
Äcta
Mathematica
Hungarica
VOLUME 59, NUMBERS 1-2, 1992

EDITOR-IN-CHIEF

K. TANDORI

DEPUTY EDITOR-IN-CHIEF

J. SZABADOS

EDITORIAL BOARD

L. BABAI, A. CSÁSZÁR, \. CSISZÁR, Z. DARÓCZY, P. ERDŐS,
L. FEJES TÓTH, |T. GALLAll. F. GÉCSEG, B. GYIRES, A. HAJNAL,
G. HALÁSZ, I. KÁTAI, L. LEINDLER, L. LOVÁSZ, A. PRÉKOPA,
A. RAPCSÁK, P. RÉVÉSZ, D. SZÁSZ, E. SZEMERÉDI, B. SZ.-NAGY, 
VERA T. SÓS

Kluwer Academic Publishers 
Dordrecht / Boston / London



ACTA MATHEMATICA
HUNGARICA

A cta  M athematica  publishes papers on m athem atics in English, German, French and 
Russian.

D istributors:

For A lbania, Bulgaria, China, C uba, Czech and Slovak Federal Republic, Hungary, Korean 
People’s Republic, Mongolia, Poland, Rom ania, successor sta tes o f the U.S.S.R., successor 
sta te s  of Yugoslavia, V ietnam

AK AD ÉM IAI KIADÓ 
P.O. Box 254, 1519 B udapest, Hungary

For all other countries with

K LU W ER  A CA D EM IC PUBLISHERS 

P.O. Box 17, 3300 AA Dordrecht, Holland

Publication program m e: 1992: Volumes 59-60 (eight issues)

Subscription price per volume: Dfl 206,- /  US $ 105 (incl. postage)

A cta  M athematica Hungarica is ab s trac ted /indexed  in C u rren t Contents —  Physical, 
Chemical and E arth  Sciences, M athem atical Reviews.

Copyright ©  1992 by A kadém iai Kiadó, Budapest. P rinted in Hungary.



ACTA
MATHEMATICA

HUNGARICA

E D IT O R -IN -C H IE F

K. TANDORI

D E P U T Y  E D IT O R -IN -C H IE F  

J. SZABADOS

E D IT O R IA L  B O A R D

L. BABAI, Á. CSÁSZÁR, I. CSISZÁR, Z. DARÓCZY, P. ERDŐS,
L. FEJES TÓTH, IT. GALLAH, F. GÉCSEG, B. GYIRES, A. HAJNAL, 

G. HALÁSZ, I. KÁTAI, L. LEINDLER, L. LOVÁSZ, A. PRÉKOPA, 
A. RAPCSAK, P  RÉVÉSZ, D. SZÁSZ, E. SZEMERÉDI, B. SZ.-NAGY,

VERA T SÓS

V O L U M E  59

A K A D ÉM IA I KIADÓ, B U D A PE ST



.



CONTENTS

VOLUME 59

Angelov, V. G., Uniform asymptotic stability and contractive semigroups 345 
Avgeiinos, E. P., Flytzanis, E. and Papageorgiou, N. S., On {/(^-invari

ance for finite and infinite dimensional control systems ..................  309
Берман, Д. Л., Экстремальные задачи теории полиномиальных

операторов ..........................................................................................  75
Берман, Д. Л., Необходимые и достаточные условия сходимости 

расширенных интерполяционных процессов высшего порядка
в метрике Хр ......................................................................................  327

Birkenmeyer, G. F., Decompositions of Baer-like rin g s .............................. 319
Bognár, M., On pseudomanifolds with boundary. I ................................... 227
Bojanic, R. and Cheng, F., Rate of convergence of Hermite-Fejér polyno

mials for functions with derivatives of bounded variation ............... 91
Borwein, D., Tauberian theorems concerning power series with non-nega

tive coefficients ..................................................................................... 85
Buczolich, Z., A v-integrable function which is not Lebesgue integrable on

any portion of the unit square ............................................................. 383
Cheng, F., see Bojanic, R.
Bao, N. T., Endomorphism rings of abelian groups as isomorphic restric

tions of full endomorphism rings. II ..................................................  253
Erdős, L., On some problems of P. Túrán concerning power sums of com

plex numbers ........................................................................................  11
Esik, Z., Varieties of automata and transformation semigroups ..............  59
Flytzanis, E., see Avgerinos, E. P.
Gajda, Z., Note on decomposition of bounded functions into the sum of

periodic terms ....................................................................................... 103
Gal, S. G. and Szabados, J., On monotone and doubly monotone polyno

mial approximation ..............................................................................  395
Győrvári, J. and Mihálykó, Cs., The numerical solution of nonlinear dif

ferential equations by spline functions ...............................................  39
Joó, I., On the control of a rectangular membrane ..................................... 25
—, A remark on the vibration of a circular membrane in different points 245
—, On the optimal control of circular membranes ..................................... 365
Kamal, A. A. M., Idempotents in polynomial rings ...................................  355
Kovács, Katalin, On total additive solution of some equations ................  33
—, Complex-valued multiplicative functions with monotonic properties . 401



Kovács, Z. and Tamássy, L., Yano-Ledger connection and induced con
nection on vector bundles ....................................................................  405

Künzi, H. P. A., Complete quasi-pseudo-metric spaces .............................. 121
Ky, N. X., On approximation of functions by polynomials with weight .. 49
Luu, D. Q., Convergence and lattice properties of a class of martingale-like

sequences ................................................................................................  273
Malkowsky, E., On the extension of two theorems by Maddox to general

ized sets of Cesäro summable sequences ............................................ 263
Masterson. J. J., A nonstandard result about path continuity ................ 147
Mihálykó, Cs.t see Győrvári, J.
Mohamed, A. S., Numerical solution by spline method for an elastic prob

lem ..........................................................................................................  159
Molnár, E., Polyhedron complexes with simply transitive group actions

and their realizations ...........................................................................  175
Munoz Rivera, J. E., Remarks on the optimal control problem for strongly

non-linear hyperbolic system ............................................................... 151
Nieto, J. J., Positive solutions of nonlinear problems at resonance ......... 339
Okutoyi, J. I., A note on generalized Köthe-Toeplitz duals ..................... 291
Paez, J., see Sebestyén, Z.
Papageorgiou, N. S., see Avgeiinos, E. P.
Petz, D., Characterization of the relative entropy of states of matrix alge

bras ......................................................................................................... 449
Ramadan, M., Influence of normality on maximal subgroups of Sylow sub

groups of a finite group ........................................................................ 107
Rúzsa, I. Z., On the number of sums and differences .................................  439
Sakai, R., Certain unbounded Hermite-Fejer interpolatory polynomial op

erators .................................................................................................... I l l
Sebestyén, Z., Stochel, J. and Paez, J., Restrictions of normal operators 377 
Stochel, J., see Sebestyén, Z.
Strommer, J., Konstruktion des regulären Siebzehnecks mit Lineal und

Streckenübertrager................................................................................  217
Suen, С.-Y., The maximal radius of a completely bounded map ............  283
Szabados, J., see Gal, S. G.
Szabó, Gy., ^-orthogonally additive mappings. II ....................................  1
Tarafdar, E., On the existence of Nash equilibrium point for a game be

tween infinitely many players with noncompact strategy s e ts ........  301
Tamássy, L., see Kovács, Z.
Tateoka, J., The modulus of continuity and the best approximation over

the dyadic group ...................................................................................  115
Vértesi, P. and Xu, Y., Weighted Lp convergence of Hermite interpolation

of higher order .......................................................................................  423
Xu, Y., see Vértesi, P.



A cta  M ath. Hung. 
59 (1- 2 ) (1992), 1-10.

</>-ORTHOGONALLY ADDITIVE MAPPINGS. II

Gy. SZABÓ (Debrecen)

1. Introduction

This is the second part of a series of papers describing the properties of 
(/►-orthogonally additive mappings for a sesquilinear form ф. While in the 
first part [3] the symmetric orthogonality has been studied, here we exam
ine the cases of non-symmetric and totally isotropic orthogonalities showing 
essentially the general solution to  be additive (see Sections 2 and 3 below). 
Furtherm ore, we illustrate our theory by some examples and summarize the 
results obtained in the different possible cases (see Section 4 below). These 
results tu rn  out to be proper generalizations of those of Sundaresan-Kapoor
И -

We shah use the same notation and terminology as in the first p a rt [3]. 
Namely, throughout the paper, Ф will denote a field of char Ф ф 2, X  a 
Ф-vector space with dim$ X  > 2 and (У, +) an abelian group. Further
more, consider a sesquilinear functional ф: X  x X  —* Ф with respect to  an 
automorphism 7: Ф —► Ф and define the ф-orthogonality relation 1 ?  on X  by

-L*= { ( x , y ) e x  х Х \ф (х ,у )  = 0}.

A vector x 6 X  is said to be ■ isotropic, if ф(х,х) = 0. For x 6 X  define 
the linear functional фх : X  —* Ф by фх(t) = </>(t,x) and consider the Mnear 
subspace X £ =  {фх \х € X } in the algebraic conjugate X * of X .  Denoting 
by V  the family of all 2-dimensional linear subspaces in X ,  for P  € V  let 
хФр be the set of all (и , v) € such that lin{u, v} = P  (the set of all 
<f>-orthogonal bases in P ), where ИпУ stands for the linear hull of a subset 
V  C X .

The vector x 6 X  is said to be a  то-element, if я € lin{u ,u) for some 
u, v € X  such that (x ±Ф и or и ±Ф x) and (x v or v x). Let 
Xo denote the set of all го-elements in X  and define the  subfamily Vo = 
=  {P  € Г \ ± фр  П (X0 x X 0) ф 0} in V .

We say P  € V  to be а 1 Ф-normal plane, if there are (u,-,v,) £ ±.фр  
(i =  1, 2) with

2
P |(lin{u ,}  U lin{n,}) = {0}.
t=i
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T he subfamily of all 1 ^-normal planes in V  will be denoted by V„. A 
vector x  € X  is called a T i - e l e m e n t ,  if it is contained in a ±^-norm al plane:
x  € P  e Vn-

The mappings A, Q and F : X  —> Y are said to  be additive, quadratic or 
orthogonally additive (1 ^ additive), if they satisfy the equations:

A (x  + y) -  A ( x )  +  A(y), x , y e X ,
Q(x + y)  +  Q(x -  y) =  2Q(x) +  2Q (y), x , y  e  X ,  or

F ( x  + y) = F (x )  +  F(y), x , у  e  X ,  x ±.ф у,
respectively. For any t £ X  le t Ft : Ф -+ Y be defined by Ft (Л) = F(Xt). 
Furtherm ore, we shall use the notations:

H om (X ,Y ) =  {A : X  -* Y \A  is additive},
Q uad(X , Y) =  {Q : X  —> Y \Q  is quadratic},

H om ±4 X ,Y )  =  {F :  X  Y \F  is A* -additive}.
Finally, R is th e  real line, 0 denotes the scalar zero, the zero vector as well 
as the identity element of the group Y. The actual meaning of 0 always will 
be clear from th e  context. T he sign 0 stands for the constant zero mapping.

2. The non-symmetric (^-orthogonality

Lemma 2.1. Suppose that F  6 Н о т х« (Х ,Т )  and
(i) either P  € Vo,
(ii) or P  6 V n such that F  is additive on lin{v} for some  (u ,v ) 6 J фр.  

Then F  is additive on the whole P.
P roo f, (i) We can choose (u, v) € -Lфр  П (Xo x X 0), i.e., a «/»-orthogonal 

base in P  consisting of r0-elements. Then by [1], Lemma 2.4, F  is additive 
on lin{u} and  lin{u}, whence [1], Lemma 2.1 yields the additivity of F  on 
lin{u,u} =  P .

(ii) Since P  is a norm al plane, there exists (x ,y )  € ±.фр  with x ,y  £ 
lin{v}. By the homogeneity, we may assume tha t a: =  (u-(-£v) (u-\-rjv) =

=  у and so formula (2.5) in [1] turns into
F„(A +  p) = FU(A) 4- Fu(fi), А, р б Ф,

i.e., F  is additive on lin{u}. Finally, [1], Lemma 2.1 completes the proof.
Lemma 2.2. / /  P  € V  is such that the ф-orthogonality is not symmetric 

on P, then there is a non-isotropic vector in P  and any F  € Homx*(X ,Y ) 
is additive on P.

P r o o f . Choose vectors u ,v  £ P  w ith ф{и,и) ф 0 =  </>(r,u). Then 
obviously lin{u, v} = P  and  one of the vectors u, v and и +  v is not isotropic. 
Now defining £ to satisfy £ =  <f>(u,u)/<J)(u,v), we have for z  = и -  £u th a t

ф(и, z )  =  0 and ф(и — z, и) — 0 ,

Acta M a th em a tica  Hungarica 59, 1992
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i.e., и is a ro-element. On the other hand, if w = [4>(v,v)/<j)(u,v)\u, then 
<f>(v, w) = 0 and 4>{v — w, v) =  0,

i.e., v is also a r0-element. These mean that P £ Vo and so the  previous 
lem m a implies the additivity of F  on P.

L emma 2.3. Suppose that F  £ Н о т ±*(Х ,У ) and there is a non-isotrop- 
ic vector z £ X  such that F  is additive on lin{z}. Then F  is additive on 
each lin{i}, t £ X  \  {0}, separately.

P ro o f . Let t  £ X \ {0} he arbitrarily fixed. We may and do assume that 
t is not isotropic and t , z  are linearly independent, i.e., lin{f, z}  = P  £ V. 
Now there may occur exactly one of the following possibilities:

a) is поп-symmetric on P: Then Lemma 2.2 yields the additivity  of 
F  on P  D lin{t}.

b) is symmetric on P: Then we have to deal with the cases below:
b / 1) ф(ф, z)  =  0: Then (f+£z) _L̂  ( t—z) holds for £ = t)/<f>(z, z ),

and so formula (2.5) in [1] yields the desired additivity:

+  p) — Pt(A) +  Х , р £ Ф .
b /2) <f>(t,z) ф О :И х  = [<f>(z,t)/<j>(t,t)]t-z, у = t-[<f>(t,z)/<j>(z,z)]z, 

then clearly (x , t ) , ( y , z ) £ l ^ p  and ф(1,г )  ^  0 ^  <£(z,i) implies that 
lin{f, y}  = P = lin{x,z}. Furthermore, we have

— either у £ lin{x}, i.e., у = Ax for some Л £ Ф. Then ф(у,Р) = 
= A<^>(x,i) = 0, and so у is a Го-element showing by [1], Lemma 2.4, that 
F  is additive on lin{y}. Since (y ,z )  £ ± ^p ,  [1], Lemma 2.1, completes the 
proof.

— or lin{x, у} = P, i.e., P  is a normal plane with
( u i , vi)  =  (x, t) and (w2, v2) = (y ,z ) .

Thus Lemma 2.1 implies that F  is additive on lin{j/, z )  =  P J  lin{t}.
Lemma 2.4. Let P  £ V  and suppose that each x  £ P  is isotropic, but 

ф is not identically zero on P  x P. Then is symmetric on P  and there 
exist vectors u ,v  £ P  such that lin{u, v} = P and ф(и,и)  = 1 = —ф(и,и). 
Moreover, á = a for all a £ Ф.

P r o o f . The symmetry of _L̂  is a direct consequence of Lemma 2.2. Now 
choose an arbitrary base x, у for P : lin{x, у} = P. Then ф(х, у) -f ф(у, x) = 
= ф(х + у, x + у) = 0 . Неге ф{х,у) ф 0 , since otherwise ф would vanish 
identically on P X P. Thus и = х /ф ( х ,у ) and v = у satisfy all the required 
properties:

ф(и, u) = 1 and </>(v,u) =  ф(и +  v, и +  u) — ф(и, v) = — 1.
Finally, for any a £ Ф, we have

a  — a = ф(аи 4- v, au  +  u) =  0.

Acta M a them aiica  Hungarica 59, 1992



4 GY. SZABÓ

L emma 2.5. Suppose that P  G V  and each x  G P is isotropic. I f  F  G 
G H om x*(X ,Y ) and there is a non-isotropic vector z € X  such that F  is 
additive on lin{z), then F  is additive on the whole P, too.

P roof. If ф (х ,у )  — 0 for all x , y  G P, then  there is nothing to prove. 
Otherwise, by Lem m a 2.4, ä = a  whenever a  G Ф and we can choose u, v G P  
such tha t lin{u, v} = P  and ф(и, v )  =  1 — ф(и, и). Next define

x = ф(г , v )u  -  ф(г, u )v  G P,

for which ф(х,и) =  ф(г,и) and ф(х,и)  = ф{г, v). Thus setting z0 =  z -  x, 
we get ф(го,и) =  0 =  ф(го,и) an d  so ф(го,х) = 0. Now we can proceed in 
different ways depending on the  cases as follows:

a) ф(u ,z0) ф 0: Let ß = — l/^> (ti,z0) for which ф(и,0г0 + v) = 0 holds.
b) ф(и,г0) ф 0: Let a  -  l/<ß(v ,z0) for which ф(и,аг0 +  и) =  0 holds.
c) ф(и,г0) =  0 =  ф(у,г0): T h en  ф(х,г0) =  0 and

ф(г0, г 0) = ф{г -  z , z 0) = </>(z,z0) = ф ( г , г -  х )  =
= ф(г, z) -  ф(г0 + х ,х )  = ф(г, z) ф 0.

Thus for а  =  — 1/</>(zo, zo), we have ф(аго + и, zo + v) = 0. These mean 
th a t  in any case there are scalars a,/3 G Ф w ith

(az0 +  и ) l *  (ßz0 +  v)  or (ßz0 +  t>) i.* (az0 +  u).

Now using repeatedly the orthogonal additivity of F, we obtain  for all Л, p  G 
G Ф that

F(Xaz0 +  p ß z 0) + F(Xu  +  pv)  = F (X az 0 +  pßz0 +  Au +  pv) =

= F(A[azo +  u] + p[ßz0 +  v]) = F(Xaz0 + Xu) + F (p ß z 0 +  pv) =

=  jP(A qzo) +  F (  Xu) + F (pßzo)  + F(pv).

D ue to Lemma 2.3, F  is additive on lin{zo}, thus we gain

(2.1) F(Xu + p v )  = F(Xu) + F (pv) ,  Х , р е Ф .

Finally, because of the same Lem m a 2.3 (or simply by the isotropy of u, v), 
F  is additive on lin{u) and lin {u ), and so (2 .1) yields the additivity of F  on 
P  =  lin{u, v}.

T heorem 2.6. I f  the ф-orthogonality is not symmetric on X , then 

Homx * (X ,Y ) = H om (X ,Y ).

Proof. Let _FGHomx* (X , Y ) and choose uo, vq£ X  such tha t ф(ио, vo) Ф 
Ф 0 = ф{иo,uo). Then uo, vq a re  linearly independent, and by Lemma 2.2, 
there  exists a  non-isotropic vector zq G Po =  lin{«o, uq) and F  is additive

A c ta  M athem atica H ungarica 59, 1992



(^-ORTHOGONALLY ADDITIVE MAPPINGS. II 5

on Po D lin{z0}. Since F  is additive on lin{z0}, Lemma 2.3 ensures the 
additivity of F  on each lin{í}, t £ X .  Now it suffices to prove the additivity 
of F  on any P  £ V .  There are two possibilities:

a) ф(х,х)  = 0 for all x £ P: Then Lemma 2,5 gives the desired result.
b) </>(и,и) ф 0 for some v £ P: Then choosing an x £ P  \  lin{v}, for 

и — x  — [<f>(x,v)/(t>(v,v)\v, we have (u, v) £ -L*p. Finally, regarding th a t F  
is additive on lin{u} and lin{u}, [1], Lemma 2.1, completes the proof.

3. The totally isotropic «^orthogonality

PR O PO SITIO N  3.1. Let P  £ V  and suppose that each x  £ P  is isotropic. 
I f  фх £ {фх \x £ P} for some z £ X ,  then every F  £ Homx*(X , Y )  is additive 
on P.

P R O O F . By Theorem 2.6, it suffices to  deal with symmetric _L̂ . If 
ф(х,у)  =  0 for all x, у £ P , then there is nothing to prove. Otherwise, 
by Lemma 2.4, ä  =  a  whenever a  £ Ф and we can choose u ,v  £ P  such th a t 
lin{u,t;} =  P  and ф(и,и) =  1 =  —ф(и, и). Next define

x = ф(г, v)u  -  ф(г, u)v  £ P,

for which ф (г,и ) =  ф (х,и ) and ф(г,г) =  ф(х,и). W ith respect to our 
hypothesis, фг ф фх and so there exists t £ X  such tha t ф{ф,г) ф ф(ф, ж). 
Let further

у =  ф(ф, v)u  -  <£(í, u)v £ P.
Then ф(ф,и) =  ф{у,и) and ф{ф, v) = ф(у,и), and for zq = z  — x, to = t — y, 
we have

ф(г0, и) = 0 =  ф(г0, v) and ф(ф0, и) = 0 = ф{ф0, v).

The symmetry of ±Ф yields also

ф(и, z0) = 0 = ф(и, z0) and ф(и, t0) = 0 = ф(у, t0), 

whence by the biadditivity of ф, we obtain

ф(г0, x) = 0 =  ф(г0, у) and ф ^0, x )  = 0 = <£(i0, y),

ф(х, z0) =  0 =  ф(у, z0) and ф(х, t0) = 0 = ф(у, t0).
On the other hand,

Ф(1о, zo) = Ф(10 +  у, z0 +  x) -  ф(у, x) =

= z) -  <Kt0 + У,х) = ф{1, z) -  ф{1, x) Ф 0.
Thus we may assume th a t <£(t0, z0) = 1. Then for any \ , p  £ Ф, we have

ф(±Хи  +  pt0, ± p v  -  Azq) = Л/i — /iA = 0.

A cta  M athcm atica H ungarica 59, 1992



6 GY. SZABÓ

Now we can com pute according to  the orthogonal additivity of F:

F(±Xu ±  pv )  +  F (p t0 -  Az0) =  F([±A u +  pt0\ +  [±/rn -  Az0]) =

=  F (± X u  +  p t0) +  F (± p v  -  Az0) =  F (±A u) +  F (p t0) +  F (± p v )  + F ( —Az0).
Since F  is obviously odd on P,  therefore subtraction of the above equalities 
from each other yields

2F(A u +  pv)  = 2F(Xu) +  2F(pv), Х , р £ Ф .

Hence, taking into account the additivity of F  on Hn{u}, lin{u} and 
lin{Au + pv},  we obtain the required result: F  is additive on P  = lin{u, u}.

Corollary 3.2. I f  all x £ X  are isotropic and d im X ^ ^ 3, then 

Homx*(X ,Y ) =  H om (X ,Y ).

P roof. Let F  £ Н о т х* (Х ,У ) and P  £ V. Since dim{</>x|x £ P }  < 2, 
there  exists z £ X  such th a t фг (f {фх \x £ P}. Therefore Proposition 3.1 
implies the additivity of F  on P , and because of the arbitrary choice of P , 
F  is additive on the whole X .

Lemma 3.3. Let P  £ V  and suppose that each x £ P  is isotropic but 
ф does not vanish identically on P  X P . I f  the ф-orthogonality on X  is 
symmetric and Хф — {фх |x £ P }, then there exists a unique linear projection 
L: X  —> P  such that F  £ Homx*(X, Y )  i f  and only i f  it has the form

(3.1) F (z)  = H (L (z ) )  + A ( z - L ( z ) ) ,  z  £ X ,

where H : P  —*■ Y  is a mapping, additive on any straight line through the 
origin and A : N  = {z £ X \L ( z )  =  0} —* Y  is an additive mapping.

P roof. Lemma 2.4 ensures the existence of vectors u ,v  £ P  such that 
ф(и,и) = 1 =  —ф{и,и) and by the same Lemma, a  =  a  for all a  £ Ф. This 
implies that

ф(Х\и +  p iv ,X 2u +  p 2v) = X\p2 -  X2p i,  X i ,p i ,  X2,p 2 £ Ф,

and so

(3.2) <̂ >(t, z) =  0 -Ф=Ф- x £ lin{í}, t , x  £ P, t ^  0.

Hence for x \ , x 2 £ P , we have

(3.3) </>(*, x i) = ф(1 , x2), t £ X  <=> x  1 =  x2.

By our assum ption, if z  £ X ,  then фх =  фх for some x £ P , i.e. there is a 
mapping L : X  —► P  such th a t

0 (í, z) =  <^(í,X(z)), t , z  £ X .

A cta  M athcm atica  Hungarica 59, 1992
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The uniqueness of L is clear from (3.3). Next we show tha t L is a linear 
projection. Indeed, for any z £ X ,  L(z)  and L(L(z))  are in P  and

<Kt,L(z)) = <Kt,L(L(z))), t e x ,

whence by (3.3), Z(z) =  Z (Z(z)). On the other hand, if Zi , z2€ X , СъСгбФ, 
then simple computations show that

<Kt, H C i Z i  +  C2 z 2 ) -  Q i L { z x) -  С2Ц г 2) )  =  0 =  <f>(t, 0 ) ,  t  £  X .

This together with (3.3) give the linearity of L. Now introducing the null 
space N  =  {z  £ X \L (z )  — 0 ), any vector z  £ X  can uniquely be w ritten  
in the form z  =  x +  w with x = L (z ) £ P  and w — z  — L (z ) £ N ,  i.e. 
X  = P  ® N .  Furthermore, for any z £ X  and w £ N ,  we have <f)(z,w) = 
— <f>(z, L(w)) = ф(г, 0) =  0. Thus taking into account the symmetry of J.1̂, 
we obtain

(3.4) <t>(z,w) = (f>(w,z) = 0, z  £ X ,  w £ N .

This enables us to represent the bilinear form ф as follows: If z, £ X ,  
L(zi) =  ЛiU +  m v  £ P  and w, =  Z{ -  L{z{) £ N  (i = 1 ,2), then

(3.5) ф(г! ,z 2) = ф(X\u + m v  +  wi, \ 2u +  n 2v + w2) =  Ххц2 -  A2^ i -

Finally, let F  £ Homx* (X ,У). Then for any z £ X ,  we have P  Э T(z) _L̂  
(z — L(z)) £ N  and so the orthogonal additivity of F  yields

F(z)  = F (L (z))  + F ( z - L ( z ) ) .

Now define H : P  —► Y  by H ( x ) =  F (x ) for all x £ P  and A: N  —> Y  
by A (w )  =  F(w)  for all w £ N .  Since every vector in P  is isotropic, H  is 
additive on each one dimensional subspace of P  and by (3.4), A  £ Hom(iV, Y ) 
giving formula (3.1).

Conversely, consider an arbitrary mapping F  of the form (3.1). Then for 
{z i , z2) €-L^, formulas (3.5) and (3.2) imply th a t L(z\)  and L (z 2) are linearly 
dependent and so

F (z x +  z2) =  tf(Z (z i +  z2)) + A([zi +  z2] -  Z(z! +  z2)) =

H (L (Zl) +  L(z2)) + A([Zl -  L{Zl)\ +  [z2 -  L (z2)]) =

= [H(L(Zl)) + A (Zl -  L(z\))\ +  [H(L(z2)) +  A ( z2 -  L(z2))] =  F (Zl) + F (z2),

i.e. F  £ Hom±* (X ,Y ) .
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4. Supplementary results

Example 4.1. The conditions of Lemmas 2.1 and 2.2 are not necessary 
for the additivity of an arb itrary  F  E Н о т х ,*(Х,У) on some P E V .  Let, 
e.g., X  = R 4 and ф: X  X X  —* R  be defined by

<£((6; 6 ;  6 ;  6 ) ,  (m ; m;  m; m )) =  6  m  -  6 m  +  6 m  -  6 m -

Then is symmetric on the plane P  =  lin { ( l ;0;0; 0), (0; 1; 0; 0)} (in fact 
on the whole X )  and =  0, however every vector in X  is isotropic and 
for z  = (0; 0; 1; 0), we have

ФZ i  Ш *  € P ) .

Thus by Proposition 3.1, F  is additive on P.
Example 4.2. The condition of Proposition 3.1 is no t necessary for the 

additivity of an arbitrary F  E Homx*(X , У) on some P  E V .  Indeed, e.g. 
consider on X  =  R3 the bilinear form ф: X  X X  —> R  defined by

Ф{{ 6 ;  6 ;  6 )»  (m; m; m )) =  6 m  -  ( 6  -  6 )m -

Then every x E P  =  lin { l; 0; 0), (0; 1; 0)} is isotropic and for any t = 
=  (n ;  r3), г  =  (6 ; Сг; Сз) e  X ,  we have

Ф(г, z)  =  ф({тх ; r 2; r 3), (Ci5 Сг; 0)),

i.e., фх E {фх \x E P}. However

Ф(( 1; 1; 0), (1; 2; 1)) ф 0 =  Д О ; 2; 1), (1; 1; 0)),

showing th a t _L̂  is not symmetric and so by Theorem 2.6, F  is additive. 
However, in this context we can s ta te  the following

Proposition 4.3. Suppose that Н от(Ф ,У ) /  {0} and P  e V .  Then 
every F  E Hom x*(X, У) is additive on P  i f  and only i f  one of the conditions 
below is satisfied:

(i) ф(х, у) = 0 for all x , y  6  P;
(ii) -L ф is not symmetric;

(iii) Every x E P  is isotropic and фг ^ {фх |x E P} for some z  E X .
PROOF. Sufficiency. It is clear from Lemma 2.1, Theorem 2.6 and 

Proposition 3.1 above.
Necessity. If none of the conditions (i), (ii) and (iii) holds, then ±Ф is 

symmetric and
— either ф(и,и) ф 0 fo r  some v E P ,  when F: X  —► У defined with the 

aid of some a E Н о т(Ф ,У ) \  {0} by

F (x )  = а(ф(х,х)), x E X ,
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is not additive on P, but anyway F  £ Homx*(X, Y).
— or each x £ P is isotropic, when conditions of Lemma 3.3 are satisfied 

and  so one can easily define a mapping F  £ Hom1*(X, У) of form (3.1) which 
is not additive on P.

Remark 4.4. In the rest of the paper we are going to summarize our re
sults concerning (^-orthogonally additive mappings. There may occur exactly 
the  following possibilities:

a) _L̂  is not symmetric: Then

Homx*(X ,Y ) =  Hom (X,Y).

b) ±Ф is symmetric: Now
b/1) either each x  £ X  is isotropic: Then there may happen tha t 
b /1) (i) dimX^ =  0: Then

Homx *(X, Y )  =  Hom (X ,Y ).

b/1) (ii) dimX^ =  1: This is impossible, since then = lin{d>x} 
and </>(<, a;) ф 0 for some t, x  £ X ,  and so we could choose Л £ Ф such tha t 
Аф (х,х)  = Афх (х)  =  4>t(x) = 4>{x,t) ф 0, i.e., x would not be isotropic.

b /1) (iii) dim Хф =  2: Then Хф = \т{фх ,фу} for some x , y  £ X .  
Obviously x and у are linearly independent and so lin{x, у} = P  £ V .  Then 
X I  =  {фр\р £ P } .  Since фх ф 0, there exists t £ X  with </>(/, x) ф 0 and 
so by the isotropy, 0 ф <£(i, x) =  </>(í + x , t  +  x) -  ф(х,Ф) = ф(х,р)  for some 
p £ P ,  i.e., ф does not vanish on P  x P . Thus Lemma 3.3 provides a unique 
linear projection L: X  —> P  such that F  £ Н о т ±ф(Х,У) if and only if

F (z)  = H ( L ( z )) +  A (z  -  L (z)),  z £ X ,

where H : P —*• Y  is a mapping, additive on any straight fine through the 
origin and A: N  = {z £ X |L (z)  = 0} —► Y  is an additive mapping. 

b/1) (iv) dimAf^ > 3: Then

Hom±*(X ,Y ) =  Hom (X ,Y ).

b/2) or there is a non-isotropic vector v £ X :  Then we have to  deal 
with the cases:

b/2) (i) dim Хф =  1: Then Хф =  lin{<£„}. This means tha t for 
any у £ X  there is a unique p (y )  £ Ф with ф(х,у) =  фу(х) = р(у)ф„(х) = 
= р(у)ф (х,г)  whenever х £ X .  For х  = v this yields ф(г,у) = р,(у)ф(у,у), 
i.e., p(y)  = ф(у,у)/ф(у,г).  Now consider the linear functional A: X  —► 
—*• Ф defined by A(x) = ф(х,о)/ф(г, v), x  £ X .  It is clear th a t for any 
x £ X , ф(х — \ ( x ) v ,  v) — 0, whence using the symmetry of we have 
ф(у, x )  -  А(х)ф(о, v ) = ф(у, x — A(x)v) = 0, i.e., A(x) = p(x).  Thus ф(х, у) =
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= ц(у)ф(x ,v )  =  A(x)A{y)(f>{y,v) whenever x , y  £ X . Hence one can see 
easily th a t F  £ Homx* (X ,Y ) if and only if

F (x )  = / ( A(*)), x € X ,

with arb itrary  / :  Ф —► Y satisfying / ( 0 )  = 0.
b /2 ) (ii) dim Хф  ^  2: If Ф ф GF(3), then by [3], Corollary 2.9, 

the odd mappings in H o m ^  (X, Y) are additive, while the even ones are 
quadratic. Moreover, using the notations fl =  {a £ Ф|а =  a}, Í1+ =  
=  £ Ф}, í í -  =  — ÍI+ and assuming tha t

il_l_ Y C ÍI-j-j í í  =  f i — U íí+5 ÍÍ+ =  {w 2|u, €

for 2-torsion free Y, Corollary 3.5 in [3] implies th a t F  £ Н о т ±<*>(Х, Y) if 
and only if

F (x )  =  A{x) +  a(«/»(x,x)), x £ X ,  

with some A £ Hom (X, Y ) and a £ H om ($,Y ).
Remark 4.5. It is worth mentioning tha t the planes P  defined in the 

Examples 4.1, 4.2, contain no «/»-orthogonal base at all. This is the reason 
why the theory of abstrac t orthogonality spaces developed in [1] can not be 
applied for non-symmetric or totally isotropic «/»-orthogonality. Anyway, the 
results of Sundaresan-Kapoor [2] are completely covered now.

References
[1] J. R ätz  -  Gy. Szabó, O n orthogonally additive m appings, IV, Aequationes M ath., 38

(1989), 73-85.
[2] K. Sundaresan -  О. P. Kapoor, T -orthogonality  and nonlinear functionals on topolog

ical vector spaces, Can. J. M ath ., 25 (1973), 1121-1131.
[3] Gy. Szabó, ^-orthogonally  additive m appings. I, A cta  M ath. Hungar., 58 (1991),

91-99.

(Received July 24, 1989; revised November 2, 1989)

INSTITUTE OF MATHEMATICS 
L. KOSSUTH UNIVERSITY 
EGYETEM TÉR 1 
H -4 0 1 0  DEBRECEN, PF. 12  
HUNGARY

A cta  M aihcm atica  H ungarica  59, 1992



Acta Math. Hung. 
58  (1- 2 ) (1992), 11-24.

ON SOME PROBLEMS OF P. TÚRÁN CONCERNING 
POWER SUMS OF COMPLEX NUMBERS

L. ERDŐS (B udapest)

1. Introduction

Let zi, Z2, . . .  , z„ be complex numbers satisfying 
(1Л) . max \zj\ =  |zx| = 1,

j= l,2,...,n
and, for arbitrary  positive integer v, let s„ =  Zj +  z£ +  . . .  + z£. We are 
interested in the asymptotic behaviour of the expression
(1.2) min m ax |s„ |

z \ , z n i /£H

under the condition (1.1), where H  denotes a fixed finite subset of the pos
itive integers. The minimum in (1.2) exists because of the compactness of 
the domain (1.1) in Cn. One can easily prove by rotation and homothetic 
transformation tha t the condition (1.1) can be exchanged for
(1.3) zj =  1 
without changing the value of (1.2).

Several papers deal with the case H  = { 1 ,2 ,.. .  , n}  (see P. T u rin ’s book 
[6]). F. V. Atkinson [1] has proved tha t

a „  : =  m in  m a x  |s„|zi=l i/=l,2,... ,n
is greater than  1/6. On the other hand, a  suitably chosen set (z i, Z2, . . .  , zn} 
proves that a „  < 1 (for the best known result see [3]).

The situation essentially changes omitting the number 1 from H  and 
replacing it by integers greater than n. Let us denote
(1.4) ßn := min m ax |a„|.

z \ —\  i/=2,3,... ,n+1

P. Erdős has proved (see [6], Theorem 4.1) tha t, for large enough n,

л  s  2( « + i ) V ’" <  j A j ,

where t? is the only positive root of the equation
(1.5) 1 + +  log д =  0
(t? =  0 .2 7 8 4 ...) , i.e., ßn is exponentially small.

P. T urin  ([6], Problem 6) posed the problem of the exact value of ß n. In 
our Theorem 1 we prove the following estimations for ß n .
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T heorem 1. Under the assumption (1.1) and with the notations (1.4) 
and (1.5), we have

(1.6) n - 0'7823exp(—2t?n) ^  ßn < n4 5 exp(—2i?n)

fo r  sufficiently large n.

Corollary. For n > n0, we have j-yjjgn < ßn < 1-745л •
V. T. Sós and P. Túrán asked for the “smallest” numerical positive value 

A \  for which the inequality

(1.7) max
v  integer

П
A i ( m  +  n) )

П

holds for arb itrary  nonnegative integer m and positive integer n under the 
assumption (1.1) (see [7]).

Using the result of P. Erdos quoted above it is trivial th a t A\ > 1.321. 
The authors of [7] mentioned th a t the case m  = 2 can yield a better lower 
estimation for A \ . So denoting

(1.8) 7„ := m in  m ax |a„|
* 1 = 1  * '= 3 ,4 ,.. .  ,n + 2

they have shown in Section 11 of [7] tha t a good estimation of the minimal 
absolute value of the zeros of a certain equation involving Hermite polyno
mials (see formula (4.8) in [7]) can give an upper estimation for 7„, and th a t 
can yield a be tte r estimation for A \.

Fulfilling this programme E. Makai proved tha t, for sufficiently large n,

7 < _ ! _
,n = 1.473"’

which implies th a t A \  > 1.473 (see [4]).
The idea of the proof of our Theorem 1 can also be applied for the 

estimation of 7„. Similar but longer calculations show the following
T heorem 1'. We have

(1.9) 7n -  min max IsJ  < 
“  *1=1 i/=2,3,...,n+2 “

1
1.745"'

The main difference between our idea and that of V. T. Sós, P. Túrán 
and E. Makai is th a t we do not stick to choose s3, s4, . . .  , sn+i all to be zero 
as they did bu t we exploit the possibility of choosing certain s ,’s to be small 
bu t not zero.

In Section 3 we answer another question of P. Túrán. Problem 7 of 
his book [6] asked whether the expression ( 1.2) is exponentially small under 
the assumption (1.1) if Я  =  { 2 ,3 ,. . .  ,n  +  2}. Theorem V  shows tha t the 
answer is yes. Following the idea of P. E rdos’ proof of ß„ ^  1/1.32" we give 
a positive answer in the following general form.
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THEOREM 2. Under the assumption (1.1) i f  к < 0 -2 7 8 3 ^ ^ , then

min max | s j
*1=11/=2,3,... ,n+ifc

is exponentially small.

2. Proof of Theorem 1

The lower estimation. Let us denote £(n) =  exp(—2i?n — c logn) where 
the number c will be chosen later. We are going to prove th a t ßn > e(n). On 
the contrary let us assume th a t |s2|, |^з|, . . .  , |s„+i| are smaller than  e(n).

By W aring’s formulae (see L. Rédei [5]) the coefficients a* of the poly
nomial (z — Zi)(z  — z2) . . .  ( z  — z„) = zn +  a iz n~1 + . . .  + a„ can be expressed 
by s j ,  s2, . . .  , s n in the following way:

(2 .1) a t  = E
•l+2«2+...+mn=fc

1

*i !*2! •••*»»! ( - W ( - W - ( - si T

(k = 1 , 2 , . . .  , n ) .

For к = 1 we have a\ =  (—Si). For к > 2 separating the summands corre
sponding to ii =  к, i2 + i3 + . . .  + i„ = 1 and i2 +  . . .  +  г„ > 2 we obtain 
tha t

( 2.2) a*  = (~ 'sl ) fc , ST' ( " ^ l ) '1 ( ~ Sk-H \
k\ ix! \ k - i j  +

, у "  (-^ í)* 1 1 / z I l Y  ( ~ SnV"
h  *  2 )  " л  » )  •

*24*-*+*n ̂ 2 
2*2+...+ntn=fc-ii

(It is trivial th a t ii cannot be к -  1 in (2.1) because 2t2 +  . . .  +  nin cannot 
be 1.)

Using the roughest estimation for the th ird  sum we get

(2.3) o-k - ( - * i ) *
A;!

k - 2

i= 0
h + E

i= 0

w £ ( n ) *2+...+*n

‘2,— ,‘n^O
12 + -+ In i2 

2ij+...+m'n=A:-«

The number of summands in the third sum is equal to the number of 
partitions of к — i not containing 1 as a summand and containing at least
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two term s. This number is smaller than  tha t of all partitions of n which can 
be estim ated by exp(dy/n) where d is a fixed positive number (see [2]). 

Thus from (2.3)

(2.4) o-k -
( ~ S l ) k

k\
< e ^ s ( n )  +  e ^ e { n ) 2edŷ i =  e ^ e { n ) t n,

where tn converges to 1 exponentially fast.
By the remark in Section 1 about the conditions (1.1) and (1.3) we 

may assume tha t Z\ =  1, consequently z\ =  1 is a root of the equation 
zn +  a \ z n~x + . . .  +  an =  0, thus

П — 1

(2.5) an — —(1 +  Oi +  . . .  +  ö n - i)  — — + e'eY'e(n)nrn,
i= 0

where |r„ | < 1 +  o (l).
Since |s i | ^  \ z i I -f |гг| + • •. +  \z„\ й n, an easy computation shows tha t

( 2-6 )

, - • 1
П —1

~E
«=o

г!
< f W < h P /u  JüL + J üIL
-  z - j  г! ~ n! I n +  1 (тг +  l )2 /

Х — ГХ

|s i |n(n  +  1)
n\(n  +  1 -  |s i |) '

Thus by (2.5)-(2.6)

(2.7) M  a  l e - 1 -  , ^ l“ (" ! |1J)l |)  -

Using (2.4) and N ew ton-G irard’s formula

.Sn+i T  4“ - • * 4- a „ s i  — 0

(see L. Rédei [5]) we get

K IN i l  ^  l5n+i| 4- |a i | | 5n| + • • • +  |a „ _ i ||s 2| ^  (1 +  |a i | +  . . .  + |o n -i|)£ (^ ) й

n —1

 ̂£(n) ( S  + el*1,£(n)n*n) ■
«=0

Com paring this inequality with (2.7) and using \e в1| > e I*1!, we obtain 
th a t
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( 2 -8 )

Ы  ( e“ |ei1 -  - e ln |g(ra)n|rn |^ < e (n ) ( e M  + eM e(n )n tny

First case: |s i| % tin — ci logn (ci > 0 will be chosen later). It can be 
assumed th a t |s i | > 1/6 since Atkinson’s result [1] claims that m ax >

1/=1,... ,n
> 1/6 and Î 21, |^з|, . . .  , |s„| are small. (Instead of A tkinson’s deep result, 
one can use (2.7) and (2.4) with к = n > no.)

In this case for large enough n

(2.9) el®1l£(n)n |rn | <i exp{-tfn  +  (1 — ci -  c)logn +  log(l + o (l))}  

and by Stirling’s formula

( 2 . 10)

n ! ( j

^  exp {log ;j—̂  -  nd}

since d + log^i? -  C i^jp^ +  1 < 0 by the definition of d. 
Using these estimations in (2.8)

( 2 . 11) ^ |e x p (- i? n  +  ci log n) -  exp (log -  m?) -

-  exp(-i?n  +  (1 -  ci -  c ) lo g n  +  log(l + o ( l ) ) ) |  <

< exp(—2t?n—c log n){exp(i?ra-ci log n )+ ex p (-i?n + (l — cx-c )  log ra+log t„)}.

Since log(l +  o (l)) -♦ 0 and logi„ —> 0, the main term  on the left side is 
( l / 6)exp (—tin +  ci log n ) if

(2.12) Ci > 1 — ci — c

and the main term  on the right side is exp(—tin -  (c +  Ci)logn). Thus we 
get a contradiction if

(2.13) ci > —(c +  Ci) 

but (2.12) guarantees (2.13).
Second case: |s i| > tin — c ilogn. The estimation (2.4) yields th a t

(2.14) |an | — -----eM e(n)t„.
71!
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We repeat the calculation of the first case replacing the estimation of |a„ | in
(2.7) by (2.14). Similarly to (2.8) we get

(2.15) lS ll ( ^ ! -----е'41'£(п )*г») < £ (п )(е Ы  +  el*ll£ (n )n í„ j

and

(2.16) < el’ll£(n ) ( 1 +  у  +  e (n )n í„ ).

By Stirling’s formula, we have

(2.17) e x p ( - |s i |  +  n lo g |s i | -  n log n +  n -  -  logx/2Trn+

+ 2 tin +  c logn ) < 6 ^  +  o (l)) .

Simple differentiation shows th a t in the interval [i?n-ci log n, n] the function 
f ( x )  = —x  +  n log a: is increasing, so the minimal value is attained a t x  =  
=  tin -  ci lo g n. Since |s i| is in this interval by (1.1), we have

exp ( —tin +  ci log n +  n  log(i?n -  Ci log n) -  n log n +  n -  ——  
l lzn

— log \/2тгп +  2tin +  c log n I  < 7 +  o (l) , 

or

(2.18) exp I  n (ti + log (ti -  ci ~ ~ )  +  l )  +  (ci +  c -  lo g n -

_ _ i . - 1o g V2i } S 7  +  0( l ).

But

n +  lo g  -  Cl +  1^ =  n  ̂ lo g  1̂? -  C iloy )  -  log  1?̂

(  lo g n \ 1 1
>  n  - C l --------) m a x  ( l o g x )  = - C l l o g n - --------- j—  .

Thus from (2.18) we get a contradiction if

(2.19) ci +  c - | > ^ .
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Now we can choose the constants c\ and c on the grounds of (2.12) and
(2.19). These inequalities will be satisfied if

Cl
0

2(0 +  1)
and c = 0.7823 >  —— - .0 + 1

The upper estimation. We are going to prove the existence of com
plex numbers z \ ,  z2, . . .  , z„ such th a t z\ = 1 and l^ l ,  |« з |, . . • , |5„+i| < 
< e x p (-2 0 n  +  4.5 logn) for large enough n (by the remark in  Section 1 
about (1.1) and (1.3) it is enough to  guarantee (1.3) instead of (1.1)).

From W aring’s formulae it follows that for an arbitrary system  of the 
sums of the first n powers there uniquely exists a system of numbers Z\ , z2, . .., 
zn resulting the given sums of powers. So we shall give explicitly the  numbers 

í • ■ * , instead of z \ , z^, . . .  , z ^ .
Let e(n) = exp(—20n +  4.51ogn); we are going to  choose S2 , S3 , . . .  , s „ _ i  

to be smaller than  e{n) in absolute value. For the moment we do not care 
about sn because it plays no role in (2.2) for к =  1 ,2 , . . .  , n — 1. Assuming 
this choice of 52 , 53, . . .  , 5 n _ i  we have an estimation similar to  (2.3) using 
the partitions. For 2 < к < n  — 1,

( 2 .20) ßfc
( ~ Sl ) k , ( - S i ) *  - S k - i

k\ i\ к -  i1=0

Let us choose s i =  [0n]. Then el*11e1{n)ed' ^ n  ^  e 25,?n. Now we choose 
the value of a n to guarantee Z\ — 1 to  be a root:

(2.21) an := - (1  +  Oi +  . . .  +  an_i )  =

n —1 / 4  ̂ n—1 k—2

= -{E T  + Ё } + 0(e-2 M") =
k= 0 k=2 «'=0

n -1

“ - ( E ^ + E ^  E  7 } + ).
k= 0 ‘ «'=0 ‘ j = 2 J

By the N ew ton-G irard’s formulae and (2.20)

n —3
( ~ 5 i )

j n— 1 — t

n -1
V - '  (  — <Sl)*- 5 n =  a i 5 n_! +  . . .  +  a „ _ i5 i +  na„ =  2 ^  — Tj— •«„_* +
fc=i

k\

+ E E ( - S i ) *  / - S k - i
( k -  i )̂Sn~k + ° ^ e 2‘5,?") +
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18 L. ERDOS

consequently,

/ ч V '' (~ 'si) fc (—5i)* (  —.sn_i_, \
(2.22) - s" =  I ! - k ]~ 'sn -k  + ^ 2 ~ i i ~  ( n _ i _ J 01 +

fc=i 

1 -2  k - 2

i= 0

+ Ё  Ё  + — •
k- 2  .=0

The double sum  on the right side can be estim ated by e^ 1 l£2(n)ra, which 
can be endorsed to  the error term . Expressing sn+i we get

Tl — 1
(2.23)

( —-Si)*
~^n+1 =  ®l^n T • • • T  ^r\S 1 = /  Tj 5n+l-fc+

k= 2
Дг!

n—1k- 2

+ Y , £ ~  f i 1^ ' ( y r f ) + ° ( e 25’3" ) + 5ia" - 5i5«-
fc=2 .'=0

The double sum  on the right side can be trea ted  as in (2.22). So it is 
enough to guarantee that

(I)
n —1 , si. П  — 3 ,

E ^ r + E -
k=0 1=0

(И )
П — 1 , nL П  — 3 /
\ — ( - S i r  . , V -  (
2 s  s"-k  +  2 s  
k= 1 ' 1=0

(III)
n —1 / \k 
Y - ( ~ S l ) k

k\

П —1 —*

j=2

Sn+l-k — 0 .
k= 2

Indeed, (I) implies that |an | =  0 (е ~ 250п), then  this and (II) imply tha t 
Is n I =  0 (n e -2 -5l5n) < e(n), finally, these both and (III) imply th a t |sn+i| =  
=  0 (n2e~25'3n) <  s(n).

All we have to  do is to prove th e  existence of a  “small” solution $2, $з, • • • , 
s n_ i of the equations (I)-(III). T he number A  will be chosen as a suitable 
integer not far from  n — si.  All th e  $2, «з, • • • ? sn_ i are to be zero except s a , 
s x + i ,  зл+2- Thus (I)—(III) take th e  following form:

/т /ч  Пx~~*'3 ( —^ i)*  Í SA SA + i &A+2 \  ( ~ ^ i ) n A 2 ( s A  % i  \
^ ’ f^Q г! \ A  A + l  A  + 2J (n  -  A -  2)! V A A + l J
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POWER SUMS OF COMPLEX NUMBERS 19

+ (~ * l)r - A - 1 SA
(n — A  — 1)! A k\
K ’  Jfc=0

n -1

= E ( - » o '

+  SA +1 sA +2 ( П -  A -  l \  _  ( -S i)A+1(n  -  A  -  1)!
A +  l  A + 2 (4 ^ ) -

(НГ)

Si

n — A>

n\

LJVi)-+sm+(Ъг)'А+а=°-
Anticipating tha t for suitable A , this system of linear equations has a 

nonzero determinant (cf. (2.33)) we obtain tha t

{ - S i ) n~ \ n -  A ) ( n -  A -  l) (A  +  2)
(2.24) .л  -  4 ( 2 ,  - f j  ( ^ H ) !  +

+ T  (l l)‘ (- S0Z % A ~  1 ) ! ( - a i ( A  + *> -  <" -  A><A + 2»} *
г—А —3

I  У  t i l Z f !  +  _ _ ? £ ! _  + _______ f i________( +
I f - í  t! V n - A  + l r  (п-А)(тг-А + 1)/ +

1=0

+
( - S i ) n - A ~ 2 /  2 s x \

( n - A - 2)!V +  n - A  + l J  + ( n - A - l ) ! J  ’

n —A —2
( - ■ S i ) " —A- 1 ■» - 1 
(n — A -  1)!

(2 .25) SJ+1 =  ^  + 1KA +  2)

(2.26)

S A + 2 =  •SÍ'SA-

A(n -  A +  1) (тг + 1)!

A + 2 (-Д г)А+2(та -  A -  1)!(A +  1)(A +  2)
A (n -  A)(n -  A +  1) (n +  1)!

The second terms in (2.25) and (2.26) can be estimated easily, anticipat
ing th a t A will be chosen n — si or n -  sj +  1. The second te rm  in (2.26) is 
not smaller in absolute value than  tha t of (2.25), so we are dealing with it:

(-■si)^+2(n -  A -  1)!(A +  1)(A +  2)
(n + 1)!

^ s r ^ ^ i - l Ä n - s O ^ l  +  o q ) ) .
(n  +  1)!

< (t?n)"(Tb)2-5n 2( l  -  7?)2en 1̂~t?)( l +  o(l)) _
(n  +  1 ) i/n n "

= i?2’5( l  -  i?)27i3e_2,?n( l  +  o(l)) < i  exp(-2i?n +  3 logn).
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20 L. ERDOS

Thus from (2.25) and (2.26) (for A = n  -  si and A  = n -  -f 1) we get 

(2.27) I-sa+i I ^  (2 +  o(1))|j u | +  i e x p ( —2i?n +  3 logn),

(2 .2 8 )  15л + 2 I ^  ( 1  +  o ( l ) ) | s A | +  2  e x p ( - 2 t ? n  +  31og ra ).

Now we estimate sa  from (2.24). We start with the  first ( . . . )  consisting 
of three term s, Тх,Т2,Т з. The first te rm  Т г can be trea ted  similarly to (2.6):

П—1

i n  I =  E
k = 0

k\
< e Ä1 H— ~r~ —  < exp (—tin T 1)+

n\ n — si

t exp(ra(log d  +  l ) ) : j - ^ .

Since —1? =  log +  1 ,

(2.29) l^il ^  e x p (- i? n ) (e +

The second term T 2 gives:

(2.30)
.  | ( - * ) ~ ‘ ( - -  Л ) ( ;  Л - 1 ) ( Л  +  2 ) | и ) „ ( 1 ^ ( 1 + о ( 1 ) ) s

( «  +  1)! V27T

й  ^  exp +  “  log .

The estimation of the  third term  T3 yields:

№1 =  fif ̂  ( ~ ,1 ^ «  + Г / ~ 1)!( - (-* +  » - ( -  +
»=0 ' '  ~

2 ) )

^ ^  1 7 - 1  v - 2 ^ 1  -  * ) n \ \  +  o(l))
[ n  +  1)!

since si =  (1 + o(l))t?n, A  = (1 + o ( l) ) ( l  -  i!))n. Thus we get

(2.31) |T3| < e x p |n ( l +  log г?) + log n +  ^logt? +  log(2tf(l -  1?)) +  o ( l ) | <

< 0.213 exp(—tin + log та).
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Thus the first ( . . . )  in (2.24) is smaller than  the sum of the right sides 
of (2.29), (2.30) and (2.31), i.e.

(2.32) the first ( . . . )  in (2.24) ^  0.22 exp(—i?n +  log те).

The second ( . . . )  of (2.24) cannot be estimated from below in a direct 
way but we have a certain freedom in the choice of A. We are going to prove 
tha t A  = n — s i or A  = n -  s\ l  suits. Let

n - A - 3

№ )■ ■ =  E ( - * ) •

«=0 г! 1 +
2 s i

+n — A  + 1 (та -  A)(n -  A  +  1). 1 +

(~ * i)n- A- 2 /  2дг ч ( - 3 l) " - ^ - i
+ ( « - A - 2 ) ! V  т е - А  + 1/  ( т е - А - 1 ) ! '(та -  A - 2 )  

Lemma. We have

т а х ( |/(т а  -  s i) |, |/(та -  +  1)|) > -  exp(i?n. -  2.5 log те).(2.33)

P r o o f . Indirectly, let us suppose that

(2.34)
I/(те — «i)| < I  exp(i?n -  2.5log та),
I/(та — si +  1)| < |exp(i?n  — 2.5 log та).

А—э
In order to  eliminate the annoying '■ ' , let us consider the following

i=0
hnear combination:

y 4«i -  3 t t  л 4ej + 1 , ,  , 14L := - ----- - /(т а  -  S l) -  — ——— /(та -  3l +  l .
Si -  1 5i +  1

(2.35)
■*1 — 1 +

From (2.34) it follows that

(2.36) \L\ й 5ехр(т?та — 2.5 log та). 

A simple calculation shows that

( - s i ) * 1 - 2(2.37)

Thus

L =
si! (si -  l)(s i +  1)'

\L\ > exp (tin -  2.5 log та) °j  ̂  > 7 exp(i?7i -  2.5 log«)
v 27rtieti2

which contradicts (2.36).
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22 L. ERDŐS

Now let us choose A  so th a t |/ ( a ) |  > |e x p (i? n  — 2.5logn). Then from
(2.24) and (2.32) it follows th a t

\sA \ < (n (l — t?) +  2) • 0.22 exp(—i?n + logn) • 2 exp(-i?n +  2.5log n) <

< 0 .4exp(—2i9n +  4 .5 logn), 

and  from (2.27) and  (2.28) we get

|5л+11 ^  ex p (—2i?n + 4 .5 lo g n ), |s,4+2| ^  exp(-2i?n +  4.51ogn).

Remark. T he proof of Theorem  1' is essentially the same but we must 
choose s,4, sa+ i , sa +2 , 5++3 so th a t they satisfy a  system of linear equations 
similar to (I)—(III) consisting of four equations. The index A  can be chosen 
either n -  sx or n  — sx +  1 so th a t the absolute values of the solutions sA , 
5,4+1, 5A+2> 5,4+3 are “small” . The calculation is elementary but rather long 
so we omit the details.

3. Proof of Theorem 2

Let ко = 0-2789 ĵ - .  We prove the existence of numbers zx — 1, 
Z2, . . .  , z„ so th a t  52, 53, . . .  , i n+it0 are exponentially small. Instead of 
z i ,Z2, . . .  , zn we prescribe the values of the sums of powers. Following the 
idea of P. Erdos let si = i?n, 52 =  53 =  . . .  =  s„_x = 0. From Newton-
G irard’s formulae one can easily get tha t a, = ( j  — 1 , 2 , . . .  , n  — 1)
where the ay’s are the same as a t the beginning of Section 2. To guarantee 
Zi =  1 let us choose

,  . ^  ( —5X V
an —(1 +  a i +  . . .  +  an- i )  — — 2 _^ + •

j= o J '

T he coefficients a x, 02, . . .  , an being given, all the sums of powers are deter
mined by N ew ton-G irard’s formulae. We are going to prove the following 
estimation by induction on к :

(3.1) |s„+fc| < 2nsxe~ei if k  =  0 ,1 , . . .  ,т е -  1.

Case к =  0. By s„ + a xs„_ x +  . . .  +  a„_xs x +  na„ = 0w e get

n
5 n =  П E

j =0 j !
=  n ( e -  -

j= n + l

(~ 5 l),\
j \  J '
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( -a  VSince ^2 ' "У is an alternating series with terms decreasing in absolute
j= n + 1

value, we obtain that

o "+ 1
Ы  ^ n (e  *l +  = ne *l ( l  + exp(n(d+ l o g +  1))) =  2ne 1,1

Case к — 1. Expressing sn+1 from N ew ton-Girard’s formulae we get

j = 0 J ■ j= 0 J '

< * » « - ( »  +  +  + 1)) S

Case к > 2.

ie«+ * i =  | -  53 .... ^  s * + k - j \  ^  Y  =
i = 1 j = 1

By (3.1) easy calculation shows tha t sn+k is exponentially small if к < к0 
since

2ne_il Si ( =  exp j - n  — — log n +  -( lo g  log 2 -  log t?)^ j ^
£ 2пехр(-п(г? — 0.2783)).

Remark. A slightly more accurate calculation proves that sn+k is ex
ponentially small if к = 0  • The proof is based on the following
inequalities which can be proved by induction:

( 1 - £ f c ) ( f c !  +  (it -  l ) l ) ^ e *l -  Sn+k  =  ( 1 +  £* ) ( ] t !  +  (it -  l ) l ) ^ e *1 ’

where e0 = exp{n(7 +  log 7 +  1)}, ek = e0 ■ 3 sx = 7 n, s2 = s3 = 
= . . .  = sn_i = 0, Z\ =  1 and 7 denotes a positive constant smaller than
exp j — k 1°g n — 2 j (the term  ppi)! is considered 0 for к = 0).
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ON THE CONTROL OF A RECTANGULAR 
MEMBRANE

I. JO Ó  (B udapest)

1. Let ÍÍ =  (0, a) x (0, b) be a rectangle and consider the following control 
problem:

( 1 )

( 2)
du
du

N

utt = A u  +  S((x, у ) -  Pj)vj,  (x , j / )GÍ I
i = 1

M

= V '  S(s -  S j)v j ,  s G dtl.
anx(o,T)

Here u ( t , x, у ) gives the height of the point (x, y) G ft in time t ,P i , . . . ,P i g  G 
G ÍÍ, 5;v+i, • • •» •S'm  € dil and

V]( t ) e L \ o , T )  ( i  =  1....... Af)
are the controls. We suppose further that the initial state is relaxed, i.e.
(3) u(0 ,x ,y )  =  ut(0 ,x ,y )  = 0 on ÍÍ.

Define further the reachability set

R (T )  :=  { ( « ( T , .), « t( T , .)) : G L2(0,T ); j  = 1 , . . . ,  Л/} 
and consider the following system of eigenfunctions:

d̂ Pr,
du

= 0 on dil.

7Г 7Г \ Í  n \ 2 ,cos m —X co s  n T y , Лm n  — ( Ш ) "f" 1( n T  )a b \  a / V b J

It has solutions

< P m n (x ,y )  =  7 mn  COS Г

(m , n =  0 , 1 , 2 , . . . ) ,
forming a complete orthonormal system in L 2 (il)  if

2

7m n •— ^

\ / a b
1

y /a b

if m, n 7Í 0 

if m = n =  0



26 I. JOÓ

Introduce the spaces

W r := f  = У :  Cmnipmn :|| /  ||vrr :— |coo|2 + ^  lcmn|2^m„ < °°  ̂ ,
m,n  (m ,n)^(0,0)

Wr :=  w r+l 0  W r.

First we prove
T heorem 1. For any control the solution of  (l)-(3) satisfies ( u ,u t) £ 

e C ([0 ,T ] ,H r) for r < - 3 /4 .
We recall tha t the system ( l) - (3 )  is approximately controllable in time T  

if for all г < - 3 /4  R ( T ) C Tir is dense in Wr . The system is approximately 
controllable in nonbounded finite tim e if |J  R (T )  is dense in 7ir for all

T <oo
r < - 3 /4 .

T heorem 2. (a) The system  (l)-(3) is not approximately controllable 
in any time T  < oo (i.e. R {T ) П Tir is not dense in H r for any r £ R).

(b) The system ( l) - (3 )  is approximately controllable in nonbounded finite 
time i.e. (J R (T ) is dense in TiT i f  and only i f  all \ mn are different (i.e.

T  <oo
a2/6 2 is not rational) and if all emn are nonzero.

As a corollary we get th a t, contrary to the onedimensional case of vi
brating strings ([1], [2]) the reachability set R (T )  does not give up growing 
for large T.

We give to (1)—(3) the following interpretation. The function u ( t , x , y ) 
satisfies (1)—(3) if for every function z ( t , x ,y )  £ C 2 with

Z(T  = zt(T  =  0,
dz
dv anx(o,T)

=  0,

the following relation holds:

We ask for the solution и in the form

then

u ( t , X , y ) =  ^2 Cmn ( t)< P m n (x ,y );
m ,n£N

Cmn /UVmn-

A cta  M athcm aiica  H vngarica  59, 1992



ON THE CONTROL OF A RECTANGULAR MEMBRANE 27

Applying (4) to the function z ( t , x ,y ) =  b(t)ipmn( x , y) with b € 
b(T ) =  b'{T ) =  0 we obtain

(5)

Г

.«> = /
sin y/Amn(t -  r )

V^mn
h (r )d r , (m ,n )  ф (0,0),

t

Coo(t) = J ( t  -  r)h(j)dT,

Denote

N M
h(t) -= 'У (frnniSj)vj(t).

j=l j=N+1

£ m + l ,± ( n + l) ( 0  ^ г у ^ т п сш п (0  +  cm n ( 0  — 
f t

= J  e±,VX^ ( t-")/i(r)d r = J  (етпе * ^ т, г;(r))dr,
о о

t t
£ i,i(0  := coo(0 J ( t - T ) h ( r ) d T  = J (е00т, v^))dr,  

о о
t t

6 ,-i(< ) := c()o(t) = J  h(r)dr  =  У  (e00,v {r))dT,

Cmn •—

/¥ W ( P i )  \

V’mni-P/V )

Vv? m u  ( S m ) У

, v(t ) :=
\V m (t -  r )

For given functions

/  — ^   ̂ fmn^Pmni 9 — ^  ^dmn^Pmn
m,n

it is easy to check

C2[0,T],
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28 I. JOÓ

Lemma 1. The mapping

A  : ( g , f )  -*• {/oo,fifoo,(Am|fc|)r/2^mfc : m , \k\ = 1 ,2 , . . . ;  m  +  |fc| > 2}

establishes an isomorphism between H T and l^.

This means tha t in proving Theorems 1 and 2 we can investigate A R (T )  
in I 2 . It is not hard to  see tha t for fixed m  the sequence \ A mn has a partition 
into Cy/тп sequences in which the distance of the neighbouring elements is 
not smaller than 1 (see [13]). Consequently

< cy/m  К v |ß 2(o,t;Cjv)

which implies th a t A R (t) C (-2 • The fact th a t for fixed v A (u(t, ,) ,u t( t , .)) 
is continuous in t can be proved similarly.

R eturn to the proof of Theorem 2 /a . It is easy to see that:

L emma 2 ([3], [4]). The vectors emn (0 ^  m , к < 2M  — 2) span the space 
C M .

Using this, we obtain a basis e \ , . . . ,  ем- We have 
L emma 3 ([3], [4]). L e tT ,e  > 0. Then the system

е(Л) :=  j e mne±,v^ * " t : m  + n > 0; m , n > 0 j

contains a subsystem

Ф =  { e ^ e * ^  : j  =  l , . . . ,A T ;n  =  1 ,2 , . . . }  U | е30е,х° )г : j  = 1 , . . . , m }

such th a t .
(a) \e:n -  e,-| < e ( j  = l , . . . , M ; n  =  0 ,1 , . . . ) ,
(b) AÍJ) =  27Ty +  0 (1 /y /n ) .
If ej = emk then by simultaneous diophantine approximation we get 

th a t for any pair (m ',k ') there exist m =  m ' +  0 (1 ), к — к' + 0 ( 1 ) satisfying 
I ej — emk\ < £. Now approxim ate by Am/fc/ with k '0 =  0 (1 ). Then
take appropriate m  = m 1 + 0 (1 ) , further k' =  0 (m 1/ 2) such tha t Ато*./ = 
=  27Гтр +  0 ( т _1/ 2). Finally take к = fc' +  0 ( l ) ,  then Amfc =  27r r̂ + 0 ( m _1/ 2); 
the proof of Lemma 3 is based on these ideas.

We see from (a) tha t the system

Ф0 =  {е|п|е‘2*<"/Т>‘ : j  = 1 , . . .  ,M ; n  € z j

is a Riesz basis in L 2(0 ,T ; C M). We have

A cta  M athem atica  H ungarica 59, 1992



ON THE CONTROL OF A RECTANGULAR MEMBRANE 29

LEMMA 4 ([5] in case M  = 1). I f  {ene,Xnt : n E Z j  is a R iesz basis in 
L 2 ( 0 , T ; C M) with

c i ^ | a „ | 2 < | | ^ a ne„e*Ant L2< c 2 ^ | a „ |

and i f  e > 0 satisfies eTí — 1 < y/c \Jc i, then fo r  any shifted exponents 
\'n E C , |An — A(,| < e the new system  |е „ е ,А"4 : те E Z |  remains a Riesz 
basis in L 2( 0 , T ; CM ).

The proof is an easy application of the method of Duffin and Eachus 
[5]. As a  consequence we get th a t if in Ф we substitute all exponentials
27Tyr (w ith finitely many exceptions) by A„ ,̂ we get a Riesz basis. T hat the 
remaining finitely many exponents can also be shifted (to obtain th a t Ф is a 
Riesz basis) is proved in

Lemma 5. Let {e„e,A’*t : те E Z } be a Riesz basis in L2(fi,T -,C M ) and 
let Aq ф A„ (ra E Z ). Then the new system  |ео е 'А0*, ene,Xnt : n E Z  \  (0 } | 
is also a Riesz basis in L 2(0 , T ; C M).

The proof is based on the Riesz basis criterion given in [6]; nam ely the 
Hilbert transform  must be bounded in the L 2 space weighted by the gener
ating function. Now we shall join some elements to Ф to  obtain a basis in 
H s( 0 , T ; C M ). We use the following generalization of a theorem of Russell
[7].

Lemma 6. Let

H n = V  {еАеш  :Л €< тп} , n E Z,  
ЬЦО,Т-,СМ)

where \ /  ip denotes the closed linear hull o f ip in the space H , on С C  are 
H

finite sets and e \ E C M . Suppose that {H n : n E Z }  is a Riesz basis in 
L 2( 0 , T ] CM ). Let s > l  be an integer and

# (0) :=  V  {eJei^ t : j  = l , . . . , M s }
1^(0,Т;С*0

where
(a) the system  } is linearly independent,
(b) H(о) П H n = {0} fo r every n,
(c) the vector systems {elv  . . ,  ем},  {ем+Ъ- • • >e2м },-  • •, ■ ■, 

е ,м ] are bases in C M .
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Then  {Я(0) ,Я П : n  6  Z} form s a Riesz basis in H \ 0 , T ; C M ).

This can be proved by induction on 5. If we introduce the operator

В  : H s(0, T ; C M) -»• H s~x{0, T; CM), B f  = f  + C f  

where C  is a constant m atrix of th e  form

/ - V * i
0

\
C  = T -1

- г ц м

then  В  maps :=  { /  G Я * (0 ,Т ;С м ) : / ( 0 )  =  0} isomorphically onto 
H e~ 1 ( 0 , T ; CM). Using this, the proof of Lemma 6 is easy. So we can get 
a  system  Фь  Ф С Ф1 С е(Л) forming a Riesz basis in H ‘ . Expanding an 
element of е(Л) \  Ф1 in Я® we get a relation

0 — N 4 d e gi'VAmntu  — /  j  txmncmnc 
m,n

which converges in  Z2(0 ,T ;C Ai) with its derivatives up to the order s, i.e. 
the  series

n -  d ( \  W 2e e±*V>m»tu — /  J и т п \ л т п ) cmnc
m,n

is convergent in L 2. But then

0 =  ^ d-n (A mn) - r/2(Amn)r /^ ran(T)
m,n

which proves th a t  if s is large, then R (T ) is not dense in H r as we asserted. 
Finally we prove Theorem 2 /b .
Let vmn \/A mn T i, ^m,—n "”  4" * and

Я(оо) := |{(eooTe_T,v)L2)(e0oe-r ,u)L2, 

(Am|fc|) (̂eu/mfcTem|fc|,u)L2:m, |fc| = 1 ,2 , . . . ;  m +  |fc| > 2}; t> € L2(0.oo, CM) | . 

Lemma 7. IUe have

( J  A R ( T )  С Д(оо) C U  ЛД(Т).
T< 00 T< 00

The proof is a  standard limiting argum ent hence we omit it.
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By Lemma 7 we have to investigate the density of Д(оо) in 12. Suppose 
th a t for some amn £ I 2 we have

( 6 ) 0 =  Y  amk^m\k\Y/2 J ( e mkei‘'mkr,v(T))dT+
m , | fc|= 0

m + | fc|>0
OO OO

+ a 0 J {eooe~TT,v(T))d.T +  d l  J (eooe~T, v(r) )di

for all v £ L 2. Using the notation / ( z )  := /  v(t)e,ztdt we can reformulate
0

(6) as follows:

(7) OO
0 — ^   ̂ Omfc(Am|j.|)  ̂ (emfc> / (  — ̂ mk)) ~(" ao(eOO, * /  (*)) d" (e00, / ( О ) -

m,|jfc|=0
m+|fc|>0

Let (mo, k0) Ф (0,0) be fixed and define for p  £ N

2 i ' p
/ fW  := ( 7 7 ^ -  'V\  ̂  d" ^mo fco /

r̂ao fco •

Then / p £ Я |( С М) and

f p ( ~ t/m 0ko)  — e m 0k0 i \ f p ( ~ ^ т к ) \  = (1 "b ( Т П , к ) ^  ( ТПо ,ко ),

further |/p(*)l = (1 +  ^)_p, where

6  = min j  ^ m\k\ -  у/Кю\ко\ : ( m , k )  ф (mo,A:0)} . 

Consequently we get by (7) tha t

|em.*J2(AmtN|)» |̂omcfe| S (1 + i)-'(|ool + Ы)+
+  Y. i « » * i ( W / , ( 1 + * ) * ' +

m+|Jfc|>0
(т,к)ф(то,ко)
•̂ m|*|̂ 9Amo|*0|

+  Y  l« m fc | (A m W ) r / 2 ( 2 A m |fc| ) - f  ^  р  +^ ) р  +  2 ^ 2  0
*m|*|>eXmo|fco|
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32 I. JOÓ: ON THE CONTROL OF A RECTANGULAR MEMBRANE

as p —*■ oo and hence all amk =  0 and  (7) is reduced to

0 =  a0(eoo,i-1 / '( i ) )  +  a i ( eo o ,/(0 )  for all /  € H \

and hence üq = ßi =  0. The proof is complete. □
Added in proof (June 28, 1991). S. A. Avdonin informed the author th a t 

they obtained independently Lemma 6 in their book [14], p. 107 by different 
proof.
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ON TOTAL ADDITIVE SOLUTION 
OF SOME EQUATIONS

KATALIN KOVÁCS (Budapest)

In 1946 P. Erdős proved the following theorem [1]:
T heorem 1. Let f  be additive function. I f

/ ( » - 1-1) -  f (n ) -*■0»
then /(те) = c lo g n.

E. Wirsing gave a more general result for to tal additive functions [4]: 
T heorem 2. Let f  be a total additive function. I f  

f ( n  + l ) - f ( n )  = o(logn),
then /(те) =  clog n.

Using the above result I. K átai proved [2]
T heorem 3. Let f  be a total additive function and fi  — Ci f . I f

m

5 ^ /< (n  +  a,-) =  o(logn),
t=i

then f ( n )  = clog те or f  =  0.
In these results the arguments are linear. In this article we examine 

some equations which contain quadratic arguments or arguments nk +  s too. 
These are only special cases of the

Conjecture. Let Xi(n) be polynomials. For the total additive solution 
of the equations

/ ( X i ( n ) )  =  o ( lo g n )  ( i € { l ,

f (p )  = c log p or f {p)  =  0 for the primes p, which divides at least one of the 
Xi(ti) for some те.

Remark. We cannot write /(те) =  clog те or /  = 0 in the conjecture. 
For example /(те2 +  1) =  o(logn) allows arbitrary choice of the  / ( p ) ’s if 
p = — 1 mod 4.

D efinition. Let Xi(n ) be the polynomials in the arguments of our equa
tions. We call a prime p relevant, if there exists a pair (те, г), such that
p |x .(«)-

In [3] we got the following assertions for to tal additive / :
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T heorem 4. (i) /(те2 +  о) = 0 for  |a| < 20 implies f {p)  = 0 fo r the 
relevant primes.

(ii) /(те2 +  к) = / (n 2) +  o(logn) => /(те) = clogn.
(Hi) /(те3 -  1) =  t f ( n 3) + o(logn) (t ф 0) => /(те) =  c logn  or f  =  0.
Here we show some other equations where we can use the same methods.
T heorem 5. Let f  be total additive.
(i) I f  f ( n 2 +  n + a) = 0 fo r  some |a| < 20, then f ( p )  =  0 for the relevant 

primes.
(ii) Let e € {1 ,2 ,-2 }  or {p i , ~P2 ,P iP2 } (Pj are odd primes), a,e € Z, 

i e  { l , . . . , s e}, M c = та х {{т а х а ;е},0 }, m c = т т { { ш т а ^ } ,0 ) ,« t

T  =  max < 2, Im J, m l  +  e, M e +  max v/2|£|,M 2 +  £, 
e I e<0

I f  for p < T  f (p)  = 0 and / ( n 2 + £) =  cu f ( n  + a « ) , then /  =  0.
«=i

Remarks, (i) If Theorem 5 (i) and Theorem 4 (i) were valid for all 
a £ Z , then  / ( n 2 +  bn +  a) =  0 in th e  case 6 ^ 1  would imply f (p)  = 0 for 
the relevant primes. (Replacing n by те — [ |]  we get this result.) For a fixed 
pair (a, b) it is enough to  know f (p)  — 0 for the relevant primes not greater
than m ax j |a — 0.2562| |  for the prime-divisors of a and
for the first relevant prime. (The proof is similar to  th a t of Theorem 5 (i).) 

(ii) We show two examples, which imply /  =  0.
1. /(те2 +  2) =  /(те +  7) + /(те -  2), /(те2 -  2) =  /(те), /(те2 +  1) =  /(те). 

(We m ust control f (p)  — 0 for p < 51.)
2. /(те2 + 5) =  /(те -  4) + /(те), /(те2 -  3) =  /(те -  2) +  /(те -  3), 

/(те2 +  15) =  /(те +  1) +  /(те + 3). (Неге Т  = 23.)

T heorem 6. Let f  be a total additive function. The following conditions 
imply f ( n )  = clog те or f  = 0.

1. /(те2 +  1) = s i f ( n )  +  s2 f ( n  -  1) + o(log те) (sb  s2 ф (0 ,0)).
2. (i) /(те2 +  2 k)  =  /(те -  к) +  o(logn).

m
(ii) /(те2 +  к) =  ^ 2  Cif(n +  а,) +  o(log те), i f  ai =  —s2 — s,- — к with some

i'=i
S{ € Z .

3. (i) /(те2 + те +  к) = /(те +  1) + o(logra), if  к = —s2 -  s -  1 with some 
s € Z . m

(ii) /(те2 + те +  к) = Cj/(n +  а,) + o(logn.), if а,- = 1 — A: — s2 tmi/i
i=i

some Si € Z.
4. Tef /(те3 +  1) = o(logn) and
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(i) / ( n 32* -  1) = o(logn) 
or

m
(ii) / ( n 1 2 +  1) = Ü  c ,/(n  +  а{)(ф - f ( n  +  1) -  f { n  +  2)) +  o(logn)

i=ior
(Ш) f ( n 4 -  1) =  o(log n) 

or
(iv) / ( n 4 +  e) = o(logn), e = 1 or 2

and
f ( n 8 -  1) =  o(logn).

P r o o f  o f  T h e o r e m  5. (i) For each relevant prime p \  a there exists 
an n £ { 0 ,. . .  , p  — 1} such th a t p |n 2 +  n -f a and in the саде a > 0

„ n 2 +  n -f a ( p — l ) 2 - f p — 1 +  a a
0 < -------------  < ---------------------------  = P — 1 H—  < P if p > a

P P P

resp. in the case a < 0

„ n2 +  n +  a „ — 1 +  \ / l  -  4a0 < —  ■ < p - l  if p > -----— ---------.

If f ( p )  = 0 for the primes p < a (if a > 0) resp. for the primes p ^  \/]a [ (if 
a <  0), then f (p )  = 0 for all relevant primes by induction, using tha t

0 =  / ( n 2 +  n +  a) = f (p)  +  f ( s ) with s < p — 1.

So we must control only the relevant primes p < a resp. p ^  -y/joj, whether 
f (p )  =  0 or not. Let us see two cases:

a = -1 4 : p £ {2,3,7}. For n € {5,4,7} we have / ( 24) =  / (2  • 3) = 
= / ( 2  - 3 • 7) =  0, which imply /(2 )  =  /(3 )  =  /(7 )  =  0.

a =  19: p G {3,5,7,13,19}. For n £ {1,2,4,5,19} we get

Д 3 • 7) =  / ( 52) =  / (3  • 13) =  Д 7 2) = /(1 9  • 3 • 7) =  0.

(ii) Replacing n by n — M € in

f ( n 2 +  e) = ^ 2  c««/(n +  a ie )  
1 —  1

we get

(1) /  ((n -  M c ) 2 + e) = ^  cief ( n  +  aie -  Mc).
t=l
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For the two sets of e's every prime is relevant. So for each p there exists an 
£ and an np в { 0 ,. . .  ,p  — 1} such th a t p\(np -  M ) 2 +  e. For n ^  \mc\ +  M e

(n — M e ) 2 +  e < max M 2 + E , m 2e +£, < T.

So for p > T  we have n > |m e| +  M e. Replacing these n's in (1), the 
arguments of the right hand side are all in the interval [ l ,p  -  1]. Using that 
p > 1 -f M e +  max ^ /2 |е |, we get

0 <
(np -  M g )2 +  £ 

P
< max (p -  1 -  Mg) 2 +  £

P
>

< P-

If we know f ( m )  = 0 for all m  < p ,  then we have

(2) f ( ( n p -  M ) 2 +  e) = f ( p )  = 0.

For p  < T  f ( p )  = 0 is assumed and for the other p ' s  we get it by induction 
after (2).

P r o o f  o f  T h e o r e m  6. We use the following equality: If 0 (n )  — n 2+ 
+tn  +  k,  then

0 (0 ( n )  +  n) — 0 (n )  — 0 (n  +  1),

i.e. / ( 0 ( 0 ( n )  +  n)) =  f (Q(n) )  +  f ( Q ( n  + 1)).
1. By the choice Q(n) = n 2 +  1 in the equation

S i f ( n 2 +  n + l ) + s 2f ( n 2 + n )  = (si + s 2 ) f ( n )  +  S2 f ( n - l )  + s 1f ( n + l ) + o ( \ o g n ) ,

i.e.

S \ f { n 2 +  n +  1) =  S i f (n )  +  s2 f ( n  -  1) + (5i -  s 2 ) f ( n  +  1) + o(log n). 

Choosing 0 2(n) =  n 2 +  n +  1 we have

2 s i / (n  +  1) +  s2 f ( n 2 +  2n) + (si -  s 2 ) f ( ( n  + l ) 2 +  1) =
= («1 +  s 2 ) f {n)  +  s 2 f { n  -  1) +  (2si -  s2 ) f {n  +  1)+

+(«i -  s 2 ) f ( n  + 2) +  o(log n).

Using our basic equation we can replace

f( (n +  l ) 2 + 1) = Si f (n + 1) + S2f(n)  + o(logrc).

So Theorem 3 is applicable.
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2. (i) By 0 i(n )  =  та2 + 2k

/ ( n 2 +  та +  k) = /(та -  k)  +  /(та -  к +  1) +  o(log та).
Here the choice ©2(11) = n2 + n + к implies
/(та2 +  2та) + /(та2 +  2та +  1) =  /(та — k)-\-2 f{ n  — & +  l )  +  / ( n  — fc +  2) +  o(log та).
We can apply Theorem 3 again.

(ii) Let us take 0(та) =  та2 -f к and apply Theorem 3.
3. (i) By the choice 0г(та) = n 2 + n + к

/((та +  l ) 2 +  к) =  /(та +  1) + /(та +  2) +  o(log та).
Replacing та by та — 1 and considering ©2(та) =  та2 -f к

f ( n 2 +  та + к) = /(та2 +  та + к +  1) = /(та) + 2/(та +  1) +  /(та +  2) +  o(log та).
Our basic equation and the choice к = —s2 — s — 1 give only linear arguments. 
Theorem 3 is applicable.

(ii) Let us take 0(та) = та2 +  та +  к and apply Theorem 3.
4. (i)

я » 3-2'  - 1) =  /  (* 3'2‘- ‘ - 1)  + /  ( ( » 2*"‘ ) 3 + 1)  =

=  /  (я 3'2* 1 -  i )  +  o(log ») =  ••• =  -  1) +  ojt(log та).

We can prove Theorem 4 (iii) for t — 0 too: In /(та2 -f та +  1) =  —/(та — 1)+ 
+o(log7i) by the choice 0(та) =  та2 +  та +  1 we get

- /(т а 2 +  2та) = - /(т а  -  1) -  /(та) +  o(logn).
Applying Theorem 3 we get /  =  0.

(ii) By 0(та) = та2 — та +  1 in
/(та3 +  1) =  /(та2 -  та +  1) +  /(та +  1) =  o(log та)

we get

(3) /(та2 +  1) =  - /(т а  -  1) -  /(та +  2) + o(log та).
Considering the other equation Theorem 3 is applicable.

(iii) /(та3 + 1) =  o(log та) gives (3), which implies
/(та4 -  1) =  /(та2 +  1) +  /(та2 -  1) =  /(та -  1) -  /(та +  2) + o(log та).
Let us apply Theorem 3 again.
(iv) The case t  =  1: /(та8 -  1) =  /(та4 -  1) +  /(та4 +  1) gives /(та4 -  1) = 

=  o(log та) which we examined in (iii).
The case e = 2: /(та16 — 1) = /(та8 + 1) + /(та8 -  1) gives /(та8 +  1) = 

= o(log та). Replacing та by та4 in (3) we have

/(та4+ 2) + /(та4+ 1) = /( í i4 +  l)  + o(logn) = - / ( n 8 + l)  +  o(log та) = o(logn), 
i.e. the case e — 1. □
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THE NUMERICAL SOLUTION OF NONLINEAR 
DIFFERENTIAL EQUATIONS 

BY SPLINE FUNCTIONS
J. GYŐRVÁRI and Cs. MIHÁLYKÓ (Veszprém)

1. Introduction

In this paper we are going to approximate the solution of the nonlinear 
differential equation

Í 2/(m)(i)  =  /  [x, y(x),  y '(x ) , -. -, 2/(m 1}(z)] , X e [0; 1], 

i  2/(j)(0) =  yb3) ( j  = 0 ,1 , . . . ,  m  -  1; m > 2)
( 1 )

supposing

(1.1) f  x , у ( x ) , y ' ( x ) , . . . , y (m- 1\ x )  € C (r)([0;l])

where r  is a fixed integer,
/ U (m —1)

Z,S/2,2/2>2/2>--->2/2(1.2) | / (,) 1}] - / (<г)
m —1

= L ' 5Z  W'* “  »2)| ( i  = 0 , l , . . . , r )
i=0

(Lipschitz condition), where

/(°) =  / ,  f (q+1) = Ú q) +  4 q) ■ y' + f {J ] • / + • • • +  f {J.l - 2) • 2/(m_1) +  ■ f

(q = o, 1, 2, . . .  , r  — l).
The problem of approximating the solution of nonlinear differential equa

tions has been always of special interest. By spline functions the Cauchy 
problem y' =  f ( x , y )  was discussed by F. R. Loscalzo and T. D. Talbot [1],
[2] and Th. Fawzy [3]. Some problems of a second order differential equation 
was solved by Gh. Micula [4], [5] by Th. Fawzy [6], [7] and by J. Györvári 
[8], [9], [10].

The main point of our method is th a t approximated values of y^q\ x k )  
are constructed by the help of у^  (j  =  0 ,1 , . . . ,  m -  1) and the function / ,  
then using these approximate values y ^  (k = 0 ,1 ,2 , . . . ,  n; q = 0 ,1 ,2 ) the 
solution of (1) and its derivatives are approximated up to  the (m -l-r)-th order 
by the spline function of type (0; 1; 2) defined in [6]. In the approximation 
theorems we use the average moduli defined in [11].
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2. The first approximation process

2.1. Definition of the approximate yalues ■ Let

к  , 1 h 4
Xk — 5 h — ; %k+1/2 ■“ “Ь 7Г (fc — 0 ,1 , . . . ,  n);n n ' l

u>(/(r), x, h) =  sup | / (г)(*1) -  / (г)( ^ ) |  ,
*1 >*2 € [x -  у ; x+ £]n[0 ,l]

1
r ( / (r),h )  =  J dx. 

о
D e f i n i t i o n .

Уо) : =Уо3) Ü  =  0 ,1 , . . . ,  m -  1),

5Sw+e) :=  / Ы хо,Уо,УЬ,---,УсГ 1}j (g = 0 , 1 , . . . ,  r), 

j/i9) :=  4 9)(xfc) (fc =  l , 2 , . . . , n -  1; g =  0 , 1 , . . . , m  + r), 

Уп] := ^ l -^ X n )  (g = 0 , 1 , . . . , m + r),

where

( 2 .1.1)

Go(z) x 0 У +  5 Z
i=o 9 = 0

if x0 ^  x < x i;

m- 1 (j)
Уо

f (9) , (m—1)
х о,Уо,Уо,---,Уо

(m  +  g)!
(x -  x0 ) m + 9

m" 1 С
(2.1.2) G t (x)  :=  £  j, (* -  * * /+

j = 0

/(») [* b G » -,(x t ),G U ,(**). • ■ •. G Í-r‘'(* 0 ]
+E

9~0 (m + q)\
( х - Х к Г + о

if Xfc < x < xjfc+i (к = 1 , 2 , . . . ,  n -  1). 
One can see that

G[jU x k) = Gl3>(xk) (k = 1 ,2 , . . . ,  n  -  1; j  = 0 , 1 , . . . ,  m -  1).-  nU)
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2.2. The convergence process. In this section we prove a theorem  which 
shows how the approximate values converge to  the exact values of = 
= y(j)(xk) (k = 1,2,..., n; j  = 0,1,..., m + r).

D e f i n i t i o n . We shall denote the estimated errors of y ^  and  (k = = 0,1,. • •, n; j  = 0,1,..., m + r) by
e ( i )  _ek — (k = 0,1,..., n; j  = 0,1,..., m + r).

T h e o r e m  2.2.1. We have

4+ 1  = Ci M i h r • T ( / (r)>h)  (k  =  0 ,1 , . . . ,  n  -  1; j  =  0 , 1 , . . . ,  m +  r)

where the constants Cjjk+i are independent of n.
P r o o f . We shall often use the following Taylor-formulas:

( 2 .2 .1)
m -l (j)
—  уГ

J=U
г-1  Ля)

+ E —
9 = 0

2/H(*) = £  ( j - v )'SX ~ Xk)3 "+
'» — i/  ̂ '

(* -  х к)т+*-"+

( m  — 1 )
Х к , Ук , - - - , Ук

+ (m  + r

(m +  <7 -  i/)!
X

J ( x -  t T + r - X - V f (r) ^  „ ( t ) > „ ( " - ! > ( * ) ] dt
*k

г- l  yO)
(2.2.2) 3/(m+e)(x) =  £  —

(A; =  0,1,. . . , n — 1; v = 0,1,. . . ,  m — 1),

(x - xk)J~q+
(m—1)

Хк , Ук , - - - , Ук

J=Q U  -  ? )!

+(r _ i - g). /(*  -  < Г Vw [«. »(<),■••, »'"-'’w] dt
*k

(k = 0 , l , . . . , n — 1; q = 0 ,1 , . . . , r  -  1).
Let xk < x < Xfc+i (A: = 0 , 1 , . . . ,n  — 1). Using equations (2.1.2) and 

(2.2.2) and the Lipschitz condition (1.2) we get

|j/(x) -  Gfc(x)| <

s E f ^ E { ^  + - + 4" - ’} ^  +
j=0  ̂ qr=0 V 1(m -f g)! (to +  r  — 1)!

A cta M athem atica  H u n g a n ca  59, 1992



42 J. GYŐRVÁRI a n d  CS. MIHÁLYKÓ

J ( x -  í)m+r_1 { / (r) [*, y (0 , • • •, 2/(m_1)(0] - / (Г) 2/ím_1)] } <**+

X

+  | / (r) - / (r) x fc,Gfc_i(i*:) , . . . , G ^ 11)(x<:) j |

A t x =  Xfc+i from th is  inequality we get

hm+r 
(m  +  r)!

ejt+i ^ efc <
,  г V -
> + i £

, I , _ A  /lm+9
» + efc < /1 +  Z, 2 J +

+ 4
h2 /im+9

2!+ £Z(m + «)!
I I (m—1)

> +  ••• +  4
h m~l A  hm+4

(m  — 1)! ^  (m + g)! +

+
/im+r

(m +  r)!
-  u  ( / ( r ) , x fc+i , / i )  .

Using the inequality £  /J* ■ v Í  j  ^  ^  =  const, we get
q=0 ' ’ ’ ' q=0

Cfc+i = eJfc {1 +  a o,o^m} + e'kao,lh  +  ejjjao.jÄ2 +  • • • +  ejj7* 1*ao,m-i^m * +
hm+r-1-------------(jJ

(m -f r)! ( '
( r )

Similarly we get

cjt+i = e*all0Ä" 1 +  {l + ai ,ihm 1} + ej.'aii2/i+

H-------h e ( m - l ) _ —2 , ai,m -ih  +
/im+r_1

(to + r  — 1)!
a; ( / <rU + i, /> ) ,

eJt+i ^  Cjka 2,0^m 2 + 4 a‘2,lhm 2 +  4  {1 +  a2,2^m 2 } +  • • • +

е*+1  ̂ ^  Cfcam_ +  е^ат _1д/1 +  ejtam_ ii2/i +  • — I-
tr+ i . .

+ efc {1 +  am_i,m —i/»} +  _|_ ( / '  \  x k+±’h)
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where

a*.° -
g = 0

h»
(m +  g)!

<4,0 — <4,1 — ' ' '  — ®i,i

a i,j  — ^  +  h  J « i,о (* — •

(* = 0 ,1 , . . . ,  m -  1),

(* =  0 ,1 , . . . ,  m -  1),

., m -  1; j  =  i +  1, i + 2,. . . ,  m -  1).

These inequalities are true  for A: =  0, too. Hence

Ek+1 S {J + A h )E k  + C u  ( f ( r\ x k+i , h )  (к = 1 )

where

C  =

£*  =

hm+r r +r_1

pi"*-1)

hr+1 пт

( m  - f  r ) ! ’ ( m  -|- r  — 1 ) ! ’ ”  ' ’ ( r  +  1 )!

and I  is the identity m atrix;

‘ a0fihm 1 «0,1 «0,2^ ~ Ara—2 -1 • ^0,m—l'*'
«i,o^m_2 a i , ih " - 2 «1,2 •• « l,m -l/lm- 3

A  = «2,o^m_3 a 2,ihm- 3 «2,2 Л"*"3 • •• «2,m -lh”- 4

- ^m —1,0 —1,1 «т-1,2 • — l,m — 1

By the repeated use of this inequality we get

Ek+1 < { I  + A h}E k + С и  (/<г>,*А+^ ,л )  ,

E k+1 í  { I  +  Ah} [{ I  + A h }E k- !  + C u  ( / (r),x fc_1+i ,h ) ]  +  

+ C u  ( f {r), x k+i_,h)  ,

к
Ek+i Í  { I  + A h}k+1E 0 + ^ I + A h y Cu  ( / (r). Л) ,

j=o
К

E M S ^ 2 { I  + A h y C U ( f ^ l , x k_j+l
J = 0
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From  this

i f - 1_1 Л

№ « I U  S C iT T T n iE f1 + M U M ' ( / w , ^ - í+l, a) s
'  j= 0

к x> f

ü C 2 hr Y ,  /  w ( / (rW i+ L, h )  d x < C 3hrr ( f ( r\ h )
i = °  i

th a t  is

é g i  ^  Cjtk+1hrT ( f ^ , h )  (к = 0 , 1 , . . . ,  n -  1; j  =  0 , 1 , . . . , m -  1). 

Using this inequality we get

ej>+9> =  | í / m+*)(xfc) -  GÍm+9)(a:fc)| =

= | / (,) [**, Ук, ■ ■ ■, 2/£m_1)] -  /  [**> Gk - i ( x ) , I  ^ 

< L [ e k + e'k +  • • • +  e f " 1)} ^  Cm+q,khrr  ( / ( r>, h) .

3. The second approximation process

As we have seen before, we have the set of the approximate values

(9 =  0 ,1 ,2 )

which are the  approxim ate values of the exact solution y(x)  of (1) and its 
derivatives a t the points x o , X i , . x n.

Using these approxim ate values (к = 0 ,1 , . . .  n; q =  0 ,1 ,2) following 
the idea of Th. Fawzy in [6] we are going to construct a spline function 
5 д (г )  interpolating the set y ^  and approximating the solution of (1) and 
its derivatives. Also, we shall discuss the convergence of this function to 
У( х ) .

3.1. The construction of the spline function. Similarly as Fawzy did in 
[6] we construct the spline function 5 'д(х) (5 д (х ) = S k( x ) if x k ^  x ^  £*:+i) 
in the following theorem:
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T heorem 3.1.1. Let y ^  (к = 0 ,1 , . . .n; q = 0,1,2) be the approxi
mate values defined above. Then there exists a unique spline function S д(ж) 
satisfying:

(3.1.1) S A (x)  € C2([0,1]),

(3.1.2) Siq\ x k) :=y[q) (к =  0 ,1 , . . . n -  1; q =  0 ,1 ,2 ),

(3.1.3) (9 = 0,1,2),

(3.1.4) 5 д (х ) is a polynomial o f minimal degree on [xfc,Xfc+i],

We get the following equalities:
3

(3.1.5) S k( x ) =  yk +  l/k (x -  x k) +  Ц  (x -  x k ) 2 +  Y ^ ä i t i x  -  xfc)2+‘,
i=i

where

(3.1.6) 01,1 =  M F i -  4 ? ! + i p ; ,

(3.1.7) o ,,i =  i ( - 1 5 P t  +  1 4 ?i -  -iT i),

(3.1.8) a3, 1 = l j ( 6 F i  -  3?; +

(3.1.9) ^ ( » H - i - J l  - Й ^ - ^ Й * 2),

(3.1.10) %  = Ч ,

(3.1.11) F2 = i ( Й + , -&)■

3.2. A general convergence process. In this section we prove the essential 
theorem concerned with the convergence of our spline function constructed 
in Theorem 3.1.1 to the exact solution of (1) and also we prove th a t this 
function satisfies this differential equation as n —»• oo, if 2 £ m  and m + r  < 5.
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T heorem 3.2.1. I f  y(x)  € C m +r([0,l]) is the exact solution o f (1) and 
5 д (х )  is the spline function m entioned in Theorem  3.1.1 then the following 
inequalities hold:

| í/ ^ ( x) - 5 Í 9)(x)| ^  a gf*br-*T(y(m+rU )

(к  =  0 ,1 , . . . ,  n — 1; q =  0 , 1 , . . . ,  m  +  r; 2 < m +  r < 5) where the constants 
Bq,k are independent o f n.

T h e o r e m  3.2.2. I f  the func tion  f  in (1) satisfies conditions (1.1) and
(1 .2), then the following inequalities hold:

£дт )(*) -  / [ х ,5 д ( х ) , . . . , 5 <дт - 1)(х)]| < K h r~mT ( y ^ +r\ h ) ,

where the constant К  is independent o f n.
To prove these theorems we need the following lemmas, which can be 

easily seen using formulas (3.1.5-3.1.11) and Theorem 2.2.1.
L e m m a  3.2.1. Let ajt\t ( j  =  1 ,2 ,3 / к =  0 ,1 , . . . , » — 1) a n d ä j denote 

the coefficients o f the spline func tion  S д(х) constructed with the exact values 
y(J')(xfc) and the ones in Theorem  3.1.1. Then we have

\Ч к ~ Ч к \^  A jtkhr- 3 - j T(y(m+r),h )  (j  = 1 ,2 ,3 ; к =  0 , 1 , . . . ,  n -  1),

where the constants A jjt are independent o f n.

Lemma 3.2.2. Let S д(х) and  5д(х) denote the spline function con
structed with the exact values and the one constructed with the approximate 
values ( Theorem  3.1.1), respectively. Then we have

S ^ * )  -  S ^ \ x ) \  ^  D q , k h r ~ 9T ( y ( m + r \  h )  

(fc = 0 , 1 , . . . ,  те — 1; q = 0 ,1 , . . . , m  +  r) ,

where the constants Dqtk are independent o f n.

P r o o f  o f  T h e o r e m  3.2.1. Lemma 3.2.2, Theorem 1.1.2 of [10] and the 
inequality

|»(,)M -  3?V)| S |s/(,l(*) -  «Pool + |лрЧ*) -  5Í’V)
('q = 0,1,... ,m + r)

imply Theorem 3.2.1.
P r o o f  o f  T h e o r e m  3.2.2. Using conditions (1), (1.1) and (1.2) we 

obtain
• S ^ i* )  -  /  [x > 5 д (х ), ■ • •, £д* 4 * )
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Ä m)(z )  -  y(m)(*)| +  |t/(m)(z) -  /  [x, S A ( x ) , . . . ,  5 im_1)(x)

4 m)( x ) - ^ ( x )  + /  x,y(a:), . . . ,i /(m_1)(x)] -

- / х,5д(x),...,s£" X)(x)l I g
m  — 1

S i” ’«  -  y<m>(*)| +  L  £ |i/ü>(«) -  3g>(*)
j= 0

which imphes Theorem 3.2.2 by the help of Theorem 3.2.1.
R e m a r k . If has finite variation then r  ( /( r), h) = 0 (h) ,  (see in [11]). 

Using this equation we get the following theorems from Theorems 2.2.1, 3.2.1 
and 3.2.2:

T h e o r e m  2.2.1.a. We h a ve

4+1 = C j,k + ihr+1 ( k  =  0 ,1, . .  •, n -  1; j  =  0 , 1 , . . . ,  m  +  r)

w here the c o n s ta n ts  C*-kJrl are in d ep en d en t o f  n.

T h e o r e m  3.2.1.a. We h ave

|l/W(x) -  S Í \ x ) j g B ;tkh r+ 1- «  (к  =  0 , 1 , . . . ,  n; q =  0 , 1 , . . . ,  m  +  r)

w here the c o n s ta n ts  B * k are in d ep en d en t o f  n .

T h e o r e m  3.2.2.a. We h ave

S {r ]'(* ) -  /  [x, 5 д ( х ) , . . . ,  5Ím-1)(z)] I < K -h r+1~m ,

w here the co n sta n t К * is in d ep en d en t o f  n .
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ON APPROXIMATION OF FUNCTIONS 
BY POLYNOMIALS WITH WEIGHT

N. X. K Y  (Budapest)

Introduction

Let

uaß(x)  = ( l - x ) a(l + x ) ß (< * ,/? > -1, a ? e ( - l , l ) ) .

Denote L va ß the Banach space of all measurable functions defined on the 
interval [—1,1] for which

\ Vp

\ f(x)\puatß ( x ) d x \  < oo  ( l< ip < o o ) .

L ^ß  = L°° is the space of all measurable, essentially bounded functions on 
[—1,1] w ith the usual norm

ll/lloo =  ess su p |/(x ) |.
*e(-M )

For every /  G Lpa ^ (1 < p  < oo), we define the best approximation 

(1) En( p , a , ß , f ) =  inf \ \ f - p n \\p,a,ß (n £ N ) ,
PnGlln

where Пп denotes the set of all algebraic polynomials of degree a t most n, 
and N is the  set of non-negative integers.

The aim  of the present paper is to  consider some fundamental problems 
concerning the approximation (1): an inequality of Jackson-type (in §.l), 
equivalent theorems (in §.2), direct and converse theorems (in §.3 and 4).

Jj.l. A Jackson type inequality

One of the most im portant results of the theory of trigonometric approx
imation is Jackson’s inequality (see e.g. [8]). We are going to consider an 
inequality of similar type for the approximation (1).
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Denote by N+ the set of all positive integers. For к G N + , 1 oo; 
a , ß  > —1, let W ^k\ p ,  a , ß )  be the set of all measurable functions /  defined 
on the  interval [—1,1], whose derivatives of order a t most к -  1 are absolutely 
continuous on every subinterval [—1 +  £, 1 — e] (0 < e < 1/2), := f ) and

A  e(x ) f( ‘\ x ) e L pa<ß ( l  =  0 , 1 , ,  k),

where

A(x)  = \ f \ - x 1 ( x G ( - l , l ) ) .

THEOREM 1. Let k e N+ , l< p < o o , a , ß > - l .  For every f e W ^ k\ p , a , ß )  
we have

(2) E n( p , a , ß , f ) < c ( p , a , ß ) n - k \\Akf ( k)\\p<aß (n G N).

Here and la te r on c ( ., . . . )  denotes a constant depending only on variables 
in the parenthesis.

Inequality (2) is best possible in the sense th a t the factors n~k on the 
right-hand side cannot be replaced by o(n~k).

For the proof of the theorem we need some lemmas.
Let Pn( a , ß , x )  be the n-th orthonorm al Jacobi polynomial with respect 

to  the param eters a  and ß.  Every function / 6 1 ^  has the Jacobi-Forier 
series

OO

(3) f ( x ) ~ ^ a k( f ) P k(ot ,ß,x)
k=0

where

I

ak{ f )  = J  f ( x ) P k( a , ß , x ) u atß(x)dx ( k e  N).

Let

- l

n i n —k + 6 \

= Г * ‘ ( Л % Л « )  (*>o. « e N ) .
k= 0 v n  /

Pollard [10] proved the inequality

(4) b Sn { f) \\p ,a ,ß ^c (p ,a ,ß )\\f\\p^ ß

( / e l ^ ,  l < p < o o ,  6 > m ax(a,/3), n G N + ).
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We shall apply the so-called generalization de la Vallée-Poussin means

£ ( - i  y+i© (u+1in+H +i).(/.*)
V ‘ ( f , x ) = ’—------------  ш--------  ( Í , » 6 N +)

of the series (3), which was introduced in this form by G. Freud and J. 
Szabados [2].

LEMMA 1. Let a , ß >  — 1, nE  N+ and let 6 > m ax(a , ß ) be an
integer. Then has the following properties:

(5) n (i+1)„ (/< = £ ',„ ) ,

(6) v ‘ (pn) = pn (p„ e n , ) ,
(7) l|r„s(/)IU„,pSc(p,a,/3)11/11,,OJJ ( /€ i: ,p ) ,

and

(8) IIV*U) -  f\\v,«,ß й c(p, a, ß ) E n(p, a , ß, f ) ( /  e L ^ ) .

P r o o f . (5) and (6) were proved in [2]. (7) follows from (4) and the 
definition of Vjf (see also [2]). Finally, we get (8) by (6) and (7).

Let now П ^(а,/3) (n E N +) be the set of all functions g E L°° satisfying

l
J  gPnUa,pdx = 0

for any pn e  Пп.

L e m m a  2 ([7], Theorem 1). For every g E П^-(а, ß ), n E N+ we have

(9) ( - 1 < * < 1 ) .

P r o o f  o f  T h e o r e m  1. First let us prove the theorem for the  case 
к = 1. Our proof consists of three steps.

1. The case p = l. Let f  E W ^ \ l ,  a,  ß).  By the duality principle of 
Nikolskii we have (see e.g. [11], p.22)

( 10) E n( l , a , ß , f ) sup
аеп^к/з)

llsllooSl
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Now for any g € П£(a ,/? ), ||p ||o o  ^ 1 let

X

G(x) := J  g( t )uatp(t)dt (ж € ( -1 ,1 ) ) .
- l

Then by (9)

(11) |G (x)| < cJ ^ i 3 . U a A x)A {x )  (x e ( _ i ,  i)) .
n

Furthermore it is easy to see th a t

(12) | G ( x ) |  = 0 [ ( l - | x | ) t i ai(3( x ) ]  ( | i h l ) .

Using these estim ates we show th a t

(13) |/(x )G (x ) | =  o(l) ( |* |-+ 1 ) .

Let for example — 1 < x < 0. Then by (12) we get

(14) \ f ( x )G(x) \  = 0  <( l  + x )uaig(x)

X

J  f ( t ) d t + m
Lo

=

=  0 { ( l  + x)uaß(x ) }  + 0  <
X

(1 + х ) иа<р(х) J  f'(t)dt

{1 + х ) иаф(х) j  f ' ( t ) d t \  (ж * 1).=  o ( l)  +  0  

Now if ß > —1/2, then

|(1 +  ж)иа>/з(ж) J  f ' ( t ) d t \ - ( l  + x ) 1/2 J  ua>ß ( x ) A( x ) f \ t ) d t

<с(1 + ж)1/2
X

J  uaJ3( t )A(t ) \ f ' ( t ) \dt <

<:c(l + x )1/ 2 \ \A f'\ \ liOl'ß - > 0  as x
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In the  case when — 1 < /? < —1/2 from the assumption f  e W ^ \ l , a , ß )  
it follows that f  is integrable over the interval [—1,0]. Thus

=  o ( l ) (* - + - ! ) •

This together with (14) implies (13) in the case x —► —1. The proof of the 
case x —> 1 of (13) is the same.

Now, using (11) and (13), by integration by parts we get

£ n( l ,  a , /? ,/)  = sup / f ( x ) g ( x )uai0 ( x ) d x ^

c(a,ß) .

д€П£(а,/3)
llsllooSl “ I

< sup
gentle, ß)

HellooSl

J  f ' (x)G(x)ch
-l

n - | | A / ' l l w

and so the case p = — 1, к = 1 of (2) is proved.
2. In the case p — oo, к = 1, (2) indeed follows from the well known 

Jackson inequality concerning trigonometric approximation (see e.g. [9], 
p. 177).

3. We obtain (2) in the case 1 < p <  oo, к = 1 by application of Riesz- 
Thorin interpolation theorem and the just proved border line cases p =  1, 
oo of it (see [13], p. 95). Here the Unear operator we are applying for the 
interpolation is

So our theorem is proved for 1 < p <  oo, k = 1. The case к > 1 of (2) 
follows from the case к =  1 by induction.

It remains to prove that inequality (2) is best possible. It is enough to 
see this fact in the case к — 1.

If p  =  oo, then this statement follows from the same concerning trigono
metric approxim ation (see e.g. [9], p. 177).

Let now p = 2. By the formulas (see [12], (4.3.4), (4.5.5))

K + 2 i a i ß i x ) = Xn+2Pn+i(ot + l , ß  + l , x )  ( n e  N)

with Xn+2 ~ n w e  obtain for / 0(z) := x „ j2-Pn+2(ö , ß, x) that

E n + i ( 2 ,  <*,/?, /о )  ~  (n  +  2) 1

and

IIA/ÓI 2,a,ß ' 1.
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This fact proves th a t (2) is the best possible in the case к — 1, p = 2.
Now, suppose tha t in some case 1 ^  Po < 2, (2) is not the best possible 

in the above sense. Then by interpolating between po and oo we obtain that 
the  same is true for p — 2 too, which contradicts the just proved case p — 2.

By analogous argument we can prove that (2) is the best possible in the 
case 2 < p < oo.

The proof of our theorem is now complete.

§.2. An equivalence theorem

We shall apply the concept of Jv-functional

K k( p , a , ß , f , t ) : =  inf { ||/-5 ||p ,a ,0  +  * ||A V fc)||p,a>/3}
geWW(p,a,ß) 1 J

( /  € L pa ß, l < p < o o ,  a , ß > - 1, k e  N + , 0 < t< o o )

due to J. Peetre.
Let furtherm ore pn( f )  be the n-th  polynomial of best approximation of 

/  in L paJ}, i.e.
En{Pi a i ßi f )  — \\f~Pn(f)\\p,a,ß-

The following theorem is true.
T heorem 2. Let l < p < o o ,  a , ß  > -1 , к, j ,  r e N+, Л > 0, 1 ^ s < oo. 

For every f  e L pa ß the following conditions are equivalent:
f °o 1 j l/s

a ) !■ < °°-

b) f  E W ( k\ p , a ,  ß) and

f °o 1 1 1/s
l ^ ( n r + A_ fc ||A fc [ /_ p n ( / ) ]W ||pQ /3) S_ |  <Q O  ( f c < r  +  A ).

Í °o 1 1 1/8c) E(«r+A"Jl|AJPÍj)(/)IU/3r - |  <oo (r + A<j).
OO l / s

< oo (r + A < j) .
о

P roof. V. I. Ivanov [4] proved the inequality

(15) \ \ ^ kp^\\p ,a ,ß  й c{ k ,p ,a ,ß )n k\\pn \\r><a,ß
( l < p < o o ,  a , ß > - l ,  к , п Е  N + , рп еП„) .
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We obtain Theorem 2 by applying Theorem 3 in [1], and inequalities
(2), (15).

§.3. Direct and converse theorems

For a function f ( x )  defined on [—1,1], let
/* ( * ) := / (  cos#) (О^0<7г) .

Let 0 < a <b < тг be two arbitrary constants, which will be fixed in the 
sequel.

We define the modulus of continuity of a function /  £ Lpa ^ ( a , / 3 > - l / 2 ,  
1 < p  ^  oo) as follows:

(16) u ( f ,  6 )p = ш(а, b, a ,ß ,  f , 6 )p :=
i /p

= sup { I  \ r ( 0  + h ) - r ( * ) № V ) < j ( ° ) d * }  +0<h<6

+ sup <
0<h<6

7Г

J  \ г ( в - к ) - г ( в ) № ( 0 ) < л ( 0 ) м
!/P

(0 < 6  < I  = min(a, T -  6)).
The existence of this modulus of continuity follows from the following 

inequalities:

(17)
u*a ß(9) < c(a, b, 6 )u*a ß (6  + h) (a < в < b)

= c(a ’b’ 6Ж А °  _ /l) (a < 0 = *)

(o , /3 ^  —1/2, 0 < h < d < min(a, ж — b)).

It is easy to see th a t u>(f,6 )p has the properties of modulus of continuity,
i.e. it is a continuous increasing function of S on [0,7] tending to  0 with 6 , 
and

w(/> <5i + ^2) ^  w (/, 62) (0 < S lt 62 < + f>2 < I)-
Before we state direct and converse theorems, we remark tha t although

(16) depends on the given constants a and 6, it has the same order while 
6 —► 0 for every pair a , b. Our modulus of continuity is equivalent to  the 
A’-functional defined above; more precisely we have

(18) c(p, a,  ß, a , b)K i(p, a , /3, / ,  t) <
u>(a, b, a , ß , / ,  6 )p < c(p, a,  ß,  a, b)Kßp,  a , ß , f ,  t )

( 0 < f  <I) .
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The proof of this fact is essentially contained in [5] and [6]. The definition 
of this type can be applied to many other weights and in many cases it is 
useful for computation. According to  th is fact, in [8] we had applied a  similar 
modulus of continuity for consideration of Uljanov type embedding problems, 
too.

T heorem 3. Let l ^ p < o o ,  a,  ß  > -1 /2 . For every f  G Lva ß we have

(19) E n( p , a , ß , f ) < c ( p , a , ß , a , b ) u > ( a , b , a , ß , f , ^ J  (n G N + ),

[6-1]
(20) ш(а,  b, a,  ß , / ,  S)p < c(p, a, ß,  a , b)6  ^  Ek(p, <*,/?,/) (0 < 6  < I ) .

k=о
P r o o f . The case a  = ß -  0, l < p < o o o f  the theorem was proved in [5], 

while the case a , ß  ^  —1/2, p = 2 in  [6]. The proof of the general case is the 
same, therefore we do not repeat it.

§.4. Direct and converse theorems 
with the moduli of Ditzian-Totik

Direct and converse theorems concerning the best approximation (1) 
were also given recently by Z. D itzian and V. Totik (see [2] Theorems 7.2.1 
and 8.2.1). Using new moduli of continuity of functions introduced by them, 
the authors proved direct and converse theorems for the best approximation 
by algebraic polynomials in Lp[— 1,1] with more general weights than ua}ß. 
T heir theorems im ply the characterization of m any classes of functions hav
ing a given order of best approximation, for example the order n~a (a  > 0). 
However, in case of the weight u aß  with a , ß~t0 ,  a  + ß > 0  their result (The
orem  8.2.1) can still be made sharp  by using the results of this paper. Let 
us detail this fact.

Let 1 ^ p < oo, a , ß > 0 , r  G N + . Let

( 21 )
w ( x ) : = u a M / p (x) ,  

<p(x) := \  l - x 2.
D enote w ^ ( f , t ) w<p the modulus defined by (B. l )  or (B.2) in [2], p.218, with 
th e  weights w, <p defined by (21). Then by Theorem 6.1.1 in [2]
(22) u rv { f , t ) WtP~ K r( p , a , ß , f , t ) .

On the o ther hand, using inequalities (2) and (15) by a usual method of 
approximation theory we can prove that for /  G L a>ß, r G N + , n > r

(23) E n( p , a , ß , f ) < c ( p , a , ß , r P , o t , ß J ,

and
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(24) K r ( p , a , ß , f ,  < c ( p , a , ß , r ) \ ^ 2 ( k  + l ) r 1 En(p,a,  ß ,  / ) .
'  П'  П k=0

Combining these inequalities with (22) we get

T heorem 4. Let  \ < p < o o ;  a , ß > 0 ,  r e N + ,  /  e L pa 0 . Let u ^ ( f , t ) WtP 
be the modulus defined above. Then

(25) En( p , a , ß , f ) < c ( p , a , ß , r ) u T ( f , - \  (n > r ),V nJw,P
(26) u ^ ( f , h ) WtP< c ( p , a , ß , r ) h r (k + 1)г -1 £*(р, о, ß,  / ) .

0<к<1/Л

Inequality (26) indeed was proved in [2] (Theorem 8.2.4), while (25) is 
sharper than  (8.2.1) in [2]; this fact follows from Theorem 6.2.2 in the same 
work. In the case a  =  ß  =  0, (25) was proved in [2] (Theorem 7.2.1). The 
authors proved that case by another method not applying inequality (2).
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VARIETIES OF AUTOMATA 
AND TRANSFORMATION SEMIGROUPS

Z. ÉSIK (Szeged)

Introduction

T he best formulation of the Krohn-Rhodes Decomposition Theorem in 
au tom ata theory can perhaps be given in term s of certain ‘generalized’ co
products (equivalently cascade products) possessing feedback functions tha t 
permit encoding inpu t signs with arbitrary nonempty input words of the 
component autom ata. Here, such generalized ар-products are referred to as 
a j -products as opposed to the op-product that only admits stric t sign to sign 
encoding facility. It is apparent th a t there is natu ra l bijective correspondence 
between Qq -varieties of autom ata, i.e. varieties of autom ata closed under the 
a j -product, and closed classes of (complete) transformation semigroups in 
the sense of [2]. The la tter are those classes of transformation semigroups 
closed under division (or covering) and wreath product. As regards a 0- 
varieties, i.e. varieties of autom ata closed under the op-product, no such 
natural bijective correspondence exists in general. The aim of th is paper is 
to show th a t ‘large’ op-varieties are Oq -varieties, henceforth establishing a 
natural bijective correspondence between large ao-varieties and large closed 
classes of transform ation semigroups. An ар-variety is large if it contains the 
autom aton Do = ({1, 2) , {z, y], 6) w ith 6(i,x) = 1, 6( i ,y)  — 2, г =  1, 2, as well 
as all the autom ata C* =  ({ 1 ,. ..  ,p ) ,  ( z 0,z} ,£) with 6(i, z0) =  г, <5(г, x)  = г + 
+ 1  mod p, i  = 1 , . . . ,  p,  where p is any prime. In other words, an  a 0-variety 
is large if it contains all definite autom ata and all commutative perm utation 
autom ata.

The paper is organized as follows. The first section contains all neces
sary definitions. The second section is devoted to  recalling some results on 
definite and commutative autom ata. The third section exhibits an  auxiliary 
construction that will be our fundamental tool in proving the above men
tioned m ain result. A similar construction was used in [3] and then in a 
number of papers, e.g., [1], [5], [4]. The proof of the main result is given in 
the fourth section. The paper ends with a few remarks.
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1. Preliminaries

An automaton is a system A =  (A , A, S) consisting of finite nonempty 
sets A and A  (the state set and the set of input signs , respectively), and 
transition function S : A  X X  —► A. The transition is also used in the extended 
sense, i.e. as a mapping í : A x X* —*■ A,  where X*  is the free monoid of all 
words generated by X . Thus, X * includes the em pty word A. We set X + = 
— X *  — {A}.

The characteristic monoid Si (A) of the autom aton A is the semigroup 
of all transformations A —> A induced by words in X *, i.e. Si(A ) =  {£„ : и G 
É l * }  where 6U : A  —► A is given by Su(a) = 6(a, u). We let S (A ) denote 
the subsemigroup of Si (A) consisting of all transformations 6U w ith и G A +. 
S(A ) is called the characteristic semigroup of A.

O ur fundamental concept is th a t of the oo-product (see [6]). The ap- 
—product is known to  be equivalent to  the cascade composition ([12]) and 
the loop-free product ([8]). Let A t =  (A t , X t,St), t G [n] = { 1 , . . . ,  n}, n > 0, 
be autom ata. Suppose we are given a  family of feedback functions

<frt: Ai x . . .  x A*_i x X  —♦ X t , t G [n],

where A  is a new finite nonempty set. The ao-product Ai X . .  . X  An(A ,ф) 
is then defined to be the autom aton A = (A, X , 6 )  with

A = Ai x . . .  x An

and

6 ( ( a i , . . . , a n) ,x )  = (6 i ( a i , x i ) , . . .  ,6n(an, x n)) 
xt = (f>t(a1, . . . , a t- i , x )

for all ( ö i , . . . ,  an) G A and i G A .
Besides op-products, we shall be interested in the following generaliza

tions. Suppose th a t each feedback function 4>t maps to the set A* rather 
than  A t- Then, in exact analogue with the definition of the ao-product, we 
obtain  the concept of the aj$-product (see [7]). If only nonempty words oc
cur in the ranges of the feedback functions, we speak about an -product. 
T h a t is, in case of an a j-p ro d u c t, the feedback functions are of the form 
<t>t: Aj x . . .  X At_ i x A - *  A t+ .

An ctQ-product is an a^-product such that for each t, the feedback func
tion <j>t can be trea ted  as a mapping Ai x . . .  X A t_i X A —*• A tA =  X t U {A}.

A special case of the ao-product is the quasidirect product or q-product 
for short. An ao-product as above is called a  q-product if each feedback 
function (̂>г is independent of any state variable as ( l < s  < t). Thus, in a 
q-product, we can alternatively think of a feedback function 4>t as a map
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X  —► Xt-  In the same way as for the ao-product, the g-product generalizes 
to the following concepts: q* -product, q+ -product and qx -product.

Let X  be a (possibly empty) class of autom ata. We define:
Pao(X)  := all ao-products of autom ata from X ,

P + (X )  := all a^-products of autom ata from X ,

Px0(X)  := all a^-products °f autom ata from X ,

Р*0(ЛГ) := all a5 'P ro^ucts °f autom ata from X ,
P q(X)  := all g-products of autom ata from X ,

P + (* )  := all g+-products of autom ata from X ,

Pq(X)  all gA-products of autom ata from X ,

P g(X) := all g*-products of autom ata from X ,

Н(ЛГ) := all homomorphic images of autom ata from X ,
S ( X ) := all subautom ata of autom ata from X ,
Given an autom aton A =  (A,X,<5), we define the au tom ata A* = 

=  (A ,5 i(A ),í* ), A+ =  (A, 5(A ), Í+ ) and Aa =  (A, X U  {x0}, Sx) by 
6*(a,6u) = ó(a,u), 6+(a,Sv) — ó(a,v)  and Sx(a, x)  =  S(a, x),  Sx( a , x 0) = a, 
where a £ А,  и £ X*,  v £ X +  and x £ X .  It is assumed tha t x 0 £ X . For a 
class X  we set X ‘ = {A* : A £ X } ,  X + = {A+ : A £ X } and X х = {Aa : A G X].  
Obviously, P*0(X) = Pao(X*), P+0( X ) = Р ао(ЛГ+) and PxQ(X)  =  P ao( * A)- 

Our main concern will be ao-varieties. By definition, a class X  of au
tom ata is an ao-variety if and only if H(X) С (ЛТ), S(X) Q X  and Р ао(ЛГ) CX.  
Requiring closure under P +0 (P A0, P*0) instead of closure under P ao, we get 
the notion of the a£ -variety (a^-variety, a^-variety). The concept of a q- 
variety, (g+ -variety, gA-variety, q*-variety) is similarly defined. It is known 
tha t HSPao(J(f) is the smallest ao-variety containing a given class X ,  i.e. the 
Oo-variety generated by X .  Analogous statements are true  for any other vari
ety concept defined above. The easy proofs of the following two propositions 
are omitted.

P r o p o s i t i o n  1.1. Let z  be any of the modifiers + , Л and *. The fol
lowing are equivalent for  an ao-variety (q-variety) X  :

(i) X  is an a^-variety (qz-variety),
(ii) JCZ c  JC

(iii) t f = =H SP‘ 0(tf0) ( #  =  H SP*(#0)) for a class X 0.

P r o p o s i t i o n  1.2. Let X  be an a^-variety (qx-variety). Then X  is an 
aQ-variety i f  and only if  X  is an Oq -variety (g+ -variety).

There is an obvious connection between Qq -varieties and classes of trans
formation semigroups closed under division (or covering) and wreath product.
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According to [2], such classes of transformation semigroups will simply be re
ferred to  as closed classes. (More exactly, partial transformation semigroups 
are also treated in the  book of Eilenberg [2], but we will not consider this 
possibility.)

Let A be an autom aton (A , X , S ). We can form the transformation semi
group (A , 5(A)), which is just the automaton A+ considered as a transfor
m ation  semigroup. For a class X  of autom ata, let T (# )  denote the class of 
all transform ation semigroups so obtained from autom ata in X .  Now, the 
obvious connection is this: The operation X  —► Т(ЛТ) is a bijective correspon
dence between Oq -varietes and (nonempty) closed classes of transformation 
semigroups. Further, when restricted to ag-varieties, this operation is a 
bijective correspondence between Oq-varieties and closed classes of transfor
m ation  semigroups th a t are generated by transformation monoids, see [2] for 
the  definition of a transform ation monoid. The la tter observation follows 
from  the following statem ent whose easy proof is omitted.

P r o p o s i t i o n  1.3. An  «g -variety X  is an a^-variety if and only if  T(AT) 
is generated by transformation monoids.

W e note tha t a  similar bijective correspondence can be established be
tw een -varieties and so-called weakly closed classes of transformation semi
groups.

2. Comm utative and definite autom ata

An autom aton A = (A ,X ,Ó ) is called commutative if 6(a,xy)  — 6(a,yx)  
(a E A , x , y  E X ) holds universally, i.e. when 5(A ), or 5j(A ), is commutative. 
If in  addition 6X is a perm utation of the state  set for each input sign x, we 
call A a commutative permutation automaton. Clearly, A is a commutative 
perm utation autom aton  if and only if 5i(A ) is an Abelian group. Note that 
5 j(A )  = 5(A) in this case. Commutative autom ata form a ^‘-variety as do 
commutative perm utation autom ata. Examples of commutative permutation 
au tom ata  are the  following.

Counters. A counter is an autom aton Cn =  ([n], {x}, 6) with S(i, x) = i + 
+ 1  mod n.

Counters with identity. These are the autom ata — ([n], {xo, x}, 6) 
w ith  c5(i,xo) =  i, S( i , x)  = i + 1 mod n.

The automata Z„. We set Z„ = ([n], ( x i , . . . ,  xn}, 6) with S(i,xj)  = i + 
+ j  mod n.

The following result for which we give a simple proof is implicit in [6].

THEOREM 2 .1 .  Every qx -variety X  of  commutative automata is a q*- 
— variety.

P r o o f . We must show th a t X+ C X .  This will be obvious once we have 
proved tha t if A =  (A ,X , 6) E X  and x i,X 2 E X  then the automaton A' =
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= (A, X U {г/}, 6') is also in X ,  where у £ X ,  S'y = SXlX2 and 6'x = 6X for all
i e l .

Suppose first tha t A' (and thus A too) is generated by a single state clq. 
Take the gA-product В =  A X A (X, ф)  with ф\ ( х)  =  x,  < f o ( z )  =  A, all x  G X ,  
and ф\{у) = x \ ,  ф?(у) = X2 - A straightforward com putation proves tha t the 
map

(£(a0, u), S(a0, v )) -> S'(a0, uv),
where u, v G X*,  is a homomorphism of В onto A ', so that A7 G X .  If A7 is 
not generated by a single state then let A [ , ..  , ,A'k (k > 2) be all maximal 
singly generated subautom ata of A7. The first part of the proof gives that 
the autom ata Aj- are in X .  Let C be the disjoint sum of the A(. Since 
X  clearly contains the autom aton ({0,1}, {2/}, Í) with S(i, y) — i, г =  0,1, it 
follows tha t X  is closed under disjoint sums. So we have C £ X .  Since A7 is 
a homomorphic image of C, we obtain A7 £ X  as claimed.

The Krohn-Rhodes Decomposition Theorem, see [2], and the above re
sult jointly give the following.

C o r o l l a r y  2 .2 .  For every integer n > \  we have Zn G H S P ao({C p  :p is 
a prime divisor of n}).

Besides commutative perm utation autom ata, we shall make use of def
inite autom ata. An automaton A =  (A ,X , 6) is called definite w ith  degree 
n > 0 if <5(a, x \  . . . x n) — 8 (b ,x i . . .  x n) holds for every a, b G A and x i , . . . ,  x n G 
G X . Further, an autom aton is definite if it is definite with degree n for some 
n. The proof of the following result (stated in an other form) can be found 
in [2], p. 95 and p. 141. Recall the definition of Do from the Introduction.

T h e o r e m  2 .3 .  H S P ao( { D o } )  is exactly the class o f  all definite automa
ta.

As shown in [9], even ISPao({Do}) contains all the definite au tom ata 
where I  denotes the formation of isomorphic images. The class of all definite 
autom ata is an Qq -variety.

Im portant examples of definite autom ata are the shiftregisters. Let X  
be a finite nonempty set. The shiftregister of degree n  > 1 over X  is the 
autom aton R n(X ) =  (ДП(Х ) ,X ,8 )  with R n( X ) =  { z i . .  , x n : x i , . . . ,  x n G X ]  
and <5(xi. . .  x n, x) = x 2 . . .  x nx, x x . . .  x n G R n(X) ,  x G X .

3. An auxiliary result

In this section we present a modified version of a construction used [4] 
and provide a lemma tha t will be our fundamental tool. But first some more 
notation.

Let X  be a finite nonempty set and n a nonnegative integer. We denote 
by the set of all words u — x \ . . . x n G X*, x \ , . . . ,  x n G X .  Thus, X ^
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is th e  set of all words и G X*  having length ||u|| =  n. Let u, v, w G X*  with 
w =  uv  and ||u|| =  n.  We write и =  prenu; and v — w/n .

Now let A, X  an d  Y  be finite nonempty sets, m, n, k >  1 integers with 
m > n , and let

q : Y W ^ X +,

П : Y (m) — x (m_n+1) U.. .U A (m),
T2 : y (m) x (m+1) U. . .  U X (m+n) 

be mappings sub ject to the following two conditions:

(1) m  < ||p(n)|| — к < m +  n, for all v G Y^k\

(2) | | r 1(v)|| =  ||r2(v)|| mod n, for all v G Y ^ .

To each such system  we correspond an autom aton R-J4,e,r1,T2 =  (-Й, F, £). Set 
R  R\  UR 2,

Ri  = {(a, u) : a G A, n G F*, ||n|| ^ к},
R 2 = {(n, u ) : v  G Y +, и G X + , ||n|| ^ m, m +  1 < ||n|| + ||u|| ^  m + n}.

Define for each у  G F ,

(i)

all (a, t>) G Ri,

00

У)
0(l>)/fc+l)

if ||u|| < A:, 
if ||v|| = k,

*((
4 ч Г (»i/i4 V ,u ) ,y )=  <

l (y ,w )
/1) if ||n|| < m, 

if IMI = m,

all (u, u) G Дг> where w = ( u / l ) r i ( n )  от w — ( n / l ) r 2(n) depen dingbn whether 
or not j  -  1 +  r ^  n with j,  r G [та] given by j  =  ||u|| mod n and r =  ||ri(u )|| —
— m mod n. (N ote that the second subcase never applies in (ii) above with 
| |r 2(n)|| = m +  n.  Thus, if n =  1, the definition of R 4,e,TllT2 is independent of 
r 2-)

Some com putation is needed in order to  check tha t our definition of 
R + 0,ti,t2 works properly. As regards (i) and the first subcase of (ii), this 
is obvious. For the second subcase of (ii) suppose n G l + with 1 < ||u|| ^  
<| n, and let j ,  r  G [n] be determined by j  =  ||u|| mod n and r =  ||ti(v)|| —
— m mod n, respectively, which is to say that ||n ||= j, ||ti(v)|| = m — n + r 
and ||t2(i;)|| =  m + r. Assume j  — 1 + r > n and put w = u/ 1 ti(v). We obtain 
m = n + m — n < j  — 1 + r + m  — n = j  — 1 +  m — n + r = ||u /l|| + ||ri(v)|| — ||m|| 
and IMII = II и / 1II + И Ti (u) У =  j  — 1 + m — n +  r = m + j  + r — n -  1 < m + 2n —
— n - l < m  +  n . Thus, m <? ||m|| < m +  n, as was to be seen. Next let j  — 1 +  
+  r < n, w — u / 1 t2( v ). From ||r2(v)|| = m +  r  and r G [n] we obtain m < ||m||. 
On the other hand, ||u;|| =  | |n / l | |  + 11т2(г?)11 =  j  — 1 + m +  r  = m + j  — 1 +  r < 
< m + n, proving m < j|u>|| <  m  +  n.
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P R O O F .  W e  d e f i n e  a n  » o - p r o d u c t

B =  ( ö ,y , í ' )  = Q x C m x R 1x Z n x R 2(У, ф)

where Q ,R i and R 2 are definite automata, and show tha t R^,e,n,T2 £ 
GHS({B}). Thus the result follows by Corollary 2.2 and Theorem 2.3. The 
symbol * will be supposed not to be in X * i iY * .  We define

all у G Y , a G A, v G У* with ||d|| < fr;

Rx =  Rm(T),
R2 =  ((Xu{*})^m+n_1\  [m + га — 1] x (XU - • .иХ *т+ "_11)и {* } ,^ ),

where Z \ , . . . ,  гт+п_х G l ü { * } , í ,  sG [ra  + n - l ] , i i , . . . , i , G X .  Notice that 
R2 is definite of degree m + n -  1, and Q is definite of degree fr + 1. (Q is even 
nilpotent.)

The feedback functions are defined as follows. Let у G У, a G A,  Vo G У*, 
IKII ^  k, i G [m], v G y ( m> and j  G [гг]. We define

(а )  ФЛу) = У,
(ß) Ф2 ((а,У0),у)  = х,  ф2(*,у)  = х,
(7) Фз((а,У0),1,у) = у, Фз(*,г,у) = у,

Q = ( { ( a , v ) : a £ A ,  v £ Y * ,  | |v | |  < к} U  { * } , У , ^ Х) ,

f i2 ( z i • • •  ^m+n—11 *) — Z2 . . .  Zm+n—1 *,

6 2 { Z i  . . . Z m + n - l , ( t , X i  . . . X
( z2 . .  . Z t x \  . .  . I m +n_t if m + n - t < s ,  

\ z 2 . . . z tx \ . . . x 3 * . . . *  if m -\ -n —t > s ,

(6) ф4((а ,у0) ,{ , у , у )  =

x T w h

Ф4(*,г,ь,у)=  <
. x n if i

x t where t = ||ß(t>0)|| -  (m  +  fr) if ||v0|| =  к,
Xn if IKH < fr,
where r G [n] with ||r1(u)|| -  m  =  r mod гг,

if г = fr mod m,
if г ^  fr mod m,

(»?) &((<*, =
if IJ Vq J J < fr,

05(*,*,W,j,y)= {
I

l  (l,p(vo)/fr +  l)  if ||v 0|| =  fc,
* if i ф к mod m,
(j , w) if г =  fr mod m),
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where w = Ti(v) or w — t2( v) depending on whether or not j  — 1 +  r > n with 
r  G [n] given by r  =  ||r i(n ) || — m  m od n.

Set

■Bi = {((a, v0), г, v, n, * . . .  *) : a G A, v0 G Y * , ||v0|| [m],
i =  ||v0|| m od т , и е У ^ } ,

B 2 = {(*, G [m], v G Y^m\ j  G [n], и G X +,
v( i , k )  + \\u\\ = m + j } ,

where, for each r , s > 0, i/(r, s) = t  if and only if t  G [m] and r — s = t mod m. 
It is obvious tha t B\ ,  B2 QB.  P u t B' = Bi \JB2. We claim that B '= 
= (B' , Y ' , S ’) is a subautom aton of В that can be mapped homomorphically 
Onto Rvt,e,Ti,T2 -

Let h : B'  -» R  be the mapping given by

h((a , v0), i , v , n , * . . . * )  = (a, v0), 

all ((a , v0), i, v ,n ,* . . . * ) G 5 i ,

h(*, i, vv0, j , u * .  . .*)  = (v0, и ),

all (*, г, vv0, j ,  u* . . .  *) G B2 w ith ||v0|| =  v(i, k) ,  u £ X +. Obviously, /i maps 
B '  onto R. Let b G B' and у E . Y . There are two cases.

( 1 )  6 = ((a, Vo), . . . * ) £  Bi  so th a t i = ||vo|| mod m.  Define i' G 
G [m], i' =  i +1 m od m.  Obviously, i' =  ||v0y|| mod m.

(1.1) ||v0|| < k. Then S'(b, y)  =  ((a, voy),i' ,  v / l y , n ,  * . . .  *). We see tha t 
<5'(6, y) G Bi  and h(S'(b, y)) = (a , v0y) = 6((a, v0), y) = S(h(b), y).

(1.2) 11 Vo 11 =  k.  Put t =  ||p(vo)|| — (m +  fc). By our assumptions on p, 
we have iG [n]. Obviously, ||p(vo)|| > k + 1 so th a t p(vo)/fc+1 G X + . Since 
i '= ||v o j/ || mod m  and ||vo|| =  k,  i>(i',k) = l .  We have u( i ' , k) + ||f>(vo)/fc +  
+  l | |  =  l  + m +  t — 1 =  m +  t. Thus S'(b, y) =  (*, г', v/1 y, t,  g(vo)/k + l  * . . .* )  is 
in B 2. Further, h(6'(b, y)) =  (y, g(v0) /k  + 1) =  <5((a, v0),y)  = S(h(b),y).

(2) b = (*, г, ото, j , u * . ..  *) G B 2 with ||vo|| =  v(i ,k)  and и G X + so th a t 
I/(г, A;) +  ||u|| =  m  + j .  Again le t i' G [m] with i' = i + 1 mod m.

(2.1) i ф к m od m, i.e. 1 < u(i, k) < m .  We see th a t ||u|| > 1, ||v|| > 
> 1, 6 ' ( b , y ) = ( + , i ' , v / l v o y , j , u / l * . . . * ) .  Since u(i', k) + ||« /1 || = v(i, k) + 
+ 1 +  ||u|| - 1  =  i/(i, k) + ||u|| =  m + j ,  it follows tha t 6'(b, y) G B 2. Moreover, 
h(6\b,  y)) =  (voy, u / l )  = S((vo, и ), у) = S(h(b),y).

(2.2) i = к m od m, i.e. i / ( i ,k )  = m.  Obviously, v =  Л, | |u | |= j .  Define 
r G [n], r = 117"x (v) 11 -  m  mod n,  j '  G [n], j  + r  = j '  mod n. We have ||ri(v )|| =  
=  m - n-f г, 117"2 ( )  11 = m + r. Since г/(г, к) — m ,  then 1/(г7, к) = 1.

(2.2.1) j  — 1 + r > n. Compute i/(i', k) + | |u / l r 1(v)|| = 1 +  | J u | |  — 1 +  
+  ||ri(v )|| = j  + m  — n + r =  m  — n + (j  + r) = m  — n + (n + j ')  =  m + j ' .  (The
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use of и / l  is legitimate because ||u|| = j  E [n].) It follows th a t 6\b ,y)  = 
= (*, V o / l y j ' ,  u / I t ^ v ) * . . . * ) £  B 2. Further, h(6'(b, y)) = (y, u / I t^ v)) = 
= 6((v0,u ) , y )  = 6(h(b),y).

(2.2.2) j  — l  + r < n. We have 1/(1', fc) + | | u / l r 2(v)|| — 1 +  ||ii|| — 1 + 
+  ||r2(u)|| = j  + m  + r = m  + (j  + r) = m  + j 1. Thus, 6(b, y) = (*, i', v0/ l y , j ' ,  
u/ 1 t2(v ) * . . .  * ) e B 2, and h(S'(b, y))=(y,  u / l r 2(v))=6((v0, «), y)=6(h(b), y).

The proof of Lemma 3.1 is complete.
As we have already noted, R a,$,ti,t2 does not depend on r2 if n = 1. This 

observation gives rise to the following definition.
Let k , m >  1 and let A , X , Y ,  g and r  = t\ be as in the definition of 

Ra.í .ti ,t2 when n =  1, i.e.,

q : y ( fc) _> x(m+k+l)^ 

T ; y (m) X ^ .

We define R ^^  T =  (Д, Y, 6) with

R  =  R\  U R 2,
R \  = {(a, v ) : a G A, v E Y *, ||u|| < к},

R 2 = { (v ,u) : v e Y +,u  e X + ,||u || + ||u|| =  m + 1}, 
c(( ч ч Í (a ,vy)  if ||v ||< fc ,

Q' V ' У l  (y,Q(v)/k + l)  if ||t>|| =  A:,

all (a , v ) e  R\ ,  y £ Y ,

l (y,T(v))  if ||»|| =  m,

all (v, и ) E R 2, y e Y .

Corollary 3.2. R ^,e,T € HSPao({D0, Cm}).

P roof. By Lemma 3.1, RA,e,r £ HSPao({Do, Cm, C *}). Since C* is triv
ial, we have Rx,{,T 6 H SPO0({D0, Cm}).

4. The main result

In this section we prove the following result.

THEOREM 4.1. Let X  be an ao-variety of automata containing Do and 
all of the automata C* where p is any prime. Then X  is an Qq -variety.

Proof. It suffices to prove that X + С X .  Take an arbitrary autom aton 
A =  ( A , X , i ) e I  and set S  — 5(A). We claim that there exist integers m,
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те, к ^  1 with m > те and mappings

7 :S U .. .U S (fc>-+X +,
П . 5 M  x ( m - ” + 1 )U . . . U l (m ) , 

t 2 : 5 M  _> X ( m + 1 ) U . . . U X (m+n)

satisfying the following conditions:

(!)  I|t (v)|| ^  IMI for aU v E 5 + , ||v|| ̂  k,
(2) pre||„||7 (ns) =  ргец„ц7 (п), for all v E S + , s E S  with ||us|| < fc,

(3) m < ||7 (n )|| — к < m  + те, for all v E S^k\
(4) ||r i( r) || =  | |r2(r)|| m od те, for all v E

( 5 )  v =  óy(v), for all v € 5 ^ ,

(6) v = 6Tl(v) =  6T2(V), for all v E S (m\

w here, for any u = s\ . . .S iE S + w ith s \ , . . . ,  s t E S,  й  denotes the product 
s i  • • • 5,- in S. For la te r use we define X = S\, i.e. Л is the identity map A  —*■ A.

Let к =  card (5 )  and denote by E  the set of all idempotents in S. Obvi
ously, there exists an integer n  > 1 with E  C {£u : u e l W } .  Let m0 > n be 
any  integer w ith S  Q {f)u : и E X + , ||u|| < mo}. To each s E S  let us assign a 
fixed word u(s) E X + such th a t s =  6Û  and ||u (s) || < mo. If s = eE E  choose 
u(e)  with ||u(e)|| =  те. Finally, le t m be an integer with

m  ^  max{fc, (m 0 — l)fc + (к — 2)те, 2mo +  те}.

Denote by Z  the collection of all words v =  S i . . .  s,- (1 ^  i ^  к, s,- E S)  for 
which the following are valid:

(i) there is an  e 6 E  with ve  =  v,
(ii) vje ф Vj for all vj = S\ . .  .Sj with 1 < j  < i and e E E.  Since к = 

— card(5), by Proposition III .9.1 in [2], for every и E S ^  there is a v E Z  
such that и is a  prefix of u. Obviously, th is v is unique. To define the 
mapping 7 , take  an s i . . .  Sk G S ^  with s i , . . . ,  sjt € 5. There is a unique i 
(1 = * = k) w ith s i . . .  Si E Z.  Let e be an idem potent, fixed to s i . . .  s, E Z,  
such that SiTTTsJe = S i . . .  s,-. Suppose first th a t i < к. Define

7 ( s i)  = i t ( s i ) , . . . ,  7 ( s i . . .  s ,_ i ) =  u ( s i ) . . .  u (s ,_ i),
7 ( s i . . .  Si) = u ( s i ) . . .  tt(s,-)«(e)fc_1,

7 (s i • • -5,4-1) =  t t ( s i ) . . .u (s ,)« (e )fc_1u(st+i ) , . . . ,
7 ( s i . . . sjt_i) =  u ( s i ) . . .  u(s,)u(e)fc_1ti(s ,+ i) . . .  u (s fc_ i),

finally,
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7 (5 1 . . .  s k) =  l i ( s i ) . .. u(s i )u(e)k 1+tu ( s i+1) . . .  u ( s k),

where t > 0 is the integer with

m  + k < ||n(51)|| +  . . . +  ||u(sjfc)|| + (k — \ )n  + tn  < m  + k + n.

Since mok + (k — \ ) m  ^  m  + k + n,  there exists such a t. Next suppose i — k. 
Define

7 ( 5 ! )  =  U ( 5 i ) ,  . . . ,  7 ( S !  . . . 5 f c _ i ) =  t t ( s i )  . . . t t ( 5 * _ X) ,  

7 ( 5 i  . . . S k )  =  u(sx) . . .  u(őfc)u(e)t ,

where t ^  0 is determined by the condition

m  + k < ||u (s i) || +  . .. +  ||u(sfc)|| +  ira ^ n i +  fc +  n.

It is now obvious tha t 7  is well-defined (use the fact th a t Z  is prefix free) and 
satisfies (1), (2), (3) and (5). Indeed, v — 67(v) for all v E S U .. .US(kK For 
notational convenience, we extend the domain of definition of 7  to include 
the empty word by setting 7 (A) =  A.

As regards Ti and r 2, recall tha t by m  > k, S m = S E S  (Proposition III.9.2 
in [2]). Let v E There are 51,026 5 and e G E  with t> =  5ie 52. Since
2mo +  n ^  m , there is a (unique) t > 1 with

m  — n <  ||u (si)|| + tn + ||u(s2)|| <m.

Set rx(t;) =  tí(5i)u(e)ttí(52), t 2 ( v )  =  u(si)u (e)i+1u(s2). We have ||r-1(t7)|| =  
=  ||r2(v)|| mod n and v  =  6Tl(v) = 6T2(v).

Define q : —> X + by g(v) = 'y(v), v E S^kh To complete the proof
we show th a t A+ is in HSPo,0({R ^)ejTl)7i, A}). Thus the result follows by 
Lemma 3.1. Define the op-product

by
B = ( 5 ,5 , i ')  =  RA|{,T̂ x A ( 5 , ^ )

<fo((a >v

4>i(s) =  s,  
prei7(u5)/||t7|| 
prei7(t>)/||v||

if ||u|| < k, 
if ||v|| =  fc,

for аД 5 E S ,  a E A,  v E S* with ||u|| ^  к ,

</>2((u ,u),5) = pre!U,
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for all s E S,  v E S + , и E X + w ith ||и|| < m, m +  1 < ||u|| +  ||u|| ^  m + n.
Set В' = B\  U 02, where

Bi = { ( (a ,v ) , b ) :a ,b e  A,  v E S * ,  ||v|| < b = <5(а,ргец„ц7(г;))}, 

B 2={((v ,u) ,a):aEA, v E S +, и G X + , ||v|| £ ra, m + l^ ||r;||+ ||u ||^m + n } .

Clearly, В' С B.  Let В' = ( B 1, 5 , £'), and define

/i((a,i>),6) = ü(a),

for all ((a, v ), b) E Bi,

h((v,  и ), a) = v(6(a, u)),

for all ((v, и ), a) G i?2-
We are going to show th a t B ' is a subautom aton of В and h is a homo

morphism  of B ' onto A+ . It is clear that h maps B'  onto A: for any a G A,  we 
have ((а, Л), a) G B'  and h((a , A), a) = a. Let cE B'  and sE  S.  We distinguish 
fou r cases according to the definition of the transition in

Case 1: c =  ((a, v), b) G B\  w ith ||v|| < k. We have b =  £(а,рге||„ц7 (г>))
and

s ) =  ((«>vs)> prei7 (us)/||v ||)) =
=  ((a ,w s),^ (a ,(p re |H |7(u))(pre17(v5)/||i;||))) =

=  ((a, vs),6(a,  (pre |H |7 (us))(prei7 (?;ő)/||u||))) =
= ((a, vs),  £(a,pre||vs||7 (i;s))) G B x.

Further, h(6 \c ,  5)) = vs(a) = s (v (a )) =  s(h(c)) = 6+(h(c),s).
Case 2: c = ((a,v) ,b) E B x with ||v|| =  k. Again, b -  <5(а, ргец„ц7 (и)) = 

=  ^(a,prefcp(u)). We have

6'(c, s) =  ((a, g ( v ) / k + 1), <5(6, prei7 (t>)/|H |)) =
= ((«, e{v ) / k  + 1),<5(Ь,рге!р(г;)/^)) =

=  ((«, Q{v)/k + l) ,Ä (a ,(p refce(t7))(preiß(v)/fc))) =
=  {{s,Q(v)/k + l ) ,6 (a ,v iek+1ß(v)))E B 2.

Moreover, h(S'(c,s)) = s(6(a ,(g iek+XQ(v)) (e(v)/k+l)) )  = s(6(a,g(v)) = 
- s(v(a)) — s(h(c )) = 6+(h(c) ,s) .

Case 3: c =  ((v , и ), a) G B 2 with ||u|| < m.  We have

<5'(c,s) =  ( (u 5 ,u /l) ,í (a ,p re iu ) )  G B 2.

But then h(<5'(c, s)) = йз(<5(а, (p re iu )(u /l)))  = vs(6(a, и )) =  s(TJ(<5(a, u))) = 
=  s(h(c)) =  <5+(/i(c), s).
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Case 4: с = ((и, и ), a) E B 2 with ||u|| =  m. Now

£'(c, s) = ((s, u/ 1 tí(v)), í(a,preiu)) E B 2 for i — 1 or i = 2.

We obtain  h(6'(c, s))  = s(ó(a, (preiu)(u/lTj(v)))) = s(ó(a, utí( v))) = 
= s(v(6(a, u))) = s(h(c)) = 6+(h(c), s ).

The proof of Theorem 4.1 is complete.
Let us denote by Ao the automaton Dj) which is essentially the autom aton 

D*. Thus, Ao is the identity-reset automaton that plays fundamental role in 
the Krohn-Rhodes Decomposition Theorem, cf. [2].

Corollary 4.2. Every ao-variety containing Ao and all the automata 
Cp where p  is any prime is an variety.

P roof. We know th a t every such ao-variety X  is an aj-variety . To see 
tha t X  is an ag-variety, by Proposition 1.3, it suffices to show th a t T(X)  
is generated by transformation monoids. However, this follows from the 
K rohn-Rhodes Decomposition Theorem.

We note tha t if n =  1 in the proof of Theorem 4.1 then, by Corollary
3.2, the counters suffice instead of the counters with identity. The situation 
n = 1 can always be achieved if A has an input sign inducing the identity 
state transformation. On the other hand, the integer m  can always be taken 
to be a power of a fixed prime p. These observations lead to the following 
result proved in [5] by using a much simpler argument:

T heorem 4.3. Every a^-variety containing Ao and an automaton Cj, 
for a prime number p is an a^-variety.

Note th a t an ад-variety X  contains Ao if and only if it contains Do, and 
Cp E X  if and only if Cp E X .

Let us denote by X\s th e  ao-variety generated by the autom ata Do and 
Cp for all prime numbers p , i.e. X\s — H SPao({Do, Cp :p  is a prime}). More
over, let X 3 — HSPao({Ao, Cp : p is a prime}). Now, Theorem 4.1 can be 
rephrased as follows: Every ao-variety containing X is is an Qq -variety. Sim
ilarly, Corollary 4.2 says th a t every ao-variety containing X s is an a^-variety. 
According to results proved in [10,11], X i s can be called the class of all locally 
solvable au tom ata , i.e. the class of all automata A such that e5(A )e is a 
solvable group for each idem potent e in 5(A). The Krohn-Rhodes Decom
position Theorem implies th a t X s consists of all autom ata A such th a t every 
subgroup of 5 (A ) is solvable. The la tter automata can be called solvable, 
explaining the notation X s.

Now let £  be the lattice of all ao-varieties X  with X is С X  and £ \  the 
lattice of all a 0-varieties containing X s. Denote by £ '  the lattice of those 
closed classes of transformation semigroups containing Т(А)5.) and by £ \  the 
lattice of closed classes containing T(j£j). Each member of £ \  is generated 
by transform ation monoids.
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Corollary 4.4. £  is isomorphic to£ '  a n d £ \  is isomorphic to£ \  under 
the correspondence X  у-* T(X) .

Given a prim e number p, the class

X P = HSP^0({Do, Cp}) = HSPao({A0, C*})

consists of those au tom ata A such tha t each subgroup of 5(A ) is a p-group. 
This observation is again a consequence of the Krohn-Rhodes Decomposition 
Theorem. By Theorem 4.3, every öq-variety containing the class X v for some 
prim e number is an ög-variety, and a bijective correspondence as in Corollary 
4.4 can be established. By the Krohn-Rhodes Decomposition Theorem, 
every such Og-variety X  is uniquely described by those simple groups G for 
which the autom aton obtained by letting G act on itself belongs to X.

Comparing Theorems 4.1 and 4.3, it can be asked if each of the automata 
Cp is strictly needed in Theorem 4.1. Below we give two examples showing 
th a t none of them  can be om itted.

E x a m p l e  4.5 . Let Q be any set of prime numbers and define X q to be 
the  class of all au tom ata A =  (A, X , £) such th a t for each и E X +, the length 
of the period of the subsemigroup of 5(A) generated by Su is not divisible 
by any prime q E Q. Thus A E X$  if and only if no subgroup of 5(A) has 
order a m ultiple of a prime q E Q. Let X \  be the class of all counters and 
X  =  HSP„0(X o U # i) , so th a t X  is an on-variety. X  contains the automaton 
Ao and thus X  contains Do and all aperiodic autom ata. Moreover, for every 
prime p we have C* E X  if and only if p £ Q. On the other hand, С* E HSP +o 
+(ЛТоиЛ?1) for all prime numbers p. Thus X  is an Og -variety if and only if 
Q is empty.

Example 4.6. Again let Q be a set of primes. Define X  to be the class of 
those au tom ata  A =  (A, X , S )  satisfying the following property: If the period 
of the subsemigroup generated by Su in 5(A ) is divisible by a prime q E Q 
then ||u|| too is divisible by some prime number in Q. It can be seen th a t 
ej, E X  whenever p is a prime not in Q, but C* ^ X  for all q E Q- Further, X  
contains all aperiodic au tom ata . On the other hand, HSP^0(X) is the class 
of all au tom ata  whenever there is a prime not in Q. Thus, X  is an aj-varie ty  
if and only if Q is empty.

5. Some rem arks

The construction tha t we used in the proof of Theorem 4.1 can be further 
generalized to  some extent. A few possible extensions are given below.

Let A =  (A, X,  6) and В =  (B , Y , 6 ') be autom ata. We write B|A if there 
exist C C A , h : C  —► В  and 7 ' :  Y  —► X + such that 

(1) h is onto,
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(2) 6 ( c , Y ( y ) ) e C ,  h(6(c,Y(y)))  = 6'(h(c),y), for all a G C  and у G Y. 
(Note th a t this ju st means th a t (B,  5(B)) is covered by (A, 5(A )), see [2].)

Now let m > n  be positive integers. We shall write B|(m,n^A if and only 
if, there exist к > 1, С  C A,  and mappings

h : C  —* B,

7 :У и - - - и У № - » 1 + ,
T\ : Y(m) -> x (m_n+1) U- • -U X (m), 
r 2 : U • • • U Jf(m+,l)

such th a t the following hold:
(1) h is onto,
(2) ||7 (»)|| ^  IMI> for all u G Y + , ||v|| < k,
(3) ргец„ц7 (»у) =  ргец„ц7 (и), for all v G Y*, у € Y  with ||uy|| < k,
(4) m  < ||7 (u)|| — к < m  + n,  for all v G Y^k\
(5) ||ri(w)|| =  ||r2(u)|| mod n, for all c G C, v G Y ^ ,
(6) S(c, j(v))  G C, h(6(c, y(v)))  = 6'(h(c),v), for all cG C , d G Y ^ ,
(7) 6(c, t,(u)) G C, h(6(c,Ti(v))) =  6'(h(c),Ti(v)), for all cG C , r  G Y*m* 

and i = 1, 2.
Similarly, we write B|(m) A if the above conditions, except for (5) and (7) 

when i =  2, hold with n =  1, for some к, C, h , 7 and г = 77.
It can be seen tha t B|A implies B|(m,n)A for some m  and n. Namely, 

n can be any positive integer with E  С {ди : ||и|| =  n}, where E  is the set 
of all idempotents in 5(A ). A nother choice can be the following. Suppose 
B|A via C, h and 7 '. We can extend 7 ' to a morphism Y + —► X +. Now, 
for every idempotent e G 5(B ), choose a word v(e) G Y + inducing e. Then 
let u(e) = ■y'(v(e)), and n = l.c.m .{||u(e)|| :e G 5(B ) is an idempotent}. К in 
either case we have n  =  1, then B|(m^A for some m.

P r o p o s i t i o n  5 . 1 .  / / B | ( m ’n ) A  then В is in H S P a o ( { D 0 , C TO, C ^ ,  A } ) .  I f  
B | ( m ) A  then В  is in H S P a o ( { D 0 , C m , A } ) .

The proof carries over with a slight modification of the argument applied 
in proving Theorem 4.1. If B|(m)A is assumed, one uses Corollary 3.2.
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Э К С Т Р Е М А Л Ь Н Ы Е  З А Д А Ч И  Т Е О Р И И  
П О Л И Н О М И А Л Ь Н Ы Х  О П Е Р А Т О Р О В

Л.  Л .  Б Е Р М А Н  (Ленинград)

1. П усть п и т  заданные натуральные числа и  С  — пространс
тво 2х-периодических непрерывных функций / ( х )  с нормой | |/ ( х ) || = 
=  т а х | / ( х ) | .  Ч ерез Пп обозначим множество всех тригоном етриче
ских полиномов порядка не выше п. Пусть Í! некоторое множество 
линейных операторов из С в С, обладающих тем свойством, что  ес
ли A G П и / е  П„, то А (/, х) = / (х ) .  Пусть En( f ) —  наилучш ее при
ближение функции / ( х )  с помощью полиномов из Пп. Тогда

П  \ \ A ( f , x ) - f ( x ) U ( l  + \\A\\)En( f )

С ледовательно, для того чтобы погрешность ||А ( / ,  х) — /(х ) || была 
наименьшей нужно, чтобы  норма оператора А бы ла минимальна. 
С тало быть, возникает вопрос о вычислении д =  ||А|| и  о на

хождении оператора A G П для которого ||А|| =  д. О бозначим через 
L  множество всех суммируемых 27г-периодических функций. Вве
дем линейное нормипованное функциональное пространство Е ,  об
ладаю щ ее свойствами: 1) элементы Е  суть функции из L; 2) ес
ли /  G Е ,  то смещенная функция /t(x )  =  f ( x  + t ) п ри  любом —оо < t < 
< оо такж е из Е,  причем ||/*|| ^ | |/ | | ;  3) Е  содержит множество всех 
тригонометрических полиномов. Важнейшим частны м  случаем про
странства Е  является пространство С.  Через í ín>n+m(E) обозначим 
множество всех линейных операторов UniTl+m(f ,  х)  из Е  в Е ,  о б л а
даю щ их следующими свойствами: 1) для любой /  G Е  (7п>п+т ( / ,  х) G 
СПп + т ; 2) если / б П „ ,  то (7П)П+т( / ,х )  =  /(х ) . Важнейш ей операцией 
ви да Нп,п + т ( / ,х )  является  частнал сумма В алле-П уссена

 ̂ n+m
( l )  ° n , n + m ( / > х ) =  . 1 x )iт -\-1 f—'к=п

где Sk( f ,  х) — частнгия сумма порядка к ряда Ф урье функции / ( х ) .  
К операциям вида (7„1П+ТО( / ,х )  относятся также известные и н тер 
поляционные процессы С. Н. Бернш тейна [1]. О ператоры  и з  [2] 
также типа Un>n+m(f ,  х). Положим дп,п+т = in f ||Hnin+m||.

bn,n+ т
Пусть U G íí„,n+m. Будем  говорить, что оператор U экстрем аль
ный в классе í in,n+m, если дп,п+т — ||Н ||. Возникает естественный
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вопрос о нахождении в множестве операторов й П}П+т(Е)  операто
р а  с наименьшей нормой и о вычислении дП}П+тп(-£?)• Эта зад ач а  
б ы л а  поставлена в [3], [4]. Видимо п ри  произвольны х натураль
ных п  и тп её трудно реш ить. Вместе с тем в статье указываю тся 
частны е случаи, когда её реш ения весьм а простые. Э то  когда тп — 
— п  — 1 или m  — 2n — l ,  где п  — произвольное натуральное чис
ло. К ласс операторов Í1П}П+т (Е)  допускает следующ ее обобщение.
О бозначим ч ер ез  f^ r^+7n множество всевозможных линейных опе
рато р о в  Í7n,n+m (/?х) из Е  в Е ,  обладаю щ их свойствами: 1) для  
лю бой  f e E  Un}Tl+m{ f , x )  € П п + т ; 2) если  / е  П„, то  Un ,n+m(/? —
=  / ( г)(х). П ри этом  f^r\ x )  —  производная порядка г от /(х ) . По-
лож ны í>ni+m(-E)=  inf ||í7nn+m||- Возникает вопрос о на-

1Ь.»+»еП<Д+ т(Я)
п ( г)хождении в множестве ъ1п п̂+т экстремального оп ератора  и о вы чис

лении Qn\+rn- Э та  задача такж е была поставлена в [3], [[4]. Она там  
б ы л а  решена д л я  г = 1 и т  — п  — 1. В настоящ ей статье  формулиру
ется  полное её решение д л я  любого натурального г и  т  — п — 1. П ри 
этом  п — лю бое натуральное число. Д оказательство  упомянутого 
утверж дения находится в [8].

2. Рассм отрим  сперва случай , когда m = 2n — 1, где п — любое 
натуральное число. О бозначим через фп(<) ядро Ф ейера. С правед
л и ва

Т еорема 1. При любом п  оператор

/•2тг I / s i n — \ 2
(2) A ( f , x )  = J f ( x  + t) cos ntfan(t)dt, Фп(!) = —  1̂ — f j  >

является  экстремальным в классе £ln,3n- i{C) .  При этом дп<зп_1 =  4. 

Д ля  доказательства этой  теоремы нужны следую щ ие теоремы из
[4].

Т еорема 2. Среди всех линейных операторов из £1П}П+т(С) опера
тор

г2-к m
/  /(* + « )  
Jo

D n(t) + y ^ ä j  cos(n + j ) t  
j=l

dt,

где числа определяются из условия  минимума  интеграла

A cta  M athcm aiica  Hungarica 59, 1992



Э К С Т РЕ М А Л Ь Н Ы Е  З А Д А Ч И  Т Е О Р И И  П О Л И Н О М И А Л ЬН Ы Х  О П Е Р А Т О РО В  77

обладает наименьшей нормой. При этом

(3')

Если воспользоваться известным фактами теории наилучш их 
приближений в метрике L  [5], то теорема 2 можно сформулировать 
в следующ ей эквивалентной форме.

Теорема 3. Д л я  того чтобы оператор (3) обладал наименьшей  
нормой в классе операторов Пп>„+ т (С) необходимо и достаточно, 
чтобы числа {ötj}™-! из формул (3) удовлетворяли условиям:

Г
m

/ COS ( 71-fiú sig 11
Jo

D n(t) + ^  áj cos(n+j) t  
i =1

Теперь можно перейти к доказательству теоремы  1. Д окаж ем , 
что частная  сумма В алле-П уссена <Tn,3n - i( / )  я) совпадает с операто
ром (2) и является экстремальным оператором в классе í ín,3n -i(C )- 
И з (1) видно, что <тП1з„_1 G Íln,3n - i '  Хорошо известно что

(5) &п,п+т f ( x  + t)Vn,m(t)dt,

где

t
2

П оэтому при т ~ 2 п — 1 получим, что

или
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И та к , &п,Зп- 1  совпадает с оператором (2 ). Так как фп(£) > 0, t G 
G ( —00, 00), то д л я  оператора (2) равенства (4) принимаю т вид:

(б) /  co s(n+ j)fsign  cos ntdt =  0, l ^ j ^ 2 n - l .
Jo

И звестно [5], что

4 °°
sign cos t — — у '  (—l ) fc

7Г f-—' fc= 0

cos(2fc + l) í  
2fc +  l

П оэтому очевидно, что равенства (6) выполняю тся. И х выполнение 
можно также получить с помощью утверж дения из [5], стр. 99—100. 
И так , оператор (2) является  экстремальны м в классе íí„,зп-1- И з (2) 
следует, что

r2ir
(7 ) 0n ,3n -l(C )=  /  \cosnt\4>2n(t)dt.

Jo

И звестно [6], стр . 183—184, что

(70 I • I 2  4  V
i sina;i =  - - - L

к= 1

cos 2 кх 
4к2 - 1 ‘

О О

Поэтому |c o sn í| = | - |  Х ^(~1)1С4,-г2-1?- И звестно, что
i=i

Поэтому из (7 ) , (8) и равен ства  П арсеваля получим, что дП}зп-г (С) = 
Обозначим через 6  множество всех функциональных пространств 

тип а Е.

Теорема 4. Имеет место равенство

4
(9) sup £>П)3п_1 (Е )  = - .

EeS *

Д оказательство. Б удем  рассм атривать оператор (2), как опе
ратор из Е  в Е .  О бозначим  его через A ( f , x , E ) .  И з  доказательства 
теоремы 1 следует что он принадлеж ит классу ПП)зп_х(Б). И звестно
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[7], что для  ин теграла и нормы имеет место неравенство || J  fdp\\  <
< J  ||/||d/x. П оэтому из (2) получим, что

(1.0) \ \ A ( f , x ,E ) \ \ £  Í  | | / ( x  +  i)|| \cosnt\4>2n(t)dtt.
Jo

Согласно определению пространства типа Е  | |/ (х -И ) || £  | | / | | .  С тало 
быть, из (10) выводим, что

(11) | |Л ( / ,х ,£ ) | |  <; 11/11 [  \ cosnt\4>2n(t)dt.
Jo

В ходе доказательства теоремы 1 было установлено, что интеграл  
из правой части  неравенства (11) равен И так, из (11) заклю чаем , 
что ||А ( .Е ) ||< £ . О тсю да и из очевидного неравенства £>п,зn - i ( E )  <
< ||А(.Е)|| получаем, что gn,3n - i ( E )  ^  Следовательно,

(12) sup gn,3n-i (E)<
eg<S ж

С другой стороны, поскольку С  пространство типа Е ,  то 
sup pn,3„_ i(e) > p„i3n_ i(C ). Согласно теореме 1 pn,3n -i(C ) =  Стало 
E e ő  
быть,

4
sup gn,3n- i ( E ) >
E e ß  п

О тсю да и  из (12) выводим (9).
О бозначим через L p пространство интегрируемых с р-ой  сте

пенью, р  > 1, 27г-периодических функций с нормой ||/(х ) ||х ,р =
=  ( / 02,г | / ( x ) |pdx)1/p. Очевидыо, что Lp — пространство типа Е .  По
этому справедливо следствие

С Л Е Д С Т В И Е  1. Справедливо неравенство gn,3n - i { L v)<

Следствие 2. Д л я  любой f E C  выполняется неравенство

IK ,3 n - i( / ,  *) -  / ( * )  II й  (1 +  - ) E n ( f ) .ж

Константа  1 +  £ на всем классе í ln,3n -i(C ) неулучшаемая.

Д оказательство. Следует воспользоваться теоремой 1 и нера
венством (*) из пункта 1.

3. Рассм отрим  теперь случай т  = п — 1.
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Т еорема 5. При любом п оператор

г2п
(13) Д ( / ,х )  = /  / ( х  -И)(1 +  2 cos ni)<t>n(t)dt

Jo
является  экстремальным в классе ПП)2П-г(С '). При этом ßn,2n- i{C)  =  
_  1 , 2%/з
_  3  7Г

Д оказательство. Докаж ем, что ч астн ая  сумма В алле-П уссена 
(Tn,2n - i ( f , x )  совп адает с оператором  (13) и  является экстремальным 
оператором  в к л ассе  í ln,2n - i(C ) .  Из (5) вы текает, что

/ ч . ,  . 1 [  . . 3nt . nt . í
(14) ^„>2n- i ( / , x )  =  —  j( /(x -M )sm  —  sm у  sin -dt .

О тметим  тож дество sin ^  sin ^  =  sin2 а  — sin2 П оэтому из (14) вы 
водим

1 Г*п nt t
<7n.2n-i(/,a:) =  —  J  f  (x-\-t)(sin2 n t - s i n 2 у )  sin-2 -dt .

О тсю да после просты х преобразований получим, что  an,2n-i{f-, ®) 
совпадает с оператором  (13). Поэтому из (1) следует, что опера
тор  (13) из к л а с с а  n n,2n - i(C ) .  Докажем, что он экстремальный в 
^ n ,2n -i(C ). Д ля  этого  воспользуемя теорем ой 3. Так как ядро Фейе- 
р а  0п(^) = О) < € (  —оо,оо), то равенства (4) из теоремы 3 принимают 
вид:

г 2п
(15) /  signv?(í)cos(n +  í)íá í =  0, г =  1 ,2 , . . . ,  n —1,

Jo

где <p(t) =  1 +  2 cos nt.  Разлож им  в ряд  Ф урье функцию Ф(х) = sign (^+  
+  cosx). Так как она четная, то можно полагать , что

ОО

ф (х ) = -£■+ Y ! ak cos кх>
к=1

где а0 = I  J*  sign(^ +  cosx)dx. Очевидно, ч то  |  +  cos х > 0 при 0 £ х < ~  
и 5 +  cosx < 0 п ри  ^  < х 7Г. Поэтому а о =  | -  Очевидно, что sign ip(t) — 
=  Ф(ni). С тало бы ть, разлож ение в р я д  Фурье функции sign<^(í) 
им еет вид

(16)
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И з (16) и  равенства П арсеваля следует, что равенства (15) вы
полняю тся. Поэтому &n,2n—i экстремальный оператор в Пп,2п- 1  (С). 
В силу (13) имеем, ч то 1

(17)
г 2тг

ßn,2n-l(C) — /
JO

I ¥>(<)! <t>n{t)dt.

Вычислим интеграл (17) с помощью равенства П арсеваля. Д ля 
этого составим разложение в р яд  Фурье функции |y>(í)|. Пусть 

коэффициенты Фурье |<^(í)|. Имеем, что

(18)
1 [ 2*

7о= — /  |1 -f 2 cos nt\dt  =
v  Jo

1
-  +  cos t dt.

Очевидно, что 
выв и дим, что

/о2™ I!  +  c°s XIdz =  п /о2* I£ + cos ZИ *• Поэтому из (18)

1
-  -f cos t 
2

dt.

Как раньш е, учтем распределение знаков функции f ( x)  =  ^ -f- cos х в
[0,7г]. П олучим, что 7о = | - ( - ^ ^ .  Поэтому разлож ение |<^(í)| имеет 
вид:

(19)
, .. 1 2\/3

1^(о1 =  öH---------h 7i cos nt  + 72 cos 2nt  -f-. . .
О 7Г

И з (8), (19) и равенства П арсеваля вытекает, что

( 20) Г ш \  M t ) d l = \  + —Jo ó n

И з (17) и  (20) вытекает, что вп,2п - \ (С) = |  +  ^ 1 .

С л е д с т в и е  3. Д л я  любой / Е С  выполняется неравенство

/ м н  s  á + — ) £ „ ( / ) .
О 7Г

Константа  |  на всем классе í ln,2n-l(C) неулучшаемая.

Д о к а з а т е л ь с т в о . Следует воспользоваться теоремой 5 и  н ер а
венством (*) из пункта 1.

З а м е ч а н и е  1. Оценкка ||<Tn,2n - i ( / ,  х) — /(х)\\  < 4En( f )  при над
лежит В алле-П уссену [63].

10n,2r»-l(C ') можно такж е вычислить по формулам (З '), (16).
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З амечание 2. О ператор (13) другим  методом и зучался  в [9]. 
П р и  вычислении f?n,2n -i(C ) бы ла в [9] допущ ена ошибка. См. [9] стр. 
7. Д л я  её исправления следует в равенстве (20) из [9] правую  часть 
считать  равны м (n + l)v /3 .

З амечание 3. Э кстремальность операторов (2) и (13) следует 
и з  нашей общ ей теоремы [3], [4]. И зложенные здесь доказательства 
прощ е чем доказательство  упомянутой общ ей теоремы. Кроме того, 
здесь  найдены pn,2n -i и  рп,зп_ 1, а в [4] этого  нет.

ТЕОРЕМА 6. Имеет место равенство  

, „ , „ ч 1 2>/3
(21) sup Qn>2n- l{E )=  - + ----- .

Eeő 3 7Г

Метод доказательства равенства (21) не отличается от метода 
доказательства равенства (9).

4. Для к л асса  операторов имеет место

Т е о р е м а  7. Оператор

C ( f , x ) = — /  f ( x  + t) cos(n<+ ^ - ) [n r +  2 V '  k2 c o s (n -  k)t\dt
nJo  2 t=í

принадлежит классу u является  экстремальным в этом
классе. При этом

í L - i ( c ) = - » r , >■=1,2,.

Д о к а з а т е л ь с т в о  т е о р е м ы  7  н а х о д и т с я  в  [ 8 ] .  

Т е о р е м а  8 .  Имеет место равенство

SUP < ? £ L - i ( - B )  =  ^ n r , г  =  1 , 2 , . . .  
Eeß ж

Д оказательство теорем ы  8 не отличается  от доказательства 
теоремы 4. Н ужно только учесть, что

Л7Г ™ J

(22) /  |cos(n<+ —  ) |n r +  2 ^ V  c o s (n -  k)t\dt =  4тГ
Jo  2  k= l

Д л я  доказательства равен ства  (22) ннужно воспользоваться нера
венством
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оо
пт +  2 к2 cos(n — k)t > О, íG ( —оо, оо),

fc=i

разлож ением в р я д  Фурье функции | cos(ní + í f ) |  и равенством Пар- 
севаля. П ри разлож ении в ряд  Фурье функции | cos(nt +  ^ ) |  можно 
использовать равенство (7').

Примечание при корректуре (6.10.1991). В [3] и [4] было установ
лено, что для  того чтобы  оператор (1) был экстремальным в классе 
&п,п+т(С) необходимо и достаточно, чтобы число V = было че- 
лым. Д обавим , что если v — четное чусло, то

[1] С. Н. Бернш тейн, Собрание сочинении, т.2, Изд, АН С С С Р, 1954.
[2] Д. Л . Б ерм ан , Об одном новом методе построения вейерш рассовых интерполя

ционных ф орм ул, Д оклады  Академ ии Наук СССР, 109 (1956), 679—682.
[3] Д. Л . Б ерм ан , Э кстрем альние задачи  теории полиномиальных операторов,

Д оклады  А кадем ии  Наук СССР, 138 (1961), 747—750.
[4] Д. Л . Б ерм ан , Экстрем альние задачи  теории полиномиальных операторов,

М ат ем ат ический Сборник, 60 (1963), 354—365.
[5] Н. И. А хиезер, Л екции по теории аппроксимации, 1965.
[6] И. П. Н атансон, К онст рукт ивная т еория функций, 1949.
[7] Н. Д анф орд, Дж. Т. Ш варц, Линейные операторы, 1962.
[8] Д . Л . Б ерм ан , Об одном экстремальном полиномиальном операторе дифферен

цирования, Studia Sei. Math. Hungar., 25 (1990).
[9] Д . Л . Б ерм ан , Об одном экстремальном полиномиальном операторе, И звест ия

вы сш их учебных заведений мат емат ика  5 (1978), 3—8.

v / 2

если V — нечетное число, то

Л и т е р а т у р а

(П ост упило 25. 4. 1988.)
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TAUBERIAN THEOREMS CONCERNING POWER 
SERIES WITH NON-NEGATIVE COEFFICIENTS

D. BORWEIN* (London, Ontario)

1. Introduction

Suppose throughout th a t {a„} is a sequence of non-negative num ber, 
that

71

s n \ —  ̂  ̂a-k 
k=о

and th a t

0 < f ( x )  :=  a,kxk < oo for 0 < z < l .  
k=o

Hardy and Littlewood [4, Theorem 10] have proved the  following theo
rem.

T heorem H -L . I f

f ( x )  ~  (1 — x)~pL(x)  as x —»1-,

where p ^ O  and L { \  — is a log arithmico- exponential function such that 

then

* This research was supported in p art by N atu ra l Sciences and Engineering Research 
Council of Canada.
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See [3] for definitions and properties of logarithmico-exponential functions. 
Examples of logarithmico-exponential functions satisfying the above condi
tion are given by

L ^1 -  :=  (log u)Cl (log log u p

where ci, c2, . . .  are real numbers. Theorem H—L is Tauberian in nature 
in tha t it yields information about the asymptotic behavior of sn from the 
asymptotic behavior of f ( x ) .

The prim ary object of this note is to  supply a simple and straightforward 
proof of the following generalization of Theorem H -L.

T h e o r e m  1 . (i) Suppose

( 1 )

Then

f ( xm)
lim I. . =  Am > 0 for  m -  2 and m  = 3.

* - 1-  /(* )

where p =

f ( x )  = ( l - x )  рф(х) 

lógj Л2 ^ 0 and, for  all t>  1,

,. <K**) .hm -■ =  1.
x  —*■ 1 — ф[х)

Moreover

in ~ (l “ n) = F(?+Ij'f (x “ »)
and

g
(2) sn+i ~  sn and lim —— = Лто > 0 for m  = 2 and m  = 3.

n —►oo S rn n

(ii) Conversely, (2) implies (1).
If follows from Theorem 1.8 in [5] th a t the integers 2, 3 in (1) can be 

replaced by any two positive numbers p, g /  1 such th a t logg p is irrational. 
It was proved in [2] that

f ( x 2j
(3) hm = X > 0
4 7 x—>1— f ( x )
alone does not imply (1) when Л < 1, though (1) and (3) are equivalent when 
Л =  1. P art (i) of Theorem 1 can be deduced from K aram ata’s Tauberian 
theorem and a known result about regularly varying functions (see Theorems 
2.3 and 1.8 in [5]). We give an alternate proof which is more direct and more 
elementary, no t involving, in particular, the extended continuity theorem  for 
Laplace-Stieltjes transforms on which the proof of K aram ata’s theorem  is 
based. P art (ii) of Theorem 1 is interesting in that it shows that (1) and (2) 
are in fact equivalent.
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2. Preliminary results

T heorem 2.. Suppose bn > 0 for n = 0 , 1 , ,

n oo
and g(x)  := ^  bnx n < oo for  0 < x  <  1.

k= о n=0

I f  (1) Ло/ds and —► A as x —> 1 - ,  then ^  —► A.

P roof. The result is evidently true if / ( x )  tends to a finite limit as 
x —*■ 1 - .  Suppose therefore tha t / (x )  - » o o a s i - t  1 - .

Case ( i ) : an > 0 for n =  0 ,1 ,---- This case follows immediately from the
theorem in [2].

Case (ii) : an > 0 for n = 0 ,1 ,___Let

r ( x ) : = f ( x )  + e*, g*(x):=g(x)+e*

and define a*, s*, b*, t* in the obvious way. Then a* > 0 for n  = 0 ,1 , . . . ,  
and, since f ( x ) —» o o a s i - >-1—, (1) is satisfied with /*  in place of / .  Further

—г —> A as x —► 1 — if and only if ^ 7—7 —> A as x  —► 1—,
/* (* ) / (* )

and

------► A if and only i f ------► A.s* я

Case (ii) now follows from Case (i). □

Lemma 1. I f  (1) holds, then, for m =  1,2, . . .  and p =  — log2 A2 ^ 0,

lim f ( * m) 
f ( x )

= m  p

and, for every c G (0,1),

limП—ЮО
sn _  (~ lo g c )p

/ ( Ci/n) Г (р + 1)

P roof. The result is evidently true with p =  0 if f ( x ) tends to a finite 
limit as x  —► 1—. Suppose therefore that / (x )  —► 00 as x —► 1 — . It has been
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shown in [2] tha t this together with (1) implies the first conclusion. Further, 
when p > 0,

l t

(m + l ) - p = J  tmdx{t) with x(t)-=

It was proved in [1] th a t the above implies that, when p = 0,

lim
n —*oo У ( с ^ / П )

=  1,

and, when p > 0,

lim
n —► oo

sn
/ ( c 1/n)

1
J  t 1dx(t) Г(Р+!) ‘

The next lemma has been proved in essence in [1].
Lemma 2. I f  sn+i ~  sn and lim -  — A > 0 where m  is a positive in-

T l—►oo S m n
teger, then

lim
x —► !  —

f { * m ) \ 
/ ( * )

3. P roof o f Theorem 1

(i) The first conclusion has been proved in [2]. To establish the asymp
totic expression for sn observe th a t, given 7 > 1,

e-Wn < 1 _ I  < e"1/"
n

for n  sufficiently large. Hence for such n

S n  ^ S n  ^ S n

/ ( e-7/n) = / ( i  - l / „ )  = / ( e-i/n)

and so, by Lemma 1,

T  s*г. hm sup > lim inf
T ( p  + 1 )  -  n - 0 0  / ( 1  - l / n ) ~  n- 00 / ( 1  - 1 / n )  Г ( р + 1 )

Since 7 P -+ 1 as 7 —>1—, i t  follows th a t
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n-^o f ( l  - 1 / n )  Г(р + 1)’

i.e.,

Sn. ~
n r(p  +  l)

To establish (2) we first observe that, by Lemma 1,

V  5 n  / ( e _ 1 / m n ) / ( e - 1 / 71)
hm -----  - hm —— -7— - —---------- - • - , .— — = m  p.

n-+°° Smn / ( e - 1/ " )  s m n / ( e - 1 / n m )

Next we suppose without loss of generality th a t sn —> oo. Then, by Theorem 
2 with bn = an+i ,  we see tha t

Щ  ~  as * - * 1- ,  and hence =  M 1 ~ 3° -> t
/ (* )  / ( * )

so th a t Sri+i ~  5n .
(ii) This follows immediately from Lemma 2. □
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RATE OF CONVERGENCE OF HERMITE-FEJÉR 
POLYNOMIALS FOR FUNCTIONS 

WITH DERIVATIVES OF BOUNDED VARIATION
R. B O JA N IC  (Columbus, Ohio) and F. CHENG (Lexington, Kentucky)

1. Introduction

Let /  be a function defined on [—1,1]. The Hermite—Fejér interpolation 
polynomial Hn( / ,  x) of / ,  based on the zeros

( 1. 1) к = 1 ,2 , . . . ,  n

of the Chebysev polynomial Tn(x) = cos(n cos 1 г), is defined by

(1.2) H n( / ,x )  =  ]P /(x fc n) ( l - x fenx) \  .
k=1 \ n ( x  X k n )  /

It was proved by L. Fejér [1] that H „(/, x)  converges uniformly to f ( x )  if 
f ( x )  is a continuous function on [-1 ,1]. The rate of convergence of Hn( / ,  x) 
to f ( x ) when / ( x )  is a continuous function has been extensively studied 
before ([2]—[9]). A survey of various quantitative estimates of the rate of 
convergence can be found in [9], where it was proved tha t

| H „ ( / , x ) - / ( x ) | ^ T 2( x ) £T) '
k=l

+ c 2w f

n
W f

\Tn(x
n

( 1 - x 2)1/ 2'
+ W, +

Here C\ and C2 are positive constants and W f  is the modulus o f continuity 
of / .

The behavior of H„ (/, x) when /  G BV[—1,1] (i.e., /  is of bounded varia
tion on [—1,1]) was studied by Bojanic and Cheng [10]. It was proved tha t if 
/  G BV[—1,1] and continuous at x £ (—1,1) then Hn(/, x) converges to / (x )  
when n tends to  +oo and the rate  of convergence of Hn( / ,  x) to  / (x )  satisfies 
the following inequality

(1.3) iH „ ( / ,x ) - / ( » ) i  s  м д ( х ) £  v : i ; ; ( ( / ) + 2 v : i ^ g ! ^ ( / )
k= 1
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where V £ (/)  is the total variation of /  on [a, b]. (1.3) can not be improved 
asymptotically.

However, if x  is a point of discontinuity of /  where f ( x - f )  /  f ( x - ) ,  the 
sequence (H n( / ,  x))  is no longer convergent. This follows from the following 
observation

(1.4) Urn +
n—к» m l z z

where ß(x)  = 1 if x = cos(a7r) and a  is irrational, and

sin(7r/2g) 
tt/2  q

8 qk \
(4q2k 2 — l ) 2 J

if x =  cos(p7r/g).
(1.4) shows th a t, unhke Fourier series of 27r-periodic functions of bound

ed variation or Bernstein polynomials of functions of bounded variation 
which all converge to ( f ( x + )  + f ( x  — ) ) / 2 ([11], [12]), the Hermite-Fejér in
terpolation polynomials of a function of bounded variation converge only if
/ ( * + )  =  / ( * - ) •

Although smoother functions find more applications in various fields such 
as com puter aided geometric design, computer vision, graphics and image 
processing, the asymptotic behavior of Hermite-Fejér interpolation polyno
mials for functions smoother than  continuous functions has been studied only 
for functions with continuous derivatives.

In this paper we shall investigate the asymptotic behavior of H erm ite- 
Fejér polynomials for functions defined the following way

(1.5) / ( * )  =  / ( - ! )  +  J  ^ ( 0 Л > * € [ - 1 ,1 ]

where p  is a function of bounded variation on [—1,1]. This class of functions 
can be described as the class of differentiable functions whose derivatives are 
of bounded variation and will be denoted by DBV[—1,1]. It is clear tha t 
this class of functions is much more general than functions with continuous 
derivatives. However, as it will be seen in the next section, the asymptotic 
behavior of Hermite-Fejér interpolation polynomials for functions in this 
category is also much better than  the asymptotic behavior of Hermite-Fejér 
interpolation polynomials for continuous functions. Results for Bernstein 
polynomials for functions of this type can be found in [13]. 2

2. Results

Let /  be a function in DBV[—1,1] and € BV[—1,1] so tha t (1.5) is
satisfied. For any x  £ ( — 1,1) such th a t x ф Xkn for к = 1 ,2 , . . . ,  n  we have,
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from (1.2) and (1.5),

(2.1) Hn( / , x ) - / ( * )  = £ (  r \ ( t ) d t ) u kn(x)  =
k=i ^ Jx '

= “  (  I  Hfcn(x )+  X ] (  /  ¥>(*)*) Hfcn(x)
xkn^x '  Ti_'s-г я /x k n > x

where

H f a ( r )  =  ( l - r x f a )  ( й~( х - х !  ) )  ’ f c = 1 >2 ’ - - - > n -

If we define 4>x{t) the following way

{<p(t)-<p(x~), t < x  
0, t - x

<p(t)-<p(x+), t > x

then (2.1) can be expressed as

(2.2) H „ ( / , * ) - / ( * )  =
-  £  { f

* k n < X  X J x >"

- ‘fii1-) Y1 ( x - x fcn) H fcn( x )  + v ? ( x + )  X  (*fcn-*)Hjkn(*).

^ ( Ш  Щ „ (г )+  XT ( /  V>i(<)dt') Hfcn(x)
Ч-/Х*п '  Xkn> x  ' -I*  '

Zkn<x X k n > X

Since

f i i X + )  X] XI (*-af*n)Hfc„(:c) =
xkn^x xkn̂ -x

= y(I+): y(x~) E  |хы-х|н*п(х) + ± (tin _ х)Ны(г)
k=1 fc=l

and the two summations on the right-hand side of the equation are the 
Hermite—Fejér interpolation polynomials of f x(t) = \t — x\ and gx(t) = t — x,  
— 1 ^  t < 1, respectively, we can further convert (2.2) as follows

(2.3) H„ ( / ,  x) -  f ( x )  = | Н n( / x, x ) +  n(gx , x) + P „ ( / ,  x)

where
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94 R . BOJANIC AND F .  CHENG

(2.4) a = у?(ж +)-у?(ж -); Л = <p(x+) + <p(x~) 

and

(2.5) P « ( / ,* )  =

= -  ( [  V>r(t)dt) H kn(x)+ ^ 2  (  í  <Px(t)dt\ Hfc„(x).

Therefore, evaluation of the ra te  of convergence of Hп( / ,  ж) to  /(ж) is simply 
a m a tte r of evaluating Нп( / Х,ж), H n(<7r, ж) and Р „ ( /,  ж).

We shall give estimates for Нп( /Х,ж) and Нп(^х,ж) first and then use 
these estimates to  get an estim ate for the ra te  of convergence of Н „(/, ж) 
to  /(ж ). Since the estimates we get for Нп( / Х,ж) and H.n(gx ,x )  are of some 
interest, we shah sta te  them  as an independent theorem.

T heorem 1. / / ж б ( - 1 , 1 )  and x ф xkn fo r  any k = l , 2 , . . . , n  then

( 2 .6)

(2.7)

\%кп ~  ж |Щ п(ж) —
2(1 -  ж2)1/ 2Т^(ж) log n

fc=l n
, С [Г»М  I'

n ’

^ ( ж ь - х ) Н ы ( г )
fc=i

< с ] а д

•where C — 7 +  7Г.

The rate of convergence of Нп( / ,  ж) to  /(ж ) can be estimated as follows.

T heorem 2. Let f  be a function in DBV[-1,1] and <^GBV[—1,1] so 
that (1.5) is satisfied. Then for any ж G (—1,1) such that x ф ж̂ п fo r  к = 
=  1 ,2 , . . . ,  n we have

( 2 .8) H„(/, * ) - / ( * ) -
<т( 1 — ж2)1/ 2Т^(ж) log n

n
, С (М  +  |А])|Гп(ж)1

. т |Г я( ж ) |„ ,+1Г|Гп(,) |/п 12Т2(ж) ^  K - l / t M
+ n x-7r|T„(x)|/nl^xJ+ n 2 ^  k

k=l

2 n
Гх  + тг/к f 

<r/k
T

+

where V^y?*) is the total variation of <px on [a, b],* a  and A are defined in 
(2.4), and C is defined in Theorem 1.

* We assume here and in the rest of the paper th a t /  is extended to the entire real line 
by f ( x )  =  / (1 )  for x  >  1 and / ( x )  =  / ( —1) for x <  —1.
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If f  is continuous at x, i.e., a =  0 and A = 2 / '(x ) ,  then (2.8) can be 
simplified as follows.

(2.9) |Hn( / ,  x) -  f { x )I < С |/<(^ ГГ1(Д)1 +  ' : ( / ' ) +

l2 T 2jx )  A  K - l / t W )

к  kn

The right-hand side of (2.8) converges to  zero as n —* oo since continuity 
of ipx at x implies tha t

0 K / J - 0 + ) .

Actually, the last term  of the right-hand side of (2.8) is o(log n/n)-con- 
vergent. Therefore (2.8) can also be expressed as

„ „ ( / ,* )  = / W + z Ü z j ^ l M ^ +0 ( Ъ Л .
7Г П \  П  )

Note th a t all the estimates mentioned in Section 1 for continuous functions 
or functions of bounded variation are o(l)-convergent only.

As far as the precision of (2.9) is concerned, consider the Hermite—Fejér 
polynomials of the function / ( x )  = x2 at x  =  0 for even n. Since Tn(0) =  1 if 
n is an even integer, we have

'  n z nk=l

On the other hand, since cr =  A =  0 at x = 0, it follows from (2.9) that

TI T 7 Ч " ‘Я’/ ^  /  \

|Hn(/,0 ) - /(0)1 < ^V +l/>o) + ■
k= 1

since tp(t) = 21 and ipo(t) =  <p(t), we have

|h „ ( / , o) - / ( o) | s ^  +  H ^  
n* n z ' 

k= 1

47Г C
k2 < n

for some C > 0. Hence for the function f ( x )  = x 2 when n is an even integer 
we have

^ S |H „ ( / . 0 ) - / ( 0 ) | s £n П
for some positive constant C  > 0. Therefore (2.9) can not be improved 
asymptotically.

Acta M athem atica H u n g á riá i 59, 1992



96 R .  B OJANIC  AND F .  CHENG

3. Proofs

(3.1)

3.1. P roof of T heorem 1. To prove (2.6), observe that

2

Therefore, it is sufficient to study the asymptotic behavior of the second 
term on the left-hand side of (3.1) only.

Let x = cost?, 0 < 1? < 7Г, Xkn = cost?fcn , ^ ы  = (2fc- l)7r/(2n), к=  1 ,2 , . . . ,  
n, and define

if 0 < a  <  ß
if í? < a < 7Г.

Then

(3.2)

X>*»
к- 1

- x | ( l - Tn(x)
T l ( x - X k n )

sin2 1? COS2(m?) 
n 2(cOS tikn -  COS 1?)

Since cos — cos 1? = (i? — t?fcn) sin for some г9kn between and it 
follows that

k = l

sin2 ü cos2(nfl)
n 2(cOS tik n  — COS 1?) ^7 «=1

sin 1?

У  ^(^fcn)
sin "d cos2(n$)

^ sin d cos2 ш?
= n2

fc = l

sin i? cos2 m?
П2 X-*/

k = l

n 2(l?-T?fc„)

1

n ‘

cos -  COS 1? 1? -

sin 1? 1
sin t i- t ikn

1 /  sin i? -  sin dkn \
t i - t i k n  V sini?fc„ /

< ? in 1 cos

k = l

1 ^  sin l) COS2 Ш? ^ 1
1? -  1h n  sin l )kn n2

J t= l sin 1?fcn

Furthermore, since | sin | |  > Щ/'К if |-i?| < тг, we have
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Sin tikn = COS 1? — COS 1?jfcn 2 sin *+д*п sin - ~ ^ n
fcn l?-l?Jt n

2 s i n ^ ^/  7Г 2 /  1? +  1?fcn\
1? l?A:n 7Г ““ 4  2 J > -M (l? )7Г

where M (i?) =  min(sin sin 2Lj^ ) .  Therefore,

(3.3)
sin2 1? COS2(ш?) f / а 4 sini?cos2(ni?)E  . sin v - 'c  sm ucos'ii!,= 1 ^ " ^ ( c o s ^ - c o s , » ) - h  ”( ‘n) )

7Г COS2 711?
n

by noticing tha t M(i?) > sin г?/2.
Let j  be the integer such th a t i?jn < t? < i?j+i,n- It is easy to see that

3 =
тгт? 1
V + 2

Since n(i?-i?fcn) =  7 r ( ^ + | - f c ) ,  we have

(3.4) E C /  Q ч b i l l  I / Ш Ь

‘л* { * - * *

sin i? cos2 ni9 I ■J-

sin 1? COS2 ( 71,1?)
Г

mr

sin i? cos2 Ш?
П7Г

sin 1? cos2 m?
717Г

_ sin 1? COS2 Ш? 
717Г

У " _____1______ f '   L
É í O Í  +  M )  4 i ,  ( £ + * - * )

J n—j —1

2 ^  ТИ? I 1 ,■ I L

o - l

( S ? + F 77I + £  * + i - ( i + i ) + j )

— Дх +  Д 2

where

(3.5)
x  1

^ (Ж) = - + 9 -7Г Z
X 1 
* + 2

We shall prove th a t A i and Д 2 are both asymptotically equal to 
sin 1? cos2 711? log n/(n7r).
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First, observe that

(3.6) 

where

sin i? cos2 ni? log n 
Д х -------------— ---------- =  öl,l +  öl,2П7Г

sin 1? cos2 ni? 1 sin 1? cos2 ni?
01,1 = ------ — ------ °1.2 =

0 -1

П7Г ■ ^ p (n i? )  + fc lo g n j -П1Г p(ni?)
Since cos ni? =  ( —1)J sin(p(ni?)7r) where j  = [m?/7r + 1/2], if follows th a t

(3.7) | M S  S i s c o s  И

On the other hand, it is easy to see th a t

j_1 1
V  — —— r  — log n
£ ^ p ( n d )  + k

< 5 .

Hence,

(3.8) l^ u l 5
5 sin 1? cos2 ni?

П7Г

Therefore, from (3.6), (3.7) and (3.8) we have

(3.9) A i -
sin 1? cos2 nt? log n 3 sin i?| cosm?|

П7Г n

The evaluation of the asymptotic behavior of Д 2 can be carried out in a 
similar way. First, observe that

(3.10)

where

sin 1? cos2 ni? log n
Д 2 -------------—-----------= o2,i +  02,2

П7Г

<$2,2 =

sin 1? COS2 П1? 1
2,1 П7Г 1 — p(ni?) ’

n - i-1  :  \

2 - ,  1: 7 Ü 5 m “ l0 g "  '
sin 1? cos2 ni?

П7Г fc=l

Since cos ni? = (—1)? sin( 1 — p(nt?)7r) where j  = [ni?/7r + 1/2], it follows that

A d a  M athem atica  H ungarica  59, 1992



CONVERGENCE OF HERM ITE—F E J É R  POLYNOMIALS 99

(3.11)
. sin 1?| cosm?|l*2.l| S ---------■

On the other hand, it is also easy to see that

n —j —1

É  1 -p (n t i )  + k b g n <5.

Hence,

(3.12) l^2,2| й
5 sin I? cos2 m?

П7Г

Therefore, from (3.10), (3.11) and (3.12) we have

(3.13) д 2 —sin 1? cos2 nd  log n
nn

3 sin i?| cosni?|
n

and the estimate (2.6) follows from (3.1), (3.2), (3.3), (3.4), (3.6), (3.9) and 
(3.13).

To prove (2.7), observe th a t by using a similar technique we can show 
th a t

(3.14) H nU r, x)  -  -  x ) ( l -  x2) (  Tn^
jc=i \ n ( x  X k n )

<
n

(3.15) g ( x t „ - * ) ( l - x 2) ( - ^
2 s in 2 1? cos2(m ?)

(3.16)

x kn)J n 2 (cos ‘d k n - c o s t ) ) '

7Г COS2 Ш?^  s in 2 1)  cos2(ni?) sini? COS2(ni?)
“  n 2(cOS t i kn-  COS l?) n 2(t? -1 ? ы )

where x = cosi?, 0 < 1? < 7Г, х ы  = costfkn, tikn = (2к — 1)7г/2 n, к = 1 ,2 , . . .  ,n , 
and

(3.17)
sin 1? cos2(ni?)

£  . V - «  = A - - A2

where Д 1 and Д 2 are defined in (3.4). It follows immediately from (3.9) and 
(3.13) th a t

(3.18) |Д 1 -Д 2|£
6 sin i?| cosm?|
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Therefore, (2.7) follows from (3.14), (3.15), (3.16), (3.17) and (3.18).
3.2. P roof of T heorem 2. Since the evaluation of Hn( f x , x )  and 

H»($*,x) is already done in Theorem 1, the only thing we have to  do now 
is the evaluation of P n( / ,  x). The technique used here is similar to  the one 
used in [10].

For any x € (—1,1) such that x ф Xkn for к =  1 ,2 , . . . ,  n we have

l-Pn(/,*)| ^ E  I /
Jfc=l1Jx*"

H *n(x )£

n I r
s E /fc=l Hfc„(*) < E  \x ~ *fc»|v^i;-(v ,)Hfcn(*)

fc=i
where =  |x —Xfcn | and Уд(у>ж) is the  total variation of <px on [a, b]. Let 
x  =  COST?, 0 <  i? <  7Г, x kTi =  c o s i ? fcn =  (2fc-  l)7r/(2n), fc =  1 ,2 , . .  . , n ,  and 
define

E r (n,  i?)= I  A:: ^  ^ ^  2n ’ r =  0,1, • • •, 2 n -  1.

Then we have
2n—1

iP n ( / ,* ) i<  e  E  i* -* * » iv : í í : ; ( v>,)h *„(x).
r=0 k £ E r ( r i j ' d )

Since íjfen = |x — X k n  I ^  <  7г |Т „ ( х ) | / 2 п  if к  G E 0{n,ű)  (see [9], p.257)
and Eo(n, i?) has a t most two elements, it follows tha t

(3.19)

E  I » - s
k£Eo(n, t i )

On the other hand, since E T( n , $) has at most two elements,

I* -  *ь,|Н ь,(*) S (1 ■- COS # COS A n  + sin 0 sin S

Í  (1 -COs{ 1? *„ + !?))-
П ( х )

< 2 sin

2n2 sin ^ sin

• 2 ( * + *kn \  T l { x )

2

V 2 0 2n2 sin ^ sin kn.

< _ 2 ^ ( x > _ < 2T ^ x )
-  n 2]^-■dknl ~ nr

and tkn й (r +  1)тг/2п if к 6 E r( n , •#), we have
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(3.20) £
k£Er(n,i9)

for r =  1 ,2 , . . . ,  2n — 1. Therefore, by (3.19) and (3.20),

(3.21) |P»(/,*)|< '̂ [£ rÁ ^ )\ v x+ 7r|T „(x)|/2n
n  x - ir |T „ (x ) |/2 > * ) +

4Tn(X) 1 у г+(г+1)’г/2п, \
n  r  x - ( r + l ) i r / 2nV r,a:l-

r = l

Let 0 ( t)  =  V ^Í(v> ,). Then
2n—1

(3.22) E l v * + ( r + l ) 7T/2n r 4 _
r  X — (г  +  1)?г/2п  V ' X '

r=l

- £ £ « ( £ ) * * £ ; « ( = ) •r - 2 r= 2

By virtue of the fact that Q(i) is a non-decreasing function, we have
г(г+1)тг/2п Q ( t j ______/Г7ГЧ у(г+1)тг/2п d t

г  m dt > q í — )  г ’"  *  > о  ( - )  io6 ( i + 1 )  
Jrv/ln t  \ 2n J  JTw/2n t \ 2 n )  & V Г У

or

/ (r+1)ff/2" Q(Q
r Q \ 2 n )  = 2  Jrir/2n t

dt.

Hence

f  v n i a  r w ) n " m i t .
rv  \2n/ = 2 J n /n  t

Since Q(ir/t)  is non-decreasing and Q (ir/t) = Q(n)  for 0 < t ^  1, we have

r  o m dts r
Jln/(1n+l) * Jin

Q(*/t) d t+ r o m dts
2 n /(2 n + l)  * Jl t

<  Q(*)  . Q (n/k)  <  2  y '  Qi'K/k)
= 2n +  l  ^  к = ^  кк=1 к=1

and therefore 

(3.23)
r= 2  fc=l

The proof of Theorem 2 follows now from (3.21) and (3.23).

£ i 0 ( i i ) < 3£ i « f >
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NOTE ON DECOMPOSITION 
OF BOUNDED FUNCTIONS 

INTO THE SUM OF PERIODIC TERMS
Z. GAJDA (Katowice)

A motivation for the present note arises from the paper [2] written jointly 
by M. Laczkovich and Sz. Révész. The following two definitions are due to 
the authors of the paper ju s t mentioned.

D EFIN ITIO N  1. Let A  be a non-empty set and let T  be a transform ation 
of A  into itself. A real-valued function g defined on A  is called T-periodic if 
and only if Атд  = 0, where A j g  := g о T  — g.

D EFIN ITIO N  2. Let 9  be a class of real-valued functions defined on a 
set A  and let Т х ,...,Т *  m ap A  into itself. The class 3  is said to have the 
decomposition property (d .p r.)  with respect to T i , . . . , T k  if and only if for 
every function /  G 9  satisfying the condition

Ati • • • A rfc/  =  0
there exist functions Д , . . . ,  Д  G & such tha t /,• is 2Vperiodic (t =  1 , . . . ,  к) 
and /  = / i +  . . .  +  /*.

It was proved in [2] th a t numerous im portant classes of real functions 
have the d. pr. with respect to  reasonable families of transformations. Among 
others the following result holds true:

THEOREM 1. Suppose { T i , . . .  ,Tk} to be a family o f commuting trans
formations o f a set A into itse lf (i. e. Ti о Tj = Tj о Ti for i , j  = l , . . . , k ) .  Then 
the class B ( A )  o f all bounded real-valued functions defined on A  has the d. pr. 
with respect to T i, . . . ,  .

The proof of this fact presented in [2] is based on a theorem describing 
kernels of superpositions of bounded linear operators in some Banach spaces. 
The main purpose of the present note is to give another quite simple and 
straightforward proof of th e  same result (it is mentioned in [2], Remark 
4.8). Our m ethod relies on the well known fact (cf. [1], II.4, Exercise 22) 
th a t the space l°° of all bounded real sequences admits a linear functional 
LIM : l°° —► R  with the following two properties:

(1) lim inf x n < LIM x n < lim supa:n,
n —♦ OO n - f O O  n —KX>

(2) LIM £n+i =  LIM x n
n — ►OO n —►OO
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for all sequences {zn}neN € ^°°. Here and in the sequel we write LIM x n
n —► oo

instead of LIM ({zn}neN)- In particular, (1) implies th a t LIM 1 = 1 and
71— ►OO

II LIM У =  1. Any linear functional on l°°  satisfying (1) and (2) is called a 
Banach limit.

P r o o f  o f  T h e o r e m  1. For the sake of simplicity we restrict ourselves 
to  the case к — 2. The proof of the general case is similar.

Assume th a t a function /  E B(A)  fulfils the condition

A t iA t2/  =  0.

Denoting by I  the identity operator and putting B { f : = f o T i  (i = 1,2) we 
infer that for each positive integer j  the following formula holds:

( I - B Í )  =  ( I - ( A T, + 1 У ) =  A t . C , ,

where B? stands for the j - th  iterate of the operator B, and Ci is a polynomial 
of Ат,- Hence and from the fact tha t the operators T\ and T2 commute it 
follows th a t

f - B ? f ~ B ? f  + B ? B ? f  = ( I - B ? ) ( I - B ? ) f  = 0

for all n, m  E N, or more explicitly,

(3) f ( x )  -  f ( T ? ( x ) )  -  f (T™(x))  +  Д Г » ( T? ( x ) ) )  = 0

for all x E A  and n, m  E N.
Let LIM denote a Banach limit defined for all sequences in l° ° . For 

each x E  A  the  sequence { / ( T ” (a:))}nGn  is bounded and, therefore, we may 
correctly define

g(x)  := LIM f (T™(x)),  x E  A.
n —► OO

Since II LIM II =  1, we obtain

|5 (z)| ^ sup | / ( T 1n(z))| < sup |/(y ) | = Il/Нос, x E A ,  
n€N  y € A

which ensures that g E B(A) .  Now fix an m 6 N in equation (3) and let 
the functionanl LIM act on both sides of (3) considered as sequences cor
responding to  the index n  running over N. It is clear tha t a Banach limit 
of a constant sequence is just the same constant. Thus, equation (3) and 
linearity of the functional LIM yield

f ( x )  -  g(x)  -  f  (T™(x)) + g(T™(x))  =  0
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for all x G A  and m G N.
Similarly, setting

h(x)  := LIM f (T™(x))  -  LIM g(T™(x)),  x  G A
m —► O O  771— >oo

we deduce tha t h G B(A)  and

f ( x )  — g(x)  — h(x)  = 0, i GA.

Moreover,

* № (* ))  =  LIM / ( 7 ? +1(x)) = LIM / ( ! ? ( * ) )  =  5(x)
71— ►GO П — ►CO

and

М В Д )  = LIM / ( T - +1( x ) ) -  LIM <,(Г2т+ 1(х)) =
771— ►CO 771— ►CO

=  LIM / ( J 7 ( x ) ) -  LIM $ (1Г (х )) =  Л(*).
771— ►OO 771— ►CO

which completes the proof.
From now on we assume th a t the set A is endowed with a uniformity U; 

in other words (A,  U) is a uniform space.
Definition 3. A family {Ts : s G 5} of transformations of A  into itself 

is called equicontinuous if and only if for each U £ U  there exists a V  G U 
with the following property:

(x, y ) E V  implies tha t (Ts( x ), T3(y)) G U for all s G S.

In what follows we apply this general definition to  special families con
sisting of iterates of given transformations.

T heorem 2. Let T \ , . . . , T k  be commuting transformations o f A  into 
itself such that for each i =  1 , . . . ,  к the family { T f  : n G N} is equicontinuous. 
Then the class UCB(A)  o f all real-valued uniiformly continuous bounded 
functions defined on A  has the d. pr. with respect to T j, . . . ,

Proof. A direct inspection of the proof of Theorem 1 shows th a t the fol
lowing fact is sufficient to derive the assertion of Theorem 2: if /  G U C B ( A )  
and T  : A —> A  is a transformation with the equicontinuous family of its iter
ates, then the function g : A  —> R defined by

g(x)  := LIM / ( T n(x)), x g A
71— ►OO

is also an element of the class UCB(A) .  To check this let us fix an £ > 0. 
From the uniform continuity of /  we infer the existence of such a U E l l  th a t

I f {u )  — f ( v ) I < £ whenever (и , v ) G U.
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O n the other hand , by virtue of the  equicontinuity of the family {Tn : n G N}, 
there  exists a V  G U such th a t (x , y) £ V  implies th a t (Tn(x), T n(y)) G U for 
all n G N. Consequently,

sup | / ( T n(x)) —/(T " (y ) ) | ^ £ , 
n£N

provided (x, y) G V. Since || LIM || =  1, we have

|5 (х) -  <7(y)| = I L IM (/(T n(x)) -  f ( T n(y)))\ < e
n —>00

whenever (x, у ) G V,  which proves tha t g is uniformly continuous. Its bound
edness can be verified by the same argument as in the proof of Theorem 1.

C o r o l l a r y . I f  G is an Abelian topological group, then the class 
UCB(G)  has the d.pr. with respect to any fin ite  system of translations of G.

P r o o f . Since G is Abelian, any two translations of G commute. More
over, let us note tha t if T  is a translation of G, then for each n  G N and all 
(x , y ) ( i G  we have

T n(X) - T n(y) = x - y .

This guarantees th a t the family { T n : n G N} is equcontinuous with respect to 
the  standard uniformity generated by the topology of G. Finally, it suffices 
to  apply Theorem 1.
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INFLUENCE OF NORMALITY 
ON MAXIMAL SUBGROUPS OF 

SYLOW SUBGROUPS OF A FINITE GROUP
M. RAMADAN (Cairo)

1. Introduction

Throughout this paper the term group always means a group of finite 
order. In [5] Srinivasan showed tha t groups in which maximal subgroups of 
Sylow subgroups are normal are super solvable. In Section 3, we prove tha t 
if G is a solvable group and all maximal subgroups of Sylow subgroups of 
F it(G ) are normal in G, then G is supersolvable. We also prove th a t if all 
maximal subgroups of Sylow subgroups of G,  except possibly for the largest 
prime dividing |G |, are normal in G, then G possesses an ordered Sylow tower 
and G / O p(G) is supersolvable. Furthermore, using the above results, we also 
obtain some results concerning the supersolvability of a finite group G.

Our notation is standard and taken mainly from [2].

2. Preliminaries

Let G be a finite group of order p\x . . .  Pnn, where p\ > p 2 > . . .  > 
> Pn- We say th a t G has an ordered Sylow tower if there exists a series 
1 =  Go <  Gi <  . . .  <  G n =  G of normal subgroups of G such th a t for each i  =  
= 1 ,2 , . . . , n ,  G i/G i- 1 is isomorphic to a Sylow p,-subgroup of G. If G is 
supersolvable, then G has an ordered Sylow tower [6].

We shall need the  following result in the next section.

2.1 (Baer [4]; see also [1, p. 720]). Let G be a solvable group. Suppose 
that F it(G ) possesses a normal series:

Ф (G) = K q%K\< i . . . < K n = Fit(G )

such that K{ are normal subgroups of G and \ K j / K j - i  \ = prime, 1 < г ^  n. 
Then G is supersolvable.

3. Main results

In this section, we prove the following theorems.
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THEOREM 3.1. Assume that G is solvable and every maximal subgroup 
of the Sylow subgroups o f F it(G ) is normal in G. Then G is supersolvable.

P roof. We prove the theorem  by induction on |G |. Suppose tha t 
Ф(G) /  1. Then there exists a prime p such th a t p ||$ (G ) |. Since $ (G ) <

£ F it(G ), it follows th a t p |]F it(G )|. Let Pi be a Sylow p-subgroup of $ (G ).
Since P ichar$(G ) < G, we have th a t Pi < G. Set F it(G /P i)  =  L/Pi .  Since 
L /P i  is a normal nilpotent subgroup of G / P\ and Pi < $ (G ), by [6, p. 168], 
it follows tha t L is a  normal nilpotent subgroup of G, and so L ^  F it(G ). 
Hence F it(G /P i)  =  F it(G )/P i =  L /P \ .  Let P2/ P 1 be a maximal subgroup of 
the Sylow p-subgroup of F it(G )/P i. Then P2/ P 1 < G /P i as P2 < G by hy
pothesis. Also, if Q 1P 1/P 1 is a maximal subgroup of the Sylow 9-subgroup of 
F it(G /P i)  =  F it(G )/P i, then by hypothesis, Qi < G and so Q 1P1/P 1 < G /P i. 
Hence G /P i is supersolvable by induction on the order of G.

Since G /P i j $ (G ) /P i = G /$ (G ) , it follows tha t G /$ (G ) is supersolv
able. By [1, p. 713], we have th a t G is supersolvable. Thus $(G)  =  1. Let P  
be a Sylow subgroup of Fit(G ). Since PcharF it(G ) < G, we have tha t P  < G. 
By [6 , p. 162], Ф(Р) ^  Ф(<?) =  1. Hence Ф(Р) =  1, for every Sylow subgroup 
P  of Fit(G ).

Since G is solvable and Ф(С) =  1, by [1, p. 279], we have that F it(G ) =  
=  P i  X i?2 X . . .  R m , where P j are (elementary abelian) minimal normal sub
groups of G. Clearly, we may assume tha t P i  ^  P , where P  is a Sylow 
p-subgroup of F it(G ). If P i = P , then there exists a maximal subgroup P x 
of P  =  P i .  By hypothesis, Pi <1 G. If P\ /  1, then we have a contradiction 
as P i  is a minimal normal subgroup of G. Thus Pi =  1, and so |P i  | = 
=  prime. Now, we may assume th a t P i  < P . Since Ф(Р) =  1, there exists 
a maximal subgroup P2 of P  such tha t P i  ^  P2. By hypothesis, P 2 < G, 
and so Р2П Р 1 < G. Since P i is a minimal normal subgroup of G, we have 
th a t Р2П Р 1 =  1. Since P  =  P 2P 1, it follows tha t p — \P : P2| =  |P i  : Р2П 
f lP i |  =  |P i |.  Set Ki — P i  X P 2 X • • • X Ri, where г =  1,2, . . . ,m .  Consider 
the chain 1 =  Ф (G ) ^  K \ <  ..  .< K m =  F it(G ). Clearly K i < G, for each г, 
and \K i /K i- i \  — prime. Applying Baer’s theorem (2.1), it follows th a t G is 
supersolvable.

The following example shows th a t the solvability of G in Theorem 3.1 
can not be omitted.

Example 3.2. Set G — H  x K ,  where H  is nilpotent and К  is a non- 
—abelian simple group. Clearly, G is not solvable. We notice that F it(G ) = 
=  F i t(P )  = H  and every maximal subgroup of the Sylow subgroups of Fit(G ) 
is normal in G.

Now, we give an example showing tha t the converse of our Theorem 3.1 
is not true:

Example 3.3. Set G = Z /3 Z  x S3 ; G is supersolvable, but there exists a 
maximal subgroup of a Sylow subgroup of F it(G ) which is not normal in G.
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As an im mediate consequence of theorem 3.1 we have:

C o r o l l a r y  3 .4  (Srinivasan [5]). Let G be a finite group. I f  every maxi
mal subgroup of every Sylow subgroup ofG  is normal, then G is supersolvable.

P r o o f . Every Sylow subgroup of G is either normal or cyclic. Clearly, 
G is solvable. Now, it follows easily that the maximal subgroups of the 
Sylow subgroups of Fit(G) are normal in G. Applying Theorem 3.1, G is 
supersolvable.

T heorem 3.5. Assume that G /H  is supersolvable and all maximal sub
groups o f the Sylow subgroups o f H  are normal in G. Then G is supersolv
able.

P r o o f . W e  c o n s i d e r  t w o  c a s e s .
Case T. P = H , where P  is a p-subgroup of G. Let m (P ) =  {Рь  P2, . • •, 

Pn}, where n>  1, be the set of all maximal subgroups of P . By hypoth
esis, P, < G for all * =  1 ,2 , . . . ,  n. Since G / P i j  P /P i = G /P , we have tha t

G/P{ j P / P i  is supersolvable. B ut |P /P ,| —p, and so by [6, p. 158], G / P, is
supersolvable, 1 < г < n. Hence by [6, p. 159], G /P i  X G / P 2 X • • • X G /P n
is supersolvable. Since G/(P\  П Р2 П .. .DPn) C G/ P\ X G / P2 X • • • X G / Pn,

then G  П P, is supersolvable. By [1, p. 713] G  is supersolvable.
' i=i

Case 2: P < H .  By Corollary 3.4, it follows that H  is supersolvable. 
Hence by [6, p. 158], H  possesses an ordered Sylow tower. So, P\ is normal 
in H , where Pi is a Sylow pi-subgroup of H  and pi is the largest prime 
dividing the order of H . By induction G/ P\ is supersolvable. By Case 1, it 
follows tha t G is supersolvable.

We are now in the  position to  prove the following result:

T heorem 3.6. Assume that p is the largest prime dividing the order o fG  
and that every maximal subgroup o f the Sylow q-subgroups of G is normal for 
all q G n (G ) —{p}. Then G possesses an ordered Sylow tower and G / O p(G) 
is supersolvable. In  particular, G is solvable.

P r o o f . Let L  be the product of the maximal subgroups of the Sylow pi- 
subgroups of G for all pi G П(С?) — {p}. Then G / L  is a group of order dividing 
P1P2 . .  .p r • IP|, where pi < p 2 < . . . <  pr <p . By [2, p. 257], it follows tha t 
G /L  possesses an ordered Sylow tower and so G /L  is solvable. Clearly L  is 
nilpotent. Hence G  is solvable. By HalTs theorem (see [2, p. 232]), there 
exists a set (P i, P2, . . . ,  Pn = P} of Sylow subgroups of G, such tha t P ,P , 
1 = i = n ~  1, are subgroups of G. Set G{ -  P ,P , 1 < i < n — 1. Let m (Pt) = 
=  {P,i, Pi2 , • • •, Pis} be the set of all maximal subgroups of P,-. By hypothesis 
P,j < G, 1 < j ^ s ,  and  so |G ,/P ,j| = p , |P |,p ,  < p . By [2, p. 257], G i/P i: has a

normal pi-complement and so G{ /  f) P,j has a normal p,-complement, that
1 i =1
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is Gi /$(Pi )  also has one. К P, is not cyclic, then there exist two distinct 
m axim al subgroups Рц,  Рц  of P,-. Since Рц < G] Рц < G by hypothesis, then 
P, < G,  so P, < G {. Hence Ф(Pt ) ^  Ф(С,) by [6, p. 162]. So С ,/Ф (С ,) has 
a  norm al p,-complement. Hence by [1, p. 689] G% has one as well. Now 
suppose that P{ is cychc, by [2, p. 257], G, has a normal рцcomplement. 
Since P  < P ,P , we have tha t P jP  < N q (P),  1 £  i £  n  — 1, and so P  <G,  P  = 
=  O p(G).  Now G / O p(G) = K , where i f  is a p'-Hall subgroup of G.  Since 
every maximal subgroup of the Sylow subgroups of К  is normal in i f ,  by 
Corollary 3.4, К  is supersolvable. Hence G possesses an ordered Sylow tower 
and G / O p(G) is supersolvable.

As an immediate consequence of Theorem 3.6 we have:

C o r o l l a r y  3 . 7 .  Assume that p~tq for every prime q in П ( < 3 ) ,  Op(G ) =  
=  1 and every maximal subgroup o f the Sylow q-subgroups of G, fo r  all дф р  
is normal in G. Then G is a supersolvable p'-group.

P r o o f . B y  T h e o r e m  3 . 6 ,  G  p o s s e s s e s  a n  o r d e r e d  S y l o w  t o w e r ,  a n d  
G / O r(G ) i s  s u p e r s o l v a b l e ,  w h e r e  r i s  t h e  l a r g e s t  p r i m e  i n  П ( < 2 ) .

Since Op(G) = 1, it follows easily tha t p \  |G| and so G is a p'-group. 
Applying Theorem 3.6, it follows th a t G is supersolvable.
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CERTAIN UNBOUNDED HERMITE-FEJÉR 
INTERPOLATORY POLYNOMIAL OPERATORS

R. SAKAI (Aichi Nishikamo)

1. Introduction

Let 5„ =  {xk = Xkn; к =  1 ,2, . . . ,  n} denote the zeros of the Chebyshev 
polynomial Tn(x) =  cos(nt), x = cost, n = 1 ,2 ,3 , . . .  in decreasing order; — 
- 1  < x n < xn_i < . . .  < x i < 1. We consider the generalized Hermite-Fejér 
interpolatory polynomial Хт)П[/, x] corresponding to  the abscissas Sn as fol
lows:
fm pn [ / i I l] =  / ( I l)) x k] =  О, к = 1 , 2 , . . . ,  Tl, j ' — 1, 2 , .  . . , ТП — 1,

for f  e C [ - 1 ,1].
In [1] we showed th a t for every even m

II Lm,n[f) -  / | |c [—1,1] =  0 ( l ) w ( f ,  ft' 1 log Tl),
where w ( f , h ) is the modulus of continuity of f ,  and for odd m  < 17 the 
operator L miTl[f] is unbounded. We conjectured th a t for all odd numbers m  
the operators L m<ri[f] are unbounded. In this paper we prove th a t this is 
correct.

2. Preliminaries and theorems

The polynomial
(1) 1к(х) = ек,п(х) = и п( х ) / { ( х - х к)и'п(хк)}, к = 1 , 2 , . . .  , n
where u>n(x) =  (x — x i)(x  — x2) . . .  (x — xn) are the fundamental polynomials 
of Lagrange interpolation corresponding to the set Sn . We define the funda
mental polynomials of the generalized Hermite-Fejér interpolation by

П—1
(2) Uк(x ) =  тН к<п(х) = ек<п(х )т M{ n ,  s)(x  -  х ку

s=0

such tha t

(3) Н к(ха) = 6 , <к , Н (к: \ х а) = 0, s, к  =  1 ,2 , . . . ,  п, j  = 1 , 2 , . . . ,  пг 1.
Our main purpose is tp show the following theorem.
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T h e o r e m  1 . For each odd number m  we have
П

(4) n(x0) |~ lo g n ,
fc=i

where — 1 < Xo < 1. Consequently, the operator £ m,„[/] is unbounded.

The polynomial у =  Tn(x) satisfies the following linear homogeneous dif
ferential equations:

( l - x 2 )y<'3+2'> -  (2 j +  1 ) x j / (j + 1 )  +  (n2 - j 2 ) x = 0, j  =  0 ,1 ,2 , . . .  . 

Using this for |xjt| < 1 — £, 0 < e <  1, we have

Í T ^ h . x k ) I T ' J x t ) = { - l ) ^ '  m  + O f n 2’ - ' ) ,

where X k = sin(cos 1 x*). From (5) for |x*| ^  1 — £ we obtain

(6) = Т ^ +1\ х к ) / { ( 1  +  1)Г '(х*)} =

J  ( - i y ( 2 j  + l ) - 1X ~ 2j n ^  + 0 ( n 2̂ -2) (t = 2j),

( - i y { ( 2 j  + l ) / 2 } x kX - 2j - 2n2i + 0 ( n V - 2) (t  = 2j  + l),

In what follows, £ denotes a  fixed number w ith 0 < £ < 1/2, and we con
sider k's such th a t — 1 +  £ £ x k ^  1 — £• Then we write the above estimation 
(6) as follows:

(7) £ « > ( « ) - Í  ( - ! ) '№ +  (t = 2 j ) ,
\  ( - i y { ( 2 j  +  l ) / 2 } x , , X ^ - 2 n ‘> (f = 2 j + l) ,

If we set

(8) W * )  =  K<*(*)}” ]W .

from (7) we have

(9) K m,2j (xk)  ~  ( - i y b ( 2j , m ) ( n / X k)2j,

where b(2j ,m) is a polynomial in m of degree j .  In [1,§4] we showed that if 
b(2 j ,  m ) has the form
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(10) b(2 j , m )  = sb ,jm 3,
s= 1

where b3j > 0, the estimation (4) is correct, so we have to  prove

T heorem 2. In formula  (10),

bs j > 0, s = l , 2 , . . . , j ,  j  =  l , 2 , . . . , ( m - l ) / 2 .

Let us remark that (10) is true in more general cases, too.
PROOF. First we investigate {(d / d m ) K m 'Zj ( x k ) } m = 0 ■ Since we consider 

a neighbourhood of x = x k we may assume l k{x) > 0. I t can be proved tha t

{ ( d / d m ) K m>2j ( x k)}m=o = [(db  I dxb ) { ( l k(x))m \og(tk(x) )m=0}x=Xk =

= [(d2j/ d x 2: ) \og(tk(x))\x=Xk = -  5 ^ (2 j -  l)!(*e - x k)~2> < 0,
S^k

thus, by (9) and (10), bij > 0.
Now we consider the other coefficients. We see th a t

2 \
Ä 2m,2( j+l ){x k )  =  £  г :  к  s ( x k ) K m ,2j  — s+2 {x  k )i

s= 0 4 S '

thus

■ ^ 2 m ,2 (j+ l)(* fe ) -  2 ^ m ,2(j+ l)(a;fc)-K 'm ,o(a;jk) =

= £  ( 2 j s+ 2 ) ^ ( ^ ) ^ m , 2 i - 4+2(x fc).

Since üfm,2t+ i(2:A:) = o(n2í+1) and by [1, (4.10)] b( 2 j , m) >0 ,

i / 2 j  _j_ 2\
h-2m,2(j+l){x k) ~  2Am 2(j + l)(3-fc) ~  ^ 25 J  •^m,2i(a;fc)^m,2j-2a+2(a:A:))

tha t is

b(2(y + 1 ), 2m) -  2 b(2 ( j  +  1), m) =  £  2)  b(2s’ т Ж 2-7 ~ 2s +  2’ m ) ’

whence comparing the coefficients and by induction we get Theorem 2.
Acknowledgement. The author would like to thank  the referee and 

Professor P. Vértesi for their helpful suggestions.
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THE MODULUS OF CONTINUITY AND THE BEST 
APPROXIMATION OVER THE DYADIC GROUP

J. TATEOKA (A kita)

1. Introduction

The connection between the modulus of continuity and the best approx
imation of functions by Walsh polynomials was studied by W atari [5] for L p 
space, I 5 íp <  oo. A similar result for 0 < p < 1 was obtained by Strozenko, 
Krotov and Oswal’d [3]. On the other hand, direct and converse theorems for 
the Hardy space H p, 0 < p < oo, over the те-dimensional torus were proved by 
Colzani [1]. In this paper we shall prove these results for H p space, 0 < p < 1, 
and VMO space over the dyadic group.

The dyadic group G is the set of the sequences x = (xn , n = 1 ,2 , . . . ) ,  
consisting of 0’s and l ’s, with termwise addition modulo 2, denoted by -f. 
The topology of G is defined by the neighborhoods Vn — {x  G G : x\  =  . . .  =  
=  хп =  0},(те =  0 ,1 , . . . )  (with a convenience Vq — G),  of the identity element. 
The Walsh functions are given by

wo(x) = 1, wn(x) = rni( x ) . . .  rnic(x) for n =  2ni +  . . .  +  2n*(ni > . . . n * > 0 ) ,  

where rn(x) =  ( — 1)х"+1(те =  0 ,1 , . . . ) .  A Walsh polynomial of degree n  is
71— 1

a linear combination 53 ck^k  with cn_i /  0; the totality of polynomials of 
k=о

degree not exceeding n is denoted by 6 (n ) and the union of the ©(n)’s by ©. 
We denote by &  the set of all formal Walsh series with complex coefficients.

A 0 0  A

For / = 5 3  f ( k ) w k E & ,
k=0

n —1

SnHx) = X] f*(x) = sup{|52n / ( x ) |: n > 0}
k=0

wifi denote the те-th partial sum and the maximal function, respectively. The 
spaces considered in this paper are the following ones.

H P(G) (0 < p < 1) is the space of all /  E S ' such tha t /*  6 LP(G ); the 
quasi-norm in H p is defined by | | / | | я р  =  | | / * | | l p - BMO(G) is the space of
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integrable functions f  on G  such tha t ||/ | |в м о  = su p { |/  — f i \ i }  < oo, where 
f i  — | / | -1 f j  f { x )d x  and the sup is taken over all dyadic intervals I  in G.
VMO(G) is the  space of аД BMO functions f  on G such th a t lim \ f —f i \ i=0.

Pb°
It is known th a t for all /  E H P{G) (0 < p < 1) the limit f ( x ) = lim S2n /(x )n—► OO

exists a.e. and /  E LP(G). Moreover, if p  ^  1 then / ( n ) ,  n > 0, are the Walsh- 
— Fourier coefficients of / .

We shall use the common notation X  for the spaces H P(G) and BM O(G). 
Finally let us write, for the modulus of continuity and the best approxi

mation

f )  = sup{ ||/(- +  h) -  f(-)\ \x : |Л| ^  <$},

and

E ? C f)  = m i { \ \ f - P \ \ x : P e  ©(«)},

respectively, where f (-  + h) has the coefficients f ( n ) w n(h),  n ' t  0.
The le tter C  denotes positive constant which may have different values 

in each occasion.
2. We begin with some lemmas:

Lemma 1. For any f  E X , there is a polynomial o f best approximation 
P  E 6 (n ); that is,

E x ( f )  = \ \ f - P \ \ x .
The assertion follows from standard compactness argument. We omit 

the proof.

Lemma 2. E x ( f )  < | | / - S 2n /||x  ^  C  E x ( f ) .

P r o o f . The first inequality is trivial. By Lemma 1 and ||S2n / ||# p  ^  

||/ ||# p , we have the second inequality for X  = H p. The BMO case is 
deduced from the H 1 — BMO duality.

Lemma 3. I f  lim | | Д - / | | х  = 0, then lim E x (fk)  = E x { f )  and
к—ю о  к—юо

lim wx (6 ; f k )  = u)X (6 ; f )  uniformly with respect to 6 .
к—KX)

P r o o f . The first statem ent of the Lemma follows from Lemma 2 and 
the two inequalities:

l^ n( / i  + / 2 )lp ^ l ^ ( / i ) l p +  l ^ ( / 2)lp, / ь / 2 е н р,
\ E f ( h  + h )I ^  |£ * ( / i ) |  + 1 ^ ( / 2)|, f u  / 2 G BMO.

The second is similar.
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Lemma 4. I f  H  E &(2n), then E xk( H)  < ux (2 H)  for any integer к >
> 0 .

P r o o f . Our proof proceeds along the line of Strozenko, Krotov and 
Oswal’d [3]. Firstly we consider the H p case. 2n — 1

Let H( x )  = щ  for x E Xi + Vn (i =  0 ,1 , . . .  ,2n - 1), where G =  (J (ж, +
j = 0

+  Vn). Also let Q(x) = ßj  for x Ey j  + Vk (j  = 0 ,1 , . . . ,  2k -  1). Then Q E 
E 6 (2 fc). We set G(x)  = H(x)  —Q(x)  and K k(x) = H ( x  -\-h) — H(x) .  The 
lemma easily follows from the inequality

mf{\\G\\pHP;{ß 0 , . . . , ß 2. . 1} c C } ^ 2 k f  \\Kh\\pHPdh.
Jvk

This is obvious for k > n .  We may assume that k < n.  Let x E X i +V n be 
fixed. Let us evaluate G i ( x ) =  | / | -1 Jx^ I G(t)dt  and (Kh) i (x)  for I  = z  + Vm. 
We have three cases:

(a) x E I C Xi +  Vn C yj + Vk (n ^  m),
(b) x E Xi +  Vn С I C yj + Vk (k < m  < n ),
(c) x E Xi +  Vn C yj +  Vk С I  (0 ^  m  fi k).

For the case (a), we have Gi(x)  = a , — ßj  = G(x)  and (K k) i ( x ) =  а и к) — «i = 
=  Kh.(x), where x + h E x x̂  +  Vn for some integer i(h)  depending on i and

f (i)+2n—m —I
h. For the case (b), we can write I  =  (J (xtv +  V^) for some integer

»'=«(*)
e(i) depending on i. Then we have

E(«')+2"-m —1 2"-m-i
G i ( x ) =  ^ 2  ( )  and ( K h)i (x)  = 2m~n ^ 2

*'==(*') «'=«(«)
£(j) +2*-m-l (Т+1)2"—*—1

For the case (c), we can write I  = и  и  (ж,/ + У„) for some
j ' = c ( j )  i ' = j ' 2 n~ k

integer e ( j ) depending on j .  Then we have Gj(x)  = 2m~" "Y Y { a i' ~  ßj ' )  and
j '  «'

(Kh) i {x ) is the same as in case (b).
Since С(ж) is locally constant, there exist I  = z  + Vm in some case such 

th a t Gm( x ) =  |С /(ж)|. (Note that G*(*) =  sup{|G/(x)| : x G /} .) If G*(x)  = 
= |G/(a:)| as in case (b), then

G(b) гinf {IIGIIJp : (ft)C C} = inf {1IG-IIÍ,:(ft)CC) =
' 2fc—1 (j+l)2n—*—1 e(t)+2n—m —1 P

=  inM E  E  2 -"  2” - “ £  ( a , , - f t )  : ( f t )
j = 0  t = j 2 n ~ k i ' = c ( i )

Similarly if K ^ ( x ) =  \(Kh.)i(x)\ in case (b), then
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Vk

K (b) =  2k J  \\K h\\pHPdh =  2k Y , J  WK h\\bPd h ^
“ = 0  ha + V n 

e ( « ') + 2 " - m - l

2m -n ^  ( ö . '( M ~ a *')
•'=*(*)

2 " - fc- l  2 * —1 ( j + l ) 2 n —* —1

S2‘ E  E  E  2_2n
a=0 j —0 i=j2n~k

Since

{( i + l ) 2 " - * - l

E 2_"
i=j2n~k 

(j+l)2n~k- l

s E  2' n
i=j2n~k

e(t)+2n—m—1 p
2— “ ] T  : ( f t ) h

<'=*(•) J
e(i)+2n-m —1 ф)+2п -т -1

X Q*' - X
«•'=e(i) к'=е(з)

for any j  =  0 , . . . ,  2 k — 1 and s = j 2 n k, . . . ,  ( j  + l)2 n k — 1, where £(5) is an 
integer depending on s, we have

G(b )^
2*—1 ( i + l ) 2 " - * - l  ( j + l ) 2 n —fc —1

<E y , 2"!“+i E
j = 0 i = j 2 n ~ k s = j 2 n ~ k

- 1  e ( s ) + 2 " _ m - l  \

«»' "  X  ak'
k '= e (s )  J

V

I t is seen th a t the  right is less than  K ^ y
If the m axim al function is attained in o ther case, similar arguments show 

th a t G(a) < K (a) and Gqc) ^  К(Ъ)- Thus we have the desired inequality.
By an argum ent similar to  the H p case, we can see th a t

inf {||<2||вмо • (ßj)  С С} < 2Г J  Ц̂Цвмоdh.

Therefore the lemma is proved.
3. Now we are in position to  state our theorems.
T h e o r e m  1 (direct theorem ). Let Y  be H P(G) or VMO(G). Then we 

have
E 2k( f )  ^ шУ[2~к\ / )  for  any f e Y .

P ro o f . T he Theorem follows from Lemma 3, Lemma 4 and the follow
ing relations:

Urn II/ -  5 2п/ | | яя =  0 for /  e H p,
п —ю о

lim у / - 52г./||вмо = 0 f o r /G  VMO.71—* OO

A cta  M athem atica  Hungarica 59, 1992



THE MODULUS OF CON TIN UITY AND T H E  BEST APPROXIMATION 119

The first equality is easily deduced from the definition of H v. In order to 
show the second equality, it is sufficient to note that

II/-52п/||вмо S /  -f̂2n(f)||/('Tt)— /(')Цвмо )̂
JG

where D 2n is the Dirichlet kernel of order 2", since

||/( -  +  t ) - / ( - ) | |B M O  о as |t| -> 0 for / e v M O .

T heorem 2 (converse theorem). I f f E X ,  then

шх (2~к; f )  < C E xk( f ) .

P roof. Let P  be the polynomial of order 2k of best approximation to 
f .  Since P(x + h) = P ( x ) for h G Vfc, we obtain

\\f(- + h ) - m \ PH P Ü n f - P \ \PHP, / € Я * \
||/(- +  h)  -  /(-)IIbmo ^ 2 | | / -  РЦвмо, /  € BMO, 

which prove the Theorem.
T heorem 3. For f  E Y  (У = H p or VMO), and a positive number a, 

the following four statements are equivalent:
(a) u Y (2 - k; f )  = 0 (2 - k°),
(b) E Y ( f )  = 0 ( 2 - k°),
(c) | | / - 5 2*/| |y  = 0 ( 2 - fc“),
(d) ||S3* / - S 2*-i/||y = 0 (2 -to).
P roof. Theorem 2, Lemma 2 and Theorem 1 give the equivalence of 

(a), (b) and (c). Or it is clear th a t (d) implies (c), the only one to be verified 
is the implication (c)—>(d). This is easily deduced once we use the inequality

O O

sup 2 ka V '  an <C  sup 2kaak 
k>o  ̂ fc>0

for any a  > 0 and any о*; > 0. (See Taibleson [4], p. 179.)
Remark. We can find results analogous to those presented here in the 

context of H p space and VMO space associated with local fields. Further
more, in the local fields, we have tha t for any function from X , the second 
modulus of continuity is estimated from below and above by the first m od
ulus of continuity, tha t is, sup{ ||/(--f h ) - 2 f ( - )  + f ( - - h ) \ \ x  : |h| < q_fc} is 
equivalent to sup{ ||/(- +  h) — /( - ) | |x  : |h| ^ Q~k}- In fact, by the argument of 
Lemma 4, we obtain

sup{ ||/(  - +  h) -  2/(• )  +  /( •  -  Л)||аг : \h\ Z q - k} ^  C E X  ( / ) .
Combining this inequality with Theorem 2, we obtain the equivalence. In the 
case of functions in L 2(G) or C(G)  defined on a zero-dimensional compact 
abelian group G,  this fact was proved by Rubinshtein [2].
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COMPLETE QUASI-PSEUDO-METRIC SPACES

H. P. KÜNZI (Berne)

1. Introduction

We will use the terminology of [8]. The letter N will denote the set of 
positive integers. F irst let us recall some definitions.

A quasi-pseudo-metric space is a pair (X ,p) where X  is a set and p is 
a m apping from X  x X  into the set of real numbers satisfying for all x, y, 
z e X :

(i) p(x , y )>0;  (ii) р (х ,х) =  0; (Ш) p(x, y) < p (x , z) + p(z,y) .
If p satisfies the additional condition (iv) tha t p (x ,p ) = 0 implies that 

x = y,  then p is called a quasi-metric on X . Note tha t in this case p -1 
defined by p_1(x, y) = p (y , x) for all x, у £ X  is also a  quasi-metric on X  and 
p* defined by p*(x, y) — max{p(x, p ),p (p ,z)}  for all x , у £ l  is a m etric on 
X .

For a quasi-pseudo-metric space (X , p )  the set B%(x) — {y £ X  : p(x, y) < 
< 2~n} is said to be the p-ball with center x £ X  and radius 2~n (where 
n £ N ). The topology 'T(p) induced by p on X  is the topology generated by 
the base (I?£(x) : x G A , n G N} on X .  A quasi-pseudo-metric space (X,p)  
is called precompact if for every n £ N there is a finite subset F  of X  such 
tha t (J { B n ( f ) : f  £ F }  — X . A sequence (xn)n£N in a quasi-pseudo-metric 
space ( X , p )  is said to  be a left p-Cauchy sequence [16, p. 128] if for each 
real number 6 > 0 there are a point x £ X  and a positive integer к such that 
p(x, x n) < 6 whenever n £ N and n k. A quasi-pseudo-metric space ( X , p )  is 
called left p-sequentially complete [16, p. 132] if every left p-Cauchy sequence 
in X  converges to some point in X  (with respect to  the topology induced by 
p on X ) .  In this paper it seems helpful to change this well-established term i
nology slightly. Since in the following left p-Cauchy sequences are the only 
Cauchy sequences in quasi-pseudo-metric spaces tha t we consider, it will suf
fice to  call them Cauchy sequences. Furthermore, in order to obtain a clearer 
terminology we will use the expression “sequentially convergence complete” 
instead of “left p-sequentially complete” . Accordingly, we will call a quasi- 
pseudo-metric space X  sequentially complete if every Cauchy sequence in X  
has a cluster point in X . Of course, each sequentially convergence complete
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quasi-pseudo-metric space is sequentially complete. It is well known that the 
converse is wrong (see e.g. Exam ple 1 below).

By definition, the quasi-uniformity U(p) induced by a quasi-pseudo-met- 
ric p  on a set X  is the quasi-uniformity on X  th a t is generated by the base 
{Un : n G N) where Un — {(x , y ) E l x l  :p(x, y)  < 2-n ) whenever n G N. We 
recall that a filter T  on a quasi-uniform space ( X , l i )  is called a U- Cauchy 
filte r  if for each V  e U  there is an x  G X  such th a t F(:e) — {у  G X  : (x, y) G 
G V } G T  [8, p. 47]. A quasi-uniform space (X,ZV) is called convergence 
complete if each 7/-Cauchy filter on X  converges in X  and it is said to be 
complete if each 7/-Cauchy filter on X  has a cluster point in X  [8, p. 50]. 
Clearly each convergence complete quasi-uniform space is complete. It is well 
known that the converse does not hold (see e.g. Example 1 below). In this 
paper we will say tha t a quasi-pseudo-metric space (X, p)  is (convergence) 
complete if the quasi-uniformity U(p)  is (convergence) complete.

It is easy to  see that each (convergence) complete quasi-pseudo-metric 
space is sequentially (convergence) complete. Correcting a statem ent in the 
literature, we show in this paper th a t a sequentially (convergence) complete 
quasi-metric space need not be complete. We use our example to construct 
a  complete and sequentially convergence complete quasi-metric space that 
is no t convergence complete. We also observe tha t while a Tychonoff se
quentially complete quasi-metric space need not be complete, a Hausdorff 
sequentially convergence complete quasi-metric space is convergence com
plete and a norm al sequentially complete quasi-metric space is complete. 
Furtherm ore we give an example of a Tychonoff complete quasi-metric space 
th a t  does not have a G^-diagonal. This example contradicts another state
m ent in the literature. It follows from our results tha t an orthocompact 
Tychonoff space admits a convergence complete quasi-metric if and only if 
it is a Cech complete space w ith a G^-diagonal.

In the second part of this no te  we obtain several results related to Prob
lem  U of [8, p. 179]. This problem  asks for a characterization of the class 
of quasi-metric spaces having a  quasi-metric completion. In this paper we 
present a solution to this problem . Furthermore we show th a t a quasi-met
ric space has a  quasi-metric sequential convergence completion if and only 
if it has a quasi-metric convergence completion. Similarly we prove that a 
quasi-metric space of non-measurable cardinality has a quasi-metric sequen
tia l completion if and only if it has a quasi-metric completion. Finally we 
present an example showing th a t  the condition “of non-measurable cardinal
ity ” cannot be om itted in this result.

We would like to thank the  referee for his valuable observations. In par
ticular by suggesting an improved version of Lemma 7 he helped to strength
en several results in the section on quasi-metric completions.

In this paper we will use th e  following well-known method to construct 
quasi-metrics.

L emma 1. Let X  be a set and for each n G N and each i G l  let Tn(x) be
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a subset o f X .  For each nE  N set Tn — |J{{x} x Tn(x) : i £ l } .  I f  (Tn)ne n 
is a decreasing sequence of transitive relations on X  such that P){Tn : n £ 
£ N} = {(ж, x ) : x £ X } ,  then there exists a quasi-metric p on X  such that 
Tn(x) = B n(x) for each n £ N and each x  £ X .

Proof. We sketch the proof. For each x £ X  set To(x) =  X . For each 
x , y e X  define p (x ,y )  as follows: p (x ,y )  = 0 if x — y, and p (x ,y )  — 2~n if 
у £ Tn_ i ( z ) \T n(x) and n £ N. We verify tha t p is a quasi-metric on X .  
Clearly conditions (i), (ii) and (iv) are satisfied. It remains to check th a t 
condition (iii) is fulfilled. Obviously it suffices to consider the case th a t 
p (x ,z )  = 2~k and p(z, y) = 2~s where к and s are positive integers. Then 
z  E T k -i(x )  and г/£Т ,_х(г). Thus y E T f_ i(x )  where /  =  min{fc, s}. Hence 
p (x ,y )< m a x .{p (x ,z ) ,p (z ,y )} , and condition (iii) is satisfied. Let x £ X  and 
n £ N. Clearly the conditions p(x, у ) < 2~n and у £ Tn(x ) are equivalent by 
the construction of the quasi-metric p on X . Thus B%(x) = Tn(x) for each 
n £ N and each x  £ X .

We conclude this introduction with an easy example of a complete quasi
metric space th a t is not sequentially convergence complete.

E x a m p l e  1. A complete quasi-metric space tha t is not sequentially con
vergence complete (see also Example 5 and Example 7).

Let X  = (N X {1,2}) U { — oo, oo}. For each n £ N and each x £ X  define 
a subset Tn(x ) of X  as follows:

З Д

' {*}
{oo} U {(к , 1) : к £ N, к even, к ^  n}

< {—oo} U {(к, 1): к £ N, к odd, к > те} 
{(а, 2)} U {(к, 1): fc £ N, к > п }

. { (а ,2)}

if г £ N х {1}; 
if х  =  оо; 
if х — —оо;
if х =■ (а, 2), а £ N, а ^  те; 
if х = (о, 2), а £ N, а < те.

It is easy to check tha t the sets T„(x) satisfy the conditions of Lemma 
1. Hence there exists a quasi-metric p on X  such tha t Tn(x) =  B n (x ) for 
each те £ N and each x E X .  Since {(&, 1): к £ N, к > те} С 2?£((те, 2)) for each 
те £ N, the sequence (х„)пек  in X  defined by x n = (те, 1) for each те £ N is a 
Cauchy sequence in (X ,p ) . Clearly (xn)n6N does not converge in X .  Hence 
(X, p)  is not sequentially convergence complete.

We want to show tha t (X, p)  is complete. Let T  be a Z/(p)-Cauchy 
ultrafilter on X .  Assume th a t T  does not have a cluster point in X .  Since 
—oo and oo are not cluster points of T  and T  is a free ultrafilter on X , we 
conclude that N x {2} £ T . Furthermore since T  is a ZV(p)-Cauchy filter on 
X , for each те £ N there is an x n £ X  such tha t J9^(xn) £ T . Since N X {2} £ 
£ X, this means th a t there is an x £ N x {2} such th a t {x} £ T . Hence T  
converges — a contradiction. We conclude tha t each ZV(p)-Cauchy filter on 
X  has a  cluster point in X .  Hence (X,p)  is complete.

Let us note th a t the topology induced by the quasi-metric p on X  is 
metrizable.
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2. Completeness in quasi-pseudo-metric spaces

Using the terminology of section 1 we can speak of sequentially com
plete, sequentially convergence complete, complete and convergence com
plete quasi-pseudo-metric spaces. In this section we study some relations 
among these four classes of quasi-pseudo-metric spaces. Our investigations 
are mainly m otivated by an error contained in [8] (see Example 2 below). At 
the end of this section we will use our methods to answer a question of S. 
Romaguera and A. Gutiérrez about countably compact quasi-pseudo-metric 
spaces.

The following obvious result is mentioned in [8, § 7.33]. For the sake of 
completeness we give its elementary proof.

Lemma 2. Each (convergence) complete quasi-pseudo-metric space is 
sequentially (convergence) complete.

P roof. Let (X ,p) be a complete quasi-pseudo-metric space and let 
( i n)n6N be a  Cauchy sequence in X .  Then the filter generated by { { xn : n G 
G N, n > fc } |fc G N } o n X is a  U(p)-Cauchy filter on X .  Thus it has a cluster 
point in X .  Clearly this cluster point is a cluster point of the sequence 
( i n)ngN• Hence (X, p)  is sequentially complete.

It remains to show th a t a convergence complete quasi-pseudo-metric 
space is sequentially convergence complete. Let (X , p )  be a convergence 
complete quasi-pseudo-metric space and let (a:n)n£N be a Cauchy sequence 
in X . For each n G N there are t / „ G l  and kn G N such tha t к G N and 
k ^ k n imply tha t G B n(yn). Since X  is convergence complete, the filter 
generated by {Bn(yn) :n G N }  o n T  converges to some point x in X .  Obvi
ously the sequence (xn)neN converges to  ж, too. Hence (X, p)  is sequentially 
convergence complete.

In [8, Theorem 7.33] it is stated th a t each sequentially complete quasi- 
metric space is complete. U nfortunately the proof of this statem ent is not 
correct, as our next example shows. (The error seems to occur in line 2 on 
page 177.)

E X A M PLE 2. We construct a sequentially convergence complete quasi
metric space that is not complete.

Let Z  — Y  U A il  N where the sets Y , A  and N are supposed to be pairwise 
disjoint. Here, as usual, N denotes the set of positive integers. The set 
Y  is the union of a countable collection { I „ :n G N }  of pairwise disjoint 
uncountable sets and A  =  {x : x  is a sequence (xn)n£N of elements of Y  so 
that there is a strictly increasing sequence (&п(ж))„еn  of positive integers 
such th a t for all n G N and all к G N with к > kn( x ) we have tha t x к G (J{A S: 
s G N, s > n}}. For each n G N and each x G Z  we define a subset Tn(x ) of Z
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as follows:

Tn(x)

{x}
{x} U { x i : i G N, i > fcn(x)} 
{x }U( U{ ^s : s e N ,  5>n} )  
{x}

if x G У;
if x =  (x ,),eN e A; 
if x G N and x > ra; 
if x 6 N and x < те.

Note th a t (J{{x) x Гп(ж) : x  G Z}  is a transitive relation on Z  whenever 
n G N. Furthermore T„+1 C Tn for each n G N and : n  £ N} is equal to
the diagonal of Z . According to  Lemma 1 we can define a quasi-metric p on 
Z  such that 2?£(x) =  Tn(x ) for each n G N and each x G 2 .

Observe tha t M  = { |J{X 3: s GN, s  rc}|n G N }U { Z \  (x , : i G N}| 
(x t ),'gN E A} has the finite intersection property, because X n is uncountable 
for each n G N. Since 5£(n ) =  {n} U((J{X, : s G N, s ^  n}) whenever n G N, 
the filter generated by M  on Z  is a ZV(p)-Cauchy filter on Z.  Obviously it 
does not have a cluster point in Z.  Hence (Z , p ) is not complete.

Let us prove tha t (Z , p ) is sequentially convergence complete. To this end 
let (xn)„eN be a Cauchy sequence in (Z , p ). We have to show th a t (xn)„eN 
converges in Z.  Since (xn)nCN is a Cauchy sequence in Z,  there are a strictly 
increasing sequence (fcn)ngN of positive integers and a sequence (yn)neN of 
points of Z  such tha t Xk G Tn(yn) whenever к G N and к > кп . If there is an 
n G N such th a t yn E Y ,  then ц .  =  yn for each к G N such th a t k ^ .k n. Hence 
(^n)neN converges in Z. Thus it suffices to consider the case th a t t/n G«4UN 
for each n G N.

Assume first tha t for infinitely many n G N we have th a t xn G (A UN ). 
We conclude th a t (A UN )DTn(t/„)nT i(i/i) ф 0 whenever n G N. Hence by 
the definition of the sets Tn(yn) (where yn G A U N) we see th a t yn =  y\ for 
each n G N. Therefore (xn)„eN converges to y\ in this case.

It remains to consider the case that there is a t G N such th a t x^ G Y  
whenever к G N and k > t .  Since we assume tha t yn G A u N  for each n G N, 
we have that x^ G (Тп(у„)пУ ) C :«G N , s  ra} whenever n, к G N and
к > max{i, kn}. Hence the sequence b defined by b =  (xk)k>t is an element 
of A. (We can set kn(b) =  kn+t for each n G N). Thus we conclude in this 
case th a t the sequence (x^)jteN in % converges to b G Z. This completes the 
proof.

It is interesting to note th a t a slight modification of Example 2 yields a 
complete and sequentially convergence complete quasi-metric space tha t is 
not convergence complete.

E X A M P L E  3 .  A  c o m p l e t e  a n d  s e q u e n t ia l l y  c o n v e r g e n c e  c o m p l e t e  q u a s i 
m e t r i c  s p a c e  t h a t  i s  n o t  c o n v e r g e n c e  c o m p l e t e .

Let E  — Z  U {oo, — oo} where Z  denotes the set defined in Example 2 and 
oc and — oo are two different elements not belonging to Z . For each n G N
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and each х £ Е  define a  subset 5n(x) of E  as follows:

$»(*)
' Tn(x )  (as defined in Example 2)

« { - о о } и ( и ( Х ,  : s £  N ,  s o d d ,  s ^ n } )  

„ {0 0} U ( |J{ A S: s £ N, s e v e n ,  s ^  те})

if x  £ Z; 
if x =  - 0 0 ;
if X =  00.

Again it is easy to  check tha t the  conditions of Lemma 1 are satisfied. 
Hence there is a quasi-metric q on E  such tha t Bn{x) — S n(x)  whenever те £ N 
and x  £ E.

Note tha t the filter generated by { (J jA , : -s £ N, s > те}|те £ N} on E  is a 
ZY(q)-Cauchy filter on E  th a t does not converge in E.  Hence (E,q)  is not 
convergence complete.

Next we want to  show that (E , q ) is sequentially convergence complete. 
Let (xn)neN be a Cauchy sequence in (E , q ). By definition, for each n £ N  
there are yn £ E  and kn £ N such th a t x k £ Bn(yn) whenever A; £ N and к ^ 
^  kn . If yn £ {—00, 00} for infinitely many те £ N, then, obviously, (xn)n6N 
converges in E. Hence it remains to  consider the case tha t there is an h £ 
£ N such that yn £ Z  whenever те £ N and n~ th . In this case we conclude 
th a t x k e Z  whenever A; £ N and к > k k . Thus the sequence (xn)n>fch is a 
Cauchy sequence in the  subspace Z  of E. Therefore the sequence (xn)„eN 
in E  converges to a point in Z, because the subspace Z  of E  is sequentially 
convergence complete according to  Example 2. We have shown tha t (E , q) 
is sequentially convergence complete.

It remains to  show tha t (E , q ) is complete. Let T  be a Zi(q)-Cauchy 
ultrafilter on E . Assume that T  does not have a cluster point in E . Since
— 00 and 00 are not cluster points of T  and T  is an ultrafilter on E,  we have 
three possibilities to  consider: There is an s £ N such tha t X s £ E , or A  £ X,  
or N £ X.

We want to see th a t in each of these three cases the filter X  on E  contains 
a singleton. Since X  is a i/(q)-Cauchy filter on E,  for each те £ N there is an 
xn £ E  such tha t B n (x n) E X . Hence by the definition of the sets S n(x ) it 
is immediately clear th a t X  is fixed if A  £ X  or N £ X . However, it is also 
easy to  see tha t X  is fixed if X s £ X  for some s £ N, because Вп(у)Г\X s —
— 0 whenever у £ E \ X ,  and те £ N such tha t те > s. We have shown tha t in 
each of the three cases under consideration X  contains a singleton. Thus X  
converges in E  — a  contradiction. We conclude th a t each ZY(q)-Cauchy filter 
on E  has a cluster point in E . Hence (E , q ) is complete.

It is obvious th a t Example 2 (and thus Example 3) are not Hausdorff 
spaces. Our first proposition shows tha t this fact is not an accident. On 
the  other hand, Example 4 below will show th a t a sequentially complete 
quasi-metric Tychonoff space need not be complete.

P roposition  1. A  quasi-metric Hausdorff space is sequentially conver
gence complete i f  and only i f  it is convergence complete.
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The nontrivial implication of this proposition is an immediate conse
quence of the following two auxiliary results, which seem to  be of indepen
dent interest and are therefore given in a form more general than needed 
here.

LEMMA 3. Let (X ,p ) be a sequentially convergence complete quasi-met
ric Hausdorff space and let (xk)keN be a sequence in X  such that { B pk(xk)  : 
к G N} has the finite intersection property. Then Р|{П{В£(:г*;) :k =  1 , . . . ,  те}| 
n G N} is a singleton.

P r o o f . Let (zfc)ifceN be a sequence in a  sequentially convergence com
plete quasi-metric Hausdorff space (A ,p) such that {B p(xk ) :  k £  N} has the
finite intersection property. Set К  -  П {П{ Â:): k =  1 , . . . ,  те}|те G N}. For 
each n G N choose yn G Г\{Вр(хь ) : к =  1 , . . . ,  те). Then (j/n )neN is a Cauchy 
sequence in (X , p ) and thus has a cluster point x in X ,  because X  is se
quentially complete. Clearly x  G К . Assume tha t there is а  у £ К  such th a t 
у ^  x. For each те G N there are points an and bn in X  such th a t an G B p( x ) P| 
П (n { B l (x k )  : k = l , . . .  ,n})  and bn EB%(y) f )  (n{5^(aijt) : f c = l, . . . ,  те}). Set 
zn — «n if n  G N and те is even, and set zn = bn if те G N and те is odd. Obvious
ly (-Zn)neN is a Cauchy sequence in X . Since X  is sequentially convergence 
complete, (zn)n€N converges in X .  Furthermore x and у are two different 
cluster points of the sequence (гп)пем in X . Since A  is a Hausdorff space,
we have obtained a contradiction. Hence f|{fl{5^(a;jt): k =  1 , . . . ,  те}|те G N} 
is a singleton.

L emma 4. Let (A ,p) be a sequentially (convergence)  complete quasi- 
pseudo-metric space. Assume that for each sequence ш  X  such that
the collection {B vk(x k ) :  к G N} has the finite intersection property the set
f ) { n { 5 [ ( n ) : fc =  1 , . . . ,  n}|n G N} is a Lindelöf subspace o f X . Then ( X , p ) 
is (convergence) complete.

P r o o f . Let (A ,p )  be a sequentially complete quasi-pseudo-metric space 
that satisfies the condition mentioned in the lemma and let X  be a U(p)- 
Cauchy filter on X . For each те G N there is an z n G A such th a t B p{xn) G 
G X . Set К  = P |{n{5^(a:^): к =  1 , . . . ,  те}|те G N}. By our assumption, К  is 
a Lindelöf subspace of X .  We want to show th a t X  has a cluster point in X .  
Assume the contrary. Then for each x G К  there is an open neighborhood 
Gx of I  in A  such th a t (А \(7 Г) G X . Since A  is a Lindelöf subspace of A , 
there is a sequence (i/n )neN of elements of К  such that К  C (J{Gj,n : те G N}. 
For each те G N set H n = (П (Р £(яа:) : к = 1 , . . . ,  те}) \  (U{Gy, : i = 1 , . . . ,  и}). 
Note th a t H n G X  whenever те G N. For each те G N choose yn G H n. Since 
(A ,p) is sequentially complete, the Cauchy sequence (y„)„6N in ( X , p )  has a 
cluster point у in A . Clearly у G K ,  but у £ : * £ N} — a contradiction.
We conclude tha t X  has a cluster point in A . Hence (A ,p) is complete.
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In order to prove the second assertion let (X ,p ) be a sequentially conver
gence complete quasi-pseudo-metric space th a t satisfies the condition m en
tioned in the lemma and let T  be a U{p)-Cauchy filter on X . For each n  G N
there is an xn 6 X  such tha t 2?£(xn) G T . Set K = [\{C \{Bpk( x k ) : k= 1 , . . . ,  те}| 
n G N}. By our assumption К  is a Lindelöf subspace of X . We want to show 
th a t T  converges in X . Assume the contrary. Then for each x G К  there is 
an open neighborhood Gx of a; in X  such th a t Gx $ T . Since К  is a Lindelöf 
subspace of X , there is a sequence (yn)neN °f elements of К  such tha t К  C 
C lJ{G yi : i 6 N}. For each j i GN  and each i G N choose гп>,- G (fl{B^(zfc): к — 
= 1, . . .  , n } ) \ G Vl. Construct a sequence (an)n6N in X  by enumerating the 
elements zn>i (where n, i G N, i < n )  according to  the lexicographic order on 
the indexing set N X N. Obviously (an)n€N is а Cauchy sequence in (X ,p ). 
Since (X ,p) is sequentially convergence complete, (an)n£N has a limit point 
г in X . Clearly z  G К . Hence there is a к G N such th a t z  G Gyk. However 
by th e  construction of the sequence (an)neN we have th a t an ^ Gyk for in
finitely many n G N. We have reached a contradiction. We conclude th a t T  
converges in X . Thus (X, p)  is convergence complete.

C o r o l l a r y  1. A quasi-metric space in which each Cauchy sequence has 
exactly one cluster point is convergence complete.

P r o o f . Let (X ,p ) be a quasi-metric space in which each Cauchy se
quence has exactly one cluster point. Since convergent sequences are Cauchy 
sequences, it is clear tha t X  is a Hausdorff space. Obviously X  is sequen
tially complete. Since each subsequence of a Cauchy sequence is a Cauchy 
sequence, and thus has a cluster point in a sequentially complete quasi-met
ric space, a nonconvergent Cauchy sequence in X  would have at least two 
different cluster points. We conclude th a t each Cauchy sequence in X  is con
vergent. Hence X  is sequentially convergence complete. The result follows 
from Proposition 1.

EXAMPLE 4. A zero-dimensional sequentially complete quasi-metric 
space that is not complete.

We show th a t the well-known zero-dimensional pseudocompact space Ф 
(see e.g. [11, 51]) can be equipped with a compatible quasi-metric p that 
is sequentially complete, bu t not complete. Let A  be an infinite maximal 
almost disjoint family of infinite subsets of N. Let (an)n6N be an injective 
sequence of elements of A  and let H  — A \  {an : n G N}. As usual set Ф =  A li 
UN. For each n G N and each x G Ф define a subset Tn(x) of Ф as follows:

. { x } U (x \ (1, -  ., гг}) if x = ap, p G N, p < n.
Considering Lemma 1 we see tha t there is a quasi-metric p  on Ф such 

th a t Bn{x) — Tn(x)  for each n G N and each x G Ф. Clearly p induces the

' {*}
т ( ч { x } U ( x \{ l , . . . ,n } )  

{ x } U ( N \{ l , . . . ,n } )

if x G N; 
if x G Ti] 
if x = ap, p G N,
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usual topology on Ф. Set M  = {N \  {те} : те G N} U {N \  a : a G A}.  Since A  is 
infinite, M  has the finite intersection property. Since for each те G N the set 
Tn(an) is a member of the filter T  generated by M  on Ф, T  is a ZY(p)-Cauchy 
filter on X . Clearly it does not have a cluster point in Ф. We conclude tha t 
U(p ) is not complete.

We want to  show th a t (Ф,p) is sequentially complete. Let (z„)n6N be a 
Cauchy sequence in (Ф ,p).  For each те E N there are 1 „ 6 N  and yn G Ф such 
th a t Xk G Tn(yn ) whenever к G N and k > k n . Recall the first three arguments 
given in tha t part of the proof of Example 2 where we show tha t the space 
Z  is sequentially convergence complete. We see by argum ents similar to  the 
arguments given there (note that the subspace Y  of Z  corresponds to  the 
subspace N of Ф in an obvious way) tha t the sequence (xn)nCN has a cluster 
point in Ф, except, maybe, if the following three conditions are satisfied 
simultaneously:

(i) Уп£ A  whenever те G N;
( i i )  t h e r e  i s  a  ko G N s u c h  t h a t  h G N  fo r  e a c h  p o s i t i v e  i n t e g e r  к s u c h  

t h a t  к > ко]
(iii) Xk> n whenever те, к G N and к > m ax{k0, kn}.
However, in this case it is clear tha t the sequence (a;n)neN has a clus

ter point in the subspace A  of Ф, because { i „ : b g N }  has infinitely many 
elements in N and A  is maximal. This completes the proof.

Let us remark tha t in order to show th a t the quasi-metric space in Exam 
ple 4 is not complete we could also use the following technical result related 
to Lemma 4. (Consider the sets B p(an) where те G N.)

R e m a r k  1. Let (X , p ) be a regular complete quasi-metric space and let 
(zfc)fceN be a sequence in X  such that { B p(xk) ■ к E N) has the finite in ter
section property. Then P|{D{R^(xjt) : f c = l , . . . ,n } |n G N }  is compact.

P R O O F . Let (X ,p ) be a regular complete quasi-metric space and let 
(zjOfceN be a sequence in X  such that { B Pk (xk) : к G N ) has the finite in
tersection property. Set К  =  f'){n{.B£(£*;) : A: =  1 , . . . ,  те}|те G N}. Let C be a 
collection of X -open sets tha t covers K.  We want to show th a t there is a finite 
sub collection of C covering К . For each x  G К  choose an X -open neighbor
hood G x of X  such tha t GX Q D  for some D  G C. Let M  =  { B p( xк) : к G N} U  

U {X \  Gx : x G K } .  If M.  has the finite intersection property, then the filter 
generated by M  on X  is a U(p)-Cauchy filter on X  without a cluster point in 
X  — a contradiction to  the completeness of (X , p). Hence there are an те G N 
and a finite subset P  of К  such tha t f){R ^(xjt): к = 1 , . . . ,  те} Я U { ^ f  '• f  £ 
G P}.  Thus К  Q Г[{Врк(хк) : к  =  1 , . . . , п }  \J { G ] : f  G P )  g  |J{£> : D G TL)
for some finite subcollection 7i of C. We conclude that К  is compact.

Next we want to  study some conditions under whi h sequentially com
plete quasi-metric spaces are complete (compare Lemma 4).

Recall tha t a family of subsets of a topological space is called discrete 
if each point of the space has a neighborhood tha t intersects a t most one
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member of the family. A subset В  of a topological space X  is called a discrete 
set in X  [18] if the  family {{6} :bE B}  is discrete. A topological space X  is 
said to  have property wD  [18, p. 238] if for each countably infinite discrete set 
В  in X  there are a  countably infinite subset C  of В  and a discrete collection 
{G c : c E C} of open subsets of X  such th a t GcC\C =  {c} for each c E C. 
It is well known th a t a Tychonoff space th a t is realcompact, or countably 
paracom pact, or normal has this property [18, p. 240 and p. 252].

P roposition 2. A quasi-metric space that has property wD is sequen
tially (convergence) complete i f  and only i f i t  is (convergence) complete.

P roof. Let (X ,p ) be a  sequentially (convergence) complete quasi-met
ric space that has property w D . In order to  prove Proposition 2 it suffices 
by Lemma 2 to  show tha t ( X , p )  is (convergence) complete. Let (xk)keN be 
a  sequence in X  such tha t {B%(xk) :k E N} has the finite intersection prop
erty. Set К  =  Р|{П-В£(ха:) : к =  1 , . . . ,  те}|те E N}. We want to  prove that К  is 
countably com pact. Then the assertion wifi follow from Lemma 4, because 
a countably compact quasi-metric space is compact [8, Corollary 2.29].

Assume th a t К  is not countably compact. Let (xn)n6N be an injec
tive sequence without a cluster point in К . Since К  is a closed subspace 
of the Ti space X , {xn : n  E N} is a discrete set in X . Since X  has prop
erty  wD,  there are an (injective) subsequence (yn)neN of (xn)„eN and a 
discrete collection {Gn : n E N} of open subsets of X  such tha t Gn П {yk ■ к E 
G N } =  {уп} for each n E N. Since yn E Gn n K  whenever n E N, we have 
th a t Gn П (n{-Sfc(xfc): к = 1 , . . . ,  n}) ф 0 for each n E N. Choose zn 6 G n П 
П (f){B%(xk) : к  =  1 , . . . ,  те}) for each те 6 N. Since (zn )neN is a Cauchy se
quence in (X , p ) and (X , p ) is sequentially (convergence) complete, (zn )„eN 
has a cluster point x in X .  Hence for each neighborhood G of x we have 
th a t zn E G  for infinitely many те E N and, thus, G intersects infinitely many 
different members of the collection {Gn : n E N}. Therefore the collection 
{Gn : те E N} is not even locally finite a t i  — a contradiction. We conclude 
th a t К  is countably com pact. Hence we have shown th a t (X,p)  is (conver
gence) complete.

It follows from Proposition 2 th a t each Tychonoff realcompact sequen
tially complete quasi-metric space is complete. By using the following gen
eralization of realcompactness introduced in [9] we can still strengthen this 
result further. Recall th a t a  topological space X  is called almost realcompact 
[9] if for each maximal filter U of open sets in X  such tha t {U :U E U} has 
the countable intersection property it is the case th a t U has a cluster point 
in X .

PR O PO SIT IO N  3. Each regular almost realcompact sequentially complete 
quasi-metric space is complete.

P R O O F . Let ( X , p )  be a regular almost realcompact sequentially com
plete quasi-metric space. Let T  be a ZY(p)-Cauchy filter on X  and let 7i be a
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maximal open filter on X  such th a t {G £ T : G is open in X }  C Fi. We want 
to show that { G : G £ H}  has the countable intersection property. For each 
n £ N let Gn £ H.  Since T  is a £/(p)-Cauchy filter on X ,  for each те £ N there 
is a m „ e l  such tha t Bn(xn) £ T . Thus B n(xn) £ H  whenever n  £ N. For 
each n £ N choose yn £ P){Gfcn5^(xfc) :k = 1 , . . . ,  те}. Since X  is sequentially 
complete, we conclude that the Cauchy sequence (yn)neN in X  has a cluster 
point in P|{Gn : u e N ) .  Hence (G  : G £ H} has the countable intersection 
property.

Since X  is almost realcompact, there is an x £ X  such that x £ f}{G : G £ 
£ Ft}. Assume th a t there is a U £ F  such that x £ U . Since X  is regular, 
there are disjoint open sets V  and W  in X  such tha t x £ V  and  U C W . 
Therefore W  £ H  and x ^ W  — a contradiction. Thus x is a cluster point of 
F . We conclude th a t U(p) is a complete quasi-uniformity. Hence (X ,p) is 
complete.

We note tha t it is shown in [13] th a t the Dieudonné plank is alm ost real- 
compact. On the other hand it is easy to see that it does not have property 
wD.  (Consider the countably infinite closed discrete subspace { ( w i , n ) \ n £  
£ N} in this space.)

Finally let us point out that, essentially, the correct part in the argument 
of Theorem 7.33 in [8] shows that each TychonofF sequentially complete quasi
metric space is Cech complete. (Recall that a TychonofF space X  is Cech 
complete if and only if there exists a countable family {Qn :n £ N} of open 
covers of X  such th a t whenever T  is a family of closed subsets of X  th a t has 
the finite intersection property and th a t contains for each те 6 N a  member 
Fn w ith Fn C Gn for some Gn £ Qn , then T  has nonempty intersection [3, 
Theorem 3.9.2].

P roposition  4. Each Tychonoff sequentially complete quasi-metric 
space is Cech complete.

PROOF. We sketch the proof. It is easy to see th a t in order to  prove 
Proposition 4 it suffices to show tha t each sequentially complete quasi-metric 
space ( X , p )  has the following property: Whenever T  is a filter on X  such 
that for each те £ N there is a closed set Fn £ T  tha t is contained in some 
member of the open cover Qn — {B n (x ): x £ X} of X , then T  has a cluster 
point in X .

However this is clear by the following two observations.
First note that in this case { F : F  £ T ]  has the countable intersection 

property: Let Hn £ T  for each те £ N. For each те £ N choose yn £ П
Г\Нк : к = 1 , . . . ,  те}. Then the Cauchy sequence (j/n)neN in (X ,p) has a 
cluster point у in ГК-®*:: ^ £ N}, because X  is sequentially complete. Hence 
{ F : F  £ F }  has the countable intersection property.

Second we conclude th a t P){Fn : те £ N} is countably compact, because 
each sequence in the closed subspace f){Fn : те 6 N} of X  is a  Cauchy sequence
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in the sequentially complete quasi-metric space (X , p). Hence f) { Fn : n G 
G N} is compact, because a countably compact quasi-metric space is compact 
[8, Corollary 2.29]. Using that F n ( f ]{ F „  :n £  N}) ^  0 for each F  G F ,  we 
deduce tha t T  has a  cluster point in : n G N}.

We conclude this section with some remarks on countably compact quasi- 
pseudo-metric spaces. In [17, p. 194] Romaguera and  Gutiérrez ask whether 
a precompact left-p-sequentially complete quasi-pseudo-metric space must 
be compact. As we are  going to show now, this question has an affirmative 
answer. We obtain th e  answer as Corollary 3 to  th e  following proposition.

P r o p o s it io n  5 .  Each countably compact quasi-pseudo-metric space is 
convergence complete.

P r o o f . Let (X ,p )  be a countably compact quasi-pseudo-metric space 
and let T  be a 7/(p)-Cauchy filter on X .  Then for each n G N there is an 
xn G X  such th a t B ^ ( x n) G T . Since X  is countably compact, the sequence 
( i n )„eN has a cluster point у G X . Let mG N. There is a к G N such that 
к > m  and such th a t  Xk G Bvm+1(y ). Hence B^{xk)  C Bm(y)- Thus Bm(y) E 
G T . We conclude th a t T  converges to y. Therefore (X, p) is convergence 
complete.

C o r o lla r y  2. A precompact countably compact quasi-pseudo-metric 
space is compact.

P r o o f . Let (X ,p ) be a precompact countably compact quasi-pseudo
m etric space. By Proposition 5 we know th a t  (X,Z7(p)) is a precompact 
(convergence) com plete quasi-uniform space. T he usual argument shows tha t 
X  is compact: L et 7f be an ultrafilter on X . Since (X ,p) is precompact, H  
is a ZV(p)-Cauchy filter on X . Hence H  has a  cluster point in X , because 
U(p)  is complete. We conclude th a t X  is com pact.

C o r o l l a r y  3. A precompact sequentially complete quasi-pseudo-metric 
space is compact.

PROOF. Let (X ,p) be a precompact sequentially complete quasi-pseudo- 
metric space. I t  is observed in [17, p. 194] th a t in a precompact quasi-pseudo- 
metric space each sequence has a (left p-)Cauchy subsequence. Thus each 
sequence in X  has a cluster po in t, because X  is sequentially complete. Hence 
X  is countably compact. The result follows from Corollary 2 given above.

Note th a t a  countably compact quasi-pseudo-metric space need not to 
be compact [5,14].

Recall th a t  a  quasi-pseudo-metric space (X ,p) is called equinormal, if 
p(A,  В ) = inf {p(a, b): a G A,  b G В] > 0 whenever A  and В  are two disjoint 
nonempty closed subsets of X  (see e.g. [8, p. 37]). It is easy to see tha t each 
countably com pact quasi-pseudo-metric space is equinormal [8, Proposition 
2.24].
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EXAM PLE 5. An equinormal quasi-metric space tha t is not sequentially 
convergence complete.

Let Y  =  N X (NU {0}) and set Pn = {(i, j )  g N x N : Í  < i < n ,  1 = j  = n ) 
for each n G N. For each те G N and each x G Y  define a subset Tn(x) of Y  as 
follows:

{{x} if z G N x N;
{ (m ,0 )} U [(N x N )\F n] i f x  = (m ,0), m G N , m > n ;

{ (m ,0 )} U [(N x (N \{ m } )) \P n] i f x  = (m ,0), m G N , m < те.
By Lemma 1 there is a quasi-metric p on Y  such th a t B%(x) = Tn(x ) 

for each те G N and each x  G Y .  Construct a sequence (an )n6N in Y  by 
enumerating the points of the set {( i , j )  G N x N : i > j }  according to the 
lexicographic order on N x N. Since Т„((те, 0)) = {(те, 0)} U [(N x N) \  Pn\ for 
each те G N, (an)„eN is a Cauchy sequence in (Y,p).  Clearly (an)neN is not 
convergent. Thus (У,р) is not sequentially convergence complete. It remains 
to show th a t (Y,p)  is equinormal. Let F\ and F2 be disjoint nonem pty closed 
subsets of Y . We want to  show th a t there is an те G N such th a t F\  flTn(.F2) = 
=  0. First assume tha t there are two different points in N X {0} not belonging 
to F\.  Then F if l (N x N )  is finite, because F\ is closed. Hence there is an 
n G N  such tha t F\ ПТ„(Е2 П (N X {0})) = 0. Then F1nTn(F2) = 0- Second 
consider the case tha t (N X { 0 } )\P i contains at most one point. Then Р2П 
n (N  X {0}) contains at most one point. Since F\ is closed, there is an те G N 
such tha t F\ nT„(F2n(iV x {0})) = 0. Thus Р1ПТп(Р2) = 0. We conclude 
tha t (Y , p ) is equinormal.

R e m a r k  2. The author discovered Example 5 in July 1988. Indepen
dently the referee obtained essentially the same example when studying the 
first version of this paper. The referee also observes that each Hausdorff 
equinormal quasi-metric space (X , p )  is convergence complete. ( P r o o f . The 
space X  is regular, because each closed subset of the Hausdorff space X  is 
of countable character [7, p. 112]. (In fact X  is metrizable and the set of 
nonisolated points of X  is compact [7, Proposition 4.1].) Hence the quasi- 
uniformity U(p)  on X  is locally symmetric [8, Proposition 2.26], because p 
is equinormal. Thus each cluster point of a U(p)-Cauchy filter T  on X  is a 
limit point of F  [8, Proposition 3.9]. The assertion is now a consequence of 
the following proposition.)

The last proposition in this section shows tha t each equinormal quasi
metric space is complete. Note that this result is related to Theorem 7.34 of
[8]. In fact the proof of Theorem 7.34 given in [8] shows that an equinormal 
quasi-metric space is sequentially complete. Our Proposition 6 needs a proof 
however, because, as we have seen above, there are sequentially complete 
quasi-metric spaces that are not complete.

P r o p o s i t i o n  6 . Each equinormal quasi-metric space is complete.
P R O O F .  Let (X, p)  be an equinormal quasi-metric space and let T  be 

a 7/(p)-Cauchy ultrafilter on X . We have to show tha t T  converges in X .
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Since Т  is a U(p)-Cauchy filter on X , for each n G N there is an xn G X  such 
th a t Bn{xn) G T .

К the sequence (xn)neN has a cluster point у in X , then, as the proof of 
Proposition 5 shows, T  converges to  y. Hence in the following it suffices to 
consider the case th a t { x n :n  G N} is an infinite closed discrete subspace of 
X . Let us assume tha t T  does not converge in X . Since for each n G N the 
filter T  does not converge to xn , there is an sn G N such that B pSn{xn) ^ T . 
For each n G N set # n =  I?£(xn) \  ( (J -f-S ^ x ,): г =  1 , . . . ,  n}). Then H n G T  
whenever n G N. Define inductively a sequence (an)nCN of points of X  and a 
strictly increasing sequence (fc„)neN °f  positive integers as follows. Choose 
oi £ Я 1, and choose ki  G N such th a t x kl /  a\. Let n G N \{1} . Assume 
th a t an- i  and fcn_ 1 are defined. Since T  is a free ultrafilter, we can choose 
an an G Hkn- X \ { a i ,o 2, • • . ,  an_ i, x b  x2, . . m X ^ . J .  Moreover, since {xn : n G 
G N} has infinitely many elements, we can find a kn G N such th a t kn > 1
and such th a t х*,п ^ {ai, a2, . . . ,  a„, Xj, x2, . . . ,  x^n_1}. This completes the 
construction of the sequences (an)neN and (fcn ) n e n -

It is easy to check that {an : n G N} П {х^п : n G N} = 0. In fact, 
{an : n G N} П {x^n : n G N} = 0, because if n G N and r G N such tha t r  > 
> n, then ar ^ B ,kn(xkn), since ar G Hkr_j .  Because (X,p)  is equinormal, 
there is an /  G N such th a t an ^ Я у(х^) for each n , г G N. Then there is an 
m  G N such th a t km ~> f .  However am+1 G Н кт С Я ^ ( х km) C B pf (xkm) — a 
contradiction. We conclude tha t T  converges. Hence the quasi-uniformity 
U(p) is complete.

3. Quasi-metric completions

Let (X , U ) be a T\ quasi-uniform space. In [8, § 3.39] a quasi-uniform 
space (У, V) is called a completion of (X ,U ) if (У, V) is a complete T\ quasi
uniform space tha t has a dense subspace quasi-unimorphic (relative to U and 
V) to (X,ZV). Similarly we will call a quasi-uniform space (У, V) a convergence 
completion of (X,ZV) if (У, V) is a convergence complete T\ quasi-uniform 
space th a t has a dense subspace quasi-unimorphic (relative to U and V) to 
(X,U) .

In [8, Theorem 3.43] it is shown tha t a Ti quasi-uniform space (X , U ) has 
a completion if and only if whenever T  is a Cauchy filter on X  and x G X  
is a T(Z/-1 )-cluster point of X , then x is a T(ZV)-cluster point of T . It is also 
known th a t a T\  quasi-uniform space ( X , U ) has a convergence completion 
if and only if every fixed ZY-Cauchy filter on X  is convergent in ( X , U)  [2, 
essentially Theorem 3.9 and Lemma 3.8].

In this section we want to study several variants of Problem U posed by 
P. Fletcher and W . F. Lindgren in [8, p. 179]. As mentioned above, P rob
lem U asks for a characterization of the class of quasi-metric spaces having
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quasi-metric completions. In order to discuss this problem we introduce the 
following terminology.

Let (X , p ) be a quasi-metric subspace of a quasi-metric space (У, q). We 
say tha t (У, q) is a quasi-metric sequential (convergence) completion of ( X , p )  
if X  is dense in У and Y  is sequentially (convergence) complete.

Similarly we say tha t (У, q) is a quasi-metric (convergence) completion 
of (X ,p ) if X  is dense in У and У is (convergence) complete. Note th a t in 
this case the quasi-uniform space (Y,U (q )) is a (convergence) completion of 
the quasi-uniform space (X,U(p)) .

3.1. Prelim inary results. Let us first consider several topological proper
ties tha t are of interest in this context. We note that Lemma 5 and Lemma 6 
below are related to [8, Theorem 7.37] and [6, Proposition 2.10], respectively.

Recall th a t a T\ space X  has a base of countable order if and only if there 
is a sequence (Вп)п^ ц  of bases for X  th a t satisfies the following condition: 
Whenever x E X  and (bn)ngN is a decreasing sequence of subsets of X  such 
tha t x E bn E Bn for each n E N, then {bn : n E N} is a neighborhood base a t 
г  [19, Theorem 2].

Lemma 5. Each sequentially complete quasi-metric space has a base o f 
countable order.

P R O O F . Let (X ,p ) be a sequentially complete quasi-metric space. For 
each n 6 N set Bn =  {B vk( x ): x E X ,  к E N, к > n). Clearly Bn is a base for 
X  whenever n E N. Let x E X  and let (bn)neN be a decreasing sequence of 
subsets of X  such tha t x E bn E Bn for each n E N. Then for each n 6 N there 
are yn E X  and kn E N such, tha t bn = B pkn(yn) and kn > n. Since (bn)neN is 
decreasing, it is clear tha t (yn)n£n  is a Cauchy sequence in (X,p) .  Since 
(X , p ) is sequentially complete, (j/n)neN has a cluster point у in X .  Let 
m  E N. Then there is an s E N such that s >  m  and such th a t ys E B vmJrl(y). 
Hence x Eba = В ка(уя) C Bm(y)-  Thus x E Bm(y)  for each m  E N. Since X  
is a T\  space, we conclude tha t x = y. Hence {bn : n E N) is a neighborhood 
base at x. We have shown tha t X  has a base of countable order.

In the light of Proposition 4 it is interesting to note th a t by a similar 
proof one can show tha t each TychonofF Cech complete quasi-metric space 
(X , p ) has a base of countable order. (Let (£n )neN he a sequence of open 
covers of X  witnessing Cech completeness of X .  Set Bn = { B p(x) :x E X , 

and B p(x)  C G  for some G E (?„} for each n fc' N.)

Corollary 4. Each в -refinable sequentially complete quasi-metric 
space is developable.

P roof. Each 0-refinable T{  space with a base of countable order is de
velopable [19, Theorem 3].

Corollary 5. I f  a quasi-metric space has a quasi-metric sequential 
completion, then it has a base o f countable order.
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P r o o f . A subspace of a topological space that has a base of countable 
order has a base of countable order [19, Theorem 1].

C o r o l l a r y  6 . Each generalized ordered topological space admitting a 
sequentially complete quasi-metric is completely metrizable.

P R O O F . Let X  be a generalized ordered topological space that adm its a 
sequentially complete quasi-metric. It is known that each generalized ordered 
quasi-metrizable topological space is paracom pact [4, Theorem 4.1]. Hence 
X  is metrizable, because each paracom pact Hausdorff space that has a base 
of countable order is metrizable (see e.g. [19]). Since by Proposition 4 the 
space X  is Cech complete, it is completely metrizable [3, Theorem 4.3.26].

E x a m p l e  6 .  The Michael line and the Sorgenfrey line (see e.g. [8]) are 
quasi-metrizable generalized ordered topological spaces tha t do not admit 
quasi-metrics tha t have a  quasi-metric sequential completion, because these 
spaces do not have a base of countable order. [A related result is Corol
lary 7.39 of [8]. Note, however, th a t this result is based on the incorrect 
Proposition 7.39 in [8] (see below)].

Let us recall that a topological space X  is said to  be subdevelopable [8, 
p. 169] if there exists a sequence (£?n )neN of open covers of X  such tha t 
whenever x  G X  and x  G H n G Qn for each n G N, then {H n : n G N) is a local 
subbase a t x. In this case the sequence ((7n)neN is called a subdevelopment 
for X  (see also [12, Theorem  3.1, 1; 10]). Note th a t each subdevelopable 
T\ space has a Gá-diagonal. In fact it is known th a t a Tychonoff space 
is subdevelopable if and only if it is a p-space having a G^-diagonal [10, 
Theorem 1]. (The characterization given on p. 169 of [8] is not correct.)

L e m m a  6 .  Each sequentially convergence complete quasi-metric space is 
subdevelopable.

P R O O F . Let (X ,p ) be a sequentially convergence complete quasi-metric 
space. For each n G N  set Bn = {B%(x) : x E X } .  We wish to show that 
( # n ) n e N  is a subdevelopment for X .  Assume th a t x  E l  and th a t for each 
n G N we have tha t x G В%(хп) where x n G X .  We argue tha t {B n(xn) : n G N) 
is a local subbase at x . Assume the contrary. Then there is an m  G N and 
for each n G N there is a yn G X  such th a t yn G (П{-®£(х* ) : & =  1 , . . . ,  ra» \  
Bm(x).  Set zn = yn if n  G N and n is even, and set zn = x if n G N and n is 
odd. The Cauchy sequence (.zn)neN in (X ,p) converges to some point г in 
X ,  because X  is sequentially convergence complete. Since X  is a T\  space 
and (zn)nGN has a constant subsequence, we conclude that z = x, although 
zn £ B m ( x ) for infinitely many n G N. We have reached a contradiction. We 
conclude th a t X  is subdevelopable.

COROLLARY 7. A  quasi-metric space that has a quasi-metric sequential 
convergence completion is subdevelopable.

P r o o f . It is clear tha t a subspace of a subdevelopable space is subde
velopable (see [12, Theorem 3.2]).
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In [8, Proposition 7.39] it is stated that if a quasi-metrizable quasi-uni- 
form space has a completion, then it has a sub development. However as we 
are going to show now there is an example of a zero-dimensional complete 
quasi-metric space th a t does not have a Gj-diagonal. Of course this example 
contradicts Proposition 7.39 of [8]. (The error in [8] seems to occur in line 6 
on page 180.)

EXAMPLE 7. A zero-dimensional complete quasi-metric space without a 
Gg-diagonal.

Our construction combines an example of J. Gerlits [10, p. 345] with 
some ideas contained e.g. in [15].

Denote by I  the interval [0,1] of the reals and by {(xn(o:))neN : a  E A ]  
a family of sequences in I  with the following properties:

a) For each a E A  we have tha t (*»(«)) ngN is a convergent injective 
sequence in I  without its limit point.

b) For each a, ß E A  with a ^ /iw e  have that (xn( a ) : те E N} and {x n( ß ): 
те E N} have a finite intersection.

c) {(xn(<*))neN : a 6 *4} is maximal with respect to the properties a) and 
b).

Now we put X  =  (7 x { l ,2 } )U A  For each z,  у E X  define p( z , y )  as 
follows:

p { z , y ) =  i

0
2“n
1

if z  = y;
if z e A ,  те G N, у = (xn( z ) , j )  and j  E {1,2}; 
otherwise.

It is easy to check th a t p is a quasi-metric on X .  Note tha t for each 
те G N and each x E X  the set Bn(x)  is closed. Thus X  is zero-dimensional.

Let us show that the quasi-uniformity U{p) is complete. Let T  be a U(p)-  
Cauchy ultrafilter on X . We have to show that T  has a cluster point in X . 
Assume the contrary. Since T  is a U(p)-Cauchy filter on X ,  for each те G N 
there is an x n E X  such th a t Bn(xn) E T . Since T  does not converge in X , 
the ultrafilter T  on X  cannot contain a finite set. Thus x n E A  and x n — xi  
for each те G N. Hence T  converges to x\  — a contradiction. We conclude 
th a t each Z7(p)-Cauchy filter on X  has a cluster point in X .  Therefore U{p)  
is complete.

It remains to show th a t X  does not have a (^-diagonal. Assume the 
contrary. Then there exists a sequence ({7n)n6N of open covers of X  so th a t 
whenever x,  у E X  and x ф у there is а к E N such that x  ^ st(y, Qk). For each 
те G N set Sn = {г E I : (г, 2) ^ st((z, 1), £„)}. Then /  = |J { 5 n : те G N ). Since 
I  is uncountable, there exists а к E N such that Sk is infinite. Therefore, 
since the collection A  is maximal and since each infinite subset of I  has a 
subset that is the range of an injective and in I  (with respect to the usual 
topology) convergent sequence, there is an a  E A  such th a t x n(a) E Sk for 
infinitely many n G N. There is also a С E Gk such th a t a  E C.  Since C  is 
open, there is an  m G N  such tha t (x n( a ) , j ) belongs to  C  whenever n E  N,
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те >  m  and j  £  { 1 , 2 } .  Hence there is an s E N such tha t x s( a ) E Sk, and 
{(xs(a ), l ) , ( x s(a ) ,  2 ) }  Q C.  However, this contradicts the definition of Sk- 
We conclude th a t X  does not have a Gj-diagonal. In particular X  is not 
sequentially convergence complete.

Our last result in this section is related to  Theorem 4.4 of [6]. Note tha t it 
shows tha t the Niemytzki plane admits a convergence complete quasi-metric 
[8, 5.17; 3, 3.9.D].

P roposition 7. Each Tychonoff orthocompact Cech complete space with 
a Gs-diagonal admits a convergence complete quasi-metric.

P roof. Let X  be a Tychonoff orthocom pact Cech complete space with 
a  Gi-diagonal. Since X  is a Cech complete Tychonoff space, there is a 
countable collection {Qn :n  E N} of open covers of X  such th a t whenever T  
is a collection of closed subsets of X  tha t has the finite intersection property 
and that has the property th a t for each n E N there is an Fn & X  such th a t 
Fn C Gn for some Gn E Gn, then  T  has nonem pty intersection. Since X  has 
a Gi-diagonal, there is a countable collection {7i n : n E N} of open covers 
of X  so th a t whenever x , у £ X  and x ф у  there is an n E N such th a t 
у £ s t(x ,?fn). For each n  E N set TZn = {R  is open in Х :Д С ( Я П б )  for 
some H  E H n and some G E Gn}- Since X  is orthocompact (see e.g. [8, 
p. 100] for the definition of the notion of orthocom pactness), for each n E N 
there is an interior-preserving open refinement Vn of 7Zn. For each n E N 
and each x £ X  set Tn(x) =  Р |{£ £ Vk : x E S , к E N and к < те}.

Let x E X .  First let us show tha t {ТЦ х) : те £ N} is a neighborhood 
base at x. Assume the contrary. Then there is an open neighborhood G 
of x such th a t V  =  {Tn(x) \  G : n £ N} is a  closed filterbase on X .  By the 
property of the  collection {Qn : те E N} the filterbase V  on X  has a cluster 
point у in X  \  G. By the property of the collection {K n : те E N} we have tha t 
f]{Tn(x ) : те E N} = {x}. Hence y — x — a  contradiction. Thus {Tn{x) : те E 
E N} is neighborhood base a t x.

By Lemma 1 there is a quasi-metric p on X  such tha t for each те E N and 
each x E X  we have tha t H£(x) = Tn(x). In particular p induces the topology 
on X .

Let us show that (X ,p ) is convergence complete. Because of Corollary 1 
it suffices to  show tha t each Cauchy sequence in (X ,p) has exactly one cluster 
point in X . Let (xn)n€N be a Cauchy sequence in (X ,p ). Then for each те E 
E N there are yn E N and kn E N such th a t {x* : к E N, к > kn} Cj Tn(yn). 
Clearly by the property of the collection {Qn :те£ N} the sequence (xn)n6N 
has a cluster point у in X . By the property of the collection {7in : n E N} 
we get th a t f ) {Tn(yn) : n E N} = {y}. This shows tha t у is the only cluster 
point of the  sequence (x„ )„6n  in X . Hence (X, p) is convergence complete.

3.2. Construction of completions. Now we are ready to  answer Problem 
U of [8]. We will give necessary and sufFicent conditions in order that a quasi
metric space (X ,p) has a  quasi-metric sequential completion (quasi-metric
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sequential convergence completion, quasi-metric completion, quasi-metric 
convergence completion). Our characterizations of these spaces should be 
compared with the characterization (given in the  beginning of section 3) of 
the T\ quasi-uniform spaces having a (convergence) completion.

P roposition 8. Let p be a quasi-metric on a set X . Then the following 
conditions are equivalent:

a) The quasi-metric space (X , p ) has a quasi-metric sequential completion
(Y ,q).

b) Whenever (xn)n£N is a Cauchy sequence in  (X ,p ) and x E X  is a 
T (p ~ l )-cluster point o f the sequence (xn)ngN, then x is a T(p)-cluster point 
of the sequence (x„)n€N-

c) The quasi-uniform space ( X , U (p)) has a completion.
The proof of Proposition 8 is based on following technical lemma.
For later use we formulate it in a fairly general form.

Lemma 7. Let p be a quasi-metric on a set X  and l e t Y  = X  U A  where 
X  and A  are disjoint. For each x E A  let be given a point s(x) E X  and a 
decreasing sequence (5„(x))n6N o f nonempty subsets o f X  such that 5 i(x ) = 
=  f?£(s(x)). For each x, у E Y  define q(x,y) as follows:

' P(x , y)
p(s(x),s(j/)) + 2

Q( x , y )  = < 0
p(x,s(y)) + 3
inf {max [p(Sn(x),  y), nE  N}

i f x ,  у E X ;  
i f  x,  У£ А,  х ф у ;  
i f  x,  y E A , x - y ;  
i f  x E X,  y E A ;  
i f  x e A,  y E X .

Then q is a quasi-pseudo-metric on Y . Furthermore

B qm(x) = ( U № ( &) : b e S^ + Á x ) } )  U {x}

fo r  each x E A  and m  E N.
I f  q satisfies the condition

(v) g(x, у) ф 0 whenever x E A  and y E X ,  
then q is a quasi-metric on Y .

P roof. First we prove that q satisfies the following condition:

\q(x,y) — p(s(x) ,y) \  ^ 1 whenever x E A  and  y E X .

In order to see this, let x E A  and y E X .  Note th a t for each n  E N 
and each z  E Sn(x ) we have that p(s(x), y) ^ p(s(x), z ) + р (х , у) £ 1 + p (x , у). 
Thus p(s(x), у) -  1 < inf {max {p(5„(x), t / ) ,{ } :n £ N }  = q(x,y).  Further
more observe that q(x, y)  < max{p(jB{’(5(x)), y), 1} < p(s(x) ,  y) + 1. Hence 
|9( x ,y ) - p ( s ( x ) ,y ) |< l .
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I t  is obvious th a t q is a quasi-pseudo-metric on У provided th a t q satisfies 
the triangle inequality. Let us verify th a t q fulfills this condition. To this end 
let x , у  and z be elements of У such th a t x ^  z  and z  фу .  It is straightforward 
to  check that the inequality q(x,  y) < q(x, z) + q( z , y) follows immediately 
from  the definition of q or from the  inequality proved above whenever z or у 
belong to Л.  In order to give an example consider the case th a t x  £ Л, z £ A  
and  y e X .  Then q(x, y) < p (s(x ), у)  +  1 < p (s(x), s(z)) + 2 + p(s(z) ,  у) - 1  < 
^  q(x , z) + q(z, y). The remaining five cases are similar.

Therefore it remains to consider the case th a t z  and у belong to X .  
T his case is trivial if x E X .  Hence it suffices to  study the case that x £ 
£ A ,  z £ X  and у £ X . For convenience set h =  q(x,z) .  Let s be a real 
num ber such th a t s >  h. By the  definition of q(x, z)  there are an n £ N 
and  a b £ S n(x)  s u c h th a t 1/n  < s and p ( b , z ) < s .  Hence 1 / n  < s+p(z , y )  
and  p(b , y )<p(b , z )  + p ( z , y ) < s  + p(z , y) .  Thus by the definition of q(x,y)  
we deduce tha t q(x,y)  ^  h + p(z,  y)  =  q(x, z) + q(z ,y) .  We have shown that 
(У, q) is a quasi-pseudo-metric space.

Since the last assertion m ade in Lemma 7 is obvious, only the set-the
oretic equality remains to be verified. Suppose th a t x £ A  and  m  £ N. Let 
У £ Bm(b) for some b (x ). S e tn  = 2m +  1. Then m ax {X,p(b,y)} <
<  2~m and b £ Sn(x). Therefore у £ 5 „ ( i ) .  On the other hand let y £ Bm{x)  
such that у ф х .  Then g(x, y) < 2~m . There are a positive integer n and b £ 
£ S n(x) such th a t 1 /n  < 2~m and p(b, y) < 2~m . Hence у £ Bm(b)  and n > 2m. 
We conclude th a t у £ Bm{b) for some b £ Sn(x) C 52m+i(x).

P r o o f  o f  P r o p o s i t i o n  8. We recall th a t a T \ quasi-uniform space 
(X , U ) has a completion if and only if whenever T  is a ZV-Cauchy filter on X  
and x £ X  is a  T(ZY-1 )-cluster point of T , then x is a T(ZY)-cluster point of 
T  [8, Theorem 3.43]. Using th is result we wish to  see first th a t conditions 
b) and c) are equivalent.

c)—>b): This is an obvious consequence of the result ju s t cited.
b)->c): Let T  be a ZV(p)-Cauchy filter on X  and let x £ X  be a T (p-1 )- 

cluster point of T . By the result mentioned above it suffices to show tha t 
x is a 7”(p)-cluster point of T . Assume the contrary. T hen there exists 
a  T(p)-closed subset F  of X  belonging to T  such that x ^ F.  Since T  is a 
ZY(p)-Cauchy filter on X ,  there exists a sequence (xn)neN of points of X  such
th a t Bn(xn) £ T  whenever n  £ N. For each n  £ N choose yn £ Bn (x )D F fl 
П (Р){1?£(ха:) : к = 1 , . . . ,  n}). By condition b) the point x is a T(p)-cluster 
point of the Cauchy sequence (i/n)neN in (X ,p ). Hence x belongs to F  — a 
contradiction. We conclude th a t x is a T(p)-cluster point of F.  Therefore 
condition c) is satisfied.

We finish the proof by showing that conditions a) and b) are equivalent.
a)->b): Assume th a t (x n )nCN is a Cauchy sequence in (X ,p) and th a t 

x £ X  is a T ( p ~x)-cluster point of (xn)neN in X . Then there is a sub
sequence (zn)nGN of (Zn)neN such that x £ Bn(zn) whenever n £ N. Since
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(zn)neN is a  Cauchy sequence in the sequentially complete quasi-metric space 
(Y,q),  the sequence (zn)n£N has a T(g)-cluster point r  in У . Then we have 
tha t lim q(r, yn) — 0 for some subsequence (t/n)neN of (zn )n£N- Moreover

71— ► O O

lim q(yn, x )  = 0. Since q is a quasi-metric on Y , r = x £ X . Hence x  is a
71— ► OO

cluster point of (zn)neN in (X , p). Therefore (X ,p) satisfies condition b).
b)—>a): In order to prove this implication we assume th a t (X , p ) is a 

quasi-metric space tha t satisfies condition b). We will construct a quasi
metric sequential completion of (X , p ). Let Л ~ { х : х  is a Cauchy sequence 
in (X , p ) w ithout T(p)-cluster point in X } .

Set Y  = X  l) A.  Let x = (xn)ngN £ Л.  Choose a sequence ([x](n))ne]y of 
points in X  and a strictly increasing sequence ( i n( i ) ) IlgN of positive integers 
such that {Xk : к £ N, к > fcn(x)} Q B£([x](n)). Set 5n(x) =  {xk  : к £ N, к > 
^  fcn(x)} whenever n £ N \{1 } , 5 i(x ) = H f([x](l)) and s(x) =  [x](l). Clearly, 
(5 n(x))n€N is a decreasing sequence of nonempty subsets of X . Hence we 
can use Lemma 7 to construct a quasi-metric g o n L , provided th a t q satisfies 
condition (v):

Assume th a t у £ X  and x — (xn)nes  £ Л  such that q(x , y) — 0. We have 
th a t lim p(yn , y ) r=0  for some subsequence (yn)neN of the Cauchy sequence

71— ►OO

(^n)neN in X . Because of condition b) the point у is a cluster point of the 
Cauchy sequence (xn)neN in (X, p)  — a contradiction, since x £ A.  Hence 
(У, q) is a quasi-metric space.

Note tha t th e  set-theoretic equality proved in Lemma 7 shows tha t for 
each x = (xn)neN £ Л  the sequence (xn)neN of points of Y  converges to the 
point x  in Y .  In particular X  is dense in Y.

Finally we w ant to show tha t (У, q) is sequentially complete. Let (zn)„eN 
be a Cauchy sequence in (У, q). Consider the 7/(9)-Cauchy filter T  generated 
by {{zk : к £ N, к > n )\n  £ N} on У. For each n £ N there is a yn £ Y  such 
tha t Bn(yn) £ T . If X  £ T ,  then П { ^ ( ^ ) : ^ =  1, • • •, n} \ X  7̂  0 for each 
n £ N. Hence yn £ A  and yn =  jq whenever n £ N. Thus T  (and, therefore, 
(^n)neN) converge to  yx.

It remains to  consider the case tha t X  £ T . In this case we want to show 
tha t the filter { FC \ X  : F  £ F }  is aZV(p)-Cauchy filter on the subspace X  of У. 
Assume the contrary. Then clearly there is a к £ N such that yn £ Л  whenever 
n £ N and n > k. Let s £ N and let h £ N such tha t h > max{A:, s}. By Lem
ma 7 (X  П Bl ( yh)) c  U {U £(z): Z £ Sh(yh)} Q B ^ y ^ h ) )  C B ps ([yh](h)), be
cause Sh(yh) i  -S^([2//i](h)). Since X  П B qh(hy) £ F ,  we have tha t B p([yh](h))£ 
£ F . Hence for each s £ N there is a wa £ X  such th a t B p(ws) £ F  — a  contra
diction. We conclude th a t, in the case under consideration, ( F f lX  : F  £ F } 
is a U(p)-Cauchy filter on the subspace X  of У.

Hence there is a  j  £ N such tha t (zn)n>j is a Cauchy sequence in the 
subspace X  of У. If the sequence (zn)n>j does not have a cluster point in 
(X,p) ,  then by definition z := ( z n)„gj £ A  and, thus, the sequence (zn )n6N 
in У has the limit point z £ У by an observation made above. Otherwise,
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obviously, (zn)neN bas a d u s te r point in У .
We condude tha t each Cauchy sequence in (У, q) has a cluster point in 

(У, q). Hence (У, q) is sequentially complete.
Next we wish to characterize the quasi-metric spaces tha t have a quasi- 

metric sequential convergence completion.

P r o p o s i t i o n  9. Let p be a quasi-metric on a set X . For each те G N set 
Bn =  {Bn(x)  : x  G X }. Then the following conditions are equivalent:

a) (X ,p ) has a quasi-metric sequential convergence completion.
b )  The collection { Bn : n  G N }  is a subdevelopment fo r  X .
c) (X ,p ) has a quasi-metric convergence completion.
d) The quasi-uniform space (X , H ( p )) has a convergence completion.

P r o o f . A g a i n  o n e  e q u i v a l e n c e  i s  n e a r l y  o b v i o u s .
d)—>b) and b )—>d): It is straightforward to check tha t the condition 

“Each nonconvergent ZY(p)-Cauchy filter on X  is free” and condition b) are 
equivalent. Hence the two implications follow from the result [2, Theorem 
3.9 and Lemma 3.8] (cited in the introduction to section 3) that a T\ quasi
uniform space (X , l i ) has a convergence completion if and only if each fixed 
W-Cauchy filter on X  converges in (X ,M ).

We are going to show now tha t the remaining conditions are equivalent 
to condition b).

a) —>b): Let (X , p) be a quasi-metric space th a t has a quasi-metric se
quential convergence completion (У, q). For each n G N set Cn =  { B f i y ) : у G 
G У}. Then {Cn : n G N} is a sub development for У by the proof of Lemma
6. Since (X , p )  is a subspace of (Y , q ), it is clear tha t { ß „ :n G N }  is a 
sub development for X .

b) —»c): Let (X ,p ) be a quasi-metric space such tha t {H „ :n G N }  is a 
sub development for X . We construct a quasi-metric convergence completion 
o f(X ,p ). Set Л  =  {x : x  is a nonconvergent U(p)-Cauchy filter on X } and У = 
=  X U A  Let z G Л.  For each n G N choose [х](те) G X  such tha t 1?£([х](те)) G 
G x. Set s(z) =  [z](l) and for each n G N set 5 n(x) = P |{P^([z](fc)): fc = 
=  1 , . . . ,  те}. We wish to  construct a quasi-metric q on У according to Lemma
7. It remains to check tha t q satisfies condition (v).

Assume the contrary. Hence g(x,t/) = 0 for some у G X  and some xG 
G Л.  By the definition of q there is a sequence (^n)„eN in X  such that 
zn £ : к = 1 , . . . ,  те} and such tha t у G Bn(zn) whenever те G N.
Hence у G •S^_1([z](n)) for each n G N \{ l} .  Since {H „:nG N } is a subde
velopment for X , we conclude th a t the filter x  converges to y. Since x G A,  
we have reached a contradiction. Hence (У, q) defined as in Lemma 7 is a 
quasi-metric space.

It remains to  show that (У, q) is a convergence completion of (X ,p). Let 
x G Л.  Since, according to Lemma 7, S2m+1(x) Q r) for each m  G N, the 
filterbase x on У converges to  the point x in У . In particular X  is dense 
in У.
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Let T  be a 7/(g)-Cauchy filter on У. Assume th a t F  does not converge 
in Y . The argument given in the corresponding part of the proof of the 
last proposition shows that and that 7i  := { P  Л X  : F  E T }  is a U(p)-
Cauchy filter on the subspace X  of Y . Since T  does not converge in У, we 
have th a t H E A.  Then, clearly T  converges to TLe Y  — a contradiction. 
Hence we conclude tha t each U(q)-Cauchy filter on У converges in У. Thus 
(У, q) is a quasi-metric convergence completion of (X ,p ).

c)—»a): By Lemma 2 each convergence complete quasi-pseudo-metric 
space is sequentially convergence complete.

Proposition 9 naturally suggests the question whether a quasi-metric 
space (X, p)  has a quasi-metric completion whenever it has a quasi-metric 
sequential completion. The final paragraphs of this paper are used to  point 
out the set-theoretic nature of this question.

P r o p o s i t i o n  10. Let p be a quasi-metric on a set X . Then the following 
conditions are equivalent:

a )  The quasi-metric space (X , p )  has a quasi-metric completion.
b) The quasi-uniformity U(p) has a quasi-uniform completion with a 

countable base.
c) Each U(p)-Cauchy ultra filter T  on X  without lim it point in ( X , p )  has 

a countable subcollection of T (p-1 )-closed subsets o f X  with empty intersec
tion.

P r o o f , а ) —>Ъ): L e t  ( X ,  p )  b e  a  q u a s i - m e t r i c  s p a c e  t h a t  h a s  a  q u a s i 
m e t r i c  c o m p l e t i o n  ( У ,  q). T h e  q u a s i - u n i f o r m i t y  U(q)  s a t i s f i e s  t h e  n e c e s s a r y  
c o n d i t i o n s .

b ) —>c): Let (У, V) be a quasi-uniform completion of (X , U ( p )) (where we 
suppose th a t (X, U{p )) is a dense subspace of (У, V)) with a countable base 
{Vn : n E N} and let T  be a ZV(p)-Cauchy ultrafilter on X  th a t does not have a 
limit point in (X ,p). Since (У, V) is complete, the V-Cauchy filterbase T  on 
У has a  cluster point у in (У, V). For each n E N set Fn =  с1т-(р-1)(Уп(г/) П 1 ).
Then (УП(2/)П 1) Я ^ п Я  (У„2(з/)ПХ) whenever n E N. Thus P|{.Fn : n E N} =  
=  0, because (У, T(V)) is a T\  space. Since у is a cluster point of the filterbase 
T  on (У, V), it is clear th a t {Fn : n E N} is a subcollection of the ultrafilter 
T o n  X .

c) —>a): We want to  contruct a quasi-metric completion (У, q) of ( X ,p). 
Set A  =  {x : x  is a ZY(p)-Cauchy ultrafilter on X  without lim it point in (X , p)} 
and У =  X \ J  A.  Let x  E A.  Then for each n E N there is an [z](n) E X  
such th a t Нп([х](тг)) E x.  By our assumption, x has a countable sub collec
tion { Fk ( x ) : к E N} of T (p -1 )-closed subsets of X  with em pty intersection. 
Set s(x) =  [x](l), Si(x)  = Bl([x](l))  and Sn(x) = [){Fk( x ) n  B pk([x](k)) : к = 
= 1 , . . . ,  те} whenever n E N \  {1}. Then (5’n(a;))n6N is a decreasing sequence 
of nonem pty subsets of X . We define a distance function q on У as in Lemma 
7. Let us check that q satisfies condition (v):

Assume th a t q(x,y)  =  0 for some x E A  and some у E X .  Then there
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is a  sequence (2n)neN iQ % such th a t  lim p(zn , y )  = 0 and such tha t zn Gn—► oo
E r \ { F k ( x )  : к = 1 , . . . ,  n} for each n  G N. Since -Fn(s )  is T (p -1 )-closed when
ever re 6 N, we have th a t у G Р|{.Рп(ж) : n G N} — a contradiction. Thus (У, q) 
is a  quasi-metric space.

Let x G A. Since by Lemma 7 we have th a t 52"»+i(a;) C Bm(x)  for each 
m  G N , the filterbase x  on У converges to the point x in У. In particular X  
is dense in У.

It remains to  show that (У, q) is complete. Let X  be a Z7(q)-Cauchy 
ultrafilter on Y .  We assume th a t X  does not converge in (Y,q) .  The same 
argum ents as in th e  corresponding part of the proof of Proposition 9 show 
th a t  this assum ption is incorrect. (In particular note tha t in our case the 
filter 7i on X  is an  ultrafilter.) Hence each 7/(q)-Cauchy filter on Y  has a 
cluster point in (Y , q). Thus (У, q) is complete.

Recall tha t a  metric space X  is realcompact if and only if every closed 
discrete subspace of X  is of non-measurable cardinality [e.g. 3, 5.5.10 and 
11 , 12.2].

P r o p o s i t i o n  11. Letp be a quasi-metric on a set X  such that the met
ric space (X , p*) is realcompact. Then the quasi-metric space (X, p)  has a 
quasi-metric sequential completion i f  and only i f  it has a quasi-metric com
pletion.

P r o o f . Let p  be a quasi-m etric on a set X  such tha t the metric space 
(X,p*)  is realcompact and such tha t ( X , p )  has a quasi-metric sequential 
completion. I t  suffices to show th a t (X, p)  has a quasi-metric completion. 
Let T  be a Z7(p)-Cauchy u ltrafilter on X  w ithout a T(p)-lim it point in X .  
T he ultrafilter T o n i  has a countable subcollection {Zn : n G N ) of T(p*)- 
zero-sets such th a t  f \{Z n : n G N} = 0, because X  does not have a T(p*)-limit 
point in X  and  T(p*) is realcom pact [11, 10М.2].

Since X  is a  Z7(p)-Cauchy filter on X , for each n G N there is a yn G X  
such that Bn ( yn ) £ ?■ For each n G N set H n = f ] {ZkDBl (yk )  : к = 1 , . . . ,  n ) . 
Then # n G X  whenever n G N.

Assume th a t  there is an x  G : n G N}. For each n G N choose
zn G Bn ( x ) n  H n. Then x  G B n(zn) for each n G N. Thus x  is a T (p -1 )- 
cluster point of (zn)neN' Moreover (z„)neN is a Cauchy sequence in (X, p) .  
Hence according to Proposition 8 we get th a t x  is a cluster point of the se
quence (zn)n eN in (X ,p), because (X , p )  has a quasi-metric sequential com
pletion. We deduce that x  E CI7 for each n G N. Thus x  G CI7-̂ p,^Hn C 
C Zn whenever n G N — a  contradiction. Hence f'|{cl7-(p-i).fln : n G N} =  0. 
Furtherm ore {с1т-(р- 1)Я п : n  E N} is a subcollection of X . By Proposition 10 
we see th a t ( X , p )  has a quasi-metric completion.

Our last example shows th a t we cannot omit the cardinality assumption 
implicitly contained in Proposition 11.
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E x a m p l e  8 .  A  quasi-metric space ( X , p )  tha t has a quasi-metric se
quential completion, but does not have a quasi-metric completion.

Let A  be a set of measurable cardinality. Then there exists a free ultra- 
filter V  on X  w ith the countable intersection property (see e.g. [11, 12.2]). 
Let (xn)neN be an injective sequence of points of X  and let (i7„)neN be a 
strictly decreasing sequence of subsets of X  belonging to V  such th a t x n £ U\ 
for each n E N. For each n E N and each x E X  define Tn(x)  as follows:

Tn(x)
{*}

- U n  u { x }  

{*}

if X 6 ( x \ { x k, k e  N}); 
i í x  = x k , k E  N, k^ .n;  
i f x  — Xk, к E N, k < n .

By Lemma 1 there is a quasi-metric p  on X  such th a t Bn(x)  = Tn( x ) 
whenever n £ N and x E X .  Clearly V  is a U(p)- Cauchy filter on X  w ithout 
cluster point in X .  Since V  has the countable intersection property, ( X , p )  
does not have a quasi-metric completion by Proposition 10.

-We want to show tha t ( X , p )  has a quasi-metric sequential completion. 
Let ( i n)n£N be a Cauchy sequence in (X, p)  such tha t x E X  is a T (p -1 )- 
cluster point of (xn )„eN- Then there is a subsequence (an)n£N of (xn)neN 
such th a t x E f?£(an ) for each n E N. By Proposition 8 in order to show 
that ( X , p )  has a quasi-metric sequential completion it will suffice to prove 
tha t (dn)n£N is eventually constant, because then, of course, ж is a T (p)- 
cluster point of (a„)ngN and, thus, of (xn)neN- Assume th a t (an )n£N is not 
eventually constant. Since (an)n6N is a Cauchy sequence in (X, p) ,  for each 
n E N there are yn E X  and hn E N such tha t {ak :k E N, к > hn} Q B£(t/n). 
Then for each n E N there is a kn E N such th a t kn ^>n and yn = x kn. In 
particular the sequence (yn)neN cannot be constant. Hence there is an s E N 
such th a t {an : n E N, n  > s) C (JC\ {xn : n E N}). Since x E B%(an) for each 
n E N, we conclude by the definition of the sets Tn(an) th a t, nevertheless, 
(fln)neN is eventually constant — a contradiction.
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A NONSTANDARD RESULT ABOUT 
PATH CONTINUITY

J. M ASTERSON (E ast Lansing)

The purpose of this note is to  show that the nonstandard characterization 
of approximate continuity given in [4] by W attenberg holds more generally 
in the context of “continuity paths” described by Bruckner, O ’Malley and 
Thomson [3].

It is assumed that the reader is familiar with the principal elementary 
tools of nonstandard analysis: the transfer principle, internality  and con
currence. [1] is a readily understandable reference. Beyond these, the more 
powerful extension of concurrence called saturation is of critical importance. 
[2] (page 27) illucidates this sufficiently.

Let Ul denote a higher order structure including R and its Lebesgue 
measure space, and *Jl a x-saturated nonstandard extension of J l. W ith x 
assumed to be sufficiently large Wattenberg made the following definition.

DEFINITION 1. x £ *[0,1] is negligible in case there is a standard set 
A  C [0,1] so that

(i) st(x) is a point of dispersion for A,
(ii) x £ *A.
Let X  denote the set of negligible points of *[0,1]. Then, W attenberg 

proved the following:

T h e o r e m . Suppose f : [0,1] —* R and x £ [0,1]. Then f  is approximately 
continuous at x i f  and only if  fo r  each t £ p(x) \ X ,  * f{t )  a; * /(x ) .

In some sense, then, the set X  universally selects from each monad the 
points eliminated from consideration by the local selection of a set of density 
1 a t each of the points of [0, 1].

A proof is not supplied since an examination of the result in [4] indicates 
th a t it holds more generally in the  setting of continuity paths described by 
Bruckner, O’Malley and Thomson in [3].

D e f i n i t i o n  2. L e t x e R
(1) A path leading to x is a set £ XC R  such th a t x £ Ex and x  is an 

accumulation point of Ex .
(2) A system o f paths at x, ex , is a collection of paths leading to  x.
(3) A system o f paths is a collection e = U{£x : x  £ R}.
The properties listed below are easily shown to  hold for several of the 

well-known systems of paths studied in [3], including the ordinary type, the 
(1, l)-density type and the qualitative type. They are sufficient to  give us
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the generalization referred to  above. The (1, l)-density type is the result 
in [4].

D e f i n i t i o n  3. A system  of paths will be called locally thick in case the 
following conditions are satisfied.

(i) If Ex(l) and E x(2) are in £x, there is E x(з) in ex so tha t Ex(3) C E x(i) П 
П E x( 2).

(ii) If Ex G £x , then for rj > О, Ex П (x — 77, x +  rj) G £x .
(Ш) If E xn G £x for n  G N, there is decreasing sequence (cn) —► 0 so that

O O

U {Jn r\Exn) \ j {x}  G £x where Jn -  (x -  c„, x - c n+i] U [z +  c„+i, z +  cn).
n = l

D e f i n i t i o n  4. A function / : R —> R  is said to  be г -continuous at x in 
case 3EX G £x so tha t lim f ( y )  =  / ( z ) .

y£Ex
For the remainder of this section, the family £ will be assumed to be 

locally thick. Also, D c denotes the complement of D  in R.

T h e o r e m  1. /  : R  —* R is e-continuous at x i f  and only if for each e > 0, 
{y ■ I f ( y )  -  f ( x )I ^  s} C (E x)c for some E x G £*•

P r o o f . Suppose /  is e-continuous at x. Then, there is Ex G £x so that: 
for each £ > 0 there is 6 > 0 so th a t {y : \ f (y)  — f ( x ) \  > e} C [Ex U (x — 6, x + 
+  i) ]c. Property (ii) of Definition 3 produces Fx G £x so {y : \ f (y)  — f (x) \  ^ 
^ e} C (Fx)c.

Suppose for £ > 0, {y  : | f ( y )  — f ( x ) \  > e) C (E x)c. Given n G N, there is 
E xn G £x so E xn C {y : \ f ( y ) ~  f (x ) \  < 1 /n}.  By Property (iii) of Definition 
4, there is (cn) —»• 0 so Fx =  (Exn П «7̂ ) U {z} G £x ■ It is easily computed that 
hm f ( y )  = f ( x ) .

For the system of paths £ we define the nonstandard set ^V(f ) in *R.
D efinition  5. = {z G ’ R  and Ex G ex so that x = st(z)  and z g

G *(Er )c}. ^V(e) is called the £-negligible elements of *R.

T h e o r e m  2 .  / : R —» R  is e-continuous at x  if  and only if  for every 
у е ц ( х ) \ Х ( е ) ,  * f ( y ) ~ * f ( x ) .

The proof is by way of the following lemma.

L e m m a . Suppose A  C R and x  G R. Then A  C (Ex)c for some Ex e e x O  
р,(х)Г\*А CAi(e).

P r o o f . Suppose first tha t A  is not a subset of (Ex)c for any Ex £ e x . 
By Property (ii), for 77 > 0 and any Е ХЕ£Х, АГ \ Е х Г\ (х - г 1, х  + г])уЧ). The 
transfer principle gives us *АГ\*Ех Г\*(х -  g, x  -f д) ф 0 for g infinitesimal, 
and hence * АП* Е ХГ\ p(x)  ф 0. Let r be the relation defined on £x x p (x )  
by (E x, y) G r in case Ex G £x and у G *Ех П*АГ)ц(х).  We show that r is a 
concurrent, nonstandard relation. If {Ex 1, . . . ,  E xn} is a finite subset of £x ,
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there is by Property (i) an Ex C f |  Exk• Pick у  G *EXC\*АС\ц{х).  Then
k - l

( Exk,y)  £ r  for fc = l , . . . , n  and the concurrence of r  is established. The 
saturation of our model now gives a z  £ y.(x) so tha t (Ex, z) £ r for all E x £ 
£ ex. But then z  £ fi(x) П * A  but 2 ^  (E x)c for any Ex £ ex. So, 2 &N( e)  and 
the conclusion is negated.

Assume now A  C (E x )c for some E x £ ex. Let 2 £ ц(х)С\*А. Then x  = 
=  s t(2) and 2  £ *(EX)C, hence 2 £j f ( e ) .  So y, (x)n*A CA^(e) and the proof of 
the lemma is complete.

P r o o f  o f  T h e o r e m . By Theorem 1, /  is е-continuous at x  <£> Ve >  0,  
{У ■ \f(y) -  f  0)1  ^ C {Ex)c for some Ex £ ex &  Ve > 0 , /i( i)  П { y : \*f ( y)  -  
— * f ( x )I ^ e }  CN( e )  (by above lemma). We need only show this la tter s ta te 
ment is equivalent to the conclusion of the theorem.

Assume first the la tte r statement and let у £ y.(x) ~  jV(£). Then for each 
real £ > О, I*f ( y)  -  < £, hence * /(y ) ~  *f(x).

On the other hand, assume the conclusion of the theorem. For any 
£ > 0 ,  let z £  n ( x ) ) n { y : \ * f ( y ) - * f ( x ) \ > e } .  If zgJT(£)  then * f ( z ) ~ * f ( x ) ,  
contradicting the choice of 2 . So z £ j f ( £ ) ,  verifying the la tte r statem ent.
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REMARKS ON THE OPTIMAL CONTROL 
PROBLEM FOR A STRONGLY NON LINEAR 

HYPERBOLIC SYSTEM
J. E. MUNOZ RIVERA (Rio de Janeiro)

Acta Math. Hung.
5 9 ( 1- 2 ) (1 9 9 2 ), 15 1 -1 5 7 .

§ 1. Introduction

Let ÍI be an open bounded set of R n with smooth boundary Г; set Q = 
= ilx]0 ,T’[ and Х = Гх]0,Т[. In [1], the existence of a singular system t>f 
optimality for the optimal control problem was treated , when the state is 
defined by

( 1. 1)

' z " - A z - f ( z )  = v in D'(Q)  
< z ( x , t ) =  0 on S
. -z(O) =  y0, -г'(О) =  у! in Í1

and the cost function is given by

(1-2) J{v,  z) = \\f(z) -  zd\\2Q +  1V||t;||q ,

where ||.||q is the L2(Q)-norm, and N  > 0. We consider (1.1) as a set of 
restrictions for the couple (t>, z).  Hence the admissible set is

(1.3) X ad =  {(v , z)  £ L 2(Q) x W ; ( v, z) satisfy (1.1) and f ( z )  £ L 2(Q)}

where W  = {z £ L°°(0,T; #o (ÍI)); z ' ^ L°°(0,T; L2(il))}. Let us denote by 
ll-llw the norm of W  defined by \\z\\w  = \\2\\Ьоо(0>т.<Н£) + \\z'\\l °°(o,T-,L*)- k °- 
mornik and Tiba showed tha t there exists at least one solution for
(1.4) J ( u , y )  = m f { J ( v , z ) ; ( v , z ) £ X &d}, ( n ,z ) e X ad
and in order to prove the existence of a singular system of optimality they 
imposed the two following conditions to /  £ C1

(1.5)

( 1.6)

,  _  4im l№ ) l l
seR 1 + Ц/(5)||

..■A 1 +  | | / ( 0 II

<  00,

<  00 .

The main result of this paper is to  prove tha t assumption (1.6) is not nec
essary, that is, we will prove th a t there exists an optimality system when 
/  £ C 1 satisfies only condition (1.5).
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§ 2. Approximated problem

Let us consider the following approximated r/-system for the sequence of 
continuous functions (FV)V£n :

( 2 . 1)

' z"  -  A z  — Fv(z) — v in Q 
< z ( x , t ) = 0 on £
. г (0) =  t/о, z ' (0) - y i  in П

and let us define the 77-functional for the sequence ( iri7)^£N as

(2.3) Jv(v , z )  = \\Fv( z ) - z d\\‘2Q + N \\v\\2Q + \ \ z - y \ \2Q + \ \v - u \ \2Q.

The couple (u ,y ) is the solution of problem (1.4). Let us denote by X^d = 
=  { (u ,z) £ L 2(Q)  X W;  (v , z ) satisfies (2.1) and f ( z )  £ L 2(Q)}.  Then the 
77-problem for the sequence (Fv)ves  is given by
(2.3) Jr)(uT„ yT)) = m{{Jri( v , z y , ( v , z ) e X ad}, (uv , yv) £ X^ d.
In this conditions we have

L e m m a  2.1. I f  Fv —> /  uniformly on bounded sets o f R  and

(2.4) ||F4(e ) ||< c 1 +  c1||/ ( i ) | |  V s£ R , Vt? £ R

then

(2.5) (uv , yv , F„(у,,)) - » (и, y, f ( y ) )  strongly in L 2(Q) X W  x L 2(Q).
P ro o f . For the existence of the solution of problem (2.3) see [1]. Let us 

define vv — y" — A y  — Fv (y)', certainly the couple (vv, y) £ X^d and of course 
J^ (u ^ ,7/4) is bounded. From (2.1) and (2.4) we conclude tha t Зсз > 0 such 
th a t

(2 .6) 11 -̂ 77 (2/77) 11 q +  IIut?||q + I|2/tjI|jv = C3.

Since W <—» L 2{Q) compactly we obtain a subsequence such that

uv —> v weakly in L 2(Q),  
yv -+0 strongly in L 2(Q),

Ут) —>6 a.e. in Q.
Then Fv(yr,) —► f (0)  a.e. in Q.  By (2.7) and Lions’ Lemma (see [2]) we have: 
Fn(yv) —► f {6)  weakly in L 2(Q).  By (2.6) it follows

||/(0) -  z d \\2Q + 1V|M|q + \\y -  e\\2Q + ||u -  v \\2q  < liminf /„ (ti,, yv) й J{u, y).
Since (v, в) £ Xad, by (1.4) (и , у) =  (и, в) and the result follows. □

We will prove the existence of sequences (sl/ )l/en  a (s_ l/)t/ÉN such tha t

(2.7) su > v  Vi/ E N and ||/(e„ ) || ^  c4 +  ||/(e ) || Vs > v,
(2.8) s_„ £ - 1/ Vi/ £ N and ||/ ( s _ l/)|| < c4 + 1|/(«)|| Vs < -  v.
These sequences are going to play an im portant role in the sequel:
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L e m m a  2.2. Let f  be a continuous function. Then there exists a se
quence of numbers (•sJ/)1/eN, (5_1/)1/£n satisfying (2.7) and (2.8).

P r o o f . Put I v — in f{ ||/(s ) ||; s ^  i/}. If for all i/GN,  there exist su ^  
> v  such that f ( s l/) = I l/, then the sequence (51/)1/£n , constructed this way 
satisfies condition (2.8). We can suppose tha t there exist a na tu ra l number, 
say v0 such that | |/ ( s ) | | > /  = in f{ ||/(s ) ||; s ^ i/0}, Vs uQ. Denote by (T7)7én  
the minimizing sequence. Clearly, this sequence is not bounded; hence there 
exists a subsequence satisfying t lv N. Taking su — tlu we have th a t
condition (2.8) is valid also in this case. To construct (í _„)1,é n  consider 
i_„ =  in f{ ||/(s ) ||; s < —I/} and use the same argum ent. □

Let us construct the sequence ( / 1/)1/gN in the following way:

{/ ( s )  s_v %s<,s„
f ( s u) s > s u

f ( s - v )

Then f u is a bounded and lipschitzian function satisfying

(2.9) | | / ,W | |< c + | | / ( s ) | | ,  | | / : ( 5) | |< c  +  c ||/1/(s) ||, Vi /eN,
(2.10) /„ —> / ,  f l  —* f  uniformly on bounded sets of R,

where c =  max{co, c4). Now denote by (p^)^gN the regularising sequence, 
and put f Uß =  fv*Qß and C„ — sup{ ||/l/(s)||,s G R}. For each v the sequence 
(/i/(i)ji6N satisfies

(2.11) /„M —*■ f„ uniformly on bounded sets of R,
(2 .12)

I I L » W l l s t c „ + | |A ( s ) | | ,  | |Л Д » ) | |5 с + с ( | |А | | . г д < ) ,  V( i£N.
r

Let us define the sta te  for a fixed n G N:

{z " -  A z - f „ ß(z) = v in Q 
z ( z ,  t) = 0 on E

z (0) = y0, z'(0) = y! in Q,

and the cost function

Jvfi(v,z) =

= \\U u { z ) - z d\\l + N\\v\\ti  + \ \ z - y v \\2Q + \ \ v - U„\\}l + \ \ z - y \ \2Q + \ \v - u \ \2Q

where (uv, yu) is the solution of the i/-problem for the sequence ( / „ ) „ ^ ,  and 
(u , y ) solution of problem (1.4). Consider the problem

(2.14) Jllß(ul/ß, y l/ß) = m f { J l/ß( v , z ) ; ( v , z ) E X ^ } ;  (ußß, yVß) GA cta M aihem aiica  Hungarica 59, 1992
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where X ££ = {(v , z ) G L 2( q ) x W ; ( v , z )  satisfying (2.19)}. In order to  obtain 
a characterization for ( u ^ ,  yUß) define
(2.15)

J v ß d v , z ) = JVß(v,  z )  4- - | |  z" - A  z -  f v ß (z)\\2Q + II z -  yvt f Q + ||n -  Uui1\\q .

If we p u t Dbd = {(v,  z )  e  L 2(Q) xW -, z "  -  A z  £ L 2(Q),  z(Q) = y0, z'(0) = yi}  
then th e  penalised problem  is given by

(2.16) J i / р е п и ц е  ? У и ц . с  ) — inf {«/u ß e  ( v ,  z )  G I-^ad} 7 (^ i//ie  7 V v ß e )  £

— — “{j/j/де — X y Vße — fi/ße(yi/ße) ~  ui/ße}-

Under these conditions we have:

L emma 2.3. Ve >  0 and Vu, /i GN,  the couple ( p ^ j ,  yUße) satisfies

( Q i / ß o  £  ~  A £  —  f i / ß C { y i / ß c ) ^ ) Q  =  ( f i / ß e { y i / ß e )  —  

z d i  f i / ß c { y i ' ß c ) £ ) Q  "b { y i / ß c  ~  y i / ß i  £ ) q  +  ( y i / ß e  —  У  u i  V ) Q  +  (j/i/де ~  У - i V l Q

whenever f  G C 2(Q),  f(0) = £'(0) =  0 in SI and £ = 0 on S. Also

Qvßc + N uVße +  3uVße -  uUß — uv -  и = 0.

P roof. Since (uVßC,yVße) is the  solution of problem (2.16) we have

t / ß ß e i ^ £  +  Ч ) | ь о - 0-

Since for each u, p , f Vß is a Lipschitz function of class C 1, we can pass the 
derivative into th e  integral. T hen  we obtain the first p a rt of the lemma. 
Finally from (2.21) we have

^{jUße ( -(-A(n uvßc), y^ßc) Ji/ßci^ußei yi/ßc)} = 0, VA g]0, 1[.

Letting A —» 0 it follows

I î Qvßc ~b X Uyße 4" 3U|/ßc и i/ß Ui/ ,u)(n 'O'i/ße)dxdt ^ 0, Vn E L (^ )
Jq

and from this expression th e  proof of the lemma is complete. □
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Lemma 2.4. When e —» 0, the solution of problem (2.16) satisfies 

( ^ i ' l i Ci  Унцеч f u ß e ( I / i/ ^ e ) )  * ( ^ i / ß i  Jl u ß i  f u ß ( P u ß ) )  Strongly
in L 2( Q ) x W x L 2(Q),

Juße ( ̂ uße! Puße) * Ji/ц^и yi/ßfi 
Qußc —* Qvn =  —N u»  — (uu — w) weakly in L 2(Q).

P roof. See [1]. □
From Lemma 2.3 and 2.4 it follows

(2.17) ( ^ , £ ' ' - Д £ - / ; д( ! ^ Ю д  =
=  { f u ß i P u ß )  ~  Z d 1 f u ß i , y u ß ) V iQ  p  (2 Уиц ~  Уи ~  Уч£)<Э- 

Corollary 2.5. The solution of problem (2.14) satisfies

(v-vß,yvti, fvß{yu^)) ->■ (и„, yu, fv (yu)) strongly in L 2(Q) x W  x  L 2(Q),
Qvß —> Qu = ~ N u u — (uu -  и) strongly in L 2(Q).

P roof. Put /  =  /„ , and J v = Jv^. From (2.11), (2.12) and Lemma 2.1 
the result follows. □

Since for all p,  ( / Í , , ( ^ ) ) ^ n  is uniformly bounded by a constant, say 
kv, we can obtain a  subsequence and an element Xu in L2(Q) such tha t

(2.18) flßiyvß) -* Xu weakly in L 2(Q).

By Lemma 2.4, Corollary 2.5 and from this last convergence we have

(2.19)  ( e u , t " - & t - X u O Q  = (fu(yu)-Zd,XuO Q  + (yu -y ,O Q 4  6 N.

Corollary 2.6. The solution of the v-problem for the sequence ( f u)ß£n 
satisfies

(uu,Vu, fu(Vu)) ^  (u,y, f ( y ) )  strongly in L 2( Q ) x W  x  L 2(Q).

P roof. The result follows from Lemma 2.1, (2.9) and (2.10). □

L e m m a  2.7. Let О be an open and bounded set of  R" and let (G u)û n 
be a sequence in L p(0 ) ,  1 < p<  0 0 , weakly convergent to G. Put

L(x) = lim inf Gu(x) and U(x) = lim sup  Gu(x)]
I/- >00 U — ЧОО

then we have L(x)  ^  G{x) ^ U(x).

P roof. Let us define Om = {x  G 0 ;L (x )  — e < Gß(x) ^  U(x) + e, Vi/> 
> m ), for an arbitrary but fixed £ > 0, and denote by D m the set of all the
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СО

X?(0)-functions which have support in 0 m. Put D =  (J Dm. Take ip £ D
m

such th a t ip > 0, then 3m ' £ N such th a t

\L(x) — e]ip <G„{x)ip ^  [U{x) + £\ip, Vi/ > m'

integrating the last expression and letting v —> oo we have

J [ L (x )  — e]ip(x)dx < J  
о о

G(x)(p(x)dx < J  [U (x) + e]p(x)dx. 
о

Since this last expression does not depend on m! the inequalities are valid 
for all ip ^  0 in D. Since the measure of Om tends to  measure of О we have 
tha t D  is dense in L q( 0 )  where ^ ^ =  1. Hence

J [L(x)  — e]w(x)dx ^  J  G(x)w(x)dx  ^  J [ U (x )  + £]w(x)dx, V w > 0 in L q(0 )  
О о о

and from  which we conclude L(x) — e < G(x) ^  U (x) + e. Since e is arbitrary, 
the result follows. □

T h e o r e m  2.8. Let f  be a function of class C 1 satisfying condition (1.5). 
Then there exists a subsequence o f  (Xi/)i/eN satisfying

X u - ^ f ' ( y )  strongly in L \ Q ) .

P roof. From Corollaries 2.5 and 2.6 there exists a subsequence of 
{У и ц )а 6N  such that

(2.21) a.e. in Q,
(2.22) j/„ —» у a.e. in Q.

К we put N„ and M  the subsets of Q where the first and the second conver-
OO

gence fails, respectively, then we have that N  =  (J N„ U M  has null measure.
V

Take (x , t ) in Q — N ,  then 3i/0 such that ||r/^(a;, i)|| < i/0, Vi/ > i/0, and also 
3^o such that \[yV(l(x,  i)|| < i/0, V /x>/i0. Since is uniformly convergent 
on we have that

fvß (yvß(x i * ) ) ^  К ( уЛ х 1*))> Vî > i/0 {vq = vo(x ,t) ) .

On the other hand  by (2.18) and Lemma 2.7 we conclude tha t 

Xu(x,  t )  = /'(злДх, t ) ) ,  Vi/ > i/0 (i/0 = i/0(x, *)).
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By (2.10) and (2.21) we have th a t Xv{x , t ) f ' ( y ( x , t ) )  a.e. in Q and finally 
from (2.12), (2.20) and Lemma 2.7 we have tha t

\\Xu(x, OH i c  +  c||/„(y„(*, <))||.

Then by Corollary 2.6 and Lebesgue’s dominated convergence theorem  the 
result follows. □

Finally as a Corollary we have

T h e o r e m  2 . 9 .  I f ( u , y ) is the solution of problem ( 1 . 4 ) ,  then there exists 
о in L 2(Q) such that the following optimality system holds:

y" - A y -  f ( y )  = u in D \ Q ),
Q " - A g - f \ y ) e  = [ f ( y ) - z d\ f ' ( y )  in D'(Q),

2/(0) =  yo, y'{0) = yi in ft,
У e  Т°°(0,Т; н & п ) ) ,  у' e  т°°(о, т- X2(ft)), 

q(T) — q'{T) — 0, 0 =  0 on E,
Q = - N u ,  u e L 2(Q).

P r o o f . This follows immediately from (2.20), Corollary 2.6 and Theo
rem (2.11). □
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NUMERICAL SOLUTION BY SPLINE METHOD 
FOR AN ELASTIC PROBLEM

A. S. MOHAM ED (Budapest)

1. Introduction

In recent papers [1], [2] we have introduced a spline function method 
approximating th e  solution of the  partial differential equation

( 1. 1)
d 1 du d 1 du

dr r 3 dr dz r 3 dz

for an  elastic circular cylinder domain. Spline approximation methods for 
an ordinary differential equation are discussed in the papers of T. Fawzy [9], 
[10], and J. Györvári [11], [12].

In the present paper we shall propagate the method introduced inn [1], 
[2] for a complicated elastic axisymmetric cylinder domain (see Fig. 1.1). 
Moreover it is known (see [3]) th a t if the torqaue T  increases then it will 
appear the plastic region ilp in th e  domain of the cylinder. We shall suppose 
tha t the  problem remains an axisymmetric one, and the consideration will be 
taken only to the elastic problem in a given domain i le separately (see case 
2) because it is an im portant p a rt in finding the solution of the elastic-plastic 
free boundary problem which will be considered in a subsequent work.

Torqaue

Fig. 1.1. A n  axisym m etric cylinder

The formulation of the problem [3] can be given in a two dimensional 
domain ÍÍ or ile (see Fig. 2.1, Fig. 2.2) in the гг-plane, and the problem is 
summarized to find the  function и  which must satisfy (1.1) in ÍI or Í2e with
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the boundary conditions

( 1.2 )

(1.3)

(1.4)

(1.5)

и =  0, on Го, 
и =  F (z ) ,  on Гх, 

du du_  = ° n r 2,
du du
- = -  = Ы г ) , ° п Г 3,

where Г, are as show in Fig. 2.1 and 2.2.

2. The construction of the spline function

Case 1 : the elastic problem in the domain i le =  fl (Fig. 2.1).
The intervals of the rz-plane are defined by the partitions

(2.1) 0 =  zQ < z\ < • • • < zm — z,
(2.2) 0 =  r0 < rx < • • •< rM ,

and we suppose th a t the function r = R (Z ) ,  which represents the boundary 
Гх, is constant for 2 6 [0, 2ni] and z £  [zn2,z], and increasing in the interval 
(zn i , 2„2). Furtherm ore, we suppose tha t (zn i , r m) and (гП2, г м ) are grid- 
points, and

(2.3) Tm-\-i — R{^zni-\-í) 1 i =  0 , . . . , n 2- n x .

Hence

(2.4) n 2 — ni = M  — m.
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The fourth power of the function r = R(z)  (which we shall use later on) 
is approximated by the pieciewise linear function

(2.5) R 4(z );
z,+i z,

Zi <  Z  <  Z i+ 1 ,  T l i < : i  <  П 2 ,

and the boundary value function и = F (z ) on Ti is approxim ated by the 
piecewise linear function

(2.6) F (z ) «  F (z)  := F(zi)  + _  z, ), i =  0 , . . . ,  N  - 1 .
Zi + l  Z{

Let ÍÍ be partitioned into the elements which are rectangulars into 
the domain Í1 and triangulars with one curved side (2.5) at the neighborhood 
of Ti in the interval (zn i,z„2), such that

(2.7) ÍÍU = íl =  [ J í í t i ,
hi

where fitj = {z, r\z{ < zt+1, r j < r  < J+1, z,- = ihz , rj — j h T} and the to ta l num
ber of the elements fi,j is

(2.8) N - m  + ( N - n 2) ( M - m ) + (n2 ” 1 + 1\

The form of the spline function inside ÍÍ, which was constructed in [1] is

(2.9) Sij(z, r ) =  atj(r4 -  r4) +  b{j(r4 -  r4)(z -  zt) +  c{j(z  -  z.) +  dtJ,

This will have the following forms at the neighborhood of the boundaries
Го, Ti:
(2.10) Sito(z ,r)  = a t>0 T4  + b,,0r 4(z —z,), i =  0 , . . . ,  N -  1,
(2.11) 5 t>m_i(z , r) =  a t > _ i( r 4 -  r ^ )  +  i>i,m_ i( r4 -  r 4m \ z  -  zt) +  F (z) ,

i =  0 , . . .  ,« i  — 1,
(2.12) Sitj ( z , r )  = a ,j(r4 — Ä 4( z ) )  +  F ( z ) ,  г = щ + / ,  j  = тщ + / ,

^ = 0, . . . , n 2 - n i - l ,

(2.13) Si}M -i(z ,  r) = aiM - i ( r 4 -  r4M ) +  biM - i ( r 4 -  r4M )(z  -  z.) +  F (z ) ,
г = n 2, . . . ,  IV - 1.

From [1], and from Theorem 1 in [2] we can show tha t there exist con
tinuous spline functions (2.9-2.13) in ÍÍ and a system of

(2.14) (2(n2 -  тц)2 +  (1 -  M )(2 -  41V) + 3(n2 -  тгх) -  4тг2(М  -  m )) 

equations with
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(2.15) (4(«2 -  nx)2 +  2iV(3 +  2M ) - n 2(M  — m )  - n 2 -  nx).

The coefficients are obtained from the supposition tha t the spline functions 
are continuous in ÍÍ. The analysis of the system shows th a t among these 
equations there are

(2.16)

^ (n 2 -  nx)2 — N ( l  — M )  — n2(M  — m ) - m  — — — Wl—■ ̂ ----- -— — + 1^

dependent. Deleting the dependent equations from the system we get the 
independent system of the equations

(2.17)
a i,j + b i , j ( z i+ i  z t) = a,+x,j >
c i , j ( z i+ i  ~  z i )  +  d i j  =  d i + i j ,

Ci,m—l { z i+ l  z i )  +  ^ i , m —1=  — 1 1

a i , j  = a i+ l , j i

a i , j  "I" ~  z i )  =  i

c i , j ( z i+ l  z i ) +  d - i j  — dt+ i , i >

ai,j T  ^i,jiz i+i zt ) — 0 , 4-1 j , 

c*,i(2r*+i — 2i) T  d i j  — dt+x,j) 

a ° . i ( ri + i  — Tj ) +  do,j — do,j+i> 

^>.j(r j+ i— rj ) +  c»,i= c»,i+i»
a 0 , m - l ( r m  — x — r m —2)  4" ^0,m—2 =

= a0,m-x (^ _ x  -  r^) +  T(0),
b i , m - 2 ( r m - l  rm - 2 ) T  ct ,m -2 —

:b , ',m - l ( r l_ i - r ^ )  +
F ( z , + 1 ) - F ( z , )

zt+i —
^ j ( r j + l - r j )  +  CM = CM+b

Ь.-,М-2(гм-Х -  гМ -г) +  °i,m- 2 -

* = 0 ,. . . ,  ЛГ — 2 , j  =  0 , . . . ,  m — 1. 
i = 0 , . . . ,  N  - 2 ,  j  = 1 , . . . ,  m - 2 .  
i = n i , . . . ,  N  — 2. 
г =  пх + £ , j  =  m + 
^ = 0 , . . . , n 2 - n x - l .  
г = пх + £ +1, j = m + A;,
^ = 0 , . . . ,  n2 — nx — fc — 2, 
k — 0 , . . . ,  n2 — nx — 2. 
г =  пх +  £ +  l , j = m  +  fc,
 ̂=  0 , . . . ,  n2 — nx — A: — 2,

fc = 0 , . . . ,  n2 -  nx — 2.
i=ri2 , . . . ,  N  - 2 , j  = m , . . . ,  M  -  1.
t= n 2, . . . ,  N —2 , j  — m , . . . ,  M —2.

j —0 , . . .  ,m  —3,

i = 0 , . . . ,  I V - 1, j  =  0 , . . . ,  m - 3 .

г = 0 , . . .  ,nx — 1.

* =  n 2, . . . , J V - l ,  
j  = m  — 2 , . . . ,  M  — 3.
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— ~ гм ) +

M r i + !  -  r j )  +  ci, j  =  ci , j+ Ъ

F (z i+1) - F ( z i )

ai,Arj +1- rj ) + di j = F (zi),

bi,Arj+1- r j )  +  Cij =

(rf+2- r f +1 ) F(zt+1b F ( * )
— ----------------- 1--------------------- >• t̂+l ^t+l zi

i = n2, . . . , N -  1.

i =  n i+ £  +  fc - |-l,j =  m +  A: — 1, 
^ = 0 , . . . ,  ^2 — «1 — A: — 2, 
fc =  0 , . . . ,  n2 — n i — 2. 
i = n i + l , j = m  + £ — 1,
£ = 0 , . . .  ,n 2 — nx — 1.

г =  тех + f, j  = m -f ̂  — 1,

^ = 0 ,. . . , r a 2 — nx — l-
^ )m -2(i'm-2- r m - l )+ c«',m-2=C„m_x, * =  «1, . . . , П2 -  1.

The number of the equations in (2.17) is

(2.18)(n2 -  n i ) 2 +  3(n2 -  n i)  -  3iV(l -  M )  +  m (l +  3n2) -  M (2 +  3n2)+
(п2 -тех)(га2 —ni —1)

+ 2 +  ’

with the number of coefficients (2.15).

Case 2: the elastic problem in domain i le (Fig. 2.2). Now we suppose 
tha t the plastic region fip exists in  ÍÍ. For z, and rj we have

(2.19) 0 =  z0 < zi < • • • < zjv =  Z, 0 < ni < ri2 < n3 < N ,
(2.20) 0 =  ro < fi < • • • < гм , 0 < тпх < m 2 < M.

We have supposed that the function r = R ( z ) is constant for z 6 [0,zni] 
and zG [zn3,Z],  decreasing in the interval (zn i, z„2) and increasing in the
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interval (zn2, z„3), where its minimum is attained at the point zn2, r mi). Fur
therm ore, (zn i, r m2), (zn2, rTOl) and (z„3, гд/) are grid-points, and we suppose 
tha t

(2.21) rm2_,' — Í — I ,. . . ,7 l2  ^1)
(2.22) =  -®(Zri2+i), * — 1 ,...,71з П.2,

therefore,

(2.23) П2 - П 1 — ГП2 -ТП1 , n3 — n2 = M  — m i

The fourth power of the function r  =  f?(z) is approximated by the piece- 
wise linear functions

И  -  и
(2.24) R 4( z ) & R 4( z ) : = r j+1 + —-----—  (z -Z j) , n i< i< n 2,

^t + 1 
4 4

(2.25) R 4(z) к  R4(z) r4 + -----i ( z  —z,-), n 2 ^ i < n 3,
Zi+i — zi

the function n =  F (z) on Г1 has been approximated as in (2.6).
Similarly as in Case 1, the domain fle is divided into the elements il tJ, 

and the total number of the elements is

(2.26) N m \  +  n\(rri2 — m i) -f (N  — n3)(M  — m i)+
(та2-гг1)(та2- п 1 + 1) (n3- n 2)(n3- n 2 + l)

+  2 +  2

The spline function inside i le will have the form (2.9) and it will have 
the following forms a t the neighborhood of the boundaries Го, Ti:

(2.27) Si}o(z ,r)  = aitor4 + bi}or4( z - Z i ) ,  г = 0 , . . . ,  N  -  1.
(2.28)

Si,m2- i(z , r) = a t> 2 _ i ( r 4 -  r4m2) +  bi,m2_ i( r4 -  r4mi )(z -  zi) +  F(z) ,
i = 0 , . . . ,  n\ — 1.

(2.29) S i j ( z ,  r) = ahj(r4 -  R 4(z)) + F (z ) ,
i = j  = m 1+ £ 1, 4  =  0 , . . . , n 2- n i - l .

(2.30) S i j ( z ,  r ) =  aitj(r4 -  R 4 ( z ) )  + F ( z ),
i = n2 + t  2, j  = m i+ £  2, ^2 = 0, . . . , n 3- n 2 —1.

(2.31) S,-,aí- i (z , r)  =  ßj'.M -ii7'4 -  4 )  +  bi'M-i(r4 -  r%[)(z -  zi) +  F(z),
i  =  n 3 , —  , IV — 1.
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From [1] or Theorem 1 in. [2] we can show that there exist continuous 
spline functions (2.27 -  2.31) and (2.9) in f le and a system of

(2.32) 2(n2 -  n i)2 +  2(n3 -  n2)2 + 4 n i(m 2 -  m i) -  /V(l — 4M )—
—4n3(M  - т у )  — M  — m i —n i ,

equations with

(2.33) 2(n2 -  n i ) 2 + 2(ra3 -  n2)2+  4/V(M -  l)  + 4 n i(m 2 — m i)+
+ 4n3(m i -  M ) -  n i +  n3

coefficients is obtained from the supposition that the spline functions are 
continuous in i le. The analysis of the system shows th a t among these equa
tions

(2.34) (n2 -  n i)2 +  (n3 -  n2)2 +  iii(m 2 -  m i) -f M (N  + 1) -  n3M  -  mi —
_  , o_ _ (n2 - n i ) ( « 2- n i - l )  (n3 - n 2)(n 3 - n 2- l )- m i  +  2n i -  n3 ------------------------------------------------- ---------------

are dependent. By deleting the dependent equations from the system we get 
an independent system (similar to (2.17) and the difference is obvious) of

(n 2 -  n i)2 +  (n3 — n 2)2 -t-3ni(m 2 -  m i) -  N (  1 -  3M) -  Зте3(М  -  m i) — 3ni +
I 2M  { (” 2 - n i ) ( n 2- n i - l )  | (n3 - n 2)(n3 - n 2 - l )

2 2

equations with the number of coefficients (2.33).

3. The spline function properties

Let the spline functions given in Section 2 have similar properties to 
those described in Section 3 in [2]. In this section we are going to prove a 
theorem for the density of the spline functions in i le.

Let

r . [ l \d u d v  du dv
К  vl -  J  ^  + dzdr,

HA =
1 Г ő n l 2 \du 2 1/2

V r 3/2 G X2(i)),u (z, 0) =  0
J

[u] = [u, u]1/2.
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T heorem 1. The set o f  the spline functions S A(z ,r )  in (2.9) are dense 
in H a , that is fo r  every f ( z ,  r) E W 2 П H a there exists a spline function  
S A (z ,r)  such that

[f(z , r ) -  S A (z, r)] =  0 ( h z + hr)

and for f ( z ,  r)  the following estimates are true

\ \ f ( z , r ) - S A(z,r)\\c  = 0 (h2z + h2),
\ \ f ( z , r ) -  S A (z,r)\\w i = 0 ( h z -\-hT).

P r o o f . We note th a t because f £ W 2, the grid-points (z{,rj) can be
д2 i д2 /  o2 I

chosen in such a  way tha t the  second derivates (§p-, 5^97 > 37т) are bounded 
a t these grid-points.

For the spline functions in  the rectangular elements we let

(3.1) S A{z, r) =  S itj(z, r )  := f t ’\ +1 _ f y - ( r 4 -  r * ) +
rj +1 3

+ ГТ14 — 4T(/í+1,Í+1 -  f i+ l j  -  f i j +1 + -  rj ) ( z  -  Z*) +
Z\' j-f- 1 j /

+A nj-A i(x_z.)+/
П-z

The estim ates of the approxim ation by (3.1) in the rectangular elements 
are introduced in Theorem 4 in [1].

For the spline functions in the left-side triangular elements with the 
points ( z i , r j ) ,  ( z i + 1 , r j ), (zt+1, r J+1) we let

(3.2) S A (z ,r )  = S itj( z ,r )  := 

/i+ i,j+ i -  f  1+1,3
4 4

r3+i -  r3

r 4 _  T4
^ ^ ■ ( z - z i )  +
Zi+ 1 - Z i

+ F (Zi) + F{zi+l) F (Zi\ z - Zi)
Zi+1 — Zi

where

fi,j :=  f ( z i ,  rj) and F (z)  := (z, R (z)) .

It is obvious th a t the spline functions given by (3.1) and (3.2) are continuous 
in fte-
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The Taylor expansion for the mentioned triangular elements is

(3.3) f { z , r) — /t'+i,j -f \ ThT . * h ? £*+l J + Л2Л2 gz + Q 2(z,r) ,
» + 1J

where

(3.4) z  — Z i + i \ zhz ( —1 ^ A2 < 0), 
r  =  r j  + \ rhT (0 < Ar < 1).

The Peano form of the remainder in (3.3) is [4]

(3.6) Q2( z , r )  = \ 2rh. d 2f2l2 ___
r ő r2

T 2Â .A zhz hz
d2f

*+i ,j dzdr +
«Ч-i ,j

+X*h*d z 2 *+l J
-\-°{h2 + h2z),

and from (3.6) we have

(3.7) \Q2(z,r)\< ,c(h2r + h2z).

(3.3) can be used to  get the functions fi+ ij+ i, f i+ i j  in (3.2). By subtracting
(3.2) from (3.3) we get that

(3.8) f ( z ,  r ) -  S i j ( z ,  г ) =  Q2(z, r ) -  \ rQ2(zi+1,r j+1)+

+Аг^ 2 (г«) rj) + 0 ( h 2 +  h2),

therefore

(3.9) \ f ( z , r )  — Sitj(z ,r)\ = 0 ( h 2 + h2).

Because f ( z ,  г) — 5 д (г ,г )  is continuous in fle we get

(3.10) 11/(2, r)  ■- i a ( i ,  r ) ||e = +  h2r).

The first partial derivatives of the Taylor expansion (3.3) are

(3.11)

(3.12)

d f .  л d f
T r {Z' r) = T r

d f ( s d f
T z {Z' r) = T z

+ Q i(z ,r ) ,
*+l >j

+ Q [(z ,r) ,

where the Peano remainders in (3.11) and (3.12) are
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(3.13)

(3.14)

and so

(3.15)
(3.16)

QrA z ,r )  = ( z - z i+1) d 2f
d rd z

+ { r - r j )
*+l ,j

+ о ( |г -г ,-+1|) +  о ( |г -г ,- |) ,
d r 2 +

«+i.i

Ő2/
Q l{z ,r )  = ( z -Z i+ 1) ^ 2

Ő2/

*+1j

+ o (|z -z ,-+i | )  +  o ( | r - r j |),
dzd r +

*+i,i

IQÍI < c i( |z - .* i+1| +  | r - r i |), 
\Ql \ — Zi+x\-\-\r-T j\).

The first partial derivatives of the spline functions (3.2) are

(3.17) ^ ( * , r )  =  ( l  +  0(A,

(3.18)

dr

d S A
dr

d f
dr

(z, r )  =  ( l + 0 (h

•))*r ( +  J ^ ~ Q i { Zi + l t  r j + l )  j  7

+  0a(* í+ l» r i)

«+1 ,i

From the formulas (3.11 -  3.12) and (3.17 -  3.18) we get

(3.19)
d f d S  д

Q[(zdr dr

(3.20) d f d S A
dz dz

1c
1

Ql(z , r ) + j^Q2(zi+i,rj)

— 0 ( h z +  hr ), 

=  0 ( h z +  hr ).

Similar results can be obtained for the right-side triangular elements too. 
The first derivatives of the spline function S A are bounded in i le, there

fore, from (3.10), (3.19 -  3.20) and  the results obtained from Theorem 4 in
[1] we have

(3.21) \ \ f ( z , r ) - S A (z ,r) \\w i = 0 ( h z + hr).

For the triangular elements in il ,j  we have th a t

(3.22) J rj  - s *i)^ + ( ö z ( ^ _ ,s 'J ) )  1 dzdr = 0(/г2 + /г2).
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Therefore, from theorem 4 in [1] and (3.22) we can write the norm in all 
the domain i le as follows

(3.23)

J - 1 n,> 4 7

+ E  / /  ír ( / -*«))  + (^ ( /-* « ) )  ) ^ =

[ / 0 , r ) - S A(z ,r)]2 = 
2

= 0 ( h 2 +  h2), M{ :=
hr J + 1.

Finally, from (3.23) the norm in H a space will have the following estimate:

(3.24) [ f ( z , r ) ~  S A (z,r)] = 0 ( h z + hr ).

4. Convergence of the approximate solution

In this section we introduce a general definition for the partition  of the 
domain Í2e, from which we can define the domains used in cases 1 and 2 
precisely, because we have to  integrate the spline function over the domain 
i i e.

Let

(4.1) ( z k, r k) e T l : R '( z k) = 0, R"{zk)>  0, k = l , . . . , n  

where

(4.2) 0 = z° < z 1 < ■ ■ ■ < zn < zn+1 =  Z 

and

(4.3) (2* ,г* )еГ 1: R '( z k) = 0, R"(zk)<  0, k = l , . . . , n

where

(4.4) 2fc< 2 A< 2 fc+1.

Consider the following facts:
a) If R '( z ) > 0 (or R '( z ) 0) for г G [0, Z] then n = 1 and z° = 0 (or z° =

=  Z).
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b) If Д'(0) < 0 then  z° = 0.
c) If R \ Z )  > 0 then  z n = Z.
d) If # '(0) =  0 and  max R ( z ) =  R \  for z £ [0, z 1] then z° =  0.
e) If R'(Z)  =  0 and ш а х й (г )  =  R 2 for z  £ [z n , Z] then T 1 = Z .  
Let the inverse of the boundary functions as follows

(4.5) invRk(r) =  inv(Ä (z)), zk ^ z < z k.
(4.6) invÄ fc(r) =  inv(Ä (z)), z k ^ z < z k+1.

Let us introduce the following functions:

(4.7)

(4.8)

where

(4.9)

A r )  =  { i r f w ,

{invÄ °(r), 
invÄ m'—1 (г), 

z ’

0 < г < r° 
r° <  г <¥°, 
r° > г > г 1

^  j* >

min > г > 0
j

rriQ =  1 and m,-=  min{ji|j > m j_ i, г-7 < r m,_1}.

Furthermore, let

(4.10)

(4.11) Z \ r ) = <

<

Z k(r) = 'mvRk(r), r k ^ r < r k, 
m v R k(r), rk > r > m ax{rfc, r fc+1) 

invÄm*'-1( r ) ,  r 771*-1 > r > max{r*, rm>}
Z , rk+1 > r  > r k if r k — m inlr-7 !̂  > fc}

where

(4.12) m,Q = k + l ,  m k =  min{j|jí > тпк_ х,г* < rm>-1}.

П
We have f l e = (J f l k, where the elements f l k are defined as follows: 

k= 0

(4.13) ilJ =  [ 0 / ] x [ Z ° ( r ) )ZO(r)],

(4.14) Í2* = [ r k , r k ] x [Zk(r), Z k ( r ) ] ,  * =  1 , . . . , n.

It can be seen tha t if (z * ,r *) £ il£, then for every z < z *,

(4.15) (z,  r*) £ ilg, fc =  0, . . . , n .
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L e m m a  1 .  In  prob lem  ( 1 . 1 ) ,  f o r  every  u ( z , r ) E  H a  there ex is ts  a con
s ta n t  Co such that

IMI**  ̂coM-
P r o o f . F o r  t h e  Х г - п о г ш  o f  t h e  f i r s t  d e r i v a t i v e s  o f  t h e  f u n c t i o n  u ( z ,  r )  

i n  i i e w e  g e t  t h e  s a m e  r e s u l t  o b t a i n e d  i n  L e m m a  2  i n  [1 ] ,  i . e .

(4.16)
d u 2 du
d r

+
Li d z

^  R 3[u,  u ] ,

where R  = max R ( z ) .

To get the Z2-norm of the function u (z ,  r ) in let

(, 17) » ( , 0 = / ^ = / ^ ^ .
о 0

By using Cauchy-Bunyakovsky inequality to the square of the integral (4.17) 
we get

(4.18)
r r 9 4 R W

[  x 3dx- [  —
d u (z ,x )

dx<  —  f  4 r
du(z, x)

J  J  x 3
0 0

dx 4  J  x s 
0

dx
dx .

Integrating both sides of (4.18) over the domain i le 

(4.19)

Пе
R

z  /  /

2d r d z  =  | | u | | i 2 <  J  
0 \

l(z) Щ ,)

í l - í h
0

d u ( z , x )

d x

г  / R ( z ) 2 \  5

J l h
о V o

d u ( z ,  x )  
d x

/
' h d u ( z

d r

d x  d z  <

d r d z .

Now let

(4.20)

(4.21)

z
u ( z , r ) =  J d u ( y , r ) 

d y
dy ,  ( z , r ) e f i £ ,

Z*(r)

u ( z , r )  =  0  i f  ( z , r ) £ r i U r 2 .

By using Cauchy-Bunyakovsky inequality to the square of the integral (4.20) 
we get
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z  z

(4.22) |« ( г ,г ) |2 < J  d y  J I d u(y ,r )  
dy

dy %

Z k (r) Z k (r) 

r)

< ( z - Z \ г ) ) .  I I du(y, r)

Z k(r
dy dy.

Integration of the left hand side of (4.22) over the domain fle yields 

(4.23) /  Iu(z, r)\*dzdr =  t J  Iu(z, r)\2dzdr.

ns

Integrating both sides of (4.22) over fl£ we obtain 

(4.24)
r k (  Z k (r) Z k (r) \

1  \u(z, r)\2dzdr  <  [ (  ( z - Z \ , ) ) i z .  Í
d u (y ,r )

dy

2
dy

Qk rk \ Z k (r) Z k(r) J

dr =

■ /

F* /  . ,  Z*(r)
-----------::----------- - Г

S h
du(y, r)

,  _3 rk z \ r )
Z 2 R3

= 2 

Hence 

(4.25)

I J h

du(z ,  r )
d z

Z k (r

dzdr =

%
dy dr <

, - = r 3

[  1 d u (z , r)
J r 3 dz

dzdr.

Z k (r) nS

fc=0ne

Now from (4.19) and (4.25) we get the I^-norm  of the function п(г, r): 

(4.26)

« [  1 d u (z , r)
/  к3 dz

dzdr.

H I  ^ m a x
Д5 Z 2Ä3
2 ’  2

Пе

őtí(ar, г)
d r +

öu(z, г)
dz

dzdr.

Finally, from (4.16) and (4.26) we get the VFj-norm of the function u ( z ,r )
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(4.27) R 3 +  max
R 3 Z 2H3 1 \  
40 ’ 4 J J

So there exists Cq > 0 such tha t

(4.28) IM Iw ^ c o M

where

(4.29) c o =
R 3

R 3 + max < ——
Z 2R3

4 0 ’ 4

T h e o r e m  2. The approximate solutions S, obtained by the m inimiza
tion of the functional (3.8) in [2] over a family of splines (see cases 1 and 
2), are convergent to the generalized solutions in the W f  -norm:

I N  _  5 ||w i =  0 ( h z + hT),

where uq denotes the generalized solutions of the original differential prob
lems.

P roof. In Theorem 5 in [2] we proved the following inequality:

(4.30) [ u o - S J ^ m f N - Í A ] .
5

Therefore, from Theorem 1, Lemma 1 and (4.30) we get th a t 

(4.31) ||u0 - 5 | |  ^ c 3[u0 - 5 ]  < c3inf[u0 -  5д] = 0 ( h z + hr ).

Thus the proof is complete.
Acknowledgement. The author express his sincere thanks to Dr. R. 

Farzan for the valuable advice and comments.
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POLYHEDRON COMPLEXES 
WITH SIMPLY TRANSITIVE GROUP ACTIONS 

AND THEIR REALIZATIONS
E. M OLNÁR (Budap est)*

The purpose of this paper to extend algorithmically Poincare’s polyhe
dron theorem (Theorem 8.1) as far as reasonable so th a t we could trea t 
the theory of discontinuous transformation groups in d- dimensional spaces 
of constant curvature by a unified method. For d ^ 3 this problem is very 
actual now.

We start with a d-dimensional polyhedron 3  given by its finite combina
torial flag structure 3.

We describe a computer algorithm for finding all combinatorially dif
ferent pairings 3  of (d — l)-facets of 3  to generate all possible groups A for 
which 5* is a fundamental polyhedron (Algorithm 2.2).

In each pairing 3  each identifying generator g of A m aps a facet fg- i  of 
3  onto the corresponding facet fg and g maps the polyhedron 3  onto its 
g-image У58. These two polyhedra are adjacent along the identified facets 
fg = (fg- i ) g. So we shall have a polyhedron complex 3 ^  on which A acts
simply transitively and the factor space 3 ^ / A  (orbit space) is the same as 3  
equipped with the identifications of 3.

The pairing 3, called also identifications on 3 ,  induces the ^-equivalence 
of n-faces of 3  for every n (0 < n < d — 1). For a fixed n-face xn the stabifizer 
subgroup i$xn can be determined algorithmically (Algorithm 5.1) by choosing 
a fundamental domain 33xn for Axn locally in 3 ^.

The basic algorithm is due to Poincaré in cases d =  2, 3. For a fixed 
(d —2)-face e (edge if d =  3) this stabilizer Ae will be determined by the in
equivalence class of e up to a free choice of the order ve for the “ro tation” 
subgroup 3ie of Ae (Algorithm 4.1). This natural number i/e can be chosen 
arbitrarily: either 1 < i/e if 3te consists of finitely many “proper” rotations 
fixing e and its subflags; or ve =  0 (instead of oo) if the order of 3le is infinite 
(e.g. in the hyperbolic space).

A collection of t'e’s, chosen for equivalence classes of (d —2)-faces of 3>, 
fixes the group A by a presentation. In such a presentation of A we give the 
pairing 3 , which provides the identifying generators of A, and the defining 
relations, specifying the order of proper rotations according to  edge cycles.

* Supported by H ungarian N ational Foundation for Scientific R esearch (OTK A ) No. 
424 (86) and 1238 (86).
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For a given polyhedron 3  and a fixed corresponding group A the basic 
problem is w hether the polyhedron complex 3 *  is realizable in the projec
tive model of a space of constant curvature (Sections 7-9). A number of 
im portant results, in the theory of discontinuous isom etry groups, acting in 
spaces of constant curvature, can be reformulated in this manner.

In Section 6 we introduce a topology on the identified polyhedron 3 .
We show how to construct an atlas P which contains for every point of 
the  identified 3  a connected neighbourhood (Theorem 6.1). Our algorithm

provides the atlas by its flag structure, and we do not know apriori whether P 
is realizable, e.g. metrically, in a space of constant curvature. Our algorithm 
prepares this realization, giving necessary conditions based on the knowledge 
of lower dimensional situations. Since the  planar discontinuous groups have 
already been classified, so we are able to  determine the i3-stabilizer for each 
typical point of the identified 3  in dimension 3. So we have an effective 
method to describe the 3-dimensional discontinuous groups for a concrete
3 .  In Section 7 we indicate the tools of the constructions by sketching the 
vector models of the classical spaces of constant curvature.

In Theorem 8.1 we shall prove th a t the metric realization of the atlas P 
involves th a t of the global polyhedron complex 3 ^ .  This can be considered as 
a generalized Poincaré theorem , since it gives “local criteria” to guarantee 
a global discontinuous group action on a space of constant curvature. In 
contrast to  this investigations so far, we permit for 3> concave realizations 
as well as o ther more general properties. In the proof we use the covering 
space argument applied by A. D. Aleksandrov in a different situation.

Of course, our m ethod is also restricted because of the algorithmic un
solvability of the basic problems in the combinatorial theory of groups. How
ever, for polyhedra with few flags (also in higher dimensions) our method 
seems to be useful as the examples show in Section 9. We suggest the reader 
to  examine the  figures to  study these examples.

Extremely im portant are the cases when the group A acts freely on the 
complex 3 ^ ,  Then the identified polyhedron 3  may have a manifold struc
ture and we can attack the  space form problem which is very actual in the 
Bolyai-Lobachevskian hyperbolic 3-space Л?3. For this reason we can pre
scribe additional requirements for the pairing 3 of 3  to  guarantee the torsion 
free action of the corresponding group A on 3^ .

I shall mention some results obtained by computer in joint works with I. 
Prok and illustrate the algorithm  and the occurring phenomena by examples 
in 2 and 3 dimensional spaces of constant curvature.

1. Polyhedra and flag structures, isomorphisms

Suppose we are given a  d-dimensional polyhedron 3  by a finite incidence
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structure. This means, we are given the sets of the n-faces of 33, denot
ed by Fn , n = 0 ,1 , . . . ,  d — 2, d — 1 (and the special cases V, E, F in dimen
sion 3), which are identified with the index sets { 1 , . . . ,  / ” } (and ( 1 , . . . ,  v}, 
{ l , . . . , e } ,  { 1 , . . . , / } ,  called vertices, edges, facets, respectively). We sup
pose th a t all incidences are given, satisfying some requirements as listed 
e.g. in [8, 36]. In Fig. 1 we have described a scheme about the incidence 
structure of У (a trigonal prisma) where on different levels the faces, . . . ,  
the vertices appear as (numbered) nodes, and chains of arrows indicate the 
incidences. The facets are groupped into isomorphism classes for the reason 
to be explained later on.

Now, we formulate the requirements for the flags of 33 which reflect the 
incidence structure, too.

We define a flag as an ordered d-tuple of incident 0-face, . . . ,  m-face, . . . ,  
(d — l)-facet. A non-empty subset 3  of the direct d-product V x • • • x E x F is
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defined as the flaq structure of the  polyhedron 3  iff the following properties 
F . 1-2 are fulfilled:

F .l .  Each flag in 3  has exactly one n-adjacent flag for  each dimension 
n, 0 < n < d  — 1, i.e. only their n-faces are different, the other components 
coincide.

Imagine 3  like a graph whose points are the flags, the n-adjacent flags 
are  connected w ith an edge m arked by the n-th  colour [11, 22].

F.2. 3  is strictly connected, i.e. iff. and у  are different flags of 9, then 
there is a finite number of flags f  = / ъ / 2>/з>. . .  , f r = ?, each of them has the 
common components o f f  and y ,  such th a t fs+i is n-adjacent t o f s for certain 
n  (1 < s ^ r — 1).

We see th a t an n-face xn of 3  can be characterized by th a t subset of 
3  where in the flags of 3 X™, x n is just the common n-th component (0 < n < 
< d — 1). The subflags of an n-face as corresponding n-tuples can be defined 
obviously.

The n-face xn and the m-face y m are incident iff there is a flag whose 
n-th  and m-th component is ju s t  xn and ym, respectively; i.e. З хп ПЗ ут ф 0.

We easily conclude th a t th e  incidence structure of 3  and its flag structure 
S' determine each other.

Fig. 1 shows two 1-adjacent flags 1f i k iy j , er ,f.Jt) and 2/ifc(vj,eÄ, fo), er ф 
Ф es , symbolically and with picture as well (d — 3).

Note th a t the  polyhedron 3  can be given to  a com puter as the set 3  
o f its flags, i.e. ordered d-tuples of natura l numbers. For instance a 3- 
dimensional tetrahedron is represented by 24 flags, a cube by 48 flags. The 
one-to-one correspondence between an n-face xn and the flag subset 3 xn , 
defined above, makes possible the convenient translation of geometric facts 
in to  flag language, i.e. com puter one, and vice versa.

The main purpose of th is section is to  describe an algorithm for deter
mining the automorphism group o f3 ,  denoted by A u t5 \ This automatically 
describes the automorphism group Aut 5  of the flag structure 3.

Aut 3  is a  perm utation group. Each perm utation in A ut 3  consists of d 
component perm utations. T he n-th component permutes the n-faces of 3 ,  
0 = n = ^ — 1- Every elements of Aut 3  preserves the incidence structure of 3 ,
i.e. if an n-face xn and an m-face ym are incident then for each permutation 
p from A ut^5 the n-th and m -th  components of p maps xn onto (xn)p, ym 
onto (yTn)pso th a t the images are also incident.

A u t^  consists of all self-bijections of 3  which preserve n-adjacency re
lations for every n ( 0 < n < d  — 1). These bijections form a group by the 
composition as group operation.

Lemma 1.1. An automorphism  a from  A ut 3 , resp. A ut 3, is uniquely 
determined ( i f  it exists) by a flag f  and its &-image f &.
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The proof is a trivial consequence of requirements F .l-2 . A bijection 
a : /  >-+/a extends uniquely, if the extension exists, to  th e  О-adjacent flags of 
/  and o f / a, respectively, then to the 1-adjacent ones, and so on. Since & is 
connected by F.2 and finite thus the process ends, or it turns out th a t the 
extension does not exist. Q.e.d.

The m ethod in the preceding proof suggests to construct the

ALGORITHM 1.1 enumerating all flags in 9  from 1 up to cardinality \3i\t 
uniquely if the starting flag xf  is presribed:

We choose the О-adjacent flag of lf  to obtain 2/ .  Suppose tha t we have 
already listed the flags V . V . -  , rf .  To г/  we consider its O-adjacent, 1- 
adjacent, . . . ,  ( d -  l)-adjacent flags in this order. The first flag among them, 
not listed yet, will be r+1f ,  if such one exists. If every adjacent flag of r/  has 
already been listed then we return to r_1/  and repeat the  previous process 
w ith r_1/ .

Since Э1 is (strictly) connected and finite, the enumerating algorithm ends 
a t 1*1/. □

We rem ark tha t the selection rule of the adjacency relations depends on 
us, we could start first, e.g., with ( d -  l)-adjacent, flag, then  ( d -  2)-adjacent 
one, etc., in choosing r+1/  to  г/ .

Now we formulate

Algorithm 1.2 for finding Aut 9  and Aut;?.

Fix the numbering of flags х/ , 2/ , . . . ,  1*1/ by Algorithm 1.1. Choose an
other starting flag from among them (e.g. first 2/ )  and denote it by =: J/ a- 
We s tart with constructing an automorphism a £ Aut 3  and a perm utation a 
in A ut 9 ,  if it is possible. The m-th component of a begins with permuting 
m-faces: we associate the m -th  component of lf  with the  m -th component 
of for any m, 0 < m < d — 1. The О-adjacent flag of lf  is 2/ '  =: 2/ a . This 
continues also the construction of a £ Aut 5* with building its 0-th component 
associating the 0-face in 2/  with the 0-face in 2/ ' .  Having had the list

r f t  т pa

by Algorithm 1.1 and constructed the components of a £  A ut 53 without con
tradiction, we turn  to r+1/ '  =  r+1/ a and continue building components of 
perm utation a £ Aut

If, for some m (0 £ m ^ d — 1), the m -th component (the  m-face) of r+1/ ' ,  
ordered to th a t of r+1/ ,  is different as defined in a previous step of the process, 
then this a does not extend to  an element of Aut respectively of A ut so 
we drop this x[! and the involved constructions and turn  to  another starting 
flag (to the next one in the fixed list).

1p    1  2̂ a
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If such a contradiction does not occur, then we take T+2f  =: r+2^a and 
continue constructing aCEAut^5 till 1 ^ '= :  Then a will be taken into
the list of A u t^5, and we tu rn  to  the next starting flag till xt! := / .  □

Note tha t every element of A ut У acts on the flags in F  component-wise, 
«equivalently as A ut 9  acts on S'. In the following we prefer Aut S’, it need 
less memory capacity.

To summarize, we generally formulate
T h e o r e m  1.2. Algorithm 1.2 leads to all elements o f  A ut S’ (and Aut 9 ) .  

I f  we take the flags of fixed ( d - l ) - t h  component, i.e. fixed  (d — l)-facet f, 
and modify the selection rule in Algorithm 1.1 so that we prefer 0-adjacency 
up to (d — 2)-adjacency in choosing the next flag in Sf (the flag structure of 
facet i), then Algorithm  1.2 leads to the automorphism group A u tf of the 
facet f (respectively Aut 9{). The flags with fixed m-th component, i.e. fixed 
m-face x m, and with fixed components from  (m-\-\)-th up to the ( d - l ) - t h  
one, provide us the automorphism group A u tx m by Algorithm  1.2, i f  we 
prefer О-adjacency up to (m  — 1 )-adjacency.

P r o o f . 1 ) Algorithm 1.2 leads to bijections, preserving incidences by 
construction. Lemma 1.1 says th a t we obtain all automorphisms in Aut S’, 
respectively in Aut^S.

2) Fixing the last component, we also obtain a flag structure of dimension 
d -  1.

3) Fixing the m-th component xm, the flags in 9 xm distribute into as 
many “congruent” classes as m any different choices we have at the last d — 
— m — 1 components. Fixing any choice of them  we obtain a subflag structure 
of dimension m in the first m  components. Q.e.d.

E x a m p l e s . 1) The 3-tetrahedron has 24 automorphisms, any face of it 
has 6 ones, any edge has 2 ones, any vertex has only the triv ial automorphism.

2) The trigonal prisma (Fig. 1) has 12 automorphisms, one of its quad
rangle faces has 8, one of its triangle faces has 6, and so on.

3) The Archimedian 3-solid of face symbol (8,8,3) (truncated 3-cube) has 
48 automorphisms, as many as the 3-cube (Section 9, Fig. 10).

4) The 4-cube has 2 -4 -6 -8  =  384 automorphisms, any cube facet of it 
has 48, any 2-face of it, from the 24, has 8 automorphisms. 2

2. Involutive pairings on polyhedron IP

In this section our aim is to  find all combinatorially different involutive 
facet pairings of the polyhedron IP.

First we formulate
A l g o r i t h m  2 .1  determining the isomorphism classes of facets o f IP.
For any (г-th) class we s ta r t with a flag with fixed last facet component 

f,i and denote it by lf , \ .  We look for another facet f,-* of IP and a flag xf,k  to
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it (with fik as last component). Then we proceed w ith Algorithm 1.2 with 
xf a  = VS“ to get an isomorphism (fik between (d— 1)-dimensional facets. If 
it exists, <fik maps the corresponding faces of ftl onto those of f,* by a  map 
of d — 2 components (vertex to vertex, m-face to m-face). If not, then  we 
choose the next flag to f,/t as starting flag. Else we tu rn  to the next facet 
of 3*.

Suppose, we have found k, facets in the г-th isomorphism class, and all 
the assigning maps (fik, 1 < к S  к,. Moreover, let At denote the automorphism 
group of the face f,i (see also Theorem 1.2). Then every isomorphism

(1) gikm • it A: * íim t 1 ^  fc, ТП ^ k,', 

can be expressed in the form

(2) g ikm = VlkbikmVim

where a,vtm runs over the element of A t . Note that m  — k is also allowed; 
even more, if e.g. к =  1 then (fik = (fa = id f,i, the identity  of ft l , holds by 
agreement.

We form the next isomorphism class by choosing a new facet and a  new 
starting flag to it. The number I of isomorphism classes is finite. □

We remark tha t in a real computer program it is worthwhile to determine 
first the isomorphism classes of facets and the typical automorphism groups 
A  and, only after tha t, A ut 3*. For a particular polyhedron ZP these can be 
given to  the computer in advance (e.g. for d — 3).

Second we define an involutive pairing 3, called also identifications of 
as a collection of fixed isomorphisms between facets of fP such that

a) every facet is paired in 3\
b) if gikm, by formulas (1) and (2), occurs in 3 according to г-th  facet

class in Algorithm 2.1 then gimk = gt̂  : f,m f,* also occurs in 3 in the  form
g.mfc =  fPim&imk<fik where &imk = &~km holds in A t;

c) if a face f.jt paired with itself, i.e. g = ( f ^ ^ k k V ik  - Uk ^  f.fc, then 
gikk = g~k\ and consequently a = a“ ̂ .

Requirement c) is a particular case of b), they say th a t 3 is involutive. 
To summarize we formulate

T h e o r e m  2 .1 .  Each involutive pairing 3 of 9  can be given by a collec
tion of involutive permutations

and, for the i-th permutation, by an ordered set of automorphisms from  Ai

(4) (••.,a,fcm, . . . , a , mfc, . . . )  with aim*. = a|̂ |n in  A -
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These prescribe the isomorphisms glkm '■ Uk l_* Um in $, according to the i-th  
isomorphism class of facets o f  9 ,  by gtkm =  <p~k' &гкт<Ргт where, e.g. <pik : 
ftl t—► f,fc the fixed assigning isomorphism.

P roof is obvious by requirements of involutive pairing.
Note tha t each pairing 3  ( the  adjective “involutive” will be omitted la ter 

on) can be considered as an involutive self-bijection of the  flag set 9  of 
? ,  which preserves the incidence structure of facets as (d  — l)-polyhedra. 
The automorphisms of ?  are also such self-bijections but they preserve the 
complete incidence structure of ? .  So A ut ?  acts on th e  set of involutive 
pairings by conjugations.

Two involutive pairings 3 \  and 3^ ° f  & are said to be equivalent i f  an 
automorphism a  from АмХ? exists so that 3 i  — a_1^ia .

Third, by Theorem 2.1, we can formulate

Algorithm 2.2 determining all non-equivalent involutive facet pairings 
o f ? .

To the г-th  facet isomorphism class of ? ,  for each i, we prepare all invo
lutive perm utations according to  formula (3). These perm ute k, elements of 
the i-th facet class.

0) The identity  pairing, of ?  is the first in the list of pairings.
1) For a fixed i-perm utation we choose a k,-tuple a,-fcm of A t by (4), 

considering the  requirements of involutivity. We take this for each i, i.e. for 
each isomorphism class. So we obtain a pairing 3.

2) We prepare the conjugates a-1.7a w ith the elements a of AuX?  and 
compare them  w ith the former pairings listed already.

3) If no conjugate has been listed formerly then we take 3 into the list 
of pairings. If a  conjugate of 3  has been already listed then  we drop 3. We 
tu rn  to a new pairing by a  new choice of the  k,--tuple a,-^m from A t to  the 
i-perm utation.

4) If we have exhausted the  k^-tuples from Ai, then we turn to the next 
i-perm utation w ith the starting  k,-tuple from Ai.

5) If we have exhausted th e  i-perm utation, then we re tu rn  to the starting 
sta te  of i-perm utation and of k,-tuple from A and we take the next k!+j- 
tuple from to  the (i + l)-perm uta tion .

6) Then we vary the (i +  l)-perm utation, and so on.
7) The process ends and we have got the  list of different involutive facet 

pairings of ? .  □
Observe th a t this is a very long algorithm; in general, it is of exponential 

complexity. Now we do not deal with questions to spare place and time. For 
particular graph algorithms we refer to [10].

Examples. 1) In [28] we reported th a t a  3-dimensional tetrahedron has 
64 different involutive facet pairings. We listed 15 of them  which determine 
26 Euclidean space tilings, realized by 21 crystallographic space groups.
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2) The plane triangle has 8 involutive side pairings determining 13 Eu
clidean tilings and 12 crystallographic groups (Fig. 2). Taking also quad
rangle, pentagon, hexagon we obtain the 46 fundamental tilings for the 17 
plane crystallographic groups [16, 17].

3. A group generated by a pairing of У

We generalize a usual construction, see e.g. in [5, 20, 33, 34] for d — 2, 3. 
A fixed facet pairing J  of the polyhedron 33 is given by a collection

Stfcm • f«/c * * fjrn) S i m k  — 1 *

of isomorphisms defined in Section 2. Each g,jtm =: g as a generator of a 
group A maps the facet f = : f g-i  of !P onto the corresponding facet f,-TO = 
=  :fg and we define g to  map the polyhedron 1) onto its g-image
(5 \ g). These two polyhedra are said to be adjacent (neighbouring) along 
the identified facet (fg, 1) = (fg- i,g ) . Similarly, the inverse gimk = :g _1 maps 
fg onto fg- i  and we say tha t g-1 maps ^)= :(^ ), 1) onto ( ^ ,g _1) which are 
adjacent along the identified facet (fg- i ,  l)  = (fg,g _1). Note tha t fg = fg-i is 
also allowed, then (5*, g) =  (51, g-1 ) and g = g-1 is an involutive generator of 
A (g2 = 1 is a relation in A) (Fig. 3).

We define a combinatorial space tiling by У under A , i.e. a polyhedron 
complex as a collection

(*,!$) := { ( * ,h ) :b e i i}

where h is a product of the generators or their inverses from J ,  and some 
identification in (P, A) will be introduced.
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Fig. 3

R e m a r k . We mention that a flag structure o f d + 1 components will also 
be defined.

(S ,3 )  := { ( /, h ) : / € * ,  h<E3}.
Every flag receives a group element h as a d- dimensional component 

or solid component. We say th a t each flag (^, 1), with facet component fg 
and solid component 1 (the identity), is d-adjacent (solid-adjacent) with the 
flag (j,g 1 ,g), whose components from 0-th to (d — l)-th  one are the same as 
those of 1, as a flag of 9 ,  and the d-th component is the generator g of 'A
( e e f ) . o

In general, we define the identification of m-faces of (P, i§). Two m-faces 
(x, g) and (y, h) in (P, i£) are identified (glued), iff for m-faces x, у of P and 
for g, h E 'S either

1) (x,g) = (y,h)
holds, i.e. x =  у in P  and g =  h in the group (i.e. they are the same words, 
m ay be empty, of the identifying generators gj and g“ 1 of i$), or

2) for some (x,-,h,) we have
(x, g) =  (xi, h i)  ~  (x2, h2) --------- (xr, hr ) = (y, h),

where (xt ,h ,) ~  (xj+i,h,-+i) holds iff an identifying generator (or an inverse) 
gj exists such th a t x,- is an m-face of the facet f - i  of У5, x1+i = x®J is the
image m-face of the facet fg of IP, and h,- = g jh ,+i (Fig. 3).
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We write (x, g) =  (y, h) or xg =  yh defined by the above equivalence re
lation. This generally defines the quotient space (3>, S). It will be denoted 
also by .

Note that i f  (x, g) =  (y, h) then (x, gk) = (y, hk) also holds for  every 
g, h, к E S>, and every m-faces x, у of 3>.

Each к G defines an action (k) on (3, S) ju s t by (к): (3>, S) —» (3, S), 
(x,h) i-> (x,hk) for any m-face x of 0 ^ m < d  — 1.

We can easily see tha t

(k-1 ) =  (k)-1 and (kl) =  (k)(l)

so we can define a group (S) of such (k )’s as self-bijections of (HP, S ),  moreover,

S -+ (S ) ,  k ~ ( k )

is just an isomorphism. So we shall obtain the polyhedron complex (3 , S) — 
=:3& on which S  acts simply transitively, preserving all the incidences. We 
formulate these im portant facts in the language of flags.

T heorem 3.1. Let (33, g) and (5*, h) be any two polyhedra in the polyhe
dron complex (3 ,S ) .  Then to any flag (f,g) of (&, g) for  (^ , g) there exists 
uniquely the flag {f, h) of {9, h) for (33, h) such that g-1 h E S  maps (f, g) onto 
(f,h), (^,g) onto ($*,h) and {3 ,S) onto itself. Moreover g-1h preserves all 
incidences o f (3, S).

P roof. The elements g, h of S  and so g-1h are products of generators 
from 3. So we reduce the procedure of construction by elementary observa
tions.

First, we restrict ourselves to the polyhedra (33, h) and (3, g,h) where 
h G 3 ,  gi £ 3 .

These are mapped by

(h-1g>h): (3 ,  h) t-+ (3, g ,h ) :

each onto another. We know tha t any flag » G 3  with facet component f  -i 
• • •  ̂*and its g,-image G 3 ,  prescribed by 3, determines this mapping uniquely,

so tha t it preserves every m-adjacency of flags 0 й m  ^  d — 1.
We can uniquely extend this mapping to the generalized flags (see Re

mark of this section)

(h 1g .h ) : (9, h) •-> [9, g,h), ( /,h )  (/,g ,h), f e 9

with the requirements th a t (h_1g,h) shall preserve the m-adjacency structu re  
of flags for every dimension m, 0 < m ^ d .

Second, we define for any generator g, E 3  the mapping

(g .): (9,  к) (33, kg,); (f, к) (f, kg,-)
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of the  polyhedron complex (9 , S) and of the generalized flag structure (9, S) 
inductively.

Let к = gkigk2 • • • gkr be the expression of к £ S  by the gkj’s from 3. Then 
we apply the previous procedure step by step.

(/, k) (/, g ^ k )  (/, g ^ g ^ k )  •-» • • • >-» if , 1) (/, g.)
( / ,  g k r g . )  ^  gk2 ••  • g f c r g i )  *-* if,  k g , ) .

Third , we define for any element h = ghigh2 • • • gh.? (ghj £ 3)  the mapping

(h ) :(^ ,k )^ (5 > .k h ) ;  ( / , k ) ~ ( / , k h )

inductively again. We can check th a t (h) is uniquely defined by the require
m ents that it shall preserve the m-adjacency structure of generalized flags 
for every dimension m, 0 ^  m < d. Q.e.d.

We remark th a t  the automorphism group of the flag structure (9, S) is 
a supergroup of S .  Investigation of A u t(^ ,i$ ) and its subgroups, e.g. the 
normalizer of S  in Aut (9, S)  seems to be an im portant problem, e.g. in 
3-dimensional crystallography [9, 26].

We see tha t th e  factor space (9, S ) / (S) as ^-orbits of m-faces of 9  (0 ^  
< m  < d) is the sam e as m-faces of 9  factored by the equivalence induced 
by 3.

4. Barycentric subdivision of^P, stabilizers of (d — 2)-faces, 
presentation o f S

The pairing 3  induces the ^-equivalence of n-faces of 3  for every n (0 < 
< n < d — 1). Such an equivalence class of an n-face xn of 9  is in strict 
connections w ith the stabilizer subgroup S xn of x" in S,  and this can be 
described by those images of 9  under S  which join at xn in the complex 9 ^ .

We turn  to  new notations: 9 ^  := (9, S)] (xn)g := (xn , g). A facet fg of 9  
which is not self-paired by the  generator g in 3  has trivial stabilizer in S. If 
fg =  f _i, i.e. g is involutive generator of S ,  then the stabilizer S[g contains 
the identity 1 and  g = g-1 , only. We know th a t any involutive transformation 
g may have geometrically different realizations, e.g. in the 3-space g is either 
a plane reflection or a half-turn about an axis or central inversion in a point. 
These transform ations differ in their fixed objects (points, lines, etc.). O ther 
stabilizers also need finer distinctions.

We have no t introduced the points and  the topology of the polyhedron 
yet, since we can neglect them  in combinatorial algorithms. We formally 
introduce the barycentric subdivision of 9  and 9 ^  into d-simplices:

To any m-face of 5* and of 9 ^ ,  0 ^  m  <! d we order a formal midpoint. 
Any flag (/, h ) in ( 9 , 'S), with its vertex component, . . . ,  facet one and solid
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one, determines a simplex in 9 ^ ,  whose (vertex) points are just the formal 
midpoints of the vertex (it is itself), . . . ,  o f the edge, the facet, the solid (this 
is element o f S ), respectively. Any m  + 1  vertices o f a simplex defined by 
(f, h) determine its m-face. This m-face is characterized by the corresponding 
m +  1 components o f the flag (f, h).

This definition gives more visuality to our flag structures 9  and (9 , S) 
in general. For instance, flags with common solid component and facet one, 
describing a facet of a polyhedron considered in 9 ^ ,  are characterized by 
the simplices with the corresponding two common midpoints. The (d — 1)- 
facets of these simplices, opposite to the common solid midpoint, amount 
the (d — l)-facet of the polyhedron considered in 9 ^ .

Briefly and intuitively the stabilizer o f any n-face (xn)h will be described 
by a fundamental polyhedron for it. This will be a connected union of those 
simplices in 3a  which have the common n-midpoint according to (x")h and 
have different ^-images in 9 : = 9 X. We glue the simplices at their ^-equiv
alent (d —l)-facets as dictated by 9 ^ .  All these simplex facets contain the 
n-midpoint ordered to  (xn )h and we take identifications of these facets in
duced by i$. So we obtain a new d-dimensional polyhedron ^ (xn)h whose flag 
structure is (d — 1)-dimensional because of the fixed n-midpoint in common.

It is clear tha t n-faces in 3  which are ^-equivalent to (xn )h have conjugate 
stabilizers. Thus any of them  provides us the typical stabilizer.

We turn  to the most im portant case. This will be the generalized Poincare 
algorithm for describing the stabilizer of (d -2)-faces (see [5, 20, 26] for d = 
=  2, 3).

ALGORITHM 4.1 fo r finding stabilizer S e o f a fixed (d —2)-face e o f 3  by 
a fundamental polyhedron 9 e.

1) Consider all the flags in 9  whose (d — 2)-component is the edge e =  eo 
itself, i.e. consider all the simplices in 9  whose common (d —2)-midpoint 
is eo- Their union is denoted by 3)eo =:S)1; this is an edge-domain ((d —2)- 
domain) in 9 .

2) Assume tha t f - i  is a facet incident to eo such tha t e®1 =: ei ф eo holds"1
for a generator gi from 3. Take the flags in 9  whose (d — 2)-component is ei.
Some of them have the facet component fg l, the others have another facet
component, say f - i . The corresponding simplices form an edge-domain 3)ei ®2
at ei in 9 .  The gj’Mmage if 3)ei is simply denoted by 2)gi C 9 si which 
joins 3)1 at the facet f  - i  and e represents the common (d —2)-midpoint of

the simplices forming 3)x and 2)gi in 9 х6.
Then we introduce ег := ef2 * * * if it is different from ei and e0. The flags 

in 9  with (d —2)-component e2, the corresponding simplices and the edge-

domain 3) e2 are analogously defined. Now 3)^2 gl =:3)62 gi joins 2)gi at
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(f - i ) 5i so th a t e represents th e  common (d — 2)-midpoint of the simplices 02
forming Dl , 2)* 11, 2)® l̂gi 1.

( 1 )

Assume th a t we have already defined the different edges

p - p „  p,  — p8l p0  p82 ----pSr-l  _  „g l g2- gr - le — eg, e i .— eg , e2 .— e^ , e,—i — “r—2 —e0

and the corresponding edge domains

(2) 2 ) \ SP i1 , , . . . ,  2)8Г-1-«Г^Г1,

meeting at e in 2 ^  and having the facets

(3) ( V ) -  М “~‘ «  V ’ - •  = :f7 v

after each other, respectively (Fig. 4).

Then one of the following cases in 3) and 4) occurs.
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3) The flags in 9  and the corresponding edge domain 3)er_ 1 in Э3 have
the facets ^ г-1 and fg- i such that e f lx =  e®182 " gr = eo and fgr is the second
facet containing the edge e =  eo (the first was f - i) .®1

i) In addition, suppose tha t

ce := g ig 2 -.-g r  and so c " 1 := g ^ V - i  . . .  g2 1g^1

fixes any n-face of e (0 ^  n ^  d -  2).
Therefore, ce (and its inverse c“ 1) is called cycle rotation to the edge 

equivalence cycle of e. Now, the union of edge-domains (2) in 5 ^  determine 
a “dihedral” fundamental polyhedron 5^ for the stabilizer Ae ~ 2 ie (Fig. 5.a,
d =  3), where the facet fgr of 3) 1 and the facet f*_x of S)8r- 1'"82 81 are paired 
by the generating “rotation” c“ 1 of ^ e = 3ie.

c d e
Fig. 5

We can arbitrarily prescribe the order ve of rotation ce belonging to  the 
e-cycle.

If 2 < i'e then ce is a proper rotation, if ve = 1 then ce =  1 the identity, 
the “dihedral entirely surrounds” the (d — 2)-midpoint of e. In these cases 
the relation

( 4 )  l  =  < ' = ( g i g 2 . . . g r ) ‘/e

holds in 'A which determines the stabilizer Ae. If we prescribe the order 
of ce to be infinite then we write ue = 0, since (4) trivially holds and the 
equivalence class of e does not serve a proper relation for A.

ii) Now we suppose tha t de := g!g2 .. .g r is a non-trivial self-transforma
tion of the edge e =  eo (Fig. 5.b, d =  3). Then there exists a natural num ber 
ne > 2, determined by the pairing 2 , such tha t

ce := d"* =  (g ig2 • • • gr)”'  and so c^1 := d~n'

already fixes any n-face of e ( 0 < n < d - 2 ) .  Such ne is determined by an 
algorithm as follows. We pick out a (d — 2)-subflag of e = ei and proceed the 
transformation de so many times until the subflag maps onto itself.
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Again, we arbitrarily prescribe the order i/e of “ro ta tion” ce. Now the 
ro tational subgroup 3ie is of index ne in i$e- The relation

(5) l = d^=(g1g2...gr)n“'e
holds in general to  the equivalence class of e. In case i/e — 0 this is no proper 
relation to the edge class of e.

The edge domains (2) in 5** form a “dihedral” fundam ental polyhedron
-1 -1 -1

where the facet fgr of Э) 1 and the facet f*_i of i" ®2 gl are paired by
Sr

the  unique generator d“ 1 =  g 7 1gjT-i • • -g ^ g i" 1 *°г stabilizer £e-
We rem ark tha t i) is a particular case of ii) when ne = 1. In both cases 

in 3) also r  =  1 is permitted.
4) Assume th a t in the procedure described in 2) we have already defined 

th e  edges by (1), the edge domains by (2) which join a t the facets listed in
(3). Moreover, assume th a t the  flags and the corresponding edge domain
2)er_j in P  have the facets fgr_x and fg- i such that e f l x =  er_i. Then the 
flag requirement F .l in Section 1 implies th a t fg-i is paired with itself by 
gr : f -1 I—> f- =  f -1 as involutive generator from 3 (g“ 1 =  gr ). That means

® Sr  ̂ i l l
the  facet ( f -1 j*1—1"'*2 gl = : /*_i of the edge domain f f i *— 1'" 62 gl is paired

' Sr
with itself by the involutive generator u r for the stabilizer # e where

(6) Ur := gig2 .. -gr-igrg^-i • • -g ^ g r1-
Now we tu rn  back to the  starting edge e =  eo- Denote by f -i the second0 — 1

facet incident to  eo such th a t eg_1 =: e_i ^  e0 holds for a  generator g_i from
3. Take the flags in 3  whose (d — l)-com ponent is e_ i. Some of them  have 
the facet component fg_x the  others have another facet component, say f - i .

The corresponding simplices form the edge domain 3)e _ 1 at e_i in Э*. The
g“ x-image of 2)e_ 1 is denoted by which joins 3) 1 a t the facet f - i , and 
so on.

Assume th a t we have already defined the different edges

(7) eo, e_ i :=  e*“1, . . . ,  e_s+1 = e l“ ^ 1

and the edge domains to  e

(8) 2)1, 2)8- 1, gl , . . . ,  •••8_28- i

joining in 3 ^  at the facets

(9)
after each other.

8 - 1  8 - 2  6 —2 8-3+1
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Finally, e i el x =  e_s+1 shall hold with an involutive generator g_s : f -1 >—>
' ® — s

fg_3 ( g l4 = g-л from 9). T hat means, the facet f*_j of the edge domain8_a
2)g- i+1"'g- 2g-i is paired with itself by the second involutive generator u_s for 
the stabilizer S e

(6’) u_s := g—lg—2 • ■.g-,+ig-,g_J+1••-g_2g_í-
We have analogous cases as in 3). To be short, we define the  transform ation
(10) de := uru_4
which maps the staring edge e onto itself. By means of a (d — 2)-subflag of e 
we algorithmically determine the exponent ne for which d”e fixes any n-face 
of e (0 < n < d — 2). We arbitrarily prescribe the order i/e of the “rotation” 
ce =  d " '. The relation

( 11) l  = d ? * = ( v ru - . )n-*  =  c?,
with ur by (6) and u_s by (6’), holds in general to the equivalence class of 
e. In case i/e =  0 this is no proper relation for S.

We remark again th a t r  =  1 and —s = —1 are allowed in (6) and (6’). 
In Fig. 5.c-e we illustrate all possibilities for d =  3, m ’s denote plane reflec
tions, r ’s are half-turns. The edge domains in (2) and (8) form a “dihedral” 
fundamental domain 9>e for the stabilizer S e. Both facets of 9*e determine 
involutive generators ur , u_s, respectively.

The procedure ends, since we have finitely many flags in (9 , 1) or sim- 
plices in 9> to the equivalence class of the edge e. Moreover, we have finitely 
many edge equivalence classes. □

P R E S E N T A T I O N  O F  S. Let J  be a pairing o f the polyhedron P  which in
duces the equivalence o f edges ((d -2 )-faces) o f 9*. For each edge equivalence 
class e let ue be an arbitrarily prescribed natural number (zero is in), more
over let {r'e} be a fixed collection o f them. Then P, 9 and {i/e} define a group 
S  := ( ^ ,9 ,  {ve}) which is generated by 9, and the occasional reflection rela
tions g£ =  1 for each involutive generator gu from  9, furthermore the cycle 
relations c£e =  1 provide the defining relations o f S. I f  i/e =  0 fo r  some e, 
then this trivial relation has only a geometric importance.

Now the polyhedron complex 9 ^  is defined by 9>, 9 , {ve} and we have to 
describe all the stabilizers of m-faces of 9** for each m (0 < m < d — 3, d > 3). 

This will be the main goal of the next section.

5. Stabilizer of an m-face

Let x  be an m-face of 9* (0 ^  m ^ d — 3). We construct a  fundamental 
polyhedron 93x for the stabilizer i£x. 9>x will have a ( d -  1)-dimensional flag 
structure.
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Algorithm 5.1 for constructing 3>x and i£x.
1) Consider all the flags in 3  whose m-component is x itself, i.e. consider 

all the simplices in 3  whose common m -points are x. Their union is denoted 
by 3)x =:3)1.

2) Take the first flag of 3)x with a  facet component, say, f -i such tha t®1
xgl ф x holds for a generator gi from 3. Then we take all the flags in 3  with 
m-component xgl and so all the simplices in 3  whose common m-points are 
xg l. These form the m-domain 2)xgi in У  whose gj“1-image is simply denoted 
by 3№ 1 (it lies in 538! ). 3) 1 and i meet at the facet fg-i = (fgl)gl = ; ig1
and they have the m-face x in common in 3 ^ .

3) Then we take the next flag of 3)x or of Xxn ,  not taken yet, with a 
facet component, say, fg- i such th a t xg2 or xglg2 is different from the m-
faces already listed. Again, we take all the flags and simplices with the 
considered m-component. These form the corresponding m-domain 3)xg2 or 
3)xgig2 is 5* whose gif M mage or g f  1g^'1-image is denoted by Ü.№ or gi , 
respectively. This la tte r m-domain joins the previous one at the facet f^2 
where the exponent * means g f 1 or g f  1g^_1, respectively. So we have a new 
m-domain in 3 ^  to  the m-face x.

4) The procedure is already clear. We use Algorithm 1.1 to list the flags
with fixed m-component, first for x, then for xgl, . . .  ,x h. Then we pick out 
new image xhgJ on 33 and new m-domains in & s0 Ihat its g“ 1h_1-

image h (this lies in 5*g> h ) joins the previous ЗР1 1 at the facet 
/*_j := (f - i ) h 1 = (fgj )gj h =:f£ . Here gj is a corresponding generator
gj gy 1

from 3. So we have a new m-domain in 3 ^  to the m-face x.
5) The procedure ends if we have exhausted the i§-equivalents of x on 3. 

Then we have the glued union of the m-domains

(1) 3)x —:3)1, . . . ,  2>h_1, ®*7lh -1 , . . .

in 3 ^  which form a fundamental polyhedron 3>x for the stabilizer 'Ax. 3 X 
will have a (d — l)-dimensional flag structure 3 X with facet identifications 
induced by the procedure.

Let fk_j be any “free” (not yet glued) facet of 3)h 1 in (1) and let f£. 1

be the corresponding free facet of in (1). T hat means, the flags of “this 
p a rt” of f -1 (having the prescribed m-component) are associated with the
corresponding flags of fgi in the original polyhedron 3> by the generator g, of 
3. Then

(2) hg,k_1 : K l  f j“1, gt- := hgtk_1 6 3 X
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will be a facet identifying generator of i§x denoted by g, бУ х.
6) So we can reduce our problem to investigate the (ef— l)-dimensional 

polyhedron 9*x equipped by facet identifications Sx which generate the s ta 
bilizer &x. Those (d — 2)-face classes which contain the i§-equivalents of x 
provide the relations of i$x determined by the presentation of 'Á. □

R e m a r k s . 1 . Each (d — 2)-face class of !PX which provide a relation of 
i$x in a form

(3) =  1 with g„  g jG ^ x

reduces the number of generators in J x, since we have the consequence g, =  g • 
in J x . Such reductions may also yield tha t the stabilizer i$x is trivial.

2. We cannot exclude apriori that the starting polyhedron fP with iden
tifications J  and exponents (i/e) involve tha t the group 'A is trivial and so is 
the polyhedron complex 5s .

This is an accordance with the combinatorial theory of groups [7, 18] 
and indicates also the difficulties of the problem.

For instance a 2-dimensional digon with 4 flags (Fig. 6)

(1, 1), (1,2), ,(2, 1), (2, 2)

allows the identification

g l : (1 ,1 )-> (1 ,2 ), (2 ,1) —> (2,2)
to generate a free group. We have two non-equivalent (d — 2)-faces now, the 
vertices 1 and 2, we may choose the exponents v\ and 1/2 independently. If we 
choose v\= v-2 = :v, then the relation g^ = 1 leads to the cyclic group i§ = £„ 
and this is realized metrically on the sphere У2 w ith a digonal fundamental 
domain. If v\ ф i/2, then the greatest common divisor v = (̂ 1 ,̂ 2 ) gives the 
order of the corresponding cyclic group — especially v =  1 leads to the 
trivial group. These la tte r cases are not realizable in the classical sense.
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6. Topology on identified polyhedron

In Section 4 we have already introduced the formal barycentric sub
division of 5 ^  into d-simplices. Any flag (f, h) in (^ , 'S) with its vertex
component, facet one and solid one determines a simplex first in 
whose vertices are just the  formal m idpoints of the m-components of (^,h), 
0  < m ^ d .

Now we take a (d-f 1)-dimensional real vector space V and its dual V*, 
and define the  points of the  projective d-sphere Sd as rays of V. The relation 
x ~  у stands for x, у G V — {0} iff there  is a positive c (G R+) w ith у = 
=  cx. The equivalence class of x will be denoted by (x) and called the ray 
of x. Identifying opposite rays (x) and ( —x), we define the point [x] of the 
projective d-space ?d. The d-subspaces of V can be described by the non-zero 
elements of V*. A w G V* gives us a (d — l)-subsphere of Sd by

(1) Sá_1(u.) =  {(x) С V : Xu- =  0, u. G V* — {o}}.

A ray (u.) in V* characterizes a half-space in V or the positive half-sphere

(2) S+W = { ( x ) c V : b > 0 } .

Identifying opposite rays (u.) and (—<*), we define the (d — l)-plane [u,] of the 
projective d-space Pd. A point [x] and a (d —l)-plane [u,] of Pd are incident,
i.e.

(3) [x] I [u-] iff Xu. = 0.

A set C of the projective sphere Sd is convex iff it does not contain 
opposite rays, and with any two rays (x), (y) G C all the rays (tx - |-( l - t ) y ) ,  
for 0 < t <  1, belong to  C. Clearly, any convex set of Sd is contained in a 
half-sphere.

A half-sphere in (2) has also an affine structure, if we take in V the 
d-plane (hyperplane)

(4) AJ(it) =  { (x )c V :x u . =  c fixed, c G R +},

parallel to  the d-plane (u.). The rays (y), (—y) w ith yu = 0 assign one ideal 
point to  Ad(u). The d-plane [u.] represents the ideal ( d -  l)-plane of Ad(w). 

Fix a  basis ao, a x ,. . . ,  in V. We define the d-simplex

(5) Sá =  Span(a;) :=
t

:= {x =  a^ao +  a^ai -f . .  . + x d&d : x°, x 1, . . . ,  x d ^  0, x° + X1 -f • . .  +  x d — 1}

in V first. But we can consider a model of Sd also in the projective sphere 
Sd of V, tha t means, any vector x G Sd will be represented by its ray (x).
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To a basis ao ,. . .  ,a d we can uniquely introduce its dual basis £ ° , . . . , 8 d 
in V* by requiring

(6) = 8\ (the Kronecker symbol).

Then the simplex Sd by (5) will be described in 5d by

(7) Sá{(x) С V : x£‘ > 0 for i =  0 ,1 , . . . ,  d)

We say Sd is the intersection of its positive half-spheres.
By (4), (5) we can also say tha t S'* lies in the affine d-space Ad(£°-|-£1 + 

+ . .  .-I-Ld) with c =  1.

ALGORITHM 6.1 for introducing P  as a simplicial complex.
We know from Algorithm 1.1 how to enumerate the flags in 3  on the 

base of their adjacencies. The first flag lf  will be associated w ith Sd = : 1S 
so th a t the formal midpoint of the m-component maps onto am for each m  
(0 < m  < d). The second flag 2f  is О-adjacent to ll,  so we can choose 2ao in 
the interior of the simplex Sq spanned by —ao, a i , . . . ,  just arbitrarily and
define the simplex 2S just by (5) taking 2ao, 2ai = ax ,. . . ,  2a^ = ad as vertices. 
The union 1SU2S will be a convex polyhedron on the projective sphere Sd 
of V, whose facets are (d — l)-simplices.

Suppose that we have already listed the simplices 1S, 2S , . . . ,  rS according 
to the flags 2f , . . . ,  Tf  in Algorithm 1.1, so that

Г
(8) 9>T := ( J  'S

i=i

is convex on Sd with simplicial facets. Take T+1f  which is m-adjacent, say, 
with ’f  (5 < r). Then we define r+1S to *S by taking

(9) Span(r+1aj) = : r+1S
j

with r+1aj = 3&j if j  G ( 0 , . . . ,  d} — (m ) and r+1am G Int (*Pr -  P r ).
Here sP r is a convex hull of the positive half-spheres of all facets of 

P r except that of facet Span(*aj), and we have taken the interior of the
j ф™

difference set.
Since the flag structure 9  satisfies the requirements F .l-2  of Section 1 

and & is finite, the convex polyhedron

\9 \

(10) P := ‘S is well-defined.
i=i
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T he adjacency structure of S  and  so the incidence structure of S  will 
be realized on Sd, if we define the  rest of adjacencies by identifications of 
corresponding simplicial facet pairs of P.

It follows by the  construction th a t  P lies in an open half-sphere bounded 
by a  d-subspace of V . Introducing a  parallel d-plane, called 6 (a hyperplane 
in V ), all the simplices of P can be assumed to lie in 6 which is a real affine 
d-space Ad. The corresponding identifications of simplicial facets of P are 
uniquely defined by affinities. Recall that any two m-simplices spanned in 
V by a o ,a i , . . .  ,a m and b0,bi, . . .  ,bTO, 0 ^  m  < d can be m apped one onto 
another by the unique affinity

(11) x0a0 +  x 1a 1 + ...- |-x ma m *-+ x°b0 +  x 1b i + . . .  + х т Ьт ,

w ith any x°, x1, . . . ,  xm > 0, x° +  x 1 4- .. . + xm =  1.
So we define th e  points of Э3 and the topology on S  by means of P, 

endowed by facet identifications, and by the affine topology of P. Clearly, 
the  construction of P and its topology is determined up to homeomorphisms 
defined by piece-wise affinities. We can say S  is a simplicial complex realized 
by P  in the affine d-space Ad [21, 23]. □

THEOREM 6 .1 . Let 9  be a d-polyhedron whose flag structure S  satisfies 
the flag requirements 1.F1-2. Furthermore, let S be a pairing of the facets of 
S  which generate a group S by identifications from  3. There is a finite simpli
cial complex P in  the affine d-space which provides a convex atlas containing 
connected neighbourhoods for every point o f the identified polyhedron S .

P r o o f . For S1 we have already glued a convex affine polyhedron P con
sisting of d-simplices. Some facets of P are identified (by 1 of S) as dictated 
by S ,  or by the incidence structu re  of 9 .

The S  -equivalence defined on S  induces also the ^-equivalence on P. 
A ny point X of P  lies on an m-face x of a d-simplex from P , 0 ^ m  < d. We 
have finitely m any such faces (of any dimension). The ^-equivalents of m- 
face x, containing all the ^-equivalents of X, are distributed in finitely many 
d-simplices from  P.

Now consider the construction of the fundamental polyhedron S x for the 
stabilizer S x of th e  m-face x in  Algorithm 5.1. This requires gluing finitely 
m any d-simplices to  the common m-face x along (d —l)-facets of simplices. 
^-equivalent free facets also occur after the procedure by Algorithm 6.1.

So, after finitely many steps, we shall have all “typical” neighbourhoods 
in  the connected union of d-simplices glued to  P. So we get a convex affine 
polyhedron P desired in the theorem. Q.e.d.

In Fig. 6 we illustrate th e  situation in dimension d =  2 for a digonal S  
whose sides are identified by “rotation” gi. A glued collection of 6 simplices 
constitutes P.

In most cases the atlas P  can be simplified by gluing along neighbouring 
identified faces (as we intuitively imagine), but such a gluing cannot be
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guaranteed in general. We do not know apriori whether 33 is realizable in 
the affine d-space or not.

We shall construct a 3-polyhedron whose flag structure satisfies the re
quirements F .l -2 ,  but it has no realization whatsoever in the  affine 3-space, 
since its surface is homeomorphic to a non-orientable 2-manifold (e.g. to the 
projective plane, see Section 9, Fig. 9).

7. Spaces o f constant curvature modelled on projective sphere

To prepare the promised generalization of Poincaré’s theorem, recall 
tha t each simply connected d-space (d > 2) of constant sectional curvature 
can be modelled on the projective d-sphere Sd [25, 29, 39]. We fix a basis 
eo, e j , . . . ,  e j in V and the dual basis «.°, «,*, . . . ,  <bd in V* with e .e7 = (the 
Kronecker symbol).

A linear polarity („) or, equivalently, a symmetric bilinear form  or scalar 
product (;) will be introduced by the following notations:

(1) (*): V* —*■ V,
(2) ( ; ) :  V* x V* —> R, („; o) =  in> =  y*.

To define the spherical d-space t fd we make the basis of V* orthonormal
by

(3) <«'*;^ > = for *, j  = 0 , l , . . . , d

which extends to a bilinear form of signature ( + , . . . ,  + , +).
For the hyperbolic space K d we define

(4) Г<*°;*°> = -1; <*';*') = 1 for * =  ! ,••• ,  d;
l a n d  ( t , ; J )  =  0 for i /  j  — 0 , 1 , . . . ,  d.

These determine a bilinear form of signature (+ , • • • ,+ ,  —). For t f d and K d 
the polarity (») is regular, the inverse map is

( * ) :V —»W , d ->x*=®  so tha t a>*=x.

The induced sym metric bilinear form  on V can also be introduced by

(5) ( ;) :  V x V —»R, (x; y) := x^ = y* =  (»; y).

So V and its dual V* give us an alternative description for t fd and K d. A polar 
( d -  l)-plane (u.) and its pole (u) can be replaced to get dual statem ents. 

The points of t fd are modelled also on the unit d-sphere

(6) (x £ V : (x; x) = 1}.

A d a  M athem atica  Hungarica 59, 1992



198 E .  MOLNÁR

Clearly, every ray of V meets exactly one point of this sphere. From 
we tu rn  to  elliptic d-space if we replace the projective d-sphere Sd with the 
projective d-space Pd, keeping the m etric (3) on V* and the induced metric 
on V.

The proper points and proper (d - l) -p la n e s  o f K d are described in the 
projective d-space Pd where opposite rays of Sd are identified:

(7) '6 .  := {[x]: (x; x) < 0}, resp. #+* := {[«*]: (*; a) > 0}.

Their polars and poles

(8) K?* := {[a>]: (»;») < 0} and '6 + {[u]: (u; u) > 0),

respectively, define im proper (d — l)-planes and im proper points of K d. The 
incident poles and polars are defined by

(9) iV = { [x ] :(x ;x )  = 0), resp. «5 := {[«*]: (*;«*) = 0).

These provide a conic and its dual which describe the points at infinity 
(points on the absolute or ends) and  the boundary (d - l) -p la n e s ,  respec
tively, as improper elements of K d.

For the proper points of K d we can take the “imaginary sphere” in V 
with equation

(10) (x;x) := —x°x° + x xx i +  .. . + x dx d = - 1  ( = i2),

where x =  x°eo +  а:1ех + . .  . + x de(i. Any ray (y), with (y ;y )< 0 , meets the 
im aginary d-sphere exactly at у / у /  — (у; у). The opposite points of (10) are 
identified for K d.

For the Euclidean d-space 8 d to  the basis of V* we define

(11) (t/0;*.-7) =  0 for j  = 0 , 1 , . . . ,  d; (**;*?) = for i, j  = 1 , . . . ,  d.

This extends to a bilinear form of signature ( + , . . . ,  + ,0 ). Now

(12) (* ):« ,' +«-0 -c e t- for z =  l , . . . , d ;  c GR.

This induces a scalar product in the d-subspace ( e i , . . . ,e d )  of V which is 
defined by

(13) (e,-; e j )  :=  ( J  +  • c; J  +  c° • d) = 6*’ .

In the affine space

(14) A V ) = { x e V ; x » ° = :x °  =  l}
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we get the classical Euclidean d-space.
The reflection in the (d - l) -sp a c e  ( u )  with ( u ‘, u )  ф 0 is defined by

(15) (u-) l-+ (u>), w- =  u- -  u, ■ -j' ’ ^
у*!“-/

uniformly for (d — l)-planes (o) of У^, K d and 6 d. For Euchdean points (x) 
the reflection formula is

(16) W ^ ( y ) ,  У =  х ~ Г ^ Т и-

For spherical and hyperbolic points (x) this formula can be w ritten  in 
the form

(16’) ( x ) ^ ( y ) ,  y =  x _ ^ ~ ^ u-

In (16) and (16’) we have denoted by (u) the pole of the (d — l)-plane (u.).
The isometries o f our spaces y d, K d and 8 d are uniformly defined as 

compositions (products) of finitely many reflections. The groups Ь оУ ^ and 
I s o # d can also be defined by those linear self-bijections of V (and V*, re
spectively) which preserve the corresponding bilinear forms. But it is not 
true in 3d, although any reflection of the form (16) leaves the affine space
(14) and the scalar product (13) in it invariant.

The group of all self-bijections of 6 d which preserve the bilinear form  of 
V* is called similarities of 8 d. This contains Isoő^ as a  subgroup. B u t, in 
addition, there are typical similarities, called dilatations. These are defined
by

(17) x =  l-e0 + a:1e1 + . . .-l-ẑed н->у = c-eo + x ^ i  +  . .. + x ded 
in V with any fixed c £ R,

or by

(17’) и = tP • и o T • • • -(- tPiAd — ----- -f . . . e,dUd in V*,c

so tha t xu = jo- = uq + x 1«! - f . . .  + x dud holds for any x and и and their im 
ages у and v, respectively. We look at (17’) that (;) on V* is invariant for a 
dilatation, since «,° is orthogonal to any other forms in V*.

We could define the angles of (d — 1 ) -planes and the distances o f points  
in general [29, 39]. Now we mention only some hyperbolic cases.

The proper (d — l)-planes [u.] and [1л] intersect in proper (d — 2)-planes, 
iff

(18) (u,; u,)(i>; o) — (u;u ) 2 > 0 with (u.;t*), (и-;«>)>0.
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W e define the angle a  of the positive domain, w ith the inequalities

(19) xu .> 0 , Xu- > 0, by cos ot = — (ы-, i>)/\/(u.; u.)(<>; u-).

If the proper points [x] and [y] are taken so that

(20) (x;y) < 0 w ith (x;x), (y;y)<0,

th en  their distance s is defined by

(21) chs =  — (x ,y ) /\/(x ;  x)(y; y) > 1.

By (19) a lies in  the  open interval (0, тг), and by (21) s > 0 holds. But these 
formulas can be extended to o ther (d — l)-p lanes and other points if we think 
of complex angles and distances, (including oo), too [25, 29]. The isometries 
of 3 d, ifd, K d preserve distances and angles.

We mention a  characteristic theorem for d-simplices in i fd, 3(d, 6 d.
T heorem  7 .1 . Let (b'3) be a symmetric (d + 1) x ( d + 1) matrix so that 

the bilinear fo rm
d

(22) (; ) :  R^+j x Rj+j —* R, (“4 t*-) := щЬ 3Vj
i,j- 0

has the signature ( + , . . . , + ,  + ) ,  ( + , . . . , + , —) or ( + , . . . , + ,  0). Then there 
exists a simplex

(23) S =  { ( x ) : xF  5: 0, x € V ,  for each t 0, ^ , . . . , ^ 6 V * }

whose vertices are (a,) with = 63 on the projective metric d-sphere Sd 
(V,V*), which has spherical, hyperbolic or Euclidean metric, respectively, 
such that the face t forms í -1, . . .  ,Ld o f S satisfy the relations

(24) (F,L3) = b' 3 for i, j  =  0 ,1 , . . . ,d .

For any two such simplices 1S, 2S there exists either exactly one isometry 
fo r  i fd resp. M d, or exactly one similarity fo r  3d which maps 1S onto 2S.

The m atrix (b']) describes the generalized angles a ' 3 o f corresponding 
facets of S by

(25) cos a ' 3 = —b'3 /V b "  -bii.

For ifd and K d the inverse o f (b,J) is ju s t (atJ) = ((at ; &j)) and it describes 
the generalized distances Sij between vertices (a,) and (a j) of the simplex S 
by

(26) cos S{j =  aij/у/ац ■ aj j  for i fd,

(27) ch s ^  — Q-ijIyjя«' * Q'jj for  ,
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For Sd let B{j be the corresponding signed minor determinants o f (b'J), 
and assume that Boo > 0- Then the vertex (ao) of S is a proper point o f 6 d. 
I f  Boi, B qj ф 0 and B ^  denotes the corresponding signed (d — l)-m inor  
determinants o f Boo, then ^ - a ,  and ^ - a j are also proper vertices o f S and 
the following distance formulas hold:

(28)

(28’) s,j =  B qo з(“ )300

s2oi = B o o - B ^ / ( B oif  

11 2 B (ij)
(До,)2 00 BoiBoi

4-+ -°oo {B o :Y \
I f  В  a =  0 then (a,) is an ideal point of S.

The proof is a simple consequence of the preceding facts. For i fd and H d 
see e.g. [29]. We only prove the Euclidean distance formulas. To the bilinear 
form of signature ( + , . . . , + ,  0) there is a polarity (*) : IS к-»- b* =  blJ&, with 
a (radical) form U =  P b j  0, 0 =  (£■’;L) — b'^bj for г =  0 ,1 , . . . ,  d. (We apply 
Einstein-Schouten’s summation convention.) It follows
(29) bj = B 0j for j  =  0 ,1 , . . . ,  d
up to  a factor of proportionality.

A vertex lies in the d-space = 1 iff

(30) 0 ф &jb — &3L-'bi =  <5‘6, = bj = Bqj for j = 0, l , . . . , d .
Then the following vector lies in the image d-space at („):

(31) —a; -  —a, =  crbr =  crbrsas for r =  1 ,2 , . . . ,  d; 
b{ bj

and the distance formula for 6 d is defined by

(32) 4  =  (cub“ ;c„b,;) =  cub“vcv for u, v — 1 , 2 , . . . , d.
After having solved equation (31) for cr , we have essentially different 

cases in (32) for г = 0 and 0 ф г, j  as indicated in (28) and (28’). Q.e.d.
We remark tha t less explicit criteria for polyhedra are mentioned in 

[39, 40].

8. The algorithmic extension of Poincare’s polyhedron theorem

In Section 6 we have defined the simplicial complex P on the projective 
d-sphere. P has piece-wise affine topology and provides an atlas containing 
connected neighbourhoods for every point of the identified d-polyhedron 9  
by Theorem 6.1. We define the metric realization of P, i.e. the local metric 
realization o f [5**; {i'e})], which will be denoted by P, with the following
properties.
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M R .l .  P is a simplicial complex on the projective metric d-sphere Sd 
with spherical, hyperbolic or Euclidean metric. P has only proper facets.

M R .2. A simplicial homeomorphism p : P —> P is required such that p  
is compatible with the actions of'A on P and

p ~ 1h p  = : h : P —► P

is a “simplex-wise” isometry in Sd fo r  any occurring action h £ A on P . We 
say that h £ $  is p-associated with h £ Iso S^; h =  1 also allowed, then h is a 
restriction of the identity of Sd.

M R .3 . We require fo r each edge class e that the simplices in P, describ
ing the fundamental polyhedron o f the stabilizer Ae, will have images Pe
in Sd such that the generators o f Ae are (p-associated with the generators 
identifying the corresponding facets o f Pe by isometries. Furthermore, we 
require that any cycle relation, with exponent (0 is included), shall be 
isometrically satisfied fo r  these generators in Sd.

R e m a r k . Instead of metric realization we can obviously define topo- 
logic, affine, conform, etc. realization of P as well. The existence of these 
realizations is always questionable as we indicated after Theorem 6.1. It may 
depend on 35, 9  and {i/e}, too. Examples show these facts in Section 9. □ 

The main problem is how to realize the global polyhedron complex 
[Э^\A{9,  {i'e})] on a projective metric d-sphere Sd, particularly in t fd, K d, 
6 d. The metric realization [Pg ,G(I, {î e})] exists on Sd, modelling t fd, K d or 
6 d, if there is an equivariant bijection Ф of onto PG on Sd, i.e. there is an 
isomorphism /  o f A onto an isom etry group G C Iso Sd such that the following 
diagram  is commutative:

A : 5 ^ 9 #

th a t means g-̂  =  g =  $ _1g$ for any g £ A.
Poincaré m ade the first steps [33, 34] to solve particular cases in dimen

sions d — 2, 3, by formulating angle conditions for a fundamental polygon, 
resp. a polyhedron. The d-dimensional formulation is indicated in [20]. A.
D. Aleksandrov [1] gave a principal generalization for filling the d-space of 
constant curvature by face-to-face compact polyhedra from finitely many 
congruence classes. His criterion says that it is satisfactory to guarantee 
th e  (unique) continuation of the filling around (d — 2)-faces. His topological 
m ethod, using covering space arguments, is very effective. (For non-compact 
hyperbolic polyhedra see also [3, 4].) In [40] there is a formulation of the
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Poincaré theorem in this sense. Applications can be found in many papers, 
see e.g. [6, 13, 14, 19, 24, 25, 26, 30, 31, 32, 35, 40, 41, 43].

Our formulation will also reduce the problem to checking finitely many 
cases. The combinatorial algorithms, described in Sections 1-6, can be ex
tended by geometric considerations which need to examine (d — l)-dimen- 
sional cases, namely the stabilizers of faces of 5>. Thus we get a hopeful 
inductive procedure.

Consider a  local metric realization P which may have curved faces, too 
[26, 27, 30]. It contains the (/^-images of those simplices which amount P С P 
corresponding to  3  by its flags in 9. We denote P v =: P := 3 9 . Each face 
identification of 3  is also described by simplices in P and so in P as defined in 
Algorithm 6.1. Imagine th a t these simplices are glued to the corresponding 
facet by the isometry y?-1 gt_1y? =: g“ 1 G IsoSd. So the gt_1-image of P can be 
defined as an extension of the simplex-wise isometry in Sd. Hence, for any 
element h = g ig2 . .  .g.,_ig., of £  with generators gi . .  • gs G 3  we can define 
the corresponding Ф-image of 55*1, i.e. the polyhedron Ph, passing through 
Pgs, P8s_lg%. . . ,  pg2-g»-igs as described in Theorem 3.1.

For a while we do not know, whether Ф extends uniquely or not, and the 
Ф-image of 3 ^  cover the proper points o f Sd or not.

Now consider the simplices in P which constitute the fundamental domain 
Pe for the stabilizer Ge of a (d — 2)-face e. We have the cases, described in 
Fig. 7.a-e.
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If 1 ^  i/e is finite then Pe has proper (d -2 )-face  e (Fig. 7.a). The stabi
lizer Ge has the ro tation subgroup Re of order ue in K d or 8 d.

If Vf. =  0, i.e. Re has infinite order, then we may have 4 cases:
Fig. 7.b shows when Re consists of Euclidean translations, since e is an 

ideal (d — 2)-face. Fig. 7.c is the case where Re is generated by a “horocyclic 
translation” in K d about the end of e.

In Fig. 7.d the (d —2)-face e lies out of the absolute of K d, its 1-dimen
sional polar is the proper line e ,, Re is generated by a hypercyclic translation 
along e* which happens not to intersect P.

In the last cases, when e is not proper, the metric data of the correspond
ing generators of Ge are not unique in general.

Fig. 7.e shows such an im portan t 2-dimensional hyperbolic case, where 
Ge is generated by a hyperbolic translation along a line Í. One end of l  is 
the unique end of e. The line l  does not meet any Ge-images of Pe. In this 
way we cannot get a fundamental domain for the starting group G.

The d-dimensional generalization of this case (d > 3) yields also a hy
perbolic translation along a line £, where the (d —2)-face e is fixed but not 
point-wise.

On the (d — l)-plane e, tangent to  the absolute of K d at the end of e, we 
have a  Euclidean projective m etric structure, i.e. a bilinear form of signature 
( + , + , . . . ,  0), so th a t the vector e, assigning the end of e, is orthogonal to 
each vector of the corresponding d-subspace Ed of Vá+1 (see Section 7). The 
hyperbolic translation along i  induces a Euclidean dilatation in e with centre 
at the  end of e, the axis (as ideal (d — 2)-plane is cut off e by the (d — l)-plane 
tangent to the absolute at the second end of l.  Such a case cannot yield a 
fundam ental domain for G, since l  will not be intersected by Pe-images under 
Ge, bu t any neighbourhood of any point on l  will.

Now let us consider the simplices in P which constitute the fundamental 
domain Px for the stabilizer Gx of an rn-face x (0 < m<[ d — 3). We have 
analogous cases as before.

Gx is finite iff x is a proper m-face. The midpoint of x is a centre of a 
(d —l)-sphere on which Gx will act discontinuously.

If Gx is infinite, then x shall be an improper m-face without or with end 
on the absolute of 6 d or 3{d.

First, assume x to be an im proper m-face without end, then the polar 
(d —m  —l)-plane x* is invariant in 3id under Gx and so are the (d — m —
— l)-hyperspheres with base x*. Then we can define an appropriate (d — 1)- 
hypersphere (distance surface) with pole in the midpoint of x, intersecting 
only those (d —l)-facets of Px which contain x. On this hypersphere Gx 
acts as a (d — 1)-dimensional hyperbolic isometry group with a fundamental 
domain cut off by Px off the ( d — l)-hypersphere.

Assume th a t x  has one end. Then Gx acts either as a Euclidean motion 
group with invariant ( d - m  — l)-planes, respectively with invariant (d — m —
— l)-horospheres (in analogy w ith Fig. 7.b-c), or as a Euclidean (proper)
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similarity group (in analogy with Fig. 7.e).
In this la tter case there exists a line l  (at least one) which will not be in

tersected by the Px-images under the stabilizer Gx, but any neighbourhood of 
any point o i l  will. Thurston [37] developed a m ethod (called D ehn’s surgery) 
which may lead to  a discontinuous transformation group also in this case, 
but then  we have additional defining relation and a modified fundam ental 
domain. I only remark that the famous Thurston’s manifold of volume 0.98 
and the hyperbolic manifold of volume 0.94 discovered by Matveev-Fomenko
[12] can also be constructed in our manner by a compact fundam ental poly
hedron.

Sum marizing , if the cases Fig. 7.e occur for the local realization P in 
X d, then this does not extend to  a global realization of [5*®, $(.?, {^e})] in 
general.

T h e o r e m  8.1. The d-dimensional polyhedron complex \3^\ i£(.7, { i'e} )] 
can be realized on the projective metric d-sphere Sd, if  the corresponding 
finite simplicial complex P has a metric realization P on Sd by MR. 1-3 such 
that any stabilizer o f any face with exactly one end has only horospherical 
generators by P.

P R O O F . We follow A. D. Aleksandrov [1] with some modifications and 
prove by induction on dimension. We consider the local realization P as a 
finite collection of simplices on a projective metric d-sphere S'*. Our con
ditions guarantee th a t we can uniquely tile S'* with G-images of P around 
(d — l)-facets and (d —2)-faces of P.

Now we prepare all the typical neighbourhoods for the point equivalence 
classes on m-faces of P in the simplices of P for any m, 0 ^  m ^ d.

For any proper point X on an m-face we consider a ball Bx w ith centre 
in X, intersecting only those facets of P which contain X. The ( d — ^ -d i
mensional surface Sx of Bx cut off P a (d — l)-dimensional complex Px which 
satisfies the conditions of our theorem for dimension d — 1. By induction we 
can uniquely tile the whole sphere Sx and so the whole ball Bx, since on Sx 
we have a spherical m etric (d —l)-space.

For any improper m-face with exactly one end X we consider the cor
responding horoball Bx whose surface Sx intersects (in proper points) only 
those facets of P which contain the end X. The horosphere Sx cut off P a 
(d —l)-complex Px which satisfies our conditions in less dimension. There
fore, by induction, we can uniquely tile the whole Sx and so the whole Bx, 
since on the horosphere Sx we have a Euclidean metric (d —l)-space. This 
arguments hold also for 8 d where a horoball means a half-space.

Consider any im proper m-face in K d with an outer midpoint X. We take 
such a hypersphere Sx with base (d —l)-plane polar to  the centre X, and 
tha t proper part of X d, the hyperball Bx, which intersect only the facets 
of P having X as common point. This hyperball Bx does not contain any
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m idpoints of the proper m-faces of P, 0 < m <  d. The hypersphere Sx cut 
off P a (d -  l)-com plex Px which satisfies our conditions in less dimension. 
Again by induction, we can uniquely tile the whole Sx and so the whole Bx, 
since on Sx we have a  hyperbolic m etric (d -  l)-space.

Now we determ ine a universal distance 6 for P (Lebesgue-distance). Cut
ting  off P all the open horoballs and hyperballs defined before, we get a com
pact subset Pc of P. Any point A of Pc has a typical ball-like neighbourhood 
B(A, гд) with radius гд. Take the  open balls В (А, | га) at every point A 
of Pc. These balls cover Pc. By the Borel lemma, from these balls we can 
choose a finite covering. The minimal radius of these finitely many balls will 
be a universal distance 6 with the  property th a t any point X of P has a ball
like neighbourhood of radius 6 which is contained in a typical generalized 
neighbourhood. Here “generalized” means th a t we count also the finitely 
m any horoballs and  hyperballs to  the typical ball-like neighbourhoods.

Consider any proper point A of the projective metric sphere Sd. Connect 
it w ith a point C in P by a geodesic line. We shall prove tha t A is uniquely 
covered by a G-iamge of P.

We cover th e  segment CA by finitely many subsegments C C i, C1C2, . . . ,  
CnA whose length  is smaller th an  6 . We go from C to A step-by-step using 
th e  facts th a t th e  typical generalized neighbourhoods have uniquely been 
covered by the  induction assumption. We easily see as well th a t the seg
m ent CA is covered by finitely many G-images of P joining each other along 
adjacent facets.

The covering of the proper part of Sd is unique, since it is simply con
nected.

The theorem  is true for d — 2, since the conditions for facets and (d — 2)- 
faces, i.e. vertices, guarantee the (unique) tiling of the typical generalized 
neighbourhoods in P.

We do not claim tha t the im proper points of Sd = 3Cd will be covered by 
G-images of P if P has also outer points. This is not true in general. But the 
covering is unique, since each outer point can be characterized by a bundle 
of proper lines running inside of a G-image of P. Q.e.d.

9. Examples

In this section we illustrate our m ethod by further examples.
1. Fig. 8 shows a 3-simplex A0A1A2A3 = : 5* with a pairing J  of its facets 

from among the  possible 64 different pairings [28, 43]. Now, the generators 
of i£(a, b, ; c, d) are:

(1) Z i: A1A2A3 —► A0A3A2 : Z2 : AqAi A2 —> AiA0A3.
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Fig. 8

The edge classes and the cycle relations are read off Fig. 8, by Section 4.

a —>— : (zxzx)° = 1; b : (z2z2)6 =  1; 
c =$•= : (z iz2 X)c = 1; d : (zxz2)á =  1.

The stabilizers of the edges are: i$a := (zi — z2a); :=  (z2 — z2b); S c :=  (rx :=
:= ZiZj1 — rx); i$d := ( r2 := z iz 2 - r^ ) .

The stabilizers of the vertices are also illustrated in  Fig. 8 (see [16] for 
the surface diagram of 2-dimensional groups):

(3) °{A° ’ : ^ Al :=  := ZlZ2’Гз := z2 - r2>4 ,  f o r j 1)0);
• {Л2,Л 3} :i$A3 :=  ( i4 := z f ,r5 := zx*z2 - r 2,rg , (r4r5)d).

We applied the considerations from Section 5.
Now we examine the possible collections of exponents {i/e} = {a, b; c, d} 

and the realizations of 5 ^ .
(a , b;c, d} = {1, 1; 1, 1} involves the group S  := {zx — zx =  1} of order two. 

9 ^  has a realization in the spherical space У3, zx will be an antiinversion 
changing P as a ball with the complementary ball PZl.

{a, b; c, d} = {1,1; 1,2} involves also S  := {zx — z2}. B ut 9& has no m etric 
realization in our sense.

For the general situation we consider a tetrahedron P on a projective 
m etric sphere S3 with the congruent facets indicated in Fig. 8. It follows 
th a t P has a half-turn with axis А0хА2з as a self-symmetry. This implies 
the angles of P to  be f , f ; 7 , \  and a, b;c,d> 2, thus we have the following
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Schläfli-Coxeter m atrix  [7]:
(4)

/  1 -  cos * - cos 2 “ cos7 \
— cos J  1 - COS 7 -  cos 2

(bi j ) = U W ) )  =
a

7Г 7Г 1 7Г •> i , j  = 0 ,1 ,2 ,3
— cos j  — cos 2 -  cos J

1 о 0 сл 1 0 0 со 1 c o s f 1 )

in the sense of Theorem 7.1. The change a*-+b or c d does not make any
difference. These simplices have the Coxeter diagram in Fig. 8 which has an 
involutive automorphism w ithout fixed nodes, since P has a  half-turn as a 
self-symmetry. Theorem 7.1 provides a complete description of the metric 
reahzations of these simplices.

By (4), the bilinear form

3

(5) M - Z u i b í v j
i , j = 0

on R-4 with the m atrix  (btJ) is of signature (+ , + , + , +) iff

(6) {a,b; c, d} =  {m, ra; 2,2} m ,n ' t  2;
=  {2,2;m ,2} (this has the same simplex as {m ,m ;2,2});

(m  > 3)
=  {3,2;3,2}.

So we have got all the metric realizations of 3 ^  in the spherical space У3. 
The signature of (5) is 0) iff (see [28])

(7) {a, b; c, d} = (3 ,3 ; 3 ,2}, 203. Fd3 1 these have the
= {2 ,2 ;3 ,3} , 219. F43c j same simplex.
= {3,2; 4 ,2}, 222. Pn3n.

These are Euclidean crystallographic groups, realizing 3P^ in <?3.
The signature of (5) is (+ , + , -f, - )  in the following cases (8)—(10):

(8) { a ,6;c ,d} =  {5,2; 3,2}, {3,2;5,2};
=  {4,3;3 ,2}, {5,3;3,2}, {5,4;3,2};
=  {4,4; 3,2} — {3,3; 4,2} — {2,2; 3,4} for the  same simplex;
=  {5,5; 3,2} — {3,3; 5,2} — {2,2; 5,3} for the same simplex.

These are so-called Lanner simplices [40], when P is com pact in К ъ. They 
realize 11 non-isomorphic Э̂  in К г.

(9) {a, b; c, d} =  {3,2; 6 ,2}, {6,2; 3,2}, {4,2; 4,2};
=  {3 ,2 ;3 ,3} , {6,3;3,2}, {6 ,4 ;3 ,2 ), {6 ,5 ;3 ,2} , {4,3;4,2}.
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These are non-compact simplices in X 3 with 2 proper vertices and 2 ends. 
They realize 8 non-isomorphic 3 ^  in X 3.

(10) {a, b; c, d} = {6,6; 3,2} -  {3,3; 6,2} -  {2,2; 6,3};
=  {4,4; 4,2} — {2,2; 4,4};
=  {3,3; 3,3}.

So we have 3 simplices in X 3 with 4 ends as vertices. They realize 6 non
isomorphic 3 ^  in X 3.

Of course, we may have also non-proper edges for P.
For instance, the case {0,2; 2,2} is realized by the m atrix

( И )

( 1 - l 0 ° \
- 1 l 0 0
0 0 1 0

V о 0 0 1 /

of signature (+ , + , + ,0 ) (see Theorem 7.1). Then we have a Euclidean sim
plex P. A0, A i  are proper vertices; A 2 , A 3 are ideal points. 3& is realized 
by a Euclidean “rod group” G, generated by the glide-reflection and the
rotatory reflection Z2 about the line A qA \.

The extrem e case {0,0; 0,0} is realized, e.g., by the m atrix

( 12)

/ 1 - 1 - 1
-1 1 - 1 -1
T-l - 1 1 -1

\ - l  - 1 - 1 1 )

of signature (+ , + , + , - ) ,  since its eigenvalues are (2 ,2 ,2 , -2 ) .  Then we have 
a hyperbolic simplex P w ith proper facets. Every edge of P has exactly one 
end as m idpoint. All the vertices lie out of the absolute. So we realize 3 ^  
in X d, G is generated by two horospherical glide-reflections zx and Z2 so th a t 
z iz j1 and Z1Z2 are horospherical translations. The stabilizers of vertices are 
plane hyperbolic groups.

The earlier case {0,2; 2,2} also allows us to define the matrix

( И ) (bij) =
/ 1 —chi 0 0

—chi 1 0 0
0 0 1 0

V 0 0 0 1

of signature (+ ,+ ,+ ,—), since its eigenvalues are (1,1,1 + ch i, 1 —chi). T hat 
means, the planes (£°) = A \A 2A 3 and (6-1) = A 0 A 2A 3 have the distance t 
along the common perpendicular A0A1, polar to the im proper edge A 2 A 3. 
The generator z \ is a glide reflection along A 0 A X, z2 is a ro tatory reflection
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Fig. 9

about AoAi. We have got isomorphic groups by (11) and (13) but different 
realizations.

2. Fig. 9 shows a polyhedron 5P whose surface is homeomorphic to  the 
projective plane and this is while 33 cannot be realized in 8 3 or in К 3, У3. We 
s tart with a division of the projective plane by three lines into 4 triangles. 
We introduce the formal midpoint if i 5 which is connected with the points 
of the projective plane to form a cone. We shall pair the triangles by asso
ciating their flags. The vertices A±, A 2, A 3 divide the lines into 6 numbered 
segments. All these will be equivalent at the pairing J , whose generators are

s 1 125 —+ 234] ®2 • 631 —> 546 .

This yields the cycle ro tation s ^ s ^ s j  2 by Section 4. Taking an exponent 
a, we get a representation of the group

(14) &:= (sb s2 - ( s 3s2sj‘1s2 2)a =  1).

The stabilizer {&a 1 for the equivalence class of vertices A \ , A 2, A 3 will be de
termined by constructing 3*a x as in Section 5. 5*a x consists of 3 quadrangular 
vertex domains glued at A \.  Fig. 9 shows this 2-dimensional structure. 3) 1 
is the vertex domain of A\ with 4 facets, denoted by >̂1 ’ ŝ.-1 ’ ’ Ŝ2 (after
the generators, the f s  are om itted in Fig. 9), and with 4 oriented edges 1, 
2, 4i 6 . Along the facet fsi we glue the sMmage of the vertex domain A 2 to 
2)1 so tha t fsi =  (fs- i ) Sl (in Fig. 9 for brevity (fs- i ) si = : (sj-1)*), 2 — 1S1 =: 1*,
4=5*.  This domain is denoted by 2)81. Along fs- i we glue the s jM m age

of the vertex domain A3 to  3)1, so th a t fs- i  =  (fS2)82 = : sj, 6=5*,  1 = 6 *.
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This domain is denoted by 3?2 . Now the facets of 33a 1 =3)x U2>S1 U3 s2 1 are 
paired as indicated in Fig. 9 by special lines. So we get the generators of 
i§Ai as follows:

f. - 1 •-*' )“» : gi :=  sis2 1;

(V )S2_1~ ( fs2)S1:g2:=S2Si;
(fs- 0 81 * * ís2 * Pi * ~ ®r”1 ;

(f*!-1)82”1 ̂ (fsi)81 :p2;=s2sl-

(16) © : ( Р 2 Р ^ ^ 1 ) а = 1; ©:(gig2Pj1p r 1)a = l-
Both relations are consequences of (14—15). We have described also the 
surface diagram of in Fig. 9 in the sense of [16]. This is a graph on the 
non-oriented surface of genus 3 (a sphere with 3 cross-graphs) endowed with 
two centres of а-fold rotation. If we cut the surface along this graph, then we 
get the fundamental polygon of described above. The case a =  1 seems 
to be very im portant. Then 9  with the above identifications is “almost a 
manifold” with two exceptional points, the centre of 33 and the equivalence 
class of the vertices.

(15)

The relations for $.4, are

Fig. 10

3. Now we shall construct a Threlfall’s manifold of constant positive 
curvature by means of the method applied first in [31]. In Fig. 10 we have 
described a truncated cube as У and a pairing 3 on it, so th a t each equiva
lence class of the edges has exactly 3 edges at the joint of a  triangle-octagon,
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octagon-octagon, octagon—triangle, respectively. All the exponents will be
1. Consequently, each equivalence class of the vertices has exactly 4 vertices 
starting  or ending 4 edge classes. We define the generators step-by-step and 
get the relations by the scheme as follows.

First we assign the edge class -*•— and the facets, joining a t these edges, 
together with two generators:
(17) u : 4 -1  fu; x : f x- ii-> fx.
This determines the generator x -1 u :fu- i x fx- i u as a product. In Fig. 10 
th e  f  s are om itted. Surprisingly, our previous requirements will determine 
th e  whole construction. АЛ the generators are expressed by u and x, and we 
also get the defining relations.

At the jo in t of fu and fx we choose the edge 1. This has two images on 
fu- i and on fx- i .  The joining facets at the previous edge images shad be 
paired, so the generator ux -1 : fxu- i fux- i  shad be introduced.

At the jo in t of already m arked facets we define a newer edge class con
taining 3 edges and we get a new generator, a trivial relation, a non-trivial 
relation or a consequence relation by the fodowing scheme:

x -1 u; f : u x - 1 ; 2 :x -1 (u -1 x)(xu-1 ) =  1;
3: b :=  u(x_1u); 4 '■ c := (u-1x)(ux-1 );
5: a :=  (xu-1 )u -1 ; 6 : a(u_1x)u =  x u _3xu = 1;
7: a(ux-1 )(u-1 x) =  x u -1x_1u -1x =  1;
8 : c(x_1u)u =  u -1 xux~2u2 = 1;
9: cu(xu-1 ) =  u _1xu(x_1ux)u_1 =  u -1 xu(xu-1 )u -1 =  1;
1 0 :bu-1xu-1 =  1;
1 1 : b(xu_1)(u_1x) =  ux-1 (uxu~2)x =  ux-1 (x-1 u )x =  1.

As we see, from the relations at 2 and 6 we can derive the others. So we 
have for the presentation
(19) := ( u , x - x 2u -1x -1u _1 =  1 =  u3x-1 u-1 x _1).

This is Threlfad’s binary octahedral group [7] of symbol (2,3,4) and 
of order 48 mentioned as $43 in [30] and described there by a spherical 
tetrahedron. It is shown first by Threlfad tha t this i$, as a fundamental 
group, defines a spherical space form  У3 j'A.

Now we shad prove th a t 5** has a metric readzation in the spherical space 
У3, indeed. Let us consider the simplex A0A1A2A3 whose Schläfli-Coxeter 
matrix is
( 20)

( 1 — COS J 0 0 \
—cos ^ 1 -  cos \ 0

0 -  COS f 1 -  cos ^

\ 0 0 — cos ^ 1 /

Í, j  = 0 ,1 ,2 , 3
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of signature (+ , + , + , + ). Hence A0A1A2A3 can be realized in У3. Its Cox- 
eter-diagram, described in Fig. 10, bas a symmetry which induces a half-turn 
about the axis D \D 2. Place a plane through D \D 2 perpendicularly to  the 
edge A0A3. This plane divides A0Ai A2 A3 into two halves. Take the part 
with A3 and the side planes (L°) = mo, (4-1) =  m i, (L2) =  m 2. The reflections 
in mo, m i, m 2 would generate the Coxeter group C3 as th e  symmetry group 
of an octahedron € centred in A3. A2 would be a facet centre, A \ an edge 
one, and Ao a vertex of <D.

Now we reflect the half simplex around A3 under the  above group C3, 
then we just get the truncated  cube as an Archimedian solid (8 ,8 ,3). To see 
this we need the fact th a t the  half-turn r changes the planes m \ <-> m 2 and 
mo *-* m3. So around D 2 we get a group of order 16, generated by mi and r, 
thus we have an octagon in the symmetry plane of A0A3.

Summarizing , the group X ,  generated by m0, m i, r, forms the orbit of 
A3. And a Dirichlet-Voronoi cell of this orbit is just the  truncated cube 
considered. In this D—V—tiling 3 domains meet at each edge where a triangle 
and two octagons join. A t every point of the tiling 4 domains meet in 4 
edges. Thus we have explained the requirements of the construction and 
checked the local realization of 3 ^  in J 3. Theorem 8.1 guarantees the global 
realization.

We remark th a t A0A1A2A3, as a characteristic simplex of the spherical 
octahedron 0 , allows us to define another spherical manifold with fundamen
ta l domain 0  and with fundam ental group #33 (binary te trahedral group of 
Threlfall) as described in [30]. У3/£ 3з is a twofold covering of У3/ ^ 43. In
[31] we have constructed “Archimedian manifolds” of similar structure in
X 3.

The method makes it possible to construct manifolds, where all the prop
er points of У have trivial stabilizer under 3. Given Э3, we can look for those 
manifolds which are derived from 3  by identifications. We are working on 
this program using computers (see e.g. [28, 32]).

In [28] one can also find non-isomorphic Euclidean space tilings by 
simplices where the corresponding groups 3  are isomorphic. Such difficulties 
naturally arise. Although we know that there does not exist a universal 
algorithm for the isomorphism problem of groups, we expect some partial 
results also in this field.

Added in proof. After having completed this paper, I got the  possibility 
to study the paper of Takeshi Morokuma, A characterization of fundamental 
domains of discontinuous groups acting on real hyperbolic spaces, Journal o f 
the Faculty o f Science, the University of Tokyo, Section 1A: Mathematics, 25 
(1978), 157-183. (M R  80d:32.027, Zbl 418. 57.017.) This paper intends to 
extend M askit’s result [20] on the  3-dimensional Poincaré theorem  to dimen
sion n  > 3. Maskit gives necessary and sufficient conditions for a  polyhedron 
D of finite volume to be a fundamental domain for an isom etry group G 
acting discontinuously on the hyperbolic space X 3 (and on any 3-space of
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constant curvature). But he restricts himself only to cycle transformations 
which preserve the orientation of edges of D  (condition (h)).  So he excludes 
the involutive line reflections from among the  generators of G  and, in general, 
he excludes the orientation reversing isometries which could cause troubles 
a t the cycle transform ations (see our Algorithm 4.1 and Figure 5).

Morokuma introduces further restrictions for his discrete group Г and 
for the identified polyhedron F.  In Definition l.ii) he requires that Г has no 
reflection (involutive transform ation?). In Definition 2.H-3) he requires cycle 
transform ation for any m-face class which fixes the starting  m-face point-wise 
(1 < m < n —2? this is understandable for m  =  n — 2, see our Section 5).

These are too strong restrictions and exclude the m ost interesting cases. 
In his main theorem M orokuma considers the second part to be elementary 
and proves the first part by restricted assumptions in Definition 2. The sec
ond part, however, seems to be not true, even he excludes any involutive 
transform ations from Г in Definition 1, or considers only orientation pre
serving isometries in Г. For dimensions те > 4 an (те — 2)-dimensional face of 
F  may have such stabilizer which does not fix the (те —2)-face pointwise (see 
our Section 4).

References

[1] A. D. Aleksandrov, On filling space by polyhedra, Vestnik Leningrad. Univ., M at. Fiz.
K him ., 9 (1954), 33-43 (Russian).

[2] B. N. A panasov, Discrete transform ation groups and m anifo ld  structures, ” N auka” SO
AN SSSR (Novosibirsk, 1983) (Russian).

[3] B. N. Apanasov, Incom plete hyperbolic m anifolds and local finiteness of a tessellation
of space by polyhedra, Soviet M ath. Doki., 28 (1983), 686-689.

[4] В. N. Apanasov, The effect of dimension 4 in  A leksandrov’s problem of filling a space
by polyhedra, A nnales Glob. A nal, and Geom., 4  (1986), 243-261.

[5] A. F. Beardon, The geom etry of discrete groups, Springer (New Y ork-H eidelberg-
Berlin, 1983).

[6] A. L. Best, On torsion-free discrete subgroups of PSL (2, C )  w ith compact orb it space,
Canad. J. M ath., 23  (1971), 451-460.

[7] H. S. M. Coxeter and W . O. J. Moser, Generators and relations for discrete groups,
Fourth  ed., Springer (Berlin-H eidelberg-N ew  York, 1980).

[8] L. Danzer and E. Schulte, Reguläre Inzidenzkomplexe I, Geommetriae Dedicata, 13
(1982), 295-308.

[9] A. W. M. Dress, P resen ta tion  of discrete groups, acting on simply connected mani
folds, in te rm s of param etrized systems of C oxeter matrices -  A  system atic 
approach, Adv. in Math., 63 (1987), 196-212.

[10] S. Even, Graph algorithms, Com puter Science Press (Rockville, M aryland, 1979).
[11] M. Perri, C. G agliardi and L. Graselli, A  graph-theoretical representation of PL-man-

ifolds -  A survey on crystallizations, Aequationes Math., 31 (1986), 121-141.
[12] A. T . Fomenko and S. V. Matveev, Isoenergetic surfaces of H am iltonian systems,

account of three-dimensionM  manifolds in order of their com plexity and com
puta tion  of closed hyperbolic manifolds, Uspehi Mat. Nauk, 43  (1988), 5-22 
(Russian).

A cta M athem atica  H ungarica 59, 1992



POLYHEDRON COMPLEXES 215

[13] I. S. G utsul, Compact three-dim ensional manifolds of constan t negative curvature,
T rudy Mat. Inst. Steklov, 152 (1980), 89—96 (R ussian).

[14] I. S. G utsul and V. S. M akarov, Non-complete three-dim ensional manifolds w ith lo
cally Lohachevskian metric, Problems o f discrete geometry, M at. issled. 103 
(Kishinev, Shtiintsa, 1988) 69—82 (Russian).

[15] F. Löbell, Beispiele geschlossener dreidimensionaler Clifford-Kleinscher R äum e nega
tiver Krümmung, B er. Sachs. Acad. Wiss., 83 (1931), 168—174.

[16] Z. Lucic an d  E. Molnár, Fundam ental dom ains for planar discontinuous groups and
uniform  tilings, Geometriáé Dedicata, 40 (1991), 125—143.

[17] Z. Lucic and  E. Molnár, Com binatorial classification of fundam ental domains of finite
area  for planar discontinuous isom etry  groups, A rch iv  Math., 54 (1990), 511- 
— 520.

[18] R. C. Lyndon and P. E. Schupp, Combinatoriacal group theory, Springer (Berlin—
-H eid e lb erg -N ew  York 1977).

[19] V. S. M akarov, Geometric m ethods for constructing d iscrete isom etry groups of Lo-
bachevskian space. VIN ITI, Itogi N auki i Techniki, Problemy G eom etrii, 15 
(1983), 3—59 (Russian).

[20] B. Maskit, O n Poincare’s theorem  for fundam ental polygons, Adv. in Math., 7 (1971),
219-230.

[21] W . S. Massey, Algebraic topology. An introduction, Springer (New York—H eidelberg—
-B e rlin , 1977).

[22] B. Mohar, Simplicical schemes and some com binatorial applications, Proceedings of
Fourth Yugoslav Sem inar on Graph Theory, 1983, pp . 209—229.

[23] E. E. Moise, Geometric topology in dim ension  2 and 3, Springer (New York—Heidel
berg—Berlin, 1977).

[24] E. Molnár, A n infinite series of compact non-orientable 3-dimensional space forms
of constan t negative curvature, A nnals of Global A na lysis  and G eom etry, 1 
(1983), 37-49, 2 (1984), 253-254.

[25] E. Molnár, Tw ice punctured com pact Euclidean and hyperbolic manifolds an d  their
twofold coverings, Proceedings of Coll, on Diff. Geom., Debrecen (H ajdúszo
boszló), Hungary, 1984, Topics in differential geometry, ed. by J. Szenthe and 
L. Tam ássy, Colloq. M ath. Soc. J. Bolyai, Vol. 46 , N orth—Holland, 1987, 
Vol. II, pp. 883—919.

[26] E. Molnár, M inim al presentation of the 10 com pact euclidean space forms by funda
m ental domains, Studio  Sei. Math. Hung., 22 (1987), 19—51.

[27] E. Molnár, M inim al presentation of crystallographic groups by fundam ental po lyhedra,
Comput. Math. Applic., 16 (1988), 507—520.

[28] E. Molnár and I. Prok, A polyhedron algorith for finding space groups, Proceedings of
Third In t.  Conf. on Engineering Graphics and D escriptive Geometry (V ienna, 
1988), Vol 2, pp. 37 -44 .

[29] E. Molnár, P ro jective metrics an d  hyperbolic volume, Annalles Univ. Sei. Budapest.
Sect. M ath ., 32 (1989), 127-157.

[30] E. Molnár, T etrahedron manifolds and space forms, Note di M atematica, 10 (1991).
[31] E. Molnár, Two hyperbolic foo tball manifolds, Proceedings o f  In t. Conf. on D iff.

Geom. and  Applic. (Dubrovnik, Yugoslavia, 1988), pp. 217—241.
[32] E. Molnár and M. Sarac, B ipyram idal non-com pact hyperbolic space forms with finite

volume, Annales Univ. Sei. Budapest. Sect. Math., 33  (1990), 75—103.
[33] H. Poincaré, T heorie  des groupes Fuchsiennes, A cta  Math. 1 (1982), 1—62.
[34] H. Poincaré, M ém oire sur les groupes Kleinéens, Acta Math., 3 (1883), 49—92.
[35] M. Sarac, A com pact hyperbolic space form derived from a plane form , Annales Univ.

Sei. Budapest. Sect. M ath., 31 (1988), 159—170.

A cta  M athem atica  Hungarica 59, 1992



2 1 6 E. M OLNÁR: POLYHEDRON COMPLEXES

[35] M. Sarac, А com pact hyperbolic space form derived from  a plane form , Annales Univ.
Set. Budapest. Sect. M ath ., 31 (1988), 159-170.

[36] E. Schulte, reguläre Inzidenzkomplexe II—III, G eom etriáé Dedicata, 14  (1983), 35-56,
57-79.

[37] W . P. T hurston, The geometry and  topology o f 3-manifolds, P rinceton  Univ. Lecture
Notes, 1978.

[38] W . P. Thurston, T hree dim ensional manifolds, K leinian groups an d  hyperbolic geom
etry, B ull. Am er. M ath. Soc., 6 (1982), 357-381.

[39] E. B. Vinberg, Hyperbolic reflection groups, Uspehi mat. nauk, 40  (1985), 29-66
(Russian).

[40] E. B. Vinberg and  О. V. Svartsm an, Discrete transform ation groups of spaces of con
stan t curvature, V IN IT I, Itogi Nauki i Techniki, Sovr. Probl. Math. Fund. 
Napr., 29  (1988), 147-259 (Russian).

[41] C. Weber and H. Seifert, Die beiden  D odekaederräum e, Math. Z ., 37  (1933), 237-253.
[42] J. A. Wolf, Spaces o f constant curvature, Berkeley, Univ. of California, 1972. Russian

translation : Izd. N auka (Moscow, 1982).
[43] I. K. 2uk, F undam ental te tra h e d ra  in Euclidean and Lobachevskian spaces, Doklady

A N  S S S R , 270 (1983), 35-37 (Russian).

(Received March IS , 1989)

TE C H N IC A L U N IV ER SITY  
D EPA R T M E N T O F G EO M E TR Y  
B U D A PEST, M Ű E G Y ET EM  R K P.
H-1521

3-9

A cta M athem atica  Hungarica 59, 1992



A c ta  M ath. Hung. 
58(1-2) (1992), 217-226.

KONSRUKTION DES REGULÄREN SIEBZEHNECKS 
MIT LINEAL UND STRECKENÜBERTRAGER

J. STR O M M ER (Budapest)

Herrn em. o. Prof. Karl Strubecker zum 85. Geburtstag gewidmet

D. Hilbert hat im Jahre 1899 in seiner berühm ten Festschrift ’’Grund
lagen der Geometrie” bewiesen, daß diejenigen regulären Vielecke, die mit 
Zirkel und Lineal konstruierbar sind, notwändig m it Lineal und Streckenü
bertrager, d. h. mit einem Instrum ent konstruierbar sind, welches das Ab
tragen von Strecken ermöglicht.* Im folgenden geben wir die K o n stru k tio n  
des regulären Siebzehnecks mit diesen Zeichenhilfsmitteln an.

Zu diesem Zweck tragen wir die Einheitsstrecke von dem Scheitel ei
nes Winkels, der gleich 7t/ 34 ist, an einem Schenkel desselben ab (Fig. 1); 
dann schlagen wir um  den so erhaltenen Punkt durch den Scheitel des Win
kels einen Kreis, der den anderen Schenkel noch in einem Punkt schneidet; 
um diesen Punkt schlagen wir durch den vorher konstruierten P un k t einen 
Kreis, der den ersten Schenkel noch in einem Punkt schneidet usw. Wenn wir 
die nacheinander konstruierten Punkte miteinander verbinden, erhalten  wir 
sechzehn gleichschenklige Dreiecke, deren Schenkel alle gleich 1 sind. In der 
Figur sind die Maßzahlen der einzelnen Winkel in bezug auf n /34 als Winke
leinheit angegeben. W ir bezeichnen diejenigen Basen der einzelnen Dreiecke, 
die auf demselben Schenkel wie die Einheitsstrecke liegen, mit x \ ,  X2 , . . .  ,x& 
und die Basen, die auf dem anderen Schenkel hegen, m it y\,  у?, . . . ,  ys . Unter 
den Größen x und у besteht eine Reihe von einfachen Relationen:

oder:

У\=  2 +  xi;

ebenso:

^■■^У1 = У2---х {х 1 + х 2)

*M it Lineal und Streckenübertrager kann m an durch einen gegebenen P u n k t zu einer 
Geraden die Parallele ziehen, auf einer G eraden eine Senkrechte errichten, und alle Aus
drücke konstruieren, welche durch Addieren, Subtrahieren, M ultiplizieren, D ividieren und 
aus einer Summe von S treckenquadraten durch Q uadratwurzelziehen hervorgehen.
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l/lУ2 = x i + x 2;
, 1 1 .
^-■^У1 = Уз: ^ { х 2 + хз)

У1Уз = * 2  + х 3;

Ух : ^1 + ^ x i^  =  *i ф у х  + ifc)

*i =  l/i +!/ií/2 -2 * i

= 2 + z 2;

2/1: ( 1 + ^Ж1) =г2ф 3/2 + 2'3)
^i^2 = í/ií/2 + l/iy3-2x2 

= i i  +  z 2;

l : - y i = X ! :  -(г/1 + г/2) 

zil / i  =  2/1 +  1/25

1/2 : ^ (x i +  г г) =  *1: ^(l/i + 1/г)

г/2 = x ?  +  x ix 2- i / iy 2
=  2 +  2:3;

KONSTRUKTION DES REGULÄREN SIEBZEHNECKS 219

Die so erhaltenen Produkte von je zwei der Größen x  und у stellen wir 
in der auf S. 218 befindlichen Multiplikationstabelle zusammen.

Auch die Höhen der einzelnen Dreiecke können wir aus der Figur en t
nehmen. Z. B. die Höhenlinien der Dreiecke mit den Basen xg und y\ teilen
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dieselbe in je zwei rechtwinklige Dreiecke mit den K atheten | x 8 und \y \ .  So 
ist die Höhe des Dreiecks, dessen Base x8 ist, gleich der H älfte von y\.

Aus den Dreiecken, deren B ase x2, x 4 und x6 sind, sowie aus einer der 
beiden Hälften des Dreiecks, dessen Base x8 ist, kann m an ein rechtwink
liges Dreieck zusammenstellen (Fig. 2). Schlägt man nun um  die Spitze О 
des Dreiecks, dessen Base Xg is t ,  einen Kreis m it dem Radius 1, und teilt 
die Peripherie desselben von dem  Punkt A  angefangen, der auf der Verlän
gerung der größeren Kathete des rechtwinkligen Dreiecks liegt, in 17 gleiche 
Teile, so fällt einer der Eckpunkte dieses Dreiecks mit dem vierten Teilpunkt 
zusammen. Das von diesem P u n k t auf О A  gefällte Lot ist gleich \y \  und die 
Entfernung des Fußpunktes desselben von О ist gleich \x g . Unsere Aufgabe 
w ird also gelöst sein, wenn es gelungen ist, die Größen Xg und  y\ als Strecken 
m it Lineal und Streckenübertrager zu konstruieren, da m an ja  dann durch 
wiederholte W inkelhalbierung den Winkel 27Г/1 7 herstellen kann.

Aus denjenigen Dreiecken der ersten Figur, deren Base einer der x- 
Strecken ist, können wir ein gleichschenkliges Dreieck zusammenstellen (Fig.
3), aus dem die Gleichung:

x 3 + x 3 + x 5 +  x7 -  x2 -  x4 -  x6 -  x8 = 1

folgt.
Ferner ist:

(X2 + X8 +  X4 -  Xi )(X3 + X5 -  X6 -I- X7) = X2X3 +  X3X8 + X3X4 -  XiX3

+ X2X s+ X 5Xg + X4 X5 - X 1X5 

X2X6 XgXg X4X6 T  XiX6 
x2x 7 -f x7x8 +  x4x 7 — x4x7 

= Xi +  x 5 -  x6 + Xs -I- Xi +  x7 -  x4 -  x2 
T  2:3 T  x 7 “Ь x 3 x 4 “Ь x \ x 8 x 6 x 4 
— X4 — X8 — Х2 + Х3 — X2 +  X7-(-X5-|-X7 
+ X5 -X g  + X1 - X 2 - X 6 + X3 - X 6 -X g .

Nach obigem ist also:

(x2 + X 8 -1- X4 -  X!)(x3-|- x 5 -  x6 + x7) =  4.
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Wi =  Z2 + Z 8 +  Z4-Z x , 
W2 =  ~X3 -  Z5 +  Z6 -  Z7

Wurzeln der quadratischen Gleichung:

w 2 + w — 4 = 0.

Nun is u?2 < 0, da ja  bereits z3 > x$ ist, und so ist w\ > 0, da ja  W\W2 — —4 
ist; also ist:

1 1 /—»1 =  - 2  +  2<ЛТ,

Ferner ist:

(X2 +  X8)(z4 -  Z i) =  Z2z 4 +  Z4Z8 -  ZiZ2 -  ZiZ8
= X 2 - \ - X ß - \ - X ^ — Z5— X \ — Z3 — Z7 + Z8 =  — 1,

und so sind die Größen

(1) Ui =  z 2 +  z8, (> 0 )
(2) u2 =  z 4 - z i  (< 0 )

Wurzeln der quadratischen Gleichung:

u2 — w \u  — 1 = 0;

also ist:

Ebenso erhält man, daß

(z 7 —z 6)(z3 +  z 5) = - l  

ist, und so sind die Größen
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(3) V1 = X 6 ~ X 7 , (> 0 )
(4) v2 = - x 3 - x 5 (< 0 )

W urzeln der quadratischen Gleichung:

v2 — w 2v  — 1 =  0;
also ist:

vi = ^ w 2+ - ^ w l  + 4,

Die Größen tui, w2, щ , u2, v \ , U2 können wir als Strecken leicht kon
struieren (s. Fig. 4), und so auf der Zahlengerade OA, deren Anfangs- und 
Einheitspunkt O, bzw. A  ist, auch die Punkte von der Abszisse uq, w2, Щ, 
u2, Ul, v2.

Aus den Gleichungen (1), (2), (3), (4) können wir weitere Gleichungen für 
die Größen x  ableiten, indem wir dieselben der Reiche nach m it aq, x 2, . . . ,  x 8 
multiplizieren und die Produkte von je zwei Größen x nach der Multiplika
tionstabelle in eine Summe von denselben umwandeln. So erhalten wir z. B. 
folgende Gleichungen:

XA- X i  = u2,
2

2 + x s - x 3 - x 5 =  U2X 4 ,

(5) u 2x4 - x 8 =  2 +  u2;
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- X 3 - X 5 =  V2 , 

X \ X 3 — Х \ Х $  ^ 2*^1 ?

—x 2 -  2 x 4 - x 6  =  v2x 4,
(6) v2x 4 + x 2 + 2 x 4 + 16 =  0;

x3 - x 5 — v2, 
Ж 3 Х 8  X g Xg  — V2Xg )  

X 6 - X 5 - X 3 +  X 4 =  V2X g ,

(7) x 4 + x 6 - v 2xg = - v 2;

X 6 - X 7  =  V i ,

X q X qX j  — V \ X q , 

2 x $  X \  -f- Ж4 —
(8) x5 + UiX6 = 2 + R2

Die Gleichungen (1), (2), (5), (6) und (7) bilden ein unabhängiges Glei
chungssystem für die Größen x \ ,  x 2, x 4, xg und xg, aus dem

3 + v2 — u2v2 -  u iv 2
Xß = --------------------------

v2 — u2v2 — 2

folgt.

M ittels dieser Formel kann man die Größe x g  leicht konstruieren (s. Fig.
5) u n d  dann aus den Gleichungen (1) bis (8) auch die Größen X \ ,  x 2, . . . ,  x j  
als Strecken geometrisch bestimmen (s. Fig. 6).
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Fig. 6

Um die Größe y\ zu bestim m en, betrachten wir folgende Differenzen:

V l  -  x \  -  x l  +  X 3 =  x l x 2i

y\ - x \  = x 7-  x8 = Xlx8,
Уй x 3 — 2-2 x 6 =  x 2 x Ai
У7 ~ х 6 ~  _X4 + 2:5 =  —Х4Ж8.

Aus denselben folgt, da

ZiX2 +  -  x2x4 -  x 4xs =
= (a:2 +  x8) ( x i- x 4) -  U\u2 = 1

is t, daß

\ /у1 + у1 + У7 + у1 = \/i + xl + xl+xl+xl
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Aus der Gleichung 

folgt weiter: 

oder:

(2/13/2)2/2 = 2/1(2/22/2)

(x i + x2)2/2 =  2/1(2+  x 3),

2 +  X3
2/2 = ---- :---- 2/1-

xi + x2'
Ebenso kann m an 2/5, yj und yg durch 3/1 ausdrücken:

x3 +  x6
2/5 = ---- :---- 2/1)

X \  +  X2
X5+X 8

2/7 =  — -----2/1,
X1 +  X2
x6 - x 8

2/8= _ , _ 2/1)

und so erhält man: 

2/1 =

2:1 +  x2 '

_______ (Xl +  X 2)\/l4-X 3 +  X5+X^ +  x |_______
y/(2 + x3)2 + (x3 + z6)2 + (x5 +  x8)2 + (x6 -  x8)2

Eiff. 7
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Nach dieser Formel kann m an die Strecke j/i leicht konstruieren (s. Fig.
7), und  damit ist die K onstruktion des regelmäßigen Siebzehnecks mit Lineal 
und Streckenübertrager ausgeführt.

(Eingegangen am 11. A ugust 1989.)

TECHNISCHE UNIVERSITÄT 
LEHRSTUHL FÜR GEOMETRIE 
BUDAPEST, STOCZEK UTCA 2 -4
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U NG A RN
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ON PSEUDOMANIFOLDS WITH BOUNDARY. I
M. BOGNÁR (Budapest)

The aim of this paper is to show an im portant property of the n-dimen- 
sional nonorientable (nonclosed) pseudomanifolds with boundary, namely 
th a t these figures are absolutely linked (absolut verschlungen). This property 
is mentioned w ithout proof in my paper [3] (see [3] 1:2.5a) and 1:2.7a)). An 
immediate corollary of this property is the following

T h e o r e m . The topological product o f a nondiscrete space and an n-di- 
mensional nonorientable pseudomanifold with boundary cannot be embedded 
in R n+1 (see [3] 1:3.2); e.g. the topological product of the Möbius band and  
a nondiscrete space cannot be embedded in R?.

First we deal with figures, called (n, p)-cells where p  is a prime (see
[5]). In a certain sense these figures are generalizations of the nonclosed 
n-dimensional pseudomanifolds with boundary.

1. (n,p)-cells

1.1. Let p be a  prime number and Zp the cyclic group m od p. Let H  be 
the Cech homology theory defined on the category of all compact pairs and 
all continuous maps of such pairs over the coefficient group Z v . The group 
Zv can be considered as a compact commutative topological group. Hence 
the homology sequence of each compact pair is exact (see [12] p. 248). Let 
n be a positive integer.

1 .2 . D e f i n i t i o n . The compact pair (X , A) (i.e. X is a  compact IV  
space and A is a closed subspace of X ) is called an (n,p)-cell if the  following 
conditions are satisfied:

(a) X  \  A  is a nonvoid connected locally connected space w ith countable 
base,

(b) H n( X ,A ) ss Zp ( «  means: isomorphic to),
(c) for the inclusion г :(Х ,0 )С  (X ,A ) the induced homomorphism г»: 

# „ (X )  —► # n(X , A) is trivial, i.e. г*(#п(Х )) =  0.
(d) in every domain i.e. in every connected open nonempty subset V  

of X  \  A there exists a  nonempty open subset U С V  such tha t for the in
clusion j  : (X , A) C ( X , X \ U )  the induced homomorphism ji„ : H n(X ,  A) —> 
—*■ # n(X, X \ U )  is a monomorphism.
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1.3. For each (ra,p)-cell (X , A) we clearly have А ф 0.
1.4. Let (X , A) be an (n,p)-cell and let us consider the segment

H n- M )  Я „(Х , А ) Hn(X )

of the  reduced homology sequence of (X , A ). Here in the case n — 1, H n- i ( A )  
is the  reduced O-dimensional homology group of A  and  in the case n > 1 
Hrn_ 1(A) =  H n- i(A ) .  As a consequence of (с) d is a  monomorphism and 
thus for 0 / t i £  H n(X , A ) we have 0 ф d u  G Hn- i(A ) .  du  is then called the 
algebraic boundary of (X , A) and we denote it by A*. If p = 2 then A , is 
uniquely defined. On the other hand in case p ф 2 for any two algebraic 
boundaries A mi and A*2 there clearly exists an integer m  where 0 < m  < p 
such tha t m A ,j = A»2.

1.5. Let (X , A) be an (n,p)-cell and A* an algebraic boundary of (X , A). 
Let d : H n(X , A) —> Йп_х(А) be the same homomorphism as in 1.4. Then for 
the  inclusion j  : А  С X  we clearly have j*d  =  0 and thus j*(A») = 0.

1.6. Let У be a topological space. A continuous m ap / : [a, b] —»• У (where 
[a, 6] is a closed interval in the space of the real numbers (a ^  b)) is said to 
be a continuous line in Y .  f(a )  is the  initial and /(b )  is the closing point 
of / .  The body of /  (it is indicated by / )  is the set / [ a ,  6] endowed with the 
subspace topology of У . /  is clearly a  compact space.

For M  C Y ,  f  is lying in M  if / [ a ,  b] С M .
f  is a  Jordan line and its body is a Jordan curve if аф Ь  and if the 

following condition holds: f ( x )  — f ( y )  if and only if x — у or x =  a, у = b or 
x = b, у = a.

The line / : [a, b] —► У is said to  be degenerate if a = b. It is said to be 
closed if / ( a )  = f(b ).

Now let /  : [a, b] —* Y  be a closed line. If a =  b then let /*  =  0 G 
Since /  is a singleton it follows th a t /*  is the only element of H \( f ) .  Suppose 
now th a t аф Ь. Then -Hi([a, b], {a, b}) as Zv. Let v be a nonzero element 
of # i( [a ,  b],{a,b}). Let В = { /( a )  =  /(b)} and let f ,  : H i([a,b],{a,b}) -+ 
Hx{J, В ) be the homomorphism induced by the mapping /  : ([a, b], {a, b}) —> 
—► ( / ,  В ). В  is a singleton, hence it is homologically trivial and therefore by 
the exactness of the sequence

H o(B) HxCf, В ) Л -  HxCf) —  H i(B ) 

j ,  is an isomorphism, where j  : ( / ,  0) C ( / ,  В ) is the inclusion map. Let

f*  =  J ,  1/.(» )•

If p = 2 then /*  is uniquely defined. In case рф  2 for any two f *1 and 
/* 2 there clearly exists an integer m , 0  < m <  p, such that m /* 1 =  /* 2.
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1.7. A mapping о : A x  В C, where A , В  and C  are abelian groups, is 
said to be a bihomomorphism  if the following condition is satisfied:

o(a + a', b + b') = o(a, b) +  o(a', 6)+ ü(a, b')-(- ü(a', b').

We say th a t a bihomomorphism о : A x  В  -+ C is trivial if c ( i x 5 )  =  0.
1.8. A linking theory ® =2Jp ,n-i,i of compacts in fZn+1 is a  mapping 

which makes correspond to each ordered pair (M ,M ') of disjoint compact 
subspaces of iZn+1 a bihomomorphism

°M,M' •' -ön-i(A f) x H i(M ')  — ► Zp

such th a t for any compact subspaces M , M ', N , N '  of R n+1 satisfying M  C N , 
M ' C N 1 and of course N  Л N ' = 0 the condition

u ' )  =  ° N ,N '

is satisfied for every и G H n- i ( M ) and u' G H i(M ')  where i : M  C N  and 
i ' : M ' C N ' are inclusion maps.

Notice as a direct consequence of this definition tha t if 03= 2Jp,n-i,i is 
a linking theory of compacts in Än+1 and M , N , M ' are compacts in Än+1 
such th a t M e  N  C (R n+1 \  M ')  then

'OMW'i4 !4') -  0ЛГ,М'(**(и)>и/)

holds for every и G Hn- i ( M )  and u' G where i : M  C N  is the  inclu
sion map.

Likewise holds the relation

u') =  °M,AT'(u, i'm(u'))

for every и G and u' G H \{M ') where i ' : M ' C N ' is the inclusion
map and N r C (iZn+1 \  M ).

We shall say that the linking theory 53 is degenerate if for all nonintersect
ing compact subspaces M ,M '  of f?n+1, ом,М' a tr iyial bihomomorphism.
According to [11] 8.9 there exists a nondegenerate theory of linking of the 
required type.

1.9. Let Ш1 = 53p n-1 д and 532 =- 532 n-1 д be nondegenerate theories of 
linking in i2n+1. Then there is an integer m where 0 < m < p  such th a t

n') =  m o ^ M)(u, u')

holds for each ordered pair (M , M ')  of disjoint compact subspaces of R n+1 

and for every и G £Tn_ i(M ) and u' G H i(M ').
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Indeed, let m! be an  arbitrary integer. For any two disjoint compact 
subspaces M, M ' of Ä n+1 and for и £ H n^ \{M )  and  u' £ H i(M ')  let

u>) = u‘f) _  гп/°м ,м ,(и>u')-

The m ap X H \(M ')  —»• Zp thus obtained is clearly a biho
momorphism and th e  mapping which makes correspond to each ordered pair 
(M , M ')  of disjoint compact subspaces of R n+1 th e  bihomomorphism

is clearly a linking theory  ЗЗ3'”1' =  x in R n+1.
Now let 5 and S '  be spheres in  Än+1 of dimensions n —1 and 1 respec

tively satisfying th e  following conditions:
(a) The center o f S  belongs to  S ' and the center of S' belongs to S.
(b) The planes R  and R' supporting 5 and S ' intersect in a Une R 1.
(c) R  and R ' a re  perpendicular in the n a tu ra l sense th a t any vector 

a in R  and a1 in R ' which are perpendicular to  the line R 1 are mutually 
perpendicular.

Such spheres S  and S' clearly exist.
Now since for г =  1,2,53* is nondegenerate, it follows tha t o^5,, and ü | 5, 

are nontrivial bihomomorphisms (see [4] Corollary 2). Select и £ Hn- i ( S )  
and u ' £ H i(S ')  such that 0^5,(u , u ') ^  0. We then clearly have 0 and 
и' ф 0. Since for i =  1,2 we have 0^ s ,(u, ur) £ Z v it follows th a t there exists 
an integer m  where 0 < m < p such that

(1) o3s '™ (u,u') = o l s , (u ,u ') - m t ) 1S'SI(u ,u ') = 0.

However and H i(S ') are isomorphic to  Z p and thus (1) implies tha t
°SS' 1S a tr iyial bihomomorphism, consequently according to [4], Corollary 
2, Q33,m is degenerate.

Hence for every ordered pair of disjoint compact subspaces of
Än+1 and for every и £ Hn- \ ( M )  and v! £ H i(M ')  we have

u ) =  u ) ~  u ) — 0

and thus

u> )  -  u ' ) -

If m  were 0 then  Q33,m would be equal to  Я32, but this is impossible since 
Ш2 is nondegenerate. Hence 0 < m  < p as required.

Observe th a t  in case p = 2 we have 331 =  Ш2.
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1 . 1 0 .  Let (X , A) be an (n,p)-ceh in R n+1 i.e. (X ,A ) is an (п,р)-сеЦ 
where X  is a subspace of Дп+1. Let /  be a closed line lying in R n+1 \  A  and  
let 22=33p,n-i,i be a nondegenerate linking theory of compacts in R n+1.

D e f i n i t i o n . We say th a t /  is linked to the (n,p)-cell (X ,A ) if
DA,/(-^*’ /* ) ^

Taking 1.9, 1.6 and 1.4 into account we can state tha t the fact tha t /  
is linked to (X ,  A) or not does not depend on the special choice of A*, f*  
and 51.

1 . 1 1 .  DEFINITION. Let (X , A) be an (n,p)-cell in R n+1. We say th a t 
(X , A) is a linked cell if there exists a closed line lying in X  \  A  and linked 
to  (X , A). (X , A) is a nonlinked cell if it fails to  be a hnked cell.

1 . 1 2 .  D e f i n i t i o n . The (n,p)-cell (Y ,B)  is said to be an absolutely 
linked cell, if for each topological embedding f . Y  —► R n+1 the (n,p)-cell 
(if (X ) ,  ip (A)) is linked.

2. Properties of (n,p)-cells in Rn+1

The main target of this section is the treatm ent of some properties of 
(n, p)-cells in R n+1. We start with two elementary facts about nonlinked 
lines.

Let p, H  and n be the same as in 1.1. Let 51Р)П_хд be a nondegener
ate linking theory in J2n+1. Let (X , A) be an (n,p)-cell in R n+ 1  and let А» 
be the algebraic boundary of (X , A) (see 1.4).

2 . 1 .  R e m a r k . Let Q be a compact subspace of R n+1\ X  and let u' €  
E H i (Q). Then ô q (A*,u') =  0.

Indeed, let j  : А  С X  be the inclusion m ap. Then by 1.5 we have 
'°A,Q(A.,u') = ox ,Q(j*(A+),u') = 0 (cf. also 1.8).

2.2. Corollary . Let f  be a closed line lying in R n+l\ X .  Then f*  G 
G H \( f ) where f  is a compact subspace of R n+1 \ X  and thus by 2.1 we have 
Од j(A * , /* ) =  0. Hence f  fails to be linked to (X , A).

2.3. Let G be an open spherical ball in R n+1 disjoint to A. Then no 
closed line lying in G  is hnked to (X , A).

Indeed, let /  be closed line lying in G. Then there is a closed ball 
M  containing /  and contained in G. Let j : f  С M  be the inclusion map. 
Since M  is homologically trivial and thus H \(M )  = 0 we have j* (f* ) — 0. 
Consequently

Ч / ( А * > Л  =  °Х М (А .,; , ( /* ) )  =  °.

/  is nonlinked to  (X , A) as required.
Now we are going to recall the fundamental notions about continuous 

paths (see [7]).
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2.4, Let У be a topological space. A continuous path  A  of У is a class of 
equivalence of continuous lines f : [ a ,  b] —► У (see 1 .6 ) where the continuous 
lines /  : [a, b] —»У and g : [o', b7] —> У are said to be equivalent if there exists 
a strictly monotonous increasing epimorphic function s : [a, b] —> [a', b'] for 
which g o s  =  f .

An element /  : [a, b] —*■ У of the equivalence class К  is said to be a repre
sentative of the path  К .

All the representatives of a p a th  К  have the same initial point, the 
same closing point and th e  same body and  we call them  the initial poin t , the 
closing poin t  and the body of К  respectively. They are indicated with A ( K) ,  
V(AT) and К  respectively. We shall use the symbol К  : q —* z  to express the 
relations V ( K)  =  q and Л ( K)  =  z.

For M  C Y ,  К  is lying in M  if К  С M .  A  is a closed path if Д (K )  = 
=  V(AT). In this case we say that th e  point Д ( K )  =  7̂ (K )  is the base point 
of K .

Observe that if a t least one of th e  representatives of К  is a Jordan  line 
(degenerate line) then every representative is a Jordan  line (degenerate line). 
In this case we say th a t A  is a Jordan path (degenerate path).

Now let f \ : [c, d\ —» У be a representative of the continuous path  F f i : 9 —> 
—► и and /2 : [6, c] —*■ Y  a representative of the p a th  A'2 : u —*z  of У . Then 
K % K \: q —» z  is defined as the equivalence class of the line g : [b, d] —у Y  where 
5|[ь,с] =  /2 and g\[ĉ  =  / x.

This multiplication is clearly associative. Moreover if K \  is degenerate 
then K2K1  = K2 and if K2 is degenerate then K 2 K 1 =  K \.

To each path К  : q —*■ z  of У we can assign a p a th  К * :z  —> q of У such 
tha t if /  : [b, c] —► У is a  representative of К  and h : [b, c] —»[b, c] is defined by 
the formula h(x)  =  b-f c — x then f  o h  is a representative of K*.

The products К K *  and K * K  are clearly defined and they are closed 
paths of У.

It is to be noted tha t (К *)• =  К . Moreover К *  = К  whenever К  is a 
degenerate path.

Let v be a simple arc in У w ith  the endpoints q\ and q2. Then there 
exists a  unique continuous path К  : q\ —► 92 with К  — v and such tha t the 
representatives of К  are injective m aps. We denote this path  by [q2vqi\. 
Paths of this type are called proper simple paths. We clearly have [92^91]* = 
=  [?1 «?2].

We shall call a  singleton of У a degenerate arc of У. If 9 i =  92 € У then 
by the  degenerate arc of У with th e  endpoints q\ and 92 we understand the 
singleton {91} = {92}.

To each degenerate arc v — {9} of У there belongs a unique degenerate 
continuous path К  with К  = v. Then we shall also write [qvq] instead of 
К  : 9 —+ 9 and we have [qvq]* = [qvq]. Continuous paths of the form [qvq] of 
У  are said to be degenerate simple paths of У.
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By an arc of У we mean a simple arc or a degenerate arc of Y . By a 
simple path of Y  we mean a proper or a degenerate simple path  of Y .

2.5. We recall the existence of an im portant function described in [7], 
Section 11.

Let У be a ÍVspace. Then there exists a function which makes cor
respond to each continuous closed path  К  of Y  an element K+ of H 1(K) 
satisfying the following conditions:

(a) For each continuous path K \ of У (K \ need not be closed) =
=  0 (see [7], Section 14).

(b) If K \  and K 2 are continuous paths of У such tha t both of the  prod
ucts K iK ?  and K 2K 1 are closed paths then (K 1K 2 )» = (K 2K i) ,  (see [7], 
Section 15).

(c) If К I and K 2 are continuous closed paths of У  with the same base 
point and К  =  K 1K 2 then

*1*(^1*) +  *2*(-^2») = К ,

where for j  — 1,2 i j ,  : H i(K j)  —► H \ ( K ) is the homomorphism induced by 
the inclusion ij : K j  С К  (see [7], Section 16).

(d) If К  is a Jordan path  of У then К+ф 0 (see [7], Section 13).
(e) If /  : [а, Ь] —» У is a representative of the closed continuous pa th  К  

then there is an integer m  where 0 < m  < p such tha t i t ,  =  m f*  (see 1.6 and 
[7], Sections 11, 7 and 3).

2.6. Let К  be a closed path  in R n+1 \  A. К  is said to be linked to  the 
(n,p)-cell (X ,A ) if оА ^ ( А ^ ,К т)фО.

Taking 1.10 and 2.5(e) into account К  is clearly linked to (X , A) if their 
representatives are linked to (X , A). If К  fails to be linked to (X , A) then 
no representative of К  is linked to (X , A).

If К  fails to  be linked to (X, A) then we say th a t К  is nonlinked to  the 
(те,р)-се11 (X , A).

If К  is a closed continuous path lying in R n+1 \ X  or in an open ball 
contained in R n+1 \A  then К  is nonlinked to (X, A) (cf. 2.2 and 2.3).

2.7. Let G be a domain (open nonempty connected set) in R n+ 1  \  A  (in 
X \  A respectively). We say tha t G is an e-regular domain (i-regular domain 
respectively) of (X , A) if no continuous closed path of G  is linked to  (X , A).

According to  2.2, 2.3 and 2.6, G is obviously e-regular if it is an open 
ball or it is lying in R n+1 \  X .  The domain G of X \  A is clearly г-regular if 
it is contained in an open ball lying in i7n+1 \  A.

2.8. Let i f  be a continuous path  in i2n+1\A . Then by 2.5(a), K K *  is 
obviously a closed path  nonlinked to (X , A).

2.9. Let K \  and K 2 be continuous paths in Än+1\A  such tha t b o th  of 
the products K1K2  and K2K1  exist. Suppose that K1K2  is linked to  (X , A). 
Then by 2.5(b) the closed path  K 2K i  is linked to (X , A) as well.
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2.10. Let K i  and K i  be continuous closed paths of R n+1\ A  with the 
same base point. For j  = 1,2 let i3- be the same as in 2.5(c). Then

=  A V ) +  К ^ ‘

Hence if К \К 2 is linked to (X , A )  then at least one of the K j-s  is linked to 
(X , A). On the o ther hand if exactly one of the K j-s  is linked to  (X, A) then 
K \K 2 itself is linked to (X, A).

2.11. Let q[, q2, q3, q", q2 and q3 be points of R n+1 \  A. Let

K - . q ' ^ ú ,  K'2 :q'2 -+q'3,
K 'í : q£ —* q'í, K x : q[ -> g", K 2 : q’2 -  g" and K 3 : q'3 -  g"

be continuous paths in R n+1 \ A .  Let K x = К {К '{К 2К[, K 2 = K 2 K 2 K 3 K 2 
and K 4 =  K { K " K 2 K 3 K 2K[. Suppose that the closed paths К \ and K 2 are 
nonlinked to (X , A). Then A'4 is nonhnked to  (X , A) as well.

Indeed by th e  assumption and by 2.9, 2.10, 2.9, 2.8, 2.10 and 2.9 again

K [K * K ”K 2, K[ A *K ”(K 2 K 2 )K 2 K 3 K 2, K 2 K 3K 2K[ A'*K " (K 2K 2), 
K 2 K 3 K 2K [ K 'K "  and X 4 =  K* K ”K 2 K 3K 2K[

are all nonlinked closed paths of (X , A).
2.12. Let q' and q" be points of An+1 \  A. Let K ' and K "  be closed paths 

of R n+1 \  A  w ith the base points q' and q" respectively. Let К  : q' —>■ q" be a 
continuous p a th  of An+1 \  A. Suppose that К * К " К K ' and K '  are nonlinked 
closed paths of (X , A). Then K "  is a nonlinked closed path  of (X , A) as well.

Indeed by assumption and by 2.10, 2.9, 2.8 and 2.10 again K * K "K , 
K "(K K * )  and K "  are nonlinked closed paths of (X, A).

2.13. Let q[ , . . . ,  q'T, g " ,. . . ,  g" be points of R n+1 \  A. For i = 1 , . . . ,  r —
— 1 let K [ : q[ —> gj+1, K ” : q"+l —> q" and K t : q[ —► q" be continuous paths 
of R n+1 \  A. Let K'r : q'r —► q[ , K ” : q" —► q” and K T :q'T —> q" be continuous 
paths in R n+1 \ A .  Suppose th a t for t = l , . . . , r  —1 the closed path A , =  
=  К *K "K i+ iK [  is nonlinked to  (X, A). Moreover that K T — K *K "K iK 'T 
and K ' =  K'r . . .  K 2K[ are nonlinked closed paths of (X , A). Let K "  — 
= K " K 2 . . .  K " . Then by 2.11 and 2.12 the continuous closed paths
K \K " K \K '  and K "  are nonlinked to (X ,A ).

Now we can state the following theorem.
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2.14. THEOREM. Let G' be an i-regular domain of ( X ,A )  (see 2.7). 
Then there exists an e-regular domain G of (X , A ) such that G l lX  — G'.

P roof. Denoting the spherical neighborhood of q E Än+1 with the ra
dius q by S(q, q) select for each q E G' a g'q > 0 such that S(q, g'q)D A  = 0.

For q E G ' let Uq be a domain in G'D S(q, g'q) such that q E Uq. Since G 'is  
open in X \ A  and X \  A  is locally connected (see 1.2(a)) there exists such a 
domain Uq ■ Uq is a locally compact locally connected and connected subspace 
of R n+1 consequently it is arcwise connected (see [14], p. 27). Select gq > 0 
such tha t

(2) gq<g'q

and

(3) S (q ,g q) n X c U q.

S (q ,g q) and S(q, | p 9) are clearly e-regular domains of (X, A). Let

0= U  % > k )-
qCG'

Then G  is clearly a domain in R n+l and GC\X =  G '.
We show th a t G  is an e-regular domain of (X , A) i.e. no closed path of 

G is linked to (X , A).
Indeed let K "  be a continuous closed pal;h of G. íl = {S(q, | p g); qE G1} 

is an open covering of K ". Hence there is a representation of the form

(4) K " = K 'fK 'f . .K n
2 m —1

such th a t for j  =  l , . . . , m  K 'f-^  is contained in a member of fl  (see [11],
7.11, 7.10, and 7.8) - say

(5)
For j  =  1 , . . . ,  m let

( 6)

4 - 1  c  5 ( 4 ,  - 4 ) .

JS" _  TS" . J! II
n - l j - l  -  K 2 ] - l  ■ 4 2 ]  “ ■* 9 2 j - l -

Hence for j  =  1 , . . . ,  m  — 1 we have

(7) ti _  ti
42 j  — 4 2 j+ l  •

Moreover

A cta M athem atica  H ungarica 59, 1992



236 M . BOGNÁR

(8) q'L = <ll
For j  =  1 , . . . ,  m  let

(9) ?2 j-l =  ?2 j-

v2j - l  = {?2j—1>’ v2j  = W ij}- K 2j - Í  =  W 2j-lv2 j- l9 2 j- l\  and K 2j =
For j  =  1 , . . . ,  m  K'2j_ i  and K 2 - are degenerate paths and by (9) we have

^ 2j - \  ~  ^ 2j - i  '■ ?2j-l ?2j-

Moreover by (8) one has

ы" — if" • J '  J '**2m ^  2m • Ql Я.2m

and by (7) for j  =  1 , . . . ,  m  — 1 we have

If" _  If" . J '  , j 'Л 2 j — K 2j  ■ Q2j +1 ~ ? 2 j-

Hence K " = K '{ K ! i . . .K ''n .
For t — 1 , . . . ,  2m  let vt be the (possibly degenerate) segment vt =  [q'u q”] 

w ith the endpoints q[ and q" and

K t =  Wt'vtq't] : q't -» Qt ■

(In case q[ = q[' we have vt = {<jJ}.)
Then for j  =  1 , . . . ,  m  the closed path

K 2j- l = K-2]_ 1KZj _ 1K 2j K '2 j_ 1

is lying in the e-regular domain S(q 2j, and thus K 2j - \  is nonlinked to
(X ,A ) .

Now let j  G {2, By (5), (6) and (7) the open balls S(q2-_2,
\ e q'2 ) and S{q'2j,  \ e q'2 ) have the common point q2j_ l — q2j - 2  consequent
ly either q'2 j_ 2 G S(q'2j, eq'2j) and thus q2j ,q '2 j_ 2 G U^. (see (3)) or q'2j G 

G S (Q2j - 2^q '2]_2) and tbus Í2j ’ Í 2J-2 £ Let u2j -2 be a degenerate
or a simple arc with the endpoints q'2j = g^j-i (see (9)) and q2j _ 2 lying in 
Uni (in the first case) or in U„i (in the second case). Since the domainsq2j v 7 q2j— 2 4 7
Uni and Uni are arcwise connected, such a id , 0 exists. Let42j ®2>-2 — *

^ 2j - 2  — [^2j — 1 v2i—2eáj—2] ’ ?2 j-2  9 2 j - l -

Then taking also (2) into account the closed p a th
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A « - 2 =  [ 4 , - , 4 - A J S i - i ]

is lying either in the e-regular domain S(q2j,ß'ql ) (in the first case) or in

S ( q 2 j _ 2 i  Q q '  ) (in the second case). Hence in both cases K 2 , ^ 2  is nonlinked 
to  ( X , A ) . 2J_2

Likewise we have either {q'2m, q'2} C 17,<m or {q'2m, q'2] C 17,/. Let v'2m be 
a degenerate or a simple arc with the endpoints q2m and q2 — q[ contained 
in Uq>3m (in the first case) or in 17,/ (in the second case). Let

К 2m  — [<hv 2m 42m ]  : ?2m  ~ Q l -

Then the closed path K 2m =  K \mK 2rnK xK 2rn is lying either in S(q2m, q' , ) 
(in the first case) or in S^q ^g ^ ,)  (in the second case). Hence in both  cases 
K im  is nonlinked to (Jf, A).

Now let K ' — K'2m . . .  K'2K[. K ' is a continuous closed path lying in the 
г-regular domain G' of (X , A) and thus K ' is nonhnked to  (X , A). Hence by
2.13, K "  is a nonlinked closed path of (X, A), consequently G is an e-regular 
domain of (X , A) as required.

The theorem is proved.

2.15. THEOREM. Let G be an e-regular domain o f ( X , A ) that meets X .  
Then there are points 51,92 гп G \ X  and continuous paths К i :q\ —■► q2 and 
К 2 • 92 —* 9i in R n+1 \  A  such that
(a) 9x and q2 are in distinct components o f G \ X ,
(b) K i C G ,
(c) K 2 C R n+1\ X  and
(d) the closed path K 2K \ is linked to (X , A) .

P ro o f . Let q E G П Х . Since G flA  =  0 we have q E X \ A .  Let V  be 
a domain of X \ A  contained in GC\X. Since X \A  is locally connected, 
such a domain V  clearly exists. Let U be a nonempty open subset of V  
such tha t for the inclusion j  : ( X , A )  C ( X , X \ U )  the induced homomor
phism j ,  : H n(X , A) —► Hn(X , X \ U )  is a monomorphism (see 1.2(d)). Let 
i i : (Х,Ц>) C ( X , X \ U )  and г : (X ,0) С (X, A)  be inclusions. Then i i = j o i  
and thus according to 1.2(c) the induced t j .  : Hn( X)  —> H n(X,  X  \  U))  is a 
trivial homomorphism. Hence considering the segment

Я п_х(Х  \  U) S -  H n(X,  X  \  U) k -  H n( X )

of the exact reduced homology sequence of ( X , X \ U )  we obtain th a t d'  is 
a monomorphism. Let s : (A , 0) С ( X , 0) be the inclusion m ap and consider
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th e  commutative diagram

Hn- i (A )  <--------------  Hn(X ,A )

i ,  j»

H n- i ( X \ U )  <----- -------- Hn( X , X \ U )

we get s„(A .) =  cF;,(w) where A m = du and (see 1.4). Consequently
since d' and j ,  are monomorphisms we obtain that

(10) s»(A») ф 0.

Let J  be a  linking Jo rdan  curve of s*(A*) i.e., J  is a Jordan curve in 
i£n+1\( A \ i7 )  such that for each nonzero element u' of H i ( J )  we have

and thus

°x \i/,j(-s,(A ,), и') ф 0

(И ) к )  ф 0

(see also 1.8). According to  (10) and [10], Theorem 2.3, such a curve J  exists 
(see also [10], 2.1 and 2.2).

It is to be noted tha t each Jordan path  К  with the body J  is linked to 
(A , A).

Indeed, let К  be such a Jordan  path. Then AT ф 0 (see 2.5(d)) and thus 
according to (11) we have

(12) йА Я ( А . ,К .) ф  0.

Hence К  is linked to the (те,р)-се11 (A-, A) as required.
Now let AT be a Jordan p a th  with К  — J . Such a Jordan path clearly 

exists. By (12), К  — J  cannot lie in G or in R n+1 \ X  (see 2.6). On the other 
hand

К  = J  C R n+1 \  ( X  \  U) = СЛU (R n+1 \  X )  C G U (R n+1 \  X ) .

Hence by Lem ma 7.16 of [11] there is a subdivision К  = К 2'К 1' of К  and 
a  subdivision K "  =  ATJ'A'j . . .  K'^m of K "  — K l'K 2' such tha t the relations 
£"•_! C R n+1 \  X ,  А " _ х <£ G , fq , C G and AT", (£ (R n+1 \ X )  hold for i = 
=  1 , . . . , m  (see also [11], 7.12 and 7.14). Since A' is a hnked closed path  
of (A, A), 2.9 shows th a t K "  is a linked closed path of (A , A) as well. For 
j  = 1 , . . . ,  2m  - 1  let K 'l =  K "  : qj+ 1 -» qj and let K'Jm = K%m : qx -> q2m- The 
points g i , . . . ,  q2m belong to  G fl(A n+1 \  A ) =  G \ A .
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For j  = 1 , ,  2m  —1 let K'- =  K'- : qj —+ q3+i be a  continuous p a th  lying 
in G and suppose th a t Kj  C G \ X  whenever qj and qj+i lie in  the  same 
component of G \ X .  Let K'2m =  K'2m : q2m —* 9i be a continuous p a th  lying 
in G.

For j  = 1 , . . . ,  2m  let K 3 : qj —*■ qj be a degenerate path. Let Kj  = 
= ( & У Ц 'К * 1К$ for j  = 1 , . . . ,  2m — 1 and = (K 2m) * K '^ K 1 K'2m. 
Then the closed paths K 2, K 4, . . . ,  K 2m and the closed p a th  K ' = 
=  K'2m . . .  K'2K[ are lying in G. Hence they are nonlinked to (X , A). On 
the other hand K 2i - \  is lying in R n+1 \  X  whenever q2i - i  and q2i belong to 
the same component of G \X  and thus all the closed paths of this kind are 
nonlinked to (X , A).

However K "  = K " K 2 . . .  K 2m is linked to (X , A )  and thus according to 
2.13 there is a < 6 { 1 , . . . ,  m )  such th a t K 2t- \  is linked to (X , A) and for this 
t, q2t- i  and q2t lie in distinct components of G \ X .  Further since ( K 2t~1)* 
and K 2t are degenerate paths we have K 2t~\ = K 2t_ 1K 2t_v  Hence denoting 
K 2t - n  K 'ít-n  92Í-1 and 921 by K i, K 2, qi and q2, resp., the points gb  q2 
and the continuous paths K \, K 2 satisfy the requirements (a), (b ), (c), (d).

The theorem is proved.

2.16. C orollary . X \A  is nowhere dense in R n+1.

Indeed, let G' be a nonempty open set in R n+1. If G 'n ( X \A )  ф 0 then 
let G be an open ball in G' meeting X  and missing A . Such a ball G  clearly 
exists. G is an e-regular domain of (X , A) (see 2.7) and thus by 2.15, G \ X  
is a nonempty open set in <?/ \(Х \.А ) . If G 'П (X  \  A) =  0 then G' itself is a 
nonempty open set in G '\ ( X \A ) .

X \A  is nowhere dense in iZn+1 as required (cf. [13] 1.3.5).
2.17. T heorem . L e t(Y ,B )  be a compact pair. L e tp ' be a prim e distinct 

from p and H ' the Cech homology theory defined on the category o f compact 
pairs over the coefficient group Zvi. Suppose that (У, B ) is an (n, p)-cell and 
H'n(Y, В ) =  0. Then (У, В ) is an absolutely linked (n,p)-cell.

P r o o f . We argue by contradiction. Suppose the existence of a  topolog
ical embedding <p: Y  —> f?n+1 such th a t (X, A) =  (t (Y) ,  v?(H)) is a  nonlinked 
(n,p)-cell in Дп+1. According to 1.11, 2.6 and 2.7, X \A  is an i-regular 
domain of (X , A) and thus by 2.14 there exists an e-regular domain G of 
(X ,A ) such tha t G f lX  =  X \A . G meets X , consequently by 2.15, G \X  
has at least two components. However by Я^(Х , A) =  0, G \X  is connected 
(see [8], consequence of Theorem 2). This is a contradiction.

The theorem is proved.

2.18. T heorem . The topological product o f an absolutely linked (n ,p )- 
cell and o f a nondiscrete space cannot be embedded in R n+1.

P r o o f . We argue by contradiction.
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Suppose the existence of a topological embedding t p : Y x C  -+Rn+1 where 
(Y,, В ) is an absolutely linked (n ,p)-cell and C  is a nondiscrete space. Let c 
be an  accumulation point of C  (see [13], p. 43). Since C is nondiscrete, such 
a c exists. Let X  =  <p(Y x{c}) and  A = y ( B x { c } ) .  (X, A)  is an (n,p)-cell 
in  i2n+1. Let /  be a  continuous closed line in X  \  A.  Let e =  g( f ,  A)  where 
q is the metric in i2n+1 (cf. 1.6). Since f  is compact we have e > 0. Select 
c 'e C \ { c }  such th a t  for each у  е У

в((р(У ,с),>р(у,с'))<£.

Since Y  is compact and c is an accumulation point of C the existence of such 
a  c' follows (see also [11], 9.6).

For each q = <p(y, с) € X  let = <p(y, с'), ф : X  —> <p(Y x  {c'}) is clearly 
a  topological m apping and X  П ф ( Х )  = 0. Let Q = V'(Z) an(l

W = \ J [ q M 4 ) ]
96/

w here [q,^(q)] is the segment w ith  the endpoints q and ip(q). W  is clearly 
a  compact set in  R n+1 disjoint to  A  and ( f U Q )  C W.  Let i ' i : /  C W  and 
*2 : Q C W  be inclusions and le t

■Ф' = -*Q -

T hen  the mappings i\ and i2 о ф' are clearly homotopic and thus

Í l . ( D  = Í 2 - l W ) .

ФЦ/*)  € Hi (Q)  where Q is disjoint to X  and thus by 2.1 we have

«U,q (A „  # ( /* ) )  =  o,

consequently

*A, f (A4fm) =  *A,w(Am, i 1. ( r ) )  =
=  0A}w{A*, i2^ l ( f * ) ) =  оАд (А*,Ф1(Г)) = 0

(see also 1.8).
Hence /  fails to be linked to  the (n,p)-cell (X, A)  (see 1.10) and thus 

(X , A)  is a nonlinked (ra,p)-cell in Rn+1. (Y , B )  is not absolutely linked. 
This is a contradiction.

The theorem  is proved.
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3. Pseudomanifolds with boundary

We shall take the terminology and notations of the books P. S. Aleksan
drov, Combinatorial topology 1, 2 ([1], [2]).

Let p and Z p be the same as in 1.1.
3.1. Let К  be a triangulation (see [1] p. 118) situated in some euclidean 

space R m. Suppose that К  is an n-dimensional combinatorial pseudomani
fold with boundary L where n>  1 and L ф 0 (see [2] p. 72). L  is a triangu
lation as well. Let Y  and В  be the bodies of К  and L  respectively (see [1] 
p. 136) i.e., (У, B )  = ( ||A ||, ||L ||). Y  and В  are compact Hausdorff spaces.

Compact pairs of such type are called topological nonclosed n-pseudo- 
manifolds with boundary.

Let Rm be a hyperplane of the euclidean (m + l)-space  R m+1. Let c be 
a point in R m +1 \  R m and let M * be the set of all open cones with the vertex 
c where the base of the cones runs over all (open) simplexes of L  (see [1], 
p. 214). M* is clearly a set of open sirnplexes of R m + 1 . Let M  = M* U f  U 
U{{c}} where {c} is the О-simplex with the vertex с. M  and К U M  are 
clearly triangulations in R m+1. Moreover if T n is an n-simplex of К  then 
AT\{Tn} and ( K U M ) \ { T n} are triangulations in R m +1 as well.

An easy com putation shows the following equalities. A p(K)  = 0 (cf. [2] 
p. 50), Д £ ((Я  U M )  \  {Tn}) =  0, Ap(üf U M ) «  Zp if p =  2 or if p ^  2 and the 
pseudomanifold К  is orientable (cf. [2] p. 74), A £(AU  M )  =  0 if p ф 2 and 
К  is nonorientable.

3.2. Let H p be the Cech homology theory defined on the category of 
compact pairs over the coefficient group Z p. Let K,  L, M ,  T " , Y  and В  be 
the same as in 3.1.

Since for any triangulation K a of a polyhedron Ф and for an arbitrary 
coefficient domain Г the groups Д п(А а ,Г ) and Д П(Ф ,Г) are isomorphic to 
each other (see Theorem XI.4.1 and Definition XI.1.1 of [2], pp. 164 and 
159), moreover since Д П(Ф ,Г) is isomorphic to H n{Ф; Г) where H n(Ф; Г) is 
the гг-dimensional Cech homology group of Ф over the coefficient group Г 
(see [9], Section 24), from 3.1 we get the following results:

(13) яг(||* ||) = я5(У) = о,
( 1 4 )  Я £ ( | | ( Я и М ) \ { Т " } | | )  =  0 ,
(15) H P(\\K U M ||) a; Zp if p =  2 or if p ф 2 and К  is orientable.
(16) H P( \ \ K \ J M II) =  0 i f p ^ 2  and К  is nonorientable.

Let Ф = IliTUMlI and Ф =  ||M ||. Ф and Ф are compact subsets of R m+1. 
Ф is clearly contractible to a point over itself and thus it is homologically 
trivial (see [12] p. 30). Hence Я£(Ф) and Я£(Ф, Ф) are isomorphic groups. 
Consequently by (15) and (16), Я ^(Ф ,Ф )г»^р if p = 2 or p ф 2 and К  is 
orientable, Я£(Ф, Ф) = 0 if p ^ 2  and К  is nonorientable.
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Let j ' : (У ,В )  С (Ф, Ф) be the inclusion map. Since Y \ B  = Ф \Ф  =  
=  \\K  \  L\\ it follows th a t j '  is a relative homeomorphism and thus H%(Y, В ) «  
« Я £ (Ф ,Ф ) (see [12] p. 266). Consequently

(a) if К  is orient able then for every prime p

(17) H ’ ( Y , B ) * Z P, 

and
(b) if К  is nonorientable then

(18) H l ( Y , B ) * Z 2, 

and for every p ф 2

(19) K ( Y , B )  = 0.

In the first case we say th a t (Y, В ) is an orientable topological n-pseu- 
domanifold with boundary and in the second case we say tha t (Y, B )  is a 
nonorientable topological n-pseudomanifold with boundary.

3.3. P r o p o s i t i o n . Let К , L, Y  and В  be the same as in 3.1. Let U be 
a domain in Y \ B .  Let H v be the same as in 3.2. Then the homomorphism  
j * : tf£ (Y ,В ) -*• #£(Y , Y \ U )  induced by the inclusion j  : (Y, В ) C (Y, Y \  U ) 
is a monomorphism.

P r o o f . First observe tha t a successive barycentric subdivision K u of 
К  of an arbitrary  order v (see [1], p. 140) is clearly an n-dimensional com
binatorial pseudomanifold with boundary as well and the boundary L u of 
K u consists of all simplexes of K u lying in ||Z ||. Hence ||üí'l/|| =  ||/i'|| and 
IIL̂ H =  ||L ||. Let c and M  be the same as in 3.1 and let M v* be the set of all 
open cones with the vertex c where the base of the cones runs over all open 
simplexes of L v. Let M v =  M"* U X ^U dc}}. Then M v is a triangulation in 
R m +1 and ||M ‘'|| =  ||M ||.

There clearly exist an integer v and an га-simplex T n of K v such th a t 
T n C U. T n is clearly a nonempty open subset of \ \K \ L\\. Let V  — T n . Then 
by 3.2 (14) we have

Я £ ( ||(1 Г и М " ) \{ Т " } ||)  =  Я £(Ф \У ) =  0

where Ф =  \\K U\JM V\\ =  \\K UM || =  Y U ||M ||. Ф =  \\MV\\ = \\M\\ is homolog
ically trivial and thus

Я£(Ф \  V, Ф) «  Я ^(Ф \ Y) =  0.

On the other hand the inclusion j " : (Y \  V, В ) С (Ф \  V, Ф) is a relative home
omorphism and thus

H % (Y \V ,B ) «  Я ^ (Ф \ Y, Ф) =  0.

A cta  M aihem aiica  H ungarica 59, 1992



ON PSEUDOMANIFOLDS WITH BOUNDARY. I 243

Let j ' : ( Y , Y \ U )  C ( Y , Y \ V )  be the inclusion map and let i1 = j ' o j  : 
(Y, В ) C (Y, Y  \  Y). Consider the segment

K ( Y ,  Y \ V ) S -  HZ(Y, В ) —  H nP(Y  \  V , В )

of the exact homology sequence of the triple ( Y , Y \ V , B )  (see [12] p. 25). 
This segment has the form

H Z ( Y , Y \ V ) S - H * n( Y , B ) ^ -  0

and thus i'm is a monomorphism. Since i\ — j'mj m it follows th a t j* is a 
monomorphism as required.

3.4. T heorem. Let (Y ,B ) be the same as in  3.1. Then (Y, B ) is an 
(n,p)-cell whenever p =  2 or whenever рф  2 and (Y, В ) is orientable.

P ro o f . Let К  and L be the same as in 3.1. Since К  is a  triangula
tion and L  is a subcomplex of K ,  it follows that Y \ B  =  \\K \L || is a locally 
connected space with countable base. However K \ L  is nonempty and con
nected (see [2], p. 72) and thus Y \ B  is nonempty and connected as well. 
Hence condition 1.2(a) is fulfilled for the pair (Y, В ).

3.2 (13) shows th a t condition 1.2(c) is satisfied for the pair (Y, В ) as well.
According to Proposition 3.3, condition 1.2(d) is satisfied for the pair 

(Y, B ), too.
As to condition 1.2(b), 3.2 (17) and 3.2 (18) show tha t this condition is 

satisfied if p =  2 or if p ф 2 and (Y, В ) is orientable.
The theorem is proved.

3.5. T heorem. Let (Y ,B ) be the same as in  3.1. Suppose that the 
topological n-pseudomonifold (Y, B ) is nonorientable. Then (Y, B ) is an ab
solutely linked (n, 2 )-cell.

The theorem is an immediate corollary of the formula 3.2 (19) and The
orems 3.4 and 2.17.

Our program is finished.
In the next paper we shall prove an analogous theorem concerning ori

entable pseudomanifolds, namely th a t each orientable nonclosed n-dimen
sional pseudomanifold with boundary and without homological singular in
terior points (i.e., w ithout interior points having non cyclic n-dimensional 
local Betti groups with respect to the coefficient group Z ) is absolutely non- 
linked. This la tter theorem was also stated in my paper [3] without proof.
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A REMARK ON THE VIBRATION OF A CIRCULAR 
MEMBRANE IN DIFFERENT POINTS

I. JOÓ (Budap est)

To the memory of m y father

1. Let

f t :=  {(x , y ) : x 2 + y2 < 1} C R2

be the unit circle. Define U as the vector space of all functions 

u(t, x , y) G C°°(R x í! )n  C (R  x Í2)

satisfying

(1) %  =  Ди on R x i l ,  u =  0 on R x d f i.

Denote for m =  0 ,1 , . . .  by Jm(x)  the Bessel function of order m  and arrange 
its positive zeros increasingly into the sequence

0 < A ^ < A ^ < . . . .

As it is known ([1]), the finite sums of the form

(2) u ( t , x , y )  = J 2 { a mke <  )г + Ьт1се~'Хк sin rny5.7m(Aj;m)r)+
m ,k

+ ^(cmfce,A* )i + dmjte- 'A* cos rm p J m ( X ^ r )
m,jk

are solutions of (1) if we use the polar coordinates x = r cos у = r sin tp. In 
this note we prove the following

T heorem . Let N  G N and P i , . . . ,  Pjv G D \  {0} be different points. Then  
the mapping

A : U - * C°°(R, CN ), Au := («(., Pi ) , «(. ,  PN )) 

has a dense range in C °°(K ,C N ).
This theorem proves a conjecture of V. Komornik form ulated in [5]. For 

rectangular membranes analogous results were obtained earlier by the author
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of the present paper in [9] and independently by M. H orvath in [8]. In [7] the 
authors proved a weaker version of the above theorem. The result proved in 
[7] is also a special case of Theorem 2 of [5].

2. We begin the proof with the rem ark that it is enough to prove the 
density of AU  in L2(0, T ; CjV) for any T  > 0; the density in C°° follows easily 
from it [10]. Secondly if we restrict ourselves to the solutions given by finite 
sums (2) then our Theorem reduces to  the  following statem ent. Denote

/  sin m</?i J TO(Â .mVi) \  

V sin rrupN J m( \ ^ r N) )

and

f m k  • —

 ̂ cosmy?i

V cos rrnpN J m ( x [ m)r N) ,

Then the system

е(Л) := je mfce±,A* \  / mfce±,Ai ) f : m  = 0 ,1 , . . . ;  к =  1 ,2 ,. . .  j

is complete in T2(0,T ; CN) for any T  > 0.
In what follows we shall prove this last statem ent. We begin with

P r o p o s i t i o n . Arrange the positive zeros X ^  o f J m , considered togeth
er for all m  into a sequence 0 < < Ц2 < ----  Then p n+\ — pn —► 0 (n  —>■ oo).

P r o o f . The starting point of the proof is the Langer formula ([2])

Jm(x)
4

i _ a x c ta n w ^ = [ j1/3(z ) + J_ 1/3(z )\ + 0 (m  4/3),
w ч/З

x > m , w  :=
Ш'

— 1, z  := m(w — arctan  w)

where the О-term is uniform in x. We apply it for

x  =  т у/с 2 +  1 +  <, i = 0 (m 1/ 3)

where c>  1. Applying the asym ptotical formula of Bessel functions ([1]) for 
J± i /3  we obtain

(3) cos ( * - ^ )  + 0 ( m~ 5/6)
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So to any value z  =  ^  +  kn  + 0 ( m  5/ 6) there corresponds a zero /x j^  of Jm. 
A counting shows tha t

rm) / - 5—7 \/c 2 +  l  / ,  3 a rc ta n c \  , , 0.(4) =  m y  c2 +1  +  — ж---- ----- (fc + -  + m -—  ------j  + 0 ( m  1/3).

If arc ânc is irrational, then its multiplies have a uniform distribution mod 1. 
Since m  can be changed in an interval of length (^(to1/ 3), this implies easily 
the Proposition.

Lemma 1. I f  0 й <pi, . .  ., <p n  ^  27t are different numbers, then the vectors

( sin m<pi 

sin m<pN

( cos m ifi 

cos m<pjv
m  = 0 ,1 , . . . ,  N  — 1

span the space KN .

The proof is standard, hence we omit it.
Denote Pj = Pj(rj ,  (pj), 0 < r j  < 1, 0 ^  <pj < 27t the polar coordinates of 

P i , . . . ,  PN . We can suppose tha t the values r i , . . . ,  r/v0 are different and the 
other rj do not give new values. Suppose that c is large enough, namely

r 2(c2 +  l)  >4

and denote

dj ■= ^ /t2(c2 +  1) — 1;

these quantities arise when we count Jm{p{km)rj)  by (3).

Lemma 2. There exists a residual set D C [1, 00) such that for any c £ D 
any equality

N 0 N

(5) 0 = П7Г +  no arctan с +  ^  nj arctan dj + E  n 'i<Pi
i=1 i =1

with integer coefficients n, n j, nj necessarily implies

n0 — n i = . . .  — un0 =  0.

PROOF. Indeed, the set of c £ [1,00) satisfying (5) with fixed coefficients 
is obviously closed. If we show th a t in the case |no| +  |n i| + . . .  |njv01 > 0  
this set does not contain an interval, then Lemma 2 will follow from Baire
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category theorem. If (5) holds in an interval, we can differentiate it with 
respect to the variable c; by repeated differentiation we get the relations

0 = n0
,2*+l

No

+ Y , n3
3 = 1

d2t+1
3

(£ = 0 , 1 , . . . ) .

Consider them as linear equations with variables n, . Since 71- , . . . ,  ’̂rSL areJ ' 1 » jVq
all different, the only solution is no =  n\  =  . . .  =  пдг0 =  0.

3. Next we count the asym ptotics for Jm( n ^ r j ) .  The values Zj corre
sponding to x =  by the Langer formula have the form

( 6 )  Z j =  —  7Г +  —  ^ a rc ta n c — — a rc ta n d ^ j  m ' j  +  0 ( m - 1 / 3).

Consider a large num ber у and m 0 with m 0 y/c2 +  l  = j/-(-0 (l) and k0 with 
= j/ + 0 ( l ) .  Take m  = mo +  0 ( l )  satisfying

(7)
arctan c / 3 yc \

nVc 2 + l ]
< e /1 6  JV;

here ||a || denotes the  distance between a  and  the nearest integer. By (4) 
th e re  exists k =  fco +  0 ( l )  satisfying |y —/Дт |̂ < e / 8 N.  Expressing & + |  by 
(7) we can improve (6):

( 8 ) Zj = —m  arctan dj  + ydj
Vc 2 + 1

+ 16ÍV’ \*j\ < I-

Define the vectors
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emk
ТГТП

emk- =

f  mk *

( sin тгкрг

V sin mtpNJm{p^\N) ,
,------ (  COS r r u p i j m { n ^ r \ )

0 U rn
:

V cos mipNJmUb >rN) ,

( sin rrupi cos(m arctan di —71)

 ̂y 7J7 s*n m<PN cos(m arctan djv — 7jv)

/  cosm(^i cos(m arctanai —71) \

 ̂73^7 cos mV?N cos(m  arctan dn  — 7n ) }

with

I j  := У_ A _
\/c 2 +  1

7Г
4 ’

then from (3) and (8) we get

(9) lem fc-emfcl<£/8, l/S lfc-/m fcl<e/8.
The central statem ent of the proof is the following

L emma 3. There exists a basis ex, . . . ,  едг of CN with the following prop
erty. Let e ,T  > 0. Then the set

е°(Л) := Л*«*'"*"’* = 4 " ’ = 0(™ ,/3)}

contains a subsystem

Ф =  |e ^ e ±,An>-,t : j  =  1 , . . . ,  iV;n = 1 , 2 , . . . }  U {eJeiA°->* : j  = 1 , . . . ,  iv}  

such that

(a) K - e j |  <£ ,  j  =  l , . . . , J V ; n  =  0, l , . . . ,

(b) — 27Г < £, j  = l , . . . , N ; n > n 0

for some large number n0.
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P r o o f . For th e  proof take у  = 2 n ^  with large n. If m  satisfies ( 7 )  then 
for th e  coorresponding к we have |2тгу -  | <  e/ 8 N . By (9) we can consid
er th e  vectors e ^ ,  f ^ k . Since 1, ^rc^ s-£, *rct™di. ( j  =  1 , . . . ,  N 0 ) are linearly 
independent over Q (rationale) we can choose m  such tha t cos(m  arctan dj — 
— 7 j )  is approximately 1 when dj =  dJ0 and approximately zero when dj ф dj0. 
In  th e  coordinates j  with dj = dj0 the corresponding ipj are different, so by 
Lem m a 1 we get there a basis w ith vectors

/  \
sin m'<pj

V ; /
where 0 ^ m' < N .  Let the o ther coordinates (dj ф dj0) of these vectors be 
zeros; considering them  together for all j o  we get a basis in R v . Now for 
j  =  1 the construction goes as follows. Take c £ D satisfying r j у/с2 +  1 > 2, 
j  =  1, . . . ,  N o  and

( 10 ) 2 n c 3 
T ^ + 1  4

< £ / 1 6  N

and  consider the  following system  of simultaneous diophantine approxima
tion:

( H )

\m arctan с I 
2 7Г I < £/ 16N ,  ||m arctan  d

m arctan d j 7 , +  ?
2- ir 2tt

27Г 27Г

< £ / 1 6 N  ( j  — 2, 

<£/161V (dj — d\).

- ^ | | < £ / 1 6 1 V ,

• > No),

By Kronecker’s theorem ([4], p. 58) this has a solution m =  m0 +  O( l )  for 
any £ > 0 if and only if for any integers n j, n ' for which

arctan c
n0-

2 n
E  arctan dj

ni
j= i

27Г
d j = d \

is an integer, th e  expression

No , 7Г
7 i  , 7j +  2 , / / V jпл-----Ь >  rij------ --f > n-m  —

X2 it 3 2тг ^  3 2 n
1 = 2 dj =di

is also an integer. But this is true, since Lemma 2 implies that no =  n \ = 
=  . . .  = njv0 =  0. So (11) has a  solution and the construction is ready for j  — 1 
and analogously for other j .
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Now the proof of the Theorem can be finished just as in the case of 
the rectangular membrane in [8] and [9]. Namely, we can prove tha t Ф is 
complete in L 2(0, T; C ^) for any T ' < T . Let

* o : = { e l lei2™*'T : n e Z , j = l , . . . , N } .

By Lemma 3(a) this is a Riesz basis in L 2(0,T; C ^ ) for small e > 0 and

c i E E i° ^ i2 = E E 4 i e,“ /T
ngZ j = l  ngZ j = l  ■̂'2 n€Z j —1

where 0 < c\ ^  c2 < oo is independent of e. We have

L e m m a  4 ([3] for N  = 1). Let { еп е ,Ат** : n  £ Z) be a R iesz basis in 
L 2(0 ,T -C n ) and define 0 < ci < c2 < oo such that

ci Ы 2 ^ ||ane„e,Ant|||,2 < c2 K l 2

fo r all sequences ( a n). Let further e > 0 be small enough namely eTc — 1 < 
< \ / c i / c 2. Then fo r  every sequence (X'n) with X'n 6 С, |ЛП — A(J < e (n £  Z) 
the new system {eneiX'nt} is a Riesz basis in L2(0 ,T ; C ^).

This implies th a t for small e > 0 the system

Ф0 :=  {e:H ei2*nt/T : |n| < n0, j  = 1, . . . ,  iv}u  

U j e £ e ±,A"-’t : n  >  n 0 + 1, j  =  1 , . . . ,  i v j

is also Riesz basis in L 2(0 ,T  :C N ). Finally

L e m m a  5 [9]. Let {enetXnt: n E Z) be complete in Z2(0,T ; C ^ ) . I f  we re
move finitely m any elements, the remaining system is complete in 
L 2( 0, Г ; C ^) for all 0 < T '< T .

Applying this to  Ф0 we obtain tha t Ф is complete in X2(0, T; CN ) for all 
T ' < T , so e(A) complete in X2(0, T; C ^) for all T  < oo as asserted.□
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ENDOMORPHISM RINGS OF ABELIAN GROUPS 
AS ISOMORPHIC RESTRICTIONS OF 

FULL ENDOMORPHISM RINGS. II
N. T. DÄO (Debrecen)

In 1963, A. L. S. Corner has published his famous theorem th a t every 
countable, reduced, torsion-free Abelian group is isomorphic to the endo
morphism ring of some countable, reduced, torsion-free Abelian group (cf.
И ) .

Consider an arbitrary countable, reduced, torsion-free Abelian group A. 
Let R  be a subring of the endomorphism ring of A  containing the identity. 
In our paper [4], with the aid of Corners technique, we have proved tha t 
there exists a reduced, torsion-free Abelian group В containing A as a fully 
invariant subgroup such th a t the mapping which takes each endomorphism 
of В  to its restriction on A is an isomorphic mapping of the endomorphism 
ring of В  onto R. Moreover, our group В  contains A as a  pure subgroup.

In their paper [7], M. Dugas and R. Göbel have proved that if a set- 
theoretic axiom V n is assumed, then every cotorsion-free ring is isomorphic 
to  the endomorphism ring of some cotorsion-free Abelian group. Making use 
of their technique, we prove in the present paper that if V  = L is assumed, 
A is a cotorsion-free Abelian group and R  is a subring of the  endomorphism 
ring of A containing the identity, then there exists a cotorsion-free Abelian 
group В  containing A as a pure, fully invariant subgroup such tha t the 
endomorphism ring of В  is isomorphic to R.

In this paper all groups th a t are w ritten additively are Abelian. By a 
ring we shall always mean an associative ring with identity. Every module 
is right module and unital (i.e. the identity of the ring acts as the identity 
operator on the group).

A group is cotorsion-free if it is reduced, torsion-free and contains no 
subgroups which are isomorphic to the additive group of th e  ring of p-adic 
integers for some prim p ф 1. A ring is called cotorsion-free if its additive 
group is cotorsion-free. К will always denote a regular, not weakly compact 
cardinal greater than  uq. Each ordinal a will be identified w ith the set of 
all ordinals ß < a . The system {Xa | a < N} is a )H-filtration of the set X  
is X a Q X  (a < H), X u Q X и (v  < p < K), Xg = |J  X u for limit ordinals

i/<i
6 < N, X  = U X v and |Xa | < К (a < N). A subset S  of the ordinal a

i/<N
is stationary in a  if S  П С ф  0 for each closed unbounded subset C of a. 
A subset of N is sparse if S  П a  is not stationary in a for all lim it ordinals
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а  <  N. We denote the ordinal in f{ |5 | S  Q a , sup(5) =  a}  by cf(a). Let
5  9  N and {X„|i/ <  N} be a N-filtration of the set X  of cardinality N. 5  is 
non-small (cf. Devlin and Shelah [6]) if S  satisfies the following set-theoretic 
condition Фh(S).

Фн(5): given for each v £ S  a function Pv : P(A „) —»• {0,1} of the 
subsets of X„ into {0, 1) , there is a function <p : S  —► {0,1} such that for all 
Y  Q X  the set {iv  € S lP ^fY  П X u) =  <p(v)} is stationary in N.

We say th a t V k(S) holds for a  set S  Q N (cf. Dugas and Göbel [7]) if
(i) S  is non-small and is sparse if N > ;

(ii) if A € 5 , then cf(A) =  u>.
An Д-module M  is faithful if for r £ Ä, M r = {0} implies r = 0.
We need the following lemmas. (They can be found in [7].)
L e m m a  1 [ 7 ] .  A n Abelian group G is cotorsion-free i f  and only i f  the 

additive group o f the endomorphism ring o f G is cotorsion-free.

Z  will always denote the ring of integers. 
Z  w ith respect to  its Z-adic topology.

Z  denotes the  completion of

L e m m a  2  [ 7 ] .  Let R  be a ring with unit element. I f  the additive group 
o f R  is cotorsion-free, then {0} is the only Z-module contained in R.

ZFC denotes the system of Zermelo-Fraenkel axioms and the Axiom of 
Choice.

L e m m a  3 [7] (ZFC+V  =  L). Let N be a regular not weakly compact 
cardinal. Then there are N m any disjoint subsets Sß o f N for all ß < N such 
that V n(Sß) holds for all ß  < N and (J Sß is sparse in  N.

/3<x
In the same way as the proofs of Step-Lemma 2.7 and Corollary 2.8 of 

[7] we can prove the following statement:
L e m m a  4 .  Let R  be a cotorsion-free ring and let M  be an R-module. 

Let Fm  be the free R-module with free basis Em  = {em |m  £ M ) and let К  
be the kernel o f the homomorphism h : Fm  -*■ M  which takes each em to
m . Let F  — (J F„ be the union of free R-modules such that Fm  Q Fn and

nGw
Fn+ \IFn is a free R-module for almost all n £ w. Let b £ F be such that 
{6} U E m  can be extended to a free basis o f Fn for some n £ w. Assume that 
the rank o f -Fn+i / F„ is not smaller than the rank o f Fn for almost all n £ w 
and the rank o f F  is at least 2Ш.

Then there exist two extensions F ° , F 1 of F  such that the following 
conditions hold:

(i) F 6 is a free R-module for 6 = 0 ,1;
(ii) F 6/F n is a free R-module fo r almost all n £ и  fo r 6 = 0,1;

(iii) i f  the endomorphism <p of F / К  extends to endomorphisms o f F °/ К  
and F 1 / К , then (b -f- K)(p £ (6 + K )R .
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P r o o f . The proof is similar to th a t of Step-Lemma 2.7 in [7]. 
We may assume without loss of generality tha t
(1) {6} U Em  extends to a free basis of Fq;
(2) Fn+i / Fn is a free R -module for every n £
(3) the rank of Fo/bR  is not smaller than 2W.

Let E n+2 =  {^«+2,»'!* € Л1+2} be a free basis of the Д -module Fn+ i/F n for 
every n £ oj. We denote the set {m  £ M\em ф b} by M '. Let E \ = 
= {eu \i £ h }  be a free basis of the free Ä-module Fo/bR  such th a t I \  2 M ' 
and e iiTO =  em for all m  £ M '. Let E q =  {eoo = b}. Assume w ithout loss of 
generality tha t I0 = {0} Q 7„ Q 7„+i Q К for all n £ w. First, we will select 
special elements z6ni £ Z  for n £ ш, 6 = 0,1, and i £

Choose elements zF  £ Z  such tha t |  ^  (n. -  2)\zF \i £ 7i j = Z .  This is

possible because |7i| > 2"  = \Z\. If r  |  ^2 (n  -  2)!zF \i £ 7 i |  Q R  for r £ R,

then according to Lemma 2 we get th a t rZ  = {0}. So r = 0 because 1 £ Z. 
We shall refer to this result as the statem ent of reduction. Put zF  = 0 for
all i £ 7„ \  7i and zF  =  0 for all i £ 7„ and all n £ u .

Let ip6 be the Д-endomorphism of F  for 6 = 0,1 which acts on the  set 
E  = U En as eooV = eoo, eijip* =  exj ,  eniips = em- -  (n  -  l)en+li,- +  eoo-^,-,

n£u>
for all j  £ I \ and all i £ 7„ (n  > 2). It is easy to see th a t ip0, ip1 are Ä- 
monomorphisms and F/F„ip0, F/ Fntpl are free Ä-modules for alm ost all 
n £ lj. Let F° = F1 = F ® (® R) and let us identify F with Ftp0 Q F°,

Ftp1 C F 1. Then (i) and (ii) indeed hold.
In order to prove (iii) let i f  be an endomorphism of the  group F /  К  such 

that ip extends to endomorphisms if6 of the groups F s / К  for <5 = 0 ,1 . Let

{ekl +  K )if = E  E  e" 'a«  + K
« G "  « e /n

and
ы + =  e  E + yu  +  K

пеш iein
be the images of the element eki + К  for к £ u> and £ £ I k . Here yki £ 0  Ä

1Л
and a£J, £ R  such tha t — 0 for fixed (k ,£ ) and almost all n ,i .
Then the images of ekt +  К  under ftp 6 — ip6tfS for any к £ w, l  £ Ik and for 
0 = 0,1 are deduced as

ы + K)ifips Л е е  + к )  4 s =
\ n 6 w  t £ / n  /
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оо

= eoofljt? + X I  еи а ы  + X I X I  ( e"* ~ (n  — l ) en+i,«' +  eoo-z£.) ak\+
•e/i «=2 ie/n

OO

+Ar =  e0o I a?? + X I  X I  aklzni 1 +  X I X I e"* a« +
V n=2 i^ I f i  /  n=l,2 t£ ln

O O

*■»—з »ein
and

{ tu  + K)<p6rJ>6 = (cfc/ -  m a x (i -  1,0) • efc+1)/ + min((fc -  1 )k, 1)- 

-eooz*Lt +  K)<ps =  t„ i(Su  -  m ax (k  — 1, 0) • ££+!,/+
n,i

+ min((A: -  1 )k, l)z ]^ o ó ) + ( ш  -  max(fc -  1,0) • Ук+и+

+ min((fc -  1 )к, l) z kíy0o) +  К.
Comparing these equalities we get

(*) -  max(fc -  1, 0) • + min((fc -  1 )k, 1) • z 6k l8 ^  =

= аЦ -  m ax(n  -  2, 0) • a ^ 1’* + tk't

for all n G и  \  {0}, г € In■ Here tk\ € R such tha t Y  en,tjJJ £ K. If к =  0,
n,i

then we have from  (*)

(**) = а£0 -  m ax(n -  2, 0) • 1,1 + *oo-

Moreover, we gain from (*) by induction N  2 the following equality for
n £ u  \{o}, i e i n, l e  h:

N

W  =  X I  ( “Й -  m a x ( "  -  2’ ° ) • + « )  (*  -  2 )! -

Jk= 2

AT

к—2
Since ^lim £jy+1 — 1)! =  0 because Q  nR = {0}, we get

n£ui\{0}
O O  OO

«Й = E  (“Й -  i H »  -  2 ,0). a " - 1'  +  <~) (t -  2)! -  E ( fe -  2>!*«'
k —2 k=2
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Therefore
OO

1SS • -  2)! =  OJÍ -  is i e  я
k=2

for all t  £ I\- According to the statem ent of reduction, this means that 
loo = 0 for all n £ ш \  {0}  and all i £ So (**) reduces to

«oo =  max(n -  2 ,0 ) • 1,1 -  ÍqÓ-

Since enitoó € Ä , we have t ^  = 0 if n > 2 or if n = 1 and i £ M .
n,i

Consequently, =  0 if n > 2 or if n =  1 and i £ M . Furtherm ore 
Oqq = —t\[j if i £ M '. Finally, we have

(a) if b = e\ma where mo £ M , then

(Ь + К)<р=ь(а°0°0 + № )  + К ;

(b) if b $ E m , then (6 +  К)ч> = 6a°° +  K .
Thus Lemma 4 is proved.

THEOREM 1 (Z F C + F  =  L). Let A  be a cotorsion-free Abelian group and 
let R  be a subring of the endomorphism ring of A containing the identity. 
Then there exists a cotorsion-free Abelian group В containing A  as a fully 
invariant subgroup (i.e. mapped into itse lf by all endomorphisms o f B )  such 
that the mapping which takes each endomorphism o f В  to its restriction on 
A is an isomorphic mapping of the fu ll endomorphism ring of В  onto R. 
Moreover, our group В contains A as a pure subgroup.

P roof . The proof of this theorem is similar to that of Theorem 3.2 in
[7].

Let M  be the direct sum of A and the additive group of R . Then 
M  is naturally a faithful Ä-module. We have proved a similar theorem 
as Theorem 1 for countable, reduced, torsion-free A  (cf. [4]). So we can 
assume tha t A  is not countable. Hence \M \ > u>. Let N be a regular, not 
weakly compact cardinal with N > \M \. Let {Sß\ß < N} be the family of 
subsets of К given by Lemma 3 and let S  = (J Sß. Since cf(A) =  w for all

/з<х
A £ S , we can fix an ascending sequence {An|n £ w} of ordinals such tha t 
A =  U and An £ N \  5 . Let Fm  denote the free Ä-module with free

basis E m  = {em |ra £ M }  and let К  denote the kernel of the  homomorphism 
h : Fm  —> M  which takes each em to m. Then M  is isomorphic to the factor 
module Fm / K .

Now we will define inductively the Ä-modules Fa for all a < K. Let 
Fq = Fm - Assume Fß to be defined for all ß  < a < N. If a  is a limit ordinal, 
then let Fa — (J Fß. Otherwise, if a  =  /3 +  1, then let Fa be the direct 

ß <a
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sum  Fn 0  ( ® Л) of Fß and \Fß\ m any copies of R. We prove by transfinite 
|í>l

induction on < К that
(i) F'ц is a free Л-module;

(ii) if 77 £ /r \  S , then Fy/Fr, is a free Л-module for all 77 < v  ^  //.
Indeed, Fq = Fm  is a free Л-module. Assume that (i) and  (ii) hold for

all /X < a.

Case 1: a  is a limit ordinal. Then Fa =  (J F Since S  is a  sparse subset
ft<a

of N, there are ordinals a v £ a \  S  for и < cf (a )  such that Fa =  U Fau.
i<<cf (a)

Hence Fai//F aii is a free Л-module for all /r < v < cf(a). Thus Fa is a free 
Л-module. If 77 G a  \  S , then there is v < cf (a )  such that 77 < a v. So Fa /F n 
is a free Л-module, because Fa /F av and Fai//F T1 are free Л-modules.

Case 2: a  =  /r + 1. Then Fa = Fn ® ( © Л). Therefore (i) and (ii) hold
l*VI

trivially.

Assume th a t /r G S  and eoo,é0o G F are such tha t {eoo} U Em  and 
{éoo} U Em  extend, respectively, to free bases E\ =  {eu \i  G / 1} and E\ =  
=  {éi,|i G h }  of F^nQ for some n0 G w. Let E n+2 = {е„+2,,|г G /„+2} and
É n+2 = {én+2,i\i G In+2} be free bases of the free Л-module ^ по+п+1/-^ „ 0+п 
for all ra G . We may assume without loss of generality th a t /0 = {0} C 
Q In g  Jn+1 Q К for all n G oj. Let us denote the sequences (еш|тг G u , í  G

G /„} and {ёш |тг G u>, i G / „ } by e and e , respectively. Then e = eT , where 
T  is a m atrix over Л. We denote by X the set of all sequences {ж„,|тг G oj, i G 
G In}, where x nt G Л, and x ni =  0 for almost all 7i G u , i G Then every
/  G can be written in the forms e ж and e у , where x , у  £ X. Let be 
the Л-monomorphism which embeds F^ in F9 = F°(e00, UF/Jn) and let L  be
the m atrix which represents ip°. Consider an arbitrary element /  = e x  of
F'ц. We denote the element / (1  +  (1 -  ip°) + -----1- (1 -  ip°)n ) and the m atrix
1 -j- (1 — L) + -----(- (1 — L )n by /„  and Ln , respectively. Then /  = lim /„V’0

n — Ю О

holds with respect to the Z-adic topology of F^. Consider an endomorphism 
(p of F f,/К  which extends to  an endomorphism ip° of F®/ К . Then

( /  +  K )v °  = hm  ( f nip° + K)<p° =  hm ( f n +  K ) ^ ° .n—► 00 П—+ОС

Since ( /  •+• K)yp° G F ° /K ,  we have lim ( /„  -f K)(p G F ^ fК  with respect to

the Z-adic topology of F ^ /К . It is true th a t e x  — e ■ T ( ж) • ж with a finite 
matrix T ( x ) for all ж £ X. It is easy to see tha t T (x )  ■ L n — Ln -T '(ж) with
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a finite m atrix T ' ( x ) for all x £ X and for almost all n £ u>. We get

e L n x  = e • T ( x ) • Ln ■ x = e • L n ■ T'( x ) • x .

Thus
lim ( e L n x + K )p  =  lim (e LnT '( x ) x  +  K )p  £ F ^ /K .

n—*oo n —►oo

Therefore ip can be extended to an endomorphism of F ^ /K ,  too, where 
F^ = F°(éoo, UF^,n) which is given according to  Lemma 4 by making use of
the family {E„\n £ и;} of free bases.

Let {/„ \v < K} be an enumeration of the elements of F  =  (J Fa such
a<  N

th a t fß  £ F„ for all v £ Sß. Let X a be the underlying set of Fa/K  for 
all a  < N and let X  =  |J  X a . Then {X0 |a  < N) is a K-filtration of X .

a<N
Consider the sets

Aa = X a x X a x X a, Ma = X a x Ä x X a , Ha = X a x X a

and their disjoint unions Ua =  А а 1)Ма и Н а for all a  < N. Then {Ua \a < N) 
is an N-filtration of U -  (J Ua . Let us define functions P„ : P(UU) —► {0,1}

a<R
for every ß < H, v £ Sß. Put P „ (Y )  =  0 if the following conditions (1) and 
(2) are satisfied for the Y  9  U„: 1 2

(1) (a) Y  f l (4 v U i iv) defines an Ä-module F ' / F  on X„  such th a t F'v = F„,
and F^, Fv have the same underlying set;

(b) Y  П {AVn U M Vn) defines an Ä-module F'Vn/ К  on X Un for all n £ u> 
such that F[, = F„n , and F'v , FVn have the same underlaying set; 

(C) FM g  F ^ i  F in c  F>n+1 Q F l = U F'Vn for all n £ со; and the
П£ш

Ä-modules fß R , F ^ /F m , ^ п+1/ ^ п, F'Un /  fß R  are free for almost all 
n £ w;

(2) (a) Y  П H„ defines an endomorphism <p of F ' / F ;
(b) if Fj} = F °(fß , UF^n) 2 FI according to Lemma 4, then tp does not 

extend to an endomorphism of F ^ /K .

We define P ß(Y ) = 1 in the other cases. So according to Lemma 3 we find 
tha t there are functions <pß : Sß —► { 0 , 1} such that { i /  £ Sß\P„(Y  П U„) =  
= <Pß(v)} is stationary in N for all Y  g  U and all ß  < N.

Now we will define inductively the free Ä-module F'a on the underlying 
set of Fa for all a < N such that

(i) ’ F'a is isomorphic to  Fa for all a  < R;
(ii) ’ if rj £ 5 , then F „ /F ' is a free Ä-module for all 77 < a  < N.
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Choose Fq = Fo and assume F^ to  be defined for all p < a. If a  is a 
limit ordinal, then v e  choose F'a = (J F'p. Assume th a t a = p  +  1 where

ß < a
p  G 5/3 such that fß R , F '^ J fß R  are free Д-modules for almost all n £ us. 
Then apply Lemma 4 for F^ = [J  F ^  and put F"a =  F'fî ß\ fß , \ jF 'lin). In

nEw
the o ther cases we define F' = F ' ® ( ф  Д), if a  — fi +  1. Conditions (i)’

\ n \
and (ii)’ can be proved similarly as (i) and (ii).

Let F ' =  (J F'a and  В  = F '/ К . Then В contains A as a pure subgroup.
a<N

The operations of distinct elements of R  on В are distinct, because В  con
tains th e  identity of R . In order to  prove that R is isomorphic w ith the whole 
of the  endomorphism ring of B, we consider an arbitrary  endomorphism cp 
of B . Let

C = {v < is a limit ordinal and (F'u/K )(p  Q F'v /K } .

Then C  is a closed unbounded subset of K. We shall prove th a t <p operates 
on F ^ / К  as an element of R for every p € S П C . Consider an element p of 
S  П C , e.g. fi € Sß П C . First, we assume tha t fß R  and F ' f  fß R  are free 
Д-modules for almost all n £ u .  Let A b  Q X  X X  X X  define the addition 
and let M b  Q X  X R  X X  define th e  ring multiplication on the Д-module B. 
Let H v  С X  X X  define the endomorphism <p. T hen

E = {v  G Sß \P?((AB  U MB U H ^) П Uv) = <pß{v)}

is stationary in N. Let rj € С П E  w ith 77 > fi. Then there is an ordinal tj < 
< г  < N such th a t (F^+1/K)ip> Q F ^/K . Since S  contains only limit ordinals, 
we have 77+ 1 € N \5 .  So F'T/F ^+l is a free Д-module by (ii)’. Hence F'T splits 
over F '+1. Let p : F'TIK  —*• F ^ ^ / K  be the canonical projection such that 
p \ ( F ' +1/K )  acts on E ^+ i/K  as th e  identity operator. Hence <p|(F'+1/iC) 0 P is 
an  endomorphism from F^+1/ K  which is an extension of < p | T h e r e f o r e  
we derive ^ ( 77) =  1 by the definition of the function P%. Hence «pl^/tf) 
extends to endomorphism of F ° ( fß , ö F ^ / K  and F 1(fß, UF^n/K ) .  We have 
according to Lem ma 4 that {fß  + K)tp £ (fß  + K )R .

Now let p, be an arbitrary element of 5  П C . Choose the free bases D n 
of the free А-modules such th a t Em  Q D n ^  Dn+1 for all n € u>. This is 
possible because F^ / F ^  and  F '^ /F m  are free Ä-modules for all n 6 
Let b € D = (J D n. Assume th a t b = f a where a < N. T hen there exists

77 € 5a flC such th a t F’' /  f a R  is a  free Ä-module for almost all n G w. Hence 
(6 +  K)ip = (b +  К)гь  where rj, ^  Д. It is true  that F 'J K  =  (Fm / K ) ® 
where F^ is a free Д-module. If  x, у are distinct elements of a free basis of
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Ffj, then xr -  у is an element of a free basis of Fß for every r € R. Therefore 
we can easily prove that ip acts on as an element ro of R . Next we see 
tha t ip operates on Fm / K  as an element of R.  Let us denote briefly the 
element b + К  by 6. We get ёт<р = ёт • rm в  emR for all m  € M . Let a 
be an arbitrary element of A  and let 1 be the identity of R . Then, partly  
ei+a<P = ei+a • Г 1+a holds, partly  ёг+а(р = ёг<р +  ёа<р = ё \ ■ r x + ёа • та is 
satisfied. So тт+а +  a • ri +a =  r j  -f ara. Hence a ri =  a ra , i.e. ёа<р = ёа • r í .  
We can see similarly that et<p =  e* • r\ for every t € R from the derivation 
of the image et+ a t</?. It is clear th a t r } =  ro- So ip operates on F'^/K  as the 
element ro € R. This is true for all p G S  П C . Since S П C  is cofinal in N, ip 
acts on В  as an element of R.

Thus Theorem 1 is proved.

T h e o r e m  2 (Z FC + У  = L ). (The reformulation of Theorem 1 in term s 
of modules.) Let R  be a ring with unit element and let A be a module over R  
where the group A is cotorsion-free. Then A is embedded in an R-module В  
as a submodule such that every endomorphism o f the group В  is the operation 
of an element of R . Furthermore, A  and В have the same annullator in R .

P r ó o f . Let J  be the annulator of A  in R. Then A  is naturally  a faithful 
module over R /J .  According to Theorem 1 there exists a faithful module 
В over R / J  containing A as a submodule, and every endomorphism of the 
group В  acts on В as an element of R /J .  Thus В  is naturally an Ä-module 
with the required properties.
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ON THE EXTENSION OF TWO THEOREMS 
BY MADDOX TO GENERALIZED SETS OF 

CESÁRO SUMMABLE SEQUENCES

E. MALKOWSKY (Gießen)

1. Introduction
We denote the set of all complex sequences by uj. As usual, c, c0 and  

loo are the sets of all convergent, null and bounded sequences, respectively. 
For each positive integer n, e(") is the sequence such tha t e j^  := 0 (к ф n ),

:= 1, and e is the sequence such that e* :=  1 (k = 1, 2, . . . ) .
For any real S, let A 6n := (n+5) (« =  0 ,1 ,2 , . . . )  be the rc-th Cesaro 

coefficient of order 6. Let (m„) he a sequence of integers such th a t 1 < mo <  
< m i <■■■ < ttiv <••••, then for each non-negative integer v, denotes
the set of all integers к tha t satisfy the inequality m„ £ к ^  т и+1 — 1.

Let a > 0 and let t =  (tk ) be a real sequence such th a t tk ф 0 (к = 
=  1 ,2 , . . . ) ,  (m„) a sequence of integers as above. Then given any sequence 
x, we define the sequence x (a ; (m „), (i)) by

X k(a;(m v),(t))
r Aa 1rriv+i —к

1 1/«*
x k ( k e K ( mv ) ; V =  0 ,1 ,2 , . . . ) ,

ЛK]
«;(<)) : = {

and for each non-negative integer i/, and for each subset К  of Aqmi/), we 
define the sequence x ^ ( a ;  (t)) by

(t)) к 6 К  
0 к i  K-,

we shall write аЛт,/1(а; (<)) := (t)) for short.
If t = (tk) is a strictly positive sequence, and K„ is a subset of hqm„), 

then let

= 0, 1, 2, . . . ;  o > 0; x  € « );
k ~ \

and we shall write h?’1 ,(x) := ,(x) for short.lm»Jv ) lÄ(m„)]v )
Let a  > 0, p = (pk) he a strictly positive sequence and (m^) a sequence 

of integers as above. Then we define the sets

[CQ;(m „)](p) :=

:=  {x € w : -  le ))  € cq for some complex number l )  ,
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[С„;(т„)]<р) := [ х  € и  : (/*££](*)) € с0}

and
[Ca-,(ml/)]<̂ ) := [х  £ и  : (/»££](*)) € £°°} •

In the special case where Pk — P — const. (к =  1 ,2 , . . . )  and m u =  2" 
(v  =  0, 1, 2 , . . . ) ,  these sets reduce to the  sets [Ca]p, [Ca]p and [Ca]So defined 
in [5].

P roposition 1. The sets [Ce ;(mv)]W, [Ca \ and [Са; (т „ )]^  
are linear spaces if and only if p £ too-

Proof. For the sets [Ca\ (m„)](p) and [Ca; (m ,,)]^ this is an immediate
consequence of Theorem 1 in [4], and for the set [Ce ; (т„)]то this is an 
immediate consequence of Theorem 1 in [2].

Therefore, we shall assume p £ too- We put

( 1. 1) M  :=  suppfc, H  :=  m ax{l,M }.
к

that

( 1.2)

P roposition 2. The following inclusions hold:
(a) [Ca;(m„)]*p) С [Ca; (m„)](p), [C„; (т„)]|,р) С [C„; (т„ )]^ ;
(b) [ C a i W J W c l C a i W g  i f  and only i f  there is a constant 7 such

mi/+i
m b < 7  (*/ =  0, 1, 2, . . . ) .

P roof, (a) The inclusions in part (a) are obvious from the definition of 
the sets involved (even without the restriction p £ t ^ ) .

(b) By a well known property of the  Cesäro coefficients, there exist two 
constants C i(a ), C2(o ) depending on a  only such th a t for v  =  0, 1, 2, . . .

C i ( a )
TTL и

TO., 1 -  [m„] ( e )  =

A a

A°L .ГП1/ — 1
< C2(q)

1ГГ1 iy — 1

771̂ 4.1 —
т т mK —1

and since lim ——- — — 0 for a  > 0 , we have sup h?’p de) < 00 if and only

if condition (1.2) holds. Part (b) now is obvious (cf. [2], p. 318).
Let ( т „ )  be a sequence of integers satisfying (1.2). Then we define

(1.3) g{x) := ga ’p( x ) := sup ( h j^ C * ) )  '  for x £ [Ca ; ( m ,) ] ^
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(where H  is defined in (1.1)).
R e m a r k . In view of Proposition 2, the restriction on the sequence (m„) 

is imposed in order to  make sure tha t g is defined on all of [Cal (m u)](ph

The function g induces a metric on each of the spaces [CQ; (m ^ )]^ , 
[Ca ; (m,/)](p) and [C0 ;(m v) ] ^  (cf. [2], p. 318) and it is known tha t [Ca ;
(m ,)]j1p) is paranorm ed by g (cf. [3], Theorem 18, p. 190).

T he proof of th e  following is routine and therefore omitted.
PR O PO SITIO N  3 .  Let p£ loo  and let {m„) be a sequence o f integers sat

isfying condition (1.2). Then
(a) [Ca\ (mv) ]«  is paranormed by g if and only if'm ipk  > 0,к
(b) [Ca\ (m ^ )]^  is paranormed by g if  inf pk > 0,к
(c) [Ca\ (лг„)]оР) and [Cal (тп,,)]^ are complete with respect to g (cf. [2], 

p. 318).

2. The completeness of [Ca\ (m„)](p)

We now turn  to  the completeness of [Ca\ (m v)]W which is more difficult 
to handle. The following is an immediate consequence of Theorem 5 in [2].

P r o p o s i t i o n  4. Let p e too and lim =  j .  Then [C0 ; (m ,,) ]^  is 
complete with respect to g.

We now consider the case in which lim > 1. We need the following
If—ЮС 171 v

L e m m a  1. Let p  £  t ^  and let (m u) be a sequence of integers such that
(1.2) and

(2.1) lim rn‘/+1 > 1

hold. I f  ( x ^ )  is a Cauchy sequence in [Ca ;(m „)](p) and

( г ( ,)- ^ (,)e )]  e c° for i = 1 ,2 , . . . ,

then given e > 0 there is a complex number l  and an integer i0 such that for  
all i > i0l we have \ l ^  —1\ < m in{l,e}.

P r o o f . In th e  proof, we shall write h„  : =  h[^P] for short. Let c :=  

:= lim > 1. Then there is a  number S satisfying 1 < 6 < c such th a ti/—oo J 0
for some subsequence (i/(n)), we have

^v(n) +1
m i/(n)

> 6  (n =  1 ,2 , . . . ) .
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This and a well known property of the Cesäro coefficients yield the existence 
of a  constant C i(a )  depending on a  only such tha t

(2.2) . C i(a)(Ä  -  1)“ -  — ------- й К (п)(е) (n  =  1 ,2 , . . . ) .

Furtherm ore, similarly it follows from condition (1.2) tha t

(2.3) K {e )  < C2(a ) (7 -  1)“ -  -----  (i/ =  0 ,1 ,2 , . . . )
m  íz —1

where C i(a) depends on a  only.
We put C\ :=  Ci(a)(<$ —1)°, C i := C2(q )(7 —l) a . Let (z^)) be a Cauchy 

sequence in [Ca ; (m„)](p). Then there is a non-negative integer Iq such that

9 ( z (,) -  z (j))  < ^ C xП1/Я
(i,3  ^  Io).

Let i , j  > Jo- Since hu( x ^  — £ ^ e )  —» 0, h„(z0) — l ^ e )  —► 0 (*/ —► oo) there 
exists a non-negative integer i'o( t , j )  such tha t

К  (z(,) - £(,)e) < К  (*Ы - i (l)e) < (v ^ vo(i,j)).

T hen for all v > v q we have

Cx

(2.4) \hu ( ( /W  -  е ) ] 1/Я < [fc„ -  ^*)e)
l/H

ĵ /i„ ^ z ^  — ,W )]  +  |/i„ ^z^J  ̂ — \1 1/я r c ’ l) J  < 2

+

We must have |^*) —£ ^ \  < 1 for all i , j  > Iq. For otherwise, if |^*) — £ ^ \  > 1 
for some i , j  > Io, then by (2.2), the definition of C\ and the fact that 

0 (v  —► oo), we would be able to choose an integer z/(n) ^A a ,m и —1
such tha t

K (n)(e) > t C i .

This would imply

M ") [ (/(■') —  /(•»')) > Л„(п)(е) > ±Cx > \cx,
a contradiction to  (2.4). Therefore, we must have |^0) _  ^(i)| < i for ац 
i , j  ~> Io, and it follows tha t
(2-5)

/(О _ /(»1  ̂Л„(е) < Л„ ((̂ <° — /°‘)) e) (*,j>/o; i/ = 0,1,2,...).
A c ta  M athem atica  H ungarica  59, 1992



ON T H E  EXTENSION OF T W O  THEOREMS BY MADDOX 267

Let e > 0 be given. By the same argument th a t yielded (2.4) using the 
fact th a t is a Cauchy sequence in [Ca ; (m„)](p), we can choose a non
negative integer to :=  io(s) > Io such that for all i , j  > i0, there exists a 
non-negative integer i '( i , j )  such th a t for all и > o (i, j )

К  ((/<*'> -  e) < £M • ^ С г .

Therefore by (2.5)

• hu(e) < eM •

By (2.2) we can choose an integer v(n ) > v ( i , j )  such that
3

^t/(n)(e) > ^Cl.

It follows that

/(•') — /(■>') |M < £M and /(•) -  /Ü) <£ ( i , j  > i0).

Hence (^*)) is a Cauchy sequence of complex numbers and £ :=  lim
*—♦00

exists. This implies the  existence of an integer г'о such that for all i > Íq

< m in{l,£}.

T h e o r e m  1. Let p  £ t-oo and let the sequence (m „) satisfy conditions
(1.2) and (2.1). Then [Ca \{m v) ] ^  is complete with respect to g.

P r o o f . Let (x (*)) be a Cauchy sequence in [Ca \ (m„)](p). Then 

g ^ x ^  -  x ^ j  —* 0 (i , j  —+ oo)

and for each integer i, there is a complex number £(*) such that 

hv ^ x ^  — —► 0 {v -* oo).

(Again we write hu := /ij^p ̂  for short.) Since [Ca ; ( т „ ) ] (р) C [Ca ; (m „ )]^  by

Proposition 2, and since [Ca ; (m „ )]^  is complete by Proposition 3(c), there 
is an element x £ [Ca ; (m ^)]^  such tha t

g ( x ^  -  x^ —>■ 0 (t -» oo).
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We have to  show th a t x  € [Ca ; (гпи)\^р\  i.e. th a t there is a complex number 
l  such tha t

(2.6) hu(x -  le )  —►0 (i/ —► oo).

Since

(M X -  <«))1/Я S ( к  ( x  -  xW ))1,H + ( к  ( x W  -  <l"e))1/H +

+  ( Л„ ( ( г М - г ) е ) ) 1 / я ,

condition (2.6) can be proved by showing that

hv — t j  e') ► 0 (i/ — oo) for all sufficiently large i.

Let у > 0, and define for v = 0 ,1 ,2 , . . . ,

K v { y )  •=  {& £  : Pk  <  y }  > ^i/,y :=  ^[K^(y)](e )'

Then two cases are possible:
(i) inf lim huu — 0,y>0 V—+00 ’

(ii) inf lim hVXj > 0,t/>0 V—+00 ’

In case (i), let e >  0 be given. T hen there exists a  number yo > 0 such tha t

ím  K m  < I

whence hU}y0 < e for all sufficiently large v. By Lemma 1, there is a complex 
number l  and a non-negative integer io, such th a t for all i > г'о

t  -  № < min | l , £ 1/,!/01 .

Now for all sufficiently large v  and for all i ^  г’о, we have by (2.3):

K ( ( 1 -  ^(,))  e) =  h [Kv (yo)] ( (*  ~  ^(,)) e) +  h [K{mv) \Kv(yo)] ( ( £ ~ £(,>) e)

< î/,yo +  s h v(e) ^  e ( l +  C2),
where C2 is defined as in the proof of Lemma 1.

Now we deal with case (ii). We put

c := -  in f Um h vV > 0.
2  y>o 1/-+00

<
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Then there is an integer i/(l) such tha t >  c. Also there exists an
integer i/(2) > i /( l)  such that hl/(2),i/ 2  > c- Continuing in this way we can 
determine a strictly increasing sequence (i/(s)) of integers such th a t

^i/(s),l/a > c-

By the same argum ent that led to  (2.4), there exists an integer /  := 1(c) 
such th a t for all i > I  there exists an integer i/,- such that for all и > г/,

(2.7) A ,((<<i> - < W ) e ) < | .

Now we must have =  fC) for every i > I. For otherwise, if |^*) — /С)| > о 
for some i > I ,  then for v  =  t'(s), we would have, since — IW  | <  1,

K (B)( { l ( i ) - l (I))  е ) > К ш , а f(0 -  £(*)

for all sufficiently large s, a contradiction to (2.7).
We close this section with a remark on the uniqueness of the lim it l. 
R e m a r k . If the sequence (m^) satisfies condition (2.1), then for every 

x € [С„; (т„)](р) the lim it l  is unique (cf. [1], Theorem  2).

3; An inclusion  theorem

In this section, we shall discuss the inclusion

[C .;W ]oW c [ C e;K )]< e).

Here there is no restriction on the sequence p except positivity. The following 
theorem is a generalization of Theorem 7 in [2].

T h e o r e m  2. Let the sequence (m v) satisfy condition (1.2). Then the
inclusion [Ca\ (m,,)]^ C [Ca \ (m„)]^ holds if and only if the following two 
conditions are satisfied:

(i) H „(N ) := m ax [jV-1/p*efc (a ; (mu), (e — p))] for some integer
k € .K (m „ )

N  > 1, and
(ii) inf Jim^ hVyy =  0 where h ^y := ^(/£,(y)](e) and K v(y) := {k £ K (mv) : 

Pk £  У}-

P r o o f , (a) First we show the necessity of condition (i). We assume that 
for all integers N  > 1, H U(N ) ф 0 (1 ). For N  := 2, there  is an integer i/(2) 
such th a t Я „(2)(2) > 2. For N  := 3, there is an integer i^(3) > v(2) such that 
Я 1/(3)(3) > 3. Continuing in this way we can determine a strictly increasing

Acta M a ih em a tica  Hungarica 59, 1992



270 E .  MALKOWSKY

sequence (v (N ))  of integers such th a t  H „ ^ ( N )  > N .  For N  = 2 ,3 , . . . ,  let 
k (N )  £ be the smallest integer such th a t

N  1/P*(” )ek(N)(a ; (m „), (e -  p)) =  ffu(N)(N ).

Define the sequence x by

x k := N  1/pfcW  • ek{N)(a; (m „), ( -p ))  (k = k ( N )) 
0 ( к ф  k ( N ))

(N  = 2 ,3 ,. . . ) .

Then obviously x £ [Ca ; (m „ )]^  \  [Ca ; (m ,,)]^ .
(b) Now we prove the necessity of condition (ii). We assume that

c := in f lim hvv > 0.
y> 1 и-юо

Then for all у > 1, we have lim huu > c. For у := 2, there is an  integer u(2)
such tha t /iy(2),2 = c/2. For у := 3, there is an integer is(3) >  u (2) such tha t 
^ 1/(3),3 = c/2 . Continuing in this way we can determine a stric tly  increasing 
sequence ( i ' ( s ) )  of integers such th a t  в >  c/2 . Define th e  sequence x by

x k := i ( K M , . r 1,Pk ( * £ * , . ( . ) « ) 3
0 (k Í  /C |.)(» ))  ’

Then

and

h„(,)(x) ^  (1/2)* -> 0 ( a - > o o )

/ q ’e ,(*) = \  efc(o;; (rra„), (e)) (K {s)i,)  1/pit .

If K (,),, i  1, then ( K (tU ) 1/pk ^  1, hence h ^ ^ ( x )  > \ h v(a)yS ± с /4. 

If > 1, then (K (a)tS) ~ 1/pk > (h„(i) ) _ 1 /i, hence

a 5 * 5 (£) l - i /« 1 . 
4 C (5 oo).

Therefore we have x £ [Ca ; \  [Ca;
(c) Finally we prove the sufficiency of conditions (i) and  (ii). Let x £

£ [Ca; (m .,)]^ . Then there is an  integer v (N )  such that for all v ^ i/(IV) 

(3.1) h„(x) < 1 /N
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(where N  is the same as in condition (i)). Let £ > 0 be given. Then, by 
condition (ii), there exists a yo > 1 such that < £ for all sufficiently
large v. For v  =  0 ,1 ,2 , . . . ,  we define the following sets:

hfW := {k  € K (mu) : pk < 1} , K™  ;= {* £ K (mv) : pk > 1} ,

K &  ■- {* 6 K M  : |Xfc| < 1 j  , K &  := [k  € K ™  : \xk \ > l}  ,

h f ) : = { k £ K ^ : l ^ p k ^ y 0} ,  K ®  := [ k  £ K &  : pk > y0 } ,

and we put := ha,p,r) , h ^ ,e := ha’e(r) (r =  For k £ K ^ \  it
[Ki ’] [Ku ']

follows from (3.1) that

iV1/p* |z fc(a; (mv), (p))| < 1, 

and since pk < 1 for k £ K ^ \  we have

N 1/pk |**(a; (m„), (p))| < N  |**(a; (m„), (p))|p't ,

\xk\ £ iV1-1/p*efc(a; (m v), (e -  p ))|x fc|Pfc.
This implies

h ^ ' \ x )  <, N  ^ 2  ek(a ;(m l/) , ( 2 e - p ) ) - N ~ 1/pk\xk\Pk <

^ N H „{N)hv(x) =  o ( l)0 ( l) .

We must show that

(3.2) h,W’e(x) = o( 1).

Let k € Then pk ^  1, |xjt| >,1 and

(3.3) h ^ ' e(x) < h(f>(x) < K (x )  = o(l).

Now let k € Then pk > г/о» |xjt| ^  1 and

(3.4) h ^ ( x )  < h ^ ( e )  й K tV0 < £

for all sufficiently large v.
Finally let k £ k \? \  Then 1 5: Pk ^  2/o> |xjt| ^ 1 and by a result by 

Maddox (cf. [1], p. 351)

4 5)-e(x) ^  K { x )  +  ( М * ) )1Лл sup /гДе)
V

l - i / y o
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It follows from condition (1.2) th a t

C  := sup hv(e)
V

i - i / s *
<  00 .

Since x € [Ca \ (т „ )] (р), we have

(3.5) h ^ ' e(x )  < e +  £1/,yo • C  for all sufficiently large v.

Since
h ^ 'e(x) =  h W '\x )  + h W '\x )  + h ^ \ x ) ,  

condition (3.2) follows from (3.3), (3.4) and (3.5).
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CONVERGENCE AND LATTICE PROPERTIES 
OF A CLASS OF MARTINGALE-LIKE SEQUENCES

D. Q. LUU (Hanoi)

0. In troduction

Let E  be a Banach space, N  the set of all positive integers. Given an 
infinite subset S  of N  we shall introduce the class of LLvalued L 15-games 
which is different from the class of üLvalued games fairer with time, given 
first by Blake [3] and studied later by Mucci [12]. It is shown in Section 2 
tha t a sequence (X „) of E -valued Bochner integrable random variables is 
an L 15-game if and only if it has a unique Riesz decomposition: X n = 
= M„ + P„, where (M „) is a martingale, (Pn)-converges to  zero in probability 
and the subsequence (Ps) is an ^ -p o ten tia l. Thus, all L1-bounded ^-valued 
L 15-games convergence in probability if (and only if) E  has the R adon- 
Nikodym property (RN P). This extends a result of Subramanian [15] on 
uniformly integrable real-valued games fairer with time and parallels a result 
of Talagrand [17] on L1-bounded F-valued mils. In the case, when E  lacks 
the (RNP) we give also a necessary and sufficient condition under which an 
L1-bounded 2?-valued L 15-game converges in probability. In Section 3, we 
shall use the characterization result of the previous section to prove th a t 
endowed with the norm

IK^rOlbv = s u p £ ( ||X n||),
N

the class of X1-bounded L 15-games in I х becomes a Banach lattice. This 
parallels similar results of A ustin-Edgar-Tulcea [1] on /^-bounded real-val
ued am arts, Ghoussoub [6] on L1-bounded order am arts, Talagrand [17] on 
L1-bounded real-valued pram arts and a most recent result of Schmidt (to ap
pear in Ann. Probab.) on L1-bounded uniform amarts in I х. For definitions 
and related results we refer to the next section.

1. D efin itions and related resu lts

Throughout this paper, let (fí,«4, P ) be a complete probability space 
and (An) an increasing sequence of sub-cr-algebras of the cr-algebra A . A 
function T : ÍI —► N  is called a bounded stopping time, write r  £ T , if 
each { r =  n} € An  and r  is bounded. Thus, T  is a directed set with
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the  usual order (< ), given by a < r  iff а  (и ) < r(w ), a.s. Now, let E  
be a (real) separable Banach space and let L XE stand for the Banach space 
of all (equivalence classes of) Д -measurable functions X  : ÍÍ —» E  with 
Ü7(||X||) =  J  ||X ||d P  < oo. Unless otherwise stated, we shall consider only 

n
sequences (X n) in which are assumed to  be adapted to  (A „), i.e., each X n 
is Дп-measurable. Now given a  sequence (X „) and r f T w e  define X T and 
A t by X r (u ) = Х г(ш)(и), Ат =  {A  € A  : { r  =  п}ПД e A ,,V n}. Then ( A t) 
is an increasing family of sub-a-algebras of A  and each X T is A^-measurable.

D e f i n i t i o n  1.1 (cf. [3]). A sequence (X „) is said to  be a game which 
becomes fairer with time iff for each e > 0 there exists p  such that for all 
n  q > p we have P ( ||X g(n ) — Xg|| > £ ) < £ ,  where given cr, т € T, Х„(т) 
denotes the A*,-conditional expectation of X T (cf. [13]).

The following result was (independently) proved by Mucci [12] and Sub- 
ramanian [15].

T H E O R E M  1 . 1 .  Every uniformly integrable real-valued game which be
comes fairer with time converges in L 1.

D e f i n i t i o n  1.2 (cf. [2]). A sequence (X „) is said to  be a uniform am art 
iff for each e >  0 there exists p such th a t for all cr, r  6 T  with r  > о > p we 
h av eP ( ||X <r( r ) - X <T||) < £ .

Uniform am arts were introduced by Bellow [2] who proved that all L x- 
bounded А -valued uniform am arts converge a.s. if (and only if) E  has the 
(RNP). But here, we are interested in the following recent result of Schmidt 
[14]. '

T h e o r e m  1.2. The L 1 -bounded uniform amarts in I х form a Banach 
lattice.

D e f i n i t i o n  1.3 (cf. [11]). A sequence (X„) is said to  be a pram art if 
for each e >  0 there exists p  such tha t for all <r, r  G T  w ith т > о > p  we 
have P ( | |J M t ) -  X a\\ > e).

Pram arts have been introduced and extensively studied by Millet-Suche- 
ston [11] who proved th a t real-valued pram arts have the optimal sampling 
property. Here, we are interested however in the following result due to 
Talagrand [17].

T h e o r e m  1.3. The L 1 -bounded real-valued pramarts from  a vector lattice.
D E F I N I T I O N  1.4 (cf. [17]). A sequence (X n) is said to  be a mil if for each 

e > 0 there exists p such th a t for all n ^  p  one has

P{ sup ||X ,(n ) -  X ,|| > £ ) < £ .
P=Q = n

Since every pram art is a mil, the following famous result of Talagrand
[17] gives in particular, an affirmative answer to a question posed by L.

Acta M a ihem atica  Hungarica 59, 1992



CON VERGENCE AND LATTICE PRO PERTIES 275

Sucheston in 1979, whether C hatterji’s result in [4] for martingales holds 
true for the case of pram arts.

T heorem 1.4. All L l -bounded E-valued mils converge a.s. i f  (and only 
if) E  has the (RN P).

For other related results and references on am arts, the reader is referred 
to Edgar-Sucheston [5], Gut-Schmidt [7] and Luu [9].

2. C onvergence o f  a class o f  m artingale-like sequences

Throughout this and next section, let 5  be an infinite subset of N .  In or
der to introduce the new class of L 15-games we need the following definition 
and result, given by the author in [8, 10].

Definition 2.1. A sequence (X„) is an Z/1-amart iff for each e > 0 there 
exists p such that for all n > q > p one has E(||Xg(n) — Xg||) < e.

Clearly, every uniform am art is an i 1-am art and every T1-am art is a 
game which becomes fairer with time.

Lemma 2.1 (cf. [8]). A sequence ( X n) is an L1-amart if and only if  it 
has a unique Riesz decomposition X n = M n + Pn , where (M„) is a martingale 
and (P„) is an L 1-potential, i.e. lim E (||P „ ||) =  0.П

Moreover, i f  this occurs then the martingale (M„) is given by 

lim £(||X n(m )-M „ ||) =  0 (n G N ).
771

Definition 2.2. A sequence (X„) is said to be an 5-game (which be
comes fairer with the only time subset 5), if for each e > 0 there exists p such 
th a t for all q € N , s € 5 with s q 't  p we have PdlA'q(s) — X g|| > £ ) < £ .

It is clear th a t by definition, a sequence (X n) is a game which becomes 
fairer with time if and only if (X„) is an 5-game for some 5  such th a t the 
set (N  \  5) is finite. After proving the main results of this section we shall 
show that if (N  \  5 ) is infinite then there exists an L1-bounded real-valued 
5-game which fails to be a game fairer with time.

The decomposition and convergence results we shall prove in this section 
are concerned with the following class of martingale-like sequences:

DEFINITION 2.3. A sequence (X n) is called an L 15-game if it is an 5- 
game and the subsequence (X s) is an Z^-amart.

T heorem 2.2. A sequence (X„) is an L xS-game i f  and only i f ( X n) has 
a Riesz decomposition X n = M n + Pn, where (Mn) is a martingale, (P„) 
converges to zero in probability and the subsequence (Ps) is an Li-potential.
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PROOF. Let (X „) be a sequence in L lE . Suppose first that (X n) is an 
L15-game. Then in particular, the subsequence ( X a) is an L1-am art. Thus 
by Lemma 2.1, it follows tha t (X s) can be w ritten in the form X„ = M a +  Pa, 
where ( M a) is a martingale and (P s) is an L1-potential, i.e. lim P ( ||P ,||)  =  0.
Hence, (X n) has also a Riesz decomposition X n = M n +  P„, where (M n) 
is the martingale defined by the m artingale (M„) in the usual way. i.e. 
M n =  M n(sn), were for each n  (= N , sn =  inf{.s € 5  : n < s} and (P s) goes 
to  zero in L 1. The main part of the proof of the necessity condition consists 
in showing tha t (Pn) goes to  zero in probability. To see this let e > 0 be 
given. Since (X n) is also an 5-gam e, by Definition 2.2 there exists po € N  
such th a t if q € N , s 6 5  with s > q > po we have

(2.1) P(\ \Xq( s ) - X q\ \ > e / 2 ) < e / 2 .

On the other hand, since (Ps) goes to  zero in L 1, there exists p ^  p0 such 
th a t for all s G 5  with s > p one has

(2.2) P ( | |P , | | ) < £ 2/4 .

This with (2.1) implies tha t for all n 6 N  w ith n > p we have 

P (||P „ || > £ ) =  P ( \\Xn -  M nУ > £ ) <

< P ( ||X „(s) -  x n \\ > £/2)  + P ( \ \x n(s) -  M nII > £/2) < 
i £ / 2  + 2 / £ - E ( \ \ X n( s ) - M n\\) <

Í  £/2  +  2 /e  • P ( ||X S -  M aII) =  £/2  +  2/e • P ( ||P 4||) <

^  e /2  +  2 /e  • e2/4  =  e,

by taking any s 6 5  with s n. Thus (Pn) converges to zero in probability 
which completes the proof of the necessity condition.

Conversely, suppose now th a t (X n) has the Riesz decomposition, given 
in the theorem. Then by Lemma 2.1, the subsequence (X e) is an L1-sm art. 
Thus to prove the sufficiency, it suffices to show tha t (X n) is an 5-game. To 
see this, let £ > 0 be given. Since (Pa) converges to zero in L 1, there exists 
po E X  such tha t for all s 6 5  with s > p0, (2.2) is satisfied. On the other 
hand, since (Pn) converges to zero in probability, there exists p £ N  with 
p ^  Po such tha t for all q > p one has

P (||P „ || > £/2) < £/2.

This with (2.2) shows tha t for all q G N ,  s € 5  with s q > p  we have 

P ( l l -M ')  -  X 9\\ > *) ^  P (\\X q(s) -  Mq\\ > £/2)  +  P (\\X q -  Mq\\ > £/2)  < 

< 2 /e  • Я ( | | а д  -  M qII) +  e /2  ^  2 /e • E (\\X a -  M , ||) + e/2  =
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= 2/e  • £ ( ||P e||) +  e /2  < 2/e ■ e2/ 4 +  e/2 = e.

Thus by Definition 2.2, (X n) must be an 5-game which completes the proof 
of the theorem.

Now let (X„) be an 5-game such tha t the subsequence (X g) is uniformly 
integrable. Then for each £ > 0, there exists a  > 2 such that if A  € A  with 
P(A)  < e / a  then sup f  ||X 4||dP  < e/4.  On the other hand, since (X „ ) is an

* A
5-game, there exists p such that in particular, for all s ,s ' £ S  w ith s' > s > p 
one has

P ( ||X ,(s ')  - J f .H  > e/a)  < e / a .
Consequently,

E (\\X .(s ')  -  X ,||)  g  e /a  + J  ||X .(a ')  -  X ,\\d P  <
{ | |X .(» ') -X - , | |)> e/a }

^  e /a  +  2 sup < 
»es /\\X.\\dP, A e A , P ( A ) < e / a  } Í  e/2 + 2 ■ e /4  = e.

This means that (-X*) is an T1-am art. Therefore, (X n) is an L l S -game. The 
above argument shows th a t the real-valued version of the following corol
lary is an extension of Theorem 1.1 of Mucci [12] and Subramanian [15], 
mentioned in the previous section.

COROLLARY 2.3. Let (-X«) be a sequence in L lE such that its subsequence 
( X s) is an L 1 -bounded L 1-amart. Suppose more that E  has the (R N P). Then 
( X n) is an L 1S-game i f  and only i f  it converges in probability.

P r o o f . Let (X„) and E  be as in the corollary. Suppose first th a t (X n)
is an Lx5-gam e such th a t sup P ||X g|| <  oo. Then the proof of Theorem  2.2

5
shows th a t the martingale (M n) in the  Riesz decomposition of (X „) is L 1- 
bounded. This with C hatterji’s result in [4] implies th a t (X„) must converge 
in probability. To prove the converse, we note first th a t since (X g) is an L 1- 
bounded ZX am art, by Lemma 2.1, (X n) can be w ritten in the form X„  = 
=  M n +  Pn, where (M n) is an L1-bounded martingale and the subsequence 
(PB) of (Pn) converges to  zero in L 1. Now suppose tha t (X„) converges 
in probability. Then it is clear tha t bo th  sequences (X „) and ( M n) must 
converge in probability to the same lim it, since (Pg) converges to zero in L 1 
and E  has the  (RNP). Therefore, (Pn) converges to zero in probability. This 
with Theorem 2.2 shows th a t (X„) m ust be an L 15-game. Thus th e  proof 
of the corollary is complete.

In the case when E  lacks the (RN P), the above theorem and Theorem  5 
of Uhl [13] give us the following result:
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C o r o l l a r y  2.4. A n  X1-bounded E-valued L 1 S -дате (X n) converges in 
probability i f  and only i f  (X s) satisfies the Uhl’s condition, i.e., for each 
£ >  0 there exists a convex compact subset K e o f E  such that fo r  any choice 
o f 6 > 0 there exists s0 в  S  and A 0 £ A ao with P (A 0) > 1 -  £ such that for  
all s' £ S , A  £ A ,  with s > s0) A  C A q we have J  X 3dP £ K c + 6U, where

A
U is the unit ball o f E .

EXAMPLE 2.5. Let S  = (n*) be an increasing subsequence of N . There 
exists an X1-bounded positive real-valued X1 game which converges a.s., 
bu t it fails to be even a V -game for any infinite subset of V  of N  such tha t 
(V  \  S ) is infinite.

C o n s t r u c t i o n . Let ( i l , A , P )  be the usual Lebesgue probability mea
sure space on the unit interval. For each n £ N ,  let an =  П  2', Qn the

partition  of [0,1] in a„ intervals of equal length and An = о — (Qn)- Given 
any Xoo £ Хд+ we define M n =  X„(oo) (=  E ( X «, | A ,))  and Pn as follows:

(a) РПк =  0 ( k e  N ).
(b) For an interval I  of Q n- i  with n £ (N  \  S ) let Pn =  2" on the 

first interval of Qn th a t is contained in I  and P„ =  0 elsewhere (hence (Pn) 
converges to  zero a.s.).

(c) X n = M n + Pn (n 6 N) .
It is clear th a t by Theorem 2.2, ( X n) is an X1-bounded X15-game which 
converges also a.s. to X ^ .  On the other hand, for all n , p  £ ( N  \  S ) with 
n > p we have Pp(n) =  1. Therefore, (Xn) cannot be a F-game for any subset 
V  of N  such th a t the set ( F \  S )  is infinite (hence in particular, (X„) cannot 
be a mil either). So the results presented in th is section are independent of 
Theorem 1.4 of Talagrand [17], recalled in the previous section.

3. L attice properties

Recall th a t a Banach space E ,  equipped w ith the partial order <, is said 
to  be a Banach lattice if the following conditions hold:

0) x = У implies x  +  z < у +  z  for all x, y, z  £ E,
(ii) if x  > 0 and q is a nonnegative real number then a x  ^  0,

(iii) for every pair x ,y  £ E  there exist the least upper bound x V у and 
the greatest lower bound x Л y.

(iv) the norm is monotone, i.e., if |a:| < |y| then ||z|| < ||y ||, where |x| =  
=  x  V —x.

Furtherm ore, if ||a; +  y|| =  ||x|| 4- ||j/|| for all x ,y  > 0 then E  is called 
an (v4X)-space. Throughout this section we assume that E  is an (ЛХ)-брасе 
having (RN P). Therefore, E  is isomorphic (as a  topological vector lattice) to
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f1 (Г) for some index set Г. For further characterizations of Banach lattices 
isomorphic to ^ (Г ) ,  the interested reader is referred to [16, 6].

In what follows we shall need the following result which has been recently 
proved by Schmidt [14].

Lemma 3.1 (cf. [14]). Let (M n) be an L 1 -bounded martingale in L lE with 
limit measure p.

a) I f  E  has the (RNP) then (M„) is a difference o f two positive L 1-bound
ed martingales (Упг) and (V„) such that j Y ^ d P  < y?+(A) and

A
J  Y„dP  ^  <P~(A) for all n £ N  and A  £ An- 
A

b) Furthermore, i f  E  is isomorphic (as a topological vector lattice) to 
^ (Г )  fo r some index set Г then (У^ АУ„2) is a uniform potential, i.e. 
и т Е ( ||У т‘ лУ<?||) =  0.

The main purpose of this section is to prove the following theorem. 
T heorem 3.2. Let E  be a Banach lattice isomorphic (as a topological 

vector lattice) to ^ (T )  for some index set Г. Then endowed with the norm
\\(Xn)\\N =  SupE( \ \N n\\),

N

the class o f all L 1 -bounded E-valued L 1S-games becomes a Banach lattice.
P r o o f . Let E  be as in the theorem. For convenience, let C denote 

the space of all /^-bounded E-valued E15-games. By Theorem 2.2, £  is a 
normed space. Further, since L1-norm is always a lattice norm, it remains 
to prove only the followings:

a) £  is a lattice,
b) ||(.)||лг is complete.

To prove a), let (X n) £ £ . Then by Theorem 2.2 (X n) can be w ritten in a 
form X n — M n + Pn, where (Mn) is a martingale, (P„) converges to zero in 
probability and its subsequence (Ps) is an £ 1-potential. Consequently, (P„),  
(|P„|) converge to zero in probability and (P * ), ( |P S|) are L l -potentials.

Now let Mn = Y * - Y ( f ,  where (Упх) and (У^) are the positive /^-bounded 
martingale taken from Lemma 3.1. Then (У^ Л Y„)  is a uniform potential,
i.e. Urn E(\\T)  Л Уг2||) =  0. Thus, if we define Z„ =  (Уп* + P + ) Л (У„2 +  P~)

r€T
then

0 ^ п ^ ( У п1 ЛУп2) +  |Р„| (n € N) .
This implies that (Z n) converges to zero in probability and (Za) is an L 1- 
potential. Therefore, by Theorem 2.2, (Уп* + P+ — Zn), (Уп2 + P+  -  Z n) £ £ . 
On the other hand, since

X„ =  (Yn' + P+ -  Zn) -  (У„2 +  P -  -  Zn) ,

0 =  (У„> +  P+ -  Zn) Л (Уп2 + p -  -  Z n) ,
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we have

X + =  {Y ' + P + - Z n) and X -  =  (Yn2 +  P -  -  Zn) (n e N ).

This proves |X„| £ C  and the condition (a).
To prove (b), let (X *)£l, be a  sequence in C  which is Cauchy in the 

||(.)||jv-norm. It is clear that for each n, the sequence (X*, к > 1) converges 
in L 1 to  some X„ £ L lE. We have to show th a t (X n) € C.  To see this, let 
e >  0 be given. T hen  there exists some к £ N  such that

sup E  ( ||X *  - X „ | | )  < £2/9.
neN v '

F urther, since (X *) £ C,  there exists p £ N  such tha t for all s  £ S , q £ N  
w ith  s ^ q ^ p ,  one has

P  ( | |х £ (з )  -  X*|| > е / з )  < e/3.

T hus,
P ( \ \ X q( s ) - X q\ \ > £ ) <

< P  ( | |X 9(s) -  X f a ) II > £/г)  + P  (||X g(s) -  Хд II > е /з )  +

+P  ( ||X * (a ) -  X J  > e /3 )  <

< 3 / e - E  ( ||X , -  X ^ ||)  + £ /3  +  3 e - E  (||X ,fc -  X g||) <

 ̂ 3/£ • £2/9  +  e/3 + 3/e • £2/9  = £.
This shows th a t (X n) is an 5-gam e.

Similarly, using a Зе-argum ent one can show also th a t (X s) is an L 1- 
am art. Therefore, (X„) belongs to  C.  This completes the proof.

R emark 2.3. Theorems 2.2 and 3.2 remain valid if we replace the subset 
5  of N  by a cofinal subset n of T  and the norm ||(.)||tv by the norm ||( .)||ff, 
given by

l l (X „ ) | | ,=  sup £ ( | |X ||a ),
aeNUw

respectively. Thus in particular, if n = T  then C coincides with the class 
of all L1-bounded F-valued uniform am arts. Therefore, Theorem 1.2 of 
Schmidt [14], mentioned in Section 1 could be regarded as a special case of 
Theorem 3.2.

Acknowledgement. I would like to express my thanks to my colleague 
Dr. Klaus D. Schmidt for a fruitful cooperation and for sending me a copy 
of [14] which plays an im portan t role in proving the main result of the last 
section.

A d a  M athem atica  Hungarica 59, 1992



CON VERGENCE AND LATTICE PR O PE R T IE S 2 8 1

References
[1] D. G. A ustin , G. A. E dgar and A. Ionescu Tulcea, Pointwise convergence in  term s of

expectations, 2 . Wahrsch. verw. Gebiete, 30 (1974), 17-26.
[2] A. Bellow, Uniform am arts: A class of asym ptotic m artingales for which strong almost

sure convergence obtains, Z. W ahrsch. verw. Gebiete, 41  (1977), 177-191.
[3] L. H. Blake, A generalization of martingales and two consequent convergence theorem s,

Pacific J. M ath., 35  (1970), 279-283.
[4] S. D. C hatte rji, M artingale convergence and the Radon-N ikodym  theorem in Banach

spaces, Mat. Scand., 22 (1968), 21-41.
[5] G. A. E dgar and L. Sucheston, Amarts: A class of asym ptotic m artingales. A. Discrete

param eter, J. M ultiv. Anal., 6 (1976), 193-221.
[6] N. Ghoussoub, O rderam arts: A class of asym ptotic m artingales, J. Multiv. A nal., 9

(1979), 165-172.
[7] A. G ut and  K. D. Schm idt, Amarts and S e t Function Processes, Lecture N otes in

M ath . 1042 (1983).
[8] Dinh Q uang Luu, A pplications of set-valued Radon-Nikodym  theorem  to convergence

of multivalued L 1 am arts, Math. Scand., 54 (1984), 101-113.
[9] Dinh Q uang Luu, S tability an d  convergence of am arts in F rechet spaces, A cta  M ath.

Hung., 45 (1985), 99-106.
[10] Dinh Q uang Luu, Representation theorems for multivalued (regular) L 1-am arts, M ath.

Scand., 58 (1986), 5-22.
[11] A. Millet and L. Sucheston, Convergence of classes of am arts indexed by directed sets,

Canadian J. M ath., 32  (1980), 86-125.
[12] A. G. Mucci, Limits for m artingale-like sequences, Pacific J. Math., 48 (1973),

197-202.
[13] J. Neveu, M artingales a Tem ps Discret, M asson (Paris, 1972).
[14] K. D. Schm idt, The lattice property  of uniform  am arts, A nn. Probability, 17 (1989),

372-378.
[15] R. Subram anian, On a generalization of m artingales due to Blake, Pacific J. M at., 48

(1973), 275-278.
[16] J. Szulga, O n the subm artingale characterization of Banach la ttic e  isomorphic to  f 1,

Bull. Acad. Polon. Sei. Serie Sei. M ath. Astronom. P hys., 26 (1978), 65-68.
[17] M. Talagrand, Some structure results for m artingales in the lim it and pram arts, A n n .

Probability, 13 (1985), 1192-1203.
[18] J. J. Uhl J r ., Applications of Radon-N ikodym  theorem s to m artingale  convergence, T.

A . A . M. S., 145 (1969), 271-285.

(Received August 30, 1988)

IN S T IT U T E  OF M ATHEM A TICS 
P.O . BO X  63 1 , BO HO 
H A N O I 
V IET N A M

A cta  M athem atica H ungarica 59, 1992





Acta M ath . Hung. 
59  (3 -4 )  (1992), 283-289.

T H E  N U M E R IC A L  R A D IU S  OF A C O M P L E T E L Y
B O U N D E D  M A P

C.-Y. SUEN (Galveston)

Introduction
Stinespring [7] defined completely positive linear maps on C*-algebras 

and then generalized Naimarks’ dilation theorem for positive operator-valued 
measures. Arveson [1] further broadened the connection between completely 
positive maps and dilation theory of operator algebras. Recently, much of 
the theory of completely positive maps has been quite easily extended to a 
considerably broader class of maps [2,4,8], the completely bounded maps.

Let A  and В  be C*-algebras and denote M n the C*-algebra of complex 
n x n  matrices. If Í7 is a  subspace of A  and X : U —* В  is a linear m ap, then 
we set X„ =  L  ® I„ : V  ® M n —» В 0  M„ by

Ln(a 0  b) = L(a) 0  b.

The map L  is positive if L(a)  ^  0 whenever a € U and a > 0, and is
completely positive if X„ is positive for all n = 1 ,2 ,___ L is completely
bounded if sup ||Ln || is finite, and we let

П

||L ||cb =  sup ||L„||.
П

If Í7 Q A  is a linear subspace with U* = U and L : U —* В  is linear, then  we 
define a linear map L* : U —*■ В  by

L*{a) =  L(a*)*.

Let Re (X) :U  —> В  and Im (X) : (/ —► В  be defined by

Re(X) =  i(X  +  X*) and Im (X) = ^т(Х -  X*).
2 2 г

X is self-adjoint, if X =  X*. Finally, given S  Q Х(Я), we let S' denote its 
commutant.

In [5], it was shown th a t every completely bounded map X from a C*- 
algebra A  into Х (Я) had a representation as X(a) = V *T n(a )V , where n is 
a *-homomorphism, T  is in the commutant of k{A) and V  is an isometry. 
Such a realization of X was called a commutant representation with isometry.

For any commutant representation with isometry it was shown tha t 
11X11 cb ^  ||T ||, and tha t such a representation existed for which ||T || was a
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minimum. This minimum was denoted |||L ||| w ith ||Х||сь 5  |||L ||| = 2 ||L ||cb. 
In  particular, there  exist maps for which | | i | | cb < 11|L|||.

The purpose of this paper is an analogous study, w ith ||T|| replaced 
by the  numerical radius W ( T )  of T.  We show tha t among all commutant 
representations w ith isometry for L , there exist ones for which W ( T)  is a 
minimum with W ( T ) =  m in { ||0 ||cb: ф ± К е а Ь  is completely positive for 
all | a |  =  1} and W ( T )  <  ||T ||d b  ^  2 W(T) .  In particular, there exist maps 
for which W ( T ) <  ||T||cb. We give an alternative characterization of this 
minimum, and prove some inequalities aimed a t showing to  what extent this 
num ber behaves like a numerical radius of L.  Finally, the author gratefully 
acknowledges several valuable conversations w ith Professor V. Paulsen.

2. R ep resen tation s

Throughout this section le t A  be a un ital C*-algebra and L(H)  be the 
algebra of all bounded linear operators on a Hilbert space H .

D efinition 2.1. Let L : A  —+ L(H)  be completely bounded. We define 
S ( L )  = in f{ ||0 ||cb : <p± R e a L  is completely positive for all |o | = 1}.

R emark 2.2. Since L { H ) is injective, the set {ф : <^±Re a L  is completely 
positive for all |a | =  1} is not em pty [4,8]. It is not difficult to  see that S ( L ) 
is a  norm.

Lemma 2.3. Let L : A  —*■ L{H) be a completely bounded map. Then 
there exists a map ф such that ф±Т1еаЬ is completely positive for all \a\ = 1 
and  ||<A||cb =  S(L) .  That is S ( L ) = min{||<^||cb : ф ±  R e a L  is completely 
positive for all |a | = 1}.

P roof. Let n be a fixed positive integer, then there exists а map ф : 
A  —*■ L(H)  such tha t ф ±  R e a L  is completely positive for all |a | = 1 and 
||0(")|| ^  S( L)  +  i .  Thus we have a sequence of completely positive maps 
{<£(")}. Let S m =  {ф№ : j  > m }  for m =  1 ,2 ,3 , . . . ,  then . . . S m Q Sm-1 Q 
Q ■ • ■ Q S\ ,  w ith  closure in th e  BW-topology [1]. Since each S m is compact in 
the BW-topology and the family {5m} has finite intersection property, then

OO _____  _  OO

f l  Sm is nonempty. Let ф 6  f] Sm- We claim th a t ||<£||сь й S(L)  andm=l m=1
ф ±  Re aL  is completely positive for all |a | =  1. For fixed m0 (=  1 ,2 , . . . ) ,  
there is a net {<^g^} §  S mo, such th a t l i r n ^ m°*(/) =  ф(1) in the weak

operator topology.
Let £ > 0 be given. T hen there exist ho , ko in H  w ith ||ho|| =  ||fco|| =  1 

such that

\ W )  ||<|<*(J)Ao,*o)| + e.
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Since
W ) h o , k 0) = ]im(<j>(0m° \ l ) h o,k o)

and
\ ( ф^ о)(1)ко, fco)I < | |4 mo)( /) | | < S ( L ) +  —  for all ß ,

M m 0
we have ||<ji>(/)|| < S( L)  +  ^  +  £. Hence ||^ ||cb =  ||4>(/)|| £ 5 (Z ). From 
above we know th a t there is a net {фр) Q such that lim фр — ф in

the BW-topology. Let (a,-,-) he positive in A ® M n , then

Xl x \
((0(a,_,)) ± ( (R e a L )(a tJ)) ^  : J  , Í : J  )  =

= цт  ({фр ±  ReaL)n((a,j)) f  : j  , ^ ^ ) > 0.

Hence ф ±  R ea l, is completely positive for all |a | =  1. Thus

IMIcb =  S(L)  =

= m in{Unlieb : ф ±  R e a L  is completely positive for all |a | =  !}•

D efinition  2.4. Let L : A -* L { H ) be a completely bounded m ap. We 
say th a t L  has a minimal commutant representation with isometry, if there 
exist a H ilbert space K ,  a *-homomorphism x : A  —* L{K),  an isometry 
V  : H  —> К  and an operator T € x(A )' such that span n ( A ) V H  is dense in 
К  and L{.)  =  V T x ( . ) V .

R em ark  2.5. From [5, Theorem 2.2], we know th a t every completely 
bounded m ap from A  to  L{H)  has a minimal com m utant representation 
with isometry. A completely bounded m ap may have non-unitarily equiva
lent minimal commutant representations with isometries. See the following 
example.

Ex am ple  2.6. Let L  : С  ® C —> L { C 2) be a map defined by

L(a  ® а / у Д  (Л 
b / y / 2  0 / ’

then L is completely bounded with ||L ||cb ^  1.

/ \ / 3 / 2 0 \ (  > / 3 / 2 0 \
0 1/2 v 2 = 0 1 / у Д

1/2 0 Г 1/2 0
V 0 у Д / 2 / ^ o у/ 2 / уД  J
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Tx

and

then

/  2 \/2 /3  О 0 
0 0 0
0 0 0

\  0 0 2 y / 2 / y / 3

7Ti(a ф b) =  7r2(a ®i») =

, T2
-

0
0

\4 0

f a 0 0 0
- ( 0 a 0 0

"  o 0 b 0
\ 0 0 0 b

>/2/3 0 
0 
0 
0

0 0
0 0
0 0

y/3 0

X(a ® b) — V1*Ti7ri(a ® ft)Vi =  V2*72X2(0 ® &)Уг for all a ® 6 in C © C

bu t there is no unitary such th a t U*n\U  = x2, U*TiU = T2 and U\ 2 = Vi 
since in particular V^XiVi /  У^хгРг- Note also that W( T\ )  ф W(T2), so 
th a t even W ( T )  is not an invariant for minimal commutant representations 
with isometry.

T h e o r e m  2.7. Let L  : A  —> L ( H)  be a completely bounded map, then 
L has a m inim al commutant representation with isometry V mT хУ  such that 
W ( T )  = min{VF(T) : L has a m inim al commutant representation V*TnV}  — 
= S(X). Moreover, S(X) <= ||X ||cb ^  | | f  || ^  25(X ).

P r o o f . From Lemma 2.3, there exists a map ф such th a t ф ± ReaX  
is completely positive for all |a | =  1 and ||<ji>||cb = ||<£(/)|| =  S(L).  Let 
ф{1) = P  and в be any unital completely positive map, then  the map в — 
= ф-\- (5(7/) — P )2 0(S(X) — Р )?  is completely positive w ith 0(7) = S(L) I .  
By Stinespring Theorem [7], в has a representation S(L)V* f i V , where V *nV  
is unital and minimal. Since 0 ±  R eaX  is completely positive for all |a | =  1, 
by [1, Theorem 1.4.2], we have Re L = У 'Я тгУ  and I m i  =  V ' K f V  where 
H  and К  are operators.

Hence L  =  V*(H  +  iK )* V  and R eaX  =  F * (R e a (#  + i K ) ) f V  for all 
|a | =  1. Since 0 ±  R eaX  is completely positive for all |a | =  1, we have 
± R e a ( tf  +  i K )  < 5(X)7. Hence W { H  + t K )  < S(L).  Let t  = H  + i K , we 
have X =  F * 7 W  and W { T )  ^  5(X).

Now, we claim th a t S ( L )  < W { T ): If X has a minimal commutant 
representation with isometry V * T n V ,  then

± R e a L  = ± F *(R e а Г )х У  < W ( T ) V * n V  for аИ |a | = 1.

We have
W ( T )  Z S (L)  =

= min{||<^>||cb : Ф±  R eaX  is completely positive for all |a | = 1}.
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Hence S(L)  < W(T) .  Thus
W{ T)  =

= m in{W (T) : L has a minimal commutant representation V * T n V }  =
=  min{||<£||cb : ф ±  R eaX  is completely positive for all |a | = 1} =  5(X).

By [5, Theorem 2.2], we have 5(X) < ||X ||cb ^  ||T|| < 25(X).
E x a m p l e  2.8. We can have 5(X ) < ||Х||сь- Let X : С  ® C 

defined by

a 0 b ( a / V 2 0 \  
\ b / V 2 0 ) ‘

M 2(C)  be

Then ||X||cb =  1 and

( R * * * ) •

Let
f l « ® 4 )  = A » / \ ^ )  + ( ( ^ - 1 ) V 2 vÍ )

then it is not difficult to see that ф ±  Re aL  is completely positive and 
||<^||cb =  S ( L ) =  m in{W (T) : X has a minimal com m utant representation 
with isometry V * T r V }  =  (1 + л/2)/2>/2 < ||X||cb = 1.

C orollary 2.9. Let L : A  —> L(H)  be a self-adjoint completely bounded 
map, then L has a minimal commutant representation with isometry V * T ttV  
such that ||X ||cb = | | f  II =  S(X) = min{ W ( T )  : L = V T n V ) .

P roof . By Theorem 2.7 and [5, Theorem 2.2], L  has a minimal com
m utant representation with isometry V * T n V  such that T  =  T* and W { T )  = 
=  S(X). By [5, Theorem 2.10] , we have | | f  || = W { T )  > ||X||cb. By Theo
rem 2.7, we have W ( T ) = ||X||cb.

3. A p p lica tio n s

THEOREM 3.1. Let L : A  —> L(H)  be a completely bounded map, then 
W ( L n(a)) < ||a ||5(X ) for all a in A ®  M n and n > 1.

P r oof . By Theorem 2.7, L has a minimal com mutant representation 
with isometry V * f n V  such that W ( T)  = S(L).  Since T  and T* are in 
7r(A)', by [3, Theorem 3.4], we have

(x-) / * i \

\ x n J

9

Kxn J
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f t 0 . .. o \ ( v 0 . • 0 ^ ( x l \
0 t  . .. 0

(тг ® In)(a)
0 V  . . 0 •

0 . .. t ) \ 0 0 . . v ) \ x n J

( V  0 . . .  o \
0 V  . . .  0

\ 0  0 . . .  V )

< w

( f t  о
0 f

o \
0

(X1\

(tt ® In)(a)

Vo о . . .  f )  

( f t  0 . . .  o \ \

< \\a\\W
0 T 0

7

^ ||а ||Ж (Т ),

V о о . . .  f 7 7

/ ХЛ / * Л

where • G L(H)  © M n w ith :

\ x n I \ x n )

= 1 and a G A  ® M n. Hence

W { L n{a)) % \ \ a \ m T )  = ||a ||S (L ).
E x a m p l e  3.2. S (L ) is the  best constant in the inequality of Theo

rem  3.1. Taking the same m ap as in Example 2.6, we have

h w • ! ) ) . * ( ( ; " ! » ) ) -l / у Д  o J J  Д *
R e a f 1^  °

\ 1 / V 2  0

> (  l/v /2  
V l/(2 \/2 )

(1 + v/2)/(2V 2).

By Theorem 3.1, we have IE(Z/(1 © 1)) ^  ||1 © 1||5(X ) =  S ( L ) =  (1 + 
+y/2)/(2y/2).  Hence W (L(1 ® 1)) = ||(1 © 1 ) ||5 (I) .

C o r o l l a r y  3.3. I f  L : A  —> C is a bounded linear functional, then
5 ( i ) = | |T | |cb =  ||i | |.

P r o o f . Let a e A  with ||a || < 1, then W(L(a))  — |L (a)| < S(L) .  By 
[6, Theorem 2.10], we have ||L ||cb =  ||L || £  5(L). Theorem 2.7 implies 
\\L\\ = S(L) .

E x a m p l e  3.4. We can have sup {||Re a Z | | cb} < S(L) .
\a\=l
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Let L : C ® C  —» C be a bounded linear map defined by L(a®6) =  2i a —b, 
then  ||L||cb =  ||L || = 3 = S(L)  and

|(R e(aL ))(a  ® 6)| =

=  I — 2 a lm a  — 6Rea| < -^/4|a|2 + |ft|2 ^  -^/5||a ® 6||2 for all |q | =  1.
Hence sup {||Re a X | | cb }  ^ V b < S ( L ).

1-И
COROLLARY 3.5. T  is sim ilar to a contraction if and only if  there exists 

a best constant К  0 such that

< ЛГ||(/у)11оо for  ( /y )  € C(T)  ® M„,

where C (T ) is the C*-algebra o f all continuous linear functionals on the unit 
circle.

P r o o f . If T  is similar to  a contraction, then the map L : Disk algebra —> 
—> L (H ) defined by L( f )  = f { T ) is completely bounded [4, Theorem 3.2]. By 
[4, Theorem 2.4], there exists a completely bounded extension L : C ( T )  —> 
-*■ L(H).  By Theorem 3.1, we have W(( f i j ) (T) )  й  ll(/.i)ll‘S'(i )> for ( / . j )  € 
G C(T)  ® M„.  Let К  =  inf {5(L) : L is a completely bounded extension of 
L }, then

Щ / а ( т ) )  < к \ Ш \ \ .
Conversely, if W { f tJ{T)) < Л Г |Ш ||,  then | |( /U(T)|| < 2 h f ||( /0 )||. By [4, 
Corollary 3.5], we have the sufficient condition.
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A  N O T E  O N  G E N E R A L IZ E D  
K Ö T H E -T O E P L IT Z  D U A L S

J. I. O K U TO Y I (Nairobi)

1. In troduction
In 1980 Ivor J. Maddox determined the necessary and sufficient condi

tions for (At)g° to belong to Z/3(X ) where Z  = c0, c, l Q0, A* G B ( X , Y ) ,  X  
and Y  are any Banach spaces. The purpose of this paper is firstly to  deter
mine the most general continuous linear functional /  in X*, the dual space 
of X ,  where X  is a semi-conservative B K -space with Д + = {<5,8°, Í 1, 62, . . . }  
as its Schauder basis, and secondly to  determine the necessary and sufficient 
conditions for (Xfc)o° to  belong to  bvg(X ), bv^(X ), where A k £ B ( X , Y ) ,  X  
and Y  any Banach spaces.

2. N otation s and defin itions

s; Co; c; i p (1 < p < oo); £<»; bv; bv0; 6; 8k] X ^ \  cs; E°° will denote 
the set of all sequences; all sequences convergent to  zero; convergent se-

OO

quences; sequences such that Y  \^k\p < oo; bounded sequences; sequences
fc=o

OO

of bounded variation, i.e. sequences x  such that lim Xk exists and Y  |£fc+1 —
Jfc=o

—Xk\ < oo; sequences of bounded variation with lim Xk = 0; ( 1 ,1 ,1 , . . . ) ;
fc— ► OO

OO

(0 , 0 , . . . ,  0 , 1 ,0 , . . . ) ;  all sequences x £ s such that Y  ХкУк is convergent for
fc=o

each у £ X]  convergent series; finite sequences, respectively.
A B K -space X  is said to be semi-conservative if X ^  C cs, where X ^  —

= {(.f(fik))kLо : /  € X*}, that is, X  Э E°° and Y  f ( ^ k) exists for all
k=0

/  € X*.
Let X  be a paranorm ed or normed space, then ,s(X) will denote the 

space of all sequences w ith values in X , i.e. s(X ) =  {x  =  (xfc)o° : Xk G X }.

3. T he  m a in  resu lts

Let us note that if X  is any B K -space with A + =  {<5, <5°, 61,62, . . . }  as
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its  Schauder basis, then every x G X  is of the form
OO

(3.1) x =  Ad + ^ A fcdfc
k=0

w here (A, Ao, Ai, Аг, . . . )  is a sequence of scalars in C. (3.1) is equivalent to
OO

(3.2) x =  Ad +  ^ ( x fc-  X)6k.
k=0

T heorem 3.1. Let X  be а В  К -space with Д + as its Schauder basis and 
define P : X  —*■ C by P(x) = A, where X  is given by (3.2) and let Ker (P ) = 
=  P -1 ({0}) =  {x G X  : P (x) =  0} =  Xo, 0 is the zero sequence. Then 

(i) P is a continuous linear functional on X ,
(ii) Xo is а В  К -space with A K  in the X-topology.
P roof, (i) By hypothesis X  is a B K -space and so all coordinate func

tionals are continuous with respect to any basis (see [3], p. 207). Hence
p  g  x * .

(ii) Since P  is continuous, P -1 ({0}) is a  closed subspace of X , but 
P - 1 ({0}) =  K er (P )  =  Xo- Now, every x 6 X  has the representation

OO

x = ^  XkSk 
k=0

in the X -topology , therefore Xo is a B K - space with A K .
Theorem 3.2. Let X  be a semi-conservative В К -space with Д+ as its 

Schauder basis. Then the m ost general continuous linear functional f  G X* 
is o f the form

OO

f ( x )  =  Aa +  y^Xfctfc
k —O

where a G C, tk  G X^ and x  is given by (3.2)
Moreover,

11/11£1И1И + Н*Ь
where P  : X  —* C is the projection map P (x )  =  A and

11*11*0 =  SUP 
IMIS*

OO

^ ^ X k t k  ■ 
k—O

Proof. Let /  G X*, then  from (3.2)
OO

(3.3) f ( x )  = A /(*) + £ ( x fc- A ) / ( i fc).
k—O
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oo
But X  is a semi-conservative B K -space and so 53 f ( S k) exists for all /  6 X*

k= о
OO OO

and therefore 53 X k f ( 6 k ) = 53 x k tk  is convergent for all x € X  which 
k= о Jt=o

implies th a t (/(<5fc))q° =  (tfc)o° € X 0 and so

(3.4)
( OO \  o o

f(s) - X/*) +YlXktk
k=o )  k= о

Xa + J2 Xkh
k=o

OO

where a = f (6 )  -  53 tk .
k= о

Conversely, given a'  € C, t' 6 X 0 and x  € X  where x is given by (3.2), 
define g : X  —» C by

OO

g{x)  =  a'A +  Y ^ X k t’k.
k= 0

Then П
gn(x)  =  a'A -I- y é XkHk.

k= 0

is a continuous linear functional on X  since x i-+ A is by Theorem 3.1 con-
П

tinuous. x 53 Xkt'k , as n -> oo, is continuous by the Banach-Steinhaus 
k= о

theorem. Hence g has the required representation.
OO

Now / ( x )  =  Aa + 53 Zfcijt, therefore 
k=0

1 /(* )1 £ |Л в | + У ] x ktk
k—0

i.e.

| / ( i ) |  <; |P (x ) ||a | +  

by Theorem 3.1, therefore

U/H ^  \\P\\ H  + sup 
INIS1

У х ^ к
k= 0

У х к tk
k=0

be. Il/ll g № 1  + IMbr*-
N o t e . I have not been able to show that | | / | |  =  ||P |||a | +  ||i||x/s. In fact 

I doubt if equality holds.
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T h e o r e m  3.3. L e t X  be defined as in Theorems 3.1 and 3.2. Then X ß =
- X ß — л о ■

oo
P r o o f . Let t E X ß. Then 52 x^tk exists for all x E X  and in particular

Jfc=o
for x  E Xo, since X q С X . Hence t E X ß and so X ß C X ß.

Now if t G X ß and x € X  is given by (3.2) then x  — X6 E X 0 and so
OO

52 (x k -  A)tk is convergent. Define g : X  —*• C by 
fc=o

(3.5)

T hen

(3.6)

g(x ) =  ~ л ) •

*=o

5r.(®) =  “  X)tk
k=0

is a continuous linear functional on X  and by letting n —* oo in (3.6), 
g G X*  by th e  Banach-Steinhaus theorem . Clearly g(Sk) = tk implies

OO OO

th a t 52 =  52 which exists since X  is semi-conservative. Since
k=о fc=o

oo oo
52 (Xk -  A)tk exists it follows tha t ^2 x ktk is convergent hence t E X ß so 

k=0 k=0
th a t X ß C X ß whence X ß = X ß.

T heorem 3.4. Let X  and Y  be Banach spaces and suppose that (Л*)о° 
is a sequence o f operators on X  in t oY,  then  (̂ 4fc)o° € bvß( X )  i f f  there exists 
a non-negative integer m  such that 

(i) Ak E B ( X , Y )

t  Akk=m
(ii) sup

for all к > m,  

< oo.

P R O O F .  Let x E bv0(X ) and define Sk =  Xk -  X k - 1 , x _ i  =  0 ,  s0 =  x 0 ,

th a t is, x n -  52 sk, s -  (sjfc)o° € f(X).  
k=0

Then (x n )o° is a Cauchy sequence in X . To see this let n ^  N , where n, 
N  are large enough so th a t

\x n -  =
N

Y l s k ~ Y , sk
fc= 0k=0

J2 4
k = N + 1

s  E  N i l  — 0
k= N + l
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N
as N  —> oo since s £ ^(X ). Applying summation by parts on ^  AkXk,

k=ti
where /i > m we obtain

(3.7) 

whence

(3.8)

N  (  N  \  /  P \  N /  N  \

E A*5* =  ( Е л‘' )  +  E

fc=H \ f c = / i  /  \b '= 0  /  U=AI+1 \ k = v  /

N

Y ^ AkXk
k= n

N

Е 4мЕ ^
fc=/i w=o

+
N  /  N  \

E  ( E a* K
i/=^i+l \ k = v  )

<

< M E
v—0

N

+ M  E  i w
j/=/i+i

as p,iV —► oo since (•S’̂ )3° is a Cauchy sequence and  a;  ̂ = —> 0 as
t/=о

/  N \ ° °
/i —► oo. Thus I £  AjfcZjt I is a Cauchy sequence and hence it converges

\k=0 J N-0
in У so th a t (Afc)o° € bvg(X ).

To show tha t (i) is satisfied we suppose that no such non-negative integer 
m  exists for which Ak £ B ( X , Y ) ,  к m.  If no such m  exists, then  there 
must exist a  strictly increasing sequence of non-negative integers (к{)^_1 and 
a sequence ( г ,)^ !  in V  — { ||^ || ^  1} such that ||А ^ г ,|| > г2, г £ N and 
ki+i > k{ +  1. Now define x  by

13 91 X I -  fZ i/' 2' k = k"  ' 6 N 

Then x G bvo(X ) since Xk —* 0 as к —*■ oo and also

OO OO

E n * * + i  - * * n =  E

fc=o «=1
< oo

since ||z,|| £  1.
But HAfc.XfcJI = IIAjt, (fl) | |  > 1 for i > 1 contrary to the fact that

OO

X) AfcZfc converges which implies that A ^x^  —♦ 0 in У. Hence the Ak ’s are 
k —O
ultimately bounded, i.e. there exists m  £ R  such that ||Afc|| < oo for к > m.
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oo
We now show th a t condition (ii) is satisfied whenever A kXk converges

fc=o

for all x = (xk)o° G bvo(X). Since AkXk converges by hypothesis, the
k= 0

Banach-Steinhaus theorem tells us th a t there exists a positive constant К  
such tha t

53 AkXk
k=n

Í  *  |W |bv0(X ) <  К

N
w ith x = (zfc)o° G V.  Let Тдг =  Yh Ak ■ X  —► Y  and suppose tha t

k=m
sup ||Тдг|| =  oo. Then there exists a strictly increasing sequence of non- 

/V>m
negative integers ( iV ,)^  and a sequence (W7, ) ^  in V  such th a t

Р Ы Т О )!! =
Ni

5 3  A k  W i
\k = r

> г" Ni, i G N

and as IV,- —» oo, Тдт. —> T  = Ak : bvo(X)
k = m

Now define x  =  (2̂ ) 0° = x* by

(3.10) Xk
= ( W i / i ,  0 < 

\  0, к > Ni,
< к < Ni,

Y .

i e N 
i 6 N

i.e. x = Xх — (Wi / i ,  W i / i , . . .  , W i / i ,  6 , 9 , . . . )  (the last W i / i  is in the IV,th 
position). Then x  = X х G bvo(X ) and

I W U m  = liiw iii <  l

since Wi £ V.  However,

l № ) l l  = Ё  A k  W i / i
Kk=m

5 3  A k )  W i / i
\k = m

= i,

i.e. sup ||T(x*)|| =  oo and so T  is unbounded contrary to  the fact th a t 
»>1

OO

T x  = Y1 AkXk converges and so condition (ii) is satisfied.
k—m

T h e o r e m  3.5. Let X  and Y  be any Banach spaces and suppose that 
(Afc)o° is a sequence of operators on X  into Y .

Then (Afc)S° G bv^(X) if f
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(i) (Afc)§° € bvJ(X ),
OO

(ii) X̂  A kx converges fo r  each x € X . 
k = 0

P r o o f . Suppose x  € bv(X ) and x* —► l  as к —► oo, then (х* — l )g° €
OO OO

€ bv0(X ). X) converges by condition (ii) so we see th a t X̂  A ki  +  
fc=о k=0

OO OO

+ Yh A k(xk — £) exists and is equal to X} A k x k■ 
k= 0 fc=0

Condition (i) follows from Theorem 3.4 since bvo(X) C bv(Jf). To show 
tha t condition (ii) holds, take any x € X ,  then the sequence ( x , x , . . . )  6

OO

6 bv(X ) with X*; =  x*;+i = x so X  AkX exists.
k=0

THEOREM 3.6. The general form  for each F  € c*(X),  X  any Banach 
space, is

OO OO OO

f (x) = F(V) -  y , a w  +  E  /* (** ) =  x r w + E  л ы

fc=0 fc=0 Jfc=0

inhere Xf (^) = P ( i / ) -  Z  /*(*)> * =  lim x k , у  =  (1,1, . . . )  € c (X) ,  f k(x)  =  
fc=o

=  F ( 0 , 0 , . .  , 0 , x , 0 . __) with x in the kth coordinate, \ F , fk  € X * and
OO

X) ||/fc|| < oo- Moreover, 
k=0

1 И 1  =  1 Ы 1  +  Е и л ц .
k=0

P r o o f . The general form for each F  € c*(X ) was proved by Maddox

[2], p. 94. So all we need to prove is that ||P || =  ||x f || + X) ИЛИ-
к - о

If F  £ c*(X)  and F  is of the given form, then the triangle inequality 
gives

№ ) l  £ Wv) -  E  A W

k= 0
+ Ё  HAH Ml S

k= 0

* j; p W  [|Ix f II +  5 3 | |A | |
k=0
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Since pH > sup ||zfc||, we have 
fc>o

(3.11) Ill’ll S IIx f II + £  или.
fc= 0

Let £ > 0 and n  € N be given. Then for 0 < к ^  n there exists 
Zk € U  =  {z £ X  : ||z || =  1} such th a t |A (zfc)| ^  ||/* || -  ф.  Define x  by

(3.12) x k ■{
е,вк • Zk-, 0 й п
£' ф в, where £' € U, к > n 

i.e. x = (xo, Xi, X2 . . .  ,x„, £ ' , £ ' , . . . ) ,  where вк is chosen such that 
/fc(e'e* • zk) = \ fk[zk )\ and £' so th a t Xf (£') =  Ix H O I ^  llxHI -  £• So 
we have

(3.13) F ( x )  = F(e,  9 , . . . ^ Х . . )  +  Ё Л Ы  =
k = 0

n n oo n

=  В Д - Е л ( ( ' ) + Е « , ‘ ) = » й +  £  л о т + £ л а д
fc=0 fc=0 f c = n + l  fc=0

where
OO

y'  =  (£' ,£' , . . . ) ,  х И О  =  * V )  -  £ / * ( 0 -
k=0

Applying the triangle inequality in the form |x +  y\ ^  | i |  — |t/| to (3.13) we 
obtain

№ ) l  ^ x f ( 0  +  Ё
k = 0

n n

E  / * ( 0
k = n + 1

>

г  Hx f II -  £ +  £  или -  E  | f  -
fc=0 k—0

E  A ( 0

f c = n + l

th a t is, 

(3.14) M l i  Hx/ii + £  или -  £ -  £  | e -  £  или г
k=0 k=0 k = n + 1

ä 11хИ1 + £ н л н
k=0

as те —> oo and г —► 0. Combining (3.11) with (3.14) we obtain
OO

Ill’ll = IIxfII + £  ИЛИ-
k=0
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E. TA RA FD A R (Brisbane)

In tro d u c tio n

Theorems concerning sets with convex sections, as these are usually re
ferred to , have many applications. Such applications have been given in Fan
[4], [5] and [6] and M a [7] and many others. These theorems usually are 
concerned with convex sections of compact convex sets, each in a topological 
vector space. Recently in [8] these theorems have been extended to  the case 
of convex sections of noncompact convex sets. The object of this note is to 
obtain as application of these theorems the extended version of a  theorem 
on game concerning Nash equilibrium point and related results. In this note 
we will describe a gam e simply by the family {Xa , ga : a £ /}  where I  is the 
set of players, finite or infinite, X a is the strategy set for the player a £ I  
and ga : X  = П X a —»■ R is the pay off function for the player a £ I.  A 

cel
point j / £ l  =  П  X a is called a Nash equilibrium point of the gam e if for 

ce l
each a £ I,

ga( y ) =  sup ga[xa , ya]
xa E-Yq

where ya is the projection of у in X a = Д  Xß.  Sometimes an auxiliary
ßei
ß Ф<*

payoff function f a : X  —» R for each a  £ I  will be involved.
In this note we will use the following notations. Let {Xa : a  £ 1} as 

above be a family of sets where I  is an index set. Then X  = Д  X a and for
ael

each a £ I,  X a = П  Xß.  Thus for each a £ I,  we can write X  =  X a X X a 
ßei
ß^a

(with proper order). xa will denote an element of X a so that we can write 
[ха ,жа] £ X a X X a = X .  The following theorem has been obtained in Fan 
([6], Theorem (6)).

T h e o r e m  1. Let {X a : a £ /}  be a family o f nonempty compact convex 
sets, each in a Hausdorff topological vector space E a , where I  is an index 
set. Let X  =  П X „ and X a = П  X/j for each a  £ I .  Let {A a : a  £ 1}: a
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and {В a : a  £ 1} be two families o f subsets o f X  satisfying the following 
conditions:

(a) for each a  € I  and xa £ X a , the set Ba {xa ) =  {xQ £ X a : [xa , xa\ £ 
G B a } is open in X a ;

(b) for each a  £ I  and each x a G X a , the set Ba(xa ) =  {x„ G X a :
: [xa ,x a] G Ba} is nonempty, and the set Aa (xa ) =  {xa G X a : [xa ,x a] G 
G Aa } contains the convex hull o f B a(xa).

Then P| A a ф 0. 
a€l

The following generalization, of the above theorem which is stated as 
Theorem 2 has recently been obtained in [8].

T h e o r e m  2. Let {Xa : a  G 1} be a family o f nonempty convex sets, each 
in a Hausdorff topological vector space Ea , I  being index set. Let X  =  Д  X a

• a£l
and X a — П x ß . Let {Aa : a  G 1} and {B a : a  £ 1} be two families o f 

Pel 
РФ<*

subsets o f X  satisfying the conditions (a) and (b) above. Further assume 
that

(c) there is a nonempty compact subset К  o f X  such that fo r  every x G 
G X  \  K , x = [xQ, x a] G X a X X a , there exists у =  [уа ,Уа] € X a X X a 
satisfying [уа ,х а ] G B a for each at £ I .

Then there exists at least one point xo such that Xo € П A a .
ael

R e m a r k . It is already noted in [6] tha t the  idea of introducing two 
families {Aa : a  £ 1} and {B a : a  £ 1} is inspired by a generalization of 
the Knaster-Kuratowski-M azurkiewicz theorem by Dugundji and Granas [3] 
and a result of Ben-El-Mechaiekh et al ([1], Theorem 5).

T h e o r e m  3. Let {Xa : a £ /}  be a fam ily of nonempty convex sets, 
each in a Hausdorff topological vector space. Let X  = J] X a and for each

ael
a  £ I , let X a — П X ß. Let { f a : a £ 1} and {ga : a £ 1} be two families 

p a
р ф а

o f real valued functions defined on X  satisfying the following conditions:
(i) / ( x )  ^  g(x)  fo r all x £ X ;

(ii) for each a £ I  and each x a £ X a , f a [xa , •] is a lower semicontinuous 
function on X a ;

(iii) for each a  £ I  and each x a £ X a, quasiconcave function
on X a;

(iv) there exists a family {ta : a  £ 1} o f real numbers such that for each
a  £ I  and each x a £ X a there exists ya £ X a with f a[ya,£a] > la!

(v) there is a nonempty compact subset К  o f X  such that fo r  every x £ 
£ X \ K ,  x = [xQ,x a ] = X a x X a , there exists у £ K , y =  [г/а ,&,] G X a x X a
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satisfying f a[ya , x a] > ta for each a £ I .  Then there exists a point и £ X  
such that for each a  £ I ,  ga(u) > ta .

P r o o f . For each a  £ I ,  we define the sets

Ba = {x € X  : f a (x) > ta} and i 0 = { i £ l :  ga(x)  >  fa }.

By condition (ii) for each a £ I  and each xa £ X a , the set Ba(x a ) =  {xa £ 
£ X a : [xa ,£ a] € В a } is open in X a and hence condition (a) of Theorem 2 
is satisfied. By virtue of condition (i) for each a £ I  and each x a £ X a , the 
set Ba (xa ) = {xa € X a : [ха ,х а ] £ Ba } is a subset of the set Аа (ха ) = 
= {xQ £ X a : [ха ,х а ] £ Aa} and by virtue of condition (iii) A a (xa ) is 
convex. Also by condition (iv) for each a G /  and x a G X a, the set Ba (xa) 
is nonempty. Hence condition (b) of Theorem 2 is fulfilled. Finally condition
(v) implies condition (c) of Theorem 2. Thus by Theorem 2 there exists a 
point у G X  such th a t у G П Aa , i.e. ga(y) > ta for each a  G / .

aei

C o r o l l a r y  1. Let { X Q : a  G I} ,  { Á a  : a  G /}  and X  as in Theorem  3. 
Let { fQ : a  G 1} be a fam ily of real valued functions defined on X  satisfying 
the following conditions:

(i) fo r  each a £ I  and each xa G X a , f a [xa , •] is a lower semicontinuous 
function on X a;

(ii) for each a £ I  and each x a £ X a , f a [-,xa] is a quasiconcave function
ОП X-a j

(iii) there exists a fam ily {ta : a £ 1} o f real numbers such that fo r  each 
a £ I  and each xa £ X a there exists ya € X a with fa[ya , x a] > ta ;

(iv) there exists a nonem pty compact subset К  o f X  such that fo r  each 
x £ X  \  K , x  = [xa ,x a ] £ X Q X X a , there exists у £ К , у = [ya , y a] € 
G Xa  x X a satisfying fa[ya ,Xa\ > ta .

Then there exists a point и £ X  such that f a (u) > ta for each a  £ I .

P r o o f . Taking f a =  ga for each a £ I  in Theorem 3 we obtain the 
corollary.

The above corollary is a generalization of a theorem of Ma ([7], Theo
rem 3) which includes a Theorem of Fan ([5], Theorem 3) and also Browder 
([2], Theorem 2).

E x isten ce  th e o re m  of N a sh  eq u ilib riu m  p o in t

THEOREM 4. Let { X a : a £ 1} be a fam ily of nonempty convex sets, 
each in a Hausdorff topological vector space Ea - Let X  =  Ц  X a and fo r

aei
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each a  £ I, let X a =  J] Xß. Let { fa : a £ 1} and {ga : a  £ 1} be two
ßel
0Ф<*

fam ilies of real valued functions defined on X .  Further assume that
(i) for each a  £ I ,  f a is continuous;

(ii) for each a  £ I  and each x  £ X , f a( x ) < ga(x);
(Ш) f or  each a  £ I  and each x a  £ X a , sup f a [ya , x a ] = sup да [Уа, ха ];

У a  У а & Х а

(iv) for each a  £ I  and each x a £ X a, xa ] is a quasiconcave function  
on X a ;

(v) there exists a nonempty compact subset К  of X  such that for each 
x £ X  \  K , x =  [xQ, i a] £ X a x  X a, there exists у = [ya , y c,] € X a x X a , 
у £ К  such that f a [ya , xa] > f a [xa , x a] for every a £ I .

Then there exists a point w  £ X  such that for each a  £ I , ga(w)  =  
=  sup ga[ua,  гЬв] where wa is the projection o f w in X a fo r  each a £ I .

In  other words w £ X  is a Nash equilibrium o f the game { X a , ga , I}.

R e m a r k . Conditions (ii) and  (iii) will disappear in our next corollary. 
P r o o f . We will apply Theorem  1 to prove this theorem. Let for each 

a  £ I ,  Pa : X  —* X a be the projection of X  onto X a. For each a £ I ,  let 
Pa (K)  = X'a which is nonempty compact and convex. Let X '  — X'a and

aei
for each a £ I ,  X'a = Д  X'a .

0 ei 
0Ф<*

We first prove that
(A) for each a £ I  and each x a £ X'a ,

sup fa[ya ,Xa]=  sup fa[ya ,Xa].
У а £ Х а  t / a € - ^ ó

It is clear th a t  sup f a [ya , x a] > sup f a [ya , = fa[va , i a ] for some vQ £
У а б Х а  У < л £ Х а

£ X'a as X'a is compact and  /„ [•,!„ ] is continuous by condition (i). If 
possible, let sup f a[ya , x a] > f a[vQ, x Q]. Then there m ust exist ua £ X a

У  a  £ X a

and ua £ X'a such that /<* [ua , xa] > f a [va , x a]. Thus x  =  [ua , xa ] £ X a X 
x X a =  X  b u t x ^ К  as К  С X' .  Hence by condition (v) there exists 
2 = [za , z a \ £ К  such th a t  f a [za , x a] > f a[uQ, x a]. Thus / а [иа ,х а ] > 
> fa[zon%a] ^  /o K iio r])  th e  first inequality being due to  the fact th a t za £ 
£ X'a. Hence we have arrived at a contradiction which proves our assertion.

Now by using (iii) and (A ) above we obtain that for each a £ I  and each 
xa £ X ' a

sup fa[ya ,Xa] =  sup fa[ya ,Xa] ^  SUp £rQ[uQ,Xa]<
Уогб-Х̂а Уа^Х'а
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^  sup ga[ya, i a] =  sup f a[ya , x a],
У а  У a  G -^ a

by (ii). Hence
(B) sup ga[ya , x a] =  sup ga[yQ, xa ] for each a  £ I  and each x a £ X'a.

Уа£Ха иа&Ха
We note tha t all the quantities in (A) and (B) are finite.
Now as in the proof of Theorem 4 in Fan [5] and M a [7] we define for 

each real number e > 0 and each a £ / ,  the sets

A a ,e =  S X  =  [ l a , r a ] €  X  ■ g a ( x ^  >  S U p  д а \У а 1 % а
I yaex'a

B a ,e — I ^  — [я-а? €  X  . /ar(x) >  S U p  f a t y a i  %a
{ 9°ехь

and

Ca,e — Л ® — [З'сг) ^ct] £ X  . <7a (x) > S U p  да[Уап
^ Уа£.Ха

From the uniform continuity of f a on the compact set X '  it follows th a t for
each a £ I ,  the function фа(ха) = sup f a [ya ,Xa\ is continuous on X'a .

ya e X 'a

Hence for each a £ I  and each x a £ X'a , the set Ва<е(х а ) = {xa £ X'a : 
[xa ,£ a ] € Bate} is open in X a . Also from the quasiconcavity of <7a [-,xa ] on 
X a, it follows tha t for each a  £ I  and each xQ in X a , the set Са>с(х а ) = 
=  {xa £ X a : [xQ, xa ] £ Ca,e] is convex. Since X'a is convex for each 
a  £ I ,  it is easy to see th a t for each a  £ I  and each x Q £ X ’a , th e  set 
^а,г(^а) — {■£<* € X a . [xa , x a ] G Aa c } —- {xa £ X a [ r a , i a ] £ Са,сУ FI X Q 
is convex.

Further due to the continuity of f a on the compact set X ',  it is triv ial 
to see th a t for each a £ I  and each xa £ X'a the set Ba>e(x a ) is nonempty. 
Finally for each a  £ I  and each xa £ X'a , the set Ba ,e(x a ) C Aa)£(x a ). 
This follows from the fact th a t for each a  £ I ,  Ba c C Aa>c. To see this let 
x =  [xa ,x a ] £ X '.  Then

f a (x)  > sup f a [ya , x a] -  e = sup f a [ua, x a] -  e =
У а ё Х а  U a € X a

= sup ga[ua ,Xa] - £ =  sup fifa [ua ,Xa] -  £
u a £ X a  t / a  G z X f z
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by (A ), (В) and condition (iii). Thus

9a{x) ^ f a ( x )  > sup 5a[i/cr,ia] ~  £, 
yaex^

i.e. x £ Аа>е. Hence applying Theorem  1 to  th e  system { X ^ A afe, BayC : a £ 
€ I } we obtain a  point у £ f j  A a^. Since e >  0 is arbitrary, it follows from

aEl _
th e  definition of A a<c that the  family of closed subsets { f j  A a>! : e > 0}

aei
of the compact set X '  has finite intersection property. Hence there exists 
a  point w £ X '  such that w £  f j  Aa>e for all £ > 0. This point w £ X '

a€l
has the property that ga(w)  =  sup да [иа ,йа}  for each a  £ I  where wa

ua e* i
is the projection of w in X'a and hence in X a . Hence by (B) ga(w)  = 
=  sup ga[ua ,w a\ for each a  £ I .

tia eXa

C o r o l l a r y  2. Let { X a  : a  £  / }  be a fam ily of nonempty convex sets, 
each in a H ausdorff topological space Ea . Let X  = П  X a and for each

a£ l
a  £ I, let x a = П  x ß. Let {gQ : a £ 1} be a family of real valued functions 

ß e i
0^a

defined on X . Further assume that
(i) for each a  £ I , ga (x)  is continuous;

(ii) for each a  £ I  and each x a £ X a , <7a [ - , i a] is a quasiconcave function  
on X. о,,

(iii) there exists a compact subset К  o f X  such that fo r  each x £ X  \  К , 
x  =  [2 a , x a ] £  X a X X a, there exists у —  [У о п У а \  £  X a x X a, у £  К  such 
that ga[ya , x a \ ^  5Го[*о>г а] fo r  each a £ I .

Then there exists a po in t v £ X  such that for each a £ I, ga (v) = 
= sup ga [ua , ha ] where va is the projection of v in X a for each a £ I .

Ua£Xa 0
In  other words there exists a Nash equilibrium point v £ X  for the game 
{ X a,ga : a  £ I } .

P r o o f . We take f a =  ga for each a  £ I .  Then the families { f a : a  £ 1} 
and {ga : a  £ 1} satisfy all th e  conditions of Theorem 4. Hence the corollary 
follows from Theorem 4.

The above corollary generalizes the corresponding theorem of M a ([7], 
Theorem 4) and Fan ([5], Theorem 4). Results dual, in the sense of [9], to 
those of Theorems 3 and 4 and  Corollaries 1 and 2 can similarly be formulated 
and proved.

Acta M aih em a iica  Hungarica 59, 1992



ON T H E  EXISTENCE O F  NASH EQUILIBRIUM POINT 307

R eferences

[1] H. Ben-El-Mechaiekh, P. Deguire and A. Granas, Une alterative nonlineare en analyse
convexe et applications, C. R . Acad. Set. Paris Ser. 1 M ath., 295  (1982), 
257-259.

[2] F. E. Browder, T he fixed point theory of multivalued m appings in topological vector.
spaces, M ath. A nn., 177 (1968), 283-301.

[3] J. D ugundji and A. G ranas, KKM m aps and variational inequalities, A n n . Scuola
Norm. Sup. P isa, 5 (1978), 679-682.

[4] K. Fan, Sur un Theorem e minimax, C. R. Acad. Sei. P aris, 259 (1964), 3925-3928.
[5] K. Fan, Applications of a theorem concerning sets w ith convex sections, M ath. Ann.,

163 (1966), 189-203.
[6] K. Fan, Some properties of convex sets related to fixed po in t theorems, M ath. A nn.,

266 (1984), 519-537.
7] T . W . Ma, On sets w ith  convex sections, J. Math. Anal. AppL, 27 (1969), 413-416.
8] E. T arafdar, On two theorem s concerning sets with convex sections, to appear in Bull.

Austral. M ath. Soc.
[9] E. T arafdar and T. Husain, Duality in  fixed point theory of m ultivalued m appings with 

applications, J. Math. Anal. Appl., 63 (1978), 371-376.

(Received September 16, 1988)

D E P A R T M E N T  O F  M A T H E M A T IC S  
U N IV E R S IT Y  O F  Q U E E N S L A N D  
S T . L U C IA  
B R IS B A N E  
A U S T R A L IA  4 0 6 7

Acta M athem atica  Hungarica 59, 1992





A cta  M ath. Hung. 
59 ( 3 -4 )  (1992), 309-318.

O N  U (^ -IN V A R IA N C E  FO R  F IN IT E  A N D  
IN F IN IT E  D IM E N S IO N A L  C O N TR O L SY STEM S*

E. AVGERINOS (Thessaloniki), E. FLYTZANIS (Athens), 
and N. S. PAPAGEORGIOU* (Athens)

1. In tro d u c t io n
The purpose of this paper is to study the property of set invariance in 

connection with finite and infinite dimensional, nonlinear control systems. 
Our work was motivated by the papers of Feuer-Heymann [5], [6], who in
vestigated this problem in the context of nonlinear, finite dimensional control 
systems. Using some recent results and techniques from the theory of multi
functions and the theory of differential inclusions, we are able to  relax some 
of the restrictive hypotheses tha t Feuer-Heymann [5], [6] have and also con
sider infinite dimensional control systems (distributed param eter systems).

In the next section, we establish our notation and recall some basic defi
nitions and facts from nonsmooth analysis and the theory of multifunctions. 
In Section 3 we study the problem of i/(-)-invariance for nonlinear, finite di
mensional control systems, extending the works of Feuer-Heymann [5], [6]. 
Finally, in Section 4 we address similar questions in the context of infinite 
dimensional, generally nonlinear, control systems.

2. Prelim inaries

Let X  be a Banach space. Throughout this paper we will be using the 
following notations:

P/(c)(X ) = {A  Q X  : nonempty, closed, (convex)}

and

Р(ш)*.(с)(Х) =  { А  С X  : nonempty, (tn)-compact, (convex)}.

Let К  be nonempty and x G K .  The Bouligand (or contingent) cone 
Tk (x ) to К  at x is defined by

TK (x) = ( f r g X :  ц д  <**•(» + A*0 = 0 |
[ AiO A J
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where for any z  € X ,  dx(z )  =  in f{ ||z  — x'|| : x'  6 К } (see for example 
A ubin-Ekeland [1)). It is clear th a t  T k ( x )  = Tj^{x)  and th a t the cone is 
always closed, hu t need not be convex. It is convex, when К  is convex (or 
m ore generally locally convex a t x) .  For details the interested reader can 
consult the book of Aubin-Ekeland [1].

Let Y, Z  be Hausdorff topological spaces. A multifunction G : Y  —> 
—* 2Z \  {0} is said to  be upper semicontinuous (u.s.c.), if for every К  ^  Z  
nonem pty, closed, the  set G ~ ( K )  =  {y € Y  : G(y)  П К  /  0} is closed in 
Y .  If G(-) has compact values, then  it maps compact sets into compact 
sets i.e. if К  ^  Y  is compact, then  G ( K ) =  (J G( y ) is compact in Z  (see

y e K
Klein-Thom pson [7], Theorem 7.4.2, p. 90).

Also if X  is a  metric space, then  on P f ( X )  we can define the following 
(generalized) m etric

h(A,  В ) = m ax{sup dß(a), sup <1^(6)}, 
aeA ьев

known in the litera tu re  as the H ausdorff metric.
Recall tha t if X  is complete, then so are the metric spaces (P j ( X ) , h ) 

and  ( Pf c(X) ,  h). Finally if X  is a  Banach space and A  6 2X \  {0}, the 
support function of A, о a  '■ X * —► R = R U {+oo} is defined by с г а( х * )  -  
= sup{(x*,a) : a € Á) .

3. Finite d im en sion a l con tro l system s

In  this section we examine th e  invariance properties of the following 
nonlinear, finite dimensional control system, with state dependent control 
constraints (feedback or closed loop constraints):

Í i ( l )  =  / ( i (< ) ,u ( i ) )  a.e. on T  = [0,6]1 
\  ®(0) = xo, u( t )  e  U(x(t))  a.e. J

Let Л  C R " be a nonempty, closed subset in the state space of (*). In 
analogy with the  classical theory of dynamical systems, we say tha t К  is 
i7(-)-invariant, if for each Xo € К  there exists admissible “state-control” pair 
(ж(-), u{-)) such th a t x(t)  в К  for all t € T.  Throughout this paper, we 
will assume th a t to  each feasible control function u(-), there corresponds a 
unique trajectory x(-).

We will s ta rt with a sufficient condition for invariance. Our result extends 
th e  corresponding sufficiency p a rt of Theorem 3.2 of Feuer-Heymann [5].

We will need the following hypotheses concerning the da ta  of system (*).

H ( / ) :  /  : Rn x R m —► R" is a control vector field such that
(1) (x ,u)  —> f ( x , u )  is continuous,
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(2) ||/(x , u)|| < c(l + ||x ||) for all и G U(x),
(3) f ( x , U ( x )) is convex.

H(i7): U : R" —» Pk(Rm) is an u.s.c. multifunction.

H(A'): К  g  R n is nonempty, closed.
Hr : for every x  G К  there exists и G U(x) such tha t f ( x , u ) G Tk (x ).

T h e o r e m  3.1. I f  hypotheses R ( f ) ,  H(i7), H(A^) and HT hold, then К  is 
U(-)-invariant.

P r o o f . Let F  : R" —► Pfcc(R) be defined by F(x)  = (J f ( x ,u ) .
uEU (x)

We claim that F (-) is u.s.c. To this end, we will show that given C Q R" 
nonempty, closed, the set F ~ (C ) = {x € R" : F (x)  П С ф 0} is closed. So 
let x n -+ x , x n 6 F~(C ).  Pick hn G F (xn)C\C. So hn = f ( x n, un) with un G 
G U (x n). Since U (-) is u.s.c. and compact valued, we have tha t (J U (xn) is

ngl
compact in Rm (see Section 2). So by passing to a subsequence if necessary 
we m ay assume th a t un —> u. Recall that an u.s.c. multifunction with closed 
values has closed graph (see Klein-Thompson [7]) and so (x , u ) G Gr Í7 => 
=> и G U(x). Then f ( x n,u n) —► f { x ,u )  hn -> f { x , u ) f { x ,u )  G 
G F (x )  П C => x  G F ~ (C ) = >  F ~ (C ) is closed and so F(-) is u.s.c.

Next, because of hypothesis Hr we have F (x )C\Tk (x ) ф 0 for all x G K- 
Invoking Theorem 1, p. 24 of Deimling [2], we get a solution x(-) of the 
differential inclusion x{t) G F(x(t))  a.e. tha t leaves К  invariant. Then let 
L : T  —> 2Rm be defined by

L(t)  =  {tiG U ( x ( t ) ) : x(t) = f ( x ( t ) ,u ) } .

Clearly L(t) ф 0 a.e. and by redefining it on a Lebesgue null set, we 
may assume tha t L(t)  ф 0 for all t G T. Because of H(f7), t —» U(x(t)) 
is a measurable multifunction (i.e. Grl7(a;(-)) =  {(f, u) G T  X R m : и G 
G t/(z (f))}  G B (T )  X B{Rm)), while because of H (/) , (f, u) —> x(t)  -  
—f ( x ( t ) , u )  = k ( t , u ) is measurable too. Hence

G r L = {(t, u) G T  x Rm : k(t, u) = 0} П Gr U{x{-)) G Щ Т ) x ^ ( R m)

where B (T )  is the Lebesgue completion of the Borel a-field B(T).  Apply Au- 
m ann’s selection theorem (see for example Wagner [12]), to get и : T  —> R m 
Lebesgue measurable such that u(t) G U(x(t)), t G T  and x(t) = f ( x ( t ) ,  u(t)) 
a.e. So (ж,и) is an admissible sta te  control pair and x(-) leaves К  invariant. 
Q.E.D.

R e m a r k . Our result generalizes Theorem 3.2 of Feuer-Heymann [5] in 
various ways. More specifically in [5] the control vector field f ( x , u )  is as
sumed to  be jointly continuous and continuously differentiable in x  (hypoth
esis A i). Here we drop the differentiability hypothesis. Also in [5] the control
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constraint set is constant, while here is in “closed-loop” form. Finally in [5], 
the invariance domain К  is compact and convex. Here we drop bo th  those 
requirements.

We want to have a converse of Theorem 3.1, extending this way the 
necessity part of Theorem 3.2 of Feuer-Heym ann [5].

T h e o r e m  3.2. I f  hypotheses H ( /) ,  H(f7), H (A ) hold and for every x 0 £ 
£ К , the control system  (*) admits a К -invariant trajectory, then Hr  holds.

P r o o f . Let x 0 £ К  and let x(-) be the A-invariant trajectory  of (*) 
em anating from io- Recall from th e  proof of Theorem 3.2 th a t F (x)  = 
=  U  /(яг, ti) is u.s.c. and Pjtc(R n)-valued. So for all n > 1, there exists

u £ U  ( x )

S(n) > 0 such th a t for t < 6, we have F (x ( t)) ^  F (x o) +  ^ P i ,  with B\ 
being the open unit ball in R". Let tn £ R+ such tha t tn [ 0 and x ( tn) 
exists. Then since x(t)  £ F (x ( t)) Q F (x0) +  ^ P i  a -e- on [0,£], for n > 1 
large enough we have

0 = dK (x( tn)) = dK djt^x о +  tn?n)

where qn £ F (x 0) +  ± B i .  Let p n £ F (x0) such tha t ||p„ -  g„|| < We 
have

^-dK (x0 +  tnpn) % ||p„ -  9„|| < 0 as n - *  oo.
tn Zn

Recall that F ( x 0) £ P tc(R n)- So by passing to  a subsequence, we may 
assum e that pn —> p £ F(xo). We have

^ - d K(x0 +  tnp) < \\p-Pn\\ + j~ dK(x0 +  tnpn) 0 as n -*■ oo, 
tn t'n

whence p £ Т к ( х 0) П F(x0) and Т к { х о) П F (x 0) Ф 0. Since x0 € К  was 
arbitrary , we conclude that HT holds. Q.E.D.

R e m a r k . Again our hypotheses are considerably weaker than  those in 
Feuer-Heymann [5].

The tangential condition Hr is also related to  the existence of rest points 
for the system (*). Recall th a t a  point x £ К  is called a i/(-)-rest point 
of (*), if there exists и £ U(x)  such that f { x , u ) =  0. Our result extends 
Theorem  3.3 of Feuer-Heymann [5].

We will need the following stronger hypothesis on the invariance do
m ain K.

Щ К )':  К  Q R" is nonempty, com pact, convex.
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T h e o r e m  3.3. I f  hypotheses H( / ) ,  H(U), H (K ) '  hold and К  is U(-)- 
invariant then the control system (*) has a rest point.

P r o o f . From the  proof of Theorem 3.1 we know that F  : R n —► Pfcc(Rn) 
defined by F(x) = |J  /(x , u) is u.s.c. Also from Theorem 3.2 we know 

ugI7(x)
tha t since К  is {/(•)-invariant, the tangential hypothesis HT is satisfied. So 
we can apply Theorem 11, p. 341 of Aubin-Ekeland [1] and conclude that 
there exists x G К  such that 0 G F (x).  Then from the definition of F(-), we 
know th a t there exists ü G F(x)  such that f ( x , ü )  =  0. So x is the  desired 
i7(-)-rest point of (*). Q.E.D.

R e m a r k . The compactness hypothesis on К  cannot be dropped as the 
following counterexample shows (we thank the referee for it): n  =  2, m =  1, 
/ (x ,  и ) =  (1 ,u )T, U (x)  = [-1 , l ] í  R  and К  =  {я G R 2 : x\ > 0, |x 2| ^  xi}. 
It is easy to check th a t К  is 17-invariant, but f ( x , u )  ф 0 for all (x ,u ) G 
€ R 2 X U.

We will close this section with a convergence result. We will need the 
following hypothesis:

H (tfr ): { К г}г>г g  Pf (R") are t7(-)-invariant for the system (*) and K r— >> 
as r  —► oo.

T h e o r e m  3 . 4 .  I f  hypotheses H ( / ) ,  H ( { 7 )  and  H ( A ' r ) hold, then К  is 
U(-)-invariant too.

P r o o f . Let x G К . Then because of H(Ä'r) we can find x r G K r such 
tha t x r —► x. Since K r is by hypothesis Ef(-)-invariant, Theorem 3.2 tells 
us th a t hypothesis Hr is satisfied. So we can find ur G U (x r ) such that 
f ( x r , u r ) G Tftrr(xr ). Because of hypothesis H(i7), we know tha t |J  U ( x r) is

Г = 1
compact in Rm. So by passing to  a  subsequence if necessary, we m ay assume 
that ur —»■ и G U(x). Then, since by hypothesis H ( /) ,  f ( x r,u r ) —> /(x ,u ) ,  
we have d x r(xr +  Af ( x r,u r)) —► d x ( x  +  A /(x ,u )) as r  —► oo, uniformly for 
A in a bounded interval of R+ .

Thus given e > 0, we can find го ^  1 such th a t for r > r0 we have

dK (x + \  f ( x ,u ) )  ^  dKr(xr + A /(x r ,u r)) 
A = A for all A G [0, M ],

whence

Ц т dK (x  +  A /(x,tt)) < dKr(xr +  A /(x r , ur)) ^

ÄJÖ ^ ~ ÄJÖ ^

and
lim dK(x + * f ( x ,u ) )  < £
ÄJÖ ^
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(since f { x r,u r) G T Kr(xr)).
Let £ l  0. We get lim ^ ( х+^ ( х’ц)) = 0 =>• / ( x ,u )  G Tr-(x) and since 

Ajo
x  G К  was arbitrary, Theorem 3.1 tells us th a t К  is Í7(^-invariant. Q.E.D.

4 . Infinite d im ensional con tro l system s

In this section we turn  our atten tion  to infinite dimensional control sys
tem s (distributed param eter systems).

The m athem atical setting follows that of Lions [8].
Let X, H  be separable Hilbert spaces, with X  continuously and densely 

embedded into Я . By identifying Я  with its dual (pivot space), we have 
X  <-> H  «->• X *  w ith all embeddings continuous and dense. We will also 
assume that they are compact. To have a concrete example in mind let 
Я  =  L2(0 ,1) and X  = Ц ( 0,1). Then X* =  Я - х(0,1). Usually such a 
trip le of spaces (X , H , X *) is known as “Gelfand triple” . By || • || (resp. | • |, 
К • II») we will denote the norm in X  (resp. in Я , X *) and by (•, •) the duality 
brackets for the pair (X ,X *). Furthermore let Z  be a separable Banach 
space (modelling the  control space) and as before T  = [0, b].

The nonlinear controlled evolution under consideration is the following:

. . f x(t) +  Ax(t) = f(x(t) ,u(t))  a.e. on T  = [0 ,6 ]|
\  x(0) =  x0, u(t) G U(x(t))  a.e. J

By X w, Hw, X ^ ,  Zw we will denote the space X , Я , X*, Z  with their 
respective weak topologies. Also note that since X* is a separable Hilbert 
space, it admits an  orthonorm al basis (e£}fc>i. Let X* = {е£}£=1- Then

clearly X* = (J X*^ Denote by pn : X*  —► X* the corresponding linear
. n^ l

projections.
We will need the following hypotheses on th e  data of (**).

H(A): A : X  —► X* is an operator such that
(1) it is sequentially continuous from X w in to  X £ and monotone,
(2) ||A*||* < c ( l + ||x||)c > 0,
(3) (A x,x) > c' 11 x 112, d  > 0.

H ( /) ':  f  : H  X Z  -+ H  is a function such tha t
(1) (x ,u ) —♦ /(x ,u ) is  sequentially continuous from Я  X Z w into Hw,
( 2 )  \ f{x ,u )\  < k\x\, к > 0,
(3) f ( x ,U ( x ) )  =  (J / ( x ,u )  is convex.

u£.U(x)

Н (Я )": К  Я X  is bounded, closed, convex.

H(f7)": U : H  —► Pwkc(Z) is u.s.c. from Я  into Z w,
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E'T: for every x G K ,  there exists и G U (x ) such that {—A x  +  f ( x , u )) € 
G T'K {x), where T'K {x) is the tangent cone to К  at x  in the Hilbert 
space X*.

T heorem  4.2. I f  hypotheses E{A), H( / ) ' ,  H(X)", H(£/)' and E'T hold, 
then К  is U(^-invariant.

P ro o f . Consider the multifunction F  : H  —► Pwkc(H)  defined by F ( x ) =  
=  f ( x ,U (x ) ) .  Since by hypothesis H  » X* compactly, we have F(x)  G 
G Pfcc(X*). Also we claim th a t F(-) is u.s.c. from H  into X *. To get this 
it suffices to show th a t for any С  ^  X *  closed, the set F ~ { C ) =  {a; G H  : 
: F ( i)D C  ^  0} is closed in H.  Let x n —► x, x n G F ~(C ). Then by definition 
there exist u„ G U(xn) such th a t f ( x „ ,u n) G C. Since Í7(-) is u.s.c. from 
FT into Zw (see hypothesis H(i7)/) and has values in Pwkc{X), we get th a t 
U U(xn) is w-compact in Z. So by passing to  a subsequence if necessary,

П > 1

we may assume that

un-^-*u G w — lim U{xn) =
=  {z G Z  : z = w -  lim z„k , znk G U (xnk) ,k  > 1} .

But using once again hypothesis H(C/)', we have tha t w -  lim U{xn) C U{x) 
(see Delahaye-Denel [3]) ==> и G U (x ). Also / ( i „ , « n) A / ( i , « )  in H  and 
since H  embeds compactly in X * , f { x n,u n) -^> f{x ,u )  in X *  = >  f { x , u ) G 
G С, и G 17(я) = >  a: € F ~{C ) => F ~ {C ) is closed in H  =>• F (-) is u.s.c. 
from H  into X *  .

Consider the projections of (**) on the finite dimensional subspaces X*  =  
=  pnX  = pnH  =  pnX m (Galérián approximations):

( xn( t) +  pnA x n( t) G pnF (x n{t)) a.e.l 
\  x„(0) =  p„x0 =  x% J

From hypothesis H(., we know that for all x G pnK  = А Г\р„Х = К ПХ*, 
we have ( -A (x )  + F(x)) П TK(x ) /  0, i.e. pn[ ( -A (x )  + F(x))  П Тк {х)\ ф 0, 
whence pn( - A ( x )  + F {x )) П pnTK {x ) ф 0.

From Proposition 14, p. 173 of Aubin-Ekeland [1], we know th a t

РпТк(х) = TPnK{x).

So we have
( - p nA (x )  + pnF ( x )) П TPnK{x) ф 0.

This tells us tha t to the approximating, finite dimensional problems (**)„ 
we can apply Theorem 3.1 of this paper (see also Theorem 1 of Deimling [2]) 
and get trajectories i„ (-) em anating from Xq = p„xо and leaving p„K = 
= К  П pnX  invariant.
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From [10] we know th a t {x„}n>i relatively sequentially compact in 
C ( T ,X W). So by passing to a subsequence if necessary, we may assume 
th a t x„ —*■ x in C ( T ,X W) = >  x„(t)-^-*x(i) in C ( T , X W) and since X  > H  
compactly, we get x „ ( i)—̂-*x(f) in H  for every i e T . Also from Lemma 6.2 
of [10], we know th a t xn-^->x in L 2{X*).  So invoking Theorem 3.1 of [9], we 
get tha t

x(í) e cofivw -  lim (-p nA (x„(i)) +  pnF ( x n(t))) a.e.

But for every h e X ,  we have

(h ,p nA(xn(t))) = (p‘nh ,A (x n{t)))

and since p* —* Id in the strong operator topology and A(xn(t))-^+A(x(t))  
(because of H(A) (1)), we get

* (h,p„A(xn(t)))  -*• (h ,A (x(t))) .

Also from [10] we know ||xn(í) || ^  M  for some M  > 0 and all n > 1, 
t e T.  So for v e X ,  we have

a (v ,p nF (xn(t))) =  < r(p > ,F (x n(i))) =
=  <r(p>, F (x n(t))) -  <t(v , F (x„(i))) +  a(v , F (xn(t))) <

<: a(p*nv -  v, F (x„(t)))  +  a(v, F ( x n(t))) ^
< IIp*v -  u ||c(l +  M )  + cr{v, F ( x n(t)))

whence

lim a (v ,p nF (x n(t))) <
< lim ||p*u -  u ||c(l + M ) +  lim cr(u, F (x n(t)))  ^  cr(n, F(x(t))).

Invoking Proposition 4.1 of [9], we conclude th a t w — lim pnF (x n(t)) C 
Q F (x( t) )  a.e., whence x(í) e —A x{t)  +  F (x (í)) a.e., x(0) = x0, x(t)  e K .

An application of Aumann’s selection theorem, as in the proof of Theo
rem 3.1, gives us a control function u(-) such th a t

x (t) +  A x(t)  = f ( x ( t ) ,u ( t )) a.e., and x(0) =  xo,u(t)  e U (x(t)) a.e.

Since x 0 € К  was arbitrary, we conclude th a t К  is [/(^-invariant. Q.E.D.

Finally we will check how invariance for the relaxed and original systems 
are related. We will do this in the  context of semilinear systems.

So consider the following two controlled systems:

f x(t) + A x(t)  =  /(x ( i) , u (i)) a.e.l 
I *(0) = x0, u(t)  e w e  Pwkc(z)  J
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which is called the original system and

x{t) +  A x(t)  =  I f ( x ( t ) , z ) \ ( t ) ( d z )  a.e.
I >(* * *)r

*(0) = xo, A(-) € R (T ,W w)

which is called the relaxed system. Here by R (T ,W w) we denote the space 
of transition probabilities on T  X W  (recall th a t W w i.e. W  with the relative 
weak topology, is compact metrizable, see Dunford-Schwartz [4], Theorem 3, 
p. 434).

The hypotheses on the data  are now the following:

H(A)': A  : X  —* X*  is a continuous, linear operator such th a t (A x,x) > 
> c '||x ||2, c' > 0.

H (/)/;: f  : H  x  Z —> H  is a function such th a t
(1) (x , u ) —♦ f ( x , u ) is sequentially continuous from H  X Z w into H w,
(2) | / ( x ,« ) |  ^  fc|x|fc > 0.

H (К)": К  Q H  is nonempty and closed.

From Tanabe [11] we know tha t A(-) generates an evolution operator 
Ф : Д  = { 0 ^ 5 ^ 1 < 6 } —> £ (Я ), for which we will also assume the 
following:

Н(Ф): Ф( t ,s )  = Ф(£ — s) is compact for t — s > 0.

We say th a t К  is approximately W -invariant, if given e > 0 and x 0 £ К , 
we can find a trajectory  x(-) of (***) such tha t x{t) £ K € = {у £ H  : dji{y) ^  
^  £} for all t  £ T.  Also note tha t by R(t, x 0) we will denote the reach
able set of system (* * *) at time t i.e. R ( t , x o) = {y = x (t)  : ж(-) =  
trajectory of (* * *)}. The next theorem relates the invariance properties of 
(* * *) and (* * *)r and reads as follows:

T h e o r e m  4.2. I f  hypotheses H(A)', H{ / ) " , H(K)"' and Н(Ф) hold, then 
К  is approximately W-invariant for  (* * *) i f  and only i f  К  is R (T ,W w)- 
invariant for  (* * *)r .

P r o o f . From the definition of the approximate W-invariance given 
above, for every e > 0 and every xo G K ,  we have R ( t ,x 0) П K e ф 0 for 
all t £ T. Let en J. 0 and pick x„ £ R ( t ,x о) П K Cn. From Theorem 3.2 of
[10] we know th a t R ( t ,x o)*' =  R r( t , x o) G Pkc{H) (where R r( t , x 0) -  {y = 
= x(t)  : x(-) =  trajectory of (* * *)r } =  reachable set at time t of (* * *)r ). 
So by passing to  a subsequence if necessary, we may assume th a t x„ — * x
in H  = >  x £ R(t,  хоУ' = R r( t ,x  o); Also lim K Cn = K .  Hence x £ 
G R r( t , x о) П К  =>• К  is R(T,  W^j-invariant.
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By hypothesis for every t € T  and every xo € К , й г(<, x 0) П К  ф- 0 =i>
=S> R(t, x o ) '' П К  ф 0 =>■ Ä(f, x0) П K e ф 0 for all e > 0 => К  is 
approximately VF-invariant. Q.E.D.

R e m a r k . Note tha t u | /  f ( x , u ) \ ( d u )  : A 6 М^(ТУШ) |  =  convF(x)

(see [10]). So the relaxed system is th e  “convexification” of the original 
system.

Acknowledgement. The authors wish to express their gratitude to  the 
referee for his (her) many suggestions, corrections and remarks, th a t im
proved the content of this paper considerably.
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DECOMPOSITIONS OF BAER-LIKE RINGS
G. F. BIRK EN M EIER (Lafayette)

Introduction

In this paper we will define an ideal (N e (R )) which provides a link be
tween the set of nilpotents and the set of idempotents of a ring It. In the first 
section various properties of (N e ( R )) are developed. Also we present four 
conditions which are equivalent to the quasi-Baer condition for a semiprime 
ring. In the second section these conditions are used to achieve decomposi
tions for several classes of rings, including right self-injective rings, right F P F  
rings, and dual rings. The decompositions contain direct summands which 
are “essentially generated by nilpotents” in the sense tha t they are essential 
extensions of (N e ( R )), P (R )  (he., the prime radical of Д), or ^ ( Ä )  (i.e., 
the second singular ideal of R ). Also, these decompositions are somewhat 
reminiscent of Kaplansky’s theory of types for Baer rings and they extend 
results in [2] and [22].

All rings are associative and have a unity unless indicated otherwise. R 
and I  will always denote a ring with unity and the integers, respectively. 
E (R ),  U(R), N (R ) ,  N j(R ) ,  and ZT( R ) symbolize the set of idempotents, 
units, nilpotents, nilpotents of index j ,  and the right singular ideal of R, 
respectively. For X  Q R, £ (X), r (X ) ,  and (X ) denote the left annihilator of 
X , the right annihilator of X , and the subring (not necessarily with unity) 
generated by X , respectively; X  is reduced if X  D N (R )  = 0. For e £ E (R ),  
eR  is a ring (ideal) direct summand  if e is central (eR  is an ideal). Recall 
from [3] th a t an idem potent e £ R  is said to be right semicentral if eR = eRe 
(equivalently, if r £ R  then er = ere). Basic properties of right semicentral 
idempotents will be used implicitly throughout this paper and can be found 
in [3]. Of particular im portance is the fact tha t if R = А  ф В  (right ideal 
decomposition) and В  is an ideal of R then there exists a right semicentral 
idempotent e such th a t A = eR, В = (1 — e)R, A is a ring with unity 
e, and every right ideal of A is a right ideal of R  while every left ideal 
of В is a left ideal of R. From [10] and [18], R  is a (quasi-)Baer ring 
if the right annihilator of every (ideal) nonempty subset of R  is a direct 
summand of R. For e £ E (R ) ,  we define N e( R ) =  еД(1 -  e) U (1 -  e)Re  and 
N e ( R )  = U  еД(1 — e). The word “essential” will be used in the context 

e£E(R)
of “right” Ä-modules. Other terminology can be found in [14].
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1. P relim inary  resu lts

P roposition  1.1. Let e £ E (R ) .
(i) (N E( R )) is an ideal o f R.

(ii) (N e (R))  Q (E (R ))  and (N e (R )) g  (U(R)).
(iii) Let M „ (R ) denote the n x n  matrix ring over R  and c £ M„(R) with a 

one on the main diagonal, and zero elsewhere. Then M n( R ) =  (NC(M „(R))) .
(iv) Let Ä[x] denote the ring o f polynomials in the commuting indeter

minate x over R  and c =  b +  bix  -f------1- bnx n £ £'(Ä[x]). Then 62 = b and
b; £ (N b( R )) f o r i  £ { 1 , 2 , . . . , n}, and (NE(R[x])) = (NE(R))[x].

(v) I f  R  is a right p.p. ring (principal right ideals projective), (NE(R)) 
is the ideal generated by N (R ) .

(vi) N e(R ) Q eR if  and only i f  1 — e is a right semicentral idempotent.
(vii) For r £ R, er — re =  e r ( l  — e) +  (1 — e)re £ (N e( R )).

(viii) I f  X  is a right ideal o f  R  and e £ X ,  then ex = xe for all x £ X  if 
and only i f  X  П N e(R) = 0.

(ix) I f  J  is an ideal, then ey = ye for all у £ J  i f  and only if  J  Л N e(R) = 
= 0.

(x) e £ (N e(R )) i f  and only i f  there exists x £ N  such that e £ x R  or 
e £ Rx.

(xi) I f  J  is an ideal, then J  П (N E( R )) ф 0 i f  and only i f  there exists 
e £ E (R )  such that J  П N e(R ) ф 0.

P r o o f , (i) Let s , t  £ R. Then et( 1 — e)s = [et( 1 — e)][(l — e)se] +  e /( l  — 
—e)s(l — e) £ (N e( R )). It follows tha t (N e( R )) is a right ideal and similarly 
it can be shown tha t (N e( R )) is a left ideal.

(ii) Let x £ eR( 1 — e). Then e + x £ E (R ) .  Hence, x = e + x — e £ 
£ (E {R )). Thus (Ne (R))  i  (E (R )) .  Also, x =  (x -  1) +  1 € (U(R)). Hence 
(N e (R)) Q (U{R )).

(iii) Routine.
(iv) Since c =  c2, then 6* =  b,bj where i and j  are nonnegative

i+ j= k
integers and b = bo. Now bb\ =  b(bbi +  b\b) =  bbi +  bb\b. Thus bb\b = 0. 
Hence bi = bb\ +  b\b =  [bbib +  6&i(l -  b)] +  [bbib +  (1 — 6)M ] =  bbi(l — 
—6) +  (1 — 6)6x6 £ (Nb(R )). Now assume for 0 < h < k, bh € (Nb(R)). Then 
66jt = 6( b,bj) = bbk + bbkb +  bd where d = bibj with 0 < i < k.

i+ j= k  i + j—k
Hence 66*6 =  — bd £ (N b(R )). Now 6* = 66*+6*6+d. But 66* =  66*6+66*(l — 
-6 )  e <N b( R )). Similarly, 6*6 e (N b(R )). Hence 6* € (N b(R )). By in
duction, bi £ (Nb(R )) for i £ { 1 ,2 ,. . . , n ) .  Consequently, cR[x](l — c) £ 
(Nb(R))[x}. Clearly, (ATB(Ä))[x] Q (NE(R[x])). Therefore, (АЕ(Д))[х] =
№ (Д [* ])> .

(v) Let у £ N 2 ', then there exists e =  e2 such tha t у £ eR  = r(y). Thus 
у = eye +  ej/(l -  e) =  ey{ 1 -  e) £ N E . Hence, N 2 Q (N E(R )). Now assume 
N j  g  (N E(R))  for all 2 < j  ^  k. Let s £ N*+ i . Then there exists c =  c2
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such th a t s G cR = r(sk). Now s = sc + c s ( l — c). But (sc)k =  skc = 0. 
Thus s G N e (R)). By induction N ( R ) Q {Ne (R))- Consequently, {N e ( R )) 
equals the ideal generated by N (R ) .

(vi) If N e( R ) Q eR , then eR  is an ideal. By [3, Lemma 1], 1 — e is 
right semicentral. If 1 — e is right semi central, then (1 -  e)Re = 0. Hence 
N e(R) = eR( 1 - e ) Q  eR.

(vii) Routine.
(viii) For 0 ф r G R, if er = re, then r $ (N e(R ). Hence ex = xe for 

all x  G X  implies X  П N e( R ) =  0. Conversely, assume X  П N e(R)  =  0. 
By part (vii) (1 — e)xe =  ex — xe — ex(l — e) G X  П N e( R ) =  0. Thus 
ex — xe — ex (l — e) G X  П N eE { R ) = 0.

(ix) Similar to part (viii).
(x) If e G (N e( R )), then there exist r,s  G R  such that e = e r ( l  — e)se G 

G er( 1 — e)R. Conversely, assume e = xr  for some r G R  (the proof is similar 
for e G R x)  and x" =  0. Then

e = xre  = x (l — e)re +  x 2r2e = x ( l  — e)re +  x2( l  — e)r2e -f- x3r 3e =  • • • = 
=  x ( l  — e)re +  x2( l  — e )r2e + -----Ь xn-1 ( l  — e)rn-1e G (N e( R )).

(xi) This part follows from part (ix).
Part (v) generalizes a result of W. Stephenson indicated in [15, Propo

sition 3.3]. Furthermore, part (xi) does not hold for right ideals since there 
exists a ring R  which has nonzero reduced right ideals such tha t R  =  (N e (R )) 
[6, Proposition 6].

E x a m p l e  A. Let 5  be a commutative ring with ideals X  and Y .  Define
( s  x \the m atrix ring R = ( у  g  J ■ A straightforward calculation shows tha t 

(N e ( R )) =  ( ^ y  X y )  ~  where e = ^  If S  is a domain,

then R is a prime (hence a quasi-Baer) ring. Thus, for R = 

then R is a prime ring such that (Ne {R)) is essential in R and R = (E ( R )). 

However, since ^ € 1V(Ä), we see tha t N( R)  ^  (Ne(R))- Thus,

by Proposition l.l(v ) , R  is not a Baer ring.
We say R  satisfies the (ideal) intersection left annihilator sum  property, 

(IILAS) ILAS, if whenever X  and Y  are (ideals) right ideals such th a t X  П 
ПУ = 0, then ( t (X )  +  t ( Y )  =  R) l ( X ) R  +  l ( Y ) R  = R. Right F P F  rings 
[11, p. 168], right self-injective rings [21, p. 275], and dual rings [17] have 
the ILAS property. The following result, which is proved in [4], provides the 
motivation for the various decompositions in Section 2.
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P r o p o s i t i o n  1.2. Let R be semiprime. Then the following conditions 
are equivalent:

(i) R is a quasi-Baer ring.
(ii) Every ideal is essential in a ring direct summand of R.

(iii) Every ideal which is a closed right ideal is a direct summand of R.
(iv) R is an IILAS ring.
(v) For every ideal X  of R, r ( X )  is essential in a direct summand of R.

P r o p o s i t i o n  1.3. Let R be a quasi-Baer ring such that N e { R ) = 0 .  
Then R is a semiprime ring such that R  =  A  ® В  (ring decomposition) 
where A is an essential extension o f the ideal generated by N 2( R) and В  is 
an Abelian Baer ring.

P r o o f . Let J  be an ideal of R  such th a t J 2 = 0. Hence there is a 
central idempotent e such tha t r(  J )  = eR. Then e J  = J  — Je — 0. Hence R  
is semiprime. T he remainder of the proof follows from Proposition 1.2 and 
[2, Lemma 1].

E x a m p l e  B. The example of Zalesskii, and Neroslavskii as discussed in 
[16, pp. 1431-1432], is a simple (hence semiprime quasi-Baer) Noetherian 
ring R  such th a t N e (R)  = 0 but R  is generated as an ideal by N 2(R).

P r o p o s i t i o n  1.4. Let be a ring such that every ideal is essential in a 
direct summand o f  R . Then R  is IILAS, and if  Z r( R ) = 0, then R  is quasi- 
Baer.

P r o o f . From [ 4 ,  Lemma 2.3] R  is IILAS. If Z r( R ) = 0 ,  a proof similar 
to  th a t of [9, Theorem  2.1] will show tha t R  is quasi-Baer.

2. D ecom p osition s

In this section various decompositions are determined in terms of 
(N e (R )), Z2(R ) ,  and P(R)  (i.e., prime radical of R). Z2{R) is defined by 
the  rule Z2( R ) / Z T(R)  = Zr( R / Z r( R )) [14, p. 37]. We note th a t Z 2(R) is a 
closed ideal which is densely nil [1, Lemma 3.3].

L e m m a  2 . 1 .  Let R be a ring which satisfies any of the following condi
tions:

(i) Every ideal is essential in a direct summand of R.
(ii) Every ideal which is closed as a right ideal is a direct summand of R.

(iii) r (X )  is (essential in) a direct summand whenever X  is a closed right 
ideal.

(iv) R is ILAS.
I f  e is a right semicentral idempotent, then eRe satisfies the same conditions 
as R.

P r o o f , (i) Let J  be an ideal of the ring eR. Now J  is a right ideal 
of R , so let R J  denote the ideal of R  generated by J . There exists b = b2
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such that R J  is essential in bR. Thus J  Я ebR. Let 0 /  у £ ebR. Hence 
there exists r  £ R  such th a t 0 ф byr £ R J .  But byr = bebyr. Hence
0 ф ebyr £ e R J  = J . Thus J  is essential in ebR.

(ii) Let X  be an ideal in eRe. Then X  = eJ  where J  =  R X  is an ideal 
of R. Assume eJ  is closed in eRe. Then e j  ф (1 — e)R  is an ideal of R  
which is closed as a right ideal in R. Hence there exists c = c2 such th a t 
e J  ® (1 — e)R  = cR. Now eR  П cR = ecR  and ec is an idempotent. But 
e J  — ecR =  есе(еДе). Therefore, eJ  is a  direct summand of eRe.

(iii) This part follows from the fact th a t every right ideal of eRe is a right 
ideal of R.

(iv) Let X ,  Y  be right ideals of eRe such that X  П Y  =  0. Since X ,  Y  
are also right ideals of R, then l ( X )R  +  l ( Y ) R  — R. Hence {et{X)e)eRe  +  
+ (et(Y )e)eR e = eRe.

THEOREM 2 .2 . Let R  be a ring such that every ideal is essential in a 
direct summand of R. Then R  has the following right ideal decompositions:

(1 ) R = H ’ ® A' ® В ' ® C where K ' = Z 2(R);
(i) S ' — А! ф B' 0  C  is a quasi-Baer ring such that every ideal o f S '  

is essential in an ideal direct summand o f S';
(ii) A! is an essential extension o f P (S ');

(iii) T '  =  В'  ф C is a semiprime quasi-Baer ring where B ' is an es
sential extension of (Ne (T '));

(iv) C is a semiprime quasi-Baer ring with N e (C)  — 0;
(v) А' ф  B' is an essential extension o f  (N (S '));

(2) R = Я "®  A"($B"(BC where H" is an essential extension of (N e ( R ))/
(i) S" = А"  ф В" ф C  is a ring decomposition in which every ideal of  

S" is essential in a ring direct summand of S";
(ii) A" is an essential extension of P (S");

(iii) T "  =  В"  ф C is a semiprime quasi-Baer ring where B "  — 
=  Z 2(T");

(iv) A"  ® B "  = Z2(S");
(v) H '  ф  А' ф В' = H "  ф А" ф B".

P r o o f . ( 1 )  Since Z2(R )  is a closed right ideal, then R  =  Z 2{R) ф S '  
where S '  is a right nonsingular ring. By Proposition 1.4 and [14, p. 47, 
Exercise 1], S '  is a quasi-Baer ring such th a t every ideal of S'  is essential 
in an ideal direct summand of S'. Parts (ii), (iii), and (iv) follow from 
Proposition 1.2 and repeated application of Lemma 2.1. For part (iv) we 
note th a t ( N e ( S ' ) )  Q A '  © B ' .  Also from Lemma 2.1 and Proposition 1.3 
S'  =  W  ф К  (right ideal decomposition) where W  is an essential extension of 
( N e ( S ' ) )  and К  is a semiprime ring. Hence P (S ')  Q W .  Clearly (N e ( T ')) C
1  (N e (S')). Hence W  = A' © B ' .

(2) Let H "  denote the unique direct summand of R  which is an essential 
extension of (N e ( R ))• Since the complement of C is unique, R = H "  © 
ф S "  where С Я S". Parts (i), (ii), and (iii) follow from Proposition 1.1,
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Proposition 1.2, and Lemma 2.1. From part (1), C  is right nonsingular. 
Hence Z 2(S") Q A " ^ B " .  From [13, p. 1214], Z 2(A") = A". Thus, Z2( S ") = 
= A"  ® B " . P art (v) follows from the fact th a t C  has a unique complement.

We note th a t whenever a direct summand of R  is an essential extension 
of (N e (R )), then it is the unique such direct summand. As an application of 
Theorem 2.2 and Proposition 1.3, we see th a t if R  is a prime ring, then either 
R  is an essential extension of (N e ( R )), or R  has only trivial idempotents 
and is an essential extension of the ideal generated by N 2, or R  is a domain 
(see Examples A and B). Also Theorem 2.2 is a generalization of a result of 
Utumi [22, p. 604].

THEOREM 2.3. Let R  be a ring such that every ideal which is closed 
as a right ideal is a direct summand. Then R  = A  ® Z 2(R) (right ideal 
decomposition)  where A  is a quasi-Baer ring such that every ideal o f A  is 
essential in an ideal direct summand of A.

P r o o f . The proof follows from Lemma 2.1, [14, p. 47, Exercise 1], and 
Proposition 1.4.

We note th a t any right CS ring [8], in particular any right self-injective 
or right uniform ring, satisfies the hypotheses of Theorems 2.2 and 2.3.

T heorem  2.4. Let R  be a ring such that r ( X ) is a direct summand  
whenever X  is a closed right ideal. Then R  has the following right ideal 
decompositions:

(i) R = A  ® В  where A  is a semiprime quasi-Baer ring and В  is an 
essential extension of P (R).

(ii) R  =  С  ф D where C is a ring such that each of its ideals is essential 
in a ring direct summand of C and D is an essential extension of (N e (R))-  
In particular, if  R  is a Baer ring, then C is an Abelian Baer ring.

P r o o f . Let J  be an ideal of R  and X  is a relative complement of J . 
Hence r (X )  = eR  where e =  e2 and J  C eR. But X  C\eR Q (N e ( R )) П P (R ).  
Thus if J  — (N e ( R )) or J  = P (R ),  then X  П eR = 0; hence J  is essential 
in eR. Part (i) follows from Lemma 2.1 and Proposition 1.2. Part (ii) is a 
consequence of Lemma 2.1, the above argum ent, and Proposition l . l (v ) .

The condition stated in Theorem 2.4 is a proper generalization of the 
quasi-Baer condition since a uniform ring satisfies the condition of Theo
rem 2.4 but is not necessarily quasi-Baer (e.g., integers modulo four).

T heorem  2.5. Let R be a ring such that r (X )  is essential in a direct 
summand whenever X  is a closed right ideal. Then R  =  A  ® В  ® C  (right 
ideal decomposition) such that:

(i) A is an essential extension o f Y  ® (N e ( R )) where Y  is a right ideal 
of R  with Y 2 =  0.

(ii) В is a ring which is an essential extension of P (B ) .
(iii) C is a semiprime quasi-Baer ring with N e ( C ) =  0.
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P r o o f . Let J  be an ideal of R  and X  is a relative complement of J. 
Hence there exists e = e2 such tha t eR  is an essential extension of r(X ) .  A  
straightforward argument shows th a t eR  is an essential extension of [X П 
Пг(Х)]ф«/. Thus, if we let J  = (N e (R )) and Y  =  X  H r(X ), then  the result 
follows from Lemma 2.1, Proposition 1.2, and the above argum ent.

We note tha t if R  is right nonsingular, then the hypotheses for Theo
rems 2.4 and 2.5 coincide. The next proposition is a slight generalization of 
Faith’s Splitting Theorem [11, p. 184].

P r o p o s i t i o n  2.6. Let R satisfy the ILAS condition and let К  be a right 
ideal containing all nilpotent index two right ideals. Then R  — A  ® L (right 
ideal decomposition) where A  is an ideal such that К  is ideal essential in A  
and L is a semiprime ILAS (hence quasi-Baer) ring.

P r o o f . Let В  be an ideal maximal with respect to В  П К  =  0. Let 
A = t (B ) ,  hence К  ^  A. Since (А П B )2 = 0, then A i l B  С К  Г\ В  = 0. 
Thus R = A  + /(A ). Hence 1 =  a +  x where a £ A  and x £ /(A ). Then 
A = aR  and a2 =  a. Let f  be a nonzero ideal of R  such tha t I  Я A. Now 
there exists к £ (В  + I )  П К  such th a t 0 /  к =  6 +  у where b € В  and у 6 I.  
But b = k — y E A ( l B  = 0. Hence I  П К  /  0. Let L =  (1 — a)R. By 
Lemma 2.1 and Proposition 1.2, L  is a semiprime ILAS quasi-Baer ring.

E x a m p l e  C. Corollary 8 of [5] indicates how one can construct a large 
class of ILAS rings which are not quasi-Baer. In particular, if R  is a  strongly 
right bounded quasi-Baer ring (e.g., a commutative Baer ring), then the 
split-null extension S  of R  by R  is strongly right bounded and ILAS but not 
quasi-Baer. Note tha t P ( S ) is essential in S.

E x a m p l e  D. Let T  be the semigroup ring of A over / 2 (integers modulo 
two) where A is the semigroup on the set (a, b} satisfying the relation xy  — у 
for x ,y  6 A. Thus T  = {0, a, 6, a +  b}. Let T\ denote the ring w ith unity 
formed by extending (i.e., Dorroh extension) T  to  T  X I. 7 \ exhibits the 
decompositions of this section in a nontrivial way. It provides an example of 
a ring which is neither right CS nor is the right annihilator of a closed right 
ideal necessarily a direct summand (e.g., r(T , 0) =  (0 ,2 /)) hence it is not 
quasi-Baer. However, it satisfies the following conditions:

(i) every ideal is essential in a direct summand, thus the right annihilator 
of a closed right ideal is essential in a direct summand;

(ii) every closed ideal is a direct summand;
(iii) Ti is I  (but not ILAS). We have T\ = (a ,0 )7 i ® (a, l)T i where 

(N e {Ti )) = P (T i)  C Z2(Ti) = (a ,0 )7 \ and (o, l)T i is an Abelian Baer ring. 
Further details of this example can be found in [5, Example 9] and [7].
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НЕОБХОДИМЫ Е И ДОСТАТОЧНЫ Е  
УСЛОВИЯ с х о д и м о с т и  

РАСШ ИРЕННЫ Х ИНТЕРПОЛЯЦИОННЫ Х  
ПРОЦЕССОВ ВЫСШЕГО  

ПОРЯДКА В МЕТРИКЕ Lp

Д . Л . Б Е Р М А Н  (Л енинград)

1. Пусть

(1) х к = x[n) -  cos •"~"2п'1'*7Г> к =  1 ,2 , . . .  ,п

и пусть С — множество всех функций, непрерывных в [—1,1]. П усть 
H n( f , x ) — полином степени 2те — 1, однозначно определяю щ ийся из 
условий

H n ( f , x k ) =  f ( x к ) ,  H „ ( f , x k ) =  О, А: =  1 ,2 ,  —  , та, п = 1 , 2 , -------

К ласси ческая  теорема Л . Фейера [1] утверж дает, что  для  лю бой 
f  Е С  выполняется равномерно в [—1,1] соотношение H n( f ,  х)  —» / ( х ) ,  
те —*■ оо. Н. М. Крылов и И . Я. Ш таерм ан [2] удлинили процесс 
{Л п( / ,  x)}^L1 в том смысле, что они заменили полином / / „ ( / ,  х) сте
пени 2те —1 на полином р „ (/, х) степени 4те — 1, однозначно определя
емый из условий

P n ( f , x k)  =  f (x*), P n \ f i  Xfc) = 0, г =  1,2 ,3 , к =  1 , 2 , . . .  те.

П роцесс {pn(f, х)}~=1 обычно назы вается интерполяционным процес
сом Э рм ита-Ф ейера высшего порядка. В [2] и  [3] доказано, что для  
лю бой /  € С  выполняется равномерно в [—1,1] соотношение

(2) Р п (/,х )  -» /(х ) , те —► оо.

Д ля  /  € С и натурального те рассмотрим  алгебраический полином 
S n ,r ( f ,x ) ,  г =  1,2 . S„iT( f , x )  полином степени 4те +  2r -f- 1, однозначно 
определяемый из условий

Sn, r ( f i  х к ) =  f ( x k)i х к) = 0? г =  1,2,3,  к =  1 , 2 , . . .  , те;

5П)Г( / ,± 1 )  =  /(± 1 ) , 5 g ( / , ± l )  =  0, j  =  l , . . . , r .

О чевидно, что последние условия при г =  0 опускаются. В [4] дока
зана
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ТЕОРЕМА. Интерполяционный процесс

{ S n , r ( f ,  х ) } ,  г =  1 , 2 ,  п =  1 , 2 , . . .  ,
построенный при узлах (1) для функции f  сходится к /  равномерно в 
[—1,1], если

( 3) | / (г+1)(*)1 <  с
для  г  G [-1 ,1 ]  и

(4) / '( ± 1 )  = . . . =  / (г)(±1) =  0.

В [5] показано, что  если равен ства  (4) не выполняю тся, то про
цесс {Sn,r ( / ,  г )} ^ =1 расходится в каж дой точке из ( — 1,1). П оэтому 
естественно изучить сходимость процессов {5П>Г( / ,  ж )} ^ ! в метрике 
Lp, 0 < р  < оо, когда расстояние между функциями /  и g задается  
по формуле

1

(5) Q (f,g )=  ( У \ f - g \ pdx^j ,Р.
-1

А налогичная зад ач а  для расш иренного интерполяционного процес
са Э рм ита- Фейера реш ена в [6]. Л ю бопытно, что  при изучении схо
димости процессов {5„,г( / ,я )} ,  г =  1,2, в метрике Lp, 0 < р < оо, 
можно неравенства (3) отбросить.

2. Введем классы  функций К i и К 2. П усть /  6 С. Будем  гово
рить, что  /  € K i ,  если /(ж) им еет правую  и  левую производные 
соответственно в точках ж =  =р1. Будем говорить, что функция из 
С  принадлеж ит классу  K i,  если сущ ествую т конечные производные 
/ '(^ p l)  и  пределы

limX—► —1 (х + 1)2
Б т
х —► !

/ ( * )  -  /(1 )
(ж -  I ) 2

конечные. С праведливы  следую щ ие теоремы:

Т еорема 1. Пусть 5„д(/, ж) полином степени 4п + 3, однозначно 
определяемый из условий

Sn, i ( f ,  x k) = f ( x k ), $ $ ( / ,  x k) =  0, i =  1,2,3,

5 n, i ( / ,± l )  =  / ( ± l ) ,  S'n l ( f ,  ±1) =  0.
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Пусть процесс { 5 „ д ( /,  г )} ^ =1 построен при узлах (1) для функции /(х )  
из класса К \ .  Д л я  того чтобы он сходился в метрике Lp, 0 < р < ос, 
необходимо и достаточно, чтобы / ' ( —1) =  / '( 1 )  =  0.

Т е о р е м а  2. Пусть  5П)2(/, х) полином степени 4п +  5, однозначно 
определяемый из условий

Sn,2Í f , x k ) = /(xjfc), S ^ 2( f , x k) = 0, i = 1,2,3,

S n M ,  ± 1 ) = / (± 1 ) ,  S $ ( / ,  ±1) =  0, j  = 1,2.
Пусть f  G K i и

limX—► 1
/ ( * ) - / ( 1 )  

(X -  1)2 =  <*, lim
X —► — 1

/ ( x ) - / ( - l )
(x +  l ) 2 = ß.

Пусть процесс построен при узлах (1) для функции /(х )
из класса Кг- Д ля  того чтобы он сходился в метрике Lp, 0 < р < оо, 
необходимо и достаточно, чтобы а = ß  =  0.

3. Докажем сперва теорему 1. И з определения полиномов 
х )  и  р „ (/,х )  следует, что

Sn,i(f, х ) -  р„(/, х) =  Т^(х)(а„х3 +  6„х2 + cnx +  dn), Т„(х) =  cos п arccos х, 

где коэффициенты an ,bn,cn,d n определяю тся из системы уравнений

(6) ап +  Ъп +  cn +  dn = /(1 )  - р „ ( / ,  1),

(7) - а „  +  6„ -  с„ +  dn = / ( - 1 )  - Р п ( / , - 1 ) ,

(8) 4п2(а„ +  bn +  с„ + dn) +  (За„ +  2bn +  сп) = —p'n( f ,  1),

4тг2(а„ -  í>„ +  с„ -  d„) +  За„ -  26„ +  с„) =  -р ^ ( / ,  -1 ) .
Из (6) и  (7), в си лу  (2), получаем ап + с„ —► 0, bn + d„ —* 0, п —* оо. 
Поэтому

(9) 5пД(/, х) -  р „ ( / ,х )  =  Т*(х)[(х2 -  1)(а„х +  6„) + о(1)].

Из системы (8) следует, что
( 10)

ап = - ^ Ц ^ - 2 п 2( / ( 1 ) - р „ ( / ,  1))- ^ [ / ( 1 ) - р п(/ ,  1 ) - / ( - 1 ) + р п( / ,  -1 )Н > П,

(11) Ьп = ~[pÓ(/> 1 )—Рп(/> -Т ) — 4п2(/(1 ) —р „ ( /,  !)  + / ( —1) — р „ ( / ,  —1))].
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Í <*п(Я =  Рп(/> 

1 ß n ( f ) = p M ~  1

1) +  4n2( / ( l )  — Pn(f, 1)), 
- 1 )  +  4п2( / ( —1) -  р „ (/, -1 )) .

И зу ч и м  функционалы

( 12 )

О чевидно, что

(13)

И звестно [7], [8], что при у зл ах  (1)

(14 ) pn( f , x ) =  - ^ ^ / ( х (кп))А к( х )В к(х),

bn = - ( a n( f ) ~ ß n ( f ) ) .

к= 1

где

(15) ( х -  х к .

Вк(х )  =  (1 -  xxt )! +  (х -  х*)2 [2(” 2 1 д 1 -  i f i

И з  определения полинома р „ ( / ,  х) следует, что если / (х )  =  const., то
П

P n ( f ,x )  = f ( x ) .  С тало  быть, им еет место тождество £  А к(х )В к(х)  =
ifc=i

П

=  га4. Поэтому (А*(х)Я*(х) +  А к{х )В'к{х)) -  0. Из сказанного вы- 
к= 1текает , что

(16 ) / (1 )  -  Р„ ( / ,  1) = ^  £ ( / ( i )  -  Я **)М *(1)я*(1),
fc=i

(1 7 ) Й ( / .1 )  =  - з Ё ( / ( 1) - / Ы ) ( А 1 ( 1 ) Л ( 1 )  + Ак(1)В1(1)).
T v к=1

В си лу  (12), (1 6 ), (17) имеем, что

( i s )  « » ( /)  = - ^  Ё ( / ( 1 )  -  я * о ) Д ь
Jfc=l

где

(1 9 ) Д* =  i4í(l)JB*(l) +  Afc( l ) ^ ( l )  -  4п2А*(1)Д*(1).
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У чтем, что Л*(1) =  и А'к{ 1) = П оэтому из (19)
выводим, что

( 20 ) А к = 4 (  1) 4 Л ( 1 )
( 1  -  Xfc)4 ( 1 - x j t ) 3 '

И з (18) получаем , что

(21) an(f) = - ~ Í 2  /(1i)=:-f f i--)AM, Дм  = Д*(1 -  х*)-
к= 1 Xjc

И з (21) вытекает, что
( 2 2 )

М Л  =  - р  Е  ( Я 1 Ы М  _  / ' ( ! ) )  л ы - Ш  £  д м  s  5Í"»+ í<"».
fc = l v  k  '  k = 1fc= l

И з (15) выводим, что

„  . . (1 — x k )2 4n2 — 1 о
^fc(l) =  ■ ■ ■ о • + — S---- ( !  -  z*)3,

4 ( 1 )  =
4 n 2 — 1 •> 4n2 -f 11

( 1 - х * ) 3 +6 v ' 6
П оэтому из (20) следует, что

4n2 — 1 4n2 -  5

(1 -  Xk) -  3(1 -  x k ).

(23) Afc.i = 6 2 ( 1 - x fc) ( l - x f c ) 2-

Рассм отрим  сперва сумму из (22). По условию сущ ествует
ги тако

-  /'(1 )

/ '( 1 ) .  Поэтому по £ > 0 можно найти такое S > 0, что

/ ( ! ) - / ( * * )
1 -  х к

< е,

если  1 — х^ < S. И з определения имеем:
(24)

i^KpÉiAui+i^+im) Е UWI-E.+E,.
fc=i 1 - x k >S

= m ax |/(х ) |.

В силу равенства (23) получим, что

г- '  _ /1  \  4п2 — 5 V—'  1 5 V—' 1
 ̂  ̂ ^ 1 = ° \ п ) + 2 n4 ^  1 -  xt + те4 ^  fl -  :к= 1 f e d - * * ) 2
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В оспользуем ся тож дествами

п " 1
<2 6 > Е т ^ 7  = »2. Е п Л

га2(2п2 + 1) 
- ( 1 - т , ) 2 = 3 ‘к= 1 к

Т о гд а  из (25), (26) вытекает, ч то  = 0 (1 )е . И так,

(27) < Се,

где С  — абсолю тная константа. П ереходим к оценке Y1 |Л ,д |-  В
1 -х * >5

си лу  (23) имеем, что

(28) , Л I ^  n (4« 2 -  !) , п(4та2 -  5) , 5п
Е  1Д « 1 5 -------в------ + -------2Í------+ <5‘-

1

И з неравенств (24), (27-28) выводим, что 

(29) S[n  ̂ —► 0, га —» оо.

Рассм отрим  S 2П\  когда га —► оо. И з (23) следует, что

1 "

к=1

4га2 — 1 4п2 — 5 vE  1
6га3 2га4 f—í 1 — Хк

у ,  1 5 _ у ,  ____1

h 1~ Xk Хк)2 ‘

О тсю да, в си лу  тождеств (26), получим, что

1 Л 16 _ , 1 Ч
- у + » ( - )■

к=1

С тало быть, lim S j" ' = ^ / ' ( 1 ) .  О тсю да и  из (22), (29) выводим, что

(30) И т а п( / ) = ^ ( 1 ) .п—►оо о

А налогичным образом  доказы вается, ч то  при узлах (1) и  /  6 K i  
выполняется равенство

(31) lim ß n( f )  =  ^ г /Ч - !)-
п —►ОО 3

И з равенств (10 -12 ), (3 0 -31 ) выводим, ч то  при узлах (1) и /  6 К \  
вы полняю тся равенства

(32) lim ап = ~ ( / ' ( - 1 )  +  / '(1 )) , Um Ьп = U f ' ( - l )  -  / '(1 )).
п —►ОО О п—►ОО О
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Введем обозначение г„ =  ^(р„(/), 5 „ д ( /) ) ,  где g( f , g)  определяется 
согласно (5 ). Ясно, что

(33) г„ -  £>(/,pn{f ) )  % g ( f , SnA( f ) )  ^  rn + e ( f , p n(f )) .

В силу (33) и  (2) получим, что для  любой

(34) гп -  о(1) < р ( / ,5 „ д ( /) )  < гп + о(1), п оо.

Поэтому д л я  доказательства теоремы 1 нужно доказать , что г„ —* О, 
п —* оо. И з (32) и (9) заклю чаем, что гп —► 0, п —> оо, тогда и только 
тогда, когда

1
V (P) =  J  Т'̂ р( х ) | ( / ,(—1) +  / /(1))х + / ,(1) —/ ' ( —1)|р(1 — x 2)prfx->0, п —>• оо.

-1

Очевидно, что

(35)
7Г

cos4p n0|oi -|- bi cos 0|p sin2p+1 9d0,

где a\ =  / '( 1 )  —/ '( - 1 ) ,  6i =  / '(1 )  + / '(  — 1). Д ля дальнейшего нам нуж на 
лемма из [6]

Л емма. Пусть <р(0) непрерывна в [0,7г]. Если <р(0) ^ 0, в £ [0, я-] и 
при некотором р, 0 fí р < оо, выполняется равенство

limП—►ОО cos2p nOdO = О,

то р(9) = 0, в G [0,7г].

Д оказательство  леммы находится в [6]. Применим эту лемму к 
интегралу (35), где <р(9) =  | ű i  +  c o s  в\р sin2p+1 в. Т огд а  получим, что  
а\ — bi = 0 .  Теорем а 1 доказана.

Д о к а з а т е л ь с т в о  т е о р е м ы  2. О чевидно, что / ( х )  = <pi(x)+ip2(x) ,  
где ifi — четн ая  функция и — нечетная функция. П оскольку 
Р п ( / ,  ж ) и 5 п,2( / ,  х ) —  линейные операторы , то без ограничения общ 
ности можно предположить, что / (х )  четная функция, или же / ( х )  
нечетная функция. О граничимся рассмотрением случ ая , когда / ( х )  
— четная функция. С лучай, когда / ( х )  нечетная функция р асс м а
тривается аналогично. Б ез ограничения общности можно считать  
что /(1 )  =  0. В противном случае можно рассм атривать функцию
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F (x )  = / (х )  — / (1 ) .  Из определения рп( / ,  х) и 5„)2( / ,  х )  для четной 
/ ( х )  получим

S n A f y  Х) -  Pn(/> Х) =  Тп(х )(а п1)х4 + Ьп )х2 +  сп ’). 

где коэффициенты а„ \  b„ \  cí,1* определяю тся из системы  уравнений

( 36 )
ßn} + + cl1) = /(1) -  Рп(/, 1),

4п2(а (1))„ +  +  с!1)) + 4 а(4) +  26^> = 1),

(37) 4n2(10n2 -  l ) (a(i)+ t ( i)+ e (i))+ 8 n 2(4 a (i)+ 2 t(i))+ (1 2 a (1)+2t,(i)) =

=  - v i a ,  1),

потому что (Т*(х))'х=1 = 4п 2, (Т*(х))"=1 = 4п ^ °п ■ Из (36) и (2)
заклю чаем , что  —* 0, п  —> оо. Поэтому

(38) Sn>2( f ,  х) -  pn( f , x )  = Т 4(х )(х2 -  1 )[а ^ (х 2 +  1) +  Ь^].

И з уравнений (36-37) вы текает, что

(39) 4 6 ^  =  р" — (8п2 +  3)р' +  ^ - ( 6 n 2 +  5)р, p(j) = P ^ H f ,  1), j  = 0 ,1 ,2 . 

Введем функционалы

gn 2
(40) Фпд(р) =  р' -  4п2р, Ф„,2(р) = р" -  (8n2 + 1)р' +  —  (7п2 +  2)р,

где рУ) = p l t \ f ,  1). Из равенств (3 9 -4 0 ) вытекает, что

(41) 4 Ь ^  =  Фп,2(р) -  2ФпД(р).

В силу (14) и  линейности функционалов ФпД р), i =  1,2, имеем, что

(42) Фп,,(рп) =  ^  Y ,  /(* * )Ф пААкВь).
TV* *■— '

В [4] доказаны  равенства

$n,i(AkBk)
х \  -  3xfc -  8

2(1 -x jk)3
2(n2 -  l)(xfc +  2) 

3(1 -  Xfc)2
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$n,2 (Afc-Bfc) =
16n2Xfc 191n2 + 2xjk(5n2 +  1) — 3

(1 -  я*)3
О тсю да и из (41-42) выводим, что

3(1 -  х ку

1
(43) 4*0> =  ^  £

16п2х к 191n2 + 2xfc(5n2 +  1) — 3

fc=i (1 -  Xfc)3 3 ( 1 -*fc)2

х \  -  Зхк -  8 4(п2 -  1)(хк +  2)
3(1 -  х ку

Из (43) после элементарных преобразований получим

. х \  — (16п2 + 3)хк — 8 . 9 . . ч , 9 ч 9
Дк,2 =  —— ---------------+  4(n2 - l ) ( x fc +  2 ) - 2 x fc(5n2 +  l ) - 1 9 1 n 2 +  3.

1 Xjfc

При этом учтено, что / (1 )  = 0. С тало  быть,

<«> -  “)■̂ + г  É  Дм -  4 ->+fc—1 Ас—1

a  = ü m № - f W
( i  - 1 ) !

Рассм отрим  сперва сг^К Поскольку lim =  а , то по е > 0X—>1 Ух 1)
можно найти  такое <5 > 0, что

Я**) -  Я 1)
(** -  I )2

если 1 — х к < 6. Следовательно,

— а < е,

W  I ^ K ^ E I A m I + ^ Í ^  + n ) Е  IAu | S »Í
fc= l 4  '  l - x * > á

= " (1) +

И з (44) видно, что

£ £ | А м1 * Д ( о0О + о(«*)Ёг Ы -
Jt=l \  Jfc=l * /
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О тсю да с помощ ью  тож дества (26) получим , что

(47) i  £ | Д М | =  0 (1 ) .
TV* *■— /  к=\

И з (46) и (47) заклю чаем , ч то

(48 ) |<#>| ^ С е ,

гд е  С > 0 — константа. Д ал ее , из (44) видно, что

4  Е  |Дм1 = 0(1)(1  + 1).
TV* L—/ п  оl-хк>6

О тсю да и из (46) выводим, что

(49) K ’| S ( ^  + M ) ( 1 +  1)0(1) .

И з (46), (4 7 -4 8 ) , (49) заклю чаем , что

(50) —► 0, п —► оо. 

Рассмотрим  Из (4 4 -4 5 ) видно, что

а (2) _  Л  у -  Хк -  ( 1 6 п 2  +  3.) -_8 + О ( - )
П4 ^  1 — X V  К п ’ ’

(51)
к=1

О тсю да с помощ ью тож деств (26) получим , что

(52) ст^ —*■ -1 6 а , п —*■ оо.

И з (45), (5 0 ), (52) вы текает, что

(53) —► - 4 а ,  п —► оо.

Равенство (36 ) можно зап и сать  в виде 4 а ^ + 2 Ь „  ' =  —а „ ( / ) ,  где а „ ( / )  
определяется согласно (12 ). Из соотношений (30), (53) выводим, 
что

(54) —*■ —2 (2 /'(1 )/3  — а ) ,  п -* оо.

По условию lim =  а , где а  —  конечное число. П оэтому
х-*1 Iх ч

l i m / í i l z / Ш  =  о . С ледовательно, / ' ( 1 )  =  0 . П оэтому соотношение

(54) принимает вид

(55) lim =  2 а .
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Положим R„ = g(pn( f , x ) , S n^ ( f , x ) ) .  Ясно, что

(56) R n -  ß ( f ,p n( f , x ) )  < ß ( f ,S „ t2( f , x ) )  ^  R n + ß ( f ,p n( f , x ) ) .

В силу (2),  (56) получим, что для  любой /  £ С

Rn -  о ( 1 )  <  р ( / ,  S „ , 2 ( / ,  х ) )  ^  Rn +  о ( 1 ) .

Поэтому для доказательства Теоремы 2 нужно доказать, что  Rn —*• О, 
п —► оо.

И з (38), (53), (55) заклю чаем , что R n —► 0, п —* оо, тогда и 
только тогда, когда

1
у \ = J  Т^р(х)(1 -  х2)р|2а(1 +  х2) -  4 a |pdx —> 0, п —* оо.

-1

Очевидно, что

7Г
(57) yip) =  |2а |р У  cos4p пв sin4p+1 в dd.

о

К интегралу (57) применим лемму, тогда получим, что а  =  0. Тео
рема 2 доказана.

Н аряду с классом функций К 2 введем класс функций К 3. Пусть 
f  £ С. Будем говорить, что /  £ К 3, если /'(=р1) =  0 и сущ еству
ют конечные вторые производные /" (^ 1 ) .  Покажем, что К 3 С К 2. 
Действительно, имеем

/ о о  = т  + - 1)2 + <*(* - 1)2)-

См. [9]. Следовательно, lim — ~ 2^ -  А налогично доказы ва

ется, что l i m ^ = ■ 2~1'*• И так, К 3 С К 2. Поэтому из Т еоре
мы 2 следует

Т е о р е м а  3. Пусть интерполяционный процесс {S n,2(f,x)}%Li по
строен при узлах (1) для f  £ К 3. Д ля того чтобы он сходился в мет 
рике Lp, 0 <  р < оо, необходимо и достаточно, чтобы /"{Д-1) =  0.
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POSITIVE SOLUTIONS OF NONLINEAR 
PROBLEMS AT RESONANCE

J. J. NIETO (Santiago de Compostela)

1. Introduction
In the study of both ordinary and partial differential equations it is 

natural to consider the operator equation

(1) L u .. Nu,

where L : D (L ) C E  —► F  is a Unear operator, N  : E  —> F  is a nonUnear 
operator, and E  and F  are Banach spaces.

If L is noninvertible we say tha t (1) is a problem at resonance. In tha t 
case, one can use the Lyapunov-Schmidt method [15] or some of its exten
sions, such as the alternative method [1, 2, 4, 5], to give existence results for 
the operator equation (1).

On the other hand, in numerous cases it is of interest to determine the 
existence of positive solutions. For instance, in the study of a model of an 
infectious disease [7] or in the analysis of a nuclear reactor [14],

By a positive solution of (1) we mean a solution which belongs to  a given 
cone C of E.  In apphcations, one usuaüy takes E  as a subspace of L 2(A), 
A  a domain of R", and C  as the cone of the positive functions, th a t is, 
C = {u £ E  : n't. 0 a.e. in A}.

In Section 2, we present an existence result in a cone (Theorem 2) for 
nonUnear problems at resonance of type (1). Theorem 2 generaUzes the 
result in [10] since we do not require N ( C ) to be bounded.

In Section 3, we use the method of upper and lower solutions to  show 
the existence of positive periodic solutions for a second order nonUnear dif
ferential equation (Theorem 6). Taking into account the symmetries of the 
equation, we give sufficient conditions for the problem to have a negative 
periodic solution (Theorem 7). These two theorems improve some of the 
results of Nieto and Rao in [11].

2. Existence of solutions in a cone
Let E  be a Banach space. We say th a t C  is a cone in E  if C is a nonempty 

convex subset of E  such th a t rC  C C  for every r > 0. We shaU assume tha t 
there exists a continuous map 7 : E  —► C such that 7 (с) = c for c £ C  and 
7 maps bounded sets into bounded sets.
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To apply th e  alternative m ethod, suppose tha t there exists projections 
P  : E  —► E , Q : F  —► F  and a  linear operator H : ( I  — Q )F  —► ( /  — P )E  
such that

' H ( I - Q ) L u  = ( I - P ) u ,  Vu GD(X)
(2) < QLu = L P u ,  Vu E D (L )

, L H ( I - Q ) N u  = ( I - Q ) N u ,  V u e E .
T hen, E = Eo® E i ,  F  = Fq ® F\ where E q =  P E  and Fq = QF. For и E E,  
we write и = uo + Щ, uq £ Eo, щ  G E\.

In addition, suppose tha t
(3) Eq =  KerT,  F\ = R a n g é i ,  D (H ) =  i j ,  E\ = R angeH,

(4) dim E q = dim F q, < +oo,

' there  exists continuous maps В  : E  X F —► R 
and J  : Fq —> Eo such that

i) В  is bilinear and J  is one-to-one and onto.

ii) И ^0 € F0, v0 = 0 iff B(u0, u0) = 0 Vu0 € E 0.

(5 ) , iii) J v 0 = 0 iff v0 =  0.
iv) B (Jv0,v 0) > 0 Vu0 G F0.

v) B (Jv0, v0) =  0 iff vq = 0.

vi) B (u0, J ~ xuo) =  0 iff u0 — 0.

. vii) B (u0,v0) — B ( J v 0, J ~ 1u0), Vu0 € E0, Vu0 G F.
N ote that if E  C F  and F  is a  Hilbert space with inner product (u,v)  we 
can  define B (u , v) = (и , v).

Under assumptions (2-5), the  operator equation (1) is equivalent to 
u = P u  + H ( I  -  Q )N u  +  JQ N u .

In [10] we proved the following existence result:
T h e o r e m  1 .  Assume that ( 2 ) - ( 5 )  hold and
(6) there exists Jq > 0 such that ||jVu|| ^  Jo for и E C;
(7) there exists Ro > 0 such that B (u o ,Q N u )  ^  0 for и — uq + u\ E C 

with 11 Uo 11 = R q and щ = H ( I  — Q )N(u);
(8) there exists r0 > \\H (I — Q)|| • J0 such that (P  + J Q N ) j u  E C and 

H ( I  — Q )N r)u  G C for и G S ( R o , r-0) where
S (R 0,r 0){u  G E  : ||u0|| < Ro, ||« i|| ^  r0}.

Then, there exists at least one solution и E C  o f Lu  =  N u .
Note that (6) means tha t N ( C )  is bounded in F. In the following theorem 

we remove th a t condition.
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T h e o r e m  2. Suppose (2)-(5) hold and the following conditions are sat
isfied:

(9) there exists R  > 0 such that the set C (R)  =  {ui : u\ — X H (I  — 
—Q)N'y(uo + ui) ,  A £ [0,1], ||u0|| ^  R} is bounded;

(10) there exists R  £ (0, Po] such that B(uo,QN~/(u))  ^  0 for  every и € C  
with |Ы 1  =  Ro and ui = AH ( I  — Q)N'y(u0 +  u i) for some A £ [0,1];

(11) there exists ro > r = SupdliiiH : щ  £ C (R )}  such that (P  +  
-\-JQN)~fu £ C and H { I  — Q )N ^ u  £ C for  every и £ S (R q, To) =  S.

Then, there exists a solution и £ C o f (1).
P roof . Define the homotopy T  : [0,1] X S  —► E, T (X ,u ) =  XW u  being 

W u  = [P + J Q N  +  H ( I  — Q)N]yu. Hence, T(A,-) is compact for every 
A e  [0,1], and for A = 0, T(0 , u )  = 0. Thus, T (0 ,d S )  C S.  If A G [0,1), 
и £ S  and T (X ,u ) =  u, we obtain
(12) щ  -  X H (I  -  Q )N 'f(u0 + ui)  and u0 =  A[P +  J Q N ] j ( u 0 +  щ ).

Since и £ S, there are two possibilities:
a) IH I  = ro- Taking into account (12) we can write th a t ||« i|| < r which 

is a contradiction.
b) ||u0|| = Ro- In this case, using (11) we have tha t T(A,u)  £ C  since 

C  is a cone. In consequence, и £ C and 7 и = и , and from (12) we get 
uo = XPu + X JQ N u.

Now, using tha t A < 1, we have 5 ( (  1 — А)и0, 7 - 1ио) =  B (J Q N u ,  
J ~ xu0) > 0. On the other hand, using (5-vii) and (10) we can write

B (J Q N u ,  J ~ xuo) = B ( uq, Q N u) < 0.
This last inequality is a contradiction. Therefore, T (X ,u ) ф и for every 
(X,u) £ [0,1) X d S ,  and T ( l ,  •) has a fixed point и in S  [8, Theorem 4.4.11]. 
Reasoning as in b), it is easy to  show th a t и £ C . Therefore и is a solution 
of L u  =  N u  such tha t и £ С  П S. This concludes the proof.

Another version of this last theorem is the following 
T h e o r e m  3 .  Suppose that in Theorem 2  instead of {1 1 )  we have

(13) [P +  H ( I  — Q )N  +  J Q N ] ju  £ C  for every и £ S.

Then there exists и £ C such that Lu = N u .

3. P ositiv e  solutions and th e  m ethod o f  
upper and lower solutions

In this section we study the existence of positive periodic solutions of 
the equation

(14) u" +  и +  pu2 =  £ cos wt
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where p  ф 0, е /  0 and ш > 0.
The existence of periodic solutions for this equation was considered by 

Maekawa [9] and Ezeilo [3]. On the other hand, Nieto and Rao in [11] gave 
the following result:

THEOREM 4. Equation (14) has a periodic solution i f  4|/i| • |£| < 1.

Using the m ethod of upper and lower solutions we shall prove the exis
tence of positive and negative periodic solutions for (14).

Making s — wt, (14) becomes

(15) u" + u ~ 2[u +  p u ~ 2 -  ecoss] =  0.

Thus we are interested in the existence of 27r-periodic solutions of (15) and 
note th a t it is of the form

(16) u"  +  cv! +  g(u) = e(t), < g [0,27t].

This last equation is studied, for instance, in [11, 13, 14].
We say tha t a  G C 2[0,27r] is a lower solution of (16) if a"(t) ^  / ( i ,  a(t))  

for t G [0,2тг], o (0) =  a(2x) and a '(0 )  > q '(27t). Similarly, ß  G С 2[0,27г] is 
an upper solution of (16) if ß”(t) < f ( t ,ß ( t ) )  for t G [0,2x], /3(0) =  ß(2n)  
and ß'(0)  ^  ß'(2n).

T h e o r e m  5. I f  (16) has an upper solution ß and a lower solution a  
such that a  ^  ß in [0, 27t], then there exists at least one solution и о / (16) 
with a  £  и ß in [0,27г].

P r o o f . See [6].
We are now in a position to prove

T h e o r e m  6. I f  p  < 0, e > 0 and 4|/x| • |e | < 1, then there exists a 
positive (2т:u)-periodic solution o f ( 14).

P r o o f . Let a\ < 0 < 02 be the real roots of pa2 -f a — e = 0 and 
b\ < £>2 the real roots of pb2 + b +  e =  0. Note th a t 0 < bx < b2 < a2. 
Choose r ,R  £ (0,6i) such that r < R ,  and define a(t)  = r and ß(t)  =  R  for 
t G [0,2x]. Hence we can write

f ( t , ß ( t )) =  - oj~2(R  + p R 2 -  £ cos t ) < - u ~2(R  +  p R 2 -  £) < 0, 
f ( t ,  a ( t )) =  —u ~ 2(r +  p r 2 — e cos t) > -u>(r +  p r 2 +  e) [> 0

since R  G (а1,аг) and r  ^ [6/, b2\. Therefore, by Theorem 5, there exists a 
solution и of (15) such tha t и ^  r > 0. This completes the proof.

Taking into account the symmetries of (14) we have the following
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T h e o r e m  7. I f  ft > 0, £ < 0 and 4|/x| • |e| < 1, then (14) has a negative 
(2ж/(jj)-periodic solution.

P roof . The equation u''-\-u-g.u2 =  —e cos wt adm its a positive periodic 
solution by Theorem 6. Setting v = —u we get a negative periodic solution 
of (14).

N o t e . This paper was presented a t the VIIIth Congress on Differen
tial Equations and Applications (VIII CEDYA) held a t the University of 
Santander (Spain) during September 23-26, 1985. The proceedings of this 
conference have never been published.
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UNIFORM ASYMPTOTIC STABILITY AND  
CONTRACTIVE SEMIGROUPS OF MAPPINGS 

IN UNIFORM SPACES
V. G. ANGELOV (Sofia)

The main purpose of the present paper is to extend the results of [4] to 
uniform spaces. In some previous results fixed point theorems for ^ c o n tra c 
tive mappings in uniform spaces have been obtained [2]. Having in mind the 
reuniformization result [2] for ф-contractive mappings in uniform spaces it is 
natural to ask w hat is the relation between the uniform asym ptotic stability 
and contractive semigroups of mappings. Moreover there are dynam ical sys
tems whose space of possible states consists of functions which form a locally 
convex space.

In what follows, we shall give simple examples of linear partial differential 
equations whose set of solutions forms a dynamical system in a locally convex 
space of functions. Let us consider the following equation:

(1) ut = au +  6iuXl + ••• +  bnuXn

where a, . . . ,  bn are real constants and и = u(t, xj . . . ,  x„) is the unknown 
function.

The set of all functions / ( x  i,X 2, . . . x n) : R n —> R 1 continuous together 
with their first partial derivatives form a locally convex space. A saturated  
family of seminorms generating a topology of C 1(R n ) is { ||/IU '}, where К  
runs over all compact subsets of R n and

l l / l k  = s u p { |/ ( x i , . . . ,x „ ) |  : (xb . . . , x n) 6 K } +
П

+ ^ s u p { | / Xi(x i , . . . , x n)| : (xb . . . ,x „ )  e A'}.
i=i

To every function /  £ C 1( R n) there belongs a solution of (1) the  follow
ing way. Easy to  verify tha t the explicit form of the solution is u ( f , t ) = 
= e x p (a í) /(x i -I- bit , . . . ,  x„ +  bnt). Obviously u( f ,  0) = f ( x x, . . . ,  x n). The 
set of solutions of (1) when /  € C l (R n) forms a one-parametric family of 
self-mappings of C 1(R n), acting by the formula ut( f ) =  u ( f , t ) .

Let us define a  map j  : В —* В where В consists of all compact subsets 
of R n, in the following way : for every К  C R n let j ( K ) = K tl U K t2 where

Kt, = { (xb . . . ,x „ )  e R n :

Xj — Xi -I- b\t i , . . . ,  x„ — x n T bnt{, ( x i , . . . ,  xn) £ A } ~  1,2).
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We shall show th a t the family of operators ut ( f ) is continuous, th a t is, for 
every e > 0 and every compact К  C R n there is a 6 > 0  such tha t |fx — t2| < S
and У/ -  /II,(a:) <  S implies ||u t l ( / )  -  Щ2{/) \ \к  < £■ Indeed,

uh( f )  — «**(/) ^
^  exp(aíx) [ f(x  1 +  M x n +  bntx) -  f ( x i +  +  M i) ]+

+ (exp (afx) -  exp(at2)) f ( x x + bx*x, + M i) +

+  e x p ( a i 2 ) [ f ( x x  + b i t i , . . . , x n +  bnt i ) ~  / ( x x +  h t 2, .  . . , x n +  b„t2)];

К  ( / )  -  uh(7 ) k  й

^ exp(aíx)[/x.(xx + bi í i , . . . ,*n + Mi)  -  /хДж1 + Mi, •••,*„ + Mi)]+ 

+(exp(aíx) -  exp(aí2) ) / x.(xx + + M i)+

+  exp(aí2) [ / I i (x 1 +  b i t i , . . . , x n +  M i)  -  / хДх1 + bxí2, . . . , x „  +  М 2)]

( i  =  1 , . . . , n ) .

T hen  for the first summands we obtain exp(aix) | | /  — / | | , ( a:) < § when Ц/ — 
—f \ \ x  < Si, for th e  second sum m ands (exp(aix) — exp(ai2) ) | | / | |^  < § when 
|tx — t2| < S2 for the  third exp (a t2)|/(xx +  6i t i , . . . , x n + M i) -  / ( x x + 
+bx<2,- - - ,x „  +  M 2)| < f when |tx -  *21 < S3 , because f ( x i , . . . , x n) is 
uniformly continuous on K,  Consequently the inequalities \t\ -  t2\ < 6 and 
II/ -  J\\j(K) < S imply K ( / )  -  uh(f)\\K < e, where 6 = min{ix, S2,63}. 
It is easy to verify u ( u ( f , t i ) , t 2) =  u ( f , t x +  t2) and for every /  £ C 1(R n) 
there  exists a unique solution u ( f , t )  of (1), such tha t u( f ,  0) = / .  A one- 
param etric family of operators u ( f , t ) with the  above properties forms a 
dynamical system in the locally convex space C 1(R n).

Let us consider the known hyperbolic system

(2) u t{t ,x)  = vx ( t , x ) ,  vt( t , x )  -  ux(t ,x)

w ith  initial conditions u(0,x) =  / ( x ) ,  v(0,x) =  g{x).  Then the family of all 
continuous pairs ( /(x ) ,g (x ))  forms a locally convex space С 1(Д 1) x C 1(fZ1) 
w ith  a saturated family of seminorms | | ( / , д)\ \к — Н/Нач +  Iliiig )  where 
ll/llKx = su p { |/(x ) | : x £ K i ) ,  ||p ||a'2 = sup{|fif(x)| : x £ Ä'2); K x and K 2 
run  over all com pact subsets of R 1. It is known tha t the pair

u ( f , g , t ) =  ^ ( / (x  — i)  +  / ( x  + t) + g(x  -  t) -  g(x -  *)), 

v(f, g, t ) =  i(fif(x - t )  + g(x + t) + f ( x  - t ) -  f ( x  -  Í))

A c ta  M aihem atica H ungarica  59, 1992



UNIFORM ASYM PTO TIC  STABILITY AND CONTRACTIVE SEMIGROUPS 347

is a solution of (2) such that u ( f , g ,  0) =  / ,  v ( f ,g ,  0) =  g. One can easily 
verify tha t the family of operators Tt( f , g ) =  (u ( f ,g , t ) ,  v ( f , g , t )) forms a 
dynamical system in the space C X(R})  X C 1(f í1).

Throughout the remainder of this paper we shall denote by X  a uniform 
HausdorfF space w ith a uniformity generated by a saturated family of pseu
dometrics (cf. [1]). Let A  = {da( x , y ) : a  € A }, A  being an index set. We 
shall suppose also th a t X  is complete; nevertheless for our purposes we need 
only a sequential completeness.

Let us recall some results and notations from [2]. If j  : A  —» A  is a m ap
ping by j k(a ) we denote the k -th  iterate of j , that is, j k( a ) =  j ( j k~1(a)),  
j ° (a )  = a ; j _1( a 0) = {a £ A : j ( a ) =  a 0}, j ~ 2{a0) =  {a £ 
€ A  : j ( a )  = a , where a  runs over all elements of j -1 ( a 0)} and induc
tively j ~ n(ao) =  {a  £ A : j ( a ) =  a ,  where a  runs over all elements of 
j - ( « - i )(q0)}; and so on.

The space X  is called j-bounded if for every x , y  £ X  and a £ A  there 
exists a constant Q = Q(a, x , y )  > 0 such th a t d j -n^ ( x ,  y) ^  Q(a,  x, y) (n = 
=  0 ,1 , . . . ) ,  or more precisely Q is an upper bound of the set {da(x ,y ) ,  
da i (.x ’ y)i-■•■>dan( x , y ) , . . . }  for every sequence { a ,a b a 2, . where
“ i € j -1 (a )> «2 € j ~ 2( a ) , . . . ,  a „  £ j ~ n( a ) , . . . .

Let (ф) be a family of contractive functions </>a (t) : R \  —► R x+ (R \  = 
= [0,oo)), that is, every <t>a(t) has the properties:

(<̂ >1) </>a (t) is continuous, strictly increasing and superadditive (cf. [3], 
Ch. VII) and 0 < 4>a(t) < t for t > 0.

(ф2) for every at ф a'  max{</>a (i), </>a/(f)} is superadditive;

(*3) {Фз-Ца) (••■4>j - n(a)(t ) ■■■)) = 0 for t > 0 and ^ ( Q)(i) £

The last equality means th a t Urn фа ( . . .  . . . ) )  =  0 for

every sequence {a , a b . . . , a n , . . . }  where а х € j -1( a ) , ..  . , a n £ j ~ n( a ) , ___
The mapping T  : X  —* X  is said to be (^-contractive if dj(a)(Tx,Ty) < 

= Фа{^а(х, у)) for every x , y  £ X , a  £ A. T  is called j-regular if the sequence 
{Tnx}^L0 is not da -Cauchy sequence, then for every e > 0 there is 6 > 0 
such th a t da(T m+px , T mx) > e implies dj{a) (T m+Px ,T mx) > S.

Two families of pseudometrics A  = {da( x , y ) : a  £ A )  and A* = 
= {d* .(x ,y )  : a* £ A*} are topologically equivalent if the uniformities gen
erated by them coincide. Let

(3) card A = card A*

and let h : A  —> A* be a bijective map. It induces the map j* : A* —» A* by
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the com mutativity of the diagram

h
A  ------ * A*

4  ' " I
h

A  ------ * A*

th a t is, h( j(a ) )  =  j*(h(a)) .  The families A and A* are called equivalent if
(3) is satisfied and if every Cauchy net {хт }^ег (Г is a directed set) in da 
is a Cauchy net in d*. for every a  £ A  where a* =  /i(a ), and vice versa, 
every Cauchy net {х7}7ег in d * .  is a Cauchy net in da for every a* £ A*, 
where a  =  h~1(a*). The equivalence of two families A and A* implies their 
topological equivalence. Conversely, the topological equivalence implies their 
equivalence when X  is a complete uniform space. A and A* are said to  be 
y-topologically equivalent if the j-regularity  of T  implies its ^’-regularity and 
j -boundedness of X  implies j ’-boundedness of X .

As usual, U(ai,at2 , . .  . , a p)(x,e)  = {y £ X  : da i ( x , y ) <  dap(x, y) <
< e} is an ^-neighbourhood of x in the pseudometrics da i , . . . ,  dap. We say 
th a t the sequence T n(U (a i , . . . ,  a p)(£, rj)) (n =  0 ,1 , . . . ) tends uniformly to 
£ if for every e > 0 there is no such tha t for n > no,

T n(U(a i , . . . ,  a p)( í, г?)) C U (au  . . . ,  a p) ( f , e).

Further on, we shall assume th a t the following conditions (H1)-(H2) are 
fulfilled:

(H I) if T nx £ cl U ( j ( a  i ) , . .  • , j ( a p))(£, rj) then T nx£  cl U (au . . . ,  a p)(£, tj);
(H2) if x £ c \ T n( U ( a i , . . . ,  a p)(^, 7/)) then x £ c lT " ( U ( j ( a i ) , . . .  , j ( a p)) 

(£>*?))•
T heorem 1 [2]. Every ф-contractive j-regular mapping T  : X  —► X  has 

a unique fixed point x and lim T nx — x for arbitrary x £ X .
П — ► O O

Let (X ,  A), A =  (da(x , y )  : a £ A ), be a complete j-bounded Hausdorff 
space and let T  : X  —► X  be a continuous j-regular mapping.

T heorem 2 [2]. The following conditions:
(E l)  T  has a fixed point £ £ X ;
(E2) lim da( T nx , £ ) = 0 for  every x £ X , a  £ A;n—►OO
(E3) for every finite collection a x , . . . , a p £ A there is rj > 0 such that 

the sequence {T n( U ( a \ , . . . ,  a p)(f, T7))}^_0 tends uniformly to
are necessary and sufficient for the existence of a family of pseudometrics 
A* = {da»(x,y)  : a* £ A*} j-topologically equivalent to A,  such that T
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is ф-contractive with respect to A* for an arbitrarily chosen family (ф) of 
contractive functions.

Let G be a commutative topological semigroup (written additively) with 
zero element. Then a family {Tt : ( £ G} of continuous selfmappings of X  
will be called a G-semigroup if it possesses the properties:

(1) To(x) = x  for every i £ l ;
(2) Ttl(Tt2( x )) =  Ttl+t2(x) for every t \ , t^ E G  and x E X ;
(3) sup{dcr(Tt(x ) ,T to(x ) ) : x E X } —> 0 as t —> to for every a  E A.
We shall consider only the particular case G  = [0,oo) or an infinite 

subsemigroup of [0,oc).
A semigroup of operators is said to be contractive if for some family 

(ф) and some j  there  is a collection of families {(At , j t )  • t E [0,oo)} of 
pseudometrics of X  each j-topologically equivalent to A  such th a t Tt is ф- 
contractive with respect to (A t , j t ) for every t > Q.

The semigroup defined by the formula Tt( f ) =  e x p (a f ) / (x i+ b it , . . . ,  xn + 
-\-b„t) for t ^  0 when a < 0, is an example of a contractive semigroup. 
Indeed, let us fix t E (0,oo) and let К  C R n be a compact set. Define j  in 
the following way:

j ( A )  — { ( x i , . . . ,  xn ) . xi = X\ -}- h i t , . . . ,  xn =  x n T bnt ( x i , . . . ,  xn ) £ A}. 
Then

I I W )  -  Tt( f) \\ j{K) < ex p (a i) ||/ -  / к  
for every / ,  /  E C 1{ R n).

Following [4] we shall call £ E X  an equilibrium state if it is a common 
fixed point of the semigroup of operators, tha t is Tt(£) = £ for every t E 
E [0,oc). It is easy to  verify th a t if Tt has £ as a unique fixed point for 
some to E (0,oo), then T)(£) =  £ for any t E [0, oo). In our example if
a +  b\ + -----(- bn =  0, then f  {x\ , . . .  ,x„) = exp(xi + -----1- x„) is a common
fixed point of the semigroup as the following equalities show:

Tt( f )  =  exp (at) exp(xx +  bxt  +  x2 + b2t H----- + xn +  bnt ) =

=  exp(xx +  x 2 +  • • • + xn) =  / .
In  what follows we shall need extensions of the notions of stability, 

asym ptotic stability and uniform asymptotic stability in a uniform space. 
An equilibrium s ta te  £ is called stable if for every neighbourhood V  of £, 
there exists a neighbourhood IF  of £ such tha t x E W  implies Tt (x) E V  for 
all t E [0, oo). The stable equilibrium state £ is called asymptotically stable 
if there  is a neighbourhood U of £ such that x E U implies lim Tt(x) =  £,

t —>oo
and called uniformly asymptotically stable if U can be chosen so th a t Tt(U) 
tends uniformly to  £ as t —► oo.

As usual, by B ( a i ,  a 2, . . . ,  a p)(x, r) we shall denote the closed ball of 
radius r > 0 with center at x in pseudometrics da i (x, y ) , . . . ,  dap(x,  y), that 
is B ( a i ,  a 2, a p)(x,  r) = {у E X  : dai(x, y) < r , . . . ,  dap(x, y) < r}.
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L e m m a  1. I f  £ £ X  is an equilibrium state o f  {Tt : t  £ [0,oo)}, then 
fo r  each to > 0, rj > 0 and for  every finite collection of pseudometrics 
da i , . . . ,  dap there is a S > 0, S = 6(t o, g,a  i , . . . ,  a p), such that Tt ( B ( a \ , . . . ,  
• •■*<*?)(£.*)) i  for every t £ [0 ,io]-

P roof. Suppose, by contradiction, tha t there is a to > 0, an rj > 0, 
a  finite collection of pseudometrics d ^ ,  • • - däp, a sequence of positive num
bers Sn (n = 1 , 2 , . . . )  with lim 6n =  0, corresponding sequences of pointsn—ЮО
x n £  5 ( ä i , . . .  ,Q!p)(f,6n) and numbers t„ £ [0,fo] such tha t Ttn(xn) £ 
£ X  \  B ( ä i , . . . ,  qp )(£ ,ó„). One can choose a subsequence {ufc}^l1 so that 
lim  tnk = t £ [0,io]- Then

к —юо

(z ,T tnk ( ® „ j)  ^  d*  (Tt( 0 , T t (xnk)) + ds . ( r t (xnk) , T tnk (*nj )

for i = 1 The first term  on the right tends to  zero as к —► ос be
cause x„k —> £. The continuity condition for the semigroup ensures that
lim  dö, (Tt (x„k) ,  Tfn (z„k)) =  0. The obtained contradiction completes

the  proof of Lemma 1.
Now we are going to formulate the main results:

T H E O R E M  3. For a [0,oo)-semigroup {Tt : t £ [0 ,oo)| on X  to be con
tractive, it is necessary and sufficient for some to the operator Ttn to possess 
conditions (E1M E3)

P roof. Since the necessity is obvious we shall prove the sufficiency.
Let us assume th a t for some to, Tt0 possesses condition (E l). We shall 

show that Tt satisfies (E l) for any t  £ [0,oo). Indeed, the equality Tt(£) = 
=  Tt (Tto(0 ) = Tt+to(£) = Tto+t( 0  =  Tto(Tt( 0 )  implies that Tt(£) is a fixed 
point of Tio(£), so th a t Tt(£) = £ for t £ [0, oo).

In order to  prove tha t Tt satisfies (E2) we shall consider an arbitrary 
x £ X  and T) > 0 for t > 0. To cannot satisfy (E2) except for the trivial 
case X  = {£}. We can choose an arbitrary finite collection of pseudomet
rics dQl, . . . , d ap and IV > 0 so large that da> (£,T t"(x)) < <5 for n > N  
(i =  l , 2 , . . . , p ) ,  where 6 =  S(to, r), O i,. . . ,  otp). Next we choose M  > 0 
so large that m t  > Nto  for m  > M . Then for m > M  we have mt — 
=  n t0 +  er (n > N ,  0 о < t ). Lemma 1 implies Ta( B ( a i , . . . ,  a p) ( f , Ó)) Q 
Q B ( a i , . . . , a p)(£,ij) while Ttm (x)  = Tmt(x) — T  (Tfo(x)) £ T9( B ( a x, . . . ,  
. . . ,  a p) (£,£)) and hence for m  > M  = M(rj), T fn(x)  £ B ( a i , . . . ,  ap)(£,r)) 
so th a t Tt(x) satisfies (E2).

In order to prove (E3) for Tt , we shall consider an arbitrary rj > 0. Let 
6 = 6(t, rj, оц, . . . ,  a p) he chosen as in Lemma 1. On the other hand Tto sat
isfies (E3). Let U (q i , . . . ,  a p)(£, г) be a neighbourhood of £ such th a t Tf"(f7) 
tends uniformly to  f  as n —► oo. Let us fix TV > 0 so large tha t Tf0(U) =
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= B ( a \ , . . . ,  a p)(£, 6) for n > N  and M  so large that m t > N t 0 for m  > M . 
Then for m > M  we can proceed as above to prove Ttm(C/) = B ( a \ , . . . ,  ap)
U , v )

Theorem 3 is thus proved.

T heorem 4. The equilibrium state £ o f  a [0, oo)-semigroup is uniformly 
asymptotically stable i f  and only if  there exists a subset Xo C l ( ( 6  in t Xo) 
such that the restriction of the semigroup to Xo is contractive.

P r o o f . Sufficiency. Let V  — P ( q i , . . . ,  a p)(f) be an arbitrary neigh
bourhood of £. Let us fix t >  0 and choose 77 > 0 such th a t B ( a \ , . .  . , a p) 
(£, 77) í  V  П Xo. Let S = S(t, 77, a , . . . ,  a p) > 0 be chosen related to t > 0 and 
7/ > 0 as in Lemma 1 (Í ^  77).

By the definition of a contractive semigroup there exists a family of 
pseudometrics A j  = |dL (x , y) : a  £ Aj  j on Xo j-topologically equivalent to 
A on Xo. This means tha t there is a bijection hj : A  —► Aj  and card  A  = 
= card Aj  such th a t Tj\x  is ф-contractive on (Xo, Д^).

On the other hand there is а Д > 0 such tha t W  = W (c*i,. . .  , а р)

((у д ) =  { у б Х 0 : < Д ,-..,<*5р(у , 0  < A} i  В ( о ч , . . . , а р)(£,6)
where а , = Л^(а,). We shall show tha t T-n(VF) Я W .  Indeed, let у £ W . 
Then we have

4 , ( T tn ( y ) , 0  =  4 . ( T tn ( y ) , T tn( 0 ) ^

= Ф]Г1(а,)(Ф}~2(«,)( • • -Ф]-п(а , ) (4 гП( с 4 У̂ ^  • • • ) ) <  Л

for sufficiently large n, i.e. n > Tio implies T f ( y )  £ W .  In order to  ensure 
T j ( W )  Я W  for 0 ^  ti < no — 1, we can introduce the set

n o —X

w =  f ]  T lt (W )
1=0

and consider W  П W  instead of W.
Having in mind tha t every t > 0 can be written in the form t = nt+cr, 0 < 

< а  < Í we have Tt(W )  = Tv (Vf (W )) C Ta(W )  C Te {B {a x, . . . ,  a p) ( f , 6)) C 
Я B ( a i , . . . ,  a p)(£, г/) = V  which shows tha t £ is stable.

Since Tj(x) is contractive for every fixed t £ [0,oo) on Xo, there is an
770 > 0 such tha t ( U ( ä i , . . .  , а р)(£, 770)) j tends uniformly to  £ for
every finite collection t* i,. . .  , a p and U C Xo, Tj(U) ^  Xo.

For the given V ( a \ , . . . ,  а р)(£) we choose 77 > 0 and 6 > 0 as above. Let 
N  > 0 be so large tha t T j ( U )  Я B ( a \ , . . . ,  a p)(£, tf) for n N .  Then any 
t can be written in the form t = nt + c r , n > N  and 0 < cr < t, so tha t
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Tt{U{äx, . . . ,  ä p)(£, 770)) = та ( T f  (U(ä1, . . . ,  ä p)(£, 1»))) i  T„( Д ( « ь . . . ,  a p)
(£,«)) i  5 ( a i , . . . , a p)(^77) Q V (ab . . . ,  a p)(£). Hence Tt(U) -> {£} as 
t —► 00, that is, £ is uniformly asymptotically stable.

Necessity. Let £ be a uniformly asymptotically stable equilibrium state. 
Define the set X 0 = {x G X  : Tt{x) —► £ as f -> 00}. The definition of 
asymptotic stability  ensures th a t  Xo contains a neighbourhood of £, and so 
is itself such a neighbourhood. On the other hand the semigroup property 
implies that Tt (X 0) C X0 for every t G [0, 00). Indeed, for x G X 0, we have 

(Tt3(x)) = Ttl+ti(x) and when t\ —> 00, ^íl+t2(X) ^  tha t is, Tt2( x ) G
G Xo- Therefore {Tt \Xo • t € [0,oo)} is an [0, oo)-semigroup of operators on 
X 0.

The definition of X 0 im pbes that Tt \Xo for every t € [0, 00) satisfies 
conditions (E l)  and (E2). We shall verify condition (E3).

The uniform asymptotic stability of £ guarantees the existence of an 770 > 
> 0 such tha t for every finite collection da i , . . . ,  dap there is a neighbourhood 
Í7 (a i , . . . ,  a p)(£, 770) Q X0 such tha t Tt(U) tends uniformly to £ as t —► 00. 
Consequently T ”(U)  = Tnt( U ) —*■ £ as тг —* oo and Tt is 0-contractive, which 
completes the proof.

Finally, we shall apply Theorem 4 to our first example. Define the set 
X 0 in the following way: X 0 =  { /  G C l ( R n) : exp(xi +  • • • + i„ )  -  q ^
< f ( x  1, . . . ,  x n) < exp(*i +  • • ■ +  x„) + q} where q > 0 is a constant. It is
easy to verify th a t Tt(X0) C Xo- Indeed, let us put £1 =  x \  +  bit , . . . ,  x n = 
=  x n + bnt. If a < 0 and a +  61 H-------b bn =  0, then we obtain (exp(af) < 1):

exp(at +  x \  + -----b x n ) — gexp(oi) ^  e x p (a t ) /(x i , . . . ,  x n) ^
< exp(at +  x \  + -----b xn) +  gexp(ai),

exp(xi + -----b x n) -  q ^  exp(a t ) f (x i  +  bit, . . . ,  x n +  bnt) ■£
< exp(x i + • • • +  x n ) +  q,

exp(xi 4-----+ x n) -  q < Tt( f )  < exp(xi + ------b x n) + q.
In order to apply Theorem 4 we must verify the continuity property of the
semigroup. Having in mind | | / | | a'  = || exp(xi + -----b х п)\\к  + q — &K we
have

A  =  sup (ITt( f )  -  Tt0{ f )I : (* i ,  . . . ,£ „ )  G К } ^
< I exp(at) -  exp(a<0)| sup { | / ( £ X + b i t , . . . , x n + bnt)\ : (x b . . . , x n) G K }  +

+  exp(afo) sup { |/(x i  + bxt, . . . , £ „  + bnt )~
f ( x  1 +  Mo? • • • , г п + ^nío)| • (Xi , . . . , Xn) £ Ü ^

^  max{ÄA-t : t G Xto} | exp(ai) -  exp(ai0)| +
+  exp(aio) sup { |/(x i  + bit, . . . , £ „  + bnt )~
f ( x  1 • (® 1 , .  •. ,  ®n) £ ^  }

where JVto is some neighbourhood of to- T hen  if A't П K to ф 0, A  —»• 0 as 
i —► i0- When K t П K to — 0, then  A = 0.
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IDEMPOTENTS IN POLYNOMIAL RINGS
A. A. M. KAMAL (Giza)

1. Introduction
Throughout this paper all rings are associative w ith unit and the follow

ing notations will be preserved: a is an automorphism of a ring A and D is a 
cr-derivation on A  (i.e. D(a+b)  =  D(a)+D(b) and D(ab)  =  D(a)b+a(a)D(b),  
for each a,b E A).  The Ore extension A[X, er, D] is the ring of polyno
mials in X  over A  with the usual addition and w ith multiplication sub
ject to  the rule X a  = cr(a)X + D(a)  for each a E A.  If a = 1 a , then 
A[X, cr, D] =  A[X,D]  is called the differential operator ring, if D  =  0, then 
A[X, er, D] = A[X, a] is called the twisted (skew) polynomial ring, and if 
cr ~  1a  and D = 0, then A[X, er, D] =  A[X] is the usual polynomial ring. 
Finally the set of all central idempotents in a ring A  is denoted by В  (A)  and 
( B ( A ) Y  = {c E B(A)  : tr(e) = e}.

In 1977, Chon [1] has determined the center of Ore extension A[X,a],  
when A is a division ring. Shortly thereafter, J. D. Rosen and M. P. Rosen 
generalized this result to prime rings [5]. In this paper we study the idem
potents in polynomial rings and we show that, for a ring A, B (A [X ,  D]) = 
= B (A ) ,  B(A[X,cr\) — (B{A))a and every central idempotent in A[X,cr,D\  
with constant coefficient tha t commutes with the other coefficients, is in A. 
Moreover if A is a semiprime ring, then B(A[X ,a ,  D]) = (R(A ))‘T. Finally 
we show th a t, every faithful Abelian idempotent in A is also faithful Abelian 
idempotent in A[X], and a counterexample is given to  show tha t this result 
is not true for the ring A[X, cr\. Special attention is given for obtaining a 
condition under which the result is true for A[X,cr].

2. Prelim inaries

In this section we collect some of the definitions and results th a t are 
needed in this paper.

A ring A is regular provided tha t for every x E A,  there exists у E A  such 
tha t xyx  = x. A regular ring A is Abelian provided th a t all idem potents in 
A are central. An idempotent e in a ring A is called an Abelian idempotent 
whenever the idempotents in eAe are central in eAe. Let e be an idempotent 
in a ring A, then e is faithful in A, if 0 is the only central idempotent of A 
which is orthogonal to e. For more details about regular rings, Abelian
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regular rings, Abelian idempotents and faithful idempotents, we refer the 
reader to [2].

A ring A is said to  be reduced if A  contains no nonzero nilpotent elements 
and it is cr-reduced if x a ( x ) =  0 implies that x  =  0, for each x  G A.

(2.1) A regular ring A  is cr-reduced if and only if A is a reduced ring and 
a (e ) =  e for each idempotent e in A.

We refer the reader to ([3], Ch. VI) for the proof of (2.1) and the prop
erties of a regular cr-reduced ring.

(2.2) We give an example which is required for 3.8. Let

e =

A = { ( o  c) : € Z36|  ,

/ = ( 2  “ ) ,  and S = { ( ” ° ) a, c € ^36 }•
T hen A is a ring, В  a commutative subring and e, /  are orthogonal idempo
ten ts  which are not central in A.

Notice tha t the central idem potents in A are (: :)•w ith x an idem-

potent in Z36, therefore^ ? ) , ( q 9 )  and 20s ) are the

central idempotents in A, which implies that e and /  are faithful idempotents 
in A.

Since eAe С В  and / А /  С В , then e and /  are orthogonal faithful 
Abelian idem potents in A. □

We now give two examples of Ore extension over a ring of matrices A 
w ith an automorphism a such th a t cr2 = 1д and inner (j-derivation D  on 
A. In the first we have a nontrivial idempotent polynomial. In the second 
example we have a nontrivial central polynomial.

(2.3) Let A be the  ring of 2 x 2 matrices over a ring В  =  С  x C , where C 
is any ring. Define o'  G A u t(5 )  such that a ' ( a ,ß )  =  (ß , a ) and a G Aut (A) 
such that

' ( *  5 ) = ( # )
A <t-derivation D  on A is defined by

a ' (b ) \
° \ d ) j  ’ a, 6, c, d G B.

S H V  s ) ( :  i ) - ' 0  i ) ( (V ’ ?)■

Let a i = ^ 0^ ^ ) an<  ̂a° = (  0 )  ’ ^hen  *he P°lynomial P ( X )  =
=  a i X  -f ao is an idempotent in A[X, er, D] □
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(2.4) Let В  be a commutative ring and A =  ■ a, b,c £ В

We define a £ Aut (A) such that

' ( S  i ) - ( S  '?)■
A cr-derivation D on A  is defined such that

® ( ;  * ) = ( s ; ) ( ;  ‘M s
В is a fixed eh

-  (:
- b
c ) ( !  S )

Let ü\ and ÖQ where ß £ В  is a fixed
where a £ В  is a. fixed element.

. ( ß  - ö 2 *■ v° ß
element. Then P ( X )  =  агХ + а 0 is a nontrivial central element in A[X,  cr, D].
□

More precisely, we sta te  the conditions found by A. Leroy [4] under which 
the Ore extension A [ X , a, D] contains nontrivial central elements, as follows:

(2.5) Let A be a simple ring such th a t A is algebraic over its center and 
there exists an integer m > 1 such tha t am is inner. Then the following 
conditions are equivalent:

1) D is algebraic,
2) A[X, a, D] is not simple,
3) The center of A[X,  er, D] is nontrivial.

(This is Theorem 2.4 of [4], p. 1311.)

3. Id em p oten ts in polynom ial rings

In this section we study the relationship between the central idem po
tents and the faithful Abelian idempotents in a ring A and in each of the 
polynomial rings A [ X ] A[X,  er], A[X, D] and A[X,  er, D].

P r o p o s i t i o n  3.1. For a ring A, every central idempotent in A[X ,  o] is 
in A. Moreover 5(A [X , cr]) = (5(A))*7.

P r o o f . Let /  = Yl ai • X* £ B (A[X ,  a]). Then 
•=o

j
(1) aj =  a,4x’(a_j_,), j  =  0 , . . . , n,

•=o

(2) ^  ai<j'(aj) =  0, к — n +  1 , . .  . ,2 n  and г, j  = 0 , . . . ,  n.
i+j=k
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From  f a j  = a j f ,  j  = 0 ,1 , . . . ,  n  we get

(*) atat =  a ia f (at), t = 0,

I f  we take l  = 1 and t = 0 in (*) then a0a x = a x<7(a0). By taking j  =  1 in 
(1) we get th a t a x = aoax +  a x<r(ao), therefore a x = 2aoax. Since a0 is an 
idempotent from  (1), then aoax =  0 and hence from (1) w ith j  — 1 again, 
a x =  0. By induction we can prove th a t a* =  0, 1 ^  к ^  n. Therefore 
f  = a0 e A. □

C o r o l l a r y  3 .2 .  For a ring A,  B (A)  =  B(A[X]).
n

C o r o l l a r y  3 .3 .  I f  A is a ring and f  = (чХ* is an idempotent in
.=0

A [ X ,  a] such that  a o / = /ao , then f  = ao G A.

L em m a  3 .4 .  For a ring A,  every central idempotent in A[X,  D] is in A.

P roof. Let /  = £  a,X* G B(A[X,D}) .  X f  = f X  imphes D(a,) = 0, 
»'=o

i = 0 ,1 , . . . ,  n. Also /  = / 2 implies

j
(1) aj  = £ а , а , —„  j  =  0 , . . . ,  n

t = 0

and

(2) a ,a j = 0, к  =  n +  1 , . . .  ,2 n , *,j =  0, . . . , n .
•+ i= fc

From /a j  =  a_j/ we get th a t a ,a j  =  a^a,, i , j  = 0 , . . . , n .  As in the proof of 
Proposition 3 .1 ,  we can show th a t aj =  0, j  =  l , . . . , n .  Hence f  = ao E A. 
□

L em m a  3 .5 .  F or  a derivation D in a ring A,  B(e)  = 0 fo r  each e 6 B{A).

P r o o f . It is clear tha t D ( e ) =  2eD(e)  and D{ 1 — e) =  2(1 — e)D( 1 — e), 
also D (l) =  0 ,  hence D( 1 — e) =  —D(e). Therefore D(e) £ Ae П A(1 — e) = 
=  0. □

P r o p o s i t i o n  3.6. For a ring A, B (A [X ,  D]) = -0(A).

P r o o f . Follows form Lemmas 3.4 and 3 .5 . □

P r o p o s i t i o n  3.7. For a ring A, every faithful Abelian idempotent in A 
is a faithful Abelian idempotent in A[X].

P R O O F .  Assume tha t e is a faithful Abelian idempotent in A, hence 
0 (A ) = 0 (A [X ]) implies th a t e is a faithful idempotent in A[X]. Let /  =
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n
=  ^)(eo ,e)X ’ G eA[X]e such that /  = / 2, therefore we get tha t 

i=o

j
(1) ea3e = ^ (еа,-е)(еа,_ ,-е), j  =  0 , . . . ,  те.

i = 0

From (1) by taking j  = 0 we get that eaoe G B(eAe)  and by taking j  = 1 in 
(1) we get th a t eaie = 0. Assume that eaie  =  ••• =  ea*_ie =  0, and take 
j  =  к in (1), we get that еа^е =  0 and therefore /  = eaoe G P(eA[X]e). □

E x a m p l e  3.8. Let A be a ring which contains orthogonal faithful Abelian 
idempotents e and / .  Define R = A x A  w ith (а, b)(a', 5') =  (aa ', 66') and 
<r : R  — » Ä such that (a, b) i-> (6, a), hence R  is a ring and a G A ut(Ä ). 
Notice that (e, / )  is a faithful Abelian idempotent in R.  Let h = (0, \ ) X  +  
+ (0 ,1 ) G Д[Х, <r], hence g =  (e, f ) h ( e , f )  =  (0 , / )  is an idempotent in 
the ring ( е ,/)Д [Х ,а ] (е ,/) .  Let P = (a i , b \ ) X  + (a0,5o) G Д [Х ,or], where 
a0, a b  60 and bi G A, hence (0 ,/) [ (е ,/ ) P ( e , /)]  =  (0 , f b xe ) X  +  (0 ,/6 o/ )  
and [ ( e , / )P (e ,/ ) ] (0 , / )  =  ( e a i f , 0 ) X  + (0 , f b of ) which implies tha t g is not 
central in (e, f ) R [ X ,  cr](e, / ) ,  hence ( e , / )  is not an Abelian idempotent in 
R[X,  сг]. Therefore Proposition 3.7 is not true for A[X, <т]. □

P roposition 3.9. I f  A  is a ring such that <т(е) = e for each e = e2 G A,  
then every faithful Abelian idempotent in A is a faithful Abelian idempotent 
in A [ X , ст].

P roof. First, notice th a t B{A[X,  <r]) = B ( A ) and hence the proof is 
similar to tha t of Proposition 3.7. □

Corollary 3.10. I f  A  is a reduced ring, then the set o f  all idempotents 
in A  is equal to the set of  all idempotents in A[X,  D); also every faithful 
Abelian idempotent in A  is a faithful Abelian idempotent in A[X,D] and 
vice versa.

P roof. Notice that, A is a reduced ring implies th a t A[X,D]  is a re
duced ring and every idempotent in a reduced ring is central. Hence the 
proof follows from Lemma 3.5, Proposition 3.6 and Proposition 3.7. □

E x a m p l e  3.11. Let A  be a field, then A =  К  x К  is a commutative 
regular self-injective ring, hence A is a reduced ring. Define о : A — *• A such 
th a t (a, 6) »-»■ (6, a). Therefore a  G Aut (A). Let P ( X )  = ( 0 ,1)X G A[X,cr], 
then P{X)  ф 0. But P2 = (0,1). a ( 0 , l ) X 2 = 0, hence A[X,o]  is not 
reduced, therefore Corollary 3.10 is not true for A[X, a]. □

P r o p o s i t i o n  3.12. I f  A  is a regular о -reduced ring, then the set of all 
idempotents in A  is equal to the set of all idempotents in A[X,  o, D]; also 
every faithful Abelian idempotent in A is a faithful Abelian idempotent in 
A[X,  er, D] and vice versa.
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T h e o r e m  3 .1 3 . For a ring A,  every central idempotent in A [X ,o ,  D] 
with constant coefficient which commutes with the other coefficients, is in 
B(A) .

P r o o f . Let /  =  anX n + an—i X n 1 + • ■ • +  a \ X  +  ao € B(A[X,  o, £)]) 
such th a t aoaj =  ajao for j  = 1 ,2 , . . . ,  n. We can write

2 n

where

(0)*

+

f 2 = E  E
k=0 \ i+ j= k

Y  aiX iaJX j = I  X k+
i+ j= k \ l+ t= k  /

Y  ( a m Y  <г*0<т\ак- т ) J
.771 =  1 \  ^-ft=771 — 1 /

X fc_1 +

+ E  К *  E  atl D o 12 D oÍ3(ak- m)
m = 2 \  + Í 2  + ( з = т — 2

x k~2+

+  ••• + +  afc Y  D l' a D l2{a2)
\^i =k—1

+ajtL>fc(a0), for fc =  0,

X +

(1)* £ a , X ' a (n+ iM * (n + lb '  =
r=i

+

L/=l

E  a-  E  o l D o l (a(n+1j_m)
_m=l V l+ t= m  — 1

Y , ai<yl (a (n+i)-<) -^n+1+

Г  +  -  +

+ a„_ iD " 1(a0) +  an Y  D l o D l(a i)
r + t = n - l

X 2 +  anD n(ai) X +

(n )* -\-anX nanX n — a„ a " (a „ )X 2n + [  Y  ° * D a \ a „) J X 2" - 4
\ / - f t  =  71— 1 /
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+  • • • + (  Y ,  D l ° D \ a » ) X "+1 +  Dn(an) X n .
\t+t=n- 1 /

Since /  is central, we have f a } — a j f , j  = 0 ,1 , . . . ,  n and therefore we have 
the following equations, for j  = 0 , 1, . . . ,  n

(0) a j - o o  =  y ^ a t - D * ( a j ) ,

i= 0

(1)
П /

a i a i  = X (am X] 1
m = l  \ / + t = m —1

(2) n  /
a J a 2 = X I X

m = 2  у  4 -^з= г

( n -  1 )

a > a n - i  = a n _ 1 (Tn - 1 ( a J )  + a „

00 а 7 а „  = a n c r " ( a j ) .

l+ t= n —1

From f 2 = /  and (0)*, we have ao = ^3 а ,Л '(а 0). Also by pu tting  j  — 0
>=o

ГХ

in (0), we get űq =  Yj a,\D'(ao) hence Oq = ao- By using (0)* and (1)*, 
i=o П

we can show th a t the coefficient of X  in f 2 is equal to £3 a,\D '(ai) +
i=0

+  $3 ( 13 В 1аБ*(ао) J . Putting j  — 1 in (0) and j  =  0 in (1),
m=l у t+t=m—1 J

we obtain tha t the coefficient of X  in / 2 is equal to 04ao -f aoai, hence 
a ia 0 +  aoai =  a i which implies th a t ai = 0. By using (0)*, к = 2 
(1)* and (2)*, we can write the coefficient of X 2 in / 2 as follows:

П П
a i D \ a 2) + ^  a m +

+ E D ^ a D ^ a D ^ i a o )
^ 1+̂ 2 +̂ 3 =m — 2
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Putting  j  = 2 in (0) and j  = 0 in (2), we get that the coefficient of X 2 in / 2 
is equal to a^aо +  аоОг- Hence агао +  ао^г = а-г, which implies tha t ai — 0. 
Now assume tha t a\ =  02 =  . . .a 4_i =  0. Therefore the  coefficient of X s in 
/ 2 is equal to

^ а ,Х > ‘(а ,)  +  an . . . D /*+1(o0)+
* = 0  L / 1+ --- f / j + 1  = n  — 8

H-------h a 4+i a 1 Dcrt{aol) +  а,ст*(а0) .
/+ t= s

Taking j  =  s in (0) and j  =  0 in (s), we get tha t th e  coefficient of X е in f 2 
is equal to a,ao + аоая, which implies th a t a„ao +  aoa„ = as. Hence as = 0, 
therefore by induction we get th a t a i =  02 = • • • =  an = 0, and hence 
/  =  a,Q € A  is a central idempotent in A\X ,o ,D ] .  □

Remark 3.14. Proposition 3.1 and hence Theorem 3.13 are false in 
the case of rings which are not associative, as the following counterexam
ple shows.

Let Q be the ring of rationale and Q° the zero-ring built on the additive 
group of rationale. On the Cartesian product Q x  Q° let us define addi
tion componentwise and multiplication by (a, a)(b, ß)  =  ^ab, ^  -f where
a, 6 € Q and a , ß  £ Q° and aa means the usual product of rationals. This 
multiplication is commutative and distributive, bu t not associative. Hence 
we have got a com mutative ring A  which is not associative. Let A 1 denote the 
usual unital extension of A  and a = \ A\ . The polynomial /  =  ( l ,0 )  +  (0,1)X  
is an idempotent, as (1 ,0)2 = (1 ,0 ), (1,0). (0,1) =  ( 0 ,1/2) and (0, l ) 2 = 0. 
Hence /  is a non-constant central idem potent in A [ X ] Q Аа[Х]. □

T h e o r e m  3.15. I f  A  is a semiprime ring, then B(A[X ,  a, D]) = (B(A) )<r.

P r o o f . Suppose th a t there exist nontrivial central idempotents in A [ X ,
П

a, D] and let /  =  Y! a>X' be a central idem potent with minimal length. 
1=0

Since f X  = X f ,  then a„ is fixed under a. For each s € A, f s (  1 -  / )  = 0 
which implies th a t an(Tn(s)an =  0. Therefore anA a n = 0 and since A  is a 
semiprime ring, then an = 0 which is a contradiction. Hence f  — a0 and 
B(A[X,<r,D]) = ( B ( A ) y .  □
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ON THE OPTIMAL CONTROL 
OF CIRCULAR MEMBRANES

I. JO Ó  (Budapest)

1. The present paper is motivated by my earlier papers [3], [4] where 
the set of movement states of a controlled string reachable in a  fixed time 
is studied (see also the works [5]—[7]). I have proved among others tha t the 
reachability sets D ( T ) are growing for T  й T0 and D(T) — D{Tq) for T  > T0. 
Here we shall prove this phenomenon for the circular membrane and in a 
subsequent paper for rectangular membrane (because the last problem needs 
essentially different mathematical tools). We shall determine the critical time 
To for both cases.

For multidimensional balls (containing the case of the circle) the same 
control problem was studied by K. D. Graham and D. L. Russel [20]. They 
showed the following statements :

(a) D(T)  1 Я Х(П) ® T2(fi) for T  < 2,
(b) D (T)  £  H \ S l )  ® I 3(fi) for T  > 2,
(c) for the two-dimensional case D{T)  Í  Я 2/3(fi) ® Я _1/3(0 )  for T  > 2.
Our results have a rather different character, although we apply, as in

[20], the theory of Riesz bases for solving moment problems. We are able to 
investigate D (T ) for the critical tim e T  = 2; in this subject [20] provides no 
information. Finally we call the attention to the problem raised in [20] to 
describe D {T ) by some classical function spaces. The difficulty arises in the
investigation of the constant sequence Jm /||v?„fc||2 in (7) below. We
return to  this question in a subsequent paper [21].

2. Consider the unit circle

П : { (x ,y )  : X2 +  y2 < l}  .

Let z ( t , x , y )  denote the height of the point (x , y ) G Í1 at time t. Consider 
the system

( 1 )

zu  =  Д г

du -  u
. z = zt = 0

on (0, T) x fi,
on (0 , T )  x Г, Г := dtt ,
on {0} X ÍÍ (i.e. for t = 0).

It describes the motion of the membrane controlled a t the boundary by the 
control и (E X2((0 ,T ) X Г). Take a function w ( t , x , y ) C 2([0,T] X ÍI) with
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w = w t = 0 for t = T  and =  0 on (0 ,T ) X Г. Then we can count formally

J  zw tt = J [zwt -  z tw]J=0 +  J  z ttw  =  J  zttw

(0 ,Т )хП  n  (0 ,T )x i l  (0,Т)хП

and by the formal application of the Green formula

T

J zAw = J / ( Zt 7- ’V ) + / " ’A* =
a n  n

/  wu + J
( 0 ,T ) x n

wu  -f / w A z .
(0 ,Т )х П  (0 ,T ) x n

This justifies the following
D e f i n i t i o n . By the solution of the system ( 1 )  we mean a function 

z ( t , x , y )  satisfying

uw(2) J  z (w tt -  Aw)  = J
(0 ,Т )хП  (0 ,Т )х П

for all w ( t , x , y )  with properties w e  C 2([0,T] x D) and

dw(3) w = wt = 0 for t = T,
dv

= 0 on ( 0 ,T ) x d i l .

Consider the system

(4) ^^Pnk — (An ) №nk OH

on dSl.^  =  0

Using polar coordinates x = r cos a , t/ = r s in a  we get ([1]) th a t the system

<Pnk(x,y) : =  e'kaJm ( ^ m )r )  » rn:=\k\, k e l , n -  1 , 2 , . . .

is complete and orthogonal in X2(il) weighted with r = \ / x 2 + y2, if

0 < A*m) < A<m ). . .

are the positive zeros of the derivative J'm of the Bessel function of order m  
(and in (4), AÍfm* := А̂ т ) ).
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From [2], 7.14.1 (ID ) and 7.2.8 (56)-(57) we know tha t

( 5)

1

№"*Н1»(П) = 27Г /  r l Jm (AÍ,m)r )  12 dr =
0

\  [ * &  ( a<T>) -  2Jra- i  (л Н )  Jm+1 ( a£">)

= | ^ т ( А^га))  2 Í l - T - T T T T  I » ™= l * l -
V (Alm)) ‘

We give the solution 2 as an expansion
OO

z(t,x,y) = Y^ ^Cnk{t)<fnk(x,y)n—1 Jtez
convergent in L 2(Q) for every fixed t. In this case we have

(6) °nk(t) =  ------p -----  /
11^п*|1ь2(П) j/

Now define the function

w ( t , x , y )  := b(t)<pnk(x,y),

where b G C 2[0,T] is real-valued and b(T ) =  b'{T) = 0. From (2) we obtain

T

\ M \ l m  J  ( * " ( * ) + (А£т ) ) 2 fc(o) cnk( t )d t  =
0

2ir

= Jm (A*,"**) J  b(t) J  u(a,  t) e~ika dadt =

= Jm (A!m)) j  b(t)uk(t)dt,  uk(t) := J  u(a, t )e  ,ka da. 
о 0

This means (as in [3], [4]) th a t

l

ll^nfc||.L2(n)cnfc(0 =  J
sin \ [ T \ t  — r )  

\ ( m )
ujt(r) dr ■ Jm (A<,m))
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and
I

llv’nfc|l!j(n)cnfc(í) =  J  cos — r)ufc(r) dr ■ Jm

These can be unified in the formulae

(? )

T ( А( т Л \
n"1 I," ^ • /  e ^ ^ u ^ r )  dr, m  = I Аг|,
HVn/kllLatn) J

2 л

Uk(t) := J  u(a,  t)e ,ka da.

Using the coefficients cnjt given in (7), we get a solution of (2), (3). This is 
a repetition of some ideas given in [3] so we omit the details.

Now we list some facts about the zeros of Bessel functions. Denote

o < 4 m ) < / 4 m ) < . . .

the positive zeros of the m -th  Bessel function Jm, m  = 0 ,1 ,__ It is proved
in [1], 15.4 th a t for large N  =  N ( m )  G N the function Jm has exactly N  
zeros in the interval (O, (iV +  у  +  | )  л-). By the asym ptotical formula

( 8) Jm (*e) — 7Г X
( m  Ж\  ^  (  1 cos J + O l - x > 0,

where the implicit constant in the О-term  depends on m. This shows tha t for 
large x the zeros of Jm {x) are near the sequence i n  +  |  +  y7r. Consequently

(9) И{„т) = ( n +  ^  -  -  ) тг +  О ( f- 1 (n — 1 , 2 , . . . )
m  1

and the implicit constant depends on m. On the other hand

( 10) Лп(х ) — 2 (^">-i(x ) <An+i(®)) —

= \ Jr* [cos (* - - ?) -cos (x - "n r - i) +0 Ш
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Since the zeros of Jm and J'm separate each other [1], 15.23 i.e.

0 < < /4"^ < Aj"^ < /4"^ < . . .  for m  > 1,

0 < Л 0' < A<°) < $ <  X<°> < . . .

(and Ai0) = /4,^ by J q = — J i) ,  hence

(11) Aim) =  ( n + J ~ j ' ) 7r + 0  ( ^ )  * m > l  fixed, n = l , 2 , . . . ,

W  =  №  = ж +  0  » n = 1 , 2 , . . . .

Introduce the reachability sets

D (T)  := {(z (T , .,.), zt(T , . , .) )  : и G Z2((0, T) X дП)}

for 0 < T  < oo. We shall prove the following
T heorem , (a) D{Ti)  ^  D(T2) for Тг < T2 ^  2,
(b) D(2) % DiTr)  = D{T2) for 2 < T \  < T2.

T hat is, the critical time is the diameter of Q. Since z ( T , .,.), resp. 
Zt(T, .,.)  are determined by the coefficients cnjt(T) resp. o'nk{T), we can
consider the sequences c'nk(T)  ±  г А ^ с ^ Т ) ,  or the set

D(T) :=

r !  T

< ( J  e±,A<n >TUk(T — r)  dr

k e z ,  n = 1,2, • • • : и e  T2((0 ,T ) X ŐÍI)

Clearly
D (Ti) C D(T2) if and only if D(T i) C D{T2)

and
D(Ti)  = D(T2) if and only if Z>(Ti) =  D (T 2);

we shall prove the Theorem for D instead of D.  The proof requires some 
preliminary lemmas. Introduce the notation (for an,bn ^  0) an ж bn to  
abbreviate the inequalities cia„ £ b„ ^  c2a„ for every n w ith 0 < c\ ^  c2 < 
< oo independent of n.
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Lemma 1 [19]. The distance between the consecutive zeros of J'm tends 
monotone decreasingly to n : Â ™ j -  a!”^  \  ж, n —* oo, m  = 0 ,1 ,2 ,----

Lemma 2 ([11], or [8], p. 96). Let {Afc : к £ Z) С C be a sequence 
satisfying |7тА * | ^  H < oo, inf |Afc, — А*2| ^  S > 0. Let further T  < oo

be fixed. Then

T

p(x)e ,XkX dx
е 2 Т ( |+ Я )

T
dx

holds for every p  £ 7 2( —T ,T ) .

Lemma 3. D (T ) C £2 holds for every T  < oo.
Proof. Applying Lemmas 1 and 2 for any fixed £ Z we get 

T

E
n=l I

,e± .A („m) Uk(T — r )  d r ^  с||“ <:|1ь2(о,Т)

where c =  c(T ) is independent of A:. Since

IIu ^IIl 2(0,T) -  11и 11х.2( (0 ,Т )х З П )’

the proof is complete.
The notion of sine type function is due to Levin [9], [10]. The entire 

function F ( z ) is called of sine type if it is of exponential type, all zeros An 
lay in a horizontal strip |Im  z\ < r  and for all |/ / |  ^  r  +  1 we have

(12) 0 < m <  | F ( i +  гЯ ) |е -<т|д’1 < M < oo (t e  R).

In this case the indicator diagram of F  is [-га , га]. Levin proved in [9] 
that if An are the zeros of the above described sine type function F  and if
inf |A„ — Ajt| > 0 then the  system {e‘Ani} gives a Riesz basis in X2(0 ,2a) 
npk
(see also [16]). Then m any authors investigated how “large” perturbation
A„ of A„ is allowed if we want {e*Ant} to  be a Riesz basis in L2(0 ,2a). We 
mention the  works [11] and [12]. In [12] S. A. Avdonin introduced the notion 
of А-partition of the set{An); the j -th class of the partition  is

(A„ . aj ^  Re Xn ^  Oj+j }
where lim aj = ±oo and £j := aj+i — aj is bounded. We can also suppose

j —>±oo
e.g. tha t £j > 1 for all j .  Introduce the notation

K j  {гг : aj < Re A„ < aJ+i}.

The famous perturbation theorem of Avdonin reads as follows :
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T heorem A [12]. Let {<5n} С  C be a bounded sequence and {An} С  C 
the zero set of a sine type function. Suppose that there exists an A-partition 
satisfying

^ 2  Re 6„
пек,

< di. U  € Z)

for some d < 1/4. Now if

inf |(A„ +  Sn) -  (Afc + 4 ) |  = г) > 0пфк

then {е‘(А"+М {} is a Riesz basis in Z2(0, 2<t).

As it is known from the theory of Riesz bases, this means th a t

2<r

(13)
П

J  9(*)е-ЧА"+в"'*dt Í M lL2(0,2<r) =

2 <r

 ̂c*J2 J  (^(t)e_,(An+in)t dt

for some 0 < C\, c2 < oo. In what follows we need the fact that in Theorem A 
the constants cx, c2 depend only on <r, r0, m0, M 0, L0, D0, do, rf0, where 
то ^  r ,  0 < mo ^  m, M  < M q, sup í j  < Lq, sup | 4 |  ^  Do further d "S do <

j n
< 1 /4  and 0 < т)о = V• One can check this by repeating the proof of [12] 
step by step, hence we omit it.

P roof of the T heorem. As we have seen in Lemma 3, D ( T ) C 4  f°r 
all T .  We shall prove tha t D ( T ) =  t 2 for T  > 2 and ^  for T  < 2.

(a) Recall that D { T ) consists of the sequences

_±.A (1*1)
Uk(T -  T) dr к £ Z, n =  1 ,2 ,. . .

where
2ir

uk(t)  := J  u(a , t )e~ ,ka
о

da, u ( a , t ) £ L 2.

This means that the functions Uk(t) can be chosen arbitrarily under the 
condition

(i4 ) ^ 2  Im i i é t ) < °°-fee z
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Now we prove for Ti <  T2 < 2 th a t  D(Ti)  ^ D (T2): for the case T2 = 2 the 
same result will then  follow.

W e have to investigate only th e  moments for к = 0; it is the  moment 
space of the system {e±,A" >r : n =  1 ,2 , . . .} ,  and by (11), a1°* =  (n + | )  7r + 
+ 0  (A-). We need th e  following tw o results.

T h e o r e m  В [18]. Let An, n  €  Z be complex numbers satisfying 

sup |Im A n| < 00, inf |A„ — Afc| > 0.
n

Suppose that for every e > 0 there exists do > 0 such that for d > do we have

-  у
d ^

z<Re An<x+d
1

a
2ir

< £ (x  € R).

Then for every 0 < a' < a there is a subsystem o f  (e’AnI : n G Z} forming a 
Riesz  basis in L 2(0,a').

T h e o r e m  C [17]. I f  a system  e(A) := (e 'A"x : n €  Z} is a Riesz basis in 
Z,2(0 ,o ) then for every 0 < a' < a there exists a subsystem of  е(Л) forming 
a Riesz basis in L 2(0,a').

Returning to  the  proof of ou r Theorem, by Theorem В the system 
{e±,A" ) : n =  1 , 2 , . . . }  contains a subsystem which is Riesz basis in 
i/2(0,T2) and there exists ф\ С Ф2 , which is a Riesz basis in T2(0 ,7 i) . Hence 
in D(Ti )  we have th e  whole l 2 space in the coordinates corresponding to the 
elements of ф2. In -D(Xi) this is no t true: any element <p £ ф2 \  ф\ can be 
expanded by the basis in ф\ in L 2(0 ,T i), and this relation gives a connection 
between the corresponding m om ents in D{T\).  This proves (a).

(b) We shall show that D(2) is not the whole £2, but D ( T ) =  I 2 for T  > 2. 
To see the first statem ent we restric t ourselves to  the coordinates к = 1. Let 
е(Л ) := {e±A(n >x : n  =  1 , 2 , . . . }  and  e0(A) := : n = 1 , 2 , . . . } .  We
know from (11) th a t  A ^  = (n — ^) ж + 0  (^ ) .  Suppose indirectly that the 
m om ent space of e(A) is l 2. T hen  e(A) is a Riesz basis in the closed linear 
hull T(e(A)) of its  elements, see [8], p. 169. Consequently

2 2
J  e±A"4(z)dx
0

This property remains valid if we

|а11} -  Hn\

2

ж J \ v ( x ) \ 2 dx,  v G I7(e(A)). 
0

choose exponents pn 

< £, n = 1 ,2 , . . .
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for sufficiently small £ > 0 ([8], p. 181); namely

E J  е±1»пх ^  J  |t7(a;)|2dx, v € F(e(A))

and hence

(15) E J  e±»/Jnxv x̂  ̂rfx > c J  \v(x)\2 dx, v G V  (e±,/inX) .

The converse inequality is contained in Lemma 2, therefore the moment 
operator

P : V  (e±ifJnX) - * t 2, e±i,InXv(x)  dx j

is an isomorphic imbedding. But we shall prove tha t the system {e±,#<nX} is 
minimal. Indeed, let (c„) € l 2 be fixed and suppose th a t

- l
Е сп Д / ^ ) +  E  cn H ~ V n )  = o ( F  e b \).
n=  1

Use [8], p. 181 to obtain

(16)
oo —1

E « .  [f (a»i) -  FO*»)] + E c" [f  ( - л»0 -  n - ^ )

Í  « ( « " - ! ) ( /  I/W ISdt

\
E ic"i‘

V"|o

Since е(Л) is a Riesz basis in U(e(A)), we can give F  € B \  with

n = 1 , 2 , . . . ,  n  = - 1 , - 2 , . . . ,

J  \F(t)\2dt x  E k n l 2.
пф 0
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Now if £ > 0 is sufficiently small, (16) can be true only if cn =  0 for every
n. Hence {e±,/in:r} is indeed minimal and then the range of P  contains the 
finite moment sequences. Consequently P  maps isomorphically onto £2 and 
then  {e±,#i"x} is a  Riesz basis in V  (e±,/inX). In particular the system

в1(Л) :=  : n > N j u  {e±,A" ):E : n ^  Tv}

is a  Riesz basis in  V (ei(A)) for sufficiently large N .  Since eo(A) is complete 
in L 2(0,2) ([8], p. 122) and changing finitely many exponents leaves the 
completeness unchanged ([8], p. 129), hence ei(A ) is a complete Riesz basis 
in L 2(0,2). The Riesz basis property is also unaffected by the change of 
finitely many exponents (since th e  completeness remains true), hence eo(A) 
is a  Riesz basis in  Z2(0,2). Then for sufficiently small e > 0 the system

ee(A) := j e ±*(n-0 '28+e)x : n =  1 , 2 , . . . }

is also a Riesz basis. But Theorem A implies th a t { l}U ee(A) is a Riesz basis 
in T 2(0,2), hence ee(A) is not complete. This contradiction proves that the 
mom ent space of e(A) is strictly contained in £2 .

Next we shall show that for T  > 2 D (T)  =  £2 . Since for the functions 
Uk 6 T2(0,T) th e  only restriction is

5 ^  iK ib (o ,T ) < °° >
ke z

it is enough to  prove the following statem ent. The systems 

e(m)(A) :=  {e±,A" >x : n = 1 , 2 , . . .  |

can be completed to an exponential basis A) of L2(0,T)  such tha t the
implicit constants Ci, C2 mentioned in Theorem A do not depend on m.  To 
prove this, fix a  value m.  We shall use Theorem A with the mentioned 
modification and  start with th e  system

E  :=  { j 2Kkt/T : k  e  z}  ,

th e  standard orthonorm al basis in T2(0 ,T ). First observe th a t there exists 
do > 0 independent of m  such th a t any interval of length d0 contains more
numbers к ^  th a n  А ^ .  This follows from the fact tha t the distance be
tween consecutive zeros of J m tends monotone decreasingly to n. Consider 
a  segment /  and  define the upper translation of к I f  6 I  as follows. Shift
th e  largest value k l f  G I  to the  largest value 6 / ,  the second largest
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value k^Y £ I  to  the second largest A„m* etc. If | / |  > d0, then all An"^ can be 
represented as a shifted value. The lower translation is the reversed process: 
we shift the smallest k ^ -  £ I  to the smallest A„m  ̂ £ 7, the second smallest 
one to the second smallest one etc. Since in a segment of length do there is an 
excess of the values к ̂  we can choose d\ such tha t for the upper translation 
the sum of the shifts he positive. If we denote

this means that
OS E  «<,"■>< c№ )

a (nm)e /

and for the lower translation

0Í E  4m) Í -c№),
a (nm)e i

where c(d\) is independent of to. This means tha t if we take an interval Ii 
of length d iN  and in its N  intervals of length di we apply upper and lower 
translation, we can obtain that

(17) E ^m)
A(„m)€h

^  c(d{) =
c(di) 
N d ! \ h \ -

Take N  satisfying We know by Lemma 3 that the values A),"1'
are separated but it may occur tha t some aI"1̂ are close (or are equal) to 
some non-shifted k^f-. But we know tha t in any interval of length 7t/ 2 there
exist no more than two numbers А!т \  so we shift these values k ^ -  a t a small 
distance to ensure the separability (with a positive lower bound independent 
of m). By Theorem A the shifted exponents give an exponential basis in 
L 2(0 ,T )  whose implicit constants do not depend on m. As we have remarked 
above, this is enough to prove (b). Thus the Theorem is completely proved. 
□
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RESTRICTIONS OF NORMAL OPERATORS
Z. SEBESTYÉN (B udapest) J. STO CHEL (Krakow) and J. PAEZ (Valencia)

This note is a continuation of a recent work [6] on characterization of 
restrictions of compact normal operators to a closed subspace in a (com
plex) Hilbert space. Omitting the very restriction on compactness we could 
only arrive at a subprojection valued operator measure characterization as 
answer to  Problems 1 and 3 of Halmos [1]. We do not see hope to  give a 
more satisfactory solution of this question by Halmos on a characterization 
of subnormal suboperators in the language of [1] of restrictions of normal 
operators. But what about restrictions of subnormal operators?

Let now D be a closed subspace of a (complex) Hilbert space H, let 
F  : A  —*■ B ( D ,H ) be a  (ст-additive) (sub)operator valued measure on a o- 
algebra A  of subsets in ÍÍ with values as bounded operators from D  into 
H  with T’(il) = / ;  in notation F  is B (D , H)-valued. The following is a 
characterization of restrictions of spectral measures.

Lemma 1. A (sub)operator valued measure F  : A  —> B(D, H ) is restric
tion to D of a spectral measure E  : A  —> B(H) i f  and only if the following 
two properties are satisfied:

(a) ||F(cT-)a;||2 =  (F(cr)x,x) (tr €  A ; x  £ D),
(b) (F(cr)x,F(T)y) = 0 (<r,r e  А ,  о П r  = 0; x , y  £ D).

P r o o f . The necessity of the properties are obvious. To see the suffi
ciency let К  = V {F {o )D  : о £ *4} be the closed subspace spanned by the 
rangespaces of the operators as the values in the operator measure F. Define 
E (o)  (<r € A )  as an operator on К  as follows:

(1) E{cf)F{t )x = F(o  П т)х (г £ Д , x G D).

We will prove that E (o)  is well-defined, bounded and th a t E  : A  —► B (K )  is 
a spectral measure: a projection valued operator measure. Doing so we first 
mention the following identity:

(2) (F(<r)x,F(r)y) = (F(<rD r ) x ,y )  ( a , r  € Д; x , y  G D).

Indeed, (b) implies tha t

(F(tr)x, F{r)y) = (F{o П t ) x  + F{a \  t ) x , F(r)y)  =

= (F{cr П t ) x , F(cr П т)у + F (t \  (j)y) = (F (<7 П r )x , F(o  Л r)y) .
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Assumption (a) says [5] that an orthogonal projection P  exists such tha t 
F(cT П r )  is a restriction of P  to D, whence the proof of (2):

(F(<r П t )x , F (a  П т)у) =  ( P x , Py) = (P x ,  y) =  (F(a  П t )x , y).

The next identity we need is the following (with finite sums):

(3) II £  F(<7 П r„ )x „ ||! S  II ^ F ( r n)zri||2 (<r,Tn €  A ; x n e  D).
п n

To prove (3) let {6P} be a disjointisation of {rn} in A,  i.e. rn 

we have by disjointness and by (2)

2

X) <5P, then
pG/n

F(tT n тп)хп = y^(F(<T П rm)xm, F(a  П тп)хп) =
П m ,n

— n тт  П rn) i m, x n) — ^  ^  ^   ̂(E(& n Sp n fiq)xm,x n( —
m ,n m ,n  p£ lm  q £ ln

= г„) =
m,n p,q 

m ,n  p

p m  n

^  X ^ № p ) ^ X /m( p K .,  =
p m  n

— ^  Р(ттп П Tn)xm, xn) — ^  F(Tn^xn(
m,n m,n

2

Identity (3) shows tha t F (a )  is well-defined and contractive so it can be 
extended in a unique way to a contraction on K .  Denote it also by E(cr).

We now prove tha t E*(a) =  E (a )  =  E(cr)2, i.e. that E (a )  is an orthog
onal projection. To see self-adjointness we have by (2)

(E((t)F(t )x , F(6)y)  = (F(tг П r )x ,  F ( % )  =

=  (F (a  П г  П 6)x, y) = (F ( r ) x , F((J П 6)y) = (F(t )x , f;(cr)F(<5)j/)

for er, r , 6 from A ,  and x, у from D. The definition of E (a ) in (1) implies th a t 
E((j ) is idem potent too. To see tha t E : A  —> B ( K ) is a spectral measure
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choose a pairwise disjoint sequence {<r„} in A.  Since (1) implies tha t E  is 
finitely additive and monotone, we have th a t

N N

' £ е (<тп) = е  и ч  = e
n = l Kn=l

The series E (a n) is weakly convergent, hence it converges in the strong 
operator topology. Conversely,

=  F ( a n  П t ) x  = E(trn)j  F ( t ) x

means that E  = И2,Е(ап) indeed. = F (fi) is the identity

operator on К , therefore D С K ,  moreover E (a)  extends F (a)  since

F(ar)x = E(cr)F(il)x = E(<r)x for a € A, x G D.

Defining E(cr) on K x , the orthocompletement of К  in H  with fixed и  £ ÍÍ, 
as zero if w £ a  and identity otherwise we have the spectral measure stated 
above.

P roposition . I f  G : A - *  B (H ) is any spectral measure whose restric
tion to D is F  then К  reduces G and

G {a)F(r)x  = F(cr П т)х ( a , r  6 A , x  £ D )

holds true.

P roof. We see that

G(<j )F ( t )x = G(ct)G (t )x = G(a  П t )x = F(o  П r)x .

We note also tha t if D is invariant for an operator A  in B {K )  then E  
commutes with A  whenever the restriction of A  to D commutes with F:

A E ( < j ) F ( t ) x  = AF(cr П t ) x  =  F(cr П t ) A x  =

=  E ( ct) F ( t ) A x  =  E { ct) A F { t ) x  

for cr, r  from A , x  from D.
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TH EO R EM . The operator A : D  —*■ H  is a restriction of a normal oper
ator N  on H  if  and only if there exists a B (D , H)-valued measure F  on the 
complex plane with compact support satisfying (a), (b) in the Lemma and

(c) Ax = J  zF (d z )x  for any x from D.

P r o o f . The necessity follows from the spectral theorem, the spectral 
resolution of any norm al extension being restricted to D. The sufficiency is 
seen by the Lemma applied to F  from the assumption since f  zE (dz)  is seen 
to be the desired norm al extension of A. The proof is complete.

C o r o l l a r y . Let N  be a normal operator on H , N  = J  zE (d z )  such 
that the restrictions E(.)\jj maps D into a closed subspace К  D D o f H . 
Then N \D  can be extended to a normal operator on К .

P r o o f . Any restriction of a normal operator satisfies properties (a), (b) 
in Lemma and (c) in the Theorem. Hence the assertion is a consequence of 
the Theorem.

R e m a r k . Concerning positive and semi-bounded self-adjoint extension 
see the recent constructions [2-7], especially the projection extension [5].
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W H IC H  IS N O T  L E BE SG U E IN T E G R A B L E  

O N A N Y  P O R T IO N  OF T H E  U N IT  S Q U A R E

Z. BUCZOLICH* (Budapest)

Introduction
To obtain an integration process which leads to a very general divergence 

theorem W. F. Pfeffer [6] introduced the c-integral. The domain of this in
tegration is the family of sets with bounded variation (B V  sets), [3], [4]. 
During the definition of the c-integral first an averaging process, called u-in- 
tegral, is defined on B V  sets. Then using an extension m ethod due to Marik 
the u-integral is extended to the c-integral. The extension is necessary be
cause the n-integral is not additive [1], [6]. For most of the generalizations of 
the Lebesgue integral if a function is integrable in the general sense then one 
can find a portion, th a t is, a non-empty open subset on which the function 
is integrable in the ordinary Lebesgue sense. W. F. Pfeffer asked whether 
the v- or c-integral has this property. In this paper we answer this question 
in the negative for the v-integral (Theorem 2). Since the c-integral is an 
extension of the u-integral our example also holds for the c-integral. In fact 
for the c-integral there exist simpler examples than the example presented 
in this paper.

Prelim inaries

In this paper we work in the Euclidean plane R2. For a B V  set A  we 
denote by |A|, cl(A), int(A), bd(A ), ||A||, and d(A) respectively the Lebesgue 
measure, the closure, the interior, the boundary, the perim eter, and the 
diameter of A. The open disk of radius r and center x is denoted by S (x ,r ) .  
A set T  is thin if it is of ст-finite one-dimensional Hausdorff measure. The set 
of all density points of a set E  is called the essential interior of E , denoted 
by in te(£') and the ’complement of the set of all dispersion points of E  is 
called the essential closure of E  denoted by cle(£ ) . We define the regularity 
of a B V  set A  by

* This work has been com pleted when the author visited University of California at 
Davis.
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We put E x =  {(y,x) : у  6 R} and E y — { ( y , x ) : x e  R ).
We recall from [6] the definitions of additive, u-continuous functions, 

and the Riemann definition of the variational integral. In [7] one can find a 
summary of these definitions.

A division of a B V  set A is a finite disjoint family of B V  sets whose 
union is A.

D e f i n i t i o n  1. Let A £ B V  and let F  be a function defined on the B V  
subsets of A. We say th a t F  is:

1. additive if F (A ) = ^  F (D )  for each division D of A;
D e v

2. u-contionuous if given e > 0 there is a 6 > 0 such tha t |F (R )| < e for 
each B V  subset В  of A with |Д | < S and ||Д || < 1/e.

D e f i n i t i o n  2. Let В в B V  and let T  be a thin set. Furthermore, let 
e > 0 and let S be a positive function on cle(A )\T . A partition in В  mod T  
is a collection P = {(A \ , хх), • • •, (Ap, £P)} where A \ , . . . ,  Ap are disjoint B V  
subsets of В  and x, € cl(A,) П (cleA \  Г ), i = 1 , . . . , p .  We say th a t the 
partition P  is:

1. an ^-partition if r(A t) > e ,  г =  1,... ,p;
2. <5-fine if d(A,) < £(x.) t =  1 , . . .  ,p.
D e f i n i t i o n  3. Let В e B V  and let /  be a function on cle(A). We 

say tha t /  is u-integrable in В  if there is a v-continuous additive function 
F  defined on the B V  subsets of В  which satisfies the following condition: 
given e > 0, there is a thin set T  and a positive function 6 on cleA \  T  such 
tha t

£  № i) l* l  -  ПА,)| < £
i=l

for each i-fine e-partition P  =  {(A i, x i ) , . . . ,  (Ap, xp)} in В  mod T.
We remark tha t the integral defined above was called Д-integral by W.

F. Pfeffer (cf. Definition 7.3, and Proposition 7.7 in [6]), but Proposition 7.8 
of [6] shows tha t the Ä-integral and the u-integral are equivalent.

We shall use the following corollary of Theorems 4 and 33 of [5].
T h e o r e m  1. Suppose В  С [0, l]2 is a BV-set. Then there exists a Borel 

subset К  of  R with the following properties:
1 ) \ R \ K \  X =  0 (we remark that here | . |x  denotes the one-dimensional 

Lebesgue measure).
2) For each у E К  there exist a (unique) non-negative integer r, and real

Г
numbers a\ < bi < • • • < ar < br such that E y  П В equals |J  (a j,b j) modulo

j = i

a set o f one dimensional Lebesgue measure zero. I f  we put r = ф(у) then ф 
is a Borel function on К  and

2 J  ф(у^у Í  И A||.
R
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L e m m a  1. Suppose that n, N  € N, M  > 1, and a square I  of sides 
1/n  is divided into N 2 squares Ik of sides 1 /n N  (к = 1 , . . . , N 2). For each 
Ik denote by Jk the open square of sides 1 / n N M  concentric with Ik . Put 

N2 ________
G  =  U Jk- / /d is t(x ,G )  > c /y /n  • N  ■ M  for a c > 0 then for  every r > 0 

k= i 
we have

|S ( x ,r ) n G | ^ 4  N 2
|S (x ,r) | = n - N  M  -с2 +  M 2 '

P r o o f  o f  L e m m a  1. If r < c/y/n ■ N  ■ M  then S (x ,r )  П G = 0 and 
hence

|5 (x ,r )n G [
|5 (x ,r ) |

If c /y /n  ■ N  ■ M  < г < l / y /2 n N  then S (x ,r )  can intersect at most four 
squares Jk and hence |5 (x ,r ) f lG | ^  4/ n 2N 2M 2 and |5 (х ,г ) | > c2n / n N M . 
Thus

|5(x , г) П G| 4 - n - N - M  4
|5 (x , r ) | ~ n2 • N 2 • M 2 • c2 ■ 7Г < n ■ N  ■ M  • c2

If r  > \ /y /2 n N  then S(x ,r)  can intersect at most N 2 different squares Jk. 
Thus |5 (x ,r )  П G\ ^  N 2ntN\ Mi = and hence

|5 (x ,r)  П G\ < 1 TV2
|5 (x ,r) | = n2M 2r2 7Г M 2

Therefore for any r we have

|5 (x ,r )  П G\ < 4 N 2
|5(x, r)| = n • N  • M  • c2 M 2

T h e o r e m  2. There exists a v-integrable function f  : [0, l]2 —> R such 
that f  is not Lebesgue integrable on any portion o f  [0, l]2.

P r o o f  o f  T h e o r e m  2. The proof of this theorem is organized as fol
lows. In Part 1 we define a dense open subset G ( I ) in a given square I  and 
study the properties of G(I). In P a rt 2 we iterate the process of P art 1 and 
obtain a dense Gg set G. In Part 3 using the set G  we define our function / .  
In P art 4 we show th a t there is no portion of [0, l]2 on which /  is Lebesgue 
integrable. In Part 5 we define the function F  defined on B V  sets and show 
that it is и-continuous. In Part 6 we define a thin set H  which will play an 
essential role in P art 7. Finally in P art 7 we prove that F  is the indefinite 
u-integral of / .

A cta  M athem atica H ungarica 59, 1992



386 Z. BUCZOLICH

Part 1. Suppose tha t I  is a square of sides 1 /n .  Choose a sequence of 
na tu ra l numbers ck with the following properties:

i) ci = 4n6 ■ 2" +  2;
ii) cjt > 2 is even for any k, and

к
iii) If Co = 1 and С* = П  q , к = 1 ,2 , . . .  then

/=i
o° 1

^  C l  2 n2fc=i *

iv) с* > Cfc-1 and
O O

E < oo.

v)
OO

E C \-1  
Vc~k

We remark th a t all the above conditions can be satisfied if ck converges 
rapidly to infinity, we leave the details to the reader.

When к = 1 then divide /  =  7iti into c\ subsquares of sides l/n C j. 
Denote by J\ the square of sides 2 /nC \  concentric with / ,  tha t is, J\ is the 
middle 2 /nC i X 2 /n C i subsquare of I .

Put G (1 ,1) — J\ .  If к > 1 then first divide I  into Ck_x subsquares 
Im,k of sides l/n C jt_ i (m =  1 ,2 , . . .  ,C |_ j) .  Then divide each 1т>к into c£ 
subsquares of sides 1 /n C k and denote by Jm<k the square of sides 2/nC k 
concentric with Im,k- Plainly d (Jm,fc) = y/8/nCk  and \Jm,k\ = ^ ! n 2C\.

С1-г
Put G {I ,k )  = U J m,fc and G {I ) = Q G {I ,k ) .  Obviously G (I ) is a

m = l  fc= l
dense open set in / ,  and consists of countably many disjoint open squares.

The next property states th a t G (I ) has smaller volume than  half the 
volume of I .

By using iii) we obtain

( 1 )

r 2
OO OO к - l  OO Л П 2

|G (/) | < £ | G ( / , i ) l  = Y.E  i^ i = E  <
k = l k= 1 m = l  Jt=l k

Ш 
2 '
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We also need an estimation by using v) for the sum of the square root of the 
diameters of the intervals Jm,k, th a t is:

( 2)

Г2
O O  ^ k - l    O O

E  E  -J«■>»-*) = E
k=1 m = l  k=l

c L i  . V s
\/nCk  4 y/n

v m
2

We also have to study the dispersion points of G {I).
Cla im . I f c > 0 , x £  in t(/), x  £  G{I) U |J  b d (J mijt), and there exists

m,k
c > 0, N ( x )  £ N such that dist(x, J m,fc) ^  c-^ /d fjf^k j for к =  N ( x )  + 
+1 ,N (x )  +  2 , . . . ,  and m  =  1 , 2 then x is a dispersion point of
О Д -

Applying Lemma 1 in I  for к > N (x )  with N  =  C k -1, M  =  Cfc/2 we 
obtain th a t

\S(z,r)nG(I,k)\  s  8 . gfc-x
|5 (x ,r ) | -  n C k - i -C k -c 2 c2k

Thus

\S ( x , r ) n G ( I ) \
|5 (a:,r)| S E

fc=i

8
nCk- 1 • Ck ■ C‘

C l  j
+  4 —̂  < oo

where we used ii) and iv). If 0 < r < dist(x, Jm,k) for к  =  1 ,2 , . . . ,  К ,  (К  > 
> N (x))  and  m = 1 , 2 , ,  Ск_г then |5(x,T,)n G ( / ,  k)\ = 0 for к =  1 , . . . ,  К  
and hence

|5(x,r)nG(/)|
|S (x ,r) | s E

fc=AM-l

8
n C k-i  ■ck -c‘

+ 4 c u
= £K-

Obviously Ek  —► 0 as К  —► oo and hence x is a dispersion point of G(I).  
Part 2. Put Go =  So,i =  [0,1]2 and Gi =  G(So,i)- Suppose tha t 

к > 2, G k - \  is given and G k-i  is a dense open set consisting of countably
O O

many disjoint open squares Sk-i,m , th a t is, G k- i =  U Then put
m —1

oo
Gk = U G(Sk-i,m)- Obviously Gk C Gk-\  is a dense open set in [0, l]2,

m=l
consisting of countably many disjoint open squares. P u t G = 

(2) it follows that

n
k-1

Gk- From

OO _________ OO _________ ______
Y  \ М ^ - 1,т ) < 2 - 1 Y  y/d(Sk-2*n) й й  2- k+1y/d(So,i) < 2 - k+2.
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T hus
O O  O O

(3) £  £  < OO.
f c = l  m=l

Pari 3. Now we turn to th e  definition of the u-integrable function / .  
P u t  f ( x ) = 0 if  x £ G. D enote [0, l]2 \  G k by 'P*, к = 0 ,1 , . . .  . Then

O O

Fk \  Fk- 1 C U  Sk-i,m = Git_ x. We define /  on the sets Ук}ГП = (Fk \
m—1

\ F k- i )  П Sk- i tm for each к =  1 ,2 , . . . ,  and m  = 1 ,2 ,. . .  . Suppose tha t 
к  and m  are given and Sk- i )Tn is of sides 1 /n . From (1) it follows tha t 
|G (S fc_i,m)| < |S,jfc_ 1,m|/2  =  l / 2 n 2, and hence

(4) IФfc,m| > l /2 u 2.
In the definition of G (Sk- i tTn) at the first step we divide Sk- i im into 

c2 =  (4n62" +  2 )2 subsquares. Denote them by K f,  l  = 1 ,2 , . . . ,  (4n62" + 2)2. 
W e can choose th e  indices l  so th a t if K f  and K(i, Í ф l '  have a common 
side then one of the indices £, i '  is even and the  other is odd. That is, if we 
th ink  of as a (4n62n -|- 2 )2 x (4n62n +  2)2 chessboard then i  is even
when K( is “w hite” and is odd when K( is “black”. Put f { x ) =  |4,fc,rn |_1 • n 
if x £ int(Ffr) Г) Ф*,;т and £ is odd; and pu t f ( x )  = —|Ф^,т |-1 • n if x 6 
€ in t(P /)  П Ф ^ т  and £ is even. Otherwise, th a t is, when x £ bd(10) П Ф*,1т 
for an £ = 1 , . . . ,  (4n62" +  2)2 p u t f ( x )  =  0.

Part 4. T he construction of the sets G (Sk- i tm) implies th a t if Ki  and K tt 
(£ ф £') have a  common vertical side then К /  П Ф^,т  can be obtained from 
K fi  П Фк<т by a  horizontal translation of length h -  l /n (4 n 62" + 2) (recall 
th a t  Sk- i iTn is of sides 1/n). Therefore the definition of /  and i) imply tha t 
if  (x ,y ) ,  (x +  2h, у ) € U{K i : K f  does not belong to the four middle squares 
o f  sides h removed from Sk- i )m during the definition o fG ( S k~ i,m)} then

x+2hJ f ( x ,  y )x * k,m(*, y)dx = 0,
X

where

ХФ k,m(x , y )  =

Using (4) we obtain  that

1
0

if ( x , y )  £ 4>kiTn 
otherwise.

l/(*,»)X»fc>m(*,9)l  ̂ |Ф*,т| 1 -n < 2n3.
From the above properties and  the chessboard like definition of /  it follows 
th a t for any a , b £ [0,1] we have 

b

(5) J  f ( x -> y)X'Hk,m(x i y)dx < 2n3h =
2 n2

<4n62" + 2 n 2 ■ 2n
a
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From the definition of /  it follows also that 

sk- i , m

and hence by the density of the sets G k there is no portion of [0, l]2 on which 
/  is Lebesgue integrable.

Part 5. We have to show tha t /  is u-integrable on [0, l]2. F irst we find 
a v-continuous additive function F  defined on B V  sets. Later in P art 7 we 
show th a t this function is the indefinite u-integral of / .  We use the  fact that 
/  is Lebesgue integrable on the sets Ф*,т . Given В , a B V  subset of [0, l]2 
put

oo ooF(B) = E  E
k= 1 ni=l /

Ф*,тПВ
/•

First we have to  show that F  is well defined, th a t is, the double sum in 
the definition converges. Since В  is a B V  set ||Д || is finite. Apply Theorem 
1. Then the function ф(у) is almost everywhere finite and (5) implies tha t if 
Sk-i,m  is of sides 1 /n  then

Thus

/ ХФ*,т п B{ x , y ) f ( x , y ) dx Ф{у)
n22 " '

( 6)

1
p

1
p

I  ХФ *,mn ß / s / /  ХФ k , m n B ( x , y ) f ( x , y ) d x

J

[ОД]2 0 0

dy <

/ * W V  иди

< ° - ^ r -  S M  S
From (1) it follows th a t |G i| < 1/2, and |Gfc| < \G k-\\ /2  and hence

O O  O O  O O

E i e *i = E E i s‘.- i< ~ -
Therefore

fc=i fc=l m=1

\F(B)\ = ? /k'm
/ < ^ | | 5 | | . | ^ - i , m|< o o .

k.m
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It follows from  our construction that if Sk,m and Sk\m' are different 
squares of sides 1 /n  then they are disjoint. Plainly there are at most n2 
different squares Sk,m of sides 1 /n  in [0,1]2. By rearranging the sequence 
{Sk,m '• к = 1 , 2 =  1 ,2 , . . .}  we introduce the notation {S'nj  : n = 
=  1 ,2 , . . . ,  j  =  1 , . . . ,  J(n)}  where for a given n  G N, {S'n j  : j  =  1 , . . . ,  J(n)} 
consists of the squares Sk,m of sides 1/n, J {n ) £  n2. If Sk-i ,m =  S 'n,j then 
we put • =  ( F k \  Fk-1) П S'n j .  For a given e >  0 choose К  € N such that

oo 2

(7) £  2 -  < y .
n = K + l  

К  J (" )
Since /  is bounded on H  =  |J  U S'n j there is a <5 > 0 such tha t for every

n —\  j =1
measurable set В  \ i \B \  < 6 then

( 8 ) / /
£

< 2 -
H n B

Suppose that В  is a B V  set and ||B || < 1/e. Then

OO J (n ) r К  J (n )

E E J < E E  /  /

3 II II H-» 4>' nBn >J n_1 J - 1 ф' nBn>J

OO J(n)

+ E  E
n = K + 1 j = 1 I  f

K . , nB

+

S I + E
n = A '+ l

2n22" =

where we used (6), (7), and (8). Therefore F  is u-continuous.
Part 6. For a  given square S'n j  denote by Q nj  the squares of sides 1 / y/n 

concentric with S'n j . Hence for every n > 2, and x ^  we have

(9) dis‘ ( x , i i j )  ä  2 B)  2y S  ( '  V » )  -

where с = ^ = ( 1  -  ^ ) -  Obviously d(Qnj ) =  v^2 • J d (S 'nj )  and hence by
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(3)
O O  J ( n )  o o  J ( n )

(io) £ £ < « " . » )  = E  E • \ / о д ~ )  =
П=1 j —1 П=1 j=  1

O O  o o  ____________________

fc=l m = l

oo ^(n) oo
Put H fj =  U U Q n ,j  and H — f] Hn - Then it is easy to see that 

n= N  j= i  ’ N =  1
oo
Pi G/е = G C H . Furtherm ore if x £  H  then there exists an N ( x ) G N such 

k=l
tha t a: ^  H n (x)j tha t is, if n > N ( x ) then (9) holds for every j  = 1 , . . . ,  J(n).  
It is also easy to check th a t (10) implies tha t H  is of zero one-dimensional 
Hausdorff measure, and hence H  is thin.

Part 7. We have to  prove that F  is the indefinite и-integral of / .  For a 
given B V  set В , and e > 0 we have to  find a Í  > 0 gauge function, and a 
thin set T  such that

£  №<)KI -  n * ) l < £
«=1

for each 6-fine E-partition {(A,, x ,) , . . . ,  (Ap, xp)} in В  m od T.
Put T  = H  U (x : / ( x )  =  0} U (J bd(S(,j). We recall that H  Э G  is

n ,j
thin and / ( x )  = 0 whenever x G G or x belongs to the boundary of the 
sets K i  defined in Part 2. From our construction it follows that the union 
of the boundaries of all the sets K( is of cr-finite one-dimensional Hausdorff 
measure, tha t is, a thin set. Similarly |J  bd(5^ J) is also thin. Therefore T

n ,j
is thin.

Put 6(x) =  1 for x G T .  If x € [0, l]2 \  T  then there exist n' and j '  such 
tha t x G Ф„/_р, x £ bd(5^, ■,). Part 6, the claim in P a rt 1 and the choice 
of T  D H  imply that x is a dispersion point of G(S'n, j,). Given a constant 
a > 0 choose 6x(x) > 0 such tha t if 0 < r < 6i(x) then S (x ,r )  C S'n, ■, and

№ , у ) П 5 ( х , г ) |  ^  £3fl2

1 j \S (x ,r ) \  = 8 |/(x ) |-

Since x G Ф'n, j ,  and x ^  T  Э U b d ( 5 ^ )  we can choose for any given

К  > 0 a 62{x) >  0 such th a t U { 5 ^  : S'n j  C G(S'n, j , ) ;n  = 1 =
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= 1 , . . . , /(n )}  П 5(x,^2(a0) =  0- We т а У als° assume th a t К  > m ax(n', 
iV(x)), tha t is (9) holds for every n  > K ,  and j  = 1 , . . . ,  J(n).

Since x does not belong to  the  boundary of the sets K i  we can find a 
£3(x) > 0 such th a t if у € S(x ,tf3(x)) П Ф^, ■, then f ( y )  = / ( x ) ,  that is x 
and у  are in the same K{.

P u t 6(x) =  m in ( íi(x ) ,Í2(^ ), 63(x)). For any e-regular 0 F -se t A  such 
th a t A  C S '(x ,i(x )) f l f lw e  have

\f(x)\A \  -  F (A ) I ^  | / ( x )  • \A П Ф^-,1 -  F(A  П K 'j< )\+

+ |/ (x )  • \A  П С ( 5 ^ ) Н  +  \П Л  П С (5 ;,^ ))1  = Pi + Р2 +  рз,

where we used th a t S'n, ■, = Ф'n, ■, U G(S'n, -,) and A  C S(x,<5(x)) C S'n,
Since by definition F (A  П Ф y) = /  /  = / ( x )  • |А  П Ф(,,у| we

АПФ' , ,n'
obtain  that p\ — 0.

Since A  is e-regular |A |/d(A )||A || ^  e and hence \A\ 't. d(A)||A||e. By 
the isoperimetric inequahty, [4, Theorem 1.29, p. 25], ||A|| ^  a • y/\A\ with 
a  constant a >  0. Thus y / \A \ /a e  > d{A). Since x £ cl(A) (cf. Def. 2), we 
have A c S ( x ,  у/\А\/ае)  and hence

l/(x ) • | С ( ^ )  П A\\ < |/(x ) | • \G(S'n,j i)  П 5(x , y/\A\/ae)\ <

s  № ) l  • № .  V W / « ) l ^ r  = №8 e2a2 2 ’'8 |/ ( x ) |

where we used (11). Thus p2 < |A |e/2.
oo J(n)

Since S(x) < S2(x) we have А  П G ( S ' , ,) С А П IJ (j S'n . Using
n = K + 1 j =1

th a t x ф H  С T  we obtain dist(x, S'nj )  ^  c^/d(5(l J) =  c \J y/2/n  for every 
(n , j )  such th a t n = К  + 1 , j  = 1 , . . . ,  J{n). Thus if | А  П Ф(,^| ф 0

then d(A) ^  CyJd{S'n -) — cy jy /2 /n .  Thus by the e-regularity of A we have 
|A |/e  > d(A)  • ||A ||, tha t is,

\ M y ß
cst/2

> \\A\\.

Therefore by (6)

\ F ( A n K ; ) \ i
1И11

2n22"
\A\y/n

cey/22n22n
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Finally using tha t there are at most J ( n ) < n2 different sets l̂'n ■ for a fixed 
n we obtain tha t

OO

|F(4nC(S;v ))IS E
n = A '+ l

\A\y/nn2 
c£y/2 2n22"

e\A\
2 ’

where the last inequality holds if К  is sufficiently big.
Thus if we use the above a and К  in the definition of 6 then |/(x ) |A | -  

-F (A ) | < p i + Р 2 +Р3 < e\A\. Therefore if { (Л ,,x , - (Ap,x p)} is a i-fine 
^-partition in В  mod T  then

S  1/(Ж*)1̂ 4«1 -  F (Ai) I < £ S  < £-
t = l  .= 1

Thus F  is the indefinite v-integral of F  and the proof of Theorem 2 is com
plete.
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ON MONOTONE AND DOUBLY MONOTONE 
POLYNOMIAL APPROXIMATION

S. G. GAL (Oradea) and J. SZABADOS* (Budapest)

In several papers [2-10] the first named author has obtained some re
sults concerning approximation by monotone sequences of polynomials, as 
for example the following:

T heo rem  A (G al [3]). For any f  £ C[0,1], there exist two polynomial 
sequences {Q„}£T0 and {Тп}^о> uniformly convergent towards f  and satis
fying

Qn(x)  < Qn+i(x) < f ( x )  < Pn+ i(x) < Pn(x) 

for all 0 < x < 1 and all n £ N.

Although the construction of Q„(x) and Pn(x)  in some cases remains an 
open question, in some particular cases like f ( x )  £ Lip a , these polynomials 
were effectively constructed by the help of the Bernstein polynomials. A 
shortcoming of these constructions was the high degree of the polynomials 
compared to the order of approximation (see [10]).

In this paper, starting  from a fairly general class of approximating poly
nomials, we construct the polynomials Pn,Q n above with good approxim at
ing properties. Our result will also be suitable for constructing doubly mono
tone polynomial sequences in case f ( x )  is a monotone function. In what 
follows, let У • I] denote the supremum norm over the interval [0,1], and let 
En( f )  denote the best approximation of an f  £ C [0 ,1] by polynomials from 
П„ (the set of polynomials of degree at most n).

T h e o r e m . Let f ( x )  £ C[0 ,1] and assume that

( 1 ) £ * Г г£ * ( / ) <  oo.
fc=i

Then there exist polynomials Pn, Q n £ П„ such that

(2) Qn (x)  Í  Qn+i(x )  <: f ( x )  ^  Pn+i(x )  ^  Pn(x)  (0 ^  г ^  1, n  > 4)

* R esearch of this au tho r supported by the Hungarian National Science Foundation 
for Research, G rant No. 1801.
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and

(3) ||P„(x) -  Qn(*)|| < 8 Y .  ( » £ 4 ) .
fc=[n/2]-l

P roof. Let pk(x ) 6 Щ be the best approximating polynomial of f (x),  
i.e.
(4)
Define
(5)

\ \ f - Pk \ \  = E k( f )  (k = 0 , 1 , . . . ) .

П—1

Pn(x) =
5ГТГ2 E  P k { x )  + 4 £  k E k { f ), if те > 4 i

Jt=n/2—1 k=n/2—1
is even

-Pn 1(д ) + if те ^ 5 is odd.

Evidently, Pn{x) G П „ (те > 4). For even n  > 4 we obtain by (4) and (5)

Pn+2 (x) -  P„(x)
( 6 ) p n+i ( i )  -  P„(x) = 

n+11 n + l  OO -. n -1

= ^ M  E  « м + 2 E  ^  E  »(*>-
k—n/2 k—n/2 k—n /2 —1 

n—1
2 £  к 1Eit( f )  — (n + 2)(n +  4) E

k-n/2-1 \ J fc=n/2
P n { x ) + P r > + l ( x )  P n / 2 - l i x )  4

+ ' 

2
n  +  4

(n + 2)(n +  4 l l E !( w ( l ) - / ( l ) )  + 

Pn/2-l(*) -  Л 1 ) 4

I л „  AEn/2-\U ) —
71 +  Z 71 — Z

Pn(z) -  f ( x ) + p n+i(x) -  f (x)
71 + 4

7 1 + 2
n—1

71 — 2 E n/2—l(f )  й

(n
z v ' H_ /и , Up« ~ /II + lbn+1 _ /II ,

те + 4

, l b n / 2 - l  -  / I I  4
+ ----------- ! 7i---------------------7^E n / 2 —\ \ j )  bn -j- 2 n — 2

^ Z' w 2 1 4 _ \
= \(те + 2)(n + 4)"*~те +  4~*~те + 2 те — 2 / n/2-1

24
= ~7 I /IV 7y[En/2- l ( f )  = 0?(те +  4)(те — 2)

A cta  M athem atica  H ungarica 59, 1992



ON M O N O TO N E AND DOUBLY M ONOTONE POLYNOMIAL APPROXIM ATION 397

while for odd n > 5 we get from (5) and (6)

(7) Pn+i(x) -  P .( z )  =  P"+l(x) ~ P" - 1(X) S 0.

(6) and (7) together show that the right hand side inequality in (2) holds. 
Now if we define

( 8)

Qn(x)

о n-1 oo
7ГТ7 E  P k ( x ) - 4  E  k- ' l E k( f ) ,

k = n /2—1 fc=n/2—1

Q n - l ( x )  + Q„+l ( x )
’

if n > 4 is even

if n > 5 is odd,

then Qn{x) G П„ (n > 4), and the left hand side inequality in (2) is proved 
analogously. The inequalities for f ( x )  in (2) follow from the obvious fact 
tha t

lim Pn( x ) = Urn Qn(x) = f ( x )  (0 ^  x < 1).
n —*oо п —юо

Finally, (3) follows from (5) and (8). The theorem is completely proved.
Denote by w(-, h) the modulus of continuity of the corresponding func

tion. Then

C o r o l l a r y  1. ( a )  I f  f ( x )  e  C[0,1] and

(9) < oo

then there exist polynomials Pn,Q n G Пп such that (2) holds and

a») ip.  - « ”i i = ° ( £ r  ( ' • £ ) ) •

(b) I f  f ( r\ x )  G C[0,1] (r > 1), then then there exist polynomials Pn, 
Qn £ П„ such that (2) holds and

Namely, bo th  (a) and (b) follow from Jackson’s theorem

E n ( f )  = 0 (n ~ r ) u ( f 4  1 /n ) ( f ^ ( x )  G C [0 ,1]).
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This is trivial in case (a), and in case (Ъ) it follows from the estimates

\\Pn -Q n \ \  = o l  f ;  Ar-x^ fc( / ) ) = 0  ( j r  fc-r- 4 / (r),l/fc)
\fc = [n /2 ]- l /  \ f c = [n /2 ] - l

Ц / (г), 1 / п )  f ;  ( f  +  l ) f c - r- 1 U o ( n - > ( / ( r> , i / n )  ( r  > 1).
fc=[n/2]-l /

A particular case of Corollary 1(a) is when /( x )  £ Lip a  (0 < a ^  1). 
Then (9) obviously holds and (10) yields \\Qn — P„|| = 0 (n ~ a ).

Now assume th a t /(x )  is a monotone* function and / ( r)(x) € C[0,1] (r > 
^  0). Then by well-known theorem s on m onotone approximation (see [1],
[11] or [12]), there exist monotone polynomials pjt(x) € Щ  (k  r ) such tha t

||/ -P f c | |  =  0 (k ~ T)w (f(r\ l / k ) .

It is clear from th e  proof of Theorem  2.1 of [3] (see also Corollary 2.2 there), 
th a t the polynomials Pn, Qn in Theorem A in this case can be chosen to 
be monotone, hence giving a solution for the problem of doubly monotone 
approximation. Under additional assumptions we can get more quantita
tive results: since the arithmetic means of monotone polynomials are again 
monotone polynomials, we ob ta in  from our Theorem:

C orollary  2. I f  / ( x )  is a monotone function and f ( r\ x )  € C [0 ,1] ( r  > 
> 0), then under the assumptions of Corollary 1 the same conclusions hold, 
with the additional property that P„(x) an d Qn( x ) are monotone polynomials.

R e m a r k . Condition (1) holds if /(x )  has higher smoothness properties 
(e.g. analytic or entire), but then  the result expressed in our Theorem can 
be obtained much simpler than  described in the  proof. The question which 
remains to settle is: what happens if (1) does not hold?
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COMPLEX-VALUED MULTIPLICATIVE 
FUNCTIONS WITH MONOTONICITY 

PROPERTIES
KATALIN KOVÁCS (B udapest)

Acta Math. Hung.
5 9  ( 3 - 4 )  (1 9 9 2 ), 4 0 1 -4 0 3 .

Let /  denote a complex-valued multiplicative arithmetical function. In 
[2] and [3] we proved tha t if at least two of the functions | / | ,  Re /  and Im /  
are monotonic, then /  is real and |/ (n ) | =  nk or / (n )  = 0 for n  > 2. Our 
theorem generalized the results of Erdős [1] and Moser and Lambek [5].

We got a similar result on sets of upper density one and on suitably 
constructed rare sets. (This means that to any function h : N —► R there 
exists a set A such tha t d„+i — a„ > h(n) and if two of the functions | / | ,  
Re /  and Im /  are monotonic on A , then /( a )  is real and / ( a )  =  ak for all 
a G A, a > a0 or / ( a )  = 0 for all a G A, a "t do).

For completely multiplicative functions we prove a stronger result:

THEOREM 1. Let f  be a completely multiplicative function and A a set 
of upper density one.

a) I f R e f  is monotonic on A, then f (n)  — n k for all n 6 N or Re /(a )  = 
=  0 for all a G A, a ^  ao- In  the case A  =  N we have f ( n )  = nk or
f  = o.

b) I f l m f  is monotonic on A , then Im /(d )  =  0 for all a G A, a ^  (lo
in  the case A — N we have Im /  =  0.

For multiplicative functions we have only the following weaker result:

T h e o r e m  2. Let f  be a multiplicative function and Q — P \ . .  .P r where 
P i , . . . ,  Pr are the only primes such that Im / ( ) ф 0 for some a , . I f R e f  
is monotonic on a set A of upper density one, then either r < 1, f ( n )  = nk 
for all (n, Pi) = 1 and Re / (n )  =  nk for all n £ N or f ( a )  = 0 for all 
a G A'  =  {a G A\a  > a0 and (a , Q ) = 1} and R e /(a )  = 0 for  all a € A, 
a ^  ao-

I f  A  = N, then either

f ( v kv) =  /  ?kl/ f° r aU P ^ Po
\  pkvel* l  cos p  if P — Po,

where po is a prime and p  G [0,7t/2 ) or f ( n ) =  0 for all n ^  4 except at 
most on the powers o f one prime.

P r o o f  o f  T h e o r e m  1. a) If / (m )  = 0 for some m  6 N, then f ( m t )  = 0 
for all t G N. The monotonicity of Re /  on A yields Re /(d )  =  0 for all a G A
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large enough. Thus / ( n )  ф 0 for all n  £ N in the opposite case. Assume 
Im f ( s )  ф 0 for some s G N. Choose a  natural number d such tha t

тг/З ^  arg f ( s ) d < tt/2 ,

if there is any. The only case when such a d does not exist is |a rg /(.s) | = 
=  27Г/3; in this case let d be such th a t a rg /(s )d =  27t/ 3. There exists an 
a € N such th a t as*  € A, j  = 1 , . . . ,  6. Re / (a s * )  changes sign twice, which 
contradicts the assumption. Hence /  is real-valued and we get f ( n ) =  nk by 
the above mentioned theorem of Moser and Lambek.

In the case A = N, it is sufficient to  prove tha t “R e /(n )  = 0 for n  > no” 
implies /  =  0. Indeed, if f ( w )  ф 0 for some w G N, then R e/(га") ф 0 for 
infinitely many a  € N, which is a contradiction.

b) The proof is similar to the proof of Case a). If we take A  =  N, then 
Im f ( w )  ф 0 yields Im f ( v a ) ф 0 for infinitely many a  £ N, which contradicts 
the  assertion of b).

P r o o f  o f  T h e o r e m  2. If there exists an ra £  N for which f ( m )  =  0, 
then  f ( m t )  =  0 for all (m , t ) =  1. Thus Re / ( a )  =  0 for all a 6 A,  a > ao 
and Re / ( a )  =  / ( a )  = 0 for all a G A' .

Assume th a t /  does not vanish. Write N q =  {n € N |(n, Q) = 1). /  is 
real and monotonic on N q П A.  This yields th a t /  is positive on N q П A! 
w ith some a0 G A.  For any num bers b, d £ N q there exists an x such 
th a t x , bx , dx  G N q П A!. Thus the  monotonicity of /  implies th a t /  is 
real and monotonic on N q . We apply our theorem from [4]: If a function 
<7 : N —► Rfc is additive and its Eucbdean norm is monotonic on an arbitrary 
fixed reduced residue class mod q (q G N, q ^  2) from a number mo on, then 
g ( m ) = clogm  for all (m ,q ) =  1. (This theorem is a generalized form of the 
above mentioned theorem of Erdos.) This yields log J\nq — H og | - For 
any n € N q there exist infinitely m any t G N such th a t t = 1 mod Qn and

Unt{n(t  — 1) +  l ,n t ,  n ( t  -  1 + Q) +  1} C N q П A.

The monotonicity of /  on ’s, by f ( n ) = nk on N q , implies 

(1) Re f ( n )  = nk for all n G N q .

If r > 2, let us substitute P " 1, P " 2 and P " l P ^ 2 into (1). We get the 
contradiction from the relation

R е Д Р ^ Р “2) =  R e / ( P 1“ l )R e / (P “2) - I m / ( P i l l ) Im /(P 2e2). 

Therefore r < 1 and (1) is satisfied.
The case A  = N: Either (1) implies our assertion using th a t r < 1 

or we have Re f ( n )  =  0 for all ^  no- The monotonicity of Re /  yields 
th a t R e /(n )  ф 0 for all n < tiq. If nj > 6, then there exists a t G
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€ [ [ ^ j  +  1, no — l] for which (f,6) =  1. All the elements of {2f,3f,6f} 
are larger than no- Therefore

R e /(2 i)  = R e /(3 i)  = R e /(6 i)  =  0.

This implies
arg / ( 2) =  a rg /(3 )  =  arg /(6 )  (mod n).

Thus /(2 )  and /(3 )  are non-zero real numbers. Let D denote the m axim al 
prime power for which

(2) Re f ( D )  ф 0.

There exists a prime p in (D ,2D ), for which Re f ( p )  = 0. Thus, using the 
monotonicity of Re / ,  we get

(3) R e /(2 D ) = R e /(3 D ) = 0.

For at least one of b € {2,3} we have (6, D) = 1. Using tha t f(b)  € R , we 
get, by (2),

Re f (bD)  =  f ( b ) R e f ( D )  ф  0,
which contradicts (3).

We have proved no £ 5. Now we show that there is at most one prim e p 
such tha t f ( p k) ф 0 for some k, pk > 5. If there exist Qi ,  Q2 coprime prime 
powers which are bigger than n0 with Im f (Qi )  Ф 0, then Re / ( Q 1Q 2) Ф 0 
yields a contradiction.

Our main problem whether there exists a multiplicative (but not com
pletely multiplicative) function such th a t Re /  is monotonic and Im / ( P f ' ) /  
Ф 0 on some powers of infinitely many primes, is still unsolved.

I am indebted to Imre Rúzsa for his valuable remarks.
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YANO-LEDGER CONNECTION AND INDUCED 
CONNECTION ON VECTOR BUNDLES
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In tro d u c t io n

K. Yano and A. J. Ledger [13] constructed from a linear connection V on 
a manifold В a torsion-free linear connection on Т В  (called the Yano-Ledger 
connection). M. M atsumoto [7] proved tha t: a) V determines a Finsler con
nection (7f, V) in the space V T B  of Finsler vectors; b) the symmetrization 
of the extension V ' of (H,  V) to T T B  is exactly the Yano-Ledger connec
tion on ТВ;  c) the Levi-Civita connection of the Riemannian metric on Т В  
derived from a Riemannian metric g on В  coincides with the Yano-Ledger 
connection derived from the Levi-Civita connection V of g iff the Riem anni
an curvature tensor of g vanishes (see also [2]). On the other hand R. Miron
[8] developed a theory of Finsler connections on vector bundles.

The purpose of this paper is to construct a Yano-Ledger connection on 
vector bundles, and then to prove the analogues of M atsum oto’s theorems 
a), b), and c) for vector bundles and vector bundle Finsler connections. In 
our considerations and constructions we apply pullback of pseudoconnec
tions. They are developed and investigated in §§1, 2, and 3. §4 yields the 
Yano-Ledger connection for vector bundles, and §§4, 5, and 6 present the 
mentioned theorems analogous to those of Matsumoto.

Concerning notation and terminology we refer to  the monographs [1],
[5].

§1. P re lim in a rie s

A) Pseudoconnections. This notion is a generalization of the linear con
nection. Pseudoconnection was introduced by Y. Wong [12]. In this paper 
pseudoconnection is defined over a pair of vector bundles £ = (E,  7Г, В ,  V r ) 
and £ = (Е,ж, В, V s) with common base space В. E  denotes the  total 
space, 7Г : E  —► В  is the projection, and V r is a real vector space of rank 
r. A pseudoconnection in £ w.r.t. (w ith respect to) £ is a pair (V ,A ) 
of maps. A : £ —> tb is a strong vector bundle mapping, i.e. such tha t 
the fiber 7r_1(a:), x £ В  is linearly m apped into the tangent space TXB.  
V : Sec £ X Sec £ —► Sec £, (cr, rj) is additive in both  variables cr £  Sec £
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and T] 6 Sec£, it is C°°(B ) linear in á, and also the property

(1) V */?7 = [{А о B)f]rj  +  /V *  77, f e c ° ° ( B )

is satisfied. (Sec£ denotes the family of all sections of £ over B,  and Tg is 
th e  tangent bundle of В ). For details we refer to  the paper [11]. Throughout 
th e  paper manifolds are supposed to  be paracom pact, and mappings, vector 
and tensor fields, functions, etc. to  be of class C°°.

B) Some basic notions and facts. Let £ and £' be two vector bundles with 
base spaces В  and  B ' , and let <p : £ —» £' be a  bundle m ap. The induced 
m ap В  —> В' determined by p  is denoted by Ф, and the restriction of <p to  
th e  fiber 7r- 1(x) is denoted by p x — VJlir-1(x)- We assume each p x to be a 
linear isomorphism. In this case p *  : Sec£' —► Sec£ is given by

[¥># (t ')](*) =  r ' e Sec£'-

p #  is additive and  satisfies the  relation

(2) ^ ( / V )  = ( / ' o % # ( 4  r ' €  Sec*',

The sections p * ( r ' )  and t ' are called ip-related.
Let

(3 ) 0 -------+ тг*(£) ------ *■ те —-—* k *(t b ) ------ * 0

be an exact sequence, where * is the symbol of the pullback. Since Im A is
(the vertical subbundle of т е ), therefore A : 7t*(£) —► V£, \ ( t)) := \(r]) 

is an isomorphism. Let a  : —» £, о =  p r 2 о A-1 with p r 2 denoting the
projection of 7T*(£) on its second factor, a  is a  bundle m ap, and its induced 
m ap is 7Г.

We fix a horizontal map 7i : 7г*(тд) —> Tg of (3). Im Ti =: H£ is the 
horizontal subbundle of Tg- T hen  an element X  of the vector space X( E)  of 
the  tangent vector fields of E  uniquely splits into H X  6 Sec H £ and V X  6 
€ SecV£. a* : Sec£ -> S ecF £  and (рг2 о ц \h e )* = (тг„|h e )* '■ X(B)  —*• 
Sec are m appings of sections. a*(rj) is the vertical lift of rj € Sec£ 
denoted by rfv , and (x»|h e ) * ( X )  is the horizontal lift of X  € X(B)  denoted 
by X h.

The following facts are well known (cf. [3]):
(i) n*X h =  X ,  a  о t]v =  г] о 7Г

(ii) X h( f  О 7 г) = ( X f  О 7 г ) ,  T]v ( f  О 7г) =  0
(Hi) [t]v, Cv] =  0, H [ X \ Y h] = [X,Y]h,

X, Y e X( B) ,  Sec£, /  € ( / о тг) e C°°(E).
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§2 Pullback o f  the m apping A!

1. In §§2 and 3 let £ and £ (resp. £' and £') be two vector bundles with 
a common base space В  (resp. B '). Let A! : £' —*■ tB' be a strong vector 
bundle mapping, and <p : £ -h► £', x  ■ £ £7 two vector bundle mappings
with common induced mapping Ф : В  —> В 1. We assume each ipx and Xx 
(x £ B )  to be linear isomorphisms. We call a strong vector bundle mapping 
A : £ —> tb the pullback of A' \i A  о X*{ő') and А! о &' are Ф-related vector 
fields for any cr' £ Sec£'; i.e. if

(4) [(А 'о а ')д ']о У  = [ A o X* (d ')] (g 'o V ) Vg' £ C °°(B '), á ' G Sec£', 

or equivalently

(5) (А 'о сг')(Ф(х)) = йФ[(Л о x^(d '))(x )], Vő7 G Sec^.

We want to show the existence of such an A, and determine its form. 
After this we want to  investigate the same questions for the pullback of a 
pseudoconnection (V ', A') in £' w .r.t. £'. Fig. 1 shows the most relevant 
ones of the above mappings.

T B  -------» T B '

Fig. 1

If Ф(В ) ф В then В' \  Ф(B ) plays no role in the investigations con
cerning pullback. So it means no restriction to assume that Ф(В )  = B'. 
Surjectivity of the differential с£Фх will also be assumed.

In order to prove the existence of A  we consider the pullbacks Ф*(тв<), 
Ф*(£') and the strong vector bundle mappings

F  : тв  -> Ф*(тв .), F (x ,y ) = (x ,dV x(y)) £ В  х ф Т В ', у£т гд1(х)

and
к  :£ -  ф*(£'), К ( х ,а )  = (х,х(с)) е В х Ф Ё'.
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ТВ ------- — ♦ ЧГ{тв>) I  ---- * * ( ! ' )

F i g .  Z

Then с?Ф =  ргг о F  and x  — ргг 0 К . Since F  is surjective for any 
x  € B, there exists a t least one strong vector bundle mapping Ф : Ф*(г£/) —► 
—> тв such th a t F  о Ф = id ([5] Vol. 1, p. 77, Lemma III). We show tha t 
A =  Ф о (id x А ') о К  satisfies (5):

=  d4>x |ф  о (id x А ') о К  о [х^(5 '/)(х )] | =

=  р г 2 о F  о Ф о (id х А ')[х ,х (х# (ст,))(Ф(а:))] =

= р г 2 о (id х А') [ж, 0-'(Ф(х))] = у1/(ст,(Ф (х))), Vct' € S ec |'.
This proves the existence of A.

2. The local expression of A  shows its dependence on A! and gives the 
grade of its arbitrariness.

Since Xx is an isomorphism, we have rank£ =  rank£ '(=  5), and since Ф 
is a submersion, we have n = dim В  ^  dim B ' =  m . Let U and U' = Ф(17) 
be coordinate neighbourhoods in B , resp. B ' with local coordinates (x‘) 
(г, j  = 1 ,2 , . . . ,  n) and (za ) (a ,ß  = 1 ,2 , . . . ,  m ). For appropriately chosen (г) 
and (г), Ф |(/is described Ь у г°о Ф  =  г ° . Thus </Ф1^ - ( х )  = д|гг(Ф(а;)), and 
d4fx -jpg(x) =  0 ( ä  =  m  +  1 , . . . ,  n). Let A be a mapping satisfying (5), and 
o'a € Sec l '\u ' (a ,b  = 1 ,2 , . . . ,  s) such tha t they form a basis in any fiber of 

over U'. Then X*{d'a) =: have the same property in the fibers of £ over
U . Finally А о Ъа — JA  A'a where A'a are the components of the mapping
A  : 7r_1(z) TXB  in the frames ( ^ , d a). Similarly A! 0 cr' =  А 'аЩх- 

According to  (5)

(6) (А ' о ст')Ф(х) =  <№Х(А  о да).

Expressing both  sides in the coordinate systems described we obtain

(7) A“ (z) =  А '“ (Ф(х)).

for any A satisfying (5). Conversely, (7) implies (6) for a =  l , 2 , . . . , s ,  
which is equivalent to (5). This yields however tha t the components A", 
a  =  m  + 1 , . . . ,  n  of A(x) can be chosen freely. Our result is expressed by
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T h eo rem  1. a) Given two vector bundles £ and and a strong vector 
bundle mappiny A! : —► rg/, as at the beginning o f this paragraph, then
there exists a strong vector bundle mapping A :  £ —► rg  (the pullback o f A ') 
such that A  and A! are Ф-related.

b) The local components A“ (x) o f this A are determined by (7), and its 
other components A“ (x) are arbitrary. In case o f n — m  there is no A“ (x) 
and A  is uniquely determined by (7).

3. Section 2 of this § is a local, but constructive construction of all 
possible A , thus it means a local existence proof of A  too. Section 1 was 
a relatively short and global proof of the existence of A. We rem ark that 
Section 2 can be extended to another proof of the global existence of A. Let 
{Ui}, i  6 I  be a local finite open covering of В  and {at}, aL G C °°(B ) а 
partition of unity subordinate to {Ut}. Let A  : £|*—1([/4) —> т"в|я— be 
mappings satifying (4) over Uc. Such A  were constructed in Secion 2. We 
define aiA l over Ut as (atA )(d )  =  a t (At(ä)), and as (a tA )(d )  e  0 on the 
complement of Ut. Thus alA l is a differentiable mapping taking £ into rg, 
and satisfying

K A  ° X# (* ') ] ( / ' 0 Ф) =  ([аА ' о cr']f) о Ф 

Vcr' G Sec I ' ,  / '  G C °°(5 ').
The sum of these yields

] Г К А ) о х # (* ')
. L

Here Y h  ai — 1- Hence A  := globally satisfies (4), and so it is a
pullback of A!.

( / 'оФ )  = А! о д ' / '  оФ .

§3. P ullback  o f th e  pseudoconnection  (V ',T ')

1. Let (V ', A ) be a pseudoconnection in ff  w.r.t. . We call a pseudo
connection (V, A) in £ w .r.t \  a pullback of (V ', A ')1 if

(8) V x#(*,)¥>*(i/) = Vd' G Sec I ,  r ,'e  Sec^ .

We show tha t for any pseudoconnection (V ', A') there exist pullbacks (V , A), 
where A  must be a pullback of A'. This A is not uniquely determined by

[4]
1 N otions for linear connections more or less analogous to  th is can be found e.g. in 

p. 363, or in [5] II, p. 324.
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(V ', A ') except th e  case dim В  =  dim В ', but V  is unique provided we fix a 
pullback A of A !.

First we show that A  m ust satisfy (4). We shall denote the pullback 
X ^ c r ' )  of a cr' £  Sec£' by о у ,  similarly =  т/i for rj' £  Sec£', and
ip& f  = f  о Ф =  f i  for f  £ C °°(B '). Since both  (V ', A') and (V, A) are 
pseudoconnetions, in view of (8 ) we obtain

V x*(a,)<P*VW) = = [(A о +  / iV í j i i i  =

= V*(K>fW) = V*{[(A' о ö')f) т/'} + <p*(f'Va. т/) =
= { [ ( A W ) / ']  о $>7/! +  / i V í j í )!, V<r' £ Sec I ' J '  € C°°(I?').

Comparison of th e  first terms in  th e  third and sixth expressions gives (4).

2 . Now we construct V and  show its uniqueness. In view of (8) the 
definition of V for cry and щ can  only be

(9) V ^ 77i = y># (V ^,77') , Very £ SecI ,  тц € Sec£.

W e show that th e  value of V over sections “deferring” from pullback sections 
m u st be 0. Thus we have only one possibility for the definition of V. Finally 
we show that th e  V defined in  th is single possible way coupled with an A 
satisfying (4) is a  pseudoconnection.

We define V  a t an arbitary  point xo £ В  for any cr £ Sec £ and rj £ 
Sec£. Let B\ С В  be a (possibly small) submanifold of В  through го such 
th a t  Ф : B\ —»• Ф(5х) = B[ С B ' is a bijection and A о cr(zo) € TXoB i. 
C learly B\ is no t uniquely determ ined by these conditions. We define on B[ 
V' ■= ¥>(»7 bi)»  := x ( d | s j  and  on Ф- 1[Б£] щ = J?2 = V ~ VÜ
er 1 =  x # (^')> = & — Thus any cr, or 77 splits w.r.t. the chosen B\ as

(10) cr = ÖX + Ö2 , V=Vl + V2 - 
W e have the relations

( 1 1 ) a)cr|B l =crb b) t]\b 1 = 771, c) ő-2|b 1 = 772! !̂ =  0.

A ssum e (V ,A ) to  be a pseudoconnection satisfying (8). Then, because of 
th e  additivity of V

(12) V ari = V^77! +  V*2 77i + V^T/2 +  V^T/2

on B \.  For any linear connection VL in £ V ^7/ — V^-77 =  T(ä,r)) is a
function-bilinear mapping Sec£ X Sec£ —» Sec£, i.e. T  is a homomorphism: 
T  £ Horn (Sec £, Sec£; Sec£). Hence we obtain on B\ a representation of V 
in  th e  form

V*7? =  V ^ tj +  T ^ t/)

A c ta  M athem atica H ungarica 59, 1992



Y A N O -L E D G E R  CONNECTION AND INDUCED CONNECTION 411

and
V -h7/! = ^A oa .m  + T (»u V l).

However cr(xo) = ő i(xo), from this A  о á(x0) -  A  о cri(xo), furtherm ore 
77(10) = 7?i(io). Moreover on B\ r](x) =  771(1), and we assumed А  о ст(хо) € 
G TXQB \. From these we obtain \7^т/|Хо = 771 |Xo. Hence the sum  of the
last three terms in (12) is zero at x0. Moreover this sum must vanish for 
given ó i, 771 and for arb itrary  <72,772 satisfying (11.c). Thus these th ree  terms 
must vanish also separately at xo. Hence the definition of a V satisfying (8) 
for arbitrary cr, and 77 can only be

(13) V i 7? = v i l 77l = ^ ^ , 77').

We alo obtain that

(14) V^277i = = VÍ2772 = 0

which are consequences of (13).
In this definition we made use of the splitting (10), which depends on the

*
choice of B \. Using another B \ (satisfying the same conditions) we obtain 

* * * *
another splitting á =  á \ +  <т2, 77 = 771 +  772 and then

(15) 

resp.

(16)

V*T7 = V * i7i =  V *(y 'a,77') =  <p* V ' ^ , 77' +  T(á',r,')

VaV  =  V . 771 =  v?# (V'. 77') =  <p*
ё l V L . v , + T ( a W )

A'orr'

at xo- But = äi and 771 =  щ at x0, resp. in the direction of А  о cr(xo).
* *

Consequently the same hold true also for á ' , o' and 77', 77' at Ф(х0) =  x'0, 
resp. in the direction of A о cr'(xó). Therefore the right hand sides of (15)
and (16) equal. Hence V  a r r]i = V . 771 a t xo, and thus the definition of V
does not depend from the choice of B \.

3. We have still to show that the (V , A ) just constructed is a pseudocon
nection. V is additive bo th  in cr and 77, for V' is so in cr' and 77'. Consider 
now for an xo, cr and for a B \  corresponding to these xo, cr a correspondence 
i h x i  = Ф_ 1[Ф(х)] П B \ (x G B). Define for an /  G C °°(B ) the functions 
f i ( x ) = / ( * i ) ,  M x ) =  / ( * )  -  and / '  G C°°{B') as / '  = /1 о Ф. Then
/ 2!^! =  0 and f á i  = f i á i  +  f?ái. Here Pi = fiá i  is a  pullback field, and 
f-iái is a P2 , for ( fiá i) \B 1 = 0. In view of (13) and (14)

V f a V  =  V /^ 7 7 1  =  +  V i j  771 =  p * { V f ,a ,T]') =  p * { f ' V a ,ri') =  / i V ^ T ? !
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a t x0. We may add  f f ^ ö i щ  to  the last expression, since / 2(хо) = 0. Thus 
we have at x0 V / ^ 7/1 = /У ^ ту  1 i.e. V is C °°{B ) linear in <7. Finally 

/ 7/ = V^/771 =  V i, f\Tfi + V i , / 2т/i. Here f 2r)1 is again а /э2, and in view 
of (14) V i, /2771 =  0 at xo- Thus in view of (4) and (13)

V ijT ?! =  V i ,A  7?! = <p*(V'a, f r f )  =

= v* { [(a ' 0 a')/'] 7/  +  f V a, 7?'} = [(A о ax)h] m + л  Vi,%.

We can add again at x0 / 2V i ,туi and [(A о ö i ) f 2] rji to the right hand side, 
since A 0 d i(x0) € TXoB i, f 2\s ,  =  0, and hence [(A 0 d1) / 2]|Xo = 0. Thus 
V i,/7fc = [(А о + /V i ,  771 at x0, i.e. V satisfies (1). These show th a t
(V, A) is indeed a  pseudoconnection.

We have the following

T h e o r e m  2 .  a) //(V ,A ) is the pullback o f the pseudoconnection (V ',A '), 
then A must be a pullback of A !.

b) I f  (V ', A ') is a pseudoconnection, and A  is a pullback o f A', then there 
exists a unique pullback pseudoconnection (V , A), whose V is determined by
(13).

If we want to  emphasize th a t (V ,A) is pullback of a (V ',A ') then we 
write V '^ in place of V.

4. V : X ( B )  x X(B)  —>■ X( B) ,  (X , Y ) >->■ V  x Y  = 0 is clearly no linear 
connection over B,  for it does not satisfy the fourth Koszul axiom V x /F  = 
=  (X f ) Y  + f V x Y , /  6 C°°(B) .  But for a pseudoconnection (V, A), where 
A : I  —► 0 € tb  (i.e. A is trivial) Vi7y = V ^o i7/ with a linear connection V L 
on В  (in this case we say th a t V is associated to VL [6]), we have V^t/ = 0, 
V<7,7y. We want to  study a similar case.

P r o p o s i t i o n  1 .  For given £ ,  f ,  y>, x  an(i A  : |  —► rjg í /геге e x i s i
pseudoconnections (V , A) suc/i that

(17) V x#(*,)V# (iy') =  0, V o ' 6 Sec£ ', y ' e S e c ? .

In this case

(18) A о x* (d ')(x ) € Ker с!Фх, V d'G  S e c x  €  B.

P r o o f . Define in £ a V L and a homomorphism T(d,  ту) such that 

V ao^ i = T(öi,r)x) = 0.

Then
V^ ту = VÍ*7y +  T(d,7y)
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satisfies (17), and (V ,A ) is a pseudoconnection. Definition of th e  linear 
connection VL and of the homomorphism T  for any other cr and 77 may be 
arbitrary. Thus (V ,A ) need not be an associated pseudoconnection. For a 
pseudoconnection (V , A) we have

Väx /1 771 =  [(A 0 cti) / i ]t7i  +  /1 V i ,771, V /i, 771.

From this and (17) we get (A 0 &i)fi = 0, V/i. According to the derivation 
of f i  from an /  6 C °°(B ) Д  is constant on every Ф_ 1[х'], otherwise it can 
be arbitrary. So X  € TXB  is tangent to  Ф_1[Ф(а;)] iff X  f \  = 0, V /i. Hence 
A oct; must be such an X , i.e. А о ä\ (x)  € Кег^Ф*. Q.E.D.

(18) is obviously a weaker condition than A : |  —*• 0. Hence, in case of 
Кег^Фх ф 0, (17) m ay be satisfied even if A is not trivial.

§4. In d u c e d  v e c to r  b u n d le  F in sle r co n n ec tio n s

1. M. M atsumoto [7] (see also P. Dombrowski [2]) considers a  Finsler 
connection on В as a  pair (H,  V) of a horizontal map H  to T T B  and of a 
linear connection V in the vertical subbundle V tb of the tangent bundle t b - 
He induces a Finsler connection (7t, V) from a linear connection V of В  (from 
a single data), and calls it the V-linear Finsler connection. He also extends 
a Finsler connection (7 i , X)  to a linear connection V ' on T M  (in T T M ) .  In 
this paragraph we consider vector bundle Finsler connection in the sense of 
R. Miron [8], and by making use of the just established Theorem 2 we derive 
an induced vector bundle Finsler connection from three data (sources). In a 
special case this gives the extended Finsler connection V ' of M atsumoto.

Let £ = (E, Tr , B, Vr ) be a vector bundle, H : n *{тв) —► те a horizontal 
map, H £ = ( HE,  7r#, E , V n) the horizontal subbundle, V£ = (VE,  тге, E ,  Vr ) 
the vertical subbundle of h resp. v the horizontal, resp. vertical lifts, as 
in §1. Consider four pseudoconnections

(19)

(V 1, Я ) X 1 : X(E)  x  X H( E ) X H( E)  
(V 2, H )  V 2 : X(E)  x X V(E)  — X V{E)  

< (V 3,V ) V3 : X(E)  x X V(E)  -> X V(E)  
(V 4, V) X 4 : X(E)  x  X„ ( E)  ^  X h (E)  

X V (E)  = SecV£,  X h (E)  = Sec H£.

As well known, a  linear connection V : Х(Е)  x  X ( E)  —► X ( E )  is a 
Finsler connection in the sense o f Miron [8] w.r.t. H  if X \ H Y  is always 
a horizontal and X x V Y  a vertical vector. It is easy to  see that any such 
Finsler connection can be represented in the form

(20) X x Y  =  X lx H Y  + X \ V Y  +  X 3x V Y  +  X 4x H Y,
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where У г, . . . , У 4 are pseudoconnections of type  (19), and conversely, any 
sum  as on the righ t hand side of (20) is a Finsler connection w.r.t f t  in the 
sense of Miron. This result form ulated in another way can be found in [11].

T h eo r em  3 .  Consider a tangent bundle tb  with a linear connection 

VT : X ( B )  x X{B)  -+ X(B) ,

a vector bundle i  = (Е,ж, B , V r ) with a linear connection

V L : X ( B )  x Sec i  —* Sec£ 

on it, and a horizontal map

f t  : 7r*(rs ) -> te .

Then there exists a unique F insler connection V : X(E)  X X{E)  —*• X( E)  
w .r.t f t  such that

a) =  (V Tx Y ) h
(21) b) V xhVv = (V Lx r,y

c)> d) V„ vY h =  V c*riv =  0

X , Y  € X{B)  
cr, г] G Sec£.

P r o o f . Let us specialize th e  objects £, £', £', yj, V ',  A! and A  
playing a role in the considerations of §3 in th e  four case a) to d) as

Í i i ' i ' F*
a) H i H i TB tb 7Г. h
b) V i H i i TB a V
c) V i V i i i a V
d) H i V i TB i 7Г, h

X X* V' A! A V
a) 7Г* h V 1' id H v 1#

b) 7Г. h v L id H v 2#

<0 a V - — V V3
d) a V - - V V4

(the roles of В,  B '  and Ф are assumed in each case by E,  В  and 7r). Then in 
cases a), b) according to Theorem  2, and in cases c), d) according to Propo
sition 1, there exist unique pullback pseudoconnections (V 1# , # ) ,  
and pseudoconnections (V3,V )  and (V4, V) w ith the following properties:

( 22)

a) V 1# : XH(E)  X X h (E)

b) V 2# : X H(E)  x  X v ( E )

c) V 3 ; X V(E)  x  X V(E)
d) V 4 ; X V(E)  x X H(E)

X h ( E)  V f HY h = (V Tx Y ) h 

X v ( E )  V f hv v = (V Lx v)v 
X V { E ) V3„77v =  0
X H ( E)  У4„Ул =  0.
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Hence

V b H Z  = V % H Z ,  V 2u V Z  = V f fu V Z ,

V ^ V Z  =  V l u V Z ,  V f j H Z  = V b u H Z ,  U , Z e  X(E)

together with the mapping H,  or V  are four pseudoconnections as those of
(19). Thus the sum (20) formed from these last pseudoconnections yields a 
Finsler connection

(23) V[/Z =  Z  -f- Z  +  X \ u V Z  4- V^c/ Я Z , U, Z  € X( E) .

Making use of the listed properties of the pseudoconnections (22) one can 
easily check th a t the constructed Finsler connection (23) satisfies the required 
properties (21) of the theorem.

We show still the uniqueness of this Finsler connection V. Suppose 
namely tha t V ' is another Finsler connection with properties (21). Then 
the difference tensor D ( U , Z ) =  V jjZ  — X'V Z  vanishes for any vertical and 
horizontal lifts: D ( X h, Y h) =  D (X h,<rv) =  D ( r f , Y h) =  D((tv, tjv) =  0. 
Hence D = 0, and V X Y  =  X'x Y . Q.E.D.

The problem of Theorem 3 is dealt with by different m ethod also in [11]. 
The Finsler connection V defined by (23) is deduced from three indepen

dent data V T, V L, Ti as given at the beginning of our theorem , and thus this
V is a Finsler connection induced from three sources. It can be denoted by
V =  (V T, V ^, H ). Assuming tha t H  is the horizontal m apping H L of V L, or 
equivalently th a t Ti satisfies the homogeneity condition (see [9] p.311) and 
hence 7i = H L <=> VL, we obtain a Finsler connection (V r , H L) induced by 
two sources. If £ =  t b , V t =  V L and 7{ = H L VL, then  (V r , V L, H )  is 
the extended Finsler connection V ' of a V-linear Finsler connection (Ti, V) 
of M atsumoto. Thus (V T, V L,W) can be conidered a generalization of this 
V ' to a vector bundle Finsler connection.

A simple local calculation gives the

P r o p o s i t i o n  2. In an induced Finsler connection V =  (V T,?i)

Vx sVv = [ X \ v v]-

P r o o f . I t  i s  e a s y  t o  s e e  t h a t  ( V ,  h), w h e r e

V  : X H(E)  x  X V(E)  -  X V(E),  (X h, rf )  ~  V [ X h, t?”],  

i s  a  p s e u d o  c o n n e c t i o n .  W e  w a n t  t o  s h o w  t h a t

V x»’?'' = ( V ^ r ,
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where V L is th e  linear connection determined by HL.
Let (x4, t/*4), i = 1 ,2 , . . . ,  та; ц , и  = 1 ,2 , . . . ,  г — rank£  be a local coor

dinate system on 7Г—1 (Z7), U С B,  and € Sec£|i/ a base in each 7Г_1(ж), 
x  € U. Let N- ‘( x , y )  be the local components of H L, i.e.

and the local components of Then

d N f
Т?.. =

d y v

For X  € X{B)

.. d —  -  NX \ v  = X - ^ ,  =  (X - о ж)

for T)e Sec T)\u = ife„ , r f  =  { r f  о j r ) ^ ,  and

1 ^ , 4 ' ]  = (X 4 О 7Г) ( ~  -  X /4- Ö
ö z‘ 4 dyv 

Computing th is and reforming the result we obtain

d ( y M o r )  d

, {r f  О 7Г)

[X", rf]  =  (X* О 7г) -
a x '

= e » )"  = ( V j , ) " ,

where VL is the linear connection uniquely determined by HL. The last 
expression is vertical vector. Thus

(24) V xh r,v =  V [ X h, t/v} = [ X \  Tjv] = (V Lx V )v.

The induced Finsler connection V =  (V T,7t L) of our Proposition is 
clearly the sam e as V =  (V T, V L, H L) of Theorem 3, for Vr  and TiL are 
the same in bo th  connections and V L is determined by T-iL . Hence we can 
apply the statem ent (21,b) of Theorem 3 which together with (24) yields the 
statement of the  Proposition. Q.E.D.
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§5. Y ano-L edger connection  on vector bundles

Starting with a linear connection on a manifold M , K. Yano and A. 
J. Ledger [13] constructed a unique torsion-free linear connection on T M  
satisfying certain simple conditions. We perform the same replacing T M  by 
the total space E of a  vector bundle £, and replacing M  by the base space 
В  of £. Thus our result gives back Yano and Ledger’s theorem, provided 
£ = t b - Moreover, the resulting connection turns out to  be an induced vector 
bundle Finsler connection in case if it is torsion-free, and its symmetrisation 
otherwise. Our proof is completely different from th a t of Yano and Ledger’s 
theorem, not only for the difference between the tangent bundle used by 
Yano and Ledger, and the vector bundle we have considered, bu t rather 
because we arrive to our result on a quite different way.

THEOREM 4. Let V T : X(B)  x X( B)  —► X ( B ) be a linear connection on 
the base space В of a vector bundle £ = ( E , i r , B , V r), and let

H  : 7г*(гв) -> тЕ

be a fixed horizontal map satisfying the homogeneity condition [9]. Then 
there is exactly one torsion-free linear connection

V : X(E)  x  X(E)  -> X(E)

satisfying the conditions

(25) V „ .i7e =  0,

(26) V <rv Y h =  0,

(27) Vx „Y h = ( j Tx Y -  Y )) + \ v [ X h, Y h]

T
where X , Y  € X(B); a, 77 € Sec£; and  Tor denotes the torsion o f V T.

P r o o f . Let V = (V T,W) be the Finsler connection induced by V T and 
H  (see §4), and let

(28) V yZ =  V v Z -  ^Tor(Y, Z), V , Z £  X (E)

Then
V v Z =  i ( V v Z  +  V ZV  + [V,Z}),  

and V satisfies (25)-(27). Indeed, in view of (21,d)

+  K ,i? ü]) =
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Vanishing of th is bracket is a  known fact (see (iii) at the end of §1.) Hence
О

= 0. A gain, in view of (21,c) and Proposition 2

V*«Yh =  i ( V y „<7” +  [<rv, Y h]) = \ ( [ Y \ a v] + [v”, Y h]) = 0.

Finally in view of (21,a)

= \  {(V^y)'* + (У £х)л + [Х \У Л]} .

Splitting the la s t term in a vertical and a horizontal part, and taking into 
account that H [ X h, Y h] = [Х ,У ]Л, since X h and Y h are 7r-related to X  and 
У , we obtain

V x * Y h =  { ^ V ^ y  +  l- X $ X  + \ [ X , Y ] ' ]j h +  \ v [ X \ Y h] =

=  ( v £ y  -  Í T o r ( X ,y ) ) /* +  l- V [ X \ Y h].

These prove th e  existence p a rt of our theorem. A short and straightforward
О

calculation using (28) shows th a t  V is torsion-free.
О

In order to  prove the unicity we note th a t from Тог(Ул, a v) = 0 and 
from  (26) we ob ta in

(29) V Yh<rv =  V „ « Y h + [Yh , a v] = [Yh, a v].
*

Now suppose th a t  V is another torsion-free linear connection satisfying (25)- 
(27). Then it satisfies (29) too. Hence the difference tensor

D{U, V)  = V i r Z -  V u Z

vanishes for any horizontal and  vertical hits:

D ( X h, Y h) = D { X h , o v) =  D ( a \ Y h) =  D (ov,r)v) = 0, 

and  thus D = 0. Q.E.D.
О  О

In case £ =  r g , VT = V L, V is the Yano-Ledger connection. Thus V 
can be called a  Yano-Ledger connection on vector bundles.

Furthermore, from Proposition 2 and (24) we obtain

C o r o l l a r y  1 . V X h i f  =  ( V ^ p ) " .

Since a horizontal map 7i satisfying the homogeneity condition deter
mines a unique linear connection VL, and conversely, so we may denote it 
by TiL, and we obtain the following
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T h e o r e m  5 . I f  the induced Finsler connection V = (VT, V 1') has a 
v v

torsion Tor, then V — ^Tor is the Yano-Ledger connection induced by the 
same Vr  and (or equivalently TiL). I f  the induced Finsler connection 
V = (VT, V L ) is torsion-free, then V =  (VT,V L) coincides with the Yano-

О

Ledger connection V (V T ,TiL).

This means a generalization of M atsum oto’s extended connection V ' (i.e. 
of the V-linear connection (Л, V) for TM ; [7]) to  vector bundle Finsler 
connection and to vector bundle Yano-Ledger connection.

§6. M etrical Y ano-Ledger connection on  vector b u nd les

Let g be a Riemannian metric in тд (i.e. on B ), j  a Riemannian metric 
in £ = (Е,тг, B , V r), and Л  : x *(тд) —*■ тд a horizontal map. Then

GP(UP,Z P) =  gw{p)(*.Up, * .Z P) +  gv(p)(a(V U p), a ( VZp)),

U,Z £ X( E) ,  p e E

is a Riemannian metric in rg (i.e. on E;  [4]). Clearly

f G ( X h, Y h) = g ( X , Y )  ott

(30) < G(ov,r)v) = g{<r,T]) о тс
{ G ( X h, a v) = 0, X , Y  £ X(B); er, tf £ Sec^.

Let V T be the Levi-Civita connection on (B , g ), V L a metrical linear con
nection of (£ ,£ ), and V the Levi-Civita connection on (E , G ). Let us derive

О
from VT and the Yano-Ledger connection V in rg . One can pu t the 
question w hether or not this Yano-Ledger connection is the Levi-Civita con
nection in тд. The answer depends on the properties of V L and g.

О
T h e o r e m  6 . The Yano-Ledger connection V  (induced by V T and ^JL)  

in Tg is the Levi-Civita connection in тд iff the Riem ann-Christoffel cur
vature tensor R (cr,ri,X ,Y ) := g(R(X,Y)r j ,o) ,  ет,т) £ Sec£; X , Y  £ X ( B )  of 
V L vanishes (R  is the curvature map o f V L).

О
P r o o f . We shall first compute V G  and then our theorem easily follows. 

Every vector field U, Z,  W  £ X(E)  can be written as a finite C °°(E)-linear 
combination of vertical and horizontal lifts. Therefore it is sufficient to  com-О
pute (V G )(t/, Z , W )  for vertical and horizontal lifts. Using the explantation 

( V G ) ( U , Z , W )  = V[/G(Z,  W )  -  G ( y v Z , W )  -  G ( Z , V u W ) ,
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properties (30) of G , and properties ( 2 5 ) - ( 2 7 )  , (2 9 )  of V we obtain

(V G )(kV W )  =  KvG{<T\rT) = KvCg(<T,v) ott) =  0,

{ VG ) (a v, X h, Y h) =  * vG ( X h, Y h) =  a t'(5 (X ,y )o  тг) =  0,

( V G K ^ ^ M ^ O .
Making use also of Corollary 1 we get

( V G X X V ”, , / ’) =

=  rf )  -  G (V X h(Tv, 7f )  -  G ( av, V X„T,V) =
=  Х л(я(<Л т?") о тг) -  G(( V ^ ) » ,  77«) -  G(av, (V&17)») =

= X h(g(a, 77) о тг) -  ~g{yx a, 77) о тг -  <7(сг, V^-т?) о тг =
= X h(g(a,  77) о тг) -  (Хд(а,  77)) о тг = 0,

(V G )(X \ У л, Я л) = X hG ( Y h, Z h) -  G ( V * / .y \  Z fc) -  G { Y h, V x „Zh) =
=  Х Л(5(Х ,У ) о тг) -  5 ( V jy ,  Z) о тг -  g (Y ,V Tx Z )  о тг =

=  Х \ д ( Х ,  У ) о тг) -  (Х<?(У, Z )) о тг = 0
and

( V G ) ( X '> t\y '* )  =  - G ( V x „<7*\y'*) -  G(av, V X HYh) =

= - G  (< Л  \ v [ X h, У л])  = \ g { a \  - а  о V [ Xh, Y h}).

J . Szilasi [10] has shown th a t a  о V [ X h, Y h\ o p  — R ( X , Y ) (p ) ,  p € Secf. 
Hence

(V G )(X h, avY h) о p =

= - l- g ( a ,a  о V [ X h, Y h] о p) = l- g ( a ,R ( X ,Y ) { p )) = Д(гт,р,Х ,У ).
О  О

Thus fi = 0 4=> V G — 0, i.e. V is the Levi-C ivita connection for (J5,G). 
Q.E.D.

As well known, the Nijenhuis torsion of 7i is
N n { X , Y )  = [ H X , H Y ]  +  H[X, Y]  -  H [ H X , Y )  -  H [ X , H Y ].

Hence
N n ( X h, Y h) =  [ X h, Y h] -  H [ X h, Y h] = V [ X b, Y h].

Thus we also get the
C o r o l l a r y  2. The Yano-Ledger connection in т е  is the Levi-Civi

ta connection on (E ,G ) iff the Nijenhuis torsion of TL vanishes, i.e. if f  
V [ X h, Y h] =  0.
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W E IG H T E D  L p C O N V E R G E N C E  O F  
H É R M IT E  IN T E R P O L A T IO N  

OF H IG H E R  O R D E R

P. VÉRTESI* (Budapest) and Y. XU (Austin)

1. In tro d u c t io n
Let n be a positive integer, and let

(1.1) - 1  < Znn(tu) <  i n- l ,n (№) < • • • < Z l „ ( w )  <  1

be the zeros of the Jacobi polynomials pn(w, x), which are orthonorm al w ith 
respect to the Jacobi weight w defined by

( 1.2)
(1 -  x ) " ( l  +  a;)/3, 

0,
1*1 ^
M  > i,

where a > — 1 and ß  > —1. For every integer m  > 1, we consider the 
Hermite interpolation operator H nm( w , f )  which is defined to  be the unique 
polynomial of degree at most m n  — 1 satisfying

(1.3) Я ^ ( ш ,/ ,х 4п) =  / (j)(xfc„), l i k i n ,  0 ^ i g m - l ,

where х*„ =  х*„(го). If w is a nonnegative measurable function and 1 ^  p < 
<  + O C  then weighted Lp norm is defined by

(1.4)

i /p

For 0 < p < 1, of course (1.4) is not a norm anymore, bu t we keep this 
notation for convenience. Il-lloo is the usual uniform norm on [—1, 1].

The main purpose of this paper is to investigate the convergence prop
erties of Hnm( w , f )  using the norm (1.4). The interesting and im portant 
problem is to determine necessary and sufficient conditions for convergence 
and for the rate of convergence as well. For m =  1 (Lagrange interpolating 
polynomial), this problem has a long history. It is P. Nevai who proves the 
final results for even more general weight functions. For results and history,

* The first au thor was supported by H ungarian National Foundation for Scientific 
Research G rant No. 1801.
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we refer to [5], [6] and th e  references given there. For m = 2, the close
ly related H ermite-Fejér interpolating polynomial has been studied by P. 
Nevai and P. Vértesi [8], P. Vértesi and Y. Xu [14], and A. Máté and P. 
Neva! [3]. The H„2 ( w , f )  itself is investigated in A. M áté, P. Nevai and Y. 
Xu [4], where the first order derivative of Hn2( w , f ) is considered as well. 
For higher order cases (m  > 2), only Herm ite-Fejér interpolating polynomi
als have been considered ([10], [12], [13]). In the following, we will present 
several theorems concerning the necessary and sufficient conditions for the 
convergence and the ra te  of convergence of Hnm( w , f ) and its derivatives. 
Unlike the cases of Herm ite-Fejér interpolating polynomials, Hnm( w , f ) are 
projectors, therefore we only need to prove norm inequalities for H nm(w, f )  
and its derivatives. We list these inequalities as separate theorems.

Throughout this paper, we shall adopt the following convention. The 
letters c, Ci,C2, . . .  will denote positive constants being independent of vari
ables and indices, unless otherwise indicated. Their value may be different 
a t different occurrences, even within a single formula. A  ~  В  will mean tha t 
c iA  ^  В  < C2 A.  We reserve the letter v for \ / l  — x2, th a t is

(1.5) v(x ) =  y / \  — x 2.

We define wm by

( 1.6) wm (x)  =  (w(x)y / 1 -  x2)

We also define | | / ^ | |*  by

(1-7) | | / (i)||.  = max |u(xfc„)7(t)(a;itn)|,1S A:Sn

and
£ „ ( / )  =  min II/ -  Р„||оо

where the minimum is taken over all polynomials of degree at most n. Finally 
we define

( 1.8) A m = ~ l ~ - ,  =
2 m 2 m

and

(1.9) r  =  m ax{a,/?} and 7 = min{a,/3}.

We shall always assume that w is the weight function with which the 
interpolating knots are associated and a , ß  are the parameters of w.  Fur
thermore, we shall assume

(1.10) 7 A m for odd integer m ,
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and
( 1.11)

2
7 > C m or A m < a , ß  < Cm and Г — 7 < — for even integer m,

from now on (cf. [12]).
Our main results are the following.

T h e o r e m  1 . 1 .  Let m  be an even integer, 0 < p < + 0 0 . 
Jacobi weight function, uv~3P £ L 1, for a fixed j ,  0 ^  j  ^  m — 2. 
£ n >  0 , £  —*• 0  ( n  —* 00),
( 1. 12)

Let и be a 
Then with

\\H n m ( w J ) \ \ u , p  й  c n '
m—2

m—1. . .  -i -

V / € C m — 1

t= 1

if and only if

(1.13) «j“pv(m-2ji-1)p u £ L 1.

T h e o r e m  1 . 2 .  Let to > 2  be  an integer, 0  < p < + 0 0 . Let 7  >  Cm 
for odd m . Let и be a Jacobi weight function, uv~3P £ L 1 fo r  a fixed j ,  
® = j  = m  — 2. Then

( 1 . 1 4 )  l i m  \ \ H W ( w J ) - f W \ \ UtP =  0,  V / € C m~l
п —Ю О

if (1.13) holds. Furthermore, if  m  is even, then ( 1 . 1 4 )  is true i f  and only if 
( 1 . 1 3 )  holds.

T H E O R E M  1 . 3 .  Let m  >  2  be an integer, 7  >  Cm and 0  <  p <  + 0 0 . Let 
и be a Jacobi weight function, uv~3P £ L 1 for a fixed integer j ,  0 ^  j  < то—1. 
Then

m — 1
(1-15) l | f f S ( ® . / ) l l . , S « P '£ l t f <‘, l * / B'> V / S C ”- 1,

t= 0

if

( 1 . 1 6 )  w - pv~jpu £ L 1.

Furthermore, if  to is even, ( 1 . 1 5 )  implies

( 1 . 1 7 )  w~p v~3P и £ L 1, Vp* < p.
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T h e o r e m  1 . 4 .  Let m 2 be an integer, 7  >  Cm and 0  <  p <  + 0 0 . Let 
и be a Jacobi weight function, uv~ 3P 6 L 1 for a fixed integer j , 0 < j  m — 1.
Then

(1 .18) | | g W ( „ , / )  -  / M | | <c

i/(1 .1 6 ) holds. Furthermore, i f  m  is even, (1.18) implies (1.17).

R e m a r k . In Theorems 1.2-1.4 we proved the  necessary part only for 
even m. To handle the case of odd m, we need

£ ( * ы р п - 1 Ы Г  i  ^ г т

(see (4.6) below) which we are no t able to prove a t present. In Theorems 1.3 
an d  1.4, we have weaker necessary conditions. However, if the inequalities

(1.19) lim  inf —г
n —+oo n 3

df_
dx3j P n ( W) >  C  ||tl7,

u,p

can  be proved, th e n  our theorems will be “if and  only if ’ using (1.16). At 
present, we can prove (1.19) only for j  = 0 and 1.

For m  =  1, see [6]. For m =  2, see [3]. In  these cases, all the results 
are  proved as “if an d  only if” statem ents, and th e  weight functions are more 
general. When j  =  m  — 1, (1.13) and (1.16) are the same, which means that 
if we have the convergence, we have it with ra te . For j  < m  — 1, (1.16) is 
stronger than (1.13).

2. P relim inaries

The Hermite interpolation operator (1.3) can be written as
m—1 n

(2 .1) Hnm(w,  /,ж ) =  X )  m = 1, 2, . . . ,
t=0 ik=l

w here the polynomials ht\t of degree exactly m n  — 1 are uniquely defined by

(2 .2 ) Mfc (x Jn) =:

Following [13], we have

(2 .3) M * )  =  [4 n (x )]m( l  ~ * kn)t Y ,  et i k ( x - x kn) \  O ^ t ^ m - 1 ,

A d a  M athtm aiica  H un g a rica  59, 1992



W EIGHTED L r CONVERGENCE OF HERMITE INTERPOLATION 427

where 4 „ ( z )  are the fundamental polynomials of the Lagrange interpolation. 
By [11, pp. 48]

(2 .4)  4 n ( g )  =  \ k n P n - i ( w , x k n ) ? ^ w ' x \
l n  X -  X k n

where А„(ж) =  Xn( w, x )  is the Christoffel function, А*п =  Ап(ж*;„), and 
7n  =  l n ( w )  is the leading coefficient of pn(x) =  pn(w, x) .  Notice th a t h t k 
and etik also depend on n and m. Furthermore, we have from [13],

(2.5)

and

( 2 .6)

etrJfc = eorb г =  0, 1, . . . ,  m -  1 -  t, 0 < t < m - l ,

|e0rfc| й  Ci
2
kn  ,

Пг—1

( У ^ Г ’

if r = 0 ,2 ,4 , . . . ,  

if r =  1 ,3 ,5 . . . .

From (2.2), we can easily get that

(2.7) hm. h t (x) = [4„(*)]m.

For any polynomial P  of degree at most m n  — 1, we have

(2.8) P(x)  = f f nm(w,P,x) .

We collect some useful estimates in the following Lemma (see [13] for 
references).

L e m m a  2.1. Let w be a Jacobi weight function, and let X k n  =  cos • d k n  

(з̂ Оп — I? = 1, 0 ^  dkn = зг). Then

(2.9) ^fc+i,n -  i?fcn ~  — uniformly for  0 < к < n, n G N,n ~ ~

(2.10) Xkn(w) ~  i  w(xkn) \ / 1 -  x \n uniformly for

( 2. 11)
|Pn-i(w,a:fcn)| ~  w(xkn) 1,2 { \ - x 2kn)l /A uniformly fo

1 ^  к ^  n, n  € N,

T

г 1 ^  к ^  n, n G N,

and

( 2. 12) |Pn(w ,x)|
n \ e -  0 j n \

(у]{х}п) ^ \  -  X)n)
1 /2  ’
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where j  is the index determined by — x\ — min |a; — Xjt|. Finally,
l^k<n

(2.13) 7 „ ( w ) ~ 2 " .

We also need the weighted Bernstein-M arkov inequality (see e.g., [7]).

L e m m a  2 . 2 .  Let 0  < p < - f o o ,  and и be a Jacobi weight. Then for each 
polynomial Pn o f degree at m ost n,

(2-14) ||P > ||u ,P ^  cn||Pn ||u,p.

Finally, we note tha t the derivative of the  Jacobi polynomial pn( w , x ) 
satisfies the following relation ([11, pp. 63])

( 2 . 1 5 ) p'n{w ,x ) =  - ( n  +  a  + /3 + l ) p n_!(wn2,x ).

3. M ain lem m as

The following Lemmas are critical to our proofs.
L e m m a  3 . 1 .  Let w be a Jacobi weight function. I f  j  is the index deter

mined as in (2.12), then
(3.1)

£  ( / Г ^ - IMt)l = g  
k~1 v v 1 Xkn)

„ l o g n  .
1 + ------ - wm(xjn)n

, m  — t = even,

and

(3.2) Y  .. .  1 ■ ■ -7 | M i ) |  S [1 +  4>m(x,n) l ], m - l  = odd.

P r o o f . F o r  к = j  ( s e e  ( 2 . 1 2 ) ) ,  i t  c a n  b e  e s t i m a t e d  a s  i n  [1 3 ] .  F o r  к ф j  
a n d  m — t e v e n ,  w e  h a v e  f r o m  [1 3 ]

\ h t k ( x ) \ ^ c \ ^ n ( x ) \ \ x - x k n \t (  x fcn|

\ll~Xln

m — t—2

i  +
n \X  -  x k n \

l ^ x L
» k Ф j.
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If Y2' means we omit the term к = j ,  then from the above inequality, (2.4) 
к

and Lemma 2.1, we have

V ' -------- --------
&  ( y / ^ L )

< _L
~ n* r

Wm{xkn) 1 ~ XL
+  E 'j, -EfcnP ^ m ( X j n )  H?\Xjn  -̂ Ainl

which can be estimated as [13, (3.10)] for t = 0. Similarly, the argument 
holds when m  -  t is odd (cf. [13, (3.13)]).

R e m a r k . Our restrictions (1.10) and (1.11) are from this lem m a. For 
the sharpness of the restrictions, we refer to [13].

To state our next lemma, we write for odd m  — t,

(3.3) Qtk(x) :=  ^ e t)m_ i_ t)fc(x -  z fc„)m -1(4 „ (x ) )m 

(cf. (2.3)) and
(3.4) Rtk{x) := htk(x) -  Qtk{x).

L e m m a  3.2. Let w be a Jacobi weight function. Then if m  — t is odd,

! + Wm(Xjn) 1n

P r o o f . By (2.1), (2.3), (2.5), (2.6) and (3.4), we get

№ *(*)! < « ( * ) |  I* - * * „ 1*
1 I* -  Ifcnl I n |x  -  Xkn

+ l ~ xL  +  ----------
+ . . .

kn

+
n\x -  xfcn|

m —t —3 m—t—3

+
n X -  Xfc„

' k n V^ 7 kn

\x -  Xfcn|
1 -  X2 1 Xkn

whence by n|x -  x kn\!<J\ -  x \n > c (k ± j )

ia*(*)I s « w i  I* -  *ь.|‘ (
Therefore the desired estimate follows from the proof of Lemma 3.1.

The following Lemma is a partial case of a more general theorem proved 
in [6, Theorem 1].

( 1 + т ^ г ) ’ м
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L emma 3.3. Let w and и be Jacobi weight functions. I f  0 < p < +oo, 
WmPv Xpu € L 1, A ^  0 and 7 >  C m, then fo r  every bounded function f  in 
[ - 1, 1]

||L „(u ;,F )inm1_1vA|k p  ^  c | | / | | .

where Ln(w) =  H n l (w) and F  =  f w m- 1.

We now construct a special Hermite spline function sn , which will help 
us to  get the necessary conditions in our theorem s. For each given integer 
n , sn is a polynomial of degree a t most 2m  — 1 on each [zfc+i,,,, х*„] and it 
is uniquely determined by

(3 6) Í s" )(*fcn) = 0, 0 <; fc < n +  1,
1 5nm -1)(*fcn) =  1, 0 í í f c < n  +  l ,  (m > 2).

It is easy to  verify the following explicit form ula for sn on [xfc+i,„,

, 4  (Sfc-fl,n -  x kn)m~2 /  x - x kn \ m~x /  Zfc+i.n -  x \ m~1
1 (тп — 1)! \ ^ +i , n - i b J

x [ ( - l ) m -1(x  -  x kn) + (xfc+i,n -  z)] ,

whence

(3.7) H alloo ^  c / n — x- ‘, 0 < < < m - l .

By definition, sn is a function in C m~l .

4.  Proofs o f  Theorem s 1.1 and 1.3

We start w ith the following special case of Theorem 1.1.

L e m m a  4 . 1 .  Let m  2  be an even integer, и be an integrable Jacobi 
weight function. Then for each 0 ^  Л ^ m — 1

(4.1) \ H n m ( w •> / ) | | t i , p  =  c n

m — 1

t=i

where en —> 0 as n —► 00, if

(4.2) w ~ pv(x+1K<E L 1.
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P r o o f . By Theorem 6.3.14 in [5, p.113], for every 0 < p < +oo, and 
Jacobi weight u, there exists a constant a  =  a(p, и) > 0 such that for every 
polynomial P  of degree at most mn

1 1 -an2
(4.3) /  \P(t)\pu( t )dt  < 2 J  \P(t)\pu(t) dt.

“ 1 — 1+<ГП~2

Applying (4.3) with P = Hnm( w , f )  we have

ll# » m K /) ||S ,p ^

m —1 1— <rn"

£ c E l l / , , ,K  /  Ё ,  * «(*)<!»,
1 1 ( \Л  -  d „ )  1i - °  - l + < r n - 2

where by Lemma 3.1, we get for m  — t =even

i —n- 2 /  „ \ p

t I M * )/—1+<тп~2
u(x) dx <

/

Ь c

1—<rn-

^ + ( ^ т )  J  ^m (x) pu (x )dx

< cnAp

— l + < rn ” 2

1 — <rn_
p (v / l - x 2) Apu (x )d a;

- 1+.ТП- 2

by i  < \ / l  — x2. By (4.2), there exists a 0 < <5 < 1, such th a t tnmpu(A+1_Ä)pu € 
€ L 1. By the triangular inequality and ( n V  1 — I 2 ) 1 6 c,

1 —<rn"

< cnXp

/  5 ^ - — = = ^ i l M * ) l  I u { x ) d x <
- » L - >  V*-> ( v / r r d T )  /

1 —<rn—2

55Sji+ ( ^ )  /  4 ; p»,A+1- <|p<*M<fa
— l+<rn—2
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where

< cnXp
1

n (t+A)p

:=  cnXp (  1 ^
U * - 1 ;

/ l o g n y
V " t+i У .

< cnAP if t = 0,

eu if * > 1

1
n^+^P + Similarly for m  — t =odd we have

which completes the proof.
P r o o f  o f  T h e o r e m  1.1. By Bernstein-Markov inequality (Lemma 2.2),

t ó K / ) l k p  ^  CTi:l\\Hnm( w , f ) / v J\\U'P.
Suppose 0 ^  j  ^  m  — 2. Then we can apply Lemma 4.1 w ith A =  m  — 2 — j  
in (4.1), and we get

l t ó ( » . / ) l k P £
m—1

t~ 1
where (4.2) w ith weight function v Jpu instead of и gives

w - P v ( m - j - l ) p v - J P u  G L \

which is exactly (1.12). This proves the sufficiency of (1.13) for 0 ^  j  ^  m —2.
For the necessary part, we use our spline function sn . Let f i ( x )  = x.  By

(2.1) and (3.6)

%H n m ( S n i  x )  H n m ( f \ S n i  x ' )  — ^   ̂ 2;fcn)^'m — l ,fc (® ) —
fc=l

= ( — У  Ё (А ы Р п -х (х ы )Г Р п (х Г ,  
v 7n J k=1

where pn(x) =  pn(w,x) ,  and the second equality follows from (2.7) and (2.4). 
Taking derivatives, we then have

(4.4) j H ^ ~ x\ s n, x )  +  x H ^ ( s n , x )  -  H W ( f i s n , x )  =

=  ( ^ ) т Ё ( л* л - 1( ^ ) г -
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Now by (1.12) and (3.7)

(4.5) + / i #  W  -  H £ U fiS n) ||U)P ^

< cnm- 2
771 — 1

TV
1 \ 1 1
™—1 £n ^  nt_1 nm_1_i

t = l
< cen -+ 0,

and by Lemma 2.1, it is easy to see that
/  \ m  n

(4'6) ( ^ J  D A* ^ » - i ( * b . ) r  í

From (4.4), (4.5) and (4.6), we then have

(4.7)
n m —1

d?_
dxi

< C£n —> 0.
u,p

Since the derivative of pn(w,x)  is also a Jacobi polynomial with weight func
tion m (x)(l -  x2) (see (2.15)), and for some positive integers cjt depending 
on m  and j ,

( л о л dJ ,_т,_лл S T'  .  f  d a i P n \  1 f  d a k p n \  k
(4.8) S J Ü U . ) ) -  Л + Е г а  - ( ь г )  '

«1 Ai+•••-(-or jt Afc =j

we can conclude from (2.12) that

( 4 . 9 ) E 7 « M > ' i  ju,p J
( l + x l n )/2 i= i

ŷ/nw( 1 - n"2)_1/2naij ' n“iA‘
AH---(-A k=m

,<*iAiH---- \-ak \ k= j

u{x) dx

1

J  u(x) dx

(l+x<„)/2

i
~  n (  2"+ 2 ji)p u;(1 — п ~ 2 ) ~ Г Р  J  u ( x )  d x ,

( l + x l n )/2

since every Jacobi polynomial is positive when x > x \n. If w(x)  = 
=  (1 — x)“ ( l + x)P, u(x)  = (1 -  x)a( l  -F x)6, then (4.7) and (4.9) is equivalent 
to

—(m  — l)p  + +  2j p + amp — 2a — 2 < 0
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. ( а + > ) ?  +  ( т _ 1 _ 2 Л |  +  а > - 1

which means th a t w f^v^m~2i~ x p̂u is integrable on [0,1]. The interval [—1,0] 
can be handled similarly. Therefore the proof is complete.

LEMMA 4 .2 . Let w and и be integrable Jacobi weight functions. Then 
fo r  each 0 ^  m — 1 and 0 fí A ^  m  — 1

m — 1 .

( 4 .1 0 )  ||Я„™(<», / ) | | „ , р £  СПХ £  - j | | / ( " | | .
t=o n

i f
( 4 .1 1 )  € L 1 and 7 > Cm.

P r o o f . By (2.1, (3.3) and (3.4), we have
m —1 n /  n

/ )  =  E  E  / (,)(*ь .) '* '* (* ) =  E  E  г юм ы * ) +
t = 0 k = l  \ m —t —even k —1

n \  n

+  E  E f (t)M R t k H ) +  E  E  f (t)(xku)Qtk(x) -.= +  e 2.
m —t—odd k= l J  m —t=odd k= l

Applying (4.3) w ith P = E i, we have by Lemma 3.1, Lemma 3.2 and l / n  < 
< c y /l -  x2 th a t

(4.12) l|S i ||u,p <
1—trn~2

S ^ E I l l ' l l - ' /
log n , . 1 

1 +  Wm(x) 1 n
1 u(x) dx

t -1 +<rn~2 У

<: СПЛ£  
t

l l /( ,|||.  Í 1 , 1, -1 Ли 1 
[„A + H»m » Nu.pJ <, cnx

nlt
By (2.4) and (3.3), we have for m  — t =odd

(4.13) St := Y , f W ( x kn)Qtk(x) =
k=i

= E / (t)(xfcn) ^ e t,m_ 1_t,fc(x -  i fcn)n" 1( 4 n ( i ) ) ra = 
k=1

( \ m~^ n 1
—  P n { x ) m ~ l  E  f ( t \ x k n ) - ye t , m - t - l , k i k n { x )  [AfcnPn-lixfcn)]"1-1 . 

7 "  '  J t= l
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Since m  — t is odd, by (2.6) and Lemma 2.1,

^ Г ( 1 - ^ п ) |(га- 1)Ч ^ п ) ^  =  

=  n*Wm~i (xkn) •

m —t —l

Ъ c

We now write

(4.14) 1 / it)( ^ n ) ^ 1,ra. t. M [AtnPn. 1( i in )]m- 1 =

— C k n f ^  ) l ^ m  —l(*Efcn )^(*£fcn) •— f f n ( & k n ) W m  — l ( 3 ' k n )  1

where by defining cn( x ) to be the  uniformly bounded function satisfying 
c„(xfcn) =  ckn, we have

(4.15) IlfII. = l k / <‘)/ n ' | | .  S c | | / « | | . / „ * .

Using (4.14) we can rewrite (4.13) as

S t = L n(w,gnwm- i , x ) .

Therefore by (4.3), (2.12) and l / n  < c y j\  -  x%n, we have

11 St 11 u,p S cnA||L„(tíi,íínu;m_i)ií;“ 1_1i;A||U)P 1  cnA||/W ||*/n* 

where the last inequality follows from Lemma 3.3 and (4.15). Therefore,

l|S! | | „ < c n A2 ll/(" l l - / ’‘‘.

This and (4.12) complete the proof of this lemma.
P r o o f  o f  T h e o r e m  1.3. By the Bernstein-Markov inequality (2.14),

Applying Lemma 4.2 with A = 0 and u/v^v in place of u, we get (1.15) under 
the conditions (1.16). Now we prove tha t (1.17) are necessary for m  =even.
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Let s„ be the spline function defined in (3.6). Then by (4.4) and (4.6), we
get
(4.16)

\ jHkm 1){sn , x )  + xHkrL(sn, x )  -  t f< ^ ( / is n,x ) | > 0m — 1

Since \\HÜm ^(«»Olkp ^  с | |Я ^ ( 5п) ||и,р, by (1.15) and (3.7) we get
m—1 . i .

№ £ l\ s „ ) + f i s ! > L M - B i S l M \ \ . ,  £  cni Y .  ^
t=0

T hen by (4.16), 

(4.17)
1

П-7 u , p
= C-

If (1.19) were true, then we have from (4.17) th a t (1.16) is a necessary 
condition. Since we do not know how to prove (1.19) at this time, we can 
only conclude from (4.17) a weaker result, (1.17). Its proof is similar to that 
of Theorem 1.1.

5. P ro o f o f  T heorem s 1.2 and 1.4

We need the following result by Leviatan [2, Corollary 1].

L e m m a  5.1. Let f  £ C Tn~1 and  Pn be the degree polynomial of best 
approximation to f . Then

(5.1) | / W ( « ) - J Í » < . ) |  £  -

where Д„(х) =  v/l~j2 +

From (5.1), we have

(5.2) II/W -  S cE n (/<m- x>)

P r o o f  o f  T h e o r e m  1.2. Suppose (1.13) is true. By (2.8) we have

(5.3) II H t f U w J )  -  f (j) | k P < c \ \ fM  -  PnW ||u>p +  c\\h W ( w J  -  P„)||u,p.

If m  is odd, then by Lemma 2.2 and Lemma 4.2 with A = m  — j  — 1,

IIB j & i w . f  -  P„)||„,p < cn>||« « ( » ,  /  -  P „ )h ’ \U,p i
m —1

£ cnm-1 £  ll/(t) -  ^°||*/»*  ̂cEn(f(m-1]),
t= 0
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where the last inequality follows from (5.2). Similarly, if m is even, then  by 
Lemma 2.2 and Lemma 4.1 with Л = m — j  — 2,

m—2
m—1. . .  A

t = l

<

b c 'fln(/(m- 1))
n

+ enE n( f ^ ~ l))

By (5.3) and the definition of P„, we proved (1.14). On the other hand, if
(1.14) is true and m  is even, then it follows from

(5.4) ||Я«> ( w , / ) | |_  < c||ffW  ( » , / )  -  / « | |„ ,  + c l l /W ll.,
and (3.7) tha t for 0 ^  j ^  m  -  2,

IIÍ HÜ~l\ w , s n) +  / iP W (w ,s n) -p W (u ; , / i s„ ) | |Uip <

^ е(ййз=г+Няй(®,^)-4?',11.»+11я‘2(Вд^ / ) - ( /Л )1Я||.11,)_о.
For j  = m  -  1, we have from (1.14) and (5.4) that

| | ( m -  1 ) Я £ Г 2) +  f x H Ü r ' \ w , S n )  -  f f f V / b i n )  I k p  ^  c .
The rest of the proof follows similarly as the proof of Theorem 1.1.

P r o o f  o f  T h e o r e m  1.4. Suppose (1.16) holds. By Theorem 1.3 and
(5.2), we get by Lemma 2.2 tha t

| | Я « К / -  Pn)||u,p < cnitfnm(« ,,/-  Pn)M k „  ^
m—1 1 1

s E  *  E" (/(m_I)) = c£-
t = 0

By a well known property of the best approximation polynomial 
(cf. [9, p. 23]),

| | / (i) -  P (n3)Hoc ^  cEn ( / ( — D) /n " - * " 1,

(1.18) follows from (5.3). On the other hand, from (1.18) we have

\ \H&( w, f ) \ \ UtP Í  c ||/b ) |U  +  c\\h M ( wJ )  -  / W И ., <

< c ||/W |U  +  cEn (/<m-1)) / n ^ - 1 <

Í  С П i  [||/W||oo/nJ' + ||/(m- 1)||oo/nm- 1' .
Notice tha t in the proof of the necessity part of Theorem 1.3, we only need
(1.5) with Il/У in place of ||/||» . Therefore, (1.17) follows from Theorem 1.3.

Acta  M athem atica  Hungarica 59, 1992



438 P .  VÉRTESI, Y .  x u :  W EIGH TED L r CONVERGENCE . . .

R eferences

[1] G. Freud, Orthogonal Polynomials, Pergamon (New York, 1971).
[2] D. Leviatan, T h e  behaviour of th e  derivatives of the algebraic polynomials of best

approxim ation, J. A pprox. Theory, 35  (1982), 169-176.
[3] A. Máté and P. Nevai, Necessary conditions for m ean convergence of H erm ite-Fejér

in terpo lation , in Tribute to Paul Erdős (Eds. A. Baker, B. Bollobás and A. 
H ajna l), Cambridge U niv. Press (Cam bridge, 1990), pp. 461-475.

4] A. Máté, P. N evai and Y. Xu, M ean convergence of Hermite interpolation. (To appear.)
5] P. Nevai, Orthogonal P olynom ials, in: AMS M emoirs, 213, A m er. M ath. Soc. (Provi

dence, R. I., 1979).
[6] P. Nevai, M ean convergence of Lagrange in terpolations III, Trans. Amer. M ath. Soc.,

282 (1984), 669-698.
[7] P. Nevai, B e rn s te in ’s inequality in  Lp for 0 <  p < 1, J. Approx. Theory, 27 (1979),

239-243.
[8] P. Nevai and  P. Vértesi, M ean convergence of H erm ite-Fejér interpolation, J. M ath.

A nal. A p p l,  105 (1985), 26-58.
[9] T . J. Rivlin, A n  Introduction to the Approxim ation of Functions, Blaisdell (W altham ,

M ass., 1969).
[10] J. Szabados an d  A. K. Varma, O n higher order H erm ite-Fejér interpolation in weighted

j!/P-m etric , Acta M ath. Hung., 58 (1991), 133-140.
[11] G. Szegő, Orthogonal Polynomials, Amer. M ath . Soc. (New York, 1967).
[12] P. Vértesi, H erm ite-Fejér in terpolations of higher order. I, A cta  Math. Hung., 54

(1989), 135-152.
[13] P. Vértesi, H erm ite and H erm ite-Fejér in te rpolations of higher order. II, Acta M ath.

H ung., 56(1990), 369-380.
[14] P. Vértesi an d  Y. Xu, O rder o f mean convergence of H erm ite-Fejér interpolation,

S tud ia  Sei. Math. H ung., 24(1989), 391-401.

(Received February 8, 1990)

M ATHEM ATICAL IN S T IT U T E  O F TH E  
H UNGARIAN A C A D E M Y  O F SCIEN CES 
B U D A PEST, P .O .B O X  1 2 7 ,  HUNGARY 1 3 6 4

D EPA RTM EN T O F  M ATHEM A TICS 
T H E  U N IV ERSITY  O F  TE X A S AT A USTIN  
A U STIN , TEX A S 7 8 7 1 2  
USA

Acta. M athem atica  Hungarica 59, 1992



Acta M ath . Hung. 
59 ( 3 -4 )  (1992), 439-447.

ON THE NUMBER OF SUMS 
AND DIFFERENCES

I. Z. RÚZSA1 (B udapest)

1. In troduction
Let A be a set of integers. Write

A  + A  — {ai + a 2 • a i > °2 € A },
A -  A  = {a,! -  a 2 : a 1, a 2 G A}.

If |Л| = n, then we have

2Я_ 1 < И  + Л | < ^ ,

2n — 1 < \A -  A\ < n 2 — n +  1,
where there is equality on the left side for arithmetical progressions and on 
the right side for “generic” sets, in which there is no nontrivial coincidence 
between sums or differences.

Observe tha t the conditions of genericity for sums or differences are 
equivalent: a nontrivial coincidence of sums, say a +  b — a' -f b' implies 
a nontrivial coincidence of differences, namely a — a' = b' — b, and vice versa.

We shall show the counterintuitive fact that “almost” versions of these 
conditions are far from equivalent; almost all sums may be different while 
almost all differences are represented multiply, and conversely.

T h e o r e m . For every n >  tiq there is a set A such that

(1.1) \A\ = n, \A + A \ < n 2- C 
but
(1.2) \A -  A\ > n2 -  n 2~c,
where c is a positive absolute constant. Also there is a set В  such that

(1.3) \B\ = n, \ B - B \ < n 2~c,

(1.4) \B + B\ > у  -  n 2~c.

1 Supported by DIMACS (C enter for Discrete M athem atics and Theoretical C om puter
Science), a National Science Foundation Science and  Technology C enter — NSF-STC88- 
09648, and by H ungarian National Foundation for Scientific Research, G rant No. 1811.



440 I. Z. RÚZSA

We do not compute numerical values for c. If we did, we would get a 
much smaller value for (1.3-4) than for (1.1-2). I do not know whether this 
is necessary.

Neither c can be larger than 1/2. This follows from the inequalities 

IA  -  A |3 / 4  < |A + A| < \A -  A|4/3,

see Freiman and Pigaev [1], Rúzsa [2, 3, 4].
The idea of the proof is the following. Take a set U such that

(1.5) D = \U -  U\ > S = \U + U\

and form the set

V  =  Uk C zfc, V  = { ( щ , . . . , и к) : uu . . . , u k G U}.

This set has |V +  V| = Sk, \V — F | = Dk, thus V -  V  is much larger than 
V  +  V. Now consider a random subset X  of V . Since there is much more 
room for differences than for sums, with some luck the sums already start 
to coincide while the differences do not. (Actually in the course of the proof 
we shall find th a t it is not (1.5) what really counts but a more complicated 
inequality.)

We got a set of integer vectors. If a set of integers is required, we can 
map it into Z by

( x i , . . . , x k) —> zi + m x 2 H-----+ mk l xk ,

say. If m is sufficiently large, then this mapping does not change the number 
of sums and differences of our set.

2. R andom  su b sets

Let V  b a finite set (of integers, or vectors, or elements in any Abelian 
group), |F | =  m.  We take a random subset X  of V  by selecting elements of 
V  into X  independently, with probability 0 < g < 1. Then we have

E|X| -- gm,

where E denotes expectation, and almost certainly |X | will be near to gm. 
For instance, Chebyshev’s inequality says tha t

(2.1) P(II|X| -  «mil a  K) g(1 ~ g)m,
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thus this probability is small as soon as K/y/grn —> oo. If necessary, much 
stronger inequalities are available (Bernstein’s inequality); for our purposes
(2 .1 ) is sufficient.

We also need estimates for \X  ±  X |. Write
D = E |X - X | ,  S  = E |X  +  X j.

(We shall not deduce that these cardinalities are often near to their expec
tations, though this seems to be possible.)

Let cr(n) denote the number of solutions of n = и +  v, u, v £ V ,  similarly 
6(n) the number of solutions of n = и — v, and for a number к and set V  
write

kV  = { k v : v £  V}.
2.1. Lemma. We have

( 2 .2 ) P(n £ X  +  X ) = I(1 _ g2yH/2
(1 -  £ ) ( i  -  e2) W")—i) / 2

for
for

n ^  2 V , 
n £ 2V .

P roof. The a (n ) representations of n in the form n = и + v can 
be groupped into cr(n) / 2  pairs by combining и + v and v + u, or into 
(a{n) — l ) / 2 ) such pairs and a single representation in the form и -f и if 
n £ 2V. These representations depend on disjoint pairs, thus they induce 
independent events, and in (2 .2 ) we have the product of the corresponding 
probabilities. □

The case of the differences is somewhat trickier, because the pairs (и , v) 
with u — v = n are not necessarily disjoint. We start with some preparation.

2.2. Lemma. Take a random subset of (0 ,1 ,2 , . . . ,» }  by selecting each 
number independently with probability g. Let ßn be the probability that no 
two consecutive integers are selected. We have

( 2 -4 ) (1 -  9Г  Í  ß n  й  ( l - f ? 2 +  f?3 ) " .

P roof. We have ßo = 1, ß\ — 1 — g2 and the recurrence relation

ßn = -  e)ßn-i + e(i -  e)ßn-2 (n>2) .
These yield (2.4) by an easy induction. □

2.3. Remark. We could write the exact solution of this recurrence, but 
for the following calculations we need bounds in this exponential form. The 
lower bound we gave is exact, with equality at n — 1, while the best upper 
bound of the form 7 " is given by

1 ~ Q + y /(l -  g)(l + 3g)
2 1 -  92 + 93 + 0 (p 4).
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2.4.  L e m m a . We have

(2.5) (1 -  p2)í(n) < P(n £  X  -  X )  < (1 -  Q2 +  £3)Ä(n).

P roof. Consider all maximal arithmetical progressions of difference n 
in V :

aii ai +  n, •. . ,a  1 + bin;

at, at +  n , . . . ,  at -f- б^п.

T h e s e  a r e  d i s j o i n t ,  a n d  a  d i f f e r e n c e  n a p p e a r s  i n  X  i f  a n d  o n l y  i f  i t  c o n t a i n s  
t w o  c o n s e c u t i v e  t e r m s  f r o m  s o m e  o f  t h e m ,  c o n s e q u e n t l y

P(n & X  -  X )  = ßbxßb? • • - A x -

Now (2.5) follows from the previous lemma and the observation

b\ + b2 +  • • • + bt = 6(n). □

2.5.  L e m m a . We have

( 2 . 6 ) £ 0 - ( 1 - о У < п , / г )
n

1 -  e m  £  S  ^  £  ( i  -  ( i  -  f?2 r (n)/2
n

and

( 2 . 7 ) i ^  D  $  E  ( *  -  Í 1 -  e2 +  <?3 ) á (n ) )  •
n n

P r o o f . T o  o b t a i n  ( 2 . 6 ) ,  w e  s t a r t  f r o m

S  = ^ 2 F ( n e  X  + X ) .
П

T o  e a c h  t e r m  w e  a p p l y  ( 2 . 2 ) ,  a n d  f o r  n €  2 V  w e  a l s o  u s e  t h e  i n e q u a l i t y

(1 -  p Y H / 2 -  в  £  (1  -  0 2) И " ) - 1 ) / 2 (1  _ £ ) < ( ! _  p 2 ) - H / 2.

( 2 . 7 )  f o l l o w s  s i m i l a r l y  f r o m  ( 2 . 5 ) .  □

T h e  e x p o n e n t i a l  s u m s  a p p e a r i n g  in  ( 2 . 6 - 7 )  a r e  d i f f i c u l t  t o  c a l c u l a t e ;  w e  
e s t i m a t e  t h e m  b y  p o w e r s .
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2.6. L e m m a . For every 0  ^  x  1 ,  у  ^  0  integer and  0  <  e <  1 we have

(2.8) 1 -  (1 -  x)* < (xy)l~',
( 2 . 9 )  1 — ( 1  — x ) y > x y  — (xy)1+e.

P r o o f . T o  g e t  ( 2 . 8 ) ,  o b s e r v e  t h a t

1 — (1 — x )y ^  m i n ( l , x j / )  ^  ( x j / ) 1 - e .

To prove (2.9), recall tha t

e_t й 1 -  t +  t2/2

for t > 0, hence

(1 — x )v ^  e_xv ^  l - x y  +  ^ 2 ,

thus

1 -  (1 -  x)v > x y  -  ' t x y -  ^  x y  -  ( х г / ) 1+г

if xy  < 1. In case xy  > 1, the left side of (2.9) is positive, while the right 
side is negative. □

Write
s(o = *52 »(»)*. A(o = ̂ 2 6(пУ-

2.7. S t a t e m e n t . For every 0 < e < 1 we have

(2.10) S Z ( e 2/ 2)1- eE ( l - £ ) ,

( 2 . 1 1 ) S  > y m 2 -  gm -  ( p 2 / 2 ) 1+ e E ( l  + e ) ,

( 2 . 1 2 )  В  £  p 2(1- í ) A ( l  - e ) ,

( 2 . 1 3 )  D > g2m 2 -  g3m 2 -  р 2 (1+ е ) Д ( 1  + e).

P r o o f . We substitute Lemma 2.5 into Lemmas 2.2 and 2.4, and use the 
relation

J ^ ct(ti) = ^ < 5 (n )  = m2, 

which follows immediately from the definitions. □
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3. Proof of the Theorem

We start with a finite set U C Z, |Z7| =  / and define

V  = Uk = {(«b  . . . ,  uk) : m , . . .  uk € U} C Zk .

We have
m =  \V\ = \U\k = lk .

We take a num ber g, which will actually be of the form g = m ~ n with a fixed 
small number 77 and take a random  subset X  of V . To get many differences 
and few sums, we want to keep 5  small and D  near to  ( g m )2 which is a 
typical value of |X |2, tha t is, we want

D' = (gm)2 -  D

to be small. By Statement 2.7 these can be estimated by

(3.1) S < ( g 2/ 2 f - e E ( l - e ) ,
(3.2) D ' ^  g3m 2 + g2̂ A ( l  + e).

Now we study the growth of £ ( i)  and A (i) near t = 1. We have

(3.3) £ (t)  =  £ 0( f ) \  A (t)  = A 0(t)k,

where So, До are the analogous quantities for the set U (and we shall also 
use сто, £0 accordingly).

We have

(3.4)
S 0( l  +  £) =  x ;  CT0(n )1+e =  <T0(n) +  £ ^ 2  ao(n) log ao(n ) + 0 (e2) -

= l2 ( l  + eg' + 0 ( e2)) = l2 exp (eg' + 0 ( e2))

where

(3.5) g '  =  Г 2 G0 ( n )  log G0(n)

and the constant of the 0  depends on the set U. By (3.3) we get

(3.6) E(1 + e) = m 2 exp (ksG' + 0 ( k s 2)) .

Similarly we obtain

(3.7) Д(1 +  £■) =  m 2 exp (ksS' +  0(k£2)) , 

where

(3.5) S' -  l~2 ^ 2  60(n) log 60(n).
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Let L be a constant tha t works in the О both for (3.6) and  (3.7) fo r |e| < 1 /2. 
Substituting these bounds into (3.1) and (3.2) we get

(3.8) 5  < m 2g2̂ e ~ k<T'e+Lkc ,

(3.9) D' < m 2g ^ 1+e'>ekS'e+Lkc\  

We can keep both small if

(3.10) a' > S', 

and a proper choice of g is

(3.11) g =  e -* ( ''+ « ') /4  =  m~r)

with

V ~ 4 b g l '
Observe th a t <т0(п) ^  l for every n, thus <j ' ^  logl and similarly S' ^  log/, 
consequently 77 ^  1/2. W ith  this g we have

5, D' ^  m 2p2 +  exp к ^ •

To minimize this we now choose

£ =
a' - S '  

4L ’
this satisfies 0 < e < 1/2 if we assume (2.10) and L > log /.

We want to  exclude the following three things:
|X | is far from pm; \X  +  X | is too big; |X  -  X | is too small.
If each of these events, when properly interpreted, has probability ^  

< 1/4, then we know tha t with probability 1/4 all are avoided. A suitable 
interpretation of the first is

\\X\ -  gm\ > 2y/grri

by (2.1). For the second we apply Markov’s inequality; a  good interpretation 
is

\X  + X \  > 45.
For the third we apply Markov’s inequality to the quantity

| X | 2 - | X - X | ,

which must be positive. Since E |X |2 =  (pm )2 -f p (l — p)m , a good in terpre
ta tion  of the third is

| X - X | < 4 ( L > '  +  pm).
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Thus we got a set X  that has about M  =  p m  =  m 1~ri elements and a nice 
small number of suras and large number of differences.

Observe th a t the number m  was not arbitrary, it had to  be of the form 
lk . Thus to get a set of exactly n  elements as stated in the Theorem we need 
an additional consideration.

Select к so th a t M  = /I1 -’’)* satisfies 2n < M  < 2In. Then our set X  
will satisfy

n  < |X | < C n,
I X  + X l K n 1- 0,

|X |2 - \ X - X \ <  n l ~c.

Let A  be an arb itrary  n-element subset of X . We have obviously

\A + A\ < \X  + X \ ,

thus there is no problem w ith the sums. We claim that also 

(3.12) \A\2 -  \A — A\ < |X |2 — \X  -  X \ .

To see this, observe that when we omit a point from a set of p elements, the 
number of differences decreases at most by the 2p -  1 differences involving 
this point (the difference 0 remains), while the square of the cardinality 
decreases exactly by 2p -  1. Repeating this process we get (3.12).

We have yet to exhibit a set U that satisfies (3.10). In fact, a “typical” 
set does this, say

17 = {0,1,3}
is an example.

This finishes the proof of the first half of the theorem . To prove the 
second half we proceed very similarly; to get the proof work we have now to 
find a set U w ith 6' > a'. A short computer search found the set

U = {0 ,1 ,3 ,4 ,5 ,6 ,7 ,10} .

This set is the “shortest” in the sense th a t it is contained in the shortest 
possible interval; I do not know whether it is of the smallest cardinality.
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CHARACTERIZATION OF THE RELATIVE 
ENTROPY OF STATES OF MATRIX ALGEBRAS

D. PETZ (B udapest)

For two finite probability distributions ( p i , p i , . . .  ,pn) and (qx, q2, . . . ,  qn) 
the quantity

П
(1) ^pfcOogpfc -io g q jt)

k=l
was introduced in 1951 by Kulback and Leibler. They called it information 
for discrimination ([5,6]). Some years later Rényi suggested the name infor
mation gain ([12]). As a natural analogue of (1) Umegaki [14] defined the 
relative entropy of two density matrices in 1962 by the formula
(2) Trp(logp -  log<p).
Properties of the relative entropy functional were established in many papers 
and the highlight of this development was Lieb’s convexity theorem ([7]). T he 
notion received much attention in quantum mechanics ([8]). Concerning the 
details we refer to the survey papers [2] and [9].

The aim of the present paper is to characterize the relative entropy func
tional through its wellknown properties. As a frame we consider finite di
mensional C -algebras ([13], p.50). Such algebras are decomposed into a 
direct sum of full matrix algebras and the commutative ones are isomorphic 
to the n-tuples of complex numbers for some positive integer n. By a s ta te  
we mean a positive normalized functional. Each finite dimensional C*-al- 
gebra possesses a natural “uniform distribution” which, more precisely, is a 
positive functional taking the value one on each minimal projection. It is 
unique and we denote it by Tr. In case of a m atrix algebra Tr reduces to the 
usual m atrix  trace and on complex n-tuples

П
Tr (cx, . . . , c n) = J ^ c , .

f l= l

To each state  p  one associates a density Dv such that
p(a) =  Tr D v a

and we call p  faithful if is invertible. For a faithful sta te  p  and an 
arbitrary sta te  ш on a finite dimensional C*-algebra A  their relative entropy 
is defined as

(3) S ( p ,u )  =  Tr (log Dw -  log Д Д
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(Note tha t D w log Du is well defined even if Dw is not invertible.)
Our crucial postulate for the relative entropy includes the notion of con

ditional expectation. Let us recall th a t in the setting of operator algebras 
conditional expectation (or projection of norm one) is defined as a positive 
unital idem potent linear mapping onto a subalgebra ([13], p. 131).

Now we list properties of the relative entropy functional which will be 
used in an axiomatic characterization:

(i) Conditional expectation property: Assume th a t A  is a subalgebra 
of В and there exists a projection E  of В  onto A  of norm one such tha t 
кр о E  =  ip. Then for every sta te  и  of В

S(p,u>) = 5(y>|A,u>|A) +  S(w о E , u )

holds.
(ii) Invariance property: For every automorphism a  of N we have 

S(<p,u>) = S(<p о а , и  о a).

(iii) D irect sum property: Assume th a t В = B\ ® B2 and 

<Pi2(a ® b) = \<pi(a) +  (1 -  A)<y22(b), uj12(a ® b) = Auq(a) + (1 -  A)u>2(6) 

for every a G B i,b  G ß 2 and some 0 < A < 1. Then

5(^12,wi2) =  +  (1 -  X)S((p2,u>2).

(iv) Nilpotence property: S(<p,<p) = 0.
(v) Measurability property: The function

(<P,u)  S(<p,w)

is measurable on the state  space of the finite dimensional C*-algebra В  (when 
ip is assumed to be faithful).

Properties (i)-(v) are wellknown for the relative entropy functional. 
Among them  the conditional expectation property is the most crucial (it 
was obtained in [11] in full generality). There are plenty of information 
quantities sharing properties (ii)-(v), all the quasientropies discussed in [10] 
are so.

Our m ain result is the following.

THEOREM. I f  a real valued functional S '{p ,u )  defined for faithful states 
ip and arbitrary states w o f  finite dimensional C*-algebras shares properties 
(i)-(v) then there exists a constant C  G R  such that

S '(ip ,u) = C T rD u,(log Du -  log D^,).
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The proof consists of several steps. We show tha t for larger and larger 
class of states

% W) =  C % ,  w)
must hold.

Consider the  three dimensional commutative algebra C3. Its states cor
respond to probability distributions (Р ъ Р 2,Р з) (he. О ^  p,, P1+ P2+ P 3 — 1).

LEMMA 1. For probability distributions (ръР2,Рз) and (q\, <72, 93) the 
recursive relation

(4) •5',((91,д2,9з),(Р1,Р2,Рз)) = S#((9i +  92, 9з), (Pi +  Р2,Рз))+

+(pi +  p2)S' f (— -7—) , ( - 7 — , -7M )V 491+92  91 + 92)  VP1 + P 2 P1 + P 2/ /
holds.

We benefit from the conditional expectation property in the situation 
C2 = {(ci) Ci, C2) : ci,C2 € С} С C3. There exists a conditional expectation 
E  : С3 -» C2 preserving th e  state <p =  <P(9l,,2,g3) and it is given by

E  : (cb c2,c3) /  9 ici +  92^2 9 ici +  92 c 2 

V 9i +  92 ’ 9i +92 3
The state 0J(PltP2tP3) ° 25 corresponds to  the measure

f  Pl +P2 
V 9i +  92

9b
Pi +  P2 
9i +  92

92, Рз

and we obtain

5',((9ь 92,9з),(Р ь Р2,Рз)) = $ '((q i +  92,9з), (Pi +  Р2,Рз))+
, o' I I P1 +  P2 Pl +  P2 \  / \+ S  I ( ---- ------91, — :-----92,Рз ,(Р1,Р2,Рз)

9i +  92 9i +  92 /
Due to the direct sum condition the last term  here equals the last term  of
(4) and the lem m a follows.

Interchanging in C3 th e  second and third coordinates by means of the 
invariance condition we conclude the equation

( 5) S \{q i +  9г,9з),(Р1 +  Р2 ,Рз)) + (Pi +  P2 )

- 7 - ) ,  ( ~ Т ~  ’ “ T “VV91 + 92 91 + 92/ VP1 + P 2 P1 + P 2 
= $'((9i +  9з, 92), (Pi +  Рз,Рг)) + (Pi +  Рз) 

9i 93 \  /  Pi Рз■S'
9i +  9з 9i + 9з)■(Pi +  Рз Pi +  Рз))
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W ith the notation

F (x , у ) =  S '(( 1 -  У, У), (1 -  *))

equation (5) is of the following form:
( 6)

F (x , „) +  (1 -  x ) F  j f ; )  = F ( u ,») +  (1 -  u )F  ( j ^ ,  i f ; )  •

The functional equation (6) has been solved under the special nilpotence 
condition F{ 1 /2 ,1 /2 ) = 0 in [4]. A lengthy but elementary analysis yields 
tha t the only measurable solution of (6) is

F (x ,y )  = C ( x  log -  +  (1 -  x ) log ~ .
V у 1 -  у /

(See also pp. 204-207 of [1].)
The recursion (4) remains true if p3 and q3 are replaced by p3, p4, . . .  , p n 

and 9з, ?4, . . . ,  q„ respectively. In this way we obtain tha t

whenever 9? and u> are states of commutative finite dimensional C*-algebras.
Now let <p and и  be states of an algebra В such tha t the densities 

and Du commute. Let A  be the maximal abelian subalgebra generated by 
D v and D u . If E  is the conditional expectation of В onto A  which preserves 
Tr then <p о E  = ip and w о E  = u .  The conditional expectation property 
tells us tha t

S ' f a u )  = S\<p\A ,u\A)  +  S '(u  0 E ,u ) .
By nilpotence the second term  vanishes and we arrive at

(7) S'(<p,u}) = CS(<p,u) 

for commuting states.
The next step is В =  M„(C). Our aim is to show th a t (7) holds for 

arbitrary states on B. (As always, 9? is supposed to be faithful.)

Lemma 2. I f  a = Aoq + (1 -  Л)(г2 (0 < A < 1) then

(8) \S'(<p, <тх) +  (1 -  X)S'(p, a2) = S'(<p, a) + AS ’(a, аг) +  (1 -  X)S\a, a2).

The proof of (8) is quite similar to th a t of Lemma 1. The conditional 
expectation property should be applied to  В  ® В and its subalgebra {b ® b : 
b £ B}. The mapping

£ / ( 0  ® 6) =  (Ая T (1 — X)b) ® (Aß T (1 — A)6)
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is a conditional expectation leaving the state

V?i2(a Ф b) = A<p(a) + (1 -  A)y?(6)

invariant. The argum ent is completed by referring to  the invariance and 
direct sum properties.

Now we resume the determination of S(<p, u>) for states of В — M n(C).We 
choose a basis such th a t the density of ip is diagonal. Then the density of и  
is of the form

= Dw

where Ak  € Mk(C) and 0 „_ t € Mn_fc(C) is a diagonal m atrix. We are 
going to  prove (7) by mathematical induction on k. If к = 0 then D v and 
Du commute and (7) holds.

Let U be a diagonal unitary m atrix  such that

Ua =
{

1
- 1

i ф к 
i — k.

Then
D„2 = U D wU

differs from Dai = D w only in the sign of the entries in the fcth row and kth. 
column but they are the  same along the diagonal. The density

D<t — 2 ( D a i  +  D „2)

is of the form
(  A k-i 0 \
V 0 Dn..k+1/

where Dn^k+1 is an (n  — к +  1) X (n  — к + 1) diagonal matrix. From the 
induction hypothesis we have

(9) %<^) = c % ,4
Write (8) with T = T r /n  and A = | .  Then

(10) \ S '(T' +  \ S '(T' ^  =  S '(T' +  ^ 5 '(ст> CTl) + \ S ' ^ '

The invariance, more precisely the relations r(U ■ U) =  r(-), <r1(i7  • U) — 
= <t2(-), o ' ' U) = cr(-), ensures

S'(t , cti) = S '(t ,<j2) and 5 ,(сг,<т1) =  S ' <r2).

Therefore
S\T,<Ti) = S'(T,(T) +  S'((T,(T i)
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and (7) yields

(11) S \(T ,c i)  = C S (c ,C i) .

In  our special case

S'((p, c i )  = S'((p, cr2) and S \ c ,  c i )  = S'(c, c 2)

hold due to the invariance under the automorphism Ad U. Hence (8) reads 
as

S'(<p, с г) = S'(<f, c)  +  S '(c ,  c i)

where both term s on the right hand side have been compared with the rel
ative entropy ((9) and (11)). So (7) holds for all states tp and и  on M„(C). 
Since a finite dimensional C*-algebra is the direct sum of full m atrix  algebras, 
th e  direct sum property extends (7) to all C*-algebras of finite dimension.

We note th a t (8) is Donald’s mixing axiom and the subsequent argument 
is due to him ([3]).

By more complicated m athem atical tools the concept of relative entropy 
m ay be extended to states of infinite dimensional C*-algebras ([2]). If we 
restrict ourselves to  C*-algebras with good approximation property (nuclear 
algebras) then the characterization in the present paper may be modified 
easily. It is sufficient to choose instead of (ii) the monotonicity and instead 
of measurability the lower semicontinuity property given below.

(ii)’ Monotonicity property: For every completely positive unital mapping 
a  we have

S(<p,ui) ^  % о а , ш о а ) .

(v)’ Lower semicontinuity: The functional

(<p,w) ы- S(<p,u>)

is lower semicontinuous with respect to the weak topology.
These postulates (i), (ii)’, (iii), (iv) and (v )’ constitute the definition 

of the relative entropy functional up to a constant factor. Details of this 
rem ark are out of the scope of the present paper and they will be discussed 
in forthcoming publications.

R eferences

[1] J. Aczél and Z. Daróczy, On Measures o f In form ation  and their Characterizations,
A cadem ic Press (New York, 1975).

[2] H. Araki, Recent Progress on E ntropy and Relative Entropy, V IH th  International
Congress on M athem atical Physics (Eds: M. Mebkhout, R. Sénéor), pp. 354- 
365, W orld Scientific, 1987.

A c ta  M athem atica H ungarica 59, 1992



CHARACTERIZATION OF T H E  RELATIVE E N T R O P Y 455

[3] M. J. Donald, Further results on the relative entropy, M ath. Proc. Camb. Phil. Soc.,
101 (1987), 363-373.

[4] PL K annappan and С. T . Ng, Measurable solutions of functional equations re la ted  to
inform ation theory, Proc. Am er. M ath. Soc., 38 (1973), 303-310.

[5] S. Kullback and R. Leibler, On inform ation and sufficiency, A nn. Math. S ta t., 22
(1951), 79-86.

[6] S. Kullback, Inform ation Theory and Sta tistics, Wiley (New York, 1959).
[7] E. H. Lieb, Some convexity and subadditivity properties of entropy, Bull. A m er. Math.

Soc., 81 (1975), 1-14.
[8] G. Lindblad, Expectations and  entropy inequalities for finite quantum  system s, Com-

m un. M ath. Phys., 39  (1974), 111-119.
[9] D. Petz, P roperties of quantum  entropy, Quantum Probability and Applications I I

(Eds: L. Accardi, W . von Waldenfels), 428-441, Lecture Notes in M ath., 
1136, Springer, 1985.

[10] D. Petz, Quasi-entropies for finite quantum  systems, Rep. M ath. Phys., 23  (1986),
57-65.

[11] D. Petz, P roperties of the relative entropy of sta tes of a von Neumann algebra, Acta
M ath. Hung., 47  (1986), 65-72.

[12] R. Rényi, Wahrscheinlichkeitsrechnung, Deutscher Verlag der W issenschaften (Berlin,
1962).

[13] M. Takesaki, Operator Algebras I ,  Springer, 1979.
[14] H. Umegaki, Conditional expectations in an operator algebra IV (entropy and  infor

m ation), Kodai M ath. Sem. Rep., 14 (1962), 59-85.

(Received February 27, 1990)

M ATHEM ATICAL IN S T IT U T E
O F T H E  H UNGARIAN ACAD EM Y  O F SC IEN C ES
H -1 3 6 4  BU D A PEST, P .O .B . 127 .
HUNGARY

Acta M athem atica  H ungáriái 59, 1992



•



I n s t r u c t io n s  fo r  a u th o r s .  M anuscripts should be typed  on standard size paper 
(25 rows; 50 characters in each row). When listing  references, p lease follow the following 
pattern :

[1] G. Szegő, Orthogonal polynomials, AMS Coll. Publ. Vol. X X X III (Providence, 1939).
[2] A. Zygmund, Sm ooth functions, Duke Math. J., 12 (1945), 47-76.

For abbreviation of names of journals follow the  M athem atical Reviews. A fte r the 
references give the au thor’s affiliation.

If your m anuscript is prepared by a word processor (possibly AMS or p la in  TgX), 
please provide the floppy disk as well. This will speed up processing the paper.

Authors will receive only galley-proofs (one copy). M anuscripts will not be se n t back 
to  authors (neither for the purpose of proof-reading nor when rejecting  a paper).

Authors ob ta in  50 reprints free of charge. A dditional copies m ay be ordered from  the 
publisher.

M anuscripts and editorial correspondence should  be addressed to 

Acta M athematica, H-1364 Budapest, P .O .Box 127.



ACTA MATHEMATICA HUNGARICA /  VOL. 59 No. 3-4

CONTENTS

B ao , N. T., Endomorphism rings of abelian groups as isomorphic restric
tions of fu ll endomorphism rings. II ........................................................... 253

Malkowsky, E .,  On the extension of two theorem s by Maddox to  general
ized sets o f  Cesäro sum m able sequences ..................................................  263

Luu, D. Q., Convergence and la ttice  properties o f  a class of martingale-like
sequences ...............................................................................................................  273

Suen, С.-Y .,  T h e maximal radius of a com pletely bounded m ap .............  283
Okutoyi, J. I., A  note on generalized K öthe-Toeplitz duals ........................  291
Tarafdar, E., On the existence o f  Nash equilibrium point for a  game be

tween infinitely many players with noncom pact strategy s e t s .......... 301
Avgerinos, E. P .,  Flytzanis, E .  and Papageorgiou , N. S., On {/(^-invari

ance for finite and infinite dimensional control system s .................... 309
Birkenmeyer, G . F., D ecom positions of Baer-like r in g s ..................................  319
Б ер м а н , Д .  Л . ,  Н еобходим ы е и достаточны е условия сходим ости  

расш иренны х интерполяционных процессов вы сш его порядка
в м етрике Ь р .....................................................................................................  327

Nieto, J. J., Positive solutions o f  nonlinear problems at resonance .......... 339
Angelov, V. G . ,  Uniform asym ptotic stability and contractive semigroups 345
K am al, A . A .  M . ,  Idem potents in polynomial rings ........................................  355
Joó, I., On. the optimal control o f circular membranes ................................... 365
Sebestyén, Z., Stochel, J. and P aez , J., R estrictions of norm al operators 377 
Buczolich, Z., A  v-integrable function which is not Lebesgue integrable on

any portion  of the unit sq u a r e ....................................................................... 383
Gal, S. G. and Szabados, J .,  O n monotone and doubly m onotone polyno

mial ap p ro x im a tio n ........... ................................................................................ 395
Kovács, K a ta l in ,  Complex-valued m ultiplicative functions w ith  monotonic

properties .............................................................................................................  401
Kovács, Z. and  Таmássy, L .,  Yano-Ledger connection and induced con

nection on  vector bundles ..............................................................................  405
Vértesi, P. and  X u , Y., W eighted Lp convergence of Hermite interpolation

of higher o r d e r ...................................................................................................... 423
Rúzsa, I. Z., O n the number o f  sums and d ifferences....................................... 439
Petz, D., Characterization o f the relative entropy of states o f  matrix alge

bras ..........................................................................................................................  449

Index: 26.659


	1992 / 1-2. szám
	Szabó Gy.: F-Orthogonally additive mappings. II
	Erdős L.: On some problems of P. Turán concerning power sums of complex numbers��������������������������������������������������������������������������������������
	Joó I.: On the control of a rectangular membrane�������������������������������������������������������
	Kovács Katalin: On total additive solution of some equations�������������������������������������������������������������������
	Győrvári J. - Mihálykó Cs.: The numerical solution of nonlinear differential equations by spline functions�����������������������������������������������������������������������������������������������������������������
	Ky, N. X.: On approximation of functions by polynomials with weight��������������������������������������������������������������������������
	Ésik Z.: Varieties of automata and transformation semigroups�������������������������������������������������������������������
	Berman, D. L.: ekstremal’nye zadači teorii polinomialunih operatorov���������������������������������������������������������������������������
	Borwein, D.: Tauberian theorems concerning power series with non-negative coefficients���������������������������������������������������������������������������������������������
	Bojanic, R. - Cheng, F.: Rate of convergence of Hermite-Fejér polynomials for functions with derivatives of bounded variation������������������������������������������������������������������������������������������������������������������������������������
	Gajda Z.: Note on decomposition of bounded functions into the sum of periodic terms������������������������������������������������������������������������������������������
	Ramadan, M.: Influence of normality on maximal subgroups of Sylow subgroups of a finite group����������������������������������������������������������������������������������������������������
	Sakai, R.: Certain unbounded Hermite-Fejér interpolatory polynomial operators������������������������������������������������������������������������������������
	Tateoka, J.: The modulus of continuity and the best approximation over the dyadic group����������������������������������������������������������������������������������������������
	Kunzi, H. P.: Complete quasi-pseudo-metric spaces��������������������������������������������������������
	Masterson, J.: A nonstandard result about path continuity����������������������������������������������������������������
	Munoz Rivera, J. E.: Remarks on the optimal control problem for a strongly non linear hyperbolic system��������������������������������������������������������������������������������������������������������������
	Mohamed, A. S.: Numerical solution by spline method for an elastic problem���������������������������������������������������������������������������������
	Molnár E.: Polyhedron complexes with simply transitive group actions and their realizations��������������������������������������������������������������������������������������������������
	Konstruktion des regulären Siebzehnecks mit Lineal und Streckenüberträger��������������������������������������������������������������������������������
	Bognár M.: On pseudomanifolds with boundary. I�����������������������������������������������������
	Joó I.: A remark on the vibration of a circular membrane in different points�����������������������������������������������������������������������������������

	1992 / 3-4. szám
	Đao, N. T.: Endomorphism rings of Abelian groups as isomorphic restrictions of full endomorphism rings. II�����������������������������������������������������������������������������������������������������������������
	Malkowsky, E.: On the extension of two theorems by maddox to generalized sets of cesaro summable sequences�����������������������������������������������������������������������������������������������������������������
	Luu, D. Q.: Convergence and lattice properties of a class of martingale-like sequences���������������������������������������������������������������������������������������������
	Suen, C.-Y.: The numerical radius of a completely bounded map��������������������������������������������������������������������
	Okutoyi, J. I.: A note on generalized köthe-toeplitz duals�����������������������������������������������������������������
	Tarafdar, E.: On the existence of nash equilibrium point for a game between infinitely many players with noncompact strategy sets����������������������������������������������������������������������������������������������������������������������������������������
	Avgerinos, E. - Flytzanis, E. - Papageorgiou, N. S.: On U(·)-invariance for finite and infinite dimensional control systems����������������������������������������������������������������������������������������������������������������������������������
	Birkenmeier, G. F.: Decompositions of Baer-like rings������������������������������������������������������������
	Berman, D. L.: Neobhodimye i dostatočnye usloviâ shodimosti rasširennyh interpolâcionnyh processov vysšego porâdka v metrike Lp��������������������������������������������������������������������������������������������������������������������������������������
	Nieto, J. J.: Positive solutions of nonlinear problems at resonance��������������������������������������������������������������������������
	Angelov, V. G.: Uniform asymptotic stability and contractive semigroups of mappings in uniform spaces������������������������������������������������������������������������������������������������������������
	Kamal, A. A. M.: Idempotents in polynomial rings�������������������������������������������������������
	Joó I.: On the optimal control of circular membranes�����������������������������������������������������������
	Sebestyén Z. - Stochel, J. - Paez, J.: Restrictions of normal operators������������������������������������������������������������������������������
	Buczolich, Z.: A v-integrable function which is not lebesgue integrable on any portion of the unit square����������������������������������������������������������������������������������������������������������������
	Gal, S. G. - Szabados J.: On monotone and doubly monotone polynomial approximation�����������������������������������������������������������������������������������������
	Kovács Katalin: Complex-valued multiplicative functions with monotonicity properties�������������������������������������������������������������������������������������������
	Kovács Z. - Tamássy L.: Yano-ledger connection and induced connection on vector bundles����������������������������������������������������������������������������������������������
	Vértesi P. - Xu, Y.: Weighted L p convergence of hermite interpolation of higher order���������������������������������������������������������������������������������������������
	Ruzsa I. Z.: On the number of sums and differences���������������������������������������������������������
	Petz, D.: Characterization of the relative entropy of states of matrix algebras��������������������������������������������������������������������������������������

	Oldalszámok������������������
	_1���������
	_2���������
	_3���������
	_4���������
	_5���������
	_6���������
	1��������
	2��������
	3��������
	4��������
	5��������
	6��������
	7��������
	8��������
	9��������
	10���������
	11���������
	12���������
	13���������
	14���������
	15���������
	16���������
	17���������
	18���������
	19���������
	20���������
	21���������
	22���������
	23���������
	24���������
	25���������
	26���������
	27���������
	28���������
	29���������
	30���������
	31���������
	32���������
	33���������
	34���������
	35���������
	36���������
	37���������
	38���������
	39���������
	40���������
	41���������
	42���������
	43���������
	44���������
	45���������
	46���������
	47���������
	48���������
	49���������
	50���������
	51���������
	52���������
	53���������
	54���������
	55���������
	56���������
	57���������
	58���������
	59���������
	60���������
	61���������
	62���������
	63���������
	64���������
	65���������
	66���������
	67���������
	68���������
	69���������
	70���������
	71���������
	72���������
	73���������
	74���������
	75���������
	76���������
	77���������
	78���������
	79���������
	80���������
	81���������
	82���������
	83���������
	84���������
	85���������
	86���������
	87���������
	88���������
	89���������
	90���������
	91���������
	92���������
	93���������
	94���������
	95���������
	96���������
	97���������
	98���������
	99���������
	100����������
	101����������
	102����������
	103����������
	104����������
	105����������
	106����������
	107����������
	108����������
	109����������
	110����������
	111����������
	112����������
	113����������
	114����������
	115����������
	116����������
	117����������
	118����������
	119����������
	120����������
	121����������
	122����������
	123����������
	124����������
	125����������
	126����������
	127����������
	128����������
	129����������
	130����������
	131����������
	132����������
	133����������
	134����������
	135����������
	136����������
	137����������
	138����������
	139����������
	140����������
	141����������
	142����������
	143����������
	144����������
	145����������
	146����������
	147����������
	148����������
	149����������
	150����������
	151����������
	152����������
	153����������
	154����������
	155����������
	156����������
	157����������
	158����������
	159����������
	160����������
	161����������
	162����������
	163����������
	164����������
	165����������
	166����������
	167����������
	168����������
	169����������
	170����������
	171����������
	172����������
	173����������
	174����������
	175����������
	176����������
	177����������
	178����������
	179����������
	180����������
	181����������
	182����������
	183����������
	184����������
	185����������
	186����������
	187����������
	188����������
	189����������
	190����������
	191����������
	192����������
	193����������
	194����������
	195����������
	196����������
	197����������
	198����������
	199����������
	200����������
	201����������
	202����������
	203����������
	204����������
	205����������
	206����������
	207����������
	208����������
	209����������
	210����������
	211����������
	212����������
	213����������
	214����������
	215����������
	216����������
	217����������
	218����������
	219����������
	220����������
	221����������
	222����������
	223����������
	224����������
	225����������
	226����������
	227����������
	228����������
	229����������
	230����������
	231����������
	232����������
	233����������
	234����������
	235����������
	236����������
	237����������
	238����������
	239����������
	240����������
	241����������
	242����������
	243����������
	244����������
	245����������
	246����������
	247����������
	248����������
	249����������
	250����������
	251����������
	252����������
	252_1������������
	252_2������������
	252_3������������
	252_4������������
	253����������
	254����������
	255����������
	256����������
	257����������
	258����������
	259����������
	260����������
	261����������
	262����������
	263����������
	264����������
	265����������
	266����������
	267����������
	268����������
	269����������
	270����������
	271����������
	272����������
	273����������
	274����������
	275����������
	276����������
	277����������
	278����������
	279����������
	280����������
	281����������
	282����������
	283����������
	284����������
	285����������
	286����������
	287����������
	288����������
	289����������
	290����������
	291����������
	292����������
	293����������
	294����������
	295����������
	296����������
	297����������
	298����������
	299����������
	300����������
	301����������
	302����������
	303����������
	304����������
	305����������
	306����������
	307����������
	308����������
	309����������
	310����������
	311����������
	312����������
	313����������
	314����������
	315����������
	316����������
	317����������
	318����������
	319����������
	320����������
	321����������
	322����������
	323����������
	324����������
	325����������
	326����������
	327����������
	328����������
	329����������
	330����������
	331����������
	332����������
	333����������
	334����������
	335����������
	336����������
	337����������
	338����������
	339����������
	340����������
	341����������
	342����������
	343����������
	344����������
	345����������
	346����������
	347����������
	348����������
	349����������
	350����������
	351����������
	352����������
	353����������
	354����������
	355����������
	356����������
	357����������
	358����������
	359����������
	360����������
	361����������
	362����������
	363����������
	364����������
	365����������
	366����������
	367����������
	368����������
	369����������
	370����������
	371����������
	372����������
	373����������
	374����������
	375����������
	376����������
	377����������
	378����������
	379����������
	380����������
	381����������
	382����������
	383����������
	384����������
	385����������
	386����������
	387����������
	388����������
	389����������
	390����������
	391����������
	392����������
	393����������
	394����������
	395����������
	396����������
	397����������
	398����������
	399����������
	400����������
	401����������
	402����������
	403����������
	404����������
	405����������
	406����������
	407����������
	408����������
	409����������
	410����������
	411����������
	412����������
	413����������
	414����������
	415����������
	416����������
	417����������
	418����������
	419����������
	420����������
	421����������
	422����������
	423����������
	424����������
	425����������
	426����������
	427����������
	428����������
	429����������
	430����������
	431����������
	432����������
	433����������
	434����������
	435����������
	436����������
	437����������
	438����������
	439����������
	440����������
	441����������
	442����������
	443����������
	444����������
	445����������
	446����������
	447����������
	448����������
	449����������
	450����������
	451����������
	452����������
	453����������
	454����������
	455����������
	456����������
	457����������
	458����������


