl0.j) and x ^ y  then there exist u ^ S  (i= 0, 1, ..., n) such thaf 

u0=x, u„=y, Щ-Sy and hí _ 1  =  mí(0 ') where 0' = 01 or 0' =  02.
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Proof. (a)=>(ß). Let x= y(91V9^). We p u t ф—0((х\/у]). Then, we have 
a= a V у ((9X V 02) A ф), whence х = х \ /у((91Аф)У(02Аф)) by (a). Hence, there 
exist vt ( i= 0 ,1, ..., n) suchthat v0=x, v„=x\/y, vi_1=vi(6'f\\l>') where 0'= 9± 
or 9'=9Z. Since Vi=vn=x\ly(}li), we have e^ aMy. Putting m0= a, m̂ aVejV... 
...Vvi, we obtain u0^ u 1^ ..S u „ = x W y  and wi_1=Mi(0').

(/?)=> (y) is evident. (y)=>(a). It suffices to show that (0гФ92)А ф ^(в1Аф)\/ 
V(02Á</O for every ф£C(S). Let А=у((0х\ /в^Аф),  and we shall show A = y  
((О^Аф)\/(92Аф)). We may assume A^y. By (y), there exist ut£ S  such that 
u 0 = a , n„=y, U i = y  and where в '  =  0 г or 0 ' = 0 2 . Taking m;V a

instead of n;, we may assume that х ^ щ ё у  for every i. Since х=у(ф), we 
have щ =х\щ = уф  Ui=y($). Hence, Аф), and therefore a =
= y ((01Аф)\!(в2Аф)). This completes the proof.

Let L be a lattice. A lattice-congruence relation 9 of L is an equivalence relation 
having the following property: If  a,= y,(0) (/ =  1,2) then а^ а^ у, Vy2(0) and 
ххА х2=ухАуЛ9). We denote by Cn(L) the set of all lattice-congruence relations of
L. C0(L) is a sublattice of C(L).

C orollary 17. I f  9X, 020Ca(L) then (6X, 0<2)Dj in C(L). Especially, C0(L) 
is a distributive lattice.

P ro o f . If 9X, 92£ C0(L), then the statement (y ) of Theorem 16 is satisfied by 
taking щАу instead of щ.

Remark that for 6X, 92£C0(L), (9x,9^D m does not necessarily hold. (Seethe 
example below.)

C(L) 1 Ex a m ple . Let L be the Boolean lattice with four elements 
{ l ,  a, b, 0}. C(L) has three dual-atoms 0a=6((a]), 9b =  
=9((b]), 0o=0((O]), and since OaAOb=0 , we have 
C(L) = {1, ea, eb, в0, eaA90, в„Ав0, о}
(and C0(L)=  (1, 9a, 9b, 0}).
In C(L), there are six non-comparable pairs:
(0a: Ob), (0a, 00), (9b, 0o), (9a, 9bA90), (9b, 9aA90),
(9aA60, 9bA 0O). It is easy to verify the following facts.

(1) All the pairs except (9a, 9b) are meet-distributive.
(2) (9a, 9b) and (0aA9Q, 9bA90) are join-distributive, but the other non-compa­

rable pairs are not.
(3) (0O, 0a), (90, 9b), (9aA90, 9b) and (ObA90, 9a) are join-semidistributive.
(4) (9„, 0o) and (0b, 0o) are join-modular but not join-semidistributive.
(5) (9a, 0bA9o) and (9b, 0aA9o) are not join-modular.
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Л STUDY ON THE RELATIONS OF TWO 
^-DIMENSIONAL UNIFIED FIELD THEORIES*

KYUNG TAE CHUNG (Seoul) and DAE HO CHEOl (Cheongju)

1. Introduction

In Appendix II to his last book, “The meaning of relativity”, Einstein proposed 
a new unified field theory that would include both gravitation and electromagnetism. 
Although the intent of this theory is physical, its exposition is mainly geometrical. 
Characterizing Einstein’s unified field theory as a set of geometrical postulates in a 
4-dimensional generalized Riemannian space X4 (i.e., space-time), Hlavaty [7] gave 
the mathematical foundation of the 4-dimensional unified field theory (4— g — UFT) 
for the first time. Since then the geometrical consequences of these postulates are 
developed very far.

4-dimensional *g-unified field theory (4—*g — UFT), which is more useful for 
physical applications than the usual 4 — g — UFT, was introduced in Chung’s paper 
[1], and many consequences of this theory have been obtained so far by him. Recently, 
he found relations between two Einstein’s 4-dimensional unified field theories and 
obtained /7-dimensional representations of the unified field tensor *gAv (Chung— 
Han [4]).

The purpose of the present paper is to find the relations of two /7-dimensional 
unified field theories, n — g — UFT and и — *g—UFT. This paper contains five 
chapters. Chapter 2 introduces some preliminaries, and Chapter 3 is devqted to the 
derivation of и-dimensional recurrence relations. In the fourth chapter we deal with 
the representations of the tensor defined by (2.7), and finally in the last chapter, 
we prove that two и-dimensional unified field theories, n — g — UFT and rt — *g— 
— UFT, are identical so far as their classification of classes is concerned.

2. Preliminary results

In this chapter we introduce the basic algebraic postulates of two n-dimensional 
unified field theories at first, and then some preliminaries without proofs.

A. Two /7-dimensional unified field theories. In the usual Einstein’s и-dimensio­
nal unified field theory (и— g — UFT), the generalized и-dimensional Riemannian 
space X„, referred to a real coordinate transformation for which

(2. 1) ^  0,

* This paper was prepared with the 1982-Research Grant o f the Ministry o f Education, Repub­
lic of Korea.
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is endowed with a real non-symmetric tensor gXll which may be split into its symmetric 
part hXfl and skew-symmetric part k Xfl*:

(2.2) gад =  hXll+kXfl.
Here the matrices (gX/l) and (hXll) are assumed to be of rank n. Therefore we may 
define a unique tensor /zAv—AvA by
(2.3) hÁtlh ^  = ől,
and the tensors hXfl and h? v will serve for raising and lowering indices of tensors in X„ 
in the usual manner in n — g —UFT.

On the other hand, и-dimensional *g-unified field theory (и — *g — UFT) in 
the same space Xn is based upon the basic real tensor *glx defined by

(2.4) g ^ V ” =  g,a*gvA =  K -
It may also be decomposed into its symmetric part */zAv and skew-symmetric part 
*kXv:
(2.5) *gXv =  *hXv+*kXv.
Since Det (*AAv)ré0 (Hlavaty [1], p. 41), we may define a unique tensor *hXfl by
(2.6) *hXll*hXv = ő;.
In n — *g — UFT we use both *hXll and *h' v as tensors for raising and lowering indices 
of all tensor quantities in X„ in the usual manner. Then we may define new tensors 
*g^, *kXß, and *kxv by

(2.7) *g* =  * g * * A i.4 i. 4  =  *k\ = *k°"*Kx,
respectively, so that
(2.8) *gXll =  *hXli+*kXfl.

B. Some preliminaries. This section is a collection of notations and basic results 
which are needed in our subsequent considerations.

In what follows, the following densities, scalars, and tensors are frequently 
used:
(2.9) a S =  Det (gXß), f ) £  D et(A ^, I ^ D e t  (кЛд);

(2.9) b g =  9/1), k £  Щ;

(2.9) c (oV  =  dx , (PV  =  ( » - 'V V  (P =  h  2,...);
(2.9) d

Л / р =  E n  - ^ p ^ p + i -  -“ n E ^ i  - ß p Pp+i- ß n k x i P i ■■■ k xp ß p h xp + >ßp  + 1 . . . h * " ( p  —  0 ,  1 , 2 ,  . . . ) ;

(2.9)e Kp£  k ^ K ...k. К  df=  2 K Xо
(P = 0 ,1 ,2 ,...).

* Throughout the present paper, Greek and Roman indices are used for the holonomic and
nonholonomic components o f  tensor, resp. Both indices take the values 1 ,2 , . . . ,  n unless otherwise 
stated.
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Here Еа1- ап denotes the «-dimensional contravariant indicator. It should be remar­
ked that the corresponding starred quantities can be similarly defined as in (2.9) just 
by putting to all quantities in (2.9).

It has been shown that the following relations hold in Xn (Chung—Lee [2]):
(2.10) Mp = p l ( n - p ) W p (p = 0 ,1 ,2 ,...).
As direct consequences of (2.10), we have

(2.11) a M0= n!i), M „= n!f;
(2.11) b K0 = K0 = 1, K„ = k, if n is even; '
(2.1 l)c Mp = Kp = 0, if p is odd;

(2.1 l)d 3 =  f) 2  K„
P- 0 p?o p l(n-p)]

(2.11)e g =  Z K p = K n.
P = o

It has also been shown (Chung—Han [4]) that the «-dimensional representations 
of the tensors *hiv and *kXv are

(2.12) a *hXv = — *2 ( К ^ к ^ + К ^ - ^ + . - . + К ^ ^ к ^  + К Л ^),
S p=o

(2.12) b *кЯу =  — 2  (K jp- 1)kXv+K£p-*)kXv+ ...+ K p- ^ k x',+Kp- ilkx'').
S P= 2

An eigenvector aß of kXp which satisfies
(2.13) (MhXll+kXl̂ )a  ̂=  0 (M  is an arbitrary scalar)
is called a basic vector of X„, and the corresponding eigenvalue of kXjl a basic scalar 
of X„. It has also been shown in Chung—Lee [2] that the basic scalars M  satisfy
(2.14) a M n+K2M n~2 + ...+K n_2M 2+Kn = 0, if n is even;
(2.14) b M (M n- 1 + K2M n- 3+ ...+ K n_3M 2+Kn_1) = 0, if n is odd.

Hlavaty [1]' also proved that the nonholonomic components of the tensors 
(p)kAv, {p)k )x,, and (p)k;"v are given by
(2.15) a (p)kJ  = Mp6lx,

X

(2.15) b ^ k xi =  M phxi, (p = 0. 1, 2, . . . )

(2.15) c (p)kxi = Mphxi.
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3. «-Dimensional recurrence relations in X„

In this chapter we derive several powerful recurrence relations in X„ using the 
concept of basic scalars.

A greem ent  (3.1). In this and in what follows, we use the following notation:

(3.1) 0, if n is even,
1, if « is odd.

Furthermore, the index/is assumed to take the values 0, 2, 4, ..., « — a in our sub­
sequent considerations.

Now, we are ready to derive an important «-dimensional recurrence relation 
which holds in X„.

T heorem  (3.2). (Main recurrence relation). We have
(3.2) a (',+i’)kAv +  A:2("+p- 2)fcAv +  ...+f(:„_(r_2(ff+p+2)k;.v +  /r„_/'r+p,A:;.v =  0, 
which may be condensed to

(3.2) b "% K / n+p~f)kxv = °,
f=o

where p — 0, 1, 2, ....
P roof. Let M  be a basic scalar. Then, in virtue of (2.14), we have

X

(3.3) "z к f M"~f =  0.
/  = 0 *

Multiplying ő'x to both sides of (3.7) and making use of (2.15)a, we have

(3.4)a Z  JC/n- f)kJ  = 0,/=o

whose holonomic form may be given by

(3.4) b "Z? K/ n~f)k f  = 0.
/=o

Our recurrence relation (3.2) follows from (3.4)b by multiplying (p)A/ to both sides 
of (3.4)b.

As a variation of (3.2), we may easily have the following useful recurrence rela­
tion:

(3.5) =  0 (P = !>2’ 3> - ) •/=0
For an arbitrary symmetric tensor Xa/l, introduce the following abbreviations: 

c p) ,,
(3.6) Xa/l £  (p>k01*Xvl (p = 0, 1, 2, ...).
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We then have

(3.7) XaMM x ail, (p)k ^ X Xfl= Xm (p, q = 0 ,1, 2, ...).
The following variations of our main recurrence relation (3.2) are needed in the 

proof of Theorem (4.2).
o>)

T heorem  (3.3). (Variations of recurrence relation). The tensor Xm/l satisfies
n-a (n+p—f)

(3.8) a £  Kf  Xa„ = 0  (p =  1,2,...),
/=o

which is equivalent to
n—a (/i+ff—/)

(3.8) b 2  Kf  = 0./=0

P roof. The relation (3.8)a follows from (3.2) in virtue of (3 .6 ) .  The relation
(3.8) b is a useful variation of (3.8)a. It may be obtained from (3.8)a, putting p= a  
and noting that Kn+1= 0.

4. The tensor in Xn

In this chapter we derive useful representations of the unified field tensor *gXß 
in X„, using the recurrence relations obtained in the previous chapter.

Theorem (4.1). Another n-dimensional representations o f the unified field tensor 
*gXv may be given by

(4.1) a *hXv = — П+2 S K /n+a- z-J'>kXv,
S /=o

(4.1) b *kXv = — " 2  2K / n- a- 1- f )kXv.
S f =о

Proof. Using (2.9)e and (2.1 l)b, c, (2.12) may be written as
(4.2)a

1

*hXv = g
1

. g
(4.2)b

1

*kXv =  ■ g
1
g

The expressions (4.1) are condensed forms of (4.2).

if n is even, 

if n is odd;

if n is even, 

if n is odd.
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T h eo rem  (4.2). The n-dimemional representations o f  the tensor *hX)l in X„ may be 
given by
(4.3) *hXv =

Pr o o f . In order to prove (4.3), consider a symmetric tensor XXll uniquely defined 
by
(4.4) *hÁVX Átl =  áj.

Substituting (4.1)a into (4.4), we have

(4.5) a = gól.
f-o

Multiplying hm to both sides of (4.5)a, we have in virtue of (3.6) and of the tensor 
(n+<r-2 -/)£.iv being symmetric

n + <x—2   — 2 — f)
(4.5) b 2  Kf  = gK„,

F = °
which is equivalent to

n - f < r -4    (n+ o  —2 —/ )   
( 4 .5 ) C  ^  K f  X nVL ~\~Kn + а-2^(оц &h(i>n *

/  = 0

On the other hand, multiplying {2>k f  to both sides of (4.5)b and making use of
(3.7), we have

n + o — 2   (n + a — / )
(4.6)a 2  Kf  =  g(2)̂ -f=o

(n+<0 .
Substitution for Xafl into left side of (4.6)a from the recurrence relation (3.8)b gives

n-f<r — 4   (n +  o- —2 —/ )

(4.6) b 2  Kf  x »ß - ^ , +Л  =  Л ,/=о

in virtue o £ (2.1 l)b, c. Now, subtracting (4.6)b from (4.5)c, we finally have (4.3) in 
virtue of K n+a=g in X„ and (2.6).

T h eo rem  (4.3). The n-dimensional representation o f the tensor *k>4l in Xn may be 
given by
(4.7) ' * K  = kXll-™ kXll.

Pr o o f . In order to prove (4.7), start with the obvious equations

(4.8) g*kXß = g*k°l>*hXa*hllß.
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Substituting from (4.1)b and (4.3) into (4.8) and rearranging the range of summa­
tions, we have

(4.9) g*kXß =  =
7= o

/ = о

=  2 В5 " 4Х/+г(- ^ - ^ +
/ = о  / = 0

+  n 2 _6^ 7+4(" - ff- 1--f)^ + { ( ^ - 2 ) (- ‘'+1>fe„ +  (" - ff+3>feA,} =
7 = 0

=  " " l" 6 (К ,-2 К /+2+К/+У ' — ' +
7 = 0

+ (X„_ff_4-2lCn_ff_2) ^ + X n_<r_2fcAjl +
+  {(X2-2 )(" - '+ 1>feA/, + ( - ff+s>fcAM} -

=  " I '  (л:/+4- л : /+ 2)(,,- " -1- /)^ - ( ^ - в- 2+ ^ -< г -2)(8)̂ +
7 = 0

+Kn^ k Xß+{(K2- 2 y - '+ » k Xß+ * -° + 4 Xß}.
On the other hand, in virtue of the recurrence relation (3.5), the last term of

(4.9) may be reduced to
(4.10) (.К2-2У п-°+»кХ11+<я-° +3'к ^  =

= (К* - t)(n- ’+1)kXß -  (K jn-°+1)kXll+ K jn-° +1)kXll + ... + Kn- a- 2̂ k Xll+K„.. aw kXß) = 
= -("-°+ »кл„-(КУ*-°-»кх,  + ...+Кп„а_ Ы кл„+Кп_™ кЖ11) =

= - ( K j n-',- 1)kÁlt + K jn- ,,- a)kXlI+ ...+ K n_e- iw kXll + K„-a-J 3)kXll+Kn- akX'l) -  
-  (Ki(n- ’’- 1)kXll + ...+ K n- , ^ 4 Xß + K„ _ ™kXll) =

= n~ 2 \ K f+ 2 -K f+y n- a- 1- f)kXßH K n-<,-2-Kn-.Y 3)kXli+Kn- akxli-
7 = 0

Substitution of (4.10) into (4.9) finally proves our assertion (4.7) since K„-„—g.
R em a r k  (4.4). The representation (4.3) for *hXfl is coincident with Chung’s 

4-dimensional result ((3.1a), Chung [1], p. 1304). However, the representation (4.7) 
for *kXfl obtained in the present paper is more refined and useful than Chung’s previous 
lengthy result for 4-dimensional case ((3.1)b, Chung [1], p. 1304):

(4.1 l)a *kXß = j { ( l - к)кXll- l [ \ + j  AT2j  ^ k x„+

+ ~  f t  {eXßaf к* + 2eaßylx̂ k ^  + eaßyS V)},
10* A c ta  M a th e m a tic a  H u n g a r ic a  45, 1985
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where
(4.11 )b x =  sgn v kmß kXv).
The coincidence of (4.7) and (4.11) follows from

( 4  1 2 )a t f j  E0**' =  xl) (ксоц kXv +  каХ к '11 +  /c“v kßl),

(412)b У ! eaßU = x (kc]ß kXv +  kaX kvfl +  kiav kß}),
which may be verified by using (2.10) (Hlavaty, [7], p. 6 ) and the skew-symmetry of 
k l '\ Here e01ßXv denotes 4-dimensional covariant indicator.

5. Relations between n — g — UFT and n — *g— UFT
In this chapter, we investigate the relations between two и-dimensional unified 

field theories as an application of the results obtained in the previous chapter.

_  /c i\ 7 .1  Í k Xu o f  n — g —UFT . ., , ,D efinition (5.1). The tensor U д is said to belong toy k Xß o f  и— g —UFT
( 1 ) the first class i f
(2 ) the second class with j th category i f

Í  K 2j  7 ^  0, K % j+ 2  =  К 2j + i .  —

l *K2J *  0, *Kv+2 = *K2J+i =
Kn- a =  0, 
*Kn~. = o,

(3) the third class i f  j  

T heorem  (5.2). We have

Кш= K, = ...=  £ ,-„= 0n —a ~
_* Г''   __* j jy- __nЛ. 2 — — . . . —  A n_ ff — U.

(5.1) *kfi =  kx\
P r o o f . Using (4.1)b and (4.3) and rearranging the range of summation, we have

(5.2) g*kf = g*k*'*hxX = Z  X /" — »-/>*«»
/=о

=  2  Kf ((n- ’- 1--»kxv- (n- a+1- f)k f )  =
/=0 
w —<r—4

= ( 2  K / n~a~1~f)kxv+Kn_a_2kx ') —
f = 0

- (  2  c^ + C-'+Dfc/) =
/ = 0

=  ~°Z A>+«<" - ' - 1- /)V + ° ,- ' +1V ) + ^ . - , - i f c Av
/ = 0

-  - ~ 2 * К/ ”~а+1~л кх +Kn_a_2kx\
/ = 0
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On the other hand, in virtue of the recurrence relation (3.5) for the case p = 1, the 
first term of the right-hand side of (5.2) may be reduced to

Substituting (5.3) into (5.2) and noting that K„-a=g, we have (5.1).
We finally have the following two theorems, which are direct results of (2.9)e,

(5.1), and Definition (5.1).
T heorem  (5.3). We have

T heorem  (5.4). The classification o f the tensor field kkp in n—g — UFT is identical 
to that o f the tensor field *kkß in n — *g—UFT.

In addition to the relation stated in Theorem (5.4), the following theorem (Chung 
[1], p. 1307) gives the complete relationships between two n-dimensional unified field 
theories.

T heorem  (5.5). The signature o f the tensor h-/{L in n —g —UFT is identical to that 
o f the tensor *h) fl in n — *g—UFT.

R em ark  (5.6). The relation in Theorem (5.4) is coincident with Chung’s previous 
result for 4-dimensional case (Theorem (3.6), Chung-—Yang [3], p. 48).
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CONDITIONS FOR INCLUSION BETWEEN 
NÖRLUND SUMMABILITY METHODS

D. BORWEIN and B. THORPE (London, Canada)1

1. Introduction
П

Let p=  {/>„}„go denote a sequence of complex numbers, let P„= 2  Pk and let
*=o

p(z)= 2 pnzn. A sequence {j„}„a0 is Nörlund summable (N ,p) to / if 0 for
n =  0 n

н ё 0 and lim 2  pn̂ vsJPn=l. We use the same notation with other letters in
n-*-“ v=0

place of p, P. It is well known that necessary and sufficient conditions for (N , p) to be 
regular (i.e., finite limit preserving) are

(a) 2  liPvl =  OflPj) and (b) pn = o(Pn),
v = 0

cf. Theorem 16 of [2] where Hardy considers the special case p„ SO so that (a) is 
automatically satisfied. In this paper we make a contribution to the solution of an 
open problem raised by Theorem 19 of [2] and mentioned explicitly on page 91 of

П
[2]. In particular, we consider the question whether the condition 2  \K\ = 0{\Q n\)

v=0
alone is necessary and sufficient for (N,p) to imply (N, q) when Pn = 0 (  1), \Qn\-»-«>, 
both (N , p) and (N , q) are regular, the sequence {k„}„̂ 0 being obtained from the gene­
rating function k(z)=q(z)/p(z). We can solve the problem completely for p(z) 
a polynomial, and for a wide class of functions p(z) with algebraic and logarithmic 
singularities on |z |= l, but the general case leads to delicate questions that escape 
our analysis.

2. The main problem

In Theorem 19 of [2], under the hypotheses that (N, p) and (N, q) are both regu­
lar, Hardy shows that the two conditions

(A)

(B)

n
2 |k„_vPv| =  0(\Qn I),

К = o(Q„),

1 Supported in part by the Natural Sciences and Engineering Research Council o f  Canada, 
Grant A-2983.

A c ta  M a th e m a tic a  H u n g a r ic a  45, 1985



152 D . BORWEIN A N D  В. THORPE

are necessary and sufficient for (N, p) to imply (N, q f. Following his argument (for 
the case p„=0, qn=0) it is not difficult to verify that (B) may be omitted in the cases
(i) |P„| — (ii) Pn—0 (\)  and Qn= 0(  1). In the remaining case, P„=0(\) and 

it is natural to conjecture that (A) alone is necessary and sufficient for 
(N, p) to imply (N , q). To deal with this problem we consider regular Nörlund methods 
(N,p) with Pn = 0(l). It is easy to see from the regularity conditions that this is
equivalant to considering sequences {/>„} with ^  |/>„|< °°, p (  1)^0 and P„?± 0

n = 0
for n s 0.

Given IPn|<°°, Po^O and p( 1)^0, the little Nörlund method (Z ,p ) is
n =  0

defined as follows:
П

sn l(Z , p) if hm 2, Pn-ySv = ^(1)-
v = 0

This method is regular, and equivalent to (N, p) when (N, p) is regular and Pn =  О (1). 
In this case (A) is equivalent to

(C) i  |fcv| =  OQQJ)
v = 0

provided (N, q) is regular. A simple direct argument shows that, provided (Z, p) is 
defined and (N, q) is regular, (B) and (C) are necessary and sufficient for (Z, p) to 
imply (N, q).

In Section 3 we prove that the conjecture is true when p(z) has no zeros on 
|z| =  l, and in Sections 4 and 5 we investigate what happens when p(z) has zeros on 
jzj =  1 and when (N , q) is the Cesáro method (C, a) respectively.

3. The case p (z)^  0 for |z| = l

Before considering this case we show that (C) does imply that (B) holds in the 
(C, (5) sense for every <5 =-0. In fact we prove slightly more.

Theorem 1. Suppose that (Z, p) is defined, (N, q) is regular and

(1) K = 0(\Qn\).
Then

o (z, p ) .
iin

Proof. Consider the identity

И h n lr■̂7 _ ЛГ7 -
Zf Pn — V Г Л  Pv C )

v = 0 \d\ v = 0 Ssín- Qn
l

8 Since Hardy only considers N örlund methods with p „ S lO, ?„£0 his conditions have to be  
modified in the obvious way.
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The first term on the right-hand side tends to 0 by the regularity of (N, q). By the 
Weierstrass M-test, the series on the right-hand side is absolutely and uniformly 
convergent with respect to n since

by (1) and the regularity of (N,q), and so the second term on the right-hand side 
tends to 0 (by taking the limit as я-=» inside the sum). This completes the proof.

Corollary. Under the hypotheses o f  Theorem 1,

(C,ő)

for every <5>0.
П  o©

Proof. Let t„= p„-vsv where sv= kv/Qv. Then, by (1), s(z) = J>' s„zn is
v=0 n=0

analytic in |z |< l, and (1 — z)s(z)=(l — z)t(z)/p(z)-+ 0 as z — 1 through real values 
in |z |< l ,  since 0 and p( 1)^0. it follows that 0 (Abel) and the result 
is now a consequence of Théoreme VI’ (sequence version) of [5] or Theorems 70 
and 92 of [2].

We give an example to show that we cannot replace <5>0 by <5=0 in the 
corollary. Let {/>„}, {q„} be defined from the generating functions p(z) = l+ z, 
q(z) = ( l —z2)~1 so that k(z)-[{\ +z)(l — z2)]-1. Then Q (z)= (l-z )~ 1q(z) and so 
Q(—z) = k(z), i.e., Qn =  (— 1 )"kn. It is clear that the hypotheses of Theorem 1 hold, 
but that in this case k„/Qn= (- \)n-*0 (C, ő) for all <5>-0 whereas k„/Qn-^0  as 
n — °°. We remark that this example does not satisfy (C) and so is not a counterex­
ample to the conjecture.

If p (z) has no zeros on |z| = 1, we can use Theorem 1 together with the following 
tauberian result to establish the conjecture in this case.

T heorem 2. Let (Z, p) be defined. Then (Z, p) sums no bounded divergent sequence 
i f  and only i f  p(z)z0  for  |z| =  l.

P roof. For the sufficiency of the condition we first observe that p(z) has only 
a finite number of zeros in |z| < 1 (otherwise they would accumulate on the boun­
dary). Let these be at the points z= z t with multiplicity 2,• ( /= 1 ,2 ,.. . , /) .  Then,

i
by Theorem 1 of [7], we have that v„—0 (Z,p ) if and only if s„=t„-h ^ ’f (n )z i~"

; = i
where {/„} converges to 0 an d / (n) is a polynomial in n of degree (2;—1). By Lemma

I
2 of [8], { 2 f i ( n)zf "}nfeo is unbounded unless f(n ) = 0 (/=1, 2, ..., /). Hence the

i =  1
only sequences summable (Z,p ) are convergent or unbounded.

To prove the necessity of the condition suppose p(ß )= 0, |j8| =  l, /M l. Since
oo ©o

we are assuming £ \ p ( f ) =  p„zn converges for |z |^ l  and so p(ß)=
n = 0 11 = 0

3 We use M  to denote a positive constant, independent of the variables, that may be different 
at each occurrence.
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. oo

=  2j Pnßn=®- It is now easy to see that the bounded divergent sequence {ß~n} is
n =0

summable to 0 (Z, p), and the result follows.
Corollary. Suppose that (Z, p) is defined, p(z)?±0 for \z\ = 1, (N, q) is regular 

and (C) holds. Then (Z,p) implies (TV, q).
Proof. By the remarks at the end of Section 2 it is sufficient to show that (B) 

holds. Since (C) implies that (1) holds, Theorem 1 gives that the bounded sequence 
{kJQ„} is summable (Z, p) to 0, and Theorem 2 shows that it must converge to 0, i.e.
(B) must hold.

4. The case where p(z) may have zeros on \z\ =  1

A summability method based on a regular, normal (i.e., lower triangular with 
non-zero diagonal) sequence to sequence matrix A=(ank) is said to be perfect if
2  a„a„v=0 (v =  0, 1,...) together with 2  |a„| <  °o implies a„=0 (n=0, 1, ...).

и — v _ n=0
See [4] and [9] for some basic properties. For the methods (TV, p) and (Z, p) we have 
anv equal to pn- J P n and p„_.v respectively. It is clear that neither (N,p) nor (Z, p) 
is perfect if p(z) has a zero in |z |< l  (since, ifp (w )= 0  with 0 < |w |< l,  then a„ =  
= P nwn is a non-zero term of an absolutely convergent series that satisfies the con­
ditions for perfectness of (TV, p), and likewise with a„ = w" for (Z,p)). This obser­
vation also settles an undecided question mentioned on page 707 of [4]. Hill asks 
whether the Nörlund method (N ,p )  with generating function p(z)= (l +az)(l —z)~2 
is perfect for a>  1. Since p(z) has a zero at z=  — l/a which is in [z|<l, (N,p) 
cannot be perfect.

Theorem 3. Suppose that (Z, p) is perfect, (TV, q) is regular and (C) holds. Then 
(Z, p) implies (TV, q).

Proof. This follows directly from Theorem II. 8 of [9] with (Z, p) =  A, (TV, q)=B, 
and the observation that (C) is necessary and sufficient for every sequence summable 
to  0 (Z,p) to be bounded (TV, q).

The remainder of this section is devoted to finding examples of perfect (Z, p) 
methods. We introduce the notation {c„} for the coefficients of the generating func­
tion c(z) = l/p(z). It follows from Theorem 8 of [4] that when (Z, p) is defined then 
c„ =  0(1) is a sufficient condition for it to be perfect.

Lemma I. I f  p(z) — ̂ l ~ ^  where /Ы1, |j8| =  l, 2>0, then (Z, p) is perfect.

P roof. We have p„=A~'-~1ß~ n where A~x~1= ^ t * 1 j is defined from the
relation

(2) ( l - z Y =  2 An X~1zn,
/1 =  0

so that 2
n = 0

Ia .1 p a= l  and p (1 )^0 . Suppose that 2  \an\ <  OO
n =  0

and 2  *nPn-v= 0n=v
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(v=0, 1, ...)• This can be written as

2 « . a & ' F -  = ßv = o,
77 =  V 71 =  V

and using the notation for fractional differences (see [1]) this is equivalent to

A \ av0 - ”) =  O (v =  0, 1, ...).

If A£N, then an inductive argument (as on page 706 of [4]) shows that av=0 (v =  
=  0, 1, ...)• If l£ (N ,N + l)  for MEN, then

A"+i-*(Ax(avß - '1)) =  AN+1(ocJ-') = 0

by the absolute convergence of the double series involved, and so the result follows 
from the integer case. Thus (Z, p) is perfect.

The following lemma is a special case of Theorem 5 of [4].
L emma 2. //(Z , m), (Z, l) are perfect and p(z)=m(z)l(z), then (Z ,p ) is perfect. 

Lemma 3. I f  2  \rn\<°° and r(z)^0  for \г\ш1, then(Z,r) is perfect.
77 =  0

P r o o f . By the Wiener—Levy theorem (page 246 of [12]), 1 /r(z) =  2  where
77 =  0

OO <X) oo

2\tn \< °°-  Suppose 2  \<*nl<0° and 2  a„r„_s=0 (5 = 0 , 1 ,...) . Then, for
77 =  0 77 =  0 77 =  S
vSO,

0 2 ‘s-v 2  2  a» 2n = v s=v

the interchange of order of summation being legitimate because the double series 
involved is absolutely convergent. Hence (Z, r) is perfect.

As an immediate consequence of Lemmas 1 and 2 we see that, if (Z, r) is perfect
and p(z)= f l  (l - 2 - )  ‘ r(z) where ßt^ l ,  \ßt\ = l, Af>0 (/= 0 , 1, ..., n), then 

i  =  l  v  P i '
(Z, p) is perfect. Thus Theorem 3 holds for such a (Z, p) method.

Lemma 4. I f  p ( z ) = { l - j ^  log 1̂ — y j j  where /M l, |/?] =  1, 0<A<1 
and g£R, then (Z, p) is perfect.

P r o o f .  If g=0, this is a case of Lemma 1. Suppose g^0 . Then we have

р„~М п_я-1( log nYß~n

by page 93 of [6]. (Although Littlewood gives this formula only for 7.<0 we can 
establish the result in our case by using backward induction and the differential equa-

oo

tion on page 93 of [6].) Hence 2  |pnl<00> Po=T and p ( l)^ 0 . Moreover, c(z)=
77 = 0
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= №(*)=( 1-}) ‘(-flog so that again by Littlewood’s result

с„~Мпя 1(logn) ".
Hence c„ —0(1), and so (Z, p) is perfect by Theorem 8 of [4].

By using Lemma 2, we see that if p(z) is any finite product of functions of the 
form of those in Lemmas 1 and 4, then (Z, p) is perfect and Theorem 3 holds for such 
a (Z, p) method. In view of the results above, it would be of interest to know whether 
every (Z ,p ) method with p(z) having no zeros inside the unit circle is perfect. A likely 
candidate for a counterexample can be obtained by considering generalized Laguerre 
polynomials. Let

p(z) = { 1 - j )  exP ('я l V ) f° r 1̂1 =  !»
so that

p„?" — Z/j (1) ~  (1/4) cos (2 fn  + 0 )
by (8.22.1) of [10]; where 0 is a constant depending only on a. Thus, if a<  —3/2, then
2 \P n \  <  oo5 p 0=  1 and p (  1)^0. However, in this case (8.22.3) of [10] gives

n = 0
c„k" = L~ “ -  2(— 1) ~ Mn _ (flt/2) _ (s/4) exp (2|/n),

and this leads us to suspect that (Z ,p ) need not be perfect but we are unable to 
prove it.

T heorem  4. Suppose that (Z, r) is perfect and that

Hz) = M l~v) Д (1_ж) (_Jr log(1_i:)) r(2) wAm? Kl<1’ v'eN
0’=1, 2, ..., m), ß ^ l ,  |Д| =  1, 2i>0, ^ € R  (i =  l, 2, ..., и). Suppose that (N ,q ) 
и  regular and that (C) holds. Then (Z, p) implies (N, q).

Note that, by Lemma 3, sufficient conditions for (Z, r) to be perfect are that
0 0  and that r(z)^0  for |z |s l .

n =  0

m f z )VJ
Proof o f  T heorem  4 . Let í (z)=  J J  1------- and i(z)=p(z)/.s(z). Then

4 = 1  V OCjJ
к (z)s(z)t(z)—q(z). Define l(z)=k(z)s(z) so that l(z)t(z) = q(z). By Lemmas 1, 
2 and 4, (Z, 0  is perfect and

2 IM =  2 12  К - л \  ^  2  2  \K-„\ =  o (\Q n\)
V =  0 V =  0 /4 =  0 /4 =  0 V =  /4

by (Q. Thus, by Theorem 3, (Z, /) implies (N, q). Similarly, using the corollary to 
Theorem 2 in place of Theorem 3, we get that (Z,s) implies (N, q). Since p(z)=  
=s(z)t(z), by Corollary 3 of [7], we see that w„—0 (Z, p) if and only if wn=an+bn 
where an-+ 0 (Z, s) and bn—0 (Z, t). Hence, by the above, it is easy to see that 
(Z, p) implies (N ,q ).
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5. The case (N, q) — (C, a)

Although we cannot settle the general case with an arbitrary regular (N , q) 
method, consideration of the special case when (N , q) is the Cesäro method (C, a)
leads to some interesting questions on the summability of the power series 2  c„zn

w = 0
on its circle of convergence. The Cesäro method (C, a) for a=— 1 is the Nörlund 
method (N, q) with qn = A%~1 where this is defined by (2). For (N , q) to be regular 
andQ„-»°° we have to consider a>0. In this case k(z) — (\ — z)~fp(z)=(\ —.z)~*c(z) 
so that kn = C%~1 where we use the notation for Cesäro sums (see for example, page 
96 of [2] with c„ replacing a„). For the question under consideration, Hardy’s Theo­
rem 19 becomes: if (N ,p ) is regular, Pn = 0 (  1) and a> 0 , then the conditions

(3) 1  i c r 1! =  0 (n"),
v=0

(4) С Г 1 =  o(n%

are necessary and sufficient for (N, p) to imply (C, a) (where p(z)c(z) = 1). The probl­
em is to show that (4) follows from (3) and the other hypotheses.

Theorem 5. I f  (N,p) is regular, Pn = 0 (  1), a > 0 ,  then (3) is sufficient for (N, p) to 
imply (C, ot+ö) for every 5 > 0 .

Proof. By the corollary to Theorem 1, СЦ~1/А*-»0 (C, 5), i.e., c„->-0 (C, S)X 
X(C, я), the iterated Cesäro method, and by page 23 of [5] or Ch. 11 of [2] this is 
equivalent to c„—0 (C, а + ő), i.e., (4) with a replaced by (oc + <5). Also, ( 3 )  implies 
that (3) holds with a replaced by (a+<5), since (3) is exactly the condition for the
series 21 cn t0 be strongly bounded [С, а]г (see page 488 of [11]). Hence, by Hardy’s

/1 = 0
result, (N ,p) implies (C, a+<5).

We are unable to decide whether we can take <5=0 in Theorem 5. It is clear 
that (3) alone does not imply (4) (consider C*~1=na if  n=2s (s=0, 1, ...) and 
0 otherwise) but we have been unable to construct an example with the c„’s satisfying 
the further hypotheses that c(z)p(z)— 1, (N,p) regular and Pn = 0 (  1). We can, 
however, make the following simplification.

T h e o r e m  6. I f  (N ,p) is regular, Pn = 0 (  1), a > 0 .  then ( 3 )  and

(5) c„ =  о (rí1)

are necessary and sufficient for (N ,p) to imply (C, a).
Proof. By the remarks before Theorem 5 it is enough to show that, under the 

other hypotheses of the theorem, (4) is equivalent so (5). Now (4) says that cn— 0 
(C, a), and so by the limitation theorem for (C, a) (Theorem 46 of [2]) (5) must hold.
Conversely, by the convergence of 2  \Pn\ ап^ the regularity of (N,p), we see that

/1 =  0
p(z) is continuous at z=  1 and p(z)-*p( 1)^0 as z —1 in any manner from within
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the unit circle. Also, (3) implies that 2  c„z" is convergent for |z]< l and, by the
/1 =  0

continuity of 2  cnzn=l/p(z) a t z —l, we have that c„z" —l/p(l) as z — l in
n = 0  /1 = 0

any manner from within the unit circle. Hence, by a result of Dienes (cf. Théoreme
XXVI of [5] or Theorem 9.23 o f [12]), (5) implies that 2  cn is summable (C, a). By

/1 =  0
the remarks at the bottom of page 102 of [2], c„ — 0 (C, a), i.e., (4) holds, and this 
proves the result.

If we only require an implication from (N ,p ) to Cesäro summability of some 
positive order then we have a more complete result, cf. [3].

Theorem 7. Suppose that (N ,p ) is regular and Pn = 0 (  1). In order that (N, p) 
should imply Cesäro summability o f  some positive order it is necessary and sufficient 
that c„=0(ny) fo r  some y>0.

Proof. To show that the condition is necessary, suppose (N , p) implies (C, a)
for a>0. Then 2  c„ = l/p(l) (N ,p)  and so 2  c„=l/p(l) (C, a). Hence, by the

/1 = 0 /1 = 0
limitation theorem for (C, a), c„ = o(rf) and so the condition holds.

For the sufficiency part, cn =  0 (ny) implies that 2  cnz" is convergent for
// = 0

|z |< l  and that c„ = o(n6) for <5>y. Hence, by Dienes’ theorem, as in the proof of
Theorem 6, 2  c„ =  l/p(l) (C,S). Thus, c„=o(na) and, by II of [11], 2  cn~

/1 = 0  /1 = 0
= l/p(\) [C\ <5+1],, and so (3) and (5) hold with я replaced by <5+1. Therefore, 
by Theorem 6, (N , p) implies (C, ö +1).
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M. H. ALAMATSAZ (Isfahan)

1. Introduction

Let p > 0 and assume that Ф(г) is the characteristic function (ch. f.) of a ran­
dom variable (r.v.) Z= XU 1,P where X  is some r.v. and U is a uniform r.v. on (0, 1) 
independent of X. Obviously, Ф is of the form

1
<P(t) = p f  х/,(ш)ир-Ч и , — oo< /<c»j 

0

where ф is some ch. f. When p = l,  Z  satisfies Khintchine’s characterization of 
unimodality and hence it is unimodal. Generally, r.v.’s of the form Z= X U 1/P are 
referred to as p-unimodal or p-star unimodal (see, e.g., Olshen and Savage, 1970). 

It may be noted that Ф(() also takes the form

(1) Ф(0 =7j7jF=T /  Ф{и)\и\р~хйи,

Observe here that the right hand side of (1) has been expressed by Lukacs [3], p. 321
t

as (p/tp) j  ф(и)ир~г du; — °°< oo, Clearly, the expression in this form requires 
0

some clarifications for 0 because in this case tp and up~x are not uniquely defined 
in general. Further, his assumption that p& l is not necessary and Ф(г) is a ch.f. 
for every positive real p.

In this note we shall characterize Фф) for which фф) is a certain power of Ф(() 
itself. Further, we shall prove that Ф(() and hence \j/{t) in this case are self-decompo­
sable and therefore unimodal. The first part of the problem was solved for p = 1 by 
Shanbhag [5] and, using essentially Shanbhag’s techniques, for g s i  by Artikis [2]. 
We also use Shanbhag’s technique but for minor simplifications.

2. The characterization

Let Фф) be a ch.f. given by (1) and let i/=sup{6£7?+ : Ф(г)^0 for all 
td( — b,b)} and d=m  if Ф (?)^0 for all t£R.

T heorem 1. Let Ф(?) in (1 ) be non-degenerate. Then ф(/)~(Ф (1)Уп+г~1)1Р 
for all t£( — d ,d ) i f  and only i f  2

(2) Ф(0 =  {l + iá(y)^ +  c |íp [l + 10 -^yp ]}  P\  -= o < t< c o ,
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where y = r — 1, 1 < гёЗ , c s 0, |0 |ё1, p real,

0 i f  у = 1
tan (пу/2) г/ у 1.

Proof. Let ^ ( 0 = ( ф (0 ) (р+г_1)/р fo r all t£ (-d ,d ) .  Then,

and hence for t£(0, rf) we have

( 3 ) tP0 '(t)+ p tP~ ^ ( t)  = Р(Ф{ t)JP+'-DlPtp-l.

The case r = l  implies that tp<P'(t) = 0 and since 1^0 we have Ф(/) =  1. But this 
is not possible because <P(t) is non-degenerate and hence r?± 1. Rewriting (3) as

where кг is a constant independent of t with Re (ArJsO. Similarly, we can see that

Ф(0 =  (l +  ka|i|r_1)_p/(r_1) for te ( -d ,0 )

where K2 is a constant with Re (/QsO.
Obviously, the form o f Ф(г) implies that Ф (/)^0  for all real t and thus d=°°. 

Since lim 0 (t)  = 1 we have that 1. Further, because a non-degenerate ch.f. can
not be of the form 1 + o ( t2) as t —0, from the form of Ф(г) we have that r^3 . 
Hence, 1 < г ^ з  and we can write

Now, define Ф„,(0 = [0(t/m 1/(r ^"'.Evidently , lim 0„,(t) = 0*(t) is given by

From the well-known continuity theorem (cf. [3], p. 48), it follows that Ф*(г) is a 
ch. f. Clearly, this is the ch. f. of a stable distribution with characteristic exponent 
r —1. Using a characterization of stable distributions (cf. [3], p. 136), we can see that 
Ф(0 has the form given in (2).

and integrating on both sides, it follows that

Ф( 0  =  ( 1  +  к1 гГ- гГ р/(г- 1)

( 4 )

Ф*(0 =
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The converse is immediate by the fact that if

h(t) = ji<50)/ii +  c lip1 ( l  + i0 p y p ) }

Уwe have h '(t)= —h(t)9 and then

W  =  р -1{^'(0+рФ(0} = т“1{ - — Ä' (0(1+А (О)-'7»-1+ p (i+ Ä (0)~J’/T} =

=  (1 + h(tj)-<p+y'>'y =  (Ф(0)(р+г_1)/р.

As a simple modification of this theorem |r  = ——j we have
C o r o l l a r y  1. Let f ( t ) be some ch.f. and Ф in (1) be nondegenerate. Then, Ф(t) — 

= (f(t))p~1 and 'l/(t) = (f(t))p for all t£(—d, d) i f  and only i f  p ^ 2  and

/ ( 0  =  { l  +  c | / | v [ l  +  i 0 - ^ - t a n ( 7 r y / 2 ) j J  ,
where y=p/(p — l), c&0, [0 |s l.

The technique we have used here, except for minor simplifications, is basically 
that of Shanbhag [5]. In his paper, Shanbhag proves the theorem for the special case 
when p = 1. Artikis [2] following Shanbhag’s exact line of proof generalizes the 
result for p £  1 assuming implicitly that d=  °°. His paper contains two theorems. The 
second of these is as stated above a direct corollary for p £ l  and d=°° of our 
Theorem 1. (Incidentally we also refine his argument.) Furthermore, his first theorem 
is our Corollary 1 with the implicit assumption that d=  =».

Obviously, Ф(i) (and hence iКО) given by (2) is the ch.f. of an infinitely divi­
sible r.v. Then, as a direct consequence of the following theorem, it follows that in 
fact Ф(г) is self-decomposable (i.e., Ф(г)/Ф(Лт) is a ch.f. for all Аб(0, 1)) for all 
p o -0 and hence by Yamazato ([6]) unimodal for all />>0.

T h e o r e m  2. Let ^ ( f )  be the ch.f. o f  stable distributions o f the form given in 
Theorem 1, i.e.,

•Ai (0 =  exp j- id (y)p.t-c\t\*{l + i0 p y p ] }  •
Then

oo

(5) Ф,(t)=  f  ( f / f t f f  dF(x)
0

with F as some self-decomposable distribution function on [0, °°) is the c.h.f. o f a 
seif-decomposable distribution.

P r o o f . Фг is a ch.f. because t/q is infinitely divisible. Let £($), Re (s)£0 , denote 
the Laplace—Stieltjes transform (L. S. T.) of F  and put s= i ö{t)pt+c\t\y
| l + i 0 - p p - j .  Then we have Ф1{у) = ̂ ^ )  and Ф1(А1 ) =  ̂ (А'^) for all Д£(0, 1).
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Hence,
(6 ) * i( 0 /<MA0  =
for every A£(0, 1).

Self-decomposability of F implies that the right hand side of (6) is the L. S. T. 
of some distribution Fx. Thus the left hand side of (6) is of the form of (5) with F 
replaced by Fx and hence is a ch.f. Therefore, (l\{t)  is self-decomposable.

If we take F in Theorem 2 to be a gamma distribution with L. S. T. £ (i)=  
= (1+s)~p/y, then the ch.f. Ф1 (t) in Theorem 2 coincides with 4>(t) given by (2). 
Therefore, <P(t) (and hence is self-decomposable and so unimodal. It may be 
worth mentioning that in this case when p=0=0  and p/y—a,

&i(0 = ( 1  + сИу)~а, a >  0 , (0 , 2 ].
Hence, the ch.f. (1 +  |i |*)-1, у6(0,2] proved by Linnik and Laha (cf. [3], p. 96—7) to 
be unimodal is a special case of Ф, (t) which more specifically has been shown to be 
self-decomposable above.

Generally, mixtures of self-decomposable distributions are not necessarily self- 
decomposable even if the mixing distribution is also self-decomposable (see [1]). 
It follows, however, from Theorem 2 that

C o ro lla ry  2 . Power mixture o f all strictly stable ch.f.’s are self-decomposable 
when the mixing distribution is self-decomposable with support on [0, °°).

(E.g., variance mixtures of normal (0, cr2) distributions are self-decomposable 
when the mixing r.v. <x2 is a self-decomposable r.v.)

From what we have seen we have that besides 1-unimodal distributions the class 
of p-unimodal distributions (in Olshen—Savage sense) given in Theorem 1 is also 
unimodal (in the usual sense).
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1. If /  is a monotonic, real-valued multiplicative function then f(n)=nk, if 
f(m ) 9̂ 0 for any N (see [1], [4]). Similarly to the theorems proved for additive func­
tions in [2] it is easy to show, that to any function g(n) there exists a “rare” set A = 
=  {а„}Г, suchthat an>g(n) and if / i s  monotonic on A, then f(n )  = nk, if /( /M O  
for any a£A.

Let us consider the case when / i s  a complex-valued multiplicative function. If 
l/l is monotonic on the same suitable “rare” set A, we get \f(n)\=nk, since | / |  is 
a real-valued multiplicative function. Making stronger assumptions we can prove the 
following.

T heorem . To any real-valued function g{n) there exists a set A = {a„}i, such that 
a„>g(ri), and i f  at least two o f the functions Re / ,  Im /  and \f\ are monotonic on A, 
then f(n)=nk, except the cases a) Im /= 0  and b) /(«) = 0 for all a£A аШа0.

2. To prove the theorem first we introduce the notations f  :=  Re/  and / 2 :=  
:=Im / ;  further / ё О  denotes that /(и )ё О  for all n£N.

For every triplet (m, s ,j) of natural numbers choose a prime w,„Sj>max (m, s) 
(different primes for different indices). Let A* be the set of all numbers ot the form 
mwmsj or swmsj ■ Let As be the set of numbers that can be written as a product of diffe­
rent primes of the form w2sj. Finally we put A = (J ASUA*. It is easy to see that if

S  =  1

the set is sufficiently rare, this set A will satisfy our requirement a„>g(n).

Pro po sitio n  1. Let В be a set and suppose {bj}j=1c:B, where for any iA-j 
(bh bj)— 1 and JJ b jfB  for any finite non-empty set M cN . Then the following 

jest
assertions hold:

(i) Jf f f a ) ^  0 for any a£Bj а ё а 0, then lim a rc /(h ;)=0.
(ii) 7/ / г ( я )  =  0 i f  (a)=0) for any a£B, a £ a 0, then ({arc/(h,)},“ j)'c{0, тг}, 

where (M)' denotes the set o f cluster points o f M.

For the proof of Proposition 1 see [3, Proposition 2].

Lemma 1. Let i= 1 or 2. I f  / ;(а)ё 0 ( /(o )= 0 ) for all ad А, я ё я 0, then
/ — 0  ( / = 0 ).

Proof. Let us assume that there exists an .y0 such that f ( s 0)<  0 ( f ( s 0)>0).
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a) Incase г = 1 using Proposition 1 (ß :—ASl)

lim arc f(w UoJ) = 0 , so lim arc / ( s 0 wUoj) = arc / ( . s 0),
J-+OO J - + 0 0

which is a contradiction, namely s0wUoj£A, too.
b) Incase i= 2, Proposition 1 gives for the sequence (bj)=(w1Soj) the property 

({агс/(й;)}“=1Ус{0, я}. If Ое({агс/(^)}”=1у, then we have a subsequence (bJk) 
with lim arc f(b Jk)=Q and then we work with the sequence (bJk) instead of the origi-k-+oo
nal (bj). If  Ш пагс/(6)=л, we work with the sequence (b2;-ib2,) instead of the 
original (bj). Thus we get lim arc f ( s 0bj) — arc f ( s 0), which is a contradiction.

Lemma 1 implies

C o r o l l a r y  1. Let i= l  or 2. I f  f  is monotonic on A, then f= 0  or f= 0 .  

Further we can show.

C o r o l l a r y  2. Let i = 1 or 2. I f  f ~ 0  ( f^ O )  (for example f x or / 2 is monotonic 
on Ä), then in case i= 1, lim arc/(c,)=0 and in case o f  i= 2, lim arcf(c j)= 0  or
/ 2=0, whenever (cj) is a sequence o f pairwise coprime numbers.

P r o o f .  This follows for i =  l from Lemma 1 and Proposition 1 (5:=N). For 
i=2, Lemma 1 and Proposition 1 imply ({arc/(cj)}~=1)'c:{0, n} and / 2ё 0  or 
f 2=0. Now let us assume the existence of an x0 with f 2(xo)A 0  and a subsequence 
lc: }“=1 with lim a rc / (c j)= n. Then as (c ,,c .)= 1 for /?*=/, we have (x0, c.)=  1
1  J v ß  V-»- OO V  J  J

for j s j 0. Thus
lim arc f ( x 0Cj ) =  л +arc f ( x 0),

V-*-oo J v

which implies
sgn f s(x0CjJ = - s g n  f t (x0)

for v>v0, a contradiction. □

L e m m a  2. I f f x is monotonic on A, then f x=0.

P r o o f .  If  there exists an a£A, such that / 1(a)>0, then using Corollary 1, we 
have fi^O . Thus we shall prove the existence o f an a€A with f(a )>0.

There exist a}^A (J= \, 2, ..., 9) pairwise relatively prime numbers, such that 
IJ  aj€A for any A /c{ l,2 , ...,9}  (sее A,). If

J€M

у  S arc  f ( a  j)  mod 2л (j =  1, 2, .... 9),
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then we can easily verify that
Ti Htcу  =  arc f(a jak) si mod 2л (1 i s j  < 9),

у  ^  arc Д а ,ака,) — mod 2л (1 ^  j  <  к <  s ^  9),

у  =  arc f(a ja kasa,) ё  Щ- mod In  ( I á j < l : < s < / S 9 )

is not possible at the same time.
(We have either

a) ==4 elements with arc Д а ) =  л/2
b) S4 elements with arc f(a)=3n/2  

or
c) S3 elements with л/2<агс/(а)<Зл/2.

Cases a) and b) can be settled trivially. In case c) we can distinguish further 
c/(i) there are a', a" with л/2-=агс/(а')^л=гагс/(с")<Зл/2, 
c/(ii) there are a', a", a'" with

у  <  arc Д а ')  = arc f(a") Ш arc Да'") si л

c/(iii) there are a', a", a'" with

л = arc /(a ') ^  arc Да") si a rc / ( О  < y - ,  
and simple considerations yield the assertion.) □

F or/2, Corollary 1 gives
L emma 3. I f  f 2 is monotonic on A, then / 2^ 0  or / 2s-0.
L emma 4 ./ / | / j  ismonotonic on A, thenwith the exception o f the functions described 

in b) o f the theorem, we have \f(n)\=nk.
P roof, a) If | / |  is monotonically increasing on A, let s=m+ 1 ■ So

l/("0| |(/wm_m + lij)| =  \ f ( lnwm,m + l,j)\ sS |/((rn + l)wmim + ljJ)j =
= l/(«i + l)ll/(wm>m+i,J)|.

Using that |/(H’m,ra+i>J)|?iO for jszj0, we get \Дт )\^\Дт  + 1)| for all m<EN,
i.e. |/(in)|=m fc by Erdos’ theorem [1].

b) If J/] is monotonically decreasing, the proof is similar. □

3 . Proof o f  th e  Theorem . We shall distinguish the following cases; I. Both | / |  
and f  are monotonic on A. I/a) Both \ f  \ and f  are monotonically increasing on A .

Using Lemma 4 we have \f(n)\=nk, further Corollary 2 implies ]iniarc/(u’msj) =  
=  0 for any (m ,s)6N2. Let 5=ти + 1. So J'*“

/i К ,  m+1,j) S f((m +1) wm> m+u),
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i.e.
mkwkm,m + 1j  cos [arc f ( m ) +  arc /(wra, m+1,,-)] =S

S  (m +  1)* iv*, m+x,j cos [arc /(m  + 1)+ arc /(w m, m+M)].
Dividing by H*,ra+i,j for j>—~ oo we obtain

/ i  (m) = mk cos arc /(m) ё  (m -f i)k COs arc /(m  + 1 ) =  /(m  + 1 ),
consequently / x is monotonically increasing. So both/  and | / |  are monotonic. Now 
we can use the theorem proved in [3], according to which if/  denotes a complex-valued 
multiplicative function and at least two o f the functions Re/  Im/  and | / |  are 
monotonic on a set A having upper density one, then f(ri)= nk, except the cases 
a) /(u) =  0 for all a£A, a ^ a 0 and b) Im /= 0 .

The other cases I/b), c), d) and II/a), b), c), d), when | / |  and /  are monotonic or 
l/l and/2 are monotonic can be treated similarly.

Ill/а) Both of/x and f ,  are monotonically increasing on A.
Using Lemmas 2 and 3, fi= 0, further /^ёО  or f%=0.
(i) If  / хё 0 and / 2= 0 , then \ f  \ is monotonically increasing on A too. So we can 

use I/a).
(ii) If / хё 0 and / 2  =  0 , then — л /2 ё a r c / (n) ё 0 (mod 2я), so arcf \ A is mo­

notonically increasing. Thus for every ,r0€N there exists iviIoJ> x0 and so 
arc/(x0 w1XoJ) =  a rc /(x0) +  arc/(w 1JCoJ), consequently a rc /(x o)=0. So /  is real­
valued, contradicting the theorem.

Ill/b) If both j \  and / a are monotonically decreasing, then similarly to III/a) 
we have two possibilities.

(i) If fx=Q and / 2  =  0 , then l/l is monotonically decreasing too, so we have the 
case I/b).

(ii) If  / хё 0  and / 2  =  0 , then — n/2 ё  arc/(«) ё  0 (mod 2тг) and а т с / |л is 
monotonically decreasing. By Corollary 2 1 ini arc f(c j)~ 0  or / ,  = 0 whenever
(ej) is a sequence of pairwise coprime numbers. This implies / 2 =  0, which was excluded 
by the formulation of the theorem. The other two cases IlI/c), d) lead to case I and 
II respectively, by considering 1// □
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ON THE CONVERGENCE OF HERMITE—FEJÉR 
INTERPOLATION

T. HERMAN (Budapest)

1. Introduction

We give a convergence estimation for the Hermite—Fejér operator sequence 
based on the roots of the orthogonal polynomials generated by the weight

2. Notations and preliminary results

2.1. For an arbitrary f£ C [—1,1] we construct the uniquely defined Hermite— 
Fejér interpolatory polynomials Hn(f,X ,x )  of degree 2« —1 satisfying

(2. 1)
Hn(f, X, xk,n) =  /(**.„), H'n( f  X, xkJ  = 0 (fc = 1, 2, ..., n, n = 1 ,2 ,...)  

where X  stands for the matrix

(2 .2 ) - 1  <  *..-1,« < ...< * * ,„ <  x lf„ <  1  (и =  1 , 2 ,...).

As it is well known we have the representation

(2.3) Hn { /  X ,x )=  Z  /(**, „) vk (x) ll (x)
k = l

where lk(x) — lkn(X, x) are the fundamental polynomials of Lagrange interpolation 
and vk(x) = vk!n(X, x) are appropriate linear functions (k= \, 2, ..., и).

2.2. If for any *€[—1,1] % „ ( I ,^ )£ 0 > 0 (k= l, 2, ..., n; и = 1, 2, ...) then 
the matrix X is called Q-normal. This definition was introduced by L. Fejér [7]. 
Concerning ^-normal matrices G. Grünwald proved the following important 
theorem [8 ]:

T heorem  A . I fX  is o-normal then {H„(J., X, x )}  uniformly tends to f(x)£ C[—1 , 1 ]  
in [ - 1 , 1 ].

2.3. The case X ^ ’ß)—{xj '̂nß)}(x, — 1) i.e. when the nodes are the cor­
responding roots of the n-th Jacobi polynomial P f 'fn(x) was investigated by several 
authors (see e.g. [1], [2], [3]). In [1] G. Szegő proved
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168 T. H E R M A N N

Th eorem  В. The necessary and sufficient condition that for any / £ C [ — 1, 1]

K m  IIH „(f jc)-/(*)II =  0
П oo

is that — l ^ a ,  /?<0 .
In [2] P. Vértesi proved
T heorem  C. For every continuous function f{x ) we have

(2.4) \Hn( f X ^ \ x ) - f ( x ) \  =

(x € [- l ,  1 ]).

Here the О sign depends on a and ß; y=m ax (a, ß, — I /2).
2.4. Let us consider the weight function

p(a, ß ; x) = |х|2“+1 (1 -* 2У (a, ß > - l ,  |*| =S 1)

and denote the corresponding orthogonal system by One can prove
(see Lascenov [4])

(2.5) =  P f ß\ l - 2 x 2)
\  ü M W  =  x P f +1’ß> (l-2 x2) (n = 0 , 1 , ...)

from where the roots { y f f ’}= У of { /^ ’̂ (х)} are

(2 .6) уЬ ю = -y(-Lß>
sin у  O ff ’ (п = 2т; к = 1 ,2 ,. . . ,  т),

(п = 2т + 1, к =  0 , 1 , ..., т),

0 (% Ю  = - в (а.Ю ( к  =  1 , 2 , . . . , т )

where x f f ’=cos O f f ’ (к = 1, 2, ..., п) and O f f ’ =0.
2.5. If X  is q  normal then the root sit„ of vkt„(x) is outside of [— 1, 1]. The points 

{%„} are the conjugate points. By this definition we can formulate two problems raised 
by P. Túrán [9].

1. Construct a matrix X  for which the set {j* „} is dense in [—1, 1] and 
lim \\Hn(f, X )  —/II =0 if /<ЕС[-1, 1].
П-*-оо

2. Construct a weight-function p(x) vanishing and continuous for a certain 
.v0€(— 1, 1) such that for the corresponding matrix P lim \ \H f f  P)—f\\ =0 if f f  
C [ - l ,  1].

These questions were solved by J. Balázs [10]. He proved that the matrix Y  satis­
fies both 1., and 2. A more general result is due to P. Vértesi [5]:
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T h eorem  D. The necessary and sufficient condition that for any /<E C[— 1, 1] 

Hm IIH „(f Y, x)-/(x)|| =  0
П~*-оо

is that the relations
(2.7) — 1 <  a, ß < 0  and ß —ccS0.5
hold.

3. The main result
3.1. The aim of this paper is to give a convergence estimation for the system of 

nodes Y  (see Theorem C).
Let x=sin 0/2 and let 0<e be an arbitrary small fixed number.

With these notations we want to prove the following
Theorem. Lei /<EC[—1,1]. Then
(i) i f  0 ^ 0 s j  then

W J f  Y, x ) - f(x ) \  = О |ю (/; \x-yj\)+ [n(0-0 j)]2 j > ( / ;  i2v-1J,

(ii) i f  8~0~ljz—e then

\Hn( f  Y, x ) - f( x ) \  = О (m(/; |д г -^ |)+ [п (0 -0 , . ) ] 2 j > ( / ;  - i )  ,
(iii) i f  Ti—s^ O ^ n  then

IH„(J, Y, x )-f(x )\ = 0(co(f; \x—yj\)+[n(0—6j)]sX

where у = max (a, —1/2), j ;  denotes the nearest root to x  and the О sign depends on 
a, ß and ||/||.

R em a r k  1. Evidently similar statements are true for —nSd^O  as well.
2. The estimation reflects the interpolator property of Hn(f, x).
3. If /£Lip t] (0 < / 7 <  1) then e.g. (ii) may be reduced to the following 
(ii)' if s=e~7t—E then

IHn(f, Y, x ) - f ( x )I =  О(«-").
I.e. the estimation is, in a certain sense, the best possible.

4. If 2 a + l= 0  i.e. when Y corresponds to the roots of the ultraspherical poly­
nomials we get the estimation of Theorem C when /x=ß.

4. Proof
4.1. First we verify the following useful relation
L em m a 4.1 .Let со be a not identically 0 modulus o f  continuity. Then

(4.1) Í I g .m(ir)(ír í “  ° (
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Proof. Evidently

(4.2)

Let s=s„ be defined by

£
n 2

1 i
2 n

1

J  w(í)íy_1í/í~l.
2

1

s =  max max со
J S i S n

If yisO then obviously s=n  and the statement of the Lemma is trivial. If s^n/2  
then by (4.2) we again get our statement. Hence we suppose that y<0 and 1 ^s=in/2. 
If s<  c1 where сх is a constant satisfying

(4.3)
then

1 — 2y

COш - * «

Now we deal with the case CjSiSn/2. Then using (4.3) and the fact that both co(t) 
and t y are monotonic functions we get

n

1 —2 y 1where c2= ------------- > 0 .
-У  U

4.2. We shall use the following lemma of P. Vértesi [6 , Lemma 3.2].
Lemma 4.2. We have

(4.4) (cos0)|~ |cos0—cos ej\0J«-*IH ^~\0-O j\ej*-4*n4*  (a, ß> — 1)
uniformly in ()£ [0 , 7Г — e] where cos 0 ( is the nearest root to cos 0 .

4.3. Using [1] we have

(4.5) ^  ^  - e t ß) (fc = o, l , ..., n)
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with 0< c 3 =c3 (a, ß), c4 = e4 (a, ß), 0£*,/J) = O, 0^+1) = п. Further 

(4.6) p ^ ß\ x ) = i - i y p ^ i - x ) ,  p < * « (l)=

(4.7) (cos 0 )1

O(0 -* -iß n-i/z) if f i g e s „ _ £i
П

0(na) if

(4.8)

(4.9) P ^ ß)(xkY'

fc - a - 3 / 2 n a +  2 j f  0  <  0 t  S  П ~В,

( n - k +  i)-ß -w „ f+ *  if E^ e k Л,

PY’ß\ x ky
а — ß + (ä +  ß +  2 ) А* 

1 - x f

(see [1], (4.1.3), (4.1.1), (7.32.5), (8.9.2), (8.9.9), (4.21.7) and (4.5.1)). 
By (2.5) and a simple computation we have

(4.10)

h.„(Y  *) =

P», ( 1 — 2 a2) 
4ук7“;(х ц |) (х -л )  

*Ля( 1  ~ 2^2)
4 т Ю * |* |) (* -Л )

Л„(1 - 2 х2)
Л„(1)

(и = 2 m; fc = ± 1 , ± 2 , ..., ±m),

(a = 2m + 1 ; к = +1, ± 2 , ..., 4; ni), 

(n is odd, к = 0 ).

(Here and later on if n is even then the corresponding parameters of Pm, P'm and xkn 
are (a, ß); for odd n they are (а + 1, ß) ) Further
(4-11) vkt„ (Y ,x) =

1 + f Z Z i Í 2 a +  l —2(^ + 1)— (в = 1 , 2 , . . . ;  fc =  ± l ,  ± 2 ,  ..., ± bi),
— 1 Ук L J ~  У к J

1 (и is odd, к = 0 ).

In the following sometimes we shall use the above relations without reference.
4.4. Now we turn to the proof of our Theorem. First let n be even, n=2m.
4.4.1. Let O<i7 ^ 0 ^ 7r and — 7r/2 < 0 (t̂ < o  where t] and are constants. Then 

1p*(.y)| =  0(1) and by (2.6), (4.8) and (4.10)

(4.12) 
so
(4.13)

?f (x) -  О ) = О [ ^  ( 1  2*3) I*- Pm(xm)2 ) \ m )

2  =  0 { P l(Y -2 x %
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If 0< í/= 6 S ji and 7t/2 ^  —Ok<n then it follows from (2.6) and (4.11) that }vk(x)\ =

= ° ( ( s r r = r ) )  soby(4'8)
2  \vk(x)il(x)\ =(4.14)
0fc<7C 

2 k

=  0 ( i i ( l - 2 * )  2  ^ Г ' ) = 0 (П ( 1 - 2 Х1 ).

2  \ъ(х)1!(х)1=0(Я(1-2хУ)
Hence by (4.13) and (4.14) we have
(4.15)
where O o jS 0 ^ 7t.

4.4.2. Now let е ^ в ^ п  and |0*|<e/2. Then we may write
2  IA(*)I =
I <— 

:l 2

-  п а - 2 *2) 2  r [4yt f;(7C|.,)3-2 {/ ( g )_ ^ ^ (x )+  f(xl / (}, y/ k) »-»(*)}
n<0k< I- k  2

4W = (Д*)-Дз'*))®* (*)*!(*)•
, 1 f f ( x ) - f ( y k) / ( * ) - / ( - л )  1

L (х-л)а (*+л)2 J

V l - .v l  ) yk L Х~Ук Х+Ук J

where
(4.16)
But by (4.11)

Evidently 17)1 =  0(1) and

|3T.I =  o ((y 2 + |2 « + l|)(- !/(*)[ . \f(yk)\ . 1/ ( - л )1

\x2- y l \  Ук\х-ук\ Ук\х+ук\))■
o [(y f+ |2 a +  l | ) ( l + - ^ ) )

so using again (2.6), (4.5) and (4.8) we get 
(4.17)

2  \M x)\ = 0  P * ( l - 2 x2) 2

1М-Г *1- 1 -

\k\2x+1 ( k 2
m2 a + 2 U i 2

+ | 2 a  +  l | ) l 1+ -

(\k\\ (D\-— I m \m  )
i*i
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4.4.3. Now we turn to the proof of (i) so let Ошв^е.
(A) First we deal with the case \0k\<2e and 4j^\k\. Then jvk(x)\ = 0 (l)  so by

(4.4) and (4.10)
(4.18)

, 2  M x)\ = 0(IcD(\yk-x \)li(x ))  = О ( o i -2x*)Za>(\yk\) r ;  1  -U  
i j s \ k \  V К У к ^ т К У y k )

(В) If j /2 ^ \k \sA j  then !vk(x)j =  О( I) and so similarly as above

(4.19) I 2  Л (*)| =  0((o(\yk-x\)Pk(x)) =

= o [ tn ( |x -y 7.|) + P ? „ (l- 2 x2) i 2  co (\x -ykI) ■ (y )
- j S | t | S 4 j

; 2 a + l

2 a + 2  ( x - y k) 

1

) -
_ ( .. .. ( 0  —0 ,)2m j=  o\io(.\x-y j \)+  дф-

=  0  0>(|лг—̂ |)+ [и (0  —0J>]S 2  w í-M  )
j = l  V til J l

(C) If |A:|^y'/2 and k^O  then |x[ >c6/n. Then

I 2  4 (* )| =  
w*r

=  o ( p 2 ( l - 2 x2) 2  a j ( x - y , ) { l + ^ ^ f | 2 a + l| + 2 ()S +  l ) T 4 i l} x  

X (yk P'm (X|M) (x -  y*))“2j =  0 ( ^ ( l - 2 i 2)ffl(i)X

M_ k*\a+l к2л 1  fc2 a + 3  1

m2 a + 2  +  |2a + 11 m2 “ + 1  x +

=  0  F 2 (1 - 2 x2)oj(x)

=  О П ( 1 - 2 х*)й Й

1 Ш
x 2 \m )

2a-f 2 n  , .  I 2  л r  • \2 a -f  4|2a + l| fct i  , 1  ( j+ - m,2a+ 1

* } ) -

UM
V  le 2 *

x2a+ l2« + H .^ _ +;c2(a+D |— o ( / i + / 2+ /3).
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Applying Lemmas 4.1 and 4.2 we get 
(4.20)

'Pl( l - 2 x 2Ix=  О

If or=— 1/2 then

m- a i J i ) ,i t i  vm)
p - i  =  о  I[m(0

h  =  о  [/';.(I ( i )  j =  O B ( l - 2 r > ( i ) « * )  = 0 4 , ) .

If a =  — 1/2 then /2=0 so we have to deal only with the case of a <  — 1/2. Then 
applying again Lemmas 4.1 and 4.2

As J3= OUj) we get

(4.21)

= ° ( ) = °  h < e- w  , 1 “ Ш ?

2 .  M * ) \  =  о ( [ т ( в - в ; ) р  2  <»(4-) I*’ - » ) .
l*Nf

(D) To prove (i) we have to give an estimation in the case of 2е<|0*|<л; as well. 
Now, similarly to 4.4.1

2£-=|ek|

By Lemma 4.2

z  =  o ( g ( i - 2 ^ (" + ‘̂ Г - )  =

= 0 { Р Ц \-2 х %

P li  l - 2 x2) =  О ([т(0 - 0 ,)]2)
О (n2j) if Oí Sr —-L

OШ ■lf cc = —

and with this we proved (i).
4.4.4. Now we prove (ii). Let е ^ в ^ п  — Е. We may write

m
2  = 2  ^k+ 2  лк+ 2  лк = Sx+s2+s3.

|k|=1

If we apply 4.4,1 and 4.4.2 with t]=s and ц — е/2 then we get

N = 0 (P l(  \ -2.W))
i.e. by Lemma 4.2

(4.22) |S1| =  o ([m (0 -0 J)]« |-).
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If е/2<0к< л —s/2 then |t;fc(x)| =  0 (l)  so
(4.23)

|s.l =  o (  2  = =
|-<0к< я - |-  
2 *  2

If к —е/2^0к^ п  then vk(x) = О Í [7Ŵ_^—^ j  j  so

(4.24) |S3| =  o  П ( 1 - 2 х2) 2

я—— ̂ 0т.<я
í— —— т
vm + 1  — /ej

2 (m +  l - / c ) 2 /? + 3

m2/5+4

=  <9(Р2 (1-2х2)) =  ° ( — ()-/ y)]3 j- 
From (4.22)—(4.24) we get (ii).

4.4.5. Finally we prove (iii). Let n —E^Oän. 
If 9k <  e/2 then by (4.15) and by (4.17)

(4.25) I 2  M x)\ = o ( n ; ( i - 2 * > ) { i + M  | - ( i ) . 4 ) .
0,‘ ' 2

If s /2^ekS n  — 2s then к(х)[ = 0(1), / | (x) = О | ~A -j so

(4.26) 2  K(x)/I(x)| = 0 ( ^ ( 1 - 2 x2)).

Let us use the notations K=m+ \ —k  and J= m + l —j. If 0< Om and 2K'éJ  then
( j 2—k 2\

k(x)i =  Q [-  -g -z j  so

2  (l*-.V/l)k(*)*l(*)l =
2 K^J

o \P i (  1- 2 x2) 2  “ f 
2 K^J V

(J2- K * }I J 2- K 2 K 2ß+3 m4

1 m2 J1 K 2 m2ß+i (J2- K 2) 2 j

И

О р » ( 1  — 2 х2)
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Applying Lemma 4.1 for (o(\rT) we have

< 4 - 2 7 )  I J , « I = °  I  “  Ш f
If J / 2 ^ K ^ 2 J  then \vk(x)\ = 0 ( l )  so

-J^K^2J

= О I ca(|лг—̂ |)  + — :fe2) j z ß + 3m2ß

-J^K^2J
K^J

,  2  -(■

B u t
-~Ĵ K^2J 
2

®(\x Ук\)
K 2ß+3 j
n2ß+i (x — укУ

(\K 2- J 2\\
1 \ {( m2 ) (K 2~ J 2) 2  ) '

i -

2  CO
—  S K S 2 J  
2

(jh p ü ) w h y  - ' -  °(тгД“Ш
so by Lemma 4.2

(4.28) I 2  4 (* )| =  o i® ( |x - j, . |)  +  [m (0-0 , . ) ] 2 Ш -
Í-SKS2J K t=i \m j  i j

If 2J<K  then |p*(x)| =  0(1) hence 

(4.29) I 2  Л  (*)| =  О \ П  (1 -  2x2) I(o

= О

2 J<K

? ia -2 x > )
m2ß

(K 2- J 2\ K 2ß+3 ( m2 I2)
l m2 J m2ß+i \k 2- J 2) j ~

, | “ Ш H  = °  ( ™ " W  , 1 “ Ш iM-
From (4.25)—(4.29) (iii) already follows.

4.5. For odd n, following P. Vértesi [5], using (4.10) and the corresponding for­
mulae for the Jacobi polynomials and roots, it is easy to see that

I W i (Г; *)| =  0 (1 )|/4 >2,(У; *)| @ Qj , 2 n  +  l

6 ~ 6 j , 2 n
( k *  0 )

and |/0 >2n+1(F; л:)| =  0(1). So this case can be considered as the above one. This 
proves our Theorem for each n.
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ON THE DISTRIBUTION OF /  mod 1
A. BALOG (Budapest)

1. Introduction

This paper is devoted to the following results.
Theorem 1. Let 1/3<0<1, 0 <eSc(0), 0 ^ w < l be fixed real numbers and 

I ~ a ^ q , (a. q)=  1 integers. I f  x ^  1 and
(1 .1 ) x -V4+si«s j  =£ 1 / 2  

then
(1.2) Ф {p ^  x, p  =  a(q), Up9 —w|| <  A} = 2An(x, q, a) + 0(Ax1~c-\-jc(1+9)/2+25£). 
The implied constant depends at most on e and 6.

Theorem 2 .L e t 1/3<0<1, 0<e, 0ёи><1 be fixed real numbers. I f  x ^ \  and
(1.3) x - 3'10 =£ Л =2 1/2 
then

(1.4) # { p ^ x ,  ||p9-w|| <  A) S  jd7t(x) + 0(jc‘1+9>/2+‘).

The implied constant depends at most on s and 0.

An easy consequence of Theorem 2 is
%

Corollary 1. Let 2/5 s  0 <  1, 0<s, Ostr<l be fixed real numbers. There are 
infinitely many primes p with
(1.5) ||p9-w || < jp-ft-®)/»+«.

■' ■ Theorem 2 has also a ^-analogue which can be proved in' the same manner. But 
the result is a little bit more complicated as we have to change the right hand side 
of (1.4) into

(1.6) 2An(x, q a ) - ^ - A ------Í------+  0 (^ 1+9̂ +t),
<p(q) iog —•

...»г •. • "
(where the implied constant depends at most on г and 6). This implies that Corollary 1 
remains true even if we confine ourselves to primes in a given arithmetic progression.

We prove these theorems in two steps, first we transform a sum over primes into 
bilinear forms, and then we estimate the resulting forms by analytic methods. The 
most convenient way of doing this is to use Vaughan’s method. Theorem 1 can, in 
fact, be proved in this way (see the previous paper of the author [1] where the history
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of the problem and its connections to other problems can also be found), but the 
proof of Theorem 2 requires some new ideas. The key argument is the sieve identity 
method due to Harman [4] and Heath—Brown [5]. The main advantage of this meth­
od is that we can control the signs of coefficients in the occurring bilinear forms. 
Thus we can omit some “bad” subsums at the expense of getting only a lower bound 
instead of an asymptotic formula.

The essence of the sieve identity method is the repeated application of the Bush- 
tab identity
(1.7) S (V ,z) = S (V ,z ' ) -  2z'^p<z

(We use the standard sieve notations, see e.g. [3].) However we do not utilize (1.7) 
explicitly as the resulting combinatorial decomposition can be obtained directly 
from Richert’s fundamental identity. The arguments go through with any function 
F((6, z) in place of S(4>, z) if it satisfies a recursion similar to (1.7). For example let 
^  be a finite set of integers and let F($>, z) denote the number of elements of T, 
having only prime factors less than z. We have

F{<€, z) = F(V, z 0 -  2  m p,p).
z^p<z'

This means, one can prove the following theorem (P(n) denotes the largest prime fac­
tor of n).

T h eo rem  3. Let 
z>  2  and

then

1/3<0<1, 0<8, 0 ^ w < l  be fixed  real numbers. I f  x S l, 

•£-1/4+351! Ä A 1/2

{n — x, P(n) z ,  Иne — w|| <  A} =

= 2 d #  (n p(n) Ш z} + O(Ax1- c+x<-1+e)'2+30e).

The implied constant depends at most on e and 0.

This implies
C o r o l l a r y  2. Let 1 /2ё0<1, 0<e, 0^v f< l be fixed  real numbers. There 

is a K(e)>0 with the property: For any K ^ K ( e) fixed real number there are infinitely 
many numbers n with P (n)^\ogKn and \\ne — >v||

The main tool in estimating bilinear forms is the Approximate Functional Equa­
tion of the zeta function. We can use it for a reflection argument which allows us to 
change a special Dirichlet series into an other one with shorter length.

In our theorems x - 1 / 4  is a critical limit for getting asymptotic results but for 
getting lower bounds x “ 3 / 1 0  is only a practical limit. Below the calculations
of Section 8  become very clumsy.

Of course, we can get non-trivial results for 0^1/3 as well, but we cannot get 
an error term as good as ;c(1+fl)/a. We do not prove these weaker results because we 
wish to main tarn the error term x(1+e,/2, since this is the same one that the Riemann 
Hypothesis would imply. The aim of this paper is to show a new field in which the 
Riemann Hypothesis can be repleaced by elementary methods.
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There is a quite interesting feature of Theorem 1. If q=xs, no asymptotic for­
mula is known for n(x, q, a), because it depends strongly on the existence of Siegel 
zeros. ( 1 .2 ) shows that the irregularities of p=a(q), \\pe—w||<d} are
parallel to the irregularities of n(x, q, a).

A c k n o w l e d g e m e n t .  I would like to thank Dr. G. Harman for sending me his 
unpublished manuscripts and for his helpful suggestions.

I would also like to express my gratitude to Professor H. E. Richert who sugges­
ted me the use of his fundamental identity. This made possible a remarkably simpli­
fication.

2. Notations

First we list the conditions assumed throughout the paper.

(2.1) O s w < l ,  0 < z l S y ,  O < S S £(0 )

(0, iv, A and e are real numbers) and

(2 .2 ) 1 ^  a ^  q, (a,
(a and q are integers).

We define

(2.3) Ф(и) =  Ф(п„ 0, w, A) = I*

<7)=1

if ||n0 — H’|| <  A, 
otherwise.

In other words Ф(п) is the characteristic function of integers n to which a number of 
type integer+ iv corresponds between n° — A and ne+A.

We will use am and b„ as general coefficients of linear or bilinear forms. They may 
be arbitrary complex numbers satisfying

(2.4) am <sc mn, b„ <sc nn for all r/ >  0.

m ~ M  indicates the inequality M ^m < 2M .
We will use the standard sieve notations. For a given finite set of integers ^  we 

define as the set of integers from divisible by d, \4>d\ as the number of elements 
of and S(¥j , z) as the number of integers from Vi not divisible by primes less than 
z. We will use the product
(2.5) P(z) = П  P

p<Z

(note that in the introduction P(ri) had different meaning). p(n) denotes the smallest
prime factor of n. We have always
(2 .6 ) z0 = 2 .
Clearly S(<#,z0) = \<€\.
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For our purpose we take
(2.7) .o /= { n S x ,  n = a (q ), ||ne —w|| <  A},
(2 .8 ) =  {и S x, n = a(q)}.
From Section 7 on, we will use s i  and M only in the special case a=q=  1.

Concerning the analytic arguments used in Section 3 we refer the reader to [6 ], 
[7] and for the sieve results see [3].

3. Estimation of bilinear forms

Lemma 1. Under (2.1)—(2.4) we have

(3.1)

whenever
(3.2) 
or
(3.3)

2  ая ЬяФ(тп) = 2А 2  а ^ + О ^ х ' - ' + х « ™ ^ )
tnn^x mn^x
m m ~ A f  

rnn = a(q) mn = a(q)

A~1xlie <sc M  <sc A2x1~20E or A ~2x20£ <sc M  <sc Axl~1,c 

bn = 1 for all n and M  <к Ахг~ЫЕ.
Proof. A s the proof contains quite a few standard technical steps, first we give 

an outline, and  will present the proof only briefly because the same techniques were 
given in details in [1].

For the sake of simplicity we can assume that a=q = 1. We estimate the sum

S= 2  2  я,.Афс(тл)
ni ~ A f .x

п̂ м
where

(3.4)

<M*)

and U=x°/A. Taking

L (S ,w )=  2  (fc + w)_s, A(s)=  2  ат>”~ \
fc~.x° m~M

1 if there is an integer m with /c0^>4)<  rn +  W 1; If  ̂1 +  — j

0 otherwise

B(s) = 2  bn n 5> H (s) =
(*4M«4)' yO +

from the Perron formula we get
1/2 + ÍT

.S' =  г f  L ( s ,  w ) A ( - 0 s ) B ( - 0 s ) H ( s ) d s  +  O ( A x 1- c). 2ni J1 /2 - I T
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The correct definition of U, T, L, A, В and //w ill be given later on. The main 
part of the integral is between 1 /2 —ixe and 1 /2 + ix° — this constitutes the main 
term of S. This follows from the special shape of L(s, w); we know its asymptotic 
behaviour when \ t \^ x №. We have the approximate functional equation

l ( 1  + íí, w) =  х(у+»*) 2  e2Mwk - s + O a )

provided x3ê \ t ] Here %(s) is the weight function occuring in the functional 
equation of zeta. This has the property |x(l/2 +  it)| =  1 . Taking

1 ( 1  )1 L ( i  . 'll
Г  v 2 + l t ’ w)Г Г Ч Т + ' Н

Finally we use classical mean value theorems to estimate the integral

- T

By the Cauchy—Schwarz inequality
Г  T  /  r  4 l / 2  ,

M  /  \ K A \ f * ( J  W ) ^ « ( r + _ M j  ( M ^ r Y + - )  ( - )

and, of course, we can change the roles of A and B. Collecting these estimates we get
(S'—mainterm| <sc

+№<it ,> '” ,mi4 ( T + ^ ) ( r + w ) ’ ( г + т г ) ( г + Н '  ■
(This has the required size exactly when M  satisfies the given conditions.) When 
b„= 1 for all n, we have the fourth power moment estimation for B(s). By the 
Cauchy—Schwarz inequality

7 s (  f  |7C|4)1/4( /  |5 |4)1/4( /  И |2)1/2«  T1I2(T+ M )l/2x a+e)l?+e
—T —T - T

and we get the same conclusion.
The above argument becomes more complicated in details for two reasons. First 

S  is not exactly the bilinear form we want to investigate; second the reflection of 
L(s, w) into K(s, w) requires an additional average argument.

Now we give the detailed proof. First we consider the case o f (3.2). Observe that 
the condition mn=a{q) can be dropped, because the orthogonality of characters 
gives

(3.5) 2  атЬ„Ф(тп) = 2 K « )  2  атХ(*п)Ь„х(п)Ф(тп).
m — M *P\4) x(q) m^M
m n ^  x mn^x

mn = a(q)
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If (3.1) is proved for a—q—l then (3.5) proves the general result. Writing

am = max (0, Re am) — max (0, — Re am) + i max (0, Im a,„) — i max (0, — Im am)

(and similarly with b„) we can assume that am=0 and b„^ 0 . An easy splitting up 
argument shows that it is enough to prove

(3.6) 2  атЬнФ(тп) =  2A 2  атЬп+0(Ах?~*е+ х а+в)12+*е)m^M m̂ M
Jtj-c  mi* <дг2 х 1< т п < х г

where

(3.7) max (M , x (1+e)/2) ~ хг < x 2 = x, x2—хг = —
Xx and x2 are halves of integers.

We define Фи(п) by (3.4) and taking Uj—xf/A , j=  1, 2 we have

(3.8) Фи2(п) =  Ф(п) = Фих(п) for x x < n < x 2.
Since

( ^ ) '  =  1+ 0(, - , х  j . U2

whenever х х<тп<х2, it is enough to prove

(3.9) 2  атЬ„Фи(тп) — 2  ambn(mn)e+0(Ax1~ie + x (1+e)l2+et)
m ^ M  U  m ~ A fx1*cmn<x2

where
V  9  V  9

(3.10) d /1
We can assume that

(3.11) x t ~ ~ S A s S 1/2

— the case of /4 c x f ( 1 _ 9 ) / 2 follows from the monotonicity in A. 
Take

Ly(s ,w )=  2  (k + w )-s, V  S  у  S  V ,
ку^кшзу

(3.12)
c(s)= 2  amb„(>nn) s =  2 " cfi_s>

m ~ A f  jc1 < / < x 2

Я(5) = (•4)44) У в y5t
, 7’= ^ ( < X 1).

(3.13)

We start with the Perron integral
. 1 /2 +iT

17(и) = j - r  f  Ly(s, w) nesH(s)ds + 0 (R JФ
1 / 2 - i T
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where x ^ S y ^ 2хгв and

(3.14) R„= 2  m’n
6X,°

3 1 1

l,

It is easy to show that 

(3.15)

and for every x ^ ^ y S l x i  we get

log-4 - 4 )  + „ , " * ( ' 4 )
k + w log- k  + w

■y. 1 +  0 e

2  cnK  «  —  =  Axl~iz
х,<л<х2

л 1/2+ir
(3.16) 2  dmf>„i’p M  =  —  f  Ly(,s, w)C( - Os)H(s) ds + O(dx1“ “).

i /о i'rm ~ M
x %< m n < x9

112-iT

Applying the Perron formula, the mean value theorem of Dirichlet polynomials and

(3.17)

H ( s )  =  A + 0 ( | s _ i | [ / - 2 ) ,  H { s) « ± j ,

L Js, w) =
<ЭД‘- - ( й

1  — s 0 ( x f e/S!)

1for s = y +  it, И  =  Tq =  Л -Д  v  =  ^  2 * 1 9

we can get 

(3.18)
, l / 2  + lT0

——~ J  Ly(s, w)C(— Os) H (s) ds
2ш vs- ;r0

and

(3.19)

7 7  2  amb„(innf + 0 (A xl1 <9/2)),
.X, <m n<x,

Z  = ту 2  я„АО«п)в +
x ,  -cmn-cx. x ,  < m n < x ,

О ( d A *  +  ̂ 5 - /  |l , ( y +«% w) C ( 4 - № )| dt)

for all лу9 =~ Злу9.
Now it remains to prove

(3.20) 4 *  J '  f  |^ (у + « 7 , w) c ( - y  — iö/)| dt dy «  dx1_4E-f x<1+e)/2+6c.
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We can shorten Ly(s, w) by using the approximate functional equation of 
.((.?, w) (see Chudakov [2]). We have
(3.21)

L y ( y + i t ,  wj = x ( y  +  ii) 2  ei *ikwk - 1l i + “ + 0 ( y - 1'* +  у ' Р ? 1 * + у - Ч * ? 1 * )
—v<k̂ 3v 
3

where x v = t / 2 n y  and |^(l/2 + /7)| = l. ( / is the weight function 
occuring in the functional equation of the Riemann zeta function.) We get uniformly
for

t
1 \ (  \  \ |  I /  * \  I I

(3.22) —  f  \ L y ( f  + it,w )\d ,*z f  | ^ [ l + ,7 ,vvj|^- + 0(l)
* 1  t

4 п х г°
where

K v(s, w) =  2  e2nikwk~s.
3

Taking
(3.23) A(s)=  2  amm -s, B(s) = 2  b„n~s

m^M x, x.—Ш M
and using the Perron formula again we get

(3.24) c ( - | —  Wt}  =

= T S  A (“ f  -  i9'+ -’) г)
A _  r 2
K ^ - d z + O j Xi1+(e/2)+£ j <$:

— iT

«  X^1+e)f2 /  | ^ ( i - , № + i t ) « ( ± - , e , + / , ) r) d x  1
Л11 + (в/2)+£

J 1 +  |t | T

for Г ц ^(^  T. Substituting (3.22) and (3.24) into the left hand side of (3.20) and using 
the mean-value theorem of Dirichlet polynomials we get

(3.25) A V  / I  ( 1  ) ( 0 )|
y e  j  J  \L y  { j + b ’ w )  c  (  / 0 , j |  d t  d -‘

*1 7 0

/  /  |.4 a f i
2  ® '+ ü J | r F F +

. ) dt di
,тЛг+17,

г У 1* inZ'°c 1 ( 1  . 7 ( 1  .„ . )| dtdvdr
l  J  J , .  М т ^ М г - ' а И ^ П Щ

<$c + +  F ~ 1l2A 1f2x 11+le
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where F=M  or F—xJM . (3.20) follows from (3.25) if M  satisfies (3.2). The first 
part of the proof is finished.

The case of (3.3) is quite similar, we indicate only the changes. In this case we 
retain the condition mn = a(q), and so the new definition of C(.s) is

(3.26) C(s) = 2  o m( m n )  s-
x1~cmn<xt 

mn = a(q)
Instead of (3.23) we have

(3.27) A(s, x) = 2  am'/(m)m~s, &(s, x) = 2  X(n)п~*m̂ M n=l

and instead of (3.24) we have 

(3.28)

<K
( l  +  0 ) / 2

<p(q)
- 2  f  — iOt+iz, y)|

X(</) —T  'I

dr JCl1 + (*/l) + «
1 +  | t | +  I  +  | / |

After that, the argument runs parallel to the one given above, but at the end we have 
to use

(3.29) 2  f  W  (t + ,7> x)| dl «  4T  lo84 Ятx(«) _r 1 2 71

which is a simple consequence of the fourth power moment estimate for JS? (1/2 + /Г, /)  
with primitive characters, see Montgomery [6]. The lemma is proved.

4. Auxiliary results

In order to prove our theorems we will compare S(.sf, x1/2) and 2AS(;M, x1/2). 
This comparison will be based on sieve identities. This is the reason why we are 
interested in proving formulae of type

(4.1) 2  amS(s/m, z j  = 2A 2  amS (ß m, z J + O ^ x ' - '+ x ^ '* * 2*).
/ и ~ М  m ~ A f

The wider the range of M  and zm are the stronger theorems we get. Since

(4.2) 2  amS (s/m, z J - 2  amm^Mínrt̂ x
mn=a(q) (mn,P(z m)) = 1

and
(4.3) 2  amS{Mm, z m) =  2m ~'M mn 7s x

mn = a(q) 
(mn,P(;m)) = l
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Lemma 1 implicitly contains results of type (4.1). It seems to be a problem that m 
and n are not entirely independent of each other in (4.2) and (4.3) but this does not 
cause any confusion.

In this section we write Lemma 1 into the (4.1) form.
Lemma 2. Under (2.1), (2.2) and (2.4) we have

(4.4) 2  a mS ( s / m, z0) =  2d 2  amS{dSm, z0) + O(dx1- £+ ^ 1+e>/2+9t)

for M<szAxx~xu.
Proof. This is a trivial consequence of Lemma 1 in case of (3.3) coupled with

(4.2) and (4.3). (We recall that z0 = 2.)

Lemma 3. Under (2.1), (2.2) and (2.4) for
(4.5) A ~xx35e <sc M  <sc A2xx~50c or А ~2хш  <sc M<s: Axx~3Sc 
and for any JVSl, z „ s 2  we have

(4 -6 )  2  a mb nS { s f mn, z m)  =

h~JV
= 2A 2  ambnS{®mn, z J  + 0(Axx- c+ x ^ ^ +**).

Pr o o f . We can assume (as we did in the proof of Lemma 1) that «,„=^0, 
and zmS r  whenever am̂ 0 . Denoting the least prime greater than zm by pm we 
have
(4-7) S& , z j  =  S (tf,pJ.

We divide the ra-s into disjoint classes J ix, ..., ->//r having the following 
properties: If m ^Jij for some j ^ r  then

(4 -8 )  Cj  == Pm <  Cj + i  S  0 ( 1  + * - (5/4)£) .

The Cj-s can be chosen in such a way that
(4.9) r «  a-W2>£.
Of course, some of the J tj-s may be empty.

If the interval Cj+i) contains only one prime then

where
(4.10)

2  amb„S(s/t
m 6 M j /i~JV

mn 9 *“m.,) =  2  a mbnS ( s d mn, Cj) =
m 6 Jij n^N

=  2 2
m € M  { , x
n^NJ *~7шГ

(mn,P(Cß) = l kmn=aM 
(fc,P«j)) = 1

a,„ Ь„Ф(ктп) 2  атс1Ф(тГ)
m^Mjml^xml=a(q)

ci = 2  b,l — nk n-N
(МЧС/»-1
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and similarly
2 a„b„S(@mn, z j  = 2, amCImdJtfn^N

and Lemma 1 with (5/2) e in place of e gives

m€ j ml^x 
ml=a(q )

(m.PKj))-!

(4.11) 2" ambnS (d mn, z j
m £ ЛГ, rt'-'N

= 2A 2  ambnS {ßmn, z j  + О (d x1 “ (5/2)£ +  x(I+°>/2+<45/2)£).
ra(

If the interval [£,■, C;+i) contains more than one prime then

(4.12) Cyfe*(5/4)‘.
For such an we have

2 ambnS(s/mn, z j  = 2 2 атЬ„Ф(тпк)Ш
m £ т £ Л  j  mnk ̂  x
n ^ N  n ~ N  mnk = a(q)

( m n ,  P(2m» = l  (fc,P(2m)) = l

S 2 2 атЬ„Ф(тпк) = 2A Z  2 a»A +
m d J t j  m n k ^ x  m d J l j  m tik ^x
n ^ N  mnk=a(q) и~ЛГ mnk=a(q)

(m, P(2m» = l  (*,P(C,))=1 (m, P(2m))=l (fc,P(C,)) = l
(я,Р(С/))=1 (n,P(^))=l

+ О (dx1 ~ (5/2>£ + x(1+e,/2+<45/2>£)
by using Lemma 1 with (5/2)e in place of e. Similarly we have

2 ambnS{.s/mn, z„) sr

S  2d

Trivially
2d

m  d  J l  j
n~JV

1 2 2m ( J . . m n k ^x
n ^ N J mnk=a(q)

( m ,  P(2m)) = l №, P(CJ + l))= l
(я,Р(^ + 1» = 1

2 , ^ 2 d  ^

amb„ + 0(dx1_ <5'2>£+ x(1+e)/2+<45/2>£).

m$.M, n~N mnk̂ x mnk=a(q) 
(m,P(2m» = l  

(nfc,P(  ̂+ i»  = l

n^N
2  «тЬ„.xn̂ M, n^NJ mnk̂ x mnk=a{q)

(m,P(Cm)) = l  (nk,Pßp) = l
The difference between the left and the right hand side is less than
(4.13) 2d Z  amK+2A Z  amn„ «m^Jij pn̂ N 

tj—P^j + i 
m p n k ^ x

6 M, n^N
m n p k s x

« A x 1+" 2  —  2  - « d x 1- ^  z  —  •
m i J i j  m  C^Sp-=CJ + 1 P  m í J i j  W
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This shows that (4.11) with the added error term (4.13) is valid for these kind of j-s. 
Summing over all the j -s we get (in view of (4.9))

2  ambnS (s /mn, z j  =  2A 2  amb„S(SSmn, zm)+
m^M m̂ Mn^N n^N

+ o id x 1- £ + x(1+e)/2+2l£+d;c1-<9/8>£ У 
v т"м  m )

which proves the lemma.

5. The sieve identities

We start with the Richert’s Fundamental Identity. As its proof is very short we 
present it here for the sake of completeness. We note that from now on /(n) and cp(ri) 
differ from their standard arithmetic meanings.

Lem m a  4. Let /(d) and cp(d) be arbitrary functions with

(5.1) X(l) =  l- 
We define /(d) as

(5.2) Z(1) =  0, z(d) = d >  1.
We have for any z ^ 2

(5.3) 2  H(d)<p(d) = 2  H(d)x(d)q>(d)+ 2 h (d )x (d )  2  P(f)<P(dt).
d |P (z) d |P(z) d\P(z) »I P(p(d))

Pr o o f . d\P(z) and t\P(p(d)) imply that (d, 0  =  1 and dt\P(z). Collecting the 
terms ő=dt we get for the second sum on the right hand side of (5.3)

(5.4) 2  idd)/(d ) 2  h i1) 9 (dt) -  2  h(b)<P(b) 2  X(d).
d\P(z) t\P(p(d)) t\P(z) S = i t

t\P(p(d))

Take S=p1...pr where / ? ! > . . . > p r. 5 —dt and t\P(p(d)) are simultaneously 
satisfied iff d=p1...pJ for some j= r. Using (5.1) and (5.2) we arrive at

(5.5) 2  X(d) = 2  x(Pi---Pj) = 1~X(8)-
S = d t  j = 1

i \ p ( . p m

It is also true for S = 1. (5.4) and (5.5) give (5.3), and this completes the proof.
Lem m a  5. Under (2.1), (2.2) and (2.4) we have

(5.6) 2  amS(sdm, z) =  2Л 2  amS(& m, z)+ 0(A x1~c+ x ^ eh3̂ )  
for

(5.7) M <ss dx1" 366, 2 < z S  А3х1~31\  x - 1'3*30* ä  a =s j .

A c ta  M a th e m a tic a  H u n g a r ic a  45, 1985



ON T H E  DISTRIBUTION O F p e m od 191

P roof. We can assume that am—0  whenever m has a prime factor less than z. 
Let ^  be a finite set and y>  1 be a real number. We apply Lemma 4 with

(5.8) < p ( d ) =  2  * (< ! )  =

In this case we have

if d  <  y, 
otherwise.

(5.9) if d ^ y  and —̂ r- <  y, 
P{d)

otherwise.
The well-known identity (the sieve of Erathostenes)

s (? , z) = 2  № \ Ъ \
djP(z)

coupled with (5.3) gives
(5.10) 2 ^ S ( ^ m, z ) =  2 2  am̂ d ) S ^ mJ,z 0) +

m^M  d\P(z)
d<y

+ 2  2  amK<t)S(<#md, p(d)).
m ^ M  d |P (z)

d ^ y ,  d-<yp(d)

(We remember that z0= 2.) As ат^ 0  implies p(ni)^z>p{d), after collecting the 
md=n terms (5.10) will have the shape

(5.11) 2  amS(4fm,z )=  2  b„S(%„ r0)+  2  cnS (K , p(n)).
m ^ M  n -c 2 \ fy  M  y ^ n < 2 M  y2

We turn to the proof of (5.6). If M ^ A ~ 2x5U then (5.6) immediately follows from 
Lemma 3. Next we can assume M~=A~2xbU and so y=(A~2x51e)/M >  1.

First we use (5.11) for . The condition on z  and the definition of у ensure
that 2Муг<зхАхг~ш  and thus after an easy splitting up argument Lemmas 2 and 
3 are applicable with 1 .Ole in place of e. This leads to

2 amS (s /m,z )  = 2A 2 bltS(@n,z 0) +
m ^ M  n< 2M y

+ 2 A 2  c„S(i%n,p(n))+ 0(AXl - c + x(1+e)'2+2™).
M y ^ n < 2 M y 2

Finally using (5.11) again (for <€ = 3S) we get (5.6) which proves the lemma.

6. Proof of Theorem 1

Now we are in a position to prove Theorem 1. Clearly we have

(6.1) # { p S r , p  =  a ( i) , l l / -w || <  A} = S (s /,x 1/2) + 0 (x 1/2).

The Bushtab identity (1.7) with z ' = A3x1~87e gives 

(6-2) S ( s / , x ^ )  = S(x/,z ')~  2
z'^p<x1/2
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Lemma 5 with M= 1 and ax~  1 settles the first term. Since d ä x " 1/4+31t implies 
that the interval [z\ x1/2) can be covered by intervals of type [M, 2M) where M  satis­
fies the condition (4.5) given in Lemma 3 with 1 .Ole in place of e, an easy splitting up 
argument gives

(6.3) S № , x 1 I 2 )  = 2 A S ( ! % ,  z ' ) - 2 A  2  S ( ^ p) + 0 ( 3 f - 4 x (1+9)' 2+S6t).
z'*p<x1/2

Using the Bushtab identity again we get
(6.4) S(j/,  x1'2) = 2AS(3S, x1'2) +  <9 (d x1 + x(l+e)l2+25£) =

=  2d7i(x, q, a) +  О (dx1 ~c+ x(1+9)/2+25c).
(6.1) and (6.4) prove Theorem 1.

7. Combinatorial decomposition

The considerations of the previous section were based on the fact that the inter­
vals
(7.1) ( l , d 3x), ( d " \  d 2x), (A~2, Ax)

were overlapping (omitting some unimportant factors). However this does not happen 
when A is small. In the case d-=x~1/4 there are gaps between the intervals of (7.1).

We will give such a combinatorial decomposition of S(s2, x1/2) that most of the 
constituents can be estimated by our lemmas. It will be satisfactory provided all the 
“bad” subsums belonging to the gaps have only non-negative coefficients.

For the sake of simplicity we confine ourselves to the case a=q= 1. As we are 
satisfied with an error term like о (Ax/log x), we will take a as a sufficiently small 
fixed positive number and we will use our lemmas with 0.01 e in place of e.

As Theorem 1 has already been proved we can assume that

(7.2) x -1/s+* A =§ x-1/4+*.

Our goal with the following curious definitions is to ensure that some sums of 
the form 2  S(4>d>P(d)) can be separated into the form 2  2  SfámniPÍm)) where

d m n
m has the acceptable size (7.1).

Definition of 2P. First we define the sequence Qj by

(7.3) Ö, < - < 0 o  =  *1/2, Qj-i = 2Qj 
and we choose s by

(7.4) j  d3x1_e S ß s <  d3x1~E.

2? is the set of sequences (Px, Pr) including the empty sequence where 
and all the P —s are Q—s.

Note that
(7.5) s =  log x.
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D efinition  o f  “ B a d ” N u m b e r s . We say that a real number P  is  bad i f  

(7.6) A3x 1_c <  P ^  A~xxe or d2x1-' <  P ^  A~2x£ or Ax1_e <  P.

We say that P is good if it is not bad.
D efin itio n  o f gP0. Let R  be a fixed integer s i .  is the set of sequences 

( P x, ..., P r) £ t P  satisfying the following conditions

(7.7) all subproducts of Px...Pr are bad (except 1),

(7.8) Л -  Л у - Л /  <  Ax1' “ for all j ^ [ r / 2],

(7.9) r ^  27?— 1,

(7.10) Px, ..., Pr differ from each other whenever r is even.

(Note that the empty sequence is in 3P0)
D efinition  o f “ Be l o n g in g ” . We say that a square free number d belongs to the 

sequence (Px, . . . ,P r) if d=p1...pr and

(7.11) Pj  =  Pj  <  2Pj ( j  =  t , . . . , r ) .

d= 1 belongs to the empty sequence. We say that d belongs to the set 3Pk iff d belongs 
to a sequence contained by SPk. We indicate these facts by </€(Л. ..., P,) or d£ gPk, 
respectively.

Note that d belongs to SP iff d is square free and all the prime factors of d are 
between Qs and g 0 (or d= 1). If d belongs to 3P then there is exactly one sequence in 
SP such that d belongs to it.

For a given finite set of integers #  we apply Lemma 4 with cp(d)=\%\, z=  
=Q0=x1/2 and

(7.12) if d — d0dx, 
otherwise.

doi&  o,  dk\P(Qs),

We compute x(d). As in the case p(d)<Qs we have clearly x(d/p(d))=x(d). It is 
enough to investigate the case d^SP. x(d) differs from zero iff

(7.13) but d$0>o,
P(d)

(7.14) de&>0 but - ^ y í ^ o -

For d£(P], Pr) (7.13) is valid whenever (P ,, . .. ,F r_1) satisfies the conditions
(7.7)—(7.10) and (Px, Pr) does not satisfy at least one of them. (7.14) is valid 
whenever (Px, . . . ,P r) satisfies the conditions (7.7)—(7.10) and (Plt ...,F 1._1) fails
(7.10). We need the following definitions.

Definition of 3Px. SPx is the set of sequences (Px, ..., Fr) € ^  no t satisfying (7.7), 
satisfying (7.10) and the subsequence (Px, ..., Pr-i)  satisfies (7.7)—(7.10).

13 A c ta  M a th e m a tic a  H u n g a rica  45, 1985



194 A. BA LO G

D e f in it io n  or SP2■ -P2 is the set of sequences (Px, ..., P2̂ S P  satisfying (7.7), 
not satisfying (7.8) and the subsequence (Px, ..., P2r_i) satisfies (7.7)—(7.10).

D e f in it io n  of SP2. £Рг is the set of sequences (Px, ..., P 2 satisfying (7.7) 
and the subsequence (Pl5 ..., P 2R_i) satisfies (7.7)—(7.10).

D e f in it io n  of 8P±. 3Pi is the set of sequences (Pu ..., P2r)€^* not satisfying (7.10) 
and the subsequence (Px, ..., P2r-i) satisfies (7.7)—(7.10).

Definition of SP-a. is the set of sequences (Px, ..., P2r+1 ) € ^  satisfying (7.7)—
(7.10) and th e  subsequence (Px, ..., P2r) does n o t satisfy (7.10).

Note that these sets are not all disjoint but 0>1 and 2Pb are disjoint from the others. 
It is easy to check that (7.13) is valid for some d iff </£ SPX U ... U and (7.14) is valid
for som ét/iff cpáA. Thus we have

(7.15) m  =
1 if d£& j U ^ 2U ^ 3U ^ 4,

— 1 if d$.&5,
0 otherwise.

By applying Lemma 4, (5.3) gives our main decomposition:

(7.16) S(V, ß 0) =  2 P (d) S(% , QJ + 2  P (d) S(Vd, p (d)) +

+  2  S ( « - ,  p(d))-dí#,Ü...Uá*6

Using this for and omitting some non-negative terms, we get

(7.17) S(sd, x ^ )  s  2  p(d)S(s/d, Qs)+  2  m S ( s / d, p{d)).
d€#0 <,e#i

We are going to show that Lemmas 5 and 3 are applicable for the first and the 
second sum respectively. This is clear for the first sum since <2s< d 3x1-£ by (7.4) and 
d ^A xx~c by (7.8). This is why we need the condition (7.8). When (Pl5 ..., Pr)£3i1, 
Px.. ,Pr has at least one good subproduct. As (P ,, ..., Рг_г) satisfies (7.7) i.e. Рг.. .Pr_x 
has only bad subproducts, Pr is always a factor of any good subproduct of P t... Pr. 
Px, ..., Pr_ 1  are all different because of (7.10) is true for (Px, ..., Pr_x) in case r 
is odd, and for (Px, ..., Pr) in case r is even. If  P r=P,_x then Pr-x is always a factor 
of any good subproduct of P\...Pr since otherwise P1...Pr- l would posses a good 
subproduct contradicting (Plx ..., Рг-^)а0>о. Thus any sequence (Px, ..., P r)£ ^ x 
can be divided into two disjoint subsequences say JI  and JP where JP^SP, Pr
is in Ji, the product of the constituents of J i  is good and all the constituents of J i  
differ from the constituents of JP. Thus we have

(7.18) 2 p(d)S(Vd,p(d)) = ( .- ! ) ' 2 2  S(%„n,
d€Plt ...,Pr)
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and Lemma 3 is applicable. As |^ i |d o g 2Rx by (7.5) from (7.17) we get

(7.19) S ( s i ,  x ' ! * ) ^ 2 A  2  n(d)S(Md,Qs) +

+ 2А л2  Md)S(.^d, /'W)) + ° ( T̂ + ^ +í)/2+í) =

=  2AS(%,x'/*)-2A 2  S(^/>(</)) +  o i - ^ + x < 1+«/2+1| i
d€á>2U . . . U á *5 uog X )

At the end of this section we show that some terms of the last sum are negligable. 
From now on we have to assume that

(7.20) 0 - 001

(which is obviously satisfied by A ^ x ~ 3,1°). If d€0>2U ...U ^5, d=p1...pr and 
р1...рг_1рг2> х ё р г...р, then S{äSd,p (d ))~  1. By (7.8) either d=p1p.l or 3 and 
рх...рг- г<Ах^~*. The contributions of d<x1~c (and also d>x) are trivial. Thus 
for r d  and p1...pr> x1~e we have pr>A~x. But from (7.7) we also have p rS  
S A ~ 1x c as p1>p2> p3> d _1x£ implies p1>p2>p3>A2x1~e and so d ^ p xp2pa>  
= d 6x3_3£> x  by (7.2). The contribution of the terms í / í^ U . . .  U ^ 5, dp(d)>x is less 
than
(7.21) «X* 4 2  1 +

P2-=P i-= *
2

Pi- P r ^_1-=prsa

1 «
Pi

<scr 4 -  +l o g “ X  A
S{ßp,p) «

ex
logx '

In the last step we were using the following consequence of Selberg’s upper bound 
sieve:

(7.22)

whenever dp(d)^x  and /?(</) >x°-001. Of course, the implied constant in (7.21) is 
independent of e.

As d £ U0*ъ implies that there is at least one pair of prime divisors pj, pJ+i 
of d with P j^p j+1<Pj<2Pj by (7.20), (7.22) and (7.5) we have

(7.23) 2  S ( .% ,p (d j)«
de&4 u^5 dp(d)̂ x

logx dga»4иа>5 ddp(d)̂ x

d ^ - i i  2  - )  ( i+  2  - )logx jiilc jsT iaßj p )  1 e . s i d d p ) log2x '

Finally we consider the case dp(d)^x, p (d)> xnMl and there exists a divisor t 
of d with xc^ t ^ x c+2c for a fixed c 5s 0.001. We can write d=puv where x 'd
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^ i ) S i c+2£, p(u) >p or u=  1. The contribution of this part is less than 

(7.24) « л: 1 x
log x  ^  d log л; 2 - 2 - 2 - «  V и p

sx „  1 „  1 ex I „  11 ex
<k ------2 ~  2  — « 1 —  ! +  2  — \ « 1 — •log X V U log X \  1/2 P'  log X

Writing (7.21), (7.23) and (7.24) into (7.19) we get our most important inequality
(7.25) S(rf, x1'2) l.99An(x)-2A 2  S(MdtP(d)) + 0 (x (1+e>l2+£)

dza
whenever 1 /2^4 ä *-®-33 and where 3) is the set of d-s satisfying d=p1...p2r with 
the following conditions:
(7.26) r ^ R ,  A3x S  p2r < . . .<  Pi <  x 1/2,
(7.27) A3x  ^  t ^  A~x or A2x < t s A ~ 2 or Ax <  t
for all t\pi —p2r, 1,
(7.28) Pi---Pij-iP2j2 — Ax  for j  <  r,

(7.29) Pi---P2r-iP2* >  Ax for r jí R,

(7.30) p1...p2r_1p2r2 ^  x  for r ^ R .

8. Proof of Theorem 2

Our starting point is (7.25). We will use the following sharper form of (7.22) 
(see Theorem 3.6 of [3]):

(8.D s № , M r f ) ) s -n _ ^ _ + 0 ( _ £ _ )

whenever dp(d)^x , p (d )> x 0001.
We will show that for A ^ x ~ 3/1° S' is a relatively small set — combining this 

with (8.1) gives that the sum in (7.25) is small enough. It would be, of course, more 
desirable to find a direct treatment for investigating the sum itself without determin­
ing the possible choices of d.

We choose R = 3. As §  has a monotonic property with respect to A, for 
A ^ x ~ 3/1° we have ®c®* where S* is the set of рхр2, PiPzPíPí and РхРъРзРьРьРъ 
satisfying the conditions (7.26)—(7.30) with A = x~3/10 and R = 3. We have

О/f v*
(8.2) S (tf, x1'2) & 1.98djr(x)- 2  V3 V + Q (x(1+9)/2+e)des* d logp(d)
whenever l /2 s d  s x _3/10.

First we consider the d-s having six prime factors. From Pi>... >pe^ x 01 we 
have PiPzPa^x03 but as ргр2Рз is bad we have PiPzPs^x0*. From this 
PiP2P3PiPb>x°'6 but as РхРьРъРцРь is also bad we have PiPtPzPiP^x3-1. This 
contradicts р1ргр3р 2^ х 0-7 showing that 3)* has no elements having six prime factors.
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Next we consider the d-s having four prime factors. A treatment similar to the 
one above shows that S>* has no elements having four prime factors with р х>хйЛ. 
For all PiPiPsP^Sh* we have

(8.3) X01 s  p4 < . . .  <  pi = x0-3.

As P1P2P3P4 is bad we distinguish two cases

(8.4) PiPiPsPi > * 0'7 
or
(8.5) PiPzPsPi = x°-6.

(8.4) implies that Pip2> xoA thus рх> хйЛ ■ p,p22̂ x 0-7 implies p1p2p3̂ x 0-6 and thus 
p2ps^ x 0A which implies
(8.6) p2p3 ^  x0'3.

It is easy to check that (8.3), (8.4) and (8.6) imply (7.26)—(7.30). Similarly we can get 
that (8.3),
(8.7) PiP2 x°-3 
and
(8.8) P1P2P3P42 > x °-7

are necessary and sufficient for the satisfaction of (7.26)—(7.30) and (8.5).
We can consider the case d=pxp2 in a similar manner, and we can conclude that 

(7.26)—(7.30) are satisfied iff one of the following three cases holds:

(8.9) x“  S ? 2 < P lS  x°-3,

(8.10) PiPa2 > X0-7 
or
(8.11) x0-4 =£ ft < x0 S and x01 ^  p2 =S x03,

(8.12) P iP a ^ x 0-7,

(8.13) p ip i  ^  x 
or
(8.11), (8.10) and
(8.14) Px P2 — *0-6.

Using the elementary facts that

2 b P 2Xе* <p^xb
_1__
plogp

1 í  do. 
l o g x /  a2
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we get 
(8.15) S ( jt ,  x1'2) a

s h ^ 2f I ^ W - ~ 2f / I I

where the two dimensional integral is taken over the regions

(8.16) T ,: —— ^  a S1 30

T2: f ^ a S  

T 3 : —  10

3 7
10 ’ 20

5 7
10 ’ 10

5 7

^ r>- y  Sa,

1 У.« S ß S j - j ,

ос
20 2 ß я  Ю“ *-

and the four dimensional integral is taken over the regions

7

(8.17) T
7  -  3 
5Ö ~  *  “  70 
7 a + ß _

30 3

T5:

3 1
---------  <  (V < ------
20 -  6 ’

7 a+ß _

.30 3 ~

T6: ■

f 1 3
------  <  (Y <  — —
4 “  10 ’

7 ah/? _

20 2

T7:

1 3
—  = s  а  = £ ---------
4 -  10 ’

7 и+0 _

20 2

over T i ,  T2 and Т3

У = ß,

— j S ß ^ a ,

7 oc + ß+y
20 2 s í У,

7 а 3
l ö - J s ß s  ш ~ “'

7 ce +  ß + y „
20------ Г “ - <5~ 7’

_7__ а_
3 0 ~ 3

J7_
10

_3_
20

_3_ 
20  ’

\_
10

_3_
10 10 -oc—ß —y S í  S y .

integrals over T4, T5, T6 and T7 can be estimated by increasing the ranges into paral­
lelepiped. Easy numerical calculations give Theorem 2.
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CONSTRUCTION OF MINIMAL SUFFICIENT 
OR PAIRWISE SUFFICIENT a-FIELD

F. GÖNDÖCS and GY. MICHALETZKY (Budapest)

1. Introduction

The notion of sufficiency is one of the fundamental concepts in the mathematical 
statistics. In the dominated case the class of sufficient subfields has very nice proper­
ties, in particular there exists a minimal sufficient u-field, whereas this does not hold 
for arbitrary statistical spaces. In order to preserve this property, generalizations of 
domination have been introduced. These are the notion of compactness introduced by 
T. S. Pitcher [16], the notion of coherent statistical space due to M. Hasegawa and
M. D. Perlmann [10], the notion of weakly dominated class of measures defined by
D. Mussmann [14]. These properties are practically the same.

In this paper we consider a condition of topological nature which is also equi­
valent to these notions and which enables us to construct the minimal sufficient a- 
field. Furthermore, it turns out that this condition is equivalent to a pair of conditions 
one of which is quite intuitive and implies the existence of minimal sufficient <r-field, 
while the other is less suggestive but implies that — roughly speaking — a cr-field 
containing another sufficient <r-field is also sufficient.

2. The uniform structure

Let Í2 be a set, s i  a field consisting of some subsets of £2. Let P be a nonnegative, 
finitely additive set function defined on s i, such that P(fl) =  l. The members of s i  
can be divided into P-equivalence classes. Denote the equivalence class of an event 
A £ s i  by the symbol A, and the set of equivalence classes by the symbol 21. As the 
field s i  is a Boolean algebra of subsets, the space 21 can be regarded as a Boolean 
algebra, too. Moreover, by means of the set function P defined on s i  we can define 
a function on the set 21 in a natural way; this will be also denoted by P.

On this space one can define a metric as follows: q(Ä, B) = P(A ■ B), where 
A ■ В denotes the symmetric difference of the events A and B, i.e. A • B = (A \B )  + 
+ (B \A ).

The following proposition is true:
Pro po sitio n  1. The space 2t is metrically complete i f  and only i f  the space 21 as 

a Boolean algebra is а-complete and the function P is о-additive on the space 21.
P roof. Suppose that 21 is metrically complete. Let (An)„f_N be an increasing se­

quence of equivalence classes. We will show that there exists an equivalence class 
Ä  such that Ä=  V A„, and P(Ä)=  lim P(A„). The sequence A„ is a Cauchy
sequence. For, if i/=sup P(A„) and s>0 is an arbitrary positive number, then there
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exists a number ng such that P(A,U)  x l —г. For every pair of indices we
have

е(Дп Д„) = Р (л поАт) = P (A „ \A J  á  d -P (A no) <  e.

Since 91 is metrically complete, there exists an equivalence class A such that q  (A, A„) — 
-*0, i.e. P(AoA„)—P(A\A„) + P(A„\A)-*-0. The sequence A„ increases, so 
P(A„\A) = 0 for every n£N. This means that Ä„~=Ä in the Boole-algebra 91, and 
P(A„)^P(A) for every n£N. On the other hand P(A )sP(A \A „) +  P(AK); letting 
и tend to infinity we get P(A )^d. Summing up, P(A)—d and so Ä=  V Д,-

n£N
The converse is a well-known measure theoretic fact. See Halmos [9]. □
Remark. A s the Boolean algebra 9Í satisfies the countable chain condition, since 

P(Q) = 1, the Boolean algebra 91 is complete if it is u-complete.
Let (fi, ,й/ ,  AP) be a statistical space, i.e. Q is a set, sd is a cr-field (for simplicity) 

consisting of subsets of Í2, SP is a family of гт-additive (for simplicity) probability 
measures defined on sd. Furthermore, since it is irrevelant from the point of view of 
the notions to be introduced whether the class of measures SP is closed under linear 
convex combinations or not, we suppose to simplify the description that if (P,)i=lt
a P ,  (cf)i=1.....„cR , c ,s0  * =  1, I c t= 1 then 1с{Р^ЗР. First we will define
the equivalence classes, then a uniform structure on these equivalence classes, as in 
the case of a single measure P.

Let Ar(SP') = {A£s/: P(A) = 0 for every PS.2P}. We say that the events A and 
В belong to the same equivalence class if AoBSÍV(SP). Denote by 91 the set of 
equivalence classes; this can be made into a Boole-algebra. A < B  means A \B £
S.^V(P). Now every P£SP defines a semi-metric on the space 91 — in the same 
manner as above —, denote this by qp. The uniform structure induced by these semi­
metrics will bejlenoted by aU. (cf. Császár [5].) I.e., for every P<A3P and e>0 let 
1/(? ,e) = { ( 1 ,I ) :  QP(Ä, /?)-=«}; these generate the uniform neighborhood-base of 
the uniform structure aU.

The fundamental assumption of this paper is the following:
The space 91 with the uniform structure !JU. is complete. (Shortly, 91 is “̂ -complete.)
Precisely, this means that if (Д-);е/с91 is a generalized Cauchy sequence 

(Cauchy net) for every semi-metric gP, PS.SP, then there exists an event Af_sd, such 
that Ä; converges to A for every semi-metric oP. This condition implies that the space 
91 has very beautiful and useful properties.

First we prove that this property is a generalization of the domination. This is a 
simple consequence of the following assertion.

Pr o po sit io n  2. Denote by SP’ the closure o f  IP in the total variation norm-topology. 
Then AP and SP' induce the same uniform structure on the set 9t.

Proof. First observe that obviously Ji(SP) —JA(AP'). Consider a measure P£AP' 
and a number e>0. There exists a measure Q^SP for which Var \P — Q\^e/2. In 
this case

{(Д B) : Ä, Ш ,  Q(A, B) <  y j  с  {(A, В): Ä, Bell, P(Ä, В) <  е}.

This yields the required assertion. □

2 0 2  F. G Ö N D ÖCS A ND G. M ICHALETZKY
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Consider now the dominated case. It is well-known (cf. Halmos—Savage [8]) 
that in this case there exists a countable subfamily (P,)i€Nc :^  and a sequence of 
nonnegative real numbers (c{)i€N for which I c t= 1, such that the measure P* = 
=jrfciPi dominates the family 3P. P* belongs to ?/', and every element of P ' is 
absolutely continuous with respect to P*. Obviously q* and 0>' induce the same uni­
form structure. Using Proposition 2 we conclude that the space 21 is metrizable. 
Perhaps it is worth mentioning that the condition (Q, si, 3P) is dominated is the same 
as 21 is metrizable.

Examine the properties of 21 under our fundamental assumption.
Proposition 3. I f  21 is aU-complete then 21 is a complete Boole-algebra.
Proof. Let 0 Í;)ieJ<z2t be an increasing generalized sequence of equivalence 

classes. Then — as we have seen in the proof of Proposition 1 — this is a Cauchy 
sequence for every semi-metric qp, so it is a ^-Cauchy sequence^ From the assump­
tion it follows that there exists an equivalence class Ä  such that Ä-, converges to A in 
every semi-metric Qe. So P(Ai % A)=0 for every i f  I and P f& , and Р(А\А,-) -*0. 
This means Ä —\/ At. □ 

id
From the proof of this proposition easily follows that if 21 is ^-complete then 

every measure belonging to SP is continuous for the lattice operations sup, inf, taken 
for arbitrary — not necessarily finite or countable — many members of 21. Namely 
the following proposition can be easily proved.

Proposition 4. Suppose that 2t is aU-complete. I f  '-Be2! is a subset closed for  
finite union, then

P( V A) = sup P(A). 
те» Те»

Outline o f  the proof Since for every pair o f equivalence classes A, В belonging to 
23 the union Ä MB belongs to 23, the set 23 is a generalized sequence for the lattice 
relation < . Similarly, as we have seen before it is a Cauchy sequence for every semi­
metric qp. So, using the assumption, this generalized sequence is convergent to an 
equivalence class, which is exactly \J Ä.

Те»
Similarly, as we have seen before, the measure of the latter equals sup P(Ä). □те®
Let P f IP. Obviously / ( ^ ) c / ( P ) ,  so one can construct the factor Boolean- 

algebra Л(Р\ЗР)=Л{Р)1^(,ЗР).
Corollary 1. I f  21 is '//-complete, then for every probability measure PfiP 

Ar(P W) is a principal ideal in 21.
Proof. JflfP \3P) is a subset of 21 closed under finite union, so the preceding 

proposition assures
P( V A) = sup Р(Я) = 0.

театру)

Thus Ж(Р \ЗР) contains a maximal element, it is a principal ideal.
We can reformulate this corollary using the c-field sd instead of the Boolean- 

algebra 21.
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C o r o lla r y  2 . I fH  is °U-complete, then fo r  every PAAP there exists a set AP such 
that P(AP)=  1 and i f
(*) BczAp is any measurable set with AA-measure zero then BA JA(AA), i.e. Q(B) = 

= 0  fo r  every probability measure Q belonging to the family AA.
A statistical space having property (*) will be called “parcellable” . The set Ap or the 
equivalence class Äp is called the parcel of the measure P.

We already have seen two consequences o f ^-completeness, namely, the Boo­
lean algebra 21 is complete and the measures PASA are continuous with respect to the 
sup, inf operations. Moreover, these properties imply the uniform completeness. 
Precisely, the following proposition holds.

Pr o po sitio n  5. 21 is aU-complete i f  and only i f
(i) 2Í is complete as a Boolean algebra and
(ii) 21 is a parcellable.
Proof. The ^-completeness implies (i) and (ii) by Propositions 3 and 4. Now we 

prove the converse assertion.
Let (A;)ieJ be a generalised ^-Cauchy sequence from 21. Then for every P A ^, 

(ÄiAÄ^)iiI is a Op-Cauchy sequence, consequently it has a op limit; denote this 
by Bp.

Since P (Q \A p)=0, we may suppose that Bpc.Ap. This Bp is “mod Jf(SA)''’ 
uniquely determined and BpAÄ q=BqAÄp, for every pair P, QASA. Let B = 
=  sup Bp. This exists, since the Boole-algebra 21 is complete. In this case

Pi»
BAAq = sup (BpAAQ) =  sup (B A  Aq) = BQ

Pi» pc.»

for every OA_AA. This means that Q (B \B q) = 0, so the generalised sequence 
converges to the equivalence class В in the uniform structure aU. Thus 21 is ^-com ­
plete.

The properties examined above are closely related to other ones having been 
introduced to assure the existence of minimal sufficient or pairwise sufficient c-field in 
a statistical space.

Namely E. Hasegawa and M. D. Perlmann [10] have introduced the notion of 
coherent statistical space. If (gP)Pé& is a class of random variables such that O s 
=gP^  1 then this class is called to be

(i) finitely coherent if for every finite subsystem (P,)i=1.... nczAA there exists
a function gPl.... Pn suchthat gPl.....Pn=gPi Рг а.е. (/=1,

(ii) coherent if there exists a function g such that g=gP P-a.e. for every PAAA. 
The statistical space (Q, sd, ?/) is said to be coherent if every finitely coherent

class of random variables is coherent. They have shown that this is a generalization 
of the domination. On the other hand, the statistical space (12, sd , AA') is coherent if 
the elements of AA are discrete measures and the ex-field sd contains every subset o f Q.

D. Mussmann [14] examined the notion of weakly dominated statistical space. 
The statistical space (Q, sd, AP) is weakly dominated if there exists a localizable mea­
sure Я for which .Ж(Х)с:.А/'(^>). (A measure A is said to be localizable if every AA-sd 
— for which Л(А)А 0 — has a subset В a  A with positive finite measure, and the 
lattice structure of the space L°°(Q, sd, A) is complete.)
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E. Siebert [17] proved that a statistical space is weakly dominated if and only if 
it is coherent. He has introduced a notion similar to weak domination, the notion of 
majorized statistical space. A statistical space is said to be majorized if there exists 
a measure A on (Í2, sd) for which jV(X)c\Ji(3P'), and the Radon—Nikodym 
derivate dP exists for every PedP.

These notions are in a close connection with the notion of uniform completeness 
and the existence of parcels.

Pro po sitio n  6. I f  the statistical space (£2, sd, gP) is majorized then it is parcel- 
lable.

Pr o o f . Let A be a measure which majorizes the measure family gP. Denote by 
f p the Radon—Nikodym derivative dP/dA. Let Ap=(fp>0). If  B c A p, Bg.sd and 
P(B)=0 then

f  f pdA = 0,
В

consequently А(2?)=0, so BeAf(dP). Thus A p is the parcel belonging to the mea­
sure P. □

Pro po sitio n  7. The statistical space (Q, ..к/, 0 s) is weakly dominated i f  and only 
i f  'Л is all-complete.

Pr o o f . We shall show that the ^-completeness is the same as to be coherent.
Suppose first that Л is ^'-complete. Let (gp)Pi» be a class of random variables, 

O ^gp^l, having the property that for every finite subsystem (P;)i=lj. . the
functions (gp)i=i n have “common version”. Since Л is parcellable we can con­
sider the parcels Ap, PedP- On the event Ap the measure P dominates the class SP so 
for every QggP gQi A =gpi Ap Q-a.e.

Consider the function gp: Ap-+ R. Its inverse mapping determines a a-homo- 
morphism hp from S  —■ the Borel subsets o f the real line — into the principal ideal 
generated by Äp of the Boolean algebra Л. Since

gaXApXA0 = gPXA„XAQ mod (AP)
we have hp(B)AÄQ=hQ(B)AÄp for every BgSP. Define now a u-homomorphism 
А: 01-+Ч1 as follows:

h(B) = v K (B ) Beds.
Pgä*

(This exists since Л is complete as a Boolean algebra.) The homomorphism A can be 
induced by means of a function g: fl — R. (cf. R. Sikorski [18].)

Then, since h(B)AÄp=hp(B) for every Bgdä, PgSP we have g—gp P-a.e. 
for every Pgg?. Thus (12, sd, SP) is coherent.

Conversely, suppose that (12, sd, SP) is coherent. Let SB cz 91 be a subclass closed 
under finite union. In the factor Boolean algebra %l/AP(P\0r)(=s//AP(P)') it^has 
supremum i.e. there exists an event Bpgsd for which P (B \B p) = 0 for every Be SB 
and P(P„) — sup P(B). Consider the family of random variables (yB )Pc». Let

fig®  p
1 "

(Pi)i=1.... „ c ^ .  In this case Q=— 2  p i belongs to 3P, and Xbq= X bp . Pf-a.e.
(i= l, ..., и). Thus, using our assumption, there exists a function g for which g = %Bp
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P-a.e. for every PpPP. Obviously P(Bpo(g = ])) =  0, consequently

( p í )  = V sBe»
which means that 91 is complete as a Boolean algebra, and P(g=  l) = sup P(B).

fie»
Applying this for 93 ~J/"(P \3P) we get that 21 is parcellable. □

Lemma 1. Let PTa s i be a a-field for which In this case the fa c­
tor Boole-algebra PFIIi(PP) is a subset o f the uniform space 21. The closure o f  
this set (in the °U-uniform structure) can be obtained in the following way:
I /-closure \3FI^V’(0>')\ = '3'IJi(0>') where PÄ = U  &{&■> jT(P)).

pc»
Proof. Let (Д)гас  ) Л (PA) be a net, which converges to an equivalence class 

A. We have to prove ÄPPFjJi(3P). For every PfPL the net (А()и1 is a Cauchy 
net in the semi-metric qp, consequently there exists a Bt p!F for which P(BpoA() —0 .  

At the same time we know that P(AoA()-*0. Thus P(AoBp)=0, i.e. AP a(3T, Ж (Р)) 
for every PPPP.

Conversely, let ÄplFIAi((P). For every PPBP there exists a B f&  for which 
P(AoBp) — 0. This means that an arbitrary ^-neighborhood of A intersects the set 
!FIJf (Ф), thus Ä  belongs to the closure of this set. □

Lemma 2. Suppose that 2f is parcellable. Let f e j j /  be a о-field such that 
Ji(PP)ciS' and for every measure PpSP the parcel Ap belongs to In this case 
I /-closure [PF!Jr" (PpP)\ = {Af_ 9Г| А Л A Pp .T'/Jr(PA) fo r  every PPPA).

Proof. Since Ap is the parcel of the measure P we have
{ЛрЩЛГ\Яр<Р&1АГ(0>)} = о (.^,А'(РР))1.уГ(:А).

Thus
{ЯрЩЛ1\АрРРР )Л  (PÍP) for every PP&} =

= П {АРЩЯТАрР^1.Ж(РР)) =
PC»

=  П , .AÍ(PA))lsT(PP)\ = ^-closure [,Г/Ж(Р)]. □
PC»

It can occur that the space 21 is not ^-complete. But if we extend simultaneously 
the space Q and the cr-field s i  we can achieve the uniform completeness. Namely, the 
following lemma holds.

Lemma 3 . Let (Q, si, 3P) be a statistical space. There exists two other statistical 
spaces (Q1, s l1, PAX), (a0,s /0, ^o) suc^ that — roughly speaking — (Í20, s l0, PAfi 
is isomorphic to (Q, si, PA), and (Ql ,s I1,3P )̂ is a uniformly complete extension o f  (A> ,sl„, PP0). Precisely, denote by 21х, 2I0 the corresponding sT(PP0) equiva­
lence classes оf  the e-fieldsslx, s i0 . Then there exists a measurable mapping f:  Qx — (20 
and a Boolean algebra isomorphism g: 21—2t0 suchthat

(i) PP^gPog-1,
(ii) f  is onto, measurable, ^ o = ^ i 0/ ~ \  and i f  PX,Q XP3PX, 

then PX= Q X on the whole e-field slx,
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(iii) the set 9lx is complete under the uniform structure °UX determined by the mea­
sures belonging to

P r o o f .  Consider the space 91 with the uniform structure 41.
If 91 is not “̂ -complete then we can take its ^-completion, that is a uniform 

space — denote this by 9IX — which is complete, and in which 91 is everywhere dense. 
Since the Boolean algebra operations of 9( are uniformly continuous, these can be 
extended to 9IX. Furthermore, it can be easily checked that 9lt will be a Boolean 
algebra with these extended operations. Similarly, each function is uniformly
continuous, so each has a continuous and hence uniformly continuous extension, 
which is a nonnegative, cr-additive (since finitely additive and continuous) function 
defined on the Boolean algebra 9lx. Thus these extensions are measures on the Boole 
algebra 9IX. Denote their family by SPX. We choose the spaces Q0, Qx as the spaces of 
the Stone representations of the Boolean algebras 91, 9IX, i.e. 91, 9lx will be isomorphic 
to the cr-field generated by the clopen subsets of Í20, Qx modulo the sets of the first 
category. Denote л /0, sd1 the cr-fields generated by the clopen subsets of the space 
Q0, Qx, and let jV0, J ix the ideal of the sets of the first category. In this case 9I0 =  
=jdJ*W0, 91 j =sdxjJ ix. The Boolean algebras 91, 9I0 are isomorphic. Denote this 
isomorphism by g : 91 — 9I0. Since g -1 (9I0) = 91 c  9IX, there exists a measurable func­
tion / :  Í2X—Q0 inducing the imbedding. (See Sikorski [18].) Define the measure 
family S>0 on 9l0 by means of the isomorphism g, and SPn and S>x on the cr-fields sd{X 
and sdx in such a way that the measure of an event from ,S{) or sdx be equal to the 
measure of its equivalence class (mod and mod J ix, respectively). In this case 
^Vo—aV^o), J r1=Ar(S>1). The second part of (ii) is an immediate consequence of the 
fact that 91 is dense in 9IX. □

3. Sufficiency

We begin this part with some well-known considerations. Let (Í2, sé, 2P) be 
a statistical space. A cr-field is called sufficient if for every A^sd  the conditional 
expectations Ep{%a \ have a common version (cf. P. R. Halmos—L. J. Savage [8]). 
A subfield S' g  sd is said to be pairwise sufficient if it is sufficient for every pair of 
measures belonging to the class SP.

The sufficiency of a cr-field is equivalent to the sufficiency of the cr-field gene­
rated by J5" and Ж(&). It is easily seen that a cr-field tW is pairwise sufficient if and 
only if the cr-field f) cr(J% J)r{SP))=S' is pairwise sufficient.

Pi»
On the other hand, if and ^  are two sufficient cr-fields but they do not neces­

sarily contain then it can occur that the cr-field ПtF,. is not sufficient. For
these reasons we will suppose without explicitly mentioning that if we say “J5- is a 
sufficient (or pairwise sufficient) cr-field”, then Ж ( # ) с (I.e., we are speaking only 
about ^-complete sufficient cr-fields.) In this case we may form the factor Boole 
algebra S'IJfidP) which is a subset of the Boole algebra 91. Denote by S  
(or S(Q, sd, 8P)) the set of sufficient cr-fields and by V (or V(Q, sd, S’)) the set of 
pairwise sufficient cr-fields. The following lemma will connect the notion of the suffi­
ciency and that of the uniform structure.

Lemma 4. I f  SF is a sufficient а-field, then S'IjV(P/) is a closed subset o f  91 in the 
topology induced by the uniform structure 41.
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P r o o f .  Let (Äi)ilzI ciS 'jЖ  (S) be a generalized sequence which converges to an 
equivalence class ЛАЗ!. Since S' is a sufficient tr-field, there exists a random variable 
which is a common version of the conditional probabilities Ep(xfEE) for every РЕЖ- 
Denote this random variable by E(xal-̂ O- We will prove that the event 
{E(Xa\Sr) = l}ESr determines the same equivalence class as A, implying A E S '^ (S ) .

Since the generalized sequence (Аг) 1е1 converges, it is a Cauchy sequence for 
every semi-metric qp. Since A fS ^ ,  and S' is a cr-field, by Proposition 1 there exists 
an event BpE.$E such that P(AioBp)-*0 for every PES. On the other hand, 
Р(А,оА)-*-0, thus P(AoBp)=0. This implies that P({E(xA\&r)= l}°B p)=0. 
Thus Р(А ьо{Е(ха\^ )=  l})-*-0. This was to be proved. □

We have seen that the uniform completeness is equivalent to the properties that 
31 is parcellable and it is complete as a Boolean algebra. We examine further the 
consequences of these properties.

P r o p o s i t i o n  8 .  Let (12, s i, EE) be a statistical space, EEasi be a sufficient 
a-field. Suppose that EEfЖ  (EE) is parcellable. In this case 31 is parcellable, too.

P r o o f .  According to our assumption, for every PE S’ there exists an equivalence 
class ÄPE 3EfЖ  (EE) for which P (Ä f) = 1 and

Лр = /\{АЕЕЕ/Ж(0>): P(Ä) =  1}

where the A is taken in the Boolean algebra IF/Ж  (0s). Let AE_si be an event for 
which P(A) = 1. Suppose that . Since EE is sufficient the random variable
E(Xa\ ^ )  exists. Let B= {E(xa|^ )  =  1}- In this case В ES', § < A P and P(B)=  1. 
Using the definition of Äp we have B = A f  and consequently Ä = ÄP . Thus

Ä P = \{Ä E <H: P(Ä) = \). □

P r o p o s i t i o n  9̂  Let (Q, s i ,  EE) be a statistical space and let EEczsi be a sufficient 
о-field.  ̂ Then i f  f c  EE f Ж  (EE) is a family o f equivalence classes for which Ä=
— \JA i exists in the Boolean algebra 31, we have ЛЕ0'!Ж(ЕЕ). In particular, i f  31 is 

ia
complete as a Boolean algebra, then IE/Ж  (EE) is a complete subalgebra o f this space.

P r o o f .  Since S' is sufficient the random variable E(xa\&) exists. Let B=
— {E(Xa \ ^ ) ~  !}• Then B-^A. Since A if  S' and P (A i\A ) = 0 for every PEEE, 
consequently P (A \B )  = 0. On the other hand, if CEEE and P(At\ C )  = 0 for 
every PEE" then P (A \C )= 0 , consequently P (B \C )  =0. Thus B —\J Ät

i i l  _
where the supremumjs taken in the Boolean algebra S '/Ж  (EE). Recalling B<A  
this proves that B=A. □

In the sequel we shall deal with the existence of minimal pairwise sufficient or 
minimal sufficient cr-field. A cr-field S ' f V  is said to be minimal if for every (АЕЖ 
we have EEücz(§ where the bar denotes the same as in Lemma 1. A cr-field S 'ES is 
said to be minimal if for every (AES we have EE cz(S. (Notice that if (SES then 

by Lemmas 1 and 4.)
Let P, QEEE. Consider the generalized Radon—Nikodym decomposition 

(i.e. the Lebesgue-decomposition and the Radon—Nikodym derivative of the abso-
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lutely continuous part) of the measure P with respect to Q. According to this there 
exists a set N  with 0-measure zero and a random variable X  such that for every A4_sS 
we have

P (A )=  f  XdQ + P(AHN).
A \ N

P ro po sitio n  10. I f  S '^ 'V  then the above random variable X  can be chosen to be 
S' measurable and the set N to belong to S'.

Proof. Since S' is sufficient with respect to the class of measures (\f2(P + Q), <?)
dPthe Radon—Nikodym derivative Y= ... ——- can be chosen to be J^-mea-d(l/2(P  + Q))

surable (cf. P. R. Halmos—L. J. Savage [8]). Let N=(Y=2) and

x  _  -2_-y  on the set Q \N ,

0 on the set N. □
■Д

Suppose now that 91 is parcellable. For every P, Q fjS  take such a version of the 
generalized Radon—Nikodym derivative dPfdQ which vanishes off the set Ae . This 
can be done since <2(О\Ло)=0. Denote by Q the er-field generated by this 
Radon—Nikodym derivate and the ideal Ji(PA). Let
(*) S?0 = o(AQ,S?P' Q,P,QeS>).

T heorom  1. I f  SA is parcellable, then .fy, is a minimal pairwise sufficient a-algebra.
Proof. First we show that is pairwise sufficient. Let PL, P -fS . Denote 

Q=l/2(P1 + Pz). Since Aq^S 'q and the Radon—Nikodym derivatives have 
measurable versions we have that for every AS-'S

Eq (/.a I ̂ o) = EPl (ха I J^ol) Л-а.е.
’ 'V.'VVMA ш Л  —  ÍV; ?.\ * !

Eq(Xa\^o) = ЕрЛХл I* 0  Pt-a e.1Э1
Now let We shall show that Ap£fS. Since -S is pairwise sufficient, in view 

of Proposition 10 for every Q sS  there exists an event for which
Q(BfOlAp\ A Q)) = 0 and another for which Q(B2o(ApC)Aq)) = 0. Con­
sequently

A„ = (ApAf)U(ApPlAQ)£cr(&, JT(Q)).

Thus Apf_(d. On the other hand, on the set AQ the measure Q dominates the class of 
measures S>, so on this event the ideal ■Ar(Q) is the same as the ideal Ar (SA). Con­
sequently— since A q f^ — we have Summing up, □

Observe that .á%=#r0 does not necessarily hold. Denote S'1=Srn. According to 
Lemma 2, we have

~ ЛS i = {A£jd\AAAp£S'0!Jr {Sf) for every P€.S>}. 

T heorem  2. I f  A  is dl-complete, then is the minimal sufficient a-field.
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Proof. It is enough to show that S' is a  sufficient cr-field since it is minimal 
pairwise sufficient (by Theorem 1) and obviously every sufficient cr-field is pairwise 
sufficient. Let ACsi. Denote

p \x p = { B z * u j r m \ B ^ x , } .

Since the conditional expectation E ffiy fS 'f is unique “mod Ar (38)" on the event Ap 
consequently the inverse mapping of E f y f S ' f ■ d p->R determines a homomorp­
hism hp: 38-+S'\z (where 38 denotes the Borel subsets of the real line). In this case 
hp(B)l\ÄQ=hQ(B')AÄp for every B£38, P, Qc38. Let h(B) = V hp(B).

Since S 'J jV (38) is ^/-closed and (hp(B))Pig> converges to h(B) in the ^-uniform 
structure we have h(B)£^1/Ar (S>). Consequently there exists an S'x measurable 
random variable X: £2-»R which induces just this homomorphism. On the other 
hand h(B)AAp=hp(B) for every Bf 38, PC-38 so X  is the common version of the 
conditional expectations Ер(ул ISf). Thus S \  is a sufficient cr-field. □

C o r o l l a r y  3. Just as we have proved that 3EX is a sufficient cr-field, it can be shown 
— under the assumption that 91 is °U-complete — that i f  48 is a а-field which contains 
the о-field S \  and for which 3?/J,r (38) is a °ll-closed subset o f  91 then *8 is a sufficient 
afield.

Thus a cr-field sufficient if and only if it contains the cr-field 3F1 and its factor 
algebra — mod Ji(38) — is ^-closed. Observe that the assumption of this corollary 
can be weakened, since we used the ^-ciosedness to imply the lattice completeness 
when we defined the homomorphism h.

Thus a cr-field *8 is sufficient if and only if it contains the cr-field if i , and its factor 
lattice 8I.Ar (38) is complete as a Boolean algebra. In the dominated case this means 
that a cr-field is sufficient if and only if it contains the minimal sufficient cr-field. This 
is well-known.

Corollary 4. I f  (8i)tiI is an arbitrary — not necessarily countable — sequence 
o f  sufficient а-fields then the a-field 8-= П is also a sufficient a-field.

izi
Proof. Since i f ic ^ ; for every /£/, i f iс <8. On the other hand, f#/Ж (38) = 

=  П ’8i/‘Ar (S>), the sets 8^JT(0f) are ^-closed, thus their intersection is also 3/-do­
n i

sed. This was to be proved. □
Remark. We will use the notation of Lemma 3. Suppose that 91 is not ^-com ­

plete. According to Lemma 3 there exists a uniformly complete extension 9IX of the 
space 91 which can be regarded as the equivalence classes of a suitable statistical 
space (Q1,ja/1, 38f). Here the measures PC38 are in a one-to-one correspondence 
with measures PC_38l established by the mappings g and /.

Given a sufficient cr-field denote
*±={AZst{ Äeg(3P/^(38))},
S' ={A3_s4x\ there exists B£ ifi: f~ 1(B)=A}
0 = ^ -closure (S'I.Ar(38i)), <8—{A3séx. ЛЗЩ. 

and S' are automatically sufficient cr-fields for the statistical space (Q0, я/0, 38 f
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and (í21, / " 1(j</0), respectively. We will show that 'S is also a sufficient
cr-field for ( ß L, s íx. SPl).

Let A £ s/1 be an arbitrary event, and consider another event BPS. There exist 
two generalized sequences (/4;)i€/c2I0, (ДД,-67с210, for which ( f~ \A f ) i€I
converges to the equivalence class A, (f~KBj))J€J converges to B. Being S' sufficient, 
the following equation holds

/  E(xf-4A,)W)dP  =  J  Zf-\A,ffiP
f  - f - 4B j )

where E(xf - \ Af \ ^ )  is the common version of the conditional expectations 
Ep(/f -HAl)\ ^ ) .  First take the limit with respect to the index jP J. Since P (B o f-1(BJ)) 
converges to zero for every PPSPl5 and E (f~ 1(A,)\Sr) are bounded (ipl), we get

/  E ( X f - 4 A j ) \ ^ ) d P  =  f x f - H A j d P -  
в в

The random variables Е (х/-цЛ{)\&) form a stochastically Cauchy convergent 
sequence for every PpS1. For, if g>0 then

P{\E(Xf-4At№ ) - E { x f -4At,№ )\ >e) ^

S  >  e) ^  P if-H A dof-H A ffi/s .

Consequently for every p £ ^ x there is an immeasurable random variable Xp-which 
is the stochastic limit of the sequence E (x f - \Ai)\&) under the measure P. © is a 
aUx-closed subset of the ^-com plete space SIj, consequently it is also ^-com plete. 
Thus ©П Ж(Р) is a principal ideal — see Corollary 1 — for every P fS j , and so 
there is a ^-measurable event Bp such that P(Bp) = 1, and if BPS and BczBp, 
P(B) = 0 then BpJi(3Pf. Consequently, each Xp is unique mod JP (S f on this event. 
Similarly, if P, QpSx then the restriction o f these measures to the cr-field 'S are 
absolutely continuous on the event BpP\Bq with respect to the other one, thus 
Хр*Х ф П В рПВй€АГ((?д.

We may define homomorphisms hp from the Bore! subsets of the real line into 
S'!Ar{SPf) using the restriction of the random variables Xp to the set Ap as in the proof 
of Theorem 1. Let h(B)— sup h jB )  for every BpdS. (The sup is taken in the lattice

i>€#,
©.) Observe that h(B)p(S. Thus there exists a ^-measurable random variable X  for 
which P (X ^ X p)=0 for every PpSx. This is the required conditional expectation. □ 

The converse of this assertion is not true. Namely, if PS is a sufficient cr-field of 
(ß , , six, S x) then the cr-field

S' = [Ap.si [there exists a Bp'S for which g(A) = f(B )j
is not necessarily sufficient in the statistical space (ß, sí, РА).

Denoting by the minimal sufficient cr-field of (ß , , ■sil , # ,) — this always 
exists —, the following assertion is true.

Pr o po sitio n  11. There exists a minimal pairwise sufficient a-field in the statistical 
space (ß, s í ,  SP) i f  and only i f  the а-field S' = {Aps/\ there exists a В p S'l fo r  which
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g(A)=f(B}} is pairwise sufficient. In this case this J* is the minimal pairwise suffi­
cient a-jield.

We omit the proof of this proposition. Observe that the er-field J5" is — roughly 
speaking — the intersection o f the tr-field and srf.

We have seen in Proposition 9 that if the Boole-algebra 21 is complete and J5" 
is a sufficient er-field then the Boole-algebra AFIJfffi?) is also complete. In addition 
to this, the Boole-algebra completeness of 21 has also other consequences, namely in 
this case an assertion similar to Corollary 3 of Theorem 2 holds.

More precisely, let J5" and be two tr-fields, such that oVfficzIF  and
the factor algebras tW j.WißP) and are complete. In this case if S' is a suffi­
cient tr-field, then ^is also sufficient. The proof of this assertion is tedious and will be 
the subject o f another paper.
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LARGE DEVIATION RESULTS FOR WAITING 
TIMES IN REPEATED EXPERIMENTS

T. F. MÓRI (Budapest)

1. Introduction

Let Zl5 Z2, ... be a sequence of independent, identically distributed random 
variables with a finite set of possible values I .  Let At (/=1, 2 ,..., r) be finite sequen­
ces of length к over T and denote by t ; the waiting time until At occurs as a run in the 
processZls Z2, ....

We shall prove a large deviation type result on the asymptotic independence and 
exponentiality of the stopping times тг. The method of proof is a refinement of the 
reasoning applied in Móri and Székely [6], where a limit theorem is proved for the 
waiting time for pure runs (homogenous patterns) of arbitrary events by reducing the 
joint distribution problem to the asymptotic exponentiality of the minimum waiting 
time.

Our results verify the observation that the limit behaviour of extremals of wait­
ing times for runs can be computed in the same way as extremals of independent 
exponentially distributed random variables. For example, if n urns are given and 
balls are placed at random in these urns one after another till there is at least one ball 
in every um, then the number of balls needed has a double exponential limit distri­
bution as n tends to infinity (Erdos and Rényi [1]). The same limiting behaviour is 
found for the maximum of n independent, exponentially distributed random variables 
(with expectation n). A great number of papers is devoted to the systematic study of 
similar problems in more general situations; here we refer only to Ivanov and Novi­
kov [3] and the handbook of Kolchin, Sevast’yanov and Chistyakov [4].

2. Results

In order to formulate our results we need first some definitions and notations. 
Our calculations are facilitated by the leading number algorithm described in the 

paper of Li [5]. Let A ={al , a2, ..., ak) and B = {b,,b.,. ..., b,) be two sequences 
over I . For every pair of indices (i,j)  write

Sij =
Then define

I P (Z  — bj)~l if  
10 otherwise.

A  —  ó i, <5»o..

1 s  j s j [ ,  1 s j s !  and a; =  bj,

■Öklc +  <>2iÖ32 - - Ö k , k - 1 +  • • •  + A l -

This quantity describes the overlapping between A and B, and for any finite collec­
tion of sequences of possible outcomes it provides a method to compute either the 
expected waiting time till one of them is observed in a run of experiments, or the
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probability for each sequence to the first to appear. E.g. the expected waiting time for 
a single sequence A is exactly A* A.

For A=(a1, ak) let P(A) denote the probability of obtaining A in к succes-
к

sive independent trials, i.e. P(T) = £  P (Z t=afi
i=x

Consider the sequences Аг, A2, ..., Ar£Zk and the related stopping times 
r1, t 2, ..., t r defined in the Introduction. Denote

ь =  к 2  P W ,
i = 1

C = max
l s j ' s r

■V Aj *Aj
á j  At *At •

T h e o r e m  1 . Let x l 5  x2, ..., xr be arbitrary positive numbers. Then

- P Í—v Ал ■ Xj,

( т = г г )  ехр( - ' т г 5 Г , | * ‘) ®

<,) exp (  i  X,) s  ( - £ £ )  exp (с Д  *,)Ar *Ar
i f b ^  1/8.

Let us specialize our result to obtain some wellknown theorems. For applications 
we must be sure that c is small enough. This trivially holds if the sequences At are pure 
runs of different outcomes, so the urn model described in the Introduction is an impor­
tant field of immediate application. As an example we prove

C o r o l l a r y  1 . ( i )  Let I  consist o f  n equally probable outcomes and denote by 
vm(n, k) the waiting time until pure runs o f  length not less than к (7c >  1) are observed 
for all but m elements o f  Z. Let m be fixed, к may vary with n. Then for every real 
number у

m l
lim P(n~kvm—logn <  v) = e~e~y У. —re~Jy.

j=o J'-

(ii) Trying N experiments we denote by £N(n, k) the number o f those elements o f Z 
for which we have not observed a run o f length not less than k. I f  n and N  tend to infinity 
such that n exp (—n~kN)-+X>0, then the limit distribution o f £N(n, к) is Poissonian 
with expectation L

The two parts of Corollary 1 are equivalent and they are usually proved by means 
of generating functions (cf. Ivanov and Novikov [3]), or by using general theorems on 
Poisson approximation such as Theorem 1 of Sevast’yanov [7].

The requirement c — 0 is met also in the case when r is fixed and A1,.A2, ..., Ar 
are starting sequences of length к of given infinite sequences over Z not Containing 
each other. Thus let A i—(ail,a i2, ...), i = l , 2 , r  be infinite sequences over Z 
such that for every pair of indices (/, /), i A f and nonnegative integer rn, A j^  

ai, m + 2, •••)• Let Ai(k) stand for the starting subsequence of length к of At 
and denote by zfk)  the corresponding waiting time. Let nt be defined as ,°(d;(m)) 
if At is a pure periodic sequence with period m (i.e. m is the smallest integer for which 
ai j =ai,j+m-> j —1>2, ...), otherwise let 7r;=0.
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Corollary 2. We have

lim P(P(Ai(k))ri(k) >  yit i =  1, 2, ..., r) =  exp ( -  j?  (1 ~ ^ )л )Í = 1
for arbitrary positive numbers уг, y2, ..., yr ■

3. Remarks

1. Theorem 1 asserts that the waiting times т; divided by their expectation behave 
approximately like independent, exponentially distributed random variables, at least 
in the domain «.

(1) Z x i ^ o i b - 1),
1 = 1

(2) 2  x , =  o(c
i=l

The first relation here is for the exponentiality while the second one implies the 
independence. Our theorem is sharp in the sense that neither (1) nor (2) can be weake­
ned. We give three simple examples to show this.

(i) Let x denote the waiting time until a given outcome of probability p  occurs in 
repeated experiments. Then E(x) = l/p and by Theorem 1 P(x>~n)enp-* 1 if p-*0 
and rip2-*0. Let np2^k> 0 , then

P(x >  n)enp =  exp (n log (1 —p )+ np) — exp (—Я+о(1)).
(ii) In the following example we consider the waiting time for a /с-run of a given 

outcome with (fixed) probability p. A detailed discussion of this case is given in 
Feller [2], XIII. 7. It is shown there that

P{x =» n) — l - p z
(lc + l — kz')qzn+1

where q = l—p and z= \ +qpk + (k+V)q2p2k + О(ksp2k) as k->- 
Since

E(x) =  p x+p 2+ ...+ p 1 ~Pk

Theorem 1 asserts that
qplA ’

P(x >  n) exp [jzp -k  ") -*■ 1

if k -*oo and nkp2k~*0. Suppose conversely nkp2k-*X>0, then by a short calcula­
tion we obtain

P(x >  n) exp nj ~z~" exp (qpkn) -

~exp ( — ( ^ + y ) q2P2kn\~ exp(— q2X).

A c ta  M a th e m a tic a  H u n g a r ic a  45, 1985



216 T. F. M ÓRI

(iii) The necessity of condition (2) is verified below. Tossing a coin we consider 
two competing sequence: a pure head run of length 2k and a run of к  heads followed 
by к  tails. Denote the corresponding waiting times by rx and t2, resp. Then 
E (r1)= 2 2*+1—2, E(t2)= 22\  b — k l~ 2k+2, c = 2~k and from Theorem 3.1 of 
Li [5] £(a) = (24*+1 — 224+1)/(3 • 22k — 2k — 2) where a = min (rx, r 2). Our Theorem 1 
asserts that

/4 2 -*«  = -  X )  =  p ( - ^ j  >  =" 4 ~ «Р  (4 *)
if x=o(2k). Now let x=X2k (2>0), then Lemma 3 in the proof of our Theorem 1 
implies

P(2_2ta > x) exp

2. Our results can be generalized by allowing the sequences Ax, A2, ..., Ar to 
have different lengths kx, k 2, ... ,  kr. In this case b should be defined as

r
( max kt) У. P(Ai). If r is fixed and we are not interested in large deviations, then the'lSiSr i=1

r

same proof as in Móri—Székely [6] shows that conditions c-*0 and У  ktP{A^) — 0
i=l

are sufficient for the asymptotic independence and expónentiality of the waiting times 
. When e-bO, the joint distribution is approximately of Marshall—Olkin type.

3. An open problem. The following question is beyond our reach. Tossing a coin 
let us denote by т the number of experiments tried until every possible head-and-tail 
pattern of length к  appears as a connected subsequence of the outcomes. Describe the
limit behaviour of т or at least of E(t). Theorem 1 does not apply to this case, because■

2fe 2k
b = к P(At) =  k, Aj *A; = k2k hence c ~ — — 1.

i=i i=i 2

Theorem 3.1 of Li [5] offers a method for computing the exact value of E(t), since the 
maximal waiting time can be expressed in terms of the partial minimums. This sieve 
formula, however, seems to be hardly evaluable even for small values of k.

4. Proofs

The proof of Theorem 1 will be based on a sequence of elementary lemmas. The 
first one is perhaps not new. It asserts that, roughly speaking, a nearly memoryless 
distribution is nearly exponential.-bIudIjbo )юг1г в уа пэп1 .0- \- -'дли уЬёПэупоо oaoqquS :;- 

L emma 1. Let cube а nonnegative random variable. Suppose
xxP(<x >  x+y) S. P (a >  jc)P(a >  у) ё  x2P(a. >  x +  y)

fo r  arbitrary positive x, y, where 0 ^ x 1^ l ^ x 2~=: Then there exists a positive num­
ber X such that
(3) ф XE(a) Ы x2

Acta Mathematica Hungarica 45, 19S5



and
(4) x1e~Xx ^  P(oc >- x) á  x2e~Xx 
hold for every positive x.

Proof. Denote G(x)=P(a=-x). It is easy to see that 
x"‘G(mx) ^  G(x)m ^  x2 G(mx),

hence

x) ~ G{x)m‘n S  x j

for every positive integers w, n. Thus

x\tx _ G(x)1/X _ х |/д:
^ F 7 “  G(f)1/y “  ^ F 7

where x, у can be arbitrary positive numbers. From this it follows that G(x)1/X con­
verges, as x->-°°, to a positive limit Г л(2ё0). Then (4) obviously holds (hence 
A>0), and integrating this inequality from 0 to +  °° with respect to x one obtains (3).

In the sequel we often refer to the following basic inequality. Let 0 <  x0 =: 
=5 xx ̂ ... xr and denote a=  min r;. Then

(5) P(x1 > x l5 .... г, >  xr) S  P{a >  Xj-Xo, ..., xr > x r- x 0) =s
55 P{x1 >  xx, ..., Tr >  xr) +  hP(a >  x0- k +  1) X
ХР(т1 >  xx x0 к -f-1, ..., тг >  xr—x0 —L + 1).

In words, the probability of the event that the sequence At is not observed as a run up 
to time xt (i= 1, 2, .... r) can be majorized by interrupting and then recommencing 
the observation at the time x0 (which is the earliest of all x(’s). The error of this esti­
mate does not exceed the probability of the event that there is a run A-t beginning 
before x0 and ending after x0. From this explanation inequality (5) appears immedi­
ately.

Lemma 2. We have

W AITING TIM E S IN  R EPEA TED  EXPERIMENTS 2 1 7

(Ö

P(ol >  x  — k + l) 
P (a =* x) 1—2h

i f  b ^ i /4 .

Proof. Let us abbreviate the fraction on the left side by t (x). Clearly t (x) =  1 
for x<k. Substituting x1 =  x2 =  ...=xr= x  and x0= k— 1 into (5) we obtain

í(x ) S  1 +  bt(x) t (x — к +1).

By induction it follows that t(x) is less than the smaller root of -the equation 
t= l+ b t2, thus

2 1
t(x)

1 + / 1 - 4  b 
if 1/4, but this holds by supposition.

1 -2  b
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Lemma 3. We have

(6)

and

(7 )

exp (" T = 3 v )  s  p (яй ) *  *) e‘ a 4
-4b
-5b

exp ( - t S t ) s  p(“ л Ь г  4  *'s  Т Г5Г exp (т т г ) '

Proof. T he substitution x 0= x , x1—x 2= ---—xr=y tu rn s  inequality (5) into 

P(<x >  x + y ) S P(a >  x)P(a >  j )  ^

S  P(a >  x-f-y) +  bP(a => x —fc+ l)P(x >  у — /с +  1).

Applying Lemma 2 we find <x meeting the conditions of Lemma 1 with

«1=1, « 3 = 1- Н г ^ Г Ч
-4 b

Thus Lemma 1 gives

iex exp (— (xo— l)x ) ^  P ^

which is just the assertion of (6).
On the other hand, Theorem 3.1 of Li [5] says that

a - 2 b ) 2;  1—5b

j  ex = x2 exp ((1 — xjx),E{a)

2  P j ( 4 y * A , )  = E(a) (i = 1, 2, ..., r),
j' = i

where pj=P(a=Tj). Dividing by and summing it from i= l  to r we obtain

l s £ ( i )  2 ^ а ~ -  1 + c.
i t i  A i * A j  j t i  ,  J f f j  A i * A i

Now (7) follows from (6) by easy computation.
Lemma 4 . We have

P(rx <  Xy — fc+ 1 ,..., Tr <  xr — fc +  1) 1
P (tx <  xl9 ..., тг <  xr) “  1—4b

Proof. Denote by tr the supremum in xf’s of the left side. By Lemma 2, ti ш

Дгг • From (5) we have -2b
P(jy >  x-y — fc + 1, ..., r r =- xr — fc+1) S  

S  P(a >  xx — fc +  l)P(T2 >  x2 — xl5 ..., тг =- xr — Xi),
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further
P ( t  1 >  A-J, . . . ,  Tr > X r) £  P{dL >  X!)P(T2 >  x 2 — * i ,  . . . ,  Tr >  Xr - X j ) -

— bP(a >■ X i — /с + 1)Р(т2 =- x2— k+1,  . . . ,  Tr >  xq — fc + 1) S
^ (1 — 2b)P(a >  xq —k+l)P(r2 > x:2 — xq, ..., i r >  xr — Xj) —

— b/r_!P(o£ >xrx — /с+1)Р(т2 > x 2—xl5 ..., T, > x r—A'i).
Hence frs ( l  -2  ft—Plr_1)_1, thus tr is less than the smaller solution of the equation 
/(1 — 2b— bt) =  \, i.e.

í r < é r ( 1 _ 2 b _(( 1 ~ 2 b)2 _ 4 b)1/2) - т ^ 4 Г ’ if * - 1/8-

Now we are in position to verify our main result.
Proof of Theorem 1. Denote y i=XiE(ri)=Xi(Ai*Ai). Without loss of gene­

rality we may assume y 1^ y 2= - . - = y r- First we show that

m  ( l~7fc )r~' Ä ________ P(Tl тг >y,)________  t
W  v 1 —6b J  ' P i X i ^  у 1) Р { а г > У ь - У л ) - - - Р ( и г > У г - У г - д

where a;=min (тг, тг+1, ..., тг).
Starting from the basic inequality (5) we can write

P(tj > y x, . . . ,т г > y r) >У!)Р(т2 > y a- T i 5 = ~ Л - Л ) -
— bPC«! =- —/с + 1)Р(т2 =- у2—Ji-fc+1, ..., тГ > Уг-У1—fc+1) S

S ( l - b t n r_i)P(ai >Pi)F(r2> y 2- y 1, ...,rr> y r- y 1)-
Applying Lemma 2 we obtain

„ , 4 b 1 -7 b
1 (i_2b)(i_46) ^  1 —6b ’

and (8) follows by induction.
The terms of the denominator in (8) can be estimated by Lemma 3 in the follow­

ing way.

f  <«,» y , - y , - 0  = r  («, Í  =- *.)
where

r  I

=  2  -T— r~ ((Ai* Al)*í — (Ai-1*  Ai-l)xi-l)’ j — t Aj * A]
hence

(9) exp (— Y^5b  Z‘) -  1) exp (z,) sS exp (czf).

This calculation remains valid also for i= l by defining xro=yo = 0. Since zx +  
+ z2+  . . .+ zr= x 1+ x 2+  . . .+xr, we can complete the proof by combining (8) and

( 9 ) .
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P roof of Corollary 1. The event (vm(n, k)>z} occurs if and only if more than 
m of the events A ~  {t, =»z} ( /= 1 , 2 , r) occur; so we can apply the well-known 
identity (cf. Feller [2], IV. 5)

(10) P(yAn, к) >  z) =  T 1 c - iy  p '+ w) 5 ,+m+J
where

$  =  Z  P{AhAh...A A
j
i.e. S', is the sum of probabilities of simultaneous occurrence for every /-tuple of 
events. Moreover, if summation on the right side of (10) is taken from 0 to 2s, resp. 
2sT 1, we obtain an upper, resp. lower estimate for the probability P(vm(n, /c)>z). 
Hence the limit of the left side of (10) can be evaluated by taking limit by terms on 
the right side.

In our case z= nk{\ogn+y) and by Theorem 1

( 7  m™) SJ+ - " + 1 ~  P Г )  (j + m + 1 ) exP ( - 0 4 -m + 1 ) (logn+y))~

~  . }  у  exp ( - O' + m + 1 ) y).j+ m + 1  j!m ! v ’
Thus

hm P(n~4m- logn -  У) »  I - 2 o(j + m l l) j lm ^ M - ( j  + rn + l)y),

from which Part (i) follows by easy calculation.
To prove Part (ii) we observe that P(t;N(n, k)^m ) = P(vm(n, k)w/V).
Proof of Corollary 2. This assertion will follow from Theorem 1 if  we show 

that /> — 0 , c - > - 0  and
P(Ai(k))(Ai(k )* A i(k)) -  ( l - я , . ) - 1 

as к °°. Introducing the notations

Fm« =  max {P{Z -  а): ст(ЕГ}, pmin = m in ^ fZ  <т): <r€T} 
we can write b^krpkma%, thus lim b —0. On the other hand, if the length o f maximal

k-*oo

overlapping between Aj(k) and At(k) does not exceed k — m (i.e. for t=  1, 2, ..., m 
one can find u, l= *uúk—j  such that äJ t+uAai u), then

Aj (k)*A i(k) 3= P(^i(/c))_1(Fmax + A +x' +  ---rbFS,«) <
<  (^г(к )* ^ г(/с))р^х(1 - р тах)-1-

Since the infinite sequences Aj and At do not contain each other as a tail, k-+°° 
implies m — °°, thus c-+0. In a similar way one can see that for large k, A^k) 
overlaps itself at length k —m (m> 0  fixed) if and only if m is a multiple of the period 
o f^ ,.  Hence

Ai(k)*A i (k) ~P{A t (k))~Hl +  nt + n f+ ...), 
completing the proof.
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ON THE DIRICHLET KERNELS AND 
A HARDY SPACE WITH RESPECT TO THE 

VILENKIN SYSTEM
S. FRIDLI and P. SIMON (Budapest)

1. Introduction. Given a so-called Vilenkin system, first we prove some inequa­
lities for the Direchlet kernels with respect to this system. Furthermore we shall show 
a Hardy type estimation for the Vilenkin—Fourier coefficients. Our goal is to inves­
tigate the role of the boundedness of the sequence which generates the Vilenkin sys­
tem.

2. In this section we introduce some definitions and notations. Let m — 
=(m0, m1, ..., mk, ...) be a sequence of natural numbers, mk^ 2  (fc€N:={0, 1, ...}) 
and denote Zmk (kgN) the mktb discrete cyclic group where Z„k is represented by 
{0, 1, ..., mk—1}. If we define Gm as the complete direct product of Zmt’s then Gm is 
a compact Abelian group with Haar measure 1. The elements of Gm are of the form 
(x0, xx, ..., xk, ...) (xk£ Z mk, k£N) and the topology of Gm is completely determined 
by the sets

I„:= {(x0,X !, . . . ,x k, ...)€Gm: xs = 0 (j = 0, ..., n-1)}

(h€N*:=NY{0}, 70 :=(?,„). Let us denote the cosets of 7„’s by 7„(x):=x+7„ 
(x£Gm,n € N). Furthermore let

In(x, k) { ( > ’0, y lt  ...)6 /„(x): y„ =  k}
(x£Gm, k = 0, 1, ...,m n — 1, N). It is well-known [8 ] that the characters of Gm
form a complete orthonormal system Gm in L l(Gm). The elements of G„, can be ob­
tained as follows. Define the sequence (M k, k£N) as M0 := 1, Mk+1:=mkM k (kf N), 
then all n f N have a unique representation of the following form

n = Z n kMk (nk =  0, 1, ..., mk- l ,  k€N).
k =  0

If

rn(x) := exp — (n6 N; x =  (x0 , xu  •••)€(?„,, i := / - 1 ) tnn

then the elements of Gm are nothing but the functions [8 ]

(n€N).k = 0

(4/„, n£N) is the so-called Vilenkin system.
The Fourier coefficients of a function / 6 L1 (Gm) with respect to Gm are denoted

by f(k ) (k£N) and let Snf:=  f(k )4 'k (u£N). The kernels of Dirichlet type are
fc=o
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n—1
of the form D„ := ^  'I'k (n£N). It is known [8 ] that

Jfc =  0

0 ) (*c/„>
(xíGm\ J n) (n€N).

For an x= (x0, x t , ...)£Gm we shall write Ы :=  У  , furthermore let jc :=
k=o Mk+i

:=(xa, xu  ...)€Gm, where xk :=min [xk, mk- x k} (fc€N).
The concept of the Hardy space [4] can be defined in various manners, e.g. by a 

maximal function /*  :=sup SMJ '\ ( f^  Ll(Gm)), saying that /  belongs to the Hardy
П

space if f  *£L1(Gm). This definition is suitable if the sequence m is bounded. In this 
case a good property of the space {/€ T4G J: f * c L l (Gm)} is the atomic structure [4]. 
To the definition of our space of Hardy type for an arbitrary m, first we give the con­
cept of the atoms [7]. A set icG„, is called an interval if for some x£Gm and n£ N, 
/  is of the form / =  (J I„(x, к) where V is obtained from Zm by dyadic partition.

k€U
(The sets i/x, U2, ■ •. c Z„n are obtained by means o f such a partition if

^ ■ “ i 0..... [ т г Н ’ M H H ...........■->}•

Ua = {o, ..., [ K / ^ ] - 1  ] l} , и 4 = { [[тв/2 Ь 1 ]> И - 1}, ...

etc.; [ ] denotes the entire part.) We define the atoms as follows: the function 
a(LL°°(Gm) is called an atom if either a= 1 or there exists an interval /  for which 
su p p a c /, |u |^ | / | - i  and f  a=0  hold. (|/| denotesthe Haar measure of I.) Now we

i
can define the space H(GJ as the set of all functions /=  л,«,- where a- s are

i = 0

atoms and for the coefficients A; we have 2" №1 <0°. H(G„,) is a Banach space with
i=о

respect to the norm Ц/Ц :=inf 2  |7,k|.
k = о

(The infimum is taken over all decompositions / =  2  / ,a ;.) It is known [7] that ||/||
i = о

is equivalent to ||/**||i (ftL 'iG J ), where f**(x) := sup l/|_1 1/ / |  (x 6 G,„, x£I  and
l

I  is interval). Since by(l)

f*{x) =  sup |/,,(x)|-1| /  / I  (xeGJ,
/„(*)

therefore and thus H(Gm)c:{f^LHGm): f*£L'(G,„)}. Moreover these
spaces coincide if the sequence m is bounded.

C>0 will denote an absolute, although not always the same, constant.
3. First we are concerned with the functions Dn (n£N).
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T h e o r e m  1. I f  n= £  nkMkdN and xf_Gm\{()} then 
k = о

(i) I A, (x) \ = min {и,
where jd  N is determined by the condition x £ l j \ I j +1.

(ii) [Dn(*)l=min{w,
We remark that these two estimations can be essentially different from each other

if m is not bounded. However, for a bounded m, -Д- is equivalent to -Д-. It is evident
1*1 1*1 

„ .+  1 supw/t
that in the bounded case (i.e. for bounded w’s)wehave — —ä ——— from which

1* 1 1*1
follows

C o r o l l a r y  1. I f  m is bounded then for nd N and xdGm\ { 0}

|A(*)I =l Cm min I«, 
is true, where Cm> 0 depends only on m.

This is a known result [8 ]. Next we show that the boundedness of m in the preced­
ing estimation is necessary.

Theorem 2. I f  the sequence m is not bounded then sup \Dn(x)\ ■ |x| =  °°, where the 
supremum is taken over all xdGm and ndN.

Let us denote by L„ := |j D Ji (n£N) the n-th Lebesgue constant with respect to 
the system Gm. It is well-known [8 ] that L„ =  0(log n) In the next theorem
we shall show a stronger estimation, namely

Theorem 3. For all m we have

f  sup |Z)t | =  О (log n) (n — °°).
c,' O^k^nm

From Theorem 3 there follow some corollaries for multiple Vilenkin series by the 
application of a paper of F. Móricz [6 ]. (The (/-multiple (d=  I, 2 , ...) characters are
defined as WN(X):= f j  1'iV.(*(i)) (N=(NX, ...,N d)dNJ, X = (jP>, ..., x™)dGdm).

i = 1
Furthermore let S(f f  the iV-th rectangular partial sum of fd  L'(GJm) with respect to 
the system (T N, N fN d).)

C o r o l l a r y  2 .For fd L 2(GJJ  set

/ : =  sup I W I
N£Nd \ l L o g ( / V + 2 )

where Log (ЛГ+2) :=log (JVx +  2) • .. .-log (Ná + 2). Then ||/il2 ^ C |[/||2.
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Corollary 3. I f  f£ L 2(Gi,) and aNis the N-th (N£N“*) Fourier coefficient o f  f  
with respect to the d-multiple Vilenkin system then the rectangular partial sums S (ff if  
converge almost everywhere, provided that

2  |ajv|2 Log(-/V+2 ) <°°.
jveN“

The statements of the above corollaries for the bounded case can be found in a 
work of J. D. Chen [3]. (His proof for Corollary 2 is correct only for bounded ra’s.) 
For d= 1 Corollaries 2 and 3 are well-known [8 ], [9] (Corollary 2 only in the bounded 
case).

Further we investigate the space H(Gm). First we shall prove a Hardy type inequa­
lity for the Vilenkin—Fourier coefficients. This claims that for a function f£H (G ni)
the quantity 2  k~vf  (k)\ is finite, more precisely the following theorem is true.

fc=i
Theorem 4. There exists an absolute constant C > 0  such that

i f c - i | / ( k ) | s c | | / | |  (/€#(G J).
k = l

For the bounded case Theorem 4 was proved by J. A. Chao [2]. The proof is 
based only on the atomic structure of tf  (Gm) and the next theorem shows that, in 
general, this property cannot be replaced by the integrability off* .

Theorem 5. //Tim sup m =  °° then there exists an ffiUiG,,,) such that f* £ U (G m) 

and =
k =  1
This statement gives a negative answer to a question of J. A. Chao, i.e. that an 

atomic structure for the space {/gL 1 (Gm): / * 6 A1 (Gm)} cannot be available, if the 
sequence m is no t bounded. Thus H(Gm)= {ffiL 1(Gm):f*£L1(Gm)} is true if and only 
if m is bounded.

In [7] we showed on some operators that these mappings are bounded from 
H(Gm) into L 1 (Gm), for example in the bounded case (and only in this case) the maxi­
mal operator o f  the (C, l)-means of the partial sums forms such a mapping. It is of 
interest that, on the contrary, the maximal operator of the so-called strong (C, 1 )- 
means is not (H , L^-bounded, namely if

e f : =  sup-í- 2 \ S kf \  (/€Я (С т)) 
n n k=l

then the following theorem is true.
Theorem 6. For all sequences m

suP{llCT/ l l i : ll/ll ^  1 } =°°.
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If a„ (n€N) denotes the function an :=r„- DMn, then the a„’s are atoms and

ста,, , &
1 2 M „  1

2  IIS*eJi=-
2 M n 1 Mn
2  \\Ska„h = -^ r  Z\\Dk\\i-

2 Mn » ti 2 Mn * = J £ + 1  2 M„ Ä
Thus Theorem 6  is a simple consequence of the next lemma.

Lem m a . There exist absolute constants Q > 0  and C2>  0 suchthat

(2) Cj log n S  i  2  Lk S  C2 log n (n =  2, 3, ...).
И k = l

The right side of the lemma follows immediately from the above mentioned rela­
tion Ln=0(logri) (и—oo), the left side is a special case of a well-known result of
S. V. Bockariev [1]. Since the proof of the general Bockariev’s theorem is rather 
complicated we shall show the lemma in a simple way.

3. Proofs. Proof o f T heorem 1. The statement of Theorem 1 is a simple con­
sequence of the following identity [8 ]:

oo mk — 1 oo
( 3 )  Dn =4>„ 2  2  H °Mk (n =  2  nfcAf*€N).

k=0j=mk—nk k= 0

Indeed, if x d l j \ l j+1 for some y£N then by (1) we get DMk(x)=0 (k> j) therefore

\D„(x)\ = \ 2 M k 2  (r*(*))s| 5= 2  (mk- i ) M k+rijM, <  (nj+ l)M j.
k = 0  s=mk—nk k= 0

On the other hand, it follows from x d L \ I i+1 that —Í— sb c lS -Дт- and thus
m j +1 M i

ft  . -J- 1
] Z>„ (jc) 1 g  ' - . Since (и€N), this completes the proof of (i).

|X|
To the proof of (ii) we use again (3), i.e.,

!A,(x)| <  Mj + Mj j 2 ’ fa(*))s|,
s= 1

if — as above — x £ I j \ I j+1. Furthermore we have

2  M * ) ) 1  =
exp 27П11 j X j sin ■

exp - m

sin -

J 1 sin

1

. 7ZX:sin----- 2 5ij
m, m,

from which \D„(x)\^Mj + Mj+i
2X: ^ + 1  g -Д- follows.

This completes the proof of Theorem 1.
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P r o o f  o f  T h e o r e m  2 .  Let x<£Gm\{ 0 }  be given and denote by J£N  the same 
index as in Theorem 1. Then by (1) and (3) we have for all n£N

j  m k — l  j

|z>„(jc)| =  12 M k 2 (»*(*))1 =  m j \ 2 (r j (JC))I| -
k =0 s = m u  —  n u S—m j n :

j - 1
-  2  O n * - 1 )Mk > M j \ 2  ( r i (x ))4j -  Mj,

k= 0
i.e.

(4)

Since 2  (rj(x))s\ =
s  =  1

that

sin ■

sin ■TCX, thus for

i ( r j ( x ) y \  =
sin

4 - t? ]

n[>rij/2\
m,

and Xj :=»ij — 1 it follows

m,
n n l f l 'i n -----  'sin

X  • Yfl  • —  1Furthermore if x is so selected then Ы ^ ——̂—• = —------a -a , i.e.
1 1 MJ+1 M J+i 2Mj  J 2 | x |

From this we get by (4)

lA l(x)|>  2\x\ [ n f l  *)’/ 2 "
which gives our statement.

We remark that on the basis of the above proof we obtain a lower bound for 
Cm in Corollary 1.

P r o o f  o f  T h e o r e m  3. Let n =  2  « * Mkf  N be given and choose such that
* = 0

Ms^ n <  Ms+1. Then

f  sup \Dk\ =  f  sup \Dk\+ f  sup \Dk\= :J x + J2.

For Jx it follows evidently that ./, = 
following form:

Ms+1 1. Furthermore let us write J., in the

J2 = 2  I SUP \Dk\ =■ 2  J2j-
7 =  0 / \  V 0 Шк^=п i _ n'A fj + 1

j = 0
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By Theorem 1 the following estimation is true for J.l} (J=0 , ,  a — 1):

C log nij.

For j= s  it is necessary to give a finer estimation, namely by (1) and (3) for jc£ / s \ / s + 1  
we get

oo mt — 1
sup |Z>*(x)| =  sup I2 1 2  {>'t(x)fDMt{x)\ =

O ^ f c ^ n  f = 0  v= m t — k t

s mt - l

-  sup \ 2 m , 2  Ы Х)У\

where k — ^  k tMt€{0, Therefore
f = 0

sup IAWI = 2  (mt- \)M ,+ M s sup I 2  (rs(*))1
O ^ k ^ n  t= 0  O ^ k ^ n  v = l

and thus

Consequently

Ms + Ms sup

. пхл  sin — —m,

sin nxs

J2s^ i + M s f sup -
Js\'s +1 s

sin -nxJ

sin-71 xs
m.

■ dx.

j ms—l
^ i + r - 2  sup

m s x = i  ostan,

sin -nxt
m,

sin -nx
m,

and we need only to prove that

i m . - 1

---  2  SUP
x  = l  O ^ t^ n

sin -nxt
mx

sin -nx
mx

Clog (ns+ l) .
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To this end let q := then we have

.  Text_ s in -----
1  %  I rns----  Z  sup -------- -

T Y ls  x=i • ГГЛ1sin -

1 [ms/2]
— 2 ---- Z  SUP

m s  x = l osrsn.

.  71 X tsin m,

sin TZX

m.

---  2  SUP
m s 1 = 1 0  S i g n ,

. nxt sin----

sin

1 \mj 2]
H— - 2  sup

x = q  + l  0̂ t ^ n s

m,

. nxtsm -----ms
. nxs in ----ms

2

It is known [5] that

.  n x n 4

1  “ - r 1
S i n - -------------

m s 1

----------- X  - - + —ms x=i . nx s sin —

1 ">s- i
—  2ins X=x

. 7txn,sm---- -m.

sm-тс a: 
m,

‘ s X = 9 + 1  sin^ x  
m,

ё  Clog(ns+ l).

Furthermore for x 6 {#+1, [mJ2]} the elementary estimation already used above

is true, accordingly

1 [ '" . , /2 1  1

■ér 2m s x  =  q +1 • техsin----mc

1 _  rn s
. nx ~  2xsm----ms

1 lmJ21 1
-  Z  — — C log^ x = q + l  A

\mj 2] rä C log (ns+l).

Summarizing the above facts we get

Л  =  C ( 2  lognij + log(ns +1)) =§ C lognsMs ^  C logn,
J=o

which completes the proof of Theorem 3.
P roof of T heorem  4. Let f£H (G m) be given, then by the definition of our Hardy

o o

space the function /  can be represented as f  = ^  2xab where axs are atoms and
i=о
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2  |A,]<oo. Therefore
i = 0

Z k ~ '\h k ) \  = 2 Ш 2 к - Ш к ) \ ,
k = 1 i= 0 i = 0 k = 1

thus it is enough to prove that sup 2  к~г\а(к)\< where the supremum is taken
k = 1

over all atoms adH(Gm). To this end let a£H(Gm) be an atom and /denote such an 
interval for which |a |< |/ |_1, s u p p a c /a n d  f  a=0. (We may assume evidently

I
that a ^ l .)  Define «6 N and y£G m suchthat Iczl„(y) holds and и is maximal. 
Since Ч*к (k= 0, — 1) is constant on In(y) thus ä(k)= 0 (fc=0, 1),
therefore

CO OO itfjj ̂ >1 1 oo

2 k ~ 1№ ) \ =  2  к - Щ к ) \ =  2  k - ' \ a m +  2  k - ' № ) \ = : 2 1+ 2 2-
k = 1  fc=M„ fc=M„ k = M n  + i

Applying the Cauchy—Buniakowski inequality we get for I 2

a
2 2 ^ (  2  № ) \2Y I2( 2

k  —  M n  + i  k — M n  +, \

= c .

Let us write I 1 in the form
y i M n- i \á(jMn + k)\ 

z  A  k%  jM n+ k

and observe that \ä(JMn+k)\ = \ä(JMn)\ ( j= l, mn — 1, k=0, M„ — 1). From
this it follows that

m „ - l  M „ - 1 1

2 l =  2 2 -t=l
^  у  \á(jM„)\ 

*ío jM n + k  j=i j

If the function A is defined on Z Wn as

A (k) := m„ f  a (k£Zm),
In(y,k)

then d(jM„) is the /-th (J= 1, ..., m „ -1) Fourier coefficient Á (j)  of A with respect 
to the (discrete trigonometric) system

ek(t) := exp 2nikt
m„

(t€Zma, k =  0, ..., m „-l).

Let us define a, b £ { 0 , m n — 1} so that / =  U  I„(y,k) and let c:
k = a
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O i l l

Then supp A<z{a, b), ^  A(k) = 0 and \A(k)\^-r-^— ( k £ { a , Z>}). Moreoverk=a b—a

\ä(jM„)\ = 2  A (к) (exp
m n  k  — a  t

2nikj 2nicj \
m„ -exp-

J

\k~c\j _  _ (b - a ) jш с  2  —  M W I — s c
k = a  m „  m

m
ml k=a b — a—  = C (b -a ) j

from which we can establish the desired estimation in the following way (for the idea 
see [4]):

У  \ä(jM„)\ " g \A(j)\ + g
7 = 1 J  j  =  1  J  j ^ m j b — a  j ^ n t j b — a

— с+л[ 2 nV ^r 2\ДШ ^c+c' j^tnjb—a J Wln k—a

The proof of Theorem 4 is thus complete.
n F / i (b — a)2 =§ C.

P r o o f  of T heorem  5. Without loss of generality we may assume that mn^6  
(tj£N). Let Ak \=[mkl2\ + l (kOA) and define the functions f k asfollows:

fk(x) :=
Mk+1 x £ Ik( 0, 1 )

~ M k+j х€Л(0, d t) (x£Gm, fc€N). 
0  otherwise

It is easy to see that the supports of f k s, resp ./^’s are disjoint and ||/Jli=||/**|li= 2 
(A€N). Therefore for the function f ' - = 2 K f k (Afc>0(£€N ), 2  the rela-

k=0 k=о
tion | |/ | | i  =  ||/*|li = 2 2  istrue. On the other hand

= о

у  l/W I - у  у  L/Q-Mt +s)|
* = 1 к k = 0 j = 1 s = 0 jM k + S

where for fixed A: and s we have

\f(JMk + s)\ = \ 2 0*tft(jMk + s)\ = kk\fk(jMk + s)\ = Ak \ j f kr{I =
К

2nij[mJ2\2nij 2nijAk exp-----— expГПъ mk = К 1 — exp- mk = 2Äk sin nj[mJ2]mk C2k,

if Ak^ j = l  (mod 2). Thus

2 k ~ 1\ M \ ^ 2  2  2  7ХГТ7 - c  2  К  2  n ^ C 2 K \ o z m k .
k = l * = 0 7 = 1 s=0 J M k i ~ S  k =  0 7 = 1 Л = 0j  = 1(2) 7 = 1(2)
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Since lim sup m = »  we can choose a sequence of indices (nk,k £ N) such that
У  -—  -----< ». Define»to log m

h  ■=
-—-----  if j  — nk for somelog mnk k 0€N ).
0  otherwise

Then 2  к ~г\НЩ =  o°, as was stated.

Proof of the Lemma. As it was already mentioned, it remains to show only 
the left side of (2). First of all we observe that it is enough to prove

1  j'Mn
2 L k  =  ClogjM„ (ne~N,j =  1, m„—1).jM„

For such a j  and n we get
1 ] /. JMn 1 -

2 U  = — - f z  1 ^ 1 = 7 л Г  /  2 I A J  +/М.. J 4==1 jM n v-f Л = 1
i n \ l n + lA  »ti Ж »

1 n-1 №n
+ M 2  f  2  \Dk\='-Ai+ A2]M„ s = 0  j  >4 »=iV* + l

1° If AG{1, . . . ,jM„} then k — 2 ^ - i^ i  and =j, therefore by (1) and (3)
i= 0

for x£ ls\ I s+1  (s= 0 ,
s m t  —  l

\k>k(x)\ = \ 2  2  {г,(х))см}: =
t= 0  v=m t —kt

s - l  b  M  r n . - l

2 ^ +  2  (r,(x)Y
t  =  0  IVis v = ms —ks

From this it follows that
s  л /.( |2 (г.(х))’| - 1 ).u=l

jM n jM n ks

j  2  IAI = ms 2  /  (|2(Ol-i)
AV.+i* “ 1 k=1 f .V .t. r = 1

jM n nig— 1

= 2  '» r 1 2
k = M s  дс =  1

sin-nxks
m. Wl_ — 1 Ш — 1

sm -TlX

m.
- ж - ^ y im s  k = l  x = l

. nxk sin-----mx

sin -тех
mx

-jM H,

whereas

ms —1 me— 1
™s2 2  2  ■

j c = l  fc =  l

. nxk sm mx [mj2] m2

sin -nx 
m _

K /2] yy j  Y  [ m s l 2 x ]  к

Cm;* 2 ^  2 ~~ — Cms-2 2  ^ s c i o g m ,jt=i •* »=i ms X=1 x
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This implies
1 jh f n

-ПГТ- f  2  lAtl =  Clogms- l ,
]M" r , \ Í +lk='

i.e.
1 Г JM"
i j -  f  2  \Dk\ s  Clogms (s = 0, n -1 ) ,

fc = lJ S V* S + 1

if the ms’s are large enough. It is not hard to see that this estimation holds for all 
ms's, therefore A ^ C lo g  M„.

2° In the same manner as above we get

1 .  IK, I JM„ m„-l
Ai = Y jvT  f  ^  ,jD*l -  7 W  2  mn l 2  ■J M n I s\ r s  + I i = l  J M n к = м п x = l

. nxk. sin

sin -nx

mn-i j
= m~x 2  r 1  2x=l k=1

. nxk sin m„

sin -nx
m„

I»»/*] 1 j
- 1  2  j - 2

x = l  jx  k = l

. nxk sin

lmj2] 1 глу; 1  [mn/2Jc] yL [m„/2]
^ C 2 - 7 - \  —  \ 2 — - l ^ C  2  m~2xm%x2 — l = Clogj —1jx  L m„ J t t i  m„ x=ftj2j]

These inequalities prove our statement.
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CORRECTIONS TO “COMPLETE CONVERGENCE 
AND CONVERGENCE RATES FOR RANDOMLY 

INDEXED PARTIAL SUMS WITH 
A N  APPLICATION TO SOME FIRST PASSAGE TIMES”

A. GUT (Uppsala)

In Section 5 of my paper [1] it is claimed that “by using obvious modifications” 
of previous proofs and the corresponding results in the classical case “one can obtain 
results” , which are then given as Theorems 5.1 and 5.2. However, whereas the clas­
sical results corresponding to the results in the earlier sections are valid without 
restrictions on e, this is no longer the case in Section 5 and the latter results therefore 
have to be modified slightly. The corrected results are presented below.

T heorem 5.1. a) Let r>2. Suppose that ЕХх —0, ЕХ\=аг and £ |Х 1|Г- 
• (log+ |X1|)-,/2<  =o. I f

(5.1) 2  n ^ 2)~2P(\N„-Nn\ >  nS) <°o for all Ő >  0,
П = 1

where N  is a positive random variable, such that P (N ^Ä ) = 1 for some A >0, then

(5.2) 2  п(,/2)_2 Р ( |^ п| >  e YNn log+ Nn) <  °°, е х т / г - 2 .
П = 1

b) Let r=2. Suppose that EXx = 0 and EX?< °<=. //(5.1) holds with N as above, 
then (5.2) holds for all e>0.

c) Let r^2 . Suppose that EXl = <т2 < °° and EXx=0. I f  (5.1) holds with 
P (N ^ B ) = 1 for some B>  0 , then

(5-3) 2  ”(r/2) 2P{\SNn\ >■ £ Yn logn) < « ,  e >  о Y(r — 2)B.
П = 1

T heorem 5.2. a) Suppose that EXx= 0, E X l= a2 and that 

EXlгг ]°g+ l*il
log+log+|Wl

I f

(5.4) 2  — p (\K  -  Nn I >  nő) <  -  for all <5 >  0,
n  =  l  tl

where N is a positive random variable, such that P (N ^A )= l for some A >0, then

(5.5) 2 -P { \S Nn\ >  £ VW„log+logGv) £ >  2cr.
n  =  l  n
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However, i f  (5.4) holds with P (A sN ^SB )= l for  0 then EXf=
Í  -B= <j2<oo and EXr = 0  imply that (5.5) holds for  £>er J, 2  — .

b) Suppose that EX*=<r2~z°° and EXx = 0. I f  (5.4) holds with P (N ^B )=  1 
for some B>  0 , then

(5.6) ~  ^>(|<S'jv„I >  e l°g log и) < e >  о jlB .
п =  3 n

R e m a r r k . A minor change should also be made in Theorem 2.1, namely that the 
assumption should be “ If, for some 6 >  0, (2.1) holds (with e replaced by (5)” and 
the conclusion should be that “(2.2) holds for all e > 0 ” . As a consequence some e 
have to be replaced with ö in an obvious way.

Finally, as a consequence of the above facts, the formulas in part C on page 
231 (which furthermore should have been numbered as (5.7)—(5.9)) are valid for all 
e x t /2 /i - 3, fff 2 and о^2р~г, respectively, and formulas (5.8) and (5.9) in D should 
have been called (5.10) and (5.11).
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Гз-CLOSED EXTENSIONS, SYSTEMS OF 
FILTERS, PROXIMITIES

K. MATOLCSY (Debrecen)

0. Preliminaries

A space X  having some topological property P is said to be P-closed if it is 
closed in any topological space possessing P that contains X  as a subspace (or equi­
valently, if it has no proper extension with the property P). Tf P = “to be 7V’ then 
we get the well-known ЛГ-closed spaces. Another important particular case of this 
notion is P = “to be Г3” (where T3—regular +  !Г0). T^-closed spaces were studied 
firstly by B. Banaschewski [2] and generalized by С. T. Scarborough—A. H. Stone 
[13].

From the point of view of the study of these spaces it is important to know all 
regular and T3 extensions of a space. D. Doicinov [8 ] characterized them by means 
of systems 91 of filters such that

(1) any neighbourhood filter is in 91, and
(2 ) if RexeXR then there exists Rxex, for which r'^91, 0 ^{/?1}(П)г' imply 

Rex'.
У is a regular extension of X  iff it is a strict extension ([4], p. 215) and the system 

9Í ={оу(у)(П){-У): >’€ У} satisfies ( 1 )—(2 ), where uy(>’) is the neighbourhood filter 
of y£Y.

Starting out from a counterexample of H. Herrlich ([10], S. 20), D. Harris [9] 
described the class of all Tj-spaces which have а -closed extension. This method 
is based on R- and /(C-proximities. Following essentially the terminology of [9], by 
an R-proximity on a set X  we shall mean a symmetrical relation b on ф(У) such that

(a) 05A for every AdX ,
(b) Ad A for every A 7 0̂ ,
(c) Ab{B\JC} if and only if A6B or ASC,
(d) x€X, x< A  implies x < /?< T  for some BdX, where E< F  means 

EbX -F .
A filter r in X  is said to be round iff Rex implies R ^ R  for some R}et. An 

/(-proximity <5 is called an RC-proximity iff
(e) Л < 2 ?<=>0 ([ (Т}(П)г implies Ber for any maximal round filter r.

We say that an /^-proximity is separated, if
(f) x,yeX , X9±y imply x5y.

Any regular (Г3) topology can be induced by a (separated) /(-proximity <5 as follows:
F d X  is closed iff xSF implies xeF, 

or equivalently
V dX  is open iff xeV  implies x<K

The main result of Harris is that there exists a one-to-one correspondence between 
the Г;|-closed extensions and compatible separated /(C-proximities of a T^-space.
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1 . F-reduced extensions

Let У be a topological space and uy(x) be the neighbourhood filter of x£ Y. 
Y  is said to be an S2-space iff x, y£Y , оу(х)^оу(у) implies 06oy(x )(n )ö y(y) 
(see e.g. [4]). Thus Y  is T2 iff it is T0 and S2. Fis an Ss- (or a regular) space if  whene­
ver x£X, Fez Y  is closed and x$F , then x and Fean be separated by disjoint open 
sets. Analogously F is T3 if and only if it is Tn and regular.

If X  is a subspace of F  then F  is called reduced with respect to X  iff x£ Y, 
y £ Y —X, x  Фу imply иу(х)^иу(у) (see [4]). F is said to be S2-r educed with respect 
to X  iff x€ Y, y £ Y —X, uy(x)?ípy(y) imply 06оу(х)(П)г>г(у) (see [5]). F is  
T2-reduced with respect to X  iff it is reduced and ^-reduced, that is x£ Y, y£ Y —X, 
xp£y imply 0£г>у(х)(П)Ог(у) (see [7] and [11]).

The above “reduced separation axioms” express that F  satisfies the corres­
ponding separation axiom as far as it is possible in spite of the unfavourable separa­
tion properties of X.

We shall say that F  is S3-reduced (or regular-reduced) with respect to X  iff, for 
any x£ F —X  (x£Z) and any closed set F c  F such that x(f F, x  and F (x and 
F—X)  can be separated by disjoint open sets in F. F  is T3-reduced with respect to 
X  iff it is reduced and -reduced. It is obvious that a regular space (T3-space) is 
regular-reduced (F3 -reduced) with respect to each of its subspaces.

(1.1) Lem m a . Any S3-reduced ( Тл-reduced) space is also S2-reduced (T 2-redu­
ced) with respect to the same subspace.

P r o o f . If у 6 F and x £ Y —X  suchthat Ру ( х ) ^ » у (у )  then x£ {y} or y${x}. 
In the first case x and F =  {y} can be separated by disjoint open sets. In the second 
one assume F= {x}. Then x £ F —X, thus у and x have disjoint neighbourhoods 
even if ydX.  If Fis T3-reduced with respect to Athen y£Y , x £ Y —X, x ^ y  imply 
Uy(x)^Vy(y), therefore the above train of thought can be applied. □

If A is a dense subspace of a topological space F  then F  is called an extension 
of X. Y is a regular-reduced (T3-reduced) extension of X  iff it is regular-reduced 
(F3 —reduced) with respect to X.

(1.2) T heorem . A regular-reduced (T3-reduced) extension Y  o f a regular (T3-) 
space X  is always regular (a T3-space) .

P r o o f . Suppose that X  is regular. If F  is closed in F  and x í  F, then in the 
case x£F— X, x  and F can be separated by disjoint open sets. If x£X  then there 
are disjoint open sets V,Wc:Y such that x£F and F —XczW. The set FD F 
is closed in X, therefore there exist open sets V0, W0 of X, for which x£V0, FClXcz 
cWu, VQniVo=0. If are open sets in F such that V0 — V]C\X and Wü =
=W1C\X, then У1Г\Щ = 0 because of the density of X  in F. Thus FfjF, and 
1FU Wy are disjoint open sets containing x and F, respectively. If, in addition, X  is 
F0, and F is reduced, then F is also F0 ([4], (6.1.16)). □

In order to characterize regular-reduced extensions let us introduce the following 
notion:

Denoting always by 91 the family of all neighbourhood filters of a given topo­
logical space X, a system S  of filters in X  will be said regular iff
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(R l) any filter in <5 is regular, 
and
(R2) i f  r 6  91 U S  then, for every F€r, there exists W£x such that s6<2 implies 
either or X —W£s.

<3=0 always satisfies these axioms, thus it will be called the trivial regular 
system in X.

Let У be an extension of the topological space X. Then з(х) =  юу(х)(П){Х} 
(xf_ Y) is an open filter in X, and it is called the trace filter of this extension corres­
ponding to x. We denote the system {s(p)\ pdY—X}  by <3y. If x £ X  then s(x) =  
ux(x) is obvious. Y  is said to be a strict extension of X. if the sets s(G) = 
— {x£ Y: Gds(x)}, where G is open in X, form an open base in Y (cf. [4], ch. 6.1.b).

(1.3) T heorem . The extension Y  o f the topological space X  is regular-reduced 
iff the following conditions are satisfied:
(1.3.1) Y is a strict extension o f  X.
(1.3.2) The system <ZY is regular in X.

P roof. If Y = X  then S y=0, and the theorem is trivial. Let У be a proper 
regular-reduced extension of X. Suppose that V c  Y  is an open neighbourhood of 
x£ Y. We show x€s(G)cV  for some open set G of X. If x£ Vf ) X  then there exist 
open sets V1,W1czY such that x^V ,, {Y—¥) — XczWj and ¥1ПЩ = 0. Assume 
G = Vf)V1f)X. Then G is open in X  and x£s(G). Observe s(G)(~)X=GdV. 
On the other hand, if p£s(G)—X  and p$V, then Ц{С\Хаъ(р). Therefore G£s(p) 
implies W=Vi r\W1Z)GnW1 = Gr)WLr\X£s(p), which is impossible, hence s(G )c  
c F . In the other case, when x£V—X, we have open sets Vx,Wxc:Y such that 
x£Vx, Y-VczWi and УхПЩ=0. Supposing G=VxC\X, we get xf_s{G) and 
s (G )d Y -s (X -G ) =  GYa V Yd Y -W x c F  (cf. [4], (6.1.9)(a)).

We show that <ZY has the properties (Rl)—(R2). s (p) is an open filter in X  
for any pdY—X. If  Gfs(p) is open then F=Y—s(G) is closed in У, and pfiF, 
thus p£V, FczW, VГ1 W~0, where_F and W are open in У. From here pfVcz VY cz 
c:Y—Wds(G), consequently Fn = V Y C\X is a closed set in X, for which F0£s(p) 
and F0<zs(G)r\X=G, hence s(x) is a regular filter in X. In order to see (R2) put 
t£ sJlU<3y. Then r=s(x) for some х£У. If F£s(x) and G c F  is an open set 
of s(x) in X, then Y—s(G) is closed in У, and does not contain x. In this case 
there are open sets U, U' in У suchthat x£U, (Y —s(G))—Xc:U ' and Uf] U' = Q. 
Then W=ur[X^5{x) and Y -s(.X -W )= W Y a Ö Y a Y - U ' a s(G )\JX a s(y )U X  so 
that pFY—X , X —Wi$(p) imply F£s(p) (cf. [4], (6.1.9)(a)).

Conversely, let us assume (1.3.1)—(1.3.2), and prove that У is regular-reduced. 
Firstly suppose p£Y—X  and let F  be a closed set in У, p$ F. Then there exists an 
open F£s(p) such that s ( V) dY —F, and there is W^(p) ,  for which either 
V(ls(q) or X —V/ds>(q) whenever qGY—X. In view of the regularity of s (p), 
an open set U of Xcan be chosen such that U£s(p), Ux cVT\W. We show s(U )Ycz 
d Y —F. In fact, s(U)Yf )X=s (U)r \ Xx =Ux dVds(V) .  At the same time q£ 
£s (U)y—X  implies 0?í.s(l/)n.s(S')=s(í/n»S') for each S£s(q), hence 
From this X — U$s(q), and a fortiori X —W§.s(q). We get F£s (q), that is q£s(V). 
Thus s(U)Yczs(V)czY- F, so that s(U) and Y —s(U)r are disjoint open sets
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separating p and F. Let now x be a point of X, F be a closed set of Y, x  $ F. Then 
choose V, W(zx>x(x)=s(x) in the same way as in the above train of thought, and 
let U£vx (x) be open in X, UczVClW. A  similar consideration gives that s(U) 
and Y—s(U )r separate x  and F—X. □

(1.4) C orollary  (Doicinov [8 ]). The extension Y  o f the topological space 
X is regular iff Y is a strict extension o f  X  and the system 91 = {s(v): y€F} satisfies 
condition (2 ).

P r o o f . If the condition is satisfied then X is regular and S y has (R l)—(R2), 
thus Y  is also regular by (1.2) and (1.3). Conversely, if Y  is regular then it is regular- 
-reduced with respect to X, therefore it is a strict extension and ®y is regular. Since 
in this case the subspace X  is also regular, any filter r£3l is regular. If R£x then 
one can choose R ffx  such that R es or X —R ffs whenever s£ $ y. Put Rf x ,  
R$c:intx R  and R3= R 1C\R.2- It is easy to check that r'€9i, 0|{Л 3}(П)г' implies 
Rex'. □

We say that a regular system <3 of filters in X  is free regular, if any filter s€S 
is a free filter, i.e. D s—0. Now (1.3) can be completed as follows:

(1.5) C orollary . The extension Y  o f  the topological space X is T3-reduced 
iff it is strict, the system S y is free regular, and z(p)Xs(q) whenever p, qe Y —X, 
p^q .

Pr o o f . If Y is T3-reduced, peY—X, and x£X  is such that xe C]s(p), then 
s(p)ax>x (x), because s(p) is an open filter. For any W£vx (x), X —W  cannot be 
in s (p), thus ux(x )cs(p ) by (R2), i.e. s(x)=ux(x)=s(p). Then the system 
{.v(G’): G’€s(p)=s(x)} is a neighbourhood base for p as well as for x, thus p= x  
because Fis reduced, but this is a contradiction. Similarly, for p,qFY—X, i{p)=s(q)  
implies p= q. Conversely, if the conditions are satisfied, then pFY—X, y£Y, pXy  
implies s(p)Xs(y),  hence F  is reduced by [4], (6.1.17). The remaining part of the 
proof is contained in (1.3). □

(1.6) E xam ples. Let X  be the natural topological space of the rational numbers 
and F be the real line with the topology in which F c F  is open iff, for any xdV, 
there exists e>0 such that {x}U((x—e, x+e)C\X)ciV. Then F is  T3, but F is 
not a T3 -reduced extension (in fact, it is not strict).

Let X  be the real line with the deleted sequence topology of Yu. Smirnov (for 
x?£0 , ux(x) is the natural one, and the sets (— e, e) — {l/и: w = l, 2 ,...} form a base 
for ux(0). Suppose Y=XU{p) ,  p$X,  s(/)) =  { S c I :  (x, >=°)c5 for some x£F}, 
and let F  be topologized by the strict extension of the topology of X  corresponding 
to s (p). Then F is Г3 -reduced, but not T3 (in fact, X  is not regular (see (1.2)). □

2. Comparison of F3-reduced extensions

Let F  and Z  be two extensions of the topological space X. As it is usual, F  is 
said to be a finer extension o f  X  than Z  (Z  ̂  F) iff there exists a continuous surjec­
tion / :  F—Z  fixing X  (i.e. /(x )= x  for any x£F). They are called equivalent 
(Z=Y)  iff, in addition, /  is a homeomorphism. The sign =  reflects that we do not 
distinguish equivalent extensions.
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In order to show that in the set of all r 3-reduced extensions of a given space 
X the above order can be characterized by means of the systems of the trace filters 
corresponding to the imaginary points, let us consider two systems ®l5 ®2 of filters 
in X. We shall say that ®2 is finer than 0! (®XS ® 2) iff, for any s2í  ®2, there exists 
Sxí®! such that SjCs,, and conversely, for any 3x6®!, there is s2i® 2 such 
that SxC:s2.

(2.1) Theorem. Let X  be an arbitrary topological space.
(2.1.1) There exists a one-to-one correspondence between the T3-reduced extensions 

Y o f X  and the free regular systems ® o f filters in X. Y and ® correspond to 
each other iff <5 =  ®y.

(2.1.2) I f  Y and Z  are two T3-reduced extensions o f X, then Z^=Y iff 
®z^ ® r holds.

(2.1.3) Y and Z  are equivalent iff each o f them is finer than the other.
For the verification of the theorem we need three lemmas.
(2.2) Lemma. Let ® be a free regular system o f  filters in X  and sí® . Then 

s has no cluster point. I f  s 'í® , sX z ', then 0 ís (f!)s '.
Proof. If x iX  then x $ S  for some S í s, and F c S  for a suitable closed 

F is , thus X —F is a neighbourhood of x. If s 'í® , s ^ s ' and e.g. sets', then, 
for F is —s', there exists IFís with X —W£s' by (R2). □

(2.3) Lemma. Let Y be arbitrary, and Z  be a T3-reduced extension o f X  
such that ®zs £ y .  Then ZtXY.

Proof. The definition of ®z sí® r shows that ®z = 0  is equivalent to ®r = 0 , 
that is Z=X<=>Y=X, thus in this case one can consider the identity /  of X. There­
fore we can assume ®z#0 and ®y^0. Put f ( x ) —x  for each x í  X. If p íF —X, 
then define f(p)= :q, where q£Z  — X  is such that sz (q)asY(p). From (2.2) it 
issues that there exists a unique point q^Z — X  with this property, hence by this 
definition a mapping f\Y-+ Z  can be obtained such that f\X = id x . If q f Z —X  
then there is a point p íT — X  with sz (q)czsY(p), thus f(p )= q , consequently 
/ i s  a surjection./is continuous. Indeed, if y£Y  then, for each t / ío z(/(у)), there 
exists P í DyCf) suchthat f(P )d U . In order to see this, put F ísz(/(p)), sz (V)czU. 
Since sz( /(p )) i9 lU 0 z, there is W£sz(f(y)) for which either F is  or X — IFís 
whenever s i £ z , finally an open set G in X  can be selected such that G isz(/(>’)) 
and G cF flJF  Owing to the choice of f(y), G£sr (y) is always true, thus the set 
sy(G) is an open neighbourhood of у in Y  (see [4], (6.1.9)(b)). Choose P=s{G). 
If xiPlTX  then x íG cF , thus Fí p *(x) = sz(x), i.e. f(x )= x £ sz (V)czU. If 
x i P - X  then sz(/(x ))i® z by / ( x ) íZ —X. G is7(x) implies IF isy(x). In this 
case X —lF ísr (/(x))c:sz(x) cannot hold, hence F ísz(/(x)), that is f(x)£sz (V )a  
cU . □

(2.4) Lemma. I f  ®x and ®2 are two systems o f filters in X  satisfying (R2)
then and ®2á S 1 imply ®i = ®2-

Proof. In fact, if S ji® ! then there exists s2í® 2 suchthat SxCtSa, and there 
exists síi® , such that s2c s j .  Thus SxCsj, therefore X —JFisx whenever
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W€s[. By (R2) this means s jc s j ,  i.e. s i= s1; hence s1= s2, and S iC Sa. 
SaCiSj is similar. □

P r o o f  of (2.1). (2.1.1) is an immediate consequence of (1.5). (2.1.2): Suppose 
Z s f ,  and le t/b e  a continuous surjection of У onto Z  fixing X. Then f ( Y  — X) = 
= Z - X .  In fact, if p £ Y —X, f(p)£X , then f(vy(p))-+f(p) in Z, and a fortiori 
sr (p )= /(sr(^))^/(p)> which cannot be true by (2.2), thus f ( Y - X ) ( z Z —X. Con­
versely, if q£Z —X  then there exists >€У with f(y )  = q, hence y$.X by f(X )= X , 
therefore Z —Xczf(Y—X). Finally it is easy to verify that if f(p)= q  for some 
p£Y—X, q£Z —X, then sz (q)<zsr(p) issues from f\X = id x . If <Zz ^<BY then
(2.3) gives Z sY . (2.1.3) follows from (1.5) and (2.4), because two reduced strict 
extensions of X  with the same family of trace filters are always equivalent. □

3. General 7VcIosed spaces

As K. Császár [7] did in connection with Я-closed spaces, we generalize the 
notion of T3-closedness for arbitrary topological spaces.

An arbitrary space X  will be said to be T3-closed iff it is closed in every topo­
logical space Y that contains X  as a subspace and is T3-reduced with respect to X.

(3.1) T heorem . For a topological space X, the following statements are equi­
valent:

(3.1.1) X  is T3-closed.
(3.1.2) X  has no proper Ts-reduced extension.
(3.1.3) There does not exist any non-trivial free regular system o f filters in X.
(3.1.4) (cf. [10], S. 2). In X  every regular filter has a cluster point (that is Y is 

an R(i)-space).
(3.1.5) In X  every maximal regular filter has a cluster point.
(3.1.6) (cf. [10], S. 2a). I f  33 (2B) is an open (closed) covering o f X  such that 

each V(z 51 (W(XB) lies in the union o f a finite subsystem o f  SB (33), then a finite 
number o f  the elements o f  33 covers X.

First of all we prove a lemma:
(3.2) L em m a . Let X  be a topological space.
(3.2.1) Any regular filter can be included in a maximal regular filter.
(3.2.2) I f  s is a regular filter and s* is a maximal regular filter then either 

0£s(fl)s* or scs*.
P r o o f . (3.2.1): The set of all regular filters (ordered by the set theoretical inclu­

sion) satisfies the condition of the Kuratowski—Zorn lemma.
(3.2.2) If 0$s(D)s* then s(fl)s* is also a regular filter finer than both s and

s*, thus scs((T)s*=s*. □
Proof ofJ 3.1). (3.1.1)-e>(3.1.2): If  У is a proper Fa-reduced extension of X  

then X x Y = X Y, therefore X  is not closed in Y. Conversely, if У is a space T3- 
-reduced with respect to X  and X  is not closed in У, then X Y is a proper T3-reduced 
extension of X.
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(3.1.2) ^ (3 .1 .3 ) is clear by (1.5).
(3.1.3) «=>(3.1.4): If s is a regular filter without cluster points then it is free, and 

it is easy to show that the system {s} is free regular. The converse follows from (2.2).
(3.1.4) ч=»'(3.1.5) in view of (3.2.1).
(3.1.4) o(3.1.6): If s is a regular filter without cluster points then let g and f 

be an open and a closed base for s, and suppose 93 = {X—F: F£f}, 9B =  {X— G : Gd 
dg}. Since П g= П f—0, 93 is an open and 915 is a closed covering of X  respectively. 
Any element of 93 (9B) is contained in an element of 95 (9B), but X  cannot be covered 
by a finite subsystem of 93. Conversely, if 93 (9B) is an open (closed) covering of X  
satisfying the condition written in (3.1.6), but X cannot be covered by a finite number 
of elements of 93, then the complements of the finite unions of the elements of 93 
form a closed filter base f. In the same manner we get an open filter base from 9B. 
They are equivalent, i.e. generate the same filter in X, which is a free regular filter. 
This cannot have a cluster point. □

(3.3) Corollary. Let us denote by 9Í* the system o f all maximal regular filters 
in a regular space X. Then we have 9lc9l*. X  is T,-closed iff 91 =  91*.

P roof. Any neighbourhood filter in X  is regular. Every ux(x) can be included 
in a maximal regular filter r(x). xCR for any Rdt(x), otherwise there is a closed 
Fdt(x) with X — Fdvx (x), which contradicts ux(x)cr(x). Thus r(x )cox(x) 
is also true because r(x) is open. These show 9lc91*. If X  is T3-closed then every 
r£9I* has a cluster point x, and in this case r= n x(x) by (3.2.2). Conversely, if 
91 =  91* then every r€91* converges in X, therefore X  is T3-closed. □

4. Tj-closecf extensions

By a T3-cIosure of an arbitrary topological space X  we shall mean a T3-closed, 
T3-reduced extension of X. A space will be said to be T3-closable, if it has at least 
one T3-closure. This definition is similar to that of a generalized absolute closure 
(in other words ordinary H-closed extension) given by С. T. Liu [11] (and also K. 
Császár [7]) in connection with the property P = “to be T2”. A Tj-space is T3-clo- 
sable iff it is RC-regular in the sense of Harris [9].

A free regular system S  of filters on the topological space X  will be called 
maximal iff S c S '  implies S  =  ®' for any free regular system S ' of filters in X.

(4.1) T heo rem . A T3-reduced extension Y o f a topological space X  is T3- 
-closed iff the corresponding free regular system S y o f filters is maximal in X.

P roof. Suppose that Y is T3-closed. We show that, if S  is a free regular system 
of filters in X, and S r c S ,  then S y = S. In fact, assume s'€®  — ®y and put 
5 (5') =  {Ес У: ,s( .S )c F  forsome .STs'}. s i S ) ^ ®  for any S d s '  and i(5 1)flj(>S'2) =  
= i(5 i n S 2)fj(s ')  for every Sl5 S2ds\ thus s(s') is obviously an open filter in Y. 
If Sdz' is open in X, then there exists such that either Sds or X —
for any sGS, in particular for every s (p) (pdY—X ). Suppose S2ds' is open and 

It is easy to show that 5(S2)yC5(5), which means that s(s') is regular 
in Y. s(s') has a cluster point xdY. Because of 5(е,)(П){Л'}=5', we have 0$s'(D )r
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for some r£9lU 0y. Then s '^ r£ 9 lU S , but this contradicts (2.2), therefore
0  — 0y = 0.

Conversely, let 0 r be maximal free regular. If 7  is not F3-closed then there 
exists a regular filter r ' in Y  without a cluster point. Put s' —г,(П){А'}. Then s' 
is a regular filter without a cluster point in X, and what is more: 0£s'(Pi)s for any 
s£ 0 y. Thus 0  =  0 yU {s'} consists of free regular filters. Assume r£9tU 0y, 
F£r. There exists V fx  such that F£s or 7 —Fy€s for each s6 0 r , and a set 
F2£r can be chosen with 7 —F2<Es'. Putting W—V1C\V2, we have either F€s 
or X —IFCs for any s£ 0 . If r= s ' then, for every F €s\ there is an open Fgr' 
in 7  with R tl XczV. Assume R1ei' is open in 7, R \c R ,  finally put W= Rx ClXds'. 
Ifs60y , say s = s (p) for some pdY—X, then X —W ^sip) implies p ^ R \a R ,  thus 
V£s(p). We proved that 0  is a free regular system of filters in X, which contra­
dicts the condition of the maximally of 0 r . This means that 7  is F3-closed. □

(4.2) Theorem. A topological space X  is T3-closable iff there is at least one 
maximal free regular system o f filters in X. In this case there exists an order iso­
morphism between the ordered set o f  all T3-closures and all maximal free regular 
systems o f filters o f  X. Two T3-closures are equivalent iff each one o f them is finer 
than the other.

Proof. (2.1) and (4.1). □
Remark. A T3 -closed space is always F3-closable. Then the unique maximal 

free regular system of filters is the trivial one 0 = 0  (see. (3.1.3)). □
С. T. Scarborough—A. H. Stone observed that, if the topology of a space X  

can be obtained as the supremum of an H(i) and an R(i) topology then it can be 
embedded into an 7?(/)-space ([13], th. 3.20). We can extend this theorem for arbit­
rary topological spaces X  as follows:

Let us denote by 0* the system of all maximal regular filters without cluster 
points in X, and consider the strict extension a 7  of X  in which 0 aX=0*, and the 
correspondence existing between the points p£aX—X  and the filters s(p)€0* 
is one-to-one. (For F3-spaces this construction is due to P. Alexandroff [1]).

(4.3) Theorem. The space y.X is always T3-closed.
Proof. Let r be a regular filter in a 7. Then r ( П) {7 } =  s is also a regular filter 

in X. If s has a cluster point x in X, then x is a cluster point of r in aX. If s has no 
cluster point in X  then s c s (p )  for some p£ xX —X  (see (3.2.1)), and p is a cluster 
point of r in y.X. □

We mention some open questions in connection with <xX (see also problem 
III of Harris [9] and cf. Á. Császár [6]).

(4.4) Problem. Look for necessary and sufficient conditions under which ocX 
is a F.-closure of X. (Such a trivial condition is that y.X be Fj-reduced with respect 
to X, i.e. 0* satisfy (R2).)

(4.5) Problem. Does there exist a F3-closure 7  of a space X  such that Y f  У.Х1 
(This question is motivated by the evident property of aX  that aXs.Y  implies 
aX= Y for any T3-reduced extension 7  of X.)
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(4.6) P roblem. D oes there exist a space X  with a finest r 3-c!osure different 
from aX‘!

It is well-known that in the partially ordered set o f the r 2-compactifications 
of a Tychonoff space any non-empty subset has a least upper bound. As the following 
theorem shows, in order that the partially ordered set of all -closures of an arbit­
rary space have this property, it is necessary and sufficient that the space have a 
finest T3 -closure.

(4.7) T heorem. I f  a non-empty subset o f all Т.л -closures o f an arbitrary topo­
logical space has an upper bound, then it has a least upper bound, too.

(4.8) Lemma. Let ®x and 3 2 be two free regular systems o f filters on a topo­
logical space X. I f  ©2 is maximal and, for any 02 6<32, there exists sx6 3 L such 
that s1c s 2, then S 1^ S 2.

Proof. It is sufficient to show that, for every there exists sa6®2 such
that st c s 2. Suppose that s ^ S i  is such that Sj cfs2 for any s26®2. Then S j$32 
is evident. It will be shown that the system S 2 U {st} is free regular, which contradicts 
the maximality of 3 2. In fact, this system consists of free regular filters. Suppose 
56Si- There exists such that either 56s or X —S16s for each s6©i-
If 5 6 s26®2 and s6® i, s c s 2, then 5 $ s  implies X —5x6s, hence X —S16s2. 
On the other hand, put 56s26®2, and assume either 56s or X — S1£s whenever 
s6®2, where 5 ^ 2 .  One can choose 506sj with 50 6 s2. Applying again (R2) 
for S x, we can find a set 506s, such that X —S'06s2. Let us consider 52 = 51П 
П(А— 5í)6s2. Then, for any s*6S2U {s,}, either 5 6s* or X —S2fs* . Finally, 
if о is a neighbourhood filter in X  then, for any F6», there exist sets Wx, IF26d 
such that X —fii6sl5 and either F6sa or X —fV2ds2 for any s26<32. Put W= 
=W1f\W2 in t>. Then F$s* implies X — lF6s* for every s*6<S2U{s1}. □

Proof of (4.7). Let Z; (/6/F0) and Y  be fa-closures of X  such that Y 
for any i6/. If 3; and 3  are the corresponding free regular systems of filters in 
X, we have 3 ,^ 3  for each i£l. Denote by 3 + the system of all filters in X  which 
can be generated by a centred system of the form U 5o where s;6 2,- for any

i€I
idl. If s6 3  then there exists s;6 S ; (i£l) such that s fczs, and s,- is unique in 
3 ; with this property by (2.2). Let r(s) denote the filter generated by |J  st, then

• er
r(s )c s .

The elements of 3 + are free regular filters. In order to show that S + satisfies 
(R2), suppose гб91и®+. If F6r=oA-(x) for some xdX , then there exists JF6r 
such that (for a fixed index i‘6/) either F6s or X~W ds  whenever s6 5f. If
s+6S+ and s+ is generated by the centred system IJ st (s;63,-, i'67), then F$s+

ier
implies F6 sf, thus X — W^sic:s+. After this suppose that r6 S + and r is gene­
rated by (J s^ s^ S j, i'67). If F6r then there are indices z\, /2, ..., in£l, filters 

ta n
Sj630 and sets Vj^Sj (j=U  2, , n) such that f)  VjCzV Assume ftfZsj

j= i
( j= l, 2, ..., n), and for any s€<5ljt either f}6s or X —WjZs. Then IF= П
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If s +f £ 4' and s + is generated by (J s- (s id I), then F $s+ implies
i€/

for at least one index ij, thus X —Ж э X —B$£sf'jc s +, i.e. X —Wds +. 
We showed that <3+ is free regular, hence there exists a T3 -reduced extension 

Z + of X  such that ®Z+ = S+. Using the filters r(s) (sd 0), it is easy to verify by
(4.8) that O i^ S  + ̂ S ,  thus 3; =  3  + = ^  for any idl- Since Z + is the conti­
nuous image of the T3-closed space Y, it is a T3-closure of X  (see (3.1.4) and [13]. 
th. 3.6).

Finally let Y ' be a T3 -closure of Z  such that Z tS Y '  for each id I. Put S ' = S r , . 
If s'd<5' then there exists s f  3 ; with S;Cs' (idI), and the filter generated by 
U S; is contained in s'. Thus S + g  S ' by (4,8), that is Z +s F .  □
i i l

5. On ÄC-proximities

The method followed in the previous chapter and the close connection existing 
between the T3 -closures and the compatible separated 7?C-proximities of a T3 -space 
[9] motivates to characterize jRC-proximities by systems of filters. Our basic theorem 
is the following one (cf. [12], (6.16)):

(5.1) Theorem. A system 91 o f  filters in a set X  is the system o f  all maximal 
round filters for a suitable RC-proximity on X i f  and only i f  it satisfies the following 
conditions:

(A) For any xdX , there exists r£9i such that xd  П r.
(B) I f  Rdxdfil then there is R f x  such that, fo r  each r'69I, either R d f or 

X —R xdx'.
(C) 9Í is maximal with respect to the property (B).
Proof. Let S be an .RC-proximity on X  and 91 be the family of all maximal 

round filters for <5. Then 91 satisfies (A) by [9], 3.2. If Rdxd^R and is such
that RX<R, then either R d f  or X —R f i f  whenever r'£9? (see axiom (e)). 
Finally suppose that 91 с  9T, where 9T is a system of filters satisfying (B). Then 
any filter in 91' is round by (e). Suppose r'£9T. r ' is contained in a maximal round 
filter r£9I ([9], 3.3). We show r' =  r. In fact, if Rdx — x' and R f x ,  then neither 
Rdx' nor X —R f x ' ,  which contradicts r, r'£9?' and (B).

Conversely, assume that 91 is a system of filters fulfilling (A)—(C). Define a 
relation <5 on (X ) by letting

AöB-t> there exists r£91 suchthat 0([г(П){Л} and 0^r((T){5}.
If we denote ASX—B  by A < B, then
(5.1.1) 4 < J » 0 ( r (D ){ d }  implies Bdx whenever r£9L
It is easy to see that ö is symmetrical, and it satisfies (a)—(c). From (B) it follows 
that
(5.1.2) if R£r£9I then there exists R f x  with R ,< R .

If xdX, x< A , then Adx, where xGflr, r£9t (see (A)). Suppose Bdx, B<A 
and Cdx, C<B. Then xdC implies x<B<A, thus (d) is also satisfied, i.e. 5
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is an Л-proximity. Any filter r£91 is round in <5 by (5.1.2), thus it is contained in a 
maximal round filter r'. For any R£x', there exists Лхёг' such that Л ^ Л . In 
view of 0$г(П){Лх} we have R£x by (5.1.1), i.e. r= r ',  thus any filter in Л is 
maximal round. Finally let x' be a maximal round filter in Ő. If r ' |3 i  then 0€r((T)r' 
for any r£91 (see [9], 3.4), therefore from the roundness of r' and from the property 
(B) of 91 it issues that the system Л U {r'| also satisfies (B), which contradicts (C). 
We verified that 91 is exactly the family of all maximal round filters in d, thus ő fulfils 
axiom (e), too (see (5.1.1)), i.e. it is an ЛС-proximity. □

From (5.1) and axiom (e) one can deduce:
(5 .2 )  C o r o l l a r y . There exists a one-to-one correspondence between the systems 

o f filters satisfying (A)—(C) and the RC-proximities on a set X. □
Let <5X and <52 be two ЛС-proximities on a set X. Usually, <52 is said to be finer than 

<h iff A52B implies AbxB. We shall say that <32 is strongly finer than dl 5  if in 0.2 every 
maximal round filter contains a filter which is maximal round in <5г. For Efremovich 
proximities ([12], Definition (1.7)) these notions are equivalent.

(5 .3 )  L e m m a . I f  <52 is strongly finer than bt then <52 is finer than <U, but the 
converse fails to be true in general.

P r o o f . If A5lB then there exists a maximal round filter r in b2 such that 0 $  
$г(П){Л} and 0$г(П){Л} by axiom (e). If tjczr is a maximal round filter in 

then 0$г1 (П){Л} and 0$г1 (Г)){Л} implies AbyB by (e). Let us now consider 
a T3-space X  that is T3 -closed but not compact (see [3]). Then there exists a unique 
separated ЛС-proximity bx compatible with the topology of X, for which any maximal 
round filter agrees with some neighbourhood filter ([9], Theorem F and 3.2, 3.4). 
Denote by <52 the discrete proximity of X  (Ab2 В<=>АПВА0). Then b2 is obviously 
an ЛС-proximity finer than <5!, however b2 is not strongly finer than d1? because 
there exists a non-convergent ultrafilter in X, and it is maximal round in b2. □

(5 .4 )  L e m m a . Let X  be a regular space. A system 3  o f filters in X  is maximal 
free regular iff it is the system o f  all maximal round filters without cluster points for 
a compatible RC-proximity on X. I f  S x and 3 2 are two maximal free regular 
systems on X  then S XS 3 2 iff, for the corresponding compatible RC-proximities, 
b2 is strongly finer than <5X.

P r o o f . If ő is a compatible ЛС-proximity on X  then denoting by 91 the family 
of all maximal round filters, 91=91 U S, where 3  consists of the free elements of 
91 (see [9], 3.2). 91 satisfies (A)—(C), thus 3  is obviously free regular (cf. [9], 3.1). 
If 3 '  is a free regular system on X  such that S c S ' ,  then 9 lc 91 U S ' =  91', It is 
easy to show that 91' satisfies (B), hence 91 = 91' by (C). Since 3'П91 =  0, we have 
3  =  3 ',  i.e. 3  is maximal free regular. Conversely, if 3  is a maximal free regular 
system on X  then one can show that 91 = 91 U S  fulfils (A) and (B). Let 91' be a 
system of filters in X  satisfying (B) and 91c 91'. If we denote by S ' the set of all 
free elements of 91', then S ' is free regular, and from S 'П 91 =  0 the inclusion 
S c S '  follows, thus S  = S ' and 91 = 91', i.e. 91 satisfies (C), and it is the set of all 
maximal round filters of an ЛС-proximity Ő on X. ő is compatible, because V 
iff r€91, хбПг implies V£x. But such an r€91 is in 91, thus it is the neighbourhood 
filter of x  (see [9], 3.4).
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Let S l 5  3 2 be maximal free regular systems in X, and <5X, <52 be the corresponding 
compatible НС-proximities on X. Denoting by 91 x and 912 the systems of all maximal 
round filters in <5X and <52 respectively, we have 9?;=91U 3 ; (/=1,2). If 
then S2 is evidently strongly finer than SL. Conversely, if S2 is strongly finer than <5X 
then,for s2 € 3 2, there exists r1 6911 suchthat rxc s 2. rx cannot be a neighbourhood 
filter in X  because s 2 has no cluster point, therefore r x 6  S x • From this ©1 ё © 2 
follows by (4.8). □

Harris theory of НС-proximities and T3-closures can be completed as follows:
(5 .5 )  T h e o r e m . Let X  be a regular T3-closable space. There exists an order 

isomorphism between the set o f all T3-closures o f X  and the family o f all compatible 
RC-proximities partially ordered by the relation o f the strong fineness.

P r o o f . (4.2) and (5.4). □
In view of this theorem, Problem I of Harris [9] can be formulated as follows:
(5.6) P r o b l e m . Is the converse o f  (5.3) true for compatible HC-proximities?
It would be easy to state the theorem corresponding to (4.7) for compatible

НС-proximities on a regular space, however the statement in question is true under 
more general conditions, too.

( 5 .7 )  T h e o r e m . I f  anon-empty family o f  RC-proximities on a set X  has an upper 
bound, then it has a least upper bound (with respect to the relation o f the strong fine­
ness), whose topology is the supremum o f  the corresponding topologies.

P r o o f . Let <5г, S be НС-proximities on X  such that <5 is strongly finer than 
<5; for any id lxtt. Denote by 91; and 91 the set of all maximal round filters in е)г 
and <5 respectively. We define a system 9Í+ of filters as follows: put r +€9í + if and 
only if r + can be generated by a centred system of the form (J r;, where r;£91;

íti
for any /£/. Similarly to the train of thought followed in the proof of (4.7), one 
can show that 91+ satisfies (A)—(B), and
(5.7.1) for any r£91, there exists r + 69l + suchthat r +c r .
In order to see (C) suppose that 91' is a system fulfilling (B) and 9?+ с: 9Г. If r0£ 
691' — 9t+ then 0€ro(iT)r for every xd 91. In fact, one can find a filter r +691' 
such that r + c r . From r0, r+£9?', г0 5^г+ and (B) we get 0€91о(П)г + с г о(П)г. 
Let us consider the system 3  = 91U{r0}, which is properly larger than 91. If R^xffil 
then there exist sets R 1,R 2£x such that either Rdx' or X —R fx '  for each r'€9? 
and X —R2dr0. Putting R’ = R1DR2, we have R'dr, and either R d ^X —R'd?, 
for every If L0dx() then a set R'dx0 can be chosen for which either R„dt' or 
X — R'dx' whenever г'£9Г. Л0 $з£3 implies 3 6  9?, hence г + с з  for some r +£9I+c:9?'. 
Since i?0 d r+, X — R'dx+, consequently X —R'd$. Thus we showed that 3  fulfils 
(B), but this contradicts the maximality of 91. Hence 9Г—9í + = 0, that is 9?+ is 
also maximal with respect to the property (B). From (5.1) it follows that there exists 
an jRC-proximity <5+ on X  such that the maximal round filters in S+ are exactly the 
elements of 91+. It is evident that t)+ is strongly finer than <5; for each /6 /. Suppose 
that 5' is another ÜC-proximity strongly finer than every <5; (idI). Tf r' is a maximal 
round filter in d' then there is r;£9t; for which r,c:r', and the centred system
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IJi; generates a filter t +c t '.  Since г+£ Д +, r + is maximal round in <5+, i.e. ö' 
HI
is strongly finer than <5+.

In the topology of <5+ the neighbourhood filter of xdX  is the element r + of Д + 
for which x£(Tr+. This filter is generated by the centred system IJr,-, where

i er
г /Д ; and x€ П r{ for any /£/. But this г,€Д; is identical with the neighbourhood 
filter of x in the topology of <5; (/£/), thus the last statement is also proved. □

A mapping /  of an jRC-proximity space (A, S) into an AC-prcximity space 
(Y, S') will be called strongly equicontinuous iff, for any maximal round filter r in 
(X, S), the filter generated by the filter base f(x) = { f(R ): i?€r} contains a filter 
r', which is maximal round in ( Y, S'). If X --Y  then idx is strongly equicontinuous 
if and only if S is strongly finer than S'. The strong equicontinuity of /  implies its 
equicontinuity (i.e. ASB=>f(A) S'f(B )), as it can be shown analogously to (5.3).

Since in absolutely closed i?C-proximity spaces the maximal round filters agree 
with the neighbourhood filters, the following lemma can be verified easily:

(5.8) L e m m a .  A mapping between two absolutely closed RC-proximity spaces is 
continuous iff it is strongly equicontinuous. □

Let now X* be a T3 -closure of a regular space X  and /  be a mapping of X  into 
a 7o-closed T3-space Y. Denote by S the compatible .RC-proximity on X  corres­
ponding to X* and let S' be the unique compatible RC-proximity on Y. The following 
theorem answers problem II of Harris [9].

(5.9) T h e o r e m .  In order that f  have a unique continuous extension onto X* 
it is necessary and sufficient that it be strongly equicontinuous with respect to S and S'.

P r o o f .  If /  is strongly equicontinuous then, for any point x£X*, / ( s(x)) is 
convergent in Y, where s (x) is the trace of the neighbourhood filter of x in X* (see
(5.4) and (5.5)), th u s /is  continuous and it has a unique continuous extension onto 
X* by [4], (6.2.2) and (6.2.3). Conversely, if g is a continuous extension of /  onto 
X* then g is strongly equicontinuous with respect to <5* and S', where S* is the unique 
compatible RC-proximity of X* (see (5.8)), and from (5.4) and (5.5) it follows that 
/  is also strongly equicontinuous with respect to <5 and S'. □

Using (5.4)—(5.5), one can show that the canonical injection of an RC-proxi- 
mity space into its absolutely closed ideal space is strongly equicontinuous, thus 
from (5.8) and (5.9) we get our final theorem:

(5.10) T h e o r e m .  In the category o f all separated RC-proximity spaces and their 
strongly equicontinuous mappings the subcategory o f the absolutely closed spaces is 
epireflective. □
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ON BIRECURRENT AFFINE MOTIONS 
IN A FINSLER MANIFOLD

P. N. PANDEY (Allahabad)

1. introduction

K. Takano and T. Imai studied affine motions generated by recurrent and 
birecurrent vector fields in a non-Riemannian manifold of recurrent curvature 
[10, 11]. Most of the results obtained by K. Takano [10] were extended to Finsler 
manifolds of recurrent curvature (recurrent Finsler manifolds) by R. B. Misra [3], 
R. B. Misra and F. M. Meher [4], F. M. Meher [2] and A. Kumar [1]. The results 
obtained by these authors were some necessary consequences of the above types of 
affine motions in special type of Finsler manifolds and could not throw any light on 
the behaviour of these results in a general Finsler manifold as well as on the suffi­
cient conditions for the above vector fields to generate an alfine motion- The present 
author [8] obtained a necessary and sufficient condition for a recurrent vector field 
to generate an affine motion in a general Finsler manifold. However, the problem to 
find the necessary and sufficient condition for a birecurrent vector field to generate 
an alfine motion in a general Finsler manifold remained untouched. In the present 
paper, the author solves this problem and from the necessary sufficient condition 
for a birecurrent vector field to generate an affine motion the author deduces the 
same necessary and sufficient condition for a recurrent vector field to generate an 
affine motion as obtained earlier. The author also finds out the integrability condi­
tion. The rest of the paper is devoted to the study of affine motions generated by the 
above vector fields in some special Finsler manifolds and almost all of the results 
obtained by the above authors [1,2,3,4] are generalized. The notation of the present 
paper differs from that of H. Rund [9].

2. Preliminaries

Let Fn be an и-dimensional Finsler manifold of class at least C7 equipped with 
a metric function F 1 satisfying the requisite conditions [9], corresponding symmetric 
metric tensor g and the Berwald’s connection G. The coefficients of Berwald’s 
connection G, denoted by G)k, satisfy

(2.1) a) G)k = G‘kj, b) Gjkxk = G‘ , c) dkG‘ = G)k,

where dk stands for partial differentiation with respect to xk. The partial derivatives 
b hGljk of the connection coefficients G)k constitute a tensor, say G)kh, symmetric

1 All the geometric objects are supposed to be functions of the line elements (x‘, x1) unless 
stated otherwise. The indices i,j,k ,... take positive integral values from 1 to n.
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in its lower indices and satisfy
(2.2) G‘jkhxh = 0.

The covariant operator äSk for Berwald’s connection G commutes with the differen­
tial operator b j  according to

(2.3) (dj<%k-<%kd j ) n  = С)кгТЦ-С'.к11Тг1,

(2.4) {ЯлЯ к- Я кЯЦТ1 =  H ‘Jkr ТЦ -  H rjkh Trl -  (д, П) H ] k,
where H)kh constitute Berwald’s curvature tensor. This tensor is skew-symmetric 
in its first two lower indices and positively homogeneous of degree zero in jc*’s. 
The tensor H j k appearing above satisfies

(2.5) a) H ) khx h =  H j k, b) \ H ) k = H)kh, с) Л Я}* = 0[7],
where y;—gijXJ and are components of the metric tensor g. The tensor H)k 
and the deviation tensor Hj are related by

(2.6) a) H j kx k = H j ,  b) \ ( d kH ) - d j H S  =  H ) k .

Let us consider an infinitesimal transformation
(2.7) 3c‘ =  x l + evl(xJ)
generated by a ccntravariant vector field v‘(xj), e being an infinitesimal constant. 
The Lie derivatives of an arbitrary tensor field Tj and connection coefficients Gjk 
with respect to the infinitesimal transformation (2.7) are given by [12], Ch. VII. § 5, as

,vrxs,(2.8) S e T j  = vr S 6 r T j — Tfä$rv,+ Т, ä flj i f  + (d r T j)

(2.9) £eG)k = ‘Bj Sgkvi+Hinjkvm+G)kr<%srfx°.
An infinitesimal transformation is an affine motion if and only if [9, 12]

(2.10) £?G)k =  0.
A vector field v‘ is said to be recurrent or birecurrent according as it satisfies

[10, 11]
(2. 11)  3 t k v l =  g k j  

or
( 2. 12) Hjk»,
where цк and gjk are components of a non-zero covariant vector field and a non-zero 
covariant tensor field of order 2, respectively.

A Finsler manifold is said to be a Berwald manifold, Landsberg manifold, 
recurrent manifold and birecurrent manifold if it admits

(2.13)
(2.14)
(2.15)

Gjkh — 0,

yiG)kh =  0 ,

%mHjkh — Яjkh > Hjkh ^  0 ,
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and
(2.16) ®i®mH)kh = ai„H)kh, Hjkh ^ 0,
respectively. Äm and a,m are components of a non-zero covariant vector and covariant 
tensor field of order 2; and are called recurrence vector and recurrence tensor resp­
ectively.

3. Birecurrent affine motion

Let us consider an infinitesimal transformation generated by a birecurrent 
vector field vi(xi) characterized by (2.12). In view of (2.9), the Lie derivative of 
G)k is given by
(3.1) s£Gljk =
If the vector field v‘ generates an affine motion, then the Lie derivative of G)k vanishes 
and hence
(3.2) -  0.
Transvecting (3.2) by xk and using the equations (2.2) and (2.5a), we have
(3.3) »„xW+Hi.jv'" = 0.
Transvecting (3.3) by yt and using (2.5c), we find at least one of the following con­
ditions
(3.4) a) nJkxk = 0, b) ytv* = 0.

Equation (3.4b) can not be true, for partial differentiation of (3.4b) with respect 
to x* gives (dj-ydv^gij v‘ =  0 2, which means v‘=0. Therefore condition (3.4a) 
necessarily holds. Thus, if the birecurrent vector field v‘ characterized by (2.12) 
generates an affine motion, then condition (3.4a) is necessary. Conversely, suppose 
that the recurrence tensor njk of a birecurrent vector field v‘ characterized by (2.12) 
satisfies (3.4a) and this vector field generates an infinitesimal transformation. The 
Lie derivative of G‘k with respect to this transformation is given by (3.1). Trans­
vecting (3.1) by xk and using (2.1b), (2.2), (2.5a) and (3.4a), we get
(3.5) Щ  = H ijv m.
Differentiating (3.4a) partially with respect to xm, we get

(3.6) xkdmnJk+nJm = 0.
Differentiating (2.12) partially with respect to xm and using the commutation formula 
exhibited by (2.3), we have

(3.7) ^j(GLirur) +  G*IJ.r^ i iir- G ^ ^ , i ; i = дтц)к^ ;  
which, after transvection with xk, gives

(3.8) G‘mjrxk@kif = x kdmnjkv‘.

2 d j y i = g i j  [9].
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From (3.6) and (3.8) we have
(3 .9 )  ^ т п ‘  +  С ‘т]гх к Я к о '  =  0 .

Since the tensor G’mjr is symmetric in its lower indices, the equation (3.9) shows 
that the recurrence tensor nJm is symmetric. Taking skew-symmetric part of (2.12), 
using the commutation formula exhibited by (2.4) and the symmetric property of 
the tensor yjk, we have
(3.10) H ‘jkhvh =  0.
Transvecting the Bianchi identity [9] H)kh -f Hlhj + HjJk = 0 by d1 and using (3.10), 
we have
(3 .1 1 )  ( H L h j + H l j k ) ^  =  0 .

In view of the skew-symmetric property of the curvature tensor H)kh in its first 
two lower indices, (3.11) becomes
(3 .1 2 )  H f f f f  =  H l J k v h.

Transvecting (3.12) by xJ and using (2.5a), (2.5b) and (2.6a), we have

(3 .1 3 )  2Hkkvh = i)kHi,vh.
Transvecting (3.13) by yt and using (2.5c), we have

(3.14) y Á H t f  = 0.
Transvecting (2.5c) by xk and using (2.6a), we get y;# j= 0 . Differentiating this 
partially with respect to xk and using dk)>i=gik [9], we get

(3 .1 5 )  y Ä H j  + gikH} =  0 .

Transvecting (3.15) by vj and using (3.14), we get glkHij vj =0; which, after trans- 
vection with gkm (the associate of gfj), in view o f gkmgik=őT, gives H'hvh—0. Con­
sequently, the equation (3.13) reduces to

(3.16) H ‘kvh = 0.

In view of (3.16), equation (3.5) becomes

(3.17) Щ  = 0.

Differentiating (3.17) partially with respect to x k and using the commutative pro­
perty of the operators <£ and bk, we find (2.10). Thus, the infinitesimal transfor­
mation considered is an affine motion. This leads to :

T h e o r e m  3 .1 .  The necessary and sufficient condition for a birecurrent vector 
field v' characterized by (2.12) to generate an affine motion in a Finsler manifold 
is given by (3.4a).

If the recurrence tensor \iJk of a birecurrent vector field v' generating an affine 
motion is independent of the x^s, then partial differentiation of (3.4a) with respect 
to xm gives nJm—0; a contradiction. Thus, we have:
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C orollary  3.1. The recurrence tensor o f a birecurrent vector field generating 
an affine motion can not be independent o f the x”s.

We have already seen in the above discussion that whenever the recurrence 
tensor pJk satisfies (3.4a), we get (3.9), which shows that the recurrence tensor is 
necessarily symmetric. Thus, we conclude:

T heorem  3.2. I f  a birecurrent vector field generates an affine motion, then its 
recurrence tensor is symmetric. In other words, a birecurrent vector field with non- 
-symmetric recurrence tensor can not generate an affine motion in a Finsler manifold.

Now we shall find out some special Finsler manifolds which do not admit any 
birecurrent affine motion. Tn this context we propose the following:

T heorem  3.3. A Landsberg manifold does not admit any affine motion generated 
by a birecurrent vector field.

Proof. Let us consider a Landsberg manifold characterized by (2.14). If it 
admits an affine motion generated by a birecurrent vector field v‘ characterized by
(2.12) , we have (3.4a), from which we may deduce (3.9). Transvecting (3.9) by yt and 
using (2.14), we get y f f  pJk—0. This implies njk = 0 for yffAO , a contradiction.

Since every Berwald manifold is a Landsberg manifold, in view of Theorem 
3.3, we have:

C orollary  3.2. A Berwald manifold does not admit any affine motion generated 
by a birecurrent vector field.

T heorem  3.4. A non-flat Finsler manifold o f scalar curvature does not admit 
any affine motion generated by a birecurrent vector field.

P roof. Let us consider a non-flat Finsler manifold of scalar curvature charac­
terized by [9]
(3.18) H ]  =  F2R (0 )- il fi ,

• x* .where R is the Riemannian curvature, l1——  and lj=gijl‘. If this manifold ad­
mits an affine motion generated by a birecurrent vector field v‘ characterized by
(2.12) , then we have (3.4a) and (3.3); which imply HjnJvm=0. Transvecting H lmjvm — 0 
by xJ and using (2.6a), we get Hi,vm=0. Transvecting (3.18) by vJ and using 
Hj vJ=0, we have
(3.19) d - ljv H 1 =  0,

since RAO for a non-flat manifold. In view of the equation (3.19) mayI
be rewritten as
(3.20) vi — (Ij vJlF)xi = 0.

Differentiating (3.20) partially with respect to xm we get

(3.21) xibm(lj vfiF)+{lj v3IF)dim =  0.
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Since F is positively homogeneous of degree one in x"s, /* is positively homogeneous 
of degree zero in the i'\s  and so is the vector l}. Hence ljVJ/F  is positively homoge­
neous of degree —1 in the x ns. Therefore xmdrn(ljVj/F) = —(f-vf/F. In view of 
this result, the contraction of indices in (3.21) yields (n — l)ljVJ/F= 0; which implies 
ljVJ/F=0. In view of this, (3.20) reduces to F=0, but the vector field vl is non-zero. 
This completes the proof.

Let us consider a recurrent Finsler manifold characterized by (2.15). If the 
curvature scalar Я =  —— p H\ is non-vanishing, then we have the identities [6]

(3.22) Xm H)kh+).k H lm jh+ Я j Hkmh — 0, 
and
(3.23) H) G[mr = Щ  G)mr.
If this manifold admits an affine motion generated by a birecurrent vector field 
v1 characterized by (2.12). then we have (3.9) and (3.16). Transvecting (3.22) by x!' 
and using (2.5a), we get
(3.24) Am Hjk + Ak H ‘m j + Áj Hkm = 0.

The transvection of (3.24) by vm, in view of (3.16) and the skew-symmetric property 
of H[m in the indices к and m, gives ),mvm= 0, since Н}к^ 0. Thus the birecurrent 
vector field vl is orthogonal to the recurrence vector l m. Again, the transvection 
of (3.16) by x k gives Hl,vh= 0. Differentiating Hj,vh—0 covariantly with respect 
to xl and using the fact that the deviation tensor Щ is recurrent in a recurrent 
Finsler manifold, we have
(3.25) Щ Я,& = 0.
Transvecting (3.23) with 3S,vk and using (3.25), we get

(3.26) H 'G L r^v«  = 0.

The transvection of (3.9) by H Jp, in view of (3.26), gives H Jpnjm—0. If Det ^ 0, 
then Hj,iijm= 0 implies H J„=0; which, in view of (2.5b) and (2.6b), gives Hjkh — 0, 
a contradiction. Hence Det fijm=0. This leads to:

T heorem  3.5. I f  a birecurrent vector field v‘ characterized by (2.12) generates 
an affine motion in a recurrent Finsler manifold, then the recurrence vector is ortho­
gonal to the vector field v‘ and Det ji Jm=0.

If the Finsler manifold under consideration is birecurrent characterized by
(2.16), then we have the identity [5]

(3.27) a lm Н)к+а1кН ‘т} + аи Щт = 0.

If it admits an affine motion generated by a birecurrent vector field v' characterized 
by (2.12), then we have (3.16). Transvecting (3.27) by vm and using (3.16), we get 
almvm=0 since Н-к^0 . This leads to:

T heorem  3.6. I f  a birecurrent Finsler manifold admits an affine motion generated 
by a birecurrent vector field vl characterized by (2.12), then almvm=0.
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4. Recurrent affine motion

Let us consider a recurrent vector field characterized by (2.11). The covariant 
differentiation of (2.11) shows that the vector field v* is birecurrent with the recurrence 
tensor 3SjHk + i.e.
(4.1) &j 3dk vl = {ßj цк + Hj цк)и‘.
In view of Theorem 3.1, the necessary and sufficient condition for the above vector 
field to generate an affine motion is given by
(4.2) {ä9jHk+HjHk)xk =  0.
Differentiating (4.2) partially with respect to xm and using the commutation formula 
exhibited by (2.3), we get

(4.3) ^jH m+HjHm + x k(ä$jdmnk + nkdmßj + Hjdm̂ k) =  0.
Differentiating (2.11) partially with respect to x m and using the commutation for­
mula exhibited by (2.3), we get
(4.4) G‘mrvr = (/)mfik)v‘.

Transvecting (4.4) by xk and using (2.2), we get

(4.5) x*dmpk = 0.
In view of (4.5), (4.3) may be written as

(4.6) @jHm+HjHm+iidmHj =  0,
where ц=/хкхк. Thus, we see that (4.2) implies (4.6). Transvecting (4.4) by xm we get

(4.7) xmdmlik =  0.
The transvection of (4.6) by xm, in view of (4.7), gives (4.2). Therefore the condition
(4.6) implies (4.2). Thus the conditions (4.2) and (4.6) are equivalent. This leads to :

T heorem  4.1. The necessary and sufficient condition for a recurrent vector field  
vl characterized by (2.11) to generate an affine motion in a Finsler manifold is given 
by (4.6).

From (4.4) it is clear that the tensor дтцк is symmetric, i.e.

(4.8) Ьтцк = дкЦт-
In view of this result, (4.6) shows that the tensor 3&jцк is symmetric, i.e.
(4.9) ®jHk = @kHj.
Differentiating (4.6) covariantly with respect ot x k and then taking skew-symmetric 
part with respect to the indices j  and k, we have

(4.10) prH rjkm+(driim)H rJk = 0;

to find this result we have utilized the commutation formulae (2.3) and (2.4), equation
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(4.6) and the symmetric property of the tensor dmgk and G ' j k h  ■ This is an integrability 
condition for (4.6). In view of (4.8), this integrability condition may be rewritten as

(4.11) цг н ; кт+ ф тИ г)н;к =  о.
The transvection of (4.11) by xm, in view of (2.5a), gives
(4.12) yrH rjk =  0;
which after partial differentiation with respect to xm, in view of (2.5b), gives (4.11). 
Thus, the conditions (4.11) and (4.12) are equivalent. Therefore we may conclude 
that the integrability condition for (4.6) is (4.12).

If the recurrent vector field vl characterized by (2.11) generates an affine 
motion, then

&Gjk =  Щ Ик+ßj hk) v‘ + H'mjk vm+ G‘Jkr @svr X s = 0; 
which after transvection with xk, in view of (2.2), (2.5a) and (4.2), gives
(4.13) H}njvm =  0.
Differentiating (4.13) partially with respect to xk and using (2.5b), we get
(4.14) Hl<jkvm =  0.
Also, in view of (2.4) and (4.9), the skew-symmetric part of (4.1) is given by
(4.15) H)kmvm =  0.
We know that the tensor Hjk satisfies the identity [9]
(4.16) %тН ‘к+®кН ^+ Щ Щ т = 0.
Transvecting (4.16) by vm and using (2.11) and (4.13), we have
(4.17) vm@mH)k =  0.
Thus, we conclude:

T h eo rem  4.2. Conditions (4.13), (4.14), (4.15) and (4.17) are the necessary 
consequences o f  an affine motion generated by a recurrent vector field v1 in a Finsler 
manifold.

From this theorem it is clear that if a recurrent vector field v‘ generates an 
affine motion in a general Finsler manifold, we have (4.13); which, after contraction 
of the indices / and/, yields Н 1т,ьт=0. Thus, we have:

C o r o l l a r y  4.1. I f  a Finsler manifold admits an affine motion generated by a 
recurrent vector field v\ then necessarily Hinivm = {).

Let the Finsler manifold considered be recurrent which is characterized by
(2.15). Transvecting (2.15) by x h and using (2.5a), we get

(4.18) 3SmH)k = kmHjk.

Transvecting (4.18) by vm and using (4.17), we have rm =  0; for Н]к — 0 will 
imply Hjktl = 0, a contradiction. Thus, we have:
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C orollary  4.2. I f  a recurrent vector field v‘ generates an affine motion in a 
recurrent Finsler manifold, then the recurrence vector is orthogonal to the vector field v'.

If the Finsler manifold considered is birecurrent, the results obtained after 
transvection of (2.16) by xh and со variant differentiation of (4.17) with respect to 
x* imply almvm=0. Thus, we have:

C orollary  4.3. I f  a recurrent vector field v‘ generates an affine motion in a 
bireccurent Finsler manifold with recurrence tensor atm, then almvm= 0.

Corollary 4.1 generalizes Theorem 2.1 of R. B. Misra and F. M. Meher [4] and 
Theorem 5.1 of R. B. Misra [3]. From (4.12) and (4.13), it is clear that the condition 
pr H 'k v‘=Hjkrvrцк xk is trivially true. This represents a generalization of Theorem 
3.1 of R. B. Misra and F. M. Meher [4]. These authors also established that the 
processes of covariant differentiation commute for xh&hv‘ in a recurrent Finsler 
manifold admitting an affine motion generated by a recurrent vector field v‘ charac­
terized by (Theorem 3.2, [4])
(4.19) Mkv‘ = -A*tA
Writing the commutation formula (2.4) for äShv‘ and then using (2.11), (4.10) and
(4.15), we have (Hflj 88k—!Ёк3Sfi£$ко'=0; which shows that the processes of covariant 
differentiation commute for hv‘ in a general Finsler manifold admitting an affine 
motion generated by any recurrent vector field lA This generalizes the above theorem 
of R. B. Misra and F. M. Meher.

They also proved that in a recurrent Finsler manifold admitting an affine motion 
generated by a recurrent vector field v‘ characterized by (4.19), there exists a scalar 
point function a satisfying
(4.20) £ k(oxh@hvt) =  0,
and it is connected with the recurrence vector Лт by
(4.21) &кЛ+Л(ок-Л к) = 0,
where Л = Лкхь, <Jk — (ß ko)jo-~ßdk \og g . In view of Theorem 4.1 and the fact that 
the recurrence vector is at most a point function [3, 6], the condition
(4.22) =  0
holds good. Transvecting (4.22) by xm we get &1Л—ЛЛ}=0, and hence (4.21) may 
be written as Лак —0. This implies ok=0, for Л—0, after partial differentiation 
with respect to xm, gives ).m=0, a contradiction. Thus we see that the vector field 
ok vanishes identically. Due to unawareness of this fact F. M. Meher devoted his 
paper [2] to the study of the vector field ok.
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NOTE ON A PROBLEM OF KÁTA1
P. HOFFM AN (Waterloo)

A cta  M ath. Hung.
45(3— 4 ) (1985), 261— 262.

Suppose the set £ c N = { l,2 ,  3, ...} has the following property: all / :  N-»-R 
satisfying f(ab)=f(a)+f(b) for which f(E )czZ must actually map all N into Z. 
Kátai has conjectured that any x£N must be expressible in the form Ях'; for 
some x £ E  and l£  Z. This follows immediately from the proposition below by 
writing 9 (x) in the form ß 0 (x j + /2 9 (x2) + ....

The countably generated free abelian group

® Z =  {(xx, x2, ...)|X jíZ ; В/  with x ; =  0 for all i >  /}

imder coordinatewise addition admits a unique homomorphism 9: N -*- ® Z of 
monoids [(i.e. 9(ab) = 9(a) + 0(b)] for which 0(pk)= (0, 0, 1, 0, ...), zero except
in the k tb coordinate, where pk is the kth prime.

Proposition. For E as above, 0(E) generates ® Z as an abelian group.
Proof. Assuming not, we can construct a commutative diagram  as follows

N

•I
®Z

project

V
\

RJ project 
I

®Z/G  R/Z

where G is the subgroup generated by 9(E). First let a be any non-zero homomorph­
ism, which exists since G is proper and R/Z is an injective abelian group contain­
ing elements of all orders. Next let ß be any homomorphism which makes the square 
commute, using the fact that ®Z is free. But now f:=ß°9 clearly contiadicts the 
assumption on E.

N otes, i) The converse of Kátai’s conjecture is obviously true, ii) The analo­
gous but easier question where we assume f ( E ) = 0 =>/(N)=0 and deduce the 
same result except that the exponents /; may be rational was proved by Wolke [1]. 
His proof may be reformulated as above.
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IDEAL EXTENSIONS OF RINGS
M. PETRICH (Burnaby)

1. Introduction and summary

A ring R is an extension of a ring A by a ring В if R has an ideal I  for which: 
I sí A, R/IsiB. With the usual identification of A with /  and В with R/T, the exten­
sion problem is as follows: given rings A and B, construct all rings R  having A as an 
ideal and such that R/A=B. A solution to this problem was given by Everett [1]; 
this is an analogue of the Schreier theorem for group extensions and is referred 
to as “Everett’s theorem”. As in the group case, one chooses a system of represen­
tatives of the cosets of A in R, and makes them act on A multiplicatively, hence 
every representative induces a bitranslation of A. Everett’s theorem is, however, 
quite involved in view of the long list of ring postulates the extension ring has to 
satisfy; in addition, because of having chosen representatives in different cosets, 
two “factor systems”, one for addition and one for multiplication, have to be intro­
duced. The additive group of the extension ring R  is an abelian group extension of 
the additive group of A by the additive group of B, and hence follows the Schreier 
group extension theory.

Two extensions R  and R' of a ring A are equivalent if there exists an T-iso­
morphism of R onto R' (i.e., leaves A elementwise fixed) which maps the cosets 
of A in R onto the cosets of A in R'. Given rings A and B, a function 0 of В onto 
a set of permutable bitranslations of A(6: b-+6b£ Í2(A)) and two functions [ , ] , ( , ) :  
BXB-+A, on R = A x B  define an addition and multiplication by

(a, a) + (ß, b) =  (a+ß + [a, b], a + b),
(a, a)(ß, b) — (<xß+a6b+Qaß + (a, b), ab).

If the three functions satisfy certain conditions, R  is an extension of A by В where 
A is identified with {(0, a)|a^4} and В with the quotient RJA; the ring R is an 
Everett sum of A and B. Conversely, every extension of A by В is equivalent to an 
extension of this form.

For a full discussion of ring extensions and of Everett’s theorem consult Rédei 
([5], §§ 52-54).

Section 2 contains a discussion of the extension problem for rings including 
the relevant definitions. Material concerning the translational hull of rings is exposed 
in Section 3. Everett sums are constructed in Section 3 and a new proof of Everett’s 
theorem is given including an equivalence criterion for Everett sums. Strict, pure 
and essential extensions as well as the character of an arbitrary extension are discussed 
in Section 5. Extensions of rings A for which the annihilator SI (A) is trivial are 
treated in Section 6; this case admits simpler constructions and stronger statements 
including several ramifications. Extensions of semiprime atomic rings are treated in
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Section 7 from the point of view of finding conditions on such rings which insure 
that they admit only direct sum extensions with certain other rings. Several problems 
on the subject make up the concluding Section 8.

Some of the results here were announced in [3].

For a rigorous treatment of ring extensions, we must consider an extension of 
a ring A by a ring В as a triple {(/>, R, ф) rather than as a single ring. Formally, we 
proceed as follows. In the entire paper, A and В stand for arbitrary rings unless 
specified otherwise.

D e f i n i t i o n  2.1. A  triple (cp, R, ф) is an {ideal) extension of A by В if
(i) R  is a ring,
(ii) cp is an isomorphism of A onto an ideal I  of R,

(iii) ф is a homomorphism of R onto В with kernel I.
In other words, an extension of A by В is a short exact sequence 

0 ----«- A - R A L +  в — - 0.
It is essential to have a criterion for distinguishing extensions of A by B, or for 
considering two such extensions as “equal” . For this we need the following concept.

D e f i n i t i o n  2.2. Two extensions (q>, R, ф) and {<p', R', ф') of A by В are 
equivalent if there exists an isomorphism % of R  onto R' making the following diagram 
commutative:

In such a case, we call x an equivalence isomorphism.
In order to obtain an overview of all ideal extensions of A by B, up to equiva­

lence, we may use the following strategy.
(i) We construct a special type of extension of A by В by means of an Everett 

sum (the analogue of a Schreier product for groups).
(ii) Next we show that every extension of A by В is equivalent to an Everett sum.
(iii) We establish a criterion for equivalence of Everett sums.
The first part of this program is the direct part of the Everett theorem; the 

second part is the converse of the Everett theorem. The direct part is quite involved; 
the amorphous mass of various conditions can be put into relative order by the 
construction of the translational hull of A.

2. The problem
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3. The translational hull

We introduce here the relevant concepts and establish a few of their properties.
D e f i n i t i o n  3.1. Let R  be any ring. A transformation Я (respectively q) on R 

is a left (respectively right) translation of R if Я is written as a left (respectively right) 
operator and satisfies

Я(хр) =  (Ях)у, Я (x +  y) =  Ях+ Ay, Э
(respectively (xy)Q=x(yo), (x+y)o=xp+>£>) for all a, y£R. Moreover, the 
pair (Я, q) is linked if

x(Ay) = (xg)y (a, ytR),
and is then called a bitranslation of R. The set Q(R) of all bitranslations of R  with 
the operations of addition and multiplication defined by

(Я, e)+(A', q') = (Я+Г, q+ q ), (Я, q){a , в') =  (ЯЯ', во')
is the translational hull of R. We will often denote (Я, q)£ Q (R) by a single letter 0 
and consider it as a double operator, that is

0 A  =  Ях, a0  =  xq (x£R).
Note that Я+Я' and q + q' is the usual addition in an abelian group, that is,

(Я+Я')х =  Ях+Я'х, A(p +  eO =  xq+xq' (a £R),
and the compositions ЯЯ' and qq' are defined by

(AA')x =  Я(Я'х), x (qq') — (xq) q' (a £R).
Easy verification shows that 12 (R) is closed under its operations and that it is ac­
tually a ring. There is an important part of £2(R) which we now define.

D e f i n i t i o n  3.2. For any r£R, the functions Xr and Qr given by
Яг(х) = rx, XQr — xr (x£R),

are the inner left, respectively right, translations of R induced by r; the pair nr = 
= (/r, er) is the inner bitranslation o f R induced by r. The set П(К) of all inner 
bitranslations of R is the inner part of Q(R).

Note that щ is the zero of the ring Q(R). Simple verification shows that for 
any r,s£R , 6£Q{R), we have

07ГГ 71 Qr , 7 tr 6  7l r Q , 7 l r  ~ \~ 7 ls  — 7Tr + s ,

which implies that n(R) is an ideal of Q(R). One sees just as easily that the mapping 
7i\r^7ir (r^R) is a homomorphism of R with kernel

31 (R) =  {r£i?|rx = xr — 0 for all x£R},
called the annihilator of R.

D e f i n i t i o n  3.3. The mapping n above is the canonical homomorphism of R 
onto n(R ). The annihilator 31 (i?) is trivial if 3I(i?)=0.
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Thus the canonical homomorphism n is an isomorphism if and only if R  has 
trivial annihilator. This is a relatively mild restriction on the ring R and we will 
see that many statements concerning extensions of R simplify considerably in the 
case 3l(i?)=0. There is one more concept we need in this context.

Definition 3.4. Two bitranslations 0 and 0 ' of R are permutable if
0  (вх)0' = 0(x0'), (0’x)0 = O’ixQ) (x£R).

A nonempty set S  of bitranslations is permutable if any two bitranslations in S  are 
permutable.

If we write 0 = (A, q), 0 '= (A', q'), then the above condition becomes
( A x ) q =  X ( x q ' ) ,  (ax) q =  Á'(xg) ( x £ R ) .

Note that any two inner bitranslations are permutable. We will need the following 
simple results.

Lemma 3.5. Let if be an isomorphism o f  a ring R onto a ring S. Define a 
mapping

( A ,  q )  -  ( I ,  q )  ( ( X ,  Q ) e Q ( R ) )
where

Is = [A(s^_1)]i^, sq = [(sif~x)Q]\f (s£S).
Then if is an isomorphism o f  Q(R) onto Q(S), said to be induced by if. Moreover, 

fo r  any r£R, nr\ f - n
Proof. T he straightforward verification is omitted.
Lemma 3.6. Let R be a ring and ( A ,  q ) ,  ( A 7,  g')£l2(R). Then (kr)o'~?.(гд')£ 

€31 (R) for all r£R.
Proof. The simple verification is omitted.

4. Everett sums

We again fix two rings A and B. Elements of A (respectively B) will be denoted 
by lower case Greek (respectively Latin) letters; 0 is the zero of any ring.

Construction 4.1. Let (0; [ , ] , (»  )) be a triple of functions
0: В £2(A), with 0 : a ^ O a, [, ]: B x B  -  A, ( ,  ): B X B  -  A

satisfying the following conditions for all a, ßdA , a, b, cCzB\
(i) 0° =  7T0; [0, a] = (a, 0) =  (0, ű)=0;
(ii) 0° is permutable with 0b;

(iii) 0а+ вЪ _0а + Ь = ЧаМ.
(iv) Oadb- e ab = Tt{a,b)\
(v) [a, b]+[a+b, c]=[a, b + c\+[b, c];
(vi) [a,b]=[b,a];

(vii) (ab, с) — (а, Ьс)—ва(Ь ,с) — (a, b)Qc;
(viii) (a, c) +  (b, c) — (a+b, c) = [a, b]6c—[ac, be]-,

(ix) (a, b) +  (a, c) — (a, b 4- c) — 0“ [b, c] — [ab, ас).
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Let R = A X B  be the Cartesian product of A and В with operations:

(A) (a, a) + (ß, b) = (a+ ß  + [a, b], a + b), 

(a, a)(ß, b) =  (<xß + oiOb + Oaß + (a, b), ab).(M)

Define two mappings as follows:

(p: ól — (a, 0) (a£A), iß: (a, a) — a ((a, a )€ R).

Denote the triple (<p, R, iß) by E(9; [ , ] , ( , ) )  and call it an Everett sum o f A and B.
T h e o r e m  4 . 2 .  The Everett sum (q>, R, iß)=E(9; [ , ] , ( , ) )  is an extension o f  

A by B.
Proof. Associativity of addition is equivalent to item (v). The identity for 

addition is (0,0), and (—a —[a, —a], —a) is the additive inverse of (a, a). Com­
mutativity of addition is equivalent to item (vi). Hence R is an abelian group under 
addition.

Associativity of multiplication is verified as follows:

[(a, a) OS, b)](y, c) =  (ajS + oc9b + 9aß + (a, b>, ab)(y, c) =

= (ajSy +  (a9b)y + (9aß)y + (a, b)y + (y.ß)0е + (хОь)вс + {Oaß)xc + (a, b)0cE

+ 0“by + (ab, c), abc),

(a, a)[Q3, b)(y, c)] = (a, a)(ßy + ß6c+ Oby + (b, c>, be) =

= (<xßy+x (ßOc) + a (9h y) +  a(b, c>+a0bc + 0° (ßy) + 9a (ß9е) +  9° (0b у) + 9a(b, c> +

Using the properties of bitranslations, including item (ii), the equality of the above 
expressions is equivalent to the equality

which holds in view of the definition of an inner bitranslation nx. Therefore the 
multiplication is associative.

+ (a, be), abc).

equivalently

(a, b)y + (a, b)9c + (ab, e) + tx9b9c + 9aby =

=  a {b, c) + 9a(b, c )+(a ,  be) + <x9bc +  9a9by; 

((ab, c) — (a, be)) +  a(9b9c — 0bc) — (x(b, c) =  

= (9a(b, c) — (a, b)9C) +  (0a9b — 9ab)y — (a, b)y;

and using items (iv) and (vii) this is equivalent to

arc<i,,c)-«(b, с) =  п{а>ь)у -(а , b)y
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For the right distributive law, we write
[(a, a)+ (ß, b)](y, c) = (a + ß + [a, b), a + b)(y, c) =

'  l(<x + ß + [a, b])y + (<x + ß + [a, b])9c + ва+ьу + (а + Ь, с), (a + b)c) =
— (ay + ßy + [a, b]y + tx9c+ßOc + [a, b]0c+ Oa+by + (a + b, c), ac + bc),

(a, a)(у, c) + (ß, b)(y, с) = (<xy + ot9c + Oay + (a, c), ac) +
+ (ßy + ßdc + eby + (b, c), bc) =  (ау + авс + 0“у + (а, c) +

+ßy + ßOc + 9by + (b, c)+(ac, bc), ac + bc).

The equality of these two expressions is thus equivalent to
(a, b)y + [a, b]Oc + ea+by + (a + b, c) = 9ay + 0by + (a, c)+(b, c)+(ac, bc) 

which can be written as

[a, b]y + [a, b]6c = (6а+ вь — ва+ъ)у + ((а, c)+(b, c) — (a + b, c) + (ac, bc).

Using items (iii) and (viii), this is equivalent to

[a, b]y + [a, Ь]вс = nia>ny + [a, Ь]вс

which evidently holds. The arguments for the left distributive law are analogous.
This makes R  a ring. Using parts of item (i), we see that cp is an isomorphism 

of A onto the ring /= {(а, 0>)\ос£А}. It follows at once that I  is an ideal of R. From 
(A) and (M) above it is clear that ij/ is a homomorphism of R onto В with kernel I. 
Therefore ((p, R , ij/) is an extension of A by B.

The above theorem completes the first part of our program. For the second 
part, we first introduce the following construction.

Construction 4.3. Let (£, R, q) be an extension of A by B. Let 1=A£, and 
<t : B-+R be any function satisfying: aij is the identity mapping on B, 0cr = 0. Using 
the notation in 3.5, we define the functions 6, [ ,  ] and ( ,  } by:

в: a -  0“ =  (яJ , ) ^ 1 (a€B),

[a, b] = (acr + bo — (a + b)a)^~1 (a, b£B),

(a, b) = ((ао)(Ь<т) — (аЬ)а)^-1 (a, b£B).

The function a “chooses” one element in each coset of I, and in / it “chooses” 
the zero. It is called a choice function.

T heorem  4.4. The functions 9, [ , ] , ( ,  ) defined in Construction 4.3 satisfy 
conditions in Construction 4.1, and the extension ( f  R, r\) is equivalent to E(6, [ , ] , ( ,  )) 
by the equivalence isomorphism

X : r —*■ (oí, a) (r£R), 

where a=(r + I)r] and <z = (r — аа)с~л .
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Proof. For any afB , we have naa\̂ £2(1), so that 3.5 gives 0aC Q(A). Hence 
в maps В into Q(A). Further, for any a, b£B, we get

(aa + bcr—(a + b) a)t] = a + b — (a + b) = 0
since at] is the identity mapping on B. Thus aa + bo—(a+b)a(Ll which implies 
that [a, b\£A. A similar argument shows that also (a, b)£A.

The condition 0tr=0 implies that condition 4.1 (i) is fulfilled. Since inner 
bitranslations of R are permutable, condition 4.1 (ii) also holds. For any a,b£R, 
we get by Lemma 3.5,

^  T d  0  i ^ a a  + b a — (a + b )a \ l )  ^  ^ ( a o  + bo — + a , p ]

since aa + ba — (a + b)a£l. This verifies condition 4.1 (iii); 4.1 (iv) follows similarly.
Instead of verifying the remaining conditions in Construction 4.1, we let E= 

= A x B  with operations (A) and (M) in 4.1 and show that /  given above is an 
isomorphism of R onto E. This will imply that E  itself is a ring. The remaining 
conditions in 4.1 will then follow from ring axioms without much effort.

Let r,sdR  and r /  = (a, a), sy = (ß, b). Since r — aa^L we have that /  maps 
R  into AXB. Further,

(r + s )+ /)i/ =  ((r + / )  +  ($ + /)) rj = (r+I)ri + (s + l)i7 =  a + b,
(r + s — (а + Ь)а)^~г =  (r + s — aa— ba + [a, b =

=  (r — — ba)£~1 + [a, b] =  a + ß + [a, b]
and x is additive; one shows similarly that (rs+I)ri = ab. Note that by Lemma 3.5, 
we have

(хвь = (г-аст)^-1(тгЬ(Т|/)^ -1 =  ((г — aa)(ba))^~1
and analogously

Oaß = ((aa)(s-ba))^-\
Using this, we obtain

(rs-ia fya )/;-1 = (rs-(ao)(ba) + (a, b)£)£_1 =  (rs-(a<r)(bcr))£-1 +  (a, b) =
= ((r — aa)(s — bo) + r(ba) + (aa)s — 2(aa)(bo))l;~1 + (a, b) =
= (r — aa)£~1(s-ba)c;~1 + (r(ba)+(aa)s — 2(aa)(ba))£~1 + (a) =
= aß + u0b + 0aß + (a, b)

and x is also multiplicative.
If rx = (0,0), then (r+l)rj=  0 so r£ / and thus a= r^_1 =  0. Hence r =  0, 

and the kernel of /  is trivial. Let (or,a)£AXB. Then for r = aa + a£, we have
(r+I)r/  =  (aa +  oĉ  +  I)t] -  a, (r — aa)£-1 = а ^ -1 =  a,

so that (a, a)= r/. Therefore /  is an isomorphism of R onto E. So £  is a ring. Now 
a simple inspection of the various parts of the proof of Theorem 4.2 easily gives 
that the conditions 4.1 (v)—(ix) all hold.

For any aCA. we have

rtX = ((«<£ — 0) =  (a, 0) = a<p,
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and for r£R, rx=(oc,a), we obtain

гхф = (ос, а)ф = a = rr\.
This proves that the diagram

A-^~* E

is commutative. As a consequence, we have that the extensions (£, R, r\) and 
E(0; [ , ], ( ,  )) are equivalent.

The third part of our program provides the form of all equivalence isomorphisms 
between two Everett sums thereby giving necessary and sufficient conditions for 
their equivalence.

T heorem 4.5. Let ({, R, rj) = E(0; [ , ] , < ,  > and (£ ', R', r\')=E(0'; >0
be Everett sums o f A and B. Let £: B-*A be any function satisfying 0£=0, and 
for all a,b£B,

(0 0'а- 0 а= *аС,
(ii) [a,bY-[a,b]=aC + CK-(fl+b)i:,

(iii) (а, Ь )'-(а ,Ь ) = 0°(ЬО+(аО0ь+(аО(Ы;)-(аЬК.
Then x defined by:

X- (oc, a) — (a —a£, a) ((a,a )£A X B )

is an equivalence isomorphism o f R onto R'. Conversely, every equivalence iso­
morphism o f  R onto R' is o f this form for some function £ satisfying the above 
conditions.

Proof. Necessity. Let £ and x be as in the statement o f the theorem. It is clear 
that x is a permutation o f the set A X В

Additivity of x follows by straightforward verification using condition (ii). 
Using conditions (i) and (iii), we obtain

(a, a)x(ß, b)x =  (« -« £ , a)(ß-bC, b) =  (« 0 -а (Ь £ )-(а £ )Ж « О (Ю  +

+ 0 '°(ß-bO  + (« -a O 0 'b + (a, b), ab) =  (а/?-а(Ь£)-(а£)/?+(аО (К) +

+ (ва + тгяС) (ß -  bO + (а ■- аО (вь + пк ) + 0«(Ь£) + (а£) 0Ь + (а£) (Ь£) -  (яЬ) £ +

+ (а, Ь), ab) = (ocß-oc(bC)-(aOß + (aö(bO + 0°ß-0°(bt;) + (aOß-(aO(bO +

+ 0с0ь-(а О вь + Ф О -(а О (Ь О  + 0а(ЬС) + (аО0ь+(аО(ЬО-(аЬ)!; + (а, Ь), ab) =

= (а/1 + 0а/? + а06 + (я, h) —(ah)£, ab) = (ocß + 0aß+<x0b + (a, b), nh)x =

= ((a, a)(ß, 6))x
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and x is an isomorphism. It is immediate that the diagram

A R'

is commutative. Thus x is an equivalence isomorphism.
Sufficiency. Let x 'B -*R ' be an equivalence isomorphism. Commutativity of 

the above diagram immediately implies that
(x,a)x = ((<x,a)y,a) ((a, a)£E)

for some function y :A xB -* A  satisfying (or, 0)y = a for all a £A. Further, letting 
a i= - ( 0 ,  a)y, we get

(a, a)x = ((a, 0) + (0, a))x = (a, 0)* + (0, a)x = (a, 0)+((0, a)y, a) = (a-aC, a), 
and 0£=0.

It remains to verify conditions (i)—(iii). Indeed,
(0“a, 0) =  (0°a, 0)x =  ((0, a)(a, 0))* = (0, a)*(or, О)* =

=  (-aC, «)(a, 0) =  ( - ( a 0 a  +  6'oa, 0)
which gives (0'a — 0я)а=Ая?а. An analogous argument shows that а(в'а- в а)—(хда̂ . 
Hence 0,a —0“=7ra? which verifies condition (i). Straightforward computation 
shows that additivity of x implies condition (ii). Finally, using condition (i) and 
reversing the verification in the proof of necessity above that x is a homomorphism, 
we see that condition (iii) holds as well.

We have thus completed the program announced in Section II. In summái y, 
we have the following result.

Theorem 4.6 [1]. Every Everett sum o f rings A and В is an ideal extension 
o f  A by B. Conversely, every ideal extension o f  A by В is equivalent to some 
Everett sum. Theorem 4.5 gives a criterion for the equivalence o f  Everett sums.

The usual embedding of a ring R into a ring E with an identity is an extension 
of R by the ring Z of integers with

[m, ri\ = (m, n) =  0, 0nr — rO" — nr (m ,n£Z , r£R).

5. Some invariants of an extension

Let 3$=(C, R,rj) be an extension of A by B. We have seen in Construction 
4.3 that a function в: B-^Q(A) can be defined if a choice function a:B-*R  is 
given. Now let

v =  v^: Q(A) — Q(A)/n(A)

be the natural homomorphism. Then conditions 4.1 (iii) and (iv) imply that the com­
position 0v: B-+Q(A)Iti(A) is a homomorphism. Let o': B -R  be another choice
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function and 6': B-»Q(A) be the corresponding mapping. Then letting I=A£, 
we obtain for any ad B,

0а~в'а = (па„\1) Г 1-Ы аЛ )~ Г 1 =  Ь '.-Л д Т ^ Ь Щ А )
since aa—aa'^I. It follows that dv=0'v, and we may introduce the following 
concept.

Definition 5.1. With the above notation, the homomorphism
X = X(M) = 6vA: В ■— Q(Ä)/n(A)

is the character of the extension 3$ of A by B.
By Theorem 4.5, we see that two equivalent extensions have the same character. 

We may thus speak of the character o f the equivalence class.
Let 0l = (£, R, tj) be an extension of A by B. Let I —A £ so that 7 is an ideal 

of R. Define a function t =  t(7?: 7) by t : r -*■ тг = nr\t (rPR). It follows easily 
that t: 7? —£2(7) is a homomorphism. Note that x\j = n, the canonical homomor­
phism n: I-»Q (l). We have seen that £ is an isomorphism of Q(A) onto £2(7). 
Let be the isomorphism of й(А)/П(А) onto £2(7)/Л(7) induced by <f. Then 
we have the following simple result.

Lemma 5.2. With the above notation, the following diagram

is commutative.

0 ----► A — R ----- n------- - В — ► 0

Í2(7) * Q(A)

vi \  / ул
Q{l)jIl{I) £2(А)/П(А)

P r o o f .  Let r£R. Then rqa—r£l and
or4 ~ x r =  (nrna- n r)\, =  тг^_гея(/)

and the diagram commutes.
It is convenient to introduce the following concepts.
Definition 5.3. With the notation as above, the image T(R: 7) of R under 

the homomorphism x(R: 7) is the type of the extension (A,. The extension 01 is 
strict if Tr£I7(/) for all rPR\ it is pure if тг677(7) implies r£7.

The type 7X7?: 7) is thus a ring of permutable bitranslations of 7 containing 
77(7). In fact, T(R : 1)=П(Г) if and only if the extension is strict.

P r o p o s i t i o n  5.4. With the notation as above, the following is true.
(i) PA is a strict extension i f  and only i f  yfPAP) Й- the zero homomorphism, or 

equivalently, в: В-*П(А).
(ii) PA is a pure extension i f  and only i f  x(&) is a monomorphism, or equivalently 

6aen(A) implies a=0.
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Proof, (i) Using Lemma 5.2, we obtain
á? is a strict extension от: R-*-Q(I)o t v j: R —0= n(I)o% : В-~0= П (А)о  

o 9 :  В-»П(А).
(ii) Assume that S/t is a pure extension and let b/ = П (T). Then b —nq for 

some r£R and thus гг]х=П(А). By Lemma 5.2, we get rTVj=n(I) so that тг£77(7). 
Since the extension is pure, we must have r£7 and thus b = rrj=0. Consequently 
X is a monomorphism.

Next assume that x is a monomorphism and let 0“C 11(A). It follows that 
ax=0 which yields a= 0 since у is one-to-one.

Suppose next that 6a0.11(A) implies that a = 0 and let zf Oli(I)- Then /•(xv/)= 0  
which by Lemma 5.2 gives (rrj)(0v f) = 0. This implies that 0гц0П(А) which by 
hypothesis yields ri\ =0. But then rOl and the extension is pure.

D efin itio n  5.5. Continuing with the same notation, the set 2IR(7) =  {r£7?|n = 
~ir=0  for all iOJ) is the annihilator of 7 in R. Also let

S(R: I) = {rO RK honil)}.

If we call R an extension of any of its ideals, we have the following result.
P ro po sitio n  5.6. Both 2lR(7) and S= S(R : I) are ideals o f R and S = I+  

+ 5ItK(/). Moreover, S is the greatest strict extension o f I contained in R, and R 
is a pure extension o f S.

P roof. Clearly 2IK(7) is an ideal of R; S  is the complete inverse image of 
П(1) under the homomorphism z(R: 7), and is thus an ideal of R. Obviously 1+ 
+ 3lR( /)g S ’. If sO.S, then 7с5|/ 6 Я ( / )  so n s =  n t for some iOJ: but then s  =  i +  
+(s—i)0l+4lR(I). Hence SQ I+ H R(I), and the equality prevails. It follows from 
the definition of S that it is the greatest strict extension of 7 contained in R. Let 
rOR besuchthat zr(R: S)OII(S). Then Tr(R: S)=ns for some inner bitranslation 
rts of S. But then 7ts|/=7q for some inner bitranslation nt of 7. Hence zr(R: S)\I=ni 
which implies that rO S. Consequently R is a pure extension of S.

We can represent the situation in the preceding proposition by the following 
diagram:

R
I

S = S (R : I)
/  \
7 SlK(7) = k e r t(7?: 7)
\  /

21(7)
I

(0 )

Letting (cp, R, ф) = Е(в; [ , ] , ( , ) )  be an Everett sum of the rings A and В 
and I=A(p, we obtain

5 =  S(R: I) = {(a, a)0R\0°0lI(A)}, 21 *(/) =  {(a, a)67?|0fl =  тг_в},
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since % (*'a) = Ti(ß'0) if and only if Oa=Ttß_x. Setting Р={а(В\ва(  Я(А)}, we obtain 
an ideal of В  for which S = P ij~ \ and R is a strict extension if and only if P=B, 
R  is a pure extension if and only if P = (0).

In particular, every extension of A by a simple ring В is either strict or pure.

6. The case 31 (A) —0

We will now see that in the case 31 (A)= 0  most results in the theory of exten­
sions of A by В  simplify considerably. The first target is the Everret theorem. To 
this end, we first consider the situation in the general setting where 3I(A)=0 need 
not hold.

L emma 6.1. Let x- В—£2(Л)/П(А) be a homomorphism. Let 0: B-+Q(Ä), 
with 0: a-*0a, be any function fo r  which 0° =  7ro and 0v=x- Also suppose given two 

functions [ , ] , ( , ) :  BXB-+A satisfying conditions 4.1 (iii) and (iv), respectively. 
Then all other conditions in Construction 4.1 hold modulo the annihi/ator 3104).

Proof. By hypothesis 0°=no; also for any a(B,

7T[a> 0] — 0Я+0°—6“ =  0° =  7T0
and similarly 7r^j0> =  7r(oi(,> =  7r0. This verifies the assertion for condition 4.1 (i). 
Condition 4.1 (ii) follows from Lemma 3.6. Verification for conditions (v)—(ix) is 
straightforward; as a sample, we check (viii). For any a, b, c, (LB we have

Ща,с> + П<Ь,с)—П<а+Ь,с) =  0“0C- вас + в” вс -  вЬс -  в°+Ь вс -  0<a + i,>c,

Щa,H0C- 7 W c ]  -  ЧаМ6С-Ч а С,М = (ва + 6Ь- в а + Ь)вс-(в °с + вЬс-0 °с+Ьс)
where in the second equality we have used Lemma 3.5. A simple inspection shows 
that the two expressions are equal. It now suffices to point out that 31(A) is the 
kernel of n : A Q (A).

This lemma says that if the two functions satisfy conditions 4.1 (iii) and (iv), 
then the remaining conditions are “very close” to being satisfied. For the case when 
31 (A)=0, the remaining conditions will be satisfied, and we may define [ ,]  and 
( , ) by 4.1 (iii) and (iv) because in that case n is one-to-one. We do this in the next 
result.

T heorem 6.2. For the rings A and В with 31 (A ) =0, let x- B —Q(A)/n(A) 
be a homomorphism and 0: B —Q(A), with 0: a-*6“, be any function for which 
0° =  7ro and 0v — y- Define the functions [, ] and ( , ) by the requirements:

ч а.ьл = 0“+0ь- 0 а+ь, ща,ь) = вавь- е ° ь (а, ъеву.
Then Е(0; [ , ] , ( , ) )  is an Everett sum o f A and В, which we denote by E(6; y). 
Conversely, every extension o f A by В is equivalent to some E(0; y). Moreover, 
E(6; x) ar,d E (0 ',x ') are equivalent i f  and only i f  y = y'.

P roof. Since the annihilator of A is the kernel of n, the latter is one-to-one, 
so [ , ]  and ( , )  are unambiguously defined. Conditions 4.1 (iii) and (iv) follow by 
the definition of [ ,  ] and ( ,  ) and 0°=tco by the requirement on 0; the rest of the
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conditions in Construction 4.1 follow directly from Lemma 6.1. Now Theorem 4.2 
gives the direct part. This together with Theorem 4.2 gives the converse.

Clearly -/XE(0- y)) =  X, and we have noted above that equivalent extensions 
have the same character. Conversely, consider the extensions E(6; y) and E{0', y).

Let £ be defined by the requirement: na? =  в'а—ва (a dB).
Note that 6'а—0а£П(А) since 0v~0'v and that nai uniquely gives a£. Hence 

£ :5 —A and clearly 0£ =  0. Let a,b£B. Then

4a,bV-*la,b} =  О'° +  0'»-О'°+ь-(О “ +  Оь- в а+ь) =

=  {0'а-0°) +  (в'Ь- 0 Ь)-(0 '°+Ь- в °  + Ь) =  7tai +  1tH- n (a + b)i 

and thus Condition 4.5 (ii) holds. Further, using Lemma 3.5, we get

л 0“(ЬС> +  л (а ()6 ь +  л ( а ( ) ( Ю  ~  п (а Ь К  =

=  ва (в'ь -  в”) +  (0'а -  0°) вь+ (в'а -  0°) (в'ь -  вь) -  (0'аЬ -  ваЬ) =

= (в'“0'Ь- в ' аЬ) - ( в авЬ- 0 аЬ) = Ща,Ь)-Ча,ЪУ

and condition 4.5 (iii) is satisfied as well. Thus by Theorem 4.5, the two extensions 
E(0; y) and E(0'; y) are equivalent.

Another kind of extension is provided by the following concept.
D efin itio n  6.3. An ideal /  of a ring R is large if I  has a nonzero intersection 

with every nonzero ideal of R. An extension á? = (£, R, rj) o f А Ъу В is an essential 
extension if is a large ideal of R.

P ro po sitio n  6.4. Let R, i/) be an extension o f  A by B, and consider
the following conditions.

(i) á? is an essential extension.
(ii) z(R: 1) is a monomorphism, where I= A £.

(iii) á? is a pure extension.
Then (i) implies (ii) i f  'Л (A) = 0. The implications (ii)=>(iii) and (iii) =>(i) always hold.

Pr o o f , (i) implies (ii). Let К be the kernel of t —t (R:1), and let r£K(~)I, 
id I. Then /7 = тгг = 7г0/= 0  and similarly />=0. Hence r£2I(/) = 0 and AT)/=0. 
Since the extension is essential, we get K = 0. Therefore т is a monomorphism.

(ii) implies (iii). Let rdR be such that i'dTKI). Then t r=ni—zl for some 
idl, and since т is one-to-one, we get r= id l■ Thus the extension is pure.

(iii) implies (i). Let К  be an ideal of R for which 1Г)К~0 and let kdK, idl- 
Then zki= kidir\K = 0  and similarly ixk= 0. Thus zk—n0d n (I)  and the hypothe­
sis implies that kdl- But then kdI(~)K=0. Hence K —0 and the extension is 
essential.

There is a kind of essential extension of particular interest.
D efin itio n  6.5. Let (£, R, rj) be an essential extension of A by B. Then 01 

is a maximal essential extension if for any essential extension 01'=(f, R', rj') of A 
by В such that R R \  we have R= R'.

For these extensions, we have the following statement.
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T heorem  6 .6 . Let 0t=(^, R, q)=E(0; [ , ] , ( , ) )  be an essential extension o f  
A by В and assume that sJl(/4) =  0. Then the following conditions are equivalent.

(i) 01 is a maximal essential extension.
(ii) x(R: I) maps R onto (2(1), where I= A £.

(iii) 9 maps В onto (2(A).
Proof, (i) implies (ii). By Proposition 6.4, x=x(R : I) is an isomorphism of 

R onto T= T(R : /). The diagram

obviously commutes which gives that x is an equivalence isomorphism for the exten­
sions Si and (£т, T, x-1?/). We can build an overring R' = R{J((2(I)\T) of R in 
which I  is an ideal in the usual way. In order to prove that x maps R  onto (2(1), it 
thus suffices to show that R '—R. The hypothesis implies that I  is a large ideal of R. 
Hence it suffices to show that I  is also large in R'. By the construction of R', this is 
equivalent to showing that П(1) is large in (2(1) which we now proceed to do.

Let /  be an ideal of Q(I) and let 0^(А, £>)€/. We assume that X А A0 since 
the case q A Qo can be treated symmetrically. There exists a£I such that Xa A 0. 
Since 2l(/)=0, either (Xa)b^ 0 or Ь(Ха)т±0 for some b£l. In the first case, 
(XXa)b A0 and in the second case Ь(поа)=(Ьо)а=--Ь(Ха)А-0 and thus in either case 
(X, д)лаА:щ. Hence (А, о)па(.7Г)П(1) which shows that П(1) is large in (2(1).

(ii) implies (i). Let !%'=(£, R', f )  be an essential extension of A by В such 
that RQR'. Letting I=A^, x = x(R: I), x' = x(R': /), we obtain the commutative 
diagram

where i is the inclusion mapping and by Proposition 6.4, x is an isomorphism and x' 
a monomorphism. For any r'dR ', we get r'x'x~1= r(R  whence r'x'=rx. Since 
т '|д= т, it follows that r'=r. Thus R = R ' and Si is a maximal essential extension.

The equivalence of items (ii) and (iii) follows easily from Lemma 5.2.
The (external) direct sum of the rings A and В is usually denoted by A@B. 

Strictly speaking, a direct sum of A and В is a triple of the form (<p, R, i/0 where R 
is a ring, (p: A-»R  and ф: B-~R are monomorphisms, and the triple satisfies a 
universality condition. The Cartesian product A ® В with coordinatewise opera­
tions, together with monomorphisms

TLXUr JL^ в

R —2—~ (2(1)

ip: a —(a, 0), y: a — (0, a) (ol£A, a(B)
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satisfies the conditions for a direct sum. We will denote by A у  В the triple (<p, R, ф), 
where R and q> are defined as above on A y .В and

<p: (a, a) — a ((a, a)£AxB).

Then A ® В  is an extension of A by B, which we will refer to as the direct sum of 
A and B. To simplify the notation, we will denote by A ® В  also the ring alone. 
In the latter context, both A and В are said to be direct summands of A ® B.

We now derive some consequences of the above results.
Corollary 6.7. Let £%=(£, R,rj) be an extension o f  A by B, let I —Ab, 

and x = z{R\ I), and assume that 91 (Л) =  0. Then the following statements hold.
(i) 3& is a strict extension i f  and only i f  01 is equivalent to the direct sum A ® B.
(ii) I f  91 is a pure extension, then 01 is equivalent to the extension (£t, T(R  : I), 

т -b/).
(iii) СЛ is a maximal essential extension i f  and only i f  т is an isomorphism in 

which case 0t is equivalent to (^r, Q(l), х~гг\).
Proof, (i) Let 01 be a strict extension. By Proposition 5.4, i(0t) is the zero 

homomorphism. Evidently ~/(АфВ) is also the zero homomorphism, which by 
Theorem 6.2 gives that 01 and A® В are equivalent. The converse is trivial.

(ii) We have seen this in the proof of Theorem 6.6.
(iii) Let 01 be a maximal essential extension. Then т is a monomorphism by 

Proposition 6.4 and an epimorphism by Theorem 6.6. It follows from part (ii) that 
01 is equivalent to (fx, Í2(/), x~xr\). The converse also follows from Proposition 
6.4 and Theorem 6.6.

Corollary 6.8. Let sIf (Л) =0. The set o f  equivalence classes o f extensions of 
A by В is in one-to-one correspondence with homomorphisms from  В into й(А)/П(А). 
In this correspondence, all strict extensions correspond to the zero homomorphism, 
the classes o f pure extensions to monomorphism and maximal essential extensions to 
isomorphisms.

Proof. The first statement follows directly from Theorem 6.2. The remaining 
assertions follow easily from Proposition 5.4 and Corollary 6.7.

The first statement of Corollary 6.8 was noted by Mac Lane [2]. A further in­
teresting property of the extensions under consideration here is the following.

Proposition 6.9. Let 91(Л)=0 and £%=(£, R, rf) be an extension o f  A by 
B. Then 01 is equivalent to an extension 0t'= \g, R', o f  A by В where R' 
is a subdirect product o f  the type o f 0t and B.

Proof. Let I=A£, x = x(R: I) and T= T(R:I). Define x- г—(тг, rq) (r£R). 
Then x is a homomorphism of R into the direct sum T@B. If г%=(п0, 0), then 
лr=n0 and r£l. Since >,I((A)=0, it follows that r=0. Thus the kernel of x is tri­
vial and x is a monomorphism. Let R' — Rx- Then R' is a subdirect product of T 
and B. Let

a — (л„, 0) (a£R), f :  (xr, rtj) -  rrj (r£R).

Easy inspection shows that is a monomorphism, f  is a homomorphism of R'
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onto В, and the diagram
A R

commutes. Hence the extensions (£, R, q) and (£', R', ц') are equivalent.
If we disregard the equivalence of extensions of a ring A , with ЗД(Л) = 0 , and 

a ring B, we may say that all extensions of A by В  can be embedded into £2 (A) ® B. 
We now give a new proof of a well known result.

T h e o r e m  6 .1 0  [6]. A ring A has the property that for every ring B, every 
extension o f  A by В is equivalent to A® В i f  and only i f  A has an identity.

P r o o f . Necessity. Form an extension of A by 12(A), with 0: £2(A)-+£2(A) 
the identity mapping, and both functions [, ] and ( , )  identically equal to zero. 
In this extension t%=E(6; L , ], ( , )), denoting by i the identity of 12(A), we have 
that (0, i) is the identity of the ring. By hypothesis, rM is equivalent to the direct sum 
A®Q(A). Hence the latter ring has an identity. Since A is a homomorphic image 
of the ring A ® £2 (A), it must itself have an identity.

Sufficiency. Let á?=(£, R, tj) be an extension of A by B. The presence of 
identity in A implies that 9 I(^)= 0  and also that £2(А)=П(А). Hence Proposition 
6 .9  applies so 1% is equivalent to an extension £%'=(>*',R',ri') where R' is a sub­
direct product o f П(А) and В since П(А) must be the type of ffl. In view of the 
isomorphism of A and П(А), we may assume that R 'Q A® B  and is a subdirect 
product. For any (a, a)£A®B, we have (ß, a)£R' for some ß£A, and thus

(a, a) = (ct-ß, 0) + (ß, a)

shows that R ' = A®B. Therefore 01 is equivalent to the direct sum A®B, as 
required.

A variant of the preceding result for strict extensions follows.
T h e o r e m  6 .1 1 .  A ring A has the property that for every ring B, every strict 

extension o f A by В is equivalent to A® В i f  and only i f  4Í(A) = 0.

P r o o f . Necessity. Form an extension of A b y  H(A), with 0 :  П(А)-*£2(А) 
the inclusion mapping, and both functions [ , ] , ( , )  identically equal to zero. By 
hypothesis, this extension E(0; [ , ] , ( , ) )  is equivalent to the direct sum А ф 17(A ). 
Then A®IJ(A) can b e  regarded as the Everett sum with all these functions iden­
tically equal to zero. Theorem 4.5 provides a function £: IJ(A)-*A satisfying 7r0= 0  
and conditions (i)—(iii). Condition (i) becomes na = n„^, and conditions (ii) and 
(iii) imply that £ is a homomorphism. The equation nx = nn̂  for all a£A means 
that the mapping (л  is the identity transformation on П (A). It then follows that £ is 
a monomorphism of П(А) into A.

Let С=^П(А)С- For any a, ß(LA, we obtain

(Лх£)Д =  (гга£)тг/, =  (7гя£)яЯ/>; = (л«£)( nßC) = (лялр)С = TTa/J£

and analogously ß(nff)=nllat,. Hence C is an ideal of A. Let а€СП51(Л). Then
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x=TtßC for some ß£A and лх = ж0. It follows that

so that /х = Лр£ = л0С=0. Thus CPl9l(T)=0. Also,forany a£A, we have na = n„ 
and hence

a -  я ,£+ (a -  ла;) € C+ 9t (A),
proving that A = C+‘,il(A). But then Л =  С®'21(Л).

Let d^'H(C). Then for any c£C and a£4l(A), we have d(c+ci)=dc + da= 0 
and similarly (c + a)d= 0. It follows that d€4t(A), which shows that 91(С) =  0.

Now set D = 4l(A) so that D2—0. Let В be the ring whose additive group 
is (Z, + ) and for which B2 = 0. Fix any d£D  and let

вт = 0, [m, n] =  0, (m, n) =  mnd (m, n£B).
Conditions (i)—(ix) in Construction 4.1 are verified easily. We thus obtain a strict 
extension St = E(6; [, ], ( , )) of C®D by B. By hypothesis, this extension is 
equivalent to the direct sum of C®D and B. Thus Construction 4.3 provides a 
function C’-B-~C®D  such that, among other conditions, (m-nX = (m, rí) and 
Of=0. Flence

0 =  Of =  (l.l)C =  (1, 1} = d.
Since d£D is arbitrary, it follows that D = 0. But then A = C and therefore чД(/1)=0, 
as required.

Sufficiency. This is the content of part (i) in Corollary 6.7.

7. Extensions of semiprime atomic rings
We have seen in Corollary 6.8 that for given rings A and В with чД(Д)=0, 

all extensions of A by В are determined, up to equivalence, by homomorphisms 
X: B-+Q(A)/n(A). For example, the zero homomorphism corresponds to the class 
of strict extensions, and any such is equivalent to the direct sum A® B. There 
exist rings A and В with the property that there exists only the zero homomorphism 
from В into £2(А)/П(А), which means that any extension of A by В is equivalent 
to their direct sum. This situation occurs when, for instance, the additive group of 
В is torsion and the additive group of £2(А)/П(А) is torsion free. We consider 
below an example of such a situation and of a related one.

In order to economize with space, we refer to [4] for details concerning the 
concepts and statements needed here and present below only the bare minimum.

Let A be a semiprime (no nonzero nilpotent ideals) atomic (generated by its 
minimal right ideals) ring. According to ([4], II.6.1), A is a direct sum A =  ®  Ax

Л € Л

of simple atomic rings. By ([4], II. 1.9), for each Á£A, Ал^ ^ г[/л(Ул), where (t/A, Vx) 
is a pair of dual vector spaces over a division ring Ax and is the ring of
all linear transformations on V; of finite rank having an adjoint in Ux. Each ^ Ux(V>) 
is a regular ring by ([4], 1.3.6) which implies that A is a regular ring and in particular 
91(Л) =  0. In addition

П (АХ) -  3F V i {V x \  /7(A) a  0  3FVx(Vx\
X Z A
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and in view o f ([4], II.5.10), Q(A)sz f ]  Í2(AX). Further, ([4], 1.7.14) yields
лех

(2(J5̂ (fj))= g'ujiVx) where the latter is the ring of all linear transformations on 
Vx having an adjoint in Ux. Combining the last two statements, we obtain Q(A) =
— П Уих(Уд which finally yields

хел
(1) Q(A)/n(A) п  &vx(K) /  0

хел хел

We will analyse now the ring figuring on the right hand side of (1). The first 
part of our discussion will provide necessary and sufficient conditions for the addi­
tive group of this ring to be torsion free, the second part deals with a related type 
of situation.

We denote by ch R the characteristic of a ring R.
L emma 7 .1 . Let ( JJ, V) be a pair o f dual infinite dimensional vector spaces 

over a divising ring A and let R  = £?v(V)ltFv(V).
(i) ch A= 0 i f  and only i f  the additive group o f  R is torsion free.

(ii) i f  ch A= p, a prime, then ch R=p.
P r o o f . Assume first that the additive group of R is not torsion free. Then 

there exists a££Cv (V) with the properties: a$£fi(V )  and n a ^ ^ v (V) for some 
natural number n. Then dim Va is infinite, so there exists an infinite linearly ordered 
set xx, x2, xs, ... of vectors in V  such that the set {xxa, x2a, ...} is linearly inde­
pendent. On the other hand, the set {xfnci), xfina) , ...} is linearly dependent 
since dim К ( и а ) < о о .  Hence there exist scalars őx, ö2, ..., Sk in A, not all equal 
to zero, for which

á1(x1(na)) +  Ő2(*20»e))-K"+<5*(**(na)) = 0.
It follows that

(/i<5i)(x1a) +  (n<52)(x2ű )+ ...+ (n ő Jt)(xta) =  0.

Since the set {хга, x2a, ..., xka) is linearly independent, we must have ndt=0, for 
i =  l, 2 , ..., k. Thus there exists ö fA  suchthat ő ^O , nő— 0, n>  0. Since then 
(nl)ői=0, we must have nl— 0 and thus ch A ^  0. This gives the direct impli­
cation in part (i).

Suppose next that ch A—p. For adJ£v(V) and r£F, we have 

v(pa) =  (pv)a = (pl)va =  Ova = 0

so that pa=0. Since p is prime, ch dLL,(V) is either equal to p  or to /; the latter 
would contradict the hypothesis on V. Hence ch ££’u(V)=p and thus chi? is equal 
to either p or /, the latter is again impossible in view of infinite dimensionality of V  
Therefore ch R = p  which establishes part (ii).

If chA^O, then ch A=p for some prime p  and thus, by the above, chi?=/>, 
which evidently shows that the additive group of R  is torsion. This proves the re­
verse implication in part (i).

Lemma 7.2. Let (Ux, Vx) be a pair o f dual vector spaces over a division ring 
AX,A(:A. Then the additive group o f R= f f  L£Ux(Vx)/ ® is torsion free

хел  хел
i f  and only i f  ch Ax — 0 whenever dim V> is infinite.
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Proof. Assume that there exists pdA such that ch Aß~ p ^O  and dim Vß 
is infinite. Then plß—0 since eh JSfÜB(I^)=0 as in the proof of Lemma 7.1. Letting 
aß=lß and яя=0я for lA p ,  we obtain an element (ая) in П  ̂ и л(Ух) for which

А£ Л

( в д )  +  ®  ^ u J K )  A  ®  ^ u A K ) ,  р((ал)+  Ф  * „ Л( Ю )  =  0  ^ u J K )
Д £ Л  А £ Л  А £ Л  д е л

and the additive group of R is not torsion free.
Conversely, assume that c h d A = 0 whenever dim Vx is infinite. Let (ax)d

€ П  &ил(К) be such that n(ax)d ф  a) f°r some natural number n. Hence
д е л  д е л

na I — 0Я for all Ad Л except for a finite number, say Aj, Я2, ... ,  Ak for which 
пах£& их (УА, 1 =  1 ,2 ,...,* . Hence axf£ e Ux(yx)  and nax.d ^u x (VXi). If
dimVXl̂ °° , then we have axfi3Fv> (Vx)  automatically, otherwise the hypothesis 
insures that chAXi = 0 and Lemma 7.1 (i) yields яя.€ ^ ея (IЯ(), i= l ,  2, 
Consequently (яя)£ 0  З'оАУА which shows that the additive group of R is torsion 
free. Л£Л

A nonzero idempotent of a ring R is primitive if it is minimal relative to the 
partial order of nonzero idempotents of R defined by: е ё / » е = е / =/<?. We can 
now prove the first principal result of this section.

T heorem 7.3. Let A=  ф  Ax, where Ax are simple atomic rings. The additive
д е л

group o f Q(A)/n (A) is torsion free i f  and only i f  ch eAxe=0 whenever e is a pri­
mitive idempotent o f  Ax and the ring Ax has no identity element.

P r o o f .  In view of (1), we may consider the ring [J S£Vli (Vx)/ 0  З'иАУА
д е л  д е л

instead of Í2(А)/П(А). By ([4], 1.3.18), for any primitive idempotent e of З'иАУА 
we have Ax^ e ^ Uj(Vx)e and thus Ax^e A xe. We have АxS£&rUji(Vx) and the 
latter ring has an identity element if and only if dim Vx< °°. These considerations 
reduce the hypotheses in the statement of the theorem to those of Lemma 7.2 whence 
follows the desired conclusion.

Note that in the above theorem, if e is a primitive idempotent in Ax, then eAxe = 
— eAe and Ax — AeA so the hypothesis of the theorem can be stated in these terms.

Corollary 7.4. I f  A is a ring satisfying the conditions in Theorem 7.3 and 
В is a ring whose additive group is torsion, then any extension o f A by В is equivalent 
to their direct sum.

Proof. We pointed out at the outset of this section that S2104)=0. The asser­
tion now follows by Theorem 7.3 and Corollary 6.8.

The socle of a ring R is the subring of R  generated by its minimal right ideals. 
If R has no minimal right ideals, the socle is set to be equal to 0. Hence atomic 
rings are precisely those which coincide with their socle.

Corollary 7.5. Let R be a ring with the following properties:
(i) the socle S o f R is semiprime and is an ideal o f R,

(ii) the additive group o f R /S  is torsion,
(iii) 5 satisfies the conditions o f Theorem 7.3.

Then R=  S® R/S.
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We now consider another type of condition on the additive group of Q(A)/I1(A). 
Denote by | the division of integers.

L emma 7.6. Let (Ux, Vx) be a pair o f  dual vector spaces over a division ring 
АХ,?.£Л, and let n be a natural number. The ring R = ]J £TUx (Vj)/ ®  ^ Ux(Vx)

ясл ' дел
has no nonzero elements whose additive order divides n i f  and only i f  ch Ax\n whene­
ver c h d ^ O  and dim Vx is infinite.

Proof. Assume that there exists p£A  suchthat ch A ^ O ,  dim Vß is infinite 
and ch Aß\n. Let aß = lß and ax=0x if l ^ p .  Then (ax)  + ф  ^ их(Ух) is а поп­

лел
zero element of R since dim V„ is infinite. Further, n(ax)£ © dFUjL(Vx) since

А € Л
ch Aß\n. Hence (aA) + ® -LeUx(Vx) is a nonzero element of R whose additive order

А 6 Л
divides n.

Conversely, assume that ch Ax\n  whenever cli Ax^ 0  and dim К is infinite. 
Let (йя)6 П  & vjyd  and и(й;.)€ ® There exists f ,  á2, ..., Xk such

А 6 Л  А 6 Л
that naxf ^ Ux(VXi)  for i = l ,  2, ...,n  and nax = Ox if If dim P',.
we have axfL £ ijx (Vx)  = ̂ 'Ux (Vx). Suppose that dimp^( is infinite. If c h d Ai=0, 
then Lemma 7.1 (i) gives that the additive group of STV, (Vx.) /^ v . (Vx)  is torsion 
free, so we must have axfd F Vx (Ух). If ch Ax.A0, then the hypothesis in conjunc­
tion with Lemma 7.1 (ii) gives that ch £TV. (VX)/JTU; (VXi)= chAXr We also have 
that ch Ax =p for some prime p, and the hypothesis yields that p\n. Since p is 
prime, (n ,p )~  1 and there exist integers .v and t such that ns+pt=  1. In the di­
vision ring Ax., we thus have nslXi=lXi since ch Ak =p. Consequently

aXi = s{nax)<idFVx(Vxf

This shows that (ax)6 ® (Vx), which proves the assertion.
А 6 Л

We can now easily derive the desired result.
T heorem  7.7. Let A=  ®  Ax, where Ax are simple atomic rings, and let n 

дел
be a natural number. The ring й(А)/П(А) has no nonzero elements whose additive 
order divides n i f  and only i f  ch eAxe\n whenever e is a primitive) idempotent o f 
Ax. ch eAxeA 0 and the ring Ax does not have an identity element.

Proof. The argument here goes along the same lines as in the proof of Theorem 
7.3 now using Lemma 7.6 instead of Lemma 7.2. The details are omitted.

Corollary 7.8. I f  A is a ring satisfying the conditions in Theorem 1.1 and В 
is a ring whose characteristic divides n, then any extension o f  A by В is equivalent 
to their direct sum.

Proof. See the argument in the proof of Corollary 7.4.

Corollary 7.9. Let R be a ring with the following properties:
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(i) the socle S  o f  R is semiprime and is an ideal o f  R,
(ii) ch R/S\n,

(iii) S satisfies the conditions o f  Theorem 7.7.
Then R = S®R/S.

8. Problems

Many questions may be asked concerning Everett sums of two rings, strict, 
pure and essential extensions of rings. The following is a modest sample of such 
queries.

P roblem  1. When is an Everett sum Е(в; [ , ] , ( , ) )  an essential extension? 
By Proposition 6.4, every pure extension is essential, so the sought condition is at 
most as strong as the one in Proposition 5.4 (ii).

P roblem  2. What are necessary and sufficient conditions on a ring A in order 
that every essential extension of A be pure? In view of Proposition 6.4, a sufficient 
condition is $ l(J)—0. Is this condition also necessary? Theorem 6.11 can be inter­
preted as a dual to the sought result.

P roblem  3. How far can the results of Section 6 be carried without the hypo­
thesis 21(Л()=0? In the present formulation, probably not much, but appropriate 
modifications may produce some interesting results.

P roblem  4. We may say that the rings A and В are incompatible if every ex­
tension of A by В is equivalent to their direct sum. Theorems 6.10, 6.11, and Corolla­
ries 7.4 and 7.8 provide some pairs of incompatible rings. Find other criteria insuring 
that two rings A and В be incompatible.
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A NOTE ON ARCS IN HYPERSPACES
A. K. MISRA (Nsukka)

Introduction

Given a metric space X, a metric can be defined on the set of all non­
empty closed subsets of X  in a fairly natural way ([4], §0.1). This metric was first 
defined by Hausdorff, and the resulting space called a hyperspace of X. Later, the 
same ideas were extended to the non-metric setting by defining suitable topologies 
on the set f'J f(X )  for any topological space X. Among the various topologies, the 
Vietoris topology (§ 1 below) is in a sense the most reasonable extension of the 
original metric hyperspace topology. Broadly speaking, the term ‘hyperspace of X ’ 
is used, at least in this note, for any subfamily o f f i f ( X )  to which all singleton sub­
sets of X  belong and that has the relativized Vietoris topology.

One early and basic result in the hyperspace theory is the arcwise connectedness 
of the hyperspacees 4iif(X) and 4>(X) of a metric continuum X  (see [4], § 1.10 and 
§1.14). Here 4>{X) is the family of all subcontinua of X. This result was proved for 
general con tin ua by McWaters [2] in 1967, by using Koch’s arc theorem for partially 
ordered topological spaces. In this note, we prove a general arc theorem for hyper­
spaces by straight set-topological approach and from it deduce arewise connected­
ness of ^ if(X )  and (€{X). in case X  is a continuum.

1. Preliminaries

All topological spaces in this note are assumed to be Hausdorff spaces. For any 
space X, cf>i£{X) stands for the collection of all non-empty closed subsets of X. The 
subcollection of all compact and connected subsets is denoted by f(X ). For any 
finite collection {С/,, i/2, ..., E/„} of non-empty open subsets of X, the subset 
{FeV&iX): FQU1UU2Ü ...U U n and for /= 1 ,2 , ...,n} of ^S£\X )
is denoted by (Ux, t/2, ..., U„).

The family of all subsets of fii£{X) of the above form is a base for a topology 
on 'ÍÍJSP(Z). This topology is called the Vietoris topology of the finite topology and 
the resulting space and its subspace 4>(X) are called the hyperspaces of X. More 
generally any subspace Ж{Х) of the hyperspace (€i£(X) that includes the collection 
of all singletons may be referred as a hyperspace of X.

While most of the terminology and notations are standard, it may be mentioned 
that in what follows an arc is a compact, connected, linearly ordered (not necessarily 
metric) topological space and we carefully use the symbols and c  for subsets 
and proper subsets respectively.

Suppose A and B, Ac.B, are two members of a subfamily i f  of f£ f{X ). then 
a subcollection of i f  that is linearly ordered by inclusion relation Q , has A and В
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as members and is such that each member contains A and is contained in В is called 
a chain from  A to В in if. Any such chain is contained in a maximal chain of 
the same type. In case such a chain is an arc under its order topology, it is called an 
order arc from A to В in if.

2. Results

First we state and prove two lemmas.
Lem m a  2.1. For any topological space X  and any maximal chain (6 from  A 

to В in if, ifi= (ßiß{X), the subspace topology on <6 is larger than the order topology.
Pr o o f . We need only to show that for any F in A d  Fez В, the half-open 

intervals [A, F) = { E ^ :  A ^ E d F )  and (F, В \—{Е£Ч>: A^=EdF) are open in 
the subspace topology of (6. First, let E be any member of [A, F). Then there is an 
x  in F—E and as for any member S of (X — {x}) П (в, FiZ S  cannot be true, we 
have: E £ (X — {xtyD'tfQlA, F). Similarly, for any member G of {F, B], G — F 
is non-empty and we have: G£ (X — F, X ) П ̂  Q (F, В].

L em m a 2.2. Let X  be a topological space and i f  a subfamily o f i f  (X). 
Then for any A, В in if, A d B , each maximal chain from A to В in i f  is a closed 
subset o f  if.

Pr o o f . Let ^  be a maximal chain from A io В in i f  and suppose F is in i f —f .  
Then, there exists an E in f  such that (a) A% F  or (b) FQ^B or (c) A d F d B  
and E% F%E. In case (a) there is an x  in A —F and (X — {х})П1Т is a neigh­
borhood of F  disjoint from c6. In case (b), (X —B, X)C\if is such a neighborhood 
of F. Finally, in case (c) if z£_E—F then {X — {z}, X — E)C\iT is a neighborhood 
of F disjoint from f .

Now we present the main theorems and corollaries.
T heo rem  2.3. Let X  be a topological space and i f  a compact, Hausdorff sub­

space o f f i f ( X ) .  Then for any A, В in if, A dB , any maximal chain f  from  
A to В in i f  is a compact ordered subspace. Consequently, i f  in addition f  is 
order-dense (that is for any R, T  in R d T , there is an i f  in suchthat R d S d  
d T ) then f  is an order-arc from A to В in i f .

Pro o f . By Lemma 2.2, is a compact, Hausdorff subspäce of if. By Lemma 
2.1, the subspace topology on f  is larger than the order topology and therefore in 
view of the fact that the order topology is always Hausdorff and compact Hausdorff 
topologies are minimal Hausdorff, the two topologies on f  must be the same. Thus 
^  is a compact, ordered subspace of if. For the last part it need be only noted that 
the stated condition on f  makes it connected also.

T heorem  2.4. Let X  be a topological space and A, В members o f f>if{X) 
such that A d B . Then there is an order-arc from  A to В in fS f(X ) i f  and only 
i f  A, В belong to a compact Hausdorjf order-dense subspace i f  o f  (fi£{X).

P ro o f. If f  is an order-arc from A to В in f>if(X) then ^  itself may be taken 
as if. Conversely, if there is an i f  having the stated properties then by Theorem 23., 
there is an order-arc from A to В in i f  and hence in f i f (X ) .
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C o ro lla ry  2.5. Let X  be a topological space, a subcollection o f FJf(X)
and A, В two members o f Pf. I f  A, В belong to a compact Hausdorff order-dense 
subspace i f  o f 0* such that i f  has a member C containing both A and B, then 
there is an arc from A to В in if.

P r o o f . By Theorem 2.4, there is an order-arc sd from A to C in i f  and an 
order-arc 3d from В to C in if. The collection sdS\33 is a non-empty, closed subset 
of both sd and 33, consequently has a common infimum, say D, in both sd and 33. 
Now the subarcs [A, D] and [B, D] of sd and 33 respectively, together provide 
an arc (under a modified linear order) from A to В in i f  and hence in S3.

C o ro lla ry  2.6. ([2], §3). I f  X  is a compact and connected space, then f ( X )  
is arcwise connected.

P r o o f . The space f ( X )  is compact ([3], Proposition 4.13.5) and X  itself is a 
member of f(X ).  Consequently, in view of the fact that f (X )  is order-dense ([1], 
p. 173), we get, by Corollary 2.5, that tf(X ) is arcwise connected.

C o ro lla ry  2.7. ([2], §3). I f  X  is a compact and connected space, then f i f  (X) 
is arcwise connected.

Pr o o f . The space 4>if(X) is compact ([3], Theorem 4.2) but is not order-dense 
if X  has more than one point. Therefore, we need to work with suitable subcollec­
tions of flif(X ). For this, given A in f i f ( X ) ,  consider the collection i f  of all members 
Fo$(ß if(X )  such that A ^ F Q X  and each component of F has points of A. Clearly, 
X  belongs to i f  and £fQ ^(X )  if and only if A is in <if(X). We show that i f  satisfies 
the conditions of Theorem 2.4, in order to first conclude that there is an order-arc 
from A to X  in fi iflX ) . From this, in view of the proof of Corollary 2.5, it will 
follow that c€if(X )  is arcwise connected.

i f  is a closed, hence compact, subset o f (6 if  (X ): If EP(6i£(X) —i f  then either 
A %E or Ac.E  and there is a component К of E disjoint from A. In the first case, 
there is an x  in A — E and (X  — {x}) is a neighborhood of E disjoint from if. 
In the second case, E is not connected between A and К ([1], p. 170), hence there 
exists a closed subset D^PK of E  such that E —DÍ3A is also closed. Now, X  
being normal, there are disjoint open subsets U and V of X  such that DQU  and 
E—D ^V , and then the neighborhood (U, V) of E is disjoint from if.

i f  is order-dense: Given R, T  in if, R aT , let x£T —R and U be an open 
set containing R such that x(fCI(t/)- Suppose К is the component of T to which 
x belongs, then as AC\K is non-empty, Rf]K  is also non-empty. Let ydRD K  
and V stand for the set UC\K. Then, V is a non-empty proper open subset of the 
continuum К and hence for the component C of C\(V) to which у  belongs, we have 
СП(ЛГ-К)^0 ([4], Theorem 20.1). Now, if S= R(JC  then S ^ i f  and RczS<^T. 
This completes the proof.

For any A in f i f ( X ) ,  let i f  (A) and Jl(A) be respectively the collection of all 
those members of (€ if(X )  that are contained in A and the collection of all those that 
contain A. Then, obviously 33(A) — (A), J i(B )^J l(A )  whenever В belongs 
to JÍ(Al), and Jt(A) is contained in each neighborhood {Ij- K, •••, K) of X  to 
which A belongs. These observations coupled with the fact that the order-arc
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from A to JSfin %?£f(X) obtained above is contained in Ji(A) (in Jt(A) Г\*£(Х) if A 
is in (<9 (X)) lead us to the following corollaries.

Corollary 2.8. I f  X  is a compact and connected space and A is a closed 
non-empty subset then the subspaces ,M(A) and M{A)C\r€(X) o f (€d£(X) are 
arcwise connected. In case A is in ((i(X) then Of (A) is also arcwise connected.

Corollary 2.9. ([2], § 4 ). I f  X  is a compact and connected space then the 
hyperspaces (€f£(X) and (X) are locally arcwise connected at X.
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THE CESÄRO -  DENJOY -  PETTIS 
SCALE OF INTEGRATION

В. K. PAL and S. N. M UKHOPADHYAY (Burdwan)

1. Intr oduction

In an earlier paper [5] we have introduced a scale of Cesaro—Denjoy—Bochner 
integration. In the present paper we introduce a scale of Cesaro—Denjoy—Pettis 
integrals, the CnD*P integrals, such that the strength of the integral is increased 
with«, the C0D*P integral being the special Denjoy—Pettis integral introduced 
in [6].

2. Definition and terminologies

Throughout the paper, R  is the real line, X  is a real Banach space, || • || its norm 
X* its conjugate space. The definition of Peano derivative and of AC„G* for rea 
function are as in [2]. We shall frequently refer to the CnD integral of [7] and to the 
CnP integral of [3] for real valued functions. These integrals, viz. the CnD integral 
and the CnP integral are equivalent (see [8]). The Lebesgue—Bochner integral and 
the Lebesgue—Pettis integral will be denoted by LB and LP respectively. Unless 
otherwise stated, function will mean an U-valued function defined on an interval 
[a, b].

D efin itio n  2.1. Let F:[a, ft] —X  and let ££\a, b]. Let и be a positive integer. 
If there are constants , a2,.. . ,  ocn̂ X  depending on £ such that

** = o ( ( t~ 0 n) (t -  Ö

for all x*fX*, then a„ is called the weak Peano derivative o f F at £ o f  order n 
and is denoted by (£). It is easily seen that if Ffaif) exists then (f)  { l ^ k ^  
Шп) exists. In particular Fffo(£) is the weak derivative of F  at £. For convenience 
we shall write Ffc to mean F. It is clear that if the strong Peano derivative F(n) 
(cf. [5]) exists at a point ^ then F̂ n) also exists at £ and FM (t;) = F(ü„)(Z).

D efin itio n  2.2. Let F: [a., b] — X and let n be a positive integer. If there are 
functions Fj\[a, ft] — X; /= 1 ,2 ,.. .,  и suchthat

x* ^ F ( t ) ~ F ( O - 0 ~ Ö F A O - ^ ^ F f 0 - - - - - ^ f - F n(o] =

=  o ( ( / - а в) ( / - о

for almost all ££[а, ft] for each x*CX* (the exceptional set of measure zero may 
vary with x*), then F„ is said to be the pseudo derivative o f F on [a, ft] o f  order
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n and is denoted by DnPF. It is easily seen that DkPF ( l^ k s r i)  exists if D"PF exists 
and that if F™k) exists a.e. in [a, b] then DkPFexists in [a, b] and DPF= F fy

D efinition  2.3. Let n^O. A function F: [a ,b \^X  is called weakly AC„GM 
on \a,b\ if F™„) exists in [a,b] and if the real function x*F is AC„G* [2] for each 
x*ex* .

Since |x*F|=S||x*||||F|| it is easy to verify that strong AC„G* defined in [5] 
implies weak AC„ G*.

3. Preliminary results

T heorem 3.1. Let F be weakly AC„G* in [a,b] and let DP+1F exist in 
[a, b]. I f  DP+1F — 0 in [a, b) then Fyy is constant.

P roof. Let x*€X* be arbitrary. Then x*F  is a real valued AC„Gt function- 
Since x*DP+1F= 0, (x*T)(„+p =  0 a.e. So by [2; Theorem 16 coupled with Lemma 2] 
(x*P){„) is constant. But since Ffn) exists in [a, b]. (x*F)M =x*Fj“). Hence 
x*Fft) is constant. Let ££[u, b]. Then x*(F^(^) —F(̂ )(a)) = 0. Since x* is arbit­
rary, the theorem is proved.

T heorem 3.2. I f  F {f, и ё  1, exists in [a, b], then F^f are strongly measurable 
for k=  1, 2, ..., n.

P r o o f . Since F  is weakly continuous, it is strongly measurable (cf. [6] or [4* 
p. 73]). Since Ffi) exists in [a, b\, for each t£[a, b] and each x*€-iT*

lim x* — [F(t + h)—F(t)] =  x* Ffi (t).h-+ 0 H

Taking any sequence {hr} which converges to 0 we get a sequence of strongly mea­
surable functions { - l [ F ( i  + /ir) - F ( 0 ] j which converges to Ffa (t) weakly every­
where. So, by ([4; p. 74, Theorem 3.5.4], Ffa is strongly measurable. Thus the theo­
rem is true for / i= l .  Suppose that it is true for n=m — \. Then since F$) is 
strongly measurable for k= 0, 1, — 1 and since by the existence of we
have

limx* { F ( /+ A ) -F (0 -W f t  (fl­
it W~1 

(m — 1)! = x*F?m){t)

for each t£[a, b\ and each x*, applying similar argument as above, F ^  is strongly 
measurable. The proof is thus complete by induction.

D efinition  3 .3 . A function f:[a . b]— X  is said to be C„D*P (Cesäro— 
Denjoy—Pettis) integrable if there is a weakly ACnG* function F: [a,b]-*X such 
that DnP+1F exists in [a, b] and D”P+1F = f  on [a, b\. Then Ffa(t) is called an indefinite 
CnD*P integral of f  and Ffifb) — Ffcy(a) is its definite C,,D*P integral in [a,b] 
and is denoted by

b
('C„D* P) f  f( t)d t.

a
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The definite integral of an integrable function is unique by Theorem 3.1. Clearly 
by Theorem 3.2 an indefinite CnD*P integral is strongly measurable. It can be veri­
fied that the class of all C„Z)*P integrable functions in [a, b] is a linear space and the 
C„D*P integral is a linear operator from this linear space to X, and this operator 
is additive on abutting intervals. In [6] we have defined the D*P integral (cf [9]) of 
a function / :  [a, b\—X  to be F(b) — F(a) if there exists a weakly ACG*. function 
F:[a, h]— X  such that D),F=f on [a, b\. Clearly if /  is D* P  integrable in [a,b\ 
then/is C0Z>*P integrable and the integrals are equal.

T heorem  3.4. The function f  is C„D*P integrable over [a,b] i f  and only i f  
there is a function F: [a, b\ —X such that Ff°n) exists in [a, b] and x*Fft) is an 
indefinite C„D integral o f  x * f  for each x*£X*. Further, we have

ь
x '{F?n) (b)- F& (a)) =  (c„D) f  x*f{i)dt.

a

Pro o f . Let /  be C„D*P integrable. Then there is a weakly A C„ 6’* function 
F:\ci, h] — X  suchthat Dp+1F —f  in [a. b]. So, for each x*£X*, x*F is ACnG* 
and (х*Р)(„+1)= х * / a.e. and since (x*F)(n)=x*F{f so by the definition of C„D 
integral we see that x*Ffn) is an indefinite C„ D integral of x * f  and

b
x*F?n) (£») — x*FfB) (a) -  (C„ D) f  x*f(t) dt.

a

Conversely, if exists and x*F ^  is an indefinite C„D integral of x * f  
for each x*€X* then since (x*F)M= x*F ^, x*F is ACnG*. Also since (x*F)(n) 
is an indefinite C„ D integral of x * f  we have (x*F)(n+1)=x*f a.e. and hence D",+ 1F = f  
This completes the proof.

T heorem  3.5. I f  f  is CnDt P intagrab/e then f  is weakly measurable.
Pro o f . By Theorem 3.4, for arbitrary x*€X*, the real valued function x* f 

is CnD integrable and hence is C„P integrable and so x* f is measurable [1]. Hence, 
x* being arbitrary, /  is weakly measurable.

T heorem  3.6. I f  f  is LP integrable then f  is C0D*P integrable and the 
integrals are equal.

t
Pro o f . Let x*£X* be arbitrary and F(t)=  J  f(£)d£. Then x* f is Lebesgue

a

integrable with indefinite integral x*F. So x * f  is C0P integrable with C0P integral 
x*F. Since F (Ő) = F  the resuir follows by Theorem 3.4.

T heorem  3.7. A C„_1D*F integrable function f  is Cn D±P integrable and the 
integrals are equal.

Pr o o f . Let / b e  C„_1F>+F integrable in [a,b]. Let F  be weakly AC„_1G* 
and D pF= f in [a, b]. Since F is  weakly continuous, it is LB integrable [6] and hence

t
FF-integrable. Let G(t)= J  F. Since DpF exists, for each x*£X* there is F x*c

Acta Mathematica Hungarica 45, 1985



292 В. К .  P A L  AND S. N. M UKHOPADHYAY

c |a , b] of measure zero such that for ££EX*

x* [f (o - f 0 -  з ^ г - Я р Р ю ]  = o (( t-a n) о  - o .L 1=1 I■ J

Hence since F  is LF-integrable,

x* [g(o- G ( o - ( t - & F ( o -  2 -I j i ) 4,- D‘p Ftt)\ = o ((r-an+i) о -  a

Hence DnP+1G = DnpF. It can be shown that, since F(“ _x) exists, (x*G)(n) =  
— (x*F)(n- 1) = x*Ff°n_1) and hence G Î) =  F (“ _1) and that, since F is weakly 
ACn^G*, G is weakly AC„G*. T h u s/is  C„D*P integrable. Since G“„) = F (“ _1) 
the result follows.

T heorem 3.8. A C„ Df В integrable function is C„ D, P integrable.
This is obvious since strongly ACnG* implies weakly AC„G* and existence of 

strong Peano derivative implies the existence of weak Peano derivative.
t

T heorem  3.9. I f f  is C„ D+ P integrable and F(t)=(Cn D„P) J f  then F  is
a

Cn_l D¥P integrable in [ г, b].
Proof. I f  f  is C„D,P integrable then by Theorem 3.4 there is <P:[a,b]-+X 

such that fbfn) exists in [a, b] and (х*Ф)(„) is an indefinite C„D integral of x * f  
for each x*£X*. Hence Ф̂„ _ 1( exists in [a, /;] and (х*Ф)(„^1) is an indefinite Cn _t D

t

integral of x*F (í)=  J x * f  for each x*£X*. Hence Fis C„_1D+F integrable by 

Theorem 3.4.

4. Integration by parts

Theorem 4.1. Let f  be C„ D, P integrable and let F= J  f .  I f  G: [a, й] — R
a

is such that G(M) is absolutely continuous, then fG  is CnD*P integrable in [a, b] and
b  h

(CnDf P) f  fG  = [FG]ba- ( C n_1D*P) f  FG'.
a a

Proof. We shall first prove the theorem for n= 1. Let Ф: [a,b]^X  be such 
that =  F  and Dp<l> = f  and Ф is weakly A CXG*. Since Ф is weakly conti­
nuous and G(1) is continuous so 4>G(1) is weakly continuous and so by Lemma 
4.1 of [6] it is LB  integrable and so LP integrable. Now let

4>(f) = i> (0G (a -  f  Ф<А)СЫ{1)41
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and x*£X* be arbitrary. Then
(x*«0u> =  (х*Ф\1)С+х*ФОа)-х*Ф Са) -  (х*Ф)(1)С = x *(ФГг)0) = x*FG. 

Therefore 4>(l) = FG and also (cf. [1])
(**¥%) =  x*FG’ + G x*f (a.e.) =  x* (FG'+fG) (a.e.)

So, = FG' +fG. Now since Ф is weakly ACXG* and since
4

x* 4J ( a  = x* Ф (c) G (0 -  f  x* Ф (f) GW (t) dt
a

by Theorem 12 of [5], Ф is weakly /tQG*. Hence FG'+fG is CXD*P integrable 
and h

[ « % í= ( C A iO  f  (FG'+fG).
a

Now by Theorem 3.9, F is  C0Z)*F integrable and so FG' is C0D*F integrable by
[6] and this completes the proof for n = 1.

Now we assume the theorem for n=m — 1 and prove it for n = m. The theorem 
will then follow by induction. Let Ф: [a, b] -*X be such that Ф\‘т) =  F  and D” +1Ф =/  
and Ф is weakly ACmG*. Since Ф is weakly continuous and G(m) is continuous so 
ФС(Г) is LB integrable [6] and so LP integrable for r= l ,  2, ..., m .  Setting

m ( 1  3
f (o  =  ф ca g (a + 2 (-1 )r (; J /  ( Q - t y - ^ ( t ) G W ( t)dt

we get for arbitrary x*£X*
M (yyt 1 S

x* ч> ( a  — x* ф ( a  g ( a + д  ( -  i)r ( r J ту- /  «  - ог- 1х*ф ( о g<'> (о dt.

By Theorem 12 of [5] (x*4f\ m)=x*(FG) for all x* i.e. ^ m) = FG and (x*4>\ m + l) = 
= x*(FGW+fG) a.e. for all x* i.e. = FGm +fG and 4> is weakly ACmG+.
Hence FG(1) +fG  is Cm D, P integrable and

t

(FG) (t) = f  (FGW+fG).
a

Now by Theorem 3.9, F i s  Ст_хО*Р integrable and since (G1)("'_1) = (G)c'n) is 
absolutely continuous, FG(1) is C„, £>* P integrable and hence by Theorem 3.7,
it is C„,D±P integrable. So we have

b b

[FG]ba = (Cm^D ^P ) f  F(t)GW(t)dt + (CmD,P) f  f(t)G (t)d t,
a  a

completing the proof.
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5. Examples

Example 5.1. There exists a C0D*P integrable function which is not LP 
integrable.

L e t/b e  an everywhere finite real valued function on [0, 1] which is D* integrable 
but not /.-integrable and let F(t) be its indefinite integral with F(0)=0. Let {<:„}€/■> 
be fixed. Define g: [0. 1]— /2 by g(/) =  {c„f{t)}, /€[0, 1] and G: [0, 1]— /2 by 
G{t)— {спР(/)}, /€[0, 1]. Now, if x*€/2*, then there exists a sequence {d„}€/2 
such that

x*g(t)= f(t)X cndn = Af(t)

where Xcnd„ = A. Since /( / )  is not L-integrable so x*g(t) is not /-integrable. So 
g is not LP  integrable. On the other hand /( /)  being D* integrable x*g(t) is D* in­
tegrable and

« i  s
fx * g ( t ) d t=  J  A f(f) dt = A f f ( t ) d t  = AF (0 = F(OZcnd„ = x*G(O.
0 0 0

Since G ^ —G, by Theorem 3.4, g(t) is CnDrP integrable on [0,1].
Example 5.2. For each 0 there exists a C„ Z)* P integrable function which 

is not C„_1Z)*/> integrable.
Let f  be a real valued finite function in [0, 1] which is C„ P integrable but not 

C„^1P integrable. Then there is a real valued function Ф in [0, 1] such that Ф is 
ACnG* and Ф(„)(/) is the indefinite integral of /(/). We may suppose Ф(л)(0) =0. 
Let {rr}t 4 ■ Define the function g and 'F on [0, 1] with values in /2 such that

g(t)= {crf(t)}, /€[0 , 1 ], У (Í) =  {сгФ (Ob /€[0,1].

Then the strong Peano derivative *Р(0 exists at each point where Ф(0 exists and 
'P(t) = {сгФ((>} for i =  l, 2, ... ;i +  l. Let Then there is a sequence {dr}f-L2
such that

x*g(t) = f(t)Zcr dr = Af(i).

Since/(/) is not P integrable so x*g(/) is not С„_2Р integrable. Hence by Theo­
rem 3.4, g(t) is not C„_1Z>*P integrable.

Again since/(/)  is C„P integrable, we see x+g(7) is C„ P integrable on [0, 1] and
i { i

f  x*g(t) dt — J  A f(t)dt = A J  f(t)d t = АФ(п)(0  = ТсгФ(11)(£ К  = x* T(n)(c)-
0 0 0

So, by Theorem 3.4 g(t) is CnD*P integrable on [0, 1].
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ON 3-TORSION FREE RINGS IN WHICH 
EVERY CUBE COMMUTES WITH EACH OTHER

Y. KOBAYASHI (Tokushima)

In this note rings are associative and have an identity element 1. The set of all 
positive integers is denoted by N. For two elements x and у of a ring the commu­
tator x y —yx  is denoted by [x, у].

Let и be in N. Awtar [3] proved that an n !-torsion free ring satisfying the iden­
tity [x", yn]=0 is commutative, and asked if an «-torsion free ring with [xn, j"]= 0  
is commutative. The answer is yes when n=2. Abu-Khuzam and Yaqub [1], [2] 
showed that such a ring is commutative if certain conditions are added. Bell [4] 
showed that the answer is negative for « = 3. In fact, we have

Example. Let *̂ = |[о д2]|а> ^€GF(4)j. Then S is a 3-torsion free non-
commutative ring satisfying [x8, y3]=0.

A ring R is called a P„-ring if R satisfies the identity [xn, y n\ = 0 and every 
commutator in R is «-torsion free, that is, n[x, >-] = 0  implies [x, y]=0 for any 
x, yZR. The purpose of this note is to show that the ring S in the example is, essen­
tially, the only non-commutative P 3-ring.

In what follows, R is a P 3-ring. Let x, y£R . The equations [x3,y 3] = 
=  [x3, (l+ y)3]=0 yield 3[x3,y + y 2] =  0. Since every commutator in R is 3-torsion 
free, we get
(1) [x3,y  + / ]  = 0.

Substituting 1 + x  for x in (1) we obtain

(2) [x+ x2, y+ y2] = 0.

Again substituting 1 +y for у  and next 1 + x  for x in (2), we have the identity

(3) 4[x, y] = 0.

Conversely, as is easily seen, a ring satisfying the identities [x3, y3]=4[x, y] = 0  
is a P;!-rings. Therefore we see that a homomorphic image of a P 3-ring is again a 
P3-ring, and that a ring is a P3-ring if and only if each of its subdirectly irreducible 
factors is a P3-ring. Now the following theorem, the main result of this note, charac­
terizes P3-rings.

Theorem. Let R be a ring. R  is a Paring i f  and only i f  R  is either a commu­
tative ring or a subdirect product o f  a commutative ring and copies o f  the ring S given 
in Example.
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The proof of the theorem will be carried out stage by stage. It suffices to show 
that a subdirectly irreducible P3-ring is either commutative or isomorphic to S. 
The following easy, known result will be used frequently. Let x and у  be elements 
of a ring.

(I) I f  [x, [x, >>]] =  0, then [x", y] =  nxn~l[x, y] fo r all n^N.
Let x and у  be in R. Assume xy=0. Since [x3, y3] — 0, we have y ‘xJ—0 for 

all integers i s 3 and y 's 3. Then, using (1) and (2) we can get yx = 0. Thus we 
have

(II) For x, y t  R, xy= 0  implies yx= 0 .
Let N  denote the set of all nilpotent elements of R, D  the commutator ideal of 

R and Z  the center of R. Let a, b tN . By double induction on nilpotency indices 
of a and b using (2), it is easily proved that [a, b]=0. It is known that for a ring 
with [x3, y3]=0 the nilpotent elements form an ideal and the commutator ideal is 
nil (see Kezlan [6] or Lihtman [7]). Thus we obtain

(III) N  is a commutative ideal and DczN. Therefore TV2 and D1 are in Z.
Let x tR  and a tN . Note that a‘t Z  for any i s 2 by (III). Hence by (1) 

we have [x3, a]—0. Moreover, we find from (2) that

(4) [x+x2, a] =  0.

Therefore we have [x, a ]=  — [x3, u]=[x4, a ]= x 3[x, a]. Thus we get
(IV) (1 — x3)[x, u]=0 for any x tR  and atN.
By (II) there is no distinction between left and right zero-divisors in R. Let A 

denote the set of all zero divisors of R. For a subset T of R  the left (= right) annihila- 
tor of Tin R forms a two-sided ideal of R  and is denoted by Ann(T). Let us assume 
that R is subdirectly irreducible. H  denotes the heart (the smallest nonzero ideal) 
of R. Clearly Ann(H)(^A. Conversely, let a t A. Then Ann (a) is a nonzero ideal 
of R and contains H. This implies a£A nn(#). Thus we find that A — Ann (Я) 
is a two-sided ideal of R. Let at A and b tN . Then 1 —a3(fT. Hence by (IV) 
we have [a, h]=0. Let x€ R. Since xa£A, we have xba = xab=bxa. These are 
summarized as

(V) I f  R is subdirectly irreducible, then (i) A is an ideal o f R, (ii) [a, ft]=0 
for any a t A and b tN , and (iii) [x, b] is in Ann (A) fo r  any x tR  and btN.

Next we shall prove
(VI) Let R be subdirectly irreducible. I f  Ann(T)czZ, then R is commutative.
Assume that Ann(Z)c:Z. Let x t R  and atN. Since [x, a]t Arm (A) by 

(iii) in (V), we have [x, [x, a ]]=0. Hence by (I) and (3) we obtain |x \ a]=4x3[x, a] = 
=0. Thus by (4) we get [x, a]=0. Let у  be in R. Since [x, y ] tN  by (iii), we have 
[x, lx,v]]=0. Hence, again by (I) and (3) we find [x4, y]=4x3[x, y] =  0. Now 
using (2) repeatedly, we can show [x, >]=0.

Now we claim
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(VII) Let R be subdirectly irreducible. I f  R is not commutative, then R/A = 
^G F{  4).

Indeed, assume that R  is not commutative. Then by (III), A AO and so Апп(Л)с 
cz A . Since Ann(T) annihilates A, we find Апп(Л)сА. Moreover, (III) implies 
that R/A  is a commutative domain. There are x£R  and Ann(d), such that 
b—[x, a]A0 by (VI), so l —xs£A due to (IV). If 1 — x£A, then [x, a]=0, a 
contradiction. So we find l+ x + x 2£A. We have 2a—0, because 26A by (3). 
Hence by (4) we find [x,b\ = \x,[x, a\\= [x2, a]=[x, a\=b. Let у be an arbitrary 
element of R \A .  If [y,b]A0, then 1 + y+ y2£A for the same reason as above. 
Furthermore we have

0 =  1+x + x2 — (1+ y  + y2) = (x—y )(l+ x + y ) =  (x — y )(y—x2) (mod A).
It follows that y= x  (mod A) or y = x 2 (mod A). Thus we get

(5) [y, b] =  [x, b] = b.

If [у, é] = 0, then [xy,b]=[x,b]y—by. Since by is nonzero, it must be equal to 
b by (5). It follows that 1 —y£A. This proves our claim.

By (5), Rb=bR is a nonzero two-sided ideal of R, so it contains H. Therefore 
there is an element z of R  such that zb is a nonzero element of H. Since z$A , we 
have 1 — z3£A by (VII). Hence, b=z3b is contained in H. Thus we obtain

(VIII) I f  R is subdirectly irreducible, then [x, a] is in H for any x£R  and 
a^Ann(A).

Next we strengthen (VI) as follows.
(IX) Let R be subdirectly irreducible. I f  H a Z , then R is commutative.
Assume that H a Z .  It suffices to show Ann(dl)c Z. Let x£i? and a 6 Ann (A). 

Since [x,a]eH  by (VIII), we see [x, a]6Z and [x, [x, a]]=0. By (I) and (3) we 
find [x4, a]=4x3[x, a]=0. Thus we conclude [x, a] =  0 by (4).

Now we shall finish the proof of the theorem. Assume that R is subdirectly 
irreducible and non-commutative. If AN?±0, then AN  is a nonzero ideal contained 
in Z  by (ii) in (V). So, H  is also contained in Z and R must be commutative by (IX), 
a contradiction. Therefore we have A N = N A = 0. Let x€R and a,b£A. Since 
[x, a] and [x, b] are in N  by (III), we have [x, a]b=a[x,b\=  0. It follows that [x, ab] = 
=0. This means that ab£Z and the ideal A2 is contained in Z. Thus, for the same 
reason as above we find A2=Q, that is, A -A nn(A ). Now, choose an element x 
in R so that the residue class of x modulo A is a primitive element of R/A ( =  GF(4)). 
Let a be a nonzero element of A. If [x, a]=0, then Ra= {0, a, xa, x 2a} forms а 
two-sided nonzero ideal of R contained in Z. Again this is impossible. Therefore, 
[x ,a ]^0  and we have [x, [x, a]]=[x, a] by (5), that is, [x, [x, a] — a]= 0 . But, 
what we have just proved shows
(6) [x, a] = a.

This means that for any nonzero element a of A, Ra=aR  forms a two-sided ideal 
of R of order 4. Since R is subdirectly irreducible, we conclude A = H =Ra=aR — 
=  {0, a, xa, x2a). We have 2=0, otherwise 2 is a central nonzero element of A
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and this is impossible. We can choose x  so that jt3= l  holds. Indeed if y3=1+& 
with b (9±0)£A, then xe=(l +b)2=  1; take x2 for x. Then {0, 1, jc, x2} is a sub­
field of R isomorphic to GF(4). Moreover, by (6) we have ax= (x+ l)a= x2a. It 
is now clear that R ^ S ,  where S  is the ring S  in the example.

The proof of the Theorem is complete.
Remark. Let n£N. If n has a divisor of the form 1 +pr+p2r+ ... +psr, where 

r and s are positive integers and p  is a prime not dividing n, then there exists a non- 
commutative P„-ring (see [5, Remark 3]). We believe that similar results to our 
theorem in this note should hold for general -rings.
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A LOSYNSKI—KHARSHILADZE THEOREM FOR 
MÜNTZ POLYNOMIALS

D. J. NEW M AN (Philadelphia) and B. SHEKHTMAN (Los Angeles)

In this note C(A) always denotes the space of continuous functions on the 
unit circle and C[Q)1] denotes the space of continuous real valued functions on the 
interval [0,1]; z denotes the variable in A and t denotes the variable in [0, 1].

Let {Aj}JL0 be an increasing sequence of integers; A0 = 0. The positive solu­
tion of the Littlewood conjecture implies that for any choice of linear bounded 
projections q„: C(A)-*C(A) with range qn=span (zL}^=0,

II 9.11 3= 0(1) log n.
This result prompted the second author to conjecture (cf. [4]) that for any 

sequence of linear bounded projections pn: С[ол] —C[0,n with range pn= 
=  span {Л}"=о we have ||pn||-»°°.

This conjecture turned out to be false in general. In this paper we indicate 
some sequences {Xj} for which the conjecture is true and some for which it is false.

A sequence {A,-} is called lacunary if ^j+1 1 for all j .

T heorem 1. Let {Aj} be a lacunary sequence, then there exists a sequence o f  
projections p„: Q 0,i]^C [0jl] with range p„=span {Pj}”=o su°h that IIA,II =0(1).

P roof. Denote by F=span {/ri}jL0. Then V is the space of analytic func­
tions on |z |^ l  whose power series include only powers of zA< (cf. [1]). Moreover 
{txj} forms a Schauder basis for V. Hence there exists a sequence of projections 
Qn: V-+V with range =  span {(■*/}?=<> such that ||OJ = 0(1). Because of the 
minimality of the system {/A}, the space V is isomorphic to c0 (cf. [1]) and thus 
(cf. [3]) it is complemented in CIOjl]. Let P be a projection from C[01] onto V. 
Then the projections pn — Q„P are the desired projections.

R em ark . Similar results are true for Lp [0, 1] (/?> 1) spaces, and for arbit­
rary sequences (A;) with X f  R and A; -* °°. Namely if {A;} is a lacunary sequence 
then there exists a sequence of projections p„: Lp-*-Lp with range p„ =  
=  span { ( aj } " = o such that | | p „ | | = 0 ( l ) .  Proof follows from [ 1 ]  and is exactly the 
same as in Theorem 1.

T heorem  2. Let A„Sn+o(logn). Then for every sequence o f  projections p„ 
from  C[0, i] into with range /?„=span {/aj}”=o, IIpJ-"°°-

Proof. Let С[_Р>я1 be the space of even periodic functions with period 
2л. It is sufficient to prove that for any projections p„ with range pn =
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= span {cos'*/0}J=O we have ||p„||-> Every such projection has a representation

O„x)(0)= 2 i f j n)(x) cosxj 0
J = о

where and f j ’‘>(cosxi0)=őij. On the other hand, the same projec­
tion looks like

(Pnx)(0) = Z i  I ß  (x) cos jO
j = о

where the linear functionals Iß  are linear combinations of the functionals / ((п).
Using an inequality of Sidon [2] and usual arguments of functional analysis 

we get

( i )  WPnW^cZi  /  \  “ •j = 0  A n — J - 1 - 1

The problem is reduced to estimating the norms ||/jn)||. Define z!(0)=cosAl0=
Ai

=  Z a \ j )  cosß -  Then llzill =  !• On the other hand there are at most Ax elements
;=o

in this sum and so for at least one index vx we get |*4я)|ё-т—.Ai

It follows from the definition of I ß  that /»")(zi) = flíí)- Therefore jj/v(", || =-r~-
Ái

We can now choose numbers a}, ai such that the polynomial
A2

z2(0) =  aj cosAl 0 + alecs'12# = Z  aß  cos jd
j—o

has norm 1 and the coefficient of cos (vL 0) is zero. Then the polynomial z2(0) has 
at most A2 — 1 monomials and so for at least one index v2,

II Jí? II — W ? I — •

Continuing in the same way, we define inductively a polynomial

m +1 +1
Zm +-i(0) =  Z  <Xjm + 1) cosxj 0 =  Z  a'" + 1c°sy0

j =i j=1

suchthat ||zm+1|| =  l and all the coefficients a(„'"+1) (/c = 1, m) are zero. Then
the polynomial zm+1 has at most Am+1—m monomials and so there exists an index 
vm+1 such that

l l í l . l l  s  I«1
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Using inequality (1) we obtain

\ \ P i’J  ^  CT - b L j  ^  C min ||/<?ll 2  , \  -T
Á n - V j + i  j  1 k  Ä n  —  k + 1

In n—In (A„ —n) Inn—ln ln n
— o(lnn) ~  1 o(lnn)

The authors wish to express their gratitude to Professor J. M. Anderson for 
helpful discussion of the original conjecture. We are also grateful to the referee for 
the useful remarks.
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ON ^-INCREASING ELEMENTS IN  
SEMIGROUPS

F. CATINO (Lecce) and F. MIGLIORINI (Siena) *

Introduction

There are several works on increasing elements in semigroups; here we generalize 
the notion of increasing elemen«., by introducing ^-increasing (or quasi-increasing) 
elements.

In § 1. a we determine several general properties of «у-increasing elements. 
Some semigroups (as periodic, and completely regular semigroups) contain no 
(/-increasing elements. In § l.b some sufficient conditions are given in order that 
^-increasing elements exist in a semigroup, in particular in a regular semigroup, 
by means of Green’s relations.

In § 2 . minimal subsets relative to ^-increasing elements are defined, their 
existence is proven, and a “ reduction” theorem is given for those subsets.

In § 3. at first we consider unsolved problems about increasing elements: some 
of them are solved by means of Szép’s decompositions, DL(S) and DR(S ) or by 
Г-decomposition of S. At last (§ 3.c) we prove both a necessary condition so that 
a semigroup, which is a semilattice of subsemigroups, have increasing elements 
and a result on left separative semigroups.

We use the standard notation of the algebraic theory of semigroups.

§ 1 .

a) Let 5 be a semigroup.
D e f in it io n  1.1. An element a of a subset TQ S  such that aT=T[Ta = T] 

is said a left [right] quasi-increasing (or q-increasing) element, relative to T, if there 
exists a subset T'czT  with aT'=T[T'a=T].

A left [right] increasing element is left [right] ^-increasing too. It is easy to 
give examples of semigroups which contain ^-increasing elements but no increasing 
elements.

The bicyclic semigroup, Ш(р, q), has both increasing and «/-increasing elements.
T h e o r e m  1 .2. No element o f S can be both left and right q-increasing.
P r o o f . If a is both a left and a right «/-increasing element of S, there exist 

subsets T'czT, V'czV  such that a£TC\V, aT=aT' — T, Va — V'a = V. Since 
V'a=V, there exist vt , v2dV ' suchthat a = r 1 a, v1=v2a. Let yZT; since aT'=T,

* This work was performed in the sphere of activity of G.N.S.A.G.A. (C.N.R. —- ITALY).
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there exists y'$_T' suchthat у = ay'. Therefore v1y= v1ay'=ay'=y, hence v2T= 
= v2aT' = v1T '= T ',  and also T ' — v2T—v2aT—vxT=T, a contradiction.

C o r o l l a r y  1 .3 . I f  S is commutative, no element o f S is left [right] q-increasing.
The proofs of the following Propositions 1.4, 1.5, 1.6 are not difficult and we 

omit them.
P r o p o s it io n  1 .4 . A left [right] cancellable element o f S is not a left [right] 

q-increasing element.
Therefore a group has no ^-increasing elements.
P r o p o s it io n  1.5. An idempotent element o f  S  is not a left [right] q-increasing 

element.
P r o p o s it io n  1 .6 . I f  T is a subset o f S, the set T (1) [ Г (г)] o f  the left [right] 

q-increasing elements relative to T  ( i f  Т ^}[Т{Г)]^Щ  is a subsemigroup o f  S.
P r o p o s it io n  1 .7 . Let a be a left [right] q-increasing element o f  S. Then:
i) a" is a left [right] q-increasing element o f  S  ( « 6 N).

ii) a generates an infinite cyclic semigroup.
P r o o f , i) It follows from Proposition 1.6. ii) A finite cyclic semigroup contains 

an idempotent, which can not be a ^-increasing element, by Proposition 1.5.
C o r o l l a r y  1 .8 . Periodic semigroups contain no left [right] q-increasing elements.
Theorem 1 .9 . A completely regular (c. r.) element o f S is not a left [right] 

q-increasing element o f  S.
Proof. Let a £S  be completely regular and suppose that there exist subsets 

T 'a T Q S  such that a£T, aT '~aT= T. If ä is the identity of the b e la s s  Ha and 
a -1 is the inverse element of a in Ha, then we have:

äT' = а~л aT' = a~1T =  a~ 'aT=  a a ~ 'T  = adT  =  aT ’ =  T; 
dT = aaT' = aT' = T; ä = a~1a(La~1T = äT' = T.

Therefore ä is a left ^-increasing element of S, in contradiction with Proposition 1.5.
By Theorem 1.9, a completely regular semigroup contains no left [right] ^-incre­

asing elements, and this generalizes a result about increasing elements in a c.r. 
semigroup ([2]; Theorem 1(a)).

The following results are of “Ljapin type” (for increasing elements). If S 1"1 
[S [1]] is the set of the right [left] ^-increasing elements in S and 6 ' [n:i is the set of the 
elements which are not ^-increasing then S is the disjoint union of S [r], .S[1] and

One can give examples of semigroups S in which either or 5™ or both
and S[1] are not subsemigroups.
Theorem 1.10. I f  •S’1* 5 is a subsemigroup o f S, then has no left q-incre­

asing elements.

P r o o f . Let a(z 5'[r] be a left ^-increasing element for S[r]; then there exist 
z, z '6 S[r] such that a = az, z=az'. Because a€5’Cr:i, there exist T ,T 'Q S , T 'c T
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such that a£T, T= T'a = Ta, hence, for every t£T, t= t'a(t'£T '), it holds tz— 
— {t'a)z=t'a — t. Therefore T' =  T’z = T'az' = Tz' — Taz' —Tz=T, a contradiction. 
The dual result of Theorem 1.10 holds for 5 [1h

b) Sufficient conditions in order that a semigroup S contain left [right] ^-in­
creasing elements are determined by Theorems II.3.2 and II.3.3 in [6 ].

The following theorems give other sufficient conditions by means of the Green’s 
relations in a regular semigroup. Let SP be the minimum inverse semigroup con­
gruence on a regular semigroup S, while i is the identity mapping on S.

Theorem 1.11. Let S be a regular, not orthodox semigroup, such that STQ 
TT)M’=i. Then S contains left and right q-increasing elements.

Proof. From [1], Theorem B, S contains a copy of the bicyclic semigroup

Remark. Let S be the semigroup consisting of all nondecreasing unbounded 
sequences f:n -* fn  of natural numbers N under the composition of functions. 
S has an identity (i: n-*ri), but no other units; therefore S  contains no increasing 
elements. It is proved in [1] that S  is regular, but not orthodox; moreover 
and ifC\Td=i. Hence, by Theorem 1.11, S  contains left and right ^-increasing 
elements.

Theorem 1.12. Let S be a regular semigroup. I f  there exist two distinct Q>- 
-related idempotents, then S contains left and right q-increasing elements.

Proof. By [1], Proposition, S  contains a copy of T(p, q).

§ 2 .

In a semigroup S, let a be a left increasing element relative to the subset TQS, 
that is a^T  and there esists a subset T 'czT  suchthat aT' = aT—T. (1)

Definition 2.1. A subset T ' in (1) is said minimal for a with respect to T  if 
a(T' — х)т±Т, for every x£T '.

Proposition 2.2. Let a be a left q-increasing element relative to TQ S. Then 
there exists a subset M minimal for a with respect to T.

Proof. Let aT '—T, aT=T, with T 'a T .  Let us consider the relation л in Г 
defined by xXy if ax = ay {x, yT T).

It is evident that Я is an equivalence in T; let Г/Я be the quotient set. In each 
equivalence class [х]£Г/Я there is some element of T'. Let us choose a representa­
tive t’f  T ' in every class [x; ] i € 7  and let M = {t’i)iiI . It is clear that M ^ T 'c zT ,  
aM = T, and M  is minimal for a with respect to T.

Of course the duals of Definition 2.1 and Proposition 2.2 hold. However 
minimal subsets M  above considered are not absolutely minimal.

Theorem 2.3 (Reduction theorem). Let {a;},gN be a sequence o f left q-in­
creasing elements o f S such that a f  T f  S. aiT=aiM = T  (M с T), with M  mini-
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mal for a, with respect to T, fo r  every N. Then, i f

М Ы  =  M ,  M<'> =  {лг€Л/('-1)/а>_1а,_2...а1д:еМ} ( i 2),
iv<? have:

1) M(,+1)c M (i).
2 ) r = a I+1 ai ...a 1 Af(,+1).
3 ) M(i+1> is minimal for ai+1ai ...a1 with respect to T.
Proof. By induction on i£N. For i=  1, Л/(2) £  M w . But M ^T , hence, 

if t£T —M, since T=aiM il\  there exists an element suchthat t = alm;
so and Because axM = T, we have ax Af(2) = M, hence
a2a1M™=a2M = T.

At last, МЫ  is minimal for a2ax. In fact, if m£M(2), öj(M (2) — in) does not 
contain a fh {fM ), since M  is minimal for ax, hence aj(M (2) —m)c:M. Therefore 
a2a1(M ^) — tn)=a2(M —a1m)Ti S, because M  is minimal for a2- Suppose the thesis 
is true for (г—1), then it holds for i. In fact, M (i+1)g M (i>. Since M ^T , there 
exists an element tdT—M; because, by induction, T=aiai_1 ...axM(i), there 
exists such that aiai_1...a1m0= t$ M , hence ти0$ M {i+1>. Therefore
M (,+1)c M w. By definition of M (,+1) and because T=alai_1...a1 M ^ \  we 
have aiai_1 ...a 1 M (,+1)= M, hence ai+1ai...a1 M (i+1)=ai+xM — T. At last, Л/d+i) 
is minimal for ai+1flJ •••*!• In fact, if m£A/(i+1), aiai_1...a1m$aiai_1...a1. 
(M (,+1) — in) (because M (i) is minimal for alai^ 1...a^), hence aiai_1...a1(M <-i+1'>— 
— т )^М  and ai+1ai...al(M <-' + l> — in)^ Г, because M  is minimal for ai+1. 
This completes the proof.

We remark that Theorem 2.3 generalizes an analogous theorem for increasing 
elements (Theorem 1.2 in [7]).

§3.

a) Let 5 be a semigroup with increasing elements. A problem in [6 ] was if 
among the minimal subsets relative to a left increasing element a of S there must 
be a subsemigroup.

The answer is negative.
In fact, let S=aM , with M  minimal for a, M  subsemigroup of Sy then S  con­

tains a copy of the bicyclic semigroup # (p, q), by Theorem 1.1 in [6 ], hence S' con­
tains idempotents; but there are semigroups with left increasing elements which 
have no idempotents (as Teissier semigroup, [3], vi, 3.14).

Therefore we can divide the set C of semigroups with left increasing elements 
into two classes, Cx and C2:if  S t  Cj, there exists some left increasing element 
a£S  suchthat S=aM , where M(?±S) is minimal for a and M  is a subsemigroup 
of S; while C2—C — Cx. For the class Cx the “ Ljapin type” results hold which 
were proved in [6 ]. For the class C, we know only general results, as those proved 
in [2 ].

b) Let Ol(S) =  {S;}, £>k(S )=  {£),}, /=0, 1, ..., 5, be the left and the right, 
respectively, Szép’s decompositions of a semigroup S (see [4]).

An open problem, from [4], was the following: if S is regular, 54 =Z)1 UD3 and 
Dx = Sx U Sf. The problem is solved by means of the Г-decomposition of S.
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Theorem 3.1. Let S be a regular semigroup. Then:
i) S4 = Z)1U ű 3(7í 0) and Z>4  =  S,1 US3 (^0 ) i f  and only i f  S  contains an identity 

1 and 1 is not Я-primitive.
i i )  / / l$ S ,  then T>4 i 5 0 U 52, S4 g£»0 UZ)2.

Proof. From properties of Г-decomposition of a regular semigroup (see [5]). 
As regards the relation between increasing elements and invertible elements in a 
semigroup S, the following theorem holds.

Theorem 3 .2 . I f  S contains no left [right] identity, then left [right] increasing 
elements are exactly right [left] invertible elements o f S.

Proof. It is easy to prove that, if A5 ^ 0 , S contains a left identity. On the 
other hand right invertible elements of S  are exactly the elements in S, U S:í U -SV. 
Now 5 5 = 0 , hence the theorem holds.

c) Let A be a semilattice <W of subsemigroups Sx, i.e.
(1) S = U S a, San S ß = 9 (a *  ß), SxSß Q S xß, V«, ß & .

Let a be a left increasing element of S  and let such that a£Sx. Because
aS=S, one proves that <xa=a (2) for every afj¥. Hence °ÍJ has a last element, 
a=max (W.

If aS ' = S, with S'czS, let us put Si= SäC\S'. We have aS i—Sg (3), 
because of (1) and (2). If Ss contains no left increasing elements (for itself), then 
S’d=Sa follows from (3), therefore a is a completely regular element (because a 
must be in the last component of DL(Ss)). But this is a contradiction, since a is 
a left increasing element of S.

At last, we have proven the following theorem.
T h e o r e m  3 .3 . Let S  be a semilattice °У o f subsemigroups, according to (1). 

Then a necessary condition, in order that S  contain left [right] increasing elements, 
is the following:
1) °У has a last element, d = max У, and the left [right] increasing elements lie in Ss.
2) Sd contains left [right] increasing elements for itself.

Several corollaries follow from Theorem 3.3, as, for example, the result that 
separative semigroups contain no left [right] increasing elements, in consequence 
of Theorem II.6.4 in [8 ]. But now we generalize this last result by a direct proof. 
We recall the definition: a semigroup S  is said left [right] separative if, for every

y€ S,
(x~ =  xy  and y 2 — yx) implies x  = у
[(х2 — yx  and у2 = xy) implies x  = у].

Theorem 3.4. I f  S  is a left [right] separative semigroup, then S contains no 
left [right] q-increasing elements.

Proof. Let a£S  be a left ^-increasing element, and let T ',T Q S , T'czT  
such that a£T and aT ' = aT = T. Then a2T=T. Let x £ T  such that a2x=a. 
We have:

a2 = a2xa = a(axa), (axa)- = ax(a2x)a = (axa)a,
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hence a=axa, because S is left separative. Therefore (xa2)2 = x(a2x)a2 =(xd~)a, 
a2=(axa)a=a(xa2)\ hence a = xa 2. Then a£a2SC\Sa2, therefore a is completely 
regular (from Theorem IV, 1.2 o f [8 ]), a contradiction for Theorem 1.9.
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THEOREMS OF THE ALTERNATIVE AND 
THEIR APPLICATIONS IN  MULTIOBJECTIVE 

OPTIMIZATION
D I N H  T H E  L U C  ( B u d a p e s t )

1. Theorems of the alternative

An important technique for proving the existence of Lagrange or Kuhn—Tucker 
multipliers in optimization problems is to apply an appropriate theorem of the 
alternative, sometime called transposition theorem (see e.g., Avriel [1], Rockafellar 
[2]). In recent years these types of theorems have been developed and used in vector 
optimization (e.g., Borwein [3], Lehmann and Oettli [4]). In this section we give 
some general theorems of the alternative in finite dimensional spaces.

Let A and В be linear mappings from R" into Rk and R m, respectively. Let M  
be a convex cone in Rk, N  be a convex cone in Rm. We say that a vector A£ Rk is 
nontrivial on M  if (A, x )^ 0  for some x£M . The following seperation lemmas 
are needed:

L e m m a  1.1. Suppose that H is a subspace in Rk. The following conditions 
are equivalent:

(i) Я П п  M=0.
(ii) There exists a vector A£M* which is nontrivial on M  such that (A, h)= 0, 

for all hd H.
Here ri M is the relative interior o f  M  and M* =  {y£ Rk: (y, x )s0  for each

ха M).
P r o o f . It is obvious that (ii) implies (i). If (i) holds then in virtue of the sepa­

ration theorem (Theorem 11.2 in [2]), there exists a hyperplane containing H  and 
generating an open half-space which contains ri M. Let A be a vector which is ortho­
gonal to the hyperplane and belongs to the open half-space containing ri M, then 
(A, x)=-0 for all xari M  and (A, h)=0 for every haH. Thus A satisfies (ii) and 
the proof is complete.

L e m m a  1 .2 . Assume that M1 and M 2 are convex cones in Rk. I f  M l  П r i  M2 
is empty, then there exists Xa(—M^) П Mf' which is nontrivial on Mx U M2. I f  in 
addition M x is closed then A is nontrivial on M2 ■

P r o o f . The proof of this lemma follows immediately from the separation 
theorem (Theorem 11.3 in [2]).

R e m a r k  1.1. The inverse of this lemma can be stated as follows: If there exists 
a vector A from (—М*)ПМ2* such that it is nontrivial on M 2, then the intersection 
of M1 with ri M2 is empty.

C o r o l l a r y  1.1 (Lehmann and Oettli’s theorem [4].) Let Mlt Mz be non-
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empty convex cones with int M 2 nonempty. Then exactly one o f  the following two 
systems (1 ) and (2 ) has a solution:

(1) х£М г, x 6 int Мг.(2) Уе - м * ,  Уе м * ,  yX O .

The proof o f this corollary is immediate from Lemma 1.2 and Remark 1.1.
T h e o r e m  1.1. For В and N  as mentioned above and for an arbittrary vector 

b in R", the following statements are equivalent:
(i) (b, z ) ^ 0 for every z£R n with Bz'eN,

(ii) b belongs to the closure cl B'(N*) o f B'(N*), where B'(N*)={x£R": x  = 
— B'y', y£N*}. (The sign “ ’ ” stands for transposition.)

P r o o f . (ii)=>-(i). Let b=\\m  В 'у \ ,  y fN * . If zeR" with B z'eN  then
(y{, B z )  = (.B'y't, z) 0.

Consequently (b, z ) £ 0.
Conversely, if b does not belong to cl B'(N*), we can separate the compact 

set {b} and the closed convex cone cl B'(N*) by some vector z£Rn, i.e.,
( 1 ) (b, z > < 0 , (x, z) == 0

for each x£cl B'(N*). The last relation shows that (B'y', z )g 0  for each y£N*. 
Hence Bz'eN** =c\N. From this and (1) it follows that (i) does not hold. The 
theorem is proved.

R e m a r k  1.2. If B'(N*) is closed then (i) is equivalent to the following:
(HO there exists a vector p£N *  such that b = B'p'. Moreover, if the inequality 

in (i) is strict for some zeR" with Bz'eN, then p is nontrivial on N.
C o r o l l a r y  1 .2  (Farkas’ t h e o r e m  [1]). Let В  and b be as in Theorem 1 .1 . 

Then (b, z) ̂ 0 holds for all vectors z satisfying B z '^ 0  i f  and only i f  there exists 
a vector x£R+ such that b = B 'x'.

P r o o f . Set N=R+ to derive at once Farkas’ theorem from Remark 1.2.
T h e o r e m  1.2. For А, В, M  and N as above, either
(i) there exists a vector zeR" such that

(2) Az'e  ri M  and B z'£ ti N, 
or

(ii) there exist k£ M* and p£N* such that

(3) A'F+B'p' = 0

and (a, p) is nontrivial on M X N , but never both.
P r o o f . The proof of this theorem presented in [7] uses Lemmas 1.1 and 1 .2  

and admits to know when A is nontrivial on M  and p is nontrivial on N. Here we 
give another proof which is very simple by exploiting only Lemma 1.1. First note 
that if (ii) holds then obviously (i) does not hold. Suppose now (ii) does not hold,
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i.e., r i ( M x N ) C \ H = №  where H = { ( A z ' ,  B z r) ^ R k x R m'. z £ R n) is a linear subspace. 
By Lemma 1.1 there exists a vector (A, f i ) € ( M x N ) * = M * X N *  such that it is non­
trivial on M X N  and ((А, fi), h ) = 0  for all h(LH. Thus ЛАг' + ц В г ' = 0  for all 
z £ R n, therefore А ' Х + В ' ц ' = 0 .  The proof is complete.

Theorem 1.3. For А, В, M and N defined as above, i f  A is closed
then either

(i) there exists a vector z£Rn such that

(6 ) A zfin  M and B zfiN , 
or

(ii) there exist which is nontrivial on M  such that

(7) - A ' I f i d  B ' ( N * ) ,  
but never both.

Proof. If there exists a vector z£Rn which satisfies (6 ) then (7) is obviously 
impossible. Now, suppose that there is no z£Rn satisfying (6 ). It means that the 
cone A (B~ 1 (TV)) = {y£Rk: у =Az' where z fR n with BzfiN }  has an empty inter­
section with ri M. In virtue of Lemma 1.2, there exists a vector A£M* which is 
nontrivial on M  and satisfies (A, j )  = 0 for all j€ ^ (B _1 (7V)). That is ÄAz'^O  
for all z£Rn with BzfiN . Theorem 1.1 yields — Afificl B'(N*) completing the 
proof.

R e m a r k  1.3. If int M  is nonempty then the assumption on the closedness of 
A(B~l(N)) can be omitted. Indeed, A (iU 1 (A)) flint M —Q implies сМ (5_ 1 (Л^))П 
flint M = 0  and the proof of the previous theorem is still fair.

R e m a r k  1.4. Many classical theorems of the alternative can be derived from 
Theorems 1.1, 1.2 and 1.3 by setting А,  В,  M  and N  in special forms. We refer the 
interested readers to [7].

2. Optimality conditions in multiobjective optimization

In this section we are dealing with the general multiobjective programming 
problem introduced and studied in [6 ]. Using the theorems of the alternative obtained 
in the previous section we shall derive optimality conditions for our problem. For, 
let /  and g be vector functions defined and continuously differentiable on some open 
set D aR", with values in Rk and respectively Rm. Let J c f )  denote the set of 
all xdD  satisfying the constraint g(x)d —N. Remember that program (P) is as 
follows: IP) Find x*£X  suchthat /(х*)бМ т{/(х): x£X\M), i.e., there is no x£X  
such that f(x* )—f( x ) £ M \0.

A point x*£X is said to be a local solution to problem (P) if there exists a 
neighbourhood U of x* in Rn so that /(x*)£Min [/(х): x£XC\ U\M].

For the sake of simplicity in what follows it is assumed in that the interior of 
M  and N  is nonempty.

We say that a C1 curve cp: (—s, e)-+D is admissible relative to the given con­
straint g provided

Acta Mathematics Hungarica 45, 1985



314 DI NH T H E  LU C

(a) -^-/(<p(0)€ - in t  M  for all i£( — e, e),
(b) there is a number <5, 0 « 5 < e such that g(//?(/))€ —N  for all t€[0, <5).
R e m a r k  2.1. If x* is a local solution to problem (P) then there is no admissible 

curve passing through x*, i.e., (p(0)—x* but in general the inverse fails.
T h e o r e m  2 . 1  (First-order necessary condition). Let x* be a local solution to 

problem (P). Then there exist vectors Xм£ M* and p*£N* such that

( 8 ) X*Df(x*)+p*Dg(x*) =  0 ,

(9) *

0Q

* II О

( 1 0 ) a * ,  p*) a  o .

Proof. Define N*(x*) = {p£N*: (p, g(x*))=0}. If JV*(x*) =  {0}, take p*=0; 
we shall prove that there is a vector X*cM* which satisfies X*Df(x*)=0 and X* A 0. 
Indeed, the assumption N*(x*) = {0} assures that (p, g(x*))< 0 for every p£N*, pAO. 
The set K={pdN*: ||/i|| =  l} is compact, hence there exists a positive e such that 
(p, g(x*))<e for all pfK. By the continuity of g at x* one can find a neighbourhood 
UczD of x* such that (ji, g (x))<  — e/2 for every x£U  and p£K. In this way if 
x 6  U then (p, g(x))<0 for every p£N*\0. Hence g(x)£ — ri N**. Notice that 
N** coincides with the closure of N, therefore —ri N**cz —N  and so g(x)(E —N  
for all xd U. Thus we may consider /(x*)G Min [/(x): x(E U\M]. It is known that 
Df(x*) is a linear mapping from Rn to Rk. We claim that the image of Df(x*) has 
an empty intersection with int M. For suppose the opposite; then there exists a 
vector z£R" such that £>/(x*)z'6 int M. Consider the curve <p(t): ( —£, e)-*-D 
which is given by relation q>(t)=x*—tz. For sufficiently small e, <p(t)€ U,

- j f  f(<P (0) = D f(v  (0) V (0 =  Df(q> (/))(■— z)€ -  int M

for all te (—£, e). This shows that <p(t) is an admissible curve passing through x* 
and x* can not be a local solution to problem (Р). Thus we have lm (£>/(x*)) (T 
flint M=0. Lemma 2.1 is applied for the subspace Im (Df(x*j) and the cone 
M in Rk to obtain a vector A*£M*, A*^0 so that (j,2* )= 0  for each yGlm (Df(x*)). 
Denoting Df(x*)=A, we have (X*, Az') = 0  for all z£R", therefore A*A = 0. 
By this it remains to prove the theorem by supposing N*(x*)A {0}. Observe first 
that if N**(x*)= {0} then N — {0 }. So it may be assumed that N**(x*)A {0 }. 
Denoting Dg(x*)=B, we assert that for every vector z£R" satisfying Bz'£ 
€ — ri N**(x*), we can not have Az'£ —int M. If this is true, or equivalently, 
there is no z£ Rn suchthat Bz'£ — ri N**(x*) and Az'c —int M, then by Theorem 
1.2 there exist vectors A*dM* and p* t(N** (x*))* = N* (x*) which satisfy:

(11) A'X*'+B'p*' = 0 and (A*, p*) A 0.

Since p*£N*(x*)czN*, hence (11) gives (8 ) and (10), and besides, (g(x*), p*)=0 
that is (9). In this way, to finish the proof we need only to verify that if zd R" with 
Bz'£ —ri N**(x*), then Az'$ —int M. Assume this is wrong, i.e., for some vector 
zZRn one has Bz’(i — ri N**(x*) and Az'£ — int M. Construct a curve cp(t)
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defined by the relation q>(t)=x* + tz. We state that for sufficiently small positive <5,

(12) g{<p(t))€-N  for all /£[0, Ö).
It is not difficult to see that the above relation holds if the following assertion holds: 
for every [i0£ K, there exists a neighbourhood V of p0 and a positive d such that

(13) (g(<P(0), <  0 for all neVD K, /€[0,5).
For this, consider the expansion of g(<p(t)) at t= 0,
(14) g(<p(0) =  g(x*) + tBz' + o(tz),
where o(tz)/t tends to 0 while t tends to 0 due to the differentiability of g. Suppose 
on the contrary that (13) is not true, i.e., there is a sequence {/i,} converging to /t 
in К and a sequence {t;} /,=-(), converging to 0 such that

(15) (g(<P(‘d), /h) =  0.
It is clear that fi£N*(x*), otherwise in view of (g(x*),p.)<0 we would get the 
contradiction between (14) and (15) when tt tends to 0. Further, as int N  is non­
empty, so is int N**(x*). (N*(x*)czN*, therefore N**(x*) гэ N** =cl N). From 
Bz'£ — int N**(x) and /i£iV* (x*), /1 ^ 0 , it follows that there exists a neighbourhood 
F  of /I and a positive e such that (Bz\ _y)< — s for all VC\K. Taking in count 
(14) and (15) we have

h(—e + (o(/iZ)/h, Hi» =? <g(x*), Hi) + ti(Bz', иf> + <o(/(z), щ) = 0,
for i large enough. Thus —c + (o(tiz)/ti, Hi) = 0 for i large enough. This contradicts 
the convergence of о(/гг)//; to 0  when i runs to °°, and relation (1 2 ) is proved. 
Furthermore, from the continuous differentiability off(x) at x* and from the assump­
tion Df(x*)z£ —int M, it follows that

(16) ~  f(<p (0) =  Df(<p (0) (p (0 = Df((p (0) ze -  int M,

for t small enough. Combine (16) with (12) to get the admissibility of the curve <p(t) 
passing through x*. This contradicts the assumption of the theorem and the proof 
is complete.

Corollary 2.1 (Smale’s theorem [5]). Suppose that x* is a local solution to 
problem Min [ f ( x ) : x^D, g(x) S0|.R+]. Then there exist a nonnegative vector A* 
and nonnegative numbers f t * ,  ..., p* such that

l*Df(x*) + ZptD gi(x*) = 0, №*g,(x*) = 0, i =  1, ..., m.

Proof. This theorem is immediate from Theorem 2.1 by setting M —Rk+, 
N=R™ .

It should be remarked here that in the above necessary condition there is no 
guarantee that A*V0.

The remainder of this section is concerning a regularity condition, called cons­
traint qualification which is able to ensure that A* is nonzero.

Define C(x*)={z€/?": Dg(x*)z£ —(N*(x*))*}.
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Definition 2.1. A vector z ̂ 0  is called a feasible direction vector from x* 
if there exists a positive number ő such that g(x*+az)£ — N  for all i, 0 S a < i .

Remark 2.2. If z is a feasible direction vector from x* then z belongs to C(x*). 
Recall tha t the closed cone of tangents to a nonempty set A cR "  at the point 

x€A, denoted by S(A, x), is defined as S(A , x)={z£Rn: there exists a sequence 
of vectors { x ^ c A  converging to x and a sequence of nonnegative numbers {/,} 
such that the sequence {?г(хг—x)} converges to z}. (See Lemma 3.5 in [1]).

Lemma 2.1. Suppose that x* is a local solution to problem (P), then 

Df(x)*(S(X, х*))П(—int M) = 0.

Proof. Suppose the above intersection is nonempty, that is, there exists a 
sequence {x,} converging to x  and a sequence of nonnegative numbers {?,} so that

z£S(X, x*), z = lim ?;(х; — x), Df(x*)z£ — int M.

By the differentiability assumption we have

h (/(* .)-/(** )) = Я/(х*)/,(х{-х*)+г(/,(х{-х*))

where r(tf(x ,—x*)) tends to 0 as i tends to «». Hence for i large enough

h ( f ( xd int M.

This contradicts the assumption that x* is a local solution to problem (P) and the 
proof is complete.

Theorem 2.2. Let x* be a local solution to problem (P) and suppose that 
{[Dg(x*)]'_y': _v€ N*(x*)} is closed and

Df(x*) (C(x*)) = Df(x*)(S(X, x’)).

Then there exist vectors ?*£M, A* ̂ 0  and p*dN* such that (8 ) and (9) are satisfied.
Proof. Suppose that x* is a local solution to problem (P). In virtue of Lemma

2 . 1 , the set
Df(x*)(C(x*))П(— int M) = Df(x*)(S{X, x*))fl(—int M)

is empty. It means that if some vector zf_R" satisfies Dg(x*)z£ — (A*(x*))*, then 
Df(x*)z$ -  int M . The cone [Dg(x*)]'(./V*(x*)) is closed, therefore we can apply 
Theorem 1.3 to  obtain vectors A*€M* and p£(N*(x*))** = N*(x*) such that 
A¥D/(x*) + ft*Dg(x*)=Q, X* is nontrivial on M . Since p*£N*(x*), relation (9) 
holds immediately and the proof is complete.

Now we are going to discuss a sufficient optimality condition for a convex 
multiobjective programming problem. In addition to the assumptions made on f  
and g and D we require also that D is a convex set, / is an AZ-convex function and g 
is an A-concave function on D. We need some preliminary results about convex 
functions.
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Lemma 2.2 (Theorem 25.1 in [2]). Let h be a convex function from D into 
R1. Suppose that h is differentiable at x£D, then

h(x) + Dh(x)(y — x)' S  h (x)
for all y£D.

Lemma 2.3. Every local optimal solution to program (P) is its global optimal 
solution.

Proof. In virtue of the assumptions made above, it is abvious that Xis a convex 
set. Suppose that x  is a local solution to problem (P) and that it is not a global solu­
tion. This means that there exists another point у  in X  such that
(17) / « - / ( > ’)€ M \  0.
Consider the point z= tx+ ( 1 —t)y, with t being in [0, 1]. By the convexity of X  the 
point z is in X  and by the M-convexity of f  we have
(18) tf(x) + ( l- t ) f ( y ) - f ( z )£ M .
Consider the dilference between f ix )  and f ( z ) :

A x ) - f ( z )  = (1 — /)/(■*)—(1 - t ) f ( y )  + lf(x) + ( [ - t) f( y ) -J \z ) .
From (17) and (18) it follows that f( x )—f ( z ) £ M \ 0 if txO.

This contradicts the local optimality of x  when t tends to 1. The proof is finished.
Theorem 2.3 (Sufficient condition). Assume f  g and D are as above, and there 

exist vectors x*f D, A*€M*, p*£N* satisfying:

(19) g(x*)€-TV,
(2 0 ) A* Df(x*) + f f  Dg(x*) = 0,

(2 1 ) g*g(x*) =  0 ,
{)*, z) is strictly positive for each z£M, zXO- 

Then x* is a global solution to problem (P).
Proof. First we prove that x* is a solution to the following scalar programming 

problem
mm L*fix) s.t. g (x )d —N, x£D.

Indeed, as p.*£N* we have p*g(x)S0 for every x fD with g(x)£—TV. Hence
(2 2 ) A*Ax)i=A*/(x)+/t*g(x) 
for all x£D  with g(x) 6  — TV.

Applying Lemma 2.2 to the scalar functions ?*f and p*g and using (22) we 
obtain
(23) A*/(x) £  l*f(x*) + ?.*Df(x*)(x-x*y+g*g(x*) + p*Dg(x*)(x-x*y. 

Rearranging yields

A  f{x) £  X*fix*)+p*g (x*) +  [A* Df(x*)+p*Dg (x*)] (x—x)'
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and by (20), (21) we have x*f{x) F r o m  the assumption on X* it follows 
that Я* belongs to the interior of M*. Now our theorem is immediate from Lemma 
6 . 1  in [6 ].

Remark 2.3. The previous theorem can be proved directly by using Lemma 2.3 
without using the results from scalar programming.

Remark 2.4. The assumption (A*, z)=-0 for each z£ M, z^O is important. 
If we require only A* 6  M*, A* 0 then Theorem 2.3 may be false. For this, consider 
the following.

Example 2.1. Let 
delete g. Clearly

D = { r € R 1 : 0 < i < 2 } ,  M=R%. Set f( t)= (t, 0 ) :  D ^ R -

Df( 1) =

and

Taking X* =  (0, 1)6M*, a* 0 we have A*D/(l)=0; however, the point 1 is not 
solution to the problem Min f f( t) \ t£D\R2+].

3. Duality under differentiability assumptions

In this section we study duality theory for multiobjective programming under 
differentiability assumptions. For the sake of simplicity it is assumed that M —R \  
and N —R 'l . Suppose also f  and g are differentiable functions from an open set 
U cR " into Rk and Rm, respectively. Consider the following two programs called 
primal and d ual:
(P) M in[/(x): x£U, g(x)e-R"+],
(D) Max [Ф(х, у): (x,y)€F].
where Ф(х, y)= f(x)+ e(y, g(x)) and V(ZUX R'+, e=(l, ..., I)€ Rk.

T h e o r e m  3 . 1 .  I f  x* solves problem ( P )  and i f  (х,у)£У implies the minimum 
condition
(1) Ф (х,й?М ш [Ф (х,у): x£U],

then (x*,y*)£V with y* satisfying (y*, g(x*)) =0 solves problem (D).
P r o o f . A s  y£ R " l  and g(x* )d—R"l we have (y, g ( x * ) ) s 0 ,  for every y ‘-_ R '". 

Therefore
f(x* )-fix* ) - e(y ,g  (x*)) -  A x* )  -  Ф (x*, y )f M \ 0

for all y£R™. Since x*£U, f ( x * )—a £ M \0 for all aglnf [<f>(x, y): x£U]. Con­
sider the following programming problem:
(2) Sup [fn f [4>(.v,y): *££/]: уб/?'?].
We prove that (x*, y*) solves this problem. Indeed, (x*, y*)£ V therefore

Ф(х*, y*)€Min [Ф(х, у*): x£U].
Moreover, А х*) — Ф(х*,у*) — Ф (х*,у)£М \0, for each yf_ R" . Hence (x*,y*)
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solves (2). Now if (x, y)£V  then (1) holds and by (2) the value Ф(х,у) can not 
be greater than f(x*). Thus /(х*)=Ф(х*, >>*) is an optimal value of problem (D).

Remark 3.1. In virtue of Theorem 2.1 we see that if x* solves problem (P) 
then there exists X*£R\ and R"+ suchthat

(3) X* Df(x*)+у* Dg (x*) =  0, (y*, g(x*)) = 0.

If X* X-0 and the minimum condition is satisfied then the pair (x*,y*) solves the 
problem
(4) Max [Ф (x, y): (x, >>)£ V  XR+, X*DxФ (x, y) = 0],

where Dx is the derivative with respect to the variable x. Indeed, without loss of 
generality we may assume that (X*, e) — 1. Now consider

V=  {(x, y)€Uy,R"; : Х*ЭхФ{х, у) = 0}.

We show that (x*, _y*)€ V. Indeed

Х*ОхФ (х\ у*) = X*[Df(x*) + eDx(y*, g(x*)>] =

-  A*£>/(x*) + <A*, e)Dx(y*, g(x*)> -  X*Df(x*) + y*Dg(x*) -  0

by (3). Now the remark is immediate from Theorem 3.1.
Theorem 3.2. I f  in addition to the assumption made at the beginning o f this 

section we require that f  is R% -convex, g is R'” -concave, U is convex and (x*, y*) 
solves the following program:

Max [Ф (x, y ) : (x, ,v) 6  UX R+],

and satisfies ХОхФ(х,у) ~ 0 for some /.£int Rk+, then x* solves problem (P). 
Proof. We begin by showing that

(5) g (x* )€ -R ” .

For, suppose that (5) is not true. Then we could choose y£R'" such that

e[(y, g(x*))-(y*, g(x*)>]€Af\0 .

This contradicts the optimality of (x*, y*). Moreover, (y*, g(x*))=~0 because

(6 ) <J*, g(x*)) -  0

would imply Ф (х*,у*/2)-Ф (х*,у*)£М \0. Furthermore, ХИхФ(х*, y*)=0 im­
plies
(7) X*Df(x*) + p*Dg(x*) = 0,

with X*=X, p* = {X, e)y*. Combine (5), (6 ) and (7) and then apply Theorem 2.3 
to complete the proof.
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Theorem 3.3. I f  the assumptions in the previous theorem hold and (x*, y * )  
solves problem (4) with A*£int Rk+ and g(x*)£ — R™ , then x* solves problem (P).

Proof. In view of Theorem 2.3 and by (7), in order to prove Theorem 3.3 it 
suffices only to remark that {y*, g(x*)}=0 .

The proof is complete.
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A NOTE ON THE APPROXIMATION IN  
C 2n BY LINEAR POLYNOMIAL OPERATORS

R. GÜNTTNER (Osnabrück)

1. Let Hn be the set of all trigonometric polynomials of degree at most n and 
H* the class of all linear operators T : C2n-*H„. We define for g£ C2„

En(g) =  inf, max |r[g](x)-g(x)|, (и = 1 , 2 ,...).
T t H *  X

Jackson [2] proved his classical theorem

(1) Ef(g) Ш C„co{g, C„ bounded,

m = 2n+ \. From Korneicuk [6 ] and [7] it is known that C„ is asymptotically not less 
than 1 .

To get an upper bound for C„ it is natural to examine some suitable linear ope­
rators. For example Kis and Nevai [5] investigated

(2 ) 5ta[g](0 =  ^ Í S ,. [ d ( / + - ^ « ) ,

where £„[g] denotes the trigonometrical interpolation polynomial of g£C2w at 
m — 2n+l equidistant nodes, and

(3) skn[g](t) = ±  i  s„[g] \t+hz2L ,̂

where S„[g] denotes the nth partial sum of the trigonometric Fourier series. In [3] 
and [4] Kis has investigated the analogue of Skn if m~2n. Kis and Nevai [5] conc­
lude that among these operators the Bernstein—Rogosinski means Sm seem to be 
the best ones. If we write

(4) \Su [g]( 0 - g ( 0 l  S  Clnco (g, ,

then we can assume C„sClM. In [5] (49) it is shown that it is possible to choose 
cln such that

л/т
( 5) Cm — -“7 /  Ü u W t .  =7Г У sup

в£Сгк 
9 ^ const.

[g.,[g]C0-g(0l
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Furthermore it is cited (Theorem 6(51), Theorem 7) that

... m , , 1  í  sin i , . . 4 „(6 ) —  /  Mln( t)d t^  1 + — /  ~ — dt (-=1.15),
n O 71 я/ 2  '

but this is not correct. Apart from the upper bound being 1. 1531... the basic esti­
mations [5](33) and [5](40) used in proof of (6 ) are false.

We point out this and then state
Theorem 1.

я/mmm /• ~ , . 1 Г ” 1 . ЛС7Г n>i 1 /£711(7) — / fiiln(i)dt =  1 + — J — sin ------ 2 — ta n -----L n even,n J n A: m к m J
n l m

v  f  M l n { t ) d t  =
71 о

1 Í " 1 . kn  1  kn n " (—1 )* . ,,= 1H— 2 r sm-----2  Ttan—*•—f2 2 — sm—}, п ля lfc=i к m  t = 1  к m m  к m )
Using Riemann sums it is obvious that for we have

m }/,n ~ I f  л2 sin t ^/ 4  tan Г ]— / Mln(t)d t -*■ c =  1 -1— J / ------dt— Г ------- iftl = 1.1660...
71 <T 71 l<> ' о 1 I

Moreover we prove 

mTheorem 2. — f S}ln(t)dt<c, n = 0,1 ,2 ,..., more precisely
Л ~

(8)

m

о
n / m

n / m

1 1  , 1 1r 3 i th r -----. n even,m n m- 1И n )

1 1  1 ( 3 tl - 1 , n odd.m n m~ ( 2n J

Remarks, (i) It is shown in the proof that in (8) equality holds by adding
a term of order О í—V ) .

)
(ii) To get an upper bound for C„ in (1), n small, we evaluate

n / m
c a - v  /  Mln(t)dt 

71 0

by Theorem 1. Apart from C*0= 1 we obtain (rounded):

» 1 1  1 2  I 3  ! 4  1
5

6  1 7  1 8  1 9  1
1 0 1 11 1 12

C* 11.058 1.107 1 . 1 2 1 11.1321 u> 00 11.14-21 1.145

OC 1.150 1.151 11.1521 1.154
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2. Proof of Theorem 1

We start with (34) in [5], n>~0. Throughout this paper we can assume t= 0. 
(34) can be written as

la,, (0 = 1 + dn + 1) + Í  [dn n + i) -  d„ я-*)].

71But for even i, 0 — , it can be shown that m

1 mt= — cos —  in 2 {“ 4 ^ "  4 b  co4 ^ s r  ” + t )} ’  °-
in contrast to the proof of (36) in [5].

Now to prove Theorem 1 we rewrite (34) in [5], «>0,

<*o (0 = у + j  {Д  [<fB ( * + * )  -  <4 (f -  0 ] + ( i  -  я)} •

Using [5](37) and (11) we conclude

^i„(0 =  l + a(t) + i?(0,

(9)

ß{i) = - [ \ - ( - \ Y ] d n{t-n).

Let n be even. Then ß= 0  and by the aid of [1](23) and (24) we get

“ <'>= i H t 5in [ ® - ц ( я г ' ) ] ctg ( « - « - s r ] -

The first part of Theorem 1 now follows from
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In the same way we get, for n odd,
1 fO1 4 l) / 2  r / Г

01) “(')=-{ z  sm[(2)-l)(-i--/j]ctg|(2y-l)̂ -

- <T sm [ 2 , ( 4 . - , ) ] ta„ [ 2 , ^ . ] } ,

which implies by (10) the first two sums in the second part of Theorem 1. But now 
we have to take into account in (9), for n odd,

/КО =  d„(t — n) = —  + —  j?cosi(t — n) = —  + — 2  (—1 )‘ cos it. m m i=I m m {ti
By integrating we immediately obtain the remaining expression in Theorem 1, for n 
odd.

3. Proof of Theorem 2

Using the abbreviations

. . .  sinx  . . ta n x
/(*) =  — — , g(x) I n. „ . , . h ~  — ,x x m

/* ( x ) < 0 , 0 < х < л /2 ), we obtain, for any n, 2 ,

, # > 4  -  '■ ))

* 7  л - ) « < * + { 4 / ( £ ) - /

since / '(л / 2 ) =  - 4 / л2.
Similarly we get, noticing that g'(x)>-0, g"(x) >0, 0< х< л /4  (и even)

® Is ^ d x + { H ^ ) - J  еШsW 4 ®
я / 4

я / 4

1-
я /4 

/ g(x) r/xj40
П К

2m )*пп 12m J

LíAfil,Í- 1)4 ( 0 л \ /1 Hi'ÜL 4)
! U J к2 12 J tJ"t *al4 "JJ
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since g = 4  l j  • Thus using Theorem 1 this yields Theorem 2 (« even).
Note that in both cases by the trapezoid-rule we could reach equality by taking 
into account a term of order О (If). Now let n be odd. We proceed in the following 
manner:

k= 1

- I t

1 kn— tanк m

7t 1 1

1  2 m jj

B  / . „W * + { | - « ( £ ) - - f t I 'И 'Ц * | т * ( ^  í )‘- * ' W<fc} 1
nf&i - l M

2 m J
n 4

2m 2  1

2
ir/4 * . 1 (тг/4)—(Л/4) rt/4

f  g (x)dx- ~ — + { y g i —о— — /  g(x)« /x |- f  g(x)dx ^
0 2 » .  1 2  (  2  f l l ]  (n - l) /2 (> r/m ) I  ( „ / 4 ) 4 / 4 )

* / * « ^ - у ( т ) 7 ( т - 1) - 7 * ( т ) -
Thus we conclude by (11), (10) and (12)

7t/m 4 Tt/2m f  1 7‘ sin? . 1 f  ta n i . 1 1 / ,  3 ч
л у ti J t n J t mn m2 1  27t)

But since B(t) = d„(t—n) ё — -c o s  O S/ä -Ü it follows thatm 2  m

m n /mrn c „ . .  . 1 2— / ß ( 0  dt S ---------.
7Г у  л  m

Now from (9) we obtain Theorem 2 (// odd).
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ALMOST /-PARACONTACT CONNECTIONS
A. BUCK! and A. MIERNOWSKI (Lublin)

In this paper we determine the general family of almost r-paracontact connec­
tions on a manifold M and give the conditions for an almost r-paracontact connec­
tion to be symmetric. Moreover, we deal with curvature tensors of such connections.

Definition 1.1 [1]. If, on a manifold M, there exist a tensor field tp of the 
type (1, 1), r vector fields £l5 ..., £r and r 1-forms t]1, ..., t f  such that

where the summation convention is employed on repeated indices, then the struc­
ture X=(<p, £(i), i= l ,  r is said to  be an almost r-paracontact structure 
on M.

If, moreover, there exists a positive definite Riemannian metric g on M, such 
that:
(1.5) rf{X)=g(X, £t), i=  1, ..., r, for any vector field X,
(1.6) g(cpX, tpY)-g(X, Y) — t]i(X)ni(Y) for any vector fields X, Y

i

then I  =(<p, Cm, >1{i\  g) i = l ,  ...,r is called an almost r-paracontact metric struc­
ture on M. The metric g is called compatible Riemannian metric.

Definition 1.2. Suppose that on a manifold M  there is given an almost r-para­
contact structure X=(rp, C(i), »7(i)) i= l ,  . .. ,r .  A linear connection Г on a mani­
fold M  given by its covariant derivative I  is said to be an almost r-paracontact 
or simply X-connection if and only if

1. An almost r-paracontact connection on a manifold M

( 1 . 1 )

( 1.2)

(1.3)
(1.4)

nl% ) = & lj ,  i , j  = h  -,r 
<P(Q = 0, i =  1, ..., r 
//‘o<p — 0 , i — 1 , ..., r

(p2 = —

(1.7)

( 1.8)
for every vector field X.
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328 A. BUCKI AND A. M IERNOWSKI

Remark J. From (1.7) and (1.8) it follows that
(1.9) Vx£,= 0, i = l, . . . ,r .

If, moreover, for an almost r-paracontact metric structure l=((p, £(i), tj{‘\  g) 
i = l , ..., r, a Y-connection Г  satisfies
(1.10) vxg =  o
then this connection is called a metric 1-connection.

Now, suppose that on a manifold M  with an almost r-paracontact structure 
1 there is given a linear connection Г by its covariant derivative V. We are going 
to find an almost r-paracontact connection t  given by V in the form

( 1 .1 1 ) VX = VX+ 5 X
where Y is a tensor field of the type (1, 2) and 5'А(К)=5'(ЛГ, Y). From (1.11) we 
have
(1.12) VXY = V XY + S X(Y) 
and for <p we have

(V* <P)Y= V* (cpY) — <pVx Y = V* (<pY) +  (Sx cp) Y -  cp (V* Y) -
-(q>Sx)Y  =  (Vx(p)Y+(Sx o(p-(poSx)Y  

or
(1.13) Vx cp = Vx(p + Sx ocp — cpoSx .
For у1 we have
(yxr,i)Y = X (r,i(Y )) - i1i(yx Y) =  lT (i|'(y))-iil(Vx Y )-(if'oSz)Y =  (V^ij' - ij'o SX)Y  
or
(1.14) Vxrj‘ =  Vxrf-yfoSx , i =  1, ..., r.
Since t  is a Y-connection then because of (1.7), (1.8) and (1.9) the formulas (1.12),
(1.13) and (1.14) become
0.15) VxSt = - S x ( Z d ,  i =  1, r,
(1.16) S/X<p =  (poSx - S x o<p,
(1.17) Vxrj‘ =  tfoSx, i =  1, ..., r.
From (1.16) and because of (1.4) we have

(’Vx<P)°(P =  cpoSxoip-Sx +  ̂ i S iS x ^ ;)

and on account of (1.15) we have
Sx -(poSx oq> = - (V x(p)o (p — ̂ ^ x Z i -

Because of
(1.18) (poVx (p + Vx cpo(p = - V  W  ® xZi
the above identity is of the form
(1.19) Sx—(poSxo<p =  (poVx(p +  y x ri'®^i .
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ALMOST r-PARACONTACT CONNECTIONS 329

Now we introduce the following tensor fields of the type (2, 21

(1.20) A = у  (Id® ]d-<p<gxp),

( 1 .2 1 ) В =  |-(ld® Id + cp<g)<p),

(1.22) С =  -|- (#7г <S> С» <S> 1 ci -b Id <g> /7г <S> — /7 1 <S> <S> <S> Cy)-

The operations AB, AS, ASX are expressed locally as follows: A‘k{B"A, A‘kj S ‘,1, 
AftSlxi, respectively.

We have the following relations

(1.23) A+ B  = Id® Id, A A = A - \ C ,  B B = B - \ C ,

AB = BA = AC = CA = BC = CB = CC = \ C .
Let us put
(1.24) F — A + C,
(1.25) H = B -C .
From (1.23) we have
(1.26) F + H  =  Idigild, H H = H , FF= F, FH =  HF = 0.
Now the equation (1.19) may be written in the form

(1.27) ASX = у<роУх<р + у  

Operating with C on (1.27) and because of (1.23) we have

CSX = -i- (Id <2 > /7' <g> + у/1' cf Id — v' <S> <S> »7J <S> Cj) (</>Vv -F Vx /71 <g> ̂ f) =

= у W ° 4 >0V y <P ® Zi + h ‘ ® (<P 0 Vx <p) (c,-) -  n ‘ 0 W °  <P 0 <P) ( Zi )  Z j +

+ Ч‘ ( Z j ) Vx i f  Z j ( ^ x 4 J) (&) -  ( У х П 1) ( Z j )  Пк ( Z i )  h J ® Zk) =

= \  (V ® (<PО VY <p) ( Z d  +  V x t l 1®  Zi)
and because of
(1-28) ( V x < P ) ( Z , ) + < P ( V x Z . )  = 0
we obtain
(1.29) CSX = y ( - 4 ,®Vi {i+4 j (VxW4,®{j + V ,ií'®€,).

The equation (1.27) is equivalent to the following

(1.30) (Л + С)5Х = =  ±(PoVx(P+Vx t1l®l;i- ± r li®Vx Z ,+ TrlJ(VxZi)rii®Zj-

Now we need the following
Lemma 1.1 [2]. I f  F is a projection operator i.e. FF=F and H =\d —  F is 

such that H H = H  and FH—H F— 0, then all solutions o f the equation Fx—y are 
o f the form x= y+ H w  where w is arbitrary.
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Hence, and from (1.26) the solution of (1.30) is

(1.31) Sx =  \(poVx(P +  '^x r]i® ^ - \ f ] i® ^ x ^ i+ \n i ^ x ^ i ) 'i\i®^j + HPx

where Px is a tensor field of the type (1, 1) such that Px (Y)=P(X, Y) for an ar­
bitrary tensor field P of the type (1, 2) on a manifold M. Now we can state the follow­
ing

Theorem 1.1. The general family o f  the almost r-paracontact connections on a 
manifold M  with an almost r-paracontact structure 2 =(<p, £(i), i= l,  ..., r 
is given by
(1.32)

Vx — v * + \<PoWx ip + Vx t}i^ £ , i - \ f® W x ^ i+ \r]i iy x c,i)rii^ ^ j + HPx

where V is the covariant derivative with respect to an arbitrary initial connection 
Г on M.

Corollary 1.1. I f  the initial connection Г is a 2-connection, then the general 
family o f an almost r-paracontact connections is given by

(1.33) VX = VX+HPX

Px being arbitrary tensor field o f the type (1, 1).
Now, suppose that on M  there is given an almost r-paracontact metric struc­

ture 2 —{q>, £(j), »/(i), g) / — 1, ..., r and a Riemannian connection Г given by V, 
associated with g. Then, from (1.5) and (1.6) we have

(1-34) g ift, Zj) = StJ, i , j  = 1, ..., r

(1.35) g(<pX, Y) =  g(X, <pY)

for any vector fields X, Y. From (1.34) we obtain

(1-36) g(Vzc,-, CjHg(c,-. Vz^.) = 0 ,
or
(1.37) 4J(VzQ) + f(V zZ j)  = 0.
From (1.5) we have

fi(VYX) + (VYfi)X =  g(VYX, Q  + g(X, V.c,), 
or
(1.38) (Vy,7')(T) -  g(X, VrQ .
From (1.6) we have

g(V7fipX), cpY) + g(cpX, V,(<pY)) = g(Vz X, Y) + g{X , VZT )-

-  2  (vz f )  (X) fi ( n  -  2  n‘ 0 0  (vz if) ( y ) -  2  rifVy x )  f  ( У) -  2  *il (X) f  (vz y )
i i i i
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ALMOST r-PARACONTACT CONNECTIONS 331

and making use of (1.5) we obtain

(1.39) g(Vz (<M0, <pY) +  g{cpX, Vz ( ( p Y j ) - g ( ( p * ( y 2X ) ,  Y ) -  

~ g ( X ,  V 2(Vz Y)) + 2  (V2»/')( X ) f ( Y )  +  Z  (VzV t ) ( Y W ( X )  =  0.i i

For the tensor field g and a connection V given by (1.11) we have

(1.40) (Vz g)(2f, Y) = ~g{Sz {X), Y ) -g (X , Sz (Yj).

Now, consider a Í -connection V given by (1.11), where Sx is given by (1.31) 
with Px —0. Then, using (1.35), (1.37) and (1.39) we obtain

(V z g ) ( Z ,  Y )= -\g (< p (V z <p)X, Y) +  Xrii(X)g(Vz Zi, Y)-W z rti(X )g (ii, Y) —

- \ g ( X ,  {cp^z (p)Y)+\r]i{Y)g{X, V z Q - V W W g iX ,  Zi)-

- I^ C V z Z jW W g tf , ,  Y ) - \ r 1i(Vz ^J)r1J(Y)g(X, Q  =

= - \g {c p V z {cpX)-<p*Vz X, Y )~ \g { x ,  <p4z i<pY)-q>'Vjr)-

- T  2  < y z t f ) ( . x ) t f ( Y ) - \  z  (Vz^XWW-i i

- l Z ^ ( V z i jW  (X)r,i( Y ) - \ Z r i ‘(Vz (j) rlj {Y)r\i{X) =
i i

=  - 1  «(Vz (<?>*), +  T g (<?2 П  -  T s f a *  vz 0?>Ю) +

+ } g ( z , ^ v zF ) ~ | 2 ’ (Vz ч1) Ы ( у ) - \ 2  (Vz «Л (У )ч Ч * )-i i

- T  2 ” n‘ ( W (  W ( v z ^)+»?J(vz ?,)),
i>j

or
(1.41) Vzg -  0.
Hence we get

Theorem 1.2. I f  on a manifold M there is an almost r-paracontact metric 
structure Y ~ (y p ,  i (i), g) i =  l ,  ..., r and a Riemannian connection Г given by 
V induced by the metric g, then the connection f  given by V o f  the form:

(1.42) V* =  Vx + | 9 >oVx<?)+V x 4 i® ^ - | i ; i®Vx^ + |» /J'(Vx^)'7i® ^  

is metric Z-connection on M, i.e. V(p=0, Wt]l=0, V£i=0, Vg=0.
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2. The torsion tensor of a Г-connection and normality of 
an almost r-paracontact structure Г on M

For an almost r-paracontact structure Z=(cp, c(i), riv>) on M  we
have defined in [1] the following tensor fields

(2.1) N(X, У) =  NV(X, Y) — 2dr\i{X,

(2.2) N ‘(X, Y) = ( o c ^ t f Y - ^ y t f X ,

(2.3) Nt(X) =-(ocil(p)X,

(2.4) N{(X) =  ~(a(iriJ)X
where is the Nijenhuis tensor field for cp and rxx denotes the Lie derivative with 
respect to a vector field X. If on M  there is given a linear connection Г by its cova­
riant derivative V with the torsion tensor field T, then the above identities may be 
written as follows

(2.5) N(X, Y) =  cpT(X, <pY) + cpT{cpX, Y) -  T(X, Y) -  T(cpX, cpY) +
+ (V* cp) cpY- (Vy cp) cpX+ (V„* cp) Y -  (ytpYcp)X-4i(X )V Yl;i+r,i(Y)Vx Si,

(2.6)

N>(X, Y) = (Vx 4i)cpY-(VvYt1i) X - ( V Yt1i)cpX+(yvXr,i)Y+ rlincpX, Y) + r,‘T(X, cpY),

(2.7) k ( X )  = ( Vi(ср)Х-(Ух ср)Ь -VvX£,+ cpT(X, c,) -  T(cpX, Q,

(2-8) N j(X ) = X).
Now, suppose that a given connection Г  is almost r-paracontact. Then we have

(2.9) N(X, Y) = cpT(X, cpY) + cpT(cpX, Y) -  T(X, Y) -  T{cpX, cpY),

(2.10) N ‘(X, Y) =  г,‘(Т(срХ, Y) + T(X, cpY)),

(2.11) Nt(X) = cpT(X, Q  -  T(cpX, Q ,

(2.12) Ni(X) = t1J n z i,X).
Moreover, since 4x (t],(Y)) = ri,(yxY) we have

2 dt]‘(X, Y) = Х(г,‘(У))-У(г,‘(Х ))-г ,‘[Х, Y] = г,‘(Ч ^ - Ч у Х - [ Х ,  Y]), 
or
(2.13) 2dr]' = t]'oT, i =  1, ..., r.

We have the following projection operators
(2.14) a = b — Id —
where a projects on the distribution determined by the vector fields ..., £r and
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b projects on the distribution defined by г]г= ... =rf=0. They have the following 
properties
(2.15) a + b = Id, aa = a, bb = b, ab — ba = 0 
and moreover
(2.16) (pep = b, a(p = (pa = 0 . bep = (pb = (p.

From (1.21), (1.22) and (2.14) we have H = \ (b®b + (p®(p), or

(2.17) ep®(p = 2H— b®b.
Now we express the torsion tensor field T of the connection Г by means of the tensor
field N  and the operator H. Since Tx(Tx (Y) = T(X,Y)) is a tensor field o f the 
type (1, 1), then from (2.17) we have
(2.18) (pTY(p = 2HTY- b T Yb 
and for any vector field X  we have
(2.19) q>T(Y, (pX) = 2Hx Ty -b T (Y , bX).
From (2.18) we have

<pTv y<p2 = IHTyY (p — bT^Y (pb 
or on account of (2.16) we obtain

(2 .2 0 ) (pT^ b = 2HTvy4> -  bT^Y 4>- 

Making use of (2.20) we have

HyT,x (p-H xTVY<P~(bTvX(p)Y+±{bTvY(p)X = \(fpTvXb )Y -\((p T VYb)X. 

Hence
( 2 .21)  bTvX(p ) Y = \ { q > T bY<p)X-\{cpTbx(p)YXHYTvX( p - H x T<PY(p 

and using (2.19) we have

(2.22) (bTvX(p)Y = \ (ЪТЬХb) Y - \{ b T hY b ) X - H Y(TbX-  T <p )  + Hx(T„ -  TpY<p). 

We may write (2.9) in the following way

N(X, У) = -  TXY —{aTyY(p)Y-(bT<pX <p)У+ (<pTx(p) Y  (<pTy<p)X.

Using (2.19) and (2 .2 2 ) we obtain

N(X, Y) = —Tx Y -(a T vX(p) Y - \  (bTbX b )Y + \(bTbY b)X- 

-  (bTx b) У+ (bTy b)X+ Hy (TbX -  TvX q>) -  H x (Tby -  TvY (p) +  2 Hy Tx -  2 Hx TY =

= - T xY -  (a TvX <p) Y -  (bThXb ) Y - (bTx b) Y -  (ЬТьх) У+

+  Н у  ( Т 2Х+ЬХ — T ^ ( p )  — J i x ( T 2y + b y — T (py ( p )
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or
(2.23) N (X ,  Y ) = - ( a T x) Y - ( a T , x < p ) Y - ( b T x+bX) ( Y + b Y )  +

+  H Y(  T 2X +bx — TvX (p) — H x ( T 2Y+bY—T „ Y q>).

From (2.9) we have
(2.24) a N ( X ,  Y ) = — (a T x )  Y - ( a T vX<p)Y.

Since a + b  = l d ,  then from (2.23) and (2.24) we obtain

0bTx+bX) ( Y + b Y ) =  — b N ( X ,  Y ) + H Y( T 2X+bx — T9Xc p ) - H x ( T 2Y+bY- T qY<p), 
or
(2.25) Tx+bX( Y + b Y )  = —b N (X ,  Y )  + a T x+bx( Y + b Y )  +

+  H Y( T 2X + bX — TvX(p) — H x  ( T 2Y+bY — TvY <p).

From (2.13) and (2.14) we have
(2.26) aoT = 2dri‘0 ^ i .

Now, inserting instead of X  and -yF+2-яУ instead of Г into (2.25)
and making use of the following identity 2 H 1 x H Y = T X TY and (2.26) we

obtain
(2.27) T (X ,  Y) = — i- b N ( X + a X ,  Y + a Y ) + 2 d r ti (X ,  У ){,+

+  H Y(T X—3- bX — T±.ipX(p) — H x ( T Y- ± . bY— T ± .4, Y (p).

Now consider the connection Г  given by

(£28) Vx =  Vx - H ( T X_ ±  bX -  T s vX <p).

In virtue of Corollary 1.1 this connection is also an almost r-paracontact connection. 
The torsion tensor field T  of this connection is

(2.29) T (X ,  Y) =  2 dri‘ (X ,  Y ) ^ - \ b N ( X + a X ,  Y + a Y ) .

Hence we obtained
Theorem 2.1. On a m a n i f o ld  M  with a n  a lm o s t  r -p a ra co n ta c t  structure X  =  

— (<Pi £(i)> i/(i)) I== 1 , th e re  e x i s t s  a  X -con n ec tion  with th e  tors ion  tensor f i e l d  
given  by  (2.29).

We also have
Theorem 2.2. A  tensor f i e l d  T  o f  the t y p e  (1,2) with T ( X ,  Y ) =  —T ( Y ,  X )  

i s  the torsion t e n s o r  f ie ld  o f  an a l m o s t  r-paracontact connection i f  a n d  on ly  i f  it sa t is f ies  
th e  relations (2.9) a n d  (2.13).

Proof. If the tensor field T  satisfies the relations (2.9) and (2.13) then it satis­
fies the relation (2.27), since this relation was obtained using only (2.9) and (2.13).
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There exists an almost r-paracontact connection V with its torsion tensor field f  
given by (2.29).

Consider the connection

(2.30) + Н(ТХ-±ъх — T±vx<p)

which is an almost r-paracontact connection whose torsion tensor field is exactly T. 
We also have
Theorem 2.3. On a manifold M with an almost r-paracontact structure 1 = 

~(<p, £(;), rjdi) i—\, r there exists a symmetric 1-connection i f  and only i f  the 
following conditions are satisfied:

(i) all 1 -forms f  are closed.
(ii) 1 is normal, i.e. N = 0 .
Proof. Suppose that there exists a symmetric Х-connection on M. Then, on 

account of (2.9) and (2.13) the conditions (i) and (ii) are satisfied. Conversely, if
(i) and (ii) are satisfied, then according to Theorem 2.1 there exists a symmetric 
Х-connection on M.

Now, in virtue of Theorem 7 from [1] we have
Theorem 2.4. On a manifold M with an almost r-paracontact structure 1 = 

= (<p, £(i}, ij(i>) i =  l , . . . ,  r there exists a symmetric 1-connection Г i f  and only i f  
lÉ„£y] = 0, (<хх № = 0  for XeD+(or D~), Y£D~(orD+) i , j= l , . . . , r  and the 
distributions D+, D~, D + ©D°, D~®D° are integrable, where D+ = {X; cpX=X}, 
D - = {X;cpX=-X}, D°={X;(pX=0}.

3. The curvature tensor field of an almost r-paracontact connection

Now we give some properties of the curvature tensor field of an almost r-para­
contact connection on a manifold M. The curvature tensor field of a linear connec­
tion Г is defined by the formula

If the connection Г is an almost r-paracontact connection, then we obtain the follow­
ing properties of the curvature tensor field RXY

f R XYZ  = i?'(VxVyZ —VyVYZ —V[y>y]Z) =  X Y f W - Y X f W - i X Y W i Z ) .

l

(3.1) Rxy — VxVy- V yVx-V B>„ .

Hence
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Hence we get
(3.4) Rxy°<P =  (poRxr- 

On account of (3.3), (3.4) and (1.4) we have

(3.5) <poRXYo(p =  Rx r .

From (1.20), (1.21), (1.22), (1.24) and (1.25) we have

(3.6) F<p = \( (p -c p 3), Hq> = •§-(<?+ <P3)- 

Hence, and because of (3.5) we have

FRXyZ  = FcpRXY (pZ = — (ld — tp^tpRxytpZ = у  (Id — (p3)RXyZ — у  ̂ г(Д*г^)<А

and because of (3.3) we get
(3.7) ~ FRxr = 0.
Now

HRXy Z  = H(pRXy (pZ = y  (<p +  (p3) RXy <pZ —

= \{ \d  + cp*)cpRXy<pZ =  | ( I d  + tp*)RXYZ  -  RXYZ  + \ t , i{RXyZ)^i . 

Because of (3.3) we have
(3.8) H Rxy = RXy.
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ÜBER EINE KENNZEICHNUNG DER  
ALTERNIERENDEN GRUPPE VOM GRADE 5

G. HEIMBECK (Wü-zburg)

In [2], S. 160—165 hat Lüneburg eine Kennzeichnung der alternierenden Gruppe 
91- bewiesen, die nach semen Angaben auf die Diplomarbeit von Assion zurückgeht. 
Dieser Kennzeichnungssatz kann folgendermaßen ausgesprochen werden.

Satz  (Assion). G sei eine endliche Gruppe mit einer Konjugiertenklasse Я von 
Untergruppen der Ordnung 3, die folgende Eigenschaften hat:
(El) Das Erzeugnis von je zwei Untergruppen aus Я ist isomorph zu einer Unter­

gruppe von S3I5.
(E2) Я erzeugt G.
(E3) Es gibt А, 56Я mit (A, Ä) = s3i5.
Dann ist G isomorph zu 2l5.

Ich will zeigen, daß sich der in [2] angegebene Beweis für diesen Satz ganz 
erheblich vereinfachen läßt. Die Schlußweise in Teil b) des Lüneburgschen Beweises 
([2], S. 163, Mitte) liefert nämlich in Verbindung mit simplen Zusatzüberlegungen 
ein Resultat, das den Satz von Assion als Spezialfall enthält. Überdies zeigt der 
unten formulierte Satz, daß die Voraussetzung der Endlichkeit der Gruppe G im 
Satz von Assion überflüssig ist.

Sa t z . Jede Gruppe G, die eine Konjugiertenklasse Я von Untergruppen der 
Ordnung 3 mit den Eigenschaften (El) und (E2) besitzt, ist isomorph zu 2l5 oder zu 
Z3 oder zum Erzeugnis der Streckungen eines affinen Raumes passender Dimension 
über GF(4).

Bew eis. Ehe wir in die Detailüberlegungen eintreten, wollen wir darauf hin- 
weisen, daß (El) gleichwertig mit der folgenden Aussage ist: Das Erzeugnis von je 
zwei verschiedenen Untergruppen aus Я ist isomorph zu 9l4 oder zu 3t5.

a) Bei beliebig vorgegebenen A, BfSx gilt:
1) Jede Untergruppe der Ordnung 3 von (А, B) gehört zu Я.
2) Jedes CdЯ, das (А, В) normalisiert, gehört zu (А, B).

B ew eis. 1) Wegen (El) ist jede Untergruppe der Ordnung 3 von (А, В) in 
(А, Б) zu A konjugiert und darum Mitglied von Я. 2) Weil die Anzahl der Unter­
gruppen der Ordnung 3 von (А, В) kein Vielfaches von 3 ist, gibt es eine Unter­
gruppe D ^ (A , В) der Ordnung 3, die von C normalisiert wird. Nach 1) gilt DdS\. 
(El) liefert jetzt C=D.
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b) Vorgelegt seien А, В, СЕЯ wit (А, С), (В , С) =  214. Man wähle Erzeugende 
a,b ,c für А, В, C m i t  o(ac)=o(bc) = 2. Dann gilt:

1) { A , B ) ^ K 6̂ C ^ ( A , B ) .
2) (A, B ) ^ m ^ C ^ N ( ( A ,  B)' oder o(ab) =2.

Beweis. Aus (Z>, c) ss 2Г4 und o { b c )  =  2  folgt o ( b ~ 1 c )  =  3 .  Nach al) ist (&_1с)€Я 
und folglich (ia,b~1c> gemäß (El) isomorph zu einer Untergruppe vcn 2I6. 
Daher gilt o : = o ( a b ~ 1 c ) d {  1,2, 3,5}. Wir gehen jetzt diese vier denkbaren Fälle 
der Reihe nach durch und überzeugen uns jeweils vcn der Gültigkeit der Behauptung. 
Dabei dürfen wir natürlich A v B  annehmen. Außerdem machen wir uns die in 
jedem Falle gültige Inklusion (A, B )sN ((A , £)') zunutze.

o =  l ist unmöglich, denn sonst wäre ac=a(ba^r), im Widerspruch zu o(ac)—2. 
Die Beziehung (ab~1c)2 — ab~1cab~1c — ab~1a~1c~1b~1c=ab~1a~1bc2=^[a~\  í]c _1 
zeigt erstens, daß die Behauptung im Falle о —2 zutreffend ist. Dann ist nämlich 
c=[ü-1, b]d(a, b). Zweitens erhält man bei o= 3 c~1ba~1=(ab~1c)~1=(ab~1c)2= 
=[a-1, b]c~x und daraus (Z>ű_1)c=[ű-1, b]. Da außerdem (a~1b)c=ab~1 gilt, 
normalisiert c die Untergruppe K:=(a~1b, ab*1). Bei o(ab )v3 folgt aus (ab)3= 
=(aba)(bab)=(ab~1)(a~1b)~1(ab~1)~1(a~1b)dK  zunächst ab£K und dann a = (a~1b) 

b — a{a~lb)dK, Also gilt K = (a,b). a2) liefert jetzt cd(a,b). Im Falle 
o(ab) = 3 ist (a, b)= Sl4 und К = (a, b)', unsere Behauptung also ebenfalls zutref­
fend. Im letzten Falle o = 5 gilt {a,b~1c ) ^ 2I5. Deutet man a ,b _1c als 
Dreierzyklen von 2I5, so sieht man, daß ab~lca involutorisch ist. Deshalb 
gilt 1 = ab~lcaab~lca=c~1bab~1cac~1bab~1ca = c~1(bab~1a~1b~1c~1ab~1a~1c)c=  
=([h_1, a~1]b~1(b~l)“~lc)c und dann {ba~r)cd(a, b). Da außerdem (a~1b)c=ab~1 
ist, bleibt die Untergruppe K:=(ba~\ a~1b) beim Transfermieren mit c innerhalb 
von (a,b). Im Falle o(ab)^2  folgt aus (ab)2=aba~1a~1b= ba~1a~1b£K zunächst 
abdK und dann — ähnlich wie oben — K —{a,b). Da (a, b) endlich ist, wird 
(a, b) von c normalisiert. Mit a2) folgt cd(a, b). Bei o{ah) — 2 ist (a, b )=:214, 
unsere Behauptung also wiederum richtig.

c) Sind A, BdS\ verschieden, so gibt es höchstens eine zu 2I5 isomorphe Unter­
gruppe von G, die A und В enthält.

Beweis. H, K ^G  seien zu 2I5 isomorphe Untergruppen mit А, B ^ H , K. 
Weil A und В  verschieden sind, gibt es eine Untergruppe C ^ H  der Ordnung 3 mit 
(А, С), (B, C )sí2l4 und (А, B, C)=H. Da C in H zu A konjugiert ist, gilt СЕЯ. 
Ebenso findet man ein £>€Я mit (A, D), (B, D)s;2(4 und (A ,B ,D )= K . Wir 
führen jetzt die Annahme H t̂ K zum Widerspruch. Aus A<(A, В )^Н Г \К <  
<Я^2Г5 folgt mit (El) (A, U)==2I4. Da außerdem (А, С), (A, Z>)=s2I4 gilt, gibt 
es Erzeugende a ,b ,c ,d  für A ,B ,C ,D  mit о (ab) — o(ac)~o (ad) = 2. Wegen 
{А ,  В, С)^Ч15 und (B, C) =  9l4 normalisiert A die Gruppe (В, C)' nicht. IDar- 
aufhin ist nach b2) o(bc) = 2. Ebenso folgt o(bd) = 2. Da C und D wegen H^VK 
verschieden sind, ist (C, D) gemäß (El) isomorph zu 2I4 oder zu 2I5.

1. Fall: (C, i)) = 2i4. Weil die Produkte ac, ad, bc, bd involutorisch sind, gilt 
(ab~1)(c~1d) = acbd=c~1a~1d~1b~1=(c~1d)(ab~1), d.h. ab~x und c~xd sind ver­
tauschbar. D a außerdem (ab-1), (c~ 4 ) verschieden sind und (ab~v) zu Я gehört, 
folgt mit (E l) (c~1d)^S\ und daraus mit a l) o{c~ld)S.2. Wegen C vD  gilt
o{c~1d) = 2 und folglich o(cd) = 3. b2) liefert jetzt A, B ^N ((C , D)'). Demnach
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normalisiert (A, B, D)—H  die Vierergruppe (C, D)'. Weil sich H  durch Elemente 
der Ordnung 5 erzeugen läßt und diese (C, D)' zentralisieren, operiert H auf (C, D)' 
trivial. Dies steht im Widerspruch zu (c~l d)a = cd~l A c~x d.

2. Fall: (C ,D )^415. Mit b l) folgt A, B s.(C , D). Dies führt zu H ,K ^ (C ,D )  
und damit zum Widerspruch H =K.

d) Gibt es Untergruppen A, ВСЯ mit (A, B )s:9i6, so ist G — (A,B).
Beweis. Wegen (E2) braucht man nur zu zeigen, daß (А, В) ein beliebig 

vorgegebenes ССЯ enthält. Man darf sich C ^ A , В und wegen bl) etwa (A, C)=  
^S I5 vorstellen. Sodann fixiere man ein ВСЯ mit D ^(A ,C )  und (A, D), (C, 
ss9I4. Wegen c) genügtes, D d(A, В) zu beweisen. Dabei darf man natürlich B / D  
und wegen bl) (B, D )^9i5 unterstellen. Nun wähle man ein 2ГСЯ mit E ^ (A , В ) 
und (А, E), {B, ü)s:3l4. Wiederum darf D ^ E  angenommen werden. Im Falle 
(D, £ ) s 2I4 folgt mit bl) zunächst E ^ (B ,D )  und daraus mit c) D ^(B , D) = 
= (A,B). Analog folgt im Falle (D, £ )^ 9 i5 zunächst A s ( D ,E )  und dann Ö S  
— (A  E) = (A, B).

e) Enthält Я wenigstens zwei Untergruppen und gilt (A, B) = 5I4 für je  zwei 
verschiedene A, ВСЯ, so ist G isomorph zum Erzeugnis der Streckungen eines 
affinen Raumes passender Dimension über GF(4).

Beweis. Zunächst begründen wir 
(* ) (А, B)' ist normal in G fü r  alle A, B f R.
Andernfalls gibt es Untergruppen А, ВСЯ so, daß (А, B)' nicht normal in G ist. 
A und В sind dann jedenfalls verschieden. Außerdem gibt es wegen (E2) ein ССЯ, 
das (А, B)' nicht normalisiert. Danach Voraussetzung (A, I4 gilt, liegt C 
außerhalb von (A, B). Wegen (А, С), (B, C )s í5l4 können wir Erzeugende a ,b ,c  
für А, В, C mit o(ac)=o(bc) — 2 fixieren. Nach b2) ist о (ab) —2. Zur Gewinnung 
eines Widerspruchs betrachten wir jetzt (a, b, c). Wegen (abc)- = abcabc =  
=b~1a~1a~1c~1c~1b~1=b~1acb~1=b~1c~1a~1b~1=cbba=cb~1a gehört сЬ~г und 
dann auch c zu (abc, bc). Also erzeugen die beiden Elemente abc, bc zusammen 
(a,b,c). Außerdem ist (abc)i —(cb~1a)2=cb~1acb~1a=cb~1c~1a~1b~1a=ccbbaa — 
—c~1b~1a~1 — (abc)~1, damit (abc)6= 1 und dann о (abc) = 5, weil abc А I wegen 
C ^  (A, В) gilt. Daneben hat man o(bc)=2, o((abc)(bc))—3. Da eine Gruppe H  
mit den Erzeugenden jcx, x:2 und den Relationen x f= x |= (x 1x2)3= l z. B. nach
[1], S. 140, 19.9 isomorph zu 915 ist, ist (a, b, c) ein nichttriviales homomorphes 
Bild der einfachen Gruppe 915, also isomorph zu 2I5. ab-1, b~lc haben beide die 
Ordnung 3, ihr Produkt (ab~x)(b~1c)=abc hat, wie oben überlegt, die Ordnung 5. 
(ab-1), (b~xc) sind also zwei Untergruppen aus Я mit einem zu 2I5 isomorphen 
Erzeugnis, entgegen der Voraussetzung.

ЛСЯ sei beliebig gewählt. Das Erzeugnis V des Untergruppensystems 
{(А, В)'|ВсЯ — {Л}} ist nach (*) normal in G. Da AV sämtliche Mitglieder von Я 
aufnimmt, können wir mit (E2) AV—G schließen. Als Erzeugnis paarweise frem­
der, normaler Vierergruppen ist V eine Gruppe vom Exponenten 2, außerdem A {\)  
wegen |Я |>1. Wir fixieren ein Erzeugendes adA von A und betrachten den von 
a in V bewirkten Automorphismus a: V-*V  mit x":=xa. Bei beliebig fixiertem 
ВСЯ — {A} gilt xx“x“2= l  auf (A,B )'. Demnach ist l + a  + a2 der Nullendo­
morphismus von V. Nun sieht man, daß K:= {a, a2, a3, 0} mit den vom Endo­
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morphismenring End V übernommenen Rechenoperationen ein zu GF(4) isomorpher 
Körper ist. V  ist in natürlicher Weise ein Ä'-Vektorraum. ~x bezeichne die zum Vek­
tor x£V  gehörige Translation. Die Zuordnung агх-+астх (e£ { + 1,0}) liefert 
offenkundig einen Isomorphismus von G auf das Erzeugnis der Streckungen des 
zum Ä'-Vektorraum V gehörigen affinen Raumes.
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7VCL0SED SPACES
Á. CSÁSZÁR (Budapest), member of the Academy

1. Introduction

As it is well-known, a Hausdorff space X  is said to be //-closed iff it is a closed 
subspace in every Hausdorff space F d Z, or equivalently, iff X  has no proper Haus­
dorff extension. This concept can be generalized (by keeping invariant its character­
istic properties) for arbitrary topological spaces X  (see e.g. [2]).

For this purpose, let us recall the following definitions. If X  is a subspace of 
the topological space F, we say that Fis reduced with respect to X  iff x£ F, y£ Y —X, 

implies that at least one of the points x and у has a neighbourhood not con­
taining the other one. F is said to be strongly reduced iff {>’} is closed for y£ Y — X. 
Y  is 7) -reduced (T^-reduced) iff x£F, y£Y—X, x ^ y  implies that both x  and у 
have neighbourhoods not containing the other one (x and у  have disjoint neigh­
bourhoods). F is a r ;-space (i=0, 1) iff X  is 7) and F is reduced (if /=0) or 7\- 
reduced (if i =  l) with respect to X. The same is true for i —2 provided F  is an 
extension of X  (i.e. X  is dense in F).

Now an arbitrary topological space X  is said to be H-closed iff it has no proper 
T2-reduced extension. For a 7^-space X, this coincides with the classical definition.

Similarly, let us agree in calling a space X  7\ -closed iff X  has no proper 7\ -reduced 
extension. If X  is a 7j -space itself, this condition means that X  has no proper ex­
tension that is a 7) -space, or that X  is closed in every 7j -space containing it. Howe­
ver, it is easy to see (2.3) that Tl -spaces with this property are finite (and discrete); 
on the other hand, if we drop the condition to be 7j, there are many examples of 
T’i-closed spaces (2.5, 2.6, 2.7).

Our purpose is to study the properties of 7\-closed spaces and of 7\-closed 
extensions of arbitrary spaces.

We shall need some fundamental facts of extension theory. Let F be an exten­
sion of the space X, and рв Y. Then the neighbourhood filter o(p) of p has a trace

v(p) \Х={У П Х: Vet>(p)}
in X  that is an open filter in X  (i.e. it is generated by a filter base consisting of open 
sets); in particular, if p£X, then v(p)\X coincides with the neighbourhood filter 
in X  of the point p. Conversely, if X  is an arbitrary topological space, Y zdX  is a 
set, and we assign to each point p£Y—X  an open filter s (p) in X, then there are 
(in general several) topologies on F such that X  is a dense subspace of F  and s(p) 
coincides with the trace in X  of the neighbourhood filter in F of any p£Y —X. 
Among these topologies, there are a coarsest one and a finest one. The latter, called 
the loose extension of X  with respect to the filter system {s(p): pdY—X), is obtained 
by taking, for x£X, the neighbourhoods in X  of x for the elements of a neighbour­
hood base of x in F, and for p$_Y—X, the sets ÁU{p} (S£s(p)) for the elements
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of a neighbourhood base of p. In order to obtain the coarsest topology on Y furnish­
ing the given trace filters s (p), let us denote by s(x) the neighbourhood filter in X  
of the point x£X , and put

s(G) = {y£Y: G€s(y)}

for any open subset GczX. Now the sets s(G) constitute a base for the topology 
we are looking for; it is called the strict extension of X  with respect to the system 
{*00: P ÍY -X } .

In a space X, an ultraopen filter is a maximal open filter (i.e. an open filter s 
such that if s' is an open filter containing s then s'=s). By the Kuratowski—Zorn 
lemma, every open filter s is contained in an ultraopen filter. An open filter s is 
ultraopen iff, for every open subset GczX, either G or X —G is contained in s. 
Two distinct ultraopen filters contain disjoint elements.

A filter s in X  is said to be fixed  or free according to whether fls?í0 or Ds =  0, 
respectively.

2. Characterization of 7\-cIosed spaces

The following theorem gives simple characterizations of Tx-closed spaces:
Theorem 2.1. For a topological space X, the following statements are equivalent:
(a) X  is Tx -closed,
(b) In X  every open filter is fixed,
(c) In X  every ultraopen filter is fixed,
(d) In X  there is a finite dense subset.
Proof. (a)=>(b): Suppose s is a free, open filter in X. Set Y=XiJ {/;}, p $ X , 

and consider the loose extension of X  corresponding to the trace filter s(p)=s. 
This is a proper Tx -reduced extension of X.

(b) =>(c): obvious.
(c) =>(d): Suppose there is no finite, dense subset in X. Then the complements 

of the closures o f the finite subsets generate a free open filter that is contained in a 
free ultraopen filter.

(d) =>(a): Let Tbe an extension of X, p£Y—X. The trace in X  of the neigh­
bourhood filter o f p is an open filter in X. If FczX  is a finite, dense subset, then 
s |F  is a filter in F, and clearly D(s|T')7i0. Hence every neighbourhood ofp contains 
any point П (s j F) so that Y  cannot be a Tx -reduced extension of X. □

Corollary 2.2. Every finite space is Tx -closed. □
Corollary 2.3. A Tx-space is Tx-closed iff it is finite (and discrete). □
Corollary 2.4. Every extension o f a Tx-closed space is Tx-closed.
Proof. 2.1 (d). □
Theorem 2.5. A space is Tx-closed iff it is an extension o f  a finite space. □
By 2.1, a space is Tx -closed iff its density (i.e. the smallest cardinality of a dense 

subset) is finite. Let us call elementary Tx-closedspace a Tx-closed space with density
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1. The space T={0, 1}, where the open sets in T are 0, {0}, T is an elementary In­
closed space.

Theorem 2.6. I f  X t is an elementary f-closed space for i£f, then X —^ X t 
is an elementary Ti -closed space as well.

Proof. If x f X t is chosen such that {xj =  X i, then (a;) = x f X  satisfies 
{x}= X■ □

In particular, any power of the space T  is an elementary in-closed T0-space.
Further examples of elementary Tx -closed spaces are obtained from
Theorem 2.7. Let X  be an arbitrary topological space, Y=XU  {p}, p£X, 

and define the open subsets o f Y  tobe  0 and the sets G\j \p) where G is open in 
X. Then Y  is an elementary 7\ -closed space containing X  as a closed subspace and 
reduced with respect to X. □

3. Operations on 7\-closed spaces

We look for invariance of Tx-closedness for usual operations on spaces.
Theorem 3.1. A continuous image o f a I j  -closed space is 7j -closed.
Proof. If F a X  is finite and dense, f : X —Y  is continuous and surjective, 

then f(F )  is dense in У (2.1(d)). □
Lemma 3.2. I f  Y  is Tx-closed, and f \X -* Y  is surjective, then the inverse 

image topology on X  is 7) -closed.
Proof. If F 'czY  is finite and dense, and F a X  is a finite set such that f(F )= F ', 

then F is  dense with respect to the inverse image topology. □
We recall that the T0 -reflection of a space X  is the quotient space У obtained 

from the equivalence relation for which x  and у are equivalent iff their neighbourhood 
filters coincide; then X  has the inverse image topology with respect to У and the 
canonical surjection.

Theorem 3.3. A space is Tx -closed iff its T0-reflection is Tx-closed.
Proof. 3.1, 3.2. □

The following statements are easily obtained from 2.1 (d):
П

Theorem 3.4. I f  X = \J X t and each o f the subspaces Xt is f  -closed then 
1

X is Tx -closed as well. □
n

T heorem 3.5. I f  is Tüdősed for  /= 1 ,  then X ^ ^ X i i s  T^-dosed.
1n

Proof. If Ft a  Xt is finite and dense then so is F -  X  'n X- □
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T heorem 3.6. In a Tx -closed space every open sub space and every regularly 
closed subspace is Tüdősed.

Proof. Let F b e  finite and dense in X, GczX open. Then FOG is dense in 
G so that G is Tx-closed, and G is 7j-closed by 2.4. □

4. Structure of 7j-closed spaces
We show that Ti -closed spaces have a rather simple structure.
Let X  be a Tx -closed space and s an ultraopen filter in X. By 2.1 (c) the set 

K=  fls is nonempty. A set К  of this type will be called a kernel set in X.
Lemma 4.1. Let s be an ultraopen filter in a topological space X, and x iK — 

=  Ds. Then 5 coincides with the neighbourhood filter o f  x, hence К  =  {x}. I f  
y i X —K then x (t {y}, hence KF  {y} =  0.

Proof. Every S is  is a neighbourhood of x. Conversely, if G is an open neigh­
bourhood of л:, then x C G n s  for every S is , hence Gis. For zi_K, the neigh­
bourhood filters of .г and z both coincide with s so that z f  {x}, hence Кcz {x} and

{x} c= К  c  {.rj.

If y i X —K  then there is 5€s suchthat у $S, hence x(£{y}, and А"П{у}=0. □
Lemma 4.2. Let s X s ' be ultraopen filters in a topological space X, AT— Ds. 

K '=  Os'. Then KO K'=0.
Proof. There are S is  and S 'i s '  such that 5 D 5 '= 0 . Hence. K FK' = Q 

and, by 4.1, y iK ' implies
КГ\К' — ЛГП{у} = 0. □

Lemma 4.3. In a Tx-closed space, a finite set is dense iff it meets every kernel set.
Proof. Suppose F is  a finite, dense set in X. By 4.1, FFK^Q  for every kernel 

set K. Conversely, if F is finite and -FflAVfi for every kernel set K, then F  is dense 
because every open set <7^0 is contained in an ultraopen filter s, and for K= Ds 
we have Qt̂ F F K clG. □

T heorem 4.4. In a 7j -closed space o f  density n, there are n kernel sets K(
(/=1, ..., n). For l ^ i ^ n ,  1 iX j, KiP\Kj = D, and X = \J  Aj-.

1
Proof. By 4.2 two distinct kernel sets are disjoint. Hence if F= {xn, ..., xn} 

is dense in X, then it can meet n kernel sets at most, and the number of all kernel 
sets is finite and ~n  by 4.3. On the other hand, if Kx, ..., Km are the kernel sets 
and у;(ЕАГ;, then {yx, ..., ym} is dense by 4.3 so that m Sn.

For two distinct kernel sets Aj and Kj, we have K;CiAj = 0 by 4.2. Finally 
КI (/=1, ..., n) implies by 4.3

^ = Ű W  = Ű 4  □1 1
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The kernel sets can be characterized by the property formulated in 4.3:
Theorem 4.5. In a Tüdősed space X, let Ax, ..., A„ be pairwise disjoint 

subsets with the property that a finite subset F a X  is dense iff Р П А ^ 0  for i= 
— 1, ..., n. Then n is the density o f  X  and the sets A t coincide with the kernel 
sets o f  X.

Proof. Clearly n is the smallest cardinality of a dense subset of X  so that n 
is the density of X. Let Kx, Kn be the distinct kernel sets of X  (4.4).

Suppose a set A t does not meet any set Kj ( /=  1, ..., и). Then choosing yfiK j, 
the set {>i, is dense and does not meet At, contrarily to the hypothesis.
Hence every At meets at least one Kj. Similarly every Kj meets at least one A,.

If AiD Kj^O ^AiD K^, j ^ k ,  then choose points ysdKs for s = l,. . . ,n  
in such a manner that

y ^ A tO K j, ykeAiC\Kk.

Since two of the points ys belong to At, there must exist an Ah that contains no ys. 
This contradicts the hypothesis because {y\, is dense. Hence every А,-
meets precisely one Kj. Similarly every Kj meets precisely one Ah and the numera­
tion can be chosen in such a way that Atn K j^ 0  iff i=j.

If Kj—At^0 , we can again choose points ys£Ks ( s = l , ..., ri) in such a man­
ner that no one of them belong to At; this is impossible so that Кt a  A t. Similarly 
AiCzKi. Hence Ai= K i for /=1, ..., n. □

The following statements show that every Tx -closed space can be obtained 
from elementary Tx -closed spaces with the help of some simple operations.

Lemma 4.6. I f  s is an ultraopen filter in a topological space X, У с X, and 
every element o f  s meets Y, then s| Y is an ultraopen filter in the subspace Y.

Proof. s |У is an open filter in У. If С с У  is open in У and for
every S£s, then G=HDY, H  open in X, and for S£ s. Hence # £ s ,
and G€s|y. Consequently s |y  is ultraopen in У. □

Lemma 4.7. Let X  be a Tx-closed space, Kx, ..., Kn its kernel sets, and \^m-<n,
m   n

Y — U-K.-, 2 =  U K t.1 m+1

Then Y and Z  are Tx-closed subspaces, their kernel sets are K1, . . . ,K m and 
Km+1 , ..., K„, respectively, and

УП.К) =  0 (m +  l S i S n ) ,  Zi)K i = 0 ( I S i S  m).

Proof. The last statements follow from 4.2. If x f K t (i= 1, ..., m) then by 4.1
m   m ___У= № =  U Ш1 1

so that {xx, . . . , x m} is dense in У and У is 7)-closed by 2.1. We show that Kx, ..., Km 
are the kernel sets of У.
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In fact, fix i^ m ,  and let s be an ultraopen filter in X  such that Kt— Ds. Then 
by 4.6 s|F is ultraopen in Y  and Kt=C\ (s|F). Hence Kx, .... Km are all kernel 
sets in Y  and there is no further kernel set because the above set {xl5 xm} is 
dense in Y (4.3, 4.4). By symmetry, Z  is 7 \-closed with the kernel sets KmXrl, ...

Lemma 4.8. Suppose X  is a topological space, X = YU Z, Y  and Z  are 
7)-closed, closed subspaces with kernel sets Kx, ..., Km and KmX_l , ..., K„, respect­
ively. Assume

Ki ПУ =  0 (m + 1 == i = n), KiHZ =  0 (1 S i s

Then X  is Tx-closed and its kernel sets are Kx, , Kn.
Proof. Let s be an ultraopen filter in X. Either each element of 5 meets Y or 

each S£s  meets Z, say 5ПУт^0 for S£s. Then by 4.6 s \Y is ultraopen in Y. 
and П ($\Y)=Ki for some l s / ^ m .  Hence the open set X —Z tj Kt meets each 
element S£ s so that X —Z£ s and

Zi)(~]s ~  0, iTs = (T(s|T) =  Kj.

Similarly we obtain that Ds — K, for some m + l= iS n  provided every S€s 
meets Z.

By 3.4, X  is I) -closed and its kernel sets coincide with some sets Kt . Moreover, 
every Kt is a kernel set in X. In fact, if iSm , x£Kt, then by 4.1 { v} whenever
y£Kj, j= m , jY i,  and the same is true if y£Kj, j=s?n+ 1 because then {y jcZ , 
x$Z . Therefore, by 4.3, Kt must occur among the kernel sets of X. A similar argu­
ment applies for ISOT+1. □

Theorem 4.9. I f  X  is a f  -closed space with the kernel sets Кг, ..., Kn, and 
Y{=Ki, then F; is an elementary Tüdősed, closed subspace with kernel set Kit 
and AT; П Yj = 0 for i z j .

it

Conversely, i f  X  is a topological space, X=[J Yt, Yt is an elementary Tx-
l

closed, closed subspace with kernel set K;. and Kt П Yj =  0 for i /-j, then X  is 
7) -closed and its kernel sets are K, , ..., K„.

Proof. The first part is contained in 4.7, and the second one is obtained from 
4.8 by an easy induction. □

In a 7 )-closed T0-space, the situation is very simple:
Theorem 4.10. I f  X  is a Tx-closed T0-space then the kerne! sets are singletons 

{*,-} ( i= l ,  ...,n), and F ~ {x x, ..., x,,} is the unique discrete, dense subset o f  X.
Proof. By 4.1, the kernel sets are singletons, and the subspace F is discrete. 

By 4.3, F is  dense in X.
Let D be a discrete, dense subset of X. If D is finite, then Dz)F  by 4.3. But 

x£D — F would imply x f  {x;} for some x f F  which is impossible because D is 
discrete. Hence D=F.
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If D is infinite then there are three distinct points x, vfD  and x fi F such that 
x, yd {x,-}. Select open sets U and V such that

UC\D = {x}, VD D =  {>}.

Then xfiUClV  and t/ f) F  П £> =  0 which contradicts the hypothesis that D is 
dense. □

In order to formulate the following theorem, let us recall [1] that a space X  
is said to be an S’, -space (S'2-space) iff, for x, увХ , whenever x has a neighbourhood 
not containing у, у  has a neighbourhood not containing x (x and у  have disjoint 
neighbourhoods).

Theorem 4.11. An Sj -space X  is Tüdősed iff it is the topological sum o f  a 
finite number o f  indiscrete spaces.

Proof. Let Кг, .... Kn be the kernel sets of X. Each A) is closed. In fact, if 
x£Kh y€ X —Kj, then by 4.1 x${y} so that у^{х}= К (. By 4.4 X —\J Aj,

l
the sets Aj are pairwise disjoint and closed, and each subspace Aj is indiscrete. 

The converse is obvious. □
4.11 can be deduced also from 3.3. and 2.3.

5. 7j-closed extensions

By 2.7 every topological space can be embedded in а Tj-closed one. However, 
the question of the existence of Xj -closed extensions is more delicate.

In view of the fact [2] that every space has a X2-reduced //-closed extension, 
one would expect that every space has a 7j -reduced 7)-closed extension. This is 
far from being true:

Lemma 5.1. I f  Y is a Tx-closed space, strongly reduced with respect to a sub­
space I c f ,  then X  is Tx-closed as well.

Proof. Let F c Y  be finite and dense. Since XC)F—X=&, necessarily X c
<z¥nx. □

For a space that is not Tj-closed, we cannot expect therefore more than the 
existence of (reduced) Tj-closed extensions. But such an extension does not always 
exist.

Lemma 5.2. Let X  be a topological space, x, y£X. Then x£ {y} iff the neigh­
bourhood filter o f  у converges to x. □

Theorem 5.3. Let X  be a topological space. The following statements are 
equivalent:

(a) X  has a Tj -closed extension.
(b) There is in X  a finite number o f open filters whose limit points cover X.
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(c) There is in X  a finite number o f  filter bases whose limit points cover X.
(d) There is in X  a finite number o f  ultraopen filters whose limit point cover X.
(e) In X  there are finitely many ultraopen filters only.
Proof. (a)=>(b): Let У be a I j  -closed extension of X, F c Y  finite and dense. 

By 5.2 every x£X  is the limit point of the neighbourhood filter о (у) of some y£F. 
Then o(p)|X is an open filter in X  that converges to x.

(b) =>(c): obvious.
(c) =>(d): Let rls ...,r„  be filter bases in X  such that, for x£X, there is an 

r ; such that xt-*x. Define
5 ~ { S c  X: int S z> /?6r,}.

Then s i is an open filter such that xt-*x implies s;-»-x. Let s- be an ultraopen 
filter containing s;. Then st-*x implies 5--*x.

(d) =>(e): Let S j ,  . . . ,  s„ be ultraopen filters whose limit points cover X. If s 
were an ultraopen filter distinct from each s;, then there would exist an open set 
Gds suchthat G$Sj for 1=1, ..., n. Now a point x£G  cannot be limit point of 
any Sj. Hence there is no further ultraopen filter in X.

(e) =»(a): Let sl5 ..., s„ be the ultraopen filters in X, 1 штшп, and suppose 
that S j ,  ...,s„, are free, sm+1, ...,s„ are fixed (if every ultraopen filter is fixed 
then X  itself is a Tx-closed improper extension by 4.1). Define

r  = X U { P i ,- ,P .)
where the points p&X  are pairwise distinct, and equip Y  with the strict extension 
of X  with respect to the trace filters s(pi)= s i. Then У is a reduced extension of 
X  because the filters s; are free and any two of them contain disjoint open elements 
Gj€Sj, Gj£Sj so that s(Gx) and s(Gj) are disjoint neighbourhoods of p t and 
Pj, respectively.

If XjíflSj for m + ls i '^ n  then

F =  {px, ...,pm, x m+1, ...,x„}

is dense in У. In fact, the sets s(G), where 0 ^ G c b  is open, constitute a base in 
У and each G belongs to some s,; if issm  +1 then x fG a s(G ),  if i s m  then 

Pfs(G). □
Let us say that a space is T} -closable iff it has a 7j -closed extension. The condi­

tion 5.3 (e) shows that this is a rather peculiar class of spaces. An example of a 
7j -closable space that is not Tj-closed is an infinite set X  in which the proper closed 
subsets are all finite subsets. Then the family of all non-empty open subsets consti­
tutes a free open filter that is clearly the only ultraopen filter in X.

In the class of S2-spaces there are no proper 7j-closable spaces:
Lemma 5.4. A Tx-closable S2-space is 7j -closed.

Proof. Let sl5 ..., s„ be the ultraopen filters in the A2-space X. Then by 5.3,
П

X= (J At where At denotes the set of the limit points of s,. Select x f A t from the
l

non-empty sets At and define У to be the set of these points хг. Since X  is an S2-
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space, any x€A t has the same neighbourhood filter as x t so that Л;сг{д-,}. Hence 
F is dense in X. □

In the part (e)=>(a) of the proof of 5.3, we have constructed, for a given Tx- 
closable space X, a reduced 7j-closed extension Y. Let us call a space Y  obtained in 
this way a standard Tx-closed extension of X; in other words, a standard Tx-closed 
extension of Xis a strict extension Y  such that the trace filters in X  of the neighbour­
hood filters of the points of Y —X  are the distinct free ultraopen filters in X. Hence 
we can say:

Corollary 5.5. For an arbitrary Tx-closable space X, there exist standard 
Tx-closed extensions. I f  Y  is an extension o f this kind, then Y—X  is finite, p, qC 
£Y—X, p X q  implies that p and q have disjoint neighbourhoods in Y, finally 
x^X, pdY—X  implies that p has a neighbourhood not containing, x  □

If Y  is a standard Tx-closed extension of X  and Z  is another extension of X, 
then, obviously, Z is a standard Tx -closed extension iflf Y  and Z  are equivalent in 
the usual sense (i. e. there is a homeomorphism from Y  onto Z  that keeps fixed 
every point of X).

Our next purpose is to show that all possible Tx -closed extensions of a 7\-clo- 
sable space can be obtained with the help of its standard Tx -closed extensions.

Lemma 5.6. Let Y  be an extension o f a topological space X  and s an ultra­
open filter in X. Then there is a unique ultraopen filter s ' in Y such that s=s'|X ; 
s' is generated by the collection o f all open sets G'czY such that G'flIX£s.

Proof. The sets G' described in the statement clearly constitute a filter base 
that generates an open filter s' in Y. If H czY  is open and S 'O H Y 0  for every 
S"€s' then ЯГ)ХП5'^0 for every S£ s, hence ЯПХ£б and / /€ s'. Therefore 
s' is ultraopen in Y. Clearly s'|X=s.

If s" tís'  is an ultraopen filter in Y then there are disjoint sets S '£ s', S"ds" 
so that and s"|AVs. □

Lemma 5.7. Let Y  be a standard Tx-closed extension o f the Tx-closable space 
X  and let us denote by Y  and Y ’ the topologies o f  X  and Y, respectively. Let 
Y "  be another topology on Y suchthat Y "  too is an extension o f Y  and the trace 
in X o f  the ST"-neighbourhood filter o f  any p£Y—X  coincides with the trace o f the 
Y'-neighbourhoodfilter o f  p. I f  Y "  is Tx-closed then Y "  =  Y ’.

Proof. For y£ Y, let us denote by s (j j  the trace in X  of the '-neighbourhood 
filter of y. By hypothesis s(y) is also the trace of the ^""-neighbourhood filter of y. 
For an open subset GcrX, we denote again

s(G) = {y€Y: G6s(y)}.

We know that Y '  is coarser then Y "  because Y '  is a strict extension. Now let 
G" be .^"-open. It is enough to show that G" is ^"'-open as well.

If p£G "—X then the ^"-open set G = G"(~)X belongs to s (p). Since Y - X  
is (finite and) ^"'-discrete, there is a .^open set H  such that s(H) — X=  {/>}. Then 
.y(Gn#) =  (G n//)U {p}cG " so that p is a ^"'-interior point of G".
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Let x£G=G"[~)X and suppose q£s(G)—G". Then qXX—X  and s(G) 
belongs by 5.6 to the У '-ultraopen filter s' such that $'\X~s(q). There is again 
a .F^open set H  such that

s ( H ) - X =  {q}, H£*{q), s(Ä)6*',
hence f  is'ez {q}. On the other hand f l s '^ 0 because ST’ is Tx-closed, hence П0 ' — 
= {q). The filter s ' is .F"-open so that there exists a ,5" "-ultraopen filter s"r>s'. 
Clearly

s"\X z> 9'\X = s(q),
further

n s " c = n s '=  {q},
consequently fls"=  {ry}. because D s'V fi owing to the Tx -closedness of 9~". 
G£s(q) implies that every element of s" meets G and, a fortiori, G", so that G"d s", 
in contradiction to the hypothesis q$G". Thus we have shown s(G)czG" so that 
x  is a ^ “'-interior point of G". □

L emma 5.8. Let Y  be a standard Тг-closed extension o f the T1 -closable space 
X  and Z  an arbitrary Tüdősed extension o f X. Then there is a topological embedding 
f :  Y ^ Z  such that f\X = id x so that Z  contains a standard Tüdősed extension o f  
X  as a subspace.

Pro o f. Define f(x )= x  for x£X. If p£Y—X, then (with the notations o f  
5.7) s ip) is ultraopen in X, hence by 5.5 there is a unique ultraopen filter s'(p) in Z  
such that s'(p)\X=s(p); since Z  is Jj -closed, fls'(p) ̂ 0 , so that we can select 
a point from this intersection. Define f(p )  to be this point.

Then f (p )£ Z —X  for pXY—X  because s(p) is free. If p, q £ Z —X, p ^q , 
then 5(p)yís(q), consequently s'ip) ̂  s'(q) so that s\p )  and s'(q) contain disjoint 
elements, and f{p)9ifiq). Therefore f.Y -+ Z  is injective.

Consider f{Y )  as a (dense) subspace of Z. An ultraopen filter s in /(Г ) is the 
trace in /(F )  of a unique ultraopen filter s' in Z  (5.6). Clearly s\X= s'\X  and this 
is an ultraopen filter in X  (4.6). Either s\X  is fixed and then so is 0 , or s|F=s(p) 
for some pXY—X  and then 0 ' is the unique ultraopen filter in Z  such that ©'|X=s{p), 
i. e. 0 ' —— 0 '  (p) . In this case

/ ( Р ) € П ( 0 ' |Д Т ) )  =  П0.

Hence f i j )  is 7\-closed by 2.1 (c).
Thus /(F )  is an extension of X. By 4.1 s'ip) is the neighbourhood filter of fip )  

in Z  whenever pXY—X, its trace in /(F )  is the neighbourhood filter of f ip )  in /(F), 
and the latter filter has for trace in X  the filter sip). Hence if we consider on F the 
inverse image topology obtained from /(F ) and f  we get an extension of X  such 
that the trace of the neighbourhood filter of p£Y—X  coincides with sip). By 3.2 
this extension is 7\-closed. Therefore this is, by 5.7, the topology of F as  a standard 
7\-closed extension, and / :  F—/(F )  is a homeomorphism, /(F ) is a standard Tü­
dősed extension as well. □

Hence we obtain:
T heorem  5.9. The TL -closed extensions o f a 7 \-closable space X  coincide with 

the extensions o f  its standard Tx-closed extensions. • ; ; ; , f
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Proof. By 5.8 every Tj -closed extension is an extension of a standard 7j -closed 
extension. Conversely an extension of a Tx-closed extension is а Г,-closed extension 
by 2.4. □

We can now show that the properties listed in 5.5 are characteristic for standard 
7j-closed extensions:

Theorem 5.10. Let Z  be a Tx-dosed extension o f a space X  such that p, qf 
d Z —X, p ^ q  implies that p and q have disjoint neighbourhoods, and x£ X, p £ Z —X  
implies that p has a neighbourhood not containing x. Then Z  is a standard Tü­
dősed extension o f X.

Proof. By 5.9 there is a subspace Y such that I c f c Z  and У is a standard 
Tx-closed extension of X. If p£.Z— Y then the trace filter in X  of the neighbourhood 
filter of p, denoted by s (p), is a free open filter in X , and is contained in a free ultra­
open filter that coincides with s (q) for some q(: Y - X. This contradicts the hypothe­
sis that s (p) and s(q) contain disjoint elements. Hence Z ~ Y . □

6. Tj-closable spaces

We conclude with some properties of 7^-closable spaces.
Theorem 6.1. A T1-c/osable space is H-closed.
P r o o f . It suffices to show [2] that every ultraopen filter is convergent in a Ji- 

closable space X.
Let sx, ..., s„ be the ultraopen filters in X  (5.3 (e)). There is, for a given /, an 

open set GCs,- such that G$Sj for j z i .  If x6G, then х is limit point of some 
Sj (5.3 (d)) which can happen for j= i  only. Hence sf—x. □

Ti-closable spaces have invariance properties similar to those of 7j-closed 
spaces.

Theorem 6.2. Every extension o f a Ti-closable space is 7j -closable.

P r o o f . B y  5.3 t h e  n u m b e r  o f  u l t r a o p e n  f i l t e r s  i s  f i n i t e  i n  t h e  g i v e n  s p a c e .  B y  

4.6 a n d  5.6 t h e  n u m b e r  o f  u l t r a o p e n  f i l t e r s  i n  a n  e x t e n s i o n  i s  t h e  s a m e .  □

Theorem 6.3. A continuous image o f a 7j -closable space is Tx -closable.

P r o o f . Let f : X —Y  be continuous and surjective, and r , , ...,r„ filter bases 
in X  such that their limit points cover X  (5.3. (c)). If >’€У, y=f(x), t t-*x then 
/(r,)-/(.Y) so that /( rx), . . . , / ( r„) have a similar property in Y. □

Lemma 6.4. Jf f:  X —Y is surjective and Y is a 7\-closable space then the 
inverse image topology on X  is T  -closable.

P r o o f . Let rx, ..., r„ be filter bases in Y  whose limit points cover У. If  x£X  
and r;—f( x )  then f ~ 1(yi) —x. □

Theorem 6.5. A space is Ti-closable iff its Ta-reflection is Tx-closable. □
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T h e o r e m  6 . 6 .  I f  X = IJ X t and each subspace X{ is Tx-closable then X  is
i

7\ -closable.

P r o o f . Select a finite number of filter bases in each 'X( whose limit points cover
Xi. □

П
T h e o r e m  6 . 7 .  I f  X — X  X i and each X£ is Тг -closable then X  is T^-clo sable. 

1 n
P r o o f . Choose a 7, -closed extension Y] of X t and consider Y = X Y t. □

l
L e m m a  6 . 8 .  Let Y be an open subspace o f  a topological space X. Every ultra­

open fiter  s in Y  generates an ultraopen filter s ' in X such that s'|F=s.
P r o o f , s '  is an open filter in X  because У  is open, ff GcAris open and S ' П  G  ry-- 0 

for every S f  s ' then, in particular,
SflG = 5ПСПA" ?£ 0

for 56s so that GCiX£s, and G'6s'. Hence s 'is  ultraopen in A'. The trace s '|F 3 S  
is an ultraopen filter in F, hence s'|F=s. □

T h e o r e m  6 . 9 .  Every open and every regularly closed subspace o f a Tx-closable 
space is 7, -closable. jĝ

P r o o f . According to 6.8, if Y c X  is open, then the number of ultraopen filters 
in F is not larger than the number of ultraopen filters in X. Hence if X  is Tx -closable 
then so is F, and the same holds for F by 6.2. □
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ALMOST SUBIDEMPOTENT RADICALS 
AND A GENERALIZATION OF A THEOREM 

OF JACOBSON
G. TZINTZIS (Thessaloniki)

The purpose of this paper is twofold: to study almost subidempotent radical 
properties and from this study to give a new proof and also a generalization of the 
famous theory of Jacobson [19] stating that the Jacobson radical of a Noetherian 
ring is transfinitely nilpotent, moreover, as a corollary another approach to the fa­
mous and unsolved problem of Köthe [24] is obtained.

By the term almost subidempotent radical we mean a radical property with 
idempotent radical rings. Following V. A. Andrunakievic [2] a hereditary almost 
subidempotent radical property is simply called subidempotent. The notion of 
transfinitely nilpotent ring was first discussed by R. Baer [7] and is a generalization 
of the nilpotent ring. The ring R is said to be transfinitely nilpotent if there exists 
an ordinal number r such that R '= 0. We recall that the power Rr is defined as 
follows: If r is a nonlimit ordinal number then Rr=Rr~1R, while if r is a limit 
ordinal number then Rr — П Rb.

b < r

The following second symbol for powers of rings with ordinal numbers as 
indices is known: If r is a nonlimit ordinal number then Rr= H  while if r is

П
a limit ordinal number then R,= f] R c (G. Krause and T. H. Lenegan [25]).

c<r
Throughout this paper all rings considered will be associative. The terminology 

and basic results of radical theory can be found in [10], [1], [2]. У
First we examine for some almost subidempotent radical property N, the class 

T(N) of all radical properties Y with Y ^ N  and Y(R)n=N(R) \/R, for some 
ordinal number n depending on Y and R.

In what follows we apply the results of Section 1 to trivial almost subidempotent 
radical property A={{0}} and we prove that in the corresponding class Г({0}) 
there exists the radical property 7{0} which coincides with the radical property of 
B. J. Gardner [13]. We continue applying, in general, to almost subidempotent 
radical properties N  with АП B— {0} where В is the R. Baer’s [7] radical property. 
Further, we apply to almost subidempotent radical properties N  with NP>, B^Q.

In the last part of this paper the above mentioned theorem of Jacobson is proved 
with a different proof. Finally, we give an equivalent statement for the nonexistence 
of simple prime nil-rings and hence another approach to the famous and unsolved 
problem of Köthe [24].
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1. Transfinitely nilpotent ciosure of an almost subidempotent 
radical property

Let A be an almost subidempotent radical property. Evidently, if for the ring 
R  it holds Rn =  0, for some ordinal number n, then R is an A-semisimple ring.

If we denote £={A|A2=.A, R A-semisimple} and Z —{R\R2=0} then it is 
easily proved that A coincides with the upper radical property determined by the 
class EUZ.

Also, let S (N ) be the class of all radical properties 5 with

(1) 5 5  A
and
(2) Is — N

where Is is the class of all idempotent 5-radical rings. It is clear that 5(A) И 0 
since A€5(A). Even if 5 is the upper radical property determined by the class 
E  then 5£ 5 (TV) holds since on the right hand we have 5 ё А  and on the other 
7S=A. Indeed, if  the idempotent and 5-radical ring R is not А-radical, then the 
ring R/N(R)y±0 will be an idempotent and A-semisimple ring, that is, R/N(R)£E, 
a contradiction.

Now let T (N )  be the subclass of 5(A) as follows: Г(А) =  {Г|Г(Е5(А), 
yA£ T}, where л  is an ordinal number depending on R  such that R n is an idempotent 
ring.

Evidently, from (2) we have N(R„)—R„ and since in general N(R)Q Rn 
holds we have N(R) = Rn 'iR f T. Finally, from (1) it is implied

(3) T(R )n = N(R) V R-

At this point we can observe that (1) and (3) imply (2). Obviously, it is T (N )^0  
since АСДА). Also, the class T(N )  contains all the hereditary radical properties 
of 5(A). With the following example we will show that there exist almost subidem­
potent radical properties A for which the corresponding classes T(N) contain non- 
hereditary radicals also.

E xample 1.1. Let A be the upper radical property determined by the class 
E U Z  where E?-Q and E={A\A  simple ring, l€A , A'EZ(p) \jp}. It is obvious 
that A is an almost subidempotent radical. Now, let 5  be the upper radical property 
determined by the class EU {2ZJ. We have 5& A  since if R is an А-radical ring 
then R cannot be mapped homomorphically on a ring of the class E  and, as idem- 
potent, cannot be mapped homomorphically on a nonzero ideal of the ring 2Z 
(Y. L. Lee [26]). Now we suppose that there exists an 5-radical ring R for which 
the idempotent ideal Rr for some ordinal number л, is not 5-radical. Then Rn, 
as an idempotent ring, can be mapped homomorphically on a simple ling with 
identity of the class E, that is, there exists an ideal 1 of RK such that R JI^A ^E . 
The ideal 1 is also an ideal of R. Indeed, if 1* is the ideal of R generated by 1 then if 
/ c l *  is supposed then I* = Rn must hold and consequently by the Andruna- 
kievic lemma [1] R ^ —I*3Q IczRK, a contradiction. The ring R/J contains the 
ideal RJI=A  which must be a direct summand of R /I (N. Divinsky [10] p. 145).
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Thus, if we suppose the ring isomorphism R /I= R JI® K /I  then R/K Ш .
к /1

síR J Is íA^E, a contradiction, since we have supposed R to be an 5-radical ring. 
Consequently SdT(N). However, the radical property S  is not hereditary since 
the ring Z of rational integers is 5-radical and contains the 5-semisimple ideals
2m • Z, тш  1.

It is now natural to ask: For which almost subidempotent radical properties 
N  do the corresponding classes T(N) contain a radical which contains every other 
radical of this class?

Lem m a  1.2. I f  for the almost subidempotent radical property N  the corres­
ponding class T(N) contains a maximal radical property T  then T coincides with 
the upper radical property determined by the class Ё= {A/T(A)\A2=A, A N-semi- 
simple} U  {RjT(R)\R S-radical, N {R )a R n 'in) where S is the upper radical pro­
perty determined by the class E= {A/T(A)\A2 — A, A N-semisimple}.

Proof. Let 5 be the upper radical property determined by the class Ё. Evidently, 
Х ёГ  holds since each admissible subring of every ring of the class Ё  is a T-semi- 
simple ring (Y. L. Lee [26]). Now, if we suppose R to be an 5-radical ring with 
N(R)czR„ \/ж, then, since obviously 55= 5  holds, R will be an 5-radical ring which 
can be mapped homomorphically on the nonzero ring R/T(R)£E, a contra­
diction. Indeed, we have R/T(R)t±0 because we have supposed N(R)czRn, \/тп 
Consequently, S£T(N) and since Г is a maximal radical property of T(N), T= S  
must hold.

As usual, let L denote the lower radical operator.
L em m a  1.3. Let N  be an almost subidempotent radical property and R0 a ring 

suchthat L(N{j {.Ro})(TA(?V) = 0 holds, where K(N) = {R\Rnl)N(R)yit}. I f  R is 
an N-semisimple and L(NU {R())-radica/ ring then there exists an ordinal number n. 
depending on R, such that Rn=0 holds.

Proof, indeed, if Rn^0 , where R n is an idempotent ring for some ordinal 
number тс depending on R, then we would have N(R) = Oc:Rx=sR£K(N)=>R£ 
€L(AU {/?о})ПЛг(А) =  0, a contradiction.

Proposition 1.4. I f  N is an almost subidempotent radical property then the 
following statements are equivalent:

(a) In the class T(N) there exists a radical property TN which contains every 
other radical property o f  this class.

(b) There exists a class o f rings Ё= {A/B\A2=A, A N-semisimple, O^A/B  
N-semisimple}U {R/C\R S-radical, R£K(N), OyR/C N-semisimple}, where S is 
the upper radical property determined by E= {A/B\A2 = A, A N-semisimple, ОуА/В  
N-semisimple) such that L(N\J {7?,(})ПА'(АГ)?£0 holds for every ideal R0 o f  a ring 
o f the class Ё with (/?„)* = 0.

(c) L(iVU {/?i!/!r /!)n/t'(7V) = 0 holds, where {R;\iLJ} is the class o f all rings 
with (R;)r =0 and L (AU {R))ПK(N) = 0.

Proof. (a)=>(b). By Lemma 1.2, TN must coincide with the upper radical 
property determined by theclass Ё= {AITN(A)\A2 = A, A TV-semisimple) U {R/TN(R)\R 
5-radical, N(R)czR^yn} where 5  is the upper radical property determined

Acta Mathenuitica Hungarica 45, 1985



356 G. TZINTZIS

by the class E= {A/TN(A)\AS—A, A A-semisimple}. Now if T?0sO is an ideal of 
a ring of the class Ё  such that (R0)„=0, for some ordinal number n depending on 
R0 and L0f)K (N ) = Q, where /,„ = L(A U {!?„}), then evidently Lt,(R)AR  \/A€A(A) 
must hold. Consequently, if we denote 5„ the upper radical property determined by 
the class Ё0= {A/L0(A)\A2—A, A A-semisimple} U {R/L0(R)\R£K(N), R 5„-radical} 
where S0 is the upper radical property determined by the class E0={AIL0(A)\A*— 
=A, A A-semisimple], then S0£T(N) must hold. Indeed, on the one hand we have 
5„^A, since each admissible subring of a ring of the class E„ is an L0-semisimple 
ring and consequently A-semisimple, on the other hand if R is an 50-radical ring 
and R£K(N) then R  will also be an 5„ -radical ring and it can be mapped homo- 
morphically on the nonzero ring R/L0(R)^.£0, a contradiction. However, 5„ф /V 
holds since the ring R0 is an /„-radical ring and consequently an 5„-radical ring, 
and also is a TV-semisimple, a result which contradicts the fact that TN contains 
every other radical property of the class T(N).

(b) =s(c). If we suppose that L(AU {A;|/'€/})ПЛ'(А)^0 holds, where {A,|/£/} 
is the class of all rings with (Аг)Я( =  0 and /(A U  {/?;})ПЛ1(Д0 = 0 then 0y^ R fK (N ) 
must exist, which is an /.„-radical, where /.„=--/(A U {A;jA/}). In this case it 
follows that an admissible subring R0A 0 of a ring of the class Ё  must exist such 
that R0 is an /.„-radical ring. Indeed, if R is not an 5-radical ring then it can be 
mapped homomorphicaliy onto an admissible subring R0 /A) of a ring of the class 
E, which must be an /„-radical ring, while if R is an 5-radical ring then an ideal C 
of R  must exist such that 0y^ R/C= Rnf  Ё and /.„-radical ring. Consequently, 
a ring of the class Ё  must have an admissible subring R'0y±0 of first degree over 
AU {Rili^I}. Evidently, R'0 must be an homomorphic image of a ring of the class 
{А;|г£/}, suppose R ia, since R'n is TV-semisimple. By assumption on the class {Аг|/€/} 
we have /  (AU {/?,„}) flA(A) =  0.

However, since R'0 is a nonzero /(A U  {/?,-J)-radica! ring and also an admissible 
subring of some ring 1V/аЁ  we have /(A U  {A,o})(A/) = TW0 (N. Divinsky and 
A. Sulinski [11]) and by Lemma 1.3 Хл—0 must hold and thus by (b) /(A U  {A, })П 
C)K(N)z>L(NU {3f})n A(TV)tí0 a contradiction.

(c) =>(a). Evidently, in this case L0(R)y^R i  R fK (N )  must hold, where /„ =  
=  /(A U  {Яг|г'€/}). Consequently, if we construct the class Ё= {AIL0(A)\A2=A, A 
TV-semisimple} U {/?//.„ (A) |A 5-radical, R£K(N)} where S is the upper radical 
property determined by the class E= {A/L0(A)\A2 = A, A TV-semisimple} then for 
every ideal R0 of a ring of the class Ё, with (R(I)K=0, /(A U  {/?„}) ПАТ(ЛТ)^0 must 
hold. Indeed, if /(A U  {А„})П AT(TV) =  0 holds then R0 must be an /.„-radical ring, 
a contradiction. Also, for the upper radical property' 5 determined by the class 
Ё, 5€ T(N) holds, since evidently we have TVS' 5  and if R is an 5-radical ring and 
simultaneously R£K(N) then R  can be mapped onto the nonzero ring ////„(A)6 Ё. 
a contradiction.

Finally, we will show that 5 contains every other radical property of the class 
/(A ). In fact, if there exists a radical Y£T(N) such that Уф 5 then a ring M  € Ё 
must exist with Y(M )= RnM). Consequently, an ordinal number ж must exist such 
that (RU)„=(Y(R„))1Z — N(R0) = 0 and thus L(TVU {А,,}) П Af(A) S  0 must hold. 
Now, if R is an /(A U  {A„})-radical and Ry K(N), then since A s  У and Ru is a 
У-radical ring, R will be a У-radical ring which contradicts the fact that УП K(N) — 0.

Proposition 1.5. I f  for the annost subidempotent radical property N one o f
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the statements o f Proposition 1.4 holds then the radical property TN coincides with 
the upper radical property determined by a class Ё and with the lower radical pro­
perty determined by the class N U {У?;|/€У} as it is defined in Proposition 1.4.

Proof. The first part has already been established. Thus, we need only show 
that Tn=L(NU {Rfidl}). Evidently, since L(N(J {Ri\i£l})nK(N) = 9 it is implied 
that L(NU  {Ri\i£I})^TN. On the other hand we have RK — N(R), for some ordinal 
number n depending on R, \'R£TN. Consequently, for the ring R/N(R) the 
conditions (R/N(R))„ = 0 and R/N(R)£Tn hold, from which L(NU  {R/N(R)})f) 
PiK (N )Q T nP\K(N) = Q follows. Therefore, R/N (R )^R £L(N (J  {5,|/e/}) must 
hold for some /£/, which implies that R£L(NU {R fic /}), \jR£TN, that is 7^ = 
SL(NU {RMO}).

2. Almost subidempotent radical properties N  with N (T В =  {0}

Let N  be the trivial almost subidempotent radical property i.e. N(R) =0, R. 
If RnA0 is a ring with (R„)K=0, for some ordinal number л depending on R0, 
and L(NiJ {50}) П /f(A0 = T({/?„}) Г1 A ({0}) - 0  then Rf}a  Ru must obviously hold. 
Likewise, if we have У̂ ц̂ О then 5",c \jn> 2 must hold. In what follows we
shall show that the additive group (R JR n0)+, \Jn> 2 is torsion and divisible. Indeed, 
if at first RJRn0, n>  2 were a nondivisiblep-ring then the radical property /-({50}) 
would contain all the 5-radical p-rings (B. J. Gardner [15], Lemma 3.1) which 
contradicts the fact that the class of all 5-radical p-rings contains nonzero 
idempotent rings, that is, rings from the class A"({0}), as the following example 
shows:

E xample 2.1 (G. Köthe [24]). К is a ring generated by a set (лу, x2, x3, ... 
..., x„, ...} having the following properties:

px„ =  0, Vn, XiXj = XjXi, V (/, j), xf = 0. xi = xu  ..., x*+1 = x„, ....

Consequently, if 5 0/5JJ is a torsion ring then it must be divisible since otherwise as 
the ring-direct sum of p-components it could be mapped onto a nondivisible nil- 
potent p-ring, a contradiction.

Finally, if Ro/Rő is not a torsion-ring then T (R f RlD^ R f  R^ and

_ а д _  
T (Ro/Rő)

0

is a nilpotent torsion-free and L({jR0})-radical ring. Consequently, the radical class 
L({R0}) will contain the nontorsion ring R/R-:-'-0. Indeed, since Rk^ R k+1=0 
for some positive integer k, if R/R2 were a torsion ring, then for any elements 
х г, x 2, ..., xkdR, denoting the orders of their cosets with respect to R ‘~ by пк, n2, ..., 
..., nk, respectively, we would have (щ n2 ... nk)(x1 x2 ■■■ xk) ^ R 2k=0, whence, 
R would be a torsion ring, a contradiction. Thus Ё({5„}) contains the nonzero 
torsion-free zeroring

R/R-
T(RIR-) ^ 0
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which must be divisible, since otherwise it would have the zeroring on A/pA^O, 
for some prime p among its homomorphic images, a contradiction. Hence the zeror­
ing on the group of rational numbers Q belongs to Z.({fi0}), so Z.({i?0}) contains 
all rings in В which have divisible torsion-free additive groups (B. J. Gardner [14], 
Theorem), a contradiction since some of them are idempotents, as the following 
example shows:

E xam ple  2.2 (N. Divinsky [10], Example 3, p. 19). Let A be the Zassenhaus 
algebra over Q with basis set {xo|0 < a< l} , where a are rational numbers, and 
the multiplication of the basic elements is defined as follows:

xaxb = xa+b if a +  b < l  and xaxb = 0 if a + b ^  1.

Now, since fi0/fi;j, Vw>2, is a torsion and divisible ring, it must be a zeroring 
(L. Fuchs [12]. Theorem 120.3, p. 288), that is, /?g=5fig=»fig=fi;;=>fig =  0. Thus, 
we can formulate the following:

Lemma 2.3. fio^O  is a ring with (fi0)K= 0, for some ordinal number n de­
pending on fi0, and L ( {fi0}) П A'( {0}) =  0, i f  and only i f  fi0 is a zeroring with

RZ = ® (© Z (p “)), np ^  0.
p pp

Proof. The converse is obvious.
Proposition 2.4. In the corresponding class 7’({0}) o f  the almost subidempotent 

radical property 7V={{()}}. there exists the radical property T'fi) and it coincides 
with Gardner's radical

f l f  =  { / i | r - 0 ( 0 Z H ) ,  л р ^ 0 } .
p «p

Proof. Indeed,

L ( { f i | f i -  -  0  ( e  Z ( p ~ ) ) ,  n „  §=  0 } )  =  L ( D p )  =  D P
p pp

(B. J. Gardner, [13]), and since Т>РПА({О}) = 0 by Propositions 1.4 and 1.5 T{0} = D r  
is implied.

Now, let, in general, N  be an almost subidempotent radical property with 
NP\B= {0}. In the same way as above, it is proved that if fi0^0  is a ring with 
(fi0)^= 0 for some ordinal number n depending on fi0, and L (N U {Р0})П A'(7V)=0, 
then fi0 is a zeroiing with fio" = ® (® Z (p“ )), 0.

. p ”pThe converse is not true m general. Indeed, as we will show later, there exists 
an N  with L(7VU {Z(p~)})nfi(iV)?í0 for some or for all p. Also, for each fig 
<EL(jVU{ZO~)|p€P*}), where P*= {p [L(MJ {Z (/;“ )})П K(N) = 0}, it is easy to 
prove that fi2 is an idempotent ideal, (fi/fi2) + ̂  ® (®  Z (p“)), np^0 , and that

pír* Pp
N ( R )  = R 2 if R$K (N ) while A (f i)c f i2 if R£K(N). There are many almost 
subidempotent radical properties jV^{0} with 7Vf]fi= {0]. Instances of such are 
the radical-semisimple classes K„, uS 2  (R. Wiegandt [40], E. P. Armendariz [6], 
B. J. Gardner and P. N. Stewart [16], P. N. Stewart [35], F. Szász [38]) the von Neu­
mann regular class V (J. von Neumann [30], B. Brown and N. H. McCoy [9]), the
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strongly regular class SV  (R. F. Arens and L. Kaplansky [5]), the weakly regular 
class W (B. Brown and N. H. McCoy [8]), the complementary radicals o f super- 
nilpotent radical properties. B', N \ J \  J'„, G', N'g, ST', D', F ' (V. A. Andrunakievic 
[2]), the radical Л of de la Rosa [33], and the two radicals R and S of F. A. Szász 
[36], [37].

The relationship among them is as follows:

P roposition  2.5. I f  N  is a subidempotent radical property with N=kW, then 
in its corresponding class T(N), the radical

TN =  {R/N{R))+ -  0  ( 0  Z(p~)), ^  0 Vp}
P n p

exists.
P ro o f . Suppose that 0?±R£L(NU {Z(p°°)|Vp})nK{N)^V>. Without loss of 

generality we can assume that R is an A-semisirnple ring. Then DP(R) but 
DP(R)c-R  since 0 j í Rn^D,,(R). Consequently, since R/DP(R )^0 , DP(R)cz 
czU ^R  must exist such that N(R/DP(R))= U!DP(R)tí O. Now if DP(R)* is the 
set of all two-sided annihilators of DP(R) in U, it is well known that (DP(R)*fr\ 
flZ)p(R)—О (V. A. Andrunakievic [4], Lemma 12), since we have supposed that 
N ^ lW. Thus, {Dp{R)*)2 is isomorphic to an ideal of U/DP(R) and consequently
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an TV-radical ring. Simultaneously, (DP(R)*)Z as an ideal of the TV-semisimple ring 
R. must be TV-semisimple and this leads to (£>P(A)*)2=0, that is, DP(R)*=£)p(R).

On the other hand, we have U+—DP(R) + ® S  since DP(R )+ is a divisible 
group. So, if T(S) +0, where T(S) is the torsion part of S, then T(S)DP(R) =  
= D P(R)T(S)=0=>T(S)QDP(R)*=>DP(R)czDP(K)* holds, a contradiction. Finally, 
if T(S)=0 then U/DP(R) is torsion-free and, as IP-radical, is a hereditarily 
idempotent ring. Thus, it is easy to show that S=(U/DP(R))+ is divisible, 
whence DP(R )S= SD P(R )= O ^ S ^ D P(R)*=>DP(R )c D P(R)* holds, a contra­
diction. Consequently, X(TVU {Z(p“)|Vp})nA(./V) =  0, whence by Propositions 
1.4 and 1.5 we have

TN = {R\{R/N(R))+ as © ( 0  Z (p-)), np Ш О, Vp}.
p %

C o r o lla ry  2 .6 .  For the almost subidempotent radical properties Kn, « S 2 ,  
SV, V, W in the corresponding classes T(K„), n 2s 2 , T(SV), T(V), T(W) there 
exist the following radical properties:

TKn =  {R\(R/Kn(R))+ s  0  ( 0  Z(p~)), np =£ 0, Vp}, n ^  2,
p  " P

r sv =  {Л|(Л/5Т (R))+ as 0  ( 0  Z (p“ )), n, S 0, Vp}.
p "p

Ту =  {л|(Д/И(Я))+ -  0  (© Z(p~)), n„ is 0, Vp},
p "p

Tw =  {R\(RIW(R))+ as © ( 0  Z (p -)), np а  о, V/;},
” Уrespectively.

C oro lla ry  2 .7 . I f  Y’tYiW holds for a complementary radical Y ' o f a super- 
nilpotent radical property Y, then in the corresponding class T(Y) there exists the 
radical property

Ту = {R\{R/Y'(R))+ as 0  (© Z (p -)), np ^  0, Vp}.
p "p

For the radical properties F '^ D '^ tF 's G '  we do not know if they are contai­
ned in W For the other radical properties J ' ^ N ' ^ B ' ^ A ^ R ^ S  and TV' Propo­
sition 2.5 does not work, since we have W<J' (N. Jacobson [20], Example, p. 237) 
and N'g ф W (J. C. Robson [32]). Flowever, for the rad;cal R, with the following 
example due to C. Hopkins [18], and in which we have changed the coefficients of 
y, it is shewn that 7"(R)={7?}.

E xam ple 2.8. Let A be the set of all ax+by, where a€Qp= | — |lp,/и)= l |
and 6€Z(p“). The addition is defined in the usual way, but multiplication is as
follows: (ax + by)(cx + dy) = acx + (c*b)y, where m \ — *b\ = nb if c=— f Q„.\m  ) m p

1ÍIt is easy to show that the coefficient — *b is uniquely determined. So, the ring
A contains nonzero right annihilators, since (ax+by)y=0, and a right unity, since 
(ax+ by)x=ax+by. Also, Z(p°°)^I={by\bfZ,(p’x>)}^ A  and Ajls^ Qp hold.
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Evidently, A£L(5U {Z(p“)}), since Qp is an 5-radical ring, and simultaneously 
AfzK(R). Indeed, A is not an 5-radical ring, since it has nonzero right annihilators, 
but is an idempotent ring. Consequently, we have A fL(R  U{Z (/>“)}) П 5 (5 )^ 0 , 
V/L

3. Almost subidempotent radical properties N  with N  П 5  ̂  {0}

At first, it is easy to prove the following:
Proposition 3.1. I f  Y is a radical property then the class IY o f  all idempotent 

Y-radical rings is an almost subidempotent radical property.
Proof. The class I  of all idempotent rings is an almost subidempotent radical 

class and, evidently, the class IC\Y=Iy is the same.
Corollary 3.2. For every weakly supernilpotent radical property Y, / УП2М 

7̂ {0} holds.
Proof. Indeed, every idempotent 5-radical ring is an 1Y-radical ring. The 

rings in Examples 2.1 and 2.2 are idempotent 5-radicals.
Corollary 3.3. The almost subidempotent radical IY, where Y is a weakly 

supernilpotent radical property, is not subidempotent.
Proof. Evidently, every idempotent 5-radical ring contains nonzero nilpotent 

ideals.
Consequently, from the known weakly supernilpotent radical properties 

B, N, L, 4' (G. Tzintzis [39]), L2 (L. C. A. van Leeuwen and G. A. P. Heyman [28]), 
Bv, P, Ne, J, Jv, Nv , {Ng)lf>, JB, G, IF, D, F, there arise the non subidempotent 
almost subidempotent radical properties IB, IN, IL, Iv , IL,, IB<p, IP, IN , Ij, IJ<p, 
Is  , ftyg)v, I jB, IG, la-, ID, IF, respectively, some of which may coincide. The rela­
tionship among them is as follows:
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Moreover, as for the difference among them we can say the following: /* < //  
([10], Example 12), h v < lJB ([27], Corollary 9), IJb < Ig ([10], Example 11), 

< I r ([10], Example 8), J.r < I  о (Matrix ring nXn, и =  2, over a division ring), 
/D< /F (a nonfield division ring), IN<f IJ<p ([10], Example 8), IN <  INg (matrix 
ring nXn, n^s2 over a division ring), <  / (JVe) (matrix ring «Хи, n S 2 over 
a division ring), / (лг) -</D ([10], Example 8), IP< IG ([10], Example 11), Ij ф IP 
([10], Example 12).

Proposition 3.4. For the almost subidempotent radical property IYv, where 
Y is a supernilpotent radical property, in the corresponding class T(Iy )  there exists 
the radical T,r and it coincides with Y<p.

Proof. Evidently, T(IY ) holds, since Yv is a hereditary radical property. 
Now, if there exists a radical class 3  such that 3£T (IYv) and then there
must exist a ring 0 X R £ 3  and R^Y^ which may be subdirectly irreducible with 
F-semisimple heart H. However, R„Z)H X0 = IY (R) holds for every ordinal number 
n, which contradicts that R t 3.

Corollary 3.5. For the almost subidempotent radical properties IBv, IN , / ,  , 
l(spv, I.iB, la, Isr, Id, h ,  in the corresponding classes T(IY), where Y=B<P, N,r  f,p. 
(Ng)(f>, JB, G, 2Г, D, F, respectively, there exist the radicals T,Y and they coincide 
with Y.

Observation 3.6. For the other almost subidempotent radical properties, 
except Ip, if some of their classes T(IY), Y=B, L, N. J, L.,. ¥', Ng, have the radical 
property TjY then it is evident that Y ^T Ir must hold since Y  is hereditary. Howe­
ver, for the nonhereditary Jenkin’s radical property P, if in the class T(IP) there 
exists the radical TIp then TIp < P holds.

Indeed, we have Tlp sí P. since otherwise T,p must contain a prime simple 
ring, which contradicts Т1рПК(Р) = 0. On the other hand, there exists a P-radical 
ring R which is subdirectly irreducible with idempotent heart H  such that RW = H, 
where m is the first limit ordinal number (L. C. A van Leeuwen and G. A. P. Heyman
[27] p. 445).

4. On a theorem of N. Jacobson and a problem of G. Köthe

In 1945, N. Jacobson ([19], Theorem 10, p. 306) proved the famous theorem 
which we have mentioned at the beginning of this paper. The proof is based on the 
quasi-regularity notion and on the finitely generated left (right) ideals, as modules, 
of a Noetherian ring. The first natural question is whether there exists an ordinal 
number т such that J(R)T= 0, for every Noetherian ring R. There exist examples 
of commutative local Noetherian domains where such т cannot be finite ([10], Ex­
ample 10). However, it was known that for every commutative Noetherian ring R, 
J(R)a —0 ([41], p. 215) holds. Thus, the following assertion arises, which is usually 
referred to as Jacobson’s conjecture: “if R is a Noetherian ring then J(R)°3= 0”. 
But, in 1965 I. N. Herstein [17] with an example and A. V. Jategaonkar [21] later 
with another showed that the conjecture is not true. Later A. V. Jategaonkar [22] 
showed that for every ordinal number x there exists a local p.l.i-domain R  with
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J(R)z7±0. With the following, changing ./(ДГ with J(R)a, we will show the Jacob­
son’s theorem with a different proof.

Proposition 4.1. I f  R is a Noetherian ring then J(R)a—0, for some ordinal 
number a depending on R.

Pro o f . Suppose R is a Noetherian ring. Then / j ( / ? ) = 0  holds. Indeed, if 
/,(/?)7̂ 0 then for every ascending chain A1c A 2c:... czAkc ... c /j(R )  of right 
(left) ideals of Ij(R) if A*Q A2 ^■■■^Ak Q ...Q Ij(R ) is the corresponding ascend­
ing chain of right (left) ideals of R, where Ak = \Ak)R= A kR+Ak; \/k=  1, 2, ..., 
there exists an integer к  such that Ak = A k+1= ...Q Ij(R ). If we have Ak = Ij(R ) 
then Ij(R)2=(Ak)2QAkc:Ij(R) which means that fj(R ) is not an idempotent 
ideal, a contradiction. Thus, we must have Ak aIj(R). If now, Ak is not a maximal 
right ideal of Ij(R) then there exist distinguished right ideals of Ij(R) such that 
Ak czB1c:B2cz...c:Bnc : ... a lj(R )  and if 4 f S Ä f g . . . g j ; s . . . g / J(Ä) is the 
corresponding ascending chain of right ideals of R then there exists an integer n 
such that B*—B*+1 = . . .— czIj(R). If again B* is not a maximal right ideal of 
lj(R) then there exists a new ascending chain ß * c C 1c C 2c . . . c C „ c ... czIj(R) 
of right ideals of Ij(R) and so on. Consequently, after a finite number of such steps, 
there must exist a right ideal M  of Jj(R) such that M* с: Ij(R) be a maximal right 
ideal. But this result contradicts that Ij(R) is a /-radical ring. Now, since Jd T(Ij), 
there exists an ordinal number n depending on R, such that J(R)„=Ij(R)=0.

The proof of Proposition 4.1 leads to the following generalization.

Proposition 4.2. I f  the ring R has the A. С. C. on two-sided ideals, then for 
every almost subidempotent radical property Y^P, where P is Jenkin's radical 
property, and for every J r  T(Y) there exists an ordinal number n depending both 
on R and Y such that Y(R)n=0.

Proof. Firstly, we have К(Л)=0. Indeed, if we use the proof of Proposition
4.1, changing only right ideals with two-sided ideals, then it is implied that there 
exists a maximal ideal M* of Y(R), a contradiction, since we have supposed Y^P . 
Now, if Y£T(Y) then evidently there exists an ordinal number n depending both 
on R and Y such that Y (R \  = Y{R)=0.

Corollary 4.3. I f  the ring R has the A. С. C. on two-sided ideals then there 
exists an ordinal number n depending on R such that Bq>(R)n=0.

Proof. Indeed, we have IB„ = P und TBv = Bv (Corollary 3.5).

Observation 4.4. In the class of all rings with A. С. C. on two-sided ideals, 
Corollary 4.3 does not work if we replace the V. A. Andrunakieviö’s [3] antisimple 
radical property Bv with the Jacobson’s [19] radical property J. Indeed, for the 
Sasiada’s [34] prime simple ring A we have Ап = Ат±0 for every ordinal number n.

Finally, the following corollary approaches the famous and unsolved problem 
of Köthe, for the nonexistence of a simple prime nil-ring.

Corollary 4.5. In the class o f all rings R with A. С. C. on two-sided ideals 
the following statements are equivalent:
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(1) N(R)„=0, for some ordinal number л depending on R.
(2) N(A)=0, for every prime simple ring A.
Proof. (1)=>(2) is obvious. Conversely, if (2) holds then we have In^ N s P, 

whence, since N £T(In), by Proposition 4.2 (1) follows.
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ENTIRE FUNCTIONS BOUNDED OUTSIDE 
A FINITE AREA

A. EDRE1 (Syracuse)* and P. ERDŐS (Budapest), member of the Academy

Dedicated To G. Pólya and G. Szegő with respect and affection

0. Introduction

Let f ( z ) be an entire function. Consider the (open) set of the z-plane defined by
(1) {z: \f{z)\ >  B )  0B> 0), 
and let
(2) /41/001 >  в )

denote its area (that is its 2-dimensional Lebesgue measure).
Qu e st io n . When is it possible that

(3) n{\f{z)\ +
for some suitable В (0 -=ü< + °°)?

Our answer is contained in
T heorem  1. Let f ( z ) be entire, transcendental and such that

(4) lim sup log log log M (') <  2 (л/(г) = max |/(z)|).
,— + .*> logr l-l=<•log)

Consider, in the z-plane, the set o f points

(5)
where

(6)

Er =  {z: R <  |z | 2R, log |/(z)| >  }  Г(Л)} (R >  0),

* 2я:

л * )  =  т~ f  log ^ (Rci0)i d0

is the characteristic o f  Nevanlinna.
Then, the open set ER has a 2-dimensional Lebesgue measure p(ER) which 

satisfies the condition
(7) p(ER) (<5 >  0, R >  R0(ő)),
provided S >0  has been chosen small enough.

7/(4) is replaced by

( 8 )
|im in fio8 ioeioeM W  

log ГI—*- + oo

* The research of the first author was supported in part by a grant from the National Science 
Foundation.
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we may only assert that (7 ) holds i f  R is restricted to the values {Rj}j'=1 o f some 
suitable, increasing, unbounded sequence.

As an immediate consequence of Theorem 1, we find.
C o r o lla r y  1.1. Any entire function f(z )  satisfying the condition (8 ) cannot 

satisfy (3) for any fixed positive B.
To verify that Theorem 1 is sharp, we establish the
P ro perties of a  spe c ia l  f u n c t io n . The entire function Ф(г), introduced below, 

is such that

(9) lim log log log M (?*) =  2
r ~  + o= log V M(r) = max |Ф(г)|.|z|=r

It satisfies the condition
(10) /г(|Ф(г)! > £ ) <  +oo,
for some suitable finite B.

Our function Ф(г) shows that the assertions of Theorem 1 no longer hold if, 
in (4) and (8), the symbols < 2  are replaced by =2.

The function <P(z) is initially introduced as an integral:

( 11) M z) = J L  y « P ( « P ( g J ° 8 0 ,) ) JC (Re z e f

where the contour of integration Г is the boundary of the open set

(12) Q =  jz  =  x+ iy: x  -» e2, ———̂ — — <  у  <  ——~ — —1.I 2x (log x)2 2x (log x)2)

The orientation on Г is the one that always leaves Q on the right-hand side.
By modifying Г, in (11), we verify that <P(z) may be continued throughout the 

complex plane and is therefore an entire function.
The properties of Ф(г), which may have some independent interest, are sum­

marized in our
T heo rem  2 . The entire function Ф(г) is real for real values o f z and has the 

following properties.
I. There exists some constant Bt such that

(13) (<*,(Z) _ A } ZS (z^O ) 

remains bounded for
(14) z$ S =  {z = x + iy: x  =- 0, —!<>>-=: 1}.

II. The expression

(15) Ф(г) z
(log |z|)2
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remains b ou n ded  f o r
(16) |z| =»■ e, z e S ,  z<íQ.

III. The expression

(17) {<E(z)-exp (exp ((z log z)2)} ^ ^ [)g 

remains bou nded  f o r  z f  Q.

Our construction o f  <P(z), and our proof of Theorem 2, are straightforward 
adaptations o f a similar construction and a similar proof given by Pólya and Szegő 
[3; pp. 115— 116, ex. 158, 159, 160].

It follows from Theorem 2 that

(18)
log log M ( r )

lim ;  I \>( r  log r p =  1,

which implies (9), and is clearly more precise. From assertions I and II o f Theorem 2 
we deduce the existence o f a bound В  (0 < 5 <  +  °°) such that \ Ф ( г ) \ ^ В  (z(J Q). 
As to the area of Q, our definition (12) implies that it is equal to

(19)
d a

<r(logcr) 2
к
~ 2 '

We have thus established the second property (stated above as (10)) o f  our special 
function <J>(z).

1. Proof of Theorem I

We take for granted the following wellknown results o f Nevanlinna’s theory [2].

I. The characteris t ic  T (r ), in tro d u ced  in (6), is  a  continuous, in creasing function  
o f  r > 0  an d

(L i) +  ( Г -  +  С О ) ,

p ro v id ed  f ( z )  does  n o t  reduce to  a  po lyn om ia l .
II. The fu n c t io n s  T (r )  an d  log M ( r )  are co n n ec ted  b y  the d o u b le  inequality  

[2; p. 24]

(1.2) T (r )  ~  log M ( r )  s  T ( t ) ,  (0 <  r  <  /).

In particular

(1.3) у 1 о 8 Л / ( у ) ё Г ( Л ) .

Let C/(r) =-1 be a continuous, nondecreasing unbounded function of r>0. 
A well-known fundamental result o f  E. Borel implies the following: given e>0, 
it is possible to find R 0 =  R 0(e) such that if

(1.4) R 0 - c R ^ r ^ 2 R ,  r t ^ R ) ,
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then

(1.5) U \ r  +
{log U  (r)}l + £ eU (r ) .

The exceptional set S 1(R )  is a measurable subset of the interval [i?, 2 R ] and 
its Lebesgue linear measure /  (<?, ( R j )  is such that

( 1.6)
R

0 (R  -*■ +  °=>).

The consequences o f Borel’s lemma stated in (1.4), (1.5) and (1.6) are found in 
a paper of Edrei and Fuchs [1; p. 341].

In the following proof we apply (1.5) with U ( r )  replaced by T (r )  and always 
take R  large enough to imply

(1.7) A(^(/?)) < l ogi / ( Ä) >l -
Hence, taking

( lo g r o - ) } ^ ’

we deduce from (1.2), (1.5) and (1.7)

(1.8) log M ( r ) <  3 e  r(r){log Г(г)}1+£, 
provided
(1.9) r £ D R =  {r: R  <  r  <  2R , r ^ S ^ R ) }  (R  >  R 0).

In view o f (1.7), the one-dimensional set D R has Lebesgue measure

(1 .1 0 ) Я ( Л , ) > | .

Introduce the set o f  values of 0 defined by

(1.11) Л(г) -  {0: log \ f ( r e ie)\ > \ T ( R ) ,  0 <  0  <  2я};

for every r> 0, A ( r )  is an open subset o f the interval (0, 2n). Denote by / . (A (r ) )  
the one-dimensional Lebesgue measure o f A (r ) .  The definition of n ( E R), as a two- 
dimensional Lebesgue measure, and Fubini’s theorem yield

2R 2R

(1.12) Ii (E r ) =  f l  r d r d O  =  J  r d r  J dO =  J  r A ( A ( r ) ) d r ,
R  Л(г)  R

where the double integral in (1.12) is extended to all points z —rew£ E R.
By (1.9) and (1.12)

(1.13) 0 ( £ * ) S  f r l ( A ( r ) ) d r .

Acta Mathematica Hutigarica 45, 1985



ENTIRE FUNCTIONS BOUNDED OUTSIDE A FINITE AREA 371

To complete the proof we note that the definition o f T (r )  (in (6)) and (1.11) 
imply

1 271 Í

+  2 7  !  2 T W M -

Hence, in view of (1.8), (1.9) and the increasing character o f T (r ) ,  we find

J  T (r )  <  ~  T ( r )  (log Г(г))1+‘Л(Л (Г)) ( r e D R , r  >  r0),

A(/l(/•)) >  e _1 (logГ(г))_1_с ( r £ D R, r  >  r0), 

which used in (1.13) yields

f i ( E R) ^  с“ 1 /  r (log r ^ ) } - 1“* dr ^  e - 1/J{log r (2 Ä )} -1"eA(Z)Ä),
Ar

and finally by ( 1.10)

(1.14) n (E K) >  \ e - 4 l * { l o g T ( 2 R ) } - i - '  (R  >  R 0(e)).

Up to this point we have not selected e > 0 , nor have we used (4) or the weaker 
assumption (8).

Assume for instance that (8) holds. Then, if is small enough,

(1.15) log T (r )  ^  log log M ( r ) <  r2̂ -"),

as r—+  °° by values o f  a suitable increasing, unbounded sequence which we may 
write as { 2 R j} y =1. Take, in (1.14), rj =  e, R  =  R j  and note that since (1.15) now 
implies

(log T ( 2 R j ) ) 1+c -  ( 2 R j f ^  ( j  > Ш ) ,
we obtain
(1 -16) f i (E R)  >  (e-V 8) R ^  ( R  =  R j ,  j  > Ш ) .

This proves that, under the assumption (8 ), (7) holds with R = R j ,  y > /0.
The validity of (7) under the assumption (4) is obvious because then (1.16) 

holds for all sufficiently large values o f R  and not only for R = R j .  The proof of 
the Theorem is now complete.

2. Contours of integration

Let a  be a positive variable and у  a positive parameter which is restricted by 
the conditions

Assume that у is fixed and consider, in the complex plane, the analytic arc 
described by

717
(2 .2 ) C(<r; y) =  (T + h (< r ;  у), t(<t; y) =  2 a fi0U(ry  (e <r <  +  °°).

T (r) =i J l o g M ( r ) d O
Л(г)
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We denote by L f  or, y) the arc described by £( a ; y) as a ^ a <  +  °°, by 
L _(oc;y)  the symmetrical arc described by a  — i t  and by V(or,y)  the vertical 
segment
(2.3) V (a ;  y) =  [ z  =  x  +  i y : x  =  a, — r(a; y) =  J =  т(ос; у)}-

Denoting, as usual, opposite arcs by L  and —L,  we consider systematically 
contours o f integration

(2.4) C(a; y) = - L _ ( a ;  y) +  L(a; y) +  L + (a; y)  S  e, ~  у =s .

All the points z $  C(a; y) fall in two disjoint open regions. One o f them:

(2.5) A ( c r , y ) =  { z  =  x + i y ,  x x x ,  - т ( х ;  у) <  у  <  т(дг, у)}

has a finite area. (This fact is an obvious consequence of (19)).
The other one, which contains the whole negative axis, will be denoted by

J(cc; y).

3. The function <P(z) is entire

Consider in the half-plane Re z S 2 the analytic function

(3.1) F (z )  =  exp(e(zloBz)2) (log e  =  1),

where the branch o f log z is determined by its value at c.
We shall first verify that for any y€[3/4, 5/4]

(3-2) f  |F (0 | W \
L+(‘!,r)

This follows at once from

4-00

/  |F(0 |
d £
da da < + «>.

(3.3)
da

1 (ff -*■ +  '», у fixed)

and from the elementary estimates contained in 

L emma 3.1. I f  (e2; y )3 /4 áy S 5 /4 ) then

(3.4) F (C) =  exp ^e(lT,08''):e''r'’!  1 +  (Re C =  <r S  <?2, со =  co(a, y)),

where, in the error term,

0  < A = a b s o lu te  c o n s t . , \c o (a ,  y)| = 71 .
M oreover, i f  a S a 0> e 2 a n d  i f  a 0 is large en ou gh , then

(3.5) \F oe + m y
2 a  (log a) 2

■j| s  exp I a m  a„
3_
4 4 )
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Proof. An elementary evaluation shows that (2.1) and (2.2) imply

(3.6) (C log C)3 =  (ff log <r)2+  iny  +  g {со — со(<t, y), |c o |S l) .

In (3.6), and throughout the paper, we denote by со a complex quantity, which 
may depend on all the parameters o f the problem, but is always o f  modulus s i .  
The symbol со, as well as A  (our symbol for positive absolute constants), may assume 
different values at each occurrence.

We note that, with this convention,

(3.7) eu =  1 + co u e ,ul.

Ic is obvious that (3.6) and (3.7) yield (3.4). Observing that

í Aco 1 . A 1 (3 5 )Re e1" 1 +  - -------1 logaJ
[ i c o s ( * r ) + i oga < 2 It - y - 4 ’ a = 4

we deduce (3.5) from (3.4).
This completes the proof o f Lemma 3.1.
Now the integrals in (3.2) are clearly convergent by (3.3) and (3.4). Noticing 

that the contour Г ,  which appears in the definition (11) o f Ф (г ) .  coincides with 
C ( e 2; 1) defined in (2.4), we may rewrite

(3.8) Ф ( * ) = ~ г  f  ( R e z < 4

This shows that </>(z) is a function holomorphic in the half-plane

(3.9) Re z <  e2.

The fact that C(e2; 1) has the real axis for axis o f symmetry, and that F (z )  is 
real for real z, shows that Ф (г)  is real foi real z.

By Cauchy’s theorem, under the restriction (3.9), we may replace the represen­
tation (3.8) by

(3.10) Ф (г)  = 1 r  F (Q

2ni c j i )  Z~z
d t (a e~)

and let a — +  °°. This step is certainly justified because F (z)  is holomorphic throu­
ghout Rez& 2. The form (3.10) shows that our original function, given by (3.8), 
may be continued throughout R e z< a . Hence Ф(г) is in fact an entire function.

4. Proof of assertions I and II of Theorem 2

If z£d (e2; 1)» Cauchy’s theorem and (3.5) show that we may use the represen­
tation

< P ( z ) = d ~ r  f  ^ r ~ d Z ,
2 n l  C (e2 ;3 /4 )  £  2

(4.1)

instead of (3.8).
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Using in (4.1) the identity

1 I(4.2)

and writing
C-z —  4----------------+  z2(£ - z ) (Z *  0),

<43) в < = ~ ш / Р Ю а : - B‘ =  ~ 2 c ‘ =  c ( ' !>t ) -
we find 

(4.4)
Ф(Z) ^  T “+ + / W *  (Z€J(e2; 1})-C1

To complete the proof o f assertions I and II of Theorem 2, there only remains 
to estimate the integral in (4.4). It is clear that its modulus cannot exceed

C2F ( 0

(4.5) /  i c m o K i ,

where ( \ ( z )  denotes the shortest distance between z and the contour C ,. 
If z $  S ,  an inspection o f (12) and (14) shows that

(4.6)
and hence (4.4) yields

<51(z )> (9 /1 0 ) ,

Assertion I of Theorem 2 is now obvious. To obtain assertion II of Theorem 2 
it suffices to replace, in the previous proof, the inequality (4.6) by another one, 
valid under the restrictions (16).

If

we have 

(4.7)

Re z =  z  >  e2+ 1, у

ТГ
<5i (2) —

- y ( -

max

2 x  (log x ) 2 ’ 

3n
2x(!ogx ) 2 x - l s a s x + l  8öTogtr) 2 

1 3
( x - 1))2) ’

(4.8) <5i ( z )

x (lo g x ) 2 4 (x —1) (log(x—l ) ) 2 

n
lOx (logx ) 2

( x  ё  x0 >  e2+  1)

provided x 0 is chosen large enough. Using (4.8) in (4.5) and returning to (4.4) we 
find, for some suitable constant Д ,> 0 ,

ф (z) -  Ц -  +  - f  - +  Л-(lo g x ) 2 (*€d (x 0, 1)).
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Hence the expression (15) remains bounded for

(4.9) \ z \ ^ x 0+ l ,  z £ S ,  z $ £ 2 .

Since <P(z) is entire it is also bounded in the disk \ z \ ^ x 0+  1. This enables us to 
replace the restrictions (4.9) by the less restrictive conditions (16). The proof o f  
assertion II o f Theorem 2 is now complete.

5. Proof of assertion III of Theorem 2

We first confine z to an open rectangle

(5.1) 01 =  jz  =  x + i y :  e 2— l  <  * <  e2,

Let H  be the contour of integration formed by the boundary o f 01, taken in 
the positive sense. A first application o f Cauchy’s theorem yields

(5.2) ~  f  ̂  cIC =  exp (exp ((z log z)2)),
2.Ш J £ — z

and consequently

(5.3) Ф (z) -  exp (exp ((z log z)2)) =  f
Г1

where Г х is the contour formed by the juxtaposition of —Ь _ г ( е 2; 1), three sides 
of 01, and L + (e2; 1).

It is obvious that the integral in (5.3) yields the analytic continuation o f the 
left-hand side o f (5.3) throughout the open region (of finite area) enclosed by Г х .

In particular (5.3) is valid for all points z -  £2. A new application of Cauchy’s 
theorem and (3.5) enable us to replace (5.3) by

(5.4)

4>(z)-exp(exp ((zlogz)2) =  dC | c 2 =  C^?2; j j ,  z £ ß j .

We now repeat the argument in §4: from (4.2) and (5.4) we see that, instead 
of (4.4), we obtain

(5.5) Ф (z) — exp (exp ((z log z)2)) =  A  +  A +  f ^ r ^ - d C  (z£ß).

The constants B i and 02 are again given by (4.3) because, by Cauchy’s theorem 
and (3.5), the values of the relevant integrals are not affected when the contour o f  
integration CL is replaced by C2.

To complete the proof o f assertion III o f Theorem 2 we need a lower bound 
for the distance <52(z) between z and C2. As in (4.7), we find

s , . • Í (5/4) 7Г I n
2 j - i s j s j + i  l 2ff(log <r)- J 2x(logx)"
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provided r& e 2+ I ,  z £ Q .  Hence, if x t is choosen large enough

(5.6) <520 0 l Ox (log x ) 2
(x — — e 2+ l ) .

Using (5.6) in (5.5) we complete the proof of assertion III of Theorem 2 
the arguments which led to the proof o f assertion II.

by
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EXTENDING COMPATIBLE PROXIMITIES
M. BOGNÁR (Budapest)

In 1930 F. Hausdorff [4] showed that a compatible metric defined on a closed 
subset of a metrizable space X  can be extended to a compatible metric on X. R. H. 
Bing [1] rediscovered this result in 1947.

In 1978 L. Úry [5] proved that for any completely regular topological space 
(X ,  .X )  every compatible uniformity on each closed subset of X  can be extended to  
a compatible uniformity on (X, X )  iff X  is collectionwise normal.

Our aim is to prove the following theorem.
L e t  (X , X )  b e  a  com pletely  reg u la r  topo log ica l space. Then e v e r y  com patib le  

p r o x im i t y  on each c lo s e d  subset o f  X  can be e x t e n d e d  to  a co m p a tib le  p ro x im ity  on  
X  i f f  X  is norm al.

First observe that a proximity X  defined on a set X  is said to be compatible 
with the topological space (X , X )  i f  X  is induced by X  (cf. [2] p. 124). (In the sequel 
we shall use the notions and notations of [2 ].)

For any closed subset S of a topological space ( X .  X )  we say that Á is s trong ly  
P -e m b e d d ed  in X  if  for every proximity X x defined on the set S  and compatible with 
( S , X \ S )  there is a proximity X  defined on the set X  compatible with (X , X )  and 
suchthat X 1= X \ S .

According to this terminology we can reformulate our theorem as follows.
For any co m p le te ly  regular topo log ica l sp a ce  ( X ,  X )  every  c lo s e d  subset o f  

X  is s trongly  P -e m b e d d e d  in X  i f f  X  is normal.

P roof. Suppose that X  is not a  normal topology and let A  and В  be disjoint 
closed subsets o f X  without disjoint neighbourhoods. Let S=,4U.B. Let X x be the 
finest proximity defined on S  and inducing X \ S .  Then A X xB  holds since A and В  
can be separated by a continuous function. Namely, the function / :  S  * R defined
by if p d A  

if p £ B
is continuous on ( S ,  X \ S ) .

This proximity X x cannot be extended to a proximity X  defined on X  and in­
ducing (X , X ) .

In fact suppose that X  is a proximity defined on the set X  and inducing (X , X ) .  
Then A X  В  since otherwise A and В  would have disjoint neighbourhoods in (X ,  X )  
contradicting the assumption. However A X  В  and A X xB  imply X xX X \ S  which 
proves the first part o f the theorem.

Now suppose that X  is normal and let S  be a closed subset o f  X.
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Let be a proximity defined on S  and inducing the topology 3 T \S .  Let Фх 
be the set of all bounded proximally continuous functions and Ф the set of all 
bounded continuous extensions to (X ,  ÍX )  of them. Then & фу =2PX (see [2] p. 171) 
and SP0 \ S = & ’̂  (see |2] p. 168). Thus we have only to show that ЗГФ=ЗГ.

Since each element o f  Ф is a continuous function with respect to ЗГ  and 
is the coarsest topology on X  for which all /£  Ф are continuous we need only to 
show that ST is coarser than 3~ф i.e. that for each р Ч Х  and for each open ÍT  neigh­
bourhood V  of p  in X ,  V  is а 2ГФ neighbourhood of p  as well.

We have to consider two particular cases.

1. p £ S .  Then КП S  is a . T \ S  neighbourhood o fp  and thus it is a -proximal 
neighbourhood of {/?}, i.e. { p }  0>XS —(К П 5 ). Hence there is an f x£ Ф, separating 
{/?} and S —(FO S), i.e. for which f x( p ) = 0  and f x( S —F D S ) c {1}. Now let 

/ H ( J f - K ) U S - R  be defined by f * \ S = f x and f ( I - F ) c {  1}. / *  is clearly well 
defined. Since f * \ S = f x is continuous with respect to £ T \ S  and f * \ X — V  is conti­
nuous with respect to З Г \ Х — V; moreover since both S  and X —V  are closed 
sets in (X ,  2 T \  it follows that f *  is a bounded continuous function on 
( ( X —V ) U S , & ~ \ ( X —V ) U S ) .  However ЗГ  is a normal topology and ( X —V ) U S  
is a closed set. Consequently according to the Tietze— Urysohn extension theorem 
there is an / £ Ф such that f \ ( X —V ) U S = f *  (see [3] p. 97). Hence f ( p ) =  0 and 
f ( X —V ) c z {  1} and thus the У  neighbourhood

V ' = { q e X :  \ f ( q ) - f ( p ) \  <  1} 

of p  lies in V. К is а ЗГФ neighbourhood o f  p  indeed.

2. p $ S .  Let / :  X  - \  be a continuous function for which f ( p ) =  0 and 
f ( ( X —F )U S )c { l) .  Since V—S  is an open neighbourhood of p  and is com­
pletely regular, such a function exists. Moreover / | 5  is a constant function and thus 
/ ]5 б  Ф>1 ■ Hence Д Ф . However the neighbourhood

v '  =  f a x -  \ f ( p ) ~ f ( q ) \  <  i}

of p  is contained in V  and thus К becomes а ,ТФ neighbourhood of p  in this particular 
case too.

The proof of the theorem is complete.
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MULTIPLICATIVE FUNCTIONS WITH 
REGULARITY PROPERTIES. V

I. KÁTAI (Budapest), member o f the Academy

1. Introduction This paper is a continuation o f [1], [2], [3], [4]. The notations 
Л * ,  LT stated in [3] will be preserved here. We should like to determine all / ,  g d M *  
that satisfy

This problem has been solved completely in [3] for K =  2 or K =  odd (see 
Theorem 4). Recalling the previous results we may assume that f ( p ) =  0 and g ( p ) = 0 
if p \ K  and f ( p ) ^ 0 ,  g i p ) ^ 0 if  ( p ,  K ) = l .  ([3], Theorem 1).

In [4] we determined all the solutions of (1.1) for every К  under the additional 
condition

Theorem 1. L e t  f  gd_M* s a t i s fy  (1.1) w ith  a  p o s i t ive  in teg er  K .  A ssum e th a t  
f ( n ) = g ( n ) = 0 i f  (n, K ) > \ ,  f ( n ) £ 0 ,  g ( n ) £ 0  i f  (n, K )  — \ .  Then

C onversely ,  i f  (a) or  (b) h olds  with F, G d-M * then  (1.1) is true.

R em a rk . The solutions o f (1.3) have been completely determined in [4] Theo­
rem 1.

2. Proof. It is enough to prove that if  f d L T ,  gd.LT, then |/(и)| =  |л(и)|. 
Indeed, using the notation h ( n ) = \ f ( n ) \  =  \g(n)\, from (1.1) we get immediately

and this by hd.LT  implies h ( n ) = n a, 0ёсг<1. Consequently, condition (1.2) holds 
and this case has been treated in [4].

Since |g(n +  A T )-/(n)|s||g(n  +  A :)|-|/(n )|l, we may assume that g ( n ) S 0,

( 1.1) у  \g (n  +  K ) - f ( j t ) \  
n

( 1.2) |g(n)| 1 , |/(n)| S  1 if (n, К ) =  1 .

Our purpose is to give the solutions without the assumption (1.2).

(1.3)

(a)
(b)

/ ,  g d  LT, or

/(n ) =  nsF (n ) ,  g (n )  =  n sG {n ) ,  0 s R e s <  1, 

G (n  +  K )  =  F (n ) (Vn€W).

^  \h(n +  K ) - h ( n ) \
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Let C  be an arbitrary positive integer such that (C, A) =  l, C — l —Xg, ( q , K )  — \ , 
(A +l, A ) = l ,  where all the prime factors o f  A divide K .  We shall prove that

(2.1) Я(А+1) =  #(С ).
By using (1.1) several times we get

2  I g (C )/((A + 1 )  etf) -  g (C )g ((A+ 1) ея + Ä) I <  oo,

2 -^ |g ( (A  +  l ) e C iV + A C ) - / ( (A + l)e CiV+AAp)i 

2  J ? !/(e ) /(A + D C N + K X )  - f ( e ) g ((A+ 1) c n + a (A+ 1 ))| <  ~ ,

2 4  l/(e)g(A ■+ l ) g( с я + A) - / ( e )  g(A+ d/ ( cjv)| <
/V iV

Collecting these relations we get

2  4  |g ( C ) / ( A + i ) / ( e ) - / ( e ) g ( A + i) / ( C ) | l /W I
N  I»

Since / $  JSP, hence (2.1) follows immediately.
We are almost ready now. Let X—K *  be composed from the prime factors o f  

К  and contain each primefactor of К  at least on the first power. Let С — 1 + K * g ,  
( q, K ) = 1. Then (A  + 1 , К )  =  1 obviously holds, so from (2.1) we get

(2.2) H ( l + K * g )  =  H ( K *  +  1).

Let v be a positive integer coprime to K .  Since (1 + A *)V=  1 + v A * + ... =  1 +  qK * ,  
( q, K ) =  1, we get immediately that Я((1 +  A*)v) = # ( l  +  k*) =  1. Let n = \  (mod K )  
be an arbitrary positive integer. Since it can be written as п =  \ + К * д ,  (g ,  К )  =  1 
for a suitably chosen K * ,  therefore H ( n )  =  1. Since for every m  comprime to 
K, =  1 (mod K )  and H  is multiplicative, we get Н ( т ) ^ К) =  1. Since H ( m )  > 0 , 
we get H ( m )  =  1 . So we have proved that H ( n )  =  1 for every n coprime to K .  

By this the proof of our theorem has been completed.
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DIVERGENCE OF TRIGONOMETRIC 
LACUNARY INTERPOLATION

P. NEVA!1 (Columbus) and P. VÉRTESI2 (Budapest)

1 . Introduction and preliminary results

1.1. In their papers [1], [2] and [3] J. Balázs, J. Surányi and P. Túrán investi­
gated the so called (0 , 2 ) algebraic interpolator polynomials.

For the unique trigonometric polynomials R n( f , x )  of order n having the 
property that for a fixed integer M s 2

(1.1) R „ ( f  x kn) = f ( x k„ ) ;  Я <M)( / , x kn)  =  ß k n , к =  0, 1, . . . ,  и - l ,

(where /£ (? (= /  is continuous and 2 n -periodic),

2 ttI-
( 1 .2 ) x kn = ------ , k  =  0, 1 , 1,

n

and ß k„ are given real numbers), explicit formulae were found by O. Kis [4] ( M —2) 
and later by A. Sharma and A. K. Varma [5] (M=s2).

1.2. From now on we assume that M = 2 ,4 ,6 ,  ... and n = l ,3 ,  5, .... We 
quote the following result.

Theorem 1.1 ([4], [5]). The trigonom etric  p o ly n o m ia ls  R n( f ,  x )  g iven  b y

(1.3) R n( f , x )  =  2  f ( x k„ ) F „ ( x - x J +  2  ß k „ G n ( x - x k), n =  1, 3, 5, ...,
Л=0 k=0

s a t i s f y  conditions (1.1), p rov ided  th a t  f o r  a  f i x e d  even  M

(1.4) F- (* ) _  и 11 + “ Д  ( n - j Y - j *  J ’ 
a n d

о , )  0 . «  =  И Г » [ ^ 4 | ^ ] .  » =  . .3 , 5 ........

1.3. Let us suppose that the function coM( t )  satisfies the conditions
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382 P. NEVAI AND P. VÉRTESI

0) % W > 0 for / > 0, íúm (0 )= 0 , 0JM( T ) x o M(í)  i f  Г > /, 0 )M (t)  is conti­
nuous for / = 0 , 

t u
(ii)  Y \  is monotonically increasing for / ё 0 ,

ß>Ai(0

(iii) lim
M

- = 0 .
r -+ 0  w M(/)

Sometimes we will suppose that for an arbitrary fixed к — 1 , 2 ,  ...,

(iv) Д2щ%(у) = 0 ( 1)2“‘ю*
For example coM(t)  =  t* (0 < a < M ) fulfils all the conditions.

Let us denote by C ( a >M) the class o f  all /€<? for which coM(/, i)S a (/)c tiM(/). 
If all the ß kn are zero, i.e.

(1-6) «„(/> *) =  Ä„(/, x) := 2  f ( x k„ ) F „ ( x - x kn)
k =0

we have the following result

T heorem  1.2 ([4], [5], [6]). I f  f € C ( c o M)  where coM( t )  n ow  satisfies (i), (ii) and
(iv) then

(1.7) IIК  i f ,  x )  -Д х ) || =  О (n) ( 1 ) ,  n =  1 , 3, 5, —

O n the o th er  hand, i f  coM(t)  fu lf i ls  (i), (ii) a n d  (iii) then th ere  ex is ts  an f £ C ( m M) 
a n d  a  sequence [n f i  such th a t

( 1.8)  \R ni f ,  л) - / 0 0 1 >  ncoM ^ j , n =  n 1, n 2.

(Here ||g ||=  max |g(x)|; throughout the theorem we supposed that M  is a fixed4 0^x<2tc
even number.)

1.4. If we consider the trigonometric interpolatory polynomials L n( f  x )  based 
on the nodes (1.2) we know that for a suitable L n(g ,  x )  do not converge
uniformly to g ( x )  on [0, 2 л)  when и — °°. On the other hand, J. Marcinkiewicz [10] 
proved the following proposition.

T heorem  1.3. For a n y  f f_ C  w e h ave

2lt
lim f  \Ln( f  x ) - f ( x ) \ p d x  =  0, p  >  0.
П -*-оо  J  

0

Therefore, as P. Túrán suggested in connection with the algebraic case, we may 
hope that considering mean convergence we obtain better convergence result. Our 
expectations seem to be even more reasonable if  we remark that for any /€<?

2 Я 2rc

(1.8) lim f  R 3m+1( f  x ) d x  =  f  f ( x ) d x
0 0

if M  is even.
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(In order to see (1.8), we consider (1.3) and (1.4) from where

n—1 n—1

a Riemann sum, which, o f  course, tends to the corresponding integral. Actually, 
the analogous relations for the algebraic case were found very recently by A. K. 
Varma [7].)

2.1. We intend to prove the following. Let p(x)^0 be a summable weight 
function, p ( x ) ^ < x > 0 on a set Pa[0,2n) o f  positive measure and let coM satisfy 
(i), (ii) and (iii). As above, M = 2 ,  4, 6 , ..., n =  1, 3, 5, ....

T h e o r e m  2 .1 . For a n y  g iv en  y > 0  th ere  e x is t  a  fun ction  g^_C(o>.,) an d  a  se q u ­
ence {и,} such that when i-+ °°  an d

2.2. Thus, by Theorems 1.2 and 2.1, we can state the rather unusual fact, that 
for the function class C(a>M)  the necessary and sufficient condition for the uniform  
and mean convergence generally is the same: one has to assume that c% (0 —0 (0 - 
(For the algebraic case, see P. Vértesi [12]).

2.3. Let cp„:=nMw MX l /n ) .  By (iii), lim <p„ =  oo. Now Theorem 2.1 can be
П —► oo

obtained from the next statement.

T heorem  2.2. L e t  {eH} b e  an y  sequence o f  p osit ive  n um bers  such  that lim  <pn ajj =
^ П-+-00

=  o° and  lim v * n = ° ° .  T hen  there ex is t  a  fu n c tio n  h f C ( < o M), sets / /„ c |0 ,  2n)

2. New results

n =  п г , n2, ....

a n d  a seq u en ce  {/?,} such th a t

(2.2)
and

\H„\ =  271 —e„, n =  пл , n2, ...,

(2.3) I/?„(/?, x )  — h (x)\  >  £%ncoM f o r  a n y  n — и ,, и , , ....

Now to get Theorem 2.1, let e„:— |JP|/2. Again by Theorem 2.2 we have 

T h e o r e m  2.3. I f  lim =  lim <pnejj=  <=° and lim e„ =  0, then

(2.4) lim —''_vi— > ] a lm o s t  everywhere in  [0, 2n).>  1 a lm o s t  everywhere in [0 , 2 jt).

H ere  we u sed  the previous nota tions.
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384 P. NÉV AI AND P. VÉRTESI

Indeed, i f  we consider the set # =  П  f  U #„,) then for \J  H n. we
i =  l  \ k  = i )  k — i

have and \Т {\ ^ 2 п - e„. so \H \ =  2n. Moreover, if x £ H  then
x £ T i  for any i , i.e. x ^ H m. for infinitely many n ij ,  where {m,}c:{a,}. Then, by
(2.3) we get (2.4).

3. Proofs

3.1. Proof of Theorem 2.2. First we prove our main lem m a which states tha t
11Xthe polynomial F„(x) behaves like the function sin More precisely, if c, , c2, ...

are absolute positive constants, we state

Lemma 3.1. There ex is t  a b s o lu te  posit ive  co n s ta n ts  c«, c3 a n d  ci  such th a t  f o r  
a n y  even M  w e  have {with 0 /0 = 1 )

(3.1) =  F"- iX )  -  -17 */ - S ^ 2 hA  n =  1 ,3 ,5 , . . . .M  x  M  J n nsin n —

(3.2) 
where

(3.3)

(3.4)

(3.5)

Proof of Lemma 3.1. U sing  [5], (25) and (26), we have 

l'n{ x )  =  A 1{ x ) + A 2{ x ) + A 3{x),

=  COS7XM  f t r  n — 2 j  ’

/ ' !W  = w ( l + J “ s'iJ:) = 2  M n

. 2n — 1 
s in -------- X

. X  
Sin Y

-+1

Afx)  =  | l  + 2  2  h  ̂J  : j  cos jxj where 0  < li(y) S i  if у  >  0  

and h( y) is decreasing.

3.3. First we consider the term A1(x). By formulas (10) and (21) in [4],

(3.6) . , . 1 (  . x  f  . , 1 l \
A .  (x) =  —  I sin n — / sin nt cot t d t  — - — cos  их I. 

M y  2  J 2n 2 n )

First we claim that

, x . xl-( 3 . 7 )  3  ( y )  =  s i n  a r c o t , I - 7Г x
t d t  >  —  i f  — s  —  S  n .2 n 2
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x x I k  x к
bdeed, if  s i n / / y c o t y > 0  and —  < y < ( / + l ) y ,  then by Lemmas 7 and 8 and 

formulas (32), (33) and (36) from [4]

■ ' ( f M v K
X  X  111 X  71

On the other hand, if sin n  —  cot — < 0  a n d ----- - —< ( /+  1)—, then
2  2  n 2 n

X  X
again by Lemmas 7 and 8 and formulas (32), (33) and (36) in [4]. [f sin // — cot — = 0 , 

we can use similar arguments. Subsequently we will need the ralations

(3.8) | ^ ( т ) |< Я ’ 1  -  2”-

Let us remark that

. 1 in  x  , ( x )  . „ x x  sin n x  I
(3.9) Mx) = _ [ T c o s n T / y + s m ^ T c o tT ----—  J ’

1 n 2 . x  (л ) 3// . X
• «, Xsin- n —  

0 2 n sin n x

M 4 Sm" 2 J \ 7 2
jL

. „ x  s m -y
2

3.4 By (3.4) we have

(3.11) A ' 2 ( x )  =

,. 2n—l . 2 / 1 —1 д: I (2 /i — 1) co s— -— .V—sin— - — x cot у

2 M n  x
sin у

(3.12)
142 • 2 n ~ l  • x  , л/ч 2 n - l  X(2 // — 1)- sin —- —  xsin  у  + 2 (2 // — 1) cos — -—  xcos —

A ''(x )  =  - ----------------------- -------------------------------------------------------— +4 Mn . „ x  Sin-у

. 2 / / - 1  sin — - — x
2  . 2 // — 1 л: x------------------- sin — -—  x  cot — cos —

x  2  2  2
s i n T _________________________________

• о X 
S i n - y
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386 P. NÉV AI AND P. VÉRTESI

3.5. Consider now А з (х )  and А'з(х). By (3.5) and the Abel’s inequality we 
have for certain s  and t, 1 S i ,  t ^ n ,

(3.13) И з(*)I =
1

M n j = i  У п - j )
sin j x

1

Mn

s - 1
2  2  j s i n j x  

j = 1

, ,  max Mn lSDsn-i

. 2 s - 1 sin — -—  x

2  2 J s 'n Jx
j = i

M n

(3.14)

. x  
s , n 2

И з (лг)| Mn 2Л а( ' ^ 7 )у’С05Лт
1 max

1
M n 2  ß c o s j x

j = i

M n  XSeSn —1

. 2 / — 1 
sin — -----X

2 2 f c o sJx
j= i

Mn sin-

that is they have terms similar to those in (3.11) and (3.12), respectively.

3.6. Consider now the term cos n ~ J in A'^x). By (3.7) and (3.8),

._ 2kn  A k + 1 , , „ , ,i f  —— = x g :—  -----7Г, Ar=l, 2 , ... и —1, thenи 2 n
11 w  14fc " к  n— ;=—  =  (— 1) -r— c o s - ^ . /  —  I s  —— - u.4 / 2 1  2M 2 12 J 2M

d, th<

A{(x), ^ ( x )  an<l  A£(x) is less than, say,

On the other hand, the sum o f  the absolute values of all the remaining terms o f
n

i f
. x  sm — 

2
-cn  1 with a sui-

5 / 2  M
table c. But this can be attained if  we assume that c5n ~ 1S x ^ 2 n  — c Rn ~ 1. Therefore 
we proved that for the function F '  — A [ + A 'z + A ' 3 we have the relation

(3.15) ^ ( - i r a * ) ^ »

._ 2kn  (4/c +  l ) 7 i  ,
и ——  é r s ----—------  and c9s k ^ n —Ci0 where c7 , c 8 ,c 9 ana c 10 are suitable

constants.
n 2 x  ( x \

3.7. Using analogous argument for the term —-^-g-sin и — У| — I in A'{(x)

on the intervals ( 4 k + ] ) ( 2 n ) ~ 1n ^ x ^ ( 2 k + \ ) n n ~ l , one can prove (for sake o f  
simplicity with the above constants) that

(3.16) M
„2 -s (_  I )k + 1F " (x )

M
n-
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•f 4 /c+ l 2 k + l  .if —----- n  Ш x  < — —- 7i and c ,ä l t S ( i - c 10
2n n

also prove, again with the same constants, for sake of simplicity,

Using similar arguments we can

(3.17) ^  (-1 )* +1F„'(jc) ^  -grn

.f  (4k+  3) _2(к +  1)тг ,if ■■ —— ------------- and с9ё к ^ п  —c10,

(3.18) £  na S  ( -  1 Y +1F : ( x ) == -gr n2

if (3k 1 U -- я anci о a f e g n - c 10. Moreover, by (3.2).—(3.5) and
n 2n

(3.8), obviously

(3.19) |F»W | S  for any x.

3.8. Let,e.g., c9Sl:0 g i i - c 10 beeven.Then F,1(2k0Rn~1) =  F„(2(k0 +  1)*и-1)= 0 , 
Fn(x) is monotone increasing in [2к07ш-1, (4&+1)я(2и)-1], is monotone de­
creasing in [(4k0 +  3) 7i(2 n)""1, 2 (k0+ l ) 7rn_1], |F ' ( x ) | ~ n  in these intervals (see
(3.15) and (3.17)). Moreover, Fn(x) is concave in [(4k0-f l)jr(2n)_1, (4k0 +  3) 7r(2 n)-1] 
(see (3.16) and (3.18)). Summarizing these facts and considering that |Fn(x)| is 
bounded (see (3.19)), we obtain (3.1) for the interval [2к0ял-1, 2 (k0+ l ) 7m-1]. We 
can argue in this way for the other values o f  к  to obtain Lemma 3.1, considering 
that the constants do not depend on к  and n. Finally, remarking that F (x )  =  F ( —x)  
(see (3.2)— (3.4)), we can state (3.1) for F ( —x ) ,  too,

3.9. N ow  we can prove another statement.

Lemma 3.2. L e t  b e  a  sequence o f  p o s i t ive  n um bers a n d  [an, b n] c z [0, 2n]
arb itrary  in tervals.  Then th ere  ex is t  s e ts  S^cfO, 27i) o f  m easu re  \ S „ \ ^ 2 n —q„ — 

4c-------— b n +  a n such that
n

(3.20) 2 \ F „ ( x - x kn) \ ^ [ ± ^ n ] - ^  whenever x £ S n.

-*-fc £ \Pn •> bn]

First we construct the sets S„. Let Skn =  j x ; !-r —л̂ „| = i~ -  j . If

\sH =  [0, 2я ) \ и ^ „ \ [ о Л ] \ [ я п- ^ - ,  &« + т ] \ [ 27Г~ 7 Г ’ 2л] ’

then obviously |S„|^27i — rjn—4c4n_1—b „ + a n, moreover, if  x £ S „  and x k£ [ a n,b ,^  
then с4и-1 ^  |jc—;e*|s27t — с4и- 1, i.e. by (3.1) we get that

\Fn( x - x k)\ ^  -^ .sm  —  s  cn t],JM.
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Considering that the interval [a„, b„] contains at least {(bn~ a n)n  2л”1] nodes, we 
obtain (3.20).

3.10. The remaining part is a proper modification of [6], 3.12. Let us consider 
the intervals [0, h„] and the corresponding sets S’,,. Then obviously \ S „ \ ^ 2 n —r]n —

4c------ - — bn. Later we use that
n

(3.21) (— 1)* sin 71 — ^ =  (— i y  sin n •

3.11. Now we define the function g„(x )  as follows (see e.g. [8 ]).

(3.22) gn (xk)
( - i f  if xk£[0,bn],

0 if л*([[0, b„], к  =  0, 1, ... ,  и — 1,
ga(x„) = g„( 2n) = g„(0) = 1.

If gnCO^gnC^+i) then in IX-,A-t+ i] let g„(x )  be that Hermite interpolating 
polynomial o f  degree 2 M — 1 which is equal to g„(*j<) or g„(xt+1) at the end­
points, respectively, further g'n(x>) = g " ( x t)  =  . . .  = g (nM~1)(*;)=0, i = k ,  Ar+l. Then 
it can be proved that (O. Kis, [13], (30))

(3.23)

g n (*) =  g„(*t) j 1 ~  (2 ДТ- 2 ) 1! /  ( l - t 2) " “1* ] ,  0  ~  =  I  ^  .vk + 1 =  2 k .

Let us consider some further properties of g„(a ). First, if g„0t*)=gn(**+1), then 
g n ( x ) = g „ ( x k) for x £ [ x k, x*+1]. Moreover

(3.24) co(g<*>, t) D n 1 + it, / = 0 ,  1, .... АГ-1, D >  0 
because

(3.25) d„ =  nun (x k+1- x k)  =  .

By formula 3.3(1) in [9] we obtain from (3.24)

(3.26) coM (g n, t) S  D n M t M

i.e. g„(r)€C (oM). Moreover,
(3.27) |g„(A-)| S  ! 
which means for any x

K (g „ > * ) l=  2  \ F n { x - x k)\ 2 2
k—0 M
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(see (3.19)). On the other hand, by (3.20)—(3.22) and (3.1) we get

* )| = 2  g n ( x k) F „ ( x - x k) =  | 2  ( - l ) kFA x - x k)\ ё
к =  1 xk 6 [0, bn]

ё  2  \ F „ ( x - x k) \ ^ - ^ - \ ^ ] r , n
хк а о , ь п) M  L 2л J

if
Now we assume that b„ =  A lc12t]„, ц , = с М г „  and щ „ =  1. i.e. we have with 

a proper c12
(3.28) \ R „ { g „ , x ) \ > i f „ n  
if x £ S n.

Later we shall use that for any fixed N

(3.29) II R„ (g N , x ) - g N (* )I) £  I S  •

Indeed, by [9], 4.8(18), || Г„(М)|| S c  nMtoM (T „ ,  и x) from where we get by (3.26)

||C/<M)II s  cnM(0M ( i / „ - g lV + g,, ~ )  S  cnM [llgjv-CfJ+CÜM (g.v, l ) ]  s  C ( ! V ) .

Here T„ is an arbitrary trigonometric polynomial of degree S h, U„ is the best appro­
ximating trigonometric polynomial of degree — 1 to g N in uniform norm, (c may
depend on Af). Then by (3.19), Un(x )  =  R „(U „ , x) (when ß k =  Uf,M)( x k) )  and

2  |C„(.v—jrt) |s c / i1_M (see ( 1 .1) and [5], (27)),

l^;,(gjv,x)-gjv(x:)| S  Ru(g:V, x ) -  U „ (x)| + \U „(x)  -  g N(*)| =S

S  \R„(gN- U „ , x ) \  +  2 V i M)l|Cn(* -* * ) |b c ( iV )n -MS
k = 0

S  c(N)(nn~M + пг~м + n~M) =  cl(N)n1~M,
as stated.

3.12. Let us define the sequence {1, 3, ...} as follows (see (i)— (iii)
and lim (pne l =  °°).

(3.30) 2  i = 1

(3.31) 2  а>ы(
1 ) 1 ( 1

1 — -  ШД1 1 \ .i=k+1 ' n j  n k \ n k)

(3.32)
j - 1
2i = 1

-- 2, 3, 4 ...

(3.33) ш м « . „ ( 1 ) «  
W + i ' « 4 4 ). = 1, 2 , __0  <  </ <  1 /2

(3.34) < p»,A >  3 D ('h -i) := 3 max d  (и.), fc =  2, 3 .......
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Let

(3.35) /О) = 2  úh i (7 7 ) g n Á * ) -  

First we prove f €  C{ooM). Obviously

% ( / > 0 — 2  ü j m  (— ) ,,j m fe li > 0  =  2  +  >i=l i=l i=j + l

i.e. if n ^ j  <  t  ä  «г1, we can wiite

— 2 D t M (oM I

(see (3.26), (3.32) and (ii)).
Further by (3.27) and (3.33)

2DcoM{t)

“  ( 1 )  “  ( 1 )  2 м  f i )  2м
2  ы м 1 —  1 oiM (gKl, 0  S  2 м 2 1 —  — -7— -  ®м(О

• = Я - 1  v n , - /  í = j + i  v u ; y 1  — 9  \ n J + 1 J У — q

which means that /<=<?(coM), indeed.

3.13. Now we prove Theorem 2.2. Let <S„. Then

(3.36) l* „ k ( / , * ) - / ( * ) !  - 2  %  (-г) [я„к(gni, * )- g„, (*)] s
i = i  y t l i /

=  (-7-) -O l-J ’ «и f-г )  ltf,Jg„i.,x )-g „ i(x)|-
V n k /  i= 1 V Hi J

-  2 (-J-)! ̂ „„(gnp *)!- 2’ o jm  i-j-) lgn,(*)l-
i = f c + i  У Щ/  i =k \ n t j

Here by (3.29) and (3.30)

(3.37) 2 %  ( ^ )  K ( g , , ^ ) -  g „ ( x ) \  -  2 % ( | )  -  " ,
i= 1  V / i / /  n k \ W ; /  n k

by (3.19), (3.27) and (3.31)

,3'38> J , « * Ш  « a - *)' -  J .  «*  Ф  *£<»><(£)•
by (3.27) and (3.33)

(3.39) 2 1  °>m (7 7 ) lgn,C*)l =i = Ä 'И ;/ 1 - 9
CO,
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Considering now (3.28) and (3.36)—(3.39) we get

\R„k( f  * ) - /(* ) !  =  »k %  ( " )  U"k - - ("k' "k ’ 1 <Pnk
Here, by t]n =  c M e n, we get, using (3.34) and lim e|n  =  °°.

,  , о 1 „ 1 .

ö(n*-i) 2 n 2 ]
(Pnk Mnk nk\

lim ejj n =

j ’fnk =jC*M2e*.

Further, by 3.10 and b„ =  M c 12>]n,

|S„| !é 2 л - ( 2  + M c 12)i)n is  2л  — е „

with a proper c. Now, if h =  3 c ~ 2M ~ 2f  and S„ =- H „ , we obtain Theorem 2.2.
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ON THE MODULUS OF CONTINUITY WITH 
RESPECT TO FUNCTIONS DEFINED ON 

VILENKIN GROUPS
S. FRIDLI (Budapest)

Introduction

In this paper we generalize a theorem of Rubinstein [2]. By the usual definition 
the modulus of continuity of a function defined on a Vilenkin group (G m) can be 
represented by a sequence of real numbers. Rubinstein [2] characterized the sequen­
ces which turn to be the modulus o f continuity of a function in C(Gm), L1(Gm), 
L 2(Gm). Now we prove his conjecture, namely the theorem is true for L p (G,„) 
(1 °°) too.

§ 1 -

Let m : = ( m k, k £ N )  be a sequence for which {0, 1, ...} and m k ^ 2
(k d  N) hold and denote by Z,„k (k £  N) the cyclic group o f order rnk . Define the group 
Gm as the direct product of Z mk’s (k€ N). Then G m is a compact Abelian group with 
the Haar measure ц  satisfying //< /„) =  1.

Further we need the following subsets of Gm:

In+1 {x  =  ( x 0 , x x, . . . ,  x k, ...)€G m|x; =  0, i i s  n} (n€N, J0 := G J .

I„ form a basis for neighbourhoods o f the zero element of Gm, therefore the topology 
of Gm is completely determined by /„’s. Obviously I„ are subgroups o f G m and

/„ 3  А  Г Э .. .З  /„ = ) .. .  (n € N ).

If we introduce the notations

M n + 1 : =  П т ,  (n€N), M 0 := 1,
i= 0

then it is clear that .
м п

Let us denote by C(Gm) and L p( G m)  (1 °°) the usual set o f complex valued
functions defined on G m, i.e. f d C ( G m) i f f / i s  continuous on G,„ and thus

ll/ll := sup |/(x )|
x  E Gm

furthermore f £ L p (G m) iff / i s  measurable with respect to the Haar measure p and

ll/ll, := (  /1 Л РФ)1/Р< - -
G rn
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39 4 S. FR1DL!

The modulus o f continuity is usually defined as the sequence o f numbers

« / .( / ) :=  sup sup \ f ( x  +  h ) ~ f ( x ) \  ( f d C ( G J ) ,  
й€/п *€GW

< ( / ) : =  sup | | / ( . + * ) - / ( -)ll, ( f £ L p( G j )  (n€N),
hil„

(where +  denotes the group operation on G m). It is clear that n£N)
( g d C ( G j )  and ( < ( / ) ,  n€N) ( f d L p (G m) 1 = p <  о») monotonously decrease to 
zero. The following theorem shows that this property o f a sequence characterizes 
the modulus o f continuity.

T heorem . L e t  (co„, n d N ) b e  a  sequence o f  rea l  num bers m onotonously  
decreasing to zero .  Then there e x i s t  g d C (G ,„ )  a n d  f o r  a l l  p€[l, °°) an f d L p(G m) 
such th a t a>p ( f )  =  a>n(g)  =  con (»£N).

First we remark that the cases C(G,„) and L l (G m), L 2(G,„) were proved by 
Rubinstein in [2]. In this paper we give a complete proof for L p (G m) (1 =/?< °°). 
We observe that in the meantime Rubinstein announced the above Theorem in [4] 
and proved it for the dyadic case.

Let us denote by (i//,„ n£N) the character-system o f Gm endowed with the so called 
Walsh— Paley order (see e.g. [3]), and define E n ( / )  (nd  N, f d C ( G m)) and E f ' 1 ( f )  
( f d L p (G m), n d N) as the distance in C ( G m) and in L p(G m), respectively, between 
/a n d  the subspace generated by i <  M„) (uPN).

By a known result of Efimov [2]

E„ ( / )  S  со. ( / )  s  2E„ ( / )  ( /€  C ( G m)) ■

E np ) i f )  S  e>i'>i f )  == 2£„"» ( / )  ( f O n G J )  (n€N),

and thus we have from Theorem the following

C o ro llary . F o r  a ll  (E n, n d N ) m on oton ously  decreasing to  zero  there ex is t  
g d C ( G m) an d  f o r  a l l  p d [  1, °°) an f d L p(G m)  f o r  which

\ E n ^  E„(g)  s  E„ a n d  \ E n ^ E i pH f ) ^ E n (n€N)
hold.

§ 2 .

P roof of T heo rem . Let 1 = p ~ ~  ?° be fixed and introduce the notations

L 1 ( G m) := { g d L p ( G J \  g | / (\ / (+1 =  const., i/N } ,

E i ( g ) : = g ( x ) ( g d L g ( G J ,  x d J t \ I i+ 1 , i€N)

(where g \A is the restriction o f g  to the set A). The folio whig identity is easy to see, 
but it will be very useful for us. If g d L p (G m) such that (F t(jg), г/ N )  is
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increasing, then

a )  » p ’ < g > = « r < s i * , „ ) = й У 1" *

=  21'>\\(g-Fk(g))\xIlc\\p ( k m .
Here Xik denotes the characteristic function o f  the set Ik.

In order to prove the theorem we need the following lemma.

Lemma. There ex is ts  a  sequence o f  f u n c t io n s  f n£ L % (G m) (n £ N )  h a v in g  the  
fo llow ing  p ro p e r t ie s :

(i) ( F i ( f n), f'€N) is increasing  and Fo( f n) = 0 ,

to )k к  S  n
(“) < » ( / „ )  =  {  0  k ^ n ( k m .

Proof of Lemma. Let n f N  be given and x„+1 an arbitrary real num ber. 
Define x, : = jc„+1 ( i^r i) .  W e shall prove the existence of x f  R (nSiGN), fo r which 
x„+1 ^ x n ^ . . . ^ x 0 and

(2) Í 1 1 11(M, M i+1)J
lip

0)k ( k  =S и).

This statement is trivial for k = n ,  further it will be verified inductively. Assume 
that the numbers

x n+l Sx„  ä . . . s  Xj+1 

satisfy (2) for j + \ ^ k S n ,  and let

Í 1 1(M i M i+1) J
Up

(X j H xiR).

From the assumption we have that r j ( x J+1) = t o j+ 1 . Furthermore, the continuity 
and monotonicity of r and lim r ( x ) =  +  o° imply the existence of x .S x  + 1  such
that rj ( x J) = c o j , which proves our statement.

If we define f , d L $ ( G m) by means o f F;(/,):= x ,—x0 (i£N ), then in view of 
( 1) f„  satisfies (i), and (ii), as stated.

Let ( f „ ,  n£N) be a sequence in L pt (G m) having the properties (i), (ii) o f  Lemma 
for any n€N . We observe that by (a{f } ( f n) =  co0 (n€N) and by (1) we have

(3) ll/nllp — 2 ~ 1,p(o0 and «<">(/,) So* (k , n m .

Since the well-known M. Riesz condition concerning the compactness in L p ([0, 1]) 
can be transferred to L P (G m) ( l^ p < °° ) , therefore it follows from (3), that there 
exist a sequence of indices v and a function f £ L p(Gm) such that lim | | /—/ v(n)||p=0.
By lim о)[р> ( f n) = w k we have that o)(kp) ( f ) = c o k (k£  N), consequently / i s  the de-

П
sired function. The proof o f  Theorem is complete.
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ÜBER DIE MITTEL VON ORTHOGONALEN 
FUNKTIONEN. II

K. TANDO Rl (Szeged), Mitglied der Akademie

1. In einer vorigen Arbeit [3] haben wir die Konvergenzverhältnisse der Mittel 

1 "
T ~ 2 < * k ( P k ( x )  (n  =  1, 2 , . . . )

lt=l

betrachtet, wobei 2 =  {AH}£° eine Folge mit

0 < l „ S l „ +1 (n =  1 , 2 , ...), A„ (n  °°),

a — {akiT  eine reelle Zahlenfolge und <p =  {</>fc(.x)}r ein im Intervall (0,1) orthonor- 
miertes Funktionensystem sind. In dieser Arbeit werden wir diese Betrachtungen 
weiterführen.

Die folgenden Sätze bleiben gültig für in einem beliebigen nichtatomischen 
Maßraum vom Maß 1 orthonormierte Funktionen Systeme; nur einfachkeitshalber 
beschränken wir uns auf das Intervall (0, 1).

Für 1 oo bezeichnen wir mit Q(Kj  die Klasse der in (0, 1) orthonormierten 
Funktionensysteme cp, für die

\<pk ( x ) \ ^ K  (*6 (0 , 1); k =  1, 2 , . . . )

besteht. S2(°°) ist also die Klasse aller in (0, 1) orthonormierten Funktionensysteme; 
im Falle <p£fí(  1) gilt aber

|^ ( jc)| — 1 (jc€ (О, 1) fast überall; к  =  1, 2, ...).
Es ist klar, daß

Q (Ä j)  g  ß ( K 2) ~ ) .

Wir werden die folgenden Sätze beweisen.

S a t z  I. Für jed es  К  (1 °=) g ib t  e s  eine K lasse M  (K .  /.) von F o lg en  а
m it  fo lg en d en  Eigenschaften. I s t  a f  M  (К , X ) , so  g i l t

(1 ) ~ T  2  ak<Pk(x) -  0  (n

f ü r  je d e s  t p £ Q ( K )  f a s t  ü b era l l  in (0,1). 1st a b e r  а $ М ( К , л ) ,  so  g ib t  es ein < P £ Q (K )  
derart, d a ß  d ie  Folge

(2) { - г -  2 а к Ф к (х ) \
' Án fc = 1 Ju=1

in (0 , 1) f a s t  überall divergiert.
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Offensichtlich haben wir

M(XU KJ  3  M{lr, KJ (1 s  Kt < K2 oo).

Es gilt aber der folgende Satz.

Satz II. F ü r jed es  1 <  К  <  °° gil t  M ( K ,  X ) = M ( l ,  A).

Bemerkung I. Man kann zeigen, daß für jede Folge A mit den besagten Eigen­
schaften М (оо,Л )иМ (1,А) (М (оо,Я )сМ (1, Я)) ist.

Bemerkung II. Aus den Sätzen I—II erhalten wir folgendes. Gibt es ein 
< p £ Q (K )  mit einem К  (1 für welches (1) in einem Menge von positivem
Maß nicht erfüllt ist, so gibt es ein <££ß(l) derart, daß die Folge (2) in (0, 1) fast 
überall divergiert. Gilt aber (1) für jedes <p6 ß ( l )  in einer Menge von positivem 
Maß (diese Menge kann von cp abhängen), so besteht (1) für jedes <pd (J Q ( K )

für jede Folge a. Man kann aber auch die umgekehrte Ungleichung zeigen.

Satz III. Für jed es  К  (1 g ib t  e s  e in e  nur von К  abhängige p o s i t i v e
Z a h l  C ( K ) d e r a r t ,  d a ß

in (0 , 1) fast überall.
Für ein К  ( l s f e o o )  und für eine Folge a  setzen wir

Nach den Definitionen gilt

II«; K ; k \ \ ^ C { K ) \ \ a ;  1; A||

f ü r  j e d e  Folge a  besteht. W e ite rh in  g i l t

C(K) = O(K).

Bemerkung III. Für K = ° °  ist diese Behauptung nicht richtig.

Satz IV. E s  seien und ad M  ( К ,  Я). Gilt f ü r  e ine  Folge  b

\Ьк \ ш \ а к\ (fc =  1 , 2 , . . . ) ,
so  ist b d M ( K ,  /.).
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B em erk ung  IV. Aus dem Satz IV ergibt sich folgendes. Es sei |й*|ё|а*| 
( k = 1 ,2 ,...) . Gilt (I) für jedes c p £ Q ( K )  (für ein 1 in einer Menge von
positivem Mass (die Menge kann von <p abhängen), so gilt

-y- 2  bk<Pk(x) -  0 (n -  oo)
Ä n * =  1

für jedes q > £ Q (K )  fast überall in (0, 1). Gibt es aber ein < p £ Q (K )  derart, daß die 
obige Relation in einer Menge von positivem Mass nicht erfüllt ist, so gibt es ein 
<t>f Q ( K )  derart, daß (2) in (0, 1) fast überall divergiert.

Satz  V. E s  se i  I s t  a ( -M ( K ,  A ) ,  so  g ib t  es eine m o n o to n  wachsende,
ins Unendliche s trebende F olge  p. =  {pk}“  von  po s i t iven  Z ahlen  m i t  g a £ M ( K ,  X). 
I s t  aber a $  л), so  g ib t  es  eine m on oton  abnehmende, zu  0 s trebende F o lg e  
g. —  {g k} i  von po s i t iven  Z ahlen  m i t  pa (j M  ( ° o ,  A ) .

B em e r k u n g  V. Die zweite Behauptung des Satzes V ist im Falle l s k < “  
im allgemeinen nicht richtig.

2. Zum Beweis der Sätze haben wir gewisse Bezeichnungen vorauszuschicken. 
Für eine in (0,1) definierte Funktion / (x )  und für ein Intervall I —( a , b )  

setzen wir

f ( i ;  x ) =
( * € / ) ,

sonst,

und für eine Menge H ( Q ( 0 ,  1)) sei / / ( / )  jene Menge, die aus I I  unter der Trans­
formation y  =  ( b —a ) x + a  hervorgeht.

Die Menge H  nennen wir einfach, wenn sie die Vereinigung endlichvieler Inter­
valle ist.

Für eine Folge a  und für positive ganze Zahlen Vl5 N 2 ( N 1^ N 2)  setzen wir

u(fVi, -V2) =  {0 , ..., 0 , UjVj, •••, Ujy2, 0 , ...}, n(iVi, °°) {0 , ..., 0 , a Nl, Hjvx+i * ...}.

Weiterhin seien für ein К  (1 °°), für eine Folge a  und für positive ganze Zahlen
N l t N ,  ( N ^ N j

I r  (  1 " \2  ,1/2
IIа ;  K ;  A ;  N l t N 21| =  sup \ J  max -y- d x \  >

I r  f l ” \ 2 11/2II«; K ;  A ;  N l t  ~p =  sup sup U -  2 a k<Pk (*) d x \  ( = ° ° \
4>iQ(K) I /  nSJV, V 'Ы k= 1 )  )

Offensichtlich gilt folgendes für beliebige Folgen a, b, für beliebige positive ganze 
Zahlen V ,, N z für jede reelle Zahl c  und für alle K , K t , К., (1 ~b íK, Äj, K 2^s

Acta Mathematica Hungarica 45, 1985



400 К . TA N D O R I

Soo; K ^ K 2):
l|e; К ;  Я; 1, HI =  II«; К ;  Я||,

Цел; К ; Я; Л у  ÍVJ =  |с|||а; К; Я; ЛУ ÍVJ,

IIа  +  Ь; К -  Я; ЛУ Hl =  II«; К ;  Я; ЛУ HI +  II&: К ;  Я; Л у HI,

II«(Лк, ЛУ; Я; ЛУ HI =  Ца(ЛУ ЛУ; ЛГ; Я; Л у ÍVJ,

IIо; Я; ЛУ л у  == ||а(1, N 2); К;  Я; ЛУ ÍVJ,

Ile; К г ; Я; ЛУ ÍVJ з= ||а; * 2; Я; ЛУ ÍVJ,

Ile; Л:; Я; ЛУ ÍVJ ЗЕ ||а; К ;  Я; ЛУ ÍV2 +  1||,

IIа; У  Я; ÍVX- 1 ,  ÍVJ ^  ||а; К ; Я; Л у  ÍVJ, 

lim ||а; У  Я; Л у ÍVJ =  ||а; К ;  Я; л у  HI,
iV2 -*- оо

Ile; У  Я; ЛУ HI S  ||а; К ;  Я; ЛУ íV J+Ца; У  Я; ÍV2+1, HI,

í 1 Nt 11/a 1 Nt
7 Г  2 ^  — l|e; У  Я; 1, ÍVJ =  -y- ^  |efc|.

*=1 -* 4 X jt= i

3. Zum Beweis der Sätze benötigen wir gewisse Hilfssätze. Es sei rk( x ) =  
=sign sin 2kn x  die А-te Rademachersche Funktion (A = l, 2, ...).

H ilfssatz I. Gilt f ü r  d ie  F o lg e  a

1 "
Hm —  2 a krk(x )  =  0 

“  К  t= i

in einer M e n g e  E ( Q ( 0 ,  1)) von  p o s i t ivem  M a ß ,  so  bes teh t

lim ^ - =  0.

Beweis d e s  H ilfssatzes I. Es seien

g N(x)  =  sup 2 akrk(x )) (ЛГ =  1, 2, ...),
k= 1 /

e =»0 beliebig. Dann gibt es eine positive ganze Zahl ÍV0 und eine meßbare Menge 
E k( Q E )  von positivem Maß derart, daß

gA„0) =  £2 ( x ^ E j )
ist. In diesem Fall gilt aber

2 а кГк(х)) => g Nt(x) ш  E2 (л:£ E k; N  =  ÍV0, N 0 + l ,  ...),
JV0 3 g n S i V  k =1  )
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und daraus folgt

(3) j  d x ^ e 2m esE1 (N  = N0, N 0+ l, ...).

Auf Grund eines bekannten Satzes (s. zB. [4], S. 213) gibt es einen Index &0—fcoCEi) 
mit

(4) / (  2  dx S y n ie s f ]  2  al (N  =  K ,  fco+1. •••)•
E \fc=fco /  k—kß

Es sei weiterhin Nn ein Index mit

(5)

Aus (3), (4) und (5) ergibt sich:

i *o-i
f -  2  Ie*l s  e. 
<4, *=1

У г ^ ж Д “* ' ÍJs

==J/ dx + 1/ f  Д  e*»*(*)j dx  <  2e /mes A,

für A sm ax (A0, k0, IVU); dh. es ist

Da
-X- 2  al = 8e‘- (N  Sr max(A0, k0, A0».
Л д г  k —k0

-X  k°2 al — ( N ^ N 0)
A n  k ~ l

mit einem Index N0 gilt, besteht auch

- i  2  al 3  9s2 (A S  max (A0, k0) A0, A0»  
Av lc = l

für ein beliebiges £>0.
Damit haben wir Hilfssatz I bewiesen. 
Aus dem Hilfssatz I folgt unmittelbar:
H ilfssatz  II. Gilt für die Folge a

i i f l i  +  o («-*
Ai k = l

so besteht
1 "■J- 2°кГ к(х )-KO (n

Ai k = l
fast überall in (0, 1).
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H ilfssatz  III. Es sei Ф =  {Ф л(а )}Г eine Folge von meßbaren und fast überall 
endlichen Funktionen. Gilt

f . W  =  4 -  2 * k ( x )  +  o  ( n  -со)An к=1
fa st überall in (0, 1), so ist die Folge

{y  2 ± ф»(*)}”IA„ Jn = l
mit gewissen Vorzeichen in (0, 1) fa s t überall divergent.

Be m e r k u n g  VI. Diesen Hilfssatz werden wir nur im Falle anwenden, daß Ф 
in (0,1) gleichmäßig beschränkt ist, und diese spezielle Aussage ließe sich auch 
einfacher beweisen; vollständigkeitshalber beweisen wir den Hilfssatz dennoch in 
der allgemeinen Fassung.

Beweis d e s  H ilfssatzes III. Ist die Folge {F„(x)}f in (0, 1) fast überall di­
vergent, so trifft die Behauptung zu.

Im entgegengesetzten Fall gibt es meßbare, disjunkte Mengen £ j, E2(Q (0, 1)) 
derart, daß

mes £j+mes E2 =  1,
lim F„(x) = f(x )  (x€£i), Hin \Fnfx ) - F „ l(x ) \= ft(x) (x£E2)
П-*-оо 4l t n2-*-oo

mit gewissen Funktionen f  (x) ?£0 (*££j), / ,(x )> 0  (xCE2) erfüllt sind. Es seien 

Eßl) =  {x€ Ey. \Mx)\ >  1}, E1(m) = \x € E r: - L ^  s  \ f (x ) \  >  -1}

(m = 2, 3, ...),

E2{ 1) =  {xeE2: f 2(x) >  1}, E2{m) = S / 2(x) >  - 1 ]  (m = 2. 3, ...).

Wir werden eine Indexfolge (1 =JV1< . . . < Am<...) und eine Mengenfolge
{Hm}7 meßbarer Teilmengen von (0, 1) derart angeben, daß für jedes m (=1, 2, ...)

m 1
(i) Hm g  U ( E l  00 u  E2 00), mes Hm S  — ,

»=i m

(ü) IFKm+I(x)| ё  1 / 2 / 1  (xf £j (fi) \H m; g = 1,..., m),

(üi) ~— 2  1̂ *001 = 1/8/1 (xe(E1(ß)ÖE2(ß))\H m; /i =  1, ..., m),

(iv)
max ! F „ » - jF„1(x)| ^  1/2/1 (■x € E 2( f i ) \ H m; /1 =  1, 2, ..., m)

erfüllt werden.
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Essei JVj=l. Da
sup I F„, (x) -  Fni (x)| > 1 (x£ E2 (1))

N1̂ n1Snt
ist, gibt es eine ganze Zahl N2 (=-jVj) und meßbare Mengen H K ^ E ^ l) ) ,  
^ Г Ш ^ О ) )  mit

mes H* 5  1/2, mes H** ^  1/2, \FNJx)\ ss 1/2 (x€Fx( l) \^ * ) ,

2  |Ф. (*)l — 1/8-2 (x€(E ,(1)\Я,*)U(F2(1)\H**)), 

max \FnX x)-F ni(x)\ ^  1/2 (х € Я (1 )\Я Г ).N1<n1̂ n2̂ N 2
Essei Е̂ 1= Я *и я** . Dann sind (i)—(iv) für jVx, tV2, Я х im Falle /и =  1 offen­
sichtlich erfüllt.

Es sei m„ eine positive ganze Zahl. Wir nehmen an, daß die Indizes 1 =7VX< ... 
... <Wmo+1 und die meßbaren Mengen Я 1; ...,Я Ш|) schon derart definiert wurden, 
daß (i)—(iv) im Falle m — 1, ..., m0 erfüllt sind.

Da
sup |Fn;.(x) —Fni(x)| s  l//i (x£E2(ß); ц =  1,..., m0+ l )

gilt, gibt es eine ganze Zahl Nm<s+2(> N mo+1) und meßbare Mengen

Я^+хОО g  E M ,  Н**+1(ц) g  £2(/i) (/i =  1, ..., m0+ l)  
mit

mes H*B+1(ji) s  l/2(m0+ l) 3, mes Н**+1(ц) =§ 1/2(ш0+  l)3 О = 1, ..., m0+ l), 

lF̂ m0+2 (x)l — V2/t (x^E1(fi)\H * li+l(p.); Ц = 1,..., m0+ l) ,
i N m 0 + 1

-j------  2 1 |# t (*)| s  l/B/i
X +  2 *=1

(*€((FxО и)\Я *0+X(/i))U(F2(/1 )\Я ~ + xC/z)); /i =  1, ..., m„+l), 

max \F„2(x)-F„ (x)\szll2n  (x^E2(ß)\H **+1(ß); ц =  1, ..., m0+ l).
Jvmo+X-=''is ',2s )v m0+2

Es sei
/'"0+1 Л \ .*

я то+х= и я :0+101) и U я ;в*+1(/£) .1V д=х / V р=х / vfe

Es ist offensichtlich, dass (i)—(iv) für N,„0+i, NmB+2, Hmo+1 auch im Falle m — 
=m0+ 1 erfüllt werden.

Die Folgen {Ят}~, {Я,,,}“ mit den geforderten Eigenschaften erhalten wir durch 
Induktion.

Wir setzen

Ф1 (*) =  ^x (*)> i!fk (x) =  ( -  l)r Фк (x) (x€(0, 1); Я2г+х <  к s  Я2г+3; г =  0, 1,...).
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Es sei

und
&,(*) =  y -  2  ik(x) ( n =  1,2,...),A, Jt = l

Ml" =  ( и  Ex (]1) } \Н Я, M<?> = ( (J E„ (ß )) \H m (m = 1,2,...).

Auf Grund der Definitionen sind
mes (lim =  mes £ j, mes(Üm = mes E...

Für jedes r(= 0 , 1, ...) und für jedes x£(0, 1) besteht 

1
g\*r+Ax) =

2̂r + 3 1 Nir + i
2  Фк(х) + -.-----  2  Фк(х) =

( - 1  )r
I

‘' W -  +  3  k  =  N s r  + i  +  1  

N2,*3
2 (h(*) +

2, + s  »=1

J ^г + г
ĴV2r + 3 *=JV2r + 2+l Av2>. + 3 fc=l2 1

j ^2r + 2 1 У N 2 r + 2
= ( - 1  y ^ x r+IW + 1------  2  2  фк(х)-Av2r + S Л —1 Av2r + 3 *=1

So erhalten wir, auf Grund von (ii), (iii)

lg*3,+3(x)l -  2^T- 2  8 ^  -  4^" ( * € а д ) \1 У * +1; И = 1, 2r +  2),

sign gN2r+5(x) =  ( -  l)r sign FjvSr+3(x) (x€Ex(p ) \H .lr+8; g =  1, ..., 2r+2)
für jedes r(— 0, 1, ...)• Daraus folgt, daß die Folge {gH(x)}r in der Menge Em М & 2
divergiert. Nach obigen divergiert also die Folge {g„(x:)}r fast überall in £ j .

Für jedes r(= 0 , 1, ...) und für jedes x£(0, 1) besteht weiterhin
max |gn,(.v)-gni(x)| S

^ 2 r  + 2 < n l — n 2 — ^ : r  + 3

max
^ 2 r  + l < n l  —  n 2 — ^ 2 r  +  3

max
^ Z r  + 2< П 1 — n *  — +  3

1 ”*
-j— 2  Фк(х)- 
К г k = N , r + l+l

1 ">
-j- 2  Mx)

ni  k —Ni r  + i + l
1

* N Sr+2

1 "«
-T -  2  ф к ( х ) -Al2 fc = iV2r + 1+l

l "i 
y -  27"1 t = V,r + 1rl

1
Я у”2г + 2

max |F„2(x) -
8<'l1Sn,S /i,r t l о 2Алг2г + 2 k = l

2  \Mx)\ =

2  №(*)!k = l

Daraus ergibt sich, auf Grund von (iii)—(iv), 

max |g„2(x )-g nin1Ä„I=jvir + 3

(xeE2( f i ) \H ,r+a; fl =  1 , . . . , 2r +  2),

1 2 1
max |g„2 (*)-£„! (*)| a  —  = —

^ 2 r  + 2 ^ n l —n Z ~ N 2r + 3 O f i  4//
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was nach sich zieht, daß die Folge {g„(x)}f in der Menge hm М£\., divergiert.
r - * -  oo

Nach obigen divergiert die Folge {g„(x)}r fast überall in E,.
Damit haben wir Hilfssatz III bewiesen.
Aus den Hilfssätze II und III folgt der
Hilfssatz IV. Gilt für eine Folge а

4 i ' ^ + - o
К  t=i

so gibt es ein System 4»Gfi(l) derart, daß die Folge (2) in (0, 1) fast überall diver­
giert.

Hilfssatz V. Es sei Gilt für eine Folge a lim ||a; K; A; N; °°||=0,
N-*-oo

dann besteht (1) für jedes (p£Q(K) in (0, 1) fast überall.
Beweis des Hilfssatzes V. Essei (p££2(K). Wirsetzen

Fn(x) =  su p i-^  2 a k(pk{x)\ (A =  1, 2, ...).
n^N  V Л/, k=l  /

Dann gilt
(6) Fn(x) s  Fn+1(x) (x€(0, 1); N — 1,2, ...).
Auf Grund der Definition von || •; К; A; N. Hl haben wir

{ f  FN(x)dx}12 Ш II«; K\ A; N, Hl- 
о

Daraus imd aus (6) folgt lim FN (x) = 0 fast überall in (0, 1), also gilt (1) in (0, 1)
N —°°

fast überall.
Hilfssatz VI. Es seien 1 eine Folge und Nk, N2 ( N ^ N f  positive

ganze Zahlen. Dann gibt es ein System ф£С2(К) von Treppenfunktionen фк(х), ...
h A x) mit

f  max í ^ -  1  akxlsk(x))2dx s  1  ||a(l, A2); К ; Я; Nlt A2||2. 
J  N1m n s N t \ X n jt= x  )  2

Beweis des Hilfssatzes VI. Der Hilfssatz soll nur im Falle ||a (l, N^); К; 1; 
Ai, Лу > 0  bewiesen werden.

Fall K=  1. Auf Grund der Definition von || •; К; A; Nk, ЛУ gibt es System 
ф£й(1) von Funktionen фг(х), ...,ij/Ni(x) mit

/  max i - i -  2  акфк(х)\ dx >  — 11«(1, N2); К; A; Nu  Л У 2-

Man kann leicht erreichen, daß diese Funktionen фк(х), ..., фк2(х) Treppen­
funktionen seien.
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Fall 1 -'Л"< со. Auf Grund der Definition von || •; К; A; N lf A2j| gibt es ein 
System сp£(2(K) von Funktionen ф1( х ) , cpNi(x) mit

(7) f  vmax f-r- 2  <**%(*)) dx  >  ||a(l, iVg); А; А; A ,, A2||2-^ -,T .v, s iis ív 2 f  / „  *=1 ;  3

(e = ||n(l, A„); К; A; N u  N t ||2/4).

Es seien (pk(x) ( k = l , . . . ,A 2) Treppenfunktionen mit

und
( 8)
Wir setzen

1
/  (<Ä(* )-  (л-))2 (Ix <  ц (k = 1, .... A,)
0

I<a MI S  |<Ät(x)| (x€(0, 1); к =  1, А,).

1
A,; = f  <Pi(x)(Pj(x)dx (i , j  = 1, Ag).

0

Es werde а (0«=я<1) so gewählt, daß die Ungleichungen 

(9) (1 — (1 —e*)a(l — <*))/a S  A 2,

( 10) (1 - u ) ( l  — a2) f  NmaxN' (—  Д  «*%(*)) dx

S  f  max У %%(*)) d x —~J NlSn ^ ,{ A n * ti J 3

erfüllt werden. Wir teilen das Intervall (1—а2, 1) in A2(A2—1) paarweise disjunkte 
Intervalle / ;>; (i, j = l ,  N2; i ^ j )  gleicher Länge. 1st r\ genügend klein 
so gelten die Abschätzungen

О f) /  max í- f -  Í ;  dx  >  /  max ( 4 -  J  rf* -a f /„ k=1 ) a iv̂ íisv, f /„ A=1 )

( 12)

(13)

A2(A2-  1) , , r„--------------- max a, .• ::: К 2,2 lSl.jSN, l’J'
i*j

«k,k^  1 - a 2 (к — 1, A2).
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Wir setzen

f e w

Ц - ^ г )  (х е (0 ,1 -я 2)),

У N^2 a z ^  ~ а* 1 -  * -  ^  í ^  kfe

| / А2(А2-1 )~
- ^ ö------Sign0tktiY l - a 2 (x£Ii'k; 1 ^  i S  N2; i ^  k),

0 sonst

(к = 1, ..., ЛГ2).
Offensichtlich bilden die Treppenfunktionen фк ( х )  (k =  1, .... Л’2) ein ortho­

gonales System in (0, 1), weiterhin gelten auf Grund von (8), (12), (13) und der 
Definition der Funktionen ф к ( х )  die folgenden Ungleichungen:

(14) |ft(* )| S  К (x€(0, 1); k = 1, N2),

/ l f l ” \2 1/*° f l  " T V2v max —  2  ak$k(x)\ dx £r J  max —  2  «ifeW  dx  =  N^n^N2 ̂ /„ k = 1 ) j  JV̂naiV., (/„ k = 1 )

=  (1 -  я2) f  max ( 4 -  2  “t f tW ) dx,o*7 WjSnsJVj ( я„ )
1 1 —fl2

(16) J  фк (x )  d x  s  J  \ f i l ( x ) d x  =  (1 — а 2) а кД =  (1 — а 2) 2 ( к  =  1, . . . ,  iVa) .
о о

Es sei endlich

VfeW)
Фк

, n k r  к

( т ^ г )  (x€(0’ l “ ű))

D)
,  1L , (k =  l,...,A 2),

( ^ )  < * o -

wobei mfc derart bestimmt ist, daß die Funktionen фк(х) normiert sind; dh. es gilt

1
(17) (1 — a) J  ipl(x)dx+mka = 1  (k = 1, ..., N2).

0

Auf Grund von (9), (16) und (17) folgt: 

j /  l - ( l - a 2)2( l - ^ T
»h = SS К (к = 1, ..., N.,).
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Die Funktionen ijsi(x) , ..., фц2(х) sind offensichtlich Treppenfunktionen, und aus 
(14) erhalten wir iA =  {̂ jt(x)}i€í2(A); weiterhin gilt

r Í 1 " \ 2 r Í 1 n \2J  Г Г  2  “кФк(х)\ dx s  / max —  2  акфк(х)\ dx =
s  Ni - n^ Ni  ( A„ k=l )  f  N1S n S N t {k„ ^  )

=  ( 1 - f l )  /  „ r a “ v f y -  2  a k i f k ( .x ) )  d x .о N l ^ n s N l  ( A„ k = i  )

Daraus erhalten wir

/  „max„ Ít ~ Í  (x)) d x  S ||e(l, W2); ЛГ; Я; Л^, W2||2- í0 N1 SnSN. ( A„ *=1 )

= y l |e ( l ,  N fr к ; Я; iVl5 TV2||2,

auf Grund von (7), (10), (11) und (15).
Damit haben wir Hilfssatz VI bewiesen.
H ilfssatz VII. Es seien 1 -==ЛГ<°°, я eine Folge und N eine positive ganze 

Zahl mit

||a (I , N); К; Л; 1, A ||2 s  128A2 max 2  t f .lSnmN A2 fct i

Dann gibt es ein System \l/ = {i//k(x)}k(LQ(\) von Treppenfunktionen mit folgender 
Eigenschaft. Es gilt

,maxv ~r~ Í 2  ak^k(■*)) ^  y ^ ||ß d ,iV ); К- А; 1, N\\ (x£E),
l U n S N  /„  vfc==1 )  4л

wobei E(Q(Q, 1)) eine einfache Menge ist, für die nies E s  I/10 besteht.
Beweis des H ilfssatzes VII. Wir gebrauchen eine Idee von B. S. Kasin [1] 

(s. noch [2]). Ohne Beschränkung der Allgemeinheit können wir

Il«(l, Ю ; К- А; 1, All2 =  4

voraussetzen. Durch Anwendung des Hilfssatzes VI bekommen wir ein System 
ф = {\l/k(x)}i£fí(K) von Treppenfunktionen mit

(18) f  max ( 2 -  2  акфк(х)\ dx  > 4 - ||a (l, N ); К; A; l ,A ||2(=2).
S  l S n ^ S N  ( A„ * = 1 )  2

Es sei lr—(ar, br) (r= l, ..., o) eine Einteilung des Intervalls (0, 1) in paar­
weise disjunkte Teilintervalle derart, daß jede Funktion f k(x) in jedem lr konstant 
ist. Den Wert der Funktion

1max — SnSJV A„ 2  акФк(х)Jt=l
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im Intervall Ir bezeichnen wir mit wr. Nach (18) gilt 

09)

4 =  ||a (l, N); К; A; \ ,N \\* ^  £  wr2 mes 7r >  1  ||a(l, N )\ K~ A; 1 ,7V||2 =  2.
Г — 1 ^

Es seien 1 diejenigen Indizes, für die нГ|ё  1 (/= 1, ..., Я) ist;
die Indizes r (1 S r^ e ) ,  die von rt , . . . , r x verschieden sind, bezeichnen wir der 
Reihe nach mit . ..., яв_д. Ans (19) folgt

Wir setzen
4 S  2  Wr, mes 7r, > 1.

i=i

д е-Д
а =  У wr> mes Jrí, b = 2  nies 7S(

i=i i=i
wobei dann offensichtlich
(20) u == 4, i i S i
gelten. Es seien j;=(a[, b',) (1= 1, ..., A) disjunkte Intervalle in (0, a) mit mes 7/ = 
= nf, mes 7ri, und J"=(a{,b'{) (1=1, ... ,  g —A) disjunkte Intervalle in (a, a+b) 
mit mes 7j"=mes 7S|. Wirsetzen

Фк(х) =
Ф к ~~аФ + fl*>) (xt-Jfl 1=1, . . . ,Q - Я), 

.-«*)+«*) ( х а ; - ,  I =  í , я)
И _, \  Di — d i  /

(к 1, . . . ,  А ) .

Es sei
=  фк((а + Ь)х)/К (x€(0,1); к =  1, ..., N).

Offensichtlich bilden die Treppenfunktionen ф%(х) (k=  1, ..., N) in (0,1) ein 
orthogonales System, und es gilt

(21) №?(*)! s  1 (x€(0, 1); k = 1, ..., N).

Es sei E die ßildmenge des Intervalls (0, ä) durch die lineare Transformation y= 
=x/(a + b). Aus (20) folgt:
(22) mes £  ё  1/5.
Weiterhin gilt auf Grund der Definition der Funktionen t//( (x)

(23) 1max -г- 1SHS1V Я„
II2  ak Фк (x)fc = 1 T  = 2г1 |а(1,лг); K; я; niVii (x 6 £ )-

Es sei Js (s= l, ..., u) eine Einteilung des Intervalls (0, 1) in paarweise disjunkte 
Intervalle derart, daß jede Funktion фк(х) in jedem Js konstant ist und E die Verei­
nigung einiger Js ist. Den Wert von фк (x) im Intervall Js bezeichnen wir mit gfK 
Für jeden Index i ( l s s ^ i r )  sei (х)}*=1 ein orthogonales System von Treppen-
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Punktionen derart, daß
l

/  Xsk) (x) dx = 0 (/c =  1, N)
0

gilt and jede Funktion Xsk)(x) den Wertbereich {1 —gs№), -  1 —QÍk)] besitzt. (Im 
Falle Q(sk) = 1 soll man y[k) (x) =  0 setzen.) Aus (21) folgt
(24) |Z ® W |S 2  (x€(0,2); к = l, N; s = l , . . . ,a ) .

Es sei

ФГ(х) = « W  +  i z , ® (Л; x) (к = 1,..., /V).
S  =  1

Man kann leicht einsehen, daß ф** = Щ*(Х)}Т£ ß ( l )  ist. Für jeden Index s ( l s  
á íS f f )  sei ns eine positive ganze Zahl mit и,з=А und

Daraus folgt

2  <>кФк(х) k = 1
шах —1 Sn̂ JV A„ 2  ak Ф*к W

k= 1
(x£Js).

s |д(25) m esjx6/: max —ISi/JSíA / 2  акФ2(х)

■=: mes

5; mes

S ^ | |a ( l ,W ) ;  К; X; l ,A | |} s  

{x£Js- j - \ 2 а кФ Г(х) S  4^ i|o (l, N); К; X ; l ,W ||} s  

\x e J s: ~ \ 2 ^ Ж ( х ) \ ^  ^ \ \ a ( \ ,  N): К ; X; 1,ЛГ||}-

4 ^ l|e (l,JV ); К: А; 1, A||} = 

^  |J«(1,2V); К; X; 1, A|[}-

—mes 1x6/,: - Í -
'"Hs

2  akXsk) (Л : *)ft = l

- mes ix £ ./,: max - i-
1 I и v 2  ° k x!'t (x)

-m es{x€/s: 4 -  |Д aky ^  (Js; *) S  ^  (!u(l, А); К; А; 1. 7V||}.

Nach (24) ergibt sich durch Anwendung der TschebyscheiTschen Ungleichung

mes j x f ./,: 2  akX(sk) (Л : -v) -  4 ^  li"(l’ N): K; A;

1 Пs 1
-  mes Js. \ 6 K - ~  2  al f  (y™ (x))-dx/\\a ( 1. N); К; X; 1, ЛГЦ3 s

Á", k = 1 /

s  mes / s .64A3 2 а Ц \\а { \, N): К; X;
k = 1

1, iV||2 ^  mes/s/2,
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auf Grund der Voraussetzung des Hilfssatzes VII. Daraus und aus (23), (25) folgert 
man
(26)

mes max -
I  1 5 n S lV

2  а Ж Ч х )
к  =  1

4 ^ |e ( l , t f ) ;  К; Л; 1. N||J — mes JJ2.

Es sei
’ =  и  max —V \  imnsN Л„

J. SE

2  аЖ * (х ) i s ^ | | a ( l , A ) ;  К- Я; 1, V||}.

Für jedes s (s = 1, ..., ff) sei ms die kleinste ganze Zahl mit ms^ N  und

Es seien
- j— \ 2  акФГ(х) 4ms U — 1

=  max — lSn^N Л„ 2  °кФГ(х) ( x e j s) .

Wir setzen

£ ) ( s )  =  { * € / , :  y —  2  окФь*(х)  S  o }  ( s  =  1 ,  f f ) ,l 4  k = 1 >

E 2{s) =  | x 6 / s : - j —  2  акФк*(х)  <  o }  ( s  =  1 ,  . . . ,  f f ) .Am, k = 1 J

Фк(х) =
ФкЧх) LJ Efs)},( s  =  l  )

- Ф*кЧх) ( x €  Ű L̂Oo)
(к = l , .... N).

Die Funktionen фк(х) (k = l, N) sind Treppenfunktionen und es gilt ф = 
=  {фк(х)}ка ß (l). Weiterhin ist E einfach, und es besteht

(27) max -y- 2  акФЛх) ^  -rrr !l«(l. N); K\ Я; 1, N\\ (x£E).

Aus (26) und (27) ergibt sich, daß für das System ф und für die Menge E alle Erfor­
derungen des Hilfssatzes VII erfüllt sind.

Damit haben wir Hilfssatz VII bewiesen.
H i l f s s a t z  VIII. Es seien 1 < K< °° und a eine Folge mit 

lim ||a; K; Я; N, °°|l *z 0.
N  -*■ oo

Dann gibt es eine positive ganze Zahl q mit folgender Eigenschaft. Für jede positive 
ganze Zahl A, gibt es eine positive ganze Zahl N2( = Nj) mit

||a(A1? A2); К; Я; Nlt Nt || >  ß.
B e w e i s  d e s  H i l f s s a t z e s  VIII. Auf Grund der Voraussetzung gibt e s  eine 

positive Zahl q mit
(28) Ifa; К- Я; A, 41 => 2ß (A =  1, 2, ...).
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Wegen A„ —► oo ( я  -»oo) gibt es eine ganze Zahl Ax( s Nj) mit

II«( 1 , ^ - 1 ) ;  К; A; Ä x, Hl & k l  <  6-
Ai?! * = 1

Daraus und aus (28) erhalten wir
(29)
» « (A i,-) ; К- A; Лх, - |  ё  ||o; * ;  Ai ÄFX, H l - | e ( l ,  Ax-  1); X; A; Nx, Hl =~ 6- 

Aus (29) ergibt sich

q <  ||a(Xx, oo); K- A; n x, л у  ^  ||a (Xx, Я; Äx, JV,|| s

— H e ( A i ,^ ;  К; А; A ,, A2|| 

für genügend grosse N2( ^ N 1).
Hilfssatz IX. Es seien 1 -=X< oo »ni/ я eine Folge, für welche eine streng 

wachsende Indexfolge {Am}“ mit

||a(Am + l, Am + 1); К ; A; Xm+1, Am + 1|| >  <?(^ 0),

|я(А ж+1, Аи+1); X; А; АЛ) +  1,Ат+1||2 ^  I28X2 шах -г? 2  *
A„ t = l

( m  =  1, 2 ,...)  existiert. Dann gibt es ein Ф 6 ß  (1) derart, daß die Folge (2) in (0, 1) 
fast überall divergiert.

B eweis d e s  H ilfssatzes IX. Auf Grund des Hilfssatzes VII gibt es für jedes 
w (= l,2 , ...) ein System Ф(т) =  von Treppenfunktionen
und eine einfache Menge E m( Q ( 0 ,  1)) mit

(30) mes Em i  1/10,

(31) 1\ +1 A 
max T  2  акФ1т)( х ) ^ —  в< ,sA t i  A„ i=Am+i 4Ä (x €£■„).

Durch Induktion werden wir ein System Ф =  {Ф4(х)}~€й(1) der Treppen­
funktionen und eine Folge {Fm}“  von stochastisch unabhängigen, einfachen Teil­
mengen von (0, 1) darart definieren, daß für jedes ni(= l, 2, ...)

(i)
und

mes Em ё  1/20,

(ü ) max — 
V " 5* ..!  A„ 2  ak$k(x) k = l 4 К (x€F J

erfüllt sind.
Es sei Фк(х)=г1с(х) (k=  1, ..., Nt). Dann gibt es eine Einteilung des Inter­

valls (0, 1) in paarweise disjunkte Intervalle 7X, .... Ie derart, daß jede Funktion
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Фк(х) (k=l,  JVj) in jedem Ir konstant ist. Es seien

1 ~
“r1) =  sign-r— 2  «Ic^tW (x£lr\ r = 1, ...,<?),

/tNi *=1

Ф^(х) -  Ф Р  ((о, i ) ;  * ) -  ((■!, l); x) (k =  Nr+ 1, ..., TV2),

И ( ° ’ 1))> «r(1) = 1.0 (r =  l, ...,<?).

U ( t M ) »  a i i ) = - L
Wir setzen

$*(*) =  x) (k = N,+  1, ..., A2),
r = l

und F j=  Ű £|<r)(/,).
r = l  ^

Offensichtlich sind die Funktionen Фк(х) (/c = 1, ..., Treppenfunktionen, Fk
ist einfach, und es gilt {^fe(x)}J,2€ Í3(l). Aus (30) und (31) ergibt sich weiterhin, 
dass (i) und (ii) für m —I erfüllt sind.

Es sei m0 (S2) eine ganze Zahl. Wir nehmen an, daß die Treppenfunktionen 
Фк(х) (k= \, ..., JV%) und die einfachen Mengen F„,(^(0, 1)) (m=  1, ..., /w0- l )  
schon derart definiert sind, daß (Фк(л:)}^гао£й(1) ist, die Mengen Fm (m= 1, ...

1) stochastisch unabhängig sind, weiterhin (i), (ii) für m — 1, ..., m0— 1 
erfüllt werden. Dann gibt es eine Einteilung des Intervalls (0, 1) in paarweise 
disjunkte Intervalle Jlt  ...,/„  derart, daß jede Funktion $k(x) (k=  1, ..., /Vra#) in 
jedem konstant ist, und jede Menge Fm (m = 1, ..., m0—1) die Vereinigung 
gewisser J, ist. Es seien

1 *mo
«i""0 _  sign —г----  2 Ф к(Х) (Х€Л; s =  U <?),

4 ,  *=1

фГ о)М  =  #.«-•> ((0,1); х ) - Ф Г 1) ( ( j ,  i); *) <* = Л Г - . + 1 . Nmo+1),

X,((o, t))> “iM,) = 1.o,
f <;> -

Wir setzen

(s = 1, ..., er).

í ’tW  =  2 1 Ф*т,)(Л ; л) (к = 1 , ..., Nmt+1),
««=1

und Fm = Ú £ « ( / ,) •
Es ist klar, daß die Funktionen Ф* (a) (k= Nma + 1 , . . . ,  A/„1Ti) Treppenfunktionen, 

Fmo einfach und {Фк(х)}"т«+1i ö ( l )  sind. Die Mengen F1, . . . , F mo sind sto­
chastisch unabhängig. Auf Grund von (30), (31) besteht weiterhin (i), (ii) auch im 
Falle m—m0. Das Funktionensystem Ф und die Mengenfolge {F,n}“ mit den 
geforderten Eigenschaften erhalten wir durch Induktion.
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Es sei F= lim Fm. Aus (i) erhalten wir durch Anwendung des Borei—Can-

Daraus ergibt sich durch Anwendung des Hilfssatzes III, die Existenz eines Ф£0(1) 
derart, daß die Folge (2) in (0, 1) fast überall divergiert.

Damit haben wir Hilfssatz IX bewiesen.
H ilfssatz X. Es seien 1 und a eine Folge mit lim  [ja; К; A;

N, Hl ^ 0  und

Dann gibt es ein <P£ ß ( l )  derart, daß die Folge (2) in (0, 1) fast überall divergiert.
Beweis des H ilfssatzes X. Durch Anwendung des Hilfssatzes VIII kann man 

eine streng wachsende Indexfolge {A,„}“  derart angeben, daß die Voraussetzungen 
des Hilfssatzes IX erfüllt werden. Durch Anwendung des Hilfssatzes IX erhalten 
wir dann die Behauptung.

H ilfssatz XI. Es sei \< K X< K 2<  °°. Dann gibt es eine nur von Kx und K2 
abhängige positive Zahl C(Kl , Kj) derart, daß für jede Folge a und fü r  beliebige 
positive ganze Zahlen Nx, N.z (Nx^ N j)

Beweis des H ilfssatzes XI. Es seien a eine beliebige Folge, und Nx, N2 
(Nx̂ N 2) beliebige positive ganze Zahlen. Durch Anwendung des Hilfssatzes VI 
ergibt sich ein System {^(лг)}^ Й(Х2)

tellischen Lemmas mes F =  1. Aus (ii) folgt

- j -  2  ak$k(x) ->0 (n (x£F ).
An k=1

Es seien

und

i N i r )  t « ® 1*
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Offensichtlich gilt tp= {<pk(x)}í'2í  Í2(A'1). Weiterhin ist

II« (1, jV2); Ki , Я; Nx, JV2||2 §= /  max ( - ] ?  ak<pk(x)\ dx SJ NlSnmN, ( Я„ * = i )

-  / ä  ( т г .4 о*л (4  dx = »,?■“ , ( x - ,4  ( f ))'"*

“  K l  K i M - K i  /  ( r , 4 “ *>«>)'“*■

Hieraus folgt nach dem obigen

||a (l, V2); K2\ Я; N lt ЛГ.И* ^  j-2 ||a(l, ^ 2); Я; JVX, V2||2,A"2 a:2- i
also gilt die Behauptung mit

C2(A\, K2) = 2 Kl 1K l- 1 *

4. B ew eis des Sa t z e s  I. Für l s A 0s > »  sei

M(K0, Я) = {«: lim ||«; Af0; Я; V, HI =  О}.

a) Im Falle a£M(K0, Я) folgt aus dem Hilfssatz V, daß (1) für jedes (p££2(K0) 
in (0, 1) fast überall besteht.

b) Es sei nun a^M (K 0, Я).
Im Falle K0 = °° haben wir bewiesen, daß ein Ф£0(°°) derart existiert, daß 

die Folge (2) in (0, 1) fast überall divergiert [3].
Es sei nun lsAf0< °°. Dann besteht lim ||«; К; Я; N; HI^O-

N  —*■ 0 0

(i) Ist

- w 2 ak +  Q (и-°°).
'■n k =  I

so zieht der Hilfssaíz IV die Existenz eines Ф£ ß(l) nach sich, derart daß die Folge 
(2) in (0, 1) fast überall divergiert.

fii) Es sei

-TT 2  °k -* 0 (n -°°)- 
л п k = l

Ist 1<X0, so gibt es auf Grund des Hilfssatzes X ein Ф £0(1)£ £2(АГ0), derart, 
daß die Folge (2) in (0, 1) fast überall divergiert.

Es sei nun А,—1. Wegen я([М(1,Я) gilt

(32) lim Be; 1; Я; t f ,~ |  * 0 .
JV-*- 00
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Da wir
Ile; 1; A; N, Hl -  II«; 2; N, Hl (ЛГ= 1,2, ...)

haben, erhalten wir aus (32) lim ||a ; 2; X; N, Hl ^0.
N  -*■ oo

Durch Anwendung des Hilfssatzes X im Falle K= 2 ergibt sich ein Ф£(2( 1) 
derart, daß die Folge (2) in (0, 1) fast überall divergiert.

Damit haben wir Satz I bewiesen.
Beweis d e s  S atzes II. Da M(\,  X)^M(K;  A) (1<X<°°) offensichtlich ist, 

genügt es
(33) м ( l, А) о; M(K; x) (i <  к  < н
zu beweisen.

Es seien nun und a $ M (К, A).
Aus den Hilfssätzen IV, bzw. X bekommen wir ein <jP£ß(l) derart, daß die Folge 

(2) in (0,1) fast überall divergiert, d.h. a i  M (l, A). Damit haben wir (33) und 
somit Satz II bewiesen.

Beweis d e r  B em erkung  I. Wegen 0<A„5=A„+, — (« —H  
Indexfolge {nt}”  (1 = )« !< .. .< u fcc . . .  mit

(34) (Xin + ...+Xnki) ( k -  1)1/4ё2АЯк̂ 4 (k = 2 ,3 ,...).
Es sei

аи k 1' 1 ’ 
0

/? = nt ; k = 1, 2, . . . .  

sonst.

gibt es eine

Es sei (p£Q( 1) und n positive ganze Zahl. Dann gibt es einen Index /=/(«) mit 
lim /(и)=°о und n ,^n <  n,+1. Durch einfache Rechnung ergibt sich auf GrundЦ-+-СО
von (34)

Tn 2  “kVkix)= 1 2 1 k l = -г- 2 1«,
*=1 j=1

I 1 }
— 1 ,-1,4

A i ,  i  =  l  I
- 0 (x€(0, 1); n -oo).

D. h. es gilt agM (l, A).
Es sei {4}Г eine Folge von einfachen Teilmengen von (0, 1) mit folgenden 

Eigenschaften. Es gelte
(35) mes Ik =  1/k (k = 1 ,2 ,...),

und für jedes x£(0, 1) bestehe x £ ik für unendlich viele k. (Solche Mengenfolge 
kann man leicht an geben.)

Wir definieren ein System d>€i2(H von Treppenfunktionen mit folgenden 
Eigenschaften:

(36) IФ, .wi=r/|/öes,‘ (*€/*),
sonst ( k =  1,2,...),

(37) |Ф„(х)| =  1 (x€(0, 1); n = 1,2, ...; n nk; k = I, 2, ...).
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Essei <f>j (x) =  1 (x£(0, 1)). Es sei n0 eine positive ganze Zahl. Wir nehmen an, 
daß die Treppenfunktionen Ф„(х) (n= 1, . .. ,n 0) schon derart definiert sind, daß 
{Ф4(д:)};ое fl(°°) ist, und (36), (37) für nkё n0, bzw. für nS«0 erfüllt sind.

Es sei nun п0+ 1 ^ п к (k= l, 2, ...). Dann gibt es eine Einteilung des Intervalls 
(0, 1) in paarweise disjunkte Interwalle Ju  ..., J„ derart, daß jede Funktion Ф„(х) 
(n = l, n0) in jedem Intervall Js konstant ist. Die zwei Hälften von Js bezeichnen 
wir mit J" bzw. mit J" (s= 1, ..., ff). Dann setzen wir

ФHq + I
1

- 1
(*£4'; s = 1,..., <r), 
( t € / s" ;  s  =  1 , . . . ,  f f ) .

Es sei nun n0 + l= nko (für ein gewisses k0). Dann gibt es eine Einteilung des 
Intervalls (0, 1) in paarweise disjunkte Intervalle Jx, derart, daß jede Funk­
tion Фп{х) (n—1 ,..., zi„) in jedem Js konstant ist und 40 die Vereinigung gewisser 
Js wird. Die zwei Hälften von Js bezeichnen wir mit / / ,  bzw. mit J"  (s= l, ..., a). 
Dann setzen wir

^no + lW  —
l / /m es 4„ 

-1 /l/m es Iko 
0

(•t6*^j, 5 l , ...»o', »4 =  4o)> 
(x£Js"; s =  1, ..., er; Js ü  4 0), 
sonst.

Offensichtlich ist Ф„о+1(х) einfach, gilt {Ф„(т)}"0+1€13(с°), weiterhin bestehen (36), 
(37) für пк~ щ + 1, bzw. für nS /io+ l. Das System Ф mit den geforderten Eigen­
schaften erhalten wir durch Induktion.

Es seien x£(0, 1) beliebig und k0 ein Index mit Dann gilt

(38) kn,.

k r

nk2  а,Ф,(х)

f k 0- ^ - k°2 \a.k Фпк (x)\ ^  2  S y k J /4
i=l ' ' i = 1 1 z

"kn-1
1 a„k фп Л х ) \kn. ‘ "‘oKa kn,. 1=12  к Ф /WI

1 k°“1 'Ч,. rr l

auf Grund von (34). Da x€40 für unendlich viele k0 erfüllt ist, gilt

lim
1 nk

—  2 а1ф1(х) Ánk í = 1
оо.

Da diese Relation für jedes x£(0, 1) besteht, folgt a$M(k, °°).
Damit haben wir Bemerkung I bewiesen.
Bem erk ung  VII. In der Arbeit [3] haben wir gezeigt, dass aus ||o; A||<°°

die Relation lim ||a; A; N, H l= 0  folgt.
N-*- o o

Diese Implikation gilt aber im Falle 1 °=> im allgemeinen nicht.
Es sei nämlich Wegen A„-*°° (n -* °°) gibt es eine Indexfolge

K l r  (/»!<•..</!»-=...) mit

2(A„,+... +A„t l) = k„k (к — 2, 3, ...).
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Es sei

Dann gilt

A„t (n = nk; k = 1, 2, ...), 
0 (n t± nk\ к = 1,2, ...)•

2  akq>k(x) ^  K0—  2  !«*l S  2K0 (x€(0, 1); n = 1, 2, ...)* = 1 Л„ * = 1
für jedes System <p£G(K0), und so gilt [|«; K0 \ A|| 2K0(-==)• Es sei N  eine posi­
tive ganze Zahl. Dann gilt für jedes k0 mit nk„=N

2  akrk(x) К
An. An,1 2  KI^i- J - Y k i s I  (*e(o,i)),An.

woraus sich
l|e; 2; n , Hl feil«; l ;  2; n , Hl fe 1 / 2  (N =  1 , 2 ,...)

ergibt. Also besteht lim ||а; K0; А; °°||^0 für diese Folge a.N-*00
B ew eis d e s  S atzes III. Wir nehmen an, daß die Behauptung des Satzes nicht 

zutrifft. Dann gibt es eine Zahl K0, 1 mit folgender Eigenschaft:
a) für jede positive Zahl M  existiert eine Folge « mit ||a ; K0; A|| > M ||a ; 1; A||. 

Wir zeigen, daß in diesem Falle auch die folgende Behauptung gilt:
b) für jede positive ganze Zahl N  und für jede positive Zahl M gibt es eine 

Folge « mit
II«; K0; A; N,~\\ > M ||a ;  1; A; TV; Hl-

Im entgegengesetzten Falle gäbe es nämlich eine positive ganze Zahl N0 und eine 
positive Zahl M0 derait, daß für jede Folge а

||«; K0; A; N0, Hl M0||«; l; A; A0, Hl
besteht. Dann würde aber für jede Folge а

||«; K0; A|| = ||«; K0; А; 1, N0- 1|| + ||«; K0; A; N0, Hl ё  

^ 4 - Y k l + M o l l « ;  1; A; jV0, Hl =
/*1 k = 1

4 - Y n 0 V ^  al + MJa; 1; A|| ^  Y N0 ^ 4 | « ;  1; А; 1, W0- l | |  + M0||«; 1; A||=iAi r tc = 1 Ai

-  h r +M° ) i|a; l; Я|1
gelten, was a) widerspricht.

Aus b) folgt aber folgendes:
c) für jede positive ganze Zahlen Nk, N2 und jede positive Zahl M gibt es eine 

Folge « mit
(39) ||«(A2, oo) ;  Kü- A; N x, -II > M ||«(A 2, oo) ;  1; A; N lt Hl-
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Im entgegengesetzten Falle gäbe es nämlich positive ganze Zahlen N x, N3 und eine 
positive Zahl M derart, daß für jede Folge a

||a(ÍV2, ~); K0; X; 1Vl5 —|| s  M\\a(N2, - ) ;  1; X; Nx, Hl
besteht. Dann würde aber für jede Folge a

IIа ; K0; A; Nlt HI ^  l|a(l, Nt -  1); K0; Я; Nx, HI +  ||e(N„ H ; A0; X; Nx, HI ^  
— |a ( l ,  Я .-1 ) ;  K0; X; N x, oo\\+M\\a(Nz, °°); 1; A; N x, HI ^

— ||n(l) N 2 — 1); K0; X; N x, Н |+ Щ ||а(1 , 1; A; N x, HII +
+  ||a; 1; X; N i, H l ) s ( l  +  M)||a(l,ÍV2- l ) ;  K0; X; Nx, <~\\ + M\\a; 1; A|| 

und deswegen für jede Folge a
II«; K0-, A|| ^  |1«; A0; X; 1 ,^ - 1 1  +  Цв; K0; X; Nx, Hl ^

S  ||a ( l,iVj —1); K0\ A||+(1 +  M )||a(l, iV2 —I); K0; X; 1Vl5 H l+ M ||a ; 1; A|| ^
1 __

II«; i; A; 1, л/г—i и+Лг

+ ̂ - Í T 2 (i+M)\\a- 1; А; 1, iV2- l | |+ M ||a ;  1; А|| ^
4-1

_  max (Aw , As.) , ,__________
— (2+M )------- ■j---------(/maxfiVj, N2) + ̂ ) l la ; 1; A||

gelten, was aber a) widerspricht.
Aus (39) folgt, daß für genügend große ganze Zahlen N3( ^ N X, N2)

H«(JV„ A3); K0- A; Nx, Hl = He(JV„ ~); K0; A; Nx, J\y >
=- M||fl(TV2, И ; 1; A; Aj, jV3|| = M||a(jV2, N3)\ 1; A; Nx, Hl

besteht.
Aus a) bekommen wir also die folgende Behauptung:
d) im Falle a) gibt es für beliebige positive ganze Zahlen N x, Aj und für jede 

positive Zahl M  eine Folge a und eine ganze Zahl N3( s N x, N2) mit
||u(A2, N3); K0- A; Nx, Hl >  M\\a{Nt , N3); 1; A; N x, Hl-

Auf Grund von d) können wir eine Folge von ganzen Zahlen {Nm}x (О=ЛГ1< ... 
...<A m< ...) und für jedes m (= l,2 , ...) eine Folge a(m) derart angeben, daß für 
jedes iw(=l, 2, ...)
(40)
||a<M>(Am+ l ,  Am+1); K0- A; JVm +  l,H I >  m*||a<->(JV»+l, tf .+ i); 1 ; A; Am+ 1 , Hl 
besteht; ohne Beschränkung der Allgemeinheit können wir dabei

(41) ||öW(Am + l, A„, + 1); 1; A; Am+1, Hl = - ^ r  (m =  1,2,...) 
annehmen.
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Wir setzen

«* = alm) (к = Nm+ 1, Nm+1; m = 1,2,

Es sei N  eine positive ganze Zahl. Dann gibt es eine positive ganze Zahl m=m(N) 
mit Nm̂ N ^ N m+1; offensichtlich gilt lim /и(Л0 =  °°. Aus (41) folgt für eineN -*■00

positive ganze Zahl mn{^m (N ))

Be; Í ; я; ЛГ, Hl S  ||«(1, N J ;  1; A; N, HI + l|a(Amo+ l ,  “ ); 1; А; N, Hl ^

S  ||«(1, N J ;  1; A; N, H I+l|a(Amo+ l ,  ~); 1; A; Nm + 1, Hl S

 ̂ ||«(1, N J ;  1; A; N, H+ 2  Ы*Г„ + 1, Nß+1); 1; A; Nm + 1, “ II S

^  ||«(1, N J ;  1; A; N, H I+  2  IIя (Ад + 1, Nß+1); 1; А; Nß+1, Ад+1|| S

-  ||«(1, N J ;  1; A; N, 41 + 2  -4  ^  ||e(l, АИо); 1; A; N, HI+—
)i=m0 ß  Mo

Es seien s> 0  beliebig und m„ so groß, daß l/w0<e/2 besteht. Dann ist

Ile; 1 ; A; V, Hl = II«(1, Amo); 1; A; N, Hl +  j  <  e, 

für genügend großes N. Also gilt lim ||ct; 1; A; N, Hl = 0 . Daraus folgtiV-*-oo

(42) «€M(1, A).

Nach Hilfssatz IV ergibt sich daraus

- r r Z a l - 0 (« - И
Z „  Je =  1

Hieraus und aus (40), (41) erhalten wir durch Anwendung des Hilfssatzes X, daß ein 
System <f>di2(1) derart existiert, daß die Folge (2) in (0, 1) fast überall divergiert, 
und so ist a$M { 1, A), was (42) widerspricht.

Damit haben wir gezeigt, daß es für jedes K(\<K<  °°) eine nur von К  ab­
hängige positive Zahl C(K) derart gibt, daß ||a; K; A|| sC(ÄT)[|a; 1; A|| für jede 
Folge a besteht.

Zum Beweis des Satzes III wollen wir nur C(K) abschätzen.
Es seien K > 2 und a eine beliebige Folge. Durch Anwendung des Hilfssatzes 

Xi eraibt sich
II«; К- A; 1 , All -== C(2, A)||«; 2: А; 1, A|| 

mit

C (2, К) = 2 | /  -  2K>
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woraus
(43) II«; K; X\\fi2K\\a- 2; A|

folgt. Andererseits gilt nach dem Satz III ||a; 2; Á\\^C{2)\\a; 1; A|| mit einer von 
a unabhängigen Konstante C(2). Daraus und aus (43) erhalten wir, daß ||a; K; A||S 
ä  C(ÄT)|| a ; 1; A|| für jede Folge a besteht, wobei C(K)^2K+C(2)=0(K) ist. 

Damit haben wir Satz III vollständig bewiesen.
B eweis d e s  S atzes IV. Für den Fall K= °°  haben wir die Behauptung in [3] 

bewiesen.
Es seien mm lSA"<°° und a, & Folgen mit a f M(K, A) und \bk\^\ak\ (k = 

= 1,2,...). Dann gilt
(44) lim ||a; K; A; N ,  °°|| =  0,

N  -*-oo

wegen der Definition von M(K, A). Es seien N ,  N k ( N ^ N k) positive ganze Zahlen. 
Nach dem Hilfssatz VI gibt es ein System cp= {(p^x^^Q C K )  von Treppenfunk­
tionen mit

Es seien 1 SÄ:1<...<Ä:es2V1 diejenigen Indizes, für die akr^ 0 ist; die anderen 
Indizes k, die von ku  . . . ,k e verschieden sind, bezeichnen wir der Reihe nach mit 
/s ( i= l,  ..., Nx — g). Wirsetzen

(45)

(r — 1, ..., q),

ф,з(х) = У2<р,11(2х-1 )  l); s = 1,...» 2Vj —e).

Dann gilt ф = (i/i)t(x)}í'1C Í2(/2К). Weiterhin bekommen wir aus (45)

(46) ||«; У2К; A; N, ^ | | 2 = ||e(t, N ); f l K; A; N, iVi||« §=

b-, K: A; N; WJ2.
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Durch Anwendung des Hilfssatzes XI ergibt sich, daß für die Folge а 

IIa; У 2К; Я; А, Ах||2 = ||я(1, NJ; У 2 К; Я; A, A i||»s 

^  С(К, У2 К ) ||а(1, Ах); К; Я; А, Ах||2 =  С(К, У2К)\\сг, К ; Я; А, ЛГа||* 
besteht. Daraus und aus (46) bekommen wir

IIb; К ; Я; A, Ax||2 ^  2C(K, У2К)\\а-К ; Я; A, A J2 
für alle A  und Nx (iVsiVj). Daraus folgt

lib; К; Я; A, Hl S  f l  УC{K, f2K)\\a-, К; Я; A, Hl (A = l ,2 ,  ...).
Auf Grund von (44) bekommen wir lim ||6; K\ Я; A, oo|| = 0 ; also ist b£M (K, X).N-*- со

Damit haben wir Satz IV bewiesen.
Beweis des Satzes V. Im Falle ct£M(K, Я) gilt lim \\a; К ; Я; A, Hl = 0  auf

N-*- CO
Grund der Definition von M(K,X). Es sei (0=)A 1< ...< A m< ...  eine Indexfolge 
mit

\\a; К ;  X ;  N m +  1 , ^ \ \ ^ - L  (m = 1,2,...).
Dann sei

/** = m (k = Nm+ 1, ..., N m + 1; m = 1, 2, ...).

Für jede positive ganze Zahl A  sei m = m (N ) derjenige Index, für welchen Am<  
< N s N m+1 gilt. Offensichtlich ist lim m (A ) =  °°. Dann gilt

IIЯя; К ; Я; A, HI ^  2  Ы ',  Я; Am+1, Ат+1|| áт=т(ЛГ)

^  2  т\\а; К; Я; Ат + 1, Hl =  1 ^  =  0 ( = т У .m = m(N) m=m(N) 777 \ffl\j\ )J

woraus sich lim ||/ш; K\ Ä; N , °°||=0, d. h. ца£М(К, Л) ergibt.
iV -* -o o

Ist a(fAf(°°, Я), so gilt ||a; °°; Я|| =  °°, auf Grund eines bekannten Satzes [3]. 
Daraus folgt, daß für jede positive ganze Zahl M  lim ||a • CO * Я; M, A|| —- °°.N—► oo

So kann man eine Indexfolge (0= )A x< ...< A m<... mit der Eigenschaft 

Ile; Я; Am +  1, Am + 1|| ^  m2 (m = 1, 2, ...)
definieren. Es sei

ftt = — (fc =  JVm + 1’ Nm+il m = 1, 2, ...).
Dann gilt

ll/т; Я; Am+1, Hl ^  ||^а; °°; Я; A„,+ l, Am+1|| s= m (m = 1, 2, ...), 
woraus lim ||^а; Я; A, Hl —°° und so ц а £ М ( ° ° ,  Я) sich ergibt.

iV-*- o o
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Bew eis der  Bem e r k u n g  V. Es sei l s i< o o .  Wegen lim 4 = 0 0  gibt es
eine Indexfolge (0=)n1< ...< n fc< ... mit 2(A„1+...+A Bfc_1)sA nit (fc=2, 3, ...)•

Wir setzen
_ iA t (n =  nk; к -  2, 3, ...),

Я" ~  1 0 in *  nk; к = 2,3, ...)•
Dann gilt

1 nk I 1  * - 1  1
- j -  S  l - у -  2 1 Я„. S y  (k = 2,3, ...)
A,Jk 1 = 1 I Л П/с S =  1  ^

fast überall in (0,1). So gilt aber für das System K (x )} rC O (l)S ß (i)

y -  2  a,r,ix) ->■ 0 (n - » )
К  i= i

fast überall in (0,1), woraus а $ M (К, A) folgt.
Es sei n = {fik}Г eine beliebige abnehmende, gegen 0 strebende Folge von 

positiven Zahlen. Dann gilt für jedes tp££2(K)

2  kk ak(Pkix) ^  K — 2  W ak\ (x€(0, 1); n = 1, 2, ...).
Á n k =  1

Durch einfache Rechnung folgt

y -  2  ккЫ  -  0 (n-*oo).К k = 1
Nach dem obigen gilt aber

1 "
lim y -  2  Vkak(pk(x) = 0
n~“ К  * = 1

für jedes System tp£Q(K) überall in (0, 1); d. h. es gilt ца£М(К, X) für jede 
monoton abnehmende, gegen 0 strebende Folge g von positiven Zahlen.
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WITH LOWER ORDER SINGULAR NONLINEAR

TERMS
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( 1)

(2)

I. Introduction. In this paper we shall study the Cauchy problem 

Lu = —u, + («(m))XI — b (it')x — cup = 0 in R X  (0, °°), 

u(x, 0) = u0 (x) in R,

where т ё 1 ,Я > 0 ,  p> 0, 0, c> 0 are constants. The function u0(x) is suppo­
sed to be bounded, continuous and nonnegative, satisfying u0(x) >■0 on /  and m 0 ( x )  =0 
in R \7  for a bounded interval I=(alt a2) c R .

Equation (1) is parabolic when n> 0 and degenerates when u=0. In the case 
b—c= 0 (1) is called the equation of nonlinear heat conductivity or filtration equa­
tion. The terms cup and b (u1-)x in (1) correspond to the absorption and to the trans­
port of heat or matter, respectively.

The Cauchy problem (1), (2) usually has no classical solution having continuous 
derivatives which appear in (1) even in the case b=c= 0 (see Zeldovich and Kom- 
poneets [7]). Oleinik, Kalashnikov and Yui-lin [6] proved that the Cauchy problem 
(1), (2) has a unique generalized solution in the case b= c= 0.

D e f in it io n . A continuous nonnegative function u(x, t) is said to be a  genera­
lized solution of (1), (2) if и satisfies (2) and if the integral identity

holds whenever ^]Х [?0! fi]c:RX(0, °°) and for all /€C |;J(/>) such that
/ (* „  t ) = f ( x i ,  o=o.

Throughout this paper solution means generalized solution- 
In the case m> 1, A s l ,  1, Kalashnikov [4] proved that (1)—(2) has a 

unique solution which is classical on the open set p[u] = {(x, /)£RX(0, °°)|u(x, i)>0}. 
The domain p[u\ is bounded by two continuous curves, that is there exist continuous 
functions Ci(0 0 = 1, 2) suchthat

These curves are called the interface curves or the front of heat perturbation or 
simply the front. Kalashnikov investigated the behaviour of the interface curves, 
too: in the case 1 1 he proved that there exists a constant x0( R  such
that u(x, i)=0 for all x á x ,  and for all rSO. This phenomenon is called the

p[u\ -  {(*, /)€RX(0, °°)|Ci0) < x <  C,(0}.
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localization on the left side. I f  1 =A<m, p =  l ,  then there exists a backfront, i.e. 
for any x0£R  there exist t0, rx>0 such tha t u(x0,t)=O  whenever t(J[r0, /1].

In the case m Sl, A ^ l, 0 < p < l, the term  corresponding to the absorption 
alters the character of interface curves strongly: there exist To,L 0>0 such that 
u(x,t)=0 outside [—L0, i,0]X[0, Г0]. (“total extinction in finite time plus locali­
zation on both sides”).

Diaz and Kersner [2] established that there is no right side front when c = 0  
and m l  1 > Д > 0  and for the left hand side front the inequality c2
is valid (here and сг, c2 are constants).

In this paper we shall prove that even in the case when c>0, mSl>A=~0 
and m—A>-1 —p  there is no right side front. This is one of the main results o f this 
paper. The second main result is concerned with the regularity of the solution. The 
third theorem gives a sufficient condition for the right hand side localization.

Let S  and S(i) denote the strips R x [t, T] and R=[t, T] respectively, for 
some constants !T>t> 0. Let

m — A if

i-HXI1g ~P
(3) a = ■ ( . m -p  \ max 1 m  — A, — if m — A <= 1~P-

T heorem  1. I f  u(x, t) is the solution o f  (1)—(2) in the strip S, then
(4) |« U  =g M
in the strip S ( t), where (ua)x is a distribution derivative, M  is a constant. I f  
sup <  °° then the same estimate is valid in the strip S, too.

Let M0 =  sup «0 . v—ua, where a is as defined by (3).
Theorem 2. Suppose u{x ,t) is the solution o f  (1)—(2) in the case

(5) m ^  1 > A >  0, p A 
and
(6) vx(x, 0)Ш-а.
where vx(x, 0) is a classical derivative and a is an arbitrary constant such that

(7) a <  ЪХ (1 —A)/(m (m +  2A -1)).
Then

a) i f  p = l then we have

(8) vx z = - Q j  in R X (0, °°)

fo r  some constant Q>Qa (m, A, b, М г, a);
b) 1/  1 >/»5 A then for all T  =-0 we get

vx = — Q-y in R X (0, T] 

where Q>Qü(m, A, p, b, c, M1, oc, T).
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Corollary 1. I f  condition (6) o f Theorem 2 holds then both in the cases a) and 
b) there is no front on the right side, i.e. i f  u{x0, ?0) > 0  for some (x0,10)(RX(0, °°), 
then u(x,t0) > 0 for all x ^ x 0.

Corollary 2. I f  condition (6) does not hold then we can prove the nonexistence 
o f the right side front only. Indeed, i f  u0(x) is an arbitrary initial value o f (1)—(2) 
then we can construct a function й0(х) satistying и0(х)^щ (х) and (mő)x(x) S —a.

Applying Theorem 2 for the solution (1)—(2) with the initial value щ(х) and 
using comparison argument we get that there is no right side front in this case, too.

Corollary 3. Case b) o f  Theorem 2 may also be valid in the case 1, i.e. 
the following phenomenon may appear: no front exists on the right side and there 
exists a T0>0 suchthat u(x ,  t) — 0 i f  t s T 0.

Theorem 3 (Localization). Suppose that u(x, t) is a solution o f  (1)—(2) and
(9) m ^ l > l > 0 ,  p.
Then there exists a constant L 0>  0 suchthat u(x, t)=0 for x ^ L 0 and all t>  0.

R em ark  1. We have seen that there always exists localization on the left side 
in this case. From assumption (9) it follows that 1 hence there exists a T0 > 0
suchthat u(x0, t0)=0 if t s T 0 (“total extinction in finite time”).

II. Preliminaries. To prove the theorems we need the following facts.
1. The Cauchy problem (1)—(2) has a unique solution.
2. The solution u(x, t) of (1)—(2) is the pointwise limit of a monotonically 

decreasing sequence {u„(x, t)} of positive functions, which are classical solutions 
of the initial-boundary value problem

u, =  (um)xx — b(ux)x-c u p+c in (- n , n)X (0, n),

^  u(x, 0) = и0(х; n) for xE(—n, n),
. u (± n ,t) = M 1 for t£(— n, n).

Here Mx= maxn0+ l and м0(х; и)6С“ satisfy the following relations:
(i) —< n 0(x; ri)<My, where x£(—n,ri),
(ii) u0(±n; ri)=M1,

(iii) n0(x; n) is strictly monotone decreasing when n increases and tends to 
u0(x), when n —► co#

3. It follows from the maximum principle that

— ^  u„(x, 0  m x.

4. D efinition. A bounded continuous nonnegative function v(x, t) is said to 
be a (generalized) supersolution of (1) if the integral inequality I(y, / ;  P )S  0 
holds for any i>= [r0,x 1]X[to,fi]cRx(O , «>) and any nonnegative function /€  
£C%f(P) such that f(x0, t)= f(x1, t)=0.

13 Acta Mathematica. Hungarica 45. 1985



428 G. FR A N CSIC S

5. L emma. Let u(x, t) be a solution o f  (1)—(2) and v(x, t) be a (generalized) 
supersolution o f(  1) in G = {(x, <*>} where S  is an arbitrary number.
Let м0(х)^п(х, 0) for s < x < ° °  and let u(s, t)^v(s, t) fo r  t ^ 0. Then u(x, t) ^  
^v(x, t) everywhere in G.

The above mentioned statements are easy to verify by means of a slight modi­
fication o f the proofs of the corresponding theorems in [5].

III. Proof of Theorem 1. The idea of proof of the Theorem belongs to Bern­
stein. It was perfected by Aronson (for equation u,= (um)xx) in [1] and by Kalash­
nikov (for equation u,=(um)xx —cup) in [3].

The solution u(x, t) o f the problem (1), (2) is a pointwise limit of a monotone 
decreasing sequence {и„(х, r)} of positive functions, which are classical solutions 
of (10) in Q„=(—n, n) X(0, n). To prove the first assertion o f Theorem 1 it suffices 
to establish the validity o f (4) for each u„(x, t) in б„П5(т) with a constant M  in­
dependent of n.

Let v:=u%, then

( m ,
\ 1 — -г . , Я — - 1  m im  ) ——2 m ——i,), =  — va v , ;  (ui)x =  — v a vx , (u™)xx =  — ----- l \ v a v l + — v a vx

о  er ff V a  )  a

Thus by (10), r(x, t) satisfies the equation
( 11)

v.= m ( \  m —1 m — 1m . I ------ 1 .. ----
— —1 1 1? a vx-\~mv a vx

x-i p —i -hi i - i
-bLv a vx — cctv a -fecni pv a .

N0Denote by/ the Aronson’s function: /(w ):= w(4—w), where N 0: = M f  Af0 -

4 N  2 N
= sup «о. Thus we have f ' ( w ) ——~ - ----—2 w and

(12) - ^ . = = / > ) = A ;  f " ( w ) = ~ ^
*■ ( t f -

1 1
(2 — w)2 -  4 ’

when O sw ^  1. Define w(x, t) by v=f(w ). We get

v ,  =  f \ w ) w „  vx =  f'(w) wx, vxx =  / »  w2x + f \w ) wxx. 

Rewriting (11) for w, we obtain

(13)
( \ m — 1 m — 1 rn m-
—— l j  У' 11 f ' K  + m f  a y r w l  + m f a w,

Л-1
P - 1

bkf a wx — ca f  " - +  cam pf
i - i

r  ' " "  r  *
Provided the notation p= w x is introduced, (13) differentiated with respect to x
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and multiplied by p yields 

(14)

- Hv-
m — 1

PPt — mf  ° PPxx
m —1

+

+ mf  - ( £ • )  } p ‘ +  H ^ - Z )  f - r + Ъ ^ -  f -/ '

bl
; _  I i z l . i  izL /'/r£TL+1V I /T V

/  '  / V -ЬД / j  p H c a n - ^ ^ - J  p2.

Let (x0, t0)£Q„C\S(t) be an arbitrary point such that |x0|< / i—2. Let £(*> r) 
denote a smooth function satisfying the properties: O s ^ S l , £ —1 in pL =
=  (x0—1, x0+ l)X (r, Г) and C=0 in the neighbourhood of the lines i=0, x= x0±2. 
Set Pa=(jc0 — 2, x0 + 2) Х(т, T), and consider the function z(x, t)=£2p2 in P2. At 
the maximum point of z(x, t), we have z(> 0, zxxs .0, zx= 0 that is
(15)
and

i 2PPx = - ^ xp2

(16) ~ { z ,-m f ° zxx) — 0.
More explicitly, the last inequality takes the form

tn—1 in —1

C2(p p ,-m f ° PPxx)= {(il + Cxx)P2 + 4CxPPx + C2Px}mf a -CC,P2- 
Note that

№xPPx\ s  C2pI+4C Ip2
and

m—1 m—1
Í2 (PA -  m /“  PPxx) S  {(Cxx -  3C2x) m f ~ -  CQ p \

Multiplying the equation (14) by £2, we can use (15) and (16). Taking into account 
the above remark, we gain the following inequality:

-C 2m ( ^ r ~ 1) ( !~ —  ! ) . Г ^ ~ \ Г ? Р '  +  Ъ Х / — ' ' Г  C2P3-

p- 1 i  1

- b X f ~ U x P 2 + c a [ f  j ,  ) C-p2- c a n - > [ l- ^ - }  i 2p2-  

-  C2 [m -  1) f — ' r  +  mf ~  [ j r ]  } P' =
m—1 m—1

S  {СС,-т/“ К х ,+ З С > /~ } р 2-

13* Acta Mathematica Hungarica 45, 1985.



4 3 0 G. FRANCSICS

Multiplying this by /  " , we obtain
(17)

{Сй/"=="-»*/*«„+3»!Г!Й}р, - С С , 2) / / '  + 2m /^ } p 2 ^

S  -  £2 m - 1) l)  (Л  V + 6Я /  W  -
p-i ,, , 1

2 m- A 2 f  <r +  V  w - 1  /  7  7 ч '
-Ь Я / - CC^+ccrf - ( У--/ ; - J ? jf i - c a n - ’f  ° y - j r -J  C2p2-

_ Ca{w ( 2 ^ l l _  l ) / / " + m f ( ^ ) ) p 4 = Л -К ..+ / , .

Case 1. If w —Asl  —p then a= m —X by virtue of (3). Then the coefficient of 
£2p4 in the term /L on the right side of (17) is strictly positive, |/2] ё с 4С|р|3, |73|S c 2p2 
and the coefficient of £2p4 in 76 and 7, is nonnegative. We shall estimate 74 and 75 
together:

w i  =

Here uan=v=f(w) and using that — ̂ u„ in Q„ (see the Preliminaries), we get

f a (tv)—n_psO, and (12) yields
P

" ( /  " (w) — n~p) -JJ7(/')*
0.

Since <r=nj—A s l —p we have P -  1 +1 SO and thus

i.e. 74+75>0. The left side of (17) is less than c3p2+ c4C|p|^ because 2 —m — 1

=  2 -
m —1
m — XS i.  (These constants ct do not depend on n). So we may drop 74,75, / e, 

7, on the right hand side of (17) and divide by the coefficient of £2p4 in 74. We obtain

2 C2p4 ^ c 5p2 + c6CN 2,

.4cW Mathematlca Hungarica 45, 1985
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Since c6£|p|3^ ( 2p4 + p2 it follows that (2p2Sc7. Therefore

max |WX| == max |Cwv| = max \£wx\ s  max 1/£2p2 s  c8.
Pl Pl Pz P2

Finally, vx =f'(w)wx and (12) imply that max |tfJSc9 which completes the proof 
for Case 1. Pl

(
J7Í — p  \m — A,—-— J by virtue of (3). Here 

<r< 1 in both cases: when a —m — 7 then we have a — m — 1 — p<  1 and for 
we have m — p < l  +2 — 2p< 1 +  A<2 since w — 2 < 1 — p.

Thus the coefficient of £2p4 in /x on the right side of (17) is strictly positive, 
I / J ^ C I p I3, \13Ы ъ р * because 1———— ̂ 0 . We shall estimate /4 and l5 together:

— can
a_J2=1 f П  - -  Ü +1 /"

4  ° CV2[ l - - J /  '  -c a r/ " / •  ^ y y ( 2/-2 +

+  ССГП pf 7 f "
i f f

C2p 2 C(T (7 + 7 CV +
m m

+ c(l — a)n~pf  a (2p2 — c o f  a f "
i f f

Here the absolute value of the lirst term is less than c3(2p2 since аШ——?  ■ The
second term is positive since <r<l, the third term is also positive because of (12) 
and f p/a(w)—n~p^ 0. Thus both terms on the right side of (17) can be omitted. The 
coefficients of (2p4 in / 6 and /7 are nonnegative, since 2m — I >o\ thus these 
terms may also be omitted.

. . tn—p m — 1The assumption 0<7w — A<1— p of Case 2 yields a S —-—> —- — , there-
1YI — 1

fore 2 ----------SO. This shows the left side of (17) to be less than c4p 2 +  c5(|p |3.a
Thus similarly to Case 1, the following inequality holds: 2(2p4^ c ep2 +  c7£ |pj\ 

So, to finish the proof, one may proceed as in Case 1.
The proof of the second assertion of Theorem 1 is similar, the only difference 

is that instead of £(x, t), now a function £(x) must be taken with (=1 on [x0 — 1, 
x0+ 1].

" R emark 2. Theorem 1 is sharp, in general. This may be established by the 
explicit solution

A(x0- x ) ß
0

if я I =■ x s; x0 
otherwise
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where m —X = X—p, ß 1
m —p X—p and

( - b X ( m - X )  + (m -X )Y b 2X2+4cmX t8/m~p 
l 2 mX )

Proof of Theorem 2. Using the notation o f the previous Theorem and dif­
ferentiating (11) with respect to x, we get

-vx, + m ( т - 'И ^ т Ч ^ -я -
m—1

+ mv « vxxx-

Я- l  i= 2~x  . — bX------- " ”2
Я -1  /7 — 1 p - l  1

v a v% — bXv a vxx—c(p—l +  <r)v a v a vx+c(<r—l)n~pv "v —o.

Let i f  denote the nonlinear diiferential operator given by
m — 1

ifw  =

Í T - ' )

w3 +

m—1
+ mv " \vxx — bX

m— 1

Я-1 — -1

" wwx +

Я - 1

w2 — bXv " w, —

p - i  _i_
— c(p—l + ff)v a W + c(<7 — l)n ~ pV ” IV

which occurred in the previous equation, i.e., if w — vx then ifw =0.
First we show that

(18) vx ^ - a  in R x (0 , o°).
Due to the maximum principle and condition (6) it is sufficient to show that 
i f ( -  ос)ёО in R x  (0, °°). By direct computation we get

(19) i f ( —a) = —m lj —  l)  v~  *a3 +

1 —X — -1 p -1 _JL
+ bX-------v a a2-f-ca(p — l+ o)v a — c<x(a— l)n~pv ”.<T

Both in the cases a) and b) by virtue of (3), a — m —X, thus the first and the second 
term on the right side in (19) is positive. Therefore

p - i  _ j_
-Sf(— a) S ca[(p — 1 +a)v a — {a — l)n~pv "].
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1 —Since a = m —A, we have c r + p -l^ O , thus using that — ^ u „ —v a in Q n (see the 

Preliminaries) it follows that
p - 1 _ J _

( p  — \ + a ) v  ° S  (p — 1 + a ) n ~ pv ".
Then we obtain

_i_
£ ? ( -  a) s  c a p n ~ p v  1 § 0 .

To prove Theorem 2 we need only show that =*■ 0 in R x (0 , °°) and

in case b )  in RX(0, Г], respectively. By direct computation we get

r )  v, v ( m  t f tn — l t ” ~"+t Q3
se{~e 7>i‘ eT ~ l!7 ~ mW ~  ) { ~  T  '  T  +

+  ы

f f  m ,) /71 — 11 —+ Q- m 2  — 1 +------- V aL v о- )  О J

1 - Я

a

A—1 2 A —1

v " Д г + p W .  г " —  
f- t

Qll lV  a  - — • +

P - 1 + 4
t

,  1 - —  1 
-C (< 7 “ 1)011 P V a  —  =  I i +  . . .  +  / » .

We shall estimate /2, /5, I7 on the basis o f  (11):
m —1

h + h + 1 ~  — ~ { v t — m v  a vxx + bX v  a u.v} =

{ /  \  m — 1 p —1 _1_ &

— l jr " v% — c a v  a + c a n ~ p v  " J .ca v

Combining this with /8 and /„ we get

(

\ m — 1  ̂ 2

л P-1

4-

p —1 ,

— c

+  - y - { — e c r u  11 +C(Tf1 ~ p v  a +c(p —  1 - \ - o ) v  "  —

1 p—1 1_

( <T—  l ) l l ~ P V "  }  s  ~ y -  { ( p —  l ) u  a  4 + n ~ p V a  }  Ä  £ j - ( p —  l ) t 7

P - I

Now we distinguish two cases.

C a se  a ):
(21) m  ё  1 >  A >  0 and p =  1.
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By (20) we have

l i  +  h + I i  +  h + h ^ ^ - { p - l ) v " °  +1 s o .

From (21), (3) it follows that er =  m —A and thus / Зё 0 .  Using (18) and m — 1

=  1 +
A - l

, r> =  n" =é Mf in the estimate of / 2, / 4, / 6 we get

Л +Л  + / .  =  - £ { - »  + в»* [2 ( ^ - 1] +  - ^ ^ ] / « ' % , + ^ - ! — A / * ' +1}

Q b ). - — - )  S  
(7 J

■ А -Ь Ц .
<7 J

-a qm-
m  +  2Я — 1gl? * Í — :

h  a
m — 1

__ 6У " ) Ш +2А -1
=  — 7i— Г М 1 - ai?w ------- ------- +  Q b ).

If a satisfies (7), i.e.,
. , 1 — a  m  - Ь  2A. — 1о A — —  am----------------

then we can choose g so large that

6A(1—2) m+2A— 1--------------- am--------------- - m i - о .

Thus we have {?yj=»0 which completes the proof of case a).

Case b ):
(22) m & 1 =~ A >  0 and 1 > p g l ,

From (20) it follows that
„ p — 1

А + Д + А  +  4 + А  =  a

but now the right side is negative. Similarly to the Case a) from (22), (3) it follows 

that a = m  — A and /Зё 0. Using (18) and —— -  =  1 +  * v  =  »„ g M {  and the<T cr

fact that A g_L _  for í£(0, T] in the estimate o f / 2, / 4, /6 we get

f2 +  /» +  •/, ■ — a pm ■m +2A -+оЬА }

; m +  2A —1 , . 1— af?m---------------- h q o A —
- A )  ^---- )г;
a  J
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Due to ( p —X ) / o = l —( m —p ) /o ,  v =  u" =  Aff we can give an estimate for the sum

=  A + -  +  / 9 S

p  Г . M \ ~ x q m ( m  + 2Я — 1) 0 1 —A1
« f - 5— ; ------ i + T M — / '  •

If a satisfies (7), then we can choose g sufficiently large, that is

Q_
T

П - '
T

Í, , 1 —Я m(m + 2 A—1 ) 1  .. . , MJ
- Ш -------------- Of— b--------------------’- \ - c ( \ - p ) M f - * -----------i -

{ a  a  I 1

Then we have i f i — whi ch completes the proof of Case h) and the proof 

of Theorem 2.

Proof of Theorem 3. Let i f  denote the nonlinear differential operator given by 

i f  и =  — и, +  ( if*)ж — b ( u ')x — cup.

We also define a function v ( x ,  l )  by

(23) v (x ,
A (x0- x ) p 

0
if
in

«i S X S  X u

(a  1 , °°)X(0, °°)

where A , x 0, ß  are positive constants which will be specified later. Recall that 
Uo(x)>0 on I=(at , a2) and w0(x) = 0 in R \/ .

To prove Theorem 3 we have to show only that the constants A ,  x„, ß  can be 
chosen in such a way that the function u(x, t  ) is a supersolution of (1)—(2) in 
(al5 oo)x(0, 00) for which m0(x) S p(x, 0) when x =sö, and и(аг, t)^ v (a 1, t) when 
tsO . (See the Lemma in the Preliminaries.) It can be easily checked that

(24) if;; =  A " ' ß m ( ß m - \ ) ( x „ - x Y m- 2 +  b A 2 ß Ä ( x „ - x ) ^ - 1 -  c A p ( x 0 - х У р =

=  Ap(x0- x y p{Am- pß m (ß m -] ) (x a- x ) ^ n’- p'>-2+bA’- pß?Ax0- x y ^ - p'>-1- c } .

To prove that v (x ,  t )  is a supersolution of (1)—(2) in (u,, °°)x (0 . » )  it is sufficient 
to verify that ifu^O  if

From (24) it follows that

(25) ifu  S  A p (x 0- a iy p [Am- pß m ( ß m - \ ) ( x 0- a iy ^ - ^ - 2+

+  b A x- pß?.(x0- a iy ^ ~ p)- 1- c ] .
First we choose ß

and after that we define A by 

(26)

ß  := max {—- — , T — } 
[ m — p  A — p  J

A :=

P

M 0
( х 0—а 2У
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From (9) it follows that ß  is finite. It is not difficult to see that from (26) it follows 
that u0( x ) ^ v ( x ,  0) for x ^ a i and u (a l f  t )  for (SO. The expression
in the square brackets in (25) turns into

Here the terms

and

M S ' - P ß m i ß m - 1)
\  X q /

+  b M ^ - f ß x [ ^ —
\ x 0—a

ß ( m - p )

/»CA —p)

MS' -  p ß m  (j3m - 1) -  )V Öo /

b M > - pß l { ? a ~ a i~  1
U 0- ű 2 )

1
(x o -a j)2

1
--------------- c .
„v0- a ,

ß ( m - p )

+

ß(.>--p)

are bounded from above by a positive constant independent o f  .v0, thus we can choose 
x 0 so large that £ C v S 0  if ал ^ = х ^  jc0. This concludes the proof of the Theorem 3.
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DENSEST PACKING OF TRANSLATES 
OF A DOMAIN

L. FEJES TÓTH (Budapest), member of the Academy

Let s be an open set of points in the Euclidean plane. Let d (s) be the density 
o f the densest packing of translates o f  s. Let d * ( s )  be the density o f  the densest 
lattice-packing of translates of s. We recall a theorem o f  Rogers [1]: If s  is convex 
then d ( s ) = d * ( s ) .

We shall prove a similar theorem for a special class of not necessarily convex 
domains. This suggests the problem o f  trying to extend Rogers’ theorem to some 
other classes of domains. We start with mentioning some negative results.

Let h be a regular hexagon, О  the image of its centre reflected in a side of h, h' 
the image of h reflected in O, and u = h l J h '  the union o f h and hf. Obviously, the 
plane can be packed with translates o f  и with density 1. On the other hand, the density 
o f the densest lattice-packing of translates of и (Fig. 1) is equal to 3/4.

Motivated by this remark, due jointly to J. Pach and the author, we shall 
restrict ourselves to open, connected sets, in short to domains.

A comparatively simple domain и such that d { u ) > d * { u )  was constructed by 
A. Bezdek [2]. His insectlike domain, consists o f the union of five rectangles (Fig. 2). 
It is easy to show that in a densest lattice-packing o f  translates of и either a part o f  
the “abdomen” o f  an “insect” lies between the “feelers” of another insect, or the
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438 L. FEJES TÓTH

abdomens of two insects touch one another. In both kinds of packings it is not 
difficult to find the densest lattice. The maximal density is attained in the second 
case (Fig. 2) but this density is superpassed by the packing shown in Fig. 3.

EЩ1 f 4 ~ : ш ш т ш т

Ü

Fig. 2

Fig. 3

Bezdek succeeded also in constructing a direction-convex domain и with 
d (u )  ^ d * ( u )  defined by the property that there is a line l  such that any line parallel 
to / intersecting и intersects и in one segment.

A  further negative result concerns semi-convex domains defined as follows. 
On the boundary o f a convex domain и  let A  and В  be two points lying on opposite
parallel support-lines o f  u. Let A B  be one o f the two arcs into which A and В divide 
the boundary of u. A semi-convex domain s  is bounded by the convex arc A B  and an
arbitrary Jordan-arc B A  lying in u. By distorting the insect of Bezdek, G. Kertész 
constructed a semi-convex domain s  such that d ( s ) > d * ( s ) .  However the densest 
packing o f translates o f  s  has a strange feature: It consists of pairs of translates of s 
which are interlocked so that they cannot be taken apart by a continuous motion 
without overlapping one another.

The theorem we referred to above concerns a subclass of semi-convex domains. 
Choose an arbitrary point C  on the arc A B  and translate A B  through the vectors 
C A  and C B .  The original arc A B and its translates enclose a region v. The Jordan-
arc B A  which, along with A B ,  bounds the domain is now allowed to lie in v  instead 
of u. We shall call such a domain limited semi-convex.
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T h e o r e m . I f  s  is a  l im i te d  sem i-convex d o m a in  then d ( s ) = d * ( s ) .

The proof is based on an idea used in a new proof of Rogers’ theorem [3]. Let 
{il5 s2, ...} be a packing o f translates of a limited semi-convex domain s. In the above
definition o f s  let the support-lines of и containing A  and В  be vertical, and let A B  be the 
lower part o f  the boundary o f u. We associate with each s t a region rt consisting of 
the point-set union of all vertical line-segments whose lower endpoints lie in s t and 
which do not intersect any other domain S j .

We shall denote a domain and its area with the same symbol. We shall prove 
the theorem by showing that the density s i/ r i o f  each domain s t in the region r; asso­
ciated with it is less than or equal to the density o f a lattice-packing of translates o f  s.

Let s  be identical with s t . If apart from s t no other domain ss overlaps the 
region v defined above then r p c  so that s j r ^ s / v .  Note that v  is the region associated 
with .v in the lattice-packing generated by the vectors CA  and C B .  Since v is a unit-cell 
of the lattice, s /v  is the density o f this lattice-packing.

We now assume that a domain Sj other than s t overlaps v. Then there are trans­
lates sA and s B of s  touching both s  and Sj (Fig. 4). If sA and sB are not uniquely 
determined then let sB be the domain arising from Sj by the translation sA—s.  Observe 
that Sj belongs to the lattice-packing generated by the translations s -* sA and .v -* sB. 
Let и be the region associated with s  in this lattice-packing. Since no translate o f s  
can overlap и  without overlapping s  or S j,  we have r p u  which implies s f r ^ s / u .  
On the other hand, s /и  is the density of the lattice-packing under consideration.

This completes the proof of the theorem.

Fig. 4

Unfortunately, the theorem has a blemish: The class o f limited semi-convex 
domains does not comprise the whole class of convex domains. With a view to 
obtain a positive result without a similar flaw, we emphasize the following conjecture: 
If the domain s  consists o f  the union of two convex sets then d ( s ) = d * ( s ) .

Finally we list some further classes o f  domains for which the problem is still 
undecided.

1. Domains consisting o f the union o f  less than five convex domains.
2. Domains which are direction-convex in two or more bundles o f  direction. 

This is meant as follows. If и is direction-convex with respect to the line /  then и is

A cta  Mathematica Hungarica 45,1985



440 L . FEJES TÓTH; D E N S E S T  PACKING O F  TRANSLATES OF A  DOM A IN

direction-convex also with respect to all lines arising from / by some continuous 
rotations in both directions. We say that these lines represent one bundle of direction.

3. Star-shaped domains defined by containing a point О  such that along with 
any point P  contained in the domain the whole segment O P  is contained in the 
domain.

4. Domains defined analogously as semi-convex domains by letting the part o f  
the “opposite” points A and В  play by points halving the perimeter of u.
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ON APPROXIMATION OF CONTINUOUS 
FUNCTIONS IN LIPSCHTTZ NORMS

L. LEINDLER* (Szeged), member of the Academy, A. ME1R (Edmonton) 
and V. TOTIK (Szeged)

Let /  be a continuous and 27t-periodic function, briefly denoted by /€  C,„, 
and let

Cl 00
(1) f ( x )  '— +  2  (an cos I I X  +  b„ sin nx)

^  /1=1

be its Fourier series. We denote by sn( x ) = s n( f ) ( x ) the л-th partial sum of (1) and 
the usual supremum norm by || • ||c . If tp is an increasing positive function on (0, °°) 
we define the (//-norm by

ll/il* = ll/Hc + su p M ^ - = ll/lle + sup
x*y ф Ц х —Уи г»о

ll/(-) - / ( •  + *)!!< 
< p (ß )

Recently several authors have considered various problems o f approximation in 
<p-norms, ||*||^, with specific functions (p. E.g. S. Prössdorf [5] proved that if  
/ Ш р а ( 0 < а ё 1 ) ,  ( p (ö ) = S ß, I) - ll„ =  || - lip, then

(2)
if o c < l ,

\ M f ) - f h  =  j 0 ( ^ - “( l+ lo g /i) )  if а =  1,
/1

where <re ( f ) = a „ ( f ) ( x ) = ( n  + 1)_1 2  sk ( f ) ( x )  are the Fejér means of (1). For the
k =  о

more general de la Vallée Poussin-type means

(3) K(A, л и )  =  - f  2  ®v(/)W.Ai v=n—A„+l
where A =  (A„) is a monotone nondecreasing sequence o f integers such that 
^ = 1 ,  Ап+1 —Á„^l, L. Leindler [1] obtained, among others, the following result: 
if  / 6  Lip a, then

0 ( A ßn- ° )  if а <  1 or ß  >  0,
I i+ io g ; ,  j  .f  а =  j  a n d  ß  =  0(4) \\Vn{ A , f ) = f h  = О

For further relevant results see [1], [2], [6] and [7].
In this note we prove an inequality which, in many cases, reduces the problems

* The research of the first author was supported by a NSERC of Canada grant while visiting 
the University of Alberta, Edmonton.

Acta Mathematica Hungarica 45, 1985
Akadémiai Kiadó, Budapest



44 2 L. LEINDLER, A. M E IR  A ND V. TOTIK

associated with similar estimations to the relatively simple problem of approximation 
in the C-norm.

Let {A „}  be a sequence o f  linear convolution operators from C2lt into C 2.K with 
operator norms ||T„|| and let co ( f ;  S) denote the modulus o f  continuity o f  f £ C 2n. 
Then we have

(5) M » ( /) - / IU  S  M „ ( / ) - / l l c  f l +2/<p f—)) + sup (1 + M J) .
1, \ n ) )  o<asi/n <P(P)

E x a m p l e s . Let <p(á)=<5M| • ||,,=|| / Ш р я ,  0=S/S<assl.
1. If A „ —s„, then (5) yields that

(6) I! S„ ( / )  —f\\ß =  о  (n p 1 log n).
This, clearly, also implies that the same estimate holds for the Borel, Euler, Meyer— 
König and Zeller means (see [4]) as well as for a wider class o f means introduced by 
A. Meir [3].

2. For the generalized de la Vallée Poussin means (3), we obtain from (5) that 
under the assumptions made above

if я <  1,

if a =  1

(compare with (4)). Here we have used the estimates ||F„(A)|| ^Klog(2«/A„) and 
(see [7, Theorem 5])

Ш К Г ) - - f \ \ c
n

2-A„+l
In the special case A„=« we obtain (2).

P r o o f  o f  (5). For « = 1 ,2 , . . .  and <5^1 /и,

I S  2 \ \ А л ( Л ~ Л с 1 < р ( т ,

while for 0 <  <5 ä  1 /« we have

1(4. ( f )  - f )  ( x )  -  (A ,  ( / )  - f ) ( x  + ő)\/<p (Ő ) s \ A n ( / )  (a-) -  A n ( / )  (x  +  S)\/q> (S) +  

+ \ A x ) - n x + ő ) \ l < p ( S )  s  ( K ( / ( • ) - / ( •  + d ) ) ( x ) \ + o j ( f - ,  Ő))/<p($) =

S  (IMJIIIA• ) - / ( •  + a )llc+ ® (/; öj) /cp(ő)  g  ^ 0  +IIAII).
These inequalities establish (5).

Remarks. 1. It may happen that in some cases a similarly provable estimate 
o f the form

\\An( J ) - f U ^ \ \ A S f ) - f \ \ c [ \ + V < p [ ^ \ +  s u p  2^ ) ( 1  +  M . | 1 )( \m>)  o<asi/m <P(o)
gives a better approximation order with suitably chosen m  S 1.
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2. The same result clearly holds if  the sup norm is replaced by any “reasonable”
norm (e.g. by Lp-norm 1 °°).

3. The estimate (5) holds without any ado for higher order moduli o f  smoothness.
4. In general, (5) cannot be improved. For, if A „ = s „  and / 6 Lip a, ( p (ö ) = ö ß, 

then the estimate (6) is the best possible. Indeed, let

f  n~x sin (n + 1/2)t if  /€(я/(п +  1/2); [ / n]7i/(n + 1/2))
J,A ) l 0 for other I from [ -ж , л).

It is easy to check that j-S), (/,)(()) — s,„ ( / I)(l/(n  +  l/2 )) |^ cn “!Ilog/i (c=>0 fixed) and 

so the function f ( x ) =  ^  f„k(x)  with sufficiently rapidly increasing n k will belong
*=i

to Lip a but for every к  we will have

\К (Л -Л \„ §r —(«Г"log nk).

5. The preceding remark can be further justified by the fact that in certain 
cases (5) can be reversed. Let us consider e.g. (2) in the case a <  1. We show that 
К ( / ) - / 1 И * и ' -  implies that / 6 Lip a. From the assumption we obtain easily 
that

\ Ы Л - Л ( х ) - Ы Л - / ) ( х + 2 п К п  +  Щ  Ш K n ~ \

Since <r„ ( / )  is periodic with period 2 л / (n  + 1 ) it follows that f ( x )  —f ( x  +  2 n /(n  + 1))| S  
ä K n ~ x. Now, every <5, 0<<5< 1, can be represented in the form ő  =  2 n /(n l +  l) +  
+27r/(na +  l) +  ... with nk+i > 2 n k and so

\ f ( x ) - f ( x + 0 ) \  ~  АГ(иГ«+иГ“+ . . . )  ^  K d \
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ON THE CONVERGENCE OF SERIES 
OF PAIRWISE INDEPENDENT RANDOM VARIABLES

S. CSÖRGŐ, К. TANDORI, member of the Academy and V. TOT1K (Szeged)

1. In [2] we proved that i f  the p a irw ise  independent ra n d o m  variables X t , X 2, ... 
sa tis fy  the  conditions

Here E X  and D 2( X )  =  E ( X  — E X )-  denote the expectation and the variance o f  the 
random variable X.

This result is a strong law of large numbers for pairwise independent random 
variables under the assumption (1) and may be considered as a variant o f Kolmogo­
rov’s law o f large numbers for non-identically distributed totally independent random 
variables. See the discussion in [2]. The aim of the present note is to prove a con­
vergence theorem for series o f pairwise independent random variables which has the 
flavour of the result above. It will turn out that our theorem cannot be extended to 
uncorrelated random variables and the result is best possible in a certain sense.

2. The convergence theorem mentioned is the following: L e t  X 1, X 2, . . .  be  
pairw ise  independent ra n d o m  variables a n d  (0 = )N0-<... < N m be in tegers .  We  
assume that

and
П

(О -  2  E \ X m- E X m\ =  0 (1 ), as  и - - .
И m = 1

then a lm o s t  surely  we have

Hm -  2  ( X m- E X m) =  0.
n ,„ = i

(2)

and

( 3 )
»=N„+1

are satisfied. Then the se r ie s

Z ( X n- E X n)

converges a lm os t  surely.

14* A cta  Mathematica Hungarica 45, 1985 
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Proof. By (2) there are integers ls /o S /jS /jS ... tending to infinity such that

(4) 2 L  V  " T  D 4 X „ )
m = о  ' n=N„+l

is satisfied. Now (3) and (4) easily yield the existence o f  a sequence 0 =  
= M 0<  <  M o < . . .  such that {iV*} is a subsequence of {M k}, for every m  the number
of the M k s between N m +  I and jYm+1 is at most lm and

(5)
Mm + l
2  E \X n- E X „I -  o ( l )

n = M  m -f  1

as nr -*• °°. (For the latter take also into account that by (4) E \ X „ —EX„\ tends to 
zero as n — » .)  By (4) we have

(6 )
CO -1 / ^m + 1
2  V 24 = 0 r »i=3f +1

/>2(2Г„)<~.

In the rest o f the proof we shall rely only on (5) and (6).
We may assume E X n= 0 , и =  1,2, .... Let X +  ( X ~ )  be the positive (negative) 

part of X„. Then, clearly, D ( X + ) s D { X ^ ,  n =  1, 2, ..., and so, by (6), we have

(7)
с о  -I /  ™ m  +  l

2  Г 2  o ' W )
n =  0  1 n  =  M M + l

■s

= A/m+l

Put S m=  2  X n, s :  =  2 ( * i - В Д ) ,  S -  =  2 '  - В Д ,  m =  l ,  2, .... By the
/» = 1 И = 1 »1 = 1

pairwise independence o f X„ we have the same for X n+ and so (7) gives that

2  E |Sm,„t l - S Í J s 2  У^ОЗД., +, - S t , J  =
ш = 0  »«=0

=  2  D (X Mm+ i +  - - + X Mm+1) =  2  V  2 +1 * > W )  <co,
»»»=0 m = 0 '  #»=Mm+ l

and this in turn implies that the sequence {£^т}” = 0 converges almost surely. In the 
same way { ^ m}~=0 converges with probability 1.

Let now M „ < n S M B+1. We have

S t , m ■ +  (Е Х м т+].+ . . .+  E X ,/") =  5мт +1 +  (Е Х м т+1+ ... Е Х м тЛ,̂ >

and so

S Í m- ( E X Í i m+l +  . . . + E X Í i m^ )  ^  S„+ s  5мт+1 +  ( E X ^ +1 + . . . +  E X ^ J .  

Similarly,

— ( E X M m + 1  + . . .  + E X M m  + l )  =  — S „  ^  — S M m + ( E X M m + 1 +  . . .  + £ ,ArAfm+1),
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and adding our last two inequalities vve obtain

(8)

2  E \ X n\ s S n ^ S Mm +  (S ^ „ -SÍJ+ 21 E \ x n\.
n = M m +  l

Since the sequences converge almost surely, we get the desired result from
(8) and (5).

3. Now we show that the assumption in the preceding section that the random 
variables be pairwise independent is essential, it cannot be relaxed to orthogonality. 
Namely we have the following result: There are  p a ir w is e  u ncorre la ted  random va ­
r iab les  X k, X z , ... such that

oo Г 2m + 1
(9) 2  У 2

m = 0  Г /i =  2m +  l

a n d
2m + i

(10) 2  E\Xn-E X n\= 0 { \ ) ,  a s  m  ,
n = 2 m + l

a re  satisfied, nevertheless  the series  2  (■X n—E X „) d iverges  with p r o b a b i l i ty  1.
и 1

P roof. We shall use the following lemma from [2].

Lemma. I f  p  is a  p o s i t ive  in teger then there a re  s t e p  fu n ctions  / , , ... , f p defined on  
(0, 1) such that th ey  consti tu te  an or th onorm al s y s te m  a n d  f o r  so m e  in terva l  Ip we h ave  
the relations

max
n^Xi^p 2  fk (x )

k = 1
=  Cx ]/p  log 2p (x£/p), meas / , § C 2,

1
f  f k(x ) d x  — 0, к  =  1 , p ,  
0

/  If k( x ) \ d x s c 3 
0

log 2 p

Ур ’ к  = P,

with  som e p o s i t iv e  abso lu te  con stan ts  Cx, C2, C3.

Let the measure space be the Lebesgue measure space over (0, 1).
We define in an inductive way a sequence {X tl}  o f  pairwise uncorrelated random 
variables and a sequence {£■„,} o f stochastically independent simple sets* such that 
every X„ is a step function defined on (0, 1) and for every m = 2, 3, ... the following

* A set is simple if it is the union of finitely many intervals.
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relations are satisfied:

(i)

(ii) max2mCBSa'n + l

P ( E J  £  C2

2  x k(<°)
k  =  2 m  +  l

m

C i  m 1/4, c o £ E m ,

(fii) E X „  =  0 (и =  2m-f 1, 2m+1),

(iv) £|ЛГ„| =  C 32 ~ mm ~ 3,i ( n =  2m+ l ,  ..., 2m+1),

(v) E \ X nls =  2 - mm ~ s'a (n  =  2m+ í ,  . . . ,  2m+1).

Let Xx =  . . .X t = 0 ,  £ j= (0 , 1), and let us suppose that for some ?л0( £ 2), 
X l s . . . ,  X 2,„o and E x, . .. ,  £„,0_i have already been defined, ЛГХ, ...,  Z2,„o are ortho­
gonal step functions, Ex, . . . ,  E mo_x are stochastically independent simple sets and 
for every m = 2, ..., m „ - 1 the relations (i)—(v) are satisfied. We apply the lemma 
for p = 2 mo, the functions and interval obtained are f x , . . . , / 8,„0 and /, resp. Let

r ч =  { if 0 <  x <  l/m 0,
\  0 otherwise,

(/ =  1, ... ,  2m°) and let J  be the image o f / at the mapping у — x /m 0 . Since X x, . . . ,  X . m% 
are step functions and E x, . . . ,  £ mo- i  are simple sets, there exists a disjoint partition 
of (0, 1) into intervals Ix, . . . ,  IQ such that on every interval Ir every function 
X t ( i =  1, . . . ,  2m°) is constant and every E m ( m =  1, . . . ,  m0— 1) is the union of 
certain J / s .

Let us introduce the notations: if  G —( a , b ) Q ( 0, 1) is an arbitrary interval, 
H Q  (0, 1) and / is a function defined on (0, 1) then let

and

Now let

H (G )  =  { y \ y  — (b  — a ) x  +  a  for some x £ H }

/ {т =^ )  iff ( G  ; x )  =
otherwise.

^ o + j ( ffl)  =  2 -'"°l2m 0 1 1/4 2  gi(Ad w), Юб(0, 1); i =  1, ..., 2mo,
Г = 1

and E mo =  U  Evidently, these random variables and sets satisfy (i)—(v)
r = l

and so the definition of our two sequences is complete.
Since the sets E m are stochastically independent and we have by (i)oo

2 E ( E m) = ° ° ,  we obtain from the second Borel—Cantelly lemma that 

E m)  =  l .
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However, for every соб lim E m (ii) is satisfied for infinitely many m ,  so the series
m-*-ooCO

2  X„ diverges with probability 1.
W = 1

On the other hand we obtain from (v) that

°° f  2m + 1 oo ___________  oo
2 1/ 2  D 4 X n ) =  2  V2тг - тгП~ы* =

m = 2 F n = 2m +  l  m +  2 m = 2

and from (iv) that

2 m +1
"2 ^ „ l  =  C32 ~ mm ~ 3/i2m =  С ят ~ 3/* -  0 as m -o o .

n=2m+I

Hence, for this sequence {X „}, (9) and (10) are satisfied as well, since E X n—0, n =  
=  1, 2, .... The proof is complete.

4. Let us turn back to the result of Section 2. If 2  D l (X n) <  °°, then there
n = l

exists a sequence {iVm} such that (2) is satisfied but i f  we want to apply our theorem 
then we have to verify (3) for this sequence {N m}. Indeed, it is quite obvious that

П — 1

and condition (3) with any f i x e d  sequence {Л'„,} do not ensure the almost sure con­

vergence of 2  (X„ — EX„). Thus, our theorem is not a “generalisation” o f
H = 1

Kolmogorov’s three series theorem along the same route which was sketched in 
Section 1 and it seems that the result mentioned in Section 1 can not be derived from 
it by the technique applied in the case of total independence.

Nevertheless, our theorem is the best possible one in the following sense:

I f  ym|0 then in general,  n e i th er

a n d  condition (3), n o r

(ID

oo -| j  N  m + i

2 D \ x n)
m — 1 ' n=N +1

2  E \ X n~ E X n\ = 0 ^ )
n = N m + l

a n d  condition (2) im p ly  the a lm o s t  sure convergence o f  (X n—E X n).
n=1

These facts can be justified by certain rearrangements of any divergent Walsh 
series with a coefficient sequence belonging to /2.

5. Taking into account the Rademacher—Menshow theorem for orthogonal 
series, the proof in Section 2 proves the following result as well:
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I f  Х г , Х г , . ..  a r e  p a irw ise  in dependent random va r ia b le s  such th a t  f o r  some  
sequence

( 12)
<*> ( Nm + 1 \

2 \  2  D \ x n) log2
m — 1 ' « = N „ ,  +  1 '

171 <  o o

an d  (3) a r e  satisfied th en  2  -  EX„) converges a lm o s t  surely.
n  —  0

Using the lemma from Section 2 one can easily prove that here, again, pair­
wise independence cannot be relaxed to orthogonality (take e.g. N„,—m m). Also, 
a result o f  Bockarev [1] and Nakata [3] can be used to show that i f  ym|0  then in 
g en era l  neither

2  Tm( * m2  z>2( * „ ) ) log

and con d ition  (3), nor con d it ion s  (11) a n d  (12) imply th e  a lm o s t  sure co n vergence o f

2 ( X n—E X n). We omit the details.
11 = 1

References

[11 S. V. Bockarev, Rearrangements of Fourier—Walsh series, I z v .  A k a d . Nauk S S S R  S e r . M at., 
43 (1979), 1025— 1041. (Russian)

[2] S. Csörgő, К. Tandori and V. Totik, On the strong law of large numbers for pairwise indepen­
dent random variables, A cta  M a th . H ung., 42 (1983), 319— 330.

[3] S. Nakata, On the unconditional convergence of Walsh series, A n a l. M ath ., 5 (1979), 201—205.

( R eceived Ju n e  21, 1983)

JÓZSEF ATTILA UNIVERSITY 
BOLYAI INSTITUTE 
SZEGED, ARADI VÉRTANÜK TERE 1 
H-6720

Acta Mathematica Hungáriái 45, 1985



A c ta  M ath . Hung. 
54(3—4) (1985), 451—457.

SOME NEW ESTIMATES FOR THE 
EIGENFUNCTIONS OF HIGHER ORDER OF A 

LINEAR DIFFERENTIAL OPERATOR
V. KOMORNIK (Budapest)

In the spectral theory of non-selfadjoint differential operators it is important 
to have different estimates for the eigenfunctions o f higher order (cf. [2]—[8]). In 
the present paper we obtain some new results o f this type.

The first theorem of this paper contains a more general formula than the for­
mula proved in [5], Theorem 1. The second theorem contains the same estimates 
as in [5], Theorem 2, but under more general conditions. For this, we had to change 
the proof in several places. The third theorem shows that the estimates for the deri­
vatives of an eigenfunction, proved in the second theorem, are exact. Its proof is 
based on the extended formula o f the first theorem. Finally, the fourth theorem 
shows that the estimates, proved in the second theorem for the relation between 
the different norms o f an eigenfunction, remain also valid for the derivatives of the 
eigenfunctions.

Let G cR  be an arbitrary open interval and consider the formal differential 
operator
(1) L u  =  uw + 9lH("-1) + . . .  +  ?n«,

where n€N and q l f  ... ,  q n are arbitrary complex functions from the class L\0C(G ) .
Given a complex number A, the function u: G--C, u = 0  is called an eigen­

function of order (—1) of the operator L  with eigenvalue A. More generally, as 
usual, a function и : G -+ C ,  u ?é 0 is called an eigenfunction of order m  («2=0, 1, ...)  
of the operator L  with the eigenvalue A, if the following two conditions are satisfied:

(i) u, together with its first n — 1 derivatives is absolute continuous on every 
compact subinterval of G;

(ii) there exists an eigenfunction u* o f order m  — 1 of the operator L  with 
eigenvalue A such that for almost all x £ G ,

(2) (Lu) (x) =  /.u(x) + и* (л:)-

For r —0,  1, ...» let us introduce the functions K nr: C x K ^ C  as follows:

x) =
p“ l  Л / Г  

y , - l

( « - ! ) !

e u<OpX if

if n =  0
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(here (Ох, . . . ,  а>„ denote the и-th roots o f  unity),
X

x )  =  f  K , .o (v ,  x ~ t ) K n<r^ ( ß ,  t ) d t  for r » 0 .
0

T h e o r e m  1. Given a rb i t ra ry  n £ N  a n d  т £ { 0, 1, ...}, there ex is t  ho lom orph ic  
entire fu n c t io n s  f nm, f nmJik= f n<mJtiik ( j = 0 ,  1, m, i =  0, 1, n -  1, k =  1 ,2 ,. . . ,  
..., (m -|-l)«:=jV) s u c h t h a t

(3) /пт 00 *  0  i f Г.,

an d  the f o l lo w in g  fo rm u la s  a r e  valid:
Given  a n y  eigenfunction  и o f  order  Swi o f  the o p er a to r  L  with so m e  eigenvalue  

A= p", in troducing the n o ta t io n s

(4) { um =  u, G  — C continuous,

um—j —i =  L u m- j —\ u m- j  a .e .  in G ( j  =  0, m),

we have f o r  a n y  Д  {0, 1, . . . ,  m ),  / € { 0 ,1 , . . . , « - ! } ,  /„£ {0, 1, 1}, x€G  and
x-{- N td G ,

(5) fnn ,(ß t) tJn+i- iO U ^lj (x) =  Z  f n , m , j , i - i 0, k ( ß 0  [ m “o) ( x + k t )  +

x+kt

i f  ‘o =  i, 
(6)

+  2  2  f  D 2 K „ . r ( ß ,x + k t - z ) q s (t) u<f_ f  (t) í/t]
r=0 s = l  ~

f nm( M t ) ( b t r - J+1)n tJn+i- ‘° u ! i l j ( x )  =

N Г m 1

= 2 \  2 (-i)«--'(/iO(m-“)"/„,m,«,i+n-io,t(^) x
fc=l La=jf J

Г m n x+ kt
Х « « 0  +  Й ) + 2  2  /  Щ°Кп,г (/Л x  +  k t - T) (t) (r) d z

L r = 0 s = i /  I

i f  i0 >  i.

Furtherm ore  in case j = i  — io=0 , (5) ca n  b e  sim plified  b y  f nm(pt).
Finally, th ere  ex is t  h o lo m o rp h ic  entire fu n c t io n s  h„t r> io .vnc/г that

(7) 0 \ ? К П'А р ,  x )  =  ....j0(p x ) .

Proof. It suffices to consider the case </s= 0 , s = l ,  ..., n, because the general 
case follows by the method o f  the paper [5]. The representations (7) were also 
shown in [5].

In this special case, it follows from [5], Theorem 1 that

fn m (n t) t jn+i io U(m - j 0> (x )  =  2  fn .m ,J ,i - i0,k(MÖ Um( x  +  kt)
k—l

if  /0= /. Differentiating by x  i0 times, hence (5) follows.
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In case i'0> i we have by [5], Theorem 1

Л п , (и 0 ^ п+1- ‘°+пи £ 1 } +п) (x)  =  2  Um( x + k t ) .
k =  l

Differentiating by x i0 times and taking into account (4), we obtain

(8) f nm(pt)Р"+,'-''°+я u<ÍLj(x) + u%lj_ 1 (*)] = 2  / а,я, м - ы+в, М и 2 Р ( х + Ь )
k = l

for ./= 0 , m. Now the formulas (6) are linear combinations of the formulas (8).
The assertion o f  the simplification follows from the fact proved in [5] that 

Am,n,o,к can be simplified by f nm. □

T heorem 2. A ssu m e  that

(9) G  is bounded a n d  q s£ L p(G), s = l ,  .... n, f o r  s o m e  p d [  1, <=°],

Then f o r  all eigenfunctions и o f  L ,  u, it', .... a n d  u* can b e  e x t e n d e d  to
abso lu te  continuous fu n c t io n s  G-*- C.

M o reo ver ,  there e x i s t  constants C 0, Cl5 ... such th a t  f o r  any eigenfunction  и 
o f  order  á  m  o f  the  o p era to r  L  with s o m e  eigenvalue X —p" we have

0 0 ) l|w<,')|lIy (G)á C „ (l +  |/í|)i ||«lkp'(c) (i =  0, ..., n — 1),

d o  i i M i ^ s ^ a + u D i i u i i y , ^ ,

(12) ||m|Ii.“(g) =  Cm(l +  |/i|)1/e||«||i.e(G) (£>£[1, "])■

R emarks. The assertion concerning the absolute continuity follows also from 
more general results (see [1]) but the following proof is quite elementary.

The constants C„, depend also on n, |G| ( =  the length of G), q x, q.,, . . . , q n- 
The case q i = 0  was settled in [5] but the proof in [5] does not work immediately 
in this situation. However, in that special case we obtain also some supplementary 
information on C m: C m depends on n, |G|, IM li>(g), Ы Лицв)-

Proof. We shall use the notations o f Theorem 1. Let G =(a, b) and let и be 
an eigenfunction o f  order g m  o f the operator L  with some eigenvalue X = p n. Set

(13) Q  =  max{II^IIl^g), ||?s||l*(g): s =  1, ..., n},

(14) R  =  min Í |g| J_
1 2 N + 2  ’  \p\

2
0

(15) =  max {R'"+i||u«>_JLP>(e+e>6_e): j  =  0, 1, ..., m , i =  0, 1, ..., n - 1}

(e€[0, ( b — a ) /2 ) ) .

First we prove the theorem for Q  sufficiently small, hence the general case will 
follow easily.
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It follows from the case i0 = 0  o f Theorem 1 that there exists an absolute cons­
tant A m such that
(16) \tJn+iu X l j ( x ) \

N  m n

—  A m 2  1Мш(ЛГ+ ^ 0 | 2  2  | í | r '1 +  " ~  1 1[ 9 , | |  LP (X i X +JV,) | | U m r rS> \ \ l ” ' ( x ,  x + N t)  
k = l  r = 0 s = l

whenever x £ G ,  x + N t ( L G ,  |/r f|^ l, j€ {0 , 1, m } ,  /£{0, 1, n — 1}.
To prove the absolute continuity, it suffices to show that

(17) u <!Lj € L °°(G )

for all admissible j  and i, i.e. for all j £  {0, 1, m )  and /€{0, 1, и —1}. Indeed, 
then

4 (m - j  =  * u m - j  +  u m - j - i -  2  q s t t i - p e L ' i G )
s ~ l

and G  is bounded.
Being G  bounded, we can assume that p =  1 (and then p ' =  °°). Applying (16) 

with jrgp  +  e, j , e £ ( 0 ,  R), t =  R ,  we obtain

|Яу"+Ч ° - ,(* ) | ^  Лг̂ т ||мт1к“(в+«(»-«) +

+  A m( l + R n- 1) Q  2  2  R rn+n~ s \ \ u £ l rs ) lk“ (0+£, =2
r = 0  S = 1

— N A m\ lim\\L‘"(a + R,b-R)+ N A „ (1  +  R U~ l) Q M c ^

for all admissible i and j .  The same estimate can be shown similarly if b  — e]
hence L ^ J

M £>0o =  N A I] u m IIL« ( a \ - R , b ~ R )  + N A ,„ (1 +  /?""])Q M r „ .

Assume now that
( 1 8 )

then
2 N A m( \  +  \G\n~ ')Q  ^  1,

M c „  ^  2Ay4ra||Mm|k~(a+Ä>(,_ R)

and taking the limit e —0,

( 1 9 )  —  2 A A m || M m | | i , ~ ( a + R > ( , _ R ) .

Now (17) follows at once from (19).

To prove (10) and (11), let us apply (16) with and t = R  for

any admissible i and j :
* > + ,l«L°-A*)l ^ A m Z  \um( x  +  kR )\ +  N A m( l + R ^ ) Q M 0<p..
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Taking the L p j  norm of both sides,

RJn+iЧ^-Л"'(„а+Ь) -  NA^ J \ iyiG)+ N A J \+ J e - 'K b -d F 'Q A to ,,.,

and then by symmetry

M 0iP. S  2 N A m \ \ u J LP.(G) +  2 N A m( l  +  Rn~1) ( b  — a ) 1" Q M 0,p, .

Assume now that (18) and

(20) 4AT4.(1 +  |G|— W ' ß S  1 
are satisfied. Then M 0 p, is finite and therefore

(21) M0,p,

(10) and (11) follow from (21).

Finally we prove (12). Let us apply (16) with anc* *^[0, ^  ôr

any admissible i and j .  Hence
jv

F"+'>"L ,(a)I =  A m Z  \um{ x  +  kt)\ +  N A m( \  + R ! ' - ' ) Q M 0' „ .k = 1
R

Applying the transformation N R ~ X J  clt and taking into account that
0

R
f  |«,„(.V+/ít)| i l l  S  R '~ lle II hJIlb«;),

we obtain for all a + b the inequality

,(* )l ^ ,(1 +  R n~ 1) O M u ^ ;

hence by symmetry

— N z A m R  ~ 1 e II Mm|! /.e(G)+ A-/4M( 1 : R" - x) Q M a „ .

Assume now that
(22) 2 N - A m( l  +  \G\"-1)Q  1

(this implies (18)). Then we conclude from the above inequality that

(23) М л „  S  2 A M m/ r 1'«||«ra||te(G),
and hence (12) follows.

Let us now turn to the proof o f  the theorem in the general case. Let us divide 
G  to the union of a finite number o f subintervals, each o f  which satisfies the (suitably 
modified) conditions (20) and (22). Then the theorem is valid for each of these 
subintervals, but then also for their union i.e. for G. □
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Remark. The estimate (19) contains some supplementary information to the 
theorem which is sometimes very useful: an estimate by the norm o f  the function 
on a smaller interval.

Theorem 3. A ssu m e  that (9) i s  satisfied. T hen  there ex is t  p o s i t i v e  constants  
B 0 , B 1, ... such th a t  f o r  any e igen fu nction  и o f  o r d e r  S m  o f  the o p er a to r  L with  
eigenvalue 2 = p n, w e  have

(24) ||м(‘°)||1у(С) S  Bm( \  +  |/í |)'o|Ím|IlP'(C) Oo =  0. ..., n - l )  

i f  |/i I is suffic ien tly  large.

P roof. We use the notations o f  the preceding theorems. Applying (5) and (6) 

with and *=/?, we have for all admissible i and j

\liR\(m~J+1>"RJ"+i\u'Jl>_j (y )I ^A* Z  B i<‘ \uíÁo)(x + kR)\ +
k = l

m n

+ A* Z  2  Rr"+n- lQ\\u%-?\\L*,Gy
r = 0 s = l

where A* is an absolute constant. Taking the L p' | a ,  — |  norm o f  both sides,

f iR \ (m- J+1)nR jn + i\ K l j \ \ ip. i  я + м ^
'  Г  s )

S  N A l R ^ \ \ u ^ \ \ LP. ^  +  N A l ( \  +  R’' ^ ) Q M „ _ p \G\T-.

Hence by symmetry

\ p R \ W M 0' P. ^  2 N A ^R ioII i/Jj°>IÎ р-(С)+ 2 N A „ (1 +  R"-1) Q M 0tp, IGI*7. 

Assume now that
(25) 4 N A * 0  + |G |n- 1)ß |G p  — 1.
Then

In the case

(26)

IpRr+'>"M0'„, ±  2NA* R‘oIIidy  IILP'(G) + 1 Л/0>p, .

2A + 2
И  S Id

we have |/iR |=I and therefore

Mo, p' = 4iV /l * R ‘a II u^0> |j Lp‘((;) ■

Hence (24) follows and the theorem is proved for О  sufficiently small. The general 
case follows as in Theorem 2. □

T heorem 4. A s s u m e  that (9) is  sa tis fied .  Then th ere  ex is t  con stan ts  D 0, D 1, ... 
su ch  th a t  f o r  any eigenfunction  и o f  o r d e r  ~im o f  the o p e r a to r  L  with th e  eigenvalue
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X = ц", we have

(27) ||m(,'o)||l“(g) =  X)m( l +  l/J|)1/eIIwt£o>||z.c(G) 1 /’o =  0,1, n — 1, g€[l, °°]>

i f  |/i| is sufficiently large.

P r oof . Using the notations as before and applying Theorem 1, we have for 

all —j — j ,  í€(0, R )  and for all admissible i and j ,

И («--, + 1)И,;п+г|„ш д х)| s  A*Ri0 2  In^Cx +  kty + N A ' d + r - f Q M u ^ .
k = l

ft
Applying the transformation 2 N R ~ l f d t  and repeating the argument of Theorem

0
2 to prove (12), we obtain

\gLR\("-i+V"Mb'„^2N*AlRi«-'n^4L4G)+2N*A*m(\ +  Ra- 1)QM0tm. 

Assume that (26) and
(28) 4А 2Л*(1 +  |G|— :l) 0  ^  1 

are satisfied. Then we obtain

M 0,„  — 4 TV2 Л £ Л‘°-  1/e || и£о) II i_c(g)

which implies (27). Thus the theorem is proved under the hypothesis (28). The general 
case hence follows as before. □
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