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LAGRANGE INTERPOLATION FOR FUNCTIONS
OF BOUNDED VARIATION

J. PRESTIN (Rostock)

1. Introduction. We investigate the Lagrange interpolation on Jacobi
abscissas for functions of bounded variation on [—1,1]. Error estimates in
weighted i*-norms are established, which ensure convergence for a wide class
of weights and Jacobi parameters a,. The order of convergence is in most
cases best possible. For some Jacobi nodes the results can be improved, if
the function is of bounded variation and continuous. It turns out that the
estimates depend essentially on the behaviour of the error near the endpoints
of the interval.

2. Notations and preliminary results. Let
(1) -1 <x(a>@<xﬁg)< < x§“l3)<x1 <1

be the roots of the Jacobi polynomial PA*'* (a,R > —, n = 1,2,...; see
e.g. G. Szegd [5]). In the sequel we will omit the superfluous notations a, 8.
Further we write xn+i = —1, xg = 1 and xk = cost?, x = cost? with 0 < t?*
P < T. For a function / defined in the interval [—1,1] we denote, as usual,

L,,f(x) = J2f(xkM x)
k=I

the Lagrange interpolatory polynomials of degree n - 1 based on the nodes
(1). Here Ik are the A-th fundamental polynomials of the Lagrange interpo-
lation

Pn{x)
Pn(xk)(x - Xiv’

In [6] P. Vértesi proved for / 6 C MBV (/ is continuous and of bounded
variation in [-1, 1]) and for —4 < a,f < 1/2 that

Ik(x) K=1,... ,®

@) /00 - LJGOL =0, 0> oo

Furthermore, it is proved in [7] that (2) does not hold in general for
max(a,/3) > 1/2. However, for arbitrary a,# > -1 and / G BV IC,
J. L. Geronimus [1] obtained pointwise convergence, too, but only in a com-
pact subinterval of (—1,1). Let us mention here that pointwise estimates
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for trigonometric interpolation of functions from BVi* 1 Cr» on equidistant
nodes in [0,2n-] are due to W. Quade [4]. An X”-error estimate is given by
K. Zacharias in [8]. For the general Lpv-case see [2] and [3].

Now we define for 1< p < 00, a,b> —1 and 0 <e < 1 the norm

pabe — (T \f(x)\pw
-I+£

where w(x) = (1 - x)“(I + x)b. Obviously, the weight w is only interesting
for asymptotic results in the case e = 0.

3. Results. The main result here is the following theorem.

Theorem 1. Letf € BV. Ife > 0, then there exists a constant C,
depending only on a,B,a,b,p and e, such that for arbitrary a,# > —1 and

- £,/lip,ASc sv(f)ym-4"ml f n * | =7

< 00,

where V(f) denotes the total variation of f on [4,1]. Ife = 0, then there
exists a constant C, depending only on a, 8,a,b and p such that

I/ - £n/||p,a,p,0 » C eV (f) mnd*D (p,a,a,n) +nd*D (p,b,B, n)),

where d(p, a, a

In2n if p=1,a=12,a=-/2,
Inn if (p=1 an 1/2, a>—-1/2, a <2a+ 3/2) or

D(p,a,a,n) = < if (p=1a=12ap—1/2)or
if (p>1, a=12aq9 —1/2),
1 otherwise.

Fora ¢ 1/2 this means
Inn if d(p,aa) = —1,
1 if d(p,a,a) > —1.

We remark here that one can easily deduce the corresponding estimates
for the one-sided Xp-norms on [4,1 —s] and [4 + £,1] with £ > 0. To
illustrate the case e = 0 we consider possible choices of the parameters.

D(p,a,a,n

Corollary 1. Let f € BV be given. For every a,B > —1 one can
choose a,b, namely a > —1/2 ifa < 1/2, a > —1/2 ifa —1/2, a®
>(a —I/2)p/2 - 1/2 ifa > 1/2 and b respectively, such that
if p= 1,

A./TUM S Cav(fn-v».1 ”~ if 1<p<@

Acta Mathematica Hungarica 62, 1993



LAGRANGE INTERPOLATION FOR FUNCTIONS OF BOUNDED VARIATION 3

Furthermore

1"/ /M1000—°(1) if - 1<a,B <5/2,

I/ —~n/Mro00 = °(1) if - 1<aB <3/2
andfor all 1<p < oo

I/ —~n/llp,000=°(1) if - 1<a,B <1/2
hold for the unweighted norm as n —soo.

Now it is interesting to investigate whether the order of convergence is
best possible or not.

THEOREM 2. Leta,b,a,k > —1. Then there exists a function fn 6 BV
such thatfor0<£< 1

3) WM-w ju * &ac- V(fn),-u, .{
andfor £=10

Iifn - in/n|jpabof C mV (fn).(nd{p,aa)D(p,a,a,n)+ nd* D (p, b,R,»))
with

(p,a,a,n)/Inn t/ (a
if (a
D(p.,a,a,n) otherwise.

That means, the order of convergence in Theorem 1 is best possible, up
to a logn term in the case a = 1/2 and a < —1/2. Nevertheless assum-
ing continuity we can improve Theorem 1. Then we obtain the following
estimate.

Theorem 3. Letf e BVIIC and 1<p < o0o0. Ife >0, then
I/ - Lnf\p,a,b,C=o(n~1/p), N *QQ
Moreover, ife =0 and 4 < a,R < 1/2, then

1/2, p=1, a=-1/2) or
V2,p>1an-1/2),

I/- £€n/lUb,0o = ° +nd*)) n ¢00.
i X *1 = —
4. Proofs. 4.1. Let IW('Pn'Ia_a i k( X3l. further denote
m
A(x,m) = *2h(x), m=1,. ,®
fc
and M
B(x,m)=1- A(Xx,m) = Ik(x), m=1,...,n-1.
fc=m+l

Now we prove the following estimate, which is a refinement of the corre-
sponding Lemma 4.3 in [7], where a superfluous log n term is included.

Ada Maihemaiica Hungarica 62, 199S



4 J. PRESTIN

%)

Lemma 1. We haveform = 1,2,... ,nandm”™j an

(4) rl R<1/2,

2 —

\A(X,m)\ <.
J (n-3 + D-13+X72n/3-112  jf B> 1/2,

—m+1 n—+1

and/orm=1_ ,n—11<j <m
1 t/ a <1/2,

c ¢ |
6) B m)l< g b o< 0 7 =z
ol | J -a+U2ma-12 5 4 > 1/2.

Here as in the whole paper we are using the symbol C for positive con-
stants, which depend only on the parameters a,b,a,R,p and e, but are in-
dependent of /, Taj and m. Then C does not necessarily denote the same
constant from term to term.

Proof. I. We can write
m—
\A{x,m)\ g Y |Mc(*) + /*+i(*)|.

To estimate now |/*(x) + /*+r(x)| we use the ideas of [7]. Particularly, it is
stated there (see [7], (4.16)) for 1 » k<n —1 and 4+ 77< x < 1lthat

(6) \Ik(x) + h+i(x)\ #
fca+i/2 512

jeril2fc+i)(17-j] + 1) jesli2dc | 1) 208 —i\ -F1)2

<C

Bnt (6) is valid only for k < cin. (In the following 0 < ¢, ci,C2 < 1 are
constants independent of n,j,m and k.) To include the other cases j or

K > cnwe write P,, = with the corresponding xjt, 7. Then we can
use the well-known fact that

P,(x) = (-D"P,,(-x),
which gives x —x* = x + xn_*+i and
(7) Ik(x) =7, fetl(-x).

To handle the term Ik(x) + /jt+i(x) for k > Cxn, j < c2n we proceed in the
same manner as in [7] and write

P(x) /f*~) +Ne +i) , xB-xkd \ |

HEX)-MIHOD pysg) VP (M) (x ~ xktl)  (Xx—XK) (x—XK+1)J |

Acta Mathcmatica Hvngarica 62, 199S



LAGRANGE INTERPOLATION FOR FUNCTIONS OF BOUNDED VARIATION 5

Pn(x) _/ Pn{xn-k+l) Pn(xn-k) x k
7 P'ni'Xn-k+Hl) "V P'n&n-k)™ - xk+l) (X- XK)(X- X~ ) J
Now using for k > Cin, n —k > C the inequality ([7], p. 422)
\(Pn{xn. k+1) + P'n(xn-k))1Tn{xn-k\ < C/(n -k + 1)
and the well-known formulas ([5], [6], [7])

8 PO~ X — < Csj~a~l/2na  for j <cn,

9 [P, (xn_fc+t)| ~ (n- k+ 1) 0 32n0+2 for k>cn,

(10) X —d ~ | - K\2n+ 1- j —k)n 2 for k >cn, K ¢ j,

Xk —xjt+i ~ (n —k -f I)n-2 for Kk >cn,
we obtain for Kk > cin and j < c¢”n that

-«-12(n~fe+ W 2 (n- k+1)2\

li-*+1 »(1j “ *1+ 1)/
Remark that the case j = Kk is obviously seen from C\n < k = < ¢?n and
[/j(x)| < C for all Xj+1 < x i xj—2. Finally, if j > Cin, then by (7) and by
the estimates (8)-(10) we can verify for k < c2n that

M x) +lk+i(x)| » C-na~0~]j

(11) [/ifc(x) + Ifc+I(x)| <
<CmO-a~x{n-j +1)-"-V2 £Q*--— (1+ —mme A
= ( 3 } -1+ 1\ n(lj-*1 + 1)y
Analogously we get forj > C\n and k > c¢c2n that
M *) +/fct ] <C = (n-fe-(-)W=2___
) e OIS ysr2en + 2- j - fofe- jI-f 1)
(n- k+1)2 \

2n+2- k- PDQOk-j\+1)JI "

Il. To estimate A(x,m) we distinguish two cases.

a) If j > 2m, then we can use formulas (6) and (11) for Kk < cn.
Jj < C\n we conclude
fca+l/2 / 2
AX’m)iC"'h +no*- + 111+ (*+am*-ii+ 1)

Acta Mathcmatica Hungarica 62, 1993
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6 J. PRESTIN

ma+3/2 ma+7/2

< - < £ < .
C® sz Y jortozd SF S j Sm

If j > Cin one obtains

mP-°- N et 412
A(x, m) <C . o )
(n —J +nn+12 fr—Al+1 Q .|.~H(|_J - *|.|.]_)) -
/3-a-2 "L*1 , »13-1/2
< (7 B jfc<H-/2 < T o
(»-1T+1)w 2 ~ = (n-j+ 1w 2
b) Hm <j < 2m, then we split up
m— jl2 m—1
E =E+ E o
fe=1 fe=l k- +j/2
b 18] b
(Here and later ~ stands for ]JT) and let = 0if [a] > [b]) Now the
k=a fc=[a] k=a
case j <cif implies k <c\n and
A(x,m)ic (\+\\n-r*— +—— 1 <—
\J J J-m j- m)-j-m

Ifj > c2n we can deduce (cf. (11))

H2
E No(*) + /*+i(*)|~ C mn"-a-\n - j + i)-/3-i/2no+i/2 =
k=l
= Cen”-1/2(n — + 1)-/3-1/2
and
m—1
£ Ifc(*)+w *)is
fc=1+j/2

<C.(B-i +1)-M/2 V  T——(n-_fc+

(n —A+ 1)2
(1+ (@c+2- A-j)(j- k+ 1)

j/2
% »+ ,- ;)N /m [/ + (.+»-j)* \
s=jr+ 2 s(s+2n~2j) \Y, 5(s + 2n - 2j)J

Acta Mathematica Hungarica 62, 199S



LAGRANGE INTERPOLATION FOR FUNCTIONS OF BOUNDED VARIATION 7

[ . 4 I3+12 ) )

If 8 < —1/2 we have | )  1>which gives
\//\ <cm ¥ + . . 3] <..c .
K=K+ 2 a=ijem 42 V2 s2(a+ 2n- 2j)2) ~ - m

On the other hand, if 3> —/2, we write

m—1 n-j-1  jR2

E sc-o»-j+ir')lA E +E)

fe=1+i/2 s=j—m+2 *=t

with t = max(n —j,j —m). Hence

c.(n-f+2-~-12" f _ + N <
*=jm+? s(s+2n—2j) V 3(3 + 2ra—2j)/ ~
"-J-1 01 r
s¢- _F—‘ 32 ?2—m
S=j—m+2
where we have used < 2712,
Now we have only to deal with
r/ - 3212 @+w-j)yw 2_/ 3+n-j)2\
nN3oon N B(s+2n-2y) M+ s(s+2n-2j)) =
jI2
<Ce(n-j+1)R +n-jf 32<
A1
(n— +1)-~-1/2(1 + n —4)"-1/2 if B < 1/2,
(n-j +1) Mnjghj if B=1/2,
(n— +1) 0 r/2m" 12 if 3> 1/2.

Here we used s > n —j, i.e.,

1

5(3+2n—2y?5| 2+ n-j)\

Therefore the estimate (4) is proved

Acta Maihcmatica Hungarica 62, 1993



8 J. PRESTIN

I1l. The inequality (5) is a simple consequence of (4) and

B(x,m)= "2 k(x)= X" I,_jt+i(x) = k(-x). O
k=m-+I k=m+1 k=1
4.2. Here we prove the theorems for some special step functions. There-

fore let us consider any monotone increasing function gm, 0 < m <n, with

if - 1< X< Xm+hb

(12) 9m{*) :{ fm if Xm <X < 1.

Then we have the following result.
Lemma 2. The estimates of Theorem 1 are valid for

IOm  Bn9m\\phfoe

P roof. I. We write

"y (x) - 9m{xk))h(x) W(X)dx,

Iffm  ~n9T\\p<dbe- [ x~
=
where
XL xi+xi-1 ¢ =2 on- o1
if i =1,
PR if j=n
Then we obtain by (12)
m— .1 n IP
(13) Ikm - “ntfm|jpisbe= *2 j\ dmlk(x)\ w{x)dx +
j—1j Ifc=m+l
+ 5m(X) A ldmfe(X) (x)dx-f [ 'YAdnlktx)  w(x)dx =
fe=I j:m+Zj- K=1
)
19 P 4
= y|5(X,m)|pm(X)cix+ \] ) A lemy finfoax)-

=1 1j /mUim+1

+ X3 fAAGM)VW(X)dx\ = d? e(tfx+  + tf3).
j=m+2b /

Acta Mathematica Hungarica 62, 199S
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From Lemma 1 and the inequality (a+ b)p”™ 2P 1(ap+ N9 it follows now for
a,R > 1/2 that

m— .
(14) Kx=C'E ((TO“j + 1)'P+ npo-p/2>-p°-p/2) * / tu(i)dx
J=1 b
/o / nP/3-p/2 \
N<oeo- / ANy X L (i+(n- TO+ )Wiw;j
ZmuU/m+l
and
23 *
K3<Ce A

—T 4 1)~p 4 np3p/2(n— + 1)-p/3-p/2* . | w(x)dx.
r

j=m+2

Ifa £ 1/2 or/? ~ 1/2 we have to modify these estimates according to
Lemma 1.

Il. To estimate (13) we consider at first the easy case £ > 0. This means
[ij| & O only for Cid < j < c”n, which gives by (10)

Then it follows for all a, B > — that

if p=1,
if p>1,

K2<C/np+
and

if p= 1,
if p>1,
which immediately imply the assertion.

I11. For £ = 0 we have to do more. Using the well-known relation Xj -
Xj+1~ 34 n-2 ifj <ci d Xj —xj+i ~ (n—j 4 1)n-2 ifj >cn we
get by a simple integration | the weight w

- j4h)DHn-%62 if GMN<j <n
h

Acta Mathcmatica Hungarica 62, 1993



10 J. PRESTIN

Hence we obtain from (14) for a > 1/2 that

n/2 m—2
(E(m — +1)-pp2a+tln-2a-2+ £ (m-j +1)-p(n-j +1)
j=1 j=n/2
n/2
.n—2b—2 npor-p/2-2a-222a+l-pa-p/2~_
i=i

m— \
+ £ npQi/2-2b 2i-pe-p/2(n -j+ I)2b+]9 =£ i+f 2+£3 +£ 4

j=n/2
We estimate the four terms on the right hand side as follows: For 53i we use
in the case 2a + 1 > 0 that (j/n)2a+l ~ C, which gives

np <C (Inn if p=1,

<15) 2vIl S » "\ | if p>1.

In the opposite case 2a+ 1< 0 we obtain
m—1
Y(rmn(m-j +1),j))-p+t2a+1<C.
=1

Thus 53: < Cn~2a~2. Analogously we get the estimate for 53r with binstead
of a in the exponent. Furthermore, it is easy to see that

n-p if 2a+2>ap +p/2,
n~plnn if 2a+2=ap+p/2,
nap-p/2-2a-2 jf 2a+ 2<ap+p/2,
and
£ 4 Cer_1 n-p-26-\n - 3+ 1)2H1 A C m~p.
j=n/2

Now it remains to consider the cane a < 1/2, where we have to modify only
533 and £ 4. Then we get for a = 1/2

n/2 n_plnpn if 2a+2>p,
£3 <C -~n-2-22+l-plnp(n/j) < <7-« n-plnl+pn if 2a+ 2= p,
j=1 .Nn_2a 2Inpn if 2a+ 2<np,
and
m—
£ 4<C- X! n~p-26-2-(n-i + 1)B6+1llnp(") <C-n-P
j=n/2 3

Acta Mathematica Hungarica 62, 1993



LAGRANGE INTERPOLATION FOR FUNCTIONS OF BOUNDED VARIATION 11

For a < 1/2 the inequalities are the same up to the logp-term. Summarizing
these estimates we obtain for K\

KinrC - Amax(ap-p/3-2a-2f-aa-2,-1)2?p(pja,a, n) + C m~20~2

with D (p,a,a,n) defined as in Theorem 1. Analogously we have

<@. p/2—26—2,—2a—2,—2b—2,—1)
and
U3 < C Whm* (P0-P/2-2b—2-26-2,-1)~~ bRB™M)+ C .n-2a-27
which proves the lemma. O
4.3. To obtain Theorem 1 we argue as follows. If / € BV, then let

/ = g —h, where g and h are monotone increasing functions with V(f) =
V(g) + V(h). Further we assume w.l.o.g. g(-1) = h(—1) = 0. Now let
us consider monotone functions gm, m = 0,... ,n, defined by (12) with
dm = g{xm) - g(xm+1) and

gm(x) = g(x) - g(xm+1) if X6 [xm+1,xm]

Thus we have

n n n

$(*) =22 $"(*) and V(S)=£ v(m = ~2 dm
m=0 m=0 m=0

Using Lemma 2 it follows
n
|<t — ~npg\\p,a,b,e = 52 —Lngm\\p,abe =
m=0

£ C wv/(g) (nd(p,aaD(p,a,a,n)+ nd* "D (p, 6,/?,«))

With
/- W I1U b, ~ lls- inP||Piabe+ L1- Lnh\\pahe
one obtains the assertion. O
4.4, To show Theorem 2 it is sufficient to consider such simple functions,

which are zero except at one point, i.e.,

if Z= Xt

Infe(*) - { B otherwise.

This gives
sup ||/n- LnfnY b > max ||ffc||Piesbie
V(/,)=1

Acta Mathcmatica Hungarica 62, 1993



12 J. PRESTIN

W ith (8)-(10) it is easy to estimate
iiW /iiik*. dc «(E + E )/ fb+(-12{X)r(i- *)& = E m+E =
J=1 J=n/4 ;.

For all e > 0 we have

E C v>( H ap I'nl1 if p>1,
2:n'J_En/4(l+2"J) ~{n-4nn if p=1.

This already proves (3). Furthermore, for£ = Oand a-1/2 —(2a+2)/p > 4
we have by (8) and (9)

nfd ril L
n(x)
_ ' (1 —x)adx >
E-sc'E ] fparn
Ix-x"x1J
i-2 7j
n/4

> J.n(«-l1/2)p-2a-2 "™~ (-a-1/2)p+2a+| > g .n(ar-1/2)p—2a—=2
J=2

Finally we quote

IM1*abo ZC- W [13(*)F (1 - X)adx > C +| ( 1- *)ad* > C i

45. To prove Theorem 3 let us write
1.
- " AN - * o - ¢
WF - L"\\Bab,e IXn|15a|>ie|/(x) Z,,1(2)| J/ [/(z) - T,/(z)P ‘w(x)dx,
- 1+e
where0<s <p- 1 le,

W-w il ms ga*-l/w - in/(*)ifpell/- w itilv

Using Theorem 1fora,k < 1/2,p > 1and £ = 0 we obtain immediately

W-w ci*., =o ST 100,

which gives with (2) the desired result. The case e > 0 is obvious. O

Acta Mathematical Hungarica 62, 1993
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ON BIRKHOFF QUADRATURE FORMULAS. 11
A. K. VARMA (Gainesville)

Dedicated to Professor 0. Kis

1. Among the quadrature formulas (g.f.) (1.3), the most important are
the Gauss formulas. As Gauss found in 1821, for each integer n > 1 there
exist points — < xnn < X,,_i,n < ... < Xiznand constants Abl > 0, A= 1,
2,... ,n, so that the formula

(11) | I(¥)<<*= W (*i.) + W (*a») + =+ ~nn/i*nn)
-1

is exact for all polynomials of degree < 2n —1.
Next we consider g.f. of the type

(1-2) ] f(x)dx = J2 f(xkn)"kn +  A*fa)AEL
1 Jt=1 Jt=1

where A”, A" are independent of /. Related to the qg.f. (1.2), the following
problem was raised and solved by P. Taran [4]. Does there exist a real
system (xi, X2, ... ,X,) for which the q.f. (1.2) is true for a greater variety of
polynomials than those of degree < 2ra- 1? He has shown that for no choice
this formula (1.2) can be made precise even to all polynomials of degree
< 2n.

Now, P. Turén [4] went a step further. Consider the g.f. of the type

(1.3) f f(x)dx =~ [(xfon)a2) + 2 f'(xkn)*kn + 722 ["(**»)a*2
fe=I k=1 k=1

where again A"] are independent of /. It is easy to see that such a g.f.
always exists uniquely and is precise for / 6 (for every choice of
nodes Xi,X2,... ,xn). Turdn asked the question to determine those systems
(xx,x2)... ,xn) of n distinct points for which the g.f. (1.3) is valid for all
polynomials / 6 #4n_i. The solution of this interesting question may be
stated as follows:
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T heorem A (P. Taran [4]). Among the g.f. (1.3) valid for all polyno-
mials f(x) of degree < 3n —1 there is exactly one choice of (xi, x2,... ,Xx,,
such that the formula is valid for all polynomials of degree ~ 4n —1. This
system of nodes consists of the n real distinct zeros in the interior of [1,1]
of that polynomial ATY(x) = xn + ... which minimizes the integral

Q) :_J K,

In 1974 P. Turén [3] raised 89 problems on approximation theory. Some
of them are on Birkhoff interpolation. (See the book of G. G. Lorentz et
a! [2] for detailed study of this subject.) Here we are concerned with the
problem related to Birkhoff quadrature theory.

Problem XXXII (P. Turan [3]). Determine the matrices A, if any, for
which

(1.4) ff)dx = E f(xknXE + 577" (x&,) /LY
Jfc=l k=1

is valid for all polynomials of degree < 2n.

We may also ask the following analogous problem: Determine the ma-
trices A, if any, for which

(1.5) I mdo=e sm4n +E /(M)(O*)nkn
M k=0 k=0

is valid for all trigonometric polynomials of highest possible degree.
The object of this paper is to provide the solution of this latter problem.
We shall prove the following

Theorem 1. Let
(1.6) 6kn:—n, *=0,1,...,n-1

and M an even positive integer. Then

M-2 271 n—'l 2KK\
(,7, /1 + V' E(M) (
nM+1 Vn 7
n k=0 k

is a Gaussian type g.f. which is exact for all f € T2n of the following form:

2n—
/(0)= a0+ "2 (a*coskB -(- bksinks) -f b2nsin 2nd.
k=r
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Further (1.7) is not valid if f (9) is given by
i
(1.8a) f(9) = a0 + ~ (a fccos kKB 4- bhsmk9), a2, ®O.
AL
Next, we shall state the following
Theorem 2. Let/(B) be any trigonometric polynomial of order 3n given

by

3n—1
(1.9) f(9) =a0+ "2 (Bccos + @csin &) + 63nsin 3n9

k=l
and let M ¢ P be even integers. Then
(1.10)
2jt

* S Kk A N\ *
[J<*>*mT g ¢ IM(Tr)+ E /P(*E).
where
_2(~-1) 2(-1)?(2M - 1)

(1.1 8% om- 2p 2P - 2M

Remarks. L Itis well known that the interpolation problem (0, M, P)
where M and P are even positive integers based on equidistant nodes does
not exist uniquely, nevertheless the corresponding q.f. is indeed unique as
demonstrated by Theorem 2 and even optimal in the sense of Gauss.

2. Following the ideas of Theorem 2, the g.f. (0, M, N, P) where M, N, P
are even positive integers can be obtained.

2. Proof of Theorem 1. Here we need to show that if / G T2, (of
the form (1.8)) and M is an even positive integer then

(2.1
where

Af-2
. 21r(-1) ~
(£.2) nM+1

For this purpose, let f{9) = 1, then from (2.1) we have 2k = an as stated in
the first part of (2.1). We next observe that

= R
(2.3) Ncosj9kn="2smj9kn =0, j=12,... ,n- 1
k=0 k=0
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Next, we claim that no matter how we choose a and /3, (2.1) is clearly valid
for /(0) = cosjd, or /(0) = sinjf0, j = 1,2,... ,n —1 Here we use (2.3).
Next, in the case /(0) = cos(n +j)9,j =1,2,... ,n—1 we have

(2.4) /(0fcn) = cosjekn, f(M\ekn) = (-i)T(n+j)Mcosjekn.

Therefore, on using (2.3) and (2.4) we obtain (2.1). The same conclusion
can be obtained if /(0) = sin(n +j)9,j = 0,1,... ,n. Now /3is uniquely
determined as given by (2.2) by requiring that (2.1) is also valid for /(0) =
cos M0. This proves Theorem 1.

3. Proof of Theorem 2. The proof of this theorem is on the lines of
the proof of Theorem 1. We only outline the ideas here. Clearly, if /(0) = 1,
(1.10) is certainly valid. If /(0) = cosj9, j = 1,2,...n —1,n+ 1,...,
2mr—1,2n + 1,... ,.3n —1 or if /(0) = sinjO, j = 1,2,... ,3m (1.10) is
valid. Here one needs to use (2.8). Further, if /(0) = cosn0, /(0) = cos2n9
then we determine a and b such that (1.7) is valid for these trigonometric
polynomials. This will give us two equations in a and b which are uniquely
solvable. (1.11) provides that solution.

4. Concerning the original Problem XXXII of P. Turén, the author
strongly feels that such g.f. exist, for algebraic polynomials of degree even
higher than 2n. Here we only mention that in earlier works the author [5],
[6] obtained the following g.f. based on the zeros of xn(z) = (1 - x2)PN_1(x)
where P,,(x) denotes the Legendre polynomial of degree n. It was proved
that the g.f. (n > 2)

3 2(2tr - 3) n f(xkn)
wer- Y H TN+ qin s 2y@n- )~ P2 x(rjt,)

-

i-rL L
“nin- Dr- D HE pode,) T

is exact for all polynomials of degree < 2r—1, though it only requires 2n —2
information (f{xkn), k = 1,2,... ,n, f"(xkn), k = 2,3,... ,n- 1).
The author is very grateful to Professor J. Szabados for valuable remarks.
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A NOTE ON THE DEGREE OF APPROXIMATION
OF CONTINUOUS FUNCTIONS

P. CHANDRA (Ujjain)

1. Introduction. Let s,,(/; x) denote the n-th partial sum of the Fourier
series at x of a 27r-periodic and L-integrable function over [0, 2] and let
w(<5) = u(6;f) denote the modulus of continuity of / (Zygmund [2], p. 42).

Let A = (anfo (k,n =0,1,...) be a lower-triangular infinite matrix of
real numbers and let the A-transform of (s,, (f;x)) be given by

k=0
Recently in 1988, we [1] have proved the following:
Theorem A. Let (a,fc) satisfy the following:

n

(1-2) A ctnjtei —0,1,... ,m 1, ti—0,1,...).

Suppose w(t) is such that

(1.3)

where H >0 and that

t
(1.4)

Then

(1.5) Imn(f) - /11 = 0{anntf (a,>N},
provided that

(1.6) tH{t) = o(l)  (t -> 0+).
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Theorem B. Suppose (1.2) is replaced by
.7 a,,t > a,)fcH (k=0,1,... ,n-1 n=0,I,...)
in Theorem A. Then
(1-8) IITn(f) - /Il = O{antf(a,,,0)}.

In this note, we show that estimates (1.5) and (1.8) may be obtained
without requiring (1.6). Precisely we prove the following:

Theorem. Let (1-1), (1-3) and (1.4) hold. Then (1.5) and (1.8) hold
provided (1.2) and (1.7) hold respectively.

2. Proof of the Theorem. It has been observed that the hypothesis
(1.6) has been used only to prove Lemma 1 of [1]:

t
(2.1) \] u~lu(u)du = O{tH(t)}  (f —m0+),

0

whenever (1.3), (1.4) and (1.6) hold. Therefore the proof of the theorem will
follow from [1] if we show that (2.1) may be obtained whenever (1.3) and
(1.4) hold.

We now prove (2.1) whenever (1.3) and (1.4) hold. Since u(t) is non-
decreasing, therefore we observe that

-
u(t)("~---AA‘J u~2u>(u)du.
Hence
(2.2) i_10>(i) <\] u~2u{u)du + —u(t).
t
Also, for 0 < t < /3,

\] u~2w(u)du > u(t)\] u~2du > —ev(t)\Tu~1du: —u>(t)\og(n/t).

Hence, for 0 < t < 7r/3,

I

(2.3) /u~2u>(u)du > —v().
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Combining (2.2) and (2.3), we get

ri n 2w(u)du = O{H (1)},

by (1.3). Hence, as t —»0+,

t t

0 0

by (1.4). This proves (2.1) under the hypotheses (1.3) and (1.4).
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SIMILARITY AND ISOMETRIC EQUIVALENCE
OF V NESTS

G. D. ALLEN (College Station), K. T. ANDREWS (Rochester)
and J. D. WARD (College Station)

Nests of subspaces and their associated operator algebras have occu-
pied an important place in Hilbert space theory since their introduction by
Ringrose [15, 16, 17]. A central problem in this area has been the deter-
mination of when two nests are similar or unitarily equivalent. There have
been many important papers on this subject [3, 4, 5, 7, 8, 12, 13, 14]; for
more detailed surveys of some of these results we refer the reader to [5] and
[6]. The purpose of this paper is to consider these problems in the broader
context of nests in the Lebesgue spaces Lp = Lp[0,1], where 1 <p < oo, with
special emphasis on p > 1, ¢ 2. In order to do this it is necessary to briefly
recall some key results from the Hilbert space case. In [8] Kadison and Singer
showed that continuous, multiplicity one nests are unitarily equivalent while
in [12, 13] Larson showed that all continuous nests are similar and that the
similarity could be induced by an arbitrarily small compact perturbation of
a unitary operator. Using Larson’s results and those of Lance [12], Ander-
son [4] showed that the similarity could be chosen to preserve the index.
Finally, Davidson [9] gave a complete solution to the similarity classification
problem and showed in the case of continuous nests that it was possible to
choose a similarity which was an arbitrarily small compact perturbation of a
unitary operator and which preserved the index. One might suppose that in
the more general Lp setting that isometries would play the role that unitary
operators do in the L. setting. But, in fact, due to the limited number of
isometries on the Lp spaces when p ¢ 2, results analogous to those obtained
by Anderson and Davidson in the L. setting do not extend to the Lp set-
ting. Specifically, we will consider here two particular types of continuous,
multiplicity one nests in the Lp setting and characterize when there exists
an index-preserving isometry carrying one nest onto another.

We will also show that, even when L2-nests are unitarily equivalent, the
equivalence may not be induced by an index-preserving, order bounded sim-
ilarity with order bounded inverse. This last result uses a theorem of [1]
where it was shown that the existence of an index-preserving similarity be-
tween certain L\ nests implies the existence of an index-preserving isometry
between the nests. The subject matter of [1] differs from that of the present
paper in being confined to L\\ however, the nests considered there are of
greater generality than those discussed here.

We now fix some terminology and notation. Throughout this paper p
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will be in the range [1,00) and we will use the symbol Lp = Lp([0,1], m)
to denote the Banach space of Lebesgue p-integrablc functions defined on
[0,1]. Lebesgue measure on [0,1] will be denoted by m. For each measurable
subset A of [0,1], we let P : Lp — Lp denote the natural projection operator
i.e. PaJ = fxA for all / in Lp. (Here xa is the characteristic function of
the set A.) The term operator will always mean bounded linear operator.
We will use Al to denote the continuous Lp-nest consisting of the subspaces
Nt = {f e Lp \ P[ti]f = O} for each t £ [0,1]. Throughout this paper,
p will denote any strictly increasing function from [0,1] onto [0,1] and we
will use Jli(p) to denote the continuous Lp-nest consisting of the subspaces

= {f e Lp I P[*),i]f = 0} for each tin [0,1]. If p = identity on [0,1],
then M(p) = AT. We will make frequent use of the obvious facts that p is
necessarily continuous, p' exists and is > 0 a.e. and that p[a, 6] = [<€X@), p(b)]
for all a, bin [0,1]. The diagonal of M(p) consists of those operators on Lp
which leave invariant all of the subspaces in JU1(p) and all of the complements
of the subspaces in M{p). It is easy to see that an. operator T is in the
diagonal of Ai(p) if and only if the following condition is satisfied:

™ for every Borel set E in [0,1], Ploi]\eTPe = 0.

Thus the diagonals of all the Ai(p)’s are identical. Now it is shown in [10,
Theorem 4.2] that operators satisfying the condition (*) are exactly those
operators having the form Tf —gf where g is in Lo%. Consequently, the
diagonal of any J14(p) is a commutative algebra and the nest M(p) is thus
said to be of multiplicity one. Recall that in the Hilbert space case two nests
are said to be similar (respectively, isometrically equivalent) if there exists
an invertible operator (respectively, isometry) which takes each subspace of
the first nest onto a subspace of the second nest. Obviously the nests Ai(p)
and JT which we have defined above are isometrically equivalent for any p
via the identity. The purpose of this paper is to focus on the question of
when there exists an index-preserving isometry between M(p) and Al i.e.
when does there exist an isometry T: Lp —=Lp so that T(Mt(p)) = Nt
for all t in [0,1]. We note that if p is absolutely continuous then p' > 0
a.e. and the isometry T defined by Tf = is an index-preserving
isometry between Ai(p) and /1i. The rest of this paper is concerned in one
way or another with converses to this result. In the converses the following
compatibility condition between T and p plays a crucial role.

We shall say that an invertible operator T on Lp is ~-compatible if the
function o: [0,1] —»[0,1] defined by

cr(t) = sup{ess sup(<y2-1supp T-1/)): / in TV}
is absolutely continuous and <r[0,i] = U{v?>-1(supp T-1/) :/ in Nt} for all t

in [0,1]. An easily distinguished class of (*-compatible operators are those
invertible operators T which are index-preserving, i.e. T(Mt(p)) = Nt for all
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tin [0,1]; in this case a(t) =t. However, the notion is not limited to index-
preserving operators. For example, the identity operator is (*-compatible if
y3-1 is absolutely continuous.

Our first result contrasts with the results of Davidson [5], who showed
that for any y3, the Z2-nests J/11(y3) and N are similar via an index-preserving
operator. Moreover, that operator could also be chosen to be an arbitrarily
small compact perturbation of a unitary operator. On the other hand, our
first theorem shows that if p ¢ 2 then the existence of a y3-compatible T
on Lp whose condition number is sufficiently small is enough to force the
absolute continuity of 3

Theorem 1. Let 1~ p < -foo, p ¢ 2. There exists ane = e(p) >0
so that if there exists a y3-compatible operator T on Lp with ||T|]||T~1| <
< 1+ e, then y3 is absolutely continuous. Hence there exists an index-
preserving isometry from Ji4(y>) to JT.

P roof. By a result of Alspach [2], there exists an e = s(p) > 0 so that
if T: Lp -* Lpis an invertible operator with ||T||||T_1|| < 1-fe then there
is an onto isometry U: Lp —* Lp so that ||T —U\ < 1. It it this e which
satisfies the conclusion of the theorem, as we shall see. First note that since
T is y3-compatible, we have that oa)) = Ntfor all tin [0,1]. Since
a is absolutely continuous, (Y30 <) = y3(<n<r a.e. It follows that if y300
were absolutely continuous, then y3 would be absolutely continuous. Hence
we may assume, without loss of generality, that T is an invertible operator
satisfying the condition T(Mt(y3)) = Nt for all t in [0,1].

Now suppose |[I|[|[|T_1]] < 1+ e and that U is an isometry so that
IT—7]| < 1. By a result of Lamperti [11] there exists an essentiaHy 1-1
Borel measurable function 9: [0,1] —»[0,1] and a.e. nonzero function h in
Lp such that Uf = he(/ 09) for all / in Lp and J \h\pdm = T(B(E))

E
for all Borel sets E in [0,1]. We claim that, for each t,0([O,t]) = y3([0,<])
a.e., i.e. T(0[O,£]AQy3[O,f]) = 0. To see this, let A = 6([0,i])\y>[0,i]) and
B = y3([0, <P\S[O, i]). Suppose that mB ¢ 0. Since B C y?[0, 1] = [0,y3(/)] we
must have that supp T(xB) C [0,i]. But (supp U (\b)) n [0,<] has Lebesgue
measure zero since

n(xe)= (XB 06)hae- = /iXe-1(B) a-e-

and 0~1(B) M [0,<] has Lebesgue measure zero since 9 is a.e. 1-1. Using
the notation xB to denote the normalized function xB/1TH 1/,p, we conclude
[[(T - U)xBWp = Ur (X8)LIP + 11M(Xb )llp > 1 since U is an isometry and
T is invertible. But this contradicts the inequality ||T —UW\ < 1 and so
mB = 0. Similarly, suppose mA ¢ 0. Since 0-1(A) C [0,fj a.e. we have
that supp U(xA) C [0,t] a.e. Thus if g = T~1U{xA) then supp g C [0,y>(i)]
a.e. But then WJ(g - (xj)Il = llUg - UXa)\ =9~ Tg\ < ||p|]| and yet
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I~ (xjllp= llpllp + [[xJIIP> |<7||p, which contradicts the fact that U is an
isometry. Hence mA = 0. We now have that

\] \h\pdm = m(0[O,t]) = m(«p[0,i]) = m([0,y?(i)]) = <p(t) for all t in [0,1].
[of]

Hence ip' = |/i|p a.e. and so ip is absolutely continuous. This completes the
proof.

In [1], the question of when an order isomorphism between two continu-
ous multiplicity one nests was implemented by a similar operator on Li was
completely solved. Restricted to our present situation the theorem can be
stated as follows:

Theorem 2 [1]. A necessary and sufficient condition that there exists
an invertible operator T on L\ so that T(Mt(ip)) = Nt, for all t € [0,1], is
that ip is absolutely continuous.

This theorem has, in fact, implications for p > 1. We first wish to
derive a strengthening of Theorem 2. At first glance Theorem 2 is only
about invertible operators which fix the index. But, in fact, as we saw
at the start of the proof of Theorem 1, the existence of a «"-compatible
T implies the existence of an absolutely continuous a: [0,1] —[0,1] so
that TIM1(f)(<?)) = Nt for aH t in [0,1]. This observation, coupled with
Theorem 2, yields the following result.

Theorem 3. If there exists a ip-compatible operator on Li, then ip is
absolutely continuous and hence there exists an index preserving isometry
between M(ip) and AT.

Proof. Let T: L\ — L\ be a «"-compatible operator. As in the proof
of Theorem 1, we may assume that T(Mt(ip)) = Nt for all tin [0,1]. The
result then foHows by Theorem 2.

We can now apply Theorem 3 to Lp-nests with p > 1. In order to do
this, we recall that, if 1 » p < +o00, then an operator T : Lp —*Lp is said
to be order bounded if for every positive function g in Lp there exists a
positive function h in Lp so that |/| < g implies |Tf\ < h. A density is a
strictly positive function g in Li with J gdm = 1. If Xg is the measure

[on
given by Age = f gdm, then the spaces Lp and Lp(Xg) are isometric via the
E

isometry (o(f) = g~I"pf- Now if T is a «*-compatible operator on Li(Xg)
then Q- T gp is a «*-compatible operator on L\. Hence, by Theorem 3, ip
is absolutely continuous. We will use this fact, together with the following
lemma, to extend Theorem 3 to the p > 1 setting.

The foUowing is a modification of a result of Weis [18, Theorem 2.1].
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Theorem 4. Let 1 < p < -foo and let T be an invertible operator on
Lp such that T and T-1 are order bounded. Then there exists a density g
so that the operators gpTg~1 and gpT~1g~1 are bounded linear operators on

Li(Ae).
Proof. By Lemma 2.2 of [18] applied to the operator |T| + |T_1| there

exists a constant c¢p and density g so that (|T| + |T_1D)*(yi9 ~ cp|||l|+
-fIT~1|||pY9where 1+ i = 1. It follows that if |/| * 1 then

1(i,r>,-D() Sw ne-"xi) S(i,(r| +ir-"irtAxi) <

<5 1/,(|r] + ir-'D's¥’ s c,|||T| +ir-"iu

and similarly |(pg(T*)~1p~1)(/)| ~ cpII | + |T-1]||. Thus the operators
ggqT*g~x and are bounded linear operators on Loo(Aa). Hence
it follows that their preadjoints are bounded linear operators on Li(Xg). But
since g-1= p* and gp = (p"1)* we have that (pgT’p“1l) = (p*Tp” 1)* and
(PAT*)-1p“x)* = gql ~1g~1 which yields the result. .

Theorem 5. Let 1 < p < +o0o0. If there exists an order bounded, <+
compatible operator on Lp whose inverse is also order bounded, then ip is
absolutely continuous and hence there is an index-preserving isometry be-
tween Ai(<p) and Af.

Proof. Let T :Lp-* Lp be an order bounded, (*-compatible operator
with order bounded inverse. By Theorem 4, there exists a density g so that
PpTp“1 is an invertible operator on L\(Xg). Since the Lp nests M.(<p) and
Al are Li-dense in the Li nests M(<p) and AT, the operator gpTg~x is a
tp-compatible operator on Li(Xg). Hence, by the remark after Theorem 3, ip
is absolutely continuous.

We remark that in the case p = 2 the above result yields new information
about unitary equivalence. To see this, recall that Kadison and Singer [§]
have shown that, in the context of Hilbert space, all continuous multiplicity
one nests are unitarily equivalent. Consequently, the L2-nests AJ1(p) and Af
are unitarily equivalent for all ¢ However, the unitary operator cannot in
general be chosen to satisfy the additional conditions of Theorem 5 since this
would imply that <pis absolutely continuous.
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WEIGHTED (0,1,3) INTERPOLATION
ON THE ZEROS OF HERMITE POLYNOMIALS

K. K. MATHUR and R. B. SAXENA (Lucknow)

1. J. Balézs [1] on the suggestion of P. Turan initiated the study of
weighted (0,2) interpolation, which means to determine a polynomial R n{x)
of degree 4 2n —1 such that

(1.1) An((i/,;n) = ai/ni (Ne*n) (Ej/,n) = gv,ni v — 1,2,... ;n

where aun Run are arbitrary given numbers and £)1are the zeros of the
ultraspherical polynomial P*a\x), a > —1 and the weight function w(x) =

—(1—=2)~2", x e [1,1]. He claimed that there exists no polynomial Rn(x)
of degree < 2n- 1 satisfying the conditions (1.1). However, taking n even, he
proved the existence, uniqueness, explicit representation and a convergence
theorem for polynomials Rn{x) of degree "~ 2n satisfying conditions (1.1)
together with a prescribed value of A,(0). If nis odd, uniqueness fails to
hold. Recently L. Szili [10] carried over the same problem on the zeros

of Hermite polynomial #,,(x) and the weight function w(x) = e-1*/2. In
another paper [2], the first author and A. Sharma considered the problem
of existence, uniqueness and explicit representation of (0,2) and (0,1,3)
interpolations on the abscissas as roots of the Hermite polynomial Hn(x), but
they could not settle the convergence problem in either case because of the
complicated nature of the constants involved in them. For more literature in
this direction one is referred to the interesting papers listed in the references.

The object of this paper is to extend the study of weighted (0, 2) in-
terpolation due to J. Balazs [1] and L. Szili [10] to the case of weighted
(0,1,3) interpolation, which means to construct a polynomial G,,(x) of de-
gree  3ra—1 such that

(hzcu)n(",n) = An(~"1nn) = “¢,n> ((?Gn) (x”n) = Cvn (i/ = 1,... ,TD

where a,n, 6,n, c,in are arbitrary given numbers and the weight function

g(x) = e~x (x € R) and xv=n's are the zeros of the Hermite polynomial
Hn(x), given by:

(13) —O00 < £n,n < ...< Xitj < 00 (ne N).
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2. We have the following theorems.

T heorem 1. There exists in general no polynomial Gn of degree <i3ra—i,
satisfying the conditions (1.2).

Theorem 2. If n is even, then there exists a unique polynomial Gn of
degee ~ 3ra satisfying the conditions:

Gn(xirny = /)nt — bi/;/m ((tGn) (xv,n) —
IV- 1,2,... ,n and
-

Gn(0) = E"=1 [(1+ 3<,)«*,,, - ~L(0).

Theorem 3. Ifn is odd, then there are infinitely many polynomials Gn
of degree N 3ra satisfying the conditions (2.1) of Theorem 2.

Theorem 4. Under the conditions of Theorem 2, the polynomial Gn of
degree ™ 3ra is given by

n n n
(2.2%) Gn(x) =72 avtnUvn(x) + *2 b™Yn,,,(x) + ~ £>,/,,,,(X)
1= U=l I/=l
such that
M
(2.3) G,(0)= £{(1 + 3xl)av - xJ1}% (0),
t/=i

where Uu(x), V,,(x) and W,,(x) (1 £ i/ » ra) are the fundamental polynomi-
als of the first, second and third kind respectively of the weighted (0,1,3)-
interpolation of degree < 3ra, which are uniquely determined by the following
conditions:

(24) £«*,)={" =0,

(2.5)

0, VI(x,) = ( ° ="

(26)  WJx,) =0, WI(x,) =0,
*From now onwards we shall drop the subscript nin xu,n etc.
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Under the conditions (2.4), (2.5) and (2.6); Wv(x), V,,{x) and W,,(x) are
explicitly given by:

(2.7) W{x) = lI(x) - 3x,,K(xX)+
Hn(x) f (M* - xv)2+ pv(t- X,,) + X,,}4r) - Tu(t)
k 2m ] (t- xv)2
0
where
(2.8) K -xv[n--xIj and \iv=-(xf - 2(n- 1)).

(29) K(x) = (x - xwyti(x) + 12X \1“" t=xv) :_xwXbV'U{t)- Ifft) o

where
(2.10) Sv=g(n+2(l-xI)

and

2.11
. Am =K ) /40N

Theorem 5. [fthe interpolated function f : R —»R is twice continuously
differentiable such that
Iim x2'p(x)/(x)=0 {v=20,1,2,...
Jim, xZp()I(x) =0 )

(2.12) .
lim p(x)/(r)(x) =0 (r=1,2);

then the weighted (0,1,3)-interpolation polynomials Gn (n = 2,4,6,...)
given by (2.2) together with

(2.13) aun —f (xv,n
(2.14) <v,, = 0 (eldnu\
and
n
(2.15) Gn(0) = A2 (I + 3x
v-1
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satisfy the estimate

(2.16) e-MfAx)-G,(*) = 0(logn)w (/',-*=) for 7> \-

3. Preliminaries. In this section, we shall give well-known formulas,

which we shall use in the sequel.

(3.1) tf"(x) - 2xH'n{x) + 2nHn{x) = 0

is the differential equation satisfied by Hn(x). At x = xj (1~ ; « ra)
H'n{xj) = 2xjH'n(xj), K \x j) = 2[2x) - (N - Lyvk (xj); and
Hi4\xj) = 4x7(3 -2 n + 2x?-)H'n(xj)\

Let tv(x) be the fundamental polynomial of Lagrange interpolation given
by
Hn{x)
(3.3) 1(*)
Hn(Xv)(X- xv)

from which one can obtain

i fij Y
( . ) fij = v,
h;(x,) i
(3.5) ceriy Mmooy forie
X1 forj = v,
.
(3.6) Lo e I B o
: v d»»-a(n-i) for;, . 1.
and
_M(x1 forj [ r
(37) C(*i)

xu(2xl + 3 - 2n) forj =1

For the roots of Hn(x), we have

(3.8) X2=n (U= 12..«), [1-x2<er, 0<P< i,
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(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

WEIGHTED (0,1,3) INTERPOLATION 35

H,,(0) = n\/ when n is even.
K(x) = 2nHn. 1(x).

Hn(x) = 0 ~a 1 4v2nn!(l + ex2i2, x 6 R.

I9;(xL)|>c2"+1(~)le (A, 0<&<1, ~A=12.. 7

. (1411 2"+ 1]
ki)t = o 1y T IIEEAIANN
B2 bl
I)X/ L .
= ogn, rr>1
o C(I) Hn(xv) J

Y exltlex) = 0{e*), eXW@lix) =o(e*"), =12,...n.
i/=i

e e = O(Vn), where e > 0.
i/=i

J2eIX(KM)-2=0 (M) 1), o<6 <1
/=l

L|r"]l'|!

I/=1 v

2'[(f)']2
(I

Lemma 1. The fundamental polynomials of the first and second kind can
be written in the following alternative forms:

(3.20)

bl *) =£(*) - 3*,B/ + h HKO)
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where
| =~ M)T U - 1oy - copevice - <or

-13(x5 +n+2)(4(x) - 4(0)) + GHPI{XM{IK(X) - KT -

X.
SORNCLORENO)
and
(3.21) V,(*) = ::{(;(3) /N X)- 32n+1 * 1 ) J W dtr
1 Hn(x) ,.. 1HNXc
T2anbl

The lemma follows from expressions (2.7), (2.9) and Lemma 2 (given
below), so we omit the details of the proof.

Lemma 2.
(3.22) é I = IZ(A(X) - 4,(0) - *,(*) + né Iv(t)dt.

If Hv = 5((x* ~ 2(n ~ X)» i/len

(3.23) /[ (M «-N)+ M)y )-C (0df=ifd j iv(t)dt-
% \t ~ xv) 3 %

-1(0») - QO) +|(C(x) - «B)-  +»+2)(4X) - 40))+

t3* k)W) - - w k) {H* - a-(0)-
Proof. From (3.1) and (3.3), we get
(3.24) - 2tH'n(t) + 2nHn(t) =0,
(3.25) H:\t)-2tH:(t) +2(n-1)H'n(t) =0
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and
(3.26) {t. xM t)=" 1L y

Differentiating it, we get

(3.27) (t-xMt) +c(0 =4U L
(3.28) (t- x,,)C(t) + 24(0 =
and

) IR\
(3.29) (- *,)C(0 + K(t) = Hn{xu)
From (3.24), (3.26), (3.27) and (3.28), we get

*x(o-m = 1K (t). 2tfM +2(n _ 1)Wi)]
L X £

which on integrating under limits 0 to x, proves (3.22).
To prove (3.23), we see from (3.25), (3.27), (3.28) and (3.29) that

(3.30) (- *,)[C(0 - 2<C(i) + 2(n - 1)<,(M)]+
+37(0) - 4<(i) +2(n- 1)*,(*) = 0.
Again from (3.24), (3.26), (3.27) and (3.28), we get
(3.31) (t- x,)[C(t) - 2ti'v{t) + 2(n - 1)*,] - 2(*A(<) - C(0) = 0.

Multiplying (3.30) by (t - x,,) and subtracting (3.31) after multiplying by 3,
we get

ifc (<) - *2< (01 + g A~
(*,1,(Q - /L.(*)) _
(1-X,)2
Putting the values of from (3.27), we get
_Xx(i\{vxg)f) = Mol 3(f- x,,) i*’%6'(0)+ 1~ 2C

'18 *(OO - 2<(<) + 2(n - 1)C(0),

[|(x2- 2(n- D)x(f- x,)+x,]1,,[t)- C(0O _
(i- x,)2

= -I%C W - 2<C(0+2<(0) + am C(0 - 2tC(0 + 2(n - hx/, (1)),
which on integrating under limits 0 to x, yields (3.23).
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4. Estimates relating to the fundamental polynomials Uv(x), V,,(x) and
W,,(X).

Lemma 3. Letn beeven, 0 AR ~| and7 > |, then

(4.1) jy * "W, (@)l =0(er2n ) ,
I/=l
M
(4.2) XY YK (*)| = 0(e72log n),
i/=i
and
M
(4.3) NV O2|P,(x)| = 0fc7r2vinlogn).
i/=i

P roof. From (2.11), (3.11), (3.12), (3.14), (3.16) and (3.19), we get

(4.4) W,,(x)\=

- 0DV 1 =
S 2 4% (7))

= O fe(l#ri/=2n A Y | -
Y n32/ A SZ6-B-A-)FT

=0(A ), > 2.

To prove (4.2), due to (2.9), (3.1) and (3.3) after a little computation, we
get

(4.5)
AXT, .. 1 xe20\1An(x) 4\ 2 H2x) I f
S* 209 e'«*>|*I<I3 +71 |>
. .S Qi i f |8 n(>)a;(x)]
+-y '(l-xJ)e*i-Siil Iv{t)dt : . ] M *)]+
3sr *Ne ,) 9. H ° bl )
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SEARSAK)

—N+1+"3+ 1.+ 1s+ 76
(say). From (3.16) and (3.19), we have

yo _. M\ "M n-Yan/2nnlex2/2 j2 .2 3
(4.6) =0 (1)E 2m1(n)leW2xEe =°(e7 ) ">2°
(4.7) M= 0(eTx2logn), 7> |,

which follows on the same lines as given in (4.4). From (3.8) and (4.4), we
get

<> T 'l
From (3.10), (3.11), (3.12), (3.14), (3.16) and (3.19), we get

(4.9 /4=0(e7a2, 7T >" and 26— - 1>0.
Similarly,
(4.10) /5=0(e7*2r=), 7>" and 26-y - 1>0.

Further, using (3.3), we can easily get

c(0) = - xvHN{0) + A,,(0)

*IH'n(Xv)
which gives
e *,2(x) 19,,(0)]
(4.11) 2 A\ x WHADWH Ny K (O
-0T V4 e s/2)x|n 122'ny 2x
L AR(x.)2"+1(a)!
2n(n - 1) V4-y2"-1(n —1)! + ;’Uﬁ-r':!! =0 (e” logwn),

on using (3.17) and (3.19). Using (4.5)-(4.11), we get the proof of (4.2).
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To prove (4.3), using Lemma 1 and (2.7), we get

(4.12) 5 XN ()1 A_/E_ eXEE3(X)L+ 3E |~ 1 e 17 (x)L+
1/=1 /=1 v=1\

+|E E&X)_\xuan-**|| / tv{ndt + i|C (x)-C (o)l + IY LICM I+

n+ 2+ x ] Ne (*) + A" @O)31, \xv\ \Hn(x
+( TA (X)[+7ill<d»)l) + 6K (x,,)\ + 3 \Hn{xv)\
= XX
(4.13)
n:'Eex2<(*)ux)\:0(9*7)12erl(x+ﬂ«(rr"!" =

ri> 1> -
owing to (3.13) and (3.17).
(4.14) J2 =33 \x INex*\VI/(x)\ = 0(ex2y/nlogn), 1 >
V=i

using \xv\ = 0(y/n) and (4.2).

=\j2 2n-xI\e*'H" [v[t)dt
(4.15) Jz \Jvz\lx »\W2n-xl\e Hn{;(\)/) v[t)d

= L(DdI\ =0 (n3"2)0 (err* ~~) =
v-\ " 0
= 0(y/nenlog n).
From (3.3), we get
. - X) - D) <0
) X- X.)- Ds;(x) + _n(l) +
J,s 3k A1) [ (x - x1)297(x1) OK- X,,Y
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*-M O - xﬁ—l;n{xv) x|

1n -
Wwx —x,,) —1] KV 1) + @+ nix - x, OO\ +
i " K bl
L1V N \fn + \HN(0)Ne (x) 195 (0)[H*{x) 2

3As N1 xI) WAWPV\H*(xv) + [8(%,)192(0) (O)

=l
o /r\1\y/nn\n 122 *[2)X
FTMEMTR)  kyentifymnny

=0 ("N)E +0(e-nNx e ™ W
2n+In\y/n «p el'(1+")eril222n+1n!nlel2
T H«(X,) + N i 94%®,,)2"+2((2)1)2e*b  +

n\y/nn\n 1/22"n'ex2e(1 A2a
HOEG +7) kmyraepasxy

+0(1) £ 2n(n - - 1)'ra,-22nej 2((y)")2
i 2"+1(5)lein / 2n!
= 0 (n/nex2) + 0 (e(1+A)xv) + 0 (Ahexd) = 0 (yheTxd), 7 > o
. q;(») 4(x)
(4.17) n= !gxg q 2 bl (X - X )HT{xu) x- xv

<itl4 -idgg M (W I, 11 ,,.» «tgM «,,.
I/=l I/=1 BHADI1

= 0{\fnelx ), 7> 2
as we have done in (4.6), (4.9) and using (3.9)

(418) JeSjE£ e5°NA )K" +2+ *2)IM¥)I + (» + 1)IMO)[] =
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A1(x)
=0« £ e "1p2MTM*)| = 0(VS ) 75 0o

UKL nn\xv)
owing to (4.10).

. 2H'n{x)\ + |a;(0)]|
4.19 Jr=ig, 91l
( ) 1= H2{xv) A 'bl |

ai nnM \H',,bl\
egSn-1/22»rel6(d2x2(n _ 1)-14r" -~ » - 1 _
= O(n)z/\ n . * N
i/=| 2"+1(5)B(*/1)*;a7(X,,)

e(1-i/2)x3,2"+Inn-3/4((n | NN)i/A
ar(x,,)Y M ((rmy2"/2um!

- 0 (”el-._z\)n-_3/4ﬁ|/4 A O(@I*aﬂ’ . 3

- O (««**7) t=1

(4.20)
I/=I
i/2n 3/4(2n7IN3/ 26322
A«(*1)2"+1(])!

=o(I)E

Inn~3/4((n + 1)H)1/2
= 0 (ear) MMM DDVZ gy,
YA+T2M ())!
Using (4.12)-(4.20), we get the proof of (4.3).

5. Weighted polynomial approximation on the real line. G. Freud ([6],
[8]) proved the following:

Theorem A. Letf: R — R be continuously differentiable and g(x) be
a weight function such that

(5.1) lim x2vf{x)g{x) =0, v=0,1,2,...,
M-+°0

and
| Ili_ngb()f'(x)g(x) = 0.

Acta Mathematica Hungarica 62, 1993



WEIGHTED (0,1,3) INTERPOLATION 43

Then there exists a polynomial gn(x) of degree < n such that
24 I e(X)\f(X)~ gn)\ =0 (I/~u(f',I/y/n),
1oo(™)(*) - <A =0 (LM [ 1/V*).
where U= is the modulus of continuity of f defined by

«(/»9) = Sup, lIp(x + O)f(x + 1) —i>(x)/(X)I + [Ir(<5x)p(X)/(X)|
iti
where it A1
if |x
"0 _ {1
and | ¢|| denotes the sup norm in C(R). Iff € C(R) and lim p(x)/(x) = 0,

then éim_)ou>(/, 6) = 0.

L. Szili [10] proved the following:

Theorem B. Let gn(x) be a polynomial of degree » n satisfying the
condition (5.2). Then

F)IPn(*)] = 0 (1),
(5.3) < 0(@0I?n(™)l = O (1), Xx€R
ad(x)WAx)I= 0(y/n)u(f, l/y/n), |a] <y/2n+ 1.
To prove Theorem 5 we need
Lemma 4. Under the conditions (5.2) and (5.3),

(5.4) e(M)lin(*)l = o(n)u>(/"1/vin), |*| <y/2n + 1.

Proof. T0 prove this lemma, we follow the methods of G. Freud ([7],
[8]) and L. Szili [10]. The polynomial

m A
Pm+I(x) = N2
k=1
satisfies the inequalities:
(5.5) c\ex g pm+i(x) <c2ex (-m/4 4x<0)
and
(5.6) ciex < p(,+i(x) <c2ex (-m/4 <x<0)

(see [8], Lemma 3). From (5.3) and (5.5), we get
(5.7) pm(—x2)|g"(xX)| = 0(y/n)u(f, Vy/n) (x| < y/Im/2, m <An+ 2).
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If Qn is a polynomial of degree ” n, then
(5.8) IQnOOI = for |x| < yfr/2

holds, where w is the modulus of continuity over the interval [-m/2,m /2].
Using this inequality on the interval [*\/TNy/T] f°r polynomial
(5.7), we obtain

AP m (-*2)<z"(]l = \-2xp'm(-x2)q"(x) +pm(-x2)q"(x)\ >

A Pm(~x2)\C(x)\ - 2\xp'm(-x 2)g'n(x)\
which gives rise to

(5.9) BONG" (N < Ipm(-i2)g™(x)| * 2|xp”(-x2)g"(a:)|+

|/nfta) for |*| <y/2n + 1.
By the definition of u, we have

(5.10) u>(mg"; I/n/n) = sup |pm[-(x +i)2kn(z + *)-Pm (-x2)g"(;c)l <

o<t<l/v/n

N2c sup \pm(-x2)g)\ = 0(y/n)u(f',I/y/n)
[x|<-y/m/2

on account of (5.7).
(5.11) XPA(-x2)g ()] = |* W -*2)[Ne )1
< c2y/ne(x)\q'*x)\ = 0(n)u(f',l/y/n),
using (5.3) for |[x| < \/2n + 1. Now (5.9), (5.10) and (5.11) prove the lemma.

6. Proof of Theorem 5. Let n be even. According to Theorem 4,
every polynomial Pn of degree ~ 3n is written as

(6.1
n n
Pn(x) = 22P n(xINUI/(x)+ £p : (xI)Vu(x)+ £ (ePn)",(xi) WI(x)+dnffZ(x)
v=\ v=I v-1
where

(6.2) dn = Pn{0) - X )P, bl (1+3x2)ENO)+ £x,i*(*,)E(0)
HT t/=i i/=i
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Let gn be a polynomial of degree < 3n satisfying the inequalities (5.2) and
(5.3). Then we have

(6.3) e~ix |/(x) - Gn(*)| = 0(1) g{x)\f(x) - gn(x)|+
e X I)/(:ZlgM MM -unM) +
+e—iIX +
«=1 QX)) u=1

+\dn\e-"2HN(X) = o(I)[«i + 32+ 32 -f Ss + 56])

where

(6.4) 61 = o(l/y/TT)yu)(f', 1/y/n),
uu(x) :

(6.5) s2"e Ix2 e(xu)\f(x,,) - YUxm\ o) =0 (Dlog nw(f', 1/y/n),
q(xV

V=X

owing to (5.2) and (4.3),

(6.6) 33<e-7*2Y2R M If'M - Vn(x»)\*fTX\ = 0 (logn)u;(/",1/Vn),

u=\

owing to (4.2) and (5.2).

347 e-7+2Y2 \cuMWv(x)\ + e-7%2£ \W ™ M \W *)\ =
I/=l =i

= 0(n)u(f, lyIn)e BR[IP \W,,(x)\eRx2 + A2 1"00I] =
i/=i i/=i

= O(logn)u(f, l/y/n),

on account of Lemma 3, (2.14) and (4.1) of Lemma 2.
We now estimate the last term of (6.3). Replacing Pn by gnin (6.2), we
have

(6.7) 3B=|d,le-x2*(*) =
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= UH )M 0)" P o« (*p)(1+»*M (0) + £ *,2(.(*)£(0)
% W |):':€L 5'(0)(1 + 3*M4(0) - £ * bl (L+

++ x,40nbl & )]
=1

because
1=2~(1 +3*7(0
<4:(1 (0)
which can be obtained at x = 0 from Theorem 4, taking
a,=6Gn(xu=1 6,=06>(x,=0 and G,(X) =1
Regarding the sums in (6.7), we get

(e.8) », S [£ ia.(0) - *.(*.01(1 + s*;)i«(0)i+
"=
+E£|**W *.0INe )|] = K(H +
where
(6.9) A= = 0 (1),

owing to (3.9) and (3.11).

(6.10) *j = Y, M 0) “ «"("XK 1+ 3xE)IN()I =
/=1

£ K (*)1(1+3*;%x30)=£ ~,(W iliM M 21

til X' Hn bl
sO(L)f i 1/J0-V | =
ATuiox" O\ (F)Y 23+3((F)N3e@/2K
.
= 0(l1/n3/2) 22 nIv2 ~ 0(I/\/w) = 0()w (/*, 1/n/n), 0< <X,
i/=i
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for 3<5/2 > 2, owing to (3.19) and (3.8), because 1/yfn < w(/', I/ly*n), and

fl
(6.112) t2 = bl K;(*,)|Ne )| =o(1Im /", i/>/n),
i/=i

which follows mutatis mutandis to that of (6.10).
Thus (6.8)-(6.11) complete the estimation

(6.12) S5=0(Du(f',l/y/n).
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Dedicated to Prof. R. S. Varga on his 60th birthday

1. Introduction

This note owes its motivation to an extension of a simple and elegant
theorem of J. L. Walsh ([6], p. 153). Let / G Ae (the set of functions

analytic in |z| < g but not in \2\ * g, gD> 1). Let I1, denote the class of all
polynomials of degree <s. If /(z) =  OfZ), then we put
J=0
n—2
(1-1) Sn-2(z,f) ="2ajz].
j=o

Let p*_2(z,/) denote the polynomial of degree %n - 2 which minimizes

odnax_ |pn_2AR) - /(AR A= exp(27rr/Te),

over all polynomials pn-2€ IM,,_2. Then Cavaretta et al established:
Theorem A ([2], Theorem 7). Letf e AB, 1< g< o0o. Then
(1-2) Q[QO{Sn-Z{z,f)- Pn-2(z,/)} = 0, |z| < g2,

the convergence being uniform and geometric for all \2\ i T< g2. Moreover,
the result is sharp in the sense that (1.2) is not valid at each point of \2\ = g2
for all f G Ae.

It may be noted that none of the sequences {Sn-:(z,/)}~r and
{Pn-2(zi/)}??=l in Theorem A converge beyond the region |z| < g whereas
their difference converges in \2\ < g2. This phenomenon introduced by Walsh
([6], p. 153) is known as overconvergence or equiconvergence in the literature.
For further details on this topic we refer the interested reader to [1] and [5].

Recently, E. B. Saff and A. Sharma [4] discussed the equiconvergence of
certain sequences of rational interpolants. The classic theorem of Walsh ([6],
p. 153) is a special case of their result ([4], Theorem 2.3). Our object in the
present paper is to generalize Theorem A in the spirit of the Saff-Sharma
result. Building on results of Motzkin and Sharma [3], we solve a min-max
problem in 83 for which the solution is the so-called next-to-interpolatory
rational function. We prove our main result, i.e., Theorem 2.1, in 84.
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2. Preliminaries and statement of main result

Let m > — + 1 be a fixed integer and let r,.| m_i(z, /) be a rational
function of the form

(2.1) P{z)I(zn- on), p(z) £N,+1_! a>1,

which minimizes (see [4])

\f(z)-r(z)\2\dz\
I*1=i

over all rational functions r(z) of the form (2.1). If / € AQ then it is known
[4] that the minimizing function rn+m-i,n(z, /) is given by
@2)

&S -——-«n,(/n_A)------- when m >0,
Mm+w-1,n(r!/) =

[2if J (zn-<X")(t-2) m <0,

where Iis a circle |[il = g, 1< g <g,and z £ C with \2\ ¢ a.
Next, consider the following problem:

(P1) Let m be a fixed integer with m > — + 1, and let 4 - exp(27rr'/(n +
m + 1)). For f € Ae, minimize

ocfax - l/(u.t)-* (“>*/)l

over all rational functions of the form (2.1).

The existence and uniqueness of the solution for (PI) is based on the
results of Motzkin and Sharma ([3], Theorems 1 and 2). If the solution (see
83) is denoted by

(23) K+m-i,A* f)-=K+m-Az,f)I{zn-cjn), ~ 6 Mn+T_b

then we formulate our main result as follows:
Theorem 2.1. Let m be a fixed integer and let a > 1. Iff & Ae,
1< g< oo, then
if N<i2(™=12p
if zZ\da (a <82,

the convergence being uniform and geometric in any compact subset of the
regions described above. Moreover, the result is sharp in the sense of Theo-
rem A.

(2.4) lim JAn]m_jn(z,/) r,+7_I)N
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3. Solution of the minimization problem (PI)

Indeed, we want to solve the problem

D(Uk)

pen +m IOlné m]/("*) ukn _

(> being as in (PI)), which is equivalent to

(3.1) pE“n_L% max  6fF,(0;©)-p (w )

i §<k<n+m

where
bk = w*" - crT1 and Fn(z) = (zn-

51

Based on a result of Motzkin and Sharma ([3], Theorem 2), it can be verified

that the solution P*+m_i(z, /) of the problem (3.1) is given by

n+m+1 3ol
(3:2) E kihw/ E 11
fe=I © k=1
where
(3.3) tn V™ WkK(z) n
&k
with

Wk(z) = (z"+m+1 - 1)/(z - uk).

In order to prove our main result, we shall require an integral represen-

tation of P*+m_x(z, /). For this we prove

Lemma 3.1. The polynomial gk(z), 1~ fc~n-t-m + I, given by (3.3)

has the following representation:

(3.4) 9k(z) =13,#/m,,(z,/) - C,(z""+m+l - 1)/(z - uk)
where

(35) frema(Hf) - 1 G0 ENO il 2 T emed
and

@9 O
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Here Mis acircle |ff =4, 1< 48 < g
Proof. It is easy to see that

2n+m+1- I)(u+ - Qk)ui

‘2= E U s e e -t

)
Since
Ui —Uk
(z—UK)(z—) z—-W z-Ut
we have
I'I-Ir"g"l n+m+1 . "
»€= j=1 ¢ —u n+m+1 Fn(u>)-
2n+m+l _ j"-g-1 W
7 —U* n+m+ 1F”(U+)'

3=1
The first summation on the right side of the above equation represents the
Lagrange interpolation polynomial of degree n+ m to F,,(z) onthe n+m+ 1
roots of unity and therefore equals Bn+m,n{z,,. The second summation
upon using the Cauchy integral formula leads to Cn in (3.6).
Remark 3.1. From (3.2) and (3.4) we have

(3.7)
-Pf»+m-lI(z>) — Bn+m,n(z,+) - c, = bk | _k I~ KX
1 ' k=1
An alternate representation of P*+m_1(z, «, is therefore given by
. (tn - an)/(i) t(tn+m - zn+m)
(3.8) JL 1 mime1 A _— G T, (2,1)
where
n+m+1 _n+m , Jio(mm)  / n+m+l
(3.9) 7n(r</):=Cn 2 J /| E
fe=I ' Jfe=l

This can easily be seen upon writing the integral representation ofc v+ m .0 (2.1)
(cf. (3.5)) and considering the relation:
2n+m+l _ k zn+m - yMn+m)
=zn+tm+ W «
zZ—LU Z—n"

in (3.7).
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4, Proofofthe main result

When \2\ ii 1, the direct estimates from (2.2), (3.2) and (3.3) show that
M1 {K+m-I,n(Z2’f) - rn+m-1{z,f)} = 0.

However, the proof of (2.4) for \2\ > 1 requires a detailed analysis of j n(z, /).
For this, first we note that

4.2)
Also

uk(zn+m - win+m))

J/fc:}/ - for all z.

(4.2)

This follows from the properties of the roots of unity. From (4.1) and (4.2)
we observe that

1 n+m+1 uk(zn+m - wé n+"¥)) . . i1 e 1 [2|[n+m + |
(43) g K " rin+T(n+1 + 1)

\zn+rn+1 _ 1

when \z2\ > 1. Since

n+m-f-1
(4.5) N Kl=(Mn+m+ I)(<r"- 1)
and
._ Gn- 0”) Ne @ + On\
(4.6) C.i= e o)

we obtain the following inequality from (3.9) and (4.3)-(4.6):

\z\ntm 4-1  nn 4-nn
Mo J)IS Uo(ntm 4+ 1)z +m]e u = wo> o1

where Di is a constant independent of n. This shows that
4.7) lim ~ =0, forall bl >1 and \z\ ¢ a

Proof of Theorem 2.1. We shall prove this result for m ~ 0. The
proof for the case m < 0 would be similar. From (2.2), (2.3) axd (3.8) we
have

Acta Mathematica Hungvrica 62, 1993



54 M. A. BOKHARI

(4.8) )
L I ™ /_ 1 (< - *")x) ~ A 7n(*./)
Antm-Ifs( /} »+T1-1»(r’A - 2xij (*»-a")(t-2)Kn( ' )d zn—an
I
where
(intm - 2n+m)(l - im+1o--n) (zm - tm)a~n
(4.9) An(i,2) — "“n+tm+1 _ _a-ntm tm(tn- o-") '

Notice that I" is a circle |fl —g', 1 <gl< g. Since a > 1, for all sufficiently
large n we obtain

R%+m- ID:» "l emo A ”JF Blnggr';ﬂj 9 RN, Ig rg M* én.l

where D? is a constant independent of n. Taking into account (4.7) and
considering different cases for a > g2, and a < g2, a straightforward analysis
now yields (2.4).

Next, we show that the result is sharp in the sense that the first region
of convergence in (2.4) cannot be improved. For this we follow the usual
technique (cf. [4]) and select the function /(2) = (g—z)~I in Aaalong with
the point z — g2 on the boundary of the region \2\ < g2. It is easy to see
that

(tn - an)(tn+m - zn+m)f(t)dt
27rr\] (Zn —N)(i —z)(i"+m+1- 1){tn- a~n)tr

(gn - cm)(En+T - 2n+m)
(zn- am)(g - z)(gn+Hm+l - I)(gn- a~n)gm’
whereas for z = g2 and a > g2 we have

lim 7 d hil =0
n—eo 2
and
Um [ r -zm 2™ r n =0.
n-ooy (zn-a n)(t z)(tn-cr-r)tm\ tn+m+i - | % )

This along with (4.8) and (4.9) gives us

(4.10) "

{Rn+m-In(Q2h - r+m-Ln("2N} = (57 gygmeigi (a > g2).

When 2 = g2 and a = g2, the limit on the left side of (2.4) does not exist
because of the factor (2" —em) in the denominator. This completes the proof.

Remark 4.3. If we choose m = —1 and let a —=00 in (2.4), we obtain
Theorem A.
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ON (n+ 1)-SUBWEBS OF AN (n+ 1)-WEB
AND LOCAL ALGEBRAS ASSOCIATED WITH THEM

V. V. GOLDBERG (Newark)

0. Introduction

Let W =W(n + I,n,r) be an (n+ I)-web given on an (rar)-dimensional
differentiable manifold X nr by n + 1 foliations A, £ = 1,... ,n + 1, of
codimension r. For n > 2, subwebs of W defined by any k + 1 foliations,
K < n, out of the n + 1 foliations A*were studied (see [9], [10], or [16]). It is
natural to call such subwebs reduct (k + I)-subwebs.

On the other hand, one can consider (ns)-dimensional (n -f I)-subwebs

W =W(n+l,n,s) CXns C X nroftheweb W whose leaves are intersections
of X ne with the leaves of the web W. It is natural to call such subwebs
transversal (n + I)-subwebs. The transversal (n + I)-subwebs were studied
forn=2,s- lin [l and forn > 2,s = 1in [9] (see also [10] or [16]). It was
proved in these papers that n-dimensional (n+l)-subwebs, n > 2, are induced
on transversal geodesic surfaces of the (n + I)-web W. In the paper [6]
transversal 3-subwebs of a 3-web 1F (3,2, r) were studied fors = 1,... ,r—1,
the relationship of the Akivis algebras defined by the coordinate loops of
the 3-web and its transversal 3-subwebs (see [3], [6] or [17]) was established,
and isoclinic and Grassmann 3-webs were characterized in terms of these
algebras.

In Section 1 of the present paper we study the transversal (n + 1)-
subwebs W of the web W for n > 2, establish their relation with reduct
(k -f 1)-subwebs, some properties of their web spaces X ne and the connec-

tions between the fundamental tensors of W and W. In addition, we prove

that transversal subwebs W of the webs W of known special types are of
the same types and give a characterization of Grassmannizable (n + 1)-webs:
they possess a maximal set of transversal subwebs.

In Section 2 we study algebra structures associated with coordinate n-

loops of the web W and its transversal subwebs W. For W and W such
structures, which are called the (AC)-algebra and (AC)-algebra respectively,
are obtained as the sets of (1]) (Akivis) A-algebras associated with reduct 3-
subwebs of W and W and Q) (comtrans) C-algebras associated with reduct
4-subwebs of W and W (see [19] or [16]). The operations in both coordinate
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n-loops (of W and W) produce a series of h-ary operations, h = 2,3,4,...,

in their tangent spaces at the identity, and these tangent spaces with these

h-ary operations give rise to the local (AC)h-algebra and (AC)"-algebra.
We prove that the (AC)/,-algebras are subalgebras of the corresponding

(AC)/,-algebras and use these algebras to characterize isoclinic and Grass-
mannizable (n + I)-webs W.

1. (n4-1)-subwebs of an (n+ I)-web

1. Let W(n+1,n,r) be an (n+1)-web defined on a differentiable manifold
X nr of dimension nr by n -f 1 foliations AN\ £=1,... ,n + |. Each foliation

can be defined by a completely integrable system of Pfaffian equations
(see [9], [10] or [16]):

(1.1) J =0, f=1,...n+ 1, »=1,... 1

The forms {%'*}, a = 1,...,n, define a co-frame in the tangent bundle
T(Xnr) and satisfy the following structure equations:
1.2 du' - i/ A w- J3 11tk
( ) ex !“ V\ﬁ '%ﬂ: » fJS
(13) <4 - “j n nn

a,3=1
where the quantities aB and k[JSJl are connected by certain relations (see

ollsr a
[9], [20], [7] or [16]). We indicate some of these relations:
(14) vk =0,
(1.5) jk -t W aop,
7=1

(1.6) )
(1.7)
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1.8 .

(9 aR3*1 = 5 1hc" 3"

(2.9) _ablll = 0,

(1.10) bijk + 2 ikl - -

where V a\ = da'ft—a)kuet— a’'-,uk-f a\ku\. The quantities a’. and
ai3 al’d afn 3 aR3" al3 a3

k%;k, form the tensor fields in the tangent bundle T (X nr) which are called
a

respectively the torsion and curvature tensors of the web W(n + 1,n,r).

Equations (1.8) and (1.5) show that if n > 2, the curvature tensonof
W(n + 1,n,r) is expressed in terms of the Pfaffian derivatives of its torsion
tensor and the torsion tensor itself. This is not the case for n = 2 because
in formulas (1.8) 7 ¢ a, R.

Equations (1.2) and (1.3) define an affine connection 7,,+i on the man-
ifold X nr (see [9], [10] or [16]). This connection is induced on X nT by the
web W(n + I,n, r). The subindex n + 1in the notation 7,,+i indicates that
the foliation An+i has been distinguished when we take the forms {Léil} as a

co-frame and the equations (1.2) and (1.3) as the structure equations.
The geodesic lines of the connection 7,,+i are determined by the equa-
tions

(1.1 dg'-flr{Su\:qu.xf, a=1I,....n; t=1,...,r,

where pis a 1-form. Note that in (1.11) d is the symbol of ordinary (not
exterior) differentiation with respect to the parameter of a geodesic line.

It follows from the equations (1.11) that the leaves of all the foliations
of the web W{n + 1, n, r) are totally geodesic submanifolds in the connection
n+ie

2. An r-surface Ua = a Fs, a = 1,... ,n, is the intersection of n - 1

leaves F& passing through a point p € X nr. In a neighborhood of p the leaves
of A,,+i intersect each Ua at the point and give rise to a point correspondence
among the surfaces Ua in which corresponding lines of Ua are tangent to
vectors with equal coordinates. We denote by s@aln+i the projection map
of the surface Ua onto the surface Up defined in the neighborhood of p by
means of the foliation An+1. The local diffeomorphism <mfln+i maps geodesic
lines onto geodesic lines. Let vectors {ef} form a vectorial frame dual to the

co-frame {a/}. If £ is a tangent vector to X nr at p, then

(1.12) £=, /&

a =1
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Since the foliation Xa, a fixed, is defined by \évl = 0, equation (1.12)

shows that the vectors e", o. ¢ a, are tangent at p to the leaf Fa of XQ
passing through the point p and form a basis in Tp(Fa). The foliation A,,+i

is defined by |/|+I = - Yju' = 0- This and (1.12) imply that the vectors
n a a

e" —ef, a (p a, a fixed, form a basis in Tp(Fn+1). In addition, it is easy to
see that

(1-13) <¥>B/On+lp(e®) = e?.

In [9] (see also [10] or [16]) we introduced the notion of a transversally
geodesic n-surface. We will generalize this notion, introducing transversally
geodesic (ras)-surfaces. Let ns vectors

(1.14) &=Caei, a,6,c=1,...,s; a=1,...,n,
be given in the tangent space Tp(X nr). It follows from (1.13) and (1.14) that

(1.15) dPalkn+1p(£) = g.

The equation (1.15) means that the subspace which is defined by the (ns)-
vector

(1.16) t= n..nc A---nC*n...ne*, ab... ,an=1,... ,n,

is invariant with respect to any of the operators d(papn+i|p, a,R = 1,... ,
The subspace in Tp(XnT) defined by the (ns)-vector (1.16) is called a transver-
sal (ns)-subspace of the web W (n + I,n, r).

DEFINITION 1.1. A submanifold M —X ns of dimension ns of the mani-
fold M = X nr is said to be a transversally geodesic submanifold if its tangent
spaces are transversal (ns)-subspaces of the web W = W(n + 1,n,r).

Definition 1.2. Suppose that aweb W = W{n {-1,n, s) is given in a
submanifold M of M. This (n + I)-web W is called a subweb of the web W
if its leaves are intersections of M with the leaves of the web W.

In [9] (see also [10] or [16]) (k -f I)-subwebs, Kk < n, of the web W were
introduced in the following manner:

Definition 1.3. Consider the intersection of n-k leaves Fu, u=k-\-1,
. ,n, 1<Kk <n, ofthe web W. This intersection is defined by the system

(2.17) w"=0,...,ui=0
ifc-t-1 in
and has dimension kr. The leaves Ft,t=1,... ,k,n+ 1, of the other k -f 1

foliations cut on this intersection a (k+ I)-web W(k +1, k, r) of codimension
r which is called a (k + 1)-subweb of the web W.
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We will denote such a subweb by [En+inEirees>&]e-A web W has (£+j)
(k + 1)-subwebs.

We can say that the (n + l)-subwebs of Definition 1.2 are transversal
while (k + I)-subwebs of Definition 1.3 are redact subwebs.

There are two kinds of reduct (k-(-1)-subwebs: a subweb [n+1, an_fc+i,...,
a,,], which is defined by the system

1.1 > =0,... *=

( 8) (L(ll O’ ’un_k O’

and a subweb [an_*,... ,an], which is defined by the system
(1.19) an\F/I =0, }Q[*: o ,, »n-Mk-l = 0.

In the case (1.18), we can see from the structure equation (1.2) that the
torsion tensor of the (kK + I)-subweb [n+ 1,an_*+1,... ,an]is a subtensor of
the torsion tensor of the web W.

In the case (1.19), we can write the structure equations of e 8]
in the form
(1.20) du' —n3/n

a a R3
1¢0,a
where
=uj + :
q) =uj +Y1 Ri
and 6,/?,7 take those values from 1,... ,n, which are distinct from oi,... ,

i ;B is fixed and a ¢ R.
Equations (1.20) show that the torsion tensor of the (k + I)-subweb
defined by (1.19) is a'-k —a'-k — a'-k.
°n3  (h &T
If K = 2, we have (£) 3-subwebs V\é =[n4-1,a R CX22 CXnrofW

q

which are defined by the foliations An+1, Aa,\s, a,R = 1,... ,n.
The torsion and curvature tensors of the canonical affine connection yal
(see [1]) of the 3-subweb \a% are (see equation (28) in [10] or equations (1.3.23)

and (1.3.25) in [16]):
121 i
(329 aplk - >

<22> > - 2> - 0a0?bl+ aRa3ik RaskalTL + a3 Ramk'

Acta Mathematica Hungarica 62, 1993



62 V. V. GOLDBERG

and the torsion and curvature tensors of the canonical affine connection of
the 3-subweb [a,B, 7] are (see equation (2.48) and (2.49) in [8] or equations
(1.3.69) and (1.3.71) in [16]):

(1.23) k- >4 +am * e

(1 = 2 4 ) oottt ettt

b ——alliT a'-a—a‘y+ o*—a +{a —ali+ axyf
a3y’ RotfP*" afaJIiC RW BIR3 aya3’ ayy3‘k aB-R Ray3

- " AN ~ * N *
* (/??a% - 7a/3¥ 76(.([ ) (/3aa /37a I_/) +V/ ah(](?k /:Sy(;£ -|;>7< /#?<(<7a aia3 ’) *

- Nt gpl+ afchfam - «Ly-
If K = 3, we have (3) 4-subwebs algt = [n+1a,/3,7]C X3r CXnr of LF

which are defined by the foliations An+i, Aa, XB and A7;a, /3,7 = 1,... ,n. As
we noted above, the torsion and curvature tensors of any of these 4-subwebs
are subtensors of the corresponding tensors of the web W.

The following proposition immediately follows from Definitions 1.2 and
1.3

Proposition 1.4. Every (ns)-dimensional (n + I)-subweb W of the
(nr)-dimensional web W induces a (ks)-dimensional (k + 1)-subweb on a
(kr)-dimensional (k  1)-subweb [En+b fi, eee , £fc]- O

In other words: a transversal subweb of W induces a transversal subweb
on a reduct subweb.

Theorem 15, IfawebW is asubweb of the web W, then its web space
M is a transversally geodesic submanifold of the web space M of the web W.

Proof. Let us denote by Ua the s-surfaces associated with the subweb
W which are similar to the r-surfaces Ua associated with the web W, i.e.
Ua = éDatFé’ a —1,... ,n, where Fa are leaves of the subweb W. Let

(Palin+i be the projection map of the surface Ua onto the surface UR defined
in a neighborhood of p by means of the foliation An+i of the subweb W. It
is obvious that Fa C Fa and consequently Ua C Ua. This implies that the
maps <PalinH are restrictions of the maps saln+i on Ua:

Valn+l —WValin+l |@ye

The tangent maps dpQ@in+i| : T(Ua) — T(UR) are restrictions of the tan-
gent maps dgmln+l| : T(Ua) —#T(UR). This implies that the (ns)-vectors
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T(Uai)/\...I\T(Uan) are invariant under the maps d<a/h+i|p. But the (ns)-

vector T(U\) A... AT(Un) uniquely determines the tangent space Tp(M) to

the submanifold M at the point p. This means that this (ns)-vector is in-
variant with respect to any of the operators d<patlg)+ijp. O

3. Let f:M —=aM be an embedding of the subweb space M of W
the web space M of W. If the forms {a“}, a=1,. ,nabc=1,...,s,

form an adapted co-frame for the subweb W, then the differential equations
of the embedding / can be written in the form

(1.25) u' = CJ*,

where £a are coordinates of the tangent vectors of Tp(M) defined by equation

(1.14). The leaves Fa C A*and F,+i C An+i of the subweb W are defined
respectively by the equations

M
(1.26) 9a=., a=1,....,n; ]JTV =0.
a=I

The forms Qa satisfy the structure equations of the web W —W (n -f 1, n, s):

(2.27) dea- Bb/lea= y &a7?8BbN %,
B dhoc
n
(1.28) del- n — vy B’ rne*
6 C »}IS__i.l(Q,S « R
which are similar to the structure equations (1.2) and (1.3) of the web W =
= W(n +1,n,r), and the quantities &€. and form the torsion and curva-

ture tensors of W related by conditions similar to the conditions (1.4)-(1.10).

Other relations are obtained after taking exterior derivatives of the equa-
tions (1.25), which by means of (1.2) and (1.28) lead to the following exterior
qguadratic equations:

(1.29) (Vii - el) nf + £ (ei»£ - «>|’iii)fnf=o,
R#*
where = df'a -f fowj. Since the forms 9° are hnearly independent, the

equations (1.29) imply that
(1.30) = tta
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and
(1.31)

Taking exterior derivatives of (1.31) and using (1.3) and (1.28), we will have
the following equations connecting the curvature tensors of the webs W and
W which are similar to the equations (1.31) connecting the torsion tensors
of these two webs:

(1-32) . = Oa% i

In addition, differentiating (1.31) and using (1.4) and (1.30), one can easily

obtain similar relations between the Pfaffian derivatives of the torsion tensors
of the webs W and W:

(1.33) alijjkitifb& = ?fa*ylbc-

It is easy to see that further differentiations of (1.32) and (1.33) give
similar relations between the higher order Pfaffian derivatives of the torsion

and curvature tensors of the webs W and W.

Note that if n > 2, then the equations (1.32) follow from the equations
(1.8) and (1.33). In this case only the equations (1.31) are essential.

In the case k > 2, it follows from the structure of the torsion tensors of
reduct (k -f 1)-subwebs [Em+bED eee that the relations similar to (1.31)
are a part of the equations (1.31) or are implied by (1.31). In the case Kk = 2,
i.e. for 3-subwebs V\é and [a,/3,7], we have respectively:

a

(1-34) = fljA -
(1-35) aI%L,(i(NQ :v,aIBL
and

a-m) =Q
(1-37) =

where 0'-., fe'-.,, a ’, and b . are defined by (1.21)-(1.24), and this
aBJ aRld al~r aflr

matches Theorem 2 of [6] proved for transversal 3-subwebs of a multidi-
mensional 3-web.
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Note also that if s = 1, the equations (1.31), (1.32) and (1.33) give

(1.38) AP = C‘%,
(1.39)

and

(1.40) =i

which were considered earlier (cf. equation (12) in [9] or equations (74) and
(77) in [10] or equations (1.9.17), (1.9.21) and (1.9.22) in [16]).
We proved the following result:

Theorem 1.6. The functions £ which define ihe embedding
satisfy the equations (1.31), (1.32), (1.33) and similar equations connecting

the torsion and curvature tensors of the webs W and W and their Pfaffian
derivatives. O

In the case 5= 1, this theorem was proved in [9] (see also Theorem 15
in [10] or Theorem 1.9.5 in [16]).

Theorem 1.7. A transversally geodesic submanifold M of the manifold
M is totally geodesic in the connection 7n+i.

Proo¥f. In addition to the affine connection 7,,+i defined on the man-
ifold M by the forms Uj, I,J = 1,... ,nr, where the matrix (wj) has a
block diagonal form with the matrix (%) along its “diagonal”, we have an

induced affine connection 7,,+i defined on the manifold M by the forms Bga,
A, B = 1,... ,ns, where the matrix (8g) has a block diagonal form with the
matrix (Off) along its “diagonal”. The connection 7,,+i is associated with the

web W, and the connection 7,,+i is associated with its subweb W.
Let rfc be a tangent vector in TP(M). The vector field 7with coordinates

rfla in TP(M ) is parallel in the connection 7,,+i if and only if its coordinates
satisfy the equations

(1.41) d“+ fab =0, a=1,. ,n; ab6=1,..,5.

W ith respect to the frame {ef) in TP(M), the vector field 77has the following
coordinates:

(1-42) T =« o
Differentiating (1.42) and using equations (1.30) and (1.41), we get
(1.43) dla Arfae) =Q a=1,...,n; t,j=1,...,r.
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Equation (1.43) proves that the vector field 77is parallel on M in the con-
nection 7n+i. This means that a transversally geodesic submanifold M of
the manifold M is totally geodesic in the connection 7,,+i. O

Note that Theorem 1.5 generalizes a theorem on transversally geodesic
Tesurfaces proved in [9] (see also Theorem 14 in [10] or Theorem 1.9.2 in

[16]).

4. There are many special classes of (n + 1)-webs W, n > 2, which are
characterized both geometrically and analytically (see [12], [15], [14], [5] or
[16] and [1], [2], [18]).

We will now prove that if the web W is of a certain special type, then

any of its transversal subwebs W is of the same kind.

First let us describe special classes of webs W by analytic characteriza-
tion since these analytic conditions will be used in our proof.

We will consider here the following classes of (n -f I)-webs W, n > 2

1. Reducible (n+ I)-webs W of different kinds, for example the reducible
webs which are defined by the condition: a'. = a*..

0/33

2. Transversally geodesic (n + I)-webs W : a\jk) = *(j &k)-
3. (2n + 2)-hedral (n + I)-webs W : &\jk) = 0.

4. Group (n + I)-webs W of different kinds, for example of the kind for
which = a)ki ask) =0, a <B.

5. Parallelizable (ra - I)-webs W :a%‘,. = 0.
6. Isoclinic (n + I)-webs W : ~ N N-
7. (n -f )-webs W with paratactical 3-subwebs W : a| , = 0.

8. Hexagonal (n -} I)-webs W : r/13J = 0, where
[0)

h\u = 2 bM) + O“Ob'ﬂ) —0 i:lo 0*0 - - ‘10_
9. Curvature-free (n 4-1)-webs W : l/:)3ch = 0.
[0)
10. Grassmannizable (n - I)-webs W : a't= A, + A

11. Algebraizable (n + I)-webs W : h~kl = 0.

In the case n = 2, i.e. for 3-webs W = W (3,2, r), the following special
classes are known (we will indicate the analytic characterization for 3-webs
W):

«/3)
1. Paratactical 3-webs W : aj. = 0.
a aR”
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2. Bol 3-webs z\é of three different Kinds: abBW . °_jaro = 0, or
a?33" =0

MoufangSwebs b = bf,n.
af a83" aEVkV>

Transversally geodesic 3-webs W b\ ;n= %m la.
ctR'J af
Hexagonal 3-webs )K 6}en = O

aBo*o

Group 3-webs IT: b =0
aB aflr

ini - sql- _ =1l 4
Isoclinic 3-webs %. a93:b*] bRy
8. 3-webs V\r/s ofthree different kinds with a partially symmetric curvature
a
tensor:

N o o &~ w

or 0
«>]" 0T Wit T - °-
9. 3-webs V/\é with a completely symmetric curvature tensor: a/%‘;‘“ =
a

«V0«)-
10. Grassmannizable 3-webs IT: =&H<gu, 6 =/jSI+ 4 +
al aR3 uall J aB3 ag ap
where the tensors /,»*, 4,* and hjk are symmetric.
aR 3 af aR aflr
11. Algebralzable 3-webs IT:a’. = Rau, 6, ..= 0.
af aE]K VaR* Q3o0*o
12. Parallelizable 3websW a-. =0, 6 =0
al aEJk al>k

Definition 1.8. We will say that a class of webs IT is tensorially defined
if its analytic characterization is of a tensorial nature.

It is easy to see that all classes of webs IT, which were listed above, are
tensorially defined classes.

Theorem 1.9. Ifan (n+ I)-u>ei>W, n >2 isin a tensorially defined
class, then each of its transversal (n -f \)-subwebs W is in that class.

Proof. The proofis based on the fact (which can be also deduced from
a so-called indirect test for tensor character (see [4]) that if some tensor

ZBji 3prs = satisfies the equation similar to the equations (1.31)-(1.33):

(1.44) JARIRY: YT ré%%ki...am

and the tensor Z\ e+ = 0, then
aBR3 |'3P

(1.45) ebz 4ap = 0.
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Since the quantities ££ are the coordinates of an arbitrary tangent vector
(1.14) satisfying the differential equations (1.30), it follows from the equation
(1.45) that

(1.46) inap = 0.

For example, in the case of a transversally geodesic (re+ I)-web W, we have

(L47) (aBW ~sUaok)) ~ = - xen*[>)

where & = (£ at. Applying (1.45), we get £( &j b - «? &b) = 0 and,

as we indicated in our remark (see the equations (1.44)-(1.46)), it follows
that 1/ = ¢? &b), which means that a transversal (re + I)-subweb W is

transversally geodesic.

In some other cases, certain identities may be useful during the proof.
For example, if re> 2, in the cases 4, 8 and 10, the following identities may
be applied:

«jfc&h = c<b,

aRebe  203@9+ X 4 paps )W F & fwdt
O

Note also that a similar theorem is valid for other special classes of
(re + 1)-webs W which are intersections of the classes indicated above, for
example, for reducible Grassmannizable (re-f I)-webs W, reducible algebraic
(re-f1)-webs W, etc., since it is obvious that the intersection of two tensorially
defined classes of webs W is again a tensorially defined class.

5. We will now describe the (n + I)-webs W = W(re + I,n,r) given on
an (rer)-dimensional manifold M = X nr which have the following property
(property P,): for every transversal tangent (res)-dimensional subspace (s
is fixed, 1 * s < r) of the tangent space Tp(M) passing through any point
p G |, there exists a transversally geodesic submanifold tangent to the given
subspace.

Note that in [1] transversally geodesic 3-webs and in [9] (see also [10] or
[16]) transversally geodesic (re + I)-webs W were defined as webs satisfying
property Pi.

Note also that the Grassmann (n + I)-webs which were studied in [2] for
re = 2,in [5] for re = 3 and in [13] for any re > 3, satisfy property P, for all
s =1,...,r. In fact, the Grassmann webs W (n + 1,re, r) are represented on
the Grassmannian G(n —1, r + n —1) of (re —I)-planes of a projective space
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Pr+n  and every (s + n —I)-dimensional projective subspace of Pr+n 1
determines a subweb W =W (n + I,n,s).

The following theorem shows that in the case r > 2, for an (n -f I)-web
W to be a Grassmannizable (n + I)-web (i.e. equivalent to a Grassmann
(n + I)-web), property P2is sufficient.

Theorem 1.10. An (n + 1)-web W = W(n + 1,n,r), r > 2, satisfying
property P. is a Grassmannizable (n -f I)-web.

Proof. First let us show that property P2 implies property Pj. Let
#n be a transversal n-plane in the tangent space TP(M) and let 72n and
g2n be transversal (2n)-spaces such that xn = 72' M g2n. By property P2,
there exist transversally geodesic (2n)-submanifolds Mi and M2 tangent to
72' and g2n, respectively. Consequently their intersection Mi M M2 is a
transversally geodesic n-submanifold tangent to #n. This gives property
Pi. As we indicated earlier, the latter means that our (n T I)-web W is
transversally geodesic.

If the web W has property P2, then equations (1.31) are satisfied identi-

cally with respect to the coordinates £, Now let us alternate equation (1.31)
with respect to the indices b and ¢. We obtain

(1.48) - «fm-

One can easily see that this equation and equation (1.34) are the same.
The rest of the proof follows the lines of the proof of Theorem 3 in
[6]. Since equation (1.48) is also satisfied identically with respect to the

coordinates ga the tensor aals?"\’ is a linear form of these coordinates. Since
this tensor is skew-symmetric in the indices b and c, we have

d-49>

Substituting (1.49) into (1.31), we obtain

(1.50) «;4nm, =n(q

Since equation (1.50) is satisfied identically with respect to the coordinates
£*, it implies

(151) e = AT - ke b

Contracting equation (1.51) with respect to the pairs of indices 6,b"' and c, c',
we obtain

(1.52) e = BV
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where fr, = — O%j/\' As was proved in [11] (see also Theorem 1.11.4 in [16]),

if r > 2, equation (1.52) holds if and only if the (n + I)-web W is isoclinic.

Since the (n+ I)-web W is transversally geodesic and isoclinic, according
to [11] (see also [12], [13] or Theorem 2.6.4 and Theorem 5.2.1 in [16]), this
web is Grassmannizable. O

The following corollaries immediately follow from Theorem 1.10:

Corottary 1.11. Property P. implies propertiesP,, s = 3,... ,r. |
Corollary 1.12. Ifr > 2, then aweb W is a Grassmann (n | 1)-web
if and only if it satisfies properties Pa,s=1,... ,r. O

In the proof of Theorem 1.10 we deduce the transversal geodesicity of
the web W from property P2. However, if n > 2, we could deduce this
from conditions (1.31) using the same method which we used to prove the
isoclinity of W. We will perform this in the following proposition:

P roposition 1.13. Ifn > 2, condition (1.31) implies that the web W
is transversally geodesic.

P roof. Equations (1.31) are satisfied identically with respect to the

coordinates . Now let us symmetrize both members of equation (1.31) in
indices b and c. We obtain
(1.53)

Since equation (1.53) is also satisifed identically with respect to the co-
ordinates the tensor 6 is a linear form of these coordinates. Since

this tensor is symmetric in the indices band c, we have

(1.54) “b) = AbBhQ + \ ektf.
aB alb* aBo* b
Substituting (1.54) into (1.53), we obtain
(1-55) a;4f =a ObN + NELD.
Since equation (1.55) is satisfied identically with respect to the coordinates
, it implies
(1.56) - = AnVZ + K M

Contracting equation (1.56) with respect to the pairs of indices b,b" and c, c',
we obtain

UT7> 5=
where ¢ —+A A s was proved in [9] (see also Theorem 16 in [10] or

Theorem 1.9.7 in [16]), if n > 2, equation (1.57) holds if and only if the
(n + I)-web W is transversally geodesic. O
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2. Local algebras associated with an (n+ I)-web
and its (n+ I)-subwebs

In this section we give an algebraic interpretation of relations (1.31)-
1.33).
( 1? It is known that an algebra structure is associated with any web
W(n+ 1,n,r) (see [19] or [16]). This structure consists of (]) A-algebras (in
[17] they were called Akivis algebras and originally in [3] they were called
W-algebras) and ([[) C-algebras (in [19] and [16] they are called comtrans
algebras).

We will describe these A-algebras and C-algebras in terms of our (n + 1)-
web W. For each 3-subweb \a/\[/S and corresponding canonical affine connection

n+i> tangent (2r)-space 'I;S(e) of the coordinate binary loop I?S(p) of
a a
the 3-subweb at the identity e, there exists an A[S\-algebra (Rr,[, Ja/3, (, , )aR)
a
with two operations: the binary commutator defined as

(2-1) [ZV]aR = 6pfcOOTV
and the associator defined as

(22) (£,>7,0is = INiIW {1V i*.

where a*, and bV, are defined by (1.21) and (1.22), £,T],( € T(e) are tan-
afJ aBJ af

gent vectors, and these two operations are connected by the Akivis identity
(the generalized Jacobi identity):

(2-3) [E>viaRi Cla/3 + [PRCRiRE3 + [CEa3> Viak =

= (E> 4" (7) & 00rf3 " (Cil) ran — c)as - (C» Hivyag ~ (£? Ovras
(see [3], [6], [17], [19] or [16]).
For each 4-subweb K in the tangent (3r)-space a-lf-St(e) of the coordi-

nate ternary loop rls: (p) of the 4-subweb at the identity e, there exists a
aB-y

%/-algebra (Rr,[ , , 188y, (, , )ak-y) with two operations: the ternary
af~
commutator defined as

(2.4) [Ev,ciu = (Al, - a;,,)«E£V c*
and the translator defined as
(2-5) (£,4,0U = (At,- Ab)P)E'n *,
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where £,7,( £ T (e) are tangent vectors and Aw = A"kl are the co-
a7

efficients from the cubic chunk BF/S of the power series expansion of the
a -
functions I;/‘ defining the ternary loop EF/(p). This cubic chunk is (see [19]
als- afi-
or [16]):

(2.6)

jo =< +4 +< +E &» r +2E o kluluwr+ \j kluiuRu\,
(rm eT™)

where £,r = a,/3,7 and the notations (£,r) and (e,r,r) mean that the
summations are performed with respect to all combinations of (e,r) and
(E£,T,r).

Note that the formulas (2.4) and (2.5) are obtained if one calculates the

ternary commutator [£, 7/,C]«”™ = tv ( —VvE£( and the translator (£, 77, Cally =
= (/]* —£77 of the cubic chunk Ms of the masked version

M = F{a}+ FW + F{7}- F
otBy X3~/ <1 <1 aRly

of the coordinate loop I; (p), where for example Blj {7} is the coordinate
ally a
loop of the 3-subweb V\é i.e. BF/{?} = Frs (see [19] or [16]). The coordinates
a als- a

M s of this cubic chunk M s have the following form:
al-y a7

(2.7) iUk, ul)= < + Ui+ u  Agrelg L

2. We will study now the 4-web (2.7).

Definition 2.1. The 4-web defined by the equations (2.7) is said to be
the comtrans 4-web associated with the 4-web W .

a7z
Let us denote this 4-web by Cap7. For this 4-web Ca(g7 we will denote
by A \bl and B\bl, Q,p,v — a,/3,7, the torsion tensor, its Pfaffian

derivatives and the curvature tensor.

Proposition 2.2. The torsion tensor, its Pfaffian derivatives and the
curvature tensor of the comtrans 4-web Cap7 are expressed in terms of the

coefficients of the expansions (2.7) and variables ua by the following expres-

sions:
0K = g(sAkr - - KUK - LLMK)b: °)),
8 0k =gbBA‘iK- A - 3M\Q\KuB - Lbk) N+ °(i>2),
7a = KBA%~ Kgj)uB - \K(jk)Ua ~ 5Mjk)qU* + °(*)>
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JNGKL - U 5X)KI + XKkjl) + 0(p)>

4 Ju =4 " bl=~*{xjik + xk,j)+0(e)’
RBaar>kl = yf£a’kl = “ B(AY* + X'lkj) + <KB),

Ajkl = A'jkl = - U Xjkl + xkjl) + °(€),

BAKI = h (XKl ~ Xjlk) +

(2.10) < BJKi = n(AV, - AY)+ °(pp
= n (Aic“ Afg) + °(M)>
where g= wax | | , » —»o ift —»o.

P roof. To prove the formulae (2.8)-(2.10), one should apply the corre-
sponding formulae of [12] and [7] (see all of them in Section 3.3 of [16]) and
equation (1.5). O

COROLLARY 2.3. The torsion tensor, its Pfaffian derivatives and the
curvature tensor of the comtrans 4-web Calyy at the identity e of the coordi-
nate ternary loop of the 4-web WfSt are expressed in terms of the coefficients

a

of the expansions (2.7) as follows:

(2.11) = 0,

Ajki - 6(5AII+ Akji)’

4 px ~ 4R>hi ~ - e(ASk+ 1™ )

(2.12)
AaoPkA = Atdddi = ~ K x)ik + x'ikj)i
A = ikl = ~h (x\ki + Abiy>
Bpjkl - 12(xKkjl - Aj*)>
(2.13) < Bylkl = n (Aitj ~ XkjA

Bjki = bl x)Ik - x\kj)-

Proof. The proof immediately follows from the formulae (2.8)-(2.10)
where =o0,p=4a/7. O
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Corollary 2.4. Every 3-subweb \évn g,p = a, /3,7, o/ the comtrans
4-web Caoy is parallelizable.

Proof. This follows from equations (2.7): if for example n* = 0, then
(2.14) aI\B/I_f3(|/|£, UR,0) = uj, + ufdi

which means that the 3-subweb V\é is parallelizable. Of course, the same
a

result can be obtained if, using the formulae similar to the formulae (1.21)
and (1.22), one calculates the torsion and curvature tensors of this 3-subweb
and observes that both of them vanish. O

3. We will now find the expressions of the ternary operations associated
with the 4-web é’?ﬁf'

Proposition 2.5. The ternary commutator and the translator of the
4-web Vé/f at the identity e of a ternary coordinate loop of this 4-web have
a -

the following expressions in terms of the torsion and curvature tensors of the
comtrans 4-web Cafl:

(2.15) K,4,CJU = - J N iXpX V¢

(216) <£ 7 C)U = i« - AUXp)fIW< = -12B L W ¢*? =
K B-rr Yaa af

=-UBUjipWW =-12B)IkP)"Vkd.

Proof. The formulae (2.15) and (2.16) follow from the formulae (2.4),
(2.5) and the formulae (2.12) and (2.13) of Corollary 2.3. O

Definition 2.6. We will call the ensemble consisting of the %:f-algebra
a -
of the 4-subweb Y;Vf and the three A-algebras of its 3-subwebs W, Q,p =
als- an an
= a,f3,7,the (ABC)-aIgebra associated with the 4-web \é\/f. The full set of ()
als- aR-

such algebras will be called the (AC)-algebra associated with the (n-f- 1)-u;e6
W.

Note that, given the indicated (AC)-algebra, i.e. (") A-algebras and ()
a%f-algebras, one can construct (but not uniquely) a local analytic Te-ary
loop such that the constructed n-loop in turn determines these algebras as
its A- and C-algebras (see [19] or [16]).
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4. In addition to the binary and ternary operations in thea[f\-algebra of
each 3-subweb IT, and to the ternary operations in the C -algebra of each
4-subweb E;.%t’ further operations of arity h = 4,5,... can be introduced
in the vector spaces tangent to the coordinate loops é;I;S(e) and a;Srll(e) of

these 3- and 4-subwebs at the identity. They can be defined by means of the
Pfaffian derivatives of the fundamental tensors a] and 6 ofthe 3-subweb

and of the fundamental tensor A3 of the comtrans 4- Web of the 4-subweb:
the tensors to— {a*- } ts = {
al

aR>K
f=a,, etc. and the tensors

at*

abiS - dhPkD>
;3= (6(A K - pAdifey = {-122.3 = {-12B\kj} = {—128ilk}.

*4—6" kim - & }jfcm - -12 B ~
an./ { ( J 7aa}J -« S

= {~12 B\kjm) = {-12 B'Jlkm)

(a=a,,7) of type (*) dehne h-ary operations (h = 2,3,4,...):

o (e —=>T(e),

w AT

s (T)3(e)-+T(e)
(2.17)

aﬂ-t3: (T )3(e) -> C;1[5_“(/e),

it (RpAE > F @),

26 (T30 > 1@,

it GhelMe) - fi®)

Definition 2.7. The vector space T(e) with the operations (2.17) is
called a local (AC)h-algebra of the web W at the point p.
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It is easy to see that the (AC)-algebra introduced in Definition 2.6 is the
(AC)3-algebra.
In a similar manner the operations

A HE->T(e)
(2.18)

X €y

where /1 = 2,3,4,..., and the corresponding (.ébﬁct:)/,-algebras are defined in
the tangent (2r)-space 'I;g(e) of the coordinate binary loop Ifs(p) of each 3-
a a
subweb W and in the tangent (3r)-space T (e) of the coordinate ternary
loop F (p) of any 4-subweb W , where t/,, t'., rh and 5, map (T)h(e) into
alkz o3y
M(e).

T heorem 2.8. The local (AC)h-algebra of a subweb W of the web W is
a subalgebra of the local (AC)algebra of the web W at every pointp £ M.

Proof. First, as was proved in Theorem 4 of [6], any Aﬁ/.-algebra asso-
a
dated with a 3-subweb W[3 of the 3-web I-rls- is a subalgebra of the AB\/,-aIgebra
a a a
of the 3-web V\[/3
a

Next, the comtrans web associated with the 4-subweb I'rI; is a 4-subweb
a

of the comtrans web associated with the 4-web \év since for any (ns)-
als~I1

dimensional submanifold M, its leaves are intersections of M with the leaves
IrzT" This implies that for the embedding ialR™\ ;sl'f(e) —> -rls-t (e) which is
als~1 als- a

defined by equations (1.14) or by
(2.19) < ={a;,

the torsion and curvature tensors of these two comtrans webs and their Pfaf-
fian derivatives are connected by the relations similar to (1.31)—1.33). In
other words, for example for the operations r/, and f/, we have the following
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(1.31). On the other hand, if we have (1.31) identically satisfied for all £*,
we can deduce from it the isoclinity of W as was done in the proof of Theorem
1.9. Moreover, if n > 2, in Proposition 1.12 we proved that this condition
also implies the transversal geodesicity of W .

We will define now almost trivial (AC)/,-algebras. This notion will help
us to find a characterization of Grassmannizable (n + I)-webs W.

Definition 2.11. The (AC)/,-algebra of the coordinate loop F(p) of an
(n + I)-web W is said to be almost trivial if each of its linear subspaces is

an (AC~-subalgebra.

Now we are able to prove a theorem giving a necessary and sufficient
condition for an (ra+ I)-web W, n > 2, to be a Grassmannizable (n-f I)-web
W in terms of almost triviality of its (AC)2-algebra.

Theorem 2.12. An (n+l)-web W, n > 2, is a Grassmannizable (n +1)-
web if and only if its (AC).-algebra is almost trivial.

Proof. Since a Grassmannizable (n + I)-web satisfies property Ps for
any s = 1,2,... ,r, it follows from Definition 2.11 that its (AC)2-algebra is
almost trivial. Conversely, suppose that the (AC)2-algebra ofan (n+ I)-web
W, n > 2, is almost trivial. Then equations (1.31) are identically satisfied for
all f&- As we mentioned above, this implies that the web W is both isoclinic
and transversally geodesic. According to [11] (see also [12], [13] or Theorem
2.6.4 and Theorem 5.2.1 in [16]), this web is Grassmannizable. O

Note that a similar theorem for 3-webs W = W (3,2, r) which has been
proved in [6] (Theorem 6) requires almost triviality of their As-algebras.
This is explained by the fact that the transversal geodesicity condition for a
3-web W (3,2, r) is expressed by the equation b buw, containing the

curvature tensor, while the transversal geodesicity condition for an (n + 1)-
web Win I,n,r), n > 2, is expressed by the equation ob.M = eé a

alVK) aBg '
containing the torsion tensor.
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commutative diagram:

rh
(R ftce)- <.J,)®
*h
G5, " <5,

Similar diagram is valid for the operations s/, and 3/j. This means that the
C /,-algebra of a 4-subweb IT is a subalgebra of the C /,-algebra of a 4-web
al-r afly aB7
w . O
al-r

5. In [6] the notion of an almost trivial ".-algebra of the coordinate
binary loop was introduced. In our notation and terminology this definition
can be formulated as follows:

D efinition 2.9. The AE\/,-aIgebra of the coordinate loop F[3 ofa3-web|'rI;
a a a
is said tobe almost trivial if each of its linear subspaces is an Aé/,-subalgebra.
a

Definition 2.9 describes property ;53 for a 3-subweb \a/\é in terms of its
E{'{Ig/j-algebras. It was proved in [6] (Theorem 5) that if r > 2, the local aABZ-
algebras of a 3-web X\é are almost trivial if and only if X\é is isoclinic. This
implies the following result:

THEOREM 2.10. If r > 2, the local ;A&z-algebras of all (£) reduct 3-
subwebs ;Ar{ of an (n -f I)-web W are almost trivial if and only if W is
isoclinic.

Proof. In fact, if r > 2 and W s isoclinic, then all its 3-subwebs X\é

are isoclinic (see Theorem 4 in [11] or Corollary 1.11.7 in [16]). Analytically

this means that we have equations (1.64) or equivalent equations (1.52) for

any a,B\ a ¢ B. By Theorem 5 of [6], it follows that the local AB\r-aIgebras
a

of all @/ reduct 3-subwebs V\é of an (n + I)-web W are almost trivial.
a
Conversely, if all these A{;Z-algebras are almost trivial, then, by Theorem
a
5 of [6], all the 3-subwebs \/\r/3 are isoclinic. This proves the isoclinity of the
a

whole web W (see again Theorem 4 in [11] or Corollary 1.11.7 in [16]). O
6. The almost triviality of all AE\/,-aIgebras implies condition (1.48) (or
a

the equivalent condition (1.34)). However, this does not imply condition
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MULTIPLICATIVE FUNCTIONS SATISFYING
A CONGRUENCE PROPERTY. V

B. M. PHONG* (Budapest)

An arithmetic function /(te) ¢ 0is said to be multiplicative if (te, m) = 1
implies
f(nm) - /(n)/(m).

If this equation holds for all pairs of positive integers ® and m, then we
say that /(n) is completely multiplicative. Let J14 and M* denote the set
of integer-valued multiplicative and completely multiplicative functions, re-
spectively. M. V. Subbarao [5] proved that if / £ M. satisfies the relation

(1) /(e + Ter) = /(m) (mod Te)
for every positive integer ' and Ter, then
(2) f(n) = na (m=1,2,...),

where a is a non-negative integer. In [2], A. Ivanyi extended this result
proving that if / € M* and (1) holds for a fixed m and for every positive
integer Te, then /(te) also has the form (2). For some generalizations of these
results we refer to [3], [4]. For example, from [4] it follows that the result of
A. Ivanyi mentioned above is true for a multiplicative function /(te).

Our purpose in this paper is to give a complete characterization of those
functions f £ M which satisfy

/(ATe -fB) = C (mod T

for every integer n> N. Here A >0, H>0,C/ 0, A >0are arbitrarily
fixed integers with the condition (A,B) = 1. I. Jo6 examined the special
case A = p prime and C =f(B) in [6].

We shall prove the following

Theorem. Let A>0, B>0, CpO and N > 0 be integers with the
condition (A,B) = 1. Iff £ M satisfies the relation

(3) /I(AtTe + B) =C (mod

*Research partially supported by Hungarian National Foundation for Scientific Re-
search Grant No. 907.
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for every integer n > N, then there are a non-negative integer a and a real-
valued Dirichlet character x (mod A) such that

4) /(») = X(n)na
for all positive integers n which are prime to A.

Corottlary. Let A and N be positive integers. Iff € M andg € M
satisfy the relation

f(An -fm) = g(m) (mod )
for every integer n > N, rn > 1, then there are a positive integer a and a
real-valued Dirichlet character x (mod A) such that
/(») = 9(n) = X{n)na
for all positive integers n which are prime to A.
We shall use three lemmas in the proof of our theorem.

Lemma 1. Assume that A,B,C,N and f satisfy the conditions of the
theorem and (3) holds for every integern N. Then

(5) f(B) =C
and
(6) f(QaB)f(Q)=Cf(Q'+1) "~=172..)

holds for each positive integer Q coprime to A.

Proof. Let Q,s be positive integers for which (Q,A) = 1. First we
prove that (6) holds.

Let p be a prime with (p,QB) = 1. Let e0be a positive integer for which
pe® > max(C,N). Then for each positive integer e > e0 there are positive
integers x = x(e), y = y(e) such that

@) Q’x —I-\-Apey and (x,QB) =1.

Since pe > N, by using (3) and (7) we have

(8) f(QsB)f(x) = f(Q‘xB)=f(B + ApeyB) = C (mod pe),
and so

€)] f(QeB)f(Q)f(x)=C m (mod pe).

Since (Q, Axp) = 1we can choose positive integers n = u(e) and v = v(e) to
satisfy

(10) Qu =B + Axpev and (u,Q) =1
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Let
(11) X =xu and Y = By + xz2Qav.
By using (7), (10) and (11) we have

Qat+lX = (Qax)(Qu) = Qax(B + Axpev) = (1 + Apey)B + Ax:peQav =

=B + Ape(By + x2Qsv) = B + AYpe.
Thus, applying (3) we obtain the congruence
f(Qat )f(X) =C (mod/),
consequently
(12) f(Qa+ )f(QX) = Cf(Q) (mod/).
On the other hand, from (3), (10) and (11) we get
(13) f(QX) =f(x(B + Axpev)) = f(x)f(B + Axpev) = Cf(x) (mod/).
Thus, by (9), (12) and (13) we have
(14) f(QsB)f(Q)f(x) = Cf(Qa+)f(x) (mod /).
It can be easily seen by (8) that
I(*)?£ 0 (mod/0),
since pe® > C. This with (14) implies
f(Q'B)f(Q)s Cf(Qatl) (mod pe- e2+1)
for every integer e't eo, which leads to
f(Q‘B)f(Q) = Cf(Qatl).

Thus (6) is true. It is obvious that (5) follows from (6) with Q = 1. Lemma
1is proved.

Lemma 2. Assume that A,B,C,N and f satisfy the conditions of the
theorem and (3) holds for every integer n > N. Then there is a non-negative
integer a such that

(15) [/(nB)] = nal/(B)]
for all positive integers n which are prime to A.

Proof. Let Q be a positive integer for which (Q,AB) = 1. By using
Lemma 1 we have

(16) Ne'y =Ne )’ (s=1,2..).
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We show that if g is prime, then

17) glf(Q) implies q|Q.

Assume indirectly that g \ f(Q) and q\ Q- We choose a positive integer
s0 to satisfy gB > max(C, N). Then there are positive integers z and t such
that

(18) Q0z=B + Ag*t and (z,Q)= 1
By using (3), (16) and (18) we get
0=f(QY°f(z) =f(Qaz) =f(B + Ag*°t) =C (mod g’°),

which is a contradiction, since gs° > C. Thus (17) is proved.
By (17) it follows that for each prime p for which (p,AB) = 1, we have

(19) f{p) = xpa{p),

where a(p) > 0 is an integer. Now we prove that for distinct primes p, q we
have

(20) a(p) = a(q).

Let p,q be distinct primes for which (pg,AB) = 1 and let a(p) > a(q).
Since (pq,AB) = 1, from Euler Theorem we get that

(Pgk)y2r ~ =1 (mod A)

holds for every positive integer k, where spdenotes Euler’s totient function.
Let

(21) (paK)blA) = 1+ AT{K).

It is obvious that there is a positive integer ko such that T(k) >N for every
integer k > k0. By using (3), (19), (21) and Lemma 1 we see that

/ B =C=1(B) (mod T(k))
and
I [(pak)MA)B] = f(p)MA)f(q)k*{Af(B) =
= p2lWl -a(a)MA)(m k*“(aMA) /* s p2(a(p)-a(q))V(A) AmQ (i

holds for every integer k k0. These imply a(p) = a(q), since T(k) — 00 as
K —»00. So (20) is proved. By (19) and (20) there is a non-negative integer
a such that

(22) U(rr)1 = na if (n,AB)= 1.
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Now we prove (15).

Let 'be a positive integer for which (te, A) = 1. Then there is a positive
integer Q — Q(n) such that nQ = 1 (mod A) and (Q,AB) = 1. For each
positive integer t let us define h(t), H(t) by the relations
(23) h{t) := 1+ 2<p(A)t and nQh<&= 1+ AH(t).

Let to be a positive integer for which H(t) > N if t >t0. Then, by using (3),
(22), (23) and Lemma 1 we get

f{B) =C =f(nQh*"B) = f(QM)f(nB) =
=f(Q)Kt)f{nB) = £QahWf(nB) (mod #(*))
holds for every t > to, where a is a non-negative integer which is given in
(22). Using (23) we have
naf(B) = £{nQh")af(nB) = £f(nB) (mod H{t)),

which implies \f(nB)\ = ma|/(5)], since H(t) —» 00 as t —moo0. This com-
pletes the proof of Lemma 2.

Lemma 3. Let g{n) be a complex-valued, multiplicative function with
g(An + B) = c ¢ O for fixed integers A > Q B and all sufficiently large
integers Te. Then there is a Dirichlet character y(mod A) so that g(n) =
= x(te) for all positive integers n which are prime to A.

P roof. This lemma is identical to Lemma 19.3 in [1].
Proof of the Theorem. Assume that A,B,C,N and / satisfy the

conditions of the theorem and (3) holds for every integer n't N.
Now consider the function
0(n) = An-g (n=1,2,..),

where a is a non-negative integer determined in Lemma 2. It is obvious that
g{n) is a multiplicative function.
In the following we shall prove that for all sufficiently large integers n

(24) g(An +B) =g(B) and g{B) ¢ 0,

which, by using Lemma 3, proves the theorem.
First we note that from Lemma 2 we have

(%) /(ml— if (A =1

We shall prove that
(26) [/(te)] == if (e A)=1
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Let d be a positive divisor of B. Then there are infinitely many positive
integers m which satisfy

27) m >N and AAm + dAB%j = 1.
By using (3), (25) and (27) we have

f(B) = f(Amd +B) =f(d)f [Am+f) =

= xf(d) Am+ ~ = £f(d) (mod m),
which gives
\f(d)\ _ \f(B)\
(28) da Ba
Applying (28) in the case d — 1, we get that \f(B)\ = Ba, and so
(29) |/(d)] = da foraU d\B.
Now let p be a prime for which p | B, pk® | B. From (29)
(30) (pN=1*

for all positive integers Kk <ko. If K > ko, then (30) and Lemma 2 give

I/(/)1 = (Pk~k0)a |/(/°)| - Pk- ko)apkoa = Pka.
In both cases we have
\f(pk)\=pka (k= 1,2,...),
which with (25) proves (26).

Since (An + B,A) = (A, B) = 1for every positive integer n, we get from
(3) and (26) that g(B) = £1, g(An +B) = £1 and

g(An + B)(An + B)a=f(An +B) =f(B) = g(B)Ba (mod n)
holds for every integer n> N. These imply

g(An +B) —g(B) forall n > max(iV,2Ba).

This proves (24) and so the proof of the theorem is finished.

Proof of the Corollary. Assume that f,g e M and

f(An + m) = g(m) (mod n)

for every integer n » N, m > 1, where A and N are given positive integers.
Applying the above congruence in the case m = 1, from our theorem we get

that f(n) = x(a-)na, f°r aUn coprime to A, where a>0is an integer, X is a
Dirichlet character (mod A). Thus we have

g(m) = f(An +m) = x(An + m)(An + m)a=x(m)ma (mod n)
for every positive integer n > N and for every positive integer m for which

(m, A) - 1 This congruence shows that g(m) = x(m)ma f°r aU m coprime
to A.
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PALEY SETS AND
TERM BY TERM DYADIC DIFFERENTIATION
OF WALSH SERIES

C. H. POWELL and W. R. WADE (Knoxville)1*

1. Dyadic differentiation

Let G be the dyadic group, m be its Haar measure, and T, g\, *** rep-
resent its characters. Thus G = {(xo, Xj,...): X' = 0 or 1}, the sum of two
elements in G is defined by

(x0,xb ...) + (0,y1,...) = (]x0- 201 |xi - 311...)
and m(E + x) = m(E) for all x £ G and Borel subsets E of G. Also, if

K — J. kfts for a given integer kK > 0 where each kj = 0 or 1, then
3=0

A« = W “1)**

3=0

for x = (x0,x1i,...) € G and +y) = for all x,y G G and
K =0,1,.... Moreover, the VICs are essentially the Walsh functions. (See
Fine [3] for details.)

For each integer j > 0 let \ ...) € G be defined by

h{i=1T1 Ifi=3
* 10 ifizxj.
Butzer and Wagner [2] defined pointwise dyadic differentiability in the fol-

lowing way. Let x G G and suppose / is a function on G defined at the
points x and x + 3\ j = 0,1, For each integer n > 1 set

n—&

<W %)= E 2i-1(/(*)-/(x + fiw)).
1=0

1This research was supported in part by a National Science Foundation grant INT-
8620153.



90 C. H. POWELL and W. R. WADE

Then / is said to be dyadically differentiable at x if
df(x) := lim dn(f, x)

exists and is finite. The function df(x) is called the dyadic derivative of / at
X.

Given integers n,k > 0 let (k)n represent the integer congruent to K
modulo 2". Thus (k)n p where 0 * p < 2" and Kk = /2" -fp for some
integer / > 0. Butzer and Wagner proved

(1) dnxpk = (Kndk  for n,k = 0,1, -

Thus each Walsh function ok is everywhere dyadically differentiable and
Hpk - kipk for k = 1,2,....

The Rademacher system is given by ¢n := = 0,1,----Onneweer
[4] characterized dyadic differentiability of absolutely convergent Rademacher
series on Vilenkin groups (a class of compact abelian groups which contains
the dyadic group). Specializing to the dyadic group, his results can be stated
as follows. If

[ =Y Yakdx
K-O
converges absolutely on G then / is dyadically differentiable at a point x 6 G
if and only if the derived series JIN)2kakdk(x) converges in which case

df(x) = ’\OO 2 Kakk{x).
k=0

In [8] it was conjectured that this result holds for all lacunary Walsh series,
not just the Rademacher ones. We shall verify this conjecture. In fact, we
shall show that term by term dyadic differentiation holds for a large class
of gap Walsh series whether they converge globally or not. Our techniques
extend easily to any group of integers of a p-series field, but it is not clear
how to proceed for Vilenkin groups of unbounded type.

2. Walsh series with Paley sets for indices
For each finite set E we shall represent the number of elements in E by
HEe

Let 0 < AX < A2 < ... be integers. The sequence A = {Ay} is called
lacunary if there is a number g such that

A
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It is called a Paley set if
#{j: :N<A < 2n+1}=0(1) a N -> o0

(see Rudin [6]). It is easy to check that every lacunary sequence is a Paley
set, with
A, < 2n+1} < log 2/ log g.

It is clear that there exist Paley sets which are not lacunary.

Lemma 1. A sequence of positive integers A = {Ay} is a Paley set if
and only if

(2) as N -* oo.

P roof. Clearly, every Paley set satisfies (2).
Conversely, if A is not a Paley set then for every integer m there is an
integer N such that

#{j: 2n < Ay < 2n+1} > M.

Fix N and let jo he the smallest index j which satisfies 2N < Ay < 24r+1.
Then
m ~ M

y -> Yy :
A 2N +1 = 2 Xj0'

3=30 3 2n<\j<2n+1 3

>

In particular, A cannot satisfy (2). This completes the proof of Lemma 1.
Some authors call A weakly lacunary if ay+i/ay { 1 asj —»00. Notice
that if A is weakly lacunary then

sup xN V7~ L

N >0 jrf, x3

= 00.

In particular, no Paley set is weakly lacunary.
Let / € LI(G). Recall that Walsh-Fourier coefficients are defined by

I(*) =3 tMm,

G

Walsh-Fourier series by
S[f] :=£/(*Ne b
k=o
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92 C. H. POWELL and W. R. WADE

partial sums of 5[/] by
R

Sn[f]
f=0

and Cesaro means of 5[/] by
<U/] =57 11- HK)hk
fco ' '

forn=1,2,....
We shall say that a Walsh series S is of Paley type if

0o

i=1

for some real coefficients a\} and some Paley set {Ay}. It is known (see Fine
[3]) that a lacunary Walsh-Fourier series converges if and only if its Cesaro
means converge. The following result shows that this property extends to
Walsh series of Paley type.

Theorem 1. LetS = ak®dk be a Walsh series whose coefficients sat-
isfy ak —»0 as kK —mo0. Set
M
sn = ~2 oxkek and aK'dKk,
k=0

forn=1,2, _IfS is of Paley type then IMn - on) = 0 uniformly on
G.

Proof. Fix an integer n > 1 and recall that each Walsh function takes
on only the values +1 or —1. Thus we have by hypothesis that

©)) \sn-on\z. £ . & Al

Aj<n
for some Paley set {Ay}.

Let e > 0. Choose L so large that |aAj| < £ for j ~ M). We may
suppose that n > A*0and choose N so large that An < n » \n+i- By (3)
we have

1 Vol N
5, - N1<- A laAl+ =An *teBN-
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Since No is fixed, it is clear that An —%0as N —moo0. In particular, it suffices
to show there is an absolute constant C such that

1 N

(4) Xn

for N > No.
Fix N >1. Apply (2) to choose M > 1 such that

-i
(5) Xk

fork = 1,2, Thus
Y - = Y — <$\i-—)>’—-

kA~ Xj j=N-1Xj Xn M' AL X>

In fact, an easy induction argument establishes

Qo 1 00 1
(6)
j=N 3 j=k X3

fork =1,2,... ,N and r = 1—1/M. Combining (5) and (6) we obtain

1 W 00 A yN \ N oo ,,/ye " 4 -i N 00

n *XEER*)SEEA S B

Since 0 < r < 1 we conclude that (4) holds for C = M /(I —r). This
completes the proof of Theorem 1.

We notice that Theorem 1 holds for any bounded orthonormal system in
place of the Walsh system. In particular, in spite of the fact that | cannot
find it in Zygmund [9], Theorem 1 holds for trigonometric Fourier series.

Let C(G) represent the space of functions continuous on the group G.

Corollary 1. If S[f] is of Paley type then £[/] converges a.e. when
f £-~(G) and converges uniformly when f £ C*G).

Recall that Lip(l, G) is the collection of functions / £ C(G) such that

sup sup [/(:r + h) - f(x)I=0s)
|/»|<iXEG

as ¢ —* 0. Fine [3] proved that f(k) = O0(l/k) as k —» oo for all / £
£ Lip(l, G). The following result shows that when S[f] is of Paley type, this
growth condition characterizes Lip(l,G).
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94 C. H. POWELL and W. R. WADE

Theorem 2. Suppose f £ (7(G) has a Walsh-Fourier series of Paley
type. Thenf £ Lip(l,G) if and only if f(k) = 0(l/fc) as kK —* o0o.
Proof. Choose M > 0 such that

(n 1/(41 s f

fork =0,1,.... Lets > 0 and choose an integer n so large that 21 " " s <
< 2-n. Since Walsh functions are locally constant, it is clear that k < 2"
and |/i| < imply rpifx + h) = Vjfc(z). Thus we can use Corollary 1 to write

(8) f(x +h)~ fix) = £ JA)V>A(z +h)~ dXjix))
A2

for all |/ij <s,x, h £ G, and some Paley set A = {Aj}.
Choose N so that Ayv-i < 2”7~ Agr- By (7) and (8) we have

[[(x+ 10-/(*)|<2M £ -
;=N

for all |h| <s,x,h £ G. It follows from (2) and the choice of n that

2.

sup. Ifix + h) - fix)I<”? <M2~n<- s
lhi<A *N

for some absolute constant M '. We conclude that / £ Lip(l,G).

(Note: This same proof establishes the trigonometric analogue of Theo-
rem 2.)

Since the coefficients of a term by term dyadically differentiable Walsh
series satisfy at = o(l/fc) as k — 00 we see that the condition of term hy
term differentiability of a Walsh series of Paley type is much stronger than
a Lipschitz condition.

3. Term by term dyadic differentiation
The following result was proved in [5].

Lemma 2. Letb”\ bk, and Xk be real numbers for n,k = 0,1,..., and

[e]e)
suppose ) Xk converges to afinite real number.
=0
[e]e}

(i) If A2 Ib*—hicH | < oo then bkXk converges to afinite real number.
k=0

k=0
(ii) If

0o

i6ln) - bk+i\ =M < °°
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forn =0,1,... and b[n) —bk as n —»00 then

0o 00

Joo Ic=0
exist and are finite.

We shall use this result to obtain a local criterion for term by term dyadic
differentiation of Walsh series of Paley type.

Theorem 3. Suppose A = {A.} is a Paley set and a,ai,... is a se-
quence of real numbers such that ak ¢ O if and only if Kk —A for some j > 1.

0o

Let x 6 G and suppose ) kakipk(x) converges to afinite real number. Then
=0

f ;= "ajfcVL
fco
exists and is finite at x and x + forn=20,1,..., is dyadically differen-

tiable at x, and

df(x) = Y KaKpk(x).
k=o0
Proof. Fix n » 0 and define a sequence bo, b\,... by

ip\ (h(n')/\j if Kk = A for some j

bk {0 if Kk p A for all j.
Since gK(x + it is clear that
akk(x + h(n)) = KakbKgK(X).
k=0 k=0

Moreover, we have by (2) that

@ 1
D &i='Ey. <o0°
fc-0 i=1 s

Hence the sequence {bk} is of bounded variation and it follows from Lemma 2
i) that f(x + h(")) exists and is finite. A similar argument shows /(x) is also
defined. Hence dn(f,x) makes sense.

Use (1) to write

CD m 11
dn(f,x)=y»,a*V *(x) = ¥] 9§ kakTk(x).
fco k=0

Acta Mathcmatica Hungarian 62, 1993



96 C. H. POWELL and W. R. WADE: PALEY SETS

Since (k)n —»k as n —»00 it suffices by Lemma 2 ii) to find an absolute
constant M such that

(A).  (A+i)., oy
i1 A A+1
forn=12,....

Suppose n is large enough so that AM-i < 2" ~ AV for some N > 2.
Since (k)n = Afor A< 2" we have

(Mn  (An)
A
for j < N. Consequently,
—_ AP>n <A+)r n PA
aA— E ( _) (Ag\f) +2 £
J= b+ i 4 =iVl A7
00 o 1
<1l +22M ~ _ < i+ 2A™ 53 -
s=N+1 J iI=N+i

In particular, (2) implies An is uniformly bounded in n and the proof of
Theorem 3 is complete.
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CONVOLUTION PROCESSES OF FEJER TYPE
AND THE DIVERGENCE ALMOST EVERYWHERE
OF A POINTWISE COMPARISON

N. KIRCHHOFF1 and R. J. NESSEL (Aachen)

1. Introduction

The present paper is concerned with negative results to the pointwise
comparison within a class of convolution processes, previously employed by
Shapiro (see [8, Chapter 5]).

To this end let Ci* — be the Banach space of functions /, de-
fined and continuous on the vV-dimensional Euclidean space RN, 27T-periodic
in each variable, endowed with the usual norm ||/|| := max{|/(a:)|: x GR"}.
Let Mo = be the class of real-valued, bounded measures /X on R”,

satisfying ~{v,u} := Y v;u

(1.1) Ixn(0)

0, xnwn) = 2w)-n/2 T e-~vuUfi(u).

For IXG M qgconsider the convolution process of Fejér type, for n GN (set of
natural numbers) given by
(12

TEf(x) := uw_iv2 1 f(x - u/n)dfi(u) = @mr)_nr/2 f f(x - u)d/in(u),
Rn RV

where fixn G Mo is generated by /x via its Fourier transform /xnn(n) = An
A(v/n). Note that the normalization (1.1) takes care of the fact that in the
applications the sequence {/x,} will represent the remainders of processes,
approximating the identity.

Concerning the uniform comparison of two processes Shapiro (see [8, p.
78], also [1, p. 494]) has given a sufficient condition in terms of the global
divisibility of the Fourier transforms of the generating measures /x, v G Mo-

1 Supported by Deutsche Forschungsgemeinschaft Grant No. 11C4-Nel71/7-1.



98 N. KIRCHHOFF and R. J. NESSEL

Indeed, if vA divides pAglobally, i.e., there exists a bounded measure J1such
that pA(v) = \ A(v)i/A(v) for all v 6 R”, then for / 6 Cik

(1.3) WTFif\\< M WT AR

with constant M, independent of / and n € N. Shapiro further remarks
(see [8, p- 120]): ‘Another interesting area for study is how far pointwise
(rather than norm) approximation theorems can be inferred from the Fourier
transform of the kernel.” In this connection a pointwise interpretation of (1.3)
in the sense that

(1.4) I (X)|[<M-| TM(X)|

for many points x £ Rv will certainly be possible for smooth functions, for
example, for polynomials (cf. (1.6)). But for functions which are less smooth,
the situation is quite different. In fact, Theorem 3.3 establishes the existence
of counterexamples /0 € C?k even belonging to some Lipschitz class, such
that

\TSfo)\
15 lims =
(1:9) ol \TXFo(x)\

holds true almost everywhere (for counterexamples, satisfying (1.5) at one,
prescribed point, see [4]). Apart from the linear independence, the condition
upon the Fourier transforms of the generating measures will be that they
have the same asymptotic behaviour at the origin in the sense that for some
renN

(1.6) pA(k/n) = Ok(n r), uA(k/n) = Ofc(n r) (n —»00)

for each k £ ZN, the set of integral lattice points. This then extends the
result, obtained in [3] for the special case of one-dimensional Fejér and Abel-
Poisson means.

In Section 2 some ingredients are prepared, needed for the proof of di-
vergence assertions of type (1.5). These include a lemma of A. P. Calderon
(Lemma 2.1) and a quantitative resonance principle (Lemma 2.3), dealing
with the comparison of two families of sublinear functionals, depending upon
rather arbitrary index sets. Section 3 starts with the aforementioned result
for periodic functions (cf. Section 3.1), but the problem will also be discussed
in the space Cq = Co(RiV) of functions /, continuous on R}V, vanishing at
infinity, i.e., lim f(x) =0 (cf. Section 3.2). These general results are then

x| —»

applied in Section 4 to some specific examples, establishing, e.g., the diver-
gence almost everywhere on R of a pointwise comparison of the convolution
processes of Bochner-Riesz and Gauss-Weierstrass.
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2. Preliminaries

A basic tool will be the following lemma of A. P. Calderon. For a proof
see [9; 11, p. 165].

Lemma 2.1. Let {Hk} be a sequence of measurable subsets of RN, 2x-
periodic in each component such that with N -dimensional Lebesgue measure

\n

(2.1) A Ajv(#fc N [—T, 1)) = oo.
k=1

Then there exist points {xjt} C Rw such that

H = limsup(Hk- xk) := P |J {x- <k:x GHk}
n=1k=r

is a set of full measure, i.e., \*(HN\ H) —0. Hence almost every point of
YLn belongs to infinitely many sets Hk —xKk.

To verify (2.1), the next lemma outlines a situation where this can be
reduced to a one-dimensional problem.

LEMMA 2.2. Letf, g be real-valued functions, 2n-periodic and continu-
ous on R. If

(2.2) Ai({s G [T, d]:/(s) <ab5(s) >a2}) = a3
for some constants ak,a2,a3 GR, then

L:=XN {x G[-%,7]": f({t,x)) < ai,g((t,x)) >a2}) = (2wn~1-a3
for each i = (ii,... ,tjv) € ZN\ {0}.

Proof. Given i £ Z"\ {0}, let t = (<i,... ,tf) = (tkl,... ,tkj) € ZJ be
the vector, determined by the nonzero components tk>of t. Correspondingly

for x € R™ let x = (x1?... ,xf) = (2”7,... ,xkj). Then (t,x) = (t,x) for
every x GRV. It follows that

L=QiNN~iJd(xi,... ,xj), A :={i G[-j f((t, x)) sau g((t, x)) >a2}
A
Substitutes: = h(z) = h(z\,... ,zf) = ((zi-z2- ...-Z))ft\, 22/f2,... \Zjltj),

i
thus det(h'(z)) = M. ® 0, and consider the sets
i=i

AX  {XG[—it+ (22+ .. -+Z)), tXTT+ (5:2-(-.. .+2z]j)]: f(zk)< ai,g(z\) >a2},
M = {(z2/f2,... ,zjrti) G[-X,7r]J-1}.
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Since t\ 6 Z\ {0} and since the functions /, g are 27r-periodic, one then has
by Fubini’s theorem and (2.2) that

L=Cmv-:JJU f fd\d(z,... .zj) =
=1 AAI

I -1 r
= (Ztt) has J d(ZZ,... ,Zj) = (2k)n -1 m3. |

The divergence assertions mentioned result from an application of the
following quantitative resonance principle. For a Banach space X (with norm
ll«1l) let X * be the set of nonnegative, sublinear, and bounded functionals
T on X ,i.e., T maps X into [0,00) such that for all f,g € X and scalars a

nf+g)<Tf+Tg, T(af) =\a\Tf, UTU* :=sup{T/: ||/|| < 1} < <&

Let n he an abstract modulus of continuity, i.e. a function, continuous on
[0, 00) with

(23) 0=ci(0)<u(s) <ws+y<ux@E+<M  (.t>0),

additionally satisfying

(2.4) t_l>i6§1r u(t)/t —oo.
Note that (2.3) implies
(2.5) u=>(s)/s < 2u(t)/t 0 <t<ys).

Let <r(i) be a function, (strictly) positive on (0, 0o), and {<n} be a sequence,
(strictly) decreasing with Ijrpoo n =0.

Lemma 2.3. Let A, B be arbitrary index sets. Suppose that for families
of functionals {Ut: t ¢+ (0,00)}, {Vhia:n £ N,a € A}, {WnG-n € N,a €
GA] CX * with

(2.6) \Wha\\x-+ WWn,<*\x-in Cl (n€N,a 6 A)
there exist test elements {gn,k- n € N,/? € B} C X such that

(2.7) Il < C2 (N €N, B e B),

(2.8) utgn,B i C3min{l, <r(t)/<pn} (t € (0,00),n GN,/3 € B),
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(2.9) Vn,as j,B "bWns j,8 —06 j(<Pn) £ A, EB,n —00).

Moreover, for each subsequence {n3} C N let there exist a sequence {Mk} of
subsets of A (more exactly M{njytk), a sequence of points {/7} C B, afamily
of sequences {{£a,fc}. a € A] with lim Eak = 0, and a constant C. > 0 such

that for a E Mk
(2.10) vnirotdrikigk = C4

(2.11) W nktagnkBk it ea k-

Then for each modulus n satisfying (2.4) there exist a subsequence {nj} and
a counterexample fu, £ X with

(2.12) vtw = OMa(f))) (t- 0+),
(2.13) vnru @ o(WV,,)),
(2.14) V,,afu ¢ 0(Wnafu) (n - 00),

simultaneously for each a € M{n > := lim sup M{IMyk-
K-*00

Thus the negative result (2.14) on the comparison of the processes {¥T)C},

is given in quantitative terms inasmuch as (2.12) assures a certain

smoothness of the counterexample fu, whereas (2.13) may he interpreted as
a precision of its nonsmoothness.

Proof. Letus proceed via a suitable quantitative gliding hump method
(cf. [2; 5; 6] and the literature cited there). Starting with n\ = 1, in view of
the properties of w and {<7,} one may successively select a strictly increasing
subsequence {n*} C N such that for Kk >2

(2.15) wOnf) <un(yrk x): K?,

K—1
(2.16) N3k« ) max {1/smj, C$t,,-} < u(@>nk)/k tpnk,
i=i
where the constants C$y] result from (2.9) (and (2.6,7)). For this sub-

sequence {nt} C N there exist, by assumption, sets Mk C A and points
Rk £ B such that (2.10,11) hold true. Consider the candidate

@
fw:= *w{<pnj)gn]Rr
31
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By (2.7,15) it follows that

YsIHVnjbnjBjW i C2'52 w((pnj) » C2o,(\6) ~ 2-j+1 < oo.

i=l i=l i=l
Since X is complete, /wis well-defined as an element of X . Moreover, fu
satisfies (2.12). Indeed, suppose that t £ (0,00) is such that a(t) < Then
there exists k £ N with 1 < a(f) < tpnk, and it follows by (2.5,8,15,16)
that

Uttwi (53 + 53 JA (& J)UtgrijRJ <

Vi=1 i=fc+i7
K 00
scvw E u<p)/<pr]+ C3 53 A
J=1 j=k+1

< 2Cs a(t)u=(ifnk)/<pnk+2 C3w(v?njt+l) < 4C30;((T(i)) + 2C3a;(cr(t)) = 6C3u;(cr(i)).
Ift £ (0, 00) is such that §(E) > <4, then by (2.8,15)

00
Utfu ~ C3537" ) < 2C3n;(v?i) < 2C3u?(<r(i)),
i=i
thus in any case (2.12). Now let a 6 i.e., a € Mk for infinitely many
K £ N. For these k it follows by (2.6,7,9,10,15,16) that

( K—1 00 Vv

53%*~ 53 =
i=1
K—1 00
Aw (2, J(C4-Ea,fc)-53a;(Mnj)C5nAn*- 53 w(V4)CIC2>
J=1 J=fc+1

>w(?,t)[C4- oa(l)- (1 +2CiC2)/k2] = w(v>,*)[C4- o«(I)].
Analogously one obtains, now by (2.11) instead of (2.10), that
(2-18) Wnkiaf,, = oa(u(<pnd).

Obviously, (2.17,18) yield the assertions (2.13,14). O

3. Divergence almost everywhere of a pointwise comparison

Let fi £ A4o(R'M and n £ N. If X denotes one of the spaces C2r or Co,
then Tn (cf. (1.2)) is a bounded linear operator of X into itself with norm
\TX\ = \M\M (total variation of fi) and

(3.1) TX(efM )(x) = n*(v/n)eiex> (V,x s RN).
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For an abstract modulus of continuity u and r G N let r-th (radial) Lipschitz
classes be defined by

Lip>,X):={/6x:urct,t) To(u(f)),t - 0+}
(/) =supl D -1)r* (0 /(*+jo) : M€ = *Je

Since Lemma 2.3 yields counterexamples for which (2.14) holds true simul-
taneously on the limsup of certain sets Mk, the problem is to find, for each
choice of a subsequence {n*} C N, sets MY and points Rk such that the lim-
sup is of full measure. Using Lemma 2.1 the following constructs appropriate
sets Mk and points Rk for testelements gn3 to be chosen later.

Lemma 3.1. Leta,b,c GZN with a/ b, cd 0, and let {n*} C N be an
arbitrary subsequence. There exist points {x*} C R” such that
(@) Hi = limsup("tijt + Xk) for each i = 1,2 is a set of full measure,
K—>00

where
Hlik:={xeRN: [sinnk{c, *)|>"|, H2km={*€R ":|sinnfdc,a:)|<

(b) Hs := limsup (LT| + xk) or Hc := limsup (" + xk) is a set of full

k—+00 k—+00
measure, where
HE := [x GRN: sin-nk(a —b,x) < 1T, IsinTk(Mm)I ~
{x e RN: sin -Mk(a —b,x) < i |c°snk{b,x)| > 1i}.
P roof, (a) Consider the one-dimensional sets
= |s GR: Isinnel > -}, Hk:= {s GR: |sinnfs| <

For Kk GN one has Ni(HKk M[-tr, x]) = 4r/3, Ai(Hk [T, #]) > 4/k. Setting
a3 N 4/k, t = cas well as ax=0,a2= 1/2,f(s) = 0, g(s) = |sinn”s| or
ax= 1/k, a. = 0, f(s) = |sinn*.s|, g(s) = 0, respectively, by Lemma 2.2 one
obtains that fori = 1,2
(3.2) ANROEN [T, x]-N) ~ (27NN 1N
Thus Lemma 2.1 yields the assertion.

(b) Forc=a—b @ 0, hk = n*,/2 one has H2k —Hk UH% By (3.2) one
obtains (note that the sets are nevertheless 27r-periodic)

(rtr)”-11 A\N(Hkn [-77, 18 ) + AN(HEN [-7F,Xf)
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so that the assumptions of Lemma 2.1 are fulfilled for at least one of the
families {/TE} or {A£}. O

Turning to the pointwise comparison of two convolution processes of
Fejér type, it is clear that, if the generating measures /x and v are linearly
dependent, i.e., x = A sv for some A £ C, there cannot exist functions /0
such that assertions of type (1.5) hold true. So one has to exclude this case
which is characterized by (with Q C R, the set of rational numbers)

Lemma 3.2. Let/x,v £ N1o(K-") with vA ¢ O and

(3.3) nlp) 1 u) = A(?K0») (p,ge dN).
Then there exists a constant A £ C such that /xn = A VA

Prootf. Since the continuous function vA does not vanish identically,
there exists po £ such that xn(p0) ¢ 0. Then by (3.3)

PA(Q) = [PA(po)/vA(po)IvA{q) =@ A mwA(Q)  (qe Q%)- O
3.1. Periodic counterexamples.

Theorem 3.3. Let p,v £ 140(B-") be linearly independent such that
(1.6) holds true for some r £ N. Then for each modulus n satisfying (2.4)
there exists a (real-valued) counterexample fu £ Lipr (>, C2*(RA)) such that

(3.4) \T*Ux)l oW n-r)),

(3.5) \T*W\GO{A\TLMX)\)  (n-> 00)

for almost every x £ KN.

Proof. Ifnecessary, we will represent the complex values pA(a), vA(a) £
£ C\ {0} in polar coordinates via pA(a) — |/xn(a)le">, vA(a) = |i/Aa)|e'0a
with iia,0a £ [0,27¢), respectively. Let 0 ¢pa —alla: £ QN (ai £ ZN,
02 G N) with /xn(a) ® 0. Since pA(v) —/XA(-v) (z = complex conjugate of
z £ C), in view of (3.1) one obtains for arbitrary d £ R

(3.6) TE(sin«ai, 9 - th)(x) = [/xA@)| sin((ab x) - 9+ da).

Obviously, the same relation holds true for v with 0 a instead of da.
Let us first look at the case that /x, v are such that for some p = p\/p: €

£ QV @O tbpi £ ZN, p2 £ N) one has XA(p) ¢ 0 but vA(p) = 0. To apply
Lemma 2.3 set

X =CwRn), A=B =Rn,  —n-~r, a(t) —f, Utf =ur(ft),
Vnxf = \TCRf(x)\, Wnxf = |T*2/(x)|, gny(x) = sin(n(pi,x -y )- dp).
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Obviously, (2.6,7) are fulfilled with C\ = ||p||n4+ [M1nb C2= 1. In view of
(1.6,3.6) one obtains (2.9), whereas (2.8) is valid since

3.7 «r(ft,»*) » min{2r||5n,,,|l,ir »  H*n-yll}-
Ir|=r

Now let {rr*} C N be an arbitrary subsequence. By Lemma 3.1 (a) for ¢ =
= pi there exist points {x*} C R” such that H1:= limsup(#ijt + Xk) is a

k —too
set of full measure. In view of (3.6) and the definition of Hi K it follows for

X € Hi k+ Xk that

Vnk,* nkxk = |pa(p)l Isinnk(Pi,x-xk\NE " |pA(p)|, W,kpalkn ~K(p)| = 0.

Thus assumptions (2.10,11) are fulfilled, too, and Lemma 2.3 yields the as-
sertion in this special case.

It remains the case of measures p,/ for which 1n(a) = 0 for a £ Q}V
necessarily implies pn(a) = 0. Note that then vA ¢ 0 since p,i/ are linearly
independent. We first exclude the situation that for each a £ where
pA(@) ¢ 0 (hence ¥/1(a) @ 0) there exists ea £ {0, 1} with

(3.8) O0a= + fakK (mod 2x).

Thus, since pA does not vanish identically, there exists p = P1/P2€ QN such
that pA(p) ¢ 0 and for ep £ {0, 1}

(3.9 Op o tip + (mod 2w).

Setting as above but with aliMx) = sin(n(pi, x—y)-Q p), for any subsequence

{nk} C N one obtains the existence of points {x"} C R” such that H2 is a
set of full measure (cf. Lemma 3.1 (a)). Now, if x € H2 k + Xk, then

Vnkxgnkxk = Mn(p)| Isin(nfopi, x - xk) - Op + tfp)| >
A bl 11 sin(i?p - 0p)| Icosnjt(pb x - xf))| - |sinnfo(pi,x - xk)\] >
Ainop)| sin(?p- 0p)ly/l - k-2- " >C4- ofl),

WnkxgnkXk = K (p)| [sinnfopi,x - xf)| < \WA(p)VVk = o(l)

with C4> 0in view of (3.9) and |pn(p)| o 0.
Finally, let (3.8) be valid for each a £ Qv with pn(a) ¢ 0 (and thus vA
N(a) ¢ 0). Since p, v are linearly independent and vA ¢ 0, in view of Lemma

3.2 there are rationals p = P1/P2, 9 - 91/92 € QjV,p ® 9, such that
pa(p)in(e) Ppaco)irace).
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This can he rewritten as (without loss of generality assume pA(p)vA(Q) ¢ O,
and if pA(q) = 0, set dg:= Qq, £q4:=0)
Ixn(p K (9)le*("+e,) & IIxn(a)U(p)le™ + &™)
hence by (3.8) with e := ep —eq
VAISK?) o |[/A?2K (p)]|(-1)e.

Set X,A,ipn,a(t),Ut as above, but B = R" x {5, c),

Vnxf = IT&MNOOI, w nxf =\T g f(x)\,
o U(y,8)(x) = H/(91sin(n(a, x - y) - 4p) - (-1)> n(p)|sin(n(b,x - y) - tiq),
o N(y,0{x) = k A(i)l cos(n(a,x -y )-d p)- (-1)> n(p)| cos(n(fc,x - y) - tiq)

with a := qiPi, b:=p2<4 € 1N. Again (2.6-9) are valid. Now let {rife} C N

be an arbitrary subsequence. Since p ¢ g, and therefore a ¢ b, Lemma 3.1

(b) delivers the existence of points {x*} C Rw such that H* or Hcis a set
of full measure. Suppose that Hsis this set (the other case can be treated

analogously). Set Rk —(Xk,s). Then (2.10,11) hold true on HE +xk. Indeed,

if X £ HE + xk, then (d := (-1)e|/C(g)z/A(p)|/|/C(p)i/A9)])

Vink,x9nk, (xk,e) —
= \pA(p)vA(g)\sinnk(a, x - xKk) - (-\y\p A(Q)uA(p)\ sin nk{b,x - xk)

—\pA(p)i>Ag)\ [smnk(a,x-xk)-smnk(b,x-xk)]+(I-d)sm nk(b,x-xk)

> \pA(p)I/A@)\ [1- d\Isinnk(b,x - xjK)| - 2 sin-ln k(a - bx- xk)

[|I-<f] 2
>impKk@l

WnktXgnk, (xk,s) —
= N ()N (p)| sin(njt(a,x-x K —Pp+0p) ——)esin(nf(6,x =F)—L,+ 09)| =
=\v\qg)v\p)IIsin nfc(a, x —Xc) —sin nk(b, x —x*)| ~

s2(K/I sin -nk(a-b,x-xk) <2||V[|2/A,

which completes the proof of Theorem 3.3. O

3.2. Counterexamples vanishing at infinity. Since C?>kC UCB, the space
of functions, uniformly continuous and bounded on R”, the assertions of
Theorem 3.3 hold true in UCB, too. In Co, however, one cannot immediately
proceed as for Theorem 3.3, since the trigonometric test elements do not
belong to Co- Indeed, instead of (1.6) we now make use of the rate of
convergence (3.10) on the subset C{*R ~) C Co of those functions, which
have compact support and continuous partial derivatives of all orders.
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Theorem 3.4. Letp,v £ Mo(N") be linearly independent such that

(3/10) Hapg = 1134 =o0,(n-") (iecs(R ™))

for some r £ N. Then for each modulus n satisfying (2.4) there exists a
(real-valued) counterexample fu £ Lipr(w, Co(R"V)) such that (3.4,5) hold
true for almost every x £ R”.

Proof. Choose a function K £ C” such that 0 < K(x) < 1 for x €
€ R™, K(x) = 1for |i| » 1. Setting as for the three different parts in the
proof of Theorem 3.3, but now with testfunctions hn¥(x) = K(x/n)anm(x),
it follows that blty £ QJg with (2.7) and (2.8) (cf. (3.7)). By (3.10) one also
has (2.9). For an arbitrary subsequence {n*} C N and for a € /140, a £ N

LU
Ta kK ky{)\ >

V' \Tanks uk,y(x)\ @7r) -~ 2)pn, vyl /(1 - K(x/nk - nlan\))\dcr(u)\ =
Rv
(+)
= \TankOnk,y(x \ — (1),

the latter by dominated convergence. Therefore (2.10,11) hold true for points
x G MK, the sets being given as in the proof of Theorem 3.3. Hence Lemma
2.3 yields the assertion. O

4. Examples

As a first explicit example consider the A-dimensional (product) inte-
grals of Fejér and Abel-Poisson, defined by

Msinnuj/2—2

£)7RV*— >N p =

NJ*) =0 RL/ -«I'ITT’\U

respectively. The remainders / - anf,/ - Anf may be rewritten as convo-
lutions of type (1.2) with measures p,v £ AR "), given by
N N
p*(v) =1- JImax{l - |vj|,0), VA(v) = 1-
i=i j=i
respectively. Obviously (1.6) is fulfilled for r = 1, thus Theorem 3.3 delivers
(for N = 1 see [3])

du,
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Corollary 4.1. For each modulus n satisfying (2.4) there exists a
counterexample G Liplu CA"R™)) such that

\fu{x)~an/w(x)\c o(u{\/ n)),

\fU x ) - anlbi{x)\p 0 (\fw(x)- An/ Lx)\) (n-»00)
for almost every x GR".

Our next example is concerned with the singular integrals of Bochner-
Riesz and Gauss-Weierstrass

Bn\f(x) = 7 J f(x - W _AT(A+ 1)JINz+x{n\u\)\u\~N n~xdu,
RN
wnf(x) = \] f(x~ U)e~n Mz/adu,
RN

respectively, where A> Aois assumed to be beyond the critical index Ao =
= (N —1)/2 and J a{s) denotes Bessel’s function. The remainders f —BH\f,

f —Wnf are convolutions of type (1.2) with fi\, o G A/fo(R'v), given by (cf.
[10, p. 171])

N 'J I_(I_Ma)\ /KL VA{V) := 1- e~H\
\ 1, M>1"
respectively. Since vA divides pA\ globally, the uniform estimate (1.3) holds

true, nevertheless, since (1.6) is valid for r = 2, a corresponding pointwise
estimate is not possible. Indeed,

Corollary 4.2. Let A> (N —I)/2. For each modulus n satisfying
(2.4) there exists a counterexample  GLip2(<> Cra-(J1/1)) such that

fu{x) - BIRALIw(x)1p O (\fu(x) - Wnfu(x)\) (n “moo)

for almost every x GR".

Moreover, in view of (1.3) and the well-known (uniform) direct estimate

(4.1) /- W,/ ~M m2(/, 1/n) (/| GCUR")),

condition (3.10) is fulfilled for r = 2, too, so that the assertion of Corollary
4.2 is also valid for the space Caq.
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Finally, consider the pointwise comparison of the iV-dimensional (prod-
uct) Fejér integral an and the (radial) singular integral of Cauchy-Poisson

_r((iV + D/2)
PYH) = ey I FOC- W a0 yay oty @
RY

which solves Dirichlet problem for the upper half space Rv x (0,00), sat-
isfying the boundary condition yI|>r(r_.}+ L/ —Py/|| = 0. Again the remainder

[ - Pi/nf is a convolution (1.2) with measure v £ Afc"R-")) given by vn

N(n) = 1 —e- WL In view of the weak-type inequality (cf. [7, Corollary 4.2],
together with (4.1))

(4.2) 1 - _ PURfASM «i /(/ £ C,(5K))
i
1/n

one has (3.10) for r = 1 (cf. (3.7)), which also holds true for the (product)
Fejér means a,,, since the analogue of (4.2) is valid for the one-dimensional
integral (cf. [1, p. 146]). Hence Theorem 3.4 delivers

Coroltary 4.3. For each modulus n satisfying (2.4) there exists a
counterexample fwE Lip~u», Co(A”)) such that

- en/w(x )\  0(Mu(x) - Pinfu(x))  (n 00)

for almost every x £ R”.
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ON THE PRODUCT OF TWO ~-SPACES

J. L. BLASCO and M. SANCHIS (Burjasot)

L Introduction. The topological spaces used here will always be com-
pletely regular HausdorfF spaces. Let a be a cover of a space X. A function g
from a space X into a space Y is a-continuous if the restriction of g to each
member of a is continuous, and g is ay-continuous if the restriction of g to
each member of a can be extended to a continuous function on X . A space
such that every real-valued «-continuous (resp. ay-continuous) function is
continuous is called an ag-space (resp. an ay-space). Clearly every ap-space
is an ay-space. A subset I? of X is said to be bounded if every continuous
real-valued function on X is bounded on B. Write b for the family of all
bounded subsets of a space.

The ba-spaces and the by-spaces arise in the study of r-closed projec-
tions ([10]) and also in the problem of the distribution of the functor of the
topological completion ([4], [13]). This class of spaces also appears studying
compactness of function spaces in the topology of pointwise convergence ([1],
§2).

: In this paper we are concerned with determining conditions under which
by-continuous functions on a product space X x Y will be continuous. We
apply our results to characterize the class of all spaces X such that the
product X x ¥ is a by-space for every by-space Y.

Notations and preliminaries. Throughout this paper we adopt the no-
tation and terminology of [7]. We write C(X) for the ring of all continu-
ous real-valued functions on the space X and C*(X) for the subring of all
bounded functions in C(X). N is the discrete space of positive integers.

Write k for the family of all compact subsets. We shall say that a sub-
space S of X is C-embedded in X if every continuous real-valued function on
S can be extended to a continuous function on X. Since every compact set
in a completely regular HausdorfF space is C-embedded ([7], 3.11(c)) then
every kf-space is a &g-space. It is an open question if every by-space is a
ba-space. First countable spaces and locally compact spaces are ™pg-spaces
and therefore by-spaces.

A Frolik sequence in a space X is a sequence {I7n}nejv of open subsets
of X such that for each filter G of infinite subsets of N ,
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112 J. L. BLASCO and M. SANCHIS

A subset B of a space X is strongly bounded in X ([14]) if each infinite
family of mutually disjoint open subsets of X meeting B contains an infinite
subfamily {17n}nejv which is a Frolik sequence. According to [11], Propo-
sition 2.3 a subset B of X is bounded if and only if for each locally finite
family U of mutually disjoint, non-empty open sets in X only finitely many
members of U meet B. Therefore each strongly bounded in X is bounded.
As we will see in the remark preceding Corollary 6, the converse does not
hold.

A space X is said to be pseudocompact if C(X) = C*(X). It is well-
known that X is pseudocompact if and only if every sequence of non-empty
open sets has a cluster point. This result suggests us the following question:
Is every closed strongly bounded subset of a space X contained in a pseu-
docompact subspace of X1 We will answer negatively this question with
Example 7 (ii).

The results. The following proposition was stated by Noble in [11],
Theorem 2.6 and he asserts that the implications (a)=>(b) and (c) =m(a)
follow by the obvious adaptation of the proof of Theorem 3.6 in [6]. But
the proof of necessity in Frolik’s Theorem is not correct. A correct proof is
given in [2], Theorem 1. For the sake of completeness we include a sketch
of the same one, in order to prove the implication (c) =>(a) in the following
proposition.

Proposition 1. Let S be a subset of a space X . The following condi-
tions are equivalent:

(@) S is strongly bounded in X .

(b) For each space Y and each bounded subset B ofY, S x B is bounded
in XxY.

(c) For each pseudocompact space Y, S XY is bounded in X x Y.

Proof. The implication (b) =>(c) is trivial and the implication (a) =>»
=> (b) follows by the adaptation of the proof of sufficiency in [6], Theorem
3.6.

(c)=>(a). Suppose that S is not strongly bounded in X. Then there
exists a sequence {f/n}ne./v of mutually disjoint non-empty open subsets of
X, meeting S, such that for each infinite subset M of N,

FeG(M) ntEF

for some filter G(M) of infinite subsets of M.
For each infinite subset M of N, we choose an ultrafilter Un on N
containing G(M) and consider the following subspace of BN:

Y =NU{p(M)€RN —N IUm converges to p(M), M C IV, M infinite}.

Then, the space Y is pseudocompact and the family {i7,,x {n}}n€JV is locally
finite in X x v. Therefore 5 x ¥ is not bounded in X x v. 0
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We say that a space X has property (b) if for each space Y , the product
A x B of each pair of bounded subsets A C X and B C Y is bounded in
X xY.

From Proposition 1 we have the following result.

Corollary 2. X has property (b) if and only if every bounded subset
of X is strongly bounded.

A space is said to be a p-space if every closed bounded subset is compact.
Realcompact spaces (closed subspaces of a product of real lines) and P-
spaces (spaces in which every Gg subset is open) are p-spaces ([7], 8E.1,
4K.3). Clearly every compact subset of a space is strongly bounded, hence
each /r-space has property (b).

The family of all strongly bounded subsets of a space is denoted by sb.

Theorem 3. Let X be a bf-space. Then X has the property (b) if and
only if it is an sbf-space.

P roof. The necessity follows from the fact that X is a 6/-space and
each bounded subset of X is strongly bounded (by Corollary 2).

To prove sufficiency, let B be a bounded subset of X and we are going
to show that B is strongly bounded.

Let {t7,.}.,g)v be a sequence of mutually disjoint non-empty open sets in
X each of which meets B and suppose that each strongly bounded subset of
X intersects finitely many Un.

For each n £ N, let xn £ B M {7n and let /,, be a function in C(X) such
that /,,(zn) = 1 and /,,(X —Un) —{0}. Since each strongly bounded subset
of X intersects finitely many Un, the function

is s6/-continuous and as X is an s6/-space, / is continuous.
On the other hand, if

V,={XEX I|/,(*)]>1U2}, né€N

then Vn is a subset of U,, and {Pn}ne/T is a sequence of non-empty open sets
each of which meets B. Since B is bounded there exists a point z € X such
that each neighborhood of z intersects infinitely many Vn ([11], Proposition
2.3). Therefore z » (J{i7n | n € N} and / is not continuous in z, which is a
contradiction.

Thus, there exists a strongly bounded set which intersects infinitely many
Un and consequently there is a subsequence of the sequence {U,,}nEN which
is a Frolik sequence. Then B is strongly bounded. From Corollary 2, X has
property (b). O

Since every compact subset of a space is strongly bounded, we have the
following
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Corollary 4. Every Ky-space has the property (b).

Later we will give an example of a space X with property (b) which is
neither a bj-space nor a p-space (Example 7 (i)).

Lemma 5. LetW beanon-empty regular closed subset of a space X . If
the set W x B is bounded in X x Y, then it is bounded inW x ¥ .

Proof. We shall prove that W x B is bounded in W x ¥, by showing
that if Un and Vn are open sets in X and Y, respectively, such that

(t/,, x Vn) M (W x B) ¢ 0, neN

then the family {U,, x Vh}ne/v has a cluster point in W x Y .

Write Hn = Un Mint"W. Since W is regular closed, we have that //,, is
an open subset of X such that (Hn x Vn) M(W x B) ¢ O for each ne N .
By oi~r hypothesis the set W x B is bounded in X x Y, hence the family
{#, x yn} has a cluster point (x,y) e X x Y. Since H,, CW = cI*"W it
follows that (a:,y) e W x Y. Then W x B is bounded in If x 7. O

Let B be the class of spaces X such that for every pseudocompact space
Y the product X x Y is pseudocompact. According to Frolik’s Theorem ([6],
Theorem 3.6) a space X belongs to B if and only if it is strongly bounded in
itself. Consequently, if X is a pseudocompact space which is not in B ([7],
Example 9.15), then X is a bounded set that is not strongly bounded.

Corollary 6. Let X be a locally bounded space. Then X has the prop-
erty (b) if and only if each point of X has a neighborhood in B.

Proof. Necessity. Let x e X and let ¥ be a bounded neighborhood of
X. The set W —clIx (intj*V) is a bounded neighborhood of x and by our
hypothesis, the product W x ¥ is bounded in X x ¥ for each pseudocompact
space Y. From Lemma 5 the product If x ¥ is pseudocompact for each
pseudocompact space Y. Hence we have that W belongs to B.

Sufficiency. From Frolik’s Theorem ([6], Theorem 3.6) every subset of
X which belongs to B is strongly bounded in X. Then by hypothesis, each
point of X has a strongly bounded neighborhood and consequently X is an
sbf-space. From Theorem 3, X has the property (b). O

Example 7. We write BX (resp. vX) for the Stone-Cech compactifica-
tion (resp. Hewitt realcompactification) of a space X. The smallest subspace
of R X that contains X and is a /x-space is denoted by pX. Since every re-
alcompact space is a //-space, p X is a subspace of vX, and therefore X is
C-embedded in pX ([7], Theorem 8.7, (I1)).

If a is an ordinal, we write a -f 1 for the ordinal which follows it and
go (resp. uq) for the first infinite (resp. uncountable) ordinal. W(a) is the
space of all ordinals less than a endowed with the order topology.

Let Q be the product space W(oj\ + 1) x W(u>» + 1) and let us consider
the following subspaces:
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R = Q —{(a, liy) la is a countable limit ordinal},

V=R- {&x}x VFM),

r=ir-{(w LwO0)}.

In ([8], p. 102]), the following facts are proved:

() pT = vT =R, (2) A base of bounded sets ofT is the family J of all
subsets of T which are of the form

B = {WWX x {«!,...«*}} U{{«1, ... ,«*} XW(Uu>0+ 1)}

where n\, ... ,nk are elements ofW(u>0) and ai,... ,a* are isolated ordinals
of W (ui).

We now prove

(i) The subspace U has the property (b) but it is neither a bf-space nor
a p-space.

From T C U C R and (1), we have pU = vU = R and hence U is not
a p-space. By (2), if F is a bounded set in U such that (u>i,n>0) is not in
F, then (u>i,u>0) is not in clj/F. Consequently the characteristic function of
the point (wijWo) is ~-continuous but not continuous. Therefore U is not a
6/-space.

According to [12], Theorem 2.2 every locally compact pseudocompact
space belongs to B. Hence the members of the base J considered in (2)
belong to B. Therefore each bounded set in U is strongly bounded and by
Corollary 2, U has the property (b).

(ii) In the locally compact space X = R —{(ug,wo0)}, the set V —{cdi} x
xIF(wO0) is a closed copy of N strongly bounded in X, which is not included in
any pseudocompact subset of X (i.e. V does not have bounded neighborhoods).

Let T be an infinite family of open subsets of X meeting V. Then there
exist two sequences {nk}keN and {i7fcHce,v in W(u>0) and JF, respectively,
such that njt < Ik+i and (uq,nfc) € Uk for each kK £ N.

Since Uk is open for each kK £ N, there exists Ok <w\ such that {(/3, nk) \
lak » B <u>i} C Uk.

If p = supfafc I kK £ N}, then p < A and for each k £ N, the set
{(/3,nfc) Ip <R < u>i} is contained in Uk-

Then {3+ 1} x + 1) is a compact subset of X meeting each Uk
and therefore {Uk}keN is a Frolik sequence. So V is strongly bounded in X.

Now let us consider a subset Z of X containing V. Suppose that Z is
pseudocompact. Since V is closed in Z, there exists a positive integer n such
that for every j >n the point (aq,j) is not isolated in Z. Inductively, choose
points (B3j,j) in Z such that Bj < Bj+i, j n. Since the set F = {{Bj],j) \
I ; > n} is not included in any member of the base J, F is not bounded in
T. From (1) T is C-embedded in R, therefore F is not bounded in X . This
is a contradiction since F C Z and Z is pseudocompact. O

The following result is a consequence of 3.10(b) in [7].
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Lemma 8. IfX is a bf-sapce, then each bf-continuous function g from
X into a (completely regular) space Y is continuous.

In the proof of the following theorem we use the technique utilized in [3],
Theorem 5).

Theorem 9. Let X be a locally bounded space and letY be a bf-space.
If the product A x B of each pair of bounded subsets A C X and B C Y is
bounded in X XY, then X XY is a bf-space.

Proof. Firstly, suppose that X is pseudocompact and let / be a real-
valued by-continuous function in 1 x 7 . If Ais a bounded set in ¥, then
X XA is bounded in X XY by hypothesis. Thus, there exists a function
h € C*{X x Y) which agrees with / in X X A.

Let e(h) be the function from ¥ into C’(X) defined by

e(h)(y) = h(-.y), y&Y.

According to [4], Theorem 5.3, e(h) is a continuous function from Y into
the Banach space C*(X) with the supremum-norm. Define e(f) analogously.
Since e{f)\A = e(h)\A it follows that e(/) is by-continuous on Y and by
Lemma 8, e (f) is continuous on Y . It is routine to check that / is continuous
on X x Y.

We now prove the result when X is locally bounded. Let x £ X and let V
be abounded neighborhood of x. Then W = cljf (int*F) is a pseudocompact
neighborhood of x and by Lemma 5 we have that the product IF X A is
bounded in IF XY for each bounded subset A of Y. From the preceding
case, IF XY is a bf-space and hence each point of AT XY has a neighborhood
which is a by-space. Thus X XY is a by-space. O

An open question is if the above result holds for ba-spaces. From Corol-
laries 4 and 6 we obtain the following result.

Corottary 10. The product X xY is a bf-space in the following cases:
(a) Each point of X has a neighborhood in B and Y is a bf-space.
(b) X is locally bounded and Y is a ku,-space.

In the following examples we shall see that Theorem 9 fails to hold if
some of the conditions are omitted.

Example 11. In [3], Theorem 1 Blasco proved the following result: Let
V be a non-empty regular closed subset of a space X . IfV is pseudocompact
and does not belong to the class B, then there is a pseudocompact subspace Z
of BN and a bg-continuous function f on X XZ which is not continuous. It
is easy to verify that the function / is by-continuous on X XZ. Therefore, if
X is a pseudocompact space which is not in B, there exists a pseudocompact
space Z such that X X Z is not a by-space. O

Example 12. Husek ([9], Theorem 1) proved the following result: 1f X
is not locally bounded, there are a paracompact k*-space H(X) and a kft-
continuous function f on X x H{X) which is not continuous. Actually, the
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function / is b/-continuous on X XH(X) as an easy check shows. If Q is the
space of all rational numbers with the usual topology, then Q is a kR-space
(i.e. has property (b) by Corollary 4) and Q XH(Q) is not a 6"-space. O

Theorem 13. Let S be the class of all spaces X such that X x Y is a
bf-space whenever Y is. Then X belongs to S if and only if each point of X
has a neighborhood in B.

P roof. The sufficiency follows from part (a) of Corollary 10.

Necessity. If X is a space in S, from Husek’s result quoted in Example
12, X is locally bounded and therefore locally pseudocompact ([5], Propo-
sition 4.2). According to Blasco’s result stated in Example 11, if V is a
pseudocompact regular closed neighborhood of a point of X, then V belongs
to B. O

We denote by p the family of all pseudocompact subsets of a space. From
[3], Theorem 6 we have the following.

Corottary 14. The class S coincides with the class of all spaces X
such that X xY is apR-space whenever Y is.
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SOME FURTHER TYPICAL RESULTS
ON BOUNDED BAIRE ONE FUNCTIONS

B. KIRCHHEIM (Bratislava)

The goal of the present paper is to answer most of the problems raised in
[3], Section 4. Therefore, we will widely use the notations introduced in that
paper. Hence b/l, bA, bVB1, BBl bAik, k = 1,... ,5, denotes the set of
bounded approximately continuous functions, bounded derivatives, bounded
Darboux Baire one functions, bounded Baire one functions, and bounded
functions belonging to the &th class of Zahorski, resp., all defined on [0,1].
Further, for any function / we denote by Cf,Af, and 7Zf the set of continuity
points, the set of approximate continuity points, and the range of /, resp.

Since Problem 1from [3]is closely related to the main part of Problem 4,
we will start with Problem 2 and return to Problem 1 later.

Problem 2. What are the typical properties of A(cl/-1(y)) and
p(cl in the three subclasses considered?

For A(clf~1{y)) this question was answered in [10], our treatment of the
case of a general continuousl measure p is heavily based on Rinne’s result.

Theorem 1. Let p be a continuous, nonzero (and finite) measure on
[0,1] and let X be one of the spaces b, and b/l4*, k = 1,... ,5. Then for
a typical f € X there is a nonvoid open interval I C R such that

inf{/r(cl/_1(2)):i/ €13} > 0.

Proof. Let M be the interior of the set of all / € X such that there
exist a < b with inf{/r(cl/_1(j/));a < y < b} > 0. Obviously, it suffices to
show that M is dense in X. For this purpose we fix an arbitrary / € X.
We have to distinguish two cases. If /x([0,I]\C/) is positive, then we find
rationals p < q such that the Borel set

S =cl{g <[0,1];f(x) <p] Ncl{x e [0,1]; /(x) > q}
has positive p-measure. Since any g G X is a Darboux function, we get
S C clg~I(y) whenever L/ - jfj| < and y e g* 4*. This shows
that / € M. In the other case we can select x\ € (0,1) Mspt/r MCf. Then

1If L} is not continuous then the answer is obvious.
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for any £ > 0 we find X0 £ (0,Xi) and x2 £ (xb 1) with sup{/(x);x £
€ [xX0,x2} < inf{/(x);x £ [x0,x2]} + (e/2). Because x\ £ spt/x, we have
/r([x0,x2]) > 0 and we can apply Rinne’s construction (see [10], Theorem 6)
to obtain a function g £ X, a nonempty open interval I C R, a (nowhere
dense) compact set K Q [x0,x2] with p(K) > 0, and a positive s such that
I/ —<| < e/2 and that clh~:(y) 2 K whenevery £ | and h £ X fulfils
[jh —p|| < s . We conclude that g £ M and / £ cIM.

Problem 3. Is it true that there is a “large” set Y ~ 7Zf such that
f~\y) is countable (finite or singleton) for a typicalf £ T ; T —b.4, b/,
bVB\ bBlandyeY?

Our answer given below shows that the space bR1from this point of view
behaves completely differently from the other classes considered here.

Proposition 1. A typical f £ bl?1 is an injective function.
Proof. For n 1 we denote n to he the set of all / £ bR31such that

there exist sets Mi,... ,Mk satisfying (J M, = [0,1], diam(M,) < 1/n, and
dist(/(M,), f(Mj)) > 0 whenever 1 < | opj ~N k. Obviously, any set Qn is
openin bR1and it is easy to see that f) Q,, contains only injective functions.

Hence it only remains to show that each Qn is dense in b31. But this can
be easily done using “simple” functions, see Theorems 1.7 and 1.8 in [3] for
more details.

Proposition 2. For a typical f in any of bJ, bAd*, k = 1,... )5, the
following holds:

f~1(y) Is of power of continuum whenever inff <y <sup/.

Proof. According to Theorems 3 and 4 in [9] and the remark at the
end of [10], for a typical / any real number is a derived number at any point
x £ (0,1). This implies that for a typical / each point x £ [0,1] is either
a cluster point of / - 1(/(x)) or a strong local extremum; for x £ {0, 1} this
alternative is always true. Furthermore, it is easy to show that for a typical
/ and two distinct strong local extrema x and y of this function /(x) & f(y)
holds. Consequently, in typical case / - 1(y) has at most one isolated point.
But if for the strong local extremum x £ [0,1] inf/ < /(x) < sup/ holds
then obviously / - 1(/(x)) M ([0,1]\{x}) ¢ 0. Summarizing we conclude that
for a typical / and y £ (inf/, sup/) the level set f~I(y) contains at least
two different points and at most one isolated point. Since moreover

f~1(y) =/ - 1((-«M /)N / - 1([y,00))
is a G$-set, it is of the power of continuum.
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Remark. Using some additional results from [5] we could prove also a
more precise result: For a typical / in any of the classes considered above
we have

(a) There exist exactly two points j/+ = max/ and i/_ = min/ such that
the corresponding level sets are not of power of continuum, moreover both
f~x{y_) and / _1(y+) are singletons.

(b) There exists a countable infinite set M C K/ such that foranyy 6 M
[ _1(t/) is a set of power of continuum having exactly one isolated point.

(c) For all other y € 1Zf the set f~:(y) is a set of power of continuum
without isolated points.

Probiem 4. How large is the Hausdorff measure of / _1(j/), C/, /(C/)
for a typical f f

To formulate our results precisely we have to Introduce some further
notations.

A function < [0, 00) —[0, 00) will be said to be a Hausdorfffunction if

is nondecreasing and ngL <p(x) —0. The Hausdorff measure generated

by the Hausdorfffunction p is defined as follows. For M Q R and an integer
n > 1 we put

- fxXa . 1.
=inf<~> V>(diam£*); N "M and diamEk < —ifk't 1
4=1 Jt=i n

Clearly 7#+1(M) > Hn{M) and hence it is possible to define the measure
of the set M by

HV(M) = IimOo
At first we will answer the questions concerning Hv (Cf) and 7i v(/(C/)) since
our results are quite satisfactory in these cases.

Lemma 1. Letf ¢ bRI([0,I]), let U be an open, dense subset of [0,1],
and let e be positive. Then there exists an approximately continuous map
g: [0, 1] —[—£,£] such that

{xe [0, 1];0sc(/+9g,x) <s)g U

Proof. Since cr is residual in [0,1], we can select a countable set M —
—{m!i>1}cuncfsuchthat x € [0,1] is a cluster point of M if and only
ifx<£U. By the Lusin-Menchoff Theorem, see Theorem 6.9.(g) in [7], we
find an open set G 3 M such that any x £ [0,I\i7 is a dispersion point of
G. Because M has no cluster point in U, we can choose a sequence
of positive numbers such that the balls rf), i > 1, are mutually disjoint,
contained in G, and fulfil

sup f(B(xi,ri)) <inf/(B(xi,r,)) + e forany r> 1.
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Now one easily verifies that the map g: [0,1] —»[—£,E] defined by 9(2) =
= iEI £5«(X)> where

0 if x £ B(xi,ri)
A gin Aw-xM  ifx € B(xi, ri)

has all properties as required, g\a is even continuous.

Theorem 2. LetX be one of the spaces bMk, k = 1,4,5, bB: and b/,
and let ip be a Hausdorfffunction. Then for a typical f £ X both 7iv (Cf) —O0
and Tiv{c\f(Cf)) = 0 hold.

Proof. Forn > 1let and be the set of all / 6 X such that there
is an £ > 0 with

(1) osc(/, x) < e} <i,

and

(2) H*(B({f(x)]osc(f,x) < £}.£)) < K

resp. It is easy to see that any of the sets £?,, is open in X and that
7fiv(Cf) = 7iv(cl/ (Cf)) = 0 whenever / £ niill n Gn- B remains to show

that for every n > 1 both sets and are dense in X .

At first we consider Q\. Since the approximately continuous functions
form an additive class for b/144, bM5, bB: and b/[], accordingly to Lemma 1
Q\ is dense in X for X = bJ144, bM.s, bf?1 or b. In case X —bT>Bl we
use Maximoff’s Theorem, see page 36 in [1]. We fix / 6 bVB. and £ > 0
arbitrarily. Then there is a homeomorphism h: [0,1] —* [0,1] such that / O
oh £ BJ145([0,1]). Further, we choose an open dense set U C [0,1] with
7in{U) < 1/n and an approximately continuous map g : [0,1]—[—e, €] such
that

osc(g+ / oh,x) >£ whenever x € [0, I]\h(U).

Obviously, (g + f o h) oh~x 6 bVB1, \\f - [(g+f oh) . fi-1]] < e, and
{x;osc(<r+/ oh)0fi-1,x) <ej QU.

Finally we will show that also the sets Q\ are dense in X. Let X be
the set of all / £ X such that f{Cj) is finite. As shown in Theorems 4, 9
and 10 from [4], in any case the set X is dense in X. Hence in order to
finish the proof it suffices to show that X Q Bub as remarked in the
proof of Theorem 5in [4], we have dist(/(x), /(C/)) i osc(/,z) for any x £
£ [0,1]. (Indeed, this easily follows from the fact that Cf is dense in [0,1].)
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Consequently, for / £ T and e £ (0,1/4n) with card(/(C/)) «<™(4f) < I/n
we have

Mc = B({f(x)', osc(f,x) <£}£) g
A B{{f(x)', dist(/(x),/(C/)) < £},e) Q B(f(Cf),2e)

and this means 'Hn{Me) < I/n, as required.

Remark. It is easy to see that using Theorems 4 and 5 from [4], our
proof can be modified to show that even 7Tclf(Af)) = 0 for a typical

/| GbVBL

Now we turn to the problem concerning the Hausdorff measure of the
level sets of typical functions. Simultaneously we also solve

Probtem 1. What are the typical properties of p(f~:(y)) in B/, bA,
and bV B: for finite, continuous and Borel regular measure p ?

In [8] the result that A(/- 1(y)) = 0 for a typical / £ bMk, k = 1,... |5
(which is not covered by [3]) was announced. Here we prove that p(f~:(y)) =
0 for a typical / £ bAf*, A= 1,... ,5, and all y £ R. The same question for
Hausdorff measure seems to be more difficult. One basic contrast between
7iv and a finite measure p is that the set

BAs = {/ € bB; there is y with '"Hv(f~1(y)) > G

need not be closed in bR1; compare with Lemma 1.2 in [3]. This can be
easily seen using a sequence /,, of continuous maps on [0, 1] such that the
/,,’s uniformly converge to the identity and that every /,, is constant on a
nondegenerate interval.

So we have to choose a new approach and will show that in many cases a
typical / is injective on a large set. Consequently, any level set is contained
in the union of a singleton and of the (small) complement of this large set.
This moreover demonstrates that the level sets are somehow “uniformly”
small. Because this point of view seems to be new, we will also deal with the
question of injectivity on residual sets. Here our result shows a difference
between continuous and B:-functions.

The following table demonstrates our present knowledge whether for a
typical f £ X (see the first row) there is a set M small in the sense indicated

in the first column such that / |*0 IS injective.
X bVB1l 1< b b.M4 BN C
M first category YES ! “YEs- YES TE3- NO
™ =0 YES 7 ! 7 ! YES
-0 YES YES TE3- Yes TE3-ITES3-

Before proving our statements given above, we make two remarks. First,
since any <r-porous set is a first category one, it follows that strong porosity
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features like those derived in [2] can not be proved by our method. The
guestion2 concerning a-porosity remains open for the classes b/l and bAA4jt,
K=1,... ,5. Second, even more unpleasant is the fact that | am not able to
answer the questions marked by a bold question mark. Of course, in the light
of an “interpolation” between bV B: and the space C of continuous functions,
affirmative answers seem highly probable.

Theorem 3. a) A typical f £ bVBL1 is injective on A f.

b) A typical f £ bA, BM4, bA is injective on Cj.

c) For a typical continuous f defined on [0,1] there is no residual subset
of [0, 1] on which f is injective.

P roof, a) For n > 1we define Q, to be the set ofall / £ bV B. such that
there are sets M\, ... , Aijt of diameter less than 1/n and an £ > 0 fulfilling
dist(/(M,),f(Mj)) >0for 1< i dj <kand

K
Y wmi 2 {x € [0, I];oscd(/, x) <e). 3
t—+

00
Again it is easy to see that each Qn is open and that any f £ 1 Qnis
n=I

injective on Af. Finally, the fact that every set Qn is dense in bVB: can
be easily demonstrated applying Theorem 3 from [4] to the simple functions
appearing in the proof of Proposition 1.

b) Using a slight modification of the proof of Theorem 9 in [4] we obtain
the following statement. Letf £ bB: and s > 0 be given. Then there exists
g £ bA with |<7| < s such that there are sets Si, ... ,Sm of diameter less than

s fulfilling (3 Si i {x € [0,1]; osc(/ + p,x) < e} and dist((/+ g)(Si),(f +
1=1

+0)(Sj)) >0for . 4idj < m. (Indeed, using the notations of [4] it
suffices to ensure that diamAfc < s and to put <p(x) = vk for x £ Ai, where
the Ucs are mutually distinct with |nt —/(m~)| < s/2.)4 Now the proof of
b) closely follows that of a).

c) It suffices to prove that a continuous map / is not injective on any
residual subset M of [0,1] provided / is not constant on any nondegenerate
interval and there are 0 *a <6 <c<d <1 with /([a, b]) = f([c,d]). (In
fact, these properties are typical.) For this purpose we only need to prove
that any dense G”-subset G of [a, b] is mapped on a set residual in /([a, 6]).

2See the Remark after Theorem 3.
3Here oscfif, x) = inf{sup f(A) —inff{A)\ x 6 A is a dispersion point of [0, 1]\*4}.

4Compare with the proof mentioned above.
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Therefore, let S = f([a,b])\f(G) he a second category set. Since f(G) is
an analytic set, according to [6] §35.11, Corollary 1 the set S has the Baire
property. Hence we find p < q with p,q G /([a, b]) and a G"-set Si Q S
which is dense in (p,q). Then T = f~.(Si) M[a 6 isa G*setand T MG =
= 0. Consequently, T is a nowhere dense set and we can choose s < t such
that (s,t) C f~:((p,q))\T. Then /((s,i)) £ (p,q)\Si and simultaneously
int/((s,t)) d 0, a contradiction finishing the proof.

REMARK. It is well known (and easy to see) that the typical function in
any of the spaces under consideration is nowhere monotone, i.e. (Darboux
property!) nowhere injective. Therefore a typical / can not be injective on
a nonempty open set.

Theorem 4. Let pbeaHausdorfffunction. Then the following property
is typical in bVB1: There is a set M C [0,1] with = 0 such that

f 1([o,i\M) is injective.
Proof. Let Qn, n ~ 1, be the set of all / € bvB1 such that there exist

sets mi = r=0.,1,... A satisfying:
K 7
@ Un=[4]
i=0
(2) diam(Mi) < = for i>1,
(3) dist(/(M,), f(Mj)) >0 for 1<r”j <fc and
(4) K(MDO0) <2-".

Obviously, any Qn is open in bVB1. Next, assume / € f)I Gn and denote
n=

00 00

M = fjlf U Mq(/). Then TC*(M) = 0 and it is easy to see that / |([0g]\m0Q)
n=Ifc=n

is injective. Hence it remains to prove that each On is dense in bVB1.

For this purpose, fix arbitrary n > 1, e > 0and / € bVB1. As already
remarked in the proof of Proposition 1 we can choose a function g 6 bB:
with finite range T4 = {zi,... ,zm} such that LI/ —< < e and that the sets
Si = 9- 1({-r,}) fulfil diam(5,) < 1/ra whenever 1 <i <m. Now we define for
any i £R

M+(x) = {y € 5_1(x) MM[0,1); there is s« >0 with (y,y+ i)fl & 1(x) = 0}
and

M~{x) = {y € g_:(x) n [0,1); there is s > Owith (y —s,y)[1 € _1(x) = 0).
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Standard arguments now show that any of the sets M+{x) and M (x) is
countable, consequently also

M= (J{AT+(X)UAf-(2); x ¢ Hg}

is a countable set. We order the members of M in a sequence {x"};™ with

Xi ¢ Xj for i ¢ j. Next, we construct by induction a sequence {rk}*=1 of

real numbers. We put r, = 0in case 2-£ (J (Xj —IJ, Xj + tj) and otherwise
<

we select r, £  «<? 1((0,2_,n)) M (0,”) such that
(5) Xi- ri,Xi + ri £ CgU (—o0, 0) U(1, 00)
(since Cfiis residual in [0,1]), and

(6) Xi- MLXi+T)NA2 - X, X+T)=0
I

(since j2,—Xj 1= Tj forsomej < i wouldimply that 2, £ Cg, but Cal’)M = 0
by definition of the sets M +(x) and M~(x)).

Next, we set G = [0,2] T (J (X- - 1~ x-+ ri) and define the required map
1=1
g £ & as follows. Let J be a (nonvoid) component of G.s According to
Theorem 3 from [4] there is a map g £ bPR1(cl J) satisfying ||i/- 5U" 4||]g—
—Il <4£and g —g a.e. on clJ. Further, we choose yi < mmm< yi from J and
a continuous map hi clJ —a[—4r,4e] such that g(J) = {g(yi),--. ,o{yi)},
h(jx) - g(yi) —g(yi) for 1~ i ~ /, and h(x) = 0 if x £ dJ M Cg. Finally, we
put
f h(x)+g(x) if x£J and J is acomponent of G
9X) = 1| g(x) if X€[0,1\G.

Obviously, Uj —/11 < 9e and, if we denote Mo = G, Mi = 5\Mo, i —
= 1,...,m, then the sets M ”’(g) = Mi, i —0,... ,m, satisfy the conditions
(I)-(4) stated above. Since £ > 0and n 1 have been chosen arbitrarily,
in order to conclude that each Gn is dense in bVB: we need only to show

that g £ bVB: indeed. But it is easy to see that j is a Baire one function.
According to Theorem 1.1 in Chapter Il of [1] it suffices to prove that

g(x) £ Cl+(x, ) = P)cl</((x x + t)) if x 6 [0,1)
t>0

5le. J = (z; —r,- X + ri) for some i with r- > 0.
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and
g(x) GCI(x,£) = P|clH(z- t,x)) if x G(0,1].
t>o

Since g |Gand g [*0ieig) are Darboux functions, we may assume that x G

G dG and for brevity we consider only Cl+(x,”) where 0 < x < 1, the second
consideration being similar. If (x,x + § Q G for some positive s then g(x) =
= g(x) GCIl+(x, 9) because x = x-—1-for some i > 1, and this implies that
x G Cg, lim h(t) = 0, and g = g a.e. on (x,x +S). In case (x,x + S) I

n G = 0 for some 6 > 0 we have g \D&49= 9 «,x+S) and iKx) » Cl+(x,5)
since x * M +(g(x)) Q G. Finally, we easily verify that in the remaining case
there must be a sequence gt\ x with <?((x, x + tk)) * p((x, x + tk)). Indeed,
we have g(J) ™ g(J) for any component J of G. But then g(x) = g(x) G
G Cl+(x,£) 2 Cl+(x,5f) again follows from g ~ M +(£f(x)). This finishes the
proof.

Theorem 5. Tei be a Hausdorfffunction. Thenfor a typical continu-
ous f on [0,1] there isaset M C [0,1] with Tiv(M) —O0 such that f |([0)I]\m)
IS injective.

P root. We define the sets Qn analogous to those in the preceding proof.

Using uniform continuity it is quite easy to show that cl1£, = C([0,1]) for
any n > 1. Details are left to the reader.

Theorem 6. LetX be aset of bounded Borel functions on [0,1] which is
complete with respect to the supremum metric and closed under the addition
of continuous functions. Then for any finite and Borel regular measure p on
[0,1] a typical f G X is injective on a set of full p-measure.

P roof. We define the (/,,’s like in the proof of Theorem 4, but instead
of condition (4) we require that p(Mo) < :~n. The following lemma now
finishes the proof by showing that each Qn is dense in X.

Lemma 2. Let f: [0,1]] —» R be p-measurable, where p fulfils the con-
ditions stated in Theorem 6. Then for an arbitrary e > 0 there exist a
continuous function g: [0,1] —a[—£,£] and sets M o,... ,Mk such that

1) JKJ'M , = [0.1],
>0
(2) diam(Mj) < £ for i>1,

3) dist((/ + g)(Mi),(f +g)(Mj)) >0 for 1%i ®j in k, and

(4) v(Mo) < £
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P roof. According to Lusin’s theorem we can find a compact set K Q

S [0,1] with /x([0,21]\A) < e/3 such that / 1™ is continuous. Since both

sets {x e [0,I];/i({x}) > 0} and {y e Hf, m(/_1(i/)) > 0} are countable,

we can choose mutually disjoint closed sets Al, C [0,1], i = 1,... ,m, with
m

diam K{ < e and /i([0,1]\ |J Kf) < e/3 and mutually disjoint closed sets
1=1
i JCR,j =1,...,n with didm KJ < e/2 and
ff{x e [0,1];f(x) €(J /_1(AJ)]| < |.
j-1

We set K = m en,

Mo = [0,invk n Ukin Ur \ k>)

and define the mutually disjoint closed sets = A'+i N MK
for 0O <i”m—1and\ %j %n. Finally, we select mutually distinct
numbers ti,... ,tk such that dist(i,-.,,+j, K3) < e/2 if 0 * i <m —1 and

1 =j = n- Tietze’s extension theorem now guarantees the existence of a
continuous function g: [0, 1] —»[—£,£] such that g(x) = i/ —f(x) whenever
x € Mi, I —1,... k. It is easy to verify that g and Mi, | —0,1,... |k,
exhibit all properties required.

Remark. Since for a fixed continuous measure g the value u(M) is con-
trolled by the diameter of M, the following refinement of “Preiss’s Lemma”
(see Lemma 1.9 in [3]), which can be used to answer Problem 1in the manner
of Theorem 1.10 from [3], is obviously new.

Lemma 3. Lety bea continuous (finite Borel regular) measure on [0,1]
and let the function f: [0,1] —R be fi-measurable. Thenfor any e > 0 there
exists a continuous map g\ [0, 1] —»[0,£] such that p((f + p)~r(y)) < £ for
anyy £ R.

Acknowledgement. The author is indebted to M. Chlebik for helpful
discussions regarding the topics of this paper.
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DIRICHLET SETS
IN VILENKIN GROUPS

D. J. GRUBB (DeKalb)

For the purposes of this paper, G will denote a compact, totally discon-
nected, abelian, metric group, i.e. a Vilenkin group, and " will denote the
Pontryagin dual of G. We set A(G) to be the algebra of absolutely convergent
Fourier series on G and PM(G) the Banach space dual of A(G). Elements of
PM(G) are called pseudomeasures. If S is a pseudomeasure, write S(~f) =
= (S,'y) where (, ) denotes the dual pairing of PM(G) and A(G). We
call S a pseudofunction if S(y) —0 as 7 —»00 in I'. The collection of all
pseudofunctions is called PF(G).

A pseudomeasure is said to be supported on a closed set E if it is sup-
ported as a distribution with test functions from A(G). A closed set is called
a (7-set if it supports no nontrivial pseudofunction. The set E is called a
strong (7-set if

limsup |5(7)| =sup! ) J
7-»00 Ter

for all pseudomeasures supported on E.

A set E is called a Dirichlet set if the constant function 1 can be approx-
imated uniformly on E by elements of I' which go to infinity.

Our first result will be to show that certain sets are (7-sets.

THEOREM 1. Let E be a subset of the Vilenkin group G such that there
is a sequence yn in I with ord(7,,) —00 and an open subset U of T (the
circle group), such that yn(E)IM U = 0. (Recall that yn is a map from G into
T). Then E is a U-set in G.

Proof. We use the Rajchman Theorem in compact, 0-dimensional,
metric groups, see Theorem 3 of [1]. To do this, let

/(e)= E cne'nt
M—am

be a function in A(T) with support in (7. Then the functions / 0-n are in
A(G) and are 0in a neighborhood of E. Also,

00 ord(-yn) 00

(1) f07n(z) — ~ "~ cmln — Y] Y™ cm+tjord(7n)7n o

m——-~e00 m=1 j=—00
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Since ord(7,,) —»o00, and since )T)|c,] < °0, we see that f ojn(x) —mO0 if
X® 1land -» cOif X = 1- Since ||/ 07«|U(G) * I/IU(T), an application of
Theorem 3 of [1] gives the result. O

In particular, we see that Dirichlet sets are {/-sets by taking U above to
be any open set separated from 1. However, even more can be seen from the
next result.

Theorem 2. A Dirichlet set is a strong U-set.

P roof. Our proof is essentially that of [2]. See Corollary 1 of [4] and
Corollary 2.4 of [5] for the case of the dyadic group.

Let E be a Dirichlet set and S a pseudomeasure supported on E. By
considering 7S in place of S, it is enough to show that

(2) limsup|5(7)] > |5(1)].

S.nce the singleton containing 1is a set of synthesis on T, for every £ > 0,
there is an fe £ A(T) such that for \z—1] < e we have fe(z) = z —1 and
Il/elu(T) = where C is some constant independent of e.

Let £ > 0 and pick 7 in ' with LY - l||c(E) < es Then fc07 £ A(G)
with \\fe 0 t|U(G) = Cs. Furthermore feoy(x) = y(x) —1 for all x in a
neighborhood of E. Since 5 is supported on E, we have

(3) 15(7) - 5(1)1 = ¥5,7 - D)1= 1(5,n O7)| < ||5]| *ce.
Since we may take 7 —a00 as £ —>0, this shows that (2) holds. O
In [4], K. Yoneda showed that a closed subgroup of measure 0 is a strong

{7-set in the group 2LU With the last result, we can show this same result
for general Vilenkin groups.

Corollary 3. A closed subgroup of measure 0 is a Dirichlet set. Con-

versely, in a group of bounded order, a Dirichlet set is a subset of a closed
subgroup of measure 0.

Proof. If A is a closed subgroup of measure 0, the group G/H is of
infinite order so A x is infinite. Therefore, there is a sequence yn —»00 in
A x. This shows A to be a Dirichlet set.

For the converse, let A be a Dirichlet set in G and assume that xp =1
for all x £ G. Then yp = 1forall 7 £ I'. This shows that if

4) sup |[7(x) - 1] < 2sin —
E P

then 7 is identically 1 on f. Since E is a Dirichlet set, it is possible to find
a sequence yn —*00 such that (4) holds. Then
@

%) Anp|Ker7,.
n=1
But the right hand side of this equation is a subgroup of infinite index,
so of measure 0. O
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Corollary 4. Translates of subgroups of measure O are strong U-sets.
O

For comparison, see Theorem 6 of [1] and Corollary 2.4 of [6].

The next result is an analogue of a classical result of Salem. See [2] for
a statement and [3] for a proof of the classical theorem. For the dyadic case,
Yoneda has a similar result in [6]. However, Yoneda’s result restricts the
sequence of subgroups Kn to a particular case and the group has to be the
dyadic group. Here, even groups of unbounded order are allowed.

THEOREM 5. Let G be a Vilenkin group and E a subset of G. Assume
that (Kn)°TO is a sequence of open subgroups in G and set An = card{xKn :
E MKn is non-void]. If

6 IITTJOrJf log[G : Kn] =0
then E is a Dirichlet set.

Proof. Since G is a Vilenkin group, there is an increasing sequence of
finite subgroups Hn of I' with ECJ) Hn —T.

n=0
Fix a positive integer p. Our assumption shows that

. Mg
minf

IIn—eo [G:KnJ =0

Fix an integer n with

A, 4 1
[G:Kn\ 2card dp

Then
(7) o4 < L Sardift
2 card 4,

This shows that K,, intersects at least pAn+ 1 cosets of Hp. Let Xi, X2>ee¢*
XpAn+i € K,, be representatives of these different cosets of Hp. By definition
of An, there are points X\,X:, eee Xi, in E with

A1
(8) EAU
m=I
Consider the pAn + 1 points of TAn defined by eee 3XjixA,,) for 1 %

= [ =PAn+ 1+ By dividing TAn into pAn equal rectangles, we find that there
exist j and K with 1%j ®k <pAn + 1 with

(9 - Xfe(*m)| < Zsinp—
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for 1<m £ An.
Setting 7p = XjXk15we find

(10) iTpi"m) —1| < 2sin »
for 1l<m” An.
A,
Since £C (JlxmKn and 7P G is constant on cosets of Kn,
m -
(11) TOp(x) 11< 2sin”

for all x GE. Since Xj and Xk are in different cosets of Hp, 7p £ Hp. Thus
7P—00 in I as p —00. But

sup{|7P(x) - 1|:x GE} < 2sin® —0

as p —»00, showing that £ is a Dirichlet set. O

Examples 1. The group ofp-adic integers, [p, has very few subgroups.
In fact, the only non-trivial closed subgroups are of finite index. Therefore,
the results in [1] are of little value in producing f7-sets. However, if we set

(12) E —{x- x0+ xip + XxP2H--—--1xn ¢ 1 for all n > 0},
and let 7n be the character on p such that
yn(x) = gri(xotxipH— -"n—p"- 1)/pn

we see that E is a H-set. The much smaller set obtained by letting xn = 0
or 1 was shown to be a 17-set by Y. Meyer in [7].

2. It is possible for a set to be a Dirichlet set even thoguh the condi-
tion of the last theorem does not hold. For example, if we let G be the

group T L pn), and set E to be the set T[0,0n], then E is a Dirichlet set
n=I n=1I
whenever lima,,/p,, = 0.
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THE ABSTRACT PRIME NUMBER THEOREM
FOR FUNCTION FIELDS

K.-H. INDLEKOFER (Paderborn)

I. Introduction

In a monograph [7] Knopfmacher, motivated by earlier work of Fogels
[3] on polynomial rings and algebraic function fields, developed the concept
of an arithmetical semigroup satisfying Axiom . He showed how further
concrete motivation for introducing Axiom A” is provided by various asymp-
totic enumeration theorems regarding several arithmetical categories, some
of which are not usually viewed in a number theoretical way, and investigated
a variety of more basic (number theoretical) consequences of the axiom.

One of the cores of his investigations is an abstract prime number theo-
rem for additive arithmetical semigroups satisfying Axiom A*. This paper
will give a report on recent results about such a prime number theorem
([1], [4]) and concerns itself with the intrinsic connection between the prime

number theorem and a (new) Axiom 75\#.

In order to formulate the basic Axiom and the results in question, first
recall that an additive arithmetical semigroup G is by definition a free com-
mutative semigroup with identity element 1, generated by a countable set V
of primes and admitting an integer valued degree mapping S: G — N U {0}
which satisfies

(i) B =0and s(p) >0for all p 6V,

(i) s (ab) = 6 (@) + & (b) for all a,b€ G,
and

(iif) the total number Nqg(x) of elements a G G of degree s(a) < x is
finite for each real x > 0.

The investigations described in [7] are particularly concerned with arith-
metical consequences of assumptions about the total number P(n) of primes
of degree n in G or about the total number G(n) of elements of degree n in
G, known as Axiom A#.

AXIOM A*. There exist constants A >0, g> land ¥ with0O<un<1
(all depending on G), such that

(1) G(n) - Agn+ 0(qun) as n —»oo.
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The abstract prime number theorem for additive arithmetical semigroups
satisfying Axiom A# is an estimate of P(n). The proof of such an estimate
depends on the knowledge about the distribution of the zeros of the gener-
ating function

(2) Z*(y) =£G (n)s=0Nn(1-/ <r\
n=I pQv

which is, by (1), a meromorphic function in |y| < g~L with a simple pole
at y = g~I with residue A. Lemma 8.5 in [7] states that Z*"y) ¢ O for
ly| = g_1, but the proof works only for y ¢ -g_1. There are examples (see
Indlekofer-Manstavicius-Warlimont [4] and Remark 1) of additive arithmeti-
cal semigroups G satisfying (1) with v — 1/2 and Z*(-g~x) = 0. On the
other hand Theorem 1 (see [4]) shows that, if G satisfies (1) with v < 1/2,
then Z%(-q~x) ¢ O.

Now, if Zfi*y) o O for |y| = g_1 the following abstract prime number
theorem, due to Knopfmacher [7], holds: For any a > 1,

(3) P(n) as n 00.

This result does not cover the case where Zg (—g~l1) = 0 and leaves
open some problems (cf. Knopfmacher [7], p. 77-78), such as that of deriving
sharper estimates or of proving the same theorem under weaker hypotheses
than Axiom A# or, conversely, of deducing Axiom A# or weaker forms of it
from asymptotic assumptions about P(n).

A first contribution towards the complete solution of these problems is
a recent result by Cohen [1], who gave a sharper estimate than (3), namely

(4) P(n) = -— 0(qne) as n—»00

with some constant B satisfying max(1/2,z/) < B < 1, but this result is only
valid in the case Z*{—g-1) ® 0.

In [4] Indlekofer, Manstavicius and Warlimont gave (in a more general
setting) much sharper results valid also in the case Za{~q~1) = 0. The key
for these results is the fact that, if zg(—g-1) = 0, then za(y) ¢ O for all
vl <g_",y ® —g-1 (Theorem 1). The results in [4] improve (4) by giving an
asymptotic formula for P{n) with a remainder term 0(gr<"+l)), where e > 0
is arbitrarily small (Theorem 2) which holds also in the case Zq{—g-1) = 0.
Conversely, such an asymptotic formula for P{n) with a remainder term
0(g"(*'+5)) for each « > 0 yields a weaker form of (1), namely (Corollary 1)

G(n) = Agn+ 0(gn* ) foreach £> 0;
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in fact, it shows that the generating function Zq (p) of G is a meromorphic
function in the disc |y|] < g~u with a simple pole at y = g-~I.

Assuming some mild conditions on the boundary behaviour of Z"(y),
which are fulfilled by all the examples treated in [7], we obtain an exact
formula for P(n) (Theorem 5 together with (8)) and the equivalence of the
asymptotic formulas of G(n) and P(n) (Corollary 3).

This suggests that we consider arithmetical semﬂgroups satisfying a mod-
ified version of Axiom A# which we call Axiom A | the abstract theory of
which is especially convenient for the purpose of derlving asymptotic con-
clusions about the specific systems which are considered in [7].

Many conclusions in one axiom system are parallel to conclusions in
another. However, the consequences of Axiom y. N tend to give more precise
information and have simpler proofs.

We shall not pursue the search for consequences of Axiom N
here but we intend to come back to this topic in a different place.

We will end this paper by applying our considerations to some special

cases of semigroups satisfying Axiom A* and Axiom A

further

2. Associated power series

Any complex-valued function on G is called an arithmetical function on
G. For a given arithmetical function / we put

(e]e]

7(n) = 7(a* "eN, f*{y) =]1r7Hrn
5(a)=n n=0

f*{y) is called the associated power series of the arithmetical function /.
We recall the definition (2) of the generating function of G and put

N-o
The von Mangoldt function A on G is defined by

if a is a prime-power pT® 1,
() otherwise.

Then the associated power series of A is (see [7], p. 77)

_ L Z*(Y)
6 N#bl =y
(6) Z*(y)"
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Furthermore, by definition,

(7) nn = 6(p) = E 77 (7)
p&'P,T~t1 rin
S(pTM=n
and, by the Madbius inversion formula,
(8) nP{n) = Mr)? (7),
rn

where p denotes the Mdébius function (on N).
This shows that one may study P(n) instead of investigating A(n).

3. von Mangoldt’s function and the Nevanlinna class N

By Axiom A# we can write

(e]e] 0o

A
(9) z*(y) =A"gnyn+Jo r-yn ,_  +E"N">
n=0 n=0 A n=o
where r,, = G(n) —Aqn = 0(qvn). Therefore one sees that the last series
represents a holomorphic function of y in the open disc |j/| < g~u.
We define a function Z(y) holomorphic in the open disc |y| < g~u by
means of

(10) z(y) = (1 - qy)z*(y).
Then

A* - Uy , VZ '(y)
) ) 1-qy  Yz{y)’

If Z(y) ¢ O for |y| <51 then Z{y) 7 O for |y| < g~e with some / <B <1
because the set of zeros of Z(y) has no limit point in |y| < g~u. This shows
that, under the above assumptions about the zeros of Z(y), A&(y) —qy/(1—
—aqy) is holomorphic for [j/| < g~e. This implies immediately that

(12) A(n) =gN +0(geN)
and, by (8),
nN 1 / NB\
(13) P{N) =S -+ Y, <fNeM+0 V).
r\N a 7
r<nN

This sharpens (3) and (4), if Z(y) ¢ 0 for |y| < g_1, but we shall see
that as a consequence of the next theorems a much stronger result is true.

Knopfmacher [7], Lemma 8.5, stated that Z#(y) ¢ O for |y| = <1 but
his proof shows only the following
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Lemma. Z*(y) has no zerosfor |¢|] < g~x except possibly a simple zero
aty =-q-~I.

Remark 1. R. Warlimont and (as the author was told) Wen-Bin Zhang
independently noticed that Lemma 8.5 of Knopfmacher’s work [7] is not
correct. Both of them gave an example of a generating function Z*(y) =
(1 —qy)~xZ(y) such that Z(y) is holomorphic in the disc W < g- 1> and
Zi-gq-1) =0.

Concerning the zeros of the generating function of an additive arithmeti-
cal semigroup we have

Theorem 1 (See [4], Theorems 1 and 2). Let Z(y) = @ - qy)Z*(y) be
holomorphic in the open disc |j/| < g~v (0 <v < 1) and Z(g~x) > 0. Then
the following two assertions hold.

(i) 1fZ(-g~x) =0 then Z(y) @ Ofor all |y| < g~v, y h -g~x.

(ii) Letv —1/2. If
(14) Z(y)Z(-y) =o((l-gxly)~x) as y-mg~1/2, 0<y<q~1/2,
holds then Z (—g~x) ¢ 0.

Remark 2. In [4] we gave an example of a generating function Z*(y) =
(1 —qy)~xZ(y) such that Z(y) is holomorphic for |t/| < gq~x*2, Z{—q~I) = 0
and

ZW)Z(-y)(I - qu/2y) »cp0 as y->q 1/2, O0<y<gqg 1/2.

More exactly we showed

Z(y) = (L + ay)(1+ qy2)U2(1- qy:)~/2H(y)

where H(y) is holomorphic in the closed disc M < 0-1/2. Axiom A# is
fulfilled with v = 1/ 2.

Remark 3. Observe that the hypothesis
(15) G(n) = Agn+ 0(qn/2/n*), 7> 1/2,

implies (14). The author has been informed that the implication “(15)=>
Z(-q~X) ¢ 0” has been shown by Wen-Bin Zhang, too.

Theorem 2 (see [4], Theorem 1). Let G satisfy Axiom A™*, and let
0 < e <1—v. Then the following assertions are true.

Q) Assume that Z(—g~x) ¢ 0. Then thereexist| = 1(e) 6 No, 0 < ¢' <e
and complex numbers i =1,... ,1, such that the following holds:

(a) A*(y) =pby - )/E_1 JF7+ Y
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where
(16) g+ < min |[31fi max |/3,| < g~v~€

and R(y) is holomorphic for |y| < g v €'; furthermore
a7) AJV) = gN BfN + 0(?mr(7+r'>) as N —o0.

(b) The numbers B; (i = 1,... ,1) are the zeros of Z(y) in the disc W\ g
< g~u~em
(i) Assume that Z(—g~x) = 0. Then

A*(y) = —r— + - + YR
W =gi75 *ql+y HYRO):
where R(y) is holomorphic for |r/| < g~v; furthermore,

A(N) =gN(1- (-1)N) + 0(gMlI/H+)

as N -* oo.

Remark 4. Of course, the zeros in (i), (b) are counted according to
their multiplicities. (1 = 0 means that Z(y) has no zeros in the disc |y| <
N g~v~ce¢) The assertion contains the fact that the set of zeros of a function
f @0, which is holomorphic in a region fi, has no limit points in fi.

THEOREM 3 (see [4], Remark 2). (i) Iffor every £> 0 the assertion (i),
(a) , of Theorem 2 is true with given 0<e' < e, | =1(e) € No and complex
numbers Bi,... ,Bi satisfying (16) then a solution Z*(y) of (6) has the form
Z*(y) = Z(y)/(1—qy), where Z(y) is holomorphic in the disc |y| < g~v and
Bi,... ,Bi are the zeros of Z(y) in the disc |j/| < g~v~e.

(i) If the assertion (ii) of Theorem 2 is true then a solution Z$(y) of
(6) has the form Z*(y) = Z(y)/(1- qy) where Z(y) is holomorphic in the
disc W\ < g~u and —g~x is the only zero of Z(y) in this disc.

Corollary 1. Under the assumptions of Theorem 3
G(N) = Z(g~1)gN A 0(qN(v" ) as N -> o0

holds for each ¢ > 0.

Motivated by examples of semigroups satisfying Axiom A# (see [7]) we
impose some (mild) conditions on Z(y) and obtain sharper results. In order
to formulate the next theorem let us define some spaces of holomorphic
functions.
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If / is holomorphic in the unit disc then for r £ [0,1) put
T

Moo(f;r) :=sup |/(re,B)|.

Here, log+ x = max (logz,0) for x > Q.

It is well-known that MO0, Mp and M>k are monotonically increasing
functions of r in [0,1) (see Rudin [8], Theorem 17.6). This suggests the
following

Definition. If/ is holomorphic in the unit disc then we put, for 0 <
<p < 00,
llp = ;i_rlep(f;r).

For 0 < p i 0o and p = O respectively the class Hp (for Hardy) and N
(for Nevanlinna) are defined to consist of all /, holomorphic in the open unit
disc, for which ||/||p < oo. It is clear that

H°* CHpCH‘CN if 0<s<P<oo.

In the following we assume that the radius of convergence for Z(y) =
— (1 —qy)Z”™(y) is equal to g~u, 0 < v < 1. Then, by well-known results
about functions from N, we obtain the following (see Rudin [8], pp. 370).

Proposition. Let Z(z) := Z(g~vz). Suppose Z is not identically zero
and are the zeros of Z in the disc W < g~u, listed according to

their multiplicities. Then, if Z GN, the following holds:

0o

(18)

where a,, is defined by an = qvn (n —1,2,...).
@)

where ¢ is a constant, |¢| = 1, and Ais a real measure.
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(iii) The radial limit Z* of Z, i.e.

lim Z(re** = Z*(g~veit)
r U

exists almost everywhere, Z* ¢ 0 a.e. and\og\Z*\ € 2/X{[—,7)).
Remark 5. a) By Lebesgue’s decomposition theorem we may assume
that
d\{t) = -Z’I‘I-Jog \Z*(gq~ueit)\dt -f d\,, (1)
where \'s and the Lebesgue measure are mutually singular.

b) Suppose (18) holds for a sequence {a,}, |a,| < 1, and Ais a real
measure, then (19) defines a function Z £ N by Z(z) = Z(g~uz).

As a consequence of the Proposition we state the following

Theorem 4. Suppose Z is as in the Proposition. Then

(2°)

A*(y) _ 4 1y (0 oy qu \ d/j elt+qvy
Y (1-aq) ~\Vl-anaqy otn-gty) dy\J eil- gvy

Remark 6. If JI*{y)/y has the form (20) with a real measure A and
complex numbers <1,02,... ,|o,,| < 1 (n = 1,2,...) satisfying (15), then a
solution Z of (11) is given by (19) up to a constant factor.

An easy computation gives

Theorem 5. IfA#(y)/y has the form (20) then

(e]0)

(21) A(N) =gN- 53(1 - |o,,)(1 + \anWN)B~N + > NaNquN,
=1

where

aN = J e~iNtd\(t).

The preceding results and the examples by Fogels [3] and Knopfmacher
[71 motivate:

Axiom A" . There exist constants ¢ > 1 and v with 0 ~ v < 1 (all
depending on G), such that

(i) the function Z(y) = (1 —qy)Z(S(y) is holomorphic in the open disc
bl < g~v, and Z(gq~1) > 0,

Acta Maihematica Hungarica 62, 1993



THE ABSTRACT PRIME NUMBER THEOREM 145

(i) the function Z(z) Z(q vz) is an element of the Nevanlinna class
N.

Remark 7. From Axiom A* one can only deduce that the function
Z(y) is holomorphic in the open disc |y| < g~v. On the other hand, Axiom
A7 does not imply that, if Z(y) = I_Izlan>’n, the estimate an — 0(qvn)

holds. Furthermore, we note_that all the examples treated in Knopfmacher

[7] actually satisfy Axiom A*" where in each case the function Z(y) has the
form

Z{y) — (1'_?quy + | + with some q> 1, and abeC

and a function H which is holomorphic in WA £ g_I/. This imphes that if

0o

Z(y) = | anyn, then for some e > 0,
n=

G = (af (") 6(-1) A (-9-")) 2t / Z(M)pSr =
Ivl=g-1+*
= (aH(g~I + b(-1)MA(-?"*")gmn+ 0 { g *n) as n -> oo.

We observe that, by formula (8), Theorems 2 and 5 give prime number
theorems for additive arithmetical semigroups satisfying Axiom A* and Ax-

iom KJ’J*, respectively. Now, if Z{-q~1) — 0 then Theorem 2, (ii) gives for
even N only the estimate
G m(i/+i).
ni2m)=0~"
(2m) 2m |/
Therefore it is worthwhile to formulate

COROLLARJ( 2. Assume that the additive arithmetical semigroup G sat-

isfies Axiom A . Let Z(-g~1) = 0. Then, with the notation of the Proposi-
tion,
N(N) =gN(l - (~=1)N) + 2NaN<fN,

where T
aN + J e~iNtd\(t).

—T

There is a converse result which follows from Theorems 4 and 5 and from
Remark 5 made after the statement of Theorem 4. We have

u
Corollary 3. Axiom A is equivalent to the asymptotic formula (21)
for 1(IV) and also to the corresponding formula for P(N).
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4. Examples of arithmetical semigroups satisfying Axiom Iy

We consider some examples of arithmetical semigroups given in Knopf-
macher [7] and we will freely use the properties described there (see [7], &1
and 86).

Exampte 1. Galois polynomial rings. A simple but nevertheless quite
interesting example is provided by the semigroup G = G[q,t] of all monic
polynomials in a Galois polynomial ring GF[qg,t], i.e. the polynomial ring
F[t] in an indeterminate t over the finite Galois field F = GF{q) with g
elements.

G forms a semigroup under multiplication and, together with the usual
degree mapping on polynomials, an additive arithmetical semigroup with
generating function

1
Z%{y) = 1

H
Thus G trivially satisfies Axiom A .

Exampte 2. Finite modules on GF[q,t]. Let Fqg denote the category
of all finitely generated torsion modules over the above ring GF[q,t]. Fq
is an additive arithmetical category and its associated additive arithmetical
semigroup, i.e. the set of all isomorphism classes of modules in Fq, has the
generating function

ay

\-1
Z*y) = W 1 «fl

Then
F-**r<y> = fia m {y),

and we conclude that v = 1/2 and H is holomorphic and different from zero
in the disc |j/| < g-1/3.
It is easy to show that if 0 < p < 1, the estimate

r dt r dt i dt
\] |1 - gr2e2£pP » J |1 —aq:/2re,t\p J IL+ gl/ereitp

hoids uniformly for all r B [0,54 1/2). This yields Z 8 Hp C N, and Axiom
AN is satisfied.
Remark 8. We observe that Z has no zeros in the disc |j/| < g-1"2, and

it is not difficult to show (see Rudin [8], Theorem 17.17) that the measure J1
in the representation (19) of Z is determined by

dA(t) = — log Z\q dt.
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Example 3: Integral divisors on algebraicfunction fields. Let K denote
a field of algebraic functions in one variable over an exact finite constant field
GF(qg) with g elements, i.e. let K be an extension field of finite degree over
the field of fractions GF(q,t) of the polynomial ring GF[q,t\.

We consider here the multiplicative semigroup Gk of all integral divisors
of K. Then Gk, together with the degree function s (j) = loggN (j) where
N(j) denotes the “absolute norm” of j, forms an additive arithmetical semi-
group, and the generating function is given by

z*(v\ =
k{Y) (l-ay)(l-y)”

where L(y) is a polynomial with rational integer coefficients whose degree is
twice the “genus” of K. By a theorem of A. Weil, every zero of L(y) lies on

the circle |y| = g~xl. (see Eichler [2], Chapter V, 85). Thus

Hy) =Zgk(v) = 1" -y,

As in the previous example we conclude Z B Hp C N (0 < p < 1). Here
v = 0 and the zeros of Z(y) are exactly the zeros of L(y). Therefore Gk

satisfies Axiom AT and

Zy
A(AT) = AGK(N) = gN +1,

where i, m m, Rig are the zeros of L(y) (/3] =q r/2,i=1,... ,29).

Example 4: Ideals in the principal orders of an algebraic function
field. Let D denote the ring of all integral functions in the algebraic function
field K discussed in the previous example. The set Gd of all non-zero ideals
of the ring D may be identified with a subsemiring of G x , namely with the
set of those integral divisors of K that are not divisible by prime divisors of
K induced by the denominator divisor of t in GF(q,t).

The generating function of Gd is given by

Qv)

1-4y
where Q(y) is a polynomial with rational integer coefficients whose zeros lie
on the circles |y| = g-1/2 and |y| = 1. Gd obviously satisfies Axiom A*.

Example 5: Finite modules over a ring of integral functions.. Let F —
= Fd denote the category of all finitely generated torsion modules over
the ring D considered above, and denote by Gp the associated additive
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arithmetical semigroup of all isomorphism classes of modules in F. Then
the generating function of Gf is

#0=n
with the polynomial Q(y) that occurs in Example 4. This yields

Q{y)Q{yZ) yT L)

Z(y) = z GF(y) ; rnJ\_. W

In the same way as above we deduce v —1/2 and Z £ llpc N 0 <p <
< 1). Furthermore, Z(y) ¢ 0 for |y| < g-1/2 (Z has only zeros of modulus

> 5-1/2). Thus G¥ satisfies Axiom AX.
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ON THE DENSITY OF PRIME VECTORS
IN LATTICES

M. I. TULYAGANOVA and A. S. FAINLEIB (Tashkent)

Let n be a given natural number. Lattices of Zn are the cosets of any
nonzero subgroup of the additive group Z". Each lattice A £ Zn has the
form | kA -f b, where 1~ k <n is the dimension of A, A is an integral K x n
matrix of rank k, and bis a vector of Zn. An n dimensional lattice in Z" is
called complete.

A vector of Z" is called prime if all coordinates are primes. #(iV, A) will
denote the number of prime vectors of the lattice A all of whose coordinates
are positive primes not exceeding N.

Hua Loo Keng [1] asked, under which conditions there are infinitely
many prime vectors in a lattice of dimension 2. A partial answer was given
for complete lattices by A. I. Vinogradov [2]. The first named author [3]
indicated necessary and sufficient conditions, under which there are infinitely
many prime vectors in a lattice of any dimension. On the basis of the multi-
dimensional circle method, Wu Fang [4] proved an asymptotic formula for the
number of solutions of certain systems of linear equations in prime variables.
This enabled us to obtain results to #(IV,A) for a more extensive class of
lattices in [5]. Finally a more precise result was discussed in [6] with an
extended class of lattices.

However, all of these results refer to lattices with dimension K > n/2 in
Z". In the present work we drop this condition on the dimension but we
derive only upper estimates.

We introduce some notations. \j:Zn — Z (j = 1,... ,n) is the j-
th projection, i.e. Ji(x) is the ji-th coordinate of the vector x. \x is the
maximum norm. For the lattice A = ZkA + 6 we denote by A' the matrix
obtained by attaching the vector bto the matrix A as an additional row.

The lattices Ai and J12 are called equivalent if x(N, Ai) = x(IV, N2) for
all sufficiently large N. We denote by P the class of lattices /1 = bkA + b
whose matrix A has non-zero columns, each two columns of A" are linearly
independent, and elements of any column of A" are coprime. Any integral
lattice containing more than one prime vector is equivalent to some lattice
of the class P.

Theorem 1. Let A= ZKkA + b be a lattice of the class P i+ Zn. Let
dj(A) be the greatest common divisor of all elements of the j-th column of
the matrix A, let d,y(A) be the greatest common divisor of all second order
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minors formed by the i-th and j-th columns of A',

(1) g="n djA) n dijA),

=1

and let u(p) be the number of solutions of the congruence

(2) 'J A[XA + b) =0 (modp) (x £ Zfo),
3=1

and

ir(N,xo,A,b) = card |z £ Zfc |z - zOQ| » XA + b is a prime vecfor|
Then for xg £ Rfc, N >2 we have

(3) V(N,xo,Ab) <c(m)” T ’\exﬁ”\:"-[y\---/;/k ------- ,

pa

where c(n) is a positive constant, depending only on n.
Theorem 2. If with the notations of Theorem 1

m= il \ﬁ\.
XER*

x/O
then for N > 2m the inequality

c(n) fN\k sr' npk~l - co(p)
(4) XW ASjAIr(m) exp%\9 pK

is valid.

The lattice ZkA + bis called unimodular if the fc-th order minors of the
matrix A are coprime. Any lattice in Z" is the intersection of a unimodular
and a complete lattice of the form dzZn + 6, where d ¢ O is an integer (see
[3]). (A more precise notation is InD + b where D is the identity matrix
multiplied by d.)

We can improve Theorem 2 by making use of this structure of the lattice.
The next theorem shows some similarity to the well-known Brun-Titchmarsh
inequality. The lattice dlLn + b is called primitive if all coordinates of b are
coprime to d.
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Theorem 3. If under the conditions of Theorem 1 A is a unimodular
lattice, dZn -f b is a primitive lattice, d > 0, zq is a vector in Rn, and

f N 1
n(N,zo,Ai) = card <zo. € Ai,\z —z0 1™ —, z is a prime vector >

then for N >2md we have
(5) GV, za, AN (dZn + b)) <

c{n)dn k - 7(p)
*>"Nel6n £r K

The main ingredient of the proof of Theorems 1, 2, 3 is Selberg’s sieve
in the following form (see [7], Theorem 4.1):

Let A be a finite set of integers (possibly with repetitions), V a set of
primes, S(A,V,z) the number of elements of A not divisible by any prime
p <z, p€V (the product of these primes is abbreviated by V), while Sd is
the number of elements of A divisible by d. We suppose that

(6) Sd="B-X +R(Ad)

for all d\V, where X > 0is a good approximation of the size of A, fl(d) is a
non-negative multiplicative function satisfying i}(p) < min(p, C) for all p\V
(or equivalently p <z, p GV), with a positive constant C. Then we have

(7) w +E

v ! d<22
d\v

where the constant B > 0 depends on C only.1
The most important step of the proof is the next lemma. (Note that
u(p) is defined as the number of solutions of (2).)

Lemma. Under the conditions of Theorem 1 we have
(8) u(p) <n/ -1

for all primes p, and in addition we have

(9) u(p) >up--1- — - Dpe-2

1The first variant of this work was based on the multidimensional analogue of the
large sieve. The authors express their thanks to Professor Antal Balog, who drew their
attention to Selberg’s sieve, which made a remarkable simplification possible.
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for primes p not dividing g.

Proof. Since nis a lattice of the class P we have g ¢ 0. (Here we used

the convention gcd(0,0) = 0.) Let ay be the entries of the matrix A s Zkxn
and

Zi- xi(x), Rj=Xj(b) (i=1.2.....k j—1,2,, n)

If x satisfies the congruence (2) then it also satisfies at least one of the
congruences

(10) Q.jfr+ Bj = 0 (modp), j=12,... ,n

i=i

However, if p\dj(A) then p does not divide Rj and (10) has no solution for
thatj. Ifp f dj(A)then p \ ctij for some i = iq. We can fix £, for all i ¢ io in
an arbitrary way and then £,0 is uniquely determined modulo p. Therefore
(10) has exactly pk~l solutions for a fixed j if p \ dj(A). Since we have n
congruences in (10) this proves (8).

Now let p \ g be fixed. Then for each j the congruence (10) has exactly
pk~l solutions. We are going to estimate the number of common solutions
of any two congruences of (10), i.e. for j\ / j-

E?=1aHi6 + Bh = 0 (modP)
Ef=i aijAi + Bh = 0 (modp).

We can consider (11) as a system of equations over Zp, the field of residue
classes modulo p. Since p i g the rank of the extended matrix of the co-
efficients (including the row R) is 2. If k = 1 then there is no solution of
this system for any pair j\ ¢ j2 and oj(p) —n. If kK > 2 and the rank of
the restricted matrix of the coefficients (excluding the row /3)”*1 then the
system still has no solution. In the remaining case there is a non-zero minor
of the form

(n)

aiiii aiih

ahji ahh
We can fix £1 for all r/ i\,i2 in an arbitrary way and then £1 and £2 are
uniquely determined in Zp. Therefore (11) has exactly p«- - solutions. Since

the total number of systems (11) is nf214, this proves (9).
Notice that both the number g and the function u>(p) are determined by
the lattice /1.

Proof of Theorem 1. We define

/(*) =1 bj(xA + 6).
3-1
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IfQ =2, x 6 zZk and XA + bis a prime vector all of whose components are
larger than Q then /(x) & 0 (modp) for all primes p < Q. Therefore

(12)
T(N,xo,Ab) < card|x e Ik, \x- X0 i  2<Xj(xA +b) < Q| +

+card jx € zZk,\x - x0| * y,(/(X),£>) = ||

where V = J] p.
Pl

We keep t(t%e notation from the proof of the Lemma, i.e. the entries of
the matrix A are denoted by a,y and the components of the vector b are
denoted by Rj. For each givenj = 1,2,... ,n there exists at least one i such
that a”j ¢ 0. Since |x —xo| » N /2, all the components £mof the vector x
are in certain intervals of length N. When all but are fixed, £tl itself is
restricted in an interval of length at most Q —2 by

2 U'E<*ijti + Rj<Q.
i—
Consequently we have for all j = 1,2,... ,n that

(13) card JXe zfc | x - )(p< Vi2<apa+p <) <o+ et

We are going to apply Selherg’s sieve to the situation

A:j/()9|Xe zk,|T|IoE . =0,

We have
E m E E
XEZk tmoad XEZK
\X'XO\<0A) EZ [x -x 0[< Y

O &

f(x):O(modd) x EE/(mod

and as the inner sum is

I\ \fc . -/N\«-1
bl bl e wsi

we get (6) with
fi(d)="~T"> X =Nk, |A(A,d)|<fc-2fc1-iVlc1"§ .
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Our lemma provides that il(p) ~ n for all primes p. Also <o) » pk, that is

il(p) <p. In case of fi(p) = p for some prime p ~ Q we have 5(/1,V,Q) = 0.
(7) implies that

(14) card jX€ Z\\x- x0| " j, (/(*),2): 1j -

it follows from (13) and (14) that

Applying our Lemma again

E 7 =nf£ - =nl°glogQ + c2(«)>
o glog («)
w(E) > y" 1 n(n~—?*) 11y» >
. p =n ’/\ p 2 N p2 N o* =
PIQ PIQ
pta pta pla

a nicgiogo + y, “ip) ~nptl - c(")-
Pia P
Collecting all these estimates and choosing Q —A 13 Theorem 1 follows.

Proof of Theorem 2. Theorem 2 is a simple consequence of Theo-
rem 1.

Letz = XA+ bGA, x 6 Zf \z- z0\ < y. There is a vector Xxo B R
such that
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According to our Lemma for N > 2m

c(") fA_\KPYnV - np* 1~w(p)
Io&" m\m) na >pk

Supposing that zo = ye where e £ Z" is a vector with identity components
we obtain inequality (4).

Proof of Theorem 3. Let A] = An (dZn+ b) By virtue of the
unimodularity of the lattice

N
*(iv, z0,n) )KEH,XO,A, b) <

A= 1KA + b, ZKA MdZn = dZkA = ZkdA,

so that Ai = ZkdA + b. If A'is a lattice of the class P then so is Ax. We
apply inequality (4) to the lattice Ax. We denote by mj, gd and ujd(p) those
characteristics of the lattice A which correspond to m, g and u>{p) of A
Notice that mj = md, the prime factors of gd are the same as the prime
factors of gd, and as dZn + bis primitive we have

i ey i pO)=1
Udi) =1 o 7 if pud.

Therefore we get

y r npk~l ® Mj
pk

p\gd
(p,d)=I

Finally using the inequality

we get (5) by applying (4) to the lattice A

References

[1] Hua Loo Keng, Additive Theory of Prime Numbers, Trudy Mat. Inst. Steklov, 22, 180
p. (1947).

[2] A. I. Vinogradov, On a problem proposed by Hua Loo Keng, Doki. Akad. Nauk SSSR,
151 (1963), 255-257.

[3] M. I. Tulyaganova, Multidimensional analogues of a problem of Hua Loo Keng, lzv.
Akad. Nauk Uz. SSR Ser. Fiz.-Mat. Nauk, 1 (1981), 38-43.

[4] Wu Fang, On the solutions of the systems of linear equations with prime variables,
Acta Math. Sinica, 7 (1957), 102-121.

Acta Mathematica Hungarxca 62, 1993



156 M. I. TULYAGANOVA and A. S. FAINLEIB: ON THE DENSITY ...

[5] M. I. Tulyaganova, Prime vectors in degenerate lattices, Math. USSR Sbornik, 126
(168) (1985), 291-306.

[6] M. I. Tulyaganova and A. S. Fainleib, Asymptotic decompositions of the functions of
density of prime vectors in integral lattices, Doki. Akad. Nauk Uz. SSR, 6
(1988), 7-9.

[71 H. Halberstam and H. E. Richert, Sieve Methods, Academic Press (1974).

(Received October 31, 1989; revised August 30, 1990)

700147 TASHKENT 147
UL. VISOL. 6-PROEZD. DOM NO 5
UZBEKISTAN

Acta Mathematica Hungarica 62, 1993



Acta Math. Hung.
62 (1-2) (1993), 157-162.

A GELFAND-NEUMARK THEOREM
FOR COMMUTATIVE SEMIFINITE
RANK J*-ALGEBRAS

H. Z. ZAHEDANI (Shiraz)

Introduction

L. A. Harris in [5, p. 360] has asked: Give a definition of commutative /*-
algebra which involves only the «*-structure and show that such «/*-algebra
is / “-isomorphic to the space Co(X) of continuous complex-valued functions
vanishing at infinity on a locally compact Hausdorff space X. It is shown in
[6, Proposition 1.2.1] that every singly generated / “-algebrais / “-isomorphic
to Co(X). In this note we shall define a commutative / ‘-algebra of semifinite
rank A and we shall prove that A is / “-isomorphic to CO(X).

1. Definitions and basic results

Suppose H and K are complex Hilbert spaces. Let B(H,K) denote the
Banach space of all bounded transformations from H to K with the operator
norm. For each element A GB(H, K) there is a uniquely determined element
A* GB(K,H) such that

(Ax,y) = (x,A*y) forall x£H and vy GK.

A* is said to be the adjoint of A.

A closed subspace A of B(H, K) is called a / “-algebra if AA*A G A,
whenever A B A. For example, every (/“-algebra or /(/‘-algebra is a /*-
algebra. Cartan factors of Type I-1V are / “-algebras ([3], [5]).

Suppose A is a / ‘-algebra. A is said to have semifinite rank if sp(A*A)
has no non-zero limit point for each A GA.

A [ “-algebra A has finite rank if there exists a number n such that
sp(A*A) has at most n non-zero elements for each A GA.

For example, the set of compact operators in a Cartan factor of any one
of the types I-HI is a / “-algebra having semifinite rank. A (/‘-algebra has
semifinite rank if and only if it is isomorphic to a (/‘-algebra of compact
operators [2, 4.7.20] and has finite rank if and only if it is finite dimensional
[2, p. 184].
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We recall that an operator V is a partial isometry if and only if VV*V =
= V.

Suppose a is a/’-algebra and A £ Ao. A partial isometry V in a

(1) covers A if VV*A = AV*V = A,

(2) commutes with A if VVA —AV*V,

(3) is a unitary element of A if V covers each A £ a,

(4) is a central element of o if V commutes with each A £ A,

(5) is a minimal element of o if for each A £ Ao there is an a £ C with
VA*V = aV,

(6) is orthogonal to A if AV* = 0 and V*A —O0.

Suppose Ao and B are /’-algebras. A map . A —B is called a /*-
isomorphism if dis a bounded linear bijection of A onto B satisfying

D{AA*A) = B(A)D(A)*D(A)
for all A £ a. Note that the above properties 1-6 are preserved by /*-
isomorphism [5, Proposition 2.1].
A/ ’-algebra A need not have any non-trivial partial isometries. For
example, let A = C(X), where X is a compact connected space. Nevertheless
many / ’-algebras are rich in partial isometries.

1.1. Theorem [5, Theorem 3.3]. Suppose A has semifinite rank, and
let A £ o with A ¢p 0. Then there exist a set {¥n} of mutually orthogonal
non-zero minimal partial isometries in A and a sequence (a,) of positive
numbers such that A = ’\I_2|anVn.

Suppose A is a / "-algebra. A /*-ideal in Ao is a closed subspace J of
a such that A,B,C £ a, then AB*C + CB*A £ J whenever 8 £ J ox
C £J. A/ -algebra o is simple if the only / ’-ideals in o are {0} and a.
It is obvious that the kernel of any / ’-isomorphism is a / *-ideal.

Suppose A is a C’-algebra of semifinite rank. Then a is isomorphic to
the restricted product of a family of the C’-algebras of compact operators
on Hilbert spaces [2, 4.7.20]. In the case of a / *-algebra of semifinite rank
the following is true.

1.2. Theorem [5, Theorem 5.9]. Suppose a is a J*-algebra and M is
the set of all non-zero minimal partial isometries in A. Let A be the /*-
ideal generated by M. ForeachV £ M, let Jy denote the intersection of all
J*-ideals in o containing V, and let J be the family of all nonzero simple
J*-ideals in o. Then

@ J ={Jy.V £ M},

(b) A is J*-isomorphic to the restricted product of J .

2. Commutative / '-algebra of semifinite rank

Suppose A is a / ’-algebra of semifinite rank. Then A is said to be
commutative if each minimal partial isometry V in A is central, that is
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(1) VV*A = AV*V  forall A £A.
Note that (1) is equivalent to
VV*A + A W =2VV*AV*V

which is ./’ -invariant.

2.1. Lemma. Suppose a is a commutative J*-algebra of semifinite rank.
Then AB*C = CB*A for all A,B,C £ .

Proof. Suppose A and & are non-zero elements in a. Since o has
semifinite rank, it follows from Theorem 1.1 that there exist a set {Pn} of
mutually orthogonal non-zero partial isometries in o and a sequence (6,,) of
positive numbers such that 8 = X*nK» Note that the adjoint operation is

n

continuous and
vv*=v;v{=o0 (”j), ijeN.

So
BB-="£bavnv:.

n

However, each minimal partial isometry in a is central and so
AV*Vi = VIV*A, i £N.

Consequently AB*B = BB*A for all A, B £ A.
Suppose A, B and C are in AmThen by the first part

A(B +C)*(B+C)=(B+C)(B+ C)*A,
or
1) ABC* A AC*B = BC*A + CB*A
for all A,B,C £ . Replace C hy iC in (1). Then
2 AB*C —AC*B = —BC*A + CB*A

forall A,B,C £a. Add (1) and (2). Then AB*C =CB*A forall A,B,C £

£ A.
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2.2. T heorem. Suppose A is a commutative J*-algebra of semifinite
rank. Then A is J*-isomorphic to Co(X), the space of all complex-valued
continuous functions vanishing at infinity on a locally compact Hausdorff
space X .

Proof. Since A is commutative, by Lemma 2.1,
AB*C = CB*A forall A,B,C GA.
However, by [3, Proposition 1], AB*C + CB*A GA and so
AB*C GA, whenever A,B,C GA.

Let M be the set of all non-zero minimal partial isometries in A. For
each V GM , let Jv denote the intersection of all / “-ideals in A containing
V. Then by Theorem 1.2 Jy is a simple / “-ideal in A. Define the map
dy-Jv —aV*Jy by

dy(A) = V*A forall A GJv-

Suppose By = V*Jy. We claim that By is a commutative C*-algebra and
ty is a / “-isomorphism of Jy onto By for each V GM. Indeed, let 5 and
T bein By and S =V*A, T = V*B for some GJv- Then

S* = (F*A)* - A*V = AXVV*V = V*(VA*V).

But VA*V is an element of Jy and so 5* G By. Therefore By is self-adjoint.
Similarly,
ST = (V*A)(V*B) = V*{AVnB),

and so ST G By. Since S and T are arbitrary non-zero elements of By, it
follows that By is a (/*-algebra in B{H). Also,

S*S = (V*AY(V*A) = A*VV*A = V*VA*A = V*AA*V = SS*.

So each element in By is normal and therefore By is commutative.
Suppose A GJv, then AA*A GJv- So

Py{AA*A) = V*AA*A - V*VV*AA*A = V*AV*VA*A =
= V*AA*VV*A = dy(A)y{A)*tdy(A).
Therefore doy is a / “*-homomorphism of Jy onto By. Suppose
Ker oy = {A GJv : tby{A) = O};

then Ker y is a closed / “-ideal in Jy. But Jy is simple and so either
Ker qoy = {0} or Ker cby = Jy. Since V is non-zero, it follows that V
does not belong to Ker ¢y and so Ker oy = {0}. Therefore dy is a /*-
isomorphism of Jy onto By for each ¥ in M.
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Suppose J —{Jv,V € M}. Then by Theorem 1.2, A is / ’-isomorphic
to the restricted product of J . However for eachV £ M, Jv is/ ’-isomorphic
to a commutative C’-algebra which in turn can be identified with C(Xy)
for some compact Hausdorff space Xy- Since the restricted product of C*-
algebras is a (/’-algebra [2, 1.9.14], it follows that A is / ’-isomorphic to
Co(X) for some locally compact Hausdorff space X.

Remark. M. C. V. Berglund [1, Theorem 5.5] proves that a commuta-
tive (/’-algebra B has semifinite rank if and only if it is isomorphic to ca{X),
where X is discrete.

Note that the semifinite rank property is /’-invariant and so by the
above observation and Theorem 2.2 we have the following result.

2.3. Corollary. Suppose A is a commutative J*-algebra of semifinite
rank. Then A is J*-isomorphic to Cq(X), where X is discrete.

Next we show that the proof of Theorem 2.2 can be simplified in the case
of commutative / *-algebra of finite rank. First we need a lemma.

2.4. Lemma. Suppose A is a commutative J*-algebra of finite rank.
Then A contains a unitary element.

Proof. Suppose S = {Vi,V.,... t} is a maximal set of mutually
orthogonal non-zero partial isometries in A. Since A has finite rank, it
follows from Theorem 1.1, that S is non-empty. Let V be the sum of the
elements of S. Then

V¥ =VVV*, 1=1,2,...,*.

Let B=A(l —V*V). Then B is contained in A. Suppose B ¢ {0}, and note
that B has finite rank. So there is a non-zero partial isometry W in B, by
Theorem 1.1. Therefore,

WV = WV*VV* = {WVV)Vv* =0 for 1=1,2,...,*.

Similarly V*W = 0forr= 1,2,... ,*. But S is maximal and so W = 0.
Therefore by Theorem 1.1, B = {0} and consequently A = AV*V = VV*A
for all A GA and V is unitary.

2.5. P roposition. Suppose A is a commutative J*-algebra of finite
rank. Then A is J*-isomorphic to C(X) for some compact Hausdorff space
X.

Proof. By Lemma 2.4, A contains a unitary element V. Define a map
®-.-A*V A, by
M(A) = V*A forall AeA.
Then, asin the proofof Theorem 2.2, B = V*A is a commutative C’-algebra
with the identity V and ¢ is a / >-homomorphism of A onto B. Since V is

a unitary element of A and Ker p= {0}, ¢ is a / "-isomorphism of A onto
C (X) for some compact Hausdorff space X .
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Remark. We recall that a C*-algebra has finite rank if and only if it
is finite dimensional. So a commutative C*-algebra B has finite rank if and
only if it is isomorphic to C(X), where X is finite.

2.6. Corollary. Suppose A is a commutative J*-algebra offinite rank.
Then it is J*-isomorphic to C(X), where X is finite.
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NOTE ON MULTIPLICATIVE FUNCTIONS
SATISFYING A CONGRUENCE
PROPERTY. Il

1. JOO (Budapest)

1. Introduction

An arithmetical function /(te) ~ 0is said to be multiplicative if (te, m) =

= 1 implies

I(teter) = /(Te)/(Ter)
and it is called completely multiplicative if the above equation holds for all
pairs of positive integers n and . In the following let At and M* denote the
set of integer-valued multiplicative and completely multiplicative functions,
respectively.

The problem concerning the characterization of an integer-valued power
function as an integer-valued multiplicative function satisfying a congruence
property was studied by several authors. The first such characterization is
apparently that of M. V. Subbarao [7]. He proved that if/ GM and satisfies
the relation

(1) /(e + Ter) = /(ter) (mod ®©

for every positive integer ® and T, then /(te) is a power of ® with non-
negative integer exponent. A. lvanyi [2] extended this result proving that if
/ G At* and (1) holds for a fixed positive integer me and for every positive
integer Te then /(Te) has also the same form. Recently, B. M. Phong and
J. Fehér [6] improved the results of Subbarao and Ivanyi mentioned above,
proving that if / € At and (1) holds for a fixed m with /(ter) / 0 and for
every positive integer T then there is a non-negative integer a such that
/(te) = na(e=1,2,...).

For a positive integer k let Nk be the arithmetical function defined by
Nk(te) = m= if ® = mkh, where h is fc-free. It is obvious that Nk € At for
every positive k and

2 Ai(n) = ® (e=1,2,...).

In this paper we would like to determine all / G At which satisfy the
relation

€) (e + M) = f{M) (mod iVic(ra))
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for every positive integer n, where k, M are fixed positive integers. It is
obvious that f(n) = na (a > 0 is an integer) is a solution of (3).
We shall prove the following results.

Theorem 1. Let k and M befixed positive integers. Assume that f 6
6 M with f(M ) ¢ 0 and (3) holds for every positive integer n. Then there
IS a non-negative integer a such that

f{n) = na (n=1,2..).

Corollary. LetK be afixed integer. Assume that f,g€.M satisfy the
relation
f(n-\-m) =g(m) (mod jVijt(n))

for every positive integer n,m. Then
f(n) =g(n) =na (n=122..),

where a is a non-negative integer.

Remarks. 1. The theorem of B. M. Phong and J. Fehér in [6] is a
special case k = 1 of our Theorem 1. Indeed, by using (2) the congruence
(1) is equivalent to (3) in the case k = 1.

2. Let k,A,M be positive integers for which (A,M) = 1 Let/ £
with the condition f(M) ¢ 0 and consider the congruence

(4) f(An + M) =f(M)  (mod iVfc(n))

for every positive integer n. Combining the method of the present paper
and that of [5] one can prove that if / £ A4 and (4) holds for every positive
integer n, then there are a positive integer a and a real-valued Dirichlet
character x (mod A) such that f(n) —x(n)na for all integers n which are
prime to A. This statement was proved by the author in [3] for A =p prime
and k = 1, further it was proved for any non-negative integer A and Kk = 1
by B. M. Phong in [5] generalizing the ideas of the paper [3].

The proof of Theorem 1 of the present paper is based on the ideas of
the papers [3], [5] and [6]. The new idea in the proofis contained in Lemma
3, which gives some new information on the prime power divisors of special
second order linear sequences.

The following theorem is an easy consequence of Theorem 1 and an
improvement of the above result of A. Ivanyi.

Theorem 2. Let k be a fixed positive integer. Assume that f satisfies
the relation

(5) f{nk + m) = f(nk) + f(m) (mod n)

for every positive integer n, m. Then there is a positive integer a such that
f(n) -na(n=12,...).

Ada Mathematica Hungarica 62, 1993

Ad



ON MULTIPLICATIVE FUNCTIONS SATISFYING A CONGRUENCE PROPERTY. Il 165

2. Auxiliary results

The simple idea to prove Theorem 1is the following:

(i) The congruence (3) implies that / £ /14* and f(Q) = Qa" holds
for every prime Q, where a(Q) > 0 is an integer.

(ii) For every prime Q we have a(Q) = a(2).

In this section we prove (i).

Lemma 1. Assume that k, M, f satisfy the conditions of Theorem 1 and
(3) holds for every positive integer n. Thenf £ M* and

©) [«?) = QaQ
holds for every prime Q, where a(Q) > 0 is an integer.
P roof. We first prove that

(7 f(ab)f(M) = f(aM)f(b)

for all positive integers a and h.
Let a, b positive integers and let m be a positive integer for which

(8) (m, abMf{M)) = 1.

Then there are positive integers x, y, u and v such that

(€)] ax —1+ mky, (x,abM)—1
and
(10) bu=M-\-mkv, (u,abx)—1.

From (9) and (10) we have

(11) abxu = M + mKkT,

where T = My + v + mkyv. By using (3), (9), (10) and (11) we have
(12) f(aM)f(x) = f(aMx) = f(M + mkMy) = f(M) (mod m),

(13) f(b)f{u) - f(bu)=f(M + mkv) —f(M) (mod m)
and
(14) f{ab)f{x)f{u) = f(abxu) - f(M + mkT) = f(M) (mod m)

since Nk(mkMy), Nk(mkv), Nk(mkT) are divisible by m. From (12) it
follows that

(15) (/(x),m) =1,
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since (m,/(M)) = 1. From (12), (14) and (15) we get that
f(aM) = f(ab)f(u) (mod m),
which together with (13) implies
f(aM)f(b) = f(ab)f(b)f{u) = f(ab)f(M) (mod m).

This congruence shows that (7) holds, since there are infinitely many positive
integers m satisfying (8). So (7) is proved. Let Q be a prime. In order to
show / 6 M* it is enough to prove that

(iB) tm = (/(9))

for every positive integer s. It is obvious that (16) is true for 5 = 1. Assume
that (16) holds for s.
If (Q,M) = 1, then applying (7) with a, bgiven by Qs and Q respectively,

we have
f(Qs+)f(M) = f(QsM)Ff(Q) = f(Qs)F(Q)F(M)

which implies

(17) f(Qs+) =/(<n/(Q) = (/(Q))i+1.

If QT\\M, where 7 ~ 1is an integer, then applying (7) with a,b given by Q
and 1 respectively, we get

(is) [(g7+i)=/m m -
By using (18), we apply (7) in the case a= Q and b= Qs to get

[(Qe+D)/(Q7)/(M/g™) = f(Q:+)f(QS)f(M/Q1) =

which implies

(29 f(QSH) =Ne ) Ne ) = (f(Q)Y+L

From (17) and (19) it follows that (16) holds for 5+ 1, and so (16) is true
for every positive integer s. By (16) / € M.* follows.

Now we prove (6). We shall prove that for a prime p and a positive
integer ¢

(20) pl/(c) implies p]|ec

Assume indirectly that for a prime p, p | /(c) and (p, c) = 1. Let pk® \ f{M).
Thus there exist positive integers H, L such that

(21) Hek® = M + pkokL.
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By using (21) and applying (3) with n = pk°kL we have
(22)  f(H)f(ck)y=4AAc)=/ (M + =f(M) (mod/0).
On the other hand, it follows from / € J14* and p \ f(c) that

/(c®®) = f(c)k>° —0 (mod/5)

which together with (22) implies that f(M) = 0 (mod pk°). This is a con-
tradiction, since pk® f /(M ). So (20) is proved.
From (20) it follows that for a prime Q we have

(23) f(Q) = £Q°W
where a(Q) > 0 is an integer. In order to prove (6) it is enough to show that
(24) f(Q)>10

for every prime Q.
Let t > 1be an odd integer. It is obvious that there exists an odd prime
p such that

(25) Ql=1 (mod p).
Let j be a positive integer for which

(26) P>t 2f(M).

It can be easily seen by (25) that

(27) Quia-1 =1 (mod pk>),
ie.

(28) Qtpkl~l = 1+ prk*K,

where A is a positive integer. By using (3) and (28) we have
(29) I (prpK’~km \ = f(M + pkjMK) =}{M) (mod/).

If f(Q) < O, then by (23) f(Q) = -Q a($) fohows. Since / e M*, from (27)
we have

(30) KQ"M) = (f(Q)tpk~Ff(M) =

= f(M) =-f(M) (mod/)
which together with (29) implies 2f(M) = 0 (modp”). This is a contradic-
tion, since from (26) we have p: f 2f(M). Thus f(Q) > 0 and so (24) is
proved.

One can deduce (24) also from the result of [1].
From (23) and (24) the proof of (6) is finished. Lemma 1is proved.

Acta Mathematica Hungarxca 62, 1993



168 1. JOoO

3. Prime power divisors of the number 83¢2n—1

In order to prove (ii) we need some further information on prime power
divisors of special second order linear recurrences.

Let Q be a positive integer. Let G(Q) = {G,}LO be a second order
linear recurrence defined by the relation

Gh=Q2n-1 (»=0,1,2,..).

In the case of Q = 1the sequence (j(1) will be denoted by R and its terms
by Rn (Rn = 2n —1). Rnis called the ®=th Mersenne number.

If for a positive integer m there are terms in G divisible by m, then g(m)
denotes the least positive integer g, for which m \ Gg. The number g(m)
is called the rank of apparation of m in the sequence G. For a prime p,
which divides some terms of the sequence G, we denote by e(p) the greatest
exponent e for which pe divides Gs(p), Le. pe(p)||GO(). In the sequence R we

denote the rank of apparation of a positive integer m by r(m).

P. Kiss and B. M. Phong [4] have given necessary and sufficient condi-
tions for the existence of the rank of apparation of a prime power in the
general second order linear recurrence. From their theorems one can deduce
immediately the following

Lemma 2. Assume that for aprime p there is the rank of apparation of
p in the sequence G(Q). Then there is g(pe'p'+n) for every positive integer
n if and only if

(31) r(pe™) ¢ r(peP>+1),

Proor. We prove Lemma 2 directly. Assume that for a prime p there
is g(pk) for every positive integer k. Let e = e(p) and h — g(pe+l). It
is obvious that there is a positive integer x such that h = g + xr, where
g = g(pe), r = r(pe). We have

Q2h- 1=(Q2 - I)2xr+ (2ir- 1) =10 (mod pe+l),
and so

(32) A + (mod*).

pec pc

Since 2= 1 (modp), we have 2X= 1 (modp) and
(mod p).
Using these congruences we get from (32) that

(33) + Hlp% Ix=0 (mod p).

pc
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This shows that 2ps1 ¢ 0 (modp), i.e. (31) holds.

Assume that (31) holds, that is r(pe) ¢ r(pe+1). It is well-known that in
this case we have

(34) r(p'+n) = pnr(pe) (n=1,2,.).

Assume that there is g(pe+n) for some integer n > 0 and r(pe+n) ¢ r(pe+n+1).
We shall show that g(pe+n+1) also exists.

Let g* :=g(pe+n) and r* := r(pe+"). As we have seen in the proof above,
we have

Q2e*»* i =0 (mod pe+n+1)
if and only if
099* 1 9r* — 1
(35) -petn +~ M X=° (mod P)-

By using (34) we have r* = r(pe+n) ¢ r(pe+n+l) for every integer n > 0, and
so the congruence (35) has solutions. This shows that there is g(pe+n+1).
This completes the proof of Lemma 2.

We shall deduce from Lemma 2 the following result.

Lemma 3. For eachfixed prime Q there exists aprime p such that there
is g(ph) for every positive h in the sequence G(Q).

Proof. By using Lemma 2, in order to prove Lemma 3 it is enough to
show that there is a prime p for which there is g(p) and r(p) ¢ r(p2).

If Q > 3, then Q = 1 (mod 3) or Q = -1 (mod 3), since Q is a prime.
We have r(3) —2 ¢ r(32).

If Q = 1 (mod 3), then C2(Q) = Q22—1= 0 (mod 3) and so #(3) = 2.
If Q =-1 (mod 3), then Gi(Q) —Q2—1= 0 (mod 3), i.e. p(3) - 1. Thus,
in both cases there is g(3), which together with the condition r(3) o r(32)
implies that there is g{3h) for every positive integer h.

If Q = 3, then we choose p = 5. In our case r(5) = 4 ¢ r(52) and
03(3) = 3+33—1 = 0 (mod 5), which also implies that there is g(5h) for
every positive integer h. The proof of Lemma 3 is complete.

4. Proof of Theorem 1

By using Lemma 1, in order to prove Theorem 1it is enough to show that
(i) holds, thatis a(Q) = a(2) for every odd prime Q. Let Q be an odd prime.
Let Gn{Q) = Q2n—1. By using Lemma 3 we have lim sup Nie(Q2n—1) = oo.

n—mw0

Applying (3) and using Lemma 1 we get that
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(36) f(Q)f(2)nf(M) =f(Q2nM) =

= f[(Q2n- )M + M] = f(M) (mod Nk(Q2n - 1))

holds for every positive integer n.
On the other hand we have

(37) f(Q)f(2)nf(M) = Qa(Qh°Wnf{M).
From (36) and (37) it follows that
9a(Q)2a(d)./(M) = AM)  (mod Nk(Q:n- 1))
and so
f(M)Q°W = Qa&\Q2n)aWf(M) = Qa<)f(M) (mod Nk(Q2n- 1))

for every positive integer n.  This shows that a(Q) = a(2) since
lim SUP Nk(Q2n —1) = oo. This completes the proof of Theorem 1.

2. Proof ofthe Corollary

Assume that f,g(=.M and satisfy
(38) /(n + m) = g{m) (mod Nk(n))
for every positive integer n, m. Applying (38) with m=1lwe have
(39) /(n + 1) = £f(1) = /(1) (mod Nk(n))
for every positive integer n. Applying Theorem 1 with M = 1 we get that
f(n)=na(n=1,2,...), where a >0 is a non-negative integer.
Let m be a positive integer. Then from (38) we have

g(m) = /(n -fm) = (n -fm)a= ma (mod Nk(n))

for every positive integer n, which implies g(m) = ma, since lim sup Nk(n) =

00. This completes the proof of the Corollary.
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6. Proof of Theorem 2
Assume that / £ M and (5) holds, i.e.

(5) f(nk+ m) =f(nk)+ /(m) (mod n)
for every positive integer n and m. It is easy to see that from (5) we have
(40) /(mnt+ 1) = mf(nk)-f1 (mod 13

for every positive integer Ta m. Indeed, (40) holds for m — 1 and from (5)
we get

f[{m+ Dnk+ 1] = f[nk+ (mnk + 1)] = /(Te*) 4-f(mnk + 1) (mod Te)

which by using induction on m proves (40).
Applying (40) with m replaced by mn we get

(41) [(TTe*+1 + 1) = mnf(nk)+ 1=1 (mod n)
holds for every integer n,m. From (41), it follows that
f(ln +1) el (mod N k+i{n))

for every positive integer n, which by using Theorem 1 implies f(n) = na
(n=1,2,...), where a >0 is an integer. But in the case a = 0 (5) is not
true. Thus Theorem 2 is proved.
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WEAK ASYMPTOTIC FORMULAS
FOR PARTITIONS
FREE OF SMALL SUMMANDS. Il

J. HERZOG (Frankfurt am Main)1

1. Introduction

Denote by p(n) the number of (unrestricted) partitions of the positive
integer ' and by q{n) the number of partitions of n into distinct parts. G.
H. Hardy and S. Ramanujan [8] showed?2 that for '° —»00

Q p(n) = {1+ 0(n-Y2)}4"Y3n)-1 exp{y/2/3Try/n}
and
(2) gn) = {1+ 0(n"Y2)}4 «3UV4+w3/4)"1exp{\/1/3ry/n}.

In [4] P. Erdos and J. Lehner investigated the distribution of the parts ®-in
the partitions

(3) n=ni+ eee+nr I<nr”rx ® € 2

of = They proved that almost all (i.e. with exception of at most o(p(te)))
partitions of T consist of

(4) r=(+0(1) (y/2/3*) Vnlogn

parts and that, again for almost all partitions of n, the largest summand ni
in (3) is of the same order:

1 This paper was written during a stay at the University of lllinois at Urbana-Cham-
paign, supported by a grant from the Deutsche Forschungsgemeinschaft. The author would
like to thank the members of the Department of Mathematics at Urbana for their hospi-
tality and help.

2 Actually, [8] contains much sharper results. The method of Hardy and Ramanujan
was subsequently refined by H. Rademacher [11], who obtained a representation of p(n)
as the sum of a convergent series involving nothing but elementary functions such as the
exponential function and certain roots of unity. L. K. Hua [10] employed Rademacher’s
technique to derive a similar series expansion for }(n).
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Analogous results hold for q(n), and in [7] P. Erdos and P. Taréan considered
similar problems for more general partition functions.

It is interesting to study the influence of the “small” parts of the parti-
tions of n. To this end one might investigate the behavior of py(n), which is
the number of partitions of n with smallest part nr >y. In view of (4) and
(5) it can be expected that py(n) and p(n) — or at least their logarithms
— are not “too far” apart as long as y is not “too large”, e.g. y < ml/2-'.
On the other hand, it would not come as a big surprise if py(n) is much
smaller than p(n) (even on the logarithmic scale), once y is “very large”, e.g.
y > nl2+e. In fact, results of J. Dixmier and J.-L. Nicolas [2], [3] and the
author [9] show that3

(6) logPy(mr) = y/OjSTrn:/>-ylog(*/n-y~1)—cy+0 (y=/y/n + n:/Ay/\ogn)

as n —»0o, uniformly iny = o(y/m).

For applications it is important that asymptotic formulas for py(n) hold
uniformly with respect to y in “large” y intervals depending on n (cf. [2],
n).
) The purpose of the present paper is to provide asymptotic formulas for
the logarithms of general partition functions related to partitions into “very
large” parts (resp. distinct parts) which are uniform with respect to the
relevant parameter. As in [9], these results are deduced from a Tauberian
theorem which is similar to a theorem of W. Schwarz [12], but more involved
due to the presence of an additional parameter.

In the case of the “ordinary” partition function pv(n) considered above
we shall see that logpy(n) decreases rapidly if the parameter y increases in

[nV2+e,n1 e], in accordance with our heuristic considerations based upon
(4) and (5).

2. Basic definitions and results

Let 0 < Ai < JI2< a3 < ... be an unbounded sequence of real numbers
with counting function

(7) N(u) = £ 1
A,,<u

Ford £ € LinNO{Ai, A2,...} we consider the Diophantine equation

3Dixmier and Nicolas [2] prove that pm(n) ~ p(n) (r/y/bn)m 1(m —1)! as n —* 0o,
uniformly in m = ofn14), 1~ m € Z, and extend the m-range tom [ n1/3_t in [3]. In
[9] the author investigates more general partition functions.

ANO= {0,1,2,...}.
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(8) =Y (rve No).
A,,>y

The number of solutions of (8) in nonnegative integers ruis denoted by py(£),

and qy(i) denotes the number of solutions in ru € {0, 1).
These partition functions are generated by

9 fy(s) =" p y(De~Is= 4 {1- exp(-Alfs)}"1
| Afy

and

(10) fy(s) = = M {!+ exp(—A")}
i A.>y

respectively, the series and products being convergent in Res > 0 if N(u)
does not grow too rapidly,

(11) N(u) < uB (u> Ai)

with a positive constant B, say.5
Both generating functions have holomorphic logarithms in Re s > 0 given

by

(12) gy(s) = logfv(s) =~ Y log{l - exp(-A,s)}
ANy
and
(13) ¥y(s) = logty(s) = Y log{l + exp(-A,,s)}.
A,>y

Here log denotes the principal branch of the logarithm.
In the theorems below we deal with the logarithms of the summatory
functions

(14) Py(u) = Y,Pv(l)
U

and

(15) «,(«) = £«,(0-
t<U

5log N(u) = o(u) as it —»oo is sufficient.

Acta Maihematica Hungarxca 62, 1993



176 J. HERZOG

Theorem 1. Letc, C and a be positive real constants satisfying

(16) o <Cm-~a<c<C
and assume
(17) c-ualL(u)<: N(u)£ C-uaL(u) n > Jx)

for some slowly varying function L s Define au(y) for sufficiently large n by-

(18) -p'y(cu(y)) = u.
Then for every small positive number e the asymptotic formula

(19)  log Py(u) = qy((Tu(y)) + n mau(y) + O (VW y-(bg«)3/2)

holds uniformly in ua+1't ~y 1 n: ¢ as n —oo0.

Remarks. (A) We shall show that *logy <c uau(y) < *logy.

(B) If N(u) = Cwa +0(n"), 0< B <a, c\ > 0, then Theorem 1implies
that

(20) log Py(u) = *og(ya+:i/u) (1 + O(loglogn/logu)} (1 —»00)

1.
uniformly in <y<wum cC
In the case of the ordinary partition function (i.e. A,=u,v=1,2,3,...)
we have N{u) = n+ 0(1), hence Theorem 1 yields

21 I P = - | 2/ - -l | 2/ + - +0 PE1PEn "
(21)  log Py(y) yog(y u) yog 0g (y:/u) v e("%/fog%”/)

uniformly in y £ [ul/2+e,ul_I] as u — o00. Since n >»py{n) is increasing,
(21) remains true if Py(u) and u are replaced by py(n) and n, respectively.
The corresponding result for partitions into distinct parts is also true.

THEOREM 2. Let N(u) be as in the preceding theorem, and define du(y)
by

(22) —Py(*u(if)) = n (u sufficiently large).

Then the asymptotic relation
(23)  logQy(tt) = £y(ff,,(i0) + u m&u(y) + 0 (y/ujy m(1°g«)3/2)

6l.e. L is a positive Lebesgue-measurable function satisfying L(px)/L(x) 1 (a
00) for every p > 0.
<Y is given by (12). The proof will show that cu{y) is well defined.
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holds uniformly in uat+e ~ y £ nl e as u —oo for each small £ > 0.

Remark. Ifwe consider the special case N(u) = ciu™ + O(u?), 0 < B <
< a, ci > 0 again, it turns out that uniformly in uQHrI't" <y <ul-e

(24) log Qy(u) = ;log(20(+1/it){l -f O(loglog n/ log u)} (u -»» 00).

Comparing this with (20) we observe that log Qy(u) ~ log P,,(u) uniformly
in y for this special type of counting function.

The following theorem generalizes the observation.

Theorem 3. Let N(u) satisfy the hypotheses of Theorem 1. Then as
N —»00
(25) log Py(u) = 1+ 0(l/log«)) WogOv(v)

1.
uniformly inua+lr ~ I/ < ul e.

Both Theorems 1 and 2 are consequences of the following Tauberian
theorem for Laplace-transforms depending on a parameter, which is closely
related to Theorem 1in [9]. However, the present theorem allows one to deal
with much larger values of the parameter. Both of these results have their
roots in a Tauberian theorem of W. Schwarz ([12], Satz 1).8

Theorem 4. Let {Ay : [0,00[-> [0, oo[;y > 0} be a family of nonde-
creasing functions such that each Ay is dominated by a (fixed) nondecreasing
function A: [0, oo[—»]0, oo[ whose Laplace-transform

(26) J A{u)e~w du
0
converges in o > 0. Therefore, for every y > 0, the function
(27) fy((r) = a=J Ay(u)e~wrdu
0

is well defined in 0 > 0.
We assume the existence of constants Ci > 0, p > 0 and nonnegative
functions ipy GC2]0,/4 with

(28) llogfy(o) - ¥(1" Ci (y>0 0<a<u

8Note that there is a typographical error in the hypotheses of Satz 1in [12]: Formula
(3.6) should read <r(tp"(<n))e+1 |v,,(<r)]-2f-1 5. C.
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and, for each fixed y > 0,

(29) -V'y{a) -* oo as 0+,
(30) 0 < +>y(cr) increases as o decreases to zero,
(31) -fyiv) 2 o(°)  (0<a<p)

with a fixed nonnegative function ¢ € Cx]Qp[, ip' < 0. Furthermore we
suppose that there are real constants a. ~ta\>l, 0< i@ bi and C2,C3, M,
Yo > 0 such that the following bounds for —y(cr), y > y0, hold:

(32) ~<Py((r) Z Ci mVai mxp(-b:yo) 0<a<p),

(33) —Fvyil) =Cs my-2 sexp(-b?ycr) if O0<o<p and yxr>M.

Finally we require the following relation between the first and second deriva-
tives of qy: Given real constants 0 < A\ < Bzx there exist constants 0 <
< A: ™~ B2, which may depend on A\, B\ but are independent of a and vy,
such that, for sufficiently large vy,

(34) Ailogy <,yo<Bilogy implies A2y " Vy{°) *K¥() 1" B: ¥
Now define the quantity au(y) for sufficiently large n by
(35) -VyMy)) =un

Then for each positive real number £ < the asymptotic formula
(36) log Ay(u) = v(cru(j/)) + v mou(y) + Oc(n/ii]y(Llog u)3/2)

holds uniformly in ual+e » y < ule asu —00. The O constant in (36)
may depend on £, but not on n ory.

Remarks. (A) As we shall show in a moment, the order of the main
term in (36) is at least j)log u.

(B) In our applications the functions Ay and —¢y will be decreasing with
respect to y (i.e. 7>y implies Aru) < Ay(u) and —y?\(cr) » —<”(cr)). In
this case we obviously may set A = Ao and ¢ = —0.

The bounds A and ¢ are useful: Since

w U
oJ Ay(u)e~tUdu =° J A(u)e~Widu  A(w),
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we have
(37) ly(r) = al Ay(u)e~'Udu + 0(1)
uniformly in y for every fixed positive number w.
From relations (29)-(31) it follows that au(y) is well defined by equation

(35) for all y >0 and v > uo, where Ugis independent of y: Let uo be such
that the equation ip(ou) —u has a unique solution for all u > u0.

2. Some preliminary estimates

Before we actually start proving the theorems, we recall some simple but
useful consequences of the hypotheses of Theorem 4.
For the rest of this section we assume that

ai
(38) 0<£E< Dai
(39) uaite sy ul-

and that uo(e), c\(e), o2 (e),... are sufficiently large (resp. small) positive real
numbers which may depend upon e but not on u ory.
From (35) and (32) it follows that

n = -<py((Tu(y)) * C2yai exp{-6Lj<u(y)}
hence

yeu(y) » -{«lbgy logwu-logC2}> I logy +log C21

by (39). This implies
(40) yeu(y) £ Ci(e)logn (u>uo0(e)).

If .0¢.) is large enough, (39) and (40) show that ycru(y) ~ M. Therefore
(33) may be applied with o = <u(y):

u=-v'y(°u(y)) n Cyaexp{-b2yau(y)}
which yields

(41) yeu(y) = @Iogy (n't uO(£)).
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In view of (40) and (41), relation (34) guarantees the existence of positive
constants A2(e) » B2(e) such that

(42) A2(e) »y i ,  <BAe)m  (u>n0(E)-

Using the right hand inequality in (42) together with (39) we deduce
(43) n2/ y>y(an(y)) >u{B2(e) ey}-1 ~ c2(e) mu' (u > u0(e)).
Inequalities (40), (41) and (42) yield

(44) c3(e) mogy £ ’ S c4(£)-logy (u >u0(s))
which shows that

(45) uipy((Tu(y)) <£mau(y) (n > u0(e)).

If u <v <2u and n >uo(e) then

(46) 1 < au(y)/<rv(y) <c5(e).

The left-hand inequality is an immediate consequence of the monotonicity
of n au(y), while the upper bound in (46) follows from (40) and (41).

3. Proofs of the results on partitions

Proof of Theor We want to apply the Tauberian theorem with
Ay = Py, A = PO and =logfy(cr) = - £ log{l - exp(-A,, *cn}. To
K>

this end we have to verify that the hypotheses of Theorem 4 are satisfied.
Since we define <y(cr) = log/y(<7), (28) holds trivially with C1 = 0 and
H= 1, say. The properties (29) and (30) follow easily from

K
@n < E exp(/11ct) —1
y
and
(48) <[o0 = ™ Afexp(Nlen - 1) 2

Ay

since N(u) —N(y) —=* 00 as u —y oo for fixed y. We may choose ¢p — —igQ
according to our remark following Theorem 4.
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In the sequel we shall need some basic properties of slowly varying (ab-
breviated s.v.) functions, namely

If L is s.v., then i fX) = 1 holds uniforml
(49) x%@\xﬁ y
with respect to t € [a, 6] for any finite interval [a, b] C]0, ool.

f Let L be s.v. Then xsL(x) —*c» and x~sL(x) —0

50
(50) \ for any positive real number 6 as x —»00.

Proofs of (49) and (50) may be found in the books of E. Seneta [13] and N.
H. Bingham, C. M. Goldie and J. L. Teugels [1].
Relation (17) in Theorem 1 implies that

N(2u) - N(u) >uaL(u){c2aL{2u)/L(u) - C}.

Since 2ac > C by (16) and L(2u)/L(u) —>1as u —»00 there exist positive
constants 3 and no such that for n > wi

(51) N(2u) - N(u) > BuaL(u) ™ B*N(u) (/13* = RC~1)
whence
-VyH > vy, XA = Yme~'{N{2y) - N(y)} >
yNv<2y

=Ryat+lL(y)e~3<.

Therefore, using (50), we obtain for any small positive number 6

(52) V » ~A"yatl-se-*
provided y is large enough. Hence we may take a\ = a -f1—6and = 2in
(32), where 6 is any real number in ]0, a].

In order to verify (33) we define M = 2(a + 2) and observe that by (17)
and (50)
(53) N(u) < uQtl

for all sufficiently large u.
Using (53) and the estimate

0 < —fAWmeW—1)-1} < 2ve~w (W >4)
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we infer that for yo > M

-/\))I/lz J N(y)-y-{e*r - I}'1<

WP
<2eZ"-2 «J wat+2e~wdw.
W

Now it is easy to see that for 0 < r <x
[e]e)

(54) J wre~wdw < [

Applying this estimate in the inequality above yields

(55)  -4,(<r) < 2{I - 0-Q\y<j)a+2e-*r < dya+2e™V"
ifyo>M = 2(a + 2) and y is large enough. Hence we may set =a + 2
and 62 = 1in (33).

It remains to show that relation (34) holds. Foralla > 0 and y > 0 we
have

= £ A7Yexpha)- 1}-2>v 2 exp(Ata) =T = Y'
pra)- 1} p("a)

Thus we may choose Ai —1in (34) independently of the magnitude of yu.

The verification of the corresponding upper bound is somewhat more
involved. Here the key step is to establish the existence of a constant C* =
= C*(Ai,Hi) such that, for sufficiently large vy,

(56) Atlogy ZyaiB, logy implies u&a) SC* V= --—-- rr~=—rr»m
»sts2,, (eXp(A“<7)~ 1)

From (56) the desired estimate is easily deduced: Ify ~ y\ we obtain

ACT ed(*>,(<T))
where C** = 2C* sy A iV il~ 1}-1-
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As for the proof of (56) we assume that y ™~ y\ is sufficiently large and
start with
(57)
E (exptfrE 1)4da ie~"{N(2y)- *<*» &

where we have used (51). Furthermore, since ya ® Ax logy, we have

A AT s -2L.-2 oo
NM1l-y;2M) mfE
xbv {eXp(A* ) “ 1}2 A*>2y
Partial summation and some simple estimates yield
(59)
[e]e] ¢2
£ Ae*m=-J{N(u)~ N(2y)}**du<a 2j N jrdw.
r2y e A
Let T = 2+ 2/Ai; from (49) and (50) we know that
(60) y~I <L(y) <y  (y>yx)
and
(61) L(v) *2<L(y) (y>yx and y%v<Ty)

provided yx is large enough.

Now split the right hand integral in (59) at Tycr and use (17) as well
as (61) resp. (60) to estimate N(w/cr) in [2ycr,Tycr] resp. in [Tycr, oc[, thus
obtaining

£ Ate-A <
A, >2y
Tya 04]
< 2Ccr @2 {y) ] wat2e~wdw + Cer 83 [ war3e-wdw.
2y<r Tycr

Utilizing inequality (54) in both integrals above we infer9 that for sufficiently
large y > yx

£ Ae~Ker < 9C2aya+2L(y)e~3g-f C2Ta+3ya+3 exp
A,,>2y

9Recall that T = 2 +~2/A\.
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If we use (60) and the estimate e 3<FTAl ~ y 2, which follows from ya
> A\logy, we obtain

(62) Xle~Kd ii {9C2a + C2Ta+3} syal2L{y)e~23<T.
A,>2y

The estimates (57), (58) and (62) yield (56). Now Theorem 1 follows from
Theorem 4.

A remark to the proof of Theorem 2. Of course, Theorem 2 may be
proved in a similar way, but it is easier to make use of the inequalities given
in the proof above. We illustrate this by showing that

¥>y0) < Yo if “lbgy <Syo <silogy, y>12i
Here we have
(<) = N eA{exp(AN ) + 132 A 5~ A Adexp(n‘a) - f}-2 =
A, >y A,>y

= ¥>yV) < Ya(-V'yO)) = ¥ MexPiVO - 1} 17
Ailry

< (I +2/(Q2if1- 1)) oy e A {exp(A.cr) + 1}-1 = C -y (-£y(ff))
A,>y

Proof of T heorem 3. In view of Theorems 1and 2 it suffices to show
that uniformly in tiaH ~y ~ul 1

(63) <By(&u(y)) + « m<7,(y) = {1+ 0(1/log m} «(&v(au(y)) + n mu(y))

as v —»0o.
In all subsequent estimates the <C constants are independent of n and vy.
For ya > logy it is not difficult to see that

- "1 +'PyO) ew+1JdW<

< N(/)e2+e AT
Hence by the mean value theorem there exists a a* € [0-,,(r/), au(2)] such that
0= -¥>»(*«(»)) + VA(U@E)) + Ay(<(2)) - ¥y (*(y)) =
= (&u(y) - M1/)) <9y (0 + 0 @V(if) +Y sexp(-2yau(y))).
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In view of (30) and (42) this implies uniformly in ua+lte <y <ul
(y) Y *exp(-2ycru(y))
Ywm
Here the second <C estimate requires an application of the inequality

-¥ y(EN) » ¥Y'N(y) mexp(-2ycr)

with a —au(y); in case of gy{(r) this inequality has been verified in the proof
of Theorem 1, cf. the lines following relation (51).
Since, forya  logy,

(64) 0< <) - Cu(y) < <y’

il
the estimate

(65) Qbl y)) - <PyCu(y)) <u-y~x

may be proved in almost the same way as (64). Now (63) follows from (64),
(65) and (40), and our proof of Theorem 3 is complete.

4. Proof of the Tauberian theorem

Proof of Theorem 4. Since our proofis closely related to the proof of
Theorem 1in [9] it suffices to sketch the main ideas and indicate the relevant
modifications. See [9] for full details.

The monotonicity of u H Ay(u) shows that forany T > 0and all a £

el0/x[,y >0

fy(a) :a\] ay(y)'e Udu =Av(T) e =
T

whence by (28)
Ay(T) =eCl "exPiV’yCN + T ma}.

For sufficiently large To and alll0 T > To the right-hand side above attains
its minimum at a —&T(y), and therefore we use the upper bound

(66) Ay(T) <eCl mexp{tpy(aT(y)) + TaT(y)} (y * yo, T> TO).

10Cf. remark (B) following Theorem 4.
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For the rest of the proof we assume that

(67) <y< T16

where S> 0is a small real number. All <C constants appearing subsequently
may depend on 6 but are independent of T and .
In order to obtain a good lower bound for log Ay{T) we definell

(6%) oL ) T2 1

(69) R=R(T,y)=( +5s)-T
where the constant K is specified below, and consider
T (1-e)T R (04]

fv(°T{y)) = "r(|/)|y+ J T J +v |n(n)-exp(-«-aT(y))du=

TO (1-e)T R
—lo+ +h+h-

The estimate

(70) 10+ h + 13 <G exp{py(crT(y))} eeu
with
_ 1 e2R2 °T(y)<Py(<7R(Y))
71 U=U(T, - logs + lo
(71) TN yorgyy ~ 095+ A

depends on monotonicity properties of —gy and p” and may be proved in
almost the same way as the corresponding estimate in [9] (proof of Theo-
rem 1). Only the approximation of <rg(y) —&T(y) has to be modified slightly,
since the inequality p”(a)a > \p'y{cr)\ is not necessarily true in the present
situation:

The mean value theorem implies the existence of «* £ [er (), <t(i/)]
such that

ET = -(p'v(<TRY)) + (py(aT(y)) = (<r(y) ~ °R{y)) m<fy(0%),
and by the monotonicity of py, (40) and (42) it follows that

(72) \ p"(JR{y)) = an("~ ORNe A E£y~X=Z°T

n Note that e(T,y) —»0 as T —»00 by (43).
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Next we show that U — -00 ad T —»00, uniformly in y. From our
definition of e and relation (42) we deduce that there is a constant Cg > 0
which is independent of T and y such that

e2R2 T2
< ((2/)) = K Ca1°Sfy(ffT(y))
and
T2
log£” - log
Py@Ty)y

In view of (44) and (46) the third summand on the right-hand side of (71)
is Oi(loglogT). Hence, if we choose the constant K in (68) such that
K2 mCg > 6, we obtain

(73) U<-log7-2 2 + 0 5(loglogT),
o (21))

whence U <Cg —logT ——oe0 uniformly in y as T —»00 by (43). Therefore
it follows that, uniformly in vy,

to+ /1+ k = o(exp{”,,(crt(y)}) (T —»00)
implying that

h = fy{aT{y)) - {k +h + h} > exp{y>v(<7r(y))}

for sufficiently large T.
On the other hand, from the monotonicity of n t> Ay(u) we deduce that

R

h —aT{y) / Ay(u)-exp(-u-aT(y))du <Ay(R) mxp{-aT(y) &I - e)T)
@@-or

and consequently

(74)  log Ay(R) ><((TT(y)) + T mT(y) - £+T «aT(y) + 0(1).

It is not difficult to replace (Py((?T{y)) resp. T <crr(y) by y(@R(y)) resp.
R «&R(y) in the inequahty above: If we apply the mean value theorem and
(72) we see that

R*A(y)) - p(<TTIY) i (CT(Y) - tR(Y)) IR < eTaT(y),
and another application of (72) yields

R wR{y) - T maT(y)| ~ T wor{y) - QR(y)) +eTaR(y) < eTaT(y).
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Therefore we have
(75) l0g A y(R) > Y (<TR(y)) + R *VR(y) * 0(e aT ®aT(y))

where the O-constant depends at moston s, but notont ory. Our definition
of £ and the relations (41), (42) and (43) imply that the error term in (74)
does not exceed

K* mv/T/y-logT3/2

where K *is a constant that is independent of T and y for all y satisfying
(67); of course, K* may depend upon S. This finishes our proof of Theorem
4.
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ON CARDINAL INVARIANTS
OF CONTINUOUS IMAGES
OF TOPOLOGICAL GROUPS

M. G. TKAOENKO (Tver)

Introduction. In 1949, A. S. Esenin-Vol’pin [8] proved the coincidence
of the character and the weight of every dyadic compact space. Later this
result was generalized in different directions. Thus, in the paper of A. V.
Arhangel’skii and V. I. Ponomarev [4] it was shown that the weight of every
dyadic compact space is equal to its tightness. The deep result of Efimov,
Gerlits and Hagler is the following statement: if a dyadic compact space X
of an uncountable weight r is not a union of countably many closed subsets
of smaller weight, then there exists a continuous mapping of X onto the
Tychonoff cube IT (see [7, 9, 12]). In particular, the conclusion holds if
cfr > NO-

We shah call a space quasidyadic ifit is a continuous image of a dense sub-
set of a generalized Cantor cube. The problem of investigation of quasidyadic
compact spaces seems to be more complicated than that of compact dyadic
spaces. One of the earliest results in this area is Theorem 6 in [10], which
claims that every compact continuous image of a E-product of doubletons is
metrizable. In [20] this result is extended to ah compact spaces which are
continuous images of dense subsets of E-products of doubletons (of separable
metrizable spaces).

The next step in the development of quasidyadic compact spaces theory
was made by L. V. Shirokov [17]. In particular, Theorems 1 and 2 of [17]
imply coincidence of the weight of a quasidyadic compact space X with the
tightness of X, and of the character of X at any point p 6 X with the
hereditary x-character of X at the point p.

For every cardinal r the generalized Cantor cube DT has the intrinsic
structure of a compact topological group. Taking this into account, A. V.
Arhangel’skii [3] suggested to extend the sphere of investigations by consid-
ering “weakly dyadic” compact spaces, that is, compact continuous images of
dense subsets of cr-compact topological groups. For example, does the weight
of a weakly dyadic compact space coincide with its tightness? This problem
of Arhangel’skii was partially solved by V. V. Uspenskii. He proved in [22]
that the equality w = x of Esenin-Vol’pin holds for all weakly dyadic com-
pact spaces. The complete solution of the above problem is given in [21],
whose Corollary 2.23 states that w(X) = t(X) = id(X) for every weakly
dyadic compact space X (here w, t, id denote the weight, tightness and
dyadicity index resp., see [3]). However it remained open the question of
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Uspenskii if a “local” version of Corollary 2.23 in [21] is true, i.e., whether
the character and the tightness coincide at every point of a weakly dyadic
compact space.

Here we answer the question of Uspenskii in the affirmative. Our main
result, Theorem 1, claims that if S is dense in a product of crcompact topo-
logical groups and a compact space A is a continuous image of S, then
x(p,X) = t(p, X) for every point p £ X. The same conclusion remains valid
in a more general case when S is dense in a product of Lindel6f E-groups
(the corresponding definition is given below).

Recall that a space X is said to he perfectly fc-normal [19, 5] if the closure
of each open subset of X is a Gg-set in X. It is well-known that DT is
perfectly fc-normal for each cardinal r. Nevertheless a dyadic compact space
need not be perfectly fc-normal: to get an example it suffices to identify two
distinct points of DTwith r > Ko- Thus, weakly dyadic compact spaces need
not be perfectly fc-normal. However, if a continuous mapping / : H —X of
a Lindel6f E-group H onto a compact space X is open, then X is perfectly
fc-normal; moreover, the closure of each G”s-subset of X is a G$-set in X
(Theorem 2). Note that the above mapping / is not assumed to be closed.

Terminology and notations. All topological groups are assumed to be
Hausdorff, and topological spaces to be Tychonoff. Following [16, 1] we call
X a Lindel6f E-space if there exists a countable family T of closed subsets of
the Cech-Stone compactification 38X with the following property: for every
x € A and y £ BX \ X there exists F £ F such that x £ F Q BX \ {y}.
If there exists a family T' of closed subsets of R X with the same property
and \F'\ < r, then we write Nag(A) < r. So A is a Lindel6f E-space iff
Nag(A) » KO. One can easily verify that if A = UV and Nag(P) < r for
each P £V, then Nag(A) |P|-r. This implies that if a topological group G
is generated by its subspace A, then Nag(G) < Nag(A) K0 [22]. Obviously,
Nag(A) < Ko for every crcompact space A. The same inequality holds for a
space A with a countable network [16].

We call a union of arbitrary many G”-subsets of A a G”s-set in A.
By w(A), nw(A), t(A), Tx(A) we denote the weight, the net weight, the
tightness and the 7T-character of a space A, resp. If p £ A, the symbols
X(p, A), >xx(p,X) and t(p, X) stand for the character, the x-character and
the tightness of A at the point p, resp. (see [13]).

The main results. The aim of the article is the proof of the following
theorem.

Theorem 1. LetS be a dense subset in aproduct of a-compact topolog-
ical groups, and let the compact space X be a continuous image of S. Then
x{Pi A) = t(p, A) for every pointp £ A.

Remark. In case S coincides with a product of spaces with countable
networks, the conclusion of Theorem 1 follows from [10, Theorem 9]. Gener-
alizations of Theorem 1 (see Corollaries 1 and 2 below) cover this case with
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a stock.
Now we turn to the other result.

Theorem 2. Letf be a continuous open mapping of a Lindeldf E -group
H onto a space X of pointwise countable type. Then cIxQ is a Gg-set in X
for every Gg”~-subset Q of X. In particular, X is perfectly k-normal.

Proof. Let V be a family of Gj-sets in X, and let Q = uV. Put
B =cxQ and T = cla/-r(<?- Then T = f~x(B) because / is open.
Evidently / - 1(Q) is a G™E-set in H, so Lemma 2 of [22] implies that T is of
type Gg in H. Hence there exists a countable family 7 of open subsets of H
such that T = I17.

Extend / to a continuous mapping 4:RH —RX. Since H is a Lindelof
E-group, there exists a countable family T of closed subsets of R11 which
separates points of H from the points of BH \ H. One can assume that T is
closed under finite intersections. For every U G7 put U* = BH\c\BRH (H\U).
Then the following assertion holds:

(*) foreach G H and U G 7 there exists F G T such that 5 G F and
g-1(B)n(F\U*) =<

Assume that (*) fails. Then there exist ¢ G H and U G 7 which
contradict (*). By virtue of compactness of BH we have K — (g~1(B) I
M eHAaO\U* ¢ 0, where F(g) - {F GF :g € F}. But the definition of
T implies P| X(g) Q H, therefore g~x(B) MPI*"*) Qg_1(B) MH = T. This
inclusion and the fact that K ¢ O imply that T\U* ¢ 0. This contradicts
the obvious inclusions T Q U C U*,

Put K —{g(F\ U*) :F 6 T, U G7} Clearly, K is a countable family
of closed subsets of RX. By (*), for every x GX \ B one can find K GK so
that x GK QR X \ B, and hence B is of type Ggin X.

Let us turn to Theorem 1. We shall prove a more general result (Theorem
3) that implies Theorem 1 as a special case. To start with, we formulate a
notion due to L. V. Shirokov [18].

Definition 1. Suppose S~ INand / :5 —Y is a continuous mapping.
Then / is said to be regular with respect to I provided there exists an
operator e/ assigning to each open set 0 Q Y an open subset e/(0) of I such
that

(RI) ef(0)nS =1-\0y,
(R2) if U,V are open in Y and disjoint, then ey(Z7) and Cf{V) are disjoint.

Clearly, if S is dense in 1, then every continuous mapping /: 5 —aY is
regular with respect to . With the help of the notion of a regular mapping
Shirokov [18] gave a characterization of Ar-metrizable compact spaces in terms
of their embeddings into Tychonoff cubes. From technical point of view the
notion of a regular mapping is convenient because of the following reason.
Assume that S is dense in I, / is a continuous mapping of S onto ¥, T
is dense in ¥ and g is a continuous mapping of T onto Z. Then the set
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/-1 (1) nee(j not dense jn ji?i.e., the space Z need not be an image

of a dense subset of I under the mapping g o/. However the mapping
gof: f~I(T) —aZ is regular (with respect to M) by the following lemma
(see [21)):

LEMMA 1. LetS CI and suppose that f is a regular (with respect toll)
mapping of S onto Y, T Q Y, and g is a regular (with respect toY) mapping

of T onto Z. Then the mapping h =go IU M off 1(T) onto Z is regular
with respect to IT. O

To prove Theorem 1 (and its generalizations) we need several lemmas.
All of them, except Lemma 5, are given in [21]. For the reader’s convenience
we formulate them here.

Lemma 2 (see [21, Lemma 2.16]). Let £ be a closed countable cover of
a space Z of point-countable type. Then, for every non-empty Gg-set @ in
Z there exists a non-empty closed Gs-set ®* in Z such that @ Q ® and for
each B Ef either @ C5 or ®MH = 0. O

In what follows we use some notations. If M = 1 Xa, then for each

B QAputflse = £BXa and denote by > the projection of Il onto MNga.
a

Lemma 3 (see [21, Lemma 1.7 and Corollary 1.8]). Suppose that N =
N Aa> where for eacha E A, Xa is a Gg”-set in a Lindel6f'S-group. If

T is oftype Gs.x in I, then F —cInT is a Gg-set in 1. Moreover, there exist

a countable set B Q A and a closed Gs-set Fb of B such that F —>g1(Fe).
O

The lemma above and Lemma 2.15, Theorem 1.5 in [21] together imply
the following.

Lemma 4. Let M be as in Lemma 3, and assume that /1 is a countable
family of open subsets of . Then for every filter T7Z on the set X the upper

limit lim77. = f) cIn(U{i7 GN:U 6 R}) is of type Gg in . O
Rev.

The proof of the lemma is based on the fact that a Lindel6f E-group has
a large stock of open homomorphisms onto groups with a countable network

[22]. Lemma 4 does not infer that lim7£ ¢ O.

Lemma 5. Suppose that R is of type Gg” in aspace Y ofpoint-countable
type, and y E clyA = B. If >xx(y, B) < Ho, then there exists a countable ir-
hasé p of Y at the point y such that V NMB ¢ 0 for each V E p.

Proof. Since irx(y,B) < Ho, there exists a countable #-base n of B at
the pointy. Clearly, Uf]JR / 0 for each U E X. Taking into account that Y is
of point-countable type, for every U E Aone can find a non-empty compact
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set Ku Q UTIR so that x(Ku,Y) < Ho Let yu be a countable base of Kjj
inY. We put p = U{7i/ : U € A}. It is easy to see that the x-base p of Y at
y is as required. O

Now we formulate the main result of the paper in a sufficiently general
form.

Theorem 3. For everya & A let Xa be a Gs”-set in a Lindelof £-

group Ha, and assume that N = Xa, S CI and f is a regular (with
a(z.A

respect to H) mapping of S onto a space Y of point-countable type. Then

x(p, Y) = t(p,Y) for each pointp £7.

Proof. It is sufficient to show that %(p,Y) " t(p,Y). Assume that
there exists a point p £ Y with t(p,Y) < x(p,Y). Then the point p is
not isolated in Y. Let ® be a closed subset of Y and p £ ®. One can
find a compact set ®o of a countable character in ® so that p £ ®0 Q &.
By a recent theorem of I. Juhasz and S. Shelah [14] we have xx(p, ®o) i
M (p, ®o) (if the cardinal xx(p, @o) is regular, this inequality follows from [13,
Theorem 3.14.b]). Clearly, t(p, ®0) * t(p,Y). Lemma 1in [2] implies that
X(p, ) N xx(p, Po) *x($0, ®), and hence xx(p, P) i Kp>Y)- Consequently
a hereditary x-character of ¥ at the point p does not exceed t(p,Y).

For the sake of simplicity we assume that t(p,Y) = Ho; this special
case is completely analogous to the general one. For every a £ A define
Ya = cl//aXa. By Theorem 2 in [22] Ya is a Gj-set in the group Ha (this
follows also from our Lemma 3), and since Ya is closed in Ha, we have

n
Nag(y*) < Nag(™a) < H>- The set Nisdense in M = I Ya, so the mapping
aEA

f is regular with respect to IN. Let ef be a lifting operator corresponding

n
to / (see Definition 1), where e/(0) is open in I for each open set 0 Q Y.
By T(p) denote the family of all open subsets of ¥ containing p, and put

F* = M{cln*e/(0) : 0 € F(p)}, Fp = F* T, where ™ = T RYa is the

06 A
product of Cech-Stone compactifications RYa.
For a subset B Q A, denote -ks the projection of M onto Ilg = - Ya.
a
By pb denote the projection of ™ onto Jig = [, BRYa. Let T be the union

atB

n
of all G”-sets of T contained in Fp. Lemma 3 implies that the set clnT ¢ Fp

A n
is of type Gs in I, and therefore T = clgT is the maximal G$-set of M lying
in Fp.

For a subset ® Cy let ®be the union of all G*-sets in ¥, lying in ®. If
F is a family of subsets of ['** and z £ IM*, then put F(z) —{F £ F :z £ F}.
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We claim the following.
Assertion 1. For every countable family F of closed subsets ofll* sat-

. _
isfying the condition M\ Fp I UF, there exists a pointz G S\ Fp such that
p G cly®p for each F GF(z), where ®p = c\yf(F IS).

Assume the contrary. Then there exists a family F which contradicts the
assertion above. Therefore for every point z G S\ Fp one can find F(z) G
G F(z) so that p £ cly®p(*). For every z G S \F P put Pz = ®p(2) and
consider the family £ = {Pz :z G S \ Fp}. Obviously |f| < |*| * Ko, and all
elements of £ are closed in Y. Let us verify the inclusion Y\{p} Q Uf. First,
note that FpflS = / _1(p). Indeed, suppose that y GV\{p}. Choose disjoint
open neighborhoods 0 and U in Y of the points p and y resp. Then e/(0) IN

Cef (U) =0and f~\y) Cf~\U) g ef(U)nS, soFpc dAe/(0) CB\f~\y).

Consequently FpnS =/ _1(p). The inclusion Y \ {p} C uf follows now from
the obvious facts that Y \ {p} g f(S \ Fp) and /(z) G Pz for each z G
G S\ Fp. If p £ Uf, then, since elements of f are closed in Y, we have
y(p,Y) = if(p,Y) < |f| < Ko, a contradiction. Thus the equality Y = Uf is
valid.

For every P G f choose an open subset Vp of Y so that p G Vp and
Vp MNP = 0. Denote &= fl{Vp : P G£}+ Then ®is a non-empty Gg-set
in Y and by Lemma 2 there exists a nonempty G”~-set @' in Y such that
@' Q @ and for each ?G ( either @' MP = 0or ® g P. Since £ is a cover
of Y , some element P* GE£ meets @®'. Then the definition of @' implies that
@ C f, and hence @ g P*. This contradicts the facts that ® Q ® I Vp.
and Vp. MP* = 0. Thus the assertion is proved.

N

Since T is a closed Gg-set in 1, one can find a countable subset C g A
. -1 .
and a closed G$-set Tc in Hc so that T = »c1{Tc) (Lemma 3). Fix a
n

countable family Bc of open subsets of £ so that Tq —Ic INfj Bc, and put
e=Pclec)={pt\U):U tOc}.

Now we will carry out an inductive construction. Put Fq—po = 0 and
5(1) = C. Let n G N+ and assume that a subset B{n) g A and families
Fn-1, Pn-i have already been defined so that |5(n)| ¢|JFn_1] » | Ko
Since Nag(Va) < KO for each a G B(n), we have Nag”~Ig™”™ g KO (see [1]).

Hence there exists a countable family F* of closed sets in which sepa-

N N
rates points of IN.(,,) from points of (M opg (Definition 1 of a Lindelof

E-space X does not depend on the choice of the Cech-Stone compactifica-
tion RX of X ; one can substitute BRX by any other compactification [1]).
Denote by Fn the smallest family of closed sets in '™ which is closed under
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finite intersections and contains the families Tn-\, {P8(n)(-tO : K € -F*} an<l

{N*\U:U £ 8). Itisclear that M QUFn. Put = (cly/(FnS) : F £ Fn}.
Then |f,,| W \FN\* No- Let  be the family of all P £ fn satisfying p £ clIP.
By Assertion 1, the family  is not empty. With the help of Lemma 5, for
every P £ £n one can find a countable #-base pp of Y at the point p so that

VP ¢ O0foreach V £ pp. Put pn = pn_i u(J{pp : P £ £,}. Clearly,
|p,,] » No- For every V € pn there exists a countable subset B(V) Q A such

that clAef(V) = (apply Lemma 3). Since the projection

Pb(v) is open, we have K = PwY)PB(Y)(K), where K = cIn*e/(F). Then
define B(n + 1) = B{n) UU ("0 :V £ Pn}- Obviously |B(n + 1) » NO-
To end our construction, put B = U{5(n) :n £ N+},p = U{//,, :n?N}
and F = L){Fn :n £ N}. It is clear that |jO| «\p\ m\F\ * No- It follows from
the construction that F = PbV b(F) for each F £ F, and the same equality
holds if one substitutes F by di].e/(Vr), V £ p. Furthermore, the family

n n
Te —{pb{P) *P € F} separates points of M8 from points of \ Me, and

Il
the family F is closed under finite intersections. The inclusion M C uF is
obvious.
Applying Assertion 1 t6 the family F choose a point z £ S\ Fp. The
above construction implies that p is a m-base of Y at the point p, and for

each P £ £ the subfamily pp = {V £ p :V nP o 0} of p is.a #-base aPY
at p as well, where £= {cly/(F M5) :z £ F £ F}.
For every 0 £ T(p) put VO= U{e/(i7) : U£p, U£ 0}. Put also A* = I
n

n{cin*Vo : 0 £ T(p)} and R = R* N Tl. An easy verification shows that
A* = p~pe(A4*) and R = Talxs(4).
Assertion 2. The set R is of type Gg in A, R Q Fp, and R\T ¢ {.
Indeed, the inclusion R Q Fp foIIovxs from the definitions of R and Fp.

Lemma 4 implies that R is a G$-set in IM. It remains to show that R\T ¢ O.
Consider the set K = MF(z). Clearly K =p”p8(K). Since the family Fp
A A A

separates points pf s from points of M~ \ Mg, we have ps(K) QB- The

fact that pp is a #-base of Y at the point p for each P £ f implies that
VolMF o O whenever 0 £ T(p) and F £ F(z). The family {Mo :0 £ T(p)}
is directed by inclusion and the family F(z) consists of compact sets, so we

have R* MK ¢ 0. Since R* = pf*peiR*), K =p~"pB(K) and ps(K) C s,

n
the set R* MM MK is not empty, i.e., R MK ¢ 0. However, KMNT = 0,
because z $ T and K = r\F(z) QIM*\ N0 Q M*\ T. Consequently R\T ¢ 0,
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and Assertion 2 is proved.

It remains to note that the existence of the set R with the above prop-
erties contradicts the definition of the set T. This contradiction means that
X (P,X)ANO. O

The following corollary of Theorem 3 generalizes Theorem 1.

Corollary 1. Let S be a dense subset of a product of Lindel6f E-
groups and assume that a compact space Y is a continuous image of S.
Then x(p, Y) = t(p,Y) for each pointp €Y . O

Another corollary of Theorem 3 has a purely topological character.

Corollary 2. Let a compact spaceY be a continuous image of a dense
subspace of a product of cosmic* spaces. Then x(p,Y) = t(p,Y) for each
pointp £Y.

Proof. Assume that S is dense in the product N = Xa of cosmic

oCcEA
spaces Xa and Y is a continuous image of S. Let Ha — F(Xa) be the
free topological group over X a, a € A (see [11, 15]). Since Ha is generated
by its subspace Xa (in an algebraic sense), we have nw(i/a) ~ nw(Xa) is
< Ho- Inparticular, Ha is a Lindel6f E-group of a countable pseudocharacter.
Consequently X a is a Gj*-subset of Ha, a £ A. An application of Theorem
3 completes the proof. a

Theorem 3 and Lemma 1 yield together the following.

Corollary 3. Suppose that So is dense in a product of Lindel6f E-
groups, Yo is a continuous image of So, Si is dense in YO, Yj is a continuous
image of Si, and so on. If Yn is a compact space for some n £ N, then
x(p,Y,,) = t(p, Yn) for each pointp £ Yn. O

Finally, we formulate three questions connected with the above consid-
erations. The first and the second questions provide a way of generalizing
Theorem 2.

Question 1. Suppose that a compact space Y is an image of a dense
subspace of a Lindel6f E-group under an open continuous mapping. Must Y
be perfectly Abnormal?

Question 2. Let a compact space Y be an image of a product of Lin-
del6f E-groups under a continuous open mapping. Is it true then that Y is
perfectly fc-normal?

Question 3. Suppose there exists a continuous mapping of a dense
supbspace of a cr-compact topological group H onto a Tychonoff cube 7T,
r > No- Is there a continuous mapping of H onto 7T?

*A space X is said to be cosmic provided nw(X) is No-
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ON SOME GENERALIZATIONS
OF THE KAKUTANI-STONE
AND STONE-WEIERSTRASS THEOREMS

M. I. GARRIDO and F. MONTALVO (Badajoz)

1. Introduction

For a completely regular Hausdorff space X,C*(X) denotes the algebra
of all bounded real-valued continuous functions over X . We consider the
topology of uniform convergence over C*(X).

When K is a compact space, the Stone-Weierstrass and Kakutani-Stone
theorems provide necessary and sufficient conditions under which a function
/ e C*(K) can be uniformly approximated by members of an algebra, lattice
or vector lattice of C*(K). In this way, the uniform closure and in particular
the uniform density of algebras and lattices of C*(K), can be characterized.
Other authors, like Csaszar, Nobeling, Bauer and others have studied the
uniform density of lattices of C*(K) with some additional properties (sub-
tractive lattices, affine lattices, semi-affine lattices, etc.).

When X is a noncompact space, different versions and generalizations
of these theorems have been given. Thus, Hewitt [6] in 1947 gives a uniform
density theorem for algebras of C*(X) containing all the real constant func-
tions. This is done through the identification between the rings C*(X) and
C(BX) (BX is the Stone-Cech compactification of X), and it is a general-
ization of the Stone-Weierstrass theorem. In a paper devoted to the study
of the comparison of certain compactifications of X [1], Blasco establishes
the relationship existing between an extension problem of bounded continu-
ous functions and a problem of uniform approximation. In this context he
characterizes the uniform closure for certain lattices of C*(X).

In this paper we make a systematic study about uniform approximation
for algebras and lattices of C*(X). If$ is an algebra or lattice (vector lattice,
affine lattice, etc.) we shall characterize its uniform closure and we shall give
necessary and sufficient conditions for uniform density in C*(X). For our
purposes we shall also identify the rings C*(X) and C(RX). In this way, we
generalize the classical results in the compact case. Likewise we also obtain,
in particular, the mentioned generalizations by Hewitt and Blasco.
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2. Notation

As we have already mentioned, for a completely regular space X, which
has more than one point, C*(X) denotes the set of all bounded real-valued
continuous functions endowed with the uniform convergence topology. C*(X)
can also be provided with an algebraic structure and an order structure,
defining pointwise the suitable operations. Thus, if 3 is a subset of C*(X)
we shall say that 3 is:

1. aring,iff,g £ 3 then/ —g £ 3 and fg £ 3-

2. a linear space, if /, g G3 and J/1,p £ R then A/ + pg £ 3-

3. an algebra, if ~ is a ring and it is a linear space.

4. alattice, iff,g £ 3 then f\Jg £ 3 and f/\g £ 3, where fVg = sup{f,g}
and (/ Ag) = mi{f,g}.

5. a vector lattice or linear lattice, if 3 is a lattice and it is a linear space.

6. a subtractive lattice, if $ is a lattice and if /,g G3 then / —g £ 3-

7. an affine lattice, if 3 is a lattice and iff £3 and a £ Rthen/ +a £ 3
and af £ 3-

8. a semi-affine lattice, if # is a lattice and if f £ 3 then / + a £ 3 and
pf £3 forevery a£ R and p £ " where I is a set of real numbers containing
0 and unbounded both from above and from below.

Given / £ C*(X) and a real number a, we let La(f) = {x £ X : f(x) "
N a}, La(f) = {x £X :/(x) ™ a} and we refer to La(f) and to La(f) as the
Lebesgue sets of /. We let Z(f) denote the set {x £ X : f(x) = 0} and call
it zero-set of /.

Suppose that 3 C C*(X) and that A and B are subsets of X. We say
that 3-

1 S\-separates or completely separates A and B when there is g £ 3
such that 0 ~ jf5 1,9iX) = 0ifx £ A and g(x) = 1if x £ B.

2. Sa-separates or separates A and B when there is g £ 3 such that
701} Mff(iFj = 0.

3. Si-separates (i — 1,2) the Lebesgue sets ofafunction f when for every
a <b, 3 .Si-separates La(f) and Lb(f).

We also say that 3 separates (resp. strongly separates) points of X when
for every xj M xiin X there is g £ 3 such that <?(xi) / g(x2) (resp. when
for every x\ f- Xi in X and for every pair of real numbers a, b, there is g £ 3
such that g(x 1) = a and fir(x2) = h).

Finally, BX denotes the Stone-Cech compactification of X . This space
can be characterized by many forms. For instance BX is the unique (up to
homeomorphism that leaves X pointwise fixed) compactification which has
the following property:

‘Every function in C*(X) can be continuously extended to X ™.

Thus if f £ C*(X) and is its (unique) extension to BX, the map / —*
—>/0 is an isomorphism of rings from C*(X) onto C{RX). In this way we
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can identify the rings C*(X) and C(BX). If5 C C*(X) and is the set of
all continuous extensions to X of functions in then J and have the

same algebraic properties and it is easy to check that # (being the
uniform closure).
The above exposition is contained essentially in Gillman-Jerison’s book

51

3. The classical results

In this section we state (without proof) the classical results for the com-
pact case. Although they are well-known we prefer to recall them because
they will be generalized one by one.

Theorem 1 (Kakutani-Stone, [7], [11], [12]). Let K be a compact space,
3 C C*(K) a lattice and f £ C*(K). Then f £ 5 if and only ifforany
X\ ¢ x2 £ K and e > 0 there is g £ $ such that \g{x\) —f(xi)| < e and
\9{x2) - /(*2)] < e.

Consequently, 5 is uniformly dense in C*(K) if and only if for any
X\ ¢ x2 € K, for any pair of real numbers a,b £ R and e > 0 there is
g £ $ such that |g(a;i) —a\ <e and |g(x2) —h\ <e.

Theorem 2 (Kakutani-Stone, [71, [11], [12]). Let K be a compact space,
5 C C*(K) a vector lattice and f £ C*(K). Then f £$ if and only if for
any x\ ¢ x2 in K there isg £ 5 such that g(xi) = f{x\) and g(x2) = f(x2).

Consequently, $ is uniformly dense in C*(K) if and only if $ strongly
separates points of K .

The following theorem gives some sufficient conditions under which cer-
tain lattices containing all real constant functions are uniformly dense in
C*(K). It can be obtained as a consequence of Theorems 1 and 2, though
they have been studied in a different framework, exactly, in the theory of
uniform spaces.

Theorem 3. Let K be a compact space and $ a subset of C*(K) con-
taining all the real constant functions and separating points of K. Then $ is
uniformly dense in C*(K) if any of the following conditions is satisfied:

(i) 5 is a vector lattice (NGbeling-Bauer [10]).

(ii) 5 is a subtractive lattice (Csaszar-Czipszer [3]).

(iii) 5 is an affine lattice (Csaszar-Czipszer [3]).

(iv) 5 is a semi-affine lattice (Csaszar [2]).

Theorem 4 (Stone-Weierstrass, [11], [12]). Let K be a compact space,
$ ¢ C*(K) a subalgebra and f £ C*(K). Then f £ $ if and only if the
following conditions are satisfied:

(i) 5 separates values of f (i.e., if for every xi,x2 £ K with f(xi) @
o f(x2) there is g e $ with g(xi) ® g(x2)).
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(i) 3 is non-vanishing on the points x £ K such that f(x) ¢ 0 (i.e., if
f{x) ¢ O there isg £ 3 with g(x) ¢ 0).

Consequently, 5 is uniformly dense in C*(K) if and only if 5 separates
points of K and $ is non-vanishing on K.

The proofs of Theorems 1, 2 and 4 are contained essentially in Nachbin’s
book [9].

4. Uniform approximation for sublattices of C*(X)

In this section we generalize the theorems by Kakutani, Stone, Csészar,
and others (i.e., Theorems 1, 2 and 3) for sublattices of C*(X). For this,
we identify C*(X) and C(8X). This identification allows us to translate
conditions related to points in X into conditions related to Lebesgue sets
or zero-sets in X.

Theorem 5. Let$ be asublattice ofC*(X) and letf £ C*(X). Suppose
that for every a < b and e > 0 there exists g £ 3 such that
\g(x) —a <e if x £ La(f),
\g(x)-b\<£ if x £L\f).

Then fez.

Proof. We are going to apply Theorem 1to prove that fB e sa- Let
p ¢ g be two points in R X and let e > 0. Firstly, suppose that fB(p) ® f3(q)
(for instance, f3(p) < fR(g))- Let 0 < 6 < \(fBR(q) —f B(p)), then

pe{y e BX:t8(y) < t{p) +63 C Clegx{y e BX: f8(y) < f5(p) + 6} =
= Clex{y € X :f(y) <tnofp)+ 6} C Clax L ir{p)+s(f).

Similarly g £ CIRxL”R" ~ s(f). By hypothesis there exists g £ 3 with

g(x) - (FR(p)+*)| <6 if *€LMR{p)+S(f),
\g{x) - (fB(g) - S\ <6 if xelL fRM-\f).

Therefore |p~(p) —f B(p)\ # » and DR(q) ~ fR(g)I= 2&
When 1 g (p) = t8(q), the points p and g belong to CIRXLfRA+s(f) f°r

any 6 > 0. Taking g £ 3 such that |g(x) —(fR(p) + G| < 6ifx £ L//3p)+a(/)
and \g(x) —b\ <6if x £ Lb(r), being b any real number with b> t¢ (p) + S,

we obtain that \ge(p) — 6 {p)\ » 25and \gr(q) —F 8 {q)\ WA 21.
The proof is concluded when we take $< e/2.
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Theorem 6. Let3 be a sublattice of C*(X). The following conditions
are equivalent:

(a) 3 1iS uniformly dense in C*(X).

(b) For every pair of disjoint zero-sets in X , Z\ and Zi, for every pair
of real numbers a, b and e > 0 there exists g £ 3 such that |A(X)— a\ < £ if

x £ 2\ and |[<IR—B}<ceiftx £ zi.

Proof. From Theorem 5 it follows that (b) implies (a). To prove that
(a) implies (b) it is enough to note that if z\ — z{f\) and zi — z{fi) are
disjoint zero sets in x , then the functiong = a+ (6—)ff/(/* +/|) belongs
to s and it takes the values a and b on z\ and zi respectively.

Remark. The condition in Theorem 5 is not necessary even when 3 is
a vector sublattice of c = (x). For instance if 3 is the set of all functions on
[0,1] of the form /(X) = ax (a £ R), then 3 is a (vector) sublattice which
does not satisfy that condition for its functions. Let us note that s does not
contain the constant functions.

For sublattices containing all the real constant functions the next theo-
rem can be established.

Theorem 7. Let3 be a sublattice of C*(X) containing all the real con-
stantfunctions and letf £ C*(X). Then f £ 3 ifand only iffor every a < b
and £ > 0 there exists g £ 3 such that

[II(I) - av < £ it x £ La(f),
[5(z) -6\ < £ it x £ Lb(f).
Proof. It is enough to prove that this condition is necessary. Suppose

/| £3, a<band: > 0. Take 0 < &< and nh ¢ 3 with \n- 1\ <. Thus,
we have

a (h(x)Vayabra +6 if x £ rLa(f),
b-sA(h(x)\/la)Ab<b if x £Lb[f).
Now, ifs < £ and ¢ = (h Va) N, then ¢ belongs to s and hence ¢ is the

required function.

Now we shall see that if the lattice has some additional properties then
the separation condition in the above theorems admits several equivalent
formulations. To this end, we need the next result.

Lemma 1 Let 3 be a semi-affine sublattice of C*(X). |If 3 separates

points in X then 3 strongly separates points in X .

Proof. Let x ¢ y be two points in x ,let a < b and g £ 3 such that
g(x) ® g(y)- We can suppose that g(x) < g(y), because in the other case
taking p < O such that pg £ it is obvious that pg(x) < pg{y). Let 1>

> g(y)-g(x) Then the function h = (a V(Ag -fa - AM(X))) A6 IS
in 3 and it satisfies h(x) — a and nh(y) = b.
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Theorem 8. Let d be a semi-affine sublattice of C*(X) and let f E
E C*(X). The followin conditions are equivalent:
(X) g q

d) fed
b For every a < b and e >0there exists g E d such that
0or) —8&| < e if x E La(f) and \g(x) — b/ <E it xe Lb(f)
(C) For every a < Dthere exists g Ed such that
g(x) = a if x EvLa(f) and g(x) =b if X € Lb(f).

(d) d Si-separates the Lebesgue sets of f.
(e) For every a < D there exists g Edsuch that

Sup{i/(X) : X Gra(r)} <inf{<7(x):X€ L)}

(whenever La(f) and Lb(f) are not empty).
(f) d separates the Lebesgue sets of f .

P roof. Since every semi-affine sublattice contains all the real constant
functions, then (a) and (b) are equivalent (Theorem 7).

(b) implies (c). Leta<b, 0<e< and g Ed such that \g(x) —a\ < e
if x E La(f) and \g(x) —6| < e if x E Lb(f). The function h = ((a+e) Vg) A
(6 —e) belongs to d and satisfies h(x) = a+ £if x E La(f) and h(x) —b—£
if x € Lb(f).

If £ denotes the set of functions 9E C*(R) such that poh Ed, then it
is easy to check that £ is a semi-affine sublattice separating points of R, and
so £ strongly separates pointy of R (Lemma 1). Thus, there exists P E £
with <pla+ e) —a and pb—=e) = b and hence the function poh isin d and
it satisfies (poh)(x) = aif x GLa{f) and (?oh)(x) —bif x E Lb(f).

Trivially (c) implies (e) and (e) implies (f).

() implies (b). Let a < band £ > 0. By hypothesis there is g E d which
separates La(f) and Lb(f). If K = g(X) and if £ again denotes the set of the
functions E C*(K) such that pog E di then £ is a semi-affine sublattice
separating points of the compact space K, and so £ is uniformly dense in
C*(K) (Theorem 3).

Since g(La(f)) and g(Lb(f)) are disjoint closed sets in li, there exists
if E C*(K) such that ip(x) = a if x Eg(La(f)) and (x) —bif x E g(Lb(f)).
If now we choose pE £ with ?—d\ < e, then the function ¢0g 6 d and
hence the condition (b) holds.

We have proved the equivalence among the conditions (a), (b), (c), (e)
and (f). Obviously (d) implies (f). If now we repeat the proof of “(b) implies
(c)” but taking p E £ such that ip(a+ e) = 0 and <o —e) = 1 then the
function ((tpoh) vO0) M1lisin d and completely separates La(f) and Lb{f).
Hence (b) implies (d).
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Remark. In [1], Blasco pointed out the equivalence between the condi-
tions (a) and (e).

Next, we show by means of some examples that in the above theorem
we cannot allow 5 to be an arbitrary sublattice containing all the constant
functions. Namely, in order that a function is in the uniform closure of a
sublattice containing all the real constant functions, conditions (e) and (f)
are only necessary (Example 1), condition (c) is only sufficient (Example 2)
and condition (d) is neither necessary nor sufficient (Examples 1 and 2).

Examptes. (1) Conditions (d), (e) and (f) are not sufficient. Let 5 be
the set of the functions in C*(R) which are constant or they take values
in [0,1]. 5 is a uniformly closed sublattice containing all the real constant
functions which separates the Lebesgue sets of every / £ C*(R) as in (d),
(e) and (f), but it is obvious that not every function in C*(R) is in J.

2 Conditions (¢) and (d) are not necessary. Let 5 be the set- of polyg-
onals on [0,1] whose straight lines have slope strictly less than 1 Then 3 is
a sublattice containing all the real constant functions and it is easy to see
that the identity function / belongs to 5 (the straight line joining (0,e) with
(1,1 —e) isin 5 and at a distance e from the identity function). Nevertheless
any function g £ 5 does not satisfy that for 0 4 a < b” 1,p([0,a]) = (a) and
g([b, 1)) = (b). In particular, this implies that 5 cannot completely separate
LO(f) and L\f).

Theorem 9. Lets$ be asemi-affine sublattice ofC*(X). The following
conditions are equivalent:

(@) $ is uniformly dense in C*(X).

(b) For every pair of disjoint zero-sets in X , Z\ and Z2, for every pair
of real numbers a, b and £ > 0 there exists g £ 5 such that

Er(s) —a| < £ if x£2Z\ and |K(x) " <£ if x £ Z2

(c) For every pair of disjoint zero-sets Z\ and Z2 of X and for every pair
of real numbers a, b there exists g £ 5 such that

g(x) =a if x£Z\ and g(x) =b if x £ Z2

(d) 5 S\-separates every pair of disjoint zero-sets in X .
(e) For every pair of non-empty disjoint zero-sets in X , Z\ and Z2 there
exists g € $ such that

sup{</(z): x £ Zi} < inf{</(a:): x £ Zj}

wherei=1landj =2, ori=2andj = 1.
(f) 5 separates every pair of disjoint zero-sets in X .
Proof. It is straightforward after Theorem 8.

Remark. Let us note that since every affine, subtractive or vector sub-
lattice which contains all the real constant functions is a semi-affine lattice,
the above two theorems remain true for them.
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5. Uniform approximation for subalgebras of C*(X)

As before, we shall now make a similar study for subalgebras of C*(X).
In this way we shall generalize the Stone-Weierstrass theorem and we shall
obtain, as a consequence, the well-known result by Hewitt.

THEOREM 10. Letg be a subalgebra of C*(X) and let f £ C*(X). Then
f £5 if and only if the following conditions are satisfied:

(i) 5 separates the Lebesgue sets of f.

(if) For every e > 0 there are S> 0 and g £ 5 such that Le{\f\) C Ls(g).

Proof. Necessity. Suppose / £ Let a<band take 0<£< and
g £5with Ig ~ /|<£. Then g(La(f)) C (-oo,a + €] and g(Lb(f)) C [b-
—+£, oc). Hence g(La(f)) Mg(Lb(f)) = 0 and so (i) holds.

To prove (ii), we take e > 0,6 = e/2 and g £ £ with \g- |/|]| < S. (It
is well-known that the uniform closure of a subalgebra of bounded functions
is also a lattice, and so |/| £ $.) Obviously, g(x) > &if |/(z)| > £, hence
L'(\f\) C L\g).

Sufficiency. Since the set $0 of all continuous extensions to R X of func-
tions in 5, is also an algebra and $0 = 57, it is sufficient to prove that
f0 £ $0. For that we shall apply Theorem 4.

Let p,g be two points in BX such that fO(p) ¢ fO{q)i for instance
fO(p) <f0O(q), and let 0 < £ < \(f0O(g) —f O(p))- Then, from an argument
already used in Theorem 5 it follows that p £ C\pxTfp~+fif) and q £

£ CIRXL"AR™ ~ e(f). Now, let g £5 be separatingt /W /) * " I"«-«(/).
Clearly g0(p) @ 90{q), hence $0 separates values of f 0.

Moreover $0 is non-vanishing on the points where f 0 is non-vanishing.
Indeed, let p £ BX be with fO(p) ¢ O, and let £ —\fO(p)\. By (ii) there
exist S> 0 and g £J such that Xe/2(|/|) C Ls(g). As before, we obtain that
P € C\BxLe/2(\f\) because p £ {y £ B X : \fO(y)\ > £"/2). It follows that
g0{p) Z6> 0 because CIRXL"'/2(\f\) C CIRXLs{g).

We can conclude that f0 £ $9and so / £ 5

THEOREM 11. Let $ be a subalgebra of C*(X). Then 5 is uniformly
dense in C*(X) ifand only if the following conditions are satisfied:

(i) $ separates every pair of disjoint zero-sets in X .

(i) $ contains a unity of C*(X) (i.e., there isf £ $ with f > £ > 0).

Proof. The sufficiency follows from Theorem 10. Conversely, if £ is
uniformly dense in C*(X) then, trivially (ii) is true. To prove (i) it is enough
to note that if Z\ —Z (/i) and Z2 — Z(f2) are disjoint zero-sets, then g —
= fi/(fi +/2)isin5 and it is equal to 0 on Z\ and to 1on Z2.

Remark. In [6], Hewitt shows that any subalgebra of C*(X) which
separates every pair of disjoints zero-sets in X and contains all the real

Acta Mathcmatica Hungarica 62, 1993



THE KAKUTANI—-STONE AND STONE—WEIERSTRASS THEOREMS 207

constant functions is uniformly dense in C*{X). But condition (ii) in the
above theorem is not equivalent to the condition on 5 to contain the real
constant functions. In fact, (ii) is equivalent for these functions to belong to

ff.

Corollary (Hewitt [6]). Lethi be a subset ofC*(X) such thatfor every
pair of non-empty disjoint zero-sets Z\ and Z? of X , there is g £ hi with
sup{|<7(a;)|: x £ Zj} < inf{<7(z): x £ Zj} where i = 1 andj =2, ori=2
and j —1. Under these conditions the subrlng $ generated by hi and all the
real constant functions is uniformly dense in C*(X).

Proof. It follows at once from Theorem 11.

In [6] Hewitt also shows that his results and, of course, Theorems 10 and
11, are true generalizations to the non-compact case of the Stone-Weierstrass
theorem. Namely, the condition over $ of separation of zero-sets cannot be
weakened to the requirement that 5 separates points in X .

All the preceding results lie in the framework of approximation theory,
although they can also be used in other topics, for instance, in the study of
compactifications of a completely regular space, algebraic-topological charac-
terizations of C*(X), extension problems of continuous functions, etc. (See,
for instance, Mrowka [8], Blasco [1], Garrido [4] and others.)
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A NOTE ON SUMS OF POWERS
OF COMPLEX NUMBERS

J. FABRYKOWSKI (Winnipeg)

Let n be a positive inte?_ler, zj complex numbers such that 1> |zi] >
IZil > ... ~ \znj and go(v) =" Zj, where v is an integer. Using probabilistic
(21
methods Erdos and Rényi [ﬂ have shown that one can find complex numbers
zj, kj\=1forj =1,2,... ,nsuch that for B > 0

(1) t)_Imax IffoHI ~ C(B)(nlogn)1/2.

Under the same assumptions Leenman and Tijdeman [2] proved that
max  \gO(v)\ > \n x<2

and gave an explicit construction of unimodular complex numbers zj, j =
1,... ,n satisfying (1) with C(B) —9B. On the other hand H. Montgomery
(see [4], p. 83) found unimodular complex numbers zj such that for every
e > 0 there exist infinitely many integers n for which

(2) I<{;1<an>§_* [oo(V)I < 2nY/2.

Related to (2) P. Tuaran raised the problem: what is |5f IA](1>a<>§]2|po(v)| if
min\:j\= 1.
i

The purpose of this note is to throw some light on Turin’s question and
simultaneously improve (2). In fact we shall show that there exist infinitely

many integers n and unimodular complex numbers zj, j = 1,... ,n such that
(3) max |po(u)] = 0(n1/2).
I£t;<n2+n

Let p be a prime number and q = p2+ p + 1. By Singer Theorem [3] there
exist integers no = 0,n\ = 1,n2,... ,np between 0 and gsuch that all (p+I)p
differences nj —n* (j @k, j, Kk = 0,1,... ,p) are distinct modulo g. Putting
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Zj = exp ("Ynj)> =0,l,...,pw e have:

Yo = VL RTL oL\
oM>= " op\—mi1 = PV i) -
4

j=0 y

2iri
= exP( ~ v(ni ~ nk)) + 2/~ exp I+ 1
j.fc=0,1,... p j=o

E ZTVﬂ- .
exp — Vv(rij-nk) + 2(p+)+1=p+2(p+1)+1=3(p+l)
j,fe=0,1,...,p

forall v=1,2,... ,q—1 so (3) follows.
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DIRECT SUM DECOMPOSITIONS
OF CONFORMAL RINGS

E. A. WHELAN (Norwich)

1 Introduction. In [4] Chatters and Jordan defined a ring R to be
a noetherian unique factorisation ring (noetherian UFR) if it satisfies the
following conditions:

(a) R is prime and

(b) R is (left-right) noetherian;

(c) every non-minimal prime P € spec(A) contains a non-minimal prime
of form Rp = pR for some p 6 R.

More recently [2] Chatters, Gilchrist and Wilson have extended many of
the results of [4] to the case of any ring satisfying only conditions (a) and
(c), which they call unique factorisation rings (JJFRs) (and which we here
call prime UFRs).

There are, however, two main results of [4] which have so far not been
extended to the most general context discussed in [2]. The first is Theorem
2.4, which states that a prime noetherian UFR R is a maximal order in its
(left and right) artinian ring of quotients Q; we have extended this result
(in [19], [20]) in the following form: a prime UFR R has a unique minimal
simple ring of left and right quotients, say S(R), which coincides with its
symmetric ring of Martindale quotients and which embeds (over R) in any
simple ring of left or right (classical) quotients of R, and R is a maximal
order in S(R).

The other ungeneralised result from [4] (Theorem 2.5) asserts that, if
we drop the requirement (a) that R be prime, then R is a finite direct sum
of prime (noetherian) UFRs and of noetherian rings in which every prime
is maximal. This implies that, if R is semiprime and satisfies conditions
(b) and (c), then R is a finite direct sum of prime noetherian UFRs and of
noetherian simple rings (which are themselves ‘trivial’ prime UFRS).

The aim of this note is to explore generalisations (and the limits to gen-
eralisations) of this direct sum decomposition. There are two potential fines
of attack on the problem: first, simply to consider arbitrary rings satisfy-
ing the condition (c) on prime ideals; secondly, to exploit the fact that in
a prime UFR R every non-zero ideal | contains a non-zero, hence regular,
normal element (i.e., an element a such that Ra —aR: see Remark 3.1, or
Proposition 3.1 of [2]).

Prime (noetherian) rings with this latter property were termed confor-
mal in [7], where the fact that such a ring has a simple ring of fractions
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with respect to the left-right Ore set of regular normal elements was used
in an analysis of noetherian UFN rings, that is noetherian prime rings in
which there is a well-defined notion ([7], [8]) of unique factorisation of nor-
mal elements. We used the concept of a prime conformal ring (under a less
satisfactory name) in [15], employing the simple rings of fractions of certain
(not-necessarily noetherian) prime rings in analysing selected bimodules over
bi-noetherian polynormal (BPN) rings (see Section 2 for definition).

It turns out that the second line of attack is more fruitful, both because
it yields non-trivial results about a broader class of rings than the UFRs
and because there is a severe technical difficulty (see Remark 5.2), which
we have failed to overcome, in deciding whether a UFR must necessarily
have finitely many minimal primes; this problem does not arise if we follow
Jordan’s approach of requiring the presence of ‘nice’ normal elements in
sufficient supply.

We begin, therefore, by extending the concept of a conformal ring from
the prime rings to arbitrary rings in two different but natural ways. For
convenience, we say that a ring with finitely many minimal primes is Goldie
finite. With this terminology, one definition — T-conformal rings — turns
out to be very restrictive, and we show that a T-conformal ring must nec-
essarily be semiprime Goldie finite, and conformal in the other definition.
Using that more general definition of an (arbitrary) conformal ring, such
a ring must be Goldie finite, but need not be semiprime. (Section 7 dis-
cusses the relative merits of the two alternative generalisations in the light
of preceding sections.)

In general, a conformal ring in our definition need not have a good direct
sum decomposition (even if it is one-sided noetherian and a UFR — see
Example 5.7). But our two main results show that mild two-sided restrictions
do force conformal rings to have ‘good’ direct sum decompositions. It is
known [16] that BPN rings have properties at least as pleasing as those of
left-right noetherian rings, and our first main result (Theorem 4.4) shows
that a left-right noetherian or BPN ring is conformal if and only if it is a
direct sum of a semiprime conformal ring with no maximal minimal primes
and a certain type of ring with d.c.c. on two-sided ideals; this extends the
Chatters-Jordan direct sum decomposition of UFRs in less specific form.

Our second main result (Theorem 5.4) shows that, provided a UFR is
semiprime Goldie finite — a very different, but also a two-sided, condition
— then the full Chatters-Jordan decomposition can still be obtained: such
a ring is a finite direct sum of prime UFRs. Combining these two results at
Theorem 5.5 yields an extension (to BPN rings) — and offers a new proof for
left-right noetherian rings — of the original Chatters-Jordan decomposition.

As noted, these results highhght yet another marked contrast between
rings in which two-sided ideals are both left and right finitely generated and
rings which are noetherian only on one side. It is also worth mentioning that,
in the uniform proofs which we present for left-right noetherian and for BPN
rings, crucial roles are played by those prime ideals Q of a ring R such that
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R/Q is subdirectly irreducible (i.e., has non-zero, hence simple idempotent,
heart) and by partial quotient rings which have bimodule composition series,
but need not be right artinian.

Section 2 of the paper covers terminology and notation, Section 3 dis-
cusses preliminaries, and Section 6 discusses examples. Most of the work
presented here was inspired by [4] and [7], and grateful thanks are due to
Drs Chatters and Jordan for their comments and encouragement.

2. Terminology and notation. Terminology and notation are standard or
self-explanatory with a handful of exceptions. The term ring always means
an associative ring with unity, and all (bi)modules are unital. The term
ideal (unqualified by ‘left’ or ‘right’) always means two-sided ideal, and 1(72)
denotes the ideal lattice of a ring R. As in [12], we say that a bimodule or
ring is bknoetherian (bl-artinian) or satisfies the bi-a.c.c. (bi-d.c.c.) (or some
similar expression) if it satisfies the ascending (descending) chain condition
on subbimodules (ideals, respectively).

If S, R are rings then an element n of an S—R bimodule B is normalising
if Su = uR. In an S-R bimodule B over rings S, 72 a sequence u\, xt, m. =
is subnormalising if w, is normalising in M, w + M/(u\R) is normalising
in M/(u\72), and so on. (The reasons for this terminology are explained in
[13], though other names are widely used.)

We then call a ring or bimodule polynormal (PN) if each principal (two-
sided) ideal or subbimodule is generated by a finite subnormalising sequence.
Thus a bi-noetherian polynormal (BPN) ring or bimodule is one in which
every ideal or subbimodule is generated by a finite subnormalising sequence.
It is known that, if s 8 r is a left (right) faithful BPN bimodule then S(R) is
a BPN ring ([16], Theorem 4.8). Extensive classes of non-noetherian BPN
rings are identified in [16] and [14]; note that the terminology used here
follows that of [16], not [15] or [14].

If B —sBr is a bimodule, we say a subbimodule M of B is N -cyclic if
M = Sv = vR for some v G B. In this situation, every subbimodule L C M
is of form L = Yv —vX for some Y G 1(5), X G 1(72), and when using
the equation we always assume that Y, X are the unique ideals maximal
with respect to satisfying it, e.g. that X = {x GR :vx GL}. Aring is
noetherian (artinian) if it is left and right noetherian (artinian), and (see
[5], [6]) a bimodule s B r is noetherian if sB, Br are left, right noetherian
respectively. It is standard that this implies S/LAnn(B), 72/2Ann(77) are
left, right noetherian rings respectively. If sBr is a bimodule, we say it is
fully noetherian (fully BPN) if each of 5, 72, B is noetherian (respectively,
BPN).

A prime ideal Q of a ring 72 satisfies Q ¢ 72 The symbols spec(72),
max(72), min(72) denote the sets of prime, maximal and minimal prime ideals
ofaring 72, and P = P(R) denotes its prime radical. A ring is polysimple if it

Ada Maihematica Hungarica 62, 1993



214 E. A. WHELAN

is a finite direct sum of simple rings. If Q G I(R) then Q is quasi-primitive* if
R/Q is prime with simple (idempotent) heart, e.g. if Q c max(A); the set of
such ideals is denoted by quas(A); R itself is quasi-primitive if 0 Gquas(P).
A ring R is Goldie finite if min(P) is finite: it is well known that this is
equivalent to each of. (i) R/P(R) satisfies the a.c.c. on annihilator ideals;
(ii) R/P(R) satisfies the d.c.c. on annihilator ideals; (iii) R/P(R) has finite
bimodule uniform dimension; it is also equivalent to: (iv) P(R) contains a
product of prime ideals. Every bi-noetherian ring is Goldie finite.

If I 6 I(A), then C(l) (or Cr(1)) denotes the set of elements of R
which are regular mod I, and / is essential (or occasionally, for emphasis,
bi-essential) if it is an essential subbimodule of r Rr. The symbol C denotes
strict inclusion.

3. Preliminaries. For any ring I', let A(I") denote the set of non-zero
normal elements, and U(T) the group of units. Thenf/(T) Q A(I"), and when
I" is prime we have (i) N(T) QCr(0) = Cr(P(IN)); (ii) 0= P(MN c 'm = «I"
for all n c N(T). By definition [7], a prime (noetherian) ring J1is conformal
if N(A)C\l p OforallOp I G 1(A). In any ring R, let Np(R), Np(R) denote
respectively N(R) ncg(0) and {n g N(R) NMCr(P(R)) : P(R) QRn = nR}.
It is easy to check that n ¢ Np(R) implies P(R) = nP(R) = P(R)n, and
hence that Np(R): (a) is multiplicatively closed, and (b) does not contain
0. (Clearly Np(R) has the same two properties.) If Q is an ideal of a ring
R maximal with respect to Q n Np(R) = 0 then Q G spec(A) and R/Q is
prime conformal.

Let R be a ring. Then J ¢ I(A) is P-essential if P(R) QJ and J/P{R)
is essential in R/P{R). A subset M of R is said to be ubiquitous if M 11 ¢
® 0 for each (bi-)essential /GI(A), and P-ubiquitous if M MJ ¢ ®for each
P-essential J tI(R). We shall say that an arbitrary ring R is T-conformal
if Nt{R) is ubiquitous, and that it is conformal if Np(R) is P-ubiquitous.
Clearly a prime ring R is conformal as defined (for noetherian rings) in [7] if
and only if it is conformal as defined here if and only if it is T-conformal, since
for R prime N(R) = Np(R) = Np(R). A semiprime ring R is conformal if
and only if it is T-conformal, since P(R) = 0.

REMARK 3.1. If R is a prime ring then R is conformal if and only if
QN N(R) 7bo for each 0  Q G spec(P) (by Zorn’s Lemma).

The next result is probably well-known (and is true for ‘associative rings
not necessarily with unity’), but we give it for completeness.

Proposition 3.1. Let R be a ring such that the set of right regular
elements is ubiquitous. Then R is semiprime Goldie finite.

Proof. Let A GI(P) and suppose A2 = 0. If B is a complement ideal
for A, then A ® B is essential, so contains a right regular element t = a + b,

‘The term quasi-primitive was used in a different sense by Szasz, but it turned out
that every quasi-primitive ideal was primitive (see [10], p. 120).
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where a £ A, b £ B. But then tA = (a+ b)A=bAQBA =0,s0A =0
since t is right regular. Hence R is semiprime. Now a semiprime ring which
is not Goldie finite contains an infinite direct sum of non-zero ideals, which
by adding a single complement if necessary may be assumed to be essential.
No such infinite direct sum can contain a right regular element, so R must
be Goldie finite. O

Corollary 3.2. A conformal ring is Goldie finite and a T-conformal
ring is semiprime conformal. Suppose R is a semiprime Goldie-finite ring,
and n £ R is normal. Then u is regular if and only if u £ Q for all Q £
£ min(i2) if and only if Ru is an essential ideal.

P roof. Straightforward and/or well-known. O

Corollary 3.3. Suppose R is a conformal ring and Q £ min(A). Then
R/Q is a conformal ring.

Proof. If Q £ Tax(A) this is trivial. So suppose Q ~ max(A). If Q C
C X £ spec(R) then X TINP(R) ¢ 0, so (X/Q) I'IN(R/Q) ® 0. Since R/Q
is prime the result follows from Remark 3.1.

Remarks. 3.2. In an arbitrary ring, the elements of Np(R) need not
be regular. For example, let p be a rational prime, C —Cpoo, and R be the
ring R = Z® C with multiplication defined (necessarily) by C2= 0. Then
Np(R) —R\C, P(R) = C, and of course nP{R) - P(R)n = P(R) for every
n £ Np(R). But n £ Np(R) is regular if and only if n » pR.

3.3. In any ring R, Np(R)C\Nt(R) is multiplicatively closed: Proposition
3.6 shows that this observation and Remark 3.2 can both be improved on
for binoetherian rings.

Example 3.4. Let R = K[x,y] be the commutative noetherian ring
generated over the field k by x, y subject to the relation x2y2 = 0. Then
Xx+y £ Nt(R)\Np(R). In fact Np(R) = U(R), so R is not conformal. The
element z = x + y is regular, but P(R) %zR.

In an arbitrary ring it is not possible to 9ift’ normal elements from
R/P(R) to R. For example, if R - UTAIfL) is the ring of 2 x 2 upper
triangular matrices over Z, let x be the matrix diag(n, 1) for some 1 < n E£.
£ N. Then x + P(R) is regular and normal in R/P(R), but x is not normal
in R. In a conformal ring, however, things behave better. We denote the
subgroup {1+ x: x £ P{R)} of U(R) by 1+ P(R).

P roposition 3.5. Let R be aring. Then:

(i) v £ Np{R) ifand only ifv+ £ £ Np(R) for all £ £ P(R).
Suppose further that R is conformal. Then:

(i) m £ C(P(R)) is normal modulo P(R) if and only if u £ Np(R);

(iii) ifu,v,w £ Np(R), x,y £ R andv = xu (orv = wy), then x(y) £
€ NP{R);

(iv) if A £ 1(A), Ac p(R)t then Np{R/A) = {x+ A :x £ NP(R)}, and
R/A is a conformal ring;
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(v) ifp,x,y £ Np(R) and px = py then x —Xy for some A£ 1+ P(R)-

Proof. Throughout, let P = P(R).

(i) One implication is trivial, so suppose v £ Np(R), £ £ P. Then
P = Pv, so £ = pv for some p £ P. Hence v-fE=v+ pv = (L+ p)v. Since
1+ p £ U(R), it follows that (1 + p)v £ Np(R) as required.

(if) Again, one way round is trivial, so suppose u £ C{P) and Ru+P =
= uR+P. Then Ru + P is P-essential, so v = xu + £ = uy +p for some
v £ Np(R), x,y £ Rand £,p £ P. From (i), xu,uy £ Np(R). Letr £ R.
Then ru =us + 71 forsome s £ R, TE P. But P —uyP since uy £ Np(R).
Hence 1 = uyX for some A£ P. It follows that ru = u(s + yA), so Ru Q uR,
and by symmetry Ru — uR. Finally, P = Pv = vP = Pxu = ur/P, s0
P = Pu = ttP.

(iii) It is easy to check that in the situations described x + P(A), y+
+P{R) £ N(R/P(R)) NMCa/p(p)(0), and the result then follows from (ii).

(iv) Suppose w £ R and w+ A £ Np(R/A). Then w £ C(P), and P -f
+ AdARw+ A =wR+ A. Since AQP, Rw+ P =rcP+ P,sow£ Np(R)
by (ii). It follows that Np{R/A) = (x + A: x £ Ap(P)} and that R/A is
conformal.

(v) It is easy to ‘fift’ this result from the trivial semiprime case. O

Proposition 3.6. Let R be a ring.
(i) If R satisfies the a.c.c. on left and on right annihilator ideals then
NP(R) S NT(R);
(ii) if R is Goldie finite and P(R) is nilpotent then Np(R) NMQ = 0 for
all Q £ min(P);
(iii) if R is conformal and P(R) is nilpotent then Np(R) Q Np(R);
(iv) if R is conformal and bi-noetherian then Np(R) = Np(R).

Proof, (i) This follows by an easy adaptation of the proof of [12],
Proposition 3.6.

(i) Suppose that Qi.... ,QT are the distinct elements of min(P) and
(without loss of generality) that t £ Np(R) MQ\. Since P(R) is nilpotent
0 is a product 0 = X\ ... Xs of minimal primes, with every Qj cropping up
among the Xi (so that r ~ s). We may suppose that s is minimal, and if
s = 1 the result is trivial (since R is then prime). So suppose 1 < 5; the
minimality of s and the regularity of t imply that t ~ Xi, Xs. Butt EQ1=
= Xvfor some 1< v <s, so we have an equation X\ ... X,,_iiXt,+r ... Xs =
= 0. Since t £ Np(R) the map g -+ o defined by gt = tg' for all g £ R is
an automorphism; hence there exist Ww £ min(P), 1 < w <y, such that
Xwt = tWw for each 1 » w < v. Hence tW\ .. Wv-\X v\ ...X,, = 0. But,
since t £ Cr(0), this contradicts the minimality of s.

(iii), (iv) Since R is conformal it is Goldie finite, and it follows from (ii)
and Corollary 3.2 that Np(R) QCr(P(R)). Now use Proposition 3.5 (ii) to
obtain (iii); (iv) then follows using (i). O
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The next result is needed to obtain a suitable direct sum decomposition
for noetherian conformal rings. In its statement, the symbol g stands for the
reduced rank (see [3], Chapter 2) of a one-sided noetherian module over a
similarly noetherian ring.

Proposition 3.7. Let B —sBr be a noetherian bimodule, and suppose
that S, R are simple rings. Then B has a bimodule composition series of
length r <min(g(sB), g(BR)).

Proof. By [5], Lemma 1.1 B is left-right torsion-free, as is any subbi-
module or subfactor bimodule of B. Since the functions g are additive (on
each side), any strictly descending chain of subbimodules must terminate.
O

Corollary 3.8. Suppose R is a noetherian ring and that spec(72) =
=max(R); then R is bi-artinian. O

Remarks. 3.4. If e,f are coprime integers then there exist finite fields
K,P,F, where K,P QF, such that g(xF) = e, g(Fp) =f and kFp, k Ff
are simple bimodules.

3.5. The converse of Corollary 3.8 is well known to be false: in [10]
Robson exhibits a noetherian domain D with exactly three ideals, whose
(idempotent) heart A is a height 1 prime of D.

3.6. Neither the previous proposition nor its corollary is true for right
noetherian objects. For example, let S be a simple, right noetherian, non-

artinian ring, and F be its centre. Then the matrix ring R =

is right noetherian and every prime ideal of R is maximal, but R is not
bi-artinian.

3.7. We shall say that a ring is G-bi-artinian if it is bi-artinian and
every prime ideal is maximal. It is known ([16], Section 6) that — like a
commutative ring — a BPN ring R is bi-artinian if and only if spec(A) =
=max(A) (and hence if and only if it is G-bi-artinian). There is an analogue
of Proposition 3.7 for BPN rings and bimodules, which shows that a BPN
bimodule B over simple rings has a bimodule composition series of length
the least number of terms in a finite subnormalising sequence generating B.

3.8. Let $Br be fully noetherian or fully BPN, and suppose S, R are
G-bi-artinian. Then it is easy to use Proposition 3.7 and its corollary, or
([16], Proposition 4.1), to show that B has a bimodule composition series.

P roposition 3.9. Let R be a bi-noetherian conformal ring, and x G
GNp(R). IfA GI(fE), A Q P(R) then A = Ax = XA.

Proof. Since A QP(R) QxR, A = xA' for some Al GI(R). Since x G
GC(P(R)), Al Q P{R), and evidently A Q A!l. But by Proposition 3.6, x-\-A
is regular in R/A, so A" = A, and the final statement follows by symmetry.
a
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Proposition 3.10. (1) Suppose A is aring and 0 @ D Q Np(R) is
multiplicatively closed. Then D is left-right Ore and R has a ring W of left
and right fractions with respect to D. Moreover:

@ IfJ £1(W) thenJ =WJ' =J'W forJ'=RDW £ I(A);

(i) If Q £ spec(A) then WQ = QW = WQW and exactly one of the
following occurs: (a) DfIQ / O and WQW = W; (b) DNQ =0, WQW £
G spec(fF) and Q = R fFQIT;

(iii) If M £ max(VF) then M' = M MR Gspec(A), M = WM' = M'W,
and M" is maximal with respectto | £ I(A) and | M2 = 0;

(iv) If K £ I(A) is maximal with respect to K HD = 0 then K £ spec(A)
and IFA = A'IF Gmax(bP);

2 Suppose further that R is conformal, and noetherian or BPN. Then
R has a blartinian quotient ring W with respect to Np(R), and W is also
noetherian or BPN respectively.

Proof. Straightforward using standard facts about left-right Ore sets
of regular elements plus the observation that u £ N(R), n £ Q £ spec(A)
implies n £ Cp(Q). O

Finally, we need a technical result about quasi-primitive rings. A more
complicated proof of effectively the same result is to be found at [16], Propo-
sition 7.9.

Proposition 3.11. A quasi-primitive conformal ring R is simple.

Proof. Let A be the heart of R, and n £ HMN(R). Then H=Ru =
—Ru2, so n = xu?2 for some x £R. Since u is regular, Ru—R, so n£ U(A).
O

4. Noetherian and BPN conformal rings. If Ais a ring, let m—min(A) =
= min(A) n max(A) and ¥min(A) = min(A)\m-min(A). Throughout this
section we confine attention to Goldie finite rings, and fix the following no-

tation: K = fl Qi L — n Af, and P = K ML. Note that
QEg-min(R) M E m —min(jR)
by elementary arguments K + L —A.

Lemma 4.1. Let A be a conformal ring. Then min(A) n quas(A) =
= m-min(A).

Proof. IfQ £ min(A) then R/Q is conformal (Corollary 3.3), so if also
Q £ quas(A) then Q £ max(A) by Proposition 3.11. O

Lemma 4.2. Let B = s”R be a simple bimodule, and suppose B is
either fully noetherian or fully BPN, and is left (right) faithful. Then S
(respectively, R) is quasi-primitive.

PROOF. This is an easy application of [5], Lemma 5.2 in the noetherian
case and of [16], Proposition 4.1 in the BPN case. O

The following is the main technical result of this section.
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P roposition 4.3. Let R be a noetherian or BPN conformal ring, and
let n GN be the least integer such that Pn = 0. Then K INLn =0, and for
eachr GN, PT= K NLr=KLr= UK. Moreover, R ~ (R/K) 0o (R/Ln),
so that K, Ln are generated by central idempotents.

P roof. From Propositions 3.6 (iii) and 3.10 the quotient ring W of R
with respect to Np(R) exists and is bi-artinian and noetherian or BPN as
appropriate, so has a bimodule composition series. Suppose A G 1(4), and
define <5(A) to be the bimodule composition length of WAW.

The case n — 0 is trivial, so suppose that n > 0. We can find X G
G I(A), X C p, such that X —WXW n R and S(X) = 1 (Proposition
3.10 (1) (i)), and then WXW = WX = XW. Now F =LAnnR(XW) =
= LAnnw(AW) n R, and L Armw{XW) G spec(lU) = max(VU). It fol-
lows using Proposition 3.10 and the definition of a conformal ring that F G
G min(A). There exists Y GI(i?) such that Y C X and X/Y is a simple
R —R bimodule; let H — L AxmR(X/Y). Then H G min(A) by consider-
ing the factor ring R/Y. However F Q A4, so F = H. But by Lemma 4.2
H Gquas(A), so by Lemma 4.1 F Gm-min(A). Using symmetry, it follows
easily that LX = XL =0.

Now let T GI(A), T Q P, and suppose KT C T. Pick Z G I(A) such
that KT C Z C T and T/Z is a simple R-R bimodule. Let S — R/Z,
V = T/Z. Then S is conformal (Proposition 3.5 (iv)), and is noetherian
or BPN according as R is, so has a bi-artinian quotient ring with respect
to Np(S). Moreover, the map spec(A) —»spec(5') is a poset isomorphism
and the map Np(R) — Np(S) is surjective (Proposition 3.5 (iv)). Using
Propositions 3.5 and 3.9 it follows successively that uV = Vu = V for all
n G Np(S), that HU) = 1, that LAnns(U) G min(S), and finally that
E = LATmR(T/Z) G m-min(A) (as in the previous paragraph). But then
(K + E)T Q Z, contradicting the evident fact that K + E = R. It follows,
using symmetry, that KT = TK forall T GI(A), T QP.

Now P = KTMNL=KP”" KL QKTIL, so (by symmetry) KC\L —
—KL =LK; let r GN. It follows that (KL)r = KrLr = KU . But then
KLr = KrLr= (KL)rQ(KNML)TQK NU = K(K MNLr) c KU . Hence
(by symmetry) K MLr=KLr —LTK —(K ML)r, as required.

The remaining assertions then follow at once. O

We say that a conformal ring R is a proper conformal ring if min(A) =
= g—min(A), and a trivial conformal ring if min(ii) = m —min(fi) (see
Remark 4.1 below). Let R be a trivial conformal ring: then R is itself its
only P-essential ideal, so Np(R) = U(R) = N(R) n C(P(R)). Conversely,
the same argument shows that any Goldie finite ring I" in which min(r) =
= tax(I) is trivial conformal. In particular, a noetherian or a BPN ring is
trivial conformal if and only if it is G-bi-artinian (Corollary 3.8 and Remark
3.7).

T heorem 4.4. LetR be a noetherian or BPN ring. Then R is conformal
if and only if it is the direct sum of a proper semiprime conformal ring and
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a trivial conformal ring.

PROOF. The direct sum of two conformal rings is clearly conformal.
Conversely, in the decomposition of Proposition 4.3, R/K is a proper semi-
prime conformal ring (since if Q is a non-minimal prime of R/K then QB
($fR/Ln) is a non-minimal prime of (R/K)® (R/Ln)), and R/Ln is a trivial
conformal ring. O

Remarks. 4.1. At Example 5.7 we exhibit an idecomposable right
noetherian conformal ring which is neither trivial nor proper.

4.2. We have already noted that, in a conformal ring R, if A G I(R),
A Q P(R) or if Q G min(A) then R/A, R/Q are conformal. Let R be
the commutative algebra k[x,y] defined over a field k by the relation xy =
= 0. Then R is a proper, noetherian, BPN conformal ring, as is R/xR, but
R/x2R is indecomposable while neither semiprime nor G-bi-artinian, hence
not conformal. Thus x2R = A GI(R), A Q Q = xR Gmin(A), but R/A is
not conformal.

4.3. In Theorem 4.4, the ring R/Ln embeds in R as the unique largest
bi-artinian ideal, so the isomorphism classes of R/K, R/Ln as rings are
unique.

4.4, According to Theorem 4.1.9 of [9], a noetherian ring R is the direct
sum of a semiprime ring and an artinian ring if and only if P(R) = ¢(P(R)) =
= P(R)c for all c G C(P(R)). There is a clear parallel between this result
and Theorem 4.4 above.

4.5. As noted in Section 6 and [14], BPN rings are ‘almost always’
not noetherian on either side, and of course there is a plentiful supply of
noetherian rings which are not BPN. But both classes of rings have a common
feature which they do not share with right noetherian rings: ideals are both
left and right finitely generated. It is tempting to speculate that Theorem
4.4 can be extended to rings in which it is only assumed that ideals are
finitely generated on both sides. We therefore formulate:

Conjecture 4.5. Let R be a ring in which ideals are left and right
finitely generated. Then R is conformal if and only if it is the direct sum of
a proper semiprime conformal ring and a trivial conformal ring.

Using the methods of [14] this hypothesis can be reduced to the case in
which ideals are cyclic on both sides, but we have been unable to make any
further progress in deciding if it is true or false.

5. Unique factorisation rings. Recall that an arbitrary ring is a unique
factorisation ring (UFR) if every non-minimal prime contains an /V-cyclic
non-minimal prime. Prime UFRs are discussed in [2], but here we seek to
deal with more general rings. Although we do not restrict the definition
to the Goldie finite case, in practice almost all our results deal with Goldie
finite UFRs: see the Introduction and Remark 5.2.

Examples of prime, non-noetherian UFRs are given in Section 6. The
ring R = Zd C mentioned in Remark 3.2 is a Goldie finite UFR in which
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the generator p of the height 1 maximal ideal Rp = pR is not regular, but
if R is bi-noetherian then every normal generator of a non-minimal prime is
regular ([12], Proposition 3.6).

We say that an element p of a ring R is prime if Rp = pR £
£ spec(P)\min(P), and then A(A), D(R) denote respectively the sets of
prime elements and of finite products of prime elements and/or units of R.
Hence (see Proposition 5.3 (i)) U(R) Q D(R) Q Cr(P(R)), D(R) is left-
right Ore, and D(R) Q Cr(Q) for each Q £ min(A); thus 0 ~ D(R). This
notation is fixed for the rest of Sections 5 and 6.

P roposition 5.1. Let R be a Goldie finite UFR; then R is conformal.

Proof. Suppose D(R)D J — 0 for some P-essential J £ I(A); by Zorn’s
Lemma there is a P-essential ideal K maximal with respect to KnD (R) = 0.
Evidently K is prime, and since R is Goldie finite it follows that K f. min(P);
contradiction. O

P roposition 5.2. Let R be a conformal ring with prime radical P —
= P(R), and suppose that A £ I(P), AQP. Then R is a UFR if and only
if R/A is a UFR.

Proof. Suppose R is a UFR. Then every Q' £ spec(P/A)\min(P/A)
is of form Q/A for some Q £ spec(P)\min(P); ifp £ 4(4) MNMQ then since
A QP QRp, Q' contains the non-minimal 1V-cyclic prime Rp/A.

Conversely, suppose R/A is a UFR, and let X £ spec(P)\min(P). Then
X/A contains a non-minimal IV-cyclic prime; we can suppose X £ R and x —
=x+A £ X/A is a prime element of R/A, so that (R/A)x = x{R/A) QX/A.
Then x £ Np(R/A), so by Proposition 3.5 (iv) there exists x £ Np(R) such
that x + A = x. Since ACp ¢ RE = xR, it follows that Rx = xR £
£ spec(P)\min(P), and Rx C X. O

The next result shows that, if a ring R is a Goldie finite UFR, that fact
decisively affects the structure of spec(P).

P roposition 5.3. LetR be a UFR, Q £ min(P), andp £ A(4). Then:
(i) p £ C(P(R)) and p £ C(Q);
(i) P(R) =pP{R) = P{R)p and LAnn(p) + RAnn”) QP(R) for all
i,j £N;
(W) if Q(p) = rjl'?_l-ﬁpn then Q(p) £ spec(P) and Q(p) ¢ Rp;

(iv) Rp is a height 1 prime of R;

(v) Q(p) £ min(P) and Q(p) = pQ(p) = Q(P)P;

(vi) if X £spec(P) and X C Rp then X = Q(p);

(vii) if X £ min(fZ) then Xp = pX, and Xp = X ifand only if X = Q(p);
Suppose further that R is Goldie finite. Then:
(viii) Q £g- min(P) ifand only if Q = Q(q) for some Q £ A(P);

(ix) if X £ spec(A) then X contains a unique K £ min(P), so distinct

minimal primes of R are comaximal, and spec(P) is the disjoint union of
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the sets m-min(R) and
{X £ spec(A): X 3K £ Zmin(ii)}

as K ranges over g-nun(R).
(x) if X £ spec(R), g £ A(R) then g £ X implies Q{g) Q X, and if
Q{q) %X then X +Q{g) = X + Rg =R.

Proof, (i) We may suppose that R is semiprime, and then the non-
minimal prime ideal Rp = pR is (bi)-essential, so L Ann{pR) = L Ann(p) =
= -RAnn(Ap) = iiAnn(p) = 0 . The other assertion is obvious.

(i) Let L £ min(A), so that p £ C{L). Now P{R) C Rp, so P{R) =
- Ap = pB for some A, B £ I(R). Hence Ap = A{pR) = P{R) Q L, and
p £ C{L), so ACL. It follows that A C P{R) C A, as required, and then
B = PIR) by symmetry. Ifi,j £ N then LAnn(p') + RAnn(V) ¢ PIR)
since pn £ C{P{R)) for all n £ N.

(iii) By [12], Lemma 3.4, Rp has no idempotent power, so Q(p) C Rpm
Suppose x,y £ R\Q(p). Then there exist X,Y £ R\Rp, i,j £ Z, i,j O
such that x — Xp\'y = Yp*. Let Y' £ R, Y'p’ = p'Y. IfY'" £ Rp then

= Ap for some A£ R, so Y'p* = Ap‘+l = p,+lp = p*Y for some p £ R.
Hence pp-Y = £ £ JAnn(p*9) Q P(R). But P(R) = pP(R) so £ = px for
some x £ P(R)- Hence p(p —x) =Y, i.e. Y £ Rp = pR; contradiction.

Hence X, Y' £ R\Rp, so since Rp is prime there exists z £ R such that
XzY' £ R\Rp. Let z' £ R, zp* —p*Z', and suppose xz'y £ Q. Then xz'y =
= Xp'z'Yj)3 = XzY'p,xi £ Q(p) Q Rpi+i+l, so XzY'p'+i = rpi+j+1 for
some r £ R. But then ZxY' —Tp £ T Ann(p,+J), and it follows as above
that XzY' £ Rp; contradiction. Hence Q(p) is prime.

(iv) and (v) From (iii), height {Rp) * 1. Suppose height {Rp) > 1. Then
there exists gEA{R) such that Q{q)CRqCRp. Passing to R/Q{q), we may
assume q,p are regular. But such a situation is impossible by [12], Lemma
3.5. Hence height {Rp) = 1and Q(p) Gmin(A). That Q{p) = pQ{p) = Q{p)p
follows by adapting the proof of (ii).

(vi) and (vii) Straightforward.

Suppose now that R is Goldie finite. Then it is easy to use Proposition
5.2 to reduce (viii), (ix) and (x) to the case in which R is semiprime. But in
that case each element of m-min(A) gives rise to a simple direct summand
of R, which can easily be eliminated from the discussion. We can therefore
assume that R is semiprime and that min(-R) = fif-min(A).

(viii) Certainly, there exists q £ A{R) such that Q(q) £ min(A). Suppose
there exists Z £ g —min(fE), Z ¢ Q{q) for all g £ A(R). We may partition
min(A) into two disjoint non-empty sets:

X = apg, Y ={yl,...,ym}
where each X- is of form Q{q) for some q £ A{R) and no Yj is of that form.
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Let X — In3| Xi, Y = mI'II Yj, 3 = J} Yj. It is easy to adapt the proof of
=1 = i=1
(ii) to show that X = pX = Xp for each p € A(R). Moreover, p is regular,
so the map s —»s' defined by sp —ps' is an automorphism of A, and hence
Yp = pY. IfYp =¥ then) — Il = Ap 6 spec(R), so jt C Rp for
j=1

some K, 1 » kK <m. But by (vi) this contradicts the definition of ¥*; hence
Yp=pY CY.

Let S be the partial ring of fractions of R with respect to D{R). Since
D{R) C C(0), the map R —&S is injective. It follows that:

spec(5) - {SMS :M Gmin(A)} = max(S').

Moreover, from (vi) and (vii) and Proposition 5.1 it is easy to check (compare
Proposition 3.10) that:

SXiS = SXi = XiS, 1<:i<n;
SYjS=SYj=YjS, 1 #T;

and:
n m
SXS =8§X = X5 =PiSXiS and SYS=SY =YS =Q SY3S.
i=i j=1
Hence S = ¥5 + X5, so by a common denominator argument 1 = (y +a)s_1
forsomey € ¥,a € X, s GD(R). Hences =y+ain R. ButuX —Xu —X
for every u € A(A), and hence for every s € D(R). Hence a = bs for some
bE X,s0 (1 —b)s=yGY. Butclearly s € C(¥Y), so 1—b=v £ ¥. Hence
I =i+"~6L +y. It follows that:

Vi<i<n VIAjA"m, X-my)=A

Fixj, 1% j =m. Then Yj G5-min(A), so there exists T G spec(A) such
that ¥) C T, and then

(™ Vi<t<n Xi+T=R.

Now, by hypothesis, there exists z € T I) A(A), so Q(z) CRz QT. On the
other hand, Q(z) GX, so Q(z) + T = R from (*). This contradiction implies
that Y = 0 as required.

(ix) If min(B) is a singleton then R is prime (since we have reduced to
the semiprime case), and (ix) is then trivial. So suppose that 1 < w and
Vi,... ,VWare the distinct elements of min(A) = ¥min(A). Let V = Vi,
L —WHiMNV3n...nVw, so that VL = 0 ¢ L. From (viii), foreach 1~ j * w
there exists qj G A(A) such that Vj = Q(qj), and it is easy to check that:

j 1<j implies gjL —L —Lgj but qjV =Vqgj pV
\ 1=j implies g\L=Lg\ L but g\vV=V =Vqg\
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Let

A(l) ={qe A(R) :V QqgR}, Aw) = {t GA(A) : L QtR);
then
**%) A(A) = A(DuA(w), A1) nA(w) =0.

Letting D(1), D(w) be the sets of finite products of elements of A(l), A(u>)
respectively, it follows that:

D{1) ND{w) = {1}, D(R) = U{R)D(\)D{w) = D(w)D(I)U(R).

Now R has a polysimple partial ring of fractions W with respect to D(R),
and hence with respect to D(1)D(w). It follows from (**) and (* **) that
WV = VW =WVW, WL = LW = WLW,; it is then easy to check that
WVW MWLW =0, WWW + WLW =W,

Hence 1 = an-1 + bu-1 for some a GV,bGL and v,u GD(R). Again
using (**) and (* * *) and divisibility, we may without loss of generality
assume that v 6 D(w), n 6 -D(I). But then v = a+ bu_lv = a + bvy~I for
some y GD{1), sovy = ay + bv. Hence (v- a)y = bv GL. Since y GC(L),
v—a=c£ L. SinceuGD(w), vL =Lv =1L, soc= W for some d G L.
Hence v—a =vd, soa = u(l —d) GF. ButvGC(F),s0 1—d=eGV. It
follows that | = d+ eG F + L, and hence that the elements of min(A) are
pairwise comaximal.

(x) This is immediate from (ix). O

Corottary 5.4. Let R be a Goldie finite ring.

(i) Suppose that R is a UFR and A GI(A) has the property that each
Q G spec(fi) minimal over A belongs to min(1Z); then R/A is a UFR;

(if) Suppose that R is conformal; then R is a UFR if and only if R/A
is a UFR for some A GI(A), A C P(R), if and only if R/B is a UFR for
every B GI(A), B Q P{R)-

Proof, (i) follows by a straightforward adaptation of the argument
sketched at the beginning of the proof of Proposition 5.3 (ix); for (ii), use
Proposition 5.2. O

Remarks. 5.1. As noted in the proof of Proposition 5.3 (viii), a semi-
prime Goldie finite UFR has a polysymple ring of fractions (and, of course,
each simple direct summand is trivially a prime UFR).

5.2. We know no example of a non-trivial UFR which is not Goldie finite.

5.3. The proof of Proposition 5.3 (iii) in fact shows that, in any ring R, if

Rp = pR Gspec(R)\ min(A), then Q(p) — I‘II Rpn G spec(A). But without
=

some further hypothesis it does not follow that Q(p) G min(A). Thus at [12],
Example 5.5 we give for each n G N a prime bi-noetherian ring Rn in which
every maximal ideal is of height 'e+ 1 and is generated by a (regular) central
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element, but whose non-minimal primes of lesser height contain no non-zero
normal (indeed, no regular) element.

5.4. There is no analogue of Proposition 5.3 if we merely assume that
every non-minimal prime ideal contains a non-minimal prime P = Ra = bR
for some a,b G R. In [14] we exhibit a prime BPN ring (which therefore
satisfies the d.c.c. on prime ideals, from [15]) in which there are prime ideals
of arbitrarily large height, but in which every ideal is left and right cyclic.

55. IfRis aring, and R/P(R) is a UFR, it need not follow that R is a
UFR without the assumption (as in Corollary 5.4) that R is conformal. For
example, the ring R of 2 X2 upper triangular matrices over Z is not a UFR
but R/P(R) is.

The main application of Proposition 5.3 is to the case of semiprime Goldie
finite UFRs.

Theorem 5.5. Let R be a semiprime Goldie finite UFR. Then R is a
finite direct sum of prime UFRs, R ~ ®(R/Qi), where Qi,... ,Qn are the
distinct elements ofmm{R).

Proor. If Ql,... ,Qn are the distinct elements of min(A) then 1 ~ i,
jAnandidj implies Qi + Qj = R (Proposition 5.3 (ix)). The result then
follows from standard arguments and Corollary 5.4 (i). O

In the case of noetherian or BPN UFRs, the explicit assumption in The-
orem 5.5 that the ring in question is semiprime can be dropped.

Theorem 5.6. Let R be a UFR, and suppose that R is noetherian or
BPN. Then R ~ f 0] R/Q) ®S for a G-bi-artinian ring S (which is
QEg-imn(R)
the unique largest bi-artinian ideal of R).

Proof. Since R is bi-noetherian it is Goldie finite, and hence confor-
maI (Proposition 5.1). By Theorem 44 R ~ (R/K)®© (R/Ln), where K =
= M Qand L = P M and n € N. By Theorem 55 R/K ~
Q&g—min(R) MEm-min(R)

- ® R/Q- ldentifying R with (R/K)© (R/Ln), we have S = R/Ln,
QEg-min(R)

as required. O

Example 5.7. An indecomposable, right noetherian (conformal) UFR
which is neither semiprime nor G-bi-artinian, and neither proper nor trivial
conformal.

Let D be a commutative noetherian unique factorisation domain, and
K ¢ D be its quotient field. Let S be a simple, right noetherian, non-

artinian ring whose centre contains K. Then the matrix ring R =

has the required properties. The elements of Np(R) are regular, since R
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is bi-noetherian, and the quotient ring of R with respect to Np(R) is W =
}6 ﬁ\l, which is not bi-artinian.

Remark 5.6. We use the name unique factorisation ring because it can
be shown (see [19], Proposition 2.1) that, if R is a prime UFR and 0 g x E
6 R, then there exist n ~ 0, p, EA(R), e(i) EN, 1< i <n, and an element

¢ G A\ U Rq, such that x = cpé ...p~n\ where the ideals Rpi and the

e

integersqnfl e(r) are uniquely determined by x, and c is determined by x up
to multiplication by a unit of R. This extends the factorisation properties
of noetherian UFRs (see [4]) to the case of an arbitrary prime UFR; indeed
via Theorem 5.5 they may be extended to. semiprime Goldie finite UFRs.

5.7. If, however, a UFR R is Goldie finite but not semiprime, there is no
satisfactory notion of unique factorisation of all non-zero elements; on the
contrary, aP(R)r is always infinitely divisible on either side by the prime
elements of R.

6. Examples. Throughout this section, if R is a ring, n EN and t
is a cardinal, then Mn(R), Gt{R) denote respectively the full n x n matrix
algebra over R and the algebra over R obtained by using the so-called G-
functor Gt(—) defined in [14], [18].

1. A finite direct sum of conformal rings (UFRSs) is conformal (a UFR
respectively). A direct summand of a conformal ring (a UFR) is conformal
(a UFR respectively).

2. The classes of conformal rings and of Goldie finite UFRs are closed
under suitable — but not all — epimorphic images (Proposition 3.5, Corol-
lary 5.4 and Remark 4.2). In the other direction, for conformal rings the
property of being a UFR hits modulo ideals contained in the prime radical
(Corollary 5.4).

3. Any right artinian ring is a Goldie finite, trivial conformal UFR (since
it is right noetherian and every prime is maximal co-artinian).

4. Any Goldie finite semiprime commutative ring is conformal. More
generally, so is any Goldie finite semiprime ring R in which every ideal is
generated by a finite sequence C],... ,cn such that ci is central, G + c\R
is central in R/c\R, and so on. (This can be seen by observing that the
regular seminormalising elements of such a ring — discussed in [15] — can
then be chosen to be central.) In [16] we discuss other properties of these
rings, under the name of bi-noetherian polycentral (BPC) rings.

5. Any prime BPN or BPC ring is conformal.

6. If R is semiprime, and is conformal (a Goldie finite UFR) and X is
a central indeterminate then the polynomial and Laurent series rings S =
= R[X], W —A[X, X - 1] are conformal (Goldie finite UFRs respectively). To
see the first assertion, note that in either case R has a polysimple ring of
fractions Q with respect to the left-right Ore set D(R) C C(0), and that S,
W embed in the obvious ways in Q[X], Q[X,X~1]. But every bi-essential
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ideal of Q[X] is generated by a monic central polynomial (since the same is
true when Q is simple), and it then follows — ‘multiplying up’ by elements
of D(R) — that S and W are conformal. To see that 5, W are UFRs when
R is, adapt the proof for the prime noetherian case in [4]: see Theorem 3.16
of [2].

7. A commutative domain is a UFR if and only if it is a unique factori-
sation domain by the classical definition.

8. A ring is a quasi-commutative principal ideal ring (QCPIR) if every
ideal is generated by a normal element [12]. Theorem 4.4 of [12] shows that
any QCPIR is a (BPN) UFR, and that for such a ring the decomposition
given here at Theorem 5.6 can be slightly improved on (in respect of the
bi-artinian direct summand).

9. Let Abe a commutative field, and let K be the commutative field
extension generated over k by two families {X,-: —00 < i <00} and {Yj: —
—00 <] < o0) of central ideterminates. Let a,R be the *-automorphisms of
K defined by: a(X;) = Xi+1, a(Yj) = Yj, B{Y}) = Yj+1, B{XB = X- for ah
—o00 < i, J] <o00. Then aB = /3a, so we may construct the skew polynomial
extension R = K[T,V;a,R\ in which T, V are commuting indeterminates
such that a(x)T —Tx and B(x)V = Vx for all x GK. Let S be the factor
ringR/TVR,andt —T+TVR, v=V+TVR. Then S is a semiprime Goldie
finite BPN ring, whose only non-minimal prime is M = StS + SvS. But S is
not conformal, because Np(R) = U(R), although the rings S/vS, S/tS are
conformal. This shows that a finite subdirect product of prime conformal
rings, although semiprime, need not be conformal. Using the techniques in
[15], it can be shown that the element r = t + v is regular seminormalising,
and that 5 has a polysimple ring of fractions with respect to the left-right
Ore set {zn:n € Z,n ~ 0).

10. If R is a conformal ring then so are each Mn(R) and each Gt(R)-
If R is a UFR then so are each Mn(R) and each Gt(R). Since the cardinal
t may take arbitrarily large values, there are (from [14]) arbitrarily many
pairwise non-isomorphic non-noetherian UFRs of form Gt(R) for any UFR
R (noetherian or otherwise). In particular, this is the case for any prime
noetherian UFR R in one of the classes of noetherian UFRs identified in [4].

11. Let R be a non-trivial conformal ring, and suppose the elements of
D —Np(R) are regular (e.g., R is bi-noetherian), and that S is the partial
ring of fractions of R with respect to D. For any integer n € N, n > 1,
let T*(R) be any ring of n x n (upper) triangular matrices {a,y) in which
Aij GS forall 1~ i, j <n, but for at least one 1 » k < n, every akk is
in R. Then T*(R) is a non-trivial conformal ring, and if R is a UFR then
so is T*(R) (since T*(R)/P(T*(R)) is). These examples are, of course, not
noetherian or BPN.

12. If R is prime conformal or a prime UFR and {Xj} is a collection of
indeterminates such that each X- ‘skews’ R by an automorphism a,-, where
the collection {a,} satisfies conditions identified in [17], then the iterated
polynomial ring T = A[X,-; a,] generated by all the indeterminates X, is
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prime conformal or a prime UFR respectively. In particular, if a,a , = oya,
for each pair i,j and R is simple then I is a UFR [17].

13. In [1] Chatters and Clark identify large classes of group rings which
are UFRs.

7. Polynomial and Laurent extensions. It was noted at 86 of Section 6
that, if R is semiprime and is conformal or a Goldie finite UFR then the
rings S = P[X] and T - A[X,X-1] have the corresponding property. But
if R is conformal but not semiprime then it is easy to see that X £ Np(S)
but X f NP(S), since P(S) = SP(R) = P(R)S %SX = XS. Since the
central indeterminate X is as ‘nice’ a normal element as one could wish for,
this suggests that the generalisation of conformal rings should be restricted
to semiprime rings, for which the concepts of conformal and T-conformal
coincide.

Against this viewpoint, however, is the curious fact that, taking skew
Laurent extensions, the conformal property of non-semiprime conformal rings
can in certain circumstances be preserved. We recall from Chapter 10 of [9]
that, if [is a ring and a is an automorphism of I', then / £ I(P) is cr-stable
if cr(l) =/, and is cr-prime if, for all cr-stable ideals J, K, JK ¢ / implies
J QlorK Q/, sothat I' is a-prime if 0 is a cr-prime ideal. Moreover, it
is noted in the same source that if I" is cr-prime then there is a well-defined
notion of a right Martindale ring of quotients Qr(*) of I' with respect to the
filter F of non-zero cr-stable ideals of I. Hence there is also a well-defined no-
tion ofan X-inner (or generalised inner) automorphism of a cr-prime ring I':
it is an automorphism r of I such that, for some unit n of pr(l), T(Hun = wur
for all r £ . With this background, we note the following result:

Proposition 7.1. Suppose that R is a proper conformal ring, that o is
an automorphism of R, and that the following conditions are satisfied:

(@) P = P(R) is nilpotent;

(b) for each Q £ spec(P)\ min(A), there exists v £ Np(R) MQ such that
cr(v) = av for some a £ U{R);

(c) a does not become X-inner on any minimal a-prime ideal of R.

then the skew Laurent extension T = R[X, X -1;c] is conformal.

Proof. Since R is conformal, min(A) is finite, and then since P is
nilpotent, the minimal cr-_primes of R are the intersections of the orbits under
a of the elements of min(A), so are finite intersections of elements of min(R3).
Let

D={n£E£Np(R) :3a £ U(R), o(v) = av}.

It is easy to check that 1£ D and that D is multiplicatively closed; suppose
that L £ I(A) is P-essential but Lflo6 = 0. Then L can be expanded
by Zorn’s Lemma to an ideal V maximal with respect to L' M D = 0, and
evidently V £ spec(A)\min(A), contradicting supposition (b). By Theorem
10.6.17 of [9], if K £ spec(T)\ min(T) then K DR is P-essential in R, so that
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DDK ¢ 0. It follows easily that
0) Mue D,Mne Z, RuXn= XnuR

and hence that D C N{T). The prime radical of T is TP = PT, and if
w G D then P Q Rw = wR. It follows by (*) that TP —PT Q Tw —wT
for all w € D. O

Remarks. 7.1. (a) It does not follow, in the circumstances of Proposi-
tion 7.1, that T = R[X, X*“1a] is a proper conformal ring. For example, let
K be a commutative field of characteristic 0, R = K\Y], Y an indeterminate,
and o be the /~-automorphism defined by a(Y) =Y +1. Then o is of infinite
order, and it follows that T = A[X,X-1]is simple, hence trivial conformal.

(b) The assumptions in Proposition 7.1 need not be satisfied by an ar-
bitrary conformal ring R and automorphism o, but neither are they par-
ticularly farfetched. Indeed, they may easily be satisfied by conformal rings
which are also algebras over (suitable) fields, as the following example shows.

Example 7.2. Let K be a commutative field, and X, Y, Z, W be central
indeterminates; form the extension field Q = K(X,Y, Z,W). Let <, r be the
K -automorphisms of Q defined by: a(X) —X =r(X), a(Y) =Y = 1(¥),
a{W) =W, t(W) = YW, a(Z) = XZ, r(Z) = Z. Then a,T are of infinite
order, and aTr = Ta. Hence a has an extension to the skew polynomial ring
S = Q[T\r], uniquely determined by the property that a(T) —T; we denote
this also by a. The non-trivial ideals of S are of form STn =TnS, n GN,
and the set D = {Tn :n > 0} Q Cs{0) is multiplicatively closed and left-
right Ore. Let A be the ring of quotients of S with respect to D\ then A is
a simple ring.

Now let R be the matrix ring it follows from Section 6 8§11
that R is a UFR, and evidently a extends via A to A; again we denote this
extension by a. Now P = P(R) = 8 'g‘ so P2 = 0. The minimal

cr-primes of R are simply its minimal primes, and it is easy to check that
every P-essential ideal | of R contains the diagonal matrix v = diag{Tn, Tm}
for some integers n,m 0. But clearly v 6 Np(R), and a(v) = v. Thus
conditions (a) and (b) of Proposition 7.1 are satisfied, and all we still need to
show is that a is not X-inneron S. Now O ¢ I £ 1(5) implies ID N(S) ¢ 0,
and N (S) Q Cs(0), so standard techniques show that the group G x(S) of
X-inner automorphisms of 5 is generated (as a group) by the automorphisms
induced by the elements of N(S). But then Gx(S) must be generated by
T, so a € Gx(S), and hence condition (c) of Proposition 7.1 is satisfied.
It follows that the skew Laurent extension ring B — R[V,Y_1;(1] is also
conformal.
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ON THE MATRIX VALUED
EXPONENTIALLY CONVEX,
TOTALLY POSITIVE
FUNCTIONS AND SEQUENCES

B. GYIRES (Debrecen),* member of the Academy

0. Introduction

The concept of exponentially convex functions was introduced by S. N.
Bernstein and D. V. Widder independently. This concept is extended in this
paper for the matrix-valued functions and sequences; moreover we deal with
the Hankelian totally positive (non-negative, matrix-valued) functions and
sequences.

The paper consists of six parts. In the first one we introduce the usu-
al concepts and notations. The subject of the second part is the positive
definite (semidefinite) hypermatrices of grade p. We prove among others an
extension of the well-known Lagrange transformation. The third part con-
tains an appropriate generalization of the Landsberg theorem, which has an
importance in the theory of total positivity. Using the results of the third
part we give a procedure to construct totally positive matrices, and hyper-
matrices of grade p, respectively, in the fourth part. After these prepara-
tory parts we deal with matrix-valued exponentially convex functions, with
matrix-valued Hankelian totally positive functions, and with matrix-valued
absolutely monotone functions in the fifth part. At the same place we give
characterizations for these matrix-valued functions, and also some relations
among them. The last part contains a generalization of the Hamburger mo-
ment problem for matrix-valued sequences, as well as a new proof of the full
Stieltjes moment problem.

The results of the paper can be applied in several fields of probability
theory, for example in the theory of birth and death processes. We shall
return to these questions in another paper.

1. Concepts, notations

A function a(x) of bounded variation defined on a finite or infinite in-
terval a <x <hbis called a distribution function if it is non-decreasing. It is

#This research was supported by the Hungarian Foundation for Scientific Research
under Grant No. OTKA-1650/1991.
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called of finite type if its range contains finitely many values; otherwise it is
called of infinite type.

The distribution function a(x) defined on the whole real fine is referred to
as probability distribution function ifit is right continuous and a(—eo0) = 0,
a(oo) = 1.

The p X p matrix-valued function F(x) defined on the finite or infinite
interval a ® x * bis said to be a matrix-valued distribution function if the
following properties are satisfied:

(a) For each value of x, F(x) is a symmetric matrix with entries of
bounded variation.

(b) F(y) —F(x) is a positive definite or semidefinite matrix for a < x <
y <b, i.e.

(1.1) a(x;v) = v*F(x)v (a=x1ib)

is a distribution function for all v € Rp, v/ 0. F(x) is of infinite type if
a(ar; v)in (1.1) is a distribution function of infinite type forall z 6 Rp,z ¢ 0.

The finite or infinite matrix A is said to be a hypermatrix of grade p if
the entries of A are p x p matrices.

Let

A —(ajk)jtifc=i>
and let
1INV <...<js”"n, 1<ki<..<ks<n.

We shall use the following notation:
(ajakRyaB= = A(kI" kJ-

If A is a hypermatrix of grade p then of course

is a hypermatrix of grade p as well.
The matrices

a {Ji""Js\ 1<yi<. .ja<n, s=1,2,...,n

are said to be the principal minor matrices of A.

The infinite matrix A is called positive definite (semidefinite) if all prin-
cipal minor matrices of A are positive definite (semidefinite).

The derivative (integral) of a matrix-valued function is, as usual, the
matrix formed from the derivatives (integrals) of its elements.
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2. Symmetric positive definite (semidefinite) matrices
of order p

We need the following generalization of the symmetric positive definite
(semidefinite) matrices.

Definition 2.1. The symmetric hypermatrix A = (aJi9"ft_1 of grade p
with entries of real elements is positive definite (semidefinite) of order p if
for all

(2.1) vERp, v*v>0; r=(z)€Rn, z*z2>0
the inequality
n n
(2.2) A2 ~2f(v*aikv)zjzk > 0 (>0)
j=1 fe=i

holds.

THEOREM 2.1. Let the symmetric hypermatrix A = (@*)"*=1 of grade
p be positive definite of order p. Then there exists a hypermatrix

0 0o ..
(E g o o B
B - B 13 B23 E O
\BIn .0 An  «ev €)
of grade p such that
fii \
12 (0
(2.3) A= B 0)
(0)
\ Im)
where 7 (i —1 ,n) are p x p symmetric positive definite matrices, and

E is the p x p unit matrix.

In case of p = 1 the procedure expressed in Theorem 2.1 is due to La-
grange. Therefore this procedure is called as Lagrange transformation too.

Proof of Theorem 2.1. Denote Hn(w,z\,... ,zn) the quadratic form
(2.2) of the symmetric positive definite hypermatrix A of grade p and of
order p. Since this quadratic form is positive under the conditions (2.1), we

get that the pxp matrices a3] (j = 1,... ,n) are symmetric positive definite.
Now let
(2.4) B\j = aij mill (J=2,... ,n),
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and
£l = (M + ZiBi2 + eeo+ znBin)v.

Since
£ianfi = ®%@an zi + 01212 + ... + a\nz\zn-\-
+a2z2z\ + ... + aniZnZi)v + members which do not contain z\.
Using the notation 71 = Ou, we obtain
(2.5) H(v,z1... ,zn) = [17ii + *n-i(v;z2,... ,zn),

where
z2,... ,zn) = Hn(v;zLz2,... ,2n)-fi7i6

is a quadratic form with a symmetric positive definite hypermatrix of grade
p and of order p. Continuing this procedure we get that

a

Hn{viz\,...,zn) = 'y ' ijfcikeki
k=1
where
(fi,--- >in) = v(zu ... ,zn)B,
and 7-(i = 1,... ,T®)are pxp symmetric positive definite matrices. Moreover
Mn
DetA = Det7" > 0
fa

by the representation (2.3).

Corottrary 2.1. If the symmetric hypermatrix A of grade p is positive
definite of order p, then the determinants of all principal minor hypermatri-
ces of grade p are positive.

Theorem 2.2. The symmetric hypermatrix A = (®*)”".=1 of grade p
is positive definite of order p if and only if the determinants of all principal
minor hypermatrices of grade p are positive.

Proof. The first part of the proof is contained in Corollary 1.2. We
have to show that if the determinants of all principal minor hypermatrices
of grade p are positive, then

Hn(v;zi,... ,zn) >0

for all vectors defined by (2.1).
Evidently, the statement holds for '® = 1. Suppose that the theorem is
valid for the positive integers Kk —1,... ,'e—1. Since the determinants of the
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p x p matrices al3 (j = \,... ,n) are positive by Corollary 2.1, the transfor-
mation (2.4) is applicable. We get identity (2.5), where the determinants of
all principal minor hypermatrices of grade p of the matrix of the quadratic
form #n_i(u; Z, ... ,zn) are positive. Thus this quadratic form is positive
for all

M

veRp, zjeR (j=2,...,n), v¥v~"27 >0
i=2
by inductive assumption. Using (2.5) again, one gets that the quadratic form
Hn(v;zi, ... ,z,) is positive for all (2.1).

3. On an integral identity

The following theorem is important in the verification of the theorems
concerning total positivity (non-negativity) of hypermatrices ofgrade p. This
theorem gives for p = 1 the Theorem of G. Landsberg ([7]), which has a
fundamental role in the theory of total positivity ([6], 16-17).

The following concept and result is needed. Let p and n be positive
integers. The Rados product of the matrices

A* —(air Y12 (r=1,... ,n),

=(4Nr<=1 0 =1i,-,p)
with real or complex entries is defined by the matrix
(3-1) N = (Njk)Ik=1,
where
Yy . (4 (on
) (1.k= 1,.., .n).

W
pi s 4 1 1(0) )

Obviously, the Rados product of matrices is a straightforward generalization
of the direct product, or Kronecker product of matrices.
The following statement was proved by G. Rados ([9]):
n P
Det IV = Det /1, JJ Det Bj.

i'=i j=I
Theorem 3.1. Let the matrix-valued function
1(*) = (fik(t)) k=1 (a”t<b)
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and the functions

gj(t), hj(t) (a<t<b, j =1,...,n)
be given. Suppose that the matrix-valued functions
(3.2) f(aj(thk(t)  (G.k=1,...,n)

are integrable (elementwise) with respect to the distribution function ip(t),
a <t <hb Then the identity

b
D = Det J (f(x)gj(x)hk(x))Ik=1d*(x) =

I FIL(xil) eee  flp(xip)

\fpl{xil) e fpp(xip)

mgij)(xn) *+<dt/)(xIp) ... dxF{xni) ... dif>(xnp)

holds, where

r2—(9/\ N Axnj:/\ (J _11 vp)}>
and
(33) x! ... 2m) = .

Proof. It is very simple to verify that

D= Det N di/j(xn) ... dip(xnp),

where N is the Rados product (3.1) of the matrices

[ MQol) see flp(xip)\

Ai = I\/fp|(Xn) ...... R fpp()l(*p)/ (i=1,. ,n),

Acta Mathematica Hungarica 62, 1993



MATRIX-VALUED EXPONENTIALLY CONVEX FUNCTIONS 237

and
v Rl A(Ri)) (0)
9i e 9y |  _
Xij -m A (0) 0" = I>eme >P)
hn(xnj)
in so far as
I fn(xji) wm  fip(xjP)\ ( 9k(xji)hj(x.,.i) (0)
NjK =
\ipi{xji) eee fpp(xjp)/ \ (0) 9k(xjp)hj(xnp).

Applying the theorem of Rados, we get

6 6 [In(*tl) s fipipy

D= [/.../] |If De«
' i=1 Ipli*«'l) eee fpp(xip) .

p !
«JJ hx{xxj) ... hn(xnj)Det | » on
. \ Xlj Xnj
i=1
o# (* 1) ... dip(xip)... dif)(xni) ... dij>(xnp).
Now let j be a fixed integer. Denote by .IXl. t h e integral which can
be obtained from D if
(xnj)
is replaced by
(=) hi(x,17) ... hn(xinj)

where H,... ,mis an arbitrary permutation of the elements 1,... ,n, and | is
the number of inversions of ix, ... ,inwith respectto 1,... ,n. IfxX,... ,xnj
is replaced by ztlj,... ,x,nJ in the integral then

Det o1

*) =D (X

Xi,j
thus

A o w9
Vxhj mee Xinj

—h\{x\j}..'hn(an"UQtS)?iij - xgr?j\J
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i.e. Dil_in(j) — D, since the transformation in question means only an

exchange of the variables in the first factor of (J)- Consequently
Y Dn...in(j) =n!'D Gg=1...,p),
(1—")
L.
111(2,1) e ixip)

., *=i LEp i (xil) fpp(x tp)

Changing over to the domain SI, we get the statement of Theorem 3.1.
Now let

Qi(f)Ap(f\
(3.4) m = (o ~t£b),

 VGP(QAI() . Qp(tRp{L))

where
are functions such that the matrix-valued functions (3.2) are integrable with
respect to the distribution function g{t). In this case

(/11(2,1) «  flp(xip)
Det 1

Vpi{xn) = fpp{xip)

T I (X A *«
>e§(>(<gu oo XWJ)AI( .-

If we apply again the method used in the proof of Theorem 3.1, we have the
following result.

Theorem 3.2. Let
Rj(t) {a<t<b,j =\,...,p)

be functions such that the matrix-valued functions (3.2) are integrable with
respect to the distribution function (1), where the matrix-valued function
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f{t) is defined by (3.4). Then

\/>(XN) > dip(xlp) ... d-fi(xnl) ... dip(xnp),
where
2= {a <y < We< XIP< eoe< XN\ < esee< xnp  b}.

4. On totally positive (non-negative) matrices

It seems that the concept of totally positive (non-negative) matrices was
introduced by F. R. Gantmacher and M. G. Krein (see [2], [3], [5])-

Definition 4.1. A finite or infinite matrix A is said to be totally posi-
tive (non-negative) if its subdeterminants of all order are positive (non-neg-
ative).

The fundamental properties of these matrices can be found in the mono-
graph [4].

An extension of Definition 4.1 is the following.

Definition 4.2. The finite or infinite hypermatrix A of grade p is said
to be totally positive (non-negative) of order p if

....... (i\ = (;)>° (0
for all possible integers
1 Njli <eee<j, 1<h <mm<ks, 5- 1,2,....

In the following we shall show that there is a hypermatrix of grade p
which is totally positive (non-negative) of order p for an arbitrary positive
integer p.

The sequence

(4.1) fi(x) (a<:X<b, j=1,...,n)

of real continuous functions is said to be Tchebycheff system in this interval,
if all linear combinations

Mn n

N ¢ fofe(x) (c*€Xfc=1,...,»), £ 4 >0)

k=1 k=1
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vanish at most n —1 times in the interval a < x <b ([4], p. 157, Definition

The following theorem of S. N. Bernstein is a characterization of the
Tchebycheff systems ([4], p. 157, Hilfssatz 2).

The system of real continuous functions (4.1) defined in the interval
a < x <Dbis a Tchebycheff system if and only if

{2 Petxi* .. 1B

is different from zero for all choices of a < xi < ... < xn < b (thus these
determinants have the same sign).

A Tchebycheff system (4.1) is called of positive type if the determinants
(4.2) are positive. In the opposite case it is called of negative type.

Lemma 4.1 ([8], Il. p. 48, Example 75)-. If a\ <eee< an are arbitrary
real numbers, then

fj(x) = xai O<x<o0, j=1,...,n)
is a Tchebycheff system of positive type.
The finite or infinite sequence
fj(x) (a<x<b, j =12,...)

of functions is said to be a Markov sequence of positive or negative type if
the sequence (4.1) is a Tchebycheff system in this interval for all possible
integers n ([4], p. 207, Definition 2).

Definition 4.3. The continuous (elementwise) matrix-valued function
(4-3) f(t) = fjk(t)fjk=1 (a<t<b)
is said to be of Tchebycheff type in this interval, if

/In(*i) flp(Xp)
Det | >0
\Ipi(*i) fpp{xp)
forallaf xX\ < me< xn” b

If e.g. the sequence of functions fj(t) (j = 1,... ,p) is a Tchebycheff
system in the interval a i t <b, then the p Xp matrix-valued function
m = (

AW e e AW

AW /pW

is of Tchebycheff type in this interval.
We get the following theorem by Theorem 3.1.
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Theorem 4.1. Suppose the matrix-valued function (4.3) is of Tcheby-
cheff type in the interval a ~t Sb, moreover

(4.4) {hNe i £ 6)
are Markov sequences of the same type. Suppose the matrix-valued functions
(4.5) f(hgj(hk®) 0.k =12,.)

are integrable in the interval a * t < b with respect to the distribution function
ijj(t) defined in the same interval. Then the hypermatrix

b
(4.6) J (f(t)gi(t)hk(t))jje=1di>()
a
of grade p is a totally positive matrix of order p.
The following statement holds by Theorem 3.2.
Theorem 4.2. Let (4.4) be Markov sequences of the same type. Let

Qj(t) (a<t<b, j=1,... ,p)

be linearly independent functions for which the matrix-valued functions (4.5)
are integrable in the interval a *t ™ b with respect to the distributionfunction
if(t) defined in the same interval, where

m = (QAt)Qk(t))Ik=1 (aiti b).
Then the hypermatrix (4.6) of grade p is a totally non-negative matrix of
orderp.
The following statement can be obtained from Theorem 4.1 in case of
p=1I.
THEOREM 4.3. Iff(t) > 0 (a ~ f ~ fe); and if the functions
f{ooi{hk{ (. k=12...)

are integrable in the interval a i1 t <b with respect to the distribution func-
tion ip(t) defined in the same interval, where the sequences (4.4) are Markov
sequences of the same type, then

b
J (A% (*)M ) k=1#(*)

a

is a totally positive matrix.
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5. On functions of special type

5.1. The following definitions play an important role in this section.
Definition 5.1. The p x p matrix-valued function

f(t) (a <t<b, —00 <a<b<o0)

is said to he positive definite (semidefinite) exponentially convex of order p,
if

(a) f(t) is a real symmetric matrix for each value of t,

(b) f(t) is measurable (elementwise),

(c) it is finite almost everywhere (elementwise), and

(d) the hypermatrix

(fib +b))jtk=i

of grade p is positive definite (semidefinite) of order p for an arbitrary positive
integer n, and for all choices a < t\ <ees < tn < bsatisfying a<tj+tk <b
O,k=12,... ,n).

This concept was introduced by S. N. Bernstein for p = 1. In this case
f(t) is called a positive definite (semidefinite) exponentially convex function.

Definition 5.2. The p x p matrix-valued function
f(t) (a<t<bh -00 <a<b” o0)

is said to be Hankelian totally positive (non-negative) of order p, if the
following conditions are satisfied:

(a) f(t) is measurable (elementwise),

(b) it is finite almost everywhere (elementwise), and

(c) the hypermatrix

(fib +r0)")fc=1

of grade p is totally positive (non-negative) of order p for an arbitrary positive
integer n, and for all choices

a<ij<eee<tn<bh a<t\ <me<r,<b

satisfying
a<tj+rk<b (,xk=1,...,n).
The following theorem contains the identity of the class of exponentially
convex positive definite (semidefinite) functions with the class of the Hanke-
lian totally positive (non-negative) functions of order p = 1.
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Theorem 5.1. The function f(t) (a <t < b) is Hankelian totally pos-
itive (non-negative) of order p = 1 if and only if it is exponentially convex
positive definite (semidefinite) in the same interval, i.e. if and only if the
representation

(5.1) (a <t <h)

holds, where a(x) is a distribution function of infinite (finite) type defined
on R.

PROOF. The sufficiency follows by Lemma 4.1 using Theorem 4.3. The
necessity can be obtained by the fact that if f(t) is Hankelian totally positive
(non-negative) of order p =l ina < f <6, then it is exponentially convex
in this interval ([1], pp. 211-212). Therefore the representation theory (5.1)
of Bernstein and Widder ([1], Theorem 5.5.4) holds.

The following theorem is a partial extension of the above mentioned
theorem of Bernstein and Widder.

Theorem 5.2. The p x p matrix-valued function f(t) (a <t < b) is
exponentially convex positive definite of order p in this interval if and only
if the representation

(5.2) (a<t<b

holds, where F(x), x £ R is a p x p matrix-valued distribution function of
infinite type.

P roof. Sufficiency. If the representation (5.2) holds, and if v and r are
vectors defined by (2.1), then

n f M

(V*F(Xj + **)») zizk = f(zf\ etx,zi) dv*F(t)v >0
j=1k=1

for all positive integers n, and for all choices
a<x\<seee<xn<bh a<xj+Xk<b (jk=1,... ,n),
i.e. f(t) (a <t < b)is an exponentially convex positive definite pxp matrix-

valued function of order p.
Necessity. If the px p matrix-valued function

J(*) = (bl W kr  (a<t<b)
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is positive definite exponentially convex of order p, then

n n

$353 +tkWzjZk >0
j=1*=

for given v € Rp, v*v > 0, for an arbitrary positive integer n and for arbitrary
choices

a<t\ <mw<in<b ac<t+tk<b (J,k=1,... ,n),

2 =(z1) €Rn, z*z >0,

i.e. v*f(t)v is a positive definite exponentially convex function in the interval
a < t <b. Consequently the functions

fijit) ‘D fkk(t) ~ 2fjk(t) ( DK j,k = 1,... ,n)

are positive definite exponentially convex functions in the same interval.
Using the representation theory (5.1) of Bernstein, there are distribution
functions

Fik(%) @®ERi jik=1...,n)
of infinite type, such that

fn(t) = J etxdFjj(x),

fij(t) + fkk(t) - 2fjk(t) = J etxdGjk(x) (j dk, a<t < b).

— 00

From this

(5.3) fijk(t) = J etxdFjk(x) (j ™ k)

where

(5.4) F>(x) = i [Fy(x) + Fkfc(x)] - Gjk(x) {j dK)

is a function of bounded variation. Thus we get that the representation

(e]e]

I(*)=1 e*dF(x),  (*))E*.,

—00
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holds. Since

0o

v*f(t)v / etxd(vV¥F(x)v) (a<t<b

is a positive definite exponentially convex function for v £ Rp, v*v > 0,
the function F(x) (x £ R) is a p x p matrix-valued distribution function of
infinite type defined on the real line.

Thus Theorem 5.2 is proved.

A statement similar to Theorem 5.1 does not hold generally in the case
of p > 1. Whereas all symmetric Hankelian totally positive functions of
order p are positive definite exponentially convex functions of order p by
Theorem 2.2, i.e. the representation (5.2) holds with a p x p matrix-valued
distribution function F(x). But generally the matrix-valued function (5.2)
is not a Hankelian totally positive function of order p > 1 for all p Xp
distribution functions F(x) of infinite type.

However, if the matrix-valued distribution function F(x) of infinite type
is absolutely continuous with respect to a distribution function ifi(x), i.e. if

dF(x) —w(x)d"i/}(x),
where u>(x) is a p X p matrix-valued function, then

[ «) =/ exuj(x)dxp(x)  (a<t<Db

by (5.2). Since {etkX}"*=l is a Tchebycheff system of positive type for a <
ti < em< tn <bby Lemma 4.1, and if w(x), x £ R satisfies the conditions
of Theorem 4.1 or 4.2, respectively, then f(t) is a Hankelian totally positive
(non-negative) matrix-valued function of order p.

5.2. Absolutely monotone functions. S. N. Bernstein calls the function
/(x) (a < x < b) absolutely monotone, if it satisfies the inequalities

/(x) >0, AU =D -1)""* (£)/(* + nh)" 0

for all positive integers n, and x, h > 0, for which a<x<b,a<x +nh<b.
The trivial case where /(x) = oo is assumed to be excluded.

The following statement is due to Widder ([1], Theorem 5.5.2). The
function /(x) (0 < x < 00) can be represented in the form

/(x) = J e=xtda(t) (0< x < 00)
0

with distribution function a(x) (x > 0) if and only if /(x) is absolutely
monotone in this interval.
Comparing this result with Theorem 5.1, we have the following result.
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Theorem 5.3. The function f(x) (—oo < x < 0) is Hankelian totally
positive (non-negative) if and only if it is absolutely monotone in this inter-
val.

Theorem 5.4. The function f(x) (—00 < x < 0) is Hankelian totally
positive (non-negative) and exponentially convex if and only if it is absolutely
monotone in this interval.

Definition 5.3. Thereal symmetric px p matrix-valued function /(x),
a < x < bis said to be absolutely monotone in this interval if v*f(x)v,
a < x < bis an absolutely monotone function for all v £ Rp, v*v > 0.

Theorem 5.5. The p x p matrix-valued function /(x) (0 < X < 00) is
absolutely monotone in this interval if and only if the representation
(5.5) f(t) =) e~txdF{x) (0 <t <o0)
0
holds, where F(x), (x > 0) is ap x p matrix-valued distribution function.

P roof. If the representation (5.5) is vabd, then

vei{t)v = J e~txd(v*F(x)v) (0 < X < 00)
0
is an absolutely monotone function for all v € Rp, v*v > 0, since v*F(x)v
(x > 0) is a distribution function. If /(x) (0 < x < o00)is a p Xp matrix-
valued absolutely monotone function, then v*f(t)v is an exponentially convex
function in the same interval for v € Rp, v*v > 0 by Theorem 5.4. The

necessity can be proved similarly like in the proof of necessity in Theorem
5.2. Thus we get finally that the representation (5.5) holds indeed.

6. Exponentially convex, and Hankelian totally positive
sequences

In this section the following definition will he used.

Definition 6.1. The sequence of the pxp real (Hermite) sym-
metric matrices is said to be positive definite (semidefinite) exponentially
convex of order p, if the Hankelian hypermatrix

H = (M]+k)~k=0

of grade p is a positive definite (semidefinite) matrix of order p.

6.1. In this section our aim is to prove the following extension of the
theorem of Hamburger.
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Theorem 6.1. The sequence {Mfc}o° ofthepxp real symmetric matri-
ces is positive definite and exponentially convex of order p if and only if the
representation

(6.1 Mk = J xkdF(x) (k=0,1,2,...)

—00

holds, where F(x), x £ R is a p x p matrix-valued distribution function of
infinite type.

Proof. Ifp = 1, the statement of the Theorem was proved by H. Ham-
burger ([1], Theorem 2.1.1), i.e. the following moment problem holds:

“The necessary and sufficient condition in order that a non-decreasing
function a(x) (x £ R) having an infinite number of points of increase and

such that .

J xkda(x) = Mk (AFQ].,Z)
exist, is that the sequence should be positive definite and exponen-
tially convex.”

Returning to the proof of Theorem 6.1, suppose first that the represen-
tation (6.1) holds. Let n be an arbitrary non-negative integer, moreover let
v £ Rp,v*v >0; 2= (zj)qg £ Rn+i, z*z > 0, then

» J
X'SZ(V*MHkv)zjzk = /quij) dv*F(x)v > 0,

j=ok=0 j'o J=o0

since £"=0 ZjX3 is a polynomial, and v*F(x)v is a distribution function of

infinite type. l.e. the p xp matrix-valued sequence {Mfc}*° is positive definite
and exponentially convex of order p by Theorem 2.2.

Now let {M*}V be a positive definite exponentially convex sequence of
order p. Let v £ Rp, v*v > 0 be given. Then

X Y I(v*Mj+kv)zjzk > 0
J=0 k=0
for an arbitrary non-negative integer n, and for arbitrary
Z = (Zj)0 £ An~_x, Z Z> o,

i.e. {v* M jvisa positive definite exponentially convex sequence. By Ham-
burger’s Theorem there is a distribution function a(x;v) (x £ R) of infinite
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type such that
00

v*Mkv —J xkda(x;v)  (k=0,1,2,...).
Let

By the last formula we get that

i —J xkdajj(x), MR+ rrijf - 2mk) —J xkdgij(x),

*Fodi M3=1,.p),

Ai(®) €/ dji iij )
are distribution functions of infinite type. Thus

00

m™ =J xkdatij(x) (i dj)

where

where
a,j(z) = ~aj,(@) + 0ji(*))  Bij(x)  (x €A i®j)

is a function of bounded variation. Using the notation

F(x) = Kfc(z))Efc=L (* € A),
we get that .

v*F(X)v = a(x; u) (x €A

is a distribution function of infinite type for all v 6 Rn, v*v > 0. Thus the
representation

Mk = J xkdF(x) (k=0,1,2,...)

holds, where F(x) (x € R) is a p x p matrix-valued distribution function of
infinite type. This completes the proof.

6.2. In this section we give a characterization of the Hankelian totally
positive sequences.

Definition 6.2.. The sequence {Mk}”" of real numbers is said to be
Hankelian totally positive (non-negative) if the infinite matrix

H = (MJ+tc)~ =o
is totally positive (non-negative).
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Theorem 6.2. The sequence {M\t}~° is Hankelian totally positive if and
only if a distribution function a(x) (x € R) of infinite type with a(x) = 0
(x < 0) exists such that

(6.2) Mk = J xkda(x)  (k=0,1,2,...).
0

Proof. Suppose that the representation (6.2) holds with a distribution
function a(x) (x > 0) of infinite type. By Lemma 4.1 {xfc}** is a Markov
sequence of positive type for x > 0. Since a(x) is a distribution function of
infinite type, we get that {Mfc}g°® is a Hankelian totally positive sequence by
Theorem 4.3.

Now let us suppose that {M*}* is a Hankelian totally positive sequence.
We show that the representation (6.2) holds in this case with a distribution
function a(x) (x ™ 0) of infinite type. To prove this we use the procedure
([1], pp- 30-32) which can be applied in the proof of the Hamburger moment
problem ([1], Theorem 2.1.1).

Starting from the polynomials

/Mo Mx ..« M, ! 1\
Pn(x) = Det Mi M2 ... Mn X
\M,, Mn+l . M2, | xn)

it can be shown that if {M*.}** is a Hankelian totally positive sequence, then
the roots of these polynomials are positive numbers with multiplicity one.
Denote

(6-3) 0<”in) < ese<dn)

the roots of Pn(x) in order of magnitude.
Let us introduce the functional ® defined on the set of polynomials with
real coefficients in the following way. If

P(x) = a0+ axx + ... + anxn (an ¢ 0),

then
®(P(x)) = aOMO+ axM\ + ... T anMn.
Let
*
( bl ) \ (*: !,-ou ,(()u

These quantities are positive and

(6.4) = MO.
=
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We now introduce the distribution function gn(x) of finite type with

jumps |n)’ at AN (k = 1,... ,n), which has correct moments of order *
2n- 1, i.e.

J xkdgn(x) = Mk (k=0,1,... .2n- 1).
0

We get that gn(x) = 0 (x < 0), €,(00) = Mo by (6.3) and (6.4), i.e. the func-
tions {gMpK)}° are uniformly bounded. Thus the elements of this sequence
satisfy the conditions of the well-known Helly’s theorem, i.e. there exists a
non-decreasing function g(x), and a sequence (™M3}i° such that

g(x) = lim gnk(x)
k—+00
in all points of continuity of g(x). Finally it can be proved that a(x) = g(x)

in the expression (6.2). This completes the proof of Theorem 6.2.

Theorem 6.3. The sequence {M”jg0 is Hankelian totally positive if and
only if the matrices

(65) 0. (M, +t+1)“te0

are positive definite.

A similar result due to Gantmacher and Krein in the case if a(x) is a
distribution function of finite type ([4]).

Proof. The full Stieltjes moment problem ([1], p. 76) says the following.
The system of equations

Mk = (k=0,1,2,...)

has a distribution function of infinite type solution if and only if the matrices
(6.5) are positive definite. Comparing this result of Stieltjes with Theorem
6.2, we get the statement of our Theorem.

Theorem 6.4. If{M;}* and{Nj}*° are Hankelian totally positive ma-
trices, then so is {MjNj}"°.

Proof. By the assumption the matrices
{Mj+k)jk=0, (Mj+k+i)jk=0>

and
{Nj+k)jk=0, (Nj+k+I)jk=o
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are positive definite by Theorem 6.3. Then the matrices
(Mj+kNj+k)jk=o>  (Mj+k+1Nj+k+i)jtk=o0

are also positive definite by the following theorem of I. J. Schur [10]: When
the matrices
A = (djk)jk=1, B = (bjk)-k=1

are positive definite, then so is their Hadamard product (Bjfcbjfc)"n-1. Using
Theorem 6.3 again, we get the statement of our Theorem.
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ON A CLASS OF FIVE-POINT BOUNDARY VALUE
PROBLEMS IN SECOND-ORDER FUNCTIONAL

DIFFERENTIAL EQUATIONS WITH PARAMETER

S. STANEK (Olomouc)

1. Introduction

Let a, b ti,ts £R, a<b,ti <tb5andletJ - I —(a,b). Finally,
let X = C°(J) be the Banach space with the norm |ly|| = max{ly(f)|; t £ J}-
Consider the functional differential equation

1) y"(6) - Qly, y'1(t)y(t) = FLy,y", /*1(t)
in which Q : X 2—X, F : X 2x1 -* X are continuous operators, Q[y, z\{t) >
Oon X 2for all t £ J, depending on the parameter p.

Let ii < [2 <" < * < £5- The purpose of this paper is to use the
Schauder linearization technique and to obtain sufficient conditions on Q, F
such that for a suitable value of p (1) admits a solution y satisfying some of
the following boundary conditions:

) y(t1) - Yor) =0, y(t3) =0, y{U)- y(t5) =

©) y'(t1) =0, y(t3) =0, y\h) =0,

(4) y\h) =0, y(ts) =0, y(t4)- y(t5) =0,

©) y(h) - y(t2) =0, y(t3) =0 y{t5) =0.
A special case of (1) is the differential equation

(6) y*--y(tyy)y = f(.ty,y'n)

in which g £ C°(J xR2),/ £C°(IJx R2x 1), q(t,y,z) > Oforall (f,y,z) £
£ J x R2. For (6) the question ofuniqueness of the boundary value problems
is also discussed.

Various fc-point boundary value problems for second-order differential
equations with K > 2 have been studied for example in [1}]-13], and from
them linear differential equations have been considered in [4], [6]9]. In [4,
6] a suitable implementation of a parameter into the homogeneous equation
guarantees the existence of a solution y satisfying y{t\) = =y@r) =0
For functional differential equations depending on a parameter, this problem
has been studied in [13]—L5].
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2. Notations, lemmas

Let p GC1(./) and let be the solutions of the differential equation
(7) y" = Q<p, <10y,
uv{ty) = 0, u'rti) = 1, w(fi) = 1, = 0. For (t,s) GJ2and £GCXJ)
define r(f, s; ?), r'(t, s; p) by
r(i, s; p) = uv(t)vv(s) - uv(s)vv(t) =-r(s, t;Vv?),

r(i, s;y) = uv(f)?vO) - nv(s)n(i) (= |7 (1, & <)
and for (s,z,t) GJ3 and p G CX(J) dehne k(s,z,t;p) by
fc(5>z, i; = r(s, t;p) - r(z, t;ip).

Then r(t,s;ip) > 0forti <s <t < Ii5r'(t,s;y?) > 1forall (t,s) GJ2, t s
and r'(t,t;p) = Lforallt £ J (see [13]).

Lemma 1. Lets,zGJ,s >z and letip GC1(J). Then
k(s, z, t]ip)> 0 for all t Gl/.

Proof. Setting tu(i) = k(s,z,t-,p) for all t GJ, w is a solution of (7),
w(s) = -r(z,s-,p) > 0, w(z) = r(s,z;tp) > 0, w'(s) = r'(s,z-<p) - 1 > 0,
w\z) —1—r'(z, s-,p)< 0 and since J<p,p'](t) > 0on J, one sees w(t) >0
forallt G/.

Lemma 2. Assume p GC1(J), h GC°(J x I), h(t,e) is increasing on |
for any fixedt £ J and

(8) h(t,a) mh(t,6) <0 for all tGJ.
Then there is a unique po G| such that the equation

(9) y" - QI<p.p'](®y = h(t.p)

with p = po admits a solution y satisfying (2). Moreover this solution y is
unique.

Proof. Setting
*3 t3
y(t,p) = kffi*hh-p) [J ANAT)KsN ) ds- J r(t2,s-,<p)h(s,p)ds +
I
+J r(t, s; (p)hGs, fi)ds
3
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for all (t,//) £ J x 1, yis a solution of (9), y{h,y) -y (t2,/r) —0, y(t3,/n) = 0.
For the functions A, B : | —R defined by

A(fi) =J r(ti,s\(p)h(s,iJ,)ds- J r{t2,s]<p)h(s,fj,)ds,

ti 1
i5 i

B(y,) = J r(ts,s-,(fi)h(s,fi)ds - J r(t4,s;<p)h(s,y,)ds,
3 3

we have

r(*i,s; <p)h(s,y,)ds —J k(t2,h,s;<p)h(s,y,)ds,

*2
i)

K(t5,t4,s;<p)h(s,n)ds + J r(t5,s;<p)h(s, fi)ds,

thus A(-) is decreasing on | and B(-) is increasing on I. Since

y(ts,p) - y(u,/i) = + B0O»

y(t$, ®—y(t4, ¢)is an increasing function on | and (by (8)) y(ts,a)-y(t4,a) »
0, y{t*,,b) —y(t4,b) > 0. Consequently there is a unique € | such that
y{ts ,f3-0) —y(t4,fio) = 0, and (9) admits a solution y satisfying (2) if and only
if fi = /io- The uniqueness of y follows from the fact that the homogeneous
equation y" = Q[*p, (p'Ht)y admits only the trivial solution satisfying (2).

Next we shall assume that Q, F and g, f satisfy for positive constants r0,

r\ the following assumptions:
() \FLy,z,y](t)\ <r0-Q[y,z](t) for all t £ J and [y, z,y] £ D X7, where
D = {ly.,*L;y,*€ x, |li/|]|  r0, WA\ ~ 74};
(i) F[y,z,-](t) is an increasing function on | for any fixedt 6 J and
XNeD
v (iii) F][y, z,a](f) *F[y, z,b](t) » Oforall t £J and [y, z] £ D;

(iv) min{(A + rOB)T, 2y/F*y/A + rOB } g rb where A = sup{||Fly, z, /i]||;
[y.r,u] £ DxI}, B = sup{||Q[y.z]ll; [y,z\ £ D) and r = max{f3-fi,f5-f3}
and

() \f(tyy,z,y,)\ <rOmq(t,y,z) for all (t,y,z,y) £ fix/, where 4 =
[ X(-r0,r0) X(-rbri);

(i) /(f,r/,-r, ¢ is an increasing function on | for every fixed (t,y, z) £ 4;

(i) 1(*, 2,2,a) «/(i, 1/,2,6) < 0for all Q,2,2)£ A;

@Gv) min{(A3 + rOB4)T, 2v/r*"\/Ai + ro#i} ~ n, where Ai =
=sup{|/(i, 2,2,/a8)|; (£,2,2,/2) £ A X/}, f?2i = sup{g(f,?,2); (t,?,2) £ A}
and r = max{i3- t4,ts —t3}.
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Lemma 3. Assume that assumptions (i)-(iv) are satisfied for positive

constants ro, T\. Then to every ip £ C1(Jr), |y ~ r-, i — 0,1, there is a
unique /io G/ such that the equation
(10) y" - = F<p,<p\fi](t)

with p = po admits a solution y satisfying (2). Moreover this solution y is
unique and

(n) ltewll S =01

Proof. Let £ C1(J), |<®| ™ r- for i = 0,1. Setting h(t,p) =
Flip, p', p](t) for all (t,p) £ J x I, h fulfils the assumptions of Lemma 2 and
consequently, there is a unique po € I such that (10) with p = po admits a
(unique) solution y for which (2) holds.

Let |y(E)| = [i/(f)| for all t GJ and some £ £ J. Since y(ti) = y{ti),
y(U) = y{h) we may assume f G (h,t5). If y(E) >r0 (y(E) < -r0) then (by
(1) y"(E) = 0 (y"(0 < 0) contradicts the fact that y has a local maximum
(minimum) at the point t = £. This proves (11) for i —0. As in [13] we may
prove (11) for i = 1.

3. Existence theorems

Theorem 1. Assume that assumptions (i)-(iv) are fulfilled with positive
constants ro, r\. Then there is po £ | such that (1) with p = p0 admits a
solution y satisfying (2) and (11).

Proof. LetY = C1(J) be a Banach space with the norm \W\i = W\ +
|ly'|| andlet K = (r/;y £Y, y satisfies (2) and (11)}. K is a convex bounded
closed subset of Y. Let p £ K. By Lemma 3 there is a unique p0O £ | such
that (10) with p —po admits a (unique) solutiony, y £ K. Setting T(p) =y
we obtain an operator T: K —* K. To prove Theorem 1 it is sufficient to
show that T has a fixed point.

Let {yn} C K be a convergent sequence, n“gl) yn =y, and let zn = T(yn),

m = T(y). Then there are sequences {pn} C | and po £ | such that we have
(see the proof of Lemma 2)
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.3

o y) . : i
z(i) = e 71592) r‘1J r(h,s;y)F[y,y', vo](s)ds

i3 t

-J r(t2,s;y)F[Ly,y',p0](s)ds" + J r(t,s-,y)F[y,y'./j,0](s)ds

forallt € J and n 6 N. If {/xn}is not a convergent sequence, then there
are convergent subsequences {/Xfc,}, {/xr.,.}. nhr*n fikn = A, lim /XIn = A2,

MN—>o00
Al < A2, and we have

I

I%Ozkn(t)— K{t2, tlt%;o{ %) [J r(tl,s-y)F[y,y\Xl](s)ds-

h t
= J r(ti,s;y)FLy,y' \s)ds\ + J r(t,s-,y)Fy,y\ X1(s)ds,

t*hEy) u [ttual,)Fl'’
. .

- J r(t2,s;y)ELy,y', X2 (s)ds + J r(t,s;y)E[y,y",X2)(s)ds
2 H

uniformly on J. Setting h(t, ) = F[y, y", ~X](i) for all (t,4) GJ XI and using
the inequality h(t, Ai) < h(f, A2), one can prove, like in the proof of Lemma
2, that

nh_rg00 (zf5,(i5) - Zrn(V)) < hm gzrn(|5)— zrn(t4))

which contradicts zn(t$) —zn(t4) = 0 for all n € N. Consequently, {/xn} is a
convergent sequence, Um /in = /X* and

r(t3,t-,y)

(@50 =) Ina2n(® = | 2.t 13y)

"3
J r(ti,s-y)F[y,y',n*1(s)ds-
ol

r(i,s;t)F[il, T/, /x*¥|(s)ci5
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uniformly on J. Hence z* is a solution of the equation

- Qly, y'I()z = Fly, y", li*](i)>

*(fl)—z*(f2) = 0, z*(t3) —0, z*(t4)—z*(t5) = 0 and therefore (by Lemma 3)
p* = z. Since I|m z'Jt) = z'(t) uniformly on /, I|m T(yn) = T(y)
and T is a continuous operator

Let £ K and T(y?) = y. Then it follows from the equality y"(t) =
d<p #'1()y{2) + -FHv?, su,Ho](t) holding on J for some po £ | that |ly,/|| *
B\W\+A <A+r0B, consequently, K C {y,y € C2(J)nK, [|i/"|| < A+r@B}.
Therefore K is a compact subset of Y and by the Schauder fixed point
theorem there is a fixed point of T.

Theorem 2. Assume that assumptions (i)-(iv) are fulfilled with positive
constants ro,n. Then there are po,Pi,P: € | such that (1) with p = po
(p —pi; p = P:) admits a solution y satisfying (3) ((4); (5)) and (11).

Proof. By Theorem 1 there is a sequence {pn} C I such that (1) with
p —pn admits a solution v,,,

yn{h) - yn(ti + =0, yn(3)=0, yn(t5- i) - yn(t5) =10

and |[V£)|| <r- |ly"|]]| < A-ftgB forall n £ N and i = 0,1. Using the Ascoli

theorem without loss of generality we may assume {yi”*(t)} are uniformly
convergent on J for i = 0,1 and further {pn} is a convergent sequence. Let
lim yn(t) = y(t) for all t £ J and let lim pn = po. Then yis a solution
of (1) with p = po satisfying (11) and y(t3) = 0. Let r/(,(£,) = yn{rjn) = 0
for aln £ N with t\ < £n <ti + i, t5—" < nn <t5. Then lim £n = ii,

hm Th = < and since Urn [lyn —r/|| = 0 we see y'(ti) = y'{t$) = 0. This

n —»00

proves y is a solution of (1) with p = po satisfying (3) and (11).
Since the proofs of the two remaining cases are very similar to the above
one, they are omitted.

Example 1. Consider the equation
1
(12) () ~ K(j )<k + exp(tli/(/io(0)1) )y (0 =
t
= + |lyIr) sin(2iri)in (e + Y{ J [y(hi(s))|ds™ +p-p(t)

where h0,hi,p £ C°((0,1)),h0,hi: (0,1) —»(0,1), 0 < pi < p(t) ~ 2pi,
vl = sup{li/(i)|;t £ (0,1)}, k, pi, v are positive constants, k > 5e. Let
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0=t <i2< < td<t5=1 One can verify that the assumptions of
Theorems 1and 2 are fulfilled with rO= 1, r\ —2y/k ("y/k+ y/lk + 1+ ,p£

G (“E£Tn(e + ri)” j®In(e + ri))" Hence there are pO,Pi,P:,Ps G
G~-~Tn(e + ri),"-In(e + 7-X)" such that (12) withp = 40 (4 = px;/r = p2;
p = p3) admits a solution y satisfying (2) ((3); (4); (5)) and /] < 1,
lli'H 5 2y/k [y/k + yIk + 1+ e).

Corollary 1. Letthe assumptions (i)-(iii) befulfilled with positive con-
stants rO>ri and let B be defined as in (iv). If r\ > 2rOy/B then for some

positive constant S > 0 we have:
To every e, 0 < £~ 6 there are peo, Pei, Pc2,Pc3 G | such that the

equation
y'(0) - QAy.y' 1Oy = £%1y.yp1(t)
with p = po (/r = pei; p = Pei>P = Pc3) admits a solution y satisfying (2)

((3); (4); (5)) and (12).
Proof. Setting 6 = min{","- -T OH)}, where A is defined as
in (iv) and
B = \Td{\Q{y.zI\-y.z £ X, Ilyll < r0,Jlz]l ~ ri} > 0,

£ «F satisfies the same assumptions as F in Theorems 1 and 2 for all £
0 < £ < 6 and therefore Corollary 1 follows immediately from Theorems 1
and 2.

For (6) the following corollary follows from Theorems 1 and 2.

Corollary 2. Letthe assumptions (j)-(jv) befulfilled with positive con-
stants ro, r\. Then there are po, Pi, Pi, P3 G 1 such that (6) with p = p0
(p —pi; p = pi; p = p3); admits a solution y satisfying (2) ((3); (4); (5))
and (11).

Corotltary 3. Letp(ty,z), $%(t,y,z) £ C°(J x R2) and set

|
!Ej’p{t,Ty,z)dr

for all (t,y,z) £ J xR 2. If the assumptions (j)-(jv) are fulfilled with positive
constants ro, ri then there are po,Pi,Pi,ps G1 such that the equation

Y= P(t! yvy') - p(t’ 01 y') + f(tv Y,y p)
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with p = /io (p = pi; fi = J.! M= M) admits a solution y satisfying (2)
((3); (4); (5)) and (11).

Proof. Since
|
/ R, Ty, 2)dr = p(t, 0,2) + a(t, v, 2)y

for all (t,y,z) GJ x A2, Corollary 3 follows immediately from Corollary 2.

4. Uniqueness theorem for equation (6)

THEOREM 3. Assume that conditions (j)-(jv) are satisfied with positive
constantsr,,, rx. /7 g, sf GC°(H), e ceo(tf x J) and

(13) g(i,2b 2) + n2|" (1,£i,2z) + gj*(*,6 ,-z,m) N O

lor all fm€ (minj/i, 12} ,nicLx{yi, y2})j i = 1,2, then there is a unique /io G
€ / sued idai (6) with p — po admits a solution y satisfying (2) and (11).
Moreover this solution y is unique in the set S — {y\y G C2(J), |ly™)| *
r,+i,t = 0,1}

The theorem is true also when the boundary condition (2) is replaced by
some of the boundary conditions (3), (4) and (5).

Proof. By Corollary 2 there is po G/ such that (6) with p —po admits
a solution y G S satisfying (2). Suppose there is pi G1, Po ” Pi, such that
(6) with p = pi admits a solution yi G S satisfying (2) where in place
of y we have yx. Setting w = y —y\ then w(t\) —w(f2) = 0, ux(f3) = 0,
w(ti) - w(ts) = 0, consequently, W/(tX) = u/(r2) = 0 for t\ < rx < f2,
ia < r2< <s. Next we have

w"(t) = a(t)w(t) -f b{t)w'(t) + c(t) forall i G1,
where a,b,c GC°(J), a(f) > 0on J (by (13)) and if po < Mi (mo = Mi) then
c(f) < 0 (c(f) = 0) forall t GJ. Setting p{t) —expi—F b(s)ds), d(i) =

p(t)w(t)w'(t) for all t GJ (see [16]) we see k(t3) = 0, k' = p(u/2+ aw2+ cw).
Let w 0.

Ifc=0,d = p(m2+ am2) > 0 and therefore k(t) > 0 for all t E (£3,"5)
which contradicts d(r2) = 0.

Let c{t) < 0 on J, that is p0 <pi- If u/(i3) —0then w"(t3) —c(t3) < 0
and therefore w(t) < 0in a set (t3—£,i3) U (t3,i3 +¢) C J with a positive
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e > 0. Consequently, we may always suppose that either w(t) < 0, w'(t) ¢ 0
for all t G (i3,£) and k(£) = 0 or w(t) < 0, w'(t) ¢ O for all t G (7i3) and
k(r)) = 0. In the first case we have k’(t) > 0 on (h,E) which contradicts
k(£) = 0, in the second case k'(t) > 0 on (77,i3) which contradicts k{g) = 0.
Hence w —0 and the theorem is proved.
If the boundary condition (2) is replaced by some of the boundary con-
ditions (3), (4), (5), the proof is very similar and therefore it is omitted.

Example 2. Letk,p\, #1, <» be positive constants, Kk > (1+pi) ™ + ,
4 i 9. and let n be a positive integer. Consider the equation

(14) y" - ke* (I + (arctgy')2) y = ty2n+l cos2(t/') + p(t) + p m{t),

where p,g GC°((0,1)), |p(i)] < pu gx < g{t) <g2for all t G (0,1). Let
0=1t\ <t2<I13<t4<t5= 1 The assumptions of Theorem 3 are fulfilled

forrO=21r,rke(l+(i)2 +@+Vi)(l+a) and,, £ (-1xa, '+a.),

consequently, there are unique /to,/NM.Mr.Ms € 1 j such that (14)
withp = p0(p = \p = p2iP = P3)admits a solution y satisfying (2) ((3);
(4); ®5)) and |lyll < 1, |Ily'|l <ke (I +(f)2j + (L +pr)™1+ ~ . Moreover
this solution y is unique even in the set S = (y;y GC2((0,1)), [iil| £ 1}
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known to be poised for any given data. Special cases of this problem, namely

10 1 o 1 10 1 00
0 0 1 and O00100
100 8/ vi 1 00 00

have earlier been considered in [7] and [4] respectively.

In Section 2 we shall find an explicit solution of the above problem. We
shall study the convergence problem in the case when the knots are equi-
spaced. Section 3 deals with estimates needed for the purpose and Section
4 treats the proofs of our convergence results.

2. Existence and uniqueness

(a) The fundamental polynomials. We shall first consider the polynomial
interpolation problem with respect to E on the points 0, 1 Let Ark(x),
Bn,k(x), k =0,... ,n—1, Cn(x) and Dn(x) denote the fundamental polyno-
mials of interpolation at the points 0,”~,1 with respect to the matrix E. In
other words, we have

n»(0)- 1,t, N«(1)=0, 4 "«>(0)=0,4T ’(0 =0,
_s3(0) =0, B«(2) - ijti, 0=o slyn(!) =o,
cln() =0, cii)(l) =0, C<+1>(0)= 1, ci™+1(l) = 0,

o!/1o) = 0, of>(l) =0, 0i"+1)(0) = 0, G ,n+ki(i) = 1;

where k,j =0,... ,n—1L
These polynomials can be easily obtained from the fundamental polyno-
mials of two point Hermite interpolation at 0 and 1

0 1
! 1
where each row consists of n ones. Denote these polynomials by 1" (2),

determined by

Mh-i,k(°) = 6kj, j,k =0,..,n- 1
KMn-ifo1)=°> j,k=0,... ,n —1
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ODD DEGREE SPLINES OF HIGHER ORDER

K. K. MATHUR and Anjula SAXENA* (Lucknow)

1. Introduction

In this paper we consider a special problem of BirkhofF interpolation by
odd degree splines. It includes as particular cases the earlier results of Guo
Zhu-rui [7] and the second author [4].

Let

A:0=Xo<*1<...< xjv=1

be an arbitrary partition of the interval I = [0,1] and let f- = x,+i —X,-,
i =0,. ,N—1andf(x) GC"+1(7). We consider a sort of interpolating
spline s(x) satisfying the following conditions:

(i) s(x) € C" (1),

(ii) ﬂ 12,+i in eac|1 interval [x,qx,+i], i=0,... ,N —1,

(iii) = f Kxi), I=0,... N, N\=0,... ,N-1,
(iv) s("+1) =/(n+1>(ix ) ,r=20,. ,N- 1
(v) s(")(0) = /("(O) or (v') s(n+1)(0) = /(n+1™(0).
We are interested in the following
Probtem. Determine s(x) satisfying the conditions (i)-(v) or (i)-(v").

The problem is related to Birkhoffinterpolation by algebraic polynomials
concerning the interpolation matrix

/11 1 01 \
(1.1) £= 00 0 01 o0,
11 1 00 )

where the first and third rows have Hermite sequences of length n, and two
ones, in row one and row two, occur in the (n + 2)th column. This problem is

*The authors express their sincerest gratitude to (Late) Dr. R. B. Saxena who gave
valuable suggestions and guidance throughout the preparation of this paper without which
the present form would not have been possible.
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It is easy to see that (cf. [2] Example 3, p. 37; also [1] formula (4.1.20), p.
118)

(2.3)
j=0 ' 3
We now set
An,k(x" — 4'HK)x (1 x)nF Afn—fc(?),
2.4) Bn,k(x) = (cn,kx + dntk)xn(1- x)n+ Mn_i, [l - x),

Cn{x) = (anx + 6,)xn(l - x)",
Dn(x) = (cnx + dn)xn(l-x ) n;
where arsk and bn” are determined by the conditions

<F’Q=o0 < +)() =
and cn” and dn® are determined by the conditions

B&+1,(0) = 0, s<yl)(i)= o.

Also,
xn(l-x)n2x - 1) ._ . ,
Cn(x) = n+ 2)1 , if nis odd
n(n + 1)!X"(| - x)", if nis even,
and
(H_I-Z)Dnﬂ[xn(l - x)n]| ( —X); (nx + 1), if n is odd
Dn(x) =

_%ﬁjr"i)D [TF(I X)n]lxn(l x);'\gnx + 1), if n is even.

For later references we note that
1 = if M Is even

C<"™>(0) =
- (n+ihn+a) = C" Y1)» if n is odd-
In fact, d n(0) = C,,n\ 1), either n is even or odd. Any polynomial p(x) of
degree at most 2n + 1 can be written as
(R
(2.5) P(x) = 53[pc)(°)*n,fc(*) + P (fA)(1)# n,fe(a:)]+

+p("+1)(0)Cn(x) + p<'+1) (1) Dn(x).
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(b) Solution of the problem. We turn to the solution of the above prob-

lem. Denote $("+1)(3") by (r=20,... ,N)and let x-* x » x,+1. Then
by scaling the fundamental polynomials of (a) above, we have

n4a
(2.6) (*) = +

T HLE (A 1)+ 4T @ -(~A1)]°

where we write
_ Y(n+l)  + XeH]

Since s(x) € C"[0,1],
s(n)(x,+) = a™(x,—), *=1,.. V- 1

Hence from (2.6), after some simplifications, we get the following system of
equations for st"+1\ t=1,... ,N —1;

(2.7) M "+1)CH(0) - *<-i*!liM n)(I) = A/,
where
[

LU=E[2T(Anl (D+/83 (1)->27(/"~ii (»)+ /i 183(0) +
Jk=0

+hi-1& t)DIr\1) - 0).

n2
Writing M, = s(n+l\xi), i = 0,... ,N —1 and observing that cj,n\ 0) =
=d n\l), we have

(2.8) h{Mi —hi-iMi-i

—4— A, i=1,..,N-1
C<n)(0)

From (2.6) and (v)

o 100-E  [T<H0)HOB0] Hoceom

and from (v')

(2.99 MO = /(n+1)(0).

From (2.8), (2.9) and (2.8), (2.9") we find that the interpolation problems
(11i)-(v) and (iii)-(v') have unique solutions. Thus we have proved

Ada Mathematica Hungarrca 62, 1993
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Theorem 1. Given apartition of the unit interval I with hi = ag+i —x{,
i —0,... ,N —1, there exists a unique spline s(x) defined by (i)-(ii) which
satisfies the conditions (iii)-(v) or (iii)-(v").

3. Error bounds (knots equispaced)

We shall now take the knots to he equispaced so that h, = ~ = h. Let
/ € C(n+1\1). Set

f("+i) = f(+1)0k) and  5("+X) = e(>+i) (*,).

We shall prove

Theorem 2. Lets(x) be the spline of Theorem 1 when the knots are
equispaced. Then we have
(3.1)
[15("+1) _ /(n+i)|]| = O(hl~n~2ut(h)), if f €c\l), £=n+2,...,2n + I,

(3.2)
lIs(n+) _ /(>+i)|| = Chn+1[|/ (2n+2)] + 0 (hn+lu2n+2(h)), if fe C2nH1).

Here, as usual u>r(/, 6) denotes the modulus of continuity of fW and | Il is
the uniform norm.

Remark. Ihe O depends only on n and is independent of N.
By successive integration we have the following
corottary. Under the conditions of Theorem 2, we have for r =

=0,...,n+1
[[s(0 _ /W || = 0(h"-r-1ut(h)),

and
I*(r) - / (Nl = Chr||/(2n+2)|| + 0(hrw2n+2(h)).

For the proof of the above theorem we need some auxiliary results which
we obtain in the following. At the very outset we see from (2.5) that the
following identities are true.

** .1 , | 4 - _
(3.3) KA - AU )+y (k-j)U K=0,...,n—1,
xn _yn Bn
(3.4) -
n\ j\=0£{].
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268 K. K. MATHUR and ANJULA SAXENA

n—1
(3.5 (nr_|W1)| = E/\(?n :‘:"|i()g))-i| + + D-(*),

X Bnj(x) X A Q\*)

- , A=n+2,....,2n+ 1
36N ~ki=E A- i)+ (c- n- 1) 2i:

(3.7) ~ = + A=0,...,n—1,

- ) _
I =

(3.8)

_qn+lnd
(3.9) (1(n+xg)! :En J(riy Anj(x) + (—)n+1[Cn(x) + Dn(x)],

(3.10)

(127N, E D 9T e )+ 1= 6 1] * - e 2o

From these equations, on differentiation, we have

£ B"n)(x)
(3.30 0= A«UX)+ E (jjfl/)!” A=0,.. ,n- 1,
(3.40 1= E
(3.50
fc-n "Zi D{n)(x)

(36} (jffc-n)! = E ()Fr7jt + (ifc_n-1)12fc-"-i> * = n+2°" 7 2n+1;
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(3.1 K=0,...,n—1,
(3.8") (-1)" = £ JAjJA<3(x),
J=0 v
+(S IjIlH nW + ~]- * o+ .-.2-41-

Next we see that in case of equidistant knots the system (2.7) is reduced to
s<"«>c<">(0) - 5!:tlce<"»(i) =2 a*~ 1[(/I5n$(i)+//uBii(l)>-
Jfc=0
-(/ifAd S (o) + ; , i) - /2 110in)(0).

Putting Ni = sjn+l) —//n+1" we have

N,CH(0)-N, 1ICW(1) = [4,,

where
,q.-:lf_o [EUSI(i) +/fil<*(1)] +fl-VctK 1)+
n—4 .
+/(n«)D(N)(i) _ £ fti-,,-1[/<*>N1N(0)+/51"(0) -
2 Jt=0

-fin+)c$r\0) - /£ Y n)0).

We prove the following lemmas.
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Lemma 3.1. Iff e CI(l), thenfori=20,... ,N - 1,

@@ vl = o{hl-n-2ut(h)), I =n+2,... ,2n+ 1
Also for f £ C2n+2(1),

(ii) HMIl = Ch"||/(2'+2)|| + 0(hnu2n+2(h)).

Proof of (i). Leti=1,... ,N —1. Then on writing finite Taylor sums
for ff*\, f-+\, f* t 11 and about Xi and simplifying, we have

~EXEZ

where
-
k=0
- ]
. .. e A 1 ;
'E*A]PIE&*OW + E K UV, EN|A i» (i) +
=0 k=n
n—1
+0(ft'-"-1w,(4) + 2 V14 BW ||J+
K—O

+E u-n- U+ + °
=E n=—id[E fe*43(i) +i>>
H-UKe £9 §yj(u +

rnely Y1 (-1)n+1-7
t

(n+ 1-1i)! k=n+2

HEL ) s (Dfe-n-i aH(1)
(k-1 - 1) 2f6"-1

+0(h/-"-1(h)) =
= h-V/n) + O(1-"-1:/(N)), [ =n+2,.. 25+ 1
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and
E 21> [P ( QTSI A Yo N £
K—O 2
=E >SA«(0)+2 [m— VU/4£ 7T371143(0)] +
K—0 k=01 j=0 "'
t -
+E **7-1/4E TrEnX">)] +/i"+,[ci",(°) + 2"’ (0)1+
K—A L
A*-"~1 . . _
4;5%200_n_4ﬂzt—-! n ) +o(h*-" - lu,(K)) =
n—
= ’ i! +
50 [4T(0>+E (Fbj!5S (0
n—1
+/1U/"1E 77AT7)T5S(»)+
1=0 V
+/1"+1) LE (,+11_)H)ram(°) +~ ’(0)+ 0in,(0)] +
=0
4- uk-n-1 k) . 1 D"n\0) + O(A/-"- 10 (A)):
= Al//n)+ 0(Ar-""-x*A)).
Hence

A- = 0(A* " 1u>/(h)), l=n+2,...,2n+ 1
Also from (2.9)

NIC<"(0)[M,, - /£"+1)] = /<">(0) - /<"+1»(0)/>C<">(0)-

-W)(">(0)/<"+4(i?£51) - E ' +/i‘4 1(0)] = Ao,
K—O
where
n-i »n)/Yili r«-1 B”(0)
= [irF[i-E 2> /67+1) [ E nj ..,'-C*(0)+D"\0)
flo [LI j=ov JmJ 710 +)|J[=0 (n+i_J)|
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n—

k=0

- engoTe 1 DM L
Jo _ Q})_])\ N (‘F_ n - 1)7| o%"-| + 0(hl~nu>i(h)) =
fen+2 LJ=0 J
:0(/2'"a/\(/i)), /:n+2,.“,2n+|.
Hence forr=1,... ,N —1
1

Ni- N _!= A, = 0{hl-n-xut(l0)
Cin)(0)
and
No = Ao =0(/Z " w/(), AN=n+2,...,2n+ 1,
fcd>n)(0)
from which we obtain
Nj = 0{hl~n~2wi(h)), j=0,...,N-1I, l=n+2,....,2n+ 1

Proof of (ii). Going through the argument of part (i) we have for
N=2n+ 2,
m—1
A- = hn+l f(2'+2) L LA AWTOxi_ 1) + 60,(nVI') IAn A
¢ LA (Zi+ 21T N TR [ 2"+ )

[E SS(™)+2/$T1)i]
M-
= V24 [E (2n+ 2-51 IRETEOR Y BERA0)*

+(id 1j!((~)n+lclr><1) + N - Bi”>(0)
+ 0 (hn+lu 2n+2(h))

and
Ao = CAn+2||/(2'+2)|| + 0 (hn+2u2n+2(h)).

This gives
Nj = C/i”||/(2n+2)] + 0 (h nu2n+2(h)),

which proves Lemma 3.1.
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Lemma 3.2. We have
=
(i) E & +)No +
le~®

+fIn+1)Cin+1>(t) + /.ﬁ(f'zil)L>i"+1)(i) :

ht o ‘
.C:rEFfl((K_)n_l)!f[k)+0(he-n-lU|(h))t if feC (1), t=n+2,... 2n+1,
and

-
W E [/I'U T 'm+/1TM T w]+

fc-0
/" +1)cint) (0 + U TD22ir+1)(1) =

2n+1

w1
:E ((]_T__)_Ia_l)!//fcﬂ CNn+1//2"+2) + 0 (/in+1la2n+2(/i)), r/ /e ¢ 2n+2(7).

fc=n+1

Proof. Writing Taylor’s expansion for f*\ and /‘+2 in powers of h

and collecting the coefficients of f>(A) in the above summation on the left, we
obtain for / e CI(l),l =n+2,... ,2n+ 1,

E P2+ v+

k=0
+ [ffi+1)c,(,+1)(i) + /|\4 SDES(H)(E) =

= * g (DT n-1 g(n+1)/*\
‘E  keMHE%YT +
0 L i=0 = Vv
"+1), 4 ] ]
EG +d)iag:
+ Vohern1f@iv B RN 11 ﬁiml’)t +0(h/-n- 1/ (i) =
172 oo (Fe)U H(Ren-l)t T
r k——1
-k=n+1v

by the use of the identities (3.3)-(3.6).
Part (ii) of the lemma can be proved easily by the same arguments.

Acta Afaihematica Hungarica 62, 1993



274 K. K. MATHUR and ANJULA SAXENA

4, Proof of Theorem 2

Let x £ Pk, x,+i], i =0,... ,N - 1and x = -+ ht, 0 <t < 1. Then
from (2.6) for equidistant knots
R
(4.1) s(x) = "E'hk[dk)Anj'(t) + f&\Bnk(t)}+
k=0

+hn+l [s\n+1)Cn(t] +

Differentiating (4.1) n + 1times with respect to X we have

s<"+»(z) = 2 + +
k=0
+[s(n+Dc.(n+1)(i) +

which on using Lemma 3.2 gives

sI"+4(i)= £ (él]t'.r’]-i-1|flk)+0(h‘-"~V(h))+NiC"n+1\t).

fc=n+1 1)
Since N Ao pd
_H
(IJrO f(k) _ /(n+1)(a;) = (/>)),
k=n-fl (h — _1)

we have owing to Lemma 3.1 (i)
Ns("+1>- / (n+1)|| - O~*-""1«/")) + O{hl-n-2ut{h)) =

= 0{hl-n-2ut(h)), /=n+2,...,2n+1,

which proves (3.1).
To prove (3.2), we observe that for f = 2n + 2

. nti /1
<Hw= E

fc=n+1

-l e 1 Din+1)(i)

+fe"+1// awsa)| E (Qn\%?:j)_! N+l 2"+

+ 0 (hn+1w2m2(h)).

Hence arguing as above we have
[|s(n+i) _ /(7+D| = Chn+11|/2"+2Y + 0 (hn+1LRn+2(h)).
Thus the theorem is completely proved.
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ON INTEGRAL FORMULAS
FOR CONVEX DOMAINS

W. CIEALAK (Lublin), S. KOSHI (Sapporo) and J. ZAJ~C (Lodz)

1. Generalized Holditch’s theorem

Let C be a closed convex regular Cl-curve in the Euclidean plane,
parametrized by arc length s. We denote by L the perimeter of C. Moreover,
we denote by (, ) and [, ]the Euclidean scalar product and the determinant,
repsectively.

Let v. [0, +00) —» [ be a function satisfying the condition

I’v is differentiable and v' > 0,

s<il/(s) <s+ L forall s>0,
vis+L)=v(s)+L forall s O.

With a curve C, s —»z(s) = (x(s),y(s)) for all 0 <s < L and a function v
we associate the vector field g defined as follows:

2 g(.s) = z(s) —z(v{s)) for 0 <s” L.

We denote by o(s) the angle contained between the vectors z0 = z(0) and
g{s). Differentiating the relation

M bl
we obtain
-a'sina = |g|3|Zo| {(g/>*>)lg|2 ~ )(0.9")} =
=i A i k-*«'l=
and

I ko)
3) a K2
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Hence we immediately get the following integral formula:

(4) lTkKi*- 2.

Now, we give some application of the above formula.

Let us fix an arbitrary number J1£ (0,1). We consider the curve C\,
s —*w(s) = (1 —A)z(s) + Az(u(s)) for0 ™ s~ L. We note that C\ is a closed
curve. We find the area A of the region bounded by C and C\. By S and S\
we denote the areas of the regions bounded by C and C\ respectively. Using

the Green formula we obtain

2 A —25s —2s\ = £([z,2'] —{w,w'])ds =

= {[z, A - (1- A)Z)[Z,A - A(l- A)[Z,Z'Ov]v'—
—Al—A)zouw A —Az 0i/, ' Ovivi)ds =
= e({2\ —A)[z,:\ - Az Ov, 2 0irinds—
—A(l- A)E(,[z Ovia + [ziz>0v]v')ds =
= (RA2)5"'—A(L —A) i)z ov — Z,2\ + [Z,20—
_[ZOV — Z,r" Ov\v' A [zoi/,z' oviv')ds —
= 4A(1—A)5 —A(l- A)45l—A(1—A)£ (—1[q,2'] -f [q,z' ov]v')ds =
=Al- Aij>ta,z 0v ov - z1ds — AL- A G>[a, a'1ds.
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Thus we have
(5) 2A = A1—A) 9[g, gds.

Making use of the integral formula (4) and the mean value theorem for
integrals we get

2A = A(l —X) j> [q] AL —A)AN2E

= 27tA(1 — A)|g(r)]2
forsomer, 0<r " L.

Theorem 1. The area A of the region bounded by C and C\ is given by
the formula

(6) A =uA(l- A)lq(r)|2

for somer, O<r i L.

As a simple consequence of the above theorem we obtain the Holditch
theorem [4], [1]. Indeed, if |5(s)] = const. = aTb(a,b> 0),for0O" s~ L
and A= a/(a + b), 1—A= b/(a+ b), then A = >ab.

2. A Crofton-type integral formula

In this section we give some Crofton-type formula for a convex domain.
Crofton-type integral formulas for a convex domain can be found in [4] and
for a star domain in [2].

Let C be a curve as in the previous section. We denote by ext C the
exterior of the region bounded by C. Let (u,v) £ extC and let (x,y) be
a point of C such that a straight line passing through (x,y) and (u,v) is
tangent to C (see Fig. 3). We denote by T\ the tangent vector of C at (x, y).
By (>4 we denote the point of C realising the shortest distance between
C and (u,v). Then by T% we denote the tangent vector of C at (p, q) and
by r the distance between (p, g) and (u,v). Finally, let a, pand ¢ be as on
Fig. 3.
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We note that
a=d—p
r= (m —p) sin(f —(x1—>5) cosy?
, 0—(n —p) cosp+ (v —a)sin(p
i = (n—x)sindp—(v —y) cos
0= (u—x)cosgp+ (v—y)sind.
Hence we get
dr =(du—dp)sin <+ (M1 —p) cos Jokp—(dv —dq) cos p+ (v—0) Sin P
= sin pdu—cos<pdv - sin <pdp + cos <pdg+ ((u —p) cos <p+ (v—q) sin <P)dep
= sinpdu —cos pdv —sin pdp -f cos pdq,
0 = (du —dx) cos h —(u —x) sin xpf; + (dv —dy)sind + (v —y) cos pddp
—cos thdu - sin pdv —((u —x) sin g —(v —y) cos ¢p)dh —cos pdx - singpdy
= cos pdu -f sin hdv —tddp —cos pdx —sin dhdy.
Moreover, we have
dp = cos pds, dg = sin <k,
dx = sindpds, dy — —cos dds.
These imply
sin<pdp- cosipdq = 0, cosddx + sinddy = 0.

Acta Mathcmatxca Hungarica 62, 1993



ON INTEGRAL FORMULAS FOR CONVEX DOMAINS 281

Thus we have

dr = sin (pdu —cos tpdv, tdip = cosipdu - sin ipdv,
and
(8) tdr A dip = cosadu Adv.

The relation (8) leads us immediately to the following result.

Theorem 2. If C is a closed, convex and regular C.-curve then the
following integral formula holds:

9) JJ exp(—dist((u, v),C)— y-"-dudv = -ty
extC

where dist((u, v), C) denotes the distance between a point (u,v) £ extC and
the curve C.

3. Integral formula for ovaloids

Let M be an ovaloid, i.e. a compact surface M C Rs which has strictly
positive Gauss curvature, [3]. Moreover, let a point xo lie in the interior of
the region bounded by M (we will write xg G

By H, K, N we denote the mean curvature, Gauss curvature and out-
ward normal vector field on M, respectively. Let S. denote the unit sphere.
Let M Dbe an ovaloid and let dM denote the volume form on M.

Proposition 3. If M is an ovaloid, then for an arbitrary point xq £
£ (M) the following integral formula holds:

(10 =
M
where s(M) denotes the surface area of M.

Proof. We take an arbitrary atlas of S2. Using the central projection
from xo we obtain an atlas on M. Let (u:,u2) denote a local coordinate
system at some point of M and

x(ul,u2) —Xo
(H) K*l»«z) K «1,«2) - Xol

We denote by dw the volume form of S2. Moreover, let xa,pa denote the
partial derivatives of x and p, respectively and let detG = |xi Ax2|2 where
the wedge denotes exterior multiplication. Then we have

du —\p\ Ap:\duldu: = (p,pi Apf)duldu =
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= <*-*0.%] Aw»>,(,! au=LFZ X * U rf*odd

\x -x 0\ \x — Xop

Hence we get

(x - Xp,N)
13 7 dM = 44a\
(13) H'TH zof3

M
Now, making use of Minkowski integral formula ([3], Lemma 6.2.9)
(14) J 1 AX)(X - xg,N)dM = s(M)
M

and (13), we get (10).

Let us consider a pair (M, xo0), where M is an ovaloid and xo £ /(M).
We introduce a notion of xO-mean curvature lines.

DEFINITION 1. A regular line C on M will be called x0-mean curvature
line if
(15) 4n-x —xo|34(x) = s(M) for all x € C.

Aline C on M will be called a mean curvature line for some point xo £ /(J14).

An Xo-mean curvature line is an isometric invariant of the pair (M, x0).
Now, we consider the problem of existence of such invariant.

1. Let M =S and let xo coincide with the center of S2. In this case
condition (15) is an identity. Thus each regular line on 52 is an xo-mean
curvature line.

2. Let M = S, and let xo £ 1(S2) be different from the center of S2.
Then condition (15) reduces to |[x —xo| = 1. This means that the common
circle for the spheres |x| = 1 and |x —xo| = 1is an xo-mean curvature line.

We note that the integral formula (10) implies the existence of points on
M satisfying (15). Now, we additionally assume that the mean curvature of
an ovaloid M is a differentiable function and at some point ¢ = x(u0) £ M
satisfying condition (15), the expressions

s(M)H2(u0)
4TTHM,02
5(M)Al(no)
47rA(mo)2 °

where Ha denotes partial derivatives of A, do not vanish simultaneously.
Let us consider the system of differential equations

3|c-x0|(c-x0,x2(uo)) +

3|c - x0|(c - x0,xi(u0)) +

UL = —3|x(u) - x0|(x(u) - x0,x 2(u)) -

(16) .
G = —Bx(u) - x0I(x(tt) - xo, *i(tt)) +
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with the initial condition n(0) = («1(0), u2(0)) = u0. We prove the existence
of an xo-mean curvature line on M passing through the point c. Indeed,
let t —»u(t) be a solution of the system (16). Then the curve x(u(f)) is a
required Xo-mean curvature line because for the function

M
> 90 = PO - X0 o)
~0) = 0 and
(3lx  Xal(x Xq,xa)T SE"\TAF);IT;’ = 0,
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NOTES TO MY PAPER “ON THE
CONVERGENCE OF EIGENFUNCTION
EXPANSIONS IN THE NORM
OF SOBOLEFF SPACES”

1. JOO (Budapest)

In this note we shall correct a proof of our paper [3]. For the convenience
of the reader we repeat here the statement of the problem. Let Sk C Rn
(n >3 k=1,... ,1) be manifolds of dimension ~ dim Sk = mk <n —3 such
that

K={(t,y)eRn:y=Mt)}, S:= @ S

Il e =

()
k=i
where

Fke CLRnfc - R"~m*), My>fe(f)] ~ CK < oo.

Let g GCOO(R" \ S) be a real-valued function for which
(1) \Daq(x)\ g c[dist(a, S)]-T- FI (x€Rn, 0" Ja|l <2
holds for some r > 0. Consider the Schrédinger operator

Lo =-A +q(x), D(LO0)=CO°(R").

We proved in [3] that Lo has a selfadjoint extension L with L ~ —l and

such that D(L) = # 2(Rn). Let L= f \dE\ be the spectral expansion of L.
-C

We can improve the main result of [3] as follows:

Theorem. Suppose r G [0,3/2) and 0 < s < | —r. Thenfor f G
G H s(Rn)

) WE\f- /[|nsR") 0 as X-—>o0.

We have to correct the proof of Lemma 1 and improve Lemma 9 of [3].

Lemma 1. Letm :=imn(n - m*) ~t2, | <p, 0<5< m/p. Then
(3) weifwbp s. C\\\L., f GLp(R"),

Qk() := [il- ~(OT 1»  *=(fy),
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where ¢ = c(s,m,n,p) is independent of f.

Proof. Let </(£,z) € Lp(RnftxRn-mfc); then \g(E, y)\ and hence \g(£, y)\p
is absolutely continuous. Consequently, taking the polar coordinates z =
= (r, B) we obtain

@ bA=-p3li¢xorl (€

since the integral is convergent by the Holder inequality. We know that for

5> 1
\w e = | %dydf :
o

—J \z\-sp\f(t,M O + z)\Pdzdf.
R"

The function g{z,£) := /(£, ¥?fc(0 + a) belongs to Lj,(Rn) because [W>fg < c.
Hence

0o

\m\\ir=-p J W-pJduzii=
Rn r

0o

-p J JJ k> \g{t,e-OMl ¢ dtdrdodf -

Rmt B 0

=P J JJi Ol/ rn-me-1-*drdtdedt =
Rmk B 0

-p ~ ~ N JAN LAY —_

n —mk —sp / 1 tn~mk~sp\g M or dtdOdt =

Rm* B 0
n- mk —sp i 4 xr-anl dt
Rn—mk Rm*
Ned Ak»mt,z +M t)) r Av*Ne,z+Mt))Nedz =
R"

=CJ J HIIv,/(f,z+bl0)IM*-»1X ,*+ M O )l Y
Rn—mfcRmb
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By twofold application of Holder inequality we obtain

I ( #|@)» v, /(F, 2+ vi({))r")

Rm* Rn~nt
o J \A\-MNF(Az +MO)\p DpdzY d A

Rn~mk

=c( [/ [ m@Bpy "™+ bl0)lpr N p.
Rn- mk Rm*

1
o / I \A-Nmz+MO)\prdzy.

R.»-"» Rm*

Multiplying by \QkA\LPP we finally get

(5) [ 71 (R») ~ clife_1 [V y/|[|E p(R™)

(7e £:(0  e>i, €% . m spye
Using the trivial estimate

Iir, Iv,,/IIii,S£II1<4‘,B.>/IU»
i=

we can prove by induction the statement of Lemma 1 for entire values of s,
s < m/p. Denote so the greatest integer with so < m/p. Then, as we have
seen, the identity mapping

id:
Lp »lp

is continuous; Lp(gkoP) means the Lp space weighted by gkoP- Using complex
interpolation we get for 0 < B < 1that

(Lp,L?)m =L\ (Lp,Lp(oI°p))E = Lp(:f p),

see [2, 2.4.2 (11)] and [4, 5.5.3]. Consequently Id: Lp ©° — Lp{gk 6p) is also
continuous, i.e.

6) Ikf/llip Scl/lll» /e i? eR?),
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which proves Lemma 1 for 0 ~ s £ so- It remains to show it for So < s <
< ml/p.

Distinguish two cases.

(A) sO = 0. In this case choose l<po<°°>I<Pi<m arbitrarily. It
follows from (5) that

ld: L I~L PI((E)
JPO JRO
is continuous. As above we get that

Id:LE.->V {pI/) \ .= — o+ -

Vo Pi

is also continuous. Let here & = s. Then the value of 1rp= can be varied
arbitrarily between the bounds

B S
1> —>—= —
p* m m

i.e. for appropriate po, pi we have p = p» and then

WeliU,= Irf/IUs «||/llu (/e L)

as we asserted.
(B) sO> 0. Let so < s<m/p. Then by (5) and (6) we obtain

WAL, S =
3=1 3=1

= FE"1((L + 1il2+ \y\AF {D Xf))
3=1
2 - R 2\s/2
Ui+l 0 .
T S +Ii2E b2

Here F denotes the Fourier transform.
Now we need the following famous theorem of Marcinkiewicz:

T heorem (Marcinkiewicz [1]). suppose the function A: RN —R satis-
fies the following property: let I < k\ < k? < mm< kr < n, r $ n be an

arbitrary index sequence, then the derivative
DkA := DXhi...D Xkn\(x)
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exists and is continuous at the points x GRn, ® 0,... ,Xkr ® 0; further
|zkDKA = |xfd .,.xkrDXk ...D Xkr\(x)\ <M, x GR".

In this case for any 1< p < oo there exists a constant cp, independent of f
and M such that

1" -1(AFN|ILp<cpM [[/|[Lp. [ e Lp{R").
(Such function AQK) is called multiplicator.)
Since the functions

f,
ALY) y/I\ + IEI2+ \vy,

are multiplicators (see [1], 1.5.5), we can apply Marcinkiewicz’s just men-
tioned theorem to obtain

|K/|KSC)||C"((1+ \22+ WY 2F = I/ b

Lemma 1is proved. O
Next we improve Lemma 9 of [3].

Lemma 9. Suppose 0 <r < 3/2, 0" s< | —r. Thenfor any p  po
and g G Hs(Rn) we have

IbIIHAR™) A c\LY 25\b2(K”)-

Proof. In case 0 ~ s it 2 the proofis the same as in [3]. Now let
2<s<| - 1. We have for 6:= 5 —2

@) Hs = ||(7 - Dpl#<5 ~ c\LeJ\ 1 - A)T||L2 A
<CyUJhU, +IRI2MIfa+un Tw n, <

<C \ifg\\u +Il|Ep(w)IU Sc + M l«.
We know further that

lim |[IRF0 ~ N1 bl o for 1< Po< 3/r,
WU\ 2 A cll(7 - A)(B?)|[IR2 ~ cl|p||L2+ (I <P2<
Indeed, the first inequality follows from
K(*)I ~ c[dist(x, S)]~T <cY, \yk ~ Vik(Orr
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by Lemma 1. The second inequality has a similar proof, only in (/ —A)(gq)
the derivatives are decomposed by the Leibniz rule and taking into account
(1) we can use Lemma 1 and

\Daq(x)\ <cJ2\Yk- ¥>fc(Orr"W. H =° 2°
By complex interpolation we get

lo Al ™= c\9\\1 <£-°)t+0(t+2) = c\\g\\Lr+2

(0<0< 1, - - 1----)e
P

We choose 0 to satisfy 20 = ¢« = s —2; then we have

, T(1—0) (r+20 r+20 r+s-2
F 3 3 3 3

Since THg2 < i, we can choose po, p\ to obtain p = 2 and then

(8) \3a\\H* A & H Ht+T.
Next we show that for any £ > 0 there exists c(e) > 0 such that

(9) bis«t+= = EHILI + (E)NOIN2-
Indeed, taking the Fourier transform this can be reformulated as

J 1+ X)SHNFg(x)\2dx <ej (1 + \x\2)s\Fg(x)\2dx+
Rn Rn

+c(e) J \Fg(x)\2dx
Rn
and this holds since s + r < s implies

(1 + |x]2i+T < e(l + |x|2)a+ c(e), X GR1
which proves (9). Finally we have

(10) M 12 <c\\Lfgu: (geH ).

Indeed, Lemma 8 of [3] states that g € Hs imphes / = L3 29 € L.. Since
LA32: L. —L: is bounded for large p (cf. the spectral theorem), hence

H\1: = \\L-s/af v < cll/lll, = c\\Lfgu.:
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as we asserted. Now unify (7)-(9) to obtain

HesC U fa\\Lt+c(eWg\H.+ cm LfOWA) =

If e > 0 is sufficiently small, this implies the statement of Lemma 9. ]
The proof of the Theorem follows from Lemma 9 as in [3]:

- £all],. S q i f{EMN/ =c|lj- EX)LTS\\L, - 0

if J1—moo. O
Finally we state two problems.
Problem 1. Does the Theorem hold for some s > ~ —r?
Problem 2. Does Lemma 1hold in case p —1, 0<s < ml

References

[1] S. M. Nikolskii, Approximation of Functions of Several Variables and Embedding The-
orems (in Russian), Nauka (Moscow, 1977).

[2] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, VEB Verlag
(Berlin, 1978).

[3] 1. Jo6, On the convergence of eigenfunction expansions in the norm of SobolefF spaces,
Acta Math. Hungar., 47 (1986), 191-199.

[4] J. Berg and J. Lofstrom, Interpolation Spaces (An Introduction), Springer Verlag
(Berlin, 1976).

(Received February 28, 1990; revised July 10, 1990)

MATEHEMATICAL INSTITUTE
OF THE HUNGARIAN ACADEMY OF SCIENCES
REALTANODA U. 13-15

H—1053 BUDAPEST

HUNGARY

Acta Mathematica Hungarica 62, 1993






Acta Math. Hung.
62 (3-4) (1993), 293-309.

THE SIZE OF THE MIDDLE SUMMANDS
IN PARTITIONS INTO DISTINCT
s-TH POWERS*

H. F. YEUNG (Taipa)

1. Introduction. The irreducible representations of the symmetric group
Sn of order n are closely connected with the partitions of n by a theorem
of Frobenius and Schur ([6], p. 123). According to this theorem, there is a
one-to-one correspondence between the irreducible representations of Sn and
the ordinary partitions of n in the following way. Let

1N ij.1 + /24 eeet AM =T, A >R ... N AN 1);
\ Aj’sintegers

be a generic partition of n. Then for the corresponding irreducible represen-
tation I'n

M A—A++n—=~A
(1.2) dimrn = n\ m

ME+ m-fi)l
u=i

Using the classical results of Erdos and Lehner (see [1] eqn. (1.4) and the
paragraph thereafter), Szalay [7] showed that, for almost all 11,

(1.3) dim n = expj ~77logn —O(7iloglog 71)].

Erd6s noted that this cannot be improved to

exp{(7) + 0(n1/2log-17)}

for any function g(n).

In order to estimate the dimensions given by (1.2), we need precise esti-
mates of the A’s. This led Szalay and Turén to study the value distribution
of the summands in (1.1). For example they obtained the following

*This paper forms part of the author’s Ph.D. thesis, written under J. H. Loxton and
D. W. Trenerry at the University of New South Wales, Australia.
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Theorem 1[8]. Forlogb®ii p < ~-y/nlogra-6v/nloglogn the relation

(1.4) A, = (1+ 0(log-1 n)) — x/nlog---------- \ y
* e -“»("3Y
holds uniformly for almost all ordinary partitions of n.
Using these results, they were able to improve the estimate (1.3) to

expj~ralogn - + A')®e+ 0(n7/8logdn)|

where Al is a computable constant.
Let ' be a generic unequal partition of n into distinct positive integers,
that is,

«2 H------ ham=n, ax>a. > mm>am(> 1)
(1.5) n': { “\ 4.
oj s integers.

Recently, Erdos and Szalay studied the size of summands in unequal parti-
tions. They pointed out that there exists a formula analogous to (1.4) for
the g™’s. In (1.5) instead of listing the summands of IT in decreasing order,
we can rearrange them in ascending order, i.e.,

M) n—QqfoeT "mT a2, o\ {'m>< <a’

where ali = aT-u+l

For convenience we call a' the p-th smallest part ofW. In [2], Erd6s and
Szalay studied the size of the ~-th smallest part. Essentially they showed
that for most of the unequal partitions IT of ra, a' does not differ much from
2p for moderate value of p. The purpose of this paper is to extend their
results to partitions into distinct s-th powers.

2. The middle summands. Let '™ be a generic partition of n into distinct
squares, i.e.,
a? + on +-—-0OM = n, oti > a2 > **¢>am(™ 1);

(2.1) 1T L
ctj’s integers.

As to the number qgi(n) of restricted square partitions of n, we have (see [4])
(22) @(n) =2+ 0(1))(67r)-1/22-1/3C2"3n-5/6exp{3 *2-2/3c"3n 13},

where ¢2 = (3/2)(1 - 1/>/2)C(3/2).

Given any I of n, let (aJJ2 = (aT+1_11)2 be the /r-th smallest part of
IM*. In this section we consider the asymptotic behaviour of a(,. We show
that for most of the restricted partitions of n into squares, if p is not too
small, a'y is asymptotic to 2p. More precisely, we have
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Theorem 2. For (n) —»cao, W(n) — oo and u>i(n)logn < p <
A nifs(uz2(n))~1, we have the uniform relation

apart from o (g2(n)n 1) restricted square partitions of n.

The method used is similar to that of Erdds, Szalay and Turédn (see [2,
8]). We shall need the following lemma:

Lemma 1. Let f(x) := /,LI, 1+ e~’3x)>then for x —»0+ we have
i/=i

(2.4) f(x) =exp (™| - "og2 + o(l)).

[o]e]

P f, logf(x) = log(l + e
roof, logf(x) i 9(
(see [5], p. 524)

'2x). By the Euler-Maclaurin formula

@ 7 1
$>g (1 +e_"2x)= / log(l + e~v2x)dv - —log 2-
V=\ I
“(2by.
since {I°g(l + e *"X)} = 0. Here «*,(r*) denotes the periodic
|

t/=0

extension of the Bernoulli polynomial on [0,1]. Put t —o0:x, du = *== to
get
00] ©
£Elog(l +e-2) = Jg(l + e-<)*

°0

~2 @) 1A U2 UN(T*]) 2 {106(1+«-)}< - /201 =

m-t ¥
1 E (1, J e~mtt~2/2dt - i log2+ . (xn-V2) =
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1 (™14 .
- ~ - + - =
Ly o J e-uu~1/2du - i log2+ 0(zn-1/2)

= ~=—"log2+ o (xn~r"2),

where ¢2=T(3/2)C(3/2)(1 - 1ly/2).

For arbitrary nonnegative integers n,k and /1 1, let g(n,k, A) denote
the number of partitions of n into distinct squares with exactly k summands
less than or equal to J1. Notice that <7(0,0,A) = 1; </(OAA) = 0 for Kk > L
We have the relation
(25) £5>(n,*,N)e-"*-¢ nm @+ e N (@Q+e_N)

n=0k=0 t<vx v>vm

holds for every real y and positive x. In particular it holds when

/ Co\ 2/3

(2.e) *= X°= (&)

Now let us consider different values of y:
(i) Fory > 0, n —»00, and K >0, we have

K K
$>(»,*, A)e~n*°-Ky < *p(n,fc,A)e"— ty<
K=o k=0
00 00 00 - -12x0-y
sf £ 9(»m k “- >=iKl+'ww") N 1+V N -;
n=0 k—O i=l <A

i(n.fc.Ajs O (1 +*Mlo>n o -ffisr)s

0 t/=1 1a>IA

<exp{nx0+ tfy+-g= +o0(l)-(l-e y) £ n
1<\In

<exp{3(]) 23n3+o0(1)+y(A'-e-"
irvin
using 1 —e y) < —ye y fory >0,

= 0(n5/6g2(w)) *expj (V - e_y +/<\e*2'°0
livX
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fK<eyY ..W0b-~ we get S n,k,A) = n)-n 2).
Y e get S g(nkA) =0 (@ (n)-n 2)
(i) Fory < 0, '—»o00, and Z > 0, we have

Y,9(n,k,A)e-nx°-Ly 1 $> («.*» A)e"nxo-fey <

fc=L k=L
00 00 00 2 1l
SEE <»,* *)«-— *F«- ﬂo +'-n “>M LII il
n=0pc=0 IVA
ie.,
E n)s Mo +e-J/Io) M (+nblr) =
k=L v=\ < JX
<exp|nx0- LW+ ~*= +o(l)+ (eM - 1) £ A
i<VX
<exp{3(|) 23nl/3+ 0(1)+bl (ebl y tv”" ~ 1)} =
i"VA
= 0(n56g2(n))-exp||t/|(eil J-
/Svin
using ey - 1<yeyfory>0. SoifL >elyl Y 1+W0G+ we get
i"V/IAlte °

Y g(n,k,A) =0(gz2(n) m~2).
k=L

Given a partition of n into distinct squares. I say, let S(n, IM*, /1) denote
the number of summands in * not exceeding A. By the result in (i) and
(ii) above, the inequalities

3logn
(2.7) S(n,n\A)>e- E ITTS7-
i<VK
31logn
(2.8) 5(. M) < e Y oot 4 g
I\t €,
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hold for arbitrary t > 0 with the exception of O(<2(ta) m~2) restricted square
partitions of n at most.
We suppose that A » log2n and choose t = to = A_1/AAogn. Then
using (2.7) we obtain
3logn >
5(n,M*, A (1 - g,
(n ) S tfelx (1-e S t+epxe to -
_SMS = _Al4ylOgTj _ 301 /4 ~ =3 .1/4";.
2 to 2 2

Moreover from (2.8),

s+ £ TYN Sens UE TIPMH <

livVX livXx

A -2toet°A1/z + o Mn< -ZA Y 4-yllogn + 3AL/A-\logn.
Thus

(2.9) 5(ta,M* )= T — 1 " + CKA”y/b™)
<V

holds for A > log2n with the exception of at most o(q2(n) ®-~2) restricted
square partitions of n. Hence (2.9) holds uniformly for log2n * 1~ T with
the exception of at most 0(~(Ta) *n-1) restricted square partitions of n.

If A is restricted by

,213
(2.10) log2la< A<
2x0 2133’

we have

N v | =-/2Q S

> o . = Vv -
2 - TLeixd 1+ e~I2¢
<VX

1< X |

iE ... 5E(-DYa

i<VX i<VX
>hS LA32 >"A"NyA =i"a.
-2 5 -2 8 8
So the uniform relation
(2.11) SAn™MA) + 0 (A3/2x0) + 0 (y/iogn «A1/4)
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holds for all but o (q2(n) =n T) restricted square partitions of n, under the
restriction (2.10).

Let o>i(n)logn A X < n1/3w>2(n) and n > no- Since 5y 2 lies within the
range (2.10), by (2.11)

y?
(2.12) 5(n, M*5/x2) = -y/x + O(/x3z0) + 0(/rV/2vhg”") =

\/5 _/ n
ST L0 ((ACN2) +0 (A k) =N H0( () >

Similarly 5(tx, MM*, 3/x2) = ~/x + o(/x) < Ix. But £(7,M*,a”) = /x, hence we
have 3/x2 < a's < 5/x2. Thus a*2lies within the range (2.10) and ay = 0(/x).
It follows from (2.11) that

X=S(n, M ttJ) — TO «3x0)+0(ar2y1”) =

= y- + O(psx0) + 0(/xL/2\/logn),

2
( 1+0("73

3. The small summands. In the last section, we have shown that for
partitions of n into distinct squares, a' ~ 2K when uxx(rx)logn < /X ~
A nlY3@R(te))-1 with the exception of o {g.{n)n~1) restricted partitions of
n. In the following, we show that a similar result holds when /xis not too
large.

which implies that

This completes the proof of Theorem 2.

Theorem 3. For 28" ko N k™ ©d/12, we /rave the uniform estimation

I/ oI~ [40log&
la-“- 211s "V - ir -
wxilr i/re exception of o {g.{n)K"'2) restricted square partitions of n.

Let @ (n-,k) be the number of partitions of n into distinct squares > k.
The proof of the above theorem will be similar to that of Theorem 3 in [2].
It relies on the following estimation concerning 2(35Kk):
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Lemma 2. For 1< k"™ 1l/5 and n —=* 00

@r-k) = (1 +0(1))2-Ne-q2An).
In order to prove the above lemma observe that for Re x > 0
| + n @+ 2
n=I USYTHE

Applying Cauchy’s integral theorem and the saddle-point method developed
by Szekeres (see [9]), we have

T .
31 amk) =~ lex|J A logQl +e-sev i) + B0 - neiNdO

where 3 is the unique positive root of
3.2 n.
(32) E N2+ 1

Using the Euler-Maclaurin formula we find that

M ITQ/S, fr2\V2/3 , 7~ —41/30\ . ,.lr{S

Let e be fixed with 0 < £ < 10 2. Let 00= 5% e- Splitting the integral in
(3.1)

r 0Q —#0
(3.3) 28 —rJ +J +J N iy Sa, say.
o @ -W

We will show that the contributions of 5i and Ss are negligible compared to
s2.
4. The major arcs. To estimate S, notice that when B 6 (-0Q00)

E  log(l+e-"2+*7) =

™ nO+T
. wa 1/4e/3/2 _
:. %.qmo-l-'/\l-l-lo(dw{Emi i & 1+ ’ (A ) -
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= E IYl+er) +7Te-m2 @+
vAY /KT 1 '

But for 9 £ (-00, 60), \QsR-7,> = 0(R1'4~3c) = o(l). Hence

|2~ N / E logd + e-*")-1«?2 E +/»" JExe

'K+l IS\ic+T

On the other hand we have by the Euler-Maclaurin formula

48r 2 v*ev & Ne"23
E Eer;jv2+ e E E

NVKk+T +
i° tdel 8 J n A Ve 8"2F
(erh+1)2 + 1 AA_(en +1)3
where
" AGeRl  2tsent  4tstenn2 ,
(B2 + )2 ' (eA2+ 12 (e”2+ 1)3
Now

NS/ ( €1+ i+ ig- ° >

Also,
ApiRR ,

\
.,:%J I - i/zl\%ﬁf'

(e]e]

E videRy t4et2R
(en2+ 15 m | (er2+1)2

So
dt + 0(B~2) + 0(fc5/2)

-wn ] bl y0(rl)=" "~ iy+0{8-2)=w » +0(r2)-

Hence for B £ (—00,00)

E (7eA2+ 1)2 :A!grz»r-l-o(rrm_ms/z ﬂ])'
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Thus

a3
(4.1) s2- — &Pl 5] log(l+e ")} -/lexP{ -~ 20}~
ViVk+lI

However 9~z 5/2= s 2e, so we can replace the limits of integration in (4.1)
by —eo and oo respectively since this will not affect the asymptotic order of
s2. Hence

(42) s2~ € [/

Sc2 e2}de
27 exp{i />€/fb+T 8/34/2

e™ /8rrr5/2
s O X la(ted}
I>Vit+l

uw /v ~ls exp{ E +

)}
Finally we have
"log (I +e-*"2)="log(l +e-72)- X log(l +e-"2),
n>n/k+r I/<v/fc+l
and
£ log(H-«-*")= ~ log(2 _ , )=
VT+T t/I<vT+T
= ° i -] - e- N =
i T T -1t ))
1
=S *#+°( E
tI<Vic+T e+ T 2
=- X 182+°( X] (1-e-suz)) = -[Vfc]-log2+o( X =12
v<vm i/<vfc+i t/<vT+r

= -[vT] sog2 + 0(/3(/c3/2) = —Jifc] -log2 + o(l)
using —og(1 - vy) < j/(I —/)-1 for |3] < 1. Thus

X log(l +e-72)= X 181+ e-"2)- [VK] *log2 + o(l) =
W>VK+T

/>1
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= ~\log2* A ‘log2 + °(1)
Hence we have

w13 13,
o~ "op{ 7p’Mog2t N 'log2}
that is,
(4.3) S2~ 2-f~ «22(n).
5. The minor arcs. Lemma 2 will follow if we can show that the integrals

s\ and s 3 are negligible compared to s2- First let us deal with si. e notice
that
Si = expjn/3+ "2 log(l + e_/3l/2)|x

1/2
J | g—3il2+j2uDi/2

J exp{_znmo + J2 log+ - }de,
AT e

n
where oo — 00/(27r).

Lemma 3. Let 80 and k be as above. Then for 0o £ B < 1/2 we have

| | o-/3i2+2n6il2 .
| iog _pn = o(n ¢) for every ¢ > 0.
i>VicH 1+eP2 |

Proof. The proofis similar to that of [11], Lemma 1. First of all we
notice that

SgKWIl=i £ log(l- 2(1- j ( ~ y )s
t>VAH
(1 —cos(27r6"2))e
s- E (en2+ 1)2
For those 0 ™ /3-1/2, we have
pBVz 1

(en2+ 1)22 (e+ )2 B
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So
(5.1) logl|i?(0)] < - i (1- cos(2tv:e)) =
Jk+I<is<R- 1,2
—kio 12
17" _5 E ))S
vifc+TSi/g/3-1/2
s-|(r,J2-"/t-i)+|-| E g 20
nann~/z-12
But
e 21r«0i/2 < 2R 2moif2
E + 1 E «
VIEP inIS -1/2 s 2 i/<VE+T

s | £ "2°Ki0is2 V* + 1
V<B.~12

Moreover, applying Weyl’s Inequality (see [10], Lemma 2.4 and &4 of [12])
we obtain for Bl~e”™ 9~ 1/2, the inequality

5/ e2d 21< Q-1/2
12

where 0 < G0 < 1 Substituting these into (5.1) above we have
log |G(0)| ™ -¢/3~1/2+ c'nATT.

However, /3-1/2 ~ cnl/3 and + 1= ("(nV10), thus log|G(0)] » —€"«V/3,
and this proves Lemma 3, since the case 0Qi B < R1~c can be easily settled

log|G«>H<- E 1- coq2TTto2))er")
N
jg+1n20)-12 (872 D2

It follows that

S\ =o(n c)eexpjn/3+ ~ log(1+ e ™ 2)|
JMc+T

and in view of (4.2) we have S\ = o(s2). The proof that Ss = o(5r) follows
similarly and this completes the proof of Lemma 2.
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6. The exceptional partitions. Next we consider the set of partitions of
n into distinct squares for which the square root of the a-th smallest part,
a* is not close to 2u. Let us suppose that

(6.1) ko %u " nl12, e=e(k0), and O0<£<1

Our task is to get an upper bound for the number of exceptional restricted
square partitions for which the inequality \a'L- 24| < £y does not hold. Let
E (u,n) denote the number of restricted square partitions of n with |a® —
—24| > £4. By (2.12) we have

S(n,IT,bn16)="n Y12+ o(n"16) > nV/12

for all but o (g2(n) en~1) restricted square partitions of n. So for suffi-
ciently large n, apart from o (gz(n) *Ta1) such partitions, the other have at
least [n1Y12] summands smaller than bn1/6. Hence the inequality aj~1/12j »

<y/bnis; 12 holds for all but o (g2(n) mn~1) restricted square partitions of n.
So for  lying within the range (6.1), we get for E(u, n)

(6.2)
E E E @ af a. o
P="h=[2_e) 1= -i<°L
+ E E @2{n—Qz —ob -

+0 (Q2(n) *n-1).
Moreover, for those a' less than [y/bnl/12] we have

(n-af- az - af)y5>nx\ 1- yn*aus >
>n15(l - 6n"3/4)U5> bnuys >af.
Applying Lemma 2 we get
* («-«?-a? - af_a-af;af) =
=0 ~<)m2(n- af - a'2-------- af-i - af) = 0(2-aé) .q:{n).
Substituting into (6.2)

[2<0d / , _ 4
E(n,n)<0(gz2(n))- £
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[n/6n1/12] . \Y

+0(«(B)) * Y. (" ! + 0(H(») s«m’)e
“Me[(2+e)XFH

Following the argument in [2], p. 444, the sums of binomial coefficients in
the above inequality can be estimated by means of Stirbng’s formula. This
gives

E(p,n) —0(g2(n)) *jn 1+ £ 1exp(-E2p/8) + £-1p-1/2exp(-E2p/16) |

for every £> 0. So

Y E(P,n) =
0 (00}
=0(g2(n))-{n_11/12+£ 1"exp (-£2p/8)+£_ 1" p_12exp(-£2p/16)} =
A*=fco ~=fco

= 0(g2(ra))-jre~11/12+ 0(£-3)exp(-£2fco/8) + 0 (£-3&01/2)exp (-£2/:0/16) j.
Let £ = For ko > 28, we have

Y E(/i,n) =0 (g2 (n) mk~3/2).
il 12
This shows that for 28< ko * " nl/12, the inequality

. 40 log A0
l«i, - 2Pl <

holds for all but 0(g2(n) *kQ3"2) restricted square partitions of n, and we
have Theorem 3.

7. Further extensions. The same argument can be used to extend the
above results to partitions into distinct s-th powers. Let L be a generic
partition of n into distinct s-th powers:

o». T R[+ + —-\Bm =ni Rl >R-1> om > pBm{", 1);
1 \ Rj\ integers.

Again let {B'Y = (Rm+x-v)s be the p-th smallest summand of LL.

Acta Mathemaiica Hungarica 62, 1993



PARTITIONS INTO DISTINCT S-TH POWERS 307

Theorem 4. For usi(n), oi2(n) — oo and uq(n)logn ~ p <
< nr/(1+s)/wa(n), ice have

apart from o (gs(n) en 1) restricted s-th power partitions of n.

In proving the above theorem, we make use of the following which is a
natural extension of Lemma 1.

Lemma 4. Letg(x):= fl~_j(l + e~U’x), x > 0. Then

g(x) = exp™-"yj —*og2 + o()  for x % 0+,
@ |
Here cs = f JL-Ldy = (1 - 2-U*)I'(1 + 1/«)C(1 + 1/e).
0
As to Lemma 2 and Theorem 3, we have the following extensions:

Lemma 5. Letgs(n; k) denote the number of partitions of n into distinct
s-th powers which are greater than k. For 1 <k $ nl¥/5 and n —»00

gs(n; A) = (1 + o(1))2~ 14 +gs(n).
Theorem 5. FOr 2s < ko <p < nl/6* rue have the uniform estimation
40 log &
K -2*%”?
toiiA the exception of. (gs(n)kQ3*2) restricted s-th power partitions of n.

By a more intricate argument it seems possible to obtain analogous re-
sults for partitions with summands taken from a general sequence of integers.
However, since we have not carried out all the formal details, we decided to
leave the general case as a conjecture.

8. Conjectures. We close this paper with two conjectures:

Let A" = {ox,a2,...} be a strictly increasing sequence of positive inte-
gers. Let LU be a generic partition of n with summands taken from A"

[ Aj + A2+ see-f AM —n, AX > A2> see> AM(N 1);
1A €A
We let X' = Ar _ii+l be the yu-th smallest part of M2. We also suppose that

the sequence of integers A’ satisfies the following two conditions (see [3], p.

54-55):

m ®N'(r)y= -2 1= 0<a<1 RBE€R.
Aent

A<X
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(1) log Q(n; /1") >CIn"/(a+1)log-/3/(«+)r<i_log-1(2«+2) (loglogTr)"1)

where Q(n; A') denote the number of partitions of n with distinct summands
taken from A', and

ex= {Al(a+ 1)C(a+ 1)(1- 2“")(« + ato+a~a}l/(“+)

where A is the constant specified in condition (I).

Conjecture 1. Let w\{n)\ogn ~ p < n=/(“+1)log-~ “+1)n/u>(n),
where w\{n),U.{n) —00 as n —*oco. For sufficiently large n, the asymptotic
relation

~ 2:/aa.'aA~i/ap:/alogR ap.
holds for almost all partitions of n into distinct parts taken from A'.

Conjecture 2. Let ak be the k-th term in the sequence A' which sat-
isfies the two conditions stated above. Let Q\'(n;m) denote the number of
partitions of n into distinct parts taken from A', such that every summand
is greater than m. Thenfor 1~  fi nus and n-mx)

Qh'{niak) = (L+ o(1))2-fc +Q(n; AY),

where Q(n; A') denotes the number of partitions of n into distinct summands
which are taken from the sequence A'.
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ON THE (c, - 1<a<0,-1 <8 <0)-SUMMABILITY
OF SINGLE AND DOUBLE
ORTHOGONAL SERIES

D. V. BREGVADZE (Thilisi)

In the present paper we consider necessary and sufficient conditions for
the negative order Cesdro summability of single and double orthogonal series.

1. Definition. Let a and B be real numbers (a,8 > -1). We recall
that the (C,a) and (C,/?)-means of the numerical series £am and £amn,
respectively, are defined as follows

1 J\
a, Oa Y ' Am-kaki
m k=0
alt = Y2 2Am-kAn-lakl (m,M—0,1,...),

Aa AP g0 i=0

where 1" = (m+*) (see, e.g. [8 p. 77)).

If (®71 ) is an orthonormal system (ONS) on [0,1], then let < ((a1 ),(PT ),X)
be the Ceséro mean of the series £aT ®10. Often for shortening, notations like
(am) and (ONS) (@t ) wiU be omitted and we will use e (k). Analogously,

by the (ONS) (®1n) on [0, I]2 under ffI((am,),(Prn),x,y) we mean the
Cesaro mean of the series £EEatndrn. As in one-dimensional case, we will

use <Tmn(x,y).

2. Preliminary and main results. G. Sunouchi and S. Yano [7] have
obtained a sufficient condition for the negative order Ceséro summability of
single orthogonal series.

Theorem (See [8]). Let (®1) be an (ONS) on [0,1] and let the sequence
(am) satisfy the condition

M azmn+ 1) 2a<oo0 (-1 <a<0).
70

Then cT(x) converges almost everywhere (a.e.) on [0,1].

We have a two-dimensional analogue of the last result:
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Theorem 1. Let (®1,) be an (ONS) on [0,1]2 and let the sequence
(amn) satisfy the condition

(2) '52amn(m + 1) _2a(n + N)~20 < 00 (-1 < a,B <0).
m=0n=0
Then orun converges a.e. on [0, 112 as min(m, n) -» oo.

We remark that condition (1) is also necessary for the Cesdro mean
summability of general orthogonal series because the following theorem holds.

Theorem 2. Let the sequence (am) satisfy the condition

(3) 53 axm{rn+ 1) 2’=00 (—l<o0 <0).

m=0
Then there exists an (ONS) (®71) on [0,1] for which

Urnsup |(t' (x)| = oo

a.e. on [0,1].
The next result shows the sharpness of Theorem 1.
Theorem 3. If asequence (amn) satisfies the condition

[e]e) 00

(4) 53 57ar, (T + 1)“2a(e+ 1) 23=0 (-1<a,/?<0),

m=0n=0

then there exists an (ONS) (®T1n) on [0, 112, for which

lim SUp \Pmn(X)\ = o0

min(m ,n)—»oo

a.e. on [0, I]2.

Finally, we note that the main results of the paper were announced in
[1] and [2].

3. Proof of Theorem 1. In the sequel, by C we denote positive
absolute constants, not necessarily the same in each occurrence.
Let
] I . .
(5) Jay L cei M2 m- Ai-karrik(x,y).
n i=0
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Lemma 1. Let (®T1n) be an (ONS) on [0, I]2 and let the sequence (am,,)
satisfy the condition

00 00

(6) Jrarn(m +1)-2(@+l)(n+1) 2(/3+]) < o0 (— < 0i,k <0).

771=0M=0

Then <GmL/3+10x, y) tends to zero a.e. on [0,1]2, as min(m,n) —>o00.

Proof. It is enough to prove that &ml/3+1(x,y) — 0 a.e. on [0,1]2,
where
ga+Il,R+I1"x y) _ m ax let"+ 113+ 1(x, il)].
2P<mg2P+1
2«<na2«+Hl

By a known formula (see [5]), we obtain

m n

ANLBHOK) = jatt jfa+l E fczEO "tW "D
«0

u=0p=0
Hence, using Cauchy’s inequality,
-a+1,/3+1

1
M) Lo (x,y)R2 A Aty A p2E E e W I}, x

m n r K 9

E E .

i=0 fc=0 i"=0/1-0 {
Taking into account that

e n

(8) E E K ”-"))2}101-1,,/2}2S (-1 < ajS <0
i=0 fc-o0

and 2p < m <2P+1, 29 < n < 29+1, from inequahties (7), (8) it follows that

fcatl,/3+1/ \I2 < N X
v? = 22p(a+)22g(/3+)

P+l 29+1 i

XEEfEEACW ,»)}

1=0 k=0 i/=0/1=0
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Then, by (8),
en, by (8) L1
I J{SA+I'B+H\x,y)}2dxdy”
00
P+H12+1 i«
= 22p(a+1)22?(/3+1) EO KE OlE/ =O% =0Kt M1 1>41S

c P10+l PH124]
S o(«ti)224(34) E E < E_E ~ fc )2x4i;)22s
20+1 29+1

=W!;J§OTW

So, by (6), .
/ *nIB+H* y)}2dxdy<
=00 ©

2P+1 29+1

02p(a+l)a2g(/3+ XX —
0 &0 epehoza3el) 75 4

EE
p=016=0
= >

00 0o 00

< 4 E E 22p(a+|)z 29(/3H) <@

i/=0/1=0 P=1/g=/i
Because the termwise integrated series is finite, B. Levi’s theorem implies
6p"1,0+1(x,y) —»0 a.e. on [0, 1]2. Lemma 1 is proved.

Let
1 ran

Am An, 0kQ

Lemma 2. Let (dtn) be an (ONS) on [0, I]2 and let the sequence (amn)
satisfy the condition

(t0) E E d»(-D 1)_2(a+1)log2(n + 2) < 00 (-1 < a < 0).

m=0n=0
Then Kn+2d x,y) tends to zero a.e. on [0, 1]2 as min(m,n) -> oo.
Proof. Due to Cauchy’s inequality,

(RmA2pe(x,y)}2 < 32 (¥+ 3)2x
t=-2
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m 2t+1 2 P-1
x{t M+t X (* + 3)-2’
Nt <0 fC:2{+| «=-2

where we make the following convention: for t = —2 and —1 by 2f we mean
—1 and 0, respectively.
Let

0 (1 m 2 2

<=-2 nn  »=0 fc=2'+

It is obvious that

so it is enough to prove that FM+1(x,y) —0 a.e. on [0, I]2 as m —o00.
Using a formula of [5] we obtain

*E+W ) =

T E< +%-P"-fc:2$rl *=0 | p=0 ~ *

By Cauchy’s inequality and (8), when 2qg < m " 29+1, we have

C Hx o VE R TMEAY)2

m 2+l i '
i £ EN-NWIE, »)} =
0 Mc=2"+1 p=0
00 1 20+1. 2+1  t
=c X" + 3)222g(a+l) X]{ X XN«'-P N ®p*$pfc(*»I)}
t=-2 fe=2'+1 P=°

Now, using inequality (8) we obtain
(I

j J[ 2«<rrnng)2(9+| Fo+1(X,Y)dXdy <‘
00

scE(“+3l E EE(<-14
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Ny B2 2
= +
=cE(+3), e, & ¢i-1Rs
2(+| 20
=c E (i+3)2°K i) £ XX*=

jfe=2+1 P=0

A 2 1°g2(" + 2)
220(“+1) ¢

Jfe=0 =0

So by (10)
11

0
\ >/, >/, PP Fm+1(xiy)d%dy
9—0o0 o

00 00 . 29+1
sc'E EMNfOE "M t+ ~s
<30k=0 i=0

SCEE»3>s2(*+2> £ 229(a+|)=oo-
f=0 i=0 29+!

Due to B. Levi’s theorem

n) a.e.on [0,1]2.
Further
(12) max
2P<n<27+!
where
i m n
M*“+1(x,2)= max: — X)
<n=2 ,=0 fc=2P+ |

From the known formula (see [5]) and Cauchy’s inequality it follows that

m

f< (4 »’s icFijigi'4" -'">2x

E{ B, EA- Do)} s
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2Fch<2P+l (A™ %)2 E N

_0 “fc=2P-|-lu=0
Further
{M"*1n M)}2< C _ max
2«<mgz«+1 2<T™"241229@a'l'1)
2P<n<2P+x

XZE{ E ’\2M~u1)/23(\uk(x,y)].

»=0 fc=2P+l i/=0

Applying the Rademacher-Menshov inequality (see [4], Theorem 3) sep-
arately for each fixed i, we get

| |_ <Z% ,J Mod*,y)2d4dy S

2i+1 2P+1 i

4cg@>i- y: M E EAN-122's

fc=2P+1  7=0

2P+1 249v1 241
sc log22™ E E * E k! :1/2}js
fc=2P+l iI=0 i=i/
2P+1 2»+|

o B [ 7 IdH2)

Consequently by (10)

(I
EE/{ 202 yog

AEE E En 48 +

p=0 g=0 k=2P+l i=0
0 1 °
ANEE I + ) E An)<o
fc=2 1=0 20+ >i
Hence B. Levi’s theorem implies that

(13) M “+1(x,y)-*0

a.e. on [0, ]2
Combining (11), (12) and (13) we find O“+Xx,r/) —» 0 a.e. on [0, I]2
Lemma 2 is proved.
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Lemma 3. Let(orrr) be an (ONS) on [o, 172 and let the sequence (amn)
satisfy the condition

(1d) N2 £ amn(m + X 2('+1) < 00 (-1 <a <0.
m=0n=0
Then the convergence of and R*~2P°(x,y) Is equivalent a.e. on

[0,1]2
Proof. First prove the equivalence of the convergence of A4“+2°(r,r/)

and K2,2pX(x'Y)-
By a known transformation (see [5]) and Cauchy’s inequality we get

{R*"°(*.,y)-Ra+*(*,y)}p =

1 m 2P i
i =0 30 4= 2P+
1 n* or EIS
iy2 K <
s A EA:T3}2E {EE < J2r<>a (M)}
mr J i=0 i=0 fc=09=0 N
m 2P i

= C {N“+132~ {X 1 X]A2q ) 2P+ iad~gk(x,y)] =

Hence | T
E //{"VW)-K #(x,y)}dxdy i
P=°0 0
s c/im?E EEEiAB¥8imis
int [ p=0i=0k=0qg=0
s EEE" E<A|])22
1 mJ p= Ofc:Og 0 1=
sct” tttjE E "~ E N scE E ejS tp
T™nt [/ fc=0 1=0 2P>fc fc=0 1=0 11rn J
Further

EE/Y ZeBap4ed-Aqr 2
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W 24X
’\CE"K)E F4 C(EE&E 22q0+) <(DM
fc=o i=0 fc=0 «=0 2«+1>t
Then due to B. Levi’s theorem |-i“+21(a>Y) ~ -“"m2g1(a’ Y)\ 0 a.e. on
[0, I12-
Let
(15) 6% I\x,y) = Zpmax+ |[R"kI'\x,y) - y)l.
We shall prove y) — 0 a.e. on [0,1]2, then taking into account
the above estimate, we obtain Lemma 3.
Indeed,
Pt
(16) "rapl!l!y) — E |A“+1(x,2)-A “+11(a;, 2)|"
s=2P+l

S{E. MEIT*.»)-<ilficdy e

By the definition of Amt1,1(x,y) and a known formula (see [5]) we get

*au («»)—tI-H:EE e r Ee J2AI-]l)-*-«« >m

i=o k=

Then
Resh\x ,y)-R e \(x,y) =

1 m s i 1 1
i=0 fc=l t=0
Combining the last transformation with (16) and applying a Cauchy’s

inequality we find

< IL;;{PEerge,ﬂ - s
¥, E EteriE{EEe-Ai-e)fo
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2 oP 2P+1 m s i , 2
xa**dn (*,y)} <C 2 E{EEAtLY2X "M i,1f) =

vaT i os=2p+1 i=0 k=1t=0
Consequently
11

Ey | ¥ 20d¥o+1 )
P=°0 0

®© ,, 2P+1 2441 s A 1 A
scEiggs E EEE MV /s
p=0 s=2P+l «=0 fc=li=0
00 - S » 1
s ¢ E ~"E E E K W NS
5=2 i=0 k=1t=0

SCE ey E ENT/AVAE3S

(00] 1 x4l 29

scE ssnEg«EH:rI,IZ}Zs
i= i=i

00 2l

=~ EE 220(c) EE

fc=1

Thus 11

EES. || opaga
P—0 ~ 0 0
241
“EE"*"Tw E"~ME E ~E ™ 122yl <o°-
Hence (14) and B. Levi’s theorem imply (15). So the proof of Lemma 3

is complete.
The statement of the following lemma is an easy consequence of Lemmas

2 and 3.

Lemma 4. Let (®Tn) be an (ONS) on [0, 112 and let the sequence (amn)
satisfy the condition

a7 E E amn(m+ I)-2(@a+1) log2log(n + 4) < oo.

m=0n=0
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Then A 1,1(®)3/) tends to zero a.e. on [0, 1]2 as min(m, n) —0.

Proof. Lemma 3 shows that it is enough to prove A“| 200(i,r/) —20 a.e.
on [0, 112 as min(ra, n) —o00. To this end, we set

2n-i -1 Xj 2
AMin(xiv) = | 0,ikhik{xi)}H { a»fd >
fc=2n-2+1 jfc=2"-2+1
2_9_1 1/2
«in = { aifc} (n=0,1,...),
fc=2"~2+I

while keeping in mind the convention made at the beginning of the proof of
Lemma 2. Obviously, (®tnn) is an (ONS). Thus

m 2p
A3 ° (N y)=7T+T N 2 od) =
Arn «=0 fc=0
mptl 21
= La+l X/X/ X/ An-iaigdig{x,y) =
i=0 fc=09=2%*-2+|
1 P+1
= 77T X £ 2) = Y-
Am i=0 fc=0

By (17), (aTQ satisfies (10). So we can apply Lemma 2 and obtain that
WTpL0(X, y) tends to zero a.e. on [0, 112, which in this case says: A“+200(x, y)
tends to zero a.e. on [0, I]2.

Lemma 5. |f8>-|, >0 a> -1, am

1 M .
(18) 0 as min(m,M) —»00
n=0
a.e. on [0, 112, then
(19) O"AMUR2+e(x, y)-> 0 as  min(m, n) —»00.
Proof. Since
AiiC ¢ *)and C(nIWH*>),
k=0
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using a known formula (see [5]), the Cauchy inequality and condition (18)
we get

.qg(q.l ,U.P"‘A/-b+C E K-"k +‘ﬁ e e <
k=0 K j=0 p=0
. n 1 n 1 m fc
= [B+1/2+e| Dt i 2+ f 4 E E E N -.=
|f£;9 } fc=0 {]:'lK(j'l ™ i=0 p=0

xAf_pojp*ip(x,j)}2|1 2 £ 0 (n,+W2+,)0(n"-)o (.V2) = ,,(L).

Lemma 6. IfR > 1/2, —1 < a < 0, and the condition

(20) Y, ]C a™«(m + 1) 2(a+l) < 0°

m=0n=0

is satisfied, then

(21) CYN*.»)"

n=0
tends to zero a.e. on [0, 1]2 as min(m, N ) — oo.

Proof. If N is a positive integer, then 2P_.1 <N * 2P with some non-
negative integer p. (For simplicity in notation, we neglect the case N = 0.)

Since
r”Jm(«») S2I:+1 ( x,9),

it is enough to prove that T"*p™(x, y) —#0 a.e. on [0, I]2as min(m,p) —oo0.
According to a known formula (see [5]) and an easy transformation, we
obtain

Thip® (1Y) = ZZ] 2pr 1 o2 X

r= —2

©

2r+i

1 m o 2
X A2 {na+IRj\R 1[1'T1A ™<An-bka'k®k(X’Y'} =

n=2r+1I nT f33iri i=0 k=0

So it is enough to prove that

2r+1
Tn?2'B(x,y) 2r+2 Y {A<HQABRX
n=2r+1 Atm
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m n ; 42
Y1 Am-iAlZlkaik$ik(x,y)\ 0 as min(m,r) -m00
i=0 fc=i
a.e. on [0, 1]2.

Using the formula (see [5]) and the Cauchy inequality
e o 1
mr 2r+2 M1 { N xPB2{ARY2

(E E AtZiA)i;K E "

PR Vi i V'i4 (a_1)/21 2x
v o2 L {ANYRI{ARI2jrC m'

KB LE N E < Do) -

We can easily verify the estimate

S 71cH 0 N

£, {/\>2 "o

So we have N
‘g ‘OV PP+ YA X<ly =

S AT A ZE' P n i |

?:Ia;" rl Gy Ad(eri)igPi2 B E B>" th 2

X
ITonii,.. 21rt«+4{"}I

2P+1 n
*EEEK ;> [ /gy ~
i=0 fc=l <0

00 T 1/3-1-.2 2P+1

scE sel] E<Ew E<<12%

323
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0 1 2P+
=~E Z@6HE &k
c= 1=0
Hence and by (20)
11
[ 3., 2~j™ ' Ry)dxdyi
r=0p=10 0 ”’ J RX'y)dxdy
00 00 2P+ 1
< 00.
fc=l p=I i=0 Fc#l i=0 p=i

So by B. Levi’s theorem
Amr1™(r)2) 0 as min(m,r) ~ o0

a.e. on [0, I]2.

Lemma 7. If(®tn) is an (ONS) on [0, I]2 and a sequence (amn) satisfies
the condition

(22) E E a™(rn + 1)-2(“+1)I°g2l°g(n + 4) < 00 (-1 <a <0),

m=0n=0

then for arbitrary B > 0
(23) ii"71/Xa:,y) —#0 as min(m,n) =00

a.e. on [0, I]2.

P roof. By (22), the sequence (amn) satisfies (17) and (20), thus com-
bining Lemmas 4 and 6, for § = 1 we get

1 N
JFE « « 100 ’y*2 0 as min(m’n) 00
n=0
If we set # —O0 then by Lemma 5 for arbitrary e > 0
Cn11I2¢(1>Y)—»0 as min(m,n) =00

a.e. on [0, I]2.
Using Lemma 6 (for B —1/2 + e) we get

C t1 1/2+g(s,y) >0 as min(m,iV)-> o0
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a.e. on [0, ]2
By Lemma 5, we obtain

N 12(1,4d) =0 as min(m,n) —*00

a.e. on [0, ]2
Since £ is an arbitrary positive number, this is equivalent to Lemma 7
to be proved.

Proof of Theorem 1. We will make use of the following representa-
tion:

(24)

(a+ 1)(/?+1)Ad |AR+H Y Y Am-iAi-kikaik*ik(x, ¥)+

1
+- Y Y Am-iAi-liaik®.k(x, Y)+

+ Y Y1 AT2rAn-kKkax M *K(x"Y)e

This follows from the identities

AT1= & A and a-fm - a
a+m a

Since (mnamn) satisfies (6), and (mamn) satisfies (22), thus Lemma 1,
Lemma 7 and its symmetric analogue show that the right side of (24) con-
verges. By a theorem of Méricz (see [5]), the second term converges a.e. on
[0, IT2. Combining all statements we get Theorem 1.

Proof of Theorem 2. Without loss of generality we assume that
am ¢ 0. With the notation

am = min{jam|, (m + 1)"},

it is clear that

(e]e]

Y am(m+ 1) 2a=0Q0

m =0
and there are numbers 5m, 1> Si > S? > ... > Sm —0 such that

[e]e}
(25) Na;2(m+1)-25m = oo.

m =
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Since aff(m +1) 2aSm < 1, we can define a stochastically independent
(ONS) on [0,1] for which

m -k 1)aSml/2 for x € A,

®ra(r) = - -a x(m+1)aS,, /2 for x e A*,,
otherwise,

(m +1)-2"5m/2.

Then |aT @1 (k)| > Sm”2(m + 1)" for x € AR UAj*, and by (25), the
Borel-Cantelli lemma (see [3] p. 47) yields

limsup |[aT &7 (a;)|(T + 1)" = oo.

By virtue of a well-known theorem (see [6], p. 78) we get

lira sup " (x)| = oo.

m —Muns3o

Theorem 2 is proved.

Proof of T heorem 3. We begin with a few definitions and notations.
By an interval (a, b) we mean either the open interval (a, b), or one of the half-
closed intervals [a, b) and (a, b], or the closed interval [a, b]. By a rectangle
R = (a,b) x (c, d) we mean a rectangle with sides parallel to the coordinate
axes.

A function / defined on [0, I]2is said to be a step function if [0, 1]2 can
be represented as the union of finitely many disjoint rectangles such that /
is constant on each of these rectangles. A subset H of [0, 1]2 is said to be
simple if H is the union of finitely many disjoint rectangles.

Given a function / defined on [0, I]2and a subrectangle H = (a, b) x (c, d),
we set

f((x - a)/(b - a), (y- c)/(d-c) for (x,y)eT,

HTwx, 0 otherwise.

Finally, if A is a subset of [0, 112, then we denote by A(T) the set into
which T is carried over by the linear transformation x = (6 —a)x + a and
y = (d-c) +c.

Now we present five lemmas.

Lemma 8. If(®71,) is an (ONS) of step functions on [0, 112 and H is a
simple set of [0, 1]2 such that

(28) mes H > 0,
and
(29) limsup \(M®&((amn),(” mn),x,y)\ = oo for (x,y)eH (~I<a,B),

inin(m ,n)—*o00
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then it is possible to construct an (ONS) (®ram) on [0, 112 such that

(30) limsup k"~((atn),(®Tn),x,r/)| = oo
min(m,n)—wo
a.e. A1[o, I]2.

Proof. The proof is modelled after the construction used in [6]. By
(28), (29), using Egorov’s theorem there exist an increasing sequence
{rp:rp+1> 2rp;p = 1,2,..., rq = 0} ofintegers and a sequence {Hp:p =
1,2,...} of simple subsets of [0, I]2 such that forp = 1,2,... mesHp > 0,
and for (x,y) GHp

max £ N -AMa,-*0,-*(x,y) >
rp<m,n<rp+i
{i £EQmn\Qrp—1,rp—1

rp—1rp-1
=p+4y vy B¥IM«b
<=0 k=0
where
Qmn = {(r,k):i=0,1,... ,70;k=0,1,... ,¢ (mn=0,1,...)
and

Mmn = max [dTn(x,Y m,n=0,1,...).
o max el ( )

Our goal is to construct an (ONS) (@t ,,) of step functions on [0, 1]2 and
a sequence (Ep:p = 1,2,...) of simple subsets of [0, 112 such that these sets
are stochastically independent, forp = 1,2,...

(31) mes EP >C,

for (x,y) e Ep

(82) ~max {N“n7} 1 Y Am -iAT-kaik*ik(x,y) >
pem Pl (i €0mM\Qrp—1,rp-1
rp—1rp-1
rr+ 4 £ £ | aAdA(, 2),
«0 fc0
and
(33) max  |PT1,,(x,!/)] < Mmn (to,e=0,1,...).
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We will proceed by induction on p. Ifp = 1, then let
Amn(x,y) = &mn(x,y) for m,n=0,1,...,r2- 1 and £i = Hx.

Conditions (31)-(33) are obviously satisfied.

Now let po > 2 be an integer and assume that the step functions
(dwn:m,n —0,1,... ,rR—I1) and the simple sets (Ep:p = 1,2,... ,po—1)
have already been defined in such a way that these functions are orthonormal
on [0, 112, these sets are stochastically independent, and relations (31)-(33)
are satisfied for p = 1,2,... ,po —1. We can divide [0, I]2 into a finite
number of disjoint rectangles (Rs : s — 1,2,... ,or) such that the func-
tions (®mon:m,n = 0,1,... ,rR —1) are constant on each Rs and the sets
(Ep:p=1,2,... ,po—1) are the unions of certain Rs. Let R'sand R denote
the two halves of Rs.

We set
$mn(x,y) = AM{@Tn(-1';*y) - 4mn(R";x,y)}
s-1
and T
Epo = \J{HpO(R'3YU Hpo(K)}

5=1
form,n =20,1,... ,rRand max(m, n) > rpo. It is easy to verify that the step
functions (®1,, :m,n =0,1,... ,rp0) form an (ONS) on [0,1]2, the simple
sets (Ep :p = 1,2,... ,po) are stochastically independent, and conditions

(31)-(33) are satisfied.

The above induction scheme shows that the (ONS) (®Ttn) and the se-
qguence (Ep) of stochastically independent sets can be defined so that condi-
tions (31)-(33) are satisfied for every p=1,2,....

Putting (32) and (33) together, we can conclude for (x,y) £ E

(34) o Max °'tn((atrr),(P»nn),a;,2/)| ~ p P =12,..).

m ,n <rp+i

Setting E — lim sup Ep, (31) implies mesE — 1 via the Borel-Cantelli
p —»o0

lemma. If (x,y) £ E, then we have (34) for infinitely many p. Lemma 8 is
proved.
Now we will prove a lemma on numerical series.

Lemma 9. If the (C,—1 < a,R < 0)-means of the series

0o 0o

S E 0—
m=0n—-0
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are bounded, then

(35) amn = 0(man0) as min(m, n) —»00.
Proof. Let

(30)

Using a well-known formula (see [8], p. 78)

1 n

Qmn Y" n-a-2-/13-2 n“*ARaal =
Aa AR AaAR i=of=p M~ n~k ' Kk tk

m—1n—1
eV Y Amam2A-0RAY AGRaps

a vl é_
n-1 , o+
J I'IZ / *,@‘\n Qc Zﬁogag A —Aﬁ Y /@T 2&?%0 & RAQ-

Then by (36)

ra—n—1
lamr,l < _i_IV 4-C-2 A~R~2AaA0na0
Na A0 = Aa A I~ 2~ n-fc « A feY fc
,=o0 fc=0
1 p— 1 |3
+ +YT E Am-I12Ai Qvf + kmnl ~ 4M.
A" *=0 m .=0

So we get amn = O(man0). Lemma 9 is proved.
Proof of Theorem 3. We will distinguish three cases:

(37) (@ E amo(m+ 1) 2a= oo, 00 E ao,(R+ 1) 20 = oo,
m=0 n=0

(c) foreveryr=1,2...,

(38) E E a'[xr“ﬁ) _2a(n+ 1) 213 =0

m=r M-+
By the analogy between the cases (a) and (b), we shall consider only case

().
Case (a). Let us take an arbitrary sequence (Rmn:m = 0,1,... ,n =
1,2,...) of disjoint rectangles such that

UUACII\/I 'u0i12

m=0n=
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Setform=0,1,,
201 (29) for (x,y)e[0,1/2]2,

0 otherwise,
where (®t1) are the functions in Theorem 2, while form = 0,1,...; n =
1,2,...,
(mes Rmn) for (x,y) GAmn,
0 otherwise.

It is not hard to check that (®T1n) is an (ONS) of step functions on [0, 1]2
and for a.e. (x,y) in [0,1/2]2 we have

limsup k “£((aT,,),(®T1N),X,y)| = 00.

To complete the proof, we apply Lemma 8.

Case (c). Without loss of generality, we assume that amn ¢ 0. From
(38) it follows that there exists an increasing sequence (ry :j = 1,2,...;
M = 0) of integers such that fory = 1,2,...

QO ri+l— +

Y v v a¥mr) 2et)-z=O

j=1 m=rj n=r
Wi ith the notations

amn = min{|am,,|, (m + )“(n + D"},

39) N = {(m,n) :m,n=20,1,...}, Nj={(m,n):rj~m,n < rJ+1},

v v a¥x) 2H) B=q

j—1 (T,n)6Nr,

it is clear that

and there exists a sequence (5mrj), min{5m+i/,,;; 5m/n+i} > 5mn, of positive
numbers tending to zero such that

liy Y Y anir+H) )~z =®

Since a*(m + 1) 2a(n + 1) 23Smn < 1, we can define stochastically
independent functions on [0, 1]12 such that for (m,n) £ Nj (j =1,2,...)

C I(m+ H“(»+ IfSm\I2  for (x,y) e A*n,
e (£>2) * -a*wn(T + D“(n+ DA™« for (x,y) 6 A*n,
0 otherwise,
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where mes = mesAfhn - a*n(m + 1) 2a(n + 1) 2/3Sm,,/2.
Then by (40), the Borel-Cantelli lemma yields

(41) limsup Jatn®tn(x,2/)|(T+1)_a(n+1) /3= 6&d

min(m,n)—kx>

Finally, we take an arbitrary sequence m,n) GN of
disjoint rectangles of [0, 112\ [0,1/2]2. Set

I 2dran(2x,2y) for (a,y) G[0,1/2]2,
\ 0 otherwise,

for (m,n) G U Nj, while
i=1

.« J (mesRmn) 12 for (X, Rmn,
oTn(r,;r/) = <$( ) or ( },) G Rmn
otherwise,
for (m,n) GN \ (J Nj. By (41), we have
j=i

limsup Jatn®rn(x,r/)|(t+ 1) a(n+l) R =o00
min(m,n)—00

a.e. on [0,1/2]2.
Then, by virtue of Lemma 9, we get

limsup \a*k(x,y)\ = 00
imn(m,n)—o

a.e. on [0,1/2]2.
To complete the proof, we apply Lemma 8. Theorem 3 is proved.
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PRECOMPACTNESS IN THE SPACE
OF PETTIS INTEGRABLE FUNCTIONS

G. EMMANUELE (Catania)l

Let (5, £,/t) be a finite measure space and X a Banach space. We
consider the normed space Pc(/t,X) of all (u-) Pettis integrable functions,
with values into X, having an indefinite integral with compact range; the
norm in Pc(p, X) is, as usual,

UH = su p {/\x*f(s)\dtz : x* € X*\\x*\\ ~ [}.

The purpose of this note is to extend a characterization of precompact sub-
sets obtained by Brooks and Dinculeanu in [1] for strongly measurable func-
tions and by Graves and Ruess in [2] for subsets of bounded weakly mea-
surable functions defined on perfect measure spaces. Those results were
obtained as consequences of other theorems about spaces of unconditionally
converging series (cf. [1]) and about spaces of compact range vector mea-
sures (cf. [2]); our approach is direct and this makes it possible to consider
the most general case.

Before giving our result we need to state some terminology. If >x—(T,)"e/
is a finite partition of 5, we define the conditional expectation E(TV /j,)f of

/ by

It is known (cf. [3]) that the family of finite partitions is directed by re-
finement, that \\E(n,p)f\\ < UH and that lim ||E(7¢,p)f - /|| = 0 for all
/G P c(/x,X).

Our result is contained in the following theorem.

Theorem 1. Let H be a bounded subset of Pc(a,X). The following facts

are equivalent:
(a) H is precompact,

@OW (# :/e4 is relatively compact in X for all A G S,

1Work performed under the auspicies of G.N.A.F.A. of C.N.R. and partially supported
by M.U.R.S.T. of Italy (40%; 1990).



334 G. EMMANUELE

(ii) Ii)rp( =/ uniformly onf £ H.

Proof, (a)=m(b, i) is a direct consequence of the fact that the operator
[ —»J f(s)dp is linear and continuous.

A

(a) == (b, ii). Observe that H is totally bounded and so, given e > 0,
there are /1,72, ,/,, GPc(m, X) such that any f € H is at a distance less
than e/3 from some /,. Hence we get

WE(n,p)f - /Il < \\E(K,p)/-E(K,p)bl\ + -+

+ UL - D~ 200, - e+ \NE(Qv,it)fi - 7,0 < (2/3)6- + \\E(ir,p)fi - Jill.
Since as already recalled lim \\E(n,p)f —f\\ = 0 for all /, there is a > such

that, if >x> >K, then \E(k,u)* —/,|| <e/3 fori =1,2,... ,7& the above
inequalities conclude the proof.
(b) =>(a). Consider a sequence in H and observe that, for /e, 'r € N,

- /m|| ~ ||/a - ~QT,/*)n|| + ||*(n-,m)/n - E(ir,yu)/m]||+
+||E(TT,/r)im- [T ||
Using (ii) we can find a Tk, K £ N, such that

\EQkK, f-i)f —/I1 ~ 1/k uniformly on / E H.

Moreover, by virtue of (i) we can assume (otherwise we pass to a subse-
quence) that (iC(7Tc /x)/,,) is a Cauchy sequence. The inequalities considered
above allow us to conclude our proof.

Remark 1. In a sense the result above is the best possible, because if
A is a set of Pettis integrable functions (it does not matter how the range
of the indefinite integral is) for which Theorem 1 is true, then / € H must
be in Pc(/r, X) because of a result of Musial [3].

If we consider only sequences of partitions we have the folowing result:

Theorem 2. Let H be a bounded subset of Pc(u,X). The following facts
are equivalent:
(a) H is precompact,
(b) (i) see Theorem 1,
(ii) for any sequence (4 ) C H there is a sequence (7r,) offinite par-
titions, cofinal to the net (7r), such that

,EI,HT \E(xkn,p)fk —/fc|| = 0 uniformly on K £ N.
Proof. That (b) implies (a) is similar to the proof of the same impUca-
tion in Theorem 1. So we have just to show that (a) imphes (b). Of course
(b, i) is clear. Now, consider a sequence (A) C H; it is weh known (cf. [4])
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that there is a sequence (/m) of finite partitions cofinal to the net (s-) so that,
for all « € v, one has

lim \E(irn, fi)fk - fkll = .

Using, as in Theorem 1, the total boundedness of (fk) we can finish our
proof.
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ON THE MAXIMAL KUROSH-AMITSUR MODEL
FOR THE WEDDERBURN-ARTIN RADICAL

B. DE LA ROSA (Bloemfontein) and P. N. STEWART (Halifax)

1. Introduction

An associative ring A in which the sum of the nilpotent ideals is again
nilpotent is said to be a ring with Wedderburn-Artin radical or with nilpotent
radical. In this situation the unique maximal nilpotent ideal of A is denoted
by >V(A), and called the Wedderburn-Artin radical or the nilpotent radical
of A, and also the classical radical (cf. Wedderburn [8], Artin [2] and Gray
[31)

A well-known example of a ring in which the nilpotent radical does not
exist is the ring @ Zp., p a fixed prime. This example shows that nilpo-
<

i
tency of rings does not define a Kurosh-Amitsur radical in the class of all
associative rings. However, as may be easily shown, in every universal (i.e.
hereditary and homomorphically closed) class of rings with nilpotent radical,
nilpotency does define a Kurosh-Amitsur radical, and this is therefore also
the case with the union U of all universal classes of rings with nilpotent rad-
ical. This subclass U of the class T of all rings with nilpotent radical does
not coincide with T because T is not homomorphically closed — T (clearly)
contains all free rings, but not all rings!

2. The class T of all rings with nilpotent radical

We describe here the relationship between the radical W of T on the one
hand, and general radicals of the class A of all associative rings on the other.

Proposition 1. Let7Z be aradical of the class A of all associative rings.
Then 'JZ(A) = W(A) for all A ET if and only if 11 is the prime radical, B.

Proof. (<iz): Any ring A in T has >V(A) = R(A), since W(A) c R(A)
would imply that the nonzero ring B (A)/W(A) is at the same time /3-radical
and semiprime.

(=>): The nilpotent rings are all contained in T. Hence H(N) = N for
every nilpotent ring N. Since B is the unique smallest radical for which all
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nilpotent rings are radical, B <71 Let A be a semiprime ring. Then A £ T
and so 7Z(A) —W(A) = 0. Hence 72" R. O

The observation in part (<i=) of the proof, together with the fact that in
an arbitrary ring A all nilpotent ideals of A are contained in 3(A), gives us:

Proposition 2. The following two conditions on a ring A are equiva-
lent:

(1) Alisaring inT.

(2) B(A) is nilpotent.
Under each of these two conditions one has that W(A) = R(A). O

3. The maximal Kurosh—Amitsur model for the
W edderburn—Artin radical

Trivial examples of Kurosh-Amitsur models for the nilpotent radical W
are e.g. the nilpotent rings, and the simple rings. It is obvious that the
union of all Kurosh-Amitsur models for W is a Kurosh-Amitsur model for
W. This unique maximal model happens to be simply the class {A £ T : (/<
<A) >a(A/l £ T)} — we have:

Proposition 3. The maximal universal class U of rings with nilpo-
tent radical coincides with the uniquely determined largest homomorphically
closed class of rings with nilpotent radical.

Proof. SetH := {A £T :(I<A) >m(A/l £ T)}. To prove the required
inclusion H Q U it suffices to show that H is hereditary. Let I <A £ H and
let J <I. Let B(1/J) = B/J. From B/J* = (B/J)/(J*/J) we have that
B/J* is /*-radical. Since the radical B/J is an ideal of A/J we have that
B <A, and so B/J* C R(A/J*). Since A £ Tt, Bn Q J* for some positive
integer n (by Proposition 2). From J*3 C J it follows that B/J is nilpotent,
and so | £ TL as required. O

An indication of the difference in size between the models T and U may
be had by considering their lower radicals: £T fills out the class A of all
associative rings, while the following example shows that £U is a proper
radical of A.

EXAMPLE 1. Consider the commutative polynomial ring P = B[X\,... ,
£,,,...] with countably infinite many indeterminates. Let S be a nonzero
accessible subring of P. It follows from Andrunakievich’s Lemma that S

contains a nonzero ideal 1 of P. Let O ¢ f(xi,... ,Xk) GI and let J be the
ideal of P generated by the set {(xk+nf(xi,... ,Xk))n:n —1,2,...}. For
each n > 1, vn = Xk+nf(xi,... ,Xk) + J is in B(S/J) because = 0; but

n"-1 ¢ 0. This shows that S £ U and so P £ CM. O

As to the content of U, Proposition 3 ensures that the following im-
portant classes of rings be contracted within U: the hereditarily idempotent
rings; the almost nilpotent rings — which include the nilpotent rings; the
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left (and right) artinian rings; the left (and right) noetherian rings. On this
content basis an insight into the extent of U may now be gained through:

Proposition 4. The maximal Kurosh-Amitsur model U for the nilpo-
tent radical W has the following properties:

(1) U is closed under extensions.

(2) U is closed under finite subdirect sums.

(3) Let n be apositive integer. A ring A isin U if and only if the matrix
ring Mn(A) is in U.

(4) If A and B are Morita equivalent rings with unity, then A is in U if
and only if B is in U.

As an immediate consequence of (1) we have the useful:

Corotltary 1. Let A be aring and Al its Dorroh extension. Then A
is in U if and only if Alis in U.

Proof of Proposition 4. (1) Let Abe a ring. SUppOSE that B is an
ideal of A such that B and AjB are in U. We must show that A GU. Let
V <A and let B(A/V) =T/V. Then T/{V + B) ¢ R(A/(V + B)), so there
is an integer N > 1 such that TN QV + B. Since (TN + V)/V QR(A/V) I
Mm@\+vVv)/v, (TN+V)/V QR((B + V)/V) and so, since (B + V)/V is a
homomorphic image of B, (TN + V)/V is nilpotent. Thus T/V is nilpotent
and so A G U.

(2) (Cf. [4], Lemma 2.3.) Let S be a subdirect sum of two rings Si, S2 G
G U. Then there are ideals T\ and T2 in S such that T\ T2 = 0 and
Si SiS/Ti (i=1,2). Since TxMT2=10, TxSi (Tx+ T2)/T2<S/T2=52£ U.
Hence Ti G U, and we know that S/T\ = 5Xis in U. We conclude (using
(1)) that 5 GU. The result now follows by induction.

(3) First we prove the result for rings with unity, so suppose A is a ring
with unity. If AGU and J « Mn(A), then J = Mn(l) for some ideal / of A.
Hence

B(M,.(A)/J) = R(Mn(A)/Mn(1)) = R{Mn{A/1)) = M,,(R(A/1))

is nilpotent, and so M,,(A) G U. Conversely, suppose that M,,(A) G U,
and K <A. Since B(M,,(A/K)) = B(Mn(A)/Mn(K)) is nilpotent, so too is
R(A/K), and hence A GU.

We now consider the case of rings A which need not have a unity. If
A G U, then A1 G U, and so by the first part of this proof Mn(Ar) G U.
Since Mn(A) « Mn(A1l), Mn(A) G U. Now suppose that M,,(A) G U. Then
Mn(Ax) G U because Mn(A1)/Mn(A) = M,,(Z) G U. Hence by the first part
of this proof we have that A1G U, and by Corollary 1that A G U.

(4) We first prove the auxiliary result that if A GU and e2= e G A, then
eAe G U: Let | <eAe. Then / = eJe where J is the ideal of A generated by
I. Also eAe/l = eAelede = (e + J)(A/J)(e + J), so it is enough to prove
that if a ring R has nilpotent radical and e2= e G A, then eRe has nilpotent
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radical. This, however, is true because R(eRe) = elR(R)e, (see e.g. [5], p.
206).

Now if A and B are Morita equivalent rings with unity there is a positive
integer n and an idempotent E £ Mn(B) such that A = EMn(B)E (cf. e.g.
[1], Corollary 22.7). Our result now follows from the auxiliary result and (3).
O

Proposition 4(3) can be extended to the case of structural matrix rings.
We shall assume throughout that our rings have a unity — Corollary 1 can
be used to extend our result to rings without unity just as in the proof of
Proposition 4(3). We first summarize some of van Wyk’s results from one of
his recent papers [7]: Let B = (bij) be an n x n Boolean matrix such that
by = 1forall i =1,...,n;and for 1 <i,j,k< n, if bij = 1and bjk = 1,
then bik = 1. For any ring R the set

5= §(B, R) = {(cti) £ Mn(R) :btJ = 0 =>ci} = 0}

is the structural matrix ring determined by B and R.
The antisymmetric part of S is the nilpotent ideal

A = {(cy) £ S : Cij ¢ 0 = bji = O};

and A is the intersection of ideals g = 1,...,Bsuch that S/K" =
= Mfc(A) where K = k(/u) depends on yt. Moreover, these ideals are such that
if 1=A1l =/and M v, then K* + Ku = 5, and so it follows from the

8
Chinese Remainder Theorem that S/A = 0 Mk")(R). We now have:
u=1
P roposition 5. With the above notation: R is in U if and only if S is
in U.

Proof. We apply various parts of Proposition 4. First assume that R £
£ U. From (3) and (2) we have 5/J1 £ U and since A is nilpotent it follows
from (1) that S £ U.

Conversely, assume that S £ U. Since U is homomorphically closed,
Mk(R) £ U for all « = &(/i), 1< /r< /3, and so R £ U by (3). O

4. The nilpotent radical and the nil-based radicals

In the universe U now, the nilpotent radical W is a fully fledged member
of the family of Kurosh-Amitsur radicals, and radical theoretic methods
may be applied to it. We consider a single problem in this regard — in our
view the most natural one: how does W compare in Il with the nil-based
radicals B (the prime radical) < C (Levitzki’s locally nilpotent radical) <
< Af (Kothe’s nil radical)? From Proposition 1 we have that W = 3 on U,
i.e. W(A) = B(A) for all A £ U. We could as yet not decide the question
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whether C = W on U. But we know that Al fails W in this respect — this
is exhibited in:

Exampte 2. (Cf. [6]) Let G be a finitely generated nil ring which is
not nilpotent, and choose / maximal in {J <G :G/J is not nilpotent}. Set
A —G/I. Then Af(A) = A. If B(A) @ 0 then A has a nonzero ideal K/I
such that K24 I. Since | C K, G/K is nilpotent. Hence G/1 is nilpotent.
This contradiction shows that B(A) —O0; and it remains to show that 4e U .
Let X <A. If X = 0, B(A/X) = 0is nilpotent. If X ¢ 0, A/X is nilpotent
(by the choice of / above) so B(A/X) = A/X . Hence A £ U. O
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ASYMPTOTIC TEST FOR
INDEPENDENCE OF EXTREME VALUES

C. C.Y. DOREA1land E. S. MIASAKI (Brasilia)

1. Introduction

Let (Xi, ¥X), (X2,¥T), *** be a sequence of independent random vectors
with a common distribution L with marginal R and S (in short, we write
L € M(R, S)). Let R and S be such that with suitable norming constant
an, bn, c,, and dn the random variables

max{Xi,...,Xn}- bn

X(n) dn

and
max{Yi,....yn}-cn
dn

have nondegenerate limiting distributions G and A, respectively. Assuming
that (X(n),Y(n)) converges in distribution to some F € M(G,H) we study
conditions that will assure F = GH.

Let (u*,v,,) be a fixed point such that 0 < G(u.) < 1and 0 < A(u») < 1
For n ~ 1 define un —anuw+ bn, vn = cnv* + dn,

T(R) = £ xNe <u,), t,(S) = ~2x(Y3<vn).
i=1 1=l
and

n
Tn(L) = ~2x(XjZun,YiZvn),
1

where \a denotes the indicator function of the set A. In this note we prove
the following

1 Partially supported by CNPg-Brasil.
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Theorem 1. If
(1) ILn(un,vn) - A"(un)Sn(vn)| —»0, n -y 00

then we have F —GH. That is, for all (u,v) such that 0 < G(u), H(u) < 1
we have

) lim P(X(n) "~ u,Y(n) <) = G(U)H(V).

Theorem 1 can be viewed as an extension of Dorea-Sastrosoewignjo
[2, Theorem 3.1]. It also suggests that the following test may be used for
asymptotic independence:

Asymptotic Test. Iffor large n we have
nrn{L)

Tn(R)Tn(s) =

(3) then F = GH.

Note that we have

nR{un) nb(vn) - 17 and i (un,vn)
(a.s. stands for almost sure convergence). Hence for large n we have
r (Rye\s) -~ Wussm ) On other hand, being F a bivariate extreme
distribution we have F » GH so that liminf” Hence if

limsup ~ N1 we have (1). Since G and H are known we can

select suitable (un,vn) provided the norming constants an, bn, cn and dn are
known. For an account on the determination of the norming constants see
Galambos [3]. If this is not the case the selection can be partially solved
as follows. It is well known that G and H can only be one of the three
types: ®a(n) = exp(—u~a), u > 0; da(n) = exp(——w)a), n < 0; and
N(u) = exp{—exp(—)} (where a is a positive constant). If G is of type ®a
we have bn = 0 and we can take un = an = Bn —inf{y : R(y) » 1 —
with u* = 1. If G is of type ®a we have bn — T —sup{y : R(y) < 1} and
an = C —bn, so take un = Bn with u* = —. If G is of type J1 we can take
u* = 0 and un —Rn. Discussions on estimation of Bn can be found in Dorea
[1] and Weissmann [4].

2. Proof of results

The proof makes use of properties of dependence functions: for T £
£ M (A,B) let its associated dependence function dr be defined by

dj(A(u), B(v)) - T(u,v), (u,v)eR2
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Since we assuming F a bivariate extreme distribution we have for 0 < x < 1,
O<y<lands>0,

4 dF(xl/a,y1/s) = dFO, y)
and
(5) xy £ dF(x,y) < x Ay,

where x 1y = min{x,i/} (see Galambos [3]). Also we can rewrite (1) as

(6) K (A («n), S(vn)) - Rn(un)Sn(vn)l 4 O.

Since Rn(un) —-»x, = G(u*) and Sn(vn) —=»7%* = A(u») we have from (6)
DI(R(un), S(vn)) “mxcu* = dF(x*,y*) = F(u»,u*).

It remains to show that dF(x,y) = xy for all (z,i/). Or equivalently that,

(7 u>(z,i/)=1 forall (x,y)

where
_ log dF(x, y) —log(z 11y)

O = i Hog oy

Note that from (4) we have u>(xa,ya) = u(x,y) fors > 0. Let s = —1/logy
and we have u(xs,ys) = o;(e-r,e-1) = u=>(x,y) = u>z) with r = logx/logy.
For 2> 1letui(z) = a>(z) and for 0 < z <1llet u(l/z) = w(z). Clearly we
have uq(l) = w2(l) = a with 0~ a £ 1 The remaining of the proof will be
carried out in several steps.

(a) U\(z) and 0%2(2) are continuous on (l.oo) and right continuous at
z —1.

Since the proofis similar we do it foro2- Let 0 <y~ x < land 1~ z =
—logy/loga:. We have tu(l/z) = af2(r) and dF(x,y) = yxU® . To prove
the right continuity of u2let e > 0 and 6 —ze then,

dF(x,y) - dF(x,y1+e) = yx*M - y'+'x*+V >0.
So that U= (z) ® ez + Wk (z + § On the other hand y * x * xU/11*") and
dFE(xHM+e\y) - dF{x,y) =~ (* + 0/(1+" - yxu» >0.
Hence u= (z + i) ~ (1 -f £ u>2(z) and the right continuity follows from
(8) —ez da2(z + S) - W2(z) < £d2(z).

To see the left continuity let y < x and e > 0 small enough so that y <
<yl~e N x. Since dF(x,y1~s)—dF(x,y) * 0and dF(x, y) —dF(x, yy/!1-1)) ~
~ 0 we have for 6 = ez,

9 —ez <U2(z) - B2(z - 6) <eu2(z).
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And the left continuity for z > 1 follows.
(b) i and u-2 are decreasing functions.
Again the proof is similar and we shall do it for u\. For A > 1 fixed

define iA2) i)

u>i —Wi(z

®a(*) = Xz —z

We will show that &g(r) is increasing in r. Let z —logx/logy > 1 Let
p > 1then xx ~ x ~ y i ylUp and from (4) and (5) we have B —7 > 0
with B —d,F(x,yV/p) —df (xx,y2*) and 7 = dp(x,y) —dp{xx,y). Since
dp{x"y) = xyW(z" we have
R = yIpZ“1(p2)]/P (A1)r(1+o4 (p2)) yo= AW Ly _y(A-1)r(1+® n(r))

z> 1.

and
1- AA-)r(+dnpr)  UiE)

1_ y(A-D)r(1+onar)) =Y

Now let y I 1 maintaining r constant and we have ®g(pz) ~ ®g(r) forp > 1.
So that ®g is an increasing function. To show that us is decreasing, it is
enough to prove that ®a(-m) ~ O for all A> 1. Assume that ®a(r) = Kk >
> 0. Then u\(\z) = uj\(z) + k(A—1)z. Since dg(Ar) d Par) ~ K we
have wi(A2) d 07(2) + k(A—I)z-\- k(X —I)zX. Proceeding this way we have

cji(A"z) > u\(z) K A—)zAlJ. Since A> 1we have lim,,-" ui(Anz) =
= 00, a contradiction.
(© For i — 1,2 the first and second derivatives of U=\ exist almost every-

where (a.e.) with — £ ¢j-~ 0 and &' > 0.
Note that &g ~ 0so that uf ~ 0 a.e. Also (8) and (9) hold with 07 in
place of us2. It follows that

ui(z+82-ui(z)d_1 and u?(z-é)-u?(z)>
0 0
where $= ez for e > 0. Hence > —1 a.e.. Since g is an increasing
function we have w" >0 a.e. (the proof for u- is similar).
(d) Forr > 1 we have
(10) §(z)+ cj(1/z) > 1—z —a(1-f2).
Let x <y and z = logx/ logy. Since dp(y, y) —dp(x,y) + dp(x, x) d 0 we
have proceeding as in step (b)
1_ x[u(z)+z-l-a]lz

>a[r+"(Ur)-1-a]/r_

—1

1_ x[ar-w{l/x)¥r

And (10) follows letting x j 1 and maintaining z constant.

Now let z* = log a*/log y*. We have u>(z») = 1. If z, > 1 then since ;1
is decreasing and U < 1we have w(z) = 1for 1<z ” z* Similarly if2, < 1
then ij(z) = 1 for 2»isz S 1. Now w(l) —a = 1 together with (10) prove
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NEW ANSWERS TO PROBLEM 24 OF P. TURAN

Y. G. SHI (Beijing)

1. Introduction and results

Let us consider a triangular matrix X of nodes
(1) -1 < X,i < XN2 < see< xnNn < 1, n=1,2,....

Sometimes omitting the superfluous notations, denote for / € C[—1,1] and
for each fixed m (|| -| stands for the Chebyshev norm)

uin(x) = (X - XX)(X - x2) me(x - Xxn);

) (x - xk)u'n(xky L

L) = A 1 (x /)
k=1

Afg(x) = 1- (x - xfe) Ik(x) := vk(x)Ik(x), « =1,2,... Te
< (xK)

Hn(f,x) =N2 f(Xk)Ak(X); Vh M= E (* _ X*)2/*(*) .
fc=i k=1 fc=i
To draw a general conclusion from the behavior of the polynomials
An(/, x) on those of Ln(f, x), P. Turan proposed his Problem 24 [1]:
Is it true that, for any matrix X satisfying

(2) nIi_rp00 [|An(/,x)-/(x)|| =0, forall f€ C[—1,1],
we have
3) nIin}eDlan(f,x) - IX)|]| =0

for all functions / which are continuously differentiable in [, 1]?
The first answer to this problem, given by P. Vértesi [2], is the following
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Theorem A. Ifyn = 0(1), then (3) holds for all f £ {/ : En(f) =
mo(n~i)}, where En(f) is the best uniform approximation of f £ C[—1,1]
on [4, 1] by polynomials of degree <n.
Recently we have solved this problem in [3]. That is we proved the
following
Theorem B. Ifpn = 0(1) then (3) holdsfor all f £ Lipa with a > a\
and if (2) is true then (3) holds for all f £ Lipal( where

ai = z{gggz—j-:--?-l-« %3:’« 0.988.
In [4] we improved this result and gave the following
Theorem C. Ifpn= 0(1) then (3) holdsfor allf £ Lipa witha > «2,
where

az= %89 590
This shows that (2) alone can assure that Ln(f,x) cannot behave “too
badly.”
Later in [5] we determined a class of functions for which (3) holds if
(4) pn =0(n6), S>0.
That is

Theorem D. [//(4) is satisfied, then (3) holds for all f with f (p) £ Lip B,
0 <97 1, where

p+B8>as3
and
7+156+V2209+11106+22562
«3 - 60 '
9 " 2v’ 6> I

From this theorem we immediately obtain the following two important
results for Problem 24 of P. Turén in two different directions.

Theorem E. Ifyn = 0(1), then(3) holdsfor allf £ Lipa witha > 4L

Theorem F. Ifpn=0(ns), 6<|, then (3) holds for all f £ Lip 1.
In this paper we intend to improve Theorem D and give

Theorem 1. //(4) is satisfied, then (3) holds for all f with f~ £ Lip B,
0 < 9<1, where

-l+6+\/17+66+62

mo1

p+9>a*:= 4 > 6nl
3+36+y/33+306+962

12 x> e

From this theorem we immediately obtain the following two new answers
to Problem 24 of P. Taréan in two different directions.
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Theorem 2. Ifuyn = 0(1), then (3) holds for all f e Lipa with a >
>|(vTr- 1) n 0.781.

Theorem 3. Ifun—0(ns), S<\, then (3) holds for all f £ Lip 1.

2. Preliminaries

First we show several lemmas which are of independent interest.

Lemma 1. For any matrix X and for any subset Nn ¢ {1,2,... ,n},
n—12,...,
153 W WynAn(rn) 3, n=12,...
keNn
where .
A,@®) = Y-J-/-\ ———t — n=1,2
»\4) = n nll - y &y

and zn £ [, 1] satisfies
53 Inlefzn) —|| 53 ~ n—1,2,... .
keNn ez ||keNn

Proof. Suppose to the contrary that there exists a number n such that

153 11 1> 100/,A,,2:n) _t.
keNn

Put
In == [k e Nn :\xk -z n\ <A, ("n)AJufc(zn)| < ~ O n(rn)3].

Using the identity
- xk)2Ak(x) = 272 (x - xk)2l1(x)
k=I K=

we obtain the estimate

r, =i> - Xkfllix) = 7|53 (K- XK)2AK(X) E i —2/in
k-1 k=1 fc=i
Then
53 o(2n) W 53 lk(zn) + 53 i(2») =
fCn)>5s A Wk~ZTN 5 An(Am)»
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£ 25A,,(+,) 3 Y \Wk(zn)\ll(zn)+
[Wizn)[>~An(in)?
+25An(zny% Y (xk - zn)21l{zn)
D&—2n[>|An(*n) A
N 25An(+,)~3 (*n + 2/in) = 75ynAn(zn)~".

Hence
57 [fe(2") > 25/unAn(@m)_t.
kOIn

Choose yn € [—1,1] so that

Y1 %) = | X) 2
kKQIn k6in

Clearly

(5) X] > 25/X,,A,,(2:,) 3.
kein

First we show three claims.
Claim 1.

(6) \XK-Yn\ it ~jA,,C*n)*, VcG/,,.
In fact, there must exist an i E /,, such that
*’- 2nl 5 An(+r)+

for otherwise

25 2 > %
Y k(Yn)ayOn(+)"“Y (M~ xb)2R¥n) 1 25/inAn(zn)
kéin kéin

contradicting (5). Thus
2ejl = 1X K w4+ |+ Xi\ o+ X{ yni si
< “An-3n)N + ~ A n{znm)* < 1A-0,,(*,,)*.
CAGEN)N + S A )N < TA(*)

Claim 2.

Wn M= %,ﬂ,n(’\n)l
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Namely otherwise, noting that VK(x) is linear and Vk(xk) = 1we have that

Vk{yn) - M zn) _ Vk(xk) - vk(zn) _ 1-

yn %n %K %n %n

Then for each k € In by (6)

M I/n)| = Fmmmm—m riyn - zZ,, + (Xk - yn)Vk{zn) »

>5AN(z,) TSAN(Zn)i] [4 A"Cn)I]} >
Hence by (5)

Y 1 Wk(yn)\lk{yn) > ~ A n(r,))3 *25finAn(zn) *= /m,
keir,

a contradiction.

Claim 3. If
(7 [Tn znl £ “An(zn), rme [-1,1]
then
An(rn) ~ 2
) AL(r) =

Suppose without loss of generality that zn > 0. If 1—z\ < “An(z,),
which means that

2[» (i-*2)*]a-[» (i-*£)*]-i"0,
then we solve this inequality and get (1 — A Thus

An(®n) < 7~ n

An(rn)

If 1- 2% > +*An(zn), then (1 - zI1)2 > i. Hence by (7)
1-ri l-z1-{rl-z1)>\ 2 2in zn\> "An(2n) @An(znA—

1a . o (1-.2M2 1 1
--A n(zn)> bra > 6n2 > 9rl2’
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ie., 1 —7)2 > Thus there exists a number = tzn + (1 —i)r,,
t G(0,1), such that
An(fm) 1 Au(in)(i-n - zn) 161 1
AH(Z,,) An(_/\n) 6n(|-|3)|/2 2’
because (1 -£,2 2~ min{(l - *£)i,(I1 - 72} > So < 2
To prove Lemma 1we choose in G[—1,1] so that
(10) lin - zn\="A(zn).
So

) 2
in - Sal=lin Zn\Tjzn yni~ AN,

(11)  Wk- i,,| » J*- zn\+ \zn - i,,| < "A,,(2,)2, for all k €
Thus for each « € /,, by (10) and (11)

Mk (In)1— rlin - Zn T @A In)Mc(™n)| =

Xk - Z,

"5A.(2,) 3™ an(n)_ [M-An@2m)s] [*AL(2,,)1]} > *0.(2.,)8.

On the other hand, putting rn = max{|in|, |i/,,|}, by Markov’s inequality
follows from (5) and (8) that

k% /("-):kﬁ /(m-i;r:n L}{] It@ "
E “I0-4A{1,}is;

kEln kEln £In

IEM-40M PE |

1 8 An(r,,) .
> |kE L ey > dinAnGn) 3
ein

Since |ufc(in)] > ~ A4 n(r,,)3, we get

Y, Mic(in)|ljk(in) > M
kein
a contradiction.
This completes the proof of Lemma 1
By Lemma 1 and A£(5) > n~2 we get
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Corollary 1. FOr any matrix X

!(E %k < 100pnn31 n- 1,2,...

Coroltlary 2. For any matrix X and for any number /3~ 0

E 12 ~tooupm?,  n=12,..,

1-x2.>2n-20
MAC —

where a :=max {4/3, |(1 + /3)}.

Proof. Let n be fixed and let zn € [—1,1] satisfy

Y Il(zr):|k¥m|| )

feceivn

where iVh = {A:1- 3£ >2n 23~ 0, the proof for ivh = 0 being trivial.
If there exists an index K £ Nn such that pi*- zn| ~ (50)_2n_f, then

1- =1- ¥+ (zn- xf)]2=1- x\- 2xk(zn- xk) - (zn- xk)2 "

>2n~28% - 3|zn- sfg> 2n~2A3- »-* > n_2/3.

Hence by Lemma 1

Y Ik UWOfinizn)-* ii 100/x,
k€Nn

A 100/indiK1+5) < 100/Xnn7.

|x* - z,| > (50) 2n 2? for all A6 iVn,
then

Yy =y lI(zn) %s0nTY (2, -3 ©)2fc(zn) < 100/i,nT.
foeAT, tEjv,, foerv,

This completes the proof.
Denote M (K) := the number of elements in the set K.
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Lemma 2. Let zn € [—1,1]. Define en byzn- =%~ en ™ zn + T/
Suppose that gn := min{|zn|+ Te~n,|en|} < 1, n= 1,2, If{4) is satisfied
then

M(k :|z,it- z,\ » n~r |x,f]d g |len)) = 0O(n1l, (I - @,)~*, 0<7<1

and
M(k :\xnk - znl<m®®) =0(nl-?7), 0< 7< 2

Proof. First we state Theorem 3.4 in [2] which says that denoting by
N(an,Bn) the number of Bnk = arccos xnk in the interval [an,Rn] C [0, #]
one has

N(an,Bn) = — T+ 0 (In®'eIn(te/xn)).
Let zn > 0, say. Denote
an = min{en,zn-\-n~r}, bn=zn—we4, an = arccosa,, Bn= arccoshbn.

Then using

Q)
Bn —&n —arccos 6n —arccosan = /(1- i2) 2df*

N (a, - 6,)(1 - gl)~b ii 2»-4(1 - ?£)"*
we obtain

M(k .|xnt znl”™ ® I rA = |e,, I) —N(an,/3n) —
=0 (l,7)(1- 92)_2+0(In2w®) = 0 (L 1)1 - g2)~2.
Meanwhile by N(an,Bn) = 1e(/3n - an)/T+ 0(1n2Te)
M(fc : |xntt- z,| < n~v) <M(k :\xnk - I *1 e +0(In21) = 0 (rel_2).

This completes the proof.
Lemma 3. If(4) is satisfied, then

A e—ijiA Alinkl 0(nv),
fc
where
v>Q:=1+
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Proot. Let n be fixed and let zn G [—4,1] satisfy

M
A,=$ > bl |
k=I
Put
(12) B=\,
(13) 7-=28-(~j +B, r=0,1,...m.

Choose m so that
(14) > 23 —2 - &),
From I'nm < 2/zn by the Cauchy’s inequahty we get
I _r i1
|(a: - afc)fe(x)) -0 (~n 2).
fc=l

Now we write
Ao = {k :\xk - zn| 5 n-70}

A;={k:n_71> —zn\>n_7‘,1—xk > 2n-2~}, r=1,2,... ,m;
Am+i = {k :n_7m > \xk - zn|, 1- > 2n~2B}-
Kn+2 :={fc:1- x\ <2n_2/3}.

Then
a0:= ~ |4(™n)| » num ~ |-, - xk)Ik(zn)\ = 0 (n70+*(1+A) = 0 (nc).
kEKo kEKo
Write
d, ;= minj|zn|+ n-7", 1 —2n-2Mr | , r=20,1,... ,m.

Then by Lemma 2 for each i, 1<i ™ m

a, := fe(*n)| ~ K2 v wxyxs(xm) | A
foeAl

<n7I{~ 1}2{5" (2n- Zi)fc(*n)}2 =
foeAli foeA,
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=n* {0A1-7F -~ - dU)-*}h0{d) = n~{0(«17i-1+/2)}*0(/4) =

= 0 (n7,+M1_7"_1+M5)) - 0(ne).
Similarly (using Corollary 1 and (14))

*

«i=  E I'*CV)IS{M{Am+1}p{ E W ~)2}'
kEKm-\-1 KEKmM-1

= 0(MUI-TT))(L - ~)-TO (NHA) = O fnril7"-A-*)) =

= O(N*+(*'-«-0>+*(}«)) = 0{nv).

A+2-= E MAM)is{M {A'm2}}N( E  w*.)2}t
KOKT+2 fceAmi2

=0(n™1."N)0(ni+H) = O(«ff+j(*-0)) = 0(ne).
Thus

m+2

A= £ (F=0(n").

i=0

Corollary 3. /l[*,, = 0(1), then An = 0(n") with arbitrary v > 1.

3. Proof ofthe theorems

31 Proof of Theorem 1. Denote a —p + 9. By Timan’s theorem
(see [6, Chap. 5, Sec. 4, Theorem 6]) there exists a polynomial Pn of degree
< n —1such that

\f(x)~ Pn(x)\<CAn(x)a,

if /(p) € Lip B. For simplicity suppose without loss of generality that 0 = 1.
Thus

\Ln(f,x)-f(x)\ <\Ln(f,x)-Ln(Pn,x)\+\Ln(Pn,x)-P n(x)\+\Pn(x)-f(x)\ =
= ILn(f - Pn,x)l+ |P,,(x) - f(x)I = ILn(f - Pn,x)I + o(l)

and

ILn(f - Pn,x)1= |~[/(a;f) - P,@Rlifc®)| <~ A, (z9a k(x)\.
k=1 k=1
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Let zn G [1,1] satisfy

n n
Eopon(a®)% (10 = 112 An(*fe f[i(x)] .
fe=i J=i

Since it is easy to check that a* < 1+ ~5= g, we can take ao so that
a >an > o*and A~ > 1 Now put with the above g and 6

(15) =— -1,
ao

(16)

an 7. = (470- 2/3)- (f)*’(370- 2/3), 7,-a < 23
270- (1)’ 7o, 7.-1 23

Choose m so that

(18) 7m > max{270 - 2(a - a0), 2/3).

This is possible, because we can show that

(19) 70>

from which it follows that

(20) 7-1 <7, *=1,2,... ,m

and 7m —270as m —» 00.
In order to prove (19) we note that a* satisfies the equality

(21)

In fact, if $< I then by a simple calculation

and ) o
-1 + 0+ V17 +60+ Q2

a*
4

Acta Mathematica Hungarxca 62, 1993



Y. G. SHI
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i.e., —1> which means that a* satisfies (21). Similarly, if 5>8
then a* satisfies (21), too. By (21)
1 1c™ » 1 ANl B L
0 2 2 2 2 la* 6a* /
>md 1 m¥6 A }=mM{Ai(1 + iR-
Using (15)—€18) we write
So = b nbl ablrn)\ =0O(n-a)al =
KekO
= 0 (n70_a+" 1+A)) = o(n70_ao+" 1+) = o(l).
Denote

¢' = max{0,\zn\—n 7'}, r=0,1,..., to.

First we prove the inequality

1- Iznl+n_7¢ 1- (1- 2n_2/3)2 + 2n-7' .
----- - j—N - *=0,1..., to
1 dj 1—(1 —2n-2")2
where d, := min{|zn|+ 1°7’,(1 —2n~23)2}, i —0,1,... ,to, as above.

If \zn\+ n-7' < (1 —2n_2/3)?, then di = \z,\ + n-7' and hence
1- \zn\+ n~7- _ 1—(\zn\+ n~71) + 2n~7" 1—(1 —2n~2")? + 2n~7*
1~di 1- (\zn\+n-") = 1—(1 —2n-2P)$
If \zn\+ @&7*> (1 —2m_2/3)", then d- = (1 - 2n~235 and hence
1- \ezn\+ n~7- _ 1- (-zn|+ n-7-)+ 2n~7 < 1- (1 - 2n~2 + 2n~Hh
| —di 1—(1 - 2n-2™M" 1—1- 2ra2™M"

Then we obtain
1-¢?~nl-Ci ~nl-\g\+m“7-201- (1- 2n~23* + 2n-7'

l-d,2 = 1-4di-= L-di 1—(1 - 2n-27)2
=2+ are ¢ T "2+ 4n_7 2+ 4n2/3 1\
1- (1- 2n-W)* =7 1- @ - n-W)
Hence ;
1-cp_ 1Ona8F), 77<a8 5 oy  m
1-d2 \ 0(1), 7, ™23,
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Thus foreach r, 1 <i”™ m, with 7, i < 2/3

_ ~ r(l - c?_j)2 _
Sn= - n b —

2 B
0(n7<-a+5(1-7<- 1+5))
(1-<*2?-N)*

= OCn7'“04-"N1-7-1+g)* 1~ €14 _ 0(n7.-i7.-1-a+|(1+/3+1)) _

= o(n7*“b-i-a0 +~i+~+i)) _ o(n7,-H-1-T0 +[/3) _ (,()_
On the other hand, foreach r, 1~ r~ m, with 7, 1> 2/3
5-= 0(n7,-"+~1-7"-1+tf)) = 0(n7,-a0+|(I-7.-i+5)) _
= o(n7*-57-1-70) _ o(l).
Also we obtain by Corollary 2 that

W := £  An(xkr\lk@zn\=0{ [1~ CMT J}<m+l =
KeKr+1 n

=0(n~a)}{1l- 4 )fO(n"1-7m)(l - d&)-W (n"<Fe) =

= 0 (N H7#~7T)~a)A ~ G2 _ 0 (nA(1+<r+-7m)_a’) =

(1 -<&)*
= 0 (71“-«0-70+ [(I+<T+i)-«) = 0(n2~-270) _ ¢ ).
Finally, taking = p+ (a —ao) we have
Sm+2:= £ An(xkr\lk(znN =0(n-a*)crm2 =
KeKT+2
= 0{nv~<1*) =o(nc-a°(1+")) = o(l).
Therefore
n m+2
= E 5*=°(i
fc=l x=0 M

and (3) is true.
3.2. Proof of Theorem 2. Putting 6=0 by Theorem 1 one obtains

that a* =,
3.3. Proof of Theorem 3. < ~implies (by Theorem 1) that a* < 1.
The rest of the proof is trivial.
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4. Remark

The question if Theorems 1, 2 and 3 could be improved is still open.

Acknowledgement. The author is very grateful to the referee for his
valuable comments and suggestions.

References

[1] P. Taran, On some open problems of approximation theory, J. Approx. Theory, 29
(1980), 23-85.

[2] P. Vértesi, Two problems of P. Tdaran, in Studies in Pure Mathematics, Birkhauser
(Basel-Boston, Mass., 1983), 743-750.

[3] Y. G. Shi, An affirmative answer to Problem 24 of P. Turan, Science in China (Series
A), 34 (1991), 1320-1328.

[4] Y. G. Shi, On problem 24 of P. Taran, Ill, submitted to J. Approx. Theory.

[5] Y. G. Shi, Comparison of Hermite-Fejér interpolation and Lagrange interpolation,
Chinese Journal of Contemporary Mathematics, 13 (1992), 215-222.

[6] G. G. Lorentz, Approximation of Functions, Holt, Rinehart and Winston (New York,
1966).

(Received March 27, 1990; revised November 1, 1990)

COMPUTING CENTER

CHINESE ACADEMY OF SCIENCES
P.0.BOX 2719

BEIJING

P. R. CHINA 100080

Acta Maihtmatica Hungarica 62, 1993



Acta Math. Hung.
62 (3-4) (1993), 363-371.

THE LOCAL BEHAVIOUR
OF SOME ADDITIVE FUNCTIONS

G. STEPANAUSKAS1 (Vilnius)

1. Introduction

Let / be an additive integer-valued arithmetic function; A /(N); B :=
= f(P), where P is the set of primes. Throughout the paper we assume that
p is a prime number, c\, @,... are positive constants. Furthermore we shall
denote by Nx(a) = Nx(a,/) the number of all natural numbers n ~ x for
which f(n) =a (a £ A). We shall also use the classical notation?

= AT = X117 M= 2 *
p\n

p=n pfdln

I will mean the gamma-function.

In the present paper we shall investigate the limiting behaviour of Nx(a, /)
for some additive functions /.

The first result in this direction was obtained by J. Hadamard [3] and C.
J. de la Vallée-Poussin [2] as the law of prime numbers. Later many authors
were interested in the asymptotic behaviour of Nx(a) for the functions n and
ft. Already in 1900, E. Landau [8] got an answer for fixed a. In 1953-54
L. G. Sathe [11]-H4] and A. Selberg [15] investigated Nx(a) for the above
mentioned functions whenever 1 » a < c\loglog x, where the positive con-
stant G depends only on the function investigated. They proved

x(loglogx)* 1

Nx(@) ~ 9(r) log x(a —1)!

Here r —a(loglogx) , and g(r) equals

or

r"nO-rrO0-")

for ft or u), respectively.

This work was done while the author visited the Edtvds Lorand University, Budapest.



364 G. STEPANAUSKAS

Presently the asymptotic behaviour of Nx(a, i2) is known for all possible
values of a, i.e. for a <logx/log 2 [1], [9]. (It is obvious that Nx(a,Cl) = 0
when a > log %/ log 2.)

It was more difficult to consider the behaviour of Nx(a,uj) when a was
large enough with respect to ». In spite of these difficulties an answer was
given for a very wide range of a [4], [5], [6], [10].

Generalizing these results for wider sets of functions, several authors [7],
[17], [18], [19] used probabilistic methods. The application of these methods
limited the range of a to loglogx(l + o(l)) for the functions Ii, or w, or
similar ones. Even the law of prime numbers was not included here.

In this paper we shall expand these bounds of a for some special cases
of additive functions.

2. Results

Let / satisfy the following conditions:
(A) there exist non-negative constants Aa and functions ea(x) (a 6 B)
such that Aq< 1,

and
nalea(x)| < c2
atB

with some positive constants o and v the values of which will be given later;
(B) there exist positive constants 03, 04,05, 6 such that 0 < 6 < 1/3 and

Let us put

atB

(In the case of z"PK) = 0° we shall assume 0° = 1.) Further let us expand
the function «(log x)Kinto powers of z and denote by x(0) the coefficient of
za in this expansion, i.e.

/i(logx)K= "2x(a)za.

a
Finally let r = x(a~ I)/x(a)-
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Theorem 1. If f is a non-negative function, Ao+ Ai = 1 and there
exists a positive constant C such that conditions (A), (B) are satisfied with
v = C and some a > 7+ 4c3 -f 2k(C), then

(1) N*(a) = +0 ((bgEgxp))

uniformly for all x * 4 and 1< a < CAxloglogx. Here

(2) =% N, ) = (0, +

ifa> 1, and x(0) = Ao(loga:)Ao.

In the next theorem / may assume negative values.

Theorem 2. If Ao+ Ai = 1 and there exist positive constants ¢ and C
such that the conditions (A), (B) are satisfied with v —c, v —C and some

a > 7+ 4c3 + 2k(C), then the relation (1) holds uniformly for all x > 4 and
cAilogloga; a£ CAiloglogz with the same x(a) as in (2).

Theorem 3. Letf bea non-negative function, Ao+ Ai < 1, Ai > 0, and
let there exist a positive constant ¢ such that condition (A) is satisfied with
v —c and some a > 7+ 4¢3 + 2k(c). Then for every fixeda > 1

N SPVWKWO + K b))

uniformly for all x ~4.
Here we can take the same x(a) as  (2).

Before formulating the last theorem let us assume that the greatest com-
mon divisor of the set {k | A&> 0} is equal to 1, and put

imin{fcIK>0,Afc> 0} if r>1,

S ~Si™) —
K \ min{fc Ig.c.d.(Isgn Ai,... ,fcsgn AN = 1} if r < 1.

Theorem 4. Letf be a non-negative function. Assume that there exists
a positive constant C such that k(C) is finite and conditions (A), (B) are
satisfied with v = C and some a > 7+ 4c3 -f 2/¢(C). Then there exists a
positive constant e such that, uniformly for all x > 4 and afrom the range
0<r”™ C, we have

N*(@a)=" ¢ (0 (x\n+

+0 (r2-a- 34/ 2K(r)(log2)Kr)(Joglog »)-3/2+ r-a-s/2(log
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3. Proofs

The proofs of all these theorems are based on the following lemma of
R. Skrabuténas [16] on the mean-values of multiplicative functions.

Lemma. Let g be a multiplicative function. If there exist K, |K| * cq,
a >0 0<6< 1/3 such that

;.*(pa-" = Cr+ o (i/(i0g *n,
p<x

<

~ c8log log X, \g(p)\ < c9ps/2,

;o = Cio
27 pfe(i-i '
p,k>2|E ( )

then

nSi %:OT(K- kK){\ogx)k+I~K+ 0 ((logx)J
uniformly for all x >4. Here
(3) 7=min-{T+ |,f+2-ReK,f-C8+(f+1)<5/(<$-f1)}, I<(a-3)/2-c8,

i/ie functions Rk(k) do not depend on x and they are bounded,

*\— N\
«*)=nUTE"-
Remark. In [16], this lemma is stated with the weaker value
7= min{f+ \,l + 2- Rek, —8+ (f+ 1)0/(<5 + 1)}
It can be seen from the proof that | can be added to the last term.
Assuming a > 7-f 4c¢8 -f 2c6 and taking t = 2 + [c6 + c8] ([u] means the

integral part of the number un) from the expression of p and the estimate of
i in (3) we can get easily that

Neo X >> - rwchgX).- +"(xdogx)-— =

with some positive constant cy less than | —1 —ce —c8.
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Proof of Theorem 4. Let z be a complex number such that \z2\ <.
Put g —zf. Condition (A) allows us to represent the mean value of the
function g on the primes in the form

13 1=
P=x
Hp)=a

) = s

= 53 za(\a+ ea(x)/(logx)a)n(x) = kx(x) + O(x/(logx)a+l),
aeB

where K = k(z). Applying partial summation it is not difficult to obtain

(5) =d+° (l/(l°g*)ep
P=x

where the constant d equals

Hence the conditions of the lemma are satisfied. Using the theorem of
residues we obtain

7r M=X

where 7r is the circle with radius r and centre at the origin. Now from (4)
we have Nx(a) = / + I\, where

' — S 15 % 71 CRIK{ogKE3L

and
-
N
(6) h < ralog x) 1+Cl J exp{Re k(re“*) log log x}d<p.
First we shall calculate the integral 1. Conditions (A), (B) guarantee

the analyticity of G(z) in the circle \z2\ <r < C. More precisely we have
= 9(pk)
¥ [TUTE
y k=0
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= Mol > R’ B T4 B « 4 - 1) +kaRpT))}"

where po is a sufficiently large but fixed prime number such that

lg(pk” 1

3K N2 (P > Po)*
k=l

From conditions (A), (B) and the relation (5) it follows that the exponent

in (7) equals
E iisbJi +o(i) =o(i)
P>PO

Hence

(8) G(z) =G(r) + (z- NG'(r) + (z- n)2®(r, 1),

where

1
o, r)=j 1- uwG"(r+ u(z—r))du

is an analytic function in the above-mentioned circle, and therefore it is
bounded. From (7) it follows also that there exist two positive constants Cl2,
c13 such that ci2 £ G(r) £ ci3. So we can write

©) 1= log x VGZEIj»;ri < lo&x) Azl-r+9/\+'-73rf I@) (Z-r)ﬂzr-l_

+€ i Je'°S*n*-r)4(z,r) =i-|_(/0+/2+/3).
Tr
Now applying again the theorem of residues we obtain
10=G(r)x(a)

and
h =G'(r)(x(a- 1) - rx(a)) =0.
Further since e,v —1 = 0(|</?) we have that

T

/3 <Cr2~an{r) | exp|Y~] Xkrk cos(fcy)loglogx"cp2dip.
J |
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From the condition g.c.d. {k | A > 0} = 1 it follows the existence of a
positive constant Cl4 such that

A\ krk(l - cos(kip)) > clarV 2,
K

when 0 < d T. It is not difficult to see now that
m

h <Cr2-a/c(r)(log J exp{-cidrsg2\og\ogx}<p2d<p -C

< r22392/i(r)(loga;)Kr (loglogx) /2.
I can be estimated easily in a similar way,

li < X(logx)'cY)-1~Clir_a_S/,2(logloga;)-1/2.

P roof of Theorem 1. Note that in this case

XW = + AO!e*h*£)
a

(a—IJ1 \

if a> 1, and x(0) = Ao(logx)”X. Also k(z) = Aq+ Aiz, 5= 1, and

) Ajloglog x ( Agloglog x + a)

for a > 1—A0.

Hence, in case a > 1- Ao, using Stirling’s formula, we get easily that the
first summand of the remainder term in Theorem 1 can be estimated in the
following way:

r2-a-3/2"po | Alr)(loga;)AotAir (10gl0ga:)~3/2  ax(a)(loglogx)~2.

The second summand of the remainder term is evidently less than the first
one.

In case Ao= 0and a = 1it is enough to repeat the proof of Theorem 4
using the expansion

(10) G(z) = G(0) + rod(r)
with |
o) = J G'(uz)du
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instead of (8). (9) takes on the form

_ X X
= g logx GO+ /4,

Let us take r = (loglog»x) 2. Then

T

(n) u < J(bg x)rrdsp < (loglog x) 2
0

I\ can be estimated as in Theorem 4.

P roof of Theorem 2Iis even simpler than that of Theorem 1. When /
takes both positive and negative values then conditions (A), (B) guarantee
the analyticity of G(z) in the annulus c<\z\<C only. In this case we can use
the formula (8) as well but perhaps with another function ®(r, r). Since the
range ofvalues of r is more restricted, all previously obtained estimates hold.

P roof of T heorem 3. It is not difficult to see that all the conditions
of Theorem 4 are valid. Furthermore in this case we have

*<t>. pak* +00» ) (L+0(i5i_))
(a- 1)

if a > 1, and x(0) = Ao(logx)X; also

AiloglogarO  ADlogloga; + a) 0  ~(loglogx))

Further we can continue the proof by using the same ideas as were used
in the proof of Theorem 1. Since instead of the exact value of x(a) we use
x(a) from (2), the rate of convergence of the remainder term is a little worse
than the one in Theorem 1.

4. Remarks

Here at first we shall give a result for the case a = 0.

1. Letf be a non-negative function, Xi > 0, and let there exist a positive
constant ¢ such that condition (A) is satisfied with v — ¢ and some a >
> 7+4c3+2k(c). Then there exists apositive constants such that, uniformly
for all x A we have

(12) Nx(0) = 2 (log x)a® 1G(0)(Ao+ 0((logx)-£)).

Proof. The proofis analogous to the proofs of Theorems 1-4. Using the
expansion (10) for the function G(z) and choosing r = (logx)_Cu, from (6)
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and the first part of (11) we obtain that I\ <Cx(logx)X 1 Qu and /4 <Cr.
From these estimates we deduce easily the validity of (12).

2. Because we are not able to estimate the asymptotic behaviour of the
value x(a) in Theorem 4, the remainder term in this theorem is complicated.
If we knew the asymptotic behaviour of the coefficient X(a) > cases different
from the ones in Theorems 1, 2 and 3, and maybe for a wider set of values
of a, we could formulate similar theorems in those cases as well.
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THE CURVATURE OF SUBMANIFOLDS
OF AN 5-SPACE FORM

J. L. CABRERIZO, L. M. FERNANDEZ and M. FERNANDEZ (Sevilla)l

0. Introduction

Many authors have studied the geometry of submanifolds of Kaehlerian
and Sasakian manifolds. On the other hand, David E. Blair has initiated
the study of 5-manifolds, which reduce, in particular cases, to Sasakian
manifolds [1].

l. Mihai [7] and Ornea [8] have studied CR-submanifolds of 5-manifolds.
The purpose of the present paper is to investigate some properties of invariant
and anti-invariant submanifolds of an 5-manifold whose invariant /-sectional
curvature is constant, that is, of an 5-space form. Specifically, those ones
related with the curvature tensor fields and with the scalar curvature on the
submanifold.

In Section 1 we review basic formulas for submanifolds in Riemannian
manifolds and, in Section 2, for 5-manifolds. In Sections 3 and 4 we study
anti-invariant and invariant submanifolds, respectively, of an 5-space form.
Finally, in the last section we give some examples.

1. Preliminaries

Let Nn be a Riemannian manifold of dimension n and Mm an To-
dimensional submanifold of Nn. Let g be the metric tensor field on Nn
as well as the induced metric on Mm. We denote by V the covariant differ-
entiation in N n and by V the covariant differentiation in Mm determined
by the induced metric. Let T(N) (resp. T(M)) be the Lie algebra of vector
fields in Nn (resp. in Mm) and T(M)1- the set of all vector fields normal to

The Gauss-Weingarten formulas are given by
(1.1) V*y =VxY +a(X,Y), VxV - -AyX + DXV,

I The authors are partially supported by the project PAICYT (Spain) 1991.
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X, Y €T(M),V £ T(M)L, where D is the connection in the normal bun-
dle, a is the second fundamental form of Mm and Ay is the Weingarten
endomorphism associated with V. a and Ay are related by g(AyX,Y) =
=g(c(X,Y),V). _

We denote by R and R the curvature tensor fields associated with V and
V, respectively. The Gauss equation is given by

(12)  R(X,Y,Z,W) = R(X, Y, Z, W)+ g(a(X, Z), oY, W))-
-g(a(X,wW),a(Y,z)), X.,Y,Z,W €T(M).

Finally, the submanifold M m is said to be totally geodesic in N nifits sec-
ond fundamental form is identically zero and it is said to be minimal if 4 = 0,
where 4 is the mean curvature vector, defined by A = (I/m)trace(<r).

2. S-manifolds

Let (N2n+S,g) be a (2n + s)-dimensional Riemannian manifold. N 2n+S
is said to be an 5-manifold if there exist on N 2n+a an /-structure / ([9]) of
rank 2t s global vector fields £i,... ,£* (structure vector fields) and their
dual 1-forms r/1,... ,ns such that ([1])

1) () /(, =0 i),0/=0 f2=-1+ ® ga,

g{X,Y) = g{fX,fY) + *{XiY),
for any X,Y e T(N), a=1,... ,s, where ®(X,¥) = Y,aVo,(X)ra(y).
(if) The /-structure / is normal, that is

[/,/1 + 2 0 drjla = 0,

where [/, /] is the Nijenhuis torsion of /.

(iii) 7LA... ArsJi(d)a)n ¢ 0 and drji = ... = drjs = F, for any a, where
F is the fundamental 2-form defined by F(X,Y) =g(X,fY), X,Y £ T(N).

In the case s = 1, an 5-manifold is a Sasakian manifold. For s 2,
examples of 5-manifolds are given in [1], [2], [3] and [5].

For the Riemannian connection V of g on an 5-manifold jY2n+s, the
following were also proved in [1]:

(2.2) Vxta =-fX, X £T(N), a=1,..,s,

(2.3) (Vxf)Y =53[g(fX,fY)b +ra(Y)f2X], X,Y e T(N).
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Let C denote the distribution determined by — 2and M the complementary
distribution. M. is determined by / 2+ / and spanned by £1,... ,£s. IfX E C,
then Ta(X) = 0 for any a and if X EM, then fX =0.

A plane section >kis called an invariant /-section if it is determined by
a vector X E C(p), p E N 2n+s, such that {X,fX} is an orthonormal pair
spanning the section. The sectional curvature A(X, fX), denoted by H(X),
is called an invariant /-sectional curvature. If N 2+S is an 5-manifold whose
invariant /-sectional curvature is constant k, then its curvature tensor has
the form ([6])

(2.4) R(X,Y,Z,W) =£>(/*, fW)Va(Y)w(Z)-
i
-9(fX,fZ)Va(Y)r,B(W) + g(fY, f Z)rla(X)rjR(W)—
-9(fY, fW)rJja(X)rjR(z2)} + (1/4)(* + 3s){fir(A, W)g(fY, fZ)~
-9(X, Z)g(fY,fW) + g(fY, }W)*(X, Z) - g(fY, f)<t>(X, W) } +
+(1/4)(k - s){F(A,W)F(Y, Z)- F(X, Z)F(Y,W)-
-2F(X,Y)F(Z,W)}, X,Y,Z,W ET(N)

Then, the 5-manifold will be denoted by N 2n+S(k) and it is said to be
an 5-space form.

Finally, let M m be an m-dimensional submanifold immersed in N 2n+S.
We denote by Cm the set of all vector fields in C which are tangent to M m.
M m is said to be invariant if all of £a (a = 1,... ,s) are always tangent
to MTOand fX G T(M), for any X E T(M). It is easy to show that an
invariant submanifold of an 5-manifold is an 5-manifold too and so, m —
= 2p+s. On the other hand, M m is said to be an anti-invariant submanifold
if fX GT(M)X, for any X E T(M).

3. Anti-invariant submanifolds of N2+3(k) tangent
to the structure vector fields

In this section, let M m+S be an anti-invariant submanifold of N 2n+S(k),
tangent to the structure vector fields. Since fTx(M) Q TXM )X at each
point x G Mm+a, we have the decomposition of Tx(M)1- into the direct sum

TX(M)L = fTx{M) ®ux(M ),

where vx(M) is the orthogonal complement of fTx(M) in the normal space
TX(M)L. We note that fvx(M) Q vx(M). For any vector field V GT(M)X,
we write

(3.1) fV =tV +nv,
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where tV (resp. nV) is the tangential component (resp. normal component)
of fV. Then, tis a tangent-bundle valued 1-form on the normal bundle and
n is an endomorphism of the normal bundle. Moreover, if n does not vanish,
it is an /-structure. We say that n is parallel if Bn = 0, where

(Dxn)V = DxnV - nDxV, X €T(M), VGT(M)X
From (1.1) and (2.2) it is easy to show that
(3.2) (Dxn)V = —a(X,tV) - fAVX.

For later use, we prove

Lemma 3.1. Let M m+S be an anti-invariant submanifold of an S-mani-
fold N 2n+S, tangent to the structure vector fields. Then

(i) AfXY = AfYX, for any X,Y GCM-

(i) 1f Dn = 0, then Au = 0, for any U G n(M).

Proof. From (1.1) and (2.3), we have

AfXY =-VYfX +BYfX =-22g(fX,fY)(a-fV YX-f<r(X,Y) +DyfX
a

if X, Y GCm, so that, since a and g are symmetric, (i) holds.
On the other hand, if X GT(M) and U G n(M), from (3.2), we have
0= (Vxn)U=—FAuX,and then, 0 = f2AuX = —AuX. So, (ii) holds.

We choose a local field of an orthonormal frame on N 2n+S(k)

{ ,Em, r=/Ei, , BE2m —fEm, E2m+i,eee E.[,

E2n+1 —  eee ?fyn+s - is}

such that E\,... ,jFm,Ei,... ,Es are tangent to M m+S. Unless otherwise

stated, we use the conventions that the ranges of indices are, respectively:
i —1,... ,m2n+ 1,... ,2n +s;
y,z- 1,... ,m;
a,b=m+1,... ,2n

Now we denote at* = g(a(Ei, Efi), Ea) and consider the symmetric

(m x m)-matrices Ha = (cr'r). Form (1.1) and (2.2), we have
(3.3) *(X,b) =-fX,

for any X GT(M), a =1,... ,s. Then, if m >0, MmS can not be totally
geodesic. However, we can prove
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P roposition 3.2. Let Mm+a be an anti-invariant submanifold of an S-
space form N:n+S(k), tangent to the structure vector fields. If Dn = 0 and
if HaHv — HbHa, for any a, b, then M m+S isflat if and only if Kk ——35.

Proof. First, since MmtS is anti-invariant , from (1.1) and (2.2), we
have Vxfa =0,I1G T(M), a £ {1,... ,s}. Then

(3.4) R(X,Y,£a,Z) = 0=R(X,Y,Z,£a),

X,Y,Z £ T(M), a £ {1,... ,s}. On the other hand, if X,Y,Z,W £ Cm,
from the Gauss equation (1.2), Lemma 3.1 and the hypothesis, we have
R(X,Y,Z, W) =R(X,Y, Z,W). Then, from (2.4):

(35 R(X,Y,Z,W)=(I/4)(k +3s)(g(X,W)g(Y,Z) - g(X,Z)g(Y,W)).

Now, (3.4) and (3.5) complete the proof.

If M m+S is minimal, a straightforward computation, using the Gauss
equation (1.2), (2.4) and (3.3), shows that

p=(>/4)m(m —IA + 3s),

where p is the scalar curvature of M m+S. On the other hand, we have

Proposition 3.3. Let Mm#S be an anti-invariant submanifold of an S-
space form N :n+S(k), tangent to the structure vector fields. If Dn = 0 and
if HaHb = HbHa, for any a,b, then

p = (/4)m(m —I)(fc + 3s).
Proof. By using the hypothesis, we get (3.5). Then
R(Ey. X,Y,Ey) = (I/4)(* + 35)(a(X, Y) - g(X, Ey)q(Y, £2,)),

forany X, Y £ Cm - So, by using (3.4), if S is the Ricci tensor field of M m+S,
we have

S{X,Y) = (1/4)(m - 1)(k + 3s)g(X,Y)
and the result follows from (3.4) again.

4. Invariant submanifolds of N2n+S(k)

In this section let M 2m4S be an invariant submanifold of an 5-space form
N2n+°(k). Then, since g(XJV) =-g(fX,V), X £T(M), VE£T(M)X, we
have t = 0. Now, from (1.1), (2.2) and (2.3), we have
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Lemma 4.1. Let M2m+#S be an invariant submanifold of an S-manifold
N 2n+s. Then, for any X, Y G T(M), a € {1, e+ ,5s)

(4.1) <r(X,Za) =0
and
(4.2) a{X,fy)= fa(X,VY)=a(fx,yY).

P roposition 4.2. Let M 2m#S be an invariant submanifold of an S-
space form N:n+a{k). If H denotes the invariant f -sectional curvature of
M 2m+S, the nH ~ k and equality holds if and only if M2m+S is totally
geodesic.

Proof. By using the Gauss equations (1.2) and (4.2), we easily prove
(4.3) R(X,fX,fX,X) =K- 2]la(X,X)]|2,

for any X G Cm - Then, the first assertion is immediate from (4.3). Now
if M2mS is totally geodesic, o(X,X) = 0, forany X € Cm and H = k.
Conversely, if H = k, then a(X,X) =0, for any unit vector field X 6 Cm -
Now, since o is symmetric, the proofis complete.

We choose a local field of orthonormal frames J,EmEmM+H =
= fEi,... ,E2m =fEm,E.m+i,--- |E.n,£i,... ,6} on N2n+S(k), such that
Ei,... ,Eam,£i,... ,fs belong to M2m+S. Unless otherwise stated, we use

the conventions that the ranges of indices are:
i=1,....,2m, uv=1,...,m
A=2m+ 1,... 2n; a,B=1,... ,s,
respectively.

Proposition 4.3. Any invariant submanifold M 2m+S of an S-manifold
is minimal.

Proof. By using (4.1) and (4.2), we have

@2m + s)H - 72 Ei) = YA,(a(Eu, Eu) + <r(fEu, fE u)) =

t ti

= U +/21(£ «E«)) =0

and the submanifold is minimal.

Now, let S be the Ricci tensor field of M 2m+S. From the Gauss equation
(1.2), (2.3) and Lemma 4.1, a straightforward computation gives:

S —(1/2)(m(k + 3s) +K- s)(g —DP) —2m a ®qi
a,0
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is a negative semi-definite symmetric tensor. Moreover, if p is the scalar
curvature of M 2m+S, then

(4.4) p=m2k43s)+ m(k +5) - |<t||2.
On the other hand, from Proposition 4.2, H(X) <k, for any unit vector

field X € Cm - Now, We can prove

Theorem 4.4. Let M 2m+S be an invariant submanifold of an S-space
form N:n+S(k). Then M 2m+S is totally geodesic if and only if one of the
following assertions is satisfied:

(4.5) min{A:, (I14)(ife + 3s)} < K(X, Y) < max{ifc, (I/4)(3b + 3s)},

where K denotes the sectional curvature on M2m+S, X,Y £ Cm are or-
thonormal vector fields and m > 2.

(4.6) H(X) = K,
where X £ Cm is a unit vector field.

(4.7) S = (1/12)(m(Ar + 3s) + k- s)(g-d)+2T1~7/a®qgp.
afl

(4.8) p—m2(k -f 3s) + m(k +5s).

Proof. The restriction m ~ 2 for (4.5) is natural, because if m = 1,
then H = K. Now, suppose K >s. Thus, (4.5) is

(I14)(A + 3s) < K(X,Y) <k.

Ifg(X,fY) = 0, by using (2.4), the Gauss equation (1.2) and (4.2), we
get
K(X,Y) + K(X, fY) = (1/2){k + 3s) - 2||cr(X, Y)||2.
Since (1/4)(fc + 3s) » min{K(X,Y), K(X,fY)}, we obtain o(X,Y) =0

and from (4.2) again, a(X,fY) = 0. Then, using the above frame field,*we
have o(Eu, Ev) = 0 = cr(Eu,fE v), for any u, v. Moreover, if we put

X = (1/V2)(EU+Ev), Y = (I/V2)(Eu- Ev),

then 0= a(X,Y) = (1/2)(a(Eu,Eu) - c{Ev, EV)).

Now, putting X = (1/V2)(EU+ fE,,), Y = (I/y/2(Eu- fEv), we have
0 = (1/2)(cr(Eu, Eu) + cr(Ev,EV)) and so, cr(Eu,Eu) = 0, for any u. From
(4.2), a(fEu,fE u) = 0too. Thus, taking account of (4.1), we get o = 0 and
M 2p+S is totally geodesic.
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Conversely, if the submanifold is totally geodesic, by using the Gauss
equation (1.2) and (2.4), we obtain

K(X,Y) = (1/4)(k + 3s) + (3/4)(Ar - s)g(XJIY)2,

for any X and Y verifying the hypothesis. Thus, K(X,Y) ~ (1/4)(k + 3s).
From Cauchy-Schwarz’s inequality

s (XJIY ). <g(X,X)g(fY,fY) =1

and so, K(X,Y) <k

For k ~ s, the proof is analogous.

Next, it is easy to show that (4.6) is equivalent to the fact that M 2m+S is
totally geodesic, using Proposition 4.2. Now (4.7) and (4.8) follow from the
Gauss equation (1.2), (2.4) and (4.4). Consequently, the proof is complete.

Finally, we suppose that M 2m+S is of constant invariant /-sectional cur-
vature c. Then ¢ <k and the equality holds if and only if M 2mS is totally
geodesic. Now, we can prove

Theorem 4.5. Let M.m+S(c) be an invariant submanifold of an S-space
form N:n+S(k). Then

(4.9) AQ (1/2)(m + D)(c - k)f2,
A

where we write A\ instead of Aex,

(4.10) llcrl|]2 = m(m + L)(A —<),

(4.11) IKX,JT)|la= (1/2)(*-c),

for any unit vector field X € Cm, o,nd

(4.12) IKX,Y)|la= (1/4)(*-e),

for any orthonormal vector fields I ,h £ Cm such that g(X,fY) = 0.

Proof. Since M2m+S(c) is an .S-space form, from (2.4) we have

(4.13) S(X,Y) = (I/2)[m(c +3s) +c-s]g(fX,fY) +2mJI2va(X)VR(Y).
a,R

On the other hand, from the Gauss equation (1.2)
S(Y,Y) = (1/2)[m(k +3s) + k-s]g(fX,fY)+
+2m Y, Ve(X)r,B(Y) - Y o (AxX, AxY).

at,B n
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Since g(A\X, A\Y) = g(A\X, Y), we obtain (4.9). Now, from (4.13),p =
m2(c+3s)-t-m(c+s) and so, by using (4.4), we have (4.10). To obtain (4.11),
we only have to observe that H (X) = c. But from the Gauss equation (1.2),
H (x) = K- 2|lct(X,X)||2. Finally, from (2.4) again K(X,Y) = (I/4)(c +
+ 3s) = K(X, fY ) for any orthonormal vector fields X, Y € Cm such that
g(Xx,fy) = 0. But

K(X,Y) = (1/4)(k + 3s) + g(a(X,X),a(Y,Y)) - \HX,Y)u:
and
K(XJY) = (1/4)(* + 3s) - g(a(X,X),a(Y,Y)) - Wer(X,Y)\\2.

The proof is complete.

It is easy to show that the m(m + 1) normal vector fields cr(F-, Ej),
fa(gi,Ej), 1,J] = 1,...,2m, i <j, are pairwise orthogonal. Using this, we
can prove

Theorem 4.6. Let M.m+S(c) ke an invariant submanifold of an S-space
form N:n+5(k). Ifn—m < (1/2)m (m+1), then M.m+a(c) is totally geodesic.

P roof. If the submanifold is not totally geodesic, then ¢ < k. But if
i ¢j, from (4.11), <r(E, Ej) / 0/ f&(Ei, Ej), and so 2(n —m) » m(m +1)
which is a contradiction.

Corollary 4.7. Let M2mS (m > 2) be an invariant submanifold
of codimension 2 in an S-space form N:n+S(k). Then, M 2m+S is totally
geodesic if and only if M 2m+S is an S-space form.

5. Examples

(1) Principal toroidal bundles. Let T :52n+tl —»PC" denote the Hopf
fibration, and consider

H 2n+S = {(pi, »++iPs) € S2"+1 x ... x 52n+1/7r(pi) = ... = 7r(ps)}.

Using the diagonal map A we define a principal toroidal bundle over
PC" by the following commutative diagram:

H2n+s — — > 52n+1 x ... x 5 2n+l
1rX.. X710
PC" — PC" x ... x PC"
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Let uazbe the contact form on 52"+1 (a = 1,... ,a) and define fa (a =
=1,.. ,§on H2n+S by ria = A*|520+i™\§. Then H 2n+S is an 5-manifold

(cf. [1], [2]). Moreover, the invariant /-sectional curvature of H2+S is K =
= 4 —3s, a constant.

Now, let M m+S be a submanifold of H 2n+a, tangent to the structure
vector fields and N m a submanifold of PC” such that the diagram

Mm+S - * H2mS
Al

Nm — » PC"

commutes and the immersion ris a diffeomorphism on the fibres. Then M m+S
is an invariant submanifold or an anti-invariant submanifold of # 2n+* if and
only if Nm is a complex submanifold or a totally real submanifold of PC",
respectively. Moreover, M m+a is minimal if and only if N mis minimal ([4],

Further, if Nm is a complex submanifold, M m+S is totally geodesic if
and only if Nm is totally geodesic. On the other hand, if Nmis a totally
real submanifold, M m+a is flat if and only if Nmis flat. Finally, if we denote
by p and p' the scalar curvatures of M m+a and N m, respectively, we have
p' —sm ~ p ~ p'mMoreover, MmtS and N’n are anti-invariant and totally
real submanifolds, respectively, if and only if p —p' and they are invariant
and complex submanifolds, respectively if and only if p' —sm = p (cf. [4]).

(2) Euclidean spaces. Let £72n+s be a euclidean space with cartesian co-
ordinates (x\,... ,xn,yx,... ,yn,z\,... ,zs). Then an 5-structure on E 2ntS
is defined by (cf. [5])

£,=2d/dza (a =1,...,9),

Ta —(1/2)idza ~ ~vidx{J, (a —I,...,s),
' i=l
fX =JrY'd/dx, - fAX'd/dy, + fed/dzc),
i=l i=l \=1 e :

n

g=Y"T]a® Tla+ t1/4) "LI,(dx' ® dxi + dyi ®dyt),
a =

where X = YiU~rd/dxi +Y'd/dy,) + £ aZad/dza.

With this structure E2n+S is an 5-manifold of constant invariant /-
sectional curvature Kk = —3s.

We have that E 2m+a{—3s) is a totally geodesic invariant submanifold of
E.mta(—3s) (m < n).
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On the other hand, we can consider the following natural imbedding of
EntS into E2n+s(-3s):

(*i,--- ,xn,zu ... ,zs) > (a?!,... ,z,,,0,... ,0,zb ... ,ze).
If we denote = 2(p/px< +-yi d/dza), 1~ r < n, we get that
{Ei,... ,En,fE\,... ,[fEnEi,... £}

is a local field of an orthonormal frame on j52n+s(—35), such that E\,... ,En
belong to En+S. Then it is easy to check that En+S is an anti-invariant
submanifold of E :n+s(—3s) with /-structure nin the normal bundle parallel.

Moreover, HjEi =0, 1~ i £ n. Consequently, En+S is flat.
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SOME SPECIAL PROPERTIES
OF CONDITIONAL EXPECTATION

W. ZIEBA (LubHn)

In this paper we shall discuss some special properties of conditional ex-
pectation. In Section | we prove that the condition given in [7] is equivalent,
in some sense, to the assertion of the Fatou Lemma.

The conditional expectation can be defined as an orthogonal projection.
We show that the almost sure convergence of a sequence of conditional expec-
tations of random variables {E*Xn,n >1} does not follow from the almost
sure convergence of the sequence {Xnin > 1), and conversely. Some suitable
examples are given in Section II.

In the problem of optimal stopping one considers the value sup EXT. In

reT
[4 Sudderth proved that

ElimsupXn =Unsup EXT
rer

if |X,,] < Z, where Z is an integrable r.v. In Section Il we generalize the
relation obtained by Sudderth to the conditional case. Moreover, we give an
equivalent condition to this equality.

I. The conditional Fatou Lemma

Let (if, 4, P) be a probability space, {Xn,n > 1} an increasing sequence
of sub-CT-helds contained in A and {X,,, n > 1} a sequence of r.v. such that
Xnis ~,-measurable for every n.

The definition of conditional expectation (E~X) with respect to the
sub-u-field T C A for X >0 can be found in [3]. If

min{E*X+,Er X~) < 00 as.

where X+ = max(X, 0), X~ = max(—X, 0), then we define the conditional
expectation as follows:

ETX =ETX +- ETX~.

In case Er \X\ < 00 a.s. we write X GE\.
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A random variable r:fi->{1,2,...}isa stopping time iff [r = n] G
for every integer n > 1. The set of ah finite (P(t < 00) = 1) stopping times
is denoted by T.

Let X be some sub-cr-field of A.

D efinition 1. A sequence {!,,,?! 1} is uniformly ~-inegrable if for
every ~-measurable r.v. e > 0 a.s. there exists an A-measurable r.v. A> 0
a.s. such that

SUpE jriXn|/[Xi>Al < £ as.

In the sequel we need the following theorems:

Theorem 1 [8]. A sequence {Xn,n 't 13} is uniformly X-integrable if
and only if

1) sup EjrA\XT\ < 00 as.
and

2) for every X-measurable function e > 0 as. there exists an
X-measurable function s > 0 a.s. such that

EMla<s as. =>> sSupE~XnlU <£ as.

Theorem 2 [7]. IT{Xn,n ~ 13 is a uniformly X-integrable sequence of
r.v. then
limsupETXn <ETIlimsupXn as.

If additionally lim Xn —X a.s. then X 6 Lyr and limE~X,, —E”*limXn
a.s.

We prove that the condition of conditional uniform integrability is nec-
essary.

Theorem 3. 7/0 ~ Xn—=>X as., X,Xne EX,n> 1 andYwn E*Xn —
— E~X as. then {An,n > 1} is uniformly X-integrable.

Proof. It is obvious that
sup Ejr\Xnl< oo a.s.

Put £> 0and let An= [\E*X"* —EAX\ <£, forallk >Te,n >1,do=0. It
follows from the definition that An are X-measurable, An Q An+\,forn 0
and limP(An) - 1

The sequence of r.v. {(Xi - X)7@n\idn_1,... ,(X,_i - X)IANAM} is
uniformly jT-integrable. Then there exists a sequence of jF-measurable func-
tions {<5,,n* 1} such that

Erla<0On as. > Ejr\Xi- X\la<£ as, i=1,2,... ,n—1L

By assumption X € Lyr. Therefore, there exists an ~-measurable function
S > 0as. such that

EMla < as. = EMX\ia<£f as.
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Let fo = on An\ A, i, n>1and s = min(£0,Mi)- If Ef1A < a.s. then

0o

ETXnIA= ET{Xn- X)IA+ EtXla <Y, ET(Xn- X)IAKAK_JA + £ =

k=1
= X/M(Xn ~X)IAKAK . 1A + ET{Xn- X)IAKAK .1A +¢e <
k=1 fon

=£+ £ I1AKNAKTEN(Xn—X)/g +£<3s as.
k=n
Then the statement of Theorem 1 completes the proof.

Definition 2. An adapted sequence {Xn,n > 1} of r.v. is called a
conditional amart (with respect to X) if

(@ XnELjrforn>1
and

(b) the net b{ETX T, X ) TTb converges to zero for some r.v. X
(where L denotes the Levy-Prokhorov metric and Tb denotes the set of
bounded stopping times).

T heorem 4 [6]. Each L"-bounded conditional amart (supLJ-*X«! < 00
a.s.) converges almost surely.

Now we give some generalizations of Levy’s a.s. convergence theorem for
martingales.

Theorem 5. IfX ELyrand X Q X\ Q... Q Xn ~ ... and X is
€( U XA -measurable then

n'ﬂme AX —X as. and n|_|;l€1D E:N\ETnX —X\ = 0 as.

{ETnX "L x,n "™ 00).

Proof. It is obvious that {E~nX, Xn,X,n > 1} is a conditional amart
with respect to the cr-field X. It is easy to observe that

SUp EMEAX\ <ET\X\ <00 as.

and by Theorem 4, the sequence {E~nX,n > 1} converges a.s. Moreover,
the sequence {E TnX,n > 1} is uniformly jF-integrable and by Theorem 4 of
[8] it converges in L)p.
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(|QJ q)-measurable and for every

1

A G U fi we have
i—

Vd Vd Ve
[ xoedP= | Hm ETaXdP= Hm / ETXdP= lim | xdP= Tx dp
J J n-+*° n->°°J J
A A A A A
which proves that X = X" a.s. and completes the proof of Theorem 5.

Il. Examples

In this section we present some examples which show the special prop-
erties of conditional expectation.

Exampte 1. Let (il,A,P) = ((0,1)2,B ®#,//), T\ —#® (0,1) and
Ti —(0,1) 9B. A random element X(s,t) = 1/(s2 + i2), for (s,t) ¢ (0,0),
X (0,0) = 0is JEr integrable (X € ) and "-integrable but not integrable
X i LL

Exampte 2. Let (fl,.4,P) = ((0,)2,B OB,p), T\ = B® (0,1) and
Ti = (0,)<g)EL Obviously a{T\®Ti) = B®B. Every integer can be written
in the form
n=(4l+r- 1)/3 + K(n)2LW +:1 + J{n)

where
L(n) = max{f ~ 0: (41 —I)/3 T},
K(n) = max{k >0: &L(n)+1 < n- (4L(n)+1 - 1)/3),
and
Jin) =n- A1+ - D/3 - K(n)2L(")+i.
We dehne
2L(M+V™ it K(n)=0 or J(n) = 0
Xn .
0 otherwise
where

An = {(s,t): J(N)/(21 (")+1) » « < (I(n) + 1)/ (. L()+1D),
K(n)/(2LM +1) <t < (K(n)+ 1)/(21H+1)}.

It is easy to observe that X,,E'>Q n —00, but
EAXnE0, n—=o00 and E~XnJ—0, n —oo0.
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The sequence {X,,n ~ 1} is uniformly integrable but it is not uniformly
.Tg-integrable and it is not uniformly .TVintegrable.

On the other hand for Yn = la,, n > 1, we see that EJ'1Y,,£'>O, n —Moo,

Er*Yn® o, n —o00, but Yn\—>0, n —00.

Example 3. Set(£1,A,P) = ((0,1),£,/x) andJF = er((1/2,1), (1/3,1/2),
.. ,(I/(n + 1), 1/ra),...). The sequence

v ,u4 v, n }/w forw/O
a g =ag-= (o for w=0, ”al

is uniformly :F-integrable but not uniformly integrable.

IIl. Some relations for randomly stopped variables

The following theorem generalizes the result given in [2] and [4].

Theorem 6. Let {I,,,n > 1} be a sequence of r.v. adapted to an in-
creasing sequence of a-fields {En,n > 1} and let X ke some sub-o-field of A.
Then

(1) E~lim sup Xn) <elimsup EAXT as.
TEeT

and

2 inf Xn) >ehrE1T|nfETXT as.

whenever all of the above conditional expectations are well-defined.

The definition of elimsup EAX" = essinf(eSSLJGp EAX") and
HET t<aGT

ehrEHmfETXT—essup(g;Fi}ETfETX'I') can be found in [3], p. 121.
Proof. Itis enough to prove (1). On the set
A = [EMMimsupXf] = —e0]

the inequality is obvious.

In the following we assume that EAX* > -00 a.s., where X* :=
= limsup-XV,. (If P(A) > 0, then it is more convenient to consider the
sequence X'n = Xnlac). If ETX* < 00 a.s. then X 6 Lyr and by Theo-
rem 5 the sequence {¥n = EThX,n > 1} where T'n = o(X; X\, X2, m ,Xn),
converges a.s. and in L]r to r.v. X*. Choose £ > 0anda s T. Define

r inf{n: n >a and EThX* < Xn--e}.
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It is obvious that P[T < oo] = 1. Then

ETX* = £ E*X*I[] =Y, ET{{IE""X") <
n=1 n=1
0]
% EM[T—H](Xn+e) —EAXT+ £ as.
n=1
hence

EAX* N ehmsup EAXT+e as.
TeT

which proves (1).
If {Xn,n > 1} are arbitrary then for every real number C we have

ehmsup EAXT” ehmsup E” min(Xr,C) >
TeT TEeT

> fl*hm sup min(X,,, C) = Er Tw(X*, C).
The conclusion now follows by letting C —* oo.
Theorem 7. Let Z 6 Ljr and W e Lyr. IfXn %Z a.s. for all n, then

3) LA lim sup Xn) = ehm§|_up E*XT.
re

If Xn>W a.s. for all n > 1, then
1 /\ - - -
(3" (hminfXn) ehrgllmerXr.

The proof follows from the conditional Fatou Lemma [7] and is a simple
modification of the proof of Theorem 2 of [4].

Corollary. Suppose hm In = X as. and there is a random variable
Z € Lyr such that |[Xn|~ Z as. for alln > 1. Then X E Lyr and

(4)7 ehmETXT= E~X.
\ rer

The proof is obvious due to Theorem 6.

On the basis of the example given in [4] we see that the condition of
uniform JF-integrabihty does not guarantee condition (4) [2].

Let Tb denote the set of ah bounded stopping times (relative to {Xn,n >
£1})m

Definition 3. A sequence {Jf,,, n > 1} is I'b-uniform ~-integrable if for
any given ~-measurable function e > 0 a.s. there exists an *-measurable
function Ao such that

esup ETIAT|/[[/H|>N < £ as.
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for all  measurable functions /1> Ao a.s.

We can observe that if {Xn,n > 1} is Te-uniformly P-integrable then
for any given ~"-measurable function e > 0 a.s. there exists an ~"'-measurable
function Ao such that

%) esupjEjr|IXT|/[IXr>Al < e a.s.

for all ~"-measurable functions A> A0 a.s.
The sequence given in the example in [4] is uniformly integrable but it
is not Tfc-uniformly integrable.

Theorem 8. Let Xn ¢ L\, n > 1 A sequence {Xn,n > 1} is Tb-
uniformly T-integrable iff

(6) hmsup Xn = eHmsup EAXT< 00 as.
Tell
and
@) E” liminf Xn —eliminf > —00 as.
TETh

Proof. Let {X,,,n > 1} be T(,-uniformly ~-integrable. It is obvious by
Theorem 6 that

Laliin sup Xn <elimsup ETXT—elimsup EAXT.
ret TeTs

Moreover there exists a sequence {r,, > n a.s., n > 1} such that rn G Tb and

elimsup ETXT -limsup ETXT i1 ET limsup X T < EThmsup Xn
Tell

on the basis of the conditional Fatou’s Lemma [7].

The inequality elimsup EAXT < o0 a.s. holds on the basis of Definition
3.

By analogy

—00 < eliminfETXT= E~liminfln a.s.
Tell

On the other hand, let {Xn,n > 1} be a sequence of nonnegative r.v.
such that Xn G Lyr, n > 1 and

(8) 0= E~limsupX,, = ehmsup EAXT a.s.
Tell

For every A'-measurable function e > 0 a.s. we have

hm P{esup EAXT< e/2} =1

T=>4

Ada Matkemalica Hungarica 62, 1993



392 W. ZIBJBA

Thus, for any given s > 0, we can choose n(S) such that

P{An(s)) = P(esup ETXr<e/2) > 1- s
r>n(S)

and Xn(Al) C An(®), for & > &.

It is easy to observe that sup X n < 0o a.s. and for every X-measurable
function s > 0 a.s., we can choose an ~"-measurable function A> 0 a.s. such
that

AM[supA”rA] < a-s-

By uniform .X-integrability of the r.v. Xi,X2,... ,Xn(g) and Theorem 1
of [8] for every "~"-measurable function e > 0 a.s. we can choose an J--
measurable function An(«) > 0 such that

E max(Xi, X2, eee 22n("Df[supX,,>A,,(M] » a.s.

Finally, we put

a_/ on Bk = AnQ\Ik) \ *n(i/(fc—=)). k = 2,3,...
I An(1) on Bx = An(l).
Then
@
ETXI[Xr>A =Y JBKE:FXTi[X>*] E Er XTH]IT>X <
k=1 k=\

=Y ATANUNSUpXnSATRI T E - X Tn(1/k)I B A
k=

1
@
= IZ 31/ max(Xi,... , X n(i/k)I[supXn=>bn(i/k)]"Bk =
0
N oelbk=£ as
fc=i

which proves that the sequence {X,,,n * 1} is Te-uniformly X-integrable.
If {X,,n N 1} are arbitrary, then the conclusion follows from the in-
equality
0< [Xn| < [X*] + [X.| + [X,],
where X* = limsup Xn, X*= liminf Xn, X+ - (X,, —X*)+ := max(Xn —
—X,0), X~ = (X* —X,,)+ and X,, = max(X+,X~), which completes the
proof of Theorem 8.
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ISOPERIMETRIC INEQUALITIES
AND AREAS OF PROJECTIONS IN Rn

A. P. BURTON and P. SMITH (Keele)

1. Introduction

The classical isoperimetric inequality states that among all simple closed
plane curves of given length L, the circle of circumference L surrounds the
largest area. If A is the area enclosed by the curve C, then the isoperimetric
inequality can be expressed by

(1) L27 4 A

with equality if and only if C is a circle. A review of the subject including
methods of proof generalizations and special forms of inequality (1) can be
found in the paper by Osserman [5] and the books by Bandle [1] and Burago
and Zalgaller [2].

Among the extensions of the isoperimetric inequality to higher dimen-
sional spaces, two particular directions of generalization can be identified. In
one of the curve is replaced by a closed surface and the inequality relates the
surface area and volume content. The three-dimensional result was proved
by Schwarz last century, and generalized to n-dimensions by Schmidt [6]. In
the other approach, isoperimetric inequalities are derived for closed curves
on given surfaces (see [1] and [2] again for a review of this material).

Our aim in this paper is to stimulate interest in the following isoperimet-
ric problem. Let C be a smooth closed curve of given length L in R", and
let Cjk (or Ckj) be the orthogonal projection of the curve onto the OxjXk
plane. Obviously the curve Cjk will be closed although it may have corners
and cusps. We can pose the following question. Over the set of all curves of
given length in Rn, what is the greatest value of

(sum of the projected areas)/L2,

and for which curve or curves is this value attained? We shall not present a
complete answer to this question, but we shall prove some associated results.
Areas of projected curves do not seem to have figured prominently in the
literature on isoperimetric inequalities although they do arise in a paper by
Schoenberg [7] who obtained an inequality relating the length of a curve in
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Rn and the volume of its convex hull. This volume is then re-formulated
in terms of areas of two-dimensional projections, but only as a sum of their
products and not in the simple summation considered here. An inequality
between the volumes of sets and their orthogonal projections has also been
proved by Loomis and Whitney [4].

2. Projected areas
Let the closed curve C be defined in Rn by
Xi(t)
X(t) = 0<t<2n, x(0)=x(27v.

xn(t)

We shall assume that x(t) is continuously differentiable on (0,27¢) with
tIi>r18 x'(f) :t>I2im+ x'(t). We shall use Hurwitz’s device [51 and parametrize
->0- ->21r

C by a multiple of its arc-length s normalized on (0,2n). Thus we let t =
= 2ns/L. With this parameter it follows that

(2) L —2n xl2dt = 2T
The ‘areas’ Ajk will be defined by
Ajk
from which it follows that Ajj = 0, Akj = —Ajk- The number Ajk is a vector
area whose sign will depend on the direction in which the projected curve
Cjk is being tracked.
There are several different questions which can be posed concerning the

length of L and the projected areas. One involves the absolute values of
these areas which would require the greatest value of

but this version of the isoperimetric inequality presents technical difficulties
which we have not yet overcome. Instead we shall investigate the extremum

principles for the sum
1
5 E E tjkAjk/L y
3=1 k=1
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where £jk is a weighting factor which can be chosen from the numbers 0,1

and —1 although other weightings are possible. Hence partial sums of areas

can be investigated with each projected curve taken in either orientation.
Consider the sum of areas defined by

ir
3 A= Jlex'dt

0
where K = [r*] and it is assumed that ejj = 0 and — ~£jk: in other
words K is a skew-symmetric matrix. We shall now consider the difference
2r
4) L. —4-KfiA= 2Tj [W. —pxIKx']dt.
0

In this expression A may be either positive or negative but the sign of A
can always be reversed by replacing t by 2n —t in the integral for A. The
maximum value of |/x| is required which ensures that the left-hand side of (4)
is always nonnegative.

3. Wirtinger’s inequality and the isoperimetric result

We shall deduce the result more or less as we obtained it, rather than de-
riving it from a prior knowledge of the answer. Essentially our approach was
suggested by Hurwitz’s proof of the plane isoperimetric inequality (see [2],
p. 1183) which uses Wirtinger’s inequality. We require the latter inequality
in the following form.

Lemma. Let f(f) be a continuous periodic function in Rn of period 2w
with continuous derivative f'(i). If

(5) =0,
then
2r
(6) Jj\m 2dt

with equality if and only if
(7 f(f) = acost + bsint
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where a and b are constant vectors.

A proof can be found in [3], p. 121

We have to arrange that the position vector x(t) satisfies the mean re-
quirement (5) but this can be readily achieved by a translation of the origin.
Equation (4) is now re-arranged so that the right-hand side contains terms
which are identifiably nonnegative and incorporate the Wirtinger difference
in the Lemma. With this in view we can re-write (4) in the form

X
(8) L2 —AitA —(7I7a)\] [P + aKx |2+
0
+770q2{|x'|2- |x|2} + ya:x\K 2+ 7/n)x]di,

where 7 = (2a —/r)//w2 > 0, and a is any constant such that au > 0 also.
By the lemma above the right-hand side of (8) will be nonnegative if the
quadratic form

9) x'(K2 + 7/,)x

is nonnegative.

Since K is skew-symmetric, the eigenvalues of K are either imaginary in
conjugate pairs or zero, and consequently those of K. either negative or zero.
Assuming that not all Ejk are zero, let the pair of eigenvalues +rA (A > 0)
of K be such that —A2 is the smallest eigenvalue of K 2. All the eigenvalues
in the matrix in (9) will be nonnegative if 7 = A2, in which case (9) will be
a nonnegative quadratic form. The parameters [i and a must be related by

Acfia. = 2a —Ix,

from which it follows that the maximum and minimum values of /r are + /A
at a —+1/A. Hence we have shown that

(10) L. > 47dAJ/A,

taking account of the signs of a and \i in a"i, but we have not yet established
that there exists a vector x for which equality occurs in (10). For 1/ Ato be
the optimum value of u all three terms on the right-hand side of (8) must
vanish along the same extremal curve.

It is necessary that equality holds in Wirtinger’s inequality, and this can
only occur if

(11) X = acost -fbsint.
Also x must satisfy

(12) x' + (I/A)ffx = 0,
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where we have assumed that a > 0: a parallel argument covers the case
a <0. Let w= a+ ib. Then, from (11) and (2), it follows that
(13) (K-iXInw=0,

in other words, w must be an eigenvector corresponding to the eigenvalue iX
of K.

Finally we have to show that the integral of the quadratic form (9)
vanishes. Thus

2 W

3 xI(Kz + Aln)xdt = »ur(K: + A2, )w —Te (K + iXIn)(K - iXIn)w = 0,
0

by (13).

The eigenvector w is defined to within a constant of proportionality which
is determined by the known length L of the curve. Thus from (11) and (12),

j)K
L. = 2icV K'\2dt = 47T2jaj2,
0

since |a| = |b| and a‘b = 0 for a skew-symmetric matrix K. The parametric
equation of the extremal is therefore

(14) x = X(acosf + bsint)/27r|a|,

for any eigenvector w = a + rb of (13).

If a < 0, then w is replaced by its conjugate which results in b being
replaced by -b in (14). This amounts to no more than reversing the direction
in which C is described.

We have proved the following:

Theorem. If C is a smooth closed curve of length L in rR™ and A is
the sum of the projected areas onto all planes of coordinate pair each with an
assigned index Sjf. —0,1 or —, that is,

n n
A~ N MNZjKAJK, Skj —~£jk:
j=1 fco

then the inequality
(15) L. - (4d/A)|4] >0

holds, where iX (A > 0) is an eigenvalue of K — [£,& such that X is the
largest number with this property. If w is the corresponding eigenvector to
rA then equality occurs in (15) if the curve is given by

(16) x = 2/(acosf £ bsini)/(27r|a]).
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4. Special cases

Before looking at some Ta-dimensional cases, it is perhaps helpful in visu-
alising the projections to quote some results for R3. Let c12 = £23 = £13 = 1,

so that
0 1 r
K- -1 0 1
-1 -1 0

The eigenvalues of K are 0, iiV 3 and J — v/3. Hence inequality (15)
becomes
L. ~ (4tr/3)|A],
where
A = A + As + N23-

We can choose a = [1 2 1]% b = [—A/3 0 n/3]* so that the critical curve
becomes either of the circles

L Y f-vsl 1
6 2 costz o |sint
b o1 - e

In fact this is the same curve but described in opposite directions. The circle
is the intersection of the sphere of radius L /2T and the plane x\ - xi + Xs =
= 0. The set of coefficients £12 = £23 = 1, £13 = —1 leads to the critical
circle equally inclined to the coordinate planes on the plane x\ + 22+ x3 —O0.
However, in both cases, the corresponding projected areas are of the same
sign.

(i) An inequality including all projected areas. We shall consider curves
in Rnin which all |ta(ta—1) projected areas are included. The following alter-
nating sign arrangement for upper triangular elements of the skew-symmetric
matrix K are defined:

= (-

We could have taken Ejk = 1 (k >j) instead but as the case n = 3 suggests,
this merely affects the orientations of the projections.
The set of eigenvalues {i} (p=1,2,... ,T are given by the roots of

Dn=IK- uvInl= 0.

Using elementary row and column operations it is easy to show that Dn
satisfies the difference equation

Dn+2M>n_i - (1-w2)Dn_2=0 (ta > 3),
which has the required solution
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A= i(-w + )" +i(-« - 1)"
Hence the eigenvalues of K are

up = tcot{(p- -)?rin}, O»=1,2,... ,n).

It follows that /1 = cot(#/2n). Hence the isoperimetric inequality (15) be-
comes

L. > 4trtan(#/2n)|i4|.
An eigenvector can be found by using simple row operations. We can then
define
w=a+th=1[r""1r-> ... rlf
where r = e(«+i)Wn5so that the critical curve is given by (16).
The individual projected areas are

"2 1ji—

x3x'kdt = —-—— -—-—-sin{(j - K)Tr/n}.

Since sin[(j - kpx/n] < O for j,k = 1,2,... ,» (k >]), it follows that
EjkAjk > 0. For this extremal curve, absolute values of the projected areas
are summed.

There is a difference between odd and even dimensional spaces. Ifn >
N 4 s even, then of the projections are circles since rn~q = —q (Q —
=1,2,... ,|n) in the elements of the eigenvector w. The planes with circle
projections have no axes in common. No projections are circles if n ~ 3 is

odd.
(i) An inequality for all coordinate planes with a common axis. Let Ox\
be the common axis. We canochoosle K tlo be

-1 0 0o 0
K= -1 0 0 : 0
-10 o 0
which has the eigenvalues xiy/n —1 and zero. Thus J1= yjn - 1, and with
A= Aik, the isoperimetric inequality becomes

k=2
L. A~ ATWAMly/n - 1.

As we might expect
Ak = L: Akn/n- 1
is independent of k for the extremal.
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5. Concluding remarks

A number of general observations can be inferred from the theorem in
Section 3. Most of these conclusions are fairly obvious, and we shall not enter
into details of proofs. Essentially all these projection inequalities involve the
dominant eigenvalue of the matrix —K 2.

If all £jk are zero except one, then the classical inequality can be re-
covered for the corresponding plane since the extremal and its projection
coincide.

Suppose that for n 4 just two projections are allowed, which means
that K has just two non-zero unit upper-triangular elements. If the planes
of these projections have no axis in common, then both projections of the
extremal are circles.

In principle the isoperimetric inequality for any weightings of the pro-
jections can be found. However the main question posed in the introduction
concerning the sum of the projected areas still remains unresolved since our
result concerns the sum of vector areas. In Rn, what is the greatest value of

(sum of the projected areas)/!/2?

The evidence seems strong that the answer is the one given in case (i) of
Section 4.
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A RESULT CONCERNING BOUNDED SOLUTIONS
OF LINEAR SYSTEMS OF
DIFFERENTIAL EQUATIONS

R. NAULIN (Cumana)

I. Introduction

Our paper is a contribution to the study of bounded solutions of the
equation

1) x' = A{t)x + /(f)

where A(t) : R —aRnXn is a continuous matrix, and / is continuous and
bounded. We make these assumptions in order to simplify the problem,
although as is shown in (2), our results can be extended to the case where
A' and / are measurable.

In [1] it is proven that if the linear system

(2) X' = A{t)x
has the exponential dichotomy
X(t)PX 1(s)| < ifexp{—a(f —s)}, t>s,
IX(F)QX-1(s)| < R'exp{-a(s —t)}, s>t

where X (t) is a fundamental matrix of (2), K and a are constant, K ~ 1,
a > 0, P is aprojection (PP = P) and Q = | —P, then it follows that for
B bounded, continuous, with

m <= ™plB(<)153~ T
the system
() y' = [A() + B{D)ly

has the exponential dichotomy

ir"PE -]_/\)! < 12A‘3exp{—(a - 6K36)(t - S)}, t>s,

®) ly~AQy-18M)1 A 12A3exp{—a - 6KsS)(s- O}, s~/
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and moreover
@) Y(t)PY~\t) - X(t)PX~\t)l * 1AAa-"kY.

In our paper we will generalize the estimate (7). This is the content of
Theorem 3, given below.

The generalization of the estimate (7) permits us to compare the bounded
solution of (1) and that of the system

(8) y' = [A(i) + B(t)]y + f.

Il. Previous and present results
Let us consider the system (2) with the exponential dichotomy (3). In
[1] the following is proven:
T heorem 1. If (3) holds for an orthogonal projector then there exists
a transformation T : R —Cnxn with
(9) IT()| S y/2, |T-1(f) < KV2

such that the change of variable x = T(t)z transforms the system (2) to the
system

(10) 7' = C(t)z

where the continuous function C(t) is hermitian and commutes with the or-
thogonal projector P. In addition the system (10) admits an exponential
dichotomy

f \Z{t)PZ~\s)\ <2Ksexp{a(s- <)}, t>s,

(H) \ \Z{t)QZ~I{s)\ <2Ksexp{a(i- a)}, t>s.

Following Coppel we implement the change of variable y = T(<) in (5)
and obtain the system

(12) vl = [C(0 + D(t)\u, |D(<)| < 2Kb.

In general, D(t) does not commute with the projector P. To avoid this
difficulty, Coppel implements a new change of variable n = S(t)v, with the
properties given below.

T heorem 2. For the system (12) there exists a C1 function S : R —
CnXn such that

(i) S(t) = 1 + H(t),

(i) [Ff(Y)] » 18a~IK4 <
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OH) \S(\ < I, \S~\t) T 2,
(iv) \S{t)PS~"(t)-P\<A\H{D)\.

The change of variables n = S(t)v transforms (12) to the system
(13) vt = [C(1) + E(D)]v

and the matrix E satisfies E(t)P —PE(t) and |i?(t)] < 3K s, moreover (13)
admits the following:

F\V(t)PU-\s)\ | 2K.exp{—a - 6Kss)(t- )}, t>s,
\ V@I - A)_17(5)| £ 2K exp{—(a - QKss){s- «}, s/t

We shall denote by X, Y, Z, V the fundamental matrices of the systems
(2), (5), (10) and (13). Inmediately we note the relation

(15) Y = T(t)S(t)V(t).
In this work we demonstrate the following two theorems.
Theorem 3. If (3), (4) and (5) hold, then
X(t)PX~\s) - Y(1)PY~\s)\ < (bK/2)sb6a~1e~a(t~s"3, t=>s
and
IX(t)QX~\s) - Y{t)QY~\s)l < {5K/2)sSa-e~a"-t"2, s>t

Theorem 4. If (3), (4) and (5) hold, then for the bounded solutions Xf,
VI °f systems (2) and (8) we have the following estimate:

Wx f-yf\W\<4(5K/2)s6a-2\\f\\,
where \\f\\ = sgp|/(i)|.

I1l. Proofof Theorem 3
We shall employ the following
Lemma 5. Leta <0, 0<7 < -a, then

(a+7)t _ at <
~\a+ tl

for all t > 0.
Proof. Itis easy to see that for the function

g(t) =e(@+"“- eat, t>0
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the relation sup g(t) = g(t*) is valid, where t* = 7 rln (a/(a + 7)). O
00)

Proof of Theorem 3. Let
(16) Ji=|X(f)P-1(i)-Y (t)p-1(*)|.

Then
J=|TMZH)PZ-1(s)T-1(5)-
-T(D)5(t)y(iI)Py-1(5)5-1(5)r-1(5)| <
<2uT|IZ()PZ-1(5) - S(f)Y (f)Py-14'-1(s)| n 2K(Ji + J2)
where
Ji = 1Z1ijPZz"1*) - YIOPY-He)!
and
J2:=1ITAPy”™4) - S(t)V(t)PV-1(5)S~1(5)\.

To estimate J\ we observe that V, the solution of (14) can be written
the form (PV = VP)

(17) V(t) = Z(t)Z~: (s)V(t) + J Z{t)Z-1{t)D(t)V(t)dt.

Multiplying (17) on the right by P, and taking into account that PV(t)
V(t)P, PZ = ZP, we obtain

V()P = Z(i)PZ-x(s)V(s) + J Z()PZ-1(r)P(r)F(r)Pdr

and

V(t)PV~1(s) = Z(t)PZ~1(s) + JZ{t)PZ~x{T)E{T)V(T)PV-l{s)dr.
From this for t > s we have
t
h<j\Z{t)P Z-x{T)\E{T)\V{T)PV-x{s)\dT.

8

From (13), (16) and (17) we obtain

/1 < T2K*6 \} e«V-t)e(«-bK4)(,-T) dL

a
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= 1203 D—a+6ivTs5)(t—) _ -a(t-s)
Applying Lemma 5 we obtain
Ji < 72K 66(a - 12A'3(5)-1e-a(*-*)/2 <
< 144A'6<6a_le-"N_iN2 < 144AT76a~1e-"(*-"))/2.
Now we shall estimate J2, using the identities
V(t)PV-\s)- S(t)V()PV~1(s)S~1(s) =
= V(t)PV~i(s) - S(t)PS-1(t)S(t)V{t)PV-:1(s)S-\s) =
= V(t)PV-\s)- P5(t)y(i)PF-1(a)5_1(5)+
+ [P- S(t)PS~\t)] 5(I)F(I))PF-1(5)5-1(a).
Since IP - S(t)PS~\t)I™ 4|ff(t)], \S(t)\ < §, |5"-1(t)| < 2, therefore
J2AN\W(t)PV~\s)- PSCIMOPF-1r)A-17)A

+12|P(i)||F (t)PF-1(5).
To complete the estimate of J2 we employ the following identities:

(18) PS(t)V(t)PV-\s)S-\s) =

= P[I + H{)JV(1)PV~\s)[I + H(s) + H\s) + ...] =
= V(t)PV-\s)+ PH(t)V(t)PV-\s)S~i(s)+
+PS(t)V(t)PV-1(s)H(s)S~\s).
Substituting (20) in the last estimate for J2 we obtain

(19) J2 < [ISWIS-1M)! + |5_1(8)| + 12] |tf(OIIVAPF-1M!.
From Theorem 2 and (16) we have
J: <306AMa-"OPY-"id)! < 612A74a-1e(-a+6i:Si)(«*) »

N B12AT<5a le QN *N2.
Finally from (18) we obtain

J <2K [IUK+sa~l + 612A'7ia-1] e-“(*-*)/2 =

= 1512A8<5a-le-"(*-")/2 < (bK . O
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IV. Proof of Theorem 4

It is known that the unique hounded solution of (1) is given by
lt 0\]
(20) xf(t)= J X{t)PX~:(s)f(s)ds- V¥ X(t)QX~:(s)f(s)ds

— 00 t

and the unique bounded solution of (10) is
(21) yf(t)= \} Y(t)PY~1(s)f(s) ds —j Y(t)QY-\s)f{s)ds.
— t

Using Theorem 3 we obtain

\xf-yf\(t) < J \X ()P X~\s)-Y (€)PY-\s)\\f(s)\ds+

—00

J !
+ VX (1)QX-\s) - Y(1)QY-\s)|[/(s)] ds

ot 00

N 1512X 8(5a-1 Me-a(,-t)/2ds
J J

— 00 t

= 6048hf8d a-2Il/ll = (3A")8%a21

il =

V. Application to singular perturbation problems
Let us consider the linear singular perturbed system
(22) lix" = A{t)x

where y is a small parameter and A(t) is a bounded, uniformly continuous
matrix defined on R. We assume the following condition on the spectrum of
A(t) :|ReA(i)] > 7 > 0, where 7 is constant. Then in [3] it is proven that
there exists a fundamental matrix X(t) of system (24), a constant K ~ 1
independent of /j,, a constant //o > 0 and an integer k, 0 * kK < n, such that,
for any L| G (0,/ro) the following inequalities hold:

(23) i [X(I))PX_1(s)| < Kexv{-y(t- s)/2i}, tAs,
1 X ()QX-1(s)| < K exp{—7(5 —t)/2"}, s>t
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BOUNDED SOLUTIONS OF LINEAR SYSTEMS OF DIFFERENTIAL EQUATIONS 409

Here P = diag(/jt,0) and [ is the identity matrix of dimension k and Q =
| - P.
Let us now consider bounded solutions for the systems

(24) iix' = A(t)x + /(f)
and
(25) uy' = [A(f) + B()\y + /().

Then according to Theorem 3, if = SLFJQp [R(f)] < 7/72K 5 we have for the

unique bounded solutions Xf and yj of systems (24) and (25) the following
estimate: \W\xf —yf\\ < 8(5K/2)86'y~2. O
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