
Acta
Mathematica
Hungarica
VOLUME 62, NUMBERS 1-2, 1993

EDITOR-IN-CHIEF

K. TANDORI

DEPUTY EDITOR-IN-CHIEF

J. SZABADOS

EDITORIAL BOARD

L. BABAI, A. CSÁSZÁR, I. CSISZÁR, Z. DARÓCZY, P. ERDŐS,
L. FEJES TÓTH, F. GÉCSEG, В. GYIRES, A. HAJNAL,
G. HALÁSZ, I. KÁTAI, L. LEINDLER, L. LOVÄSZ, A. PRÉKOPA,
A. RAPCSÁK, P. RÉVÉSZ, D. SZÁSZ, E. SZEMERÉDI, B. SZ.-NAGY, 
VERA T. SÓS



ACTA MATHEMATICA
HUNGARICA

Distributors:
For Albania, Bulgaria, China, C .I.S ., Cuba, Czech Republic, Estonia, Georgia, 
Hungary, Korean P eop le’s Republic, Latvia, Lithuania, Mongolia, Poland, R om a­
nia, Slovak Republic, successor states o f Yugoslavia, Vietnam

AKADÉM IAI KIADÓ  
P .0 . Box 254, 1519 Budapest, Hungary

For all other countries

KLUWER ACADEM IC PUBLISHERS 
P.O. Box 17, 3300 AA Dordrecht, Holland

Publication programme: 1993: Volum es 61-62 (4 issues per volum e) 

Subscription price per volume: Dfl 2 3 0 ,-  /  US $ 164.00 (inch postage) 

T otal for 1993: Dfl 4 6 0 ,-  /  US $ 328.00

Acta Mathematica Hungarica is abstracted/indexed in Current Contents — Physical, 
Chem ical and Earth Sciences, M athematical R eview s and Zentralblatt für M athe­
m atik.

Copyright ©  1993 by Akadémiai Kiadó, Budapest. Printed in Hungary.



Acta Math. Hung. 
6 2  ( 1 - 2 )  (1 9 9 3 ) ,  1 -13 .

LAGRANGE INTERPOLATION FOR FUNCTIONS 
OF BOUNDED VARIATION

J. PRESTIN (Rostock)

1. Introduction. We investigate the Lagrange interpolation on Jacobi 
abscissas for functions of bounded variation on [—1,1]. Error estimates in 
weighted i^-norms are established, which ensure convergence for a wide class 
of weights and Jacobi parameters a ,ß . The order of convergence is in most 
cases best possible. For some Jacobi nodes the results can be improved, if 
the function is of bounded variation and continuous. It turns out that the 
estimates depend essentially on the behaviour of the error near the endpoints 
of the interval.

2. Notations and preliminary results. Let

( 1 ) -1  < x(a>0) < X(a’0) П —1 <  . . .  <  X(«./3)
2 <  X1 < 1

be the roots of the Jacobi polynomial P^*'^ (a ,ß  > —1, n = 1 ,2 ,. . . ;  see 
e.g. G. Szegő [5]). In the sequel we will omit the superfluous notations a ,  ß .  
Further we write xn+i = — 1, xq = 1 and xk = cost?*, x =  cost? with 0 < t?*, 
1? < 7Г. For a function /  defined in the interval [—1,1] we denote, as usual,

L „ f(x)  = J 2 f ( x kM x )  
k=l

the Lagrange interpolatory polynomials of degree n -  1 based on the nodes
(1). Here lk are the A;-th fundamental polynomials of the Lagrange interpo­
lation

lk(x) Pn{x)
Pn(x k)(x -  Xfc) ’

к = 1, . . .  , те.

In [6] P. Vértesi proved for /  6 С П B V  ( /  is continuous and of bounded 
variation in [ - 1, 1]) and for — 1 < a ,ß  < 1/2 that

( 2) max |/(x )  -  L „/(x)| = o(l), n -> oo. 
*€[-1,1]

Furthermore, it is proved in [7] that (2) does not hold in general for 
max(a,/3) > 1/2. However, for arbitrary a ,ß  > -1  and /  G BV  П C,
J. L. Geronimus [1] obtained pointwise convergence, too, but only in a com­
pact subinterval of ( — 1,1). Let us mention here that pointwise estimates
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for trigonometric interpolation of functions from BVi* П Сг» on equidistant 
nodes in [0,2л-] are due to W . Quade [4]. An X^-error estimate is given by
K. Zacharias in [8]. For the general Lpv-case see [2] and [3].

Now we define for 1 < p < oo, a, b > —1 and 0 < e < 1 the norm

p,a,b,e — (  f  \f(x )\pw
-l+£

where w(x) =  (1 -  x)“(l +  x )b. Obviously, the weight w is only interesting 
for asymptotic results in the case e = 0.

3. Results. The main result here is the following theorem.
T heorem 1. Let f  € B V . I f e > 0, then there exists a constant C, 

depending only on a ,ß ,a ,b ,p  and e, such that for arbitrary a ,ß  > —1 and

II/ -  £„/lip,„A. S c  • v ( f )  ■ n - 4 '  ■ I  f  n *  I  = ^ < oo,
where V ( f )  denotes the total variation o f f  on [—1, 1]. I f  e = 0, then there 
exists a constant C, depending only on a , ß ,a ,b  and p such that

II/ -  £n/||p,a,b,o ^ C • V ( f )  ■ (nd̂ D ( p , a , a , n )  +  nd^ D ( p , b , ß ,  n)),

where d(p, a, a

In2 n 
In n

D (p ,a ,a ,n ) =  <

1

i f  p = 1, a  =  1/ 2, a = —1/ 2,
i f  (p = 1, a  ^  1/2, a > —1/2, a  < 2a + 3/2) or
i f  (p = 1, a  =  1/ 2, a ф —1/ 2) or
i f  (p>  1, a  =  1/ 2, a g —1/ 2),
otherwise.

For а ф 1/2  this means

D (p ,a ,a ,n
In n 
1

i f  d(p, a, a) = — 1, 
i f  d(p,a,a) > —1.

We remark here tha t one can easily deduce the corresponding estimates 
for the one-sided Xp-norms on [—1,1 — s] and [—1 +  £,1] with £ > 0. To 
illustrate the case e =  0 we consider possible choices of the parameters.

Corollary 1. Let f  € BV be given. For every a ,ß  > —1 one can 
choose a,b, namely a > —1/2 if a < 1/ 2, a > —1/2 if a — 1/ 2, a ^ 
> (a  — l /2 )p /2  -  1/2 if  a  > 1/2 and b respectively, such that

II/ -  A . / I U M  S C ■ V(f n - V » . I ”
if  p =  1, 
i f  1 < p < OO.

Acta M athem atica  Hungarica 62, 1993
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Furthermore

II/ /II 1,0,0,0 — °(1) if -  1 < a ,ß  < 5/2,

II/ — -^п/Иг, o,o,o = ° (1) if -  1 < a ,ß  < 3/2,
and for all 1 < p < oo

II/ — ^n/llp,0,0,0 = ° (1) if -  1 < a , ß  < 1/2
hold for the unweighted norm as n —*■oo.

Now it is interesting to investigate whether the order of convergence is 
best possible or not.

THEOREM 2. Let a ,b ,a ,ß  > —1. Then there exists a function f n 6 BV  
such that for 0 < £ < 1

(3) и/™ -  w j u *  ä  c  • V(fn). , - u , . { ^

and for £ = 0
II fn -  i n / n||p,a,b,o £ C ■ V ( fn) . (nd(p,a’a)D(p, a, a , n) +  nd^ D ( p ,  b, ß , »)) 
with

{D(p, a ,a ,n ) / ln n  t/ (a = 1/2, p =  1, a = —1/2) or 
if  (a = 1/ 2, p > 1, a ^  - 1/ 2), 

D (p ,a ,a ,n ) otherwise.
That means, the order of convergence in Theorem 1 is best possible, up 

to a logn  term in the case a  = 1/2 and a < —1/2. Nevertheless assum­
ing continuity we can improve Theorem 1. Then we obtain the following 
estimate.

T heorem 3. Let f  e B V  П C and 1 < p < oo. I f  e > 0, then

II/ -  Lnf\\p,a,b,C = о(п~1/р), П * OO.
Moreover, if  e = 0 and —1 < a ,ß  < 1/2, then

II/ -  £n /IU b ,o  = ° +  nd^ ) )  , n ♦ 00.

4. Proofs. 4.1. Let min la: — a:*,! =  lx — x,|, further denotel ik in '  1 1 3"
m

A (x ,m )  = ^ 2 h ( x ) ,  m = 1 ,. . .  , те
fc=i

and П
B (x ,m ) = 1 -  A(x,m) = lk(x), m =  l , . . . , n - l .

fc=m+l
Now we prove the following estimate, which is a refinement of the corre­
sponding Lemma 4.3 in [7], where a superfluous log n term is included.

A d a  M aihem aiica Hungarica 62, 199S



4 J .  PR ESTIN

Lemma 1. We have for m  =  1 ,2 ,...  , n and m ^  j  й n

\A(x,m )\ <

( 4 )

j  — m  + 1 n —j  + 1
2n

ln n^j+T 
( n - J  +  l ) - /3 + X /2 n /3 - l / 2

г/ ß < 1/ 2, 
г/ /3 = 1/ 2, 

if  ß >  1/ 2,

and  /or m = 1, __, n — 1, 1 < j  < m

1

(5) |ß ( z ,m ) |<
C C

------ r——г H— r  • <m -  j  + 1 j
ln 2 n

;- а + 1/ 2теа - 1/2

t/ a  < 1/ 2, 
i/ a  = 1/ 2, 

if a > 1/ 2.

Here as in the  whole paper we are using the symbol C for positive con­
stants, which depend only on the parameters a ,b ,a ,ß ,p  and e, but are in­
dependent of / ,  та, j  and m. Then C does not necessarily denote the same 
constant from term  to term.

P roof. I. We can write
m — 1

\A{x,m)\ g Y  |/fc(*) +  /*+i(*)|. 
k=l

To estimate now |/*(х) + /*+г(х)| we use the ideas of [7]. Particularly, it is 
stated there (see [7], (4.16)) for 1 ^ к < n — 1 and —1 + 77 < x < 1 that

( 6 ) \lk(x) + h+i(x)\ й

< C
f c a + i /2 5/2

j “ + i /2(fc + j ) ( l ^ - j |  + l) j “+ l/2(fc _|_ / ) 2(|А; — j\  -f l )2

B nt (6) is valid only for к < cin. (In the following 0 < c, ci,C2 < 1 are 
constants independent of n , j ,m  and k.) To include the other cases j  or
к  > cn we w rite P„ = with the corresponding xjt, 7*. Then we can
use the well-known fact that

P„(x) = ( - l ) " P „ ( - x ) ,

which gives x  — x* = x + xn_*+i and

( 7 ) lk(x) = 7 „ _ f c + 1 ( - x ) .

To handle the term  lk(x) +  /jt+i(x) for к > Cxn, j  < c2n we proceed in the 
same manner as in [7] and write

|/fc(x)-Mfc+i(x ) |
Pn(x) _ /  f ' ^ )  + № + i )  , xfc -  xk+1 \  I 
Pn(Xk) \P n (Xk+l)(x ~ xk+l) (x — Xk)(x — Xk+l)J I

A cta  M athcmatica H vngarica 62, 199S



LAGRANGE INTERPOLATION FOR FU NCTIONS OF BOUNDED VARIATION 5

Pn(x) _ /  Pn{xn-k+l) P n( X n - k )  ________x k ____
”  P'ni'Xn-k+l) ' V P'n&n-k)^ -  xk+l) (X -  Xk)(X -  X^ ) J

Now using for к > Cin, n — к > C the inequality ([7], p. 422)

\(Pn{xn. k+1) +  Р'п(хп- к))1Тп{хп- к)\ < C/(n  - k  + 1) 

and the well-known formulas ([5], [6], [7])

(8) |P„(x)| ~  \x — < C • j~ a~l/ 2na for j  < cn,

(9) |P'„(xn_fc+1)| ~  (n -  к + 1) 0 3' 2п0+2 for k > c n ,

(10) |x — Xfc| ~  I j  -  k\(2n + 1 -  j  — k)n  2 for к > cn, к ф j ,

x k — xjt+i ~  (n — к -f l )n -2 for к > cn, 
we obtain for к > cin and j  < c^n that

M x )  + lk+i(x)| ^ C-na~0~1j - « - 1/2 ( n ~ f e + l )W 2  
li -  *| + 1

(n -  к +  l )2 \
»(Ij  “  *1 +  ! ) /

Remark that the case j  = к is obviously seen from С\п < к = j  < c?n and 
|/j(x)| < C for all Xj+1 < x й xj —1. Finally, if j  > Cin, then by (7) and by 
the estimates (8) - (10) we can verify for к < c2n that

(11) |/jfc(x) + lfc+l(x)| <

< C ■ n0- a~x{n - j  + l ) - ^ - 1/2 fc-Q-+1--—  ( 1 + ____—---------^
= ( 3 } l 7 - * l  +  l \  n ( | j - * l  +  l ) yIJ -  *1 +

Analogously we get for j  > C\n and к > c2n that

M * )  + /fc+ i(x )|< C -
____________ ( n - f e - ( - l ) W 2____________
( n -  j  + l )/3+1/ 2(2 n + 2 -  j  -  fc)(|fc -  j  I -f 1)

_______(n -  к + l )2_______ \
(2n +  2 -  к -  j)( \k  -  j \  + l ) J  '

II. To estimate A(x,m) we distinguish two cases.
a) If j  > 2m, then we can use formulas (6) and (11) for к < cn. If 

j  < C\n we conclude

fca+l/2 /  fc2

A(x’ m ) i C ' h  + n o *  -  + 1) l 1 +  ( * + л и *  -  i i + 1)

Acta M athcm atica Hungarica 62, 1993
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< c  ■

If j  > Cin one obtains 

A(x, m) < C

m 'a+ 3/2  m a + 7 /2
+  - < £ <  c

‘̂a+5/2 jOr+9/2 J j  j  _  m

ПР -° -1 ^  _fc“+!/2
I i  — 0  + **(|.j  -  *| + 1)) -( n  — j  + l ) / J + l / 2  Ij  -  A;| + 1

/3 - a - 2  "L“ 1 , „ /3 -1 /2
<  (7 • ______________jfc<H-l/2 <  Г  •

( » - Í  +  1) W 2 ^  = ( n - j + l ) W 2'
b) H m < j  < 2m, then we split up

m —1 j / 2  m —1

E  = E+ E  •
fc=l fc=l k—l+j/2  

b [b] b
(Here and later ^  stands for ]T) and let = 0 if [a] > [b].) Now the

k=a  fc=[a] k=a
case j  < ci7i implies к < c\n and

A ( x , m ) i c  ( \  + \ \ n - r ^ —  + —— 1 < —
\J  J J -  m  j  -  m )  -  j  -  

If j  > c2n we can deduce (cf. (11))

H 2
E  № (*) +  /*+i(*)| ^  C ■ n ^ -a- \ n  -  j  + i)-/3-i/2no+i/2 =

m

k=l
= C • n^-1 / 2(n — j  + 1)-/3-1/2

and
m —1

£  lfc(*) +  w * ) i s
f c = l+ j/2

< C . ( B - i  +  l ) - M / 2  V  7------ ( n - _fc + l ) ^ 2
. (2n + 2 -  i -  k)(i  -  к

( 1 +

*=ТЙ/2 (2n +  2 -  i  -  *)(j  -  * + 1)
( n  — A; +  l ) 2

(2rc +  2 -  A; -  j ) ( j  -  к + 1)
j / 2
£  (» +  „  -  ; ) № / ■  /  +  ( .  +  » - j ) *  \

s=j^ + 2  s ( s + 2 n ~ 2 j )  V 5 ( s  +  2n -  2 j ) J

A cta  M athematica H ungarica 62, 199S
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/  . .4 /3+1/2
If ß  < —1/2 we have Í ) й 1> which gives

V  < c ■ У  +  )  < . . .c.  .
^  "  V-s2 s2(á +  2n -  2j)2 J  ~ j  -  m

- I X . ' / O  « = i — m - H  4  v  J )  /  Jk = l + j / 2  a = j - m + 2

On the other hand, if /3 > —1/2, we write

m—1 n -j-1 j /2
E  sc-o»-j + ir')-1/2( E  +E)

f c = l + i / 2 s = j —m + 2  * = t

with t = max(n — j , j  — m). Hence

c . ( n - f  + 1)-^-1/2 " f  +  ̂ <
“  o s(s + 2n —2j) V з(з +  2ra — 2 j) /  ~*=j—m+2

" - J - 1 1 r
s c -  Er—' з2 ? — m

s = j —m+2

where we have used < 2^+1/ 2.
Now we have only to deal with

r  / . , /3—1/2 (a + w -  j ) W 2 _ /  (з +  n - j ) 2 \
 ̂ 3  ̂ ^  5(s +  2 n -2 y )  V1 + s(s + 2 n - 2 j ) )  =

j /2

< C  • (n -  j  + 1) ß +  n -  j f  3/2 <
Ä=1

(n — j  + l ) - ^-1/2(l + n — j)^ -1/ 2 if ß < 1/2,
if ß  =  1/2, 

if /3 > 1/2.
( n - j  + 1) M n jq ^ j  if ß  =  1/2,
(n  — j  + 1) 0 г/2гг̂  1/2 

Here we used s > n — j ,  i.e.,

1
5(3 + 2n — 2y) 

Therefore the estimate (4) is proved

7Г 5Í 2(s + n -  j )  \

A cta  M aihcm atica Hungarica 62, 1993
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III. The inequality (5) is a simple consequence of (4) and

B (x ,m )=  ^ 2  k ( x ) =  X̂  I„_jt+i(x) = k ( - x ) .  □
k=m+l k=m+1 k= l

4.2. Here we prove the theorems for some special step functions. There­
fore let us consider any monotone increasing function gm, 0 < m < n, with

( 12) 9m{*) = { l
i f  -  1 <  X <  Xm + b  

“m  i f  X m  < X < 1.

Then we have the following result.
Lemma 2. The estimates o f Theorem 1 are valid for

II 9m Bn9m\\p}afb,e'

P roof. I. We write

llffm ^п9т\\р<а1ь<е -  /
j=1l

X ^ " » ( x ) -  9 m { x k ) ) h ( x )  
k = 1

w (x)dx ,

where
XJ + 1+X] xi+xj- 1 

2 ’  2

X„-l+X„
- 1,

if j  =  2, . . .  , n -  1, 

if i  = 1,
if j  =  n.

Then we obtain by (12)
m —1 . I n IP

(13) Ikm -  ^ntfm||pia>b>e =  ^ 2  j \  dmlk(x)\ w{x)dx +
j —1 j  l f c = m + l

+ / 5m  ( X  )  ^  ] d m /fc (  X )
fc=l

(x)dx-f /
j= m + 2  /Jj

'Y ^dn lk tx)  
к = 1

w(x)dx =

19 m ( x ) ( л P (  4
—--------- A ( x ,m )  in(x)ax-)-= y|5(x,m)|pm(x)dx+ J

' í= 1  I j  /m U im+1

+ X3 f  \A (x ,m )\^w (x)dx \ = d? • ( t fx +  + tf3).
j = m + 2 /  /О

A cta  M athem atica  Hungarica 62, 199S
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From Lemma 1 and the inequality (a + b)p ^ 2P 1(ap + №) it follows now for 
a , ß  >  1 /2  that

(14)

and

m —I .

K x = C ' E  ( (TO “  j  +  1 ) 'P + про- р/2> -р° - р/2) • /  tu(i)dx, 
J=1 b

/• /  nP/3- р /  2 \
^ < c -  /  ^ y x . ( i  +  (n - TO +  i )W iw ;j

ZmU/m+l

г» *
Кз < С • ^  — т  4- 1)~р 4- np/3- p/2(n — j  +  1)-р/3-р/2̂  . /  w(x)dx.

j=m+2 г

If a  £ 1/2 o r/?  ^  1/2 we have to modify these estimates according to 
Lemma 1.

II. To estimate (13) we consider at first the easy case £ > 0. This means 
|ij | ф 0 only for Citl < j < c^n, which gives by (10)

Then it follows for all a , ß > — 1 that

if p =  1, 
if p > 1,

and
K2 < C /n p+l

which immediately imply the assertion.

if p =  1, 
if p > 1,

III. For £ = 0 we have to do more. Using the well-known relation Xj -  
Xj+1 ~  (J 4- l )n -2 if j  < cin  and Xj — xj+i ~  (n — j  4- l ) n -2 if j  > c^n we 
get by a simple integration of the weight w

J  w(x)dx < C • 

h
{^ •2 a+ ln - 2 a - 2

(n -  j  4- l ) 2b+1n- 26- 2
if 1 ^  j  ^ С1П, 
if С2 П < j  < n.

Acta M a thcm atica  Hungarica 62, 1993



10 J .  PRESTIN

Hence we obtain from (14) for a > 1/2 that

(n/2 m—1
£ ( m  —j  +  l ) - pj 2a+1n - 2a- 2 + £  ( m - j  + l ) - p( n - j  +  l) 
j = 1 j= n / 2

n/2
•n — 2b—2 n p o r - p / 2 - 2 a - 2 ^ 2 a  +  l - p a - p / 2 ^ _

i= i
m—1 \

+  £  npQ- í,/2- 2b- 2i - pe- p/2( n - j + l ) 2b+1) =  £ i + £ 2 +  £ 3  + £ 4.
j=n/2 )

We estimate the four terms on the  right hand side as follows: For 53i we use 
in the case 2a + 1 > 0 that ( j / n )2a+1 ^ C, which gives

л р  < C ( Inn if p = 1,
<15) 2 v l S » ' \ l  if p > l .
In the opposite case 2a + 1 < 0 we obtain

m—1
Y ( r m n ( m - j  + l ) , j ) ) - p+2a+1<C. 
j=1

Thus 531 < C n~2a~2. Analogously we get the estimate for 53г with b instead 
of a in the exponent. Furthermore, it is easy to see that

n-p if 2a +  2 > a p  +  p / 2, 
n~p In n if 2a + 2 = ap +  p / 2,
nap-p/2- 2a-2 jf 2a +  2 < ap + p /2 ,

and
m—1

£  4 ^ C ■ Y  n ~ p ~ 2 b ~ \ n  -  3 + 1)2H1 ^ C ■ n~p.
j=n/2

Now it remains to consider the сале a < 1/2, where we have to modify only 
533 and £ 4. Then we get for a  = 1/2

n/2 n_plnp n if 2a + 2 > p,
£ 3  < C - ^ n - 2a- 2; 2a+1- p lnp(n /j)  < <7 - « n -p ln1+pn if 2a + 2 = p,

j =1 . n_2a_2lnp n if 2a + 2 < p,
and

m —1
£ 4 < C -  X ! n~p- 26- 2 - ( n - i  +  l ) 26+1lnp( " )  < C - n  

j= n /2  3

,-P

A cta  M athem atica  Hungarica 62, 199 3



LAGRANGE INTERPOLATION FO R FUNCTIONS OF BOUNDED VARIATION 11

For a  < 1/2 the inequalities are the same up to the logp-term. Summarizing 
these estimates we obtain for K \

K i ^ C -  7lma x (a p -p /3 -2 a -2 f- a a - 2 , - l ) 2?p(pj a , a , n) + C ■ n~2b~2 

with D (p ,a ,a ,n ) defined as in Theorem 1. Analogously we have

<  (J . p /2—26—2,—2a—2,—2b—2,—1)

and
ÜT3 <  C ■ n m“ (P 0 -P /2 -2 b —2 - 2 6 - 2 , - 1 ) ^ ^  b ß  ̂n) +  c  . n - 2 a - 2 ?

which proves the lemma. □
4.3. To obtain Theorem 1 we argue as follows. If /  € B V , then let 

/  = g — h, where g and h are monotone increasing functions with V ( f )  = 
V(g)  + V(h). Further we assume w.l.o.g. g ( - 1) =  h (—1) = 0. Now let 
us consider monotone functions gm, m = 0, . . .  ,n,  defined by (12) with 
dm = g{xm) -  g(xm+1) and

gm(x) = g(x) -  g(xm+1) if X 6 [xm+1,x m].

Thus we have
n n n

$(*) = ^ 2  $"•(*) and V(s) = £  v (9m) = ^ 2  dm'
m=0 m=0 m=0

Using Lemma 2 it follows
П

||<7 — ^пд\\р,а,Ь,е =  5 2  — L ngm \\p,a,b,e =
m=0

£ C ■ V(g) (nd(p,a,a)D(p, a, a , n) + nd^ b̂ D (p ,  6, /?,«))

With
II/ -  W l U b ,  ^  lls -  in P | |Pia,b,e +  ЦЛ -  Lnh\\p,a<b,e

one obtains the assertion. □
4.4. To show Theorem 2 it is sufficient to consider such simple functions, 

which are zero except at one point, i.e.,

/ .n,fc(*) -  {  0
if Z =  Xfc,

0 otherwise.

This gives
sup | |/n -  Lnf nУ b > max ||/fc||Pie>bie.

V (/„)=1
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W ith (8)-(10) it is easy to estimate

i i W / í i i k * .  ä c  • ( E  + E )  /  fb+(-/2]{x)r(i -  * )•&  = E  ■ + E =■
J=1 J = n / 4  j .

For all e > 0 we have

E C  v > ( H д  p Г n 1 if p > 1,
2 = n '  E ( 1 + 2 " J ) ~ { n - 4 n n  if p =  l.

J = n /4

This already proves (3). Furthermore, for £ =  0 and a - 1 /2  — (2a+2)/p > —1 
we have by (8) and (9)

n/4 r I

E - s c ' E  /  f
j = 2  Jr  1 n

^n(x)
U*2+["/2])

(1 — x)adx >

I x - x ^ x J
i - 2  7j

n / 4
d—2a —2> (J . n ( « - l /2 )p -2 a - 2  ^ ^ ^ ( - a - l / 2 ) p + 2 a + l  >  q  . n (ar-l/2 )p -  

J = 2

Finally we quote

I M I * a , b , o  Z C -  J  | 1 з ( * ) Г ( 1  -  X ) a d x  >  C  • | (  1  -  * ) a d *  >  C  • □

4.5. To prove Theorem 3 let us write
1—e

Wf -  L"\\Pp,a,b,e ^  max |/ ( x )  -  Z,„/(z)|* • /  |/(z )  -  T „ /(z )P ‘w(x)dx,
|x |S l—e J

- 1+e
where 0 < s < p -  1. I.e.,

и/ -  w i U m s , та* l/w  -  in/(*)i,/p • II/ -  w i t i l vlX I = I - C
Using Theorem 1 for a ,ß  < 1/2, p > 1 and £ = 0 we obtain immediately

II/ -  W C Í * . ,  =  о
— 1,—2 a —2,—2b—2 )/p )  , TÍ 00,

which gives with (2) the desired result. The case e > 0 is obvious. □
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ON BIRKHOFF QUADRATURE FORMULAS. II
A. K. VARMA (Gainesville)

Dedicated to Professor 0. Kis

1. Among the quadrature formulas (q.f.) (1.3), the most important are 
the Gauss formulas. As Gauss found in 1821, for each integer n > 1 there 
exist points —1 < xnn < x„_i,n < . . .  < Xi>n and constants Аы > 0, A: =  1,
2, . . .  , n, so that the formula

l

(1 1 ) /  /(*)<<* =  W ( * i . )  +  W ( * a » )  +  ■ ■ • +  ^nn/i^nn)
-1

is exact for all polynomials of degree < 2n — 1.
Next we consider q.f. of the type

(!-2) /  f ( x )dx = J 2  f(xkn)^kn  + A*fa.)A£í
_ !  J t= l Jt= l

where A ^ , A ^  are independent of / .  Related to the q.f. (1.2), the following 
problem was raised and solved by P. Túrán [4]. Does there exist a real 
system (x i, X2, . . .  , x„) for which the q.f. (1 .2 )  is true for a greater variety of 
polynomials than those of degree < 2ra -  1? He has shown th a t for no choice 
this formula (1 .2 )  can be made precise even to all polynomials of degree 
< 2n.

Now, P. Túrán [4] went a step further. Consider the q.f. of the type

(1.3) f  f ( x )dx  = ^  / ( x fcn)a2J + ^ 2  f ' ( x kn)^kn + ^ 2  /"(**»)а*2
fc=l k = l к= 1

where again A^] are independent of / .  It is easy to see th a t such a q.f. 
always exists uniquely and is precise for /  6 (for every choice of
nodes Xi,X2, . . .  ,x n). Túrán asked the question to determine those systems 
(xx,x2). . .  , x n) of n distinct points for which the q.f. (1.3) is valid for all 
polynomials /  6 7r4n_i. The solution of this interesting question may be 
stated as follows:
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T heorem A (P. Túrán [4]). Among the q.f. (1.3) valid for all polyno­
mials f(x )  of degree <í 3n — 1 there is exactly one choice o f (x i, x2, . . .  , x„) 
such that the formula is valid fo r  all polynomials of degree ^ 4n — 1. This 
system of nodes consists of the n real distinct zeros in the interior of [—1,1] 
of that polynomial 7ГП)4(х) =  x n +  . . .  which minimizes the integral

l

Tt(7Tn) = J  K„(x)|4d.
- l

In 1974 P. Túrán [3] raised 89 problems on approximation theory. Some 
of them are on Birkhoff interpolation. (See the book of G. G. Lorentz et 
a! [2] for detailed study of this subject.) Here we are concerned with the 
problem related to Birkhoff quadrature theory.

P roblem XXXII (P. Túrán [3]). Determine the matrices A, if any, for 
which

(1.4) f  f(x)dx  =  E  f ( x kn)X{̂  +  5 ^ /" (x fc„ )Л 
Jfc=l k = 1

(1)
kn

is valid for all polynomials of degree < 2n.
We may also ask the following analogous problem: Determine the ma­

trices A , if any, for which

(1.5) /  m d o  = e  я м 4 п  +  E  / (м)(0* -)л
П k=0 k=0

( 1 )
kn

is valid for all trigonometric polynomials of highest possible degree.
The object of this paper is to provide the solution of this latter problem. 

We shall prove the following
Theorem 1. Let

(1.6) 6kn = — , * =  0 , l , . . . , n - ln
and M  an even positive integer. Then

( , 7, / я  +
n k= 0

М - 2  27Г
n —1
V '  f ( M)  ( 2кж\

nM+1 V n 7
k = о

is a Gaussian type q.f. which is exact fo r all f  € T2n o f the following form:
2n—1

/ ( 0) =  ao +  ^ 2  (a* cos кв - ( -  bk sin кв) -f b2n sin 2nd. 
k= г
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Further (1.7) is not valid if f  (9) is given by
2n

(1.8a) f(9) = a0 +  ^ ( a fccos кв 4- bh smk9), a2„ Ф 0.
A:=l

Next, we shall state the following
T heorem 2. Let / ( в ) be any trigonometric polynomial of order 3n given 

by
3 n —1

(1.9) f(9) = a0 + ^ 2  (ßfc cos + 6fc sin &0) +  63n sin 3n9
k=l

and let M  ф P be even integers. Then

( 1. 10)
2jt

//<*>* ■ T  £  ё /,M) ( т г ) + ^  E  / <P) (* £ ) .X fc=0 fc=0  fc=0
where

( 1.11) a = 2( ^ - 1) 
2M -  2P

2( - l ) ? ( 2M -  1) 
2P -  2M

R e m a r k s . 1. It is well known that the interpolation problem (0, M, P ) 
where M  and P  are even positive integers based on equidistant nodes does 
not exist uniquely, nevertheless the corresponding q.f. is indeed unique as 
demonstrated by Theorem 2 and even optimal in the sense of Gauss.

2. Following the ideas of Theorem 2, the q.f. (0, M , N , P) where M , N , P 
are even positive integers can be obtained.

2. P r o o f  o f  T h e o r e m  1. Here we need to show that if /  G T2„ (of 
the form (1.8)) and M  is an even positive integer then

( 2 . 1)

where

( 2 .2) ß =

A f - 2
2тг(-1) ~  
nM+1

For this purpose, let f{9) = 1, then from (2.1) we have 2ж = ап  as stated in 
the first part of (2.1). We next observe that

П — 1 П —1
(2.3) ^ c o s  j9 kn = ^ 2 s m j9 kn = 0, j  = 1,2, . . .  , n -  1.

k=0 k = 0

A cta  M athcm atica  Hungarica 62, 199S
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Next, we claim that no m atter how we choose a and /3, (2.1) is clearly valid 
for /(0) = cosjd, or /(0) =  sinjf0, j  = 1,2 , . . .  , n  — 1. Here we use (2.3). 
Next, in the case /(0) = cos(n +  j)9 , j  = 1 ,2, . . .  , n — 1 we have

(2.4) /(0fcn) = cosje kn, f ('M\ e kn) = ( - i ) T ( n + j ) M cosjekn.

Therefore, on using (2.3) and (2.4) we obtain (2.1). The same conclusion 
can be obtained if /(0) = sin(n + j)9 , j  = 0 ,1 , . . .  , n. Now /3 is uniquely 
determined as given by (2.2) by requiring that (2.1) is also valid for /(0 ) = 
cos П0. This proves Theorem 1.

3. P r o o f  o f  T h e o r e m  2. The proof of this theorem is on the lines of 
the proof of Theorem 1. We only outline the ideas here. Clearly, if /(0 ) = 1, 
(1.10) is certainly valid. If /(0 ) = cos j9 , j  = 1,2, . .  .n  — 1, n + 1 , . . .  , 
2тг — 1,2n +  1, . . .  ,3n — 1 or if /(0 ) = sinj0, j  = 1 ,2 , . . .  , Зтг (1.10) is 
valid. Here one needs to use (2.8). Further, if /(0 ) = cos n0, /(0 ) = cos 2n9 
then we determine a and b such that (1.7) is valid for these trigonometric 
polynomials. This will give us two equations in a and b which are uniquely 
solvable. (1.11) provides tha t solution.

4. Concerning the original Problem XXXII of P. Túrán, the author 
strongly feels that such q.f. exist, for algebraic polynomials of degree even 
higher than 2n. Here we only mention that in earlier works the author [5],
[6] obtained the following q.f. based on the zeros of xn(z) = (1 -  x ’2)P l̂_1(x) 
where P„(x) denotes the Legendre polynomial of degree n. It was proved 
that the q.f. (n > 2)

3
тг(2тг -  1) ( / ( ! )  +  / ( - ! ) )  +

2(2тг -  3) ^  f ( x kn)
n(n -  2)(2n -  1) ^  Р 2_х(г jt„)

П —1
+

n(n -  l ) ( ra -  2)(2n -  1) ^  P 2_!(xfc„)Г п Е
i - * L

/ " ( * fcn)

is exact for all polynomials of degree < 2тг — 1, though it only requires 2n — 2 
information (f { xkn), к = 1 ,2 , . . .  ,n,  f" ( x kn), к = 2 ,3 , . . .  , n -  1).

The author is very grateful to Professor J. Szabados for valuable remarks.
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A NOTE ON THE DEGREE OF APPROXIMATION 
OF CONTINUOUS FUNCTIONS

P. CHANDRA (Ujjain)

1. Introduction. Let s„ ( /; x ) denote the n-th partial sum of the Fourier 
series at x of a 27r-periodic and L-integrable function over [0, 2л-] and let 
w(<5) =  u ( 6 ; f )  denote the modulus of continuity of /  (Zygmund [2], p. 42).

Let A = (an,fc) (k,n = 0 , 1 , . . . )  be a lower-triangular infinite matrix of 
real numbers and let the А-transform of (s „ ( f ; x)) be given by

П

k= 0

Recently in 1988, we [1] have proved the following:
T h e o r e m  A. Let (a„,fc) satisfy the following:

n

( 1 - 2 )  ^  e t n j t + i  —  0 , 1 , . . .  , и  1 ,  ti  — 0 , 1 , . . . ) .

Suppose w(t) is such that

(1.3)

where H  > 0 and that

t

(1.4)
о

Then

(1.5)

provided that

( 1.6)

IITn(f)  -  /II = 0{an,nt f  (a„>n)},

tH{t) = o(l) (t -> 0+).
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T h e o r e m  В. Suppose (1.2) is replaced by 

(1.7) a„,t  > a„)fc+i (k =  0 ,1 , . . .  , n -  1; n = 0 , l , . . . )

in Theorem A. Then

(1-8) IITn( f )  -  /II =  O{an,0tf(a„,0)}.

In this note, we show that estimates (1.5) and (1.8) may be obtained 
without requiring (1.6). Precisely we prove the following:

T h e o r e m . Let (1-1), (1-3) and (1.4) hold. Then (1.5) and (1.8) hold 
provided (1.2) and (1.7) hold respectively.

2 . P r o o f  o f  t h e  T h e o r e m . It has been observed that the hypothesis
(1.6) has been used only to prove Lemma 1 of [1]:

t

(2.1) J  u~1u(u)du = 0{ tH( t ) }  (f —»■ 0+),
о

whenever (1.3), (1.4) and (1.6) hold. Therefore the proof of the theorem will 
follow from [1] if we show that (2.1) may be obtained whenever (1.3) and
(1.4) hold.

We now prove (2.1) whenever (1.3) and (1.4) hold. Since u(t)  is non- 
decreasing, therefore we observe that

7Г

u(t)(^~---  ̂  ̂J  u~2u>(u)du.

Hence

(2.2) i_1o>(i) < J  u~2u{u)du + —u(t).
t

Also, for 0 < t <  7Г/3,
7Г 7Г 7ГJ  u~2w(u)du > u ( t ) J  u~2du > — cv(t) J  u~1du=  —u>(t)\og(n/t).

Hence, for 0 < t < 7r/3,

(2.3)
7Г

/u~2u>(u)du > —Lv(t).
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Combining (2.2) and (2.3), we get
7Г

Г 1

t

и 2w(u)du = 0{H( t ) } ,

by (1.3). Hence, as t —► 0+,

t t

о о

by (1.4). This proves (2.1) under the hypotheses (1.3) and (1.4).
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SIMILARITY AND ISOMETRIC EQUIVALENCE
OF V NESTS

G. D. ALLEN (College Station), К. T. ANDREWS (Rochester) 
and J. D. WARD (College Station)

Nests of subspaces and their associated operator algebras have occu­
pied an important place in Hilbert space theory since their introduction by 
Ringrose [15, 16, 17]. A central problem in this area has been the deter­
mination of when two nests are similar or unitarily equivalent. There have 
been many important papers on this subject [3, 4, 5, 7, 8, 12, 13, 14]; for 
more detailed surveys of some of these results we refer the reader to [5] and 
[6]. The purpose of this paper is to consider these problems in the broader 
context of nests in the Lebesgue spaces Lp = Lp[0,1], where 1 < p < oo, with 
special emphasis on p > 1, ф 2. In order to do this it is necessary to briefly 
recall some key results from the Hilbert space case. In [8] Kadison and Singer 
showed that continuous, multiplicity one nests are unitarily equivalent while 
in [12, 13] Larson showed that all continuous nests are similar and that the 
similarity could be induced by an arbitrarily small compact perturbation of 
a unitary operator. Using Larson’s results and those of Lance [12], Ander­
son [4] showed that the similarity could be chosen to preserve the index. 
Finally, Davidson [9] gave a complete solution to the similarity classification 
problem and showed in the case of continuous nests that it was possible to 
choose a similarity which was an arbitrarily small compact perturbation of a 
unitary operator and which preserved the index. One might suppose tha t in 
the more general Lp setting that isometries would play the role that unitary 
operators do in the L 2  setting. But, in fact, due to the limited number of 
isometries on the Lp spaces when p ф 2, results analogous to those obtained 
by Anderson and Davidson in the L2  setting do not extend to the Lp set­
ting. Specifically, we will consider here two particular types of continuous, 
multiplicity one nests in the Lp setting and characterize when there exists 
an index-preserving isometry carrying one nest onto another.

We will also show that, even when L2-nests are unitarily equivalent, the 
equivalence may not be induced by an index-preserving, order bounded sim­
ilarity with order bounded inverse. This last result uses a theorem of [1] 
where it was shown that the existence of an index-preserving similarity be­
tween certain L\  nests implies the existence of an index-preserving isometry 
between the nests. The subject matter of [1] differs from that of the present 
paper in being confined to L\\  however, the nests considered there are of 
greater generality than those discussed here.

We now fix some terminology and notation. Throughout this paper p
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will Ъе in the range [1, oo) and we will use the symbol Lp = Lp([0,1], m) 
to denote the Banach space of Lebesgue p-integrablc functions defined on 
[0,1]. Lebesgue measure on [0,1] will be denoted by m. For each measurable 
subset A  of [0,1], we let Рд : Lp —» Lp denote the natural projection operator 
i.e. Pa J  = f x A  for all /  in Lp. (Here x a  is the characteristic function of 
the set A.) The term operator will always mean bounded linear operator. 
We will use AÍ to denote the continuous Lp-nest consisting of the subspaces 
N t = { f  e Lp \ P[t,i]f = 0} for each t £ [0,1]. Throughout this paper, 
p  will denote any strictly increasing function from [0,1] onto [0,1] and we 
will use Лi (p)  to denote the continuous Lp-nest consisting of the subspaces 

= { f  e Lp I P[^t),i]f = 0} for each t in [0,1]. If p  =  identity on [0,1], 
then M ( p )  =  AT. We will make frequent use of the obvious facts that p  is 
necessarily continuous, p ' exists and is > 0 a.e. and that p[a, 6] = [<£>(a), p(b)] 
for all a, b in [0,1]. The diagonal of M ( p )  consists of those operators on Lp 
which leave invariant all of the subspaces in ЛЛ (p) and all of the complements 
of the subspaces in M{p) .  It is easy to see that an. operator T  is in the 
diagonal of A i(p )  if and only if the following condition is satisfied:

(*) for every Borel set E  in [0,1], P[o,i]\e TP e  = 0.

Thus the diagonals of all the A i(p ) ’s are identical. Now it is shown in [10, 
Theorem 4.2] that operators satisfying the condition (*) are exactly those 
operators having the form T f  — g f  where g is in Lо*,. Consequently, the 
diagonal of any Л4(р) is a commutative algebra and the nest M( p )  is thus 
said to be of multiplicity one. Recall that in the Hilbert space case two nests 
are said to be similar (respectively, isometrically equivalent) if there exists 
an invertible operator (respectively, isometry) which takes each subspace of 
the first nest onto a subspace of the second nest. Obviously the nests A i(p )  
and ЛГ which we have defined above are isometrically equivalent for any p  
via the identity. The purpose of this paper is to focus on the question of 
when there exists an index-preserving isometry between M ( p )  and AÍ  i.e. 
when does there exist an isometry T: Lp —>■ Lp so tha t T(Mt(p )) =  N t 
for all t in [0,1]. We note tha t if p  is absolutely continuous then p'  > 0 
a.e. and the isometry T  defined by T f  = is an index-preserving
isometry between Ai (p)  and ЛÍ. The rest of this paper is concerned in one 
way or another with converses to this result. In the converses the following 
compatibility condition between T  and p  plays a crucial role.

We shall say that an invertible operator T  on Lp is ^-compatible if the 
function о: [0,1] —► [0,1] defined by

cr(t) = sup{ess sup(<y2-1supp T -1/) ) :  /  in TV*}

is absolutely continuous and <r[0,í] = U{v?-1 (supp T -1 / ) : /  in Nt} for all t 
in [0,1]. An easily distinguished class of (^-compatible operators are those 
invertible operators T  which are index-preserving, i.e. T ( M t(p)) = N t for all
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t in [0,1]; in this case a(t) = t. However, the notion is not limited to index­
preserving operators. For example, the identity operator is (^-compatible if 
уз-1 is absolutely continuous.

Our first result contrasts with the results of Davidson [5], who showed 
that for any уз, the Z2-nests Л1(уз) and N  are similar via an index-preserving 
operator. Moreover, that operator could also be chosen to be an arbitrarily 
small compact perturbation of a unitary operator. On the other hand, our 
first theorem shows that if p ф 2 then the existence of a уз-compatible T 
on Lp whose condition number is sufficiently small is enough to force the 
absolute continuity of уз.

T heorem 1. Let 1 ^ p < -foo, p ф 2. There exists an e = e(p) > 0 
so that if there exists а уз-compatible operator T on Lp with ||T ||||T ~ 1|| < 
< 1 +  e, then уз is absolutely continuous. Hence there exists an index­
preserving isometry from Л4(у>) to ЛГ.

P roof. By a result of Alspach [2], there exists an e =  s(p) > 0 so that 
if T : Lp -* Lp is an invertible operator with ||T ||||T_1|| < 1 -f e then there 
is an onto isometry U : Lp —* Lp so that ||T — U\\ < 1. It it this e which 
satisfies the conclusion of the theorem, as we shall see. First note th a t since 
T is уз-compatible, we have that о a)) = Nt for all t in [0,1]. Since
a is absolutely continuous, (уз о <т)' =  уз,(<т)<т' а.е. It follows that if уз о о 
were absolutely continuous, then уз would be absolutely continuous. Hence 
we may assume, without loss of generality, that T  is an invertible operator 
satisfying the condition T(M t(уз)) = N t for all t in [0,1].

Now suppose ||Г ||||Т _1|| < 1 + e and that U is an isometry so that 
||T —Í7|| < 1. By a result of Lamperti [11] there exists an essentiaHy 1-1 
Borel measurable function 9: [0,1] —► [0,1] and a.e. nonzero function h in 
Lp such that U f = h • ( /  о 9) for all /  in Lp and J \h\pdm = т(в(Е))

E
for all Borel sets E  in [0,1]. We claim that, for each t,0([O,t]) = уз([0,<]) 
a.e., i.e. т(0[О,£]Дуз[О, f]) = 0. To see this, let A = ö([0,í])\y>[0,í]) and 
В = уз([0, <])\ö[0, i]). Suppose that m B ф 0. Since В С у?[0, í] = [0,уз(/)] we 
must have that supp Т ( х в ) С [0, i]. But (supp U (\b )) n [0,<] has Lebesgue 
measure zero since

и (хв ) = (Хв o6)h а -е- =  ЛХе-1 (В) а -е-

and 0~1(В ) П [0,<] has Lebesgue measure zero since 9 is a.e. 1-1. Using 
the notation x B to denote the normalized function хв / т Н 1/,р, we conclude 
||(T -  U )xB\\p =  11г ( Х в ) 1 1 Р  +  I I ^ ( X b ) I I p  >  1  s i n c e  U is an isometry and 
T  is invertible. But this contradicts the inequality ||T — U\\ < 1 and so 
m B  = 0. Similarly, suppose mA ф 0. Since 0-1 (A) C [0,fj a.e. we have 
that supp U(xA) C [0,t] a.e. Thus if g = T ~ l U{xA) then supp g C [0,y>(i)] 
a.e. But then \\U(g -  ( x j ) l l  = IIUg -  U(Xa )\\ = \\u 9 ~ Tg\\ < ||p|| and yet
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II# ~  ( x j | | p = ||p ||p +  ||x JIP > ||<7||p, which contradicts the fact that U is an 
isometry. Hence m A  = 0. We now have that

J  \h\pdm = m(0[O,t]) = m(«p[0,i]) = m([0,y?(i)]) = <p(t) for all t in [0,1].
[o,t]

Hence ip' = |/i|p a.e. and so ip is absolutely continuous. This completes the 
proof.

In [1], the question of when an order isomorphism between two continu­
ous multiplicity one nests was implemented by a similar operator on Li was 
completely solved. Restricted to  our present situation the theorem can be 
stated as follows:

T h e o r e m  2 [1]. A necessary and sufficient condition that there exists 
an invertible operator T on L \ so that T ( Mt(ip)) = Nt, for all t € [0,1], is 
that ip is absolutely continuous.

This theorem has, in fact, implications for p > 1. We first wish to 
derive a strengthening of Theorem 2. At first glance Theorem 2 is only 
about invertible operators which fix the index. But, in fact, as we saw 
a t the start of the proof of Theorem 1, the existence of a «^-compatible 
T  implies the existence of an absolutely continuous a: [0,1] —► [0,1] so 
th a t T(M<r(f)(<^)) = Nt for aH t in [0,1]. This observation, coupled with 
Theorem 2, yields the following result.

T h e o r e m  3. If there exists a ip-compatible operator on Li, then ip is 
absolutely continuous and hence there exists an index preserving isometry 
between M(ip) and AT.

P r o o f . Let T: L\ —♦ L\  be a «^-compatible operator. As in the proof 
of Theorem 1, we may assume that T( Mt(ip)) = Nt for all t in [0,1]. The 
result then foHows by Theorem 2.

We can now apply Theorem 3 to Lp-nests with p > 1. In order to do 
this, we recall that, if 1 ^  p < +oo, then an operator T : Lp —* Lp is said 
to  be order bounded if for every positive function g in Lp there exists a 
positive function h in Lp so th a t |/ |  < g implies |T f \  < h. A density is a 
strictly positive function g in Li with J gdm  = 1. If Xg is the measure

[ОД]
given by AgE  = f  gdm, then the spaces Lp and Lp(Xg) are isometric via the

E
isometry Qp( f )  = g~l p̂f -  Now if T  is a «^-compatible operator on Li(Xg) 
then Q~lT qp is a «^-compatible operator on L\. Hence, by Theorem 3, ip 
is absolutely continuous. We will use this fact, together with the following 
lemma, to extend Theorem 3 to the p > 1 setting.

The foUowing is a modification of a result of Weis [18, Theorem 2.1].
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T heorem 4. Let 1 < p < -foo and let T  be an invertible operator on 
Lp such that T  and T -1 are order bounded. Then there exists a density g 
so that the operators gpTg~l and gpT ~ 1g~1 are bounded linear operators on
Li(  Ae).

P roof. By Lemma 2.2 of [18] applied to the operator |T| + |T _1| there 
exists a constant cp and density g so tha t (|T| + |T _1|)*(yly/9) ^ ср|||Г |+ 
-f|T’~1|||p1/9 where 1 + i  = 1. It follows that if | / |  ^ 1 then

l(í,r>,-1)(/)l S w n e - 'x i )  S (i,(|r| + i r - 'i r t^ x i )  <

< 5_1/,( | r |  +  i r - 'D 's 1/ ’ s  c„|||T| + i r - ' i u

and similarly |(pg(T*)~1p~1)( /) | ^ cp111Г | +  |T-1 |||. Thus the operators 
gqT*g~x and are bounded linear operators on Loo(Aa). Hence
it follows that their preadjoints are bounded linear operators on Li(Xg). But 
since g -1 = p* and gp = (p "1)* we have that (pgT’p“ 1) =  (p*Tp^1)* and 
(p9(T*)-1p“x)* =  gqT~1g~1 which yields the result. •

T heorem 5. Let 1 < p < +oo. I f  there exists an order bounded, <p- 
compatible operator on Lp whose inverse is also order bounded, then ip is 
absolutely continuous and hence there is an index-preserving isometry be­
tween Ai(<p) and Af.

P roof. Let T : Lp -* Lp be an order bounded, (^-compatible operator 
with order bounded inverse. By Theorem 4, there exists a density g so that 
P pT p“ 1 is an invertible operator on L\(Xg). Since the Lp nests M.(<p) and 
AÍ are Li-dense in the Li nests M(<p) and AT, the operator gpTg~x is a 
tp-compatible operator on Li(Xg). Hence, by the remark after Theorem 3, ip 
is absolutely continuous.

We remark tha t in the case p = 2 the above result yields new information 
about unitary equivalence. To see this, recall that Kadison and Singer [8] 
have shown that, in the context of Hilbert space, all continuous multiplicity 
one nests are unitarily equivalent. Consequently, the L2-nests АЛ(р) and Af  
are unitarily equivalent for all <p. However, the unitary operator cannot in 
general be chosen to satisfy the additional conditions of Theorem 5 since this 
would imply that <p is absolutely continuous.
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WEIGHTED (0,1,3) INTERPOLATION 
ON THE ZEROS OF HERMITE POLYNOMIALS

K. K. MATHUR and R. B. SAXENA (Lucknow)

1. J. Balázs [1] on the suggestion of P. Túrán initiated the study of 
weighted (0,2) interpolation, which means to determine a polynomial R n{x) 
of degree <[ 2n — 1 such that

(1.1) ^n((i/,n) =  a i/,ni (№^n) (£j/,n) =  ß v , n i  v  — 1 ,2 ,.  . .  , n

where au<n, ßu<n are arbitrary given numbers and £„)П are the zeros of the 
ultraspherical polynomial Р^а\ х ) ,  a > — 1 and the weight function w(x) =
— (1 — z2)~2̂ , x e  [—1,1]. He claimed that there exists no polynomial R n(x) 
of degree < 2 n -  1 satisfying the conditions (1.1). However, taking n even, he 
proved the existence, uniqueness, explicit representation and a convergence 
theorem for polynomials Rn{x) of degree ^  2n satisfying conditions (1.1) 
together with a prescribed value of Ä„(0). If n is odd, uniqueness fails to 
hold. Recently L. Szili [10] carried over the same problem on the zeros 
of Hermite polynomial # „ (x ) and the weight function w (x ) = e-1*/2. In 
another paper [2], the first author and A. Sharma considered the problem 
of existence, uniqueness and explicit representation of (0 ,2) and (0 ,1 ,3 ) 
interpolations on the abscissas as roots of the Hermite polynomial Hn(x), but 
they could not settle the convergence problem in either case because of the 
complicated nature of the constants involved in them. For more literature in 
this direction one is referred to the interesting papers listed in the references.

The object of this paper is to extend the study of weighted (0, 2) in­
terpolation due to J. Balázs [1] and L. Szili [10] to the case of weighted 
(0,1,3) interpolation, which means to construct a polynomial G„(x) of de­
gree ^  Зга — 1 such that

(h2 )
G n ( ^ , n )  =  ^ п ( ^ 1 Л л )  =  ^c,n> ( ( ? Gn ) ( x ^ n )  =  Cv n  ( i /  =  1 , . . .  , Tl)

where a„n, 6„n, c„in are arbitrary given numbers and the weight function 
g(x) =  e~x (x € R) and xv>n's are the zeros of the Hermite polynomial 
Hn(x), given by:

— OO <  £ n ,n  <  . . . <  X i trj <  OO(1.3) ( n e  N).
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2. We have the following theorems.

T heorem 1. There exists in general no polynomial Gn of degree <i3ra—1, 
satisfying the conditions (1.2).

T heorem 2. If  n is even, then there exists a unique polynomial Gn of 
degee ^ Зга satisfying the conditions:

!G n(x i / , n )  =  /,nt —  bi/,m ((tGn) (x v,n) —

V -  1 ,2 ,... ,n  and

G n ( 0 )  =  E " = 1  [ ( 1  +  3< „ ) « * „ , „  -  ^ „ ( 0 ) .

T heorem 3. If n is odd, then there are infinitely many polynomials Gn 
of degree ^ Зга satisfying the conditions (2.1) of Theorem 2.

T heorem 4. Under the conditions o f Theorem 2, the polynomial G n of 
degree ^ Зга is given by

n n  n

(2.2*) Gn(x) = ^ 2  aVtnUv,n(x) + ^ 2  ь^пУи,„(х) + ^  £ > ,/„ , ,(x)
1/=1 U= 1 l/=l

such that
П

(2.3) G„(0) =  £ { ( 1  + 3x l)a v -  х Л } % ( 0),
t/=i

where Uu(x), V„(x) and W„(x) (1 £ i/ ^  ra) are the fundamental polynomi­
als of the first, second and third kind respectively of the weighted (0 ,1 ,3)- 
interpolation of degree < Зга, which are uniquely determined by the following 
conditions:

(2.4) £ « * , ) = { “ = 0 ,

(2.5) = 0, V l(x ,)  =  (  ° frV= ° ’

(2.6) W J x , )  = 0, W l(x ,)  = 0,

* From now onwards we shall drop the subscript n in xu,n etc.
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Under the conditions (2.4), (2.5) and (2.6); Uv(x), V„{x) and W„(x) are 
explicitly given Ъу:

(2.7) Uv{x) = ll(x )  -  Зх„К (х)+

Hn(x ) f  (M *  -  xv)2 + pv(t -  x„) + х„}Цг) -  l'u(t)
k 2m J  (t -  xv)2о

where

(2.8) K - x v [ n - - x l j  and \iv =  -(x £  -  2(n -  1)).

(2.9) K (x) = (x -  xv)tl(x)  + JH 2(x) [ M t ~ x v) + xw)lu{t) -  I'fft)
t -  xv dt,

where

( 2 .10)

and

( 2 .11)

Sv = g(n + 2 ( l -  x l))

^ м  = Ж ) / 4(!)л'
T heorem 5. I f  the interpolated function f : R  —► R is twice continuously 

differentiable such that

( 2 . 12)

lim x2"p(x)/(x ) = 0 {v =  0 ,1 ,2 ,. . .)  
1*1-"
lim p(x)/(r)(x) = 0 ( r = l , 2 ) ;

then the weighted (0 ,1 ,3)-interpolation polynomials Gn (n =  2 ,4 ,6 ,. . .)  
given by (2.2) together with

(2.13) au,n — f ( xv,n

(2.14) <V,„ =  o (eßx̂ nnu\

and

(2.15)
n

Gn(0) = ^ 2 [ ( l  + 3x
v-l
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satisfy the estimate

(2.16) e - ^ l f ^ x ) - G„(*)| = 0 ( lo g n )w (/ ',-^ = )  for 7 > \ -

3. Preliminaries. In this section, we shall give well-known formulas, 
which we shall use in the sequel.

(3.1) t f  "(x) -  2xH'n{x) +  2nHn{x) = 0

is the differential equation satisfied by H n(x). At x = xj (1 ^  j  й  г а )

H ' n { x j )  =  2 x j H ' n ( x j ) ,  K \ x j )  =  2 [ 2 x )  -  (n -  1 ) \ K ( X j ) ;  and 

H Í 4 \ x j )  =  4 x ^ ( 3  - 2 n  +  2 x ? - ) H ' n ( x j ) \

Let t v(x)  be the fundamental polynomial of Lagrange interpolation given
by

(3.3) /„(*)

from which one can obtain

H n{x)
Hn(Xv)(X -  xv)

(3.4)
for j  Ф  V  

for j  =  V ,

(3.5) C (* i)
h ; ( x,)

H'n(xv ) ( x ] - x v )
X1/

for j  Ф  V 

for j  =  V,

(3.6)
(  2K(*j) [T . 1
1 (xj-x„)Ht,(xv) ^  J  X j — X u

\  4»»-a(n-i)

for j  /  V  

for j  -  1/ ,

and

(3.7) C(*i)
____  _  М"(х Л

xu(2xl + 3 -  2n)

for j  /  r* 

for j  = 1/.

For the roots of H n(x), we have

(3.8) x2 ~ ^  (1/ =  1, 2 . . . , « ) ,  | l - x 2| < e ^ ,  0 < /9 <  i .
n
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(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

н„(0) = n\ /  when n is even.

K ( x )  = 2nHn. 1(x).

Hn(x) = 0  r̂a_1/,4V2nn!(l + ex2/i2, x 6 R.

|Я ;(х 1/) |> с 12"+1( ^ ) ! е ( ^ ,  0 < <5 < 1, ^ =  1, 2, . .

I„ ,  v. _  r í!±íL2"+1n!i/n
K i / ( x ) |  —  0 ( l ) e  2 „ л /  \  > r i  >  I -

. , 71.

# ; ? ы

X

IУ c(í)rfí
о

=  0 ( 1)
2"+1n !e^ i!Tf i

H n (xv)
logn, гг > 1.

(3.15) Y , e xltl<<x) = 0{e*‘), е*ЧЦх) = 0(e*‘), i/ = l,2  , . . . , n .
i/=i

„xloll

(3.16) e ex2 = O(Vn), where e > 0.
i/=i

(3.17) J2 eSlxl( K M ) - 2 =  о  ((2"+1n!)_1) , о <  6, < 1.
!/=l

(3.18)

(3.19)

l/=l v

1
1чг^п!

2" [(f)']2 я '1/2, n = 1,2,..(n + 1)!
Lemma 1. The fundamental polynomials of the first and second kind can 

be written in the following alternative forms:

(3.20) Ы * )  = £ (* )  -  3 * „ В Д  +
h nKXv)
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where

I = ^(2« -  xl) J  Ut)dt -  1(С(*) - С(0))+ у(С(*) - <,(0))-
X

-1 (х 5  +  п +  2)(4(х) -  4 (0 )) + )  Л К ( х )  -  к т -з 6Нп{хи)
х.

3 Н'п{х„)
(Нп(х) -  Я„(0))

and

(3.21) V„(*) =

+ 2 Я Д Ы

/ Л х ) -  3(2п +  1 * 1 ) J  W dt+
Нп(х)
H'n{xv)

1 Н п(х) , . . 1 Нп(х) с,

The lemma follows from expressions (2.7), (2.9) and Lemma 2 (given 
below), so we omit the details of the proof.

Lemma 2.

(3.22) /  =  I ( ^ (x )  -  4,(0)) -  */„(*) + n j  l v(t)dt.
J z xu 2 J
0 0

I f  Hv = 5((x  ̂~  2(n ~ X))» i/len

(3.23) /  ( M « - ^ ) + .̂ ) y ) - C ( 0 df = í f ü  j iv (t)d t-
J \ t  ~  x v) 3 J
о 0

-1(0») - C(0)) + |(C(x) - «,(»)) -  + » + 2)(4(x) - 4(0))+

+ з * к ) W ( I )  - -  щ к ) {Н^  -  я - (0))-
P r o o f . From (3.1) and (3.3), we get

(3.24) -  2tH'n(t) + 2nH n(t) = 0,

(3.25) H : \ t ) - 2 t H : ( t )  + 2 ( n - l ) H 'n(t) = 0
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and

(3.26) { t . x M t ) = ^ L y

Differentiating it, we get

(3.27) (t -  x M t )  + c ( 0  = 4 U L

(3.28) (t -  x„)C(t) + 2 4 (0  = 

and
TT "!(f\

(3.29) (Í -  * „ )C (0  + K ( t )  = Нп{хи)
From (3.24), (3.26), (3.27) and (3.28), we get

* x ( o  -  m  =  1 K ( t ) .  2 t f M + 2 (n  _  1)Wi)]
L X i/ £

which on integrating under limits 0 to x, proves (3.22).
To prove (3.23), we see from (3.25), (3.27), (3.28) and (3.29) that

(3.30) (Í -  *„ )[C (0  -  2<C(i) + 2(n -  1 )<,(*)]+
+ 3 ^ ( í)  -  4 < ( í )  + 2(n -  1 )*„(*) = 0.

Again from (3.24), (3.26), (3.27) and (3.28), we get
(3.31) (t -  x„)[C(t) -  2ti'v{t) + 2(n -  1 )*„(*)] -  2(*A (<) -  C (0 )  = 0.
Multiplying (3.30) by (t -  x„) and subtracting (3.31) after multiplying by 3, 
we get

i [ C ( < )  -  +  2  < ( ( ) ]  +
0  O I  — x „

(x„l„(Q -  /[,(*)) _
( Í - X „)2

Putting the values of from (3.27), we get

_ x X W U p )  =  !(<» .(,).  i +  2< ( 0 ) + 1' ~ 2(" ~ 1)
(i -  x„)2 3(f -  x„) *,(0 -

- ;U * ( O 0  -  2< (< )  + 2(n -  1)C (0 ),О
[ |( x 2 -  2(n -  l))x(f -  x„) + x„] l„[t) -  C (0  _

(i -  x,,)2

= - k C W  -  2<C(0 + 2 < ( 0 )  + J m C (0  -  2tC (0  + 2(n -  l)x/„(i)),0 0
which on integrating under limits 0 to x, yields (3.23).
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4. Estimates relating to th e  fundamental polynomials Uv(x), V„(x) and 
W„(x).

L emma 3. Let n be even, 0 ^ ß  ^ |  and 7  >  | ,  then

(4.1) j y * ’ |W„(a:)l = 0 ( e ^ 2^ ) ,
l/=l

П
(4.2) Х У ’Ч К (* ) | = 0(e7x2 log n),

i/=i

and
П

(4.3) ^ V 2|P„(x)| = 0fc7r2v/nlogn).
i/=i

P roof. From (2.11), (3.11), (3.12), (3.14), (3.16) and (3.19), we get

(4.4) W„(x)\ =

- 0(1) V  1 =
S  2“ +* ((?)!)

=  О f e(1+ri /2)*2^ ^  У " ______I______-
V n 3/ 2 /  ^  e(26-ß-4-')* l

= 0 ( Ä ) ,  , > 2 .

To prove (4.2), due to (2.9), (3.1) and (3.3) after a little computation, we 
get

(4.5)

-\ x2 |T. , . . 1 x2 -2! \ I Я п(х) 4П \ 2 H 2(x) I f  /
S *  2 g e '«*>|*Í<Í3 + т | > +

+ - y ' ( l - x J )e*i - S í í I
3 s r  * № , )

l v {t)dt i f
+  9 ^ '

i/=l

|я и(»)||я;(х)]
н ° Ы M * )l+
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+ Ŝ Ä*W*)' + 5 S^^lt(0)' 2
— I\ + I 2  +  ^3 + I 4  + I 5  +  6̂ 

(say). From (3.16) and (3.19), we have

, . _ .  л \  ^  п - 1/4л/2пп!ех2/ 2 j.2 . 2 3
(4.6) Д = 0 ( 1 ) Е 2п+1 (n)!eW 2)xEe = ° ( e7 )• ^ > 2 ’

I f  J .  Я„2(х)

(4.7) -^2 =  0 ( e 7 x 2 l o g n ) ,  7  >  | ,

which follows on the same lines as given in (4.4). From (3.8) and (4.4), we 
get

<«> T ' l
From (3.10), (3.11), (3.12), (3.14), (3.16) and (3.19), we get

(4.9) /4 = 0 (e 7a;2), 7  > ^ and 26 — -  1 > 0.

Similarly,

(4.10) /5 = 0  (e7*2 ^ = ) , 7 > ^  and

Further, using (3.3), we can easily get

xvH'n{ 0) + Я„(0)

26 -  у  -  1 > 0.

C (0) = - : *lH'n(Xv)

which gives

(4.11)
e *Я „ 2 ( х ) K ( 0 ) |  +

|Я„(0)|
2 ^ \ x v\H^{xv)\\H'n{xv)\

- о т  V 4 ^ e(1 s/2)xln 1/22"ny 2 x
"  „ t í  Я п̂ (х .)2"+1 (а)!

2n(n -  1) 1/4-y/2"-1(n — 1)! +
Уйп!
7Щ!

= 0 (е”  log и),

on using (3.17) and (3.19). Using (4.5)-(4.11), we get the proof of (4.2).
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To prove (4.3), using Lemma 1 and (2.7), we get 

(4.12) Ё еХ' | ^ ( ж) 1 ^ Ё еХЕ1£3(х)1 + 3 Ё | ^ 1 е4 1 ^ (х )1 +
i/=i i/=i

+E
l/

+(

E & x)
=í

n + 2 +  ж£

- |x I/||2n - * * | |  /  t v{t)dt

v = \

+ i |C ( x ) - C ( o ) l  +  !Y 1IC M I+

I A ( x ) |+ ^ i l |< d » ) l ) +
№ ( * )  + Я ' (0)1 , \xv \ \Hn(x

61 K (x „ ) \  +_ 3 \H'n{xv)\

= Jx
(4.13)

Л  =  ' £ e x 2 < ( * )  U x ) \  =  0 ( e * 7 ) j 2 e r i { X  + я « ( Г Г " ! "  =

r í  >  1 , г  >  - ,

owing to (3.13) and (3.17).

(4.14) J2 = 3 Ĵ \ x l/\ex*\Vl/(x)\ = 0(erx:2y/nlogn), г >
v=i

using \xv\ = 0(y/n)  and (4.2).

(4.15) Jz = \ j 2 \ x „ \ \ 2 n - x l \ e * ' H^ X)
V=1 Hn{xv)

l v[t)dt

= L(l)dl\ =  0 (n3^2) 0 (err* ~ ~ )  =
v-\  " о

= 0 (y /n erx2 log n).

From (3.3), we get 

(4.16)

J ,  s  1 Ё  Я"(1)
(x(x - x.) - 1)я;(х) + _ nC(l) +

3 ^  [ (x -  х1/)2Я^(х1/) (ж -  х„У
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+ - M O -  5 : ° '

1 n

î =i
\x(x — x„) — 1|

xlH'n{xv) x l

K ( * )
и к Ы

, 1 V  Л \ f n  + \Hn(0 )№ (x )  |g ; ( 0) |H*{x) a
3 A r Л x l )  \xv\\Wn{xv)\H*(xv) + |Я '(*„)|Я 2(0)

l l (x )  + (1 + n(x -  x „ f) \ l l (x ) \

*l( 0)

+

t/=i

t/=l

+ ° ( i)E (n+ ^ )
n \ y/nn\n 1/,22 */2)х

i/=i ^  K l ) !2n+1( f ) !̂ n ( ^ )

= 0 ( ^ ) Ё  +  0 (е-г) ± е ^ Ш .

2n+ln\y/n « р  eI ' ( 1+^ ) e ril 2/22n+1n!n!el2
’ # « (х „ ) + П “ í  Я*(®„)2"+2((2)!)2е*«5 +

+°(1)Е (»  + ^ )
п \ у/пп\п 1/22"п!ех2е(1 Ä/ 2)a

i/=i К ^ )!2"+1(?)!Я ^(х1/) -+

+ 0(1) £  2п(п -  -  l )!ra,-1/22nej 2((у)!)2

i/=i 2"+1( 5 )!eí^ / 2n!

= 0 (л/пех2) + 0  (e(1+^ ) x2v ^ )  + 0 (Д^ех2) = 0 (у ^ е 7х2), 7 >

(4.17) Л  =  i  £
2 ^  Я ? Ы

я ;(» ) 4 (х )
(х -  х„)Н'п{хи) х -  xv

< i t l 4 - i|Jg g M |W l,  1 1  „ . ► • t g M « , , .
l/=l l/=l 1# А Ы 1

= 0 { \fne lx  ), 7 > 2

as we have done in (4.6), (4.9) and using (3.9)

(4.18) Je S j  £  е' 5^ Д ) К "  +  2 +  *2)IM*)I + (» + 1)IM0)|] =
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И1(х)
= 0 « £ е ' ' 1р ? М т М * ) | =  0 (V S

U=1 n n \ x v)
) .  7  >  Ö

owing to (4.10).

(4.19) Jr  = i £ ,
1/=1

g?. g f l s )
H 2 {x v)

2\H'n{x)\ + |я ; ( о ) |
| Я 'Ы |

= 0 ( n ) 2 ^

_  á í  п п М  \н '„ Ы \

egSn- l / 22»re!6(3/2)x2(n _  l ) - 1/4^ " - ^ »  -  1)! _

i/=l

-  O (««**’) t

2"+1(5)!в(‘/ ! )* ;я^(х„)

e(l-í/2)xJ,2"+ln !n -3 /4((n _|_ l)!)i/^

„=1 я г (х „ )У Й ((Г П )2"/2(и)!

-3/4„l/4 /йТ*ач 3j _2 \  n  n ^  /e  ' \=  0 ( „ e I . ) _ _  =  0( _ ) ,  7 >

(4.20)
l/=l

= o ( i)E
í /2)n 3/4(2n7l!)3/2e3a;2/2

Я « ( * 1/) 2 " + 1 ( | ) !

= 0 (e3x2/ 2)
y/nn~3/4((n  + l )!)1/2 

У ^ + Т 2^ ( | ) !
=  0 (e ^ 2/v ^ ) ,

Using (4.12)-(4.20), we get the proof of (4.3).

5. Weighted polynomial approximation on the real line. G. Freud ([6], 
[8]) proved the following:

T h e o r e m  A. Let f :  R —>• R be continuously differentiable and g(x) be 
a weight function such that

(5.1) lim x2v f{x)g{x) = 0, v  =  0 ,1 ,2 ,...  ,
M-+°o

and
lim f '(x)g(x)  =  0.

| x | —HX>
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Then there exists a polynomial qn(x) of degree < n  such that 

2ч Í e(x) \ f (x)~ qn(x)\ = 0 ( l / ^ u ( f ' , l / y / n ) ,
1  0 (* )l/'(* ) -  <?(,(*)! = 0 (1 M / ' .  1 /V*»).

where u> is the modulus of continuity of f  defined by

«(/» S) = sup ||p(x + t ) f ( x  + t) — i>(x)/(x)|| + ||r(<5x)p(x)/(x)|| 
OitiS

where
r(x)

=  { :
and I

if |x| ^ 1 
if |x| > 1,

•|| denotes the sup norm in C(R). I f  f  € C(R) and lim p(x)/(x) = 0,

then limu>(/, 6) = 0. 6—>o
L. Szili [10] proved the following:
T h e o r e m  B .  Let qn(x) be a polynomial of degree ^ n  satisfying the 

condition (5.2). Then

(5.3)
' ff(x)l?n(*)| = 0 ( 1),

< 0(aOI?n(*)l = O (l) , x € R
. q(x )WÁ(x ) I = 0 ( y /n ) u ( f ,  l /y /n ) ,  |ar| < y/2n + 1.

To prove Theorem 5 we need
Lemma 4. Under the conditions (5.2) and (5.3),

(5.4) e(*)lin(*)l = 0(n )u > (/',l/v /n ), |*| < y/2n + 1.

P r o o f . To prove this lemma, we follow the methods of G. Freud ([7],
[8]) and L. Szili [10]. The polynomial

m ^
P m + l( x )  =  ^ 2

k=1
satisfies the inequalities:

(5.5) c\ex <| pm+i(x) < c2ex ( - m /4  <| x < 0)

and

(5.6) ciex < p(„+i(x) < c2ex ( - m /4  < x < 0)

(see [8], Lemma 3). From (5.3) and (5.5), we get

(5.7) pm(—x2)|g"(x)| = 0 ( y /n ) u ( f ,  l/y /n)  (|x | < y/m/2, m  < An + 2).
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If Qn is a polynomial of degree ^ n, then

(5.8) IQnOOl = for |x| < y f ^ /2

holds, where ш is the modulus of continuity over the interval [ - m /2,m /2]. 
Using this inequality on the interval [— ̂ \ /т Л у /т ]  f°r polynomial
(5.7), we obtain

^ [P m (-* 2 )<z"(x)]| =  \-2xp'm( - x 2)q"(x) + pm( - x 2)q"(x)\ >

^  Pm(~x2)\C (x)\ -  2\xp'm( - x 2)q'n(x)\
which gives rise to

(5.9) ß(x)\q"(x)\ <: |pm( - i 2)g"'(x)| ^  2 |x p ^ (-x 2)g"(a:)| +

l /л/та) for |*| < y/2n +  1.
By the definition of u,  we have

(5.10) u>(pmg"; l /л/п) =  sup |pm[- (x  +  i)2kn(z +  * )-P m (-x 2)g"(;c)l <
0 < t < l / v / n

^ 2c sup \pm( - x 2)q'^(x)\ = 0 (y /n )u ( f ' , l / y /n )
|x|<-y/m/2

on account of (5.7).

(5.11) |x p ^ ( -x 2)g"(x)| = | * Ш - * 2) |№ ) 1  ^

< c2y/ne(x)\q'^x)\ = 0 ( n ) u ( f ' , l / y /n ) ,

using (5.3) for |x| < \/2 n +  1. Now (5.9), (5.10) and (5.11) prove the lemma.

6 . P roof of T heorem 5. Let n be even. According to Theorem 4, 
every polynomial Pn of degree ^ 3n is written as

( 6 . 1)
n n n

Pn(x) = 2 2 P n(xl/)Ul/( x ) + £ p : ( x l/)Vu( x ) + £ ( ePn)",(xiy)Wl/(x)+dnffZ(x)
v=\ v=l v-1

where

(6.2) dn =
н т Pn{0 )  -  Х ) Р „ Ы (1 +  3x2)£^(0) +  £ x „ i * ( * „ ) £ ( 0 )

t/=i i/=i

Acid M athem alica  H ungarica 62, 1993



W EIG H TE D  (0,1,3) INTERPOLATION 45

Let qn be a polynomial of degree < 3n satisfying the inequalities (5.2) and
(5.3). Then we have

(6.3) e~~ix |/(x )  -  Gn(*)| =  0(1) g{x)\f(x) -  qn(x)| +

+e ix Y 2  gM  и м  -  ч п М )
í/=1

+

+e—ix
«,=1 Q̂ X,/) u= 1

+

+ \dn \ e - ^ 2 Ĥn(x) =  0 ( l ) [ « i  +  З 2  +  З3  - f  S4  +  5 б])

where

(6.4) ő! =  0 ( l / y / Í Í ) u ) ( f ' , l / y / n ) ,

uu(x)
q ( x v )

= 0 (l)log nw(f', 1/ y/n),(6.5) s2 ^ e  1x2 e(xu)\f(x„) -  Чп{.хи)\
v=x

owing to (5.2) and (4.3),

(6.6) 33 < e-7*2 Y 2  ß M l f ' M  -  Vn(x»)\^ f TX\ = 0 (log n )u ;( / ',l /V n ),
u = \  ^

owing to (4.2) and (5.2).

34 ^  e - 7*2 Y 2  \c u \ \ W v ( x ) \  +  e - 7 *2 £ \ Ш ™ М \ Ш * ) \  =
l/=l 1/=1

= 0 ( n ) u ( f ,  l/y/n)e  7x2 [ ] P  \W„(x)\eßx2 + ^ 2  I^O O l] =
i/=i i/=i

= О (log n ) u ( f ,  l /y/n),

on account of Lemma 3, (2.14) and (4.1) of Lemma 2.
We now estimate the last term of (6.3). Replacing Pn by qn in (6.2), we 

have

(6.7) 35 = |d„ |e-7x2^ ( * )  =
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=  ' " ’ ’’ H í )  M 0 ) "  P  «.(*► )(! + » * M ( 0 )  + £  * ,? ( .(* ,)£ (  0)

=е̂ § Ш | £ 5" (0)(1 +  з*Й 4(0) -  £ * , Ы (1 +
П' ' |/=1 и=1

+ ± х„д'пЫ Ф ) [
| /= 1

because

1 =  ^ ( 1  + 3 * ^ ( 0 )
«/=1

which can be obtained at x = 0 from Theorem 4, taking

a„ =  G n(xu) = 1, 6„ =  б>,(х„) =  0 and G„(x) =  1.

Regarding the sums in (6.7), we get

(e .8) », s  [ £  ia.(o) -  * .(* .01(1 + s* ;)i« (o )i+
' i/=i

+ £ | * * Ш * . 01№ ) | ]  =  к ( н  +
i / = l

where

(6.9) A =  =  0 ( 1),

owing to (3.9) and (3.11).

(6 .10) *i = Y ,  M 0) “  « " (^ Ж 1 +  3x£)l^(°)l =
i/=i

= £  |* Ж ( * ,) 1 ( 1 + з * ; ж 3(0)| = £  ^ „ ( W i l i M  M 2 1
t i l  X" Нп Ы

s 0 (1 ) f i Í / J Ü - V ______I_______ =
 ̂ u i  x" \ ( f ) !/  23"+3((f)!)3e(3i /2K
П

= 0 ( l / n 3/2) ^ 2  nl v2 ~  0 ( l / \ /w )  = 0 ( l ) w ( / ',  1/л/п), 0 < < ж„,
i/=i
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for 3<5/2 > 2, owing to (3.19) and (3.8), because 1 /yfn  < w (/', l/y^n), and
fl

(6.11) t2 =  ы к ; ( * , ) | № ) |  =  о ( 1м / ' ,  i/> /n ),
i/=i

which follows mutatis mutandis to that of (6.10). 
Thus (6.8)-(6.11) complete the estimation

( 6 . 12) S5 =  0( l )u( f ' , l / y /n) .
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1. In tro d u c tio n

This note owes its motivation to an extension of a simple and elegant 
theorem of J. L. Walsh ([6], p. 153). Let /  G Ae (the set of functions 
analytic in |z| < g but not in \z\ ^  g, g > 1). Let П, denote the class of all

OO
polynomials of degree < s. If /(z )  = OjZJ, then we put

j=о
n—2

(1-1) Sn- 2( z , f )  = ^ 2 a j z] .
j=о

Let p*_2(z, / )  denote the polynomial of degree %n -  2 which minimizes 
m ax |pn_2(Afc) -  /(Afc)|, A =  ехр(27гг/те),

0<fc<n—1

over all polynomials pn- 2 € П„_2. Then Cavaretta et al established: 
T heorem A ([2], Theorem 7). Let f  e A B, 1 < g < oo. Then 

(1-2) Urn {S n- 2{z, f ) -  Pn-2(z, /)}  =  0, |z| < g2,
n —► OO

the convergence being uniform and geometric for all \z\ й т < g2. Moreover, 
the result is sharp in the sense that (1.2) is not valid at each point of \z\ = g2 
for all f  G Ae.

It may be noted that none of the sequences {Sn- 2 (z, / ) } ^ г and 
{Pn-2 (z i /)}??= l in Theorem A converge beyond the region |z| < g whereas 
their difference converges in \z\ < g2. This phenomenon introduced by Walsh 
([6], p. 153) is known as overconvergence or equiconvergence in the literature. 
For further details on this topic we refer the interested reader to [1] and [5].

Recently, E. B. Saff and A. Sharma [4] discussed the equiconvergence of 
certain sequences of rational interpolants. The classic theorem of Walsh ([6], 
p. 153) is a special case of their result ([4], Theorem 2.3). Our object in the 
present paper is to generalize Theorem A in the spirit of the Saff-Sharma 
result. Building on results of Motzkin and Sharma [3], we solve a min-max 
problem in §3 for which the solution is the so-called next-to-interpolatory 
rational function. We prove our main result, i.e., Theorem 2.1, in §4.
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2. P re lim in a rie s  a n d  s ta te m e n t  o f  m a in  re su lt

Let m > —n  +  1 be a fixed integer and let r„_|_m_i(z, / )  be a rational 
function of the form

(2.1) P{z)l(zn -  on), p(z) £ П„+ т_!, a > 1,

which minimizes (see [4])

J  \ f ( z ) - r ( z ) \ 2\dz\

l*l=i

over all rational functions r(z) of the form (2.1). If /  € A Q, then it is known
[4] that the minimizing function rn+m-i,n(z, / )  is given by
(2.2)

& S  ---- «п,(/п_Д)-------when m > 0,
ГП+Ш-1,п(г ! / )  =

[ 2iri J (zn-<x")(t-z) m < 0,

where Г is a circle |i| = g', 1 < q' < g, and z £ C with \z\ ф a.
Next, consider the following problem:

(PI) Let m be a fixed integer with m  > —n + 1, and let uj - ехр(27гг'/(п + 
m  + 1)). For f  € A e, minimize

max |/(u .‘ ) - * ( “>*,/) l0 < f c < n + m

over all rational functions of the form (2.1).
The existence and uniqueness of the solution for (PI) is based on the 

results of Motzkin and Sharma ([3], Theorems 1 and 2). If the solution (see 
§3) is denoted by

(2.3) K + m - i , Á * , f ) - = K +m - Á z , f ) l { z n - c j n), ^ 6  Пп+т_ь

then we formulate our main result as follows:
T h e o r e m  2.1. Let m be a fixed integer and let a > 1. I f  f  6  A e, 

1 < g < oo, then

(2.4) lim {Än_|_m_j n(z ,/ )  г„+т _1)П
n—►СЮ

if N < i?2 (^ = f?2)> 
if  \z \ Ф a (a < в2),

the convergence being uniform and geometric in any compact subset of the 
regions described above. Moreover, the result is sharp in the sense of Theo­
rem A.
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3. S o lu tio n  o f th e  m in im iza tio n  p ro b le m  (PI) 

Indeed, we want to solve the problem

p(uk)
mm max 

p e n „ + m _ !  OiISn+ml u k n  _  a n]/("*) -

(u> being as in (PI)), which is equivalent to

(3.1)

where
bk = |w*" -  c r T 1 and Fn(z) =  (zn -

Based on a result of Motzkin and Sharma ([3], Theorem 2), it can be verified 
that the solution P*+m_i(z, / )  of the problem (3.1) is given by

™in „ m a x  6fc|F„(o;fc) - p ( w fc)|pElIn+m_i 0 < k < n + m

n + m  +  1 j n-t-m-f-i

E K'lhW/ E i1
fc=l '  k = 1

n+m+1
(3.2) 

where

(3.3)

with

t л V ''" Wk(z) ■

&k

W k(z) := (z"+m+1 -  1 ) /(z  -  u k).
In order to prove our main result, we shall require an integral represen­

tation of P*+m_x(z, / ) .  For this we prove

L e m m a  3.1. The polynomial gk(z), l ^ f c ^ n - t - m  +  l ,  given by (3.3) 
has the following representation:

(3.4) 

where

(3.5)

and

(3.6)

9k(z) = /3„+m,„(z, / )  -  C„(z"+m+1 -  1 )/(z  -  u k)

я (-  n  - 1 f  Fn(t) tn+m+1 -  *n+m+1
ßn+m ,n  ( ) f )  J  t _ z  t „ + m + l _ l  d t »

f l .(0
£n+m+l _ J dt.
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Неге Г is a circle |f| = д', 1 < д' < д. 
P roof. It is easy to see that

( 2n+m + 1 -  l ) ( u +  -  OJk ) u i

s‘(2)= E  u(n + m + l)(z  — u>k)(z — Ljj)
)фк

Since

we have

U)i — Uk
(z — U)k)(z — L>j) Z — U>j Z — U)1к ’

П+^И"1 n+m+1 1»« = E
j =1

w-'
z — u>J n +  m + 1

Fn(u>)-

2n + m + l  _  j  " - g - 1 W-'
z — U*

3 = 1
n + m + 1

F„(u+).

The first summation on the right side of the above equation represents the 
Lagrange interpolation polynomial of degree n + m to F„(z) on the n + m + 1 
roots of unity and therefore equals ßn+m,n{z, f ) .  The second summation 
upon using the Cauchy integral formula leads to Cn in (3.6).

Remark 3.1. From (3.2) and (3.4) we have
(3.7)

-P f» + m -l(Z> / )  — ßn+m,n(z, f )  -  C „  ^  bk l _  k /  ^ 2  Ьк Х.
1 '  k = 1

An alternate representation of P*+m_1(z, f )  is therefore given by

( t n  -  a n ) / ( i )  t ( t n + m  -  z n + m )
(3.8) j L / n̂ + m + 1 _  ^ t  — Z

d t  -  7 „ ( z , / )

where

(3.9)
n+m+1 _n+m , ,Jfc(n+m) / n+m+1

7п(г</) := Cn 2  ^  J  /  E
fc=l '  Jfc=l

This can easily be seen upon writing the integral representation of ß n + m , n ( z , f )  

(cf. (3.5)) and considering the relation:
2n+m+l _

Z — LJ
= zn+m + W

k zn+m -  yMn+rn)
z — и*

in (3.7).
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4. P ro o f  o f  th e  m ain re su lt

When \z\ й 1, the direct estimates from (2.2), (3.2) and (3.3) show that 

Ит {K + m -l,n (Z’ f )  -  rn+m-l{z,f)}  =  0.
n —► OO

However, the proof of (2.4) for \z\ > 1 requires a detailed analysis of j n(z, /) . 
For this, first we note that

(4.1) 

Also

(4.2) u k(zn+m -  wfc(n+m))
/  у I =
Jfc=i z -  u*

for all z.

This follows from the properties of the roots of unity. From (4.1) and (4.2) 
we observe that

(4.3)
n+m+1

E к
k=l

u k(zn+m -  w4 n+"*)) 
z — UJk

^  |г |п+т( п + т  +  1)2
|2 |n+m +  l

\ z n + r n + l  _  1

when \z\ > 1. Since

n+m-f-1

(4.5) ^  K 1 = (n + m  + l)(<r" -  1)
k = l

and

(4.6) C„:= Ctn -  o”) №
£n+m +l _  J d t  =

Qn +  On \ 
gn ) '

we obtain the following inequality from (3.9) and (4.3)-(4.6):

\z \n+m 4-1 nn 4- nn
M * .  / ) I S  U . ( n  +  m  +  l ) | z “ + m | • ц ■ ^ r ,  W  >  1 .

where D i is a constant independent of n. This shows th a t

(4.7) lim ^  =  0, for all Ы > 1 and \z\ ф a.

P r o o f  o f  T h e o r e m  2.1. We shall prove this result for m ^  0. The 
proof for the case m  < 0 would be similar. From (2.2), (2.3) ax d (3.8) we 
have
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(4.8)
П* /_ ГЧ _ /_  1 Í (<" -  * " )/(* ) ^  ^  7 п ( * , / )
Än+m- lf»( , /}  г»+т - 1-»(г ’ Я - 2x i j  ( * » - a " ) ( t - z ) K n ( ' )d zn — а п

Г

(ín+m -  2n+m)(l -  ím+1o--n) (zm -  tm)a~n

IP* Гг n - r  г.- Л1 < П g" +  g " f g" + l*l" I g  П] , M * . .lÄ n + m - l ( * » / )  r r , + m - l , n ( * , / ) |  =  J° 2 | z n _ c r n | j  ^ 2n +  g n  j  +  |z n _  <

where

(4.9) A"n(í, 2) — ^ n+m+1 _  _  a -n^tm tm (tn -  cr- ") '

Notice that Г is a circle |f| — g', 1 < g1 < g. Since a > 1, for all sufficiently 
large n we obtain

Di
a n I

where D? is a constant independent of n. Taking into account (4.7) and 
considering different cases for a  > g2, and a < g2, a straightforward analysis 
now yields (2.4).

Next, we show that the result is sharp in the sense th a t the first region 
of convergence in (2.4) cannot be improved. For this we follow the usual 
technique (cf. [4]) and select the function / ( 2) = (g — z )~l in Aa along with 
the point z — g2 on the boundary of the region \z\ < g2. It is easy to see 
that

(tn -  an)(tn+m -  z n+m)f(t)dt1 f  (tn -  a r
27гг J  (zn — <7n)(i —z)(i"+m+1 -  1 ){tn -  a~n)tr

(gn -  стп)(£»п+т -  2n+m)
(zn -  crn)(g -  z)(gn+m+1 -  l)(gn -  a~n)gm ’ 

whereas for z  = g2 and a > g2 we have

lim 7 d h l l  = 0
n—to 2'n _

and

Um [  г . - ч у - z m  _ (2™_ r л  =  0.
n-ooy (zn - a n) ( t - z ) ( tn- c r - r,)tm \  tn+m+i - l  v ’)

This along with (4.8) and (4.9) gives us 
(4.10)

{ Rn+m-l,n(Q2, h  -  r„+m-l,n(^2, / ) }  =
Jm

(p2 — g)grn+1gri
(a > g2).

When 2 = g2 and a = g2, the limit on the left side of (2.4) does not exist 
because of the factor (2" — crn) in the denominator. This completes the proof.

R emark 4.3. If we choose m  = — 1 and let a —* 00 in (2.4), we obtain 
Theorem A.
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ON (n +  1)-SUBWEBS OF AN (n +  1)-WEB 
AND LOCAL ALGEBRAS ASSOCIATED WITH THEM

V. V. GOLDBERG (Newark)

0. In tro d u c tio n

Let W  = W (n  +  l , n , r )  be an ( n +  l)-web given on an (rar)-dimensional 
differentiable manifold X nr by n + 1 foliations A ,̂ £ = 1, . . .  , n + 1, of 
codimension r. For n > 2, subwebs of W  defined by any к -f- 1 foliations, 
к < n, out of the n + 1 foliations Â  were studied (see [9], [10], or [16]). It is 
natural to call such subwebs reduct (к + l)-subwebs.

On the other hand, one can consider (ns)-dimensional (n -f l)-subwebs 
W  = W (n + l,n ,  s) C X ns C X nr oftheweb W whose leaves are intersections 
of X ne with the leaves of the web W. It is natural to call such subwebs 
transversal (n + l)-subwebs. The transversal (n +  l)-subwebs were studied 
for n = 2, s -  1 in [1] and for n > 2, s = 1 in [9] (see also [10] or [16]). It was 
proved in these papers that n-dimensional (n+l)-subwebs, n > 2, are induced 
on transversal geodesic surfaces of the (n + l)-web W. In the paper [6] 
transversal 3-subwebs of a 3-web IF (3 ,2, r) were studied for s = 1 , . . .  , r — 1, 
the relationship of the Akivis algebras defined by the coordinate loops of 
the 3-web and its transversal 3-subwebs (see [3], [6] or [17]) was established, 
and isoclinic and Grassmann 3-webs were characterized in terms of these 
algebras.

In Section 1 of the present paper we study the transversal (n + 1)- 
subwebs W  of the web W  for n > 2, establish their relation with reduct 
(к -f l)-subwebs, some properties of their web spaces X ne and the connec­
tions between the fundamental tensors of W  and W. In addition, we prove 
that transversal subwebs W  of the webs W  of known special types are of 
the same types and give a characterization of Grassmannizable (n + l)-webs: 
they possess a maximal set of transversal sub webs.

In Section 2 we study algebra structures associated with coordinate n- 
loops of the web W  and its transversal subwebs W . For W  and W  such 
structures, which are called the (AC)-algebra and (AC)-algebra respectively, 
are obtained as the sets of (!]) (Akivis) A-algebras associated with reduct 3- 
subwebs of W  and W  and Q) (comtrans) C-algebras associated with reduct 
4-subwebs of W  and W  (see [19] or [16]). The operations in both coordinate
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n-loops (of W  and W ) produce a series of h-ary operations, h =  2 ,3 ,4 , . . . ,  
in their tangent spaces at the identity, and these tangent spaces with these 
h-ary operations give rise to the local (AC)h-algebra and (AC)^-algebra.

We prove that the (AC)/,-algebras are subalgebras of the corresponding 
(AC)/,-algebras and use these algebras to characterize isoclinic and Grass- 
mannizable (n + l)-webs W .

1. (n 4- l)-subw ebs o f an (n + l)-web

1. Let W ( n + 1, n, r) be an (n+l)-w eb defined on a differentiable manifold 
X nr of dimension nr by n -f 1 foliations A ,̂ £ = 1, . . .  , n  + l. Each foliation 

can be defined by a completely integrable system of Pfaffian equations 
(see [9], [10] or [16]):

( 1 . 1 )  J  =  0 ,  f  =  l , . . .  , n  +  l ;  » =  1 , . . .  , r .

The forms {a;*}, a  = 1, . . .  ,n,  define a co-frame in the tangent bundlea
T ( X nr) and satisfy the following structure equations:

( 1.2) du' - íi/ A w -
c x  a t  J £Чфос

J3 Л tjJk
» ß

(1.3) < 4  -  “j л л ^
a,13=1

where the quantities a and b 1 are connected by certain relations (see
oißr a ß J

[9], [10], [7] or [16]). We indicate some of these relations:

(1.4) j kv' =  0,

(1.5) jk
i •

7 = 1

_ m w
7

a  Ф ß,

( 1.6) -

(1.7)
f l
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( 1.8) b ' j k laß3*1 = 5 1 ф с " 3 '

(1.9)
aßЬЩ =  0 ,

( 1. 10) bjjk +  2  bJik\l -  ° >aß'bk]i

where V a \  = d a  ' fc — a )ku>1- — a '-,ulk -f a \ku \ . The quantities a ’ . and
aß3 aßJ aß 3 aß3' aß3 aß3

b ' k, form the tensor fields in the tangent bundle T ( X nr) which are called
aß3
respectively the torsion and curvature tensors of the web W(n  + 1, n, r).

Equations (1.8) and (1.5) show that if n > 2, the curvature tensonof 
W (n  + 1, n, r) is expressed in terms of the Pfaffian derivatives of its torsion 
tensor and the torsion tensor itself. This is not the case for n = 2 because 
in formulas (1.8) 7 ф a, ß.

Equations (1.2) and (1.3) define an affine connection 7„+i on the man­
ifold X nr (see [9], [10] or [16]). This connection is induced on X nT by the 
web W (n  + l ,n ,  r). The subindex n + 1 in the notation 7„+i indicates that 
the foliation An+i has been distinguished when we take the forms {ui1} as aa
co-frame and the equations (1.2) and (1.3) as the structure equations.

The geodesic lines of the connection 7„+i are determined by the equa­
tions
( 1. 11) du' -f u 3u \ = <puf, a  =  l , . . . , n ;  t =  l , . . . , r ,

ry r* ry

where <p is a 1-form. Note that in (1.11) d is the symbol of ordinary (not 
exterior) differentiation with respect to the parameter of a geodesic line.

It follows from the equations (1.11) that the leaves of all the foliations 
of the web W{n + 1, n, r) are totally geodesic submanifolds in the connection 
7n+i •

2. An r-surface Ua = П Fő, a = 1, . . .  , n, is the intersection of n -  1афа
leaves Fá passing through a point p € X nr. In a neighborhood of p the leaves 
of A„+i intersect each Ua at the point and give rise to a point correspondence 
among the surfaces Ua in which corresponding lines of Ua are tangent to 
vectors with equal coordinates. We denote by <paßn+i the projection map 
of the surface Ua onto the surface Up defined in the neighborhood of p by 
means of the foliation An+1. The local diffeomorphism <paßn+i maps geodesic 
lines onto geodesic lines. Let vectors {ef} form a vectorial frame dual to the 
co-frame {a/}. If £ is a tangent vector to X nr at p, then

( 1.12) £ = z—/ &
a = l
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Since the foliation Xa, a fixed, is defined by wl = 0, equation (1.12)a
shows that the vectors e", о. ф a , are tangent at p to the leaf Fa of XQ
passing through the point p and form a basis in Tp(Fa). The foliation A„+i
is defined by и  ' = -  Yj u ' = 0- This and (1.12) imply tha t the vectors 

n + l  a a
e" — ef, а ф a, a  fixed, form a basis in Tp(Fn+1). In addition, it is easy to 
see that

(1-13) <*¥>в/9п+1|р(е®) =  e ? .

In [9] (see also [10] or [16]) we introduced the notion of a transversally 
geodesic n-surface. We will generalize this notion, introducing transversally 
geodesic (ras)-surfaces. Let ns vectors

(1.14) & = C a ei ,  a , 6,c  =  1 ,... ,s; a  = l , . . . , n ,

be given in the tangent space Tp( X nr). It follows from (1.13) and (1.14) that

( 1 . 15 )  d<Paßn+1\p( £ )  =  g .

The equation (1.15) means th a t the subspace which is defined by the (ns)- 
vector

(1.16) t = Л . . . Л С  А - - - Л С * Л . . . л е * ,  ab . . .  , a n = 1, . . .  ,n,

is invariant with respect to any of the operators d(papn+i |p, a, ß  = 1, . . .  , те. 
The subspace in Tp( X nT) defined by the (ns)-vector (1.16) is called a transver­
sal (ns)-subspace of the web W ( n  + l ,n,  r).

DEFINITION 1.1. A submanifold M  — X ns of dimension ns of the mani­
fold M  = X nr is said to be a transversally geodesic submanifold if its tangent 
spaces are transversal (ns)-subspaces of the web W  = W (n  +  1, n ,r).

D e f i n i t i o n  1.2. Suppose th a t a web W  = W{n  -(- l , n ,  s) is given in a 
submanifold M  of M. This (n  +  l)-web W  is called a subweb of the web W  
if its leaves are intersections of M  with the leaves of the web W.

In [9] (see also [10] or [16]) (к -f l)-subwebs, к < n, of the web W  were 
introduced in the following manner:

D e f i n i t i o n  1.3. Consider the intersection of n - k  leaves Fu, u = k-\-1, 
. . .  , n, 1 < к < n, of the web W .  This intersection is defined by the system

(1.17) w '' =  0, . . .  , u i = 0
ifc-t-l in

and has dimension kr. The leaves Ft , t = 1 , . . .  , k, n + 1, of the other к -f 1 
foliations cut on this intersection a (k + l)-web W (k  +1, k, r ) of codimension 
r which is called а (к + 1 )-subweb of the web W .
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We will denote such a subweb by [£n+i»£i»•••>&]•-A. web W  has (£+j) 
(k +  l)-subwebs.

We can say that the (n + l)-subwebs of Definition 1.2 are transversal 
while (к + l)-subwebs of Definition 1.3 are redact subwebs.

There are two kinds of reduct (к -(-l)-subwebs: a sub web [n+1, a n_fc+i,..., 
a„], which is defined by the system

(1.18) u>' = 0, . . .  , * = 0,
«1 “n-k

and a subweb [ап_*, . . .  , a n], which is defined by the system

(1.19) w ' =  0, w* =  0 , ,  и  ' = 0.n+l «1 »n-k-1

In the case (1.18), we can see from the structure equation (1.2) that the 
torsion tensor of the (к + l)-subweb [n + 1, а п_*+1, . . .  , a n] is a subtensor of 
the torsion tensor of the web W.

In the case (1.19), we can write the structure equations of . . .  , a„]
in the form

( 1.20) du' — и 3 Л и)
а а ß 3

1ф0,а

where
ч) = uj + Y1 ßi

and ő ,/?,7 take those values from 1, . . .  ,n,  which are distinct from o i , . . .  , 
i ;ß is fixed and а ф ß.

Equations (1.20) show that the torsion tensor of the (к + l)-subweb 
defined by (1.19) is a'-k — a'-k — a'-k .

°n3 (hJ á(T
If к = 2, we have (£) 3-subwebs W  = [n 4- 1, a, ß] C X 2r C X nr of W

q3
which are defined by the foliations An+1, Aa , \ ß ,  a, ß = 1, . . .  ,n.

The torsion and curvature tensors of the canonical affine connection yaß 
(see [1]) of the 3-subweb W  are (see equation (28) in [10] or equations (1.3.23)a0
and (1.3.25) in [16]):

( 1.21)
aßjk -  > ‘i-

<‘-22> >  -  2>  - 0а0?Ы + aßa3ik ß\азка0т1 + aß3‘ ßamk'
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and the torsion and curvature tensors of the canonical affine connection of 
the 3-subweb [a,ß, 7] are (see equation (2.48) and (2.49) in [8] or equations 
(1.3.69) and (1.3.71) in [16]):

(1.23) aßfjk -  > 4  +  Д И + CL7«№

( 1 - 2 4 ) ......................................................................................................
b — — a 1 Li T  a '-а — a ‘ y  +  о *•« — a -(- a — a Ll + a *-jy -f-

а / З у ’ * '  ß o tfP * ' a ß a J,IC ß W  ß l ß 3 a y a 3^  a y  у 3‘к  a ß - ß  ß a y 3

+ ( a у  +  a y -  a [") (  a ^  -  a L )  +  ( « ?k ~  « £  + < * # ) (  a ^  -  a * , )  +
\/3a  J 7 /З J 7«  7 \/3 a  /З7  /  V/3aJ /Зу7 » 7  /  \<*7 a/3 /

+ Í -  “ Й + «Ы + a fc}) { a m, -  « L ) -V a / r ‘ 7/3 « 7  /  W "-7 7 «  V

If к =  3, we have (3) 4-subwebs IP  = [n + 1, a , /3,7] C X 3r C X nr of LF
aßt

which are defined by the foliations An+i, Aa , Xß and A7; a, /3, 7 = 1, . . .  , n. As 
we noted above, the torsion and curvature tensors of any of these 4-subwebs 
are subtensors of the corresponding tensors of the web W .

The following proposition immediately follows from Definitions 1.2 and 
1.3:

P r o p o s i t i o n  1.4. Every (ns)-dimensional (n + l)-subweb W  of the 
(nr)-dimensional web W  induces а (кs)-dimensional (к + 1 )-subweb on a 
(kr)-dimensional (k -f- l)-subweb [£п+ъ f i, • • • , £fc]- □

In other words: a transversal subweb of W  induces a transversal subweb 
on a reduct sub web.

T h e o r e m  1.5. I f  a web W  is a subweb of the web W , then its web space 
M  is a transversally geodesic submanifold of the web space M  of the web W .

P r o o f . Let us denote by Ua the s-surfaces associated with the subweb 
W  which are similar to the r-surfaces Ua associated with the web W ,  i.e. 
Ua = П Fá, a — 1 , . . .  ,n,  where Fa are leaves of the subweb W .  Let

á^at
(Paßn+i be the projection map of the surface Ua onto the surface Uß defined 
in a neighborhood of p by means of the foliation An+i of the subweb W . It 
is obvious that Fa C Fa and consequently Ua C Ua. This implies that the 
maps <Paßn+i are restrictions of the maps <paßn+i on Ua:

Vaßn+l — V-’aßn+l |r? •О or

The tangent maps d<pQßn+i | : T(Ua ) —> T(Uß) are restrictions of the tan­
gent maps d<paßn+1| : T(Ua) —*• T(Uß). This implies that the (ns)-vectors
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T(U a i) / \ . . .i\T (U an) are invariant under the maps d<̂ a/3n+i|p. But the (ns)- 
vector T(U\) A . . .  A T(Un) uniquely determines the tangent space Tp(M) to 
the submanifold M  at the point p. This means that this (ns)-vector is in­
variant with respect to any of the operators d<patlg)n+i|p. □

3. Let f : M  —>■ M  be an embedding of the subweb space M  of W  into 
the web space M  of W . If the forms {#“}, a  =  1 , . . .  , n; a,b,c = 1 , . . .  , s,

a

form an adapted co-frame for the subweb W , then the differential equations 
of the embedding /  can be written in the form

(1.25) u ' = CJ*,

where £'a are coordinates of the tangent vectors of Tp(M ) defined by equation
(1.14). The leaves Fa C Ä<* and F„+i C An+i of the subweb W  are defined 
respectively by the equations

П
(1.26) 9a = 0 , a = l  , . . . , n ;  ] T V  = 0.

a=l

The forms 0a satisfy the structure equations of the web W  — W (n  -f 1, n, s):
a

(1.27) dea -  вь л еаь =  У  ä ? в ь л 9е,
ß  фос

(1.28)
п

del -  л — У  ь ^ г л е *
6 С V i  «/3 «  ß  »,/3=1

which are similar to the structure equations (1.2) and (1.3) of the web W  = 
= W (n  +1 , n, r) , and the quantities ä£. and form the torsion and curva­
ture tensors of W  related by conditions similar to the conditions (1.4)-(1.10).

Other relations are obtained after taking exterior derivatives of the equa­
tions (1.25), which by means of (1.2) and (1.28) lead to the following exterior 
quadratic equations:

(1.29) (V ii -  ей ) л f  + £  (ei » £  -  « > í i í í ) f  л f  = o,
ß#*

where = d£'a -f fowj. Since the forms 9° are hnearly independent, the 
equations (1.29) imply that

(1.30) = t t ä
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and

(1.31)

Taking exterior derivatives of (1.31) and using (1.3) and (1.28), we will have 
the following equations connecting the curvature tensors of the webs W  and 
W  which are similar to the equations (1.31) connecting the torsion tensors 
of these two webs:

(1-32) =  Ö  S i .
a f r  a ß

In addition, differentiating (1.31) and using (1.4) and (1.30), one can easily 
obtain similar relations between the Pfaffian derivatives of the torsion tensors 
of the webs W  and W:

(1.33) aü jjk itifb&  = ?fa“ylbc-

It is easy to see that further differentiations of (1.32) and (1.33) give 
similar relations between the higher order Pfaffian derivatives of the torsion 
and curvature tensors of the webs W  and W.

Note that if n  > 2, then the equations (1.32) follow from the equations 
(1.8) and (1.33). In this case only the equations (1.31) are essential.

In the case к > 2, it follows from the structure of the torsion tensors of 
reduct (к -f l)-subwebs [£п+ ъ £ ъ  • • • that the relations similar to (1.31) 
are a part of the equations (1.31) or are implied by (1.31). In the case к = 2,
i.e. for 3-subwebs W  and [a ,/3, 7], we have respectively:

a ß

(I-34) = f / j A -

(1-35) b L , ( i ( №  = v , I L
a ß  a ß

and

а - м )  = Q

(1-37) =

where ö '-., fe'-.,, a ’, and b . are defined by (1.21)-(1.24), and this
a ß J a ß J a ß~ r  a ß r

matches Theorem 2 of [6] proved for transversal 3-subwebs of a multidi­
mensional 3-web.
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Note also that if s =  1, the equations (1.31), (1.32) and (1.33) give

(1.38) = C ä ,a/P* aß

(1.39)

and

(1.40) = í* í .

which were considered earlier (cf. equation (12) in [9] or equations (74) and 
(77) in [10] or equations (1.9.17), (1.9.21) and (1.9.22) in [16]).

We proved the following result:

T h e o r e m  1.6. The functions £* which define ihe embedding 
satisfy the equations (1.31), (1.32), (1.33) and similar equations connecting 
the torsion and curvature tensors o f the webs W  and W  and their Pfaffian 
derivatives. □

In the case 5 = 1, this theorem was proved in [9] (see also Theorem 15 
in [10] or Theorem 1.9.5 in [16]).

T h e o r e m  1.7. A transversally geodesic submanifold M  of the manifold 
M  is totally geodesic in the connection 7 n+i.

P roof. In addition to the affine connection 7 „+i defined on the man­
ifold M  by the forms U j, I , J  = 1 , . . .  ,nr,  where the matrix (wj) has a 
block diagonal form with the matrix (u>*-) along its “diagonal”, we have an 
induced affine connection 7 „+i defined on the manifold M  by the forms вд, 
A, В = 1 , . . .  , ns, where the matrix (вд) has a block diagonal form with the 
matrix (0ff) along its “diagonal”. The connection 7 „+i is associated with the 
web W , and the connection 7 „+i is associated with its subweb W .

Let rfc be a tangent vector in TP(M ). The vector field 77 with coordinates
rfa in TP(M ) is parallel in the connection 7 „+i if and only if its coordinates 
satisfy the equations

(1.41) df)“ + f)a^b = 0, a =  1 , . . .  , n; a, 6 = 1 , . . . ,  5.

With respect to the frame {ef) in TP(M ), the vector field 77 has the following 
coordinates:

(1-42) 77;  =  « •

Differentiating (1.42) and using equations (1.30) and (1.41), we get 

(1.43) dr]'a Arfae) = Q, a  =  l , . . . , n ;  t , j  =  l , . . . , r .
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Equation (1.43) proves that the vector field 77 is parallel on M  in the con­
nection 7n+i. This means that a transversally geodesic submanifold M  of 
the manifold M  is totally geodesic in the connection 7„+i. □

Note that Theorem 1.5 generalizes a theorem on transversally geodesic 
те-surfaces proved in [9] (see also Theorem 14 in [10] or Theorem 1.9.2 in
[16]).

4. There are many special classes of (n + l)-webs W , n > 2, which are 
characterized both geometrically and analytically (see [12], [15], [14], [5] or 
[16] and [1], [2], [18]).

We will now prove that if the web W  is of a certain special type, then 
any of its transversal subwebs W  is of the same kind.

First let us describe special classes of webs W  by analytic characteriza­
tion since these analytic conditions will be used in our proof.

We will consider here the following classes of (n  -f l)-webs W , n > 2:
1. Reducible (n+  l)-webs W  of different kinds, for example the reducible 

webs which are defined by the condition: a ' . =  a* ..
0 / 3 3

2. Transversally geodesic (n +  l)-webs W : â \jk) = ^(j â k)-

3. (2n +  2)-hedral (n +  l)-webs W : â \jk) = 0.

4. Group (n + l)-webs W  of different kinds, for example of the kind for 
which =  a)ki a\3 k) = 0 , a < ß .

5. Parallelizable (ra -(- l)-webs W : a ' . = 0.
a IУ

6. Isoclinic (n + l)-webs W : ~ [̂/t ^j]-

7. (n -f l)-webs W  with paratactical 3-subwebs W : a | , = 0.

8. Hexagonal (n -)- l)-webs W : h ' , ,  = 0, where
o/3J

h \u  =  2 b)W )  +  o“ob'fc0 — a
0 * 0 0*0

_ m  _ i I
‘10-

9. Curvature-free (n 4- l)-webs W : b ' fc. =  0.
o/3J

10. Grassmannizable (n -(- l)-webs W : a ' fc =  A , + A

11. Algebraizable (n + l)-webs W : h^kl = 0.

In the case n = 2, i.e. for 3-webs W  = W (3,2, r), the following special 
classes are known (we will indicate the analytic characterization for 3-webs 
W):
«/3

1. Paratactical 3-webs W : a*. = 0.,JKa ß  aß '
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° - i 01*10 = 0 , or2. Bol 3-webs W  of three different kinds: b
a ß  a ß W 1

b = 0.
aß3̂

3. Moufang 3-webs W : b  =  b f ,n.
& a ß  a ß 3"  a ß V kV> _

4. Transversally geodesic 3-webs W : b \ , n = S} ■ b la.
a/3 ctß 'J  ' У a ß

5. Hexagonal 3-webs Ж : 6 } •. n = 0.
a ß  a ß 0 * 0

6. Group 3-webs IT : b = 0.
a ß  aß r

7. Isoclinic 3-webs W : ö!-,, = í ! ö m .or/J а/зЬ*] bQ/3fcJ
8. 3-webs W  of three different kinds with a partially symmetric curvature

a ß
tensor:

« > ] '  “  ° ’ «У» i*i,] "  ° ’
or 6,л*о -  °-a/3'

9. 3-webs W with a completely symmetric curvature tensor: 6 *.. =
a/3 а/Э"7*

«Vo«)-
10. Grassmannizable 3-webs IT : =  <5?- <z u, 6 =  /  j^SJ + <7 +

a ß  a ß 3 u a ß  J a ß 3 a g  a p

where the tensors /,•*, <7 , * and h jk  are symmetric.
a ß  3 a ß  a ß  a ßr

11. Algebraizable 3-webs IT : a ’. = <$?. ä u ,  6 ', ... =  0.
Ö a ß  a ß ]к V a ß *  Q/30*0

12. Parallelizable 3-webs W : ä*-. = 0, 6 = 0.
a ß  a ß j k  aß>kl

D e f i n i t io n  1.8. We will say that a class of webs IT is tensorially defined 
if its analytic characterization is of a tensorial nature.

It is easy to see that all classes of webs IT, which were listed above, are 
tensorially defined classes.

T h e o r e m  1.9. I f  an (n + l)-u>ei> W , n > 2, is in a tensorially defined 
class, then each of its transversal (n -f \)-subwebs W  is in that class.

P r o o f . The proof is based on the fact (which can be also deduced from 
a so-called indirect test for tensor character (see [4]) th a t if some tensor 
Zßji зр' ! 3 = satisfies the equation similar to the equations (1.31)-(1.33):

(1.44) 7 '
a ß Л -Л » 4“ !ei l  r i p  _  r t  %bai • • • SOp Sb5v*i...ap>Q/3

and the tensor Z \  • = 0, then
a ß 3 l '3P

(1.45) ebz
a ß{4—aP = 0.
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Since the quantities ££ are the coordinates of an arbitrary tangent vector
(1.14) satisfying the differential equations (1.30), it follows from the equation 
(1.45) that

(1.46) aßai„.ap =  0.

For example, in the case of a  transversally geodesic (re +  l)-web W , we have 

(L47) (aßW  ~ 6 Ua0 k)) ^  = -  *<»*/>) ’

where &ь = (£ a t. Applying (1.45), we get £ (  ä j b) -  6 ? ä b)) = 0 and,

as we indicated in our rem ark (see the equations (1.44)-(1.46)), it follows 
tha t 1/ =  6 ? ä b), which means that a transversal (re +  l)-subweb W  is

transversally geodesic.
In some other cases, certain identities may be useful during the proof. 

For example, if re > 2, in the  cases 4, 8 and 10, the following identities may 
be applied:

«jfc&b = C<b,

aßabc 2J/3(ai>c) + X 1“4  ß a ß ^
— а я, , а ^ +  а ? а {

0 (аЬа()Ш ^  а0 (аЬ0 аШ '

□

Note also that a similar theorem is valid for other special classes of 
(re + l)-webs W  which are intersections of the classes indicated above, for 
example, for reducible Grassmannizable (re-f l)-webs W , reducible algebraic 
(re-f l)-webs W ,  etc., since it is obvious tha t the intersection of two tensorially 
defined classes of webs W  is again a tensorially defined class.

5. We will now describe the (n + l)-webs W  = W(re +  l ,n ,r )  given on 
an (rer)-dimensional manifold M  = X nr which have the following property 
(property P„): for every transversal tangent (res)-dimensional subspace (s 
is fixed, 1 ^  s < r) of the tangent space Tp(M ) passing through any point 
p G l ,  there exists a transversally geodesic submanifold tangent to the given 
subspace.

Note that in [1] transversally geodesic 3-webs and in [9] (see also [10] or 
[16]) transversally geodesic (re +  l)-webs W  were defined as webs satisfying 
property Pi.

Note also th a t the Grassmann (n + l)-webs which were studied in [2] for 
re = 2, in [5] for re = 3 and in [13] for any re > 3, satisfy property P, for all 
s =  1 ,... , r . In  fact, the Grassmann webs W (n  + 1, re, r) are represented on 
the Grassmannian G(n — 1, r  +  n — 1) of (re — l)-planes of a projective space
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P r+n and every (s + n — l)-dimensional projective subspace of P r+n 1
determines a subweb W  = W (n  + l ,n ,s ) .

The following theorem shows that in the case r > 2, for an (n -f l)-web 
W  to be a Grassmannizable (n +  l)-web (i.e. equivalent to a Grassmann 
(n + l)-web), property P2 is sufficient.

T heorem 1.10. An  (n + 1 )-web W  =  W (n  +  1 ,n ,r ) , r > 2, satisfying 
property P2  is a Grassmannizable (n -f l)-web.

P r o o f . First let us show that property P2 implies property P j. Let 
7rn be a transversal n-plane in the tangent space TP(M ) and let 7r2n and 
g2n be transversal (2n)-spaces such that xn = 7Г2" П g2n. By property P2, 
there exist transversally geodesic (2n)-submanifolds M i and M2 tangent to 
7Г2" and g2n, respectively. Consequently their intersection M i П M2 is a 
transversally geodesic n-submanifold tangent to 7rn. This gives property 
Pi. As we indicated earlier, the latter means that our (n T l)-web W  is 
transversally geodesic.

If the web W  has property P2, then equations (1.31) are satisfied identi­
cally with respect to the coordinates £,• Now let us alternate equation (1.31) 
with respect to the indices b and c. We obtain

(1.48) = « Д м -

One can easily see that this equation and equation (1.34) are the same.
The rest of the proof follows the lines of the proof of Theorem 3 in 

[6]. Since equation (1.48) is also satisfied identically with respect to the 
coordinates ( ' the tensor a ?. , is a linear form of these coordinates. Since

Sa а/З^
this tensor is skew-symmetric in the indices b and c, we have

d - 49>

Substituting (1.49) into (1.31), we obtain

(1.50) « ;4 й , = й (д
Since equation (1.50) is satisfied identically with respect to the coordinates 
£*, it implies

(1.51) *ьЧс' = \ Ь* A* P1' *bk°j°b ~a ß
К & Ь ъa ß  3

Contracting equation (1.51) with respect to the pairs of indices 6, b' and c, c', 
we obtain

(1.52) > * ] =  b u 6 [
a ß 4>
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where fr, = — |  Aj^. As was proved in [11] (see also Theorem 1.11.4 in [16]),
0/3

if r  > 2, equation (1.52) holds if and only if the (n + l)-web W  is isoclinic.
Since the (n +  l)-web W  is transversally geodesic and isoclinic, according 

to [11] (see also [12], [13] or Theorem 2.6.4 and Theorem 5.2.1 in [16]), this 
web is Grassmannizable. □

The following corollaries immediately follow from Theorem 1.10: 
C o r o l l a r y  1.11. Property P 2  implies properties P,, s =  3 , . . .  ,r . □
C orollary 1 .12. I f r > 2, then a web W  is a Grassmann ( n |  1 )-web 

if  and only if it satisfies properties Pa, s = 1 , . . .  ,r . □
In the proof of Theorem 1.10 we deduce the transversal geodesicity of 

the web W  from property P2. However, if n > 2, we could deduce this 
from conditions (1.31) using the same method which we used to prove the 
isoclinity of W . We will perform this in the following proposition:

P r o p o s it io n  1.13. If n > 2, condition (1.31) implies that the web W  
is transversally geodesic.

P ro o f . Equations (1.31) are satisfied identically with respect to the 
coordinates . Now let us symmetrize both members of equation (1.31) in 
indices b and c. We obtain
(1.53)

Since equation (1.53) is also satisifed identically with respect to the co­
ordinates the tensor ő is a  linear form of these coordinates. Since
this tensor is symmetric in the indices b and c, we have
(1.54) “ (be) =  A ahhCc + \ ackt f .

a ß W  a ß b* a ß 0*  b

Substituting (1.54) into (1.53), we obtain

(1-55) a ; 4 f ‘ =  a  Д Ь Й  + Л £{Í) .

Since equation (1.55) is satisfied identically with respect to the coordinates 
, it implies

(1.56)
<*ß

= A
a ß , b k v z + K Ma ß  J

Contracting equation (1.56) with respect to the pairs of indices b,b' and c, c', 
we obtain

<1Л7> .“> ) =
where c^ — ~t A A s  was proved in [9] (see also Theorem 16 in [10] or

Theorem 1.9.7 in [16]), if n > 2, equation (1.57) holds if and only if the 
(n +  l)-web W  is transversally geodesic. □
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2. Local a lg eb ra s  a sso c ia te d  w ith  a n  (n + l)-w eb  
a n d  its (n +  l)-subw ebs

In this section we give an algebraic interpretation of relations (1.31)- 
(1.33).

1. It is known that an algebra structure is associated with any web 
W (n  + 1, n, r) (see [19] or [16]). This structure consists of (!]) A-algebras (in
[17] they were called Akivis algebras and originally in [3] they were called 
W-algebras) and ([[) C-algebras (in [19] and [16] they are called comtrans 
algebras).

We will describe these A-algebras and C-algebras in terms of our (n + 1)- 
web W. For each 3-subweb W  and corresponding canonical affine connection

a ß
7n+i> tangent (2r)-space T(e) of the coordinate binary loop F (p) of

a ß  a ß
the 3-sub web at the identity e, there exists an A-algebra (Rr , [ , ]а/з, ( , , ) a ß )

aß
with two operations: the binary commutator defined as

(2-1) [Z,V]aß = öpfcOOfV

and the associator defined as

(2-2) (£,>7,0 i s  =  J ^ i W í V í * .

where a*, and b V,. are defined by (1.21) and (1.22), £ ,T],(  € T (e) are tan-
aßJ a ß J a ß

gent vectors, and these two operations are connected by the Akivis identity 
(the generalized Jacobi identity):

(2-3) [[£> vlaßi C]a/3 +  [[*7> C]arj3? £]a/3 + [[C>£]a/3> Vlaß =

=  (£> 4" ( 7 )  C» Oor/3 "b (C í Í )  r f a ß  — C ) a ß  ~  (C» 'Hi V ) a ß  ~  (£ ?  C> V ^ a ß

(see [3], [6], [17], [19] or [16]).
For each 4-subweb W , in the tangent (3r)-space T  (e) of the coordi- 

aß~1 aßt
nate ternary loop F  (p) of the 4-subweb at the identity e, there exists a

aß-y
C  -algebra (Rr ,[ , , ]a ß-y, ( , , )aß-y)  with two operations: the ternary

aß~/
commutator defined as

(2.4) [£. v, c i u  =  (Ai„ -  a; „ ) « £ V c *

and the translator defined as

(2-5) (£ ,4 ,0 U  = (A t, -  А;Ы)(Р)£’Л ‘ ,
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e) are tangent vectors and A‘w = A^ kl are the co­

efficients from the cubic chunk F  3 of the power series expansion of the
aß - /

functions F  ' defining the ternary loop F  (p). This cubic chunk is (see [19]
a ß - /  aß- /

where £ ,77, (  £ T  (
a ß  7

or [16]):

( 2.6)

/ 0  = <  +  4  + <  +  E  €\ » r  + 2 E  c0 kluÍuW r  +  \  j klu iu kßu \,
(г.т) (e.T>T)

where £ ,r  = a , /3,7 and the notations (£ ,r) and (e ,r , r )  mean that the 
summations are performed with respect to all combinations of (e, r )  and 
(£,T,r).

Note that the formulas (2.4) and (2.5) are obtained if one calculates the 
ternary commutator [£, 77, C]«^ = t v (  — v£( and the translator (£, 77, C)aß-y = 
= ( 7]  ̂— £77£ of the cubic chunk M 3  of the masked version

M  = F  {a} + F  Ш  + F  {7 } -  F
otßy  <xß~/ <*ß~1 <*ß~1 a ß y

of the coordinate loop F  (p), where for example F  {7 } is the coordinate
a ß y  a ß ~/

loop of the 3-subweb W , i.e. F  {7 } =  F  (see [19] or [16]). The coordinates
a ß  aß- /  a ß

M  з  of this cubic chunk M  3 have the following form:
a ß -у a ß  7

(2.7) i uke ,u l ) = <  + Ufl + u' \i „.i „.к l 
^ jk l^ a  3 T

2. We will study now the 4-web (2.7).
D e f i n i t i o n  2.1. The 4-web defined by the equations (2.7) is said to be

the comtrans 4-web associated with the 4-web W .
a ß 7

Let us denote this 4-web by Cap7. For this 4-web Ca(g7 we will denote 
by A  \ы and В \ы, Q ,p,v — a , /3, 7 , the torsion tensor, its Pfaffian
derivatives and the curvature tensor.

P r o p o s i t i o n  2.2. The torsion tensor, its Pfaffian derivatives and the 
curvature tensor of the comtrans 4-web Cap7 are expressed in terms of the 
coefficients of the expansions (2.7) and variables u'a by the following expres­
sions:

.8)

0k  =  g (5 A k r  -  -  lKuk)u° - Щмк)иЪ +  °Л),
0 k  = g(5A‘iJfc -  A -  3^{j\q\k)uß -  1ЛЬ к ) Л  + °(í>2),

= K 5Aí9fc ~ K qj)u4ß -  \K (jk )Ua ~ 5^\jk)qU* + °(^)>7a
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J ^ j k l  -  U 5X )kl +  Xkjl)  +  0 ( p )>

4 J u = 4 ^ ы = ~ *{x'jik + x 'k ,j)+ o (e ) ’

ßaar>kl =  -y£ a ’ kl =  “ в ( АУ* +  X'lkj) +  <Кв),

A j k l  =  A ' jk l  =  ~ U Xjk l  +  Xkjl)  +  °(e),

( 2 . 10)

B^kl =  ’n ( X'kjl ~  Xj l k ) +

< BJki = n ( A/V, -  А*у/) + °(p)>

= n ( Aji/fc “  A)fcj) + °(^)>

where q =  шах | | , ^  —► 0  if t —► 0 .

P roof. To prove the formulae (2.8)-(2.10), one should apply the corre­
sponding formulae of [12] and [7] (see all of them in Section 3.3 of [16]) and 
equation (1.5). □

COROLLARY 2.3. The torsion tensor, its Pfaffian derivatives and the 
curvature tensor of the comtrans 4-web Caß-y at the identity e of the coordi­
nate ternary loop of the 4-web W  are expressed in terms of the coefficients

aßt
of the expansions (2.7) as follows:

( 2 . 11) = 0,

( 2 . 12)

(2.13)

A jk i -  6 (5AjfcJ + Akji)’

4 p>u ~  4ß>hi ~ - e (A>,fc + л’̂ ) ’

A  =  A j k i  =  ~ K x )jk  +  x 'ikj)i  

= ~ h (x\ki + Abi)>
~taaJßaoPk^

A \kl = A
ßW airjkl

Bpjkl -  12 ( x k jl  -  Aj/*)> 

< ßylkl = n ( A/itj ~  XkjA  

Bjki = Ы х)1к -  x \kj)-

P roof. The proof immediately follows from the formulae (2.8)-(2.10) 
where = 0 , p  =  a, /3 , 7 . □
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Corollary 2.4. Every 3-subweb W , g,p = a, /3,7, о/ the comtrans
an

4-web Ca0 y is parallelizable.

P roof. This follows from equations (2.7): if for example и* = 0, then

(2.14) M  з(и£, Uß, 0) =  uj, + u'ßi
a ß - f

which means that the 3-subweb W  is parallelizable. Of course, the same
aß

result can be obtained if, using the formulae similar to the formulae ( 1.21) 
and (1.22), one calculates the torsion and curvature tensors of this 3-subweb 
and observes that both of them vanish. □

3. We will now find the expressions of the ternary operations associated 
with the 4-web W .

aßf
P roposition 2.5. The ternary commutator and the translator o f the 

4-web W  at the identity e o f a ternary coordinate loop of this 4-web have
aß-f

the following expressions in terms of the torsion and curvature tensors o f the 
comtrans 4-web Caß1:

(2.15) K ,4 ,C ]U  =  -  J ^ iXpX V c',

(2.16) <£, 77, C )U  = i«  -  A U X p ) f JVk<' = - 1 2 B L W t,*?  =
K ß-rr  'Уа а  a ß

= - U B U j i p W W  = - 1 2 B ) lk(P) ^ VkCl .
ß~t 7«

P roof. The formulae (2.15) and (2.16) follow from the formulae (2.4),
(2.5) and the formulae (2.12) and (2.13) of Corollary 2.3. □

D efinition 2.6. We will call the ensemble consisting of the C -algebra
aß- f

of the 4-subweb W  and the three A-algebras of its 3-subwebs W , Q,p = 
a ß -f  an an

= a , /3, 7 , the (AC)-algebra associated with the 4-web W . The full set of (”)
aß- f  a ß - f

such algebras will be called the (AC)-algebra associated with the (n-f- 1 )-u;e6 
W .

Note tha t, given the indicated (AC)-algebra, i.e. (") A-algebras and (”)

C -algebras, one can construct (but not uniquely) a local analytic те-агу 
aß-f
loop such th a t the constructed n-loop in turn determines these algebras as 
its A- and C-algebras (see [19] or [16]).
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4. In addition to the binary and ternary operations in the A -algebra of
a ß

each 3-subweb IT, and to the ternary operations in the C -algebra of each

4-subweb W , further operations of arity h = 4 ,5 , . . .  can be introduced
aßt

in the vector spaces tangent to the coordinate loops T(e) and T  (e) of
a ß  aß ' l

these 3- and 4-subwebs at the identity. They can be defined by means of the 
Pfaffian derivatives of the fundamental tensors a ' ,  and 6 of the 3-subweb

a ß ]K a ß 3*1
and of the fundamental tensor A  of the comtrans 4-web of the 4-subweb:

a ß 3

the tensors t о =  { a ’-.}, i 3
aß  aß>k aß

ß = a ,ß ,  etc. and the tensors
t’ 3

a ß = { < 4aß

Г 3
aß-t - -  4  Jkl)>aßr

» 3 =  {6( A  )kl -  AJifc)} = { - 1 2 ^ , }  = { -1 2 B \kj} = {—1 2B jlk},
a ß i 7 а  а aß ß t ?a>lki

* 4 — { 6 ( ^  ' j klm -  &  }jfcm )}  -  { - 1 2  В  ~
aß- /  ß ~n  7 a a  <*ße

=  { ~ 1 2  B \ k j m )  =  { - 1 2  B ' J l k m )

(q = a, ß , 7 ) of type (^) dehne h-ary operations (h = 2,3 ,4 ,. . .) :

(2.17)

a ß

t  3  
aß

t 's
a ß

( T ) 2 (e) —> T(e),
a ß aß

( Г ) 3( е ) - Г ( е ) ,
a ß  aß

( T ) 3( e ) - + T ( e),
a ß  aß

r 3 : ( T  )3(e) -> T  (e),aß-t Cr ß-ty
T 4 : ( T  )4(e) -> т (e),aß-t aßl aßl
a 3 : ( T  )3(e) -> T  (e),aß-t <*ßi °ß-t
s 4 :aß-t ( T  П е )aß-t -  T  (e). aß-t

D e f i n i t io n  2.7. The vector space T(e) with the operations (2.17) is 
called a local (AC)h-algebra of the web W  at the point p.

A d a  M athcm aiica H ungarica 62, 1993



76 V. V. GOLDBERG

It is easy to see tha t the (AC)-algebra introduced in Definition 2.6 is the 
(AC)3-algebra.

In a similar manner the operations

(2.18)

t h : ( T ) h( e ) - >T( e) ,
a/3 a/3 a  /3

X (e)’
where /1 = 2 ,3 ,4 , . . . ,  and the corresponding (.AC)/,-algebras are defined in

aßt
the tangent (2r)-space T(e)  of the coordinate binary loop F(p)  of each 3-

a ß  a ß

subweb W  and in the tangent (3r)-space T  (e) of the coordinate ternary

loop F  (p) of any 4-subweb W , where t/,, t'., rh and 5/, map (T)h(e) into 
a ß 7  or/3-y

Г(е).

T heorem 2.8. The local (AC)h-algebra of a subweb W  of the web W  is 
a subalgebra of the local (AC)algebra of the web W  at every point p £ M .

P r o o f . First, as was proved in Theorem 4 of [ 6 ] ,  any A  /.-algebra asso-
a ß

dated with a 3-subweb W  of the 3-web IT is a subalgebra of the A/,-algebra
aß  aß  aß

of the 3-web W .
aß

Next, the comtrans web associated with the 4-subweb IT is a 4-subweb
a ß

of the comtrans web associated with the 4-web W ,  since for any (ns)-
aß~i

dimensional submanifold M, its leaves are intersections of M  with the leaves 
IT . This implies th a t for the embedding iaß^\ T  (e) —► T (e) which is
aß~i aß-f  a ß t
defined by equations (1.14) or by

(2.19) <  = {‘a ; ,

the torsion and curvature tensors of these two comtrans webs and their Pfaf- 
fian derivatives are connected by the relations similar to (1.31)—(1.33). In 
other words, for example for the operations r/, and f/, we have the following
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(1.31). On the other hand, if we have (1.31) identically satisfied for all £*, 
we can deduce from it the isoclinity of W  as was done in the proof of Theorem 
1.9. Moreover, if n > 2, in Proposition 1.12 we proved that this condition 
also implies the transversal geodesicity of W .

We will define now almost trivial (AC)/,-algebras. This notion will help 
us to find a characterization of Grassmannizable (n +  l)-webs W .

D e f i n i t io n  2.11. The (AC)/,-algebra of the coordinate loop F (p ) of an 
(n + l)-web W  is said to be almost trivial if each of its linear subspaces is 
an (AC^-subalgebra.

Now we are able to prove a theorem giving a necessary and sufficient 
condition for an (ra + l)-web W , n > 2, to be a Grassmannizable (n -f l)-web 
W  in terms of almost triviality of its (AC)2-algebra.

T h e o r e m  2.12. An (n+l)-web W , n > 2, is a Grassmannizable ( n + l ) -  
web if and only if its (AC )2 -algebra is almost trivial.

P r o o f . Since a Grassmannizable (n + l)-web satisfies property Ps for 
any s = 1 ,2 ,. . .  , r ,  it follows from Definition 2.11 tha t its (AC)2-algebra is 
almost trivial. Conversely, suppose that the (AC)2-algebra of an (n +  l)-web 
W , n > 2, is almost trivial. Then equations (1.31) are identically satisfied for 
all fá- As we mentioned above, this implies that the web W  is both isoclinic 
and transversally geodesic. According to [11] (see also [12], [13] or Theorem 
2.6.4 and Theorem 5.2.1 in [16]), this web is Grassmannizable. □

Note that a similar theorem for 3-webs W  = W (3,2, r) which has been 
proved in [6] (Theorem 6) requires almost triviality of their Аз-algebras. 
This is explained by the fact that the transversal geodesicity condition for a 
3-web W (3,2, r) is expressed by the equation b b щ  containing the

curvature tensor, while the transversal geodesicity condition for an (n  + 1)-
web W in  l ,n ,  r), n > 2, is expressed by the equation o}.M =  6 } a

a ß V K) U a ß  '
containing the torsion tensor.
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commutative diagram:

( T  )ft(e)- aßi

*h

( T )”(e)-
aßy

r h

fh

< T  )(e)
a ß y

< T  )(e)
0,01

Similar diagram is valid for the operations s/, and 3/j. This means that the 
C  /,-algebra of a 4-subweb IT is a subalgebra of the C /,-algebra of a 4-web

aß- r  a ß y  a ß  7
w .  □

aß- r

5. In [6] the notion of an almost trivial ^.-algebra of the coordinate 
binary loop was introduced. In our notation and terminology this definition 
can be formulated as follows:

D e f in it io n  2.9. The A /,-algebra of the coordinate loop F  ofa3-w ebIT
a ß  a ß  a ß

is said tobe almost trivial if each of its linear subspaces is an A /,-subalgebra.
a ß

Definition 2.9 describes property P , for a 3-subweb W  in terms of its
a ß  a ß

Л /j-algebras. It was proved in [6] (Theorem 5) that if r > 2, the local A 2-
a ß  a ß
algebras of a 3-web W  are almost trivial if and only if W  is isoclinic. This

a ß  a ß
implies the following result:

THEOREM 2.10. I f r > 2, the local A 2 -algebras o f all (£) reduct 3-
a ß

subwebs W  of an (n -f l)-web W  are almost trivial if and only if W  is
a ß

isoclinic.
P r o o f . In fact, if r > 2 and W  is isoclinic, then all its 3-subwebs W

a ß
are isoclinic (see Theorem 4 in [11] or Corollary 1.11.7 in [16]). Analytically 
this means tha t we have equations (1.64) or equivalent equations (1.52) for 
any a,ß\  а ф ß.  By Theorem 5 of [6], it follows that the local Аг-algebras

a ß

of all (!]) reduct 3-subwebs W  of an (n + l)-web W  are almost trivial.
V2/ a ß

Conversely, if all these A 2-algebras are almost trivial, then, by Theorem
a ß

5 of [6], all the 3-subwebs W  are isoclinic. This proves the isoclinity of the
a ß

whole web W  (see again Theorem 4 in [11] or Corollary 1.11.7 in [16]). □
6. The almost triviality of all A/,-algebras implies condition (1.48) (or

a ß
the equivalent condition (1.34)). However, this does not imply condition
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MULTIPLICATIVE FUNCTIONS SATISFYING 
A CONGRUENCE PROPERTY. V

В. M. PHONG* (Budapest)

An arithmetic function /(те) ф 0 is said to be multiplicative if (те, m) = 1 
implies

f ( n m )  -  /(n ) /(m ).
If this equation holds for all pairs of positive integers те and m, then we 
say that /(n )  is completely multiplicative. Let Л4 and M*  denote the set 
of integer-valued multiplicative and completely multiplicative functions, re­
spectively. M. V. Subbarao [5] proved that if /  £ M. satisfies the relation

(1) /(те + тег) = /(m ) (mod те) 

for every positive integer те and тег, then

(2) f (n)  = na (те = 1, 2, . . . ) ,

where a is a non-negative integer. In [2], A. Iványi extended this result 
proving that if /  € M*  and (1) holds for a fixed m  and for every positive 
integer те, then /(те) also has the form (2). For some generalizations of these 
results we refer to [3], [4]. For example, from [4] it follows that the result of 
A. Iványi mentioned above is true for a multiplicative function /(те).

Our purpose in this paper is to give a complete characterization of those 
functions f  £ M  which satisfy

/(Ате -f В)  =  C (mod те)

for every integer n >  N.  Here A > 0, H > 0, C /  0, A > 0 a r e  arbitrarily 
fixed integers with the condition (A, B)  = 1. I. Joó examined the special 
case A =  p prime and C = f ( B )  in [6].

We shall prove the following

T heorem. Let A > 0 ,  B > 0 ,  С ф О  and N  > 0 be integers with the 
condition (A, В ) = 1. I f  f  £ M  satisfies the relation

(3) /(Ате + В) = C (mod те)

* Research partially supported by Hungarian National Foundation for Scientific Re­
search Grant No. 907.
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for every integer n > N , then there are a non-negative integer a and a real­
valued Dirichlet character x  (mod A ) such that

(4) /(» )  =  X(n)na 

for all positive integers n which are prime to A.
C o r o l l a r y . Let A  and N  be positive integers. I f  f  € M  and g € M

satisfy the relation

f ( A n  -f m)  =  g(m)  (mod тг)

for every integer n > N , rn > 1, then there are a positive integer a and a 
real-valued Dirichlet character x  (mod A) such that

/(» ) = 9(n ) = X{n)na

for all positive integers n which are prime to A.
We shall use three lemmas in the proof of our theorem.
L e m m a  1. Assume that A , B , C , N  and f  satisfy the conditions of the 

theorem and (3) holds for every integer n N . Then

(5) f ( B )  = C 

and

(6) f ( Q aB ) f ( Q ) = C f ( Q ' +1) (^ =  1, 2, . . . )

holds for each positive integer Q coprime to A.
P r o o f . Let Q ,s  be positive integers for which (Q ,A ) = 1. First we 

prove tha t (6) holds.
Let p be a prime with (p , QB ) =  1. Let e0 be a positive integer for which 

pe° > max(C, N).  Then for each positive integer e > e0 there are positive 
integers x =  x(e), у =  y(e) such that

(7) Q’x — l-\ -Apey and ( x , QB)  = l.

Since pe > N,  by using (3) and (7) we have

(8) f ( Q sB) f (x)  = f ( Q ‘x B ) = f ( B  + ApeyB) = C  (mod pe), 

and so

(9) f ( Q eB ) f ( Q ) f ( x ) =  C m  (mod pe).

Since (Q , Axp)  = 1 we can choose positive integers и = u(e) and v = v(e) to 
satisfy

(10) Qu = В + Axpev and (u,Q)  = 1.
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Let

(11) X  = xu  and Y  = By  + x 2 Qav.

By using (7), (10) and (11) we have

Qa+1X  = (Qax)(Qu) =  Qax(B  + Axpev) = (1 + Apey)B  + Ax 2 peQav =
= В + Ape(By  + x 2 Qsv) = В + A Y p e.

Thus, applying (3) we obtain the congruence

f ( Q a+1 ) f ( X )  = C (m o d /) ,

consequently

(12) f ( Q a+1 ) f ( Q X )  = C f ( Q ) ( m o d / ) .

On the other hand, from (3), (10) and (11) we get

(13) f ( Q X )  = f ( x ( B  + A xpev)) = f ( x ) f ( B  + Axpev) = C f ( x ) (mod / ) .  

Thus, by (9), (12) and (13) we have

(14) f ( Q sB ) f (Q ) f ( x )  = C f ( Q a+1 ) f (x)  (mod / ) .

It can be easily seen by (8) that

/(* )?£  0 ( m o d / 0),

since pe° > C. This with (14) implies

f ( Q ' B ) f ( Q ) s  C f ( Q a+1) (mod pe- e<°+1) 

for every integer e ' t  eo, which leads to

f ( Q ‘B) f (Q)  = C f ( Q a+1).

Thus (6) is true. It is obvious that (5) follows from (6) with Q = 1. Lemma 
1 is proved.

Lemma 2. Assume that A , B , C , N  and f  satisfy the conditions o f the 
theorem and (3) holds for every integer n > N . Then there is a non-negative 
integer a such that

(15) |/ (n ß ) | = na |/ ( ß ) |

for all positive integers n which are prime to A.
P roof. Let Q be a positive integer for which (Q , A B ) = 1. By using 

Lemma 1 we have

(16) № ' )  = № ) ’ (s = 1, 2, . . . ) .
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We show that if q is prime, then

(17) q I f ( Q )  implies q | Q.

Assume indirectly that q \ f ( Q)  and q \  Q- We choose a positive integer 
s0 to satisfy qB° > max(C, N) .  Then there are positive integers z and t such 
th a t

(18) Q,0z = В  + Aq‘°t and ( z ,Q)=  1.

By using (3), (16) and (18) we get

0 = f ( Q Y ° f ( z )  = f ( Q a°z)  = f ( B  + Aq‘°t) = C (mod q’°),

which is a contradiction, since qs° > C. Thus (17) is proved.
By (17) it follows that for each prime p for which (p , A B ) = 1, we have

(19) f{p)  = ±pa{p),

where a(p) > 0 is an integer. Now we prove that for distinct primes p, q we 
have

(20) a(p) = a(q).

Let p,q be distinct primes for which (pq,AB) = 1 and let a(p) > a(q). 
Since (pq ,A B ) =  1, from Euler Theorem we get that

(Pqk)2^ ^  = 1 (mod A)

holds for every positive integer k, where <p denotes Euler’s totient function. 
Let

(21) (рдк)ЫА) = 1 + AT{k).

It is obvious th a t there is a positive integer ko such that T(k)  > N  for every 
integer к > k0. By using (3), (19), (21) and Lemma 1 we see that

/ В = C = f ( B ) (mod T(k))

and

/  [(pqk)M A ) B] = f(p)M A ) f (q) 2 k*{A)f ( B )  =

=  р 2Ш - а ( я ) М А ) ( м к ^ “( я М А ) / ^  s  p 2(a(p) -a(q) )V(A)  ^m Q (i

holds for every integer к k0. These imply a(p) = a(q), since T(k ) —» oo as 
к —► oo. So (20) is proved. By (19) and (20) there is a non-negative integer 
a such that

(22) I/(гг) I =  na if (n , A B ) = 1.
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Now we prove (15).
Let те be a positive integer for which (те, A) = 1. Then there is a positive 

integer Q — Q(n) such that nQ = 1 (mod A) and (Q , A B ) = 1. For each 
positive integer t let us define h(t), H ( t ) by the relations

(23) h{t) := 1 +  2<p(A)t and nQh<*> = 1 +  AH(t).

Let t0  be a positive integer for which H(t) > N  if t > t0. Then, by using (3), 
(22), (23) and Lemma 1 we get

f {B)  = C = f (nQh^ B )  = f ( Q h^ ) f ( n B )  =
= f (Q)Kt)f { n B ) = ± QahWf ( nB)  (mod #(*))

holds for every t > to, where a is a non-negative integer which is given in 
(22). Using (23) we have

naf ( B)  = ±{nQh^ ) af ( nB )  = ± f ( nB )  (mod H{t)),

which implies \f(nB)\ = теа |/ ( 5 ) |,  since H(t)  —>• oo as t —>■ oo. This com­
pletes the proof of Lemma 2.

Lemma 3. Let g{n) be a complex-valued, multiplicative function with 
g(An + В) = с ф 0 for fixed integers A > О, В and all sufficiently large 
integers те. Then there is a Dirichlet character y(mod A) so that g(n) = 
= х(те) for all positive integers n which are prime to A.

P roof. This lemma is identical to Lemma 19.3 in [1].
P roof of the T heorem. Assume that A , B , C , N  and /  satisfy the 

conditions of the theorem and (3) holds for every integer n ' t  N.
Now consider the function

0(n ) = ^ T  (n =  1,2, . . . ) ,na
where a is a non-negative integer determined in Lemma 2. It is obvious that 
g{n) is a multiplicative function.

In the following we shall prove that for all sufficiently large integers n

(24) g(An + B) = g(B ) and g{B) ф 0,

which, by using Lemma 3, proves the theorem.
First we note that from Lemma 2 we have

(25) l/(n)l — if (те, AH) = 1.
We shall prove that

(26) |/(те)| = теа if (те, A) = 1.
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Let d be a positive divisor of B.  Then there are infinitely many positive 
integers m which satisfy

(27) m  > N  and ^Am + dAB^j = 1.

By using (3), (25) and (27) we have

which gives 

(28)

f ( B )  = f ( A m d  + B )  = f ( d ) f  [ A m  + f )  =

= ± f ( d )  Am +  ^  = ±f (d)  (mod m),

\f(d)\ _ \ f(B)\  
da Ba

Applying (28) in  the case d — 1, we get that \ f (B)\  = B a, and so
(29) |/(d )| =  da foraU d \ B .

Now let p be a prime for which p | B, pk° || B. From (29)
(30) l /(p ‘)l = / “
for all positive integers к < ко. If к > ко, then (30) and Lemma 2 give

l / ( / ) l  = (Pk~k0)a | / ( / ° ) |  -  CPk- ko)apkoa = Pka.
In both cases we have

\f(pk) \ = p ka ( k =  1, 2, . . . ) ,
which with (25) proves (26).

Since (An +  B , A )  = (A, В ) =  1 for every positive integer n, we get from
(3) and (26) th a t g(B) = ±1, g(An  + B) = ±1 and

g(An + B ) ( A n  + B)a = f ( A n  + B) = f ( B ) = g(B)Ba (mod n) 
holds for every integer n> N .  These imply

g ( A n  + B) — g(B)  for all n > max(iV,2Ba).
This proves (24) and so the proof of the theorem is finished.

P r o o f  o f  t h e  C o r o l l a r y . Assume th a t f , g  e M  and 
f (An  +  m)  = g(m) (mod n)

for every integer n  ^ N, m > 1, where A and N  are given positive integers. 
Applying the above congruence in the case m  =  1, from our theorem we get 
th a t f ( n ) = х(я-)па, f°r aU n  coprime to A,  where a > 0 is an integer, x  is a 
Dirichlet character (mod A).  Thus we have

g(m) = f ( A n  + m) = x (A n  + m)(An +  m )a = x (m )m a (mod n)
for every positive integer n > N  and for every positive integer m for which 
(m , A) -  1. This congruence shows that g(m)  =  x (m )ma f°r aU m  coprime 
to  A.
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PALEY SETS AND
TERM BY TERM DYADIC DIFFERENTIATION 

OF WALSH SERIES
C. H. POWELL and W. R. WADE (Knoxville)1 *

1. D yadic d ifferen tia tion

Let G be the dyadic group, m be its Haar measure, and тро, ф\, • • • rep­
resent its characters. Thus G = {(xo, x j , . . . ) :  x,' =  0 or 1}, the sum of two 
elements in G is defined by

(x0,x b . . .) + (2/0, y i , . . .) =  (|x0 -  2/01, |xi -  3/11, . . .  )

and m(E  + x) = m(E ) for all x £ G and Borel subsets E  of G. Also, if
OO

к — J2  k f t 3 for a given integer к > 0 where each kj = 0 or 1, then 
3 = 0

A . «  =  Ш “ 1)*'*'
3 = 0

for x = (x0,x i , . . . )  € G and + у) =  for all x ,y  G G and
к = 0 ,1 , . . . .  Moreover, the V’fc’s are essentially the Walsh functions. (See 
Fine [3] for details.)

For each integer j  > 0 let \ . . . )  € G be defined by

h{i) = Í 1 lf i = 3 
* 1 0 if i ± j.

Butzer and Wagner [2] defined pointwise dyadic differentiability in the fol­
lowing way. Let x G G and suppose /  is a function on G defined at the 
points x and x + h^3\  j  = 0 ,1 ,__ For each integer n > 1 set

n—1
< W , * ) = E  2i - 1( / ( * ) - / ( x  + fiW)).

i=o

1 This research was supported in part by a National Science Foundation grant INT-
8620153.
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Then /  is said to be dyadically differentiable at x if

df(x)  := lim dn(f ,  x)
П — Ю О

exists and is finite. The function df(x)  is called the dyadic derivative of /  at 
x.

Given integers n, к > 0 let (k)n represent the integer congruent to к 
modulo 2". Thus (k)n p where 0 ^  p < 2" and к = /2" -f p for some 
integer / > 0. Butzer and Wagner proved

(1) dnxpk = (к)пФк for n ,k  = 0, 1, -----

Thus each Walsh function фк is everywhere dyadically differentiable and 
d-tpk -  kipk for к = 1, 2, . . . .

The Rademacher system is given by фп := те = 0 ,1 ,----Onneweer
[4] characterized dyadic differentiability of absolutely convergent Rademacher 
series on Vilenkin groups (a class of compact abelian groups which contains 
the dyadic group). Specializing to the dyadic group, his results can be stated 
as follows. If

OO

/  := У УакФк
к-О

converges absolutely on G then /  is dyadically differentiable at a point x 6 G 
if and only if the derived series ]Г)2какфк(х) converges in which case

OO

df(x) = ^ 2 какфк{х). 
k= о

In [8] it was conjectured that this result holds for all lacunary Walsh series, 
not just the Rademacher ones. We shall verify this conjecture. In fact, we 
shall show that term by term dyadic differentiation holds for a large class 
of gap Walsh series whether they converge globally or not. Our techniques 
extend easily to any group of integers of a p-series field, but it is not clear 
how to proceed for Vilenkin groups of unbounded type.

2. W alsh  se ries  w ith  P a le y  se ts  fo r ind ices

For each finite set E  we shall represent the number of elements in E  by 
# £ •

Let 0 < Ax < A2 < . . .  be integers. The sequence A = {Ay} is called 
lacunary if there is a number q such that

•y+i
Aj

> q > 1 for j  — 1, 2, . . .  .
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It is called a Paley set if

# { j :  2 N < Aj < 2n+1} = 0 (1 ) as N  -> oo

(see Rudin [6]). It is easy to check that every lacunary sequence is a Paley 
set, with

A, < 2n+1} < log 2/ log q.
It is clear that there exist Paley sets which are not lacunary.

Lemma 1. A sequence of positive integers A = {Ay} is a Paley set if 
and only if

( 2) as N  -* oo.

P roof. Clearly, every Paley set satisfies (2).
Conversely, if A is not a Paley set then for every integer M  there is an 

integer N  such that

# { j :  2 n  <  Ay <  2 n + 1 } >  M .

Fix N  and let j o  he the smallest index j  which satisfies 2 N  < Ay <  2 ДГ+1. 
Then

oo

У - >  У '  1
^  Ay =  ^  A ,

3=3  о 3 2n < \ j < 2n +1 3

m ^ M  
2^ + i = 2 Xjö'

In particular, A cannot satisfy (2). This completes the proof of Lemma 1.
Some authors call A weakly lacunary if Ay+ i / A y  {. 1 as j  —► oo. Notice 

that if A is weakly lacunary then

v--> 1sup XN V  — =
N > 0  j r f ,  x 3

oo.

In particular, no Paley set is weakly lacunary.
Let /  € Ll (G).  Recall that Walsh-Fourier coefficients are defined by

/(*) := J  /tMm,
G

Walsh-Fourier series by

S[f] := £ /(* № Jb
k= 0
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partial sums of 5 [/] by
П— 1

Sn[f]
fc=0

and Cesaro means of 5[/] by

<U/] ■= 5 ^  Í 1 -  }(к)фк
fc=o '  '

for n  = 1, 2, . . . .
We shall say that a Walsh series S  is of Paley type if

OO

i=1

for some real coefficients a\} and some Paley set {Ay}. It is known (see Fine 
[3]) that a lacunary Walsh-Fourier series converges if and only if its Cesaro 
means converge. The following result shows that this property extends to 
Walsh series of Paley type.

T heorem 1. Let S  = акФк be a Walsh series whose coefficients sat­
isfy ak —► 0 as к —*■ oo. Set

П— 1
S n  =  ^ 2  О.к'Фк

k= О
and ак'Фк,

for n = 1 ,2 ,___I f  S is of Paley type then lim (Sn -  on) = 0 uniformly onn—+oo
G.

P roof. Fix an integer n > 1 and recall that each Walsh function takes 
on only the values +1 or —1. Thus we have by hypothesis that

(3) \ S n - 0 n \ z -  £  a> AjI,n *—'Aj<n

for some Paley set { A y } .

Let e > 0. Choose Щ  so large that |aAj| < £ for j  ^  iV0. We may 
suppose that n > Â 0 and choose N  so large that An  < n ^  \ n +i - By (3) 
we have

1 JVo-l N
|5„ -  „̂1 < -  A j I а А,-1 + = A n  + e B N -
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Since No is fixed, it is clear that A n  —*• 0 as N  —*■ oo. In particular, it suffices 
to show there is an absolute constant C such that

(4 )
1

Xn

N

for N  > No.
Fix N  > 1. Apply (2) to choose M  > 1 such that

(5 )

for к = 1 ,2 ,__ Thus

Xk
- i

Y - =  У  — < ( i - — ) У — - 
k ^ Xj j =N- l Xj Xn~'  ̂ M '  ^ 1 X>

In fact, an easy induction argument establishes
OO OO

( 6)
~  1 1

j = N  3
X,

j= k  3

for к = 1 ,2 ,... , N  and r = 1 — 1 /М.  Combining (5) and (6) we obtain
N  oo л \  N  oo , , / o o  ч - i  N

X N

1 JV oo ^ у N  \  N  oo , ,  у oo  ̂ ч —1 N  oo

*£«£**) s£ £ Ä 5 ö
Since 0 < r < 1 we conclude that (4) holds for C = M /( l  — r). This 
completes the proof of Theorem 1.

We notice tha t Theorem 1 holds for any bounded orthonormal system in 
place of the Walsh system. In particular, in spite of the fact that I cannot 
find it in Zygmund [9], Theorem 1 holds for trigonometric Fourier series.

Let C(G) represent the space of functions continuous on the group G.
Corollary 1. I f  S[f] is o f Paley type then £[/] converges a.e. when 

f  £ -^(G ) and converges uniformly when f  £ C^G).
Recall that L ip(l, G) is the collection of functions /  £ C(G) such that 

sup sup |/(:r + h) -  f ( x ) I =  0 ( 6 )
|/»|<ix£G

as 6  —* 0. Fine [3] proved that f (k)  = 0 ( l / k ) as к —» oo for all /  £ 
£ Lip(l, G). The following result shows that when S[f] is of Paley type, this 
growth condition characterizes Lip(l,G).
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Theorem 2. Suppose f  £ (7(G) has a Walsh-Fourier series o f Paley 
type. Then f  £ L ip(l,G ) if  and only i f  f ( k )  = 0 (l/fc) as к —* oo.

Proof. Choose M  > 0 such that

(П  1/(41 s  f

for к = 0 ,1 , . . . .  Let 6  > 0 and choose an integer n so large that 21_" ^ 6  < 
< 2-n . Since Walsh functions are locally constant, it is clear tha t к < 2" 
and |/i| < 6  imply rpifx + h) = V’jfc(z). Thus we can use Corollary 1 to write

(8) f ( x  + h )~  f i x )  = £  /(A,)(V>Aj (z + h ) ~  ф,Xji x ))
Ay >2"

for all |/i| < 6 , x, h £ G, and some Paley set A = {Aj}.
Choose N  so that Ayv-i < 2” ^ Адг- By (7) and (8) we have

00 1
| / ( x  +  / 0 - / ( * ) | < 2 M £ -

;=лг

for all |h| < 6 , x , h  £ G. It follows from (2) and the choice of n tha t

sup I f i x  +  h) -  f i x )  I < ^  < M '2~n < ~ 6  
|h|<Ä *N 2.

for some absolute constant M '. We conclude that /  £ Lip(l,G).
(Note: This same proof establishes the trigonometric analogue of Theo­

rem 2.)
Since the coefficients of a term by term dyadically differentiable Walsh 

series satisfy a t = o(l/fc) as к —» oo we see that the condition of term hy 
term differentiability of a Walsh series of Paley type is much stronger than 
a Lipschitz condition.

3. T e rm  b y  te rm  d y a d ic  d iffe re n tia tio n
The following result was proved in [5].

Lemma 2 . Let b ^ \  bk, and Xk be real numbers for  n, к = 0 , 1 , . . . ,  and
OO

suppose Xk converges to a finite real number. 
k=о

OO OO

(i) I f  ^2 Ib* — bfc-j-i I < oo then bkXk converges to a finite real number.
k= 0  k = 0

(ii) I f
OO

i6!:n) -  bk+i\ = M  < °°
k=0
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for n = 0, 1, . . .  and b[n) —> bk as n —► oo then
OO OO

Jfc=o lc=0
exist and are finite.

We shall use this result to obtain a local criterion for term by term  dyadic 
differentiation of Walsh series of Paley type.

T heorem 3. Suppose A = {A.,} is a Paley set and a0 , a i , . . .  is a se­
quence of real numbers such that ak ф 0 if and only if к — Aj for some j  > 1.

OO

Let x 6 G and suppose kakipk(x ) converges to a finite real number. Then
k=о

f  := ^ajfcV’fc
fc=o

exists and is finite at x and x + for n = 0, 1, . . . ,  is dyadically differen­
tiable at x, and

OO

df(x) = У^ к а кфк(х).
k= o

P roof. Fix n ^ 0 and define a sequence bo, b \ , . . .  by

ip\1 (h(n'l) / \ j  if к = A j for some j  
0 if к ф A j for all j.

Since фк(х + it is clear that

bk
{

акфк(х + h(n)) =  какЬкфк(х).
k=o k=o

Moreover, we have by (2) that
OO °° 1

D 6*i = ' E y .  < o °
i=1 3fc=0

Hence the sequence {bk} is of bounded variation and it follows from Lemma 2 
i) that f ( x  + h(")) exists and is finite. A similar argument shows / ( x )  is also 
defined. Hence dn( f ,x )  makes sense.

Use (1) to write
oo oo ,,,

dn( f , x ) =  y » „ a * V * ( x )  = У ] —j ^ k a kTpk(x).
fc=o k=o
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Since (k)n —► к as n —► oo it suffices by Lemma 2 ii) to find an absolute 
constant M  such that

Л » : = £
i - 1

for n = 1, 2, . . . .
Suppose n is large enough so that A^v-i < 2" ^ Â v for some N  > 2. 

Since (k)n = A: for A; < 2" we have

(Aj )„ (Ai+ i)„
A, A,

< M
j +1

(M n

for j  < N . Consequently,

(A+n)
Aj'+i

a,= E
J=2V

(AJ>n <A,+ l) r
b ' + i

(AAf)n
A jv + 2 £

P A
j'= jV +l ^7

oo 00 1
< 1  + 2(2") ^  _ < i +  2A^ 5 3  дГ-

3 =N+1 J i=N+i

In particular, (2) implies An is uniformly bounded in n and the proof of 
Theorem 3 is complete.
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CONVOLUTION PROCESSES OF FEJÉR TYPE 
AND THE DIVERGENCE ALMOST EVERYWHERE 

OF A POINTWISE COMPARISON
N. KIRCHHOFF1 and R. J. NESSEL (Aachen)

1. In tro d u c tio n

The present paper is concerned with negative results to the pointwise 
comparison within a class of convolution processes, previously employed by 
Shapiro (see [8, Chapter 5]).

To this end let Ci* — be the Banach space of functions / ,  de­
fined and continuous on the vV-dimensional Euclidean space RN, 27T-periodic 
in each variable, endowed with the usual norm ||/ || := m ax{|/(a:)|: x G R^}. 
Let M o = be the class of real-valued, bounded measures /x on R ^,

satisfying ^{v,u} := Y  v;u

(1.1) /хл(0) =  o, /хл(и) := (2tt) - n / 2 f  e-^v’uUfi(u).

For /X G M q consider the convolution process of Fejér type, for n G N (set of 
natural numbers) given by
( 1.2 )

T £ f(x )  := (2tt)_ív/2 Í  f ( x  -  u/n)dfi(u) = (2тг)_лг/2 f  f ( x  -  u)d/in(u),
Rn RV

where /xn G M o  is generated by /x via its Fourier transform /хлп(и) := /хл 
A(v/n). Note that the normalization (1.1) takes care of the fact tha t in the 
applications the sequence {/x„} will represent the remainders of processes, 
approximating the identity.

Concerning the uniform comparison of two processes Shapiro (see [8, p. 
78], also [1, p. 494]) has given a sufficient condition in terms of the global 
divisibility of the Fourier transforms of the generating measures /x, v G Mo-

1 Supported by Deutsche Forschungsgemeinschaft Grant No. IIC 4-N el71/7-l.
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Indeed, if vA divides pA globally, i.e., there exists a bounded measure Л such 
tha t p A(v) = \ A(v)i/A(v) for all v 6 R ^, then for /  6 Cik

( 1 . 3 )  \\T fif\ \< M .\\T ^ f\ \

with constant M , independent of /  and n € N. Shapiro further remarks 
(see [8, p. 120]): ‘Another interesting area for study is how far pointwise 
(rather than norm) approximation theorems can be inferred from the Fourier 
transform of the kernel.’ In this connection a pointwise interpretation of (1.3) 
in the sense that

(1.4) l^/(x)|<M-|TnV(x)|
for many points x  £ R v will certainly be possible for smooth functions, for 
example, for polynomials (cf. (1.6)). But for functions which are less smooth, 
the situation is quite different. In fact, Theorem 3.3 establishes the existence 
of counterexamples / 0 € С?ж, even belonging to some Lipschitz class, such 
that

(1.5) limsup
n —+oo

\TSfo(x)\
\TXfo(x)\

= oo

holds true almost everywhere (for counterexamples, satisfying (1.5) at one, 
prescribed point, see [4]). Apart from the linear independence, the condition 
upon the Fourier transforms of the generating measures will be that they 
have the same asymptotic behaviour at the origin in the sense that for some 
r e  N

(1.6) pA( k /n ) = Ok(n r ), uA(k /n )  = Ofc(n r ) (n —► oo)

for each к £ ZN , the set of integral lattice points. This then extends the 
result, obtained in [3] for the special case of one-dimensional Fejér and Abel- 
Poisson means.

In Section 2 some ingredients are prepared, needed for the proof of di­
vergence assertions of type (1.5). These include a lemma of A. P. Calderon 
(Lemma 2.1) and a quantitative resonance principle (Lemma 2.3), dealing 
with the comparison of two families of sublinear functionals, depending upon 
rather arbitrary index sets. Section 3 starts with the aforementioned result 
for periodic functions (cf. Section 3.1), but the problem will also be discussed 
in the space Cq =  Co(RiV) of functions / ,  continuous on R jV, vanishing at 
infinity, i.e., lim f ( x )  = 0 (cf. Section 3.2). These general results are then

| x |  — ►OO

applied in Section 4 to some specific examples, establishing, e.g., the diver­
gence almost everywhere on R^ of a pointwise comparison of the convolution 
processes of Bochner-Riesz and Gauss-Weierstrass.
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2. P relim inaries

A basic tool will be the following lemma of A. P. Calderon. For a proof 
see [9; 11, p. 165].

L e m m a  2 . 1 .  Let {Hk} be a sequence of measurable subsets of RN, 2 x -  
periodic in each component such that with N -dimensional Lebesgue measure 
\ n

OO

(2.1) ^  Ajv(#fc П [—7Г, тг]^) = oo.
k=l

Then there exist points {xjt} C Rw such that

H  := lim sup(Hk -  xk) := P  | J  {x -  <xk : x  G Hk}
n= lk=r

is a set of full measure, i.e., \ ^ (H N \  H ) — 0. Hence almost every point of 
YLn  belongs to infinitely many sets Hk — xk.

To verify (2.1), the next lemma outlines a situation where this can be 
reduced to a one-dimensional problem.

LEMMA 2 .2 .  Let f ,  g be real-valued functions, 2n-periodic and continu­
ous on R. I f

(2.2) Ai({s G [—7Г, tt] : /( s )  < ab 5(s) > a2}) =  a3

for some constants ak, a2, a3 G R, then

L := XN ({ж G [ - 7г ,7г]^: f({ t,x ))  < a i,g ((t,x))  > a2}) = (2tt)n ~1 • a3

for each i = ( i i , . . .  , tjv) € ZN \  {0}.
P r o o f . Given í £ Z" \  {0}, let  t = (<i,. . .  ,tf)  =  (tk l, . . .  , tkj) € ZJ be 

the vector, determined by the nonzero components tk> of t. Correspondingly 
for x € R ^  let x = (x1?. . .  ,x f)  = ( 2 ^ , . . .  ,x kj). Then (t, x) = ( t ,x )  for 
every x G R V. It follows that

L = (2ir)N~iJ d (x  i , . . .  ,x j) ,  A := {i G [ - j f( ( t , x)) <, au g((t, x)) > a2} 
A

Substitutes: = h(z) =  h (z \ , . . .  ,z f) = ( ( z i- z 2- . . . -Z j ) f t \ ,  z2/f2, . . .  ,Z j/ t j) ,  
i

thus det(h'(z)) = П Ф 0, and consider the sets 
i=i

Ax {zx G [—t i 7r + (2r2 +  . . -+Zj), tx7T +  (s:2-(-.. .+zj)]: f ( z k)< a i,g (z\) > a2}, 
M  := {(z2/f2, . . .  , Z j / t j )  G [-x,7r]J-1}.
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Since t\ 6 Z \  {0} and since the functions / ,  g are 27r-periodic, one then has 
by Fubini’s theorem and (2.2) that

= (2tt)

L = (2n ) N ~ 3  J J  U f  f  dz\d(z 2 , . . .  , Z j )  =
,=1 A2 Ai

I  -1 r
h a 3  J  d(z2, . . .  ,z j)  = (2 -k ) n ~ 1 ■ a3. □

The divergence assertions mentioned result from an application of the 
following quantitative resonance principle. For a Banach space X  (with norm 
II • II) let X * be the set of nonnegative, sublinear, and bounded functionals 
T  on X , i.e., T  maps X  into [0,oo) such th a t for all f ,g  € X  and scalars a

n f  + g ) < T f  + Tg, T ( a f)  = \a\Tf, ЦТЦ*. := sup{T /: ||/ || < 1} < <x>.

Let и  he an abstract modulus of continuity, i.e. a function, continuous on 
[0, oo) with

(2.3) 0 =  cj(0) <  u(s) < u>(s + 1) < u>(s) + <j(f) (s , t > 0),

additionally satisfying

(2.4) lim u (t) /t — oo.’ t->o+

Note that (2.3) implies

(2.5) u>(s)/s < 2u (t) /t  (0 < t < s).

Let <r(i) be a function, (strictly) positive on (0, oo), and {<̂ n} be a sequence, 
(strictly) decreasing with lim <pn = 0.

П — ► OO

Lemma 2 .3 . Let A, В  be arbitrary index sets. Suppose that for families 
of functionals {Ut: t 6  (0,oo)}, {Vnia: n £ N ,a  € A}, {W ntC,-. n € N ,a  € 
G А] С X * with

(2.6) \\Vn,a\\x-+ WWn,<*\\x-й Cl (n € N ,a  6 A)

there exist test elements {gn,ß- n € N,/? € В } С X such that

(2.7) llffn^ll < C2 (n € N, ß e B),

(2.8) Utgn,ß й C3m in{l, <r(t)/<pn} (t € (0,oo),n G N,/3 € B),
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(2.9) Vn,a9 j,ß "Ь Wn<a9 j,ß — ö j(<Pn) £ A ,ß  E B ,n  —> oo).

Moreover, for each subsequence {п3} С N let there exist a sequence {Mk} of 
subsets of A (more exactly M{njytk), a sequence of points {/?*,} С B, a family 
of sequences {{£a ,fc}: a  € A] with lim Ea,k = 0, and a constant C4  > 0 such
that for a E Mk

(2.10) V n i ^ o td r i k iß k  = C*4

(2 .11) W nktagnkß k it ea,k-

Then for each modulus и  satisfying (2.4) there exist a subsequence {nj} and 
a counterexample fu, £ X  with

(2 .12)

(2.13)

(2.14)

U t U  =  OM a(f))) (t -  0+),

V n^U  Ф o(w(v„)),

V„,af u ф 0 (W n,af u) (n -»• 00),

simultaneously for each a € M{n .> := lim sup М{П]ук-
к-* oo

Thus the negative result (2.14) on the comparison of the processes {УП)С*}, 
is given in quantitative terms inasmuch as (2.12) assures a certain 

smoothness of the counterexample f u , whereas (2.13) may he interpreted as 
a precision of its nonsmoothness.

P r o o f . Let us proceed via a suitable quantitative gliding hump method 
(cf. [2; 5; 6] and the literature cited there). Starting with n\ =  1, in view of 
the properties of ш and {<̂ „} one may successively select a strictly increasing 
subsequence {n*} C N such that for к > 2

(2.15) wO n fc) < и (у Пк_х) 1 к?,

к — 1
(2.16) ^3k>(<̂ n; ) m ax { l/<pnj, C$t„-} < u(q>nk) /k 2 tpnk,

i= i

where the constants С$уП] result from (2.9) (and (2.6,7)). For this sub­
sequence {nt} C N there exist, by assumption, sets Мк C A and points 
ßk £ В  such that (2.10,11) hold true. Consider the candidate

OO
f w := ^w {< pnj)gn],ßr

3=1
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By (2.7,15) it follows that
OO OO OO

Y s l H V n j b n j ß j W  й C2 ' 52 w((pnj) ^  C2o;(v5i ) ^ 2 - j+1 < oo. 
i=l i=l i=l

Since X  is complete, / ш is well-defined as an element of X . Moreover, f u 
satisfies (2.12). Indeed, suppose that t £ (0,oo) is such that a(t) < Then 
there exists к £ N with <pn k + 1  < a(f) < tpnk, and it follows by (2.5,8,15,16) 
tha t

Uttш й ( 5 3  + 5 3  S) ^ ( <fn J)Utgrijß J <
Vi =1 i=fc+i7

к oo

s c v w E  и(<рП])/<рП] + C3 5 3  ^
J= 1  j = k + 1

< 2C3 a(t)u>(ifnk)/<pnk+2C3w(v?njt+1) < 4C3o;((T(i)) + 2C’3a;(cr(t)) = 6C3u;(cr(i)). 
If t £ (0, oo) is such that <j (£) > </?i, then by (2.8,15)

oo

Utfu ^  C3 5 3 ^ )  < 2C3n;(v?i) < 2C'3u?(<r(i)), 
i=i

thus in any case (2.12). Now let a  6 i.e., a  € Mk for infinitely many
к £ N. For these к it follows by (2.6,7,9,10,15,16) that

( к —1 oo v

53"*~ 5 3  =
i = l

к —1 oo

^ w (^ „ J (C 4-E a ,fc )-5 3 a;(VJnj)C,5,nJ^ n * - 5 3  w(V 4)ClC2>
J= 1  J=fc+1

> w(?„t )[C4 -  oa( 1) -  (1 + 2 C1 C 2 ) /k 2] = w(v>„*)[C4 -  o«(l)]. 
Analogously one obtains, now by (2.11) instead of (2.10), that 
(2-18) Wnkiaf„ = oa(u(<p nJ ) .
Obviously, (2.17,18) yield the assertions (2.13,14). □

3. D iv e rg en ce  a lm o st e v e ry w h e re  o f a p o in tw ise  co m p ariso n

Let fi £ A4o(R'iV) and n £ N. If X  denotes one of the spaces C2ir or Co, 
then Tn (cf. (1.2)) is a bounded linear operator of X  into itself with norm 
\\TX\\ = \M\M (total variation of fi) and

(3.1) ТХ(е{М ) (х )  = n* (v /n )e i<v'x'> (v ,x  6  R N).
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For an abstract modulus of continuity u  and r G N let r-th (radial) Lipschitz 
classes be defined by

L ip > ,X )  := {/ 6 X : u r ( f , t )  = 0 ( u ( f ) ) , t  -  0+},

r ( / , t )  := sup I  D - l ) r ' * ( 0 / (* + jbfc) : Л € = *}•

Since Lemma 2.3 yields counterexamples for which (2.14) holds true simul­
taneously on the limsup of certain sets Mk, the problem is to find, for each 
choice of a subsequence {n*} C N, sets M \t and points ßk such that the lim­
sup is of full measure. Using Lemma 2.1 the following constructs appropriate 
sets Mk and points ßk for testelements gnß  to be chosen later.

Lemma 3.1. Let a,b,c  G ZN with a /  b, с ф 0, and let {n*} C N be an 
arbitrary subsequence. There exist points {ж*;} C R ^  such that

(a) Hi := lim su p (^ tijt + Xk) for each i = 1,2 is a set of full measure,
к—>oo

where

Hlik: = { x e R N : | sin nk{c, *)| > ^ | ,  H2,k ■= {*  € R ^ : | sinnfc(c,a:)|<

(b) H s := limsup (LT| + xk) or H c := l im s u p (^  + xk) is a set of full
k—+oo k—+ oo

measure, where

H£ := [x  G R N : 

x e R N :{

sin - nk(a — b, x) 

sin -Пк(а — b, x)

<; Í ,  I sin Пк 

< i | c °s

(M )l ^

nk{b,x)| > i } .

P roof, (a) Consider the one-dimensional sets

:= | s  G R: I s ín n e l > - } ,  Hk := {.s G R: |s inn fcs| <

For к G N one has Лi(H k П [-тг, x]) = 47г /3, Ai(Hk П [—7Г, 7г]) > 4/к . Setting 
а3 ^ 4/к , t = с as well as ах = 0, а2 = 1/ 2, f ( s )  = 0, g(s) = | sinn^s| or 
ах = 1 /к , a2  = 0, f ( s )  = | sinn*.s|, g(s) = 0, respectively, by Lemma 2.2 one 
obtains that for i = 1,2

(3.2) A^v(R()fc П [—7Г, x]-^) ^ (2^)^  1 -̂.

Thus Lemma 2.1 yields the assertion.
(b) For c = a — b ф 0, hk = п*,/2 one has H2k — Hk U H%. By (3.2) one 

obtains (note that the sets are nevertheless 27r-periodic)

(гтг)^-11  ^ \ N(H ‘k n [-7Г, тг]я ) + A N(H Ck n [-7Г, xf)
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so that the assumptions of Lemma 2.1 are fulfilled for at least one of the 
families {/T£} or {Я£}. □

Turning to the pointwise comparison of two convolution processes of 
Fejér type, it is clear that, if the generating measures /x and v are linearly 
dependent, i.e., /x = A • v for some A £ C, there cannot exist functions / 0 
such that assertions of type (1.5) hold true. So one has to exclude this case 
which is characterized by (with Q C R, the set of rational numbers)

L e m m a  3.2. Let /x, v £ Л1о(К-^) with vA ф 0 and

(3.3) иЧ р) Л ч) = /*Л(? К 0 » )  (p , q e  d N).

Then there exists a constant A  £ C such that /хл =  A • vA.
P r o o f . Since the continuous function vA does not vanish identically, 

there exists p 0  £ such that х/л(р0) ф 0. Then by (3.3)

pA(q) =  [pA(po)/vA(po)]vA{q) =■ A ■ vA(q) (q e Q^)- □

3.1. Periodic counterexamples.
T h e o r e m  3.3. Let p ,v  £ Л4о(В-^) be linearly independent such that

(1.6) holds true for some r £ N. Then for each modulus и  satisfying (2.4) 
there exists a (real-valued) counterexample f u £ Lipr (u>, C2̂ (RAr)) such that

(3.4) \T * U x )I ф о И п - г)),

(3.5) \Т * Ш \ф О { \Т Ц М х ) \)  (n ->  oo) 

for almost every x £ KN .
P r o o f . If necessary, we will represent the complex values pA(a ), vA(a) £ 

£ C \  {0} in polar coordinates via pA(a) — |/хл(а)|е"5°, vA(a) = |i/A(a)|e '0a 
with iia, 0 a £ [0,27t), respectively. Let 0 ф а  — a \/a 2  £ QN (ai £ ZN, 
о2 G N) with /хл(а) ф 0. Since pA(v) — /xA(-v )  (z = complex conjugate of 
z  £ C), in view of (3.1) one obtains for arbitrary d £ R

(3.6) T £ (s in « a i, •) -  tf))(x) = |/xA(a)| sin((ab  x) -  19 + da).

Obviously, the same relation holds true for v with 0 a instead of da.
Let us first look at the case that /x, v are such that for some p = p \/p 2  € 

£ QjV (0 ф pi £ ZN, p2  £ N) one has /хА(р) ф 0 but vA(p) = 0. To apply 
Lemma 2.3 set

X  = C2 w(R n ), A = B = R n , <pn — n~r, a(t) — f , Utf  = u r( f , t ) ,
Vn,xf  = \TCP2 f (x ) \ ,  Wn,xf  = |T^p2/(x ) |,  gn,y(x) = sin(n(pi, x - y ) -  dp).
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Obviously, (2.6,7) are fulfilled with C\ = ||р ||л4 + |М1ль C2 = 1. In view of
(1.6,3.6) one obtains (2.9), whereas (2.8) is valid since

(3.7) « r(ft,,»,*) ^ min{2r ||5n,„||,ir ^  ll^ n -y ll} -
|r|=r

Now let {гг*} C N be an arbitrary subsequence. By Lemma 3.1 (a) for c = 
= pi there exist points {x^} C R ^ such that H1 := lim sup(# ijt + Xk) is a

k —+ 00

set of full measure. In view of (3.6) and the definition of H i к it follows for 
x € Hi к + Xk that

Vnk,*9 nk,xk = |рл(p)l I sin nk (P i, x -xk)\ £ ^  |pA(p)|, W„k}ХдПкл  ^ K (p ) | =  0.

Thus assumptions (2.10,11) are fulfilled, too, and Lemma 2.3 yields the as­
sertion in this special case.

It remains the case of measures p, 1/  for which 1' л (а) =  0 for a £ QjV 
necessarily implies рл(а) = 0. Note that then vA ф 0 since p ,i/ are linearly 
independent. We first exclude the situation that for each a £ where 
р А(а) ф 0 (hence 1/Л(а) Ф 0) there exists ea £ {0, 1} with

(3.8) 0 a = + £aK (mod 2x).

Thus, since p A does not vanish identically, there exists p =  P1/P2 € QN such 
that p A(p) ф 0 and for ep £ {0, 1}

(3.9) 0p ф tip + (mod 2tt).

Setting as above but with дПуУ(х) = sin(n(pi, x —y)-Q p), for any subsequence 
{nk} C N one obtains the existence of points {x^} C R ^  such that H2 is a 
set of full measure (cf. Lemma 3.1 (a)). Now, if x € H2 ,к +  Xk, then

Vnk,xgnk,xk = 1мл(р)| I sin(nfc(pi, x -  xk) -  0 p +  tfp)| >
^ 1мЛЫ 1 [I sin(i?p -  0 p)| I cosnjt(pb x -  xfc)| -  |sinnfc(p i,x  -  xk)\] >

^  |/л р )| sin(i?p -  0 p)|y /l -  k ~ 2 -  ^ > C 4 -  o(l),

Wnk,xgnk,Xk = K (p ) | |s inn fc(pi,x -  xfc)| < \vA(p )\/k  = o(l)
with C4 > 0 in view of (3.9) and |рл(р)| ф 0.

Finally, let (3.8) be valid for each а £ Q v with рл(а) ф 0 (and thus v A 
Л(а) ф 0). Since p, v are linearly independent and vA ф 0, in view of Lemma 
3.2 there are rationals p = P 1 / P 2 , 9 -  9 1 / 9 2  € QjV, p Ф 9 , such that

р л ( р ) 1 / л ( 9 )  ф p A ( 9 ) i / A ( p ) .
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This can he rewritten as (without loss of generality assume pA(p)vA(q) ф 0, 
and if pA(q) = 0, set dq := Qq, £q := 0)

|/хл( р К ( 9)|е*(^+ е ,)  ф |/хл(д)И (р)|е‘^ + е*>),
hence by (3.8) with e := ep — eq

l/A i> K (? )l ф | / A ? K ( p ) |( - l ) e.
Set X ,A ,ipn ,a(t),U t as above, but В = R " x {s, c),

Vn,xf  = IT & ^/O O I, w n,xf  = \ T ^ q2 f (x ) \ ,

9 u,(y,s)(x ) =  1*/Л(«)1 sin(n(a, x -  y) -  4p) -  ( - 1) > л(р)| sin(n(b, x -  y) -  tiq),
9 n,(y,c){x ) = k A(i)l cos(n(a, x - y ) - d p) -  ( - 1) > л(р)| cos(n(fc, x -  y) -  tiq)
with a := qiPi, b := p2<Zi € 1 N . Again (2.6-9) are valid. Now let {rife} C N 
be an arbitrary subsequence. Since p ф q, and therefore а ф b, Lemma 3.1
(b) delivers the existence of points {x*} C Rw such th a t H ‘ or H c is a set 
of full measure. Suppose th a t H s is this set (the other case can be treated 
analogously). Set ßk — (X k,s ). Then (2.10,11) hold true on H£ + xk. Indeed, 
if x £ H£ + x k , then (d := ( - l ) e|/C(g)z/A(p)|/|/C (p)i/A(g)|)

Vnk,x9nk,(xk,e) —

= \pA(p)vA(q)\sin nk(a, x  -  x k) -  ( - \ y \ p A(q)uA(p)\ sin nk{b,x -  x k)

— \pA(p)í>A(q)\ [ s m n k (a , x - x k) - s m n k(b,x-xk)]  + ( l - d ) s m n k( b ,x - x k)
1

> \pA(p)i/A(q)\ |1 -  d\ I sin nk(b,x -  xjk)| -  2 sin- n k(a -  b,x -  xk)

> | /Л р К ( д ) |
[ | l - < f |  2

~ 2  к

WnktXgnk,(xk,s) —
= |И (д )И (р )|| sin(njt(a ,x -x Jk) —i?p+ 0 p) —( —l)esin(nfc(6,x —Xfc) —1?,+  0 9)| = 

=  \ v \ q ) v \ p ) I I sin nfc(a, x — Xfc) — sin nk(b, x —х*)| ^
Л112S 2|K | | sin - n k( a - b , x - x k) < 2 ||И ||2/А:,

which completes the proof of Theorem 3.3. □
3.2. Counterexamples vanishing at infinity. Since С?ж C UCB, the space 

of functions, uniformly continuous and bounded on R ^ , the assertions of 
Theorem 3.3 hold true in UCB, too. In Co, however, one cannot immediately 
proceed as for Theorem 3.3, since the trigonometric test elements do not 
belong to Co- Indeed, instead of (1.6) we now make use of the rate of 
convergence (3.10) on the subset Cq̂ R ^ )  C Co of those functions, which 
have compact support and continuous partial derivatives of all orders.
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T h e o r e m  3.4. Let p ,v  £ М о(И ^) be linearly independent such that

(ЗЛО) н а д  =  11ЗД  = o , ( n - ')  ( i e c s ( R " ) )
for some r £ N. Then for each modulus и  satisfying (2.4) there exists a 
(real-valued) counterexample f u £ Lipr (w, Co(R"V)) such that (3.4,5) hold 
true for almost every x £ R ^.

P r o o f . Choose a function К  £ C ^  such that 0 < K(x) < 1 for x € 
€ R ^ , K (x)  = 1 for | i |  ^ 1. Setting as for the three different parts in the 
proof of Theorem 3.3, but now with testfunctions hn ŷ(x) := K (x /п )д п<у(х), 
it follows that ЬПгУ £ QJg with (2.7) and (2.8) (cf. (3.7)). By (3.10) one also 
has (2.9). For an arbitrary subsequence {n*} C N and for a € Л4о, a £ N

Ш
\т°аПкК к,у{х)\ >

V  \Tank9 uk,y(x)\ (27г ) - ^ 2 | |Р п „ у || / ( 1  -  K (x /n k -  и I an\))\dcr(u)\ =
R v

( + )
= \Tank9nk,y(x)\ — Ох(1),

the latter by dominated convergence. Therefore (2.10,11) hold true for points 
x G M k, the sets being given as in the proof of Theorem 3.3. Hence Lemma 
2.3 yields the assertion. □

4. E x am p les

As a first explicit example consider the A-dimensional (product) inte­
grals of Fejér and Abel-Poisson, defined by

N r .  _ 2sinnuj /2
£ ) 7  * — > n p =

Rv
du,

/!„/(*) := 0 " j  /(* - «) П T T ^JU'
RN J - l J

respectively. The remainders /  -  anf , /  -  Anf  may be rewritten as convo­
lutions of type (1.2) with measures p ,v  £ A ^ R ^ ) ,  given by 

N  N
p*(v) = 1 -  J Jm a x { l -  |v j |,0), vA(v) = 1 -

i= i j=i
respectively. Obviously (1.6) is fulfilled for r = 1, thus Theorem 3.3 delivers 
(for N  = 1 see [3])
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C orollary 4 .1 . For each modulus и  satisfying (2.4) there exists a 
counterexample G Lip1(u>, C ^ ^ R " ))  such that

\fu{x)~ ап/ ш(х)\ф o (u { \/ n)),

\ fU x ) -  ап1ы{х)\ф 0 ( \ f w( x ) -  А п/ Ш(х)\) (n-»oo) 

for almost every x  G R ".

Our next example is concerned with the singular integrals of Bochner- 
Riesz and Gauss-Weierstrass

B n,\ f ( x )  := 7 J f ( x  -  и)тг_АГ(А +  l ) J N/ 2 +x{n\u\)\u\~N n ~xdu,
RN

w n f(x )  := J  f(X ~ u )e~n2 M2 / 4 du,
RN

respectively, where A > Ao is assumed to be beyond the critical index Ao = 
=  (N  —1)/2 and J a {s) denotes Bessel’s function. The remainders f —BH)\ f ,  
f  — W nf  are convolutions of type (1.2) with f i \ ,  о G A/fo(R'v ), given by (cf. 
[10, p. 171])

/Л И J i-(i-Ma)\ И<1
\  1, M > 1 ’

vA{v) := 1 -  е~н \

respectively. Since v A divides p A \  globally, the uniform estimate (1.3) holds 
true, nevertheless, since (1.6) is valid for r =  2, a corresponding pointwise 
estimate is not possible. Indeed,

Corollary 4.2. Let A > (N  — l)/2 . For each modulus и  satisfying
(2.4) there exists a counterexample G Lip2(<*>, Сгя-(ЛЛ)) such that

Ifu{x) -  В П}\1ш(х)I ф 0 ( \ f u(x) -  W nf u (x)\) (n -*■ 0 0 )

for almost every x  G R ".

Moreover, in view of (1.3) and the well-known (uniform) direct estimate

(4.1) II/ -  W „/|| ^ M  ■ o>2( /, 1/n) ( /  G CU R")),

condition (3.10) is fulfilled for r = 2, too, so th a t the assertion of Corollary 
4.2 is also valid for the space Cq.
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Finally, consider the pointwise comparison of the iV-dimensional (prod­
uct) Fejér integral an and the (radial) singular integral of Cauchy-Poisson

Pyf{x )  := r((iV + l)/2)
ff(*r+i)/2 J f ( x  -  u)

RY
( u 2 +  y 2 ) ( N + l ) / 2

du

which solves Dirichlet problem for the upper half space R v X (0,oo), sat­
isfying the boundary condition lim Ц/ — Py/ || = 0. Again the remaindery->o+
/  -  Pi/nf  is a convolution (1.2) with measure v £ Afc^R-^)) given by vл 
Л(п) = 1 — e- luL In view of the weak-type inequality (cf. [7, Corollary 4.2], 
together with (4.1))

(4.2) II/ -  Pi/nf \\S M  • i  /  ( /  £ С„(ЯК))
Ti J  Vs
1/n

one has (3.10) for r =  1 (cf. (3.7)), which also holds true for the (product) 
Fejér means a„, since the analogue of (4.2) is valid for the one-dimensional 
integral (cf. [1, p. 146]). Hence Theorem 3.4 delivers

C o r o l l a r y  4.3. For each modulus и  satisfying (2.4) there exists a 
counterexample f ш £ Lip^u», Со(Я^)) such that

-  ° п/ ш(х )\ ф 0 ( \fu(x) -  P1 /nf u(x)\) (п  оо) 

for almost every x £ R ^ .
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ON THE PRODUCT OF TWO ^-SPACES

J. L. BLASCO and M. SANCHIS (Burjasot)

1. Introduction. The topological spaces used here will always be com­
pletely regular HausdorfF spaces. Let a  be a cover of a space X . A function g 
from a space X  into a space Y  is a-continuous if the restriction of g to each 
member of a  is continuous, and g is a y-continuous if the restriction of g to 
each member of a can be extended to a continuous function on X . A space 
such that every real-valued «-continuous (resp. ay-continuous) function is 
continuous is called an a д- space (resp. an a у -space). Clearly every ад -space 
is an ay-space. A subset I? of X is said to be bounded if every continuous 
real-valued function on X  is bounded on B. Write b for the family of all 
bounded subsets of a space.

The b д -spaces and the by-spaces arise in the study of г-closed projec­
tions ([10]) and also in the problem of the distribution of the functor of the 
topological completion ([4], [13]). This class of spaces also appears studying 
compactness of function spaces in the topology of pointwise convergence ([1], 
§ 2 ) .

In this paper we are concerned with determining conditions under which 
by-continuous functions on a product space X  x Y  will be continuous. We 
apply our results to characterize the class of all spaces X  such that the 
product X  x У is a by-space for every by-space Y.

Notations and preliminaries. Throughout this paper we adopt the no­
tation and terminology of [7]. We write C( X)  for the ring of all continu­
ous real-valued functions on the space X  and C*(X)  for the subring of all 
bounded functions in C(X) .  N  is the discrete space of positive integers.

Write к  for the family of all compact subsets. We shall say that a sub­
space S  of X  is C-embedded in X if every continuous real-valued function on 
S can be extended to a continuous function on X . Since every compact set 
in a completely regular HausdorfF space is C-embedded ([7], 3.11(c)) then 
every k f - space is a &д-space. It is an open question if every by-space is a 
Ьд-space. First countable spaces and locally compact spaces are ^д-spaces 
and therefore by-spaces.

A Frolik sequence in a space X  is a sequence {Í7n}nejv of open subsets 
of X such that for each filter G of infinite subsets of N ,

( W I N - * * -FeG neF
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A subset В  of a space X  is strongly bounded in X  ([14]) if each infinite 
family of mutually disjoint open subsets of X  meeting В contains an infinite 
subfamily {17n}nejv which is a Frolik sequence. According to [11], Propo­
sition 2.3 a subset В of X  is bounded if  and only if for each locally finite 
family U of mutually disjoint, non-empty open sets in X  only finitely many 
members of U meet В . Therefore each strongly bounded in X  is bounded. 
As we will see in the remark preceding Corollary 6, the converse does not 
hold.

A space X  is said to be pseudocompact if C( X)  = C *(X). It is well- 
known that X  is pseudocompact if and only if every sequence of non-empty 
open sets has a cluster point. This result suggests us the following question: 
Is every closed strongly bounded subset of a space X  contained in a pseu­
docompact subspace of X I  We will answer negatively this question with 
Example 7 (ii).

The results. The following proposition was stated by Noble in [11], 
Theorem 2.6 and he asserts that the implications (a)=>(b) and (c) =>■ (a) 
follow by the obvious adaptation of the proof of Theorem 3.6 in [6]. But 
the proof of necessity in Frolik’s Theorem is not correct. A correct proof is 
given in [2], Theorem 1. For the sake of completeness we include a sketch 
of the same one, in order to prove the implication (c) => (a) in the following 
proposition.

P r o p o s i t i o n  1. Let S  be a subset of a space X . The following condi­
tions are equivalent:

(a) S is strongly bounded in X .
(b) For each space Y  and each bounded subset В o f Y ,  S  X В is bounded 

in X x Y .
(c) For each pseudocompact space Y , S  x Y  is bounded in X  X Y .
P r o o f . The implication (b) =>• (c) is trivial and the implication (a) =>• 

=> (b) follows by the adaptation of the proof of sufficiency in [6], Theorem 
3.6.

(c)=>(a). Suppose that S  is not strongly bounded in X .  Then there 
exists a sequence {f7n}ne./v of mutually disjoint non-empty open subsets of 
X ,  meeting S , such that for each infinite subset M  of N ,

П
F e G ( M )  n £ F

for some filter G(M)  of infinite subsets of M.
For each infinite subset M  of N,  we choose an ultrafilter Um  on N  

containing G( M)  and consider the following subspace of ßN:

Y  = N  U { p ( M ) € ß N  — N  I Um  converges to p(M),  M  С IV, M  infinite}.

Then, the space Y  is pseudocompact and the family {Í7„ X {n}}n€JV is locally 
finite in X  X Y.  Therefore 5  X У  is not bounded in X  X Y .  □
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We say that a space X  has property (b) if for each space Y , the product 
A  x В  of each pair of bounded subsets А  С X  and В  C Y  is bounded in 
X  x Y .

From Proposition 1 we have the following result.
Corollary 2. X  has property (b) if and only if every bounded subset 

of X  is strongly bounded.
A space is said to be a p-space if every closed bounded subset is compact. 

Realcompact spaces (closed subspaces of a product of real lines) and P- 
spaces (spaces in which every Gg subset is open) are p-spaces ([7], 8E.1, 
4K.3). Clearly every compact subset of a space is strongly bounded, hence 
each /г-space has property (b).

The family of all strongly bounded subsets of a space is denoted by sb.
T heorem 3. Let X  be a bf-space. Then X  has the property (b) if and 

only if it is an sbf -space.
P roof. The necessity follows from the fact that X  is a 6/-space and 

each bounded subset of X  is strongly bounded (by Corollary 2).
To prove sufficiency, let В be a bounded subset of X  and we are going 

to show that В is strongly bounded.
Let {t7„}„gjv be a sequence of mutually disjoint non-empty open sets in 

X  each of which meets В  and suppose that each strongly bounded subset of 
X  intersects finitely many Un.

For each n £ N , let xn £ В П Í7n and let /„ be a function in C (X ) such 
that /„ (z n) = 1 and /„ (X  — Un) — {0}. Since each strongly bounded subset 
of X  intersects finitely many Un, the function

/  =  £ / ■
П>1

is s6/-continuous and as X  is an s6/-space, /  is continuous.
On the other hand, if

V„ = {x £ X  I |/„ (* )| > 1/ 2}, n € N

then Vn is a subset of U„ and {Рп}пеЛГ is a sequence of non-empty open sets 
each of which meets B. Since В is bounded there exists a point z € X  such 
that each neighborhood of z intersects infinitely many Vn ([11], Proposition 
2.3). Therefore z  ^ (J{i7n | n € N }  and /  is not continuous in z, which is a 
contradiction.

Thus, there exists a strongly bounded set which intersects infinitely many 
Un and consequently there is a subsequence of the sequence {U„}n£N which 
is a Frolik sequence. Then В  is strongly bounded. From Corollary 2, X  has 
property (b). □

Since every compact subset of a space is strongly bounded, we have the 
following
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Corollary 4. Every кц-space has the property (b).
Later we will give an example of a space X  with property (b) which is 

neither a bj-space nor a p-space (Example 7 (i)).
L e m m a  5. Let W  be a non-empty regular closed subset of a space X . I f  

the set W  X В is bounded in X  X Y , then it is bounded in W  X У .
P roof. We shall prove that W  x В is bounded in W  x У , by showing 

that if Un and Vn are open sets in X  and Y , respectively, such that

(t/„ x Vn) П (W  x В) ф 0, n e N

then the family {U„ X Vn}ne./v has a cluster point in W  X Y .
Write Hn = Un П int^W . Since W  is regular closed, we have that //„ is 

an open subset of X  such that (H n X Vn) П (W  X В) ф 0 for each n e N .  
By oi~r hypothesis the set W  X В  is bounded in X  X Y,  hence the family 
{#„ X yn} has a cluster point (x ,y ) e X  X Y.  Since H„ C W  = cl^W  it 
follows that (a:, y) e W  X Y.  Then W  X В is bounded in I f  X 7 .  □

Let В be the class of spaces X  such that for every pseudocompact space 
Y  the product X  x У is pseudocompact. According to Frolik’s Theorem ([6], 
Theorem 3.6) a space X  belongs to  В if and only if it is strongly bounded in 
itself. Consequently, if X is a pseudocompact space which is not in В ([7], 
Example 9.15), then X  is a bounded set that is not strongly bounded.

Corollary 6. Let X  be a locally bounded space. Then X  has the prop­
erty (b) if and only i f  each point o f X  has a neighborhood in B.

P roof. Necessity. Let x e X  and let У be a bounded neighborhood of 
x. The set W  — clx (intj^V) is a bounded neighborhood of x and by our 
hypothesis, the product W  X У is bounded in X  X У for each pseudocompact 
space У. From Lemma 5 the product I f  X У is pseudocompact for each 
pseudocompact space У. Hence we have that W  belongs to B.

Sufficiency. From Frolik’s Theorem ([6], Theorem 3.6) every subset of 
X  which belongs to В is strongly bounded in X . Then by hypothesis, each 
point of X  has a strongly bounded neighborhood and consequently X is an 
sbf-space. From Theorem 3, X  has the property (b). □

Example 7. We write ß X  (resp. vX)  for the Stone-Cech compactifica- 
tion (resp. Hewitt realcompactification) of a space X . The smallest subspace 
of ß X  that contains X  and is a /х-space is denoted by p X.  Since every re- 
alcompact space is a //-space, p X  is a subspace of v X,  and therefore X  is 
C-embedded in p X  ([7], Theorem 8.7, (II)).

If a  is an ordinal, we write a  -f 1 for the ordinal which follows it and 
cjo (resp. uq) for the first infinite (resp. uncountable) ordinal. W ( a ) is the 
space of all ordinals less than a  endowed with the order topology.

Let Q be the product space W (oj\ + 1) X W(u>о + 1) and let us consider 
the following subspaces:
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R  = Q — {(a, lüq) I a  is a countable limit ordinal},
V = R  -  {{u>x} x V F M ), 
r = i r - { ( w 1,w0)}.
In ([8], p. 102]), the following facts are proved:
(1) pT  = vT  = R, (2) A base of bounded sets o fT  is the family J  o f all 

subsets of T  which are of the form

В  =  {W(wX) X { « ! , . . .« * } }  U {{«1, . . .  ,«*} X W(u>0 +  1)}

where n \ , . . .  ,nk are elements ofW(u>o) and a i , . . .  , a*, are isolated ordinals 
o f W( u  i).

We now prove
(i) The subspace U has the property (b) but it is neither a bf-space nor 

a p-space.
From T  C U C R  and (1), we have pU = vU  = R  and hence U is not 

a p-space. By (2), if F  is a bounded set in U such that (u>i,n>o) is not in 
F, then (u>i,u>o) is not in clj/F. Consequently the characteristic function of 
the point (wijWo) is ^-continuous but not continuous. Therefore U is not a 
6/-space.

According to [12], Theorem 2.2 every locally compact pseudocompact 
space belongs to B. Hence the members of the base J  considered in (2) 
belong to B. Therefore each bounded set in U is strongly bounded and by 
Corollary 2, U has the property (b).

(ii) In the locally compact space X  = R  — {(uq,wo)}, the set V  — {cdi} x  
xIF(w0) is a closed copy of N  strongly bounded in X , which is not included in 
any pseudocompact subset of X  (i.e. V  does not have bounded neighborhoods).

Let T  be an infinite family of open subsets of X  meeting V. Then there 
exist two sequences {nk}keN and {i7fc}fce;v in W(u>o) and JF, respectively, 
such that njt < Пк+i and (uq,nfc) € Uk for each к £ N.

Since Uk is open for each к £ N , there exists Ok < w\ such that {(/3, nk) \
I ak ^  ß < u>i} C Uk.

If p = sup{afc I к £ N }, then p < u>\ and for each к £ N , the set 
{(/3,nfc) I p < ß < u>i} is contained in Uk-

Then {/3 + 1} x + 1) is a compact subset of X  meeting each Uk
and therefore {Uk}keN is a Frolik sequence. So V  is strongly bounded in X .

Now let us consider a subset Z  of X  containing V . Suppose that Z  is 
pseudocompact. Since V  is closed in Z, there exists a positive integer n such 
that for every j  > n the point (aq , j )  is not isolated in Z. Inductively, choose 
points (ßj , j )  in Z such that ßj < ßj+i, j  n. Since the set F  = {{ßj , j )  \
I ;  > n} is not included in any member of the base J ,  F  is not bounded in 
T. From (1) T  is C-embedded in R,  therefore F  is not bounded in X . This 
is a contradiction since F  C Z and Z is pseudocompact. □

The following result is a consequence of 3.10(b) in [7].
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L e m m a  8 .  I f  X  is a bf-sapce, then each bf -continuous function g from 
X  into a (completely regular)  space Y  is continuous.

In the proof of the following theorem we use the technique utilized in [3], 
Theorem 5).

T h e o r e m  9. Let X  be a locally bounded space and le tY  be a bf-space. 
I f  the product A x  В of each pair of bounded subsets А  С X  and В C Y  is 
bounded in X  X Y , then X  X У is a bf-space.

P r o o f . Firstly, suppose that X  is pseudocompact and let /  be a real­
valued by-continuous function in 1 x 7 .  If A is a bounded set in У, then 
X  X A is bounded in X  X Y  by hypothesis. Thus, there exists a function 
h € C"{X x Y )  which agrees with /  in X  X A.

Let e(h) be the function from У into C ’ (X) defined by
e(h)(y) = h(-,y), y&Y.

According to [4], Theorem 5.3, e(h) is a continuous function from Y  into 
the Banach space C*(X)  w ith the supremum-norm. Define e(f)  analogously. 
Since e{f)\A =  e(h)\A it follows that e ( / )  is by-continuous on Y  and by 
Lemma 8, e ( f ) is continuous on Y . It is routine to check that /  is continuous 
on X  x Y .

We now prove the result when X  is locally bounded. Let x £ X  and let V  
be abounded neighborhood of x. Then W  = cljf (in t^F ) is a pseudocompact 
neighborhood of x and by Lemma 5 we have that the product IF X A is 
bounded in IF  X У for each bounded subset A of Y . From the preceding 
case, IF X У is a bf-space and hence each point of AT X У has a neighborhood 
which is a by-space. Thus X  X У is a by-space. □

An open question is if the above result holds for Ьд-spaces. From Corol­
laries 4 and 6 we obtain the following result.

C o r o l l a r y  10. The product X  x Y  is a bf-space in the following cases:
(a) Each point of X  has a neighborhood in В and Y  is a bf-space.
(b) X  is locally bounded and Y  is a к ц -space.
In the following examples we shall see that Theorem 9 fails to hold if 

some of the conditions are omitted.
Example 11. In [3], Theorem 1 Blasco proved the following result: Let 

V  be a non-empty regular closed subset o f a space X . I f V  is pseudocompact 
and does not belong to the class B, then there is a pseudocompact subspace Z 
of ßN  and а Ьд-continuous function f  on X  X Z which is not continuous. It 
is easy to verify that the function /  is by-continuous on X  X Z. Therefore, if 
X  is a pseudocompact space which is not in B, there exists a pseudocompact 
space Z  such tha t X  X Z  is not a by-space. □

Example 12. Husek ([9], Theorem 1) proved the following result: I f  X  
is not locally bounded, there are a paracompact k^-space H( X)  and a kft- 
continuous function f  on X  x  H{X)  which is not continuous. Actually, the

A cta  M athcm atica  Hungarica 62, 1993



117

function /  is b/-continuous on X  X H( X)  as an easy check shows. If Q is the 
space of all rational numbers with the usual topology, then Q is a kR-space 
(i.e. has property (b) by Corollary 4) and Q X H (Q ) is not a 6^-space. □

T h e o r e m  13. Let S be the class of all spaces X  such that X  x Y  is a 
bf-space whenever Y  is. Then X  belongs to S  if and only if each point of X  
has a neighborhood in B.

P roof. The sufficiency follows from part (a) of Corollary 10.
Necessity. If X  is a space in S , from Husek’s result quoted in Example 

12, X  is locally bounded and therefore locally pseudocompact ([5], Propo­
sition 4.2). According to Blasco’s result stated in Example 11, if V  is a 
pseudocompact regular closed neighborhood of a point of X ,  then V  belongs 
to B. □

We denote by p the family of all pseudocompact subsets of a space. From
[3], Theorem 6 we have the following.

C o r o l l a r y  14. The class S  coincides with the class of all spaces X  
such that X  x Y  is a pR-space whenever Y  is.

ON THE PR O D U C T  OF T W O  b j-SPACES
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SOME FURTHER TYPICAL RESULTS 
ON BOUNDED BAIRE ONE FUNCTIONS

B. KIRCHHEIM (Bratislava)

The goal of the present paper is to answer most of the problems raised in
[3], Section 4. Therefore, we will widely use the notations introduced in that 
paper. Hence bЛ, ЬА, bV B 1, ЪВ1, bA ik, к = 1, . . .  ,5 , denotes the set of 
bounded approximately continuous functions, bounded derivatives, bounded 
Darboux Baire one functions, bounded Baire one functions, and bounded 
functions belonging to the &th class of Zahorski, resp., all defined on [0,1]. 
Further, for any function /  we denote by Cf ,Af ,  and 7Zf  the set of continuity 
points, the set of approximate continuity points, and the range of / ,  resp.

Since Problem 1 from [3] is closely related to the main part of Problem 4, 
we will start with Problem 2 and return to Problem 1 later.

P roblem 2. What are the typical properties o f A (cl/-1 (y)) and 
p(cl in the three subclasses considered?

For A(cl f ~ l {y)) this question was answered in [10], our treatment of the 
case of a general continuous1 measure p is heavily based on Rinne’s result.

T heorem 1. Let p be a continuous, nonzero (and finite) measure on 
[0,1] and let X  be one of the spaces ЪД, and ЬЛ4*,, к = 1 ,. . .  ,5. Then for 
a typical f  € X  there is a nonvoid open interval I  C R  such that

inf{/r(cl/_1(2/));i/ € I } > 0.

P roof. Let M  be the interior of the set of all /  € X  such that there 
exist a < b with inf{/r(cl/_1(j/)); a < у < b} > 0. Obviously, it suffices to 
show that M  is dense in X .  For this purpose we fix an arbitrary /  € X . 
We have to distinguish two cases. If /x([0,l]\C/) is positive, then we find 
rationals p < q such that the Borel set

S = cl {a; <= [0, 1]; f (x)  < p]  П cl {x e [0, 1]; /(x )  > q} 
has positive p-measure. Since any g G X  is a Darboux function, we get 
S  C clg~l (y) whenever Ц/ -  jf|| < and у e g^ ä^. This shows
that /  € M.  In the other case we can select x\ € (0,1) П spt/r П Cf. Then

1If Ц is not continuous then the answer is obvious.
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for any £ > 0 we find x0 £ (0,Xi) and x 2 £ (xb l)  with sup{/(x);x £ 
€ [x0,x 2]} < inf{/(x);x  £ [x0, x2]} + (e/2). Because x\  £ spt/x, we have 
/r([x0,x 2]) > 0 and we can apply Rinne’s construction (see [10], Theorem 6) 
to obtain a function g £ X ,  a nonempty open interval I  C R., a (nowhere 
dense) compact set К  Q [xo,x2] with p(K)  > 0, and a positive 6  such that 
II/ — </|| < e/2 and that cl h~ 1 (y) 2 К  whenever у £ I  and h £ X  fulfils 
|jh — p|| < 6 . We conclude th a t g £ M  and /  £ cl M.

P roblem 3. Is it true that there is a “large” set Y  ^  7Zf such that 
f ~ \ y )  is countable (finite or singleton) for a typical f  £ T ; T  — b.4, ЬД, 
bV B \  bß 1 a n d y e Y ?

Our answer given below shows that the space bß1 from this point of view 
behaves completely differently from the other classes considered here.

P roposition 1. A typical f  £ Ы?1 is an injective function.
P roof. For n ^ 1 we denote Qn to he the set of all /  £ bß1 such that

к
there exist sets Mi , . . .  , Mk  satisfying (J M, = [0,1], diam(M,) < 1/n, and

1=1
dist(/(M ,), f (Mj ) )  > 0 whenever 1 < i ф j  ^  k. Obviously, any set Qn is

OO

open in b ß 1 and it is easy to see that f) Q„ contains only injective functions.

Hence it only remains to show that each Qn is dense in b ß 1. But this can 
be easily done using “simple” functions, see Theorems 1.7 and 1.8 in [3] for 
more details.

P roposition 2. For a typical f  in any of ЬД, bAd*, к = 1, . . .  ,5, the 
following holds:

f~ 1 (y) Is of power of continuum whenever inf f  < у < sup/.

P roof. According to Theorems 3 and 4 in [9] and the remark at the 
end of [10], for a typical /  any real number is a derived number at any point 
x £ (0,1). This implies that for a typical /  each point x £ [0,1] is either 
a cluster point of / - 1( /(x ))  or a strong local extremum; for x £ {0, 1} this 
alternative is always true. Furthermore, it is easy to show th a t for a typical 
/  and two distinct strong local extrema x and у of this function /(x ) ф f (y)  
holds. Consequently, in typical case / - 1(y) has at most one isolated point. 
But if for the strong local extremum x £ [0,1] inf /  < / (x )  < sup /  holds 
then obviously / - 1(/(х )) П ([0 ,1]\{х}) ф 0. Summarizing we conclude that 
for a typical /  and у £ (inf / ,  sup / )  the level set f ~ l (y) contains at least 
two different points and at most one isolated point. Since moreover

f ~ l (y) =  / - 1((-«М /])П  / - 1([y,oo)) 

is a G$-set, it is of the power of continuum.
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R e m a r k . Using some additional results from [5] we could prove also a 
more precise result: For a typical /  in any of the classes considered above 
we have

(a) There exist exactly two points j/+ =  m ax /  and i/_ =  min /  such th a t 
the corresponding level sets are not of power of continuum, moreover both 
f ~ x{y_) and / _1(y+) are singletons.

(b) There exists a countable infinite set M  С К / such th a t for any у 6 M  
/ _1(t/) is a set of power of continuum having exactly one isolated point.

(c) For all other у € IZf the set f ~ 1 (y) is a set of power of continuum 
without isolated points.

P r o b l e m  4. How large is the Hausdorff measure of / _ 1(j/), С/, / ( С / )  
for a typical f  f

To formulate our results precisely we have to Introduce some further 
notations.

A function <p: [0, oo) —> [0, oo) will be said to be a Hausdorff function if 
is nondecreasing and lim <p(x) — 0. The Hausdorff measure generated

x—»0 +
by the Hausdorff function p  is defined as follows. For M  Q R  and an integer 
n > 1 we put

f Х Л 1
= inf < ^ 2  V>(diam £*); |^J ^ M  and diam Ek < — if к 't 1

4= 1  Jt=i n

Clearly 7f^+1(M ) > Hn{M)  and hence it is possible to define the measure 
of the set M  by

H V( M)  = lim
П —►OO

At first we will answer the questions concerning Hv(Cf) and 7i v’(/(C/)) since 
our results are quite satisfactory in these cases.

L e m m a  1. Let f  €  bß1([0,l]), let U be an open, dense subset of [0,1], 
and let e be positive. Then there exists an approximately continuous map 
g : [0, 1] —► [—£,£] such that

{x e [0, l];osc(/ + g, x) < s) g U.

P r o o f . Since C f  is residual in [0,1], we can select a countable set M  — 
— {я»! i > l } c u n c f  such tha t x € [0,1] is a cluster point of M  if and only 
i f x<£U.  By the Lusin-Menchoff Theorem, see Theorem 6.9.(g) in [7], we 
find an open set G Э M  such that any x £ [0,l]\i7 is a dispersion point of 
G. Because M  has no cluster point in U, we can choose a sequence 
of positive numbers such that the balls r f ), i > 1, are mutually disjoint,
contained in G , and fulfil

sup f (B(xi , ri ) )  < inf /(B (x i,r ,))  +  e for any г > 1.
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Now one easily verifies tha t the map g: [0,1] —► [—£,£] defined by <7(2) =
OO

= E £5«(x)> where 
i=l

9i(x)
0 if x £ B(xi , r i )

sin ^2tt \x~x'^^ if x € B ( x í , ri)

has all properties as required, g\a is even continuous.

T heorem 2. L e t X  be one of the spaces ЪМк, к = 1,4,5, bВ 1 and ЬД, 
and let ip be a Hausdorff function. Then for a typical f  £ X  both 7iv (Cf) — 0 
and Tiv {c\ f (Cf ) )  = 0 hold.

P roof. For n > 1 let and be the set of all /  6 X  such that there 
is an £ > 0 with

(1) osc( / ,  x ) <  e}) < i ,  

and

(2) H*(B({ f (x) ]osc( f , x )  < £},£)) < К

resp. It is easy to see tha t any of the sets £?„, is open in X  and that
OO

7i v (Cf) = 7iv (cl/ (Cf)) = 0 whenever /  £ П n Gn- В remains to show
n=l

that for every n > 1 both sets and are dense in X .
At first we consider Q\. Since the approximately continuous functions 

form an additive class for ЬЛ44, ЪМ 5, b B 1 and ЬД, accordingly to Lemma 1 
Q\ is dense in X  for X  =  ЬЛ44, ЬМ.5 , bf?1 or ЬД. In case X  — bT>Bl we 
use Maximoff’s Theorem, see page 36 in [1]. We fix /  6 bVB 1 and £ > 0 
arbitrarily. Then there is a homeomorphism h: [0,1] —* [0,1] such th a t /  0 
о h £ ЪЛ45([0,1]). Further, we choose an open dense set U C [0,1] with 
7in{U) < 1 /n  and an approximately continuous map g : [0,1] —> [—e, e] such 
that

osc(g + /  о h, x) > £ whenever x € [0, l]\h(U).

Obviously, (g + f  0  h) о h~x 6 bV B 1, \\f -  [(g + f  о h) 0  fi-1]|| < e, and 
{;x ; osc((<7 +  /  о h) 0 fi-1 , x) < ej Q U.

Finally we will show that also the sets Q\ are dense in X . Let X  be 
the set of all /  £ X  such that f{Cj) is finite. As shown in Theorems 4, 9 
and 10 from [4], in any case the set X  is dense in X .  Hence in order to 
finish the proof it suffices to show that X  Q Bub as remarked in the 
proof of Theorem 5 in [4], we have d is t(/(x ), /(С /)) й  osc(/, z) for any x £ 
£ [0,1]. (Indeed, this easily follows from the fact tha t Cf is dense in [0,1].)
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Consequently, for /  £ T  and e £ (0 ,l/4 n ) with card(/(C /)) • <^(4f) < l / n  
we have

Mc = B({f(x)' ,  osc(f ,x) < £},£) g 
Я B{{f(x)' ,  dist(/(x), /(C /)) < £},e) Q B( f (Cf ),2e)

and this means 'Hn{Me) < l /n ,  as required.
R e m a r k . It is easy to see that using Theorems 4 and 5 from [4], our 

proof can be modified to show that even 7Т (̂с1 f ( A f ) )  = 0 for a typical 
/  G b V B 1.

Now we turn to the problem concerning the Hausdorff measure of the 
level sets of typical functions. Simultaneously we also solve

P r o b l e m  1. What are the typical properties of p ( f ~ 1 (y)) in ЪЛ, ЬД, 
and bV B 1 for finite, continuous and Borel regular measure p ?

In [8] the result that A (/- 1(y)) = 0 for a typical /  £ bMk,  к = 1, . . .  ,5 
(which is not covered by [3]) was announced. Here we prove that p ( f ~ 1 (y)) = 
0 for a typical /  £ bAf*, A: = 1 , . . .  ,5 , and all у £ R. The same question for 
Hausdorff measure seems to be more difficult. One basic contrast between 
7iv and a finite measure p is that the set

B^,s = { /  € bB1; there is у with 'Hv ( f ~ 1 (y)) > <5}

need not be closed in b ß 1; compare with Lemma 1.2 in [3]. This can be 
easily seen using a sequence /„ of continuous maps on [0, 1] such that the 
/ „ ’s uniformly converge to the identity and that every /„ is constant on a 
nondegenerate interval.

So we have to choose a new approach and will show that in many cases a 
typical /  is injective on a large set. Consequently, any level set is contained 
in the union of a singleton and of the (small) complement of this large set. 
This moreover demonstrates that the level sets are somehow “uniformly” 
small. Because this point of view seems to be new, we will also deal with the 
question of injectivity on residual sets. Here our result shows a difference 
between continuous and B1 -functions.

The following table demonstrates our present knowledge whether for a 
typical f  £ X  (see the first row) there is a set M  small in the sense indicated 
in the first column such that /  |^0 is injective.

X b V B 1 ЪЛ<2 , ЬД b.M4 ъл С
M  first category YES ? ^YEs- YES Т Е З - NOоIIs£

YES 7 7• 7 7• YES
=  o____ YES YES Т Е З - Y e s Т Е З - ГТЕЗ-

Before proving our statements given above, we make two remarks. First, 
since any <r-porous set is a first category one, it follows that strong porosity
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features like those derived in [2] can not be proved by our method. The 
question2 concerning a-porosity remains open for the classes ЬД and bA4jt, 
к = 1 , . . .  ,5. Second, even more unpleasant is the fact that I am not able to 
answer the questions marked by a bold question mark. Of course, in the light 
of an “interpolation” between bV B 1 and the space C of continuous functions, 
affirmative answers seem highly probable.

T heorem 3. a) A typical f  £ bVB1 is injective on A f .
b) A typical f  £ ЬА, ЪМ4, bA  is injective on Cj.
c) For a typical continuous f  defined on [0,1] there is no residual subset 

of [0, 1] on which f  is injective.

P roof, a) For n > 1 we define Q„ to be the set of all /  £ bV B 1 such that 
there are sets M \ , . . .  , Aijt of diameter less than  1/n and an £ > 0 fulfilling 
dist(/(M ,), f ( Mj ) )  > 0 for 1 < i ф j  < к and

к
У  M i  2 {x € [0, l];oscd( / ,  x) < e). 3
t—l

oo
Again it is easy to see that each Qn is open and that any f  £ П Qn is

n=l
injective on Af .  Finally, the fact that every set Qn is dense in bVB 1 can 
be easily demonstrated applying Theorem 3 from [4] to the simple functions 
appearing in the proof of Proposition 1.

b) Using a slight modification of the proof of Theorem 9 in [4] we obtain 
the following statement. Let f  £ bB 1 and 8  > 0 be given. Then there exists 
g £ b A  with ||<7|| < 6  such that there are sets S  i , . . .  , Sm of diameter less than

m

8  fulfilling (J Si i  {x € [0,1]; o sc(/ + p,x) < e} and d is t ( ( /+ g)(Si ) , ( f  +
1 =  1

+ g)(Sj)) > 0 fo r 1  <| i ф j  < m . (Indeed, using the notations of [4] it 
suffices to ensure th a t diamAfc < 8  and to put <p(x) = vk for x £ A i, where 
the Ufc’s are mutually distinct with |njt — /(m ^ )| < 8 / 2.)4 Now the proof of 
b) closely follows tha t of a).

c) It suffices to  prove that a continuous map /  is not injective on any 
residual subset M  of [0,1] provided /  is not constant on any nondegenerate 
interval and there are 0 ^ a < 6 < c < d < l  with /([a, b]) = f([c,d]). (In 
fact, these properties are typical.) For this purpose we only need to prove 
that any dense G^-subset G of [a, b] is mapped on a set residual in /([a, 6]).

2See the Remark after Theorem 3.

3Here osc f i f ,  x ) =  inf {sup f ( A)  — in f f {A) \  x 6  A  is a dispersion point of [0 , 1]\^4}.

4Compare with the proof mentioned above.
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Therefore, let S = f ([a,b])\ f (G) he a second category set. Since f ( G ) is 
an analytic set, according to [6] §35.11, Corollary 1 the set S  has the Baire 
property. Hence we find p < q with p,q  G /([a, b]) and a G^-set Si  Q S 
which is dense in (p,q). Then T  = f ~ 1 (Si)  П [a, 6] is a G^-set and T  П G = 
= 0. Consequently, T  is a nowhere dense set and we can choose s < t such 
that (s , t ) C f ~ 1 ((p ,q))\T . Then / ( ( s , i ) )  £ (p ,q)\S i and simultaneously 
int /((s , t )) ф 0, a contradiction finishing the proof.

REMARK. It is well known (and easy to see) that the typical function in 
any of the spaces under consideration is nowhere monotone, i.e. (Darboux 
property!) nowhere injective. Therefore a typical /  can not be injective on 
a nonempty open set.

T h e o r e m  4 . Let <p be a Hausdorff function. Then the following property 
is typical in bV B 1: There is a set M  C [0,1] with = 0 such that
f  l([o,i]\M) is injective.

P r o o f . Let Qn , n ^  1, be the set of all /  €  bV B 1 such that there exist 
sets M i  = г =  0 , 1 , . . .  , Ac, satisfying:

к
(1) U Mi = [°*!]’

i'=0

( 2)

(3)

(4)

diam(Mi) < — for i > 1, 
n

dist(/(M ,), f (Mj ) )  > 0 for 1 < г ^  j  < fc, and 

K ( M 0) < 2 -".

Obviously, any Qn is open in bV B 1. Next, assume /  € f) Gn and denote
n=l

oo oo
M  = fj U Mq ( /) . Then ТС*(М) = 0 and it is easy to see that /  |([0д]\м0) 

n=lfc=n
is injective. Hence it remains to prove that each Qn is dense in bV B 1.

For this purpose, fix arbitrary n  > 1, e > 0 and /  € bV B 1. As already 
remarked in the proof of Proposition 1 we can choose a function g 6 bB 1 

with finite range TZg =  { z i , . .. ,z m} such that Ц/ — <?|| < e and that the sets 
Si = 5Г- 1({-г,}) fulfil diam(5,) < 1 /га whenever 1 < i < m. Now we define for 
any i £ R

M +(x) = {у € 5_1(x) П [0,1); there is 6  > 0 with (у , y +  i ) f l  <7- 1(x) =  0} 

and

M~{ x ) = {у € д_ 1 (х) П [0,1); there is 6  > 0 with (у — 6 , у)П <7_1(x) =  0).
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Standard arguments now show that any of the sets M+{x)  and M  (x ) is 
countable, consequently also

M  =  ( J { A f +(x) U  A f - ( z ) ;  x  €  Hg}

is a countable set. We order the members of M  in a sequence {x^};^ with 
Xi ф Xj for i ф j .  Next, we construct by induction a sequence {rk}^=1 of 
real numbers. We put r, = 0 in case 2,- £ (J (xj  — rj, xj  + tj) and otherwise

j<i
we select r, £ ^ • </?_1((0,2_,n)) П (0 ,^ )  such that

(5) Xi -  ri,Xi +  ri £ Cg U ( —oo, 0) U (1, oo)

(since Cfl is residual in [0,1]), and

(6) (Xi -  Г,, Xi + Г,) П ( J ( 2j -  Xj, Xj + Tj) = 0
}<*

(since j2,' — Xj I =  Tj for some j  < i would imply that 2, £ Cg, but СдГ)М =  0 
by definition of the sets M +( x ) and M ~(x)).

OO

Next, we set G = [0,1] П (J (х,- -  г,-, x,- +  ri) and define the required map
1 =  1

g £ Gn as follows. Let J  be a (nonvoid) component of G . 5  According to 
Theorem 3 from [4] there is a map g £ b P ß 1(cl J)  satisfying ||i/ -  5Ц ^ 4 ||g — 
— /II < 4£ and g — g a.e. on cl J.  Further, we choose yi < ■ ■ ■ < yi from J  and 
a  continuous m ap hi cl J —*■ [—4г,4е] such th a t g(J) = {g(yi), --.  ,g{yi)},  
h(jx) -  g(yi) — g(yi) for 1 ^  i ^  /, and h(x) = 0 if x £ d J  П Cg. Finally, we 
put

f h(x) + g(x) if x £ J  and J  is a component of G 
9{X) = l  g(x)  if X €[0 ,1 ]\G .

Obviously, И íj — /II < 9e and, if we denote M 0  = G, Mi  = 5,\Mo, i — 
= 1 ,...  , m,  then  the sets M ”(g) = Mi, i — 0 , . . .  , m,  satisfy the conditions
(l)-(4 ) stated above. Since £ > 0 and n 1 have been chosen arbitrarily, 
in order to conclude that each Gn is dense in bV B 1 we need only to show 
th a t g £ bV B 1 indeed. But it is easy to see tha t j  is a Baire one function. 
According to Theorem 1.1 in Chapter II of [1] it suffices to prove that

g(x)  £ Cl+(x, <7) =  P) cl </((x, x +  t)) if x 6 [0,1) 
t> 0

5I.e. J =  (z; — r,-, Xj +  ri) for som e i with r,- >  0.
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and
g(x) G С Г(х,£) =  P | cl <7((z -  t, x )) if x G (0,1]. 

t> о
Since g |G and g |^0 i ] \ ci g ) are Darboux functions, we may assume that x G 
G dG  and for brevity we consider only С1+(х ,^) where 0 < x < 1, the second 
consideration being similar. If (x ,x  + <5) Q G for some positive 6  then g(x) = 
= g(x) G Cl+(x, <7) because x  =  x,- — г,- for some i > 1, and this implies that 
x G Cg, lim h(t) = 0, and g = g a.e. on (x ,x  + S). In case (x,x +  S) П

t —>X +

n G = 0 for some 6 > 0 we have g \[X<X+S)= 9 \x ,x+S) and  iKx) ^ Cl+(x ,5) 
since x ^ M +(g(x)) Q G. Finally, we easily verify that in the remaining case 
there must be a sequence <jt \  x with <?((x, x + tk)) ^  p((x, x + tk)). Indeed, 
we have g(J) ^ g (J ) for any component J  of G. But then g(x) = g(x) G 
G Cl + (x,£) 2 Cl+ (x ,5f) again follows from a; ^ M +(£f(x)). This finishes the 
proof.

T heorem 5. Tei be a Hausdorff function. Then for a typical continu­
ous f  on [0,1] there is a set M  C [0,1] with Tiv (M) — 0 such that f  |([0)1]\m ) 
is injective.

P r o o f . We define the sets Qn analogous to those in the preceding proof. 
Using uniform continuity it is quite easy to show that с1£„ = C([0,1]) for 
any n > 1. Details are left to the reader.

T h e o r e m  6 . Let X  be a set of bounded В orel functions on [0,1] which is 
complete with respect to the supremum metric and closed under the addition 
of continuous functions. Then for any finite and Borel regular measure p on 
[0,1] a typical f  G X  is injective on a set of full p-measure.

P r o o f . We define the (/„’s like in the proof of Theorem 4, but instead 
of condition (4) we require that p(Mo) < 2 ~n. The following lemma now 
finishes the proof by showing that each Qn is dense in X .

L e m m a  2. Let f :  [0,1] —» R be p-measurable, where p fulfils the con­
ditions stated in Theorem 6. Then for an arbitrary e > 0 there exist a 
continuous function g : [0,1] —<■ [—£,£] and sets M o,... ,Mk such that

к

(1) J jM , = [0,l],
>=o

(2) diam(Mj) < £ for i > 1,

(3) dist((/ + g)(M i),( f  + g)(Mj)) > 0 for  1 % i Ф j  й k , and

(4) v(Mo) < £.
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P r o o f . According to Lusin’s theorem we can find a compact set К  Q 
S [0,1] with /х([0,1]\А) < e/3  such that /  1̂ - is continuous. Since both 
sets {x e [0,l];/i({x}) > 0} and {y e H f,  m( / _1(í/)) > 0} are countable, 
we can choose mutually disjoint closed sets AT, C [0,1], i = 1 ,. . .  ,m , with

m
diam K{ < e and /i([0, l ] \  |J  Kf) < e/3  and mutually disjoint closed sets

1=1
i J C R , j  =  l , . . . , n  with diám К J < e/2  and

f f { x e [0, 1]; f ( x )  <£ ( J  / _1(A J) |  < | .  
j - 1

We set к = m  • n,

M o  =  [0 , i ] \  \ k  n U K i  n U r \ K > )
i—1 j=1

and define the mutually disjoint closed sets = A',+i П П К
for 0 < i ^ m — 1 and \ % j  % n. Finally, we select mutually distinct 
numbers t i , . . .  ,tk such that dist(í,-.„+j, K 3) < e/2  if 0 ^  i < m — 1 and 
1 = j  = n- Tietze’s extension theorem now guarantees the existence of a 
continuous function g: [0, 1] —► [—£,£] such that g(x) =  i/ — f ( x ) whenever 
x € Mi, l — 1 , . . .  ,k .  It is easy to verify that g and Mi, l — 0 ,1 , . . .  ,k, 
exhibit all properties required.

R e m a r k . Since for a fixed continuous measure g, the value ц(М )  is con­
trolled by the diameter of M ,  the following refinement of “Preiss’s Lemma” 
(see Lemma 1.9 in [3]), which can be used to answer Problem 1 in the manner 
of Theorem 1.10 from [3], is obviously new.

L e m m a  3. Let ц be a continuous (finite Borel regular) measure on [0,1] 
and let the function f :  [0,1] —► R be fi-measurable. Then for any e > 0 there 
exists a continuous map g\ [0, 1] —► [0,£] such that p ( ( f  +  д)~г(у)) < £ for 
any у £ R.

Acknowledgement. The author is indebted to M. Chlebik for helpful 
discussions regarding the topics of this paper.
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DIRICHLET SETS 
IN VILENKIN GROUPS

D. J. GRUBB (DeKalb) '

For the purposes of this paper, G will denote a compact, totally discon­
nected, abelian, metric group, i.e. a Vilenkin group, and Г will denote the 
Pontryagin dual of G. We set A(G) to be the algebra of absolutely convergent 
Fourier series on G and PM (G)  the Banach space dual of A(G). Elements of 
P M (G ) are called pseudomeasures. If S  is a pseudomeasure, write S(~f) = 
= (»S', 'y) where ( , ) denotes the dual pairing of PM (G)  and A(G). We 
call S  a pseudofunction if S(y) —► 0 as 7 —► 00 in Г. The collection of all 
pseudofunctions is called PF(G).

A pseudomeasure is said to be supported on a closed set E  if it is sup­
ported as a distribution with test functions from A(G). A  closed set is called 
a (7-set if it supports no nontrivial pseudofunction. The set E  is called a 
strong (7-set if

lim sup |5(7)| = sup ! ) J 
7-»oo 7er

for all pseudomeasures supported on E.
A set E  is called a Dirichlet set if the constant function 1 can be approx­

imated uniformly on E  by elements of Г which go to infinity.
Our first result will be to show that certain sets are (7-sets.
THEOREM 1. Let E  be a subset of the Vilenkin group G such that there 

is a sequence yn in Г with ord(7„) —► 00 and an open subset U of T (the 
circle group), such that 'уп(Е)П U =  0. (Recall that -yn is a map from G into 
T). Then E  is a U-set in G.

P roof. We use the Rajchman Theorem in compact, 0-dimensional, 
metric groups, see Theorem 3 of [1]. To do this, let

/ (е й) =  E  cne'nt
П — — ОО

be a function in A(T) with support in (7. Then the functions /  0 -yn are in 
A(G ) and are 0 in a neighborhood of E. Also,

00 o rd ( -y n ) 00

f  0 7n(z) — ^   ̂ cmln — 'У ] У  ̂ cm+j ord(7n)7n •
m = 1 j = —00

( 1 )
m — — oo
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Since ord(7„) —► oo, and since )T)|c„| < °o, we see that f  о j n(x) —»■ 0 if 
X Ф 1 and -» c0 if X =  1- Since | | /  о 7«|U(G) ^  ll/IU(T), an application of 
Theorem 3 of [1] gives the result. □

In particular, we see that Dirichlet sets are {/-sets by taking U above to 
be any open set separated from 1. However, even more can be seen from the 
next result.

T heorem 2. A Dirichlet set is a strong U-set.
P roof. Our proof is essentially that of [2]. See Corollary 1 of [4] and 

Corollary 2.4 of [5] for the case of the dyadic group.
Let E  be a Dirichlet set and S  a pseudomeasure supported on E. By 

considering 7 S  in place of S, it is enough to show that
(2) lim su p |5 (7 ) | > |5 (1 )|.

7—►OO

S.nce the singleton containing 1 is a set of synthesis on T, for every £ > 0, 
there is an f e £ A(T) such that for \z — 1| < e we have f e(z) =  z — 1 and 
ll/elU(T) = where C is some constant independent of e.

Let £ > 0 and pick 7 in Г with Ц7 -  l||c(E) < e• Then f c 0 7 £ A(G) 
with \\fe 0 t |U(G) = Cs. Furthermore f e о y (x )  = y(x)  — 1 for all x in a 
neighborhood of E.  Since 5  is supported on E ,  we have
(3) 15(7 ) -  5(1)1 = 1(5 ,7  -  1)1 = 1(5, л  O 7 )| < ||5 || • C e .

Since we may take 7 —*■ 00 as £ —> 0, this shows that (2) holds. □
In [4], K. Yoneda showed that a closed subgroup of measure 0 is a strong 

{7-set in the group 2Ш. With the last result, we can show this same result 
for general Vilenkin groups.

Corollary 3. A closed subgroup of measure 0 is a Dirichlet set. Con­
versely, in a group of bounded order, a Dirichlet set is a subset of a closed 
subgroup of measure 0.

P roof. If Я  is a closed subgroup of measure 0, the group G /H  is of 
infinite order so Я х is infinite. Therefore, there is a sequence yn —► 00 in 
Я х . This shows Я  to be a Dirichlet set.

For the converse, let Я be a Dirichlet set in G and assume that xp = 1 
for all x £ G. Then yp = 1 for all 7 £ Г. This shows that if

(4) sup |7 (x) -  1| < 2 sin —
E P

then 7 is identically 1 on f .  Since E  is a Dirichlet set, it is possible to find 
a sequence yn —* 00 such that (4) holds. Then

OO
(5) Я д р | К е г 7„.

n = l

But the right hand side of this equation is a subgroup of infinite index, 
so of measure 0. □
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Corollary 4. Translates of subgroups of measure 0 are strong U-sets.
□

For comparison, see Theorem 6 of [1] and Corollary 2.4 of [6].
The next result is an analogue of a classical result of Salem. See [2] for 

a statement and [3] for a proof of the classical theorem. For the dyadic case, 
Yoneda has a similar result in [6]. However, Yoneda’s result restricts the 
sequence of subgroups K n to a particular case and the group has to be the 
dyadic group. Here, even groups of unbounded order are allowed.

THEOREM 5. Let G be a Vilenkin group and E a subset of G. Assume 
that (Kn)°T0 is a sequence of open subgroups in G and set A n = card{x K n : 
E  П K n is non-void]. I f

( 6 ) lim infП—+ 00 log[G : K n]
=  0 ,

then E is a Dirichlet set.
Proof. Since G is a Vilenkin group, there is an increasing sequence of

OO

finite subgroups Hn of Г with (J Hn — Г.
n = 0

Fix a positive integer p. Our assumption shows that
nAn + 1liminf n—oo [G : K nJ = 0.

Fix an integer n with
r,A„ + 1

Then

(7)

[ G : K n\ 2 card Яр

a  , 1 Cardiff-э " + 1 < -----------—.2 card Я„

This shows that K„ intersects at least pAn+ 1 cosets of Hp. Let Xi, X2> • • *, 
XpAn +i € K„ be representatives of these different cosets of H p. By definition 
of An, there are points X\,X 2 , • • • , xi„ in E  with

( 8)

A„
E Я U

m=l

Consider the pAn + 1 points of TAn defined by • • • > XjixA„) for 1 %
= Í  = PAn +  !• By dividing T An into pAn equal rectangles, we find that there 
exist j  and к with 1 % j  Ф к < pAn + 1 with

( 9 ) -  Xfc(*m)| < 2 sin — 
P
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for 1 < m  £ A n.
Setting 7p =  XjXk15 we find

(10) iTpí^m) — 1| < 2 sin ^

for 1 < тп ^  A n.
A„

Since £ C  (J xmK n and 7P G is constant on cosets of Kn,
m - 1

(11) 1Тр(х) 11 < 2 sin ^

for all x G E .  Since Xj and Xk are in different cosets of Hp, 7p £ Hp. Thus 
7P —> 00 in Г as p —> 00. But

sup{|7P(x) -  1 |: x G E } < 2 sin ^  —> 0

as p —► 00, showing that £  is a Dirichlet set. □
E x a m p l e s  1. The group ofp-adic integers, Др, has very few subgroups. 

In fact, the only non-trivial closed subgroups are of finite index. Therefore, 
the results in [1] are of little value in producing f7-sets. However, if we set

(12) E  — {x -  x0 +  xip  + X2 P2 H----- I xn ф 1 for all n > 0},

and let 7n be the character on Др such that

yn(x) = g2iri(xo+xipH— f-̂ n—ip"- 1)/pn

we see tha t E  is a H-set. The much smaller set obtained by letting xn =  0 
or 1 was shown to be a 17-set by Y. Meyer in [7].

2. It is possible for a set to be a Dirichlet set even thoguh the condi­
tion of the last theorem does not hold. For example, if we let G be the

OO OO

group П Ц рп), and set E  to be the set П[0,Оп], then E  is a Dirichlet set
n = l n = l

whenever lim a„/p„ = 0.
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THE ABSTRACT PRIME NUMBER THEOREM 
FOR FUNCTION FIELDS

K.-H. INDLEKOFER (Paderborn)

I. In tro d u c tio n

In a monograph [7] Knopfmacher, motivated by earlier work of Fogels 
[3] on polynomial rings and algebraic function fields, developed the concept 
of an arithmetical semigroup satisfying Axiom . He showed how further 
concrete motivation for introducing Axiom A^ is provided by various asymp­
totic enumeration theorems regarding several arithmetical categories, some 
of which are not usually viewed in a number theoretical way, and investigated 
a variety of more basic (number theoretical) consequences of the axiom.

One of the cores of his investigations is an abstract prime number theo­
rem for additive arithmetical semigroups satisfying Axiom A * . This paper 
will give a report on recent results about such a prime number theorem 
([1], [4]) and concerns itself with the intrinsic connection between the prime

--#number theorem and a (new) Axiom A .
In order to formulate the basic Axiom and the results in question, first 

recall that an additive arithmetical semigroup G is by definition a free com­
mutative semigroup with identity element 1, generated by a countable set V  
of primes and admitting an integer valued degree mapping S : G —♦ N U {0} 
which satisfies

(i) <5(1) = 0 and 6 (p) > 0 for all p 6 V,
(ii) 6 (ab) = 6 (a) + 6 (b) for all a, b € G ,

and
(iii) the total number N q(x ) of elements a G G of degree 6 (a) < x is 

finite for each real x > 0.
The investigations described in [7] are particularly concerned with arith­

metical consequences of assumptions about the total number P(n)  of primes 
of degree n in G or about the total number G(n) of elements of degree n in 
G , known as Axiom A#.

AXIOM A*. There exist constants A > 0, q > 1 and i/ with 0 < и < 1 
(all depending on G), such that

(1) G(n) -  Aqn + 0(qun) as n —► oo.
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The abstract prime number theorem for additive arithmetical semigroups 
satisfying Axiom A# is an estimate of P(n). The proof of such an estimate 
depends on the knowledge about the distribution of the zeros of the gener­
ating function

OO

(2) Z *(y)  = £ G ( n ) s =  П (1  -  / <р)Г \
n=l p ClV

which is, by (1), a meromorphic function in |y| < q~L' with a simple pole 
at у = q~l with residue A. Lemma 8.5 in [7] states that Z^^y) ф 0 for 
|y| = g_1, but the proof works only for у ф - g _1. There are examples (see 
Indlekofer-Manstavicius-Warlimont [4] and Remark 1) of additive arithmeti­
cal semigroups G satisfying (1) with v — 1/2 and Z * ( - q ~ x) = 0. On the 
other hand Theorem 1 (see [4]) shows that, if G satisfies (1) with v < 1/2, 
then Z% (-q~x) ф 0.

Now, if Zfi^y) ф 0 for |y| = g_1 the following abstract prime number 
theorem, due to Knopfmacher [7], holds: For any a > 1,

(3) P(n) as n OO.

This result does not cover the case where Zq ( — q~l ) = 0 and leaves 
open some problems (cf. Knopfmacher [7], p. 77-78), such as that of deriving 
sharper estimates or of proving the same theorem under weaker hypotheses 
than Axiom A# or, conversely, of deducing Axiom A# or weaker forms of it 
from asymptotic assumptions about P(n).

A first contribution towards the complete solution of these problems is 
a recent result by Cohen [1], who gave a sharper estimate than (3), namely

(4) P (n ) =  -— 0 (qnв) as n —► oon
with some constant в satisfying m ax (l/2,z/) < в < 1, but this result is only 
valid in the case Z*{ — g-1 ) Ф 0.

In [4] Indlekofer, Manstavicius and Warlimont gave (in a more general 
setting) much sharper results valid also in the case Za{~q~l ) = 0. The key 
for these results is the fact that, if Z g ( —g- 1 ) =  0, then Z a ( y )  ф  0 for all 
|y| < g_" , у ф — g-1 (Theorem 1). The results in [4] improve (4) by giving an 
asymptotic formula for P{n)  with a remainder term 0 (g r*("+I)), where e > 0 
is arbitrarily small (Theorem 2) which holds also in the case Zq { — g-1 ) = 0. 
Conversely, such an asymptotic formula for P{n) with a remainder term 
0(g"(*'+5)) for each 6  > 0 yields a weaker form of ( 1), namely (Corollary 1)

G(n) = Aqn + 0(qn^ )  for each £ > 0;
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in fact, it shows that the generating function Zq (p) of G is a meromorphic 
function in the disc |y| < q~u with a simple pole at у =  q~l .

Assuming some mild conditions on the boundary behaviour of Z^(y), 
which are fulfilled by all the examples treated in [7], we obtain an exact 
formula for P(n) (Theorem 5 together with (8)) and the equivalence of the 
asymptotic formulas of G(n) and P (n ) (Corollary 3).

This suggests that we consider arithmetical semigroups satisfying a mod-
jj.

ified version of Axiom A# which we call Axiom A , the abstract theory of 
which is especially convenient for the purpose of deriving asymptotic con­
clusions about the specific systems which are considered in [7].

Many conclusions in one axiom system are parallel to conclusions in
—#another. However, the consequences of Axiom A tend to give more precise 

information and have simpler proofs.
—#We shall not pursue the search for consequences of Axiom A further 

here but we intend to come back to this topic in a different place.
We will end this paper by applying our considerations to some special

cases of semigroups satisfying Axiom A* and Axiom A .

2. A sso c ia ted  pow er se ries

Any complex-valued function on G is called an arithmetical function on 
G. For a given arithmetical function /  we put

OO

7(n) = 7(a)̂  ^ e N ,  f* {y )  = ] Г 7 Н г Л
5(a)=n n= 0

f* { y ) is called the associated power series of the arithmetical function / .  
We recall the definition (2) of the generating function of G and put

OO

n— 0

The von Mangoldt function A on G is defined by

(5 )
if a is a prime-power рт ф 1, 
otherwise.

Then the associated power series of A  is (see [7], p. 77)

( 6) Л# Ы  = у Z* '(y ) 
Z * (y ) '
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Furthermore, by definition,

(7) л и  =  6(p) = E  7 ^ ( 7 )
p& 'P ,T ~ t 1 r | n
S(pT)=n

and, by the Möbius inversion formula,

(8) nP{n) = M r)?  ( 7 )  ,
r|n

where p denotes the Möbius function (on N).
This shows that one may study P(n) instead of investigating A(n).

3. v o n  M a n g o ld t’s fu n c tio n  a n d  th e  N ev an lin n a  class N

By Axiom A# we can write
OO OO

(9) z * ( y )  = A ^ q nyn + J 2 r- y n
n= 0 n= 0

A
1 -  qy + E ^ " >

n= 0

where r„ = G(n) — Aqn = 0 (q vn). Therefore one sees that the last series 
represents a holomorphic function of у in the open disc |j/| < q~u.

We define a function Z(y)  holomorphic in the open disc |y| < q~u by 
means of
( 10)

Then

( И )

z ( y )  = (1 -  qy)z*(y) .

A*(y) = ЧУ , v z '(y)
1 - q y  У z { y ) '

If Z(y) ф 0 for |y| < 5_1 then Z{y) 7  0 for |y| < q~e with some 1/  < в < 1 
because the set of zeros of Z(y)  has no limit point in |y| < q~u. This shows 
tha t, under the above assumptions about the zeros of Z(y), A&(y) — qy/( 1 — 
— qy) is holomorphic for |j/| < q~e. This implies immediately that

(12) A (n) = qN + 0 (q eN)
and, by (8),

n N  1 /  N  в \
(13) P {N ) = S - + Y , < f № M + o  V ) .

r \ N  4 7
г < N

This sharpens (3) and (4), if Z(y) ф 0 for |y| < g_1, but we shall see 
th a t as a consequence of the next theorems a much stronger result is true.

Knopfmacher [7], Lemma 8.5, stated that Z#(y) ф 0 for |y| =  <?_1 but 
his proof shows only the following
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L e m m a . Z*(y) has no zeros for  |t/| < q~x except possibly a simple zero 
at у = -q ~ l .

R e m a r k  1. R. Warlimont and (as the author was told) Wen-Bin Zhang 
independently noticed that Lemma 8.5 of Knopfmacher’s work [7] is not 
correct. Both of them gave an example of a generating function Z * (y )  = 
(1 — qy)~xZ(y) such tha t Z(y) is holomorphic in the disc \y\ < q~ 1 ! 2  and
Z i - q - 1) = 0.

Concerning the zeros of the generating function of an additive arithmeti­
cal semigroup we have

T h e o r e m  1 (see [4], Theorems 1 and 2). Let Z (y)  = (1 -  qy)Z*(y) be 
holomorphic in the open disc |j/| < q~v (0 < v < 1) and Z(q~x) > 0. Then 
the following two assertions hold.

(i) I f  Z ( - q ~ x) = 0 then Z(y) ф 0 for all |y| < q~v , у ф -q ~ x.
(ii) Let v — 1 /2 .  I f

(14 )  Z (y )Z ( -y )  = o ( ( l - q x/2 y)~x) as у -*■ q~1/2, 0 < у < q~1/2,

holds then Z (—q~x) ф 0.

R e m a r k  2. In [4] we gave an example of a generating function Z * (y )  = 
(1 — qy)~xZ(y)  such that Z(y) is holomorphic for |t/| < q~x̂ 2, Z{—q~l ) = 0 
and

Z (y )Z ( -y ) ( l  -  q1 / 2 y) -» с ф 0 as у -> q 1/2, 0 < y < q  1/2.

More exactly we showed

Z(y) = (1 + qy)( 1 +  qy2)1/2( 1 -  qy2 )~ 1 / 2 H(y)

where H(y) is holomorphic in the closed disc M < o-1/2. Axiom A# is 
fulfilled with v = 1/ 2.

R e m a r k  3. Observe that the hypothesis

(15) G(n) =  Aqn + 0 (q n/ 2 /n*), 7 > 1 /2 ,

implies (1 4 ) .  The author has been informed that the implication “(15)=> 
Z ( -q ~ x) ф 0” has been shown by Wen-Bin Zhang, too.

T h e o r e m  2 (see [4], Theorem 1).  Let G satisfy Axiom A *, and let 
0 < e < 1 — v. Then the following assertions are true.

(i) Assume that Z ( —q~x) ф 0. Then there exist l = 1(e) 6 No, 0 < e' < e 
and complex numbers i = 1, . . .  , l, such that the following holds:

(a) A*(y) = p b y  -  У E  J3FI7 +  У
«=1
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where

(16) q" 1 < min |/3,1 fi max |/3,| < q~v~€

and R(y) is holomorphic for  |y| < q v e' ; furthermore

(17) A(JV) = qN ß f N + 0(?лг(*/+г'>) as N  —> oo.

(b) The numbers ß; (i =  1 , . . .  ,1) are the zeros of Z(y) in the disc \y\ <j 
< q~u~e■

(ii) Assume that Z (—q~x) =  0. Then

A*(y) = — г —  + - Л  + yR(y),q 1 - y  q 1 + y

where R(y) is holomorphic for  |г/| < q~v; furthermore,

A(N) = qN ( 1 -  ( - 1 )N) +  0 (g JV(l/+I))

as N  -* oo.
Remark 4. Of course, the zeros in (i), (b) are counted according to 

their multiplicities. (1 = 0 means that Z(y) has no zeros in the disc |y| < 
^  q~v~c•) The assertion contains the fact tha t the set of zeros of a function 
f  Ф 0, which is holomorphic in a region fi, has no limit points in fÍ.

THEOREM 3 (see [4], Remark 2). (i) I f  for every £ > 0 the assertion (i),
(а) , of Theorem 2 is true with given 0 < e' < e, l = l(e) € No and complex 
numbers ß i , . . .  , ßi satisfying (16) then a solution Z*(y) of (6) has the form 
Z*(y)  = Z (y ) /(  1 — qy), where Z ( y ) is holomorphic in the disc |y| < q~v and 
ß i , . . .  ,ßi are the zeros of Z(y) in the disc |j/| < q~v~e.

(ii) If the assertion (ii) of Theorem 2 is true then a solution Z$(y) of
(б) has the form Z*(y)  = Z (y ) / (  1 -  qy) where Z(y) is holomorphic in the 
disc \y\ < q~u and —q~x is the only zero of Z (y) in this disc.

Corollary 1. Under the assumptions of Theorem 3

G (N ) = Z(q~l )qN A 0(qN(v^ )  as N  -> oo 

holds for each 6  > 0.

Motivated by examples of semigroups satisfying Axiom A# (see [7]) we 
impose some (mild) conditions on Z(y) and obtain sharper results. In order 
to formulate the next theorem let us define some spaces of holomorphic 
functions.
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If /  is holomorphic in the unit disc then for r £ [0,1) put
7Г

Moo(f;r) := sup |/ ( r e ,6)|.
Here, log+ x = max (logz,0) for x > 0.

It is well-known that M0, Mp and М ж are monotonically increasing 
functions of r in [0,1) (see Rudin [8], Theorem 17.6). This suggests the 
following

D e f i n i t i o n . If /  is holomorphic in the unit disc then we put, for 0 <

For 0 < p й oo and p = 0 respectively the class Hp (for Hardy) and N  
(for Nevanlinna) are defined to consist of all / ,  holomorphic in the open unit 
disc, for which | |/ | |p < oo. It is clear that

In the following we assume that the radius of convergence for Z(y) = 
— (1 — qy)Z^(y) is equal to q~u, 0 < v < 1. Then, by well-known results 
about functions from N ,  we obtain the following (see Rudin [8], pp. 370).

P r o p o s i t i o n . Let Z(z)  :=  Z(q~vz). Suppose Z is not identically zero 
and are the zeros of Z in the disc \y\ < q~u, listed according to
their multiplicities. Then, if Z  G N , the following holds:

< p < oo,
ll/llp := lim M p(f;r).r—»1

H°° C H p C H ‘ C N  if 0 < s < P < oo.

OO

(1 8 )

where a„ is defined by a n = qvßn (n — 1, 2, . . . ) .
(И)

7Г(/
where c is a constant, |c| = 1, and A is a real measure.
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(iii) The radial limit Z* of Z, i.e.

lim Z(re•'*) =  Z*(q~veit)
r *-q~u

exists almost everywhere, Z* ф 0 a.e. and\og\Z*\ € 2/Х([—7г,7г]).

Remark 5. a) By Lebesgue’s decomposition theorem we may assume 
that

d\{t) = -^-log \Z*(q~ueit)\dt -f d\„(t)ZlГ
where \ s and the Lebesgue measure are mutually singular.

b) Suppose (18) holds for a sequence {a„}, |a„ | < 1, and A is a real 
measure, then (19) defines a function Z  £ N  by Z (z ) =  Z(q~uz).

As a consequence of the Proposition we state the following

T heorem 4. Suppose Z  is as in the Proposition. Then
(2°)

A*(y) _  Ч I y~  ̂ (  °Lnqv________ qv \  d /  j  elt + qvy
У (1 -  qy) ^ \ l - a nqvy o tn - q ^ y )  d y \ J  eil -  qvy

Remark 6. If Л* {y ) /y  has the form (20) with a real measure A and 
complex numbers <*1, 0:2, . . .  ,|o„ | < 1 (n = 1, 2, . . . )  satisfying (15), then a 
solution Z  of (11) is given by (19) up to  a constant factor.

An easy computation gives

Theorem 5. If A # (y ) /y  has the form  (20) then

OO

(21) A(N )  = qN -  5 3 (1  -  |о „Г )(1  +  \an\N)ß~N + 2 NaNquN,
П= 1

where
7Г

aN = J e~iNtd\(t).
— 7Г

The preceding results and the examples by Fogels [3] and Knopfmacher
[7] motivate:

— #Axiom A . There exist constants q > 1 and v with 0 ^ v < 1 (all 
depending on G), such that

II

(i) the function Z(y)  := (1 — qy)ZQ(y) is holomorphic in the open disc 
Ы < q~v , and Z(q~1) > 0,
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(ii) the function Z(z) Z(q vz) is an element of the Nevanlinna class
N .

R e m a r k  7. From Axiom A*  one can only deduce that the function 
Z(y) is holomorphic in the open disc |y| < q~v. On the other hand, Axiom

A7  does not imply that, if Z(y) = апУп , the estimate an — 0(qvn)
П= 1

holds. Furthermore, we note that all the examples treated in Knopfmacherjj
[7] actually satisfy Axiom A*" where in each case the function Z(y) has the 
form

Z{y) — ( i'_?quy + I + with some q > 1, and a,b e C

and a function H  which is holomorphic in \y\ £ g_l/. This imphes that if
OO

Z(y)  = апУп, then for some e > 0,
n=l

« „  =  ( а Я ( , - ' )  +  6 ( - 1 ) “ Я ( - 9 - ‘ ' ) ) ? и , +  /  Z ( ! / ) p S r  =
lvl=q-1'+‘

= (aH(q~l') + Ь(-1)ПЯ (-? "* ')) qvn +  0 { q ^ n) as n -> oo.

We observe that, by formula (8), Theorems 2 and 5 give prime number 
theorems for additive arithmetical semigroups satisfying Axiom A*  and Ax-

___ j j .

iom A*, respectively. Now, if Z {-q ~ l ) — 0 then Theorem 2, (ii) gives for 
even N  only the estimate

Л(2m) = 0  ^
q2 m(i/+i).

2m /
Therefore it is worthwhile to formulate

COROLLARY 2. Assume that the additive arithmetical semigroup G sat-u
isfies Axiom A . Let Z ( - q ~1) = 0. Then, with the notation of the Proposi­
tion,

Л(N) = qN (l  -  (~ l )N) + 2N aN<fN ,
where 7Г

aN + J e~iNtd\(t).
— 7Г

There is a converse result which follows from Theorems 4 and 5 and from 
Remark 5 made after the statement of Theorem 4. We have

u
Corollary 3. Axiom A is equivalent to the asymptotic formula (21) 

for  Л(IV) and also to the corresponding formula for P(N).
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4 .  E x am p les  o f  a r i th m e tic a l  sem ig ro u p s sa tisfy in g  A xiom  AT*

We consider some examples of arithmetical semigroups given in Knopf- 
macher [7] and we will freely use the properties described there (see [7], §1 
and §6).

E x a m p l e  1: Galois polynomial rings. A simple but nevertheless quite 
interesting example is provided by the semigroup G = G[q,t] of all monic 
polynomials in a Galois polynomial ring GF[q,t], i.e. the polynomial ring 
F[t] in an indeterminate t over the finite Galois field F  = GF{q) with q 
elements.

G forms a semigroup under multiplication and, together with the usual 
degree mapping on polynomials, an additive arithmetical semigroup with 
generating function

Z%{y) =
1

1 -  qy
H

Thus G trivially satisfies Axiom A .
E x a m p l e  2: Finite modules on GF[q,t]. Let Fq denote the category 

of all finitely generated torsion modules over the above ring GF[q,t]. Fq 
is an additive arithmetical category and its associated additive arithmetical 
semigroup, i.e. the set of all isomorphism classes of modules in Fq, has the 
generating function

Z *q(y) = Ш 1 "  « Л
r \ - l

г — 1

Then

* « - * * < » >  =  f i a г и  {у),

and we conclude that v =  1/2 and H  is holomorphic and different from zero 
in the disc |j/| < g-1/3.

It is easy to show that if 0 < p < 1, the estimate

Г dt Г dt íJ  |1 -  gr2e2,£|P ^  J  |1 — q1 / 2 re,t\p J  |1
dt

+  g l / 2r e i t |p

holds uniformly for all г в [0,д 1/2). This yields Z  в Н р С N ,  and Axiom_JL
А^ is satisfied.

R e m a r k  8. We observe that Z  has no zeros in the disc |j/| < g-1^2, and 
it is not difficult to show (see Rudin [8], Theorem 17.17) that the measure Л 
in the representation (19) of Z  is determined by

dA(t) = — log Z \ q dt.
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Example 3: Integral divisors on algebraic function fields. Let К  denote 
a field of algebraic functions in one variable over an exact finite constant field 
GF(q) with q elements, i.e. let К  be an extension field of finite degree over 
the field of fractions G F (q ,t) of the polynomial ring GF[q,t\.

We consider here the multiplicative semigroup Gk  of all integral divisors 
of K.  Then Gk , together with the degree function 6 (j)  = logg N (j)  where 
N( j)  denotes the “absolute norm” of j ,  forms an additive arithmetical semi­
group, and the generating function is given by

z * (v\ =
к { У )  ( l - q y ) ( l - y ) ’

where L(y) is a polynomial with rational integer coefficients whose degree is 
twice the “genus” of K .  By a theorem of A. Weil, every zero of L(y) lies on 
the circle |y| = q~xl 2  (see Eichler [2], Chapter V, §5). Thus

Н у) = Zgk (v) = r ^ -1 -  У

As in the previous example we conclude Z в H p C N  (0 < p < 1). Here 
v = 0 and the zeros of Z(y ) are exactly the zeros of L(y). Therefore Gk

/j
satisfies Axiom AT and

A(AT) =  A Gk (N) = qN
2 q

+ 1,

where ß i,  ■. ■ , ßig are the zeros of L(y) (|/3,| = q г/ 2, i = 1, . . .  , 2g).
Example 4: Ideals in the principal orders of an algebraic function 

field. Let D denote the ring of all integral functions in the algebraic function 
field К  discussed in the previous example. The set Gd of all non-zero ideals 
of the ring D may be identified with a subsemiring of G k , namely with the 
set of those integral divisors of К  that are not divisible by prime divisors of 
К  induced by the denominator divisor of t in GF(q,t).

The generating function of Gd is given by

Q(v)
1 -ЧУ

where Q(y) is a polynomial with rational integer coefficients whose zeros lie 
on the circles |y| = g-1/ 2 and |y| = 1. Gd obviously satisfies Axiom A*.

Example 5: Finite modules over a ring of integral functions.. Let F  — 
= Fd denote the category of all finitely generated torsion modules over 
the ring D considered above, and denote by Gp the associated additive
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arithmetical semigroup of all isomorphism classes of modules in F. Then 
the generating function of Gf  is

# ,(»  = П
Г —1

with the polynomial Q(y) th a t occurs in Example 4. This yields

z(y) =  z GF ( y )
Q{y)Q{y2) ут Щ )

1 -  qy* n fr—3 -  w

In the same way as above we deduce v — 1/2 and Z £ I Ip C  N  (0 < p < 
< 1). Furthermore, Z(y) ф 0 for |y| < g-1/ 2 (Z has only zeros of modulus 
> 5-1/2). Thus Gf  satisfies Axiom A^.
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ON THE DENSITY OF PRIME VECTORS 
IN LATTICES

M. I. TULYAGANOVA and A. S. FAINLEIB (Tashkent)

Let n be a given natural number. Lattices of Zn are the cosets of any 
nonzero subgroup of the additive group Z". Each lattice A £ Zn has the 
form l kA  -f b, where 1 ^ к < n is the dimension of A, A  is an integral к x n 
matrix of rank k, and b is a vector of Zn. An n dimensional lattice in Z" is 
called complete.

A vector of Z" is called prime if all coordinates are primes. 7r(iV, A) will 
denote the number of prime vectors of the lattice A all of whose coordinates 
are positive primes not exceeding N.

Hua Loo Keng [1] asked, under which conditions there are infinitely 
many prime vectors in a lattice of dimension 2. A partial answer was given 
for complete lattices by A. I. Vinogradov [2]. The first named author [3] 
indicated necessary and sufficient conditions, under which there are infinitely 
many prime vectors in a lattice of any dimension. On the basis of the m ulti­
dimensional circle method, Wu Fang [4] proved an asymptotic formula for the 
number of solutions of certain systems of linear equations in prime variables. 
This enabled us to obtain results to 7r(lV,A) for a more extensive class of 
lattices in [5]. Finally a more precise result was discussed in [6] with an 
extended class of lattices.

However, all of these results refer to lattices with dimension к > n / 2 in 
Z". In the present work we drop this condition on the dimension but we 
derive only upper estimates.

We introduce some notations. \ j : Zn —> Z (j = 1, . . .  ,n) is the j- 
th projection, i.e. Лj(x)  is the ji-th coordinate of the vector x. \x is the 
maximum norm. For the lattice A = Z kA  + 6 we denote by A' the m atrix 
obtained by attaching the vector b to the matrix A as an additional row.

The lattices Ai and Л2 are called equivalent if x(N ,  Ai) = x(lV, Л2) for 
all sufficiently large N.  We denote by P  the class of lattices Л = ЪкA  +  b 
whose matrix A  has non-zero columns, each two columns of A' are linearly 
independent, and elements of any column of A' are coprime. Any integral 
lattice containing more than one prime vector is equivalent to some lattice 
of the class P.

T h e o r e m  1 . Let A =  ZkA  +  b be a lattice of the class P i-г Zn . Let 
dj(A) be the greatest common divisor of all elements of the j-th column of 
the matrix A, let d,y(A) be the greatest common divisor of all second order
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g = П  dj(A) П  dij(A'), 
j = 1

'J Aj[xA  +  b) = 0 (m odp) (x £ Zfc),
3 = 1

minors formed by the i-th and j-th columns of A',

( 1 )

and let u(p) be the number of solutions of the congruence 

( 2) 

and

ir(N,x0 ,A ,b )  =  card | z  £ Zfc, |z -  z0| ^  xA + b is a prime vec£or| 

Then for xq £ R fc, N  >2 we have

_ _  TIT)̂   ̂   ( j j (

(3) v ( N , x 0 ,A,b) < с(п) ^ Г ^ е х р ^ ------ yk------- ,
p\a

where c(n) is a positive constant, depending only on n.

Theorem 2. If  with the notations of Theorem 1

• f  \x A \ m  = ini —J .
x£R* \x\
x/O

then for N  > 2m  the inequality

c(n) f N \ k s r '  npk~l -  co(p)
(4) xW A)S j^ lr (m )  exp£

p\9
pK

is valid.
The lattice ZkA + b is called unimodular if the fc-th order minors of the 

matrix A are coprime. Any lattice in Z" is the intersection of a unimodular 
and a complete lattice of the form dZn +  6, where d ф 0 is an integer (see 
[3]). (A more precise notation is l nD +  b where D is the identity matrix 
multiplied by d .)

We can improve Theorem 2 by making use of this structure of the lattice. 
The next theorem shows some similarity to the well-known Brun-Titchmarsh 
inequality. The lattice d!Ln + b is called primitive if all coordinates of b are 
coprime to d.
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T heorem 3. I f  under the conditions of Theorem 1 A is a unimodular 
lattice, dZn -f b is a primitive lattice, d > 0, zq is a vector in Rn, and

f N  1
n (N ,z 0 ,Ai)  = card < z0  € Ai, \z — z0 1 ^ —, z is a prime vector >

then for N  > 2md we have

(5 ) 7r(jV, Z q , А П (dZn + b)) <

< c{n)dn k
*>"№1°бп £г

-  ^(p)
к

The main ingredient of the proof of Theorems 1, 2, 3 is Selberg’s sieve 
in the following form (see [7], Theorem 4.1):

Let A  be a finite set of integers (possibly with repetitions), V  a set of 
primes, S (A ,V ,z )  the number of elements of A  not divisible by any prime 
p < z, p € V  (the product of these primes is abbreviated by V ), while Sd is 
the number of elements of A  divisible by d. We suppose that

(6) Sd = ^ ß - X  + R(A,d)a
for all d\V, where X  > 0 is a good approximation of the size of A, fl(d) is a 
non-negative multiplicative function satisfying í}(p) < min(p, C ) for all p\V  
(or equivalently p < z, p G V), with a positive constant C . Then we have

(7 ) Щ  + E
V '  d<22

d\V

where the constant В  > 0 depends on C only.1
The most important step of the proof is the next lemma. (Note that 

u(p) is defined as the number of solutions of (2).)
L e m m a . Under the conditions of Theorem 1 we have

(8) u(p) < n/ -1 

for all primes p, and in addition we have

(9) u(p) > up* - 1 -  —  -  l ) pk ~ 2

1 The first variant of this work was based on the multidimensional analogue of the 
large sieve. The authors express their thanks to Professor Antal Balog, who drew their
attention to Selberg’s sieve, which made a remarkable simplification possible.
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for primes p not dividing g.
P r o o f . Since Л is a lattice of the class P  we have g ф 0. (Here we used 

the convention gcd(0,0) = 0.) Let а,у be the entries of the matrix A 6  Zkxn 
and

Zj -  X i (x ), ßj = Xj(b) (i = 1 , 2 , . . .  ,k,  j  — 1 , 2 , ,  n).

If x satisfies the congruence (2) then it also satisfies at least one of the 
congruences

к
( 10) Q.jfr +  ßj = 0 (modp), j  = 1, 2, . . .  ,n.

i=i
However, if p\dj(A) then p does not divide ßj and (10) has no solution for 
tha t j .  If p f d j(A ) then p \  ctij for some i = Íq. We can fix £, for all i ф io in 
an arbitrary way and then £,0 is uniquely determined modulo p. Therefore
(10) has exactly pk~l solutions for a fixed j  if p \ dj(A). Since we have n 
congruences in (10) this proves (8).

Now let p \  g be fixed. Then for each j  the congruence (10) has exactly 
pk~l solutions. We are going to estimate the number of common solutions 
of any two congruences of (10), i.e. for j \  /  j 2

( И )
E?= 1 a Hi 6  + ßh  =  0 (modP)
E f= i a ijAi + ßh = 0 (modp).

We can consider (11) as a system of equations over Zp, the field of residue 
classes modulo p. Since p i g  the rank of the extended matrix of the co­
efficients (including the row ß)  is 2. If к = 1 then there is no solution of 
this system for any pair j \  ф j 2 and oj(p) — n. If к > 2 and the rank of 
the restricted matrix of the coefficients (excluding the row /3 )^ 1  then the 
system still has no solution. In the remaining case there is a non-zero minor 
of the form

a iiii a iih  
ahji a h h

We can fix £1 for all г /  i \ , i 2  in an arbitrary way and then £1 and £2 are 
uniquely determined in Zp. Therefore (11) has exactly p k ~ 2  solutions. Since
the total number of systems (11) is n n̂2-1^, this proves (9).

Notice th a t both the number g and the function u>(p) are determined by 
the lattice Л.

P r o o f  o f  T h e o r e m  1. We define

/ ( * ) = П  b j(xA  + 6).
3-1
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If Q = 2, x 6 Zk and x A  + b is a prime vector all of whose components are 
larger than Q then /(x )  ф 0 (modp) for all primes p < Q. Therefore

( 12)

T (N ,x 0 ,A,b) < card | x  e l k, \x -  x0| й 2 < Xj ( x A  + b) < Q |  +

+card j x  € Zk , \x -  x0| ^  y ,( /(x ) ,£ > ) = l |

where V  =  J] p.
PÍQ

We keep the notation from the proof of the Lemma, i.e. the entries of 
the matrix A  are denoted by a,у and the components of the vector b are 
denoted by ßj. For each given j  = 1 , 2 , . . .  , n there exists at least one i such 
that a ^ j  ф 0. Since |x — xo| ^ N / 2, all the components £,■ of the vector x 
are in certain intervals of length N.  When all but are fixed, £tl itself is 
restricted in an interval of length at most Q — 2 by

2 ü'E<*ij t i  +  ß j < Q .
i—i

Consequently we have for all j  = 1 ,2 , . . .  , n that

(13) card jx € Zfc, | x -  x0| < y, 2 < А,{xA + b) < Q j < Q(N  + l ) fc_1.

We are going to apply Selherg’s sieve to the situation

A  = j/(x)|x e z k,|x 1 H о НЛ
3

z = Q ,

We have
E ■ E E

x£Zk t m o d  d x£Zk
\x-x0\<% 

f  ( x ) = 0 ( m o d d )

om ?
N,

0 0- | x - x 0 |<  Y 
x  E E /(m o d  d)

and as the inner sum is
/ l V \ fc . - / N \  k ~ 1Ы + e ‘ k - 2  Ы • w s i ,

we get (6) with

fi(d) = ^ T ’ X  = N k, |Ä(A,d) |<fc-2fc- 1 -iVfc- 1^ § .
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Our lemma provides that il(p) ^  n for all primes p. Also <-o(p) ^ pk, that is 
il(p) < p. In case of fi(p) = p for some prime p ^  Q we have 5(Л , V , Q) = 0. 
(7) implies tha t

(14) card jx € Z \  \x -  x0| ^ j ,  ( / ( * ) ,2?) = 1 j =

it follows from (13) and (14) that

Applying our Lemma again

E  ^  = n £  -  = n l° g log Q + c2(«)>
p <̂2

w(p) > у "  1 n(n ~~ *) 1 I Y^ >
pk = n 2 ^  p 2 ^  p2 ^  o* =

PÍQ PÍQ
pta pta p|a

a  n icg io g o  +  y , “ip) ~knptl  -  сз(")-
Pia P

Collecting all these estimates and choosing Q — A 1/3 Theorem 1 follows.
P roof of T heorem 2. Theorem 2 is a simple consequence of Theo­

rem 1.
Let z =  x A  + b G A, x 6 Zfc, \z -  z0\ < y .  There is a vector x 0  в  R fc 

such that
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According to our Lemma for N  > 2m

( N
7r(iv, z0, Л ) ^ ж — , Xo, A ,  b) < \ m

c(") f^_\k PYn V -  np* 1~w(p)
log" — \ m )  pk® m nl а У

Supposing that z0  = y e  where e £ Z" is a vector with identity components 
we obtain inequality (4).

P r o o f  o f  T h e o r e m  3. Let A] = A n  (dZn + b). By virtue of the 
unimodularity of the lattice

A  =  l kA  +  b, Zk A  П d Z n =  d Z kA  =  Z kd A ,

so that Ai = ZkdA + b. If A is a lattice of the class P  then so is Ax. We 
apply inequality (4) to the lattice Ax. We denote by m j, gd and ujd(p) those 
characteristics of the lattice A which correspond to m, g and u>(p) of A. 
Notice that m j = md, the prime factors of gd are the same as the prime 
factors of gd, and as dZn + b is primitive we have

Ud(p) = í P)» 
l o,

if [p,d) = 1 
if p\d.

Therefore we get

y r  npk~l 

p\gd

- b>d(p)
pk

(p,d)=l

Finally using the inequality

we get (5) by applying (4) to the lattice A.
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A GELFAND-NEUMARK THEOREM 
FOR COMMUTATIVE SEMIFINITE 

RANK J*-ALGEBRAS
H. Z. ZAHEDANI (Shiraz)

In tro d u c tio n

L. A. Harris in [5, p. 360] has asked: Give a definition of commutative /*- 
algebra which involves only the «/‘ -structure and show that such «/‘-algebra 
is / ‘-isomorphic to the space Co(X) of continuous complex-valued functions 
vanishing at infinity on a locally compact Hausdorff space X .  It is shown in 
[6, Proposition 1.2.1] that every singly generated / ‘ -algebra is / ‘-isomorphic 
to Co(X). In this note we shall define a commutative / ‘-algebra of semifinite 
rank A  and we shall prove that A  is / ‘ -isomorphic to C0(X).

1. D efin itions an d  basic  re su lts

Suppose H  and К  are complex Hilbert spaces. Let B ( H ,K ) denote the 
Banach space of all bounded transformations from H  to К  with the operator 
norm. For each element A  G B(H, К ) there is a uniquely determined element 
A* G B ( K ,H ) such that

(A x ,y )  = (x,A*y) for all x £ H  and у G K.

A* is said to be the adjoint of A.
A closed subspace A  of B(H, К ) is called a / ‘ -algebra if AA*A  G A, 

whenever А в A. For example, every ( /‘-algebra or / ( / ‘-algebra is a /*- 
algebra. Cartan factors of Type I-IV are / ‘-algebras ([3], [5]).

Suppose A  is a / ‘-algebra. A  is said to have semifinite rank if sp(A*A) 
has no non-zero limit point for each A  G A.

A / ‘-algebra A  has finite rank if there exists a number n such that 
sp(A*A) has at most n non-zero elements for each A  G A.

For example, the set of compact operators in a Cartan factor of any one 
of the types I—III is a / ‘-algebra having semifinite rank. A ( /‘-algebra has 
semifinite rank if and only if it is isomorphic to a ( /‘-algebra of compact 
operators [2, 4.7.20] and has finite rank if and only if it is finite dimensional 
[2, p. 184].
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We recall that an operator V  is a partial isometry if and only if VV*V  = 
= V.

Suppose A  is a / ’ -algebra and A £ A .  A partial isometry V  in A

(1) covers A if V V *A = AV*V = A,
(2) commutes with A  if V V A  — A V *V ,
(3) is a unitary element of A  if V  covers each A £ A ,

(4) is a central element of A  if V  commutes with each A £ A,
(5) is a minimal element of A  if for each A £ A  there is an a £ C with 

V  A*V = aV ,
(6) is orthogonal to A  if AV* =  0 and V* A — 0.
Suppose A  and В are / ’ -algebras. A map ф: A  —> В is called a /*- 

isomorphism if ф is a bounded linear bijection of A  onto В satisfying
ф{АА*А) = ф(А)ф(А)*ф(А)

for all A  £ A .  Note that the above properties 1-6 are preserved by /*- 
isomorphism [5, Proposition 2.1].

A / ’ -algebra A  need not have any non-trivial partial isometries. For 
example, let A  = C( X) ,  where X  is a compact connected space. Nevertheless 
many / ’ -algebras are rich in partial isometries.

1.1. T heorem [5, Theorem 3.3]. Suppose A  has semifinite rank, and 
let A £ A  with А ф 0. Then there exist a set {Уп} of mutually orthogonal 
non-zero minimal partial isometries in A  and a sequence (a„) of positive 
numbers such that A = ^2anVn.

П
Suppose A is a / ’ -algebra. A / * -ideal in A  is a closed subspace J  of 

A  such that A ,B ,C  £ A ,  then AB*C  + CB*A £ J  whenever В  £ J  o x  

C £ J . A / ’ -algebra A  is simple if the only / ’ -ideals in A  are {0} and A .  

It is obvious that the kernel of any / ’-isomorphism is a / ’-ideal.
Suppose A is a C ’-algebra of semifinite rank. Then A  is isomorphic to 

the restricted product of a family of the C’-algebras of compact operators 
on Hilbert spaces [2, 4.7.20]. In the case of a / ’-algebra of semifinite rank 
the following is true.

1.2. T heorem [5, Theorem 5.9]. Suppose A  is a J*-algebra and M  is 
the set of all non-zero minimal partial isometries in A .  Let A  be the /* - 
ideal generated by M . For each V  £ M , let J y  denote the intersection of all 
J*-ideals in A  containing V, and let J  be the family of all nonzero simple 
J*-ideals in A .  Then

(a) J  = { J y .  V  £ M },
(b) A  is J*-isomorphic to the restricted product of J .

2. C o m m u ta tiv e  / ’-a lg e b ra  o f  sem ifin ite  ra n k

Suppose A  is a / ’ -algebra of semifinite rank. Then A  is said to be 
commutative if each minimal partial isometry V  in A  is central, that is
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(1) VV*A = AV*V  for all A £ A.

Note that (1) is equivalent to

VV *A  + A W  = 2VV*AV*V

which is ./’-invariant.

2.1. Lemma. Suppose A  is a commutative J*-algebra of semifinite rank. 
Then AB*C  = CB*A for all A ,B ,C  £ A .

P roof . Suppose A  and В  are non-zero elements in A .  Since A  has 
semifinite rank, it follows from Theorem 1.1 that there exist a set {Pn} of 
mutually orthogonal non-zero partial isometries in A  and a sequence (6„) of 
positive numbers such that В  = X^nK»• Note that the adjoint operation is

П

continuous and

v,v* = v;v{ = о (* ^ j ) ,  i j e N .

So
BB- = '£ b 2nvnv:.

n

However, each minimal partial isometry in A  is central and so

AV *V i = VtV *A ,  i £ N.

Consequently AB* В  = В  В* A  for all A, В  £ A.
Suppose A, В  and C  are in A ■ Then by the first part

A ( B  + C )* (B  + C) = ( B  + C ) ( B  +  C)*A,

or

(1) ABC* A АС*В = BC*A + CB*A 

for all A ,B ,C  £ A .  Replace C hy iC in (1). Then

(2) AB*C  — АС* В  = —ВС* A  + CB* A

for all A ,B ,C  £ A .  Add (1) and (2). Then AB*C = CB*A  for all A ,B ,C  £ 
£  A .
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2.2. T heorem. Suppose A  is a commutative J*-algebra of semifinite 
rank. Then A  is J*-isomorphic to C o(X), the space of all complex-valued 
continuous functions vanishing at infinity on a locally compact Hausdorff 
space X .

P roof. Since A  is commutative, by Lemma 2.1,

AB*C = CB*A  for all A ,B ,C  G A.

However, by [3, Proposition 1], AB*C +  CB*A  G A  and so 

AB*C G A , whenever A ,B ,C  G A .

Let M  be the set of all non-zero minimal partial isometries in A. For 
each V  G M , let J v  denote the intersection of all / ‘-ideals in A  containing
V . Then by Theorem 1.2 J y  is a simple / ‘-ideal in A . Define the map 
фу - J v  —*■ V * J y  by

Фу (A) =  V*A for all A G Jv-

Suppose B y  =  V* J y .  We claim that B y  is a commutative C*-algebra and 
фу is a / ‘ -isomorphism of J y  onto By  for each V  G M . Indeed, let 5  and 
T  be in B y  and S = V* A, T  = V*B for some G J v -  Then

S* = (F*A)‘ -  A*V = A*VV*V  = V*(VA*V).

But VA*V  is an element of J y  and so 5* G By. Therefore By  is self-adjoint. 
Similarly,

S T  = (V*A)(V*B) =  V*{AVmB),
and so S T  G B y. Since S  and T  are arbitrary non-zero elements of B y , it 
follows that B y  is a (/‘-algebra in B{H).  Also,

S*S = (V*AY(V*A) =  A*VV*A = V*VA*A  = V*AA*V  = SS*.

So each element in By is normal and therefore By is commutative.
Suppose A  G J v ,  then AA*A  G J v -  So

фу{АА*А) = V*AA*A  -  V*VV*AA*A  = V*AV*VA*A =
= V*AA*VV*A  = фу(А)фу{А)*фу(А).

Therefore фу is a / ‘-homomorphism of J y  onto By. Suppose

Ker фу = {A G J v  : фу{А) = 0};

then Ker фу is a closed / ‘ -ideal in J y .  But J y  is simple and so either 
Ker фу =  {0} or Ker фу = J y .  Since V  is non-zero, it follows tha t V  
does not belong to Ker фу and so Ker фу = {0}. Therefore фу is a /*- 
isomorphism of J y  onto B y  for each У in M .

Acta M aih em a tica  Hungarica 62, 1993



COMMUTATIVE SEMIFINITE R A N K  J '-A L G E B R A S 1 6 1

Suppose J  — { J v ,V  € M }. Then by Theorem 1.2, A  is / ’-isomorphic 
to the restricted product of J . However for each V  £ M , J v  is / ’-isomorphic 
to a commutative C’-algebra which in tu rn  can be identified with С ( Х у )  
for some compact Hausdorff space Xy-  Since the restricted product of C*- 
algebras is a ( / ’-algebra [2, 1.9.14], it follows that A  is / ’-isomorphic to 
Co(X)  for some locally compact Hausdorff space X.

Remark. M. С. V. Berglund [1, Theorem 5.5] proves that a commuta­
tive ( /’-algebra В has semifinite rank if and only if it is isomorphic to C q{ X ) ,  
where X  is discrete.

Note that the semifinite rank property is / ’-invariant and so by the 
above observation and Theorem 2.2 we have the following result.

2.3. Corollary. Suppose A  is a commutative J*-algebra of semifinite 
rank. Then A  is J*-isomorphic to Cq(X ), where X  is discrete.

Next we show that the proof of Theorem 2.2 can be simplified in the case 
of commutative / ’ -algebra of finite rank. First we need a lemma.

2.4. Lemma . Suppose A  is a commutative J*-algebra of finite rank. 
Then A  contains a unitary element.

P roof. Suppose S =  {Vi,V 2 , . . .  t} is a maximal set of mutually 
orthogonal non-zero partial isometries in A . Since A  has finite rank, it 
follows from Theorem 1.1, tha t S is non-empty. Let V  be the sum of the 
elements of S. Then

V* = V V V * , i = 1 , 2 , . . . , * .

Let В = A ( I  — V*V). Then В is contained in A. Suppose В ф {0}, and note 
that В has finite rank. So there is a non-zero partial isometry W  in B, by 
Theorem 1.1. Therefore,

W V f  =  WV*VV*  =  {W V V )V *  =  0 for 1 = 1, 2, . . . , * .

Similarly V *W  =  0 for г = 1 ,2 ,. . .  ,*. But S  is maximal and so W  =  0. 
Therefore by Theorem 1.1, В = {0} and consequently A  =  AV*V = V V *A  
for all A  G A  and V  is unitary.

2.5. P roposition. Suppose A  is a commutative J*-algebra of finite 
rank. Then A  is J*-isomorphic to C(X)  for some compact Hausdorff space 
X .

P roof. By Lemma 2.4, A  contains a unitary element V . Define a map 
ф- . A ^ V A ,  by

ф(А) = V*A for all A e A.
Then, as in the proof of Theorem 2.2, В = V *A  is a commutative C’-algebra 
with the identity V  and ф is a / ’-homomorphism of A  onto B. Since V  is 
a unitary element of A  and Ker ф = {0}, ф is a / ’-isomorphism of A  onto 
C (X ) for some compact Hausdorff space X .
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Remark . We recall that a C*-algebra has finite rank if and only if it 
is finite dimensional. So a commutative C*-algebra В has finite rank if and 
only if it is isomorphic to C(X) ,  where X  is finite.

2.6. Corollary. Suppose A  is a commutative J*-algebra of finite rank. 
Then it is J*-isomorphic to C(X) ,  where X  is finite.
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NOTE ON MULTIPLICATIVE FUNCTIONS 
SATISFYING A CONGRUENCE 

PROPERTY. II
I. JOÓ (Budapest)

1. In tro d u c t io n

An arithmetical function /(те) ^  0 is said to be multiplicative if (те, m) = 
= 1 implies

/(тетег) = /(те)/(тег)
and it is called completely multiplicative if the above equation holds for all 
pairs of positive integers n and тег. In the following let At and M* denote the 
set of integer-valued multiplicative and completely multiplicative functions, 
respectively.

The problem concerning the characterization of an integer-valued power 
function as an integer-valued multiplicative function satisfying a congruence 
property was studied by several authors. The first such characterization is 
apparently that of M. V. Subbarao [7]. He proved that if /  G M  and satisfies 
the relation

(1) /(те +  тег) = /(тег) (mod те)

for every positive integer те and тег, then /(те) is a power of те with non­
negative integer exponent. A. Iványi [2] extended this result proving th a t if 
/  G At* and (1) holds for a fixed positive integer rre and for every positive 
integer те, then /(те) has also the same form. Recently, В. M. Phong and
J. Fehér [6] improved the results of Subbarao and Iványi mentioned above, 
proving that if /  € At and (1) holds for a fixed m with /(тег) /  0 and for 
every positive integer те, then there is a non-negative integer a such that 
/(те) = na (те = 1, 2, . . . ) .

For a positive integer к let Nk be the arithmetical function defined by 
Nk(те) = тег if те =  m kh, where h is fc-free. It is obvious that Nk € At for 
every positive к and

(2) Ai(n) = те (те =  1,2, . . . ) .

In this paper we would like to determine all /  G At which satisfy the 
relation

(3) /(те + M ) = f {M)  (mod iVfc(ra))
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for every positive integer n , where k, M  are fixed positive integers. It is 
obvious that f ( n ) = na (a > 0 is an integer) is a solution of (3).

We shall prove the following results.
T h e o r e m  1. Let к and M  be fixed positive integers. Assume that f  6 

6 M  with f ( M ) ф 0 and (3) holds for every positive integer n. Then there 
is a non-negative integer a such that

f{ n ) = na (n = 1, 2, . . . ) .

C o r o l l a r y . Let к be a fixed integer. Assume that f , g € . M  satisfy the 
relation

f (n- \ -m)  = g(m) (mod jVjt(n)) 
for every positive integer n , m . Then

f (n)  = g(n) = na (n  = 1, 2, . . . ) ,  

where a is a non-negative integer.
R e m a r k s . 1. The theorem of В. M. Phong and J. Fehér in [6] is a 

special case к =  1 of our Theorem 1. Indeed, by using (2) the congruence
(1) is equivalent to (3) in the case к = 1.

2. Let k , A , M  be positive integers for which ( A , M )  =  1. Let /  £ A4 
with the condition f ( M ) ф 0 and consider the congruence

(4) f (An  + M )  = f ( M )  (mod iVfc(n))

for every positive integer n. Combining the method of the present paper 
and that of [5] one can prove that if /  £ A4 and (4) holds for every positive 
integer n, then there are a positive integer a and a real-valued Dirichlet 
character x  (mod A) such th a t f (n)  — x ( n )na for all integers n which are 
prime to A. This statement was proved by the author in [3] for A = p prime 
and к = 1, further it was proved for any non-negative integer A and к = 1 
by В. M. Phong in [5] generalizing the ideas of the paper [3].

The proof of Theorem 1 of the present paper is based on the ideas of 
the papers [3], [5] and [6]. The new idea in the proof is contained in Lemma 
3, which gives some new information on the prime power divisors of special 
second order linear sequences.

The following theorem is an easy consequence of Theorem 1 and an 
improvement of the above result of A. Iványi.

T h e o r e m  2. Let к be a fixed positive integer. Assume that f  satisfies 
the relation

(5) f {nk + m) =  f ( n k) + f ( m )  (mod n)

for every positive integer n, m. Then there is a positive integer a such that 
f ( n )  - n a (n =  1, 2, . . . ) .
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2. A u x ilia ry  re su lts

The simple idea to prove Theorem 1 is the following:
(i) The congruence (3) implies that /  £ Л4* and f ( Q ) =  Qa^  holds 

for every prime Q,  where a(Q) > 0 is an integer.
(ii) For every prime Q we have a(Q ) = a(2).
In this section we prove (i).
Lemma 1. Assume that к, M , f  satisfy the conditions of Theorem 1 and 

(3) holds for every positive integer n. Then f  £ M * and

(6) /«?) = Qa(Q)

holds for every prime Q, where a(Q) > 0 is an integer.
P r o o f . We first prove that

(7) f (ab) f (M)  = f (aM)f (b)  

for all positive integers a and b.
Let a, b positive integers and let m  be a positive integer for which

(8) (m, abM f {M))  = 1.

Then there are positive integers x, у, и and v such that

(9) ax — 1 + m ky, ( x , a b M ) — 1

and

(10) bu = M - \ -m kv, (u ,abx)— 1.

From (9) and (10) we have

(11) abxu = M  + m kT,

where T = M y  + v +  m kyv. By using (3), (9), (10) and (11) we have

(12) f ( a M ) f ( x )  =  f (aMx)  = f ( M  + m kM y ) =  f ( M ) (mod m),

(13) f (b) f{u)  -  f (bu) = f ( M  + mkv) — f ( M )  (mod m) 

and

(14) f {ab)f{x) f{u)  = f(abxu) - f ( M  + m kT ) =  f ( M )  (mod m)

since Nk(mkMy),  N k(m kv), N k(m kT ) are divisible by m. From (12) it 
follows that

(15) ( /(x ) ,m ) = l,
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since (m ,/(M ))  = 1. From (12), (14) and (15) we get that

f ( a M ) = f (ab) f (u)  (mod m),

which together with (13) implies

f ( a M ) f ( b ) =  f (ab) f (b) f {u) = f ( ab ) f (M)  (mod m).

This congruence shows that (7) holds, since there are infinitely many positive 
integers m  satisfying (8). So (7) is proved. Let Q be a prime. In order to 
show /  6 M*  it is enough to prove that

(iß) t m  =  ( / ( g ) ) '
for every positive integer s. It is obvious that (16) is true for 5 =  1. Assume 
that (16) holds for s.

If (Q , M ) =  1, then applying (7) with a, b given by Q8 and Q respectively, 
we have

f ( Q 8 +1 ) f ( M )  = f ( Q 8 M ) f ( Q )  = f ( Q 8 ) f ( Q) f ( M)  
which implies

(17) f ( Q s+1) = /(<n/(Q) = (/(Q))i+1.
If QT\\M, where 7 ^ 1 is an integer, then applying (7) with a,b given by Q 
and 1 respectively, we get

( is )  / ( q 7+i) =  / m m -

By using (18), we apply (7) in the case a = Q and b = Q8 to get 

/ ( Q e+1)/(Q 7) /(M /g ^ )  =  f(Q 1 +1 ) f ( Q s) f ( M / Q 1) =

which implies

(19) f ( Q s+1) = № ) № ’) = ( f ( Q ) Y +1.

From (17) and (19) it follows that (16) holds for 5 +  1, and so (16) is true 
for every positive integer 5 . By (16) /  € M.* follows.

Now we prove (6). We shall prove that for a prime p and a positive 
integer c

(20) p I /(c ) implies p | c.

Assume indirectly that for a prime p, p | /(c ) and (p, c) = 1. Let pk° \  f {M) .  
Thus there exist positive integers H, L such that

(21) Hck° = M  + pk°kL.
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By using (21) and applying (3) with n = pk°kL we have

(22) f ( H ) f ( c k°) = Д Я cfc°) = /  ( М  +  = f ( M )  ( m o d /0).

On the other hand, it follows from /  € Л4* and p \ f ( c ) that

/ ( c fc°) = f (c)k° — 0 (m o d /50)

which together with (22) implies that f ( M ) = 0 (mod pk°). This is a con­
tradiction, since pk° f /(M ). So (20) is proved.

From (20) it follows that for a prime Q we have

(23) f (Q) = ± Q °W
where a(Q) > 0 is an integer. In order to prove (6) it is enough to show that
(24) f (Q ) > 0 
for every prime Q.

Let t > 1 be an odd integer. It is obvious that there exists an odd prime 
p such that

(25) Ql = 1 (mod p).
Let j  be a positive integer for which

(26) p> t 2f (M) .
It can be easily seen by (25) that

(27) Q t p k 3 ~ 1 = 1 (mod pk>),
i.e.

(28) Qtpkl~l =  1 + рк* К ,
where Я  is a positive integer. By using (3) and (28) we have

(29) /  ( р грк’~км \  =  f(M  + pkjM K )  = }{M)  (m o d /) .

If f (Q) < 0, then by (23) f ( Q ) = - Q a(<5) fohows. Since /  e M*,  from (27) 
we have

(30) K Q ^ M )  = (f (Q) ) t-pk,~1 f ( M ) =

= f ( M )  = - f ( M )  ( m o d / )

which together with (29) implies 2f ( M )  = 0 (modp^). This is a contradic­
tion, since from (26) we have p1 f 2f ( M ) .  Thus f (Q)  > 0 and so (24) is 
proved.

One can deduce (24) also from the result of [1].
From (23) and (24) the proof of (6) is finished. Lemma 1 is proved.
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3 . P r im e  p o w e r  d ivisors o f  th e  n u m b e r <3 • 2n — 1

In order to  prove (ii) we need some further information on prime power 
divisors of special second order linear recurrences.

Let Q be a  positive integer. Let G(Q) =  {G„}^L0 be a second order 
linear recurrence defined by the  relation

Gn = Q2n - l  (» =  0 ,1 ,2 ,. . .) .

In  the case of Q = 1 the sequence (j (1) will be denoted by R and its terms 
by Rn (Rn = 2n — 1). Rn is called the те-th Mersenne number.

If for a positive integer m  there are terms in G divisible by m, then g(m ) 
denotes the least positive integer g, for which m \ Gg. The number g(m)  
is called the rank of apparation of m in the sequence G.  For a prime p, 
which divides some terms of the  sequence G,  we denote by e(p) the greatest 
exponent e for which pe divides Gs(p), Le. pe(p)||G0(p). In the sequence R we 
denote the rank  of apparation of a positive integer m by r(m ).

P. Kiss and В. M. Phong [4] have given necessary and sufficient condi­
tions for the existence of the  rank of apparation of a prime power in the 
general second order linear recurrence. From their theorems one can deduce 
immediately the  following

L e m m a  2. Assume that fo r  a prime p there is the rank of apparation of 
p  in the sequence G(Q). Then there is g(pe'p'+n) for every positive integer 
n  if and only i f

(31) r(pe^ )  ф r(pe(p>+1),

P r o o f . We prove Lemma 2 directly. Assume that for a prime p there 
is g(pk) for every positive integer k. Let e = e(p) and h — g(pe+1). It 
is obvious th a t there is a positive integer x  such that h =  g + xr, where 
g =  g(pe), r =  r(pe). We have

Q2h -  1 = (Q29  -  l )2 xr + (2ir -  1) =  0 (mod pe+1),

and so

(32) ^  +  (mod*).
p c  p c

Since 2Г = 1 (m odp), we have 2ГХ = 1 (m odp) and

(mod p).

Using these congruences we get from (32) tha t

(33) +  HIZ l x = о (mod p).
p c  p c
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This shows that 2’p<; 1 ф 0 (modp), i.e. (31) holds.
Assume that (31) holds, that is r(pe) ф r(pe+1). It is well-known that in 

this case we have

(34) r(p'+n) = pnr(pe) (n = 1 ,2 ,. . .) .

Assume that there is g(pe+n) for some integer n > 0 and r(pe+n) ф r(pe+n+1). 
We shall show that g(pe+n+1) also exists.

Let g* := g(pe+n) and r* := r(pe+"). As we have seen in the proof above, 
we have

Q2e*+»r* _  i  = o (mod pe+n+1)

if and only if

o 99* _  1 9 r * — 1

(35) -  pe+n + ~ ^ r X = ° (mod P)-

By using (34) we have r* = r(pe+n) ф r(pe+n+1) for every integer n > 0, and 
so the congruence (35) has solutions. This shows that there is g(pe+n+1). 
This completes the proof of Lemma 2.

We shall deduce from Lemma 2 the following result.

L e m m a  3 .  For each fixed prime Q there exists a prime p such that there 
is g(ph) for every positive h in the sequence G(Q).

P r o o f . By using Lemma 2, in order to prove Lemma 3 it is enough to 
show that there is a prime p for which there is g(p) and r(p) ф r(p2).

If Q > 3, then Q = 1 (mod 3) or Q = -1  (mod 3), since Q is a prime. 
We have r(3) — 2 ф r(32).

If Q = 1 (mod 3), then C?2(Q) = Q22 — 1 =  0 (mod 3) and so #(3) = 2. 
If Q = - 1  (mod 3), then Gi(Q) — Q2 — 1 =  0 (mod 3), i.e. p(3) - 1. Thus, 
in both cases there is g(3), which together with the condition r(3) ф r(32) 
implies that there is g{3h) for every positive integer h.

If Q = 3, then we choose p = 5. In our case r(5) = 4 ф r(52) and 
0з(3) = 3 • З3 — 1 = 0 (mod 5), which also implies that there is g(5h) for 
every positive integer h. The proof of Lemma 3 is complete.

4. P ro o f  o f  T h e o re m  1

By using Lemma 1, in order to prove Theorem 1 it is enough to show that
(ii) holds, that is a(Q) = a(2) for every odd prime Q. Let Q be an odd prime. 
Let Gn{Q) = Q2n — 1. By using Lemma 3 we have lim sup Nie(Q2n — 1) = oo.

n—► oo
Applying (3) and using Lemma 1 we get that
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(36) f (Q) f (2 )nf ( M )  = f (Q2 nM)  =

= f [(Q2n -  1 )M  + M] = f ( M ) (mod Nk(Q2n -  1))

holds for every positive integer n.
On the other hand we have

(37) f (Q) f (2)nf ( M )  = Qa(Qh ° W nf{M) .

From (36) and (37) it follows that

ga(Q)2a(2)„ /(M ) =  Д М ) (mod N k(Q2 n -  1))

and so

f (M)Q°W = Qa& \ Q 2 n)aW f ( M )  = Qa(<?) f ( M )  (mod N k(Q2n -  1))

for every positive integer n. This shows that a(Q ) = a(2) since 
lim sup Nk(Q2n — 1) = oo. This completes the proof of Theorem 1.

П—ЮО

2. P r o o f  o f  th e  C o ro lla ry

Assume that f ,g(=.M and satisfy

(38) / (n  + m) =  g{m) (mod N k(n))

for every positive integer n , m. Applying (38) with m = l w e  have

(39) / ( n  +  1) =  £f(l) =  /(1 ) (mod N k(n))

for every positive integer n. Applying Theorem 1 with M  = 1 we get that 
f ( n ) = na (n = 1, 2, . . . ) ,  where a > 0 is a non-negative integer.

Let m be a positive integer. Then from (38) we have

g(m) =  / ( n  -f m) =  (n -f m)a = ma (mod N k(n))

for every positive integer n, which implies g(m) = ma, since lim sup N k(n) =
n —►OO

oo. This completes the proof of the Corollary.
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6. P r o o f  o f T h e o re m  2

Assume that /  £ M  and (5) holds, i.e.

(5) f ( n k + m) = f ( n k) + /(m ) (mod n )

for every positive integer n and m.  It is easy to see that from (5) we have

(40) /(m n fc + 1) =  m f ( n k) -f 1 (mod та)

for every positive integer та, m.  Indeed, (40) holds for m — 1 and from (5) 
we get

f[{m +  1 )nk + 1] =  f[nk + (m nk + 1)] = /(те*) 4- f(m n k +  1) (mod те)

which by using induction on m  proves (40).
Applying (40) with m replaced by mn we get

r

(41) /(т т е *+1 + 1) =  m n f ( n k) + 1 =  1 (mod n) 

holds for every integer n,m . From (41), it follows that

f (n  + 1) ее 1 (mod N k+i{n))

for every positive integer n, which by using Theorem 1 implies f (n)  = na 
(n = 1 ,2 ,. . .) ,  where a > 0 is an integer. But in the case a =  0 (5) is not 
true. Thus Theorem 2 is proved.
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WEAK ASYMPTOTIC FORMULAS 
FOR PARTITIONS 

FREE OF SMALL SUMMANDS. II
J. HERZOG (Frankfurt am Main) 1

1. In tro d u c t io n

Denote by p(n) the number of (unrestricted) partitions of the positive 
integer те and by q{n) the number of partitions of n into distinct parts. G.
H. Hardy and S. Ramanujan [8] showed2 that for те —► oo

(1) p(n ) = {1 +  0 ( п- 1/2)}(4"УЗп)-1 exp {y /2 /Зтгу/п} 
and

(2) q(n) = {1 + 0 ( n " 1/2)}(4 • 31/ 4 • те3/4)"1 e x p { \ / l /37r y/n}.

In [4] P. Erdos and J. Lehner investigated the distribution of the parts те,- in 
the partitions

(3) n = ni +  • • • + nr (1 < nr ^ rax, те,- € Z)
of те. They proved that almost all (i.e. with exception of at most о(р(те))) 
partitions of те consist of

(4) r =  (1 + 0(1)) (y /2 /3 * ) V n logn

parts and that, again for almost all partitions of n, the largest summand ni 
in (3) is of the same order:

1 This paper was written during a stay at the University of Illinois at Urbana-Cham- 
paign, supported by a grant from the Deutsche Forschungsgemeinschaft. The author would 
like to thank the members of the Department of Mathematics at Urbana for their hospi­
tality and help.

2 Actually, [8] contains much sharper results. The method o f Hardy and Ramanujan
was subsequently refined by H. Rademacher [11], who obtained a representation of p(n)
as the sum of a convergent series involving nothing but elementary functions such as the 
exponential function and certain roots of unity. L. K. Hua [10] employed Rademacher’s 
technique to derive a similar series expansion for }(n).
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Analogous results hold for q(n),  and in [7] P. Erdos and P. Túrán considered 
similar problems for more general partition functions.

It is interesting to study the  influence of the “small” parts of the parti­
tions of n. To this end one might investigate the behavior of py(n), which is 
the number of partitions of n  with smallest part nr > y. In view of (4) and
(5) it can be expected that py( n ) and p(n) — or at least their logarithms 
— are not “too far” apart as long as у is not “too large” , e.g. у < тг1/2 -'.  
On the other hand, it would not come as a big surprise if py(n) is much 
smaller than p(n)  (even on the logarithmic scale), once у is “very large” , e.g. 
у > n1/2+e. In fact, results of J. Dixmier and J.-L. Nicolas [2], [3] and the 
author [9] show th a t3

(6) log Ру (тг) =  y/ÖjSTrn1 / 2 -y log(^ /n-y~1) — cy+O (y 2 / y /n  +  n1 /Ay/\ogn)  

as n —► oo, uniformly in у =  о (у /тг).
For applications it is im portant that asymptotic formulas for py(n) hold 

uniformly with respect to у in “large” у intervals depending on n (cf. [2],
И ).

The purpose of the present paper is to provide asymptotic formulas for 
the logarithms of general partition functions related to partitions into “very 
large” parts (resp. distinct parts) which are uniform with respect to the 
relevant parameter. As in [9], these results are deduced from a Tauberian 
theorem which is similar to a theorem of W. Schwarz [12], but more involved 
due to the presence of an additional parameter.

In the case of the “ordinary” partition function pv(n) considered above 
we shall see tha t logpy(n) decreases rapidly if the parameter у increases in 
[n1/ 2+e,n 1_e], in accordance with our heuristic considerations based upon 
(4) and (5).

2. B asic  defin itions a n d  resu lts

Let 0 < A i  < Л2 < A3 < . . .  be an unbounded sequence of real numbers 
with counting function

(7) N ( u )  = £  1.
A„<u

For4 £ € LinN0{Ai, A2, ...}  we consider the Diophantine equation

3Dixmier and Nicolas [2] prove that pm(n) ~  p(n) ( r / y /b n)m 1(m  — 1)! as n —* oo, 
uniformly in m = o fn 1 4̂), 1 ^ m € Z, and extend the m-range t o m  Í  n 1//3_t in [3]. In 
[9] the author investigates more general partition functions.

4N0 = {0,1,2,...}.
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( 8 )  I =  Y  ( rv e N o ).
A„>y

The number of solutions of (8) in nonnegative integers ru is denoted by py(£), 
and qy(i) denotes the number of solutions in ru € {0, 1).

These partition functions are generated by

(9) f y(s) = ^ p y(l)e~ls = Д  {1 -  exp(-Al/s)}” 1
l A„£y

and

(10) f y(s) = =  П  {! + exp(—A^s)}
Í  A„>y

respectively, the series and products being convergent in R es > 0 if N(u)  
does not grow too rapidly,

(11) N(u)  <  uB (u > Ai) 

with a positive constant B,  say.5
Both generating functions have holomorphic logarithms in Re s > 0 given

by

(12) <py(s) = log f v(s) = ~ Y  log{l -  exp(—A„s)}
Ai/ ̂  у

and

(13) ¥>y(s) = log f y ( s )  =  Y  log{l + exp(-A„s)}.
A„>y

Here log denotes the principal branch of the logarithm.
In the theorems below we deal with the logarithms of the summatory 

functions

(14) Py(u) = Y ,P v ( l )
1<U

and

(15) « ,(« )  = £ « , ( 0 -
t<U

5log N ( u )  =  o ( u )  as it —► oo is sufficient.
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T h e o r e m  1 . Let с, C and a  be positive real constants satisfying

(16) 0  < C ■ 2 ~a < c < C 

and assume

(17) c - u a L(u)<: N ( u ) £  C - u aL(u) (и > Лх)

for some slowly varying function L . 6  Define cru(y) for sufficiently large и by7

(18) -p 'y(c u(y)) = u.

Then for every small positive number e the asymptotic formula

(19) log Py(u) =  <py((Tu(y)) + и ■ au(y) + О ( v W y - ( b g « ) 3/2)

holds uniformly in u a+1"r ^ у й и 1 c as и —> oo.
R e m a r k s . (A) We shall show th a t ^logy <c uau(y) <C ^log y.
(B) If N(u) = C\ua + 0(и^),  0 < ß < a, c\ > 0, then Theorem 1 implies 

that

(20) log Py(u) = ^ lo g (ya+1 /u )  • (1 + O(loglog и /  log u)} (и —► oo)

1 .
uniformly in < у < и1 c.

In the case of the ordinary partition function (i.e. A„ = u, v = 1 ,2 ,3 ,. . .)  
we have N{u)  = и +  0 (1 ), hence Theorem 1 yields

(21) log Py(y) = -  log(y2 /u) -  -loglog (y2 /u)  + -  + Oe (  Ц1°ё1° ё и ")
у у У \  J/logu /

uniformly in у £ [u1/ 2+e, u1_I] as и —» oo. Since n >-► py{n) is increasing,
(21) remains true if Py(u ) and и are replaced by py(n) and n, respectively. 

The corresponding result for partitions into distinct parts is also true.
THEOREM 2. Let N(u)  be as in the preceding theorem, and define du(y) 

by

(22) —Py(^u(i/)) = и (u sufficiently large).

Then the asymptotic relation

(23) logQy(tt) = £y(ff„(iO) + u ■ &u(y) + 0  ( y / u j y  ■ (l°g«)3/2)

6I.e. L is a positive Lebesgue-measurable function satisfying L (px)/L (x)  
oo) for every p >  0.

<f У is given by ( 12 ). The proof will show that cu{y)  is well defined.

1 (a

A cta  M athem atica  H ungarica 62, 1993



PARTITIONS FREE OF SMALL SUMMANDS. II 1 7 7

holds uniformly in u a+i+e ^ у £ и1 e as и —> oo for each small £ > 0.

R e m a r k . If we consider the special case N(u)  =  ciu" + O(u^), 0 < ß < 
< a , ci > 0 again, it turns out that uniformly in u Q+1"t" < у < u1~e

(24) log Qy(u) = — log(2/0(+1/it){ l -f 0(loglog и/  log u)} (u -»• oo).
У

Comparing this with (20) we observe that log Qy(u) ~  log P„(u) uniformly 
in у for this special type of counting function.

The following theorem generalizes the observation.
T h e o r e m  3. Let N ( u ) satisfy the hypotheses of Theorem 1. Then as 

и —► oo

(25) log Py(u) = (1 +  0 ( l / lo g « ) )  ■ logOv(v)
1 .

uniformly in u a+1-r ^ I/ < u1 e.
Both Theorems 1 and 2 are consequences of the following Tauberian 

theorem for Laplace-transforms depending on a parameter, which is closely 
related to Theorem 1 in [9]. However, the present theorem allows one to deal 
with much larger values of the parameter. Both of these results have their 
roots in a Tauberian theorem of W. Schwarz ([12], Satz l ) .8

T h e o r e m  4. Let {A y : [0,oo[-> [0, oo[;y > 0} be a family of nonde­
creasing functions such that each Ay is dominated by a (fixed) nondecreasing 
function A: [0, oo[—► [0, oo[ whose Laplace-transform

OO

(26) J A{u)e~w du
о

converges in о > 0. Therefore, for every у > 0, the function
OO

(27) f y((r) = cr • J  A y(u)e~wrdu
о

is well defined in о > 0.
We assume the existence of constants Ci > 0, p > 0 and nonnegative 

functions ipy G C2]0,/4 with

(28) I log f y(o) -  ¥>„(<7)1 ^ Ci (у > 0, 0 < a  < ц)

8Note that there is a typographical error in the hypotheses of Satz 1 in [12]: Formula 
(3.6) should read <r(tp"(<r))e+1 |v,,(<r)|-2f-1 5: C.
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and, for each fixed у > 0,

(29) -V 'y{a) -* oo as 0 + ,

(30)

(31)

0 < 4 >'y(cr) increases as cr decreases to zero,

- f y i v )  ^  Ф(°) (0 < a < p)

with a fixed nonnegative function ф € Cx]Q,p[, ip' < 0. Furthermore we 
suppose that there are real constants a2 ~ t a \ > l ,  0 < i>2 й bi and C2, C3, M , 
y0  > 0 such that the following bounds for —<py(cr), у > y0, hold:

(32) ~<Py((r) Z Ci ■ Vai ■ exp( -b 1 yo)  (0 < a < p),

(33) — F yi17) = C3  ■ y° 2 • exp(-b^ycr) if 0 < о < p and уст > M.

Finally we require the following relation between the first and second deriva­
tives of <py: Given real constants 0 < A \ < B± there exist constants 0 < 
< A 2 ^ B 2 , which may depend on A \, B \ but are independent of a and y, 
such that, for sufficiently large y,

(34) Ai log у <,yo < Bi log у implies A 2y ^  Vy{°) • |</?у(<т) Г 1 ^ В 2 У- 

Now define the quantity au(y) for sufficiently large и by

(35) - V y M y ) )  = и.

Then for each positive real number £ < the asymptotic formula

(36) log A y(u) = v?y(cru(j/)) + и ■ ou(y) + Ос(л/й]у(1оg u)3/2)

holds uniformly in u a 1+e ^  у < u1_e as и —> oo. The О constant in (36) 
may depend on £, but not on и or y.

R e m a r k s . (A) As we shall show in a moment, the order of the main 
term in (36) is at least j)log u.

(B) In our applications the functions A y and —q>'y will be decreasing with 
respect to у (i.e. 77 > у implies A ^ u )  < A y(u) and — у? (̂сг) ^  — <^(cr)). In 
this case we obviously may set A  = Ao and ф = — <p'0.

The bounds A and ф are useful: Since
W XJU

о J Ay(u)e~tUTdu = °  J  A(u)e~WTdu A(w),
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we have
OO

(37) / у(ст) = a I  A y(u)e~'UTdu +  0(1)
W

uniformly in у for every fixed positive number w.
From relations (29)-(31) it follows that cru(y) is well defined by equation 

(35) for all у > 0 and и > uo, where Uq is independent of y: Let uo be such 
that the equation ip(ou) — и has a unique solution for all и > u0.

2. Som e p re lim in a ry  e s tim a te s

Before we actually start proving the theorems, we recall some simple but 
useful consequences of the hypotheses of Theorem 4.

For the rest of this section we assume that

(38) 0 < £ < a 1
2ai

(39) u ai +e <; у ^ u1-'

and tha t uo(e), c\(e), 0 2 (e), . . .  are sufficiently large (resp. small) positive real 
numbers which may depend upon e but not on и or y.

From (35) and (32) it follows that

и = -<p'y((Tu(y)) ^ C2yai exp{-61j/<7u(y)}

hence

У°и(у) ^  ^-{«l b g  у log и -f- log C2} >  I  log у + log C21 

by (39). This implies

(40) y°u(y) £ Ci(e)log^ ( u > u 0(e)).

If u 0( e )  is large enough, (39) and (40) show that ycru(y) ^ M . Therefore 
(33) may be applied with о = <Ju(y ):

u =  -v'y(°u(y)) й C3ya2 exp { - b2yau(y)}

У°и(у) = log у ( n ' t  u0(£)).
O 2

which yields 

(41)
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In view of (40) and (41), relation (34) guarantees the existence of positive 
constants A 2(e) ^  В2(e) such that

(42) A 2(e) • у й < В 2(е) ■ у ( u > n 0(£))-и

Using the right hand inequality in (42) together with (39) we deduce

(43) и2/ ч>у(аи(у)) > u{B 2(e) • y}-1 ^ c2(e) ■ u'  (u > u0(e)). 

Inequalities (40), (41) and (42) yield

(44) c3(e) ■ log у £ ----------- ---------- Si c4(£)-logy (u > u0(s))и
which shows tha t

(45) u/ip'y((Tu(y)) < £ ■ au(y) (и > u0(e)).

If и < v < 2u and и > uo(e) then

(46) 1 <; cru(y)/<rv(y) < c5(e).

The left-hand inequality is an immediate consequence of the monotonicity 
of и au(y), while the upper bound in (46) follows from (40) and (41).

3. P ro o fs  o f  th e  re su lts  on p a r ti tio n s

P r o o f  o f  T h e o r e m  1 . We want to apply the Tauberian theorem with 
Ay = Py, A = P0 and <py((r) = log fy(cr) = -  £  log{l -  exp(-A„ • cr)}. To

K>y
this end we have to verify that the hypotheses of Theorem 4 are satisfied.

Since we define <fy(cr) = lo g /y(<7), (28) holds trivially with C1 = 0 and 
H =  1, say. The properties (29) and (30) follow easily from

(47)

and

(48)

- < ( CT) E к
ехр(Л1/ст) — 1

oo

у

<Д О  = л^ А"£Г(ехр(Л1/ст) -  1) 2
A*>y

since N (u ) — N ( y ) —* 00 as и —у oo for fixed y. We may choose ф — —ip'Q 
according to our remark following Theorem 4.
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In the sequel we shall need some basic properties of slowly varying (ab­
breviated s.v.) functions, namely

If L is s.v., then lim LSfx) = 1 holds uniformlyx—►OO *-/\x)
with respect to t € [a, 6] for any finite interval [a, b] C]0, oo[.

f Let L be s.v. Then xsL(x)  —* с» and x~sL(x) —► 0 
\  for any positive real number 6 as x —► oo.

Proofs of (49) and (50) may be found in the books of E. Seneta [13] and N. 
H. Bingham, С. M. Goldie and J. L. Teugels [1].

Relation (17) in Theorem 1 implies that

N(2u) -  N ( u ) > uaL(u){c2aL{2u)/L(u) -  C}.

Since 2ac > C by (16) and L(2u)/ L(u)  —>• 1 as и —► oo there exist positive 
constants ß and и о such that for и > щ

(51) N(2u) -  N ( u ) > ßuaL(u) ^  ß*N(u)  (/3* = ßC~l ) 

whence

- V y H  > Y ,  X"- ^  = У ■ e~2y"{N{2y)  -  N(y)} >
y^\v<2y

= ßya+1 L(y)e~2y<T.

Therefore, using (50), we obtain for any small positive number 6

(52) V »  ^ ^ y a+1- se - ^

provided у is large enough. Hence we may take a\ = a  -f 1 — 6 and = 2 in
(32), where 6 is any real number in ]0, a[.

In order to verify (33) we define M  = 2(a + 2) and observe that by (17) 
and (50)

(53) N(u) <: uQ+1

for all sufficiently large u.
Using (53) and the estimate

0 <  — -j—{w ■ (ew — l ) - 1 }  <  2we~w (w > 4)aw

(49)

(50)
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we infer that for yo > M

-̂ »И= J  N ( y ) - у - {e*r -  l}-1 <
VP

< 2 • <7- " -2 • J wa+2e~wdw.
w

Now it is easy to see that for 0 < r < x
OO

( 5 4 )  J  wre~wdw <  j  1  — — j

Applying this estimate in the inequality above yields 

(55) -4 ,(< r) < 2 { l -  o - Q-\y< j)a+2e-*r < 4ya+2e-v*

if yo  > M  = 2 (a  +  2) and у is large enough. Hence we may set = a  + 2 
and 62 = 1 in (33).

It remains to show that relation (34) holds. For all a > 0 and у > 0 we 
have

= £  А ^ Ч е х р ^ а )  -  l } -2 > v J 2  exp(A^a) —~T = У '
A„>u А 'Ak>V

Thus we may choose A i — 1 in (34) independently of the magnitude of yu.
The verification of the corresponding upper bound is somewhat more 

involved. Here the key step is to  establish the existence of a constant C* = 
=  C*(Ai,Hi) such that, for sufficiently large y,

(56) At log у Z y a i B ,  log у implies ч& а) S С* V  -----r r ~ :— гг» ■
» s ts2 „ (eXp(A‘'<7)~ 1)

From (56) the desired estimate is easily deduced: If у ^ y\ we obtain

^  C "  • 2/( -* > '„ (< 7 ) )  

where C** =  2C* • y ^ i V i 1 ~  l} -1 -
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As for the proof of (56) we assume that у ^ y\ is sufficiently large and 
start with 

(57)
E  (exptf^E  l)ä ä i e ~ ^ { N ( 2 y )  -  *<*» ä

where we have used (51). Furthermore, since ya ^ Ax log y, we have 

A2eAt/<T „ r. - 2 L . -2

x b v  {eXp(A^ ) “ 1}2
^{1  - y ; 2M) ■ £ —  \ U (T

A*>2 у

Partial summation and some simple estimates yield
(59)

OO #2
£  A’ e *■" = -  J { N ( u ) ~  N ( 2 y ) } ^ ^ d u < a  2 j  N ^ j ^ d w .
‘' = 2y 2y 2y<rA„>2y

Let T  = 2 + 2/Ai; from (49) and (50) we know that

(60) y~l < L(y) < y  (y> yx)

and

(61) L(v) ^ 2 • L(y) (y > yx and y % v < T y )

provided yx is large enough.
Now split the right hand integral in (59) at Tycr and use (17) as well 

as (61) resp. (60) to estimate N(w/cr) in [2ycr,Tycr] resp. in [Tycr, oc[, thus 
obtaining

£  A^e-Â  <
A„>2y

< 2Ccr-a-2
Ту a

L{y) J  wa+2e~wdw + Ccr—a—3
oo

/ wa+3e~wdw.
2y<r Tycr

Utilizing inequality (54) in both integrals above we infer9 that for sufficiently 
large у > yx

£  Ale~ Ker <: 9C2a ya+2 L(y)e~2y<T -f C 2Ta+3ya+3 • exp
A„>2y

9Recall that T  =  2 -+- 2 /A \ .
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If we use (60) and the estimate e 2y<T/Al ^  у 2, which follows from уcr ^ 
> A\ log y, we obtain

(62) Х1е~К<Г й {9C2a + C 2Ta+3} • yaJr2 L{y)e~2y<T.
A „ > 2  у

The estimates (57), (58) and (62) yield (56). Now Theorem 1 follows from 
Theorem 4.

A remark to  the proof o f  Theorem 2. Of course, Theorem 2 may be 
proved in a similar way, but it is easier to make use of the inequalities given 
in the proof above. We illustrate this by showing that

¥ > y O )  <  У • if ^ l b g y  <; yo <: Bi log у , у > 2/i.
r

Here we have

Фу(<?) = ^ eAi,<r{exp(A^ ) + 1}-2 ^  5 ^  А̂ А"<т{ехр (л‘'сг) -  f} -2 =
A „ > y  A „ > y

= ¥>yV) <  У ■ (-V’yO )) = У ■ M exP ÍV O  -  ! } _1 ^
A i /^ y

< ( l  + 2/(2i f 1 -  1)) • у • A„{exp(A„cr) + l} -1 = C - y  (-£y(ff)) •
A „ > y

P r o o f  o f  T h e o r e m  3. In view of Theorems 1 and 2 it suffices to show 
that uniformly in tia+! ^ у  ^  ul 1

(63) <ßy(&u(y)) + « ■ <7„(y) =  {1 + 0 (1 / log m)} • (v>v(äu(y)) + и ■ äu(y))

as и —► oo.
In all subsequent estimates the <C constants are independent of и and y. 

For ya >  log у it is not difficult to see th a t

- ‘̂ И  + 'РуО)
w )

ew + 1 J
dw <

<  ^V(j/) • 2/ • e 2y<T.

Hence by the mean value theorem there exists a cr* € [0-„(г/), cru(2/)] such that 

0 =  -¥>»(*«(»)) +  V?y(^u(3/)) +  ^y(^«(2/)) -  ¥>у(*«(у)) =

= (&u(y) -  M l/)) • 9 y ( 0  + 0  (JV'(if) • У • exp(-2yäu(y))).
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In view of (30) and (42) this implies uniformly in u a+1+e < у < и1

(64) 0 < <7u(t/) -  Си(у) <
N ( y ) • У • exp(-2 y cru ( y ) )  

У ■ и
<C у '

Here the second <C estimate requires an application of the inequality 

- ¥ ,y(£T) »  У ' N (y) ■ exp ( - 2 ycr)

with a — äu(y); in case of <p'y{(r) this inequality has been verified in the proof 
of Theorem 1, cf. the lines following relation (51).

Since, for ya log y,

y<r

the estimate

(65) <?уЫ у)) -  <Py(°u (y)) < u - y ~ x

may be proved in almost the same way as (64). Now (63) follows from (64),
(65) and (40), and our proof of Theorem 3 is complete.

4. P ro o f  o f th e  T a u b e ria n  th e o re m

P r o o f  o f  T h e o r e m  4. Since our proof is closely related to the proof of 
Theorem 1 in [9] it suffices to sketch the main ideas and indicate the relevant 
modifications. See [9] for full details.

The monotonicity of u н  A y(u) shows that for any T  > 0 and all a £ 
e]0,/x[, у > 0

f y (a ) = a J  а у(у) ' e U° du = A v(T ) ' e T<T
T

whence by (28)
A y(T ) = eCl ' exPÍV’yC )̂ + T  ■ a}.

For sufficiently large To and all10 T  > To the right-hand side above attains 
its minimum at a — &т(у), and therefore we use the upper bound

(66) Ay(T) < eCl ■ exp{tpy(<rT(y)) + T a T(y)} (y ^  y0, T >  T0).

10Cf. remark (B) following Theorem 4.

Acta M athem aiica  Hungarica 62, 1993



1 8 6 J .  HERZOG

For the rest of the proof we assume that

(67) < y <  T 1- 6

where S > 0 is a small real number. All <C constants appearing subsequently 
may depend on 6 but are independent of T  and y.

In order to obtain a good lower bound for log Ay{T) we define11

, соЧ , v  \  V>vV t (í/)) , T 2 \(68) e =  e(T,y)=K-̂ -------log
4 1/ 2

(69) R = R( T , y )  = (l + s ) - T

where the constant К  is specified below, and consider

T0 (l-e)T R  oo

fv(°T{y))  = r̂(i/)|y + J  + J + У | л ( и)-е х р (-«  -aT(y))du =
T0 (1 -e )T  R

— lo + + h  + h-
The estimate

(70) l0 + h  + l3 <Cs exp{py(crT(y))} • eu

with

(71) U = U ( T , y ) 1 e2R 2
4 Vy(oR(y))

-  log s + log °T(y)<Py(<7R(y))
R

depends on monotonicity properties of — <p'y and p” and may be proved in 
almost the same way as the corresponding estimate in [9] (proof of Theo­
rem 1). Only the approximation of <тд(у) — &т(у) has to be modified slightly, 
since the inequality p”(a)a > \p'y{cr)\ is not necessarily true in the present 
situation:

The mean value theorem implies the existence of <r* £ [<tr(^), <tt(í/)] 
such that

£T = -(p'v(<TR(y)) + (ру(ат(у)) = (<гт(у) ~ ° R{y)) ■ <fy(0*), 

and by the monotonicity of p y, (40) and (42) it follows that

(72) \ p " (J R{y)) = ат(<У̂  ~ OR№  ^  £y~X = Z° T

n Note that e (T , y) —► 0 as T  —► oo by (43).
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Next we show that U —> -oo ad T  —► oo, uniformly in y. From our 
definition of e and relation (42) we deduce that there is a constant Cg > 0 
which is independent of T  and у such th a t

e2 R 2 T 2
< ( CT«(2/)) = K  Cä1° S f y ( ffT(y))

and
log £ ^ -  log

T 2
<Ру(ат(у)У

In view of (44) and (46) the third summand on the right-hand side of (71) 
is Oi(loglogT). Hence, if we choose the constant К  in (68) such that 
K 2 ■ Cg > 6, we obtain

(73) U < -  log 7- ?J 2 +  0 5(loglogT),
<r>yw (2 /) )

whence U <Cg — logT  —*■ —oo uniformly in у as T  —► oo by (43). Therefore 
it follows that, uniformly in y,

to +  /1 + k  =  о(ехр{^„(сгт(у))}) (T —► oo)

implying that

h  =  f y{aT{y )) -  { k  + h +  h }  >  exp{y>v(<7r(y))}

for sufficiently large T.
On the other hand, from the monotonicity of и t-> A y(u) we deduce that 

R

h  — aT{y) /  Ay( u ) -exp( - u -aT(y))du < Ay(R) ■ e x p { - a T(y) ■ {I -  e)T)  
(1 -О т

and consequently

(74) log A y(R) > <py((TT(y)) + T ■ aT(y) -  £ • T  • aT(y) + 0(1).

It is not difficult to replace (Ру((?т{у)) resp. T  • сгт(у) by <py(orR(y)) resp. 
R  • &R(y) in the inequahty above: If we apply the mean value theorem and 
(72) we see that

<Pv(*я(у)) -  <ру(<тт(у)) й (°т(у) -  trR(y)) ■ R  <  еТат(у), 

and another application of (72) yields

IR ■ °R{y) -  T  ■ crT(y)I ^ T ■ {or{y)  -  СГR(y)) + eTaR(y)  <  eTaT(y).
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Therefore we have

(75) log A y ( R )  >  <py (<TR(y))  + R  • V R ( y )  + 0 ( e  ■ T  • a T ( y ) )

where the О-constant depends at most on 6 ,  but not on T  or y .  Our definition 
of £ and the relations (41), (42) and (43) imply that the error term in (74) 
does not exceed

K* ■ v /T /y -lo g T 3/ 2
where К * is a constant tha t is independent of T  and у for all у satisfying 
(67); of course, K* may depend upon S. This finishes our proof of Theorem
4.
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ON CARDINAL INVARIANTS 
OF CONTINUOUS IMAGES 

OF TOPOLOGICAL GROUPS
M. G. TKAÖENKO (Tver)

Introduction. In 1949, A. S. Esenin-Vol’pin [8] proved the coincidence 
of the character and the weight of every dyadic compact space. Later this 
result was generalized in different directions. Thus, in the paper of A. V. 
Arhangel’skii and V. I. Ponomarev [4] it was shown that the weight of every 
dyadic compact space is equal to its tightness. The deep result of Efimov, 
Gerlits and Hagler is the following statement: if a dyadic compact space X  
of an uncountable weight r  is not a union of countably many closed subsets 
of smaller weight, then there exists a continuous mapping of X  onto the 
Tychonoff cube I T (see [7, 9, 12]). In particular, the conclusion holds if 
c fr > N0-

We shah call a space quasidyadic if it is a continuous image of a dense sub­
set of a generalized Cantor cube. The problem of investigation of quasidyadic 
compact spaces seems to be more complicated than that of compact dyadic 
spaces. One of the earliest results in this area is Theorem 6 in [10], which 
claims that every compact continuous image of a E-product of doubletons is 
metrizable. In [20] this result is extended to ah compact spaces which are 
continuous images of dense subsets of E-products of doubletons (of separable 
metrizable spaces).

The next step in the development of quasidyadic compact spaces theory 
was made by L. V. Shirokov [17]. In particular, Theorems 1 and 2 of [17] 
imply coincidence of the weight of a quasidyadic compact space X  with the 
tightness of X ,  and of the character of X  at any point p  6 X  with the 
hereditary x-character of X  at the point p.

For every cardinal r  the generalized Cantor cube D T has the intrinsic 
structure of a compact topological group. Taking this into account, A. V. 
Arhangel’skii [3] suggested to extend the sphere of investigations by consid­
ering “weakly dyadic” compact spaces, that is, compact continuous images of 
dense subsets of cr-compact topological groups. For example, does the weight 
of a weakly dyadic compact space coincide with its tightness? This problem 
of Arhangel’skii was partially solved by V. V. Uspenskii. He proved in [22] 
that the equality w = x  of Esenin-Vol’pin holds for all weakly dyadic com­
pact spaces. The complete solution of the above problem is given in [21], 
whose Corollary 2.23 states that w(X)  = t ( X )  = id(X) for every weakly 
dyadic compact space X  (here w, t, id denote the weight, tightness and 
dyadicity index resp., see [3]). However it remained open the question of
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Uspenskii if a “local” version of Corollary 2.23 in [21] is true, i.e., whether 
the character and the tightness coincide at every point of a weakly dyadic 
compact space.

Here we answer the question of Uspenskii in the affirmative. Our main 
result, Theorem 1, claims that if S is dense in a product of ст-compact topo­
logical groups and a compact space A  is a continuous image of S,  then 
x(p ,X)  = t(p, X )  for every point p £ X .  The same conclusion remains valid 
in a more general case when S is dense in a product of Lindelöf E-groups 
(the corresponding definition is given below).

Recall tha t a space X  is said to he perfectly fc-normal [19, 5] if the closure 
of each open subset of X  is a Gg-set in X.  It is well-known that D T is 
perfectly fc-normal for each cardinal r .  Nevertheless a dyadic compact space 
need not be perfectly fc-normal: to get an example it suffices to identify two 
distinct points of DT with r  > Ко- Thus, weakly dyadic compact spaces need 
not be perfectly fc-normal. However, if a continuous mapping / : H  —> X  of 
a Lindelöf E-group H  onto a compact space X  is open, then X  is perfectly 
fc-normal; moreover, the closure of each G^s-subset of X  is a G$-set in X  
(Theorem 2). Note that the above mapping /  is not assumed to be closed.

Terminology and notations. All topological groups are assumed to be 
Hausdorff, and topological spaces to be Tychonoff. Following [16, 1] we call 
X  a Lindelöf E-space if there exists a countable family T  of closed subsets of 
the Cech-Stone compactification ß X  with the following property: for every 
x € A and у £ ß X  \  X  there exists F  £ F  such tha t x £ F Q ß X  \  {y}. 
If there exists a family T '  of closed subsets of ß X  with the same property 
and \F'\ < r ,  then we write Nag(A) < r . So A  is a Lindelöf E-space iff 
Nag(A) ^  K0. One can easily verify th a t if A = UV and Nag(P) < r  for 
each P £ V , then Nag(A) |P |- r . This implies that if a topological group G 
is generated by its subspace A , then Nag(G) < Nag(A) • K0 [22]. Obviously, 
Nag(A) < Ко for every ст-compact space A . The same inequality holds for a 
space A with a countable network [16].

We call a union of arbitrary many G^-subsets of A  a G^s-set in A. 
By w(A ), nw(A), t(A ), 7Tx(A) we denote the weight, the net weight, the 
tightness and the 7T-character of a space A , resp. If p £ A , the symbols 
X(p, A), жх(р,Х)  and t(p, X )  stand for the character, the x-character and 
the tightness of A at the point p, resp. (see [13]).

The main results. The aim of the article is the proof of the following 
theorem.

T h e o r e m  1. Let S  be a dense subset in a product o f a-compact topolog­
ical groups, and let the compact space X  be a continuous image of S . Then 
x{Pi A) = t(p, A ) for every point p £ A .

R e m a r k . In case S  coincides with a product of spaces with countable 
networks, the conclusion of Theorem 1 follows from [10, Theorem 9]. Gener­
alizations of Theorem 1 (see Corollaries 1 and 2 below) cover this case with
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a stock.
Now we turn to the other result.
T h e o r e m  2. Let f  be a continuous open mapping of a Lindelöf E -group 

H onto a space X  of pointwise countable type. Then clx Q  is a Gg-set in X  
for every Gg^-subset Q of X .  In particular, X  is perfectly k-normal.

P r o o f . Let V  be a family of Gj-sets in X ,  and let Q = UV . Put 
В = cl x Q  and T  = с1я / - г(<?)- Then T  = f~ x(B ) because /  is open. 
Evidently / - 1(Q) is a G^E-set in H, so Lemma 2 of [22] implies that T  is of 
type Gg in H . Hence there exists a countable family 7 of open subsets of H 
such that T  = П7 .

Extend /  to a continuous mapping д : ßH  —> ß X . Since H is a Lindelöf 
E-group, there exists a countable family T  of closed subsets of ß l l  which 
separates points of H  from the points of ßH  \  H . One can assume th a t T  is 
closed under finite intersections. For every U G 7 put U* = ßH \c\ßH (H \U ). 
Then the following assertion holds:
(*) for each <7 G H  and U G 7 there exists F  G T  such that д G F  and 

g -1( B ) n ( F \U * )  = <b.
Assume that (*) fails. Then there exist g G H  and U G 7 which 

contradict (*). By virtue of compactness of ßH  we have К  — (g~1(B ) П 
П П •T'XfiO) \U *  t̂ 0, where F(g) -  {F  G F  : g € F}. But the definition of 
T  implies P| X(g) Q H, therefore g~x(B ) П Pl^"^) Q g_1(B) П H = T . This 
inclusion and the fact that К  ф 0 imply that T  \U * ф 0. This contradicts 
the obvious inclusions T  Q U C U*.

Put К — {g(F \  U*) : F  6 T ,U  G 7 }. Clearly, К is a countable family 
of closed subsets of ß X . By (*), for every x G X  \  В one can find К  G К  so 
that x G К  Q ß X  \  B, and hence В is of type Gg in X .

Let us turn to Theorem 1. We shall prove a more general result (Theorem 
3) that implies Theorem 1 as a special case. To start with, we formulate a 
notion due to L. V. Shirokov [18].

D e f i n i t i o n  1. Suppose S  ^  П and /  : 5 —> У is a continuous mapping. 
Then /  is said to be regular with respect to П provided there exists an 
operator e/ assigning to each open set 0 Q Y  an open subset e /(0) of П such 
that
(R l) ef ( 0 ) n S  = f - \ 0 y ,
(R2) if U ,V  are open in У and disjoint, then ey(Z7) and Cf{V) are disjoint.

Clearly, if S  is dense in П, then every continuous mapping / :  5  —>■ У is 
regular with respect to П. With the help of the notion of a regular mapping 
Shirokov [18] gave a characterization of Ar-metrizable compact spaces in terms 
of their embeddings into Tychonoff cubes. From technical point of view the 
notion of a regular mapping is convenient because of the following reason. 
Assume that S  is dense in П, /  is a continuous mapping of S onto У, T  
is dense in У and д is a continuous mapping of T  onto Z. Then the set
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/ - 1 ( Т )  nee(j not dense jn j i ? i.e., the space Z need not be an image 
of a dense subset of П under the mapping g о / .  However the mapping 
g о f :  f~ l (T ) —*■ Z  is regular (with respect to П) by the following lemma 
(see [21]):

LEMMA 1. Let S С П and suppose that f  is a regular (with respect to l l )  
mapping of S onto Y , T Q Y , and g is a regular (with respect to Y )  mapping
o f T  onto Z. Then the mapping h = go
with respect to IT. □

'U (T)
of f  l (T) onto Z is regular

To prove Theorem 1 (and its generalizations) we need several lemmas. 
All of them, except Lemma 5, are given in [21]. For the reader’s convenience 
we formulate them  here.

Lemma 2 (see [21, Lemma 2.16]). Let £ be a closed countable cover of 
a space Z of point-countable type. Then, fo r  every non-empty Gg-set Ф in 
Z  there exists a non-empty closed Gs-set Ф* in Z such that Ф* Q Ф and for 
each В E f either Ф* C 5  or Ф П Н  = 0. □

In what follows we use some notations. If П = П X a , then for each 

В  Q A  put Пв =  X a and denote by ж в  the projection of П onto Пд.
a£B

Lemma 3 (see [21, Lemma 1.7 and Corollary 1.8]). Suppose that П = 
=  П  Aa> where for each a E A, X a is a Gg^-set in a Lindelöf'S-group. I f

T  is of type Gs.x in П, then F  — clnT is a Gg-set in П. Moreover, there exist 
a countable set В  Q A and a closed Gs-set Fb  of Пв such that F — жg 1(F e). 
□

The lemma above and Lemma 2.15, Theorem 1.5 in [21] together imply 
the following.

Lemma 4. Let П be as in Lemma 3, and assume that Л is a countable 
fam ily of open subsets of П. Then for every filter TZ on the set X the upper
lim it lim77. = f) cln(U{í7 G Л : U 6 R}) is of type Gg in П. □

Re v.
The proof of the lemma is based on the fact that a Lindelöf E-group has 

a large stock of open homomorphisms onto groups with a countable network
[22]. Lemma 4 does not infer th a t lim7£ ф 0.

Lemma 5. Suppose that R  is of type Gg^ in a space Y  of point-countable 
type, and у E clyÄ  = В. I f  жх(у, В) < Ho, then there exists a countable ir­
hásé p of Y  at the point у such that V  П В ф 0 for each V  E p.

P r o o f . Since irx(y,B) <  H0 , there exists a countable 7r-base Л of В  at 
the  point y. Clearly, U f]R /  0 for each U E X. Taking into account that Y  is 
of point-countable type, for every U E A one can find a non-empty compact
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set K u  Q U П R  so that x (K u ,Y )  < Ho- Let yu  be a countable base of K jj 
in У. We put p =  U{7i/ : U € A}. It is easy to see that the x-base p  of Y  at 
у is as required. □

Now we formulate the main result of the paper in a sufficiently general 
form.

T h e o r e m  3 .  For every a & A let X a be a G s^-set in a Lindelöf £- 
group Ha, and assume that П =  X a, S  С П and f  is a regular (with

a(z.A
respect to H) mapping of S onto a space Y  of point-countable type. Then 
x(p, У) =  t(p ,Y ) for each point p £ 7 .

P r o o f . It is sufficient to show that %(p,Y )  ^  t(p ,Y ). Assume that 
there exists a point p £ Y  with t(p ,Y ) < x (p ,Y ). Then the point p is 
not isolated in Y .  Let Ф be a closed subset of Y  and p £ Ф. One can 
find a compact set Фо of a countable character in Ф so that p £ Ф0 Q Ф. 
By a recent theorem of I. Juhász and S. Shelah [14] we have xx(p, Фо) й 
^ t(p , Фо) (if the cardinal xx(p, Фо) is regular, this inequality follows from [13, 
Theorem 3.14.b]). Clearly, t(p, Фо) ^  t(p ,Y ). Lemma 1 in [2] implies that 
7гх(р, Ф) ^ xx(p, Фо) • x($o, Ф), and hence xx(p, Ф) й Kp >Y)- Consequently 
a hereditary x-character of У at the point p does not exceed t(p ,Y ).

For the sake of simplicity we assume that t(p ,Y ) = Ho; this special 
case is completely analogous to the general one. For every a  £ A  define 
Ya = cl//a X a. By Theorem 2 in [22] Ya is a Gj-set in the group Ha (this 
follows also from our Lemma 3), and since Ya is closed in Ha , we have

л
Nag(y*) < N ag(^a ) < Ho- The set П is dense in П = П Ya , so the mapping

a E A

f  is regular with respect to П. Let ef be a lifting operator corresponding
л

to /  (see Definition 1), where e/(0) is open in П for each open set 0 Q Y. 
By T(p) denote the family of all open subsets of У containing p , and put

F* = П{с1п*е/(0) : 0 € F(p)}, Fp = F* П П, where П* = П ß Ya is the

product of Cech-Stone compactifications ßYa .
о б  A

For a subset В Q A ,  denote -кв the projection of П onto Ilg =  Ya .
aEB

By pb  denote the projection of П* onto Jig = Д  ßYa . Let T  be the union
a £ B

Л
of all G^-sets of П contained in Fp. Lemma 3 implies that the set с1лТ c  Fp

А Л
is of type Gs in П, and therefore T  = с1лТ is the maximal G$-set of П lying

П
in Fp.

For a subset Ф С у  let Ф be the union of all G^-sets in У, lying in Ф. If 
F  is a family of subsets of П* and z £ П*, then put F (z) — {F £ F  : z £ F}.
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We claim the following.

A sser tio n  1 . For every countable family F  of closed subsets ofll* sat-
г.

isfying the condition П \  Fp Í  U F , there exists a point z G S \  Fp such that 
p G с1уФр for each F  G F(z), where Фр = c \y f (F  П S).

Assume the contrary. Then there exists a family F  which contradicts the 
assertion above. Therefore for every point z  G S  \  Fp one can find F(z) G
G F (z )  so that p £ с1уФр(*). For every z G S  \ F P put Pz =  Фр(2) and 
consider the family £ = {Pz : z  G S \  Fp}. Obviously |f | < |^ |  ^  Ко, and all 
elements of £ are closed in Y . Let us verify the inclusion У \{р} Q Uf. First, 
note that FpflS =  / _1(p). Indeed, suppose th a t у G V \{p}. Choose disjoint 
open neighborhoods 0 and U in Y  of the points p and у resp. Then e /(0) П

C\ef (U) = 0 and f ~ \ y )  C f ~ \ U )  g  ef (U )nS, so Fp с  d Ae/(0) C B \ f ~ \ y ) .
Consequently Fp n S  = / _1(p). The inclusion Y  \  {p} C u f follows now from 
the obvious facts tha t Y  \  {p } g  f ( S  \  Fp) and /(z ) G Pz for each z G 
G S  \  Fp. If p £ Uf, then, since elements of f  are closed in Y , we have 
y(p, Y )  = if(p ,Y )  < |£| < Ко, a contradiction. Thus the equality Y  = Uf is 
valid.

For every P  G f  choose an open subset Vp of Y  so that p G Vp and 
Vp П P = 0. Denote Ф = fl{Vp : P  G £}• Then Ф is a non-empty Gg-set 
in Y  and by Lemma 2 there exists a nonempty G^-set Ф' in Y  such that 
Ф' Q Ф and for each ? G (  either Ф' П P = 0 or Ф' g P. Since £ is a cover 
of Y , some element P* G £ meets Ф'. Then the definition of Ф' implies that 
Ф' C f ,  and hence Ф' g P*. This contradicts the facts that Ф' Q Ф Í  Vp. 
and Vp. П P* = 0. Thus the assertion is proved.

л
Since T  is a closed Gg-set in П, one can find a countable subset C g A

л - l
and a closed G$-set Tc in П с so that T  = жc l {Tc) (Lemma 3). Fix a

л
countable family вс  of open subsets of П£ so th a t Tq — Пс  П fj в с , and put
e = P c \e c ) = { p t \ U ) : U  tO c } .

Now we will carry out an inductive construction. Put Fq — po = 0 and 
5 (1 ) = C. Let n  G N+ and assume that a subset B{n) g A and families 
F n- 1, Pn-i have already been defined so that |5 (n ) | • |JFn_1| • | Ко-

Since Nag(Va) < K0 for each a  G B(n), we have N a g ^ Ig ^ ^  <j K0 (see [1]).
Hence there exists a countable family F* of closed sets in which sepa-

л л
rates points of Пв(„) from points of ( П о д  (Definition 1 of a Lindelöf
E-space X  does not depend on the choice of the Cech-Stone compactifica- 
tion ß X  of X ; one can substitute ß X  by any other compactification [1]). 
Denote by Fn the smallest family of closed sets in П* which is closed under
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finite intersections and contains the families T n- \ ,  {Рв(п)(-Ю : К  € -F*} an<l

{П *\U:U £ в). It is clear that П Q UFn. Put =  (c ly /(F n S )  : F £ F n}. 
Then |f„| й \Fn\ ^ No- Let be the family of all P £ f n satisfying p £ c lP . 
By Assertion 1, the family is not empty. With the help of Lemma 5, for
every P £ £n one can find a countable 7r-base pp of Y  at the point p so that 
V  П P ф 0 for each V  £ pp. Put pn = pn_i U (J{pp : P £ £„}. Clearly, 
|p„| ^ No- For every V  € pn there exists a countable subset B(V) Q A  such 
that clAef(V) = (apply Lemma 3 ). Since the projection

Pb (v) is open, we have К  = РщУ)Рв(У)(К),  where К  = cln*e/(F). Then
define B(n  + 1) = B{n) U U (^ (^ 0  : V  £ Pn}- Obviously |B(n + 1)| ^ N0- 

To end our construction, put В =  U{5(n) : n £ N+ }, p  = U{//„ : n ? N }  
and F  = L){Fn : n £ N}. It is clear tha t |j0| • \p\ ■ \F\ ^  No- It follows from 
the construction that F  =  PbV b(F) for each F £ F , and the same equality 
holds if one substitutes F  by d i].e/(Vr), V  £ p. Furthermore, the family

л л
Т в  — {p b {P)  • P  € F }  separates points of Пв  from points of \  Пв, and

л
the family F  is closed under finite intersections. The inclusion П С иF  is 
obvious.

Applying Assertion 1 tö the family F  choose a point z £ S \  Fp. The 
above construction implies that p is a тг-base of Y  at the point p, and for 
each P £ £ the subfamily pp  = {V £ p : V  П P ф 0} of p  is. a' 7r-base aPY  
at p as well, where £ = { c ly /(F  П 5) : z £ F £ F}.

For every 0 £ T(p) put V0 = U{e/(Í7) : U £ p, U £  0}. Put also Д* = П
л

n{cln*Vo : 0 £ T(p)} and R = R* П П. An easy verification shows that 
Ä* = р^1рв(Д*) and R =  7Гд1хв(Д).

л -к
A s s e r t io n  2 . The set R is of type Gg in П, R Q Fp, and R \ T  ф 0.

Indeed, the inclusion R  Q Fp follows from the definitions of R and Fp.
A

Lemma 4 implies that R  is a G$-set in П. It remains to show that R \ T  ф 0. 
Consider the set К  = ПF (z). Clearly К  = р ^ р в (К ) .  Since the family Fp

A A A
separates points pf Пв from points of П^ \  Пв, we have р в (К ) Q Пв- The 
fact that pp  is a 7r-base of Y  at the point p for each P  £ f  implies that 
Vo П F ф 0 whenever 0 £ T(p) and F  £ F(z). The family {Vo : 0 £ T(p)} 
is directed by inclusion and the family F (z)  consists of compact sets, so we

have R* П К  ф 0. Since R* = p f^peiR *), К  = р~^рв(К ) and р в(К )  С Пв,
л

the set R* П П П К  is not empty, i.e., R  П К  ф 0. However, К  П Т  =  0, 
because z $ Т  and К  = r\F(z) Q П* \  Г)0 Q П* \  T. Consequently R \ T  ф 0,
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and Assertion 2 is proved.
It remains to note that the existence of the set R  with the above prop­

erties contradicts the definition of the set T . This contradiction means that 
X (P ,X )^N 0. □

The following corollary of Theorem 3 generalizes Theorem 1.
Corollary 1. Let S  be a dense subset of a product of Lindelöf E- 

groups and assume that a compact space Y  is a continuous image of S . 
Then x(p, Y) =  t(p ,Y ) for each point p € Y . □

Another corollary of Theorem 3 has a purely topological character.
Corollary 2. Let a compact space Y  be a continuous image of a dense 

subspace of a product of cosmic* spaces. Then x(p, Y ) =  t(p, Y) for each 
point p £ Y.

P roof. Assume that S  is dense in the product П = X a of cosmic
ocEA

spaces X a and Y is a continuous image of S. Let Ha — F (X a) be the 
free topological group over X a, a € A (see [11, 15]). Since Ha is generated 
by its subspace X a (in an algebraic sense), we have nw (i/a ) ^ nw(Xa ) is 
< Ho- In particular, Ha is a Lindelöf E-group of a countable pseudocharacter. 
Consequently X a is a G j^-subset of Ha, a  £ A. An application of Theorem 
3 completes the proof. □

Theorem 3 and Lemma 1 yield together the following.
Corollary 3. Suppose that So is dense in a product of Lindelöf E- 

groups, Yo is a continuous image of So, S i is dense in Y0, Yj is a continuous 
image of S i, and so on. I f  Yn is a compact space for some n £ N, then 
x(p, Y„) = t(p, Yn) for each point p £ Yn. □

Finally, we formulate three questions connected with the above consid­
erations. The first and the second questions provide a way of generalizing 
Theorem 2.

Question 1. Suppose tha t a compact space Y is an image of a dense 
subspace of a Lindelöf E-group under an open continuous mapping. Must Y 
be perfectly Abnormal?

Question 2. Let a compact space Y be an image of a product of Lin­
delöf E-groups under a continuous open mapping. Is it true then that Y is 
perfectly fc-normal?

Question 3. Suppose there exists a continuous mapping of a dense 
supbspace of a cr-compact topological group H onto a Tychonoff cube 7T, 
r  > No- Is there a continuous mapping of H  onto 7T?

*A space X  is said to be cosmic provided nw (X ) is No-
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ON SOME GENERALIZATIONS 
OF THE KAKUTANI-STONE 

AND STONE-WEIERSTRASS THEOREMS
M. I. GARRIDO and F. MONTALVO (Badajoz)

1. I n t ro d u c t io n

For a completely regular Hausdorff space X ,C *(X )  denotes the algebra 
of all bounded real-valued continuous functions over X . We consider the 
topology of uniform convergence over C*(X).

When К  is a compact space, the Stone-Weierstrass and Kakutani-Stone 
theorems provide necessary and sufficient conditions under which a function 
/  e C*(K ) can be uniformly approximated by members of an algebra, lattice 
or vector lattice of C*(K). In this way, the uniform closure and in particular 
the uniform density of algebras and lattices of C*(K ), can be characterized. 
Other authors, like Császár, Nöbeling, Bauer and others have studied the 
uniform density of lattices of C*(K ) with some additional properties (sub­
tractive lattices, affine lattices, semi-affine lattices, etc.).

When X  is a noncompact space, different versions and generalizations 
of these theorems have been given. Thus, Hewitt [6] in 1947 gives a uniform 
density theorem for algebras of C*(X) containing all the real constant func­
tions. This is done through the identification between the rings C*(X)  and 
C ( ß X ) (ß X  is the Stone-Cech compactification of X ), and it is a general­
ization of the Stone-Weierstrass theorem. In a paper devoted to the study 
of the comparison of certain compactifications of X  [1], Blasco establishes 
the relationship existing between an extension problem of bounded continu­
ous functions and a problem of uniform approximation. In this context he 
characterizes the uniform closure for certain lattices of C*(X).

In this paper we make a systematic study about uniform approximation 
for algebras and lattices of C*(X).  If $ is an algebra or lattice (vector lattice, 
affine lattice, etc.) we shall characterize its uniform closure and we shall give 
necessary and sufficient conditions for uniform density in C*(X).  For our 
purposes we shall also identify the rings C*(X)  and C(ßX) .  In this way, we 
generalize the classical results in the compact case. Likewise we also obtain, 
in particular, the mentioned generalizations by Hewitt and Blasco.
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2. N o ta t io n

As we have already mentioned, for a completely regular space X ,  which 
has more than  one point, C *(X ) denotes the set of all bounded real-valued 
continuous functions endowed with the uniform convergence topology. C * (X ) 
can also be provided with an algebraic structure and an order structure, 
defining pointwise the suitable operations. Thus, if 3  is a subset of C*(X)  
we shall say that 3 is:

1. a ring, if f ,g  £ 3  then /  — g £ 3  and fg  £ 3-
2. a linear space, if / ,  g G 3 and Л, p £ R then А/ +  pg £ 3-
3. an algebra, if ^  is a ring and it is a linear space.
4. a lattice, if f ,g  £ 3  then f\Jg £ 3  and f/\g  £ 3, where fV g = sup{ f , g}  

and ( /  A g) =  mi{ f ,g} .
5. a vector lattice or linear lattice, if 3  is a lattice and it is a linear space.
6. a subtractive lattice, if $ is a lattice and if / ,  g G 3  then /  — g £ 3-
7. an affine lattice, if 3  is a lattice and if f  £ 3 and a £ R then /  +  a £ 3 

and a f £ 3-
8. a semi-affine lattice, if # is a lattice and if f  £ 3  then /  + a £ 3  and 

p f  £ 3 for every a £ R and p £ Г where Г is a set of real numbers containing 
0 and unbounded both from above and from below.

Given /  £ C*(X ) and a real number a, we let La( f ) = {x £ X : f ( x ) ^ 
^  a}, La( f ) =  {x £ X : / ( x ) ^ a} and we refer to La( f ) and to La( f ) as the 
Lebesgue sets of / .  We let Z( f )  denote the set {x £ X : f ( x )  = 0} and call 
it zero-set of / .

Suppose that 3 C C*(X)  and that A  and В are subsets of X.  We say 
that 3-

1. S\-separates or completely separates A and В  when there is g £ 3 
such that 0 ^  jf 5 1, 9ÍX) =  0 if x £ A  and g(x) = 1 if x £ B.

2. S 2 -separates or separates A  and В  when there is g £ 3 such that
Í7ÖÍ} П ff(iFj =  0.

3. Si-separates (i — 1,2) the Lebesgue sets of a function f  when for every 
a < b, 3 .Si-separates La( f ) and Lb(f) .

We also say that 3 separates (resp. strongly separates) points of X  when 
for every x j ^  x-i in X  there is g £ 3  such that <?(xi) /  g(x2) (resp. when 
for every x \ f- Xi in X  and for every pair of real numbers a, b, there is g £ 3 
such that g(x  1) = a and fir(x2) = b).

Finally, ß X  denotes the Stone-Cech compactification of X . This space 
can be characterized by many forms. For instance ß X  is the unique (up to 
homeomorphism that leaves X  pointwise fixed) compactification which has 
the following property:

“Every function in C*(X)  can be continuously extended to ß X  ”.

Thus if f  £ C*(X)  and is its (unique) extension to ß X ,  the map /  — *• 
—> /0  is an isomorphism of rings from C*(X)  onto C{ßX) .  In this way we
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can identify the rings C*(X)  and C(ßX).  If 5  C C*(X)  and is the set of 
all continuous extensions to ß X  of functions in then J  and have the 
same algebraic properties and it is easy to check that # (being the 
uniform closure).

The above exposition is contained essentially in Gillman-Jerison’s book
[5].

3. T h e  classical re su l ts

In this section we state (without proof) the classical results for the com­
pact case. Although they are well-known we prefer to recall them because 
they will be generalized one by one.

T h e o r e m  1 (Kakutani-Stone, [7], [11], [12]). Let К be a compact space, 
3  C C*(K) a lattice and f  £ C*(K).  Then f  £ 5 if and only if  for any
x\ ф x2 £ К  and e > 0 there is g £ $ such that \g{x\) — f ( x i) | < e and
\9{x2) -  / ( * 2)| < e.

Consequently, 5  is uniformly dense in C*(K) if and only if for any 
X\ ф x2 € К , for any pair o f real numbers a, b £ R and e > 0 there is
g £ $ such that |g(a;i) — a\ < e and |g(x2) — b\ < e.

T h e o r e m  2 (Kakutani-Stone, [ 7 ] ,  [11], [12]). Let К be a compact space, 
5 C C*(K) a vector lattice and f  £ C*(K). Then f  £ $ if  and only if  fo r  
any x\ ф x2 in К  there is g £ 5  such that g (x i) = f{x\)  and g(x2) = f ( x 2).

Consequently, $  is uniformly dense in C*(K) if and only i f  $ strongly 
separates points of К .

The following theorem gives some sufficient conditions under which cer­
tain lattices containing all real constant functions are uniformly dense in 
C*(K).  It can be obtained as a consequence of Theorems 1 and 2, though 
they have been studied in a different framework, exactly, in the theory of 
uniform spaces.

T h e o r e m  3. Let К  be a compact space and $ a subset o f C*(K) con­
taining all the real constant functions and separating points o f К . Then $ is 
uniformly dense in C*(K) if any of the following conditions is satisfied:

(i) 5 is a vector lattice (Nöbeling-Bauer [10]).
(ii) 5 is a subtractive lattice (Császár-Czipszer [3]).

(iii) 5 is an affine lattice (Császár-Czipszer [3]).
(iv) 5  is a semi-affine lattice (Császár [2]).
T h e o r e m  4  (Stone-Weierstrass, [11], [12]). Let К  be a compact space, 

$  C C*(K ) a subalgebra and f  £ C*(K). Then f  £ $ if  and only if the 
following conditions are satisfied:

(i) 5 separates values of f  (i.e., if for every x i ,x 2 £ К  with f ( x i)  ф 
ф f ( x 2) there is g e  $ with g (x i) ф g(x2)).
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(ii) 3  is non-vanishing on the points x £ К  such that f ( x ) ф 0 (i.e., if 
f{x) ф 0 there is g £ 3  with g(x) ф 0).

Consequently, 5  is uniformly dense in C*(K ) i f  and only if 5 separates 
points o f К  and $ is non-vanishing on K .

The proofs of Theorems 1, 2 and 4 are contained essentially in Nachbin’s 
book [9].

4. U niform  ap p ro x im atio n  for sub la ttices  of C*(X)

In this section we generalize the theorems by Kakutani, Stone, Császár, 
and others (i.e., Theorems 1, 2 and 3) for sublattices of C*(X).  For this, 
we identify C*(X ) and C(ßX) .  This identification allows us to translate 
conditions related to points in ß X  into conditions related to Lebesgue sets 
or zero-sets in X.

T h e o r e m  5 . Let $  be a sublattice ofC*(X)  and let f  £  C*(X).  Suppose 
that for every a < b and e > 0 there exists g £ 3 such that

\g(x) — a\ < e i f  x £ La( f ) ,
\ g ( x ) - b \ < £  if  x £ L \ f ) .

Then f e z .

P r o o f . We are going to apply Theorem 1 to prove that f ß e  S ß - Let 
p ф q be two points in ß X  and let e > 0. Firstly, suppose that f ß(p) Ф f ß(q) 
(for instance, f ß(p) < f ß(q))- Let 0 < 6 < \ ( f ß(q) — f ß(p)), then

p e { y  e  ß X :  f ß ( y )  <  f { p )  + 6 }  c  Clß x { y  e ß X :  f ß ( y )  <  f ß ( p )  + 6 }  =  

= Clß x { y  e X  : f ( y )  < f ß { p ) + 6} c  Clß X L f P { p ) + s ( f ) .

Similarly q £ Clß x L ^ ß^ ~ s(f).  By hypothesis there exists g £ 3  with

Ig(x) -  (f ß(p.) + *)| < 6 if * € Lfß{p)+S(f),

\g{x) -  ( f ß (q) -  S)\ < 6 if x e L f ßM - \ f ) .

Therefore |p^(p) — f ß(p)\ й ^  and 19ß(q) ~ f ß(q)I = 2<5.
When f ß ( p )  = f ß ( q ) ,  the points p and q belong to  Clß x L f ß ^ +s( f )  f°r 

any 6 > 0. Taking g £ 3  such that |g(x) — (f ß(p) + <5)| < 6 if x £ L//3(p)+ä( /)  
and \g(x) — b\ < 6 if x £ L b ( f ) ,  being b any real number with b > f ß ( p )  + S, 
we obtain tha t \ g ß ( p )  —  f ß { p ) \  ^ 2<5 and \ g ß ( q ) — f ß { q ) \  й 2Í.

The proof is concluded when we take <5 < e/2.
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T h e o r e m  6 . L e t 3  be  a  s u b l a t t i c e  o f  C * ( X ) .  T h e  f o l l o w i n g  c o n d i t i o n s  

a r e  e q u i v a l e n t :

(a) 3  is u n i f o r m l y  d e n s e  i n  C * ( X ) .

(b) For e v e r y  p a i r  o f  d i s j o i n t  z e r o - s e t s  i n  X , Z \  a n d  Z i ,  f o r  e v e r y  p a i r  

o f  r e a l  n u m b e r s  a ,  b a n d  e  > 0 t h e r e  e x i s t s  g  £  3  s u c h  t h a t  |^(x) — a \  <  £  i f  

x  £  Z \  a n d  |<7(ж) — i>| < £  i f  x  £  Z i .

P r o o f . From Theorem 5 it follows that (b) implies (a). To prove that 
(a) implies (b) it is enough to note that if Z \  — Z { f \ )  and Z i  — Z { f i )  are 
disjoint zero sets in X ,  then the function g  = a  + (6 — a ) f f /( /^  + / | ) belongs 
to 3  and it takes the values a  and b on Z \  and Z i  respectively.

R e m a r k . The condition in Theorem 5 is not necessary even when 3 is 
a vector sublattice of C * ( X ) .  For instance if 3  is the set of all functions on 
[0,1] of the form /(x )  = a x  ( a  £ R), then 3  is a (vector) sublattice which 
does not satisfy that condition for its functions. Let us note that 3  does not 
contain the constant functions.

For sublattices containing all the real constant functions the next theo­
rem can be established.

T h e o r e m  7 . L e t  3  b e  a  s u b l a t t i c e  o f  C * ( X )  c o n t a i n i n g  a l l  t h e  r e a l  c o n ­

s t a n t  f u n c t i o n s  a n d  l e t  f  £  C * ( X ) .  T h e n  f  £  3  i f  a n d  o n l y  i f  f o r  e v e r y  a  <  b 
a n d  £  > 0 t h e r e  e x i s t s  g  £  3  s u c h  t h a t

|il(i) -  a \  <  £  i f  x  £  L a ( f ) ,

|5 (z) - b \  <  £  i f  x  £  L b ( f ) .

P r o o f . It is enough to prove that this condition is necessary. Suppose 
/  £  3 ,  a < b and £  > 0. Take 0 < <5 < and h  £  3  with \ h  -  f \  < 6 .  Thus, 
we have

a  (h ( x ) V a )  A b ^ a  + 6 if x  £ L a ( f ) ,

b - S ^ ( h ( x ) \ / a ) A b < b  if x  £ L b [ f ) .

Now, if S  <  £  and g  =  ( h  V а) Л b , then g  belongs to 3  and hence g  is the 
required function.

Now we shall see that if the lattice has some additional properties then 
the separation condition in the above theorems admits several equivalent 
formulations. To this end, we need the next result.

L e m m a  1. L e t  3  b e  a  s e m i - a f f i n e  s u b l a t t i c e  o f  C * ( X ) .  I f  3  s e p a r a t e s  

p o i n t s  i n  X  t h e n  3  s t r o n g l y  s e p a r a t e s  p o i n t s  i n  X .

P r o o f . Let x  ф  у be two points in X , let a  <  b and g £  3  such that 
g(x ) ф g(y)- We can suppose that g ( x )  < g ( y ) ,  because in the other case 
taking p < 0 such that p g  £ it is obvious that p g ( x )  < p g { y ) .  Let Л > 
> g(y)-g(x) Then the function h  =  ( a  V (Ag  -f a  -  A^f(x))) A 6 is
in 3  and it satisfies h ( x )  — a  and h ( y )  = b.
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T h e o r e m  8 . L e t  d  b e  a  s e m i - a f f i n e  s u b l a t t i c e  o f  C * ( X ) a n d  l e t  f  E  
E  C * ( X ) .  T h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :

(a) f e d -
(b) F o r  e v e r y  a  <  b a n d  e  > 0 t h e r e  e x i s t s  g  E  d  s u c h  t h a t

I00r) — a| < e i f  x  E  L a ( f ) a n d  \ g ( x )  — b| <£ i f  x e  L b ( f )

(c) F o r  e v e r y  a < b t h e r e  e x i s t s  g E d  s u c h  t h a t

g ( x )  =  a i f  x  £ L a ( f )  a n d  g ( x )  = b i f  x e L b ( f ) .

(d) d  S i - s e p a r a t e s  t h e  L e b e s g u e  s e t s  o f  f .

(e) F o r  e v e r y  a < b t h e r e  e x i s t s  g E d s u c h  t h a t

sup{i/(x) : x G L a ( f )} < inf{<7(x ) : x € L \ f ) }

(whenever La( f ) and Lb( f )  are not empty).
(f) d separates the Lebesgue sets of f .
P roof. Since every semi-affine sublattice contains all the real constant 

functions, then (a) and (b) are equivalent (Theorem 7).
(b) implies (c). Let a < b, 0 < e < and g E d such that \g(x) — a\ < e 

if x E La( f ) and \g(x) — 6| < e if x E Lb(f) .  The function h = ((а + е) V g) A 
Л (6 — e) belongs to d and satisfies h(x) = a +  £ if x E La( f ) and h(x) — b — £ 
if x € Lb(f).

If £ denotes the set of functions <p E C*(R) such that <p о h E d, then it 
is easy to check that £  is a semi-affine sublattice separating points of R, and 
so £  strongly separates pointy of R (Lemma 1). Thus, there exists <p E £ 
with <p(a + e) — a and <p(b — e) =  b and hence the function <p о h is in d  and 
it satisfies (<p о h)(x ) = a if x G La{ f ) and (9? о h)(x) — b if x E Lb(f) .

Trivially (c) implies (e) and (e) implies (f).
(f) implies (b). Let a < b and £ > 0. By hypothesis there is g E d which 

separates La( f ) and Lb(f).  If К  =  g(X)  and if £  again denotes the set of the 
functions E C * ( K ) such that <p о g E di then £  is a semi-affine sublattice 
separating points of the compact space К , and so £ is uniformly dense in 
C*(K) (Theorem 3). _______

Since g(La( f )) and g(Lb( f ) )  are disjoint closed sets in l i ,  there exists 
if E C*(K)  such tha t ip(x) = a if x E g(La( f ) )  and ф(х) — b if x E g(Lb(f)).  
If now we choose <p E £ with |</? — ф\ < e, then the function <p 0 g 6 d and 
hence the condition (b) holds.

We have proved the equivalence among the conditions (a), (b), (c), (e) 
and (f). Obviously (d) implies (f). If now we repeat the proof of “(b) implies 
(с)” but taking <p E £ such tha t ip(a + e) =  0 and <p(b — e) = 1 then the 
function ((tp о h) V 0) Л 1 is in d  and completely separates La( f ) and Lb{f).  
Hence (b) implies (d).

A cta  M athem atica H ungarica  62, 1993



T H E  KAKUTANI—STONE AND STON E—WEIERSTRASS THEOREM S 2 0 5

R e m a r k . In [1], Blasco pointed out the equivalence between the condi­
tions (a) and (e).

Next, we show by means of some examples that in the above theorem 
we cannot allow 5 to be an arbitrary sublattice containing all the constant 
functions. Namely, in order that a function is in the uniform closure of a 
sublattice containing all the real constant functions, conditions (e) and (f) 
are only necessary (Example 1), condition (c) is only sufficient (Example 2) 
and condition (d) is neither necessary nor sufficient (Examples 1 and 2).

E x a m p l e s . (1) Conditions (d), (e) and (f) are not sufficient. Let 5 be 
the set of the functions in C*(R) which are constant or they take values 
in [0, 1]. 5 is a uniformly closed sublattice containing all the real constant 
functions which separates the Lebesgue sets of every /  £ C*(R) as in (d), 
(e) and (f), but it is obvious that not every function in C*(R) is in J .

(2) Conditions (c) and (d) are not necessary. Let 5 be the set- of polyg- 
onals on [0,1] whose straight lines have slope strictly less than 1. Then 3  is 
a sublattice containing all the real constant functions and it is easy to see 
that the identity function /  belongs to 5 (the straight line joining (0, e) with 
(1,1 — e) is in 5 and at a distance e from the identity function). Nevertheless 
any function g £ 5 does not satisfy that for 0 <| a < b ^ 1, p([0, a]) = (a ) and 
g([b, 1]) = (b). In particular, this implies that 5 cannot completely separate 
L0(f )  and L \ f ) .

T h e o r e m  9 . Let $  be a semi-affine sublattice o fC*(X) .  The following 
conditions are equivalent:

(a) $ is uniformly dense in C*(X).
(b) For every pair of disjoint zero-sets in X , Z\ and Z2, for every pair 

of real numbers a, b and £ > 0 there exists g £ 5 such that

|£г(я) — a| < £ if x £ Z\ and |<7(x) — b\ < £ if x £ Z2.

(c) For every pair of disjoint zero-sets Z\ and Z2 of X  and for every pair 
of real numbers a, b there exists g £ 5 such that

g(x)  = a if x £ Z\ and g(x) = b if x £ Z2.

(d) 5 S\-separates every pair of disjoint zero-sets in X .
(e) For every pair of non-empty disjoint zero-sets in X , Z\ and Z2 there 

exists g € $ such that

sup{<7(z): x £ Zi} < inf{</(a:): x £ Zj}

where i = 1 and j  = 2, or i = 2 and j  = 1.
(f) 5 separates every pair of disjoint zero-sets in X .
P r o o f . It is straightforward after Theorem 8.
R e m a r k . Let us note that since every affine, subtractive or vector sub­

lattice which contains all the real constant functions is a semi-affine lattice, 
the above two theorems remain true for them.
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5. U niform  ap p ro x im a tio n  fo r subalgebras of C*(X)

As before, we shall now make a similar study for subalgebras of C*(X) .  
In this way we shall generalize the Stone-Weierstrass theorem and we shall 
obtain, as a consequence, the well-known result by Hewitt.

THEOREM 10. Letg be a subalgebra o f C*(X) and let f  £ C*(X). Then 
f  £ 5 if and only if the following conditions are satisfied:

(i) 5 separates the Lebesgue sets of f .
(ii) For every e > 0 there are S > 0 and g £ 5 such that Le{\f\) C Ls(g).

P r o o f . Necessity. Suppose /  £ Let a < b and take 0 < £ < and 
g £ 5 with Ig ~ / | < £ .  Then g(La(f )) C (-o o ,a  + e] and g(Lb( f )) C [b -  
— £, oc). Hence g(La(f ) )  П g(Lb(f)) = 0 and so (i) holds.

To prove (ii), we take e > 0, 6 = e/2  and g £ £ with \g -  | / | |  < S. (It 
is well-known that the uniform closure of a subalgebra of bounded functions 
is also a lattice, and so | / |  £ $.) Obviously, g(x) > <5 if |/(z ) | > £, hence 
L'(\ f \)  C L \ g ) .

Sufficiency. Since the set $0 of all continuous extensions to ß X  of func­
tions in 5 , is also an algebra and $0 =  5^, it is sufficient to prove that 
f 0 £ $0. For that we shall apply Theorem 4.

Let p,q  be two points in ß X  such that f 0(p) ф f 0{q)i for instance 
f 0(p) < f 0(q), and let 0 < £ < \ ( f 0(q) — f 0(p))- Then, from an argument 
already used in Theorem 5 it follows th a t p £ C \p x Tf p ^ +f i f )  and q £
£ ClßxL^ß^ ~ e(f).  Now, let g £5  be separating t / W / ) “ '  ! '" « - « ( / ) .  
Clearly g0(p) Ф 90{q), hence $0 separates values of f 0.

Moreover $0 is non-vanishing on the points where f 0 is non-vanishing. 
Indeed, let p  £ ßX  be with f 0(p) ф 0, and let £ — \ f 0(p)\. By (ii) there 
exist S > 0 and g £ J  such tha t Хе/2( | / |)  C Ls(g). As before, we obtain that 
P € C\ßxLe/ 2(\f\) because p £ {y £ ß X : \ f0(y)\ > £"/2). It follows that 
g0{p) Z 6 >  0 because ClßX L '/2(\f\) C ClßXLs{g).

We can conclude that f 0 £ $9 and so /  £ 5-
THEOREM 11. Let $ be a subalgebra of C*(X). Then 5 is uniformly 

dense in C*( X)  if and only i f  the following conditions are satisfied:
(i) $ separates every pair of disjoint zero-sets in X .

(ii) $ contains a unity o f C*(X) (i.e., there is f  £ $ with f  > £ > 0).
P r o o f . The sufficiency follows from Theorem 10. Conversely, if £ is 

uniformly dense in C*(X)  then, trivially (ii) is true. To prove (i) it is enough 
to note tha t if Z\ — Z ( /i)  and Z2 — Z ( f 2) are disjoint zero-sets, then g — 
=  f i / ( f i  + / 2 ) is in 5 and it is equal to 0 on Z\ and to 1 on Z2.

R e m a r k . In [6], Hewitt shows th a t any subalgebra of C*(X) which 
separates every pair of disjoints zero-sets in X  and contains all the real
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constant functions is uniformly dense in C*{X).  But condition (ii) in the 
above theorem is not equivalent to the condition on 5 to contain the real 
constant functions. In fact, (ii) is equivalent for these functions to belong to
ff.

Corollary (Hewitt [6]). Lethi be a subset o fC*(X ) such that for every 
pair of non-empty disjoint zero-sets Z\ and Z? of X , there is g £ hi with 
sup{|<7(a;)|: x £ Zj} < inf{<7(z): x £ Z j} where i = 1 and j  = 2, or i =  2 
and j  — 1. Under these conditions the subring $ generated by hi and all the 
real constant functions is uniformly dense in C*(X).

P roof. It follows at once from Theorem 11.
In [6] Hewitt also shows that his results and, of course, Theorems 10 and 

11, are true generalizations to the non-compact case of the Stone-Weierstrass 
theorem. Namely, the condition over $ of separation of zero-sets cannot be 
weakened to the requirement that 5 separates points in X .

All the preceding results lie in the framework of approximation theory, 
although they can also be used in other topics, for instance, in the study of 
compactifications of a completely regular space, algebraic-topological charac­
terizations of C*(X), extension problems of continuous functions, etc. (See, 
for instance, Mrówka [8], Blasco [1], Garrido [4] and others.)
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A NOTE ON SUMS OF POWERS 
OF COMPLEX NUMBERS

J. FABRYKOWSKI (Winnipeg)

Let n be a positive integer, zj complex numbers such that 1 > |zi| >
П

IZ'i I > . . .  ^ \zn j and go(v) = ^  Zj , where v is an integer. Using probabilistic
j=1

methods Erdos and Rényi [1] have shown that one can find complex numbers 
z j , \z j \ = 1 for j  = 1 ,2 ,. . .  , n such that for В  > 0

(1) max IffoHI ^ C (B )(n logn)1/2.
t )= l ,2

Under the same assumptions Leenman and Tijdeman [2] proved that

max \g0(v)\ > \ n x<2

and gave an explicit construction of unimodular complex numbers z j , j  =
1 ,... ,n satisfying (1) with C(B)  — 9B.  On the other hand H. Montgomery 
(see [4], p. 83) found unimodular complex numbers z j  such that for every 
e > 0 there exist infinitely many integers n for which

( 2) max |oo(v)l < 2n1/ 2.l<t><n2-*

Related to (2) P. Túrán raised the problem: what is inf max |po(v)| if
z) l^t><n2

min \z j \ =  1. 
i

The purpose of this note is to throw some light on T urin ’s question and 
simultaneously improve (2). In fact we shall show that there exist infinitely 
many integers n and unimodular complex numbers zj, j  = 1, . . .  , n such that

(3) max |po(u)| =  0 (n 1/2).
l £ t ; < n 2+ n

Let p be a prime number and q = p2 + p + 1. By Singer Theorem [3] there 
exist integers no =  0, n\  = 1, n2, . . .  , np between 0 and q such that all (p + l)p  
differences nj — n* (j  ф к, j ,  к =  0 ,1 , . . .  ,p) are distinct modulo q. Putting
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Zj =  exp ( ^ Y nj )  > j  =  0 , l , . . . , p w e  have:

\9o(v)\> = v—\ /27Г1 \  ■r—\ /27Г1 \
exp V,—■vniJ = exP V~ vni )  -  1

J = 1  4  j = 0  y

j,fc=0,l,.. . ,p
= exP ( ~ v(ni  ~  nk))  +  2 ^  exp I +  1 ^

2iri

j =о
2 7 Г  iE Z T V Z

exp —  v (r i j -n k) +  2 (p + l)  +  l= p + 2 ( p + l)  +  l  = 3 (p + l)

j ,fc=0,l, . . . ,p

for all v =  1, 2 , . . .  , q — 1 so (3) follows.
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DIRECT SUM DECOMPOSITIONS 
OF CONFORMAL RINGS

E. A. WHELAN (Norwich)

1. Introduction. In [4] Chatters and Jordan defined a ring R  to be 
a noetherian unique factorisation ring (noetherian UFR) if it satisfies the 
following conditions:

(a) R  is prime and
(b) R  is (left-right) noetherian;
(c) every non-minimal prime P € spec(Ä) contains a non-minimal prime 

of form Rp = pR  for some p 6 R.
More recently [2] Chatters, Gilchrist and Wilson have extended many of 

the results of [4] to the case of any ring satisfying only conditions (a) and
(c), which they call unique factorisation rings (JJFRs) (and which we here 
call prime UFRs).

There are, however, two main results of [4] which have so far not been 
extended to the most general context discussed in [2]. The first is Theorem
2.4, which states that a prime noetherian UFR R  is a maximal order in its 
(left and right) artinian ring of quotients Q; we have extended this result 
(in [19], [20]) in the following form: a prime UFR R  has a unique minimal 
simple ring of left and right quotients, say S(R),  which coincides with its 
symmetric ring of Martindale quotients and which embeds (over R)  in any 
simple ring of left or right (classical) quotients of R,  and R is a maximal 
order in S(R).

The other ungeneralised result from [4] (Theorem 2.5) asserts that, if 
we drop the requirement (a) that R  be prime, then R  is a finite direct sum 
of prime (noetherian) UFRs and of noetherian rings in which every prime 
is maximal. This implies that, if R is semiprime and satisfies conditions 
(b) and (c), then R  is a finite direct sum of prime noetherian UFRs and of 
noetherian simple rings (which are themselves ‘trivial’ prime UFRs).

The aim of this note is to explore generalisations (and the limits to gen­
eralisations) of this direct sum decomposition. There are two potential fines 
of attack on the problem: first, simply to consider arbitrary rings satisfy­
ing the condition (c) on prime ideals; secondly, to exploit the fact that in 
a prime UFR R  every non-zero ideal I  contains a non-zero, hence regular, 
normal element (i.e., an element a such that Ra — aR: see Remark 3.1, or 
Proposition 3.1 of [2]).

Prime (noetherian) rings with this latter property were termed confor­
mal in [7], where the fact that such a ring has a simple ring of fractions
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with respect to the left-right Ore set of regular normal elements was used 
in an analysis of noetherian UFN rings, that is noetherian prime rings in 
which there is a well-defined notion ([7], [8]) of unique factorisation of nor­
m al elements. We used the concept of a prime conformal ring (under a less 
satisfactory name) in [15], employing the simple rings of fractions of certain 
(not-necessarily noetherian) prime rings in analysing selected bimodules over 
bi-noetherian polynormal (BPN) rings (see Section 2 for definition).

It turns out th a t the second line of attack is more fruitful, both because 
it yields non-trivial results about a broader class of rings than the UFRs 
and because there is a severe technical difficulty (see Remark 5.2), which 
we have failed to overcome, in deciding whether a UFR must necessarily 
have finitely many minimal primes; this problem does not arise if we follow 
Jo rdan ’s approach of requiring the presence of ‘nice’ normal elements in 
sufficient supply.

We begin, therefore, by extending the concept of a conformal ring from 
the prime rings to arbitrary rings in two different but natural ways. For 
convenience, we say that a ring with finitely many minimal primes is Goldie 
finite. With this terminology, one definition — T-conformal rings — turns 
out to  be very restrictive, and we show that a T-conformal ring must nec­
essarily be semiprime Goldie finite, and conformal in the other definition. 
Using that more general definition of an (arbitrary) conformal ring, such 
a ring must be Goldie finite, but need not be semiprime. (Section 7 dis­
cusses the relative merits of the two alternative generalisations in the light 
of preceding sections.)

In general, a conformal ring in our definition need not have a good direct 
sum decomposition (even if it is one-sided noetherian and a UFR — see 
Example 5.7). But our two main results show that mild two-sided restrictions 
do force conformal rings to have ‘good’ direct sum decompositions. It is 
known [16] that BPN rings have properties at least as pleasing as those of 
left-right noetherian rings, and our first main result (Theorem 4.4) shows 
th a t a left-right noetherian or BPN ring is conformal if and only if it is a 
direct sum of a semiprime conformal ring with no maximal minimal primes 
and a certain type of ring with d.c.c. on two-sided ideals; this extends the 
Chatters-Jordan direct sum decomposition of UFRs in less specific form.

Our second main result (Theorem 5.4) shows that, provided a UFR is 
semiprime Goldie finite — a very different, but also a two-sided, condition 
— then the full Chatters-Jordan decomposition can still be obtained: such 
a ring is a finite direct sum of prime UFRs. Combining these two results at 
Theorem 5.5 yields an extension (to BPN rings) — and offers a new proof for 
left-right noetherian rings — of the original Chatters-Jordan decomposition.

As noted, these results highhght yet another marked contrast between 
rings in which two-sided ideals are both left and right finitely generated and 
rings which are noetherian only on one side. It is also worth mentioning that, 
in the uniform proofs which we present for left-right noetherian and for BPN 
rings, crucial roles are played by those prime ideals Q of a ring R  such that

A c ta  M athem atica  H ungarica  62, 1993



D IR E C T  SUM DECOMPOSITIONS OF CONFORMAL RINGS 2 1 3

R/Q  is subdirectly irreducible (i.e., has non-zero, hence simple idempotent, 
heart) and by partial quotient rings which have bimodule composition series, 
but need not be right artinian.

Section 2 of the paper covers terminology and notation, Section 3 dis­
cusses preliminaries, and Section 6 discusses examples. Most of the work 
presented here was inspired by [4] and [7], and grateful thanks are due to 
Drs Chatters and Jordan for their comments and encouragement.

2. Terminology and notation. Terminology and notation are standard or 
self-explanatory with a handful of exceptions. The term ring always means 
an associative ring with unity, and all (bi)modules are unital. The term 
ideal (unqualified by ‘left’ or ‘right’) always means two-sided ideal, and 1(72) 
denotes the ideal lattice of a ring R. As in [12], we say that a bimodule or 
ring is Ы-noetherian (Ы-artinian) or satisfies the bi-a.c.c. (bi-d.c.c.) (or some 
similar expression) if it satisfies the ascending (descending) chain condition 
on subbimodules (ideals, respectively).

If S, R  are rings then an element и of an S  — R bimodule В  is normalising 
if Su = uR. In an S -R  bimodule В over rings S, 72, a sequence u\, xt2 , ■ . ■ 
is subnormalising if щ  is normalising in M , щ  + M / ( u \ R ) is normalising 
in M / ( u \ 72), and so on. (The reasons for this terminology are explained in
[13], though other names are widely used.)

We then call a ring or bimodule polynormal (PN) if each principal (two- 
sided) ideal or subbimodule is generated by a finite subnormalising sequence. 
Thus a bi-noetherian polynormal (BPN) ring or bimodule is one in which 
every ideal or subbimodule is generated by a finite subnormalising sequence. 
It is known that, if s B r  is a left (right) faithful BPN bimodule then S( R)  is 
a BPN ring ([16], Theorem 4.8). Extensive classes of non-noetherian BPN 
rings are identified in [16] and [14]; note that the terminology used here 
follows that of [16], not [15] or [14].

If В — s Br  is a bimodule, we say a subbimodule M  of В  is N -cyclic if 
M  = Sv  =  vR  for some v G B. In this situation, every subbimodule L С M  
is of form L = Y v  — vX  for some Y  G 1(5), X  G 1(72), and when using 
the equation we always assume that Y , X  are the unique ideals maximal 
with respect to satisfying it, e.g. that X  =  {x G R : vx  G L}. A ring is 
noetherian (artinian) if it is left and right noetherian (artinian), and (see
[5], [6]) a bimodule s B r  is noetherian if sB , B r  are left, right noetherian 
respectively. It is standard that this implies S/LAnn(B) ,  72/ 72 Ann(77) are 
left, right noetherian rings respectively. If s Br  is a bimodule, we say it is 
fully noetherian (fully BPN) if each of 5 , 72, В is noetherian (respectively, 
BPN).

A prime ideal Q of a ring 72 satisfies Q ф 72. The symbols spec(72), 
max( 72), min(72) denote the sets of prime, maximal and minimal prime ideals 
of a ring 72, and P = P(R)  denotes its prime radical. A ring is poly simple if it
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is a finite direct sum of simple rings. If Q G I (R) then Q is quasi-primitive* if 
R /Q  is prime with simple (idempotent) heart, e.g. if Q G max(Ä); the set of 
such ideals is denoted by quas(Ä); R itself is quasi-primitive if 0 G quas(P). 
A ring R is Goldie finite if m in(P) is finite: it is well known that this is 
equivalent to each of: (i) R / P ( R ) satisfies the a.c.c. on annihilator ideals;
(ii) R / P ( R ) satisfies the d.c.c. on annihilator ideals; (iii) R / P ( R ) has finite 
bimodule uniform dimension; it is also equivalent to: (iv) P(R)  contains a 
product of prime ideals. Every bi-noetherian ring is Goldie finite.

If I  G I (Ä), then C(I)  (or Cr ( I )) denotes the set of elements of R 
which are regular mod I, and /  is essential (or occasionally, for emphasis, 
bi-essential) if it is an essential subbimodule of r R r . The symbol C denotes 
strict inclusion.

3. Preliminaries. For any ring Г, let А(Г) denote the set of non-zero 
normal elements, and U(T) the group of units. Thenf/(T) Q А(Г), and when 
Г is prime we have (i) N(T)  Q Сг (0) =  Сг (Р(Г)); (ii) 0 =  Р(Г) с  Ги =  «Г 
for all и G N(T) .  By definition [7], a prime (noetherian) ring Л is conformal 
if N(A)C\I ф 0 for all 0 ф I  G 1(A). In any ring R, let Np(R) ,  Np(R) denote 
respectively N ( R )  П С д ( 0 )  and {n G N ( R )  П Cr (P(R)) : P(R) Q Rn =  nR}. 
It is easy to check that n G Np(R)  implies P(R)  = n P ( R ) = P(R)n , and 
hence that N p ( R ): (a) is multiplicatively closed, and (b) does not contain
0. (Clearly Np(R)  has the same two properties.) If Q is an ideal of a ring 
R  maximal with respect to Q П Np(R) = 0 then Q G spec(Ä) and R / Q  is 
prime conformal.

Let R be a ring. Then J  G I(Ä) is P-essential if P(R)  Q J  and J / P{R)  
is essential in R/P{R) .  A subset M  of R  is said to be ubiquitous if M  П I  ф 
Ф 0 for each (bi-)essential /G l(Ä ), and P-ubiquitous if M  Г\ J ф ® for each 
P-essential J  t l ( R ) .  We shall say that an arbitrary ring R is T-conformal 
if N t {R) is ubiquitous, and that it is conformal if Np(R)  is P-ubiquitous. 
Clearly a prime ring R  is conformal as defined (for noetherian rings) in [7] if 
and only if it is conformal as defined here if and only if it is T-conformal, since 
for R  prime N ( R )  =  Np(R)  =  Np(R).  A  semiprime ring R is conformal if 
and only if it is T-conformal, since P(R) = 0.

REMARK 3 .1 .  If R  is a  prim e ring th en  R is conform al if and o n ly  if  
Q П N(R)  7b 0 for each 0 ф Q G sp e c (P )  (b y  Zorn’s L em m a).

The next result is probably well-known (and is true for ‘associative rings 
not necessarily with unity’), but we give it for completeness.

P r o p o s i t i o n  3 . 1 .  Let R be a ring such that the set of right regular 
elements is ubiquitous. Then R  is semiprime Goldie finite.

P r o o f . L et A  G I(P ) and suppose A 2 = 0. If В is a  com plem ent ideal 
for A , then  A  ® В  is essen tia l, so contains a  right regular elem ent t = a + b,

‘ The term quasi-primitive was used in a different sense by Szász, but it turned out 
that every quasi-primitive ideal was primitive (see [10], p. 120).
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where a £ A, b £ B. But then tA  = (a +  b)A = bA Q B A  = 0, so A  =  0 
since t is right regular. Hence R  is semiprime. Now a semiprime ring which 
is not Goldie finite contains an infinite direct sum of non-zero ideals, which 
by adding a single complement if necessary may be assumed to be essential. 
No such infinite direct sum can contain a right regular element, so R  must 
be Goldie finite. □

Corollary 3.2. A conformal ring is Goldie finite and a T-conformal 
ring is semiprime conformal. Suppose R is a semiprime Goldie-finite ring, 
and и £ R is normal. Then и is regular i f  and only if и £ Q for all Q £ 
£ min(i2) if and only if Ru is an essential ideal.

P roof. Straightforward and/or well-known. □
Corollary 3.3. Suppose R is a conformal ring and Q £ min(Ä). Then 

R/Q  is a conformal ring.
P roof. If Q £ тах(Д ) this is trivial. So suppose Q ^ max(Ä). If Q C 

С X  £ spec(R) then X  П N P( R ) ф 0, so ( X / Q)  П N ( R / Q ) ф 0. Since R / Q  
is prime the result follows from Remark 3.1. □

R emarks. 3.2. In an arbitrary ring, the elements of N p ( R ) need not 
be regular. For example, let p be a rational prime, C — Cpoo, and R be the 
ring R  = Z ® C  with multiplication defined (necessarily) by C2 = 0. Then 
Np(R)  — R \C , P(R)  = C,  and of course nP{R)  -  P(R)n = P(R)  for every 
n £ Np(R) .  But n £ Np (R ) is regular if and only if n ^ pR.

3.3. In any ring R, N p (R)C\Nt (R) is multiplicatively closed: Proposition 
3.6 shows that this observation and Remark 3.2 can both be improved on 
for binoetherian rings.

Example 3.4. Let R = k[x, y] be the commutative noetherian ring 
generated over the field к by x, у subject to the relation x 2y2 = 0. Then 
x + у £ N t ( R ) \ N p (R). In fact Np(R)  =  U(R),  so R is not conformal. The 
element z = x + у is regular, but P(R) %. zR.

In an arbitrary ring it is not possible to ‘lift’ normal elements from 
R / P ( R ) to R. For example, if R -  UT^lfL) is the ring of 2 x 2 upper 
triangular matrices over Z, let x be the m atrix diag(n, 1) for some 1 < n £. 
£ N. Then x +  P(R)  is regular and normal in R/P(R),  but x is not normal 
in R. In a conformal ring, however, things behave better. We denote the 
subgroup {1 +  x: x £ P{R)} of U(R) by 1 +  P(R).

P roposition 3.5. Let R be a ring. Then:
(i) v £ Np{R)  if and only if v + £ £ Np(R)  for all £ £ P(R).

Suppose further that R is conformal. Then:
(ii) и £ C(P(R))  is normal modulo P(R)  if and only i f  и £ Np(R);

(iii) if  u , v , w  £ Np(R),  x , y  £ R and v = xu (or v = wy),  then x(y) £ 
€ NP{R);

(iv) if  A £ I(Ä), A  c  p ( R ) t then N p { R / A ) = {x + A : x £ NP(R)}, and 
R/ A is a conformal ring;
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(v) if p, x , у £ Np (R ) and px = py then x — Xу for some A £ 1 + P(R)-

P r o o f . Throughout, let P  = P(R).
(i) One implication is trivial, so suppose v £ Np(R) ,  £ £ P.  Then 

P  =  Pv,  so £ =  pv for some p  £ P. Hence v -f £ = v +  pv  = (1 + p)v.  Since 
1 +  p £ U(R),  it follows th a t (1 + p)v £ Np(R)  as required.

(ii) Again, one way round is trivial, so suppose и £ C{P)  and Ru + P  = 
=  uR + P. Then Ru + P  is P-essential, so v = xu +  £ =  uy + p for some 
v £ Np (R ), x , y  £ R and £ , p  £ P. From (i), xu,uy  £ Np(R).  Let r £ R. 
Then ru = us + T  for some s £ R, т £ P.  But P — u y P  since uy £ Np(R) .  
Hence T = uyX for some A £ P.  It follows that ru = u(s  +  у A), so Ru Q uR,  
and by symmetry Ru — uR.  Finally, P  = Pv = v P  =  Pxu = ur/P, so 
P  = Pu = ttP .

(iii) It is easy to check that in the situations described x + P(Ä ), y+ 
+P{R) £ N ( R / P (R ) )  П Сд/р(д)(0), and the result then follows from (ii).

(iv) Suppose w £ R and w + A £ Np(R/A) .  Then w £ C(P), and P  -f 
+  А Я Rw +  A  = wR + A.  Since A Q P,  Rw  + P = гсР +  P, so w £ Np( R)  
by (ii). It follows that N p { R / A ) = (x +  A: x £ A p(P)}  and that R / A  is 
conformal.

(v) It is easy to ‘lift’ this result from the trivial semiprime case. □

P r o p o s i t i o n  3.6. Let R be a ring.
(i) I f  R  satisfies the a.c.c. on left and on right annihilator ideals then 

N P(R) S N T (R);
(ii) if R  is Goldie finite and P(R) is nilpotent then Np(R)  П Q =  0 for 

all Q £ m in(P);
(iii) if  R  is conformal and P( R) is nilpotent then Np(R)  Q Np( R);
(iv) if  R  is conformal and bi-noetherian then Np(R)  =  Np(R).

P roof, (i) This follows by an easy adaptation of the proof of [12], 
Proposition 3.6.

(ii) Suppose that Q i , . . .  ,QT are the distinct elements of m in(P) and 
(without loss of generality) that t £ Np(R)  П Q\. Since P(R) is nilpotent 
0 is a product 0 = X \  . . .  X s of minimal primes, with every Qj cropping up 
among the Xi  (so that r ^  s ). We may suppose tha t s is minimal, and if 
s = 1 the result is trivial (since R is then prime). So suppose 1 < 5; the 
minimality of s and the regularity of t imply that t ^ X i, X s. But t E Q 1 = 
=  X v for some 1 < v < s, so we have an equation X\  . . .  X„_iiXt,+r . . .  X s = 
=  0. Since t £ Np(R ) the map q -+ q' defined by gt =  tg' for all g £ R  is 
an automorphism; hence there exist W w £ min(P), 1 < w < v, such that 
X wt = tW w for each 1 ^  w < v. Hence tW \ .. ,W v- \ X vJr\ . . .X„ = 0. But, 
since t £ C r(0), this contradicts the minimality of s.

(iii), (iv) Since R is conformal it is Goldie finite, and it follows from (ii) 
and Corollary 3.2 that Np(R)  Q Cr (P(R)) .  Now use Proposition 3.5 (ii) to 
obtain (iii); (iv) then follows using (i). □
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The next result is needed to obtain a suitable direct sum decomposition 
for noetherian conformal rings. In its statement, the symbol g stands for the 
reduced rank (see [3], Chapter 2) of a one-sided noetherian module over a 
similarly noetherian ring.

P roposition 3.7. Let В — s Br  be a noetherian bimodule, and suppose 
that S , R  are simple rings. Then В has a bimodule composition series of 
length r < min(g(s B), g(BR)).

P roof. By [5], Lemma 1.1 В is left-right torsion-free, as is any subbi­
module or subfactor bimodule of B. Since the functions g are additive (on 
each side), any strictly descending chain of subbimodules must terminate. 
□

Corollary 3.8. Suppose R is a noetherian ring and that spec(72) = 
= max( R); then R is bi-artinian. □

Remarks. 3.4. If e , f  are coprime integers then there exist finite fields 
K ,P ,F ,  where K ,P  Q F, such that g(xF )  = e, g(Fp) = f  and k Fp , k Ff  
are simple bimodules.

3.5. The converse of Corollary 3.8 is well known to be false: in [10] 
Robson exhibits a noetherian domain D with exactly three ideals, whose 
(idempotent) heart Я  is a height 1 prime of D.

3.6. Neither the previous proposition nor its corollary is true for right 
noetherian objects. For example, let S  be a simple, right noetherian, non-

artinian ring, and F  be its centre. Then the matrix ring R =

is right noetherian and every prime ideal of R is maximal, but R is not 
bi-artinian.

3.7. We shall say that a ring is G-bi-artinian if it is bi-artinian and 
every prime ideal is maximal. It is known ([16], Section 6) that — like a 
commutative ring — a BPN ring R is bi-artinian if and only if spec(Ä) = 
= max(Ä) (and hence if and only if it is G-bi-artinian). There is an analogue 
of Proposition 3.7 for BPN rings and bimodules, which shows that a BPN 
bimodule В  over simple rings has a bimodule composition series of length 
the least number of terms in a finite subnormalising sequence generating B.

3.8. Let $Br  be fully noetherian or fully BPN, and suppose S , R  are 
G-bi-artinian. Then it is easy to use Proposition 3.7 and its corollary, or 
([16], Proposition 4.1), to show that В has a bimodule composition series.

P roposition 3.9. Let R be a bi-noetherian conformal ring, and x G 
G Np(R). I f  A G I(f£), A Q P(R) then A = Ax  = xA.

P roof. Since A Q P(R) Q xR, A = xA' for some A! G I (R). Since x G 
G C(P(R)), A! Q P{R), and evidently A Q A!. But by Proposition 3.6, x-\-A 
is regular in R/A ,  so A' =  A, and the final statement follows by symmetry. 
□
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P roposition 3.10. (1) Suppose A is a ring and 0 ф D Q N p(R ) is 
multiplicatively closed. Then D is left-right Ore and R has a ring W  of left 
and right fractions with respect to D . Moreover:

(i) I f  J  £ I(W) then J  = W  J' = J 'W  for J' = R D W  £ I (A);
(ii) I f  Q £ spec(A) then WQ = Q W  = W Q W  and exactly one of the 

following occurs: (a) D f lQ  /  0 and W Q W  = W; (b) D П Q = 0, W Q W  £ 
G spec(fF) and Q = R  П fFQlT;

(iii) I f  M  £ max(VF) then M ' = M  П R  G spec(Ä), M  = W M ' = M 'W , 
and M' is maximal with respect to I  £ I(A) and I  П Z) =  0;

(iv) I f  К  £ I(A) is maximal with respect to К  HD = 0 then К  £ spec(A) 
and IFA =  A" IF G max(bP);

(2) Suppose further that R is conformal, and noetherian or BPN. Then 
R has a Ы-artinian quotient ring W  with respect to Np(R), and W  is also 
noetherian or BPN respectively.

P roof. Straightforward using standard facts about left-right Ore sets 
of regular elements plus the observation that и £ N (R ), и £ Q £ spec (A) 
implies и £ Cp(Q). □

Finally, we need a technical result about quasi-primitive rings. A more 
complicated proof of effectively the same result is to be found at [16], Propo­
sition 7.9.

P roposition 3.11. A quasi-primitive conformal ring R is simple.

P roof. Let A be the heart of R , and и £ H П N(R). Then H = Ru = 
— Ru2, so и = xu2 for some x £ R. Since и is regular, Ru — R, so и £ U(A). 
□

4. N oetherian and BPN  conformal rings. If A is a ring, let m — min(A) = 
= min(A) П max(A) and <7-min(A) = min(A)\m-min(A). Throughout this 
section we confine attention to Goldie finite rings, and fix the following no­
tation: К  =  fl Qi L — n Af, and P  = К  П L. Note that

Q E g - m i n ( R )  M E m —m in(jR)
by elementary arguments К  + L — A.

L e m m a  4.1. Let A be a conformal ring. Then min(A) П quas(A) = 
=  m-m in(A).

P r o o f . If Q £ min(A) then R/Q  is conformal (Corollary 3.3), so if also 
Q £ quas(A) then Q £ max(A) by Proposition 3.11. □

L e m m a  4.2. Let В  = s ^ R  be a simple bimodule, and suppose В is 
either fully noetherian or fully BPN, and is left (right) faithful. Then S 
(respectively, R) is quasi-primitive.

PR O O F. This is an easy application of [5], Lemma 5.2 in the noetherian 
case and of [16], Proposition 4.1 in the BPN case. □

The following is the main technical result of this section.
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P roposition 4.3. Let R be a noetherian or BPN conformal ring, and 
let n G N  be the least integer such that P n =  0. Then К  П Ln = 0, and for 
each r G N ,  PT = К  П Lr = K L r = U K . Moreover, R ~  (R /K )  0  (R /L n), 
so that К , Ln are generated by central idempotents.

P roof. From Propositions 3.6 (iii) and 3.10 the quotient ring W  of R 
with respect to N p(R)  exists and is bi-artinian and noetherian or BPN as 
appropriate, so has a bimodule composition series. Suppose A  G 1(Д), and 
define <5(A) to be the bimodule composition length of W A W .

The case n — 0 is trivial, so suppose that n > 0. We can find X  G 
G I(Ä), X  C p ,  such that X  — W X W  П R  and S(X) = 1 (Proposition 
3.10 (1) (i)), and then W X W  = W X  = X W .  Now F = L A n n R(X W )  = 
= LA nnw (Á W ) П R, and L Armw{XW )  G spec(IU) = max(VU). It fol­
lows using Proposition 3.10 and the definition of a conformal ring that F  G 
G min(Ä). There exists Y  G I(i?) such that Y  С X  and X / Y  is- a simple 
R — R  bimodule; let H — L AxmR(X /Y ) .  Then H  G min(Ä) by consider­
ing the factor ring R /Y .  However F Q Я , so F = H. But by Lemma 4.2 
H  G quas(Ä), so by Lemma 4.1 F  G m-min(Ä). Using symmetry, it follows 
easily that L X  = X L  = 0.

Now let T  G I(Ä), T Q P, and suppose К Т  С T. Pick Z  G I(Ä) such 
that K T  C Z  С T  and T /Z  is a simple R -R  bimodule. Let S — R / Z , 
V  =  T /Z .  Then S  is conformal (Proposition 3.5 (iv)), and is noetherian 
or BPN according as R is, so has a bi-artinian quotient ring with respect 
to Np(S).  Moreover, the map spec(Ä) —► spec(5') is a poset isomorphism 
and the map N p(R )  —> N p (S ) is surjective (Proposition 3.5 (iv)). Using 
Propositions 3.5 and 3.9 it follows successively that uV  = Vu = V  for all 
и G Np(S),  tha t <5(U) = 1, that LAnns(U) G min(S), and finally that 
E  = LATmR(T /Z )  G m-min(Ä) (as in the previous paragraph). But then 
(K  + E)T  Q Z, contradicting the evident fact that К + E = R. It follows, 
using symmetry, that К Т  = T K  for all T G I(Ä), T  Q P.

Now P = К  П L = К P ^  K L  Q К  П L, so (by symmetry) KC\L — 
— K L  = LK;  let r G N .  It follows that (K L )r = K rLr = K U . But then 
K L r = K rLr = (K L )r Q (К  П L)T Q К  П U  = K ( K  П Lr) C  K U . Hence 
(by symmetry) К  П Lr = К Lr — LTК — (К  П L)r, as required.

The remaining assertions then follow at once. □
We say that a conformal ring R is a proper conformal ring if min(Ä) = 

= g — min(Ä), and a trivial conformal ring if min(ii) = m — min(fi) (see 
Remark 4.1 below). Let R  be a trivial conformal ring: then R  is itself its 
only P-essential ideal, so Np(R) = U(R) = N (R )  П C(P(R)). Conversely, 
the same argument shows that any Goldie finite ring Г in which m in(r) = 
= тах (Г ) is trivial conformal. In particular, a noetherian or a BPN ring is 
trivial conformal if and only if it is G’-bi-artinian (Corollary 3.8 and Remark 
3.7).

T heorem 4 .4 . Let R be a noetherian or BPN ring. Then R is conformal 
if and only if it is the direct sum of a proper semiprime conformal ring and
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a trivial conformal ring.
PROOF. The direct sum of two conformal rings is clearly conformal. 

Conversely, in the decomposition of Proposition 4.3, R /K  is a proper semi­
prime conformal ring (since if Q is a non-minimal prime of R / K  then Q(B 
($fR/Ln) is a non-minimal prime of (R /K )®  (R /L n)), and R /L n is a trivial 
conformal ring. □

R e m a r k s . 4 .1 .  At Example 5.7 we exhibit an idecomposable right 
noetherian conformal ring which is neither trivial nor proper.

4.2. We have already noted tha t, in a conformal ring R, if A  G I(R), 
A Q P(R)  or if Q G min(Ä) then R/A, R /Q  are conformal. Let R  be 
the commutative algebra k[x,y] defined over a field к by the relation xy  = 
= 0. Then R is a proper, noetherian, BPN conformal ring, as is R / x R , but 
R / x 2R  is indecomposable while neither semiprime nor G-bi-artinian, hence 
not conformal. Thus x 2R = A  G I (R), A Q Q = xR  G min(Ä), but R /A  is 
not conformal.

4.3. In Theorem 4.4, the ring R / L n embeds in R  as the unique largest 
bi-artinian ideal, so the isomorphism classes of R / K , R /L n as rings are 
unique.

4.4. According to Theorem 4.1.9 of [9], a noetherian ring R  is the direct 
sum of a semiprime ring and an artinian ring if and only if P (R) = c(P(R))  = 
=  P(R)c  for all c G C(P(R)). There is a clear parallel between this result 
and Theorem 4.4 above.

4.5. As noted in Section 6 and [14], BPN rings are ‘almost always’ 
not noetherian on either side, and of course there is a plentiful supply of 
noetherian rings which are not BPN. But both classes of rings have a common 
feature which they do not share with right noetherian rings: ideals are both 
left and right finitely generated. It is tempting to speculate that Theorem 
4.4 can be extended to rings in which it is only assumed that ideals are 
finitely generated on both sides. We therefore formulate:

Conjecture 4 . 5 .  Let R  be a ring in which ideals are left and right 
finitely generated. Then R is conformal if and only if it is the direct sum of 
a proper semiprime conformal ring and a trivial conformal ring.

Using the methods of [14] this hypothesis can be reduced to the case in 
which ideals are cyclic on both sides, but we have been unable to make any 
further progress in deciding if it is true or false.

5. Unique factorisation rings. Recall that an arbitrary ring is a unique 
factorisation ring (UFR) if every non-minimal prime contains an /V-cyclic 
non-minimal prime. Prime UFRs are discussed in [2], but here we seek to 
deal with more general rings. Although we do not restrict the definition 
to the Goldie finite case, in practice almost all our results deal with Goldie 
finite UFRs: see the Introduction and Remark 5.2.

Examples of prime, non-noetherian UFRs are given in Section 6. The 
ring R  =  Z ф C mentioned in Remark 3.2 is a Goldie finite UFR in which
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the generator p of the height 1 maximal ideal Rp = pR  is not regular, but 
if R  is bi-noetherian then every normal generator of a non-minimal prime is 
regular ([12], Proposition 3.6).

We say that an element p of a ring R  is prime if Rp = pR £ 
£ spec(P )\m in(P), and then A(Ä), D(R) denote respectively the sets of 
prime elements and of finite products of prime elements and/or units of R. 
Hence (see Proposition 5.3 (i)) U(R) Q D (R)  Q Cr (P(R)), D(R) is left- 
right Ore, and D (R ) Q Cr (Q) for each Q £ min(Ä); thus 0 ^ D(R). This 
notation is fixed for the rest of Sections 5 and 6.

P roposition 5.1. Let R be a Goldie finite UFR; then R is conformal.
P roof . Suppose D(R)D J  — 0 for some P-essential J  £ I(Ä); by Zorn’s 

Lemma there is a P-essential ideal К  maximal with respect to K n D (R )  = 0. 
Evidently К  is prime, and since R  is Goldie finite it follows tha t К  f. min(P); 
contradiction. □

P roposition 5.2. Let R be a conformal ring with prime radical P  — 
= P(R), and suppose that A £ I(P ), A Q P. Then R is a UFR if and only 
if R /A  is a UFR.

P roof . Suppose R is a UFR. Then every Q' £ spec(P /A )\m in(P /A ) 
is of form Q/A  for some Q £ spec(P)\m in(P); if p £ Д(Д) П Q then since 
A Q P  Q Rp, Q' contains the non-minimal IV-cyclic prime Rp/A.

Conversely, suppose R/A  is a UFR, and let X  £ spec(P)\m in(P). Then 
X /A  contains a non-minimal IV-cyclic prime; we can suppose x £ R and x — 
= x +  A  £ X /A  is a prime element of R/A, so that (R/A)x = x{R/A)  Q X /A .  
Then x  £ N p(R/A),  so by Proposition 3.5 (iv) there exists x  £ N p(R ) such 
that x  +  A = x. Since A С p  c  R£ = xR ,  it follows tha t Rx  = x R  £ 
£ spec(P)\m in(P), and Rx С X .  □

The next result shows that, if a ring R is a Goldie finite UFR, that fact 
decisively affects the structure of spec(P).

P roposition 5.3. Let R be a UFR, Q £ min(P), and p £ Д(Д). Then:
(i) p £ C(P(R )) and p £ C(Q);

(ii) P(R) = pP{R)  = P{R)p and L Ann(p‘) + R A n n ^ )  Q P (R ) for all
i , j  £ N;

OO

(Ш) i f  Q(p) = П -ßpn then Q(p) £ spec(P) and Q(p) c  Rp;
П—1

(iv) Rp is a height 1 prime of R;
(v) Q(p) £ m in(P) and Q(p) = pQ(p) = Q(p)p;

(vi) i f  X  £ spec(P) and X  C Rp then X  =  Q(p);
(vii) i f  X  £ min(fZ) then X p  =  p X , and X p  = X  if and only if X  = Q(p);
Suppose further that R is Goldie finite. Then:

(viii) Q £ g -  m in(P) if and only if Q = Q(q) for some Q £ Д (Р);
(ix) i f  X  £ spec(Ä) then X  contains a unique К  £ m in(P), so distinct 

minimal primes of R  are comaximal, and spec(P) is the disjoint union of
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the sets m-m in(R) and

{X £ spec(Ä): X  Э К  £ <7-m in(ii)} 

as К  ranges over g-nún(R).
(x) if X  £ spec(R), q £ A(R) then q £ X  implies Q{q) Q X , and if 

Q{q) % X  then X  + Q{q) =  X  + Rq = R.

P roof, (i) We may suppose that R  is semiprime, and then the non- 
minimal prime ideal Rp = pR  is (bi)-essential, so L Ann{pR) = L Ann(p) = 
=  -RAnn(Äp) =  iíAnn(p) =  0 . The other assertion is obvious.

(ii) Let L £ min(Ä), so that p £ C{L). Now P{R) C Rp, so P{R) = 
- Ap  = pB  for some А, В £ I (R). Hence Ap = A{pR) = P{R) Q L , and 

p £ C{L), so A C L .  It follows that A C P{R) C A, as required, and then 
В = P ÍR ) by symmetry. If i , j  £ N then LAnn(p') +  R Ann(V) c  PÍR) 
since pn £ C{P{R)) for all n £ N.

(iii) By [12], Lemma 3.4, Rp has no idempotent power, so Q(p) C Rp■ 
Suppose x ,y  £ R\Q(p). Then there exist X , Y  £ R \R p , i , j  £ Z, i , j  0 
such that x — X p \  у = Yp*. Let Y ' £ R, Y 'p’ =  p'Y .  If Y' £ Rp then 
Y '  =  Ap for some A £ R, so Y'p* = Ap‘+1 = p,+1p = p*Y for some p £ R. 
Hence p p - Y  = £ £ ДАпп(р*‘) Q P(R). But P(R) =  pP(R) so £ = px  for 
some x  £ P(R)- Hence p(p — x) = Y,  i.e. Y  £ Rp = pR; contradiction.

Hence X , Y '  £ R \R p , so since Rp is prime there exists z £ R such that 
X z Y '  £ R \R p .  Let z' £ R, zp* — p*z' , and suppose xz'y  £ Q. Then xz'y  = 
=  Xp'z'Yj)3 =  X z Y 'p ,+:i £ Q(p) Q Rpi+i+1, so XzY'p'+i = rpi+j+1 for 
some г £ R. But then Z x Y '  — тр £ T Ann(p,+J'), and it follows as above 
th a t X z Y '  £ Rp; contradiction. Hence Q(p) is prime.

(iv) and (v) From (iii), height {Rp) ^ 1. Suppose height {Rp) > 1. Then 
there exists q £ A {R )  such that Q{q)CRqCRp. Passing to R/Q{q), we may 
assume q,p are regular. But such a situation is impossible by [12], Lemma
3.5. Hence height {Rp) = 1 and Q(p) G min(Ä). That Q{p) = pQ{p) =  Q{p)p 
follows by adapting the proof of (ii).

(vi) and (vii) Straightforward.
Suppose now that R is Goldie finite. Then it is easy to use Proposition 

5.2 to reduce (viii), (ix) and (x) to the case in which R  is semiprime. But in 
th a t case each element of m-min(Ä) gives rise to a simple direct summand 
of R, which can easily be eliminated from the discussion. We can therefore 
assume that R  is semiprime and that min(-R) = fif-min(Ä).

(viii) Certainly, there exists q £ A{R)  such that Q(q) £ min(Ä). Suppose 
there exists Z  £ g — min(f£), Z  ф Q{q) for all q £ A (R ).  We may partition 
min(Ä) into two disjoint non-empty sets:

x  = а д ,  Y = {y1, . . . , y m},

where each X,- is of form Q{q) for some q £ A{R) and no Yj is of tha t form.
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n  m m

Let X  — P| X í , Y  = П Yj, J  = J} Yj. It is easy to adapt the proof of 
1=1 j= l i= 1

(ii) to show that X  =  p X  = X p  for each p € A (ß). Moreover, p is regular, 
so the map s —► s' defined by sp — ps' is an automorphism of Ä, and hence

m

Yp  = p Y . If Yp  = У then J — П = Äp 6 spec(ß), so Vjt C Rp for
j =1

some к, 1 ^  к < m. But by (vi) this contradicts the definition of У*; hence 
Yp  = pY C Y .

Let S  be the partial ring of fractions of R with respect to D{R). Since 
D{R) C C(0), the map R —*■ S is injective. It follows that:

spec(5) - {S M S  : M  G min(Ä)} =  max(S').
Moreover, from (vi) and (vii) and Proposition 5.1 it is easy to check (compare 
Proposition 3.10) that:

S X iS  = SXi = XiS,  1 < :i< n;
SY jS  = SYj = YjS, 1 й т ;

and:
n m

S X S  = S X  = X 5  = P i SX iS  and SY S  = S Y  = Y S  = Q  SY3S.
i=i j=l

Hence S  =  У 5  + Х 5 , so by a common denominator argument 1 =  (y + a)s_1 
for some у € У, a € X ,  s G D(R). Hence s = y + a in R. But u X  — X u  — X  
for every и € A(Ä), and hence for every s € D(R). Hence a = bs for some 
b £ X ,  so (1 — b)s = у G У. But clearly s € С(У), so 1 — b = v € У. Hence 
l  = i  + ^ 6 L  +  y .  It follows that:

VI < i < n, VI ^ j  ^  m, X,- ■+■ У) =  Ä.

Fix j ,  1 й j  = m. Then Yj G 5-min(Ä), so there exists T G spec(Ä) such 
that У) С T, and then

( * )  VI <  t <  n, Xi + T =  R.

Now, by hypothesis, there exists z € T  Г) A(Ä), so Q (z) C Rz Q T .  On the 
other hand, Q(z) G X, so Q(z) +  T = R  from (*). This contradiction implies 
that Y = 0 as required.

(ix) If m in(ß) is a singleton then R  is prime (since we have reduced to 
the semiprime case), and (ix) is then trivial. So suppose that 1 < w and 
V i,... ,VW are the distinct elements of min(Ä) = <7-min(Ä). Let V  = Vi, 
L — V-i П V3 П . . .  П Vw, so that V  П L =  0 ф L. From (viii), for each 1 ^  j  ^  w 
there exists qj G A(Ä) such that Vj = Q(qj), and it is easy to check that:

. j  1 < j  implies qjL — L — Lqj but qjV  = Vqj ф V
\  1 = j  implies q\L = Lq\ ф L but q\V = V = Vq\.
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Let

A (l) = { q e  A (R) : V  Q qR}, A(w) = {t G A(Ä) : L Q tR);

then

(* * *) A(Ä) =  A (l)u A (w ), Д(1) П A(w) = 0.

Letting D( 1), D(w) be the sets of finite products of elements of A (l), A(u>) 
respectively, it follows that:

D{ 1) П D{w) = {1}, D(R) =  U{R)D(\)D{w) = D(w)D(l)U(R).

Now R  has a polysimple partial ring of fractions W  with respect to D(R), 
and hence with respect to D(l)D(w).  It follows from (**) and (* * *) that 
W V  = V W  = W V W , W L  = L W  = WLW;  it is then easy to check that 
W V W  П W L W  =  0, W V W  + W L W  = W.

Hence 1 = an-1 +  bu-1 for some a G V , b G L and v, и G D(R). Again 
using (**) and (* * *) and divisibility, we may without loss of generality 
assume that v 6 D(w), и 6 -D(l). But then v =  a + bu_1v =  a +  bvy~l for 
some у G D{ 1), so vy =  ay + bv. Hence (v -  a)y =  bv G L. Since у G C(L ), 
v — a = c £ L. Since u G D(w), vL = Lv = L, so c = W for some d G L. 
Hence v — a = vd, so a = u(l — d) G F . But v G C (F), so 1 — d = e G V. It 
follows that l = d +  e G F  + L, and hence that the elements of min(Ä) are 
pairwise comaximal.

(x) This is immediate from (ix). □
C o r o l l a r y  5 . 4 .  Let R be a Goldie finite ring.
(i) Suppose that R  is a UFR and A G I(Ä) has the property that each 

Q G spec(fi) minimal over A belongs to min(IZ); then R/A is a UFR;
(ii) Suppose that R  is conformal; then R is a UFR if and only if R /A  

is a UFR for some A  G I(Ä), A  C P(R), if and only if R /B  is a UFR for 
every В  G I(Ä), В Q P{R)-

P roof, (i) follows by a straightforward adaptation of the argument 
sketched at the beginning of the proof of Proposition 5.3 (ix); for (ii), use 
Proposition 5 . 2 .  □

R e m a r k s . 5 . 1 .  As noted in the proof of Proposition 5 . 3  (viii), a semi- 
prime Goldie finite UFR has a polysymple ring of fractions (and, of course, 
each simple direct summand is trivially a prime UFR).

5.2. We know no example of a non-trivial UFR which is not Goldie finite.
5.3. The proof of Proposition 5.3 (iii) in fact shows that, in any ring R, if

OO

Rp = pR  G spec(ß)\ min(Ä), then Q(p) — П Rpn G spec(Ä). But without
n=l

some further hypothesis it does not follow that Q(p) G min(Ä). Thus at [12], 
Example 5.5 we give for each n G N a prime bi-noetherian ring Rn in which 
every maximal ideal is of height те +  1 and is generated by a (regular) central

A cta  M athem atica  H ungarica 62, 1993



D IR E C T  SUM DECOMPOSITIONS OF CONFORMAL RINGS 2 2 5

element, but whose non-minimal primes of lesser height contain no non-zero 
normal (indeed, no regular) element.

5.4. There is no analogue of Proposition 5.3 if we merely assume that 
every non-minimal prime ideal contains a non-minimal prime P  = Ra = bR 
for some a, b G R. In [14] we exhibit a prime BPN ring (which therefore 
satisfies the d.c.c. on prime ideals, from [15]) in which there are prime ideals 
of arbitrarily large height, but in which every ideal is left and right cyclic.

5.5. If R is a ring, and R /P (R ) is a UFR, it need not follow that R  is a 
UFR without the assumption (as in Corollary 5.4) that R is conformal. For 
example, the ring R  of 2 X 2 upper triangular matrices over Z is not a UFR 
but R /P ( R ) is.

The main application of Proposition 5.3 is to the case of semiprime Goldie 
finite UFRs.

T h e o r e m  5 . 5 .  Let R be a semiprime Goldie finite UFR. Then R is a 
finite direct sum of prime UFRs, R ~  ®(R/Qi), where Q i , . . .  ,Q n are the 
distinct elements ofmm{R).

P r o o f . If QI , . . .  ,Q n are the distinct elements of min(Ä) then 1 ^  i, 
j  ^ n and i ф j  implies Qi + Qj =  R (Proposition 5.3 (ix)). The result then 
follows from standard arguments and Corollary 5.4 (i). □

In the case of noetherian or BPN UFRs, the explicit assumption in The­
orem 5.5 that the ring in question is semiprime can be dropped.

T h e o r e m  5 . 6 .  Let R be a UFR, and suppose that R is noetherian or 
BPN. Then R ~  f ф  R /Q ) ® S for a G-bi-artinian ring S (which is

Q E g - i m n ( R )

the unique largest bi-artinian ideal of R).

P roof. Since R  is bi-noetherian it is Goldie finite, and hence confor­
mal (Proposition 5.1). By Theorem 4.4 R ~  (R / К ) © (R /L n), where К  = 
= П Q and L = P) M  and n € N. By Theorem 5.5 R /K  ~

Q & g —m in(R ) M E m - m i n ( R )

-  Ф  R/Q- Identifying R  with (R / K )© (R /L n), we have S  = R /L n,
Q E g - m i n ( R )  

as required. □

E x a m p l e  5.7. An indecomposable, right noetherian (conformal) UFR 
which is neither semiprime nor G-bi-artinian, and neither proper nor trivial 
conformal.

Let D be a commutative noetherian unique factorisation domain, and 
К ф D be its quotient field. Let S  be a simple, right noetherian, non-

artinian ring whose centre contains К . Then the matrix ring R =

has the required properties. The elements of N p(R)  are regular, since R
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is bi-noetherian, and the quotient ring of R  with respect to N p (R ) is W  = 
К  s \Q g 1, which is not bi-artinian.

R e m a r k  5.6. We use the name unique factorisation ring because it can 
be shown (see [19], Proposition 2.1) tha t, if R is a prime UFR and 0 ф x E 
6 R , then there exist n ^  0, p, E Д (R), e(i) E N, 1 < i < n, and an element
c G Ä\ U Rq, such that x = cpê  . . . p ^ n\  where the ideals Rpi and the 

qe Д
integers n, е(г) are uniquely determined by x, and c is determined by x up 
to multiplication by a unit of R. This extends the factorisation properties 
of noetherian UFRs (see [4]) to the case of an arbitrary prime UFR; indeed 
via Theorem 5.5 they may be extended to. semiprime Goldie finite UFRs.

5.7. If, however, a UFR R is Goldie finite but not semiprime, there is no 
satisfactory notion of unique factorisation of all non-zero elements; on the 
contrary, я P (R )r  is always infinitely divisible on either side by the prime 
elements of R.

6. Examples. Throughout this section, if R  is a ring, n E N and t > 1 
is a cardinal, then Mn(R), Gt{R) denote respectively the full n x n matrix 
algebra over R  and the algebra over R  obtained by using the so-called G- 
functor Gt( — ) defined in [14], [18].

1. A finite direct sum of conformal rings (UFRs) is conformal (a UFR 
respectively). A direct summand of a conformal ring (a UFR) is conformal 
(a UFR respectively).

2. The classes of conformal rings and of Goldie finite UFRs are closed 
under suitable — but not all — epimorphic images (Proposition 3.5, Corol­
lary 5.4 and Remark 4.2). In the other direction, for conformal rings the 
property of being a UFR hits modulo ideals contained in the prime radical 
(Corollary 5.4).

3. Any right artinian ring is a Goldie finite, trivial conformal UFR (since 
it is right noetherian and every prime is maximal co-artinian).

4. Any Goldie finite semiprime commutative ring is conformal. More 
generally, so is any Goldie finite semiprime ring R  in which every ideal is 
generated by a finite sequence C ],... , cn such that ci is central, C2  + c\R  
is central in R /c \R ,  and so on. (This can be seen by observing that the 
regular seminormalising elements of such a ring — discussed in [15] — can 
then be chosen to be central.) In [16] we discuss other properties of these 
rings, under the name of bi-noetherian polycentral (BPC) rings.

5. Any prime BPN or BPC ring is conformal.
6. If R  is semiprime, and is conformal (a Goldie finite UFR) and X  is 

a central indeterminate then the polynomial and Laurent series rings S = 
=  R[X], W  — Ä[X, X - 1] are conformal (Goldie finite UFRs respectively). To 
see the first assertion, note that in either case R  has a polysimple ring of 
fractions Q with respect to the left-right Ore set D(R)  C C(0), and that S, 
W  embed in the obvious ways in Q[X], Q [X ,X ~ 1]. But every bi-essential
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ideal of Q[X] is generated by a monic central polynomial (since the same is 
true when Q is simple), and it then follows — ‘multiplying up’ by elements 
of D (R ) — that S  and W  are conformal. To see that 5 , W  are UFRs when 
R is, adapt the proof for the prime noetherian case in [4]: see Theorem 3.16 
of [2].

7. A commutative domain is a UFR if and only if it is a unique factori­
sation domain by the classical definition.

8. A ring is a quasi-commutative principal ideal ring (QCPIR) if every 
ideal is generated by a normal element [12]. Theorem 4.4 of [12] shows that 
any QCPIR is a (BPN) UFR, and that for such a ring the decomposition 
given here at Theorem 5.6 can be slightly improved on (in respect of the 
bi-artinian direct summand).

9. Let A: be a commutative field, and let К  be the commutative field 
extension generated over к by two families {X,-: — oo < i < oo} and { Y j : —
— oo < j  < oo) of central ideterminates. Let a ,ß  be the ^-automorphisms of 
К  defined by: a(X ;) = X i+1, a(Yj) = Yj, ß{Y}) = Yj+1, ß{Xß = X,- for ah
— oo < i, j  < oo. Then aß  = /За, so we may construct the skew polynomial 
extension R = K [T ,V ;a ,ß \  in which T, V  are commuting indeterminates 
such tha t a(x)T  — T x  and ß(x)V  = V x  for all x G K .  Let S be the factor 
ring R / T V R , and t — T + T V R , v = V + T V R .  Then S  is a semiprime Goldie 
finite BPN ring, whose only non-minimal prime is M  = S tS  + SvS. But S  is 
not conformal, because Np(R) = U(R), although the rings S/vS , S / t S  are 
conformal. This shows that a finite subdirect product of prime conformal 
rings, although semiprime, need not be conformal. Using the techniques in 
[15], it can be shown that the element г = t + v is regular seminormalising, 
and that 5  has a polysimple ring of fractions with respect to the left-right 
Ore set {z n : n € Z, n ^  0).

10. If R is a conformal ring then so are each M n(R) and each Gt(R)- 
If R is a UFR then so are each M n(R) and each Gt(R). Since the cardinal 
t may take arbitrarily large values, there are (from [14]) arbitrarily many 
pairwise non-isomorphic non-noetherian UFRs of form Gt(R) for any UFR 
R  (noetherian or otherwise). In particular, this is the case for any prime 
noetherian UFR R  in one of the classes of noetherian UFRs identified in [4].

11. Let R be a non-trivial conformal ring, and suppose the elements of 
D — N p (R ) are regular (e.g., R is bi-noetherian), and that S is the partial 
ring of fractions of R  with respect to D. For any integer n € N ,  n > 1, 
let T*(R ) be any ring of n X n (upper) triangular matrices {а,у) in which 
Aij G S  for all 1 ^  i, j  < n , but for at least one 1 ^  к < n, every akk is 
in R. Then T*(R) is a non-trivial conformal ring, and if R is a UFR then 
so is T*(R ) (since T*(R)/ P(T*(R)) is). These examples are, of course, not 
noetherian or BPN.

12. If R  is prime conformal or a prime UFR and {Xj} is a collection of 
indeterminates such that each X,- ‘skews’ R by an automorphism a,-, where 
the collection {a,} satisfies conditions identified in [17], then the iterated 
polynomial ring T  = Д[Х,-; a,] generated by all the indeterminates X, is

Acta M aihem aiica  Hungarica 62, 1993



2 2 8 E. A. W HELAN

prime conformal or a prime U FR  respectively. In particular, if а,а_, = oya, 
for each pair i , j  and R is simple then Г is a UFR [17].

13. In [1] Chatters and Clark identify large classes of group rings which 
are UFRs.

7. Polynomial and Laurent extensions. It was noted at §6 of Section 6 
th a t, if R is semiprime and is conformal or a Goldie finite UFR then the 
rings S = P[X] and T -  Ä [X ,X -1] have the corresponding property. But 
if R  is conformal but not semiprime then it is easy to see that X  £ Np(S)  
but X  f  NP( S ), since P(S)  =  SP(R) = P (R )S  % S X  =  X S .  Since the 
central indeterminate X  is as ‘nice’ a normal element as one could wish for, 
this suggests th a t  the generalisation of conformal rings should be restricted 
to  semiprime rings, for which the concepts of conformal and T-conformal 
coincide.

Against this viewpoint, however, is the curious fact that, taking skew 
Laurent extensions, the conformal property of non-semiprime conformal rings 
can in certain circumstances be preserved. We recall from Chapter 10 of [9] 
th a t, if Г is a ring and a is an automorphism of Г, then /  £ I(P) is cr-stable 
if cr(I) = / ,  and is cr-prime if, for all cr-stable ideals J, К , J K  с  /  implies 
J  Q I  or К  Q / ,  so that Г is a-prime if 0 is a cr-prime ideal. Moreover, it 
is noted in the same source th a t if Г is cr-prime then there is a well-defined 
notion of a right Martindale ring of quotients Qr(^) of Г with respect to the 
filter F of non-zero cr-stable ideals of Г. Hence there is also a well-defined no­
tion of an X -in n er  (or generalised inner) automorphism of a cr-prime ring Г : 
it is an automorphism r  of Г such that, for some unit и of ф г(Г), т(г)и = иг 
for all г £ Г. W ith  this background, we note the following result:

P r o p o s i t i o n  7.1. Suppose that R is a proper conformal ring, that о is 
an automorphism of R, and that the following conditions are satisfied:

(a) P = P (R )  is nilpotent;
(b) for each Q £ spec(P)\ min(Ä), there exists v £ N p (R ) П Q such that 

cr(v) = av for some a £ U{R);
(c) cr does not become X -inner  on any minimal a-prime ideal of R.
then the skew Laurent extension T  = R[X,  X -1;cr] is conformal.

P r o o f . Since R is conformal, min(Ä) is finite, and then since P  is 
nilpotent, the minimal cr-primes of R are the intersections of the orbits under 
cr of the elements of min(Ä), so are finite intersections of elements of m in(ß). 
Let

D = {n £ N p (R )  : 3a £ U(R), o(v) = av}.

It is easy to check that 1 £ D and that D is multiplicatively closed; suppose 
th a t L £ I(Ä) is P-essential but L f l ö  =  0. Then L can be expanded 
by Zorn’s Lemma to an ideal V  maximal with respect to L' П D = 0, and 
evidently V  £ spec(Ä)\m in(Ä), contradicting supposition (b). By Theorem 
10.6.17 of [9], if К  £ spec(T)\ min(T) then К  DR  is P-essential in R, so that
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D D K  ф 0. It follows easily that 

0 )  Mu e D ,M n e  Z, R u X n = X nuR

and hence that D C N{T). The prime radical of T  is T P  = P T ,  and if 
w G D then P Q Rw = wR. It follows by (*) that T P  — PT Q T w  — wT 
for all w € D. □

R emarks. 7.1. (a) It does not follow, in the circumstances of Proposi­
tion 7.1, that T  =  R[X, X “ 1; a] is a proper conformal ring. For example, let 
К  be a commutative field of characteristic 0, R  = K\Y], Y  an indeterminate, 
and о be the /^-automorphism defined by a(Y) = Y  + 1. Then о is of infinite 
order, and it follows that T = Ä [X ,X -1] is simple, hence trivial conformal.

(b) The assumptions in Proposition 7.1 need not be satisfied by an ar­
bitrary conformal ring R and automorphism o, but neither are they par­
ticularly farfetched. Indeed, they may easily be satisfied by conformal rings 
which are also algebras over (suitable) fields, as the following example shows.

E x a m p l e  7.2. Let К  be a commutative field, and X ,  Y , Z, W  be central 
in determinates; form the extension field Q = K (X ,Y ,  Z ,W ).  Let <r, r  be the 
К -automorphisms of Q defined by: a (X ) — X  = r(X ), a(Y) = Y  = т(У), 
a{W) = W , t(W ) =  Y W , a(Z) = X Z ,  r(Z) = Z. Then а,т are of infinite 
order, and ат = та. Hence a has an extension to the skew polynomial ring 
S  = Q[T\ r], uniquely determined by the property that a(T) — T; we denote 
this also by a. The non-trivial ideals of S are of form S T n = T nS, n G N, 
and the set D = { T n : n > 0} Q Cs{0) is multiplicatively closed and left- 
right Ore. Let A  be the ring of quotients of S with respect to D\ then A is 
a simple ring.

Now let R be the matrix ring it follows from Section 6 §11
that R  is a UFR, and evidently a extends via A  to Ä; again we denote this

extension by a. Now P = P(R) = 0 A 
0 0 so P 2 =  0. The minimal

cr-primes of R are simply its minimal primes, and it is easy to check that 
every P-essential ideal I  of R contains the diagonal matrix v = diag{Tn, T m} 
for some integers n, m  0. But clearly v 6 Np(R), and a(v) = v. Thus 
conditions (a) and (b) of Proposition 7.1 are satisfied, and all we still need to 
show is that a is not X-inner on S. Now 0 ф I  £ 1(5) implies ID N (S )  ф 0, 
and N ( S ) Q Cs(0), so standard techniques show that the group G x ( S ) of 
X-inner automorphisms of 5 is generated (as a group) by the automorphisms 
induced by the elements of N(S). But then G x ( S ) must be generated by 
T, so a <£. G x (S ), and hence condition (c) of Proposition 7.1 is satisfied. 
It follows that the skew Laurent extension ring В — R[V, У_1;(т] is also 
conformal.
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ON THE MATRIX VALUED 
EXPONENTIALLY CONVEX,

TOTALLY POSITIVE 
FUNCTIONS AND SEQUENCES

B. GYIRES (Debrecen),* member of the Academy

0. In tro d u c tio n

The concept of exponentially convex functions was introduced by S. N. 
Bernstein and D. V. Widder independently. This concept is extended in this 
paper for the matrix-valued functions and sequences; moreover we deal with 
the Hankelian totally positive (non-negative, matrix-valued) functions and 
sequences.

The paper consists of six parts. In the first one we introduce the usu­
al concepts and notations. The subject of the second part is the positive 
definite (semidefinite) hypermatrices of grade p. We prove among others an 
extension of the well-known Lagrange transformation. The third part con­
tains an appropriate generalization of the Landsberg theorem, which has an 
importance in the theory of total positivity. Using the results of the third 
part we give a procedure to construct totally positive matrices, and hyper­
matrices of grade p, respectively, in the fourth part. After these prepara­
tory parts we deal with matrix-valued exponentially convex functions, with 
matrix-valued Hankelian totally positive functions, and with matrix-valued 
absolutely monotone functions in the fifth part. At the same place we give 
characterizations for these matrix-valued functions, and also some relations 
among them. The last part contains a generalization of the Hamburger mo­
ment problem for matrix-valued sequences, as well as a new proof of the full 
Stieltjes moment problem.

The results of the paper can be applied in several fields of probability 
theory, for example in the theory of birth and death processes. We shall 
return to these questions in another paper.

1. C o n cep ts , n o ta tio n s

A function а(ж) of bounded variation defined on a finite or infinite in­
terval a < x < b is called a distribution function if it is non-decreasing. It is

♦This research was supported by the Hungarian Foundation for Scientific Research 
under Grant No. OTKA-1650/1991.
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called of finite type if its range contains finitely many values; otherwise it is 
called of infinite type.

The distribution function a(x)  defined on the whole real fine is referred to 
as probability distribution function ifit is right continuous and a (—oo) = 0, 
a(oo) = 1.

The p X p matrix-valued function F(x)  defined on the finite or infinite 
interval a ^  x ^  b is said to be a matrix-valued distribution function if the 
following properties are satisfied:

(a) For each value of x, F(x) is a symmetric m atrix with entries of 
bounded variation.

(b) F(y) — F(x)  is a positive definite or semidefinite matrix for a < x < 
у <b, i.e.

(1.1) a(x;v) = v*F(x)v (a = x й b)

is a distribution function for all v € Rp, v /  0. F(x) is of infinite type if 
a(ar; v ) in (1.1) is a distribution function of infinite type for all z 6 Rp, z ф 0.

The finite or infinite m atrix A is said to be a hypermatrix of grade p if 
the entries of A  are p X p matrices.

Let
A — (ajk)jtifc=i>

and let
1 ^  j \  < . . .  < j s ^ n, 1 < ki < . . .  < ks <n.

We shall use the following notation:

(ajakßya,t3=i = A ( k l "  kJ -

If A is a hypermatrix of grade p then of course

is a hypermatrix of grade p as well.
The matrices

a { Ji " ' Js\  1 < ;'i < .. . j a < n, s = l , 2, . . . , n

are said to be the principal minor matrices of A.
The infinite matrix A  is called positive definite (semidefinite) if all prin­

cipal minor matrices of A are positive definite (semidefinite).
The derivative (integral) of a matrix-valued function is, as usual, the 

matrix formed from the derivatives (integrals) of its elements.
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2. S y m m e tr ic  p o s itiv e  d efin ite  (sem id efin ite ) m a tr ic e s
o f  o rd e r  p

We need the following generalization of the symmetric positive definite 
(semidefinite) matrices.

D efinition 2.1. The symmetric hypermatrix A  = (aJfc)"fc_1 of grade p 
with entries of real elements is positive definite (semidefinite) of order p if 
for all

(2.1) v £ Rp, v*v > 0 ; г = (zj) € Rn, z*z > 0 

the inequality
П П

(2 .2) ^ 2  ^2f(v *aikv)z jZk > 0 (> 0)
j = l  fc=i

holds.
THEOREM 2.1. Let the symmetric hypermatrix A = (а>*:)"*.=1 of grade 

p be positive definite of order p. Then there exists a hypermatrix

( E 0 0 ... 0 \
ß u E 0 .. . 0

в  = ß l 3 ß 2 3 E  . . . 0

\ß ln ß 2 n Ä n  • • • e )

of grade p such that

(2.3) A =  В

f i i
12

\
(0)

(0)
I m )\

where 7,- (i — 1 ,n )  are p X p symmetric positive definite matrices, and 
E is the p X p unit matrix.

In case of p = 1 the procedure expressed in Theorem 2.1 is due to La­
grange. Therefore this procedure is called as Lagrange transformation too.

P roof of T heorem 2.1. Denote Hn(w,z\,. . .  , z n) the quadratic form
(2.2) of the symmetric positive definite hypermatrix A  of grade p and of 
order p. Since this quadratic form is positive under the conditions (2.1), we 
get that the p x p  matrices a3] (j = 1 , . . .  , n) are symmetric positive definite.

Now let

(2.4) ß \j = aij ■ a111 (j  = 2, . . .  , n ),
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and

Since
£l = (^1 +  Ziß \ 2  + • • • +  znß in)v.

£ ían £ i = ®*(an zi +  012̂ 1̂ 2 +  . . .  +  a\nz\zn-\- 
+a2\z2z\ +  . . .  + aniZnZi)v +  members which do not contain z\.

Using the notation 71 = Оц, we obtain

(2.5) H (v ,z  1, . . .  , z n) =  Í Í7 ií  + ^ n - i (v ;z 2, . . .  , z n),

where
z2, . . .  , z n) =  Hn(v;z1, z 2, . . .  , 2n) - f i 7i 6

is a quadratic form with a symmetric positive definite hypermatrix of grade 
p and of order p. Continuing this procedure we get that

П

H n { v 'i Z \ , . . . , Zn ) = 'y  '  ijfc 1 k £ k i  
k = 1

where
(í i , ---  >ín) = v(zu . . .  , zn)B,

and 7,- (i = 1 , . . .  , те) are p x p  symmetric positive definite matrices. Moreover
П

Det A = Det 7  ̂ > 0
fc=i

by the representation (2.3).
C o r o l l a r y  2.1. If  the symmetric hypermatrix A of grade p is positive 

definite of order p, then the determinants of all principal minor hypermatri­
ces of grade p are positive.

T h e o r e m  2.2. The symmetric hypermatrix A = (те̂ ) ^ .=1 of grade p 
is positive definite of order p i f  and only if  the determinants of all principal 
minor hypermatrices of grade p are positive.

P r o o f . The first part of the proof is contained in Corollary 1.2. We 
have to show that if the determinants of all principal minor hypermatrices 
of grade p are positive, then

Hn(v ;z i , . . .  , z n) > 0 

for all vectors defined by (2.1).
Evidently, the statement holds for те = 1. Suppose that the theorem is 

valid for the positive integers к — 1, . . .  , те — 1. Since the determinants of the
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p x p matrices aJ3 ( j  = \ , . . .  ,n) are positive by Corollary 2.1, the transfor­
mation (2.4) is applicable. We get identity (2.5), where the determinants of 
all principal minor hypermatrices of grade p of the matrix of the quadratic 
form # n_i(u; Z2 , . . .  , z n) are positive. Thus this quadratic form is positive 
for all П

v e Rp, zj e R (j  = 2 , . . .  , n), v*v ^ 2  Zj > 0
i = 2

by inductive assumption. Using (2.5) again, one gets tha t the quadratic form 
Hn(v ; z i , . . .  ,z„) is positive for all (2.1).

3. O n a n  in te g ra l id e n tity

The following theorem is important in the verification of the theorems 
concerning total positivity (non-negativity) of hypermatrices of grade p. This 
theorem gives for p = 1 the Theorem of G. Landsberg ([7]), which has a 
fundamental role in the theory of total positivity ([6], 16-17).

The following concept and result is needed. Let p and n be positive 
integers. The Rados product of the matrices

A* — (air Ук,1=\ (г = 1, . . .  , n),

= (4/)г,<=1 o  = i , - , p)
with real or complex entries is defined by the matrix

(3-1) N  = (Njk) l k=1,

where

w'11 • 4 ’ ) ( 4 ( 0 ) \

wpi • : 4 / 1 ( 0 ) ’

( j , k =  1, . . ,  ,n).

Obviously, the Rados product of matrices is a straightforward generalization 
of the direct product, or Kronecker product of matrices.

The following statement was proved by G. Rados ([9]):
n p

Det IV = Det Л, J J  Det Bj.
i'=i j=l

T heorem 3.1. Let the matrix-valued function

/(*) =  (fjk(t))pjk=1 ( a ^ t < b )
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and the functions

gj(t), hj(t) (a < t < b , j  = l , . . . , n )

be given. Suppose that the matrix-valued functions

(3.2) f(t)gj(t)hk ( t) ( j ,k  =  1, . . .  ,n)

are integrable (elementwise) with respect to the distribution function ip(t), 
a < t < b. Then the identity

b
D = Det J ( f ( x ) gj(x)hk( x ) ) l k=1d^(x) =

/  f l l ( x i l )  • ••  f lp(x ip)

\ f p l { x i l )  ••• fpp(x ip)

■dij)(x n)  • • • dt/)(xlp) . . .  dxf{xn i ) . . .  dif>(xnp)

holds, where

Г2 — ( g ^ ^  ^  xnj =  ̂ (j  — 1, . . .  , p)}>

and

(3-3) (x! ... 9xnm) = •
P roof. It is very simple to verify that

D = Det N di/j(xn )  . . .  dip(xnp),

where N  is the Rados product (3.1) of the matrices 

/  / l l ( x»l) ••• flp(x ip ) \
Ai  =  I ..................................1 (i  =  1 , . . .  , n ) ,

V fpi(xn ) • • • fpp(x*p) /
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and

\  * /  ^ i ( * i j ) ( 0 )
9 i • 9 "  ) I
x i j  • ■ ^  (0)

h n ( x n j )
0 ' = !>•■• >P)

in so far as

/  f n ( x j i )  ■■■ f i p ( x j P) \  (  9 k ( x j i ) h j ( x „ i )
Njk = ............................

\ f p i { x j i )  • • •  f p p ( x j p ) /  \  ( 0 )

Applying the theorem of Rados, we get

/ /n (* tl) ••• /ip(^.p)6 6
D =  / . . . /  I f  De«

' '  i = l

( 0 )

9k(xjp)hj(xnp).

pV"»py

/pli*«'!.) • • •  f p p ( x ip) .

p /
• J J  hx{xxj) . . .  hn(xnj)Det Í ^
j = 1

\ X l j
9 n

x n j

• # ( * li)  . . .  dip(xip). . .  dif)(xni) . .. dij>(xnp).

Now let j  be a fixed integer. Denote by .Dtl. t h e  integral which can 
be obtained from D if

(,xnj)
is replaced by

( — 1) hi(x,l_7) . . .  hn(xinj)

where H , . . .  , гп is an arbitrary permutation of the elements 1, . . .  , n, and I  is 
the number of inversions of ix, . . .  , in with respect to 1, . . .  , n. If x Xj , . . .  , x nj 
is replaced by z tl j , . . .  , x,nJ in the integral then

D et 91
x i, j , * )  = ( - ‘>,D" (

01
Xij

thus

— h\{x\j} . .  • hn(xnj^T)Qt

A  91 ■• • 9n
V xhj ■• • x inj

(  9i ■■ 9n \
\ x ij •• xnj J
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i.e. Dil,_,in( j )  — D, since the transformation in question means only an 
exchange of the variables in the first factor of (j)- Consequently

Y  Dn ...in(j) = n!D ( j  = l , . . . , p ) ,
(*1,— ,*»)

.e.

„ „ *=i

/ 11(2,1) 

. f p l ( x i l )

f l p { x i p )  

f p p ( x t p )

Changing over to the domain SI, we get the statement of Theorem 3.1. 
Now let

Q i ( f ) Ä p ( f ) \
(3 .4 ) m  =

VgP(<)Äi(i) ••• Qp(t)Rp{t))
(o  ^  t £  b),

where
Qj(t), R j{ t )

г—!II

-cTVII

VII
Ö

•• ,p)
are functions such that the matrix-valued functions (3.2) are integrable with 
respect to the distribution function ф{t ). In this case

( / 11(2,1) •• flp(xip)
Det 1

V fpi{xn) ■■ fpp{x ip)

T>et(Ql •••
\ xu ••• xw J

) Ä l(*«l)..

If we apply again the method used in the proof of Theorem 3.1, we have the 
following result.

T heorem 3.2. Let

Rj(t) { a < t < b , j  = \ , . . . , p )

be functions such that the matrix-valued functions (3.2) are integrable with 
respect to the distribution function ф(1), where the matrix-valued function
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f { t ) is defined by (3.4). Then

•V>(xn) • •: d i p ( x l p ) . . .  d - f i ( x n l ) . . .  d i p ( x n p ) ,

where

Í2 = {a < жц < ■ • • < ж1р < • • • < xn\ < • • • < x np <j b}.

4. O n  to ta lly  p o sitiv e  (n o n -n eg a tiv e ) m a tr ice s

It seems that the concept of totally positive (non-negative) matrices was 
introduced by F. R. Gantmacher and M. G. Krein (see [2], [3], [5]).

D e f i n i t io n  4.1. A finite or infinite matrix A is said to be totally posi­
tive (non-negative) if its subdeterminants of all order are positive (non-neg­
ative).

The fundamental properties of these matrices can be found in the mono­
graph [4].

An extension of Definition 4.1 is the following.
D e f i n i t io n  4.2. The finite or infinite hypermatrix A  of grade p is said 

to be totally positive (non-negative) of order p if

....... ( i\ ::: ( ; ) > °
for all possible integers

1 ^ j'i < • • • < j„  1 < h  < ■ ■ ■ < ks,

( £ 0)

5 -  1, 2, . . .  .

In the following we shall show that there is a hypermatrix of grade p 
which is totally positive (non-negative) of order p for an arbitrary positive 
integer p.

The sequence

(4.1) f j(x )  (a< :X < b , j  = l , . . . , n )

of real continuous functions is said to be Tchebycheff system in this interval, 
if all linear combinations

П П
^ c fc/fc(x) (c* € J2(fc = 1, . . . ,») ,  £ 4  >o)
k = l  k=1
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vanish at most n — 1 times in the interval a < x < b ([4], p. 157, Definition 
2)-

The following theorem of S. N. Bernstein is a characterization of the 
Tchebycheff systems ([4], p. 157, Hilfssatz 2).

The system of real continuous functions (4.1) defined in the interval 
a < x < b is a Tchebycheff system if and only if

(4.2) Det ( •  f n Jv ' \ x i  . . .  x n J

is different from zero for all choices of a < xi < . . .  < xn < b (thus these 
determinants have the same sign).

A Tchebycheff system (4 .l) is called of positive type if the determinants
(4.2) are positive. In the opposite case it is called of negative type.

Lemma 4.1 ([8], II. p. 48, Example 75)-. I f  a\ < • • • <  an are arbitrary 
real numbers, then

f j ( x )  = xai (0 < x < oo, j  = l , . . . , n )

is a Tchebycheff system of positive type.
The finite or infinite sequence

f j(x )  (a < x < b , j  = 1, 2, . . . )

of functions is said to be a Markov sequence of positive or negative type if 
the sequence (4.1) is a Tchebycheff system in this interval for all possible 
integers n ([4], p. 207, Definition 2).

D efinition 4.3. The continuous (elementwise) matrix-valued function

(4-3) f ( t )  = fjk (t) fjk=1 (a < t < b )

is said to be of Tchebycheff type in this interval, if

/ / n ( * i )  
Det I

\ /p i(* i)

flp(Xp)

fpp{xp)
> 0

for all a £ x\ < ■ • • < xn ^ b.
If e.g. the sequence of functions f j ( t )  (j  = 1, . . .  ,p) is a Tchebycheff 

system in the interval а й t < b, then the p X p matrix-valued function

m  = ( AW •• • AW

AW / pW
is of Tchebycheff type in this interval.

We get the following theorem by Theorem 3.1.
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T h e o r e m  4.1. Suppose the matrix-valued function (4.3) is of Tcheby- 
cheff type in the interval a ^ t  ‘Sb , moreover

(4.4) { h № i  £ 6)

are Markov sequences of the same type. Suppose the matrix-valued functions

(4.5) f( t)g j(t)hk(t) ( j , k  = 1,2, . . . )

are integrable in the interval a ^  t < b with respect to the distribution function 
ijj(t) defined in the same interval. Then the hypermatrix

ь
(4.6) J  (f(t)gj(t)hk(t))jjc=1di>(t)

a

of grade p is a totally positive matrix of order p.
The following statement holds by Theorem 3.2.
T h e o r e m  4.2. Let (4.4) be Markov sequences of the same type. Let

Q j(t) (a < t < b , j  = 1, . . .  ,p)

be linearly independent functions for which the matrix-valued functions (4.5) 
are integrable in the interval a ^ t  ^ b with respect to the distribution function  
if(t) defined in the same interval, where

m  = (QAt)Qk(t))lk=1 ( a i t i  b).

Then the hypermatrix (4.6) of grade p is a totally non-negative matrix of 
orderp.

The following statement can be obtained from Theorem 4.1 in case of 
p = l .

THEOREM 4 .3 .  If  f ( t ) >  0 (a  ^ f  ^  fe); and if the functions 

f{t)gj{t)hk{t) (j, к = 1,2, . . . )

are integrable in the interval а й t < b with respect to the distribution func­
tion ip(t) defined in the same interval, where the sequences (4.4) are Markov 
sequences of the same type, then

b

J  (Я % (* )М * ))^ к =1 # (* )
a

is a totally positive matrix.
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5. O n  functions  o f  sp ec ia l ty p e

5.1. The following definitions play an important role in this section. 
D efinition 5.1. The p  x  p  matrix-valued function

f ( t ) (a  <  t <b, —oo < a < b < oo)

is said to he positive definite (semidefinite) exponentially convex of order p, 
if

(a) f ( t ) is a  real symmetric matrix for each value of t,
(b) f ( t ) is measurable (elementwise),
(c) it is finite almost everywhere (elementwise), and
(d) the hypermatrix

( f i b  + b ) ) j tk=i

of grade p is positive definite (semidefinite) of order p for an arbitrary positive 
integer n, and for all choices a < t\ < ••• < tn < b satisfying a < tj + tk < b
O', к = 1, 2, . . .  ,n).

This concept was introduced by S. N. Bernstein for p = 1. In this case 
f ( t )  is called a positive definite (semidefinite) exponentially convex function.

D efinition 5.2. The p  x  p  matrix-valued function

f(t) (a < t < b, -oo  < a < b ^ oo)

is said to be Hankelian to tally  positive (non-negative) of order p, if the 
following conditions are satisfied:

(a) f( t )  is measurable (elementwise),
(b) it is finite almost everywhere (elementwise), and
(c) the hypermatrix

( f i b  + r0 )" )fc=1

of grade p is totally positive (non-negative) of order p for an arbitrary positive 
integer n, and for all choices

a < ij < • • • <  tn < b, a < t\ < ■ • • < r„ < b

satisfying
a < tj + rk < b (j, к =  1, . . .  , n).

The following theorem contains the identity of the class of exponentially 
convex positive definite (semidefinite) functions with the class of the Hanke­
lian totally positive (non-negative) functions of order p = 1.
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T h e o r e m  5.1. The function f( t )  (a < t < b) is Hankelian totally pos­
itive (non-negative) of order p = 1 if and only if it is exponentially convex 
positive definite (semidefinite) in the same interval, i.e. if  and only if  the 
representation

(5.1) (a < t <b)

holds, where a(x) is a distribution function of infinite (finite) type defined 
on R.

PROOF. The sufficiency follows by Lemma 4.1 using Theorem 4.3. The 
necessity can be obtained by the fact that if f ( t )  is Hankelian totally positive 
(non-negative) of order p = l i n a < f < 6, then it is exponentially convex 
in this interval ([1], pp. 211-212). Therefore the representation theory (5.1) 
of Bernstein and Widder ([1], Theorem 5.5.4) holds.

The following theorem is a partial extension of the above mentioned 
theorem of Bernstein and Widder.

T heorem 5.2. The p x p matrix-valued function f ( t )  (a < t < b) is 
exponentially convex positive definite of order p in this interval if and only 
if the representation

(5.2) (a < t < b)

holds, where F(x), x £ R is a p x p matrix-valued distribution function of 
infinite type.

P roof . Sufficiency. If the representation (5.2) holds, and if v and г are 
vectors defined by (2.1), then

П fl °° П
(v* f ( xj  +  **)») zi zk = f (2 ^  etx,zi)  dv*F(t)v > 0

j =1 k=1

for all positive integers n, and for all choices

a < x\ < • • • < xn < b, a < xj + Xk < b (j, к = 1, . . .  , n),

i.e. f ( t ) (a < t < b) is an exponentially convex positive definite p x p  matrix­
valued function of order p.

Necessity. If the p x p  matrix-valued function

/(*) = ( Ы Щ ,к=г ( a < t < b )
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is positive definite exponentially convex of order p, then
П  П

$ 3  5 3  + tkW zjZ k  > о
j=1 *:=i

for given v € R p, v*v > 0, for an arbitrary positive integer n and for arbitrary 
choices

a < t\ < ■ ■ • < tn < b, a < tj + tk < b (j, к =  1, . . .  , n),

2 =  (zj ) € Rn, z*z > 0,
i.e. v*f(t)v  is a positive definite exponentially convex function in the interval 
a < t < b. Consequently the functions

f j j i t )  “b fkk(t) ~ 2fjk(t) (j ф к, j , k  = 1, . . .  , n)

are positive definite exponentially convex functions in the same interval. 
Using the representation theory (5.1) of Bernstein, there are distribution 
functions

F j k ( % )  (® £ Ri  ji к = 1, . . . ,  n)
of infinite type, such that

f n ( t )  = J etxdFj j (x) ,

OO

f j j ( t ) +  fkk(t) -  2 fjk(t) = J etxdGjk(x) (j ф к ,  a < t  < b).
— OO

From this
OO

(5.3) fjk(t) = J etxdFjk(x ) (j ^  k)
— OO

where

(5.4) F>(x) = i  [F,y(x) + Fjkfc(x)] -  Gjk(x)  {j ф к)

is a function of bounded variation. Thus we get that the representation
OO

/(* )=  /  e‘*dF(x), (*))£*„
— OO
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holds. Since

v*f(t)v
OO

/ etxd(v*F(x)v) (a < t < b)

is a positive definite exponentially convex function for v £ Rp, v*v > 0, 
the function F (x ) (x £ R) is a p x p matrix-valued distribution function of 
infinite type defined on the real line.

Thus Theorem 5.2 is proved.
A statement similar to Theorem 5.1 does not hold generally in the case 

of p > 1. Whereas all symmetric Hankelian totally positive functions of 
order p are positive definite exponentially convex functions of order p by 
Theorem 2.2, i.e. the representation (5.2) holds with a p x p matrix-valued 
distribution function F(x). But generally the matrix-valued function (5.2) 
is not a Hankelian totally positive function of order p > 1 for all p X p 
distribution functions F(x)  of infinite type.

However, if the matrix-valued distribution function F(x)  of infinite type 
is absolutely continuous with respect to a distribution function ifi(x), i.e. if

dF(x) — w(x)d'i/}(x),
where u>(x) is a p X p matrix-valued function, then

/ « ) = / etxuj(x)dxp(x) (a < t < b)

by (5.2). Since {etkX}^=l is a Tchebycheff system of positive type for a < 
ti < • ■ • < tn < b by Lemma 4.1, and if ш(х), x £ R  satisfies the conditions 
of Theorem 4.1 or 4.2, respectively, then f (t )  is a Hankelian totally positive 
(non-negative) matrix-valued function of order p.

5.2. Absolutely monotone functions. S. N. Bernstein calls the function 
/(x )  (a < x < b) absolutely monotone, if it satisfies the inequalities

/(x )  > 0, A U  = D - l ) " " *  ( £ ) / ( *  +  nh) ^  0

for all positive integers n, and x, h > 0, for which a < x < b , a < x  + n h < b .  
The trivial case where / (x)  = oo is assumed to be excluded.

The following statement is due to Widder ([1], Theorem 5.5.2). The 
function / ( x )  (0 < x < oo) can be represented in the form

OO

/(x )  = J e~xtda(t) (0 < x < oo) 
о

with distribution function a(x) (x > 0) if and only if /(x ) is absolutely 
monotone in this interval.

Comparing this result with Theorem 5.1, we have the following result.
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T heorem 5.3. The function f ( x)  ( —00  < x < 0) is Hankelian totally 
positive (non-negative) if and only if  it is absolutely monotone in this inter­
val.

T heorem 5.4. The function f ( x )  ( —00  < x < 0) is Hankelian totally 
positive (non-negative) and exponentially convex if and only if it is absolutely 
monotone in this interval.

D e f i n i t i o n  5 . 3 .  The real symmetric p x  p matrix-valued function /(x ) , 
a < x < b is said to be absolutely monotone in this interval if v*f(x)v, 
a < x < b is an absolutely monotone function for all v £ Rp, v*v > 0.

T heorem 5.5. The p x  p matrix-valued function /(x )  (0 < x < 0 0 ) is 
absolutely monotone in this interval if and only if  the representation

OO

(5.5) f ( t )  = j  e~txdF{x) (0 < t < 0 0 )
0

holds, where F(x) ,  (x > 0) is a p x  p matrix-valued distribution function. 
P roof. If the representation (5.5) is vabd, then

OO

v* f{ t)v  = J e~txd(v*F(x)v) (0 < x < 0 0 )
0

is an absolutely monotone function for all v € Rp, v*v > 0, since v*F(x)v 
(x > 0) is a distribution function. If /(x )  (0 < x < 0 0 ) is a p X p matrix­
valued absolutely monotone function, then v*f(t)v  is an exponentially convex 
function in the same interval for v € Rp, v*v > 0 by Theorem 5.4. The 
necessity can be proved similarly like in the proof of necessity in Theorem
5.2. Thus we get finally that the representation (5.5) holds indeed.

6. E x p o n e n tia l ly  convex , an d  H an k e lian  to ta lly  positive
sequences

In this section the following definition will he used.
D e f i n i t i o n  6.1. The sequence of the p x p  real (Hermite) sym­

metric matrices is said to be positive definite (semidefinite) exponentially 
convex of order p , if the Hankelian hypermatrix

H = (M]+k)~k=0

of grade p is a positive definite (semidefinite) matrix of order p.
6.1. In this section our aim is to prove the following extension of the 

theorem of Hamburger.
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T heorem 6.1. The sequence {Mfc}o° o f t h e p x p  real symmetric matri­
ces is positive definite and exponentially convex of order p i f  and only i f  the 
representation

( 6 . 1)

OO

Mk = J  xkdF(x) (k =  0, 1, 2, . . . )
— OO

holds, where F(x),  x £ R is a p x p matrix-valued distribution function of  
infinite type.

P roof. If p = 1, the statement of the Theorem was proved by H. Ham­
burger ([1], Theorem 2.1.1), i.e. the following moment problem holds:

“The necessary and sufficient condition in order that a non-decreasing 
function a(x) (x £ R ) having an infinite number of points of increase and 
such that

OO

J xkda(x) = Mk (A: = 0,1,2,...)
— OO

exist, is that the sequence should be positive definite and exponen­
tially convex.”

Returning to the proof of Theorem 6.1, suppose first tha t the represen­
tation (6.1) holds. Let n be an arbitrary non-negative integer, moreover let 
v £ Rp, v*v > 0; 2 = (zj)q £ Rn+i, z*z > 0, then

n » J  nX '52(v*Mi+kv )zj zk = / (XI zj xJ) dv*F(x)v > 0,
j=о k=о j'o  j=о

since £"=o ZjX3 is a polynomial, and v*F(x)v is a distribution function of 
infinite type. I.e. the p x p matrix-valued sequence {Mfc} °̂ is positive definite 
and exponentially convex of order p by Theorem 2.2.

Now let {M*;}̂ 0 be a positive definite exponentially convex sequence of 
order p. Let v £ Rp, v*v > 0 be given. Then

П  П

X  Y l ( v*Mj+kv)zj zk > 0
j=0 k=0

for an arbitrary non-negative integer n, and for arbitrary

Z  =  ( Z j ) 0  £  Ä n ^_ x ,  z z >  0 ,

i.e. {v * M j v is a positive definite exponentially convex sequence. By Ham­
burger’s Theorem there is a distribution function a(x;v) (x £ R)  of infinite
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type such th a t

v*Mkv
oo

= J  xkda(x;v) (k = 0, 1, 2, . . . ) .

Let

By the last formula we get that

where

j j  = J x kd a j j ( x ) ,  m\k) +  rr i j f  -  2m\k) = J  x kdßi j(x) ,
—o o  —o o

(* Ф Ji i"i3 = 1,.. • ,p),

Äi(®) € Ä» i Ф ji i i j  >p)
are distribution functions of infinite type. Thus

m.
(fc)

OO

= J xkdatij(x) (i ф j )

where

a ,j(z )  = — (a j,(a;) + Ojj(*)) ßij(x) (x <E Ä, i Ф j ) 

is a function of bounded variation. Using the notation 
F (x ) =  K fc(z))£fc=1 (* € Ä),

we get th a t
v*F(x)v  = a(x; u) (x € Ä)

is a distribution function of infinite type for all v 6 R n, v*v > 0. Thus the 
representation

OO

Mk = J  xkdF(x)  (к = 0, 1, 2, . . . )
—  OO

holds, where F(x) (x € R)  is a p x p matrix-valued distribution function of 
infinite type. This completes the proof.

6.2. In this section we give a characterization of the Hankelian totally 
positive sequences.

D e f i n i t i o n  6.2.. The sequence { M k} ^  of real numbers is said to be 
Hankelian totally positive (non-negative) if the infinite matrix

H = (MJ+fc) ~ = о
is totally positive (non-negative).
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T h e o r e m  6 .2 .  The sequence {M\t}^° is Hankelian totally positive i f  and 
only if a distribution function a(x) (x € R) of infinite type with a(x)  =  0 
(x < 0) exists such that

OO

(6.2) Mk =  J  xkda(x) (k = 0 ,1 ,2 ,. . .) .
о

P roof. Suppose tha t the representation (6.2) holds with a distribution 
function a(x) (x > 0) of infinite type. By Lemma 4.1 {xfc} °̂ is a Markov 
sequence of positive type for x > 0. Since a(x) is a distribution function of 
infinite type, we get that {Mfc}g° is a Hankelian totally positive sequence by 
Theorem 4.3.

Now let us suppose tha t {M*,}“  is a Hankelian totally positive sequence. 
We show that the representation (6.2) holds in this case with a distribution 
function a(x ) (x ^ 0) of infinite type. To prove this we use the procedure 
([1], pp. 30-32) which can be applied in the proof of the Hamburger moment 
problem ([1], Theorem 2.1.1).

Starting from the polynomials

/M o M x .. • M„_! 1 \
Pn(x) =  Det Mi M2 .. . Mn X

\M „ Mn+1 . M2„_l xn )

it can be shown that if {M*.}^° is a Hankelian totally positive sequence, then 
the roots of these polynomials are positive numbers with multiplicity one. 
Denote

(6-3) o < ^ in) < • • • < d n)
the roots of Pn(x ) in order of magnitude.

Let us introduce the functional Ф defined on the set of polynomials with 
real coefficients in the following way. If

P(x) = a0 + axx + . . .  +  anxn (an ф 0),

then
Ф(Р(х)) = a0M0 + axM\ + . . .  T anM n.

Let
(  Ы*) \

These quantities are positive and

(* = ! ,• • •  ,«)•

(6.4)
k=l

=  M0.
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We now introduce the distribution function gn(x) of finite type with 
in) in)jumps ; a t ^  ' (k = 1 , . . .  , n), which has correct moments of order ^  

2n -  1, i.e.
OC

J  xkdgn(x) = M k (k =  0 ,1 ,. . .  ,2n -  1). 
о

We get that gn(x ) = 0 (x < 0), <7„(oo) =  Mo by (6.3) and (6.4), i.e. the func­
tions {дГ1(ж)}^° are uniformly bounded. Thus the elements of this sequence 
satisfy the conditions of the well-known Helly’s theorem, i.e. there exists a 
non-decreasing function g(x), and a sequence (^)}i° such that

g(x) = lim gnk(x)
k —+oo

in all points of continuity of g(x). Finally it can be proved that a(x) = g(x) 
in the expression (6.2). This completes the proof of Theorem 6.2.

Theorem 6.3. The sequence {M^jg0 is Hankelian totally positive if  and 
only if the matrices

(6 -5 ) o. (M ,+t+1)“te0

are positive definite.

A similar result due to Gantmacher and Krein in the case if a(x ) is a 
distribution function of finite type ([4]).

Proof. The full Stieltjes moment problem ([1], p. 76) says the following. 
The system of equations

Mk = (k = 0 ,1 ,2 ,...)

has a distribution function of infinite type solution if and only if the matrices
(6.5) are positive definite. Comparing this result of Stieltjes with Theorem
6.2, we get the statement of our Theorem.

T h e o r e m  6.4. If {M; }“  and{N j}^° are Hankelian totally positive ma­
trices, then so is {M jN j}^°.

P roof. By the assumption the matrices

and

{Mj+k ) j k=0, (Mj+k+i)jk=0>

{Nj+k)jk=0, (N j+k+l)jk=o
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are positive definite by Theorem 6.3. Then the matrices

( M j + k  N j + k ) j :k=o > ( M j + k + 1 N j + k + i  ) j tk= о

are also positive definite by the following theorem of I. J. Schur [10]: When 
the matrices

A  =  ( d j k ) j k=1, В  = (bjk)-k=1

are positive definite, then so is their Hadamard product (ßjfcbjfc)"л-1. Using 
Theorem 6.3 again, we get the statement of our Theorem.
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ON A CLASS OF FIVE-POINT BOUNDARY VALUE 
PROBLEMS IN SECOND-ORDER FUNCTIONAL 

DIFFERENTIAL EQUATIONS WITH PARAMETER

S. STANÉK (Olomouc)

1. In tro d u c tio n

Let a, b, ti, t5  £ R, a < b,ti < t5 and let J -  I  — (a,b). Finally,
let X  = C °(J ) be the Banach space with the norm ||y|| =  max{|y(f)|; t £ J}- 
Consider the functional differential equation

(1) y"(t) -  Q[y, y'](t)y(t) = F[y, y', /*](t)
in which Q : X 2 —>• X ,  F : X 2 x I  -* X  are continuous operators, Q[y, z\{t) > 
0 on X 2 for all t £ J, depending on the parameter p.

Let íi < Í2 < 3̂ < *4 < £5- The purpose of this paper is to use the 
Schauder linearization technique and to  obtain sufficient conditions on Q, F 
such that for a suitable value of p (1) admits a solution у satisfying some of 
the following boundary conditions:

(2) y(t 1) -  УОг) == 0, y(t3) = 0, y{U) -  y ( t5) =

(3) y'(t 1 ) == 0, y(t3) = 0, y \ h )  = 0,

(4) y \ h )  =  0, y(t 3 ) =  0, y(t 4) -  y(t5) = 0,

(5) y(h) -  y(t2) = 0, y(t3) = 0, y'{t5) = 0.
A special case of (1) is the differential equation

(6) y" - - y(t,y,y')y = f(.t,y,y' ,n)
in which q £ C°(J X R 2), /  £ C°(J X R 2 X I), q(t, y, z) > 0 for all (f, y, z ) £ 
£ J  X R 2. For (6) the question of uniqueness of the boundary value problems 
is also discussed.

Various fc-point boundary value problems for second-order differential 
equations with к > 2 have been studied for example in [1]—[13], and from 
them linear differential equations have been considered in [4], [6]—[9]. In [4, 
6] a suitable implementation of a parameter into the homogeneous equation 
guarantees the existence of a solution у satisfying y{t\) =  = y(t^) =  0.
For functional differential equations depending on a parameter, this problem 
has been studied in [13]—[15].
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2. N o ta tio n s , le m m as

Let p  G C 1(./) and let be the solutions of the differential equation

(7) y" = Q[<p,<p'](t)y,

uv {ty) = 0, u '^ t i )  = 1, vv(fi) =  1, =  0. For (t , s ) G J 2 and </> G CX{J)
define r(f, s; q?), r'(t, s; p) by

r(i, s; p)  =  uv(t)vv (s) -  uv(s)vv (t) (= - r ( s ,  t ; v?)),

r '(i, s; y>) = u'v(f)?vO) -  nv(.s)^(i) (=  |^ ( í ,  á, <p))

and for (s ,z , t )  G J 3 and p  G C X(J)  dehne k (s ,z , t ;p )  by 

fc(5> z, i; <̂>) =  r(s, t; p) -  r(z, t; ip).

Then r(t,s ; ip) > 0 for ti < s < t < Í5, r'(t, s; y?) > 1 for all (t, s) G J 2, t ф s 
and r '(t,t;p)  =  1 for all t £ J  (see [13]).

Lemma 1. Let s, z G J , s > z and let ip G C 1( J). Then

k(s, z, t]ip)>  0 for all t G /.

P r o o f . Setting tu(i) =  k(s,z,t- ,p)  for all t G J, w is a solution of (7), 
w(s) = -r (z ,s - ,p )  > 0, w(z) =  r(s,z;tp) > 0, w'(s) = r'(s,z-<p) -  1 > 0, 
w \z )  — 1 — r'(z, s-,p)< 0 and since Q[<p, p'](t) > 0 on J, one sees w(t) > 0 
for all t G / .

Lemma 2. Assume p  G C 1(J), h G C°( J  x I), h(t, •) is increasing on I  
for any fixed t £ J  and

(8)  h(t, a) ■ h(t, 6) < 0 for all t G J.

Then there is a unique po G I  such that the equation

(9) y" -  Q[<p,p'](t)y = h(t,p)

with p = po admits a solution у satisfying (2). Moreover this solution у is 
unique.

P r o o f . Setting

*3 t3

y(t,p)  = k f f i ^ h h - p )  [J , ^ T ) K s^ ) d s -  J r(t2,s-,<p)h(s,p)ds +

l
+ J  r(t, s; (p)h(s, fi)ds

*3
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for all (t, //) £ J  x I ,  у is a solution of (9), y{h, y) - y ( t 2, /r) — 0, y(t3, /л) = 0. 
For the functions А, В : I  —> R defined by

A(fi) = J r(ti,s\(p)h(s,iJ,)ds- J r{t2,s]<p)h(s,fj,)ds,
ti Í2
Í5 £4

B(y,) = J r(ts ,s-,(fi)h(s,fi)ds -  J r(t4,s;<p)h(s,y,)ds,
13 *3

we have

r(* i,s; <p)h(s,y,)ds — J  k(t2, h , s ; <p)h(s,y,)ds, 
*2

*5
k(t5, t 4,s;<p)h(s,n)ds + J r(t5,s;<p)h(s, fi)ds,

thus A(-) is decreasing on I  and B(-) is increasing on I .  Since

y(ts,p) -  y (u ,/ i)  = + B 00»

y(t$, ■) — y(t4, •) is an increasing function on I  and (by (8)) y ( t s ,a ) - y ( t4, a) ^ 
0, y{t*,,b) — y(t4,b) > 0. Consequently there is a unique € I  such that 
y{t5 ,fJ-o) — y(t4, fio) =  0, and (9) admits a solution у satisfying (2) if and only 
if fi = /io- The uniqueness of у follows from the fact th a t the homogeneous 
equation y" = Q[‘-p, (p'}(t)y admits only the trivial solution satisfying (2).

Next we shall assume that Q, F and g, f  satisfy for positive constants r0, 
r\ the following assumptions:

(i) \F[y,z,y](t)\ < r0 -Q[y,z](t) for all t £ J  and [y, z ,y]  £ D X 7, where 
D = {[y,*];y ,*€ x ,  ||i/|| ^  r0, \\z\\ ^ 74};

(ii) F[y,z,-](t) is an increasing function on I  for any fixed t 6 J  and
[y,*\ e D]

(iii) F[y, z , a](f) • F[y, z, b](t) ^ 0 for all t £ J  and [у , z] £ D;
(iv) min{(A + г0В)т, 2y/F^y/A + r0B } <j r b  where A  =  sup{||F[y, z, /i]||; 

[у,г,ц] £ D x l } ,  В = sup{||Q[y,z]||; [y,z\ £ D) and r  = max{f3- f i , f 5- f 3}; 
and

(j) \f( t,y ,z ,y ,)\ < r0 ■ q (t ,y ,z ) for all (t , y , z , y ) £ f i x / ,  where Я  = 
/  X ( - r 0,r 0) X ( - r b ri);

(jj) / ( f , г/, -г, •) is an increasing function on I  for every fixed (t , y, z) £ Я ; 
(jjj) /(*, 2/, 2, a) • / ( i ,  г/, 2, 6) < 0 for all Q, 2/, 2) £ Я;
(jv) min {(A3 + г0В 4)т, 2v/r^\/Ai +  ro#i} ^ n ,  where Ai = 

=  s u p { | / ( i ,  2/, 2 , /a)|; (£, 2/, 2 , /2 ) £ Я  X / } ,  f?i =  s u p { g ( f , 2/ , 2 ); (t, ?/, 2 ) £  Я }  
and r  = max{i3 -  t4,ts — t3}.
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Lemma 3. Assume that assumptions (i)-(iv) are satisfied for positive 
constants го, т\. Then to every ip £ C1(Jr), ||y^*)|| ^ r,-, i — 0,1, there is a 
unique /io G /  such that the equation

( 10) y" -  = F[<p,<p\fi](t)

with p = po admits a solution у satisfying (2). Moreover this solution у is 
unique and

P roof. Let <p £ C1(J ) , ||<̂ (*)|| ^  г,- for i = 0,1. Setting h(t ,p ) = 
F[ip, p', p](t) for all (t, p) £ J  x I,  h fulfils the assumptions of Lemma 2 and 
consequently, there is a unique po € I  such that (10) with p  = po admits a 
(unique) solution у for which (2) holds.

Let |y(£)| = |i/(f)| for all t G J  and some £ £ J. Since y(ti) =  y{ti), 
y(U) = y{h)  we may assume f  G ( h , t5). If y(£) > r0 (y(£) < - r 0) then (by 
(i)) y"(£) > 0 (y " (0  < 0) contradicts the fact that у has a local maximum 
(minimum) at the point t =  £. This proves (11) for i — 0. As in [13] we may 
prove (11) for i =  1.

T h e o r e m  1. Assume that assumptions (i)-(iv) are fulfilled with positive 
constants ro, r \.  Then there is po £ I  such that (1) with p  = p0 admits a 
solution у satisfying (2) and (11).

P r o o f . Let Y  = C 1(J )  be a Banach space with the norm \\y\\i = \\y\\ + 
||y'|| and let К  =  (г/; у £ Y , у satisfies (2) and (11)}. К  is a, convex bounded 
closed subset of Y .  Let p £ К . By Lemma 3 there is a unique p0 £ I  such 
that (10) with p — po admits a (unique) solution у, у £ К . Setting T(p) = у 
we obtain an operator T: К  —* К. To prove Theorem 1 it is sufficient to 
show that T  has a fixed point.

Let {yn} С К  be a convergent sequence, lim yn = y, and let zn =  T (yn),
n —KX)

гг = T(y). Then there are sequences {pn} С I  and po £ I  such that we have 
(see the proof of Lemma 2)

( и ) ltewll S i =  0,1.

3. E xistence theorem s

q
tt
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z(i) = у )
. *3

J r(h ,s;y)F [y,y ',  vo](s)ds-
к ( ^ 2  7 1̂ > 3̂) 2/) J 

h
Í3  t

-  J  r(t2,s;y)F [y,y ',p0](s)ds^ +  J  r(t,s-,y)F[y,y',/j,0](s)ds

for all t € J  and n 6 N .  If {/xn} is not a convergent sequence, then there 
are convergent subsequences {/Xfc„}, {/xr„}, hm fj,kn = Ax, lim /хГп = A2,

П —*oo П —>oo
Ai < A2, and we have

lim zkn(t)=  t \ y '> > Í  r ( t1,s -y )F [y ,y \X 1](s)ds-n-700 K{t2,ti,t3;y) [J
tl

h  t

- J  r(t i , s ; y )F [ y ,y ' , \1](s)ds\ + J  r(t,s-,y)F[y,y\ X1](s)ds,

= k ( t * h £ y )  [I r( tu a 'i,)Fl!' ’
*1

*3 t

-  J  r(t2,s;y)F[y,y' ,X2](s)ds^+ J  r(t ,s;y)F[y,y' ,X2](s)ds
t2 H

uniformly on J. Setting h(t, /x) = F[y, y', ^x](i) for all (t, ц) G J  X I  and using 
the inequality h(t, Ai) < h(f, A2), one can prove, like in the proof of Lemma 
2, that

hm (zfc„(i5) -  Zrn(U)) < hm (zrn(i5) -  zrn(t4))
n —>oo n —*oo

which contradicts zn(t$) — zn(t4) = 0 for all n € N.  Consequently, {/xn} is a 
convergent sequence, Um /хп = /x* and

(z*(f) :=) lim zn(t) =
n—k>О

r(t3,t-,y)
k(t2, t i , t 3\y)

. *3
J  r(t i,s-,y)F[y,y',n*](s)ds- 
*1

r(í,s;t/)F[i/,T/,,/x*](s)cÍ5
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uniformly on J . Hence z* is a solution of the equation

z" -  Q[y, y'](t)z = F[y, у ' ,  / i * ] ( i ) >
z*(fi)—z*(f2) = 0, z*(t3) — 0, z*(t4) — z*(t5) = 0 and therefore (by Lemma 3) 
p* - = z. Since lim z 'J t) =  z '(t) uniformly on / ,  lim T(yn) =  T(y)

n — Ю О  п —юо
and T  is a continuous operator.

Let £ К  and T(y?) = y. Then it follows from the equality y"(t) = 
Q[<p, <р'](1)у{1) +  -F[v?, <p,,Ho](t) holding on J  for some po £ I  that ||y,/|| ^  
B\\y\\ + A < A + r0B, consequently, К  С {у, у € C 2(J )n K ,  ||j/"|| < A + rQB}. 
Therefore К  is a compact subset of Y  and by the Schauder fixed point 
theorem there is a fixed point of T.

T heorem 2. Assume that assumptions (i)-(iv) are fulfilled with positive 
constants ro ,n . Then there are po, Pi ,P 2  € I  such that (1) with p = po 
(p — pi; p = P2 ) admits a solution у satisfying (3) ((4); (5)) and (11).

P roof. By Theorem 1 there is a sequence {pn} С I  such that (1) with 
p — pn admits a solution y„ ,

yn{ h ) -  yn (ti + = 0, yn(t3) = 0, yn ( t5 -  i )  -  yn(t5) = 0

and ||t/£,)|| < r,-, ||y"|| < A -f tqB  for all n £ N  and i = 0,1. Using the Ascoli
theorem without loss of generality we may assume {yi^(t)} are uniformly 
convergent on J  for i =  0,1 and further {pn} is a convergent sequence. Let 
lim yn(t) = y(t) for all t £ J  and let lim p n = po. Then у is a solution

n — ► OO  n — Ю О

of (1) with p = po satisfying (11) and y(t3) =  0. Let г/(,(£„) =  y'n{r}n) =  0 
for аД n £ N  with t\ < £n < ti +  i ,  t5 — ^ < r)n < t5. Then lim £n =  ii,
hm T]n = <5 and since Urn ||y'n — г/'|| = 0 we see y'(ti) = y'{t$) =  0. This

n — ►OO n — ► 0 0

proves у is a solution of (1) with p  =  po satisfying (3) and (11).
Since the proofs of the two remaining cases are very similar to the above 

one, they are omitted.
E xample 1. Consider the equation

( 12)

1

y"(t) ~ k( j  Iу'|y,(*)l<k +  exp(t|i/(/io(0 )l)  ) у (0  =

=  +  ||у |Г )  sin(2iri)ln ( e +

t
y{ j  |y (h i(s )) |d s^  +p- p( t )

where h0,h i ,p  £ C °((0 ,1)), h0, h i : (0,1) —► (0,1), 0 < pi < p(t) ^  2pi, 
||y|| = sup{|j/(i)|; t £ (0,1)}, k, pi, v are positive constants, к > 5e. Let
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0 = t\ < Í2 < 3̂ < t4 < t5 = 1. One can verify that the assumptions of 
Theorems 1 and 2 are fulfilled with r0 = 1, r\ — 2y/k (^y/k +  у/к + 1 + , p  £

G ( “ £Tln(e +  r i )’ j^ln(e +  r i ) ) ‘ Hence there are p0,Pi,P 2 ,P 3  G
G ^-^T n (e  + ri),^-ln(e +  7-x)  ̂ such that (12) with p = ц 0 (ц = p x-, /г =  p 2; 
р  = р3) admits a solution у satisfying (2) ((3); (4); (5)) and ||г/|| < 1, 
llí/'H 5í 2у/к [у/к + у/к + 1 +  е ) .

Corollary 1. Let the assumptions (i)-(iii) be fulfilled with positive con­
stants r0> ri and let В be defined as in (iv). If r\ > 2r0y /B  then for some 
positive constant S > 0 we have:

To every e, 0 < £ ^  6 there are peo, P ei ,  Pc2 , Pc3 G I  such that the 
equation

y"(t) -  Q[y,y'](t)y(t) =  £ ■ F[y,y ' ,p]( t )

with p = pco (/r = pei; p =  P e i  > P =  Pcз )  admits a solution у satisfying (2) 
((3); (4); (5)) and (11).

P roof. 
in (iv) and

Setting 6 = m in { ^ ,^ -  - г 0н )} , where A  is defined as

В  = \Td{\\Q{y,z]\\-,y,z £ X ,  ||y|| < r0, ||z|| ^  r i}  > 0,

£ • F  satisfies the same assumptions as F  in Theorems 1 and 2 for all £, 
0 < £ < 6 and therefore Corollary 1 follows immediately from Theorems 1 
and 2.

For (6) the following corollary follows from Theorems 1 and 2.

Corollary 2. Let the assumptions (j)-(jv) be fulfilled with positive con­
stants го, г\. Then there are po, Pi, Pi, Рз G I  such that (6) with p = p0 
(p — pi; p = pi; p = рз); admits a solution у satisfying (2) ((3); (4); (5)) 
and (11).

C o r o l l a r y  3. L e tp ( t ,y ,z ) ,  $%(t,y,z) £ C°(J x R 2) and set

l

/ dp
-^ { t ,T y ,z )d r

0

for all (t, y ,z)  £ J  x R 2. I f  the assumptions (j)-(jv) are fulfilled with positive 
constants ro, ri then there are po ,P i,P i,p 3  G I  such that the equation

У" = P(t, у , у') -  p(t, 0, у') +  f( t ,  у, у p)
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with p = /io (p = pi; fi = /J- 2 ! M = Мз) admits a solution у satisfying (2) 
((3); (4); (5)) and (11).

P r o o f . Since
l

/ dp7̂ ( t ,  ту, z)dr  = p(t, 0, z) +  q(t, y, z)y 
о

for all (t , y , z ) G J  X Д2, Corollary 3 follows immediately from Corollary 2.

4. U n iq u e n e ss  th e o re m  fo r e q u a tio n  (6)

T H E O R E M  3 .  Assume that conditions ( j ) - ( j v )  are satisfied with positive 
constants r„, r x. / /  g ,  § f  G C°(H), €  C ° ( t f  X J) and

(13) g (í,2/b 2) +  m2| ^ ( í ,£i , z) +  gj^(*,6 ,-z, m) ^  0

/o r all £,■ € (minj^/i, 1/2} ,nicLx{yi, y2})j i =  1,2, then there is a unique /io G 
€ /  sued idai (6) with p — po admits a solution у satisfying (2) and (11). 
Moreover this solution у is unique in the set S — {y \y  G C2( J), ||y(*)|| ^ 
r ,+i , t  = 0, 1}.

The theorem is true also when the boundary condition (2) is replaced by 
some of the boundary conditions (3), (4) and (5).

P roof. By Corollary 2 there is po G /  such that (6) with p — po admits 
a solution у G S  satisfying (2). Suppose there is pi G I ,  Po ^ Pi, such th a t
(6) with p = pi  admits a solution yi G S  satisfying (2) where in place 
of у we have yx. Setting w = у — y\ then w(t\) — w(f2) = 0, u>(f3) = 0, 
w(ti)  -  w(t5) = 0, consequently, u/ ( tx) =  u /(r2) = 0 for t\ < r x < f2, 
i 4 <  r2 <  < 5 .  Next we have

w"(t) = a(t)w(t) -f b{t)w'(t) +  c(t) for all í  G 1,

where a, b,c G C °(J), a(f) > 0 on J  (by (13)) and if po < Mi ( mo = Mi) then

c(f) < 0 (c(f) =  0) for all t G J . Setting p{t) — ex p í — f  b(s)ds) , d(i) =
4 t 3  J

p(t)w(t)w'(t) for all t G J  (see [16]) we see k(t3) = 0, k' =  p(u/ 2 + aw2 +  cw). 
Let w ф 0.

If c = 0, d' =  p(m'2 + am2) > 0 and therefore k(t) > 0 for all t (E (£3,^5) 
which contradicts d(r2) = 0.

Let c{t) < 0 on J , that is p0 < pi- If u /( i3) — 0 then w"(t3) — c(t3) < 0 
and therefore w(t) < 0 in a set (t3 — £ ,í3) U (t3, i 3 + e) C J  with a positive
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e > 0. Consequently, we may always suppose that either w(t) < 0, w'(t) ф 0 
for all t G (Í3,£) and k(£) = 0 or w(t) < 0, w'(t) ф 0 for all t G (77, i3) and 
k(r)) = 0. In the first case we have k’(t) > 0 on (h,£)  which contradicts 
k(£) = 0, in the second case k '( t) > 0 on (77, i3) which contradicts k{g) = 0. 

Hence w — 0 and the theorem is proved.
If the boundary condition (2) is replaced by some of the boundary con­

ditions (3), (4), (5), the proof is very similar and therefore it is omitted.

E x a m p l e  2. Let к , p\, <71, <72 be positive constants, к >  ( 1+ p i) 1̂ +  ,
<7i й 9 2  and let n be a positive integer. Consider the equation

(14) y" -  ke* (l +  (arctg у')2) у = ty2n+1 cos2(t/') + p(t) +  p ■ g{t),

where p,g  G C°((0,1)), |p(i)| < pu  gx < g{t) < g2 for all t G (0,1). Let 
0 = t\ < t2 < Í3 < t4 < t5 = 1. The assumptions of Theorem 3 are fulfilled
for r0 = 1. г, г  ke ( l  + ( í ) 2) +  (1 + Ví) ( l  +  a )  and „  £ ( - l ± a ,  !± a .) ,

consequently, there are unique /to,/П.Мг.Мз € 1 j  such that (14)
with p = p0 (p = \ p = p2'i P =  Рз) admits a solution у satisfying (2) ((3);
(4); (5)) and ||y|| < 1, ||y'|| < ke ( l  + ( f ) 2j  +  (1 + рг) ^1 +  ^ .  Moreover 
this solution у is unique even in the set S =  (у; у G C2((0 ,1)), ||ji|| £ 1}.

R eferen ces

[1] J. Andres, On a possible modification of Levinson’s operator, in Proc. ICNO X I  (Bu­
dapest, 1987), pp. 345-348.

[2] J. Andres, A four-point boundary value problem for the second-order ordinary differ­
ential equations, Arch. Math., 53 (1989), 384-389.

[3] J. Andres, On a some modification of the Levinson operator and its application to a
three-point boundary value problem, Acta UPO, 91, Math., 29  (1990), 35-43.

[4] F. M. Arscott, Two-parameter eigenvalue problems in differential equations, Proc.
London Math. Soc., 14  (1964), 459-470.

[5] R. Conti, Recent trends in the theory of boundary value problems for ordinary differ­
ential equations, Boll. Unione Mat. Ital., 22 (1967), 135-178.

[6] M. Gregus, F. Neuman and F. M. Arscott, Three-point boundary value problems in
differential equations, J. London Math. Soc., 3 (1973), 429-436.

[7] I. T. Kiguradze and A. G. Lomtatidze, On certain boundary value problems for second-
order linear ordinary differential equations with singularities, J. Math. Anal. 
Appl., 101 (1984), 325-347.

[8] A. G. Lomtatidze, On a boundary value problem for linear differential equations of
second order with nonintegrable singularities (in Russian), Trudy Inst. Prikl. 
Math. Im. I. V. Vekua, 14 (1983), 136-145.

[9] A. G. Lomtatidze, On a singular three-point boundary value problem, Trudy Inst.
Prokl. Mat. Im. I. V. Vekua, 17 (1986), 122-134.

[10] I. Rachűnková, On a certain three-point boundary value problem, Mat. Slovaca, 39  
(1989), 417-428.

A cta  M aihem atica Hungarica 62, 199S



2 6 2 S. STANÉK: o n  a  c l a s s  o f  f i v e - p o i n t  . . .

[11] I. Rachünková, A four point problem for diiferential equations of the second order, 
Arch. Math. (Brno),  25 (1989), 175-184.

12] I. Rachűnková, On a certain four-point problem, Rad. Mat. (in press).
13] S. Stanék, Three-point boundary value problem of nonlinear second-order differential

equation with parameter, Czech Math. J 42 (1 1 7 )  (1992), 241-256.
[14] S. Stanék, Multi-point boundary value problem for a class of functional differential

equations with parameter, Math. Slovaca, 1, 42  (1992), 85-96.
[15] S. Stanék, Three-point boundary value problem of retarded functional differential equa­

tions with parameter, Acta UPO, Fac. rer. nat., 97, Math. XXX, 100  (1991), 
61-74.

[16] A. Tineo, Existence of solutions for a class of boundary value problems for the equation
x" =  F ( t ,x ,  x ' ,x") ,  Comment. Math. Univ. Carolinae, 29 (1988), 285-291.

(Received February 6, 1990)

D E P A R T M E N T  O P  M A TH EM A TICA L ANALYSIS
PA L A C K Y  U N IV E R SIT Y
TOM KOVA 3 8
7 7 9 0 6  O LO M O U C
CZECH  R E P U B L IC

A cta M ath em a tica  Hungarica 62, 199S



2 6 4 К .  К .  MATHUR a n d  ANJULA SA X E N A

known to be poised for any given data. Special cases of this problem, namely

1
0
1

0 1 ° \ / 1 1 0 1 0 0
0 1 0 and 0 0 0 1 0 0
0 0 0 / Vi l 0 0 0 0

have earlier been considered in [7] and [4] respectively.
In Section 2 we shall find an explicit solution of th e  above problem. We 

shall study the convergence problem in the case when the knots are equi- 
spaced. Section 3 deals with estimates needed for the  purpose and Section 
4 treats the proofs of our convergence results.

2. E x istence  a n d  u n iq u e n e ss

(a) The fundamental polynomials. We shall first consider the polynomial 
interpolation problem with respect to E  on the points 0, 1. Let A n>k(x),
B n,k(x), к = 0 , . . .  , n — 1, Cn(x) and Dn (x)  denote the  fundamental polyno­
mials of interpolation at the points 0 ,^ ,1  with respect to the m atrix  E. In 
other words, we have

л » ( 0) -  l„t , Л « (1) = 0, 4 "«>(0) = о, 4 Т ’( 0  = 0,

_ s3 (0 )  = 0, B « (1) - i jti, o) = o, s l y 11 ( ! )  = o,

с!л (0) = 0, c i i)(l) = 0, C<"+1>(0)= 1, c i ”+1|( l)  = 0,

о !Л о ) =  0, o f> ( l)  = 0, o i " +1)(0) = 0, ű,',n+l:i( i )  =  1;

where к, j  = 0 , . . .  , n — 1.
These polynomials can be easily obtained from the  fundamental polyno­

mials of two point Hermite interpolation at 0 and 1:

0
1

1

1

where each row consists of n ones. Denote these polynomials by 1^ (2:), 
determined by

Mh-i,k(°) = 6k,j, j , k  =  0 ,... ,n  -  1 

K Mn-i  ,fc(1) = °> j ,  к =  0, . . .  , n  — 1.
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ODD DEGREE SPLINES OF HIGHER ORDER
K . K. MATHUR and Anjula SAX EN A * (Lucknow)

1 . In tro d u c t io n

In this paper we consider a special problem of BirkhofF interpolation by 
odd degree splines. It includes as particular cases the earlier results of Guo 
Zhu-rui [7] and the  second author [4].

Let
A : 0 = Xo < * ! < . . . <  xjv = 1

be an arbitrary partition of the  interval I  = [0,1] and let /г,- = x,+i — x,-, 
i =  0 , . . .  ,N  — 1 and f(x)  G C " +1(7). We consider a sort of interpolating 
spline s(x) satisfying the following conditions:

(i) s(x) € C " (I ) ,
(ii) s(x) G I l2„+i in each interval [x,-,x,+i], i = 0 ,...  , N  — 1,

(iii) sW(zi) = f (k\x i) ,  i = 0 , ... ,N , к = 0 , ... ,n- 1,
(iv) s("+1) = / ( n+1> ( i 1̂ ) , г =  0 ,... , N  -  1,
(v) s(")(0) =  /("^(O) or (v ') s(n+1)(0) =  / ( n+1^(0).
We are interested in the following
P r o b l e m . Determine s(x) satisfying the conditions (i)-(v ) or (i)-(v ').
The problem is related to Birkhoff interpolation by algebraic polynomials 

concerning the interpolation m atrix

/1  1 . . .  1 0 1 \
(1.1) £ =  0 0 . . .  0 0 1 0 ,

\1  1 . . .  1 0 0 )

where the first and  third rows have Hermite sequences of length n, and two 
ones, in row one and row two, occur in the (n  +  2)th column. This problem is

*The authors express their sincerest gratitude to  (Late) Dr. R. B . Saxena who gave 
valuable suggestions and guidance throughout the preparation of this paper without which  
the present form would not have been  possible.
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It is easy to see that (cf. [2] Example 3, p. 37; also [1] formula (4.1.20), p. 
118)

(2.3)

We now set
j=о '  3

(2.4)

An,k(x^ — 4" ЬП}к)х (1 x)n -f- Afn—i,fc(^),
Bn,k(x) = (сп,кх + dntk)xn( 1 -  x)n +  Mn_i,fc(l -  x), 
Cn{x) = (anx + 6„)xn(l -  x)",
Dn(x) = (cnx + dn)xn( l - x ) n; 

where an>k and bn^  are determined by the conditions

< Г ’(0) = 0, < +1)( i )  = o,

and cn  ̂ and dn^  are determined by the conditions

B&+1,(0) = 0 , s < y 1)( i ) =  0 .

Also,

Cn(x) =

xn( l - x ) n(2x -  1) „
------- ------ —------- , if n is odd

(n + 2)!

x "(l -  x)", if n is even,n(n + 1)!
and

Dn(x) =
------—— ., r—  ------- - ^ x " ( l  — x)"(nx +  1), if n is odd
(n +  2)Dn+1[xn(l  -  x)n]i v ’ v

2

—7-------т- r  f— —-----r—r-x n(l — x)"(nx + 1), if n is even.n (n +  l)D "[x"(l -  x)n]i v ; v

For later references we note that

C<">(0) =  • 1 =  if П iis even

, - (n+ihn+a) = C" Ч1)» if n is odd-

In fact, d n^(0) =  C„n\  1), either n is even or odd. Any polynomial p(x) of 
degree at most 2n +  1 can be written as

П —1
(2.5) P(x ) =  53[p(fc)(°)^n,fc(*) + P (fc)(1)# n,fc(a:)]+

k=0

+p("+1)(0)Cn(x) + p<"+1) (1 )  Dn(x).
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(b) Solution of the problem. We turn to the solution of the above prob­
lem. Denote ,$("+1)(з^) by (г =  0 , . . .  , N ) and let x,- ^ x ^ x,+1. Then
by scaling the fundamental polynomials of (a) above, we have

П—1
+(2.6) .(*) =

+л"+1И"+1,с”( ^ г ) + 4 Т ,® - ( ^ г ) ] '
where we write

_  y(n+1) +  X«-H j

Since s(x) € C "[0,l],

s (n)(x ,+ ) = a ^ ( x ,—), * = 1 , . . .  ,1V -  1.
Hence from (2.6), after some simplifications, we get the following system of 
equations for st-"+1\  t =  1 , . . .  , N  — 1;

(2.7) M " +1)C H (0) -  * < - i * ! í M n)(l)  = A,',
where

П —1
д . ' = Е [ ' ‘?-1” ( ^ ,и Ц ( 1) + / ' ‘ , в З ( 1) ) - '> ? '” ( / ' ‘ ^ й ( » ) + / й ,1 в З (о )

Jk=0
+

+hi-1& t1)Dlr\ 1) -  0).
* 2  ^  2

Writing M, = s(n+1\ x i ) ,  i = 0 , . . .  ,N  — 1 and observing that cj,n\ 0) = 
= d n\ l ) ,  we have

(2.8) h{Mi — h i- iM i- i  = —т-4— A„ i = 1 , . . .  ,N  -  1.
C<n)(0)

From (2.6) and (v)

(2.9) f (n)(0) =

and from (v') 

(2.9')

П —1E [/Г<*(0) + л(1)вй(0)] + Ь о С < "> (0 ) М „ +

M0 = / ( n+1)(0).
From (2.8), (2.9) and (2.8), (2.9') we find that the interpolation problems 
(iii)-(v) and (iii)-(v') have unique solutions. Thus we have proved
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T h e o r e m  1. Given a partition of the unit interval I  with hi = aq+i — x{, 
i — 0 , . . .  ,N  — 1, there exists a unique spline s(x) defined by (i)-(ii) which 
satisfies the conditions (iii)-(v) or (iii)-(v').

3. E r r o r  b ounds (k n o ts  eq u isp ac ed )

We shall now take the knots to he equispaced so th a t h, = ^  =  h. Let 
/  € C(n+1\ l ) .  Set

f("+i) = f ( п+1)(ж.) and 5("+x) = e(»+i) (*,-).

We shall prove
T h e o r e m  2. Let s(x) be the spline of Theorem 1  when the knots are 

equispaced. Then we have
(3.1)
||5("+1) _  / ( n+i)|| = 0(h l~n~2u t (h)), if  f  € c \ l ) ,  £ = n + 2 , . . . , 2 n  + l,

(3.2)
||s (n+i) _ /(»+i)|| = Chn+1| | / (2n+2)|| + 0 ( h n+1u 2n+2(h)), i f  f e  C2n+\ I ) .

Here, as usual u>r(/, 6) denotes the modulus of continuity of fW  and || • II is 
the uniform norm.

R e m a r k . The О depends only on n and is independent of N.
By successive integration we have the following
C o r o l l a r y . Under the conditions of Theorem 2, we have for r = 

=  0 , . . .  ,n  + 1,
||s(0 _  /И | |  = 0 ( h ' - r- 1ut (h)),

and
ll*(r) -  / (r)ll =  Chr | | / (2n+2)|| +  0(hrw2n+2(h)).

For the proof of the above theorem we need some auxiliary results which 
we obtain in the following. At the very outset we see from (2.5) that the 
following identities are true.

(3.3) ** -  1 , (дЛ I у 4
k\ -  A"M X) + ( k - j ) U

(3.4) X n _  у л  B n 
n\ ^  (n ■j=0 K

к = 0 , . . .  , n — 1,
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(3.5)
n — 1

r r w  = E  7 +"í(x)- |l +  + D-(* ) ,(n + 1)! ~ ^ ( n  + l  -3)1

. . Xfc B n j ( x )  x

3̂ '6  ̂ ~ki = E  (A: -  i)! +  (jfc -  n -  1)! 2fc
A .(* )z ^ z j ,  A; = n  +  2 , . . .  ,2 n +  1;

(3 .7 ) ^  =  +  A: =  0 , . . .  , n  — 1,

(1 -  .)»  _
2^  (n -  7)!(3.8) П! t—* (n — j)!i=o v J >

(3.9)
(1 -  x) n+l n-1

= E ( - 1  у An,j(x ) + (—l)n+1[Cn(x) + Dn(x)],( n + i ) !  ^ ( n  +  1 - ; ) !

(3.10)

( I Z ^ - V _ L I ) Í 4  .(x)+ 
«  “ ^ ( * - 3 ) !  " J< )+ (1 _ 1„, -1 ) ! [с " (1 )+ ! = ё г ] ’ * - ’и а ..... 2>»M-

From these equations, on differentiation, we have 

(3.30
fc B^n)(x)

0 =  A « U X) +  E  (jjfl / ) ! ’ Ar =  0 , . . .  , n -  1,

(3.40 1 = E

(3.50

fc-n "zi D{n)(x)
(3-6'} (jfc- п ) !  = E ( ) f r 7 j !  +  (ifc_n - ! ) !2 fc - " - i ’ * =  n+ 2’ ” ” 2n+1;
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(З.Г) к = 0 ,. . .  , п  — 1,

(3 .8 ')  ( - 1 ) "  =  £  J ^ j A < 3 ( x ) ,
J=0 v

+  ( S l j l H n,W + ^ ] -  * — +  Í . - . 2 - + 1 -

Next we see that in case of equidistant knots the system (2.7) is reduced to

s<"«>c<">(o) -  5! : t 1,c<"»(i) = 2  a*— 1 [ ( / Í 5 n $ ( i ) + / / ч в й ( 1 ) > -
Jfc=0

- ( / i fc)4 S (  o) + i ) -  / ^ i 1}0 i n)(o).
J 2 * ' 2

Putting Ni = sjn+1) — / / n+1 ,̂ we have

N ,C H (0 ) -N ,_ 1CW(1) = Д,,

where

д.- =  £  [ £ U S J ( i )  +  / f 1'< * ( ! ) ]  + f l - V c t K  1)+
k=0

n — 1
+ / (n « )D(n)(i ) _ £ fti- „ - 1 [/<‘>ЛЙ((0) +  / 5 1 ^ ( 0 )  -

2 Jt=0

- f l n+1)c $ r \0) -  / £ Г Ч п)(0).
We prove the following lemmas.
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Lemma 3.1. I f  f  e  Cl ( I ), then for i = 0 , . . .  , N  -  1,
(i) ||iV,-|| =  0{hl - n- 2u t (h)), l  =  n +  2 , . . .  , 2n +  1.

Also for f  £ C2n+2(I),
(ii) HJVill = C h " ||/(2"+2)|| + 0 ( h nu 2n+2(h)).
P roof of (i). Let i = 1 , . . .  , N  — 1. Then on writing finite Taylor sums 

for f f* \ ,  f -+\, f ^ t 1'1 and about Xi and simplifying, we have

~ Ex E2’
where

П—1

k= 0

П —1

-E
k=0

* ^ 1>í‘’E & * ö w + É k ' " - 1/ f , E ^ | A í » ( i )
k=n 

n  — 1

+ 0 ( f t '- " - 1w ,(4 ) +  2  1/1 4  BW | |J+

+

к—О

к=п+ 1
+ Е ц-п - 1)1̂ ’ И")(1> + + °

= Е л*—‘jí4 [É fe^43(i) + ßi>>
fc=0 Li=o v J)'

n —1 r fc ^__1 ЛАг—i

+'‘- 1/K e £ 9 < Í ( U +
j=o v •/y*

i-П —1

r (n + l) y i  ( - l ) n + 1 - J
t

( n  +  1 -  i ) !

( - 1 ) ‘ - j  , s. ( -

k=n+ 2

(-l)fc -n -i д Н (1 )
( к - п  -  1)! 2fc- " - 1 +

+ 0 (h / - " - 1̂ (h ) )  =

=  h -V /n) +  0(Л/- " - 1и;/(Л)), /  =  n +  2 ,. . .  , 2» +  1;
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and

E2=í>‘""~’ Í/'‘)̂ (o)+/ÍÍ,î S(o)]+//”+1)cI")(or/̂ í1)í>£">(o)=
к—О 2

= Е  >А«(0) + 2  [л*— 1//4 £  7 T 3 7 ii4 ”J(0)l +
к—0 к=О1" j=0 '

t

к—п L

+ Е

П—1

А*-"~1

+ É  Í**-”- 1/ / 4  Ё  т г Ё п Х " > ) ]  +  / í" + ,,[c i" , (°) + ^ " ’(0)1+

fc=n+2

n—1

(к — п — l)!2fc — ! ^ п ' ”'Ча) + o (h ‘- " - lu ,(k)) =

= [4 ”i(o> + Е  (Fbj!5S ( o
Jfc=0

+

n —1

+ Л~1/ / " 1 Ё  7 ^ 7 ) T 5 S (» )+
1=0 V

+ //" +1) [ Ё  („ +11 _ , ) ! Дй ( ° )  +  ^ ’(0) +  O in,(0)] +

+  0(A/- " - 1o;/ (A)):

= A-1 / / n) + 0(Аг-" -х̂ (А)).

Li=o

4- u k - n - 1  Л к )  . 1 D ^ n \ 0 )

Hence
А,- =  0(A* " 1u>/(h)), l  =  n + 2 ,. . .  , 2n  + 1.

Also from (2.9)

ЛС<"»(0)[М„ -  /£"+1)] = /<">(0) -  /<"+1»(0)/>С<">(0)- 

-W )("> (0 )/< "+ 4 (í? ± 5 l)  -  Ё ' 1* '"  +  / í ‘4 “i(0 )] =  До,
к—О

where

До =  /ín> [ i - E  - '> /ó ”+1) [ Е
L j = о v J)mJ Li= o

n - i  »(n)/Yi\i r« -1 B ^ ( 0 )
n,j ' -C ^ (0 )  + D ^ \ 0 )

(n + 1 - j ) l
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n — 1

k=0

_  -Jfc-n Лк) Г \р  ______1 D ^ \ 0)
Jo (jb _  j ) \  ^  (Jfc _ n -  1)! 2fc- " - lfc=n+2 LJ=0 V V 7 J

+  0 ( h l~nu>i(h)) =

=  0(/Z - "a^(/i)), /  = n +  2 , . . . , 2 n + l .
Hence for г = 1 , . . .  , N  — 1

1
Ni -  N _! =

and

No =

Cin)( 0)

Ao = 0 (/Z  " 1w/(/i)),  ̂= n + 2 ,. . .  , 2n + 1,

A, =  0 { h l- n- xut (l0 )

fcd>n)(0)
from which we obtain

N j  = 0{hl~n~2wi(h)), j  = 0 , . . . , N - l ,  l  = n +  2 , . . .  ,2 n +  1.

P r o o f  o f  (ii). Going through the argument of part (i) we have for
^ =  2n + 2,

гП  — 1

A- = hn+1 f(2"+2) ___L_L^.___^ W fO x i__1) + (c ,(nVl') I ^ n ^
* L ^ ( 2 n  +  2 - i ) !  ^ + ( n  +  l ) !  V C "  1 2 " + i )

гП — 1

[ Ё  SS(")+2^$T I)i]

T((-iF A < "!(i)-B < "!(0 ))+
гП — 1

= í."+V ‘2"+2) [ E  (2п +  2 - Я ! ((- 1У^ (1) "  В "У 

+ ( i d l j ! ( (~ 1)n+lc!r><1) + ^  -  B i”>(0))+

and

This gives

+ 0 ( h n+1u 2n+2(h))

Ao = СДп+2| | / ( 2"+2)|| + 0 ( h n+2u 2n+2(h)).

Nj  = C/i” | | / (2n+2)|| + 0 ( h nu 2n+2(h)), 
which proves Lemma 3.1.
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L e m m a  3.2. We have
П — 1

( i )

■ E
fc=n-f 1 

and

(ht)

k ~ 0
+

(к — n — 1)!

П —1

E & +1)№
• о

+f!n+1)CÍn+1>(t)  +  / . ( " í 1 ) L > i " + 1 ) ( í )  =
* '  2

f[k) + 0 (h e- n- 1u í (h))t if f e C ‘(I), t  = n + 2 , . . .  ,2n + l,

(И)

2 n + l

= E
f c = n + l

(л*)

fc= 0

k—n—1

(Лг — та — 1)!

E  [//‘Ч Т ’м + / Í M T ’w] +

+ / i" +1)c ’in+1)(0  + / ! " f 1)2?ir+1)(t) =

/ / fc) +  СЛп+1/ / 2"+2) +  0 ( / i n+1a>2n+2(/i) ) ,  г/ / e c 2n+2(7).

P roof. Writing Taylor’s expansion for f ^ \  and / in powers of h
‘+2(A:)and collecting the coefficients of f> in the above summation on the left, we 

obtain for /  e Cl ( I ), l  = n + 2 , . . .  , 2n + 1,

E И‘)4’?1)« +/Й! w] +
k= 0

+ / ffi+1)c ,(„+1)(i ) +  /M -1)£>("+l)(t ) =
*1 О

П —1-  -  Г * d (” + 1)/'í \-| n -1  д ( п +  1 )/* \

- E kr>M+E %Ут + ̂  E
Jt=0 L i=0 V i=0 V

д("+1),.ч

E (B+ + ci"+1)(‘) + ci”+1)(<)+

+ V  h*- "-1 f (fc) Í V  B"’J+ ^  I 1 Д (г>+1)('
J Z 2 *' ( * - ; ) !  + ( * - n - l ) !  2*— 1

£ ) ( n + 1 ) ( t )

Li=o
r

+ 0 (h /- n- 1u;/ (/i)) =

- E
k = n + 1 v '

by the use of the identities (З.З)-(З.б).
Part (ii) of the lemma can be proved easily by the same arguments.

k —n — 1
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4. P r o o f  o f T h e o re m  2

Let x £ [ж,-, x,+i], i = 0 , . . .  , N  -  1 and x =  ж,- + ht, 0 < t  < 1. Then 
from (2.6) for equidistant knots

П —1
(4.1) s(x) =  ' £ ' h k[d k)Anj'(t) + f & \ B n,k(t)}+ 

k= 0

+hn+1 [s\n+1)Cn(t] + .

Differentiating (4.1) n +  1 times with respect to ж we have

s<"+»(z) =  2  +
k= 0

+ [s(n+1)c .(n+1)(i ) +
2

which on using Lemma 3.2 gives

sl" + 4 ( i) =  £  { h t? - " - 1

+

Since
f c = n + l

 ̂ / 1 *\fc—n—1

(к -  n — 1)!
f l k) + 0 ( h '- " ~ V ( h ) )  + NiC^n+1\ t ) .

E (ho*
(h — n — 1)

f ( k )  _  / ( n + l ) ( a ; )  =  ( / > ) ) ,

k = n - f l

we have owing to Lemma 3.1 (i)

IIs("+1> -  / (n+1)|| -  O ^ * -" " 1« /^ ) )  +  0 {h l- n- 2u t {h)) = 

= 0 {h l - n- 2ujt (h)), /  = n +  2 , . . . , 2 n  + l ,
which proves (3.1).

To prove (3.2), we observe tha t for f = 2n +  2
2n~ti /1

<("+i,w= E
f c = n + l

|-n-l
+ fe"+1/ / aW+a)| E .o WJ'o ' •

1 Din+1)(i)n + 1)
I x ----- h2— — —  -I-----------------------------

(2n + 2 — j)! ' (n + !)! 2"+!
+ 0 (h n+1u>2n+2(h)).

Hence arguing as above we have

||s(n+i) _  / ( ”+1)|| = Chn+11|/(2"+2 |̂| +  0 ( h n+1LJ2n+2(h)). 

Thus the theorem is completely proved.
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ON INTEGRAL FORMULAS 
FOR CONVEX DOMAINS

W. CIEáLAK (Lublin), S. KOSHI (Sapporo) and J. ZAJ^C (Lodz)

1. G eneralized H old itch ’s th eo rem

Let C be a closed convex regular C 1-curve in the Euclidean plane, 
parametrized by arc length s. We denote by L  the perimeter of C. Moreover, 
we denote by ( , ) and [, ] the Euclidean scalar product and the determinant, 
repsectively.

Let v. [0, + 00) —» Д be a function satisfying the condition

Ív is differentiable and v' > 0, 
s < i/(s) < s + L for all s > 0, 
v(s + L) =  v(s) + L for all s 0.

With a curve C , s —► z(s) = (x(s),y(s))  for all 0 < s < L and a function v 
we associate the vector field q defined as follows:

(2) g(.s) = z(s) — z(v{s)) for 0 < s ^ L.

We denote by o (s) the angle contained between the vectors z0 = z(0) and 
q{s). Differentiating the relation

we obtain

and

cos a = (g.*o)
М Ы

- a 's in a  = |g|31|Zo| {(g/>*>)lg|2 ~  )(q,q')} =

= i Ä i 1« - * « ' 1 =

a / k> я'}
kl2 ’(3)
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Hence we immediately get the following integral formula:

(4) / k i * -  2, .

Now, we give some application of the above formula.
Let us fix an arbitrary number Л £ (0,1). We consider the curve C\, 

s —* w(s) = (1 — A)z(s) + Az(u(s))  for 0 ^ s ^  L. We note that C \  is a closed 
curve. We find the area A of the region bounded by C and C\. By S  and S\ 
we denote the areas of the regions bounded by C and C \  respectively. Using 
the Green formula we obtain

2 A  — 2  S  — 2 S \  =  £ ( [ z , z ' ]  — [ w , w ' ] ) d s  =

= { [ z ,  A  -  (1 -  A)2)[z, A  -  A(1 -  A)[z, z '  о v ] v ' -

—A(1 — A)[z о и ,  А  — A2[z о i / ,  z '  о v ] v ' ) d s  =

= £ ( { 2 \  — A2)[z, z ' \  -  A2[z о v ,  z '  о i / ] i / ) d s —

— A(1 -  A) £ ( , [ z  0 v i A  + [z i z> 0 v ] v ' ) d s  =

= (2A — 2A2)25" — A(1 — A) j ) ( [ z  о  v  — z, z ' \  + [z, z ' \  —

— [z о v  — z, г '  о v \ v '  A  [ z  о  i / ,  z '  о  v \ v ' ) d s  —

= 4A(1 — A)5 — A(1 -  A)45' — A(1 — A) £ ( — [ q , z ' ]  -f [ q ,  z '  о v ] v ' ) d s  =  

= A(1 -  A) j > [ q ,  z  о v  • v '  -  z ' ] d s  —  A(1 -  A) (j>[q, q ' ] d s .
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Thus we have

(5) 2A  = A(1 — A) <p [g, q^ds.

Making use of the integral formula (4) and the mean value theorem for 
integrals we get

2A = A(1 — X) j> |q| A(1 — A)|<?(r)|2 £

=  27tA ( 1 — A ) | g ( r ) | 2

for some r, 0 < r ^  L.

T h e o r e m  1 . The area A of the region bounded by C  and C\ is given by 
the formula

for some r, 0 <i г й L.

As a simple consequence of the above theorem we obtain the Holditch 
theorem [4], [1]. Indeed, if |5(s)| = const. =  a T  b (a, b > 0), for 0 ^  s ^  L 
and A = a /(a  + b), 1 — A =  b/(a + b), then A  = ж ab.

In this section we give some Crofton-type formula for a convex domain. 
Crofton-type integral formulas for a convex domain can be found in [4] and 
for a star domain in [2].

Let C be a curve as in the previous section. We denote by ext C  the 
exterior of the region bounded by C. Let (u,v) £ ext C  and let (x , y ) be 
a point of C such that a straight line passing through (x , y ) and (u ,v )  is 
tangent to C (see Fig. 3). We denote by T\ the tangent vector of C at (x, у ). 
By (p> Ч) we denote the point of C realising the shortest distance between 
C and (u, v). Then by T% we denote the tangent vector of C at (p, q) and 
by r the distance between (p, q) and (и , v). Finally, let a, <p and ф be as on 
Fig. 3.

(6) A = ttA(1 -  A)|q(r)|2

2. A  C ro fto n -ty p e  in te g ra l fo rm u la
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We note that

a =  ф — p
г =  (и — р) sin (f — (-и — 5) cos у?

, 0 — (и — р) cos <р +  (v — q) sin (р
í = (и — x) sin ф — (v — y) cos ф 
0 = (u — x) cos ф +  (v — y) sin ф.

Hence we get

dr = (du — dp) sin <p + (и — p) cos <pd<p — (dv — dq) cos <p + (v — q) sin <pd<p

= sin <pdu — cos <pdv -  sin <pdp +  cos <pdq +  ((u — p) cos <p +  (v — q) sin <p)dcp
= sin pdu — cos pdv — sin pdp  -f cos pdq,

0 =  (du — dx) cos ф — (u — x)  sin xpdxf; + (dv — dy) sin ф +  (v — y) cos фdф 
— cos фdu -(- sin фdv — ((u — x ) sin ф — (v — y) cos ф)dф — cos фdx -  slnфdy 

=  cos фdu -f sin фdv — tdф — cos фdx — sin фdy.
Moreover, we have

dp =  cos pds, dq =  sin <pds, 
dx =  sin фds, dy — — cos фds.

These imply

sin <pdp -  cos ipdq = 0, cos фdx + sin фdy =  0.
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Thus we have

dr = sin (pdu — cos tpdv, tdip =  cos ipdu -f- sin ipdv,

and

(8) tdr A dip = cos adu A dv.

The relation (8) leads us immediately to the following result.
T h e o r e m  2 . I f  C is a closed, convex and regular C 1 -curve then the 

following integral formula holds:

(9) JJ  exp(—dist((u, v ),C )— 1—’y-^-dudv = 2 tv,
ext C

where dist((u, v), C) denotes the distance between a point (u ,v) £ ext C and 
the curve C .

3. In te g ra l fo rm u la  fo r ovaloids

Let M  be an ovaloid, i.e. a compact surface M  C R 3  which has strictly 
positive Gauss curvature, [3]. Moreover, let a point xo lie in the interior of 
the region bounded by M  (we will write xq G

By H , K , N  we denote the mean curvature, Gauss curvature and out­
ward normal vector field on M , respectively. Let S 2  denote the unit sphere. 
Let M  be an ovaloid and let dM  denote the volume form on M .

P r o p o s it io n  3 .  I f  M  is an ovaloid, then for an arbitrary point xq £ 
£ I(M ) the following integral formula holds:

( 10) =

M
where s (M ) denotes the surface area of M .

P r o o f . We take an arbitrary atlas of S 2. Using the central projection 
from xo we obtain an atlas on M . Let (u 2 ,u 2) denote a local coordinate 
system at some point of M  and

( H ) К*1»«2)
x(u1, U2 ) — Xo

K « 1, « 2) -  Х о Г

We denote by dw the volume form of S 2. Moreover, let xa ,pa denote the 
partial derivatives of x and p , respectively and let det G = |xi A x2|2 where 
the wedge denotes exterior multiplication. Then we have

du — \p\ A p2 \dul du 2  = (p,pi A p f)du ldu2  =
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=  < * -* 0 .* l A »»>,(„! d u 2  = L* Z X°.'* Ü r f * ö dJ
\ x - x 0\ó \x  — Х о р

Hence we get 

(13)
(x -  Xp, N )  

zo|3H 'Í H
M

dM = 4я\

Now, making use of Minkowski integral formula ([3], Lemma 6.2.9)

(14) J I Я(х)(х -  xq, N )dM  = s(M )
M

and (13), we get (10).
Let us consider a pair (M, xo), where M  is an ovaloid and xo £ /(M ). 

We introduce a notion of x0-mean curvature lines.
D E F I N IT IO N  1. A regular line C on M  will be called x0-mean curvature 

line if
(15) 4л-|х — xo|3Я (х) =  s(M ) for all x € C.

A line C  on M  will be called a mean curvature line for some point xo £ /(Л4).
An Xo-mean curvature line is an isometric invariant of the pair (M, x0). 

Now, we consider the problem of existence of such invariant.
1. Let M  = S '2  and let xo coincide with the center of S 2. In this case 

condition (15) is an identity. Thus each regular line on 5 2 is an xo-mean 
curvature line.

2. Let M  = S 2  and let xo £ I ( S 2) be different from the center of S 2. 
Then condition (15) reduces to |x — xo| = 1. This means that the common 
circle for the spheres |x| =  1 and |x — xo| = 1 is an xo-mean curvature line.

We note that the integral formula (10) implies the existence of points on 
M  satisfying (15). Now, we additionally assume that the mean curvature of 
an ovaloid M  is a differentiable function and at some point c =  x(u0) £ M  
satisfying condition (15), the expressions

3 |c - x 0|( c - x o ,x 2(uo)) +
s(M )H 2 (u0) 

4тгН(и,о) 2  ’

3|c -  x0|(c -  x0, x i(u 0)) +
5(М )Я!(и о)

47гЯ(ио)2 ’
where H a denotes partial derivatives of Я , do not vanish simultaneously. 
Let us consider the system of differential equations

(16)
Ü1 =  —3|x(u) -  x0|(x(u) -  X0 , x 2( u ) )  -  ,

Ü2  = —3|x(u) -  x0|(x(tt) -  X0 , *i(tt)) +
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with the initial condition n(0) = («1(0), u2(0)) =  u0. We prove the existence 
of an xo-mean curvature line on M  passing through the point c. Indeed, 
let t —► u(t) be a solution of the system (16). Then the curve x(u(f)) is a 
required Xo-mean curvature line because for the function

t -> g (t) = |®(u(<)) -  x 0
s(M )

47Г

^(0) = 0 and dg_
dt (з |х  Xq|(x Xq, xa ) T

s{M )Ha у  
4тгЯ2 ) =  0.
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NOTES TO MY PAPER “ON THE 
CONVERGENCE OF EIGENFUNCTION 

EXPANSIONS IN THE NORM 
OF SOBOLEFF SPACES”

I. JOÓ (Budapest)

In this note we shall correct a proof of our paper [3]. For the convenience 
of the reader we repeat here the statement of the problem. Let Sk C Rn 
(n > 3, к = 1 , . . .  , l) be manifolds of dimension ~ dim Sk = mk < n — 3 such 
that

i
Sk = {(t ,y)eRn:y = Mt)} ,  S:= ( J  Sk,

k=i
where

<Pk e C'1(Rmfc -  R"~m*), |Vy>fc(f)| ^ c k < 0 0 .

Let q G C00(R" \  S) be a real-valued function for which

(1) \Daq(x)\ g c[dist(a, S)]-T- l“ l (x € Rn, 0 ^  |a | < 2)

holds for some r > 0. Consider the Schrödinger operator

L0  = - A  +  q(x), D (L 0) = C0°°(R").

We proved in [3] that L0  has a selfadjoint extension L with L ^ —c l  and
OO

such that D(L) = # 2(Rn ). Let L = f  \d E \  be the spectral expansion of L.
— C

We can improve the main result of [3] as follows:

T heorem. Suppose r  G [0,3/2) and 0 < s < |  — r. Then for f  G 
G H s(Rn)

(2) \\E \f -  / | | h s(R") 0 as X —> oo.

We have to correct the proof of Lemma 1 and improve Lemma 9 of [3]. 

Lemma 1. Let m := imn(n -  m*) ~t2, l < p, 0 < 5 < m /p. Then

( 3) W e i f W b p  S. c\\f\\L., f  G L ’p ( R"), 

Qk(x) := |i/ -  ^ ( О Г 1» * = (f.y),
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where с =  c (s ,m ,n ,p ) is independent of f .
P roof. Let </(£,z) € Lp(Rmfc xR n-mfc); then \g(£, y)\ and hence \g(£, y)\p 

is absolutely continuous. Consequently, taking the polar coordinates z =  
= (г, в) we obtain

(4) l»(i, *)l” =- pJ  li(t, »; or1 (j €
since the integral is convergent by the Holder inequality. We know that for 
5 > 1

\ ш \ \ 1 г = I
R"

1Ж,у)1р|y-¥>*(Olvdydf =

= J  \z \- sp\ f ( t ,M O  + z)\Pdzdf.
R"

The function g{z,£) := /(£ , ¥?fc(0 + ar) belongs to Lj,(Rn ) because |Vy>fc| < c. 
Hence

OO

\m\\ir = -p J  \*\-pJ d u z i i =
Rn r

OO OO

-p J  J J rn~mk ~x-> j  \g{t,e-0\l dt dt dr d9 df -
Rmfc в о

OO t

= -P  J  J J I 0I/  rn- m* -1-* d r d td e d t  =
R m k  в  0

-p
n — mk — sp

OO/ / 1  tn~mk~sp\ g M o r ^ ^ ' ^ dtdOdt =
Rm* в 0

— - —  /  /  к г ~ ар1n -  mk — sp J J dt
Rn —m k Rm*

 ̂C J  \z\1-»mt,z + M t))r1\v*№,z+Mt))№dz =
R"

= c J  J  H 1" '!  v , / ( f , z + Ы 0 ) 1 М * - » 1 Ж ,* +  М О ) Г Ч
R n - m fc Rmfc
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By twofold application of Holder inequality we obtain

/ (  J|z|(1-)» |v ,/(f,2 + vi({))r^)
Rm* Rn~mfc

i
p

•( J \z\^-^\f(^z + MO)\(p-1)p,dzY d^
R n~mk

= c (  /  /  и (1_в)р|у ^ ^ + ы о ) 1 р^ ^ р.
Rn - rnk Rm*

1
•( /  J  \z\-^\m,z+MO)\p̂ d z y .

R.»-”»* Rm*

Multiplying by \\Qkf\\LP̂ P we finally get

(5 ) | | ^ / | | l p (R») ^  c ll f̂c_1 |V y / || |E p(R'*)

( / е £ ; ( П  e > i ,

Using the trivial estimate

c =
— 2— ) •  n -  ППк -  sp J

l l ir , lv„/llii,s£ll<4‘ ,B.>/lU»
i=1

we can prove by induction the statement of Lemma 1 for entire values of s, 
s < m/p. Denote so the greatest integer with so < m /p. Then, as we have 
seen, the identity mapping

id:
Lp ► Lp

is continuous; Lp(gkoP) means the Lp space weighted by gkoP- Using complex 
interpolation we get for 0 < в < 1 that

(L p ,L ? )m = L ° ;\ (Lp,Lp(0 l°p))[e] = Lp(6 f p),

see [2, 2.4.2 (11)] and [4, 5.5.3]. Consequently Id: Lep ° —> Lp{gak 6p) is also 
continuous, i.e.

(6) Ikf/llip S c||/llLj.», / e i ? e(R”),
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which proves Lemma 1 for 0 ^ s £ so- It remains to show it for So <  s <  

<  m / p .
Distinguish two cases.
(A) s0 =  0. In this case choose l < p o < ° ° > l < P i < m arbitrarily. It 

follows from (5) that

Id: L l ^ L Pl( ( £ )

JP0 JP0

is continuous. As above we get that

Id: Lep. -> V  (p f* )  , \  =  —  + -
p  \  K /  V* Vo  P i

is also continuous. Let here в  = s. Then the value of 1 f p *  can be varied 
arbitrarily between the bounds

1 в  s
1 > — > — = —

p *  m  m

i.e. for appropriate po, p i  we have p  = p *  and then

WelíU,  = llrf/IU,s «||/||ч  (/ e Ц )
as we asserted.

(B) s0 > 0. Let so < s < m / p .  Then by (5) and (6) we obtain

ИЙ/lli, S =
3=  1 3=  1

= f F " 1 ((1 +  lil2 + \ y \ ^ F { D X]f ) )
3=1

? - i (i +  lf l ' +  Ю
3=1

Here F  denotes the Fourier transform.

2\s/2_

>/l + lil2 + l»l2' — Z'

Now we need the following famous theorem of Marcinkiewicz:
T heorem (Marcinkiewicz [1]). S u p p o s e  t h e  f u n c t i o n  A: Rn —> R s a t i s ­

f i e s  t h e  f o l l o w i n g  p r o p e r t y :  l e t  l  <  k \  <  k ?  <  ■. ■ <  k r <  n ,  r  “S  n  b e  a n  

a r b i t r a r y  i n d e x  s e q u e n c e ,  t h e n  t h e  d e r i v a t i v e

Dk A := DXhi. . .D Xkr\(x )
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exists and is continuous at the points x G Rn, ф 0 , . . .  , Xkr Ф 0; further

|zkDkA| =  |xfcl . , . x krDXki . ..D Xkr\(x )\  < M, x G R".

In this case for any 1 < p < oo there exists a constant cp, independent of f  
and M  such that

| | ^ - 1(A F /)||Lp< c pM ||/ | |Lp,

(Such function А (ж) is called multiplicator.) 
Since the functions

/  e Lp{R").

A (f,y)
y /\  + l£l2 + \v \ 2

are multiplicators (see [1], 1.5.5), we can apply Marcinkiewicz’s just men­
tioned theorem to obtain

IK/IКS о ||с-‘ ((1 + \ z \2 +  \y\2Y / 2 F
f ) \

= II/ 11ь

Lemma 1 is proved. □
Next we improve Lemma 9 of [3].

Lemma 9. Suppose 0 < r < 3/2 , 0 ^ s < |  — r .  Then for any p ^  po 
and g G H s(Rn) we have

IbllH^R") ^  c\\Lsl/ 2g\\b2(K’')-

P roof. In case 0 ^ s й 2 the proof is the same as in [3]. Now let 
2 < s < I  -  T .  We have for <5 := s — 2

(7) Hs = ||(7 -  Д)р||#<5 ^ c\\L6J \ l  -  A)«7||L2 ^

< c U sJ h U ,  + IR i/2M l f a  + и Т ш и , <

< c \ i f g \ \ и  + l |£ p ( w ) l U  S с + IM I« .
We know further that

IIm ||lP0 ^ Л Ы ц 0 for 1 < Po < 3 /r ,

\\9Ч\\ц 2 ^  cll(7 -  A)(5?)||lP2 ^ c||p||L2+r ( l  < P2 < 

Indeed, the first inequality follows from

k(*)l ^  c[dist(x, S)]~T < c Y , \ y k ~  Vik(Orr
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by Lemma 1. The second inequality has a similar proof, only in ( /  — A )(gq) 
the  derivatives are decomposed by the Leibniz rule and taking into account 
(1) we can use Lemma 1 and

\Daq(x)\ < c J 2 \У к-  ¥>fc(0rr " W. H  = °. 2‘

By complex interpolation we get

II0 ?IIl™ = c \\9\\l <£-°)t+0(t+2) =  c\\g\\Lr+2e

1 1 - 0  0 \
, -   -------- 1----- ) •

P PO P i *

We choose 0 to satisfy 20 = 6  =  s — 2; then we have

, т( 1 — 0) ( r  + 2)0 г + 20 r  + s - 2  
F 3 3 3 3

Since T~l~g~2 < i ,  we can choose po, p\ to obtain p = 2 and then

(8) \\зя\\н* ^ Ф Н Ht+T.

Next we show th a t for any £ > 0 there exists c(e) > 0 such that

(9) 1Ы1 я«+’- = £Н011яг + c(£)II0|Il2-
Indeed, taking the Fourier transform this can be reformulated as 

J  (1 +  \x\2 )S+T\Fg(x)\2dx < e j (1 +  \x\2 )s\Fg(x)\2 dx+
Rn Rn

(o < 0 < 1

+c(e) J \Fg(x)\2dx
Rn

and this holds since 6  + r  < s implies

(1 + |x|2)i+T < e (l + |х |2)я + c(e), x G R1 

which proves (9). Finally we have

(10) M l2 < c \ \ L f g \ \ L 2  ( g e H ‘).

Indeed, Lemma 8 of [3] states that g € H s imphes /  = LsJ 2g € L 2 . Since 
L ^ 3̂ 2: L>2 —> L 2  is bounded for large p, (cf. the spectral theorem), hence

H \ l2 = \\L -s/2 f \ \ L 2  < cII/IIl, = c \ \L fg \ \ L 2
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as we asserted. Now unify (7)-(9) to obtain

» < cH s = U f a \ \ L t + c(e \\g \\H. + c m L f 9 \ \ ^ )  ■

If e > 0 is sufficiently small, this implies the statement of Lemma 9. 
The proof of the Theorem follows from Lemma 9 as in [3]:

□

II/ -  £ л / | |„ .  S C|| i f  (I-  £ л) / | |  = c||(j -  E x) L f S \ \ L,  -  0

if Л —>■ oo. □
Finally we state two problems.
P roblem 1. Does the Theorem hold for some s >  ̂ — r? 
Problem 2. Does Lemma 1 hold in case p — 1, 0 < s < m l
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THE SIZE OF THE MIDDLE SUMMANDS 
IN PARTITIONS INTO DISTINCT 

s-TH POWERS*
H. F. YEUNG (Taipa)

1. Introduction. The irreducible representations of the symmetric group 
Sn of order n are closely connected with the partitions of n by a theorem 
of Frobenius and Schur ([6], p. 123). According to this theorem, there is a 
one-to-one correspondence between the irreducible representations of Sn and 
the ordinary partitions of n in the following way. Let

1N íj . Í +  -̂ 2 +  • • • + Am =  тг, Aj > Л2 ^  . . .  ^  Am(^  1);
\  Aj’s integers

be a generic partition of n. Then for the corresponding irreducible represen­
tation Гп

( 1.2) dim Гп =  n\
П (Ai/ — Ay + и — /х)

m
П (Aß +  m - f i ) l

u=i

Using the classical results of Erdos and Lehner (see [1] eqn. (1.4) and the 
paragraph thereafter), Szalay [7] showed tha t, for almost all II’s,

(1.3) dim Гп = exp j  ^77 log n — O(7iloglog 7г)|.

Erdős noted tha t this cannot be improved to

exp {<7(77) + 0 ( n 1/2 log- 1 71)}

for any function g(n).
In order to estimate the dimensions given by (1.2), we need precise esti­

mates of the A, ’s. This led Szalay and Túrán to study the value distribution 
of the summands in (1.1). For example they obtained the following

*This paper forms part of the author’s Ph.D. thesis, written under J. H. Loxton and 
D. W. Trenerry at the University of New South Wales, Australia.
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T h e o r e m  1 [8]. For log6 те й p < ^-y /nlogra-öv/nloglogn the relation

(1.4) A„ =  (1 + 0 (log-1 n)) — x /n log ----------\ ------- у
* • - “ » ( " З У

holds uniformly for almost all ordinary partitions of n.
Using these results, they were able to improve the estimate (1.3) to

exp j^ ra logn  -  +  А ') те +  0 (n 7/8 log4 n ) |

where A! is a  computable constant.
Let П' be a generic unequal partition of n into distinct positive integers, 

that is,

(1.5) П' : { “ \ +
f  O j  S 1

«2 H-------h am = n, a x > a 2  > ■ ■ ■ > am(> 1);
integers.

Recently, Erdos and Szalay studied the size of summands in unequal parti­
tions. They pointed out that there exists a formula analogous to (1.4) for 
the q^’s. In (1.5) instead of listing the summands of IT in decreasing order, 
we can rearrange them in ascending order, i.e.,

П' ) n — Qq -f- 0^2 T " ■ ■ T a . ot\ <(*'■> < < a’

where a'ц =  а т- ц+1.
For convenience we call a ' the p-th smallest part o fW . In [2], Erdős and 

Szalay studied the size of the ^-th smallest part. Essentially they showed 
that for most of the unequal partitions IT of ra, a ' does not differ much from 
2p for moderate value of p. The purpose of this paper is to extend their 
results to partitions into distinct s-th powers.

2. The middle summands. Let П* be a generic partition of n into distinct 
squares, i.e.,

a? +  ol\  -I-----Om = n ,  o ti >  a 2 >  • • • > a m(^ 1);
ctj’s integers.

As to the number qi(n) of restricted square partitions of n, we have (see [4])

(2.2) q2 (n ) = (1 + о(1))(б7г)-1/22-1/3С2̂ 3п-5/6 exp{3 • 2-2/3c ^ 3n1/3},

( 2 .1) IT

where c2 =  Г(3/2)(1 -  l/>/2)C(3/2).
Given any П* of n, let (aJJ2 = (а т + 1_й)2 be the /г-th smallest part of 

П*. In this section we consider the asymptotic behaviour of a(,. We show 
that for m ost of the restricted partitions of n into squares, if p is not too 
small, а'ц is asymptotic to 2p. More precisely, we have
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T heorem 2. For (n) —► сю, Ш2(п) —> oo and u>i(n)logn < p < 
^ n 1 / 3 (u 2 (n))~1, we have the uniform relation

apart from 0 (q2 (n)n  1) restricted square partitions of n.

The method used is similar to that of Erdős, Szalay and Túrán (see [2, 
8]). We shall need the following lemma:

° °  2

Lemma 1. Let f ( x ) := Д  (1 +  e~ ^ x)> then for x —► 0+ we have
i/=i

(2.4) f ( x )  = e x p ( ^ |  -  ^log2 + o (l)).

°° 2P roof, log f ( x )  =  log(l +  e " x). By the Euler-Maclaurin formula
V—l

(see [5], p. 524)

00 7  1
$ > g ( l  +  e_"2x) = /  log(l + e~v2x)dv -  — log 2-
V=\ l

“ (2 by. I  e "

since {l°g(l + e *^x)}| = 0. Here «^„(r*) denotes the periodic
l t / = 0

extension of the Bernoulli polynomial on [0,1]. Put t — o2 x, du = ^== to 
get

oo 00
£ l o g ( l  + e - 2-) = Jlog(l  +  e- < ) *  -  i  log2 -
V - \  0

°o

~ 2 (2п)! / * ^ « 1/2»_1/г)( '/ * | ) 2"{1об(1+«-,) } < - ,/2Л =

1 E (_1)
m —1

Til

oo

J e~mtt~1/2dt -  i  log 2 + 0 (xn- 1/2) =

-Acta M athem atica Hungarica 62, 1993
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1 ( - l)™ '1
2 y/x m3/2

OO

J  e -uu~1/2du -  i  log 2 + 0 (z n-1/2) =

= ~7 = — ^ log 2 + 0 (хп~г^2),

where c2 = Г(3/2)С(3/2)(1 -  l/y /2 ).
For arbitrary nonnegative integers n ,k  and Л 1, let g(n,k, A) denote 

the number of partitions of n into distinct squares with exactly к summands 
less than or equal to Л. Notice that <7(0,0, A) = 1; <7(0,A:,A) = 0 for к > 1. 
We have the relation

OO OO

(2.5) £ 5 > ( п , * , Л ) е - " * - ‘
n=0 k= 0

П  (1 +  • П  (1 +  е _ Л )
t<vx v > v m

holds for every real у and positive x. In particular it holds when
/  Co \  2 / 3

( 2 . e )  *  =  x° = ( ä J  •

Now let us consider different values of у:
(i) For у > 0, n —► oo, and К  > 0, we have

К К

$ > ( » , * ,  A)e~n*°-Ky < ^ p (n ,f c ,A )e " — ty <
k= 0 k=0

oo oo oo __  .. - l 2x0- y

s £ £ 9(»,m k “ - ‘> = i K 1+'■”■") П  1+V ^ - ;
l<v/A

i.e.,
n=0 k—O

К

i/=l

^(n .fc .A js «”»+*'» П(1 + *-Ло> п  o  - f f i s r ) s
k= 0  t / = l  7 < л /Лlá>/A

< e x p { n x 0 + t f y + - g =  + o ( l ) - ( l - e  y) £  ^
/<\/л

< e x p { 3 ( | ) 2/3n 1/3 +  o(1) + y ( A '- e - "
í^v/Л

using —(1 — e y ) < —ye y for у > 0,

=  0 (n 5/6g2(w)) • exp j  (V  -  e_y ^
liVX

+ e*2*0
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If K < e y Y  . . Wö ~ we get S  g(n ,k ,A )  = 0 (q2 (n ) -n  2).
I^v/A1+e k—O

(ii) For у < 0, те —» oo, and Z > 0, we have

Y ,9 ( n ,k ,A ) e - nx° - Ly й $ > ( « .* »  A)e"nxo-fcy <
fc=L k = L

oo oo oo -. _/2 , I I

S £ £ ,< » ,* ,* )« -— *«-П о  + ' - л “> П  Ц д
"■ - * /<VÄn=0 fc=0 j/=l

i.e.,

E  л) s П о  + е-Ло) П  (> + п Ы г )  =
k = L  v = \  ,< J X

< ex p |n x 0 -  L\y\ + ~^=  + o(l) + (eM -  1) £  ^
i<VX

< ехр { з ( | ) 2/3п1/з +  0(1 )+ ы ( еы y  t v ^ ~ l ) }  =
i^VÄ

= 0 (n 5/6g2(n ) ) -e x p ||t / |( elyl J 2

/Sv/Л

using ey -  1 < yey for у > 0. So if L > elyl Y  1+eW0~ + we get
i^v/A1+e °

OO

Y  g(n, k, A) = 0(q 2 (n) ■ n~2).
k= L

Given a partition of n into distinct squares. П* say, let S (n , П*, Л) denote 
the number of summands in П* not exceeding A. By the result in (i) and
(ii) above, the inequalities

(2.7)

( 2 .8)

S ( n , n \ A ) > e -  E  I T T S 7 -  
i<VK

31ogn

5(n , П*,Л) < e* Y  ------- ^  +
V “ í_ 1 + 1 +  e,2x°

31ogn

li\fK
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hold for arbitrary t > 0 with the exception of О (</2 (та) ■ n~2) restricted square 
partitions of n at most.

We suppose that A ^ log2 n and choose t = to = A_1/4\Aog n. Then 
using (2.7) we obtain

5(п,П*, A) S t-f el2x° ^ - ( !  -  e '-to ’ S t +  epx°
3 log n > 

to -

_  S M S  = _ A1/4y1ÖgTj _  ЗЛ1 / 4 ^  =  J  . 1 / 4 ^ ; .
2 to 2 2

Moreover from (2.8),

S (n ,u - ,A )  -  £ ту^г S <e‘" -  Ч E TTP̂  +
liVX liVX

31og n 
to

<

^ - to e t°A 1 / 2 + П < -A 1/,4-y/logn + 3A1//4-\/logn.
2 to 2

Thus

(2.9) 5(та,П*,Л) =  ] T  — 1 ^  + C K A ^ y /b ^ )
/<\/Л

holds for A > log2 n  with the exception of at most 0 ( q 2 ( n )  ■ n ~ 2) restricted 
square partitions of n .  Hence (2.9) holds uniformly for log2 n  ^ Л ^ те with 
the exception of at most 0(^(та) • n-1 ) restricted square partitions of n.

If A is restricted by

( 2 . 10)

we have

log2 та < A <
, 2 / 3

2x0 21/3Co/3 ’

^  > V '  ___ I___ = v  -2 -  j _|_ ei2x0 1
=-/2XQ

1 < s/ X i<VX
+ e~l2x°

>

й  E c ~ p ' °  i5 E (' - i2*») a
i<VX i<VX

> h S  _  LA 3/2 > ^ А ^ уА  = í ^ a .
- 2  5 -  2 8 8

So the uniform relation

( 2 .11) S ^ n ^ A ) +  0 ( A 3 / 2 x 0 )  +  0 ( y / í o g n  • A 1 / 4 )
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holds for all but 0 ( q 2( n )  ■ n  г) restricted square partitions of n, under the 
restriction (2.10).

Let o>i(n)logn ^ /х < n 1/ 3 /u>2( n )  and n  > no- Since 5ц 2 lies within the 
range (2.10), by (2.11)

y ?
(2.12) 5(n, П*,5/х2) = -y /x  + O(/x3z0) + 0(/r1/2V/b g ^ )  =

\/5  _ /  n
~  T ' , +  0 ((^("n))2 ) + 0 ( ^ r ) = ^ ' ‘+o(,‘)+<’('‘) > '‘'

Similarly 5(тх, П*, 3/x2) =  ^ /x  + o(/x) < /x. But £ (71, П*, a^ ) = /x, hence we 
have 3/x2 < a ' 3  < 5/x2. Thus a^2 lies within the range (2.10) and а'ц = 0(/x). 
It follows from (2.11) that

/X = S (n ,П*, tt|J) — T 0 « 3x0) + 0 ( a ^ 2y 1 ^ )  = 

= y -  +  O(p3 x0) + 0(/x1/2\/logn),

which implies that

( 2 

1 + 0 (^ 7 з

This completes the proof of Theorem 2.

3. The small summands. In the last section, we have shown that for 
partitions of n into distinct squares, a ' ~  2/x when uxx(rx)logn < /x ^
^  п1/3(йХ2(те))-1 with the exception of 0 {q2 {n)n~1) restricted partitions of 
n. In the following, we show that a sim ilar result holds when /x is not too 
large.

T heorem 3. For 28 ^ ко ^ /x ^ tx1/ 12, we /гаие the uniform estimation

I / о I ^ /  40 log &o
| a -‘ - 2,11 s  " V  - í r -

wxí/г í/ге exception of 0 {д2 { п ) к ^ '2) restricted square partitions of n.

Let q2 (n-,k) be the number of partitions of n into distinct squares > k. 
The proof of the above theorem will be similar to that of Theorem 3 in [2]. 
It relies on the following estimation concerning </2(7x5 k):
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L e m m a  2. For 1 < к ^  те1/ 5 and n —* oo

q2(n-,k) = (l + o(l))2-№-q2(n).
In order to prove the above lemma observe that for Re x > 0

l + П  (1 + 2).
1/>УГ+£n=l

Applying Cauchy’s integral theorem and the saddle-point method developed 
by Szekeres (see [9]), we have

7Г
(3.1) q2 (n ;k) = ~  / e x pj ^  log(l + e~ ß ‘' * + , e ‘/ 2 ) + ßn -  n6 i \d 9

- 7 Г  V > \ / f c + T

where ß is the unique positive root of

(3.2) E . e^"2 + 1
n.

Using the Euler-Maclaurin formula we find that

l2 / 3 , f  ^2  \  2 / 3  , ^ —41 / 3 0 \  .  , . 1 / 5M I T n

Let e be fixed with 0 < £ < 10 2. Let 0O = ß 5̂ 4 e- Splitting the integral in
(3.1)

7Г 0Q — # 0

(3.3) 92(^1 &) — 2) ^  J  ~b~ J + J  ̂  — *$1 + ^2 + S 3 , say.
0o —Oo -‘■■7Г

We will show that the contributions of 5i and S3  are negligible compared to
s 2.

4. The major arcs. To estimate S2 , notice that when в 6 ( -0 O,00)

E  log(l + e - ^ 2+* ^ )  =
t/^лД+Т

= E bgo+.̂ i+iö E ( ^ + ° ( ^ )  =
. /г. I ч /T7Í ..'ч /i-i-i V 1 ’ '

l/4e/3i/2

«/>лЛ+1
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= E l°g(l + e ^ )  + т в-1-в2 (eß /+ 1)2
1

ß7!2-
v^y/k-fT

But for 9 £ (-00, öo), \9\3 ß ~ 7 / 2  = 0 (ß l ' 4~3c) = o(l). Hence

Í2~ ^ / exp{ E logd + e - * ’ ) - ! « 2 E +/»“ }■»•
V^V'k+l i/>Vfc+T

On the other hand we have by the Euler-Maclaurin formula

E u4 e^ 2 E v*ev &
(eßv2 +  i)2

^V k+ T [ + 1

E И е"2/3

ОС

- I v4 e"2<it4el ß J n ^
( e ^  + ! )2 + 1  ^ ^ - ( e ^  +  l ) 3

where
OO

At3et2ß 2t5ßet2ß

Now

4 t5ße2ßt2
(eßt2 + l ) 2 ' ( е ^ 2 + 1)2 ( е ^ 2 + 1)3

4i3e<2̂  2t5ßet2ß 4t5ße2ßf

 ̂dt.

/ /  4 i3e‘ ^ 2 t5/Je‘ ^ 4töße2f)t \ ,  _ , й_2,№l S /( (e*’ + 1)2 + (»/»■ + ip + (e«! +"ijä)* - °(f? >•
Also,

So

.Apißß , __ \
E = E• /Ё i i" ' ' . . >• /"ÍI i T"

E

l / < \ / f c + l

v 4 e ß v

( e ^ 2 +  1)5

OO

■ /

i/<\/fc+T 

t4et2ß
(e^ 2 + l ) 2

dt +  0 (ß ~ 2) +  0(fc5/2)

- w n j  Ы у Лу+0(г1)=^ ^ iy+0{ß~2)=w » +0(r2)-о о
Hence for в £ (—0o,0o)

E 7 = 4£г,»г + 0(Гг -0г) - +0(1)-( е ^ 2 +  1 )2  4 / J 5 /2 4 /3 5 /2
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Thus

o/3n
(4.1) S 2 ~  —  exp

Z7T I  5 ]  log(l + e ^ ) } - / е х Р { - ^ 2^ } ^ .
viVk+l

However 9 ^ ß  5/2 =  ß  2e, so we can replace the limits of integration in (4.1) 
by — oo and oo respectively since this will not affect the asymptotic order of
S 2 . Hence

(4.2) S 2 ~ e/3n / 
2 7 exp{ 2 .

i/>\/fc+T

e^n / 8 r r ß 5/ 2 

2тг I/ Зс2

3c2
8/35/2e2}de

exp{ X los(1 + e /3,/2)}
i/> Vk+1

ü W / V ^ / s  exp{ E  +  )}•

Finally we have

^ l o g ( l  + e - ^ 2) = ^ l o g ( l  + e - ^ 2) -  X  log(l + e - ^ 2), 
и>л/к+Г !/<v/fc+l

and
£  lo g (H -« -* '’ ) =  ^  log(2 _ , )  =
:vT+T t/<vT+T

= E _ 1o4 + E _ 1° « ( i - i (1 - e- ^ ) ) =
i/<V fc-J-1 i/<vfc+l

1= S *± + °( E
t/<Vfc+T t/<Vfc+T 2

= -  X  1оё 2 + ° (  X] (1 - e ~ ß l / 2 ) )  = -[\/fc]-log2 + o (  X  ß 1' 2 )  =  

v < v m  i/<vfc+i t/<vT+r
= -[vT] ■ log2 +  0(/3(/c3/2) = — [л/fc] - log2 +  o(l)

using — log( 1 — y) <  j/(l — г/)-1 for |з/| < 1. Thus

X  log(l + e - ^ 2) =  Х 1о§(1 + e - ^ 2) -  [Vk] • log2 + o(l) =
w>Vk+T /> 1
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=  ~ \ log 2 “  ^  ‘ log 2 +  ° (1)'

Hence we have
„1/3 /з„

s% ~ 'exp { 7 p’ ^log2 ‘  ^ 'log 2}
that is,

(4.3) S2 ~  2 - f ^  • ?2(n).

5. The minor arcs. Lemma 2 will follow if we can show that the integrals 
S \  and S 3 are negligible compared to S 2 - First let us deal with S i .  We notice 
that

Si = exp jn/3 +  ^ 2  log(l + e_/3l/2) | x

1/2

J  exp { — 2 n i r i 0 + J2 log l~ ~

J _|_ g —/3i/2+ j2tt0i/2

+ e-P" 2
}de,

t/̂ x/fc+Tи

where 0 'o  — 00/(27r).
Lemma 3. L e t  в 0 a n d  к  b e  a s  a b o v e .  T h e n  f o r  0'o £ в  < 1/2 w e  h a v e

l _j_ g-/3i/2+«27r6i/2 .
l iog 1 + e-P"2 )

j  = o ( n  c ) f o r  e v e r y  c  >  0.
i/>Vfc+i

P roof. The proof is similar to that of [11], Lemma 1. First of all we 
notice that

>°g K W l = i  £  l o g ( l - 2 ( 1 - j ( ^ y ) s
t/>VA+l

s- E
For those о ^ /3-1 / 2, we have

pßv2

(1 — cos(27rö^2))e
(e ^ 2 + l ) 2

> 1
> - .( e ^ 2 + I )2 = (e+  l )2 8
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log|í?(ö)| < - i  (1 - cos(2ttv 2 e)) =
/k+l<is<ß~ 1 / 2

—2 /kí0 l' 2

“ -5 E
v/fc+TSi/g/3-1/2

s  - | ( r , / 2 - ' / t - i ) + | - |  E  e
л Д П ^ /з -1/2

) ) s

2 iriOv2

But

е 2тг « 0 Í/2 <
E

v / F P i ^ / S - 1 / 2

CNT«0.
VII

s |  E
^ 2  'K iOis2

„2?T«0Í/2
+  1 E  «

i/<\/E+T

2тг löi/2

v<ß- ^ ! 2

+ V* + 1.

Moreover, applying Weyl’s Inequality (see [10], Lemma 2.4 and §4 of [12]) 
we obtain for ß l~e ^ 9 ^  1/2, the inequality

5 ^  e2̂ 2 I < Co/J-l/2 
1 /2

where 0 < Co < 1. Substituting these into (5.1) above we have 

log |G(0)| ^ -c/3~1/2 + с 'лД Т Т.

However, /3-1 / 2 ~  cn1/ 3 and + 1 =  (^(n1/10), thus log|G(0)| ^  —c"«1/3, 
and this proves Lemma 3, since the case 0'Q й в < ß l ~c can be easily settled

lo g |G « > H < - E  Í 1 -  coS(2TTto2))e^ ')

/£+1^(20)-!/2 ( e ^ 2 +  l ) 2

It follows th a t

S\ = o(n c) • exp jn/3 +  ^  log( 1 + e ^ 2) |
л/fc+T

and in view of (4.2) we have S\ = 0 ( 8 2 ). The proof that S3  = о(5г) follows 
similarly and this completes the proof of Lemma 2.
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6. The exceptional partitions. Next we consider the set of partitions of 
n into distinct squares for which the square root of the д-th smallest part, 
a•' is not close to 2ц. Let us suppose that

(6.1) k0  % ц ^  n 1/ 12, e = e(k0), and 0 < £ < 1.

Our task is to get an upper bound for the number of exceptional restricted 
square partitions for which the inequality \а'ц -  2д| < £ц does not hold. Let 
Е (ц ,п ) denote the number of restricted square partitions of n with |a^ — 
— 2д| > £ц. By (2.12) we have

S(n, IT, bn1' 6) =  ^ n 1/ 12 + o(n^16) > n1/12

for all but 0 (q2 (n ) • n ~l ) restricted square partitions of n. So for suffi­
ciently large n, apart from 0 (q2 (n) • та-1 ) such partitions, the other have at 
least [n1/ 12] summands smaller than bn1/6. Hence the inequality aj^1/12j ^
< y/bn1 / 1 2  holds for all but 0 (q2 (n) ■ n~l ) restricted square partitions of n. 
So for ц lying within the range (6.1), we get for Е(ц, n)

( 6 .2 )

ПЛ E E q2(n a f  a 2  ••
P = "h = [(2_e)̂ ] 1 = -i<°L

+ E E q2{n — OL2  — 0 L2 ----

+ 0 (q2 (n ) • n - 1).
Moreover, for those a ' less than [y/bn1/ 12] we have

(n -  a f  -  a ' 2 ---------a f ) 1/ 5 > nx' \  1 -  ц п ^ а ' 2 ) 1 / 5 >

> n1̂ 5(l -  ön"3/4)1/ 5 > bn1 / 6  > a f .
Applying Lemma 2 we get

* , ( « - « ? - a ? ---------a f_ a - a f ; a f )  =

= 0 (2 ~< ) ■ q2(n -  a f  -  a'22 ---------a f - i  -  a f  ) =  0 (2 -a é) . q2 {n).
Substituting into (6.2)

[(2-<0/d / , _ .4
E (n ,n )< 0 (q 2 (n))- £
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[л/бп1/ 12] . _  v

+ 0 ( « ( в ) )  • Y .  ( '  ! + 0 (й (» )  • «■')•
“м = [(2+е)А*]-Н

Following the argument in [2], p. 444, the sums of binomial coefficients in 
the above inequality can be estimated by means of Stirbng’s formula. This 
gives

£ (p , n) — 0 (g 2(n)) • j n _1 + £_1 exp(-£2p /8 ) +  £-1p-1/2 exp(-£2p/16) j  

for every £ > 0. So
Y  E(P,n) =

oo oo
= 0 (g 2(n ))-{n_11/12 + £_1^ e x p ( - £ 2p/8) +  £_1^  p_1/2 exp (-£2p/16)} =

A*=fco ^=fco

= 0 (g2(ra))-jre~11/12 + 0(£-3)exp (-£2fco/8) +  0 (£ -3&01/2)exp(-£2/:o/16) j .

Let £ = For k0  > 28, we have

Y  E (/i,n ) = 0 (q2 (n) ■ k~3/2).
ко ̂ /i^n1/12

This shows tha t for 28 < ко ^  ^  n1/12, the inequality

l«i, -  2Pl <
40 log A;0

holds for all but 0(q2(n) • kQ3^2) restricted square partitions of n, and we 
have Theorem 3.

7. Further extensions. The same argument can be used to extend the 
above results to partitions into distinct s-th powers. Let Щ be a generic 
partition of n into distinct s-th powers:

д» . Í ß[ + + -----\- ßm = n i ß l > ß-l> •■• > ßm{^, 1);
1 \  ß j \  integers.

Again let {ß'^Y = (ßm+x-v) 8 be the p-th smallest summand of Щ.
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T h e o r e m  4 .  For u>i(n), oi2(n) —> oo and uq(n)logn ^ p  < 
< пг/(1+в)/wa(n), ice have

apart from 0 (qs(n ) • n 1) restricted s-th power partitions o f n.
In proving the above theorem, we make use of the following which is a 

natural extension of Lemma 1.
L e m m a  4 . Let g(x) := f l ^ _ j ( l  + e~u’x), x > 0. Then

g(x) = exp^-^yj — ^log2 +  o(l)^ for x -*• 0+ .
OO I

Here cs = f  JL-Ldy =  (1 -  2 -1/*)Г(1 + 1/«)C(1 + 1/e). 
о

As to Lemma 2 and Theorem 3, we have the following extensions:
L e m m a  5 .  Let qs(n; к ) denote the number of partitions of n into distinct 

s-th powers which are greater than k. For 1 < к $ n1/5 and n —► oo

gs(n; Ä) = (1 + o(l))2~[*1/5] • gs(n).
T h e o r e m  5. For 2s < ко < p < n1/6*, rue have the uniform estimation

К  -  2/*i ^
40 log &o

toiiA the exception of 0 (qs(n)kQ3̂ 2) restricted s-th power partitions of n.
By a more intricate argument it seems possible to obtain analogous re­

sults for partitions with summands taken from a general sequence of integers. 
However, since we have not carried out all the formal details, we decided to 
leave the general case as a conjecture.

8. Conjectures. We close this paper with two conjectures:
Let A' = {ox,a2, . . .}  be a strictly increasing sequence of positive inte­

gers. Let Щ be a generic partition of n with summands taken from A':
Í Aj +  A2 +  • • • - f  Am — n ,  Ax >  A2 >  • • • >  Am ( ^  1); 

1  A, €  A'.

We let X' = Ат _й+1 be the yu-th smallest part of П2. We also suppose that 
the sequence of integers A' satisfies the following two conditions (see [3], p. 
54-55):

( I ) ®Л'(г) = ^ 2  1 =
Аел'
A<x

0 < a  < 1, ß € R.
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(II) log Q(n; Л') > Cln"/(a+1) log-/3/(«+1)r<i_ lo g -1/(2«+2) (loglog тг)"1)

where Q(n; A') denote the number of partitions of n with distinct summands 
taken from A', and

ex =  { АГ(а + 1)С(а +  1)(1 -  2“" )(«  + l)a+0 +1 a~ a }1/(“+1)

where A is the constant specified in condition (I).

C o n j e c t u r e  1. Let w \{n)\ogn  ^  p <  n “ /( “ + 1) l o g - ^ “+1) n/u>2 (n), 
where w\{n),U 2 {n) —> oo as n —* oo. For sufficiently large n, the asymptotic 
relation

~  21 /aa 0 ' aA~1 /a p 1 /a \ogß' a p.

holds for almost all partitions of n into distinct parts taken from A'.
C o n j e c t u r e  2 . Let ak be the k-th term in the sequence A' which sat­

isfies the two conditions stated above. Let Q \'(n;m ) denote the number of 
partitions o f n  into distinct parts taken from A', such that every summand 
is greater than m . Then fo r  1 ^  fí n 1 / 5  and п -м х )

Qh'{n 'i ak) = (1 + o(l))2 -fc • Q(n; A'),

where Q(n; A') denotes the number of partitions of n into distinct summands 
which are taken from the sequence A'.
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ON THE (C , - 1 <  a  < 0, - 1  <  ß  <  0)-SUMMABILITY 
OF SINGLE AND DOUBLE 

ORTHOGONAL SERIES
D. V. BREGVADZE (Tbilisi)

In the present paper we consider necessary and sufficient conditions for 
the negative order Cesäro summability of single and double orthogonal series.

1. D e f i n i t i o n . Let a and ß be real numbers (a ,ß  > - 1 ) .  We recall 
that the (C, a) and (C,/?)-means of the numerical series £am and £ a mn, 
respectively, are defined as follows

aa
m

1 J \
Д а  У  '  A m - k a k i  

m k=0

a l t  =
Д а  Д Р  *—* *— 'fc_0 í=0

Y , y > 2 A m - k A n - l a kl (m , П — 0 , 1 , . . . ) ,

where Л" = (m+“) (see, e.g. [8 p. 77]).
If (Фт ) is an orthonormal system (ONS) on [0,1], then let <г" ((ат ),(Фт ),ж) 

be the Cesäro mean of the series £ ат Фто. Often for shortening, notations like 
(am) and (ONS) (Фт ) wiU be omitted and we will use er“ (ж). Analogously, 
by the (ONS) (Фт п ) on [0, l]2 under f f l ( ( a m„ ) ,(Фт п ),ж,у) we mean the 
Cesäro mean of the series £Еатп Фт п . As in one-dimensional case, we will 
use <Tmn(x,y).

2. Preliminary and main results. G. Sunouchi and S. Yano [7] have 
obtained a sufficient condition for the negative order Cesäro summability of 
single orthogonal series.

T h e o r e m  (see [8]). Let (Фт ) be an (ONS) on [0 , 1]  and let the sequence 
(am) satisfy the condition

(!) a2m(n + 1) 2a < oo (-1  < a  < 0).
771=0

Then сГт(х) converges almost everywhere (a.e.) on [0,1]. 

We have a two-dimensional analogue of the last result:
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T heorem 1. Let (Фт „) be an (ONS) on [0, l]2 and let the sequence 
(a mn) satisfy the condition

o o  o o

(2) ' 5 2 amn(m + l ) _2a(n + l)~ 20 < oo ( -1  < a ,ß  < 0).
m = 0  n = 0

Then о run converges a.e. on [0, l]2 as m in(m , n) -» oo.

We remark th a t condition (1) is also necessary for the Cesäro mean 
summability of general orthogonal series because the following theorem holds.

T heorem 2. Let the sequence (am) satisfy the condition

(3) 5 3  a2m(rn+  1) 2" = oo ( —1 < о < 0).
m = 0

Then there exists an (ONS) (Фт ) on [0,1] fo r  which

Urn sup |(t" (x)| =  oo
m —►oo

a.e. on [0,1].

The next result shows the  sharpness of Theorem 1.

T heorem 3. I f  a sequence (amn) satisfies the condition

OO OO

(4) 5 3  5 ^ ат „ (т + 1)“ 2а(те + 1)_2/3 = 00 ( - 1 < а , / ? < 0 ) ,
m = 0 n = 0

then there exists an (ONS) (Фт п ) on [0, l]2, fo r  which

lim SUp \Pmn(X)\ = oo 
m i n ( m , n ) —►oo

a.e. on [0, l]2.

Finally, we note that the  main results of the paper were announced in 
[1] and [2].

3. P roof of T heorem 1. In the sequel, by C we denote positive 
absolute constants, not necessarily the same in each occurrence.

Let

(5)
- a  +  1,/3+1 

u  m n
l

£+i
n

^ 2 ^ m - ,Ai - k a^ ^ ik (x ,y ) .
i= 0
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L e m m a  1. Let (Фт п ) be an (ONS) on [0, l]2 and let the sequence (am„) 
satisfy the condition

oo oo

(6) J ^ a ^ n( m + l ) -2(a+1)( n + l ) _2(/3+1) < oo (—1 < oi,ß < 0).
771= 0 П =  0

Then <5'тп1’/3+1(ж, у) tends to zero a.e. on [0,1]2, as min(m,n) —> oo.

P r o o f . It is enough to prove tha t <5pq+1,/3+1(x ,у )  —» 0 a.e. on [0,1]2, 
where

g a + l ,ß + l ^ x  y ) _  m a x  | ct" + 1’/3+ 1( x , í / ) | .
2P<mg2P+1
2«<ná2«+l

By a known formula (see [5]), we obtain
m  n

E E ' t W ' 1»
«=o fc=0

^ п 1,/3+1(Ж̂ )  = ja+1 j/3+1 sim s±n

u=0 p=0
Hence, using Cauchy’s inequality,

(7) I-a+1,/3+1
u m n (х , у)I2 ^

_______1_______
{A“+1}2{ ^ +1}2 E E i e ' )W /!}, x

i=0  fc=0

m  n  г к  9

xE E { E E .
i=0 fc=0 î =0 /1=0

Taking into account that
771 71

(8) E E K ”-"/)/2}! 0 1 - 1 ,,/2}2 S ( -1  <  a jS  < 0)
i=0 fc-o

and 2p < m  < 2P+1, 2q < n < 29+1, from inequahties (7), (8) it follows that

f ca+1,/3+1/ \l2 < ______ ^ ______ x
lV? = 22p(a+l)22g(/3+l)

2 P + l  2 9 + 1  i  fc

x E E f E E ^ C W ,» )}
1=0 k= 0 i/=0 /1=0
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Then, by (8),
1 1

I  J { S ^ +1'ß+\ x , y ) } 2d x d y ^
о о

2Р+1 2,+1 i к
<
= 22р(а+1)22?(/3+1) 2EEEEK t:1)/2>2<4s/;,>4,s

< С
= 2p(«+i )22<í(/3+i )

i=0 к=0 i/=0 /1=0 
2 Р+1 д9+1 2Р+1 2<г+1

E E < E E ^ f c ,)/2)2< 4í;,)/2}2s
i/=0 /1=0 1=1/ fc=/i

2р+1 29+1
<

So, by (6),

= 22p(a+l)22q(/3+l) Е Е ß|/P‘
i/=0 /1=0

1 1
EE / { * n l ’ß+\ * , y ) } 2dxdy<
*—П „— n  ̂ vp=0 9=0 0 0

o o  o o  ^  2 P + 1  2 9+1

= ̂  XI XI 02p(a+l)o2g(/3+l) XI XI =22p(a+l)22g(/3+l)
p=0 9=0 i/=0 /1=0

<
o o  o o  o o  oo

CEE<4EE 1
< OO.22p(a+l)2 29(/3+l)

i/= 0  /1=0 P=I/ g = /i

Because the termwise integrated series is finite, B. Levi’s theorem implies 
6p^1,0+1(x ,y )  —► 0 a.e. on [0, l]2. Lemma 1 is proved.

Let
1 r a n

Am An ,_0 k=Q

Lemma 2. Let (Фтп ) be an (ONS) on [0, l]2 and let the sequence (amn) 
satisfy the condition

O O  OO

(Ю) E E aI»(TO +  l ) _2(a+1)log2(n + 2) < oo ( -1  < a  < 0).
m = 0  n = 0

Then Kn+1>c \ x , y ) tends to zero a.e. on [0, l]2 as min(m,n) -> oo.
P r o o f . Due to Cauchy’s inequality,

{ R m ^ 2P ° ( x , y ) } 2 <  J 2  (* + 3)2x
t = - 2
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m 2t+1 2 P-1

x { t ^+t X  X  X ( *  +  3)-2’
Л т  «'=0 fc=2{+l «=-2

where we make the following convention: for t = —2 and —1 by 2f we mean 
— 1 and 0, respectively.

Let

00 ( 1 m 2 2 

<=-2 Л,п »=0 fc=2‘+l

It is obvious that

so it is enough to prove that F^l+1(x,y) —> 0 a.e. on [0, l]2 as m —> oo. 
Using a formula of [5] we obtain

*£+W )  =
oo  ̂ 2 е-|-1 m i  ~

= Е<‘+3>2{-ртг E •
t=—2 Am fc=2f+l *=0 p=0

By Cauchy’s inequality and (8), when 2q < m  ^  29+1, we have

c +1(x, y) iE («+3)2ттти E(-4t"/)/2>2-
t=—2 1Л т  1 i=0

m 2t+1 i „

■E{ E E^-'^Wf*.»)} =
«=0 fc=2‘+l p=0

oo 1 29+1 . 2,+1 t

= C  X ̂  +  3)222g(a+l) X ]  { X X ^ « '-P  ^  ®p*$pfc(*»J/)}
t=-2 i=0 fc=2‘+l P=°

Now, using inequality (8) we obtain

l l
f  [  max F°+1(x,y)dxdy  <|

J J  2«<mg29+l 
0 0

oo 2i+1 29+1

scE(‘+3)2wU E EE(<-1|/2)422g(a+l)
t=-2 h=2‘+ l «'=0 p=0

p k
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oo 2t+1 2«+1 2?+1

=cE(‘+3)255^) e  e  е й -;1,/2>2 s
t = - 2 fc=2‘ + l P=° i=P

2(+l 29+1

t = — 2
= c E ( í + 3 )2^ K i )  £  X X *  =

jfc= 2 ‘ + l  P = 0

^  2 l°g2(^ + 2)
«fc 229(“+1) ‘

Jfc=0 Í= 0

So by (10)
1 1

V  /  /  max Fm+1(x iy)d%dy ^  “ У У 2«<m^29+l

fc=0  i=0

Due to В. Levi’s theorem

9—0 о о

o o  o o  .. 2 9 + 1

s c ' E E ^ f ö E ^ M t + ^ s
<3=0 k=0 i=0

OO OO

s c E E » 3 > s 2( * + 2 > £  229(a+l) = °°'
29+!>.

( И ) a.e.on [0,1]2.

Further

( 12) max
2P<n<2?+!

where
j  m n

M “+1(x ,2/)=  max: — X)
< n  =  2 , = 0  fc= 2 P +  l

From the known formula (see [5]) and Cauchy’s inequality it follows that
m

f< ( 4 » ’ s  i c F i j i g i ' 4" - ' ’>2x

m n  i 2

E{ E Е4-;1)/2<-ф.*(*.»)} s
i=0 k=2P+lu=0
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m  n

s c ™ » E  ■
Further

2P<n<2P+! (A™ H 2 tL m  /  , _ 0  fc= 2 P - |- l  u = 0

max {M "*1^ ,^ ) } 2 < C  max 1
2«<mg2«+1 

2? + !

2я<т^2ч+1 229(a 'l'1) 
2P<n<2P+x

xE{ E 2̂M~u1)/2â uk(x,y)].
»'=0 fc=2P+l i/= 0

Applying the Rademacher-Menshov inequality (see [4], Theorem 3) sep­
arately for each fixed i, we get 

l  l

I  L,<Z %,JM%4*,y)?d*dy S,
0 0

2í+ l  2P+1 i

<ciog22»+' y :psm) E E^-:,,/2>2̂ s
i= 0  fc = 2 P + l ^ = 0

2P+1 2<?̂ ’1 2<?+ 1

s c  log2 2 ^  E  E  *  E k !_ :1,/2}j s
fc= 2P + l i /= 0  i= i/
2P+1 2»+l

E ä E ^ Ios2(H2)'22g(a+l) 
jt=2P+l i/=0

Consequently by (10)
l l

E E / /  2?<m<2?+i y^2dxdyp=0 9=0 0 0

oo oo 2P+1 2«+l
^CEE E Е и 4 1о̂ +2)̂

p=0 q=0 k=2P+l i=0
oo oo 1

^ E E fl̂ lô + 2) E ^ п )<о°-
fc=2 1=0 29+l >i

Hence B. Levi’s theorem implies that 
(13) M “+1( x ,y ) - * 0
a.e. on [0, l]2.

Combining (11), (12) and (13) we find Д“+Х(х,г/) —» 0 a.e. on [0, l]2. 
Lemma 2 is proved.
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L e m m a  3 .  Let (Ф т г г )  be an (ONS) on [ 0 ,  l ] 2 and let the sequence (amn) 
satisfy the condition

O O  OO

( ld ) ^ 2  £  amn(m +  X) 2("+1) < 00 (-1  < a  < 0).
m = 0  n = 0

Then the convergence of and R^~2P°(x ,y)  Is equivalent a.e. on
[0,1]2.

P r o o f . First prove the equivalence of the convergence of Д“+2р°(г,г/)

and К2,2рХ(х 'У)-
By a known transformation (see [5]) and Cauchy’s inequality we get

{ R ^ ° ( * , y ) - R am + * ( * , y ) } p  =

1 m 2P i , „

j i=0 Jk=0 -q=0 

m  2P i

2 P + 

i ) / 2  к1 n* u* a- *

s  ^  E ^ : T } 2 E { E E < ,)/2^ < > a ( ^ ) } '
1Л т  J i=0 i=0 fc=0 9=0 ^

. m  2P i , „

=  C  { Л “ + 1 } 2 ^  {  X I  X ]  A 2 q  )! 2P +  ia4 ^ q k ( x ,y)] ■

<

Hence l г
Ё / / { ^ V W )  -  K +̂ ( x ,y ) } d x d y  й
P = °  0 0

hi, и * 1 7

s с77мтг? E E E E í A-;1>/2}2|i»»i s
1Л т  /  p=0i=0k=0q=0

.. oo 2P m , 2 m
S  E E E E<A‘-i1)/2>2 S

1 m J p = 0 fc=0 g=0 1=9
^ W  -t CV 11* 2

s c t ^ t t t jE E ^ E  ^ s c E E e j S tp
Т-Л т  /  fc= 0  1 = 0  2P>fc fc=0 1 = 0  1 Лгп J

Further
l lGAJ « .

ЕЕ/У 2<?<m<2</+1{Ä"i+2P’0(a:,2/) ~ Ä"‘+2lp’1̂ ’2/) ~ =p=0 g=0 q о m =
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oo 1 oo 2?+x oo oo 1

^CE ^K )E E â CE E a* E ?2q(0+i) <00■
g=0 fc=0  i=0  fc=0  «=0 2«+1> t

Then due to B. Levi’s theorem |-й“+21р’1(а;>У) ~ -̂ m+2p’1(a:’ У)\ 0 a.e. on
[0, l]2-

Let

(15) 6 % l\x ,y )  = 2p m ax+i |R'^k1'\ x ,y )  -  y)|.

We shall prove y) —» 0 a.e. on [0,1]2, then taking into account
the above estimate, we obtain Lemma 3.

Indeed,

2P+1
(16) ^rap1!1 ! y) = E |Ä“+1(x ,2/ ) - Ä “+1I 11(a;, 2/) |^

s=2P+l
2 P + 1

s{ E MC1,1(*.»)-<i1i(*.ioia}: iTß-
S - 2P+1

By the definition of Ämt1,1(x , у) and a known formula (see [5]) we get

*au(«.»)=tÍ+tEE e r  E e i|/2(i - jli)-*-««, »>■
m  i= о k = 0 t=0

Then
Ram+sh\ x , y ) - R am+̂ \ ( x ,y )  =

1 m  s i 1 1

i=0 fc=l t=0

Combining the last transformation with (16) and applying a Cauchy’s 
inequality we find

< 2 P
2 P + 1

< 2 P

s= 2P+1 i=0 ifc=l

2 P + i  m

t=0
E {EEe r E e ,,/3( i - s

I . C ) ! -E E t e r i 2 E{EEe-,,/2(i - e)fo
S = 2 P + 1 t= 0 1 = 0  fc=l i= 0
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2 OP 2P+1 m  s i , 2

ха**Фл (*,у)} < C  -2- E { E E Aí t 1)/2X ^ ^ M í , ! f )  •
\ Л т  i  S= 2P + 1 i=0 k =1 t =0

Consequently
1 1

E  /  /  m x̂" У  У 29<mS29+1 
P=°0 0

<

oo 2P+1 2Ч+1 s 1

scEíénr E E E E ^ V ^ s22qr(a+l)
p=0 s=2P+l «=0 fc=lí=0

oo - s » 1
s c E ^ E E E K W ^ s

s=2 i= 0  k = 1 t=0

o o  2 9 “*"1 г oo  1

s с E E E^T,/2}V4 E 3 s22«(a+i) £fc=l »=0 t=o s= k

oo 1 2«+1 29+1
s c E y s s n E » « E H : r I,/2}2 s

fc=1 í=0 i=í
oo 2«+1

= ^  ЕЕ 22q(«+l) ЕЕ
fc = l  i=0

Thus 1 1

E E S  /  /  m ax_ n _ n J J 29<m̂2«+1
P—0 0 0

<

2Ч+1

^ Е Е ^ т щ Е ^ ^ Е Е ^ Е ^ т т у  < o °-22g(a+l)

Hence (14) and B. Levi’s theorem imply (15). So the proof of Lemma 3 
is complete.

The statement of the following lemma is an easy consequence of Lemmas 
2 and 3.

Lemma 4. Let (Фтп) be an (ONS) on [0, l ]2 and let the sequence (amn) 
satisfy the condition

O O  OO

(17) E E amn(m+ l ) -2 (a+1) log2 log(n + 4) < oo.
m = 0  n = 0
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Then Ä 1,1(®)3/) tends to zero a.e. on [0, l]2 as min(m, n) —> 0.

P r o o f . Lemma 3 shows that it is enough to prove Ä“| 2p,0( i , г/) —̂ 0 a.e. 
on [0, l]2 as min(ra, n) —> oo. To this end, we set

2n- i  2»-i xj 2

^ in (x iV) = I 0,ik^ik{x i У) }/ { a»'fc| >
fc=2n—2+l jfc=2"-2+l

2 TO — 1
1 / 2

«in =  { aifc} (n = 0, 1, . . . ),
fc=2"~2+l

while keeping in mind the convention made at the beginning of the proof of 
Lemma 2. Obviously, (Фтпп) is an (ONS). Thus

m  2  p

Ä3 ° ( ^  у) = 7T+T Л  2  2/) =
A rn « = о  fc=0  

m p+1 2fc- 1
= ,a+l X /X /  X / A n - iaiq$iq{.x ,y )  = 

i=0 fc=09=2*-2+l

1 P+1
= 7^+T X ] £  2/) = У)-

A m  i = 0  fc=0

By (17), (aTOn) satisfies (10). So we can apply Lemma 2 and obtain that 
й тр 1,0(х, у) tends to zero a.e. on [0, l]2, which in this case says: Ä“+2p0(x, у) 
tends to zero a.e. on [0, l]2.

L e m m a  5 . If ß > - l ,  e >  0, a >  - 1 ,  and 

1 M
(18) 0 as m in(m ,M ) —► oo

n = 0

a.e. on [0, l]2, then

(19) Д "^1’̂ +1//2+е(х, y ) -> 0 as min(m, n) —► oo.

P r o o f . Since

A i i C (» * ) and C (nJW+*>),
k=0
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using a known formula (see [5]), the Cauchy inequality and condition (18) 
we get

m  к

д<х+1 дР+^/Ъ+с É K - ' k +‘Aia ё ё <
к = 0 к  j = 0  p = 0

.. n  1 n  1 m  fc

= ,/8 + 1/2+e | D t í 2+^ f } 4 E { « E E ^ - . =
/ г = 0  f c = 0  Л к Л ™  i = 0  p = 0fc=0

xAf_pojp* ip(x,j,)}2|1 2 £ 0 ( n„+11/2+, ) 0 ( n ^ - ) o ( . 1/2) =  „(1). 

Lemma 6. I f  ß > 1/2, —1 < a < 0, and the condition

(20) Y ,  ] C a™«(m + 1) 2(a+1) < 0°

is satisfied, then

m = 0 n = 0

(21) С У Л * . » ) “
n=0

tends to zero a.e. on [0, l]2 as min(m, N ) —> oo.

P roof. If N  is a positive integer, then 2P_1 < N  ^  2P with some non­
negative integer p. (For simplicity in notation, we neglect the case N  = 0.) 
Since

r ”J?■*(«,») S 2Г:+‘/ ( х,9),
it is enough to prove that T"^p ’̂ (x, y) —*■ 0 a.e. on [0, l]2 as min(m,p) —> oo.

According to a known formula (see [5]) and an easy transformation, we 
obtain

p - i

T a + i ’ß ( x  v )  =  2 V  __ —  . _ im,2p \ 1У) z 2- j  2p_r_1 2r+2

2 r + i

r = —2 

m  n

X

1 2
X ^ 2  { ла+lßj\ß 1[1 'Т1А ™-<А п-Ька'кФ,к(Х’У̂ } ■ 

n = 2 r + l  Л т  f J J i r í  i = 0  к = 0

So it is enough to prove that

2r+ 1

T n ? 'ß(x ,y )  2r+2 Y  { A<*+iQAß X
n = 2 r + l  ^ ± m
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m n 42
У ]  A m -iAÍZ lka ik$ ik (x ,y)\ 0 as m in(m ,r) -»■ 00

i=o fc=i
a.e. on [0, l]2.

Using the formula (see [5]) and the Cauchy inequality

1
j u x + 1 J 3 (  \  _  _ J _  ____

m’r ’ 2r+2 „J^+1 { ^ x}2ß2{Aßn}2

m  п г

(EE AtZi)l'‘K -\E У)}"
i—0 fc=l д=0

1 2Г+1 1 т  
<  J —  V  ______ -______ V í 4 (a_1)/2l 2x
"  2Г+2 п=Г +1 { A ^ ¥ ß i { A ß}2 jr C  m" ‘

т  п г

x E { E ^ ; i E < I)/â ***(*-»)} •1=0 fc=l д=0
We can easily verify the estimate

So we have

00 f4/3_1f2 rv i % * L < g  o»>o). 
£ ,  { ^ > 2 "  *

^  1 1

£  /  /  о m 2 X +1 У^ Х<1у =^  У У 2P<m<2P+!
0 0 

2r + l

s ^ E ^  E
2P+1 n i

E E E ^ : h 2'^ 2 r+1 22p(«+i )/ aP\2 Z_>r=0 n=2r+l ^ 1Л" /  1 = 0  к=1 q=0

ÍT o n ií , . .  21rt«+ 4{^}l
2P+1 n  i

* Е Е Е К : ; > !й Г ,/г}!Ч ^
i=0 fc=l <J=0

X

fc=l

00 2P+1 00 г 1 /3 -1 - .2  2P+1

s c E séüj E <4* E w  E <<1,/2>2 s
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oo 1 2P+1
= ̂  E 22p(a+l) E a'k'

fc=l i=0
Hence and by (20)

1 1

Е Е / J „ <z ^ j ™ ' ’ß(x’y)dxdyi
r=0 p=1 0 0

o o  o o  2 P + 1

fc=l p=l i=0 1 *fc=l i=0 p=i
< oo.

So by В. Levi’s theorem

^mr 1’̂ (г ) 2/) 0 as min(m, r) ^  oo

a.e. on [0, l]2.
Lemma 7. I f ( Фтп) is an (ONS) on [0, l]2 and a sequence (amn) satisfies 

the condition
OO OO

(22) E E a™ (rn + 1) - 2(“+1)l°g2l°g(n + 4) < oo ( -1  < a  < 0),
m = 0  n = 0

then for arbitrary ß  > 0

(23) •й"'^1,/3(а:,у) —*■ 0 as min(m, n) —> oo 

a.e. on [0, l]2.
P roof. By (22), the sequence (amn) satisfies (17) and (20), thus com­

bining Lemmas 4 and 6, for ß  =  1 we get

1 N
Jf E « « 1’0^ ’ y ^ 2 0 as min(m ’ n ) 00•

n = 0

If we set ß — 0 then by Lemma 5 for arbitrary e > 0

C n 1’1,l2+' ( I > У) —► 0 as min(m, n) —> oo

a.e. on [0, l]2.
Using Lemma 6 (for ß — 1/2 + e) we get

C t 1’ 1/2+g(s ,y ) ->• 0 as min(m, iV )-> oo
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a.e. on [0, l]2.
By Lemma 5, we obtain

й ^ 1,2е(1 , з/) —> 0 as min(m, n) —* oo

a.e. on [0, l]2.
Since £ is an arbitrary positive number, this is equivalent to Lemma 7 

to be proved.
P r o o f  o f  T h e o r e m  1. We will make use of the following representa­

tion:

(24)

(a  + l ) ( / ? + l )AaJ lAßn+l 

1

У  У  Am -iAi - k ikaik*ik(x, У) +

+ -

1
+

У  У  A m -iAi - l iaik®.k(x, У)+

У  У! Ат2-гАп-кка>к^*к(х ' у)•

This follows from the identities

A T 1 =
a

a +  m
-A“ and

a -f m \ a—1
a

Since (mnamn) satisfies (6), and (m amn) satisfies (22), thus Lemma 1, 
Lemma 7 and its symmetric analogue show that the right side of (24) con­
verges. By a theorem of Móricz (see [5]), the second term converges a.e. on 
[0, l]2. Combining all statements we get Theorem 1.

P r o o f  o f  T h e o r e m  2. Without loss of generality we assume that 
am ф 0. W ith the notation

a*m = min{|am|, (m + 1)"},

it is clear that
OO

У  am(m  + l ) _2a = OO,
m = 0

and there are numbers 5m, 1 > Si > S? > . . .  > Sm —> 0 such that
OO

(25 ) ^ a ; 2( m + l ) - 2“ 5 m =  oo.
m = 0
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Since aff(m  + 1 )  2aSm < 1, we can define a stochastically independent 
(ONS) on [0,1] for which

Фга(г) = - - a
m  -1- l)aSm1/2 
x( m + l) aS „ /2

for x € A lm,
for x e A*,, 
otherwise,

(m  + l ) -2"5 m/2.
Then |ат Фт (ж)| > Sm ^2(m  + 1)" for x € A xm U Aj*,, and by (25), the 

Borel-Cantelli lemma (see [3] p. 47) yields

limsup |ат Фт (а;)|(т +  1)" = oo.
m —*oo

By virtue of a well-known theorem (see [6], p. 78) we get

lira sup |<t" (x)| =  oo.
m —и зо

Theorem 2 is proved.
P r o o f  o f  T h e o r e m  3. We begin with a few definitions and notations. 

By an interval (a, b) we mean either the open interval (a, b), or one of the half- 
closed intervals [a, b) and (a, b], or the closed interval [a, b]. By a rectangle 
R  = (a,b) X (c, d) we mean a rectangle with sides parallel to the coordinate 
axes.

A function /  defined on [0, l]2 is said to be a step function if [0, l]2 can 
be represented as the union of finitely many disjoint rectangles such that /  
is constant on each of these rectangles. A subset H of [0, l]2 is said to be 
simple if H is the union of finitely many disjoint rectangles.

Given a function /  defined on [0, l]2 and a subrectangle H  = (a, b) X (c, d), 
we set

f{T \x ,
f((x  -  a )/(b  -  a), (у -  c)/(d  -  c))
0

for (x ,y ) e T, 
otherwise.

Finally, if Я is a subset of [0, l]2, then we denote by Я (Т ) the set into 
which T  is carried over by the linear transformation x =  (6 — a)x + a and 
у  =  ( d - c )  + c.

Now we present five lemmas.
L e m m a  8 .  I f  (Ф т „ ) is an (ONS) of step functions on [0 , l ] 2 and H is a 

simple set of [0, l]2 such that

(28) mes H > 0,

and

(29) limsup \(T̂ ßn((amn) , ( ^ mn),x ,y)\ = oo for ( x ,y ) e H  (~ l< a ,ß ) ,
i n i n ( m , n ) —* o o
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then it is possible to construct an (ONS) (Фгап) on [0, l]2 such that

(30) limsup к " ^ ( (а тп ),(Фтп),х,г/)| = oo
m i n ( m , n ) —w o

a.e. ОП [0, l]2.

P r o o f . The proof is modelled after the construction used in [6]. By 
(28), (29), using Egorov’s theorem there exist an increasing sequence 
{rp : rp+1 > 2rp; p = 1 ,2 , . . . ,  rq =  0} of integers and a sequence {Hp: p = 
1 ,2 ,. . .}  of simple subsets of [0, l]2 such that for p = 1 ,2 ,... mes Hp > 0, 
and for (x, у) G Hp

max
rp < m ,n < rp+i

£  Л“ ,-А^а,-*Ф,-*(х,у)
{i £ Q  m n \ Q  Гр — 1 ,Г р  — 1

>

Гр— 1 Гр— 1

= p + 4 Y  Y  1а»*1м «ь
«'=0 k=0

where

Qmn = {(г, к ) : i = 0 ,1 ,. . .  , то; к = 0 ,1 ,...  , те} (m, n = 0 ,1 , . . . )

and
Mmn = max |Фтп (х ,1/)| (m, n = 0 ,1 ,. . .) .

(*,y)e[o,i]2

Our goal is to construct an (ONS) (Фт „) of step functions on [0, l]2 and 
a sequence (Ep : p =  1 ,2 ,. . .)  of simple subsets of [0, l]2 such that these sets 
are stochastically independent, for p =  1 ,2 ,...

(31) mes EP >C,

for (x ,y ) e Ep

(3 2 ) m ax {Л “ Л ^} 1
p  = m  ^  **p+ 1

Y  Am -iA Í-kaik*ik(x ,y )
(i €Q mn\Q г  p — 1,Гр— 1 

Гр — 1 Гр — 1

г г + 4 £ £ |  а,А:Ф,А:(а;, 2/)|,

>

«=0 fc=0

and

(33) max |Фт „(х,!/)| < Mmn (то, те = 0 ,1 ,. . .) .
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We will proceed by induction on p. If p =  1, then let 

^m n(x,y) = 4>mn(x ,y )  for m ,n  = 0 ,1 ,. . .  , r 2 -  1 and £ i  = Hx.

Conditions (31)-(33) are obviously satisfied.
Now let po > 2 be an integer and assume that the step functions 

(Фшп: m ,n  — 0 ,1 , . . .  , rPo — 1) and the simple sets (Ep: p = 1 ,2 ,. . .  ,po — 1) 
have already been defined in such a way that these functions are orthonormal 
on [0, l]2, these sets are stochastically independent, and relations (31)-(33) 
are satisfied for p =  1 ,2 ,. . .  ,po — 1. We can divide [0, l]2 into a finite 
number of disjoint rectangles (R s : s — 1 ,2 ,. . .  , cr) such that the func­
tions (Фтоп : m ,n  = 0 ,1 ,. . .  , rPo — 1) are constant on each R s and the sets 
(Ep : p = 1 ,2 ,. . .  ,po — 1) are the unions of certain R s. Let R's and R” denote 
the two halves of R s.

We set

$m n(x,y)  = ^ { Ф т п (-й ';* ,у )  -  4lmn(R ";x ,y)}
s - 1

and СГ
Epo = \J { H p 0(R'3)U H po(K )}

5 = 1

for m, n = 0 ,1 ,. . .  , rPo and m ax(m, n) > rpo. It is easy to verify that the step 
functions (Фт „ : m ,n  = 0 ,1 , . . .  ,r p0) form an (ONS) on [0,1]2, the simple 
sets (Ep : p = 1 ,2 , . . .  ,po) are stochastically independent, and conditions 
(31)-(33) are satisfied.

The above induction scheme shows that the (ONS) (Фт п ) and the se­
quence (Ep) of stochastically independent sets can be defined so that condi­
tions (31)-(33) are satisfied for every p = 1 ,2 , . . . .

Putting (32) and (33) together, we can conclude for (x ,y ) £ E

(34) max
0<m ,n <r p+i

°'тп((атгг),(Ф»пп),а;,2/)| ^ P  ( P  =  1 ,2 , . . . ) .

Setting E — lim sup Ep, (31) implies mes E  — 1 via the Borel-Cantelli
p —► OO

lemma. If (x,y) £ E , then we have (34) for infinitely many p. Lemma 8 is 
proved.

Now we will prove a lemma on numerical series.

Lemma 9. I f  the (С ,— 1 < a ,ß  < 0)-means of the series

OO  OO

S E 0—
m = 0 n —0
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are bounded, then

(35) amn = 0 (m an0) as min(m, n) —► oo. 

P r o o f . Let

(36)
Using a well-known formula (see [8], p. 78)

1 m  n

Qmn _  _____ Y" л -а -2 Л-/3-2 л“ Aßaaß =
Aa Aß Aa Aß ^  ^  m~‘ n~k ' k tk^m^ri i=o k=0

m — 1 n —1

í__V ' Y^ A~a~2 A~0~2 A? A0 aa0 4-, ß  /  j  /  j m — i  n—k > к ik 'Д а  Л Р  t .— /  z — /,=0 k=0
n-1 to — 11 1 x

J L  A~0~2 A0a a0 A- ——  Y ' A~a~2 Aarra0 4- a a0' . ß  /  * A n-fc Л к ® т к  ' Aß /  J А т —i A i CTin ' ^топ" 
A "  k = 0 .=0

Then by (36)
га —1n—1

lamr,l < __i__I V  4-C-2 A~ß~2 Aa A0na0
Л а  A 0  =  A a  A ß l ^  2 ^  n - f c  « A fc Y fc

,= o  fc=0
+

n —1 m—11 I 1 I "*
+  + Y T E  Am -l2Ai CT,vf + kmnl ^  4M.

A" *=0 m .=0
So we get amn = O (m an0). Lemma 9 is proved.

P r o o f  o f  T h e o r e m  3. We will distinguish three cases:

(37) (a) E  amo(m + 1) 2a =  oo, 00  E ao„(R + 1) 20 = oo,
m=0 n=0

(c) for every r = 1 ,2 . . . ,
OO OO

(38) E E aTO„(™+ l ) _2a(n +  1)_2/3 = oo.
m = r  П—Г

By the analogy between the cases (a) and (b), we shall consider only case
(a).

Case (a). Let us take an arbitrary sequence (Rmn : m  =  0 ,1 , . . .  , n = 
1 ,2 ,. . .)  of disjoint rectangles such that

OO OO

U u^ciM 'u0’1/2]2-
m=0 n=l
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Set for m  = 0 , 1 , ,
2Фт (2я)
0

for ( х , у ) е [ 0 ,1/2]2, 
otherwise,

where (Фт ) are the functions in Theorem 2, while for m  = 0 ,1 , . . . ;  n  =
1 , 2 , . . . ,

(mes R mn) 
0

for ( x , y )  G Ämn, 
otherwise.

It is not hard to check that (Фт п ) is an (ONS) of step functions on [0, l]2 
and for a.e. (x ,  y)  in [0,1/2]2 we have

limsup к “£((ат „),(Ф тп ),ж,у)| = oo.

To complete the proof, we apply Lemma 8.
Case (c). W ithout loss of generality, we assume that amn ф 0. From 

(38) it follows that there exists an increasing sequence (ry : j  =  1 ,2 ,. . . ;  
П = 0) of integers such that for у =  1 ,2 ,. . .

OO rJ +  l — +

Y  Y  Y  a™«(m+ l)_2a(«+ l)~2ß = OO.
j=  1 m = rj n= r3

With the notations

amn = min{|am„|, (m + l)“ (n +  1)^},

(3 9 ) N  =  { ( m , n)  : m , n  =  0 , 1 , . . .  } ,  N j  = { (m , n)  : rj  ^ m , n  < rJ+1} , 

it is clear that

Y  Y  a™«(TO + 1) 2a(« + l) 2/3 = oo,
j —1 (т ,п )б Л Г ,

and there exists a sequence (5mrj), min{5m+i/„; 5m/n+i} > 5mn, of positive 
numbers tending to zero such that

OO

(4°) Y  Y  а™Лт+i)_2a(n+i)~2f}smn = oo.
j = 1 ( m , n ) 6 i V j

Since a^2n(m +  1) 2a(n + 1) 2/3Smn < 1, we can define stochastically 
independent functions on [0, l]2 such that for (m, n) £ N j  (j = 1 ,2 , . . . )

Фmn (•£ > 2/)
C 1(m + !)“ (» +  l f S m \ l 2 for (x,y) e  A^,n ,

' -а*шп(т + l ) “ (n + l)^™ «72 for (x, y) 6 А ^ п, 
0 otherwise,
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where mes =  mes A 2mn -  a ^ n(m  + 1) 2a(n + 1) 2/3Sm„/2. 
Then by (40), the Borel-Cantelli lemma yields

(41) limsup |ат п Фтп (ж ,2 /) |(т + l ) _a( n + 1 ) _/3 = ód.
m i n ( m , n ) —k x >

Finally, we take an arbitrary sequence 

disjoint rectangles of [0, l]2 \  [0,1/2]2. Set

m , n )  G N of

Í 2Фгап(2х,2у)  for (я, у) G [0 ,1/2]2, 
\  0 otherwise,

for (m, n) G U Nj ,  while 
i=1

for (X,y)  G Rmn, 
otherwise,

j=i

, . J  (mes Rmn) 1/2
Фтп(г,;г/) = < K

for (m ,n) G N  \  (J Nj .  By (41), we have

limsup |ат п Фтп (ж ,г/)|(т + 1) a ( n + l )  ß = oo
min(m,n)—>oo

a.e. on [0,1/2]2.
Then, by virtue of Lemma 9, we get

limsup \ a^ßn (x,y) \  = oo
imn(m,n)—>oo

a.e. on [0,1/2]2.
To complete the proof, we apply Lemma 8. Theorem 3 is proved.
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PRECOMPACTNESS IN THE SPACE 
OF PETTIS INTEGRABLE FUNCTIONS

G. EMMANUELE (Catania)1

Let (5, £ ,/t) be a finite measure space and X  a Banach space. We 
consider the normed space Pc(/t ,X ) of all (ц-) Pettis integrable functions, 
with values into X , having an indefinite integral with compact range; the 
norm in Pc(p, X )  is, as usual,

U/H = s u p { / \x*f(s)\dtz : x* € X*,\\x*\\ ^ l} .
s

The purpose of this note is to extend a characterization of precompact sub­
sets obtained by Brooks and Dinculeanu in [1] for strongly measurable func­
tions and by Graves and Ruess in [2] for subsets of bounded weakly mea­
surable functions defined on perfect measure spaces. Those results were 
obtained as consequences of other theorems about spaces of unconditionally 
converging series (cf. [1]) and about spaces of compact range vector mea­
sures (cf. [2]); our approach is direct and this makes it possible to consider 
the most general case.

Before giving our result we need to state some terminology. If ж — (Т,)^е/ 
is a finite partition of 5, we define the conditional expectation E(TV,/j,)f of
/  by

It is known (cf. [3]) that the family of finite partitions is directed by re­
finement, that \\E(n,p)f\\  < Ц/H and that lim ||£(7t,p ) f  -  / | |  =  0 for all
/ G P c(/x,X).

Our result is contained in the following theorem.
T h e o r e m  1. Let H be a bounded subset of Рс(д ,Х ). The following facts 

are equivalent:
(a) H is precompact,
(b) (i) Ш ( # : / е я  is relatively compact in X  for all A  G S,

1 Work performed under the auspicies o f G.N.A.F.A. of C.N.R. and partially supported 
by M.U.R.S.T. of Italy (40%; 1990).



3 3 4 G .  EMMANUELE

(ii) lim = /  uniformly on f  £ H .ж
P roof, (a) =>■ (b, i) is a direct consequence of the fact that the operator 

/  —► J f (s)dp  is linear and continuous.
A

(a) =>• (b, ii). Observe that H  is totally bounded and so, given e > 0, 
there are / 1, / 2 , • • • , /„  G Рс(м, X )  such that any f  € H  is at a distance less 
than e/3 from some / ,. Hence we get

\ \E(n ,p) f  -  /II < \ \Е(ж,р) / -Е(ж,р)Ы\  + -  /,||+

+  Ц/. -  / I I  ^ 2 | | / ,  -  /II +  \ \E(v , i t ) f i  -  / , II <  (2 /3)6- +  \ \E( ir ,p) f i  -  /ill .  

Since as already recalled lim \ \E(n ,p) f  — f\\ = 0 for all / ,  there is а ж1 such
7Г

that, if ж > ж', then \\Е(ж,ц)^ — / , || < е/ 3 for i = 1 ,2 ,...  , те; the above 
inequalities conclude the proof.

(b) => (a). Consider a sequence in H and observe that, for те, тег € N ,

II/n -  /m|| ^  ||/я  -  ^(JT,/*)/n|| + ||^(л-,м)/п -  E(ir,yu)/m||+

+ ||£(7T,/r)/m -  / т ||.
Using (ii) we can find а 7Гk, к £ N , such that

\\Е(жк, f-i)f — /II ^ l / к  uniformly on /  E H.

Moreover, by virtue of (i) we can assume (otherwise we pass to a subse­
quence) that (iC(7Tfc, /x)/ „ ) is a Cauchy sequence. The inequalities considered 
above allow us to conclude our proof.

Remark 1. In a sense the result above is the best possible, because if 
Я  is a set of Pettis integrable functions (it does not matter how the range 
of the indefinite integral is) for which Theorem 1 is true, then /  € H must 
be in Pc(/r, X )  because of a result of Musial [3].

If we consider only sequences of partitions we have the fo До wing result:
T heorem 2. Let H be a bounded subset of Рс(ц ,Х) .  The following facts 

are equivalent:
(a) H is precompact,
(b) (i) see Theorem 1,

(ii) for any sequence (Д ) С H there is a sequence (7r„) of finite par­
titions, cofinal to the net (7г), such that

Д т \\Е(жп, p)fk — /fc|| =  0 uniformly on к £ N.
П

P roof. That (b) implies (a) is similar to the proof of the same impUca- 
tion in Theorem 1. So we have just to show that (a) imphes (b). Of course 
(b, i) is clear. Now, consider a sequence (A) С H; it is weh known (cf. [4])
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that there is a sequence (7rn) of finite partitions cofinal to the net (я-) so that, 
for all к  € N ,  one has

lim \\E(irn , f i ) f k -  f k II = 0.
П

Using, as in Theorem 1, the total boundedness of (fk) we can finish our 
proof.
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ON THE MAXIMAL KUROSH-AMITSUR MODEL 
FOR THE WEDDERBURN-ARTIN RADICAL

B. DE LA ROSA (Bloemfontein) and P. N. STEWART (Halifax)

1. In tro d u c tio n

An associative ring A  in which the sum of the nilpotent ideals is again 
nilpotent is said to be a ring with Wedderburn-Artin radical or with nilpotent 
radical. In this situation the unique maximal nilpotent ideal of A  is denoted 
by >V(A), and called the Wedderburn-Artin radical or the nilpotent radical 
of A, and also the classical radical (cf. Wedderburn [8], Artin [2] and Gray
[3].)

A well-known example of a ring in which the nilpotent radical does not
OO

exist is the ring ф  Zp. , p a fixed prime. This example shows that nilpo- 
<=i

tency of rings does not define a Kurosh-Amitsur radical in the class of all 
associative rings. However, as may be easily shown, in every universal (i.e. 
hereditary and homomorphically closed) class of rings with nilpotent radical, 
nilpotency does define a Kurosh-Amitsur radical, and this is therefore also 
the case with the union U of all universal classes of rings with nilpotent rad­
ical. This subclass U of the class T of all rings with nilpotent radical does 
not coincide with T because T is not homomorphically closed — T (clearly) 
contains all free rings, but not all rings!

2. T he class T of all rings w ith n ilpo ten t radical

We describe here the relationship between the radical W  of T on the one 
hand, and general radicals of the class A of all associative rings on the other.

P r o p o s i t i o n  1. Let 7Z be a radical o f the class A  of all associative rings. 
Then 'JZ(A) = W(A) for all A E T if and only if 11 is the prime radical, ß.

P r o o f . (<i=): Any ring A  in T has >V(A) = ß(Ä),  since W(A) C ß(A)  
would imply tha t the nonzero ring ß(A) /W( A)  is at the same time /3-radical 
and semiprime.

(=>): The nilpotent rings are all contained in T. Hence H(N)  = N  for 
every nilpotent ring N.  Since ß is the unique smallest radical for which all
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nilpotent rings are radical, ß < 71. Let A be a semiprime ring. Then A £ T  
and so 7Z(A) — W(A) = 0. Hence 7Z ^  ß. □

The observation in part (<i=) of the proof, together with the fact that in 
an arbitrary ring A  all nilpotent ideals of A are contained in ß(A),  gives us:

P r o p o s i t i o n  2 . The following two conditions on a ring A are equiva­
lent:

(1) A is a ring in T.
(2 )  ß(A)  is nilpotent.

Under each of these two conditions one has that W(A)  = ß(A).  □

3. T h e  m a x im a l K u ro sh —A m itsu r  m odel fo r th e  
W e d d e rb u rn —A rtin  rad ica l

Trivial examples of Kurosh-Amitsur models for the nilpotent radical W 
are e.g. the nilpotent rings, and the simple rings. It is obvious that the 
union of all Kurosh-Amitsur models for W  is a Kurosh-Amitsur model for
W. This unique maximal model happens to be simply the class {A £ T : ( /<
< A) =>■ (A / I  £ T)} — we have:

P r o p o s i t i o n  3. The maximal universal class U of rings with nilpo- 
tent radical coincides with the uniquely determined largest homomorphically 
closed class of rings with nilpotent radical.

P r o o f . Set H  := {A £ T : ( I < A) =>■ ( A / I  £ T)}. To prove the required 
inclusion H Q U it suffices to show that H  is hereditary. Let I  < A £ H and 
let J  < I.  Let ß ( I / J ) =  B/ J .  From В / J* = (B/ J) / ( J* / J)  we have tha t 
В / J* is /^-radical. Since the radical B / J  is an ideal of A / J  we have tha t 
В < A,  and so B / J * C ß(A/J*) .  Since A £ Tt, B n Q J* for some positive 
integer n (by Proposition 2). From J*3 C J  it follows that B / J  is nilpotent, 
and so I  £ TL as required. □

An indication of the difference in size between the models T and U may 
be had by considering their lower radicals: £T  fills out the class A of all 
associative rings, while the following example shows that £U is a proper 
radical of A.

EXAMPLE 1 . Consider the commutative polynomial ring P =  Ъ[х\ , . . .  , 
£ „ , . . . ]  with countably infinite many indeterminates. Let S  be a nonzero 
accessible subring of P. It follows from Andrunakievich’s Lemma that S  
contains a nonzero ideal I  of P. Let 0 ф f ( x i , . . .  ,Xk) G I  and let J  be the 
ideal of P  generated by the set {(xk+nf ( x i , . . .  ,Xk))n : n — 1 ,2 ,...} . For 
each n  > 1, vn = Xk+nf ( x i , . . .  ,Xk) + J  is in ß(S/J )  because =  0; but
и"-1 ф 0. This shows that S £ U and so P £ CM. □

As to the content of U, Proposition 3 ensures that the following im­
portant classes of rings be contracted within U: the hereditarily idempotent 
rings; the almost nilpotent rings — which include the nilpotent rings; the
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left (and right) artinian rings; the left (and right) noetherian rings. On this 
content basis an insight into the extent of U may now be gained through:

P r o p o s i t i o n  4. The maximal Kurosh-Amitsur model U for the nilpo- 
tent radical W has the following properties:

( 1 )  U is closed under extensions.
(2) U is closed under finite subdirect sums.
(3) Let n be a positive integer. A ring A is in U if  and only if  the matrix 

ring M n(A) is in U.
(4) I f  A and В are Morita equivalent rings with unity, then A is in U if 

and only if В is in U.
As an immediate consequence of (1) we have the useful:

C o r o l l a r y  1. Let A be a ring and A1 its Dorroh extension. Then A 
is in U if  and only if  A 1 is in U.

P r o o f  o f  P r o p o s i t i o n  4. (1) Let A be a ring. Suppose that В  is an 
ideal of A  such that В  and A j В  are in U. We must show that A  G U. Let 
V < A  and let ß ( A / V )  = T/V .  Then T/{V  + В)  c  ß (A / (V  + В )), so there 
is an integer N  > 1 such that T N Q V + B. Since (T N + V ) / V  Q ß (A/V)  П 
П (B + V ) / V ,  (TN +  V ) / V  Q ß( (B  +  V ) / V )  and so, since (B + V ) / V  is a 
homomorphic image of В , (TN + V ) / V  is nilpotent. Thus T / V  is nilpotent 
and so A G U.

(2) (Cf. [4], Lemma 2.3.) Let S  be a subdirect sum of two rings Si, S2 G 
G U. Then there are ideals T\ and T2 in S such that T\ П T2 = 0 and 
Si Si S/T i (i = 1 ,2 ) . Since Tx П T2 = 0, Tx Si (Tx + T2)/T2 < S /T 2 =  52 £ U. 
Hence Ti G U, and we know that S /T \ = 5X is in U. We conclude (using 
(1)) that 5  G U. The result now follows by induction.

(3) First we prove the result for rings with unity, so suppose A is a ring 
with unity. If A G U and J  < 1 Mn(A), then J  = Mn(I) for some ideal /  of A. 
Hence

ß(M„(A) /J)  = ß(Mn(A) /Mn(I)) = ß{Mn{ A / I )) = M„(ß(A/1))

is nilpotent, and so M„(A) G U. Conversely, suppose that M„(A) G U, 
and К  < A.  Since ß(M„(A/К)) = ß ( Mn(A)/Mn(K))  is nilpotent, so too is 
ß (A / K) ,  and hence A G U.

We now consider the case of rings A which need not have a unity. If 
A G U, then A1 G U, and so by the first part of this proof М п(Аг) G U. 
Since Mn(A) < 1 Mn(A1), Mn(A) G U. Now suppose that M„(A) G U. Then 
M n(Ax) G U because Mn(A1)/M n(A) = M„(Z) G U. Hence by the first part 
of this proof we have that A1 G U, and by Corollary 1 that A G U.

(4) We first prove the auxiliary result that if A G U and e2 =  e G A, then 
eAe G U: Let I  < eAe. Then /  = eJe  where J  is the ideal of A generated by 
I . Also еА е /1 = eAe/eJe  = (e +  J)(A/J) (e  + J), so it is enough to prove 
that if a ring R has nilpotent radical and e2 = e G Ä, then eRe has nilpotent
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radical. This, however, is true because ß(eRe) = eß(R)e , (see e.g. [5], p. 
206).

Now if A  and В  are Morita equivalent rings with unity there is a positive 
integer n and an idempotent E  £ M n(B)  such that A = E M n(B)E  (cf. e.g. 
[1], Corollary 22.7). Our result now follows from the auxiliary result and (3). 
□

Proposition 4(3) can be extended to the case of structural matrix rings. 
We shall assume throughout that our rings have a unity — Corollary 1 can 
be used to extend our result to rings without unity just as in the proof of 
Proposition 4(3). We first summarize some of van Wyk’s results from one of 
his recent papers [7]: Let В  = (bij) be an n X n Boolean matrix such that 
Ьц = 1 for all i = 1 ,. . .  , n; and for 1 < i , j , k <  n, if bij = 1 and bjk = 1, 
then bik = 1. For any ring R  the set

5 =  S(B,  R) = { ( c t i ) £ Mn(R) : btJ =  0 => ci} = 0}

is the structural matrix ring determined by В and R.
The antisymmetric part of S  is the nilpotent ideal

A =  {(c,y) £ S : Cij ф 0 => bji = 0};

and A is the intersection of ideals : g, = 1 , . . .  , /3 such that S/К ^ = 
=  Mfc(Ä) where к = k(/u) depends on yt. Moreover, these ideals are such that 
if 1 = At, I/ = /̂  and M ф v, then К ^ + K u = 5, and so it follows from the

ß
Chinese Remainder Theorem that S /A  = 0  Mk^)(R).  We now have:

u=1
P roposition 5. With the above notation: R is in U if and only if S  is 

in U.
P r o o f . W e apply various parts o f P rop osition  4 . F irst assum e that R £ 

£ U. From (3) and (2) w e have 5/Л  £  U and since A is n ilp o ten t it follow s 
from  (1 ) th a t S  £ U.

Conversely, assume that S £ U. Since U is homomorphically closed, 
Mk(R)  £ U for all к  = á:(/í), 1 < /г < /3, and so R  £ U by (3). □

4. T h e  n ilp o te n t rad ic a l an d  th e  n il-based  rad ica ls

In the universe U now, the nilpotent radical W is a fully fledged member 
of the family of Kurosh-Amitsur radicals, and radical theoretic methods 
may be applied to it. We consider a single problem in this regard — in our 
view the most natural one: how does W compare in II with the nil-based 
radicals ß (the prime radical) < C (Levitzki’s locally nilpotent radical) < 
< Af (Köthe’s nil radical)? From Proposition 1 we have that W = ß on U, 
i.e. W(A) = ß(A)  for all A £ U. We could as yet not decide the question
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whether C = W  on U. But we know that ÁÍ fails W in this respect — this 
is exhibited in:

E x a m p l e  2. (Cf. [6].) Let G be a finitely generated nil ring which is 
not nilpotent, and choose /  maximal in {J  < G : G /J  is not nilpotent}. Set 
A — G/I .  Then Af(A)  = A. If ß(A) ф 0 then A has a nonzero ideal K / I  
such that К 2 Я I.  Since I  С K ,  G/ К  is nilpotent. Hence G / I  is nilpotent. 
This contradiction shows that ß(A) — 0; and it remains to show that 4 e U .  
Let X  < A. If X  =  0, ß ( A / X ) =  0 is nilpotent. If X  ф 0, А / X  is nilpotent 
(by the choice of /  above) so ß ( A / X )  = А / X . Hence A £ U. □
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ASYMPTOTIC TEST FOR 
INDEPENDENCE OF EXTREME VALUES

C. C. Y. DOREA1 and E. S. MIASAKI (Brasilia)

1. In tro d u c tio n

Let (X i, Ух), (X 2 , Уг), • • • be a sequence of independent random vectors 
with a common distribution L with marginal R and S  (in short, we write 
L € M ( R ,  S)).  Let R and S  be such that with suitable norming constant 
an , bn, c„ and dn the random variables

X( n ) m ax { X i,...,X n} -  bn 
dn

and
m ax{Y i,...,yn} - c n 

dn

have nondegenerate limiting distributions G and Я , respectively. Assuming 
that (X ( n ) , Y ( n )) converges in distribution to some F € M ( G , H )  we study 
conditions that will assure F  = GH.

Let (u*, v„) be a fixed point such that 0 < G(u.) < 1 and 0 < Я(и») < 1. 
For n ^ 1 define un — апиш +  bn, vn = cnv* + dn,

Tn(R) = £ x № <u„), t„(S) = ^2x(Y3<vn).
j=1 i=i

and
П

Tn ( L )  =  ^ 2 x ( X j Z u n,YiZvn),
9=1

where \ A  denotes the indicator function of the set A. In this note we prove 
the following

Partially supported by CNPq-Brasil.1
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T h e o r e m  1 . If

(1) ILn(un, vn) -  Ä"(un)Sn(vn)| —► 0, n -у oo

then we have F — GH. That is, for all (u ,v ) such that 0 < G(u), H(u)  < 1 
we have

(2) lim P ( X ( n ) ^  u , Y ( n ) < v) =  G(u)H(v).
n —► OO

Theorem 1 can be viewed as an extension of Dorea-Sastrosoewignjo 
[2, Theorem 3.1]. It also suggests that the following test may be used for 
asymptotic independence:

A s y m p t o t i c  T e s t . I f  for large n we have

(3)
nrn{L) > 

Tn ( R ) T n ( S ) = then F  = GH.

Note th a t we have

- 1’ andnR{un) nb(vn) nL(un,v n)
1

(a.s. stands for almost sure convergence). Hence for large n we have 
r  ( R) t \ s ) ~  Щ и*)!5(и  ) ‘ On other hand, being F  a bivariate extreme
distribution we have F  ^  GH  so that lim inf ̂  Hence if

lim sup  ̂ ^  1 we have (1). Since G and H are known we can
select suitable (un,vn) provided the norming constants an, bn, cn and dn are 
known. For an account on the determination of the norming constants see 
Galambos [3]. If this is not the case the selection can be partially solved 
as follows. It is well known that G and H can only be one of the three 
types: Фа (и) = exp(—u~a), и > 0; Фа (и) = exp(—(—u)a), и < 0; and 
Л(u) = exp{— exp(—u)} (where a  is a positive constant). If G is of type Фа 
we have bn =  0 and we can take un = an = ßn — inf{y : R(y) ^  1 — 
with u* =  1. If G is of type Фа we have bn — T — sup{y : R(y) < 1} and 
an = C — bn, so take un = ßn with u* =  — 1. If G is of type Л we can take 
u* = 0 and un — ßn. Discussions on estimation of ßn can be found in Dorea 
[1] and Weissmann [4].

2. P r o o f  o f  re su lts

The proof makes use of properties of dependence functions: for T  £ 
£ M ( A , В ) let its associated dependence function dr  be defined by

dj (A(u) ,  B(v)) -  T(u,  v), ( u , v ) e R 2.
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Since we assuming F  a bivariate extreme distribution we have for 0 < x < 1, 
0 < у < 1 and s > 0,

(4) dF(x1/a, y1/s) = dF0 ,  y) 

and

( 5 )  xy £  dF(x,y) < x Ay,

where x Л у = min{x,i/} (see Galambos [3]). Also we can rewrite (1) as

(6) K (Ä (« n ), S(vn)) -  Rn(un)Sn(vn)I Д  0.

Since R n(un) —» x,  = G(u*) and S n(vn) —»?/* = Я(и») we have from (6) 

Dl(R(un), S(vn)) -*■ ж*и* = dF(x*,y*) = F(u»,u*).

It remains to show that dF(x,y) = xy  for all (z,i/). Or equivalently that,

(7) u> (z ,i/)= l for all (x,y)  

where
log dF(x, y) — log(z Л y)

u (x , y )  = — ;----------]— / ■ . ч— •log Ж у -  log (ж Л у)
Note th a t from (4) we have u>(xa, y a) = u(x,y)  for s > 0. Let s = — 1 /lo g у 
and we have u(x s, y s) = о;(е- г ,е -1 ) =  u>(x,y) = u>(z) with г = logx / logy. 
For 2 > 1 let ui(z)  = a>(z) and for 0 < z < 1 let uj2 ( l / z )  = w(z). Clearly we 
have u q (l)  = u>2(l) =  a with 0 ^ а £ 1. The remaining of the proof will be 
carried out in several steps.

(a) U\(z) and 0̂ 2(2) are continuous on (l.oo) and right continuous at 
z — 1.

Since the proof is similar we do it for o>2- Let 0 < у ^  x < 1 and 1 ^  z  = 
— logy/loga:. We have tu(l/z) = си2(.г) and dF(x,y)  = ухШ2̂ . To prove 
the right continuity of u>2 let e > 0 and 6 — ze then,

dF(x,y) -  dF(x ,y1+e) = y x ^ M  -  y ' + ' x ^ + V  > 0.

So that u>2 (z) ^ ez +  UJ2 (z + <5) On the other hand у ^ x ^  ж1/!1*') and

dF(xl l^ +e\ y )  -  dF{x,y) = ^ ( * + 0 /(1+*) -  ухШ2̂  > 0.

Hence u>2 (z + í) ^ (1 -f £)u>2(z) and the right continuity follows from

(8) — ez <i a>2(z +  S) -  u>2(z) < £oj2(z ).

To see the left continuity let у < x and e > 0 small enough so that у < 
< y1~e ^  x. Since dF( x , y 1~s) — dF(x,y)  ^ 0 and dF(x, y) — dF(x, у1/!1-')) ^ 
^ 0 we have for 6 =  ez,

(9) —ez < u>2(z) -  u>2(z -  6) < eu2(z).
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And the left continuity for z > 1 follows.
(b) u>i and u>2 are decreasing functions.
Again the proof is similar and we shall do it for u\.  For A > 1 fixed 

define

Фа(*) =
u>i(A z) — wi(z)

z >  1.
Xz — z

We will show tha t Фд(,г) is increasing in г. Let z — log x /log  у > 1. Let 
p  > 1 then x x ^  x ^ у й у 1/,p and from (4) and (5) we have ß — 7 > 0 
with ß — d,F(x,y1/p) — cLf (x x , y 1̂ )  and 7 = dp(x,y)  — dp{xx,y). Since 
dp{x^y) = xyWl(z  ̂ we have

ß = y[pZ+“l(pZ)]/P (А—1 ) г ( 1 + Ф д  (pz)) -у =  ^ [* + w i(* ) ]  I  у _ у ( А - 1 ) г ( 1 + Ф л (г))
}•

and
1 -  ?/(А-1)г(1+Фл(рг)) Ui(-)
1 _  у ( А - 1 ) г ( 1 + Ф л(г )) =  У

Now let у I 1 maintaining г constant and we have Фд(pz) ^  Фд(г) for p > 1. 
So that Фд is an increasing function. To show that u>i is decreasing, it is 
enough to prove that Фд(-гг) ^  0 for all A > 1. Assume that Фд(г) = к > 
> 0. Then u \ ( \ z )  = uj\(z) +  k(A — 1 )z. Since Фд(Аг) d Фд(г) ^ к we 
have u>i(A2z) d  07(2) + k(A — l)z-\- k(X — l)zX. Proceeding this way we have 
cji(A"z) > u \ ( z )  К  A — l)zAJ. Since A > 1 we have lim ,,-^  u>i(Anz) =
=  00, a contradiction.

(c) For i — 1,2 the first and second derivatives of u>\ exist almost every­
where (a.e.) with — 1 £ cj- ^  0 and u>" > 0.

Note that Фд ^ 0 so tha t u}[ ^ 0 a.e. Also (8) and (9) hold with 07 in 
place of u>2. It follows that

u i ( z  +  S ) - u i (z ) u>i ( z  -  Ő) -  u>i (z )
-------------- -------------- d  — 1 and ----------------------------  > — 1о 0

where <5 = ez  for e > 0. Hence > — 1 a.e.. Since gj[ is an increasing 
function we have w" > 0 a.e. (the proof for u>2 is similar).

(d) For г > 1 we have
(10) lj (z) +  cj( 1/ z) > 1 — z — a( 1 -f z).
Let x < у and z = log x /  log y. Since dp(y, y) — dp(x,y)  + dp(x, x) d 0 we 
have proceeding as in step (b)

1 _  x [ u ( z ) + z - l - a ] / z  

1 _  х [ а г - ш { 1 / х ) У г
> а.[г+"(1/г) -1- а]/г_

And (10) follows letting x j  1 and maintaining z constant.
Now let z* =  log я*/log  y*. We have u>(z») = 1. If z, > 1 then since u> 1 

is decreasing and u>̂ < 1 we have w(z) = 1 for 1 < z ^ z*. Similarly if 2, < 1 
then íj(z) =  1 for 2» is z  Si 1. Now w(l) — a =  1 together with (10) prove
(7).
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NEW ANSWERS TO PROBLEM 24 OF P. TÚRÁN
Y. G. SHI (Beijing)

1. In tro d u c t io n  a n d  resu lts

Let us consider a triangular matrix X  of nodes

(1) - 1  < x„i < xn2 < • •• < xnn < 1, n = l , 2, . . . .

Sometimes omitting the superfluous notations, denote for /  € C[—1,1] and 
for each fixed гг (|| - || stands for the Chebyshev norm)

u!n(x) = (x -  xx)(x -  x2) ■ ■ • (x -  xn);

(fc (x)
(x -  xk)u'n(xky

П

Ln{ f , x )  = ^ / ( x fc)/fc(x);
k=l

1те;

Afc(x) = 1 -
< ( xk)

(x  -  Xfc) lk(x) := vk(x)lk(x), к  = 1 ,2 ,... ,те;

Hn( f , x )  = ^ 2 f ( xk)Ak(x ); Mn
fc=i k=l

Г" = Е ( * - х*)2/*(*) •
fc=i

To draw a general conclusion from the behavior of the polynomials 
Яп(/, x) on those of Ln(f ,  x), P. Túrán proposed his Problem 24 [1]:

Is it true that, for any matrix X  satisfying

(2) lim ||Яп( / , х ) - / ( х ) | |  = 0, for all f  € C[—1,1],
n —>oo

we have

(3) lim IILn( f , x )  -  /(x ) || = 0n—♦CO

for all functions /  which are continuously differentiable in [—1, 1]?
The first answer to this problem, given by P. Vértesi [2], is the following
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T h e o r e m  A. If цп =  0(1), then (3) holds for all f  £ { / : En( f ) =
■ o(n~i )}, where En( f )  is the best uniform approximation of f  £ C[— 1,1] 

on [—1, 1] by polynomials o f  degree < n.
Recently we have solved this problem in [3]. T hat is we proved the 

following
T h e o r e m  B. If pn = 0 (1 ) then (3) holds for all f  £ Lip a  with a  > a\ 

and if (2) is true then (3) holds for all f  £ L ipa1( where

>/26889 -  81 83a i =  -------—-------«  — « 0.988.
84 84

In [4] we improved this result and gave the following
T h e o r e m  C. If pn = 0 (1 )  then (3) holds for all f  £ Lip a  with a  > « 2, 

where
л/393 -  9

a2 =  ---- —---- ~  0.902.

This shows that (2) alone can assure that Ln( f , x ) cannot behave “too 
badly.”

Later in [5] we determined a class of functions for which (3) holds if

(4) p n = 0(n6), S > 0.
That is

T h e o r e m  D. / / ( 4) is satisfied, then (3) holds for all f  with f  (p) £ Lip в, 
0 < 9 ^ 1, where

р + в > a 3
and

«3 =
7 + 1 5 6 + V 2 2 0 9 + 1 1 1 0 6 + 2 2 5 6 2 

6 0  '

8 .
9 ' 2 V’ 6 > l

From this theorem we immediately obtain the following two important 
results for Problem 24 of P. Túrán in two different directions.

T h e o r e m  E. If yn = 0 (1 ) , then(3) holds for all f  £ Lip a with a  > 4L.

T h e o r e m  F. If pn = 0 ( n s), 6 < | ,  then (3) holds for all f  £ Lip 1.
In this paper we intend to  improve Theorem D and give
T h e o r e m  1. //(4) is satisfied, then (3) holds for all f  with f  ̂  £ Lip в, 

0 < 9 < 1, where

p + 9 > a* :=
- l + 6 + \ / ! 7 + 6 6 + 6 2 

4 >

3 + 3 6 + y / 3 3 + 3 0 6 + 9 6 2 
12  '

6 й !  

* > ! •
From this theorem we immediately obtain the following two new answers 

to  Problem 24 of P. Túrán in two different directions.
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T h e o r e m  2 .  If цп =  0(1), then (3) holds for all f  e Lip a  with a  >  
> | ( v T r -  1) и  0.781.

T h e o r e m  3. If  цп — 0 ( n s), S < \ ,  then (3) holds for all f  £ Lip 1.

2. P relim inaries

First we show several lemmas which are of independent interest.
L e m m a  1. For any matrix X  and for any subset N n C {1 ,2 ,... , n } ,

n — 1, 2, . . . ,

where

I 5 3  й Ш ц пА п(гп) з, n = 1, 2, . . .
keNn

yj  ̂
A„(a;) = ---- -----+ — , n = 1 ,2 ,. . .

n nL
and zn £ [—1, 1] satisfies

5 3  lnle{zn) — || 5 3  ^
keNn keNn

n — 1, 2, . . .  .

P roof. Suppose to the contrary that there exists a number n such that

II 5 3  l l  I > 100/i„A„(2:n)_t. 
k e N n

Put

In ■= [k  e Nn : \xk - z n\ <: ^A„(^n)^,|ufc(zn)| < ^ Д п(г:п) з | .  

Using the identity
П  П

-  x k)2Ak(x) = 2 ^ 2 ( x  -  xk)2ll(x)
k=l к—\

we obtain the estimate

r„  = | i >
k-1

-  X k f l l i x ) = ^ |5 3 (ж -  хк)2Ак(х)
к=1

E î i
fc=i

— 2/in

Then

5 3  %(Zn) й 5 3  lk(Zn) + 5 3  zi ( 2») =
|flfc(*n)|> 25  ̂ \xk~zTi\̂  5 Дп(^п)^
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£  25A„(+ ,) 3 Y  \vk(zn)\l l (zn)+

|Wt(zn)|> ̂ An(in)^

+ 25A n(zny%  Y  (x k -  Zn)2l l {zn) ^

lXfc — ̂ n|>|An(^n) ̂

^ 25An(+,)~3 (^n + 2/in ) =  75ynA n(zn ) ~ ^ .

Hence
5 ^  /fc(2:") > 25/un A n(2rn)_ t .

kOln

Choose yn € [—1,1] so tha t

Y 1  **(»") =  I X )  z*
kQ. In kőin

Clearly

( 5 ) X ]  > 25/X„A„(2:„) 3.
kein

First we show three claims. 
C la im  1 .

(6 )  \хк - У п \  й  ^ jA „ C * n )* , V fc G /„ .

In fact, there m ust exist an i E /„  such th a t

I*.’ -  2/nl ^ — Д п(+г) +5
for otherwise

25 2 _>
Y  1к(Уп) й у Д п ( + ) " “ Y ( Уп ~ х ь)212к(Уп) й 25/inAn(zn)_
kőin kőin

contradicting (5). Thus

C laim  2 .

2/t j I = Ix k  + i |  +  | + i  Xi\  +  IX{ yn I 5 i

< “ An(-3'n)^ +  ~ A n{zn)^ < т^-Д„(*„)*. 
о 5 1U

l̂ /n -̂ nl = oc Дп(^п)1ZO

Mathematica Hungarica 62, 1993
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Namely otherwise, noting that Vk(x) is linear and Vk(xk) = 1 we have that

Vk{yn) -  M zn) _  Vk(xk) -  vk(zn) _  1 -
У п  %n %к  %n %n

Then for each к € In by (6)

M l / n ) |  =  7-------------- Г IУп -  Z„  +  ( X k  -  y n ) V k { z n )I ^

> 5 A  n(z„) 

Hence by (5)
TSAn(Zn)i] [ á A"(*n)l] } >

1  2 2
У ] \vk(yn)\lk{yn) > ^ А п(г„)з • 25finA n(zn) * = /rn, 

keir,

a contradiction. 
C laim 3. If

(7)

then

(8)

|тп znI £ ^A n(zn), rn e [ - 1, 1]

Ап(гп) ^ 2
A „(r„) =

Suppose without loss of generality that zn > 0. If 1 — z\  < ^A n(z„), 
which means that

2[ » ( i - * 2)*]a - [ » ( i - * £ ) * ] - i ^ o ,

then we solve this inequality and get (1 — ^ Thus

A n ( ^ n )  <  ^  ^  _

A n ( r n )

If 1 -  z% > ±An(zn), then (1 -  z l )2 > i .  Hence by (7)

1 -  ri l - z l - { r l - z l ) > \ ,2-2« 21rn zn\ > ^A n(2n) 0 A n(zn  ̂ —
1
3

1 A .  ч (1 -  2^)2 1 1
- - A n(zn) >  бга > 6n2 > 9rl2’
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i.e., (1 — 7^)2 > Thus there exists a number := tzn + (1 — i)r„ 
t G (0, 1), such th a t

A п(Гп) 1 A ú(ín)(í-n -  Zn )

A n(z„) A n(-^n)
16*1 1

6 n ( l - i3 ) i /2  2 ’

because (1 -£ ,2j 2 ^  min{(l -  * £ ) i ,( l  -  7^)2 } > So < 2.
To prove Lemma 1 we choose in G [— 1,1] so that

( 10) I in -  zn \ = ^ A „ ( z n).

So 2
I in Уп I = I Ín Zn \ T |zn yn I ^  ДП(2П),25

( 11) \xk -  i„ | ^  Jar* -  zn \ + \zn -  i„| < ^ A „ (2„ )2, for all к € 

Thus for each к  € /„ by (10) and (11)

I ̂ k ( Ín ) I —I Xk -  Z„ r|in Zn T (З-А Ín)^fc(^n)| =

^5A„(2„) з | ^ д п(2п) _  [^-Дп(2п)з] [^ A „ (z „ ) i ] }  > ^Д „(2„)з .

On the other hand, putting r n =  max{|in |, |i/„|}, by Markov’s inequality 
follows from (5) and (8) that

In
У ̂ (гп) = У (̂i/n) + í  [у ifc(i)
kein kein yn kein

d t  >

ln

i  IIE'*1 -4 f M i E  '*||]*i||E ‘‘1111 -4A„(r„)-‘i<„-,»„i]
k£ln M. k£ln k£lnУп

> |E'.
kein

1 - 8 Дп(г„)
25 A„(r„)J

> 9finA n(zn) 3.

Since |ufc(in)| > ^ Д п(г„)з, we get

У , IVfc(in)|ljk(in) > Mn?
k e i n

a contradiction.
This completes the proof of Lemma 1. 
By Lemma 1 and Д£(я) > n~2 we get
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C o r o l l a r y  1. For any matrix X

IE'.k=1
2
nk < 100p„n3, n -  1, 2, . . .

C o r o l l a r y  2 . For any matrix X  and for any number / 3 ^ 0

E I2
1 - х 2 . > 2 п - 2 0

П А С  —

^100 ЦпП?, n =  1, 2, . . . ,

where a := max {4/3, |(1  + /3)}.

P r o o f . Let n be fixed and let zn € [—1 ,1 ]  satisfy

У lk(zn) = I У )
fceivn лелг„

У  ll
keNn

where iVn =  {A; : 1 -  з£ > 2n 2/3} ^  0, the proof for iVn =  0 being trivial. 
If there exists an index к £ Nn such that |ж* -  zn | ^  (50)_2n_ f , then

1 -  =  1 -  [ж* + (zn -  xfc)]2 = 1 -  x \ -  2xk(zn -  x k) -  (zn -  xk)2 ^

> 2n~2ß -  3|zn -  s fc| > 2n ~ 2(3 -  »-* > n _2/3. 

Hence by Lemma 1

I У  lk Ú WOfinizn)-* й 100/x„
k€Nn n

If

^  100/inJiK1+/5) < lOO/Xnn'7.

|x* -  z„| > (50) 2n 2 ? for all A: 6 iVn,

then

1 У = У ll(zn) % 50n'T У  (z„ - 3 fc)2/fc(zn) < 100/i„n‘T.
fceAT„ t£jv„ fce7V„

This completes the proof.
Denote M ( K )  := the number of elements in the set K.
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Lemma 2. Let zn € [—1,1]. Define en by zn -  те- *7 ^ en ^ zn +  те_Т7.
Suppose that qn := min{|zn | + те~п, |en|} < 1, n = 1 ,2 ,___If {4) is satisfied
then

M(k  : |z„fc -  z„\ ^  n~r], |x„fc| g |en|) = 0 (n 1_,7)(l -  q„)~ * , 0 < 77 < 1

and
M (k  : \xnk -  zn I < те- *7) = 0 (n 1 -?'), 0 < 77 < 2.

P r o o f . First we state Theorem 3.4 in [2] which says that denoting by 
N ( a n,ßn) the number of впк =  arccos хпк in the interval [an,ßn] C [0 , 7r] 
one has

N ( a n,ß n) = —— — те + 0 (ln те • 1п(те/хп)).
7Г

Let zn > 0, say. Denote

an = min{en, zn -\-n~r1}, bn = zn — те-4 , a n = arccos a „ , ßn = arccos bn . 

Then using

On
ßn — &n — arccos 6n — arccos an =

^ (a„ -  6„)(1 -  ql)~b й  2 » -4(l -  ?£)"*
we obtain

/ ( 1 -  i2) 2 df ^

M (k  . |xnfc zn I ^ те 17, I ж гг A-1 = |e„ I) — N ( a n, /3n) —

= 0 (те1_,7)( 1 -  92)_ 2 + 0 (ln2 те) = 0 (те1_т,)(1 -  g2)~2. 

Meanwhile by N ( a n,ß n) = те(/Зп -  a n) / 7Г + 0(1п2те)

M(fc : |xnfc -  z„| < n~v) < M (k  : \xnk -  1| ^ т е + 0 ( ln 2 те) = 0 (те1_2 ).

This completes the proof.

L e m m a  3 .  If  ( 4 )  is satisfied, then

where

^n • — íj ^   ̂I ink I
fc=l

0 ( n v),

v > Q := 1 +
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P r o o f . Let n be fixed and let zn G [—1,1] satisfy
П

А„ = $ > Ы | .
k=l

Put

(12) ß = \ ,

(13) 7,-= 2ß - ( ^ j  + ß,  г = 0 ,1 ,. . .  m. 

Choose m so that

(14) 7n > 2/3 — 2(1/ -  £>).

From Гп < 2/zn by the Cauchy’s inequahty we get

I _r i_ 1
|(a: -  a;fc)/fc(x)| - 0 ( ^ n 2).

/c=l

Now we write
A'o := {k : \xk -  zn| 5; n-70};

A; := {k : n_7,_l > — zn\ > n _7‘, 1 — xk > 2n-2^}, г = 1, 2, . . .  , m;

A'm+i := {k  : n_7m > \xk -  zn|, 1 -  > 2n~2ß}-

K m + 2  := {fc : 1 -  x \  < 2n_2/3}.
Then

cr0 := ^  |4 (^n)| ^ и70 ^  |(-г„ -  x k)lk(zn)\ = 0 (n7o+^(1+Ä)) = 0 (nc). 
k£Ko k£Ko

Write

d, := min j |z n | +  n -7’, (1 — 2п -2^)г | , г =  0, 1, . . .  , m.

Then by Lemma 2 for each i, 1 < i ^  m

a, := |/fc(^n)| ^ К2" "  **)**(*") I ^
fceA'i fceA7

< n7l{ ^  l } 2{ 5 ^  (2n -  Zfc)2/fc(*n) } 2 =
fceA'i fceA',
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=  n* { о ^ 1- 7* - ^  -  d U ) - * } h 0 { ú )  = n ^ { 0 (« 1_7i- l+/?)}* 0 (/4 ) =

= 0 (n7,+^(1_7'_1+^+5)) -  0 ( n e).

Similarly (using Corollary 1 and (14))

* . « : =  E  l'*C v)IS {M {A m+1} p {  E  W ^ ) 2} '  =
k£Km-\-l k£Km -\-1

= 0 (п И 1~7т))(1 -  ^ ) - т О ( п Н ^ )  =  O f n r í l7"-^ -*)) =

= О(п*+(*'-«-0>+*(/}+«)) =  0{nv).

^ + 2 - =  E  M ^ ) i s { M { A 'm+2}}^( E  w * . ) 2} t =
кбКт+2 fc€Äm+2

=  0 ( n ^ 1_^ ) 0 ( n i + H ) =  O(«ff+j(*-0)) = 0 ( n e).

Thus
m + 2

A„ =  £  (Т,- = 0 (n").
i = 0

Corollary 3. ///*„ = 0 (1 ) , then An = 0(n") with arbitrary v > 1.

3. P r o o f  o f th e  th e o re m s

3.1. P r o o f  o f  T h e o r e m  1. Denote a — p + 9. By Timan’s theorem 
(see [6, Chap. 5, Sec. 4, Theorem 6]) there exists a polynomial Pn of degree 
< n — 1 such that

\ f ( x ) ~  Pn( x ) \ < C A n(x)a,

if / ( p) € Lip в. For simplicity suppose without loss of generality that 0  = 1. 
Thus

\Ln( f , x ) - f ( x ) \  < \Ln( f , x ) - L n(Pn ,x)\+\Ln(Pn , x ) - P n(x)\+\Pn(x ) - f ( x ) \  = 

= ILn( f  -  Pn, x )I + |P„(x) -  f ( x )I =  ILn( f  -  Pn, x )I + o(l)

and

ILn( f  -  Pn, x ) I = |^ [ / ( a ; fc) -  P„(a;fc)]/jfc(x)| < ^  A „(zfc)a k(x)\.
k= 1 k= 1
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Let zn G [—1,1] satisfy

П П
£ д п ( а * ) ‘% ( * 1 ) |  =  | | 2  A n ( * fc) e | i * ( x ) | |  .
fc=i Jt=i

Since it is easy to check that a* < 1 +  <̂5 =  g, we can take ao so that 
a  > an > o* and ^  > 1. Now put with the above g and 6

(15) ß = —  - 1 ,
ao

(16)

(17) 7. =
(47o -  2/3) -  (f)*’ (37o -  2/3), 7,-a < 2/3 

27o -  ( I ) ’ 7o, 7.-1 ^ 2/3

Choose m  so that

(18) 7m > max{27o -  2(a  -  a 0), 2/3). 

This is possible, because we can show that

(19) 7o > ß 

from which it follows that

( 20) 7.-1 < 7.', * = 1, 2, . . .  ,m

and 7m —> 27o as m —» oo.
In order to prove (19) we note that a* satisfies the equality 

(21)

In fact, if <5 < ! then by a simple calculation

and

a* - 1  + Ó + V17 + 6Ó + Ő2 
4
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i.e., — 1 > which means that a* satisfies (21). Similarly, if <5 >
then a* satisfies (21), too. By (21)

1 1 c ^ » 1 ^ 1 в \  .
,0 2 2 2 2 la*  6a* /

> m4 1  ■ *’ 6 ^ } =mM{A i ( 1 + i  ß-
Using (15)—(18) we write

So := Ь п Ы аЫ гп ) \  = O (n -a)a0 =
кек0

= 0 (n7o_a+^ 1+Ä)) = o(n7o_ao+^ 1+^ )  = o(l).

Denote
c,' := max{0, \zn\ — n 7'} , г = 0, 1, . . . ,  to.

First we prove the inequality

1 -  Izn I +  n_7‘ 1 -  (1 -  2n _2/3)2 + 2n-7' .
----- 1— j ------- ^ ------» * = 0, 1, . . . , to,

1 dj 1 — (1 — 2 n -2^)2

where d, := min{|zn| +  те-7’, (1 — 2n ~2/3)2 }, i — 0, 1, . . .  , to, as above.
If \zn \ +  n -7' < (1 — 2n_2/3)? , then di = \z„\ + n -7 ' and hence

1 -  \zn \ + n~7- _  1 — (\zn\ + n~71) +  2n~7' 1 — (1 — 2n~2̂ )? + 2n~7‘
1 ~ d i  1 -  (\zn\ + n - ^ )  = 1 — (1 — 2n - 2P)$

If \zn \ + та-7* > (1 — 2тг_2/3)^, then d,- = (1 -  2n~2/3)5 and hence

1 -  \zn \ +  n~7- _  1 -  (|-zn| + n - 7-) +  2n~7' < 1 -  (1 -  2n~2̂  + 2n~7t 
I — di 1 — (1 -  2n -2^)^ 1 — (1 -  2ra-2^)^

Then we obtain

1 -  c? ^  n l - C i  ^  n l -  \z„\ +  гг“ 7- ^  0 1 -  (1  -  2n~2/3)* +  2n-7 ' 
l - d , 2  =  1  -  d i  =  1 - d i

=  2 +
4те r'

T ^ 2  +
4n_7‘

1 -  (1 -  2n-W )* ~ 1 -  (1 -  n-W )

0 (n 2/3_7*), 7,' < 2/3

1 — (1 -  2n-2^)2

2 + 4n2/3_7\

Hence
1 -  c,? _  Í
1 - d 2 \ 0 ( 1),
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Thus for each г, 1 < i ^  m, with 7,_i < 2/3

Sn= =
r ( l  -  C ? _ j ) 2

0 (n 7<-a+5'(1-7<- 1+5))

n

2 Л$

Ь =

= OCn7' “0'4- ^ 1- 7'

(1 -<*?-!)*

-i+g))^ 1 ~ CJ-1  j  4 _  0 ( n7.-i7.-l-a+|(l+/3+i)) _

=  o ( n 7‘“ b - i - a o  +  ̂ i + ^ + i ) )  _  o ( n 7 , - H - l - T 0  + |/3) _  (,(!)_  

On the other hand, for each г, 1 ^  г ^ m, with 7,_1 > 2/3

5,- =  0 ( n 7 , - "+ ^ 1 -7 '-l+ tf)) =  0 ( n7 , - a o + |( l -7 . - i+ 5 ) )  _

=  o ( n 7 * - 5 7 - l - 7 0 )  _  o ( l ) .

Also we obtain by Corollary 2 that

• W : =  £  A n(xkr \ l k(zn)\ = 0 {  [ (1 ~ C™}T }<rm+1 =
кект + 1 n

= 0 (n ~ a){ 1 -  4 ) f  0 ( n ^ 1- 7m))(l -  d2m) - 1W ( n ^ <T+s'>) =

= 0 ( п ^ 1+17+*~7т)~а ) ^  ~ C>")2 _  0 (n^(1+<r+i-7m)_a ') =
(1 -<& )*

=  o ( 7 l“ - « 0 - 7 0  +  | ( l + < T + i ) - « )  =  o ( n 2 ^ - 2 7 0 )  _  ф ) .

Finally, taking =  p + (a — ao) we have

5m+2:= £  A n(xkr \ l k(zn)\ = 0 ( n - a^ ) c r m+2 =
кект+2

= 0{nv~<1̂ )  = o(nc- a°(1+^)) = o(l).
Therefore

n  m + 2

= E 5* = °(i)
fc=l x=0

and (3) is true.
3.2. P r o o f  o f  T h e o r e m  2. Putting 6 = 0 by Theorem 1 one obtains

that a* = .4

3.3. P r o o f  o f  T h e o r e m  3. <5 <  ^ implies (by Theorem 1) that a * <  1. 
The rest of the proof is trivial.
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4. R e m a rk

The question if Theorems 1, 2 and 3 could be improved is still open. 
Acknowledgement. The author is very grateful to the referee for his 

valuable comments and suggestions.
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THE LOCAL BEHAVIOUR 
OF SOME ADDITIVE FUNCTIONS

G. STEPANAUSKAS1 (Vilnius)

1. In tro d u c tio n
Let /  be an additive integer-valued arithmetic function; A / ( N); В :=

= f ( P ) ,  where P  is the set of primes. Throughout the paper we assume that 
p is a prime number, c\, C2, . . .  are positive constants. Furthermore we shall 
denote by Nx(a) =  N x(a, / )  the number of all natural numbers n ^ x for 
which f ( n )  = a (a £ A).  We shall also use the classical notation?

= ^ ( те) = Х 11’ П(п) = 2 *>
P = ^  p\n  p fc||n

Г will mean the gamma-function.
In the present paper we shall investigate the limiting behaviour of Nx(a, / )  

for some additive functions / .
The first result in this direction was obtained by J. Hadamard [3] and C. 

J. de la Vallée-Poussin [2] as the law of prime numbers. Later many authors 
were interested in the asymptotic behaviour of Nx(a) for the functions и  and 
ft. Already in 1900, E. Landau [8] got an answer for fixed a. In 1953-54
L. G. Sathe [11]—[14] and A. Selberg [15] investigated Nx(a) for the above 
mentioned functions whenever 1 ^  a < c\ log log x, where the positive con­
stant Ci depends only on the function investigated. They proved

N x(a) ~ g(r)
x(loglogx)“ 1 
log x(a — 1)!

Here r — a(loglogx) , and g(r) equals

or

г^ п О -гГ О -^ )
for ft or u), respectively.

lThis work was done while the author visited the Eötvös Loránd University, Budapest.
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Presently the asymptotic behaviour of Nx(a, Í2) is known for all possible 
values of a, i.e. for a < log ж /log 2 [1], [9]. (It is obvious that N x(a,Cl) = 0 
when a > log ж/ log 2.)

It was more difficult to consider the behaviour of Nx(a,uj) when a was 
large enough with respect to ж. In spite of these difficulties an answer was 
given for a very wide range of a [4], [5], [6], [10].

Generalizing these results for wider sets of functions, several authors [7],
[17], [18], [19] used probabilistic methods. The application of these methods 
limited the range of a to log logx(l + o(l)) for the functions ÍÍ, or w, or 
similar ones. Even the law of prime numbers was not included here.

In this paper we shall expand these bounds of a for some special cases 
of additive functions.

a £ B

with some positive constants о  and v the values of which will be given later; 
(B) there exist positive constants 03, 04, 05, 6 such that 0 < 6 < 1/3 and

2. R esults
Let /  satisfy the following conditions:
(A) there exist non-negative constants Aa and functions ea(x) (a 6 В )

such that Aq < 1,

and
па|еа(ж)| < c2

Let us put

a £ B

(In the case of z^Pk) = 0° we shall assume 0° = 1.) Further let us expand 
the function «(log x)K into powers of z and denote by x(o) the coefficient of 
z a in this expansion, i.e.

/i(logx)K = ^ 2 x ( a ) z a.
a

Finally let r =  x ( a ~ l ) /x ( a )-
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T h e o r e m  1. If  f  is a non-negative function, Ao +  Ai = 1 and there 
exists a positive constant C such that conditions (A), (B) are satisfied with 
v =  C and some a  > 7 + 4сз -f 2к(С), then

(1) N‘ (a) =  + 0 ( ( b g E g x p ) )

uniformly for all x ^ 4 and 1 < a < CAxloglogx. Here

(2) *(«) = * № , , ) * ( ,  +

if  a > 1, and x(0) = Ao(loga:)Ao.

In the next theorem /  may assume negative values.

T h e o r e m  2. I f  Ao + Ai =  1 and there exist positive constants c and C 
such that the conditions (A), (B) are satisfied with v — c, v — C and some 
a  > 7 +  4сз +  2к(С), then the relation (1) holds uniformly for all x > 4 and 
cAilogloga; a £ CAiloglogz with the same x(a) as in (2).

T h e o r e m  3 . Let f  be a non-negative function, Ao +  A i <  1, Ai >  0 , and 
let there exist a positive constant c such that condition (A) is satisfied with 
v — c and some a  > 7 + 4сз +  2к(с). Then for every fixed a > 1

NAa) = j^WxWO + 'Kb^))
uniformly for all x ^ 4 .

Here we can take the same x (a) as (2).
Before formulating the last theorem let us assume that the greatest com­

mon divisor of the set {к | А& > 0} is equal to 1, and put

, . f min{fc I к > 0, Afc > 0} if r > 1,S ~~ SÍT*) — <
\  min{fc I g.c.d.(lsgn A i,. . .  , fcsgn A )̂ = 1} if r < 1.

T h e o r e m  4. Let f  be a non-negative function. Assume that there exists 
a positive constant C such that k(C) is finite and conditions (A), (B) are 
satisfied with v = C and some a  > 7 +  4сз -f 2/c(C). Then there exists a 
positive constant e such that, uniformly for all x > 4 and a from the range 
0 < r ^  C , we have

N*(a) = ^ с (0 ( х И +

+ 0 ( r 2-a - 3ä/2K(r)(log2:)K(r)(]oglog ж)-3/2 + r -a-s/2(log
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3. P roo fs

The proofs of all these theorems are based on the following lemma of 
R. Skrabuténas [16] on the mean-values of multiplicative functions.

Lemma. Let g be a multiplicative function. If there exist к, |к| ^ cq, 
a  > 0, 0 < 6 < 1/3 such that

E * ( p ) - "  =  C7 +  o ( i / ( i 0g * n ,z '  pp<x

then

V  ^  c8 log log x, \g(p)\ < c9ps/2,'  T) 
p = x

2 ^  pfc(i-i) 
p ,k > 2 F

=  Cio,

S  T(K -  k){\ogx)k+l ~K + 0 ( ( lo g x ) JnSi fc=0
uniformly for all x >4. Here

(3) 77 = min-{T +  l,f+2-ReK ,f-C8+(f+l)<5/(<$-f 1)}, I < ( a - 3 ) / 2 - c 8,

i/ie functions ßk(к) do not depend on x and they are bounded,

«*)= пИ Г Е ^-/с=0

Remark. In [16], this lemma is stated with the weaker value

77 =  min{f + \ , l  +  2 -  Re к, —c8 + (f + l)0/(<5 +  !)}•

It can be seen from the proof that I can be added to the last term.
Assuming a > 7 -f 4c8 -f 2c6 and taking t  = 2 + [c6 +  c8] ([u] means the 

integral part of the number и ) from the expression of p and the estimate of 
i  in (3) we can get easily th a t

№  X > >  -  r w c b g X ) . -  + " ( x d o g x ) - — ■)

with some positive constant сц  less than l  — 1 — се — c8.
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P r o o f  o f  T h e o r e m  4 .  Let z be a complex number such that \z\ < r. 
Put g — z f . Condition (A) allows us to represent the mean value of the 
function g on the primes in the form

]> > (? )  = 1 3  1 =
p^x a£B P=x

f{p)=a

= 5 3  za( \ a + ea( x ) / (logx)a)n(x) = k -k ( x ) + O (x/(logx)a+1), 
aeB

where к = k(z ). Applying partial summation it is not difficult to obtain

(5) = d + ° ( l/( l°g * )e )>
P=x

where the constant d equals

Hence the conditions of the lemma are satisfied. Using the theorem of 
residues we obtain

7r П = Ж

where 7r is the circle with radius r and centre at the origin. Now from (4) 
we have Nx(a) =  /  + I\ ,  where

I  — ö—г ----  / G(z)K(\ogx)K—3r2ттг log x J v '  v 6 '  za+1
7r

and

(6) h  < r a(log x) 1+Cll

7Г

J exp{Re к(ге‘^) log log x}d<p.

First we shall calculate the integral I. Conditions (A), (B) guarantee 
the analyticity of G(z) in the circle \z\ < r < C. More precisely we have

( 7) П И Г Ё
P y  k= 0

g(pk)
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= n ( > - D ' E f 4 E ( « 4 - i ) + k « ß : T ) ) } 'p i p  0 ^  fc=0 ^ Р>Ро к = О

where ро is a sufficiently large but fixed prime number such that

I g(pk^  1E
k=l э к  ^  2  ( P  >  P o ) ‘

From conditions (A), (B) and the relation (5) it follows that the exponent 
in (7) equals

E iisbJi + o(i) = o(i)
P>PO

Hence

( 8)

where

G(z) = G(r) + (z -  r)G'(r) + (z -  г)2Ф(г, r),

1
Ф(г, r) = j (1 -  u)G"(r  + u(z — r))du

is an analytic function in the above-mentioned circle, and therefore it is 
bounded. From (7) it follows also that there exist two positive constants C12, 
c13 such th a t ci2 £ G(r) £ ci3. So we can write

(9) I  = G ( r )

log x V 2 id
') Í  dz G'ir) f  . dz
I J  < l o & x ) +̂r + -̂ T J  K(loga:) (2-r)̂ r+

7r 7r

+ é i  J « ' ° S * n * - r ) 4 ( z , r ) ^  = i - | _ ( / 0 +  / 2 + /3).
7r

Now applying again the theorem of residues we obtain

I0 = G(r)x(a)

and
h  = G'(r)(x(a -  1) -  rx(a)) = 0.

Further since e,v — 1 =  0(|</?|) we have that
7Г

/ 3 <C r2~an{r) I  ехр|У~] Xkrk cos(fcy)loglogx^cp2dip.
J l
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From the condition g.c.d. {k | A*, > 0} = 1 it follows the existence of a 
positive constant C14 such that

^ \ krk(l  -  cos(kip)) > c14r V 2,
к

when 0 < <p <! 7Г. It is not difficult to see now that
7Г

h  <C r2-a /c(r)(log J  exp{-ci4rs<p2 \og\ogx}<p2d<p -C

<  r2—а—3s/2 /i(r)(loga;)K̂r̂ (loglogx) 3/2.
I \  can be estimated easily in a similar way,

I i  <  x(logx)'c*r)-1 ~Cllr_a_S/,2(logloga;)-1/2.

P roof of T heorem 1. Note that in this case

xW = + A0!e*h*£)(a — ÍJ! \ a /

if a > 1, and x(0) =  Ao(logx)A°. Also k(z) = Aq + Aiz, 5 = 1, and

r  -
Aj log log x ( Aq log log x +  a )

for a > 1 — A0.
Hence, in case a > 1 -  Ao, using Stirling’s formula, we get easily that the 

first summand of the remainder term in Theorem 1 can be estimated in the 
following way:

г2-а - з /2^до _|_ A1r)(loga;)Ao+Air (l0gl0ga:)~3/2 ax(a)(loglogx)~2.

The second summand of the remainder term is evidently less than the first 
one.

In case Ao = 0 and a = 1 it is enough to repeat the proof of Theorem 4 
using the expansion

( 10)

with

G(z) = G( 0) + гФ(г)

l
Ф(г) = J  G'(uz)du
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instead  of (8). (9) takes on the form

1 = x
log X

X

log X (G(0) + /4).

Let us take r =  (log log ж) 2. Then

( И ) u  <

7Г

J (b g  x ) rrd<p <C (loglog x) 2 
о

I \  can be estimated as in Theorem 4.
P r o o f  o f  T h e o r e m  2 is even simpler than that of Theorem 1. When /  

takes both positive and negative values then conditions (A), (B) guarantee 
th e  analyticity of G(z) in the annulus c<\z\<C  only. In this case we can use 
th e  formula (8) as well but perhaps with another function Ф(г, r). Since the 
range of values of r  is more restricted, all previously obtained estimates hold.

P r o o f  o f  T h e o r e m  3. It is not difficult to see that all the conditions 
of Theorem 4 are valid. Furthermore in this case we have

*<“> -  л а к *  + л0» )  (1 + 0  ( i 5 i _ ) )
( a  -  1 )

if a  > 1, and x(0) =  Ao(logx)A°; also

AiloglogarO A0 logloga; + a )  0  ^ ( lo g lo g x ) )

Further we can continue the proof by using the same ideas as were used 
in  the proof of Theorem 1. Since instead of the exact value of x(a) we use 
x (a )  from (2), th e  rate of convergence of the remainder term is a little worse 
th an  the one in Theorem 1.

4. R em ark s

Here at first we shall give a result for the case a = 0.
1. Let f  be a non-negative function, Xi > 0, and let there exist a positive 

constant c such that condition (A) is satisfied with v — c and some a > 
>  7 + 4сз + 2к(с). Then there exists a positive constants such that, uniformly 
f o r  all x A, we have

(12) N x(0) = 2 (log x)a°- 1G(0)(Ao +  0 (( lo g x )-£)).

P roof. The proof is analogous to the proofs of Theorems 1-4. Using the 
expansion (10) for the function G(z) and choosing r = (logx)_Cu, from (6)
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and the first part of (11) we obtain that I\  <C x(logx)A° 1 Cu and /4 <C r. 
From these estimates we deduce easily the validity of (12).

2. Because we are not able to estimate the asymptotic behaviour of the 
value x (a) in Theorem 4, the remainder term in this theorem is complicated.
If we knew the asymptotic behaviour of the coefficient x(a) >n cases different 
from the ones in Theorems 1, 2 and 3, and maybe for a wider set of values 
of a, we could formulate similar theorems in those cases as well.
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THE CURVATURE OF SUBMANIFOLDS 
OF AN 5-SPACE FORM

J. L. CABRERIZO, L. M. FERNÁNDEZ and M. FERNÁNDEZ (Sevilla)1

0. In tro d u c tio n

Many authors have studied the geometry of submanifolds of Kaehlerian 
and Sasakian manifolds. On the other hand, David E. Blair has initiated 
the study of 5-manifolds, which reduce, in particular cases, to Sasakian 
manifolds [1].

I. Mihai [7] and Ornea [8] have studied CR-submanifolds of 5-manifolds. 
The purpose of the present paper is to investigate some properties of invariant 
and anti-invariant submanifolds of an 5-manifold whose invariant /-sectional 
curvature is constant, that is, of an 5-space form. Specifically, those ones 
related with the curvature tensor fields and with the scalar curvature on the 
submanifold.

In Section 1 we review basic formulas for submanifolds in Riemannian 
manifolds and, in Section 2, for 5-manifolds. In Sections 3 and 4 we study 
anti-invariant and invariant submanifolds, respectively, of an 5-space form. 
Finally, in the last section we give some examples.

1. P re lim in a rie s

Let N n be a Riemannian manifold of dimension n and M m an то- 
dimensional submanifold of N n. Let g be the metric tensor field on N n 
as well as the induced metric on M m. We denote by V the covariant differ­
entiation in N n and by V the covariant differentiation in M m determined 
by the induced metric. Let T(N)  (resp. T(M )) be the Lie algebra of vector 
fields in N n (resp. in M m) and T ( M ) 1- the set of all vector fields normal to

The Gauss-Weingarten formulas are given by 

(1.1) V * y  = V x Y  + a (X ,Y ) ,  V x V  -  - A y X  +  DX V,

The authors are partially supported by the project PAICYT (Spain) 1991.l
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X ,  Y  € T(M ), V  £ T ( M ) L, where D is the connection in the normal bun­
dle, a is the second fundamental form of M m and Ay  is the Weingarten 
endomorphism associated with V .  or and A y  are related by g(AyX, Y) = 
= g (c ( X ,Y ) ,V ) .  _

We denote by R  and R the curvature tensor fields associated with V and 
V, respectively. The Gauss equation is given by

( 1.2) R(X,  Y, Z , W )  = R(X,  Y, Z, W ) + g(a(X,  Z ), ct(Y, W ) ) -
- g ( a ( X , W ) , a ( Y , Z )), X , Y , Z , W  € T(M).

Finally, the submanifold M m is said to be totally geodesic in N n if its sec­
ond fundamental form is identically zero and it is said to be minimal if Я = 0, 
where Я  is the mean curvature vector, defined by Я  = (l/m)trace(<r).

2. S- m anifo lds

Let (N 2n+S, g ) be a (2n +  s)-dimensional Riemannian manifold. N 2n+S 
is said to be an 5-manifold if there exist on N 2n+a an /-structure /  ([9]) of 
rank 2те, s global vector fields £ i , . . .  ,£* (structure vector fields) and their 
dual 1-forms r/1, . . .  , r)s such th a t ([1])

(2.1) (i) / ( „  =  0; i ) „ o /  =  0; f 2 = - I  + ® ga ,
a

g{X,Y)  = g { f X , f Y )  + *{ Xi Y) ,

for any X , Y  e T ( N) ,  a = 1 , . . .  ,s ,  where Ф(Х,У) = Y,a Vo,(X)r)a(Y).
(ii) The /-structure /  is normal, that is

[ / , / ]  +  2 0  dr]a =  0,
a

where [/, /]  is the Nijenhuis torsion of / .
(iii) 771 A . . .  A rjs Л (dr)a)n ф 0 and drji = . . .  = drjs = F , for any a, where 

F  is the fundamental 2-form defined by F ( X , Y )  = g ( X , f Y ) ,  X , Y  £ T( N) .
In the case s =  1, an 5-manifold is a Sasakian manifold. For s 2, 

examples of 5-manifolds are given in [1], [2], [3] and [5].
For the Riemannian connection V of g on an 5-manifold jY2n+s, the 

following were also proved in [1]:

(2.2) V x t a  = - f X ,  X  £ T(N) ,  a = 1 , . . .  ,s ,

(2.3) ( Vx f ) Y  = 5 3 [ g ( f X , f Y ) b  + r,a( Y ) f 2X ], X , Y  e T(N).
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Let C denote the distribution determined by — / 2 and M  the complementary 
distribution. M.  is determined by / 2+ /  and spanned by £1, . . .  , £s. If X  E C, 
then T}a(X)  = 0 for any a and if X  E M ,  then f X  = 0.

A plane section ж is called an invariant /-section if it is determined by 
a vector X  E C(p), p E N 2n+s, such that { X , f X }  is an orthonormal pair 
spanning the section. The sectional curvature A (X , f X ) ,  denoted by H( X) ,  
is called an invariant /-sectional curvature. If N 2n+S is an 5-manifold whose 
invariant /-sectional curvature is constant k, then its curvature tensor has 
the form ([6])

(2.4) R ( X , Y, Z, W)  =  £ > ( / * ,  f W ) Va( Y ) w ( Z ) -
a,ß

- 9 ( f X , f Z ) Va(Y)r,ß(W)  + g(fY,  f  Z)rla(X)rjß(W)—
- 9 ( f Y ,  fW)r]a(X)rjß(Z)} + (l/4)(*  + 3s){fir(A, W) g( f Y,  f Z ) ~

- g ( X,  Z ) g ( f Y , f W )  + g( fY,  } W) * ( X ,  Z) -  g( fY,  fZ)<t>(X, W)}+ 
+ (1 /4 )(k -  s){F(A , W)F(Y,  Z ) -  F(X,  Z)F(Y, W ) -  

- 2 F( X , Y ) F( Z , W) } ,  X , Y , Z , W  E T( N)
Then, the 5-manifold will be denoted by N 2n+S(k) and it is said to be 

an 5-space form.
Finally, let M m be an m-dimensional submanifold immersed in N 2n+S. 

We denote by Cm  the set of all vector fields in C which are tangent to M m. 
M m is said to be invariant if all of £a (a = 1, . . .  ,s)  are always tangent 
to M TO and f X  G T( M) ,  for any X  E T(M).  It is easy to show that an 
invariant submanifold of an 5-manifold is an 5-manifold too and so, m — 
=  2p +  s. On the other hand, M m is said to be an anti-invariant submanifold 
if f X  G T(M )X, for any X  E T(M) .

3. A n ti- in v a r ia n t subm an ifo ld s o f  N2n+3(k) ta n g e n t 
to  th e  s t ru c tu re  v e c to r  fields

In this section, let M m+S be an anti-invariant submanifold of N 2n+S(k), 
tangent to the structure vector fields. Since f T x( M ) Q TX(M )X at each 
point x G M m+a, we have the decomposition of Tx(M)1- into the direct sum

TX( M) L = f T x{M) ® иx (M ),

where vx(M)  is the orthogonal complement of f T x( M ) in the normal space 
TX( M) L. We note that f v x( M ) Q vx(M).  For any vector field V  G T ( M) X, 
we write

(3.1) f V  = tV + nV,
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where tV  (resp. n V ) is the tangential component (resp. normal component) 
of f V .  Then, t is a tangent-bundle valued 1-form on the normal bundle and 
n is an endomorphism of the normal bundle. Moreover, if n does not vanish, 
it is an /-structure. We say that n is parallel if B n  =  0, where

(.Dx n)V  = D x nV -  nDx V , X € T( M) ,  V  G T (M )X.

From (1.1) and (2.2) it is easy to show that

(3.2) (Dx n)V = —a ( X , t V)  -  f  A VX.

For later use, we prove
Lemma 3.1. Let M m+S be an anti-invariant submanifold of an S-mani- 

fold N 2n+S, tangent to the structure vector fields. Then
(i) A f X Y  = A f Y X ,  for any X , Y  G CM-

(ii) I f  Dn  = 0, then Au  = 0, for any U G n(M).
P roof. From (1.1) and (2.3), we have 

A f X Y  = - V Y f X  + B Y f X  = - 2 2 g ( f X , f Y ) ( a- f V Y X- f <r ( X, Y)  + Dy f X
at

if X,  Y  G Cm , so that, since a and g are symmetric, (i) holds.
On the other hand, if X  G T (M ) and U G n(M),  from (3.2), we have 

0 = (V x n)U = —f A u X , and then, 0 = f 2А ц Х  =  — А ц Х .  So, (ii) holds. 
We choose a local field of an orthonormal frame on N 2n+S(k )

{ , E m, г = / Ei , ,  E2m — f  E m, E2m+i, • • • , Е 2 П,
E2n+1 — • • • ? fyn+s -  ís}

such tha t E \ , . . .  ,jFm,£ i , . . .  ,£s are tangent to M m+S. Unless otherwise 
stated, we use the conventions tha t the ranges of indices are, respectively:

i, j  — 1, . . .  , m ,2 n  + 1, . . .  , 2n + s; 
y , z -  1, . . .  , m; 
a, b = m  + 1, . . .  , 2n.

Now we denote crt“ = g(a(Ei, Efi), Ea) and consider the symmetric 
(m X m)-matrices Ha = (ст“г). Form (1.1) and (2.2), we have

(3.3) * ( X , b )  = - f X ,

for any X  G T(M ), a  = 1, . . .  , s. Then, if m > 0, M m+S can not be totally 
geodesic. However, we can prove
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P r o p o s i t i o n  3.2. Let M m+a be an anti-invariant submanifold of an S- 
space form N 2 n+S(k), tangent to the structure vector fields. If Dn  =  0 and 
if НаНъ — НьНа, for any a, b, then M m+S is flat if and only if к — — 35.

P r o o f . First, since M m+S is anti-invariant , from (1.1) and (2.2), we 
have V x fa  = 0 , l G  T(M ), a £ { 1 ,.. .  , s}. Then

(3.4) R (X ,Y ,£ a,Z )  = 0 = R(X ,Y ,Z ,£a),

X , Y , Z  £ T(M), a £ { 1 ,... ,s}. On the other hand, if X , Y , Z , W  £ Cm , 
from the Gauss equation (1.2), Lemma 3.1 and the hypothesis, we have 
R(X, Y, Z, W) = R(X,  Y, Z , W). Then, from (2.4):

(3.5) R ( X , Y , Z , W ) = (l/4)(k + 3s)(g(X,W)g(Y,Z)  -  g (X ,Z)g(Y ,W)) .  

Now, (3.4) and (3.5) complete the proof.
If M m+S is minimal, a straightforward computation, using the Gauss 

equation (1.2), (2.4) and (3.3), shows that

p = (l/4)m (m  — 1)(A: + 3s),

where p is the scalar curvature of M m+S. On the other hand, we have

P r o p o s i t i o n  3.3. Let M m+S be an anti-invariant submanifold of an S-  
space form N 2 n+S(k), tangent to the structure vector fields. If Dn = 0 and 
if НаНь =  НьНа, for any a,b, then

p = (1/4 )m(m — l)(fc + 3s).

P r o o f . By using the hypothesis, we get (3.5). Then

R ( E y, X , Y ,E y) = ( l/4)(* + 3s)(g(X, Y) -  g(X, Ey)g(Y, £?„)),

for any X ,  Y  £ Cm - So, by using (3.4), if S  is the Ricci tensor field of M m+S, 
we have

S { X ,Y )  = (1/4)(m -  1 )(k + 3s)g(X,Y)  

and the result follows from (3.4) again.

4. In v a ria n t sub m an ifo ld s  o f N2n+S(k)

In this section let M 2m+S be an invariant submanifold of an 5-space form 
N 2 n+°(k). Then, since g ( X J V )  = - g ( f X , V ) ,  X  £ T(M ) ,  V  £ T (M )X, we 
have t =  0. Now, from (1.1), (2.2) and (2.3), we have
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L e mma  4 . 1 .  Let M 2m+S be an invariant submanifold of an S-manifold 
N 2 n+s. Then, fo r  any X,  Y  G T(M ),  a € {1 ,  • • • , s )

( 4 . 1 )  <r(X,Za) = 0 

and

( 4 . 2 )  a{X, f Y ) =  f a (X ,  Y ) = a ( f X ,  Y).

P roposition 4.2. Let M 2m+S be an invariant submanifold of an S-  
space form N 2 n+a{k). I f  H  denotes the invariant f  -sectional curvature of  
M 2m+S, the n H  ^ к and equality holds if and only if M 2m+S is totally 
geodesic.

P roof. By using the Gauss equations (1.2) and (4.2), we easily prove

( 4 .3 )  R ( X , f X , f X , X )  = к -  2 | | a ( X , X ) | | 2,

for any X  G Cm - Then, the first assertion is immediate from (4.3). Now 
if M 2m+S is totally geodesic, o ( X ,X )  = 0, for any X € Cm  and H = k. 
Conversely, if H  = k, then a ( X , X )  = 0, for any unit vector field X  6 Cm - 
Now, since о is symmetric, the proof is complete.

We choose a local field of orthonormal frames ,E m,Em+\ =
=  f E i , . . .  , E 2m = f E m, E 2 m+i,--- ,E 2 n, £ i , . . .  ,6 }  on N 2 n+S(k), such that 
E i , . . .  , E2 m, £ i , . . .  , f s belong to M 2m+S. Unless otherwise stated, we use 
the conventions that the ranges of indices are:

i = 1 , . . .  , 2m; u, v =  1 ,. . .  , m;
A = 2m +  1 , . . .  ,2n; a, ß  =  1 ,... , s,

respectively.
P roposition 4.3. Any invariant submanifold M 2m+S of an S-manifold 

is minimal.
P roof. By using (4.1) and (4.2), we have

(2m +  s)H -  ^ 2  Ei) = У^,(а (Еи, Eu) + <r(fEu, f E u)) =
t ti

= + / 2ст(£ «’E«)) = 0 
U

and the submanifold is minimal.
Now, let S  be the Ricci tensor field of M 2m+S. From the Gauss equation

(1.2), (2.3) and Lemma 4.1, a straightforward computation gives:

S  — ( 1 / 2 )(m(k +  3 s )  + к -  s)(g — Ф) — 2 m r]a ® qß
a,0
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is a negative semi-definite symmetric tensor. Moreover, if p is the scalar 
curvature of M 2m+S, then

(4.4) p =  m 2(k 4- 3s) +  m(k  + s) -  ||<t ||2.

On the other hand, from Proposition 4.2, H (X )  < k, for any unit vector 
field X  €  C m - N ow , we can prove

T heorem 4.4. Let M 2m+S be an invariant submanifold of an S-space 
form N 2 n+S(k). Then M 2m+S is totally geodesic if and only if one of the 
following assertions is satisfied:

(4.5) min{A:, (l/4)(ife + 3s)} < K ( X ,  Y) <: max{ifc, (l/4)(Jb + 3s)},

where К  denotes the sectional curvature on M 2m+S, X , Y  £ Cm  are or­
thonormal vector fields and m > 2.

(4.6) H (X)  = к , 

where X  £ Cm  is a unit vector field.

(4.7) S  =  (l/2)(m(Ar + 3s) + к -  s)(g -Ф )  + 2 т ^ 7 / а ® gp.
aß

(4.8) p — m 2(k -f 3s) +  m(k + s).

P r o o f . The restriction m  ^ 2 for (4.5) is natural, because if m  =  1, 
then H = К . Now, suppose к > s. Thus, (4.5) is

(l/4)(A  + 3s) < K ( X , Y )  < k.

If g ( X , f Y )  =  0, by using (2.4), the Gauss equation (1.2) and (4.2), we 
get

K ( X ,  Y)  + K ( X ,  f Y )  = (1 /2 ){k + 3s) -  2||cr(X, У)||2.
Since (l/4)(fc + 3s) ^ m in{K (X ,Y ) ,  K ( X , f Y ) } ,  we obtain o ( X , Y )  = 0 

and from (4.2) again, a ( X , f Y )  = 0. Then, using the above frame field,*we 
have о(Eu, Ev) =  0 = cr(Eu, f E v), for any u, v. Moreover, if we put

X  = (1 /V2)(EU + Ev), Y  = (l /V2)(Eu -  E v),

then 0 = a(X, Y )  = (1 /2 )(a(Eu, Eu) -  c {Ev, Ev)).
Now, putting X  = (1 /V2)(EU + fE„), Y  = (l /y/2(Eu -  f E v), we have 

0 = (1/2)(cr(Eu, Eu) + cr(Ev, E v)) and so, cr(Eu,Eu) = 0, for any u. From
(4.2), a ( f E u, f E u) = 0 too. Thus, taking account of (4.1), we get о = 0 and 
M 2p+S is totally geodesic.
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Conversely, if the submanifold is totally geodesic, by using the Gauss 
equation (1.2) and (2.4), we obtain

K ( X , Y )  = (1 /4 )(k + 3s) + (3/4)(Ar -  s ) g ( X J Y ) 2,

for any X  and Y  verifying the hypothesis. Thus, K ( X , Y )  ^  (1/4)(k + 3s). 
From Cauchy-Schwarz’s inequality

9 ( X J Y ) 2  < g ( X , X ) g ( f Y , f Y )  = 1

and so, K ( X , Y ) < k.
For к ^  s, the proof is analogous.
Next, it is easy to show that (4.6) is equivalent to the fact that M 2m+S is 

totally geodesic, using Proposition 4.2. Now (4.7) and (4.8) follow from the 
Gauss equation (1.2), (2.4) and (4.4). Consequently, the proof is complete.

Finally, we suppose that M 2m+S is of constant invariant /-sectional cur­
vature c. Then с < к and the equality holds if and only if M 2m+S is totally 
geodesic. Now, we can prove

Theorem 4.5. Let M 2 m+S(c) be an invariant submanifold of an S-space 
form N 2 n+S(k). Then

(4.9) ^ 2  — (l/2 )(m  + l)(c -  k ) f 2,
A

where we write A \  instead of A ex,

(4.10) ||cr||2 = m(m + 1)(A; — c),

(4.11) |K X ,JT )||a = ( l /2 ) ( * - c ) ,  

for any unit vector field X  € Cm , o,nd

(4.12) |К Х ,У ) ||а = (1 /4 ) (* -е ) ,

for any orthonormal vector fields I , h  £ Cm  such that g ( X , f Y )  = 0. 
P roof. Since M 2m+S(c) is an .S-space form, from (2.4) we have

(4.13) S ( X , Y )  = (l/2)[m(c + 3s) + c - s ] g ( f X , f Y )  + 2 m J 2 v a ( X ) Vß(Y).
a,ß

On the other hand, from the Gauss equation (1.2)

S(Y ,Y)  = (l/2)[m(k + 3s) + k - s ] g ( f X , f Y ) +  

+2m Y ,  Vc(X)r,ß(Y)  -  Y  9 (AxX, A xY).
at,ß Л
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Since g (A \X ,  A \Y )  = g (A \X ,  Y ), we obtain (4.9). Now, from (4.13), p = 
m 2(c+3s)-t-m (c+s) and so, by using (4.4), we have (4.10). To obtain (4.11), 

we only have to observe that H ( X ) = c. But from the Gauss equation (1.2), 
H (x ) = к -  2||ст(Х,Х)||2. Finally, from (2.4) again K ( X , Y )  = (l/4 )(c  + 
+  3s) = К (X, f Y ) for any orthonormal vector fields X ,  Y  € Cm  such that 
g ( X , f Y )  = 0. But

K ( X , Y )  = (1/4)(k + 3s) + g(a(X ,X) ,a (Y ,Y ))  -  \ H X , Y ) \ \ 2

and

K ( X J Y )  = (1/4)(* + 3s) -  g(a(X ,X) ,a (Y ,Y ))  -  \\cr(X,Y)\\2.

The proof is complete.
It is easy to show that the m(m +  1) normal vector fields cr(F,-, E j ) ,  

f a ( E i , E j ) ,  i , j  = 1 ,. . .  ,2m, i < j ,  are pairwise orthogonal. Using this, we 
can prove

T heorem 4.6. Let M 2 m+S(c) be an invariant submanifold of an S-space 
form N 2 n+S(k). I f n —m < (l/2 )m (m + l), then M 2 m+a(c) is totally geodesic.

P roof. If the submanifold is not totally geodesic, then c < k. But if 
i ф j ,  from (4.11), <r(Ei, Ej) /  0 /  f&(Ei, Ej),  and so 2(n — m)  ^ m(m + 1 )  
which is a contradiction.

Corollary 4.7. Let M2m+S (m > 2) be an invariant submanifold 
of codimension 2 in an S-space form N 2 n+S(k). Then, M 2m+S is totally 
geodesic if and only if M 2m+S is an S-space form.

5. E xam ples

(1) Principal toroidal bundles. Let 7Г : 5 2n+1 —► PC" denote the Hopf 
fibration, and consider

H 2 n + S  = { ( p i ,  • • • i P s ) €  S 2" + 1  x  . . .  x  5 2 n + 1 / 7 r ( p i )  =  . . .  =  7 r ( p s ) } .

Using the diagonal map A we define a principal toroidal bundle over 
PC" by the following commutative diagram:

H 2 n + s  — — > 5 2 n + 1  x  . . .  x  5 2n + 1

1ГХ...Х7Г

PC" — PC" x  . . .  x  PC"
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Let u)a be the contact form on 5^"+1 (a  = 1 ,. . .  , a) and define rja (a = 
= 1 , . . .  , s) on H 2n+S by ria =  A*|52n+i^Waj. Then H 2n+S is an 5-manifold
(cf. [1], [2]). Moreover, the invariant /-sectional curvature of H 2n+S is к = 
=  4 — 3s, a constant.

Now, let M m+S be a submanifold of H 2n+a, tangent to the structure 
vector fields and N m a submanifold of PC” such that the diagram

M m+S __-__* H 2n+S

I  ̂ I
N m — » PC"

commutes and the immersion г is a diffeomorphism on the fibres. Then M m+S 
is an invariant submanifold or an anti-invariant submanifold of # 2n+* if and 
only if N m is a complex submanifold or a totally real submanifold of PC", 
respectively. Moreover, M m+a is minimal if and only if N m is minimal ([4],
[7])-

Further, if N m is a complex submanifold, M m+S is totally geodesic if 
and only if N m is totally geodesic. On the other hand, if N m is a totally 
real submanifold, M m+a is flat if and only if N m is flat. Finally, if we denote 
by p and p' the scalar curvatures of M m+a and N m, respectively, we have 
p' — sm ^  p ^  p'■ Moreover, Mm+S and N ’n are anti-invariant and totally 
real submanifolds, respectively, if and only if p — p' and they are invariant 
and complex submanifolds, respectively if and only if p' — sm = p (cf. [4]).

(2) Euclidean spaces. Let £’2n+s be a euclidean space with cartesian co­
ordinates (x \ , . . .  , xn, yx , . . .  , yn, z \ , . . .  , zs). Then an 5-structure on E 2n+S 
is defined by (cf. [5])

£„ =  2d/dza (a  = 1 ,... , s),

Tja — (1 /  2) Í dza ^   ̂Vi dx{ J ,  (a — l , . . . , s ) ,
'  i=l '

f X  = J ^ Y ' d / d x ,  -  f ^ X ' d / d y ,  + f e d / d z c ) ,
i=l i=l \= 1  '  '  ar '

n

g = Y ^ T]a® T]a + t 1/ 4 ) ^L,(dx' ® dxi + dyi ® dyt),
a  t=l

where X  = Y i U ^ d / d x i  + Y'd /dy , )  +  £ a Zad /d z a .
With this structure E 2n+S is an 5-manifold of constant invariant /-  

sectional curvature к = —3s.
We have that E 2m+a{ —3s) is a totally geodesic invariant submanifold of 

E 2 m+a(—3s) (m < n).
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On the other hand, we can consider the following natural imbedding of 
E n+S into E 2 n+s( - 3 s ):

(* i,--- , x n, z u . . .  ,zs) !-> (a?!,... ,z „ ,0 ,. . .  ,0 ,z b . . .  , z e).

If we denote = 2(д/дх< -(- yi d/dza), 1 ^ г < n, we get th a t

{ E i , . . .  , En, f E \ , . . .  , f E n,£i , . . .  ,£,}

is a local field of an orthonormal frame on j52n+s(—З5), such that E \ , . . .  ,En 
belong to E n+S. Then it is easy to check that E n+S is an anti-invariant 
submanifold of E 2 n+s(—3s) with /-structure n in the normal bundle parallel. 
Moreover, HjEi = 0, 1 ^  i £ n. Consequently, E n+S is flat.
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SOME SPECIAL PROPERTIES 
OF CONDITIONAL EXPECTATION

W. ZIEBA (LubHn)

In this paper we shall discuss some special properties of conditional ex­
pectation. In Section I we prove tha t the condition given in [7] is equivalent, 
in some sense, to the assertion of the Fatou Lemma.

The conditional expectation can be defined as an orthogonal projection. 
We show that the almost sure convergence of a sequence of conditional expec­
tations of random variables {E^ Х п ,п  >1} does not follow from the almost 
sure convergence of the sequence { X ni n > 1), and conversely. Some suitable 
examples are given in Section II.

In the problem of optimal stopping one considers the value sup EXT. In
r6T

[4] Sudderth proved that

E lim sup X n = Urn sup E X T 
гет

if |X„| < Z,  where Z  is an integrable r.v. In Section III we generalize the 
relation obtained by Sudderth to the conditional case. Moreover, we give an 
equivalent condition to this equality.

I. T h e  conditional Fatou Lem m a

Let (ÍÍ, Д, P) be a probability space, {Хп,п > 1} an increasing sequence 
of sub-CT-helds contained in A  and {X„, n > 1} a sequence of r.v. such that 
X n is ^„-measurable for every n.

The definition of conditional expectation ( E ^ X )  with respect to the 
sub-u-field T  C A  for X  > 0 can be found in [3]. If

min{E*X+, E r X ~ )  < oo a.s.

where X +  =  max(X, 0), X ~  = max(—X ,  0), then we define the conditional 
expectation as follows:

E TX  = E T X + -  ETX~.

In case E r \X\ < oo a.s. we write X  G E\ .
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A random variable r : f í - > { l , 2 , . . . } i s a  stopping time iff [г = n] G 
for every integer n  > 1. The set of ah finite ( P ( t < oo) = 1) stopping times 
is denoted by T .

Let X  be some sub-cr-field of A.
D e f in it io n  1. A sequence {!„ ,?! 1} is uniformly ^-inegrable if for

every ^-measurable r.v. e > 0 a.s. there exists an ^-measurable r.v. A > 0 
a.s. such that

sup£,jr|X n | / [|Xri|>A] < £ a.s.

In the sequel we need the following theorems:
T h e o r e m  1 [ 8 ] .  A sequence {X n,n 't 1 }  is uniformly X-integrable if  

and only if
1) sup E jr\ X Tl\ < oo a.s.

and
2) for every X-measurable function e > 0 a.s. there exists an

X-measurable function 6  > 0 a.s. such that

E ^ I a < 6  a.s. =>• sup E ^ X n l U  < £ a.s.

T h e o r e m  2  [ 7 ] .  I f { X n, n  ^  1 }  is a uniformly X-integrable sequence of 
r.v. then

lim sup E T X n < ET lim sup X n a.s.
I f  additionally lim X n — X  a.s. then X  6 Lyr and lim E ^ X „  — E ^ lim X n 
a.s.

We prove th a t the condition of conditional uniform integrability is nec­
essary.

T h e o r e m  3 .  7 / 0  ^  X n —*• X  a.s., X , X n e  E XT , n >  1, andYwn E ^ X n — 

— E ^ X  a.s. then {An , n > 1} is uniformly X-integrable.
P r o o f . It is obvious that

sup E jr\XnI < oo a.s.

P u t £ > 0 and let An = [\Е^ X ^  — E ^  X\ < £, for all к > те], n > 1, do = 0. It 
follows from the  definition th a t A n are X-measurable, An Q An+\ , for n 0 
and lim P(An ) - 1.

The sequence of r.v. {(Xi -  X)7j4n\i4n_1, . . .  ,(X „_i -  X ) I An\An^ }  is 
uniformly jT-integrable. Then there exists a sequence of jF-measurable func­
tions {<5„,n ^  1} such that

Е 7 1а < 0 п a.s. =>• E jr\Xi -  X\ I a < £ a.s., i =  1 ,2 ,. . .  , n — 1.

By assumption X  € Lyr. Therefore, there exists an ^-measurable function 
S > 0 a.s. such that

E ^ I a < a.s. => Е ^ \ Х \ 1 а < £ a.s.
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Let £o = on An \  A„_i, n > 1 and 6  = min(£o,^i)- If Е^1А < 6  a.s. then

OO

E T X nI A =  E T {Xn -  X ) I A + E t X I a < Y ,  ET (Xn -  X ) I Ak\Ak_ J A +  £ =
k=1

n — 1  OO

= X / ^ ( X n  ~ X ) I Ak\Ak_1 IA + E T {Xn -  X ) I Ak\Ak_1 IA + e <
k =1 fc=n

= £ + £  IАк\Ак_гЕ ^ ( X n — Х )/д  + £ < 3s a.s.
k=n

Then the statement of Theorem 1 completes the proof.
D efinition 2. An adapted sequence { X n,n > 1} of r.v. is called a 

conditional amart (with respect to X)  if
(a) X n E Ljr for n > 1

and
(b) the net Ь{ЕТ Х т, Х ) т̂ть converges to zero for some r.v. X  

(where L denotes the Levy-Prokhorov metric and Ть denotes the set of 
bounded stopping times).

T heorem 4 [6]. Each L^-bounded conditional amart (supLJ-^lX«! < oo 
a.s.) converges almost surely.

Now we give some generalizations of Levy’s a.s. convergence theorem for 
martingales.

T heorem 5. If  X  E Lyr and X  Q X\ Q . . .  Q X n ^ . . .  and X  is 

<t ( U XA -measurable then
\'= i '

lim E ^ X  — X  a.s. and lim Е :г\ЕТпХ  — X\  =  0 a.s.
n—►oo n—►oo

{ETnX  ^ L x , n ^  oo).

P roof. It is obvious that { Е ^ пХ ,  X n, X , n  > 1} is a conditional amart 
with respect to the cr-field X.  It is easy to observe that

sup Е Г \ Е ^ Х \  < E T \X\ < oo a.s.

and by Theorem 4, the sequence {Е ^пХ , п  > 1} converges a.s. Moreover, 
the sequence {E TnX , n  > 1} is uniformly jF-integrable and by Theorem 4 of
[8] it converges in L)p.
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(OO ч

|J  ) -measurable and for every 
1 =  1

A  G U f i  we have
i—1

í X 0 0 dP= í Hm E TnX d P =  Hm /  E TnX d P =  lim í X d P =  f X  dP  
J J n-+°° n->°°J J
A A A A A

which proves tha t X  = X ^  a.s. and completes the proof of Theorem 5.

I I .  E x am p les

In this section we present some examples which show the special prop­
erties of conditional expectation.

E x a m p l e  1. Let ( i l ,A ,P )  = ((0, l )2, В ® # ,//) , T \  — # ® ( 0 ,1) and 
T i  — (0,1) <g) B. A random element X ( s , t ) = 1 / ( s 2  + i2), for (s , t ) ф (0,0), 
X (0,0) = 0 is JEr integrable (X  € ) and ^-integrable but not integrable
X  i  L1.

E x a m p l e  2. Let (fl,.4 , P)  = ((0, l )2, В 0 В,р), T \  = В®  (0,1) and 
T i  = (0,l)<g)£L Obviously a{T\® Ti)  = B®B.  Every integer can be written 
in the form

n = (4l (")+г -  l) /3  + K(n)2LW + 1  + J{n)
where

L(n) =  max{f ^ 0: (4^+1 — l)/3  тг},

K(n)  = max{k  > 0: &2L(n)+1 < n -  (4L(n)+1 -  l) /3 ) ,
and

J(n) =  n -  (4l (")+1 -  l) /3  -  K(n)2L(”)+i.
We dehne

X n
2L(n)+1/ ^

0
if K ( n ) = 0 or J(n)  = 0 
otherwise

where

An =  {(s,t): J ( n ) / ( 2l (")+1) ^  « <  (J(n) +  l ) / ( 2 L(")+i), 

K (n ) / (2 L^ +1) < t < (K (n ) + 1)/(2lH + 1)}.
a.s.

It is easy to observe that X „— >-0, n —> oo, but

E ^ X n (—>0, n —> oo and E ^X nJ—>0, n —> oo.
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The sequence {X „,n ^ 1} is uniformly integrable but it is not uniformly 
.Tq-integrable and it is not uniformly .TVintegrable.

a.s.
On the other hand for Yn =  Ia„, n > 1, we see that E J'1 Y„—>0, n —*■ oo,

E r *Yn^ 0 , n —> oo, but Yn\—>0, n —> oo.
E x a m p l e  3 .  Set ( £ l , A , P )  =  ( ( 0 , l ) , £ , / x )  a n d J F  =  e r ( ( l / 2 , 1 ) ,  ( 1 / 3 , 1 / 2 ) ,  

. . .  , ( l / (n  + 1), 1/ra),. . . ) .  The sequence

v  , ч v , л } l /w  f o r w / O  
а д = а д = ( о  for w = 0, ” ä l

is uniformly :F-integrable but not uniformly integrable.

I I I .  S om e re la tio n s  for ra n d o m ly  s to p p ed  variab les

The following theorem generalizes the result given in [2] and [4].
T heorem 6. Let { l „ , n  > 1} be a sequence of r.v. adapted to an in­

creasing sequence of a-fields {En, n > 1} and let X  be some sub-о-field of  A.  
Then

(1) E ^ lim  sup X n) < elimsup Е ^ Х Т a.s.
тет

and

(2) inf X n) > ehminf Е тX T a.s.
r£T

whenever all of the above conditional expectations are well-defined.
The definition of elimsup E^X ^  =  essinf(essup E ^X ^)  and

<x£T t<«tGT
ehminf E TX T — essup(essinfE T X T) can be found in [3], p. 121.

r£T <T<r£T
P r o o f . It is enough to prove (1). On the set 

A =  [E^lim supXfj =  — oo ] 

the inequality is obvious.
In the following we assume that E ^ X *  > -oo a.s., where X*  := 

:= limsup-XV,. (If P(A) > 0, then it is more convenient to consider the 
sequence X'n = Х п1ас). If Е тX*  < oo a.s. then X  6 Lyr and by Theo­
rem 5 the sequence {Уп = Е т'пХ , п  > 1} where T'n = o(X; X \ ,  X 2 , • ■ . , X n), 
converges a.s. and in L]r to r.v. X*. Choose £ > 0 and a 6  T .  Define

г  inf{n: n > a and E T 'nX*  < X n -)- e}.
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It is obvious tha t Р[т < oo] =  1. Then

E T X*  = £  E * X * I [T=n] = Y ,  Е Т{1[т=п]Е ^ Х ' )  <,
n = l  n = l

oo
% E^I[T—n](Xn + e) — E ^ X T + £ a.s.

n = l

hence
E ^ X *  ^  ehmsup E ^ X T + e a.s. 

тет
which proves (1).

If {X n, n > 1} are arbitrary then for every real number C we have

ehmsup E ^ X T ^ ehmsup E ^  min(Xr , C ) > 
тет тет

> fl^hm  sup min(X„, С) = Е г тш(Х*, C).
The conclusion now follows by letting C —* oo.

T heorem 7. Let Z  6 Ljr and W  e Lyr. If X n % Z  a.s. for all n, then

(3) L ^ lim  sup X n) = ehmsup E * X T.
reT

I f  X n > W  a.s. for all n > l, then

(3') ^ ( h m i n f X n) =  ehm inf£r Xr .reT
The proof follows from the conditional Fatou Lemma [7] and is a simple 

modification of the proof of Theorem 2 of [4].
Corollary. Suppose h m l n = X  a.s. and there is a random variable 

Z  € Lyr such that |Xn| ^  Z a.s. for all n > 1. Then X  E Lyr and

(4) ehm E TX T =  E ^ X .v 7 гет
The proof is obvious due to Theorem 6.
On the basis of the example given in [4] we see that the condition of 

uniform JF-integrabihty does not guarantee condition (4) [2].
Let Ть denote the set of ah bounded stopping times (relative to { X n,n  >

£!})■
D efinition 3. A sequence {Jf„, n > 1} is Гь-uniform ^-integrable if for 

any given ^-measurable function e > 0 a.s. there exists an ^-measurable 
function Ao such that

esup Е т|А'т|/[|Л-г|>Л] < £ a.s.
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for all measurable functions Л > Ao a.s.
We can observe that if { X n,n  > 1} is Ть-uniformly P-integrable then 

for any given ^"-measurable function e > 0 a.s. there exists an ^"-measurable 
function Ao such that

(5) esupjEjr|XT|/ [|Xr|>A] < e a.s.

for all ^"-measurable functions A > A0 a.s.
The sequence given in the example in [4] is uniformly integrable but it 

is not Tfc-uniformly integrable.
T h e o r e m  8 . Let X n G L \ ,  n > 1. A sequence {Xn,n  > 1} is Ть- 

uniformly T-integrable iff

(6) hm sup X n = eHmsup Е ^ Х Т < oo a.s.
теП

and

(7) E ^  lim inf X n — eliminf > —oo a.s.теть

P roof. Let {X „,n > 1} be T(,-uniformly ^-integrable. It is obvious by 
Theorem 6 that

L aliin  sup X n < elimsup E TX T — elimsup E ^ X T.
гет теть

Moreover there exists a sequence {r„ > n a.s., n > 1} such that rn G Ть and

elimsup E TX T - lim sup ЕтX Tn й E T  lim sup X Tri < E T hm sup X n 
теП

on the basis of the conditional Fatou’s Lemma [7].
The inequality elimsup E ^ X T < oo a.s. holds on the basis of Definition

3.
By analogy

— oo < eliminf E T X T = E ^ lim in f ln  a.s. 
теП

On the other hand, let { X n,n  > 1} be a sequence of nonnegative r.v. 
such that X n G Lyr, n > 1 and

(8) 0 = E ^lim supX ,, =  ehmsup Е ^ Х Т a.s.
теП

For every ^"-measurable function e > 0 a.s. we have 

hm P{esup E ^ X T < e/2} = 1.
"  T>4
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Thus, for any given 6  > 0, we can choose n(S) such that

P{An(s)) = P( esup E TX r < e/2)  > 1 -  6

r>n(S)

and Xn(Äl) C An(52), for «5г > <52.
It is easy to observe that sup X n < oo a.s. and for every X-measurable 

function 6  > 0 a.s., we can choose an ^"-measurable function A > 0 a.s. such 
that

^^[supA ^A ] < a -s-
By uniform .X-integr ability of the r.v. X i,X 2, . . .  ,X n(g) and Theorem 1 

of [8] for every ^"-measurable function e > 0 a.s. we can choose an J-- 
measurable function An(«) > 0 such that

E  max(X i , X2, • • • ? ^n(^))f[supX„>A„(^)] ^  a.s.

Finally, we put

д _  /  on Bk = A n(\lk) \  j/̂ n(i/(fc—1)) 1 к = 2 ,3 , . . .
l  An(1) on B x =  An(1).

Then

E TX I [Xr> A] = Y J fBkE :FX Ti[Xr>x] 
k=1

OO
E  Er XTIl]lT>x
k=\

<

= У •^TAn(l/t)^[supXn>A]̂ ß/I T E  X T\jn (1 /k)I Bk ^
k=1

00
= У  у m ax(X i,. . .  , X n(i/k)I[supXn>bn(i/k)]^Bk =

k= 1
oo

^ ^ 2  eIbk = £ a.s 
fc=i

which proves tha t the sequence {X„,n ^ 1} is Ть-uniformly X-integrable.
If {X „,n ^  1} are arbitrary, then the conclusion follows from the in­

equality
0 <  |X n | < |X*| + |X .| +  |X„|,

where X* = lim sup X n, X * =  liminf X n, X+ - (X„ — X*)+ := max(Xn — 
— X ,0), X~ = (X* — X„)+ and X„ = m ax(X +,X ~), which completes the 
proof of Theorem 8.
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ISOPERIMETRIC INEQUALITIES 
AND AREAS OF PROJECTIONS IN Rn

A. P. BURTON and P. SMITH (Keele)

1. In tro d u c tio n

The classical isoperimetric inequality states that among all simple closed 
plane curves of given length L , the circle of circumference L surrounds the 
largest area. If A  is the area enclosed by the curve C, then the isoperimetric 
inequality can be expressed by

(1) L2 ^ 4 ttA

with equality if and only if C  is a circle. A review of the subject including 
methods of proof generalizations and special forms of inequality (1) can be 
found in the paper by Osserman [5] and the books by Bandle [1] and Burago 
and Zalgaller [2].

Among the extensions of the isoperimetric inequality to higher dimen­
sional spaces, two particular directions of generalization can be identified. In 
one of the curve is replaced by a closed surface and the inequality relates the 
surface area and volume content. The three-dimensional result was proved 
by Schwarz last century, and generalized to n-dimensions by Schmidt [6]. In 
the other approach, isoperimetric inequalities are derived for closed curves 
on given surfaces (see [1] and [2] again for a review of this material).

Our aim in this paper is to stimulate interest in the following isoperimet­
ric problem. Let C be a smooth closed curve of given length L in R", and 
let Cjk (or Ckj) be the orthogonal projection of the curve onto the OxjXk 
plane. Obviously the curve Cjk will be closed although it may have corners 
and cusps. We can pose the following question. Over the set of all curves of 
given length in Rn, what is the greatest value of

(sum of the projected areas) /L2,

and for which curve or curves is this value attained? We shall not present a 
complete answer to this question, but we shall prove some associated results. 
Areas of projected curves do not seem to have figured prominently in the 
literature on isoperimetric inequalities although they do arise in a paper by 
Schoenberg [7] who obtained an inequality relating the length of a curve in
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Rn and the volume of its convex hull. This volume is then re-formulated 
in terms of areas of two-dimensional projections, but only as a sum of their 
products and not in the simple summation considered here. An inequality 
between the volumes of sets and their orthogonal projections has also been 
proved by Loomis and Whitney [4].

2. P ro jec te d  areas

Let the closed curve C be defined in Rn by

x(t) =

xi(t)

xn(t)

0 < t < 2n , x(0) =  x(27t).

We shall assume that x(t) is continuously differentiable on (0,27t) with 
lim x'(f) = lim x'(t). We shall use Hurwitz’s device [51 and parametrize

t-> 0 -  t-> 2тг+
C by a multiple of its arc-length s normalized on (0 ,2n). Thus we let t = 
=  2ns /L .  With this parameter it follows that

( 2) L 2 — 2 n x l2dt = 27Г

The ‘areas’ Ajk will be defined by

Ajk

from which it follows that Ajj = 0, Akj = —Ajk- The number Ajk is a vector 
area whose sign will depend on the direction in which the projected curve 
Cjk is being tracked.

There are several different questions which can be posed concerning the 
length of L and the projected areas. One involves the absolute values of 
these areas which would require the greatest value of

but this version of the isoperimetric inequality presents technical difficulties 
which we have not yet overcome. Instead we shall investigate the extremum 
principles for the sum

1
2 EE tjkAjk / L ,

3=1 к= 1
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where £jk is a weighting factor which can be chosen from the numbers 0,1 
and —1 although other weightings are possible. Hence partial sums of areas 
can be investigated with each projected curve taken in either orientation. 

Consider the sum of areas defined by

2ir
(3) A =  — J  xlKx'dt

о

where К  = [г^] and it is assumed that ejj = 0 and — ~£jk : in other 
words К  is a skew-symmetric matrix. We shall now consider the difference

2тг
(4) L 2  — 4-KfiA = 27Г j  [\x' \ 2  — px l Kx']dt.

о

In this expression A  may be either positive or negative but the sign of A  
can always be reversed by replacing t by 2n — t in the integral for A. The 
maximum value of |/x| is required which ensures that the left-hand side of (4) 
is always nonnegative.

3. W ir t in g e r ’s in e q u a lity  and  th e  iso p e rim e tric  re s u lt

We shall deduce the result more or less as we obtained it, rather than de­
riving it from a prior knowledge of the answer. Essentially our approach was 
suggested by Hurwitz’s proof of the plane isoperimetric inequality (see [2], 
p. 1183) which uses Wirtinger’s inequality. We require the latter inequality 
in the following form.

Lemma. Let f(f) be a continuous periodic function in Rn of period 2тг 
with continuous derivative f'(i). I f

(5)

then

( 6 )

= 0,

2ir

j \ m 2dt

with equality if and only if

(7) f(f) = a cost + bsin t
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where a and b are constant vectors.
A proof can be found in [3], p. 121.
We have to arrange that the position vector x(t) satisfies the mean re­

quirement (5) but this can be readily achieved by a translation of the origin. 
Equation (4) is now re-arranged so that the right-hand side contains terms 
which are identifiably nonnegative and incorporate the Wirtinger difference 
in the Lemma. W ith this in view we can re-write (4) in the form

2 ж
(8) L2 — Ait A — (7Г/a )  J  [p-\x' + а К х  |2+

o
+ 7^ q2{|x' |2 -  |x|2} + ца 2 х \ К 2 +  7 / n)x]di,

where 7 =  (2a  — /г)//ш 2 > 0, and a is any constant such that ац  > 0 also. 
By the lemma above the right-hand side of (8) will be nonnegative if the 
quadratic form

(9) x ' (K 2  + 7 /„)x 

is nonnegative.
Since К  is skew-symmetric, the eigenvalues of К  are either imaginary in 

conjugate pairs or zero, and consequently those of K 2  either negative or zero. 
Assuming that not all Ejk are zero, let the pair of eigenvalues ±гА (A > 0) 
of К  be such that —A2 is the smallest eigenvalue of K 2. All the eigenvalues 
in the matrix in (9) will be nonnegative if 7 = A2, in which case (9) will be 
a nonnegative quadratic form. The parameters [i and a must be related by

A 2  f ia 2  = 2 a  — /х,

from which it follows that the maximum and minimum values of /r are ± 1/A 
at a — ±1/A. Hence we have shown that

(10) L 2  > 47t|A|/A,

taking account of the signs of a and \i in a^i, but we have not yet established 
that there exists a vector x for which equality occurs in (10). For 1 / A to be 
the optimum value of ц all three terms on the right-hand side of (8) must 
vanish along the same extremal curve.

It is necessary that equality holds in W irtinger’s inequality, and this can 
only occur if

(11) x = a cos t -f b sin t.

Also x must satisfy

(12) x' +  (l/A )ffx = 0,
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where we have assumed that a > 0: a parallel argument covers the case 
a < 0. Let w =  a +  ib. Then, from (11) and (2), it follows that

(13) ( K - i X I n) w =  0,'

in other words, w must be an eigenvector corresponding to the eigenvalue iX 
of K.

Finally we have to show that the integral of the quadratic form (9) 
vanishes. Thus

2 tv

J  xl( K 2  + A2 In)xdt = жмгг( К 2  + A2/„)w — 7twl ( K  + iXIn)(K  -  iXIn)w = 0, 
о
by (13).

The eigenvector w is defined to within a constant of proportionality which 
is determined by the known length L of the curve. Thus from (11) and (12),

2 ж
L 2 =  2 ic J  Ix'\2dt = 47Г2|a|2,

о
since |a| = |b| and a‘b = 0 for a skew-symmetric matrix К . The parametric 
equation of the extremal is therefore

(14) x = X(acosf + b sin t)/27r|a|,

for any eigenvector w = a + гЪ of (13).
If a < 0, then w is replaced by its conjugate which results in b being 

replaced by - b  in (14). This amounts to no more than reversing the direction 
in which C is described.

We have proved the following:
T h e o r e m . I f  C is a smooth closed curve of length L in R" and A  is 

the sum of the projected areas onto all planes of coordinate pair each with an 
assigned index Sjf. — 0,1 or — 1, that is,

П П
A ~ ^  ^  ] ZjkAjk, Skj — ~£jk 1

j = 1 fc=l
then the inequality

(15) L 2  -  (4tt/A )|4 | > 0

holds, where iX (A > 0) is an eigenvalue of К  — [£_,&] such that X is the 
largest number with this property. I f  w is the corresponding eigenvector to 
г A then equality occurs in (15) if  the curve is given by

(16) x = 2/(acosf ± b sini)/(27r|a|).
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4. Special cases

Before looking at some та-dimensional cases, it is perhaps helpful in visu­
alising the projections to quote some results for R3. Let £12  =  £23 =  £13 =  1 , 
so that

• 0 1 r
К  - -1 0 1

.-1 -1 0

The eigenvalues of К  are 
becomes

0 , i i V 3 and Л — v/3. 

L 2  ^  (4тгД/з)|А|,

Hence inequality (15)

where
A  = A 1 2  + A \ 3  +  ^23-

We can choose a = [1 2 1]*, b = [—л/3 0 л/3]‘ so that the critical curve 
becomes either of the circles

L
гтгу'б

' ' V f - V s l 1

<
2
1

cos t ±
1 £s

i°
1__

__ sin t I

In fact this is the  same curve but described in opposite directions. The circle 
is the intersection of the sphere of radius L / 2т: and the plane x\ -  x-i +  X3  = 
=  0. The set of coefficients £12 = £23 =  1, £13 = — 1 leads to the critical 
circle equally inclined to the coordinate planes on the plane x\  + 22 + хз — 0. 
However, in bo th  cases, the corresponding projected areas are of the same 
sign.

(i) An inequality including all projected areas. We shall consider curves 
in Rn in which all |та(та— 1) projected areas are included. The following alter­
nating sign arrangement for upper triangular elements of the skew-symmetric 
matrix К  are defined:

=  ( - l ),+‘+1

We could have taken Ejk =  1 (к > j ) instead but as the case n = 3 suggests, 
this merely affects the orientations of the projections.

The set of eigenvalues {u>p} (p = 1 ,2 , . . .  , та) are given by the roots of

D n = IК -  u>In I =  0.

Using elementary row and column operations it is easy to show that Dn 
satisfies the difference equation

D n + 2wL>n_i -  (1 - w 2)D n_2 = 0 (та > 3),

which has the required solution
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A . = i ( - w  +  1)" +  i ( - «  -  1)".

Hence the eigenvalues of К  are

up = t c o t{ ( p -  - )? r /n } , 0» =  1, 2, . . .  ,n).

It follows that Л =  cot(7r /2n). Hence the isoperimetric inequality (15) be­
comes

L 2  > 4тгtan(7r /2n)|i4 |.
An eigenvector can be found by using simple row operations. We can then 
define

w = a + tb =  [г" ' 1 rn ~ 2  . . .  r l f
where r = e(«+i)Wn5 so that the critical curve is given by (16).

The individual projected areas are
2w

/ j^2(_1 ji—
x 3 x 'kd t  =  ----- — ------S in { ( j  -  к)тг/п}.

0
Since sin[(j -  к)ж/п] < 0 for j ,  к = 1 ,2 ,... ,»  (к > j) ,  it follows that 
EjkAjk > 0. For this extremal curve, absolute values of the projected areas 
are summed.

There is a difference between odd and even dimensional spaces. If n > 
^ 4 is even, then of the projections are circles since rn~q =  —f q (q — 
= 1 ,2 , . . .  , |n )  in the elements of the eigenvector w. The planes with circle 
projections have no axes in common. No projections are circles if n ^  3 is 
odd.

(ii) An inequality for all coordinate planes with a common axis. Let Ox\ 
be the common axis. We can choose К  to be

'  0 1 1 . . . 1 '

-1 0 0 . . . 0
К  = -1 0 0 . . . 0

-1 0 0 . . . 0

which has the eigenvalues ±iy/n — 1 and zero. Thus Л = yjn -  1, and with
П

A = Aik,  the isoperimetric inequality becomes 
k=2

L2  ^ ATv\A\ly/n -  1.
As we might expect

A\k = L 2  А-кл/п -  1 
is independent of к for the extremal.
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5. C o n c lu d in g  re m a rk s

A number of general observations can be inferred from the theorem in 
Section 3. Most of these conclusions are fairly obvious, and we shall not enter 
into details of proofs. Essentially all these projection inequalities involve the 
dominant eigenvalue of the matrix —К 2.

If all £jk are zero except one, then the classical inequality can be re­
covered for the corresponding plane since the extremal and its projection 
coincide.

Suppose that for n ^ 4 just two projections are allowed, which means 
that К  has just two non-zero unit upper-triangular elements. If the planes 
of these projections have no axis in common, then both projections of the 
extremal are circles.

In principle the isoperimetric inequality for any weightings of the pro­
jections can be found. However the main question posed in the introduction 
concerning the sum of the projected areas still remains unresolved since our 
result concerns the sum of vector areas. In Rn, what is the greatest value of

(sum of the projected areas)/!/2?

The evidence seems strong that the answer is the one given in case (i) of 
Section 4.
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which some of the early work on this subject was developed.

R eferences

[1] C. Bandle, Isoperimetric Inequalities and Applications, Pitman (Boston, 1980).
[2] Yu. D. Burago and V. A. Zalgaller, Geometric Inequalities, Springer (Berlin, 1988).
[3] C.-C. Hsiung, A First Course in Differential Geometry, Wiley-Interscience (New York,

1981).
[4] L. H. Loomis and H. Whitney, An inequality related to the isoperimetric inequality,

Bull. A m er. Math. Soc., 55  (1949), 961-962.
[5] R. Osserman, The isoperimetric inequality, Bull. Am er. Math. Soc., 84  (1978), 1182-

1238,.
[6] E. Schmidt, Uber das isoperimetrische Problem in Raum von n Dimensionen, Math.

Z., 44  (1939), 689-788.
[7] I. J. Schoenberg, An isoperimetric inequality for closed curves convex in even-dimen­

sional Euclidean spaces, A cta  Math., 91 (1954), 143-164.

(Received May 11, 1990)

D E P A R T M E N T  OF M A T E H E M A T IC S  
U N I V E R S I T Y  OF K E E L E  
S T A F F O R D S H I R E ,  S T 5 5 B G  
E N G L A N D

A cta  M athem atica H ungarica  62, 1993



Acta Math. Hung. 
62 ( 3 -4 )  (1993), 403-409.

A RESULT CONCERNING BOUNDED SOLUTIONS 
OF LINEAR SYSTEMS OF 

DIFFERENTIAL EQUATIONS

R. NAULIN (Cumana)

I. In tro d u c tio n

Our paper is a contribution to the study of bounded solutions of the 
equation

(1) x' = A{t)x + /( f )

where A(t) : R —>■ RnXn is a continuous matrix, and /  is continuous and 
bounded. We make these assumptions in order to simplify the problem, 
although as is shown in (2), our results can be extended to the case where 
A' and /  are measurable.

In [1] it is proven that if the linear system

(2) x' = A{t)x

has the exponential dichotomy

IX ( t ) P X  1(s)| < ifexp{—a(f — s)}, t > s, 
|X (f)Q X - 1(s)| < R 'exp{-a(s  — t)}, s > t

where X ( t ) is a fundamental matrix of (2), К  and a are constant, К  ^ 1, 
a > 0, P  is a projection (PP  =  P ) and Q = I  — P, then it follows that for 
В  bounded, continuous, with

m  < = ™р |в(< )1 5 з ^ г

the system

(5) y' = [A(t) + B{t)\y

has the exponential dichotomy

( 6 )
i r ^ P F - 1^)! < 12Ä'3 exp{—(a -  6K 3 6 )(t -  s)}, t > s, 
l y ^ Q y - 1^)! ^ 12 A'3 exp {—(a -  6 K 3 S)(s -  f)}, s ^  /
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and moreover

(7) IY ( t ) P Y ~ \ t )  -  X ( t ) P X ~ \ t )I ^  1 А А а - 'кЧ .

In our paper we will generalize the estimate (7). This is the content of 
Theorem 3, given below.

The generalization of the estimate (7) permits us to compare the bounded 
solution of (1) and tha t of the system

(8) y' = [A(i) +  B(t)]y + f .

II . P rev io u s  and p re sen t resu lts

Let us consider the system (2) with the exponential dichotomy (3). In 
[1] the following is proven:

T heorem 1. I f  (3) holds for an orthogonal projector then there exists 
a transformation T  : R —> Cnxn with

(9) |T(t)| S y/2, |T- 1(f)| < K V 2

such that the change of variable x =  T(t)z transforms the system (2) to the 
system

( 10) z'  =  C(t)z

where the continuous function C(t)  is hermitian and commutes with the or­
thogonal projector P . In addition the system (10) admits an exponential 
dichotomy

( H )
f  \Z{ t )PZ ~\s ) \  < 2K 3 exp{a(s -  <)}, t > s, 
\  \Z{t)QZ~l {s)\ < 2 K 3  exp{a(i -  a)}, t > s.

Following Coppel we implement the change of variable у = T(<) in (5) 
and obtain the system

( 12) v! = [C(0 +  D(t)\u, |D(<)| < 2Kb.

In general, D(t)  does not commute with the projector P. To avoid this 
difficulty, Coppel implements a new change of variable и = S(t)v,  with the 
properties given below.

T heorem 2. For the system (12) there exists a C1 function S : R —> 
CnXn such that

(i) S(t) = 1 + H(t),
(ii) |ff(t)| ^  18a~l K 4  <
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OH) \S(t)\ < I ,  \ S ~ \ t )  Í  2 ,
(iv) \S{t)PS~'(t)-P\<4\H{t)\.
The change of variables и = S(t)v transforms (12) to the system

(13) v' = [C(t) + E(t)]v

and the matrix E  satisfies E( t)P — P E ( t ) and |i?(t)| < 3K 6 , moreover (13) 
admits the following:

Г \V ( t )P U - \s ) \  Í  2K 2  exp{—(a -  6K 3 6 )(t -  s)}, t > s,
\  |V (i)(J -  ^ ) _1^ ( 5)| £ 2К 2  exp{—(a -  QK3 6 ){s -  «)}, s ^  t.

We shall denote by X ,  Y ,  Z, V  the fundamental matrices of the systems 
(2), (5), (10) and (13). Inmediately we note the relation

(15) Y = T(t)S(t)V(t).
In this work we demonstrate the following two theorems.

T h e o r e m  3. I f  (3), (4) and (5) hold, then

IX ( t ) P X ~ \ s )  -  Y ( t ) P Y ~ \ s ) \  <: (5K/2) 8 6a~1 e~a(t~s^ 3, t > s

and

IX ( t ) Q X ~ \ s )  -  Y { t ) Q Y ~ \ s )I < {5K/2) 8 S a - 1 e~a^ - t^ 2, s > t.

T h e o r e m  4.  I f  (3) ,  (4)  and (5)  hold, then for the bounded solutions Xf, 
Vf °f  systems (2) and (8) we have the following estimate:

\ \ x f - y f \ \<4(5K/2) 8 6 a - 2 \\f\\,

where \\f\\ = su p |/( i) |.
R

III .  P ro o f  o f T h e o re m  3

We shall employ the following 
L e m m a  5. Let a < 0, 0 < 7  < - a ,  then

(a+7)t _  at <

~ \a +  t I
for all t > 0.

P r o o f . It is easy to see that for the function

g(t) = e(a+^ ‘ -  eat, t > 0

A cta M aihem atica Hungarica 62, 1993
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the relation sup g(t) = g(t*) is valid, where t* = 7 г1п (а /(а  + 7 )). □
[0,oo)

P r o o f  of T h e o r e m  3. Let

(16) J : = | X ( f ) P - 1( i ) - Y ( t ) p - 1(*)|.

Then
J  =  |T ( i)Z ( i)P Z -1(s )T -1(5 )-

- T ( í ) 5 ( t ) y ( í ) P y - 1(5 )5 -1( 5 ) r - 1(5)| <
< 2üT|Z(í )P Z -1(5) -  S (f)Y (f)P y -1á '-1(s)| й 2K(Ji  + J2)

where
Ji := IZ ÍíjP Z "1^ )  -  YÍOPY-He)!

and
J 2 := I T ^ P y ^ á )  -  S ( t ) V ( t ) P V - 1 (s )S~ 1 (s)\.

To estimate J\ we observe that V,  the solution of (14) can be written 
the form (P V  = VP)

t

(17) V(t)  = Z( t)Z~ 1 (s)V(t) + J  Z { t ) Z - l {t)D(t)V(t)dt.
8

Multiplying (17) on the right by P , and taking into account that PV(t)  
V(t)P, PZ  = ZP,  we obtain

t

V( t)P  =  Z ( i ) P Z - x(s)V(s)  + J  Z (i)P Z -1( r ) P ( r ) F ( r ) P d r
8

and
t

V( t )PV~1(s) = Z ( t )PZ~1(s) +  J  Z{t )PZ~x{T)E{T)V(T)PV-1{s)dr.
8

From this for t > s we have
t

h < j \ Z { t ) P Z - x{T)\\E{T)\\V{T)PV-x{s)\dT.
8

From (13), (16) and (17) we obtain
t

/1 < 72K*6 J  e«V-t)e(«-bK4)(,-T) dT =

a
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= 12ÜT3 D(—a +6ivTs 5)(t—*) _  - a ( t - s )

Applying Lemma 5 we obtain

Ji < 72K 66(a -  12А'3(5)-1е- а(‘-*)/2 <

< 144A'6<5a_1e- "̂ í_ í^ 2 < 144А76а~ 1е-"(*-',)/2.

Now we shall estimate J 2, using the identities

V ( t ) P V - \ s ) -  S(t)V (t)PV ~1(s)S~1(s) =

= V ( t )P V ~ 1 (s) -  S ( t ) P S - 1 ( t )S ( t )V{ t )PV- 1 ( s ) S - \ s ) =

= V ( t ) P V - \ s ) -  P 5 ( t )y ( í ) P F -1(á )5 _1(5)+

+ [ P -  S ( t ) P S ~ \ t )] 5(í)F(í)PF-1(5)5 -1(á).
Since IP -  S ( t ) P S ~ \ t ) I ^ 4 |ff(t)|, \S(t)\ < §, |5 '-1(t)| < 2, therefore

J 2 ^  \ V ( t ) P V ~ \ s ) -  P S C iM O P F -1^ ) ^ - 1^ ) ^

+ 1 2 |P ( i) ||F ( t)P F -1(5)|.
To complete the estimate of J 2 we employ the following identities: 

(18) P S ( t ) V ( t ) P V - \ s ) S - \ s ) =

= P[I  +  H{t)]V( t)PV~\s )[I  + H(s) + H \ s )  +  . . .]  =

= V ( t ) P V - \ s ) + P H ( t ) V ( t ) P V - \ s ) S ~ 1 (s)+ 

+ P S ( t )V ( t ) P V - 1 ( s )H (s )S~ \s ) .
Substituting (20) in the last estimate for J 2 we obtain

(19) J 2 < [IS'WIIS-1̂ )!  + |5 _1(ő)| +  12] |t f (O IIV ^ P F -1^)!. 

From Theorem 2 and (16) we have

J 2  < З О б А ^ а -^ ^ О Р У -^ й )!  < 612A7á a -1e(-a+6í:Sí)(«-*) ^

^ 612A 7<5a_1e_Q,̂ _*^2.

Finally from (18) we obtain

J  <: 2K [ l U K 7 8 a~l + 612A'7i a -1] е- “ (‘-*)/2 =

= 1512А8<5а-1е-"(‘- ’)/2 < (ЬК . □
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IV . P r o o f  o f T h e o re m  4

It is known th a t the unique hounded solution of (1) is given by
t  oo

(20) xf ( t ) = j  X { t )P X ~ 1 ( s ) f ( s ) d s -  J  X ( t ) Q X ~ 1 ( s ) f ( s )ds
—  OO t

and the unique bounded solution of (10) is
t  oo

(21) yf ( t ) = J  Y ( t )P Y ~ 1 (s) f ( s)  ds — j  Y ( t ) Q Y - \ s ) f { s ) d s .
— OO t

Using Theorem 3 we obtain
t

\ x f - y f \ ( t ) <  J \ X ( t ) P X ~ \ s ) - Y ( <t )P Y - \ s ) \ \ f ( s ) \ d s +
— OO

ooJ  IX ( t ) Q X - \ s )  -  Y ( t ) Q Y - \ s ) ||/(s ) | ds ^
ll/ll =

= 6048hf8d a - 2 ll/ll = (3A')8<5a-21

+

' t oo

^  1 5 1 2 X 8(5 a -1
J

Г e - a ( , - t ) /2 d s

—  OO
J
t

V . A p p lic a tio n  to  s in g u la r p e r tu rb a t io n  p ro b lem s

Let us consider the linear singular perturbed system

(22) /ix ' = A{t)x

where ц is a small parameter and A(t) is a bounded, uniformly continuous 
matrix defined on R. We assume the following condition on the spectrum of 
A(t) : |ReA(i)| > 7 > 0, where 7 is constant. Then in [3] it is proven tha t 
there exists a fundamental m atrix X(t )  of system (24), a constant К  ^  1 
independent of /j,, a constant //о > 0 and an integer k, 0 ^  к < n, such tha t, 
for any Ц G (0,/ro) the following inequalities hold:

(23) Í |X (i)P X _1(s)| < K e x v { - y ( t -  s ) /2/i}, t ^  s,
1 |X (i)Q X - 1(s)| < К exp{—7(5 — t ) /2^}, s > t.
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Here P = diag(/jt,0) and Д  is the identity matrix of dimension к and Q = 
I  -  P.

Let us now consider bounded solutions for the systems

(24) iix' =  A(t)x + /( f )  

and

(25) цу' =  [A(f) + B(t)\y +  /(f).

Then according to Theorem 3, if <5 = sup |R(f)| < 7 /72K 5 we have for the
R

unique bounded solutions Xf and yj of systems (24) and (25) the following 
estimate: \\xf — yf\\ < 8(5K /2)86'y~2. □

Acknowledgment. The author wishes to express his gratitude to Pro­
fessor Margaret R. Bledsoe for her revision of the English version of this 
article.
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