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PSEUDOFUNCTIONS AND UNIQUENESS 
ON THE GROUP OF INTEGERS OF A /^-SERIES FIELD

By
G. E. LIPPMAN (Hayward) and W. R. WADE (Knoxville)

§ 1. Introduction

Let G denote the group of integers of a p-series field, where p is prime. Thus 
an element x((G can be represented as x= (x0, xl t ...) with 0ёл )< р  for each 
z'&O. Moreover, the dual group Г can be identified with the functions {ф0, фк, ...} 
which are defined by the following process. If m is a non-negative integer with
m — 2 akPk> O sa4<p f°r each integer k^O , and if x((G, thenk =0
(О Фт(х)= П <Pkk(x),k = 0
where for each integer k^O  and each x  = (x0, xk, ...)€G, the function <pk is de
fined by
(2) <pk(x) =  exp (2nixjp).

The subgroups Gn={xdG: x0=x1 =  . ..—xn_j=0} for w =  l,2 , ... form a base 
for the neighbourhoods of 06 G. In the case that p = 2, the group G is the compact 
dyadic group introduced by F ine [3] and the functions {ф0, ф1, ...} coincide with 
the Walsh—Paley system. Consult [6] and [7] for basic properties of such a group G.

If £ and £ are real numbers, then we shall denote their sum modulo p by £ ®£. 
Recall that if x = (xn, x x, ...) and y = (y0, У\, •••) belong to G then their sum 
is given by

x  + y = (лг0®Уо. *1©У1> •••)■

Since each фт is a character for G, we have that

(3) Фт(х + У) = Фт(х)фт (у) 
for x, y£G and m=0, 1, —

Define the p-sum of two non-negative integers n and / as follows. If 

m — 2  aiP' a°d if /=  2  ßiP‘> with Os«;, ßi<p, then m + l= 2  (otj®/!,)p‘.
i =  0 г= 0  1 =  0

Observe by (1) and (2) that
(4) Фт+Ах) = фт(х)фАх)
for xdG and m, 1=0, 1, __

Let E be a subset of the group G. The set E is said to be a set o f uniqueness
for G if 2  акФк(х) = 0 for x£ G \E  and ak€(—°°, °°) implies that ak = 0 for 

/(= 0
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2 G. E. L IPPM A N  AND W. R . W A DE

к — 0, 1, .... The set E is said to be a set of uniqueness for G in the wide sense if 
Z  akфк(a) = 0 for x£ G \E  and ak= f \j/k(x)dfx for some real Borel measure

t=o <?
[i on G, implies that ak= 0 for k = 0 ,1 ,.... It is clear, then, that every set of uni
queness for G is a set of uniqueness for G in the wide sense.

The purpose of this paper is to show that there exist sets of uniqueness for 
G in the wide sense which are not sets of uniqueness for G. Our proof follows the 
outline given in the trigonometric case by Pyateskii—Shapiro [5], but most of 
the computational details take on a flavor distinctive to the group G.

§ 2. Elementary sets of uniqueness

Denote by sé(G) the collection of all series / =  Z  акфк whose coeflicients
k = о

satisfy Z  K l< 0°- Since each function фк is continuous on G and since each
fc=o

series in sé (G) necessarily converges absolutely and uniformly, the series /  con
verges everywhere to a continuous function, which we shall also denote by / .  In 
particular, sé (G) is a subspace of the Banach space of functions which are con
tinuous on G.

A set EQG  is said to be an elementary set o f uniqueness for G if there exists 
a sequence of continuous functions f  , / 2, . . . ,  each belonging to sd(G), which 
satisfies three properties:

(5) /„(x) = 0 for x£E  and n = 1,2, ...;

(6) Z  \а(кп)\ S  C < °°  for n=  1 ,2 ,... ,
k = 0

where for each integer n ^ l  the coeflicients a[n) are defined by the identity /„(x) — 

=  z  акп)Фк(х) for x£G;k = 0
(7) lim a(0n) = 1 and lim = 0  for к = 1 ,2 ,. . . .

71-*- “  П-+о°

In this section we shall show that elementary sets of uniqueness for G generate 
the closed sets of uniqueness for G in the following sense.

Theorem 1. Let Ebe a closed set o f uniqueness for G. Then E is a countable union 
of elementary sets o f uniqueness for G. CO

Before we begin to prove this theorem, we observe that if f = Z  акФк belongsoo * = 0
to s4(G) then the correspondence 11/11= Z  \ak\ provides a norm for the vector

k=о
space л /(C). Moreover, since the map which takes a sequence {ak}f=0 is an isometric

At la Maihematlca Academiae Scientiarum Hungarlcae 35, 1980



PSEUDOFUNCTIONS A N D  UNIQUENESS ON  THE G R O U P O F  INTEGERS 3

isomorphism of /1 onto s i  (G), the space sá (G) is actually a Banach space whose 
dual is isometrically isomorphic to /“ . In view of this, we say that a continuous 
linear functional T  on s i  (G) is a pseudofunction if the corresponding sequence in 
I” actually converges to zero. We shall denote the collection of pseudofunctions by

Observe by definition that Т(ф„)-<- 0 as и — °° for all Furthermore,
since the dual of c0 is l1, we know that the dual of 3P is isometrically isomorphic 
to s i  (G). In particular, a sequence f ,  f 2, ... of functions belonging to s i (G) con
verges to /  in the weak* topology if given any pseudofunction T, we have
T ( f n - f )-*0 as n^oo.

As usual, we say that a pseudofunction T  vanishes on an open UQG if 7 /=0 
for each f£si{G) which is supported in U. And, that the support of T, denoted by 
spt T, is the complement of the union of all open sets in G on which T  vanishes.

Lemma 1. Let T  be a pseudofunction and E be a closed subset of G. I f  E is a set 
o f uniqueness for G and i f  spt TczE, then T=0.

To prove this lemma, we suppose to the contrary that T  does not vanish on 
si(G). For each integer k^O  set ск=Т(фк) and observe that at least one of these 
numbers must be non-zero (because the character series are dense in ^(G).) We
shall obtain a contradiction, then, by showing that the series 
to zero on the complement of E.

2  ck\j>k converges 
*=o

In view of (3), we shall show that if 0$£, then 2  ck—0. Toward this, let U
k = 0

be a neighbourhood of 0£G which is disjoint from E. By hypothesis, then, T
П —1

vanishes on U. Consider the Dirichlet kernel Dn(x) = Ф„(х) for x£G  and
fc =  0

и =  1, 2, .... It is well known [7] that for large j, Dpj(x) = 0 when x$U . Fix such 
an integer j  and let q be any nonnegative integer. By the definition of + ,  the se
quence {lpJ4-t: 0^l<q,0^T~=-pj} is a rearrangement of the integers {0, 1,... 
...,q p j — 1}. Combining this observation with equation (4), we conclude that

<7-1 p J - l
DqPJ = 2  2

/ = 0  T = 0

Similarly, we verify that if n=qpJ + r, with then

Dn = 2  2  Ф^Фг+ 2  Ф чр̂ Фх ■
7 = 0  t = 0  x — 0

Interchanging the order of summation in the first term, we conclude that

Dn = Dpj [ z  фЛ+Ф чр^г.V/=о >
By the choice of j, the linearity of T, the fact that T  vanishes on U, and equation 
(4), we are led to the following statement. If n = qpJ +  r, with 0 S r <  pJ, then

T (Dn) =  2  r C / v +/)- 
1 =  0

1* Acta Mathematica Academiae Scientiarum Hungaricae 35, 1980



4 G. E. L IPPM A N  A ND W. R . W ADE

Since j  is fixed, and since r<pJ, the number of terms in this sum does not exceed 
a prefixed number, namely pJ. Moreover, as both q and qpJ+j tend to in
finity for each fixed integer i. Since Г is a pseudofunction, it follows that T(Dn)—0

П — 1
as However, T(Dn) =  2  ck by definition. We have reached the desired

k = 0
contradiction, completing the proof of Lemma 1.

For each set EczG, let J(E) represent the collection of all functions ffsä(G ) 
which vanish in a neighbourhood of E. It is clear that J(E) is a subspace of sä(G). 
We intend to show that J(E) is actually an ideal, under pointwise multiplication. 
All that need be verified is that sä (G) is closed under pointwise multiplication.
Toward this suppose that / =  2  акфк and g= 2  Ь1ф1 belong to м1(G). Since

Л=0 1 = 0
both these series converge absolutely and uniformly we can manipulate them like 
polynomials. By equation (4), then, we have

f(x )g (x )=  2  2  dkbitk+i’k=0 1=0
By uniqueness [7], then, the y'th G-Fourier coefficient of the function fg  is given 
by 2  {akbi'- j —k-^-l}. It follows that

\\fs\\s/(G) — ll/l|j/(G) ll&ll.a?(G)

and, in particular, that fg  belongs to sä (G). Notice, then, that sä (G) is a Banach 
Algebra.

Lemma 2. Let E be a closed subset of G. I f  E is a set of uniqueness for G then 
J(E ) is weak* dense in sä(G).

To prove this lemma, we suppose to the contrary, that there exists a function 
f 0£sä(G) which does not belong to the weak* closure of J(E). By the Hahn—Banach 
theorem, then, we can choose a pseudofunction T  which vanishes on J(E) and 
which satisfies T ( f0)= L  But if T  vanishes on J(E), then spt T aE . Hence the 
property 7’( /0) =  l is clearly in contradiction to Lemma 1. The proof of Lemma 
2 is therefore complete.

Lemma 3. Let E be a subset o f the group G. A necessary and sufficient condition 
that E be an elementary set of uniqueness for G is the existence of a sequence of func
tions f i ,  f 2 , in sä (G) which vanish on E, and which converge to 1 in the weak*
topology.

Toward sufficiency, let f x, f 2, ... be such a sequence which converges to 1 
in the weak* topology. We must verify (5), (6) and (7). It is clear that (5) holds. 
Toward (6), observe that if then T (fn— 1)— 0 as Hence by the
Banach—Steinhaus theorem, there exists a constant »  suchthat |T ( /„ - l) |S  
^M \\T \\, for Ti&.

If we take the supremum of this inequality over all pseudofunctions T which 
satisfy И 71 = 1, we conclude that ||/„ —1||^(G)^M .

It follows that (6) holds with C = M  + i. To verify that (7) holds, choose T£!? 
such that 7’(î 0) = l  but Т(фк)=0  for all integers k ^ l .  Then T ( fn)=a^n) for

Acta Mathvmatica Academiae Scientiarum Hungaricae 35, 1980



PSEUDOFUNCTIONS AND UNIQ U EN ESS ON T H E  G ROU P OF IN TEG ERS 5

n —1,2, ... and imply that a ^  — 1, as я —°°. The remainder of
(7) is obtained by the same reasoning applied to the pseudofunction S  which satisfies 
SOAo) =  5 (^ )  = 1 but S'0 /0= 0 for all integers 0 with n ^ k .

To show necessity, suppose that / а, / 2, ... is a sequence of functions in .si(G) 
which satisfy (5), (6) and (7). We need to show that /„—1 in the weak* topology, 
as « —oo. Toward this, let e>0 and let T£P. Since Т(фп)^ 0  we can use (6) 
to choose an integer M  so large that

(8) Í  \а ^ П ф к)\^е12.
k = M

Moreover, by (7) we can choose an integer N  so large that n ^ N  implies
M - 1

(9) 2  К п)Т(фк)\ <  e/2.
k = 1

However, since T  is both continuous and linear, we have that T(f„)= 2  aln) T (фк)
k = 0

for n —1 ,2 ,.... In view of (8) and (9), then, we conclude that \Т (/п — сфп))\^кЕ 
for n ^ N .  By (7), then, and the fact that ТёёР was arbitrary, we have established 
the weak* convergence of f ,  to 1, as л —

Lemma 4. / / / 0 belongs to s i  (G) and if / 0(x)^0  /or all x£G, then l //0 belongs 
to s i  (G).

In the trigonometric case, this result is known as Weiner’s theorem. In the 
Walsh case, this result was obtained by Agaev [1]. His proof, briefly outlined in 
the next paragraph, also works in the p-adic case.

Begin by observing that by (2), if ex, e2, ... is a sequence of pth roots of unity 
then there exists an x£G (just specify its coefficients!) such that <pk{x)—ek for 
k = 1 ,2 ,.... Now, if h is any complex-valued algebra homomorphism on s4{G) 
then h”((pk) = 1. Hence we can choose an x£G  such that h{<pk) = (pk(x) for 
k —1,2, .... Since each ф„ is a product of q>k s, and since the character polynomials 
are dense in W(G), it follows that given any complex-valued algebra homomorphism 
h on.г /(G), there exists a point such that h (f)= f(x )  for all (G).

Applying this remark to the function /„, given in Lemma 4, we conclude by 
hypothesis, that h ( fа) ^ 0  for all complex-valued algebra homomorphisms h on 
s í  (G). It is well known [2] that this condition is necessary and sufficient to con
clude that /о is invertible in s i  (G), because s i  (G) is a Banach Algebra. This com
pletes the proof of Lemma 4.

Let В be any separable Banach space and C be a convex subset of B*. Recall 
[2] that Ck denotes the limit points in B* of sequences in C, and that for any ordinal 
£ > 1, the set is recursively defined by

{(Q -i)! if { is not a limit ordinal
U C„ otherwise. 
ч-=<

It is well-known that given such a set C there exists a countable ordinal £0 such that 
Cio=Cri for all ordinals >7 >£„ ■ Hence, we can define the index of C to be the 
smallest ordinal such that Cio is closed in B*.

Acta Mathematiсо Academlae Sclentiarum Hungaricae 35, 1980



6 G. E. L IPPM A N  A N D  W. R . W A DE

To prove Theorem 1, apply these remarks to the convex set J(E) and the 
Banach space SP. Since E is a closed set of uniqueness for G, we apply Lemma 2 
to conclude that
(10) J(E)u = ■**«?),
where £0 is the index of J(E) in si(G). Our proof is by induction on £0. If £0=1, 
then by (10) E is itself an elementary set of uniqueness for G, and there is nothing 
to prove.

Suppose, then, that the theorem holds for all closed sets of uniqueness whose 
fundamental ideal space has index ?7< £ 0, and suppose that (10) holds. We observe 
that £0 cannot be a limit ordinal. Indeed, if this were the case, then since J(E)io= 
=  IJ J(E)V, equation (10) would force us to conclude that \£J(E)„ for some

But J{E)n is an ideal, and therefore, J(E)n=si(G). This contradicts the 
fact that £о was the index of J(E).

Hence we may suppose that £0 has a predecessor —1. By (10), then, there 
is a sequence of functions f lt / 2, ... in J(E)(o_1 which converges to 1 in the weak* 
topology. Set E={x&G: f ( x ) = 0 for all f£J(E )?n_l}. According to Lemma 3, 
E is an elementary set of uniqueness for G. Now the ordinal £0 is countable and 
any open subset of G is a countable union of closed sets in G (actually, cosets of 
the subgroups Gn). Hence, the proof of the theorem will be complete if we can show 
that given any closed set F which satisfies FQ E \E 0 and whose fundamental ideal 
space has index a0, necessarily satisfies a0< ^ 0—1.

To begin on this last leg of the proof, we observe that J(E)io_1c J (F )i0_x 
since J(E)czJ(F). Hence

(11) F0 czE0,

where F0={x£G: f ( x ) = 0 for all f£ J (F )io_1). However, characteristic functions 
of the basic open sets in G (that is the cosets of G„) are character polynomials [7]. 
Moreover, polynomials belong to s i  (G). Hence, by considering basic open sets 
in the complement of F, we conclude that F0ezF. By the choice of F, then, we also 
have F0 cz E \ E 0. In view of (11), the only logical conclusion is that F0 is empty. 
In particular, given x£G  we can choose a function / x€T(T)io_1 and an open set 
Vx containing x  such that f x^ 0  on Vx. Since G is compact, we can choose a finite 
sequence of points x1, . . . , x N in G such that G is covered by the sets Vx ,

N
1= 1, 2, Set f ( x )=  2 ! /Д(х), for x£G. Since J(F)io_1 is an ideal, it contains

f=i
the function /. Moreover, / ( x ) > 0 for all x£G. It follows from Lemma 4, then, 
that 1 / /belongs to si(G), and therefore that l(zJ(F)io_1. Hence J{F)io_1=si(G) 
is weak* closed which implies that its index £0 is no greater than 1. The proof 
of Theorem 1 is complete.

We close this section by showing that the class elementary sets of uniqueness 
for G is closed under translations and dilations. This result will be used in the next 
section to verify that a certain set is not a set of uniqueness for G.

Theorem 2. Let E be a subset o f the group G.
a) I f  E  is an elementary set of uniqueness for G, and i f  x0£G, then x0 + E is an 

elementary set o f uniqueness for G.
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b) I f  Ek = {x£G: хг= хл=... =л*=0 and (xk+1,x k+2, ...)€£} for k = 1,2, 
and if  Eko is an elementary set of uniqueness for G, for some integer k0, then E is an 
elementary set of uniqueness for G.

To prove a) apply Lemma 3 to choose a sequence of functions f , f 2, ... in 
sd(G) which converges to 1 in the weak* topology, and such that each /„ vanishes 
on E. For each integer я ё1 , let а (k=0,  1,...) be the G-Fourier coefficients 
of /„ and set gn(x)=fn(x ~ x Q), for xdG. Then each g„ vanishes on x0 + E  and its 
G-Fourier coefficients are given by фк(х0)a£n), for k = 0, 1....... Hence the func
tions gj, g2, ... and the set x0+E  satisfy (5), (6) and (7), i.e., xa + E is an element
ary set of uniqueness for G.

To prove b), apply Lemma 3 to choose a sequence of functions f lt f 2, ... in 
sd(G) which converges to 1 in the weak* topology, such that each /„ vanishes on 
Eko. Set gn(x) =/„(0, ..., 0, jcx, хг, ...) for each x£G, where the first k0 places of 
the argument of /„ are zero. For each integer n S l  let a[n) (respectively, bkn)), for 
/с —0, 1, ..., represent the G-Fourier coefficients of /„, (respectively, g„).

We shall complete the proof of Theorem 2 by showing that the functions 
gi, g2, ... and the set E  satisfy (5), (6) and (7). That (5) is satisfied is clear. To verify 
(6) and (7), we begin by observing that for each pair of integers я ё  1, £ ё 0 , the 
following formula subsists:

If we make the change of variables y —(0, ..., 0, x) and recall that the Haar measure 
of Gko is p~ka, we obtain that

Apply (4), noticing that for each integer /s 0 ,  the integral on the right is zero 
unless 1+ kpk°<pk°. Hence

By the definition of 4-, a necessary and sufficient condition that l + kpk° be less 
than pk° is that the p-adic expansions of / and kpka be identical from the &„th com
ponent onward. In particular, the above expression reduces to

Both (6) and (7) are easily verified from this identity. Hence E is an elementary 
set of uniqueness, and the proof of Theorem 2 is complete.

bkn) = 2  ain) f  M 0 , . ..,0 , x)tj/k(x)dx.
1=0 Q

K n) = 2  a!n> Pk° f  Ф1OO ФкрЬ° (у) (dy).
/=0 Gt

btn) = 2  {ain> pk° f  'l'i+kpk° (y) dy: l + kpko <  p‘o}.
I a..

(k+l)p^o—1
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§ 3. The main theorem

In the next two sections we shall prove the following theorem.
Theorem 3. There exists a set EQG which is a set of uniqueness for G in the 

wide sense, but which is not a set o f uniqueness for G.
This set will be given by

( П ) E  =  l(x0, х1г ...): 2 Хк -У п  for и =  1 ,2 ,... I 
I k=0 )

where у is any real number which satisfies 0 
We begin with a preliminary result.
Lemma 5. Let J i0 represent the collection o f finite Borel measures p on G which 

satisfy
lim [ фп(х) dp — 0.

I f  p£Jf,0 then \p\<LJ(0.
The lemma will be verified if we can show that given e>0 there exists a measure 

v£Jt0 such that *7 =  v— |ju| implies f  d\t]\<e.
(r

The measure v will be the indefinite integral of simple function s(x)—2  cíXe,Íx)> 
where each F; is a coset of one of the subgroups Glt G2, ... which form a neigh
bourhood base at the origin. Such simple functions will be called step functions 
on G. It is well-known [7] that step functions on G are also character polynomials 
on G, and thus, if s is a step function on G and p€Jt0, then

(12) lim f  s(x)\j/n(x) dp = 0.

Let e>0 and choose disjoint fundamental open sets Ег, E2, 
G= (J E, and that

7=1

(13) \p\(G)~ 2  ^  e.
j=i

Let s(x)=öj when x fE i where
if p(Ej) S  0 
if p(Ej) <  0

. .. ,E r so that

(У=1, 2 ,..., r), and set \{E )—J s (x )d p  for each Borel set EQG. By (12), the
E

measure v belongs to J t0. Moreover, if Fj, F2, ..., Ft is a disjoint sequence of
t

fundamental open sets in G which satisfies G =\JFt and refines Ег, E2, ..., Er,
i=1

then for each integer í£[l, í], r](Ft) = |/i|(F;)—áJ/i(Fi)>0, where j  is determined
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by FidEj .  Hence,

Z  Iffd'DI -  IЖ О -  é t j t i F d  = Ia*I(G)- Í  Ia*(JS»|.
i=0 i= l J = 1

It follows from (13) that J  d\ri|<e. Hence Lemma 5 is established.
G

The rest of this section will be devoted to proving that the set E  given by (11) 
is a set of uniqueness for G in the wide sense. Let /  be a polynomial on G which 
satisfies three properties:
(14) f ( x )  = 1 for x€Gk; 

there exists a constant c£(0, (1—y)/y) such that

(15) — c ^ / ( r ) S l  for x6(?;

(16) J f ( x ) d x  =  0.
G

П — 1
Fix an integer n ^ l  and set f,(x)= n~1 2  f ( p kx) where for each integer k ^ O

k=0
and each x= (x0, xt , ...)£G, the symbol pkx  represents the point (xk, xk+1, ...) 
in G. We intend to show that
(17) /„(*) == ( l - y ) - c y ,  x£E, n = 1,2, ....

Toward this inequality, let x= (x0, xk, ...)£ £  and observe by (11) that there 
are at least n —[ny] zeroes in the set {x„, ..., x„_j}. Yet, if x ;= 0  for some i. then 
p‘x£ C7j, i.e., f ( p lx)—1. It follows (see (15)) that

"Z f (Pkx) ^  (n-[ny])-c[ny],
k=0

Since [ny]^ny, we have verified (17).
Suppose, for the purposes of a contradiction, that E is not a set of uniqueness 

for G in the wide sense. Then there exists a non-zero measure p such that
CO

Z  ckll/k(x) = 0 for x$E,  where ck= f  фк(х) dp for each integer к ё 0. 
k=о £

Set ak= ff(x )\l/k(x)dx and bk—J  фк(х) d\p\ for k = 0, 1 ,__ Observe that
G G

f f„(x)d\p\  = n - 1 f  5  Z  aj ll/j(Pkx) d\p\.
G G * = <>

Since \l/j(pkx)=il/jpk(x) for each pair of integers j , k s 0 and each x£G, we can 
rewrite this equation as follows :

(18) ff„(x)d\p\  =  n - 1 Z  Z  ajbjPk-
a t=o j=l

The term /= 0  can be omitted because (16) holds. We know that the measure p 

belongs to Jt,o, because the series 2  ck Фк (x) converges for at least one p-adic
fc =  0

rational x. Hence, by Lemma 5, the measure |д| belongs to J i 0, i.e., the coefficients
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bt-+ 0 as / — But for yVO, the indices jpk~*°° as k-+ It follows from (18), 
then, that f f n(x) d\p\-*0 as n-+°°. This is clearly impossible, however, since

G
(17) and the fact that \p\ is supported on E implies that 

ffn (x )  d\p\ S  (1 - y - cy) \p\(E) >  0.
G

This contradiction proves that E is a set of uniqueness for G in the wide sense.

§ 4. The set E is not a set of uniqueness for G

We begin this section by constructing measures {pNtt: N —0, 1, , \t |</>}
and choosing a y'<y such that
(19) lim pN ,(E) = 1 uniformly for ?€[1 — py', 1].

Fix an integer IVsO and a real number |t|< p . Set r —((p~l)+ t)/p  and 
5= 1—r. Furthermore, for each integer и SO and for k= 0, 1, ...,p n—1 set

00

I(k, n) — e(k)-\-GN+n where e(k) — (alt a2, ...)€(/ satisfies k/pN + n= 2  Let
i= 1

pNA denote the measure supported in G which satisfies 0, 0) =  1) and

ßN,t(T(k’ «)) =  (P £ ) rO>-1>-e5 % >f(/(fc', П -  1))

for each integer n s l  and for k=0, 1, . . . ,p n—1, where 0s £ < p  satisfies k= k  
(mod p) and where k' is chosen so that I(k, ri) is a subset of I(k', n — 1). Observe

n n
that if klpn= 2  xjP~J and if q= 2  xj then there exist constants вк п which are

j =1 j =1
products of certain binomial coefficients, such that
(20) PN,t (l(k, n)) = ek_nr ^ ’‘- “so
for n = l ,  2, ... and for k = 0 , l , . . . ,p n—l.

To show that these measures satisfy (19), we set C —G \E , BN=CC\ GN and

BN<n = {(0, ...» 0, x0, xl t ...): 2 axj a(n+IV)},
oo

and observe that BN= U -̂ лг,«- Hence by identity (20), we have
П — 1

(21) PN,,(BNJ =  2 { е к,пГ^-1)п- ^ :  q ^y (n + N )} .
Set r ^ l  —y, s1=y and ß= r1~ys1~yr1~yrl~1s%~1. We notice that a necessary and 
sufficient condition that t > \ — у is that r > r x. Moreover, since the function 
f 1~ysy attains its maximum when and only when r= 1—y, we conclude that /J< 1. 
Bearing in mind that and y(n+N)<q, we can therefore dominate
the right hand side of (21) by

ß S  + n £  {ek'„r{~y Sr)N + nry(.n + N)-q-N sJ-y(n + 5)}
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where the sum is taken over q>(n + N). Since the coefficients 9kt„ were chosen so 
that the measures nN k had total mass 1, we know that the sum itself is less than or 
equal to 1. In particular, nNt(BNt„)^ßN+n. Summing over n, we conclude that 
PN,AC)=ßN К 1—/?). Since /J<1, we have verified (19) for any yj<y.

Next, we shall compute the G-Fourier Stieltjes coefficients of the measures 
constructed above. Using our previous notation, fix an integer /^ 0  and observe 
that

pn - i
f  \l/,(x)dfiNyt(x) = 2  f  Il/i(x)dixNtl(x) =

G k=0 I(k,N)

=  hm { 2  ••• 2  'l'i(p~N f a ,  хг, 0, 0,

An induction on N  establishes the fact that this last expression can be rewritten 
as the following infinite product:

M O  = п \ Р2  Г Т 1) rp~1~JsJ4,i(jek+N)\

where ek+N is that element of G whose k + Nth component is 1, and all other com
ponents are zero.

Since r = 1 —s and 5=(1 — t)/p, each factor of M O  can he written in the 
form 1+(1 — OlpQi.k- Since ißi(vek+N) —\l/](ek+N) for 0^v< p , a routine calcula
tion verifies that the coefficient Ql k has a factor (1— ißi(ek+N))- In particular, 
Q,,k=0 for к large. It follows that

(22) ÍM x )d /iNtt= П  0+ (l-O lpQ i,k)
a *=i

is a finite product for each /, N  and that the number of factors in that product does 
not depend upon t.

Recall that we are out to show that the set E defined by (11) is not a set of uni
queness for G. Assume, to the contrary, that E is a set of uniqueness for G. Then 
by Theorem 1 there exists a sequence Ex, E2, ... of elementary sets of uniqueness
for G such that E=  1J Et. Since the closure of an elementary set of uniqueness

i= l
is also an elementary set of uniqueness, we may suppose that each Et is closed. By 
the Baire category theorem, then, there exists an index i and an open set UQG 
such that UC\Ei is dense in UDE.

Let ydUOE. The topology on G allows us to choose an n so large that 
(Ji> ..., y„, xk, x.Á, ...)£U  for any choice of the coordinates x k, x 2, .... By the de
finition of E, then, it follows that the set H= {(jUj, ..., y„, xk, x 2, ...): (x±, x2, ...)€£■} 
is a subset of UÚE. Since Et is closed and UClEi is dense in UDE, we conclude 
that Я  is a subset of £). In particular, Я  is also an elementary set of uniqueness 
for G. By Theorem '2, then, so is E.

We can therefore choose a sequence of functions f k, f 2, ■■■ in sé (G) which 
converges to 1 in the weak* topology such that each /„ vanishes on E. We shall use 
this sequence and the measures nN_, to obtain a contradiction.
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For each complex number z and each integer / £ 0 set Rt(z) = JJ{l+ (l —z)l
“  k = 1

pQi,k}> and gn,N(z) — 2  ain)Ri(z)> for n ,N —1 ,2 ,..., where for each n ^ l ,  the /=0
numbers a\n) (1=0, 1, ...) represent the G-Fourier coefficients of fn. Both of these 
functions are well defined on the interior of the unit disc. Indeed, the product Rt(z) 
is finite and by equation (22) we have that Rl(t)= J  \jil(x)dnNtt for /= 0, 1,...

G
and — l< f < l .  Since the total mass of /%_, is 1, it follows that |i? ,(t) |^ l for 
1=0, 1, ... and — l-cf-c l. In particular, the sequence R1 (z), R2(z), ... is uniformly 
bounded and thus, since each /„ belongs to s i (G), we know that the functions 
gn<N(z) form a normal family of holomorphic functions which are uniformly bounded 
on the open unit disc. Hence, given any pair of sequences nx,n 2, ... and Nx, N2, ... 
we may choose a subsequence of {gnj,Nj}j=l which converges to a function h which 
is holomorphic on the unit disc. We shall reach our contradiction by choosing 
the sequences {rtj} and {Nj} so that h vanishes on the segment (1 —py', 1) and also
satisfies |/z(0)| —

Toward this, multiply equation (22) by a\n) and sum over / to conclude that 
g„'N(t) = f f n(x)dPN,t- Since each function /„ vanishes on E, and since nNt,(E)

G
converges uniformly to 1 for 1— py's.E& \, we can therefore choose integers 
Nlt N2, ... such that |g„,Hj(t)\<l/j for f£[l — py', 1] and for n, j=  1, 2, .... This 
forces h to vanish on (1 —py', 1). On the other hand, since f„ converges to 1 in the 
weak* topology, as and since nN 0 has total variation 1, we know that for
each integer y 'S l, lim f f n(x)dfiNt0= 1.

" " " g _ 1
Hence, we can choose integers n- such that |gn N. ( 0 ) | . Since this implies 

1 2
\h (0 )\^~ , we have reached the desired contradiction, thereby completing the 
proof that E is not a set of uniqueness for G.
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О ПОВЕДЕНИИ ТЕМПЕРАТУРНЫХ ФРОНТОВ В СРЕДАХ 
С НЕЛИНЕЙНОЙ ТЕПЛОПРОВОДНОСТЬЮ ПРИ 

НАЛИЧИИ ПОГЛОЩЕНИЯ. II
Р. КЕРШНЕР (Будапешт)

§ 1. Введение. Предлагаемая работа посвящена изучению первой краевой 
задачи для уравнения
(1) Lu =  — и,+(иц)хх — cuv — О

в четверти плоскости R+ =  {(/, х): iS 0, xsO } с начальным и граничным усло
виями

и (0, х) = и0(х), 0 =  х 
^  u(t, 0) =  0 ^  t

Здесь д>1, V>0 и с> 0  — постоянные. Относительно функций и0(х) и мЩ) мы 
будем предполагать следующее:

У словие А. и0(х)£С([0, <=<=)), и0(х)> 0  при 0 Sx<Z, м0(х)=0 при x s / ,  и0(х) 
имеет ограниченную обобщенную производную (и£)х, где <т =  тах  —1, ^  Vj .

У словие Б. m1(í)GC1([0, °°)), при 0^?«=°°, м1(0) = м„(0)>0.
Уравнение (1) — вырождающееся квазилинейное параболическое уравне

ние. Оно описывает, например, продесс теплопередачи с тепловым поглоще
нием. При этом коэффициент теплопроводности и интенсивность поглощения 
степенным образом зависят от температуры.

Имеют место следующие факты (см. напр. [2], [3]):
1. при каждом í0>0 существует такое х0, что u(t0, х )— 0 при x S x 0 («теп

ловые возмущения распространяются с конечной скоростью»).
2. задача (1), (2), вообще говоря, не имеет классического решения.
Определение 1. Неотрицательная в R+ функция u(t, х), удовлетвор

яющая условия Гельдера и ограниченная во всякой полуполосе R+ П {t S  °°}, 
называется обобщенным решением уравнения (1), если для u(t, х) выполняется 
интегральное тождество

<i *i *i и и -*i
Дм,/; t0, ti; х„, *i) = f  f  (uf,+ußf xx-c u '’f ) d x d t -  f  u f d x \ - f  ußf x dt \ = 0, 

*0 *0 *0 *0 *0 x0
где . i i , x0 <Xj — произвольные числа, такие, что прямоугольник P=[tu, í j x
X[х0, x j  содержится в R+, a f(t, х)€_С}’уХ(Р) — произвольная функция, рав
ная НУЛЮ При Х = Х0 И Х =  Хх.
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О пределение 2. Обобщенным решением задачи (1), (2) называется об
общенное решение уравнения (1), удовлетворяющее условиям (2).

О пределение 3. Неотрицательная в R? функция v(t, х), удовлетворяю
щая условию Гельдера и ограниченная при ограниченных t, называется об
общенным суперрешением уравнения (1), если для v(t, х) выполняется интег
ральное неравенство

> о̂> ti > х0, Xi) = О,

каковы бы ни были числа t0 <  , х0< х 1; такие, что P c R 2+ и неотрицательная 
функция /(Г, x)dC};l(P), равная нулю при х ~ х 0, х = х х.

Замечание. Если v(t, х) является гладкой вне некоторой непрерывной 
кривой вида х=£(г), удовлетворяет там неравенству Lv^O  и производная 
dtf/dx непрерывна при х=£(/), то с помощью интегрирования по частям 
легко убедиться, что v(t, х) является обобщенным суперрешением уравнения 
(1) в R+.

Существование и единственность обобщенного решения задачи (1), (2) 
доказаны в [3]. Там же можно найти доказательства следующих утверждений, 
используемых в дальнейшем.

Пусть u(t, х) — обобщенное решение задачи (1), (2).
Л ем м а 1. Если y (t,x )  — обобщенное суперрешение уравнения (1), и0 (х) ^  

ёу(0, х) и 0), то u(t, x )^ y ( t,  х) всюду в R+.
Обозначим через D область {0 < ?< Г, 0<х<<^(/)}, где С([0, Г]). 

Пусть Г — ее граница.
Л ем ма 2. Пусть z(t, x)<LC}£(D)C\C(D), z(t, х)>0, L z> 0 в D. Тогда если 

u(t, х) =z(t, х) на Г, то u(t, x)^.z(t, х) всюду в D.
В первой части работы изучается глобальное поведение носителя обобщен-

_i_
ного решения задачи (1), (2). Известно [4], что если и1(у)Шс(^+1) " -1, то в слу
чае V =sp «отсутствует локализация возмущений», то есть для каждого х0£ 0  
существует такое /„ >0, что u(t, х0) >0 при г =-Г0. При более сильном убыва
нии функции «i(0  ответ неизвестен.

Аналогично тому, как это сделано в случае задачи Коши в работе [2], 
можно доказать, что при v ^ l  «не происходит движение обратного фронта 
волны», то есть если и0(х0)> 0 , то и (7, х0)> 0  при всех 1 >0.

Нас будет интересовать случай «сильного поглощения», и в основном 
будем предполагать, что v < l. В §2 мы покажем, например, что если щ(г) 
достаточно регулярно стремится к нулю, то в задаче (1), (2) «происходит пол
ное проникание волны охлаждения», то есть для каждого х06(0, /) сущест
вует такое /0>0, что u(t, х0)= 0  при t = t0, хот-" u(t, х0) >0 при t< t0. Если гц(7) 
стремится к бесконечности, то в задаче (1), (2) даже нет «локалозации воз
мущений».

Во второй части работы исследуется вопрос о поведении носителя об
общенного решения задачи (1), (2) вблизи точки х=/. Оказывается, что в зави
симости 'т порядка обращения в нуль функции и0(х) в точке х=/, носитель 
может и расширяться и ссужаться.
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Объединяя результаты §§ 2 и 3 мы видим, что носитель обобщенного 
решения задачи (1), (2) может сначала сужаться и потом расширяться, а также 
сначала расширяться и потом сужаться, то есть функция х =  £(г), задающая 
границу носителя, вообще говоря, не является монотонной.

Настоящая работа является продолжением работы [5], которая посвящена 
изучению задачи Коши для уравнения (1) в случае v < 1 (случай «полного 
остывания за конечное время»).

Автор благодарит А. С. Калашникова за полезные замечания. Приме
ром I я обязан ему же.

§ 2. Глобальное поведение носителя решений. Обозначин через Е множество 
положительных, непрерывно дифференцируемых, монотонных и стремящихся 
к бесконечности при г-<-°° функций, для которых при всех t^O  и S >0 выпол
нено неравенство 
(3)

Замечание 1. К множеству Е  принадлежат, например, степенные функ
ции (г+ 1)п, п > 0, а также exp(H-l)", In (г+ 2), сумма и произведение таких 
функций.

Вот пример положительной, непрерывно дифференцируемой, монотонной 
и стремящееся к бесконечности при t—°° функции, не удовлетворяющей не
равенству (3).

П ример 1. Обозначим через h(t) следующую кусочно-линейную функ
цию: h{n)=n, h(t)=2ni (t—ri)+n при nj, h(t) = 2и4(л —i) + « при

и+ 2̂ з) =  2, ...) и /г(/)=0 вне этих множеств. Очевидно, что J  h it)dt -=
оо

е~* + J  h(s)ds■ + оо. Положим /( /)  — . Ясно, что /'(О  > 0  и limf ( t )  =z со.t-*-oo

Однако / _1_г(и)/,(и )= у (е_л+и)—°° при п оо.

Теорема 1. Пусть v < l, а функция иД?) такая, что u1( t)S f~ 1{t) при 
всех t =0, где /( /)£ £ . Тогда для каждой точки х0 из (0, /) существует такое 
?0> 0, что u(t, хо)= 0  при í S / 0.

Иными словами: в задаче (1), (2) происходит полное проникание волны 
охлаждения.

Д оказательство. Рассмотрим в R2f вспомогательную функцию

Jo/~°t(eí +  a)Am при А =  L —x\nf*(et + a) >  0 
{б при A S . 0,

где положительные постоянные ос, е, со, а, и L  будут выбраны ниже. Постоян
ная а >0 выбрана так, чтобы было /(а )>  1.

Acta Mathematica Academiae Scientlarum Hungarlcae 35, 1980
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Пусть M=max м0(.х). Нетрудно видеть, что неравенство »(0,т ) ё н 0(т) при 
а >  1 вытекает из неравенства

и что неравенство v(t, 0) = u x(t) при а < 1, s ^ £j< 1 есть следствие неравенства

Положим Л/ 3 =  1+ тах  (M lt М2) и будем считать, что L  и а связаны соотно
шением La1,0> — M3. При А >0, учитывая, что sec <L  In-1/ ,  находим

(6) Lp =  oa,sf~,‘~1f 'A ‘0 + x8<Touof~',‘~1f 'A 0>~1 + cop((op.~l)oi2(Tflf~ “llln2fA 0>'i~2 — 

-C(Tv/ - aM “v = Pv(—C +  0’1_va£/“l(1_v1~1/ ,yí“(1_v) + 0'1_v£ü)/_a(1_v)_1ln_1/  •

• f'L A a(l~v)~1+cop(cop.— l )a 2oJ‘-v/ - *('‘-v) 1п2/П и(д- у)-'2).

Обозначим величину в скобках через 5. Фиксируем со таким образом, чтобы 
было
„  ( 2 \ \(7) со >  max I------ . ------ 1.

Так как f£E , то величины f~ * (1~'')~1(£t + a)f'(£t+a) и y-«(/‘- v)(e/-|-ű) In 2/(е/ + а) 
ограничены постоянной, не зависящей от е. Сначала выберем L >  1 таким 
образом, чтобы 3/3<с, потом <т<1 выберем из равенства La1/a = M s, нако
нец 8>0 так, чтобы выполнялись неравенства £<£1; 3 /t <  с и 3/2< с . При 
таком выборе параметров, входящих в v(t,x), при А>~0 имеем 0. Так 
как ^fp =  0 при й <0 и вследствие (7) производная dv^/dx непрерывна при 
А =0, то v(t, х) является обобщенным суперрешением уравнения (I) в R+ и 
утверждение теоремы следует из Леммы 1.

Теорема 2. Пусть у< д , а функция u1 (t) такая, что u^t) =f(t) при всех 
iS  0, где f(t)CE. Тогда для каждой точки х 0 =;0 существует такое >0, что 
u(t, х0)> 0  при />?!•

Иными словами: в задаче (1), (2) отсутствует локализация возмущений.
Замечание 2. Эта теорема не исключает того, что из точки х=1 может 

выходить волна охлаждения, то есть что носитель u(t, х) сначала сужается. 
Но при возрастании t фронт волны обязательно должен повернуть и неогра
ниченно удаляться от начала координат.

Д оказательство  Т еорем ы  2. Рассмотрим в области

(4) Lo1,0> ^  М1/ш[/(а)]а/“ + //“(а) =  М х,

(5) Lollm ^  “ (а) = М2.

Н =  {(Г, x)€R+: А = Q — x f  ß(t + a)>  0}

Arid Mattiematlca Academiae Scientiarum Hungaricae 35, 1980
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функцию y(t, x )= fa{t+a)[Q—xf~ ß{t+a)}ü\  где положительные постоянные ß, 
е <  1, и со мы выберем позже, 0 < а < 1, постоянная а >0 выбрана так, чтобы
Да)>1.

Неравенства y(t, 0 )S  u ^ t)  и у(0, х )^ н 0(х) выполнены, если д достаточно 
мало так как f a{t + a)f~í (t) ограничено. Находим ( /= /( /  + а))

Ly = -aif'l- 1f 'A ,a-ßcoxf'l- ß- 1f ’A,a- i - c f a',A<a',+caii(con-\)f*,l- ißA,l,,l- z.

Так как x ^ g f ß в Я, то

(8) Ly Ш/ 1',- 2̂ <ад- 2[ш д (ш д -1 )-а /^ -а('‘- 1)- 7 'Л 2- “(" -1>-

— gßojf2ß~a(fl- 1)- 1 — c/2í~“(M~v)/l2~“(,‘_vl].

Обозначим величину в квадратных скобках через В и фиксируем число со 
следующим образом:

(9) и-1 <  со <  min (— - - ,  ^ I .Kfc — l /л—v)
В этом случае из (8) имеем

В ё  соц (соц -1 ) -  (а +  ßco)/-1-«»-»  + 2" -  су-«(д-v) +2/) v,_

Если 2/?<а min (д — 1, ц —v), то величины y-«0*-«-i+vy' и у-«о*-»)+2л равно. 
мерно ограничены (т. к. f£E ), и за счет достаточно малого g (g =<?2) можно 
достичь неравенства _ß=»0 при /1 >0. Положим e=m in (ех, 02). Из Леммы 2 
следует, что н(/, х) =у(?, х) в Я. Теорема доказана.

Для иллюстрации теоремы 2 мы приведем два примера.
1

П ример 2 (cp. [1]). Пусть ц+у=2, м1(/)=[а(Д —

L  ( д - 1)|/с + А
L
о

при [...]>  0, 

при [...]== 0,

где положительные постоянные а и b любые. Тогда обощенным решением 
задачи (1), (2) является функция

и (/, х) = a(ß — l)t+ b  —

0

при

при

[...]>  о,

[ . . . ] ё 0.

П ример 3. Пусть ус+2\—2>, u ^ t)— 

м0(х) =

2(1 — v)c J - i -

1 1
_  j b1_v 1—ab“*/2x]1-v при x  «= é3/2a_1, 

0 при х S  Ь3/2а -1,

2 Acta Mathematica Academiae Scientiarum Hungaricae 35, 1980
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где а=(1 — v)(5c)1/2[3(3—2v)(2—v)] 1/2, b > 0 — любое. Тогда обощенное реше
ние задачи (1), (2) дается формулой

u{t,x) =
Г2с(1—V) , ,t+ b\ 2с(1 — v) \ - 3/2 i  1

, + ь) у - при [...]>  О 

при [...] S  0.

Теорема 3. Пусть т-=д, u1( t) s c i >-0, c2=const. Тогда существует такая 
положительная постоянная lL < / ,  что u(t, х) > 0  при х < /х.

Иными словами: в этом случае полного проникания волны охлаждения 
(при v< 1) не происходит.

д — v 2 p-v
[Д 2 - a x f - v при х < а ~ Ч х2 ,

li-v
0 при х ^ а - Ч г *  ,

Д оказательство. Нетрудно проверить, что функция 

У Í.U х) = у ix) =  I

С (и  — V)2где а2 — — 0, при любом /,>0  является обобщенным решением 2p(p + v)
уравнения (1) в R+. Неравенство y(t, 0) ёмх(?) выполнено, если 1гШс2. За счет 
дальнейшего уменьшения /х можно достичь того, чтобы было у(0, х)ём„(х), 
и утверждение теоремы следует из Леммы 2.

В некоторых случаях можно утверждать больше. Например, имеет место 
следующая

Теорема 4. Пусть у<д, н1(?)аС 2> 0, С2 — постоянная. н0(х)й<т(/—х)ю,
где р 1 < со =  2 (д — v) \  о10> ё  С2 . Тогда если с <сгд v сод (сод — 1)/' 
м(Д х)> 0  иди 0 ё х < /  и иди всех ísO .

Д оказательство . Сравнивая функции м(/, х) и
г (/—х)ш при х < / ,  

при х ^  I,
при х= 0  и /=0, мы видим, что там и (г, х) =у (Д х). Далее,

Ly = <TV (/ -  x)rav [ст" ■v шд (сод -1 )  (/ -  х)ю("“v) - 2 -  с].

о) ( ц  — v) — 2 mo

í ̂

В силу условий теоремы Т у> 0 при 0 ^ х < /. В силу Леммы 2 м(?, х) £у(г, х) 
всюду в R2+.

Теорема 5. Пусть т<д, m1(í )^ C 2>0, — постоянная. м0(х)ёст(/—х)ю, 
соё2(д —v)_1, (т/и ё С 2. Тогда если с х т д~'’сод(сод —l)/“('‘~v>_2, wo u(t, x)=Ó 
при х Ы .

Д оказательство . Сравниваем решение u(t, х) с функцией у (/, х) из до
казательства предыдущей теоремы. При х= 0  и /= 0  и(/, х) =y(t, х). По усло
виям теоремы Ту < 0  при 0 <х*=/. В силу Леммы 1 и(/, х) =у(/, х) всюду в R+. 
Теорема доказана.

Aria Malbematica Academiae Scientiarum Hungaricae 35, 1980
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§ 3. Локальное поведение носителя решения. Две последних теоремы преды- 
дующего параграфа, помимо того, что они имеют глобальный характер, содер
жат и информации локального характера. А именно, при условиях Теоремы 4 
из точки х=1 не выходит волна охлаждения (то есть носитель u(t, х) сначала 
не сужается), при условиях Теоремы 5 — волна разогрева (то есть носитель 
u(t, х) сначала не расширяется).

О пределение 4. Будем говорить, что из точки х=1 выходит волна охлаж
дения, если ы(1, /)=0 при 0 -= 1S 10.

Определение 5. Будем говорить, что из точки х=1 выходит волна разог
рева, если существует такое 1о> 0, что u(t, /)> 0  при 16(0, 10).

В дальнейшем мы увидим, что поведение носителя обобщенного решения 
задачи (1), (2) вблизи точки х=1 в основном зависит от порядка обращения 
в нуль функции и0(х) в этой точке. При некоторых граничных значениях этого 
параметра на поведение носителя может влиять и максимум щ(х).

В течение этого параграфа через х мы будем обозначать порядок обраще
ния в нуль функции ы„(л:) в точке х —1: Пшд =С 0, где Будем
считать, что хд:

=/: lim
х - i - о (1—х ) х 

1. Как и раньше, положим М = тах  и0(х).
Теорем а 6. Пусть v«=l, u(t, х) — обобщенное решение задачи (1), (2).

Тогда если —, x<m in Í—— ------|, то из точки х  = 1 выходит волна1—V (д — 1 р — V/
разогрева.

Д оказательство. Рассмотрим в области

Н  =  {(1, х): 0 <  í < е, А = 1 —xl х(1+1) *}

функцию y(í, x)= o(t+ l)~y Ах, где положительные постоянные а, у, и а<  1 будут 
выбраны ниже. Выберем а таким образом, чтобы выполнялись неравенства 
у(0, х )^ и 0(х) и y(t, 0) ^мг(/) (скажем при 1 = 1) — это очевидно возможно. 
Покажем, что L y>0  в Н  при подходящем выборе у и а. Находим

(10) Ly = у<т(1+1) у 1Ax — xo(t+ 1) у 1АХ гх1 1 ( í-Ь 1) х +

+  ст"/_2хд(хд —1)(1+  1)_1’'‘_2ДХ'1_2 —Cffv( l+ l)_1'Mxv =  Д + ... + /4.

Расмотрим сначала случай, когда х ё / (1 —а). В этом случае А ^е. Так как 
/Зё 0 и х < (д  — I)-1, то

Ly ^  <7(1+1 )~У~1АХ |у — c<Tv_1(í+ l)1+>,(1_v)8_*(1_v)j .

Обозначим величину в квадратных скобках через Вх. Рассмотрим теперь слу
чай, когда х > /(1 —а). Здесь А <2е. Так как 1Х >0, х <  (д — 1) “ 1 и х<2(д —v)_1 то

Ly is (1+ 1) - 1’'‘- 2Лх',- 2[<7'‘/ - 2х д (х д -1)-х<7(1+ 1)1’('‘- 1)(2е)1- х(',- 1)-  
-  c<7v(í+ 1 )2+ -  v> (2е)2 -  жь -  v4]
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Обозначим величину в квадратных скобках через В2. Имеем
В2 ё  Q —С2(1 +  е)т(,‘- 1)е1 ~хГд~1} — С3(1 +  е)а+у(/*- v)e2~ v) = В3,

где константы Сг (г =  1, 2, 3) от е не зависят. Так как х^(1  — v)-1, то существует 
такая не зависящая от е постоянная к  > 0, что при у=ке~г выполняется нера
венство В1 >0 для всех е€(0, 1), имея ввиду, что lim (1+£)*[е"1=ехр (к). В силу
этого же равенства можно так выбрать г > 0, чтобы выполнялось и неравенство 
В3 >0. При так выбранных £ и у: L y> 0 в Я, и утверждение теоремы вытекает 
из Леммы 2.

Т еорем а 7. Пусть v<  1, u(t, х) — обобщенное решение задачи (1), (2). Тогда 
если xSm ax (2(д —I)-1, (1 —v)-1), то из точки х = 1 выходит волна охлаждения.

Д оказательство . Рассмотрим в R+ П {/Se} функцию
ГО при А =  Q — / — qI ~ xx  S  0

y(t,x) при А >  0,

где А, £ и Q — положительные постоянные, которые мы выберем позже. Пусть 
К ^ К 0 таково, что у(0, х) ё и 0(х). Неравенство y(t,0) = K(eQx)~1(t+s)(Q — t)x S  
ёгкД/) при /S £ <  1 выполнено, если q >2 и К>и1(0)2х=К1. Положим 
Я —max (Кп, Кх). При А > 0  находим

Ly = -K(EQx)~1Ax-\-xK(t + E)(ßQx)~1Ax~1 +
+xp(>cp-l)Q2l - 2K fl(EQx) - ,,(t+eyAxf‘- íi-cK''(EQx) - v(t+£yAx'' = / !+ .. .+ /4.

Далее, так как A ^ q, x(ji — l) s 2  и £_1(/+ £ )s2 , получаем
I1 + I3?áK(sQx) - 1Ax[ - l+ 2 f‘x p ( x p - \ ) l - 2K »-1E\.

Так как х(1 — v )s l ,  то
/2 + /4 s  K v(eex)~v(t+ eyAxv[-c+ xK 1- v21- '’ß -1].

Отсюда видно, что за счет достаточно малого £>0 и достаточно большого Q 
можно достичь того, чтобы было Ly«=0 при 0. При 0 Ly=0, а при 
А=  0 производная ду^/дх непрерывна. Поэтому y(t, х) является обобщенным 
суперрешением уравнения (1). Ввиду Леммы 1, теорема доказана.

Т еорем а 8. Пусть v<  1 и константа К >0 такова, что выполнены нера
венства
(11) К ^ 2 и г(1) ( / S l ) ,  u0( x ) ^ K ( l - x l ~ 1)x,

— 7-----—, то из точки х= !хр(хр — 1)
выходит волна охлаждения.

Д оказательство . Рассмотрим в R̂ . П {/Se} функцию

y{t, х) =
0 при А =  1—y ( t+ l ) ß <  0,

K (t+ 1) ХАХ при А ^  0,
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где положительные постоянные а, ß и е будут выбраны ниже. По предположе

нию у(0, х ) ^ и 0(х), a y(t, 0 )= K (t+ l)~ *^K (t+ \)-1^K (e+ l)~ 1> Y  = ui(0  ПРИ 
е< 1, а<  1 и t s s <  1. При Л >0, то есть при х(/-Ы)р< /  находим 
Ly аА"(Н- l ) - a~1Ax + xßK(t+ l){t+ l)—» + 2fAx'‘- 2-

- с Г ( ( + 1 ) - а,Г  =  K v(t+l)-*vAx}'[-c+oíK1-''(t+  i)-*(i - v)- i ^ a - v) +  
+ z -2̂ '‘- vx ^ (^ - i) (< + i) -* (',- v)+V ' ‘- v)- 2+ í :1- vx)3(í-bi)-,i(1- v)-M x(1- v)- 1].

Так как í+ l< 2 ,  то за счет достаточно малых а и ß величину в квадратных 
скобках можно сделать отрицательной. Доказательство теперь можно закон
чить так же, как и в предыдущей теореме.

Замечание 3. Пусть щ(() ограничена. Тогда в доказательстве Теоремы 8 
можно взять е >0 как угодно большим, если подчинить а и ß дополнительному 
условию 2ßSa.{p — v). Таким образом, в этом случае мы получаем глобаль
ную оценку для носителя обобщенного решения задачи (1), (2).

Замечание 4. Из условий Теоремы 8 вытекает, что 
шах и0(х) Ш К S  {с/2[хц(хд-1)]-1}1/" - у.

Такое ограничение на величину шах и0(х) связано с существом дела. Чтобы 
убедиться в этом, рассмотрим следующий пример.

Пусть p + v=2. Тогда (1 — v)—1 — (/í — 1)- 1=2(ц—v)-1. Пусть х = (1—v)_1 и 
u(t, х) — обобщенное решение краевой задачи

Lu = -и ,+  — си2 ",

Щ(х)

где а >0 и ß —

1- j )  При X -= 1

0 при I ^ I ,
постоянные. Введем функцию

u1(t) = ax(ßt+l) х,

v(t, х) = y(t, х) = a.x(ßt+l)~xAx 

0

при А = 1 — у  (ßt+ 1)* =- 0 

при A S. 0.
Нетрудно проверить, что приу(?, х )> 0

а з  ь , = я у « - « у £ ^ . +т^ - ф - 1)).

Поэтому из Лемм 1, 2 и равенства (12) вытекает следующая
Теорем а 9. а) если а2<с/2(д — 1)2ц-1, то при достаточно малом ß >0 

справедливо неравенство u(t, x)Sv{t, х), то есть из точки х=1 выходит волна 
охлаждения.

б) елей /?>0 и а достаточно большое, то u(t, х) =y(t, х) для t <  — /?-1, то 
есть при достаточно большом max и0(х) из точки х  — 1 выходит волна раз
огрет-
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LAGRANGE INTERPOLATION FOR CONTINUOUS 
FUNCTIONS OF BOUNDED VARIATION

By
P. VÉRTESI (Budapest)

1. Introduction

We investigate the Lagrange interpolation for continuous functions of bounded 
variation on the Jacobi abscissas. Uniform convergence theorems will be established 
on the whole interval [—1, 1]. We give estimations for the order of convergence 
when /  is continuous and monotone.

2. Notations and preliminary results
Let

(2.1) - 1  <  л#’"* < 1 (oe, /? =—  1)

be the roots of the Jacobi polynomial P*“’w (x) (a, /?> — 1, n=l, 2 , ...; see, e.g. 
G. Szegő [1]). Denote, as usual,

(2.2) L\[«•« ( f \x)= 2  M Í «) № ß> (x) (n = 1,2,...)k = 1

the Lagrange interpolatory polynomials of degree ^  n— 1 based on the nodes (2.1), 
i.e. /£•«(*) are the k-th fundamental polynomials of the Lagrange interpolation. 
If /€ С ( = /  is continuous on [—1,1]), then x) generally does not tend
uniformly to f{x ), but supposing f£BC  (= /(C  and is of bounded variation on 
[—1, 1]) we can state positive results.

E.g., D. L. Berman [2] proved that if — 1<а, /?<0, the corresponding 
Lagrange parabolas tend to f ( x )  for arbitrary x£[—1,1] whenever f£BC.

For arbitrary a and ß  (=—  1), using a general theorem due to J. L. G eronimus 
[3], we can state the uniform convergence, too, but only for arbitrary fixed [a, b](z 
c ( —1, 1).

Now we prove uniform convergence theorems for the whole interval [—1, 1], 
using an estimation dealing with the order of convergence, for /6  MC (= /€ C  and 
/ i s  monotone on [—1,1]). Our method is different from the above mentioned ones.
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3. Results

3.1. Using the above notations we state 
Theorem 3.1. Supposing — 1<а, /?<0,5, we have

(3.1) lim x)-f(x )\\ = 0»*-*- oo
whenever f£B C .

Here Ilg||[„1b]= max |g(jc)| and ||g|| = ||g ||[_1,1].

3.2. The above theorem is a simple consequence of 
Theorem 3.2. For arbitrary a, /?> — 1 and f£MC,

(3.2)

I£ ? •« ( / ;  * ) - /(* ) !  =
0 (1) ^  ( /; i+ ~ g l 4  uniformly in * € [ -1 +e, 1],

0 (1) ^ w ( / ;  — uniformly in x£[a, b] c  ( - 1, 1)
i = l  V 71/  I

where y=m in(2; 1.5—a) and x=cos9. (co(f; t) is the modulus o f continu
ity o f f(x).)

To obtain from (3.2) the relation (3.1), let

en = n 1 In n if — 1 <  a, ß ^ ~ 0,5
and

e„ =  и 2 if max (a, ß) — S >  —0,5.
We have by (3.2)

\\Ln< J;x)-f(x )\\= 0 (l)co (f;en) if /(M C .

If f£BC, then f= f i~ / 2, where / U / 2(MC, from where we obtain (3.1).
3.3. Another consequence of (3.2) is

Corollary 3.3. I f  — l< a ,  ß ^ — 0,5 and calf, t ) ~ te (0<e<0.5) then for 
f i  MC

(3.3) № ■ »(/; x ) - f( x ) \  = 0(1)

uniformly for |x| ̂  1, further when a, J?> — 1 and co(f; t ) ~ i e (0<g«=l) then

(3.4) \ \ L ^ ( f ; x ) - f ( x ) \ \ latbl= 0 ( l ) c o [ f , j )  i f  [a, b] c  ( -  1, 1), / 6MC.

These formulae of Timan and Jackson type can be obtained by simple cal
culation.

Acta Mathematica Academiae Scientiarum Hungaricae 35, 1980



LA GRANGE IN TERPO LA TIO N  FO R FUN CTIO N S OF B O UN D ED  VARIATION 25

3.4. It is interesting to compare (3.2) to

I#.<“•«(/; *)-/(*)! = o( l) 2< o[f \^ + 4 ] 12,-1 (*€[-i-i-e, l])
/ = 1  V Yl f l J

where Hj?,ß)( f;  x) is the Hermite—Fejér interpolatory polynomial of degree ^2n  — 1 
defined by

#„(/; w), #„'(/; =  0 (k =  1, 2, . . . .  л ) ; /€ C

and i/=max (—0,5, a) (see [6], (2.1)).
3.5. Let us consider the Lagrange interpolatory polynomials Ä£+i2, w( /l  *) 

[°r 6 n+22,^+2)( /;  *)] of degree [or ^ л  + l] defined by

R(„ W 4 f ;  *ä+2-i)) =/(*Й+м>) (к = о, í , ..., и)

[or Q № ' +t>(f; *£+•.'+«) = /(*& +2' í+2)) (fc =  0, 1, . . . .  B +  l)]

where xon= í and xn+lt„= — 1 (see, e.g. [5]). Then, using the methods of [5] and 
of this paper, we can prove for R(nx+ i'ß)( f \  x ) [or QIV22' ß+2) ( fi  *)] the statements
(3.1)—(3.3), using the functions and values of a and ß defined in the quoted theorems. 
We omit the details.

3.6. Theorems 3.1—3.3 and the Part 3.5 are valid for min (a, ß)— — 1, using 
[1], (4.22.2) and the ideas of [5]. We omit the further details.

3.7. In the cases considered in 3.5 and 3.6, we often can get estimations of 
Teliakovskii—Gopengauz type instead of (3.3).

3.8. As for the trigonometric case, see e.g. G. N évai [7].

4. Proof of Theorem 3.2

4.1. To make the method more clear, first we investigate the case a —ß — —1/2, 
when P i_1/2,_1/2) =cnTn(x) = c„ cos nS. As it is well known (omitting the super
fluous notations),

(4.1) (— l y - 1^ * )  sin flit 
n (cos 9 —cos 9k)

(k = 1, 2, ..., n),

where *íü’w=cos &kh’ß) and for oc=ß= —1/2, $к=(2к — 1)л(2п) l . Let
min \x—xJ = |x—X:\, further denote1 < K n  1 1 Ji

(4.2)

i' ll 1 J* to I ,= [$ —2r—, &-2 r- 1—) (r =  1, 2, •••):n ) L n n)

tf0 = [ s ,  9+-?-), H a + 2r~1- , 9  + 2r —I n n) (r = 1 , 2 , . ..).
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We have 

(4.3) ILnif; x )- f(x )\ 2 { U ( x k)-
k = 1 - / (* ) ] /* (* ) }

^  2 \  2  { - . . } | + ! |  2 1г—o &keir r—o 9кекг
2

where 0^ q l9 q2^ l o g  n<c> In n.

4.2. To go further we mention that

(4-4) \ f (x ) - f(x k)\ = 0 (1)«  ( í ^  +  ̂ ) ,

where i= \k—j\  if k ^ j  and j = l  for k —j  (see [4], (2.2)).
4.3. If г—0 we obtain

(4.5) |/*(х)| =  0(1) if &ka 0V K 0

(see e.g. (4.1)). Using (4.4) and (4.5) we get

(4-6) I 2 1 {...}| = о о ) « ( ^ +7и .sfc€/0Ui:0 \  n пЧ

4.4. We suppose f ( x )  is monotone increasing, further let 0 s 9 ^ n / 2 .  Then, 
using the Abel inequality three times, the relations (4.4), | T„(v)| ̂  1, we get

(4.7) 2  i[ f(xk) - f ( x ) ] ( - 1)*“1 T„(x) sin 9k II Ä 
n( cos 9k —cos 9)J I —

( sin 9 2*)
s “ (— 2 + d max \ 2  (— l)1“-1 T ,{X ) sin 9k

- 2; ) 1 sin )̂ - 2 г - г 2 ) 
n )

- a
sin ^9 —2r

2 sin fa_2r- *—

n (cos 9 —cos 9k)

/ jy t- i____ T„(x)____
n (cos 9 —cos 9k)

2  ( - 1>max л- i  Tn(x)

« ( i ^ 2. + n
V n n*J

(r=  1, 2,...)

where, supposing that t
t+q

stands for max У ...
OmqSp k%

te 9k’s in Ir are 9t, 9t+1, ..., 9,+p, the notation 12  —\

Acta Mathematica Academiae Scientiarum Hungaricae 35, 1980



LA G R A N G E IN TERPO LA TIO N  FOR FU N CTIO N S O F BOUNDED VARIATIONS 27

[Remark, that here and generally when a, j3s0 we could have used the mono
tonicity properties of the Jacobi polynomials proved by D. L. Berman (see e.g.
[2], Theorem 1, Property A)].

4.5. Using similar argument, we obtain

CO

(4-8) I 2  { [ /(* * )- /(* Ш * )} | =  0(1)-»kCKr
(r =  1,2,...).

4.6. Now, by (4.3) and (4.6)—(4.8) we obtain

[Inn]
ILn(f; x )- f(x )\ = 0(1) 2

CO( ^ 4 ) s
22r 2  1i = 2r-1

£  (sin 9 .  i2) 1
= ,+ i ? h

as we stated. Using the symmetry of T„(x), we get the statement for n /2 ^ 9 ^ n ,
i.e. for the whole [—1, 1].

4.7. Now we pass over to the general case a, ß ~—  1. First let us see some tools. 
To estimate P„(x), we shall use

(4.9) |p b(jc)| ~  I э - а д - * - 1/2п1/2 ~  \x -X j\a j* -3/2n112

uniformly in .*£[—1+£, 1] (see e.g. [5], Lemma 3.2) which, with other formulas, 
can be applied for the interval [—1, 1 — e] by the symmetry-relation P(f - ß> (x) —
= ( - i W * e)(-* )-

We often use

(4.10) 9k+1- 9 k ~ j  (к = 0 , 1, 2...... n).

(Here 90=0, 9n+1=n; see e.g. [6], Lemma 3.1; for the symbol see [1], 1.1.) 
By (4.10) we can verify (4.4) for arbitrary a, /? =— 1.

4.8. Here we state the following
Lemma 4.1. For certain integers M=M(tx,ß) and M 1 = M1(a, ß)

(4.11) / ^ ( W  =  ( - 1 )4 1
l+ 0 (k - 1) def

^ + 3 /2

def
=  Fk+ll[l+ 0(k-i)\

uniformly in n i f  k ^ M  and 9k+ß^ n  — £. Here 0 ^ |^ |^ Mx, £>0 and « ё л 0(a., ß).
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Indeed, using the considerations of [1], Theorem 8.9.1, one can obtain that 
for each fixed e>0 the interval

B. =  [
( k - 1/2)71 — у — в (к - \ /2 )л  — у+д

N N ]• for к = M(jx, ß),

contains exactly one zero of / ’„(cos 9) if /?*€[(), n — s] and Q = c1(a, ß, e)k~1 where 
cx is big enough (as usual N = n+ (a+ ß + l)/2, у— — (ос + 1/2)л/2). Denote this

A f
zero by xk+/l. Considering the symmetry and that |J  Bk contains a bounded number

*=i
of zeros (see (4.10)), we obtain 0 ^ \ц \^ М г. Now using [1], (8.8.1) with cos 9 = 
=cos9*+/1 we get (4.11).

If in (4.11) M  is big enough then 1 +  О(&_1)ё0.5, i.e., 1 + 0{k~1) —

1+0Ы Ы Р
Sometimes we use [1] (8.9.2) which states

(4.12) \Fk\ ~  \PT'ßKxk)\ ~  0 < 9k == n -e .
4.9. As above, we get

(4.13) \L„(f; x )-f(x )\
<?1

I 2  {•••}!+ 2 1 2  {•••)! +
afc€ /0u x 0 * ‘ "

Яг
+ 2

r = 1
2  {•••}zkacr 

k<n — Mo

+ 2 { - }k = l
+

r = 1 »k a rk>d,
ft

2  {•••}
k — n—Mo

— 2 i + 2 2 + 2 s + 2 i + 2 s -
Here at Ir and Kr, N  stands for n ; the number M.t corresponds to Mk for the 

interval (e, n) (see Lemma 4.1).

4.10. Let Ош Э^л/S. If in 21 i we apply (4.9), (4.10) and (4.4), 2 i  can be 
estimated by the term i= l  of the first estimation of (3.2).

1 + 0
Ш ]In 2г> using the disintegration P’n(xk+ß) = Fk+fl 

(4.12), we get, using for the first part the Abel inequality, as in 4.4

PÁx)

and (4.9)—

2  [f(xk)~ f(x)\lk(x)
^>M,

+ 0 (1 )2 ”\f(xk) - m \

ia + 1,5

2  [ / ( * * ) - /« ] ( x - x k)Fk l +

2 2 r\ ф — a —0,5
^ _ |  =  0(1)o, ( i h i y + 3 E

(x — xk)kFk I V n n*) n

f s in  [ з  - 2' - 12 j r + i '3 w  Í £ E Í  2 Г + Щ  S / * - 0,1

-------------- 7----- - Ц р Г  + ОШ у------- ^ - 7 ---- ------------------2  ^ +0’5 = S,-
cos9—cos^9 —2r x—I I cos 9 —cos 19 —2Г x —II n*+2,i
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First take such r ’s for which (9* < )9  S  29*. By 9 .9* % jn  1

• J « ;" «  =  0 ( l ) » , ( í h Í 2 '+ í ) 2 -

which can be treated analogously to 4.5.
Now we consider the 7,’s where 9 =-29*. We have by cos 3 —cos 9*-

-sin2 9 ~ 9 2~ 9j
4a+l,5

ie  _ y  * r
v _ v c _ n m  'y 1 ( s in 9 v  2 * U '  I2 i  2  S r  0 ( X )  ^  2  +  И 2 I „ Q a  +  2,5

r = [ c l n j ]  У П П J  n V j

[j/2 ]

+ 0(1) ^  |/(* ) - /(* 4)||/*(*)|fc-1.
t = l

Here for the first part we have

^ / ,ч и“+1’5 niy'1 % ' (sin 9 p \ j - i
2  ~  ^ 0 )  .-a+2,5 2  , 2  W I 2 ] in

r = [ c l n j ]  J  r = [ c l n j ]  i =  2r  \  П  П I  i n

( sin 9 . j 2 "j
(  . 4 - a - 0 , 5  I ----------J - \ ----- ö l

If — l < a S - 0,5, (уи-1)
4  ( sin 9 1 2 ) ._2 ш ---------н — i\lÍ//21 ( и  И2 )

—11—a —0,5 S i ,  the remaining part can be included in

i=U/2]
On the other hand, if a s —0,5, by (sin 9)_a_0'5s(s in  9*)_a~0’5, we get 

that the first part equals <a(sin 9*и-1у+у2/1~2)у-1.
Considering the second part, we can write

j
у  La-t-0,5

%21 -  n n \  Í Sin 3 j 2 ) 37 a"0,5 ‘-1
Л -  °  ^  I n •/ + n2J n0-5 95n«+2

(s in 9 . j 2\
0<1)" (— J+7?J

Let us consider ^ 3. If we choose such that 29 s  9* ( r s l  and /с >  Л/х), 
we can argue as above.
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Let us consider those Kr for which Using that now cos 9k -
—cos we obtain as before

( sin 3 2
„a —0,5 W I „ 2 + 2 I

I Z  !/(* )-/(** )]«* ) =  Q O )" +0.. o-«+0,» +J  V k

+0(1) 2  l/(*)-/(**)l |/*(JC)|fc-1 =  Sr+Qr.
k £ K r

I.e., we obtain for the corresponding intervals

[ I n n ]

2 1
r= [c ln j]

Sr = 4r ( i sin 3 i« w — W

If a ^ —0,5 then by ySi we get 0,5̂ j e 2  Sr= 0(l) 2  a>(...)i~z.
On the other hand, for a ^ —0,5, y-«-°>sg l .  Finally we have

[n/2]

2
k =  2 j

\ f ( x ) - f ( x k)\\lk(x)\k 1 j ~д-°’5
f c l , 5 - a

which can be handled as above.
If for 3k£Kr we have 3k^n /2  (k ^ n  — M2), one can apply the above used 

relations and the symmetry of P<x' ß)(x). We obtain

I 2  l / W - f O c M '-“'(*)| =  I 2  m - x ) - f ( x M ^ ( - x ) \  =
k i K r

=  0 ( 1)

kiír

( n - j + 1)-“-°-5
( - 1 )

/» +  3 / 2

+ 0 ( 0  2 1 / ( - ^ ) - / ( ^ ) ц /Г 'а,(-^ ) |/с -1 =  5г+ е г,
ki 4

where now — I s  — x ^ co s S ^ c o s  7л/8 and /гс[0 , тг/2]. Using the above formulae 
we get

[cln n]

r = l9fcSM,

If — l-=a^0,5, then (я - ;+ 1 )“ ' ' 0’5^ л - ‘-°'5, i.e. 2  S r — 0{n~1) which corre
sponds to

2  (o(in-1sin 3+ i2n~2) i~2 ~  n -1.
,-=[n/2]

Similarly, when а ё - 0,5, (n—y + l) - *-0'5^ ! ,  i.e. 2  Sr= 0(n*~°’5) which corre
sponds to

2  cu(...)i“-1’5 ~  na~0-5.
i = [n/2]
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(O

Finally using suitable formulae

[я/a] (n - i+  1)—a_0>5 W2'fei+1>5
2  l / ( - * ) - / f a ) l  l ^ ' a)( -* ) lk - 1 =  0(1) 1 -------- 2  T 3 T Í .

fc = l  n k = 1 кп

which can be handled as above.
To estimate 2 r +  2 s  we have, using (4.12) and the symmetry,

(sin9 . j 21

2 4 + 2 5  =  0(1) ” +2>5 -+0(1)-

which can be handled as above.
It may occur that for certain p, q and r, e.g. 3p€ /r , $в£/г but $p< 2$  and 

3e>29. These cases are analogous to the above ones.
4.11. Let now £ ^ 9 S n —e. Using that y~n, analogous estimations give the 

second formula of (3.2).
4.12. Finally, 4.10 and 4.11 give the estimation (3.2).

j — a — 0,5
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CRITERIA FOR CONSTANCY OF FUNCTIONS 
WITH ALMOST TOTALLY DISCONNECTED RANGE

OR DOMAIN
By

D. E. SANDERSON (Ames)

In [1] J. F. Chew and P. H. D oyle improved a result of C. A. Coppin [2] and 
proved other results giving conditions under which a function / :  X —Y is constant. 
The first was what they called a “companion theorem to the theorem of Coppin”, 
presumably because it partially reversed the roles of X  and Y. By making use of 
the generality and symmetry of multifunctions and their inverses, Coppin’s result 
can be improved still more and one can more readily reverse the role of domain 
and range to investigate “companion” theorems. In this sense it seems that Theorem 
4 (rather than Theorem 2) of [1] is closer to being a companion to Coppin’s result 
and the “true” companions of each of the latter two can be proved. The goal of 
this paper is then to improve the results in the above references, clarify their inter
relations and give a negative answer to the question posed at the end of [1].

D efinitions. A multifunction F: X-+Y assigns to each point of X a non-empty 
subset of Y. As usual, if A a  X  the image of A is F(A) = (J F(x) and point inverses

x £ A
F~1(y)= {x(LX\y£.F(x)} define the inverse multifunction F~x: F(X)-~X. The 
following standard definitions are useful (“connected” may be replaced by another 
property such as “closed”):

(i) F is connected-valued if F(c) is connected for any point c(\X.
(ii) F is connected if F(C) is connected for any connected set C cX .

(iii) F -1 preserves connected sets if F _1(C) is connected for any connected 
C cT .

If F(X) Y, (iii) may be much stronger than F _1 being connected. Chew and 
Doyle overlooked this and, as a result, their Corollary 2 is false (e.g., if /  is in
clusion of X  in Y where X  is in the jcy-plane and Y is the union of X  and all points 
above the plane). They call a space LW  if each point of an open set U is contained 
in a non-degenerate connected subset of U (i.e., components of non-empty open 
sets are non-degenerate). A space is totally disconnected iff no connected subset 
contains more than one point (note that empty and degenerate spaces are both 
connected and totally disconnected!).

T heorem 1. I f  F: X -*Y  is a multifunction and Y is totally disconnected, then
(a) F is a function i f  it has connected values,
(b) F is a locally constant function (hence continuous with closed-valued inverse) 

i f  it is connected and X  is locally connected,
(c) F is a constant function if  it is connected and X  is connected.
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Proof. All are immediate from the definitions: (a) since one-point sets map 
onto one-point sets, (b) since each point has a connected neighbourhood which 
must have a one-point image and (c) because X  must have a one-point image.

The following corollary shows that Y need not be Tlt connected nor F single
valued in Chew and Doyle’s improvement of Coppin’s result.

Corollary 1. A connected multifunction F: А —У with closed point inverses 
is a constant function if  X  is connected, locally connected and for some p£Y, Y  —p 
is totally disconnected and Р ~ г{р)^Х.

Proof. By Theorem lb, F  is locally constant on the open (hence locally con
nected) subspace X — F~x(p). Since the latter is not empty it contains a nonempty 
open and closed point inverse which must be all of the connected space X. Thus 
F~1(p) is empty and F is a constant function by Theorem lc.

If the roles of domain and range are completely reversed as suggested in the 
opening paragraph, the result, Corollary 2 below, is not only a companion but 
a consequence of Corollary 1 (simply set F=G~1).

Corollary 2. A closed-valued multifunction G: Y-*Z with connected inverse 
is constant i f  X=G (Y) is connected, locally connected and for some p£Y, Y —p 
is totally disconnected and G(p)y^X.

Note that G_1 being a constant function makes Y = {p)  and G constant. 
For non-degenerate Y the Corollary then implies no such multifunction maps Y 
onto a connected, locally connected space. Thus Corollary 2 is very close to The
orem 4 of [1] (Corollary 3 below) since LW  is similar to local connectedness and 
a function with 7\ range is closed-valued. In this sense, the latter is a closer com
panion to Coppin’s result than Theorem 2 of [1] (Corollary 4 below).

Theorem 1 has the following near-companion:
Theorem 2. I f  f :  Y -*X is a function and Y is totally disconnected, then
(a) f  is 1 — 1 i f  it is monotone (f~ x is connected-valued),
(b) f(Y ) is totally disconnected i f  / -1 is connected,
(c) f(Y )  is discrete (and f ~ x is a continuous function) i f  / -1 preserves connected 

sets and X  is locally connected,
(d) Y is discrete (and f  an embedding) if f  is continuous, f ~ x preserves connected 

sets and X is locally connected.
P roof. Part (a) is immediate (also follows from Theorem la) and implies (b) 

since the inverse of a non-degenerate connected subset of f ( Y )  would be non
degenerate and connected which is impossible. For (c), if x € f(Y )  then x d U a X  
where U is open and connected so f ~ l (U) is a point and UC\f {Y)={x} (and 
/ _1 is a function, by (a), with discrete domain therefore continuous). Part (d) is 
a direct consequence of (c).

Theorems 3 (4, parenthetically) and 2 of [1] follow as Corollaries 3 and 4, 
respectively. Condition (iii), assumed by Chew and Doyle, is replaced in Corollary 
3 by the weaker condition that / _1 be connected.

C orollary 3 (Chew—Doyle). I f  f :  Y-*X is a function, f ~ x is connected and 
Y —p is totally disconnected then f ( Y ) —f(p ) is totally disconnected (hence f(Y )  
cannot be LW and Tx) .
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Proof. Theorem 2b applies to f \  Y —/ -1(/(р)): Y —/ _1 ( /(/>)) — X —f  (p) 
since this function still has connected inverse and Y —/ -1( / ( p ) ) c  Y —p is totally 
disconnected. Observe that p could be a set rather than a point as prescribed in 
Theorem 3 of [1] (but perhaps not in Theorem 4).

Corollary 4 (Chew—Doyle). A continuous function f:  Y-*-X whose inverse 
preserves connected sets is constant if X is a locally connected Tl -space and for 
some p<i Y, Y —p is totally disconnected but contains no one-point open subset o f Y.

Proof. Since Y —/ _1(/(p ))  is open, it is either empty or non-discrete. Also 
X —f(p )  is open, hence locally connected. Thus, restricting /  as in the previous 
proof, Theorem 2d implies Corollary 4 (observe that if /  (p) is closed the 7\ con
dition can be omitted).

As previously noted, Corollary 4 was called a companion to Coppin’s result 
(Corollary 1) by Chew and Doyle and in a sense Corollary 3 is a closer companion. 
As far as reversing roles of domain and range, however, Corollary 2 is the closest 
and perhaps should be called the twin of Coppin’s result. Corollary 4 has its own 
twin, Corollary 5, which completes this “family” of results.

Corollary 5. A connected open function f:  X->Y with closed-valued inverse 
is constant i f  X  is locally connected and for some p£ Y, Y —p is totally disconnected 
but contains no one-point open subset o f Y.

Proof. By Theorem lb  /  is locally constant on the open (hence locally con
nected) set X —f ~ 1(p) so if x^.X—f~ 1(p), {/(x)} is open in Y. This contradiction 
implies f ( X )  =  {/>}. (Note that if f~ 1(p) is closed the closed-valued inverse con
dition is unnecessary, in fact it then follows from Theorem lb.)

At the end of [1], C hew  and D oyle ask if a continuous function / :  X-*Y  
must be constant if Y is connected, locally connected, T2 and A is a countable con
nected T2-space with X —p totally disconnected. An example given by G. G. M iller
[3] provides a negative answer. His quasimetric extension X  of the rational sub
space Q2 of the plane R2 satisfies the above conditions and is Urysohn (distinct 
points have disjoint closed neighbourhoods). Miller obtains X  by adding the in
tegers Z  and the point p=(n, \2 )  to Q2. He chooses a map F of Z onto a dense 
subset of R2 — Q2—p such that no two points map onto the same line through p, 
and G(z) to be the point halfway between p and F(z). The subspace topology is 
given to X f]R 2 and a neighbourhood of z€Z consists of z together with the points 
of Q2 in an open subset of R2 containing F(z) and G(z). If Y=X{J(R2— F(Z) — G(Z)) 
with the usual topology on ТП R2 (and neighbourhoods of z€ Z including z and points 
of Tfli?2 in an open set containing F(z) and G(z) as before) then Y is connected, 
locally connected and T%. Since X  is a subspace of Y, the inclusion m ap/ :  X —Y 
is continuous.

The author thanks the referee for pointing out several errors.
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RESIDUALLY SPECTRAL OPERATORS
By

B. NAGY (Budapest)

1. Introduction

Let X  be a complex Banach space and B(X) the set of bounded linear operators 
on X. In his fundamental paper on spectral operators [6], N . D unford gave the 
following definition. An operator T£B(X) is a spectral operator of class (F, (?) if

1° F  is a Boolean algebra of sets in the complex plane C;
2° G is a total linear manifold in X*, the dual of X;
3° there is a bounded spectral measure E  in X  with domain F  such that TE( f )  =  

= E (f)T  and o ( T \E ( f ) X ) a f  for /  in F;
4° for every (x, g) in (X X C), the function g E (f)x  is countably additive on F; 

(see notations below).
In most subsequent works it was assumed that F=B, the <r-field of all Borel 

sets (prespectral operators; see, e.g., [4], [8]), and that, in addition, G=X* 
(spectral operators proper).

Let S be a compact set contained in the spectrum of T. Let Bs be the <r-field 
of all Borel sets that contain A or are disjoint from S. T is said to be 5-spectral if 
it is spectral of class (Bs , X*). Such operators have been studied by I. Bacalu  [2]. 
He has shown that quotients and, under certain conditions, restrictions of spectral 
operators on invariant subspaces are in this class. We prove here that an 5-spectral 
operator has a uniquely determined 5-resolution of the identity and is 5-decom- 
posable in the sense of [1]. Though it need not have the single-valued extension 
property, it satisfies a commutativity theorem, well-known for spectral operators. 
Theorem 2 shows that the family of all sets 5  for which a given T is S-spectral, 
is directed with respect to the relation э . Theorem 3 gives necessary and sufficient 
conditions that this family have a smallest set; such operators will be called re- 
sidually spectral. Another characterization of residually spectral operators is given 
in Theorem 4 as direct sums of spectral and essentially nonspectral operators. We 
show that this result fails to hold if essentially nonspectral is replaced by completely 
nonspectral (see definitions later).

The proof of the commutativity theorem (Theorem 1) will be a generalization 
of the proof of the respective result for spectral operators [7]. This proof will also 
employ notions and methods characteristic of the theory of residually decomposable 
operators [10]. In Section 4 we shall make use of a characterization of 5-spectral 
operators, due to I. Bacalu [2].
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2. Preliminaries

For any Г in B(X) a(T) will denote its spectrum and T\ Y will denote the 
restriction of T  to the invariant closed subspace Y in X. A homomorphic mapping 
E of the Bololean algebra Bs (S  compact in C) into a Boolean algebra of projec
tions in B(X) such that E(C) = I  and x*E(b)x is countably additive on Bs for 
each x£X, x*£X*, will be called an 5-spectral measure. By [7; XV. 2.4], E  is then 
countably additive in the strong operator topology and is bounded. If Sa<j(T), 
and T  commutes with E (f)  and o ( T \E ( f ) X ) d f  for each /  in Bs, then T  is 
called 5-spectral and we say that E  is an 5-resolution of the identity for T, If edBs, 
then Te will denote T\E(e)X, and E\E(e)X  the restriction of E to E(e)X. For 
any Borel set b in C,b denotes its closure and b' its complement.

We recall some concepts and facts from [10]. An open set G in C is a set of 
analytic uniqueness for T£B(X) if for each open Я с С  and each holomorphic 
function h: H-*X  such that (z—T)h(z) = 0 for z in H, we have h(z) = 0 on El. 
For any T  in B(X) there is a unique maximal open set of analytic uniqueness, 
denoted 0 T. ST will denote 0'T. A holomorphic function f x : G-+X such that 
(z — T ) fx(z)=x  for z in G is called a Г-associated function of xdX  on the open 
set GdC. ST(x) denotes the open set of points z in C such that z has a neighbour
hood where a Г-associated function of x exists. Define yT{x)—3T(x)', q t ( x )  =  
=5т(х)ПОт and ar (x) = QT(xy. Then there exists a unique Г-associated func
tion of x  on QT(x), which will be denoted by x(z). For any H<zC set

XT(H ) -  {x£X; <j t (x )  с  # } .

XT{H) is a linear manifold in X. If F is  a closed set in C, the family IT F consists 
of those closed Г-invariant subspaces Y  of X, for which <т(Г| F )cF . If IT F has 
a largest element with respect to the relation c ,  then this largest element is 
denoted by XTtF.

A spectral maximal space [5] of Г is a closed Г-invariant subspace Y of X  such 
that for any closed Г-invariant subspace Z  of X  the relation a(T \Z )do (T \ Y) 
implies Z d Y .  It is clear that if F is closed in C and XTF exists, then XTF is a 
spectral maximal space of Г. Conversely, if У is a spectral maximal space of Г  and 
a(T\ Y) = F, then Y=XT F. Finally, for concepts concerning 5-decomposable 
operators we refer to [1].

R emark. The assumption Scztj(T) is only a matter of convenience (e.g. 
to ensure that a(T)£Bs). If in the definition of 5-spectral operators we assume 
only that S  is a compact subset of C and put S1 = S!~](t(T), then Г is 5-spectral 
if and only if Г is 5X-spectral. Indeed, Bsa B Sl proves the “if” part. Conversely, 
if E  is an 5-resolution of the identity for Г, then set

ÍF (R J5 ), b d S 1 
Ei(b) = { £ (b n S '); b c  s '  № BsJ-

Then Ex is an 5X-resolution of the identity for Г. We show here, e.g., that 
a ^ E ^ X ^ j d b  for beBSl, 6 z)5x. We have a{T\E1{b)X) = a{T\E{b\JS)X)d  
c b U 5. Since Ег(Ь) commutes with Г, we obtain a(T\El (b)X)da{T). Hence

<т(Т\Е1(Ь)Х) c  bU Sx = Б.
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3. 5-spectral operators

Lemma 1. I f  E is an S-resolution of the identity for T, further z(LS' and (z —T) 
x=0, then E (\z))x—x.

Proof. Let d be a closed set such that z$_d£Bs . If Td denotes T\E(d)X  then 
z£e(Td), hence

E (d)x = (z - T d)~1(z -T )E (d )x  =  ( z - T d)~xE (d ) (z -T )x  = 0.

Set dn={u£C; \v—z\g « " 1}, then d„£Bs for n large enough. By the countable 
additivity of E, E({z}jx = \\m E(dn)x —Q, hence E({z})x=x.fl

Lemma 2. I f  T is S-spectral, then STczS.
Proof. Denote by с7°(Г) the set of all z£ C such that there exist a connected 

open neighbourhood U of z and an Z-valued holomorphic function f  not identi
cally 0 and satisfying (u—T )f(u )= 0  on U. Then ST is the closure of o°p(T), thus 
it suffices to show that <т°(Г) is contained in S. Assume the contrary, then there 
are a sequence {z„; и=0, 1,2, . ..} c S ' and a holomorphic function /  on a neigh
bourhood of z0 such that lim zn—z0, z„y^z0 for nxO  and (zn—T) f  (z„)—0 though

П

f(zj)?± 0 for я=0, 1, 2 ,__  By Lemma 1, we obtain for any S-resolution of the
identity E of T

0 =  £({z0}n {z„})/0„) =  E({z0))f(zn) -  E({z0})f(z0) =  /Oo)> 
a contradiction.

Lemma 3. I f  E is an S-resolution of the identity for T, c is a compact set in C, 
disjoint from S, x£E(c)X and егг (х)Пс =  0 ,  then x=0.

Proof. Since T is .S-spectral, the resolvent (z—Гс)-1 exists on c' and satisfies 
(z—T )(z—Tc)~1x —x  for z ( z c '. On q t ( x ) ,  there exists the unique Г-associated 
function x(z) of x, for which (z—T )x(z)= x  for z £ q t ( x ) .  The nonvoid open set 
c'C)QT(x) is in 0 T hence the holomorphic function

JO - Т с) - гх, z£c' 
m ~ \ x  (z), z€er(x)

is well-defined on all of C and satisfies lim f(z )  = lim (z—Tc)~1x = 0.
Z -+  со z -* -o o

By Liouville’s theorem, / ( z ) = 0, hence x=0.
Lemma 4. I f  E is an S-resolution o f the identity for T  and the closed set e con

tains S, then E(e)X=XT(e).
Proof. The resolvent (z—Te)~x exists on e' and if x£E(e)X, then (z—T) 

(z— Te)~xx  — x  for zde'. By Lemma 2, we have Sr c e , hence aT(x)cze. Con
versely, suppose <7r (x) cze, choose an arbitrary compact set c, disjoint from e and 
set y=E(c)x. Then clearly őT(y)z>c', further (z—T )x(z)—x  for z€e'. Since E 
commutes with T, we obtain (z —T)E(c)x(z)=y  for z£_e'. Hence ST(y)z>e', 
thus yT(y)—0  and aT(y) = STa  S. By Lemma 3, we have y = 0. If {c„}
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is an increasing sequence of compact sets with union e', then the countable 
additivity of E  yields E(e')x  =  lim ii(c jx= 0 , hence E(e)x=x.П

Corollary. I f  E is an S-resolution o f the identity for T, then E(o(T))=I.
Now we prove a commutativity theorem, which is well-known for spectral 

operators but, remarkably, fails for prespectral operators, see F ixman [8] and 
Berkson and Dowson [4].

Theorem 1. I f  E is an S-resolution o f the identity for T  and A£B(X) commutes 
with T, then AE{b) — E(b)A for every b£Bs .

Proof. Let the compact set if be a subset of S', and put Y=E(d(J S )X  and 
V=T\Y. Then n(K)crífU S. If IF is a closed T-invariant subspace of X  such that 
o(T\W)ezd, then for every № in I f  we have yT(w)czd, and Lemma 2 implies 
f f jM c d U S . By Lemma 4, we obtain WczY, thus o(V\W)(zd. Choose a 
bounded Cauchy domain D [9; pp. 288—289] such that d cD , D c S ', and denote 
its positively oriented boundary by B(D). The positions of the spectra of the 
occurring operators yield that for every w in W

w = k f  (z -V \fV )~ 1wdz = к f  (z—V)~1E(dU S)w dz  =
B(.D) B (D )

= k f  ( z - T l E W X y 'E ^ w d z + k  f  (z -T \E (d )X )- lE(d)wdz = E(d)w,
B(D ) B ( D )

where k=(2ni)~1. Hence fVcE(d)X, thus E(d)X—XTid is a spectral maximal 
space of T. By [5; 1.3.2], any spectral maximal space of T  is hyperinvariant for 
T, therefore E(d)AE(d) = AE(d) for any compact d c S '.

(z—T ) f( z )  — x  implies ( z - T ) A f  (z) — Ax, hence yT(A x)cyT(x) and 
oT(Ax)czor (x) . Thus Lemma 4 yields E(c) AE(c) = AE(c) for any closed cz>S. 
Choose any compact set d a  S ', an increasing sequence of closed sets c„zdS, 
converging to d', and x£X, then

E(d)AE(d')x = lim E(d)AE(cn)x = lim E(d)E(cn) AE(c„)x = 0.
n n

Hence E (d)A = E (d)A (E (d) + E(d')) — AE(d) for any compact d c  S'. Since 
the e-field of Borel subsets of S ' is generated by the class of compact subsets of 
S ', the countable additivity of E implies E(b)A=AE(b) for every Borel set 
bczS'. Taking complements we end the proof.

This result has the following important corollaries.
Corollary 1. I f  T is S-spectral, then its S-resolution of the identity is uniquely 

determined for every b in Bs .
Proof. If E  and F are two ^-resolutions of the identity for T  and c is a closed 

set containing S  then, by Lemma 4, E(c)F(c) = F(c) and F(c)E(c) = E(c). By 
Theorem 1, E(c) and F{c) commute, hence E(c) = F(c). The proof ends like that 
of Theorem 1.
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Corollary 2. I f  T is Si-spectral with Si-resolutions of the identity Et with do
mains Bt and b fB t (7=1, 2), then Efbf) and E2(b2) commute.

Corollary 3. I f  T  is S-spectral, then T is S-decomposable.
Proof. Let (Gx, ..., G„, Gs) be an open ^-covering of o(T) (see [1]) and let

П
E denote the S-resolution of the identity of T. The set U =\J  G;UGS contains

i = l

o(T), thus £([/) =  /. By Lemma 4 and the proof of Theorem 1, E(GS)X —XT(GS') 
and E(G^)X=XTyCl for i—l , . . . ,n .  Hence

/  =  E(U) =  £(G1) +  ̂ (G2nG0 + ... +^(G s flGi П ... ПС;)
implies

X  — + ■ ■ • + XT(GS).

Since XT(GS) is closed, [10; Proposition 3.4] yields that it is also a spectral maximal 
space of T. Thus T  is ^-decomposable.

Theorem 2. I f  T is Si-spectral ( i= l, 2), then T  is Sx П S2-spectral.
Proof. Let Et denote the ^-resolutions of the identity for T  with domains Bt 

and put S = S 1C\S2. For any b£Bs set
b° =  ь n  s ,  ь1 =  ь n  (s2\ s x), ъг =  ь n  b3 =  ь n  s; n  s

Set E(S) = EX(SX)E2(S2). £•(0)=0 and
(* ) E(b) = E(b°)+E1(b1)+E2(b3)+ E i(b3) (i = 1 or 2),

then the projection-valued mapping E is well-defined on Bs . Indeed, by Corollary 2 
above, E(S), hence E(b°) are projections. Since T  is clearly Sx U .S2-spectral, Ex (b3) — 
=-E2(b3), by Corollary 1 above. To see that E(b) is a projection, it suffices to prove 
that any two terms on the right side of (* ) have product 0. We show that 
Ex(br) E2(b2) = 0, the remaining cases being evident.

Let C; be compact sets belonging to S ■ (/=1, 2). By the proof of Theorem 1, 
the spectral maximal spaces XT cs (7=1,2) and X T,Clr\c2 then exist. By the same 
proof and [10; Proposition 3.2], we obtain

П Ei(Ci)X =  П Хт.с, = Хт,С1Псг = Ек(схГ\с2)Х  (k =  1,2).
i = l  i  =  l

Since all the occurring projections commute, we have

Ех(сх) E2(c2) X = Ek(cxC\c2)X,
hence

Ex(cx) E fc fj — Ek (ci Gl сг) (^ = 1 > 2).

Let {сы; n = 1, 2, ...} be increasing sequences of compact sets converging to 
(i,k = l,2 ;  k ^ i ) .  Then E1(cln)E2(c2r) = 0 for each pair n, r, hence countable 
additivity implies E1(S2\ S 1)E2(S1\ S 2) = 0. Therefore

Eifb1) E2(b3) =  Ex (b1) Ex (S2\ S X) E2 (Sx\ S 2) E2 (b2) =  0.
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In order to see that E is an 5-resolution of the identity for T, we first show 
that E1(Si)E2(S£)=Ek(Sir\S'2) for k=  1,2. Let {din; n — 1, 2, ...} be increas
ing sequences of compact sets converging to S[ (/=1, 2). By the preceding para
graph, then E1 (dln) E2 (d2r) = Ek (dln П d2r) for each pair n,r, hence countable ad
ditivity yields the stated equality. Thus for every b£Bs

E(b) + E(b') = E(S) + E, (52\ 5 i) +  E2 ( S ^ S J  +  E2 (5/ П S') =

= ( / - Et (s;))(T -E 2(S '))+Ex(S2\ S 0 + e 2(52o -  /.

If blt b2£Bs then (b1f)b2)k=b\C\bk2 for k = 0, . .. ,3  and similarly for unions. 
Hence we easily obtain that E  is an 5-spectral measure, commuting with T. Now 
for any b£Bs we prove that o(T\E(b)X)czb. Suppose first that b = S. Then

E (S)X  = E ^ S J X O E ^ S J X  =  ZT(52) =  Xr (5),

hence cr(T\E(S)X)cz S, by [10; Proposition 2.4]. If b£Bs is arbitrary, then

E(b)X  =  E i b ^ X + E ^ b ^ X + E ^ X + E ^ X ,

and T\E(b)X  is completely reduced by the four subspaces on the right side. By 
the above remark (if 6° =  5) and since T  is 5r spectral (/=1,2),

а(Т\Е(Ъ)Х) с и ?  =  {,
k = 0

and the proof is complete.

4. Residually spectral operators

For any 5-spectral measure E  set

Z{E, S )=  f  zE(dz)\E(S')X.
S'

It is clear that T£B(X) is 5-spectral if and only if there is an 5-spectral measure 
E, commuting with T  and such that

T =  Z{E, S) + N(E, S)® T\E(S)X,

where N(E, S) is quasinilpotent in B(E(S')X), commuting with Z(E, ST), and 
o-(7’|£ '(5)A ')c5. In this case the operators Z(S)= Z(E , S), hence N(S)=N(E, S) 
are uniquely determined, by Corollary of Theorem 1, and we shall call them the 
5-scalar and the 5-radical parts of T, respectively. If N (S )—0, we shall say that 
T  is 5-spectral of scalar type, or simply 5-scalar.

Let S(T) denote the family of all compact sets R such that ST<zRcza(T) 
and T  is /?-spectral.

Definition 1. If there exists S^S (T )  such that 5 c /?  for every R£ 5(7’), then 
T  is called residually spectral with residuum 5.
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D efinition 2. A family {Na-, a£A} of operators in Banach spaces {Xa; a£A} 
is uniformly quasinilpotent, if lim |Л̂ *|1/Л= 0  uniformly on A.

к
In the following theorem £„ denotes the £„-resolution of the identity for T 

and N„ denotes N(S„) for n = \, 2, ....
Theorem 3. An operator T£B(X) is residually spectral i f  and only i f  there is 

a decreasing sequence {£„} in S(T) with intersection S= C\{R~, R£ S(T)} such that
1° for every b£Bs, bcz S ' and x£X  there exists E(b) x  = l\m En(bC\ S'n)x,П
2° the sequence {A„} is uniformly quasinilpotent.
Proof. Sufficiency. For b£Bs , b zzS  and x£X  set E(b)x—x —E{b')x. 

Define the V-valued countably additive measures mn on Bs by

tn„(b) =
ÍEn(bC\S')x,
\E n(bUSn)x,

b a  S',
b z> S, (b£Bs).

By condition 1° we have E(b)x=\im mn(b) for b£Bs . [7; IV. 10.6] yields thatП
E(b)x is a countably additive X-valued measure on Bs . By [7; IV. 10.2], the set 
{E(b)x; b£Bs} is bounded. The operators E(b), being strong limits of increasing 
(decreasing) sequences of continuous projections, are continuous projections. The 
uniform boundedness principle implies that the set {£(6); b£Bs} is bounded. For 
each positive integer n, b£BSn implies E„(b) = E(b), by Corollary 1 to Theorem 1. 
Hence there is a positive К  such that for every n and b„£BSn we have \En(b„)\^K.

Now if b1,b 2£Bs and blt b2czS', then for each x^X, E(b1C\b2)x=  
= \imEn(bi n S 'JE n(b2r[S,„)x. On the other hand, 1° implies for every e>0

" l E ^ E i b ^ x - E ^ n S ^ E i b ^ x l + l E ^ n S ^ m b ^ x - E f b . n S ^ x l ^ e ,
if n is large enough. Hence E(b1C\b2) = E(b1)E(b2), and this multiplicative pro
perty can be proved similarly in the remaining cases, too. We have (E(b) + E(b')=I 
for every b£Bs; thus we have seen that £  is an S-spectral measure, which ob
viously commutes with T.

Since T  is Sn-spectral, by Lemma 4 we have E (Sn)X= E„(S„)X= XT(S„).
It is easily seen that E(S)X— П E(S„)X, hence E(S)X—XT(S) and
<j(T\E(S)X)czS, by [10; Proposition 2.4].

Define the operators Z  and N  on E (S ')X  by Z —Z (£ , S), N —T\E (S ,')X—Z. 
Then the restrictions Z„=Z\E(S'n)X  and N„=N\E(S'n)X  are the £„-scalar and 
£„-radical parts of T, respectively. N  commutes with the restriction of £  to E(S')X, 
hence with Z. Further, for any x£ E (S ')X  and k=  1,2, ...

N kx = NkE (S ')x  = \im N kE(S')x.П
We have, by condition 2°,

lim IN kE(S')x\1/k = lim |Л^|1/к(ÄT|лг|)1/А: =  0
к к

uniformly for n. According to [7; I. 7.6], then
lim |Vt ;c|1/fc =  lim lim |V*£(S„')x|1/k =  0.

к к n

Acta Mathematica Academiae Scientiarum Hungaricae 35, 1980



44 В. N AGY

Hence N  is quasinilpotent in B(E(S')X), thus T  is 5-spectral with Z = Z (5 )
and N = N (S).

Necessity. If T  is 5-spectral, then Corollary 1 to Theorem 1 and countable 
additivity imply 1°. If N  is the 5-radical part of T, the inequality \N*\s |A*| for 
each pair of positive integers n, к  implies 2°. The proof is complete.

R emark 1. Since the topological space S ' has a countable base and Theorem 2 
is valid, a decreasing sequence {.Sn} in 5(7") with intersection S  always exists. Further, 
since E has been shown to be the 5-resolution of the identity for T, the limits in 
1° are independent of the choice of the sequence {5„}.

Remark 2. If X  is weakly complete, then condition 1° is equivalent to the con
dition that the Boolean algebra of projections Q={E„(b„); b„£BSn, n= 1,2, ...} 
be bounded. In fact, the necessity of this condition was proved in the course of 
the preceding proof. Conversely, if X  is weakly complete, any bounded Boolean 
algebra of projections may be imbedded in a <r-complete Boolean algebra of pro
jections, by [3; 2.9]. According to [7; XVII. 3.4], the limits occurring in condi
tion 1° then exist.

As a consequence of this remark, in a weakly complete X  an operator T  with 
uniformly bounded Sn -resolutions of the identity and of S„ -scalar type for a 
decreasing sequence {5„} with intersection S=  П {7?; /?£ 5(7')} is always residually 
spectral (of scalar type).

Example 1. Let X=m, the space of bounded sequences, and for x=(xu x2, ...)  
let Tx=(c1x 1, c2x 2, ...) with ск= к - г. Set Sn — {0, c„+1, c„+2, ...} and F„x =

П П

=(0, ..., 0, xn, 0, ...) for n=  1 ,2 ,. . . .  Define En(S„)x=(0.......0, x„+1, *„+*, ...);
for b£BSn, b(zS'n put En(b)x— 2  Fkx, and extend E„ to BSn in an obvious way.

ck i b
Then T  is S„ -spectral of scalar type with S„ -resolution of the identity E„ for each 
positive integer n. We have 5= П {Л ; R€5(T)}={0}. If we set j> =  (1, 1, ...), we

n
see that the sequence E„(S'n)y = ( 1, ...,1 ,0 , ...) does not converge in X, hence 
T  is not residually spectral. This shows that uniform boundedness of the S„ -re
solutions of the identity does not ensure the existence of the 5-resolution of the 
identity, if X  is not weakly complete, even if T  is S„ -scalar for each n.

Example 2. Let Y=lx and for y= (yx,y 2, ...) let T1y —(y2,y 3, ...)• Then 
er(T1)= S Tl=(zeC; |z|=sl} (See [11; p. 1238]). Let C2={z€C; |z|s=2}, Z=L2(C2) 
and for /CL2(C2) set (T2f)(z )= z f(z ). Then T2 is spectral of scalar type with 
(t(T2) = C2 and resolution of the identity E2(e ) f—kef,  where k e denotes the 
characteristic function of the Borel set e cC 2. On X= Y® Z  set T=TX®T2, 
then <т(Г) = С2, ST = STj (by [11; Proposition 2.2]). T  is clearly residually spectral 
with residuum ST and 5r -resolution of the identity

E(e) =
I Ix®E2(e), 
io® .E2(e),

e z> 5r 
eczSj (eeBsT).

where Ix is the unit in B{Y).
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Definition 3. T£B(X) is essentially nonspectral, if there is no pair (Xx, X2) 
of closed subspaces of X, completely reducing T ([9; p. 268]) and such that Xx X {0}, 
T\Xx is spectral and X2 is a spectral maximal space of T.

Theorem 4. T£B(X) is residuallу spectral if and only if there is a pair (Xx, X2) 
of closed sub spaces o f X, completely reducing T and such that T\Xx is spectral and 
T\X2 is essentially nonspectral. In this case the residuum S is o(T \X2).

Proof. Necessity. If T  is residually spectral with residuum S and 5-resolution 
of the identity E, then

T = T\E (S ')X ® T\E (S ) X.

Here Tx = T \E (S ')X  is spectral and, with the notation T2 = T\E(S) X, we have 
a(T2)= S. Indeed, if a(T2) were a proper subset 5„ of S, then a remark in [2; p. 377] 
would yield that Г is S',,-spectral, a contradiction.

We shall show that T2 is essentially nonspectral. Assume the contrary, with 
corresponding decompositions E(S)X=  YX®Y2 and T2=V1®V2. If F is the 
resolution of the identity for Vlt then G(b)=E(b)\E(S')X®F(b) for each Borel 
set b defines the resolution of the identity for T\(E(S')X®  T,), hence this operator 
is spectral. By assumption, Y2 is a spectral maximal space of T2. Hence a(V2)= S  
would imply E (S )X a Y 2, though Y2 is, by assumption, properly contained in 
E(S)X. Thus a(V2) is a proper subset S2 of S, and [2; p. 377] shows again that

T — T\{E(S')X® Y1)®V2

is 52-spectral, a contradiction.
Sufficiency. Suppose that T = T \X x® T\X2, where T\Xx is spectral, T\X2 

is essentially nonspectral and let S  denote a(T\X2). Let E be the resolution of the 
identity for Т\Хг, then ([2]) T is 5-spectral and

p (b )® 0 , be: S ' 
F {b )= [E(b)®I2, b d  S (b£Bs),

is the 5-resolution of the identity for T.
If T  is not residually spectral with residuum S  then, by Theorem 2, Г is Sx- 

spectral with -resolution of the identity Fx for some proper compact subset 
Sx of S. Thus

T=  T\Fl (Sl)X® T\F1(S1)X

where T\Fx(S[)X is spectral. If P2£B(X) denotes the projection operator on X2 
parallel to Хг then, by Theorem 1, P2 commutes with Ft . Therefore X2= F(S)X2 = 
= F1( S \ S 1)X2®F1(S1)X 2, and

T\X 2 = T\F1( S \ S 1)X2®T\F1(S1)X2.

Since [7; XV. 3.10] can be proved in the same way for 5 ,-spectral operators, we 
see that T\X2 is 5 ,-spectral with -resolution of the identity Fx\X2. Hence 
F fS J X i  is a spectral maximal space of T\X2 (by Lemma 4 and [10; Proposi
tion 3.4]), and T\F1( S \ S 1)X2 is spectral. Further, the subspace Fl ( S \ S l)X2 
is not {0}. If it were {0}, then we would have a(T\X2)~  a(T\ F fS ^  X2)cz Sx, which

Acta Mathematica Academiae Sclentiarum Hungaricae 35, 1980



46 В. NAGY

contradicts a (T |Z 2) = S. Thus T\X2 is not essentially nonspectral, contrary to 
assumption, and the proof is complete.

R emark. Any decomposition T —T\X1® T\X2 into spectral and essentially 
nonspectral parts satisfies

Xx 3  E (S ')X  and X2 с
where S  is the residuum and E is the ^-resolution of the identity for T. Indeed, the 
preceding proof of the sufficiency yields X2czE(S)X. The projection P2 commutes 
with T, hence with E(S), thus P2E(S) = E(S)P2 = P2. Therefore (I—P2)E(S') = E(S').

Decompositions of T  of the above type are, in general, not unique. Set X= lx 
and for x= (xx, x 2, ...) put T1x= (x1,2~1x2, ...) and T2x —(x2,x 3,...) . Set 
Y=X($X  and T= TX®T2. Since a(T) = {z£C; |z |s l} = 5 Tl!=S'r , therefore T  
is residually spectral with residuum ST, by Lemma 2. If F is the resolution of the 
identity for 7j and F(b) X 0 for a Borel set b, then

T = T 1\F(Jb)X1®{T1\F(b')Xx<BT])

is a decomposition of T  into spectral and essentially nonspectral parts. There are 
infinitely many different of them.

D efinition 4. T£B(X) is completely nonspectral if there is no pair (Xx, X2) 
of closed subspaces of X, completely reducing T  and such that Xx X {0} and 
T\Xx is spectral.

By Theorem 4, if T£B(X) is the direct sum of a spectral and a completely 
nonspectral operator, then T  is residually spectral. In order to show that the con
verse is false, we exhibit an essentially nonspectral operator that is not the direct 
sum of a spectral and a completely nonspectral operator.

Example 3. Let Y=m  and for у= (уг, y2, ...)£ Y  set T1y=(c1y1, c2y2, ...)
where ck= k~1 for k = \, 2 ,__ Let W=lx and for w=(wx, w2, ...)£ W set
7’2w = (0, wx, w2, ...). Put X = Y ® W  and T=TX®T2. Let Q denote the pro
jection of I  on Y  parallel to W, and Q2= I~  Q. First we show that T  is essen
tially nonspectral.

We have a(T2)=  {z; |z| ̂  l}=Cl9 and the point spectrum of T2 is void. Hence 
T2 has the single-valued extension property and, since 7j is prespectral, so has 7j. 
Thus ST is void and for x=y@w  we have 6-r (x) =  cr7-1(_v)Ucr7-!!()v) (cf. [11; p. 1192]). 
Since aT2(w) = C1 for w^O  ([7; XV. 15. 37]), we obtain

. fcrTl(y) if W =  0 
° T X \ CX otherwise.

Let Z be an arbitrary spectral maximal space of T  and a(T\Z)=c. For any x fZ  
we have aT (x) c  c, so that Z = X  or, if c is a proper subset of Q  then Z c f .  
In the latter case it is easily seen that Z is a spectral maximal space of Tj. Since 
7j is prespectral, hence decomposable, we obtain that Z — YTl(c)=E(c) Y, where 
E  denotes any resolution of the identity for 7j. Thus, if T  is not essentially non
spectral, then there are projections P£B(X) and P2 = I —P such that TP=PT, 
PX=E(c)Y  and T —T\PX®T\P2X  where V= T\P2X  is spectral. Since <r(7’) = 
=  <r(Tj|£'(c) y)Uff(F), the situation of c (7 j|£ (c )y )  yields <r(F) = C1.
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For any x in P2X  we clearly have дт̂р2Х(х )с д т(х). Conversely, since P2 com
mutes with T, the relation (z — T)x(z) = x implies (z—T)P2x(z) — P2x= x. Hence 
oT,p,x (x) = aT(x). Thus, if F is the resolution of the identity for V and e is

I 1 Пclosed in C, then F{e)P2X= {x£P2X; ar (x)ce}. Put e=\z£C; z +  y  ё  —j.
For any x £ P 2X  we have x  = Qx®Q2x, hence aT(x)=aTl(Qx)UcrTi!(Q2x)c:e 
implies x=Q x£Y. The situation of a(T\ Y) and aTI[Y(x) = aT{x) together imply 
ctt (x ) = 0 ,  hence x=0. Thus F(e) = 0, which contradicts the facts that ecza(V) 
and V is spectral. So T  is essentially nonspectral.

Now we show that T  is not the direct sum of a spectral and a completely non
spectral operator. Suppose that, on the contrary, there is a projection P£B(X) 
such that PT—TP, T\PX  is spectral and T\P2X  is completely nonspectral, where 
P2= I—P. Let et be the element of Y  with ;th coordinate 1 and the others 0, and 
put Рг—Р. Then for r=  1,2 and i— 1 ,2 ,... we have

TP,et =  PrTet = Ргс{ег -  CiPret

Hence Prei£N(T-Ci), the null space of T —ct. Since the point spectrum of T2 is 
void, we obtain (7j — Ci)Prei = 0, thus Ргег=А:гге,-. Here kri= l or 0 according 
as e£R{Pr) or e£ R (I—Pr), where R denotes operator range. For any subset c 
of {c,; /= 1 ,2, ...} and х = (у1г y2, ...)®w define F(c)x = (d1y 1, d2y2, ...)£Y  
where dt= 1 or 0 according as c,Gc or not. Then F(c)£B(X) is a projection com
muting with T  and we have (limits in the norm of m)

TPrF(c)x = / ,r/ r(c)(c1y1, c2y2, ...) =  PrF(c) lim {c1y1, ...,c„y„, 0, ...) =П

= lim (ferl^iCiFi, . . . ,K ndnc„yn, 0, ...) =  ( c ^ d ^ ,  c2kr2d2y 2, ...)£Y.П

Hence PrF(c)x=(d1kny1, d2kr2y2, ...)£F(c)X, thus

P,F{c) = F(c)PrF(c) (r =  1, 2).

As a consequence, PrF(c) and PrF(c)Pr are projections commuting with T. Let 
/  be a finite subset of {cl5 c2, ...}. The operator

(* ) (T\P2X)\P2F (f)P 2X = T \F ( f )P 2F (f)P 2X

is the restriction of the completely nonspectral T\P2X  to the range of the projec
tion P2F (f)\P 2X£B(P2X), which commutes with T\P2X. Further, this range 
belongs to F (f)X , hence is finite dimensional. Thus (*) is spectral, which implies 
P ,F ( / ) P ,= 0, and so F (f)P 2 = P F (f)P 2. Now set hr ={<:,; e;6Л(Л)} ( r= l , 2). 
Then, as we have seen above, for every x in X

PF(hj)x =  (d1y1, d2y2, ...) =  FQiJx.

Further, there is an increasing sequence {/„} of finite subsets with union h2. We 
have PF(/„)=0, thus F (fn)P2= P F (fn)P2 = 0.
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The restrictions E(c) = F(c)\QX belong to the resolution of the identity of 
class /x for 7\, which is prespectral of class /x. Hence ст-additivity in the /x-topology 
of m gives for every x£X , v^lx

{F(h^P2x)v =  (E(h2)QP2x)v =  lim (E(f„)QP2x)v  — lim (F{fn)P2x)v =  0.n n
Thus F(h2)P2 =0. Since F(h1)P2 = PF(h1)P2, we obtain QP2=(F(h1)+F(h2))P2 =
— PF(h^)P2, hence QP2=PQP2. So Q — QP=PQ — PQP. Multiplying on the 
right by Q and observing PQ—QPQ, we obtain Q=PQ. Hence QP=PQP 
is a projection. Further, the restriction Qp—Q \PX  belongs to B(PX) and 
Qp = QP- By assumption, Tp=T\PX  is spectral and

QpTp = QT\PX =  TQ\PX= TpQp.
Hence Tp \ QpPX is spectral. Since Q — PQ, we have R(Q )cR(P), thus QpPX=
— QPX=QX. So Tx — T \Q X  ought to be a spectral operator, which it is not, 
a contradiction. Thus the operator T  has the stated properties.
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A REMARK ON RESTRICTED SERIAL RINGS1
By

A. WIDIGER (Halle)

1. In [1], Iwanaga posed the problem whether there exists a restricted uni
serial ring which is neither left nor right noetherian.

In this note we give an example for such a ring. Moreover we show that we 
can drop the assumption of Proposition 2 of [1] that A is a noetherian ring. Thus 
we give a characterization of non-prime, non-noetherian restricted serial rings 
(for its definition see below) even without identity. This is essentially based on 
the main result of [3]. A (unitary) module is called serial if the lattice of submodules 
with respect to inclusion is linearly ordered. A ring with identity is called left serial 
(right serial) if it is a direct sum of serial left (right) modules and a left-right serial 
ring is said to be serial. As in [1] we call a ring A restricted serial provided that 
every proper homomorphic image of A is a left and right artinian serial ring. J(A) 
denotes the Jacobson radical of the ring A, An the nXn matrix ring over A.

2. By symmetry we can restrict ourselves to the case where A is not right 
noetherian.

T heorem. Let A be a non-prime non right noetherian ring. Then A is restricted 
serial i f  and only i f  A is precisely one of the following

(I)
(И)

(III)

A = , S an infinite division ring, В a simple unitary Sn-left module.
A is a full matrix ring over a completely primary ring R, J(R)2 = (0). J(R) 
has infinite dimension as R/J(R)-right module, and either

(a) J(R) is, on each side, a direct sum of a minimal two-sided ideal of R and 
a simple one-sided ideal or

(b) J(R) is a minimal two-sided ideal o f R
A = \Sn Ml 

[o  Km\ M a unitary Sn- K m-bimodule, S, К division rings, M has
infinite dimension as Km-right module, and either

(a) J(A) is, on each side, a direct sum of a minimal two-sided ideal of A and 
a simple one-sided ideal or

(b) J(A) is a minimal two-sided ideal o f A.
Proof. The “ if” part is almost trivial. To prove the “ only if” part we show 

first that A is not right artinian. If it were then, since it is not right noetherian, it

1 The paper was written during a study leave in Budapest.
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would contain a Prüfer subgroup Z(p~) ([2], Satz 10.10). Then clearly there exists 
a proper factorring of A without identity since Z(p°°) is in the annihilator of A 
([2], Satz 10.3) contrary to our assumption.

Thus A is not right artinian but every proper factor ring is right artinian. Since 
A cannot be nilpotent, A is of type (II), (III) or (IV) of Satz 5 of [3].

If in case (II) or (III) of the theorem, J(R) or M is a simple bimodule, it is 
clearly a minimal ideal of A.

Assume that J(R ) is not a minimal ideal of R in (II). Let В be an ideal of 
R, B ^J (R ). Then J(R) = B® K=B® L  with right or left ideals К  or L, resp., 
since J(R) is a completely reducible module. Since R/B is serial, К is a simple right 
ideal and I  is a simple left ideal of R.

Moreover, if C is another ideal of R such that (0)^  Cgi J(R), then so is 
COB. If СП2?=(0), then

В ^  В/ВПС ^ (B + C )/C

would be a right artinian Л-module since A/C is right artinian. Since A/В is itself 
an artinian Л-module, A would be right artinian contradicting our first statement. 
Therefore СГ\В^(0). Again В —С П В ®LX with right ideal Lx and R/(BC]C) 
is not serial if 0). Thus Lj = (0), CPiB=B and similarly СГ\В=С. Hence 
В is a minimal ideal.

The same procedure is applicable to (III) and the theorem is proved.
3. E xample. Let Q be the field of rational numbers, x  transcendental over 

Q and consider the chain
4

Q <= e ( /2 )  c  Q(}/2) C ...C  <2(2*-") c . . . .
Define

K =  Ü  ß(22 ")•

Then К  is a field, in fact an infinite dimensional algebraic extension of Q. Clearly 
x is transcendental over К  too, K{x) is an infinite dimensional algebraic extension 
of Q(x). Moreover, there is a chain

6 W c ß ( x ) ( / 2 ) c ß ( r ) ( f 2 ) c . . .
of subfields of K(x) with

а д  = Ü e w ( 2 r ").n=i
Let

_  f Q(x) ОД1 
A -  [ о К  ■

Clearly A is neither left nor right noetherian. To prove that

В =
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is a minimal ideal of A let 0^b£K(x). Then beQ(x)(21/k) for some к and l/be 
£Q(x)(21/k) is a linear combination of powers of 21/k with coefficients in Q(x);

1 lb = / , ( x ) + /1(*)21' 4
Then

Therefore we have

к- 1
2

i  =  0

m  oi ro bi о
1

ор
"oо"оо Lo 2i/k\ Lo oJ ев.

ГО Q(x)(22'")lc  R
Lo о J = '

Hence q|  generates B. The only proper ideals of A are 
ГО В Д 1 rQ(x) ^(A)l Г0 K(x)\
[0 0 J’ [ 0 0 J’ [О K J

and the factor rings are semisimple artinian.
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THE CATEGORY OF UNARY ALGEBRAS CONTAINING 
A GIVEN SUBALGEBRA. II

By
J. KOLLÁR (Budapest)

I. Introduction

This paper continues the study of certain categories of unary algebras which 
were examined in the first part of the present paper [2].

Recall that a category is binding, if every category of algebras has a full em
bedding in it. For В a x-unary algebra let stfx(B) denote the category of x-unary 
algebras having a subalgebra isomorphic to B. In [2] we have proved the follow
ing (Theorem 1.3).
* Let x ̂ 2  and В a x-unary algebra having more than one element. The follow
ings are equivalent:

(i) srfx(B) is binding.
(ii) There exists a rigid С£я/х(В) (i.e. E ndC ^l).
(iii) There exists а C£.s/X(B) such that |C |> 2X <0 and Aut C=End C.
Although this theorem gives quite a good answer from the point of view of 

testing categories (see [3]), no substantial information is given about the structure 
of B. The aim of the present note is to characterise those algebras В for which 
s ix(B) is binding, in terms of forbidden subalgebras. In our result x (the number 
of the operations) is finite. It is an open question whether an analogous charac
terisation can be given for infinite x — s.

Henceforth let 2Sx<(i). We shall omit the subscript x if no confusion 
will arise.

T heorem . There exists a unique x-unary algebra A such that for any x-unary 
algebra В the followings are equivalent:

(i) s4x(B) is binding.
(iv) В has no one-element subalgebra and no subalgebra isomorphic to A.
We shall prove that A is determined by the following properties;
(a) A has no one element subalgebra.
(ß) Every proper homomorphic image o f A has a one-element subalgebra.
(y) Any algebra C having no one-element subalgebra has a homomorphism 

into A.
The unique algebra A, possessing properties (a), (ß) and (y) has been con

structed in [2, Lemma 5.2].
For every prime number p there are only finitely many algebras of order p 

whose automorphism group is transitive, and the algebra contains no one-element 
subalgebra. We order these algebras somehow, and the itb in this ordering will 
be denoted by Cp(i). Let further C denote the disjoint union of the algebras Cp(i) 
for all possible p and i.
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II. Construction of //-critical algebras

Let X be a cardinal number. We shall say that an algebra C is А-critical in 
cardinality X if C contains no subalgebra isomorphic to A or to the one-element 
algebra, but if cp: C —B is any homomorphism and \B\sX  then В has such 
a subalgebra.

The existence of many A-critical algebras is needed for the proof of our theorem.
Definition. Let L  and К  be unary algebras, H  a subalgebra of К, H' a subset 

of L, and h a bijection between the sets H  and H'. By the phrase ‘we glue L and 
К together by h' we mean the following procedure:

We define an algebra on L U (K -H )  in the following way. L  will be a sub
algebra in the natural way. If /  is an operation and k£ К then /  (/<) remains the 
same if it is in K —H, and will be h ( f(k )) otherwise.

Now let F  denote the subalgebra of A which consists of those elements of A 
that remain fixed under all automorphisms of A. Let further D = C2(\) and let 
G — (V, E) be an undirected graph without isolated points, loops and multiple edges.

Let finally P(G) =  (O X F )U T U (C -fi) be endowed with the structure of 
a unary algebra in the natural way. Let f ,  f x be our operations.

If R is any algebra containing P(G), and we glue to it an algebra 5 by h: H-+H', 
then this glueing is called to be superfluous if there is a homomorphism (p: R U 
U (S —H)->-R which is identical on R.

This glueing is called permitted if the following conditions are satisfied:
(i) R U (S—H) contains no one-element subalgebra.
(ii) If cp: R U (S —H)-^B  is any onto homomorphism, and <p(a) generates 

a subalgebra isomorphic to a Cp(i) then a itself generates a subalgebra isomorphic 
to Cp(/), and a£P{G).

(iii) If a£R{J(S—H) and there exist u, v£ V such that /i(aX.DX{w} and 
f 2(a)=... = fx(a)eDX{u} then (u,v)£E.

This definition perhaps needs some explanation. Condition (iii) assures that 
we shall be able to recognize the graph structure from certain algebras. The role 
of (ii) is twofold. First, it will help us to recognize the vertices of the graph, and 
it guarantees that (iii) is preserved under certain homomorphic images. More 
exactly we have

Lemma 2.1. Assume that R is obtained by permitted glueings from P{G). Let 
0  be a congruence o f R and assume that 0  is the identity on P(G). Then R/0 can 
be obtained by a permitted glueing from P(G) provided it has no one-element subalgebras.

Proof. Only condition (iii) needs verification. Assume that a/Q has the required 
property. Then f(a ) generates a subalgebra isomorphic to D, hence by (ii) 
fl(d)£P(G) for all i. But 0  is the identity on P(G), hence f 2(a) = ...= fx(a)£Dx{u} 
for some u, hence (iii) is also satisfied in the factor algebra.

Now for a given G we define a series of algebras {Rrx: okojJ  in the following way.
Let R0=P(G). If Rx is already defined, then we define Rx+1 as follows. Two 

glueings — Нг) and Ra{J(S2—H2) are said to be isomorphic if there is an
isomorphism cp: RXU(S1—H1)-^RCCU(S2—H2) which is identical on Rx. Now 
take a glueing from each isomorphy class, where S —H  can be generated by one 
element (as a partial algebra). Let {R^UiSß—Hß): /?<<5} be the set of these selected
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algebras. Assume that the sets Sß—Hß: ß<S  are mutually disjoint. Then one can 
consider the union of these selected algebras as a x-unary algebra in the natural 
way. This algebra will be denoted by Rx+1.

For limit ordinals a let Rx be the union of the ascending chain of the Rß—s, ß«x..
Now we can finish our construction: let 0  denote a congruence of RB>1 which 

is the identity on P(G) and the corresponding factor algebra contains no one-element 
subalgebras, and let 0  be maximal with respect to these properties. We shall 
denote the corresponding factor algebra by E(G). Our aim is to prove that E(G) 
is Л-critical if the graph G satisfies certain properties.

Lemma 2.2. E(G) admits no permitted non-superfluous glueings.
Proof. If E(G) admits such a glueing then so does by an algebra, generated 

by one element. If S is generated by one element we have |LT|s|S|Seo. For each 
element of H  we specify a co-image of this element in Rmi and the set of these co
images will be denoted by H1. Since H1 is countable there exists an « « öj such 
that H1QRX. Now we can glue Ra and S  by the natural mapping h ': 
and this is permitted. By the construction of Rx+1 we have a homomorphism 
<p: RXU (S —H)-»RX+1 and this induces a homomorphism E(G)IJ(S—H)-~E(G), 
contradicting the assumption that E(G)Ö(S—H) was not superfluous.

Lemma 2.3. E(G) contains no subalgebra isomorphic to A.

Proof. We have seen in [2, Lemma 5.2] that A satisfies the common coimage 
property (i.e. if a1; ..., ax£A then there exists an a£A such that / ;(а) = а; for all i). 
Apply this to the special case where a ^ D  and a2= ... =a.,fD. But if A were a sub
algebra of E(G) then this would yield a non permitted glueing since G has no 
loops by the assumption.

Lemma 2.4. Lei T=({u, v}, {(u, v)}), and let <p: E(T)-+Z be any homomorph
ism for which cp(Dx{u}) = (p(Dx{v}). Then Z  contains either a one-element sub- 
algebra or a subalgebra isomorphic to A.

Proof. We consider A as the ascending union of its subalgebras {Ax: a<y} 
in the following way. Let A0=C{JF. If Ax is already constructed then let Ax+1 
be such a subalgebra of A that contains only one element more than Ax if this is 
possible. Otherwise take an arbitrary ax£ A —Ax and let A X+1=(AX, ax). For limit 
ordinals a let Ax be the ascending union of the subalgebras Aß; /?<а.

Now assume that Z  contains no one-element subalgebra. We construct a 
homomorphism ф: A -*-Z step by step using the constructed chain of subalgebras 
of A as follows.

Z  must contain a subalgebra isomorphic to A0, and let ф0: A0-+Z be 
this isomorphism.

If фх: AX-*Z is already constructed then we distinguish two cases. If Ax+1—Ax 
has more than one element then let S=(ax) and H =SC\AX. For each b£H  we 
specify a co-image in E(T), and let H" be the set of these co-images. Now 
E (T)IJ(S—H) is a permitted glueing, hence by Lemma 2.2 it is superfluous, and 
we have a homomorphism у '■ S^-Z  which agrees by фх on H. Therefore фх U у 
defines a homomorphism Ла+1—Z, and this фх+1 is a continuation of фх.
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If Ла+1 —Ax has only one element, then we do the same if the constructed 
glueing E (T )\J(S—H) is permitted. If it is not permitted then for S — H={a} 
we have f(a )£D x{u}  for all i or f(a)dDX  {r’|  for all i since these are the only 
possibilities for this glueing not to be permitted. But cp(DX {u})=(p(Dx{v}) so 
we can specify an other set of co-images for the elements of H  such that it will 
define a permitted glueing so we are able to define i/^+1 in both cases.

For limit ordinals a let \j/a be the union of the il/ß—s for /?<a.
At the end we get a homomorphism cp: A-*Z. But Z contains no one-element 

subalgebra, hence if must be one-to-one and this completes the proof of the Lemma.
Lemma 2.5. Assume that G contains the complete graph on X + vertices as a sub

graph. Then E{G) is А-critical in cardinality X.
Proof. By Lemma 2.3, E(G) contains no subalgebra isomorphic to A. On the 

other hand, if <p: E{G)-*B is any homomorphism and \B\^X  then cp cannot 
be one-to-one on the set D X K  where К denotes the vertex set of the mentioned 
complete subgraph of G. Hence for some different u,v£K  we necessarily have 
cp(DX {u})=(p(DX {u}), and we can apply Lemma 2.4 to obtain a prohibited 
subalgebra in B.

III. The main result

First we need a description of the endomorphism semigroup of the algebra 
E(G) for various graphs G.

Lemma 3.1. All the endomorphisms of P(G) are induced by automorphisms o f 
the Cp{i) — s different from D and by an endomorphism of D x V .

Proof. This is quite clear using the fact that F  has no endomorphisms, and 
none of the mentioned subalgebras can be mapped homomorphically into an 
other one.

Lemma 3.2. Assume that G is rigid. Then End £ ,(G )=A ut E(G).
Proof. Let у be an endomorphism of E(G). Then у induces an endomorphism 

of D xV . Moreover, by property (iii) of the permitted glueing we are able to re
cognize the edges of the graph G from the structure of E(G) and therefore у induces 
a graph endomorphism of G on V. Therefore y(Z)X {u})TDX {m} for all u£V. 
Specially x is one-to-one on D X V  and clearly it is also one-to-one on C—D and 
on F. Hence it must be one-to-one on the whole of E(G), since by the construction 
of E(G), if Г is a proper homomorphic image of E(G) and this homomorphism is 
one-to-one on P(G), then T contains a one element subalgebra.

On the other hand, using the fact that E(G) admits no permitted non-super- 
flu ous glueings, one can see that if у is an endomorphism of P(G) that induces 
the trivial endomorphism on G then у can be extended to an endomorphism of 
the whole E(G).

Further, one can repeat the proof of [2, Lemma 5.5] to obtain the result that 
if x is an endomorphism of E(G), and у induces the trivial endomorphism of 
(D xV )U (C -D )  then у itself is the identity.

Putting all these together we obtain that there is a one-to-one and onto corre
spondence between the endomorphisms of E(G) and those endomorphisms of P(G)
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which induce the identity mapping on V. Moreover this correspondence is a group 
isomorphism, hence End E(G) = Aut E(G) and it is easy to write out this group 
explicitly using the fact that Aut Cp( i ) ^ Z p (the cyclic group of order p).

Using again the fact that one can recognize the structure of G from the 
structure of E(G) we obtain the following

Lemma 3.3. Let Gj and G2 be two graphs and assume that Gx has no homomorph
ism into G2 ■ Then E(Gj) has no homomorphism into E(G2).

Now we are in the position to prove our Theorem.
Let H  satisfy condition (4). Further let A be the cardinality of H  and 

H={hx: a<A}. Let r = max (A+, (2“)+) and {Gx: a <2} be a set of graphs such 
that each Gx contains the complete graph on т vertices as a subgraph, each Gx is 
rigid and none of them has a homomorphism into any other one. The existence 
of such graphs is assured by a theorem of Babai—N esetril [1].

Specify an element d£ F. The corresponding element in E(GJ will be denoted 
by da. Now we construct an algebra H" as follows.

The underlying set of H" will be the disjoint union of the underlying sets of 
the algebras H  and E(GX): a<A and a new set {ca: oc<A}.

H  and the algebras E(GJ: a<A will be subalgebras of H" and we define 
the operations on the cx — s as follows: f\(c0)  = hx, f 2(cx) = ... —f y(cx) = d7.

Clearly, H" contains i f  as a subalgebra, and //j ==-2“. Hence, if we can 
prove that End / /" = Aut H", then the proof will be complete.

To prove this, first we remark that none of the E(GJ — s can be decomposed 
into the disjoint union of its proper subalgebras and that for each x£E(Gx) there 
is a y£E(Gx) such that f x(y)=x, and this later property is preserved under 
homomorphisms.

Now let cp be an endomorphism of H". Let x<A be fixed. By the above remark 
cß$(p(E(GJ), hence either cp(E(Gx))QE(Gy) for some у or cp(E(Gx))QH. The 
latter is impossible since E(GX) is /1-critical in cardinality Я, and the first case is 
possible iff y = x. Hence for all a we have (p(E(Gx)QE(Gx).

This yields immediately that cp(hx)=hx or (p(hx)^E(Gx) holds for all a. This 
latter would yield that f^hJ^EiG«) holds for all i, but for at least one value of i 
we have fiih^^h^  hence the second possibility never occurs, therefore <p (h„) = hx 
and also cp (e j = ca for all a This means that any endomorphism of H" is 
induced by endomorphisms of the E(Gx) — s. Now from Lemma 3.2 we conclude 
that End H " = Aut H" and this completes the proof of the theorem.
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EXTENDING COMMUTATIVITY RESULTS 
TO ALTERNATIVE RINGS

By
B. J. GARDNER (Hobart)

A recent paper of Bell [2] contains some results concerning periodic rings 
whose commutator ideals are nil. Some of these results are proved for associative 
and alternative rings, some for associative rings only. We present here a simple 
result (Theorem 2) which enables the alternative generalizations of Bell’s “asso
ciative only” results, and other similar ones, to be easily deduced.

A commutator ab—ba will be written as [a,b\ in what follows, and C(R) 
will denote the commutator ideal of a ring R, the ideal generated by all elements 
[a, b]. The first result is well known, at least in the associative case.

Theorem 1. The following conditions are equivalent for an alternative ring R.
(i) C(R) is nil.
(ii) The nilpotent elements of R form an ideal N, and R/N is commutative.

(iii) The nilpotent elements of R form an ideal N and N  contains [a, b] for all 
a, b£R.

Proof. (i)=>(ii): Let N  be the largest nil ideal of R. Then C(R)QN, so R/N  
is commutative. If u, v£R/N  and w"=0, then (uv)n=unvn=0=(vu)n, while if vm = 0 
then (u + v)mn=Q (by the usual argument — the subring of R/N  generated by и 
and v is associative). The nilpotent elements of R/N thus form an ideal, so R/N  
has no nilpotent elements and therefore N  contains all nilpotent elements of R.

(ii)=>-(iii)=>-(i): Obvious.
If a, b are elements of an alternative ring, we shall denote the subring generated 

by a and b by the symbol {a, b). We can now prove our transfer theorem.

Theorem 2. Let К be a class of alternative rings such that a ring R belongs to 
К if and only if (a, b')d К for all a, b£R. The following conditions are equivalent.

(i) C(R) is nil for each R£K.
(ii) C(R) is nil for each associative ring R£ K.

(iii) C((a, b)) is nil for each a, b (R fK .

Proof. Since (a, b)£K  for each a, bO R£K  and every such (a, b) is associative, 
we need only show that (iii)=>-(i). Let a, b£RfK. If a is nilpotent, then, since the 
nilpotent elements form an ideal in (a, b), ab and ba are nilpotent. If a and b are 
nilpotent, then a — b is nilpotent for the same reason. Hence the nilpotent elements 
of R form an ideal. Finally, [a, b\ is in (a, b), where all commutators are nilpotent. 
Hence [a, 6] belongs to the ideal of all nilpotent elements of R. By Theorem 1, 
C(R) is nil.
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In each of the following corollaries, the associative version is known, and 
can be found in the paper referred to. The alternative version follows from Theorem 2.

Let [xlt be defined inductively by [xl5 *t + i] =  [[*i, ■•.,**], ** + ,].
Corollary 3 (cf. [1] and [3]). I f  R is alternative and i f  for each a, b f R there 

exist integers m ,n ^ l ,  depending on a and b, such that amb"=bnam, then 
C(R) is nil.

Corollary 4 (cf. [2]). Let R be a periodic, 2-torsion-free, alternative ring in 
which for each pair a, b o f nilpotent elements, some [a, b, a, b, a, b] vanishes. 
Then C(R) is nil.

The next corollary follows from Corollary 4.
Corollary 5 (cf. [2]). Let R be alternative, periodic and 2-torsion-free, such 

that for some n, every [щ, ..., un], with nilpotent ui: vanishes. Then C(R) is nil.
Corollary 6 (cf. [2]). I f  R is alternative and periodic and if  for each a, b£R  

some [a, b, b, , b] vanishes, then C(R) is nil.
Corollary 7 (cf. [2]). I f  R is alternative and periodic, and [a, b] is nilpotent for 

all nilpotent elements a, b, then C(R) is nil.

References

[1] A. Z. A n a n ’i n  and E. M. Z y a b k o , On a question of Faith, Algebra and Logic, 13 (1975), 67—70.
[2] H. E. Bell, Some commutativity results for periodic rings, Acta M ath. Acad. Sei. Hungar.,

28 (1976), 279—283.
[3] I. N. H erstein, A commutativity theorem, ./. Algebra, 38 (1976), 112— 118.

( Received March 28. 1978)

UNIVERSITY O F  TASM ANIA
HOBART
AUSTRALIA

ActT Mathematica Academiae Scientiarum Hungaricae 35, 1980



Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 35 (1—2), (1980), 61—66

ON THE APPROXIMATION OF LACUNARY 
SERIES BY BROWNIAN MOTION

By
R. KAUFMAN (Urbana)

Introduction. We consider series ]%f(nkx), in which 1 ^ n ^ n . , ^ ... =nk< ... 
and /  satisfies these conditions

1 1
(1) f ( x + 1) =  /(x), f  f(x) dx = 0, f  f 2(x) dx = 1,

0 0

(2) f  \ f - s m\2dx ts Ст~2х
0

for a certain ooO, sm being the m-th Fourier sum of /. Our aim is to find sequences 
(nk) so that 2 f ( nkx) admits an approximation by Brownian motion X  in the
following sense: \ 2 f ( nkx) ~ T(1V)| = 0 (N 1,2~3) for almost all x in (0,1) with
a certain <5 >0. In contrast to [2, 3, 6], we require the correct variance, i.e. 
E(X2(N)) — N, and we require the approximation for all sufficiently smooth func
tions f  Sequences (nk) allowing this approximation are called (illogically) 
“strongly independent” .

Theorem 1. Let 0 >  1 be an algebraic number. Then the sequence (0k) f  is strongly 
independent unless it contains a rational number.

Theorem 2. Let 1 and mk+1>mk(] +k~c) for a certain c in (0, 1). Then 
the sequence (m‘k) is strongly independent for almost all t> 0.

1. Proof of Theorem 1. It is easy to prove that the irrationality condition 
is necessary. Indeed, let 6r=pq~1 for some rg  1 and let / (x)= cos (2npx) —

N  N  N
— cos (2nqx). Then cos (2npOkx) = cos (2nqOk+rx), whence f i 0 kx)\ =

1 1 1 
^ 2 r. The proof of the sufficiency consists (apart from the analytical machinery) 
of an estimate of certain polynomials in 0. In all other details, we follow [3, 6].

a) First of all we break the series 2 f ( nkx) into long blocks T) and short 
blocks Sj. Tj is the sum over the integers к in the range y’ + log2 s=(y + 1)4, 
and Sj extends over ( j+  l)4< k s (y +  l)4 +  log2 (y'+ 1). As we intend to neglect 
the blocks Sj, we carry out the analysis for Ts only. Let r,- be integers such that
rj log 2=5^,/4 + y  log2_/j log 0 < (/•. + 1) log 2, and let Fj be the field of subsets of
[0, 1] generated by intervals [m2~ri, {m+ l)2_rj], 0 s« z< 2 ri.
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To obtain a bound for the Z2-norm of f(n kx ) - E ( f  (nkx)\Fj+1), where 
k s ( j + 1)4, we write

f{nkx) = sg(nkx)+[f(nkx ) - s q(nkx)\

for a certain q to be chosen later. The L2-norm of the difference is at most 
2 IIf —s ^ i = 0{q~a). Moreover, since /£L 2, we find s'q = 0(q3/2) so ^(и**) — 
— E(sq(nkx)\Fj+i)\= 0 (q 3,2)nk2 - rj+i. But nk2~rJ+i S(1 — i/)108’-' for a certain 
rj >0, and we can choose q to be very large, for example c/=exp log3/2y.

An equally crude analysis yields a uniform estimate for E(sq(nkx) \ Ff), where 
k^j*+ log2j,  and therefore an estimate for E(Tj \Fj).

The first place in which our method differs from the standard ones is in cal
culating E(Tj \Fj) .  Here again we use the approximation of f  by sq(f), but we 
choose q more cautiously, for example q=j30, or q= jM for a large, fixed M. We 
describe in detail the treatment of E(sq(nkx)sq(nlx)\FJ), with / 2 +  log2/'^/c</. 
We write

sq(nkx) = 2 '  ave(2nnkvx), sq(n,x) =  2 '  а11е(2пп,цх),

wherein |av|^ l ,  |a„ |S l, <z()=0, and the sums extend to \S \y \^ q ,  l s j g |Sq. 
Now nkv—w,ju =  0fc/z — e,v=Ok(n — elv). We shall prove later that \ц — 6'v|Sy-Ml, 
and from this we obtain the upper bound, |ii(si (n/ix)5?(/!1x:)|/;’J)|-=;(l — q)'0̂ .  To 
estimate E(sq(nkx)\Ff), we have only to use the lower bound for nk2~r> and the 
relation ||^||2=  1 + 0(q~2*).

b) To prove Theorem 1 we must bound the maximal function T f  of the block 
Tj, and in fact we prove that T f  = 0(y2~s), a.e., with an e>0 depending only 
on of. Unfortunately, even the estimate for 7} seems inaccessible via the L2-theory, 
so we use norms in Lu for a certain u = u(oc)>2; the norm inequalities found below 
are useful in controlling the stopping times in the Skorokhod representation. In 
the Fourier expansion f ( x ) = 2 cne (2nnx), with |c„| =  |c_„|, condition (2) becomes

2 Я  2 q

2  lcn|2 —Qr-2* and Holder’s inequality leads to 2  \cn\s — C'q~so‘q1~sl2 if l< x= 2 . 
я я
As soon as —s a + 1 —i/2<0, that is, s(a-f-1/2)>1, we obtain 2  lc«ls< +°° > 
and therefore [8, p. 101] f  is in L" with u=s/s— 1; we fix a number и in the interval 
2< m< 4. (In case a >1/2 /  fulfills a uniform Hölder condition).

The sum T ~ 2 f  {nkx): j i + log3j ä k ^ ( j + 1)4 is first approximated by a 
sum 2  sq(nkx)> and Я is chosen to be a large power of j. Then the indices к are 
divided into approximately log2 / arithmetic progressions, of difference [log2y], 
containing О (у4) terms. Each of these admits an approximation by a sum of martin
gale differences, with a uniformly small remainder. Let 2  Sr be a sum of martin
gale differences; by an inequality of Burkholder [4],

\ \ 2  gr||! ^  c u \\Z  !яг1, ||./* ^ c „ 2  IlgJ«

by Minkowski’s inequality (and « > 2). By the maximal inequality, a similar in
equality holds for the maximal function [4]. Summing all these inequalities, in Lu, 
we find that ||7**||„ =  0 (ys/2 logy), where T f * is the maximal function of the sum 
2  sq(nkx). Then 2  /м(7’/*> /*-Е)< °о , if (2 —е)м>1+3u/2 or 0<e-^ 1/2 — и-1. 
In view of the choice of q, we find in addition 2  |7*—T**|< +°° a.e., so
T f  =  0 ( f - ‘) a.e.
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Before passing to the Skorokhod representation, we remark that the approxi
mation of Tj by sq(nk.x) is also valid in Lu, as seen by applying the inequality of 
Hausdorff—Young to the remainder f —sq.

c) In this paragraph we follow [6, § 3.5] in presenting the Skorokhod representa
tion. We can find a Brownian motion (on a new probability space) and stopping 
times тх, т2, т3, . . . , t  jf  ... so that X(x1+ ... +%/) and T1+ ... + Tj have the same 
distribution. Let Lj be the u-field of the variables т3, . . . ,x j  and Х(тг + ... + xf. 
Then E(Xj\Lj_1) = E(T?\T1, . . . ,Г у_1), and the latter is 0 '+  l)4- / + 0 ( y 1/2) uni
formly. Moreover Е(х"/2) E(Tj) = 0 ( j 3"/2 log4/), again because «>2. Now 
2  Tj~-E(xj\L j-j)  is a sum of martingale differences, whose growth could be con
trolled if we had estimates in Lu/2. Unfortunately Burkholder’s inequality cannot 
be applied directly because 2< m< 4. We therefore combine Minkowski’s inequality 
with an ZAestimate. Let 3 <  /j < 4 and then set t j  on the set тj= jß, and 
Hj=0 on the set тj> jp- Then

E ( t j  —  ß J )  S ä / d - W 2 ) £ ' ( Tu /2 )  =  0 ( j ß ß - u l 2 ) ) ß u / 2 l o g i j ! 

and we obtain the inequality

j?£(T,~/i,-) =  0 (A c+1log4A),
l

with c ~ ß(l — m/2) +  3w/2. Hence, by a standard estimation (x3 ~ p )+ ... +(xN—pN)= 
=  0(Arc+1 log6 N) a.e. As to pj, we observe that

Е Ш  s i/ (2- “/2)£(тн/2) =  O0'e+^log4j)-
N

Thus 2  fij— E(ßj \Lj_^) is a series of martingale differences, and the sum 2
has variance 0(N c+̂ +1 log4 N).

By the maximal inequality we find

2  p j-E Q tj\L j-d  = О(Nc+ß+1 log6 A)1/2 a.e.
1

Our choice of ß leads to the inequalities c + l< 4  and c + ß + 1<8. (The most 
efficient choice of ß is determined by the equality 2(c+ l) = c+ ß+ l, and here 
we find c+1 = 3+2/и.) We also note that 2  E('tj~ lij\L j- i)  has the same growth 
as 2  t j -V j ,  whence finally x3 +  ... + rN = (iV+l)4-f Ö(Ni ~3) a.e., with a <5>0 
depending only on a> 0. By well known inequalities on Gaussian variables, we have

Y(x1 +  ...+ x JV)-Y ((A 4-l)4) =  0 (N 1,2~S/2) log N  a.e.
Until now we neglected the short blocks Sj, but clearly they can be estimated 

(from above) much more easily. Assembling all the almost everywhere inequalities, 
we obtain Theorem 1.

d) Proof of the lower bound for pOk — qOK This has to be evaluated when 
k, l,p, q fulfill the inequalities &«=/, \ Щ р \^км, l s | q \^ k M, for a certain constant

1. The problem is then to minorize qOr—p, with r = l —k> 0. If \q0r— p |< l 
then \q6r\<\ + \p\&2kM. Then 0r^ 2 k M, and r log 0<log 2+M  log k, or 
rsäA/3 log k. We note again that \q\<2kM.
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Let 0 = 0X, 02, ..., 6S be a complete set of conjugates of 0, and let D be a 
rational integer such that D6 is an algebraic integer. Dr(q6ri+p) is an algebraic

s
integer for /—1, 2, ..., s and f [  Dr(qO'+p) is a rational integer and not 0, hence

l
/7  |L>r(?0[+p)|i£l. Setting 7/=m ax |0j|, |02|, ... ,  |0,|, we see that \qO'+p\^
l
^ 2 kMHr + kM^ k Mi, Drs k Mi, whence \qOr —р \^ к ~ Мз. (For an introduction 
to algebraic integers, see [8, pp. 34—37].)

3. Proof of T heorem 2. This construction differs from the foregoing in two 
major points. More care is necessary in defining the minor blocks, as the gaps in 
the sequence (rnk) are very small. More important, to control the large blocks 7}, 
we cannot use an approximation by a sum of a small number of martingales, for 
the same reason. Therefore we use fourth moments, and this requires lower bounds 
on combinations of four of the powers m[. Obtaining lower bounds for these ex
ponential polynomials, for almost all />0, is the main part of the argument.

a) Let L  be an integer so large that L> cL + 2>c, or L > 3c(l — c)_1 and let
Tj be the sum f  (m‘kx) over the range j L+ jL+3< k ^ ( j+  l)i+3 and Sj over the
range j L+3< k < jL+3+ jL. Let be an integer such that

Irj log 4—t log m ( jL+3) — t log m (jL+3+jL)\ <  2.

We observe that when k ^ j L+3+ jL,

2 + t log mk [log m (jL+3+jL)— log m (jL+3)] t/2+rj log 2,
and

log m (jL+3+jL) — log m (jL+3) a  ßjLj-ct.L+3) >  ßjs^

for a certain /?>0 and <5>0. With k S j L+3, the inequalities are reversed. These 
inequalities allow us to replace the series ^  7j by a sequence of martingale differences 
^  Rj, in which E(Rj\Fj)=0  and Rj is FJ+l-measurable. Fj is the field of dyadic 
intervals of length 2~rj. (This is true for any />0). In constructing Rj we replace 
f  by sq, with q = jM for an appropriate M.

Next we must verify that Rj is nearly an orthogonal sum over the field Fj, 
and in effect this requires lower bounds on the sums qm^+pml, wherein l = |p|, 
\q\ = / M and j L+3S k < l^ 2 jL+a. An effective lower bound is, for example, 
\qmk+рт\\^т‘к exp ( —j ß), where ß is smaller than the number <5 of the previous 
paragraph. Suppose, then, that 0 and \q+p{mimk 1y\<e:xp (—j ß)<  1/2. Then

|t(log m, —log т л) —log qp~x\ = О (exp ( - / ) ) .

Here logm,—log mk^B j~ c(L+3K Taking into account the number of choices of 
к, l, p, q (a power of /), we see that the lower bound on qm‘k + pm\ is valid for 
almost all 0, for />У(г).

b) In this and the following sections we use a complicated procedure to obtain 
upper bounds for RJ and also for the corresponding stopping times. Section c) 
contains an almost-everywhere lower bound, to replace the one derived in d) of 
the last proof.
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Recall that Rj was formed from 2 f ( m'kx) by replacing /  by sq. Now we 
replace sq by sj3 and use the inequality \\sq—qj\\2 = 0 ( j~ x). The sum 2  sq{m’kx) — 
—Sj(frtkx) is nearly orthogonal, for almost all /> 0  and j> J (t)  Hence

Ц2” a*s«(™**)-űfcS/0wí*)||Í =  0 { 2  a ty j-2*
for any set of scalars. By an inequality of Rademacher—Menshoff [8, p. 193], which 
in fact is proved to be valid for ‘quasi-orthogonal’ sums, the maximal function of 
the sum 2  sq(mkx)—Sj(mqx) has second moment 0 ( j ~ se) ( j L+t) log2 /. Thus the

к
maximal function, for almost all x, is 0 ( j~ x,2)( /а/2+3/2). This is an allowable error 
as the approximation is to be within 0 ( j L,2+3,2~s) of Tx+ ... +  Tj. Moreover, the 
error in the variance is 0 ( j ~ 2x) j L+2, and if we sum this for ./=1, ..., N  the error, 
is 0(N ~2x)N L+3, also allowable. Henceforth we work entirely with Pj = 2 sj(mkx)- 

We proved before that 2  I ? («)|s<  +°° for a certain 2, and from this 
we find by Holder’s inequality that |^ | =  ОСУ'*) for ß=  1 — 1/2. Our objective
is to find bounds for expected values E {\2  aksj(mkx)\*\Ej) f°r almost all t> 0. In 
expanding the fourth power we encounter integrals

E(sj x) Sj (m\x)Sj (m],x) Sj (m'v x) | Fj)

wherein к ^ Ш р -^v. In case k=l, p = v we use the bound \\sj\\L = 0 ( j 2ß) and 
the relation E(s2(mkx) \ Fj)= 1 +0(1) for almost all ?>0, proved above. Assuming, 
as we shall demonstrate in a moment, that all other integrals are extremely small 
(for almost all 0) we find, by the classical method for obtaining moments of 
Rademacher sums, the bound

Щ 2  a*s; (mjt*)|4|.F;) =  0 ( 2  \ak\2) j2ß.
By an inequality of Erdős—Stechkin—Serfling [1, p. 257; 7], the maximal function, 
Mj, of 2  sj(mkx)> is controlled by an inequality mes (x: M j>  T) =  0(T~4) j 2L+i +2P, 
Because ^<1/2, we have 2L + 4 + 2/i< 2L + 5. Choosing у so that 2L + 5 + 2ß< 
<4y<2L +  6, and Y = jy. we obtain MJ = 0 ( Y ) ^ jLI2+3l2j~ >, a.e.

c) In this section we show how to bound the integrals encountered before, 
when /;< /< /!<  v. Other cases are handled similarly, with less algebra. We require 
lower bounds on sums ck + c2w] + c3/и'д +  c4w'v; after dividing by m[ and changing 
notation somewhat, we obtain a sum p{t)=cx + 2  ckeVk', in which the numbers 
v2, vs—v2, Vn~v3 are bounded below by a fixed negative power of j,  and 
l^ lc jls ./. We observe that each of the sets |p(t)\<ö has at most 7 component 
intervals. For at each boundary point we have p(t)—<5=0 or p(t)+ 5—0, and 
each of these functions admits at most 3 zeroes (Rolle’s theorem). To find the measure 
of a set it is sufficient, therefore, to find a bound for the length of an
interval entirely contained in this set. Let t j= tn + jk  by elements of our set, with 
1>0, y=0, 1,2,3. We make the change of variables d!—cl3 di =c2e4Vi, . ..d A= 
cie‘<‘v*, so the system of inequalities can be written

di + 2  dkeJX°k = Sj, \Sj\ <  <5 (j -  0, 1, 2, 3).
The determinant of this system is a Vandermonde V(l, eXv*, ..., eA"i), and d1 can 
be found by Cramer’s rule. The formula is

Vdk =  <?!Rk(eXvi, ..., eXvi) + ...+Si Ri (ex\  ..., eXv*),
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with certain polynomials Rx, ... ,  R4. By inspection we find that RJ{z1, z2, z3) is 
divisible by V(zJt z2, z3) and is homogeneous of weight 7—j  in zlt z3, z3. Therefore 
Rj(Zi, z2, z3) — V(zlt z2, z3) Uj, wherein Uj (z1 , z 2,z 3) is homogeneous of weight 
4 —j. We obtain by inspection Ux=zlz2z3 and U4 — l, and after some calculation 
U3=z1+z2+ z3, U2=z1z2+z1z3 + z2z3. In the case at hand, we note that zx>  1, 
z2>  1, z3> l  so l< U j^3 z1z2z3.

The denominator in Cramer’s rule is V(l, zlt z2, z3)= V(zlt z2, z3)(z1 — 1) •
• (z2 ~ l)(z3- 1 ) =  V(zi,z2,z3)z1z2z3(l - z f 1) ^  - z ^ X l  - z 3)_1. Putting/г = min(Av2, 1), 
we obtain for the denominator a lower bound V(zu z2, z3) • z1z2z3 • /г3/8. 
But 1̂ 1 S i ,  and we find /г3 —0(0). In passing we remark that this depends 
only on the minimum of the numbers v2,v 3, v4 and not their mutual separation. 
We now know a bound for the measure of our set.

Returning to the lower bound we were seeking, we choose (5=exp (—log2y) 
for example. Taking account of the inequalities |cx| s./, ..., |c4| and 1 ^  j&| ^  

... = (j+  l)z'+3, we obtain for almost all г=>0 and a workable lower
bound for (c3m *+ ... +c4m,v)2~rj, and from this we obtain the conditional fourth 
moments used in b)

The stopping times z3, ... ,  r, are introduced as before, but the proof that 
Ti +r2 + ... + tn= N l+3+ 0 (N l+:í~í) is somewhat simpler, with the aid of our es
timates of fourth moments, and the maximal inequality of martingales.

In conclusion, we remark that the case c>  1/2 is treated in [2] by combinatorial 
methods; only cosine series are treated.
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CONTINUOUS VERSIONS OF SOME EXTREMAL 
HYPERGRAPH PROBLEMS. II

By
G. О. H. KATONA (Budapest)

Introduction

In the previous paper [1] the simplest kind of extremal hypergraph prooiems 
was considered: given a condition on the hypergraph, minimize the number of 
edges (the number of vertices is fixed). In the present paper we treat another class 
of problems. A good representative of this class is the following theorem of 
K ruskal [2]. (By some kind authors it is called Kruskal—Katona theorem, based 
on [3]; for simple proofs see [10], [11] and [12].): Given the number of vertices and 
edges (g-tuples with a fixed g) of the hypergraph, the theorem determines the mi
nimum number of (g— l)-tuples contained by at least one edge. To have a “con
tinuous” version of this we take first all the “oriented” copies of the edges and of 
the (g— l)-tuples. In this way and edge of the hypergraph becomes simply g! elements 
of the direct product X я of the vertex set X. We have to minimize the size of the 
set of projections of these elements on A'9-1. It is easy to find a continuous analogue 
of this problem; Take a measure space M=(X, a, g) and choose a measurable 
and symmetric set E a M e with a prescribed measure gg(E), so that the (outer) 
measure of the projection of E on M e_1 is minimal.

It is not hard to prove the continuous version of this problem by approximating 
E with finitely many cubes (if it has a good shape), as it was made by D aykin  [4] 
who proved the continuous version of this problem, independently. However, if 
we take a more complicated mapping in place of projection or we take some 
assumptions on E, then we need a more complex proof. Bollobás [6] suggested 
a way, simpler than ours, which works for a wider class of problems. But their me
thods fail to work in the generality of the present paper.

We try to make the continuous version of the following extremal combinatorial 
problems. The number of vertices and edges of a hypergraph is fixed. The hyper
graph satisfies certain conditions. Given a transformation which makes a new hyper
graph on the same vertex-set, but the sizes of the edges may be new. The number 
of edges of this transformed hypergraph is to be minimized.

The condition is of the following form : all finite spanned (induced) subhyper
graphs belong to a prescribed family. The transformation maps any family of g- 
tuples into a family of /г-tuples (hSg) in a hereditary manner.

Although the paper is a continuation of [1], we shall repeat the necessary de
finitions to make the paper selfcontained.

The methods of the proof are very similar to that of [1].
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Definitions, results

Let I b e a  finite or infinite set. G = (X, E) is called a directed g-graph (hyper
graph), where EezX9, that is, E consists of some ordered sequences of form 
e =  (xh, ..., xig). The elements of X  and E are called vertices and edges, respectively. 
Multiple edges are excluded. The edges having less than g different vertices are 
called loops. If Y a X  then the spanned subgraph Gr=(X, E )y = ( Y, Ey) consists 
of all those edges of G which satisfy xtj£ Y for all j.  If X 'a X , E'czE, then (X', E ') 
is a subgraph of (X, E).

Let У be a set of finite directed g-graphs. We say that (S is hereditary if for any 
spanned subgraph Gx of G£10, holds. If IS is not hereditary the hereditary
kernel <S of S  can be produced in the following way: G£S if and only if all the 
spanned subgraphs (including G) are in S. It is easy to see that S  is always 
hereditary.

Let M =(X, a, p) be a measure space with a finite measure. (In this paper 
we shall consider only finite measures.) Furthermore, let E a X e be a measurable 
set in the product space (X, a, p)a= (Xg, og, pg). We define the measure of a graph 
G=(X, E) in the following way: p(G)=pg(E).

Let cpx be a function which maps the finite directed g-graphs to directed A-graphs 
(htSg, fixed integer) with the same vertex-set. In other words <px maps the subsets 
of X е (1^1-=°°) for subsets of X h in such a way that
(1) (px(E) is invariant under the permutations of X  
and
(2) <Px(E) =  cpXi(E) when X a  X Y and E c X e.
(1) and (2) imply that <px does not depend on X, just on the “configuration” E. 
It means that if q> is determined on a set X, then it is determined in any set of 
a smaller cardinality. Thus, we write simply q> rather than <px . We call <p hereditary 
if it satisfies (1), (2) and the condition
(3) <p(E) a  <p(E() if E c Ey.
For infinite X’s (p is defined in the following way:

(4)

(5)

<p(E) =  (px (E) = U (P(EY).YgX 
Y  finite

Let us introduce the next notation:

ß(a, У, cp, M ) = inf Hh(<P(E)) 
p ( X f  ’

where ph is the outer measure generated by ph and inf is taken subject to the follow
ing conditions:
(6) E is measurable in M e,

(7) ke(E)
p(X)° S  a,

(8) all the finite spanned subgraphs of G=(X,E) 
in 10.

are isomorphic to some graph
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It is easy to see that in condition (8) and in definition (5) #  can be used equi
valently in place of Thus, in the future we can always assume that is hereditary 
without any loss of generality.

If there is no graph with \X\ vertices satisfying (6)—(8), then /J(ot, <p, M) 
is undefined. We assume throughout this paper, that this is not the case; when 
ß(a, (p, M ) is used, it is always understood that there exists such a graph with 
vertex-set X.

If X  is finite, a will always be the family of all subsets of X. Mn denotes the 
measure space ({jq, ..., x„), a, fi), where p (x,) =  l /я (1ё(^й). M  is called atomless 
if for any A£o, p(A)>0 there is a set B a A , Bdo such that 0<p(B)<p(A).

T heorem. I f  (S is a class o f directed g-graphs and <p is a hereditary function 
then the limit

lim ß(cc, <$, cp, Mn) = ßi(cc, <3, cp)П-*- oo

exists for all but countable many values o f a (0 S a S l) ;  it exists for a = 0. /?2(a, 
У, cp) is defined to be equal to ßx(a, cp), where the latter is continuous and ß2 
(a, (p) =  lim ßfoc — e, У, cp) otherwise (a>  0); ß2(0, (S, cp) — lim ß(0, У, <p, M n).

£-*■0 Л—*-°o
Then for any atomless measure space M

holds.
ß2(a,У,ср) S  ß(cc, <&, cp, M)

Examples, remarks

Example 1. We call a g-graph symmetric if it contains all the permutations of 
its edges (xil5 ..., xis). Let (S  be the class of all symmetric g-graphs without loops.
Choose A=g—1 and define (p by rp(E)= {(хг, ..., xg_1):(x1....... xg)£E). Then for
a graph G =(X,E ) cp(E) denotes the set of (“oriented”) non-loop (g—l)-tuples 
being subsets of some edge in E. It is known (see [2], [3], simple proofs: [10], [11]

(N \ ( N  )and [12]) that I I  non-oriented g-edges contain at least non-oriented
(g —l)-tuples (N is an integer). This means, that

holds. As ß (a, <S, (p, M„) is a monotonic function of a, the inequality

(9)
follows from
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It is easy to see that the latter inequalities can be satisfied with Â1=na1/i+Oi(«) 
and N2=na1/g+o2(n). Consequently,

for any atomless M. The equality can be shown by the “cube”, that is the direct 
product (g times with itself) of a set with measure a/i(X).

This result was independently deduced from the discrete case by Daykin [4]. 
On the other hand, it can be proved directly using the Holder-inequality, as it was 
observed by L oomis and W hitney [5], and A. M eir [17].

Example 2. Let 0  consist of the symmetric graphs without loops, containing 
no empty (g-f- l)-tuple (g+  1 vertices containing no g-edge). Choose an h (1 ^ h ^ g )  
and cp as in the above example: cp(E) = {(x1, , xh):(x1, ... ,  xg)£E}. Even the
discrete problem (/?(a, (S, cp, M n)) is unsolved if g S 3 and h ^ 2 . The case g =  h =  2 
is the well known Túrán theorem [8]. The case g —2, h= 1 is a consequence of it.

Example 3. The discrete question is the following open problem due to 
P. Frankl [15]. Given the number of vertices and g-edges of a symmetric g-graph. 
Determine the minimal number of (g—l)-tuples contained by any union of two 
edges. It is easy to see that this also fits to our conditions. h= g — 1, and

Example 4. Put g=3, h=2. У consists of the graphs without loops, containing 
(x3, x2, x3) and (Xj, x2, x3) simultaneously, cp as in Example 1. It is known (see [9]) 
that

lim ß (a, 'S, (p, Mn) — r/e-VIg

follows from (9). Using the theorem, we obtain that

y?(a, 0, <p, M)

(p(E) = {(X!, . . . ,x g- x): X i^ X j  (i 7±j); 3(Ух, . .. ,y g), (zl5 ..., zg)£E,

{Xj, . . . ,  ТГд-х) C  {yls . . . , y g, Zj, . . . , zg}}.

0 ((n — l)(n — 2)(n — m) + m(n — m)(n — m —l) \ n(n — 1)
P \------------------------- ---------------------------  ----------

— m(m— 1)

andand

(10) lim ß(a, cp, M„) =

^8

where / _1 (a) is the inverse function of / (x)= (l —x)3/2+ 2x— 1.

Acta Matliematica Academiae Scientiarum Hungaricae 35, 1980



CONTINUOUS VERSIONS O F SOM E EXTREMAL H YPERGRAPH PROBLEM S. II 71

What is now the continuous variant of this problem for the case when X  is 
(e.g.) the [0, 1] interval and ц is the Lebesgue measure? Given a measurable set E 
with volume a in the unit cube. E is symmetric on the plane connecting two opposite 
edges of the cube, minimize the area of the projection on the side-plane which is 
not cut by the above plane. It follows from our theorem, that the right hand side 
of (10) is a lower estimation on ß(a., У, cp, M). The contractions of Figure 1 show 
that this estimation is the best possible. For this example see also [13].

Fig. 1

Example 5. The following problem of G. Halász [14] is not solved even in 
the discrete case: In an undirected graph, the number of circuits of length g is given. 
What is the minimal number of edges? It does fit to our model:

Let consist of graphs (with non-loop edges) G in which (xx, ..., xg)£G is 
followed by (xf, xl+1, ..., xg, x lt ..., xi_1)^G and (xf, xt_lt ..., xlt xg, ..., xi+1)6G 
for all I á /á g ,  h=2 and (p is as in Example 2.

Remark 1. Sometimes it is easier to prove the continuous version than the 
discrete one. The aim of our theorem is not necessarily to show a way of proof 
for the continuous cases. Its aim is only to show the connection. However, it can 
happen that there is only an inductional proof and in this case our theorem gives 
a good way to the continuous through the discrete. On the other hand, the con
tinuous version can be better visualized and this geometric picture can give a hint 
for the proof of both cases.

Remark 2. It is very concievable that we have equality in the theorem. How
ever, we were not able to prove it.

Remark 3. We did not work out here the case when M  has “atoms”. However 
[1] shows how it could be made.

The last example shows that the limit lim ß(oc, cp, Mn) does not exist inП-+00
general, and Hin ß(a, eS, (p, M„) is not necessarily a continuous function of a./*“►00

Example 6. Let -S consist of the symmetric 2-graphs. Let further £  be a set 
of (2-) edges, then

the set of vertices contained by the edges in E 
if it contains a triangle (3 vertices with all the 

} 6 non-loop edges) or a loop
0  otherwise.
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It is easy to see that cp satisfies (1), (2) and (3) that is, q> is hereditary. Choose 
a= l/2 . If n is even, then /5(1/2, 9, (p, M„)=0, since the complete bipartitie graph 
with и/2, и/2 vertices has exactly и2/2 edges, contains no loop or triangle, con
sequently its <p=0. On the other hand,

0(1/2,», д>,Ма) = ^ Щ Ц 1 п

({a} is the smallest integer S ű) if n is odd. This follows from Turán’s theorem: 
If the graph has more non-loop edges than the (и —1)/2 times (n + 1)/2 complete 
bipartite graph has, then it contains a triangle. The above bipartite graph has 
(n2—1)/2 edges. Therefore, if E satisfies (7) with a =1/2 then it must contain either 
a loop or a triangle. Denote by v the number of vertices being in the edges of E 
(the “real vertices” of E ). The number of edges is at least (n2+1)/2 if n is odd. Thus

the equality (и2+  1)/2ёг

the other hand,
We have obtained

2 is obvious, its consequence is

can be easily constructed by a complete graph.

On

lim 0(1/2, 9 , cp, m „) =  о
n-*- oo

and
ílm 0(1/2, 9 , cp, Mn) = 1//2,
71—► oo

i.e. the limit does not exist.
It is easy to see, using similar ideas, that

(see Fig. 2).

rO if
Jim 0 (a, 9, cp, M„) =  |  y -  ,f 

The limit “function” is not continuous.

a <  1/2 
a >  1/2

Fig. 2

On the other hand, it is easy to construct an example, when 0(1/2, cp, M )—0, 
that is, the Km is the exact estimation. Let M  be the [0, 1] interval with the Lebesgue 
measure and let E be the set of pairs (x, y) where (l/2< x  and 1/2) or ( 1/2
and 1/2<y). Then E satisfies conditions (6)—(8), but it does not contain a complete 
triangle, consequently cp(E)=0 and 0(1/2, cp, M)=0.
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Remark 4. Condition (8) could be substituted by q>(E)=Xh when (8) is not 
satisfied. In this case we would not use C# just cp. However, in this case it is more 
complicated to formulate the conditions assumed on cp. This is why we choose 
this way of formulation. (See problem 3.)

The proof

For the proof of the theorem we need a lemma which is a special case of the 
law of the large numbers. We did not find it in the same form, but there are many 
close versions (see e.g. [16]).

Lemma 1. Let £2, ... be identically distributed random variables with existing 
expectation Мл and variance Dx. Denote by f ( n ) the number o f pairs (1 ^
á l ,  j= n) such that L  and L  are not independent. I f

( П )

then for any £>0 and <5=>0

( 12) £

with probability 1 —5 when n is large enough.
1

Proof. Let us consider the variance o f the random variable L—~ Z  L- 
The equalities n 1=1

(13) DHL) = M H L -M tf)  = M  [ ( 1  д  M,)) j =

=  2 ( L - м Л  \ = ~ Z  Zn tVi = i / ) n i = i J = 1
are obvious.

Observe that -&D(£/~Mi))=0 if L  and L  are independent, and

I ^  = d \
otherwise. We have

DHL)  ̂^  №D\
by (13). Hence
(14) lim DHL) = 0П-+°о

follows from (11). Apply the well-known Cebysev-inequality:

(15) P d L - M . l ^ e ) ^ ^ - .

If n is large enough, D2(^„)/e2<S holds by (14) and (15) gives the statement of 
the lemma.
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Now we give another form of this lemma, closer to our needs.
Lemma 2. Let M=(X, а, fi) be a finite measure space, E be a measurable subset 

of X я. Then
1%,....Уп}1 Ид(Е)

пя ß(X )e
e

with a measure p(X)"(\ —<5).

Proof. We may suppose that p(X) = 1. Let ylt . . . , y„ be independently chosen 
elements of X, and define the random variables U h, ..., ig; уг, ..., у„) by

(16) U h , . . . . yi, —,Уп) =
1 if O v  - ,У ( д)£Е  

otherwise.
It is easy to see that their expectations and variances do not depend on i1, ... ,  ig, 
that is, they are identical, M 1=pg(E). Two variables of form (16) can be de
pendent only when there is an equal number among ily ..., ig and i{, ..., i'g. The num
ber of such pairs is equal to

(17) 2  (the number of sequences i[, ..., i'g non-disjoint to il t ..., ig).
i’i. h

One term here is equal to и9 —(the number of disjoint sequences). The latter term 
is at least (n —g)e and this gives an upper estimation for (17):

2  (n9—(n- g)9) -  п2в—пя( п - g)9.
‘l....>o

Since the total number of pairs is n29 and (я19 20—ne(n—g)9)/«29-*-0 when я — ,
1 "(11) is satisfied. We may apply Lemma 1. — 2  £г *n (12) becomes \E(n y )\/nqn ,=1

in our case. The lemma is proved.
Proof of the T heorem 1. Suppose M=(X, a, fi) is an atomless measure space 

and G=(X, E ) is a graph satisfying (6), (7) and (8). Let us introduce the following 
functions:

(18)

and
Hh, — Uh’, У1 , - ,У п ) = j 0

if (yilt ..., у i*€(p(E{yi....y„})
otherwise,

(19) f ( y i , - , y j =  2  I(h,~- , ihiyi , - ,yn)-
(1 sjmh)

In other words f ( y lt . . . ,yn) is the number of the ordered sequences (ytl, . . . , y ih) 
being in q>(E{y i Note that the functions (18) and (19) are not necessarily 
measurable. For this reason we introduce I(ily ... ,  ih; yly. . . , yn) as the indicating 
function of a measurable set containing the support (denoted by supp) of I(il t ..., ih; 
У1 , ••• >Уп) while

(20) ji(suppI( ilt ..., ih; ylf ...,y„)) =  ^(supp 7(ix, . . . ,ih; y t , ...,y„)).
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Similarly to (20) we have
(21) J ( y i , - , У п ) =  2  Hh> ■■■■> hi У1 , ~,Уп)-

(lsysft)

After these, the notation cp(E) is obvious.
7(1, 2, h; yx, . . . ,y n) is necessarily zero if (yx, ...,yh)$cp(E) by (3) and (4). 

In other words, 7(1, 2, ..., h; y x, ..., y„) as a function of yx, ..., y„ can be one only 
if (yx, ..., yh)£(p(E). Consequently, supp 7(1, 2, ..., h; yx, ... ,  y„)<zcp(E)XXn~h 
and supp(7(l, 2, ..., h\ yx, . . . , y„y)(zcp(E)xXn~h follow, where cp(E)XXn~h is 
measurable. Thus (^(£')XX',_,,)nsupp (7(1, 2, ..., h\ yx, ..., y„)) is measurable 
and it contains supp (7(1, 2, . . . , h ; y x, . . . , yn). This means, that we could choose 
this set in place of 7(1, ..., h \ y lt ... ,y„). Suppose, that 7(1, ..., h; yx, . . . ,  y„) 
is chosen in this way. Then we have
(22) supp (7(1, ..., h; yx, ..., ynj) cz cp(E)XXn~h.

[К У 1,—,Уп)<1и«= 2  f K h , —,ih>yi>—>y^dn„ =
vn yn
X (1 s/sh)X

= nh(l+o(n)) f l ( l , . . . , h ; y x, . . . , y H)dpn ^ n h(l+o(n)) f  1 dp„ =
X" v ( .E )xXn- h

= nh fih((P(E))p(X)n- h(\ + o(n))
follow from (21), (22) and the definition of ф(Е). We shall use the inequality
(23) / '/О^, ..., yn) dn„ == nhflh(cp(E))fi(X)n- h(\ +  o(n)). 

xn
2. Assume that yx, ..., y„ are different. f ( y x, ...,y„) is simply the number of 

elements in cp (E{yit Thus

(24) 1 f(yi>
nh nh

follows from (5), since (6)—(8) are satisfied. As ß is a monotonic function of at, 
we obtain

(25) -£ , <&, (p, M,■)
/O h ,-,Уп)

„А

from (24), lemma 2 and the definition of / .  (25) holds with a measure р (X)" (1 — Ő) 
on the basis of Lemma 2 and the fact that in an atomless measure yx, ..., v„ are 
almost surely different (see Lemma 4 of [1]).

Take the integral of (25) over X" and use (23):

(26) p ( X n i - S ) ß  cp, M n j  s  1  / /O h , . . . , y n)dpn S

^  ßh(<P(E))p(X)n- h( \ + o  ( « ) ) .

Since E is supposed to satisfy (7) we can write

(27) /?(«-£,«?, cp, Mn)-Ö  (l-«5)/?(a-£, 3?, cp, M„) S (l + 0(n))
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instead of (26). By (5), E can be chosen in this way:

-  ß(a’ %  (p’ M ) + s -
From this and (27)

ß ( o c ~ E cp, Mn) - S  S  (/?(a, <S, cp, M) + ö) (1 +o(«)) 

is a consequence of (5). Hence

(28) lim lim ß{pL — E, У, <p, Mn) S. ß(tx, У, (p, M )
£-*-0 П-+00

easily follows when coO.
3. Apply the proof of Section 2 for M m in place of M  (m is pn). In Section 2, 

we used that M  is atomfree only in one place, namely, that y l9 . . . ,yn are different 
with measure p(X)n. If we use Mm in place of M, this is no longer true, but the 
measure of sequences ylt , y„ with two identical members is small; at most
^ j/w - Consequently, (25) holds with a measure ц(Х)п(1—8)—̂ / т  (where

/л(А)= 1) in place of p(X)n(l —<5). If j/d  then the new term is less than 5,
thus we can simply write 1—25 in place of /r(A")rt(l — <5) into the formulas (26) 
and (27):

ß{cL-E, 9 , cp, Mn) ~ 2Ő S  Hh(<P(E)){ 1 + o{ri)).
That is,

ß(a -e , 9 , cp, Mn)-2 5  ^  /?(«, 9 , cp, M J (l+ o (n ))

follows if n is large enough depending on e, <5 and Hence

(29) Ilm ß(cc-E, 9 , cp, M„) ^  lim ßipc,9, <P, M m).

Denote the interval Him ß (a, 9 , cp, M„), Hin ß (a, 9 , cp, M„)] by 4 . It follows by (29) 
that these intervals are disjoint (and, of course, they lie in [0, 1]), therefore the 
length of 7a is positive only for a countable set of values a. For the other values 
of a, 4  is a single point, that is lim=lim; the limit lim ß(a, 9 , cp, Mn) exists. TheП-+ oo
function /h(a, 9, cp) is defined in all but countably many places. Note that ß1 is 
monotonically increasing. An increasing function is continuous with countably 
many exceptions. Thus ß^a.,9 , cp) is defined and continuous on a set [0, 1 ]—A 
where A is a countable set. The left hand side of (28) equals

lim lim ß(a—E, 9, cp, M„) (a—e€[0, 1 ]—A) for any8 — 0 n—oo «€[0, 1],

that is, lim ß1(a — E, 9, cp) (for a — e£[0, 1] — A). This is, by definition, equal to 8 — 0
j?2(a, 9, cp). The inequality of the theorem follows from (28).

4. The case a =  0 can be settled by an easy modification of sections 2 and 3. 
The proof is complete.
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Open problems

1. Is equality in the theorem?
2. What happens if we allow the existence of “atoms” ?
3. For what general class of q>'s can a similar theorem be proved? 

(See Remark 4.)
4. Under what conditions on ■$ and <p can we state that ßx (a, <p) is a) con

tinuous, b) continuous from left (right) hand side, c) defined everywhere?
5. The papers [4] and [5], where the product of the volumes of the different 

projections is considered, suggest a more general concept of our function cp. It would 
be nice to work out the right concept and prove a more general theorem.
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FINSLERSCHE PROJEKTIVGEOMETRIE. I
EINE GLOBALE BEGRÜNDUNG DER FINSLERSCHEN 

PROJEKTIVZUSAMMENHÄNGE

Von
Z. I. SZABÓ (Szeged)

Einleitung

In der klassischen Auffassung ist ein allgemeiner Bahnraum auf einer Mannig
faltigkeit M  durch die Berwaldschen Zusammenhangsobjekte G‘Jk (x, y) definiert, 
wobei diese Objekte in у  positiv homogen von 0-ter Ordnung sind und die Form 
GiJk=d2G‘/dyidyk haben, mit in у  positiv homogenen Objekten G‘(x,y) von 2-ter 
Ordnung. Die Bahnen x ‘(t) werden danach mit Hilfe der Differentialgleichungen

d2x ‘ 
dt2 + G‘Jk(x(t), x'(t)) dxJ dxk 

dt dt = 0

eingeführt. Ungeachtet der Parametrisationen bestimmen die Objekte G)k bzw. 
G‘Jk genau dann denselben Bahnraum, wenn zwischen ihnen die Relation:

(1) Gk ” jnrr ®°jkyi = G‘Jk~"nTT ^Ч кУ ^Р Л + Р кЦ ,

mit Pj—др/дуJ besteht, wobei p(x, y) eine globale Funktion (in у  positiv homogen 
von 1-ter Ordnung) ist [14]. Die projektiven Zusammenhangsobjekte

Щк — Gjk— j- (Gssj ö‘k + Gssk б) + GssJk j 1)

bleiben bei den Projektiven Deformationen (1) ungeändert, und ungeachtet der 
Parametrisationen bestimmen sie den Bahnraum eindeutig.

In dieser Arbeit leiten wir diesen Zusammenhangsbegriff auf dem „Ehresmann- 
schen Weg“ ab. Wir behandeln auch solche Finslerschen Projektivzusammenhänge 
die die klassische Theorie nicht geprüft hat (siehe Cartansche und Runosche Pro
jektivzusammenhänge), und zwischen ihnen charakterisieren wir die sogenannten 
Berwaldschen Projektivzusammenhänge, die das eigentliches Objekt der klassischen 
Untersuchungen waren.

In dem gewöhnlichen Fall (ist П)к die Funktion nur des Ortes) haben die Ver
fasser S. Kobayashi und T. N agano [9], N. TaNAKA [12], S. Ishara [5] eine globale 
Begründung der Projektivzusammenhänge gegeben. In dieser Arbeit verallgemeinern 
wir mehrere Ergebnisse von S. Kobayashi und T. N agano [9].

Mein aufrichtiger Dank gilt Herrn Prof. A. Rapcsák für seine Hilfe.
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1. § Finslersche Hauptfaserbündel

Um die weiteren Überlegungen nicht unterbrechen zu müssen, führen wir 
einige Begriffe ein. Die einzelnen Teile werden wir mit röhmischen Zahlen 
bezeichnen.

I. Es bezeichnet M  im folgenden immer eine л-dimensionale, parakompakte 
C“ -Mannigfaltigkeit. In einem Punkt p£ M  definieren wir den R-Raum TP(M) der 
Tangen ten vektorén bzw. den R-Raum T (2)(M) der Vektoren von zweiter Ordnung, 
wie folgt: Es stehe für die R-Algebra der gewöhnliche Funktionskeimen im
Punkt p£M  ([4], 5 S.), die die natürliche R-Algebra der folgenden Funktionen
klassen ist: Zwei reelwertige C°°-Funktionen, die um p definiert sind, sind in eine 
Klasse eingereiht, wenn sie in einer Umgebung des Punktes p übereinstimmen. 
Betrachten wir jetzt die Menge Up2>* der reellwertigen C“ -Funktionen / ,  die in 
den Umgebungen des Punktes definiert sind, ferner in jeder Karte (U, x ‘) um p
den Bedingungen y -r(p )= 0  genügen. Sind zwei Funktionen aus t/p(2)* in eine
Klasse eingereiht, wenn sie in einer Umgebung des Punktes p übereinstimmen, so 
bilden auch diese Funktionenklassen eine kanonische R-Algebra, die wir die R- 
Algebra der 2-Funktionskeim im p nennen, und mit U(2) bezeichnen. Es gilt offen
sichtlich t/j,2) c  C/̂ 1).

D efinition 1. Ein Vektor v£T(2\ M )  von zweiter Ordnung im Punkt p£M  ist 
eine Abbildung v: U ^ — R mit den folgenden Eigenschaften:

1. v(af+ßg) =  <xv(f)+ßv(g), a ; ß £ R ,  f;  gZU™,
2. v(Jg) =  v(f)g(p)+f(p)v(g), feU 'V ; g£U™.
Es gilt die Relation Tp(M)dT^,2) (M), da TP(M ) der Raum der Derivationen 

der R-Algebra U ist ([4], S. 7). Ist (x‘) eine Karte um p, so definieren wir die Vek
toren dij(p)' di(p)€T(2)(M) durch:

ди(р)(/) Ш. д2Г1дх‘дхНр), d & W ) д/*/дх‘(р),

mit fd  , /*€/■ Diese Vektoren bilden eine Basis im Raum T(2) (M), da sich 
jeder Vektor v£T(p2)(M) in der Form:

V =  V ( X ^ d i  { p )  +  V ( O '  -  X ‘ ( p ) )  ( x J -  X J( p ) ) )  d i j  ( p )

darstellen läßt. Damit gilt (wegen dij(p)=dji(p)) dim T^2) (M) = ln + \Q . Das 
Vektorbündel Ti2)(M )— 1J Tj2)(M) heißt das Vektorbündel zweiter Ordnung

p C M
von M.

Wir haben gesehen, daß TP(M ) ein л-dimensionaler Unterraum im T (p2) (M) 
ist. Ein л + ̂ -dimensionaler Unterraum со im TP(2)(M) heißt ein ergänzender
Unterraum, wenn die direkte Summe der Räume со bzw. TP(M) ist:
cof]Tp(M )—0, ет®ГР(М )= 7’p(2)(M). Ist ein ergänzender Unterraum со im T^2)(M) 
gegeben, so läßt sich jedes Vektor X £ T ^ (M )  in eine ш-Komponente Хш£оо und
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in eine T^AO-Komponente XT zerlegen: Х = Х Ы+ХТ. 1st (С/, л:1') eine Karte um p, 
so definieren wir die Koordinaten n*  bezüglich со durch

du (p)T — dk (p) oder du (p)a = ди (p) -  Гки dk (p).

Es gilt offensichtlich Г‘]к= r kJ, und die Transformationsregeln lauten;

_  , dx4 dxr dx' dx‘ d2xr 
Jk qr dxJ Ip dxk ip дх1 I dxr ip dxJdxk !p‘

Es stehe EP(M) für die Menge der ergänzenden Unterräume im T (2) (M). 
Das Faserbündel E(M)=  (J EP(M), mit der Projektion q : E(M)-~M, q : Ep-+p

p €  M
und mit den Bündelkarten der Form (xJ, — Г)к) (die durch die Karten (U, x ‘) auf 
M  induziert sind) heißt das Faserbündel der ergänzenden Unterräume.

Das Hauptfaserbündel der и-Beine auf M  beschreiben wir durch {L(M), M, l, 
GL(n, R)}, wobei die Abbildung /: L(M )-~M  die Projektion ist, und L p(M ) = 
— / _1(p ) für einen Punkt p(LM die Faser auf p bezeichnet.

Das Hauptfaserbündel (L(2)(Af), M, / (2), Gi2)(u, R)} von zweiter Ordnung be
schreiben wir folgendermaßen: L(2,(M) ist die Whitney-Summe der Bündel L(M ) 
bzw. E (M ):

L(2) (M) =  {(U,ffl)CL(M)X£(M)|i(u) =  е(ш)},

und die Abbildung /(2): L(2)(M) —M mit /(2)(и, co)=l(U) = e(co) ist die Projek
tion. Eine Karte (U, x ‘) auf M induziert eine Bündelkarte der Form (х‘, и), — Г)к) 
auf L(2)(M), wobei für (u, co)£L(2)(M) mit p£U  die Koordinaten (*', —Г)к) sich 
auf co£Ep(M) beziehen, und die Koordinaten u) aus der Darstellung ui = u{dJ(p), 
(m= (mj, . . . ,  u„j), stammen.

Bevor wir die Strukturgruppe G{2\n , R) des Bündels L(2\M )  beschreiben, be
weisen wir noch, daß für jedes Element (u, co)£Li2)(M) auch im Unterraum со 
eine Basis eindeutig ausgezeichnet ist. In der Tat, für (w, co)£L(2\M )  bezeichne 
Q{u, со) die Menge der Karten (U, x‘) auf M  um p mit den folgenden Eigenschaften:

1. Das System {d^{p), d2(p), ■■■, d„(p)} ist genau die Basis u.
2. Die Vektoren d,j{p) sind im Unterraum со erhalten. Wir bemerken, daß 

solche Karten um p existieren. Da (U. x‘) eine beliebige Karte um p und 
& P ), ü), - r Jk) die Bündelkoordinaten des Elementes (u, co)dL(2)(M) bezüglich 
(U, x ‘) sind, und so besitzt die Karte (x‘), die durch die Koordinatentransformation

x‘ = x ‘(p) + ül (xk -  xk (p)) -  ̂  Г‘к1 (xk -  xk (p)) (xl -  xl (p))

definiert ist, die Eigenschaften 1 bzw. 2.
Aus den Transformationsregeln:

di = di(xj)dj, du =  dij (xl) dt + dt (xk) dj (x‘) dkl

sind auch die folgenden Behauptungen klar; Ist die Karte (U, x 1) in Q(u,co), so 
ist die Karte (U,x‘) genau dann in Q(u,co), wenn dj(xJ)\p = ö{ und dij(xk)\p=0 
gelten. Damit stimmen auch die Vektoren dij(p)(:CO (induziert durch die Karten 
(I/, x ‘) aus Q(u, со)) überein. Diese eindeutig bestimmten Vektoren in со bezeichnen

(u,o>)
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wir durch d y . Es ist klar, daß diese Vektoren in со eine Basis bilden, und es gilt 
no''h in einer beliebigen Karte (U, x ‘) um p die folgende Darstellung:

X j  = {dpq- r lpqdduPuJ.
Wir sind schon in der Lage die Strukturgruppe G(2,(w, R) zu definieren. Be

trachtet man für jedes Element (u, co)^L^\R") mit и= (щ ,и2, ...,и„) die nich
tentartete lineare Abbildung g0'’“*: T0<2) (Rn) T 0(S)(R") definiert durch:

g<“- «>: dt (0) -  щ, g(u-w>: dy (0) -  X j  ■

So ist G(2)(«, Н)={^(“,ю)|(м, a>)£Z^2)(Rn)} eine Liesche Untergruppe der nichten 
tarteten linearen Abbildungen des Raumes 7'0<2) (Rn). Bestehen die natürlichen Koor
dinaten (u), —Г)к) eines Elements (и, co)^L„2) (Rn) auch für die natürlichen Koor
dinaten der Transformation g<u' “\  so ist das Produkt in diesen Koordinaten, wie 
folgt:
(El) (и), -Г )к)(й), - Г ) к) = (и/üj, - ( r ) k+uiv)vrkr lqr)),

wobei mat (vj) — mat (itj) ~ x.
Die Aktion der Gruppe G(2)(«, R) auf L(2)(M) ist, wie folgt: Identifiziert man 

jedes Element (m, co)£L(2\M ) mit der linearen Abbildung 7,0(2)(Rn)-*T^2)(M)
definiert durch:

/<“■ : di (0) -  щ, /<"• •>: dy (0) -  (T ,

wobei и = (г/15 u2, ..., u„), so ist die Aktion Ф: L(2)(M )x G(2)(m, R)-*L(2)(M) 
durch Ф(/, g)= fg  definiert.

Es bezeichne H (2)(n, R) die Liesche Untergruppe der Gruppe G(2>(n, R) die 
aus den Elementen der Form (и), —Г)к) mit Г)к =  <5j vlku, + S‘kvlju t besteht. Nach
S. Kobayashi und T. Nagano ist die Gruppe H (2)(n, R) zur isotropische Untergruppe 
der projektiven Transformationen PL(n, R) des я-dimensionalen reelen projektiven 
Raumes isomorph, bei denen der Punkt 0 fest bleibt. ([9]. S. 216.)

Definition 2. Ein gewöhnliches Projektivbündel P(M) auf M  is ein Unter
faserbündel des Bündels L(2){M) mit der Strukturgruppe Я (2)(м, R). ([9], S. 221.)

II. Es stehe V für die Untermannigfaltigkeit des Tangentenbündels T(M), 
die alle Nichtnullvektoren aus T{M ) enthält. Die natürliche Projektion t: V-*M  
induziert die folgenden Finslerschen Faserbündel F(M) = t*L(M ), F(2)(M) = 
= t*L(2,(M), EF(M )=t* E(M), deren Faserräume durch

F(M) = {(«, u)eVXL(M )\t(v) = /(и)},
F ^(M )  =  {(», w )eV xU 2\M )\t(v ) = I(2,(w)},
Ef(M) = {(», z)eVXE(M )\t(v) =  e(z)}

definiert sind, und bei denen die Mannigfaltigkeit V der Basisraum ist. Die Projek
tionen: T(M)->-F mit (v,u)-~v, F (2)(M) — v mit (v,w)^-v, EF(M)^-V  mit 
(u, z)—r werden wir mit lF, /j-2) bzw. mit qf bezeichnen. Damit sind F(M) bzw. 
F (2)(M) Finslersche Hauptfaserbündel mit der Strukturgruppe GL(n, R) bzw.
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С'2* ( и , R). Ist (x‘,y ‘) eine natürliche Bündelkarte auf V, (induziert durch die Karte 
(U, x‘) auf M) so induziert diese Karte eine natürliche Bündelkarte der Form 
(.x‘, y‘, u'j) auf F(M), und die Karte (х‘, у‘, и) , — Г)к) auf F{2) (M), bzw. die Bündel
karte (х‘, У, —Г)к) auf Ff(M).

Wir benötigen später auch die Abbildungen
oc: F ® (M )-.F (M ), Ő: F (2)(M) -L < 2)(M), A: F(M ) -  L(M),

die durch a((u, u))=(v, w) (wobei u={w, z)), ö(y, w) = w, A(u, ü) = u definiert sind.
Diese Abbildungen können wir im folgenden kommutativen Diagramm zu

sammenfassen :
I \

L<2)(M) F (2,O 0 - ^  F (M )-^  L(M )
I**, [*■> j/, j*

M  —2- v  -Ää— v  - i -  M  
t_________________________________  t

S. K obayashi [8] folgend führen wir die kanonischen Formen des Finslerschen 
Hauptfaserbündels F (2'(M) ein. Um es kurz zu machen, werden wir diese Formen 
in den Bündelkarten (х‘, у ‘, и), — Г)к) aufschreiben, doch sind diese Formen wegen 
der Transformationsregeln auf dem ganzen Bündel Fiv (M ) eindeutig bestimmt. 
Sind (ex, <?2, ..., e„) die natürliche Basis in R" und e), i, j=  1; 2; ...; n die natür
liche Basis in gl (n, R), so definieren wir die R"-wertige Funktion y‘eh die R"-wertigen

(v)
1-Formen 0'eh 6‘ei bzw. die gl (и, R)-wertige 1-Form 0)е{ auf Fi2)(M) durch:

(1.2) y‘ = yJv) mit mat(uj) — mat (и))-1,

(1.3) 6‘ -  v[d:c*,
(1.4) 05- =  vik(dukj + unj r kmndxm),

(1.5)
(■>)
ol =  dy‘+yJ0‘j = vij (dyJ+ ynr jmndxm).

Man rechnet mühelos die folgenden Strukturgleichunges aus:
(1.6) dei = -O ikA 9k.

Wir bemerken, daß die Formeln (1,2) und (1,3) die kanonischen Formen 
auch des Hauptfaserbündels F(M ) definieren, und wir bezeichnen diese Formen 
auch auf F{M) mit у'е{ bzw. mit 0'e,-.

III. Wir beschreiben jetzt die verschiedenen Finslerschen Affinzusammenhänge, 
nämlich die Cartanschen-, Rundschen- bzw. Berwaldschen Affinzusammenhänge. 
Wir schicken voraus, daß wir unter einem Finslerschen Affinzusammenhang immer 
einen positiv homogenen, deflexionsfreien [10] Affinzusammenhang vestehen.

Definition 3. Ein Rundscher Affinzusammenhang Г ist eine positiv homogene 
C°°-Abbildung: Г: V-»EF(M) mi tF(p)in EFiP = QF1{p). Die positiv Homogenität 
bedeutet, daß für jeden Vektor v£V und für jede positive Zahl e£R+ die invariante 
Eigenschaft x(r(v))=x(r(sv)) gilt, wobei die Abbildung x : EF(M )--E(M ) die 
natürliche Projektion ist: x(v,u)—u.
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In einer Bündelkarte (x ', y \  — Г)к) auf EF(M) läßt sich die Abbildung Г  durch 

Г : (x‘, y ‘) -  (У, y ‘, - r lJk(x, y))

beschreiben, wobei wir die Funktionen Г)к(х, у) die Zusammenhangsobjekte des 
Zusammenhangs Г nennen. Diese Objekte sind in den unteren Indizes symmetrisch, 
ferner in у  positivhomogen von 0-ter Ordnung.1

Ein Rundscher Affinzusammenhang Г  induziert eine natürliche Einbettung 
y: F(A/) — F (2)(M), definiert durch y: (v, «) —(v, (u, T(v))), die in den Bündel
karten die folgenden Form besitzt;

(1.7) у: (х‘, у ‘, и)) -  (x1, у 1, и), -Г )к(х, у)).
(»)

Es ist leicht zu zeigen daß die Formen 0‘, у*в), у* в1 auf F(M) die Zusammenhangs
formen (im Sinne von M. Matsumoto) eines positiv homogenen, deflexionsfreien 
Rundschen Aflfinzusammenhangs sind.

Im folgenden verstehen wir unter einer Cartanschen affinen Zusammenhangs
form eine gl (w, R)-wertige Form co=co)e{ auf F(M), die in den Bündelkarten 
(x‘, y‘, Uj) des F(M) die folgene Form besitzt:

(1.8) со'- = vik(dukJ + unj Г* „ dxm + unJ C*n (dym + у1Г% dxr)),

dabei sind die Funktionen Гкпп (x, y) die Zusammenhangsobjekte eines Rundschen 
Affinzusammenhangs, ferner die Funktionen Ck„(x, y) die Komponente eines 
Finslerschen (1.2)-Tensors, die in den unteren Indizes symmetrisch und in у positiv 
homogen von ( —l)-ter Ordnung sind und den Bedingungen y mC)m= 0 genügen.2 
In diesem Fall sind die Strukturgleichungen der Zusammenhangsformen 0‘, со)
o}= dy‘+yJ(Oj die Folgenden:

(1.9) d0‘ =  —а)[Г\Ок — C*j <oJA 0k,

(1.10) dco) =  -  colk Л со)—j  R) lkl 0к/\01~Р*‘к10кА со1 -  j  Sfk\ шк Л a>\

(1.11) da>‘ = —cü‘kAcük -  ЯЦ 0k A 0l~  РЦ 0k Л  w',

wobei die Formen —C*k wJA0k; —P*k6JA<ok; —R*jk0JA0k Torsionsformen, und 
die Formen —-^-R*jW0t A0', — Р*)ывкА<о1, — ̂ S * )klcokAcol Krümmungsformen 
des Affinzusammenhangs heißen.

1 Ein Rundscher Affinzusammenhang Г  ist durch die Zusammenhangsobjekte Fjk eindeutig 
bestimmt, also bezeichnen wir einen Rundschen Affinzusammenhang manchmal mit П*.

2 Ein deflexionsfreier Cartanscher Affinzusammenhang ist durch die Zusammenhangsobjekte 
Fjk<Cjk eindeutig bestimmt, da die Zusammenhangsobjekte G) der nichtlinearen Zusammenhang 
(der Finsler—Triad [10]) durch G' = у1П.  definiert sind. Später werden wir ein Cartanscher Affin
zusammenhang auch mit {Г ‘]к, Cjk} bezeichnen.
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Ein Cartanscher Affinzusammenhang heißt vom Rundschen-Typ, wenn für 
ihn die Gleichung C*‘Jk—0 gilt, und er heißt vom Berwaldschen-Typ, wenn C*)k=0, 
P*‘jk= 0 gelten.

Aus den Funktionen C*)k, P *)k, R*)k, R*‘jki, P*jki, S*)kl lassen sich auch die 
klasischen Komponenten der verschiedenen Torsions- und Krümmungstensoren 
darstellen, da (x‘, y', u‘j) eine Bündelkarte auf F(M)  ist; so besitzt z. B. R*‘Jki in 
dieser Karte die folgenden Form:

wobei R‘jki(x, y) die klassischen Komponenten eines Finslerschen (1.3)-Tensors 
sind. Ähnlicherweise bestimmt man die anderen klassischen Komponenten der 
Torsions- bzw. Krümmungstensoren.

IV. Wir benötigen später auch die Strukturgleichungen der Gruppe PL{n, R) 
d. h. der Gruppe der projektiven Transformationen der и-dimensionalen reellen 
projektiven Raumes. Die Liesche Algebra pl (и, R) der Gruppe PL (и, R) ist mit 
der direkten Summe pl (и, R)=R"+gl (и, R) + R"* identisch [9]. Sind (ejy e‘j, e‘), 
i; y = l ;  ...; и die natürliche Basis in pl (и, R) und (ij/1; ф); \jij) die Dualbasis (be
züglich (ej, e), e‘)) in pl* (и, R), so sind die Strukturgleichungen die Folgenden

2. § Finslersche Projektivbündel und Projektivzusammenhänge von Cartan-Typ

D efinition 4. Ein Finslersches Projektivbündel {PF(M), V, n, H 2(n, R)} ist 
ein positiv-homogenes Unterhauptfaserbündel des Hauptfaserbündels F(2)(M), 
wobei V der Basisraum, die Abbildung n; PF(M)-»V  die Projektion und Я (2)(и, R) 
die Strukturgruppe sind. Der Faser auf einem Punkt v£V  ist mit PF(M)/v 
bezeichnet.

Der Faserraum PF{M) wird als positiv-homogen vorausgesetzt. Dies bedeutet, 
daß die invariante Eigenschaft: ö(PF(M)/av)=ö(PF(M)/v) für jeden Vektor v£ V 
und für jede positive Zahl e£R+ gilt, wobei die Abbildung ö : F(2)( M ) L (i)(M) 
die natürliche Projektion ist.

Für einen Punkt p£PF(M) bezeichne T"(PF(M)) den (n2+n)-dimensionalen 
Unterraum in Tp(PF(M)), der alle zur Faser PF(M)/n(p) tangente Vektoren enthält. 
Aus der Theorie der Hauptfaserbündel folgt, daß der Raum Tp(PF(M)) mit der 
Lieschen Algebra /г(2)(и, R) der Gruppe H {2)(n, R) identifizierbar ist. Doch ist 
А(2)(и, R)=R"*®gl (и, R) (siehe [9]), und so bezeichnen wir den n2-dimensionalen, 
bzw. den и-dimensionalen Unterraum in T ”(PF(M)), der mit gl (и, R) bzw. mit 
Rn* identifiziert ist, mit gl (и, R)//>, bzw. mit Rn*/p. Damit ist T"(PF(M))=  
gl (m, R)/p©R"7/>. Führen wir noch durch

(1.14)

( 1. 12)

(1.13)

# г = —фк/\фк,

с!ф) = -\l/ikA\l/kj- \ l / tAil/j+SiJ\l/kA\j/k, 

d>l/j = - ф кАф).

Tp(PF(M)) = {xeTp(pF(M))\ő,(x) = о}
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den и-dimensionalen Unterraum Tfi(PF(M)) in Tp(PF(M)) ein, so ist Tf(P F(M))® 
0gl(n, R)/p ein (n24-n)-dimensinaler Unterraum in Tp(PF(M)).

D e fin itio n  5. Ein Cartanscher Zusammenhang C auf einem Projektivbündel 
PF(M) ist ein C°°-Feld der и-dimensionalen Unterräume

C: (p tP P(M)) -  C(p) c  Tf{PF(M ))egl (и, R)/p
derart, daß

1. der Raum T®(PF(M))(Bg\(n,R)/p die direkte Summe der Räume C(p) 
und gl (и, R)/p ist:

rß (R F(M))0gl (и, R)Ap =  C(p)®gl (и, R)/p;
2. Pa*C(p) = C(Ra(p)), а € # (2)(и, R), wobei die Abbildung Ra: PF(M)-+PF(M) 

die recht-Translation bezüglich а £ # (2)(и, R) ist;
3. C(p) positiv homogen ist.

Die letzte Eigenschaft kann man folgendermaßen erklären. Für eine Zahl e£R+ 
induziert die Abbildung Ae: V—V mit At : (v£V)->-8v eine Abbildung Be: 
PF{M)-+PF(M), definiert durch: BE: (pePF(M)/v)-~(Be(p)ePF(M)/ev), öoBe(p)= 
=<5(p). Hier ist PF(M) positiv homogen, so C(p) heißt gerade dann positiv homo
gen, wenn Be+C(p) = C(Be(p)) für jede Zahl a£R + gilt.

D efin itio n  6. Das System {PF(M), C} mit den obigen Eigenschaften heißt 
einen Cartanschen Projektivzusammenhang auf M. Ein Projektivzusammenhang 
{PF(M), C}, für die die Identität C(p)= T f(P F(M)) für jeden Punkt p£PF(M) 
gilt, heißt einen Rundschen Projektivzusammenhang. Es ist klar, daß für ein Pro- 
jektivbündel PF(M) der Rundsche Projektivzusammenhang. {PF(M), Ta(PF(M))} 
eindeutig bestimmt ist, und so nennt man ein Projektivbündel PF(M) manchmal 
auch einen Rundschen Projektivzusammenhang.

Wir leiten jetzt die Zusammenhangsformen eines Projektivzusammenhangs
(rt

{PF(M), C} her. Beschränken wir zunächst die Formen в1, в), 0‘ (siehe (1, 3)—
(1,5)) auf PF(M), und bezeichnen wir diese Formen mit со‘, со), co‘. Sie sind weiter
hin linear unabhängig. Die gl (и, R)-wertige 1-Form Q) e{ bzw. die R"-wertige 1-

(v)
Form ß ‘ et definieren wir auf PF(M) durch:

G)(X) =  co)(X), wenn со{(Х) = 0 und Q )(Y )~ Q ,

wenn YeC(p), weiterhin Qi= d y i+yJQ).
In einer Bündelkarte (х‘, у', и), —Г)к) auf PF{M) lassen sich diese Formen 

so darstellen:
(») (t>) (v) (»)

(2.1) Q‘ =  ou'+y'uJCLw'» -  (Sim+ y nCL)com,3
(2.2) Q) = vik(dukJ + unj r kmndxm + u'}C!tln(dym + y ,r i?l dxr)),
wobei die Objekte Cjk nur von den Koordinaten x ‘ und y‘ abhängen und die Kom
ponenten eines Finslerschen (1, 2)-Tensors sind.

3 Im folgenden wird auch vorausgesetzt, daß für einen {PF(M ), C } die Gleichungen С£,п =  С*т 
und T"Cmn=0 gelten.
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( t> )
Ergänzen wir jetzt das System (со1, Q), Qj) durch eine R"*-wertige Form Qje*J

(»),
derart, dass die Formen со1/p, Qj/p, Qj/p, Q‘/p für jeden Punkt p£PF(M) in dem 
Dualraum T*(PF(Mj) eine Basis bilden, ferner für die pl (n, R) = R"®gl (и, R)® 
®R"*-wertigen Form Q~a>iei+ ü ‘je{+QJe*J die folgenden Eigenschaften gelten:

1. R*aQ = ad (a_1)ß , a£H™(n,R) c  PL(n, R),
2. ß(Z) =  0 für jeden Vektor ZCC(p), ferner Q(X*+Y*) = X + Y ,

wobei X*+Y*  ein fundamentales Vektorfeld auf PF(M), induziert durch X + Y ^  
€gl («, R)®R*", mit Z6gl(«, R) und F£R"* ist.

Man beweist ähnlich wie in [9], S. 222, daß solche Formen auf PF(M) 
existieren.

Aus den Strukturgleichungen der Gruppe PL (и, R) (siehe (1.12)—(1.14)) erhält
(»)

man offensichtlich die folgenden Strukturgleichungen des Systems (co‘, Q), Qs , ß 1):

(2.3) dco‘ = - Q ikAcok- C i,

(2.4) dQ) =  — ß*A ß )—со*Л £2j +  Ő) Qkf\cok~  Л),

(2.5) dS2j=-Q kAQkj - A j ,
(») M

(2.6) dü‘ = - Q ikAQk- y JcoiAQJ+yiQkAcok- y jAij , 
mit

(»)
(2.7) С1=С?\со* Aß*,

1 (») 1 (») (■>)
(2.8) A) = - W p klcokA(o,+ D yklcokA{2l+1 S j lklQkAQ‘,

1 C f )  1 (v) (v)
(2.9) yJA'j. = — W^(ükAcol+DtiwkAQl+— S?liQkAQl,i

1 (») 1 (■>) (■>)
(2.10) Aj = — W*ik са‘А(ок+Djik со1' Л ß 4  у  SfikQiAQk,

wobei die Formen С‘, Л), yj A j Aj kein solches Glied enthalten, in dem die Formen 
Q'j und Qj Vorkommen.

Wir wählen jetzt zu jedem Projektivzusammenhang {PF(M), C} eine natürliche 
Form Qj aus.

Satz  1. Für einen Projektivzusammenhang {PF(M), C} gibt es genau eine Form 
Qj mit den Eigenschaften 1 und 2, und es gelten noch die Gleichungen:

3. w r jk =  W f\k =  DVjk = 0.

4 Ist Cjk =  Ci j ,  so ist S*£,=0.
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Beweis. Der Beweisdieser Tatsache erfolgt wiederum ganz ähnlich wie in [9],
S. 221. Es sind Qj und Qj die Formen auf PF(M ) mit 1, 2 und mit

_  (»)
Q j-Q j = Ajk(ok + BJkn \

und im Hinblick auf die Strukturgleichungen erhalten wir daher, daß für das System
(») _ , _ . _

(co\ Q), Qj, Q‘) die Gleichungen W*,Jk=W jiik = D*iJk=0 genau dann gelten, wenn

^ jk  —n — 1 w r ik+ u/*i
n2- 1 * jk’ B k = ---- -]k n + 1 D jk-

W. z. b. w.
Für einen Projektivzusammenfang {PF(M ), C} heißen die obigen, in eindeutiger

(»)
Weise Bestimmten Formen (co\ Qlh Q„ £2j die projektiven Zusammenhangsformen 
bezüglich {PF(M ), C}.

Der Operator d wirkt an den Strukturgleichungen, womit wir die projektiven 
Bianchi-Identitäten erhalten:
(2.11) йС 1- Л 1кК(ак+ й1кГ\Ск =  0,

dAi]+(ai\A j+ d ij(di\A k+ AkjK Q ik- A ikM ííj
(2.12) - C iA Q j-ő iJQkA C k =  0,
(2.13) d A j- A kAQkj+A)AQk = 0.

Wir leiten noch in einer Bündelkarte (U, x \  y ‘) auf V die projektiven Zusam
menhangsobjekte П)к(х, у), C'Jk(x, у) eines Projektivzusammenhangs {PF(M), C} her.

Satz 2. Sind {PF(M), C } ein Projektivzusammenhang und (U, x ‘, y j  eine Bündel
karte auf V , so gibt es genau einen C°°-Schnitt a\ U-*PF(M) mit den Eigenschaften:

o*col =  dx‘, o* £2) =  n ‘Jk djf  +  C)k (dyk +  у1 Пц dxJj,

und mit IIjk= n kj,  n \j  = 0.
Die Objekte П)к und C)k sind Funktionen der Koordinaten x' und y \  ferner 

sind sie in у  positiv homogen von 0-ter bzw. von ( — l)-ter Ordnung. Die Funktionen 
C‘Jk sind die Komponenten eines Finslerschen (1, 2)-Tensorfeldes, und die Trans
formationsregeln der Objekte П)к stimmen mit den Transformationsregeln der 
gewöhnlichen projektiven Zusammenhangsobjekte (П)к ist Funktion nur des Ortes) 
überein [3].

Beweis. Ist (л:г, y l)-*(x‘,y l, <5*-,—Г'*) ein beliebiger Schnitt in PF(M) auf U, 
so besitzt der Schnitt

(2.14) (л*, y ‘) -  [v , yf, ö‘j, -  ( r - 1 ^  S) r l  -  <5( П ,))

die in dem Satz formulierte Eigenschaften.
Umgekehrt, haben die Schnitte о bzw. ö die obigen Eigenschaften, so sind 

sie von der Form
<t: (a;, y ‘) -  (x‘, y‘, ö), - П ) к), 
ö: (x‘, y ‘) ~  (x‘, y‘, ö), - Щ к),
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mit П)к= П)к+ijjj (х, у) 8)+фк (х, у)д). Mit der Kontraktion i —j  erhalten wir 
(n+l)i/yk=0 und daher П^к—П)к. W. z. b. w.

Wir beweisen noch, daß jeder Cartansche Affinzusammenhang mit den Zu
sammenhangsobjekten {r‘Jk, C‘Jk} in eindeutiger Weise einen natürlichen Projektiv
zusammenhang {PF(M), C} bestimmt, die wir wie folgt, beschreiben. Es bezeichne 
Г den Rundschen Affinzusammenhang mit den Zusammenhangsobjekten Г)к, und 
y: F(M)-+Fi2)(M) die natürliche Einbettung bezüglich Г (siehe 1.7). So gibt es 
genau ein Projektivbündel PF(M) derart, daß die Bildmenge y(F(M)) in PF(M ) 
liegt. Wir definieren noch den Cartanschen Zusammenhang C auf PF(M). Sind
0', (Oj, %1=с1у'+у3(а̂  die Zusammenhangsformen des Cartanschen Affinzusam
menhangs auf F(M), so führen wir nach M. Matsumoto den vertikalen Zusammen
hang r v durch die folgende Formel ein:

rj„ = {Х£Тр(Р(М))\со‘(Х) =  0, w‘j(X) = 0}.

Es folgt leicht, daß für jeden Punkt p£PF(M) genau ein «-dimensionaler Unter
raum C(p) in T®(PF(Mj)(Bg\ (n, R)/p<zTp(PF(M)) existiert derart, daß a*(C(/?)) = 
=Г/Р gilt, wobei or. PF (M )—F(M) die natürliche Projektion ist. Damit ist der 
Zusammenhang C auf PF(M) bestimmt. Aus den Formeln (1.1)—(1.6), (1.7), (1.8) 
und aus den Strukturgleichungen (1.9)—(1.11), (2.3)—(2.6) erhalten wir den

Satz 3. 1. Die Cartanschen Affinzusammenhänge mit den Zusammenhangsobjek- 
ten {Г)к, Cjk} und {Г)к, C‘Jk} bestimmen dieselben Projektivzusammenhang 
{PF{M), C} genau dann, wenn zwischen ihnen die Relationen

(2.15) Г)к = Г‘к+Р]0‘к+ Ркд), С)к = С‘к

gelten, wobei P j(x,y) ein Finschlersches kovariantes Vektorfeld, positiv homogen von 
0-ter Ordnung ist.

2. Induziert der Cartansche Affinzusammenhang mit den Zusammenhangsobjekten 
{rljk, C)k) den Projektivzusammenhang {PF{M), C}, so sind die Formen у*в‘—в‘, 

(»)
у* O f y*Q‘ auf F(M) die Zusammenhangsformen des gegebenen Cartanschen Affin
zusammenhangs ferner gilt

(») 1
(2.16) y*Qj= R%0k + P%y*Qk mit R*Jk = ( « Я ^ + В Д

und P*k=—~ - P i‘jk, wobei die Funktionen R*fki, P j‘u , S*‘kl auf F(M) in (1.10) de
finiert sind.
Es gelten auch die folgenden Formeln:

(2.17) W f‘kl oy = R fkl -  R*ß S í+ Rjköj+ (R*k -  Rkl)S j,

(2.18) D fkloy = Р*‘к1-Р ] А -Р и % ,

(2.19) S*‘kloy sind genau die Komponenten der vertikalen Krümmungsforme des 
gegebenen Cartanschen Affinzusammenhangs in (1.10).
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3. § Projektivzusammenhänge vom Rundschen und Berwaldschen Typ

Ein Projektivzusammenhang {PF(M), C} heißt von Rundschen Typ, wenn für 
jeden Punkt p£P F(M) die Identität C(p)=Tj?(M) gilt. Dies trifft genau dann zu, 
wenn der Tensor C)k verschwindet, und in diesem Fall sind die Zusammenhangs- 

. (») . (*) 
formen Q'j, Q‘ keine anderen als die Beschränkungen der Formen в), 6‘ auf PF(M).

Induziert der Rundsche Affinzusammenhang Г das Projektivbündel PF(M), 
so sagt man, daß Г in PF(M) ist.

Wir fragen jetzt, unter welchen Bedingungen die Krümmungsformen Aj eines 
Projektivzusammenhangs {PF(M ), C} Finslersche Affintensoren sind. Die Form 
Л) heißt ein Finslerscher Affinen tensor, wenn A) die Form Л) — а.*Л) hat, wobei 
Л = А)е{ eine gl (и, R)-wertige Form auf F(M ) mit R*Л — а.й(а~к)Л, a£GL(n, R) 
ist, ferner die Abbildung a: F (2)(M) —F(M) die natürliche Projektion bezeichnet.

Satz 4. Aj ist genau dann eine Finslerscher Affintensor, wenn der Projektiv
zusammenhang {PF(M), C} vom Rundschen Typ ist. Sind [PF(M), TQ) ein Rund
scher Projektivzusammenhang und Г ein Rundscher Affinzusammenhang in PF(M), 
bezeichnet ferner у : F(M)—Pf(M ) die natürliche Einbettung bezüglich Г, so er
halten wir auf F (M ):
. .  . .  1 (u)
(3.1) Л) = y*Alj  =  ^ W j iklOk\Ql + Djikiekhy*el,

wobei die Funktionen W-kl, D /kl in einer Bündelkarte (x‘,y ‘, u'j) auf F(M) die fol
genden Formen haben:

W/ki =  vpU‘jUrkuslWqprs (x, у),
D/k, = vipu4j ukuslDqprs(x, y),

damit sind die Funktionen Wqprs(x, y), Dqprs(x, y) die klassischen Komponenten der 
Finslerschen (l.3)-Tensoren mit

(3.2) = Rqprs + Rqröp- R qsöp + (Rsr- R rs)öpq,

f)np(3 3) D p = P P —P 5”- P  öp — -- - 4rr s  г  q  r s  л  q s u r  1 r s u q  ß y S  9

SO D P = D Pл и  i s q rs и r qS .

Der Tensor D /kl (x, y), den wir den Douglasschen Tensor des Projektivbündels 
PF(M ) nennen, ist unabhängig von der Wahl des Affinzusammenhangs Г aus PF(M). 
Der Tensor W /kl ist von der Wahl der Einbettung у genau dann unabhängig, wenn 
der Tensor D>u in den Indizes к und l symmetrisch ist.

B emerkung. Später werden wir beweisen, daß der Tensor W /kl genau dann 
eindeutig Bestimmt ist, wenn das Projektivbündel PF(M) von Berwald-Typ ist 
(siehe die folgende Definition). In diesem Fall nennen wir den Tensor W/u den 
Weylschen Krümmungstensor des Bündels PF(M). Diesen Tensor hat zuerst L. 
Berw ald  [1] eingeführt.

B eweis des Sat z es . Es bezeichne M* den Kern der natürlichen Projektion 
H (2)(n, R)-»GL (л, R), und m* sei die Liesche Algebra der Gruppe M*. A) ist
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genau dann ein Finslerscher Affintensor, wenn £PA*Aj—0 für jedes fundamentale 
Vektorfeld A* auf PF(M ) mit A£m* gilt. Mit Rücksicht auf die Strukturgleichungen 
und auf die Bianchi-Identitäten erhalten wir:

<£\*A) =  A*JdA‘J. + d (A * jA ii)=  A*J CiAQJ = AjC
damit ist die erste Behauptung bewiesen.

Die Formeln (3.2) und (3.3) erhält man aus den Strukturgleichungen durch 
einfache Rechnung.

Wir beweisen, daß der Tensor D /kl für {PF(M), TQ) eindeutig bestimmt ist. 
(1) (2) (1) (2)

Sind у und у zwei natürliche Einbettungen bezüglich Г und Г, zwischen denen 
die Relation

(2) (1)
Pjk — Pjk + Pjök + Pköj

(2) (о) (1) (t>)
gilt, so folgt aus (1, 5): y*0,=y*Q,+ylpl0k+yku?'6l. Wegen ym Dklm=ymd n ,kl/dym=0 
erhalten wir:

(1) (2) 1 (2) (2) (2) (t?)
y*A) =  y*A‘j = — WjiklOkAel + DjiklOkAy*el =

/1(2) (2) \ (2) (1)W
=  (T ЯО'и +  У ли/ы ) OkAel +  D /kiekAy*e\

und so bekommt man:
(1) (2) (2) m  (2) (2)
D j ‘ki  =  D / k l ,  W / k l  =  W / u  +  f p A D / u - D / J .

W. z. b. w.
D efinition 7. Ein Projektivbündel PF(M ) heißt vom Berwaldschen Typ, wenn 

der Douglassche Torsionstensor D)k=yl D{ jk verschwindet. Eine Rundsche Pro
jektivzusammenhang {PF(M), T Q} heißt vom Berwaldschen Typ, wenn PF(M ) 
vom Berwaldschen Typ ist. In Folgenden werden wir die Berwaldschen Projektiv
bündel mit PB(M) bezeichnen.

Um die Berwaldschen Projektivbündel näher beschreiben zu können, führen 
wir die folgenden Begriffe ein.

D efinition 8. Eine Rundsche Affinzusammenhang Г (mit den Zusammen
hangsobjekten r ‘jk(x, y)) heißt projizierbar, wenn auch die Berwaldschen Zusam
menhangsobjekte Г)к+УдГ)г1дук in den indizes j  und к sym
metrisch sind. Dies ist der Fall genau dann, wenn der Torsionstensor P)k= 
=yrd r ijrldyk in j  und к symmetrisch ist. Ein Projektivbündel PF(M ) heißt projizier
bar, wenn in PF(M ) mindestens ein projizierbarer Rundscher Affinzusammen
hang existiert.

Satz 5. Ein Projektivbündel PF(M) ist genau dann projizierbar, wenn für PF(M) 
die Gleichung

(3.4) + —  =  0

mit DrsJki dD /jJdy1 besteht.
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B eweis. E s sei Г ein Rundscher Affinzusammenhang (mit den Zusammen 
hangsobjekten Г)к) in PF{M). Aus (2.14) und aus (3.3) folgt die Gleichung:

(3.5) P jk  — P'k j  —  D j k ~  D lk j + n +1 т (Р1к0)-Р^01) + -  ’+ 1 (P/jk- P s \ j ) y ‘-

Ist Г  projizierbar, so erhalten wir mit der Kontraktion i-*j die folgenden Glei
chungen :

(3.6) d l  = n + 1 sk >

(3.7) /  ( D , \ s j - D /Jik) = (.P/jk -  P / kJ).

Substituiert man (3.6) und (3.7) in (3.5), erhält man (3.4). Umgekehrt sei voraus
gesetzt, daß für PF(M ) die Gleichung (3.4) gilt. Komponiert man (3.4) mit yJ, so 
erhält man mit der Kontraktion i —k yj Dsjs —0, und aus dieser Relation folgt:

r)vJD s
(3-8) -J^ f ±  = 2yJDj‘‘l,+ yryJD/Jst = 0, so у  y3Dr*ja = —2Dfs.

Es bezeichne (U., x‘) eine Karte auf M  und (i _1(C/), x \  y‘) die induzierte Bündelkarte 
auf V. Betrachten wir auf der Menge r _1(t/) den lokalen Rundschen Affinzusam
menhang Г mit den Zusammenhangsobjekten

(3.9) Г)к = n ‘Jk- j D / A  - 1  Dl,Slj ,

die offensichtlich in PF(M) ist, und beweisen wir noch, daß auch projizierbar ist. 
Aus (3.9) und (3.8) folgt:

P'k i — D‘ki + — DL dk — (Disks + yr Dr‘ks|) у ‘,

damit ist wegen (3.4) der Torsionstensor P‘kl symmetrisch.
Es bezeichne jetzt (Ua, tpj), a£7 eine beliebige Zerlegung der Einheit auf M, 

wobei die Umgebungen Ux Koordinatenumgebungen sind. In diesem Fall ist 
(lF xot ~1(UCC), cpxotolF) eine Zerlegung der Einheit auf F(M) die wir mit (Ua, 
bezeichnen. Es stehe für die Zusammenhangsform des Rundschen Affinzu
sammenhangs definiert durch (3.9) auf Г"1(ма). Damit definiert die Form £  ц>а(а(ц))

а
einen globalen projizierbaren Rundschen Affinzusammenhang in PF(M). W. z. b. w. 

Durch eine elementare Rechnung bekommen wir den
Satz  6. Ist r ‘jk ein projizierbarer Rundscher Affinzusammenhang in PF(M), 

so ist der Rundsche Affinzusammenhang Г)к (die auch in PF(M) ist) genau dann pro
jizierbar, wenn die Relation

Dp — Djk + PjSj+pkSj
mit Pj=dpldyi gilt, wobei p eine globale reellwertige Funktion (positiv homogen 
von l-ter Ordnung) auf V ist.
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Wir charakterisieren jetzt die Projektivbündel vom Berwald Typ mit den 
folgenden

Satz 7. 1. Ein Berwaldsches Projektivbündel PB(M ) ist ein projizierbares Pro
jektivbündel, und seine projizierbaren Rundschen Affinzusammenhänge (die in PB(M) 
sind) sind der Form

Gssjky ‘ (mit G /kl =  d& jjdy1),

wobei die Funktionen G‘Jk (x, y) die Zusammenhangsobjekte eines Berwaldschen Affin
zusammenhangs sind.

2. Ist der Affinzusammenhang G)k — ̂  Gssjky ‘ in PB(M), so sind

(ЗЛО) П)к = G)k -  (G/j 3‘ + G°sk ö) + Gsj ky j,

(3.11) D jJk =  G/ д - ^ - у  (G/ß  <5‘ +  G /kl ö) +  G /jk <5j + G jJkly ‘).

3. Für einen Rundschen Projektivzusammenhang {PF(M), T Q) ist der Tensor 
W /kl im Satz 4 genau dann eindeutig bestimmt, wenn [PF(M), T Q} vom Berwald
schen Typ ist. In diesem Fall gelten die folgenden Formeln:

(3.12) W / kl  =  K j  * „  -  K ß  ö lk  +  K Jk  0 ‘ +  ( K lk  -  K kl)  8 )  -

mit

d(Kkl- K lk) 1 dKf„  ( 1 8K f„ t
----- ä y — У + - ^ [ У  ~ W ~ ök

Kjk — n2 _  1 (nK fsk+ Kk ,j),

wobei Kj‘ki der Hauptkrümmungstensor des Berwaldschen Zusammenhangs G)k ist. 
Aus (3.12) folgt auch daß W /kl genau der von Berwald bestimmte Weylsche Krüm
mungstensor ist [1].

Beweis. Für ein Berwaldsches Projektivbündel PB{M ) verschwindet jedes 
Glied in der Gleichung (3.4), und daher ist PB(M) projizierbar. Es sei T)k ein pro
jizierbarer Affinzusammenhang in PB(M), und man betrachte die Berwaldschen 
Zusammenhangsobjekte Gjk^=rljk+P)k mit Pjk=y,d rilJ/dyk. Aus (3.6) folgt die 
Gleichung P ^= 0, so Gssk=Tssk, damit erhalten wir aus (3.3):

D/ki — Pj'ki~n _|jу (G/ л ök + GjktSj).

Komponiert man diese Gleichung mit yJ, so ergibt sich
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womit Punkt 1 beweisen ist. Die Formeln (3.10), (3.11), (3.13)5 berechnet man un
mittelbar aus (2.14), (3.3) und (3.2).

Wir beweisen noch den Punkt 3. Ist PB{M) von Berwaldschen Typ, so folgt 
aus (3.11), daß der Douglassche Tensor D /kl in den unteren Indizes totalsymmetrisch 
ist, und damit ist fV /kl im Satz 4 eindeutig bestimmt. Umgekehrt, gilt für PF{M) 
die Gleichung =  so D‘kl —yj D /kl =yJDk‘ji = yJ Dk\ j =0, somit ist PF(M) 
von Berwaldschen Typ. W. z. b. w.

Jetzt Projizieren wir jedes projizierbare Projektivbündel PF(M) auf ein Ber- 
waldsches Projektivbündel PB(M). Es sei Г)к ein projizierbarer Rundscher Affin
zusammenhang in PF(M), und definieren wir den Rundschen Affinzusammenhang 
ВГ‘]к durch

(3.13) PPjk — Pjk + Pjk +
1 d{Plj+r\j)

n + 1 dyk Gjk + n +  1 Gssjky l,

wobei G)k = r iJk + P ljk, (PlJk =yldr\jjdyk), die Zusammenhangsobjekte eines Ber
waldschen Affinzusammenhangs sind. Damit ist B r‘Jk in einen Berwaldschen Pro
jektivzusammenhang. Es sei P'jk — Pjk + PjSk +  pköj (mit Pj =f)p/dyJ) ein anderer 
projizierbarer Affinzusammenhang in PF(M ); dann rechnet man leicht die Folgen
den aus:
(3.14) В(Г1]к + р ^ ‘к + рк0)) = B r ljk +  PjSk + p köj ,

und damit sind ВГ^к und ВГ)к in demselben Berwaldschen Projektivbündel, das 
wir mit ß(PF(M)) bezeichnen. Wir beschreiben jetzt den natürlichen Bündeliso
morphismus
(3.15) ß: PF{M) ^  ß{PFW ))
wie folgt. Zuerst wählt man einen festen projizierbaren Affinzusammenhang 
aus PF(M), und dann ergänzt man die Zuordnung

(•**> y ‘, <5j,  -T jk ix , y)) -  (*', y ‘, ö), -В Г )к{х, у))
zum Bündelisomorphismus ß: PF(M ) ̂ ß (P F{M)).

Aus (3.14) folgt, daß der Isomorphismus ß von der Wahl des projizierbaren 
Affinzusammenhangs Г)к aus PF{M) unabhängig ist.

Es bezeichne П‘]к bzw. D‘Jk die projektiven Zusammenhangsobjekte bzw. den
(B)

Douglasschen Torsionstensor des Bündels PF(M), und es stehe П)к für die pro
jektiven Zusammenhangsobjekte des Bündels ß(Pr (M)). Wir erhalten die folgenden 
Relationen mittels einer elementaren Rechnung:

(B) I 1
(3.16) n ‘Jk -  1 дЧу‘>угЩг)/ду‘дук =  n ijk+ D iJk+ - d y ' D irJ/dyk.

Ist {PF(M), C} ein Cartanscher Projektivzusammenhang, wobei PF(M ) projizierbar
(B)

ist, so folgt aus (3.16) daß dieser Projektivzusammenhang durch die Objekte IPJk, 
Djk, Cjk eindeutig bestimmt ist.

5 B ei d e r  R e c h n u n g  d e r  F o r m e l  (3 .1 2 )  ( a u s  (3 .2 ))  w e n d e t  m a n  a n ,  d a ß  d e r  K rü m m u n g s te n s o

В/ ki d e s  R u n d s c h e n  A ff in z u s a m m e n h ä n g s  G ,), ~  G ,  ]кУ1 d ie  F o r m  В/ к1 ~  Kj lkl d(Kk, - K lk)/
/dyjy'  b e s itz t.  n+ 1
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4. § Bahnen der Projektivzusammenhänge

Ist {PF(M), C} ein Projektivzusammenhang mit den Zusammenhangsformen
M

(o‘, Q), Qj, Q‘ so läßt sich für jeden Vektor £€R” und für jeden Punkt p£PF(M)
. 0>)

ein Vektor ^ / p ^ T p(PF(MJ) durch Q)($>) = Qj(£j») = 0 ‘«/*>)=0, 
zuordnen. Das Vektorfeld У'л):p — Yfä* auf PF(M), (wobei die R"-wertige Funk
tion Y=y‘ei auf PF(M) in (1.2) definiert ist), heißt das fundamentale Vektorfeld 
bezüglich {PF(M), C}.

D efinition. Eine Kurve x(t) auf M  heißt eine Bahn des Projektivzusammen
hangs {PF(M), C}, wenn die Kurve (jc(t), x'(t)) auf V die Projektion einer Integral
kurve des fundamentalen Vektorfeldes Yw  ist.

Es gilt der
Satz 8. 1. Induziert der Cartansche Affinzusammenhang {r‘Jk, den Projektiv

zusammenhang {PF(M ),C} so stimmen (ungeachtet der Parametrisation) die Bahnen 
des Affinzusammenhangs {r‘Jk, C)k} und des Projektivzusammenhangs {PF(M), C } 
überein.

2. Die projizierbaren Projektivzusammenhänge {PF(M), C} bzw. {PF(M),C} 
bestimmen genau dann das gleiche Bahnsystem, wenn die Berwaldschen Projektiv
zusammenhänge ß(PF(M)) bzw. ß(PF(M )) übereinstimmen.

Beweis. Sind в 1, tu), w i = d y i + y Jco) die Zusammenhangsformen des Cartan- 
schen Zusammenhangs {Г)к, CkJ} auf F(M), so heißt das Vektorfeld Z  auf F(M),
definiert durch 0'(Z)=_y', a>j(Z)=S‘(Z)=0, das fundamentale Vektorfeld be
züglich {Г)к, C‘jk}. Eine Kurve x(t)  auf M  heißt eine Bahn des Zusammenhangs 
{Г)к, C‘Jk}, wenn die Kurve (x(t), x'(t)) auf V die Projektion einer Integralkurve 
des Vektorfeldes Z  ist. In einer Karte (U, x j  ist eine Kurve x ‘(t) genau dann eine 
Bahn, wenn für sie die Differentialgleichungen:

d2x ‘ 
dt2 + r ‘Jk(x(t), x'(tj) dxJ dx11

~dT~dT = 0

bestehen. Mit dieser Bemerkung wird der Beweis von Punkt 1 ganz ähnlich, wie 
in [9] S. 230.

Der Beweis von Punkt 2 folgt offensichlich aus Punkt 1 und aus der folgenden 
Bemerkung. Ist der Cartansche Zusammenhang {Г)к, C‘jk} mit dem projizierbaren 
Rundschen Affinzusammenhang Г)к in {PF(M), C}, so stimmen die Bahnen des 
Cartanschen Zusammenhangs {Г)к, C‘jk} und der Rundschen Zusammenhänge Г)к 
bzw. ВГ)к überein. W. z. b. w.
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FINSLERSCHE PROJEKTIVGEOMETRIE. II
ÜBER FINSLERSCHE PROJEKTIVBÜNDEL MIT WEYLSCHER 

PROJEKTIVKRÜMMUNG NULL

Von
Z. I. SZABÓ (Szeged)

Einleitung

Ein allgemeiner affiner Raum läßt sich genau dann durch bahntreue Abbildung 
in allgemeine affine Räume mit der Krümmung Null abbilden, wenn der Weylsche 
Krümmungstensor des Raumes verschwindet. Das hat L. Berwald [2] bewiesen, 
aber der Beweis dieses Satzes ist unserer Meinung nach nicht befriedigend. Um 
dieses Problem von näher zubeleichten, werden wir diesen Beweis kurz zurückrufen.

Die allgemeinen affinen Räume, definiert durch die Berwaldschen Übertragungs
parameter G)k bzw. Gjk, haben genau dann dasselbe Bahnsystem (ungeachtet der 
Parametrisation), wenn zwischen ihnen die Relation Gi=Gi+pyl besteht, wobei
G‘ ly y c j .* ,  G ^ y / y c j * ist. Bildet man einen affinen Raum durch bahn
treue Abbildung in einen allgemeinen affinen Raum mit Krümmung Null ab, so 
muß man die Differentialgleichung

(1) Ek(p) - p  ̂  (nHk + ymHkm)

bezüglich der unbekannten Funktion p auflösen, wobei 
Gk=yJG'k besteht [2].

Bei der Prüfung der Integrierbarkeit der Gleichung (1) 
bewiesen, daß die Vertauschungsformeln

Ek~ d x k G'k д /  ’ 

hat L. Berwald nur

d2p______ d2p
dx'dxJ dxJdx‘

bezüglich eines allgemeinen affinen Raumes mit Wiljk —0 automatisch erfüllt sind.
Aus der Theorie von T. Y. Thomas und O. Veblen folgt aber nicht offensicht

lich, daß zur Auflösung der Gleichung (1) die Prüfung nur dieser einzigen Ver
tauschungsformel ausreichend wäre, da die Funktion p auch von der Veränderlichen
У abhängt und die Gleichung (1) auch die Glieder der Form enthält.

Im ersten Teil dieser Arbeit geben wir einen genauen Beweis dieses schönen 
Satzes von L. Berwald. Aus dem folgenden Beweis folgt leicht der

Satz . Hat der allgemeine affine Raum einen verschwindenen Weylschen 
Krümmungstensor, so gibt es für jeden festen Punkt У und für jede feste, in у diffe
renzierbare Funktion p (У, y) (die in у positiv homogen von \-ter Ordnung ist) genau
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eine Lösung p(x, у) der Gleichung (1) derart, daß p (x, y) in den Linienelementen 
(x , y) den Anfangswert p(x, y) hat.

Im zweiten Teil werden wir die Finslerschen Räume von skalarer bzw. kons
tanter Krümmung (im Sinne von L. Berwald bzw. von Akbar Zadeh) mit Hilfe 
des Weylschen Krümmungstensors charakterisieren.

Diese Arbeit ist eine direkte Fortsetzung unserer Arbeit [7], so sind die dortigen 
Bezeichnungen, Definitionen und Sätze als bekannt vorausgesetzt.

1. § Der Beweis des Berwaldschen Satzes

Es sei PB(M) ein Berwaldsches Projektivbündel mit den natürlichen projektiven
Zusammenhangsformen (oder Normalformen) (со1, со), coj, w‘). Sie bestimmen 
einen absoluten Parallelismus auf PB(M), und ihre Strukturgleichungen lauten:

( 1 . 1)

mit

( 1.2)

und damit 
(1.3)

dco‘ =  co[Acok,
dcoj = — ̂  сокАсак — со1 AcOj+ö) 2  co,Acor—Л),
dcoj = cokA(okj —A j,
daj‘ =  co[Acok — yJa^Acoj+y12  o j j A a ß у1 Л),

A) =  j  W f kl cokAcol+ D ? klcokAw l,

' Aj = j  W*klcokAco‘ +D*klcokAw1,

yJA) = j W * ‘klcokA(ol,

fv*L =  yJn T u *  yJD* ju  =  o .

Die Krümmungsfunktionen W f‘kl, D*/kl sind auf PB(M) definiert, und aus 
diesen läßt sich der Weylsche bzw. der Douglassche Krümmungstensor herleiten. 
Wir haben ja früher gesehen, daß die Funktionen fV f‘kl bzw. D fkl in einer Bündel
karte (x‘, y l,u), — Г)к) auf PB(M) die Form

[ К ы  = u№*l*mWtK„(x> У),
' } № /» = u)u'kuWmDtmrs{x, У)

haben, damit sind die Funktionen W /kl bzw. D /kl die klassischen Komponenten 
des Weylschen bzw. Douglasschen Tensors. Früher haben wir auch die folgende 
Charackterisierung gegeben. Die Berwaldschen Projektivzusammenhänge sind genau 
die projizierbaren Rundschen Projektivzusammenhänge, deren projizierbare Rund- 
sche Affinzusammenhänge die Übertragungsparameter der Form

(1.4) r)k = G lJk--------Jk Jk n + 1 G;Jky‘
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haben, wobei die Funktionen G‘jk(x, у) die Übertragungsparameter eines Berwald- 
schen Affinzusammenhangs sind, dh. wenn

G‘ =  УJ ykG‘jk, so Glj = dG‘/dyJ, G‘Jk = dG‘j/dyk u.s.w.

Es sei H /kl der Krümmungstensor des Berwaldschen Affinzusammenhangs G, 
definiert durch die Übertragungsparameter G'Jk, damit haben wir auch ausgerechnet:

(1.5) W{„ =  H /u  + (Я„ -  Я„)<>; + - J ~ i  (»l/„ + H„ + Г  Í S 1) SÍ -

nHJk + HkJ + y" dHkn
dyj ■ ) ä ! + d r

dyJ
д(нк1- н 1к) 

dyJ y ’

( 1.6) D /kt = G/u -  —  (G/Jk (5{+ G/kl S‘ + G’kl S>k + C ’ ,,  Л

wobei Н ‘к=)ГН‘]к, Hj = HrJr, HhJ = HhrJr.
Der Operator d wirkt auf den Strukturgleichungen, und damit bekommen 

wir die Bianchischen Identitäten (1,7), (1.8) und (1.9).

(1.7)
woraus

ЛкАог =  0,

W /kl+Wk‘,j+ W ‘Jk =  0, D/u = DkJl.

Aus der Formel (1.6) folgt offensichtlich, daß der Douglassche Tensor in den un
teren Indizes totalsymmetrisch ist, weiterhin folgt aus (1.5):

w\k = fW riJk, w‘dJ L /w r‘k, w /kl = dWl, fVL = dwl dfvj
dyj ’ jk dyj dyk •

Die Eigenschaften WfJk = W /ik= WJiki= D ‘Jk—0 sind auch offensichtlich.
(1.8) dA^+to1 A A j+ Л)А(о1к- A'kAw) =  0.

Mit der Kontraktion i—j  bekommen wir aF А A j= 0, und daraus folgt 
Щ к + W*ki + fVk*j = 0, D*jk = D*ik.

(1.9) dAj — AkA(ü)+A)Awk =  0.
Lemma 1. Verschwindet der Tensor W /kl (bzw. D /kl) des Bündels PB(M), so 

verschwinden auch die Funktionen W*Jk (bzw. D*Jk).
Beweis. Es bestehe bezüglich PB(M) die Gleichung W /kl=0 dann bekommen 

wir aus (1.8)
(dDjikl)AcúkAojl +D*jkl dcokAco‘' —D*j‘kl cokAdw' +

+ ~  W%l(a,AcokAa),+D%,w,AcokA v ,+D*jklmco,A v mAco,k-D *kilm(olAw mAafj = 0.
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Substituiert man anstelle von dof bzw. dm1 die Formeln (1.1), so wird das einzige
Glied, in dem die Formen а>‘Аа>кАсо1 Vorkommen, — Wf^co1 AcokAco1 sein. Damit
gilt auch die Gleichung Wjkl=0. Ganz ähnlich läßt sich auch die andere Behaptung 
bewiesen. W. z. b. w.

Jedem Vektor £=(£x, £2, ••• , £")€R" läßt sich ein sogenanntes horizontales
w w

Vektorfeld £ und ein quasivertikales Vektorfeld £ auf PB(M) zuordnen:
(A) W  (А) („) (A)

( 1-10) <*>'({) =  €', cotj(Z) =  a ) jU )=  o ) \O  =  0,
tv) (f) (») (v) (v)

(1.11) = <»*«) =  ® J(0 =  ® /O  =  o.
Sind noch (e*1, e*2, ..., e*") die natürliche Basis im Dualraum R"* und (e*-), 

/,7 = 1 ,...,  и die natürliche Basis in gl (я, R), und definieren wir die fundamen
talen Vektorfelder (e *', (ej auf PB(M) durch

( 1. 12) a>j(e ) = (5), coJ(e  ') =  a>j(e*1) =  co‘(e ') =  0,
(1.13) ®4(еЪ -  <5Í ,̂ шЧсЪ =  =  S '(e'J  =  0,

so bestimmen die Vektorfelder (e t , e it e), e *'), i, j = l , ..., n, auf PB(M) einen 
absoluten Parallelismus, wobei (elt ..., e„) die natürliche Basis in Rn ist. Aus den 
Strukturgleichungen erhalten wir

(1.14)
r(A) (A) (»), (o)[ et, ej] = -  wrktj e ‘k -  Wfo e*k- ■ tv * A

und so bekommen wir aus Lemma 1 den
(A)

Satz 1. Die horizontalen Vektorfelder £ (££ R"), bilden eine Liesche Algebra 
(und daher eine Abelsche—Liesche Algebra) genau dann, wenn der Wey Ische Tensor 
W /kl des Bündels PB(M ) verschwindet.

Es bezeichne T W (PB(M)) das Feld der и-dimensionalen Unterräume auf
(A)

PB(M), das durch die Vektorfelder der Form £, £ £ R" aufgespannt wird. So haben 
wir

T « \P B(M)) =  {Х£Т(РВ(М ))\Ш){Х) = cOj(X) = ш‘(Х) =  0}.
Aus dem vorigen Satz und aus dem Satz von Frobenius folgt leicht der

Satz 2. Die n-dimensionale horizontale Distribution T{h)(PB(Mj) auf PB(M) 
ist genau dann vollständig integrabel, wenn die Wey Ische Tensor des Bündels PB{M) 
verschwindet.

Ist U eine offene Menge der Grundmannigfaltigkeit M, so bezeichne PB(U) 
die Beschränkung eines Berwaldschen Projektivbündels PB{M) auf U. Der Basis
raum des Faserraumes PB(U) ist i _1(C/), wobei die Abbildung t: V-*M  die Pro- 
ektion des Bündels der nichtverschwindenden Tangentenvektoren (der M) auf 
M ist.
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D efinition. Ein Berwaldsches Projektivbündel PB(M) heißt 0-projektiv, wenn 
für jeden Punkt q£M  eine Umgebung U um p, und in U mindestens ein projizier
barer Rundscher Affinzusammenhang Г, mit den Übertragungsparameteren

existiert, derart daß der Krümmungstensor H /kl des Berwaldschen Affinzusammen
hangs G (definiert durch die Übertragungsparameter G)j) verschwindet.

Satz 3 (von Berwald). Ein Berwaldsches Projektivbündel PB(M) ist gerade 
dann O-projektiv, wenn der Weylsche Tensor des Bündels PB(M) verschwindet.

Beweis. Ist PB(M) O-projektiv, so verschwindet der Tensor W /kl. Diese Tat
sache folgt offensichtlich aus der obigen Definition und aus der Formel (1.5).

Umgekehrt nehmen wir an, daß für PB{M) der Tensor W /u verschwindet. 
Wir beweisen zuerst, daß für jeden Punkt q£M  eine Umgebung U um q, und in 
PB(U) ein Rundscher Affinzusammenhang Г existiert, für den der Krümmungs
tensor R jkl verschwindet.

Wegen des Satzes 2 ist T (h)(PB(Mj) vollständig integrierbar. Man betrachte 
für einen beliebigen, aber festen Punkt q^M  den Raum Vq der nichtverschwindenden 
Tangenten vektorén auf q, und auf Vq einen beliebigen (in y) differenzierbaren 
Schnitt oq: Vq-*PB(M), оq(v)£PB(M)/v, positiv homogen von 0-ter Ordnung. 
Man betrachte auch für jeden Vektor v£Vq die maximale Integralmannigfaltigkeit 
Ia(v) der Distribution T{h)(PB(Mj), die durch oq(v) geht. Wegen der Homogenität 
und der vollständigen Integrierbarkeit gelten die folgenden Behauptungen selbst
verständlich :

1. Ist vt^w, so ist Ia{v)C\Ia(w)=0.
2. Es existiert eine Umgebung U um q, derart daß jede Faser PB(U)/w, w 6i_1(U) 

genau eine Integralmannigfaltigkeit der Form Ia(V), v£Vq, genau in einem (mit o(w) 
bezeichneten) Punkt schneidet.

Dadurch ist o: w~+o(w) eine differenzierbare Abbildung:

Es bezeichne Г den eindeutig bestimmten Rundschen Affinzusammenhang 
in PB(U), der diese Integralmannigfaltigkeiten /„(v), v£Vq erhält, dh. o(t~1(U))c: 
cy(F(Uj), wobei у : F(U)-*-PB(U) die natürliche Einbettung bezüglich Г ist. 
Wir beweisen, daß der Krümmungstensor R /kl des Affinzusammenhangs Г ver
schwindet.

Die Normalformen des Affinzusammenhangs Г auf F(U) sind y*a>\ y*a>),
у*(а>1. Mit der Bezeichnung r hc:T(F(Uj) für das Feld der horizontalen Unter
räume von Г :

(1.15)

(1.16) a: t - \U ) -* P B(U).

(1.17) Th = {X^T{F{U))\y*(olj{X) = у*ш‘(Х) = 0},

folgt aus der obigen Konstruktion offensichtlich

(1.18) 7 t ( f ‘) c r W ( P { ( t / ) ) .
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Damit y*Wj(X)=0 besteht, wenn X ^ r h. Da aber die Formel

(1.19) y'coj = R*Jky*cok+P%y*%k 
(aus [7]) gilt, wobei

(1.20) №  =
R*/id = VpUjUrkUsiR qprs(x, у),

folgt wegen (1.18) die Identität R%—0. Aus einer anderen Formel von [7] gilt:
(1.21) W*/kl = R*/kl -  R*t 4 + R*k 8\+( K  -  Rkl) 4 ,
daher folgt wegen W*/kl=0 auch, daß der Krümmungstensor R /kl des Affinzu
sammenhangs Г verschwindet.

Wir müssen noch beweisen, daß in PB(U) auch ein projizierbarer Rundscher 
Affinzusammenhang Г, mit den Übertragungsparametern

r ‘jk -

existiert, für die der Krümmungstensor R /kl verschwindet. Damit wird der Satz 
vollständig bewiesen sein. In der Tat, bezeichnet H /kl den Krümmungstensor der 
Berwaldschen Affinzusammenhang G, definiert durch die Übertragungsparameter 
G‘Jk, so folgt aus den wohlbekanten Relationen
(1-22) H /u =  dyrRrlklldyJ, Hjk = y R r‘jk,
daß auch der Tensor H /kl verschwindet.

Zuerst beweisen wir das
Lemma 2. Sind Г bzw. Г Rundsche Affinzusammenhänge in PB(U), Г projizier

bar, zwischen denen die Beziehung

Rjk =  Rjk +  Pjbk +  pk 8‘j
besteht, so besteht zwischen den Krümmungstensoren Rjk=yrRrijk bzw. Rljk= y R r‘ k 
die Relation
(1.23) Rh =  Rh +  (Ek (p) — pFk (p)) 8\ -  (E, (p) -  pFl (p)) ö‘k +

+(Ek (Pi)) -  E, (pk) -p F k (Pi) + pFt (pk)) y \ 

wobei Ek =  д/дхк- у гГ‘кгд/у‘, F, =  djdy1, p y p r ist.
Beweis. Der Beweis des Lemmas folgt aus den wohlbekannten Formeln

Rh = Ek (G\) -  Et (Öh), G\ =  /  f  I , G\ =  Gf+ pSl+ p,y
mittels einer elementaren Rechnung. W. z. b. w.

Lemma 3. Ist Г ein projizierbarer Rundscher Affinzusammenhang in PB(U), so 
läßt sich der Tensor R‘jk des Affinzusammenhangs Г eindeutig in der Form
(1.24) RiJk = AJőik- A kőiJ- B Jkyi
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darstellen. In dieser kanonischen Darstellung ist Aj ein Finslersches kovariantes Vektor
feld, positiv homogen von \-ter Ordnung, ferner gilt immer die Relation

(1.25) r _  dAk dAj 
Jk 3yJ dyk '

Beweis. Die Eindeutigkeit der Darstellung (1.24) ist offensichtlich. Zum Beweis 
der Existenz der Formeln (1.25), (1.24) bemerken wir, daß wir diese Behauptung 
bezüglich der Finslerschen Räume schon bewiesen haben [8]. Der dortige Beweis 
läßt sich nun aber ohne Schwierigkeit auf den obige Fall übertragen, da die Über
tragungsparameter von Г haben die Form (1.15), damit ist Rjk=H jk, wobei Hjk= 
=yrHr'jk und H 'jk ist der Krümmungstensor des durch G)k definierten Berwald- 
schen Affinzusammenhang. W. z. b. w.

Wir kehren jetzt zum Beweis des Satzes 3 zurück. Es sei Г  ein Rundscher 
Affinzusammenhang in PB{U), deren Krümmungstensor R /kl Null ist, und Г sei 
ein beliebiger projizierbarer Rundscher Affinzusammenhang in PB(U). Zwischen 
ihnen gilt die Relation
(1.26) r iJk — r jk+PjSk + pköj.

Wir definieren jetzt den projizierbaren Rundschen Affinzusammenhang Г in 
PB(U) durch
(1.27) r lJk =  r^+ p jÖ i+ p ^ j,

wobei Pj—dp/dyf p =  У pr sind. Wegen der Bemerkungen vor (1.22) müssen wir
noch beweisen, daß der Tensor RlJk des Affinzusammenhangs Г verschwindet. Wegen 
(1.23) gelten die Gleichungen:
(1.28) 0 =  RU+ ( E k  ( p ) —PFk (p)) <5f -  ( E ,  ( p ) - p F ,  (p)) S‘k +

+(Ek (Pi) -  Ei (Pk) ~pFk(Pi) + pFfptS) y‘,

(1.29) RU = RU + (Ek (p) — pFk (p)) <5{ -  (E, (p) -  pF, (p)) ö!k +
+  ( E k ( P i ) - E l ( p k ) ) y i .

Kontrahiert man aus (1.29) die Gleichung (1.28), so ergibt sich

Mi = (E,(pk) - E k(p,)+Ek(pl) - E l(pk) + pFk(pl)-p F l(pk))yl ~ - B klyl.

Mit Rücksicht auf die kanonische Darstellung (1.24) des Tensors R)k sieht 
man, daß der Tensor Aj verschwindet, und damit verschwindet wegen (1.25) auch
der Tensor BJk. So besteht die Gleichung Rjk—0 und damit ist der Satz voll
ständig bewiesen.
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2. § Über Finslersche Räume mit verschwindenem Weylschen Krümmungstensor

Es sei JF(x,y) die metrische Grundfunktion eines «-dimensionalen Finslerschen

Raumes F„. Der metrische Grundtensor gy= у d2JF2/dyidyJ wird als positiv
definit, und in у  als positiv homogen von 0-ter Ordnung vorausgesetzt.

Es bezeichne G)k die Berwaldschen Übertragungsparameter des Raumes und 
H /kl den Berwaldschen Krümmungstensor. Wir werden später die folgenden For
meln benötigen

Щ  = yJH /k, HhJ =  dHj/dyh, Hjk- H kJ = - H / jk,

Der Skalar R=H/J?2 ist der Krümmungsskalar des Raumes F„.
L. Berwald hat das Krümmungsmaß R (x ,y ,t/) im Linienelement (x, y) nach 

der 2-Richtung (y, rj) durch
R(x, y, rf) =  H ikhmyiyhtjkt]m/(gihgkm- g imghk)y iykrikrim

definiert [2]. Der Raum heißt von skalarer Krümmung, wenn R{x,y,rf) von der 
Wahl des Vektors rj unabhängig ist. In diesem Fall gilt die Gleichung R(x, y, rj) = R.

Ein Finslerscher Raum ist gerade dann von skalarer Krümmung, wenn der 
Tensor (1/jS?2)Hj die folgende Form
(2.1) (1 l ‘F*)Htj = R(5tj - l 4 J)
hat, wobei l l bzw. lj den kontravarianten bzw. kovarianten Einheitsvektor be
zeichnet.

Der Satz von Schur lautet: Ist der Raum von skalarer Krümmung, und ist 
R(x, y) eine Funktion nur des Ortes, so ist R(x,y) konstant. Diese Räume sind 
die Räume von konstanter Krümmung. Der Verfasser dieser Arbeit hat schon an 
anderer Stelle den folgenden Satz bewiesen [8]:

Satz 4. Ein Finslerscher Raum F„ mit dim Fn>2 ist genau dann von skalarer 
Krümmung, wenn sein Weylscher Krümmungstensor verschwindet.

Wir geben auch jetzt mit Hilfe gewisser Weylscher Tensor notwendige und 
hinreichende Bedingungen dafür, daß ein Finslerscher Raum von konstanter 
Krümmung im Sinne von L. Berwald, bzw. von Akbar Zadeh ist.

Später werden wir auch die folgenden Relationen benötigen [8]. Ist Hjk= 
=Ajöik—Aköij —BJkyi die kanonische Darstellung in einem Raum von skalarer 
Krümmung, so
(2.2) Aj  =  R & y H V V & R y ,

(2.3) BJk = (1/3 )(ljR №- l kRnj) = - ^ j -  H /Jk,

wobei die Operation || j  durch JFdjdyj definiert ist. Es gilt auch die folgende 
Behauptung [8]:

Ein Raum von skalarer Krümmung ist gerade dann von konstanter Krümmung, 
wenn die Gleichung BJk= 0 besteht.
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Betrachten wir jetzt bezüglich eines Finslerschen Raumes Fn das Rundschen 
Projektivbündel PF(M), das den (mit G bezeichnete) Berwaldschen Affinzusammen
hang des Raumes enthält. Es bezeichne y: F(M)-~Pf(M) die kanonische Ein
bettung bezüglich G, und betrachten wir auch noch den gl (я, R)-wertigen Tensor

(2.4) y*A) = ~  Wj‘kly*cokЛу*а>'+D /kly*а>кЛy*m‘

auf F(M). In einer Bündelkarte (x‘, y \  u)) auf F{M) sind die Funktionen W/kl 
bzw. ß / kl der Form (1.3') und damit sind W/kl bzw. D /kl die klassischen Kom
ponenten Finslerscher (1.3) Tensoren. Doch sind diese Tensoren in allgemeinen 
keine projektiven Invarianten, da PF(M ) im allgemeinen nicht von Berwald-Typ 
ist [7]. Um Mißverständnissen vorzubeugen nennen wir den Tensor W /u den 
Berwald—Weylschen Krümmungstensor des Raumes. Es gilt die Formel [7]:

(2.5) W /u = Н /к1- К л 51+К]к0 \Н ^ 1к- K kl)ö‘j, 
wobei

1 *
(2.6) Ktj = (nHfsj+ H fsi),
und damit

(2.7) Н = - у 1у1Ки , Klk- K kl = - ^ H s\ l.

Satz 5. Ein Finslerscher Raum Fn, mit dim F „> 2  ist gerade dann von kon
stanter Krümmung, wenn der Berwald— Wey Ische Krümmungstensor (2.5) des Raumes 
Fn verschwindet.

Beweis. Ist der Raum von konstanter Krümmung, so ist der Tensor H /k 
von der Form
(2.8) H /kl = RigjkSl-gßöl).

Substituiert man (2.8) in (2.5), so ergibt sich, daß der Tensor W /kl verschwindet.
Umgekehrt rei vorausgesetzt, daß der Tensor W /a verschwindet. Zuerst be

weisen wir, daß der Raum von skalarer Krümmung ist. Aus (2.5) bekommen wir

(2.9) Hl = Hői+ (2 /Krl—у  Klr) y‘.

Komponiert man diese Gleichung mit /,-, so hat man

(2.10) 2f K rl- / K lr = - ( H/J?)l,.

Substituiert man (2.10) in (2.9), so ergibt sich
(1/&*)HÍ = R(Ő \-Illi), 

und somit ist der Raum von skalarer Krümmung.
Wir müssen noch beweisen, daß der Tensor Klk—Kkl = —--- - -  Ht’u ver

schwindet (siehe den Satz nach der Formel (2.3)).
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Aus (2.5) folgt auch:
(2.11) Hí, = УKrl <5*—УKrk д\—(K,k—Kkl)y‘.
Substituieren wir (2.5) und (2.11) in die meistens wohlbekannte Gleichung ЯЛ,=
=дН‘к,/дУ:

(2.12) УдКг11ду’51к- у д К гк1ду>5\-д{К1к- К 1к)1ду’у' =  0,

und aus dieser Identität folgt leicht
(2.13) HKlk- K kl)/dy> = 0, 
d. h., wegen (2.7) und (2.3):

(2.14)
d (^R ilJ- ^ ’Rjli)ldyk =

— h Ri lj +  ̂ Rik lj +  &R, ljk~hRjh~yRjkh~3'Rjhk.  =  0,

wobei R—dR/dy1, RiJ=dRi/dyi, lij—dli/dyJ u. s. w. Komponiert man (2.14) mit 
У, so ergibt sich •
(2.15) Rjk = -(l/J?)(Rklj+lkRJ).
Substituiert man (2.15) in (2.14)
(2.16) т ,1 ]к- ш у , к = 0,

so reduziert sich (2.14) auf die Gleichung

(2.17) W j+ X R J j - K R j ^ - S e R jJ ,  = 0.

Vertauscht man die Indizes i und k, und subtrahiert man dann diese Gleichung 
aus (2.17), so erhält man mit Rücksicht auf (2.15)

Rk h~  Rj h К — 0.
Komponiert man diese Gleichung mit У, so hat man

R\\kh~ R\\jlk =  0,
und somit ist der Raum von konstanter Krümmung. W. z. b. w.

A kbar Z adeh  [1] hat das Krümmungsmaß R (x, y, £, rj) im Linienelement 
(x, y) nach der 2-Richtung (£, rj) durch

R ( x ,  У, C, l )  =  RikhmCCh4k4m/(gih gkm- gimgkh)C£h4krim

definiert, wobei R /k, der Cartansche erste Krümmungstensor des Finslerschen 
Raumes F„ ist.

Der Satz von Schur  [1] lautet: Ist R(x, y, £, rj), (n>2), von der Wahl der 
Vektoren (£, rj) unabhängig so ist R(x, y, £, rj)=R konstant.

Diese Räume sind die Räume von konstanter Krümmung im Sinne von Akbar 
Zadeh. In diesem Fall verschwindet auch der dritte Cartansche Krümmungstensor 
S / k, (siehe [1]), und so bekommen wir nach einem Satz von Brickel [3] den
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Satz 6. Ist Fn (n > 2 ) von konstanter Krümmung im Sinne von Akbar Zadeh, 
und ist die metrische Grundfunktion I£{x,y) in у  symmetrisch: Sß (x,y)=E£ {x, —y), 
so ist F„ ein Riemannscher Raum von konstanter Krümmung.

Der Raum F„ mit dim F„ > 2  ist gerade dann von konstanter Krümmung im 
Sinne von Akbar Zadeh, wenn der Tensor ЛД, die Form:

Betrachten wir jetzt den Cartanschen Affinzusammenhang (gegeben durch die 
Übertragungsparameter {Г)к, СД}) des Finslerschen Raumes Fn. Dieser Affinzu
sammenhang bestimmt auch einen Cartanschen Projektivzusammenhang (PF(M ), C). 
Es sei y: F(M )—P,,(M) die kanonische Einbettung bezüglich {Г)к,С )к}, und 
betrachten wir die Form

auf F(M). Die Funktionen ЙД,, D/ kl, 5Д, auf F(M) sind in einer Bündelkarte 
(х \ у ‘, и)) der Form (1.3'), wobei W /kt, D /kl, S /kl die klassischen Komponenten 
Finslerscher (1.3)-Tensoren sind. Auch diese sind keine projektiven Invarianten. 
Den Tensor

nennen wir den Cartan—Weylschen Krümmungstensor des Raumes.
Satz 7. Ein Finslerscher Raum Fn mit dim 2 ist genau dann von konstanter 

Krümmung im Sinne von Akbar Zadeh, wenn der Cartan— Wey Ische Krümmungs
tensor (2.19) des Raumes verschwindet.

Beweis. Ist der Raum von konstanter Krümmung im Sinne von Akbar Zadeh, 
so erhalten wir aus (2.18) mühelos, daß der Tensor W /kt unter (2.19) verschwindet.

Umgekehrt sei angenommen, daß der Tensor W /ki verschwindet. Für einen 
Finslerschen Raum F„ verschwindet auch der Tensor

(2.18)
hat.

R/kl — R(gjkö‘l~  yßö'k)

(2.19)
wobei

W / u  -  R j \ i - R ß  S ‘k + R J k  S ‘i +  ( R lk —  R k l )  ö ) ,

Rtj = (nR‘S’-i+ i)> (also H  = - y lyjR,j),

1

somit erhalten wir aus (2.19)
(2.20) Rj kl — Rjld‘k~~ Rjkbl-

Für den Tensor Rjiki—girRfki sind die Eigenschaften:
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wohlbekannt, und so folgt aus (2.20)
*  *  *  *  *  *

Rjlgik~Rjkgli — — Ril gjk +  Rik gl j — ~~ Rligkj + Rljgik->
daher
(2.21) RJkö\ = R\gkJ,
mit

*  *

R‘ = g'%r-

Mit der Kontraktion i-*l in (2.21) erhalten wir:
* 1 *
Rjk “  Rs&kj RZk j 9

und so folgt aus (2.20) daß der Raum von konstanter Krümmung im Sinne von 
Akbar Zadeh ist. W. z. b. w.
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ÜBER APPROXIMATION DURCH POLYNOME 
MIT BELEGUNGSFUNKTION

Von
J. GRÓF (Veszprém)

§ 1. Einleitung

Außer den Approximationseigenschaften sind auch die engen Beziehungen 
bekannt, die die Bernsteinsche Operatoren [1]

zur Binomialverteilung der Wahrscheinlichkeitstheorie binden. Ähnliche Bezie
hungen findet man z. B. in den Betrachtungen der Operatoren

mit denen man eine im Intervall [0, 1] stetige Funktion /  in [0, a\ (a< l) gleich
mäßig approximieren kann [2], oder z. B. auch im Fall der Gamme-Operatoren [3]

Die M„ sind mit der Pascal-Verteilung, die G„ mit der Gamma-Verteilung verbunden.
Betrachten wir jetzt — ohne diese Parallelität ausführlich darzulegen — die 

entsprechenden Beziehungen der Poisson-Verteilung zur Approximationstheorie. 
Mit diesem Problem beschäftigten sich O. S zá sz  [4], G. M. M ira k y an  [5] und 
auch andere Mathematiker. Die Operatoren von Szász—Mirakyan ordnen einer, 
im Intervall [0, °°) gegebenen Funktion /  Potenzreihen mit Belegungsfunktion:

In seiner eben zitierten Arbeit prüfte O. Szász die zu den bekannten Approxi
mationseigenschaften der Bernsteinschen Polynome analogen Behauptungen im Fall 
des Operators S„.

Die Approximation irgendeiner Funktion durch Mn, Gn bzw. S„ ist im Fall 
numerischer Rechnungen im allgemeinen problematisch, wegen des Integrals bzw. 
der unendlichen Reihen. Es scheint also nützlich die Frage zu behandeln (bleiben 
wir im weiteren beim Operator S„), ob man nicht statt der unendlichen Reihen 
mit ihrer Partialsummen rechnen kann. Genauer gesagt, wenn man die folgende 
Bezeichnung einführt:

Sa. A f  ; x) = e -”x
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so lautet unsere Frage: Welche Approximationseigenschaften des Operators S„ 
beliben auch für Sn>N gültig, und wie muß man dann N  angeben? Ferner: ist es 
nicht möglich, in einem beliebigen Punkt bzw. beliebig langen Intervall der reellen 
Achse auch solche Funktionen durch SnN beliebig genau zu approximieren bzw. 
gleichmäßig zu approximieren, für welche die Transformation Sn gar nicht erklärt 
ist. Diese Fragen wollen wir in der vorliegenden Arbeit beantworten.

§ 2. Sätze 1—3.

O. Sz á sz  bewies in [4]; „Ist f ( x ) eine, in allen endlichen Intervallen beshränkte 
Funktion, und gilt f ( x )  = Ö(xk) (A:>0, x —°°), ferner, ist / ( x )  stetig an der Stelle 
x„, so gilt die Behauptung: lim Sn(f;  x0) = / (x 0).“ Unsere obige Frage lautet also:П-+ oo
Ist dieser Satz auch für S„tN gültig, wenn N  in geeigneter Weise angegeben wird? 
Die Frage können wir positiv beantworten, wir werden aber viel mehr beweisen: 
statt der Klasse der Funktionen, die durch die Bedingung / (x) —0(xk) zugelassen 
werden, können wir eine viel breitere Klasse angeben, deren Funktionen durch 
S„iN approximiert werden können. Vor der genauen Formulierung unserer Behaup
tung betrachten wir z. B. die Funktion /  (x)==exk, wobei 0 ist. Für diese Funk
tion lautet die Transformation S„:

Sn(e?k; x) =  e~nx j?  exp
v  =  0

(nxT 
v! '

Bezeichnen wir das allgemeine Glied der unendlichen Reihe mit an% v(x), so bekommt 
man durch Anwendung der Stirling-Formel die asymptotische Gleichung:

aB>v(x )~ -^2= -exp  [ ^ )  + v ln (n x )-v ln v + v j (v-°°),

aus der sich ergibt, daß für k > l  die Reihe für beliebige fixe x> 0 , л>0 divergent 
ist. Die Funktion f ( x ) —exk (k>  1) wird also für keinen positiven Wert von x 
durch Sn approximiert. Laut des nachstehenden Satzes kann aber diese Funktion, 
sogar für beliebige x>0, durch Sn N approximiert werden.

Satz 1. (A) Es sei f  in allen (in [0, °°) liegenden) endlichen Intervallen beschränkt 
und f(x )  = 0 (g m(x)) (x-*-°°, m ä l  ganze Zahl), mit

g0(x) =  x; gf(x) =  exp [g.-^x)] (i s  1);

es sei ferner N=N(n) so angegeben, daß

lim
Л-*-оо

N(n)
n

o o

gilt, wobei aber eine Schwellenzahl n0 existiert, derart, daß für n =-я0 die Bedingung 
N(n)Snhm_1(n) mit h0(x)=x; А;(х)=1п [Л.-^х)] ( /S l)  erfüllt ist. Dann gilt die 
folgende Behauptung für jede nicht-negative Stelle x0, wo f  stetig ist:

lim S„'N(f; x0) —/(x 0).
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(B) Existiert zur Funktion f  eine Schwellenzahl x ' derart, daß für x>-x' die 
Ungleichung f(x)> ygm(x) (m S2, y>0) gilt, ferner eine Zahl их derart, daß für 

N(n)^nhm_fn ) zutrifft, so ist die Folge {S„tN(f; x)},TLi für alle x > 0  
divergent.

Beweis. Es sei x0 eine beliebige nichtnegative Zahl. Teilen wir die Summe 
Sn.uifi xo) in zwei Teile, die wir mit Tx bzw. T2 bezeichnen werden:

s n.N(f; x0) = e-*o [2 l]/ ( ^ ) ^ + e— 0 2
V = 0 V ' v  V! v H e n jc J  +  l  t n /  VI

Mit хг wurde x0+ 1 bezeichnet. Führen wir jetzt die Folgende Funktion ein:
f f(x)  für

für jc >  3xj.
Es ist evident, daß

s„,[3nxi,(f; x) = s„(/*; x)
ist und deshalb
(i) =  £„(/*;*„)
gilt. Nehmen wir jetzt T2. Aus den Bedingungen des Satzes folgt:

(2) Ta = o [ e ~**о f
L V =[3nx1l + l  УП ' V! J

Bezeichnet man den Ausdruck hinter dem T-Zeichen mit b„>v, so bekommt man 
nach Anwendung der Stirling-Formel:

b"’v ( n ) V 2nv 
Mit der Bezeichnung

(n *0)v
\2nv vve~v(l +  #

& )(= )

enx 0\ 
v V

erhalten wir
1

^2nv
Es folge jetzt die Abschätzung der Glieder und t „ iJV:

{ ex V3"^1
T„. [Злх,] ^  gm (3* l)  ( 3jCi _ 0„ - l )

Da für 1 die Ungleichung ex0̂ 3 x 1—л-1 gilt, erhalten wir
(3) t „, [3nxi] =  0(e~Xnxi) (л -  °°, A >  0).
Betrachten wir jetzt das letzte Glied in T2. Nach den Bedingungen existiert eine 
Zahl n0 derart, daß

чАГ
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für alle л=»и0 gültig ist. Da aber gm(hm_1(ri))=en ist, nimmt unsere Ungleichung 
die folgende Gestalt an:

T„jJv^exp  [n ( l - — ln —̂ - ) |  •1 l  n enxgJJ

Wegen der Bedingung lim (Nn~1)=oo, gilt unbedigt die Gleichung

(4) *n,N = 0 (e ") (n -  oo).

Zur Abschätzung der anderen Glieder der Summe T2 betrachten wir die Funktion

G„( 0  =  gm ( t>  0).

Differenzieren wir G„. Im Fall m ^ 2  ergibt sich

Die Funktion in der eckigen Klammer wird mit r„(t) bezeichnet. Es ist evident, 
daß die Funktion Г„ 0, 1 oder 2 Nullstellen hat. Da die Werte g/CPnxJ/z-1) unter 
eine von n unabhängigen Schranke bleiben, existiert eine Schwellenzahl rí derart, 
daß für я > я ' Г„([3ях,])<0 ist, woraus folgt, daß Г„ für n> rí zwei Nullstellen 
besitzt. Seien diese Nullstellen mit zn>1 bzw. z„j2 bezeichnet. Da aus F„(i)-= 0 
zn>i< f< z„>2 folgt, gelten auch die Ungleichungen zn l<{inxl]<z„ 2. So erhielten 
wir also, daß G„(t) im Intervall ([3«xJ, z„>2) monoton abnimmt, bzw. in (z„ 2, N) 
monoton wächst. Im Fall m — 1 bekommt man, daß G„(t) im ganzen Intervall 
([3«xJ, N) monoton abnimmt. Folglich gilt in den beiden Fällen xn v^  
^max (t„j[3„Xi], r„(N) (v=[3/ix1], ..., N). Die Anzahl der Glieder der endlichen 
Folge т„ [3лХ1], . . . , t„>jv, ferner (3) und (4) in Betracht ziehend bekommt man die 
folgende Gleichung: T2 — 0(e~yi”) (n — Aj>0). Dann gilt mit Rücksicht auf (1)

(5) Sn, N i f ; *o) =  x0) + O (e ^ n) (n -  oo).

Da im Fall der Funktion /*  die Bedingungen des zitierten Satz von Szász erfüllt 
sind, und f* (x 0) —f ( x 0) ist, folgt unmittelbar die Behauptung (A).

Zum Beweis des Teils (B) genügt es nur soviel zu beweisen, daß die Folge 
{Sn JV(gm; x)}“=1 divergent ist. Betrachten wir nun das allgemeine Glied der Folge:

S„,iv(gm! x) =
N

v = 0

(nxy 
v! '

Wird das letzte Glied der Summe mit r*(x) bezeichnet, so erhält man laut der 
Stirling-Formel die folgende Gleichung:

r*(x) = e nxg (nx)N
\TÜNNNe -N{\ + qN) ’
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wobei lim qN—0 ist. Wenn man jetzt N folgenderwise angibt: N  (и) =  [nhm _ 2(n) +1 ],
N-+°°

und in Betracht nimmt, daß gm ^ ^ = g m{hm- i (n)')=gi (n)—een ist, so gilt auch

t*(x) ^  -̂------ exp [— nx + e" + N(\nenx—ln A)],
Y2nN(l +qN)

woraus schon unmittelbar folgt, daß t * ( x )  und auch S„tN(gm; x) unbegrenzt wächst, 
wenn n-+ .

Mit Rücksicht auf den Beweis, möchten wir unsere Gedanken folgenderweise 
zusammenfassen: Auf gleiche Weise, wie bei den Bernsteinschen Polynomen, wur
zeln die Approximationseigenschaften auch bei den Potenzreihen von Szász— 
Mirakyan in Lokalisationseigenschaften, die durch Betrachtung der entsprechenden 
Verteilung der Wahrscheinlichkeitstheorie anschaulich werden: Obwohl zum Wert
S„(f; x0) alle Werte /^ - j ]  beitragen, werden die Werte /(~ )>  deren Argument
nahe zu x0 liegt, mit großem, die anderen mit bedeutungslosem Gewicht in Betracht 
gezogen. Wir haben aber schon gesehen, daß im Fall der Funktionen, deren Ord
nungsgröße gleich e*k 1), oder größer ist, obiges nicht mehr gilt; das
Gewicht des Wertes / ^ - j  nimmt vergeblich ab, wenn / ^ - j  viel „schneller“
wächst. Im Fall dieser Funktionen ist also S„ zur Approximation ungeeignet. Ob
wohl unser Ausgangspunkt war, daß es — um die numerischen Rechnungen zu 
ermöglichen — zweckmäßig wäre statt der unendlichen Reihen bloß durch deren 
Partialsummen zu approximieren, erhielten wir, daß man — wenn die Ordnungs
größe der zu approximierenden Funktion genügend groß ist — dies sogar tun muß, 
um die Approximationseigenschaften zu bewahren.

Die Bedingung m s2  im Satz 1 (B), ferner die Tatsache, daß in der Praxis 
haupsächlich Funktionen Vorkommen, deren Ordnungsgröße kleiner als die der 
Funktion ee* ist, motivieren unsere weitere Zielsetzung: den Satz „zwischen“ m = 2 
und m = l zu verfeinern, ferner uns auch mit dem Fall m= 1 ausführlicher zu 
beschäftigen.

Satz 2. (A) Es se if  in allen (in [0, °°) liegenden) endlichen Intervallen beschränkt 
und f( x )  = 0(exk) (x -»°° ,k> 0 konst.), es sei ferner N=N(ri) derart angegeben, 
daß lim (N(ri)/n)=°° erfüllt ist, aber für k>  1 eine solche Schwellenzahl n0 exis
tiert, daß für n>nü die Ungleichung N(ri)^anß gilt, wobei <x, ß positive Konstanten

кsind, und für ß die Ungleichung ß<~r—r- erfüllt ist. Dann gilt fü r jede nicht-negative
К  1

Stelle x0 wo f  stetig ist, die Limesbeziehung

Hm S„,N(/; x0) =/(*(,)•

(B) Existiert für die Funktion f  eine Schwellenzahl x' derart, daß für 
die Ungleichung

f(x )  >  yexk (k >  1, у >  0)
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erfüllt ist, ferner, existiert eine Zahl nx derart, daß

N(n) >  anß \ß  >

zutrifft, falls n>nx gilt, so divergiert die Folge {S„'N(f;  x)}%L1 für alle x > 0 .

Da der Beweis analog dem Beweis des Satzes 1 ist, lassen wir ihn weg.
Nach der Behandlung des ersten Satzes motivierte die Bedingung m ^2  die 

Aussage eines analogen Satzes für 2. Jetzt kann, in Anbetracht der Voraus
setzung k > \  im Satz 2 (B) eine ähnliche Frage gestellt werden, und zwar, ob es 
nicht einen analogen Satz für k=  1 gibt (oder mit der Bezeichnung von Satz 1 
ausgedrückt: für m= 1)? Nun, diese Frage müßen wir mit nein beantworten, man 
kann keine den Sätzen (B) analoge Behauptung aussagen. (Darum wird jetzt der 
Teil (A) selbstverständlich einfacher.) Unsere Behauptung lautet also:

Satz 3. Es sei f  in allen (in [0, ° ° )  liegenden) endlichen Intervallen beschränkt 
und f  (x) = О (ecx) (* — °°, c beliebig konst.), es sei ferner N=N(ri) derart angege
ben, daß lim (N(n)/n)=°o erfüllt ist; dann gilt für jede nicht-negative Stelle x0,
wo f  stetig ist:

lim x0) =/(*„)•П-*- oo

Beweis. Wir können einige Schritte aus dem vorangehenden Beweis über
nehmen. Die Summe T .f, die jetzt abgeschätzt werden muß, ist der unter (2) ste
henden Summe T2 analog:

T* = e -
N

о 2  e
v = [ 3 n x 1]  +  l

(nxo)V
V!

Schreiben wir T2* in folgender Form;
N (и v pcln\

(6) T2 ^  exp[nx0(ec/n- \) ]  2  exp [-nx0ec/n]-———
v = [ 3 n x j + l  V !

Da für alle Indizes v die Relationen
v >  [3nxJ >  Зпхх — 1 =  3nx0 + 3n — 1

erfüllt sind, gilt für n ^ l  die Ungleichung v—3nx0>2n. Es sei näc, dann ist
auch v—nx0ec/">2n, sowie
(7) \v — nx0ec/"\>2n
gültig. Im nächsten Schritt wird die Tschebyscheffsche Ungleichung der Wahr
scheinlichkeitstheorie angewandet, die im Falle der Poisson-Verteilung folgender
weise lautet:

( 8) ^  _e~A
| v  — A |

X_
v! ~ ¥ ‘

Es ist nur die Besetzung zu erledigen. Führen wir die folgenden Bezeichnungen ein:

(9) Я =  пхйес,п, 3 = 2e~c/2n
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Wird nun in (6) unter das Г-Zeichen die in (7) stehende Ungleichung geschrieben 
und werden die eben eingeführten Bezeichnungen (9) angewendet, so bekommt m an:

П  = exp [nx0(ec/n— 1)] 2  e~X^r-
|v —A|>2n V!

Es ist leicht zu sehen, daß
lim [nx0{ecln— 1)] =  cx0

П-*- oo

ist. Da ferner laut unserer Bezeichnungen sich ő 2n ergibt, ist der Beweis 
nach Anwendung der Ungleichung (8) beendet.

§ 3. Bemerkungen

1. Es kann sich die Frage erheben, ob die Ordnung der Approximation durch 
Sn>N nicht wesentlich schlechter ist, alls im Falle von Sn. Die Frage kann sofort 
beantwortet werden, man muß nur beachten, daß aus (5)

I W / ;  *o)-/(*o)l ISn(f*; x0) —f* (x0) \+ 0(e~Xn)
folgt («—oo, 2=-0). Wie bedeutungslos im allgemeinen 0(e~Xn) neben der anderen 
Glied ist, darauf weist z. B. die Tatsache hin, daß für eine so „gute“ Funktion, wie
/(x )= x 2, die Ordnung der Approximation nur -^-beträgt. ^Es ist nähmlich

W ;  * )= *2+ ^ - )
2. O. Szász befaßte sich in [4] auch mit dem folgenden Problem: Es sei die 

Funktion /  im Intervall (0, °°) r-mal differenzierbar, und / (г> an der Stelle x0 
stetig. Es ist die Frage zu beantworten, ob die r-te Ableitung von S„(f; x) an der 
Stelle x0 mit n gegen / (г) (x0) konvergiert. Szász bewies, daß die Frage positiv 
beantwortet werden kann, falls f (r){x) = 0 (x k) (x—° ° ,k > 0) erfüllt ist. Im Zusam
menhang damit erwähnen wir unsere folgende Behauptung: Wird Sn N( f;  x) statt 
Sn(f;  x) in Betrachtung genommen, ferner, werden für / <r>(x) bzw. N(n) dieselben 
Bedingungen vorgeschrieben, wie in den Sätzen 1.—3. für / (x )  bzw. N(n), so gilt 
die Gleichung:

x)|jc=*0 = f (r)(x0).

Wir übergehen die Beweise, da sie langwierig sind und nur ähnliche Abschätzungen 
wie die Beweise der Sätze 1.—3. enthalten.

3. Aus dem Beweis des dritten Satzes stellt sich heraus, daß die Gedankenfolge 
der Abschätzung von Г2* auch dann ebenso durchgeführt werden könnte, wenn 
statt r 2* der Ausdruck

e~nxo 2
v =  [3nx1] +  l

abzuschätzen wäre. Das bedeutet aber, daß der im Anfang von § 2 zitierte Szászsche 
Satz verschärft werden kann: statt f ( x )  = 0 (xk) genügt eine schwächere Bedin
gung: / (x )  —0(ecx).
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NEW SEQUELS OF A PROBLEM OF ALEXITS
By

L. LEINDLER (Szeged), corresponding member of the Academy

1. The problem of the strong approximation of Fourier series is due to 
G. A lexits. He and his colleague D. K r á l ik  in some papers (cf. [1], [2] and [3]) 
investigated this problem and proved several interesting results. Before forrru ating 
some known theorems and the aim of our paper we give a few definitions.

Let f ( x ) be a continuous and 27t-periodic function and let

( 1)
Cl 00

/ 0 е) ~  "T + 2  (an cos nx + b„ sin nx)
2 n = 1

be its Fourier series. Denote s„(x)=s„(f, x) the и-th partial sum of (1), furthermore 
let f (r)(x) denote the r-th derivative of f(x ) .  For any positive ß  and p  we define 
the following strong mean:

M/> ß, p) ■■= I 1
W v , 5 ft+ 1 )' ‘ ‘ |s*w

ii/p

where || • || denotes the usual supremum norm.
Let co(0) be a nondecreasing continuous function on the interval [0, 2n] having 

the properties:
ю(0) = 0, «(ái +  áa) ^  +

for any 0 s á 1s á 2s á 1 +  á2̂ 27r. Such functions will be called moduli of con
tinuity.

Let £■„(/) denote the best approximation of /  by trigonometric polynomials 
of order at most n.

We define the following classes of functions:

H(ß, p, г, со) = j /:  /;„(/, ß,p) = 0  |и - гш ^ - j j j ,

(2) , £," =  { / :£ . ( / )  = O ( „ - '» ( ! ) ) } ,

W'H” = {/: c 8) = 0(a>{8))},
WrH* =  { / : / (r)€ /lJ ,
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where A% denotes the class of Z ygm und  (see [9], p. 43), and a>(f; ő) is the modulus 
of continuity of / .  In the case co(ö) = öx we write W H x and H(ß,p, r, a) instead 
of WrH 6* and H(ß, p, r, őx), respectively; and if r—0, H " stands for 

One of the results of A lexits and K rálik  [2] reads as follows:
I f  f£ H x, 0 < a < l ,  then hn( f  1, \) = 0(n~x); thus we have Я “с Я (  1, 1, 0, a). 
By the well-known Bernstein theorem, which states that if E„(f)=0(n~r~x), 

0 < a < l, then the inclusion H{ 1,1, 0, a)czHx also holds, so the equivalence

(3) / / ( 1 ,1,0, a) =  H x 
is valid for any 0 < a < l.

In [6] (Theorem 2) we extended the equivalence relation (3) to the following 
cases:

I f  ß,p and a are positive numbers and r is a nonnegative integer such that 
ß>(r + a)p then
(4) H (ß,P>r ,a ) = W H x if  a -= 1, 
and

W H 1 c  H(ß, p, r, 1) = W H *  (a = 1).

It is also shown in [6] that if ß=(r+a)p then these equivalences fail to hold, 
and we only have the following proper inclusions:

I f  ß=(r+oc)p then H(ß, p, r, ot.)c:WrH x for  a < l ;  and H(ß, p, r, l ) c W  H* 
(a =  l).

The aim of the paper is to give conditions which imply similar imbedding rel
ations for the classes defined under (2).

In the course of the proof besides some known results we shall use the follow
ing recent result of V. Totik [8] (see also [4], Theorem 1):

I f f £ Wr and 0 then for any ß

(5) K (f, ß, p) á  K ^ n - ^ 2  к*'1 [со ( ^ )

We prove the following
T heorem. Let ß and p be positive numbers, r a nonnegative integer, and let 

co(S) denote a modulus o f continuity satisfying the condition

(6) f  ^ ^ - d x  = 0 (m(ő)).
о x

I f  there exists a natural number p such that the inequalities

(7) 2',ш (2-п- '0 > 2 ю (2 -л) 
hold for all n, then
(8) H(ß, p, г, со) <= E f  c  W  H°>.

1 K , Ki, K2, ... will always denote positive constants not necessarily the same at each 
occurrence.
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I f  instead o f (7) we have

(9) 2Mß,p~r) co(2~n~l‘) >  21,pco(2~") 
then
(10) W H <° c  H(ß, p, г, со). 

Consequently (7) and (9) together imply
(11) H(ß, p, г, со) = W 'H a.

It is clear that if co(d) = öx with 0 < я <  1 and ß>(r + a)p then conditions 
(6), (7) anci (9) are satisfied, thus statement (11) includes (4).

On account of the well-known inequalities

En(f)  == Kco ( /, 1 )  and En(f)  S  Kn~rEn( f ^ )

the following imbedding relations

(12) WrH a cz WrE°> c  E f  
obviously hold.

In [5] we proved that for any positive ß and p

(13) En(f)  S  Khn(f, ß, p), 
so it is also clear that
(14) H (ß, p, г, со) c  E f .

Under (6) the inequality (see [7], p. 61. Th. 8)

£„(/<■>) Í í  Í  k - ' £ , ( f )
“It]

implies
(15) E fc z W rEw.

Hence, assuming (6), by (12) £ " = Ж Г£ "  follows; but H(ß, p, r, co)czWr Еш and 
WrН юс  WrEa are proper inclusions; and, in general, neither H(ß, p, r, co)cz WrH u‘ 
nor W H^czHiß, p, г, со) hold (see [6], Theorem 2).

Using our Theorem, (12) and (15), we can see that (6) and (7) imply
H(ß, p, г, со) c  WrH m = WrE°> =

furthermore (6) and (9) imply
W H ” c  H(ß, p, г, со) c  WrEa = E f.

Summing up our conclusions we have obtained the following
Corollary. Assuming (6) and (7) we have W H m = W  EB‘ =  £ “ ; and i f  in 

addition (9) is also fulfilled then H(ß, p, r, co)= Wr Н а= W  ЕЮ= Е?.
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2. To prove our theorem we require the following 
L em m a  ([7], pp. 59 and 61). For any nonnegative integer r

ш í/ м ; 1 )  =ё К  [ 1  2  k'Ek + 2  ^ е Л .
\  П )  1П k = 1 k=n+1 J

3. Proof of the T heorem. First we prove the implication (7)=>(8). By (13) it 
is clear that if /£#(/?, p, г, со) then

(3.1) En(f)  = О (|1_гш(-^-)) ,

i.e. (14) holds, so the first part of (8) is proved. Therefore it is sufficient to show 
that
(3.2) E?  c  WrH°>,

or equivalently, that (3.1) implies f£ W rH w.
Using Lemma, by (6) and (3.1), we obtain that

If we can show that (7) implies

(3-3>
then (3.2) is proved.

A standard calculation gives by (7) that for any n (m pSn< (m + l)/c)

n m + 1 kfx
(3.4) 2  2‘cu(2_‘) ^  2  2  2‘ w(2_i) s

/=1 k = 1 i = (k-l)n + l
(m +  l)p

s=2 2  2‘co(2_i) S  2/c2(m+1)"eo(2~m") ^  p2p+12nco(2~n) =  0(2"co(2- ")),
i=m/i +1

whence (3.3) follows, consequently (3.2) and (8) are proved.
Next we verify the implication (9)=>(10). If /6  W H ,a then by (5) it remains 

to prove that

(3.5) {n_/) 2  ^ - 1(/c-rco(fe“1))p|  ^  Kn~ra> j .

If 2m_1< n s 2 m then we have
n m

(3.6) 2  kß- 1(k-rco(k-1)y 2  2i(ß~'p)co(2~‘y.
k=1 >=0

By (9) we have for any n the inequality

2(n+ri(.P-rp)a)(2-n~py  >  2 2n(-ß-rp)co(2-ny,
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whence, using the same method as before in (3.4), we obtain that 

jr  2ia>- rp)co(2~г)р =s K2m(ß- rp)co(2-m)p.
i = 0

Hence and from (3.6) the following inequality

n-ß 2  кр- 1(к -гсо(к-1)У ^ K1n~rpa> (—Г
k = l k n )

holds, which proves (3.5), i.e.
fdW 'H ” =>feH(ß, p , r , m ) ;

and this verifies (10).
Hereby we have completed the proof.

References

[1] G. A lexits, Sur les bo rn es de la théorie  de l’approxim ation  des fonctions continues p a r poly-
nomes, M agyar Tud. Akad. M at. Kutató Int. Közi., 8 (1963), 329—340.

[2] G. A lexits und D . K r á l ik , Über den Annäherungsgrad der Approximation im starken Sinne
von stetigen Funktionen, Magyar Tud. Akad. M at. Kutató Int. Közi., 8 (1963), 
317—327.

[3] G. A lexits, Über die Approximation im starken Sinne, Acta Sei. Math. Szeged, 26 (1965),
93— 101.

[4] L. L e in d l e r , Über die Approximation im starken Sinne, Acta Math. Acad. Sei. Hungar., 16
(1965), 255—262.

[5] L . L e in d l e r , Strong and best approximation of Fourier series and the Lipschitz classes, Ana
lysis M ath., 4 (1978), 101— 116.

[6] L . L e in d l e r ,  Strong approximation and classes of functions, Mitteilungen Math. Seminar
Giessen, 1 3 2  (1978), 29—38.

[7] G. G. Lo r e n t z , Approximation of functions, Holt, Rinehart and Winston (New York—Chicago—
Toronto, 1966).

[8] V. T o t ik , On the strong approximation of Fourier series, Acta Math. Acad. Sei. Hungar.,
35  (1980), 151—172.

[9] A. Z ygmund, Trigonometric Series (Cambridge, 1968).

(Received April 19, 1978)

JÓZSEF ATTILA UNIVERSITY 
BOLYAI INSTITUTE
6720 SZEGED, ARADI VÉRTANÜK TERE 1. 
HUNGARY

Acta Mathematica Academiae Scientiarum Hungaricae 35, 1980





Acta Mathematica Academiae Scientiarum Hungaricae 
Tomus 35 (1—2), (1980), 123—128.

OPERATORS ON BANACH SPACES 
WITH COMPLEMENTED RANGES

By
S. L. CAMPBELL and G. D. FAULKNER (Raleigh)

This paper is concerned with when the closure of the range, R{A), of a bounded 
linear operator A, acting on a Banach space X, is complemented. Several sets of 
sufficient conditions will be given. Examples will show that some type of assump
tions, similar to those made here, are necessary.

1. Introduction. The concept of a generalized inverse has been useful in a variety 
of settings. The uses of generalized inverses in finite dimensional spaces include 
solving linear systems, least squares analysis, solving differential equations [5], 
Markov Chains [5], and so on.

The usefulness of the concept in Banach spaces has been studied in [1], [2], 
[3], [6], [8], [10], [11], [15]. A 1,775 item bibliography on generalized inverses may 
be found in [13].

An operator T  is called a (1, 2)-inverse of A if ATA = A, TAT—T. ((1, 2)-in- 
verses are among the more important generalized inverses, especially in solving 
consistent linear equations.) An operator A will have a bounded (1, 2)-inverse if 
and only if R(A) is complemented and the nullspace of A, N(A), has a complement 
on which A is bounded below (\\Ax\\ ||x||, 0). In particular, if A is bounded
below, then A has a bounded (1, 2)-inverse if and only if R(A) is complemented.

Thus conditions which guarantee that R(A) be complemented are not only 
of obvious theoretical interest but have immediate application to the theory of 
generalized inverses in Banach spaces.

There are two types of results that deserve mention here. There exist many 
results, see [7], [17], [18], for examples, which give that R(A) is complemented 
(in fact by N(A)) if 0 is a boundary point of the spectrum of A, a (A), and the re
solvent of A satisfies an appropriate growth condition. The other sometimes related 
results try to mimic the result that for an operator on a Hilbert space R(A)® 
®R(A*)=X. Our results will not be of this type.

We shall denote the set of all bounded linear operators from X  into X  with 
R(A) complemented by £(X). The closed linear span of a set S Q X  is denoted [S]. 
Subspaces are assumed closed. Uniform, strong, and weak limits are denoted by 
=>, —, and respectively.

2. Limits of complemented operators. Our first results show that if A is the
limit of An(X(X) and the R(An) and their complements have limits in the appro
priate sense, then A£%(X) under reasonable assumptions. First we need a defini
tion and a technical result.
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D efinition  1. Let {M,,} be a sequence of subspaces of X. If

(1) n [U Mk-] = U n M k
nSl кшп пш1 кшп

holds, the common value of the two sets is denoted lim Mn.
If {M„} is monotonic, then lim M„ exists. In fact lim Mn = (J Mn for increasing

n
sequences and lim Mn = f'\Mn for decreasing sequences. However, {M„} may

n
have a limit without being monotonic. For example, lim [{ex, en}] = [e1] if {ek} isП
the standard basis in lp, l^ p < o o .

Theorem 1. Let X  be a reflexive Banach space, Mk, Nk subspaces such that 
X —MkQ)Nk, and Pk the projection onto Mk along Nk. That is, PkX = M k, (I —Pk)X=  
— Nk. I f  IIFJ ^lK for all к and lim Mk, lim Nk exist, then X=lim Mt ®lim Nk.

Proof. Let z£X  with z = mk-\-nk,m kflM k,nk£.Nk. Since K\\z\\ =K\\mk+nk\\ ^  
^\\mk\\, mkj m for some subsequence mk. of mk. Since mkf [  1J Mk] for all but

кшп
finitely many terms, and [ 1J Mk] is weakly closed, it follows that m£lim Mk. Also

кшп
we have z —mk =nk -^z—m. Since Pk.(z—mkj  = 0, we also have z —m£ lim Nn.

J  J  J J n -+ ° o

Thus lim Affc+lim Nk=X. To see the sum is direct, suppose zglim MkP\Wm Nk. 
Then there exists wfl 1J f] Mk and Vj£ U П ^  with Wj-*z and Vj-+z. Now

w ^ lкшп пш1кшп
WjZ П Mk and Vj£ П Nk for some trij, nj. Let ry=m ax {т^,и,}. Then Pr.(nij— nj) =

k^rij к Ш trtj
—nij and Pr.(nj)=0. But Wj — Vj-*■ 0, so that ||/>rj. — ̂ y)||^AT||Wj — и̂-|| —►О and 
hence ||Wj||-<-0. Since Wj^-z we must have z = 0. Q.e.d.

Theorem 2. Let X  be a reflexive Banach space, A„, A operators on X. Suppose 
that An-*A strongly and A ,f^(X ). Let Mn — R(A„). Suppose there exist projec
tions P„ such that Pn(X) = M„, (I—Pn)(X)=N„, ||Pn\\ SK , and M = \im M n and 
N = lim N n exist with M Q RfA). Then ЛШ А).

Proof. By Theorem 1, M  is complemented in X  and MQR(A). Suppose now 
that y£R(A) i.e. Ax= y. It follows that Anx->-Ax=y. But for each n, A„x£M„, 
and thus Anx£[ U M*] for m Sn. Thus A x= yf[  [J Mk] for each m, so that

кшт " ____  кшт
y€p| [ U Mk] = M. Hence Affl(X) since M  = R(A) is complemented. Q.e.d.

п кшп
The assumptions of Theorem 2 appear quite strong. However, it is very difficult 

to get a much more general theorem.
Example 1. Let A be a bounded below operator in lp, °°, p ^ 2 ,  such

that R(A) is not complemented [16]. Let {e,},” i be the standard basis for lp. Define 
Апе ~ А е { if i^ n , A„et = 0 if i>-n. Then An-*A. Since R(An) is finite dimen
sional it has a complement Nn. Since R(A,j) is monotonically increasing and the 
codimension of R(A„) in R(An+1) is one, it is possible to inductively define the N„ 
so they are decreasing. That is, NnljN n + l . Define P„ by PnM„ = Mn, PnNn=0. 
Then A„-*A, An£%(Xj, lim M„, lim Nn exist, lim MnQR(A), and A $Z(K).
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Even if one strengthens the convergence to uniform, some condition on the 
Pn is needed.

Example 2. Take the same A, Pn of Example 1. Define Á by Ae— Aeji, and 
Änei — Aneili. Then A„=>A, Á f l ( X ) ,  lim M„, lim N„ exist and lim M„QR(A), 
but A i t  (К).

We can remove the assumption that the complements N„ have a limit, provided, 
of course, some additional assumptions hold.

D efinition 2. A sequence of bounded linear operators A„ converges weakly 
unifomly to the bounded operator A provided that x*(A„y)=f„(y) converges 
uniformly to x*(Ay)=f(y) on the unit ball of X  for each x*£X*. if  A„ converges 
weakly uniformly to A, we write An X A.

Note that uniform convergence implies weakly uniform convergence and 
weakly uniform convergence implies weak convergence. However, weakly uniform 
convergence is independent of strong convergence.

Example 3. Let S be the unilateral shift on l2. Then S"-^0 but not S”—0. 
Also S*n-+0 but S*n does not converge weakly uniformly to zero.

For two sets Z, Z' in X, let q(Z, T') = inf {||cr — <r'||: oET, o'£Z'}.

T heorem 3. Let X  be uniformly convex Banach space. Suppose that A„d-A, 
R(A) f  R(A„) and there exist norm one projections P„ onto the R(A„). I f  for each 
y^C\R{Aj) there exists My independent of n such that i?((d„_1 (>’)}, {a ||x| |S My})^0  
as n-+ oo, then A£%(X) and R(A) is closed.

Proof. We first show that r\R(A„) is complemented. Let Qk= lim (P1P2...Pk)m.
m-*- oo 

к
Then Qk is a norm one projection onto fj R(Pn) since ||P/|| = 1 and X  is uniformly

n = 0
convex [4]. Note that R(Qk) f  R(Qk+\)- Let S0=Q0 and define Sk inductively 
by Sk = QkSk^ 1 for fcsl. S0 is a norm one projection and R(S0) = R(Q0). It is 
an easy inductive argument that Sk is a norm one projection and R(Sk) = R(Qk). 
But N(Sk_1)Q N (Sk). Thus X = R (Sk)® N (Sk), {R(S,j)} is decreasing, {N(Sk)} is 
increasing, and ||S J^ 1 . Hence C\R(Sk)=  П2?(б&) = ПЛ(Р„)= П2?(Л„) is com
plemented by Theorem 1. By assumption 7?(A)§ П R(An).

It suffices then to show П/?(Л„)^2?С4). Suppose y£R(A„) for all n. Then 
there exists xn with Anxn-*y and ||v j LM , by assumption. Being uniformly 
convex, X  is reflexive so there is a subsequence x„. such that x„.-^x. We shall 
show Ax=y  so that y£R(A). For x*£X* we have

\x*(Ax-y)\ ё  \x*(A x-A xn) \  + \x*(Axnj- A njxnj)\ + \x*(Anjxnj-y )\.

But \x*(Ax—Axn) \—0 since xnj^ x ,  \x*(Axnj—Anjxnj)\-+0 since AKjX a , and 
\x*(A„jX„ — >’) |— 0 since A„xn— y-*0. Thus y= Ax. Q.e.d.

The existence of the My in Theorem 3 is needed in some form.
Example 4. Let Á  be as in Example 2. Since Ä  is compact, there exist scalars 

2, - 0  such that )-n — Á is invertible. Let A„ = — Á. Then Án =>A, R (J)fR (A „) = X,
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and Pn= I so that |jPJ = L Thus all conditions of Theorem 3 are met except for 
the existence of an My and Á$£(X).

Note that, in some sense, Theorem 2, considers A as a limit from below of 
A„£ ( (X) while Theorem 3 discusses limits from above.

3. Perturbations. While the results of Section 2 are of interest, the following 
result is probably more useful for the applications discussed in the Introduction. 
We shall give sufficient conditions that A ^l(X ) implies A + Kdl(X).

First we need to recall two facts.
Lemma 1. I f  X  is a Banach space and M  a complemented subspace o f X, then for 

every finite dimensional subspace FQ X , M +F is complemented.
T heorem 4 (Nikol’ski). A total sequence {x„} in a Banach space X  is a basis for 

X i f  and only i f  there is a constant 1 such that
m m+p

2  a i x i и=1
=2 M 2  ttiXi 

n=1

for arbitrary coefficients at , ..., am+p. The smallest such M is the basis constant 
for {*„}.

A proof of Theorem 4 may be found in [12, p. 57].
T heorem 5. Let X  be a Banach space with a basis {x„} satisfying ()</=> ||x j| ^  

Let A: X-~X  be bounded below and in £(X). I f  К: X-+X satisfies

2  then A + K ä{X ).
П = 1

Proof. Suppose m ||лг|| ^ ||Л х ||. Since mlS.\\Axn\\^\\A\\L, y„ —\\Ax„ is again
a base for X. Also since A is bounded below {Ay„} is a normalized basis for the 
complemented subspace R(A)=R(A). If M  is the basis constant for {>■„}, then 
Mit the basis constant for {Ay„}, satisfies M^mWAW M. For each n the subspace 
Rn = [{Ayn\ fcSii}] is complemented in R(A) with projection P„ having | |P J S

S i  +M X. Now 2  II^FnJi —~ i  2  IIАГдСиЦ < °° so that we may choose N  such

that k ^ N  implies that 2  IlffvJ^ 0 , ж „— T7\- Since RN has a normalized
n=k

base {Ay}f=N with basis constant M2 s  M l , and RN is complemented in X, we 
observe that [{(.A+K)yn}f=N] is complemented in X  since

2  \\Ay„-{A + k)yn\\ =  2  \\к Уп\\
n = N n = N

1 1 _ 1
SM fil + MJ -  8MX ||Pjv|| -  8Af2 HPjvll

(cf. [9, p. 14]). But R (A + K ) = F+[{(A + K )yn\ n^TV}] where F is  finite dimen
sional. Thus R(A-\-K) is complemented in X  and A + K ff(X ). Q.e.d.

Example 5. Define F  as i  of Example 2, except that Kei=Áeili. Then 
2  IIATe.ll -= °°. But Ов£(Х) and 0 + F^ £(X). Thus some type of additional assump
tion, such as A bounded below, is needed in Theorem 4.
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Note that if К is as defined in Example 5, then by Theorem 5 A + Kffl(X) 
for all A£C(X) with A bounded below, even though K$_l(X).

4. Applications and comments. For X = lp, the standard unilateral shift S of 
finite multiplicity is in £(X) since R (S ) has finite codimension. The next result 
generalizes this fact to shift like operators of possibly infinite multiplicity.

T heorem  6. Suppose that X  is a reflexive Banach space and that X=  2 ®  M t
i= 0

where for any index set a {1, 2, ...}, || /т[| where Pt is the projection onto
iZa

Mi with nullspace ® M j. Suppose also that there exists a base {x;} for X, such
j V i

that A: X-+X satisfies A x f  Mt. Then A^l(K ).
Pr o o f . For each i, {Axi} is complemented in M;. Hence there exists a projec-

n
tion Qi in Mi with range [Ах{] such that ||ß j||S l. Define Rn = QiPi, and

i= 0

A„ —£  QiPiA. Now Rn is a projection onto R(An) and \\Rn\\^M . But l im /i .I
i=0

and lim (I —Rn)X  exist since these sequences of subspaces are monotonically in
creasing and decreasing, respectively. Thus A£%(X) by Theorem 2 since 
T„—A. Q.e.d.

C o r o lla r y  1. Suppose X = lp, 1 = p <  °° , and {ek} is the standard basis for X' 
If  there exists an increasing sequence {nk} o f integers such that Aekf[{e„k, ..., e„b+1_i}]’ 
then A fZ(X).

Some classes of operators are always in l(X). For example, isometries of lp, Lp 
for 1 °o [14, p. 217] and scalar type operators [18] are always in l(X ). However, 
spectral operators are not necessarily in l(X) for general X.

E x a m pl e  6. Let X = lp,l<p<°°,pA=2. Define A as in Example 1. Define
Ton X ® X b y  the operator matrix o ] ' ^’nce ^ 2 =  0, T >s nilpotent and hence
spectral. To show T$_Z,(X@X) it suffices to show R(T) = R(A)®0 is not com
plemented in X® X. Suppose R(A) ® 0 is complemented in X®X. Let P be a bounded 
projection onto i?(T)®0. Let/be the natural imbedding X—T®0. Then Q = i~l Pi 
is a projection of X  onto R(A) which is a contradiction. Hence R(A)Q 0  is not 
complemented in X® X.
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ÜBER DIE EINZIGKEIT DER TERNIONENALGEBRA 
UND LINKSALTERNATIVE ALGEBREN KLEINEN

RANGES

Bei der Bestimmung der rangniedrigsten nichtkommutativen Algebren über 
einem (kommutativen) Körper К stößt man auf die Tatsache, daß es lediglich eine 
nichtkommutative assoziative K-Algebra mit Einselement vom Rang 3 gibt, näm
lich die Ternionenalgebra

der zweireihigen (о. B. d. A. oberen) Dreiecksmatrizen über K. Dieser Sachverhalt 
scheint einerseits Folklore, andererseits weitgehend unbekannt zu sein, obwohl 
er sich für K=R im wesentlichen bereits bei Stu d y  [9], [10], [11] und S cheffers 
[8] im Zusammenhang mit Fragen aus der Theorie der Transformationsgruppen 
findet. Die Bezeichnung „Ternionen“ tritt bei Beck  [1], [2] auf. 1

In § 1 dieser Arbeit verallgemeinern wir diese Aussage in Satz 1 für linksalter
native (und damit auch für rechtsalternative) Algebren. Der Beweis ist elementar, 
wird aber bei Spezialisierung auf den wichtigen Fall assoziativer Algebren nicht 
einfacher. Wir geben daher für letztere einen kürzeren zweiten Beweis mit Hilfe 
des Satzes von Wedderburn—Artin und einfachsten Radikalaussagen. Die sich 
aus Satz 1 ergebenden Korollare, die insbesondere TK als die rangniedrigste nicht
kommutative linksalternative bzw. assoziative К-Algebra mit Einselement kenn
zeichnen, ermöglichen zusammen mit Überlegungen des eben genannten zweiten 
Beweises von Satz 1 die Angabe aller linksalternativen K-Algebren mit Einselement, 
deren Rang höchstens 3 ist (vgl. Satz 2).

Gemäß Satz 3 von § 2 lassen sich die Voraussetzungen aller Ergebnisse von 
§ 1 (mit Ausnahme von Kor. 2) kaum wesentlich abschwächen. Zur Konstruktion 
der erforderlichen Beispiele verwenden wir zwei wohl auch allgemein nützliche 
Hilfssätze. Der erste gibt notwendige und hinreichende Bedingungen für die Links
alternativität bzw. Flexibilität einer beliebigen К-Algebra A mit Hilfe der Asso- 
ziatoren einer Basis von A. Der zweite beschreibt ein konstruktives Verfahren, 
welches diese Assoziatoren für K-Algebren endlichen Ranges n (jedenfalls für 
nicht zu große rí) in Verallgemeinerung des Light’schen Assoziativitätstests für 
Gruppoide (vgl. [4]; § 1, 2) in übersichtlicher Weise effektiv zu berechnen gestattet.

1 Den Herren G. Pickert und W. Benz danken wir vielmals für entsprechende Hinweise.

Von
W. LEX, V. PONELEIT und H. J. WEINERT (Clausthal—Zellerfeld)
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§1

Unter einer A-Algebra A verstehen wir einen Vektorraum über einem (kom
mutativen) Körper К mit einer bilinearen Multiplikation. Mit Hilfe des Assoziators 
[x, y, z] = (xy) z — x  (yz) definiert man A als links- bzw. rechtsalternativ bzw. flexibel, 
wenn

[x, x, y] =  0 bzw. [x, y, y] = 0 bzw. [x, y, x] =  0
für alle x, y£A  gilt. Eine links- und rechtsalternative Algebra heißt alternativ und 
ist dann bekanntlich auch flexibel. Zur Unterscheidung von modultheoretischer 
und ringtheoretischer direkter Summe verwenden wir die Zeichen ® und [+]•

Satz 1. Jede nichtkommutative linksalternative K-Algebra A mit Einselement 
e vom Rang 3 ist isomorph zur Ternionenalgebra TK.

B eweis. Für jede Basis B={e, а1г a2} von A mit e£B gilt
(1) a? =  ccioe + auat (i =  1, 2; xikeK),
da die lineare Unabhängigkeit von e,ai,a\ wegen [аг, ah аг]=0, also а?а,-=а;а? 
die Kommutativität von A nach sich ziehen würde. Weiter sei
(2) a{aj =  ßioe + ßila1+ßi2 a2 (i ^ j ;  ßn ,ß2k£K).
Da für beliebige rj£ К

(a1 + £e)(as + rie)= ...+(ß11 + ri)a1 +
(a2+tje)(a1+i;e) =  ...+  ... +(ß22+Oa2

gilt, können wir die Basis {e, au a2j so wählen, daß (2) mit ßn =  /?22 = 0 erfüllt ist. 
Erneute Verwendung der Linksalternativität

0 =  [at, at,aj] = (ai0e+a.iia^aJ- a i(ßi0e+ßiJaj) =
= cci0 aj + ccu (ßi0 e +  ßu aj) -  ßi0 af -  ßu (ßi0 e+ßtJ a j)

für iVy zeigt /?ю =  /?2о= 0 und
(3) «ю + ctußij = ßfj.
Entsprechend betrachten wir wieder für i?±j

0 =  [а, +  а7,а (+ а у, а г] =  [а„ aJt aH + [aj, at, a j =
=  (ßuaj) <*i-ai (ßji at) +  (ßji aß a i - ü j  (aj0 e + а1( af) =  yStJ /?у, a; — ai0 a j — .

Daraus folgt а10= а 2О= 0  bei (1) und (3) sowie
(4) а ußji = ßijßji-
Da aus ß12 = ß21=0 die Kommutativität von A folgen würde, dürfen wir /?12̂ 0  
annehmen. Dann ergibt sich otu = ß12 aus (3) und oc22=ß2l aus (4). Die damit 
erhaltenen Multiplikationsformeln
(1 ) a \ =  ß i2 a i a\ =  ß n a 2

(2 ) a1a2 = ßiz^z fl2ai =  ßziai
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zeigen unmittelbar, daß durch

fl 0) tß i2  0л (ß21 1)
4 o lJ’ fll 4  0 oj ’ 02 4  0 oJ

der gewünschte Isomorphismus von A auf TK definiert wird.
Zweiter Beweis von Satz 1 im assoziativen Falle. Das Radikal N  von A ist das 

größte nilpotente Ideal von A und wegen edA gilt N a A. Nach dem Satz von 
Wedderburn—Artin folgt aus Ranggründen

Г

(5) AIN sí [+] mit r S  3 und (kommutativen) Körpern Kt 2  K.
i=l

Die Nichtkommutativität von A schließt also N = 0, aber auch Rg N=2 aus, 
denn aus letzterem folgte A=Ke® N  und entweder
(6) N  — Ka®Ka2 mit a3 = 0 falls N 2 ^  0, oder
(7) N  =  Ka®Kb mit a2 = ab = ba = b2 — 0 falls N 2 = 0.
Es gilt also Rg N=  1, d. h.

A=Ke® Ka® K b  mit N  = Kb und b2 = 0.
Dabei können wir ab—0 annehmen, da man für ab—yb̂ A 0 statt a das Basiselement 
a—ye verwenden kann. Aus der Nichtkommutativität von A folgt nun einmal
(8) a2 = Xe+oca mit A =  0 wegen ab = 0,
also a^O da a$N, zum anderen ba=ßbA 0. Dabei gilt x= ß  gemäß

ß2b = ßba = ba2 = btxa = а ßb,

und einen Isomorphismus von A auf TK erhält man gemäß

K o ro llar  1. Es sei A eine linksalternative К-Algebra mit Einselement e vom 
Rang n. Dann gilt:

a) Für nS .3 ist A assoziativ.
b) Für n ^ 2  ist A kommutativ.
c) Für n=3 ist A kommutativ oder A ^ T K.
B ew eis. E s sei В eine e enthaltende Basis von A. Ist A kommutativ, so auch 

rechtsalternativ; wegen n ^ 3  assoziieren dann also die Elemente von В unter
einander, was die Assoziativität von A bedingt. Da für n ^ 2  die Elemente von В 
kommutieren, ist dann auch A kommutativ und unser Korollar nur noch für nicht
kommutative Algebren A mit n=3 fraglich. Für solche Algebren gilt jedoch 
A^zTK nach Satz 1.

Da TK Nullteiler enthält, ergibt sich insbesondere folgende Verallgemeinerung 
des bekannten Satzes über den Rang eines Schiefkörpers über seinem Zentrum:
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Korollar 2. Jede nullteilerfreie nichtkommutative linksalternative K-Algebra 
mit Einselement hat mindestens den Rang 4.

Schließlich ergibt sich aus unseren Überlegungen die Struktur aller möglichen 
linksalternativen K-Algebren mit Einselement, deren Rang höchstens 3 ist. Zur 
Vereinfachung geben wir nur diejenigen an, die sich nicht in die ringtheoretische 
direkte Summe echter Unteralgebren zerlegen lassen:

Satz 2. Jede unzerlegbare linksalternative К-Algebra A mit Einselement und 
Rg/1^3 ist bis auf Isomorphie entweder

a) ein Körper L über К  mit 1 S[L: K] s=3, oder
b) eine der Laguerre-Algebren (vgl. [3])

1) K[x]/(x2) 2) K[x]/(x3) 3) K[x, y]Kxy,x\y*) oder
c) die Ternionenalgebra TK.
B ew eis. Die unter a) bis c) angegebenen K-Algebren haben ersichtlich die 

behaupteten Eigenschaften und sind paarweise nichtisomorph. Sei umgekehrt А 
eine unzerlegbare linksalternative К-Algebra mit Einselement e und Rg A ^3 . 
Dann ist A nach Kor. 1 assoziativ, so daß wir die Überlegungen im zweiten Beweis 
von Satz 1 (mit „A unzerlegbar“ statt „A nichtkommutativ“ und Rg /(5=3) auf
greifen können: Für N=  0 ergibt sich A = L  wegen (5), also a). Für Rg N=2 
gilt Rgy4=3, und die Fälle (6) und (7) entsprechen ersichtlich b2) bzw. b3). Für 
Rg N= 1 und Rg A = 3 haben wir bei (8) ff. gezeigt, daß für eine nichtkommutative 
К-Algebra dieser Art A ^ T K, also c) gilt. Im kommutativen Fall wird sich eine 
zerfallende Algebra A, also ein Widerspruch ergeben: Es gilt dann nämlich mit 
ab = 0 auch ba = 0, und statt (8) liefert der Ansatz

(8') a2 = ke + <xa + ßb

zunächst wieder A=0 wegen ab=bb=0 und dann

(ü2)2 =  a2a 2 mit а ^ 0  wegen a$ N.

Also ist а~2a2 ein von e verschiedenes Idempotent von A, was im kommutativen 
Fall zum Zerfallen (und zwar gemäß A s  KQK[x]/(x2)) führt. Es bleibt Rg N=  1 
und Rg А =2 zu betrachten, wofür sich A = Ke®Ka mit a2 — 0, d. h. bl) ergibt.

§2

In den Sätzen 1 und 2 kann weder die Voraussetzung der Existenz eines Eins
elementes weggelassen, noch die Voraussetzung „linksalternativ“ zu „flexibel“ ab
gewandelt werden. Das gleiche gilt für die Aussagen a) und c) von Kor. 1. Diese 
Feststellungen entsprechen den Existenzaussagen im folgenden Satz 3.

Bezüglich den analogen Fragestellungen für die verbleibenden Behauptungen 
von § 1 bemerken wir zunächst zu Aussage b) von Kor. 1: Es gibt trivialerweise 
sogar assoziative K-Algebren vom Rang 2, die nicht kommutativ sind, während 
eine К-Algebra vom Rang 2 mit Einselement stets kommutativ ist. Dagegen folgt
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in Kor. 2 gerade die Existenz eines Einselementes aus den übrigen Voraussetzungen 
(vgl. [6], Satz 4b), und es hat sogar jede flexible nullteilerfreie nichtkommutative 
К-Algebra mindestens den Rang 4 (vgl. Satz 4 und [6], Satz 13).

Satz 3. Über jedem Körper К gibt es nichtkommutative und sogar unzerlegbare 
K-Algebren vom Rang 3;

a) die linksalternativ, aber nicht flexibel (also auch nicht rechtsalternativ) sind;
b) mit Einselement, die flexibel, aber weder links- noch rechtsalternativ sind.
Dem Beweis dieses Satzes schicken wir zwei allgemeine Hilfsmittel zur Kon

struktion solcher K-Algebren voraus:
H ilfssatz 1. Eine K-Algebra A mit einer Basis В beliebiger Mächtigkeit ist 

genau dann linksalternativ bzw. rechtsalternativ bzw. flexibel, wenn
(9) [x, x, z] = 0 und [x, y, z] + [y, x, z] =  0 bzw.
(10) [x,z,z] = 0 und [x, y, z] + [x, z, y] = 0 bzw.
(11) [x, y, x] = 0 und [x, y, z] + [z, y,x] = 0
jeweils für alle x, y, z£ В gilt.

B ew eis. Wegen der Ähnlichkeit der Schlüsse genügt es, die Behauptung für 
den linksalternativen Fall zu führen. Die Notwendigkeit von [x, x, z]=0 ist klar, 
und aus

[x, y, z] + [y, x, z] = [x+y, x + y, z] — 0
folgt, daß auch die zweite Bedingung (9) für linksalternative Algebren erfüllt ist. 
Wir setzen umgekehrt (9) voraus und betrachten beliebige Elemente

и =  2  * ia i> v =  2  ß i a i
i = l  i = l

von A, die wir ohne Beschränkung der Allgemeinheit als Linearkombinationen 
der gleichen Elemente a]t ..., a f B  schreiben können. Dann ist

[u, u, r] =  [ 2  2  xj aj > 2  ßk“k]
eine Summe von Ausdrücken der Form

<Xi<*ißk[ai,a„aj\ und а;а.Л([аг, а,-, а*] + [ау, u,, а*]),

die gemäß (9) einzeln gleich 0 sind.
H ilfssatz 2. Eine K-Algebra A vom Rang n sei durch eine Basis B={a1, ..., a„} 

und die Multiplikationstabelle

(12)
• cii a j  ein

a i ........ a iaj mit a i aj  =
П n

2  ykijak£ ® Kakk=1 k=1
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dieser Basiselemente gegeben. Zur Vereinfachung der Sprechweise betrachten wir 
eine solche Tabelle auch als nXn-Matrix über A, mit den Zeilenvektoren a; = 
=  (atüj , ataj) und entsprechenden Spaltenvektoren aJ. Für jedes feste a f f  В lassen 
sich die Assoziatoren [af, am, üj] für alle at, a ff В nach folgendem Verfahren gewinnen: 
Man bildet einmal eine Tabelle

(13) аm a\ aj an
ai ai am

a i diUm Ca i

an d nd m

2  УшЬк als Zeile
k = 1

indem man jeweils als i-ten Zeilenvektor die angegebene Linearkombination der 
Zeilenvektoren ak von (12) einträgt. Das Element

Caiam)a] = 2  y L ^ a j
k=1

erscheint dann ersichtlich jeweils im Schnittpunkt der i-ten Zeile mit der j-ten Spalte 
Zum anderen bildet man analog eine Tabelle

(14)

а 1

«i
a„

fli aJ
ата i ата] aman

■ai(amaj)

t

2  ymjak als Spalte
k= 1

aus Spaltenvektoren, die wie angegeben aus den Spaltenvektoren ak von (12) linear 
kombiniert werden, im Einklang mit

П
ai(amaj) 2  Уmjaiak.

k = l

Der Vergleich von (13) und (14) bzw. die Differenz dieser Matrizen liefert {aiCiffaj — 
- a i(amaj)=[ai,a m,aj\ jeweils an der Stelle (j, j).

Das Verfahren läuft also für jedes a„f В als „mittleres Element“ auf eine 
Tabellierung der Funktionen / m(af, aj) = {aiaf)aj und gm{at, aj)=ai(amaJ) für alle 
at, a ff В mit Hilfe von (12) hinaus, und man hat sich nur davon zu überzeugen, daß 
dies bei (13) und (14) geschieht. Insgesamt sind also 2n Tabellen bzw. Matrizen 
aufzuschreiben und zu vergleichen, um alle Assoziatoren der Basiselemente zu 
erhalten; natürlich wird man dabei Elemente a f f  В weglassen, für die [a;, am, aß—0 
ohnehin klar ist, wie etwa für das Einselement e. Wir verweisen auch auf die fol
genden Beispiele, und bemerken insbesondere im Hinblick auf das erste:

Acta Mathematica Academiae Scientiarum Hungaricae 35, 1980



ÜBER DIE EIN Z IG K E IT  D ER TERNIONENALGEBRA 135

Besonders einfach wird dieses Verfahren für monomiale Algebren (vgl. [12]), 
bei denen für eine geeignete Basis В für alle Paare (z, j ) jeweils höchstens eine der 
Strukturkonstanten y'-j von 0 verschieden ist, insbesondere also wenn В bezüglich
(12) ein Gruppoid ist. In diesem Falle besteht (13) einfach aus skalaren Vielfachen 
gewisser Zeilen von (12) bzw. solchen Zeilen selbst, und entsprechend für (14) mit 
Spalten. Der Gruppoidfall entspricht dabei dem bereits in der Einleitung genannten 
Light’schen Assoziativitätstest, wenn man einfach nur nach der Übereinstimmung 
von (13) und (14) für jedes am des Gruppoids fragt, wofür übrigens nur jeweils 
eine dieser Tabellen hingeschrieben zu werden braucht.

Beispiel zu Satz 3, a) Für einen beliebigen Körper К konstruieren wir eine 
K-Algebra A = Ka®Kb®Kc als „Gruppoid-Algebra“, indem wir für die Basis 
B={a, b, c} eine Multiplikation gemäß

( 12')

definieren. Für a als mittleres Element entstehen die Tabellen

• а b С
а а b ъ
b а с С
C а с с

(130 а a b c
а а a b b
ъ а a b b
С а a b b

(140

a b c
a a b b
a a b b
b a c C
c a C c

aus (120 einfach durch Abschreiben der a-Zeile [3 mal] bzw. der a-Spalte [1 mal] 
und der A-Spalte [2 mal]. Gemäß Hilfssatz 2 gilt also für die Assoziatoren der 
Basiselemente

[x, a, z] = 0 für x  = a oder z = а

[x, a, z] — b — c für x, z£ {b, c}.

Da sich weiterhin die Elemente b und c bezüglich der Multiplikation völlig gleich 
verhalten, können wir die entsprechenden Tabellen zusammenfassen:

оII-о a b c
b == C a b c (140 a C c
a b a C c a a b b
b c a c c b a c c
C c a c c C a C c

Wir lesen ab, daß alle Assoziatoren der Basiselemente mit b oder c als mittlerem 
Element verschwinden, mit Ausnahme von

[a,y,z] = c - b  für y, z£ {b, c}.

A cta M athematica Academiae Sclantiarum  Hungaricae 35, 1980



136 W . LE X , V. PO N ELEIT U N D  H. J. W EIN E RT

Man übersieht jetzt sofort, daß die Bedingung (9), nicht aber die Bedingung (11) 
von Hilfssatz 1 erfüllt ist. Damit haben wir eine nichtkommutative linksalternative 
A-Algebra A vom Rang 3 konstruiert, die jedoch nicht flexibel ist. Wir beweisen 
sogleich, daß diese Algebra unzerlegbar ist, indem wir die Annahme einer Zerle
gung gemäß
(15) A = U \±\V= Ku\±\V

(einander annullierender) Unteralgebren U und V mit Rg U=\, Rg V =2 zum 
Widerspruch führen. Ersichtlich müßte das Basiselement и von U im Zentrum von 
A liegen. Aus dem Ansatz u=ota+ßb+yc folgt aber

und
а =  0 wegen bu -  ub 

ß+ y  =  0 wegen au — ua.

Statt u=ßb—ßc können wir u= b—c als Basiselement wählen. Die (15) ent
sprechende Zerlegung der Elemente a und b gemäß

а =  21u+ v1, b — X2u+ v2 mit v ^ V

führt wegen der aus (12') ersichtlichen Annullatoreigenschaft von u—b — c zu

а = a2 = vfeV  und c — b2 = v2£V,

woraus sich auch ac=b£V im Widerspruch zu Rg K=2 ergibt.
Beispiel zu Satz 3, b) Für einen beliebigen Körper К definieren wir eine K- 

Algebra A — Ke®Ka@Kb durch die Multiplikationstabelle

( 12")
• e а b

e e а b
а а e + a e + a
b b e+b e + b

und wenden wieder Hilfssatz 2 an. Das Einselement brauchen wir wegen [x, e, z\ = 0 
nicht als mittleres Element zu betrachten, und für a ergibt sich

(13")

(14")

а e a b
e а а e+a e+a
а e + a e+a e + 2 a e + a + b
b e+b e+b e + a + b e + 2 b

e a b
а а e+a e+a
e а e+a e+a
а e + a e + 2 a e + 2а
b e + b e + 2 b e + 2 b ,
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also das Verschwinden aller Assoziatoren der Basiselemente der Form [x, a, z] 
außer

[a, a, b] — b — a und [b, a, a] = a — b.
Da die Vertauschung von a und b ersichtlich einen Automorphismus von A bewirkt, 
folgt daraus das Verschwinden aller [x, b, z] mit Ausnahme von

[b,b,a] — a — b und [a,b,b] — b—a.
Damit ist diese nichtkommutative Ai-Algebra A mit Einselement und Rg A =  3 
nach Hilfssatz 1 flexibel, aber weder links- noch rechtsalternativ. Die Unzerleg
barkeit von A gemäß A = Uf+\Ui mit Rg t/,-^2 folgt hier einfach daraus, daß 
die entsprechende Zerlegung e=e1 + e2 des Einselementes e von A ersichtlich 
Einselemente et von Ut liefert, so daß diese Unteralgebren von A und damit А 
selbst kommutativ sein müßten.

Satz 4. Eine K- Algebra A von Rang 1 ist genau dann flexibel, wenn A kommutativ 
oder antikommutativ ist oder eine Basis B={a,b} von A mit der Multiplikations
tafel
( 12" )

a b
а 0 ka mit Я, p£K; A + /i= l 
b pa b

existiert. In letzterem Falle ist A genau für A= +p (anti)kommutativ und genau 
für Xp= 0 assoziativ, sonst aber weder links- noch rechtsalternativ. Umgekehrt 
definiert (12") mit beliebigen Я, p fK  stets eine solche flexible K-Algebra A vom 
Rang 2, und für Körper К mit mindestens 4 Elementen lassen sich Я und p=  1—Я 
stets so wählen, daß

Я A- ázp und Xp 0 gilt.
Beweis. Die Vollständigkeit unserer Aufzählung ergibt sich durch Nachprüfung 

aller wesentlich verschiedenen Möglichkeiten, was wir hier nicht ausführen wollen. 
Zum Nachweis, daß (12") eine Ai-Algebra mit den angegebenen Eigenschaften 
definiert, bilden wir gemäß Hilfssatz 2

а b
а a b (14")

а 0 Ха
а 0 0 0 а 0 0
b ца 0 рХа ъ 0 Хра

ъ
а b

ь а b ра Ь
а Ха 0 Afű а 0 Ха
b b pa b ъ р*а Ь

Daraus folgt, daß alle Assoziatoren der Basiselemente mit Ausnahme von 
[a, b, b] — X2a —Xa — —Xpa, [b, b, а] - pa —рга — Xpa

verschwinden. Also ist A nach Hilfssatz 1 flexibel, aber weder links- noch rechts
alternativ für XpAO.

Acta Mathematica Academiae Scientiarum Hungaricae 35, 1980



138 Vv. LEX, V. P O N E L E IT  U ND H. J. W E IN E R T : ÜBER D IE  E IN Z IG K E IT ...

Literaturverzeichnis

[1] H. B e c k ,  Über Ternionen in der Geometrie, Math. Z., 40 (1936), 509—520.
[2] H. B e c k ,  Eine Cremonasche Raumgeometrie, J .  Reine Angew. Math., 175 (1936), 129— 158.
[3] W . B e n z ,  Laguerre-Geometrie über einem lokalen Ring, Math. Z . ,  87 (1965), 137.— 145.
[4] А. H. C l if f o r d  and G. B. P r e s t o n , The Algebraic Theory o f  Semigroups, Vol. I, Amer. Math.

Soc. (1961).
[5] I. K a p l a n s k y , Fields and Rings, Chicago University Press (1972).
[6] W . L e x ,  Zur Theorie der Divisionsalgebren, M itt. Math. Sem. Giessen, 103 (1973), 1— 68.
[7] R. D . S c h a f e r , An Introduction to Nonassociative Algebras, Academic Press (1966).
[8] G. S c h e f f e r s , Zur Theorie der aus n Haupteinheiten gebildeten complexen Größen, Leipz.

Ber., 41 (1889), 290— 307.
[9] E. Study, Über Systeme von  complexen Zahlen, Gott. Nachr., (1889), 237—268.

[10] E. Study, Über Systeme complexer Zahlen und ihre Anwendung in der Theorie der Trans
formationsgruppen, Monatsh.für M ath., I (1890), 283— 355.

[11] E. Study, Theorie der gemeinen und höheren complexen Größen, in  Enzyklopädie der mathem.
IViss., IA4,1. 1, 147— 183 (Leipzig, 1899).

[12] H. J. W e i n e r t , Zur Theorie der Algebren und monomialen Ringe, Acta Sei. Math. Szeged, 26
(1965), 171—186.

(Eingegangen am 5. M ai 1978.)

INSTITUT FÜR MATHEMATIK 
TECHNISCHE UNIVERSITÄT CLAUSTHAL 
D—3392 CLAUSTHAL—ZELLERFELD

A d a  Muthcmatica Academlae Scientiarum  Hungaricae 35, 1980



Acta Mathematica Academiae Scientiarum Hungaricae 
Tomus 35 (1—2 ), (1980), 139—150.

TWO THEOREMS ABOUT TOPOLOGIES 
ON COUNTABLY GENERATED Op * -ALGEBRAS

By
K. SCHMÜDGEN (Leipzig)

0. Introduction

The present paper deals with the topologization of unbounded operator al
gebras (Op»-algebras) in Hilbert space. We consider two possible topologies, the 
so-called uniform topology хя introduced in [2] and the strong operator topology 
aa. We characterize the countably generated [closed] Op * -algebras s i  for which 
Та [resp. <j3] agrees with the strongest locally convex topology on si. Our main 
theorems contain some known result for concrete Op »-algebras ([2], [3], [4], [6]).

In [5], theorem 1 was used in proving that for certain Op »-algebras s i  (for 
example, the Op »-algebra of all differential operators with polynomial coefficients 
on the Schwartz space i f  (/?„)) all linear functionals /  on s i  are trace functionals,
i.e. they can be given by f ( a ) —Trta,a£si, t an appropriate nuclear operator.

1. Definitions and notations

First we repeat some basic definitions and facts about unbounded operator 
algebras from [2]. Let @ be a dense linear subspace of a Hilbert space Ж. An 
Op * -algebra s i  on 3  is a * -algebra of unbounded operators leaving the domain 
3) invariant. We assume that the identity map is in s i  and denote it by 1. The 
graph topology id on 3) is the locally convex topology defined by the seminorms 
\\(p\\a:=\\a(p\\,(p£3,a£si. For each bounded subset Ш of 3 \ t f \  we put pw(a) = 
= sup \(atp, i]/)\. The uniform topology r3 on s i  is generated by the family {/%}
of these seminorms, s i  [ts ] is always a topological * -algebra. The strong operator 
topology a® on s i  is given by the seminorms ||a||9 : =  \\acp\\, (p£3, a^si.

Let 3 (s i)  := f) 3  (a). The operators ä := a\ 3  form an Op * -algebra s i
a £ «с/

on 3 —3  (si) which will be called the closed extension of s i. s i  is said to be closed 
if s i= si, i.e. 3 = 3 (si) . An Op -» algebra s i  is closed on 3  if and only if the 
space 3[t^ \ is complete.

Furthermore we use the following notations throughout the paper (adapted 
from [1]):

Л£:= {aesi: |(aq>, cp)\ CayX\\xcp\\2\/ср^З),

J t x \= [a£si: \\a<p\\ S  Ca_x\\x(p\\Уcp£3},

Qx(a) := sup I(a<P, <p)I
ll^ ll2 ’

\\<*<P\Il x(a) . -  sup n
VÍ9 ||*<Р||

for a,x£si.
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с оHere we make the convention that — = +  °° for C>0 and — = 0. Clearly, JFX 
and J ix are vector spaces.

By Tst we always denote the strongest locally convex topology on s i .

3. The results

Theorem 1. For each countably generated Op * -algebra s i  on 3  the following 
are equivalent:
(1.1) For all operators x£ s i the vector space Jfx is finite dimensional.
(1.2) There are operators x„£si, n£N, such that s i — \J six and the vector spaces

n£N
JfXn are finite dimensional.

(1.3) Ts = Tst.
Theorem 2. Let s i be a countably generated Op * -algebra on 3 . Consider the 

following conditions:
(2.1) For all operators xf^si the vector space J ix is finite dimensional.
(2.2) There are operators x„G_si, n£N, such that s i  — i j  J tXn and the vector spaces

n i N
J lx are finite dimensional.

(2.3) <г*=т„. '
Then we have (2.3)-*-(2.2)—*-(2.1). I f  s i  is a closed Op*-algebra on 3, then all 

three conditions are equivalent.
The proofs of Theorems 1 and 2 will be given in Sections 4 and 5. Here we note 

a corollary only.
Corollary 1. I f  s i  is a countably generated Op*-algebra on 3  and if  ts = ts‘ 

on s i , then aH —rst on si.
Proof. Let x£si. Since Theorem 1 implies that the space sV̂ +x+i

is finite dimensional. Moreover, ,3fxQ J rx+x+i by the Cauchy—Schwarz inequality. 
Therefore, J ix is finite dimensional. Since all operators af^si are ^-continuous 
on 3  and 3  is t^  -dense in 3 ,  it is clear that a£Jtx if and only if a^Jix. Hence, 
Jix  is a finite dimensional vector space. Thus, condition (2.1) is fulfilled and we 
have o'- =  rst.

Remark. In [1], Op* -algebras satisfying condition (1.1) are called hyperfinite.

4. Some examples

In this section we mention some examples of Op * -algebras satisfying the 
assumptions of our theorems.

Example 1. Let s i  г be the Op* -algebra 3 (T )  of all polynomials in a symmetric 
linear operator Г о п а  dense invariant domain 3 L in a Hilbert space. Suppose that 
the operator T  is not bounded on 3 i .
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Example 2. Denote by s /2 the Op » -algebra generated by the position and
momentum operators qj = tj, pj = i ..., n, on the domain := C^°(R„).
In other words, s i2 is the * -algebra of all differential operators with polynomial 
coefficients.

Now we pass to a more general class of examples which give a greater variety 
of Op * -algebras fulfilling our conditions.

E xam ple  3. Let G be a Lie group and $  (G) be the universal enveloping algebra 
of the Lie algebra of G. Suppose 4l is a (fixed) neighbourhood of the unit element 
in G. If we realize S (G) as an algebra of left invariant differential operators acting 
on the Lie group G with the domain <2>3 := C’f  (fit) in the Hilbert space L.2(4l, p), p 
the right Haar measure of G, then we obtain an Op* -algebras t3 depending on G. 

With this notations we have the following theorem.
T heorem 3. The uniform topologies on the Op* -algebras s í x,s í2,s í3 and the 

strong operator topologies on s iA, s t2, s t3 coincide with the strongest locally convex 
topologies Tst on sí-l ,.sí2,s í2 and stx ,s t2, s t 3 , resp.

R emarks. 1. Most of these results are already known. For s i1 both assertions 
were first proved in [3] (for the uniform topology partial results were obtained in
[2]). In the caseaa â both statements are shown in [6]. Fors t3 the assertion concerning 
the uniform topology was proved in [4]. The methods applied in the proofs for 
s i2 and .0/3 in [6] and [4] are different from the method used in the present paper. 
Some basic arguments of the proofs are drawn from the proofs of Theorems В 
and C in [3].

2. By considering unitary representations of Lie groups (more precisely, the 
associated representations of the enveloping algebras), algebras of differential ope-

d2
rators (for example, the O p*-algebra generated by a = t 1 and p2=  on

@=Cő(0, 1)), sequence spaces etc., it is not difficult to construct further examples
satisfying the conditions of Theorems 1 and 2.

L emma 1. Suppose that s i  is an Op * -algebra on 2), a, x£ s i and a£sVx . Then 
there is a constant Ka x such that
(1) \\acp\\2 ^  KatX\\x(p\\\\xa(p\\, V<p€^.

Proof. Let4lx:= {(p£3>: ||*(p||sl}. Since |(n<p,<p)|^CajJ|x(p||2V<p£^ by а£Л~х, we 
have sup |(acp, cp)\^Ca<x. Using(a<p, i/i) =  l/4{(a(^ + ^), (p + \l/)-(a(<p-\J/), cp-ij/)-

<pi4lx
— i(a((p + i\j/), <p + iijy) + i(a(<p — if), (p-ii//)} it follows sup |{cup, t//)| =4Ca>JC because
the elements l/2(<p+i/0, ..., 1/2(<p — ii//) are in the absolutely convex set 4lx. 
Hence, we get \(acp, i/i>|^4CajX ||x(p|| ||xi^|| \/<P, Putting 1lt=acp, this gives (1).

Now let us turn to the proof of Theorem 3. By Corollary 1, we only have to 
prove the assertions about the uniform topologies. In view of Theorem 1, it is 
sufficient to show that condition (1.1) is fulfilled fors i x,s i \ ,s i3, that is, the vector 
spaces Jfx are finite dimensional for all operators x of the Op »-algebras s i x,s i2,s i3.
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Here we only carry out the proof of this fact in the case of ,я/2. For séx and sd3 
condition (1.1) could be verified by repeating parts of the arguments used in [3] 
and [4].

Proof for the Op * -algebra sd2. For simplicity in notation we restrict us to 
the case n —\. The subset {уи := qlpJ, i£ N, y'€N} is a Hamel base for j/ 2. Take 
a fixed vector (p£3i2, (p+0, with s u p p ig [0, 1] and put (patß(t):=ß(p{ß{t—oi)) 
for a, /?6Rt . A simple calculation leads to
(2) a ^ J\\pJcp\\ == bijip^ßW == (cc+iyßJ\\pJ(p\\

where ||pJ> || ^0Vy'6N. Let a = 2  <*цУи, x =  У  РцУц and ха=2УцУц- The
i j  i ,j  i,j

degree of an element a is defined by d(a) := Max {i+j: a;jF0}. Let (k,l) be the 
lexicographic largest tupel for which this maximum will be attained, i.e. k=  
— Max {/: oiijT^O for j=d(a) — i ^ 0} and l—d(a)—j. Denote by (r, s) the corre
sponding tupel for the element x.

Now we show that a^JTx implies d(a)s2d(x) + l. In particular, this means 
that is a finite dimensional vector space. We assume that d (a )^  1 and d (x )^ l  
(otherwise the assertion is trivial).

Let ß=ak~1 /<*+»+'+*>. Then
(3) a! ßJ = oc,+J-P(k+l+r+*) V i, j‘6N.
We write, f ( x ) —0(a.m),m ^R 1, for a function / ( a )  if |/(a )a~ m'| is bounded for 
sufficiently large a if and only if m '^m . m is called the order of the function /  
with respect to a. From (2) and (3) it follows that \\yki(pXtß\\ = 0(a.k+1- Jl̂ k+l+r+s)) 
and for all other elements y tJ with a;jF 0 the functions \\Уу(ра̂ \\ have smaller 
orders with respect to a. By the triangle inequality, this implies

(4) \\a(px,ß\\2 =  0 (  a2[*+i-i/(*+!+,+S)])>

Further we have
(5) \\x(pa,f \\ =  (P(a,'+s- s/(t+,+'-+s>).

By the commutation rules it is clear that y tj —0 for j> l+ s  and yk+r, i+ s— 
=<*kißrs^Q- Hence, if there is an /£ N suchthat yi} + 0, then j/(k+ l+ r+ s)< l. Using 
these two facts, we get
(6) \\xaq>atß\\ =  0(ock+,+r+s- ° +s)/ik+,+r+s'>).

Putting (4), (5) and (6) into (1), it follows

'.{k+l— г— 1 ------]v k+ l + r + s ) — r +  s- k + l + r F s ■+k +  l +  r+s  — l+s
k + l + r + s

Therefore, d(a) = к  F  /= 2r+2s + 1 =  2d(x) F 1 which finishes the proof.
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4. Proof of Theorem 1

(1.1) —(1.2): Trivial.
(1.2)  —(1.1): Let x£si. Since s /=  IJ ЖХп, there exists a number n€N such

л £N
that x + x£J/~Xn. This implies QЖХп. Hence j Vx is finite dimensional.

(1.3) —(1.1): We suppose that тэ =т8,. Let us assume that (1.1) is not true,
i.e. there is an element x€_si such that JVX contains an infinite set {an, n£N} of 
linear independent operators an£si. We supply elements bm£ s i  such that the system 
{a„, bm) is a Hamel base of s i. Without restriction of generality we may assume 
that gx(an) ^  1/4 N. Then \(aq>, ^)|^||x<p|| ||xi |̂|\/<P, ф аЗ  by polarization (cf. 
lemma 5 in Section 3). For each positive sequence y = {y„} we define the seminorm 
Py(a) = 2  |a„| for a = £  x„an + 2  ßmbm- Since r3 = rst, there is a bounded

n n m
subset Ш of 3[tJ\ such that p.fa)^p,m(a) \/a£si. Putting a = x1a1 + ... + akak 
we get

Py(a)= Z  УпК\^Рзл(а)= sup {((01^ + . . .  + <xkak)(p, ф)\^
n <p,\J/£Wl

ssZ M (  sup II*p II M \\)=c 2  k l
n <Р,Ф€ 9Л n

whereby C=  sup ||x<p|| \\хф\\ <  + 00. Since a.1, ..., ock, ... are arbitrary complex 
numbers, this is a contradiction if supy„= +  °°.

n€N
Now we turn to the main part in the proof of Theorem 1.
(1.1)—(1.3): First we note a simple lemma. We shall need it only for finite 

dimensional Hilbert spaces Жх.

Lemma 2. Let Жл be a Hilbert subspace o f Ж with Жк ̂  3 . Let Pj be the ortho
gonal projection on Ж\ and З г :—(l —Р1)3 = З Э Ж 1. Supposes/ is an Op*-algebra 
on 3 ,a ,x £ s i  and ||ф||S||x<p|| for all tp(L3.

I f

then
Qx (a) = sup

<Pt3
1 (a<P, (P)I 

\\хсрГ = + °°.

sup \(аф, Ф)\
M V

+  00 .

Proof. Since the operators a, a+, x£si have dense defined adjoint operators 
in Ж, their restrictions to Жх are closed and hence bounded by the closed graph 
theorem. Thus ||ai/|| ||ij||, ||a+i/|| ||i/||, ||x>;|| SC  ||»j|| '/г\£Ж1. Let us assume

that sup У̂ - - C i<  + 00, i-e. \(аф, ^ )|gC 1||xi/i||2Vi/'€^i. For each <p£3, 
Фея 1 IWII

(р = \1/ + 11,фе31,г1еЖ1, we get \{acp, (p)\ = \{a{\ji+ rj), ij/+ rj)\^\(ail/, xl/)\ + \(at], \p)\ + 
+ \ ^ , a +rj)\+\(ar,, / / ) |^ C 1W ||2 + 2C ||iJ|| Н\\+С\\г1\ \ ^ С 1\\х(ср-г,)\\* + 2С\\(рГ + 
+С\\(р \\^ С 1(\\хср\\+СЫ\У+ЗС\\(рГ-^[С1(1+су+ЗС]\\хсрГЬесш5е \\ср\\Щх(р\\. 
Therefore дх(а)< + °° which is a contradiction.
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Now suppose that condition (1.1) is fulfilled. To prove that rs =rst, we need 
some preparations and notations. Let us take a sequence {x„,n£N} of operators 
x„dsi such that

(i) \\(р\\Щхп(р\\^\\хп+1(р\\У<p£3>, N,
(ii) JrXn<gJTXn̂  and (iii) s i  =  U Л„.

n £ N

It is very easy to see that such a sequence exists. The vector space s i  has a countable 
Hamel basis {y„,n6N}. Let z„=l +У1 У1 + ---+УпУ„- Then y,€^Kn for Шп. 
Take x1=z1. Because JTXl is finite dimensional, there is a number, hence a smallest 
number w2£N such that y „ ft^ rXl. Putting x2 — xf+z^2 + l we have

-'Кг ^  and Vi =  l .......n2.

Continuing this procedure, we get a sequence {x„} with desired properties.
Since each vector space sVXn, « S 2, is finite dimensional, ЖХп can be decom

posed as a direct sum of JFXn_x and a certain vector space s i  n E ■ Let s ix=JTXx.
Then s i  = 21 n (direct sum of vector spaces). Let dn be the dimension of s i  n and

n
let a”, a2, ..., a"dn be a basis of s i n. si„ is * -invariant because JFXn obviously is 
* -invariant. Without loss of generality we suppose that the operators a\ are sym
metric (which is possible sinces i n is »-invariant) and QXn(a")— 1 for i= l,...,d „ . 
By aS=aia"4-...+ ad a%n, a =  (ax, ..., adf ,  we shall denote the elements of si„.

dn
Further we use the norm [ajj := 2 \ at\ on^ n- Let S„ be the unit sphere in this

(=i
norm. For each sequence y={y„, n€N} of positive real numbers yn we define the 
seminorm py(a) := y„|ű£|, a= 2  aVzsi, on s i. Clearly, all seminorms of this

Л n
kind give the strongest locally convex topology xst on s i . Let us take a fixed se
quence у={гЛ-

Statement 1. For each n£ N there exists a finite set o f vectors iJ/", фпГп having
the following properties:

(b) \\хкф1\\ ^  2 " V /c<n and i =  l ...... r„,
(c) (афл1,фу) = 0 Va£J/~Xm, l g n < m , i = l , . . . , r „ , )  =  l ....... r„.
Proof. We choose the sequence фл, ..., флп by induction on n. We postpone 

the proof that ф \, ..., ф1х exist because it requires parts of the following arguments.
Suppose for k = 1, ..., /2 — 1 sequences \j/\, i= l,  ..., rk, are chosen such that 

the conditions (a), (b), (c) are satisfied. Let Жх be the linear span of all elements 
афf where a^JfXn, k = \, ..., и — 1, i = l ,  ..., rk. Жх is finite dimensional because 
jVXv is finite dimensional. Put 3>1= ^О Ж 1. Let C„ be a fixed positive number. If 
a"éSn, then ал%ЖСп_1 by construction. This means that Qx„-l (a«)= +  °°. In
view of Lemma 2, this implies sup =  +  °°. Hence there exists a vector

* í s >x l l^ - i iA I I 2
(depending on a") such that

(7) I(а Ж , Ф")\ >
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Since inequality (1) remains valid if we multiply ф" with a factor, we may assume 
that
(8) \\хп-Ж \\ =  2-".

By U(a”) we denote the set of all elements anß£Sn with

ЫФЧ, Ф:)\ = \ßi(a№ , Фl)+...+ßdn(ad J n̂’ Ф§\ >  с«2 -"-
Clearly, U{af) is an open subset of the sphere Sn. Furthermore, a”£U(a”) according 
to (7) and (8). By the Heine—Borel theorem the open cover {U(a")} of Sn has a 
finite subcover {U(a”l), Put ф" = фк, i= l,...,r„ . Then we have

;_Мах \(а%ф1, ф1)\ >  Cn2~n for all anx£S„.

By norming elements it follows that

Max \(а”фч, ф1) I ~  C„2_2nJűSl] for each а%£л/„.

Putting now Cn = 22n{yn + l + 2  Max \(а"ф\, ф™)\}, this is just condition (a).
k, m<R J', i,s

Because ||лгхф|| ^ | |лг„_x || V<p€^, I s n  — 1, condition (b) is fulfilled by (2). The 
vectors ф?, i= l ,  ..., rn, are in 9)Л=0>&ЖХ by construction. Hence, (c) is also 
true. Consequently, the induction hypothesis is proved.

We have to say some words about the construction of ф\, ..., ф\. In this case 
we only have to check condition (a), i.t.

Max \(а1ф}, ф})\ a  laJKVi+1).

This can be done by using the covering argument of the preceding proof. Now 
the proof of Statement 1 is complete.

Next we regard the following subset 9JÍ of the domain

9Л:= I r\ =  2 4 t /^ n: q£N, |e„| = l j .

Statement 2. 9Л is a bounded subset o f the locally convex space 2>\tf\.
Proof. The seminorms ||<p||Xn := ||x„f/>||, n£ N, already define the topology tsi 

because sé— \J^VXn. Take a fixed operator xk,k d N. The boundedness of 5Ш
n€N

follows from

SUp il-Xfcl/H — sup 2\\ХкФ1„\\ =
4 €SPi /„ = 1  r „ n = l

= supf 2  \\хкф"\\+ 2  2-"] Ä 1+sup 2 \ \ хкШ  <  +  “ •
1 'п — X n=k + 1 /  1 n=l

Statement 3. pw(a)^pY(a) for all
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Pro o f . Let a— 2  К  be an arbitrary element of s i. Depending on a, we take
n =  l

elements tj г= 2  En{l/"„ ar|d t]2= 2  Ф"п ° f  9W. Here the vectors ф" are chosen
in such a way that in condition (a) of Statement 1 the maximum will be attained 
for a", i.e.
(9) Мах \{аплф1, ф1)\ =  | фЧ}\.

The complex numbers en, |e„| =  1, are taken so that

(10) Еп«ФЪ Ю = Ка Ж „ ,  Ю\-
Applying (9) and (10) we estimate

Pm(a) = sup \(енр, ф)\ S  |{ацг, rj2)\
(p,\l/£4Sl

2 (a n« [ z ^ Ű ,  2 К
n = 1 \  Vfc =  l  /  m =  1

2  Еп{а1ФЬ 'Ю -  2  \« Ф 1 , Ф?т) I s
n, k, m =  1 

( fc ,  т ) ? * ( л , л )

2  \(апЖ п> Ю \ - 2 Ш  Max ФТ„)\ =
n = l  ... s —

S  Z  {Мах\(апаф1, *А">|}— IlaSD 2  Max \(ап3ф}к, ф?т)\.
п  — 1 1 n , k , m  =  1 s

(к, т)^(п, л )

Since the operators а" are symmetric, condition (c) in Statement 1 immediately 
implies that t/d",)=0 if k ^ m  and k '^n  or m ^ n  is fulfilled. This ob
servation combined with qx (a") = l gives us

2  Max \(а!ф1, ф?т)\ =
k ,m  =  1 s  1* •••»r n 

(Л, m )^ (n ,  n)

=  2  Max \(а’1ф1'т, i/íĴ >| +  2  Max \{а1ф\к, ФТ2\
m5n+l s к, men s

=  2  I\х„ФТтГ +  2  М м \ ( а пвф),ф?)\^
тшп + l к, men J>l>s

1+  2  Max \(а"фр фТ)\-
к, men J>*’s

= 2  2- 2т+ 2 -  
т ^ п -h l

Putting both estimations together we get

Рж(а)= 2 { м ы \(а"Ж’ Ф 1 )\-Ш и  + 2  Max\(а"ф*, *АГ>1]} —
л =  1 1 к , m e n  J >l>s 2

2  1«2Ö 7» =  Py(a)-
n = l
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5. Proof of Theorem 2

(2.1) -(2.2): Trivial.
(2.2) -*(2.1): Obvious because х£ Л Хл implies J fxQJ?Xn.
(2.3) —(2.1): This follows in a similar way as (1.3) —(1.1) in the proof of The

orem 1. We only have to replace pw(a) by \\скр\\.
(2.1)—(2.3): Suppose s i  is a closed Op * -algebra on 3> satisfying (2.1). Since 

the set { J x, xdsij of vector spaces is directed, we can take a sequence {xn, n€N}, 
xndsi, such that

(i) Л Хп^ Л Хп+1 Vn€N and (ii) s i  = U
n£N

We choose a vector space si„Q JiXn, 2, such that J iXn is the direct sum of 
J tXn_ j and si„. Let s ik= Jtxl. Then s i = 2 ^ n -  Furthermore, we may assume

П
that in addition the following is true:

(iii) К CO =  sup <  +  °° for all a6s in, nd. N.

Let us verify this assertion. If Aa(xr„)= + “  for a certain operator adsi„, then 
the new sequence х1г ..., x„_lt a, x„, ... gives a “finer” decomposition of s i  which 
satisfies (i) and (ii). (ii) is obvious. Since a $J/Xn_1 implies JfXn_xj^Jia and 
0 0 =  +  CO implies J ta ̂ M Xn,  (i) is also true. According to (2.1), all vector 
spaces M x, xdsi, are finite dimensional. Consequently, by an induction argument 
this procedure can be continued until (iii) is fulfilled.

Without loss of generality, we can assume that XXn+x(x„)^ 1 and XXn(a")sl. 
Further we use the following notations from the proof of Theorem 1: 
a", d„, a”, KJ., S„.

S tatement 4. C„ :=  sup Aaj (xn)<  +  for each ndN.

P ro o f . Assume that the contrary is true. Then there exist sequences anXkdSn, 
kdN, (for brevity we write ak instead of a"k and x  for xn) and (pkd@>, kd N, such that 
\\ak(pk\\^k\\x(pk\\. We may assume that \\x(pk\\ =  1 V&£N (otherwise we multiply 
by a suitable factor). Then we have lim \\ak(pk\\=0. By the compactness of thek-+ oo

unit sphere S„ there is a subsequence of {a*} converging to an element ad Sn. For 
simplicity suppose that fim Jak — a[=0. Let ak — a=otlka"+...+otdnka"in. Then

\\(ak-a)(pk\\ ^  £  WiklMvA á  2  1«»П1̂ »11 =  |« * -а [ ^ 0  for
i  =  1 i =  1

By \\a(pk\\*\\(ak-a)(pk\\+\\ak(pk\\ this gives lim ||a<p*||=0.k* oo

On the other hand, we have Aa(;t)< + °° by condition (iii). In particular, this 
implies that l = \\x(pk\\sXJx)\\a(pk\\. This contradicts lim \\a<pk\\ =0.k-*- oo

An immediate consequence of Statement 4 is
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S tatement 5. There are constants C„>0, n£N, with

K ll|x n<?>|l =£ C J a M  an£ .d n, mSN.
Let y = {y„} be a sequence of positive numbers and qy be the seminorm on л/ 
defined by qy{a)— { 2  y„[]a"l2}1/2 for a = 2  a”fsd. Our goal is to prove thatП П
o® = rst on si. Since all seminorms qy define the topology rst, it is enough to show 
that for each sequence у there exists a vector (p£@) (depending on y) such thta 
qy(a)^\\acp\\ \а£я /. Now fix y =  {y„}.

S tatement 6 . There exist a sequence {<5y, /, j a  N } o f positive numbers and a se
quence {(p„, n€N} o f vectors (pnZ3> satisfying the following conditions:

( a )  l l * „ < p j  =  iő^ + y ^ + l  + Z  ||* „< р ;|| sön„ V n € N .
/ = 1

(b) \\xn(pn\\ ^  d-fl-n  Vk<n,  k, n£N.

(c) {aki4>n, a"j(PÚ = 0 Vfc, m  =  1.......n, l = l , . . . , n - l ,  i = \ , . . . , d k,
j  — 1, ..., dm.

(d) <5mn = 5nm= 2  \\x„(pr\\ 1 Vm<n,m,«ÉN.
r , s < n

(e) The determinants
С Г 2 <5ц ^12

1 Oq a

Dn = —  ^ 2 1 C f 2S22. ■ ~ Ö 2„

—  ^ n l ~ ^ 2 n c„-'2őn„
are positive.

Proof. In the case n= 1 we take a positive number <5n with ^n = / á 11+y1C| -f 1 
and a vector (p1Z ^1 with ||лг1̂ >1|| =  /d 11+y1C ?+l. Now suppose that Su , <p;, 
i, y =  l, ..., n — 1 are already chosen so that (a)—(e) are fulfilled. We define 5mn = <5„m, 
m=  1, . . . ,  n — 1, by (d). Since /)„_ x> 0  by induction assumption, <5„„ may be taken 
so large that Z>„ >  0 and

Kn s  ]/Sm+ y„Cl +1 + * 2 II *„ (Pi\\ = :Mn.
i=l

Further, we assumed that J tXn_xs*JiXn, i.e. kXn_1(xn) = + °°. Thus there 
is a vector <pnZ3> such that ||x„e/)„|| =£M„<5„„2" |]x„_j (pn\\. Similarly as in the proof of 
Theorem 1 we may suppose that q>„ is orthogonal to the vectors (a'l) + aj(p1, k, m s  
ё и , /< и  —l , i = l ,  . . . ,  dk, j — 1, ..., dm. After norming of cpn we obtain ||х„<рл|| =Mn. 
Consequently, \\x„_1(p„\\^ö~n12~n. Since \\x,(p\\ S||x„_1<p|| V/=n — 1, the conditions 
(a)—(e) are satisfied for Sijt cph i, j  = 1, ..., n. By induction, Statement 6 is proved. 

From j/ =  (J J ix it is clear that the topology t^  on Q> can be given by the
niN "

seminorms ||<p||Xn := ||хв<р||, nZN. Therefore condition (b) of Statement 6 implies
П

that the sequence ipn := 2  <Pi is a Cauchy sequence in Since the Op *-
i=l
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algebra s i  was assumed to be closed on 3), the space 3[t^\ is complete. Consequently, 
the sequence {ф„, n£N}  is converging to an element <p= 2  <Р&@-

i = i

Statement 7. For all a^sé we have \\acp\\ £ # v(a).

Proof. Applying (a) and (b) we obtain

\\x„(p\\ ||xn<jt>J- 2  \\x„<Pi\\ -  2  11*1.<Pill s  V'S„n+ynCZ,i=1 i=n+1
i.e.
(11) \\x„cpr-ynC ^ S nn 

For H>m, (b), (c) and (d) give us

(12) |<a? <p, a”> <p>| — 2  К«7 P r , aj P*>l +  2  \(a"i P r . ay q>r)\ sür,s<n r=n

s  2  \\x n(Pr\\\\Xm(ps\\ + \\xn(pn\\\\xm(pn\\+ 2  ll*»Prll ll*mPrll S
r,s<n r=n +1

S . . . + 5 nnS ~ l 2 - +  i
r=n + l

Now we make use of condition (e). It implies that the quadratic form Q(t) := 
: = 2  t„i„C~2<52B— 2  intm^nm is positive definite. In particular, this means that

n tt?±m

2  K fC n~2önn- 2  M  lkmI<5„m ̂  o.n n?±m
By the estimations (11) and (12) we get

(13) 2  K ¥  с ^ 2(\\Хп<Р\\2-У пС ?)- 2  М И  niax |<a" (p, ay <p)\ £  0.n n?±m l,J
The triangle inequality leads to

|« p ,  ay<p) I == И a; ||aj|| || max | <а?<р, с$<р)\.

Further, we have C;72|aJ[2||;cBp||2^ ||a2p ||2 by Statements. Putting these two 
inequalities into (13) it follows that

1|ар||2- ? у(«)г ^ 2 Ч К р |1 а-У ,.М 2) -  2  I(a”<P, ауср) | Ё 0n nj£m
which completes the proof.
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6. Concluding remarks

The preceding proofs of our Theorems 1 and 2 show that the multiplication 
in the Op * -algebra sé  was used only to ensure that the families of vector spaces 
{■Лгх , xEsf j  and {Jix , x£s/}  are directed. In fact, our proofs yield the following 
more general results.

Let sd be a vector space of linear operators on a dense domain 3  in a Hilbert 
space (we do not assume that the operators map 3  into itself). Suppose, {x„, n£N} 
is a sequence of linear operators defined on 3  so that xx= l  and ||х„ф|| =  ||x„+1<p|| V 

(pdSi, n£N. By the seminorms ||<p||Xn := ||x„<p||, n£N, we define a locally convex 
topology t+ on 3 .  Let

JTXn := {a£st: |(atp, <p)| S  Ca, „||х„ф||2 V<p£3}
and

J iXn\= {a £ s t\  \\aq)\\ S  Ce>Jx„<p|| V>6^}.

T heorem  V. Suppose that for each a&sf the operator a* is defined on 3  and 
a+ := a* \ Suppose s /  = [J JfXn. The uniform topology хя on s f  will be

n £N
defined by the seminorms pw(a) =  sup \(а(р,ф)\ taken for all bounded subsets 9Л

<p, Ф €9Л
o f  the locally convex space 3[t+\. Then, =  i f  and only i f  all vector spaces 
JfXn, n£N, are finite dimensional.

T heorem  2'. Suppose sd — (J J ix and the space 3 [ t+] is complete. Let a3

be the locally convex topology o n s f generated by the seminorms ||a||v := \\aq>\\, tp£3. 
Then, a3 — rst o f  and only i f  all vector spaces J iXn are finite dimensional.

Notice that the assumption s f  = [J Jfx implies that +  °°Va€^f.
ngN

If a^JfXn, then \(acp,\l/)\^4eXn(a)\\xn(p\\\\xn\l/\\ by polarization; hence pm(a) s  
= 4 QXn(d) sup ||x„<p|| ||x„ij>||< +  o o  because 5Ш is bounded in 3\t+].
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ON THE STRONG APPROXIMATION 
OF FOURIER SERIES

By
V. TOTIK (Szeged)

1. Let /  be a continuous and 27r-periodic function. Denote co(f;ö) and s„(x) = 
=sn( f ; x) the modulus of continuity of /  and the я-th partial sum of its Fourier 
series, respectively.

If со is a modulus of continuity and r is a natural number we define W  H a 
as the class of all functions /, for which

cn(/(r); S) S  Kf co(S) (0 si <5 2тг)

where Kf  is a constant (depending generally on f) .
The first result on strong approximation is due to A lexits and K r á lik  [1]. 

In 1965 L eindler [2] proved a very general theorem about the order of strong 
approximation. This result can be applied to the most important strong means

h„(/, p , ß ; x )  = pjj Д  ( k + l/ " 1 \sk(x) - f  (x)|pJ (ß, p >  0),

hn(J,p, ß; x) = h„(f,P, ß; x ),

<\f ,  P-, x\ =  { ^ 7  Д A l : l  |5fc( x ) - / ( x ) | p} *  [ y ,  p > 0 ,  A l  =  ( " + 7) ]  ,

and
t yn\ f ,pi  x \ =  ayj f , p ;  x\.

One can get e.g. the following theorem (see [2]).
T heorem A. Let us suppose that / (r)£Lip a ( 0 < a ^ l )  and p > 0. I f  ß > (r -f  a)p

then
K(f ,P,  ß\ x ) = 0(n-'~*)

and
k ( f , P ,  ß\ x) = 0(n~r~*) 

while i f  ß = (r+ct)p then we have only
hn(f, p, ß\ x) =  0 (n_r~“(log n)1,p)

and
Unif, P, ß\ x ) =  O(n~r~0I(log n)1/p).

Moreover, there are functions f  and/ 2, so that / ;(r)(ELip a ( i= l ,  2), but 
K(f i ,  P, ßl 0) S  cn~r~a(log n)llp (c >  0)

and
^n( /2, P,ß\  0) ё  c n х (log п)1,р.
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L ein d le r  [5] proved also that in the case <x=l, ß = (r+ l)p  the additional 
assumption f (r)d Lip a does not improve the above estimation.

In [3] we can find the analogue of Theorem A for the means a y„ \ f ,  p ;  jc| 
and &*\f,p;x\.

In the first part of the present paper we give the exact approximation order, 
which can be achieved by the above means, if /  is taken from a class Wr Я “. After 
that we shall deal with the so-called generalized strong de la Vallóé Poussin means.

Let со be an arbitrary modulus of continuity. We define

co*(S) = f  dt.
0 *

1 ^  / A
It is possible to see that in the case f ----- co*(8) is between a modulus

о *
of continuity and its twofold, so we may regard со* (8) as a modulus of continuity. 

Let co0 be the infimum of those a, for which

0) i  2kxc o Щ  ^  Ä.2-0» ( 1 )  ( n  =  0, 1, 2 ,...)

is true with a constant Ka.
By Lemma 2 it is clear that if (1) holds for a certain a then it holds for any 

oc'xx and there exists a positive e=£(a) such that (1) holds for a —e, too.
Thus by the definition of co0 it is clear that (1) holds if and only if a><u0. 
With the above notations we prove
T heorem  1. Let f£  W H 01 and p > 0 .  We have

(2) hn( j\  P, ß; x) -  0 ( t f '•*■")
where

Moreover i f  r >0 then
(3)
while i f  r= 0 then
(4)

{ («+ 1/ Z i k + i y - 1
k — 1

K(f> P, ß\ x) =

hn(f, p ,  ß; X )  =  0(Щ ;№ )
are true.

Furthermore, there are functions f r (r—0,1, ...) and / 0* so that f r, f f  WrHm 
( f —0 , 1, ...), / 0+€ Я “, and
(5) K (L ,  p, ß; о) s

(6) Л„(/Г, p, ß; 0) s  c H f t "

(7) h„( fo , p, ß; 0) ё  cH’i s

are true with a positive constant c independent o f n.
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R em ark . We have for every fd  Wr H°

hn(f, p , ß ; x )  = 0 \  

i f  and only i f  ß>(r + co0)p.

By the Remark, the means hn may give worse approximation order than 
j (which is the order of the best trigonometric approximation for the 

whole class WrH m) in the case ßs(r+a>0)p.

Theorem 2. Let fa  W H “ and 0. We have

(8) *21/, P 5 x\ = 0 { H f f %  
moreover
(9) S l \ f  p-x\  = O iH fl’")
i f  0, while i f  r =0 then
(10) *21/ ,  p-,x\ =

Furthermore, for the functions occurring in Theorem 1 we have

(П) *21/ , ,  p; o| ^  с щ :у
(12) *2l/„  p; 0| s  (c > 0)
(13) äyn\fa, p ; 0 \ ^  cHfáS.

Remark. We have for every fd  WrH'J‘

«21/. к  *1 =  0  ( • ^ » ( 2 ))
i f  and only i f  (r+ ma) p < l .

Especially, if (<5)=<5* (0 < a á l)  then (а»я)0=а, and we get Theorem A
from Theorem 1.

Going over to more general means we shall prove
Theorem 3. To every fixed r and со there are functions f i  and f 2 so that f i d  W r H°\ 

f id W rH <° ( /= 1, 2) and for every n either

(14)

or

(15)

are satisfied.

Mf üV- f i m  = c-^co(^)

\ Ш й О ) - Л т ^ с -^со(±)

|s„(/2; 0 ) - / 2(0)| =  

1̂ ( / 2; 0) - / 2(0) | ^ с1 ш(1 )

( c > 0)

( c > 0)
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Remark. Т о every со there are four functions f  ( /= 1 ,2 , 3 ,4 ) so that f f H m 
( /= 1 ,2 ,3 , 4), and for every n we can find an i —i(n) for which

\Ш г \  0) - / ( 0)| ^  cco* (1 ) .

We mention two corollaries of Theorem 3. In order to simplify the writing 
we introduce the following notations. If T= (tnk)~k=i is a nonnegative matrix and 
со is a modulus of continuity, let

and
T„(co, r,p) = \ 2  ink  U=i Ш Г

(p > 0 , r =  0, 1, ...)

К  (со, Г, p) =
ÍTn(co, г, р) 
[Тп(со*, 0, р)

if г >  0 
if г = 0.

Corollary 1. For every nonnegative matrix T  — (tnk) and fo r  every r,co there 
exist functions f , f 2 so that f\,fi,fb<LW rH a> and

lim sup] 2
n~~°° U=i U M f i l  0 ) - Ш \ T„(co, r, p) 0,

lim sup I 2
U-i U \4 (Л ; 0)

■»i/р
- /2(0)lp} T* (со, r, P) >  0.

Corollary 2. I f  for the sequence {(?„} we have Тп(со, г, p )^  О(q„) or 
T* (со, r, p) 7Í О (q„) then there is a function / 0€ W r H ‘° for which

or

respectively.

{ i a s * ( / o ; 0) - / o(0)|'} P ^ o { Qn)

{ CO 1 1/P
2  U 4 ( / 0; 0 )-/„ (0 ) |pf  и  o(Q„),

Corollaries 1 and 2 say that we minorate the order of the strong approximation 
(taking into consideration the whole class WrH “) if we replace in the means \sk—f \

Now we prove two theorems about the generalised strong de la Vallée Poussin 
means. These were defined by Leindler [4] as follows: if 1=  {/„}“=1 is a non
decreasing sequence of integers such that Ax= l  and A„+1—A„Sl, then let

K i f i A, p ; x) =  { i -  2  |5k(x )- /(x ) |4 1/P.
k = n - X n+ l  >

In [6] Leindler proved:
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T heorem B. For every positive p we have

Vn(f, A, p; x) — О \ - л п+1(/)) . 

T heorem C. If / (r)£Lip a (0 < a ^ l)  and p > 0 then

where
VJf, A, p; x) =  0(Arn'x)

( f )

l А,Г1/р(и—A„+1)(1/p>- '—а if

(r +  a)p <  1

(r +  a)p = 1 

(r +  ot)p >  1.

Similar statement is true for Vn( f  A, p ; x) = V„(f, A, p; x).
Furthermore, i f  n = 0  (A„) /Лея í/геге и  a function /„ ímcA that / 0(r), £ Lip a,

but
lim sup V„(f0, A, p; О^Л'’“ >  0.

Generalizing these results we prove 
T heorem 4. For every p > 0 we have

(16) K„(/, A, p; x) =  О (е п_,п+1(Л  lo g ^ - ) .

More generally, there exists a constant K, depending only on p.for which 

[ 1 r l 1/p 2n
(17) -  2  K(f>  * Ь / « 1 Р ^  KEkl( f ) log —  ,

i  r i=i J 1

where 0 <  Агх < L2 < ... <  = я are arbitrary indices.
T heorem 5. I f  f£ W rH a, p > 0  í/геи we /гаге

(18)
and
(19)
where

and

Vn(J, A, p; x) =  0(Л„(г, p, со)) 

Vn(f, A, p; x) =  0(Л* (r, p, to))

Л „ (г ,  p,co) =  -j— 2  I i ,
*  =  n-A „ +  l  f  КwanрШр 2„

lo ix

Л*(г, p,tu) =
Л„(г, P. (O) if r >  0

л , ( ° , й (“ • ( x ) ) ’} *  ir ’• =  °-
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Furthermore, there are functions f , f  for which f ,  f f  W  H 0> and
(20) lim sup V„(f1, X, p; 0)/Л„(г, p, со) >  0,П-*-оо

(21) lim sup V„(/2, A, p; 0)/Л *(г, p, со) >  0.IJ—► OO

We mention that even in the case co(S)=ő* (0<<xSl) Theorem 5 is a slight 
generalization of Theorem C, because we did not assume n = 0(X„).

2. To prove our theorems we require some lemmas.
L emma 1. Let co(ö) be an arbitrary modulus o f continuity. For the functions 

/ , М =  I  (£2? ( 5 - y - l ) » _ ccs(5 . 2 4 0 » )

*=i  V2  ̂/^ax-i+i V Z l )

and

we have 
(2. 1) 

and 
(2.2)

where К depends only on со.

co(J0; Ő) 12 Kco(5) 

со(g0\ 6) = ATcu((5)

P roof. The proof is similar to that of Theorem 1 of [5]. 
First we prove (2.1). Let

RÁx)

and

2k /
: ^/=2>‘-l + l  '

'cos (5-2k — l)x  cos(5 •2k + l)x
l l 1 - 2 * 5 . 2 * *  I  i h h

z /=2fc- l+ l  l

K(x) = i  ( -  О*® (-Jr)

It is enough to show that there is a constant A"1 for which
(2.3) \f0( x ) - f0(x+h)\tsKco(h)

is true for every and 0 ^ x ^ n  — h.

Let us fix A, A<-^rr> an£l for the moment let h ^ x S n  — h. By the well- 
known inequality

£  ak sin kx
k—p

~ — aP {ар ^ а р+1^...,х£(Ъ ,п])(2.4)

we have |Л*(х)|гё8 2 -« -» * -1.

1 К, C  and these with indices denote constants not necessarily the same at each occurrence.
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Using this we get

(2.5)

S  \K m h + c o [ ^ Y ^ - к 2+1ф т  S  |Л;(9)|Л+32о»(й), 

prove

\K(9)\ Kco (Jr) 2" (0 s a s i t ) .

where 9в(х, x+h).
Thus it is enough to prove

We have
n / 1 4 2̂ Qitl 7,Q

(2.6) h'„(9) = 10 2 ( -  1)‘»  Í  2‘ c o s 5 . 2*9 2  ^k = J > l*=&~l +1 ‘ - +

+ 2 sin 5- 2*9 ^  ... ...----- rj-----  Z  cos 19 — ^ (Э )  +  A2(9).
2“ I=2fc-1+1

1Let now 9 be fixed, m be the least natural number for which ——=3 and 
H=min(m, rí). By an elementary calculation we get that if

Ck(3) =  cos 5 *2* a 2  ~ r ~
/=2fc- l + l  <

and

then

_ ... sin5-2‘3
Dk (3) = -----= -----2  cos /9

2 /=2*->+l

Q (3 )  S  Ct+1(3), />*(3) S  Z)t+1(S) ( l á k S m - 7 ) ,

|C*(»)I s  1; |Q ( 3 ) | s l  (fe = 1, 2,).
From the subadditivity of to it follows that 2fca)(J-) g2k+1 a> (yW) • This,

(2.4), and the previous inequalities give 2

(2.7) - f ö ^ i ^ S Z \ -  l)ko> (Jr) 2*Cfc(9)| + k_ 2 ' a> (J r)  2k |Q(3)| ==

s W 2 )̂ +7“ Ш 2-+<a Ш? J _ . W 4 > s  Ш2-
and

(2.8) ‘ 1  M2(3)| ^ \ z \ ~  1 fco  (Jr) 2*Q(3)| + t _ 2 effl(Jr) 2fc |Q(3)| S

s *“ (f) 2-+7“ (f ) 2" 4 f ) 2’ J . .7 S  " (f) 2"’
2 If m ^ n  then £  does not occur below.
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where we used the well-known estimation

2  cos lx 
i = p

(0 <  x S. л).

(2.6), (2.7) and (2.8) verify (2.5), and so we proved (2.3) for h ^ x ^ n —h. 
Let now 0 < x^h . It is clear that

(2.9) \f0( x ) - f0( x + h ) \^ 2  sup |/,(*)|,
h

and for 2_в^л:<2~(',-1) we have

|/0(х ) |^ |й л(х )-й п(0 ) |+ ю Ш  Í  p i - Sv z У *=n+i z л:

^ |й '(9 ) |л :+ 1 6 а> Щ  (S€(0,*)).
Using again (2.5) we get that

1/oWI ^  А 'Г ш Щ  x +  16oj (-1) ~ Ka>(h).

This and (2.9) prove (2.3) for 0< хё/г, and so the proof of (2.3) is complete. 
The proof of (2.2) is similar, therefore we omit the details.
Lemma 2. Let a„ s  0. Then

2 a , ^ K a n ( n  =  l ,  2 , . . . )
i=0

holds i f  and only i f  there exist two numbers <^>0, c2> l ,  and a natural number fi 
such that for any n, an+1̂ c 1 a„ and an+)I>c2an are valid.

The proof can be given by an elementary calculation.
Hence, in respect to the fact that (1) holds if and only if a>co0, we obtain 

immediately
Lemma 3. For any p > 0  2

2  2kxp\ со
k=0

(II = 1 ,2 ,...)

holds i f  and only if  a>co0.
Lemma 4. Let со be a concave modulus o f continuity, ana

ak = coШ - т г Ч е Ь г)
For the function

we have
fix') = 2  ak sin kx

k=2

co(f; ö) = 0(coiS)).
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Proof. We show that

(i) ак ё а к+1 (ii) (k = 2 ,3 ,...).
From the relations

and

1 k + 1 1 (k+ l)(fc — 1) 1
H  ~ 2k+ 1 'fc +  1 + k(2k + \) к - 1

fc+1 ,(fc + l)(fc - l)  ,
'  • I_M L . 1\  ^  A,2fc+ 1 ' fc(2fc+1)

using the concavity of a> we obtain

(fc+ l)(fc-l)
(x) s  Ä T Im(ETT)+ -

i.e.

CO

fc(2fc+1)

and this is exactly (i).

t o ( i )  * » - ! ) < » ( — ) .

and so at sO. The right side of (ii) follows from the monotonicity of со.
In order to prove the relation / £ # “, it is enough to show (see the proof of 

Lemma 1) that
(2.10) |/(0 )-/(/i) |^K co(/i) 
and
(2.11) \f(x )-f(x+ h )\ ^Kco(h) ( h ^ x ^ n - h )  

are satisfied with a constant K.
First we show (2.11). Let ~  By (i) and (ii) we obtain

\f(x )-f(x+ h)\ s 2  ak(sin kx —sin k(x + h))
fc = 2 + 2  ak sin kx

*=it+ l
+

+ 2  aks'mk(x+h)
k = n+l

-5 h
n I 4  4

2  akkcos fc9 +—an+i + —— r an+1 ==
t =  2 I x  X -\-r l

= h 2  akk+4na„+1 + 4na„+1 ^  h |two — tu(l)| +  8co S  Kco(h)

where we used (2.4).
The verification of (2.10) follows the same lines:

1/(0) -/001 s  h 2  kak cos fc9
k = 2

+ — an+1^Kco(h).
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The proof of Lemma 4 is now complete.

Lem m a  5 . To every r and a> there exists a function f t  W  H 01 such that

(2.12) Isn±x(f ; 0 )- /(0 ) | >  l O - s - i a j f l )  lo g ^ -

holds for infinitely many n and л<л<?~10Н.
We mention that the existence of /€  WrH a for which

\S,±x(f; 0) -/(0)1 ^  10~* -1  CO (1 )  log у  ( y  >  e100) 

hold for infinitely many n could be proved similarly.

71
P roof. First we show that to every 0 and M  there exist a function

/ —fa,и and a natural number n=n(a, M ) for which n> M , and
(i) /  is (r+2)-times continuously differentiable, and

l /(,)l ^  Krco (1 )  nl-  (i =  0,1...... r + 1),

(ii) / (x )= 0  if a ).
(iii) if А-=ле_10° then

l ^ t f ; 0 ) - / ( 0 ) l > ^ T a, ( i ) logA .

Let h(x) be an (r+2)-times continuously differentiable function for which

0 s l i ( r ) S  1 and h (x)
4

0 if x ^ O
1 if r S l ,

and let
К =  max max lh(i)(x)|.

O S /S r+ l O s j s l

Let n=n(a, M )> yM +— J be a natural number, which we shall choose later. 

By a suitable choice of n the function

f ix )  = fa,M(x) = h |n  ( * - y ) j  й ( л ( а - х ) ) - ^  ш ( у )  sin nx 

will satisfy our requirements.
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(ii) is clear for /.  It is also clear that /  is (r+2)-times continuously differenti
able. For the i-th derivative we get

-  TF- Ш  | , , Х Ш  ih •
1̂» ̂2» *3 — ®

■ (sin nx)(l*} £  J _  O, f l )  „i 2  “  7 .t!, ■ Y  K‘ S (ЗКУ(0 Í - )  n1-'
nr ( n j  i,+L+i.=i *1! f2! 13! vn/

and this proves (i). 
Finally for Л-=л

l l  +  l 2 + * 3  *1» ̂2» ̂3 — ®

(2.13) I 0 ) - / ( 0 ) |  -
1 f  / ( / )s in (n ± A + i)f

-  }  К *n l/i.
dt

1 J lln /(Qsin (и±А+1) dt
7T J

2//i 2sinT

2 sin —

1 2/n

- 1 /Я  У

1/(01 dt-
1/n 2 sin —

_ 1  / j m . * . , . . * . * .
я а_1/и 2 sin -

Because of | / |á - ^ r  and sin x  one gets

(2.14) /2+ /8S  2—— ) Л “ ( - )  =  Л " ( - )л n \ n n) nr \n )  n \n )
easily.

If x Á — , a —-1 then f(x )= ^~  со [ — | sin nx, and \n  n) rf \ n )

(2.15) = nr \ n )  n

so

%1/л i(co sfA ± i)r-co s(2n + i± X )t)
J t
" 2 sin —

dt

- A - R 2n
a~1,n cos (Я±|)/ 

2/" 2 sin 4-
f dt

y /n cos (2n + i± 2 )t ^
2/n 2sinT

_ j . e ( i ) , n _ A - ( i )
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If л 1, n  = a -----, then4(A+i) n
r  1 a ~r l l n  1/2 ,
h l ~ 2 n j  T ~ T  12/(1 2 sin — 20 log n

71provided that n is large enough, e.g. я ё в а, If however —-----— < a ---- > then

*(я + т )
the second mean value theorem gives for — > e100Л

1>  —
2 n

nlJ +i) cos(2± i)i dt 1
2 7Г f  dt

2ln 2 sin — *m+i) 2 sin-42 2

1 */4(л+1) 1 , 1  1 /  ( ,  П  , IS -г— / —d t—---------------------- / cos 2± -r- \td t ä4л tfn t In  „ . л l ^ 2 ^  I2 sin

_1_
4л

8(A ±i)

Ял

nua+i)

( n Ял "1 6 1 n
l l0ST + '° 8 8 Ö + i j J - « ® 2 Ö l0gT -

Thus we get that if n ^ n a and — > e100 thenЛ

(2.16) , 1 , л
, “ £ 2 ö 1o 8 7 -

Using again the second mean value theorem we obtain

(2.17) s _ L ( 2 2 ± i y
2 л l л 2 n)

1
2и +  ̂ ±Я

By (2.15), (2.16) and (2.17), if «&«„, — > e100 thenЛ

'■-znHD108!
and this with (2.13), (2.14) prove (iii).

Thus, if we choose« greater than na and the above f a<M and n satisfy

(i)—(iii)-
Now we turn to the proof of Lemma 5.
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First we define four sequences, {gm}, {nm}, {am}, {Mm} as follows: Let аг — 
= j ,  Мг=1, g1=fai,Ml and и1=и(а1, MJ. Let us suppose that gk, nk, ak, Mk are al
ready defined for l ^ k ^ m  — 1, ak> 0 and the gk s are taken from the above

m — 1
functions f aM. The function 2  Sk is (by (0) (r +  2)-times continuously differenti-

it=i
able, therefore

mÍ 1gt W - s „ í mÍ 1gfc; x ) = o t e )
k=l \k = 1 > U T I

and thus there is an Mm so that in the case n> M m, we have

(2.18) | ' z 1gk(0 )-sn±Ai mi 1g,; oil <  l e ( I )
I f c = l  1 ) \  n \n )

and

(2Л9) ± и ( 1 ) |о д 2 л , - : 1 1 ш( 1 )  (fc =  1,2,.... m — 1).

Now let a,„>0 be a number for which gk(x)=0  if л:€(0, am) for every 1 
S m -1 .

Let
gm(x) and nm =  n(am, M J.

We obtain hereby the required sequences.
Let

/(*) = 2  gm(x).m = 1
We show that /  satisfies Lemma 5.

Taking into account that the supports of the functions gm (where they are not 0)
oo

are disjoint, (i) gives that the series 2  (x ) (»‘= 0 ,1 ,..., r) are uniformly con-
m = 1

vergent from which the Mimes differentiability of /  follows. By (i) and (ii) we have
that if 0 < A á— is arbitrary and —i— = A ^ — , then for every x 

« 1  nm+1 nm

|/<'>(x+h)-/<'>(x)| ^ 2  8kr) (x+h) — 2  gkr) (x)k = 1
+ 2 max max |gir)(x)|m + lsfc<~ -itsxsit

S h 2  glr+1)(x+&h) + 2 tu i—— ) ^  Kh Í max nkco (—] 1 +2a>(h) ^  
f c = l  I \nm + kJ \nkj)

i..e. J

^  Kh (2^ )  +2co(h) =s Kco(h)

here we used that if A'=-A then Q)(h') co(h) 
h' - h У
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Finally if n=nm and -r->e100 then the known inequality A

k (g ;  *)-g(*)| <  3 (max |g|) log к 

as well as (2.18), (2.19) and (iii) give
Im—1 / m—1 \ I

I / ( 0 ) - s„±a( /;  0)1 =£ |gm(0 )-s n±A(gm; 0 )1 - \ 2  g*(0)-s„±J 2  g V, 0 -lfc = l 4 = 1 /I

°)l ® i M x b x -

1—3 max I 2  gkI lo g (n ± 2 )  S  3• 10- 2 - ^  cui—] log-^- —
n  \ n j  \ k - m  +  l  I и  \ П /  A,

1----7 conr 10" - 7 " И |о ё Т '

i.e. (2.12) holds for any n=nm.
Thus the proof of Lemma 5 is complete.
3. Proof of Theorem 1. We use the following inequality (see [2, p. 260]): if 

2"|i - 1< /jg 2 ”,° then
f 1 m0 \4 p

(3.1) hn(J, p, ß ; x) S  К \ - j  2  2 ^ (F 2m-,( /) )4  .in m=? )

If fe W 'H *  then Em( f )  = 0  and so

/,.(/, p , f ,  *) ш к { ^  =

and this is (2).
In the proof of (3) and (4) we use the inequality

£„(/)== k [e m )+ 2  T £ v(/)1
V v = n + l  v  )

(see [8, p. 320]), by which if f£_WrHm and r>-0 then £■„(/) = c u ^ j  j ,

while En(J )= 0  |cu* if r= 0.
Using this we obtain (3) and (4) from (3.1) similarly as we have got (2).
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In order to prove (5) and (6) let us consider the functions

fr(x) =  2  ( -  l ) v ®  Ш  2  ( -
v —1 V-ь /  / = 2 v - 1 -p l

( cos (5 '2v — l)x cos (5-2v +  /)x)
{ (5 • 2V — ly  l (5 • 2V +  l)r l j +

+ n , m  % ( sin (5-2v —/)-* sin(5-2v +  Z)x )
vt T  } Wl2vJ,=2v^+1l (5• 2V — lyl (5• 2V +  l)rl )'

One may integrate Fourier series term by term, thus Lemma 1 shows that 
f r£W rH a and f r£W rH°>. Let

* v =  i- t i+ 1  ( (5 • 2v — l)r l ~  (5-2“ +  / / / )  = Л +1 r(v’ °-
It is clear that

1
r(v, 1+ 1) S  r(v, I) and r(v + l, 21) = y r r r (v» 0, 

and this implies

Rv+1 = 2  (r(v+ l, 2 / - l )  + r(v+ l, 20) S  2  2 r ( v + l ,  2 0  =
/ = 2V-1+ 1 /= 2 * -l+ l

= 2 ^ L -  2  r ( v , l ) ^ R v
from which 

(3.2) CO

2V + 1 /= 2V-1+1

Í27) R v “ R v
follows.

Now if 5 •2V—2v-1sA:^5 •2V+2V_1, then

f , (0 ) - s k( fr; 0) =  ( -  l)v+1co (—j /=!Д +1 (5.2V+ / / /  +

+ ( - l )v+1 ( ® ( ^ )  ^ v+2+  .] .
and so, by (3.2), we obtain

(3.3) \sk( fr- 0)-/,(0)| ё  со [—] m 2 +i (5 . 2» + // /  -  v (2'

(v =  1, 2, ..., 5-2v- 2 v- 1=S fc s  З-г’+ г”“1),
where c is a positive constant independent of v and k.

(3.3) already gives (5), namely if 6• 2"°~1^ и < 6 • 2"° then

:v)r “ (г”)

{ 1  » 0 - 1  5 * 2 V+ 2 V _ 1  I 1 / ?
7— ш 2  2  ( f c + i / - 1k (0 )- /,(0 )p  s
t n + l F  v = 0  k = 5 - 2 v + 2 v —1  J

{ 1 » 0 -1  5 - 2 v + 2 v ~ l  (  I Г 1 л ')P1

( Í W . 5
» 0 - 1  5 * 2 V + 2 V - I  (  1 (  П ) р 1 ^ р

2  2  j
( n  +  i y  v = 0  k  =  5 - 2 v - t - 2 v -
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The above proof of (5) — taking into account the form of f r — simultaneously 
proves (6), too.

To prove (7), it is enough to show that there is a function / 0*€Яга such that 
if v is even and 5-2v—2v-1á k s 5 * 2 v+ 2 v-1, then

(3.4) 14 C/o 5 0)-/o*(0)| is cco* ( I )
(see the proof of (5)).

To every modulus of continuity со one can find a concave w, for which 

cu(<5) S  cö(<5) S  2co(<5) (Й6[0, 2ti])

(see [7, p. 45]). From our view-point со and со are equivalent, so we may suppose 
that со is a concave modulus of continuity.

Let us consider the function

(3.5)
where

and let

g(x) =  2  ai sin lx

я ,= Ц |) - - Ц - Ц - р т ) '
fo = -g (x )+ 2 g 0(x).

then
By Lemmas 1 and 4, / 0* £ # ю. If v is even and 5*2V—2v-1s f c s 5 .2 v+ 2 v_1, 

/o * (0 )-4 (/o ; 0) =  Í  а1+2 со Ш  I  { ё  Í
/ = * + 1  V 2  / / = 2 v - 1 + 1  Í  l = k + l  1 +  1  V l 7

what is exactly (3.4).
The proof of Theorem 1 is now complete.
The Remark follows at once from Theorem 1 by Lemma 3 and by the estima

tion

(2ky - rP (со (^rj) PJ1/P — (C1,C2> 0).

P roof o f  T heorem 2. Using the last formula of [2], p. 260, we have for 
2”o -i< n S 2"»

<\f, * * * j (JL ̂  *
s * R Ж2' wШГ+(f? “Ш)'Г -
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(we used the estimation

Ci(v)ny c2(y)ny (n = 1, 2......  у > - l ,  Ci(7), c2{y) >  0))

and this proves (8). The proofs of (9) and (10) are similar.
(11), (12) and (13) follow from Theorem 1, e.g. if we apply (5) with /3 = 1, 

we obtain 3
[-]  i/p

* l\/ „  PI 0| ^  {-77 2  ' S1Л' k=0 j

M
1 2  M 0 ) - f rm p

ы * - л

1 Ip
S  сН ?2ып  == сЩ 'У

and this is (11).
The proof of Theorem 2 is thus complete.
Proof of Theorem 3. Let

Av(r, a ,l; x) = cos (a2v — l)x 
(a2y — iy i

and let us consider the functions

cos (a2v+l)x 
(a l'+ iy i

gi(r; x) = gj(x) =  2  ( -  1)v«  (4r) 2  ( А у ( г > 7> l> x) + Äv(r, 7, l; x))
v = l  VZ )  I= s-2 y- 1+ l

and

g2(r; x) =  g2(x) = 2  (-1 )” ю Ш  2  (Av(r, 10, l ; x)+ Ä v(r, 10, l; x)).
v=X /  I= 5 -2 V- 1+ 1

If after Mimes differentiation we repeat the proof of Lemma 1 word by word 
we obtain that the functions g i,g i ,g 2,g 2 are in WrH m.

Furthermore, exactly as in the proof of Theorem 1, we get that if

(3.6) 7 •2V —3 •2V_1 si к S 7 - 2 4 3 - 2 ’- 1
then

k (g i; o) -  gl(0)| is c ( £ ) «
and

fc ( g i ;0 ) - f 1( 0 ) |s c p « » ( l ) ,

while if
(3.7) 10*2V —5 •2V~1 á  к S  10.2v + 5-2v-

3 [y ] d e n o te s  th e  in teg ra l p a r t o f  y .
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is true then

3
4

*оAll

and
k ( g 2: 0)-g .(0 )| (t )

hold.
I4(g2; o ) -g 2(0)| - CF " I (t )

Now every k>10 satisfies either (3.6) or (3.7) for some v, and from this it 
follows easily that the functions

fi(x) = -(cos llx+ sin  l l ^  +  giW ; f 2(x) =  g2(x)

satisfy Theorem 3. Q.E.D.
One can see similarly that the functions ^(лг)±6(^(0; xm)-co(l) sin llx ) and 

g(x)±6g2(0; x) (where g(x) is the function (3.5)) satisfy the requirements of the 
Remark.

The two corollaries follow at once from Theorem 3 (and from the Remark), 
namely it gives e.g. that

i  'п*(к(Л ; O b/iflw +fokC A ; 0 ) - / 2(0)K) s  c 2  tnk
k = l  fc =  l

is true for every n.

Proof o f T heorem  4. It is enough to show (17). By Holder’s inequality we may 
assume that p ^ 2 .

Let Tm(x) denote the trigonometric polinomial of best approximation of order 
not higher than m.

The Minkowski inequality gives

f 1 r ) 1/р Г1 ' l 1/p f 1 '  l 1/p
{7  2  K ( f ;  * )-/(* )!'}  ^  | 7  2  K ( f - T kl; x)\’\  + { -  2  1 З Д -/(* )! '}  •

Here the second member of the right side is at most Ekl ( / )  and so it is enough 
to show that if | f \  ̂  M  then

(3.8) {7  Í  \skl(f; x)|pp  == KPM lo g ^ -

where Kp depends only on p.
Using Dirichlet’s formula we obtain

г Г г
2 К М \ ’ * к ,  2 (  f  \f(x+t)\\Dki(t)\d ty +
i - l  l ‘ =  1 _ 1 1„

+ 2^ ( f  l / ( * + O I  I A | ( 0 I  d ty  + 2^ I f  f(.x+t)Dki(t)d t\p̂  — ‘S,i+ S ,2+S'3,
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where I  = [ - ±  - i ] u [ I , I ] ,  J = [ - n  
k i^n , thus S1^ K pMpr.

To estimate S2 we use the inequality

’~у]и[у’4  |2>‘*(í)I
, . . I 71 1
| j D k ( 0 | - T l y :

Sn + 1

s  ,1  Ш К’ (2М f  ■Td' í  - W ’' [ ' ° e ^ í ■
Finally

Ss = Kp i  
/=1

f / ( * + O c° tg y  sin kft dt+ J f ( x + t ) cos kitd t

if

=  K p 2  ^ | / | / ( ^ + O c o tg ^ j  sinfcjf díj + | f  f(x + t)  cos kit dt\p̂  = S31+ SM

Applying the Hausdorff—Young inequality to the functions

/* (0
/(X + Ocotg-^- if y S |f |s = 7 r

0
and

g*(0 =

otherwise

1f ( x + t) if — S |í |S 7 I  r
0 otherwise,

respectively, we obtain with q=
P- 1

and

I I / I« Ip/e ( ж d t \plg
S31^ K p[ J \ f ( x  +  t)cotg l \ d t\  á  KpM p [ f  —J ё  KpM p 

S32 ^  Kp{ f  \f(x+ t)\g d t}plq S  KpM p.

Collecting the above estimations we get Theorem 4.

P roof o f T heorem  5. Let us first consider (18).
For a given n we distinguish two cases according as A„ larger than 2  or not.

(О У • Let /г and v be the largest and least number of the form 2k which is 
not larger than n—A„ + l and which is not less than n, respectively.
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and so

By Theorem 4 if /£  Wr H " then

{1 v - 1 2 , + l  I 1/?
т  2  2  \sk(x )- f(x ) \4  S
' “n l=v k = 2l '

(ii) Let now By Theorem 4

V„(J, Я, p; x )  S  KEn_Xn(f)  log ^  K T ^ X Y  "  ( x t )  l o g  X  -  ^ Л”(г’ p’ ш)‘

(i) and (ii) prove (18).

The proof of (19) is similar in the cases or r> 0  |namely if f£ W r H m

then £ „(/) =  О |-^ rc u ^ jj for r> 0  and En( / )  = О |co* for r=oj.

If however and r = 0, (19) will follow from

(3-9) í r . - . i . +j i ,w ' / w i ' í  ,' s i r N v ) iosx + /  ^P~d,\
l ^  ft)

Our next aim is to prove (3.9). We may suppose that f ------ dt<  and thus
,  о 1

/(x )  is defined for every / € / / “ at every point x.
With the notation ^ x(t)—-^ -( f(x + t)—f ( x —t)) we have

Ш - / М = -  f ^ A‘)cos(k+i)‘n /
2 s i n T

- 1 ) 1  dt = _2 Y  j / x(i) cos (k+ i)t 
t л J dt +

2 sin — 2

2 r »MO cos ( k + i) t+ -  /n ,r1 In

Evidently

- • 1 2sm -j
dt =  4(1) (x) +  7*(2) (x) (n -  A„ <  fe ^  „). 

1/n m(0
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t + 1/л
Using the function 'Fx(t)=n J  фх(т)с1х we get by integration by parts

t

/(l)^  =  _2 г x iO - Y ^ t ) )  cos (k + j) t  di | 2 1 y x(f)sin(fc+ |)t
л . i я k + i2 sin — 2

2 n л (фх (t+1 /я) -  фх (tj) sin (k + j)  t
n k+ $ f1 In

2sinT

dt +
2 sin — 2

+
2 1
Я  f c  +  i

¥4 ( 0  C O S -

/  - T - 7 ^ si" ‘ 4l/n 1 ~ '
td t +

2 1 . » ’.(O cos-J
+  -7-Т-Г J -7------- —  smЯ +  £ 1/Я„

(2s'“t )'

(25!птГ

(fc+-I) / A  = 4(3) (дс)+ (4(4) (х) -  4(5) (х)) -

-  4(6) (х)+ 4(7) (х)+ 4(8) (х).

As |¥4(01—-^®(0 я] > it is clear that |44)(x)| + 145)(x)| s Коз ,

Finally, exactly as in the proof of Theorem 4 we get
\Vp

(n/2 <  к ri).

{ x  2  I4(3) W l4  P S  Ка> И  log Ц - ,I4n t=n-An+i •> л„

{ x  i  IA(e) O O l f  ^  Й  log x
t ^ n * i = n - A „ + l  j  ' И /  4 i

and (we may assume p = 2)

ftJU |/*‘”М|'Гs
uniformly in x |taking into account that |¥4(0  — i ^f Ol — and —

— i/ 'x C O I — k ® [ ~ )  j  •
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Collecting the above inequalities we obtain (3.9).
If there are infinitely many n for which e100 then (20) and (21) follow

from Corollary 1 of Theorem 3.
Thus we may suppose that -^->e100 for all large enough n. By Lemma 5 thereAn

is a function fxd W H “ for which

Л, p; 0) ^ log 2n )p\ llp_  
ti — k +  l j  J -

s  сЛп(г, p, со)

holds for infinitely many n, and this is exactly (20).
Similarly we can give a function g ^ W rH a and a sequence {nk} for which

(3.10) ton *■, p; 0)/A„k(r, p, со) = c >  0
(see the remark made after Lemma 4) 

Let
<»,*(<5) -i:(0 ( 0)

4 8 )

if r >  0 
if r =  0.

By Corollary 1 of Theorem 3 there is a g2d W H a for which

(3.11) lim sup V (g2, Я, p; 0)/co* Í—) >  0.

Now (3.10) and (3.11) give that (21) will be true either for gx or for g2, namely 

Л„к(г, p, a)) + co* (^-) S  сЛ*к(г, p, со)

^taking into account that
Thus the proof of Theorem 5 is complete.
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ORTHOGONALITY IN MODULES
By

S. PAGE (Vancouver)

I. Introduction

In [I, 2] A b ia n  and M c C rim m on develop a notion of order in a semiprime 
ring which is useful in describing rings which are products of prime rings or fields. 
In this note we show how to extend this notion to modules. Here the approach is 
more homological but hopefully will lend itself to wider application. Roughly, 
the idea is “two elements of a module are orthogonal if they lie in completely 
different parts of the module” . Of course the critical point is “what is completely 
different?” We take the point of view that if Н от (A, B) —0 =  Hom (B, A) then 
A and В are “completely different” provided, naturally, that one of them is not 
zero. This leads to a definition of orthogonality which, if linear, gives rise to a 
partial order, hence to atoms and completeness etc. It also gives rise to a concept 
of primeness, i.e. “a module M  is prime if x and у  are in M  and x is orthogonal to 
у  then either x= 0  or y = 0 .” Possibly a better adjective for such a module would 
be molecular, so that is what we will use.

H. Fundamental definitions and notations

Throughout Л will denote an associative ring with a unit element; all modules 
will be left unitary modules over R and right modules over their endomorphism 
rings by having the Л-endomorphism operate on the right.

D efin itio n . For an Л-module M, let Z(M ) be the singular submodule i.e. 
the elements annihilated by essential left ideals.

D efin itio n . For an Л-mod ule M and N  a subset of M  let l(N) = {r£R: rN = 0} 
and in a similar fashion define r(x)= {r£R: Xr=0}.

D efin itio n . For an Л-module M  let M  be the injective hull of M, and for 
S=HomR (M, M) let § = HomR (M, M).

D efin itio n . Let M  be an Л-module. We say, for x  and у  in M, that x  is ortho
gonal to у  if R xSf]R yS= 0  and write x ± му от x ± y  if there is no possibility of 
ambiguity.

Note that if Л is a semiprime ring and x and у are in Л then хЛу =  0 iff 
ЛхЛПЛуЛ=0 so for semiprime rings our definition of orthogonal is the same 
as McCrimmon’s.

As is pointed out in [2] a ring is prime iff хЛу=0 implies x=0 or y = 0  and 
semiprime iff хЛх=0 implies x=0. The second condition translates to 
Лх5П Лх5=0 implies x = 0  which is always true, but the first statement yields:
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D e fin itio n . An 7?-module M  will be called a molecule if x ± y  implies x —0 
or j= 0 . Some examples of molecular modules are modules with simple essential 
socle, and von Neumann regular rings are molecular if and only if they are prime.

P r o po sitio n . I f  M  is a quasi-injective module and x and у  are in M, then x  _L мУ 
Ш x l , a y.

P roof. Since M  is an invariant essential submodule of M, RxS=Rx§.
For nonsingular modules there is a weaker notion than quasi-injective which 

yields the same result.

D ef in it io n . A module M  is locally pseudo-injective if for every pair of sub- 
modules A and В with А П В —0 and / :  A-~B, f^O  there exists g£S such that

— for some O^A'czA.

L emma. I f  M  is nonsingular and quasi-injective then M is locally pseudo-injective.

P roof. If / :  A-*B, f  is locally a monomorphism i.e. there exists a non-zero 
submodule of A, A' say, such that f \ A> is a monomorphism since the kernel of /  
cannot be essential. By quasi-injectivity we obtain the required g.

P ro po sitio n . Let M be a locally pseudo-injective nonsingular module. Then for  
every pair x  and у  in M, x ± My  iff x ±  a y, where M  is the injective hull of M.

Proof. If /€End(M ) =  S' and / ,  and / 2 are two extensions of /.then  f 1—/ 2 
vanishes on M, but M is nonsingular so f x—f 2 —0. This says that S embeds in 
§  by extension. Now x  ±  а у  clearly implies x±_ My. Suppose x L My. Let

пг tt%
=Rx§C]Ry§ and take z=  2 j rixh = 2  ггУ$^ where sh / =  1 , ..., nx and s,,

t=1 7=1
j=  1, ..., n2 are in S.

If z?±0 choose the rt and st so that nx is minimal. Let nx be the projection 
onto Rxsx. Then zn ^O  and zn1̂ Rxs1 so -Кх^ПДу^О . For some r?±0 in R, 
s^ induces a nonzero map of Rrx  into RyS. Using the fact that M  is essential in 
M  and the fact that M  is nonsingular there exists a submodule 0?±B of Rrx such 
that Jj Ib is a monomorphism into a submodule C of M. Clearly Сc RyS. The 
local pseudo-injectivity of M  says either sx |B extends to an endomorphism of M  
or |B inverse on C extends to an endomorphism on M. In either case we see that 
R xSC lR yS^ 0 , a contradiction, so z —0 .

E xam ple . Let R be the 2X2 lower triangular matrices over a field. R is not 
quasi-injective but is non-singular and is locally pseudo-injective as a module over 
itself.

P ro po sitio n . Let M be a locally pseudo-injective nonsingular or injective module. 
Then _L is linear, i.e. for x, y x, y2£M and rx, r2dR if x ± y x and x ± y 2 then 
хЦ ггУх+ w á .

P roof. By the above propositions we can assume M  is injective. Let 
z tR {r1yl +r2y2) SD RxS.
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Let e be a projection onto Ryx S. We know ef. S. Since x_l_yl5 ze=0, but then
nl n2

z =  Z  r,i r1y1Si+ 2  r'jr2y2Sj says Z  ririysi = Z - rj rzy2 sj i.e. zf_Ry2S  so Ry2SCi
i= i 7=1

ПЛхЛ^О a contradiction unless z = 0.
If R is a commutative ring then R is semi-prime iff z(R) = 0 and in case z(R) =  0, 

RaDRb iff RaC\&b=0 so the order is the same.

Ш. The ordering of Abian

D efinition. Let M  be an Л-module. Define х ё у  if x l y —x.
We would like this to be a partial order and whenever M  is injective or locally 

pseudo-injective the order will be a partial order.
T heorem. I f  M  is an injective R-module, then S  is a partial order.
Proof. That x s x  is clear since x J_0.
To see that x á y á x  implies x= y  we have x l_ y —x  and у .L x—у  so by li

nearity x —y ± y —x  which gives x —y —0. Now assume M  is injective and x ^ y  
and ygz, so we have x L y —x  and y ± y —z. Suppose w=x1+x2 where w£RxS, 
x1£R (x—y)S, х2€Л(у—z)S. There exist e2=e£S  such that xve = w and R (x—y)Se=0 
since Л(х—yjSflÄxS^O, so w ^R (y -z )S . Also there exists an such
that /  acts as the identity on Л (у—z)S and RySf=  0 for a similar reason. Since

n n n
w— Z  rixsi~ w~  Z  riysi f =wf ~  Z  riix ~ y)si is R(.x—y)SC \RxS  we have

i= l i= l i= l
that w=0.

Definition. We call a module M  a molecule if x_Ly—x = 0  or y = 0 .

Definition. A submodule A  of a module M  is called a submolecule if x J_y— 
-*-x£A or y£A and A ScA .

Zorn’s lemma gives the existence of minimal submolecules so we say:

Definition. An Л-module M  is semimolecular if the intersection of the minimal 
submolecules of M  is zero and ^  is a linear partial order.

Proposition. I f  M is semi molecular, then _L is linear and á  is a partial order.

Proof. If x ± y  and A is any minimal submolecule and x$ A then y€ A. Now 
if for all minimal submolecules x$ A implies y£N  and M  is semimolecular then

П
x_Ly for if RxSD RyS^O  let z=  Z  r1xsfRxSC \RyS. Choose a minimal sub-

j=i
molecule A such that z$N . Then x $ N  so y£ A implies z£N  a contradiction. This 
says that in the case at hand to check if x  is perpendicular to у  we need only check, 
“If for all minimal submolecules, A, such that x$A, y£N.” Now take x_Lyj, and 
x_Ly2. Then for A a minimal submolecule such that x$N , yx and y f N  so yx +  
-fy26A so J_ is easily seen to be linear. Next suppose x ^ y  and y ^ z .  If A is 
a minimal submolecule such that x$A, y —xdN  and A so у  L y —z gives y —z€ A 
too, hence x —z£A. This means x ± x —z, i.e. x s z  and “ s ” is a partial order.
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D efinition . An P-module M  is called molecular if it is the product of in
variant molecules.

One of the aims is to describe the molecular modules so, of course, we need 
to look at some finer structure.

D efinition . Let M  be an P-module and adMy. We call a a prime atom if 
there exists a unique minimal submolecule N  of M  such that a*N.

P ro po sitio n . I f  M  is semimolecular then a prime atom is an atom.
P r o o f . Suppose a  is a prime atom and 0 S x < ű . Then a= x+ x' where 

x '= x —a so x’ La. But x ’ La  too for x 'L a —x'. Now since M  is semimolecular 
there exist minimal submolecules Nx and TV2 such that x(f TV, and x' $ TV2. But xL a  
implies x L x —a and xCf TV, gives a —xdN^ which implies e$ TVX. Similarly x 'L a  
implies a$N 2 so N1= N 2> but then a L x '  gives x '= 0 , i.e., x=a.

P ro po sitio n . Let M  be a semimolecular module, xdM , and A(x) = {a: aL x  
and x  is a prime atom}. Then A(x) is an orthogonal system.

P r o o f . Let a and b be in A (x) and aAb. Suppose TV, and b$N 2, where 
the N, are minimal submolecules. Now if TV, ^  vV2, then RaSr\RbSczNiC\N2 
and it must be zero since a and b are in all minimal submolecules other than TV, 
and N2. It follows that a L b  or TV,=TV2. If Nl =N2 and a L x  and bL x, then 
x —aíTVj and x —b£N2. But then a—b is in A, and certainly a—b is in all the other 
minimal submolecules, i.e. a=b a contradiction so a Lb.

P r o po sitio n . Let N  be a minimal submolecule o f M, a semimolecular R-module. 
Let M (N)={a: a is a prime atom and TV}U {0}. Then M(N) is an invariant 
submodule which is a molecule.

P r o o f . Clearly if w, and n2\N  and щ —n f N  then n1—n2 is in every minimal 
submolecule so is zero. Similarly for rnx and ns. Now if nxL n2 then я, is in TV or 
n2 is in TV so either и ,= 0  or и2=0.

In general if M — J[ with and two elements of M  with
ii l

OiLmfi, i£ l  we cannot say at J_ Mbi unless the Mt are invariant in M  in which case 
we can work coordinatewise. This is reasonable for in the case of rings we are in
terested in two sided ideals and invariant submodules play the corresponding role. 
One can check aLb  coordinatewise if the product is over homologically indepen
dent modules. Similar remarks hold for direct sums.

Pr o p o sit io n . I f  M — JJ N b {TV,},-6z a homologically independent family of 
if. I

molecules, then Pt= [f Nj is a minimal submolecule and i f  P is any minimal sub-
i^j

molecule, then either P = P t for some i or P d  ® TV,.
>'€/

Proof. P, is a submolecule for Pi@Ni = M  and this is an S sum, so for 
Pi+Щ L p\ +n<, Pi, p'i 6 Pi, n,, n'i € TV, either =  0 or n\ = 0.

Suppose P is a minimal submolecule, then for each id I  if p, (f P, Q ApfPt and 
PiiP . If n fN i ,  nt LPi so n f P  hence if P d  Pj for all i then P d  ® TVf in particular 
P f  Pi for some i, hence the Pt are minimal.
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D efin itio n . A module is atomically complete if every orthogonal system of 
atoms has a supremum in M.

D efin itio n . A module is called prime atomic if for each От±х£МЗа£М, 
a prime atom, and a ^ x .

P ro po sitio n . I f  M  is semimolecular, prime atomic, and atomically complete, 
then for each minimal submolecule P such that there exists a prime atom b \P  and 
x i P  there exists a ^ x ,  a$P.

P r o o f . Let P be a minimal submolecule in M  and a $ P. Since A (x) is an ortho
gonal system set y=supyl(x). Now yS ű  for any adA(x) and y ^ x  so y — x S x  
too. This yields A (y —x)^A (x). Take z=sup A (y —x)^y . zS .x —y  so z l z - y  
and z ± x —y —z says z ± z  hence z=0. But then A (y —x )= 0  so y —x= 0 i.e., 
y= x. Now if all a£A(x) are in P each a$Qa where Qa is a minimal submolecule 
not equal to P. Let H e  a prime atom and b$P. For each a£A(x) we have a_Lb 
so a_L(x—a)+b i.e., a ^x+ b . Since x=supA(x), xS x+ b  giving x±_b. But 
x$ P and b$P  a contradiction, hence at least one of a£A(x) is not in P.

We now have the ingredients to formulate the decomposition theorems.
T heorem . A module M  is isomorphic to a direct product o f invariant molecules 

iff it is
i) semimolecular

ii) prime atomic
iii) atomically complete.
P ro o f . Suppose M= f j  Nif where {A,}i€/ is a homologically independent 

HI
family of molecules. Then M  is semimolecular by a previous proposition so i) is 
established. For ii) let {х(},€/. For some /£/, x ^ O  so x; P, and x f N
for all other minimal submolecules and also x ^ x .  This demonstrates the validity 
of ii). Finally let {аД/gj be an orthogonal set. Note that an atom is a prime atom 
in the case at hand and the prime atoms are of the form {h,};€/ with at most one 
bi^O. If {aj}jCj  is an orthogonal set, by associating to each aj the minimal sub
molecule to which it does not belong we obtain a bijection of J  into /, hence the 
JJaj exists in M. It is easy to check (working coordinatewise) that this product 
is a supremum of {aj}jeJ, so iii) holds.

Now assume i), ii) and iii) hold. Using i) and ii) we have that the intersection 
of all the minimal submolecules to which some prime does not belong must be zero. 
Let {P,}, gi be the set of minimal submolecules such that for each i there is a prime 
atom a(£P;. Let Ni=M(Pj). Let A be any module and a;: A — A), /£/, be module 
homomorphisms. Define a (a) = sup (а;(я)}. Note that this can be done since

i i i
N tr\N j= 0 if i ^ j  and sups exist by hypothesis. We claim a is a module map and 
so To back up our claim let x=sup {a,} and j= su p  {h(},я;, b fN t .
We first look at i?(x+y—(а( +  ̂ |))^ПЛ(а,+6,) S. If a ,^ 0  and bt^ 0, then 
(x-|-.>’) - ( a i + 6;)€.Pi for x - a i  Lai gives x - a ^ P i  and y - h j l h j  gives y - b ^ N i  
so (x + y —(ai-t-hi))£ />i if both at and 6,^0. In case a(=0 and xd.Pi then 3 (Ы 

and х,$Р„ but x fP j  for all jA i. Also x —x f P t and x; _Laj for all jA i  
so a j± x —aj—Xj for any i-Aj hence x —x ^ a j  for any j d l  so x s x —xf and 
xJ_Xj along with x ± x —X; gives xf=0, so x€P,-. Using the same argument if
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bi = 0 to yield y£P; we see that x + y  — (ai + b^ZP, for all i so x + y ^ a .  +  h,- for 
all i. Now take х + у ^ г ё а г+ 6( for all i and assume x + y —z+0. Then for some 
i there exists (Mw.+JVj such that x + y —z^W;. (z —wi) —(aj + bj)±aj+bj since 
WiA-Oj+bj for jj±i. But for j= i, x + y —z —WjlWi and x+ y—(ai+bi)± a i+bi 
so x + y —z —WjZPi and x + y —at+bi€Pi hence (z—w’i)+ a i+b,6/>i i.e. z —w ^  
^dj+ bi and z —WiSOj+bj for all j.  So zSz-vvf, hence, z± w (. This yields 
x + y —W; — z_Lz i.e., x + y  —Wj^z^űj+hj- for all j. We already know x + y — 
— (a,+hi)G/>i so if u.+h.+O, x + y —wi—(ai+bj _L at+ bt says w+/>i a contradic
tion. If at + bi = 0, х + у б Л  and by the above z —и>,-(ЕР;. But z±w f so z£P, a con
tradiction again, so it must be that z = x+y. That sup a(ra,) =  sup a(raf) = 
=r sup a (di) is easy. This all says that M a  [J Nt by identifying {a;}ie/ with

iil
sup {a;}. There also is a map of M  —► []  Nt given by the natural maps of M  to
it I
M/Pj followed by the inverse of these natural maps restricted to Nt. These natural 
maps restricted to Nt are epimorphisms by completeness and monomorphisms 
by the definition of the Nt. But /  is an isomorphism for it is a monomorphism by 
semimolecularity and an epimorphism by the above.

Next we define a division atom as an element, a, in an R-module M  such that 
if ra^O there exists sdS  such that ras=a.

P ro po sitio n . I f  M  is semimolecular locally pseudo-injective, then division atoms 
are atoms.

Pro o f . Let a be a division atom. Then a ^P  for some minimal submolecule of
M. Let Q be any other minimal submolecule of M. If a$Q  and bdQ  and b$P, 
a_Lb gives adP so R a SH R bS^0.

Without loss of generality assume M  is injective.
By the injectivity of M  we see that RaORbS^O. To see this choose
n

0 ^ 2  rfls&RbS so that n is as small as possible. Now let e be a projection onto
*=i

n n n
Rasj. Then £  rißste=0 implies 2  riasi= 2  ria(si~ sie) contradicting thei= 1 i= 1 i—2

n
minimality of n, so in fact n = 1, because ( 2  riaji)e€/?as,1 implies Ras1C\Rbs9i 0.

í=i
So for some r, s,0^rasdRbs. Since M  is locally pseudo-injective s is locally in
vertible so in fact r'adRbS for some r'dR■ But now r'as'=a for some s' so in 
fact adRbSczQ, hence a is in all other minimal submolecules and is a prime atom.

R em ark . If M  is such that for every m £M  there is a division atom less than 
m then for each minimal submolecule P, M (P) = RaS for 0 + M(P), in which
case we call M hyper atomic.

T heorem . A module M  is the product o f hyper atomic invariant molecules iff
i) M is semimolecular

ii) M is atomically complete
iii) M is hyperatomic.

P roof. An easy modification of the previous theorem’s proof.
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IV. Molecular rings

As we have pointed out prime rings are molecular but the reverse is not true 
for take к any field and л: an indeterminate over K. Form &[x]/(x2). This ring is 
molecular but not even semiprime.

T heorem . I f  the ring R is molecular, then R is molecular.
P roof. Let R be molecular. Then for CMx and y^O  in R if Rx§C\Ryß= 0 

for a fixed 0, the set of x such that R xS ПRyS=0 is a submodule of R. To 
see this if RxSO RyS= 0 and RwSC\RyS=0 and RCx + wj^nRyS^O then 
z1 + z2 in RyS  with zx in RxS  and z2 in RwS. But if the projection onto RxS  of 
zx + z2 is zero, then zx£RwS so z1+z2£RwS. Otherwise the projection is non-zero 
and hence yields a nonzero element of RxSC\ RyS. Since R is essential in k  there 
is a 0?±x'(iR such that Rx'SCiRyS=0. Now, similarly, y'£R, jV O , so that 
R x 'SnR y 'S= 0. But clearly R x 'S c R x S  and R y'SD Ry'S  so Rx'SC\Ry'S=Q  
which gives x'=0  or y '= 0  a contradiction.

T h eorem . I f  R is a prime ring and Á=End (R), then S is a prime ring and 
molecular.

P ro o f . We need only show S is a prime ring. Suppose A and В are two ideals 
of Sand AB=0. Then kAC\R—A, and A2= R B 0R  are two sided ideals of R,

П
hence iff Ax—0 or Ла= 0  iff A1A2=0. But if ax= 21 a^—

i=l
к  к

= 21 tjb j, f ,  f  €-$, <3i a2 — 2  af  jbj. Now right multiplication by f j  extends to 
j = i j = 1

an element of § denoted by Sj so we have alr]=a1sj (l fiAsjCiRA. So a f jb j— 
=a1sJbj£RAB=0, hence AlA2=0 and S must be prime.

Using the same techniques we have:
T heorem . I f  R is a semiprime ring and S = End (/?), then § is a semiprime 

and semimolecular ring.
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ON RIESZ REPRESENTATION THEOREM
By

S. T. L. CHOY (Singapore)

Let S denote a Hausdorff topological space and E, F denote locally convex 
Hausdorff topological vector spaces over the real or complex field. Let C (S ,E ) 
be the space of continuous functions from S  to E and let C0(S, E ) be the subspace 
of continuous functions vanishing at infinity. If E=C we simply write C (S)  or 
C0(S). Let Г be a continuous linear transformation from C (S ,E ) or C0(S, E) 
to F. Riesz type representation theorem for T has been studied by numerous authors, 
for example, see B artle, D u n f o r d  and Sc h w a r t z  [2], D in c u l e a n u  [4], and more 
recently G o o d r ic h  [5], Brooks and L ew is [3] for the cases where S is compact 
and locally compact, respectively.

If S is locally compact and C0(S, E) is given the topology of uniform con
vergence, it is proved by B r o o k s  and Lew is  [3, Theorem 2.2] that for each con
tinuous linear transformation T: C0(S, E)-+F there is a unique weakly regular 
set function K: á?(S) — L[E, F"] so that T ( f ) —JfdK , f£C 0(S, E).

In the remainder of this paper S is a locally compact Hausdorff space and 
E —F—A is a Banach algebra. We will give a necessary and sufficient condition 
for K(e), e£3$(S), to be a multiplier. The advantage of knowing that K(e) is a 
multiplier is that it permits considerable freedom in handling the repeated integrals.

It is well known that the second dual A" of A is a Banach algebra with the Arens 
multiplication and that the algebraic tensor product C0(S)<g>A is dense in C0(S, A) 
(see [4] or [6]).

D efin itio n . A continuous linear operator T: C0(S, A)-* A is called a multiplier 
of A if

T(J® xy) =  T(J® x)y -  xT(J®y)
for /€C 0(S), x,y£A .

The aim of this paper is to prove the following
T heorem . For each e£38 ( S ) , K(e): A — A " is a multiplier iff T  is a multiplier o f A.
Before we prove the theorem we need the following lemma. For e£.3d(S), 

x£A, f f iC 'fS ,  A), le®x can be viewed as an element of C'Ó(S,A) and there is 
a unique regular Borel measure p(x, f ' )  such that {\e® x ) ( f ')—p(x, /')(<?) and 
f  fdp(x, f ' )  — ( f - x ,  f )  for /€ C 0(5) (see G oodrich  [5] or B rooks and L e w is  [3]).

L emma. Let T: C0(S, A )—A be a multiplier of A. For edál(S), x, y£A  we have 
T \ \ e® xy) =  T \ \ e® x)y = x T \ \ e®y), 

where the multiplication in A" is defined by the Arens product.
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Proof. For any x'£A',

T \ \ e® xy)(x') = (1 e® xy)(T 'x ') = y(xy, T'x')(e) 
and

(х Г ’(1е®у))(х') = x([T "(le®y), x']) =

= [T"(\e®y), x'](x) = (1 e®y){T'{x', x)) =  fi(y, T '(x ', x))(e).
For f£C0(S),

f  fdy(xy, T 'x :') =  <f - x y , T 'x ') = {T(J-xy), x'),

ffd p i(y , T '( x \  x>) = ( f -у, T  (x\ x)) = (T ( f-  y), <x', X» =  (xT (f • y), x').

Since T is a multiplier of A, we conclude that ц(ху, Т 'х ')—ц(у, T’{x',x)). This 
completes the proof of the lemma.

Proof of t h e  Theorem. Suppose K(e)  is a multiplier for each e£3#(S). Then 
for any Borel partition {<?J of S,

É  K (ei)(xy) = Í 2  y.
i = l  V /=  1 )

Hence
T(J®xy) =  J  (J® xy)dK — T(f<S>x)y = xT(f<S>y) 

for /€C0(S) and x,y£A.
On the other hand, suppose Г is a multiplier of A. For e^3S{S), x, y£A  we

have
K(e)(xy) =  T ' \ l e®xy) = x T " ( le®y) = xK(e)y.

Similarly we have K(e) (xy) = [K(e)x]y. This completes the proof of the theorem.
Concluding remarks. If S  is completely regular, Johnson [7] has identified 

C '(S ,E )  with a certain space M (S,E ') of F'-valued measures. Making use of 
this result, Riesz representation theorem may be generalized to the case where 
S' is completely regular and C (S, E) is endowed with the topology of uniform 
convergence on the members of a sufficient family of compact sets in S. In parti
cular for e£d#(S), x€A, i e® x  can be viewed as an element in C"(S, E) defined 
by (1 e®x){m) = m(e)x for m £M (S, E'). A  proof of the results in this paper can 
be formulated for the case where S is completely regular if \ e® x  is so defined. 
We should know that if S is compact, £  is a Banach space, and the sufficient family 
of compact sets of S consists of S  only, then the topology on C(S, E) of uniform 
convergence on the members o f the sufficient family is in fact the topology on 
C(S, E) of uniform convergence.
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THE FUNCTIONAL CENTRAL LIMIT THEOREM 
FOR LACUNARY TRIGONOMETRIC SERIES

By
S. TAKAHASHI (Kanazawa)

1. Introduction. In this note let {nm} be a sequence of positive integers satisfying 
the gap condition
(1.1) nm+1/nm >  1+cm“ * ( c > 0 a n d 0 S a s l / 2 ) ,  
and {am} be a sequence of positive numbers such that

Г * V ' 2(1.2) Ak =  2_1 2  a* ■* + “  and ak = o(Akk~x), as fc — +  °°.
V m = l /

Then we put, for any sequence {am} of real numbers
к

(1.3) (cu) =  amcos 2n(nmw + a J  and Sk(o))= 2  £„(oi).
m — 1

Consider £’mS  as random variables on a probability space ([0, l),F , P) where .F 
is the ff-fieid of all Borel sets on [0, 1) and P is the Lebesgue measure on F .  Further 
we write, for co€[0, 1), t£[0, 1] and every positive integer k,
(1.4) Xk(t) = Xk(t,(o) = Ak 1Sm(co), if A U k ^ t ^ A i ^ A , 9.1

Then Xk(t) is a random element of (D, 3>) defined on the probability space 
([0, 1), 3?, P) where D is the set of real-valued functions that are right continuous 
and have left-hand limits and is the Skorohod а-field in D (cf. [2], p. 111).

The purpose of the present paper is to prove the following
Theorem. We have Xk(t)=>X(t), in (D,(2>), as k — + °°, where (A'(i), 

is the standard Brownian motion.
In [4] we proved that if ц is a probability measure on ([0, \) ,F )  such that 

/i<sc P, then for any real number x
X

(1.5) hm [i{co; Xk(l, со) ^  x} = (2л)~1/г J  exp (—u2/2) du.

Further, in [5] it is proved that if we replace the condition ak=o(Akk~x) in (1.2) 
by ak = 0 (A kk~x) as + °°> then (1.5) does not necessarily hold for the measure
P. Therefore (1.2) is the best possible condition for the functional central limit 
theorem of lacunary trigonometric series.

1 We put Л0= 0 .
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In case O s « < l / 2  and ak — í for all к I. B erkes [1] proved an almost sure 
invariance principle for Xk{t).

For the proof of our theorem we approximate {^(co)} by a martingale and 
then apply a martingale version of the functional central limit theorem due to 
M c L eish ([3], (3.2)).

(2. 1)

2. Preliminaries. Let us put, for each integer к 
p(0) =  0, p{k) = max {m; nm

and Bk = A

2*}
P(M-D
2  Zm

m =  p ( f c ) + l
P(fe + 1 ) '

Then if p(k) + l< p (k+ l), we have, by (1.1)
p№+i ) - i

2 > п р(*+1)/лр(к)+1>  /7  ( l+ c m - “) >  l+ c { p (k + l) -p (k ) - l} p ~ x(k+l).
m =  p(k) + 1

Hence we have
(2.2) p(k + l )—p(k) = 0(p*(k)), as fc— +  °° 

and if mk=o(p1~x(k)) as k-+ + °=, then

(2.3) p(k + mk)/p(k) 1, as L — + °°.

From (1.2) and (2.2), it is easily seen that

bk =  m \am\ = o{Bkp -a{k)), as fc -  +  «*>.

Hence we can take an increasing sequence (g(/c)} of real numbers such that

Jg(fc) ^  min{p(k), Bfcg(fc—1 )5 ^ }  for 1 and 
1 g(*)— + °°. bk = 0(BJp*(k)g(k)), as k-~ +  » .

Therefore, we have 
p (* + d

(2.4)

(2.5) 2  \anI 3= bk{ p ( k + l ) - p ( k ) }  =  0 ( B k/g(kj),
m = p ( t )  +  l

^ S h H p ( f c + l ) - P ( f e ) }  =  0(B ,V (fe)g2(k)), as + <

L emma 1. F o r  any given integers k, j, q and h such that

P ( j) + 1 <  h ~  P Ü + 1) <  P(fe) + 1 < ? S  p(k+l )  

the number of solutions (nr, nt) o f the equations
n , - n r = nh± n t

where p (j)< i< h  and p(k)<r<q, is at most C2J~kp*(k) where C is a positive 
constant which does not depend on k, j, q and h.

2 J fc= 0  if p ( k ) = p ( k + 1).
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P roof. If к < / +5, the lemma is evident by (2.2). We assume that k ^ j+ 5 .  
Let m denote the smallest index r of the solutions (nr, nt), then the number of solut
ions is at most q—m. Since («& ±/i;)-=2J+2, we have

n —2i+i >  n .( l  —2J+2~k) ^  и,(1 +2l~k • 5)_1.
By (1.1), we have

l-t-27'_fc*5 :
q - l

V "m >  П  (1+cs “) >  l+ c(q -m )p -* (k+ l).

Therefore, by (2.2) we can prove the lemma.
Lemma 2. We have, for any M  and N (M <N)

N
S  CBl 2  EAll{g\N)},

m = M
2  {aI - e a d

m=M
where C is a positive constant which does not depend on M and N. 

Proof. Let us put, for k = 1, 2 ,...,
p№+i >

Uk = A l - E A l - 2 - 1 2  cos 4л(пт to+am).
m = p(k )+1

Then we have, by (1.2) and (2.5)

V 2 i N \ 211/2 ( N p(m + l) \
-EAl) -  £ 2 u J +2 -M 2 2 1 «7J l <m=M / >m=M j = P(«) + 1 '
- 1 .1/2 / Г N )1 2 \
E EUkM Uj\ + ° \ 2  EAl1m=M « }  1g W j , as N  -*■

1/2

Further by Lemma 1, (2.4) and (2.3), we have for k> j
p (A + l)  P Ü + 1 )

|2ГВД| C 2 '- V W  2  |e,l bk 2 \ah\ bj =
9 = p ( l ) + 1 A =  P (7)+1

= 0(2J~k {EA\EA) p* (fc) p-« Q)}1/2 B% (g ( N ) )  ~2), as ЛГ-+« 
Since p (j+ l)/p (j)-* l  as + we have for all к

(2.6) 2  P~*U)^3~k — Cp~x(k), for some C >  0.
7=1

Therefore we have
N  к - 1  N  (  к - l  I 1

2  2  2J-k{EAiEA*jP4 k )p -‘(j)}112 2  \EA\ 2  EA)2'"‘ [
f c = A f + l 7 = M  l = M + l  l  J =  M  >

(  N  I 1/2 (  N  1 - 1  I 1/*

s c  2  EAl\ 2  2  EA)2i-k\ -
l f c = M + 1 > U - M + l  j = M  J

{ N y l*  ( N - l  N  y l £ ЛГ
2  E A Ú  { 2  e a )  2  2J~k\  s c  2  e a \ .

k = M + 1 J I  7 = A f  1 = 7 + 1  > k —M

From the above relations we can complete the proof.
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Also we need the following
Lemma 3. We have, for any M  and N (M<.N)

4  max Í  Д Л  -  C Í  EAÚB*(g(N))-*+  i  EAÚ,W srsN к=м I ) к = м I k=M J

where C is a positive constant independent of M  and N.
Proof. From the definition of Am we obtain, for p> \

(i)

(Ü)

e [ max 2  л |  ) S  С E I 2  лU srsA  k±if k\ ) P \k±Uk = M  

2 3

2  л к CE ( 1 4
Hence for the proof of the lemma it is sufficient to show that

e [ 2 ^  c 2 EAl{B*(g(N))-*+ 2 e a *\.
\k= M  '  k = M  t k=M  У'k = M

By Lemma 2, we have
N  Ч2*1/2[  (  N  у л 1/*  f  I N  N

£  2  Щ  s  \ e \ 2  V l-E A D  + 2  e a \

[ N  ( N  I I 1/2
С 2  E A \\B l(g {N ))- '+  2  ЕА'М .

к = М  У к — М У Jк — М  У к — М

3. Dividing into blocks. Let us put #(0)=1 and for every 1 

(3.1) q(k) = min {m; B*-B%(k_iy ^  £42(Jk_i>/g*(?(fc-1))}.

where e is any fixed number such that 0<г<1. Then we have, by (2.5)

y \  i B q(k)/B 4( k - 1 )  — 1 >  a s  f e — +

\q (k) — q(k— 1) >  Cp*(q(k— l)){g(^(fc— l))}2-1 for some C >  0. 

Putting ф(к) = [{а logp(q(k—l)) + 2 logg(q(k — l))}/log 2] (2.4) implies that

. JO(logp(9(/c-l))), if a > 0,
I О (log g(q(k— 1))), if a =  0, as fc—+ <=°.

Since il/(k)=o(q(k) — q(k — 1)) as + if we put
q \k )  = q ( k - l )  + \l/(k)+l

3 (i) and (ii) are (4.4) and (2.7) in Chapter XV of (6] respectively. 
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then q'{k)<q{k) for some к >k0. Without loss of generality we may assume 
that q'(k)<q(k) for all k, if otherwise we consider only those k’s for which 
q'(k)<q(k). We write

(3.4)

«№)—1 « 4 * ) - l  « W -1
Z 4», wk= 2 4 ., cl = 2 EA\

m  =  q ' ( k )  m  =  q ( k  —  1) m =  q ( k  — 1)

= Z Cl and Gn = g(q(N)).

Then we obtain from (3.1), (3.3) and (2.5)

(3.5) C l  =  ^ ^ 0 , 1  , ( 1 + 0 ( 1 ) )  

and
(3.6) E W l = O(DU 1 G il1 xK k)p -'(q (k-l))) = 0 (Cl), as

Estimating the maximum and minimum frequencies of terms of a trigonometric 
polynomial {V l—EVl} it is easily seen that

(3.7) E {{V l-E V lW l,-E V l)}  = 0, if n > m s n 0.

Lemma 4. We have
(0 £ ( max,|K*|4) =  o №V1

N

(ii) 4 I J i f‘ _jD" I)= o №  as ^ + ~-
Proof. By Lemma 3 and (3.5) we have 

(3.8) Z  EVk* = o[d \  2  Q2) =  o(D%), as TV -  +

Further, by (3.7) and the above relation we have

Z (V ? -E V ? )
k = 1

=  2 E \V l - E V l \2S  2  EVl = o(Dti, as TV- +  ~ .
*=l

Since 2  EVl~D% as TV— + °°, we can prove the lemma. 
*=1

Lemma 5. We have

(i) max Dz1 max
I S r S N  e ( i — 1 ) s k < « ( r ) 2  Л

(ii) max Z)»1ISrSN
г <Г№)-1

2  2  4
f c = l  m = q(k— 1)

0, in probability,

0, in probability, as TV—+ <
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Proof, (i) We have, by Lemma 3 and (3.5)

E I max m
Vl=srsN9( i- l)

max 2 1 4 ■ fK Jb
9(r)-I 4

2  * m = q ( r —l )Sk̂ q(r) I m=9(r_i)

=  О (ö 2A i  c , j  +  О (J  c )  =  o(D%), as jV — +

(ii) By (i) in the proof of Lemma 3 and (3.6), we have

(  r q'(k)-1 |24 N <f(k)-l
^  max 2  2  4  2  2  л п

k = lm=q(k-V)  I /  k = l  m=q(k-l)

N q'(k) - 1 N
=  C Z  2  E A 2m  =  C Z E W ? = o ( D % ) ,  as Л Г -  +  00.

k = l m = q(k — 1) fc = 1

4. Martingale approximation. For each positive integer к  let r{k)—q{k) + 
+ [(a \ogp(q(k))+2 log Gk)/2 log 2] and !Fk be the e-field generated by the inter
vals [v2-r(*), (v +  l)2~rtk)), 0 S v < 2 r(*). Then we put

Z* =  Vk-E{Vk\3?k) and У* =  E{Vk\&k)-E (V k\Fk_T).

Clearly {Yk, áEk} is a martingale difference sequence.
Lemma 6 We have
(i) Z k = o(ClDk x), a.s.,
(ii) E(Vk\jrk_j) = o(C?Dk x), a.s., as /c -  + <~.

Proof, (i) Since \^j —E(^J\.9'^)\^2n\aj \nj2~r(k) a.s., we have by (2.2)

\Am- E { A m\3Ek)\ S 2 к Z  W j \n j 2 - ' m  =
j=p(m) +1

=  0 ( { E A 2mp,l(m )}1/22m~r<-k)) a.s., as /c-*- + °° . 

On the other hand we have, by (3.5)

«(*=)—1
Z  {EA2 mpx(tn)Y/2 2m- rW = 0(Ckpx/2 (q(k))2“w - rW) =

m = <t(k)

= 0(C kp°>2 (q(k))p-*l2 (q(k)) Gk}{2) = o{C2 kDk x), as +

By the above two relations we can complete the proof of (i).
(ii) Since \E{^j \ ^ k-^)\-^2{2nnJ)~ 1 \aj \2r(k~x) a.s., we have

|£ ( ^ J ^ - i ) l  =  0{{EA2 mp*(jn)}xi2 2«k- » - m) a.s., as к -~ +  ~ .
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On the other hand by (2.6), (2.3), (3.5) and the definitions of {/•(&)} and {q'(k)}, 
we have

«(*)- 1 ( «(*)
2  {Eá2 mpx(m)}ll2 2r<k- 1'>-m = 0 \C k 2  pa/2(m)2r(‘- 1)- m

m=9'W '  m=q'(k)

=  0(C kJ? l\q \k ))2 '« -* -« M ) =  0 {C kf l \ q \ k y ) p - ‘l \q { k - \ ) ) G k^ )  =

= o(C2 Dk l), as k-*  +

By the above relations we can prove (ii).
L emma 7. Ж е have

(i) max D j 1 2 \ Y m- V m\-+Q, a.s., as JVl^r^N m = 1

N

(ii) Г)— 2■L'N 2  Y*-D% 0, i7i probability, as
m =  1

P roof, (i) follows easily from Lemma 6.
(ii) By Lemma 4 (ii), it is sufficient to show that

— +  oo,

N -+ + °°.

D’b* 2  (Y2 - V 2)
Since

m =  l
0, in probability, as N-* +  » ,

max |Fr+F,| ^  max:(\Zr\ + \E(Vr\3Fr_f)\+2\Vr\),l^r^N l^r^iv

Lemma 4 (i), Lemma 5 and the first part of this lemma prove (ii).
5. Proof of the theorem. For the proof we use the following
T heorem of M c L eish . Suppose for 1 and / € [ 0 , 1] {k(n, / ) }  is a sequence o f  

integer valued, non-decreasing right continuous functions such that k(n, 0) =  0 and 
{Xnk} is a martingale difference array satisfying

(0 E ( max \Xn k|2) — 0,V1 шкшЦп.О ' ’
Un, о

(ii) 2  x lk  ги probability for each í£ [0 ,1], as n +
t=i

klfl.t)
Then 2  X n k ^ X  in (D,2>), as +

k = l

For any positive integer n and í£[0,1], k{n, t) will denote the integer such
that

Ek(„,t)4„ a S ( <  E%(n,o+i An 2-4

4 W e  p u t  /t„ =  D0 =  0 .
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Then by (3.5), and

(5.1) max \г -В \м А - г\ — 0, as п -~ +  ~ .

*(".0
Further if we put X„(t)= A ~ 1 2  Yk, then we have, by (2.5), (3.5) and Lemmas

k = l
5 and 7,
(5.2) max \Xn( t ) ~ Z n(i)| — 0, in probability as n — + °°.

Putting X„ к=А~г Yk we obtain a martingale difference array {Xn *} and Xn(t)=  
*(».<)

=  2  Y„ k. On the other hand we have, by (3.8)
*=i

k(n,l)  (k(n,  1) \
^  max n l^.*l4) s  -2  EX*k =  o l 2  E V iA -Л  = o(Dk{nl) A~*) = o(l),

as n -*• + <».
Since i >0  implies lim k (n , t)= + we have by (5.1) and Lemma 7 (ii)И-*- + oo

fc(n,t)
2  Х*к — t, in probability for each /£[0, 1], as n — +  °°.

t=i
By above two relations, (5.2), and McLeish’s theorem we can complete the proof.
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SOME PROBABILISTIC METHODS IN THE THEORY 
OF APPROXIMATION OPERATORS

By
R. A. KHAN (Cleveland)

1. Introduction. For a function /£C[0, 1] define the Bernstein polynomials 

(0  Bn(J, x) = 2  f ( k/n)Pn,k(x)>
k=0

where /> „ ,* ( * ) = jc*(1 — x)"_*. It is well known that lim Bn( f x )  = f( x )  uni

formly on [0, 1]. T. Popoviciu ([9], p. 20) proved the stronger result:

(2) \Bn(f , x) - f (x)\ á  fo(n-1/2),

where cu((5) =  sup {\f(x ) —f ( y ) \ : |jc—у|ё(5, O^x, y ^ i ) ,  fi>0. Furthermore,
Bernstein ([9], pp. 22—23) proved that if the derivative f i2k)(x) exists at x, then

(3) lim nk \ Bn(J, x) - f (x) - Гм(х)/<’>(*)] =  ( ^ 2~ - )

П
where Tns(x)= (k—nx)spnk(x), n = 1,2, ..., i= 0 , 1,2, .... Following Bernstein

k— 0

a number of new operators have been defined and studied. However, many of them 
are special cases of an operator due to Feller [4]. To define the Feller operator let 
{Xn, « a  1} be a sequence of random variables having distribution function (df) 
F*x(t) with expectation EXn—x  and variance al(x) where x  is a real continuous 
parameter. For a continuous function /  on the real line R=( — <=°, °°) define the 
operator

(4) Ln(f, x) = Ef(X„) = f  f{t) dF*x{t) if E \f(X n)\ <

Using Chebyschev’s inequality Feller [4] proved
Lemma 1. I f  оЦх)^-0 as «->-=», then L„(f, x)-~f (x) for every continuous 

bounded function f  The convergence is uniform i f  oÜ(x)—0 uniformly and f( x )  
is uniformly continuous.

Let the continuous parameter x take values in an interval /  (possibly infinite) 
and let G(x) be a df on I. The dominated convergence theorem combined with 
Feller’s proof gives
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L emma 2 . Suppose that o l(x)^g(x) where g is G-integrable, and that the con
ditions o f Lemma 1 hold. Then

Um f  L J f,  x) dG(x) = f  f(x )  dG(x).

To specialize (4) let Ylt Y2, ... be iid (independent and identically distributed)
П

random variables with mean x £ l  and variance o2 (x), and set S„ = ^  Yt. Then
i=  1

(4) is equivalent to

(5) Ln(f, x) = Ef(SJn) = f  / ( i - )  dF„'X(t),

where F„tX(t) is the df of Sn. The following well known operators are special cases 
of (5) and are listed here for reference purposes.

(i) Bernstein operator. Letting />(F1 =  1) = 1— />(У1= 0 )= х  (0 ёх ё1 ) (5) de
fines the Bernstein polynomials given by (1).

_к
(ii) Szász operator. Let P(Y1 = k) = — ■ * , k = 0, l, ... (xs^O). Then (5) re

duces to the Szász operator

(6) Sn(J, x) = e- y  f ( k )
Á J \n )  k\ •

(iii) Gamma operator. Let the pdf of Y1 be f x(y) = x 1e ylx,y > 0 (x>0). 
Then (5) defines the gamma operator

(7) C - ( / ' * ) = frT = T )i f( » - D I  .
(iv) Weierstrass operator. Let the pdf of Y1 be / Х(у) =  (2л:)_1/2ехр^—\^{y—x)2j , 

— °0 <У, x< °°. Then (5) defines the Weierstrass transform

(8) K ( f ,  x) = Yin1 2 л) f  exp du.

(v) Baskakov operator. If Yt has geometric distribution P(Yi=k)=pqk,
П

k=0, 1, 2, (0 ^ p ^ l ,p + q = l) ,  then S„= has negative binomial distri-
i = 1

bution with probability function
'n + k —l)

(9) - -  '•
(n + k —

P(Sn = k) = ( k J pnqk, к = 0 , 1 , . . . .

Taking p = ( l+ x )  1 (x^O) (5) defines the Baskakov operator

(1 0 ,  BUS. *> =  ( 1 + - ) - J / Ш  ( “ + r ' )  Ш -
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(vi) Meyer-König—Zeller operator. An operator equivalent to the Baskakov 
operator was defined by M eyer-K ö nig  and Z eller [10]. However, C h e n e y  and 
S harma [2] slightly modified it as follows:

(">  V .( / , , )  =  <1 0 S y S h

and note that Mn(f, y )= E f\—^"*1— ) where q in (9) is replaced by y. Some otherV n + b„+1)
operators derived from (5) can be found in Feller [4].

The object of this paper is to generalize (2) and (3) for Feller operator (5) which 
is the subject matter of Section 2. For the Szász and Meyer-König—Zeller operators 
Cheney and Sharma [2] proved monotonic convergence when /  is convex. In 
Section 3 we give an elementary probabilistic proof of monotonic convergence 
for the Feller operator (5) and Meyer-König—Zeller operator when /  is convex. 
Section 4 deals with an extension of a result due to G róf [5] and Hermann [6] for 
the Szász operator in the case of unbounded function. Finally, in Section 5 Lemma 1 
for the Feller operator (4) is strengthened to provide a simple proof of uniform 
convergence for an operator due to Cheney and Sharma [2] which is defined in 
terms of Laguerre polynomials and generalizes (11).

2. Generalizations of (2) and (3). An analogue of (2) for the Feller operator
(5) is given by

T heo rem  1. Let f  be a continuous bounded function on R, and let Yy, Y2, ... 
be iid random variables with mean x£ lczR  and variance a2 (x). Then for x £ l the 
Feller operator (5) satisfies:

(12) ILn(f, x )-f(x )\ ^  (1 +Л)ш(/; n -1'2),
where co( f;  <5)=sup { | / (x)—f(y)\: \x—y \ ^ 8 ,x ,y£R } and A =sup <r2(x). More-

xa
over, for xd[a, ß]czl we have
(13) ILn(f, x)-/(x)I ^  (1+ sup o2 (x))m(f; n~1/2).

xmxsß

P r o o f . Let S„— £  Yt and 2 = 1  (SJn) = | —x jő j where [/•] denotes 
the greatest integer ^  r. Clearly, | /  (SJn) —/  (x) | ̂  co( / ;  <5)(1+ /), and hence

ILn(f, x )- f(x )\  s  ш(/; <5)2-(1 +2) ё  ш (/; «5)(1 + £ 2 2) ^

— (1 +E(Sn-nx)*/n*0*)cD(f; Ö) = (l + ^ j r )  «К/: <5)-

The conclusion follows on taking <5=n~112.
Examples. Let P (F1=1)=1 — P (F 1=0)=x, O á r ^ l .  Then cr2(x )= x(l — x) 

and A =  sup o2(x)= ,  and (2) follows from (12). Taking Yx to be normally
osjtsi 4

distributed with mean x and variance one we see from (12) that the Weierstrass
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operator (8) satisfies: \Wn( f,  x )—f(x)\-^2(a{f; и_1/2). Similar results for other 
operators can be obtained from (12) or (13).

In order to generalize (3) it is convenient to consider a general exponential 
distribution which includes Bernoulli, geometric, Poisson, and normal distribution, 
etc. In what follows we denote by u(k) (x) the /cth derivative of u(x) (k=0, 1, 2, ...) 
where u(m(x) — u(x). Let Y1, Y2, ... be iid random variables with a common pdf 
g(y, x) =  exp (yx — b(x)) with respect to a ст-finite measure p where л; is a real 
continuous parameter taking values in an interval Q of R. It is well known (cf. 
L ehm ann  [7]) that b(x) is analytic and £T, =b<-1 \x ) ,  var (L1)=Z)(2>(v)>0. The 
following lemma due to C h ern o ff  [3] can easily be proved by Chebyshev’s inequality.

Lemma 3 . Let Yt , Y2, ... be iid random variables having finite mgf (moment
n

generating function) (p(0) = E exp (OY^ with EYX = 0, and set S„= Yt. Then
i=i

for <5 >0 there exists a number q such that

(14) P(Sn 2 ? n ő ) t S Q n, 0 <  q <  1,

where q =  inf {(p(0) exp (—<50)}. Moreover, there exists a number q1 such that

(15) /*(15.1 S  nő) á  2 tf, 0 <  <  1.

In particular, if Yls Y2, ... are iid random variables with exponential density
n

g(y, x)=exp ( y x —b(x)) relative to a сг-finite measure p and S„= 2) (Yt—Z>(1)(x)),
then (14) and (15) hold.

The exponential bound (14) leads to
L emma 4 . Let T , , Y2, ... be iid non-negative random variables with mean 

л:£[0, °°) and assume that Yx has finite m gf I f f  is continuous and bounded on [0, °°), 
then for x£ [0, A] the Feller operator (5) satisfies:

ILn(J, x ) - f(x ) l  = 0 (co2A(f;  n~1/2)),

where coA(f;  <5)=sup { |/ ( * + f ) - / ( x ) |:  |/|=£<5, x€[0, A]}.
Proof. It follows from (5) that

ILn( f ,x ) - f ( x ) \m  f  1/И -/С *) dF„,x(t)+  f  I /W - /W
П«г*<гОи  ̂ I \  I I  /  — A ' \ П /

dEnfX(t).

Since /  is bounded and Fn x(t) is the df of Sn= 2  for x£[0, A] we have
i=1

ILn(/, x ) - f(x )I ^  О(co2A(/; 8 )) + CP(Sn > 2 nA) ^  О(co2A(/; Ő)) + CP(Sn- n x ^  An),
and the result follows from the exponential bound (14).

The preceding result includes the Szász, Baskakov, and Meyer-König—Zeller 
operators. A similar result can be proved when /£ C ( — <*>, °=>) (e.g. Weierstrass 
operator). A generalization of (3) is based on
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Lemma 5. Let Yt , Y2, ... be iid random variables with a pdf g (y ,x )=  
=exp (yx — b (x)) relative to a a-finite measure p, and set

Then

(16)

Тп,г = Tn,s(b™(x)) = е ( д  f r - b ^ i x ) ) ) ’, S = 0,1, 2, ....

Proof. Let Z =  %  (Г ; —b(1)(x)), and note that the mgf of Z is
i=i

(17) (p(t) = Eexp( tZ )  = exp(—nb(1)(x)t + n(b(t + x) — b(x))).

Differentiating (17) with respect to t we have <p(1)(0 =  <P<0,K0> where ij/(t) = 
— n(ba)( t+x)  — ba)(x)). Applying Leibniz formula we have

<p<*+1>(<) =  <p™(f)>A(0)(i) + (1) c p ^ -» W w (t) +

+ (2) <p‘s~'ä) (') <A(2) (0  +  • • • + <?>(0) tfrw (t),
and hence

<p(s+1)(0) =  <p(s>(0)i/i(0) (0) +  s(p(s~1'>( 0 ) ( 0 )  +  <Ри~2) (0 )ф{2)(0) + ...  +  <p(0) ip(s)(0).

Since g><0>(0) — (0) =  1, «̂ <0)(0 )= 1/̂ (0) =  0, \p<s)(Q) = nb(s + 1)(x), $ ё1 , we have

(18) <p(s+1>(0) -  (ри~*Ч0)^(2)(0)+ ...+iA(s,(0).

From (18) we obtain

<p(1) (0) =  0, <p<2> (0) =  nfo(2> (x), <p(3) (0) =  nb<3) (x),

(pw  (0) = 1 • 3n2(b(2) (x))2 + nb(4) (x), cp™ (0) = 10n2 M2> (x) b<3) (x) +  nb(5) (x),

<p(e)(0) = b 3 .5 n 3(li<ä|(x))415n2fc(2)W I)(4)W +  1 On2 (b(3)(x))2+ пЬ(в)(x ),.... 

Continuing in this manner we obtain

and hence
<P(2*>(0) =  Тпл = 1-3.5- ... (2k —1

(2k)! {' b ^ (x ) )k
k! 1 2  )

We can now prove the following generalization of (3).
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T heorem  2. Let Yk, Y2, ... be iid random variables with pdf g (y ,x ) = 
— exp(yx—b(x)) relative to a а-finite measure p. Let Ln(f, x )-E f(S J n )  be the

It

Feller operator where Sn~ 2  Y t, and assume that / (2t)( -) exists at ba)(x). Then
i=1

(19)

Hm«* [LÁf, х) - Л Ь ^ ( х) ) - 2Д

where Tn s has been defined in Lemma 5.
P roof. Writing Y„—SJn and expanding f ( S J n )  around b(1)(x) we have

f(S J n ) = f(b(1) (x)) +  Y  - S)(; r (X)) &  -  Ь(1) (x)Y +5 = 1 S •

+ ( Y- b̂ ( x)r [ ^ r + # » - i (1)W ) j ,

where and t]{h)-+ 0 as h-+ 0. Taking expectation we obtain
2k y,—s

5 = 1 SiLn(J , x) = f (b(1) (x) ) +  i  — /(S)( f (1)W) Tn, . + Rn ,

where Rn—E(Yn—b(1)(x))2krj(Y„ —b(1 )(x)). Choosing s>0 such that \q(h)\<e 
when |A| <<5 we have

|Л„| S  E(Yn- b ^ ( x ) y k\r1 (Yn-b ^ (x ))\  /{ |F„-h(1)(x)| <  S} +

+ E(Yn -  (x))“  \r](Yn-  b™ (x))| /{| F„ -  bm (x)\ ^  Ö) ^

^ E n - 2kTni2k + M n-2kE(Sn-n b ^ (x ) ) 2kI{\Sn- n b ^ (x)| i? nő},

where I{A} denotes the indicator function of an event A. By Cauchy—Schwarz 
inequality we have

£(SB-n b « (x ))2t7{|S'(I- / IbW(x)| S  nő}^[T a,ikP(\Sn-nb^(x)\ ^  nő)]1'2. 
From (16) it is easy to see that

n -2kYfZTk = n -ko (  1),

and it follows from Lemma 3 that

|Ä„| S  en 2kTn 2k + Mn k exp (— bn)O(l) 

for some Z>>0 independent of n. Thus we proved that

Ln(f, x) = f(bw (x))+ 2  ^  n~sTn,s + Enn~k, e„ — 0 as ns=l si
Hence the desired conclusion follows from Lemma 5.
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R em ark . Included in Theorem 2 are the operators (1), (6), (7), (8) and (10), 
etc. One simply identifies bw (x) and 6<2) (x) for different operators. The following 
gives the required identification.

Distribution Operator ba) (x) bw (x)

Bernoulli Bernstein x (O ^xSl) x (1—x)
Poisson Szász x (x^O) X
Gamma Gamma x (x>0) X2
Normal Weierstrass x (— °°<x< °°) 1
Geometric, p —( l+ x )_1 Baskakov

/■“N
ОAll
’"w'H x (l+ x )

3. Monotonie convergence. By direct calculutions C h en e y  and Sh a r m a  [2] 
proved monotonic convergence for the Szász and Meyer-König—Zeller operators 
when the underlying function is convex. Here we give an elementary probabilistic 
proof of monotonic convergence for the Feller operator (5) which includes Szász 
and many other operators. A similar proof of monotonic convergence for the 
Meyer-König—Zeller operator (11) is also given. But first we need the following 
elementary lemma on conditional expectation.

L emma 6. Let Yx, Y2, ... be iid random variables with finite expectation, and let 

S„ = 2  Yt- Then

P r o o f . Since £(T] | S„+1) = £(F2] S'n+1) =  ... = £'(Fn+115n+1), it follows that

Hence
В Д 5 . +1) =  E

' n + 1
2 Yt
i= 1 Sn + 1

U + i °n + l n+1

£ ( v k +1) =  |  2 E ( Y , \ S H+JV n I ) n j=i
■Sn + 1
П+1 a.s.

We can now prove

T heorem  3. Let Ylt Y2, ... be iid random variables with mean x £ l and variance 
a2 (x). For a continuous convex and bounded function f  on R  define the Feller operator 
(5) by

Ln(f, x) =  Ef(SJn) = f  f(t/n) dFn xit),
--- CO

where Fn x(t) is the d f o f S„= 2  Yt. Then L„{f x ) ^ L n+1( f  x ) s . . .a / ( x ) ,  and
i= 1

Ln( f ,x ) \ f ( x )  uniformly on every bounded interval.
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Proof. Clearly, L„(f, x )= E f(S J n )= E (E (f (SJn)\Sn+1)). Since /  is convex, 
the conditional version of Jensen’s inequality and Lemma 6 give

Ln<J, x) is E f [e  ( § | s„+1)) =  E / ( ^ f f )  = L n + 1  (/, x).

Hence Ln( f ,  x ) ^ L n+1(fi x ) ^ . . .^ f ( x ) ,  and the last statement follows from 
Lemma 1.

Theorem 4. Let /£ C [0, 1] and assume that f  is convex. Then the Meyer-König— 
Zeller operator Mn(fiy ) defined by (11) satisfies Mn(fi y ) ^ M n + 1( f  y ) ^ . . .^ f ( y ) ,  
and M J f  y ) - f ( y )  uniformly on [0,1].

(9)
Proof. All we need to prove is that M„(f, у)шМа+1( /  y). To this end, using 

we obtain

P(Sn+ 1 — ^ I +2 — к.) — к — 0, 1, ..., к'.

From this conditional distribution it is easy to verify that

and hence

Now recall from (11) that M„ 
from Jensen’s inequality that

( f y ) -E f[— ■). \n + S n + 1  ) Since /  is convex, it follows

м м . , )  = 4 4 /Ь̂ЫЫ) * '>■
4. The case of unbounded function. Let /  (x)£C[0, °°) where /  is not necessar

ily bounded. Let Fx, F2, ... be iid non-negative random variables with mean x£[0, °°) 
and variance o2 (x), and assume that Yx has finite moment generating function. 
Define the operator

U„(f, x) = Ef(SJri) = /  f(t/n) dFnx(t),
0

where Fn x(t) is the df of Sn— 2H Yt. Assume that f  (x) = 0(g(x)) as x —°°
i=i

where g(x) is a positive continuous function on [0, °°). If Eg2 (SJri) = 0 (  1), then 
for лг£ [0, A]
(2 0 )  \Un(J, x ) - f(x ) \  =§ 0{ohA(f- n - 1/2)),

where coA(/; <5) = sup { |/(x + t) - /( jc ) |:  |f|s<5, x€[0, A]}.
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To establish (20) we note that

IUn( f , x ) - f ( x ) \ *  f  \ f( t/n)- f(x)\  dFn x(t) +
t^ 2nA

+  f  \ f m - № \ d F „ ' X(t) = R1+ R 2.
Ш2,пА

By Lemma 4, К1 = 0 ( со2 а (А  n~1/2)) when хё[0, А]. Since /(x )  = 0(g(x)) as 
x —°°, there exists a constant A' such that |/(x )|sC g(x ) for x ^ A '.  Hence it 
follows that

T?2=§ sup \f(x)\P(S„ 3?2nA)+ f  \f(t/n)\ dFn>x(t) +
0 —x ^ 2nÂ t̂ nA'

+ C f  g(tjn) dFnx(t)
t̂ 2nA,t^nA'

^  MP(Sn — nx ^  nA) + M1 P(S„ — nx S  nA) + CEg(SJn)I{S„ S  2пу4}.
By Lemma 3 and Cauchy—Schwarz inequality we have 

R2 M20" +  C[£’g2(5„/n)P(S„ is 2nT)]1/2 M 2 Qn + C [0(\)P (Sn- n x  S  иЛ)]1'2 ^

S M 2 Qn + CiO{\)Qn,
and (20) follows.

E xa m ple . Consider the Szász operator

S„(f, x) = e nx 2  f W n) ■
k =  0

Let f  (x) = 0(eax) as x — °° (a>0). Clearly,

Eg2 (SJn) = E exp =  <Pn(2a/n)
П

where Sn— 2! 7 ; and <p(t) is the mgf of a Poisson random variable Yx with para- 
1—1

meter x. Hence
Eg2 (SJn) = exp (их(е2<1/" — 1)) =  0(1),

and (20) holds which is due to G ró f [5]. H erm ann  [6] extended this result to the 
case when g(x) — exxlnx (a>0). It is easy to show that Eg2 (SJn) — 0 (  1) and hence
(20) holds. We remark in passing that a result similar to (20) holds for the Weier- 
strass operator for an unbounded continuous function /  on R if it satisfies a suit
able growth condition, e.g. /(х )  =  0(е“'*1) as x —°°. The details are omitted.

5. Weak convergence and approximation operators. Although most approxi
mation operators are covered by (4) or (5) but for certain operators it may be 
difficult to prove uniform convergence via (4) or (5) (e.g. the Meyer-König—Zeller 
operator or its generalization by C heney  and Sh a r m a  [2]). A general simple app
roach can be based on the following concept. A sequence of random variables
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(Z „ ,n a i)  whose df depends on a continuous parameter x £ / is said to converge 
weakly or in probability to л: (Z „-^x) if Px(\Zn—x|s<5) —0 as л — °° for all <5^0. 
The convergence Zn—*x is uniform if sup Px(\Zn-x\^S)-*-0. Weak convergence

x t l
leads to

Theorem 5. Let {Z „ ,n^  1} be a sequence o f random variables having df de
pendent on x £ [0, 1] such that Z n^-*x uniformly in x. Then Rn( f  x)= E f (Zn)-*f (x) 
uniformly on [0, 1] i f  f£C[0 , 1].

Proof. Obviously,

\Rn( f , x ) - f ( x ) \ s  f  \f(z )- f(x ) \d F n_x(z)+ f  \R z)-f(x )\d F ntX(z),
|2 - x | s á  \ z - x \ S i

where Fn x(z) is the df of Z„. Hence the result follows from

\Rn(f, x )- f(x )\  == 0 ){8 )+ M  sup Px(\Zn- x \  ^  6 ),
O S J S l

where iu(<5) =  sup [ \f(x )—f{z)\: \x—z\^d , O sx, zS l} .
From the preceding theorem we deduce a result of Cheney and Sharma [2] 

which generalizes ('ll). Let L[x) (a=— 1) denote the Laguerre polynomial of degree 
v where a is a parameter. For f£C [0, 1] define the operator of Cheney and Sharma
[2] by

Pnif, x) =  (1 — x)"+1exp (уз^г) Z / ( y y y )  Lin)(t)xv, 0 s x S e < l ,

where t is a parameter ^0. They proved that Pn{ fx )-~ f(x )  uniformly on [0, a] 
(a<  1) if t/n—0 as (!-►=. To deduce this result from Theorem 5 define the 
probabilities

Pn,j(x) = P(Yn=j) =  (1 -x )"+1exp (tx/(\ -x))H jn)(t)xJ, 

j=  0 ,1 ,. .. ,  0 S x S e < l , ( S 0 .

It is well known that p,hJ(x)^Q  for all x£ [0, a\ and £  (see Szegő [12]).
j =о

Clearly, Pn( f x ) = E f ( Z n) where Z n = Yn/(n + Y„) and the expectation is taken 
with respect to the above probability distribution. The result will follow if we can 
show that Z„—*x uniformly in x£[0, a]. To this end, we note from [12] that the 
generating function of Yn is given by

cpn(s) = £sy» =  Д  sJpnJ(x) =  (1 — x)"+1exp (у з у )  (1 - s x ) - (n+1) exp (у з у у ) ,

where Using <pn(s) we can easily compute the first two moments of Yn
and show that Y Jn^*x/(  1—x) uniformly in x(E[0, a] if t/n—0. From this we 
conclude that Zn—~x  uniformly. To see this let 8>0 and choose <5>e/(a+e).
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Writing Un—n~xYn—x ( \ —x)~l we have
PÁ\Zn-x\ ё £ )  =  Px(\Zn—x\ ^  г, |«7„| ^ 8)+PA\Zn-x\  ̂e, \U„\ <  Ö) ^

^  Px(\Un\ 3= 3 ) + Р Ж \  s  Г,, \Un\ «= á),
г, = а0 - е( 1- 0) * Рх(\ип\ ш 0) + Рх(\ип\ ^ г, ) -»0  as л -  ~,

uniformly in x€[0, a] if г/л—0. Thus Z n̂ -*x uniformly and hence by Theorem 5 
P,,(f, x) —/ (x) uniformly on [0, a\ provided г/л—0 as л — Uniform con
vergence of various operators can be established by uniform weak convergence. 
Moreover, new operators can be generated by uniformly convergent sequence of 
random variables.

Finally, it is interesting to note that Lemma 2 applied to Bernstein polynomials 
B„(f, x) with G(x) as uniform distribution on [0, 1] gives

1 1
Hm f  Bn(f, x ) d x -  J  f(x) dx, f£  С[0, 1].

о о
Substituting the expression for Bn{f, x) and using the well known property of Beta 
function we obtain

lim 2 fU /n )  = f  f ix )  dx, n J=о J
a useful result for evaluating limits.
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ÜBER EIN GRAPHENTHEORETISCHES ERGEBNIS 
VON T. GALLAI

Von
W. MADER (Hannover)

Im Jahre 1961 veröffentlichte T. G allai [4] eine hübsche und natürliche Verall
gemeinerung des bekannten Existenzsatzes für /-Faktoren von W. T. T utte [10]. 
In [5] gelang es L. L o vász , auch umgekehrt diesen Satz von T. Gallai aus dem Exist
enzsatz für /-Faktoren von W. T. Tutte herzuleiten. Da ich das Ergebnis von 
T. Gallai aber als natürlichen Zugang zu den Faktorsätzen betrachte, erscheint 
es mir wünschenswert, einen einfachen, direkten Beweis hiervon zu finden. Während 
der ursprüngliche Beweis von T. Gallai auf der Methode der alternierenden Kanten
züge basierte und recht kompliziert war, möchte ich in der vorliegenden Arbeit 
einen einfacheren Induktionsbeweis darstellen. Zum Schluß möchte ich noch zwei 
simple, direkte Beweise des Spezialfalles des Satzes von T. Gallai skizzieren, welcher 
dem Existenzsatz für 1-Faktoren von W. T. T utte [9] entspricht

Wir betrachten hier Pseudographen, lassen also mehrfache Kanten und Schlin
gen zu. Die Menge aller Kanten zwischen den nicht unbedingt verschiedenen Ecken 
x  und у  im Pseudographen G bezeichnen wir mit [x, y]a und die Eckenmenge bzw. 
Kantenmenge von G mit E(G) bzw. K(G); weiterhin seien |Gj := |E(G)\ und 
||G|| := |K(G)|. Wir setzen immer E(G)UK(G) als endlich voraus. Für A, BQE(G) 
mit А П В = 0  seien K(A, B; G ):= \J[a,b\°  und x(A, B; G) := \K(A, B; G)|;

aiAЫВ
ferner bezeichne G(A) den von A in G induzierten Pseudographen, und es sei 
N(A; G) := {x£E(G)—A\ V [a, x]G^  0 }. Sei 2(G) die Menge der (Zusammen-

a£A
hangs-) Komponenten von G und für x£E(G) sei C{x; G) die Komponente von 
G, welche x  enthält. Bei einem „Weg“ W: a0, кг, а1г ..., km, am (a^E(G), 

a;]G) komme keine Ecke at und keine Kante k} zweimal vor, lediglich 
a0 = am sei zugelassen; im Falle а0^ а т nennen wir W offen, im Falle aa =  am 
geschlossen. Ein geschlossener Weg ist also ein Kreis mit einer (als Anfangs- und 
Endpunkt) ausgezeichneten Ecke. Insbesondere betrachten wir eine Schlinge als 
(geschlossenen) Weg der Länge 1. Wir sagen, der Weg W: a0,k 1,a i , . . . , k m,am 
durchläuft x£E(G), wenn x^.{a1, ..., am_1} ist, und er endet in x, wenn x —a0 oder 
x= am gilt. Die Ecken aa und am heißen die Endpunkte von W, und wir nennen W 
einen a0,a m-Weg.

Sei N + {0,1, 2, 3, ...} U {==>}, wobei wir mit dem Symbol °° wie üblich 
rechnen. Für eine Funktion f:  D —N + und für XQD  sei / (X) := 2 / (x) und

X Í X

f \ X  bezeichne die Einschränkung von /  auf X. Für den Pseudographen G sei 
ein Funktionenpaar (e, d) mit e: E(G)-+N+ und d: E(G)-~N+ gegeben; wir 
nennen dann (G, (e, d j) einen bewerteten Pseudographen und bezeichnen ihn mit 
Gf. Ein System von Wegen Wt (i£J) in G nennen wir zulässig in Gde, wenn die Wege
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W, die Länge ^1 haben und paarweise kantendisjunkt sind und für jedes x£E(G) 
gilt: es laufen höchstens d(x) der Wege W, durch x  und x  tritt höchstens e(x)-mal 
als Endpunkt der Wege W, auf. (Hierbei trete x zweimal als Endpunkt von W, 
auf, wenn W, ein geschlossener Weg mit dem Endpunkt x  ist.) Bezeichne Я (Cf) 
die Maximalzahl von Wegen, die in einem in Cf zulässigen Wegesystem auftreten 
kann. Ein zulässiges Wegesystem in Gf aus Я (Cf)-Wegen nennen wir ein größtes 
zulässiges Wegesystem von Cf. Als Hauptergebnis von [4] bestimmte T. G allai 
k(Gi) als Minimum des „Wertes“ gewisser Partitionen von E(G). Betrachten wir 
hierzu <P(G) := {(A, B)\AQ E(G )ABQ E(G )AAC\B=0} und für (A, B)eV(G) de
finieren wir s(A, B; Cf) := ||G(/t)|| +e(B) + d(B) + Z  f£<£) + x(C, А ; СП

С£8(в-(диад L z  J
wobei e(C) := e(E(C)) und x(C,A; G) := x(E(C), A; G) seien und [r] die

größte ganze Zahl S r  bedeute. ^Natürlich sei =  Hiermit können wir 
das Ergebnis von T. Gallai formulieren.

Satz 1 (T. Gallai). Für jeden endlichen, bewerteten Pseudographen Cf gilt

Я (Cf) =  min s(A, B \ Gf) =: s (Cf).(A,B)eV(G)

Zunächst noch einige Bezeichnungen. Für / :  D -*N+ und {x1(..., xn}QD
sei / ” Xn definiert durch/™ Xn(x) := /(x )+ /n  für x e fo ,  ..., x„} und/ £  *„(*):
:=/(x) für x£D  — {x,, ..., x„}, wobei m eine ganze Zahl oder m=°° sei. Weiterhin 
seien F( f )  := {x6D|/(x) endlich} und F ( / )  := D — F (f). Sei Ged ein bewerteter 
Pseudograph. Für einen Teilpseudographen HQG  bedeute den bewerteten 
Pseudographen Hf, mit e ':= e\E (H ) und d' := d\E(H). Die Komponenten 
von G -(A U B )  nennen wir die Komponenten von (A, 2?)€i)3(G) in G, und eine Kom
ponente C von (А, B) in Cf heiße gerade (ungerade), wenn e(C) + x(C, A ; G) 
gerade (ungerade) ist. Ferner sei ^(Gf) := {(A, B)£4?(G)| s(A,B; Gf) = s(Gf)}. 
Seien XQE(G) und xf_X. Der Pseudograph G entstehe aus G—X  durch Hinzu
fügen der Ecke x, wobei die mit x in G inzidierenden Kanten festgelegt seien durch 
fx, y]G := K(X, у; C) fur y£E(G) — X  und _[x, x]g := K(G(X)). Weiterhin seien 
die Funktionen e': E(G)—N + und d': E(G)-~N+ definiert durch e'(y):— e(y) 
und d'(y) := d(y) für y£E(G) — X  und e'(x) := e(X), d'(x) := d(X). Wir sagen, 
der bewertete Pseudograph Gfi entstehe aus Gf durch Identifizieren von X  zu x. 
— Für HQG  und XQE(G) sei Я П 1 :=  Е(Н)Г\Х. Den Grad der Ecke x in C 
bezeichnen wir mit x(x; G) und I(x; G) bedeute die Anzahl der Schlingen durch 
x in G. (Eine Schlinge durch x zählt für den Grad x(x; G) doppelt.)

Wegen s(E(G), 0 ;  Gf) = ||G|| gilt i(Gf)S||G|| für jeden bewerteten Pseudo
graphen Gf. Insbesondere ist s(A, B; Gf) endlich für (A, 0)6^(Gf). Wenn s(A, F;Gf) 
endlich ist, muß F (e)^A  sein und F(d)(~)B= 0  gelten. Dem Beweis von Satz 1 
schicken wir einige Lemmata voraus.

Lemma 1. (a) Für alle (A, B)£ty(G) gilt s(A, B\ G f)a ^ (G f).
(b) Sei (A, B)e%4G) mit s(A, B\ Gf) = Я (Gf) und sei & ein größtes zulässiges 

Wegesystem von Gf. Dann läuft kein Weg von © durch eine Ecke von A. Wenn C 
eine gerade Kompenente von (А, B) in Gf ist, dann ist K(W)C\K(C, B; G)= 0  für 
jedes Wc S, aber zu jedem k£K(C, A ; G) existiert ein Wf_ 3  mit k(LK{W). Weiterhin
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e(C)+x(C,A; G)existieren genau •— —----—-—  Wege W£ S  mit WP,C 0 ,  und jeder dieser
Wege W wird in e(C) + x(C, A; G) genau zweimal gezählt. 1

B ew eis. Seien (A, B)£ty(G), S  ein größtes zulässiges Wegesystem von Gde 
und W£&. Da S  zulässig in Gd ist,gilt \{W£<S \K(W)PK{G{A)')^ 0  V W D B ^  0 }|ä  
^\\G{A)\\+e{B)A-d{B). Sei nun W£<S mit K(W)PlK(G(A)) = 0  und W P lB = 0 . 
Wegen | | tF | |s l  existiert eine Komponente C von (А, B) mit C O W A 0 . Dann 
gehören aber beide (nicht notwendig verschiedenen) Endpunkte von W zu C oder 
es gehört ein Endpunkt von W zu C und es ist K(W)P\K(C, А ; G )A 0  oder es gilt 
\K(W )0K{C,A\G )\^2. Für <2C ■= {W^'5\WClB= 0  AWC\C ̂  0 }  ergibt sich 
hieraus 2 \<Bc\Se(C) + x(C, A; G) wegen der Zulässigkeit von <5. Somit folgt

MGd)=ie\sllG (A )H +e(£)+d(B)+ 2  \ e(C)+xf ’ A ’ G) = s(A, B; Gd).

Nehmen wir nun s(A, B; Gde)=l(Gde) an und sei C eine gerade Komponente 
von (А, В) in Gd. Wie man aus obiger Abschätzung ersieht, muß dann auch die
Gleichung |g c| = + A , G) gejten Somit wird jedes We<2c in e(C) +

+ x(C, A ; G) genau zweimal gezählt, jedes k£K(C, A; G) gehört zu einem W£<ZC 
und jedes cdE(C) tritt genau e(cj-mal als Endpunkt bei Wegen von S c auf. Wegen 
der Zulässigkeit von 3  hat also kein W£ 3  — 3 C einen Endpunkt in C und es gilt 
K(W)P\K(C, A; G)= 0  für jedes W£ 3  — S c. Nehmen wir die Existenz eines 
W£<Z — S c mit W H C y^0  an. Da W  keinen Endpunkt in C hat und K(W)P\ 
P\K{C,A\ G )= 0  gilt, folgt \K(W)P\K{C, B\ G)|ё2 . Dann wird aber W  zweimal 
in e(B)+d(B) gezählt, was nicht sein kann, da auch die Gleichung | {W£ 3  WP 
П В ^ 0}\=e(B)+d(B) gelten muß. Also ist 3 C = {W£<3\ WP\CA 0}, und es er
geben sich alle Behauptungen von (b) bis auf die erste.

Sei nun W: а0, к г,а }, . .. ,k m,a m aus 3  und es existiere ein /£{1, . . . ,m  — 1}
mit afcA. Betrachten wir den Weg W': a0, k lt аг...... af. Wenn K(W')P)K(G(A)) = 0
und W'P\B= 0  sind, existiert wie oben ein C££(G — (AUB)), so daß W ' zu e{C) + 
+ x(C, A ; G) mindestens den Wert 2 beiträgt. Da dasselbe für W": at, k i+1, ai+1, ..

am gilt, wird also Wm\\G(Ä)\\+e{B)+d(B)+ 2  [ A, G) ] =
cga(G-(xUB))L Z J

=s(A ,B; G) mindestens zweimal gezählt, im Widerspruch zu |S | =s(A, B; G).
L emma 2. Seien Gd und Gd'. bewertete Pseudographen mit e' (x )^e (x ) und 

d '(x)^d (x) für alle x£E(G).
(a) Dann sind s(Gdej^ s (G de) und k(Gd.)^/,(Gde).
(b) Wenn e(a)^x(a \ G) für ein a£E(G) gilt, dann ist A (Gf) =  A (Gd) für 

ё := «Г •
(c) Wenn d(a) ̂  x ^  ] j-^r ejn a££(G) gilt, dann ist A(Gf) =  /(Gf) für

3 := d f . 1 2 J

1 Genauer: W  trägt zu Z i ( x ; S ) +  Z \K(W ')C)K(C, A; G)| genau den Wert 2 bei, x£E(c) wes
wobei i(x; ®) angebe, wie oft x  als Endpunkt von Wegen aus S  vorkommt. Wegen der Zulässig
keit von S gilt Z i(x ;Q )+  Z \K (H " )D K (C ,A ; G)\ Ш е(С)+х(С, A; G). 

xeE(C) w e s
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Der Beweis von (a) bis (c) ergibt sich unmittelbar.
Lem m a 3 . Sei (А, B)d^(G de) und sei adA. Sei d' := d"‘ mit mdN + und es gelte 

A(Gf)=i(Gf). Dann gilt auch A(Gde) = A(Gde')=s(Gde).
Bew eis . Nach den Lemmata la und 2a genügt es, A(Gi)^A(Gde') zu zeigen. 

Wegen s(G f)^s(A , B; Gde )= s(A , B; Gde)=s(G d)^s{Gde) nach Lemma 2a folgt 
(A, B)dfß(Gd'). Sei 3  ein größtes zulässiges Wegesystem in G f. Wegen A(Cf) =  
=s(A, B; C f) geht nach Lemma lb keiner der Wege von S  durch adA. Also ist 
3  auch in Gde zulässig.

Lemma 4 . Sei C eine gerade Komponente von (A, B)d%4Gd) mit |C| —1, etwa 
E(C)= {c}, und sei I(c; G) =  0. Sei d ' := d™ mit mdN + und es gelte A(Cf) = 
=j(Gf). Dann gilt auch A{Gd)  = A(Gdf)=s(G de).

Bew eis. Es genügt wieder, A(Gf)s A(Gf) zu zeigen. Wegen r(d,5U {c}; Gde)&
^s(A , B; Gf) und C gerade gilt e(c) + d(c)S ^  ^ gej ^  ejn

größtes zulässiges Wegesystem in Cf. Wegen s(A, B; Gde’)= s(A , B; Gde) folgt 
wieder (A, B)d^ß(Gi’). Wegen s(A,B; Gd')=s(Gd)=A(Gd) existieren nach 
Lemma lb genau к Wege Wd<S mit cd IV, und jeder dieser Wege wird in e(c) + 
+  x(c, A\ G) genau zweimal gezählt. Wegen К(кУ)1ЛК(с, В; G ) = 0  für 1E6S 
nach Lemma lb  und l(c; G) = 0 haben also genau e(c) Wege von 3  c als Endpunkt 
und es laufen somit genau k — e(c) Wege von S  durch c. Wegen k — e(c)sd(c) ist 
also 3  auch in Gde zulässig.

Lemma 5 . Seien а, ax, ..., am, blt ■,b m ganze Zahlen mit a ^ b i für

,m. Dann ist
a+ 2 ai! = 1 wobei das Gleichheitszeichen

nur gelten kann, wenn bt— l = at = 0 (mod 2) für alle / =  1, ... ,m  gilt. 
Der Beweis von Lemma 5 ergibt sich unmittelbar aus

a +  2  a ii=i
2

L emma 6. Sei (A, B)d^(Gd). Dann gilt x{a\ G(A))^e(a) für alle adA. Sei 
adA mit e(a) = 0 und sei kdK{a, E(G) — {AV]B); G). Dann ist (A — {a}, B)dty{Gd) 
und k  ist trennende Kante einer geraden Komponente von (А — {а}, В) in Gd.

B eweis. Sei adA  und seien Cx, die Komponenten C von (А, B) mit
m

x (a ,C ; G)>0. Dann ist C0 := G( [J £(C;)U {я}) eine Komponente von
i=l

(А — {а), B) in G und es gilt
s{A -{a } ,B - Gd) = s(A, B\ G f)-(x(a; G (Ä))-\{a\ G ))-

m Г (
-  2 [- 

i= 1 L

e(Cd + x(Ci,A; G)J +  |e(C0) + x(C0,zt-{«};G)
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Wegen (Л,Д)е$(С*) ist s{A -{a},B \ Gde)^s(A , B; GJe), also gilt

(U) [ g(Co)+x(C° j.é - W ' lg l j  s  x (a; G(Ä))-l(a; G) + Д  ^ С-) +  х С̂- ^ ; G)j ,

Nach Lemma 5 gilt andererseits

e(C0) + x(C0, A -{a}\ G)
(V) ] -

e(a) + x(a-, G(.A))-2l(a; G)+ 2  (е(С() +  *(Сг, A -{a };  G))
Í=1 * 2

r  e(a) + x{a; G(A)) Цд. Q  | Jg, Гe(C,) + x(C,-, Л ; G)j
2 ,=i I 2 J

Aus (U) und (V) ergibt sich x(a; G(A))^e(a).
Nehmen wir nun e(a) = 0 an. Nach dem eben Bewiesenen ist dann x(a; G(A)) — 

=1 (a; G)=0. Aus den Ungleichungen (U) und (V) folgt dann

^e(Co) + x(C0, A — {ä)\ G) j = J  j g(C,) + x(C„ A; G) j

Somit ist s(A — {aj,B; Gi)=s(A, B; Gde), also auch (A — {a}, B ) ^ ( G de). Mit 
Lemma 5 folgt außerdem е(Сг)+х(С;, A; G) — 1—е(С;) + х(С;, A — {a}; G) = 0 
(mod 2) für alle i— 1, ..., /и. Somit ist C0 eine gerade Komponente von (А — {а}, В) 
in Gd. Außerdem ergibt sich x(C t, A; G)=x(Ct, A — {a}-, G) +  l, also x(C;, a; G) = 1 
für i= l ,  ..., m. Somit ist к eine trennende Kante von C0.

L emma 7 . Sei XQE(G) und H di entstehe aus Gd durch Identifizieren von X 
zu x ü̂ X. Dann gilt s(H d',)^s(Gde).

B eweis. Sei (A, B )e^ (H d.'). Es genügt, ein (A \ B ')e^(G ) mit s(A ',B '; Gde) s  
^s(A , B\ H$) zu finden. Im Falle xa£B gilt s(A, B JX \ Gde) —s(A, B\ H dl) nach 
Definition des Identifizierens. Im Fallex0£A gilt analog s(AÖX, B; Gd)=s(A, B\ H d.) 
wegen I(x0; Är) = ||G(A')|| und x(y, X; G) = x(y, x0; H) für y£E(G) — X. Nehmen 
wir nun x0$AVJB an. Sei C0:= C(x0; H — (AÖB)) und seien C1, . . . ,C m die
Komponenten von G(£(C„)UI). Wegen e'(C0) + x(C0, A; # )  =  ^  (e(C() +
+ x(C i fA ; G)) und Z  Iril-12? rJ gilt dann s(A, B; G t)Ss(A, В ; #//).

Wenden wir uns nun dem Beweis des Satzes von T. Gallai zu.
B eweis v o n  Satz  1. Wir nehmen an, daß Satz 1 falsch ist, und wählen unter 

den Gegenbeispielen zu Satz 1 mit möglichst kleiner Eckenzahl eines mit möglichst 
wenig Kanten aus, etwa G. Dann existieren also Funktionen e': £(G) —N + und 
d': E(G)-~N + mit I(Ge,)?ís(Gde'.), also I(Gde',)<s(Gd’.) nach Lemma _la. 
Seien P := {(e',d ')\e ': £ (G )-N  + A<f: £(G )-N  + A2(G£)<s(G£)} und P:=
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:={{e',d')£P\\F(e')\ + \F(d')\ = max {\F(e")\ + \F(d")\)}. Man wähle (e, d )tP  mit 
e(F{e))+d(F(d)) — ( max^ (e'(F(e'))+d'(F(d'))) und sei er:= s(Gd). Wir leiten 
einige Eigenschaften von Gd her.

(1) Sei (A, B )e^(G d). Dann ist d(a)=°° für alle a£A.
Wäre nämlich a£F(d), so müßte für d' := d f  wegen \F(d')\> \F(d)\ nach 

Wahl von (e, d) gelten (e, d')$P, also Ä(Gi)=s(Gi). Nach Lemma 3 wäre dann 
aber auch k(Gi)—s(Gi).

(2) Für alle x£E(G) gilt x(x; G) >0 und e(x) + d(x)>0.

Sei x£E(G) mit x(x; G) = 0 oder e(x)=d(x)—0 und sei (A, B)£?ß((G—x)%). 
Im Falle x(x; G)=0 ist s(A ,B; (G — x)d)=s(AU {x}, B; Gde)^ a  und im Falle 
e(x)—d(x)—0 gilt s{A, В ; (G—x)i)=s(A, В U{x}; G ^scr. Da G als „kleinstes“ 
Gegenbeispiel gewählt wurde, ergibt sich somit der Widerspruch A(Gf)^A((G—x)f)= 
=j((G -x);!)=j(zl, B; {G -x )i)^a .

(3) Es gibt keine Schlinge in G.
Sei k£K(G) eine Schlinge durch x££(G) und sei (A, B)£?ß((G—k)d). Da nach 

Wahl von G gilt s((G—k)i)=k((G—k)i)^Ä(Gde)<o, folgt s(A,B; G|!)^ff> 
>s(A,B; (G—k )d), also x£A  und (A, B)£^$(Gde). Nach (1) ist dann d(x:) = °° 
und nach Lemma 6 gilt e(x)£2. Sei e ' := e~2 und sei (A', B ') ^ ( ( G —k)d.). 
Wegen üf(x) =  °° ist x ^B ', also s((G—k)de)= s{A ', B'; (G—k)de)=s(A', B'; Gde) —
— I ä c —1, wie man in beiden Fällen x£A' und x$.A'\JB' leicht sieht. Nach Wahl 
von G existiert also ein zulässiges System von er —1 Wegen in (G—k)d., woraus wir 
durch Hinzufügen des geschlossenen Weges x, k, x  ein in Gd zulässiges System von 
er Wegen erhalten, im Widerspruch zu X(fid)<o.

(4) Sei к£[х,у]в т£0.
(a) e(x) =  °°--е(у)=0.
(b) Wenn e(x) =  0 und d(y)= °° gilt, dann existiert ein (A, B)£^S(Gd), 

so daß к trennende Kante einer geraden Komponente von (А, В) inJJde ist.
(c) Wenn d(x) = d(y)=  °° gilt, dann existiert ein (А, В)вЩ(С^), so daß к 

trennende Kante einer geraden Komponente von (А, B) in Gde ist.

Beweis von (4). Nach (3) ist x ^ y .  Nehmen wir zunächst e (x) = 0 und d(y)=°° 
an. Dann ist d(x) > 0 nach (2). Seien e' := e+2 und d' := d^1. Da s(A', B'L Gd'.)^ 
^ s(A',B';_Gi) für alle (A', ß')e%4G) ist, gilt s(Gde.)^a. Es ist \F(e')\ + \F(d')\ =
— \F(e)\ + \F(d)\, aber e'(F(e')) + d'(F(d'))>e(F(e)) + d(F(d)) wegen e'(x)>e(x) 
im Falle xdF(d) und e'(x) + d'(x)>e(x) + d(x) im Falle x£F(d). Also ist (e', d') $ P 
und somit gilt a(Gd')=s(Gd’■). Nehmen wir s{Gde.) >cr an. Dann existiert also 
ein zulässiges System 3  von ff + 1 Wegen in G%. Es existieren zwei Wege W1 W2 
in 3 , die in x enden, da wir sonst aus 3  durch Fortlassen höchstens eines Weges 
ein in Gd zulässiges System von о Wegen erhalten könnten. Sei etwa Wt ein x t, x- 
Weg für i =  l, 2. Wegen K(W1)C)K(W2)=  0  existiert ein x1; x2-Weg W der Länge 
^1  in W1UW2. Dann ist aber (3  — {W1, W2})U {W} ein in Gde zulässiges System 
von ff Wegen. Dieser Widerspruch zeigt s{Gde,) = o. — Sei (A, B)^%{Gde.). Aus 
cr=s(A,B; Gde.)^s(A , B\ Gde)ma  folgt x£A  und (A, B)d^(Gf). Wegen d(y)=°°
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ist y$ B  und wegen e(x)=0 ist yd  A nach Lemma 6. Somit ist kdK(x, E{G) — 
— (AUB); G) und Behauptung (b) ergibt sich aus Lemma 6.

Seien nun e(x)=-0 und е(у)>0 und sei e' := ex}y. Es muß j ((G—k)d) s  
=(j — 2 sein, da sonst ein in (G—k)d■ zulässiges System von er—1 Wegen existierte, 
aus dem wir durch Hinzufügen des Weges x, к, у  ein in Gde zulässiges System von 
tr Wegen erhielten. Sei (A, B)d^((G —k)d.). Aus s(A, B; Gc) ^ ctS j ((G—k)d.) + 2= 
=s(A, B; (G—k)i-) + 2 ersieht man leicht {x, y}C\A =  0 ,  insbesondere {x, y}Q F(e). 
Hieraus ergibt sich zunächst Behauptung (a). Nehmen wir nun noch zusätzlich 
d(x)=d(y) =  oo an. Dann gilt auch {x, у }П В = 0 . Sei Cz :=C(z; (G—k) — (AUBj) 
für z= x ,y . Wiederum wegen s(A, B; G i)^cr^s(A, В; (G—k)Í-) + 2 sind Cx 
und Cy verschiedene ungerade Komponenten von (А, B) in (G — k)d. und weiterhin 
(A,B)6%(Gd). Dann ist aber Cp := G(E(Cx)UE(Cy))=CxUCyUk eine gerade 
Komponente von (А, В) in Gf, die к als trennende Kante enthält. Hieraus ergibt 
sich Behauptung (c), da wir e(x) >0 und e(y) > 0  wegen (b) voraussetzen können.

(5) Sei (A, B)d^ß(Gi) und sei C eine Komponente von (А, В) mit 1 <  )C j <  |G|. 
Dann ist C ungerade.

Beweis von (5). Nehmen wir an, es existiere ein (А, B)dty(G%), zu dem es eine 
gerade Komponente C in Gde gibt mit 1< |C |< |G |. Entstehe Gj aus Gde durch Iden
tifizieren von E(C) zu cdE(C). Wegen s(A, B; G\) = o ist i(G?) =  fт nach Lemma 
7 und wegen |G| < \G\ also X(Gj) = o. Somit existiert ein zulässiges System © 
von er Wegen in G\. Da c eine gerade Komponente von (А, B) in G\ bildet, exi-

t  T ё(с)+х(с, A ; G) e(C) + x(C, A ; G)stieren nach Lemma lb genau m := --------- -----------= ------------ ----------- Wege
Wd S  mit cd W, etwa die Wege Wl ......Wm. Weiterhin besteht nach Lemma lb
jeder Weg Wt aus ein oder zwei Kanten aus K(c, A; G) oder aus einer Schlinge bei
c, und es gilt K(c, A; G)Q IJ K(Wt).

i=1 _
Andererseits betrachten wir einen bewerteten Pseudographen Cf'. Im Falle 

A = 0  sei Ci',:=Cde. Im Falle A ^ 0  entstehe Cf aus G(E(C)UA)i durch Identi
fizieren von A zu ad A und es seien C := C — K(a,a; Ü) und e' := e“ , wobei 
K(a,a; C) die Menge der Schlingen durch a in C bezeichne. Um Fallunter
scheidungen zu vermeiden, setzen wir im ersteren Fall Лл := 0  und im letzteren 
A0:= {a}. Überwegen wir uns s(Cd'.)=m. Sei (A \ B')€sj8(Cf). Wegen e'(a) = °° 
istA0QA'. Für A := A U A ' und B:= BU B' gilt

a ^s(A ,B ;G i)  = s(A,B;G de) - m  + HG(A'-A0)H +x(A '-A0,A ;G ) + e(B')+d(B') +
AU A'; G)1 , t r i ..-------- = a — m+s^A  , В ; Cf).+ 2  Г e(C') + x(C',

c"€fi(C-(X'Uß')) L 2

Hieraus folgt s(Cd',)=s(A\EV; Cde'.)^m. Wegen s(Ao, 0 ;  Cde'.)=m ergibt sich also 
s(€de'.)=m und (A0, 0 ) f sB(Cf). Betrachten wir zunächst den Fall |C| S  |G| — 2 
oder В ^ 0 .  Dann ist |C|-=|G|, also X(Cde’.)=m. Somit existiert ein zulässiges 
System <B" von m Wegen in Cf. Da wegen s(A0, 0  ;C f)= /n  nach Lemma lb 
kein Weg aus S" durch eine Ecke von A0 läuft, können wir ersichtlich &" auch 
als ein System S ' von m_kantendisj unkten Wegen in G(E(C)UA) — K(G(A)) 
auffassen. Das System S := (S  — {fVl t IFm})U S ' besteht aus er kantendisjunkten
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Wegen von G. Wir woüen uns noch die Zulässigkeit von S in Gde überlegen. 
Da S  in G\ und 3 "  in Cd‘, zulässig sind und da kein Weg aus 3 ' durch eine Ecke 
von A läuft, genügt es, nachzuweisen, daß jedes x£A  höchstens e(x)-mal als 
Endpunkt von Wegen aus 3  vorkommt. Dies ist aber klar, da 3  zulässig in G? ist 
und da x£A  nach Lemma lb  genau x(x ,C ;  G)-mal als Endpunkt bei den Wegen 
Wlt ..., Wm vorkommt, während es natürlich höchstens x (x , C; G)-mal als Endpunkt 
bei den Wegen von 3 '  auftritt. Somit erhalten wir den Widerspruch A(Gde)^a .

Es bleibt noch der Fall |C| = |G| —1 und B = 0  zu betrachten. Wegen (2) 
und (3) ist dann \A| =  1, etwa A = {a}, und es existiert ein x£C mit [a,x]G^ 0 .  
Nach (1) gilt d(a)=°°. Da C eine gerade Komponente von ({а}, 0)= (A , 5)€^P(G|!) 
ist, folgt е(а)ёк (а ,С ; G)=x(a; G) wegen (3) aus s ( 0 ,  0 ;  Gde)^s({a}, 0 ;  Gd). 
Nach Lemma 2 (b) und (a) gilt dann k(Gde~)=k(Gi)<s(Gi)^s(Gde~.), also 
(e” ,i/)£P, wegen (e,d)£P  also |F(e“ )|sjF (e)| und somit e(a) = °°. Aus 4 (a) 
folgt dann weiter e(x)=0, und damit existiert nach 4 (b) ein {Ä, B ) ^ { G d) mit 
{fl, х}П (ЛиB )= 0 ,  im Widerspruch zu e(a)=°°.

(6) Zu jedem k£K(G) existiert ein (A, B )^^(G d), so daß к trennende Kante 
einer geraden Komponente von (А, B) in Gd ist.

Beweis von (6). Sei kd[x, y]G gegeben. Wegen der Minimaleigenschaft von 
G ist s ((G—k){)=l((G—k)Í)S X(Gde)< a. Sei (A, £)£%((G-k)Í). Wegen
s(A, B; G%)^(tS s(a , B; (G—k)dj)+ 1 muß einer der drei folgenden Fälle vorliegen: 
(a) Es ist k£K(G(A)); (ß) Es existiert eine ungerade Komponente C von (А, B) in 
(G — k)i mit k^K^C, A ; G); (y) Es existieren zwei ungerade Komponenten Cv^C' 
von (А, B) in (G—k)de mit k£K(C ,C '; G). In_ allen drei Fällen ergibt sich 
s(A, B\ Gd)=s(A, ß; (G—k)dj)+ 1, also (A, B)Zty(Gd). Im Fall у sind wir somit 
fertig, da G(.E(C)U.E(C')) eine gerade Komponente von (А, B) in G\ ist. Im Falle 
a gilt d(x)=d(y)=  °° nach (1), womit sich die Behauptung aus 4 (c) ergibt. Wir 
haben noch den Fall ß zu betrachten. Dann ist C eine gerade Komponente von 
(А, B) in Gd und wegen {x, y jC lA ^  0  nach (5) somit |C| =  1, etwa E(C)={y}. 
Wäre yZF(d), dann wäre (e, dß) (J P nach Wahl von (e, d), und wir erhielten nach 
Lemma 4 wegen (3) den Widerspruch /.(Gde)=s(Gde). Also ist d(y)=°°. Da nach 
(1) auch d(x) = °° gilt, liefert wiederum 4 (c) die Behauptung.

Nun können wir den Beweis von Satz 1 leicht zu Ende führen. Wegen s(H dj  — 
= 0 = j(H d) für den Graphen H —{ 0 , 0 )  ist K (G )A 0  nach (2). Sei k£K(G). 
Dann existieren nach (6) ein (A, ß )£^(G d) und eine gerade Komponente C von
(А, B) in Gd, so daß к trennende Kante von C  ist. Wegen |C |s2  folgt C=G  
und somit A = B = 0  aus (5). Also ist G zusammenhängend, a = s(0 , 0 ;  Gde)=
__£^G) un(j jecje Kante k£K(G)?± 0  trennt G. Somit ist G ein Baum mit |G |s2

und es existiert ein x£E(G) mit x(x; G )=l. Nehmen wir e(x)=0 an und sei 
(A', B j£ ^ ((G —x)i). Dann erhielten wir aber den Widerspruch A(Ge)^A((G —x)de) = 
— s((G — x)“)=s(y4', B'; (G—x)de)= s(A ',B '; G i)^o . Also ist e(x)>0, somit e(x)S 
&x (x ; G )=l. Für e:= e“  ergibt sich nach Lemma 2 (b) und (a) dann k(Gd) = 
—k(Gde)<s(Gde)Ss(Gi), also (e,d)£P  und somit e(x)=°° nach Wahl von (e, d).
Dies steht aber im Widerspruch zu -  =  ( J <  o o .
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Wenden wir uns noch einem Spezialfall des Satzes von T. Gallai zu. Sei G ein 
endlicher Graph und sei HQE(G). Die Funktionen e, d seien definiert durch 
e(x) = l und <f(;t) =  0 fü r;c€#und  e(x) =  0 und d(x)= 1 für x£E[G) — H. Dann 
besteht ein in Gde zulässiges Wegesystem aus disjunkten, offenen Wegen, deren beide 
(verschiedenen) Endpunkte zu H  gehören und die sonst keine Ecke mit H  gemein
sam haben, und umgekehrt ist jedes solche System von Wegen in Gde zulässig. Einen 
offenen x, y-Weg W der Länge ^1  mit {x,y}Q H  und mit (W —{x, у } )П Я = 0  
nennen wir einen H-Weg und die Maximalzahl (ecken-) disjunkter H-Wege in G 
bezeichnen wir mit /i*(#; G). Mit obigen (speziellen) Funktionen e und d gilt 
dann also p*(H; G)=i(Gf). In diesem Spezialfall läßt sich Satz 1 auf eine ein-

у  г  i c n  t f  I I
fächere Gestalt bringen. Hierzu definieren wir sH(B; G) := |2?| -t-ceste—ß) I— ^— I 
für BQE{G) und s(H; G):— min sH(B; G); weiterhin sei iß (# ; G): =

BQE(G)

: = {BQE(G)\sH(B-, G)=s(H ; G)}. Mit diesen Bezeichnungen lautet das Resultat 
von T. Gallai:

Satz  2 . ([4], Satz 12 .3 ): Für jeden endlichen Graphen G und jedes HQE(G) 
gilt p*(H; G )=s(tf; G).

Im Spezialfall H=E(G) erhält man aus Satz 2, wie T. G allai in Satz (14.4) 
aus [4] zeigte, unmittelbar das Existenzkriterium für 1-Faktoren von W. T. T utte 
[9]. (Umgekehrt folgt auch Satz 2 aus der Formel von C. B erge  [2] für die Maximal
zahl unabhängiger Kanten, worauf mich L. Lovász hinwies. Denn der Defekt 
des Graphen G, welcher aus G durch „Aufspalten“ jeder Ecke x£E(G)—H  in 
zwei benachbarte Ecken x ' und x" entsteht, ist gleich \H \—2p*(H; G). Die genaue 
Ausführung dieses Gedankens ist aber wohl nicht wesentlich einfacher als der 
folgende direkte Beweis.) Da Satz 2 auch bei weiterführenden Untersuchungen 
eine Rolle spielt (siehe etwa [3]), erscheint es wünschenswert, einen einfachen, 
direkten Beweis zu finden. Wir wollen im folgenden einen solchen Beweis (als 
Spezialisierung des Beweises von Satz 1) ausführen und einen weiteren skizzieren.

B eweis v o n  Sa t z  2. Sei BQ.E(G). Da ein H-Weg W mit W(~)B=0 ganz 
in einer Komponente von G—B verläuft, gilt ersichtlich /i*(#; G )SsH(B; G), 
also auch G )^s(H; G)=: er. Wir brauchen somit nur p*(H; G)Ser nach
zuweisen. Dies ist offensichtlich richtig für IIG|| =0. Sei also ||G||>0. Wir nehmen 
an, daß G ')^s(H '; G'), also /!*(#'; G')=s(H'; G'), schon für alle
Graphen G' mit |G '|<|G | oder |G'| =  |G| und ||G'||<||G|| und für alle H'QE(G') 
bewiesen ist. Betrachten wir zunächst den folgenden Fall.

(Z) Es existieren ein B0£?ß(H; G) und ein C0£2(G — B0) mit |C0|< |G | und 
mit |С0ПЯ| gerade. Dann ist ß*(H; G)Scr.

Beweis von (Z): Sei #„:=  С0Г\Н und sei etwa \H0\=2k. Für alle BQE(C0) 
gilt

a sH(50UB\ G) = sH(B0] G) — k+sHo(B; C0), also s(H0‘, C0) = k.

Wegen |C0|<|G | existiert somit nach Induktionsannahme ein System von к 
disjunkten H0-Wegen in C0.
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Sei G0:=(£(G), K {G )\J {[x ,y ] \x ^y \{x ,y }^B 0})2 und sei G': =  G0-£ (C 0). 
Nehmen wir s(H '; G ')<o—k  für H ' H —H„ an. Sei B'£ ф (Я '; G). Da G'(B0) 
ein vollständiger Graph ist, gilt ВоГ\С?±0 für höchstens eine Komponente C 
von G'—B'. Also ist auch N(C0; G) П С И 0  für höchstens ein C£ä(G'—B j. 
Falls ein C 'e £ (G '-5 ')  mit N(C0; G )f lC V 0  existiert, ist G0(£(C0)U£(C')) 
eine Komponente von G0—B', während C0££(G0—B') gilt, wenn N(C0\ G)flC= 0  
für alle C€£(G '—£') ist. Somit ergibt sich sH(B'; G0)= sH.(B'; G')+k=  
= s(H '; G')+k<.a. Hieraus folgt _sH(B'; G)-=<7, da für Graphen F 'Q F  und 
F U BQE(F') gilt sn (B; F ') ^ s n (B; £). Dieser Widerspruch zeigt s(H'; G') = 
— a — k  und 50£ЧЗ(Я'; G'). Wegen |G'|-=|G| existiert nach Induktionsannahme 
ein System ®2 von a — k disjunkten H '-Wegen in G'. Wegen sHfB 0; G j—a—k 
gilt |ЖПЯ0| —1 für alle also sogar W Q G —E(C0) für alle W£<52. Da
somit SjU Sa ein System von a disjunkten Я-Wegen in G ist, folgt ß*(H; G)^a.

Sei [x, y]£K(G). Wir können s(H\ G — [x, y\)< a annehmen. Sei 
Boe$ (H ;  G -[x,y]). Wegen sH(B0; G -[x ,y \)^a , aber sH(B0; G )^o  ist [x,y] 
eine trennende Kante einer Komponente C0 von G—B0 und für die beiden Kom
ponenten Cx := C (x; C0-[x ,y \)  und Cy:= C (y ; C0—[x,y]) gilt |С*ПЯ| = 
=  |С ,П Я | =  1 (mod 2). Dann ist B0£ty(H; G) und wegen |С„ПЯ| =  |С*ПЯ| + 
+  |Cj,n Я | =0 (mod 2) können wir C0—G nach (Z) annehmen. Insbesondere ist
dann G zusammenhängend und <7=2- |ZZ|.

Wir können annehmen, daß jedes [x, y]£K(G)?± 0  eine trennende Kante von 
G ist und für Cx :—C(x; G—[x, y]) und Cy:= C (y; G-[x,y]) gilt |Сл:ПЯ| = 
= |СУП Я | =  1 (mod 2). Dann ist G ein Baum. Sei z££(G) mit m :=x(z\ G)^2. 
Dann besteht G—z aus m Komponenten Clt ..., Cm, und nach obigem ist |С;ПЯ|
ungerade für alle i= l , . . . ,m .  Somit folgt 2  \H\ = a ^ s H({z}-, G) = l +

m IG-Pl — 2
4- jZ — [—о ---- ^ 1  +  — | Я| — also m S2. Also ist G ein Weg (mit |Я |=2)i=i 2 2 2

und somit ersichtlich ц*(Н; G) = — \H\=a.
Zum Schluß möchte ich noch bemerken, daß man den Beweis von Satz 2 

auch analog zu dem in [1] und [6] gegebenen Induktionsbeweis des Satzes von 
Tutte führen kann. Man betrachte hierzu ein 506ф (Я ; G), das bezüglich der In
klusion maximal in ф (Я ; G) ist. Seien C0££(G — B0) und Я0:= Я П С 0. Aus der 
Maximaleigenschaft von B0 ergibt sich leicht Я0=  0  oder |Я0| ungerade. Nehmen 
wir |Я0| =  1 (mod 2) an, etwa |Я0|=2А: +  1. Wiederum nach Wahl von B0 ergibt 
sich ohne Schwierigkeit in üblicher Weise (vgl. etwa (4) im Beweis des Hauptsatzes 
von [7]):

(1) Für jedes x£H 0 ist s(H0 — (x); C0—x) = k und für jedes x£E(C0) — H0 
gilt s(H0ö{xy, C0)= k  + 1.

Wir definieren / :  I?0—{1,2} durch f(b ) := 1 für bZB0C\H und f(b):=  2 
für b£B0- H .  Weiterhin sei £0: =  {C££(G—В0)\СГ\Нт± 0 }  und für BQ B0 sei 
91(5) := {С€£0|СП Я(£; G )4 0 } . Überlegen wir uns

2 In Graphen G (d. h. [x, x]a = 0  und \[х ,у ]а \ш1 für alle x ,y  aus E{Gj) betrachten wir 
[jc, >>]G ̂  0  als die Kante [x, y] zwischen x  und у  in G.
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(2) Für alle f iC ß0 gilt \4R(B)\^f(B).
Nehmen wir die Existenz eines B Q B 0 mit n := |9 t(5)|< /(5) an. Sei etwa 

9ft(5)={C 1, und seien C„+1, . . . ,C m die ck& (G -B 0) — £„ mit
CC\N(B\ G) 0  0 ; ferner sei G' := G(ßU U E(Ct)). Dann gilt

(A) sB(B0- B ; G)=s„(B0-, G ) - \ B \ - 2  f 1+ 2  [
i= l  1 -4 j  C£fl(G')t

Aus n ^ f ( B ) —\Bf)H \+ 2\B  — H\ folgt

|С П Я |
]•

|С 'П Я| +  B\ n <2 i  (2 + 1 j 2  [ |c ,^ g | ] + 2\B\,

also

ces (GO L
Г1СПЯЦJ S - |<7ПЯ|

i [i=i L
|С,ПЯ1|

+1*1-

Somit ergibt sich aus (A) der Widerspruch sH(B0—B; G)<s„(B0; G).
Nach einer einfachen Verallgemeinerung des Kriteriums von P. Hall (vgl. 

etwa Satz 3.3.1 in [8]) existiert wegen (2) ein System von Kanten [b, x\]^K(G) für 
b£B0D H  und [b, Xi]£K(G), [b, х\]€Я((7) für b£B0 — H  mit x-É U E(C) und mit

C€C0
С{х\\ G—50)^С (х|.'; G—B0) für alle in Frage kommenden (b, i)^ (b ', i'). Mit 
Hilfe von (1) kann man dieses Kantensystem zu einem System S  von |2?0| disjunkten

|C p| JJ\ _
H-Wegen fortsetzen, und zwar so, daß zu jedem C ££0 ein System 3 C von ------^------
disjunkten Я-Wegen in C existiert, die auch zu den Wegen aus S  paarweise dis
junkt sind. Dann besteht SU  (J ®c aus |50]+ 2  — —=^н(.В0; G) dis-

C € £ 0 c €fi» 2
junkten Я-Wegen in G.
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FUNCTIONS WITH MEASURABLE DIFFERENCES
By

M. LACZKOVICH (Budapest)

1. Let R denote the set of real numbers and let F be a class of real valued 
functions defined on R. We say that F has the difference property, provided that 
every function / :  R-^-R for which f ( x + h )—f(x )£ F  holds for every h, can be 
written in the form f= g + H  where g£F  and Я  is additive, that is Я  satisfies the 
functional equation H (x+y)=H (x) + H(y). The notion of difference property 
was introduced by N. G. de Bruijn who proved that a series of important classes 
have the difference property (e.g. the classes of continuous, differentiable, analytic, 
absolute continuous, Riemann-integrable functions, respectively; see [1] and [2]). 
The results of de Bruijn have been extended and generalized in various ways, see
[3], [4], [5], [6], [11], [13].

However, the following example given by Erdős shows that the class of Lebesgue 
measurable functions does not have the difference property if we assume the con
tinuum hypothesis. Indeed, the continuum hypothesis implies the existence of 
a bounded and non-measurable function S: R—R such that for every h£ R, 
S(x+h) — S(x)= 0 holds for all but countably many values of x (see [16], p. 27). 
Now S  is not of the form g+ H  where g is measurable and Я  is additive because 
otherwise H = S —g would be bounded on a set of positive measure. By a theorem 
of Ostrowski, this implies that Я  is linear (see [15] or [12]) and thus 5 is measurable, 
a contradiction.

It was conjectured by Erdős that every function / :  R-»-R for which f(x + h ) — 
—f ( x )  is measurable for every h, is of the form f= g + H +  S, where g is measur
able, Я  is additive and S  has the property that, for every h, S (x+ h)~  S(x)=0 
for almost every x.

We say that a class F has the weak difference property if every function / :  R —R 
for which f(x + h )—/(x )6 .F  holds for every h admits a decomposition f —g+ H + S  
with gdF, H  additive, and S satisfying the condition that for every h, S(x+h)~  
— S(x)=0  holds for a.e. x  (see [6]). Let L  denote the class of Lebesgue measurable 
functions defined on R. Then Erdos’ conjecture can be formulated as follows: the 
class L  has the weak difference property. The main purpose of this paper is to 
prove this conjecture (Theorem 3).

We remark that the weak difference property has been established for the 
classes Lp(0,1) if p ^ l  (see [4] and for a generalization, [13]). F. W. Carroll raised 
the question whether this is true for 0 < p < l.  We give an affirmative answer in 
Theorem 4.

We prove Theorems 3 and 4 in Section 2, making use of the preparatory results 
of Lemmas 1, 2 and Theorem 2. In Section 3 we give some applications of The
orem 3. These applications will be based on Theorem 5 which states that the classes
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of measurable functions of one and two variables have a “double difference pro
perty” in the following sense.

Let F, be a class of real functions defined on R and let F2 be a class of real 
functions defined on R2. We say that the pair (F1; F2) has the double difference 
property if whenever / (x +y) —f  (x) —f  (y)d F2 holds for a function / :  R —R then 
/  is of the form f —g+H, where g£F1 and H  is additive.

For example, the pair of classes of bounded functions of one and two variables, 
respectively has the double difference property (see [1], Theorem 1.2, p. 196). First 
we prove that the same is true for the classes of functions whose limit equals zero 
at the origin. More precisely we prove

T heorem  1. I f  f  is defined on R and

hm { f( x + y ) - f (x ) - f( y ) }  = 0
J.-0

holds then f —g + H where H  is additive and lim g(x)=g(0) =  0.
x -+0

P roof. Let (5 >0 be such that

(1) l/(x + y )- /(x )- /(y ) | á  max (1, |/(0)|) =  A for every |x|, |y| Ő.
def

We put f  ( x ) = f ( x —kö) if k ő ^ x < (k + l)ö  (k=0, ±1, ...). We show that
def

F (x ,y )= \f* (x + y )—f* (x)—f* (y)\ is bounded on R2. Let x, y £R be arbitrary 

and let ^ = [y]> л =  [у ] . If [ ] = ^+ л  then we have

F(x,y) = \ f ( x + y - ( k  + ri)ő)-f(x — k ö )-f(y -n ö )\ Ш A

by (1). If [ X^ ]=A:+n + l then we have

F{x, y) =  \f(x+ y — (k + n + l)ö)—f( x  — kő)—f(y  — nő)\ ^

= |/(x  -  /с<5+ у -  (« +1) <5) - f ( x  -  kő) —f ( y  -  (и +1) <5) | +

+ 1 f(y  ~(n + l)ő) - f ( y -m 5)-/(-<5)| +1/ ( - 0 ) \ ^ 2 A  + \f( -8 ) \

using (1) again. Hence F (x,y)^2A  + \ f { —S)\ for every x,y£R . Thus, by the 
above mentioned theorem ([1], Theorem 1.2, p. 196), there exists an additive func- 

* deftion H  such that f  —H  is bounded. Hence the function g ( x )= f( x )  — H(x) is 
bounded in [0, <5). If x € (—<5, 0) then we have

lg « l  =  \f(x )-H (x)\ S \f(x) + / ( - X) -/(0)1 + 1/(0)I +  \H(— x) - / ( - x)| ^

= A + |/(0)| +  |g(—x)|

and hence g is bounded in (—5, d).
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We show lim g(x)= 0 (the proof of lim g(x) = 0 is similar). We putл»-+0 ж— — 0

— sup|g(x); (n = 1>2, ...).

Let e>0 be arbitrary and let N  be such that

|g (x + y )-g (x )-g (y ) | =  \ f ( x + y )- f (x ) - f (y ) \  <  e

holds for every 0<|дг|, |у[<-^у-. Then we have

(2) MB+1s i - M „ + i - £  (n S  N).

I
Ő Ő \^n+1 , — I, n^N ,  we have \g(2x)—2g(x)\<e from which 

g (* )<  -^g(2r ) + y £ s | j l i „ + j e  

and hence M n+1 Mn +-i- £.

If M „^e holds for at least one n ^ N  then by (2) we have e +

+ y £ = £  and by induction MkS e  for every k ^ n .  Thus in this case 
li m sup M„ ̂  £ holds.

П-*-оо

If M„>e holds for every n ^ N  then Mn+1<— M n + — Mn=Mn for every
def

n ^ N  i.e. the sequence {M„}”=JV is decreasing. Let M =  lim M„. Then (2) implies
П —► со

M s ^ -M + 4 -e, M ^ e and thus we have limsupM„^£ again.
Since £>0 was arbitrary we proved limsupg(x)S lim sup M „s0. A similar

д:-*-+0 n - f  oo

argument shows that lim inf g(;c)^0 and hence lim g(x)—0 as we stated.;е-»--1-0 x-*- + 0
Finally lim |g(0)—g(x)— g(—x)|= 0  gives g(0)=0, which completes the proof.

A—0

2. Let S denote the class of all functions defined on R which are Lebesgue 
measurable and periodic m odi. For f £ S  we denote

/ { / g  c}= {x€[0,1 ];/(*) g c }
and

||/ | |= in f{ a + * ( /{ |/ |S e } ) ;  0}
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where A denotes the Lebesgue measure.1 The following properties of the “pseudo
norm” II • II are well-known (and can be easily verified).
(3) 0 s | | / | | e l  (/€S ),

(4) II/II =  0 iff f(x)  = 0 for a.e. x€R,
( 5 )  | | / +  g\\ I I /H  +  | | g | |  (f,gaS),
(6) \\f(x+h)\\ =  ||/(х )|| ( fa s ,  h i R),

(7) If f a S  and Il/Ц <  a then A (/{ |/| s  a)) <  a,
(8) lim | | / ( x + Й)- / t o l l  = 0  (faS),

h-*0

(9) lim ||/„—/II =  0 iff the sequence/„ converges to /  in measure (f„,faS).
П-+- oo

Lemma 1. Let ^ ( / ) =  inf {||/ (л:)—c ||; c£R}. Then for every faS,
a) there exists c0£R such that \\f(x) — c0|| —s(f),
b) i f  s ( f ) —d then there exists cx€R such that A ( / { /S q J J S j  and

Proof, a) Let fa  She given. First we show that c„€R, |c„| implies || / — c j  — 1. 
For every e=-0 and и= 1 ,2 , ... there exists an>0 such that
(10) an+ l ( I { |/—c„| >  a„}) <  Ц/-С.Ц +8.
Since \ f ( x ) - c n\-+oo for every x€R hence A ( / { | / — c„|sl})-*-l, thus there exists 
N>-0  such that A ( / { | / — c „ |^ l} )> l—e  for n S J V .  If 1 then | | / - c „ | |> l—e  

by (10). If a„S. 1 and nsW  then
l l / - c j  >  A (/{ |/-c„| ^  a„})-e >  A (/{ |/-c„ | S  1}) £ > 1 -2 8 .

That is, | | / —c„|| > 1 —2e for n ^ N  and hence ||/ — c„||-*l.
Now let II f —cnII -+s(f). If the sequence {c„} is not bounded, then for a suitable 

subsequence we have |c„J — consequently x ( /)=  lim||/ — c„J| = l. Then
1 = s ( / ) ^ | | / — 0 | |S i  and we put co=0.

If {c„} is bounded then it has a convergent subsequence c„k-*c0. We have 
| | / - c 0||= lim | | / - c  | |= i ( / )  which proves a).

fc-voo *

b) We can suppose 0. Let C =jc£R ; A ( /{ /^ c } ) ^ y |. C is non-empty
oo

and bounded from above. Indeed, П /{ /=  —я}= 0  and hence A ( /{ /á -и})-*-0;
П = 1

U  /{ /= и} = [0, 1] from which A( / {/ s «})-► 1 ~ . Consequently —niC  and
п «= X 3

1 This norm was introduced by M. Fréchet. See his book Les Espaces Abstraits, Gauthier-Vil- 
lars (Paris, 1928), p. 92.
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C c ( — °°,ri) if n is large enough. We put cx =  supC. Then ci + —ÍC  from which 

Я( / {/s= c j ) = Jim л ( / { / , c 1 +  i  J j a  у . On the other hand we have

d — s(J) s  | | / - Cl|| s  4 + a ( / { | / - Ci | s  4} )  =

-тЧ 'К -т} )Ч { '^ « тЧ Ф » * + т} )
since cj —4 iC .  Hence 2 | /  j / =  у  anc* b) is proved.

Lemma 2. Let A and В be measurable subsets of the interval [0, a] with l (A )^ c ,  
}.{B)^c (сёО). Then there exists \h\s.a such that

Ц(А + к ) П В ) ^ - ^

where A+h denotes the set {x+h', x£A}.
P r o o f . We put D={(x, у); —a ^ x ^ a , y —x£A}C](RXB); it is easy to see 

that D is measurable. For every y£B  we have
def

IP —  {x; (x,y)£D} = ( -A )+ y
and hence X(Dy)=X(A). By Fubini’s theorem X2(D )= f  X(Dy)dy—X(B)-X(A).

в
d e f

On the other hand Dx—  {y; (x, y)dD}=(A +х)П 5 for every x([ —a, a] and thus 
we have

a a
J  X((A+x)C)B)dx= f  X(Dx)dx = X(B)X(A)^c2.

£>2
Hence 1((А+х)П В)^—  holds for at least one \x \^a ,  q.e.d.

Our next theorem is a generalization of the simple fact that a function f £ S  
is constant a.e. (that is s ( f ) = 0) if and only if ||/(x + A )—/(x)|| =0 for every h.

T h e o r e m  2. Let {/„} be an arbitrary sequence of functions belonging to S. Then 
lim s(f„)=0 i f  and only i f  lim \\f„(x+h)—f n(x)\\ =0 holds for every h£ R.
П-*- oo П-+00

P r o o f . 2 Suppose first lim j ( / n)=0 . By Lemma 1 a), there exists a sequence
П -* о о

{c„} such that i ( / n) =  ||/„(x)-c„||. Then, for every h£ R we have
\\fn( x + h ) - fn(x)\\ ^  \\fn(x+ h )-cn\\ + \\cn- f n(x)\\ = 2s(/„) -  0.

2 A  s im p le r  p r o o f  c a n  b e  fo u n d  in  A .  J .  E .  M . J a n s s e n , N o t e  o n  a  p a p e r  b y  M . L a c z k o v ic h  o n  
f u n c t io n s  w ith  m e a s u r a b le  d iffe ren c e s  ( E r d ő s ’ c o n je c tu re )  ( to  a p p e a r ) .
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Now suppose indirectly that lim \[f„(x+h) —/,(x )||=0  holds for every h but
П-*оо

5(fn)~**0. Then, after selecting a suitable subsequence, we may assume that s ( fn) ^
^3d>0  for и =  1,2......  We prove that for every non-degenerate interval [a, b]
and for every N^O  there exist h€(a, b) and n>N  such that

(11) \\fn(x+ h) - fn(x)\\ S

Let — be a rational number such that a —- < By our assumption 
4 P P

lim ||/„ ix+ -M  -/„(*) ~ l i t  q ) —0; hence there exists n> N  such that
cP_
8 q2

IM '+ v )“
—/ л(х)||<>/ where 4=-$-y  ■ Thus by (7) we have

(12)

This easily implies
X (7 Ik" (*+7) “/»(*) - '?}] < *1-

(13) A |/1 |/„  -/«(*) ^  4>?jj <  qr\ for every к =  1, 2.......q.

Indeed, l/„ ix  +  — j - /„  (x) ^ q q  implies 
I V  Í '

М * + ± г ) - л К ) Ь
for at least one of the values j =0, 1 , к —1. Thus

(14) /{|/„ [x+ А ) - ш \  £  qrj} cz U [ /{ |/n ( * + | )  - Ш I m } ~ ] ;  

and (13) follows from (12) and (14).
Since s(/„)s3i/, by Lemma 1 b), there is a cf R such that for the level sets 

A = I  {f„^c}, B = I { fn^c+ d}  we have ).(A)^d, l (B )^d .  Then there are indices 
l ^ i ^ q ,  l ^ j ^ q  such that

4 4 ±j4 Dä4
d_
q

Applying Lemma 2 for a= — and for the sets
4
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1 ^2 n
we get \h1\ ^  — such that 1{(A'+hy)OB')^— . We put h=— —h1. Obviously 
h£(a,b)\ we are going to show (11). Let l ^ l c ^ q  be arbitrary and let

Я =  f{ |/« (* + “ Ai)- / » ( * - - - qrl}
and

E =  /  jj /„  (*) - / „  ( *— -  Ц  •
It follows from (13) (and from the periodicity of /„) that

(15) 1(D) <  qr\, 1(E) <  qt\.

Let F=[(A'+h1) f \ B ' ] + ^ - , then

(16) f c [ - — — 1 and 1(F) I 
L q qi

If r f f \ ( D U £ )  then x —

Я Я 
k — i

i l
2?'

k - j ,and x ------—p/j Therefore, by the
Я Я

definition of A and В we have /„ - —-— Ä ijsc, /„ —- —- j^ c + d  from
which

М г ) 1 “ А
On the other hand xtJDUii and hence we get

Consequently
| / в ( л + - ^ - A i]-/„ (x ) ^ d - 2 q n .

Я({'Х€[ ^ ~ ’ ~q\’ d~2qtl\\ -

^ l { F \ ( D U E ) ) s - ^ - 2 q q  = ^

by (15) and (16). This inequality holds for every к — 1, 2, ..., q, therefore

l ( l { \ f n( x + h ) - fn(x)\ S  d-2qr,}) ^  
d2Since d—2qq>—  this implies

a ( / { | / . ( * + A ) - / . ( * ) I  41  -  T "
and hence we have (11) by (7).
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Let n0—0 and [a0, 6о] =  [0,1]. Suppose that k > 0, and the index nk_1 and 
the non-degenerate interval [ak- k,bk-^\ have been defined. Then, applying the 
foregoing argument with [а, Ь\ — [ак_г, and N = n k^1, we get an index
nk>nk_l and hkd(ak- i ,  Ьк_г) such that

\\fnk(x + hk) - f nk( x ) \ \ ^ ^ - .

It follows easily from (8) that there exists ö >0 such that
def

[ak, bk] =  [hk-0 ,  hk + S] c  [a*_l5
and

(17) \\fnk(x + h ) - f nk(x)\\ holds for every h£[ak, bk}.

Thus by induction we define the sequence nk,n 2, ... and the nested sequence of
oo

intervals [ak, 6J such that (17) holds for every k. Let A0€ f)  [ak, 6J. Then by (17)
k =  l

we have

II fnk(x+ h0) -f„k(x)|| >  (fc = 1,2,...).

This obviously contradicts our assumption ||/,(x+A 0)—f n(.x)\\ -»0 and this con
tradiction proves Theorem 2.

Now we turn to prove our main result.
T heorem 3. The class L  has the weak difference property.
P roof. Suppose that, for a function / :  R —R, f ( x + h ) —f(x)dL  holds for 

every h. We have to prove that /  can be written in the form f= g+ H + S,  where 
g£L, H  is additive and, for every h, S(x+h) — S(x)=0 holds for a.e. x. We may 
suppose that /  is periodic mod 1. Indeed, let the periodic function /*  be defined by

/* (* )= /(* )  (0 á  x <  1) and /*(лг+1) = /*(*) (X6R).
Then f —f*  is measurable since for и 5 х < л + 1 we have f* (x)  —f  (x) = f (x—n) — 
—f  (x). On the other hand

f * (x+ h) ~ f * (x)  =  U* (x+ h)  - fix+ h)] +  [J(x+ h)  - f (x)] +  [ /(* ) - f * W]

is measurable for every h. Hence, if f*= g*+ H +  S  where g*, H  and S have the 
desired properties then we have f= g + H + S  where g = ( f—f*)+g*  is measurable. 
(This argument is due to de  Br u ijn  [1], § 1.)

Now suppose that /  is periodic m odi, then f ( x + h )—f ( x ) £ S  for every h. 
By Lemma 1 a), for every h there exists a constant c(h) such that

s( f(x+ h )- f(x ) )  = \\f(x + h ) - f ( x ) - C(h)l
We may suppose that c(0)=0 and the function c(x) is periodic mod 1. We show 
that
(18) lim(c(h +  /c)-c(h)-c(/c)) =  0.

*-o
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First we prove that
(19) lim s(/(r+ A )-/(x ))  =  0.h-*- 0
Indeed, let h„ be an arbitrary sequence tending to zero and let f„(x)=f(x+h„) — 
—/(*). Then for every fixed kdR  we have
\ \fn(x+k)-fn(x)\\ =  \\f(x +  hn + k) - f ( x + k) ~ f ( x + h„) + / ( * )  II =  | | F ( x + h „ ) - T O i l

where F(x)=f(x+k) —f(x )£ S .  It follows from (8) that |] F(x+h„) — F(x)\\ — 0, 
therefore || f n(x+k)—/„(x)|| -»0 for every k£ R. Applying Theorem 2 we have 
s(f„)=s(f(x+h„)-f(x))-^0  which gives (19).

Now let /г„—0 and kn - 0  be arbitrary, then we have

s(f(x+hn+kn) - f ( x ) )  = \\f(x+hn+kn) - f ( x ) - c ( h n+k„)\\ - 0 ,

s(f(x+hn) - m )  = \\f(x + hn) - f ( x ) - c ( h n)\\ = IIf(x+  hn + kn) —f(x  + kn) — c(hn)|| - 0  
and

s(f(x + kn)- f(x ))  = \\f(x + kn)-f(x)-c(k„)\\ — 0.
Hence

\\с(К + Ю- c(h„)-c(/cj|| S  \\f(x + h„ + K ) - f ( x )  - c (h n + kn)\\ +

+ II c (hn) - f{x+ h„+ kn) + f(x+ /cJH + II c(kn) +f(x) - f { x + fcJI -  0.

Since IIc|| =  min (1, ]c|) holds for every constant function c, therefore

\ ф я+кп) - ф п) -с (к п)\ — 0
which proves (18).

Now we can apply Theorem 1 for the function c(x) and get the functions H(x) 
and u{x) such that c (x)—H(x) + u (x), H  is additive and
(20) lim u(x) = и (0) = 0.x—0

We may suppose Я(1)=0 since otherwise we put
H ^x)  =  H (x ) - x -H (  1), uj(x) =  и(х)+х-Я(1).

Then H(x) (and thus u(x) as well) is periodic mod 1. We put

K{x, y ) = f ( x + y ) - f ( x ) - H ( y ) .
Obviously, for every fixed y, K(x, y) (as a function of x) belongs to S. We show 
that
(21) ||АГ(х,ул)-Х (х ,у 0)|| - 0  whenever y„ - y 0.

(Here and in the sequel the “norm” || • || of a function of x  and у  denotes the 
norm of that function as a function of x; the variable у  is always fixed.)

Let y„—0, then

№ , y „ ) l l  =  Wf(x+yJ-f(x)-H(yn)\\ ^  \\f(x+yn) - f ( x ) - c ( y n)W +  | | c ( y „ ) - Я ( у п ) | |  =  

=  s(/(^+Fn) - /W )  + min(l, |u(y„)|) -  0
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by (19) and (20). If y„— y„ then we have

№ , у л) - * ( х ,у 0)|| =  11/(̂  + 1;п )- /(^  + >’о)-Я (ул-уо)11 =

=  ll/(* + У* ~ У о) —f(.x) —H(ya—y 0)\\ = |№ л - У о ) 1 1  -* °  

and hence (21) is proved.
The next step of our proof is the construction of a measurable function G(x, у) 

satisfying the following condition:
(22) For every y£R, G(x, y) =  K(x, y) for a.e. x€R.

Let e>0 be arbitrary. Then there exists 8 > 0  suchthat ^K(x,y)—K{x,y') ||<£
whenever |y —y'|<<5. Indeed, otherwise we could find two sequences yn and y'
suchthat y„—y ' — 0 and ||АГ(х, y„)—K(x, y'n)\\ Se. Since K(x, y) is periodic in y, 
we may suppose yn, y'n£[0, 3] (и —1, 2, ...). Then, for a suitable subsequence nk 
we have y„k-*y0, Упк^Уо- By (21) we have \\K{x, y„k) -K (x ,  y 'k)|| - 0  which is 
a contradiction.

Now let 8„ > 0  be such that \y— y'|<(5„ implies |[AT(jc, y )—Â (x, y')\\-<~^ 
(и=1, 2,...) and put

def
G„(x, y) =  K(x, iő„) if i<5n=Sy<(i +1)<5„ (i =  0, ±1, ± 2 ,.. .;  n =  1, 2,...). 

Then G„ is measurable for every n and

(23) IIGn{x, y)—K(x, y)|| =  ИK{x, iőn) —K(x, y)|| <  ±

holds for every y£R.
We define

{lim Gn(x, y), if the finite limit exists,
Г  otherwise.

G is measurable and satisfies (22). Indeed, let у  be fixed. By (7) and (23) we have 

a( /{ k7„(x, y ) -K (x ,  у)I ^  ± } j  <  1

and hence, by the Borel—Cantelli lemma we have
G(x, y) = lim G„(x, у) =  K{x, у) for a.e. x£[0,1].

П-*-оо

Thus the periodicity of the functions Gn and К proves G(x, y)—K{x, y) for a.e. jc£R. 
Let

(24) S^x, y) =  K(x, y )-G (x ,  y) = f ( x + y ) - f ( x ) - H ( y ) - G ( x ,  y).

According to (22), for every fixed у  we have
(25) Si(x, у) =  0 for a.e. x£R.
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We shall prove that there exists a point x0£R such that 
(2 6 )  for every fixed h, S1(x0, x+h) — S^Xq, x ) = 0  for a.e. x£R.

We have:

^ (x .y + z )  = f( x + y + z ) - f ( x ) - H ( y + z ) - G (x ,  y +  z);

- ^ ( x + y ,  z) =  - f ( x + y  + z)+f(x+y) + H(z) + G(x+y, z);

- 5 t (x, y) =  —/ (x+ y) + f  (x)+ Я(у) + G(x, y).
By adding we get

(27) ■S'1(x ,y + z )-S 1(x+y, z)—Sx(x,y) ~ -G (x ,  y  + z)+
def

+ G(x+y, z) + G{x, y) =  L(x, y, z).

The measurability of G implies that L is measurable, too. On the other hand it 
follows from (25) and (27) that for every fixed у and z, L(x, y, z)=0 for a.e. x. 
Therefore L{x, y, z)=0 for almost every (x, y, z)£R3. Hence there exists a point 
x0 such that L(x0,y, z)=0 for almost every pair (y, z)(E R2. Thus there exists 
a subset Z c R  such that X (R \Z )= 0  and for every z£Z we have L(x0, y, z) — 
=  51(x0,y + z ) - S 1(x0+y, z) — Sj(x0, у) =  0 for a.e. y. However 5x(x0+y, z) = 0 
for a.e. у by (25) hence
(28) ^(xo .y  +  z) —̂ (xo.y) =  0 holds for a.e. y.
Now let hf/R be arbitrary. Then there are zx, z2£Z  such that A=z1+ z2, since 
Z  П (h—Z) и  0 .  Therefore

^ (xo .x+ h) —Siixo.x) =
=  [51(x0,x + z 1 +  z2) - 5 '1(x0)x + z 2)] + f^1(x0,x + z 2) - 5 1(x0,x)] =  0

holds for a.e. x by (28) and hence (26) is proved.
Now we apply (24) by replacing x by x0 and у by x —x„:

S)(x0, x Xq) =  /(x) f (x0) - tf(x )+ Я(х0) - G ( x 0, x - x0)
from which

def
/(x) = [G(x0, x - x„) + /(x 0) - Я(х0)] + Я(х) + Si(x0, X- x0) =  g(x)+H(x) + S (x).

It is easy to see from the construction of G(x, y) that G(x0, x) is measurable for 
every fixed x0. Hence g(x)=G(x0, x —х0)+ /(х 0) -Я (х 0) is measurable. Further
more, for every fixed h we have

S(x+h)—S(x) = (x0, x +  h -  x0) -  Sx (x0, x —x0) = 0
for a.e. x£R by (26), q.e.d.

In our next theorem Lp(0,1) denotes the class of those functions f£ L  which
1

are periodic m odi and for which ll/llp= (/l /(x ) l '’ i/x]1/p<°°.
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Theorem 4. The classes L p(0, 1) have the weak difference property for every 
p>  0.

Proof. Suppose that for a function / :  R —R, f (x+ h )  —f(x )£L p(0,1) holds 
for every h. Then, by our preceding theorem, f= g + H + S ,  where g£L, H is addit
ive and, for every h, S(x+h) — S(x)=0 holds for a.e. x. We may assume that 
g, H  and S are periodic mod 1 since otherwise we consider the functions gi(x) =  
=g(x—[x])+(x—[x])>tf(l), H1(x)=H(x)—H ( l) -x  and S1(x) = S ( x - [x]) in
stead of g, H  and S.

For every fixed h we have
g(x+A )-g(x) =  [f(x+h) - f(x )]  -  H(h) -  [S(x + h)~ S(x)] =  [f(x+h)  —/(x)]—Hfh) 
for a.e. x and thus

N(h) =  ||g(x+A)-g(x)||J
holds for every h.

We prove that the function N  is bounded on [0,1]. First observe that 
N(r-h) = ||g (x-A )-g(x)||J  = ||g(x)-g(x+h)||P  =  N(h) 

holds for each A£R.
Furthermore, for every /i,/26Z-p(0,1) we have

l l / i+ /a l lp = / \ f i+ fi\pd x s  f  [2 max fl/J, \f2\)]”d x ^
0 0

/  (\f1\p+ \ m d x = 2 p( m p+ \\fZ )
о

and thus
^Gh+Pa) =  llg ^ + Ji +  ̂ - g W l lp  =

=  ll[g(^ + 3;l + J;2 )-g (^  + >’2)] + [g(^ +  >;2)-gW]ll? S
=  2p(||g(x+y1+ y 2) - g ( x + y 2)||P + ||g (x+ y2)-g(x)||P) =

=  2 '(||g (x+y1)-g (* )H ;+ tf(J>i)) =  2’ (N(yJ + N (y j )

holds for every The function G(x, y)==|g(x+y)—g(x)|p is measurable
1

on [0, 1] X [0, 1] hence N(y) = J G(x,y)dx  is measurable on [0,1]. Thus there
0

exists K > 0 such that the set A = {y£[0,1]; N (y)< K )  is of positive measure. 
By a theorem of Steinhaus (see [12], p. 145), there is <5>0 such that if |y|<<5 
then У—У1 —У2 for suitable ylf y f fA  and so,

0 N(y) s  2>(N(yJ + N ( - y J )  = 2p(N(yi) + N(y2)) s  2P+1K.
Hence, if l/2n<<5 then for every y€[0, 1] we have

0=S N (y ) ^  2*+1n [ ^ \  -  22(p+1)- i V ^ j  s . . . ^ 2 n(p+1) - n [~ ^  S 2 ("+1)(',+I). i .
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It follows by Fubini’s theorem that

f  [f G(x, y) dy) dx =  f  [f G(x, y) dx) dy = f  N(y) dy <  °°
0 0 0 0 0

and hence, for at least one value of x  we have 
1 1

f  G(x, y) dy = f  |g (x+ y )-g (x )|pdy < “ •
0 0

By the periodicity of g, this obviously implies g£Lp(0,1), q.e.d.
3. Our next theorem states that the pair (L , L(2)) has the double difference 

property, where L(2) denotes the class of Lebesgue measurable functions defined 
on R2.

T heorem  5 . I f  a function / :  R —R is such that f  (x+y)—f  (x)—f( y )  is Lebesgue 
measurable (as a function o f  two variables), then f  is o f  the form g+H where 
g^L  and H: R —R is additive.

P roof. There exists a subset FcR  such that A (R \F )= 0  and, for every 
y€Y, f ( x + y ) —f ( x ) —f ( y )  is measurable, as a function of x. Let /z£R be arbitrary. 
Then there are ylt y2€Y such that h=yx+y2 since Ffl[(—F)+/i] ̂  0 .  Since

f ( x + h ) - f ( x )  =  L A * + Л + y 2 )  ~ f ( x + y 2) - f ( y i ) ]  +

+ [ f(x+ y j  ~f(x) - Я Уг)] +/(yx) +/(y2),

hence / (x+h)—f  (x) is measurable for every h. According to Theorem 3, f —g + H + S  
where g is measurable, H  is additive and, for every h, S(x+h) — S(x)=0 for a.e. x.

defLet F(x, y )= S (x+ y)  — S(x) — S(y), then

H x,y )  = U (x + y ) - f (x ) - f (y ) }~  g(x+y)+g(x) + g(y) 
and thus F(x, y) is measurable. For every fixed x  we have

-  F(x, y) = 5 (x )-[5 (x + y )-S (y )] = S{x) for a.e. y.
1

Consequently S(x)—~ J  F(x,y)dy holds for every x  which proves that S  is 
0

measurable, too. Hence /= [g+ .S ] + #  is a sum of a measurable and an additive 
function, q.e.d.

For the analogous theorem concerning Borel measurable functions we need 
the following simple

L emma 3. Let f ( x ,y ) :  R X [0,1]-R  be a bounded function of Baire class a. 
г

Then F(x)= J  f ( x ,y )d y  is of Baire class ct, too. 
о

Proof. We prove by transfinite induction. If a=0, that is if /  is continuous, 
then the continuity of the function F is well-known.
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Let a > 0  and suppose the assertion is true for /?<а. Let \ f ( x ,y ) \ ^ M  and 
let f n(x, y) be a sequence of functions of Baire class a„<a converging to / .  We 
may suppose \fn{ x ,y ) \^ M  because otherwise we take the functions

1
min (M, max (/„, — M)) instead of /„. Then Fn(x) — J  f n(x, y)dy is of Baire class

0
a„ by the induction hypothesis. Furthermore Lebesgue’s theorem implies 

1 1
F(x) = J  f{x ,  y) dy =  lim f  f„(x, y)dy =  lim Fn(x)

П-+00 J  П-*- oo0 0

which proves that F is of class a.

Theorem 6. I f  a function f :  R-*-R is Lebesgue measurable and such that 
f i x  +y) —f  (x) —f  (y) is of Baire class a (as a function of two variables), then f  is 
of Baire class a.

Proof. In the case of oc=0 the assertion is a simple consequence of de Bruijn’s 
theorem on the difference property of the class of continuous functions. For, if 
f i x + y )  —/ (x) —/  (y) is continuous, then / (x+/z)—/ (x) is continuous for every 
h and hence f= g + H  where g is continuous and H  is additive. By our assumptions 
H —f —g is measurable and thus H  must be linear.

Now we suppose oc^2. It easily follows from Luzin’s theorem that every 
measurable function equals almost everywhere to a Baire 2 function. Hence there 
exists a Baire 2 function pix) such that

def
(29) q{x) —  f i x ) —pix) =  0 for a.e. x.

qix + y ) -q { x ) -q iy )  = [ /(x + y) - f{x )  - f iy )}  ~ p(x +y) +pix) +p(y)

is a Baire a function since f i x + y ) —f i x ) —f i y )  is Baire a by our assumption, 
p  is Baire 2 and a s 2 . Hence

def
Fix, y) =  -  arctg [qix + y ) - q i x ) - q (y)]

is a bounded Baire a function. For every fixed x  we have Fix, y)= arctg [q (x)]
l

for a.e. у by (29). Hence by Lemma 3, arctg [#(x)] =  J  Fix, y)dy is Baire a and thus
о

so is the function /(х)=р(х)+<?(х).
Finally suppose a = l. By Luzin’s theorem, for every natural number n there 

exists a closed subset f , c R  such that /.(R \F „)< ^  and the restriction f \ Fn is 
continuous. Let

, . (fix) if xeFn r 0 if X€F„
PÁX) ( 0 if x$F„, qÁx} l/(x) if x$F„.
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Then p„(x) is Baire 1, q„(x) is measurable,

(30) f (x)  = pn (x)  + q„ (x) (x€ R),

(31) A({x; qn(x) ^  0}) <  -i- 

and
(32) l?„(*)l S  1/(лг)| for every x£ R.

q„ {x+ y)  -  qn (x)  -  qn (y)  =  U(x +  y) - fix)  - f (y)] - p„(x+ y)  +  p„ (x) +  pn (y)

is Baire 1 by our assumption. Hence

Fn(x, y) =  -  arctg [qn(x+ y)~ qn(x) -  q„(y)]

d e r  /•
is a bounded Baire 1 function and thus by Lemma 3, Gn(x)== J  F„(x, y) dy is

0
Baier 1, too. It follows from (31) that

for every x£R. Hence

(33) 
that is

(34)

2({y; Fn(x, y) ^  arctg [?„(*)]}) < —

IG„ (x) —arctg [qn (лг)]| <

Let

27Г 2.71G„ix)— -  <  arctg [?„(*)] <  G„(x)+—  for every a. n n

, ,  f я „  , . 2n _ . . 27Г л)U„ = |x ; —— <  Gn{x)— — <  G„(x)+—  <  y | .

Un is an F„ set since G„ is Baire 1.
Let

an(x) =  pn( x ) + tg ^ G „ ( x ) - ^ ,  bn(x) =  p„(x)+tg [g„ M + y ] (xdUn), 

then by (30) and (34) we have

(35) a„(x) < /(* ) <  bn(x) (x£Un).

Since pn and G„ are Baire 1 functions, hence an and bn are Baire 1 functions, too 
(on the F„ set U„) and thus the level sets {x£ U„; an(x)>c) and {x£ Un, bn(x)<c}
are F„ sets for every c£R and n = l ,  2 , __

We prove that

(36) {x; f{x) <  c} =  0  {x£.Un\ bn(x) <  c}
/1 =  1
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for every c£ R. The inclusion

{x; f ( x )  <  c} => U b„(x) <  c}
П = 1

is obvious by (35). Suppose /(* )< c  and let \f(x)\=A. It follows from (32) that

larctg [qn{x)}\ = arctg A =  - - e  
for every n. Hence by (33) we have

(37) n e -  , . 2n „ . . 2n
■ T + T < G "(*b T < G "(*) + T

n s
T  “ T

87т 87Гif n s —  and thus x£ Un for я ё — . (37) impliesв в

hm (6„(x)-a„(x)) =  lim (tg[(7B( x ) + ^ ]  -tg  [<7„(x)—^-]] = 0

[ 7Г S 71 S I- y  +  J ,  y - y l .  Hence
lim a„(x)= lim b„(x)=fix) by (35), consequently b„(x)<c if n is large enough.
Л —► 00 И-*-««

Thus we have

{x; /(x ) <  с} c  U {^€C7„; b„(x) <  c}
n=l

and (36) is proved.
Hence {x; /  (x) < c} is an F„ set for every c. The same argument shows that 

(x; /(x )> c ) is F„, too which proves that /  is Baire 1, q.e.d.
Now Theorems 5 and 6 immediately imply
Theorem 7. Suppose that /  (x + y) —/  (x) —/  (y) is Baire a (as a function of 

two variables). Then there are a Baire a function g: R ^R  and an additive function 
H  such that f  (x)—g(x) + H(x).

For, by Theorem 5, /  is of the form g + H  where g is measurable and H  is 
additive. Since

g (x+ y) -  g (x) -  g (y) =  f ( x + y) - f i x )  f iy )
is Baire a, Theorem 6 gives that g is Baire a, too.

We remark that de Bruijn’s theorem on the class of continuous functions 
can be deduced from Theorem 7. Indeed, suppose that /(x + A )—/(x ) is con
tinuous for every h. Then the function / ( x + y ) —f i x ) —f(y )  is separately contin
uous in both variables. Then, by Baire’s theorem, it is a Baire 1 function (as a func
tion of two variables) and thus, by Theorem 7, there are a Baire 1 function g and 
an additive function H  such that f —g+H. Let x„ be a point of continuity of the 
function g. Then the continuity of g(x+A)—g(x)= /(x+A )—f i x ) —H(h) implies 
that g is continuous at x0+A. Since h is arbitrary, g is continuous everywhere. 
Obviously, this proof is much more complicated than de Bruijn’s. Yet, the same 
argument applies for the following theorems.
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T heorem 8. The class of approximately continuous functions has the difference 
property.

Proof. Suppose that f ( x + h ) —f(x )  is approximately continuous for every h. 
Then f(x-\-y) —f { x ) —f(y )  is separately approximately continuous and hence, by 
a theorem of R. O. D avies [7], it is measurable. Applying Theorem 5 we get f= g + H  
where g is measurable and H  is additive. It is well-known that every measurable 
function is approximately continuous almost everywhere (see [10], Theorem 5.9, 
p. 118). Let x0 be a point at which g is approximately continuous. Then g(x+h)=  
=g(x)+ [f(x+ h)—f(x)]—H(h) implies that g is approximately continuous at 
x 0+h. Since h is arbitrary, g is approximately continuous everywhere.

Theorem 9. Let f:  R-*-R be a bounded function for which f ( x + h )—f(x )  is 
a derivative for every h. Then f  is a derivative.

Proof. The function F(x, y )= f(x+ y)—f ( x ) —f(y )  is bounded and for every 
fixed x0,y0, the functions F(x0, y) and F(x,y0) are derivatives. Then, according 
to a theorem of Z. Grande [9], F is measurable. Applying Theorem 5 we get 
f= g + H  where g is measurable and H  is additive. Since H = f —g is bounded 
on a set of positive measure, H  is linear (see [12]) and thus /  is measurable. Now 
the assertion of Theorem 9 immediately follows from the following

Theorem 10. Suppose that f  (x+h)—f ( x )  is a derivative for every h. I f  there 
exists an interval on which f  is measurable and summable, then f  is a derivative.

X

Proof. Suppose that /  is summable on [a, b] and let F(x)= j  f  (t) dt
a

(xd[a, b]). We can choose a point x0£(a, b) such that F'(x0) =/ (x0) (since F ' (x) =  
=J (x) holds a.e. in (a,b)). Let 0<A <6—x0 be fixed and let G(x) be a primitive 
of f  (x+h)—f(x ) .  Then G'(x) is summable on the interval [a, b—h] and hence

X

G(x)—G(a)= J G'(t) dt for every x£[a, b—h\ (see [10], Theorem 6.6, p. 143).
a

That is, for x€[a, b—h] we have

G(x)—G(a) — j  U (t+ h)-f( t)]d t=  /  m d t -
a a

x  a+ h

-  f  f i t )  d t - f  f( t)  dt =  F(x+h)- F(x) -  F(a +  h).
a a

This implies
F'(x0+h) = G'(x0) + F'(x0) = \ f  (x0+ h )- f(xQ)] + /(x 0) = f(x0 + h).

Since h£(0, b—x0) was arbitrary, we have F '(x) = / (x) (x£(x0, b)). Hence / (x+/z) 
has a primitive on (x0—h, b—h) and the same holds for

f i x )  = f i x + h )~  [ fix+ h) - f  (x)].
That is, /  has a primitive on every open interval of length b —x0. This easily implies 
that /  has a primitive everywhere, q.e.d.
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R e m a r k s . Let Bx denote the class of Baire a functions defined on R. Since 
every measurable function equals a Baire 2 function a.e., it follows from Theorem 
3 that the classes Bx have the weak difference property for 2. On the other hand, 
assuming the continuum hypothesis, the classes Bx do not have the difference pro
perty for a ̂ 2 . This can be shown by the same example as in the case of measur
able functions; for if the set {x; S(x+h)?± S(x)} is countable for every h then 
S(x+h) — S(x)dB2 for every h (see Section 1). This raises the following

Pro blem  1. Has the class Bx the difference property? 3

We remark here that i f  B1 has the difference property, then so is the class of 
derivatives. Indeed, suppose that f ( x + h )—f ( x )  is a derivative for every h. Then, 
by assumption f= g + H  where gdBt and H  is additive. Then g(x+h)—g(x) — 
= [f(x+ h)—f(x )]—H(h) is a derivative for every h. On the other hand, g has 
a point of continuity and in a sufficiently small neighbourhood of this point g is 
measurable and bounded. Hence, by Theorem 10, g is a derivative.

Pro blem  2. Suppose that / (x+h)—f ( x )  is Borel measurable for every h. 
Is it true that the functions f(x-\-h)—f(x )  belong to the same Baire class of order 
а<шх? (In the example above, a =2.)

Now we prove that (assuming the continuum hypothesis) there exists a Lebesgue 
measurable function S(x) such that S(x+h) — S(x)£B2 for every h and S  is not 
Borel measurable. This means that Theorem 6 fails to remain valid if we replace 
the condition “f ( x + y )—f ( x ) —/(y )  is Baire a” by “ f ( x + h ) —f ( x ) is Baire a. 
for every A” .

Let {ax}x<011 be a well-ordering of R. Let U be an everywhere dense G6 set of 
measure zero and let {Pa}a<rai be a well-ordering of the family of perfect subsets 
of U. Let Gx denote the additive group generated by the set {ap; /?<«}. Then Gx 
is countable for every a and G0={0}. Let p0£P0 and x0£ U \ { p 0) be arbitrary 
and put Я0={х0}.

Suppose that <x>0 and the points pp and the countable sets Hß have been 
defined for every /?<«. Then the set

A =  U Ht \J{pf ; /1<ос}
ß-e *

is countable. Let p f P x\ A .  V = U \(A  U is an everywhere dense G6 set and
hence so is V '=  П (L+/z). Let xa(iV’ and define Hx—Gx+xx. Hence the points

h€Gx
def

pxf P x and the countable sets Hx are defined for every a<ojx. Let X =  (J Hx.
a<a>i

It is easy to see that

(38) X a U  and hence A(2f)=0,
(39) Pa^X (a<cox) and hence X  does not contain any perfect set,
(40) X  has the cardinality Nx and
(41) (X + h )\X  is countable for every hdR.

3 Meanwhile I succeeded in giving an affirmative answer.
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(We remark that a set with the properties (38), (40) and (41) was constructed 
in [16], Theoreme I.) Then X  is not a Borel set by (40) and (39) (see [14], p. 355). 
Hence the function

S(x) =
x£X
x $ X

is not Borel measurable. On the other hand, S  is Lebesgue measurable by (38) and 
{x; S(x+h)?±S(x)} is countable for every h by (41).

P roblem  3 . Let f  be Borel measurable and suppose that f  (x+h)—f  (x) is o f  
class a for every h. Does it follow that f  is o f class a, too?
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THE INTERCHANGING SEQUENCE BETWEEN 
TENSOR, TOR AND HOMOLOGY

By
G. DULA (Tel Aviv)

Introduction

Let R be a P.I.D. Denote by ® the functor of tensor product and by * the 
functor Tor, the first derived functor of ®. Then for any two Я-complexes К 1 
and K 2 we prove the following long exact sequence,

(1) -  Н ^ К Ч К * )  -  (H (K^)® H(K% (B(H (K^*H(K% _1 -

-  Hn(K '® K 2)^-~ H„_2(K1 *К2) - . . .

where <r is natural in К1 and К 2 and the other two maps are not necessarily so. 
This is a generalization of the Kunneth formula, which is obtained in the case 
that К1 * K 2 is acyclic.

We call this sequence the interchanging sequence between tensor, tor and 
homology because it relates the tensor and tor of H(Kl) and H (K 2) with H  of the 
tensor product and of the functor tor.

We shall proceed by showing that the interchanging sequence (1) and two addi
tional requirements determine ® and * up to a natural equivalence, and thus 
characterise <g> and * as the only couple of functors which obey (1) and the other 
two requirements.

We shall give here the notions of the categories used in this paper: for R fixed 
let RM  denote the category of Я-modules, FRM denote the category of free R 
modules and RC the category of Я-chain complexes. All the functors considered 
are in two variables, covariant in each.

T h eorem  1 (The interchanging sequence). Let K1 and K 2 be in RC. Then we 
have the following long exact sequence:

(1) -  Hn_1(Kl * K 2) -  (H(K')®H(K%®{H(K1) * Н ( К % . г -

-  Hn(K'®K2) - ^  Нп- г(К '*К 2) - . . .

where a is natural in K 1 and K2 and the other two maps are not necessarily so.
P r o o f . The proof uses the idea of free approximation defined in [1], chapter

5.2. Let К  be any object in RC. К in RC is called a free approximation to Я if:
(i) there exists a surjection a: K-+K-*0,

(ii) К  is a free chain complex,
(iii) a induces isomorphism a*: H (K)^H (K).
In [1], chapter 5.2 it was shown that for any K£RC К  exists and is unique 

up to homotopy.
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Let K 1, K2£RC. Take K 1̂ - K 1—0 a free approximation and define К 1 =  кег а. 
Then we have the following exact sequences:

(* )  O - K ' - l - K 1- ^ -  ^ - 0 ,

(*  * )  0 -  K ' * K K ^ K 2- ^ — Ю ^ К 2- ^ -  K 2® K2 -  0.

X 'Js free and acyclic because a* is a bijection. Therefore К 1 is contractible and so 
is K '® K 2. Hence, H (K 1® K 2)=0. Let us denote im (b® 1) by I. Then we have 
the following portions of Ж):

( * * * )  o - A : i *Jfi:2 - K 1<8)is:2- / - o ,

( * * * * )

Then from (-*• ^  *£) //„(/) = #„_] (К1 * K2) where the isomorphism is natural. 
Also, K 1 * K 2 is null, and therefore the conditions of the classical Kunneth formula 
are satisfied and hence there is the following bijection which is not necessarily natural:

Hn(R '® K 2) = (H (Ki)® H (K% ® (H (K2) * H ( K % .  i.

All this we insert into the long exact sequence of ( ^  ^  ^  ^ ) and get the inter
changing sequence in which, any map with domain or range (//(K 1) ® tf  (K2))„ ® 
®(Н(К2) *H(^K2j)„_1 is not necessarily natural, and the other map tx„: Hn(Kl ® K2) — 

* K 2) is natural.
Corollaries, (i) For some n the Kunneth relation holds iff im <t„=0 and o„+1 

is a surjection.
(ii) The Kunneth formula holds for any n iff К1 * K2 is acyclic.

(iii) I f  either of K 1 and K 2 is acyclic then Hn(K1® K 2)^-Hn_i (K1* K 2) 
naturally.

From (ii) we see that the classical condition needed for the Kunneth formula 
to hold for all n is also necessary.

Assume that T: (RM)2—R M  is additive in both variables. Then it is possible 
to extend T  to another functor (also denoted by T) T: (RC)2^ R C  by letting 
- T ( K \ K 2) = K, Kn= 0  T(Kf,K f),  д,: К ^ К ^ д Щ К ! ,  Kf) = T{ß\, 1) +

i+j=n
+ ( — where d1 and d2 are the derivatives of K1 and K 2 respectively. It 
is easy to see using the additivity of T  that дп_1‘д„=0 for any n. If we are given T : 
(RM)2—RM  not necessarily additive in its variables, then for K 1, K2£RC we can 
define similarly К  and dn, but generally we do not attain the equation dn_1-d„=0. 
Still, for f :  К ‘--Li, /= 1 ,2 , T ( f lt /*): T(K \ K 2) - T ( L \  L2) is a chain map. For 
such T we can generalize the meaning of H(K) by letting Hn (K) =  ker d„/(ker дп) П 
Pl(im dn+f). This definition applies in the following converse to Theorem 1.

Theorem 2. Let T, 7 j: (RM)2—RM so that:
(i) there exists a bijection в : R ® R ^-T(R ,R ) which is natural in each R.

(ii) Г1(Л,Л)=0.
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(iii) For any K1 and K 2£RC T and 7\ obey the following exact interchaning 
sequence:

(2) Hn_1(T1(K1, К 2)) -  (T(H(K1), H{K2))n® { T fH { K f  Я (^ 2)))„_1 -

-  Hn[T(K \ K*)-dU Hn_2(T1(K1, K 2)))

where Н{Т(КЛ, К2)) and Н(Тг(К1, К 2)) are interpreted in the generalized meaning 
and a is natural in K 1 and K2. Then, there exist natural equivalences: U: <8 -v T, 
V: * - 7 \ .

P r o o f . The proof will be made in several steps. Throughout T  and Tx are 
understood to have the properties assumed in Theorem 2.

L em m a C-l. Let M  be any R module. Then Г(0, M)=T(M, 0) =  7'1(0, M)>= 
= 7\(M ,0) = 0.

P ro o f  of C-l. Let K 1 and K 2 be the following chain complexes: 
n = 2, 1, 0, — 1, —2

K 1 — 0-^— R-^-+ R —^  0 -^~  0

K 2 =  0 - b U  0 — -  M - ± ~  0 ^  o .

Construct the following portion of the lattice T ( K f  Kf), i, j(LZ:

j  = 2, 1, 0, -1 , - 2
i = 2 T(0, 0) -  T(0, 0) -  7X0, M) -  7’(0, 0) -  7’(0, 0) 

1 1 1  1 1
1 T(R, 0) -  T(R, 0) -  T(R, M ) -  T(R, 0) -  T(R, 0) 

1 1 1  1 1
0 T(R, 0) -  T(R, 0) -  T(R, M) -  T(R, 0) -  T(R, 0) 

1 1 1  1 1
- 1  Г(0,0) -  7X0, 0) -  7X0, M) -  T(0, 0) -  7X0, 0) 

1 1 1  1 1
- 2  7X0,0) -  7X0,0) -  7X0, M) -  Г(0, 0) -  Г(0, 0).

We want to show that d1 is onto (TfK1, K2))0 • T(K„, K^)=T(R, M ) is in the image 
of d, because T { K f  K^)------- > T (K f K(f) is the identity map by the func
tional properties of T.

We shall show now that T(K}, K l 1) = T(R,0) is in im dL. The map 
T (K i , K,f) —  — ► T(Kl , K 2 )̂ is onto by the following argument: g - / = l 0, 
T(l, g)T(l, f )  = T (lR, 10) =  lr(R,o) any homomorphism of R  modules which has 
a right inverse is onto.
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For any other T(Kf, Kf), i+ j= 0, we have that T(Kf, Kf) = T(Kf, Kf+1) = 
= T(0,0) and the map 7Xl0, 10); T(0, 0)—T(0, 0) is bijective and onto. Thus 
dx: (T(KX, ^ 2))1-»(7’(ÄT1, K2) \  is onto, and by definition of homology in the 
generalized sense Н0(Т{К}-, Á2))=ker f)0/(ker d0) П (im 5Х)=0. We now show in the 
same way that H_1(T(K1, K2))=0. T (K i1, Kf) is in im da, for again kh = 10 
and T(k, l M)T (h ,lM) = l no,My Thus, T(k, lM): T (K f , K02) - T(Klг, W02) is onto. 
r ( K } ,K h )  is in im d0 for T( 1, 1) =  1: T(K^, K2X) — T (K f , K2_f) is bijective. For 
any other T(K}, Kf) i + j = - 1, T (K f, Kf)=T(Kf+1, K f)= T(0,0) and Г(10, 10) = 
= 1: T(Ki+1, Kf)-*T(Kf, Kf) is surjective. Thus H ^ { T { K \  K2)))=0.

As the proof of Lemma C-l has used so far only the functorial properties of T, 
we deduce that Я0(7’1(Л:1, А:2)) = Я _17’1(Л:1, К2))=0.

This we substitute in the following portion of the interchanging sequence
(2) for K 1 and К2:

••• ”*■ Я _1(7’1(АГ1, К 2)) -  (T(H(KX)), Я(А'2)))0ф(7’1(Я(А'1), ЩК2) ) ) ^  -  
-  Н0(Т (К \  К 2)) — ....

The terms on the right and on the left vanish and we may deduce that 
(T{H{KX), Я (^ 2)))о©(7’1(Я(Я1), Я(Я2)))_1 = 0.

Especially T(H0(Kl), H0(K2))=T(0, M)=0  and T ^ H ^ K 1), H0(K2))= 
=  7’1(0, M, )=0. The other two results are obtained similarly by changing the 
roles of K 1 and K2.

Thus we can deduce that if / :  M-+N and g: R-+S are arrows in RM  so that 
im /= 0 , then /  can be factored through the module 0 and therefore 
T ( f  g), T(g, / ) ,  T f f  g) and T fg ,  / )  can be factored through 0 and are with im=0. 
From this we may deduce the following corollary.

Corollary C-2. For any K1 and K 2£RC, T(KX, K 2) and TX(KX, K2)ZRC and 
therefore their “generalized homologies” coincide with the homologies in the regular 
sense.

Proof of C-2. This is very easy to check for:
d TL K . L )  . d T i K . L ) l n K 1, Kf) = T ( d h ,  1) • T(d\, 1) +

+ (-1  )‘T(d}, 1)T(1, d ))+ (-  l y - ' n h  dj)T(df, l) + (-1 )2'7’(1, d j - j m ,  d%
The two middle terms cancel each other, while each of the first and last terms 

are the zero function because of the considerations after the proof of C-l.
The proof for 7j is the same.
Lemma C-3. Let 0-+A—— be a short exact sequence of R modules

and let D be any R module. Then there are the following two exact sequences, each 
o f which is natural in 0-+A-+B-+C—0 and in D:

0 - T M , D )
Г,(Л1) TfB ,D ) 7 4 ( 9 . 1 ) Ti(C,D) — ► T(A ,D ) г a.D

T(B, D) Г(9,1) > Г(С, D) -  0,

0 -  TfD , A )—1?'” * T fD ,  B)—1—  T fD ,  С)—  T(D, A ) ^ -  

T(D, В) Г(1,,). T(D, C) -  0.
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P roof of C-3. We shall prove the existence of only one of the two sequences. 
Let K 1 and K 2£RC be the following:

n=  4, 3, 2, 1, 0, - 1 , - 2

К1 О - О - Л - ^ - Я - 2 -  C - 0 - 0  
K2 0 - 0 - 0  -  0 — Z> — 0 — 0.

Construct the complexes Т(Кг, К 2) and Tx(Kl, K 2)
n = 4, 3, 2, 1 , o ,  1 ,

T(K \ К 2) 0 -  0 -  T(A, D) Г(/,1) > Г ( Д  £>) T{C, D) -  0

т а к 1, к 2) 0 - 0 - 7 \ ( Л , D) Г‘ — ■>- T A B , D ) ^ U Ti(C,D) — 0.
H(K1)=0  and by Lemma C-l {T{H(Kl), H (K 2))n®(TAH(P), Н { К % .г=0  this 
we insert into the interchanging sequence and obtain a natural bijection: <r: 
Hn{T(K\ K2)) — Hn_2{T1(K1, K 2)). Therefore:

HU(T(K\ K 2)) = Я_2(Г1( ^ ,  К2)) =  0, Н ^ П К ',  К2)) = Н ^ Т ^ К ' ,  К 2)) =  0,
Н ^ т ^ к 1, К 2)) = Н3(Т (К \ К 2)) = 0, Н2{ТХ{К\ К2)) = Н ,(Т{К \ К2)) =  о,

Н0(Тг(К \  к 2)) -=-* Н2{Т{К\ К2)).

By the first four equalities we get that the following are exact sequences: 

T(A, D) Tl(/,1) ■ T(B, D) Т(Я,1) - T(C, D) -  0,

0 -  T M ,  D) 7\(1?, D) 7\(C, D).
Define Я: Ti(C, D)-*T(A, D) by

7\(C, Ű)
Tt (C, D)

imTjig, 1) H2{T {K \K 2)) =

= кегГ(/, 1) -+T{A,D).
Я is a well defined composition of natural maps, and therefore is natural. Also, by 
definition of Я ker Я=нп 7\(g, 1) and im Я=кег T(f, 1). Therefore we get the 
six term exact sequence:

0 ^ T M , D )
r,(/,D TAB, D)

74(9,1) Ti(C, D) — ► T(A,D) T({. i)

T(f, 1) T(B,D) Г(9,1) > T(C, D) 0
If we are given the commutative diagram of short exact sequences:

0 - Л  B-A^ C - 0

'1 *1 ■!
0 ^ А ' - Т ^ в '  C ' - O
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and if h\ D -*-£>' is any morphism, we have to show that the following diagram 
is commutative:

0 ^ T M , D )  
I T̂ p.h)

0

Tx(f,  1)

x t u  l)—  T (A, D) —
T(p,h)

^  T ( A ' , D —

TfB ,D ) T fC , D)
1 T ^ q .h ) 1 r , ( s ,  A)
\ 1

Tl( B ' ,D ' ) - ^ — ► T f C \  D')

T(B,D) T{C, D) -
| r  («,(■) 1 r ( s .  A)

T(B',D') Г(/,1). T(C', D') -

The middle square commutes because A was shown to be natural. All the other 
squares commute because of the functorial properties of T  and T1.

L emma C-4. Suppose that is a short exact sequence o f R-
modules that splits. Let D be any R  module. Then any of the six term exact sequences 
of Lemma C-3 breaks into two portions of short exact sequences:

0 — TfA , D) TtU. О - TfB, d) ^ L T f C , D ) ^  0
T U ,  1) „ Tig, 1)0 -  T(A, D) T(B, D ) ---------- T(C, D) —■ 0

0 — TfD, A) - TfD, B ) ^ L TfD, C ) - 0

0 -  T(D, A) - T(D, B) T(D, C) -  0.

Any of those four exact sequences is split and natural in 0->-A-+B-*C-»0 and in 
D. We omit the proof.

L emma C-5. Let / j ,  F2£FRM. Then T1{F1, F2) = 0.
P roof by transfinite induction on rank f j  + rank F2=k. For k —2 F1—F2=R  

and by the second hypothesis of Theorem 2 we know that T fR ,  R )—0.
Assume that k s 3 and that the lemma holds for any /, Let Aj, F f  FRM 

be so that rank A, +rank F2=k.
Then without loss of generality rank F{^2  and we can find a surjection

F1-*-~R + 0
then, if T = ker y, we have a short exact sequence that split

0 A -~F1- L + R ^  0.
By Lemma C-4 we get the following short exact sequence that split 

0 -  TfA , F2) -  T1(F1, О  -  T fR ,  FJ -  0.
By the induction hypothesis the right and left terms vanish, and so Tj(F,, F}) = 0.
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The same kind of argument applies for the functor T, but here we should 
proceed carefully.

D efin itio n  C-6. Let Fx and F2 be arbitrary in FRM. We define the set U(FX, F2) 
by induction on rank 7^+rank F2 as follows:
(1) U(R, R)= {0/6 is the natural bijection: 0: R®R-+T(R, R) given in the first 

assumption of Theorem 2}
(2) Suppose that rank i^+rank Fas3 . If rank F ^ 2  we can take a sequence 

of the form
0 -  A z ^ F ^ R ^ Qк x h

which is short exact and split. Any bdU(A, F2) and c£U(R, F2) define u: Fx ® F2 -► 
-*T(Fly F2) by u= T(h ,l)c(g® l) + T ( f , l )b (k® l) .

If rank F2s2 , we can take a sequence of the form: 0—Л ^  F2 === F  — 0 
any b^U(Fly A), c£U(Fx, R) define a unique и: FX<S> F2 — T(Flt F2) by u — 
= F(1, A)c(l®g) + F(l, f )b ( l  ®k). Define U(Fj, F2)—{u/u is obtained as above}. 
Thus и ranges over all the possibilities of splitting F1(F2) by an exact sequence and 
c h o o s in g U(A, F2) (fU(Fx, A)) and c£U(R, F2)(€t/(F1, R)). U(FX, F2) is a family 
of morphisms vt: F1<S>F2 — F(Ft , F2). By induction on rank Fx +rank F2, it is 
clear that U(FX, F2) is not empty and that any u£U(Fly F2) is an isomorphism. 
As for naturality, we should work harder.

Lemma C-7. Let Fx, F2, Gx and G2 be free; let ay, Ft — Gt, i— 1, 2 be arbitrarily 
chosen. Then the following diagram is commutative:

FX®F2 Gl®G2

T(Fly F2) — — ^  T(Glt GJ.

P roof. We prove on double induction.
Stage 1. G1 = G2—R. Then U(R, R) consists of the single element 0 given in 

the first hypothesis of Theorem 2, and thus U = {0}. We prove that case by in
duction on rank Fj -frank F2= k.

If к =2 then also F1 = F2=R  and u=0. Then we get the following square 
which is commutative because of the naturality of 0:

_ ал ® a о „
R® R  —■ > R®R

T(R, R) r(ai'°8). T(R, R).

Suppose the lemma was proven for G1 = G2=R  and for any Fj and F2 with 
rank FxFrank F2<k. Let Fx and F2 be free so that rank FxTrank F2 = k, and 
take at'. Ft-<-R and u£U(Fx, F2). Then without loss of generality, there is the 
following short exact split sequence 0—AJj^ F1^LzR-~0 and there are ил€ U(A, F2)
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and uRdU(R, F2) so that we get the following commutative diagram:

0 ->- A ® Fo / 8 11
FX®F2

1«

0(81
R®F2 -*■ 0’ &® 1 ' /|® 1

Г ( / ,  1)
1

T(FX,F 2)-- T i g .  1)
| “R

T(R,F2) ^  0T ( k .  1) ' T  (h, 1)0 -  T(A, F2y-

which defines и :
We shall get the following prism, with top that is the last diagram and with 

bottom corresponding to 9 : R ® R ^ T (R ,  R) where: B = A ® F 2, C=T(A, F2),
D = F1®F2, E= T(F x,F 2), I= R ® F 2, J= T(R ,F2), 
K = R ® R , L= T(R ,R). B D = f® \,  D B=k® l,
D I=g®  1, ID=h®  1, CE=T(f,  1), EC=T(k, 1), 
E J= T(g ,  1), JE=R(h, 1), BC = uA, DE=u, IJ=uR, 
DK=ax®a2, EL= T fa ,  a2). We also define: BK— 
= BDK= fa  ® a2) • (/<8) 1) IK—IDK= fa  ® a2) (h® 1), 
CL =  CEL = T fa , a2) • T(f,  1), JL = JEL = T fa , a2) •
• Г (A, 1). We want to prove that DEL=DKL.

We know that DE=DBCE+DIJE by the definition of u. BCL = BKL and 
IJL=IKL  by the induction hypothesis on itA and uR respectively, and CEL—CL, 
JE L —JL, BDK—BD, IDK=IK by definition.

Then: DKL = (DID + DBD) DKL = DIDKL +  DBDKL = DIKL +  DBKL = DIJL + 
+  DBCL=DUEL + DBCEL = (DIJE+ DBCE) EL= DEL.

Stage 2. We define the following class: Z= {(Gx, G2)/G1, G2£FRM  so that 
for every vtU(Gx, G2)F 1, F2£FRM, u£U(Fx, F2) and for any : Fi~>-Gt, there 
is the commutative diagram:

FX®F2

I“

GX®G2

T(Flt F2) ™  > T(Glt G2).

In Stage 1 we proved that (R, R)Z%. Assume that k>2  
GX,G 2£FRM so that rank Gx +rank G2<k  we have that

and that for any 
(G x , G 2) € x ■ Take

GX,G 2£FRM so that rank G e ra n k  G2=k. Take v£ U{Gl , C2) which, without 
loss of generality, was defined by the following short exact split sequence when
vAe и  (a , g2), vRe и  (r , g2)

0 -*■ A ® G2 — Gx ®G2 -*■ R® G2 -*■ 0

0 -  T(A, G2) -  T(GX, G2) -  T(R, G2) -  0.

Take any Fx, F2£FRM, u£U(Fx, F2) and at: F;-► Gt, i=l ,  2. We shall obtain 
a prism, similar to that of Stage 1, whose bottom is the last diagram and whose 
head is —u£U(Fx, F2). As was shown in Stage 1, we obtain the needed com
mutative square.
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Thus the family U(F„ F2) has a kind of naturality property. We can show 
that as a matter of fact U{F1, F2) consists of a single element and therefore ® is 
equivalent to T on the category RFM.

For F „F 2̂ FRM, take any u, v£U(F,, F2). Take at: Ft—F,, i= \,  2 to be 
the identity map. Then the following square commutes

F,®F2 181 ► F,®F2

■i ’I
T(Fi, F J— —  TiF,, F2).

The two horizontal arrows are the unit homomorphisms and thus u = v and 
|£/(Fj, F2) | s l .  As was shown, U(F„ F2) is not empty, and thus consists of exactly 
one element. Then Lemma C-7 shows the following result:

L emma C-8. On (FRM)2 u: <g> — T is a natural equivalence.
We want now to extend this last result to (RM )2.
L emma C-9. On RM X FRM 
(0 7\=0,

(ii) There is a natural equivalence w : ® -*■ T.
P roof of C-9. Let M £RM  and F£FRM be arbitrary. Take any free resolution 

of M  0. From Lemmas C-3 and C-5 we have the following exact
sequence: 0 - 7 i  (M, F) —-  T ( G „ F T ( G 0, F) r(g' 1)-  T(M, F ) -0 . Using 
the properties of ® we obtain:

0 -  G,®F —---- ► G0® F ------ ► M ® F - 0

■| "I
0 -  T,(M, F) ̂  T(G„ F) TUA) > F(G0, F) - T(M, F) -  0

when u: G,® F^-T(G,, F) and u: G0®F^-T(G0, F) are those of Lemma C-8. 
Then the square commutes and
(1) T,(M, F ) ^ im l^ k e r  T(f, 1)—̂ - ker/® l= :0 .
As for (2), the last diagram defines w: M® F-»T(M, F). It is easy to see that 
w is well defined and that it is bijective. Thus for any free resolution of M, there 
is a unique isomorphism w. Denote by W(M, F) the family of all those w’s. We 
shall show that W has the same naturality property as was proven in Lemma C-7. 
Let vv;: Mt® Ft^ T , F,) be in W(Mt,G,), and take a: M ,^-M 2 b: F,—F2. 
Let 0 and 0—Gf—Gő—M2—0 be the free resolutions that
define w, and w2 respectively. Then a: M,-~M2 extends to the following diagram 
with commutative squares:

0 -  G \-^~  G J M ,-*0

0 — Gf— Gl M2-  0.
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Operating once with — ® F and once with T(—, F ) we shall obtain two cubes. 
One of the cubes is the following:

A C

where A = Gl® Fx, B=G%® F2,C = M X®FX,D = M2®F2, E=T(G\ , Fx), /=  T(G%, F2), 
J —T(M X, Fx), K = T(M2, F2), and: A B —c®b, EI=T(c,b), AC=g<g>l, EJ—T(g,\), 
BD = k® l,  lK=T(k, 1), CD — a®b, JK=T(a,b), AE=u(Gl, Fx), BI=u(G20, F2), 
CJ—wx and DK— w2.

We have to show that CDK=CJK. All the other squares are commutative, 
because of Lemma C-7, of the definitions of and because of the functorial pro
perties of ® and T. Using the fact that AC is surjective, we can easily deduce the 
needed result. Repeating the argument after the proof of Lemma C-7 we find that 
\W(M, F)| =  l for any object (M, F)£RM xFRM ,  and thus W(M, F) is a natural 
equivalence.

Lemma C-10. In (R M )2 there are natural equivalences U: ® -+T, V : *-+Tx.
Proof of C-10. The proof is very similar to that of C-9 or of C-7 and we shall 

give it in brief:
For M x, M2£RM, we take a free resolution of M2 0 — Fx-t-+ F0— M2—0. Then 

we obtain the following diagram:
t 1®/ 1®a

0 -+M1*M2 — ► M i^Fx  -------- MX®F0 ------ - M1®M2-+0

W1 w|
0 -  T1(M1, M2) - ^  T(MX, Fx) T<- 'n  - T(MX, F0) T(1'e) > T(Mx, M2) -  0.

This diagram defines a unique u: M x®M2->-T(M1, M2) and a unique v: 
Mx * M2 -* Tx {Mx, M2), and it is easily seen that и and v are isomorphisms. Let 
the set of all the u's be U(MX, M2) and the set of all v's be V{MX, M2). To prove 
the property of naturality we proceed for U in the same fashion as in the proof 
of Lemma C-8, for the naturality of V, we have the same cube as in Lemma C-9, 
but we have to prove that ABI=AEI and all the other squares are commutative. 
For this we use the fact that IK is injective and we show that ABIK= AEIK. Thus 
\U\ — \V\ — 1 and U and V are natural equivalences.

This establishes the proof of Theorem 2.
We can summarize Theorems 1 and 2 in the following:
Corollary. Let T  and 7j be functors (RM)2 ̂ RM . Then T=®  and Tx= *  

(up to natural equivalence) iff R ® R ^ T (R ,R )  naturally, TX(R, R) = 0 and T 
and Tx obey the interchanging sequence.
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An example concerning an additional requirement

This example shows that without the condition R ® R ^ - T ( R ,  R )  we cannot 
expect to prove the converse theorem.

Indeed, let M £RM  be fixed and define:
T ( A , B )  =  A ® B ® M ,  T X ( A ,  B )  —  ( A *  B ) ® M ,  A ,  B £ R M .

Then T ( R ,  R )  =  M  (naturally) and T X ( R ,  R )  =  0 .
Also, for K 1 and K 2 ^ R C

{ П Н ( К > ) ,  H ( K 2) ) \  =  0  H t ( K 1) ® H j ( K 2) ® M ,
i + j  =  n

( T X ( H ( K ^ ) ,  H ( K 2) ) ) n  =  0  { H i ( K 1) * H J ( K 2) ) ® M .
i + j = n

Assume further that M  is flat. Then for any K 1,  K 2 £ R C  H n ( T ( K 1,  A2)) — 

=  H n ( K 1 ® K 2 ® M ) = ( H n ( K 1 ® K 2) ® M ) ®  ( # „  _  j (  A 1 <g> K 2)  * M )  =  ( H n ( K l  ®  K 2) )  0  M .  
Also H „ ( T X( K \  K 2) ) = H n ( ( K 1 * K 2) ® M )  = H n ( K 1 * K 2) ® M .

M  is a flat module and flat modules preserve exact sequences. The terms of 
the interchanging sequence of T  and T x are those corresponding to them in the 
interchanging sequence of ® and *, respectively, all tensor multiplied by M .  Thus 
T  and T x obey the interchanging sequence. T x ( R ,  R ) = 0  but T ( R ,  R ) — M .  M  is 
not necessarily R .
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THE REFLEXIVE DIMENSION OF AN R-SPACE
By

K.-W. YANG (Kalamazoo)

Let X  be a Banach space. Define Q°(X)=X, Q(X) — X**/X, and inductively, 
Qm(X) = Q(Qm~1 (X)). A Banach space X  will be called an R(a)-space, if Qa(X) 
is a finite dimensional space; it is an R-space, if it is an /((a)-space for some а ё 0. 
If X  is an i?(a)-space but not an R(a— l)-space (there are no R (— 1 (-spaces), then 
a will be called the reflexive dimension of X. If X  is an /(-space, then the pair of 
natural numbers (a, b), where a is the reflexive dimension of X  and b is the (ordin
ary) dimension of Qa(X), measures the complexity of the space X. This paper is 
devoted to the study of this invariant and related topics.

1. Preliminaries

Let k =either the real field or the complex field; 5 = the category whose ob
jects are Banach spaces over к and whose morphisms are continuous linear oper
ators; B(X, Y)=  the set of all continuous linear operators from X  to Y. 
|Г |=  sup |r(x)|, where T£B(X, Y), X*=B(X,k), T*= B (T ,k ), Ix = the identity

M s i
operator on X.

The sequence of continuous operators

v  Tl v  Тг v  Тз V т” v
Л 1 ----------- "  л 2 "  Л 3 ”  ■■■л п *" А п  +  1

is exact, if Гг(ЛГг) =  Кег(7’г+1), i=l ,  2, ..., п — 1.
For any X  in В, there is a natural injection nx : X-~X** defined by 

(nx (x))(x*) =  x*(x), for all x£X  and x*£X*. We shall identify X  with nx (X). Let 
Q(X) = X**/X. If T£B(X, Y), Q(T)eB(Q(X), Q(Y)) is uniquely defined by the 
following commutative diagram with exact rows:

0 -  X  -  X** -  Q(X) -  0
j j  7 -M .j Q ( r ) |

0 - F -  Y** -  Q(Y) -*• 0.

Theorems (1.1)—(1.5) in the following are all direct consequences of results 
in [7, Section 2]. (m =  0).
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Theorem (1.1). (i) Qm(Ix) = / r w ,

(ii) if S£B(X, Y ) and T£B(Y, Z), then Qm(TS) = Qm(T) Qm(S),
(iii) \Qm(T)\ S  |Г|,
(iv) for any s, t in k, and any S, T in B(X, Y), Qm(sS+tT)=sQm(S) + tQm(T),
(v) if О -Х -У - Z - O  is exact, then 0-~Qm(X)+Qm(Y )^Q m(Z)-+0 is exact. 

Theorem (1.2). I f  T£B(X, Y) has a closed range, then
(i) K e r (ß '" (D ) -ß m(K er(r)),

(ii) Coker (Qm(T)) ̂ Q m(Coker (T)).
Theorem (1.3). I f  S£В(X, Y), T£B(Y, Z) and TS have closed ranges, then the 

following sequence of Banach spaces is exact:

0 - ß m(KerS) - ß m(K err5') - ß m(KerJ)  -  ß m(Coker S) -  ß m(Coker TS) -

— ß m (Coker T ) — 0.

Theorem (1.4). I f  X  is a Banach space, then (ß m(X))* ^  Qm(X*).
Theorem (1.5). I f  T£B(X, Xf), U£B(Y, F x), V£B(Z, Zx) all have closed ranges, 

and if  the following commutative diagram in В has exact rows

o - x - r - z - o
r j  i/j e |

0 -~X1-~Y1-+Z1 - 0

then there exists a natural continuous linear map d such that 0 — Qm (Ker T) -*• 
-  Qm (Ker U) -  Qm (Ker F ) - ^ U  Qm (Coker T) -  Qm (Coker U) -  Qm (Coker V) - 0  
is exact.

2. The generalized dimension of an 7?-space

Let X  be an 7?-space with reflexive dimension a, and let b be the (ordinary) 
dimension of Qa(X). We shall call the pair of natural numbers {a, b) the generalized 
dimension of X  and denote it by Dim (X) (ordinary dimension will be denoted by 
dim as usual). So, if Dim (X) =  (0, ri), X is a (finite) и-dimensional space. If 
Dim (X )=(l, 0), X is an infinite dimensional reflexive space. If Dim (X) = (l, n), 
then X is a quasi-reflexive space in the sense of [1]. Banach spaces X with 
Dim(X) = (2, 0) can be found in [2, Section 4, Proposition 1], [3], [5].

Now we define addition of generalized dimensions (a, b) and (a',b') in NXN 
(N -{0 ,1 ,2 ,...} ) by

(a, b)+(a\ b') =
(a, b),
0a,b + b'), 
fa ', b'),

if a >  a'
if a = a’
if a <  a'.
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Theorem (2.1). Let
0 - X - F - Z - O

be an exact sequence in B. Then, Y is an R-space i f  and only if  X  and Z  are R-spaces, 
and i f  Y is an R-space

Dim(F) =  Dim (F)+Dim (Z).

Proof. All except the generalized dimension formula follow from Theorem 
(1.1) part (v). If Dim (Y)=(a, b), then the same theorem implies that the sequence

0 -  Ö W  -  Qa(Y) -  Q‘(Z) -  0
is exact and we see the reflexive dimensions of X  and Z  are both S a. If the reflexive 
dimension of X is -= a, then Qa(X)=0  andwehave Dim (T) = Dim (Z) =  Dim (T) + 
-F Dim (Z). If the reflexive dimension of Z is then ß a(Z)=0 and we have 
Dim (F) =  Dim ( I )  =  Dim (Z) + Dim (Z). Finally, if the reflexive dimensions of 
X  and Z are both =  a, then the above exact sequence implies Dim (F) =  Dim (T) + 
+  Dim(Z). Hence in all cases the formula holds. Q.E.D.

Clearly, the above formula is a generalization of the usual dimension formula 
and [7, Theorem (3.2)] and [1, Corollary (4.2)].

If we define the (linear) order relation on NXN by declaring that (a, 6) = (c, d), 
if there exists (e ,/)€N X N  such that (a, b) + (e, f )  = (c, d), then we see Dim (X )^  
^D im (T ) and Dim (Z)SDim (T).

Corollary (2.2). Let
0 - X - T - Z - O

be an exact sequence in B. Then,
(i) Y is quasi-reflexive i f  and only if X  and Z  are quasi-reflexive.

(ii) Y is reflexive i f  and only i f  X  and Z  are reflexive.
Proof. Both statements follow from the generalized dimension formula. Q.E.D.
Theorem (2.3). A Banach space X  is an R-space i f  and only i f  X* is an R-space. 

Furthermore, Dim (Z) = Dim (Z*).
Proof. This theorem is an immediate consequence of Theorem (1.4). Q.E.D.
Corollary (2.4). (i) X is reflexive if  and only i f  X* is reflexive,
(ii) X is quasi-reflexive i f  and only i f  X* is quasi-reflexive.
Proof. Both assertions follow from the equation Dim (3Q =  Dim {X*). Q.E.D. 
Corollary (2.4) part (ii) is the same as [1, Lemma (3.4)]. 3

3. The generalized index of an F-operator

Let T£B(X, Y) be an operator with a closed range. T  will be called an 
F(i; k, c)-operator, if Dim (Ker T)^(i, k) and Dim (Coker F )S (/, c). An oper
ator is an F(i)-operator if it is an F(i; k, c)-operator for some к and c, and it is 
an F-operator, if it is an F(/)-operator for some (SO. If T is an F(/)-operator but
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not an F(i— l)-operator (there are no F (— l)-operators), then i will be called the 
reflexive index of T. Let T  be an operator with reflexive index i. Let j=index of 
ß i( r )  = dim (K er(ßi(7’))) —dim (Coker (Q‘(T))). We shall call the pair (/, j)  the 
generalized index of T  and we shall denote it by Ind (T ). Notice that an operator 
T  is an F(0)-operator if and only if it is a Fredholm operator; its generalized index 
Ind (Г)=(0, (ordinary) index of T). An operator is an F{\; 0, 0)-operator if and 
only if it is a generalized Fredholm operator [7].

Addition of generalized indices mimics that of generalized dimensions; we 
define for (i, j )  and ( / ' , / )  in N x Z  (Z={0, ±1, + 2, ...}),

(i,j) + (i',j') =
0 , j),
0, j+j')>
O', A

if i >  i' 
if i - Г
if i <  i'.

Theorem (3.1). Suppose S£B(X, Y), T£B(Y, Z ) and TS are operators with 
closed ranges. Then, i f  S  is an F(a; k, c)-operator and T  is an F(a; k', c')-operator, 
then TS is an F(a; k + k ', c + c')-operator. Furthermore, the equality

Ind (TS) = Ind (5) Find (T)
holds in all but the case [ (reflexive index o f S) = (reflexive index of T) >  (reflexive 
index of TS)].

Proof. By Theorem (1.3),
0 -  ß"(Ker S) -* ß a(Ker TS) -  ß ° (K err)  -  ß “(Coker S) -  ß a(Coker TS) -

— ß a (Coker T) - 0

is exact. Hence if S  is an F(a; k, c)-operator and T  is an F(a\ k', c')-operator, 
then

dim (ßa(Ker S)) S  k, dim (ß“(Ker T)) S  k', 

dim (ß°(Coker S)) S  c, dim (ßII(Coker T )) S  c’,
whence

dim (ß“(Ker TS)) á  k + k', dim (ß“(Coker TS)) ^  c+c'.

This shows that TS is an F(a; k+ k', c +  c')-operator.
To show the generalized index formula, we suppose Ind (S)=(i, j )  and 

Ind (T)=(i', j'). Let m = max (i, i'). Then, by Theorems (1.2) and (1.3),

0 -  K er(ßm(S)) -  Keriß^-ir^)) -  Ker (ß m (Г)) -  

-  Coker (ßm (51)) -  Coker (Qm(TS)) -  Coker (ß m (Г)) -  0
is exact.

Case 1. /< w (= /') . In this case, the reflexive index of TS is equal to the 
reflexive index of T  (which is =m), and K er(ß m(5))=0 and Coker (ßm(S ))=0, 
whence Ind (T5) = Ind (T) =  Ind (S) + Ind (T).

Case 2. i'< i(=m). As in Case 1, Ind (TS) = Ind (5) =  Ind (S) + Ind (T).

Acta Mathematica Academiae Scientiarum Hungaricae 35, 1980



THE REFLEXIVE D IM ENSION O F A N  «-SPACE 253

Case 3. i=i'(=m). The exact sequence yields that the reflexive index of TS  
is ám . If m —0, the reflexive index of TS is equal to 0, and the equality is just 
the (ordinary) index formula for Fredholm operators. If m>0, the equality needs 
to be shown only in case the reflexive index of TS  is equal to m ; but in this case 
it is an immediate consequence of the same exact sequence. Q.E.D.

Theorem (3.1) contains as special cases [7, Theorem (5.3)] and the usual index 
formula for Fredholm operators [7, (A.6)].

The case excluded by Theorem (3.1) does indeed occur as can be seen from 
the following example. Let G be an arbitrary Banach space and let H  be an infinite 
dimensional reflexive Banach space (Hilbert space, for instance). Let S: G-~G(&H 
be the operator defined by S(g) = (g, 0) and T: G@H-*G be the operator 
T(g, h)=g. Then S, T, TS ( = / G) all have closed ranges. The reflexive index of 
TS  is equal to 0, while the reflexive indices of S and T are equal to 1.

We note that in case i= i'= m  (Theorem (3.1), Case 3), the reflexive index 
of TS is equal to m, if the reflexive dimension of Ker S is equal to m, or if the 
reflexive dimension of Coker T  is equal to m.

4. JF-operators and other operators

An operator TdB(X, Y) will be called a W(d)-operator, if Qd(T) = 0; it will 
be called a W-operator, if it is a lF(i/)-operator for some í/ёО . If T is a W(d)- 
operator but not a W(d— l)-operator (there are no W(— l)-operators), we shall 
write d=Deg(T). For instance, if Deg(7’)=0, then T=  0; if D eg(r) =  l, 
then Г is a non-zero weakly compact operator.

An operator T£B(X, Y ) will be called an F(a; k, -)-operator, if Dim (Ker T) ̂  
S (a, к). Note that an operator T  is an F( \ ; 0, —)-operator if and only if it is 
a Tauberian operator [4].

An operator T£B(X, Y) will be called an F(a; —, c)-operator if it has a closed 
range and if Dim (Coker T )s(a , c). Note that an operator T  is an F (l; —, 0)- 
operator if and only if it is a co-Tauberian operator [7, p. 322].

Clearly, an operator is an F(a; k, c)-operator if and only if it is an F{a\ k, — )- 
operator and an F(a; —, c)-operator.

Theorem (4.1). I f  X  is an R-space and Dim (X)^(d, 0), or Y is an R-space 
and Dim (Y )^(d , 0), then every TdB(X, Y) is a \V(d)-operator.

Proof. In Qd(T): Qd(X)-*Qd(Y), either Qd(X)=0 or Qd(Y)= 0. Q.E.D.
Theorem (4.1) is a generalization of [7, Corollary (4.2)].

Theorem (4.2). Let TdB(X, 7 ) be an operator with a closed range. Then, 
Deg (T) = d i f  and only i f  Dim (T(X)) = (d, 0) or (d—\,ri) (d^0) where n>0.

Proof. Since T has a closed range, we may assume without loss of generality 
that T: X —Y is onto. Then, by Theorem (1.2), Qd(T): Qd(X )^Q d(Y) is also 
onto. If Dim (7X7)) =  Dim (7 )  = (d, 0) or=(d—\,n) (d^0) where л=»0, then 
clearly Qd(T) = 0 and Qd~1 (T ) 7 i 0  (if d ^ 0), whence Deg (T) = d. Conversely, 
suppose Deg (T)=d. Then we have two cases:
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Case 1. d —0. In this case, T= 0 and Dim (Г(Л')) =  (0, 0).

Case 2. d>0. In this case, Qd(T(X))=0  but 0 * - '(Т (Х ))* 0. If Qd~1{T{X)) 
is infinite dimensional, then Dim (T(X)) = (d, 0). If Qd~1(T(X)) is (non-zero) 
finite dimensional, then Dim (T(X)) = (d— 1, ri) where n=-0. Q.E.D.

Theorem (4.2) is a generalization of [7, Theorem C4.5)].
Corollary (4.3). For any Banach space X, Deg (fx) = d i f  and only i f  Dim (X) — 

= (d, 0) or=(d—l,n ) (dxO) where 0.

Theorem (4.4). Let T  and К be operators in B(X, У). I f  T is an F{i\ k, — )- 
operator (respectively, an F(i; —, c)-operator, or an F(i; k, c)-operator) and К is 
a W(j)-operator where j  = i, then T+K is an F(i; k, —)-operator (respectively, 
an F(i; —, c)-operator, or an F (i; k, c)-operator, provided T + K has a closed range).

Proof. Q 4T+K) = Q)(T). Q.E.D.
Theorem (4.4) is a generalization of [7, Theorems (5.7), (6.2), (6.5)].
Theorem (4.5). (i) I f  S£B(X, Y) is an F(i; k, -)-operator and T£B(Y, Z) 

is an F(i; k',-)-operator, then TS is an F(i; k+ k', -)-operator.
(ii) I f  S£B(X, Y) is an F(i; —, c)-operator, and T£B (Y, Z) is an F(i; —, c')- 

operator, then T S  is an F(i; —, c+c')-operator, provided TS has a closed range.
Proof, (i) follows from the exactness o f the sequence 

0 -  g ‘(K er S) -  ß '(K er TS) -  ß '(K er T).
(ii) follows from the exactness of the sequence.

ß ‘(Coker 5) -  Q‘ (Coker TS) -  Q‘ (Coker T) -  0.
Q.E.D.

Theorem (4.5) is a generalization of [7, Theorems (6.3) and (6.6)].
Theorem (4.6). Let S£B(X, Y), T£ß(Y, Z ) be operators with closed ranges. 

Suppose TS is an F(i; k, c)-operators. Then,
(i) i f  S is an F(i; —, c')-operator, then T  is an F(i; k + c', c)-operator,
(ii) i fT  is an F(i; k", -)-operator, then S  is an F(i\ k, k" + c)-operator,

(iii) if Dim (ker T)^(i, /), then S is an F(i, k, c+l)-operator and T is an 
F(i; /, c)-operator,

(iv) i f  Dim (Coker T)S(i, m), then S is an F(i, k, m)-operator and T is an 
F(i; k+m, c)-operator.

Proof. Use Theorem (1.3) and reason as the first part of Theorem (3.1). Q.E.D.
Theorem (4.6) is a generalization of [7, Theorem (5.4) and (A.2)].
Theorem (4.7). Let T£B(X, Y) be an operator with a closed range. I f  there exist 

operators S, S+ B (Y , X) with closed ranges such that TS' is an F (i; —, c)-operator, 
and ST  is an F (i,k , -)-operator, then T is an F (i; k, c)-operator.

Proof. Theorem (1.3). Q.E.D.
Theorem (4.7) is a generalization of [7, Theorem (5.5) and (A.3)].
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Theorem (4.8). Same assumption as in Theorem (1.5). Then,
(i) i f  T is F(i: —,c) and U is F(i; k ',c '), then V is F(i; k ' + c,c'),

(ii) i f  U is F(i; k',c') and V is F(i; k", —), then T is F(i; k',k"-rc'),
(iii) i f  T is F(i; к, c) and V is F(i; k", c"), then U is F(i; k+ k", c + c"),
(iv) i f  U is F(i; k',c'), then T is F(i; k', —) and V is F(i;
Proof. Theorem (1.5). Q.E.D.
Theorem (4.8) is a generalization of [7, Theorems (5.9), (6.8) and (A.11)]. 
Theorem (4.9). Let d s 0.
(i) The subset o f W(d)-operators in B(X, Y ) forms a norm-closed linear sub

space of B(X, Y).
(ii) The class o f all W{d)-operators is a “ two-sided ideal” in the sense of [6, p. 17].
Proof, (i) is implied by Theorem (1.1) parts (iii) and (iv). (ii) is a consequence 

of part (ii) of the same theorem. Q.E.D.
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ON THE MAXIMAL VALUE OF ADDITIVE FUNCTIONS 
IN SHORT INTERVALS AND ON SOME RELATED

QUESTIONS
By

P. ERDŐS, member of the Academy and I. KÁTAI (Budapest), corresponding member of the
Academy

1. Let (a, b) and [a, b] be the greatest common divisor and the least common 
multiple of a and b, respectively. p„ denotes the n’th prime; p, q, qx, q2, ... are prime 
numbers. A sum £  and a product [J denote a summation and a multiplication,

p p
respectively, over primes indicated. The symbol #{•••} denotes the number of 
elements indicated in the bracket { }. is the product of the first p primes.

The aim of this paper is to continue our investigation on the distribution of 
the maximal value of additive functions in small intervals.

In the sequel let g(ri) be a non-negative strongly additive function,
(1.1) f k(ti) =  max g(n+j).J = 1 к

Let

(1.2) q (Ic, e) =  sup — #  {n S  x \fk(n) >  (1 + e)/*(0)},
X ^ l  X

(1.3) ő(k0, s) = sup — #  {n x\3k, к >  k0, f k(n) >  (1 + e)/*(0)},
x m l  X

9(k, e) =  lim sup — # {n ё  x \ fk(n) > / t (0)(1 + e)}.
X = o o  X

It is obvious that
(1.4) 0(k, e) ё  Q(k, e),
and that
(1.5) <5(/c0,s) =  sup e(k, e).

ksk0
In [1] we tried to determine those additive g(ri) for which the relation

(1.6) <5(ko>e)-~0 (/c0 —°°). Vfi>0
holds. There we noticed that (1.6) implies

(1.7) ^ min(L.g(p))<co>

but we could not decide if the condition 

(\ q\ -v s(,p) _( 1.8) 2 j ------- < 0 °
p P
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were necessary. Now we shall prove this. More exactly, we shall prove the follow
ing assertion.

Theorem 1. I f
- 0  (fc

g(pY

Let F(x) be the limit distribution function of g(n), the existence of which is 
guaranteed by (1.7).

(1.9) в (к, e)
for all £ > 0, then

(1.10)
for every гШ 1.

Theorem 1'. Assume that
(1.11) /cCi-^(A (0)(1 -be))) -  0
holds for every e>0. Then (1.10) holds for every r s l .

Theorem 1 is an immediate consequence of Theorem 1'. Indeed, (1.11) implies 
that the density of integers n, satisfying g(n) >(1 +e) f k(0) is o(l/k), consequently
(1.9) holds.

Perhaps (1.11) implies that

( 1. 12) 2
— 1 

P
<  OO

for every n>0. We could not give a counter example.
Theorem 2. I f  for some constant A > 0

(1.13) Ц 1 - Л Л ( 0 ) + л ) ) - о  ( * — ),
thne (1.12) holds for every u>  0.

On the other hand, we shall prove that (1.6) does not imply g(p) = 0 (  1). 
This will follow easily from the following

Theorem 3. Let L(k) be a function on [1, °°) tending to infinity arbitrary slowly. 
Then there exists a strongly additive non-negative g(n) with Iimg(p) = °=>, so that

(1.14) sup — #  (n S  x\3k  ^  k0,fk(n) =*- L(k)} — 0 (fc0 — °°).
x^l X

We are interested in the conditions that imply

(1.15) sup-^ #  {nrsx \3k>  k0J k(n )> fk(0) + A}-»0  (fc0 - » ) ,

with some suitable constant A.

Theorem 4. I f  g(p)= —, then 
P

(1.16) sup — #  {n ^  x\3k >  k0, f k(n) >/*(0)+A*} - 0  (fc„ — ■»), 
XS1 x

where Xk= 3/(log log k).
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Theorem 5. I f  g(p) = l/ps, 0<<5<1, being an arbitrary constant, then

(1.17) lim Urn — #  {n ^  x\fk(ri) >A(0)+(log/c)1_i_e} =  1.
~ x=~ x

By somewhat more trouble we could prove that

(1.18) sup — #  {n ^  x\3k >  k0, f k(n) <А(0)+(1оя к)1 4_í} О,
xsl X

as k0—°°.
Let Fs(x), Fy(x) denote the limit distribution functions corresponding to 

g(p)= l/ps, g(p)=(logP)~y, respectively; Gs( x ) = l - F t (x), Gy(x) = l - F y(x).
We shall consider G(x) for large x(>0).
Theorem 6. We have for 5 = 1:

(1.19) log log -̂ v- ё  eT~a — cx2e~T,i'll1)
where a= y— 2  2  ~j~T ’ У being Euler's constant, c denotes a suitable constant. 

fcs2 p kp
Furthermore, if 0<<5<1,

( 1.20)

and

( 1.21)

log 1
Gt (y) £

log

: (t log t)1/(1_4)(1 + 0 (log t)_1) (t >  1), 

ё  r(logr)’’+1 -Citilog Ty ,

cx being a positive constant depending on y.
Remark. It is easy to see that the previous inequalities are quite sharp. Indeed, 

if g is monotonically decreasing on the set of primes p, then for Fp—k~zPll+1 we 
have

Hence, after some simple computation, we have the following inequalities for x > 1 :

(i) log log * j s  ex~a+0(e~B'), В being an arbitrary but fixed number;Oí =i (t)

(ii) l og— s  (TlogT)1/(1“4)(l+0((logT)_1)), if 0< < 5< 1;

(Hi) loSTf^)- -
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Let now

(1.22) ^  s íp ) ___  n ’ s2(t)
P  P  p  P

(1.23) a x = 2 ^ - ;p ^ x  P
(1.24) Ф(у)= 2  s (p)>p o sy
(1.25) F k ( n )  =  max {g(n + j ) ~  ,

Theorem 7. Let 0 < /(x ) monotonically tend to zero in [1, °°), let g(n) be strongly 
additive defined for primes p by g(p) = t(p). I f  (1.22) holds, then for every fixed k, 
Pfl^ k < P ß+1, we have
0-26) Fk(n) ^  Ф(Р„) + А1оек- £ к

for every but 0 (3kx) of n ^ x ;  ek-+0, <5t —0 as k-»°°. 
Suppose, in addition, that

(1.27) ^

for every 3 >0, and that

(1.28) ‘2(P)
2  nР>У P

lim ■
yt (ee>°)

t 2(y) (log lo g j)y (y-«>)

К ' ^ (n )
•A(iogfc)

-1 ё  ej =  0»

for a suitable у >0. Then 

(1.29) lim sup — # In ^  x\3k
k0-*~oo X^l X I

for every e > 0.

2. Asymptotic of distribution functions for large values. Let g(n)^0  be 
strongly additive. Then for every m£ 0

(2 . 1)

As it is well known

(2.2)

,up(n)2 *n^x

_ У еид(п)
X n̂ X

(  е ид(р) _  1 Ч

П  ! + •р*лЛ Р I

(  е ид(.р) _  1 \

в д = ? ( 1 + — Н *

if the infinite product on the right hand side converges. Let T'(t) be the distribution 
function of g{n). Then

(2.3) 1 - F ( t) 3S K(u)e~” (0 <  и <  со).

By choosing и appropriately, we shall use (2.3) to give an upper estimate for G(r) = 
=  1 — F(x) for some special additive functions.
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Let t(x), xd[[, °°), tend to zero monotonically, g(p) = t(p) for primes p, 
Ф(у)— 2 t(p)- Suppose that t(x) is differentiable.

pSy
Let the values t0, tx be defined by the relations

(2.4) u/(i0) =  log t0+ H ; u ti t j  = log tx- H ,
where Я >  1. Let

K(u) = K ^ K M K 3(u),

where in Kt(u) ( i= l, 2, 3) the product is extended over the primes in the intervals 
(1, i0], (t0, f j, (*i, со), respectively.

For p€(l, i0) we use the inequality

( e « « (p )—  1 )  g “ä(p )
lH-------------<  log--------- \ -e~ue(p)p  = u g ( p ) —log p + e ~ a ,

p ) p
and deduce
(2.5)
Since

lo g /^ O O c  w]/(to) 2  logp+  2  Pe “9(p)-
p s t0 P S  l0

in p£(t0, i j ,  therefore 
(2.6)

Furthermore

(2.7)

рЧЯ(р) _  1 1
1 + - ------- - S i - L  +  eH< e H+1

p p

log K2(u) <  (tf+1) (71(h)- я  (/„))•

p u g ( p )  _  1

log Я3(м)< 2 ----------■
P=-< i P

We shall give an upper estimate for the right hand side of the last inequality when 
t(x)=x~s (0<<5s i ) ;  r(x)=(logx)~y. For this we use the prime number theorem 
in the form

7Г(x) =  lix+i?(x), |i?(x)| = C2x(log x) c3,

where c3 is a large constant. Let

(2.8)

Then
f ix )  =

e»tW _  1 
x

fix )2  eU9(P-  1 = h + h ,  h =  [  г ^ -dx , I2 =  [  f(x)dR(x). 
p-< 1 P и lo8* «Г

For the estimation of /2 we integrate by parts:

(2.9) h  =  R(x)f(x) — J  R (x)f'(x) dx.

Suppose that
/'(* ) =  еиф0К ( * ) * - 1 )  +  1
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changes its sign in [í1( <*>) at most once, for example at z0. Then, by integrating 
by parts, we have

/  |В Д 1  l / 'M I  d x ^ c 2 \ f  ( j dx\ +  с, I /  — !L— f ' (x)dx 
*1 *1 z0

/ W  -
So, observing that

(logii)ca J (log x)c 

A t i) =  ^  e-Ht
we get

(2.10) I2« e
To estimate Ilt we write

— H 1
(log /!)с> (log tx)c3

(2.11) A =  /
log».

For the integral

eu»(eA)_i ^  ~ n k г t(ex)' 

»> fe! lo g {  *

J(y, h) = f  A'le-Ai/A

т*А-

■dA = Jf(g; log /j).

we have
Ду, h) = yhe~y + hJ(y, h — l).

Let now t(p)=p~a (0«<5sl). Then

f ^ - . i
and so

log»!

„ - k ő k

dA = J(ßk log tlf — 1)
log»!

q—öklog»!
ők log íx ’

Since u t i1—log tx — H, we have

(2.12)

if logii.

A ^(logt!)2’

Let now t(p) =  (logp)~y, (y >0). Then, from (2.11),
oo к 00

^ ’((logp)-1’; logtj) =  Z t t  f
* = 1 k ' log»!

d l =

у («(logfi)"7)* y (log^x-^)* 4е~н?!
f c s i  k \ ( k y + 1)  fcsi  fc!(fey + 1 )  “ y l o g / j ’

if log b-
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So for t(p)=p 1 (0<<5^ 1) 

(2.13)

while for t(p) = (log p)~y (y >0)
* * * ( “) * * ■ '  ( I ^ T

r»—H 4log« . ) ! « . -
В being a constant.

For the sake of brevity we shall write H1=log u, w2=log и,, i 
Let us first consider the case t(p) =p~x. By choosing H =  1 

our inequalities we have

where

0 logi0+ l

Since, from the prime number theorem

log K (u )^ u  2 ^ - t o + o i - r - ^ - ) ,
pst„ P log t0 '

и и
to —~ : r~r , t1 — Iogb-1

where
2  — = log log i0+ a + 0 (u f2),

P3S<0 P

a =  y -  2  2  -т- t ,
к ш 2 p  K P

(у being Euler’s constant), and observing that

loglogi0 =  u2— ?-+0(u2u1 2), t0 = — \-0(ии2иг :
we get

So, from (2.3),
log K(u) -= и [u2 + a — +0(uu|ux 2).

log(l — F(z)) á  и |и2 +  а —т -  “2̂+1 j+<9(uMluf2)

Let и be chosen according to the equation
т =  u2+ a —

Then, by an easy calculation, we get

log (1 F (t)) S  ——+ 0(uulu i2),
ui

jS f^ loglog   ̂ ё  tq-Ujj+O iuluf1).

r3=log M2.
, and collecting
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Since

ы, =  e -------— =

Ml
1+м а ) ) - ' - + ' Ч З -

we have .á?^eT cx2e_t, that is (1.19) holds.
Now we consider the case t(p)=p~ő, 0<(5<1. By choosing H= 1, we have

=  log i0+1 ^  log tx - 1  = ^  
and so Consequently, by (2.3)

lQg-f J > ( T) ' -  TU — UIA (to) + to + 0  (?0/(log t0)).
Since

^ (io) = M o l/pS =  (1 —5) log t0 Í 1 + ° ( l ^ ) )  ’

and M=i^flog t0+ l), we have

иФ(‘о) =
and so

1 Ő
log T - F ( t) ~ xu~ T ^ö  to+°  ̂ °^log ^ ) '

By choosing t0 to satisfy
t&~s

T ~  (1 —<5)log t0 ’
we have

,og *  >*+° (т^тг) = 6 log ( '+°  (1357))'

and so (1.20) holds.
To prove (1.21), we observe that

log- 1
1 -F ( t)

By choosing w=(logx)y+1, we have

£  zu —logÄ’(ti) £  ur + t0 — Mtn

(logi0)y+1
С4̂ 0

log to '

log l _ f ( T) -  TÍlogT^+^CiTÍlogT)»
and this proves (1.21).

Now we shall prove Theorem 4. Let g(p) = l/p,

gy(n) =  2  g(p)l g(y\ ”) =  g (n )-g y(n).
p\n

p<y
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Then
d,f 1 ( eue(pl — 1 1Ул=— # { n S x | g (0( n ) S i / i ( i o ) + / ) } S e - “Wf»)+4) U 1 + ----- -----  ,

X  p=St0 v P '

where u—uta is defined according to (2.4), i.e. ut0 —10 (log t0 + H). By using (2.5), 
we get

log +

where c is an arbitrary large constant. Since

2  pe~u,p <  yn(y)e~u,y « ------ e~u,y,
у У

by choosing y= y k= -£(k= 0, 1 ,2 ,...), we have2k
f ^ p  u ! f o  p  ®2  p e -“/p « ± ^ .  =  - ! - Л  

p%  log t0 log t0
By choosing H=c log log t0, with a fixed c,

(2.14) log ̂ < - d « (o- io+ 5 ^ _

В being a constant.
Let м(1= Ь  (log t1—K). Then, by choosing H=c log log tk, 

(2.15) 7  *  n) - R) ~  exP { - Ru,.+B (log^ )c— ) •
Let

Let

t -  do a fcV + 6* - _  log log log .I0 -  b -  (log k) *, ek -  loglogfc .

Л{1) 00 = J maxk gt0(n + j ); fkv  00 =  . maxk g(t0; n +j).

log t  = lo g o + ' . ) + ° ( T57 í t ) =  X T ^ v - + 0 (i^ í t ) •log log I
Let к be so large that Hk<2ek. Then, by (2.14),

def 1
(2.16) a(x, k, 2ek) =  - # { n S  x\/ fc(1)(n) £  ф(logк) + 2ek} S  

= ( 1+7 ) ^ ^  *  { « á x  +  i |g „ (n )a  Ф(10) } ^

S  (1+ А )1 е х р ( - ,0+В ;й^ у )  S  ( l + | )* -, — loglogfc + c
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c being a constant. Similarly, from (2.15),

(2.17) b (x, к, £,) =  | # { n s  x \/*(2) (n) S  e*} =

а  ( ' + 4 ) ‘ “ р ( - г*“. .+ ° ( 0 з Ы )  S (1+í ) * "
log log к

Sofor k ^ x  we have

(2.18) — #  {n S  x|/*(n) >  (log fe) + 3ej <  l /k 3,

if к is large. For k> x, n ^ x  we have

Л(0) s / k(n) m f k+x(0) =  ф(\оё к)+ о  ( - j ^ j .

Hence it follows immediately that

| * { «  = x\3k  >  k0,fk(n) s  *l/(logk)+3ek}

By this, Theorem 4 has been proved.
3. Proof of Theorem 7. Suppose that the conditions of Theorem 7 are satis

fied. Let g(n) be strongly additive defined for primes by

g(p)
I g(p) i 

' I  0 ii
if P >  P„ 
if p S p „ .

It is obvious that g (Pp m)=g (Рр) + g (m). From the Túrán—Kubilius inequality

2  (g ("0 —A'}2« 2 ^ - ,mSxjP̂  r ji р>р, P
if Pp<x; A '= A x/Pií—APii. Hence we get immediately

g2(p)
PpB2 P

(3.1) M B =  #  j m  S  \ g { m ) - A ' \ s z  B^

If g ( m ) —A ' ^ —B,  then
g ( P ß m) =  IK P p ) + g ( m )  S  ф (р р) +  А ' - В .

So for Pp(m — 1)</г<Рдт  we get

(3.2) Fp„(.n) =  g(Pf im) ~ A ( m+i-)pii ^  Ф ( Р р ) ^ А х/р^—A(m+1)Pi± — AP)i — B.

Let now x —°o. For we have
/ 1 \ 1/2 / 2/ \ \ 1/2

- О  (ДГ---- 3,

Actc Mathematica Academiae Sclentlarum Hungaricae 35, 1980



ON THE M AXIM AL VALUE OF A DDITIVE FUNCTIONS IN  SH O R T  INTERVALS 267

where the summation is over the primes in [(m+1■>'»• й . By choosing

Bß = B =

we obtain (1.26) immediately for k=Pp.
Let now Pß< k< P ß+1. To prove (1.26) it is enough to observe that Fk(n) s  

^F p jn ) , and that Alogk- A Pii-»0 (fc-°°).
Now we assume that (1.27), (1.28) hold. If Pß= k< P ß+1 then, i/i(logk)= 

= ф(рр)(1+о(1))=ф(рр+1){1+о(1)) and 7 , м 1(л) 5 ^ ( п) 5 ^ ( л), and so it is 
enough to prove (1.29) for k —Pp. From (1.28) we have

m b «  - p Xß T  t2(Pß)(yoglogPlxy. 

From the monotonicity of t we have

t 2(pß)
r ( p ß)

S  l Ip2,

so by choosing В=Х11ф(рр), 1, we have

MB« x (log log рУ
p*

Let x>P%. In the interval л€[1, x] we drop the r ís for which n ^ x 1/2. Ob
serving that APii—o(4/(pß)), and that Ay—Ay*=0(l) (0 < a <  1), from (3.2) we 
get that

FpS*) -  (1 ~ 2^ Ф ( р >̂
x (log log ц)Уfor all but —-— ---- of n ^ x ,  if Xp tends to zero sufficiently slowly. Let x ^ P p.

p Xp
Then, for every nSx,

Since
Fpjn)  = j j p axp (g (n + j)-A „ +J) ё  Ф(рр) - А х+Рц.

Ax+P - A P « (  2  i f f  2 ^ Щ 13«
“ " К ш~ & ш+жР) Ур~ри P >

«  t (p„) (log log Ppy  (log P„)1/2 «  i i i  (log log p„)y (log pM)1/2 = о(ф (p„)),
И

therefore
F^(n) ^  (1 - 2 X ^ ( p ß)

holds for every л if p is large. Applying this argument for the sequence x = 2 v, we 
get the relation:

Ve>0: lim s u p i  # { n s  x\3k >  k0, Fk(n) <  (1 — e)i/r(log/с)} =  0. 
k„~~ xsl
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To prove the second half of (1.29) we choose log log t0=p^, where 0<<5<y 
(see (1.27), (1.28)), and define g(t0,n), g,0(ri) to be strongly additive satisfying

Í 0 i
2('" ;P )  =  U ) ,  i:

if p S  t0, 
if p >

groO) =  g(n )-g (t0; n).

Let A'X°=AX—At0. For every u^O  we have

D(x, u) =  2  e“(ê - A*0)
n^x

whence it follows that

= x П  [ 1 +  —-1 e~ue(-p)lp,
I , < p s i  1 p )

if u =
2i(io)

— #  {« =  x|g(/0, n) ^  A } ^  expí-Л и + и 2 2  g-^ l .  
x  '  P>t„ P '

. Let A=rjllil/(pll), ^ —0 slowly. Then, from (1.27)

Au =  u
2i(i0)

if pi is large. Furthermore, from (1.28)

1 е2(г>1
-47177т  2 ” — «  Gog log t0y  = p%< = o(pß),

\lo) P>Í0 P
since (5y<l. Consequently

(3.3) #  {n X \ g { t ;  n ) ^  r i j i p j )  <sc xjPl-

Let Cr(x) be the number of those n^x , that have at least r prime factors in 
[1, ?„]. We have by Stirling’s formula,

CrW  ä  *  —  ( д 2 )  s  » e x p ( - r lo g ^ +r0 ( i3 ;+ 0 (lo g o ) .

Let r=[(l+4^)pi], q being a small positive constant. Then,

rlog-
’Ф * + 0 (  1))

if <5 is small enough. Consequently

s ( l + 4 0)( l-2 0 )p Ms ( l+ 2 e )p M,

Cr(x) «
Fi+ i '

Let и be a such number that has s(>p) prime factors in [1, i0], From the mo
notonicity of t(y) we get

groO) =  g ( P i  - P s )  S  Il '(pll) + (s -g ) t (p fl) =§ [ 2 _ i j  ф(р^ .
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So, if g,0(n)S (1+4д)ф(p j,  then s^r . Consequently

(3.4) #  {n => x|g,0(n) >  (1+4еЖРд)} « - s í r j -
Г P

From (3.3) and (3.4) we get immediately that

*  { n ^ x I max g (n +j) >  (1 + 5p) ф (p„)} «  ,
J  —  1, . r ^

if
For we have

FpAn) == max g(n) ^  ф(рц + 1) = Ф(р,) + о(\).* П̂ Х+Рц
Applying this estimation for x = 2 v (v=l, 2, ...) and summing up for 
we have

sup | { n á r p / i > / i 0, F>„(n) >  (1+5e)iИ р A) •=*= p r -
iä l  А -Upo

By this we proved (1.29).
4. Proof of Theorem V and Theorem 2. To prove Theorem Y  we suppose that

(1.11) holds. From the existence of the distribution function F(x),

mm 0>g(p))

Let <5 >0 be fixed, 0>k be the set of those primes p, for which
( l + % ( 0 ) S g ( p ) < ( l + % ( 0 )

holds. Then
2  i/p

if /*(0)^0. Let b(n)=(n + l).-An+k); Rk= П  p. 
From (1.11),

2  l S ( l - e ) x ,n^x
(b(n),Rk)= 1

if k> k0(ö, e). Since l — F (fk(0 j)^ l/k  for every k, from (1.11) it follows that
/ v*(0) =S(l+e)/t (0)

for every fixed v, if к is large. So f k(0) =  О(кг) and for p(z^k we have p /k ^ ° °  
(& —°°). Consequently

and

if к is sufficiently large.

pe^k'- Pt

2 — -= 2e, 
p€á*k P
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So we have
V 8 ( P Y  .  ~  eV + Ö TfU 0) 2"
2  n 2  Л» 2  -}v  ̂’ °°>

e (p )= -( l  +  í ) / k(0) P  2 * S * 0 2  2

and Theorem T has been proved.
The proof of Theorem 2 is almost the same. We need to observe only that 

from (1.13)
(4.1) Л(0) =  о (log к)
follows. Since for fixed v

v fc ( l-F ( /v*(0)))fe l,
and

v k ( l - F ( f k(0 )+ A ))~ 0  (k ^ ~ ) ,

therefore f vk(0)</k(0)+A if к  is large, that implies (4.1).
5. Proof of Theorem 3. Let L ( k ) /° °  be given. We can give Lx(k) s o  

that Ьг(к)^Ь (к), Lx(к+к2) ^ 2LX(к), L x(k) has integer values with jump 1. It is 
enough to prove our theorem for Ьг{к) instead of L(k).

Let S P  — be a rare sequence of primes. We shall define g(n) so
that g(9 /)/'°°, and g(p) = 0 for р^ЗР.

Let Bk be a sequence tending to infinity monotonically, 2P be so rare and the 
increase of g(qd so slow that

(0
4i K

GO

hold for every A:si.
So f k(0 ) ^ jL A k )  

fined for primes as

g { n  q ^ S ^ L ^ k )
Ч,Шк

for every A:si. Let gk{n), gi{ri) be strongly additive de-

gi(p) = \g(p),
P > k ,
P — k,

g2(P) = g(p)~  gi(p), fk°  0 )  =  max g,(n +  /).
J = l , . . . , k

It is obvious that

f ^ ( n ) ^ g ( n  q d ^ ^ L Á k ) -
q , m k  4

Furthermore

2  f i 2> 00 — к 2  f t  (и) ^  к 2  g(4d ̂ ,
n ^ x  n ^ x + k  4 i

and so for x> k ,

x 2  1
П ^к  X

— -jr  2 A (2,(» ) s  2 - Í -  2 g(qd
4i

2Вы 
Ck ( =  Qk)-
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Let C ^ j L J k ) ,  Bk= j . fL A k ) .  Then Qk= {fL ^k ))~ \

Since, for k ^ x ,  nSx ,

/*(*) ^ f k+x( 0 ) ^ j L 1(k+ x) ^  - |L 1(2 fe )^ i-L 1(/c). 

Since f k (rí) Sf k(1) (rí) +Л<2) (rí), therefore

s u p l# { n ^ x |A ( „ )  > -ii,(fc )}  == e*.

Let now k0 be fixed, the sequence k 1-zk2<... be defined by

It is clear that

W o ) - 0 (k0~~>).

fcv =  min k.i.1(t)=2i.1(Ilv. 1)

W o) = 2  6k„v = 0
C

V Li(k0)

Applying this argument for x=2" (ц=0, 1,2, ...) we deduce that

sup 4  = ^I3v: A v(n) > ^-L i(k )l == Wo)-t i l  X I  Z J

Let now n be such a number for which Li(kv) (v= 0 ,1, 2, ...) holds.
Then for every k^.(kv_1, k v),

fk(n) —fky,(n) — ~2 L i(kv) = Lx(kv_j) = Z-i(k).

This finishes the proof of Theorem 3.
6. Proof of Theorem 5. Let e>0 and t be given, &x, 3f2, be the set of 

primes in the intervals [1, (1—e) í], ((1—e)f,/,] (?, (1 +£)/,] P( be the product of 
the elements i.e.

Pi = П  P-
P € á \

Let r, j  be natural numbers. In this section br, b(rj), j=  1, 2, ..., denote a number 
that is a product of r distinct elements of 3P2. Similarly cs, c™, c<2>, ... denote such 
numbers that are the product of s distinct primes from 3PZ. Let H  and К  be the 
number of elements in and in respectively.

Then the number of b’rs is , and the number of cs’s is
From the prime number theorem
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p
Let s í  be the set of those integers that have the form n = —̂ -m, where

b r
(m, P2) = l, and that contains at least s prime factors from ^ 3. Let

F ( n )  = 2 1 ,
cs \m

if n£si, and F(n)= 0 otherwise.
Let 0<<5<1, r = [ t \  s=[cr], c>  1 being a constant.
To prove our theorem we shall deduce a Túrán—Kubilius’ type inequality 

for the sum

(6 . 1)

where
(6 .2)

* (У )=  Z \ Z  H n + i ) - A } \
n ^ y  4 = 1  j

A = ( 2 b r) ( 2 V c s).

For the sake of simplicity we shall assume that r, s, t are large but tem
porarily fixed numbers, у -*-«>.

Let
(6.3) S (y, 0 =  2  F(n) F(n +  0-n^y
Squaring out (6.1) we get easily that

(6.4) S{y) = 2  2{Pi -  0  S{y, 0 + P2 2  F 2(») - 2 AP2 2  F(n) +i = l tl^y n̂ ky
+ A 2y + 0{Ply1/10) =

=  2 a) + p2 2 (2) -  ZAP* 2 (3) +  А2у + O{PIу1'10).
We shall use Eratosthenian sieve for some primes in 0>2. We note that

n U - y M )  = l + 0 {* ') « . « . j
peá*2V p ) Vlog t )

if y{p) is bounded by an absolute constant.
Then

H{z)= 2  1 =  z П  ( l - l / p )  + 0(2H).
nSz p

(n.P2) = 1
Consequently

( 6 . 5 )  2 ™  =  2  2  2 1 =  2  н ( ^ ) - ± [ 1 + о [ 2 Л а у + о ,(1),
br _ br y  c . lm br , c ,  ' • • ' 2 c s )  _ r 2 (  v l O g í / J

Pi
( m ,P 2) =  l

where t  in the order term denotes that the constant involved may depend on t .  
We shall give an upper estimate for 2 (2>- We have

( 6.6) 2 (2t = 2 2 2  1 ^ B - f ( 2 b r ) .
bry ___ r i
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where

(6-7) B = 2 [c? \ c(»Y

Let eß be a fixed product of ц prime factors from 3?%. The equation ед =
^(с*1), c<2>) has

( К -Ц  \ pCs-zr)'!
s - n  )

solutions. For all of them [cs(1), c(s2)] ^ t2s~'1 holds. £M can be chosen times
Consequently

( K \ (  К - Ц  W 2 (s-/i) '| 
l / J U ( s - j u ) M  s - n  ) ‘л=0

(6.8)

Furthermore it is obvious that

So by the Stirling formula

2  br <  ■ <  exp (2r log t — rő log i +  0(r)) = exp ((2 — S)r log t+0(r)).

Similarly, from (6.8),
s ^ 2  s—P s 2

В Л̂» - w - d i -  * “ e’“’( _s '5108
Consequently

(6.9) 2 (2) -  ~jr exP ([(2 — <5)|— <5s] log t+O (r)).

Now we estimate A. Counting the Z>r’s and cs’s we have

Since
( l+£)s

(H -r)r [H \ Hr
r\ ( ? ) rlI ’

from the Stirling formula we deduce easily that

log A =  (r — s) log t + r log Я + O ^ j  + s log —r log r — slogs + 0 (r),
and so by (6.1) that
(6. 10) logT =  [2r—(r+s)<5] log t+ 0(r  log log t).
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We choose c (s=[cr]) so that

(6.11) ос =  2 — (1 +c)c >  0.
This guarantees that А »  1.

Let now consider the sum

(6. 12)

where
2,= 2 Ь(» b™

A =

J=-P2 cs(1)c<2) ’

Р2( ф \  c<2>)
W 7 W ]  '

The condition A>P2 implies that (с,(1), c<2))s[ftr(1), 6r(2)],
Let <5(, be fixed, where the index denotes the number of its prime divisors, 

and consider those b)1’, b)2), c*1}, cs(2) for which 5l = (b(r1), b(2)), e„ = (cs(1), cs(2)). If 
d >T2, then

{(1 +£)!}" = {(1 —e)t}2r_l,
i.e.

1 (1 +  e)" =  t
whence

(1 _ £)2r-(í+p) -  (1 —e)2r~l

l s K i - i ) « ] * - ' ' ^ ,

2 r-( l+ il)

i.e. /+ /rs2 r.
For fixed / and /с the number of £r(1), 6r(2), cs(1), cs(2) that satisfy co((6r(1), b)2>j) = l, 

" ( [ с ^ ,  c<2)])=/i is

(Я ! ( t f — / )  p ( r - / ) )  (  К - Ц  \  (2 (s-/r)) ^  Hr~l K - *
1 /J l2 ( r  —/)J l r — l ) I n ) l2(s — u)J l  s — a ) ll(r — l)\2 u!(s — u)!2

Since

'2  (r — l) 
b<l>b<2>

( D r (2)C ' C t2(r s) and therefore
t r  +  s  — l — p

T « t r  —s  +  1
Z B « i 2ir s> 1+Z 2r / !  ( r  — / ) ! 2 / í ! ( s — / i ) ! 2

Consider now

(6.14)

Arguing as before, we have

2 c  Ä i # r 2  — ^ H)l 1( 2  " } = 2 W • 2 (c',Ú  / ! ( г - / ) ! 2Л Д  j í!(s - / i)!2J z  Z  ‘
By Stirling’s formula

1

where
щ г - l j p  <  exp ( -  g (/) +  О (log r)), 

g(/) =  I log/ +  2(r —/) log (r - l ) - 2 r  + l.
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By differentiating, we see that the smallest value is achieved at l —I0, where /„ is 
the solution of /0= (г—/0)2. We have easily that

g(W = r log l0 — r+O(]fr) = rS log t - r + 0 { fr ) .

Since H r(t/H)liStr,

2 '(b) <  exp (r(l — (5) log t — r + 0(/r)). 

We have similarly that

2 M •< exp (— ső log i+ 0 (s  log log ?))•
Consequently
(6.15) 2  c <  exp ([r -  <5 (r+ s)] log t+O  (s log log t)).

Let now consider the sum S(y, i). This is equal to the number of solutions 
of the equation

(6.16)
P p

- - - - - —  V - - - - - - - - - —  и  —  7 - - - - - - - -U2) Cs V Ul) Cs “ b . (1)— c™ u ^ y ,

(uv, P2)= 1; in variable b(rl), b(r2), c™, cs(2), u, v. Let b$j), ĉ J> ( j=  1, 2) be fixed; 
d—(b™, b™); e=(c(1),c<i>); £U), f U), A ( j=  1,2) be defined by

=  í/ü> =  ftü>; Л =  ^ | ^ ( С<1),с<«)).

If (6.16) has a solution, then d |/. Let i=Ait . Dividing by d we reduce (6.16) to
(6.17) £(*)/(i)„_£(i)/(2)u = ii> (uv, P%) — L

It has a solution if and only if (q, ^ ( 2 ) ^ ' x ) ) = l .  The solutions и, v  are of the forms

u = u0+ ie 2)f w , v = v0+ /(W /i»  (/ =  0 ,1 ,2 ,...) .
To enumerate the / ’s for which (uv, P2) = l, we sieve for primes p£SP2. Since the 
number y(p) of the solution of му= 0 (mod/?) is 1 or 2, we get

p|y2
On the previous assumptions (6.16) has

у(Ь?>,Ъ?>)
P ,И », C<2>]

1+0
Ш )

+  0 ,(1)

solutions. O, denotes that the constant involved by the order term may depend on t. 
Hence we have

2  i+ o .O )-*i—P 2/̂<6..S) г * а | « л 0 - ^ ( 1 + о ( т ^ ) ) 2 Ĉs,2)]
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Since

2  1 =>1SP2/J 
(>i.í<1,4<a,)=i

0,

+ 0(1), if a ^ p2, 

if A > P 2,

and —<sc-r-̂ -— as we havet log t

Po.
í.e.

(6.19) Z *  = j r“2

( l+ o ! f 8
ilogjj

' ( r
1 + 0 . 1(log tJ)

Similarly, for the sum 

( 6.20)  

we have

Since

2 ** =  2 ” iS(y, 0
i= 1

^  (b^>, b<2>) Jf ^  ,
z  [c<», c»>] г ,Д м

( ii,i<1>4<*>)=l

P2-* 2
2  l'i =  ~ , 

(ii,i<l) 4<2))=1
( 1 + ° ( t ) ) + 0 (-t )

for d ^ ^ 2, we have, as earlier

2 "  =  j  ( i + 0 ( t^ 7 ) )  '‘‘ + o ( y ( 2 . + 2 c ) ) + O M -  

Consequently for 2 (1) defined in (6.4) we have

(6.21) 2 (1) =  2( Л 2 * - 2 **) =  у ( i + °  (1̂ 7)) л ч о ( у ( 2 в + 2 с ) ) + о л i). 

So, by (6.21) and (6.5) we have

#(у) S  B11^ J A*y + B2y(ZB  + Z c)+ 0 (P 2Z2) + OtV), 

where B1} B2 are absolute constants. Now by (6.10), (6.13), (6.15) we get

2 c  <  С"г/2Л , 2 b  <  I-
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From (6.9) P22 !2 ^  Ae0(r\  and so from (6.10), (6.11),

Ae0(r) — A2. log t
Consequently

(6.22) # ( y ) s B - ^ - A 2y + Ot( 1).

Let M(y) be the number of n ^y , for which no one of n +  1, ...,n  + P2 is 
belonging to sd. Then, from (6.22)

(6.23) M ( y ) ^ B - ^ y + O t(l).
Since

{^(n  +  l), ..., Pfin + P j)  ü  {Ли +  1, ..., P1n + P1P2},

we have immediately the following assertion.
Theorem 8. Let e> 0 , 0<<5<1, c be fixed so that

def
a =  2—(l + c)<5 > 0 ,

t a large constant; r=[td], j= [c /a]. Let 'M be the set o f those integers n for which 
there exist br and cs so that

Let

Then

n = 0 ̂ mod ?  csj . 

N(x) = #{n ^ x |{n  +  l, ..., n + PxPi 

Iim

0} .

N(x) . „ s^  в
logt ’

where В is an absolute constant.
Hence we deduce easily Theorem 5. Indeed, if n = 0 csj , then

g(n) g(Fi^2) +  g(cs) - g ( b r)-

Let g(p)=p~s■ By choosing r= [iy], s=[cty], y < l,

g(°s)-g (br) =  [ Q + s f r f - K i - s ) #  -  Г  1 - e }  >Cl?" a

(cx >  0 constant)
if e is sufficiently small.

Let P1P2=p1...pll̂ k ^ P ,  P2pß + 1. Then f k(0)=g(P1 P2). If we put t=p„, 
we get immediately Theorem 5.
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THE LIPSCHITZ CONSTANT OF THE OPERATOR 
OF BEST APPROXIMATION
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Introduction

Let C[a, b] be the space of real-valued continuous functions on [a, b], 
UnczC[a, b] be an и-dimensional Cebysev subspace, and for f£C[a, b] denote by 
Pn(f)£U ,1 its polynomial of best approximation.

Then by a theorem of G. F r e u d  [1] the operator of best approximation sat
isfies a local Lipschitz condition, i.e. for a given f£C[a,b] and any f^C [a , b]

\\pn(J)-Pn(fi)\\ ^  C(a, b ,f,U n)\\f-fi\\
holds.

This theorem initiated a wide investigation of the continuity properties of 
the operator of best approximation. (A number of papers studied the uniform 
continuity of the operator of best approximation on different sets of continuous 
functions (see [2]—[7]). Local and uniform continuity properties of best appro
ximations in Lp spaces (1 -= °°) were also examined (see [8]—[10]).)

Recently, M. S. H enry and J. A. R oulier  [11] raised an interesting question: 
let /€С[я, b] be given and define the Lipschitz constant y„(/) of /  by

( 1) Уп (f) = sup
h i C [ a , b ]

ЛАГ

llPn( / ) - P „ ( / i ) l l
I I / —ЛИ

Then how does the Lipschitz constant у„(/) vary when n tends to infinity? In [11] 
the authors considered the algebraic case and showed that there exists a function 
f£C[a, b] for which the y„(/)’s are unbounded. They also ask whether the 
y n( f ) ’s are unbounded for any nonpolynomial continuous function or not. In 
the present paper some new properties of у„ ( /)  in the algebraic case will be dis
cussed. We prove that if fdC[a, b] has exactly и +  2 points of Cebysev alternation 
(in the case of approximation by algebraic polynomials of order at most и), then 
yn{ f)~ c  In n. Answering a question of J. Szabados, we show that in general a 
“bad” subsequence of the y„(/)’s can tend to infinity arbitrarily quickly. On the 
other hand, it turns out that if /€L ipa with some 0 < a ^ l ,  then there exists а 
proper subsequence of y„(/)’s which increases at most exponentially.

The question of estimation of у„(/) from above is closely connected with the 
question of distribution of the points of Cebysev alternation. In the first part of 
the present paper some new results in this direction will be obtained.
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280 A. K R O Ó

The distribution of the points of Cebysev alternation in the periodic case

Let /  be a nonpolynomial 2^-periodic continuous function, denote pk( f)  
its trigonometric polynomial of best approximation of degree k, and let Ek(f)  
be the error of approximation. Then in [ — л, n] there exist 2 k+ 2 points of Cebysev 
alternation — 2>4< я  satisfying the relations

(2) Л *,.*)-А (Л  x itk) = yk{ - 1 ) '£* (/) (i = 1, 2, 2/c+2; |y4| -  1).
The question of distribution of the points {xUk}fi+k2 was already studied by 

M. K a d e c  [12]. He considered the case of approximation by even trigonometric 
polynomials.

T h eorem  (M. Kadec). Set

Then for arbitrary e>0
(3) lim Akk1/2~e — 0.

i — k — 2
* i , k -------- r r — nk+ l

Further B. O. B jö rnestä l  [9] proved that the lim in Kadec’s theorem cannot
ft-*-©о

be strengthened to lim .
We shall investigate the distribution of the points of Cebysev alternation from 

another point of view. Denote by dk( f )  the minimal distance between the points 
of Cebysev alternation:

dk(f) = 0 ^ d k ( f)  ss

where х2к+3гк= х1Л + 2л. Then the general question is as follows: how does dk( f)  
tend to zero when k-~ °o? Obviously, (3) does not give any information about 
dk(f). Let T  be the set of all trigonometric polynomials, С2я the space of 2л- 
periodic real valued continuous functions. Then we have the following

T h eorem  1. Let / € С 2л\ Г ,  then
(4) Em kdk( f ) >  0

ft-*- oo

i f  /6 Lip a for some 0 < a S l ,  and
(5) Jim к log" к dk ( /)  = °°

ft-*00

i f  / it  Lip a for all 0 < a á l ,  where /1> 1 is arbitrary.
The proof of Theorem 1 will follow from two lemmas.
Lemma 1. For any /€ С 2я\ Т ;  k ,m £ N, m >k

(6) dk( f ) ё  
holds.

2(Ek( f ) - E m(f)) 
m (Ek ( /)  +  Em (J))
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P roof. For any l,s£N  define rs( f ) = f - p s( f) ;  <Ps, i ( J ) = r s ( f ) - r l ( f ) = p l { f ) -  
—ps(f) . Let be the system of Cebysev alternation of /  of degree k,
i.e. these points satisfy (2). Assume that dk(f)= x J+ltk—xjik and y*(— 1)J =  1 
( l^ j^ 2 k + 2 ) .  (If yk{— 1)J =  — 1 the proof does not change.) Then

rk(f, Xjtk) = Ek(J); rk(f, xj+hk) = - Ek( f )

and using that ||rm(/)|| =Em{ f ) ^ E k{f)  we obtain

Xj.k) =  rk(f, Xj'k) - r m(f, xj>k) £  Ek( J ) - E m(f)\

tPk,m(f’ Xj + xtk) Гк (j\ X j +  i>k) Гт (У, Xj + itk) — Ek(f')-\~Em(f'),
Hence

0 = 2(Ek( f ) - E m(fj)  з£ (pk' J f ,  xjtk)-<pk<m{f, xJ+1'k).

But Ipk,m( f )  is a polynomial of degree at most m, therefore Bernstein’s inequality 
implies

2 ( £ * ( / ) ~E m(f)) =  Wk.miL xjtk)-(pk>m(f, xJ + 1 ' k ) I  3 =

= \\<p'k,Jf)\\ dk(f)  з£ m\\<pk,m(f)\\ dk(f)  3= m(Ek(f)+ E m(/))dk(/)

and the lemma is proved.
Lemma 2. For any f€.C2lt\ T

holds, where /?>1 й arbitrary. Moreover, i f /6  Lip a for some 0 < a S l  then

P ro o f . Assume at first that /iELipa for some 0 < a S l .  Then for any & sl,
E (

^ ^ E k{ f ) ^ A k ~ x, A> 0. Let us prove that in this case Inn — <1.  Assume

the contrary. Then lim -̂ 7 77 = 1, hence Ek(f)< 2x,2E2k( f )  for k ^ k 0 and
^ ( . 0

iterating this inequality n times we obtain
0 <  Eka(f)  <  2a,2F2ko(/)  <  ...<  2"*/2F 2»t0(/) S 2-^ii (2-fco)- = A k ^ 2 ~ ^ \

But this is an obvious contradiction, because n can be chosen arbitrarily large. There
fore lim if /6  Lip a and (8) is verified.

Let us prove now (7). Assume again the contrary. Then for any к s i

M ' °
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or

log  ̂к
and iterating this inequality n times we have

B u t  n  ! - w -  ,e r  a s  Y l —*■ oo becauselog'*

2  М/log" 2 '-1 =  M 2  [(/ - 1) log 2 + log fcj -  '  S

By £ г ц ( Л - 0 (л — oo) we obtain a contradiction again. The lemma is proved.
Proof of Theorem 1. Setting m=2k in (6) and combining it with (7) and

(8) we obtain (5) and (4), respectively.
Example. It is known that

Theorem 1 shows that for a “good” subsequence dk(f )  tends to zero essentially
1

R em ark . Replacing Bernstein’s theorem by Markov’s inequality we can get 
analogous results in the algebraic case.

Let us formulate now the main lemma which essentially is proved in [1]. 
We shall consider again the general case, when elements of C[a, b] are approximated 
by polynomials belonging to an «-dimensional Cebysev subspace Un(zC[a, b).

Take a system of points (as)X ]< x a<...<A:„+1(^Z>). Omitting the rth point 
( l s r s ; i  + l) we can construct the Lagrange interpolatory operator corresponding

^ ^ E k( |c o s * |) s -£

for any fca 1. Then setting m — к in (6) we obtain for any i s  1

The main lemma
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to the system of points х1-=х2< . . .< х г_1< х |.+1< .. .< х и+], which projects C[a, b] 
into U„. Let Я„ r be the norm of this operator and set Я = max Я„ r.’ l^r^n + l ’

Then we have the following 
Main Lemma. Let qn£U„ satisfy

(9) (-1  )i+1 q„(Xi) S  fi 0  =  1, 2......n+1)
with some /r >0, then
00) IkJ 5=я„/1.

Let /£C[a, A] and {xj"^1 be its system of Cebysev alternation, p„(f ) the poly
nomial of best approximation. Then for any f fC [a , b\

(11) I I / - л(Л)И ^  И/-ЛИ +En( f i) ^  £ „ (/)+ 2 ||/- /ill
holds. Further using the relations f(X i)—pn( fx ,)= y (—iyEn( f )  ( l s /S n  +  l ;  
|y| =  l) and (11) we have

v(— l)i+1[Pn(/i)—FnC/iK- î) — 2 ||/—/ill (i = 1,2, ...,n  +  l), 
thus by (10)

IIPn( / ) - F n(/i)ll ^  2 Я „(/) ||/- /1|| 
and by definition of y„(f) (see (1))

(12) yn(J) ̂  2Я„(/) 
holds.

This inequality gives us a possibility to estimate yn( f ) from above. Я„(/) is 
the “Lebesgue constant” of the system of points of Cebysev alternation and it 
depends, of course, on the minimal distance between the points of Cebysev al
ternation.

An upper estimation for Я„(/) in the periodic case was obtained in [17].
Let /6 C 2n, {Xi'k}?i\2 be its system of Cebysev alternation of degree k, dk( f ) 

the minimal distance between the points of Cebysev alternation and by the points 
{xi k} fi\2 define Я*=Я*(/) as above. Then by a lemma from [17]

Hence and from (12)

( l 2*
Т Ш )

where yk( f )  is the Lipschitz constant of degree к in the periodic case.
Now applying the results of the previous section we are able to obtain upper 

estimations for y„(/).
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Upper estimations for y„ ( / )  in the algebraic case

Denote by P„ the set of algebraic polynomials of degree at most n and set
P= (J P„. In what follows p„(f)£Pn denotes the best algebraic approximation

/1 =  0

of fiC[a, b], and En( f)  the error of approximation. For any /£C[a, b]\P  define 
у „(f) as the Lipschitz constant of the operator of best approximation (see (1)).

Theorem 2. Let f£C[a, b]\P . Then

(15)

where ß>2

lim М  =  0,

is arbitrary. Moreover, if f t  Lip a for some 0 < a ^ l ,  then

П
(16) hm ]/y„(f) <  “ •

П-*- oo

Proof. Set

F ( y )  = f \ ~ Y ~ c o s  У +  a~ Y ~ \ >

then F£C2it and evidently y„(f)=y„(P), where yn(F) denotes the Lipschitz con
stant of degree n in the periodic case. Then by (14)

(П ) .

Further if /С Lip a, then F£ Lip a, and combining (17) with (5) and (4) we get (15) 
and (16), respectively.

Lower estimations for у„(f) in the algebraic case

In [13] it was proved that if the number of points of Cebysev alternation of 
f£C[a, b] is exactly «+2, then the operator of best approximation is differentiable 
by direction, i.e. for any g£C[a, b],

(18)

exists. Moreover, it turned out that the derivative is a linear operator of the variable 
g. Further, Df p„ projects C[a,b] into P„ and if g£P„, then Df pn(g)=g. Thus 
Df p„ is a linear projection from C[a,b] to P„ and by a well-known theorem 
(see e.g. [14])

(19) ||D/PJ,sJ jlogn  +  0 (l)
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where || • ||* denotes the operator norm. It follows from (18) that for any g^C[a, b], 
£ф 0

\ \ D f P n ( g ) \ \  =  U r n  I I P n ( / ± ^ | ~ P ~  =  У Л Л М  
or

7nU) *  llgll '
Hence and from (19)

Уп(1) — \\DfPn\\* — -^ logn+ 0(l). n
Thus we proved the following

Theorem 3. Let f£C[a, b]\P  and assume that f  has exactly n + 2 points o f 
Cebysev alternation of degree n. Then

У nil) S ^ to g n  + OO).n

Examples. The functions ex and —— (c€ R \[a , b]) satisfy the condition ofx —c
Theorem 3 for any 0 therefore

thus Theorem 3 generalizes the result proved in [11].
Our next theorem shows that lim in Theorem 2 cannot be strengthened to

П —► °°
lim .
П -*• oo

T heorem  4. For any sequence of positive numbers {п„}Г=1 > an_*'°° there
exists a function f£C[a, b] such that

(20) lim V yJJ)
an

holds.
The proof of this theorem will follow from several lemmas.
For f£C[a, b] denote by An( f )  its set of all points of Cebysev alternation of 

degree n\
An(J) =  {xt[a, b]: \ f ( x ) -p n(f, x)\ =

For the sets fi,C Q [a,i] define the density of В in C by

q(B, C) =  sup inf \x — y|.
x C C y C B
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L e m m a  3. Let f  {A}r=i€C[a, b] and assume that the sequence {Л}Г=1 converges 
uniformly to f  as Then for all fixed n we have

ß{An(J ) ,A n<Л))-* 0 (fc-co).

P r o o f . Assume the contrary. Then there exist a positive <5 >0 and a subse
quence ki such that

ß(A„(f), An( fkl)) ^  Ő (i =  1 ,2 ,...).

Hence we can choose a sequence of points {x̂ },“ i satisfying the following proper- 
ties: xkf A n( f k)  and |y - x J S y  for any y£An( f )  (/= 1 ,2 ,...). Without loss

of generality we may assume that xki-»x0£[a, b], then \y —x 0\ ^ — for any y£A„(f). 
Thus x0$ A n( f) ,  hence
(21) \f(x0) - p n( f ,  x0)l <  £„(/)•
But xkf iA n( f k)  therefore
(22) \fk,(xk,)-Pn(fkt , x kl)\ = E„(fkl).

By continuity p„(fk)=*pn( f) ;  En( f kl) ^ E n( f )  (/->-), moreover x*(- x 0 ( i - ~ )  
and this and (22) imply

If ( x 0)-Pn(f ,  x 0)\ =  £„(/).

This contradiction completes the proof of the lemma.

L e m m a  4. Let f£C[a,b], An( f ) ~  {х<|И}?+0хс  | a, ° * Ъ ], where x;>„ = 
= x0 n + ih„ (/=  1, 2, ..., и +  l ;  A„>0). Then

<23,

P r o o f . Set f = f —p„(f), then || /Ц =E„(f), and let x be the zero of /  nearest 
to x„+ln and satisfying x< x„+li„. Then for any e>0 define //€C [a, b] by

/ Í W  -
II/II + £ 7/ ч—jjjjj—/(*)» *€[x, 6];

f(x), x€[a,x].
Obviously И / —//II = s and

(24) £„(//) = а д ) + / х  = ||/||+А1

where p=p(e)>0. Without loss of generality we may assume that

(25) /(*,-,„) =  ( - ly  il/ll (i -  0, 1, ..., n +  1).
Then (24) yields

( -  1)Í + 1P„(/Í. *i,n) =  P 0  = 0,1, ..., n+  1)
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and applying the main lemma on the interval [x0_„, xn+lj„] we get

cor(x)
II Pn (fi)\\ max+i

n +1
2
i = 0iVr

( x - x iin)a>'r(xitn) Oo,n.*n + lt»J
П + 1

where cor(x)= [J (x —xjtn). Thus 
j=о j*r

(26) IIPn(/i)ll[x0, + — p ( x n + i,n  х о .п У 0 ™ ах+1  2 ?  i ^ n + i _ i y h n -
i*r

where c6> l  is an absolute constant. Further by (24) and (26)

Ц/ H + e -c? /i S  | / í ( x n + l j n ) - p „ ( / í ,  * „ + 1 > n ) |  ^  En(fí) =  l l / l l  +P
i.e.

(27) ^ ~  T ic jf  ~  c?e‘

Let {xf}jio be a system of Cebysev alternation of / / .  By assumption /  has 
exactly n+2 points {xijn}?=o of Cebysev alternation, therefore Lemma 3 implies 
that

x? — xif„ (i = 0, 1, .... n+1)

as e—0. Then for 0<eSeo, {xf}?=0c:[a, x]. By construction f{ = J  on [or, 5c]» 
hence
(28) / ÍW )  = /(xf) (i =  0, 1, n), 0 < e ^ e 0.

On the other hand, using (24) we obtain

(29) fí(x í) -p „ (fi,  xf) = ye( 1)'F„(/Í) -  У£( - 1)411/11 +P)

( i  =  0 ,  1 , n +  1;  | yt | =  1).

Then by (28) and (29) for any i‘=0, 1, . .. ,n  and 0< £ S eo

ll/ll +P -  7Á -  l)7 i(x f)+ y e( -  l)i+V „(/i. x?) =

= 7e(- l)7(xf)+yE( -  l)i + V n(/l. Xi)
holds and thus

(30) yc( -  l)i+1p«(/i. xf) =  /* (*' =  0,1, ...,n ; £0).
By Lagrange interpolatory formula

n
Pn(fl x )=  Z  Pnifi> Xf)

i = 0

w£(x)
(x-xf)cu'(xf)
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П
where те (х) =  J]  (х—xf). Then (30) implies

( - i ) n+1V'Pn(Jí, ь)= 2 ( - i ) n+i= 0

П

I K W ) ! " 1 ( o < s ^ s 0).

hence and by (27)
n

(31) \\p„(jm  S  ecS(b-ay 2  K W ) ! '1 (0 <  £ ^  £„)•i=0
On the other hand

I I P „ ( / Í ) I I  ^  7 „ ( / ) I I / - / Í I I  =  T „ ( / ) 6

thus combining this inequality with (31) we obtain
n

(32) Уп(1) = сЦ(Ь-а)п 2  K (* i) l_1 (0 <  £ S  e0).i = 0
Here the left hand side does not depend on e, therefore we may set e-*-0 on the 
right hand side and using that х'-*-Х;п (e->-0) we obtain

But evidently y„(J)—y„{f) hence (33) gives (23).
In order to prove Theorem 4 we must construct a function satisfying the con

ditions of Lemma 4 for a certain subsequence nk, k = 1, 2, ... on which h„k tend 
to zero arbitrarily quickly.

The method of construction will be essentially the same as that of [9] and will 
be based on the following statement proved by S. W. Young [15]:

For any (/=1,2 , . .. ,n ) there exists a polynomial p such
that p(x,)=yi (/=0, 1, ..., ri) and p is monotone on each subinterval [*/_!, xj
( i'= l,2 , . . . ,r i) .

Lemma 5. For any sequence o f positive numbers {£;} ^ 0 monotonically converging 
to zero as /-*-<», there exists a function /€C[u, b] and a sequence {«&}Г=о suc/г that 
A„k( f )  consists o f exactly nk + 2 points satisfying

where 0<hnk̂ e„k (fc =  0, 1, ...,).

Proof. We shall represent /  as a sum 2  Яп, where q„. are polynomials of
degree nt, ni+1>nt (/=0, 1, ...). Let us construct these polynomials. Set qno=q0= 1

(33)
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points x„, xk satisfying с< хй<хк<у0. Then there exists a polynomial q„x such 
that

(34) qni(x0) = - qni(x j  =  у ; qni{a) = qni(b) = qni(c) = 0\ qni =  y

and qni is monotone between any two consecutive points at which its value is pre
scribed in (34). Using that qni(c)—0 we can choose yk such that |<7„,| < y  for
xd[c, уЦ and 0<>»!—c< eni. Further take any x2 satisfying c<x2<y1 and set 
x2+i= x2 — ih1 (i= l, 2, ..., Их+2) where 0 is so small that c<x„1+4. Then 
there exists a polynomial q„2 such that

(35)

ЯтШ =  sign qni(xi)/8 (i =  0,1);
qn (x t )  =  0 ;

- q„Axi) = ( - !)74 (» = 3, 4, Hi + 4);
q„2 (a) =  q„2 (b) = q„2 (c) =  0; q„2 (^ y ^

and <7„2 is monotone between any two consecutive points at which its value is pre
scribed in (35). Evidently л2 >nx >и0= 0 and we have constructed the sequences 
{*i}?l=o4> Ш.-=о and {qni}f=0. к — 1

If we have already constructed the sequences {x,}^" 1 , {_у,}*=о, {<7„,}f=0
(k^2)  and q„k(c) = 0 then 

A) choose yk such that

(36) I qn. 2k+1 , x e [c, yk] and о  < Л - с < е  ;

В) take any c<Xk-i <yk and setHi-)-3к—1J = 0
Xk-i =  Xk-i —ih„. (i =  1, 2, , Пк+2),

2Г n,+3fc +  i - l  X  H-3ÍC —1 Пк v *J = 0 -1 J= 0
where h„. is so small that x кХлх+3* + 1 y = o J

•c;

(37)

C) consider the polynomial q„k+1 satisfying the following relations

sign^JXi) ( ; n , ^  „V
+ i(^«) 2k+2 U 2  nj + 3k 2j,

У’ч<+АХк£ 1 n+sk_x) — о»
J= 0

Í—IV f *-* * ^
?пк+1(*г) =  y r t r  \ i=  2  Hj + 3k, ..., j ? n y + 3fc+l ;

4nk+i(fl) Чпк+1 — +1 ® ’ Qnk+1  ̂ 2 ) =  2k+2
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and monotone between any two consecutive points at which its value is prescribed 
in (37). Then by (37) nn+1 >nk and it can be easily proved by induction that this 
construction gives us sequences {x;}fl0> {уАТ= о ar)d {<?„к}Г=о (ио< й1< ” 0 satisfying 
A)—C) for any k = l,  2, .... Moreover by (36) and (37) for any k = 1, 2,...

(38)

holds.

-  2* + * * C];

2kTr» x£\c, x u  ];+ z  L Z  п , + Зк + 2-*
j  = о

1 Г -|-  x ^ l x  * , >Xk-i J2 + 27 п.+зл + г 27 п,+з&—iJj=o J j=o

Set / =  2  Чщь Pnk= 2  Ящ (& =  2). Evidently p*k are polynomials of degree
i = 2 i= 2

at most (к=2, 3, ...). Let us prove that p*k are the polynomials of best appro
ximation of /  of degree nk (k—2, 3, ...). Consider f —p* = 2  Чп,- Then by (38)

i=k +1

l / -p ? J  = 2  \4m\
i= k  + 1

5 , j § 1 2‘+r  =  2*+r ’ x€[a’ c]U ^ ki-1nJ+3k-T

(39) <{< 2k + 2 + i=̂ 2 2‘ ”  2*+2’ nJ+3*+^;
1 “  1 3

2k + 1 * iJ&2 2i+1 ~  2*+2 ’  X£LX £  «j+u+z’ ^Znj+sk-J-

On the other hand

4nk+1(Xi) = (- l)‘/2k+1 ( i =  2 rij+Ък,..., 2nj+3k + \);
v j= 0 j = 0 /

4nm(xt)  =  ( - i y / 2 m+1 ( i  =  2  nj+3k,  ..., 2 n j  +  3 k + \ ] ,  m ^ k  +  2.
'  j= 0  j= o  /

Therefore

( / - p í j f e )  =  Í  qnj(xi) = (— i)‘/2k+1 +  i  (— iy/2J+1=
j=k + l  j'=it+2

=  (_ 1 )г-^ Т ?  i* =  .Z  ”y +  3fc, ... ,  ^ « y + S fe  +  l ) ,  lc =  2v J = 0 j = 0 >
3

and by (39) it is evident that | / —p*fc| =  - t+2 only at these nt + 2 points. Thus p*k =

k — 1 к
=P„k( f)  (k = 2, 3, ...); Ank{ f)= { x t-, i= 2  nj + 3k, ..., 2  *]+3k + 1} consists of

j =o j=0
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exactly nk + 2 points which are equidistant and belong to the interval [c, yk] о  
1 (k = 2, 3, ...)• Further by (36) yk—c<e„k and this completes the proof[ a- 

Г ’ —;2
of the lemma.

Lemmas 4 and 5 verify the statement of Theorem 4.
R em ark . In 1963 D. J. N ew m a n  and H. S. Sh a pir o  [16] proved a strong unicity 

theorem which states that for any f£C[a, 6] and q fP n

\\pn(f)-% \\ ^  cn(a ,b ,f) { \ \ f-q n\\-E n(f)}

holds. This generalizes Freud’s theorem and gives an idea of defining the strong 
unicity constant

<*»(/) =

Evidently, for any /£C[a, b] 
(40)

sup
ЧпЧРп

\\P„(f)-4n\\
| | / - < 7 J - £ ■ „ ( / ) •

?„(/) = 2a „(/).

This immediately implies that for arbitrary f£C[a,b] with exactly n+2 points of 
Cebysev alternation

(41) <*„(/) i ^ + 0 0 )

(Theorem 3), and in general a subsequence of the a„(/)-s can tend to infinity ar
bitrarily quickly (Theorem 4). Moreover, the upper estimations given in Theorem 2 
remain true after replacing у„(f) by a„(/), the proof can be obtained analogously.

The behaviour of a„(/) for varying n was first studied by S. J. P oreda [18] 
who proved that the sequence {«„(/)}“=0 is in general unbounded. In [11] the authors 
extended this result for a certain class of functions. However the functions of their 
class have exactly и+2 points of Cebysev deviation, thus (41) gives a more general 
statement.

The author is indebted to J. Szabados for his valuable remarks.
Added in proof (June 2, 1980). Meanwhile D. Schmidt (J. Approx. Th., 24 

(1978), 216—223) proved that if for given fdC[a, b] the numce of points of Cebysev 
alternation is minimal for infinitely many n's, then lim <*n(f) = °°- This statementП—оо
immediately follows form (41).
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Theorem 1 (b) should be deleted and inserted in corrected form just prior to 
Theorem 1 as a

L em m a. Iffor a ring R x(R)=(n,k), then т (M )^(n ,k) for every R-module M.
The proof (a) => (b) in the proof of Theorem 1 proves the lemma.
The authors want to express their appreciation towards W. G. Leavitt for 

bringing the error to their attention.
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ON THE CAUCHY PROBLEM FOR NON-LINEAR 
SYSTEMS OF PARTIAL DIFFERENTIAL-FUNCTIONAL 

EQUATIONS OF THE FIRST ORDER
By

Z. KAMONT (Gdarisk)

Assume that functions f M(x, Y, z, Z, Q), az(x, Y), t = 1 , m, <Pi(x, У), 
Fw(x, У)=(ф[‘\х ,  У ) , ф(п1\х ,  У)), i =  l, т, where Y=(y1, ..., у„), 
Z=(z1, ..., zm), ß = U i, qn), are given. Suppose that 7 is the initial set of the form

7 =  {(х,У): *€(Po>0]> J^R"}

where R" is л-dimensional Euclidean space and p0<0  (in particular it may be 
Po =  - “ )•

In this paper we shall deal with the Cauchy problem for the non-linear system 
of differential equations of the first order with a retarded argument

(1) 3ZÁdx Y) = /(0  (*’ 7’ Z' (X’ П  Z ^ (X’ П  У))’ ^ J T ^ )  
zr(x, Y) =  at(x, У) for (x, Y)£I, r = l , . . . ,m ,

where
Z(cp(x, Y), 'Fix, У)) =  Y), У»>(х, У)), .... z ^ J x ,  Y), У)),

z2(<pkl+1(x, Y), F ^ ( x ,  У)), z2(cpk2(x, Y), Т<Ы(х,Г)),

zm(<pkm_1+1(x, Y), V»m- i +»(x, Y))...... zm(cpkm(x, Y), W ( x ,  У))),

0 S  kk S  /c2 s  ... - kgj — tn, 

dzx(x, Y) fdzt(x, У) 3zt(x, УЛ
ay I дуг J-

The Cauchy problem for first order partial differential equations was considered 
by many authors; see [1], [5], [9]. Some results concerning first order partial dif
ferential-functional equations and inequalities can be found in the papers [2], [3],
[6]—[8], [10], [13], [14].

In this paper we prove that there exists a unique solution of problem (1) and 
we give the estimation of the existence domain of solutions of (1). Our results are 
generalizations of some results of papers [6], [7], where theorems concerning the 
global existence of solutions of linear partial differential-functional equations of 
the first order have been established. The Cauchy problem for a single differential- 
functional equation was considered in [8].
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296 Z. K A M O N T

I. Assumptions and notations

Let A — {x, у ........yn), 2 =  {я, y lt  y„, z, zx, zm, qlt qn). We introduce
A ssu m p t io n  Hx. We suppose that
1° the functions / (t), t  =  1, of the variables (x ,Y ,z ,Z ,Q )  are of

class C2 in the set

Q =  {(x, Y, z, Z, Q): jc€[0, a), Y, ß£ R", z£R, Z£Rm},

2° the functions (pit =  ф<п), i= l ......m, of the variables (л:, У)
are of class C 2 in

E0 = {(х,У): х€[0,а), У£R"}
and
(2) p0 <  <Pi(x, У) S  x, (x ,Y )£E 0, i = l ...... m,

3° the initial function a =  (ax...... ад) is of class C2 in I,
4° let Z (x, Y)=(z1(x, У), ...,z„(z, У)) and

Л,(*, У, Z(x, У)) = / (t> (x, У, zt(x, У), Zfo»(x, У), П * , У)), ^ ^ У));

we assume that the consistency condition

Rt(0,y,a(0, У)) -  F ) ,

а/е,(дс, у, z (x , y ))
ds z(x,y)=*u,n

x= 0

аЧ (о, у )
Эх ős

is satisfied for y£R", z= l, m, s£d.
A ssu m ptio n  H2. We assume that
1° there exists a constant A =-0 such that for each и, t>£d we have
If< '> (x ,Y ,z ,Z ,Q )\^A , \fuv}(x , Y, z, Z, Q)\ S  A on Q, г = 1......m,
2° there exist constants B, C^O such that for each s, t£A

and

őat (x, У) ő2at(x, У)
ds — -O) ős őt В, (x, У)€/, г = 1, m,

ő<Pf(x, У) <ЩЧх, Y) d2(Pt(x, У) ő2iAj°(x, У)
ős ős 5 ős őt J ős őt

(x.yjeí'o , i == 1, 7 == 1,
We adopt the following notations. Let

(3)
In 3

2u ( l+ ( l+ « )£ )J

A c i j  Mathematica A cadem iae Scientiarum  Hungaricae 35, 1980



CAUCHY PRO BLEM  FOR N O N -LIN EA R  SYSTEMS 297

(5)

and

(6)

where
(4) N0 = A [1 +mrC(l +n)]2+mAC(\+ n)[f+pC(\ +и)]
and the constants r, p are defined by

f  =  [mC(l + n)+1]-1 {[B(mC(n + 1) + 1) + 1] exp 1 ~ *}»

p = 2[B+Ac(l+rB)]

c = [2Ar(l + rB)]~1,

=  j + ( n  +  l) [ l+ { m C (3  +  C (n+l))].

Let E= {(a, Y): a€[0, b), FgR"} where Z>—min (a, c, q).
In order to prove the existence of a solution of problem (1) we define the sequence 

{Z(k)}, Z <k>=(z[k), zffe)) in the following way:
Zj0), r =  1, are arbitrary functions such that the functions

fz (°)(

Û X’ Y) = U (x ,
are of class C2 on EU I  and

( 8)

zt<0) (a, Y) for (x,Y )€E
t =  1, . . . , m

dz'°>(А, У) d2z!°>(x, y)
ds 9 dsdt

Y) for (a, Y)£I

By (x, Y)£E, s, t£A.

(9)

where
( 10)
and
( 11)

If Z w  is a known function, then z**+1) is a solution of the Cauchy problem 

dZÁ̂  Y)  = f* "  (a, Y, zz(x, Y), dZ' (£  7 )) , 

zt(0, Y) =  <ut(F)

F 'k\x ,  Y, z, ß ) = / (I)(x, У, z, £/«(<?> (*, П  !P(jc, У)), Q)

and

(12)

(13)

Um (x, Y) = {u{k>(x, Y), ...,«£*>(*, Y)),

Uw (<p(x, Y), 'Fix, Y)) =

=  Y), У « ( а , Y)), ...,u{»(<pkl(x, Y), «P<‘2>(a , Y%

« . K +1(*. y)» у “ 1+1)(*, n ) , .... «,(?*.(*, П  П),

Y), v»m - !+»(*, У)), .... « .(^ (д с , У), W ( a, У)), km = m, 

z\k){x, Y) for (a, Y)£E,
и?>(а, Y) = I */■

K ( x , У) for (а, У)€/, 
в>,(Г) =  вЦ0,У).
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II. The existence of the sequence of successive approximations

Lemma 1. I f  assumptions H* and H2 are satisfied then for an arbitrary index 
к we have

(I*) Z (k) is defined and is o f class C2 on E,
(II*) for  (x, Y)£E we have

d z f f x ,  Y)
ds X A(x), s i A, x =  1, m,(14)

where
(15) A(x) =  [m C (n + l)+ l]-1{ [B (m C (n + l)+ l)+ 1] ̂ (-c(-+i)+i)»_ i} 
and

d z^ (x , У)
(16)

(17) 

where

(18) 

and 

(19)

ds

(III*) for (x ,Y )£E  we have 

d2z<*>(x, Y )
ds dt

ß(x)

d2z<»(x, Y) 
ds dt

r, (x ,Y )£ E , T =  1 , ,  m, s€2l,

S  p{x), s, t£A, т =  1,

B + A (\+ rB )x  
1 — Ar(l +rB)x

S p, s, t£A, x = 1, ..., m,

(IV*) F{zk) are of class C2 in the set
Q0 = {(x, Y, z, Q): x€[0, b), (У, z, 0iR "xR X R "}  

and for each u, v£ {x, ylt уг, z, qlt ..., q„} we have 
(20) \F ™ {x,Y ,z,Q )\?kN 0, \ F ^ { x ,Y ,z ,Q ) \ ^ N 0, (x, Y, z, Q)£Q„.

Proof. It follows from Assumptions Hx, H2 and from (7), (8), (10)—(12) 
that conditions (I0)—(IV0) are satisfied.

Let us suppose that for some k^O  the conditions (I*)—(IV*) hold. Now 
we shall prove that (I*+1)—(IV*+1) hold too.

Let us consider the initial problem (9) where the functions F(zk) and <ur are 
defined by (10)—(13). From Assumptions H1; H2 and from (I*)—(IV*) it 
follows (see [5], [12]) that there exists a solution z<zk+1>(x, У) of problem (9). This 
solution is defined and is of class C 2 in the set

E =  {(x, У): x£ [0, b), У iR")

where £=min {b, q) and q is defined by (3). Since min (b, q) = b, we have Ё—Е 
and the condition (I*+1) is proved.
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Now we prove (IIk+1). Let
(21) T(b, t], A) = {(л:, У): x€[0, b), lyj ё  r\-Ax, i =  1...... n}

where //>0, b < ~ -. It follows from Assumption H2 and from (I*+1) and (II*)
A

that for each the differential inequality

(22) » ( « £ « & П ] |  - A +mAC(n + » m  + Aox v os )\ s

t  U  d ['dz<*+1>(;c,r)'|| ,  v ^ r r r , u  л
+ A j?1\dyJ { ds J r  (x>Y)tT(b,ri ,A),

and the initial inequality

02»+» (0, У)

+

(23) ds * B ,  (0,Y)tT(b,ri ,Ä)

hold. Hence, by comparison theorems for partial differential inequalities we get 
(see [9])

dz<*+l>(x, У)(24) ds ■■su (x), (x,Y)£T(b,tj, A),

where и is the solution of the initial problem 
du(x)

dx
=  А + тАС(п + \)Л(х)+Аи(х),

u( 0) =  B.
Since й(х)=Л(х) for xg[0, b) therefore

dz<k+14x, Y )(25) ds
for (x, y)€ T(b, rj, A). Because for each point (x, Y)£E  there exists an rj>0 
such that (x , Y)£T(b, rj, A), then we have inequality (25) in E. Since A(c) =  r 
and bsc , it follows from (25) that

dz?+»(x, Y)
ds S  r, (x, Y)dE,

which completes the proof of (IIt+1).
Now we prove (III*+1). We will show first that

(26) d2z«+»(:c, Y)
dYidyj

S  n(x), i , j = l , . . . , n ,

for (x, Y)€T(b0, t], A) where 60< — andA

(27) T(b0, tj, A) = {(x, У): x€[0, b0\, |y,| á  q -A x , i = 1, .... n}.
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Put

(28) Г ,А  У, A) -  1 Г) ]

where б, =  (0, О, 1, 0, О), 1 standing on the i-th place. We will prove that
there exists a continuous and non-negative function 0(h) such that
(29) Um<5 (h) =  0 
and

A - 0

(30) \ A [1 +/r(x)(l +m C (l + n ))+ 2  \Vu(x, Y, A)|] ■

• [1 + /iM (l +  mC(l +и))+ Д  IVjtix, Y, A)| + 5(A)] +

+ц(х)тАС(1+п)(1+С(п + 1))+А\Ги (х, Y, h)\+A Z  £ -(V ,j(x , Y, A))
/=i 0 У1

(■x ,Y )e T (b 0,tj,A ), i , j  =  1, n.
Substituting z<*+1)(x, 7) and z<*+1)(x, 7+0,/г) into (9) and differentiating 

the identities thus obtained with respect to y3 we get
(31)

VtJ(x, Y, A)I S  [ I  [f ™  ( x , Y+0th, * ? + « ( jc ,  7+0, A), W k+1)teY+ 0,h)  ̂_

-  f ;;* >  [ x , y , z<*+» ( x , 7), У))]| +

(x, Y+0,h, z[k+1)(x, Y+dth), Щ к+1>(х£Г+0,К)j _+

-F < '« (*, 7, .(A+l)(*. Y),
dz<k+1)(x, 7) 

dY )]
dz[k+1'(x, 7 + 0 , A) I

dyj +

+ h -
pz<*+1>(x,7+0,A) £z<*+i>(x, 7)11
Í dyj dyj Jl

• IF™  (x, 7, z“ +1>(x, 7), dZ'k+" ( X’ 7 ) )| +

+  2  { | |  [ n tW (*> у+ 0 |й, 7 + 0, A), dz'k+-.i±YY+0ih))j -

- F ™  (x, 7, z i-> (x , 7), Y + W

+

dyjdy,
|1 p 2zit+»(x, 7 + 0 ,A) d2z<k+1>(x, 7 ) '

dyjdy,

• |f£*> [x ,Y , .(M-l) (*, Y),

dyjdy,
dz<k+1>(x, 7) 

dY I
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It follows from Assumption H2 and from (10)—(12) and from (II*) that for each u£A

(32)

where

I  [/„«> (Р»> (x, 7 +  0, A))-/.<*>(P<*> (x, 7))] I 

ША fl +  Я(х) + тС(л+1)Я(х) + 2  IУц(х, Y, A)|

(33) /><« (x, 7) = (x, 7, z<*+1> (x, 7), Uw (cp(x, Y), V(x, 7)), 7 ) j .

For each s£A we define

(34) ]•) yo l<»’ y »  »»A*- I

+ W W ) _  , =  1.......т Л  ^
/ = 1  O Y l  (7S

From (10), (32)—(34) and from (II*)—(III*) we obtain

(35) J  [ f y(; ‘> (x, 7 + 0 ,A, z«+«(x, 7 + 0 ,A), az ' - 1)(y +e,fe)) -

- c  (*, У, 4 t+1)(x, 7), dz* +” <Xt y ) .]]| S  

S  IJ  [/<;> ( p < k> ( X ,  7 +  0, A)) - /W  (F<*> (x, 7))]| +

+ Д  |{{ [Д1) (Piw (x, 7+  0, A)) -/£>  (P<k> (x, 7))] I |F//; (x, 7 +  0, A)| +

+  i { | / , v )(^ * )(*, y))| j [ P $ ( x ,  7 + 0 ,А )-Л « (х , 7 ) ] íj ё

S  Л [1 +  гоС(в +  1)Я(х)] [1 +Я(х) +  тС (л+ 1)Я(х)+ Д  |Уд(*. У, Л)1] +

+  т+С(л +  1)[(л + l)C/i(x)+A(x)].

It follows from (28) that there exists a continuous and non-negative function <50 
such that
(36) lim <5„(A) =  0Л—оо
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and

(37)

d2z<*+1>(x, Y)
dyt byj — \^lj(x > Y, A)| +  á0(A),

Wu(x, Y, h)\ á
7(k + 1 ) (*, Y) + ő0(h), it j  — 1 j • • • j nbyibyj

for (x, Y)d T(b0, rí, A).
Finally, by (10)—(12), (31), (35), (37) and by (III*) we have

(38)

^[1+ш С(л +  1)1(х)] [1 +  A(x) + mC(n+ l)A(x) + 2  F,/(x, Y, h)|] +
i=i

+ mAC(n+l)[(n + l)Cii(x)+X(x)] + A\Vij(x, Y, h)\ +

+ /l [ l+ I (x )  +  mC(n+ l)A(x)+ Д  \ Vu(x, Y, h)|] A(x) +

+ A [  1 +2(x)+mC(n + l)A(x) + Д  IM *, Г, h)|] [ Д  \Vß (x, Y, h)\ + ö(h)] +

+ A ^
i=i

^ F , ( x , F , h )

where ö(h)=nő0(h). Since A(x)^ii(x) for x6[0, b), we get from (38) differential 
inequalities (30).

Because
(39) |Fo.(0, Y, h)I S  B + Ő0(h), (0, F)€ T(b0, t], A),

then we obtain in virtue of theorems on differential inequalities that
(40) |Fy (x, Y, h)I s  uff(x), i , j  =  1, ..., n,
for (x, Y)£T(b0, r], A), where the functions й$}(х), i,j=  1, ..., n, are the solution 
of the initial problem

(41) — — A\_ 1 +д(х)(1 +  m C (n+l))+  ^  u„(x)] •

[l+ /i(x )(l +  mC(n + l))+  j?  u,;(x)+(5(h)]+/i(x)m^C(«+l)[l +  С(л+1)] +
i=i

+ A u tj(x ) ,

Utj( 0) =  B+S0(h).
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Let uu , i , j= 1, n, be a solution of the initial problem

(42) = A [l+ fi(x)(l + mC{n + l))+ 2  ««(*)]•
CIX 1=1

• [1+ /í (y)(1+»jC(«+1))+ 2  ujl(x)'] + /J.(x)mAC(n + l)[l+C(n+l)] + Autj(x),
1 = 1

Uij(0) =  B.
It follows from (29), (36) and from theorems on the continuous dependence of the 
solution of Cauchy problem on the initial values and on the right-hand sides that

limSft>(a) =  Sy(x), i,j  -  1 , n,h-+ 0
uniformly with respect to x£[0, ft0].

In virtue of (28) and (40) we get (making h in (40) tend to zero)

(43)
Since

d2z(k+1'(x ,Y ) \ 
dytdyj I : Uu(x), i, j  = 1, ..., n, (x, T)£ T(b0, r\, A).

Л  | l  + | r - n - y j y u ( x )  +  | n + ^ - j i < y ( x ) j  , i ,j  = 1 .......n

we obtain
(44) йи(х) ^  й(х), x€[0, b),
where й is the solution of the initial problem

= A [l + [ r~ n —j ] / i W  + (n + y )w w ] , u(0) = B.

Because ü(x)=p(x) for jcC [0, c), then we have by (43), (44) that

(45)
í)2za+i)(x, Y)

Sß (x)
dy,dyj

where (x, 7)£ T(b0, rj, A).
For each point (x , Y)£E  we can choose b0, rj so large that (x, T)€ T(b0, rj, A)

and 0<b0<b, b < \ .  Therefore inequality (45) is satisfied in E.A
In a similar way we can prove that

(46) d2z<*+1>(x, Y)
dx2 =

d*z[k+V(x, Y)
dxdyt

á  fi(x), i = l , . . . ,n ,  x ,Y €E .

Because p{c)—p and b s c  then we obtain by (45), (46) the estimations 

d*Z[k+14 x , Y)
ds dt Шр, (x, Y)£E, z =  1, ..., m, s, t£A.

Thus the proof of (IIIfc+1) is complete.
As an immediate corollary of (IIk+1), (III,H) we obtain (IVt+]l). Now, we 

obtain Lemma 1 by induction.
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Let

íd zw ]Ш. The convergence of the sequences {Z(k)} and |  j

T(b0, rj, Aa) = {(x, У): x€[0, b„], |j>il S  t]-A 0x, i = 1, n},

where 0< b0<b, j-, A0= max (A, C). Put
A

M  =  max maxt и,пет(ь0,пМо)
dz<°>(x, У)

$X

- / (t)(*, Y, z<°>(x, Y), U<0)((p(x, Y), 'Fix, У)),д2[а>̂ -Ц \,

N =  mAeAb, Ä = A(Nb + m){beAb[l +r + nrC(n+ \)+pn] + ̂ ^ + n C B { \  +nA2),

В =  max \r + В, nA( 1 +r+nrC(n + l)+pn) + A], P = max [N, АВ~1евь]. 
L emma 2. I f  Assumptions Hx and H2 are satisfied then

(47) |z*w (x, У) — z[k-X)(x  y ) | ^  M  < P * r  tx, I  j\ mA k] . (x, y)ef(b0, t], a 0),

T= 1, ... ,m , k -  1,2,
and

(48) dz<fc+1>(x, У) dz(k)(x, Y) §  (p*)k (x, y)€T(b0, rj, A0),
dyt ду{ k\ ’

т =  1, m, k = 0,1, 2, ..
Pro o f . At first we prove (47) for k=  1. It follows from Assumption H2 that 

the function Y )~  z<0)(x, У) satisfies the differential inequality

^ ( z « 4 x ,  У) — z'0)(x, У)) S  ^|zW(x, y)-z<°)(x, У )|+Л /+

+  A  ^
J = 0

- ^ - ( ^ ( x ,  y)-z<°>(x, У)) (x, У)€Г(Ь0, 4, A)>

and the initial condition
zt(1) (о, У) -  z<°> (0, У) -  о, (0, У) € Г(Ь0, ч, а 0). 

In virtue of theorems on differential inequalities we have
(49) |z(1>(x, Y ) - f» ( x ,  У)| S  n0(x), (x, Y )eT (b n, n, A0),
where v0 is the solution of the Cauchy problem

dv—  = Av + M, dx i>(0) = 0.
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MSince v0(x)= -—(eÁX- l )  and eAx—\^ A x e Ax for хёО it follows from (49) that 
A

А/ f  Afx _
\z™ (x,Y )-z< ?H x,Y )\S— - ^ - ,  (x, Y)dT(b0, tj, A0), r = l, . . . ,m ,

which completes the proof of (47) for k = l.
Let us suppose that for some k s  1 inequalities (47) are true. It follows from 

Assumption H2 and from (47) that the function z<k+1)(x, Y )—z<k>(x, Y) satisfies 
the differential inequality

(50) dx (zik+1>(x, 7 )-z « > (x , Y)) ^A \z< k+1>(x, 7)-z<*>(x, 7)| +

4. u № ) ‘ x i  v+ M  —r—— h A0 2j
k i  j = о дУ.

■(z(k+lí(x, 7 ) — z® (x, Y)) (x, Y)£T(b0, r\, Ao).

Since z't+1)(0, 7)-z<*>(0, 7 )= 0  for (0, Y)eT(b0, t], A0) we obtain 
(51) \z[k+1)(x, 7)-z<*>(x, 7)| ^  vk(x), (x, 7 )€ f(h 0, 4 , A0), r =  1, .... in,
where vk is the solution of the initial problem

Because

and

(53)

dv (Nx)k ... .—  =  A v + M ^ jy - , v(0) = 0.

M N k [ex* - l - Ax (Ax)‘
Ak+1 1! 2!

X xk xi+1 ,
1! "■ k\ -  (fc + 1)! £

W 4  
k\ J

х ё О

we conclude by (51) that

I 4*+1)(*, 7 )—z{k) (x, 7 )| S
MNk (Лх)‘+1 Ax 
Ak+1 (k + 1)! 6

. M  (Nx)k+1 
~ mA (fc+1)! ’ т =  1,

which completes the proof of (47) for k + 1.
Now, we obtain the estimations (47) by induction. 
We will prove (48). Since

az«>(x,7) dz<°>(x,7) 
dyt yi

r + B ^ B ,  г =  1, ..., m, i = 1 ,..., n,

for (x, Y)£T(b0, t], A0), it follows that the estimations (48) are satisfied for k= 0. 
Let us suppose that for some k ^ l  the inequalities

(54) dz[k4 x ,Y )
dy,

дг«-»(х, 7)
дуi ( * - ! ) ! ’

(x, 7)€  T(b0, r\, A0),

r = 1, ... m, i — 1,..., n,
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are true. To prove that (54) is satisfied for k + 1 we will show first that the dif
ferential inequalities

(55) I dx l dyt

^  A[\+r+nrC(\+ri)+pn] 2
J =1

dz?Hx, У))
dy, )

dz<rk+1)(x, У) dz*>(x,Y)
dyj dyj +

+^o 2j=1

+ A dz?+V(x, Y) dz<*>(x, Y)
dyt dyt

d
'dz(rk+»(x, Y) dz(k) (x, Y)

dyj dyt dyt
T =  1, ... ,m, i — 1, ..

(fc — 1)!

, (x ,Y )eT (b 0,t], A0),

hold.
It follows from Assumption H2 and from (47), (54) that for each 

{Ti , . .. ,y 1, z , z 1, ...,zm}
(56) |/„(I)(/?> (*, Т)) - /M (P » -»  (x, 7 ))I = Л*(х, У)
where i5Jk,(x, У) is defined by (33) and

M (Nx)k+1 ,,(Nx)k „ »

From (2), (12), (34) (47), (54) we obtain 
(58) \P<k](x, Y ) -P fc»(x ,  Y)\

dz[k+»(x, Y) dz<»(x,Y)
dyj dyj

=S C
Because

Л/ (N x f (Nx)k-1
» T T + M - F T ) T

A-i

(fc-1) (fc+ 1)! •

dz(zk+1)(x, Y)
I дх У дуI dyt

+ \f^(P < kHx, Y)-f< '>(P»-V(x, У))|
dyt

+ |/,w (/»»-«(дг, Y))\ dz<*+1>(x, Y) dz[kHx,Y)
dyt dyt +

+ 2  [ |f ¥ ( P (rk)(x, Y j ) - fy ( P ? - » ( x ,  У))| Ip ftix ,  У)|] +
m

+ 2  [IP'&ix, Y)-P%;Hx, Y)I | / / ; )(/>('=-1)(x, У))|] +
j  =  1

++ Д  [ |/£ Ч ^ * ч * . л ь я / Ч ^ ч * .  у»! y ) |]

+ |  [i n ) i \ ^ ; ( dzA n Y ) - ^ r 3)]]
then we obtain (55) by Lemma 1 and by (56)—(58).
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Since
dz<‘+1)(0, Y) dz(v  (0, Y) = 0, i =  1, n, x =  1, m,

d y t d y t

for (0, Y)£T(b0, rj, A0), it follows from theorems on differential inequalities that 

dz[k+14x, 7) d z ^ (x ,Y )
(59) ^  vfx), (x, Y)£T(b0, Y], A ),

d y t d y t

i -  1, n, X =  1, in,

where (vlt ..., v„) is the solution of the initial problem

dv- " ~(Pxf~k=  A[l +r+nrC(n+l)+pn] ^ V j  + AVi + A jj— ^ y, i = 1...... n,

Since
»«(0)  -  0 .

_ ÄPk- k Г , Bx (.B xf
”'(*) -  ~~8Г ~ Iе — 1 ГГ 2! "• ■

(Bxf
( k -  1)!J

, i =  l, ...,n ,

it follows from (53), (59) that

dz<*+1)(x ,Y ) dz<»(x,Y)
dy,

APk~l . (Bxf ~ (P xfPBx '
Bk k\ ^  B- k\

(x,Y )£T (b0,ri,A0), i = l ,  t = 1 ,  .... m.

Now, we obtain (48) by induction.
Thus the proof of Lemma 2 is complete. IV.

IV. Theorems on the existence and uniqueness of solutions

We have
Theorem 1. I f  Assumptions Hi and H2 are satisfied then there exists on E 

a unique solution Z = (z1, ..., zm) of the Cauchy problem (1). In an arbitrary closed 
and bounded domain enclosed in E the sequence {Z(k>j defined by (7)—(13) and the
sequences o f partial derivatives are uniformly

convergent to the solution Z and its derivatives -тг1 , and respectively.ox oY
Proof. In virtue of Lemma 1 it follows that the functions Z (k), k = 0, 1, 2, ...,

are defined on E. From Lemma 2 we obtain that the sequences
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r = l , m, are uniformly convergent in T(b0,t],A0). Because

(60) Y) = fM  (*’ Y’ z'k+1,(x’ Y )’ * (* ’ y ))> dZ'k+# y X’ У)) •
(x ,Y )£ E , г =  1...... m, к = 0, 1, 2, ...

it follows from Assumptions Hx and H2 and from Lemma 2 that the sequences
\dz(k)\ _  -(, т =  1, ...,m, are uniformly convergent in T{b0, rj, A0).

Put
Z(x, Y) = lim Z «  (*, Y), (x, 7) 6 T(b0, Ц, A0).k-+ oo

Then, from (9), (13), (60) it follows that Z is the solution of (1) in T(b0, rj, A0). 
For an arbitrary closed and bounded domain E* such that E *aE  we can

choose b0, rj, 0<b„<b, 0, b0< — , so large that E*czT(ba,r\, A0). Hence
_ Ao

the function Z is the solution of (1) in E.
The uniqueness of solution Z of (1) follows immediately from [13]. Thus the 

proof of Theorem 1 is complete.
The initial problem mentioned above is such that the initial set I  is the и +  1- 

dimensional zone and the initial function a is the function of и+ l variables. 
In the following Theorem 2 we shall consider a Cauchy problem for partial dif
ferential-functional equations with the initial set /„ of the form

I0 =  {С*, Y) : X = 0, 7€R"}.
The initial function <x is a function of n variables.

Theorem 2. Assume that
1° the functions / (t), t = 1 ,  ..., in, o f the variables (x, Y, z, Z, Q) satisfy 

condition 1° o f Assumption H x and condition 1° o f Assumption H2,
2° the functions <pt, =  ..., фпУ), i=  1, ..., m, are o f class C2 in E0 and

0 S <р, (х, 7 )  S  x, (x ,Y )£E 0, i =
3° the initial function ■■■,&„) of the variable Y is o f class C2 for Y£ Rn,
4° there exist constants B, C^O such that

to  r(7) d 4 fY )
dyt 9 dy, ду,-

and for s, tdA

B, T€R", i , j  =  1,..., n, T =  1, m,

dcpfx, 7) дфУЧх, 7) d 2 < P i ( x ,  7 ) y )
ds 9 ds 9 ds dt 9 ds dt S C

on E0, i= l,  ..., m, 7=1,..., n.
Under these assumptions there exists on E  (see I) a unique solution Z of the 

initial problem

(61) dzfx, Y) 
dx = f M (*, Y, z fx ,  Y), Z(cp(x, Y), T (x , 7)), — ^ - У)) , т = 1,..., in, 

zt (0, 7 )  =  <xt(7), 76  R".
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Let
Z«»(x,Y) = 5L(Y), (x, Y)£E,

if Z w , Z w =(ztk\  ..., z(f r), is a known function then z**+1) is a solution of the Cauchy 
problem

dZÁ*' Y) =/<'> [x , Y, z fx ,  Y), Z ík)((p(x, Y), V(x, Y)), ,
z f  0, Y) = SífY), Ye R".

In an arbitrary closed and bounded domain enclosed in E the sequence {Z(k̂ } is 
uniformly convergent to the solution Z of (61) and the sequences o f partial derivatives
f z(k) I idzw ] _  dz— j, j— г — 1, m, are uniformly convergent to the derivatives and

-̂ ■p- respectively.

The proof of this theorem is similar to the proof of Theorem 1.
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ASYMPTOTISCHE ENTWICKLUNG VON INTEGRALEN 
MIT ZWEI PARAMETERN

Das Anliegen dieser Arbeit besteht in der asymptotischen Auswertung von 
Integralen der Form

wobei f(t), ф(1 ), tp(t) analytische Funktionen bezeichnen, die — etwa in der 
Umgebung des Nullpunktes — holomorph sind, und der Integrationsweg in der 
komplexen Ebene verläuft. Die Ausdehnung der Laplaceschen Methode für ein- 
parametrige Integrale auf Integrale obiger Gestalt, wobei der Integrationsweg 
aus einem Intervall der reellen Achse besteht, kann man in den Arbeiten von 
T ricomi [8], F ulk s [2], und P ederson  [7] verfolgen. Für beliebige Integrationswege 
werden Methoden in den Arbeiten von E rdélyi— W y m a n  [1] und U rsell  [9] 
besprochen. Unser Vorhaben lehnt sich zu wesentlichen Teilen an den Abschnitt 
über asymptotische Entwicklungen nach Airy-Funktionen in [1] an.

Wir gehen von der Voraussetzung aus, daß der wesentliche Anteil bei der 
asymptotischen Entwicklung der Integrale von der Umgebung des Nullpunktes 
herrüht. Verhalten sich die Funktionen cp(t) für t —0 wie

mit v> jí, so streben wir asymptotische Entwicklungen für v> 0 , y>0, x + y ^-°°, 
x —o(y) an. Dabei legen wir die in [1] dargelegte und in [3] spezifizierte Auffassung 
über die Asymptotik von Funktionen mehrerer Veränderlichen zugrunde. Der 
Fall v =  2, ц = \ (Satz 3 dieser Arbeit) wurde bereits in [5] entwickelt. Für v =  3, 
H=l oder 2 erhält man die in [1] abgehandelte Entwicklung nach Airy-Funktionen. 
Für beliebige v und /i stellen wir in § 3 eine Methode vor, die ihren Ausgangspunkt 
in der Sattelpunktsmethode für einparametrige Integrale hat. Die Sätze 1 und 2 
— die Hauptsätze unserer Arbeit — bilden die entscheidende Grundlage der Methode. 
In ihnen werden in x, у  gleichmäßige Entwicklungen nach verallgemeinerten Airy— 
Hardyschen Integralen ausgesprochen. In § 2 stellen wir in den Hilfssätzen 1 bis 4 die 
notwendigen Grundlagen für diese Integrale zusammen. Die Hilfssätze 5 und 6 
in § 3 sind für die Methode selbst von Bedeutung. Die Sätze 3 bis 5 in § 4 stellen 
wichtige Spezialfälle der Sätze 1 und 2 dar. In § 5 illustrieren wir unsere Methode 
an Beispielen verallgemeinerter Bessel-Funktionen.

Wir benutzen ständig die folgenden Bezeichnungsweisen: Sind f,g ,c p ,...  
Funktionen der beiden Veränderlichen x, у  und gilt für x=-0, y>0, x+y-r°°, 
x=o(y) gleichzeitig f= 0 ( g ) und g = 0 ( f) ,  so schreiben wir /X g- f~ g  bedeutet 

f
lim—=1. Eine unendliche Folge von Funktionen {cpn} heißt eine asymptotische 

S
Skala, wenn (pn+1=o(cpn) für alle n gilt.
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312 E. KRÄTZEL U N D  H . M ENZER

Es bezeichne 2  Sv bezüglich der Skala {<pv} eine asymptotische Entwicklung
der Funktion / ,  geschrieben

wenn für alle N^O
/ ~  2  Sv', {<Pv},

/ -  2  Sv = o((pN)
gilt.

Ist / = / i + / 2+  ...+ /„ mit

. /к  ^  2  Sk,v> {^Pk,v\
v =  0

für к — 1, 2, tt, so werden wir für die Summe /  die Bezeichnung

/  ~  2  2  8 k , v l  { < P i ,v } ,  W n . v }
k  = 1 v = 0

benutzen und dies ebenfalls als asymptotische Entwicklung von /  ansprechen.

2. Verallgemeinerte Airy—Hardysche Integrale

v t
D efinition . Es seien x —(x 2, x3, .. . ,  x v), v s 2 ,  Pv(t, x ) =  — 2  x k t t > xv^ 0

k = 2 kl
und n nichtnegativ ganz, dann heißt

( 1) W„ v(x; <x, ß )=  f  Г  exp {Fv(i, x)} dt

verallgemeinertes Airy—Hardysches Integral, sofern der Integrationsweg von
ela°° über 0 nach e'^°°, in verschiedenen Sektoren, die durch cos (v3+yv)>0, 
cos (29 + у2) mit arc / =  3, arc xk=yk gekennzeichnet sind, verläuft.

Wir betrachten zwei Spezialfälle von (1).
a) Der Fall v = 2. Wir bezeichnen aus Einfachheitsgründen x=x2 und

setzen ohne Einschränkung der Allgemeinheit |a rc x |< y  voraus. Dann lasser
sich a bzw. ß als Winkel in zwei Viertelebenen, mittels cos (23 +  y)>0 bestimmt, 
auswählen. Beispielsweise ist cc — n bzw. ß = 0 möglich. Setzen wir noch

so ergibt sich für
fV„i2(x; n,0) = fV„'2(x), 

K , 2 (x) = / V e x p ( - y  t ^ d t
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unmittelbar

Für
W„2(x) =  0, falls n =  1(2) ist. 

=  2 /  *2m exp ( - y  t2] di
0

folgt nach einfacher Rechnung

b) Der Fall v =  3. Es ist bekannt, daß dann W0<3(x; a, ß) ein Airy—Hardy- 
sches Integral, siehe beispielsweise Kratzer— F ranz [6], darstellt. Weiterhin lassen 
sich Wn-3(x; a, ß), n s l ,  aus kV03(x;a,ß), auf der Grundlage von Rekursions
formeln,vgl. Erdélyi—Wyman [lj, Seite 248, ermitteln.

Bemerkung. Wir können deshalb W0tV(x; a, ß) für v>3, als verallgemeinertes 
Airy—Hardysches Integral bezeichnen und behalten diese Terminologie auch 
bezüglich W„ y(x', a, ß), für n ^  1, bei.

Es gelten, wie man leicht beweisen kann, für Wnv =  fV„tV(x; a, ß) die folgenden 
Rekursionsformeln

Als nächstes untersuchen wir das asymptotische Verhalten von (1). Die hierbei 
geltenden Aussagen werden, wegen ihrer späteren Bedeutung in § 2, in Form von 
Hilfssätzen aufgeschrieben.

H ilfssatz 1. Unter den Voraussetzungen

1) v=2,
2) v>2 und

a) für k = 2, . . . ,v —1
b) xl = o(x$) für k — 3, ..., v
c) xl = o(x*) für k = 2, . . . ,v —1

V

gilt für x=  2, |х*|1Д-° °
fV„fV(x; cc, ß) =  O i*-"-1).
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Beweis. Da der Hilfssatz für 1) v=2 trivial ist, genügt der Beweis zu 2). 
Wir behandeln zunächst die Fälle a) und c) gemeinsam. Offensichtlich gilt hierfür 
kX xJ/v. Die Substitution i —x~1/vt bewirkt, daß in dem Polynom Pv(x~1/Vt, x) 
die Koeffizienten von tk (2 S&Sv) beschränkt bleiben und der Koeffizient von 
t v verschieden von 0 ist. Das verbleibende Integral ist demzufolge beschränkt. 
Im Fall b) ist x ^ x ip .  Die Substitution t -^x2 1 / 2 1 bewirkt entsprechendes. Hier 
ist der Koeffizient von t2 verschieden von 0. Somit ergibt sich die Behauptung 
in allen drei Fällen.

H ilfssatz 2. Entsprechend den Voraussetzungen über den Integrationsweg 2aJI 
in (1) existieren ganze Zahlen l, Г mit h*!', Ой/ ^ / 'S v - 1, ferner seien at, ß 
etwa durch die Einschränkungen

n
V ( * 4 ) I - Í  — t I[2 / + t ) ‘

- (V  \ 2' 4 ] \ - yj - ß ^ \ (2 , 4 t )
gegeben.

a) Falls xk—o(x^) (k — 2, ..., v—1), gilt
(2) W „ ' V( x ;  ot, ß ) =  («««'С+i)/* _е««и(-+1)/*)^-(•+»/»+о (х -(-+1)Л)

für
b) Unter der verschärften Annahme xvk — о(xl+ x x) (k = 2, .... v—1), gilt

(3)

für x — °°.

fV„'V(x; at,ß) =  +D/»_ + d/*)Ах~(я+1)/г —
-  («.**«'»/* _  e2«in/v) Bxv _ x x~ ("+»)/v +  о (x, _ j л:у-  ("+v)/v)

Dabei sind A B = (v!)n/T  .

Beweis. Wir schreiben an Stelle von (1)
e i ß o o  e i a oo

Wn,v(x; et, ß) =  {f  - J  } t" exp {Pv(t, x)}dt — S —T  
о 0

und betrachten zunächst nur das erste Integral S. Unter Beachtung der Definition 
von Pv(i, x) gilt hierfür

S = Cf  i"exp {Pv(t, x)}dt = У  f e x p i—xv- U  j?  -^-{p v0, x) + xv-^-| dt
n n K. V ,  J m  =  0 ^ V • J

bzw. S= I1+I2+I3 mit
e lß o o  s  1 v —1 e ' ß o o  r  -j

f  = J  r e x p { - ^ t j d t ,  It = - kZ % f  r ^ e x p f - ^ u j d i ,

oo 1 e i ß ° °  f  f V1 m f r l

A ch  yiathematica Academiae Scientiarum Hungaricae 35, 1980



ASYM PTOTISCHE EN T W ICK L U N G  VON IN T EG R A L EN 315

wobei nunmehr für f ,  /2, f  asymptotische Darstellungen aufgestellt werden 
sollen. Durch Drehung des Integrationsweges erhält man

/1 =  /  ‘n™ p { - ^ f tv}d t mit ß ' = ^ — h-

und hieraus
Д =  ^«iroi + p/v  ̂ (v!)(" + 1)/'T   ̂j  X7('l + 1)/V.

Analog zur Auswertung von f  lassen sich /2 und 73 behandeln. Wir erhalten

n + k+ l 
v

und
/3 = 0 (x?_1xv- (n+2v- 1)/v) =  o(xv_1xv- (n+v)/v) =  0(xv- (n+1)/v).

Ferner folgt unter Berücksichtigung der verschärften Annahme b) unseres Hilfssatzes 
für /2 die genauere Aussage

/ 2 =  _ e2«!'»/v(v!)»/vr  xv_1xv- (',+v)/v +  o(a:v_1a:v- (',+v)/v).

In völliger Analogie zum ersten Integral S  läßt sich das zweite Intergal T  behandeln, 
so daß sich damit die Behauptung ergibt.

Hilfssatz 3. Der Integrationsweg in (1) sei so gewählt, daß er in zwei 
verschiedenen Viertelebenen verläuft, a und ß mögen also etwa der Einschränkung

] xkx-^n+k+1)/'' = 0 (xv- ("+1)/v)
y- i  I I

J2 =  _  £  _L e2nil'(n + k + l)/v__ (V!)(', + ([ + l)/v/’

~ _ü_Z2.
4 2 < < 4 2 ’ 4 2  P 4 2

genügen.
a) Falls xk=o(x3) (k = 3, ..., v) ist, so gilt

(4) Wn.Áx; a, ß) = (1 + ( -  1)п)Сх2- (л+1)/2 +  о(д:2- (',+1)/2) 
für X^-oo.

b) Unter der verschärften Annahme xl=o(xk_1x 2) (k — 3, v) gilt

( 5 )  Ж „ 1 У ( х ;  a ,  ß) =  ( 1  + ( -  1 ) п) С л г 2- ( п + 1 > /2  +  ( 1  + ( -  l ) " ) D W B + 4 ) / a + 0 ( * 3 * 2 - ( " + 4 ) / 2 )

für

Dabei sind С=2(п- 1)/2Г ( ^ p )  , D = y  2п/гГ [ у  +  2) .

Beweis. Wir schreiben an Stelle von (1)

r0 е*Р°° *о eiacoo
fV„tV(x; oc, ß) = { f  +  f  - f ~ f  }t"exp{Pv(t,x)}dt = S1 + S2- T 1- T 2.

0 <0 0 l'o
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Wählt man nun t0—ax\/a, t^=bxl12 mit geeigneten a,b, so existiert sicherlich ein 
K > 0 mit

52- r 2 =  0 (e -KW v+1).

Im weiteren betrachten wir wiederum, wie im Beweis des Hilfssatzes 2, zunächst 
nur das erste Integral Sx. Hierfür gilt

<° <o I / 21 ~ 1 f / 2l m
Si =  /  /"exp {Pv(t, x)}dt = f  Г  exp j - x 2 —J —  |P V0, x )+ x 2—J di =

mit
— Zi+fj+Zs

A  =  /  t " e x p | — у  i 2J dt, / 2 = - Д ^ р  /  t n + k e x p | - y  t 2| d / ,

/з =  J 2i /  '" { л ( , ’*)+ДС1т }  exp{ ~ T '*}*■

Die asymptotische Darstellung von /г, / 2 und I3 erfolgt zweckmäßigerweise so, 
daß man den Integrationsweg von t0 nach е~|(1’г/2)°° ziehen wird. Nach einfachen 
Rechnungen folgt

Ix =  f  t Bexp{—! ^ - i2}dM -0(e-K|x l) =

=  2(в- 1)/2Г ( - y - j  x2- (B+1)/2 +  0 ( e - K|̂ l'’tl).

Entsprechend ergeben sich

/ ,  =  -  2 ^ 2 (в + * ~ 1)/2Г  f  n + ll +  1 1 -<» + * + » / 2  +  0 ( e - * | , , l - n )  =  o ( x - ( B+ l)/2)
л=з Ac! V 2 /

und
/3 =  0 (x2x2- (b + 7>/2) =  o(x3x2“<n+4>/2) -  o(x2- (B+1)/2)

sowie unter der verschärften Annahme b) unseres Hilfssatzes für /2 die genauere 
Aussage

/ 2 =  - j 2 n/2r ( y  +  2 ]  x 3x 2- (b+4)/2+ o ( x 3 ^ 2- (b+4,/2).

Da sich ganz analoge Ergebnisse für das Integral T2 aufstellen lassen, folgt un
mittelbar die Behauptung.

H ilfssatz 4. Es sei ein Integrationsweg 2 aß — (1) entsprechend — gegeben 
und 2 0 ein Abschnitt dieses Weges, der von tx über 0 nach t2 führt. Für v s3  
und |xv|-*-°° sei

— — ckzv k (fc =  2, 3, ..., v—1) mit z = o(l).
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Ferner möge auf dem gesamten Integrationsweg stets Re {Pv(t, x)}<0, für |f|>0, 
sein. Dann gibt es für alle e>0 ein C>0 und ein K > 0, so daß für |ix|, |i2| — 
aC|A:v|(e- 1)/v
(6) f  tn exp {Pv(t, x)}dt = Wn v(x; a, ß)+0(e~K'x»|c)

Beweis. Wir schreiben J t" exp { P v (t, л:)} dt =  W n v(x; a, ß )  — S mit S =
£0

e lßoo e ictoo e lctoo ,  v —1 1

= |  J — J }t"exp{.Pv(i, x)}dt = I2- I i  und Ix= j  tn exp | — x v 2  ckz'’~ktk — x yf^d t,
' « 'i ‘i

л“ Í V_1 1/2 = J  i"expj — x v 2  ckzv~ktk — xvt'’j  dt, wobei nunmehr zu zeigen ist, daß Д,

/2 =  0 ( e - KUvb) gilt.

Ohne Einschränkung der Allgemeinheit führen wir nur den Nachweis bezüglich 
7j, da sich /2 analog behandeln läßt. Es erweist sich dabei als zweckmäßig, mit 
einer Fallunterscheidung zu arbeiten.

1) Fall: |z |^ |jtv|(e-1)/v. Die Substitution f=f'|;cv|(<!_1)/v mit i '= re ‘9 bewirkt, 
daß man

(7) Re {Pv(t, *)} =  - W ‘ 2  ci(kvl(1-*)/v|2|)v- V
k = 2

mit reellem c'k = c'k(9) erhält.
Beachtet man ferner die Voraussetzung Re [Pv(t, x)}<0 des Hilfssatzes, 

so folgt mit geeignet gewähltem reellen C ,K '> 0 die für alle r ^ C  geltende 
Ungleichung

Re {Rv(i, * ) } < - £ ' |xv|V
und damit

1Д1 ä J  r"c_K'l*vl‘rvdr = 0(e_Klxvl*).
c

2) Fall: |z |> |xv|(£-1)/v. Auf Grund der Forderung Re {Pv(t, x)}<0 ergibt 
sich aus (7) unmittelbar c2, c'>0. Wegen c2> 0 ist für hinreichend kleine r

~ Л  C*(|xv|(1- ‘>/v|z|) ^  °-

Hieraus folgt, daß ein rk> 0 existiert, so daß für alle г ^ г г |xv|a-E)/v|z|

gilt. Wir erhalten somit

>, i l * v l < 1 ' " i ) / v W ‘! ‘ 9 1 r1|*v|<l -«>/v|r|
f  r"exp {Pv(t,x)}dt J  r " e - l * „ l dr
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und wegen |xv| |z|v> |x v|£ folglich

r l l x v l < 1 _ ' ) / v | z I e ‘ 9 1

f  t nexp {Pv(t, x)}dt = 0 ( e _ K | x v l ' ) .

c e i 9 o

In entsprechender Weise ist wegen c '>0  für hinreichend große r

~ M C'k ( \ x r - c),v\z\)  < 0 '
Es folgt nun wiederum, daß ein r2> 0 existiert, so daß für alle r ^ r 2|xv|(1_£)/v|z|

~ Ä C'k (|xv|(1- £)/v|z |)  “ ° 
gilt. Wir bekommen deshalb unmittelbar

e , a o o  o o

f  t nexp{Pv(t, x)}dt á  f  r»e-|*v|«c1(|*vl<1- ,/vhl)v-,r, ^r _
r a l : c v l < 1" e ) / v \z\e i&2 r 2 | x v | ( 1 “ e ) / v | z |

= 0 (e_K,Jcvl'l2lv) = 0 (e~ K K 1*).

Der Beweis des Hilfssatzes 4 ist erbracht, sofern die Konstanten rx, r2 so gewählt 
werden konnten, daß r ^ r 2 gilt. Andernfalls, daß heißt falls /■1< r2 ist, muß 
noch das Integral

r ! | * v l < 1 - ‘ ) / v h | e < » »

f  t"exp {Pv(t, x)} dt
' ,2 l * » l < 1 ~ ' > / v M e ‘ » i

geeignet abgeschätzt werden. Nach einfacher Rechnung ergibt sich
' ,2 l * v l < 1 " ‘ ) / v b | e i s 2

f  tnexp {Pv(t, x)}dt S
' ,i | x » I < 1 - » > / , ’ | z | e < 8 1

=§ (k v|(1- £)/v|z|)n+1 f 2 r"expi—|xv| |z |v 2 c 'krk\d r  =  0 (е-* '1*.П*К =  0(e~K'xd‘) 
r\ 1 * = 2 J

und insgesamt die Behauptung des Hilfssatzes 4.

3. Die Sattelpunktsmethode für zwei große Parameter

Das Ziel besteht in der asymptotischen Entwicklung von Integralen der Form

Hx, У) — f  /(O e^ 0)- ^ (,) dt 
£

mit geeignetem Integrationsweg unter den folgenden Voraussetzungen:
A. Es seien x> 0 , y>-0, und es gelte x+_y-*°° unter der Einschränkung 

x=o(y).
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B. Die analytischen Funktionen f i t) ,  (pit) seien holomorph in einer 
hinreichend großen Umgebung von t =0 mit den Potenzreihenentwicklungen

(8) IKO = 2  bj t J, b0 ^ 0 ,  Ц >  0 ganz,
i'=o

(9) (p{t) = fv Z a j t 1, a0 ^  0, v > 0  ganz.
t=o

Dabei sei immer v=~ju.
C. Mit г werden solche Lösungen von

хфЪ) = y<p'i<)

bezeichnet, die für x+y-<-°°, x=o(y) die Eigenschaften x^O, x = o (l) besitzen. 
Nachstehend aufgeführte Bezeichnungen werden ständig beibehalten:
(a) (г — хф(т) ycp(x),
(b) Ck = y<pw ( r ) - x ^ w (z) (k = 2 ,3 ,...),

(c) C =  (C«,C.,....W .

(d) Л (* ,0  =  - 2 С * ] £ ,k = 2 K!

(e) Ay(t, 0  =  -  I d
fc =  V +  1 A i

B esch reibung  d e r  M ethode. E s soll beschrieben werden, wie unter bestimmten 
Annahmen die genannten Integrale asymptotisch entwickelt werden können, wobei 
das Verfahren durch die Sätze 1 und 2 gestützt wird. Zunächst werden entsprechend 
der Voraussetzung C die Sattelpunkte in der Umgebung von 0 bestimmt. Dann 
werde angenommen, daß der Integrationsweg über einen oder mehrere dieser Sattel
punkte gelegt werden kann. Weiter nehmen wir an, daß nur diese Sattelpunkte 
für das Integral wesentliche Beiträge liefern. Das bedeutet, es muß I(x, y) so in 
Teilintegrale zerlegt werden können, daß diese genau einen Sattelpunkt enthalten. 
Die Restintegrale seien demgegenüber hinreichend klein. Die einen Sattelpunkt 
enthaltenden Teilintegrale müssen im gemeinsamen Holomorphiegebiet der drei 
Funktionen f( t) , (p(t), ipit) verlaufen. Nun können f( t)  und x\l/(t)—y(p(t) 
in der Umgebung des Sattelpunktes x in Potenzreihen entwickelt werden. Für die 
nunmehr auftretenden und nach der Substitution t-*t+x über 0 laufenden Integrale

f  rexp{P v(i, 0}d t

sei es möglich, sie so nach eia°° und eiß°° zu ziehen, daß für |<|>0 stets 
Re {Pv(t, 0}<0 bleibt und die Restintegrale hinreichend klein ausfallen. Dann 
gibt dieser Sattelpunkt einen Anteil der asymptotischen Entwicklung nach Funktionen 
W„yV(C; a, ß). Kann der Integrationsweg über alle in Frage kommenden Sattel
punkte gelegt werden, so erhält man eine in x, у  gleichmäßige Entwicklung. Flierzu 
ist zu bemerken, daß einerseits nicht alle Lösungen von xi1/'(х)=уср'(т) Verwendung
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finden müssen, daß man andererseits aber auch mit ein oder zwei Sattelpunkten 
auskommt, sofern man gewisse ungleichmäßige Entwicklungen in Kauf nimmt. 
Die Benutzung der Funktionen IF„v(i; a, ß) ist nur notwendig für x ,'?Zyß. Für 
x v=o(yl‘) beziehungsweise yß= o(xv) können diese Funktionen entsprechend 
den Hilf: f ätzen 2 und 3 asymptotisch ausgewertet werden.

In Vorbereitung der beiden Sätze bringen wir noch zwei Hilfssätze über Eigen
schaften der Sattelpunkte.

H ilfssatz 5. Unter der Voraussetzung C besitzt die Gleichung
(10) хф'(х) = y<p'(x)
v — p Lösungen тг, 
a„ durch

( 11)

deren asymptotische Entwicklungen mit geeigneten Koeffizienten

- ~ . ! 4  “ ' ^ Г Ч ( | Г

(r = 0 ,1,..., v—p — 1) gegeben sind. Insbesondere sind ax =  1, a2= 
Ist gemäß (a)

(^+ l)^ i
p(v-p)b0

ar = хф(хг)-у<р(хг),

+ (v+l)fli 
v(p-v)a0 ‘

so gilt mit geeigneten Koeffizienten

( 12)
Л — 1

Insbesondere sind
van

■ Ш

( v + n - 1  ) / ( v - p )

о _  v~ V „ о _  vuo U P l------ a0’> r2 *~T bl .p pb о

Beweis. Aus (8), (9) und (10) ergibt sich

(13) 2  (j+v)ajxi+v ß =  ^  2  U+P)bjZJ.
j = о У j=o

Wegen x —o(y) und v>g ist in erster Näherung

va0rV —Д

Damit ergeben sich v— p Lösungen mit der Eigenschaft t = o(1). Unter Berück
sichtigung auch der höheren Potenzen von x in (13) kann г in beliebiger Näherung 
berechnet werden und man gelangt zur Entwicklung (11). Die Entwicklung (12)
erhält man durch Einsetzen von (11) in ar = y I— ф(хг) — <р(тг) .

H ilfssatz 6. Für die Lösungen xr von (10) des Hilfssatzes 5 gilt

хф(к)(хг) ^  У<Р(к)(*г)
mit k  = 2, 3, ..., v und r=  1,2, ..., v — p .

Acta Mathematica Academiae Scientiarum Hungaricae 35, 1980



ASYMPTOTISCHE EN TW ICK LU NG  VON INTEGRALEN 321

B ew eis. Wir nehmen an, daß für geeignete к und r

xi//w (Tr) =  y<p(k>(?r)

ist. Durch Einsetzen von (8) und (9) ergibt sich 

Für 2ä &Sjk v  muß dann in erster Näherung

und für I ^ / kätS v

sein. Beide Beziehungen sind aber nach (11) unmöglich.
Satz 1. Für das Integral

I(x, У) — J fi!)  ехШ~уч,(,) dt 
£*

seien die Voraussetzungen В und C erfüllt, т sei eine der Lösungen тг+1 von (10) 
entsprechend dem Hilfssatz 5. fl* sei ein Teil des Integrationsweges 2*_ß von ix +  т 
über x nach t2 + x mit |ix|, |i2| ̂ cy(£~1)/v (c>0, e>0). Auf dem gesamten Weg 2*tß 
sei mit Ausnahme von t=x

Re {Rv(í - t, 0} <  0.

Ferner liege fl* im Innern des gemeinsamen Holomorphiegebietes von fit) , ф(1), (pit). 
Ist f(0 )^ 0  und

(14) f(t+ x)  exp {Ay(t, 0} =  2  Hn(x, y)tnrt = 0
so gilt mit (1) und

2 \U\llkk = 2
unter der Voraussetzung А

(15) / ix, y )~ e °  2  Unix, yW„'V(t; a, ß)\ {ea x - ^ } .
n = 0

Dabei bezeichnet in (1) flaiiß den durch die Substitution i —?+ t verschobenen Weg fl* ß.
Beweis. Wir führen im Integral I(x, y) die Substitution r—t+x aus und 

bezeichnen ebenso mit fl den hierdurch verschobenen Weg А„. Im Integral

/(x, y) — J f ( t  + x)ex^ ,+^ - ŷ ,+z) dt 
&
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entwickeln wir den Exponenten mit den Bezeichnungen (a) bis (e) unter der Voraus
setzung (10) nach Potenzen von t. Wir erhalten

хф(t + x)-y(p(t + r) = er + Pv(t, 0  + Av(t, 0
und

exp {dv(i, 0} =  1 +  2  Gn(x, y ) tn.
n — v + 1

Da für n>v Cn= 0(y)  ist, gilt
G„(x, y) =  0(/»/<v+D]),

wobei [ - ^ y ]  das größte Ganze von v+1 bedeutet. Da in

/0 + т ) =
n~ 0  n\

f (n\x) = 0 { \)  gilt, ist in der Entwicklung (14)

0f  (") (t\
(16) H Sx, у) =  fM (? } +nl
und
(17)

für

f l r

Hn(x, y) = 0 ( / " « v+1>l).

n S  V ,  

n >  V ,

Für I(x, y) erhalten wir zunächst

(18) I(x, y) = e° Z  Hn(x, y) f  Г  exp {PJt, 0 }dt.

Nach Hilfssatz 6 ist für 
Konstanten hk

k = 2, 3, ..., v C*5̂ 0, und offensichtlich ist mit geeigneten

Í* К у

Beachtet man die Voraussetzungen des Satzes 1 und setzt in Hilfssatz 4 2 0—2,
X

xk = Ck, — ~ > so s’nd die Voraussetzungen dieses Hilfssatzes erfüllt. Damit 
folgt ans (в) die Entwicklung (15). Es verbleibt nur noch zu zeigen, daß
(19) ^ynHv + l)x -n -1}

eine Skala und (15) eine asymptotische Entwicklung darstellen. Hierzu verwenden 
wir Hilfssatz 1 mit xk=Ck.

Fall a) bedeutet dann und Fall с) х',=о(уц). In beiden Fällen ist
x X y 1/v und daher
(20) //(v+1)*,-1 =  o(l).
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Demzufolge bildet (19) eine Skala. Fall b) bedeutet yß=o{x'‘). Damit ist

-L v~k
v ( x \ k v~'t

x ~  2 \ К Г у 11к[ Цk=2 \ y t
und k> 771/v, 7> 0.

Also ist auch hier (20) erfüllt, und (19) bildet eine Skala. Analog dazu ist nach (17)

Hn+1(x, y)Wn+1'V(£; «, fl) = 0(у<-+«Л*+«х— *) = о(У«*+»х— :l),

so daß (15) tatsächlich eine asymptotische Entwicklung darstellt, und sich insgesamt 
die Behauptung des Satzes ergibt.

Der Satz 1 läßt sich leicht auf den Fall /(0) —0 ausdehnen. Nehmen wir 
f ( t )  = txg(t) mit A>0 ganz, # (0)^0  an, so haben wir (14) lediglich durch

(21) / ( /  +  т)ехр {dv(i, 0} =  (i +  r)A 2  Hn(x, y )tn
71 =  0

abzuändern. In der Entwicklung gemäß des Beweises des Satzes 1 erhalten wir an 
Stelle von (18)

I(x, y) = e” 2  Hn(x, y) f  tn(t + r)xexp {/>,(?, 0)d t.n — 0 £

Durch die Entwicklung des Binoms (/+т)я werden wir auf die Funktion

(22) ^ n,y.AC;oc,ß)= 1 Р ] ^ +И1,( ( ;а ,Д
771 =  0 W /

geführt. Nach Hilfssatz 1 ist

fvn,y,x(C; « . / 0 = 2  Oít*— X - — »).
771 =  0

Für xv= 0(yM) ist tx= 0(1) und daher

Für v"=o(xv) ist — =o(l) und deshalb TX
K .y .i t t;« , ß) = 0 (z xx - " - 1).

Abgesehen von diesem Unterschied erfolgt die asymptotische Entwicklung analog 
zum Satz 1. Damit haben wir:

Satz 2. Es seien die Voraussetzungen des Satzes 1 außer f(0 )v 0  erfüllt. Statt 
dessen sei f( t )  = t xg(t), A>0 ganz, g(0)^0. Ersetzt man (14) durch (21) und be
zeichnet <5=max (тА, x_a), so gilt mit (22)

(23) I(x, y ) ~ e ' 2  Hn(x, y)fv„'V'X(C; «. fl);
71 =  0
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4. Spezialfälle

4.1. Der Fall v=2, p —l. Wir beschränken uns auf den Fall des Satzes 1.
b x  b̂ “ x^Der einzige Sattelpunkt ist hier nach Hilfssatz 5 r ~ —̂— - mit ----- . Weiter

2a0 У 4ű0 у
ist ^i —y(p(i)( f)—x\j/(2)(f)'^2a0y  und x — |£2|1/2~(2a0>’)1/2- Fixieren wir a„>0, 
dann können wir im Satz 1 Re und Re (?2)>0 annehmen und die Funktionen
lFnj2(C; <x, ß) nach §2 berechnen. Wir erhalten:

Sa t z  3. Es seien die Voraussetzungen des Satzes 1 erfüllt. Mit v=2, p= \, 
a0=»0, Re (ij)-=:0, Re (/2)>  0 gilt für

( j + T

I(x, y) =  f  f(t)e*+v~y*Vdt
tt+t

die asymptotische Entwicklung

i{x,y)~ e° 2r[n+^H^(x,y)\Q " 1 *; {eay~nl*~l!i}.
B em e r k u n g . Dieser Satz lag der asymptotischen Entwicklung der Integrale 

in [5] zugrunde.
4.2. Der Fall у = o(xv). Es soll eine asymptotische Darstellung von I(x, y) 

in erster Näherung gegeben werden. In Satz 2 ist |Сг11/2> <5=тл und somit

Hx, У) =  e° [ н 0{х, у ) 1F0iV>a (C ; a, ß)+ 0 { £ -  / /< * ■ + « ) } .

Auf 1Е0,у,л(С; a, ß)= 2  TA_mlFm-v(C; a, ß) wenden wir Hilfssatz 3 an,

in dem mit xk=£k die verschärfte Annehme Cl—o(il- iia )  für k = 3,4, ..., v 
in diesem Fall erfüllt ist. Damit ergibt sich aus (5)

^ o,v.a(C; 0L,ß) = ^ - ^ + 0 ( С зС2- 2га) + 0 ( т^ -Ч 2- 1).

Wegen /(т )= тяЯ0(х, у)Х тл ist

H x ,  lO = |A |V(tK  {l+ 0  (-4= + 0(C3Cr3/2) + О (—1=)}.

Aus und yMv+1) =  o ^ -]  ergibt sich:

Satz 4. Neben den Voraussetzungen des Satzes 2 sei noch y‘‘=o(xy) erfüllt. 
Dann gilt

/fe )-)  =  / f / W e' { 1+ o ( - 3 = ) } .
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4.3. Der Fall x'= o(yfl). Es sollen die ersten beiden Näherungen aus Satz 2 
gewonnen werden, da die erste Näherung den Koeffizienten 0 haben kann. Wir haben 
* ~  livl 1/vX j 1/v, <5 = x~x und nach (23)

/(*, У) = ea[nZ  Hn{x, yW„,v,ÁZ; «, ß)+0(,p+1 v )}.

Wir schreiben wieder f (t) = tig(t) , so daß aus (21) H„(x, ju)=0(1) für n̂ v zu 
erkennen ist. Nach (22) ist

und demzufolge
, /?) =  o(iv-(n+i+1,/v)

1 Я +  3

н п(х, y w ^ a - ,  ac, ß) = » )

für 2^ /i^v . Für n—0, 1, v+1 ergibt sich aus (21) entsprechend zu (16)

H0(x, y) = g(t) = g(0){l + 0(т)}, H2(x, у) =  g'CO =  g'(0) {1 +0(t)},

Hv+1(x, y) = g(V + 1) (T) C, + l
(v+1)! (v+1)! gOO = Cv + 1 

(v+1)! g (0) {1 + 0 (t)}.

Bei Verwendung von (3) aus Hilfssatz 2, der mit xk = Ck hinsichtlich der verschärften 
Annahme erfüllt ist, folgt

Ho(x, у)1У01,ш1й «, ß) = Л е Г а+1,/’{ 1 +0(тСУ%

н л х ,  y ) f v lfV,A C ;  «, ß ) =  ЛСУ" (А+2)/,{1 + < W v)}>

Hv+1(x, y)fVv+lßY_x(C; cc, ß) =  zl3Cv+1Cv- (v+A+S!)/v{l + 0 (tí;'v)}.

Die Konstanten Аг, A2, A3 sind bei Benutzung der Bezeichnungen des Hilfssatzes 2 
durch
(24) +j =  (е**и,(*+Ц/*_е2яЩл+1)/у) _L (v!)U+D/vr  ^ i ± I j  g(0),

(25) A2 = («wra+e/^-eW ia+W v)!(v!)u+2)/vr  g'(0),

(26) A3 =  _  ( e 2 * i / ' ( A  + 2 ) / »  _  e 2 * i l ( А +  2 ) / v }  _ _ i_ _  ( у , ) ( A  +  2 ) / v ^  g ( 0 )

gegeben. Nach (12) ist ferner ea = 1 + 0 ( rvCv), so daß gilt:
Satz 5. Neben den Voraussetzungen des Satzes 2 sei noch х''=о(у*) erfüllt. 

Mit den Bezeichnungen des Hilfssatzes 2 und (24), (25), (26) gilt

7(*,>0 =  M , - (A+W¥+ (a 2+a 3Y )  С - <А +г)/,+ о ( С ’' + 1

Я + 3
v ) + 0 (tCv- a/v).
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5. Verallgemeinerte Besselfunktionen

Wir betrachten die in [4] definierten verallgemeinerten Besselfunktionen

(27) / v(2t) (x) = ------—--------—  í-̂ -1 í  (1 — r 2fc)v—i/<2k) CQS xt ^

wobei к eine natürliche Zahl bezeichnet und Re (v)>— —1 vorausgesetzt ist.
Speziell für к =  1 stellt (27) die wohlbekannte Besselfunktion Jl2)(x)—Jv(x) dar. 
Das Ziel besteht darin, auf der Grundlage der in § 3 dargestellten Sattelpunkts

methode für zwei große Parameter, eine asymptotische Entwicklung für (27) zu 
erzeugen. Mit ö= e-^*c, e>~0 und у = v— l/(2k) erhalten wir aus (27) unmitelbar

(28) Л(ад (*) = -------  |T | {/»(*, y)+0(e~»1")}
У 71Г  \ У  -f~ 1 ) \ Z )

und
i-s

(29) IuÁ x,y)=  f  ( 1  - t * y é * d t .
- í + a

Wir wollen nunmehr bezüglich (28) für festes natürliches 1 und unter 
der Vorausetzung A aus § 3 eine asymptotische Entwicklung ableiten, indem wir 
auf (29) die in § 3 entwickelte Methode anwenden. Zunächst ist offensichtlich, daß 
I2k(x, у) auch die Voraussetzung В aus § 3 erfüllt, weil wir für (29) auch

(30) I2k(x, у) =  У"/(0 exp {xijj(t)—yq>(t)}dt,
а

mit dem Integrationsweg £, als Geradenstück von — 1 +<5 nach 1—<5 führend
~ (2*(J-1)

und i//(t) = it, (p(t)=t2k ^ ----- :— , schreiben können. Ferner gilt die
J= l  ./

Voraussetzung C aus §3, weil 2 k — 1 Sattelpunkte nach Hilfssatz 5 durch

1(7 ) }
\ n/(2fc—1)л

(31)

(r=0 , 1, ..., 2(k— 1)) gegeben sind.
Im weiteren kommt es nun — gemäß der Beschreibung der Methode in § 3 — 

darauf an, in (30) den Integrationsweg £ — in Abhängigkeit von к — über einen 
oder mehrere der Sattelpunkte t r+1 derart zu verlegen, daß nur diese ausgewählten 
Sattelpunkte für das Integral (30) wesentliche Beiträge liefern, sowie die außerdem 
auftretenden Restintegrale hinreichend klein genug abzuschätzen. Zur Verdeutlichung 
dieser Problematik diskutieren wir deshalb zuerst die Spezialfälle k=  1, к = 2 
und behandeln danach den allgemeinen Fall.

5.1. Der Fall k = l.  Für (30) erhalten wir mit k = l

(32) I2(x, y)=  f  f ( t )  exp {x\jj{t)-(p(t)}dt
s.
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wobei cp(t) = t 2 2
2 0 - 1)

7 = 1 J
und f{t) I £ wie in (30) sind. Weiterhin folgt aus (31),

daß hier nur ein Sattelpunkt r = / ^  | l  — mit

und ax= l  existiert, so daß dadurch die Verältnisse relativ einfach werden. Unter 
Berücksichtigung dieses Sattelpunktes ergeben sich mit den obigen Funktionen 
Ij/ und cp unmittelbar:

(а) а = хф (т) -  у cp (t) =  ixt + у log (1 — t2)

' y { ( у Г ' } ”“' a = 1 .

und wegen Hilfssatz 5 folgt (T ~

(b) C* = ycpw  (т), к = 2 ,3 ,...,

1 4- 2т —
W C =  C2 = 2y (1^ t2)2" mit C2~2j>,

(d) P2(t,0 = -C2^ ,

(e) d2( í,0  =  - Í C k^ .
1 = 3  a !

Als nächstes soll nun der Integrationsweg £  über den durch (33) charakterisierten 
Sattelpunkt verlagert werden. Auf Grund von (1) und Satz 1 bzw. 3 können jetzt
£* und £* „ fixiert werden. Nach einfacher Rechnung folgt — < a < —-  bzw. 

1 p 4 4

— so daß beispielsweise a. = n bzw. ß=0 und i1=e*iy*-1)/2 bzw.
0<£-= 1, sowie £* von tx +  x über т nach ?2 + t führend, als Teil 

des Integrationsweges £*>(J, wählbar sind. Damit gelangen wir zu dem in der 
Abbildung 1 dargestellten Integrationsweg.
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Dabei wurde x nur unter Verwendung der ersten Näherung eingezeichnet, 
und es bedeuten:

/ ча-.w* /(7 ) • И:— , в  = — , 0 < s < y )  2у

А', В', C', R ' zu А, В, C, R symmetrisch.
Unter Beachtung der Abbildung 1 erhalten wir deshalb für (32)

(34) /2(лг, y) = { / + / +  / }  dt
£ *  91 93

mit
2* = [A',A], K = [B',A'] + [A,B],

® = 1(-1+0),C '] + [C',B'] + [B ,C ]+ IC ,(1S)1

und wir werden in der anschließenden Auswertung nachweisen, daß das erste Integral 
mit dem Integrationsweg £* den entscheidenden Beitrag in der asymptotischen 
Entwicklung liefert. Anwendung des Satzes 3 ergibt

(35) /  dt „ e° Д  г  + i . j  Я2„(x, у) ; {eay

wobei H2n(x, y) durch (14) gegeben ist.
Ferner gelten mit den Konstanten K>0, L > 0 , 1 >£>0

(36) S x =  f e x* V -y^ ,'> dt S  f  е '-« .‘,/« Л  =  0 (е*-*О
91 91—t

und
(37) S 2 =  J  dt =  0(ex+iC)- y4>iC)) = 0(e~LMy/x)c).

93

Insgesamt haben wir für y= v  — ~ , t = z- ^ | i — | / 1 — , a — ixx+y log (1 — t2),
1 -|- 2 t —Í2 =  2y-^j---- -̂тг- die asymptotische Entwicklung(1 — T )

(38) r (v  + l ) ( y j  /,(*) ~  Г ( n + I )  H2ll(x, y) (-^ )  y~"

mit x+v — oo, x=o(v). Speziell ist

Man vergleiche dieses Ergebnis mit der von der Sommerfeldschen Integraldar
stellung der Besselfunktion ausgehenden Entwicklung in [6], Seite 318/319.
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5.2. Der Fall k = 2. Für (30) erhalten wir mit k=2

(39) h{x, y) = J f ( t )  exp {xip(t)-y(p(t)} dt,
£

~  /4 0 -1 )
wobei <p(/) = /4 2 --- :—  und /(0> *K0> -Й wie in (30) sind. Aus (31) folgt, daß

J=1 J
3 Sattelpunkte тх, т2, t3 , wofür

(40) (Г  = 0,1, 2)

und in erster Näherung

t x ~  eni/6

gilt, existieren.
Später werden wir rechtfertigen, daß nur die Sattelpunkte t t und t2 einen 

wesentlichen Beitrag in der asymptotischen Entwicklung liefern werden. Unter 
Verwendung dieser Sattelpunkte тг (r= 1,2) bekommen wir:

(a) <тг=хф(тг) —у(р(тг) und wegen Hilfssatz 5 folgt

(b)

(c)

(d)

(e)

/  :  „ \ ( n  +  3 ) / 3  ( • /  \ ( n + 3 ) / 3 - .

i { ( 7 ) } mit Ä - ä .

Ck,r = y<Pw (Tr)> k = 2 , 3 , . . . ,

C(r, =  (C..„ b , r A r )  mit i 2,r ~  З)^4е*,(1/3_2/8(г-1))(удсг)1/3,

C3,r ~  12 ^2 e”i(l/e+ 2/3(i--1» (^2 д.)1/з, ^  „  24y,

P\(U C(r)) =  — 2  Cfc.r^7>& = 2

C(r>) — ~  2  Ck,rTT>
к = Ь К  •

wobei in (a) bis (е) stets л= 1 bzw. /*=2 gemeint ist.
Als nächstes wollen wir den Integrationsweg £ über die Sattelpunkte tx 

und t 2 verlagern. Auf Grund von (1) und Satz 1 folgt nach einfachen Rechnungen

ln 5 л bzw. л
ßi

n---  <  OCi <12 1 T ' <_Í2

11л 9 л bzw. Зл
ß.

5n
12 2 T T ""

<  —  
12

so daß beispielsweise aL= Зл
T ’ &=o, а2=л, 02

2n
~~5~

bezüglich Ti, 

bezüglich t2, 

gewählt werden können.
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Demzufolge ergeben sich als Integrationswege über die Sattelpunkte, von 
?1,г+ т1 über nach t2,i+Ti> sowie von í12+ t2 über t2 nach /2>2+ т2 
mit t2tr — eß'-niy^e- 1'>ll, 0< £<  1 (r=  Í, 2).

Wir gelangen damit in Abhängigkeit vom relativen Wachstum von x  und 
у  zu dem in der Abbildung 2 bzw. 3 dargestellten Integrationsweg.

Dabei wurden t1; t2 nur unter Verwendung der ersten Näherung eingezeichnet 
und es bedeuten:

rvV 1-s)/4 m « 4
, D = Z1+tl, l

( x  y i_t)/4 v \(1—e)/4
^  =  Ti +  t2, i ,  f i = Tl+ ^ y J c  =  (;-

y>

x \113
£ =  i Im  ( T i+ t i  i),

R = ( £  •

0 < e <  1; А', В', C', D', E', R' zu А, В, C, D, E, R symmetrisch.
Unter Berücksichtigung der Abbildung 2 bzw. 3 erhalten wir deshalb für (39)

(41) h(x,y) = { f +  f +  f +  f +  ß e ^ - ^ d t
et et sh ®

mit fl* =  [D, tJ  +  [Tl, А], £2 = [A\ гJ  + [t2, D'], Sä, = [E, D] + [A, В], %  = [B\ A’] + 
+  [D\ E'], »  = [(-1 + 5 ), C'] + [C \ В'] + [В, С] + [С, (1 -<5)].

Anwendung des Satzes 1 ergibt

(42) / в**»-”**)dt ~  <Л j j  VW . .« ic(1); о); { Л / ' 1* , - 1}
о* n = 0 \  J У
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und

(43) f  e ^ - y ^ d t  ~  ^  Í  HnJ x ,  з 0 и Ц с (Ч; {е<г^»/5х-п-1}>

wobei
^ = 1 С 2, г11 /2 + 1 С з , г11 /3+ |С 4 , гГ /4 ,

und Hn r(x, у) mittels (14) durch

n ,4 \b ( r ) ’ «r, ßr) = f  Г е х р {Р ^ ,С (г))}^
ä*r-Pr

exp {d4(f, C(r))} =  2 ” ffn.Áx, y ) t n (r =  1, 2),
(1=0

bestimmt sind.
Weiterhin läßt sich — analog zu den Abschätzungen in (36) und (37) — zeigen, 

daß Konstanten 0, L>0, 0, l> e> 0  existieren, so daß

(44)

(45) =

und
(46) 52 =

gelten.
Insgesamt haben wir damit für y= v—— die asymptotische Entwicklung

(47) i ^ r ( v  +  l ) ( j )  VjW (x) ~  НпЛ{х, y)ÍVnA (c(1); o) +

+ ef f2 Z H„,z(x, y )w „,4 (C(8); -у-)'. {e^yn/5xГ"-1}, {е^у"'5̂ " ' 1}

mit x+v-»°°, x=o(v).
Außerdem erhalten wir unter Verwendung der Sätze 4 und 5, als Spezialfälle 

von (47), folgende asymptotische Darstellungen. Für y= v — gilt

<48> ГИ )  ( т Г > > м = M - t A ' + 0 i - ^ k : )
mit xr+v-»°°, x —o(v), v=o(x4).

Entsprechend gilt für _y=v—

(49) Г (v + 4 )  (y )  (x) = 2  {^i,rC4.rd
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mit x + v — x*=o(y), wobei die Konstanten Al r und A3<r auf Grund von 
(24) und (26) durch

Л ,,  =  ( - j j 'V  ( i )  und =
gegeben sind.

5.3. Der allgemeine Fall. In Verallgemeinerung zum Fall k —2 liegt es nahe, 
den Integralonsweg £  in (30) über die к  Sattelpunkte г 1 , т г , . . . , т к  von (31), 
die sich alle in der oberen Halbebene befinden, zu verlagern. Unter Beachtung 
dieser Sattelpunkte тг (r=  1, 2, ..., k) bekommen wir:

(a) cr=хф (тг) —уср (тг) und wegen Hilfssatz 5
oo /  • „  ч(2Л+и—1)/(2Ä—1) 4(2fc+n-l)/(2fc-lK

=Uf) 1 mit
<b) Ci., =  V W ,  '= 2 , 3 ......

(c) £(r) (^2 ,r> Сз ,r» ••• 9 C2fc,r)

Сг,г~(2к-1) ^ f c e x p j i ^ —̂ •я (4г- 3 ) | ( дс2№- 1)>')1/(2,[_1), C2*>r ~ (2/c)!.y,

(d)
2k

P ik  (t> C(r))— — .Д  Cj.r jy

(e) C(r)) — ~  2  ? i,rT T >
/=2fc + l  *!

wobei in (a) bis (e) stets r = l ,  2, ..., к bedeutet.
Durch Analogieschluß zu den Fällen £ = 1 ,2  finden wir:
Für gilt die asymptotische Entwicklung

(50)

~  2 * 2  Hn,rix, y)W„'2k(^ r)- ccr, ßr); {*?•/<»+»хГ~%  ...,
r=1 n= 0

mit x=o(v).
Dabei sind in (50)

2k Л
К  = 2  I C i .r l17' ,  ^п,2к(((г,; ccr, ßr) = f  /"exp {P2k(t, C(r))}dt 

/ _ a
mit gewissen, wohlbestimmbaren, Winkeln ar, ßr, die den Bedingungen 
cos (29+arg iä.r)3*!) und cos(2£S)>0 für 3=ar, ßr, genügen müssen, sowie 
НпЛх ’ У) durch (14)

CO
exp {A2k(t, £(,))} =  2  y)tn

л =  0

( r= l ,  2, ..., k) gegeben.
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Beispielsweise sind in W„t2k(C(rf,a.r,ß r) für & = 3, a ^ — , /?х=0, a2 = rr,/?2 =  0,
71

а3 = л, Дз =  у  wählbar.
Unter Berücksichtigung der Sätze 4 und 5 könnten für (50) für die Spezialfälle 

y= o(x2k) und x2k = o(y) noch asymptotische Darstellungen angegeben werden. 
Darauf soll jedoch verzichtet werden, da die Ergebnisse (48) und (49) sich in ein
facher Weise auf (50) verallgemeinern lassen.
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MULTIPLICATIVE CANCELLATIVITY 
OF SEMIRINGS AND SEMIGROUPS

Von
H. J. WEINERT (Clausthal-Zellerfeld)

In this note, the usual ring-like definition of a multiplicatively cancellative 
semiring S=(S, + , •) (cf. [1], [2]) and some generalizations of this concept will be 
clarified by equivalent characterizations. As a matter of fact, the intrinsic parts 
of these considerations are consequences of statements concerning merely the 
multiplicative semigroup (S, •) of S, regarded as an arbitrary one, and our 
results on semirings become those on very general algebras (S, + , •)• In this 
context, we give some applications on nearrings.

A semiring S — (S, + , •) is defined as an algebra such that (S, + ) and (S, •) 
are any semigroups, connected by ring-like distributivity. A neutral element о of 
(S, +), if there is one, is called the zero of the semiring S, and in particular an 
annihilating zero iff, as for rings, {o} is an ideal of (S, •). For simplicity, expressions 
like “aAo” or “ 5\{o}” are used for any semiring S, being of no consequence 
if S  has no zero.

We further denote by £ [9?] the set of all elements of S being left [right] 
cancellable in (S, •)• Clearly, both are subsemigroups of (S', •) if not empty, 
and for all x, S  we have
(1) xy€fl=#-y€£; xytVl => x€9I.

In general, very few can be said about the multiplicative behaviour of a zero 
of a semiring S (cf. [2]). So it is notable that, as claimed in [4], the ring-like concept 
of multiplicative cancellability (in short: а^о=>-аб£Г|9?), applied to any semiring 
S, forces a zero of S to be either multiplicatively cancellable, too, or else annihilating. 
But even corresponding one-sided or mixed versions of this (replacing £f)9t by 
£, 91, or £ U 91) will prove correct, and we start with left and two-sided cancel- 
lability, treated simultaneously. To avoid trivial rubs, always |5 |ё 2  is assumed.

D efinition  1. A semiring S is called multiplicatively (left) cancellative iff 
each element a ^ o  of S is (left) cancellable in (S, •).

P ro po sitio n  1. A semiring S is multiplicatively (left) cancellative iff one o f 
the following conditions holds:

a) S has no zero, and (S, •) is (left) cancellative.
ß) S has a zero, and (S, •) is (left) cancellative.
y) S has an annihilating zero, and (5 \{o ), •) is a subsemigroup of (S, •), 

which is (left) cancellative} 1

1 With obvious definitions, we have for each semiring S: ( 5 \ { o ) ,  •) is a subsemigroup 
<=> 5  has no proper divisors of zero <=> (o) is a completely prime set. But even for semirings with 
an annihilating zero this does not imply anything concerning cancellability. We note in this con
text (cf. [2]): If a € 5  is (left) cancellable in (S, •), a is no (left) zero divisor, but no conversely.
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Since ос), ß) and у) clearly fit the definition, we merely have to prove that a 
multiplicative (left) cancellative semiring S  with zero о satisfies ß) or y). But this 
will be a consequence of the following lemma, dealing only with a semigroup (S, •) 
and one special element o£ S, being exceptional for what reason ever.

L emma 1. For any semigroup (S, • )  and one element o£S holds:
(2) I f  S\{o}5!l£, then either S —2 or So—oS=o.
(3) I f  5 \{ о } д £ П К , then either 5 = £ П К  or So = oS=o.

P ro o f . Suppose and o([£. Then we have So f]2—0  by (1),
hence So—o. In order to prove oS=o, suppose оа = Ь ^о  for some a£S. From 
this we obtain b2 = boa = b since bo = o, hence b£2  should be a left identity of 
(S', •), implying the same for о since ob=ooa—b by oo=o. This contradiction 
to о (£ £  proves (2), yielding (3) by duality.2

By our way of proceeding, these considerations also are applicable to each 
class <5 of algebras S=(S , +  , •) such that (S, •) is a semigroup, in particular 
to seminearrings and nearrings (cf. [3], [4]). In principle, there are 3 cases a), ß) 
and y) for each concept of multiplicative left, right and two-sided cancellability, 
and we denote the corresponding 9 subclasses of S  by

(4) (£,«) (K ,a) (АПК,«)
(£,/?) (% ß)  (fl ПК,/О
(£, у) (К, у) (АПК, у).

То contrast the clear situation with rings, we give informations concerning these 
subclasses for semirings and nearrings.

T heorem , i) For semirings, all 9 subclasses (4) are mutually distinct and not 
empty.

ii) For left distributive nearrings, only the subclasses (£, ß), (£, у), (К, у), 
(£ П К, у) are not empty, we have (К, у) =  (£ПК, у), and the remaining 3 cases 
are mutually distinct.

In particular: A left distributive nearring S which is (multiplicatively) right 
cancellative, is two-sided cancellative.

iii) All subclasses claimed not to be empty in i) and ii) contain as well finite 
as infinite semirings or nearrings, respectively, with one exception: There are no 
finite multiplicatively cancellative semirings with a multiplicatively cancellable zero o.

P r o o f , i) Let (S, + ) be any idempotent semigroup without a neutral element, 
and define a multiplication by ab=b for all a, b£ S. It is easily checked, that 
S=(S, + , •) is a semiring and that S6(£, a), S$(K, a). Corresponding examples 
of semirings with ß) or y) are obtained from S adjoining a neutral element о to 
(S, + ) and defining

ox — x, xo — о or ox — xo = o, respectively,

2 The implication £ = > S b n fl=  0=>So=o=>o  $ 91 and its dual, both valid if 5 \ { o } S  
S fiflM , provide (3) directly.
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for all x£ SU {o}. Since semirings belonging to (£ПЯ, a) or (£ПЯ, y) clearly 
exist, it remains to prove (£Г)Я, ß )^  0  • Now let (5, •) be an infinite cyclic 
semigroup with identity, noted as

S' — {a0, a1, a2, ...}, and by a‘ + aJ = amax<-i’J)
define an addition on S. Clearly, S=(S, +  , •) becomes a semiring, and S' as 
well as each of its subsemirings belong to (£ П 91, ß) ; in particular, the zero 
a0 of S is at the same time the identity of (S, •).

ii) Let S=(S, + , •) be a (left distributive) nearring. Then S has a zero o, 
and from a(b + c)=ab + ac it follows So = o. Hence the 3 subclasses with a) are 
empty, and also (Я, ß) and (ВПЯ, ß) because of о$Я. Nearrings S = (S, +  , •) 
satisfying S£(£, ß), 5$(Я, ß) or Sg(£, y), S $ (Я, y) are obtained as follows: 
Let (S, +) be any group, [S|=s3, and define a multiplication by xy= y  for all 
x, y£ S or by

ау = у, oy = о for all a£S\{o}, y£S,

respectively. Since nearrings which belong to (£ П Я, y) clearly exist, it remains 
to show (Я, у) =  (£ПЯ, y). Suppose 5£(Я, у), and that r£ S  is not left cancellative, 
i.e. ra—rb for some a ,b£S  suchthat a — b ^o . Since r( — b ) = —rb, we obtain 
r(a — b)—o. But we also have o(a—b) = o, hence r=o, both by ^ ( Я ,  y). This 
proves 5б(£ПЯ, y).

iii) All examples discussed above, except the semirings contained in (fl П Я, ß), 
may be chosen finite or infinite. Hence it remains to prove that there is no finite 
semiring S in (£ П Я, ß). But each semiring 5 of this kind would be a semifield 
according to the far-reaching definition of this concept given in [2], § 2. Moreover, 
each semifield has either no or one annihilating zero (hence it belongs to (£ПЯ, a) 
or (£ПЯ, у)), appart from exactly 4 exceptions. The latter are semifields consisting 
of a non annihilating zero о and one more element, but by tables given in [2], 
§ 1, they are not multiplicatively cancellative.

In the final part of this note we are going to deal similarly with the following 
common generalization of our concepts.

D e f i n i t i o n  2. A semiring (S, + , •) is called multiplicatively weakly cancellative 
iff each element a ^o  of 5 is left or right cancellable in (S, •)> i.e. iff 5 \{ o } ^  £U Я. 
Analogously, a semigroup (S, •) is called weakly cancellative iff S' ̂  £  U Я .

Astonishing at a first view, a statement like Proposition 1 also holds with these 
concepts. But this is a consequence of the unexpected fact, that the local alternative 
“left or right”, conceded to each element in Definition 2, turns out to be a global 
one, hitting all elements in the same way.

P r o p o s i t i o n  2. A semiring S is multiplicatively weakly cancellative iff one o f 
the conditions a), ß) or y) o f Proposition 1 holds with respect to weakly cancellativity. 
Moreover, such a semiring S is in fact multiplicatively left cancellative or right 
cancellative.

Again, the essential part of the proof is a consequence of the following statement, 
concerning only semigroups. Hence Proposition 2 also applies to any class S  of 
algebras as discussed above, and the subclass consisting of all multiplicatively 
weakly cancellative algebras is just the union of the 9 subclasses (4).
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L em m a  2 . Let S= (S, • )  be a semigroup such that each element of S with 
at most one exception, noted by o, is left or right cancellable in S. Then either

i) all elements o f S  have this property, i.e. S is a weakly cancellative semi
group, which implies that S is in fact a left or a right cancellative one, or •

ii) {0} is an ideal o f S and (S\{o}, •) a weakly cancellative semigroup to 
which i) applies.

In short: .S\{0}£.2U9i implies S = 2  or S=4R or S\{o} = £ or S \{o }  = <iR 
with So = oS=o in the latter two cases.

Pr o o f . With respect to Lemma 1, we only prove that 5 \{o}Q £U 9i implies 
5 \{ o } g 9 l or S\{o}i= 91- By way of contradiction, assume that there are elements 
x, y£S  such that о^л:б£\5К and o?í.p£9í\£. Using (1), we obtain ;cy(££U9?, 
hence xy=o. Also by (1), we get xxy—xo £ £ U 91, from which xo=o follows, 
contradicting xy=o  and x£2.
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REES MATRIX SEMIGROUPS 
WITH 4-DIMENSIONAL SANDWICH MATRICES

By
I. SZABÓ (Budapest)

1. Introduction

Rees’ well-known theorem characterizes the completely О-simple semigroups 
by means of regular Rees matrix semigroups over groups with zero. In his paper [7], 
O. Steinfeld  introduces the notion of similarly decomposable semigroups which are 
generalizations of completely О-simple semigroups and he proves that similarly 
decomposable semigroups are isomorphic to locally regular Rees matrix semigroups 
over semigroups with zero and identity elements. In their papers, G. L alle m e n t  
and M. P etrich  [5] and E. H otzel [3] investigate some further semigroup classes 
which can be characterized by means of Rees matrix semigroups over semigroups 
with zero and identity elements. In these characterizations the product of the Rees 
matrices is defined by a sandwich matrix. Our purpose is to give some semigroup 
classes which can be characterized by means of Rees matrix semigroups over semi
groups with zero and with no identity element.

In his paper [2], H.-J. H oehnke further generalizes O. Steinfeld’s result. He 
gives a general class of semigroups (that of the homogeneously decomposable semi
groups) and proves that they are also isomorphic some Rees matrix semigroups. 
But the product of these matrices is not given by means of a sandvich matrix, the 
product is defined by means of a so-called pseudoheap. Since the characterization 
of a semigroup by means of a pseudoheap is more complicated than the characteri
zation by means of a sandwich matrix our purpose is to give some semigroup classes 
which are between the similarly decomposable and the homogeneously decomposable 
semigroups and which have matrix representations with sandwich matrices.

In Section 2 we rewiew the results of O. Steinfeld and H.-J. Hoehnke and we 
introduce the definitions of the semigroup classes to be investigated. We start 
with the notion of similarly decomposable semigroups and, by weakening the condi
tions, we come to the notion of homogeneously decomposable semigroups.

In Section 3 we give a general matrix representation theorem in which the 
product of the matrices is defined by a 4-dimensional sandwich matrix. Evidently, 
the 4-dimensional sandwich matrix P4 can be given by means of some 2-dimensional 
sandwich matrices. We shall examine (Theorem 3.8) under what conditions T4 
can be given in the simplest way, that means, with the fewest 2-dimensional sandwich 
matrices. Furthermore we shall examine under what conditions the sandwich 
matrix Pl can be given as a 3-dimensional or as a 2-dimensional one as in the case 
of completely О-simple and similarly decomposable semigroups.

In Section 4 we give the matrix characterizations of the semigroup classes 
defined in Section 2.

At the end of Section 4 a table is given to summarise the matrix characterizations 
which are proved in the present paper and in those I have referred to.
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Some applications of the results in the present paper for primitive regular 
semigroups will be published elsewhere. For example, we shall show that certain 
primitive regular semigroups are isomorphic to generalized Rees matrix semigroups 
with 4-dimensional sandwich matrices. Moreover, every primitive regular semi
group will be proved to be embeddable in a generalized Rees matrix semigroup with 
a 4-dimensional sandwich matrix.

2. Preliminaries and definitions

Let S' be a semigroup with zero and Lx, L2 left ideals of S. By a left translation 
o f Lx into Z,2 we mean a single valued mapping ф of L ± into L2 such that 
я(хф)=($х)ф for all x£Lx and s£ S.

In the case L1= L 2= S  this notion gives the notion of the right translation of 
S in the sense of C lifford— P r e sto n  [1].

Analogously, one can define the right translation cp of the right ideal Rx into 
the right ideal R2 of S to be a mapping q> with (x<p)s =  (xs)<p for all x£R x 
and jgS.

We say that the left ideals L x, L2 of S are left similar if there exists a one-to-one 
left translation ф of Lx onto L 2.

Dually, one can define the right similarity of right ideals.
In his paper [7], O. St e in fe l d  has proved that a semigroup S with zero is 

completely 0-simple if and only if it has the form S= IJ etS =  IJ Sex with some
i t i  дел

idempotents ег(ея) where lg / П Л  and the efS ’s (SeA’s) are О-minimal right (left) 
similar right (left) ideals of S. This observation led him to introducing the following 
notion.

The semigroup S with 0 is called a similarly decomposable semigroup if
(2.1) U ^ i =  U ^  where the Rt's (ig/), (L/s (Ag A)) are right (left)

i€J дел
similar right (left) ideals of S with

Rj f ] Rk = 0 O', fcg/; j  ^  к), (Т„ПТУ =  0 (g, vgT; p ^  v));

(2.2) Rt =  etS (ef =  e , ; i  g /), Lx = Sex (el = ел; Л £Л)
and lg/flzl.

If a semigroup S  satisfies condition (2.1) and lg /ПЛ then there exist one-to- 
one right translation <p; of Rt onto Rx (one-to-one left translations фх of Lx 
onto Lx) by the right (left) similarity condition. This notion is used throughout 
the paper.

We say that a Rees matrix semigroup M °(//; /, Л; P=(pxd) over a semigroup 
with identity element e and zero element 0 is (Q)-regular (quasi-regular in T r a n  
Q u y  T ien [6]) if P= (pxi) has the following properties:

a) for every Ag Л there exists an entry PXJW (y(A)g/) in P which has a right 
inverse in H;

b) for every ig /  there exists an entry gM(i)i (p(i)gd) in P which has a left 
inverse in H.
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A Rees matrix semigroup M°(H; I, A; P = (p>_d) over a semigroup H with 
identity element is called (R)-regular if there exists an entry pxi in P which has 
a two-sided inverse in H.

We say that a Rees matrix semigroup M°(H; I, Л; P) is locally regular if 
it is both (Q)-regular and (R)-regular.

T heorem 2.1. (Theorem 4.1 in [7].) A semigroup S with 0  is similarly de
composable i f  and only if  it is isomorphic to a locally regular Rees matrix semigroup 
over a semigroup with zero and identity.

Let H, Hx, H2, ..., H„ (n ^ l)  be arbitrary sets. The set of all mappings of
HxXH 2X-..XFin into H  is denoted by F§l’H*....H". If ф{(р) is a left (right,
(one-to-one left, one-to-one right)) translation of Ix into [into, (onto)] I2 then 
we shall abbreviate this by writing (q>(zFj*ПР, (<pdFj^OA, (pdFj*ПР)).

In his paper [2], H.-J. H o eh nk e  generalizes Theorem 2.1 b y  introducing the 
notion of a 4-pseudoheap.

Let T1,T 2, . . . ,T n ( n s 2) be arbitrary sets such that Tx = Tn = T. By an 
n-pseudoheap we mean a mapping <PdFj1,T2....Tn,

(A, h, ..., tn)<P = [ht2...tn] (/;€Г;, 1 S i S n )

for which ]\txt2...Qt2...Q  = [txt2...tn_x[tnt'2...t'n]] holds for all t„ t ' f f  (25=/'säя) 
and txdTx.

R e m a r k . Clearly, every 2-pseudoheap is a semigroup and conversely, every 
semigroup is a 2-pseudoheap.

We say that the semigroup S with zero is a homogeneously decomposable 
semigroup (see H.-J. H o eh nk e  [2]) if S  satisfies condition (2.1) such that there 
exists an index 1 dlOA  and there exist systems and {<Ая€F f jПЛ}л£/1
fulfilling the following conditions:

(2.3) (RtП Lk)<PiQ R xn L x, (Rt(TЬх)фх i  R ^ L ,

and scpityx=s\l/x(pi for all /'€/, Я$Л.
T heorem  2.2. (Theorem 6.1 in [2].) The following two conditions on a semigroup 

S with zero are equivalent:
i) S  is a homogeneously decomposable semigroup;
ii) S  is isomorphic to a Rees matrix semigroup M°(H; /, A; [ ]) where the 

product o f the matrices (a)u , is defined by {a)ixo(b)jtl = {[a/.jb])itl {a, b£H\ 
i,jd I;A ,pdA ) where the mapping {a, X,j, b)^-[aXjb] is a 4-pseudoheap.

In the decomposition of a similarly decomposable semigroup the left (right) 
ideals are generated by idempotent elements. We can give a new class of semigroups 
if we do not require the generating elements to be idempotent.

We say that a semigroup S is (^-decomposable if S  satisfies condition (2.1) 
and Lx—Slx (fdS , Id A), R ^ r jS  ( r f  S ^ id l)  such that there exists l£ /fM  with 
rxdSrx, lxdlxS. We shall prove that an (r)-decomposable semigroup is isomorphic 
to an (R)-regular Rees matrix semigroup (Theorem 4.5). It is easy to prove that if 
S  is (r)-decomposable then lxdLx and r f  Rt for all kd A, id I-
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An alternative definition (see Theorem 4.4) of (r)-decomposability is that S 
satisfies condition (2.1) and there exists an element e =  e2€ S  and an index lg /ПЛ 
such that e is a right identity element of Lx and a left identity element of Rx.

The notion of similar decomposability can be further generalized such that 
instead of the existence of an identity element we require the existence of relative 
identity elements of every element in Lx and Rx.

We say that a semigroup S is a semigroup with relative right (left) identity 
elements if, for every element a in S, there exists an element da[ea] in S  with 
a=ada[a=eaá\. If S is a semigroup with relative right and left identity elements 
then we say that 5 is a semigroup with relative identity elements.

An (r^-decomposable semigroup is a semigroup with zero which satisfies 
condition (2.1) such that there exists an index l£ / f | A such that Rx is a semigroup 
with relative left identity elements and H = L X PlRj is a semigroup with relative 
identity elements. (It is easy to prove that in this case L x is a semigroup with 
relative right identity elements.) In Theorem 4.2 we shall give a characterization of 
(r*)-decomposable semigroups by means of Rees matrix semigroups with 4-dimen
sional (R*)-regular sandwich matrices. The notion of (R*)-regularity is a generaliza
tion of (R)-regularity.

If S is (r*)-decomposab!e then the relations (Li riAi)2= L in /?1 and 
JR1=R1S, L1 =  AÁ1 are trivially satisfied. The notion of similar decomposability 
can be further generalized if we require these properties only.

We say that the semigroup S  with zero is (r^-decomposable if it satisfies con
dition (2.1) such that there exists an index lg /П Л  with (/?1ПТ1)2 = Л1П/.1 and 
RX=RXS. (It is easy to prove that L1=SLl is implied.) We shall prove that S  is 
(r')-decomposable if and only if it is isomorphic to a Rees matrix semigroup with 
a property which is a generalization of the notion of (R)-regularity, called (R')- 
regularity, and the product is defined by a 4-dimensional sandwich matrix and four 
mappings of into Rx DZ-i- (Theorem 3.1.)

We shall prove that the notion of (r')-decomposability is a special case of the 
notion of homogeneous decomposability (Lemma 3.2).

Similarly to the above definitions we can get another generalization of the 
notion of local regularity by generalizing the notion of (Q)-regularity and so we 
can characterize another semigroup class (Theorem 4.3).

3. On (r')-decomposable semigroups

Let Я  be a semigroup with zero and I, Л two index sets. Suppose 
Qlf q2, 03, and Pi =(p[a, a,j , Ь])а,ын £F{j-л ’J>H is a 4-dimensional matrix.,j£I
Define a multiplication on the set of all IX A  Rees matrices over H  in the follow
ing way:
(3.1) (a)a o(b)Jtl = (адх • p [ад2, Я, j, be3] ■ bß4),v

If this multiplication is associative then the semigroup obtained in this way 
is called a generalized Rees matrix semigroup and is denoted by = I, Л ;
-P4; Qi, i?2> £з>
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R em ark . The associativity condition can be formulated but it is too complicated 
so we omit it.

An (R')-regular Rees matrix semigroup is a generalized Rees matrix semigroup 
which satisfies the following condition: there exists an index 1 £/П Л  and for all 
elements a£H there exist elements alt a2ZH suchthat

(3.2) a = a1e1‘p[a1ei , 1, 1, a2Q3]-a2ei-

T heorem 3.1. A semigroup S with zero is (r')-decomposable i f  and only i f  it is 
isomorphic to an (R')-regular Rees matrix semigroup.

For the proof we need the following
Lemma 3.2. I f  S is an (r ')-decomposable semigroup then it is homogeneously 

decomposable.
Proof. Let S  be an (r')-decomposable semigroup. Then 1€/П Л, (L1DR1)2= 

and R1 = R1S according to (2.1).
1) Consider an_arbitrary non-zero element a=aq>i of (/?;ПТл)ф; where 

ä£RiC)Lx, (PidFßirIP. Clearly ä^O. Assume that a ^ R ^ L ^  (ju£A).
Since R1 = R1S there exist elements a1£R1 and a f  S  such that a=axa2. 

Then a f L ß as axa f L ß. Therefore acpp1=ä(p±(pIl —ä^R ir\Lx and acpi_1 =  
=(a1a2)(pI1=(a1(pr1)a2£Ri(~)Lfl, since < P f D P .  The equality X=p follows 
from the facts that ЬХГ\Ь„ = 0 provided and й—агрГ1^ 0.

Therefore (/?, ПL^tpi <fR1C)Lx for all Л£Л, i£l.
2) Now consider a non-zero element a in (КхГ\Ьх)фх (фх£Р[х Г\А) and 

suppose that a ^ R jf] ^ .  Then a(pjCRxC\Lx and there exist elements ax, a2̂ R 1f)L 1 
such that a(pJ=a1a2. Consequently, a = atpjtpj1= (a^^cpjl = {al(pj1) a f  R jПLx 
and аф!1 = {{axcpj*)а2)фx 1=(a1(pJ г)(а2фГ  x) € Rj П  Lx. The equality i—j  is implied 
by the facts that aipl 1£Rlf)L x, a^O and RjORj — O if ijtj.

3) Let a be an arbitrary element of Rt П Lx. Then a*{/x(p fR 1C\Ll and hence 
a\l/x(pi=a1a2 where alt a2£R1C)L1. Thus we obtain that

a =  ( а ^ г р ^ Ф ! 1 =  (ах(рг1)(а2'/'Г1) and aq>t\l/x = [(а1ф -1)(в8^Г1)]ф|^;i =

=  (а1<РГ1<Рд(а2ФГ1Фх) = axa2 =  афх(р{.

We have made use of (and shall do so) the fact that the inverse translation of 
a left (right) translation is also a left (right) translation.

Pro o f  of T heorem  3.1. Let S be an (/-^-decomposable semigroup. Then 
Lemma 3.2 and Theorem 2.2 imply S  to be isomorphic to a Rees matrix semigroup 

I, Л; [ ]) where the product (a)uo (b)Jtl= ([aXjb])^ is defined by 
a 4-pseudoheap. Denote by Ф (6 Fm») the isomorphism given in the proof of 
Theorem 2.2 in [2]. The 4-pseudoheap is the following: [aXjb\=(афI l) ibtpjx) 
where ^ F ^ f l A  and <^€Т*‘ПР are the translations in (2.1) and (2.3).

Since H —Rj^f]^ we can define mappings qx, q2, q3, g4€F,',' such that for 
every element ű in Я  we have a=agx • ag2=ag3 • адл . Of course, qx may be
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equal to g3 and, similarly, g2 to g4 . Then we have

(a )u °W Jli =  {[aljb])iß = ((афх1) • (bcpy1))^ =

= (aői ’(aQdll/x 1'bQ3)(pJ1‘ bg^)iß =  (agx-p[ag2, A,j, b g ^ -b g ^  

where p [a q2 , Я, j ,  bg3] = (ад2)фх 1- (bg3) (pj \

Thus M°—M°(H; /, Л; P 4; g1; g2, £>з> öí) is a generalized Rees matrix 
semigroup.

We still have to prove that M° is (RQ-regular. If adH  and (а)1Х—аФ 
(ü^Pj ПРх) then there exist elements äx, such that ä=a1ä2 since
(P iП Lj)2 = R1C\L1. Then (q)u = аФ — (5 ^ )  Ф = й1Ф сй2 Ф — (а^ио (а2)и — 
-(ü iß i -р[ахд2, 1, 1, ű203] • а2дх)х1 where 51Ф=(в1)11, а2Ф=(а8)ц . Consequently, 
condition (3.2) is fulfilled for the sandwich matrix P 4.

Conversely, let S  be isomorphic to the (R')-regular Rees matrix semigroup 
M° = M°(H; I, Л ; P 4; gx, g2, g3, Qx). Denote the elements of M° by (a)ix where 
adH, id I  and AdA. Let M{[M[] be the set of the matrices (a)a for all adH  
and id I  [for all adH  and AdA]. It follows from (3.1) that M ‘x [M[] is a left 
[right] ideal of M° for every Ad A [id/].

The decomposition M° = [J M[ — (J M[ where M jf]M ß—0 if А ^ц  and
M[ П M j—0 if iVy trivially holds.

Let (pjdF^iCiP and фх£Г*,*ПЛ. is defined by (a)JX<Pj=(a)lx, j d l  and 
(а)и фх=(а)п , AdA, respectively.

Denote by 1 dlClA the index which satisfies condition (3.2). For each 
(a)udMxr\M{ there exist elements ax, a2dH  suchthat

(ű)ii = {ахдх-р\ахд2, 1, 1, a2o3] ■ a2o4)n = (4,о(а2)п €( M [ПМ[)\

Hence {М[Г\М\)2 — М[Г\М[. Similarly we get (u)u=:(űi)uo(a2)1A whence 
Consequently, М° is an (r')-decomposable semigroup which 

completes the proof.
R em ark . Though it seems now to be unnecessary to make use of four mappings 

instead of two later we shall need the original form of Theorem 3.1.
C o ro llary  3.3. Let = I, Л; P 4; gx, g2, g3, g4) be an (R')-regular

Rees matrix semigroup. Then there exists an (R')-regular Rees matrix semigroup 
M° = M \H ; I, Л; P4; glt g2, gx, g2) such that M° и isomorphic to M° and 
q1 , g2d Ffj satisfy the condition ä = äg1 • äg2 for all cidH.

The following theorem concerns the connection between homogeneously 
decomposable semigroups and (^-decomposable semigroups.

T heorem 3.4. The Rees matrix semigroup M°(H; I, A; [ ]) where the product 
is defined by a 4-pseudoheap is isomorphic to an (R')-regular Rees matrix semigroup 
i f  and only i f  there exists 1 £/ГIЛ such that for every element adH there are elements 
ax, a2dH with a — [ax 11 ű2].

P roof. Let M°(H\ /, Л ; [ ]) be a Rees matrix semigroup fulfilling the condi
tions of the theorem. Let Rx = {(a)lx\adH, Ad A} and Lx= {(a)ix\adH, /£/}. Then,
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for every element we have (а)ц=([аг 11 a2])n= (ai)u °(яа)п£ (PiП A )2
and (a)i^=(a1)11o(a2)u 6ÄJoA/'0. Therefore M%H; /, /1; [ ]) is an (r')-decom- 
posahle semigroup.

The converse part immediately follows from Lemma 3.2.
Our purpose in the next part of this section is to determine which semigroup 

classes can be obtained in the simplest way by means of the mappings qx, g2, g3, Qi 
and P 4.

Let Fi [F2] denote the subset of all mappings g in F[’ with the property 
that 0p=0 (€ //) and adag-H [adH-ag] for all adH.

If Р 4£Ря’лл,н then it can be given by means of \H\• \H\ pieces of mappings 
in Fjt' r. Here \H\ denotes the cardinality of H.

By the proof of Theorem 3.1 we infer
Lemma 3.5. Let S be an (x 'f  decomposable semigroup. Then S  is isomorphic 

to a Rees matrix semigroup I, Л; P 4; glf q2, g3, qa) such that ch> (?з€ F ,,
q2, Qi £F2 and P 4 can be given by means of \Hg2\ • \Hq3\ pieces o f mappings from
F t 1-

An important question is to answer when P 4 can be given by the fewest 
mappings from F t 1, that is, by means of the fewest 2-dimensional sandwich 
matrices.

Lemma 3.6. Let H be a semigroup with zero. Assume that there exists a mapping 
o2d F2 such that (sa)g2=ag2 for all a, s£H, saA0. Then every mapping g2d F2 
satisfies the condition

\Hq2\ =£ \Hg'2\.

P r o o f . If there exists a mapping g2dF2 with \Нд2\>\Нд2\ then H  contains 
elements a,b  suchthat ад'2 = Ьд'2 but ад2^Ь д2. Then а = ад[ • ад3 since g2d F2 
and b=bg'i -bg2=bg'1-ag2. Thus a,bdSag2.

The equality (st)g2=tg2 holding for all s,tdH  implies ag2=ag2g2 and 
bg2—ag2g2, whence we have ag2=bg2. This contradiction shows that \Hg2\s\H g'2\ 
for every g2dF2.

Evidently, the dual of Lemma 3.6 also holds.

Lemma 3.7. Let S be an (r')-decomposable semigroup. I f  R1C\Ll = H=  
=  U Наы (аш£Н) where HaOJC)Haß=Q is valid provided со, p£Q, a>Ap then there

CO £ ß

exists an (R/)-regular Rees matrix semigroup M°(H; I, Л; P  4; glt g2, g3, gq) which 
is isomorphic to S and gLd Fl5 gf_F2 satisfy the following conditions:

i) agx-ag2 = a for all adH,
ii) (sa)g2 = ag2 for all a,sdH, sa ^  0.
Pr o o f . Let R1f)L 1= H =  (J Haw. Suppose am=a<f > • ű„2) is an arbitrary

10CCI
product-decomposition of the element a0).

(3.3) Let the mappings glt £>2 be defined by bg2 = a%) and bg1 = b'(a£)) if 
bdHam and b' is a fixed element of H  with b=b'am, b ?±0 and 0g1=0g.i =0. 
Then bgt -bg2—b'a(t  • a ^  — b'aa=b. Furthermore, we have (sb)g2 = ((sb')a0])g2 — 
=a(®=bg2 for all sdH, sbA 0.
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Note that the mapping дг just defined is contained in i-jDA.
Evidently, the dual of Lemma 3.7 holds for the mappings q3, o4 if H =  ( J  a,,H

шея
is a zero-disjoint decomposition.

The following theorem is an immediate consequence of Lemmas 3.5, 3.6 and 
3.7, their duals and Theorem 3.1.

Theorem 3.8. Let S be an (rj-decomposable semigroup. Assume that Rx C\Lx= 
= H=  (J Наю= (J baH  are zero-disjoint decompositions o f H. Then by (3.3)

co £ Í2i со € ß2
and its dual we can define an (Rj-regular Rees matrix semigroup M°(H; I, Л; P 4; 
£>i, q2, q3, <?4) such that among all the representations o f S  by an (R j-regular Rees 
matrix semigroup the 4-dimensional sandwich matrix P x can be given by means 
of the fewest 2-dimensional sandwich matrices.

Corollary 3.9. Let S  be an (r')-decomposable semigroup. I f  there exists 
an element ad R1(jL l = H  such that H =H a then there exists an (R')-regular 
Rees matrix semigroup M°(H; I, A; P4; g1; q2, q3, ej) with q2 a constant mapping 
such that it is isomorphic to S. Consequently, P 4 does not depend on its first com
ponent, that is, it is essentially 3-dimensional. The product o f matrices is defined by

(a)a0(b)Jlt =  (aQi-p[Á, j,  bfo]• bo4)iM.

Corollary 3.10. Let S  be an lyf-decomposable semigroup. I f  there exist 
elements а,Ь€Р1ПР1 = Я  such that H=Ha — bH then there exists an (Rj-regular 
Rees matrix semigroup M°(H; /, A; P 4; Qi> 62, вз> Qj) with q2 and q3 constant 
mappings such that it is isomorphic to S. Thus P 4 does not depend on its first and 
last component, that is, P 4 is essentially a 2-dimensional sandwich matrix and 
the product o f matrices is defined by

(a)ix°(b)jtl = (ag1 • pXJ • Ьд^¥ -

In their paper [3], S . L a j o s  and J. S z é p  have proved the following theorem:

T h e o r e m  3.11. A semigroup S  is a semigroup with an identity element i f  and 
only if  it contains elements a, b such that

1) Sa= S but Та A S  for all proper subsets T  o f S, and
2) bS= S but bTA S for all proper subsets T  o f S.

Corollary 3.12. Let S be an {xj-decomposable semigroup. I f  there exist 
elements a,b£R i r\L1 — H such that H=Ha=bH and Та ATI and ЬТа Н  for 
all proper subsets T  of H  (for example H is a finite semigroup) then S is an 
(r)-decomposable semigroup.

Corollary 3.10 implies that in this case S  can be represented by means of 
a Rees matrix semigroup with a 2-dimensional sandwich matrix (see Theorem 4.5).

In the next section we shall get some further simple characterizations of certain 
semigroups.
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4. Some special cases

Let H  be a semigroup with zero and relative identity elements and let Pl — 
= (p[a, A,j, b])a,bíH Suppose gx, Qz íFh with the property that

(4.1) for each element a, b, s, t of H  and for each index i£ / and A£A 
the equality

sapfa^j, A,j, bg2]bt = sap[(sa)g1, A,j, (bt)g2]bt
is satisfied.

Define a multiplication on the set of all Rees matrices over H  by

(4.2) (a)iX о(b)Jfl = (a p [a gx, A, j, bg2] b)ifl.

The following lemma shows this multiplication to be associative. So we have 
obtained in this way a semigroup which we term a (*)-,generalized Rees matrix 
semigroup and denote by /, Л; P4; д1г д2).

L e m m a  4.1. The multiplication defined in (4.2) is associative.
P r o o f . Assume that (a)iX, (b)^, (c)*v are Rees matrices over H. By (4.2) 

we have
(")iio [(% °(4 v ] =  (a)a°(bp[bg1, P, k, cg2]c)Jv =

= (ap[agx, A,j, (bp[bgx, p, k, cg2\c)g2]bp[bg1, p, k, =

=  (ap[agx, A,j, bg2]bp[bg1, p, k, cg2]c)iv =

=  (ap[agx,A ,j, bg2]bp[(ap[ag1, A,j, Ьд2]Ь)дг,р , к, ce2]c)iv =

= (ap[agx, A,j, Ьд2]Ь):11о(с)к, = [(u)u °(Ь)Уд] o(c)kv 

which was to be proved.
We say that a ( * )-generalized Rees matrix semigroup M°(H\ I, Л; P l ; gx, g2) 

is (R*)-regular if it has the following property:
(4.3) there exists an index lg /П /1 such that for each element s£H  the 

equalities
qiPUiQi, L L sg js  = sp[se1; 1, 1, q2g2]q2 =  s 

hold for some qx,q 2ZH.
This generalizes the notion of (R)-regularity and is a special case of the notion 

of (R')-regularity.
We obtain the following assertion from Theorem 3.1 as a special case.
T h e o r e m  4.2. A semigroup S with zero is (î -decomposable i f  and only if  

it is isomorphic to an (R*)-regular Rees matrix semigroup over a semigroup with zero 
and relative identity elements.

P r o o f . If S  is (r*)-decomposable it is (r')-decomposable. Since H =R1(~}L1 
is a semigroup with relative identity elements S  is isomorphic to an (R')-regular
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Rees matrix semigroup M°(H; I, Л; P 4; gx, q 2 ,  q 3 , q4) such that ад1 = ад4 = а 
for every adH. Define q x ,  g2d F}j to be equal to g2 and g3, respectively. Then 
M°(H; I, Л; P*; gx, g2) = M°(H; /, Л; P 4; glt g2, g3, g4) and the product of mat
rices is (a)iXo(b)Jfi=(ap[ag1, A,j, bg2]b)ilt.

Furthermore

sap[agx, A,j, bg2]bt = sa(ag1)il/x -(bg2)(pj bt =

= [sn • (адх)]фх • [(bg2)bt](pj = (sa)\J/x -(bt)(pj =

=  [sa (sa) gj] фх • [(bt) q2 bt ] q>j =  sa [(so) ßJ • [(bt) p2] cpj bt =

= sap[(sa)g1,X ,j, (bt)g2]bt

for all a,b,s,t(LH ; ÁdA; jd l. Therefore condition (4.1) is fulfilled. Condition
(4.3) follows from the fact that H  is a semigroup with relative identity elements.

The converse part is easily proved.
We say that an (r*)-decomposable semigroup S  is (r*q*)-decomposable if  

S' is a semigroup with relative identity elements.
A (Q*)-regular Rees matrix semigroup is a (*)-generalized Rees matrix semi

group satisfying the following conditions:
a) for each adH, Id Л there exist j d l  and qdH  suchthat а—ар[адх, Я, у,

те*]?;
b) for each a d H J d l  there exist Ad Л and qdH  suchthat a = qp[qgx, A,j, 

ag2]a.
T heorem  4.3. A semigroup S with zero is (r*q*)-decomposable i f  and only if  

it is isomorphic to a (Q*)- and (R*)-regular (*)-generalized Rees matrix semigroup 
over a semigroup with zero and relative identity elements.

R em a r k . In [6] and [9] some results are proved under what conditions the 
Rees matrix semigroup and its base semigroup H  have similar properties (regularity, 
O-D-simplicity, complete simplicity). In these investigations the concept of (Q)- 
regularity plays an important role. Analogous questions can be raised for (*)- 
generalized Rees matrix semigroups. In this case, (Q*)-rcgularity plays the role 
of (Q)-regularity.

Theorem 4.5 immediately follows from Theorem 4.3 if we observe the following 
property of semigroups with identity. This result is connected with Theorem 3.11.

T heorem  4.4. A semigroup S is a semigroup with identity element if and only 
i f  it contains elements a, b such that

1) Sa = S  and adaS ;
2) b S = S  and bdSb.
P ro o f . Assume S satisfies conditions 1) and 2) for the elements a, bd S. 

Then there exist elements ea, eb with a —aea and b=ebb. For each element 
c in S  there exists an element f cd S  such that e = fca = fcaea=cea. Therefore 
ea is a right identity element of S. Similarly we obtain that eb is a left identity 
element of S.
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Therefore ea — eb is an identity element of S.
The converse part is trivial.

T heorem  4.5. A semigroup S with zero is (f)-decomposable i f  and only i f  it 
is isomorphic to an (R)-regular Rees matrix semigroup over a semigroup with zero 
and identity element. The product o f matrices is defined by a 2-dimensional sandwich 
matrix.

From Theorem 4.5 we get O. Steinfeld’s result stated in Theorem 2.1 as a special
case.

In the next table we sum up the matrix characterizations of the semigroup 
classes which were defined in this paper and in those in the references with the ex
ception of some semigroup classes which can be characterized by means of Rees 
matrix semigroups over a semigroup with zero and identity defined in [3], [5]. The 
characterizations of Brandt semigroups, completely О-simple semigroups are in [1]; 
of generalized Brandt semigroups and similarly decomposable semigroups are in [7]. 
In the paper [8] we can see that the matrix characterization of generalized Brandt 
semigroups can be further generalized to a certain class of lattice-ordered semi
groups which plays an important role in the mathematical theory of codes and 
finite-state transducers.
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N o t a t io n s . S=  (J i?,= !J Z.A is a. semigroup having properties (2.1) and (2.3);
(€/ Л€Л

H e is a semigroup with zero and identity element; G° is a group with zero; P 4 [P] 
is a 4- [2-] dimensional sandwich matrix; S+-»M° means that S is isomorphic 
to M°; A is the identity matrix.

The arrows go from the general case to the special.
The author expresses his thanks to Mária В. Szendrei for her valuable remarks 

in the preparation of the present paper.
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FAMILIES OF FINITE SETS WITH PRESCRIBED 
CARDINALITIES FOR PAIRWISE INTERSECTIONS

By
P. FRANKL (Budapest)

1. Introduction

In D eza, Er d ő s , Frankl [1] the following problem is considered.
Let n, к be integers, n> k> 0, and let L = {lly ..., /,} be a set of integers

0 ̂ / j< /2-< <A:.
Let A" be a finite set of cardinality n and let f  be a family of fc-element 

subsets of X. We say that J “7 is an (n, k, L)-system if for all F, F'£!F, F ^ F ' 
we have
(1) |Е П Г |€Е .

In [1] it is proven that, denoting by m(n, k, L) the maximum cardinality of an 
(и, к, L)-system, for n>n0(k) we have

(2) m (n ,k ,L ) / 7 0 -  Z;)/(/c-  /;),
>=i

moreover
(3) m(n, k, L) ^  c(/c)nr_1 
unless
(4) (h-h)\ (ls-h)\ ... \dr-lr-l)\ ( * - / , ) .

However in many cases the estimations (2), (3) are very far from best possible 
(see [3]).

In this paper we are concerned with determining the correct order of magnitude 
of m (n,k,L ) for k ^ l .  Actually we shall do it excepting the following cases: 
k = l ,L =  {0, 2, 3, 5}, {0, 2, 3, 5, 6}.

The proofs will heavily depend on the techniques developed in [1], [4], [3].

2. The methods and some reductions

Let S' be an (n, k, L)-system and n>n0{k). Let us define (see [4]):
S'* = {G c  A| B i'i,..., Fk\a\̂ _3F, Ftr\Fj — G for l ^ i < y S f e |G|},

A(SF) = {D l& *\lG d3F*,G c:D }.
In [4] it is proved that |zl(^')| <c(k), a constant depending only on k. As S ’czS ’* 
(for F ^ S ,  G — F1 = . . .—F^a\ = F  satisfies the conditions) any member of ^ c o n 
tains a member of A(JF). Consequently for some D£A(S)  5

(5) \* '  = {F -D \F e& ,D Q  /■}!
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This implies
Proposition 1. Let lx > 0 . Then there exists a positive constant cfk) depending 

only on к such that

(6) c1(k)m(n, k, L) <  т (п-1г, k - l lt { 0 ,  / 2 - / 1 , I,- 4 } )  ^  m(n, k, L).

P r o o f . The second part of (6) is trivial, since if we are given an ('n—lx, k —lx, 
{0, /2—/1; /^-system SF' then we can take an 4-set A, disjoint to X,
and define IF = {F\JA\F£dF'}. Then obviously 3F is an (n, k, L)-system, proving 
m(n, k, L )S m (/i-4 , k - l x, {0, l2- l lt ..., /r -4})-

To prove the first part let us choose D ^ A (^ )  to satisfy (5) and let C be an 
4-subset of D. Let us set ^ '  = {F—C \C (zF ^^} .

Then 2F’ is an (и — 4, к —4, {0, /2 — llt ..., /r—4})-system of cardinality at
least — | #j  and (6) follows.C(k)

Let us set # '„ = # ' and г#0 — 0  • Suppose 3F{ and are defined yet, and let 
К  be a set of maximal cardinality such that there exist k + 1 different members 
Fi, ..., Fk+1 of J4, satisfying
(7) FjOFr  = К  for i s  j  <  /' s  k + 1.
Let us set

=  => AT}, Vt+l = %U{(K, F )\K cF £F i}.

Then obviously |#'i+1| +  |#'i+1| =  |# j .
Let this procedure stop at the <jr-th step, i.e. in we cannot find K, Fx, ..., Fk+1 

satisfying (7). Then in view of a result of Erdős, R ado [2]

(8) |J%| == k \k k.

In [3] the following two propositions are proved.
Proposition 2. Let (Kx, Fx), (K2, F2)£<Fq then

(9) \KXC[KA£L.
Moreover i f  F1—K1=F2—K2, then

(10) l ^ n ^ i É Í4 -I7 4 -JS 4 I, . . . , 4 - 1̂ - ^ } .

Proposition 3. For l s / s #

(11) S  k\k*-n.
We need the following
Proposition 4. Let us suppose that cF does not contain a А-system o f car

dinality k + 1 and with kernel o f cardinality at least /s+i. j + l S r .  Then we can 
find S '’Q 3F, such that dF' is an (n, k, {lx, ls})-system and for some constant 
c*(k), depending only on к
(12) \3F'\^c*(k)\3F\.
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Proof. Let us set ^ й—Ж{)= 0 .  Suppose that eSl and Ж{ are already defined. 
Let —(JfiU&i)), and let us set f i+1= ^ U  {F}.

Let us define Ж(Р)={Н<Е(Ж-(Ж,1)91))1 |# n F |£ / , +1}, and for G c F  
*T(F, G)={H£JF(F)\Hr)F=G}.

We claim that 34?(F,G) does not contain a d-system of cardinality k + 1, 
for any G cF. Indeed for |G |</S+1, .?r(F, G)= 0  and for |G |s /J+1 the kernel 
К  of the A-system would contain G, contradicting |F | < /I+1.

Now (8) implies ^ ( F ,  G )|^/c!/с*. Consequently
(13) Ж { Р )^ 2 кк\кк.
Now let us define Ж1+1=(Ж10Ж (1Г))— {F}.

Continuing this way, after a finite number, say t, of steps we have Ж =9,0Ж г. 
Then inequality (13) yields \&,\^(1/(2к - к\кк))\Ж\.

As by the definitions for G ^G '^g , |GflG'|-=:/J+1 setting Ж' = @,, c*(k) = 
=  1/(2k-klkk) the assertion of the proposition follows.

We need one more proposition.
Proposition 5. In proving m(n, k, L)Sc(k)nq we may suppose that for any 

Qc^Fd Ж, \Q\=q there are at least M(k) members of Ж containing Q, where 
M(k) is any fixed number depending only on k.

Proof. Let us set Ж а =  Ж  & . If Ж 1 and <S i are defined then let ( ) с : Р £ Ж 1, 
such that Q is contained in less than M(k) members of Ж{. Let us define

{ ^ i lß c F } ,  9l+1 = 9,\J {Q}.
Let this procedure stop after the p-th step. Then obviously \&p\; 

g M (k )^ j g  n4, and for V ß c F g J^  there are at least M(k) members of 
Жр containing Q.

Now if we prove \ЖР\ ̂ c'(k)nq, then it follows | Ж | g  Íc'(k) +  — y -̂ j nq = c(k)nq,V q. j
as desired.

3. The upper bounds

In view of Proposition 1 we may always suppose 4 =  0. In what follows 
c(k) is a constant depending only on k. The following inequalities are consequences 
of (2) and (3).
(14) rn(n, к, {0, 1, ..., r — 1}) ^  c(k)nr 
for fc=l, r =  1; k = 2, r = l ,  2, k= 7, r = l ,  2, ..., 7.
(15) m(n, к, {0, 1,...,  r — 1, s} ^  c(k)nr
for k —3, r =  l, s = 2; k = 4, r = l ,2 ,  s = 3; k = 5, r = 1, s =  2, 3, 4; k = 5, r — 2,3; 
s = 4, k= 6 , r = l ,  s=4, 5; k = 6 , r= 2, s = 3, 4, 5; k= 6, r= 3,4, s=5, k —7, r = 1, 
s=2, 3, 4, 5, 6; k = 7, r—2, s =  5, 6; k= l, r= 3, s=4, 5, 6; k —7, r= 4 , 5, s = 6.
(16) m(n, k, {0, 2, ..., 2 (r—1)}) S  c(k)nr
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for к —4, 6, r= 2; к —6, г —3.

(17) т(п, к, {0, 2, s}) S  с(к)п3 
for к = 4, s =  3; к = 6, s = 5.
(18) т(п, 6, {0, 3}) S. с(к)п2.
(19) т(п, 6, {0, 3, s}) ^  с(/с)л2 
for s=4, 5.
(20) m (n, к, {0, 2, 3, , г}) ^  с(А)лг-1

for к —5,6 ,1 ,  г = 3 ,4 ; к=6,7 ,  г —5; к =7,  г=6.

(21) т (л , /с, {0, 3, 4, ..., г} ^  с(к)пг~г 
for к = 5,7, г —4; к=6,7, г —5; к —1, г —6.
(22) т (л , А, {0, 4, 5, ..., г} S  с(А)лг_3 
for к= 6,7, г= 5; А=7, г = 6.
(23) т(и , 7, {0,5, 6}) S  с(А)л2.
(24) т (л , 7, {0, s, 5}) ё  с (А) л2 (s =  2, 3)
(25) т (л , 7, {0, 1, 3}) S  с(к)п3.
(26) т (л , к, {0, 1, 3, 4}) S. с(к)п3 {к = 6, 7).

т (л , 6, {0, 2, 4, 5}) ё  с(6)и3.
These cover 86 of the 127 possible cases. For A s 4 no cases remain. Let us now 
consider the cases к = 5, L={0, 2, 4}; k — 7, LQ  {0, 2, 4, 6}; A:=7, {0, 3, 6}.
In all of these cases we claim
(27) т (л , k, L) =  n.

To prove (27) let X={xt , x„) and let e1,e 2, ..., en be an orthonormal basis 
for the л-dimensional vector space over GF(2) in the first cases and GF(3) in the 
last case.

To S' let us associate v(F) = 2  ei- We claim that the vectors v(F), S'
x t (.F

are linearly independent — which of course yields (27). Indeed (v(F), v(F'))?±0 
iff F=F', where (vt , v2) is the scalar product of vlt v2.

Now for k = 5 two cases are left: L=  {0, 1,3} and L —{0, 1,3, 4}.
In these cases we prove

(28) m(n, k, L) S  с(А)л2.

This was already proved in Larman [5], but we give a shorter argument.
Let us first consider the case L=  {0,1,3}. Let {jq, x 2, x3, xt , x5} be one 

of the sets. In view of Proposition 5 we may suppose that there are 100 other sets 
containing {хг, x2}. By symmetry reasons we may assume then

{*!, x2, x3, х в, х7}6^, {*!, x2, x3, x8, x9} £ {x1, x 2, x 3, x w,x n} ^ S r.
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There are also at least 100 members of S' containing {x4, x5}; by symmetry reasons 
we may assume that {xl5 x4, x5, x12, x13}, {x1; x4, x5, x14, x15}, {x1; x4, x5, x16, x17} 
are 3 of them.

The set {x2, x4} is contained as well in at least 100 members of S ' . Let F  be 
one of them which is different from {xl5 x2, x3, x4, x5}. As they intersect in 0, 1 or 
3 elements there is exactly one of x1; x3 and x5 which belongs to F.

If it is x4 or x3 then a similar argument yields FH {x8, xg} ^ 0 ,  FD {x10,xu }?í 0 ,  
Ffl {x6, x,}?í 0 ,  yielding |F |s6 , a contradiction.

If it is x5 then we come to the same contradiction using FD {x12, х13}=̂  
0  ^F H  {Xj4) x16}, Ffl {xie, x17} ^  0 .  So the case L= {0,1,3} is settled. 

Essentially the same argument yields
(29) m(n, 7, {0, 1, 4}) S  c(k)n2.

Now let us consider the case L={0, 1, 3, 4}. Let us define 5 = max v such
that |F - F |  =  1 for all (K, F)ZVe.

In view of Proposition 4 and the case L=  {0, 1, 3},

(30) \3FS\ <c(/c)n2.
№ ILet us choose a y£X  such that {y} =  F —F  holds for at least -L-1- times,n

and let F  = {K \F -K = {y), (K, F )eSf,}.
Then in view of Proposition 2 for Кт±К'&у we have |ÄTП AT' 16 {0, 3}. Using

(15) for this case (k—4, r= 1, s=3) we obtain
(31) |«J s n \3Fy\ sc'(fc)n*

As \^s\ + \S,\ = \S \  we obtain from (30) and (31)
(32) m(n,5, {0, l,3,4})==c(5)n2.

Now let us consider the case k = 6.
Let us first list the open cases in terms of the different L:

{0,1, 2, 4, 5}, {0, 1,2,4}, {0, 1,3,5}
{0, 1,4,5}, {0,2, 3,5}
{0, 1, 3, 4, 5}.

In the cases of the first line let x£X  be of maximal degree and let us set 
3FX= {F— x |x£F£S'). Then
(33) \* x\ Ш(к/п)\&\,

and is an (n - -1,5, {/2- l ,  ... , /,— l})-system.
Consequently in view of (28),, (27), respectively (33) implies

(34) m(n, 6, {0, 1, 2, 4}) s c(6)n3,

(35) m(n, 6, {0, 1, 2, 4, 5}) ^  c(6)n3,

(36) m(n, 6, {0, 1, 3, 5}) S c(6)n2.
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For the cases of the second line let us define again

(37) s =  m axt> |F -^ | =  1 for (K, F)^3FV.Ô v

Using Proposition 4 we obtain
(38) \Fs\^ c " (6 )n \

On the other hand for some y£X  F—K = {y)  holds for at least \^s\/n different 
(K,F)£(ßs. Setting &y = {K\(K, F)£4?s, F— F={^}} Proposition 2 implies that 
&y is an (n , 5, {0, 4}, (n, 5, {2})-system, respectively. Hence in both of the cases 
we obtain
(39) K |S c '( 6 ) « l  
Combining (38) and (39) we get

(40) m{n, 6, {0, 2, 3, 5}) S  c(6)n2,

(41) m(n, 6, {0, 1, 4, 5}) S  c(6)n2.

In the case L={0, 1, 3, 4, 5} we can proceed in the following way.
Let us define

(42) 9  = {K\JF£3F, (K, F )€«,}.

In view of Proposition 3 we have

(43) q = \9\ £  с^Щ РЦп, 
consequently for some /£L

(44) 9 , =  {D&\\D\ = 1}| £  c%(k)-\P \/n.

But <3)l is an (n, l, {/'6L|//</})-system.
So in our case we obtain using (44)

(45) tn(n, 6, {0, 1, 3, 4, 5}) S  c(6)n3.

Now we turn to the case k = 7. The first case we consider is Z,= {0, 1, 2, 4, 5, 6}. 
Let us define s as in (37). Then we obtain

(46) \2FS\ ^  c'(7)m(n, 7, {0, 1, 2, 4, 5}).

Choosing y£ X  such that F—K={y) holds for at least |#s|//i (K, F ) ^ s, 
and setting ^ y= {K\(K, F)£(£s, F—K={y}} in view of Proposition 2 we obtain

(47) \VS\ ^  c*(7)n • m(n, 6, {0, 1, 4, 5}) ^  c**(7)n3.
Now
(48) m{n, 7, {0, 1, 2, 4, 5, 6}) S  c(7)n3 
will follow from
(49) m(n, 7,{0, l ,2 ,4 ,5 } )S Cl(7)n3.
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To prove (49) let us define

t — max Ы |F —K\ = 2 for (F,Ô v I

Then Proposition 4 implies

(50) \P t\ S  c2(T)m(n, 7, {0, 1, 2, 4}) =§ c3(l)n3.

On the other hand for % let us choose Z a X , \Z |= 2  such that

=  Ш К , F)eV„ F —K=Z}\

is maximal. Then of course and by Proposition 2 3FZ is an
(и, 5, {0, 2})-system. Using (27) we deduce

Combining (50) and (51) we obtain (49) and (48). 
The inequality (48) in turn implies

(52) m(n, 7, L) á  c(7)n3

for ever LQ  {0, 1, 2, 4, 5, 6}, {0, 1, 2}SL and for L={0, 1, 4, 5, 6}, {0, 2, 4, 5, 6}.
Let us list the remaining cases.

{0, 1, 2, 3, 5, 6), {0, 1, 2, 3, 5}, {0, 1, 3, 6}, {0, 1, 3, 4, 6}
{0, 1, 3, 4, 5, 6}, {0, 1, 3, 4, 5}, {0, 1, 3, 5}, (0, 1, 3, 5, 6},
{0, 1, 4, 6}, {0, 1, 5, 6}, (0, 2, 3, 4, 6}, {0, 2, 3, 6}, {0, 2, 5, 6}, {0, 3, 4, 6}, {0,
{0, 1, 4, 5}, {0, 2, 4, 5},
{0, 2, 3, 5}, {0, 2, 3, 5, 6}.

3, 5, 6}

For the cases listed in the first line let x d X  be of maximal degree, and 

3FX = {F-{x)\F^3F, x6F}.

Then $FX is an (и- l ,  6, {/2 — 1, 1 })-sy stem of cardinality at least {kjn)\3F\.
Hence we obtain

(53) min, 7, {0,1, 2, 3, 5, 6}) ^ r a ( n ,  6, {0,1, 2, 4, 5}) ^  c(7)n4,

(54) m(n, 7, {0, 1, 2, 3, 5}) ё  т(и, 7, {0, 1, 2, 3, 5, 6}) Ш e il)и4,

(55) min, 7, {0, 1, 3, 4, 6}) ^  j  min, 6, {0, 2, 3, 5}) ^  с(7)и3

(56) min, 7, {0, 1, 3, 6}) S  min, 7, {0, 1, 3, 4, 6}) =S c(7)n3.
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For the cases of the second line let us define 2 , 3>, as in (42), (43) respectively. 
Then using (43) and considering separately the possibilities for the value of / we
obtain:
(57) m{n, 7, {0, 1, 3, 4, 5, 6}) c{l)n\
(58) m(n, 7, {0, 1, 3, 4, 5}) c(7)n3,

(59) m(«,7, {0, 1,3, 5})Sc(7)n3,

(60) m(n, 7, {0,1,3, 5, 6})=£c(7)n3.

For the cases listed in the third and fourth line we define s as in (37) and let y£X  
be such that F—K = {y) holds for at least \^s\jn members (K, F) of Set
(61) <F, =  [K\{K, F)e%, F—K= {y}}.
Then Proposition 4 yields
(62) \3Fs\^ c '(J )m (n ,l ,L -{ 6 ) ) .
On the other hand Proposition 2 yields
(63) \V.\ S  пт(п,6,ЬП{1-1\1€Ь}).

Combining (62), (63) and 13F\ — \3F̂  + \^s\ we deduce
(64) c(7)n2
for L = {0, 1, 4, 6}, {0, 1, 5, 6}, {0, 2, 3, 6}, {0, 2, 5, 6}, {0, 3, 4, 6}, {0, 3, 5, 6};

(65) m(n, 7, L) ^  c(7)n3 
for L={0, 2, 3,4, 6}.

Now let L —{0, 1,4, 5} and let us define

(66)

We assert 
(67)

t = m M v\\F -K \ = 2, (K, F)£(6V.i>̂ 0 1

Otherwise we can find (Klt Fj), (K2, F2)6(€t such that F1 — Kl = F2 — K2. But in 
this case Proposition 2 implies {/— 2|/£L})— 0 ,  a contradiction.

For !Ft Proposition 4 yields using (29)
(68) \3Ft\ ^  c'(7)m(n, 7, {0, 1, 4}) ^  c*(7)n2.
(68) and (67) yield together
(69) m(n,7, {0, l,4 ,5 } )^ c (7 )n 2.
Now let L — (0, 2, 4, 5}. Let us define t by (66).

Then Proposition 4 implies
(70) m ^ c ' ( l ) n .
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Let <&= {Kx, ..., K,} be the different 5-element sets which occur in some (K, F ) ^ t. 
By Propositions 2 and 3 and inequality (27)
(71) Щ  ^c* (1 )n -t ^c*(7)n2.
From (70) and (71) we deduce
(72) m(n,7, {0 ,2 ,4 ,5})^c(7)n2.
Let now L=  (0,2,3,5,6}. Defining s as in (37), we obtain as above (1^  = 
^ c'm(n, 7, (0, 2, 3, 5,}, !Fy is an (n, 6, {2, 5})-system, consequently \lFy\ ^c*n  and 
|<f,| ̂  c*n2)
(73) m (n, 7, {0, 2, 3, 5, 6}) c'(7) m(n, 7, {0, 2, 3, 5}) + c* (7) n2.
For L = {0, 2, 3, 5} (3) yields
(74) tn(n, 7, {0, 2, 3, 5}) S  c(7)n3.
However we think that n3 can be replaced by и2 in (74) and consequently in (73).

4. The constructions

Let A be an arithmetic progression (i.e. for some integers a, d,/= 0 ,  d>0, 
A = {a+ id\0^i~ f}) of maximal length (i.e. / + 1 is maximal) such that AQL, 
d\(k—a). We define a (L )= /+ 1.

Let p be the greatest prime not exceeding -r—— . Then we may choose in k — a
X  pairwise disjoint sets X0, Х1г ..., where \X0\—a, \xt\=dp for lS /s E ,

p-i
and k= (k—a)/d. Let Xt— (J Y/ where the Yd’s are pairwise disjoint, \Yf\=d  
for y = 0, ..., p -1 .

Let V be the ( /+  l)-dimensional linear space over GF(p). Let g1; g2, ..., gz 
be к elements of V*, the dual space of V, in general position i.e. the g;’s are 
linear functions V-*GF(p), such that any / + 1 of them are linearly independent. 

Let us define BF by

(75) У  =  {лЭ»€ V, F  =  Z0U( U ^ (P))} •

From the definition (75) it is obvious that for F, F'£ BF \Ff] F'\ = a + bd for some 
b^0 . Let us suppose b ^ f+ l  i.e. there are at least /+ 1  values of j, say j \ ,  ...,jf+1 
such that gjt{v)—gjt{v') for f= l, . . . , / + 1. But the functions {gJt11 ^ ^ f + 1} 
are linearly independent, and consequently they generate V*. It yields g(v)=g(v') 
for any g£V* i.e. v —v'. Thus we proved BF to be an (n,k,L)-system:
(76) m(n, k, L) £  pf+1 = pa(L) >  c'(k)na(L).
The inequality (76) shows in 119 of the considered 127 cases that the order of 
magnitude of the upper bounds is best possible.

For k — 1, L={0, 2, 3, 5} or {0, 2, 3, 5, 6} it gives
(77) m(n, k, L) ^  c'(k)n2,
which we think is best possible apart from the value of c'(k).
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Suppose we are given an (nt, k t, L^-system ^  on the set Xit
t

Suppose further the Xt-s are mutually disjoint. Let us define {|J  Fi}Fi^ ^ i 
for /=1, i=1

t t
Then SF is a family of 2  /cr element subsets of a set of 2  ni elements,

i = l  i=l
and for F,F'£3F  we have |Т П Т '| = 2 \ ^ 2 ^  ^ í \  = 2  h where /^(LjU {A:,}) 
for i= \ , . . . , t .  i=1 i=1

This proves

(78) m i a t t i ,  Z  kh 2  i^ iU  { fc j-i 2  fci}) =  n m (n it kt, Ц),
4 = 1  i= 1  i = l  \  4 = 1  J '  i = 1

where 2, Bi = { 2  Ь,\Ь^В, for i =  1 ,...,/} .
i = l  l i = l  >

Using (78) and (76) we obtain
(79) m{n, 7, {0, 2, 5}) S  m(n/2, 5, {0})m(n/2, 2, {0}) ^  с 'Ц )п \

(80) min, 6, {0, 1, 3, 4}) g m ( y ,  3, {0, 1}) m ( y , 3, {0}) ё  c'(6)n3.

The last cases are к — 1, L=  (0, 1, 3}U2? where B'X {4, 6}. Let p be the greatest 
integer such that 2p^ n + l ,  and let YczX, |У |=2Р— 1.

Let us consider the p-dimensional projective space on Y. Let 3F consist of 
the 2-dimensional subspaces.

Then 3F is a (2P —1, 7, {0, 1, 3})-system of cardinaity -■ ' ^ ■■ ^ ^ ^• / 6 4proving
(81) min, 7, {0, 1, 3}1)Я)ё c'(7)n3,
for every BQ {4, 6}.
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EXPONENTIAL ESTIMATES FOR THE MAXIMUM 
OF PARTIAL SUMS. II 

(RANDOM FIELDS)

By
F. MÓRICZ (Szeged)

§ 1. Introduction and preliminaries

Let {£*,} (k, l — 1, 2, ...) be a doubly infinite random field. The rv’s £« need 
not be independent or identically distributed. Set

and
S(b, c; m, n) =

b + m c+n
2 2

k—b+l t=c+1
Ckl

M(b, c; m, n) =  max max |S(b, c; p, q)\,l^p^m l^q^n

where й, с ё 0 and m, иё1 are integers. It is of practical use to define
S(b, c; m, ri) = M(b, c; m, ri) = 0 if m = 0 or n= 0.

In the following, f(b, c\m,ri) will denote a non-negative function depending 
on the joint df of {£*,: k = b + 1, ..., b+m; l= c+ 1, ..., c+n), and possessing 
the following two properties of a rather general nature:

(1) f(b , c; h, n)+f(b + h, c; m -h , n) Ш/(Ь, c; m, n)
and
(2) f(b , c; m, i)+f(b, c+i; m ,n - i )  ^  f(b , c; m, n)

for all йёО, lsA c rn  and for all с ё 0, lá i< n .  In other words, (1) means that 
f(b ,c \m ,ri)  as a function of the interval [b+1, b+m] for any fixed c and n is 
“superadditive”, and (2) expresses the “superadditivity” property of f(b , c; m, rí) 
as a function of the interval [c+1, c+n] for any fixed b and m. Examples are

b+m c+n
f(b, с; m, п)—та1пХг with , «2ё  1 or f(b, c; m, rí) = 2  2  ah> in the latter

f c = b + l / = c + l
case assuming the existence of the finite variances uf, of the rv’s ■

The subject of this paper is to provide bounds for the distribution 
P{M(b, c; m, n)^X) in terms of given bounds for P{\S(b, c; m, я)|ёА}, where 
1>0. More precisely, our permanent assumption reads as follows 3

(3) P{\S(b. c; m,„)| s  Í) £  Cexp ^  )■

where l€(0, Л), 0 < d S “ , C is a constant, f(b ,c \m ,n )  satisfies (1) and (2). 
Throughout the paper Л denotes a fixed positive number or °°, and Clt C2, ... 
denote positive constants.
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We note that if f(b, с; m, n) =  0 for certain b, c^O and m ,n ^ l ,  then we 
take the right-hand side of (3) to be equal to 0 for all A>0. In this case 
P {| S(&,  с; m, л)|=0} =  1, i.e. S(b ,c ;m ,n )= 0  a.s.

Let us introduce the following “partial” maxima, i.e. the maxima of partial 
sums taken with respect to only p or q:

M fb , c; m, ri) — max |S(b, c; p, n)|
l ^ p ^ m

and
M2(b, c; m, rí) =  max \S(b, c; m, q)|,

l ^ q ^ n

where b, csO and m ,n ^  1 are integers.
The following auxiliary result will be useful in the sequel.
L emma 1. Suppose that there exists a non-negative function f(b, c; m, rí) 

satisfying (3) for all A£(0, Л), b, c^O  and m ,n £ l.  I f  (2) holds, then there exist 
positive constants Схй С  and C2<  1 such that the inequality

(4) P{M,(b, r, m ,n )s i)s  C.exp ( - /(1> ^

holds for all l£(0, A), b, c^O and т,пш1. The constants Cx and C2 may be 
chosen as follows:

(i) Q ^ m a x ^ l ,  C) and C2 =  1/5, or
(ii) C2 can be made as close to 1 as required (Cx approaches °° as C2 appro

aches 1).
An analogous result is true for Mfjb, c; m, rí) under the assumptions (1) and (3). 
This lemma can be obtained by a simultaneous application to all possible fixed 

values of b^O and m ^ l  0f recent results [3, Theorems 1 and 1*] in the case when
b  +  m
2  Ui, g(c, rí)=ffb, c;m, n), and M(c,n) = M 2(b, c;m,n), where /= с + 1,...

k  = b + l
..., c+n  (the notations are the same as in the cited paper).

§ 2. The main result

T heorem  1. Suppose that there exists a non-negative function f(b ,c;m ,ri)  
satisfying (1)—(2) such that (3) holds for all l£(0, A), b, c^O and m, пШ 1. Then, 
for any 0<£< 1, there exists a constant C3 = C3(e) such that the inequality

P{M(b, c; m, n) = k} = C3exp ( - -77^ — —Av f ib , c; m, n) )
holds for all A£(0, A), b, csO and m, пШ 1.

P r o o f . The proof will be done in a similar way as that of [3, Theorem 1]. 
We are going to define two positive constants C3 and C4, the latter as close to 1 
as we wish, such that the inequality

(5) P [Щ Ь, c; t. . ) Я ) а  C,exp ( -  /(fc ^  ^  )

holds for all A£(0, A), b, c^O and k, n S l .
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The proof goes by induction on k. If k=  1 and « s i  is an arbitrary integer, 
then (5) is an obvious consequence of Lemma 1, provided C3s C i and 0 < C 4^ C 2. 
In fact, we have M (b,c\ 1, n)=M2(b, с; 1, n) for all b, c^O and « s i .

Assume now, as induction hypothesis, that (5) holds for all k<m  (and for 
all b, c^O, n ^ l )  and prove it for k — m (and for all b, esO, n s l) .

If for certain b, c^O and m ,« s l ,  we have
(6) f(b, c; m, n) =  0,
then by (1)—(2) we also have f(b, c\ k, l) = 0, and hence S (b ,c \k ,l)  = 0 a.s. 
for k = \, 2, ..., m; 1=1, 2, ..., n. Thus M(b, c\ m,ri) = 0 a.s., and (5) is clearly 
satisfied for all A>0.

From now on we assume that f(b, с; т ,п )^ 0. Let a be a real number, 
determined later. For the moment we only assume 1/2-= a < l .  Since f(b, c; m,n) 
is a non-decreasing function in m for any fixed b, c^O and « S 1, there exists 
an integer A=A(«), IsA S m , suchthat
(7) f(b ,c; í i - l , n ) á # , c ;  m, ti)< f(b , c; h,n), 
where f(b, c; h—l,n) on the left is 0, if h— 1. Then (1) implies
(8) f(b  + h, c; m -h , n) ^  f(b , c; m, n )- f(b , c\ h, rí) <  (1 -a ) /(b , c; m, n).

Since, for l^p< /z and 1 ̂ q S n ,  we have
15(6, c; p, ?)| = M(6, c; A —1, n), 

and,for h ^ p ^ m  and \^q S .n ,
|5(й, c; p, q)I ^  M2(h, c; h, n) + M(b + h, c;m—h,n), 

hence, for all A>0, we have
P{M{b, c; m, n ) s i } s  P{M(b, c; h — 1, n) ^  A} +

+ P{M2(b,c; h, n) + M(b + h, c; m — h ,n )^ A } .
Let Ax and A2 be positive numbers, Ax-(-A2=A. Then the last inequality implies
(9) P{M(b, c; m, n ) S l } ^  P{M(b, c; h — 1, n) S  A} +

+  P{M2(b, c\ h, n) ^  A1}+P{M (b +  h, c ; m — h, rí) ^  A2}.

Applying the induction hypothesis to M{b, c; h— 1, rí), we get, for all A£(0, Л),

(. 0) P { m ,  c; H -  1. n) ш X)-  С,  О Ф S

S C 3exp(-----Q ;-2 —V qf(b , c; m, n) 7
the right-most inequality following from (7). Applying again the induction hypothesis 
now to M(b+h, c; m —h, rí) and using (8), we find, for all A2£(0, Л), 11

(11) P{M(b+h, c; m - h ,  n) S  «  S  C .exp(~(1_ . )/^ .  m J •
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Finally, by (4)

(.2, РШЬ,с; к  п) - Я,} - C,exp(- / ( t  y -  nJ.)

Я с ,  ex р ( -  * *  ■ )V f(b , с; т ,п ))
for all А^О), Л). Combining inequalities (10)—(12) with (9), we obtain that

(13) P{M(b,c; m ,B) B 2 )S C ,ex p (-

C‘exp ( - /№, e‘ l „ ) ) + c -exp (-(—
СД2

cc)f(b, c; m, rí);)
for all A£(0, Л) and for all positive A4 and A2, Ах-|-А2=А. 

For a fixed a£(l/2, 1), let

(14)
then let A1=A —A2) and finally, let

(15)

2 2 —  ̂ K 12 A2 — ------Л ,

aC2A?
A2

It is clear that 0 <  A2 < A and 0 <  C4 < C2. Furthermore, it is not hard to check 
that if a —1—0, then A2->-+0, A ^A —0, and C4->-C2—0. Since, by Lemma 1, 
C2 may be taken as close to 1 as needed, hence C4 can approach 1 with any prescribed 
accuracy e>0. To sum up, we may and do fix the values of C2 and a so that we 
have C4S l - e .

Under the conditions (14)—(15), the three exponents on the right-hand side 
of (13) coincide. Thus we may write

C4A2(16)
If

(17)

P{M{b, c; m, n) ^  A} ^3C 3exp  ̂

f(b , c\ m ,n) S

a/(b, c; m ,n ) 

(1 —a)C4A2
a In 3

( C A2 )
-  777—  ----- r , and this proves

f(b, c; m, rí))
(5) in this case.

On the other hand, if (17) is not satisfied, i.e. if
/ ion \ (1—a )C4A2(18) f(b , c; m, n) =--------—r---- ,a ln J
then by choosing
(19) C3 =  max(C2, 3x/a~x)),
the right-hand side of (5) will be greater than 1. Therefore, (5) will automatically be 
satisfied.
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The cases (6), (17), and (18) together cover all possible values of f(b, c; m, rí). 
This completes the induction step and the proof of Theorem 1.

We are going to make two supplements to Theorem 1. Taking into account 
that in Lemma 1 we can choose the constants C4 and C2 as max (81, C) 
and C2= 1/5, putting a=4/5 in the above proof of Theorem 1, (14), (15), and (19) 
will provide C3 = max (81, C) and C4=l/25. The result obtained by this particular 
choice of C3 and C4 is weaker than the result stated in Theorem 1, but it is satis
factory in most applications.

T heorem  1*. Suppose that there exists a non-negative function f(b ,c ;m ,n )  
satisfying (1)—(2) such that (3) holds for all A£(0, Л), b, cSO and m, n ^ l .  Then

P{M(b, c; m, n ) 5 i )  = max (81, C) exp [~ 25f(b^ .  ^  n)) ■

As in [3, Theorem 2] we can substitute A2 by a rather general function <p (A) 
in the exponents of the above inequalities.

T heorem  2. Suppose that there exist a function cp(X) defined on [0, A), subject 
to the following three conditions:

(i) <p(0)=0,
(ii) <p(A) is strictly increasing on [0, A), and

(iii) ф(А) is continuous on [0, Л);
and a non-negative function f(b, c; m, rí) satisfying (1)—(2) such that 

P{\S{b. c; m. n)| ä J ) s  ( -  

holds for all A€(0, Л), b, c^O and m, и ё1 . Then

Р(М(Ь, c; m, ") E i )  SOexp „ , )■ 

and even C4 can be made (by increasing C3) as close to 1 as we wish.

§ 3. A two-parameter version of the LIL for multiplicative random fields

We say the random field {Cw} to be multiplicative if for all positive integers r, 
and for all systems of mutually distinct pairs (kls /4), (k2, /2), ..., Qcr, lr) with 
positive integers for kj and f ,  we have

4 4 c* 4 =0;
two pairs (к4, /4) and (k2, l2) are distinct if k1^ k 2 or /4т /̂2. In particular, 
ECki—0 (k, l=  1 ,2,...). This definition for sequences of rv’s was introduced by 
A lexits [1, p. 186].

The following inequality constitutes the basis of obtaining an exponential 
bound for the tail distribution P{|5(ö, c; m, n)|sA}.
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I a.s. (k, 1 = 1 ,2 , ...).
Then

(20) £{exp (uS(b, c; m, n))} á  exp i-^ mnu2B2j

for all 0, b, c S 0 and m ,n ^ l .
Putting here u=k/(mnB2), by the Chebyshev inequality we obtain that

(21) P { \ S ( b , c ; m , n ) \ ^ k } t & 2 e x p [ - j J ^ ^

for all 2>0, b, сшО and m, n ^ l .  Hence Theorem 1* implies that

(22) P{M(b, c; m, n) ^  2} = 81 exp (~  5 0 ^ n B 2 )

also for all A>0, b, c^O and m ,n ^ l .
Proof. We use an argument due to Azuma [2]. Applying the elementary 

inequality

exp (at) =£ exp a 2j  | l  tanh (|a |) |,

L e m m a  2 . L e t  {£w} be m u ltip lica tive  an d  u n iform ly  bounded,

which is valid for every a ?±0 and |f |s l ,  we find that
{ b + m c  +  n ( Y 41

П  П  exp\ u B ^  }
k = t) +  l l = c + l  V 4  J  J

S  exp ( i  шпи>В‘)  1 ,  (i +  b )} .

Since the last expected value is equal to 1 owing to multiplicativity, the proof is 
complete.

In the following, we use the abbreviated notation
m n

S(m, n) =  S(0,0; m ,n )=  £  £  tu>
k = 1 /=1

by lim sup h(m, ri) we mean
m,n—oo

lim sup {h(s, t): s >  m or t >  n},
max (m,n)-^oo

and the phrase that a statement holds “if s or t is large enough” will mean that 
the statement in question holds for all s and t, except for a finite number of pairs 
(s, t).

After these preliminaries we can state a two-parameter version of the “ S ” 
part of the LIL for multiplicative {£*,} as follows.
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Theorem 3. Let {Cw} be multiplicative and uniformly bounded by B. Then

(23) P Ilim sup- 1^(ш' я)1—_ - s i | = l .
I m,n-*oo (4B2 mn In In m ny'2 )

The corresponding result for multiplicative sequences of rv’s was proved by 
Takahashi [7].

Proof. We have to prove that, for any 0> 4B2, we have 
IS^m, n)| ^  (Omn In In mn)1/2 a.s., 

if m or n is large enough. It is clear that this implies (23).
Step 1. Let <5>1 be a fixed number, and set

ms = ns = [<5S]+  1, s = 1,2, ...; m0 = n „ = l ,  
where [.] denotes the integral part. From (21) we obtain

P(s, t) = P{\S(ms, nt)\ = (6msn, In In msn,)112} =S

( в In In msn, )
2етП ------- w ~ )  = (In msn,)y

with y —6/2B2. Since by assumption у >2, hence

2 ^  “ 1 2
Л  Ж  P(s’ 0  -  (In S)y Ж  ,= i(s+ ty (у-тпдуЖг s' - 1

By virtue of the Borel—Cantelli lemma, this yields

(24) IS(ms, nt)I <  (9msn, In In msn,)1/2 a.s.,
if s or t is large enough.

Step 2. For arbitrary positive integers m and n, with appropriate s and 
t we have ms^ m < m s+1 and ягй л < л (+1. Our goal is to show that

(25) F(s, t) = max maxmŝ m<ms + 1 nt n̂<nt + 1
|5 (т , n) — S(ms, nt)| 
(ßmsn, In In msn,)1/2

<  5 (< 5-l)+ 2(5 (< 5-l))1/2 a.s.,

if s or t is large enough.
To this end, let us represent the difference S(m, ri) — S(m s, nt) as follows:

Hence

S (m ,n )-S (m s,n t) =  S(ms,n ,; m -m s,n -n ,)  +
+ S(ms, 0; m - m s,n,) + S(0, n(; ms,n - n t).

max max \S(m9 n) — S(ms9nt)\ ^mŝ m<ms + 1 nt^n<n£ + 1

M(ms, n,; ps, vJ + M fm ,, 0; ps, n,) + M2{ 0, nt; ms, v,),
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where ns=ms+1—ms — 1 and v,=nt+1—n,— l. This immediately implies

' 1/2 M (ms, n,; ßs, v,)(26)

■ ( f )
+

(250/ij v, In In msn,)l/2 

1/2 M 1(ms, 0; fis, nt)

+

+ ( f )

(50/is n, In In ms n,)1/2 

1/2 M2(0, n,; ms, vt)

+

(50ms v, In In ms n,)1/2 = W1 + W2 + W3,

where Wt= W£s, t) (i=  1, 2, 3).
On the one hand, from the definition it follows that

A
m.

m s + 1 - l

On the other hand 

(27)

ms —1

M(ms,n,; jis, vt)

1 s í -  1 and — ^(5  — 1.

1 a.s.,(250/isv,ln In msnt)1/2 
if j or t is large enough. In fact, by virtue of Theorem 1, we get that 

P{M(ms, n,; ns, v() ^  (250/isvt In In msn,)1/2} ^

81( 01nln msn,\ S 8 1 « p ( ------- (In msn,y
with у = в/2В2, and we need only apply the Borel—Cantelli lemma, as in Step 1, 
in order to obtain (27). Summarizing the above reasonings, we can establish that
(28) W^s, i ) <  5(<5-l) a.s.,
if s or t is large enough.

Now consider W2. On account of Lemma 1 (with C\ = 81 and C2 —1/5), 
P{M1(ms, 0; ns, iij) = (50ц8п, In In msnt)1/2} Ш 

^ o l c . . J  0 In In msn( ) 81- 8 1 e x p l - - - - 2B2- - - J “ ( I nmsn ,y '

then on account of the Borel—Cantelli lemma as njm s^ 5  — 1, we find that
(29) tV2(s, t) <  (5(5 —1))1/2 a.s., 
if s or t is large enough.

In a quite similar way, we can see that
(30) lV3(s, /)< (5 (< 5 -l))1/2 a.s., 
if s or t is large enough.

Collecting (26) and (28)—(30) together, we arrive at the wanted (25). Since 
0 may be chosen arbitrarily close to AB2 and 5 to 1, the assertion of Theorem 3 
is a simple consequence of (24) and (25).
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§ 4. A one-parameter version of the LIL for multiplicative random fields

We want to emphasize that in (23) m and n vary independently of each other. 
However, in case m=n, or more generally, if m=m(p) and n=n(p), where 
lS m (l)S m (2 )s ... and 1 ^ и (1 )^ я (2 )^ ... are two sequences of integers and 
m(p)n(p)—°° as p —°°, we have the following

Theorem 4. Let {Си} be multiplicative and uniformly bounded by B, and let 
{m{p)} and {n(p)} be two non-decreasing sequences o f positive integers such that 
max {m(p), n(p)}-+°° as p->-°°. Then

(31) '{ lim s.p„ , „  I5 " W ." W )I  a i }  =
[ p-~  (2B2 m (p) n (p) ln ln m (p) n (p))1/2 J

Proof. Theorem 4 is a simple consequence of a result of Takahashi [7] 
concerning uniformly bounded and multiplicative sequences {£,} of rv’s.

In fact, let us rearrange the rv’s of the field {Си} so as they constitute a sequence 
{Cj} as follows. Set m(0)=n(0)=0 and N(p)=m(p)n(p) for p = 0 ,1 ,2 , . . . .  
Since, for each p, the number of the Си for which m(p — \)< k^m (p )  or 
n(p — l)< /s« (p )  is equal to N(p)—N(p — 1), we can place the rv’s of this pth 
“block” so as they form those С/ for which N(p — l) ^ js N (p ) .  Further, set

S(j)=  i t j  ( /=  1,2,...).
j=1

From the definition of the above rearrangement it is clear that S(N(p))=  
= S(m(p), n(p)), and consequently, for each p,

(32) ______ S(m(p), n(p))______  ________ S(N(p))______
(2B2m(p)n(p) In \пт(р)п(р)У/2 (2B2N(p) In In N(p))1/2

It is obvious that {Cj}, as a sequence, is also multiplicative and uniformly bounded 
by B. Therefore the theorem of Takahashi mentioned above results

(33)
and a fortiori

p{lim s 

’ jlim sup

№ ) l

(2B2N(p) In In N(p))1]Г ~  4  =

(2B2Nln  In 7V)1/2 

\S(N(p))\

By (32), this is equivalent to (31), which was to be proved.
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The factor В2 in the denominator of the expressions (23) and (31) is generally 
not superfluous. The counterexample of a multiplicative sequence of uniformly 
bounded rv’s, presented by R évész [6], can be simply modified so as to get, for any 
B > \, a multiplicative random field {£*,} with the following properties:

ECh =  1, \ U ^ B  a.s.,
and

P {lim sup 2 S('n, n) =  l} >  0.(4B2mn In In mn)1'2 J

§ 5. The LIL for equinormed multiplicative random fields

Further, Theorem 4 can also be shown to be best possible in this sense.
However, the factor B2 in the denominator of (23) and (31) becomes unnecessary 

if {£*/} is equinormed multiplicative. A multiplicative random field {£*,} is said 
to be equinormed if

(34) ECllh =  E(C2klllCÍt I . )  =  1 ( f e i ,  h ,  f e 2 ,  k =  1 , 2 , . . . ;  and к, *  k2 or l, *  l2).
The notion of equinormality is used here in an essentially wider sense than it was 
introduced by Alexits [1, p. 187].

It is obvious that any random field {£w}, consisting of independent rv’s with 
means zero and variances erf,= l, is equinormed multiplicative. The next theorem 
contains as a special case the “ ё ” part of the LIL for uniformly bounded inde
pendent random fields (see the papers of Z immerman [8] and of Park [4], where 
lim sup h(m, n) is defined in a more restricted sense as follows

m, л-*-оо

lim sup {/z(j , t): s>m  and i>n}).
m in(m,n)-*-oo 7

Theorem 5. Let {{ы} be equinormed multiplicative and uniformly bounded. Then

(35) ’Iliml Л1, П -
sup- |S(m, n)|

(4mn In In mn)1/2 Ц  = 1.

The corresponding result for equinormed multiplicative sequences was actually 
achieved by Takahashi [7].

We begin with the following auxiliary result, which is interesting in itself. 
Lemma 3. I f  a random field {£w} satisfies (34) and ECh = C (k, 1= 1,2,...),

m n
then for T(m,n)= ^  2 Ch (m, n=  1 ,2 ,...) we have

t=ii=i

(36) lim
max(m,n)-*-oo

T(m, n) 
mn = 1 a.s.

Proof. Indeed, {£f, — 1: k, 1= 1, 2, ...} is orthogonal owing to (34). Thus, 
for the arithmetic mean

1 m n
a{m, n) =  ——- 2  2" (& - ! )  =  mn t=i/=i

n)
mn
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we have

Eo2(m, n) - 1 2  2  £(Сы-1)2 -  — -•т 2л2 k=i/=i mn

By Beppo Levi’s theorem, this implies the a.s. convergence of o{p2, q2) to 0 as 
max (p , q) —►OO . This means that (36) holds true for the special case m = p 2 and 
n = q2. The general case follows from the following inequality: If p2^ m < ( p + 1)2 
and q2^ n < ( q + 1)2, then

T(p2, q2) _  T{m, n) ^  T { { p + \) \ { g + \ f )
(P + l)2(? + l)2 -  mn -  p2q 2

We remark that in the proof of Theorem 5 the fulfilment of (36) is exploited 
only for ms = [(5s] + l, л{ =  [<5(] + 1, where <5=-l.

P roof of T heorem  5. We will show that, for any 0>4, we have
|5(/я, л)| ё  (0 mn In In mn)1/2 a.s.,

if m or n is large enough, which obviously gives (35).
Step 1. Making use of the simple inequality

ex (1+x) exp (y + M 3) if
we have

exp (uS(m, n)) ^  д  Д  {(1+и£ы)ехр
whence

( i/2 \  m n
uS(m, ri)——T(m, л) I S  j j  [J{{l+uCkl)exp(uB)3},

2 ) k=l1=1
provided 0<wZ?^l/2. If in addition mn(uB)3^  1, then

£{exp (uS(m, ri)——T(m, л))} S  exp (mn(uB)3) S e.

Hence, by the Chebyshev inequality, we have

/ ’ { | 5 ( m ,  n)| S  у  T(m, л )  +  е }  S  2e • e~uv.

Setting here u=ust= {(0 In In ms nt)/ms л,}1/2 and г =  (0msn, In In ms л,)1/2,
where /и,=[0*]+1, л,=[5'] + 1, ő > l ,  just as in the proof of Theorem 3, and 0>4, 
we obtain that

P(s, t) = P{S(m5, л,)| =  - у  T(ms, n() +  ns(} =§

„ ( 0 , , ) 2
*4 2 s 7 (In msn,y
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with у= 0/2>2. Since again ^  P(s, r)<°°, the Borel—Cantelli lemma yields
i= i i=i

\S(jns,n t) \< ^ -T (m s,n t) + vst a.s.,
or equivalently

IS(ms, n()| T(ms, n,) 1
(вт„п, In In msnr)1/2 — 2msn, + 2 ’’

if s or t is large enough. Taking into account (36) we get that, for every 0>4, 
|S(ms,n,)l ^  (0msn, In In msnt)1/2 a.s., 

if s or / is large enough.
Step 2. As we saw in the proof of Theorem 3, only the assumption of multipli- 

cativity and uniform boundedness ensures the fulfilment of inequality (25). This 
completes the proof.

In case m = m (p ) and n=n(p), m(p)n(p)—°° as p —°=>, the following one- 
parameter version of the LIL holds.

Theorem 6. Let {(H} be equinormed multiplicative and uniformly bounded, 
and let {m(p)} and {n(p)} be two non-decreasing sequences o f positive integers 
such that max (m(p), n(p)}—°° as p -*°°. Then

(37)
\S(m(p), n(p))\______  1

P  V 1“ 1- 1P ( 2 m  (p) n (p) In In m (p) n ( p ) ) 1/ 2 “  1J  _ 1.

Theorem 6 is a consequence of the result of T akahashi [7], which can be seen 
just as in the case of Theorem 4.

Finally we mention a problem. It would be interesting to establish both two-para-
m  n

meter and one-parameter versions of the LIL for weighted sums 2  2  ffkiCki>
it=1 i=i

where {£*,} is a multiplicative or an equinormed multiplicative random field, and
CO CO

2  2  aki = °°- Although, Lemmas 2 and 3 can be generalized with ease in this more
k = l 1=1
general setting, it is not clear for us how to treat Steps 1 and 2 in the above proofs 
(e.g., how to define ms and и,?).

§ 6. Convergence rates in the LIL

Turning to the rate of convergence in (23), we can state
T heorem 7. Let {£kl} be multiplicative and uniformly bounded by B. Then, 

for any 6 > 4 5 2, we have

(38) 2 2 l
=i п=ъ mn (In mn)2 “ UsmoF/sn (9kl In In k l f

I S(k, 01
Sl}
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The proof of Theorem 7 is based on Lemma 2 and on the following 
Lemma 4. For any e> 0 , the numerical series

2  2 :
1

~ 2 ~ 2 mn (In m«)2(ln m)e
converges.

Proof of Lemma 4. An easy computation gives
J » I « 2K + 1—1 j

2 2
<*> 1 oo 2Ь + 1- 1

= 2 t 2  2 .2 „=2 mn (In mn)2(In m)c n=2 и k=i m=2k m(\n mn)2(In m f
oo 1 oo

=  0(1) 2 - 2 'n=2 и *=i /e£(fc + In n)2 ' 
Now let us deal with the inner series:

“  1 Jllnn] “ 1 1
k?i ке(к + 1пп)2 ~  1*5 + *=[1I , +1J /c£( l+ ln n )2 ~

1 lln"l 1 “ 1 ( 1 I
~  (Inn)2 3 i  ke + I=[M+1 k2+c °  l (In n)1+£J ■

The proof is ready.
Proof of Theorem 7. By virtue of Lemma 4 it is enough to demonstrate that

P(m, n) =  -  4  "  4 ( h ^  +  (kT ^}

with an appropriate e > 0.
To this effect, let us fix a number so that 4ő2< 01<0, and let s0=s0(m) 

and t0 — t0(n) be defined by msô m < m so+1 and n,0̂ n < n (0+1, where ms—ns = 
=  [(5S]+1, <5>1 (see Section 4). It is obvious that

with
P(m, B ) s j Ü + Í V +  У  2  } Q(*. 0

Q(s, t) — p \  max max S  l}.
1ш,ак<т1 + 1 п,й/<п, + 1 (9kl ln ln kl)11 J

It can be easily checked that

Q(s, t ) s  ^  0Й  +l(msn, In In msnt)1/2 J

+ P f max max №  0 S(m„ n^| 01/2_ 01/Л
(msS k ^ m s + 1 nt s l ^ n t + l (msn, In In т3п{У‘* J
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After these we have essentially to repeat the arguments that yielded (24) and 
(25) in the proof of Theorem 3. We do not enter into the details.

Now we turn to the question of the convergence rate in (31). For the sake of 
simplicity we treat the special case m(p)=p and n(p)=[ap] with a fixed a>0.

T h e o r e m  8 .  Let {£*,} be multiplicative and uniformly bounded by B. Then, 
for any 0Х> 2 5 2 and for any a> 0 , we have

(39) i
_ j__

mlnm P sup
к

\s(k, [«fe])|
(O^kHnlnlc)112

<  CO,

P r o o f . It is sufficient to prove that

P(m) =  P j IS(k, [ak])|
ks m (01 Oik2 In In fc)1/2

with a suitable £>0.
For this purpose, let ms =  [c>s]+ l ,  <5=-1, and 

obviously have

and, for each s,

P(m) S  j?  p {  max
s  = 30 l  WS — * < m Ä + l  ( ß i

IS(k, [ak])\ 
ak2 In In k)1'2 l } =  i ß ( s )

’  S =  Sn

+

Then we

+ P Í " V
max IS(k, [cck])-S(ms, [«ms])| 

(am2 In In ms)1/2 ^ e^2- e r )  = QÁs)+QÁs),

where 02 is chosen so that 2Ä2< 0 2<01 and 02 be “sufficiently close” to 2B2.
Now we have to estimate these probabilities from above in a familiar way 

using (21) and (22), respectively. For example, by (21)

_ , . _ ( в2 In In m .)
e , w « 2 « p ( -  г 2Д, • ] =

where у2—в2/2В2^1 . Thus

(In ms)n ’

2  Qi(s)
1 0 (1) 0 (1)

(In S)y2 s±i0 sy> сУа-1 (In m)E
with e = y2— 1.

We note that the above convergence rates cannot be improved even for random 
fields consisting of independent rv’j. Furthermore, it seems to be very likely that 
analogous results can be stated concerning the convergence rates in (35) and (37). 
The question is somewhat more complicated because of the fact that an appropriate 
estimate of the convergence rate in (36) for the special choice ms = [<5s] + l  and 
7It= t^ ,] + 1. <5>0, is also needed here. We do not enter into details.
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§ 7. Generalizations to the multi-parameter case

Let Zd denote the set of all J-tuples of non-negative integers, and let Z d+ 
denote the set of all J-tuples of positive integers, where 1 is a fixed integer. 
The points in Z d are denoted by k, m etc., or sometimes, when necessary, more 
explicitly by (klt k2, ...»kd), (m1, m2, ..., md) etc. Two J-tuples к and m are 
said to be distinct if for at least one j  we have kj^rrij Z d is partially
ordered by agreeing that k ^m  iff k j^n tj for each j, 1 = d. Consequently,
k ^ m  means that for at least one j  we have kj^rrij. We write 0 and 1 respec
tively for the tuples (0,0, ... ,0 )  and (1, 1, ..., 1) in Zd.

Let {Ck}— {Ck: k£ Z+} be a random field, i.e. a collection of rv’s indexed by the 
set Z+. Put

b1 + m1 bd+md
5(b, m) = 2  Ck =  2  ••• 2  £ki,...,kd

b + l ^ k ^ b + m  k1= b1 + 1 kd =bd+ l
and

M (b, m) = max |5(Ь, k)| =  max ... max |S(b, k)|,l^k^m 1 ■̂к1Щт1 l^kd̂ md
where b£Zd, m £Zd, and b + 1, b+m are the usual coordinatewise sums. In 
case b=0 we use the abbreviated notation S(m) = 5'(0, m) (m£Z+).

The following definitions arise in a quite natural way. The random field {Ck} 
is said to be multiplicative if for all positive integers r and for all systems of pairwise

Г

distinct points kx, k2, ..., kr from Zd, we have E{ If in addition
J =1

ECl = Ei&Q) = 1 (k, l€Zd, к *  1),
then {Ck} is said to be equinormed multiplicative.

If m={m1,m 2, ...,mf), let |m| stand for the product тгт2 ... md. In this 
paper by the limit m—°° we mean max / и , - - » and by lim sup h(m) we mean

l^j^d m — o o

lim sup {h(s): s^m }. The part of the LIL and convergence rates thereof
III-*- oo

can be extended as follows.
T heorem 9. Let {Ck: k £ Z d } be multiplicative and uniformly bounded,

ICkl sä В a.s. (k€Zd).
Then

( I Sim)! 1
(4°) P t hmi~P ^ * |m | l n  In |m|)1/2 s  =  L
Furthermore, for any 0>2dB2, we have

m̂ 2
l

|m| (In |m|)d i sup
*• к  : k j > m  
for at least one j

\S(k)\
(0|k| In In |k|)1/2

We recall that 2  means the d-fold summation 2  2  ••• 2  ■ 1° case
m ^ 2  m x =  2 m 2 =  2 m d  =  2

ki=ki(p), the following one-dimensional version of the LIL holds.
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Theorem 10. Let {Ck: к  dZ d} be multiplicative and uniformly bounded, and let 
{k(p):p=  1, 2, ...} be a sequence from Z+ such that
(41) 
Then

(42)

k(l) 3= k(2) á . . .  and k(p) as p 

Г |S(k(p))| I
f f e i “p p ^ ik (p )lto in |k M r  s  4 =  '•

In particular, for any вх 
1

~2B2 and for any аг>0, 2S i^ d ,  we have

У ' p .f IS(k,[cc2k], ...,[ccdk])\ 1
^  mlnm Ifcgm ( 0 i a 2 ... <xdkd In In fc )1 /2  —  J

The factor В2 in the denominator of (40) and (42) can be omitted for equi- 
normed multiplicative random fields.

Theorem 11. Let {£k:k £ Z d} be equinormed multiplicative and uniformly 
bounded. Then

pilim  sup I\i/2 -  l} =  1-l (2a |m| ln ln |m|)1/2 J
I f  (k(/>): /> =  1, 2, ...} is such that (41) is satisfied, then

pjlim  s u p . - . ..'щ  S  l} =  1.I  p-~  p  ( 2 | k ( p ) |  In In | к ( р ) | ) ш  J

For multi-parameter Gaussian processes Theorem 11 (including also the “ s ” 
part of the LIL) were proved by Park [4] and by Руке [5], respectively.

The common root of the validity of Theorems 9, 10, and 11 is that Lemmas 2 
and 3 are true in the general multi-parameter case, too. To be more precise, on the 
one hand, if {£k} is multiplicative and uniformly bounded by B, then there exists 
an exponential bound for the tail distribution of S(b, m):

(43) P<|S(b,m)|*A>a2exp(-i]5 |F )
for all A>0, b ^ o  and m ^ l  from Zd\ on the other hand, if {£k} is equinormed 
and (k<EZ4+d), then

lim
m-*-oo 7=t ^  й =1I®! l^k^m

a.s.

Now from (43) it follows that the tail distribution of the “maximal” function 
M{b, m) has almost the same exponential bound as S^b, m) has in (43). This is 
ensured by Theorem 12 below. To formulate this, let / ( b, m) denote a non-negative 
function depending on the joint df of {£k: b  +  l^k^b+m }. We require that the 
inequality
(44) f(b 1, ..., bj, ...,bd; m±, ...,h j, ...,m d) +

+ /( V  ..., bj + hj, ..., by, ml5 ..., m j-h j, ..., md) s  
=£/(&!,.... bj, ..., by mlt ..., mj, ..., md) = / ( b, m)
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holds for all b£Zä, m £Zd+, l^ h j^ m j ,  and l ^ j ^ d .  Condition (44) expresses 
that /(b, m) as a function of the interval [bj+1, bj+mJ] is “superadditive” for
any fixed values of bx, ..., b j- lt bJ+1, ..., bd and mb  .......
where j  may equal 1, 2, d. An example is f(fi,m )—\m\—mlm2 ...m d.

T h e o r e m  12. Suppose that there exists a non-negative function / ( b, m) satisfying 
(44) such that

P ( |S (b ,m ) |S I ) s C e x p ( -75 i y

holds for all A 6 (О, Л), bsO, and m ^ l ,  where Л is a fixed positive number or °°. 
Then

P {A f(b ,m )sA }sC ,ex p (-7g ^ )

holds for all A£(0, Л), b^O, and m S l. For the constants C3 and C4 the following 
choices are possible:

(i) C3=max(81, C) and C4= 5~d, or
(ii) by increasing C3 we can make C4 as close to 1 as we wish.
We note that here Я2 can be replaced by any function q>{).) satisfying the 

conditions (i)—(iii) enumerated in Theorem 2.
The proof of Theorem 12 may be carried out by induction on d in the same 

manner as we did it from d— 1 to d—2 in Section 2. The simplest case d= 1 
was proved in [3].

A c k n o w l e d g e m e n t . The author expresses his sincere gratitude to Professor
P. Révész for his valuable suggestions and remarks.
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ÜBER HERMITE—FEJÉRSCHE INTERPOLATION
V o n

M .  S A L L A Y  ( B u d a p e s t)

Es sei {Är}={— (и = 1,2, ...) eine im Intervall
[—1, +1] gegebene Punktmatrix.

Wir führen die folgenden Bezeichnungen ein:
П

(1) a)(x) = f j ( x - x kn);
fc = 1

(2) 1 (x) -  “ W
со'(хкп) ( х - х кпУ

(3) a> (Xkn)

(4) hkn(x) = vkn(x) ltn(x)\

(5) H„(X) = sup j ?  |/itn(x)|;
1*131 1

(6) bkn(x) =  ( x - x kn) Pkn(x);

(7) v„O0 =  sup j?  |$*„(х)|; 
Wsi l

(8)
£ /..\ ( x - x kn)l2kn(x) _
Vkfl \X) — л >

Y l - x l n  + —

(9) v„(Z) =  sup 2  |Öfa(*)l-
l*lsi 1

Es sei für f(x)£C  || /(x)|| =  max |/(x )| und weiter sei co(t) ein beliebiges
—

Stetigkeitsmodul. Es bezeichne C(co) die Klasse der stetigen Funktionen f(x), 
für welche co(f; h)—0(l)co(h) 1 besteht. Ferner sei

(10) Hn(f; x ,X )  =  2 / Ы Knix).1

1 I m  Z e ic h e n  0 ( 1 )  is t  e in e  v o n  d e r  F u n k t i o n  / (x) a b h ä n g ig e  K o n s t a n t e  in b e g rif fe n .
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G. Grünwald und J. Balázs haben in den Arbeiten [1] bzw. [2] folgendes 
bewiesen:

Sind die Bedingungen
(11) limsup/i„(;c) <oo

П -►oo

und
(12) lim sup v„(x) =  0

П-+ с о

erfüllt, so konvergieren die Interpolationspolynome Hn( f ; x ,X )  für \xkn\ ^ l  
im abgeschlossenen Intervall [—1, +1] gleichmäßig gegen f(x)£C .

In unserer Arbeit geben wir notwendige und hinreichende Bedingungen für 
die Konvergenz der Interpolationsfolge Hn( f ; x ,X )  mit Hilfe des Stetigkeits
moduls co(t) bzw. der für die Punktmatrix {X} bezeichnenden Zahlen /i„(X) 
und v„(Z).

Lemma 1. Es seien 0 und f(x)£C(co). Dann gilt

(13) \ m - H n( f  - x, X)\ =  O (l) 0 ) (-1) [ i  \hkn(x)\ + m 2  |Sta(*)l] •

Beweis. Es sei Pm(x) das beste Approximationspolynom m-ter Ordnung an 
f(x )  in [—1 ,+ 1 ] .  Dann ist

(14) \f(x)-Pm(x)\ s  0 (1 )®  ( / ;  -1 ) .

S. B. Stetschkin hat in der Arbeit [3] die folgende Ungleichung gezeigt:

1П.(*)1 =
0 ( 1) m ( s  1 ) II

У l - x 2 { m ) 

O(m2)co |/;- ji- j, | x | s l

1

d. h.

(15)
CO

\P'm(x)\ = 0(m)
/ Г ^ х г+—m

= 0(m)
y i - x 2 + 1 ’

Da mSn ist, können wir das Polynom Pm(x) in der Form

schreiben, wonach

П n
P„(X) = 2  Pm(xkn)hkn(x) + 2  Р'т(хк„)Ькп(.Х) 1 1

If ( x ) - H n(f-, x, X)\ ^ \ f ( x ) - P m(x)\ +

+  2 \Pm(x J  - f ( x kn)I\hkn(x)l +  2  \P 'JxJ\ |$ ta(*)|

ist. Aus den Abschätzungen (14) und (15) folgt die Behauptung (13).
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Es sei m=n. Nach (13), (5) und (9) gilt dann 

(16) x, X)\\ = 0(1) [со ( I )  fin(X)+co ( 1 )  nv„(ДГ)].

Aus (15) ergibt sich der folgende Satz:
Satz 1. Es seien für co(t) und X  die Bedingungen

(17) lim 03 (t ) f t W  = 0
und

(18) lim со [—1 nvJX) = 0 B~~ \n )
erfüllt. Dann gilt für jedes f(x)£C(co)

lim \\K x)-H n(f; x, 20|| =  0.П-+00

Bemerkungen. P. Erdős und P. T úrán haben in der Arbeit [4] bewiesen
daß für jedes {T}

(mit c,-, i= l ,  2, ... 
sogar

bezeichnen wir von n und X  unabhängige Konstanten) und

(19) - log« v „ (Z )S Cl^ -
ist.

Wegen (18) und (19) folgt die Relation

(20) lim со -] log n = 0.Л-оо \ n )

Es ist leicht zu zeigen, daß die Bedingung (20) für die Konvergenz der Polynome 
Hn( f ; x, X) im allgemeninen nicht notwendig ist. Es sei z.B. {T}—{T}, wo {Г} 
die Tschebischeffsche Punktmatrix erster Art bezeichnet. Es ist wohlbekannt, daß 
{Г} den Bedingungen (11) und (12) genügt.

Satz 2. Es seien für co(t) und {A}

(21)
dn(X)
U X )

£  C2n

und

(22) lim со f—) цп(Х) = 0.Л-°o \n )
Dann gilt für jedes f(x)£ C(co)

lim II f ( x ) - H n(f; x, A)|| =  0.
П -*-°о
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B e w e i s . A u s  (21) folgt, daß со — c2w (“ )äi(30« ist; so sind nach
(19) die Bedingungen (17) und (18) des Satzes erfüllt.

Satz 3. Es seien für co(t) und {Z} die Bedingungen

(23) 
und

(24)

o <  c* s  дßn(X)
v„W

lim " ( т т у т )  =  0\цп(Х))

erfüllt. Dann gilt fü r  jedes /(x)£C(w)

lim ||/(x ) - # „ ( / ;  x,X)\\ =0,
П -*-оо

B e w e i s . Wir ziechen die Beziehung (13) des Lemmas 1 heran und wählen

m [ U f f l ]  
U v „ w J -

Nach (13) gilt die Abschätzung

\\f(x)-H„(J-, x, X ) | |  S  0 ( 1 )  [ i o [ M g ) ^ W  +

L (20 J vn( X)  " (  }J (  } L (X)J A(X)»
woraus die Behauptung des Satzes 3 folgt.

Im weiteren beweisen wir Sätze über notwendige Bedingungen der Konvergenz 
der Interpolationsfolgen # „(/; x, X).

Lemma 2. Es sei für co(t) und {X}

(25) lim sup со Í- 1 ) цп (X ) >  0.

Dann existiert eine Funktion / ( x ) € C ( c o )  mit
lim sup \ \ f(x ) -H n(J;x,X )\\ > 0 .

Л-*-оо

B e w e i s . P. V é r t e s i  hat in der Arbeit [5] gezeigt, daß für jede Punktmatrix 
{X} mit ц„(Х) = 1 eine Funktion und eine Folge /(x)CC(co) bzw.
( i= l ,  2,...) existieren so daß

\\f(x)-H nt( f  ; x, X)\\ s  iini(X)co(dn)
mit 4 ,=  min (x1+1>n- x in) gilt.2

l S l  Sn

2 D a s  h ie r  z i t i e r t e  L e m m a  is t  e in  S p e z ia l f a l l  des S a tz e s  v o n  P . V é rte s i. 
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So gilt

Aus der Definition unter (4) der Polynome hkn(x) folgen die Relationen

^in (-^ in ) ^ i , n ( ^ i  + l )  0 ,  * 2 ,  ••• •

1
*i+i-X;

K (x i+1) - h in(xt)
Xi+i-Xi Ш 0 \  S

— 4n2 sup 2 1 I M * ) I  =  4n2/i„(X),
I* |S1 i= l

woraus

(26)
1

" ~  4 n V „ W

Aus (26) und (24) folgt die Behauptung des Lemmas 2.

Lemma 3. Es seien für co(t) und {X} die Bedingungen

(27) 
und

(28)

BnOO S  c3 log n 

lim sup со (—1 log n >  0в-»~ \П /

erfüllt. Dann existiert eine Funktion /(x)£C(co) mit
t

lim sup ||/(x)- # „ ( / ;  x, Z)|| >  0.
П oo

Lemma 4. Es seien für co(t) und {X}

(29) 
und

(30)

lim inf =  / >  0 t=o co(0

lim sup со [—1 цп{Х) =* 0. n —“ V n /

Dann existiert eine Funktion f(x)£C(co) mit

lim sup \\f(x)—Hn(f; x,X)|| >0.fl-*- OO

O. Kis und J. S z a b a d o s  haben in der Arbeit [6 ] (s. § 3. 1—3) neue Beweise 
bezüglich zwei Sätze von S. M. Losinski gegeben. Die Beweisgänge der Lemmata 3 
und 4 sind diesselben wie jene von O. Kis und J. Szabados.

Es sei für {X}
knlX)
v„(X)

íí c4n.
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Aus (19) folgt dann die Abschätzung

Hn(X) = c&nv„(X) s  ce logn,

also ist die Bedingung (27) des Lemmas 3 erfüllt. Es gilt:
Satz 4. Es sei für {X} die Bedingung (21) erfüllt. Dann ist die Relation

lim o) ( i ) i ° g » = o

eine notwendige Bedingung der Konvergenz der Polynome H „(f ; x, X).
Aus dem Satz 2 und aus dem Lemma 4 folgt:
Satz 5. Gelten für {A} und co{t) (21) und (29), so ist die Bedingung (22) für 

die Konvergenz der Polynome H „ (f;x ,X ) notwendig und hinreichend.
Es sei nun n„(X)Sce log n; dann ist wegen (19)

ßn(X)
v „m

^  c7 n.

Wir bekommem aus dem Lemma 4:
Satz 6. Gelten für {A} und co(t) die Beziehungen (23) und (29), so ist

lim со

eine notwendige Bedingung der Konvergenz der Polynome Hn( f ; x, X).
Wir zeigen, daß Punktmatrizes mit der Eigenschaft (21) existiere 
P. Vértesi hat in der Arbeit [7] die folgende Punktmatrix definie:
Es seien rsO , i> 0  ganze Zahlen, s=  [ ” ^ ]» weiter

{Y} =
У ln ~  cos -

21 —  1 
2 n

Г 2s+2r + 1 / , . \ 1  . 1
Л +i.B = cos -----2n-------(r + 1- ,)e nj7r, i =  0 , . . . , r ,  0 .

P. Vértesi hat bewiesen, daß

PnV) («0„)2°> +1)
ist.

Nach den Beziehungen (5) und (9) und aus den Abschätzungen (4.1)—(4.17) 
der Arbeit [7] ergibt sich

- (logn 1 1 )
v „ ( F )  =S +  -  ( „ o j i t ' + i ) ]

Acta Mathematica Academiae Scientiarum Hungiricae 35, 1980



H E R M IT E —FEJÉRSCHE INTERPOLATION 385

Für o < e „< ---------—I—
n (log/j)2(r+1

woraus die Abschätzung

folgt.
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vn(Y ) ^ c 10 1 1
n (и£?п)2(г + 1) ’

ц.(Г)
W
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TENSOR PRODUCTS OF DISTRIBUTIVE 
LATTICES AND THEIR PRIESTLEY DUALS

B y

J .  S C H M I D  (B e rn )

0. Introduction

Tensor products of distributive lattices and of semilattices have been considered 
by several authors, namely in a series of papers by Fraser [3], [4], [5] and [6], but 
also in [7], [8] and [9]. Tensor products — defined as universal objects through 
which every bihomomorphism splits — exist in any variety of algebras. This note 
deals with tensor products in the variety D of distributive lattices and in the variety 
S of distributive join-semilattices. The former is called lattice tensor product and 
written L1<̂lL2, the latter semilattice tensor product, written .Sj®s S2. Existence 
and uniqueness are established in the usual way, taking suitable homomorphic 
images of the corresponding free structures generated by the cartesian product 
of the factors. See [3] and [4] for details.

It is somewhat surprising that for Lx, L2(T) their semilattice tensor product 
L±®sL2 (obtained by considering the L t as join-semilattices) is in fact even a 
(distributive) lattice (Theorem 2.6 in [3]). So there are two kinds of tensor product 
available within D. The main purpose of this note is to determine the relationship 
between and L ^ s L ^ .  We find that L ]0sL2 is a quotient of L159lL2
modulo a simply characterizable congruence relation.

The main tool used is that of Priestley duality. As a byproduct, we obtain 
a representation of L, (g>L L2 as a ring of sets which seems more manageable than 
that given by Corollary 2.5 in [4]. The paper is organized as follows: Section 1 
contains a brief sketch of Priestley duality for distributive lattices without universal 
bounds. In Section 2 we determine the Priestley duals of free distributive lattices. 
These are used to characterize, in Section 3, the duals of lattice tensor products, 
which in turn gives the set ring representation mentioned above. In Section 4, 
the relationship between and L 1®SL2 is studied.

All lattices considered are distributive, and all semilattices are assumed to be 
join-semilattices. The general reference for lattice-theoretic concepts is [2]. D de
notes the category of distributive lattices and lattice homomorphisms, D01 that 
of distributive lattices with universal bounds and homomorphisms preserving these 
bounds.

1. Priestley duals of general distributive lattices

The Priestley space X(L) for any L€D()1 is described in detail in [10] and [11]. 
Both papers, however, touch only on the case of lattices lacking a zero or a unit 
or both.

Let LgD. We choose to construct X(L) as a filter space. In detail: The 
carrier set of X(L) consists of all proper nontrivial — i.e., different from L  and 0  —
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prime filters on L. A topology is introduced on X(L) by taking as an open sub
base the empty set together with all sets of the form {A; xd A } or the form {A; x $A  }, 
where x  runs through L  and A through X(L). Under set inclusion X(L) 
becomes an ordered space in the sense of Nachbin. See also § 10 of [11].

Given L dD, denote by Lb the lattice obtained from L  by adjoining new 
elements as a zero and a unit to L, respectively (even if L  already has such ele
ments). Hence Z,b€D01. Writing Lb=LU  {0, 1}, one checks readily that X(Lb)=  
={ли{1}; ^€X(L)}U{Z,U{1}}U{{1}}. Moreover, j: X(L)-~X(Lb) defined by 

jA =AU {1} for AdX(L) embeds X(L) as an order subspace into X(Lb).
The dual lattice of L  is now described most easily in terms of Lb. Since 

Lb£D01, Lb is canonically isomorphic with the lattice of all clopen increasing subsets 
of X(Lb). It follows at once that L is isomorphic with the lattice of all proper 
nonempty such sets. Actually, these sets may be characterized topologically in
dependently from X(Lb), see e.g. Proposition 25 of [11] for one of the cases arising, 
put such a description is not needed in what follows.

2. Free distributive lattices

The description of Priestley duals of free distributive lattices rests on the well- 
known structure theorems for the posets of prime filters of such lattices. See [1] 
and [2] for convenient summaries of the facts we use. For technical reasons we prefer 
to work with filters rather than with ideals.

Let G be some nonempty set. F(G) stands for the free distributive lattice 
generated by G, and F01(G) for the corresponding free lattice in D01. It is well 
known that F01(G)~ F(G)b. Denote, for any set G, its power set by PG and put 
P 'G = P G \{0 ,G }.

L e m m a  1. As posets, X(F(G))^(P'G, g )  and X(F01(G))^(PG, g ).
P r o o f . It is well known that a filter A g  F(G) is prime iff A is generated by 

some HdP'G. Let gdADG. It follows that ...Ag„, glf . . . ,g„dH. Since
G is a set of free generators for F(G), this implies gdH. Hence AOGQH. The 
reverse inclusion is trivial, so H=AC]G. The map A-*AC\G gives the order iso
morphism required in the first half of the lemma. It follows (cf. Section 1) that 
^н>(^ПС)и{1} is an isomorphism between X(F01(G)) and PG.

We turn now to the topologies on X(F(G)) and Jf(F01(G)), identifying the 
respective carrier sets with P'G  and PG, respectively.

L e m m a  2. Z  g  PG is clopen increasing under Priestley topology iff Z  belongs 
to the ring o f sets generated by all sets o f the form {HdPG; xdH Ö  {1}}, where 
x  runs through GU{0, 1).

P r o o f . Clearly, GU{0, 1} generates F01(G), and so the sets |Л6Т(Т01(С)); 
xdA j and (AdX(Fm(G)); x$ A }  with x€GU{0, 1} already constitute an open 
subbase for the Priestley topology (cf. Section 1). These sets are actually clopen, 
and since Z(F01(G)) is compact, a subset of this space is clopen iff it belongs to the 
set ring generated by the above family of sets. Using the fact that A(F01(G)) is 
totally order disconnected, it is easy to check that a clopen set is increasing iff it
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belongs to the subring generated by all sets {A; x£A}. The result now follows by 
the isomorphism given in the proof of Lemma 1.

Lemma 3. F(G) is isomorphic to the ring o f sets generated by all sets of the form  
{H£PG; x£H} where x runs through G.

Proof. Using Lemma 2, {H£PG, 0<E#U {1 }}=  0  and {#6PC; 1£Ж ){1}} =  .РС7, 
and these are the zero and unit elements, respectively, of the dual lattice of F01(G). 
The lemma follows from F01(G) = F(G)b.

3. Lattice tensor products

Under Priestley duality, taking homomorphic images of lattices corresponds 
to passing to order subspaces. If £6D01 and 9 is a congruence on L, then X(L/9) 
is a subspace of X(L). X(L/&) consists exactly of those prime filters on L  which 
are set unions of whole 9-classes — for short, which are 9-closed.

Let L,!, L2£D. Lx®lL2 is constructed as usual as F(LxX L 2) modulo the
smallest congruence which identifies

(1.1) (a, b]Vb2) with (a, bx)V(a, bj

(1.2) (a, bxAb2) with (a, bj)A(a,bJ

(1.3) (axf a 2,b) with (ax, b)\l(a2,b)

(1.4) (axAa2, b) with (al5 b)A(a2, b)

for a, ax, a2 in Lx 
We denote this

and b, bx, b2 in 
congruence with

l 2.
9. 9 may be extended to a congruence 9

F01 (Lx X L2) by taking {0} and {1} as additional congruence classes. It follows 
that Fol(L1X L 2)/5^(F (L i X L 2)/9)b.

We set out to determine the 9-closed prime filters of F01 (LxXL2). Recall 
(Lemma 1) that a filter A ^ F 0i{I^xL ^  is prime iff A is generated by HU  {1}, 
H Q LxXL2.

Lemma 4. A prime filter A Q F01(LX X L 2) is 9-closed if f  A is generated by 
ifU{l}, where H Q LxX L2 satisfies
(2.1) (a, bA/bJdH iff (a, b ^ H or (a, b ^ H

(2.2) (a, ЬХАЬ2)£Н iff ( a ,b ^ H and (a, b2)£H

(2.3) {ax\ a 2, b)£H iff (ах,ь ) а н or (a2,b )£ H

(2.4) {axAa2, b)£H iff (ах, ь ) е н and (a2,b)dH .

Proof. Assume A is of the type considered. Elements of F01(L X L 2) are 
lattice polynomials over LXX L 2, together with 0, 1. We define a binary relation 
9' on F jj tL jX y  as follows: 09'0, 19'1 and for w ,zF (LxX L 2) we put w9'z 
iff there is a finite sequence w=x0, xx, x n_x, x„—z, x f F i f f X f f )  such that
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for i= l ,  n Xi arises from xt_x by application of a single substitution of 
one of the following types
(3.1) (a, b) — (a, bx)f(a , bf) provided b -  bxf  b.
(3.2) (a, b) — (a, bx)A(a, bf) provided b = bxAb,
(3.3) (a, b )~ (ax,b)\/(a2,b ) provided a = ax\J a.
(3.4) (a, b) — (ax, b)A(a2, b) provided a = axAa.
It is obvious that S' is a congruence on Fox(LxXL2). Moreover, the restriction 
of S' to F(LxX L 2) satisfies (1.1)—(.14), hence 5QS'. The reverse inclusion is 
trivial and thus 5=9. Now let z£A. We propose to show that any of the substi
tutions (3.1)—(3.4) applied to z produces a member of A. Hence z£A  and 
zS'w together imply we A, that is, A is S'-closed and thus 5-closed.

We use induction on the ranks of the polynomials involved in such substitutions: 
Let (a,b)£A with b=bxf b 2. Then (a, b)£H  (see the proof of Lemma 1) and by 
(2.1) (a, bj)eH  or (a,b2)£Ff. Consequently, (a, bx)\l(a, Ь2)£Н Я А . Conversely, 
let (a, bx)\/(a, b2)£A. Since A is prime, (a, bx)e.A or (a, b2)£A. Again, it follows 
that (a, bjk-H  or (a,b2)eH  and thus by (2.1) (a, bx\lb2)£H Q A. Similar argu
ments work for (3.2)—(3.4).

For the induction step, let p(xx, xn)eA, х£ Ь хХ Ь 2, p a polynomial. 
If p=pxf p 2, then, say, px(xx, ..., x„)£ A since A is prime. So application of any 
of (3.1)—(3.4) keeps px(xx, ..., xn) in A by induction hypothesis, thus also 
p{xx, ..., xn). A similar argument works for p —pxAp2.

Necessity of (2.1)—(2.4) is immediate, so the proof is complete.
To get a hold on Lx®lL2, we need a workable description of the sets H Q L xX L 2 

satisfying (2.1)—(2.4). We introduce the following notation: For H Q L XX L 2 
and (a,b)eH , put Hx{a, b)— [x£Lx-, (x, b)£H} and FI fa , b )= {yeb2; (a,y)£H).

Lemma 5. H Q L xX L 2 satisfies (2.1)—(2.4) iff for any {a, b)eH, Hx(a, b) and 
H2(a, b) are prime filters in L x and L2, respectively. H is then a subdirect product 
of two prime filters AXQLX, A2^ L 2.

Proof. Assume H  satisfies (2.1)—(2.4). Let xx, x2eHx(a, b). Hence (x1( b)£H  
and (x2,b)eH  and by (2.4) (xxAx2, b)£H, that is, xxAx2eH x{a, b). If xx£Hx(a, b) 
and *2®*!, consider x2Ax1= x1 and apply (2.4) to obtain x fH fa ,  b). If 
xxf  x2eH fa ,b), apply (2.3) to obtain xx£Ffx(a, b) or x2eH x{a, b). So Hx{a, b) 
is a prime filter, and so is H2(a, b), using (2.1) and (2.2).

Conversely, assume that Fffa, b) and H 2(a, b) are prime filters for any 
(a,b)eH. Now (a,bxVb2)eH  iff bxVb2eH 2(a, b flb 2) iff bxeH2{a,bxM b2) or 
b2eH2(a, Ь,УЬ2) iff (a,bx)eH  or (a,b2)dH ; and similarly (а, bxAb2)eH, estab
lishing (2.1) and (2.2). Dually for (2.3) and (2.4).

Let Ax = U {Hx(a, b); (a, b)£H}. Consider x1,x 2£A1. Hence (xx,b x)eH  
and (x2,b 2)£H  for suitable bx,b 2eb2. We infer that (xx, ЬХУЬ2)£Н  and 
(x2, bx\Jb2)eH  and thus (хгЛx 2, bx\lb2)£Ff, that is, xxAx2£Ax. So Ax is closed 
under meets, and the remaining properties of a prime filter are trivially satisfied. 
Defining A2= U  {H2(a, b)\ (a, b)£H), H  is a subdirect product of Ax and A2.

D efinition. H Q L xX L 2 is called doubly prime iff FI satisfies (2.1)—(2.4). 
Put D = {H Q L xX L 2, H  doubly prime).
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The Priestley space of Lx ®lL2 may now be described in terms of doubly prime
sets:

Proposition 6. X(LxX>lL2) is order homeomorphic to (P' (Lxx L 2)r\D, ^ ) ,  
the latter space carrying the subspace topology induced by X(Fox (LxXL2)).

Proof. Combine Lemmata 1 and 2 with the results discussed in Section 1.
Our main goal here is however the representation of L i ®lL2 as a ring of sets:
Theorem 7. Lx®lL2 is isomorphic to the ring of sets generated by all sets o f 

the form {H£D; xdH ) where x  runs through LxX L2.
Proof. A s for Lemma 3, using Proposition 6.

Example. Let Cx and C2 be chains. We propose to show that HQ Cxx C 2 
is doubly prime iff H  is an increasing subset of the direct product CxXC2.

Indeed, every doubly prime set is increasing by Lemma 5. Conversely, let 
H Q CxXC2 be increasing and consider (a, b)£H. If cf_H2(a, b), then (a, c)£H  
and so for any c' éc , (a, c')£H  since H  is increasing. Consequently, H fa , b) 
is increasing, and since C2 is a chain, it is even a filter. But in a chain every filter 
is prime. Analogously for Hx(a, b).

It follows that CX®LC2 is isomorphic to the set ring generated by the families 
of increasing subsets of Cx X C2 fixed by some element of Cx X C2.

4. Semilattice vs. lattice tensor product

Basing on Theorem 3.5 of [3] it is easy to describe the Priestley space of L x®s L2 
(the presence of zeros as required there is not essential): X(Lx®s L2), as a poset, 
is order isomorphic with (AXLJU {Z-i})x (AXL2)U {L2})\{CLi , L2)}. Consider 
such (Ax, A2): It is readily verified that AxX A 2 is doubly prime, and since 
(Ax, A2)X:(L1, L2), (Ax, A ^ P \ L xx L ^ f\D .  Priestley topology is introduced as 
usual, and it follows that f :  X(Lx®sL2)-*X(Lx®lL2) defined by (Ax, A2)<->-A1X A 2 
(using Proposition 6 and the order isomorphism given above) is an embedding of 
ordered spaces. Put D1={H£D; H =AxX A 2 with А & Х Щ )^ {L)}QD. Using 
the duality between order subspaces and homomorphic images of lattices, we may 
sum up as follows:

T heorem 8. X(Lx®sL2) is order homeomorphic with (P '(L1XL2)C\D1, Q ), 
the latter space carrying the subspace topology induced by X(Fox(LxXL2)).

Lx ®sL2 is isomorphic to the set ring generated by all sets o f the form {H£DX; 
x£H} where x  runs through LxX L2. LX®SL2 is a homomorphic image o f Lx®lL2, 
a canonical epimorphism being given by {H£D; xdH }^{H £D 1; x£H}.

Proof. Proposition 6 and Theorem 7.
To get a more explicit relationship between the two tensor products, we introduce 

the following definition: Let rj be the smallest congruence on Lx®lL2 which 
identifies (a1®b1)A(a2®b2) w>th (a1f\a2)iS)(b1/\b2), where ax, a2dLx, bx, b2£L2 
and a ® b stands for the ő-class of (a, b).

Proposition 9. Lx®s L2^ .L x®LL2lr].
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P r o o f . Note that L1®LL 2lr]?áF(Lí XL^)l9''Jr\. The right-hand side may be 
constructed as in Section 3, by characterizing those S-closed prime filters in 
Fm(Lx X L2) which are also //-closed (where fj extends /7 as 5 extends 9). These 
are the filters generated in F ^ ^ X L ^ )  by sets #U{1}, where H(D  and H  
satisfies also
(4) and (a2,b 2)£H  iff (űjAűg, b ^ b ^ H .
The proof follows that of Lemma 4 and will be omitted.

Let H eD  satisfy (4), and consider лг6Л= U {#i(a, b); (a, b)£H} and 
y€A 2 — U {H2(a, b); (a,b)£H}. Hence (x, b)£H  and (a,y)£H  for some a£Lx, 
b£L2. By (4) (aAx, bAyffH . But H  is doubly prime, hence increasing, thus 
(x, y)£#. It follows that H —AxX A 2, that is, H^D1. Conversely, every H£D1 
obviously satisfies (4), so the Priestley spaces of F iL^xL ^föV // and of L1®SL2 
are order homeomorphic.

In other words, LX®SL2 is the largest image of Lx®lL2 in which the rule 
(ax <g> bj) A (a2 <g) b2) = (ax A a2) ® (bx A b2) holds.

C o r o l l a r y  10. £ 1 ig>t L 2 = iZ ,1 <g>s Z ,2 iff at least one factor is trivial.
P r o o f . If one factor is trivial, every H£D  satisfies (4). Conversely, let 

ax>a2, bx>b2, a f f f ,  b f b 2. Choose prime filters A1Q L1, A2 f  L2 such that 
a1€A1, а2^А г, and bxdA2, b2$.A2. Then (^ 1XL2)U(L1X/42) is doubly prime 
and thus 5-closed. Clearly, (ax, b2), (a2, ЬХ)£Н. But (a1Aa2, b1Ab2) = (a2, b2)^ H, 
and H  is not //-closed.
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THE EDGE INDUCIBILITY OF GRAPHS
B y

M .  C .  G O L U M B I C *  (N e w  Y o r k )  a n d  Y .  P E R L * *  ( R a m a t - G a n )

1. Introduction

All graphs will be undirected, with no edge from a vertex to itself, no multiple 
edges and no isolated vertices. Let G=(V, E) be a graph. A subset of vertices 
A Q V  is said to induce the subgraph Ga — (A ,E a) where EA = {ab£E\a,b((A). 
If A is the collection of vertices spanned by a subset of edges FQ E, then we also 
say that F induces GA. We sometimes call G an (n,m)-graph when n = \V\ 
and m=\E\.

Let G be an (и, m)-graph and Я  be a (p, <7)-graph with n ^ p  and m ^q . 
As in [6] we define MG, H) to be the number of induced subgraphs of H  that are 
isomorphic to G (where an induced subgraph is counted at most once, even if 
it is isomorphic in several ways). More formally, if X  is the vertex set of H, then

M G, H ) = card {A Q X\HA =* G}.

This number lies between 0 and min we normalize it by setting

MG, H) =  J(G , # ) / ( * ) ,

obtaining a number that lies between 0 and 1. We further define 
J e(G, q) = max {MG, H)\H  has q edges},

Ie{G,q) = f e(G, <?)/(*)•

We use the subscript e to emphasize that we are talking about edge inducibility 
of G in H  as distinguished from what could be called the vertex inducibility 
which was discussed in P i p p e n g e r  and G o l u m b i c  [6]. The vertex inducibility 
is computed by maximizing MG, H) over all p-vertex graphs and normalizing by
^ j ,  namely,

M iß, p) =  max {MG, H)\H  has p vertices}, IV{G, H) = J(G , ,

MG, P) =  M(G, p ) /( j) , /„(G) =  limit MG, p).

* T h is  w o r k  w a s  b e g u n  w h ile  th is  a u th o r  w a s  a  v i s i to r  a t  th e  W e iz m a n n  I n s t i tu te  o f  S c ie n c e ,  
R e h o v o t ,  I s r a e l .  I t  w a s  c o n c lu d e d  u n d e r  th e  p a r t i a l  s u p p o r t  o f  N S F  G r a n t  M C S — 78 — 0 3 8 2 0 .

** T h is  p a p e r  w a s  c o n c lu d e d  w h ile  th is  a u t h o r  w a s  a  v is i to r  a t  th e  U n iv e r s i ty  o f  I l l in o is  a t  
U r b a n a - C h a m p a ig n .
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These two notions are similar, yet surprisingly different. In addition, Galvin and 
Straus [unpublished] have examined a type of inducibility of permutations, and 
G olumbic [3] has studied the vertex inducibility of hypergraphs.

The following results were presented in [6] for the vertex inducibility of graphs, 
but their proofs can be easily modified for edge inducibility.

Proposition 1. For any m-edge graph G and any q^m ,

Ie(G> q + 1) — Ie(G, q).

Proposition 2. For any m-edge graph G, m'-edge graph G', and q-edge 
graph H, where m ^ m '^ q ,  we have Ie(G, H )^ Ie(G, G jIe(G', H).

Proposition 1 shows that the sequence Ie (G, q) is non-increasing, and since 
it is bounded below by zero, it converges to a definite limit as <7--°°. We define 
/.(G) =  limit Ie(G, q).

The invariant Ie(G), and by abuse of language, Ie(G, q) and -fe{G, q), we 
call the edge inducibility of G. A q-edge graph H maximizes the edge inducibility 
of G if Ie(G, H )= Ie(G, q).

Consider the star graph Kl m. For all q^m , Kl q) = ̂ j ,  hence
?) =  1 and Similarly, the graph тКг, consisting of m

disjoint copies of K2, has edge inducibility Ie (mK2) =  1. These are the only graphs 
having this property (see Theorem 6).

By choosing H  in Proposition 2 to maximize the edge inducibility of G' 
and then passing to the limit as q-*°°, we obtain the following:

Corollary 3. For any m-edge graph G and m'-edge graph G', where m á m ',  
we have Ie(G )^Ie(G, G jIJ G j.

2. The behavior of the edge inducibility Ie(G)

T h e o r e m  4. For any graph G, /e(G)>0 i f  and only i f  G is the union o f disjoint 
star graphs.

P r o o f . If G is not the union of disjoint star graphs, then it must contain an 
induced subgraph F isomorphic to one of the graphs K3, P4 of C4 (see Figure 1).

K3 Pl C4

Fig. 1

By Corollary 3, Ie(F )^ Ie(F, G)Ie(G), and since Ie(F, G) in nonzero, it is sufficient 
to show that Ie(F)—0.
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Let Я  be a q-edge graph. An arbitrary choice of two edges of Я  may induce 
at most one copy of F, and every copy of F can be found in this way (twice for 
C4 and thrice for K3). In fact,

3S(Ks, H )+2J{Ct , Я) [2 I •

Thus, J(F , Я ) ^ 121 implies that le(F, I where r = 3 if F ^K , or

F ^ P 4 and r= 4 if F = C 4. Taking the limit as we have Ie(F)=0.
Conversely, suppose G s F 1>miU...UArljmt, m=m1+ ...+ m t. For any л>0 

consider the лот-edge graph Н ^К г,smiU . . .UFi,smt consisting of the union of 
t disjoint stars of sizes proportional to those of G. Clearly

S(G , H) s (sotA fsOT2j (sOT,j
[ m j  {m 2) - { m , )

with equality if and only if the от, are all equal. Dividing both sides of the in
equality by \S™\ we obtain

7e(G, so t )  ^  7e(G, Я) от! jj ( snii — tnAm‘ 1 

отт  i \ s ) mf! ■
m\ iYi™i

Passing to the limit as s —°°, we obtain 7e( G) ^— and Theorem 4 is proved.
The line graph L(G) of a graph G is constructed as follows: The vertices 

of L(G) correspond to the edges of G, and two vertices in L(G) are connected 
if their corresponding edges in G share a common vertex. For any от-edge graph 
G and 9-edge graph Я, where q S ot,

( 1) ^(G , H )^J(L (G ),L (H )).
This follows from the that the edges of a copy of G in Я  induce one copy of 
L(G) in L(H), and different edge sets of Я  give different subgraphs of L(H). 
By choosing Я  to maximize the edge inductibility of G in (1) and then dividing
by j^ l ,  we have Ie(G, q )^T v(L(G), q). Taking the limit as 9—°° gives

(2) 7e(G) ^  IV(L(G)).

For most graphs (2) is too weak to be useful, since 7e(G) is usually zero and 
7„(L(G)) is always bounded away from zero. However, if G consists of two disjoint 
stars differing in size by at most one, we can calculate exactly its edge inductibility 
using a known result on vertex inductibility.

Theorem 5. Let /x= |m /2| and ij/ = [q/2] where 3 ^ m ^ q .

Л(^1,диЯ1>т_м,9 )  =
от even 

от odd.
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Thus,

= (“ )/г* .

Proof. The expression for S e(Klt/lUKlim_ß, q) in the theorem is easily seen 
to be equal to К1фи к 1ч_ф) and is therefore a lower bound.
Since the line graph of Ки„0К 1гт̂ „ is the graph T̂(1UArm_)X consisting of two 
disjoint complete graphs, it follows from (2) and [6, Proposition 4 and Theorem 10] 
that the expression is also an upper bound.

By a similar proof technique, one can easily show the following.
Theorem 6. Let G be an m-edge graph. Then Ie(G)=l i f  and only if G=mK2 

or G=Kl m.

3. Maximizing the edge inducibility of complete graphs

For a graph G we may well ask for which q-edge graph H  does ,/(G, H) = 
= J e{G, q), even if Te(G)=0. In this section we show which graphs maximize the 
edge inducibility of the complete graph.

A graph G is almost complete if there is a vertex v suchthat G—v is complete. 
The vertex v is called the deficient vertex, and the deficiency of G equals the number 
of vertices not adjacent to v (excluding v itself). The almost complete graph 
with p + 1 vertices and deficiency r is denoted by Kjfh. Thus, Klp°f= K p+1
and К $ г=Кр\JKX. The graph has r edges.

Theorem 7. The almost complete graph with q edges maximizes the edge 
inducibility o f K„. That is, writing r with 0^r< p, we have

•w.*>-(liМП)-
Proof. In К there are copies of K„ which do not include the deficient 

vertex and ^  _  j j copies of Kn which do include the deficient vertex. This gives,

(л) +  ( « I Í) = s < & ,  dl
Let us assume that the almost complete graph with q '-edges maximizes the

edge inducibility of Kn for all q'< q  which is certainly true for q' = ̂ )- Let
H = (V ,E ) be a q-edge graph such that f(K„, H )= S e(Kn, q). We will show that 
H  is almost complete. Assume that H  is not complete, for otherwise we are done. 

Choose a vertex x  of H  whose degree dx is smallest possible. Clearly,
J(K„, H)=J(K„, H —x) + J{Kn_it i / AdjW). Since \ ^ Á ^ q - d x, we may assume
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by induction (and moving the edges of H —x  if necessary) that H —x  is almost 
complete in such a way that its deficient vertex у  (of degree dy) is not adjacent 
to x. Hence C = V —{x,y} is complete.

If either dx or dy equals |C|, then H  is almost complete. Suppose that 
0~zdx^ d y<\C\, renaming x and у  if necessary. Erase an edge adjacent to x and 
add an edge between у  and any member of C —Adj (у). The net increase in the 
number of copies of Kn is

[(ЙИЙНЛМ̂)]
which is strictly greater than zero for n —2 ^dy, implying that H  does not maximize 
the edge inductibility, a contradiction. Hence, H  must be almost complete.

R e m a r k . Theorem 7 may be regarded as a particular instance of the K r u s k a l —  
K a t o n a  Theorem, which first appeared in [5] and was rediscovered in [4]. A short 
proof can be found in [1]. We are indebted to G. Katona for mentioning this fact 
to us.

4. A comparison of two general construction techniques

Let G be an (и, m)-graph and let r be a positive integer. Consider the graph 
G*r obtained from G by multiplying each vertex by r; i.e., we replace each vertex 
v of G by an r-set of new vertices v1,v2, ..., vr and we connect vt with Wj by 
an edge for i , j= \ ,2 , . . . , r  whenever v and w are adjacent in G. The graph 
G*r has nr vertices, mr2 edges and at least r" copies of G, obtained by choosing 
one vertex from each of the r-sets. Equality holds for the cycles C„ (n^5). Thus, 
C5698 has 2,436,020 edges and 1.6568XlO14 copies of C5.

T heorem 8. For any (n, m)-graph G and any q^m, J e{G, q )^ [ \/q/ni]n.

Proof. Let mr2^q < m (r+ 1)2 where r is an integer. Clearly r—[y'q/m]. 
By the multiplication technique, J e(G, q ) ^ ^ e(G, mr2)^ ^ (G , G*r)^r", which 
proves the theorem.

The process of repeated composition of a graph with itself was used in [6] 
to obtain lower bounds for the vertex inducibility. Let G(t) be the result of 
composing G with itself t —1 times; i.e., G(1) =  G and G(,)=G[G(,-1)]. Applied 
to an arbitrary («, m)-graph G, one can easily show by induction that G(t) has 
nl vertices, тп’~ \п ‘—1)/(и — 1) edges and at least n'l(t_1)(l — n(1_,,)')/(l —”1_") 
copies of G, (see [6, p. 195]). Again, equality holds for certain graphs, including 
the cycles C„ (и^5). So, for example, C5(s) has 2,440,625 edges and 9.552ХЮ13 
copies of C5. Thus, the multiplication technique is marginally better than compo
sition for the example. We can show that multiplication always gives a better lower 
bound in the case of edge inducibility for an arbitrary graph.

Proposition 9. I f  mr2=mn,~1(nt—l)/(n — 1) and и > 2 , then 

rn>nn« - i \ l  —n(1- n),)/( 1 - n 1-").
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P r o o f . On one hand, the hypothesis implies that

r" =  (r2)nl2 =  п»('-1)/2[1 +  и +  п2+ ... +  п‘-1]л/2 >

(-1 г- i
>  2  2  n~in/2.

i=  0 i = 0
On the other hand,

L  =  пи(' - 1>(1 — и(1-")0/(1—и1-") =  nn(,~1) *2 nia~n\
£=0

But, и- ‘»/2>И1(1-и) for /= 0 , ..., i —1 since both exponents are negative. Thus,
rn>L.

5. Conclusions

The multiplication technique has given us a lower bound on maximum number 
of copies of an arbitrary graph G that we can expect by “spending” q edges. 
We believe that this is best possible for the graphs C„ (и >5), but are as yet unable 
to prove it. We also believe that Ca*r+1 is the best graph in which to embed the 
path P2v on 2v vertices for v^2  and large values of r.

For some graphs G, like the complete graphs (Theorem 7), J e(G, q) is of the 
same order of magnitude as the bound in Theorem 8, namely 0(qn/2). On the other 
hand, Theorem 4 says that ^ e(G, q) — 0 (q m) iff G is a union of stars. Future 
research is needed for determining the growth rate of (G, q) for other graphs. 
Some preliminary results for lopsided bipartite graphs are reported in [2].
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ON THE RADICAL CLASSES AND THE TRANSFREE- 
1MAGES OF RINGS

By
T R A N  T R O N G  H U E  a n d  F .  S Z Á S Z  (B u d a p e s t)

1. The purpose of this note is to consider the relation between the transfree- 
images and the radical classes in category of associative rings. This stays in connec
tion to the solution of problem 8 of [2].

The notion of transfree-images is dual to that of subdirect embedding (cf. [3]). 
An object A of the category ^  is said to be a transfree-image of the free product 
Ц  Áfái) if there exists an epimorphism y: []  A f tp ^ A  such that all maps y: Qt: 
i(.I lit
At-*A, id l  are normal monomorphisms.

Instead of a transfree-image of the free product [] A fßj) we speak of a trans
fer

free-image of the objects Ah id I.
A class M  of rings is said to be a radical class in sense of Amitsur and Kurosh 

if the following conditions are satisfied:
(i) M  is homomorphically closed.

(ii) The sum of all M-ideals of a ring A is an M-ideal.
(iii) M  is closed under extensions, that is if В and A/BdM  then also AdM. 
The lower radical class defined by the class M  is the smallest radical class

containing M.
2. Assume that the ring A is a transfree-image of rings At, id I, by an epi

morphism y. Following the definition all maps y: Qt: A t-*A, id l are normal 
monomorphisms, so they are embeddings and their images are ideals of the ring A.

Let M  be an arbitrary abstract class of rings. We put
Tr(M ) =  {A\A is a transfree-image of some M-rings}.

L e m m a  1. Every nonzero Tr(M)-ring has a non-zero M-ideal.
This statement follows immediately from the above remark.
D e f i n i t i o n . The class M  is said to be closed under transfree-images if 

Tr(M )=M .
T heorem 1. For every class M  o f rings there always exists the smallest class 

M satisfying: M 2 M  and M is closed under transfree-images.
Proof. The class of all rings is closed under transfree-images and it contains M. 

Since the intersection of classes being closed under transfree-images, is again such 
a class, we have M — П(МУ|МУ5 М  and My is closed under transfree-images).

T heorem 2. I f  M  is a homomorphically closed class o f rings, then also the 
class Tr(M) is homomorphically closed.
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Proof. Let A be a transfree-image of M-rings Ah i£l, by an epimorphism y, 
and A a homomorphic image of A _by a homomorphism / .  Then the images 
A t of each Ait i£ l  are M-ideals in A. Further by the universal property of the 
free product there exist uniquely determined mappings

У- U  M e d  -  Ä  and cp: f ]  A ,(ed -  Ц  ä ,(q^
líl i í l  i€l

such that the following diagrams are commutative

А ,— —  Ц  A t i s d  U  M e dX  “ >  , И  “ ' I -
'■ ,  j .—  и

л  i€/

where f = f  • g( and kt is an embedding. Clearly, the mappings y: i£ l are
normal monomorphisms. We can easily show that the square

Ц  M e diei
<P

У A

f

U  M e d - i - Ä
Ш

is commutative. Hence we have y(p=f%У- Since / • у is an epimorphism, so 
is y. Thus Ä £Tr(M ) holds. The theorem is proved.

T heorem 3. Every radical class is closed under transfree-images.
Proof. Let M  be a radical class and AdTr(M). M(A) denotes the sum of

A
all M-ideals of A. Suppose M (A )^A . By Theorem 2 - — 4 is a nonzero Tr{M)-

A' ■. By the condi-
M(A)

ring, and hence by Lemma 1 it contains a non-zero M-ideal >4M{A)
tion (iii), A' is an M-ideal of A, so A '^M (A ), a contradiction. Thus A£M  
holds. This completes the proof.

C orollary. For every class M  o f rings the inclusion holds,
where A£(M) is the lower radical class defined by M.

Let us consider the subclass of Tr(M) defined as

A is a transfree-image of some M-rings 
by an epimorphism which is a surjection

L emma 2. Assume that M is an abstract class o f rings. The ring A belongs 
to TrfM )  if and only i f  in A there exist M-ideals Bb i£ l such that 2 Вi = A.

i€l
The proof is trivial.

Trf M )  =  {л
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Theorem 4. The class M of rings is a radical class i f  and only i f  the following 
conditions are satisfied:

(A) M  is homomorphically closed.
(B) M  is closed under transfree-images.
(C) M  is closed under extensions.
P roof. Theorem 3 and the definition of radical yield the necessity.
For the sufficiency we only must show that condition (B) implies condition 

(ii). If condition (B) is valid, then M Q T ro(M )Q Tr(M) — M. By Lemma 2 it is 
clear that condition (ii) is satisfied.

Next, with the help of transfree-images we shall get a new construction which 
does give the lower radical. In order to do this we consider the following operator 
W acting on classes of rings by

Lemma 3. I f  M  is a homomorphically closed class then W (M ) is homo
morphically closed, too.

Proof. Let A be in W(M) and В any proper ideal of A. By the definition 
of W(M) there exists an ideal C of A such that C and A/C both belong to 
M. Since the class M  is homomorphically closed so we have

Thus AjB belongs to W(M) and so W(M) is homomorphically closed. 
The lemma is proved.

Now, let M  be any class of rings. Define KfiM ) to be the homomorphic 
closure of M. For every ordinal a >  1, put

{Tr(Kx_1(M)') if a is not a limit ordinal 
fV( (J Kß(M )) if a is a limit ordinal.

ß « X

Finally define K(M)={JKX(M), where the union is taken over all ordinals a. 
Clearly, if a and ß are ordinals with then Kx(M )Q K fM ).
Lemma 4. For every ordinal a ^ l ,  K{M) is homomorphically closed. Hence 

K(M ) is a homomorphically closed class.
Proof. KfiM) is homomorphically closed. Let a > l  be an ordinal and 

suppose Kß(M) is homomorphically closed for all /?<a.
If a is not a limit ordinal, then by Theorem 2 and the induction hypothesis, 

Kx(M ) — Tr(Kx^1(M)) is homomorphically closed.
Let a be a limit ordinal. Clearly, by the induction hypothesis, the class 

IJ Kp(M) is homomorphically closed. So by Lemma 3, the class Kß{M) =
ß<a
— W ( U Kß(M j) is also homomorphically closed. Thus by transfinite induction
KX(M ) is homomorphically closed for all ordinals a. It follows immediately that 
K (M ) is homomorphically closed.

W (M ) = A for some M-ideal В of A [.
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Theorem 5. K (M )= 2’(M).
Proof. We use Theorem 4 to show that K (M ) is a radical class. By Lemma 4, 

the class K (M ) satisfies condition (A). Suppose that a ring A is a transfree- 
image of ÄT(M)-rings Ah i£l. Then for i f j  there exists an ordinal аг such that 
AiZK^iM). Let a be an ordinal greater than all ar s, i£l. Hence every ring 
Aj, i£ l belongs to KJM ). So we have

A£Tr(Kx(M)) = KX+1(M) g  K(M).
Thus, condition (B) is satisfied.

Now, let A have an ideal В such that both В and A/В are in K(M). Then, 
there exist ordinals ax and a2 such that B£KXI(M), А/В£Кхг(М). We take a limit 
ordinal a greater than the ordinals аг, г =  1,2. Then both В and A/В  belong 
to the class (J Kß (M). So we have

/?<а
A£tV( U Kß{M)) =  KX(M) g  K(M).

ß<a
Hence condition (C) is valid. Thus K(M) is a radical class.

By the minimality of 1? among radical classes containing M, it is enough 
to show A(M)g.S?(M). This is accomplished by proving Ka(M )Q£f(M ) for 
every ordinal.

Clearly, K1(M)QJ?(M). Let a be an ordinal exceeding one, and assume 
Kß(M)Q£P(M) for all ordinals /?<а. Suppose A£KX(M).

If a is not a limit ordinal, then we have
A e K x{M) =  Тг{Ка- г{М)) g  Tr{tf(M ))  =

Let a be a limit ordinal, then by the definition we have
A£KX(M ) = W ( (J K„{M)).

ß<a
Therefore there exists an ideal В in A such that both В and A/В belong to 
(J Kß(M). By the induction hypothesis, it is clear that |J  Kß(M)Q£?(M). From

/3<а /?<а
this A f ^ ( M)  follows by condition (C) of Theorem 4, and the theorem is proved.
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APPROXIMATION IN L2-SPACE BY INTERPOLATORY
TYPE OPERATORS

By
C A T H E R I N E  B A L Á Z S  (B u d a p e s t)

The aim of this paper is giving interpolatory type operators which can approxi
mate not only continuous functions. Namely, if we suppose that /  is integrable 
in Lebesgue sense on the finite interval [a, b], then we can define the following 
linear operator:

L*n(fl x) = 2 4 -  j f  7 ( 0 dtlk(x) ( n  =  1, 2, ...)
* = 1 hk X ..

where lk(x) ( k = l , 2 , n )  are the fundamental polynomials of the Lagrange 
interpolation corresponding to the nodes ( a £ ) i ,< . . .< x 0(^ i) ,  0<hk^ x k_x—xk. 
Of course xk=x[n) and hk=h^n) depend on n, but we shall omit the upper indices, 
when they are not necessary.

L*(f; x) is formally similar to the Lagrange interpolating polynomial L n( f;x )=
П

= 2 /(**)/*(*), but it differs from L „ (/; x) in having the mean
k = l

1 Xjj+ Ajj

value— J  f( t)d t
k*k

instead of the value f ( x k). This modification is made because integrable functions 
are not uniquely characterized by their denumerable values in general, and operators 
defined by those values do not converge in Lp-norm (lsp « = °) to the functions 
determining them.

We remark that J. Szabados [1] defined another interpolating type linear 
procedure in Lp-space. He investigated the Lp-convergence of this operator denoted 
by Ln( f ; x ) and gave an estimation for ||/(x )-L „(/; x)||p.

Returning to L * (f; x) the following problems arise naturally. In what spaces 
of functions are L * (f;x )  convergent? How to choose the nodes (a^ )x „< ...<  
...< x0(^ h ) and the values hk in this case?

We shall show, that, for instance, choosing for nodes the zeros of orthogonal 
polynomials associated with some weight functions yields a convergent procedure.

b
Now let w(x) be a weight function defined on [a, b], that is 0<  J  tv(x) dx<°°

and w(x:)feO. We shall assume that w(a) > 0 almost everywhere in [a, b]. A con
sequence of this condition is that for the zeros (ű< )x£")-=:...-=:aT’)(<;>c:0==Z>)
(« = 1 ,2 ,_) of the orthogonal polynomials {a>„(x)}“=1 associated with the weight
function w(x) the relation max (xl"J1-x lcn>)-^0 holds. (In fact, it is
sufficient to suppose the weaker condition that for every subinterval [a', b'] of 

у
[a, b], J  w(x)dx>0; see Theorem 6.1.1 of Szegő [2].) 

у

Acta Mathematica Academiae Scientiarum Hungaricae 35, 1980



404 CA TH ER IN E BALÁZS

Now define the linear operators

( 1) L*n( f ; x ) =  2  4 -  / 7 ( 0  dtlk(x), 
*=i ^

{n =  1,2,...)

where xk= x (kn> (k = l, 2 , u = l ,  2 ...) are the zeros of the orthogonal polynomials 
co„(x) associated with the weight function w(x), x0=b, 0*=-hk —

and

« * )  = (*)(*-**)
(fc =  1, 2, ..., n)

are the fundamental polynomials of the Lagrange interpolation. 
Denote

n; n = 1,2, ...)

the Cotes-numbers and let u„ =  max h[n). Since 0<a„s5max x^n)), in our
case the relation lim a„=0 is fulfilled.

П -*-оо

In what follows, C will always denote different constants independent of 
x, n and k.

For the operator defined in (1) the following estimation is true.
T h e o r e m . I f  w (x) ̂  M  (M > 0  is an arbitrary constant) and

3(0
(2) dn= sup ^77 =  0(13«) (n =  1,2, ...)

1 SkSiSn Hk

then for arbitrary fd L 2[a, b] the inequality

(3) { /  [f(x)~L*(f; x)]2w(x)dx}112 ^  C fd nw J 4 ,J 9 8
fd n)

holds, where to(f; S)2 is the L2-modulus o f continuity o f f.
Since an = max hk-+0 substituting (2) by the stronger condition (4)

below, we obtain the following convergence theorem.
C o r o l l a r y . I f  w (x )s M ( M > 0 )  and

(4) 4 B)
K n)

= d (fc =  1,2, ..., n; n =  1, 2, ...)

where d>~0 is a constant independent o f к and n, then for arbitrary fd L 2[a, b\

(5) { / Lf(x)-L*n(f; x)]2W(x)dx}1't SC co(f; Yan)2.
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We shall see that there are some cases when the rate of convergence is better 
than (5). This is the case when /€Lip a (0 < a <  1), where Lip a is defined by the 
L2-modulus of continuity.

An important special case of the Corollary is when the nodes are the zeros of 
the Jacobi polynomials associated with w(;c)=(l — x)a(l +x)ß, if a, ß^O. Choosing 
hk~K (xk^1—xk) where 0<ATsl is a fixed constant (then condition (4) fulfils
as we will show later) and taking into consideration that an= 0 we obtain
by the Corollary that for every f£ L 2[—1, 1]

(6) { /  U (x)-L *(f; x W ( l-x T ( l+ x y d x } 112̂  Coj(f; n ^ % .
-1

The most important case of (6) is when w(x)=1, and the nodes are the zeros 
of the Legendre polynomials. Then choosing hk=xk^ 1—xk we get that for every 
/€ L 2[—1, 1]

{ If  „ / 1 *k-l \ -|2  ̂1/2
f  / ( * ) -  2  - — 7- I  / ( О *  « * )  dx\ *  Сю(/; n_1/V_1 L *=1 VATfc_! — Xk £  J 1 J

We mention that, by the Theorem, convergence is possible when condition (4) 
of the Corollary is not satisfied, for example in the Jacobi case o«0  or /J<0, if 
/6  Lip у with suitable y.

P roof of the T heorem . Let Pm(x) (m<n) be the m-th polynomial of best 
approximation to /  in L2 [a, b], that is

{ /  U(x)-Pm(x)Ydx}ll2= U-PmU = E M \ .
a

Using Minkowski’s inequality we have

(8) { / [ x)Yw (x)dxyi2= \\f-L*n(f)L ,w ^
a

S  \ \ f -P j2 ,„ H P m-L : (P j\ \2,w + \\L*n(Pm-L*n(f)\\2,„ = S ^ b  + St.
It is obvious by the assumption w (x)^M  that

(9) =  { / [ f(x )-P m(xWw(x) dx]m  s  ÍM E m(J),.
ait

Since Pm(x)= 2 P m(xk)h(x) (jn<ri), we can write
k = l

Si = f  \pm(x)~ 2 - j r  У pm(0dtlk(x)] w(x)dx =
a L k~1 k xk J
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By orthogonality and Lagrange’s theorem

n r 1 xk+hk -,2
S i = Z \ P M - - r -  f  p m ( t ) d t \ 4  =

L k x,. J

-  Z [ P M - P m^ k)]2h =  Z  Р 'Л ч к К ъ -Ъ У Ъk = 1 k = l

-  “ aA pm (*) max hl Z K -  (** <  4k  <  4  <  **+ hk).а^хшЬ k =  l

n “
Taking into consideration the facts max hk~a„, Z h — I w(x) dx, and the esti-

k k  =  1 JK~L a
mation

max |P;(x)| == Cm2 max |Tm(x)| == Cm3||Pm(x)||2a^x^b а̂ хшЬ

where Markov’s inequality and ano ther inequality (T iman [3], p. 251) were applied, 
we get
(10) S2 Ca„m3IIРт (дг)IIa S  Ca„m3||/ | |2 Ca„m3.

For the estimation of S3 we shall use orthogonality, inequality of Schwarz and 
condition (2), so

ЛП xk+hk -i 1/2
Z  f  [Pm(t)- f( t)]d tlkm  w(x)dx =

k=1*k >
П 1 (xk + hk -.2 n 1 xk+hk

= Z - r ,  I f  [Pm( t ) - f ( t ) \d t \  z - г  f  [Pm{ t ) - m ? d a k ^
*-1 A* ч  j k=1 A*

S d n Z kJ hk[Pm( t ) - m ? d t ^ d n f  [Pm( t) - f ( t ) fd t
k~lxk a

that is
(11) S3^ y J nEm(J \.

Summarizing (8), (9), (10) and (11) it is clear that

( 1 2 )  I I / - W ) » . , w  ^  C(lfd~„Em( / ) 2 + anm 3) .

By Jackson’s theorem in L2-space

(13) - l ) a +  anm3j .

or m

Vd Г í/1/81Solving the equation — ~—anm3 suggested by (13) we can choose m —

Г d1/8l=  С—щ- with a suitable constant C, which guarantees m en , taking into 
L fl« J
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consideration that b — a
л + Т always and the condition dn = 0(ne). So we have

(14) \\f-L*n( f ) h =5 C fd nсо
К

which was to be proved.
Returning to the problem of the rate of convergence in the Corollary, if /€L ip a 

in L2-sense (0 < a á l) , then (5) is equivalent to

(15) II/-L*(/)!!*,w ^  Cal'*.

For /£Lipoc, 0 < a <  1, we can obtain from (13) a slightly better rate of con
vergence than (15). We have to solve the equation

if-  Ц  =  Í-L X
l ’ m )2 1/Kl) = anm3

from which 

(16)

follows, and the rate of convergence is

for / £ Lip a (0< a <  1) in L2-sense.
Now we return to the case when w(.*)=(l — x)“(l +x)? (a, ß^O, — lS x S l)  

and — 1 are the zeros of Jacobi polynomials associated with
w(pc). It is trivial that 0 < w (x )<  1 (— 1 1). A consequence of Szegő’s [2]
relation (15.3.14) is that

(17) A *^C±  (k =  1, 2 ,..., и).
Further

(18) h k = C(xk- 1- x k) ~ C - ^ ,

where formula (8.9.1) o f Szegő [2] was used. Comparing (17) with (18) it is obvious
Л

that so the Corollary can be applied and we get (6) and (7).
bk

Consider now the case when the nodes are the zeros of Jacobi polynomials 
with a< 0  or /?<0. Then condition (4) of the Corollary is not satisfied, but by the 
Theorem convergence is possible for some classes of functions. Suppose for the 
sake of simplicity that tx^ß. By Szegő [2], (15.3.14)

so

(a <  0, a S  ß)

(a <  0).
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In our case an = 0  and let f<zLip у in L2-sense (0 < y ^ l) . So solving the

1 m3 x- gappropriate equation ——- = —  which we obtain from (13), we have т=ГСи 3+? .1 n my n L J
Substituting in (3) we get

(19) ||/-L„*(/)||2>ŵ c ( - i ) I (i-)
y ( l - a ) / ( 3  +  y)

(a <  0, a S  ß).

y ( \  —The right-hand side of (19) tends to zero if —a < -^ ------ , that is y>  —3a. This3 + y
r < a < 0  only, because 0 < y S l. As we have seen,relation can be fulfilled if

for fixed —y-caS)S , L*(f-,x) is convergent if / £ Lip 7 in L2-sense, where 7>  — 3a.
Finally I should like to thank Professor J. Szabados for his valuable help during 

preparation of this paper.
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О НЕКОТОРЫХ МЕТОДАХ ПРИБЛИЖЕНИЯ ФУНКЦИЙ
О. КИШ (Будапешт)

Введение

Условимся в следующих обозначениях: к неотрицательное, т и г положи-
т  г>тельное целое число; я целая часть числа — . К множество вещественных

чисел; t£R; С множество непрерывных и 2я-периодических функций, отобра
жающих R в R. (o(g, ö) модуль непрерывности функции g£C;

(1) =  {g€C: co(g, <5) S  ш(<5), д  ё  0},

где co(S) модуль непрерывности некоторой функции из С.

(2) dm(t) -

1 2 "---- 1----У  cos it ( т  = 1,3,5, ...),т т г=1
I I " - 1 1---- 1—  У  cos i t-1----cos nt (m = 2, 4, 6,m n f f 1 m

видоизмененное ядро Дирихле;

О) “ <') =  7 Д О - ( ' + - ^ Т

(4) U = —  (i =  0, ±1, ±2, ...),тг
I тг

(5) Sm.t.ríg, О =  — 2  g(<i)sk(t-<i)
r  i =  1

тригонометрические многочлены я-того порядка, которые получаются мето
дом наименьших квадратов, если к —0, и интерполируют функцию g в узлах 
tt, если еще иг=1. Случай к =1 и /с=2 впервые рассматривал С. Н. Бернш тейн 
в статьях [1] и [2].

В работе [3] Н. Brass и R. G ünttner в ы ч и с л и л и  при к —0 и г= 1  выра
жение

(6) ~'т,к,г =  sup sup
t £ R  д е С  

g ( t ) ^  const

\sm,k,r(g, 0 -g (0 ( .
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в статье [5] R. G ünttner опубликовал неравенства

Cm,o,i -  ! + Т 1пш (и* =  1.3, 5, ...),

Qi,од — 1 + ~  In п (т — 2, 4, 6, ...). п
В [7]—[10] вычислялись числа Ст к г при любых к я г. Были доказаны, например, 
следующие соотношения:

Сщ, 1д — 1 + ~  (т  4, 8, 12, ...);
7С

Ст,2,1 ^ 4, 5, ...),

"т, 3 , 1 (т =  4, 8, 12, ...);

■'т, 4 , 1
23
Тб (т = 6, 8, 10, ...).

В [5] при к —0 и r= 1 R. G ünttner доказал следующий результат:

Теорем а 1. Если со(д) выпуклый вверх модуль непрерывности и g£Ha, то

(7) |Sm>4.r(g ,0 -g (O I ^ ю ( - ^ ) + ( с тД,г-1 )ш (^ - ) .

Ниже мы докажем теорему 1 для всех к я г.
Тригонометрические многочлены «-того порядка

2  л

(8) Smtkj00(g ,t) = ~  f  g(u)sk(t — и)du

получаются из (5) при Если т нечетно (четно) и к —0, то (8) обычная
(модифицированная) л-тая частная сумма ряда Фурье функции g. Случай к = 1 
впервые рассматривал W. Rogosinski в статье [12], а случай к>  1 первым изу
чал Ф. И. Х арш иладзе в работе [13]. В [8] и [10] доказано, что выражение

-'т,к, с =  sup
0 € С

0(f) 7* COnst

получается из (6) при г—°°, и вычислялись его значения при к= 0, 1 и 2. Полу- 
чены неравенства

Ст, 1,“  ■с- 1>15; Cm>2iс» ■< 1,21.
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Из (7) при очевидно получается следующий аналогичный результат:

1^д,4г>  0 - g ( t )  I =

Введем следующие обозначения: С[ — 1, 1] множество непрерывных функ
ций, отображающих отрезок [ — 1, 1] в R;
(9) Я ш[ - 1,1] =  { /€ С [-1 ,1]: ю(/, <5) S  co(S), О S  5 ^  2}, 
где ю(<5) модуль непрерывности некоторой функции из С[ —1, 1];

(10) x,. =  cos —  (i =  0, ±1, ±2,...);mr
] mr

(11) Pm,k,r(f’ x ) = T  Z/(*í)s*(arc cos я-*,)-т i=l
Это алгебраический многочлен «-той степени, который при г— 1 и к = 0 интер
полирует функцию /  в узлах х; (г—0, 1, . . . ,и); при r=  1 и &=1 его впервые 
рассматривал G. Grünwald в статье [4], при г=1 и к —2 С. Н. Бернш тейн 
в [1]. Для четных m в [9] при r=  1, к= 2 и к=4, а в [11] для r >  1 и к = 2 доказано 
неравенство

(12) IPm.k,r(f> x)-f(x) \  ^  Cm>t,r£o ( / ,  ^ \ \ - x ^ + y m,k,r(ú[f, |x |j ,

где ym<k,r положительное число, определяемое ниже формулами (14)—(15) и
(51). Например

7
Ут,2,1 = -4 ( т  =  4, 6, 8,...);

Ут,4,1 = у |  ( т  =  6, 8,10,...).

Приведенные доказательства верны при всех к и г. Ниже доказывается
Т еорем а 2. Если со(<5) выпуклый вверх модуль непрерывности и 

/ e t f j - l ,  1], mo

1Л*.*.,(/> *)-/(*)! S  CO У Т ^ ) н с т,к ,г-D® +

+co[ ^  w ) + 1)w &  |х|)  •

В [9] и [11] для случая к=0 и к=  1 получены также оценки более сложные 
и более точные, чем (12). Если выполняются условия теоремы 2, то эти оценки 
можно улучшить также, как и (12).

Для многочленов -Рт,&,«>(/, х), получаемых из (11) при очевидно
также выполняется (12) и теорема 2, где предел последовательности
Утл.г при г-« ..
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Также, как доказывается теорема 2 и (12), можно доказать их аналоги
/•их „ 2* — 1для многочленов, отличающихся от (11) тем, что и и х, заменяется на ------- л

2 /-1  тг и cos------- л.тг

Вспомогательные предложения

Введем следующие обозначения:

(13)
если т четное число, то

OttÍ
&i = —  0' =  0, ±1, ± 2 ,...) ;

(14) ffi(0 =  ст.дСО =
2  sk(t-9 j)  (i =  0, - 1 .......1 -n ) ;

j=l-n

2  (i =  l , 2 , . . . , n) ;
j=i

а если m нечетное число, то
1

(15) (TiO) =  <7íifc0 )  =
— st o + 5 B)+  2  0 — o> - 1, •••» — и);2 ;=i-n

1 s » o + y j+  _
i = i

2 5*0+^в)+  2 h ( . (~ ^ j)  О =  1> 2, ..., n + 1).

Лемма 1. £сли , то оМ )^(гМ ), а если —g f S  — , wo <т,0):
S ctoO). W m m

Д оказательство  леммы  1. Ввиду (13)—(15) и (2)—(3)

(16) <7i>00 ) - O o , o ( 0  =  2  K .( * - 3 í ) - < * m ( ! + S i - i ) ]  =  2  ey,ms i n ; [ t - — ) ,
í=i j = 1 V m)

где
4 n 2/ — 1

— 2 sin ■jnm i = l m
2 n ? i - 1

m 2 sini=l 2 ■ 71

Используя тождество

получаем:

(17) eUm =

2 21 sin (2i — 1) t = (1 -cos 2nt) cosec f,
i- 1

2 2njn\ in m „ . _— 1—cos------ cosec— 1 S  j  <  — ; m = 3, 4, 5, ...);m { m ) m { J 2 '

0  =  « ; m  =  2, 4, 6, ...) .
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Из (3) следует:

2s*+1(0 =  s * ( ' - ä + s* ( '+ ä  (к = 0,1, 2, ...)•

Поэтому и ввиду (14)—(15)

2<т(Д+1(0  =  <rw (/—
Отсюда и из (16) получаем:

—°м (0  =  (C0Ŝ )  =  0> 2> -)•

Так как ввиду (17) здесь ej m^ 0 ,  то отсюда следует лемма 1.
Замечание. В [8] функции сг,-(0 при нечетном т определялись не фор

мулой (15), а равенством

(18) <т,(0 =
É  sk( t -8 j )  (i =  0 , - 1 , . . . ,  - п);

j=  —п

2  sk( t -S j )  (i = l,2,...,«).
j=i

Однако для этих выражений лемма 1 не выполняется.
Л емма 2. Если со(<5) выпуклый вверх модуль непрерывности функции из 

С, то

»0)».(0+®(̂ -<)».(0 — «■(£) (о s < = £)•
Д оказательство лем м ы  2. Будем рассуждать также, как рассматри

вался в [5] случай к=0. В [7] и [8] доказаны соотношения

(19) a0(t) ё  0, ffl( l ) s O

(20) ffo(0+ffi(í) =  1-
(В [8] рассматривался случай (18), но доказательство верно и для (15).) Если 
co(ő) выпуклая вверх функция, то ввиду (19)—(20)

(21) ű>(0ff0(í)+ ü > [-^ -- í] ff1(O ^  ю[йГо(0 + ( - ^ — íj<Ti(í) .

Здесь ввиду (20) и леммы 1

(22) <д0(0 + (-“ *] <П(0 =  • ■̂[ffo(0+f f i ( 0 ] +( í — K ( 0 - f f i ( 0 ]  — ~  •

Так как со(3) неубывающая функция, то из (21) и (22) следует лемма 2.
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Л ем м а 3. Если со(<5) выпуклый вверх модуль непрерывности функции
С[—1, 1], O S t^ n ,  0 ё 9 ё - ^ - ,  y=cos (í—9)—cos t и z =cos t — cos í— + í —s),m \m  )

(23) coCLyDffo^HűjflzDiT^S) -  "  sin ?) + CÜ lcos 'l) •

Д оказательство  л ем м ы  3. Из условия леммы и (19)—(20) как и (: 
получаем:
(24) о Д Ы К ^ Н й Д М К О ) ё  о Д Ы ^ Н И ^ ) ] .
Здесь

у — sin isin 9—2cos/^siriy j ,

• . (2п А  „ Г. ( л  9 И 2z =  sin t sm —9J + 2 cos t Ĵ sin y— — — II .
Поэтому

(25) |y|£70(í) + |z|cr1(í) s  sini |sin9<70(S) +  s i n ^ — 9jöi(9) +

+2

Очевидно

(26)
7ÍЕсли 0 s 9 á — , то m

(27)

|cosí| |[sin j ) ]  ff i(9 )-(s in - |)  er0(9)|.

sin 9 ^ 9 ,  sin í—  — 9I S. — —9.v m ) m

. ( n 9 ) n . 9  ns in ------— s  — , sin — ^  —v m 2 ) m 2 lm

и ввиду леммы 1 и (19)—(20) 

(28)
_ п . (2лЕсли — ё  9 ̂  — , то т т

(29)

<Ti(9)á—, öq(9) — 1.

. ( л  9 )  п . 9  лs in ----- — S  — , sm — á  — ,\т  2 )  2т 2 т

(30) 0^(9) ё  1, сг0(9) S  ■

Так как w(ß) неубывающая функция, то из (24)—(30) и (19) следует (23).
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Доказательство теоремы 1

Введем следующее обозначение:

т
(31) si,k(g> 0 = 2  g(tir-j)sk( t - t ir-j)  0 '  = о ,  1 , г-1) .»=1

Из формул (4)—(5) и (31) как и в [10] получаем:

(32) s mik_r(g ,t) = y z  s i , k(g>0-

Обозначим через / целое число, определяемое условием

(33) tx á  t <  ti+í, 
и положим
(34) 9 =  t — ti-j.

Так как g и sk 2л-периодичны, то при четных т

(35) ^m,t(g. 0 =  2  g(tt+tr-j)Sk@-&dlí=l — П

а для нечетных т имеет место равенство

(36) S i tk(g, о  =  J  g(t,-„r-j)sk(9+9„)+

+ 2  g({l + ir-j)sk(ß~ ^>)+'У gí^ + nr + i—,/)sfc($ + &n)-i=l-n -4

Пусть \~ т  —п. Преобразованием Абеля из (35)—(36), (14)—(15) и (20), как и 
в [7] и [8], получаем:

(37) SüU(g, 0 ~ g ( 0 =  2  [g(^+ir-j)-gtt+.>+r-j)]ffi(3)+i=l — v

+ [g(ti-j)-g(0]<ro(P) + [g(ti+r-j)-g(0]cTi(8) +

+ 2  [gOl + ir-j) - g ( t ,  + ir-r-j)] <T((9).
i= 2

Если gZHu, то отсюда, из (4) и из (33) следует:

(38) IS-Ug, 0 - g ( 0 l  ^  « И  2  |<т;(3)|+ш(9)<70(9) +  ш í ^ - s U o ) .V. m ) j=i_v v m )
Ы0,1
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2п
Ввиду (4) и (33)—(34) здесь О ё З ё — . Если со(<5) выпуклый вверх модуль 
непрерывности, то из (32), (38) и леммы 2 следует:

(39) ( ^ ( g . o - g í O M c n M l ' i 1 2  |ff|( í ) |+ f f l M .\ т )  г J-—о í=i—у \т )
i* 0,1

В [7] и [8] при r=  1, а в [10] при г>1 и к —0, 2 доказано соотношение

(4°) СтД>г =  max 1  5  2 ” ki(í+0)l
O S Í S H  Г  j = o  £ =  1 —  v

для (14) и аналогичное неравенство для (18). Аналогичным образом (40) можно 
доказать для (14)—(15) при любих к^О  и r s l .  Так как ввиду (33)—(34) S — t — 
—ti+tj и O ^t — то из (39—(40) и (20) следует (7):

|Sm,*,r(g, 0  —g(OI ^  ói [-^-j+(Cm>t>r-l)cu ,

что и требовалось доказать.

Доказательство теоремы 2

Пусть /£ С [ — 1, 1] и х£[—1, 1]. В дальнейшем мы будем пользоваться сле
дующими обозначениями:
(41) g = /ocos,

(42) t — arccos x.
Ввиду (5) и (10)—(11)
(43) Pm,k A f ’ x) = Sm.kAS’ O- 

Тождество (37) можно записать в виде

SÍ,k( g, t) - g(t) =  2  [f (xi+ir- j) - f (xl+ ir+r- j) ]ai(9)  +
1 — V

+ V(xl_ j) - № ] a0W+ U(xi+r- j) - f (x) ]a1W+  2 U(xMr-y )-/0cI+fr_r- y)]<r,(S).
i= 2

Отсюда, как и в [11], следует:

(44) |Sm,*(g> О -f(x)\ ^  2  co(|jc,+ir_>- x , +ir+r_y|)|ffi(S)| +
i= 1 — v

V

+ ш(|х,_;—х|)о-0(3)+ш(|х-х1+г_у|)<71(9)+ £  co(\xl+ir- r- j - x l+ir-j\)\<Tt(9)\.
i=2
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Покажем, что

2л(45) |лг1+|г_ r—j - x l+ir- j \ ^  —  y i - х Ч
^ - ( 2 i - l ) \ x \  (i =  2, 3, v);

2л2
m* (2|i|+3)W  (i = - 2 ,-3 ,  -v ).

Очевидно

(46)

Здесь

(47)

(48)

(49)

п
Xl + ir-r—j Xi + ir-j 2 sin ^  SÍD +

=  2 sin — [sin t COS (tt+ir _ ф -  j —t) + cos t sin (/,+ír _ r/2 _ j  -  /)].

. Л Лsin — <  — m m

|cos (íl+ir. rl̂ j - t )I á  1, 

2i — 1

Isin (fi+ír_r/2_y-O I
m

21/| +  3 
m

(i =  2, 3, ... ,  v);

(i — —2, —3, ..., v).

Из (46)—(49) следует (45).
Полагая /€ # „ [—1, 1], где co(S) выпуклый вверх модуль непрерывности 

и используя (41)—(45), (32) и лемму 3, получаем:

(50) \Рт,кА / ,  х) - Я * ) |  ^ о А ^ -  у г ^ )  2  2  к ,(в ) |+V т J r j=o i=í-v
i* 0,1

+ 0 > ( U  w ) | ( 2 | i | - l ) [ | ffi(S)l + k 1_i(9)|]+co(^)rr ^ ) + a >g w ) .

Пусть

(51) Ушд.г = „шах — 2 1 2 '(2 |i |- l) [k í( /+ //) l  +  k 1_i(/+0)|]-osísn r о i=i 

Из (50)—(51) и (40) следует

IЛи,*,r(/> * ) ~ / ( * ) l  -  У 1 - ^ 2)  +  ( С т д , г - 1 ) ( и  +

+  ® (^2 W) +(Vm,*,r-1)" ( -^ r  w )  *

что и требовалось доказать.
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KERNELS OF FINITE OSCILLATIONS 
AND CONVOLUTION INTEGRALS

By
G. BLEIMANN and E. L. STARK (Aachen)

1. Introduction. The aim of this note is to give a simple construction of singular 
convolution integrals of class $2т for the approximation of 27t-periodic functions. 
Such an operator is said to belong to 2̂т> N, provided the kernel is of finite 
oscillation of order 2m, pn̂ 2m, i.e., the kernel, being an even trigonometric 
polynomial of degree n, has exactly 2m symmetric changes of sign (zeroes of odd 
multiplicity, i.e., of multiplicity 1 for the simplest case) in the fundamental period 
[—я, Tt\, this being so with m independent of the (approximation) parameter n.

A general theorem of P. P. Korovkin states that the optimal order of approxi
mation for these operators may be increased up to 0(n~2~2m), the trivial
case m —0 is the earlier well-known theorem of P. P. Korovkin on the restriction 
of the optimal approximation order for singular integrals with positive (more exactly: 
non-negative) kernels to О (и-2).

A series of papers is concerned with the class S2m (as well as its algebraic analog); 
see e.g. [12]. In connection with this note the farthest reaching contributions are 
due to A. I. K o valen k o  [6], P. L. Butzer—R. J. N essel—К. Scherer  [2], C. J. 
H off [5], and J. Sz a ba d o s  [13]; the most general investigation for the initial case 
m = 1 may be found in [9].

Here it is the paper [13] which should be given greatest attention to: in order to 
avoid many cross references the reader is urged to compare the method of construc
tion and proof given in this note with [13].

The first named author would like to thank the Deutsche Forschungsgemein
schaft for supporting his contribution by DFG-grant Bu 166/27. Both authors 
wish to express their sincere gratitude to Professor P. L. Butzer for his perpetual 
encouragement and for his critical reading of the manuscript.

2. Notations and auxiliary results. Let I7n, n£N0:= {0, 1, 2, ...}, denote the set 
of all normalized even trigonometric polynomials of degree n, i.e.,

Д+ is used provided pn(x)^0. The convergence factors in (1) are given by the 
Fourier coefficients, namely

( 1) Pn(x):=-x-+ Z  Qk,n(p)coskx;^ k = 1
1 £

(2)
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420 G. BLEIM A N N  A N D  E. L. STARK

As a fundamental characterization of the polynomials (1) the trigonometrical 
moments of order 2a are used, i.e.,

(3) T2a= r 2ff( p ) : = i  /  (2 sin Pn(t)dt (<тё0).
— 7C

The connection between the quantities (2) and (3) is given by

(4) =  1 -  1  ( -  1)<T+1 (* + " )  ^ ( p )  (fc =  1, 2, 3,.. .) ;

this depends upon the identity

(5) c o s b r = I - Í ( - D - « s | í ( 't+ ', ) ( 2 s m i )  №€N)

(for an easy proof see e.g. [11, p. 67], cf. also [13, p. 185]).
Moreover, the following determinants built up from the trigonometric moments 

T2a will play an essential role:

T2a ^2ff+2 • • ^2(<r + m -l)

(6) :=
T2a + 2 ^2ff+4 • • т2(а+т)

■T"2(ff + m — 1) • 2̂(<T + 2m-2)

(cr£N0, N).

By Gram’s inequality (cf. e.g. [4, p. 176]) it follows that G<m)> 0 for all parameters 
as indicated provided р„£П+. This is due to the fact that the set of linearly inde
pendent functions

( xV^k~1)+a
fk.Ax) := |2sin —J УP„(x) (1 =2 к m, <7£N0)

form the Gram determinant (6) under the inner product 

1 n
(fj.aJk ,*)-■=— f  f jA O fk A O  dt = Т2Ц+к+а. 2) > 0  (1 <r€N0).

— k

The minors of G(am), obtained by deleting the kth row and 7th column of G(am), 
will be denoted by G^%j.

Finally, for the purpose of approximating e.g. continuous functions by means 
of singular convolution integrals, a kernel {/>„}„6 n  of polynomials (1) is called an 
approximate identity provided

(7) L„(P) := -  /  |A(/)| M, M  S  1 („<= N),n J—It

(8) lim Qktn(p) =  1 (k = 1 ,2 ,3 ,...); 

see e.g. [1, p. 31, 57, 59].
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3. Kernels of finite oscillations. First of all, the general representation of 
a polynomial qn+m̂ 2mC\nn+m (n, m£N) is discussed. For m£N let there be 
given m distinct points aJn, suchthat
(9) 0 < a lin< a 2>n< . . .< a m,n<Tt; 
then it is obvious that

(10) Zm(x) := JJ (cos x—cos ccJ n)
j= i

is an even trigonometric polynomial of degree m having 2m symmetric changes 
of sign in (—it, n)/{0}. If, in addition {p„}«eN is a positive (factor) kernel, then 
the polynomial

I n + m
(H) qn+m(x):= AnZm(x)pn(x) = — + £  Qk,n+m(<l)coskx

I  k=l

(with A„ being the normalization constant) belongs to &’2тГ\Пп+т. With respect 
to the application of trigonometric moments the following representation of (10) is 
more appropriate:

(12) Z .M  - ±h {(2 sin (2 sin I)*} -  г '  (-1  (2 sin i )
with

Ct := 2  /7  (2 sin 2k") (1 S I S 4

2{i—1)

in particular,

(13) Q  = Я  (2 sin ^  , . . . ,  Cm =  J  (2 sin - ^ )  , Cm+1 = 1.

(For e.g. (13) and later purposes it is appropriate to use the seemingly complicated 
indexing in (12).)

In order to generate a well-behaved kernel (11) the problem is as follows: 
starting from a given suitable positive factor kernel {p„}„€N the set of zeroes {аЛя}“=1 
or, equivalently, the set of the m constants {C7}”=1 has to be determined such 
that (11) has good approximation properties, e.g. measured by the corresponding 
saturation limit; cf. (17).

T heorem  1. Let m£N  and {/?„}„6N be a positive approximate identity with 
trigonometric moments satisfying
(14) T2i(p) = 0(п-*% i = 1,2,..., 2m +  l, /

(n -*-°°).
(15) T2(2m+2)(j>) = 0 (1, - * « - + « ) ,

Then the kernel {qn+m}„eNczIIn+m defined by
1 m + 1 ( -  4*0-1)

(16) qn+m(x) := Д  ( -  iy +1 G№P (2 sin - ]  pn(x) =  I

I n + m

= Т Г + 2 ’ вк,п + т(я) COS kx
^  k = 1
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is an approximate identity o f class ^ 2m. For the corresponding convergence factors, 
explicitly given by (27), the saturation limit

П  (fe2- ; 2)
(17) l jm na+i" ( l  —f t , H + m ( g ) )  =  Sm(q) -J(2°w + 2 ) |"  № = 1 ,2 ,3 , . . .)

holds, the positive saturation constant Sm(q) being given by (28).
Proof. Using the representation (11) together with (12) the normalized oscillat

ing kernel (i.e., £Л„+т) is calculated as

(18) %+mi.x) =

Concerning the expression

(19) Nm,t(p)

20- 1)

2 1 ( - i y - 1 c Í 2 s i  n ^ l
^ = 4 ^ ------------ 1— - — P M .

2  ( - i y ~ 1c JT2U_1)
j = 1

m + 1
2  ( - 1  y - 1c , r 1(/+l_1) OCN0)

it will be shown in (23) that indeed Nm 0>0 for all m£_N, so that the denominator 
of (18) does not vanish. Using (5) it then follows straightforwardly that the new 
convergence factors are

(20) * ..♦„<»>= 0  * * * »  + " ) .

Now one can choose Cj, in such a way that
(21) N m J  =  0  (1 S i S m ) ;

this is possible because the system of m linear equations

2  ( - ÍV-1 CjT2(j+i-i) =  ( - l)m+1 T2(m+i) (1 S i S  m)j= 1
has the determinant C{m) >0. The solution of this system is, by a painstaking 
application of Cramer’s rule, given by

(22) Cj ~
П(т + 1) 
u l , m  + l , j

G[M) ( 1 = 7 ^  пг).

Moreover, G{mf f ltj = G(n™ff gives from (19) that
1

N m,0 = G ^ r j2  ( - 1  У"1« / )  Г2а_1};

however, the latter sum is the Laplace expansion of the determinant G(0m+1) with 
respect to the first column, which results in

(23) l̂ m, 0 —
G(m + i)
G{m) 0 (m£N).
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This finally proves via (18) the representation (16) of the oscillating kernel {^„+m}„€N- 
In order to investigate the convergence behaviour of the convergence factors (20) 
the quantities NmJ are now examined for i'Sm+1. The representation of Nm>m+1 
is settled using (19) by another Laplace expansion (with respect to the last column), 
namely

m + l (m + 1)
Nm,m + 1 = ( - T2U+m) =  ( - i r - ^ p -  (m€N).

Now definition (6), after inserting the order relations (14), (15), delivers 
(24) G(„m) = g(.'")n -2m(ff + m - l) +  0 ( /J-2m(ff + m- 1))

with g(am) >0  being defined by this asymptotic expansion. This yields

(25) y m , m  + 1 gi
gim + l) + o(n 2 2m) (и—°°);

moreover, it easily follows that

(26) -Jüii =  o(n-2~2m), i> m  + 1 (n-oo).

For the convergence factors (20), recalling (21), one now has that

(27) 1 - Q k,n + a (q )
0,

У  ( n i+1 ^ (k + i) Nm,j
f+ i 1 k + i l  2i ) Nm 0 ’

Using the identity (see e.g. [9, p. 10])

1 S t S m ,  

m + l ^ k ^ n  + m.

к
k + i

1
(2 0 !

‘i f  (k2~ f )
J = о

(i, keN)

as well as (25), (26) one now obtains
„(m + l) 1 m

l - ^ , n+m(?) = -g^TI) (2m+lj\ jU0 (^2—72)n_2_2m+ o(n_2_2m) (n — )

which gives (17) with
„(m + l)

(28) ■$.(*) =  - § ^ ^ 0
50

Thus condition (8) as applied to the kernels (26) is obviously satisfied. It remains 
to show that (7) holds, too. But

1 m+l
(29) Ln+m(q) s  2  № / > l Гад_ц(р) =  0(1) (n ->»)

<Jo 3= 1

in view of (14), (15) as well as of Ĝ m+1) =  0(n~2(m+1)m), cf. (24), and g£V/1) =
==0 ( „ - 2(m + l)n + 2 0 - 1)),
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It should be noted that the motivation leading to (21) is also seen by a comparison 
of (20) with (4). Indeed, (21) assures that the first m even trigonometric moments 
of the oscillating kernel will vanish on account of T2i(q) = Nmfi/Nm0 ( l^ i^ m ) .  
This fact, in turn, is a nice characterization of the ^„-kernels under construction. 
— Secondly, at this point a remark concerning the growth of the zeroes (9) according 
to the construction of Theorem 1 is of interest. Knowing the quantities C} of 
(22) the problem of solving the nonlinear system (13) for the quantities sin2 (ai n/2) 
or aj „, respectively, becomes intricate or impossible. However, it may be concluded 
from the easily verified relation

C j  =  0 (n ~ 2(m~'/+1)) (1 ^  j  ^  m; n -*-«>)

by using (13) and an indirect argument, that sin2 (ал„/2) — 0(n~2), а_,(Я= 0 (п _1)> 
n-*-°°, respectively. This together with the monotone ordering of (9) is 

in accordance with general statements of [2, p. 95 f ] by which the zeroes of optimal 
oscillating kernels must tend to zero but not too rapidly.

4. Improved approximation. The construction of the foregoing section, in 
particular the basic limit relation (17), leads at once to the formulation of a general 
approximation and saturation theorem which reveals the improved approximation 
behaviour of the operators under consideration.

Theorem 2. Let the assumptions o f Theorem 1 be satisfied, the singular con
volution integral o f class $2 m with kernel (16) being defined by

(30) In+m( q ; f ; x ) : = ~  f f ( x - t ) q n+m(t)d t ( /€ C2J .
— П

(i) I f  fd  C g"+1> one has the Voronovskaja-type expansion

(31) limn2+2" { /(x )-J„ +m(,7; / ;  * »  =  (2j { , 2), Д  ( -  l)'i(2m +2, 2j)f™ (x)

where the coefficients are given by the central factorial numbers /(2m+ 2, 2j) as 
defined by (32).

(ii) The singular integral (30) is saturated with order 0{n~2~2m), n-»°°.
(iii) One has \\f(x)-I„+m(q;f; x)\\=o(n~2- 2m), и -°° , i f  and only if f  is 

any trigonometric polynomial o f degree ^m .
(iv) One has \ \ f(x )-In+m(q; f]  x)\\=0(n~2- 2m), n^°°, if and only if  feC $m+2) 

i.e., the saturation class o f (30) is characterized by {/; / <2m+1,i  Lip 1}.
Proof, (i) First of all, the polynomial representation of the product appearing 

in (17), namely
m m + 1

(32) П  (k2- j 2) = 2  t(2m+2, 2j)k2J (m£N0, k£N),
j=о J=i

(see [8, p. 233]) will play an essential role. The coefficients in (32) are the so-called 
central factorial numbers which satisfy ([8, p. 213 f])

/(2m+ 2, 2j )  = /(2m, 2 / - 2 ) - m 2/(2m, 2j), t(m, 0) =  <5mj0

Act.i Mathematica Academlae Scientiarum Hungarlcae 35, 1980



KERNELS O F FIN IT E  OSCILLATIONS 425

and, in particular ([8, p. 233 f]),
t(2m + 2, 2) = (— l)m(m!)2, t{2m + 2, 2m+2) =  1.

The following part of a table ([8, p. 217]) may indicate the behaviour of these numbers:
\ m
j \ 0 1 2  3 4

1 1 -1  4 -3 6  576
t(2m+2,2j): 2 1 - 5  49 -820

3 1 -1 4  273
4 1 -3 0
5 1

Now, a trigonometric analog of Taylor’s formula will be applied, namely
2m + 2 1 / ( \J j

(33) f (x+ t) - f (x) =  2  — 2sin— 2 ° k . j f w (x) +
j = 1  j  - v и  k= 1

1
+ (2m+2)!

2m + 2
2 ffk,2m+2 k = 1

{ fw (rik)-fw (x)}

with r\k=t]k(x, t) ranging between x  and x+ t. The coefficients akij 
1 ^ ‘ш2т + 2) are certain numbers which, as far as is needed here, satisfy

(34)
j (О <r2j-l,2m + 2 — 0
l(ii) <*2j,2m+2 = (— l)m+J+1 t(2m+2, 2j)

A complete proof will be given elsewhere; for (34, (ii)) see (40) below. (A formula 
similar to (33) involving powers of sin t may be found for lsy 's2 0  with explicit 
numerical coefficients in [7]; cf. also [11, p. 65 f].)

After these preliminaries one easily deduces that

(35) In+m (4',f-,x)-f(x) =
1 2m  +  2

(2m + 2)\ + ak,2m + 2 f w (x)+R„(f)

1 m + 1
(36) =  (2m+2)! T**+ *Ü \2 °2k,2m+2 fm)(x) + Rn(f),
(37)

K ( / ) : =  ( 2̂ 2)1 Д  " « . * . + * • -  f  {fW){r,2j)~ f™ (x)}[ 2 s i n y J  q„+m(t)dt.

Indeed, all odd trigonometric moments appearing in (35) vanish since the underlying 
kernel is even, also T2j(q)=0, IS jS m ,  by construction in view of (21); (36) and 
(37) are consequences of (34, (i)). Concerning the remainder term it has to be shown 
that (37) is of order o(T2m+2(q)), n-*°

However, introducing the modulus of continuity of / W), 1^/Mw + l, i.e., 
cu(/<2j); <5), together with the elementary property co(f; 1<5)^(1 +Я)ш (/; 5), Я>0,

and choosing S = \T2m+i(q)/T2m+2(q), where T2m{q)={ 1/тг) Д 2 sin j J  k« + m(OI^
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denotes the absolute trigonometric moment of order 2m of the oscillating kernel 
{<7n+m(*)}neN and, finally, applying the Cauchy—Schwarz inequality, then routine 
arguments lead to the estimate

But T2m+2(q) = 0 (T 2m + 2(q)), T2m+i(q) = o(T2m + 2(q)), this can be seen by the
same arguments which lead to the estimate (29) for the Lebesgue constants of the 
oscillating kernel. Moreover, <n(/(2j), o(l)) = o(l), n — since ß 2J)£C2n, 
Äffj+1. This finally proves that indeed 
(38) \ R n U ) \  =  o(T2m+2(q)) ( I i - o o ) .

Last not least the representation of the coefficients in (31) is established. For the 
functions f k(x):=cos kx, &£N, one has for л:=0 that

0,
( -1 У/2Н

j  = 1, 3, 5, ... 
j  =  2, 4, 6, ....

Applying this to (35) together with (38) yields
Г *

(39) e k,n+m( q ) ~  1 = (2m+2)1 + o(T2m+2(q)) ( n -<»)•

Since, recalling (25),

T2m+2(q) = ( - i r ^ M  + o (n -2- 2”) (n-oo),

the expansion (39) may be rewritten as

1 вк,п + т(я) —
C m+1

(2m+2)! Á  ( 1} j k2j ■,2+ 2m+  о(и 2 2m) (n -►«=).

On the other hand, from (17) and (32) it follows that

C (a\ m+l 1
1-^„+̂ )  = (2^Щ тД t(2m + 2 , 2 j ) k ^ - ^ + o ( n - 2- 2m) («— ) 

so that
(40) ff2y>2m + 2 =  (— l)m+J+1t(2m+2,2/).

This proves (34, (ii)) as well as (31).
The proof of (ii) and (iii) is immediate; for the direct part of (iv) the Voronskaja- 

type theorem of (i) is used, whereas the indirect part of (iv) is a consequence of the 
general theorem given in [14].

5. Remarks and examples. Concerning the conditions (14), (15) upon the 
positive factor kernel, they are very restrictive; thus most of the classical positive 
kernels do not apply. On the other hand, there exists a number of suitable kernels 
generated by quite different methods: a main aspect in [13] is to show that certain 
powers of known kernels (e.g. Jackson, Fejér—Korovkin, modified de La Vallée
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Poussin) satisfy a set of conditions which are equivalent to (14), (15). Whereas the 
polynomial degree is raised considerably by powering, there is another procedure 
given in [6] which leads to polynomials of class Л„_2 by using e.g. sin2m+1 лх 
as particular generating functions; this again generalizes the Fejér—Korovkin 
kernel (m—0). For further conditions equivalent to (14), (15) compare also [5], [9]: 
these are e.g. posed on the asymptotic expansions of the corresponding convergence 
factors.

It should be noted that by Theorems 1 and 2 just the optimal order of approxi
mation for singular integrals of class is stressed. However, the approximation 
behaviour may also be improved by requiring — instead of (14), (15) — for any 
T ,  0 < t ^ 2 ,  that

(41)
T2i(p) = 0(n  Ti), i = 1, 2, ..., 2m + l,

^ 2 ( 2 ш  +  2 ) ( Р )  =  О (П  1 < 2 т  +  1 ) ) ,

holds. Thus the main point is that the order of the trigonometric moments decreases 
linearly up to a certain degree determined by m. Then the modifications in the 
above statements are obvious, the proofs being completely parallel.

Finally, three examples may illustrate the range of applicability of the general 
theorems.

For the kernel of de La Vallée Poussin

(42) Vn(x) = (и!)«
2(2 и) ( \ 2 n

2 c o s f )  , ft. n(V) =
(n'.Y

(n -k )\(n  + k)l
the trigonometric moments admit the simple closed form (cf. [9, p. 69])

t2AV)  =
(2a) ! n ! (2cr)! n -a + o(n ”) (<7£N0; n -~°°);a ! (n + a) ! a !

thus (41) is satisfied with t=1. For m=  1 it follows that
(n + l)(n+2)(43) v:+1(x) 2(2n+l) 

(n + 1)(и +  2)

■ { я Г 1 _ ( 2 ™ т ) } г - м  =

2 n + {COŜ “ n + l l  V" ’

(44)
&.„+i ( n  =  ( l + j ^ )  ßk.n+i(V), 

lim п2(1—дк „+1(У*У) = \  к2(кг — 1).
П -+ о о  '  Z

The kernel (43) is also discussed in [5 II, p. 131] and as an extremal case of another 
general construction in [9, p. 70]; for (44) see also [9, p. 71]. Concerning the decisive 
zero ocltl(V, n)=a„, from (43) one sees that

( . . a„)2 6 n— 1
l 2 )  n+2 " n+2
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respectively, giving the asymptotic expansion

a„ = / 6 n“1/2 +  o(n_1/2) (и °°).
For another approach to the construction of kernels of class where, with respect 
to (42), the zero is exactly determined by the limiting case ä„ = \/6/n see [10, p. 343]. 

For m —2 one obtains
(n + l)(n+2)(n + 3)(n +  4)

n + 2 (*)=■ 4(2n + l)(2n + 3)

/_ 60_________ 20
l(n  +  3)(n +  4) (n + 4 ) ( 2  s i n  y )  +  ( 2  s i n  y ) }  V"(x)’

lim n3( l - e M+2(F**)) =  — l)(A:»-4);
П-+оо Q

the corresponding Voronovskaja-type expansion reads

lim n3 {/„+ / ;  * )-/(* )}  = - i  {4/™ (*)+5/<«(*)+/(в)М } (f teg ).П-+00 О

The generalized kernel of Fejér—Korovkin, arising from sin5 nx (m — 2), is given 
by ([9, p. 65 fD

128 n

cos2 x + cos x cos — 116 cos2 —— 314- cos2 — 124 cos2 —— 8 i l l  n ) n \  n )
( я) ( Зтг) ( 5ТГ)cos x —cos — cos x —cos--- cos X  —cos---V n) ( n ) l n )

-cos-nx

for the trigonometric moments it can be shown that

r .
52 • 151 • 1489 (n

32-7 (\1U

7  ■
This results in the optimal oscillating kernel of class given by

х - « = 2 Г ^ Ш ‘ -{т ( 7 ) ‘ - 2 -3 -5 -7 ( 7 ) , ( 2 ! ‘4 ) ‘ + (25“ т ) } а:--= М

with saturation behaviour characterized by
27 • бя6М и в( 1 - Й,„(А:*)) = — ± - к^ кг_  i)(fe2_4).

The Voronovskaja-type theorem holds as well. — The corresponding case m= 1 
is considered under a more general point of view in [9, p. 62 f], and the limiting 
case of a separated zero is investigated in [3].
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PROPERTIES OF S-CLOSED SPACES
By

T. NOIRI (Yatsushiro)

1. Introduction

In [12], T. T h om pso n  has first introduced and investigated the concept of 
S-closed spaces. The purpose of the present paper is to improve upon some results 
concerning S-closed spaces due to T. T hompson [13] and to continue the investiga
tions of such spaces. In § 3, we shall give a characterization of S-closed spaces 
and two sufficient conditions for a space to be S-closed. In § 4, we shall investigate 
which functions preserve sets S-closed relative to a space (or S-closed subspaces) 
and show that S-closedness is preserved under weakly-continuous almost-open 
surjections. In the final section, as an improvement of [13, Theorem 3.10], we shall 
show that a semi-continuous function of an S-closed Hausdorff space into a Hausdorff 
space is almost-closed. Moreover, the following characterization of S-closed spaces 
will be given: A Hausdorff space X  is S-closed if and only if every semi-continuous 
function of X  into any Hausdorff space is almost-closed.

2. Preliminaries

Throughout the present paper, spaces will mean topological spaces on which 
no separation axioms are assumed unless explicitely stated. Let S be a subset 
of a space X. The closure (interior) of S will be denoted by C1X(S) (resp. Intx(S)). 
A subset S of X  is said to be regular-closed (regular-open) if Clx (lntx(S))=S 
(resp. IntxClx(S)) =  S). A subset S of X  is said to be semi-open [4] if there exists 
an open set U of X  suchthat U cSczC lx(U). The family of all semi-open sets 
of X  will be denoted by SO (A). The complement of a semi-open set is said to be 
semi-closed. The intersection of all semi-closed sets containing S c X  is called 
the semi-closure of S and is denoted by sClx(S). A space X  is said to be S-closed
[12] if, for every semi-open cover {t/a|a£V} of X, there exists a finite subfamily 
V0 of V such that X=  U {Clx(t/J|a£  V„}. A subset S of X  is said to be S-closed 
if it is S-closed as the subspace of X. A subset S of X  is said to be S-closed 
relative to X  [8] if, for every cover {{7Ja£V} of S by semi-open sets in X, there 
exists a finite subfamily V0 of V such that Sc: U {Clx(i/a)|a£ V0}. A space 
X  is said to be extremally disconnected if the closure of every open set in X  is open. 
The following lemmas will be used in the sequel.

Lemma 2.1. A subset G of a space X  is S-closed relative to X  if  and only 
i f  every cover of G by regular-closed sets of X  has a finite subcover.

Lemma 2.2 (Noiri [8]). An open set G of a space X  is S-closed if and only 
i f  G is S-closed relative to X.
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3. S-closed spaces

In [8, Theorem 1.3], we have shown that a space X  is S-closed if and only if 
every proper regular-open set of X  is S-closed. Moreover, we shall obtain a charac
terization of S-closed spaces.

Lemma 3.1 (N oiri [9]). Let A be a subset o f a space X. I f  A is S-closed 
relative to X, then ClX(A) and Intx(Clx(,4)) are S-closed relative to X.

T heorem  3.2. A space X  is S-closed i f  and only i f  every proper regular-closed 
set of X  is S-closed relative to X.

P ro o f . Necessity. Let F  be any proper regular-closed set of X. Then, Intx(F) 
is proper regular-open and hence Intx(F) is S-closed [8, Theorem 1.3]. By Lemma 
2.2, Intx(F) is S-closed relative to X  and hence, by Lemma 3.1, F=C lx(lntx(F)) 
is S-closed relative to X.

Sufficiency. Let F  be a proper regular-closed set of X. Then, by hypothesis’ 
F  is S-closed relative to X  and hence by Lemma 3.1 Intx(F) is S-closed relative 
to X. Since X — Intx(F) is proper regular-closed, it is S-closed relative to X. 
Therefore, Ar=Intx(F)U(Ar—Intx(F)) is S-closed [9, Theorem 3.6].

In [1], it is stated that if a space X  is written as the union of a finite number 
of S-closed clopen subsets, then X  is S-closed. The following theorem shows 
that the condition “closed” on subsets in this results can be dropped.

T heorem  3.3. I f  a space X  is the union of a finite number o f S-closed open 
subsets, then X  is S-closed.

P ro o f . By Lemma 2.2, open S-closed sets are S-closed relative to X. The 
union of a finite number of sets S-closed relative to X  is S-closed relative to X  
[9, Theorem 3.6]. Therefore, X  is S-closed.

T heorem  3.4. I f  there exists a dense subset G o f X  which is S-closed relative 
to X, then X  is S-closed.

P ro o f . Let {FjaGV} be any regular-closed cover of X. Since G is S-closed 
relative to X, by Lemma 2.1 there exists a finite subfamily V0 of V such that 
G c  U {FJaCVo}. Therefore, we have X=C\x {G)a U {FjagVo} which shows 
that X  is S-closed [1, Theorem 2].

4. Sets S-closed relative to a space

A function / :  X -*Y  is said to be irresolute [2] if / -1(F)£SO(X) for every 
V£ SO(T). In [13], T. T h om pson  has showed that S-closedness is preserved under 
irresolute surjections. In this section we shall investigate the conditions on functions 
which preserve (inverse preserve) sets S-closed relative to a space.

L emma 4.1. I f  X  is an extremally disconnected space, then sClx(t/) =  Clx(t/) 
for each U£ SO (X ).
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Proof. In general, we have sClx(5 )cC lx(5) for every subset S  of X. 
Thus, we shall show that sCl*(G)3Clx(t/) for each t/eSO(JT). Let U^SO(X) 
and x$sClx(C/), then there exists a F£SO(A) suchthat x£V  and Ffl U = 0 ;  
hence Intx( i/)n in tx(F)=  0 .  Since X  is extremally disconnected, we have 
Clx(Intx(t/))nC lx(Intx(F))= 0 .  Therefore, we have jc(£Clx(Intx(C/)) =  Clx(i/).

Theorem 4.2. Let X  be an extremally disconnected space and f : X - » Y  an 
irresolute function. I f  G is S-closed relative to X, then f(G) is S-closed relative to Y.

Proof. Let {Fja€V} be a cover of f(G) and Fa£SO(F) for each a£ V. 
Since /  is irresolute, / _1(Pa)£SO(.Jf) for each a£V and G c  U {У-1(Кя)|а6V}. 
Therefore, there exists a finite subfamily V0 of V such that G c  U {Clx {f~\V<S) 
|a£V0}. By Lemma 4.1, we have GcsClx(U { /_1(Fa)|aGV0}). By using Theorem 1.5 
of [2], we obtain

m  c / ( s  C\x ( U  f -H V jj)  c  s Clr ( / (  U  f~ 4 V x))) CZ U  C\Y(Va).
а 6 Vo a V̂o a€Vo

This shows that /(G) is S-closed relative to Y.
Theorem 4.3. Let f: X -*Y  be an irresolute function. I f  G is an open S-closed 

set o f X, then /(G) is S-closed in Y.
Proof. Let / G: G—/(G) be a function defined by f G{x)=f{x) for every 

x£G. We shall show that f G is irresolute. For any V0£SO(/(G)), there exists 
a F£SO(F) suchthat F0=  Ffl/(G) [10, Teorema 3.2]. Since /  is irresolute and 
G is open in X, / -1(F)nG£SO(30 and hence, by Theorem 1 of [5], / f  1(F0) = 
=/ _1(F)PlG6SO(G). This shows that f G: G-*/(G) is irresolute. Since G is 
S-closed, it follows from Theorem 3.5 of [13] that / C(G)= /(G) is S-closed.

A function f :  X-+Y is said to be weakly-continuous [3], if, for each point 
x£X  and each open set V c Y  containing f{x), there exists an open set U c X  
containing x  suchthat f(U )a C \Y(V). A function / :  X —Y  is said to be almost- 
open [14] if / -1(CIr (F))cC lx( / -1(F)) for every open set F of Y.

Lemma 4.4. I f  a function f:  X —Y is weakly-continuous and almost-open, 
then f~ \F )  is regular-closed in X  for every regular-closed set F of Y.

Proof. Let F be any regular-closed set of Y. Since /  is weakly-continuous 
and almost-open, by Theorem 4 of [7], we have

Clx(/-1 (Inty (F))) = / " 1(Clr (Int r (F))) = f - \ n
This shows that f~ \F )  is closed in X. By using Theorem 1 of [3], we obtain 
f - \ l n t Y(F ))alntx( f - \F j )  and hence Clx( f~ \ln tr(F)))czClx (lntx( f - \F ) ) ) c  
c : /_1(F). Consequently, we obtain / _1 (F) =  Cl*(Int*( f~ 1(F))). This shows that 

/ _1(F) is regular-closed.
T heorem 4.5. Let f  : X —Y be a weakly-continuous and almost-open function. 

I f  G is S-closed relative to X, then f(G) is S-closed relative to Y.
Proof. Let {FJagV} be any cover of /(G) by regular-closed sets of Y. 

Then, by Lemma 4.4, { /_1(/x)la€^} is a cover of G by regular-closed sets of X. 
It follows from Lemma 2.1 that Gc: U { /_1(Fct)|aGV0} for some finite subfamily
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V„ of V. Thus, we have f(G)cz U {Fa|a£V0}. This shows that f(G) is S-closed 
relative to Y.

Corollary 4.6. I f  X  is an S-closed space and f:  X-+Y is a weakly-continuous 
almost-open surjection, then Y  is S -closed.

A function f:  X-+Y is said to be semi-closed [6] if /(F )  is semi-closed in 
Y  for every closed set F  of X.

Theorem 4.7. Let X  be an extremally disconnected space, f  : X-*Y a semi- 
closed almost-open surjection and f ~ l (y) S-closed relative to X  for each point 
y£ Y. I f  G is S-closed relative to Y, then f~ \G ) is S-closed relative to X.

Proof. Let {FJaCV} be a cover of f~ \G )  by regular-closed sets of X. 
For each y£G, by Lemma 2.1 there exists a finite subfamily V(y) of V such that 
f~ \y )c z  U {Fjoc£V(y)}. Since X  is extremally disconnected, for each a£V, 
Fa = Clx(Intx(FJ) is open in X. Now, put t/(y) =  U {Fja£V(y)}, then there 
exists a K(y)£SO(F) such that y€F(y) and / _1(F(y))cc t/(y) [6, Theorem 5]. 
Since {V(y)\ydG} is a cover of G by semi-open sets of Y, there exists a finite 
number of points у1г y2, ..., y„ in G such that 6 c  U {Cly(K(y7-))|y'= 1, 2, ..., n}. 
By using the almost-openness of f  we obtain

f~4G )  c  U / -1(Cly ( V (yjj)) =  U f -
t = l  j = 1

1 (Cly (Inty (V(yj)))) c

u Clx ( П  (Inty <У(у М  c  U Clx ( / - 1 ( У ( у ,))) <= и Cly (U(yj)) =  U U F .
1 J = 1  J = 1 J = i*ev(yj)

It follows from Lemma 2.1 that f~ \G )  is S-closed relative to X.
Corollary 4.8. Let X  be an extremally disconnected space and f \ X ^ » Y  

a closed open surjection with compact point inverses. I f  Y is an S-closed space, 
then X  is S-closed.

Proof. This follows immediately from Lemma 2.1 and Theorem 4.7.
Corollary 4.9. I f  X  is compact, Y  is S-closed and X x Y  is extremally 

disconnected, then X x Y  is S-closed.
Proof. Since X  is compact, the natural projection ny: XXY- +Y  is a closed 

open surjection with compact point inverses. Therefore, it follows from Corollary 
4.8 that X x Y  is S-closed.

Remark 4.10. In Corollary 4.9, the condition “extremally disconnected” 
on X X Y  cannot be dropped because ßN is S-closed and compact, but ß NXß N  
is not S-closed [1, Example 2; 8, Remark 3.2].
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5. Semi-continuous images of S-closed spaces

In Theorem 3.10 of [13], T. Thompson showed that the irresolute image of 
any S-closed Hausdorff space in any Hausdorff space is closed. In this section we 
shall improve upon this result. A function / :  X —Y  is said to be semi-continuous [4] 
if / _1(F)€SO(Ar) for every open set F of Y. A function / :  X —Y  is said to be 
almost-closed [11] if /(F ) is closed in Y  for every regular-closed set F of X.

Lemma 5.1. I f  f: X —Y is a semi-continuous function and G is an open set 
o f X, then the function f G: G —f(G), defined by fa(x)=f(x) for every x£G, is 
semi-continuous.

Proof. This is proved in a similar way to Theorem 4.3.
The following theorem shows that the conditions “irresolute” and “S-closed 

Hausdorff” in Theorem 3.10 of [13] can be replaced by “semi-continuous” and 
“S-closed”, respectively.

Theorem 5.2. The semi-continuous image of any S-closed space in any Hausdorff 
space is closed.

Proof. This follows immediately from Lemma 5.1 and Theorem 3.2 of [13].
Theorem 5.3. I f  X  is an S-closed Hausdorff space, Y is a Hausdorff space 

and f:  X —Y is a semi-continuous function, then f  is almost-closed.
Proof. Since X  is S-closed Hausdorff, it is extremally disconnected [12, 

Theorem 7]. Let F be any regular-closed set of X, then F=Cl*(Int*(F)) is 
open in X. Therefore, by Lemma 5.1, f F: F—f(F)  is semi-continuous. Since 
X  is S-closed, F is S-closed [12, Lemma] and hence / f(F )= /(F )  is H-closed 
[13, Theorem 3.2]. Since Y  is Hausdorff, /(F ) is closed in Y. This shows that 
/  is almost-closed.

C orollary  5.4. A Hausdorff space X  is S -closed if  and only i f  every semi- 
continuous function of X  into any Hausdorff space is almost-closed.

Pro o f . Necessity. See Theorem 5.3.
Sufficiency. Let Y be any Hausdorff space and / :  X —Y  any irresolute 

function. Then, /  is semi-continuous and hence, by hypothesis, /  is almost-closed. 
Thus, f {X)  is closed in Y and hence X  is S-closed [13, Theorem 3.11].

Corollary 5.5. I f  X  is an S-closed Hausdorff space, Y is a Hausdorff space 
and f:  X —Y is a semi-continuous bijection, then f  is irresolute and Y is S-closed,

P ro o f . Let V be any semi-open set of Y. Since /  is semi-continuous. 
/ _1(lnty(F)VSO(Ä"). Now, put F=Cl*(Int*(/_1(Inty(F)))), then we have 
/ _1(Inty(F))cF  and hence In ty(F )c/(F ). By Theorem 5.3, /  is almost-closed 
and hence /(F )  is closed in Y. Therefore, we have Cly(Inty(F))c:/(F). Con
sequently, we obtain

Г Ч У )  c / -1(Cly (Inty (F))) c  F c  Cl*(lnt* (f~\V))).
This shows that f~ 1(V)£SO(X). Therefore, /  is irresolute and hence Y is 
S-closed [13, Theorem 3.5].
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STRONG SUBBAND-SEPARATING EXTENSIONS 
OF ORTHODOX SEMIGROUPS

By
MÁRIA В. SZENDREI (Szeged)

The greatest idempotent separating congruence and the least inverse semigroup 
congruence play a significant role in the theory of orthodox semigroups. On the 
one hand, a number of structure theorems have been proved for orthodox semigroups 
with a given band of idempotents (e.g. in [1], [6]—[9], [14], [16]— [19]) where an 
orthodox semigroup is described as an extension of a well-determined orthodox 
semigroup. The congruence relation corresponding to this extension is the greatest 
congruence in some sense, mostly the greatest idempotent separating congruence. 
On the other hand, M. Yamada [21] has characterized the structure of orthodox 
semigroups by means of inverse semigroups and bands. Actually, he described an 
orthodox semigroup as the extension of an inverse semigroup to which the least 
inverse semigroup congruence corresponds. By investigating the common features 
of these congruences we came to the concept of subband-parcelling and strong 
subband-parcelling congruences which were defined and investigated in [11].

Let В be a band and <5 a congruence on it with 5 Q 3 > . Let В be a subband 
of В such that В is a union of ^-classes. Suppose S  is an orthodox semigroup 
with band of idempotents B. A congruence x on S  is said to be a (B, byparcelling 
congruence if the following conditions are satisfied:

(i) bQx\B,
(ii) every x-class containing an idempotent contains an element of B,
(iii) the elements of В contained in a %-class form a ő-class which is the greatest 

one among the ^-classes belonging to this x-class. (The ordering of the ^-classes is 
the natural ordering of B/b.)

If x is a (B, á)-parcelling congruence on S  then

SB = {sGY: there exist e,/£B with eSts&f)

is an orthodox subsemigroup of S with band of idempotents В as it has been 
proved in [11]. By a strong (Б, ^-parcelling congruence x  we mean a (B, <5)-parcelling 
congruence with the property that every x-class contains an element in_ SB.

In particular, if <5 is the equality relation then we call x a В-separating or 
a strong В-separating congruence, respectively.

An orthodox semigroup T  is said to be a strong subband-parcelling [subband- 
separating] extension of an orthodox semigroup S  if there exists a strong subband
parcelling [subband-separating] congruence x  on T  with Tjx=S.

In [12] we described certain strong subband-separating extensions of 0-®-simple 
orthodox semigroups. Applying this result, in [14] we proved structure theorems 
generalizing some of the above results.
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In this paper we characterize all strong subband-separating extensions of 
orthodox semigroups. This result can be considered as a generalization of
H. D ’A l a r c a o ’s theorem [3] concerning the idempotent separating extensions of 
inverse semigroups.

In [15] a more general problem is raised. We describe all strong subband
parcelling extensions of orthodox semigroups. However, it is worth dealing with 
the special case of strong subband-separating extensions separately because their 
characterization demands much simpler means.

Throughout the paper we adhere to the notations and terminology of [2]. 
For the basic properties of orthodox semigroups we refer to [5] or [22].

1. The construction

In this section we introduce the construction by means of which the strong 
subband-separating extensions of orthodox semigroups will be described.

Let S  be an orthodox semigroup with band of idempotents E. Suppose 
£  is a semilattice Y  of rectangular bands Ex(ud Y); in notation, E —\JxirEx. 
Denote by ~  the least inverse semigroup congruence on S. If sd S, let us denote 
by r(s) and l(s) the element ad Y with the property that Ex is the left unit and 
the right unit, respectively, of the ~  -class containing s. Clearly, for every inverse 
s' of s, we have r(s')=l(s) and l(s')=r(s), and, moreover, ss'dEr(s) and s's£E,(s). 
Denote by t s the mapping of r( j)F  onto l(s)Y  which assigns to every element 
a(gr(i)) in Y  the element ß with s'ExsQ Eß. It is well known that ts is an 
isomorphism. In particular, if e is idempotent then ze is the identity automorphism 
of r(e)Y. Furthermore, if s, sd S then tsts= tsS and l(ss)=(l(s)r(s))rs. If s and 
s' are inverses of each other in S  then ts and xs. are also inverses of each other. 
In the sequel we apply these facts without any comment.

Let M  be a band E  of monoids M e(e£E) with identities denoted by le. 
If {le: edE] is a subband in M  then M  is called a proper band E of monoids 
Me(e£E). Then, clearly, the equality l e l /=  le/  holds for every e,fdE. Hence 
{le: edE) is isomorphic to E.

Let Zx be an orthodox monoid for every ad Y. Denote by ex the identity 
of Zx and by U(ZX) the group of units in Zx. Suppose Г is a proper semilattice 
Y of the orthodox monoids Zx{ad Y). It is well known that in this case there exist 
monoid homomorphisms <pXtß: Zx—Zß for every a, ßd Y  with agj8 such that (i)cpXtX 
is the identity automorphism of Zx for every ad Y, (ii) (p<z,ß(pß,y=(pat,y provided 
o t^ß ^y  and (iii) Q, o = Q<Px̂ ß '(J<Pß,o,ß holds in Z for every qdZx and odZß. 
Property (iii) implies that Z is orthodox as Zx is orthodox for each a£ Y.

For every s£S, let hs be an endomorphism of Z with the property that 
e<A=«r*r(s))t. for every a<i Y- Moreover, let xs,-sdU(Zl(s-s)) be given for every 
pair of elements s,sdS. Assume that the mappings h: S->-End Z, s>-+hs and 
X- S xS -*Z , (j , s)i—Xs,s satisfy the following conditions:
(Al) if s -  slt s ~  Si then hs = hsi and xs,s = Xn,itl 
(A2) Xs.sh, = XZ^-Xs.st-Xs,, for every s, s, tdS;
(A3) oh,hs =  XZs-ahss-X,,i for every s, s£S  and <тб£;
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(A4) if edE and adZx then ahe = a-El(e)(= cr(pXiXl(e));

(A5) if sdS  and e, fd E  with eőts&f then Xe.s = Xs,/ -  em ;

(A6) Xe.f = ene/) provided eJdE.
Here x_1 is used to denote the inverse of x£U(Zx) in the group U(Zx).

A pair of mappings h, x fulfilling these conditions is called an (S , Z)-pair.
Lemma 1.1. I f  h, x form an (S, Z)-pair then Exh,Q Z(xr(,ntt for every ad Y.
Proof. Suppose QdZx. Then

( 1) Qhs ({? * £a) hs Qhs • £(ar(s))rs ,

for ex is an identity in Zx,h s is an endomorphism and exhs—e(xr(s))Ts. However, 
(ar(s))isá # ,  implies e(ar(,))rt-er(s)u=s(xr(s))T£ whence we have gh,= Qh,-er(,)x = 
~ghs ■ er(s)hs=(g • er(s))hs. Here Q • er(s)dZxr(s). Thus the assertion to be proved 
is reduced to the following one: ZxhsQZXxi provided ad Y with as=r(.s). Now 
let adZx where aS r(i). Then, by (1), we have ahsdZp where ßSaxs. If s' is 
an inverse of s then, according to (A3) and (A4), we infer ohshs-=Xs,b • ahss. • Xs.s- = 

Here l(ss') = l(s')=r(s) whence ex-£r(s)=ex’ implies

<rhshs, =  XZl-G'X.,,*^1*-
Hence, by (1), the inequality a^(/?r(s '))v  follows. Since /?S<xtsS /(s) =/•($') 
this means that Thus ßsocxg^ßx^hg—ß, that is, we have ß=axs
which was to be proved.

Let us define a multiplication on the set

S = {(s, <j): sdS, <r£2;/(s)} 

as follows: if s ,sdS  and (JdZt(s), adZl(-s) then 

(2) (s, a) (s, a) =  (ss, xs, i 'o h r 5).

The product in the second component is taken in Z. By definition, X s.s^im  
and, by Lemma 1.1, <r/rä€2;(/(J)I.(ä))t_. Since l(ss) = (/(s) r (s)) xs^ r  (s) r, = l (s)
we can see that Xs,s’a^s’^^i(ssy  Thus S is closed under the multiplication 
defined in (2).

Lemma 1.2. The multiplication defined in (2) is associative.

Proof. Let s, s, s d S  and <rdZl(s), ä d Z m)  and a d Z , ^ .  Then, by (2), we 
have ((5, <r)(s, Ü)) (s, u) =  ((js)s, (Tj) and (s, <r)((s, d)(s, cr))=(s(ss), a2) where 
^i=zXsi.i-(js.i-ohi -ä)h-,-ä and o ^ x .fi-a h ^ -ix ^ .-d h -^ a ). Since 5 is 
associative all we have to show is that ox =  at . Utilizing the fact that hs is an 
endomorphism, (A2) and (A3) imply that

Xss,s * Xs.s^s * hg • ahx • a Xss.s * Xss.s * Xs, ss * * X s ,s  “ ° K s  * Xs,s * oh-g • G

El(sss )  * X s , SS * £ 'l(ss)  * t t h Xs • X s ,S  * ^ * U
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in the semigroup Z. Here х , .й ^ ц ,й у  Thus X.,ä=£usü)'Xs,ä=Xs,ä'£H ^-  More
over, the equality St(ss5) ' ensi)=si(s&) follows from the inequality l(sss)^l(ss). 
Hence G\=Xs,ü ’ah&'Xs,i'öhi'7i=oi which completes the proof.

Lemma 1.2 shows that the set S forms a semigroup with respect to the mul
tiplication defined in (2). In what follows this semigroup will be denoted by 

^ (S ,Z ;h ,x ) .
Lemma 1.3. The semigroup S =ST (S, Z ; h, x) is orthodox and its band of 

idempotents is
В =  {(e, i): e£S, (бГ«,,) are idempotents}.

The product o f two elements (e, i) and (ё, i) in В equals {её, li).
Proof. First we prove that S is regular. Let s and s' be inverses of each 

other in S and let cr, <7 *^I/(sy  Then, by Lemma 1.1, Making use
of the definition (2) we obtain that {s, g)(s', o*hs.)(s, o)=(ss's, G!)={s, gJ  where 
<*i=Xs,S's'Ghs.s-Xs\s-G*hs.hs-<7 . Here s's£El(s). Thus (A4) and (A5) ensure that 
Xs,s'S=£i(S) and ch,.s=a-El{s), o*hs.t =o* -eKa). Moreover, х> ',гХ 7 \-£ц,у Since 
e,(s) is an identity in £/<«)> (A3) implies that

o-i =  е/(,) • g • e,(s) • X,-., • Xf.i ’<r*hsrX*,'G =
=  g • em  • a* • el(s) ■ Xs',s • a  =  a  • (<r* • x,-,s) ■ o’

where g * • x s- ,s ^ ^ u s ) -  Since S’ and I  are regular every sg S  and g £ Z  has an 
inverse s' and a ' ,  respectively. If g £ Z 1(s) then o '  is also contained in T/(s) • 
Since x*,,£U{Zm ) the equality o '  = 0 ' • e,(s) = o *  • xs\s holds for the element 
g * = 0 ' ’X7’},- Thus the foregoing argument shows that (s, o)(s', (o' • x7 ,\)hS’)(s, g )  = 
= (s, g ) .  Thus we have proved S to be regular.

Assume that (e, 1) is an idempotent element in S. Then, by (2), e is idem- 
potent and Xe,e‘ lhe‘ i —i- (A5) implies that Хе,е~еце) and (A4) that ihe=i- el<e). 
Since i£L1(e) we obtain that • 1 • el(e) • i= i2, that is, 1 is idempotent.
Conversely, suppose e£E and j i(e) are idempotents. Then (A5) and (A4)
ensure Хе,е=Еце) and ihe=i, respectively. Thus i = i2=ye e- ihe - 1 whence 
it follows by definition, that (e, 1) is idempotent. We have verified that the set 
В defined in (3) is the set of idempotents of S. Finally, we have to prove that 
В is closed under the multiplication (2). Let (e, 1) and (e, i)€B. By (2), we have 
(e, i)(e, i)=(ee, q) where h=Xe,e‘ Since S  is orthodox её is idempotent.
On the other hand, owing to (A4) and (A6), we can see that h =£i(e)i(o) ’ 1 * £i(g) * *• 
Since ii€Ti(e5) and / (её)= /(e)/(ё)^ /(ё) we obtain that Z is orthodox
whence if follows that is idempotent. The proof is complete.

Let us define a relation T  on the semigroup S in the following way:
(4) (s, g)&(s, o) if and only if s = s.
It is immediate that <€ is a congruence relation on S and S/# is isomorphic to S. 

Observe that
В =  {{e, s,(e)): e£E) 

is a subband of В since 1(е)1(ё)=1{её). Moreover,
Fe =  {(e, 1): i£Zl(e) is idempotent)
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is a subband of В for every e£E. The element (e, is just the identity in Fe. 
Thus the congruence (€ is B-separating.

L emma 1.4. The relation < 6 defined in (4) is a strong В-separating congruence 
on S.

Proof. We have seen that ^  is a В-separating congruence. All we have to 
show is that every ^-class contains an element which is if- and ^-equivalent 
to some idempotents in B. We intend to prove that (s, s1(s)) has this property 
for every s£S. Let e be an idempotent of S  with eSks. Then we have 
(e, El(e))(s, el(s)) = (es, l e,s-£lle)hs-£m ) by (2). Here es=s and, according to (A5), 
Xe,*=£«,)• Furthermore, el(e)hs=e(KeMs))u=El(s) as (/(e)r(s))rs = r(es)т ,= r (i) т, = 
—l(s). Thus we have
(5) (e, 6/(e))(s, £/(s)) (s, £/(s))*

Consider an inverse s' of 5 with s'Zfe. In fact, such an inverse always exists. 
Then ss'=e. Clearly, we have /(s')=/(e) and %SiS.€T,(Js.)=Ti(s.). Thus 
(s', Z»TÍ')€S and, by (2), (s, el(s))(s', j£ j)=(«. a) where o=x,,s- • eHs)hy • хГ,$■ 
Since e((s)A,,=er(J.)As-=er(j.)v =el(J.)=e((i) and x,.? and ХГ.1 are inverses of 
each other in t/(T,(e)), we obtain that o=slle), that is, (s, £Us))(s', xsJ-) = (e, e,(e)).

Together with the equality (5) this means that (s, el(s))3t(e, ei(e)) where 
(e, £/(e))6B. Dually, we can prove that (s, e,is))£C(f, е , [ Л )  provided /  is an idem- 
potent in S  with sSTf. This completes the proof of the lemma.

The following theorem sums up the results proved in Lemmas 1.2, 1.3 and 1.4.
T heorem 1.5. Let S be an orthodox semigroup whose band o f idempotents is 

a semilattice Y o f rectangular bands. For every a f Y, let be an orthodox monoid 
with identity ex. Suppose I  is a proper semilattice Y of monoids Zx(a£Y). I f  
h, x form an (S, Z)-pair then S= tF (S ,Z ;h ,x) is an orthodox semigroup, the 
relation < 6 defined in (4) is a strong subband-separating congruence on S and SfF 
is isomorphic to S.

Our purpose is to prove the converse of this theorem. We shall prove that if 
T  is an orthodox semigroup, x is a strong subband-separating congruence on 
T  and T/x= S  then T is isomorphic to a semigroup ^ ( S ,  Z; h, x) where Z, h 
and x have the properties required in Theorem 1.5. 2

2. The kernel of a subband-separating congruence

Now we describe the kernel of subband-separating congruences. More precisely, 
we describe the structure of the union of the idempotent congruence classes in the 
case of subband-separating congruences.

We need the concept of the spined product of two groupoids.
Let A be a groupoid and Y  a semilattice. Term A a semilattice Y  of 

groupoids Д,(а£У) if the following are satisfied: (i) A=U  {Ах: <x£ Y), (ii) AaC\ 
f\Ap=  □ provided a, ß£Y  with a ^ ß ,  and (iii) AxAßQAaß for every a, Y.

Let Y be a semilattice. Suppose A and В are groupoids which are semilattices 
Y  of groupoids A f ix t  Y) and В fiad Y), respectively. By the spined product of
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A and В over Y  we mean the subgroupoid AX yB=  U {AXXBX: a£ F} of the 
direct product of A and B. Clearly, the spined product AXyB  is a semigroup 
if and only if both of the groupoids A and В are semigroups.

The following theorem characterizes proper bands of monoids. The structure 
of proper bands of monoids was described by В. M. Schein [10] in another way. 
Our description is a generalization of M. Yamada’s result [20] concerning the 
orthodox bands of groups.

T heorem 2.1. Let E be a band which is a semilattice Y of rectangular bands 
Ex(a£ Y). For every a£ Y, suppose Xx to be a monoid with identity ex. Let X be 
a semigroup which is a proper semilattice Y o f monoids Xx(pcd Y). Then the spined 
product X = E X YX is a semigroup which is a proper band E of its submonoids 
Xe~  {(<?, er): ad Xx} («€ Y, edEx) with identities (<?, e j. Moreover, X is isomorphic 
to Xjt] where r\ is the least congruence on X for which rj | {(e, sa) : e£Ex, «6 Y}=S>.

Conversely, i f  X is a proper band E of its submonoids Xe(e£E) with identities 
ёе then X is isomorphic to E X Y(X/r]) where tj is the least congruence on X for 
which г] |{бе: edE}=3>. Here X/rj is a proper semilattice Y of submonoids.

Proof. The first statement in the direct_part of the theorem follows immediately 
from the definition of the spined product X. Define an equivalence relation tj on 
X by putting (e, o)r](f, z) if and only if <t= t. Clearly, t] is a congruence on 
X, r/\{(e, ex): e£Ex, ocf Y)=£d and X/t] is isomorphic to X. Assume that v is 
a congruence on X with v\{(e, e x ) :  e£Ex, a£Y}=@. Then (e, ex) v ( f  e x )  holds 
provided e,f£Ex. This implies that

(e, a) -  (e, sj(e, o)(e, e jv (/, £a)(e, o)(f, e j  = (/, a)

for every o£Zx. Hence we see that rjQv, that is, rj is the least congruence on 
X with ri\{(e, ex ) :  e£Ex, <x£Y}=@.

In order to prove the converse part assume that I  is a semigroup which is 
a proper band E of its submonoids Ze(e£E) with identities denoted by ёе. Then 
we have ёеёё=ёеё for every e, e^E. For every a£ Y, let us select and fix an element 
ex in Ex. Denote Xex by Xx and, similarly, ёеа by ex. We define a multiplication 
denoted by “ o” on the^set U {Xx: a£Y} such that Qo<j—ExßQa£xß for every 
q£Xx, odXß. Since Qa(LZe%eß and exeß£Exß it is easily seen that qoo£Xxß. Thus 
Г is a groupoid which is a semilattice Y of semigroups Xx (aG Y).

Let us define a mapping Ф: Z —EXyX  by <тФ = (е, exo£x) for every o£Ze 
where e£Ea. Clearly, sxosxdZa as exeex = ex. Thus оФ is, in fact, in EXyX. 
Denote by Ф' the mapping of EXyX  into X which is defined_by (e, а)Ф'=ёеаёе 
for every e£Ex and cr£Xx. Since eexe—e we have ёеоёе£Хе. The mappings 
Ф and Ф' are inverses of each other. For if o^Xe with e£Ex then аФФ' = 
= {e, Ех<7 Ех)Ф'=ёеЕх<7 £хёе — a and, conversely, if e£Ex and ar£Zx then (е,<т)Ф'Ф = 
— (ёеаЕе)Ф—(е,Ехёе(7 ёеЕх)=(е,сг). This implies tha_t Ф is_one-to-one and onto. Now 
we prove that Ф is a homomorphism. Let Q<zXe, a£Xf  where e£Ex and f£ E ß. 
Then Qo£Xef and ef£Exß. By definition, дФ • оФ = (е, ex qex) ( f  EßOEß) = (ef ay) where

(6) ау =  £xßExQExEß<JEß£xß.

On the other hand, (до)Ф=№, £xßQO£xß). We have to show that 0 \=£xßQ0 £xß. 
Since exeß£Exß and aß^a. we have exßex{eexeß)= exß(eeaeß). Hence sa/) £„£«.„,=
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= ^ee„eß - Since Q ^ ß ^ e e,eß this implies the equality exßexeexeß=exßQBaeß. Similarly, 
we can see that ExEßaeßExß=ExEßaexß. Thus we obtain from (6) that

(6) <7j — ExßQ£x£ßOExß.

Here ExßQdZea:ße,aExßdZf ^ ß and exße, fexßdExß. Therefore (exße)(exeß)(fexß) = 
=(e*ße)(fexß) whence äeaißeExEßEfeaß = eeaßeEfe^ .  By (6'), this implies ^  =  6x„q<tex„ 
which was to be proved. Thus it is shown that Z and EXyZ  are isomorphic to 
each other. Since Г is associative we infer that the same holds for Z. Furthermore, 
Z is a proper semilattice Y  of submonoids Zx(ad Y) since exoeß=Exß _for every 
a, ßd Y. The direct part of the theorem ensures that Z is isomorphic to Z/rj where 
r] is the least congruence on Г with rj\{ee: edE}=3t. The proof is complete.

Let T  be an orthodox_semigroup with band of idempotents В and В a 
subband of B. Let x be a Л-separating congruence on T. Denote by ker x and 
U ker x the set of the idempotent x-classes and the union of the idempotent x- 
classes, respectively. It is proved in [11] that Ukerx is a proper band В of orthodox 
monoids. Thus we obtain the following corollaries.

Corollary 2.2. Suppose T is an orthodox semigroup with band o f idempotents 
В and В is a subband in B. Let В be a semilattice Y  of rectangular bands. Let 
x be a В-separating congruence on T. Then U ker x is isomorphic to BXyZ with 
T = (Uker x)/t] where rj is the least (B, 3>)-parcelling congruence on the orthodox 
semigroup U ker x.

Corollary 2.3. Let S and S be orthodox semigroups with bands of idem
potents E and E, respectively, which are semilattices Y and Y o f rectangular 
bands, respectively. Let Z and Z be proper semilattices Y and Y of orthodox monoids 
Zx and Zx (a£Y,ä£Y), respectively. Suppose there exists an onto isomorphism 
cp: £f(S, T; h, y)^£T{S, Z; h, %) such that_ (s, a ) ^ (s*, ог) i f  and_ only i f  
{s, o) (p^^Sy ,(j )̂(p. Then S is isomorphic to S and Z is isomorphic to Z.

Proof. Since every 'íí-class [^-class] corresponds to a unique element s of 
S [s of S] we can define a_one-to-one mapping <рг of S' onto S such that (5, o)(p = 
=(scpx, a) for some ödZ. Since cp is an onto isomorphism, (px is also an onto 
isomorphism. On the other hand, Uker (ё=ЕХуЁ  an<3 Uker ^= E X yZ  by 
definition. The isomorphism cp maps Ze= {(e, a): adZ«} onto Zeq>1— {(ecpy, ff): 
cfdZx} for every edEx where еср^Ех. Identifying E with E under cp1 and 
U k e r w i t h  U ker^ under cp we conclude by Theorem 2.1 that Z is isomorphic 
to Z.

3. The main theorem

Before stating the main theorem describing all the strong subband-separating 
extensions of orthodox semigroups we prove a lemma.

Lemma 3.1. Let T be an orthodox semigroup with band of idempotents B. 
Suppose x to be a В-separating congruence on T. Denote Tlx by S. Then there 
exists a cross-section {us: sdS, usx= s) of the x-classes with the properties that
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(i) usdSB for every sdS  and (ii) usus-=uss. provided s and s' are inverses o f 
each other in S. In particular, if  e is an idempotent in S then ue is the greatest 
idempotent in the x-class e.

Proof. Assume that the band o f  idempotents in S' is E — Ua€y Ea. Select 
and fix an element ex in Ex for every a£ F. The и-class edE contains a unique 
idempotent belonging to B, the greatest idempotent in the и-class e, which will 
be denoted by /*. If a cross-section {ks: sd S, usx = s} of и-classes satisfies the 
conditions (i) and (ii) then uedB for every e£E. Thus ue=i* necessarily holds.

Now we define a cross-section with the required properties. Let ue=i% for 
every edE. It follows from the results in [11] that if s and s' are inverses of each 
other such that ss'=ex and s's=eß for some a, ßd Y  then there exist elements 
t, t'd Sr such that they are inverses of each other and tx=s, t'x= s'. Then t t '—i*a 
and t ' t  — i*ß. Let us define us to be t and us. to be t'. Now let j  and s' be 
arbitrary elements in S  such that they are inverses of each other. Suppose 
ss'= e  and s 's= f  where edEx and fd E ß. Then s=easeß and s'= eßs'ex are 
inverses of each other in S  with the property that ss'=ex and s's=eß. Hence 
us and us. are defined. Let us define щ tobe i* u j}  and ur tobe  ifu s.i*. This 
definition is independent of the choice of e and / .  Furthermore, usx= s, ur x — s' 
and usur =i*, ur us= if  clearly hold. Thus we have defined a cross-section of 
и-classes satisfying the required conditions.

The following theorem describes all the strong subband-separating extensions 
of orthodox semigroups.

T heorem 3.2. Let T  be an orthodox semigroup and и a strong subband-se
parating congruence on T. Denote by S  the factor semigroup Tlx. Suppose the 
band o f idempotents o f S  is a semilattice Y of rectangular bands. Then there exists 
a unique (up to isomorphism) orthodox semigroup I  which is a proper semilattice 
Y o f orthodox monoids Fa(a£F) such that T is isomorphic to £Y(S, I ;  h, y) for 
some (S, T)-pair h, y_.

Proof. We make use of the notations l(s), r(s), ts on S' introduced at the 
beginning of Section 1. Suppose the band of idempotents of T  is В and и sepa
rates its subband B. By definition, every idempotent и-class e contains a unique 
element i* from В which is the greatest idempotent in that и-class. Lemma 3.1 
ensures the existence of a cross-section {us: s£S, usx= s}T  SB of и-classes such 
that usus.=uss. provided s and s' are inverses of each other in S. If s and s' 
are inverses of each other in S then, on the one hand, we have uss.—i*.. On the 
other hand, us and us. are inverses of each other in T. For if u's is an inverse 
of us then u'ZSj5 (cf. [11]) and (usu's)x —s-u'sx&tss'=i*.x. Here usu's and i*. 
are elements of В whence it follows that i*.Mus. Thus, usus.us—i*.us=us and, 
similarly, us.usu,, — us. . The idempotent и-classes are orthodox monoids as it 
has been proved in [11]. Denote by S e the и-class edE  as a subsemigroup of T. 
Obviously, the identity of Te is i*. The union T of the idempotent и-classes 
Те(е£Е) is a proper band E of the orthodox monoids l e(ed_E). For everyjx£T, 
choose and fix an element ex in Ea. For brevity, denote the semigroup Sê  by 
I x and its identity i*a by Put 1 =  U{Ta: a£ F}. Define a multiplication on 
F in such a way that Qo<t=ixßQ(jixß provided Qdla and cr€I ß. According to the 
proof of Theorem 2.1, I  is a proper semilattice F  of the orthodox monoids
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(ad Y). Furthermore, the mapping Ф: Z~^EXYZ assigning (e, iaoix) to the 
element adZe where edEx is an onto isomorphism.

Now we turn to proving Theorem 3.2. We divide the proof into several steps.
1° I f  tdT  and xdSB with tx~ xx= s then t is uniquely expressed in the 

form xai* where e£E, sSCeiAel(s) and a€T,(S). Let f£ E  with sdAf. Denote by 
s' the inverse of s for which e h  s'SCf. Then ss '= f  and s's=e. Since e(A, 
we have i*0Ul(s). By a result in [11], there exists an inverse x ' of x  such that 
x'x= s'. For such an x', we have xx '= if and x'x=i*. Suppose b is an idempotent 
in T  with bdAt. Let ij be the greatest idempotent in the x-class bx. Since i}x = 
— bx3ttx=s we have fffls. Thus f 3 t f  which implies iffflif. This yields the equality 
t= b t= ifb t= ift= ifift= tft.  One can show similarly that t — ti*. Applying these 
equalities we obtain that t= xx'ti*=x(x'/i,(s))i*. Here (x'til(s)) x = s'sel(s)=eel<s)=eUs) 
whence a=x'ti,(s)dZl(s). Thus t is expressed in the required form. If t were express
ed in two different ways then t=xai*=xdi* for the conditions s=tx and 
s£Ce0tel{s) uniquely determine e. Multiplying the equality xai* =  xai* by x' on 
the left and by zI(s) on the right we obtain that i*eai*/i(s) =  ixai*il(s). Hence a —a 
follows as a, 5dZKs) which implies a = il(s)a, ff = il(s)a and i*/,(s) =  z,(s). Note that it 
turns out from this argument that a=x'til(s) holds for every inverse x' of x  with 
ins)3tx' provided t=xai* where xd S B, tx~xx= s, adZl(s) and edE  with sSCe£%el(s).

2° The dual o f 1°. I f  td T  and xd.SB with tx = xx—s then t is uniquely 
expressed in the form if ax where adZr(s) and s3HfS£ er(!i). Moreover, a = ir(s) tx' 
is valid for arbitrary inverses x ' of x  with iris)SCx'.

In particular, every tdT  is expressed in the form t=usai* where s=tx, adZl(s) 
and sSCe3teIM. Therefore we can define a one-to-one mapping ф\Т-+ {(s, a): 
sd S, such that if t — usai* where s=tx, adZl(s) and sSCed%e[(s) then
t\j/=(s, a). In the sequel we define an (S, L)-pair h, у such that ф becomes an 
isomorphism of T  onto £C(S, Z ; h, %).

3° Definition o f h which satisfies (Al). Let adZa, edE with edAea and sdS. 
Then (i*us)x = es and i*usd S B. Moreover, we have (ai*us)x = eaes=es. Thus, 
by 1° the element ai*us is of the form i*us5if where SdZ,(es) and esSCfd%e[(es). 
Here ö =  i'i(„)(i*u,)'(ai*us)i/(is) where (i*us)' denotes an arbitrary inverse of i*us. 
In particular, if s' and e' are inverses of s and e, respectively, then us.i*. is 
an inverse of i*us whence
(У) a h(es)Us'ie’&ie Msh(es) •
Let s' and e' be inverses of s and e, respectively. Suppose e’S£ ex. Dually 
to the foregoing argument one obtains that us.i*.a is uniquely expressed in the 
form i*ausJ*. where <x€Tr(s.e.) and s’e 3C,gS£ er(s,e.y Furthermore,

(8) a =  Ir(i- e'jUy
holds for arbitrary inverses (e')' and (s')' of e' and s', respectively. Clearly, 
we have (<xr(s))rs=l(es)=r(s'e'). Thus, choosing e' in (7) in such a way that 
e'S£ex and choosing (s')' and (e')' in (8) to be s and e, respectively, the equality 
д - a  is easily seen. If e'=(e')'=ex in (8) then ä = i(ar(s))t,us.au(s.y z(ar(j))l<. Hence

(9) d = Í(ar(s))zs Us' au(s-y i(ar(j))ts
A cta  Mathematica Academ iae Scientiarum Hungaricae 35, 19S0
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is the unique element in £ (ar(s))tj suchthat oi*us—i*usöif holds where esJFf3te(xr(s))Zs. 
This implies on the one hand, that a does not depend on e. On the other hand, 
if ij and s2 have a common inverse s' in S, that is, ■y1~ j2 then by choosing 
JÍ to be s' and (s')' to be s2 one can see that the respective <r-s are equal. Let 
us define a transformation hs of I  for each sd S in such a way that if odZx 
then ohs equals 5 given in (9). Clearly, ahsdZiar(S))Zi and ohs is the unique 
element in ^ (ar(s))lj such that if ad I x and ed%ex then

(10) oi*ut = i* us(ahs)if

where esStff 02e(xr(s))rs. The mapping h is shown to have property (Al).
4° For every sdS, hs is an endomorphism with iahs = i(xr(s))rs. Let gd£x and 

adlß. Then ghsdX(xr(s))Zs and ahsd I (ßr{s))Zi. This implies ghsoohsdZy where 
y=(aßr(s))rs. Thus, choosing (s')' to be s, we obtain by (9) that

ghs о  ahs — iy i ( a r (S) ) t j  m s . q u s  i ( a r (S) ) ts  i(^ i- ( s » ts u s' hßr(s))xs L  •

Here (us.QÛ <I>={s'exs, £) where g = i(xr(s))zus,gusi( x r ( s ) ) Z 3  since s'easdE^rh))z;
Similarly, (u,.ous)<P=(s'eßs, &) where &=i{ßH,))Xaus.ou,i(ßrW)u. Since Ф is an 
isomorphism of f  onto E X YI  this implies that

(é?^s O0̂ s) Ф (®y> *y) (̂ (ar(s))tj » i(ar(s))t,)(̂  í?)(̂ (ar(j))f»> í(xr(s))x̂ ) '

■(е№(!»1.> i(ßr(s))z,) (s'eßs, d)(e(ßr(s))Zii, i(ßr(s))Zs)(ey, iy) =

=  (ey, iyo§odo iy) = (ey, iy)(s' exs, §)(s'eßs,&)(ey, iy) = (iy(us.gus)(us,o u ji f l)

and therefore ghsoahs= iyus,gusus,au jy. Since us and us. are inverses of each 
other in T  the elements iyus. and usiy are also inverses of each other. Thus

(11) ghso a h , -  iyus.(usiyus.)gusus.a(usiyus.)usiy.

Here u,iyu,.=i*yS, where seys'dEyZ- 1 =Exßr(s) as usiyus.dB and {u,iyu,.)x=seys'. 
Moreover, we have usus. = i*s,. Since Ф is an isomorphism, utilizing the equalities 
0 ° ‘ф)= 1г(,)°в and irU)°Lßr<,)=i*ßHs) we obtain that

((“j iy u,')gus us. o(us iy ms-)) Ф =  (seys \ ixßHs))(ex, g)(er(s), irW)(eß, a)(seys', ixßr(t)) =

(seуs , ixßr(j) од ooo ixßr(s-() — (seys , ixßr(Sß(exß, Q о<т)(seys , iâ r(S)) —

= ((“ Л  hS')(0 °  o') (“Л  “,'))<*>•
Ф is one-to-one whence it follows that (us iy us.)gus us. a(us iy us.)= (us iy us.)(goa)- 
• (usiyusi). Applying (11) one infers that ghsoahs—iyus.(qoa)usiy. The right hand 
side of this equality is just (goo)hs since QoodSxß. Thus hs is shown to be an 
endomorphism of I . (9) immediately implies that i j is—i(xr(!y)Zs for (us.ixus)x=s'exs 
where s'exsdE(xr(s))Zt. On the other hand, we have us.ixusdB. Hence us.ixus—i*ê s. 
Therefore it is clear'that i(xr(s
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5° Property (A4). Suppose e£Ex and o £ lß. In consequence of (9) we have 
ahe=iaßieOie iap as r(e)=a and i e is the identity automorphism of the semilattice 
a Y. Since ixoo = ooixfZ xfl we have

Kß) Ф = (e<0 , iaß)(e, Q(eß, o)(e, ij(exß, ixß) =
= (ßaß, hß oiaooo i„ o iaß) = (exß, а о ix) = (а о ia) Ф.

Thus we conclude ohe=ooix for Ф is one-to-one. This was to be proved.
6° Definition of x which satisfies (Al). Let s and s be arbitrary elements 

in S. Since (usu^)x = ss the element usus is uniquely expressed in the form ussai* 
where <r£Tf(SS) and ssSPe^e^). The uniquely determined element a will be 
denoted by Xs.i■ As we know

(12) Xs,S h(ss)̂ ŝs)ft̂ s ŝh(ss)
holds for any inverse (ss)' of ss since u(sS), is an inverse of usx in SB provided 
(ssУ is an inverse of ss in S. By (12), one can see that %Sjä£»SB and, consequently, 
Xsä£t/(T;(sS)). The dual argument shows that if s' and s' are inverses of s and 
s, respectively, then there exists a unique element &£1 г(ГУ) with ur us-=ifdus-s- 
where s's'31 fß£er(-s.yy Denoting this ö by xY, s. we obtain that

(13) Xs',s' ' K(s' s')4s' Us'ttfs' s')’ ir(s’ s')
holds for every inverse (s's')' of s's' and that Хе,*'€ U(Lr(rs'))- Obviously, 
/(ss)=r(s's'). By choosing (s's')' tobe ss in (13) it immediately follows from (12) 
and (13) that xs,s and Xs'.s- are inverses of each other in T  and, since they are 
contained in the same group U(Iliss)), we have Xr,s' = ХГ.Ь If ~-y2 an(I s1~ s2 
then putting si= s2 to be s' and si= s2 to be s' where s' and s' are common 
inverses of s1; s2 and of s!,s2, respectively, (12) and (13) imply X?,S'=xri*s1 = 
=XüS2- Therefore Xsl>äl=Xs,,s,, that is, property (AI) is valid for X-

7° Properties (A5) and (A6). If s£S  and e,f£E  with eSksßßf then es=sf=s 
and i*us=u„tf=u,. Hence, by (12), we have Xe,.-Xs,/=h(.s) since u,.u,=i*.s 
where s's^El(sy  Now let e and /  be two idempotents in S. Then Xe.f— 
= h(ef)itfitif h(ef)=ii(ef) according to (12), for i*f i*if = i*f and ef£El(efy

8° Property (A2). Let s, s and td S. Applying the definition of the operation 
“ o” on I  we obtain by (12) and (13) that

(14) Xss,t°Xs,St°Xs,t ' h(SSt)Ut'U(ss)'UsSth(SSt)'
* ^ l ( s s t ) ^ ( s s t y ^ s ^ s t ^ l ( s s t )  * l l ( s t )U(sty  ^ s ^ t ^ l ( s t )  l l ( ss t ) '

Introduce the following notations: let ö-1 =  w^(ssí)z/(sOw(sO, ân<̂  a2 =usuth(st)ii(sst)ut'us'- 
Since l(sst)z^ 1 = l(s)r(st) we have ei and <r2€Tei! where elt e2 £El(s)r(it).
Utilizing the inequality l(s)r(st)^l(s) one can see that

(Qiaf)Ф — СгФ-ОгФ — (ei > h(s)r(it))(e2 > h(s)r(st>) —
—  ( C i e 2 ,  l | ( s ) , ( s r ) )  —  ( e l 5  s e 2 t  j j ( s ) r ( s f )  0 , ' i ( s ) O I I ( s ) r ( s t ) )  =

= (ei, ij(S)r(s<))(s's» h(s))(e2, W a n ) =  <iiФ-(и,.и8)Ф-а2Ф = (а^^и .а^Ф .

Acta Mathemattca Academlae Sclentiarum Hungaricae 35, 1980



448 M ÁRIA  В. SZ EN D R EI

Since Ф is one-to-one this implies o1oi =o1us,us<yi . Again by the definition of Ф, 
we have (и,пи,1цт и,.ищу) í,(«))» («л»«*)И(5*)')ф = (55,<?«»я)С” 0 '>
'гия))> (MÄ  h(öt) *'кя) «(я)' и*0 Ф =  (sstelíai) е1Ш) (st)' s', ir(sa)) and (и,и4и, ii(Jf) /1(Л) и,. иг  и,.) 
í ,=(ssleí(S()eí{Sj0/ ,s,j ',  /r(sj,)). Here the first components are all in £r(sSI). Hence

K^ss^i h(sst)uf  ̂ (ss)') Ĉ ssi h(ssi) ̂ (s.vi)’) (», «Я h(sSt) h(st)U(st)’ У s') *
• (us u, ut il(it) il(sSt) ut. ur  Mj-)] Ф =  [sstel{sit) t'(ss)'sstem) eHsit) t 's 's ', ir(sSI)) =

[(ass Щ H(sst) Mf’ U(ssy') (UsUsU, fi(sf) ̂ l(sst) ^s‘ ̂ s')] 'h •
If the images of two elements under Ф are equal then the elements themselves are 
equal. Since usSu,il(sSt) and i,(sSf)ut.u(s-sY, and, similarly, ususu,il(sl)ihsSI) and 
hm )ut,ur us' are inverses of each other (14) implies

Xsl,t°Xs,it°Xi,t (̂ss)' ^s a r Ь ( Я )  h(sst) '
Here ut.u(ssyususut£St.(sSy sSt and t'(ss)'sstdEl(siI). Since l(s t)^ l(sst)  we have 
if(s5)'sst h(st) h(sst) h’issy sst h(sst) • Thus
(15) X7i}t°Xs,s°Xi.t = hm)U,'U(s-syU,U;UtiKsit).
Observe that ( щ ц ^ и ^ Ф ^ е ^ Е ,  im)r{t)) and (ит .и,щ) Ф = ((и ) 'и , в) where 
q£X1(sS). Therefore

[(at h(ssr) t̂')( (̂ss)' UsU§){ut ii(s5t) И,)] Ф
=  {(lel(sSt) t ) ((ss) Ss){tei(sS,-)t ), i((jj)r(f) ° в ° il(ss)r(t)) —

(i.h'l(sst)t )̂ /(55)((̂ Ю (teKsit) t )) h(ss)r(r) ° h(SS) ° 0 ° h(sS) ° h(ss)r(f))
[(ar h(sst) Uf) h(SS)(M(SS)' h(ss) 0*t h(sSt)Ut')]

If the images of two elements under Ф are equal then the elements themselves are 
equal. Utilizing the fact that il(sst)Mt' and u,il(sit> are inverses of each other, we 
obtain by (15) that

Xss, t О Xs, Я ® Xs, Í *!(*») (hiss) ̂ (ss)' ̂ S ".v h(ss)) Uf  h(sst) •
According to (12) and (9), the right hand side of this equality is just xSjJA(. Thus 
(A2) is shown.

9° The equality
(16) i lu suso =  $  usS(у,, -s о a)

holds provided k£E a, s, s£S  and cdZß where fi = ( a r ( s s ) ) . By the definition 
of Xs.s’ we have usui= usiXs,si* where ss£Ceűíei m . Therefore

(17) it UsU-sO = it usSXs,X  °  =  it Ms-s(ißU(ssy % “sslXs.sC О’-
The latter equality holds because iß u(ssy it  is an inverse of i t  usi. Applying the 
isomorphism Ф we can see that

[(<>(«)- itust)Xs,X<Â  = (eß, ip)((ss)'kss, iß)(el(si), ySjS)(e, il(ss))(eß, о) =

= (eß, iß°Xs,s°<r) = (eß, Xs.s °° )  =  (Xs,s о о-) Ф •
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Here the facts are used that (ss)'kss£Eß and e£El(si)^ E p. Hence the equality (16) 
immediately follows by (17) since Ф is one-to-one.

10° We have
(18) oi}Qi* = {aoQ)i}
provided q£ Ix, o£Zß and eSkex, fM eß with fe= f. Clearly, /?ёа by the equality 
fe —f  Applying the isomorphism Ф we have

(о$д%)Ф = (eß, <т)(/, it)(ea, Q){e, Q  = (eßfexe, о oißo Q о i j  =
=  (/, О о  q ) =  ( e ß f ,  a o g o i ß)  =  ( e ß , o o Q ) ( f ,  iß)  =  ((<то д ) $ ) Ф .

This implies the equality (18) since Ф is one-to-one.
11° Property (A3). Now let s, s£S  and o£Zx. By (10), we have

(19) ousu-s = (oiaus)u-s = (ixus(ohs)i})u3 = ixus((ohs)i})u, = ixusi}ug(ahth^i*
where eas<ef&eixrW)Xt and / s J 2 ^ e ((ar(s))tsr(ä))r.. Here ((ar(s))rsr(s))rs= (ccr(ss))rsi. 
Hence chsh-s£Z(„(si))Ts_. Since exsf=exs and u,.ixus=i*.ê =i*.eJ f  we have 
i*u3 =ixus(us.iaua) = ixus(us.ixu j i f= ixusif. Furthermore, exss£Pfs for exsSPf There
fore (19) implies ousus=ixusufohshs)i* where exssJPg&e(xr(S3))h_. Hence we obtain 
by (16) that
(20) ausut =  it usi (xs> -soahs hs) i*.

On the other hand, we have usus=us-sxStiC where ss£Pe&lel(SS) whence it follows 
by (10) that

O U s U-s  =  O U s -s X s , - X  =  =  i z U s i i a h ^ i g X s . d e -

Since exssZ£g and ss£?e we infer ge—g. This ensures by (18) that ousu-s —
^â ss(.̂ ^5s°Xs, §)íg •

Since erusus is uniquely expressed in the form ixusigi* where g£Zß the equality 
Xs,sOCThshs=ahsgoxs,s holds in Z by (20). Multiplying this equality by the
equality in (A3) yields because

Thus h, x is proved to be an (S, I)-pair.
12° ф is an isomorphism o f T onto £P(S, Z; h, y). The mapping ф defined 

at the beginning of the proof is one-to-one. All we have to prove is that, for every 
s, S, o(zZl(s) and ö£Zl(S), the equality

(21) (uso-i*)(uäüi|) =  u s S ( X s , s  oah-soa)i}
is valid where e, ё and /  are idempotents with sJPeMel(s), s£Pe3%el(i) and ssSPf t%eHssy 
By the definition of hs, (9) implies oi*ux=i*us(oh3)iß since esZ£ssZ£f. Since 
usi* = us we have (usoi*)(usд1*) = и 3 щ (oh,)ifdi*.

Applying the equality (16) with k=ss' we conclude i f  usu3 ohs=i*. usS(xs,so(rh^. 
Here i f u s=us and i f u sS=us-s. Hence (usoi*)(ufi?) =  u jjs ,  s0  ̂ 4 ) d i*
where ssSPf and sSPe and therefore fe = f.  Thus, the equality (21) follows from 
(18) whence we infer that T  is isomorphic to £P(S, Z; h, ■/). Corollary 2.3 ensures 
that Z is unique up to isomorphism which completes the proof of the theorem.
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R e m a r k . The idempotent separating congruences on an orthodox semigroup 
T with band of idempotents В are just the R-separating congruences which are 
trivially strong. Thus Theorems 1.5 and 3.2 give a description of all idempotent 
separating extensions of orthodox semigroups if we require I  to be a semilattice 
of groups.
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NEGATIVE BEANTWORTUNG EINER 
APPROXIMATIONSFRAGE

Von
J. GRÓF (Veszprém)

Es sei Sn der Operator von Szász—Mirakyan, das heißt

s„(f; x)  =
(nx)*
~ k T '

Bezeichne C* die Menge der im Intervall [0,0°) gleichmäßig stetigen und 
beschränkten Funktionen. Setzen wir

ll/llc*= sup |/(*)| (fee*),0̂ X<oo
« ( /;  <5) =  sup m x + ö j-m W c *  (je  c*, ő >  o),

0
T. H e r m a n n  bewies [1], daß es keine Konstante К  gibt, so daß für alle feC* 
die Ungleichung

\\Sn( f ) - f \ \ c * ^  Ka>[f;

gilt. In Zusammenhang damit stellte er die Frage, ob zu jeder Funktion feC*  
eine (nur von /  abhängende) Konstante K (f)  existiert, derart, daß die Abschätzung

\\Sn(f ) - f \ \c*^K (n < o{f ly= }

zutrifft. Nun, diese Frage kann man negativ beantworten, das geht aus folgender 
Behauptung hervor:

S a t z . E s existiert eine, im Intervall [0, °°) beschränkte, differenzierbare 
Funktion feC* mit beschränkter Ableitung, so daß für hinreichend große n die 
Ungleichung

\\Sn( f ) ~ f  l l c * > e

gilt, wobei e eine geeignete positive Zahl ist.
F o l g e r u n g . Es existiert eine Funktion /(C * , für welche die folgende Limes

beziehung gilt:
lim

П-*-оо

\\Sn( f ) ~ f  l l c * CO
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^Aus \f '{x )\^M  (0^x< °°) folgt nämlich die Ungleichung co(f; ö)^M S, und

daraus lim co( f : —
l  Vn) )

Beweis. Betrachten wir die nach der Gleichung f( x )= sin ^  xj (O sx < “ )
definierte Funktion f.  Es sei и=~0 eine natürliche Zahl. Es existiert zu jeder 
t ^ O  eine Stelle £ zwischen den Stellen t und \2n + 3, so daß

/ ( 0  =  1 - 2 !
[I —(12n +  3)]2

ist. (Taylor-Formel.) Daraus folgt, daß (unabhängig von t und n) sin 
gilt. Also gelten die Gleichungen ' 6 '

/ £ ) = ■ - 2 !
[ Í - (1 2 „ + 3 )]  (к =  0,1, 2, ...)

mit sin £и ^ ё 0 ,  wobei sich die Stelle * zwischen den Stellen k\n und 
12« + 3 befindet (k==0, 1,2, ...). So erhalten wir

S„(f\ 12n +  3) =  1 , - 1 2 n 2 -3 /1

72 *
Da /(12«+3) =  1 ist, ergibt sich

, l sin( l ‘i - >) [ | - <12"+3))
(12n2 +  3n)* 

kl

D e f
An =  \f(l2n + 3 )-S„ (f, 12n + 3)|

„ - 1 2 / /2 - 3 / I
I2n« +  5n ( „ U l  Г 2

L * W f c - H72 fc=12n* +  4n

(12n2 + 3n)* 
kl

Aus 12и+4^—s l2 n  +  5 folgen die Ungleichungen 12n+3<£B>t<  12/1+5 und
( n \ 1 к

t > v .  Ferner ist es evident, d a ß -----(12я+3)^1 ist, so gilt die
6 ’ J 2 n

Abschätzung
л e-i2B»-3n (12n2 + 3n)12',a+4n+J
n 144 Д  (12n2 + 4n+j)! -

Da das letzte Glied das kleinste der Glieder der Summe ist, bekommt man
. _ _ е -12Л«—. n(n +  1) (12п2 + 3п)12л8 + 5л D e f  7Г2

(12n2+5n)! 144 B .

Aufgrund der Stirling-Formel ergibt sich

B , _ ö - 1 2 n 2 _ 3 n («+!)■
(12п2 +  3и)12л*+5л

со„У2п(12п2+5п)е- 12пг- 6л (12n2+ 5п)12л2+6л
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mit lim (an = l. So erhalten wirЛ —► oo

lim B„ =
П -*-со

L =  — ==■ lim  -------- -— -
2У6/Г Г! -------— 1

l 12n + 3J
12n2 + 5n

Die Funktion g definieren wir nach der Gleichung

g(*) =
[1 + п£+з)

12x2 +  öx (x >  0).

Verwenden wir die Bezeichnung y= 1 ^  1 1„ . Dann ist ----- -,
12x +  3 12_y 4

und

_ \  1 1 1' 1 1

— eXp [ 6  у 2 1. I2 y 2 1 2  у

\ — 1 +log (1 + 2 y) , l°g (1 +  2j>)
[ 2 + 12 у

Unter Anwendung der Regel von l’Hospital erhalten wir

r , 1 1 1  1hm [...] =  —Г- +  -7- +  -7- = —-7-, z-o+ 2 6 6 6

das heißt g(x)—e_1/6 Deshalb ist

lim B„
2 ) 6,~ je

1Dann existiert eine solche Zahl n0, daß für n>n 0  Bn>----- = -  its. Mit f(x ) —
2 e \ 6 n

(t SQ) hat sich also die Gültigkeit der Abschätzung
sinGM

I S , ( / ) - / I l c *

bewiesen.
288e \6n

7=- (n >  n0)
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WHICH DISTRIBUTIVE LATTICES HAVE 
2-DISTRIBUTIVE SUBLATTICE LATTICES?

By
G. CZÉDLI (Szeged)

I. Introduction

The concept of n-distributivity was introduced by Huhn (cf. [4] and [5]). A lattice 
is said to be «-distributive (пШ 1) if it satisfies the identity

The «-distributivity of subalgebra lattices (or congruence lattices) of universal 
algebras proved to be an important property in several cases. E.g., as it was proved 
by H uhn ([3] and [4]), the subgroup lattice of an abelian group A is «-distributive 
iff every finitely generated subgroup of A can be generated by at most и elements.

Sublattice lattices were investigated by F ilippov [1]. He gave necessary and 
sufficient conditions for having isomorphism between sublattice lattices of two 
given lattices. Lattices having modular and (upper) semi-modular sublattice lattices 
were characterized by Кон [6] and Lakser [7], respectively.

Our aim is to characterize distributive lattices having «-distributive sublattice 
lattices in case пШ 2.

For an idempotent algebra A let Su(T) denote the lattice of subalgebras 
of A. (It contains the empty set as a subalgebra.) Let us recall a non-published 
result of A. P. Huhn:

L emma 1. For an arbitrary idempotent algebra A and « S 1, Su(A) is n- 
distributive ifffor any subset H of A we have

(Here, [H ] means the subalgebra generated by H and U stands for the set-theoretical 
union.)

P ro o f . Suppose Su(A) is «-distributive and H={h0, f f ,  ..., hm}QA for 
some m ^n . w-distributivity implies m-distributivity for all m ^ n  (H uhn [5]), 
so for an arbitrary а£[Щ, we have

( 1)

II. Preliminaries

(2) [Я] =  и  {[G]: G g t f  and |G| S  «}.

11 Acta Mathematica Academiae Scientiarum Hungaricae 35, 1980



456 G . CZÉDLI

Hence а€[{/г0, A/_1; hj+1, ..., hm}\ for some j. This proves (2) for any finite
H  whence (2) holds for any subset H. Conversely, suppose that (2) holds. Then

n n n
for any Tj^Su^), we have V Yt =  (J V Ff whence the n-distributivity of

i-0 j = 0 i= 0Mj
Su (A) follows easily. Q.e.d.

Now we define the concept of the special sum of lattices. Let (/, s )  be a chain 
and for every /£ / let L t be a lattice. Let 2  Lt denote the ordinal sum of lattices

tii
in the usual sense. (I.e., consider the disjoint union of the L,-s and let x ^ y  mean 
that x£Li, y£Lj and /< /, or x, y ^ L t and x ^ y .)  For a, b£2  Li, let aBb

H I
denote that “a is the greatest element of Ц , b is the least element of Lj and 
i< j, for some i , j f i l”. Let 0  be the equivalence relation on 2  Ц  generated

ier
by the binary relation 9. Then, as it can be seen easily, 0  is a congruence relation. 
Now, denoting by 2 '  Li, the definition of the special sum is the following: 2 ’ L ,—

i£I i t l
= 2  L J0 . Let us agree that we write 2 '  2  A  iff 0  is the equality relation.

H I  H I  H I
Denoting the lattice

by К we can state our main
Theorem. For any distributive lattice L the following three conditions are 

equivalent:
(i) Su(L) is 2-distributive

(ii) L contains neither a sublattice isomorphic to К  nor a three-element antichain 
(antichain means a set o f pairwise incomparable elements)

(iii) L is isomorphic to a special sum 2 ’ Li, where for each i£l, Lt is a chain
H I

or Li = 2 x C  for some chain C. (2 denotes the two-element chain.)
R emark. As for 1-distributivity, which is the usual distributivity, it is very easy 

to show that an arbitrary lattice L has distributive sublattice lattice iff L  is a chain.
In what follows lattices isomorphic to 2 x C  for some chain C will be referred 

to as ladders. The following sections deal with the proof of the theorem, namely 
the implications (iii)—(i), (i)—(ii) and (ii)—(iii) are proved.
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Ш. The first part of the proof

In this section the implications (iii)-*(i) and (i)-*-(ii) will be verified.
Proposition 1. I f  a lattice L is a chain or a ladder then Su(L) is 2-distributive. 

I f  L2 is a homomorphic image o f a lattice Lx and Su(Z,j) is 2-distributive then 
so is Su(L2).

The proof is straightforward by making use of Lemma 1, so it will be omitted. 
It can be easily shown that

(3) S u ( ^ Z , ) =  tfS u iA )
tu  ш

for an arbitrary ordinal sum 2  A- (°f- also F ilippov [1, Lemma 1.2]). Now Pro
féi

position 1 and (3) yield the proof of (iii)—(i).
To prove (i) — (ii) suppose L is a distributive lattice and Su (L) is 2-distributive. 

Since neither Su(Ai) nor Su(23) are 2-distributive by Lemma 1, L  does not 
contain any sublattice isomorphic to К or 23. Suppose {a, b, c} is a three-element 
antichain in L. Then {adb, adc, bdc} cannot be a three-element antichain since 
otherwise it would generate a sublattice isomorphic to 23 (cf. G rätzer [2, p. 45]). 
Hence ad bd c£{ad b, a d c ,b d c} and, by the lattice theoretical Duality Principle, 
aAbAc^{af\b, al\c, bAc}. If we had adb d c—adb and aAbAc—bAc then 
c=(ad bd c)Ac=(ad b)A c^(ad b)A(ad c)=ad(bAc)=ad(aAbAc)=a  would contra
dict a||c. So adc—adbdc  and aAc=aAbAc can be assumed. Now [a, b, c] =  
= [{a, b, c}] is a homomorphic image of FD(3)/<9 where FD(3) denotes the free 
distributive lattice freely generated by {x, y, zj and 0  denotes the smallest con
gruence for which aAcQaAbAc and adc0adbdc. Since the structure of FD(3) 
is well-known (c.f. G rätzer [2, p. 46]), it is easy to check that FD(3)/0 is the 
following lattice:

An arbitrary homomorphism q>: FD (3)/0—[a, b, c], x>-*-a, y<-+b,z>-*c must be 
injective because a, b, c are pairwise incomparable. Hence FD(3)/0 can be 
embedded into L. So can K, which is a contradiction. Thus the proof of (i) — (ii) 
is complete.
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and

IV. A decomposition of lattices

The (decomposability) lemma given below will be an important tool to prove 
(ii) — (iii). First, for a partially ordered set L, we set

C(L) =  {xdL: хЖу for all y(LL)

C '(L) =  {xdC(L): x  И 0L and x  ^  1L}.
(Note that L is not necessarily bounded and the above two sets may coincide.)

L emma 2. An arbitrary lattice L  is isomorphic to a special sum where,
i€  I

for all i£I, Lt is a chain or C'(L;) = 0 .
Before proving this lemma we need some preliminaries. Define the binary 

relation e~QL on L  in the following way: set agb iff one of the conditions

— a\b
— аЖЬ and [a, b]f)C(L) = 0
— аЖЬ and [a, b\ g  C(L)

holds, where [a, b]~ {xdL: a ^ x ^ b  or ЬШх^а}.
P roposition  2 . For an arbitrary lattice L, q = ql  is an equivalence relation.
P r o o f . Suppose we have agb and bgc for some a, b, c£L and let us show 

that age. Evidently q is reflexive and symmetric so, by the Duality Principle, 
we have to deal only with the following four cases.

Case 1. a\\b and b\\c. If аЖс, say a<c, then [a, c ]flC (L )= 0  because 
x\\b for all xd[a, с].

Case 2. a\\b and 6<c. Suppose а Же, then a< c. Now [a, c ]f)C (I)=  
={[a\b, c]nC(L))U(([a, aVZ>]\{aVZ>})nC(L)). But, for all xd[a, ad b]\{ad b}, x\\b 
and [ad b, c]f[b, c] so we have [a, c]HC(L)= 0 .

Case 3. a <6 and 6<c. If [а, Ь\Я= C(L) and [6 ,c ]5C (I) then [a, c] = 
= [a,b]U[b,c]^C(L). If [a, b]C]C(L)=0 then [a, c]OC(L)= [a, i]DC(L))U 
U([h, c]flC (I))=  0 .

Case 4. a<b and b>c. If аЖс, say a<c, then [a, c]Q [a, b] and either 
[a, c ] [a, b]QC(L) or [а, с]П C (L )c [a, b]C\C{L) — 0 .  This completes the proof 
of Proposition 2.

P ro po sitio n  3. Let L  be a lattice and M  a gL-class in L. Then either M<LC(L) 
or M L\C(L)—<Z. I f  M Q  C(L) then M  is a chain. I f  MC\C(L)— 0  then M  has 
neither greatest element nor least element, and exactly one of the following four 
possibilities

[M] = M, [M] — M C  {iM}> [M] =  MU{0M}, [m ] =  л /и  {oM, iM} 
holds where 0M, 1 Md C (L )\M  and they are the zero and unit of [M], respectively.
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P r o o f . It is sufficient to prove the last statement. Let M f]C(L)=  0 .  Then 
C(M )~  0  whence M has neither greatest nor least element. Suppose M  is not 
a join sub-semilattice of L, say a, bf_M but аУ b$M , and let us show that 
a\/bdC(L) and MU {аУ b) is a join-semilattice. Since адаVb (i.e., адаУ b 
does not hold), there is an x£[a, aVZ>]DC(L). Now a\\b implies xtßb  and b£M  
implies хжЬ and so аУb^x£[a, аУb] implies аУЬ=х£С(Е). Now x  is the 
unit of MU{r} because otherwise x < c  for some c£M  and х£[а, с]П C(L)=  0 ,  
a contradiction. If, for d, е£М, y=dN е§_М, then y ^ x .  But the role of x  and 
у  can be interchanged so x ^ y  as well. I.e., MU {аУb} is a join-semilattice 
indeed and the proof is complete by the Duality Principle.

Pro o f  of Lemma 2 . Let q = ql  and for D 1, D 2£ L / q we define Z)1^ Z )2 by 
the formula ( ^ X ^ D ^ i^ X ^ D ^ X ^ X ? ) .  An easy calculation shows that (LIg, 
is a chain. We assert L s  [D\. Let <p: 2  [ö] -*L be the map for which <р\т

D ( .L ie  D i  L ie
is the natural embedding of D into L. It follows easily that cp is a homomorphism 
onto L. It is also seen that if D, E£L/q, D <E  and x£ [£] П [D] then x = l B = 0£, 
and D < E  or D <{x}<E. Therefore L= 2Í [D]/Ker ip = 2Z' indeed.

D i L i e  D i L i e
If D ^L/q is not a chain then C'([D])=0 follows from Proposition 3. Q.e.d.

V. The second part of the proof

Having Lemma 2, the proof of (ii) ->-(iii) will be complete if we prove the following
L em m a 3. Let L  be a distributive lattice which satisfies (ii), C'(L)—0  and

|L |s3 . Then L is o f the form £  Li= 2 '  Lt where (/, ^ )  is a chain and for all
Ш h i

i£l, Li is a ladder or consists of a single element.
The proof of this lemma requires several preliminary statements.
P ro po sitio n  4 . Let a, b, c be elements of a distributive lattice satisfying (ii). 

I f  a\\b, a\\c and b<c then [a, b, c] is isomorphic to one of the following two lattices

Pr o o f . It is an immediate consequence of the well-known fact (cf. G rätzer  
[2, p. 14]) that the free distributive lattice generated by the partially ordered set 
({a, b, c}, b ^ c )  is isomorphic to K.

Let us agree that any use of Proposition 4 in case of [x, y, z] will also mean
x\\y, x\\z and y ^ z .
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An element x in I  is called join-reducible if x —aMb^ {a, b) for some 
a, b£L. An element x  is said to be reducible (doubly reducible) if it is either (both) 
join-reducible or (and) meet-reducible.

Proposition 5. The lattice L  from Lemma 3 (i.e., L distributive, (ii) and 
C'(L) =  0 )  does not contain any doubly reducible element.

Proof. Suppose x£L  is doubly reducible. Then x=eVb=fAc, e\\b,f\\c 
and a||x for some a ,b ,c ,e ,f£ L . Now [a, b, e} and {a, c ,f}  are not antichains 
so a\\c, a < f a\\b, a ^ e  can be assumed. Consider [a, b, c]. Then we have a d b ^ f  
a W c jß fa A c ^ e  and aA b^e, which contradicts Proposition 4. Q.e.d.

For a lattice L  define the binary relation фь on L  as follows:
Set афьЬ iff for any e,fc[aAb, a \b \, where e is join-reducible (in L) and 

/  is meet-reducible (in L), еф f  holds.
Lemma 4. Let L  be a distributive lattice satisfying (ii) and C '(L )= 0 . Then 

ф = фь is a congruence, L/ф is a chain and a\\b implies афЬ for any a, bdL.
Proof. Throughout the proof, let e and /  stand for join-reducible and meet- 

reducible elements of L, respectively. Suppose a\\b but aij/b does not hold. So 
e,f£[aAb, aMb] and e ^ f  for some e , f  First, exactly one of a\\e and b\\e holds 
because otherwise e=aAb  or e—f —aNb would contradict Proposition 5. Suppose 
a\\e and bye. If we had <?<&, then e would be doubly reducible by Proposition 4 
(considering [a, e, b\). If Z><e, then a \\f (otherwise f= a\!b  is doubly reducible) 
and, considering [a,e,f], e or /  is doubly reducible. Thus e=b. Similarly, 
/€  {a, b). Since f ^ e , f= b = e  which contradicts Proposition 5. Now we have shown:

(4) a|| fe implies афЬ.

Suppose we have афЬ and Ъфс. Since ф is reflexive by Proposition 5 and 
symmetric, to prove transitivity only the following four cases have to be considered.

Case 1. a<b and b<c but афс. Then there are e,f£[a, с], e< /. Both 
b\\e and b\\f do not hold by Propositions 4 and 5. Say b)Xf, and so, from 
[e,f}%\a, b], b<f. Then e<b because otherwise {bVe,f}Q[b, с]. Choose an 
x£L  suchthat x\\b. Both e S x  and x ^ f  lead to a contradiction: a ^ e ^ x A b ^ b  
or respectively. Therefore x||e and x ||/. But regarding [x, e,f]
Probositions 4 and 5 give a contradiction.

Case 2. a\\b and b<c. If a||c then афс by (4). Otherwise a<c. Set b'=adb, 
then from [a, b']fz\aAb, a\lb] and [b\ c] Q [b, c] we get афЬ' and Ь'фс whence, 
by Case 1, афс follows.

Case 3. a||b, b\\c and a<c. Now, by Proposition 4, we have either [a, c]Q 
Q[aAb,adb] or [a, c\<L[b\c, feVc], and so афс.

Case A. a<b and c<b and a< c. Then афс follows from [a, c]<A).[a, b].
Now we have that ф is an equivalence relation. Let us have a, b, c£L, афЬ. 

If афс then аАсфафЬфЬAc, while in case of афс аЛсфЬЛс follows from (4). 
Therefore, by the Duality Principle, ф is a congruence. Finally, (4) implies that 
L/ф is a chain. Q.e.d.
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Corollary 1. Let L be a distributive lattice satisfying (ii) and C '(L )= 0 . 
Then L=  D= 2  A  where ф denotes фи for all D^L/ф, C'(D)= 0  and

Фв=Г>2.
Lemma 5. Let L  be a distributive lattice for which фь=LA, C'(L) = 0 ,  |Z,|s5 

and (ii) hold. Suppose L contains neither a join-irreducible unit nor a meet-irreducible 
zero. Then L is a ladder.

Proof. The proof consists of several steps. Let E  and F denote the set of 
join-reducible and meet-reducible elements of L, respectively. Then еф /  for 
any E and /£  F and therefore E П F=  0 .

Step 1. F is an ideal and E is a dual ideal of L  and both are chains.
Proof. First we show that F is a chain. Suppose a, bf_ F, a\\b. Let a—xAy 

and b=uAv where x\\y and u\\v. Since {a,u,v} is not an antichain, and
a\\v can be assumed. Similarly, b<y and b^x can be also assumed. So a=xA(yAu) 
and b=vA(yAu). Hence x\\yAu and v\\yAu and x||t> (from a\\b), which is 
a contradiction. Le., F is a chain and so is E. Now let /£F , x £ L \F  and x< /. 
Then x  is not the zero of L and so x\\y for some yAL. Here y \ \ f  since other
wise f^xW yZE . Considering [y, x ,f] ,  Proposition 4 leads to a contradiction 
because of f$E . Le., F is an ideal and E is a dual ideal by the Duality Principle.
Q.e.d.

Step 2. Both E  and F have at least two elements.

Proof. Suppose \F\-<-2 and let a, b be incomparable elements in L. Then, 
by Proposition 4, jc||a implies x=b  and x\\b implies x= a  for any x£L. Thus 
L = {a, £}U(aAh]U[aV&), which is a contradiction. The proof is complete by 
the Duality Principle.

Step 3. If a ,b £ L \(E U F ),f£ F ,a sb  and / < a  then a=b.
Proof. Suppose a < i ,  then a\\c for some c£L. Incase c\\b, by Proposition 4, 

{a, b}C\(E\JF)?c 0 .  Thus c<b. Hence b^a\lc£E , which contradicts Step 1.
Step 4. If f£F , a, b£L\(E[J F), a > f b > f and /  is not the zero element of L, 

then a—b.
Proof. If a ^ b  then a\\b by Step 3. Choose an element q in L  so that 

/IIq. Now q$ F by Step 1. {a, b, q) is not an antichain, so q£E contradicts Step 1 
and q$E  contradicts Step 3.

Step 5. If f £ F , f  is not the zero of L and [ /) f l(L \(£ U F ))— 0 ,  then F is 
a prime ideal.

Proof. Suppose aAb£F but a $ F  and b^F. {a,b}%E by Step 1 so, e.g., 
a$E. Consequently, by Step 1 and Proposition 4, we have u|| f  f< b  and aV f\\b. 
Hence, by Step 1, b$ E, which is a contradiction. Q.e.d.

Now F' is defined as follows: If F is a prime ideal then set F' = F. Other
wise set F' = FU {/'} where f f L \ ( E ( J  F) and, for some f£F , O ^ f ^ f ' .  E ' is 
defined dually. The previous steps yield the correctness of this definition.
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Step 6. F' is a prime ideal and a chain, and in case F' ̂  F, f '  is the greatest 
element of F'. The dual statement is valid for E'.

Proof. It is enough to consider the case F '^ F .  First we show that g < / ' 
for any gdF. If gH :/' for some g£F, then g \\f' by Step 1. Since gA/VOt  by 
Step 1, b\\f'Ag  for some b £ L \F . We have b\g by Step 1 and, { /', g, b} being 
not an antichain, /></'. Applying Proposition 4 to [g, b,f']  we get f '£ E  which 
is a contradiction. Therefore / '  is the greatest element of F and, by Step 1, F’ is 
a chain. Suppose x£L  and x < -f  but x$F. For any f£ F  x \ \ f  by Steps 1 and 
3, however хЖхЛ/d F  is a contradiction. Therefore F' is an ideal. Suppose 
a ,b$F ', but aAb£F'. Since a\\b, b$E  can be assumed by Step 1. From Step 3 
we have f'\\b. Since {b ,f',a}  is not an antichain, / '< a .  Considering [b,f',a], 
Proposition 4 yields f '£ F  or aAb\\f', which is a contradiction. Q.E.D.

Step 7. 1Г П Г = 0 .

Proof. Suppose F ' f l F '^ 0 .  Since EClF—0 ,  we have e' =f . Consider 
the set H ={x£L: jc|| / '} . 0  • Suppose H  consists of a single element x. Let
/ l . /a ^ F ./ jc /a .  Since f 2$C '(L ),f2||дс and, considering [x,f2,f'] , Proposition 4 
yields a contradiction. Suppose x, y£H, x^ßy. Then x> y  and considering 
[ / ',  y, x], Proposition 4 yields a contradiction again. Q.e.d.

Step 8. E '{JF '= L .
Proof. Suppose x£ L \(E \JF ). Let 0L ^fZ F  and 1 ь?±е£Е. Since x ^ f  

and еф х  by Step 1, we have / < x  or by Step 1 and Proposition 4. Therefore 
Step 4 (or its dual statement) implies x —f  or x = e'. Q.e.d.

Now we define a map v .E '—F' as follows:

Í/Ле, if / IIe for some f£ F ' 
eX 1 f ' ,  if / < e  for all f£ F '.

Step 9. The definition of x is correct.
Proof. Suppose /i«= /2, / i l k  and / 2||e for some / i , / 2€ F ', e£E'. Considering 

[e,/1 >/г]> Proposition 4 and Step 6 imply e A f = eAf2. Suppose we have an e£E' 
suchthat eX f for all /£  F’. Steps 6, 8 and C'(L)=  0  imply e— 1 =  1L.

We have a,b£L  suchthat a\\b and aVb =  1. By Steps 6 and 8 a£ F' and 
b£E' can be assumed. If a£F  then, for some c, d£L, a=cAd, c\\d and, from 
1 =c\/b=dVb, {b, c, d} is an antichain. Therefore a = f' (£ F and et — I t is defined. 
Q.e.d.

Step 10. The map t  is a bijective lattice homomorphism.
Proof. First we show that ex<e2 (elt e2f_E') implies e1x<e2x. As we have 

already seen in the proof of Step 9, e2x = f' implies e2—l. Therefore e2^  1 can be 
assumed. Let eix=eiA f  ( /= 1 ,2 , f fF ') .  Then f 2\\e1, eix—f 2Kei (/=1,2) and 
f 2\/ e1Xe2. Considering [/2, els e2], Proposition 4 implies e1x<e2x. Now, if f '£ F ' \ F  
exists then aAb£F  and a\\b for some a ,b £ L \F . Hence, by Step 6, / '£  {a, 6} 
and f'= {a \b)x. If f£ F  then, by Step 6, f —cAd and c\\d for some c£F' and 
d£E'. So f=dx. I.e., x is surjective. Q.e.d.
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Now let 2—{0, 1} be the two-element chain and let us define a map iy. 2xE '-+L  
by (1, e)>->-e and (0, e)*-+ei. Our previous steps imply that q is a (required) iso
morphism between 2 XE' and L. The proof of Lemma 5 is complete.

Finally, Lemmas 4 and 5 and Corollary 1 imply Lemma 3.
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A RECURRENT FINSLER MANIFOLD WITH 
A CONCIRCULAR VECTOR FIELD

By
P. N . PANDEY (Allahabad)

Recently R. B. M isra, F. M. M eher and N. K ishore [1] studied a recurrent 
Finsler manifold Fn (л >2) admitting an infinitesimal transformation х‘—х‘+е^(х^; 
where e is an infinitesimal constant and v‘ are components of a contravariant 
vector satisfying
(A) Í) &klt=  Q(X, Х)01 *к + (рк(х, X)v‘ Ü) @j(pk = @k(Pj,
38k being Berwald’s covariant differential operator. Such a manifold is called, by 
the above authors, a recurrent Finsler manifold admitting a concircular vector field 
and is denoted by CHR — Fn (n>2). In this note we prove that such a CHR — F„ (n>2) 
does not exist. The notation employed here is based on the above paper [1].

Let Fn be an л-dimensional Finsler manifold of class at least C5 equipped 
with a metric function F 1 satisfying the required conditions [3]. Let the components 
of the metric tensor, Berwald’s connection, and curvature tensor of Berwald be 
denoted by gtJ, G)k and Hjkh respectively; Hjkh being skew-symmetric in j  and k. 
Transvections of Hjkh by x’s and contractions of indices yield the following:
(1) a) Hjk = H)khx \  b) Hkh = Hjkh, c) Hk = H)k.
These are also connected by
(2) a) Hkhxh = Hk, b) Hkxk = ( n - 1 )H.
The author [2] proved that Hjk satisfy
(3) ytH}k = 0, 
where yi=gtjxJ. It is well known that yt satisfy
( 4 )  &my, =  0.

A Finsler manifold Fn is called recurrent if there exists a non-null covariant 
vector field ).m satisfying
(5) ®mH)kh = ).mH}kh.
Transvecting (5) by xh, and using (la) we get
(6) ®mH ‘Jk = XmH ‘Jk.
Now, we propose

1 Unless stated otherwise all the entities are considered as functions of line-elements (x1, x ‘).
The indices i , j , k , ... assume positive integral values 1 to n.
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Theorem 1. A CHR — F„ (n>2) does not exist.
Proof. We claim that a CHR — F„ does not exist, if not, we assume the contrary. 

We know that the curvature tensor of a CHR — Fn (n> 2) is expressible in the form [1]

(7) Hjkh =  - ^ j ö Í j H kVl.

Transvecting (7) by xh, and using (la) and (2a) we have

(8) H)k = - ^ ő [ j H n .

Further transvection of (8) by y t, in view of (3), yields
(9) yj Hk = ykHj .

Transvecting (9) by xJ, using yjXJ = F2 and (2b) we get Hk=(n — 1) — yk; in 
view of which (8) reduces to
(10) н)к = г щ Уа
where R =  H/F2. Utilizing Berwald’s theorem [3, pp. 133], we conclude that 
R is a constant. Differentiating (10) covariantly with respect to xm, and using (4) 
and (6) we get Am=0, a contradiction.

If we put cpk= 0 in (A), the above infinitesimal transformation is called a special 
concircular transformation. If we approach in the similar way of [1] we may easily 
prove that the curvature tensor of a recurrent Finsler manifold admitting a special 
concircular transformation is expressible in the form (7), which will lead to a contra
diction. Thus, we have

T heorem 2. A recurrent Finsler manifold F„ ( n > 2) admitting a special con
circular transformation does not exist.
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