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KANTENKRÜMMUNG UND UMKUGELRADIUS 
KONVEXER POLYEDER

Von
J. LINHART (Salzburg)

Sei P ein konvexes Polyeder im R3 mit Kantenlängen f ,  ..., lk. a; sei der 
Außenwinkel bei der /-ten Kante. Dann heißt M = y  a;/; die Kantenkrüm­
mung von P.

Sa t z . Für jedes konvexe Polyeder mit f  Flächen, к Kanten, e Ecken und Um­
kugelradius R gilt

M / R - 2 k s i n ^ ( l —c o t ^ c o t 2g ( ne n f\cos^rr-cosec—— 2k 2k)

mit Gleichheit genau für die fün f regulären Polyeder.
B em e r k u n g . Dieser Satz wurde von A. F lo r ia n  [2] unter der zusätzlichen 

Voraussetzung bewiesen, daß die Fußpunkte der vom Umkugelmittelpunkt auf 
die Flächen und Kanten von P gefällten Lote auf den entsprechenden Flächen 
bzw. Kanten liegen. Im folgenden wird mit Hilfe einer allgemeinen Ungleichung 
von L. F ejes T ó th  [1] ein relativ kurzer Beweis angegeben, der ohne diese „Fuß­
punktbedingung“ auskommt. Es sei weiters bemerkt, daß MIR in [5] mit einer 
ähnlichen Methode nach unten abgeschätzt wird M ^2nR, mit Gleichheit genau 
dann, wenn P zu einer Strecke ausgeartet ist.

Bew eis. Wir wählen den Umkugelmittelpunkt О als Ursprung und identifizie­
ren Punkte und Ortsvektoren. Ohne Beschränkung der Allgemeinheit sei R = l. 
Es ist

M  =  J  t(u)du,
и

wobei t(u)=max(u, x) die Stützfunktion von P, und U die Einheitssphäre (mit
Mittelpunkt О) ist [4]. Sind v1, ..., ve die Ecken von P, so lassen sich die Flächen 
des polaren Polyeders P* = {y |(v, л:) =  1 für alle x£P} so darstellen [3]: Ft = 
= {y f P*\{y, У;) =  1} (1 =/=e). Wenn О nicht im Innern von P liegt, so ist О 
Rand punkt von P, und P* ist unbeschränkt. О kann jedoch keine Ecke von P 
sein, daher enthält dann P* einen höchstens zweidimensionalen Kegel mit Spitze O.
F{ = {ue t/|n  = jj^| für ein y£Fi} ist die Projektion von Ft auf U. Für u^Fj ist 
t(u) = (u, nj)Scos < (n, v f  da ||»,||^1. Die F{ sind konvexe sphärische Polygone,

l Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



2 J. L IN H A R T : K A N T E N K R Ü M M U N G  U N D  U M K U G E LR A D IU S KONVEXER POLYEDER

die auf U ein Mosaik mit e Flächen, к Kanten und /  Ecken bilden. Da cos in

(a — BC— <  (В, C), usw.). Das oben rechts stehende Integral ist gleich dem Inhalt 
der Normalprojektion A' von A auf eine zu A orthogonale Ebene. A' ist ein Sektor 
einer Ellipse, dessen Inhalt \A'\ leicht berechnet werden kann:

Damit folgt sofort die Richtigkeit des Satzes, da der Fall der Gleichheit schon bei 
der zitierten Ungleichung von L. F ejes T ó th  dargelegt ist.

[1] L. Fejes Tóth, Lagerungen in der Ebene, auf der Kugel und im Raum, 2. Aufi., Springer-Verlag
(Berlin, Heidelberg, New York, 1972).

[2] A. Florian, Ungleichungen über konvexe Polyeder, Monat sh. Math., 60 (1956), 288—297.
[3] B. G rünbaum, Convex Polytopes, Interscience (London, New York, Sydney, 1967).
[4] H. Hadwiger, Vorlesungen über Inhalt, Oberfläche und Isoperimetrie, Springer-Verlag (Berlin,

Göttingen, Heidelberg, 1957).
[5] J. Linhart, Kantenlängensumme, mittlere Breite und Umkugelradius konvexer Polytope,

Archiv der Math, (eingereicht).

0, —j streng abnehmend ist, erhalten wir auf Grund einer Ungleichung von
L. F ejes Tóth ([1], S. 137);

\A'\ = sin b = у  sin ß(l — cot2 ß cot2 a)1/2 arccos (cos a cosec ß).

Literaturverzeichnis

(Eingegangen am 28. M ärz 1977)
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LIMITS OF BIFUNCTORS INTO A CATEGORY
By

I. A. ASSEM, C. G. CHEHATA and M. EL-GENDY (Alexandria)*

Introduction

Although covariant and contravariant functors of a small category into an 
arbitrary category also known as inductive and projective systems, have been 
widely studied, nothing is known of bifunctors of the product of two small categories 
into c6. It is the purpose of this paper to study such bifunctors, which we call 
mixed systems. We shall prove that mixed systems have, in a certain natural manner, 
two limits, and that there exists a natural morphism from one of these limits into 
the other. The limits and the natural morphisms are proved to satisfy a certain 
universal property. We also define a category of mixed systems and investigate 
some of its properties. In forthcoming papers, we shall take a closer look at mixed 
systems of sets and of modules.

Notations have been made to follow [1] as closely as possible. For results 
about categories and functors, we refer the reader to [2], [3] and [5]. Results on 
projective and inductive systems can be found in [4].

In what follows, we shall work within a category C7S such that every functor 
of a small category into ^  has projective and inductive limits.

1. The mixed system and its limits

Let I  and L be two pre-ordered sets. We define a mixed system in over 
IX L  to be a bifunctor of IX L  (with the product pre-order) into (6, contravariant 
in the first and covariant in the second variable. More explicitly:

D efinition 1.1. A mixed system (E£, f f f l j xL in 9) over I x L  is defined by the 
following;

i) to each ordered pair (a, X )£lxL , we associate an object E£ of .
ii) to each couple of pairs (a, ji) and (ß, Я) of IX L  such that a ^ /i  and 

there is associated a morphism / / / :  Eß-+E£ of such that:
(MSI) for every {a, X)ZlXL, we have f ^ = \ e£,
(MS2) if or^ßSy  in /  and A ^/tSv in I ,  then fay=faßfßy-
The assumption that I  and L  are sets is not essential. It was made for the 

simplicity of notations and the whole theory can be developed in case I  and L are 
arbitrary categories. Of course, we would then have to assume that (€ is such that 
every fuctor into has projective and inductive limits.

* Research was carried out at the Science Centre for Advancement of Post Graduate Studies, 
University o f Alexandria. The authors wish to express their thanks to Professor R. Wiegandt who 
gave the idea of a fruitful generalization o f their original work.
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4 I. A. ASSEM , C. G. CHEHATA A N D  M . EL-GENDY

To simplify notations, we shall denote the morphisms by giß and the 
morphisms by hi*-. We now construct the limits of the mixed system
( E i ,  f a f i ) l  x L  •

Let X£L be fixed and in /, then by (MSI) and (MS2),

(1.1) sL = í eí

(1-2) g£y =  giß g ß y

Thus the system (E£, giß)t is projective. By our assumption on c€, it must have 
a projective limit:

(E \ gi) = Lim (Ei, gip).
0CÍI

By definition, the canonical morphisms (gi: E ' — £'я)а£/ are such that if asS/i,

(1-3) ga=gißgß-
Similarly, for any а€/, the system (E£, h£k)L is inductive and so has an in­

ductive limit:
(Ex,h i)  = U m (E i, K x).

Í . Í L

The canonical morphisms (hi; E£—Ea)X£L are such that X S/л implies

(1.4) hi = K K K

Let now ac^ß in /  and Х ^ц  in L, then (MS2) implies

(1.5) hi'- g(ß = giß

1 \
t E k  1

g* ß
E k -

9 в. . . . /тА* *-'tx *

-  ^  —  
7

'

- - - - - - - - - - - - - £

I

К \
i

! I

h »  i

I
<  F  л

* « / !  J .  9ß

I
4

F  F<

F i g .  ( U )

This equation may be interpreted in two ways. First it means that the (Л̂ ;)а€/ form 
a projective system of morphisms of (Ei, giß), into (E*, giß)t . Let its projective 
limit be:

№*■ =  Lim hi*.

By definition, hß'  is the only morphism of E* into such that, for any acJ, 

(1.6) gih^- = h i'g i.

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



L IM ITS OF B IFU N C TO R S INTO A CATEGORY 5

Next, (1.5) means also that the (gi/t);.e L form an inductive system of morphisms 
of {E^,h^k)L into (Ek, h^l)L. Let its inductive limit be:

gaß = U m  giß.
A€L

gaß is the only morphism of Eß into Ел such that, for all

(1.7) gxß hj = К  g£p ■
Now let a£I be arbitrary, and v in L. (MS2) gives

(1.8) K k = h 7 K k.
Passing to  the limit,
(1.9) hvk = h ^h ^.
Also hkk=lEi implies hkk — \Ex. Therefore (Ek, h>°)L is an inductive system, with 
limit

(F, hk) =  Lim {Ek, h»k).
X Í L

Then Ä Sfi in L implies
(1.Ю) hk =  h" h"A.

Similarly, the system (Ex,gxß)I is projective. Let us put:
(E, g j  = Lim (Ex, gaß).

a ^ ß  in I  implies
(1.11) g« = g*ßgß-

The objects E and F of ré will be called the limits of the system (Ek, f£ß)I xL. 
Thus we have:

T heorem  1.1. A mixed system (Ek, fff l ix b  has two limits 
E =  Lim (Lim E k) and F = Lim (Lim Ek).

« € /  X Í L  X £ L  X Í I

2. The canonical morphism and the universal property

Equation (1.6) can be interpreted to mean that the family (ga)x€L is an inductive 
system of morphisms of (Ek, h^k)L into (Ek, h>‘k)L. Hence there exists a unique 
morphism g'; F —Д* such that, for any ?FL,
(2.1) g'xhk ^ h kgk.

Ex + 9i E k Ея \  .
t \9a

I 9oc ^ 9a 1 \
r \

Ex - F E
Fig. (2.1) Fig. (2.2)

A c ta  Mathematica Academiae Scientiarum Hungaricae 34, 1979



6 I. A. ASSEM , C. G . CHEHATA A ND M . EL-GENDY

Let (a, ß)£P, <x=ß, then (1.3) implies, by passing to the limit

(2-2) g* = gccßgß-

By definition of projective limit, there exists a unique morphism / :  F-*E such 
that, for all a£ /,

(2.3) g' =  gxf.

On the other hand, (1.7) means that (hx)xei is a projective system of morphisms 
mapping (Ex, gxP)r into (Ea,gxß)I . Hence there exists a unique morphism 
h'x: EX-*E such that, for all a£7,

Fig. (2.3) Fig. (2.4)

Now, if (Я, p)€L2, (1.4) implies, by passing to the limit,
(2.5) h'x = h,f,h»x.
Therefore there exists a unique morphism / :  F-*E such that, for all )F_L,

(2.6) fh x = hn .

We shall now prove that /= / .  (2.1) and (2.4) imply, for any (а, Я)6/ХТ, 
g<zh'x=gxhx; hence, by (2.3) and (2.6), gxJhx=gxfhx. Now the family (g ja£/ is 
monomorphic, and the family (hx)^eL is epimorphic (cf. [3], p. 164). Therefore 
/ = / .  This unique morphism will be denoted from now on by /  and called the 
canonical morphism. Thus

Theorem 2.1. Let E, F be the limits o f the mixed system (Ex, f xß)t x L. There 
exists a unique morphism / :  F-*E which satisfies, for any (a, i)C IxL

(2.7) gxfh x =  hxgx.

Fig. (2.5)

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



LIMITS O F BIFUNCTORS IN T O  A  CATEGORY 7

In other words, /  is the only morphism which makes the pentagon of figure
(2.5) commutative. This pentagon will be called in the sequel canonical pentagon. 
We note here that /  is not an isomorphism in general (cf. [3], p. 197).

We now give another characterization of the limits and the canonical morphism:
Definition 2.1. Let £ = {E f f f ß)IxL be a mixed system in (€ over I x L ,  

and let:
(Ex, hi) = Lim (E i, f£ f), gxß = Lim / А/

;.€L
(E \ gi) =  Lim (E'x , f xßx), = Lim f xf .

a i l  n i l

A triple (E, F, f )  where E  and F are objects of c€, and / : F-+E a morphism, 
will be called a limit triple of £  if:

(ML1) There exist two families of morphisms (ga: E-^Ea)aiI and 
(hx\ Ex-*-F)xiL such that:

0) gn =  gnßgß if « =  ß  in U

(ii) hx =  h" if A ^  fx in L,

(iii) gxfh x =  higi for any (a, 1 ) ( /X L
(ML2) If (E', F', / ' )  is another triple, with E', F' objects in c6, and f :  F ' — 

and there exist families (g': E'-+Ex)xei and (h'x: EX-»F')X€L of morphisms of 
which satisfy:

(i) g'n = gnßg'ß if « =  in /,
(ii) h'x = h,fl h*x if A S  p in L,

(iii) g'af ' h ' x = higi for any (oc,A)€/XL,
then there exists a unique pair (g, h) of morphisms o f1?  such that f= g f' h.

E' -—  ----- F'
Fig. (2.6)

L emma 2.1. I f  a limit triple exists, it is unique up to isomorphism.
P roof. Let (E, F, f )  and (£ ', F', / ' )  be two limit triples of the same mixed 

system. There exist unique pairs (g, h) and (g', h') of morphisms of ^  such that 
if f - g f 'h  and f '= g 'fh ’ then f= (gg')f(h 'h).

By uniqueness, gg' = \ E and h'h = \F. Similarly, g 'g = l£, and hh'= \r . 
Hence the result.

T heorem 2.2. The triple (E, F, f )  where
E = Lim Lim E x, F = Lim Lim E x

~a.il XiL X iC  a i l

Acta Mathematica Academiae Scientiarum Hungaricae 34. 1979



8 I. A. A SSE M , C. G. CHEHATA A N D  M . EL-G EN D Y

and f : F ^ E  is the canonical morphism, is the only (up to isomorphism) limit triple 
of the system (Ef, f t f ) IxL.

Proof. It has been shown before that the triple (E, F, f )  satisfies (ML1). We 
now prove (ML2). Assume that (E ', F', f )  satisfies the conditions of (ML2) then, 
since £ = Lim E„, there exists a unique morphism g\E'-+E  such that, for all
ad I, g'x=gxg. Similarly, there exists a unique h : F-+F' such that, for all ),1_L, 
h'x=hhx.

Fig. (2.7)

Hence, for any (a, 2)£/XL,

gxg fh h x = g'xf 'h 'x = hxgx = g j h x.

Since the family (gx)xa  is monomorphic, and the family {hx)liL  is epimorphic, 
then gf'h=f. The uniqueness assertion follows from Lemma (2.1).

Corollary 2.1. Let 4  be a category such that every functor o f a small category 
into 4  has projective and inductive limits. Then every mixed system in 4  has a unique 
limit triple.

3. The category of mixed systems

D efinition 3.1. Let S = (Ej, f f ßx)IxL and S '= (E jx, / Д х1 be two mixed 
systems in 4  over I x L .  A family u = (uj)(XiÁ)eixL of morphisms of 4  will be called 
a mixed system o f morphisms of S  into S' if for every pair of relations aXß  in 
I  and ÄSp  in L, we have:

(3.1) < / # = / ; « .

E l

F ' x - £ ß

J aß E j

(>»■1 i* aß _E lß
Fig. (3.1)

In other words, и is a functorial morphism of S  into S'.
D efinition 3.2. The category 4)  of mixed systems in 4  over I x L

has for objects all such systems, and for morphisms, the mixed systems of morphisms.
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The product of two morphisms и = (ux), x L : $-*$' and v = (vx), x L: S'-*S" is 
defined to be vu=(vxux)IxL: S-+S".

We shall now prove that to a mixed system of morphisms correspond two limit 
morphisms in . Equation (3.1) shows that the (ux)kiL form an inductive system 
of morphisms mapping the system (Ex, h£x)L into (E 'x, h '/x)L. Let u„ = Lim ux.

XiL
This is, by definition, the only morphism of Ex into E' such that, for all Á£L
(3.2) uxhx = hxxux.

Fig. (3.2)
Let now asä/i in I  and ?.£L be arbitrary, then:

g«ß К  = ua hx gxß (1.7)

= K u xgx*ß (3.2)

= K C » ß  (3-1)
= g'aßh'ßxux (1.7)

=  g*ß Uß К . (3.2)
Since the family (hß)xiL is epimorphic,

(3.3) ux 8ciß — 8xß uß
and the family (ux)xiI is a projective system of morphisms of (Ex, gxP)j into (Ex, g'xß)I . 
Therefore there exists a unique morphism M_ = Lim u„ of E into E ' such that,

Те/
for all ocfl,

(3.4) g'xu . = u xgx .

Thus, by definition, u_ = Lim Lim ux.

+ «:
К  -----------E '

Fig. (3.3)

Similarly, (3.1) shows also that (ux)xiI is a projective system of morphisms 
mapping (Ex,gxß)j into (E'x, g'Xß)j, hence there exists a unique morphism
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u'- = Lim ux : E X~*E'X such that for all a£/,

(3.5) g 'AUA =  UXgX.

F/g. (3.4)

Let now ).S /( in Z, and a(7  be arbitrary, then we have

= K g ^ x (3.5)

= < K X£ (1.6)

= (3.1)
= h 'fxg'axux (3.5)

= g'fh,>,xux. (1.6)

Since (g'/)ü.ai is a monomorphic family,

(3.6) uW * = hr,lXux,

the (uk)xiL form thus an inductive system of morphisms of (E'\ hß,)L into {E 'x, h'ßX)L. 
Therefore there exists a unique morphism и+ = Lim ux such that, for all /E L ,

Л6 L
(3.7) u + hx — h'xux.

We have thus, by definition, u+= LimLim мя.
лег <*€/
. лА

£ я ---------- ► F

£ 'я---------- ~Е’
Fig. (3.5)

We have proved:
Theorem 3.1. A mixed system o f morphisms и : $  -+$' defines two morphisms 

u _ : E-+E' and u+ : F-+F' of their limits, called the mixed limit morphisms.
T heorem 3.2. The mixed limit morphisms and the canonical morphisms satisfy 

the commutativity relation

(3.8) / ' u + = u _ / .
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Proof.

Fig. (3.6)

For any (a, / .) f!x L ,  we have,
g'J'u+h = g 'J 'h 'xux 

= h ? g ? u i 

= K x u*g*

= Khig*

= U'gJh*

=  g*u-fhx-

(3.7)

(2.7) 

(3.5) 

(3.2)

(2.7) 

(3.4)

Since the families (g')a£J and {hl)kiL are monomorphic and epimorphic, respect­
ively, the result follows.

Theorem 3.3. Let u=(u£)IxL: and v=(v£)IxL: <%'-+&" be mixed systems
of morphisms and w = vu, then:

(3.9) w_ =  c_ u _ ,

(3.10) w+ =  v+u + . 

Moreover, i f  ux =  lc£ for every pair (a, /.)£lXL, then

(3.11) M_ =  1£,

(3.12) n+ — If-

Proof. This follows from the functorial properties of projective and inductive 
limits (cf. [4]).

Obviously, this implies:
Corollary 3.1. I f  и : <?-►<?' is a mixed system o f isomorphisms, then u+ and 

u_ are isomorphisms.
Corollary 3.2. Let (€ be the category o f (left or right) modules over some ring 

R, and L be directed. Then i f  u—(ux)IxL: S'-*S and v = (v(),xL: <?->-<?" are mixed 
systems o f linear maps such that the sequence

0 E "ka
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is exact for any (a, X)£lxL , then the sequences:

and

are exact.
Proof. This follows from the exactness o f the inductive limit functor and the 

left-exactness of the projective limit functor.

Definition 3.3. We now define two covariant functors 1+ and 1_ of J i(Ix L , 8) 
into <8 as follows:

i) 1+=Lirn Lim ( —) associates to a mixed system 8  its limit _F=Lim Lim
Яе/Г а£/ A£Z. "«£/

and to a morphism и: 8-*8' its limit u± =  Lim Lim uj: F->~F'.
A£L «£/

ii) l_  = LimLim ( —) associates to 8 its limit E =  Lim Lim E?; and to и
*а£/ A£L а€/ A£L

its limit u_= Lim Lim uj\ E->-E'.
<x £/ XCL

Theorem (3.3) shows that these are indeed covariant functors.
Corollary 3.3. There exists a functorial morphism <p: l + -*-l_ defined as 

follows: to each mixed system 8 we associate its canonical morphism <p=f: 1+ (<») —
- 1  - ( A

Proof. This is exactly Theorem (3.2).
We now associate to the category T  the category 3) of triples (A, B, f )  with 

A, В^<8 and / :  B-+A. A morphism (g, h): (A, B, f ) —-(A', B', f ' )  is a pair of morp- 
hisms of <8 such that g : A-»A', h: B-*-B', and f ' g —hg.

A f В

9 h

A' r B'
Fig. (3.7)

The product of (g, h): (A, B, f)-*{A', B', / ' )  by (g', h')\ (A', B', f')-+(A", B", f" )  
is defined to be:

(g',h')(g, h) = (g'g, h'h).

D efinition 3.4. The covariant functor 1 of J i ( I x L ,  T) into 3) is defined to 
be the functor which associates to a mixed system 8  its limit triple (E, F, f )  and 
to a mixed system of morphisms и: 8  -+8' the pair of morphisms (и_, u+).

1 is indeed a covariant functor by Theorems (3.2) and (3.3).
Finally, Corollary (3.3) shows that 1 + ,1_ and 1 are left-exact.
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4. Properties of J i ( J X L ,  (S )

Theorem 4.1. I f  M  is an arbitrary index set and {S )̂iiM is a family of mixed 
systems in <€ over IX L , with 6\=(Е£, f?J'ß)ixL, then the product o f the S /s exists 
in the category J t(lX L , C) and is equal to

* = U I K ,  П  fiaß)l x L • i£M i€M

Proof. Since <S is such that every projective system has a  limit, every family 
of objects of Xi has a product in <€ (cf. [2], p. 54).

Hence Ex = f j  E£ exists. Let the maps ( p i ‘. Ех-*Е )̂{ем denote the canon-
i£M

ical projections. The product / / / =  77 f&ß 's by definition the only morphism
iZM

of Eß into E* such that, for all i£M,

(4.1) f t f & = f & l,p},-

E?fi

Pfß
pk^ ß

гцХJiocB
E&
t

Pi«
j ocß

ЕЦ
Fig. (4.1)

It is easy to prove that S  = (E f f $ ) IxL is a mixed system. Let us put Pi=(ptx)i *l > 
then (4.1) shows that pt is (for every j'€ M) a mixed system of morphisms of S  
into S t. Let now S '= (E 'x, fápX)i*l be another mixed system, and (qp. S'-»S,)iiM 
a family of morphisms, with qi=(qut)rxL- By definition of Ex, for every pair 
(a, 2)€Jxi,, there exists a unique morphism t x; E 'x—E x such that, for all i£ M,
(4.2) Pita =  qi-

p.kJ~jia
л]

P i c e  N.

ti \
E ' ^ — e ;

Fig. (4.2)

One can prove easily that t= (tf)]yL is a mixed system of morphisms of S ' into S. 
Finally, (4.2) shows that, for any i£M,

(4.3) pit = qb

and t is the only mixed system of morphisms which satisfies this relation (the uni­
queness of t follows from that of each tf).

Dually,

Acta Mathematlca Academiae Scientiarum Hungaricae 34, 1979



14 I. A . ASSEM , C. G. CH EH A TA  AND M . EL-G EN D Y

T h eo rem  4.2. Let M  be an arbitrary index set, and (S j iiM a family o f mixed 
systems, with S\ = (E f , f f f ) IxL. Then the coproduct of the S is  exists in J t fjX L , (i)  
and is equal to S = ( J J  E f,  j j  fJ$)IxL-

i ^ M  i £ M

T heo rem  4.3. Let u = (u'j)IxL and v=(v*)IxL be two mixed systems of 
morphisms o f S into S '. I f  rf. Kj-+Ex is the kernel o f the pair (u'f r ' j  and 
Ж—fKf, k%ß)ieL is the mixed system such k)f is the only morphism o f Kf, into 
K£ which satisfies

(4-4) r i k t f = f t f r } ,
then r = (rf)j x L; Ж-*£’ is the kernel o f the pair (u, v).

Pr o o f . Since the category 'S is such that every projective system has a limit, 
any pair of morphisms of ’S  has a kernel (cf. [2] p. 54). Let tf: К I  -*■ E j be the 
kernel of the pair (u), vff. Moreover, if tx^ß  in I  and k ^ p  in L, we have

u s f f i r i  = / :ß uß'ß f & v y ß = v l f t t rA.ß’
hence there exists a unique morphism k£ß: Kß~»K£ such that (4.4) is satisfied. 
Clearly, Ж=(К£, k£ß)IxL is a mixed system, and the morphism r={rf)IxL is 
such that ur = vr. Let now s: Ж--Ж be another mixed system of morphisms 
such that us = vs with <S?=(L£, l£jj)IxL and s=(sf)IxL. By definition of kernel, 
there exists, for each (a, k )£ lX L , a unique morphism tj: L) — Kf; such that:

Fig. (4.3) Fig. (4.4)

Again, one can prove easily that t= (tf)IxL is a mixed system of morphisms 
of i f  into Ж  and (4.5) shows that rt—s. Finally the uniqueness of t follows from 
that of each tfi

Dually,
T heorem  4.4. Lei u= (uf)ixL and v = (vf)lxL be two mixed systems of morphisms 

of S  into S'. I f  r'a'- \ - is the cokernel o f the pair (u f vf) and Ж' = (K fl, k)f)lxL
is the mixed system such that k 'f f  is the only morphism o f K f into K f which satisfies 
r'/fj.ß ' = k'fßXr'f- then г ' : S ' -*Ж' is the cokernel of the pair (u, v).

C o ro lla ry  4.1. Every functor from a small category into Ji(IX L , 'S) has pro­
jective and inductive limits.

T heorem  4.5. Let 'S be a category with zero object (respectively pre-additive, 
additive, abelian), then so is the category .yM(IX.L, 'S).

This can be done by direct checking of the axioms.
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SYMMETRIC MONOTONICITY

By
C. L. BELNA (University Park), M. J. EVANS (Macomb), and P. D . HUMKE (Macomb)

§ 0. Introduction

A real valued function /  defined on the real line R is said to be nondecreasing 
at x  if there exists a positive number Sx such that

f ( x  — h ) ^ f ( x ) ^ f ( x  + h) for 0
The function /  is said to be symmetrically nondecreasing at x  if there exists a positive 
number Sx such that

We set 

and

f(pc—h) = f ( x  + h) for 0 <  h <  öx.

^  — {x: f  is nondecreasing at x) 

f*  = { x : f  is symmetrically nondecreasing at x\.

The purpose of this paper is to determine the possible size of the set 
for various classes of functions. In § 1 we prove that this set is of Lebesgue measure 
zero for all measurable functions and of the first Baire category for those having 
the Denjoy property. In § 2 we present several examples to indicate the sharpness 
of these results.

We shall use the symbol \E\(\E\’f) to denote the Lebesgue measure (outer 
measure) of a subset E of R.

§ 1. Functions for which J s — J  is small

In this section we shall find it convenient to use the decomposition >/s=  (J S„
П = 1

where f ( x —h )^ f(x+ h )  for 0<A<l/n}. We begin with a lemma from
which it will readily follow that , / s—J  is small in the measure-theoretic sense 
for measurable functions (cf. [3], pp. 217—219).

L emma 1. I f  f :  R -+R is measurable and 0 is a point o f outer density o f the set 
S„, then there is a positive number <5 such that f  ( a ) ^ f  (b) whenever —d<a<0<b<ö.

P r o o f . Choose a number <5£(0, \Jn) such that, for each closed interval /  con­
taining 0 and having length less than <5,

(1) |SBn / r > 7 | / | / 8 .

2 Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



18 C. L . B EL N A , M . J. EVANS A N D  P. D . HUMK.E

Now, assume that f  (a)>f (b) for some pair of points a and b satisfying —
Furthermore, assume \a\^b. (The proof in the case when \a\>b is 

obtained by interchanging the roles of a and b in the ensuing arguments.)
It is a consequence of (1) that \S„f}[b/2, 3b/4]\*>b/8. Thus, if we set

F =  {*€[0,6/2]: (x+b)/2eS„],
then \F\*>b/4 and

F c G e  {*£[0, Ы 2]: f(x )  </(a)}.

Since /  is measurable, it follows that |G|=-6/4. Now set P={(a + x)/2: xfG}, 
and let 70 be the smallest closed interval containing 0 and the set P. It is evident 
that \P\>bß and \I0\^b/2; hence, |.РП/0| =  |P|=-|/0|/4. But, since Р П 5п=0, 
this contradicts (1) and the proof is complete.

Theorem 1. I f  f:  R-+R is measurable, then \ J S —, / |= 0 .

Proof. From Lemma 1 we see that if /  is approximately continuous at a 
point x0 of outer density of S„, then x0 is necessarily in ./. Then since almost every 
point of S„ is both a point of approximate continuity of /  and a point of outer 
density of Sn, it follows that IS),— J \= 0  for each index n, and the theorem 
is proved.

We now proceed to establish the smallness of in the topological sense
for functions possessing the Denjoy property. (Here we say that a function / :  R-~R 
has the Denjoy property if for every pair of open intervals I  and J  the set / П / _1(Т) 
is either empty or of positive Lebesgue measure; we note that the class of functions 
having the Denjoy property contains the class of approximately continuous func­
tions and the class of Baire*l Darboux functions, recently introduced by 
R. J. O’Malley [5].) First we prove two lemmas which may have interest in­
dependent of the theorem they precede.

Lemma 2. Let f :  R —R have the Denjoy property. I f  Sn is dense in an open in­
tro 'll /, then fez Sn.

Proof. Suppose /  is not contained in S„ and for notational simplicity assume 
0£7— S„. Since Oft S„ there is a number h satisfying 0<A <l/n such that / ( —/?)> 
> /(/;). Choose d such that 0<<5-=;min {/?, l/n —h] and (— 5, S)czl. Employing 
the Denjoy property of f  we can find two sets A and В of positive measure such 
that Acz(—h — ö , —h + ő),B<z(h — ő,h  + ö) and

(2) f(a )> f(b )  for all a£A, b£B.

Let C={(a + b)/2: a£A, bdB}. Since A and В have positive measure, C must con­
tain an interval (see [2, Theorem B, p. 68]). Furthermore C c (— S, ő)czl, and 
C flS n=0 because of (2). This contradicts the hypothesis that S„ is dense in 7, 
and the proof is complete.

The next lemma generalizes Theorem 1 of [4] where the same result is proved 
for continuous functions by different methods. We should also observe that based 
on the following result, it is easy to verify that all fifteen theorems and corollaries 
proved in [4] for continuous functions remain true for functions possessing the 
Denjoy property.
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Lemma 3. I f  f: R-+R has the Denjoy property and is nowhere monotone, then 
Sn is nowhere dense and hence J s is of the first category.

Proof. Let /  be any open interval. As /  is nowhere monotone, to each positive 
integer n there correspond two points an and bn in I  such that 0<h„ — a„<2/n and 
f(a„)> f(bn). Hence (a„ + bn)/2 is in I —Sn, and in view of Lemma 2 this lemma 
is proved.

Theorem 2. I f  f:  R-+R has the Denjoy property, then J s—J  is o f the 
first category.

Proof. Let I  be any open interval. If /  is nowhere monotone on /, then Sn 
is nowhere dense in I  by Lemma 3. If /  is monotone on an open subinterval J 
of /, then it is evident that (S„ — fí)f)J=Q . Therefore, in either case, the set 
Sn—J  is not dense in /, and the theorem obtains.

We conclude this section by establishing the following improved version of 
Lemma 2 for approximately continuous functions; this result will be used to 
determine a certain property of the function constructed in the third example of 
the next section.

Lemma 4 . I f  f:  R — R is approximately continuous, then S„ is a closed set.
Proof. Let x0 be a limit point of Sn, and without loss of generality assume 

that x„ =  0 and that there exists a sequence of positive numbers x1, x 2,... in Sn 
with 0. Suppose 0(£ Sn. Then there is an h0 such that 0 <  A0<  l/я and 
Д-Ао)=-/(Ло). Set

T = {x: f(x)  [/(&„)+/(—A0)]/2}.
Then, as f  is approximately continuous at h0, there exists a positive number <)„ 
such that |/гП Г|>0 for each (5 in (0, <50), where Iö = (h0 — ő, h0+6). Set

Ji = {x: (x+y)/2 = xk for some y £ ld}.
Since xkd Sn we have

| ^ П Г | ё | / аП Г |> «5  (0<<$<<5*),
where <5q =min (<5„, h0, 1 /n — h0). Then, since =( — h0 — ő, —h0+S) as k -+°°,
it follows that for each <5 in (0, <5J). Therefore, by the approximate
continuity of /  at — h0, we have —hffi T. This is a contradiction, and the lemma 
is established.

§ 2. Examples

In this section we exhibit functions for which the set — J  is not “small” 
in one sense or another. Before presenting these examples we observe that if G 
is an additive group of real numbers and if /  is the characteristic function of G, 
then G (^.fs. Furthermore, if both G and its complement are dense in R, then 
J  is empty. These observations are used in the first two examples given.

We begin by proving that in general the set need not be small in either
the topological or the measure-theoretic sense, that is, neither Theorem 1 nor 
Theorem 2 is true for arbitrary functions.
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Example 1. There is a function f  such that is both nonmeasurable and
o f the second category in every interval.

Proof. We use transfinite induction to define an additive group G. Let P0, Px, 
..., Pa, ... (a< coc) be а transfinite sequence of all nowhere dense perfect subsets 
of R, where a>c is the initial ordinal having the power c of the continuum. For each 
subset A of R  we use {A ) to denote the smallest group containing all rational 
multiples of the elements of A.

Let x0 and y0 be elements of P0 such that (  {x0}) П ( {>’0}) =  {0}. Now suppose 
that a<coc and that for each ß <oc there exist elements xfl and yf! in Pfl such that

< K : a ^ ß } ) = { 0 } .
It then follows that

{{x„: a <  а» П  ({y„: <x <  a}> =  {0}.
Now card (a) <  c implies that ({x„: o<a,}ö{ya: rr<*}) has cardinality less than 
c. Hence, as card(PJ=c, there is a point xa£ Pa such that

**€<{**: a <  a}U {ya: a <  a}>.

Similarly, the cardinality of aSa.}U {ya: tr<a}) is less than c and there
is a point ya£Px such that

У А ({ха: er = a}U {y„: a <  a}>.
It is easily verified that

<{xff: a =. ot}>n <{y„: cr ^  a}> = {0}, 

and this completes the induction.
Now set G = ({x<x: a<cuc}) and G' = ({yx: a<cuc}). Then G nG ' = {0} and 

both G and G' are additive groups of real numbers each of which contains at least 
one point from every nowhere dense perfect set. As such, both G and G' are non­
measurable and of the second category in every interval. So if /  is the characteristic 
function of G, then the example follows from the introductory remarks of 
this section.

In [1] it is shown that J  is of type Göa for an arbitrary function. Example 1 
shows that J s need not be measurable.

Example 1 can be used to make another interesting observation. Let /  be 
a function from R  to R and consider

f s(x) = limsup
J A—0

f(x  + h)—f ( x  — h) 
2 h

In 1927, A. K hintchine [3] proved the following result.

Theorem K. I f  f:  R-+R is measurable, then f  has a finite derivative f'(x )  at 
almost every point x  where / '  (x) -= ° ° .

Letting /  be the characteristic function of the group G constructed in 
Example 1, we see that Theorem К  cannot be extended to arbitrary functions 
since / s(x) = 0 for each xfG  and yet f '(x )  exists for no x f  G.
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The following apparently unpublished theorem of Paul Erdős (Budapest) was 
communicated to us by Jan Mycielski (Boulder) via James Foran (Kansas City). 
In particular, this theorem entails that the continuum hypothesis implies that the 
hypothesis on the function in Theorem 2 cannot be weakened to measurability.

Theorem E. The continuum hypothesis implies the existence o f both (1) a group 
of real numbers that is o f measure zero and of the second category, and (2) a group 
of real numbers that is o f the first category and not o f measure zero.

Proof. The proofs for (1) and (2) are essentially identical. We shall give the 
proof of (1) with the necessary changes for the proof of (2) indicated parenthetically. 
Let A0, Ax, ..., Ax, ... (a<<uc) be а transfinite sequence of all subsets of R which 
are F„ and of the first category [Gá and of measure zero]. We construct a sequence 
of groups G0, Gx, ... ,  Gx, ... (oc<c%) such that each Gx satisfies the follow­
ing properties:

(i) Gx is countable,
(ii) Gß a  Ga, Gß ^ G x for ß <  я,

(ifi) GxPlAp ~  GpC\ Ap for /? S  a.
If this is done, then the group G— IJ Ga has the required properties; it is of

a<coc
measure zero because G has a countable intersection with any first category F„ 
subset of R whose complement is of measure zero; it is not of the first category 
because G is not contained in any of the Аа (0Sa-<£Oc) [it is of the first category 
because G has a countable intersection with each residual G3 subset of measure 
zero of R; it is not of measure zero because G is not contained in any of 
the d„(Oso!<cöt)].

We construct Gx(0^.ckcoc) by induction. Let G0 be the group of rational 
numbers and suppose that for some át<enc the groups C ,(0 ^ « < d) have been 
defined and satisfy the properties (i)—(iii).

Let GJ = U Gx and choose jc not in the union
а<а

(*) U {x: nx+ g£Ax for some rational number n^O and g€G|}.
а<а

Such an x  exists since, under the assumption of the continuum hypothesis, the union 
in (* ) is a countable union of sets of the first category [measure zero].

Now define Gá =  (GÍ U{x}), where the notation is the same as in Example 1. 
Each of the inductive properties (i)—(iii) is easily seen to be satisfied by G&, and 
consequently the theorem is proved.

If f  is the characteristic function of the group G constructed above to 
establish (1) in Theorem E, then /  is measurable and is of the second
category. Consequently, we have (or rather Erdős has) established the follow­
ing example.

Example 2. There is a measurable function f: R^-R for which — ̂  is of 
the second category.
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From Theorems 1 and 2 it follows that if / :  f?— R has the Denjoy property 
then the set is of measure zero and of the first category; nevertheless, this
set can be uncountable even if /  is continuous as our closing example shows.

Example 3. There is a continuous function f:  R --R  for which ,TS — J  is 
uncountable.

Proof. Let T denote the Cantor middle (3/5)ths set in [0, 1], and let {(an, t 
be the open intervals in [0, 1] contiguous to T. Let g: R-~R be the function 
given by

g(*) =<

x,
—x + l /3,

0,
—X T 2/3, 

x - l ,

*€(-°°, 1/6] 
*€(1/6, 1/3] 
*€(1/3, 2/3] 
*€(2/3, 5/6] 
*€(5/6, =o)

and then define the function f:  R ^ R  by

0,

/(*)

g(*X

* € T

*€(a„, bn) 

x £ R -[  0, 1].

It is readily observed that /  is continuous and satisfies the following pro­
perties; (i) I f ( x ) I ̂ distance from x to T, and (ii) for each x£T, f  assumes both 
positive and negative values in each open interval abutting x  on the right or in 
each open interval abutting x  on the left.

By (ii) and the fact that f{ x )= 0 for each x£T, it follows that J*Tir=0. 
However, Г с / “; indeed, TczS1. To see this it suffices to note that S) is closed 
by Lemma 4, that the set of endpoints of the intervals contiguous to T  is dense 
in T, and that every such endpoint belongs to Sx. The last observation follows 
readily from (i). Then since T  is uncountable, the example is established.
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ON A COMMUTIVITY THEOREM OF LUH
By

A. RICHOUX (Raleigh)

In his paper, J. Luh [1] showed that a primary ring with unity element 1 
which satisfies the identities

l(xy)k = xkyk, k = n,n  + l,n + 2  for all x, y£R,
^  I where n is fixed integer s i ,

is commutative. This result has subsequently been generalized by A. K aya [2] 
and by S. Ligh and A. R ichoux [3]. Ligh and Richoux showed that any ring 
with unity element 1 which satisfies the identities (1) is commutative. A. Kaya 
proved that a ring satisfying the identities

(2)

(xy)* =  xkyk, к = n(x, у), n(x, у), n(x, y )+ 1, n(x, y) + 2 
for all x ,y£ R , where n(x, y) is an integer s  1 
which depends on x and y,

is commutative if it is a primary ring with 1 or if it is a semi-prime ring with 1. 
In this paper we will show that a ring which satisfies the identities (2) is commutative 
i f  it has 1 or if it has no nilpotents. In the following R is understood to be any ring 
which satisfies (2).

We begin with a simple observation. Let x, у OR and suppose x ‘yJ=0 for 
some integers i, j= l .  Then for nx=n(x, y) + l> l ,  (xy)"i=x"iyni. If max {/, y}>«x, 
then for n2—я(х”1 , y i)  + 1 >1, we have (xy)"i" 2  =  (x"iyi)"2 = xni"ay” ina with 
n1n2>n1. Proceeding in this way we eventually reach the point where

(xy)nl ”2 ■' ■ Пг = x',ln2-”Wr уП1п2’--Пг

with n1n2... пгШтах {i, j}. Thus xy is nilpotent. But so is yx.
Now the identities

(3) xk(ykx -  xyk)y = 0, к =  n (x, у), n (x, у)+1
follow immediately from the identities (2) and will be used below.

T heorem  1. I f  R has no nilpotents, then R is commutative.
P r o o f . From the identities (3) and the observations noted above, for all 

x, y£R, (y'x — xy‘)yx  is nilpotent for i—n(x,y), n(x, y) + \- Thus the identities

(y(x -  xy‘)yx = 0, i = n(x,y), n (x, y) + 1
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hold for all x ,y£ R . So for i —n(x,y),

0 = (y,+1x —x y '+1)yx—у [(y'x —ху‘)ух] =  (уху1—xyi+1)yx =  (yx—xy)yi+1x
holds for all x, y£R. But then x(yx — xy)yn<-x,y)+1 is nilpotent and so 
x (y x  — xy)yn<-x’y)+1 = 0 for all x, y£R. Then again by our observation above, 
y[x(yx—xy)] = 0 holds for all x, y£R. By substituting x for у  and у  for x into this 
last identity, we get xy(xy—yx) = 0 for all x, y<E R. Adding these last two identities, 
we reach (yx—xy)2=0 for all x, y£R  and so xy= yx  for all x, y£R.

Lemma 1. I f  R has unity element 1, nilpotents are in the centre Z  of R.
Proof. Let x£ R  be nilpotent. Note that for any r£R, r(x + l)—(x+ l)r=  

= rx —xr. So by (3), the identites

(x + 1)‘ (y'x— xy')y =  0, i = n (x + l,y ) , n (x + l ,y )+ l
hold for all ydR. Then since 1 + x  is a unit in R, the identities

(yix —xyi)y =  0, i =  n (x + l,y ) и (x + 1, у) +1
hold for all y£R. But then for i= n (x+ l, y),

0 = (y‘+1x —xyi+1) y - y [ ( / x —ху‘> ] = (уху‘ — ху!+1)у = (yx~ xy)y i+1
holds for all y£R.

Now let у £ R. Out of all integers i^O  suchthat (y x -x y )y ‘ = 0, pick /0 which 
is minimal with respect to this property. Suppose /„>0. Then there exists an 
integer j > 0 such that

0 =  [0  + 1 )х -х (у +  1)](у+1У = (yx —xy)(y+iy.
But

0 = (ух- x y )(у +1 )Jy'«- 1 =  (ух xy) Д  { { )  y k+i°~1 =  (y x -x y )y 'o -1

which contradicts the minimality of Thus i0 = 0 and yx=xy.
T heorem 2. I f  R has 1, R is commutative.
Proof. Let N  be the collection o f nilpotents in R. By Lemma 1, TV is an ideal. 

By Theorem 1, R/N  is commutative. Thus for all x, y f  R, xy—yx£N Q Z . Then 
by (3), the identities

0 = х;[(у 'х -х у ‘)у] = [(y‘x —xy‘)y]x', i = n (x, y), n(x, y ) + 1 
hold for all x,y£R . So for j= n(x, y), the identity

0 =  (yi+1x —xyi+1)yxj+1 — y[(yj x  — xyi)yxi]x = (y x y -x y j+1)yxj+1 =

=  (yx—xy)yi+1x i+1 = xj+1(yx~ xy)yJ+1

holds for all x, y£R-
Now let x, y£R. Of all such pairs i, / ^ 0  of integers such that x‘(yx —xy)yJ=0, 

pick a pair i0, j 0 such that i0 is minimal. Suppose /o>0. Then there exists an
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integer k^O  such that

0 =  (x +1)* [y (x +1) -  (x +1 )y]yk =  (x+ \)k(y x -x y )y k.
Then for 1 =max {y0, k),

0 = x‘o_1(x+ l)k(.FX—лтОу1 = ( и] x'«~1+fc (yx -  xy^y1 =  x'o-1(joc—xj^y1

which contradicts our choice of the pair i0, j 0. Thus /0 =  0 and (yx~ xy)y j«=0. 
We now have for all x,y£R , there exists an integer i= i(x, >0=0 such that 
(xy—yx)yl = 0. Let x,y£R . Pick the integer i0=0 which is minimal with respect 
to the property (yx — xy)y,» = 0. If /0 >0, then in a manner similar to the above, 
we reach a contradiction. Thus xy=yx.
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EXPLICIT BOUNDS FOR THE DEPARTURE FROM 
NORMALITY OF SUMS OF DEPENDENT RANDOM

VARIABLES
By

R. V. ERICKSON (Lansing), M. P. QUINE (Sydney) and N. C. WEBER (Sydney)

1. Introduction

In this paper, the substitution methods of D voretzky [4] are used to bound 
the departure from normality of a large class of processes which are martingales, 
or at least close to being martingales. Two main results are given. Theorem 2.1 
generalizes Theorem 1 of B a s u  [1] in the following ways: the function /  is not 
assumed to have a third derivative, the conditional expectations are not assumed 
to vanish, and the sum of the conditional variances is not assumed to be almost 
surely unity. As a corollary we are able to give a uniform bound on A (Sn, N ) which 
goes to zero for any array satisfying the conditions of Dvoretzky’s main theorem 
([4], Theorem 2.2). However, our result cannot give a rate of convergence for all 
systems satisfying the conditions of Corollary (2.7) of M cL eish  [7]. On the other 
hand McLeish’s result does not contain that of Dvoretzky as he claims. For if 
we take Xni, z=l, , n independent with

6(—l)i-1/(29n)1/2

X ni =  ■( 0

6(—l)*/(29n)1/2

p r o b l

prob la­

pról) у ,

then McLeish’s conditions (2.7 c, d) fail but the array satisfies Dvoretzky’s 
conditions.

Theorem (2.3) may be compared with other results in the literature. H eyde 
and B r o w n  [5] use the Skorokhod imbedding principle to obtain a bound of the 
same form as ours. However our method is comparatively direct, and yields a 
numerical bound for the constant; less importantly we remove their requirement 
that the row sum variance equal 1. Ba s u  [1, Theorem 2] deals with the special case 
where the row sum of the conditional variances is equal to 1. In this case our The­
orem 2.3 gives a better rate, and does not involve a conditional variance term. 
In the case of independent, identically distributed random variables, with third 
moments, our bound becomes 0(n~1,e) whereas that of Basu is 0(n-1/12); his 
claim of <9(w~1/1) when <5 =  1 and the variables are independent and uniformly 
bounded does not seem to follow from his Theorem 2. Finally we note that our 
methods of proof could also be used to give a similar bound to that in Theorem
(2.3) when the conditional expectations of the variables do not vanish.
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2. Notation and results

Let X — {Xnk, k=  1, n ; « = 1,2, ...} be an array of random variables. Put 
S„k = 2  Xnj, Sn = Sm. Let F= {Fnk, k = 0 ,. . . ,n ;  n= 1 ,2 ,...}  be an array

j=i
of «т-fields. Assume Xnk is Fnk measurable and FnkczFn k+1. Given (X, F), define 
the conditional expectation operators Enk(-) = E(,\F„k) and write

n
Hnk FK'k -1 Xnk, X„ k Xnk Hnk ? Sn 2  Xnj ,

t=i

oik = iX £ , Hn= 2  = 2
i=i j=1

Let C* be the class of real valued functions /  with second derivatives every­
where defined which, for some / <3), satisfy, for all y< x

f" (x )- f" (y )  =
У

and let Kf = \\ 1| / (3)||ет («VZ>=max (a, b)).

Define the stopping time r„ =  max | k: 2  al j— an£l random variables

Unk = X'kI(\X'k | S 1), Vnk =  X 'k -  Unk, *2 = 2 ° l j  and Ln = 2  En,k-i(\Unk\3 + V„\).
j =1 fc=i

If the random variables X, Y  have distribution functions F, G define A (X, Y) = 
=  supJF (x)-G (x)|. Let N  be 7V(0, 1).

(2.1) Theorem. Given (X, F ) and f£C* then if a>  1 and A =-0,

\Ef(Sn)-E f{N )\ ^  ^ / {(1+4я-1/2)£Т„ +  (1.5 + 4я-1/2) £ ( 1 - а 3) +

+ i-£ [(a 2- a 2) A u ] } + | | / l „ F K |/ ( k |  ^  h) +  2 ||/ |U [F (k | >  b) + P(o*> a)].

(2.2) Corollary. Given (X , F), then for any a> 1, 0

d(5„, TV) ^  2.6([FL„ + F ( l - a 2) F + F 1/4[(^ -^ )A a ])  + 2F(|/in| >  b) +

+  2F(u2 >  a) +  l b).

(2.3) Theorem. Given (X, F) above, if /л„к=0 for all n ,k , then for df (0, 1],
1/(3 +S)

d№,TV)^y(<5){ 2  E\Xnk\2+s + E \ l - a ^ M  
where y(<5)<21 • 6.
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3. Proofs of results

(3.1) L em m a . Given {X, F) above, suppose p„k—0 and rrn=  1 for all n, k. Then 
for any fd  C*,

\Ef(Sn)-E f(N )\ si Kf (\+ 4 n -^ )E L n.
P ro o f . We omit the proof, which is a straightforward extension of the methods 

of D vo retzk y  [4] (c.f. the proof of Theorem 1 of B a s u  [1]), using the fact that
\ f (x + t ) - f ( .x ) - t f ' (x ) - 'U t* r (x ) \  3 = Kf (t2/ \ t3\).

P ro o f  of T heorem  (2.1). Clearly,

\ E f { s n) - E f ( s ; ) I S  2 | | / | и р ( к |  >  b ) + l l / ' I L ^ k l / ( k l  s  b).

Define Wnk = X'nkI f k к = l, ...,n , W„t„+1 = N„(l-a*)1/a, N„ being unit nor­
mal variables independent of all other random variables. Then {Wnl, ..., IV„:„+1; 
Fno, ..., Fnn, FnnXa(Nn)} satisfies the conditions of Lemma (3.1) and so

E f [ S  W ^ - E f{ N )I =£ Kf ( \F 4 n ^ ) (E L n + E {\-y f)).

(*• 2  < = « ) ,Now introduce a new stopping time v(a)=max a > l .  Clearly,

( v(a) \ |
E f ( s ; ) - E f \  2  x ; k \\ s  >  a).

Vfc = 1 /I
From second order Taylor expansions,

(  v(o) \  (  n A I 1 (  V(a) \ 2
Ef V 2  X * \ - E f  \ 2 w nk ё т 11Я1-£ 2

V/c = i  /  \ k  = 1 / I  ^  Vfc=tn+1 /

and
s - j l i r i L W - e ö A e ] ,

|i?/ ( Д  ( Д  Wn] I  3S j  \\f"\\„E(l-tf).

The result now follows.
P roof of C o ro lla ry  (2.2). Consider f  {x)=g(d~l(x—b+d)), d>0, b real, 

where
' 0, x  <  0 

1x  4* ~z— sin 7i (2x — 1), x£[0, 1]
2.71g(x) =

1 , X  => 1.

Because of the “almost indicator” nature of /,
A(Sn, N ) 3S l E f i S J - E f i N f + C n r ^ d
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and so by using the bound of Theorem (2.1), tedious calculations to minimise this 
bound with respect to d yield the required result.

Proof of Theorem (2.3). Put / (x)=eizx(z, x  real). As noted in D oob [3, p.38] 

f ( x + t )  = / (* ) ( l  + i z t —^ z2í 2 + 0|zí|2+áj,
where

21 -*
101 ^  (2 + (5)(l + (5) '

Using the methods of D voretzky [4] again, it is clear that

\Ee**n-Ee*"\ ^  \6\ £  {E\zXnkr 6 + E\zGnkY j ^ }  ^
k = 1

^  \ e \ \ z r *  ( i + 2 ( ~ ) / * 1/2) 2 E \ x nk|2+*

from Jensen’s inequality. Thus

\EeizS"-E e ,tN\ ^  |0||z\2+öu(ő)LnS,
П

where Ln0= 2  E \X„k\2+Ó. Using Esseen’s theorem (see e.g. Loéve [6], p.285),
k = 1 и

A (5„, N) =  2n~1\6\u(ő)Lnö f  z1+d dz + 24/(n3l22ll2u)
0

whence by choosing и to minimise the bound

(3.2) A(Sn,N ) ^ c ( ö ) L t t3+»

where c(<5)<4-7 and c(l)^2 -23 . When P{ol= 1)<1, we again use the mar­
tingale difference sequence (Wnl, ..., lT„>n+1), for which we know, from (3.2)

(3.3) A i n£ W nk, w) S c m L nS+ E ( l - ^ n i/i3+S)-

At this stage it is convenient to introduce the Lévy distance between random 
variables X  and Y defined in terms of their distribution functions F, G as

A(X, Y) = inf {h: F (x—h)—h ^ G ( x ) ^ F ( x + h )  + h, V*}

It is easily show, that

(3.4) Л(Х, У) eVPflJf-У  | >  e), for all e >  0,

(3.5) A(X, N ) S e = > A (X ,N )^ £(1+(2л)~ ^2).
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Using (3.4) and Chebyshev,

(3.6) 4 SV*’ s 6 V £ r M+1
4  = 1 k = l  /

Ä [21+1/2ая^1/2Г £(1 -otf)
-.1/(3+ 3)

Л +1/25

Now note that {Un)i/(T„<&), к=  1, ...,«} is a martingale difference sequence 
with respect to {Fn0, ..., Fnn}, and that

n
k = 1

k )=  2  *»*•
k = i„ + l

Using the inequality (21.5) of B u r k h o l d e r  [2], with Ф(A)=/^2+', (whence his 
c==2- 102+á),

n 2 + Ő n
E s „ -  Z w A

k = 1
=  E 2  x „ k

* =  T„  + 1

r (  n >.1+1/23 „
^  2 - 1 0 2+0\l i  2  °nk +  £  2L Kk=z„+1  >'  k = tn+ 1 J

Using (3.4) and Chebyshev again,

f  " t  r ( " 1 + 1/23 „ IV

( 3 .7 )  л  1 2 w nk, •S’«! = V- О к» + d» - 2  °lk + E  2  Ä * M
4  =  1 > 1 4 = т п+1 ’ t = T„ + l U

Now
(3.8)

E ( l  — ос2)1+1/2,5 =  3= E \ \ - a 2|1+1/2á +  T„*

and

(3.9) В Д - a2)1+1/M S  l)*++1/"  + £(l -<4)1+1/" /(т . < n)) S

=  21/м(£ |1 -< 7 2|1+1/2Ч А ,г).

Therefore combining (3.6) to (3.9) we get

(3.10) ^ ( " iV r f .S . )  == n(á)[Una +  £ | l - <72r i/M]1/(3+«
where

Г (  3 4-/S ч т ^ з+ з)®(á) = Ь1+1/2гл-1/2Г I—j-Jj +[2 -102+á(l+21/2á)]1/(3+á).
Using (3.5), (3.3) and (3.10) we see

A(Sn, N) S  y(S)[LnS+E \l-a*n\1+1'**]in3+i)
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INDEPENDENTLY SCATTERED MEASURES1

By
S. KHALILI (Cleveland)

1. Introduction

There are numerous practical problems of a probabilistic nature where the 
classical notion of a stochastic process is not particularly germane. For instance, 
in the problem of investigating the quantity of rain or crop in different regions, 
the relevant and useful mathematical concept is the set function which assigns 
a random variable to each region, briefly a random measure2. Similar situations 
arise in the study of spatial distribution of stars or galaxies in space, of bacteria 
on a slide, of population in a city, etc. Besides their applicability to such physical 
situations, random measures also perform an important role in the theory of 
ordinary stochastic processes. Associated with many stochastic processes, there 
are random measures. For instance, a continuous time strictly or wide sense station­
ary, purely non-determinisitic stochastic process has an associated “innovation” 
random measure, and this fact is crucial in the theory. In such situations the pro­
cess is expressible as a stochastic integral of the random measure. Random measures 
also have the merit of generalizing more readily than random processes. For in­
stance, when the parameter domain is a general measure space (A, sé, m) it is 
much easier to define a Brownian motion random measure over A than it is to 
define a Brownian motion stochastic process over A [cf. 9, 10].

In many practical problems, the assumption of independence of the random 
variables associated with disjoint sets is also quite reasonable. For example, crop 
yields of different areas greatly separated geographically, or the number of people 
with certain IQ residing in different sections of a country can be assumed to be 
independent random variables. For all practical purposes, finiteness of variance 
of the random variables is also a very reasonable assumption. Thus Z,2-valued 
independently scattered measures are latent in many problems of a stochastic nature.

The theory of independently scattered measures has been studied by C r a m er  [1], 
K in g m a n  [8], Prék o pa  [14, 15, 16], U r  bá nik  [17] and others. The corresponding 
wide sense concept is that of an orthogonally scattered measure, the theory of 
which has been presented in detail by M a sa n i [12]. This paper deals with measures 
that are independently and orthogonally scattered.

In section 2 we present the basic definitions and elementary properties of 
L2 -valued independently scattered measures. Section 3 deals with the fundamental 
question of Hahn-extension of such measures. In section 4 we show that associated

1 This paper is based on a part of the author’s Ph. D. Thesis written under the direction of 
Professor P. R. Masani at the University of Pittsburgh.

2 A  random measure is a special case of a random field, viz., a collection {xл: A 6 A} o f random 
variables, where A is any parameter set. For random measures, the parameter set A is a collection 
of subsets of a given set.
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with every L2-valued function with independent increments is a L2-valued countably 
additive independently scattered measure. Finally in section 5 we discuss the 
relationship between countable additivity in the L2-topology, countable additivity 
in the “pseudo topology” of a.e. convergence, and countable additivity in the 
topology of convergence in probability.

The following notation will be used throughout the paper.
N o t a t io n , (i) R and C denote the fields of real and complex numbers re­

spectively.
(ii) N0+ and N+ denote the set of non-negative and positive integers re­

spectively.
(iii) For a topological space A, Bl(A) denotes the Borel family of A, i.e., 

the e-algebra generated by the open sets of A.
(iv) (Q,SP,P) is a probability space and L2=L2(Q, 38, P\ !F), J^ = R or C.

2. Definition and elementary properties of c.a.i.s. measures

The most convenient domain on which to define our measures initially is a pre-ring.
2.1. D efinition. We say that SP is a pre-ring over the set A iff SP is a non void 

collection of subsets of A such that for each A, BSSP,
(О Апве<?-,

(ii) there exist «&1 and disjoint sets Cl5 C2, ..., C „ s u c h  that A \ B =
= U(Cji i =  l, 2, ...,«}.

2.2. D efinition. Let SP be a pre-ring over A. Then we say that C is a L2-valued 
countably additive independently scattered (c.a.i.s.) measure on SP iff

(i) £ is a function on SP to L2;
(ii) if (Ak) is a sequence of pairwise disjoint sets in SP such that A = \J AkdSP,

1

then 2! £(A ) converges unconditionally in L2 to £(T);
k  =  1

(iii) if «3=1, A,, A2, . . . ,A  „SíSP and AI are disjoint, then {£04;): i= l,  2, ..., n) 
is a collection of independent random variables.

2.3. D efinition. Let f b e a  pre-ring over A . Then we say that is a L2-valued 
countably additive orthogonally scattered (c.a.o.s.) measure on SP iff (i) and (ii) 
as in 2.2;

(iii) if A, BdSP, and A D B  — Q, then (b,(A), £(B)) = 0 where (•, •) denotes 
the inner product in L2.

It is trivial to show that not every c.a.o.s. measure is necessarily c.a.i.s. and 
vice versa.

The following lemma will be needed in the sequel.
2.4. Lemma. Let SP be pre-ring over A and C be a L.,-valued c.a.i.s. measure 

on SP. Then
(a) E[c (•)] is an IF-valued measure on 3P;
(b) >/(•) =  £ (•) —£[£(•)] is a l.2-valued c.a.i.o.s. measure on SP.
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Using the above lemma we easily obtain the following necessary and sufficient 
condition for a c.a.i.s. measure  ̂ on a ring ЗА to be orthogonally scattered.

2.5. Proposition. Let ЗА be a ring over a set A, £, be a L2-valued c.a.i.s. measure 
on ЗА, and m( - ) = £[£( •)]. Then the following are equivalent:

(a) c is orthogonally scattered on 3A\
(b) m (•) assumes at most one non-zero value on Я ;
(c) either for all Af .̂'A, m(A)=0 or m is concentrated on a single atom, i.e., 

there exists A3 ЗА such that m (A)^0, for all B f2AC\3A, m(B) = 0 or m(B)=m(A), 
and for all C33A such that СПА=0, m(C) = 0.

Proof. (a)=*(b): Let c, be orthogonally scattered. Suppose ЗА, B f Я  such 
that т(А)?±0Ат(В). Let а =т(АГ)В). Then

0 = ({(А),{(В\А)) = Е[3(А)]Е[3(3\А)] = т (А)т (В \А).

Hence т (В \А ) = 0, and therefore т(В)=т(АПВ) + т (В \А ) = а. Using the 
same argument we can show that m(A) = ot.

(b)=>-(a): Suppose m assumes at most one non-zero value. Let А, B3.3A and 
ЛП2? =  0. Since m(A UB)=m(A) + m(B) at least one of the terms on the right 
hand side of the above equation must be zero. Hence ({(A), £(ß))=m(A)m(B) = 0.

(b)=>-(c) follows from the fact that m is a countably additive .^-valued meas­
ure on ЗА.

The following example shows that for a c.a.i.o.s. measure  ̂ on a ring ЗА, it 
is not generally true that £[£( •)] is identically equal to zero.

2.6. Example. Let (i) Xx and X., be independent Gaussian random variables 
on (Q, ЗА, P) such that E[X^\ = 1, and E[X?\=0; (ii) A —{1,2}, and 3A = 
= {0, {1}, {2}, {1, 2» ; (iii) £({1}) = * ,,  Ш2}) = * 2, and {({1, 2})=Xx + X2. It is 
easy to verify that £ is a L2-valued c.a.i.o.s. measure on ЗА. However £■[<!;(•)] is 
not identically equal to zero.

Concerning c.a.o.s. measures, the Pythagorean identity [7, p. 14] at once yields
2.7. Lemma. Let ^ be a L2-va/ued c.a.o.s. measure on a pre-ring 3P over Л . 

Then II £ (•)!!2 is a finite, non-negative, countably additive measure on ЗА.
2.8. Definition. Let ЗА be a pre-ring over A and £ be a Z.2-valueci c.a.o.s. 

measure on ЗА. Then /ic;( • ) =  l | i ( • )ll2 is called the control measure of t.
We conclude this section by showing that when the control measure of a 

c.a.i.o.s. measure £ has the Darboux property, then expected value of £ is identi­
cally equal to zero.

2.9. Theorem. Let ЗА be a д-ring over a set A and ^ be a L2-valued c.a.i.o.s. 
measure on ЗА such that /1 « has the Darboux property, i.e. for all АЗЗА,
^  p%(A)=> there exists B3.3A3BQA and p fB )  = a. Then for all A33A, £[£(Л)]=0.

Proof. Let ra (•) = £[£(•)]• By Proposition 2.5, m can assume at most one 
non-zero value ß. Let A3.3A and m(A)=ß. Using countable additivity of pe and 
m and the Darboux property of ps, we can easily construct a sequence C„ in ЗА 
such that А32Сх^ С 2 ... and for all « S l,  pi (C„) = ß/n and m(C„) = ß. Therefore
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36 S. KHALILI

Hí ((Л C„) =0 and m ( n  C„) =ß. But н  ( f | С„) =  || « (fi С.) ||*. Hence £ (f) С„) =  0 
а.е. (Р) and therefore

/? = т (п С л) = ; ф ( п С п)] = 0,

3. Hahn extension of c.a.i.s. measures

Masani [12, pp. 68—70] has shown that every Hilbert space valued c.a.o.s. 
measure £ on a pre-ring SP can be uniquely extended to a c.a.o.s. measure on the 
<5-ring of sets of finite fi measure where fi is the Hahn extension of to the cr-ring 
generated by SP. In this section we will show (Theorem 3.8) that if £ is a L2-valued 
c.a.i.o.s. measure on SP, then the i ,2-valued c.a.o.s. extension of t  is in fact a L2 
valued c.a.i.s. measure. As a simple corollary of this result we get the Hahn ex­
tension theorem for c.a.i.s. measures (Theorem 3.10). The following assumptions 
will be understood.

3.1. Assumptions, (i) £ is a L 2-valued c.a.i.o.s. measure on the pre-ring 8P 
of subsets of Л.

(ii) ß is the (unique) non-negative countably additive extension of д* to the 
(т-ring I  generated by SP\

(ifi) sé = {A: A dZ  and ß(A) <°°}.

(iv) Ф= {E : E — U Pk, n d N +, PkdäP and Pk disjoint}.

m n
3.2. Lemma. Let EdSP and (J  Pt=E=  U Q,, where Pt, Q,d3P, Pi are pairwise

l l
disjoint and Qj are pairwise disjoint. Then

Z Z ( P i ) =  Zc(Qj) .i=i i=i

Proof. See [12, Lemma A1.2, p. 112].
The last lemma shows that the following definition is unequivocal.

3.3. Definition. Let Ed$. We define

Ш )  = 2 Z (P di'=l
/2

where {Pp. i= l,  2, ..., n} is any disjoint collection of sets in 3PpE={J Pt.
l

Using elementary properties of independent random variables one can easily 
prove the following result.
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3.4. Lemma, f given by 3.3 is a c.a.i.o.s. measure on the ring Ф with control 
measure ß restricted to SP.

Following Masani [12, pp. 68—70, 112—115], we use the denseness of 3P in 
s i  in the metric given by

for all A ,B dsi, q(A, B) = ß(AAB)
to extend f  to si.

3.5. Definition. Let A d s i. We define

Ш )  =  L i.m .?(£B)П-*- oo

where (En) is any sequence in Фэв(Еп, A)—0 as
3.6. Proposition. The last definition is unequivocal and % is a c.a.o.s. measure 

on s i  with control measure ß restricted to s i .
Proof. See [12, Theorem 2.3, p. 69].
In order to prove that the measure |  defined in 3.5 is independently scattered 

on s i , we need a lemma from probability theory which we shall give in its complete 
generality for future use.

3.7. Lemma. Let ra£N+ and (LT„), ..., (mXn) be sequences o f random
variables such that

(i) for all иё1, [JXn; y = l,2 , ..., m) is a collection of independent random 
variables;

(ii) for all j  £{l, 2, , m}, plim JX„ = jX.

Then the collection o f (limiting) random variables {lX, 2X, ..., mX} is independent. 
Proof is straightforward and will not be presented here.
3.8. Theorem, f  given by 3.5 is a L2-valued c.a.i.o.s. measure on sd with control 

measure ß restricted to s i .
Proof. By Proposition 3.6, £ is a c.a.o.s. measure on ,<J with control measure 

ß restricted to si. Flence it suffices to show that f  is independently scattered.
Let пш \, and Ar, A2, ..., An be pairwise disjoint sets in ,si. Since Ф is dense 

in s i  in the topology induced by the metric

for all A ,B £ s i, q(A, B) = ß(AAB),

for all /6 {1,2, ..., n), there exists a sequence (‘Ek) in 0* such that hm q(‘Ek, Aß = 0. 
Hence given e>0, there exist /c06N+ such that for all k ^ k 0 and (1, 2, ..., и},

(1) ß(iEk\ A i)<e/(n + 2) and А (А (\‘Ек) <  e/(n+2).

Let for all k ^  1, and id {1, 2, ...,«}, lFk — iEk\ \ J JEk .
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Clearly for all 1 and /€{1,2, ‘Рк^Ф. Moreover, for all 6^1, >fk are
pairwise disjoint. Since ‘Рк^ {Ек, for all кш к0, /€{1,2, . .. ,« } we have

(2) р?Рк\А } ^ е К п + 2 ) .

Using the fact that Aj are pairwise disjoint, one can easily verify that

A , \ ‘Fk g  ( А \ % )  U [(At П % ) \ ‘Рк] g  ( А ; \ % )  U [ (J № \ / ( у)] .
Therefore

(3) fi (At\ ‘Pk) ^  fi(At\ % )  +  2  ß № V y )  ^  + - ^  =  •

Combining (2) and (3) we get

for all k ^ k 0, /€{1 ,2 ,...,«} , fi(A,A ‘Pk) < e.

Hence by 3.5 we have for all /€{1,2, ..., «}

f  (Л J  =  1 i.m.
K - * - o o

Since for all & £l, ‘F* are disjoint, { |(;Ft): /=1, 2, ...,«} is a collection of in­
dependent random variables. _ Since convergence in L2 implies convergence in 
probability, by lemma 3.7, {^(Afi: /= 1 ,2 , ..., n) is a collection of independent 
random variables.

As an immediate corollary of the above theorem we get:
3.9. Corollary. I f  for all A^SP, E[c(A)]=0, then for all A f  s i, Е[£,(А)\=0.

Using lemma 2.4 and theorem 3.8 one can easily prove the following result 
on the Hahn extension of L2-valued countably additive independently scattered 
measures.

3.10. Theorem. Let rj be a L2-valued c.a.i.s. measure on the pre-ring SP of sub­
sets o f A, and £(-)= ri(’) — Then (a) £, is a c.a.i.o.s. measure on 3P\ (b) r\
can be uniquely extended to a c.a.i.s. measure ij on the ö-ring

s i  = {A: A£o-ring(SP) and fi(A) <  oo j

where fi is the Hahn extension o f pi to the a-ring s i  generated by SP.

4. Functions with independent increments

Every C-valued function on R which is locally of bounded variation gives 
rise to a C-valued measure on a sub (5-ring of Bl(R) and every Hibert space valued 
function on R with orthogonal increments gives rise to a c.a.o.s. measure on a 
sub <5-ring of Bl(R) [cf. 12, Theorem 8.6, pp. 100—101]. We will now show, in a
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INDEPENDENTLY SCATTERED MEASURES 39

similar vein, that every L2-valued function on a subinterval A of R having in­
dependent increments gives rise to a L,-valued c.a.i.s. measure on a sub (5-ring 
of Bl(A).

4.1. D efin itio n . Let A be a subinterval of R and J Í  be a family of valued
random variables on (Q,3S,P) where J^ = R or C. Then we say that *(•) is an 
Ji-valued function on A with independent increments iff (i) x( •) is a function on 
A to J i\ (ii) for all «6N+, /15/2, г1< /2ё?3<?4...<?л=>{*(?;)-х(г; _1):

j= 2, 3, ..., n} is a collection of independent random variables.
4.2. T heorem . Let (i) A be a subinterval of R and x( •) be a L2-valued function 

on A with independet increments yfor all tdA, £[x(/)]=0; (ii) 3P = {(a, b\: a ^ b  
and (a,b\<fzA).

Then there exists a unique L2-valued c.a.i.s. measure C on SA such that for all 
(a, b]e&>, £(a, b]=x(b + ) -x (a  + ).

P roof. It is known [cf. 12, Theorem 8.6, p. 100] that there exists a unique 
c.a.o.s. measure £ on & such that for all (a, b]£0>, £(a, b\=x(b-\-) — x(a+). Hence 
it suffices to show that £ is independently scattered. Let n€N + and for all 
/€{1,2, ...,«}, (я;,/>,]€^ with а1^Ь 1̂ а г^ Ь 2...<Ьп. By [5, p. 100] x{- +  ) is 
right continuous on L2 and there exists a countable set C Q A  such that for all 
t£ A \C , x ( t—)= x(t)= x(t+ ). Let l ^ iS n .  Then there exist sequences (‘tm)y 

sm) in /1 \C  such that 7mia; and ismlbi. Clearly these sequences can be chosen 
such that for all шё1

a, < ‘t,n <  <  ‘sm < ai+1 if b; < ai+1

bi = fl,+i <  lsm = i+1tm <  bl+1 if b i= a i+1.

Hence for all m s l ,  {x('im) — x (‘tm): /=1,2 , ...,«}  is a sequence of independent 
random variables. Using right continuity of v:(* + ) in L2, and the fact that con­
vergence in L2 implies convergence in probability we get for all /€{1,2, . . . ,n }

b t] =  plim {xC'sJ-xC'/J}.

Hence by Lemma 3.7, {£(а,-,/>г]: /=1, 2, ...,n }  is independent.
Our Hahn-extension theorem (Theorem 3.8) now guarantees that £ has a 

unique c.a.i.s. extension £ to the <5-ring of sets of finite Д measure, where Д is the 
Hahn-extension of the control measure of £ to the Bl(A). We have thus established 
the following theorem.

4.3 . T heo rem . Let A be a subinterval o f R and x( • )  be a L2-valed function 
on A with independent increments such that for all ?€ /1, E\x{t)] =0. Then

(a) there exists a unique non-negative, о-finite, countably additive measure p 
on Bl(A) such that for all (a ,b \(=.A, p(a, b\ = \\x(b + ) — x(a-\-)\\2',

(b) there exists a unique L2-valued c.a.i.o.s. measure on sd ={A: A € Bl(A) 
and fl(4 )coo} such that for all {a, b]Q.A, |(а , b]=x(b + ) —x(a+).
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5. Different types of countable additivity

We now discuss three different types of countable additivity for a random 
measure depending on whether the “topology” used is that of L2 -convergence, 
convergence in probability or a.e. convergence.

5.1. T h e o r em . Let 01 be a ring of subsets o f A and b be a L 2-valued independently 
scattered measure on 3/1. Then the following are equivalent:

(a) b is countably additive in the topology o f convergence in probability; more 
fully, i f  (Ak) is a sequence o f pairwise disjoint sets in 3ß such that

A = {JAk£3t, then plim £  £(Ak) = Z(A);
1 H - * - o o  fc =  1

(b) b is countably additive in the (pseudo) topology o f a.e. convergence; more
fully, if  (Ak) is a sequence o f pairwise disjoint sets in 01 such that A = \JA k33f,

1
then there exists B33ZS (depending on the sequence (Ak)) such that

P(B) = 0 and for all a>3Q\B, lim [b(Ak)](aj) = [b(A)](co).
n ~ ° °  k = 1

I f  in addition for all A30t, E{b(A)] = 0 and there exists a non-decreasing func­
tion Ф on R0+ to itself such that for all АЗАМ, there exists N A 3.3D such that 
P(Na)=0 and for all co$ Na , \c(A)(<d)\ = Ф(\\Ь(А')\\2), then (a) or (b) is equivalent to:

(c) b is countably additive in the L2-topology and therefore is a L2-valued 
c.a.i.o.s. measure on 01.

P roof. (a)-<=>-(b)-<=(c) follow from basic properties of series of independent 
random variables [cf. 11, Theorem 4.2.8, p. 83, and Corollary 2 to Theorem
4.2.4, p. 70].

(b)=>(c): Let (Ak) be a sequence of pairwise disjoint sets in 3Í such that
A = \J Ak33t. For each A:^l let Bk= A \A k. Then for all 1, b(Ak), £(A)

1

are independent and hence orthogonal random variables. Moreover b (Ak UBk)(a>) = 
= b(Ak)(oj) + b(Bk)(oj) a.e. (P). Hence

u (A ku B kw  = m A k)+b(Bkw  = m A k) v + m B kw  ^  u (A kw .

Since for all к ш \, Ak[)Bk=A and Ф is non-decreasing, we have

\b(Ak)(co)\ ^  Ф(||£(А)Р) ^  Ф(Ш А,0  A)ll2) ^  Ф{ША)Г) a.e. (P). 

Therefore 2  £(A ) converges in L2 to c(A) [cf. 11, Corollary to Theorem 4.2.8,
k=1

p. 83].
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6. Concluding remarks

Let A be a subinterval of R and (x(t): t^A) be a stochastic process with in­
dependent increments such that for all t£A, E[x(t)\=  0 and Var [x(f)]<°°. Then 
using Theorem 4.3 we obtain a c.a.i.o.s. measure £ on a certain d-ring of subsets 
of Л. Since L2-convergence implies convergence in probability, by Theorem 5.1, 
£ is countably additive in the (pseudo) topology of a.e. convergence. Hence results 
on a.e. continuity of sample paths can be obtained as simple applications of “con­
tinuity” of measures [cf. 3, p. 39 and 6, p. 18]. Also a.e. differentiability of sample 
paths can be studied within a measure theoretic framework.

c.a.i.s. measures provide a natural generalization of processes with independent 
increments to the case where the “index” set is a general measure space [cf. 9, 10].
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SUR LE PROLONGEMENT DES FONCTIONS
Par

Z. GRANDE (Elblag)

Sóit R l’espace des nombres reels. Dans le travail [2] les auteurs ont démontré 
le théoréme suivant:

T heoreme 0. Sóit Ac.[0, I] un ensemble. Pour qu'il existe pour toute fonction 
de premiére classe de Baire g: [0, 1] — R une fonction f:  [0, 1] -► R approximative- 
ment continue et telle que {x€[0, 1]: f  {x)=g{xj)zo A, il faut et il suffit que Vensemble 
A sóit de mesure zéró.

Dans cet article je démontré le théoréme suivant:

T heoreme 1. Sóit A c[0, 1] un ensemble. Pour qu'il existe pour toute fonction 
de premiere classe de Baire g: [0, l]—7? une fonction f:  [0, 1]—R continue presque 
partout, approximativement continue et telle que {х£[0, 1]: / (x)=g(x)}^> A, il faut 
et il suffit que la fermeture С 1 (A) de Г ensemble A sóit de mesure zéró.

Dans la démonstration de ce théoréme j ’appliquerai le lémmé suivant:

Lémmé 1. Sóit Acz[0, 1] un ensemble fermé de mesure zéró. Étant donnés les 
nombres réels al , ..., am, s'il existe des ensembles Bl , ..., Bm disjoints deux á deux,

m
étant ä !a fois du type F„ et G6 et tels que A — (J Bt, il existe une fonction

/=1
/ :  [0, 1]—I? approximativement continue en tout point x£[0, 1] et continue en chaque 
point x£ [0, 1 ] — A et telle que f  (x) = ai pour tout point x£ B i ( i = l ,  . . . ,  m).

D em o nstration . Il existe pour tout ensemble Bt (7=1, ..., m) une suite 
d’ensembles fermés et disjoints deux ä deux, que nous désignons par C[ (7 = 1, ..., mCO
et Лг = 1, 2, ...) telle que 1J Cj = B( (voir [3]). Rangeons tous les ensembles Clk

k = 1
( i= \ , . . . ,m  et k=  1 ,2 ,...) en une suite D1, 0 2, ... telle que D ^ D j  pour /Vy. 
Désignons par E„ (n — l, 2, ...) l’ensemble {x£[0, 1]: q(x, A)<l/n}, ой p(x, A) = 
= inf q(x , y) et q(x, y) désigne la distance des points x et у. Il existe pour toutyiX i- 1
ensemble Di ( /= 1 ,2 ,...)  un ensemble ouvert С(с £ ; - 7  -  [J С1 (G f tel que

i=i
tout point de l’ensemble Dt est un point de densité de l’ensemble Gt et pour lequel 
С1(</4)с :JlTj—A — (J C l ( G j ) j u ö ;. Soit f  : [0, 1]-*/? une fonction approximative­
ment continue en tout point x£[0, 1] et continue en tout point x£[0, 1] — Dt pour
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laquelle on ait f(x )= a k pour tout x€ Д , ой к  désigne l’indice tel que DjC:Bk; 
et / ;(x)=0 pour tout point x£[0, 1] — Cl (G;).

Posons

f ix)  =
f i ix ) 

0

pour x€Cl (G;), i =  1, 2,... 

pour x£[0, 1 ]- 1J Cl(G;).
n = l

Remarquons que f(x )= a k pour x£Bk (k=  1, ..., ni) et que la fonction /  est 
continue en chaque point x£[0, 1J—A. La fonction /  est également approximative- 
ment continue en tout point x£A. En elfet, si xdA, il existe l’indice natúréi к  tel 
que x£Dkc Cl(Gfc). Les fonctions /  et f k sont égales sur l’ensemble Cl (Gk), 
x  est un point de densité de l’ensemble Gk et la fonction f k est approximativement 
continue au point x, la fonction /  est done également approximativement con­
tinue en ce point.

D é m o n st r a tio n  d u  théorem e  1. Süffisance. Sóit A cz [0, 1] un ensemble tel 
que sa fermeture sóit de mesure zéró. Étant donnée une fonction bornée g: [0, 1]— R 
de premiere classe de Baire, il existe une suite de fonctions {g„} uniformément 
convergente vers la fonction g et teile que toutes les fonctions gn sont de premibre 
classe de Baire et tous les ensembles des valeurs g„ ([0, 1]) sont finis (voir [1], pp. 
294—295). D’aprés le lémmé 1 il existe pour toute fonction g„ une fonction /„: 
[0, 1]-»R approximativement continue en tout point x£[0, 1] et continue en tout 
point x6[0, 1]-C1(T) et telle que {x€[0, 1]: /„(x)=g„(x)}=>Cl(A). Soit {g„fc} la 
sous-suite de la suite {g„} pour laquelle on ait |g„fc+1(x)— g„fc(x)|< l/2i:+1 pour 
tout x€[0, 1]. Posons hni(x) = fni(x) pour x£[0, 1] et posons pour />1,

h„ix) =
1 /2‘ lorsque

fn ,(*)-/„,-Л*) 
—1/2‘ lorsque

1/2'
lorsque - 1  /2*' si /„. (x) _ ,(x )S l /2f
L t{ x )- fnî x ) ^ - \ l 2 \

Soit h„.(x)=fin._1(x) + h„.(x) pour xg[0, 1]. Toutes les fonctions h„. ( /= 1 ,2 ,...)  
sont approximativement continues partout et continues presque partout et la suite 
{h„.} est uniformément convergente, la fonction /(x )=  lim fi„,(x) est done con­
tinue presque partout et approximativement continue. Comme, de plus, hn.(x} = 
=/n.(x)=gni(x) pour tout point xCCl (A), on a done /(x )= g (x ) pour tout 
point x£A.

Nécessité. Soit Tc[0, 1] un ensemble tel que sa fermeture Cl (A) soit de 
mesure positive. II existe un ensemble fermé 5 c :Cl (A) qui est non dense dans 
l’ensemble Cl (A), qui est dense en sói et qui est de mesure positive. Le complé- 
mentaire [0, 1 ] — B de l’ensemble В est la somme de ses composantes Fixons
un point x„ de l’ensemble A dans toute composante Jn qui coupe l’ensemble A. 
II existe deux sous-suites {x„J et {xmk} de la suite {x„} qui sont disjointes et denses 
dans B. Posons

{1 lorsque x = x„k et /с = 1 ,2 ,...
0 lorsque x$ {x„k}.
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La fonction g est de premiére classe de Baire et toute fonction / :  [0, teile
que g(x)= f(x ) pour tout point x£A  n’est continue en aucun point xd B.

R em arq ue . Dans le théoreme 1, si la fonction g est bornée, la fonction /  est 
bornée aussi.
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A FUNCTORIAL APPROACH TO NEAR-RINGS
By

S. FEIGELSTOCK and A. KLEIN (Ramat Gan)

Algebraic structures arise naturally as sets of homomorphisms of a given 
structure. For instance, rings arise as sets of endomorphisms of abelian groups. 
It seems that a natural algebraic structure carried by sets of mappings of groups 
is the structure of near-rings. They were introduced in various contexts and con­
sequently they became a subject of independent interest. The first important in­
vestigations were performed by F rö h lic h  [6] who employed them in constructing 
non-abelian homology [7] and by H. N e u m a n n  [15] who employed them in study­
ing varieties of groups.

In this paper a functorial approach to the subject is initiated. Near-^-rings 
are introduced as structures on objects in fairly general categories 4>, by generaliz­
ing an idea of R. B aer  and F u c h s [8] who introduced groups of multiplications. 
This generalization follows the introduction of a tensor-like functor. Examples 
show that such structures are of interest not only in the category of groups.

The categories (6 are embedded in a natural way into categories of near-Ti-rings. 
Various aspects of these embeddings are considered, including facts about sub­
objects, projectives and injectives, and extensions of mappings. In this sense the 
category Mod R over a semisimple ring is shown to be well-behaved. As a benefit 
we obtain results on the structure of classical near-rings; one of them is shown to 
be of geometrical significance. Another benefit is a generalization of a theorem 
of R. B aer [2] and H. N eu m a n n  [15] concerning hopfian groups.

Associativity conditions are formulated in the general setting. A representa­
tion theorem holds for associative near-r#-rings in the common categories. In certain 
cases, where zero-divisors are excluded, the associativity problem is related to 
questions about groups of fixed-point-free automorphisms, whose importance in 
group or ring theory is well-known.

The categorical approach leads naturally to the definition of the dual structure 
which is briefly sketched in the last section.

1. The functor $

Every object A in a category determines a functor horn# (A, —): ^  — Sets. 
If this functor has a left adjoint FA: Sets -+<€, namely if there is a natural equiv­
alence hom# (FA — , —) sí Map ( —, hom# (A, —)), we denote Fa S= $& A  
(SC ob Sets). As a left-adjoint functor, FA preserves epimorphisms and colimits 
(=direct limits). It is easy to verify that a left adjoint to hom# (A, —) exists, iff 
there is a coproduct in for every family of copies of A, and we may write
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S& A= JJ As, AS=A  for all sdS. For <x£Map (S', T) the arrow FAa: S& A —
s g S

T<g> A is uniquely determined by the family of arrows As — Aas — + JJ A, (all s£S),
ter

where the i ’ s  are the canonical arrows into the coproduct. The covariant horn- 
functors take coproducts into products, hence for objects S  in Sets and Y  in 
we obtain
(1) hom%(S®A, Y) s= As, Y) - JJ homV(AS, Y) =

S  S

= Map (S', hom^(A, У)).
The following is implied.

Pro po sitio n  1.1. I f  FA exists for all objects A in then 0  is a bifunctor
SetsX'^’-»-'̂ .

For Map (S, T), ad homrg(A ,B) we denote the determined arrow S<g> A — 
— Tig) В in ^  by о 0  a.

2. 0  and 0

Consider the categories Mod R. Here the adjoint pair HomÄ (A, Mod R — 
-stfb, — 0  A : stfb—Wlo&R, is well-known, with the natural isomorphism of 

z
abelian groups HomR (S £g) A, T)=:Homz (S, HomR (A, Y)) for ZS, AR, YR. The

z
“near-tensor” 0  constructed above is an adjoint for HomR, when the latter is 
viewed as a functor into Sets. Hence Homz has to be replaced by Map and we 
obtain the equivalence indicated in (1). Strictly speaking, we have a composite 
functor, namely
(2) Mod R ------5------ - л/Ь---- - Sets,
Ф the forgetful functor. A left-adjoint to Ф is the “free-functor” 4?\ Sets—sib, 
'F S —JJ Z, and we obtain a left-adjoint to (2) by composing the two left-adjoints

| S |
- ®  A

(3) Sets —  л/Ь — — -  Mod R.
(Recall (F1F.i)* = Fj Fj.) Indeed

( 2 ’Z )® A  = 2 ’Z (g )^  = 2 ^ = : S&A. isi z isi z isi

Thus “near-tensor” 0  may be viewed as the composite of tensor 0  with the 
free-functor.

3. Near-W-rings

For an abelian group A, the group of multiplications on A, i.e. binary opera­
tions inducing ring structures, as introduced by B a e r  and F uchs [8], is

Mult ,4 Sä Homz (,4 0  A, A).
z
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Clay [3] has replaced multiplications by “ left-multiplications” for which only 
one-sided (left) distrbiutivity is required.

Let ^  be a concrete category and A an object in (€ for which a left-adjoint 
Fa of hon\<g (A, —) exists. We denote

(4) MultL^  =  homv(A®A, A) — Map(T, homV(A, A)),

and we call every ßfM \i\iL A a (left-)near-multiplication on A. The pair (A, p) 
will be called a near-^-ring. Every near-multiplication ß on A induces a binary 
operation /; on the underlying set

I fi
(5) a -b = p(a, b) = flia(b), a, b£A; Aa---- ► Ц  As— ^  A.

s £ A

Conversely, for every binary operation д on A with p(s, —)£hom%(A,A) for all 
s£A, the family of arrows ju(s, —): AS^ A  (s£A) determines a unique arrow 
fi: ( Ц  АЯ=)А& А-*А, satisfying (5).

i €  A

Let (А, Д) and (B, v) be near-^-rings. The arrow cpehom# (Л, B) is a near­
ring homomorphism if the diagram

(6)

A&A — - > B&B

is commutative. This holds iff (p(a- a')=((pa)’ {(pa)' for all a, a'fA.
We obtain a category of near-^-rings as objects and near-ring-homomorphisms 

as arrows. We denote it by nr (i .
It might be observed that, although we employed the adjoint functor FA, in 

the last definitions we only made use of FaA. Therefore, if we disregard the func- 
torial aspects, we can extend the definitions to objects A, in a concrete category 

by skipping the middle in (4), namely Mult1' A — Map (A, hom^ (A, A)).
In (4) the only map A-+ hom^ (A, A) always present is the constant тара>-*1д 

(for all a£A), that is the codiagonal V: A&A-+A. The induced binary operation 
is a -b —b for all a, b fA . We shall refer to it as the trivial operation.

If there is a zero-arrow x ’̂ ° a (ail xfA ) in hom%(A,A), then the map 
a^C A of A into hom <g (A, A) induces the zero operation, a-b = oA for all a, bfA. 
In this case the “characteristic maps” Xb of subsets Be.A, namely / B: b ^ \ A(bfB), 
x>-+CA(x$ B), induce near-multiplications ar • ай — а2{ар-_В), ax • a2 — oA(a1 (j B).

There is no reason for considering “left” and not “right” multiplications. 
For those preferring to write mappings on the “left” , right near-multiplications 
might be suitable. (See Map (X, X), next section.)
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4. Examples

The category nrSets is clearly the category of ordinary groupoids.
The near-Mod R-rings are (A, fi), ft: ^  AS-*A an /^-homomorphism. The

s£ A
induced binary operation is linear in its second argument, namely a-(b + b') = 
= a-b + a-b', a - (br)=(a-b)r (for all a, b, b'£A, r£R), since ц(а, —) is an 
R-homomorphism.

The near-Gr-rings turn out to be the “classical” near-rings, not necessarily 
associative. A <§> A is the free product of \A\ copies of A, /< is induced as in (5) and 
it is left-distributive with respect to the group operation, written +  for convenience. 
A natural example of a near-Gr-ring is the following. For any group X, + consider 
the group A, + with A = Map (X, X), mappings written on the right, and viewed 
as a product ]J  X, +  in Gr. The usual composition of maps induces a near-ring

|X|
structure on A, + .

The above are special cases of near-ßalg-rings in the category £2 alg of algebras 
with a fixed set of operations £2 [5]. A near-ßalg-ring is an ß-algebra endowed 
with a binary operation (fß, a ■ b, left distributive with respect to all ojf £2, i.e. 
a • (b1...bkaj) = (a • bf)...{a-bf)(a for any к-ary «6  £2 and any a,bk, ..., bk£A. Again 
Map (X, X), as a product JJ X  in ßalg, (namely, for k-ary w gß and /], ... , f kd

№
6Map(X, X), f_, . . . f kco: x*—(xf1)...(xfk)(o), and with the composition of maps 
is a near-ßalg-ring. The ß-algebra X  is embedded into Map (X, X) by the diagonal 
A: x —x=the constant map A—A  taking everything into x. The only near-ring 
structure on X  for which A : A— Map (X, X) is an embedding is the trivial structure
mentioned above, since in this case a-b must be äob=b.

A special near-Gr-ring, introduced by H. N e u m a n n  [15] in studying varieties 
of groups, was widely generalized and investigated by F röhlich  [6]. We describe 
a generalization to ßalg. For an arbitrary ß-algebra X, homfialg (X , X) is obviously 
not, in general, an algebra if the operations are defined as above in Map (X, X). 
In the following case, however, we modify the definitions to make it an ß-algebra. 
Let JT be a subcategory of ßalg with free algebras and let X  be Jf-free on a set 
G [5]. We write mappings on the left, and for /с-ary co and endomorphisms ... , f k: 
X->X  we denote by (ofx...fk the unique endomorphism X—Ä determined by 
(wfx...f^a = w {fyá )..X fká) for all a£G. Then A — homßaIg(X, X) is an ß-algebra 
and the composition of maps induces a near-ßalg-ring structure on A. Following 
a well-known definition for groups, we call X hopfian if X is not isomorphic to 
a proper quotient of itself, or equivalently — if every surjective endomorphism 
of X  is an automorphism. Then the following is obtained similarly to theorems 
of H. N eum ann  [15] and R. B aer  [2]. А Ж-free algebra X is hopfian iff the relation 
a.- ß —\ in the near-£2a\g-ring homQalg (X, X) implies that a (hence ß) is invertible. 
I f  X  is not hopfian then X  is isomorphic to one of its proper subalgebras.

Returning to the general case, we observe that (5) “clearly” implies that p 
inherits properties of the arrows of in its second argument. One example was 
“linearity” in the algebraic case. An additional example of this occurrence is con­
tinuity, in the category Tp of topological spaces and continuous mappings. A near- 
Tp-ring is a space A with a binary operation on A continuous in its second argu­
ment. (Here A® A is the union-space of \A\ disjoint copies of A and flia=p(a, —)
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is a continuous map on A.) The following is similar to the above algebraic examples. 
For a space X, take A = Map (X, X )—X x with the product topology. The usual 
composition of maps is continuous in its second argument, i.e. for fixed f  the
map / :  A-*A, g*-+fog is continuous. Indeed, for all t£X, A i  A —— X  is the eval­
uation map g ^ ( t f ) g  and this is ntf , hence all Jnt are continuous. It follows that 
A, о is a near-Tp-ring. Again the diagonal is an embedding of near-Tp-rings iff" 
the operation on X  is trivial. These facts remain true for instance in Tp^T^-spaces).

Combining the algebraic and topological structures may give rise to interesting 
near-^-rings in the various categories of topological algebras.

5. Associativity

Let (A, ß) be a near-^-ring. The binary operation p is associative iff the selected 
map A-+homrg (A, A) turns out to be a homomorphism of A, • into hom^. (A, A) 
with the composition in Я>. This is the case in the examples A = Map {X, X) of 
section 4. The following representation theorem reveals once more that Map (X., X), о 
assumes in certain cases the role of End X  in ring theory. We denote Aa, resp. q„, 
the map x ^ a - x ,  resp. x ^ x  • a, of X  into X.

T heorem  5.1. Let cß =  ßalg or Tp and (X, ß) a near-W-ring. The operation 
p is associative iff the map a>-+Qa is a near-ring-homomorphism AV̂ iYiLp (X , X). 
I f  there is a left cancellable element for the operation p then а*-+да is an embedding 
of near-^-rings.

In the general case a near-multiplication on A is determined by a set 
M chom^ (A, A), 0< |M |< |^4|, and a partition A=  [J A, with pa = (p iff a£Av,

(p£M
and a-b= pa(b) for all a, b^A. Evidently this operation is associative iff paоpb = 
=рЦа(Ь) for all a,b£A . In particular M, о has to be a subsemigroup of 
hom (A, A), o . It follows

Pro po sitio n  5.2. Let M  be a subsemigroup of hom^ (A, A), о and A = IJ A,p
q> 6M

a partition o f A. The operation determined by p, with ра = (р<=>-а£АГ1>, is associative 
Ш f° r <*4 (p maps A,/, into Aipci!, . An operation is induced on the quotient
set of A making it into a semigroup isomorphic to M.

Call a semigroup M  of endomorphisms regular if there is a partition of A as 
in the proposition. Obviously {(p) with q>2 = q>, is always regular.

A semigroup {\A, <p} with q>2=(p is regular iff <p is not surjective: with any 
Av , A ^A yZ iim  (p and with A1= A —Av>we obtain a suitable partition. In particular 
in the cases with zeros {1^, CfJ goes with A0^ A ,  0£A0, A1 = A —A0 (a fact men­
tioned for groups in [13]).

If A has a fixed point for all its endomorphisms, then a regular semigroup 
M  must possess a right zero, namely that endomorphism £ for which A contains 
the fixed point. Thus in this case М ^ {  1} is never a group, but M — {£} can be 
a group, as shown by the following theorem, which seems to be related to questions 
of fixed-point-free automorphisms in various categories.
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Theorem 5.3. Let G be a group of automorphisms of an object A in the category XL
(i) G is regular iff all its elements except 1A are fixed-point-free. In this case 

A with the induced operation is a semigroup with left-hand cancellation and left 
identities.

(ii) In the cases with zeros, G'J {0A} is regular iff x£A is either fixed by all 
<рА\л o f G or not fixed by any element o f G except 1A. IfO ^A is the only fixed point 
it will be a two-sided zero for the induced operation and there will not be zero divisors.

Proof. Suppose A=  U A is a suitable partition. If <p(c)—cEAф then, since
< p ( z G

(p{c) has to be in A(pô/ , it follows <poi/i =  i/i, so cp = )A. Conversely assume G 
satisfies the conditions of (i). Then A decomposes into disjoint orbits under the 
action of G, each orbit containing |G| elements. Collect one element from each 
orbit into a set, say A1, and for every <peG put Av={cp(x)\x^A1}. It follows that 
A =  U A9 is a suitable partition. All the elements of A, will be left identities. In 
the cases with zeros take A0 = set of all fixed points and apply the above argu­
ment to A —A0.

In Gr the term regular group of automorphisms is well established [9]. By the 
theorem, if G is a regular group of automorphisms on A then {O^JUG is regular 
in the sense of our definition. The near-Gr-rings produced by Theorem 5.3 are 
near-integral-domains in the sense of [4], with left identities, namely associative 
near-rings with no zero-divisors and with 0 -x  = 0 for all x£A. Moreover there 
are unique solutions to a -x = c  for a AO and any c. Conversely a near-integral- 
domain with (not necessarily unique) left identity e and right inverses for e is in­
duced by a regular group of automorphism.

Observe that the choice of At in Theorem 5.3 (|G'|l"4'/|cf| possibilities in the 
finite case, |Gj(UI-D/|G| w’nere there are zeros), determines the near-^-ring structure 
on the object A.

An element be A is distributive if Qb£homv (A, A). Any element be A com­
muting with all x£A  is clearly distributive. We denote by D(A) the set of distributive 
elements of A. F röhlich [6] considered associative near-Gr-rings A for which 
D(A) generates the group A. The following is shown for Gr in [6].

Proposition 5.4. For X £ob Oalg 

(7) D (M ap (X, X)) = horn (X, X).

Proof. For g€homna,„ (X , X), fi-*fog is the O-endomorphism of f f  X  deter-
m

mined by the family of homomorphisms n,og: JJ X-+Xt(= X), for all tex . 
Conversely, for g£D (Map (X, X)) and any k-ary ojeQ and tlt ..., tk(LX take 
/ i ,  ..., /*€Map (X, X) with Гх/ г =  г; 0=1, ..., к). Hence

Oi • • • tk co)g = (0i/i)...0iA )cn)g = t1(J1. . . fk(d)og = t1((f1og)...(fkog)co) =

=  ( h f i g ) - - - ( t J k g ) a >  =  ( h g )  — (tkg)co

proving that g6homnaIg (X, X).
Proposition 5.5. (7) holds in Tp.
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Proof. Here we have to show that for fixed g, the mapf-^-fog is continuous 
on X х iff g is continuous on X. The map f-* fog  on the product is determined 
by the family of maps n,g as above hence continuous, if g is. Conversely if f-+fog 
is continuous and U is open in X, then Ug~1=(Ug~1n f1)nt is open since щ is 
open; hence g is continuous.

We call (X, Д)€оЬ (nr ßalg) distributively generated if there is no proper 
sub-ß-algebra of X  which contains D(X). This definition generalizes the definition 
of F röhlich [6].

T heorem 5.6. I f  homfialg (X, X), о is commutative then any distributively gen­
erated (X, ß) is associative.

Proof. The subset 5 '={x|x£X , a ■ (b ■ x)= (a-b)• x  for all a,b£X }  is a sub- 
ß-algebra; for k-ary со and any xx, , xkf  S write у for x1...x kco and

a-(b -y) = a -((b -x1)...{b -xk)o)) = ((a • b) • x k) ...((a -b) • xk)co =

= (a • b)-(x1...xkm) = (a -b )-y , 

hence If x£D(X) then

(a • b) • x =  Qx(K(b)) = KÁeÁb)) = a f  b-x),

so x£S, hence S zdD(X). It follows X=D(X).
R emark. A known problem in Abelian group theory is to determine for which 

A the set of associative multiplications on A is a subgroup of Mult A, + [11]. For 
MultLT the answer is trivial: unless |л1| =  1, the set of associative near-multipli- 
cations on A is not a groupoid with respect to + . (Proof. Since V is associative, 
2V must be associative and a2V(Z>2Vc) = (a2Vb)2Vc implies 2c =  4c for all c. Thus 
A is 2-elementary £í ^ Z 2. For more then one copy of Z2 a non-associative near­
multiplication is given in [11]. For Z2 three out of the four elements of MultL Z2 = 
=  Map (Z2, Z2), namely О, V, 1 Z.z induce associative near-multiplications, while 
V + lz2 does not.)

6. Subobjects in nr^

Let (A, ß) be a near-if-ring and KciA. If the immersion i : K (̂  A is in 
and if X’x f K  for all x, x f K  then we call К  a sub-near-^-ring and denote K<A. 
Following [6] we call K<A a left- (resp. right-) module in A if a • x£K  (resp. x-a£K) 
for all a£A, xCK. Given (A, ß), an element of A is a right-zero for ц iff it is a fixed 
point of ßia for all afA.  This is the case with the zeros in Gr, Mod R, Tp(=topolog- 
ical spaces with base points). If <p£hom„r¥ ((A, ß), (В, v)) and if there are right- 
zeros in В (for v), then K={a\cpa is a right-zero} is a left-module in A, provided 
K {—A is in св. In fíalg, {х\х£Х}=АХс:Мар (X, X) (Section 4) is both a left and 
right-module since a.ox—x, x  •cc = xa for any a£Map (X, X). In Tp, AXczMap (X, X) 
is a left and right-module. (It is even normal as a subobject in Tp or Tp2).

We call K a  A fully-invariant in A if K (->-A is in ^  and (pKcxK for all 
<p€ homg. (A, A).
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Theorem 6.1. К is a left-module in every near-^-ring on A iff К  is fully-in- 
variant in A.

Proof. We observe that К  is a left-module with respect to Д iff piaKczK  for 
all a€A. Some of the p’s are & with a fixed aghom# (A, A) and ais=a for all s£A.

The following is an example in Tp. The connected component К of the base 
point oA in a space A is fully-invariant (and normal, even in Tp2) since <p6homfp (A, A) 
takes a connected subspace into a connected subspace and oA into oA.

The following facts are consequences of the preceding theorem, applied to Gr. 
We omit proofs.

Corollary 6.2. Let A, + be a group.
(i) I f  there is a near-Gx-ring on A without proper left module, then A, + is 

abelian or perfect.
(ii) I f  A, + is abelian then either A is p-elementary Z p) or divisible torsion- 

free Q) or reduced homogeneous torsion-free.
(iii) No near-Gx-ring on A possesses a proper left-module iff A is cyclic o f prime 

order.
(iv) I f  every subgroup o f A is normal and a left module in every near-Gx-ring 

on A, then A is abelian, and if  in addition A is finite then A is cyclic. Conversely if 
A is a locally cyclic torsion group then every subgroup is normal and a left module 
in every near-Gx-ring on A.

The consequence (ii) 6.2 is of geometrical significance. A Veblen—Wedder- 
burn system [12], [10] is a near-Ab-ring R with 0 • x= 0  for all л; and whose non-zero 
elements form a loop under multiplication satisfying the following condition: for 
all a, b, cdR, if a ^ b  there is a unique solution in R to a • x —b • x=c. This con­
dition clearly implies that in this case R does not possess a proper left-module, 
hence (ii) of the corollary yields considerable information about the group R, + . 
In particular one obtains that its non-zero elements are either all of a fixed prime 
order p or all of infinite order. This fact is important in geometry and it is part 
of a theorem of Baer [1], [10]. It may be easily seen that a Veblen—Wedderburn 
system of prime order p must be a field, and this means that every Veblen—Wedder­
burn plane of order p(p2+ p + 1) must be Desarguesian [12].

7. Embedding (f> into nx(€

Theorem 7.1. (£ is fully embedded into пг'ё’. I f  (ß has (finite) products, resp. 
difference kernels, then nr'if has (finite) products, resp. difference kernels. The embedd­
ing ‘ё’—пг'й’ is continuous.

Proof. An embedding -»xixtf is A^-(A, V) for objects, q»-+(p for arrows. 
Now assume A = f[  Ak, with projections nk, is a product in c€. Given near-multi- 
plications fik: Ak<8)Ak-+Ak, we define Д: A&A-+A as the unique arrow determined 
by nkp = pk(nk§)nk): A& A-»Ak<3>Ak — Ak. Hence the n fs  are in nr'g’ and (А, Д) 
with the n fs  is a product of (Ak, pk) in nr^. Indeed, with at £homnr̂  ((V, |) ,  
(Ak, ßk)), the unique a with nka = ak satisfies nkp(tx&tx) — nkod; for all k. In 
particular with the trivial structures fik = V on Ak we get the trivial Д=V on f f  Ak.
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Let x: K—A be a difference kernel in of <p, i/i^homnr̂  ((А, Д), (B, v)). 
Then (pß(x<g>x)=il/ß(x&x) hence there is a unique Л: K&K—K such that x l~  
=ß(x&x), so x is in nrfi. If x'£homnr,g ((К', X'), (A, ß)) and <px' — \j/x' then 
the arrow ö satisfying xd= x' is in n r^  (since x  is monic and xöX' = xl(ö§>öj). 
Obviously ff=V on A implies 1 =  V on K.

The a’s with a fixed 6 horn% (A, A), yield a full embedding of the following 
subcategory of (£2 ( =  the arrow category for (£) into nr'*?. Denote by e'ii the category 
whose objects are all endomorphisms of (£ and whose arrows from A —— A to 
B^-~ В are all 6 horrid (A, B) satisfying (pi=ßcp. The embedding e ^ —nr'g' is 
a^-{A, a) for objects, cp̂ +cp for arrows. (€ is fully embedded into m (£ via ££. 
The embedding (£->-ec& is A>-+ 1A, (p^cp.

8. Extensions

Proposition 8.1. Let rp Shorn,g (A, B) and assume that for every ßshom^ (В, В) 
there is an a6hom^ (A, A) satisfying (pa = ßip (that is (pShome,g (a, ß)). Then for 
every near-multiplication v on В there is a near-multiplication ß on A such that 
<p£ homnr̂  ((A, ß), (В, v».

Proof. For ad A, vi^fhom^ (В, В), hence there is an arrow /raghomV(A, A) 
such that (pßa=vi<l,a(P• Let ß: A&A-»A  be the unique arrow with ßia=ßa for 
all aSA.  Then

cpßia = cpßa = viyaV = %(p®(p)ia
implying (pß = v{(p<g)(p).

C orollary 8.2. I f  A is projective in c£ and (p(S horn,e (A, B) is an epimorphism 
then every near-multiplication on В can be “lifted by cp" to a near-multiplication on 
A, i.e. for every v: B<g>B-+ В there is a fi: A(fA --A suchthat (p Shorn „r,g ((A, ß), 
(В, v».

Proof. For every /JghomV(B,B)  there is an a for which

is commutative.

A
/

Corollary 8.3. I f  a product A ' xA " =A exists in c€, then every near-multipli­
cation on A' can be lifted by n : A -*A' (projection o f the product) to a near-multi­
plication on A.

Proof. For every /?6hom# (A, A') we have n(ßXlA-)=ßn.

Corollary 8.4. Let (£ be abelian. I f  0-+A"-+A-L+ A '—O is split exact, in par­
ticular if A" is injective or if  A' is projective, then every near-multiplication on A' 
can be lifted by ц to a near-multiplication on A.

Proof. Ä  is a  direct summand of A.
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Proposition 8.5. Let A be an injective object in (€ and assume that B e  A and 
that the arrow [ j  В -*-JJ A determined by 5 (— A is a monomorphism. (This holds 
in particular in Cx-categories [14].) Then every <pChomv ( Bf B,  A) extends to a 
near-multipliccition on A.

Proof. Given B (-+A, the assumption implies that the arrow ] j  В -+]j A
I-SI Ml

a monomorphism. So there is а ф such that
is

is commutative.

uMl

Corollary 8.6. I f  A is injective in (ß, T  a <€̂ category, and if idhom^ (B, A) 
is a monomorphism then every near-multiplication on В can be “extended by i” to 
a near-multiplication on A, i.e. for every v: B<&B-+B there is a fi: A&A-+A such 
that iGhomnrif ( (В , v>, (А, Д».

Corollary 8.7. Let R be a semisimple ring. Every near-multiplication on a 
submodule (resp. quotient module) o f a module MR can be extended (resp. lifted) to MR.

Proof. M r is both projective and injective and Mod R is C,.

9. The dual

We sketch the definition of the dual concept. For an object A in 7? there is 
the (covariant) functor horrido (A, —): 'if0 —Sets {f€a the dual of <€). If this functor 
has a left adjoint FA: Sets — LI0, we denote FAS= S$pA and we get a (natural) 
equivalence hom^ (У, S' <R) Л) =  Мар (5) hom^ ( Y, A)). The left adjoint FA exists 
iff every family of copies of A has a product in T  and it preserves epimorphisms 
and colimits (hence Sets pA > (€й-*(в  takes epimorphisms, resp. colimits, into mono- 
morphisms, resp. limits, in (£). We may write S(%>A= JJ As (AS=A for all sd S).

s£S
Consequently hom^. (У, S<%>A)= f j  hom^. (Y, As), since the contravariant hom-

s £ S
functors preserve products. The co-near-multiplications on A are the arrows 
judhoniv (A, AdpA) = co-MultL A. It follows that if both A<R>A and A® A are 
defined then co-MultL A =MultL A.
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TWO THEOREMS ON ABSOLUTELY 
CONTINUOUS SET FUNCTIONS

By
W. C. BELL (Murray)

1. Introduction

Suppose S' is a set, F a field of subsets of S, r(F) the set of functions from F 
into R, b(F)  the set of elements of r(F) which are bounded and ba(F)  the set of 
elements of b(F)  which are (finitely) additive on F. Let p and A be in ba(F)+ where, 
for GQr(F),  G+ is the set of non-negative valued elements of G.

In section three we will prove that X is /.(-continuous iff the subset, SF*, of 
functions summable with respect to p [4] is contained in the set, Mk, of functions 
measurable with respect to X [7].

In section four we will show that the Я-continuous part of /( is the limit of 
successive applications of a certain nonlinear function.

2. Preliminary theorems

All integrals in this paper are refinement limits of sums over finite subdivisions 
of S by elements of F. If adr(F)  and J  a (7 ) exists, then the function

sJ  a ( / ) J  I LdF} will be denoted by J  c l .  For further details concerning the
v

integral and the theorems of this section we refer the reader to [4].
Denote the /г-continuous elements of ba{F)  by A/t and the /(-continuous part 

of X by ад(А) which can be written sup J  min {A, Kp).
T h e  fo l lo w in g  t h e o r e m  is  d u e  to  K o l m o g o r o f f  [10].

T h e o r e m  2 .K .  If  a £r(F) and f  a ( 7 )  exists, then J | a ( F ) — J a ( / )  | exists
s s v

and is 0 .

C o r o l l a r y  2 .K . l .  If  ßZb(F), ct(r(F), V^F and J a ( / )  exists, then J  ß(I)z(I)  

exists iff J  ß(I) J  c l  (J) exists in which case they are equal.
V I

C o r o l l a r y  2 .K .2 .  Suppose each of a  and ß is in r(F), each of J  a ( 7 )  and

J  ß(I ) exists and M  is either the function max or min. Then for each V( F we have 
sJ  M  {a ( / ) ,  /? ( / )}  exists iff J  M { J  J  /1 (./)}- exists in which case they are equal.
V V I I

Combining parts of Theorem 4.1 of [3] and Theorem 1.A.3 of [5] we have
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T h eo rem  2.A. Suppose rj£A + and ß£b(F )+. I f  J ßp exists (and is zero), then 
J ßr/ exists (and is zero).

We close this section by noting that, in what follows, unless otherwise stated 
convergence of sequences of elements of ba (F) will be with respect to the total 
variation norm.

3. The summability-measurability characterization

For oc£r(F) and p ^ O ^ q  denote max {min {a (7), q), p} by a (p, q)(I) for each 
l £ F. In [4] A ppling defined the class, SFp, of functions summable with respect 
to p and the (linear) summability operator, sß , from SFß onto Aß. Subsequently
[6 ] (Theorem 3.1) he proved the following theorem.

T heo rem  3.A. I f  a£r(F), then these are equivalent:
!)
2) For each p ^O ^q , J a(p, q)p exists and lim J ix(p, q)p=sll(a).

Adopting the convention al0=0 we have that if t]€Aß, then r}jp£9tl and 
sß(г]1р) = г]. In particular, if a.£9ß, then sll(sfl(a)/p)=sll(jx).

The set £F„ is clearly contained in the set, Л7Д, of functions measurable with 
respect to p defined by: oc£r(F) is in Mß iff 1) ja (p , q)p exists for each p ^ O ^ q  
and 2) if o O ,  then there exists a T > 0 and a subdivision D of S(£>«:{S}) such 
that for each E  which refines D (E<zcD) we have 2  p(I)< c  where E '= {l£E \ 
|a(/)|>T}.

Theorem 3.1. I f  p(V) = 0 implies A(V) = 0, then these are equivalent:
1 )
2 ) Ajp^Mx
3) АеА„.
Proof. Since one implies two is obvious we begin by supposing two is true. 

Let c>0, Let Z>x-=gc{S} and 0 be such that if E<zD1 and E '= {l£E | 2(7)/ 
/p(I)>K), then 2  2(7)-= c/2. Let D2 «:{S} be such that if E<zD2, then
2  min {2(7), K p(I)}—J  min {2(7), Kp(7)}-=c/2. Now let 7)<s:{S} be such that
E  s
D<s:D1 and 7)<зс7) 2 and let E<scD with E '—{l£E\ K<A(I)/p(I)}. Then

0 s I ( S ) - J  min {2(f), Kp(I)} ^  2(S) -  2  min U (/), Kp(I)}+c/2 = 
s E

= c/2 + 2  a ( /)  ■+ 2  max { -  2 (/), -  Kp (/)} -  c/2 +  2  max (0, 2 (7) -  Kp (/)} =
E  E  E

— c/2 + 2  max{0, A(I) — Kp(I)} S c /2  +  2 1 2(7) <  c/2 + c/2 = c.
E ‘ E'

Therefore 2 =  sup J min {2, Kp} = aß(A)£A/l.
Before proving that three implies one we note that if ct£9ß and sß(a)=0, 

then lim f  \oc(p, q)\p = 0. Since for we have \<x(p, q)\^ \<x(r, ,y)|
—  p ,  q - * - o о  J
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it follows that J  \u(p, q)\p=0. Consequently, by 2 .A we have that if r\£A +, then 
J  \u{p,q)\t] exists and is zero, hence u£SfvQMq.

Now suppose three is true and u^£A+. We will first consider te case where 
j  up exists and is in Aß. Let c>-0 and 0 be such that p ( V ) < d  implies 
2 (F)<c. Since J  ccpd Aß there exists a K > 0  such that

f « ( /) /! ( /) -  f  min { f  u(I)p(V), Kp(I)} = f  a ( / ) / i( /) -  f  min {«(/), K}p(I) <  d/2
S S V s s
and therefore a Z)<§c{S} such that if E<z:D, then

2  ( « ( / ) - min {«(/), K})p(I)  <  d.
E

Now let £<scZ) and E'=  {l£E\u(I)>K+\}. If l£E ', then a(/) — min {a(/), 7f} = 
= u(I) — K>~ 1 so that

p(U {I\leE '}) = 2 K I )  = 2  (a( / ) - min {«(/), Tf})^/) ё
E' E'

S  2  ( a ( / ) - m i n  { « ( / ) ,  K})p(I)  <  d.
E

Consequently 2  A(/)=A(U {/|/€£"})<с and therefore udMk.
E'

In general we have, for a —s ^ ^ / p + u —s ^ ^ / p  with sß(u)/p in M\
since J (sß(cc)/p)p£Aß and u—sß(u)/p in since sß(u—sß(u)/p)=0.  Therefore 
since Мя is closed under addition we have u£Mk.

4. The limit theorem

We begin this section with certain theorems and observations concerning the 
function Rß and refer the reader to [8 ] for further details.

Let Hß = I J  rj(I)2/p(I) exists}. Hellinger [9] has sown that + 
s r

iff there exists an rj£Hß such that £ =  j  q2/p. Consequently the function defined 
on Hß by Tß(rj) = J  q2lp is onto Aß . The restriction of Tß to Hß is one to one 
and the inverse coincides, on A + , with the function Rß($)=J (őp)1,z which is 
defined on all of ba(F)+. For ő£ba(F)+ we have Rfi(d)f Hß and аД<5) =  Tß(Rß(5)). 
Rß is continuous with respect to the variation norm on ba(F)+ and the stronger
p norm (||<5[|2) =  f  —v r r  on f f +. Also, if M  is either the function max or min and

each of r\ and 5 is in ba(F)+, then

Rß[ f  М{ц,д}) = f  M{Rß(rj), Rß(d)}.

For interval functions theorems similar to 4.1 can be found in [1] (Theorem 3) 
and [2] (Theorem 2).

T heorem 4.1. Rnß(X)-*ocx(p) (и-*°°).
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Proof. If ß = A, then R'ß(/) is nonincreasing with n. From induction and 
Theorem 2.2 of [4] we have

Ä J ( A )  = J
and since, for 0 </?< 1 , the expression ^  A(/)p/t(-0 1_p is nonincreasing with 
refinements of £  it follows that: E

Ai(5) == R£(A)(S) =  f  А С О ^'Х /)1- 1'2" S  AOS)1'2" ^ ) 1-1'2" =
s

= (A (S)/AI (5))1/2V (5) -  ß (5).
Consequently R ^ ^ - f ß .

If AS/t, then 2 ?" (A) is nondecreasing with n and ££(A)^/t for each л so that 
there is a ö£ba(F)+ such that ££(A)—<5 and A^(5^/u Therefore AxQ Aa and 
since Rß().)((Ax for each n and Ax is closed (variation norm) we have <5£AX so that 
Aa= A x and аа—а.х. By the continuity of Rß we have Rß(X)^Rß(3) (Hß norm) 
and it follows by the comparability of norms on Hß that 3 = RU(3). Consequently 
К  (A) —á = Ts(3) = Ts (Rß (Ő)) = Ta(Rd(/i))= oca(ß) = <xx (ß).

In general we have (denoting J  min {ß, A} by
lim Rnß(X) = lim [ -  ß + Rnß(l)+ß] = — )t + lim [ f  max {/i, Rnß(A)}+ f  min {g, £ (̂A)}] =

=  — ß + lim Rl [J  max {ß, A}) +  lim Rnß [J min {ß, A)) = — ß + ß + lim R"ß (c) =
= cĉ iß) = sup J  min {ß, К<;} =  sup J’ min j/t, К J min {ß, A}} =

= sup J  min {ß, Kß, КA} =  sup У min {ß, К).} — otx(ß).
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DYADIC MATRICES AND WALLMAN 
COM PACTIFIC ATION

By
A. ABIAN1 (Ames) and S. SALBANY2 (Oxford)

Let m and n be any finite or infinite cardinal numbers and let M  be an m by 
n dyadic matrix (i.e., whose entries are restricted solely to the real numbers 0  and 1 ). 
Thus, for every i<m  the f-th row r; of M  is a dyadic sequence (ru)j^n of type n.

In what follows all matrices are dyadic and any statement concerning the 
multiplication (or product) of the rows of a matrix, refers to the coordinate-wise 
multiplication of these rows.

A row of a matrix is called the zero row if and only if every entry of that row 
is 0. We say that a set S of rows of a matrix generates the zero row of that matrix 
if and only if the product of some finite number of rows of S  is equal to the zero 
row of that matrix (in this connection we observe that S is not required to be 
closed under multiplication).

Let E' be a set of rows of an m by n' (where n' like m is any finite or infinite 
cardinal) matrix M ' and let O' be the zero row of M'. We say that Ö' is covered 
by the rows of E' if and only if for every j c n '  it is the case that
( 1 ) r'ij = 0  for some r- £E'.

From_(l) it follows that if F' is a finite set of rows of a matrix M ' then the 
zero row O' of M ' is covered by the rows of F' if and only if Ö' is the product 
of the rows of F'. From this we have immediately:

L emma. Let M ’ he a matrix and E' be a set o f rows of M '. Then the zero row 
O' of M ' is covered by no finite number o f rows of E' if and only if Ö' is not 
generated by E'.

The sum of rows r, and rh of a matrix is defined to be the row rk of that 
matrix where:

rkj -  1 if and only if ri} =  1 or rhj = 1 .
The sum of r; and rh is denoted by rt+rh.

The complement of a row rt of a matrix is defined to be the dyadic sequence 
which is obtained by exchanging the 0’s and l ’s which appear in r;. The comple­
ment of r; is denoted by C(rt).

The columns c, of a matrix are defined to be distinct in the strict sense if and 
only if j ^ k  implies:

ry = rhk = 0  and rik =  rhj = 1  for some i and h.

1 The first author acknowledges an F.I.L. grant from Iowa State University.
2 The second author acknowledges a grant from C.S.I.R., South Africa.
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Based on the above notions and definitions we prove:
Theorem. Let M  be an m by n matrix whose rows are pairwise distinct and 

include the zero row Ö. Then M  can be extended to an m by n'>n matrix M ' via 
extending every row rt o f M  to a row r' o f M ' such that:

(i) The rows o f M ' include the zero row O'.
(ii) The correspondence г{-*г[ is one to one_and preserves the zero, the prod­

ucts, the sums and the complements, i.e., (0 ) '= 0 ', and
(rt- ... •rh)' = r- ■... ■ r'h for every i, ..., h <  m and 
(rt+ ... +rhY = r'i+ ... +r'h for every i , . . . , h < m  and 
(C(/•;))' =  C(r[) for every i <  m,

provided rt - ... • rh£M, or rt+ ... +rhZM, or С (г,) 6  M, respectively.
(iii) The columns of the matrix M ' — M  are distinct in the strict sense.
(iv) I f  O' is covered by the rows of a set E ' o f rows of M ' then O' is already covered 

by finitely many rows of E '.
Proof. Let us consider the set Nj of rows rt of M  given by:

(2 ) Nj = {rt\i <  m and ги = 1 } for every j  <  n.
Clearly, Nj does not generate the zero row Ö of M.

By Zorn’s lemma, every set (such as Nj given in (2)) of rows of M  which does 
not generate Ö is contained (as a subset) in a set _of rows of M  which is maximal 
with respect to the property of not generating 0. Let
(3) {/VA*| h £ H} with N£ N£ if h у: к for every h, к f  H
be the set of all the sets N% of rows of M  such that each N,* is maximal w.r.t. not 
generating 0  and such that N^y^Nj for every h- H and /<и.

Thus, the elements of the set given in (3) are pairwise distinct and different 
from the elements of the set given in (2). Let the cardinal number n' be given by:
(4) n' = n + H.

Clearly, й' ёи  and from (2), (3), (4) with an obvious renaming of the ele­
ments of H  it follows that:
(5) {NJ\ j ^ n } \ J { N f \n * z j ^ n '}
contains among_its elements all the sets of rows of M  which are maximal w.r.t. 
not generating 0 .

Recalling that every row rt of M is a dyadic sequence ru of type n, to every 
rt we correspond a dyadic sequence r[ of type n according to the following rule:
(6 ) r'ij = ru for j  <  n,

г-j = 1 for n S  j  <  n' if and only if rt £ N f.
Let M' be a matrix hose rows are r[ with i<m. Obviously, M ’ is an m 

by n' dyadic matrix and is an extension of M  obtained by extending rt to r\.
From (3), (4), (5) it follows that 0 $Nj for every n ^ jN n ' which by (6 ) implies 

that the extension Ö' of Ö is the zero row of matrix M'. Moreover, since the rows 
of M  are pairwise distinct, again (6 ) implies that the correspondence r,--*-/•• is 
one to one. Thus, (i) and the first part of (ii) are established.
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To prove the second part of (ii), it suffices to prove the statement for the 
product of two rows (since the proof of the product of any finite number of rows 
can be given in a similar way). To this end, in view of (6 ), it is enough to show 
that for every i, h em  and n ^ je n ',  r j ^ M  implies

rirh £ Nj if and only if ri £ N j and rh £ N j.
To prove the “if” part, let r f N j  and rh<E_IVf and assume to_the contrary that 
rirhÍ N f .  However, since N j  is maximal w.r.t. not generating 0, we see that our 
assumption implies that (>'irh)rp... rq= 0 for some finitely many rp, ...,rq£ N j  and 
hence for some finitely many ri,r h,rp, , rq£ N j which contradicts the fact that 
Nj does not generate 0. To prove the “only if” part, let rtrh£ N j and assume to 
the contrary that, say, rt $ N j . Again, since N j  is maximal w.r.t. not generating 0, 
we see that our assumption implies that )\ги... / - „ = 0  for some finitely many 
ru, ..., r„£Nj and hence (rlrh)ru... rv = () for some finitely many (rjj), ru, ..., rv£ N j 
which contradicts the fact that N j does not generate 0.

To prove the third part of (ii), again, it suffices to prove the statement for 
the sum of two rows, i.e., it is enough to show that for every i, h em  and n S je n ',  
ri + rh^_M implies:

0 ;+ rh) e N j if and only if rt £ N j or rh £ N j.
To prove the “if” part, let, say, r fN j  and assume to the contrary that (гг+ гл) (t N j. 
However, since N j is maximal w.r.t. not generating 0, we see that our assumption 
implies that_ (ri+rj)rp...rq=rirp...rq+rhrp...rq=Ö, and therefore, rhrp...rq= 
= r;rp...r s — 0  for some finitely many rp, . . . , r q£Nj and hence for some finitely 
many /■;, rp, ..., rqdN j which contradicts the fact that N j  does not generate 0. 
To prove the “only if” part, let (rt+rh)£N j and assume to the contrary that r ^ N j  
and rh$ N j. Again, since N j  is maximal w.r.t. not generating Ö, see that our 
assumption implies that riru...rv=$ and rhrs...rt = 0  for _some finitely many 
ru, ..., r„, rs, ..., r,£Nj. Consequently, {ri + rh)ru...rvrs...r t = () for some finitely 
many (rt4-rh),r„ ,..., rv, rs ..., r,£Nj which constradicts the fact that N j  does 
not generate Ö.

To prove the fourth part of (ii), in view of (6 ), it is enough to show that for 
every and n ^ j< n ', C(rl)£M implies

rt € N j if and only if C (r;) $ N j .
Clearly, rt£ N j and С(г; ) 6  N j is impossible since N j does not generate Ö and 
rfC(i*j)—Ö. We show that ri \  N j and С’(г;) ̂  N j is also impossible. To this end, 
assume on the contrary that r ^ N j  and C (r f$ N j. However, since N j is maximal 
w.r.t. not generating Ö, we see that our assumption implies that гур... rq = 0 and 
C(ri)ru... rv = 0_ and therefore, (г, +  C(ri))rp...rqru... ry=0 which implies 
rp...rqru...rv = 0 for some finitely many rp, ..., rq, /•„, ..., rv£ N j which contradicts 
the fact that N j does not generate 0.

Thus, (ii) is proved.
The proof of (iii) follows immediately from (6 ) and the fact that (N j — Nj)?£ 

—N j)  since N j and Nj are maximal for n ^ j, k e n ',  j ^ k .
To prove (iv), let the zero row Ö, of M ' be covered by the rows of a set E' 

of rows of M ', where
(7) E '=  {r<\iil}.

5 Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



66  A. A BIAN A N D  S. SALBANY: D Y A D IC  M ATRICES A N D  WALLMAN COM PACTIFICATION

Thus, from (1) it follows that for every j< r í  we have:
(8 ) r-j =  0  for some i £ I.
We must show that O' is already covered by finitely many rows of £'. Assume to 
the contrary that O' is covered by no finite number of rows of E '. But then, by the 
Lemma, 0' is not generated by E'. From this, in view of (7), it follows that the 
set E of rows of M  given by:
(9) E = {r,|i £ /}
does not generate the zero row Ö of M. Indeed, if ru...rv=0 for some finitely many 
ru, . . . ,r vdE  then by (ii), (7), (9) it would follow that г '. . .г ' — Ö' which would 
contradict that O' is not generated by E'. Thus, E  as given in (9) is a subset of a 
set of rows of M  which is maximal w.r.t. not generating Ö. Consequently, from
(5) it follows that:

E  != Nj for some j  <  n or E Q N f  for some n ^  j  < n'.
But then, from (9), (7), (6 ) we derive г'и = 1 for every i£I contradicting (8 ).

Thus, the Theorem is proved.
Remark. Let и be a topological space. The characteristic functions of all 

the closed sets of n can be arranged to form the rows of an m by n dyadic matrix 
M  which has all the properties mentioned in the Theorem. In addition, the rows 
of M  are closed under addition and multiplication. Let us topologize the cardinal 
rí given in (4) such that the rows r■ of matrix M ' are the characteristic functions 
of the basic closed sets of rí (this is possible since the rows of M  are closed under 
multiplication and by (ii) the correspondence rt — r- preserves the products which 
implies that the rows of M ' are also closed under multiplication). But then (ii) 
implies that n is dense in rí and therefore (iv) implies that rí is a compactification 
of n. If the topology on n is 7) then by (iii) it follows that rí is a Tx compactification 
of n which coincides with the Wallman compactification [2, p. 139] of n.

For the case where compactification is defined via the finite intersection 
property, see [1 ].
The authors thank the Referee, Á. Császár for valuable suggestions.
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HERMITE—FEJÉR TYPE INTERPOLATIONS. Ill
By

P. VÉRTESI (Budapest)

1. Introduction

Let for a fixed N=n+m  («& l,m sO )

(1*1) — °=> ^  A ^  X l n , X 2'„ ,  X„,„; f l , m> %2,m , 5 fm.m — -® — 00
be finite distinct points on the real axis and let 

(1 *2 ) di,„, di n, ..., dn,n
be real numbers. For f£ C  ( = /  is continuous on [A, 5]) we consider the uniquely 
determined polynomial S(x) of degree S N 1 = 2n + m —l

I S(xk) = f( x k), S \ x k) = dk (k=  1, 2,
( } U ( C , ) = / f e )  (i =  l , 2 , . . . ,m ) .

(Sometimes we omit the superfluous notations.) Following P. S z á sz  [2], we call 
S(x) extended Hermite— Fejér interpolator polynomial. We state theorems of 
Griinwald-type for S(x) (n-*-°=>), further we give general convergence-divergence 
theorems for the special cases when some nodes in (1.1) are the roots of the Jacobi 
polynomial Pjf>ß)(x). Equiconvergence theorems will be established, too. We in­
tend to investigate the case max (\A |, |5|) =  °° in another paper.

2. Grünwald type theorems

2.1. Let us introduce the following notations.
(2.1) con(x) = Cn( x - x 1) ( x - x 2)...(x -x„ ) (C„ *  0),
(2.2) а т(х) = Кт( х - ^ ) ( х - ^ ) . . . ( х - и  (Km *  0),

(2.3)

Then

(2.4)

* £ _ l___ v"(xk)
k á Z i - x k co'(xk) 

S(x) = SN(f-, d; x) has the form

(fc = 1 , 2 , ..., n).

SN( f ; d; x) = 2 H xk) 7 7 7 Ц - [ 1 + cfe(лг—xk)]If (x) +
k  =  l  U  K Xk )

< + 2 т ^ Ш ц ( х ) +  2  dk- § ^ ( x - x k)H(x) ж
i= l  f t >  (?;) k  =  1 “  ( X k )

и m n
=  2  f( x k)hk(x)+ 2  f(ii)ti(x)+  2  dkbk(x),k=1 /=1 k=1
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where, as usual, lk(x) =  oj(x )[о/(xk)(x — x/t)] 1 (k=  1 , 2 , , n) and Li{x) =
= 0 (* ) [ f l '(« (* -« i ) ] _ 1  0 =  1> 2, ..., rri) (see [2], (24**)).
If dk n=0 (k = l,  2, ..., rí) we write SN( f;  x), further SN( f  f ' \ x )  stands for the 
polynomial SN( f d , x ) for which dk>n—f ' ( x kt„) (k= l,2 , , n). For m = 0 let
2  = 0  and Q(x)/Q(xk) =  1; so from (2.4) we get the well known Hermite—Fejér
/=i
interpolatory polynomial H „(f;x) of degree 352n — 1. As it is well known, the 
functions vk(x)!tí 1 +ck(x — x k) play an important role in the investigation of the 
expression x)—f  (x)\. We shall see that they are rather important from the
point of SN( f;  x), too.

2.2. Remark that SN(P, P '; x)=P(x) whenever P(x) is a polynomial of 
degree ^2 n  + m — 1. So we obtain with f (x) = 1, SN( f l , f{ ;  x )= l, i.e. by (2.4)

(2.5)
П m

2 h ( x ) +  2 u ( x )  =  \ ( N =  1, 2 ,...).
k  =  1  1  =  1

If in the f i n i t e  [a, b\Q[A, В] the nodes (1.1) form a Q - n o r m a l  p o i n t s y s t e m ,  i.e. for a 
suitable o = - 0

(D)

vk(x) Ш q >  0  (k = 1 , 2 , ..., n), 

Q^  ~ ~ 0  (k =  1 , 2 ,.. .,« ) , 

O' =  1, 2 ,  . . . ,  m)П(хк)
.Li(x) is 0

then we have the important relations
л fí(x)

(2 .6)

0

if x£[a, b], N  = 1, 2,...;

в

Q= 2  к(х) = 1 O f  [a, ft]).

From now on we suppose A and В are finite, e.g. —A = 5 = 1 .
2.3. We state theorems using SN which are analogous to theorems proved 

for Hn by G . G r ü n w a l d  [3]. In fact the proofs are similar, too, so sometimes we 
sketch or omit them.

Let ||g||[a>H =  maxJg(x)|, ||g|| Hlgllt-i.it- We statea^x^b
T heorem  2.1. Supposing that the nodes form a Q-normal system in [a, b\,

(2.7) I I *) - / (*)Hr*,« =  ( 6  + 2lQ)ENli n ,
whenever f  f '£ C .

(Here £■„(/; [a, ft]) = min {||/-Рв||[в,и}, P„ are polynomials of degree ==«; 
£„(/;[-!, !])=£„(/)•)

1 This definition is a generalization of the usual one (see further 2.4.1).
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Dropping the ^-normality and f f i  C we can often use the following con­
vergence theorem (see further 2.4.3).

Theorem 2.2. Let us suppose that for each N

(2 .8 ) 2  \h(x)\ + 2  k i« |  =  0 ( 1 ) uniformly in x £ |a, b],
k= 1 /=1

moreover, with Mn — m ax(l, max \dk J)
4 l^k^n ’ 7

n
(2.9) lim M„ I$*C>0| — 0 uniformly in x£[a,b], too.

N-°° k=1

Then
\\sN( f , d , х ) - / ( х )ц [а|Ь] =  °  i f  f e e .

This theorem will be applied in the proof of the following assertion which 
generalizes Griinwald’s important statement proved for Hn (see further 2.4.4).

T heorem 2.3. Let us suppose that the system of nodes is g-normal in [a, b\, more­
over with certain fixed e > 0

(2 .1 0 ) Mn = 0 ( N r e) (N =  1 , 2 ,...).
Then
(2.11) Hrn̂  \\SN( f  d] x )~ f(x )IIfa,b] = 0

whenever / 6  C.
2.4. R emarks 2.4.1. Theorems 2.1—2.3 for H„ and [a, b\ = [— 1, 1] were proved 

in [3]. For m = 2, § i= l, and í 2  = — 1 (the so called quasi-Hermite—Fejér inter­
polation), Theorem 2.3 was proved with [a, £]=[— 1, 1] and Mn = 0 (  1) by 
J. Sántha [12], using [3], 4. §. In these cases (D) has the form vkn{ x )^ g > 0 (for 
each к and «) in [—1, 1], which was the original definition ([3], [10]).

2.4.2. If in (D) we know only vk(x )^0  (without any change in the further 
requirements), we say that the pointsystem is normal in [a, b\. We can establish 
pointwise convergence theorems if xe[a,b] and uniform convergence in [a + c, Ь — е]. 
We omit the details (see the corresponding part of [3]).

2.4.3. In theorem 2.2, the condition (2.9) can be replaced by

(2.9*) limn-*-oo 2 ( i  + \dk\ ) ^ j &  
k=i y i — xk

0  ( к | < 1 ),

involving w(f; t) in the estimation of the error (see (2.13)).
Indeed, there exists a polynomial PQ(x) of degree s ß  such that

\\f(x )-P Q(x)\\=EQ(f),

i w i -  0 ( 0 • W if |x| <  1 ,(2. 12)

f'l - л 2

where w is the modulus of continuity of /  (S. B. Steckin [21]).
( / ;  q) 1
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Le., for suitable Q=Q(N ) we get for N —°°, as in 4.2,

(2.13) IISM(f; d; x )-f(x )\\laM = 0 (1) w(/; [l + ß  Д 0 Ж 1 ) | = ]  -  o(l). 

For |лгл| = 1, we use

(2.14) \Pq(x)\ = O m W{f- 1 )

(see [21]). If, e.g. ;q = l,  the first term of the sum (2.9*) will be (l +  |i/1 |) |$ 1 (;c)|. 
For the process Hn similar arguments where applied by M. Sallay [22].

2.4.4. We can get a convergence order for the ^-normal system. Indeed, we 
can prove that if the nodes form a ^-normal system in [a, b] then

(2.15) ^  j§>k(x)I = 0 (N  г+£) (e >  0 is arbitrary)
k = 1

(see (4.5)). So we get by (2.14), as in 4.2 as follows.
Supposing that the system o f nodes is д-norma/ in [a, b], we have with arbitrary 

fixed E > 0

(2.16) IIS„(f; *)-/(*)llfcM =  0 (l)w (/;

One can get estimation using SN( f;  d, x).
2.4.5. For a p-normal in [a, b] system we can obtain

lim#!-*• oo 2i=l
co2(x) L,(x) =  0,

[а,Ы

if we use the relation (4.4).

3. Some special extended Hermite—Fejér interpolations

3.1. Let

(3.1) — 1 — x <%ß> <  x f z f „ < . . . <  <  x f f > s  1

be the roots of the Jacobi polynomial P(f ’ß)(x) (a, j8 ^ - l )  of degree n. As we 
know, if a >  —1 then xljn< l ,  and similarly, — 1 whenever /?> — 1. We
often use the normalization

(3.2) ^ i“*w(i) =
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(see [1], chapter 4). Remark that in the sequel a certain knowledge of the Jacobi 
polynomials is supposed. Namely, we shall apply (mainly in the proofs) the for­
mulae and notations (4.1.1), (4.1.3), (4.2.1), (4.21.7), (4.22.2), (7.32.5), 8.9 and 
14.5 from [1], sometimes without any further references. Further, we use Lemmas 
1 and 2 from [17] which state that

0 < Ci(a, ß) S g  c2(a, ß) (fc =  o, 1,..., it),
where

4«-« =  cos Si«-«, 4 «-» =  1 , x2t!> =  - 1  (a, ß >  - 1 ).

Using the nodes (3.1) and the points ±1, the following special SN( f;  x) pro­
cesses have been investigated.

N ota tion , name Informations on the nodes Some references

Hermite—Fejér
m = 0

[1]. [3], [4], [5], [6],
[7], [8], [9], [15], [16],
[18], [19], [20], [22], [24], [26]

— 1 m= 1, i i  =1 [7], [9], [14]

QiSl\
quasi-Hermite—Fejér

m = 2, i i  = 1, is  = - l
[7], [9], [10], [11], [12], 
[13], [16], [19], [20], 
[25], [28], [29], [30]

U<%f\ «=*-1
m — 0

Xo.n = 1 [7], [9], [15], [27], [30]

VÁvr, a> ß-— 1
m = 1, = 1 

Xo.n = 1
[7], [9], [14]

W iVf\ a .ß ^ -1
m = 0

x0 , „ = 1 ,  xn + 1.„=-l [6], [7], [9], [16]

(Here, e.g., VpyP is based on the nodes x0 „, x ^ ’ß>, . . . ,x p ’ß> and £г . The value 
of the derivative of Vp+ß) is not prescribed at p.)

3.2. The convergence (or divergence) results in [ — 1,1] generally were es­
tablished only for the roots xk of the Tchebyshev polynomials of first or second 
kind. Now we intend to investigate all Jacobi matrices and which is more important, 
we establish close connection among the above processes; we shall consider all 
the processes together to clear up the regularity of their convergence-divergence 
behaviour.

We say that a pointsystem is g-normal for Hn (or Rn, Q„, ...) in [a, b] if (D) 
is true for the corresponding process. We state the following

T h eorem  3 .1. The fundamental nodes of the extended Hermite— Fejer inter­
polation form a Q-normal pointsystem in [ — 1 , 1 ] for the following special processes,
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parameters and values of q:

Í/C*. P)n — 1  ё  a, ß <  0 min (—a, —ß),
#(a, ß) J'n + l 0 S a <  1; - 1  S /? < 0 min [— (a — 1 ), -ß],
n(a, ß)Xßn + 2 0  S  a, ß <  1 min [—(a— 1 ), —{ß— 1 )],
и  (*» ß)un +1 1 == a <  2 ; - 1  0 min [—(a —2 ), -ß \;
У (л, ß)v n + 2 1 ^  a <  2 ; 0  < 1 min [ - ( a - 2 ), -(/3-1)],
U/(<x, ß) yyn + 2 1 S « J < 2 min [- (a -2 ) , -05 -2 )].

Moreover, by Theorem 2.3
(3.4) lim \\SN( f l  x)-f(x)\\ = 0 i f  fd C ,

П-+ CO

where SN should be replaced by Rf+f*, . . . ,  having the parameters
specified in (3.3).

3.3. In the sequel denote by SN(a, ß)(f; x) (a, /?=► — 3) any meaningful ex­
tended Hermite—Fejér operator from the following ones:

я ^ Ч / ;  x ) ,K V f-» 4 f;  x), Qi\V’ß+14 f ;  x),
v^ , ß +i)( f. x) and W (X++2,ß+v { f . x)

By this notation Theorem 3.1 states: The fundamental nodes o f SN(a, /?)(/; x) 
form a  g=m in( — a, — ß)-normal system in[—\, 1 ] whenever — I s  a, ß<0. Further, 
for these v.’s and ß ’s.

(3.5) ^im HSjvCa, /?)(/; x)-f(x)\\ =  0 for any fe C .
Let

C(w) = {f(x); f e C  and w(f; t) S  a(J)w(t)}

where w (f; t) is the modulus of continuity of f ( x )  and w(i) is any modulus of 
continuity. If a ( f ) ^ M  we shall write CM(w).

With these notations we state the following equiconvergence theorem.
Theorem 3.2. I f  x, ß s  — 1 then we have

sup \\SN(cc, /?)(/; x)-f(x)\\
/о z:\ /€ Ĉw)___________________ i
1  '  sup \\H ^f> (f; x)-f(x)\\

The statement will be generalized, in a certain sense, in Section 3.5. (Remark 
that Theorem 3.2 becomes an “equidivergence” relation for min (x, /l)sO; as 
for the meaning of the symbol see [1 ], 1 . 1 .)

3.4. If min (a, /?)< — 1, SN(<x, ß )(f; x) is not a positive operator anymore. 
Of course, e.g. //,[*’ß> has no meaning, but for the meaningful processes we settle 
all the cases. First we prove a convergence statement which includes (3.5), too.
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Theorem 3.3. Supposing — 1.5^a, /i<0  and |a—ß\ = \, we have 
(3.7) Hm \\SN(cc, ß )(f ; x )-/(x )|| =  0 whenever f£ C .

П-+00
(Of course, we suppose SN(a, ß)(f; x) has meaning. E.g., if SN(a, ß) = U£%\2-ß> 

we must require ß= — 1 .)
This theorem is the best possible in the following sense
Theorem 3.4. Suppose

(3.8)
max (a, ß) ^ 0 , or 
min (a, ß) <  —1.5, or 
\a — ß\ >  1 .

Then for certain fd  C, (3.7) is not valid.
3.5. Using much stronger tools than for Theorem 3.2, we can prove the follow­

ing general equiconvergence statement.
Theorem 3.5. Let a, /?=— 3 and { ;̂} be an arbitrary sequence. Then one can 

choose a subsequence {r;}c  {</.} such that

(3.9)
sup \\SN(oc, ß)(f; x)-f(x)\\ 

/ect(w)____________________
sup IIfVH%+22' ß+24 f l  II/CCj(»>

1 (n =  r l9 r2, ...).

3.6. R emarks. 3.6.1. It is a natural question to investigate the order of con­
vergence. This has been done for different processes (see, e.g., [8 ], [13], [18]—[20], [22] 
and [26]—[30]). By the method used in [18] we get for a , /?& —1.

\SA*,ß)(f;  *)-/(*)! =  o(i)  2
i = 1

w / ;
: \ \  — x2 + w ;2 /- i ( x € [ - l ,  1 ]

where у =  max (a, ß, —0.5) and the sign О depends only on a and ß.
Near the endpoints one can prove better estimations if we use the method 

applied in [19].
Finally we mention the following uniform estimation:

\\SA«,ß)(fl x)-f(x)Wlatbl = 0 (l)  2 w [ f ; ^ V i  ( [ a , b ] c ( - 1 , 1 ), a , /? ё  - 1 ) 
(see [19]).

3.6.2. Now we list some results proved in previous papers. (3.4) was established
for #„<*■« ( - lS a , / i< 0 ) ,  R(°+i'-° '5), ß f tP  (0<a, /1<1) and in [3], [2], [12]
and [14], respectively.

The estimation (3.7) was proved for ac=ß= —0.5 and oc—ß —0.5 for different 
S(f ß> ([7] and [9]). The processes and Wfylf were mainly used to prove
theorems of divergence-type ([6 ], [9] and [15]).

Theorem 3.2 for 0 „ + 2  was proved in [19].
3.6.3. Theorems 3.3 and 3.4 serve answers for the convergence-divergence 

behaviour of Q„+P (see P. Túrán [23], Problem XXVII).
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3.6.4. We have seen that the ^-normality plays an important role in the con­
vergence behaviour of SN( f  d\ x) (see, e.g. Theorem 2.3). P. Túrán raised the prob­
lem whether there exists such a system of nodes for which the conjugate-points {л'к „} 
are dense in [—1, 1] but \\H„(f; x )—/(x)|| —0 whenever fdC. J. B alázs [24] and
P. V értesi [20] gave positive solutions for this problem using the roots of the 
orthogonal polynomials corresponding to the weight p(x) =  |x|2a+1(l — x f f  
(a, /?> — 1). Now we give answer for a generalization of the question raised above 
using the roots of the Jacobi polynomials.

In accordance with the usual definition (see [5]), the root sk n of the linear 
function vkn(S; x ) will be called conjugate point to xk n (k = 1, 2, , n; n —1,2, ...).
First we state

3.6.4.1. Let а =  —1—a and /1 = а + 2с5 (0<e; 0S<5<0.5). Then the conjugate
points corresponding to the process {SN(a, /?)(/; x)} are dense in the in­
terval [—1 , 1 ].

Indeed, it is easy to see that

(3.10) ^ ,n(l) =  ( l+ j 8 ) | ^ - a  (W < 1 ) .

So ул(1)-<- — а =  1 +£ if n — °o and 2S&SM . Similarly rfc(l) — l +ß — а = 
=  1+20<2 if n — °° and 0<«/2 — ÁSM. By these and vk(xk) =  1 one can obtain 
ski„-*l (и->-оо, 2 S& SM ) and sk „< — 1  (0 < и / 2  —&SM, n S n 0), from where 
the statement follows (see further [2 0 ]).

Let us consider two special cases. By 3.6.4.1 and Teorem 3.3 we get
3.6.4.1.1. Let 0.5S a d .  Then the conjugate points {iti„} corresponding to 

are dense in [—1 , 1 ], and at the same time, lim \\lV jff ( f;  x)—/(x)|| = 0П-*- со
i f  fdC. The analogous statement holds for O f+f ( / ;  x) if  — 0.5Sa<0.

Remarking that W fä f is an Hermite—Fejér interpolatory process, we gave 
answer for the Turán’s problem.

3.6.4.2. We can investigate the conjugate points for the remaining a’s and 
ß’s, too (see, e.g. [5], [20] and [24]).

3.7. The investigation of Rf+P (where /?=-—J, m = l, f =  —1) can be reduced
to (see (3.2)). Similar remark holds for Uf+f and Vnf 2ß>, too.

3.8. By usual methods one can investigate the SN(a, ß)(f; d; x) processes, too.

4. Proofs

4.1. P roof o f  theorem  2.1. By (2.6) we obtain 

(4.1) 2  I Sr M l S  ~~ (x$[a, b]).fc =1  Q
Let P'(x) be the polynomial such that \f '(x ) — P '( f;  x ) |s  £ )(/') . Let Pr(x) =
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= / ( —1)+ J  P'r{t)dt. Obviously \ f ( x ) - P r(x)\^= 2 £ )(/'). So we obtain with 

SN (PNl, P'nx • X) = PNl (x), (4.1 ) and (2 . 1 )

I S s i f J ' l  x ) ~ m \  =  I SK( f - P Hl, f ';  x) + PNl(x)-f(x )  I S

X

Z  \f(xk) - P Nl(xk)\hk(x) + 2  \ f ( i l) - P Sl{ ^ \ t i(x) +
1=1

+ 2  \f'(xk)-P 'Nl(xk)\\bk(x)\ + 2ENl( f ')  = ( 6  + 2/Q)(ENl(f'))
k=1

in [a, Z>], which was stated.
4.2. Proof of T heorem  2.2. Using a suitable Pr( / ;  x) we have, by (2.8) and 

(2.9) as above
n m

\SN(f, d; x ) - f ( x ) \  =5 2  \ f (Xk)-P(xk)\ \hk(x) \+ 2  l/(i;)“ /4?i)l lhWI +
fc=l 1=1

+  Z  |A f » + l ^ , ( ^ * ) l | ! $ t ( * ) l  +  l ' P ( - * ) - / W I  <  £■
k  =  l

4.3. P roof of T heorem 2.3. 4.3.1. Because of (D) and (2.5), (2.8) is valid. 
So we have to prove that from (D) we obtain (2.9), too (see Theorem 2.2).

4.3.2. In the following proof we use ideas analogous to [3], 5. §. Let oc be any 
fixed point in [a, a j  (where a1 = (h +  a)/2). Define the function g(x)£C  as follows:

(4.2) gO) =
о i f  — 1 =  X ^  OC,

l(x —oc)ei if a ^  x  ^  1 where 0  <  gk <  q ^  1 . 

Using g(x), we shall verify for any fixed 0 < ^ 2 < p 1

(4.3)

If oc=xk for a certain k, then obviously 2  =0. So we consider N ’s such that
a- xkoc7±xk. Remark that for these N ’s we can form SN(g, g'\x). By (4.2) we obtain

3 v ( g , g ' ;  *)= Z  (хк- ^ Г ~ - Ы ^ ~ 01]1!(а)+ ^ ( í r ^ í l i i W s o .
х-=хк « \ Х к)  a s f t (О tCil

(4.4)
4.3.3. То estimate SN(g, g'; cc) in another way we quote the following
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L emma 4.1. F o r  t h e  f u n c t i o n  g { x ) ,  t h e r e  e x i s t  p o l y n o m i a l s  P „ ( x )  o f  d e g r e e  = n  

s u c h  t h a t  i n  - l ^ x S l

|g (* )--P »(* )| =  c ~ ,

| ( x - a ) ( g , ( A ) - / >'(x))| =  c ^  ( x  pi a, n  =  2, 3,.. .).

(See [3], 6.§.)
So by (2.6) and the lemma

\ S N ( g ,  g ' ;  c e ) - P N l ( a)I 2  \ g ( x k) - P N l ( x k) \ h k (ix) +
k = l

m n Q ( a \
+ 2 1g(Si)-PNl(Zd\ti(«)+ 2  \g'(xk)-P'Nl(xk)\ si = l k=l u \xk)

\ n N  c
<  c --------- ------

N f  N f

with Again by the lemma, |i>jvl (ot)| =  0 (A t fC2), i.e. by (4.4)

(4-5) O s S N( g , g ' ; a ) S ^ .

By (2.6), (4.4), (4.5) and v k {<£) —  q ^ q  —  £?i =-0 we obtain (4.3).

— 'f r — J S 2 gl ~k 2 and similar arguments for

а 6[а1; b ] we obtain

(4.5) 2 \ ^ - x k \ ^ ß g l l ^ )  =  0 { N ^ )  if  a e [ a , b ]
k = 1 *‘\Xk)

uniformly in a, which, by (2.10), gives (2.9), the desired result.

4.4. P roof of T heorem  3.1. 4.4.1. I f  m = 1, & =  ±  1, we get by (2.2)

Ö W Iß fe )]-1 =  (1 T x)(l W 1 s  0

and L f x ) =  1. For m = 2 ,  ^ = 1 ,  £2=  —1 we obtain

Í2 (x )[í2 (^ )]-i =  а - д ^ О - д ® - 1 ^  0
and

L W  =  - ^ ^ 0 , f 2 (x) =  — — o.

So from (D) we have to  investigate only nt (x).
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4.4.2. As it is well-known for H ^ ’P) 

vk(H: x ) = l -  (а+ Ш .V ~+-a-

(4.6)

(x -x k) (\xk\ <  1 ; cc, ß s  - 1 ),

v1(H ;x) = l — (n + ß 21)(И 1}- ( x - 1 ) (a = — 1 ),

г„(Я; x) = l + (П + a ~ ' )(n-~- ' ) (x+1) QS =  — 1),

further, using the values ^ ( ± 1 ), we have

(4.7) vk(H- x) s: m in(-a , - ß )  (fc = 1, 2, ..., n)

(see [1], 14.5).
4.4.3. Considering RjftP we get by (2.3) and (4.6)

(a+ ß + l)xk — ß + a - l1 (а + ß + 2 ) xk — ß-{-(x
l - x k l - x |  1 - x \

1 (n +a— l)(n— 1) (n+a— 1) (« —1)4-1

(\xk\ <  1),

c" ~ T  + ‘ (ß =  — 1 )

from where we obtain

Ж) ,  I -  (» + it'>*» (x_

\ , , (n + а —l)(n —1 ) + 1  , лr„(«; x) = 1 4 ------------ -̂---------- ( 1 +x)

(1**1 < l , | 5 s - l ) ,  

(j8 =  - i ) .

Using these, it is easy to get the desired result (see [1], 14.5).
4.4.4. For Q&P

_  1 1 (oc + ff + 2 )xk- ß  + oc _ (x + ß)xk- ß  + a _
°k 1 — xk l 4 -xfc 1 — xk 1 — xk

The remaining part is the same as above.
4.4.5. Now let us see UjftP. Obviously

(4.8) шп+1 ((7(а*ß); x) = (l-x)P},*-l»(.x) = ( l-x )c o n(H ^l»; x ), 

which means
(4.9) co'(U; x) =  -/>„(*) + ( I -x )P '(x );  co"(U; x) =  -2P '(x)4-(l -x )P ;(x ).
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So by (2.3), (4.6), (4.8) and (4.9)

co"(U; xk) _  2 (a. + ß + 2)xk — ß + a (oc + ß)xk — ß + a — 2ck = co'(U;xk) \ - x k

co"(U; 1)
C° ”  oj'(U; 1) =

<o"(U; -1 )

\ - x l

2 ^ ( 1 )

1 - x l
( k i  <  i).

n(n + a+ ß+ l)

c „ = - 1 +

Pn(l) 1+a

(n + a — 1 )(и— 1 )
со' (U; -1 )  * 1 2

where at c0 we used (3.2) and [1] (4.3.1), which gives

(4.10) P ^ /0 ( l ) = n + oc + ̂ + 1

4.4.6. For VfäP, using 4.4.5 and (2.3), we have

1 co"(U; xk) (a + ß — l)jcfc — ß + a — 1

0 = - l ) ,

Ci = ■ 1 +Xk co'(U; xk) 1 - x l

i(n + oc+ß+ 1 )
+

(fc= 1 , 2 , ...,«), 

1 1 -

i.e.

so

1 a)"(U; 1) Ги(
C° ~  2  _  co'(U; 1 ) ~  ~L 1 + a

4.4.7. Finally for Wn%’P

con+2(fV; x) = (l - x 2)P<*-«(x), 

со'(W; x) = -2xP„(x) + ( \ - x 2)P'n(x), 

со " (W; x) = -  2P„ (x) -  4xP' (x) + (1 -  x2) P" (x), 

co"(tV; xk) 4xk (tx+ß + 2)xk—ß + a (oi + ß — 2)xk — ß+a
оз'(W- xk)

co"(tV; 1 ) 
co'(W; 1)

4  1 - 4
(к =  1 , 2 , ..., n),

1 - k

2F„(l) +  4 />'(l)
2 Л ( 1 )

-  - [ = 4 = 4 ^ ^ ± 1 > + 1 ].

c o " ( lF ; — 1) n ( n  +  oc +  / ? + l )  i ,
cn + l  — 77777 TV — i “  Г i .co'(W; - 1 ) 1+ß

4.4.8. By 4.4.1—4.4.7 we proved the p-normality. For proving (3.4) we have 
to apply Theorem 2.3.

4.5 Pro o f  of T heorem  3.2. 4.5.Í. As we mentioned we have proved the state­
ment if ^ ( a ,  /0 = ßn+2 1,/i+1) ([19]). Using similar considerations we sketch the 
proof for another characteristic case, e.g. when SN(a, ß)= Vjl%\2’ß+1).
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4.5.2. By (2.4), 4.4.4, (4.8) and 4.4.6 we get
(4.11)

v „ W ß+1)(/; * )-/(* ) =  2  [/(**)-/(*)] [i -  (a+/^ 2 )" X —  (*-**)] •
fc=l I  + x k L 1 — Xk J

Г 1 - Х  p(* + 2,ß+l)(x\ I 2 1 -1_Y

+ w 1 , - / W ] t -
Í n(n +  a +  j8 +  4) 11 1 f ^ a+2’i+1>(x)]2

‘1I+----ä+з----+tJ(1_x)J L/jr +2’/!+1)(1)J +

[Cl — y\ p («+*.P+1 )(v')1 2  »
\ P<Sli7TT( n  = 2 - + 2 -  + 2  . . . =

=  A,. (x) +  h, „ (x) +  /3, „ (a).
4.5.3. First let — l ^ a ,  ß^O. One can see that now 2,p + 1>(/; x) is a positive

operator so

sup llF„<+2 2’^+1)(/; x)-f(x )\\ = sup KAi2 -0 +»(w (.; x); x) ££ F„^|2̂  + 1 >(w), 
/£ C X(w) * £ [-1 .1 ]

where w(?; x)=w([i—x|) (for the details see [19], 4.8.) By (4.11) it is easy to see 
that for certain o O
(4.12) F ^ t 2 >/i+1)(w(-;  y);y) = 0(1) sup F „ ^ +1 >(w(. ; x); x),

xeia„,b„]
where |_y|al — cn~2 and [an, £>„] = [— 1 + cn~2\ 1 — си-2]; so one can choose the 
sequence рп=со&фп such that for the fixed o O , сп~1̂ ф п^ п  — сп~1, moreover

j / (5+ 2' i + 1) ( w ( -  .  p j .

4.5.4. One can prove 
Lemma 4.2. We have for — 1 Sa, ß^O

(4.13) ; p„); p„) ~  h (Pn).
Indeed, let сп~1^ф „^л/2. Using the formulae (4.11); [1], (7.32.5), (8.9.2) and 

[17] Lemmas 1, 2 we get as in [19], 4.8.2,
,/,-2«-5+4 w(\Xk- Pn\) fc2 « + 7 - 4  ^

1 - 1  n Ä  (xk-p „ f  n2 “ + 8 - 4  -
IAn- 2 1 - 1  4^] w(|xfc- p j )  /с2 * + 3  w(sin2  фп) f * +i 

cx П .Z*±i ( k + j f ( k - j f  n2 ( # „ Г + 1  74

w(sin2 i/ 0  _  vv(sin2  I/O r 4

— c 2  \ 2a + 3  ~  *2\Pn)>M>n (пфпГ
where xjn is the nearest root to pn and stands for .

k*j
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The remaining parts can be handled similarly, i.e. we proved (4.13) (for the 
details see [19]).

4.5.5. Denote xff- ß> by yk. Then by (4.11) and (4.13)

\V&¥’ß+1)( f;  I =  0(\)h {p n) =

0 ( 1 ) Z 'w (\xk-
k = 1 % ^ \ p ’nТ ’Р)(Ук)(хк~Р„)

zn)

~  2  w(\yk- z n\)vkj„(HM )-
k = 1

=  0 (1 ) Г sup № • « ( / ;  x ) - /(x ) ||+ w W ] =l/£ Ĉ w) \n )  1

=  0 ( 1 ) sup № ■ » ( / ;  *)-/(*)ll =  o(i)<?‘«-»/ec,(w)
for a certain {z„ =cos £„} where — <̂„| =  0 (n -1). I.e., •Fj1 + 2  =  0(G„). With
similar argument G„ = 0(Fn+2) which proves our assertion if — 1 ^.a, ß^O.

4.5.6. To complete our proof we state
Lemma 4.3. I f  o t^ß ^  — l, ooO we have for arbitrary w(t)

(4.14) sup \\SN(ct, ß)(f; x )-/(x ) || ~  n2\
f i C L(w)

We proved (4.14) for Hjß'ß) and ßn+21,?+1) ([19], 4.8.5). The remaining cases can 
be treated similarly.

4.6. Proof o f  T heorem 3.3. 4.6.1. Let
n m

2  \f(x k)-f(x )\ \hk(x)\ +  2  !/((;)-/(*)[ kiWI =  DN( f  ; x).k=1 /=1
As in 4.5.3,

IIAvCf; *)ll =  0(l) \ \DN(f; x)||[a„,M (n S  n0).

4.6.2. First let SN(a, ß)—Un+1 or Wn+2.
4.6.3. Now using (2.4), 4.4.5 and 4.4.7, we obtain for f^C fco), as in [18] 

and [19]

(4.15, !>„(/; , ) =  0 „ ) { | [ „ . ( Í ^ i )  + „ ( i Í M ) ] ? > - .+

+ w(sin2 9)[(u sin 3) _ 2 * _ 3  +  (n sin 9)~2i_3] + (sin 9 )_ 25t~1 /2 _ 2 ß _ 3  2  l2ß+1 +
2 = 1

+ (sinő)- 2^- 1 n - 2 a - 3  2 l 2*+1\ = = 0 (l)£,v(w; x),
i=i >

where x=cos 9 (en_ 1 ^ 9 ^ 7r — сп~г), y = max(a, ß, —0.5).
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By (4.15) we obtain
(4.16) ||Sw(a, ß H f;x)-f(x )\\la M  = o(l) if -1 .5  <  a, ß <  0, |a-j?| <  1.

4.6.4. For the remaining cases we shall apply Theorem 2.2. Again by (4.15)
we get
(4.17) HS*(a, ß )( f  \ * )- /(* )!£a„.b„] = 0(1) if - 1 . 5 S a J <  0, |a-/?| ^  1,
from where one can get (2.8). So we have to prove (2.9). To get this, we suppose 
only — 1.5Sa, /?<0. First remark that for Un+1

[1 _  Y n(a + 2 ,0 )/y) l 2

T~ k p y + W ( Xk) ( x - x k)\ (1 - fcS
and

(**)(*-**) J
r í)

л  , _ л  j e +M)W l 2  
§ o W  —  ( X  1 ) p(5! + 2 ,/! ) /J \  J *

As above, one can suppose cn cn 1. By the formulae of [1] we get

|So(*)l =

fQ2 Q -2 a -5
0 ( 1 ) ..2 a+ 4  =  0(n~2) if cn-1 — ^ — n/2,n • n

n • n2a+ 4 = o(n_1) if л /2 ^ 9  Ш n — cn x.

For the remaining terms we get, using also [1] and the previous arguments, if 
сп~1=‘9 ^ л /2

Q —2a—1 Г и L2

Z \ b k(x)\ = o ( i ) — — \ x -n Lk=i n
a + 3 П“

k = 1

[„2a+l 2a—1 /  [j/2] 2j  n \

i +3 2  +  2 '+  2

и  t f c + 1  f c = L / 7 2 ]  f c = 2 j /

Л £ 2 0 + 3

2 a + 4  ife+jiifc-ji + Л " ^ тт
2a + 3 M2a + 1,* — 2a—1

• _ 2 a - l
=  0 ( 1 ) к + 2 ^ - + - Ц —  |j 2 * + 2In2 П“ n2

I „2a + l ; - 2 a - l  n
______I n  J V  1-20 + 3 .

\k+ j\\k -j\ « 2 Д + 6  t=i J

n 2a + 2 |_ |_ j - 2 a - l n 2aj _  o ( l ) 5

where, as usual, x ^ x Jt„, so 3%/n x. On the other hand, for k/2 — cn \
as above,

2 1 Ы * ) 1  =  о ( 1 )-
- 2 0 - 1  Г n £ 2 0 + 3

~n [ &!?>+* ТГ+ 2 -\k+ j\\k -j\ k=i n.2a+ 4 =  0 ( 1),

which can be obtained as above. So we proved (2.9) for SN=Un+1. Similar argu­
ments hold for W,n +  2 •

4.6.5. Now let e.g., SN=V„+1. By (4.11) we obtain, as at (4.16) and (4.17)

f o(l) if —1.5 < а, /? <  0, |a —/? |< 1 ,
(4.18) ||/1,.(*)|| + H /..»(a)l={0(1) if _ L 5 S a )^ 0, |a—/?[ S 1.
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If -1.5 

(4.19)

а, /?< 0 , |a— / ? | < 1  we obtain

0 ( 1 )- n2ß + 2 o(l) if x Ш 0 ,
tsin ,<T>-20-3

0(1) w (sin3 9) ’^ +2 = o (l)  if x ^ O ,n • n‘
which, by (4.18) gives the desired result. On the other hand, by (4.19)

(4.20) | | / 3,„(*)ll = 0(1) if -1 .5  S  a, ß  ^  0, \ a - ß \ * \ .

Remarking that (2.9) can be verified as in 4.6.4, we obtain our statement. (The 
“exceptional cases”, e.g. a= — 1, ß=0, can be handled as in [19]. We omit 
the details.)

4.7. Pr o o f  o f  T heorem 3.4. 4.7.1. First let x= ß —0. With / ( x ) = l - x  and 
2z„=x1+x0 we have, as in [1], (14.6)

■S*(0, 0 ) ( /;  z„) ~  1 > /(z„) ~  n - \

4.7.2. By usual argument we get

2  \K(zn)\ ^  cn2* ( a  ^  0)
к

(see, e.g., [1], 14.6), i.e., by 4.7.1 and 4.7.2 we settled the cases max (a, ß )^ 0  
(see the arguments of [19], 4.7).

4.7.3. Suppose e.g. a-= —1.5. Then by usual argument we have with 2s„ = 
— xlnlí\ + xlnlt\+í that

l*i(s„)| ~  n -2*-3 for Rn+1 and Q„+2, 

l^o(s„)l ~  n ~ 2 a - 3  for Un+1,V n+2 and W„ + 2, 
which tend to infinity with n.

4.7.4. Finally let — \.5 ^a , ß< 0  and, e.g., a —yS=-l. We obtain

2  \hk(z„)\ ~  n2(x- ß- 1\

which completes the proof.
4.8. Proof o f  theorem  3.5. 4.8.1. Let, e.g. S N= V n+2. By (4.15) and (4.19) 

(4.21) BN(fV;  w; x) = B N(V;  w; x) =  CN(x) (err1 n — c n _1),

further, as above
P W ;  x)|| =  0 ( l)u ( /) ||R JV(w;x)||[a„>b„] 

whenever f£C(w) (for any SN), i.e., by (4.21)
(4.22) I I ( a , /?)(/; x)-/(x)|| =  0 (l)e ( /) ||C JV(x)||[emW i f / €C( w) .
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4.8.2. By the argument used in [19] we can prove that for any fixed sequence 
e„ (0 < e„+j < e„, lim e„=0) there exist a function f 1(x)£C1(w) and a sequence

n - + o o

{и,} с  {</,} such that

(4.23) \\Vt*f2,ß+1>(A \ *)-/i(*)ll a  c(fj)en\\BN(V; w; x\\Unybni (n = nu  n2, ...). 
Similarly, for any fixed ё„ (0<еи+1 <ё„, lim en=0) there exist a function / 2 (x)£П-*- oo
6  Q(w) and a sequence {«,} c  {/?,} such that

(4.24) '+ » ( / ,;  * ) - / a(je)|| S  с(/2)<?„||Я*(Ж; w; x)||[emb„: (п=Л„ й2, ...).
(Indeed, obviously one can choose the term FN(x) from BN(w; x) such that

(see (4-15))- Now, again by (4.15), we can find a fixed 
point x*i[a„, bn] such that ^ ( л:*)~ 11^А(л:) 11[а„,ь„]- F°r this х* we apply the argu­
ments of [19], 4.3 and 4.7 to obtain (4.23) and (4.24)).

4.8.3. By (4.22)—(4.24) we obtain (3.9).
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GEWISSE ABSCHÄTZUNGEN ÜBER BESCHRÄNKTE 
ORTHONORMIERTE SYSTEME

Von
K. TANDORI (Szeged), Mitglied der Akademie

1. Es sei l^ íT ^oo . Mit Q(K) bezeichnen wir die Klasse der im Intervall 
(0, 1) orthonormierten Funktionensysteme cp = {<p„(x)}~ mit

\(p„(x)\ ^  К (л-6(0,1); n = 1, 2, ...).
(Im Falle K=°° ist Q(K) die Klasse aller im Intervall (0, 1) orthonormierten 
Systeme.)

Für eine reelle Zahlenfolge a= {c/„}J setzen wir

\\a;K\\ = sup 1/ f  sup ... + aj (pj (x)\2 dx.
<p £i2(ÄT) Г g lSiSj

Auf Grund der Definition von || •; K|| ist klar, daß für jede Folge а
||а; 1|| ä  ||а; K J ^  ||а; K2|| S  ||а; Hl (1 <  Кг <  K2 <=°)

besteht.
Für beliebige natürliche Zahlen N ^ M  setzen wir 

a (N, °°) = {0, ..., 0, aN,aN+1, ...}, 
a(N,M) = {0, ..., 0, aN, 0, ...}.

Für jede Folge a und für jede natürliche Zahl N < M  gilt 
\\a(N,M );K\\^\\cr,K \\ (1

Weiterhin, für jede Folge a besteht
\\a(\,N)- K \\/\\a- K\\ ( I V 1 = £ * S ~ ) ;  

es gilt auch die Dreiecksungleichung

||e +  b; K\\ ~  ||a; K|| +  ||h; K\\ (1 S  К S«>).

In [5] haben wir den folgenden Satz gezeigt.
Satz A. Es sei 1 Für jede Folge a sind die Relationen

lim И а (А, =o); AT|| =  0, lim ||e(IV, «); 1 || =  0
N -+  o o  N -+  ° °

äquivalent.
2. In dieser Note werden wir zuerst die folgende Behauptung zeigen.
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Satz  I. Für jede Zahl К gibt es eine nur von К abhängige positive
Zahl C(K) derart, daß

IIe; 1|| ^C (K)\\a-K \\
für jede Folge a gilt.

Durch Anwendung der bekannten Abschätzungen in den Arbeiten [2], [3], [4] 
bekommen wir die folgenden Abschätzungen.

F o l g e r u n g e n . 1. Ist |а1 | ё . . . ё | а (, |ё . . . ,  d an n  gilt
,1/2

mit einer positiven Konstante Cx. 
2. Für jede Folge a besteht

||a; 1 || s: Q  ja?+ 2 u2 Iog2 /i}

IIа ; 41 = q { 2 flni°g+ а^+ д2 + }1,1 = 2 t* f i  J

mit einer positiven Konstante C2, wobei

log+ x =
bedeutet.

3. Für eine Folge a sei

log x, 
1

f ü r  log X  ^  1, 

sonst

5 = W I + K 1 + Í 7  2 2  Ю 2 iog2w,
v = 0  n = 2 2 v + 1

a€/2,

sonst,
wobei {a*}~ eine im absoluten Betrage monoton abnehmende Anordnung der 
Folge a={a„}J° bezeichnet. Für jede Folge a gilt

sup||a; 1|| C3S

mit einer positiven Konstante C3, wobei sup das Supremum für jede Anordnung 
der Folge a={an}“ bedeutet.

B ew eis des Satzes I. Den Satz I werden wir „ad Absurdum“ beweisen. Es 
sei К (1 < f < » )  eine Zahl. Gilt der Satz I nicht, dann gibt es für jede natürliche 
Zahl m eine Folge u(m)=  {a'm)}f mit

(1) l|ö(m>; i|| ■*= l|ü(m>; K \ \ / m 2 -

Nach obigem folgt aus (1), daß für jeden Index m eine natürliche Zahl Nm mit

(2) ||д<т)(1> Nm); 1II == Цв<-)(1, N J i К \\/m2  

existiert. Ohne Beschränkung der Allgemeinheit können wir

(3) l|o(m)(l, N J l  Aj| = 1 
annehmen.
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Wir setzen

c,H + N i+... + IVm- i
,(m) (n = 1, Nm; m =  1, 2, ...).

Für die so definierte Folge {A,,}“ gilt für jede natürliche Zahl N  mit Nr + ... + N m 
< N ^.N t + ...+Nmo+l die Abschätzung

l |h (A j 00! 1|| — 2  \ \ b ( N m+ l , N m+1);  1|| =§ 2 ±  =  о ( - Ц
m = m 0 m =m 0 «7 V ^ o '

auf Grund von (2) und (3). Daraus folgt
(4) Шп ||b(2V, oo); l|| =  0.

Es sei N  eine natürliche Zahl und m ein solcher Index, für welchen N<Nt + ... +Nm 
gilt. Dann ist nach obigem und nach (3)

||b(A, <*>); K \\^\\b (N 1 + ... + Nm + \ , N 1 + ...+ N m+1); K\\ -
= ||a(m)(l,A m + 1); AT|| = 1 ,

woraus sich
(5) firn ||b(A, - ) ;  K|| *  0 
ergibt.

(4) und (5) widersprechen aber dem Satz A.
3. In der Arbeit [1] haben wir bewiesen, daß im Falle

(6 ) |c„| ^  \d„\ (n = 1 , 2 ,...)  
die Ungleichung

||c; Hl = I\d; Hl
besteht. Weiterhin haben wir in [2] gezeigt, daß im Falle (6 )

(7) l|c; K|| ^  2 -^ -p H d ; ÄT|| ( 1 < K < ~ )
gilt.

gilt.

In dieser Note werden wir noch folgendes zeigen.
Satz II. Es gibt eine positive Konstante C derart, daß im Falle (6) 

\\c-K \\^C\\d-K\\

Beweis des Satzes II. Wir zeigen erstens, daß mit einer positiven Konstante Cx
(8 ) ||c; 1 || S C J *  1 || (|c„| S  \d„\; n = 1 , 2 , ...)
besteht.

Im entgegengesetzten Falle gibt es Folgen c{m)= {c„(m)}f, d(m) = {i/„(m)}~ mit 
|c„(m)| ä  |d„(m)| (n =  1 , 2 , ...; m = 1 , 2 , ...),

Ilc(m); 1 || m2 ||z/(m); 1 || (m =  l , 2 , ...).
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Dann gibt es eine natürliche Zahl Nm mit

(9) ll{c„(m)K4 1|| §£ m 2\\{dn(m )}^; i|| (m = 1,2,...). 
Ohne Beschränkung der Allgemeinheit können wir
( 1 0 ) \\d„(m)}¥n,; Ц = 1/m2 (m = 1 , 2 ,...)
voraussetzen.

Es seien
+jvi+ ...+jvm_ 1 c„(m) (/? 1 , . . . ,N m, in 1 , 2 , ...),

^  + jv1+... + jym _ 1 =  dn(m) (n = 1 , . . . , Nm; m =  1 , 2 ,...) . 
Nach obigem gilt für Nt+ ... + N mô N ^ N 1+ ... +N„,0+1

IId (n , ~ ); Hl ^  Í  l lp B)«ií:::ífc:i; Hl ^  Í  ~
m = mQ m = inQ

о ( - )■KmJn=m0 rn*
woraus
(11) lim 11ZD (2V, «); 1|| =  0
folgt.

Es sei £>0 beliebig vorgegeben. Dann gibt es ein orthonormiertes System 
<Pi(x), ...,(pNm(x) aus Q( 1), für welches 

1

O2) /  |c/(m)9 )j(x )+ ...+ c J(m)(pJ.(x)|2dx ^  [|{с„(т)}*А; 1 | | 2 — £

gilt. Wir setzen 

ф„(х) =
(0 , 1/2),

_ / c2 (m) ) 1 / 2  H-.-jAm).

Es ist klar, daß {i/'„(x)}}'™iß(/2). Weiterhin gilt
1

IIR("H}Í4 V'2 | | 2  s; f  max |clt(m)ф1(х)+ ...+  dj(m)\\)}(x)| dxl s?

1/2

ё  2 f  \ci(m)(pi(2x)+...+Cj(m)(pj(2x)\2dx =

1

=  /  lsfSf£N \ci(m) (Pi(x)+ ■■■+Cj(m)ipJ(x)\2dx  s ?  | | { c „ ( m ) } f - ;  1 1|2 — e

auf Grund von (12), woraus sich

IIK(™)}Í4 )/2|| £  ll{cn(m)}im; Hl (™ =  1,2,...)
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ergibt. Daraus und aus (9), (10) folgt

Н К М К Ч  J/2 II S  1 (m =  1 , 2 ,...).
Nach obigem erhalten wir daraus

lim ||Z>(iV, oo); J/2|| *  0.
N - +  o o

Auf Grund des Satzes A bekommen wir
lim ||£>(A, oo ); 1 || и  0 ,

N - * - o o

was (11) widerspricht. Damit haben wir (8 ) bewiesen.
Den Satz II werden wir auch „ad Absurdum“ zeigen. Ist der Satz II nicht 

richtig, dann gibt es — auf Grund von (7) und (8 ) — Zahlen 1 < ... <Km< ... 
...-cAijCoo und Folgen {с„(т)}~, {<7„(m)}“ mit

|c„(m)| S  \dn(m)\ (n = 1 , 2 , ...; m =  1 , 2 , ...),
||c(m); K J  >  m2 ||d(m); K J  (m = 1, 2, ...).

Nach obigem gibt es Indizes Nm mit
(13) Il{c„(m)}í4 K J  m JidJm )}»-- K J  (m =  1, 2, ...).
Ohne Beschränkung der Allgemeinheit können wir
(14) IIK(w)}im; K J  =  1/m2 (m =  1, 2, ...) 
voraussetzen. Es sei

C„+v1 + ...+vm+l =  c„(m) (n =  l, m =  1 ,2 ,...) ,

Dn+Ni+...+Nm+l = dn(m) (И =  1, - , N m; m = 1,2,...).
Für N-l+ ...+ N mo< N ^ N 1+ ...+ N mo+1 erhalten wir

l|D(iV; oo); 1 || ^

á  Í  I IM i i
m = mfl

+ iVm + l  • 1 I + Nm + 1 > l \ i  II M i t :m = m0

+ vm + l 
+ V m + -1 ; * J  = 2 —, = o

auf Grund von (14); woraus sich
(15) lim ||D(IV,oo); 1|| = 0

N -*■00
ergibt.

Ferner folgt auf Grund von (13) und (14) nach obigem

lim IIC(TV, ~); K,\\ ^ lim ||{c„(m)}i4 ATm|| S 1.

Nach dem Satz I erhalten wir daraus:

( 16) lim [|C(iV, 0 0 ); ly *  0 ,
N — °o
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und nach (8 ), (15), wegen \C„\^\Dn\ (я = 1, 2, °°) bekommen wir
lim II C(iV, ~); 1|| =  0,

N - * ~ o o

was (16) widerspricht.
Damit haben wir auch den Satz II bewiesen.
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ON /-REPRESENTATION OF REAL NUMBERS
By

M. L. MEHTA (Gif-sur-Yvette)

Introduction

Bissinger [1], Everette [2], Rényi [3] and others have considered representing 
a real number x by a finite or infinite sequence of digits called the “/-expansion” 
of x,

(0.1) x = £0+ /(ei, e2, £3 , ■ •■) =  £o+/(£i+ /(e2 + /(e3 + •••)))•

The “digits” Ej=£j(x) and the “remainders” r,(x), j= 0 ,  1, 2, ... are obtained 
by iterations of a positive monotone function /(x ) taking values from 0 to 1,

Í £oW = [x], r0(x) =  (x),
1 £j+!(x) = [<р(гДх))], rJ+1(x) = (<p(rj(x))) ( j  =  0, 1, 2, ...),

where [z] denotes the integral part and (z) the fractional part of a real number z, 
while x —(p(y) is the inverse function of y=f(x). If for some n, r„=0, then by 
definition rn+k=0, all к >0, and x is represented by the finite sequence

(0.3) x = £0Jrf{£1, e2, ...,£„) =  £0+/(fii+/(e2-I-... +/(e„)...)).

The representation (0.1) or (0.3) reduces for f(x)=x/q, q an integer S2, to the 
<7-adic expansion x = ^  EjjqK and for /(x ) = 1/x to the continued fraction 

J
expansion.

Given the numbers as sequences of integers ex, e2, a criteria is given to 
recognize their relative magnitudes.

To this mode of representing real numbers is associated a transformation of 
the interval (0, 1) to itself,

/(e 1 у £г> £3’ * - ■) f ( . £ 2 y £ з ,  • - •)
or

(0.4) Tx = {(p(x)).

Under certain conditions on /(x), there is a measure invariant under this trans­
formation; we derive an equation convenient for its numerical evaluation. The 
case /(x )= ( l+ x )1/m — 1 is treated as an example.
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1. Uniqueness of /-expansions

Let fix') satisfy the following conditions.
(1.1) / ( 0) =  0,
(1.2) f{x )  is positive, continuous and strictly increasing for f iX )  — 1,
where 1 . If X  is finite, it is an integer, X=°° means lim / ( x ) = 1.

X  -*■ с о

(1.3) I/(*i) - / ( * ü)I <  \ x i - x 2\ for 0 S r j <  x2.
Then Rényi [3] showed that every real number x, 0 ^ x <  1, has a representation 
(0.1) with 0^Sj~=X, _/>0.

In case X  is a finite integer, a tail of recurring X — 1 can be eliminated. In 
other words, if for some fixed j ,  E j^ X — 1, while eJ+*=0 for every 0 , then 
because

f i x -  l , X - l ,  ...) = f { X - \ + f i X - \ +  . . . ) ) =  1,
one has
(1.4) / f c ,  . . . ,£ , ,Z - 1 ,  A - l ,  ...) = /(e ls ...,£ , + 1,0,0, ...).
Except for this ambiguity, the representation of x by the integers el5 e2, ..., is unique. 
Also any sequence of positive integers e1,s2, ..., 0^Sj<X,  represents a unique 
number x, 1. In particular, for any infinite sequence of integers s1,e2, ...,
O SSj^X ,  limit of /(£ j, e2, ...,£„) as exists and lies between 0 and 1.

Next let f i x )  satisfy the conditions,
(1.5) /(1)=1,
(1.6) fix)  is positive, continuous and strictly decreasing for l ^ x ^ X ,  f(X)=0,  

where 2<Js<=°. If X is finite, it is an integer; X=°° means lim /(x) = 0.
•X-»- с о

(1.7) i/(x1) - / ( x 2) |< |x 1- x 2| for l á r i < r j  and i/(xa) - / ( x 2)]<A [xj-Xal, 0 < /<  1, 
if 1 + /  (2) < i j <  x2.

Then R ényi [3] also showed that every real number x has a representation (0.1), 
with 0^Ej< X  for j > 0, Sj integer, and if some £,— 0, 0, then sj+k=0 for
every k > 0.

This representation is unique provided that if £,• = 0, 1, then £,•_! + 1.
This is necessary, because

/(1 ,0 , 0, . . . ) = / ( ! ) =  1,
and therefore

(1.8) /(£ ! ,.. .,£ ;, 1,0,0, . . . ) = / ( « ! , . - , £ j + l ,  0 ,0 ,0 ,...).
Also any sequence of integers £,, e2 , ..., represents a unique number x, 

0 S x < l ,  provided that lS £ j-< I  for non-zero £,■; if £,=0, then £,+fc=0 for 
every &>0; and if £^=0, j >  1, then £,_.,+ ]. In particular, for any infinite 
sequence of integers £x, £2, ..., 1 ^  £, «= X, the limit of /(£ i ,£2, ...,£„) as n—°° 
exists and lies between 0 and 1.

If X  appearing in conditions (1.2) or (1.6) is finite but not an integer, then 
a sequence of integers e, , e2 , ... (with O-^Ej^X for increasing f ix ) ,  or l^ £ ,c T ,
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0; Sj = 0-*sJ+k=0, k > 0, for decreasing / (x)) does not necessarily correspond 
to a real number x. An interesting example is f(x)=x/ß, /i >  1, ß not an integer, 
studied in detail by R ényi [3] and Parry [4].

If the conditions (1.3) or (1.7) on the slope of /(x ) is not satisfied, then the 
correspondance between x  and its “representation” s0+f(s1,e2,e3, ...) determined 
by (0.1), (0.2) may not be one to one. An interesting example due to Everett [2] is

(1.9)

( 1. 10)

f i x )  =
x/4, 
x — 1, 
(x+1)/4,

0 ^  x ä  4/3 
4/3 ё  x S 5/3 
5/3 ”  x = 3,

<p(y) =

4 y, O s y s  1/3
У+1, l / 3 S y S 2 / 3
4y — 1, 2/3 Ш1.

Any number x with 4 /3 ^ x s5 /3  has the /-expansion x = / ( l ,  1, 1, ...).

2. Ordering of numbers and ordering of sequences

Let (a1? a2, ...) and (bl ,b 2, ...) be finite or infinite sequences of non-negative 
integers. If they are of unequal lengths, we complete the smaller one by a 
number of zeros.

Let /(x )  satisfy conditions (1.1), (1.2) and (1.3). Let (al5 a2, ...) and (bt, b2, ...) 
be two sequences of integers with 0^a j< X ,  0 S 3 < X, and neither of them has 
a tail of recurring X —l. Let a=f(a1,a 2, ...) and b—f{ b x,b 2, ...). Then a is 
greater (less) than b if the first non-zero integer in the sequence a1—b1, a2—b2, 
a3 — b3, ... is positive (negative).

Proof, (i) If a sequence of integers (e1,e2, ...), 0 does not have a 
tail of recurring X —l, then from the uniqueness of the /-expansion one has 
0= /(e1? e2, ...) = (x)<l.

(ii) If for some « s i ,  an>bn, then X>an+f(an+1, an+2, ...)Ша„^Ь„+1> 
>b„+f(bn+1, b„+2, ...)s0 . If « s i  and a ~ b j  for 1 Sy'<«, then as /(x )  is 
strictly increasing between 0 and X, we get step by step for /= « ,«  — 1, .... 1, 
f ( f l j ,a j+1, . . .)> f(bj,b j+l, ...). Q. e. d.

Next let /(x )  satisfy conditions (1.5), (1.6) and (1.7). Let (a!,a2> -  ,я ,) be 
a finite or infinite sequence of integers with 1 ̂ cij<X j —1,2, ...,« , an?±\. Similarly 
for the sequence of integers (b±, b2, , bm). Let a = f  (alt a2, ..., a„) and
b —f(b 1,b2, . . . ,bm). Without loss of generality one may assume «5m . Then a 
is greater (less) than b if the first nonzero integer in the sequence bl — a1, a2—b2, 
b3—a3, a4 —&4, ..., ( - ) m(am- b m), ( - ) mam+1 is positive (negative).

The proof depends on the uniqueness of the /-expansion, so that 
0 < /(a 7-, aJ+1, ...)-=l, if 1 Scij, aJ+1, ... <X. As /(x )  is strictly decreasing in 
(l,2f), one has f(a j ,  aJ+1, ...)>f{bj, bJ+1, ...), if a ^ b j .  A recurrence on j  
then completes the proof.
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Whether /  (х) is increasing or decreasing and satisfies the corresponding con­
ditions in section 1 above for the uniqueness of /-expansions, then the set of 
numbers with finite sequences, i.e. x= f(e1,e2, ...,£„), are everywhere dense on (0, 1).

Actually any number x, 0 ^ x <  1 has a unique representation x = f  (e1, e2, ...). 
If for some у and every 0, eJ+k=0, then x has a finite sequence. If not, choose 
x„=f(s1,B2, so that x„ has a finite sequence and lim x„=x.

3. Ergodicity o f /-expansions and the invariant measure

Let f { x ) satisfy either the conditions (1.1), (1.2) and (1.3) or the conditions
(1.5), (1.6) and (1.7). Then f i x )  is absolutely continuous and almost everywhere 
differentiable. To an /-expansion one may associate a mapping of the interval 
(0, 1) on itself as follows:
(3.1) Tx = (cp(x)), 0 á r < l
where y=cp(x) is the function inverse to x = f  (y) and the extra bracket means 
the fractional part of (p(x). To make sure that this mapping T  is ergodic and has 
an invariant measure, one assumes some extra conditions on f ix ) .

Write

(3.2) Dnix, t) =  ^ /( f i /x ) ,  e2(x), ..., £„(*) + /), 

whenever e„(x) is defined. Let in addition f i x )  satisfy the condition

(3.3) Sup \D„ix, 0 | ё  C Inf \D„ix,t)\,
0 3 / S l  0 S 1 S 1

where the constant 1 does not depend neither on x  nor on n. Then Rényi [3] 
showed that there exists an integrable density hix) invariant under the mapping 
Tx  of (0, 1) on itself, satisfying the inequalities

(3.4) = h (x) = L, 0 ё  jc s  1.

Also for any function a(x) integrable on (0, 1) and for almost all z, one has

1 " _ 1  Л(3.5) lim — У cc iTk z) =  Mi a) = f  a(x)h(x) dx,П̂оо n k = 0 J

where M(a) is a finite constant, and T kz is defined by the recursion Tkz = TiTk~xz) 
along with equation (3.1).

This theorem of Rényi assures us of the existence of /г(х), but unfortunately 
does not give any hint of how to find it. One may write an equation for A(x), or 
still better for the integral of /г(х), as follows.

For a given x, O ^ x ^ l, there are several solutions of x =  (yp(>■)), O SySl. 
Let them be jy, y'=0, 1, ..., X — 1. In other words x+j=(piyf), or y j= f  ix+j),
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j = 0, 1, As h(x) is invariant, we have

\h(x)dx\ = 2  \h(yj)dyj\,
9=о

H x)=  2  \f '(x+j)\h(f(x+j)),
9=o

where f ' ( x ) is the derivative of f(x).
This equation is in general non-linear and its solution may not be trivial. 

However, it can be simplified and put in a form suitable at least for a numerical 
solution. In the rest of this section we take f(pc) to be an increasing function. For 
decreasing f ( x )  the reasoning is almost the same with a few minor changes.

Put

(3.6) 
or

(3.7)

(3.8) h(x) = (p'(x)g(cp(x)) or f '(x)h(f(x)) = g(x), 

in equation (3.7) to get

(3.9) (p'(x)g{(p(x))= 2  S(x+j)-
9=1

As g(x) is integrable on (0, X), we set
JC

(3.10) G(x) = J  g(y) dy,
0

so that G(x) is continuous, almost everywhere differentiable and satisfies

(3.11) G(<p(x))= X2  {G(x+j)-G(j)}, 0 S r < l .
9=o

The boundary conditions are

(3.12) G(0) =  0, G{X) = 1.

As g(x)&0, G(x) is monotonous non-decreasing.
The right hand side of equation (3.11) refers to values of G(x) in disjoint intervals 

(j, j  +1) for /= 0 , 1, 2, ..., X —l. A continuous solution may therefore be obtained 
by choosing G(x) arbitrarily on the range (0, X) except for one interval, say ( j, j + 1), 
on which it is then determined by equation (3.11). This situation does not mean 
that the invariant measure is arbitrary to a large extent, since the G(x) so obtained 
is not necessarily non-decreasing. The monotonic non-decreasing character of 
G(x) surprisingly forces it to be almost unique as required by Rényi’s theorem.

To evaluate G(x) numerically, we start with a non-decreasing function, say 
G0(x)=x/X, then calculate successively G„(x) for и =  1,2, ... by the equation

(3.13) Gn(x)= X2  {Gn- 1( f (x )+ j) -G n_1(j)}.
j = 0
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It is easy to verify that G„(x) satisfies (3.12) and is non-decreasing for every n. 
Moreover, the limit of G„(x) as n —°° exists and is independent of G0(x),

(3.14) lim G„(x) = G(x).П —*■ CO
Actually,

x
(3.15) G0(x)=  f  G'0(y)B(x-y)dy,

о

where a prime denotes the derivative and 0 is the step function, 0(x) = l if x> 0  
while 0(x)=O if x<0. As /(x )  is strictly increasing in (О, X),

(3.16) в ( х - у )  = 0(/(x)- /(у ))  
and the above equation may be written as

x
(3.17) G0(x)=  f  dyG'0(y)e(f(x) — z)

0

with z = /(y ) or y  = cp(z). Substituting (3.15) in (3.13) we get

(3.18) Gi(x) — f  dy G'0(y) 2  { e ( f ( x )+ j - y ) -ö ( j~ y ) }  =
о J =о

X  X
= /  dyG'0W { f ( x ) - y  + [y])= f  dy G'0(y)e(f(x) — Tz),

0  0

where [y] is the integral part of y. In the last line we have used the fact, equation
(3.1), that Tz=(p(z) — [cp{z)\=y — [y]. Iterating several times we get therefore,

*
(3.19) G„{x) = /  dy Gg(y)e(f(x) — T nz),

о

with T"z defined recursively by Tnz=T(T"~1z).
We can now take over Rényi’s arguments and show that for almost every 

z the limit of e ( f (x )—Tnz) exists,

(3.20) lim 0 ( / ( x ) - r nz) = G(x),

and it is independent of z. From equations (3.19) and (3.20) we get (3.14).
We can assert a little more. If / (x )  is convex from below then so is G(x). In 

symbols, let 0<2< 1, 0< x< X , 0-cy-=X and z = lx + ( l  — A)y. If /(z )^ 2 /(x )  + 
+ (1— X)f(y)  then G(z)sAG(x) + (l — A)G(y).

To see this it will suffice to convince oneself that the convexity of G(x) is pre­
served through the iterations (3.13). In fact, as G„_x(x) is non-decreasing and /(x ) 
is convex from below, one has

G n - ^ m + j )  ^  Gn_![Xf (x) + (1 — A)/(y) +_/').
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Now from the convexity of G „ t h i s  last quantity is greater than or equal to 
2G„_1(/(x )+ y)+ (l-A )G „_1(/(y)+./). A summation over j  gives then

G„(z)^XGn(x)+(l-X)G„(x).

A numerical answer whose precision can be increased at will is next best to 
an analytical answer. The later in some cases may even not be expressible in terms 
of elementary functions.

4. Examples

A few examples follow.
Example 1. f (x )= x /q  for O SxS?, where q is an integer greater than one. 

Dn(x, t ) =  q~n, h(x) =  1, G O )  =  x .

Example 2. f ( x ) = (q—x)/(q — 1), for l^ x ^ q ,  where q is an integer greater 
than two.

D„(x, t) =  ( - ) " ( ? - 1)~", Цх) = 1, GO) =  *•

Example 3. f ( x )  = l/x,  for

From the theory of continued fractions Dn{x, t) can be calculated (cf. Rényi [3], 
pp. 487—488) and the constant C in equation (3.3) can be seen to be at most 4.

Therefore from equation (3.4), -i-sA(;c)-<4. Equation (3.10) reads

(4Л)

For this case h(x) is known from other sources (cf. Levy [5] and D enjoy [6]):

(4.2) ЙО) =  (In 2)_10 + 1 ) -1, g(x) = (In 2)-1 0 0 + l ) } -1.

Example 4. (Bolyai’s algorithm). / 0 ) = ( l+ x ) 1/m —1, 0 ^ x ^ 2 m — 1, where m 
is an integer greater than one. (Bolyai [7] considered the particular case of m = 2.) 
Here again the constant C in equation (3.3) can be seen (see R ényi [3], pp. 487—488)

to be at most 2, and -^-S/i(x)S2. Equation (3.11) reads with a little simplification,
2»n_2

(4.3) &(xm) = ’ {9 (x + j)~ 9 ( j+ 1)},j'=o
with
(4.4) 0(1) =  0, Sí(2m) = l .

If we require 0(x) satisfying (4.3) and (4.4) to be only continuous, then as 
noted in section 3 one may choose C#(x) arbitrarily for example on l ^ x ^ 2 m — 1
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Fig. 1. The function 'S(x) for / ( x ) = ( l  1. The invariant density for the transformation
7л:=(1 +x)m—[(1 + jr)m] is У (х1,т~ 1) where prime denotes differentiation, (a) the case w=2, (b)

the case m=3.

and determine it on 2m— \-^хШ2т by (4.3). However this will not be a mono­
tonous non-decreasing function in even if we choose it so in 1 S x S 2 m- 1.

Iterations of equation (3.13) converge very rapidly. Numerical solutions for 
the cases m = 2 and m = 3 are shown on Figures la and lb. They are convex 
from below as they should.

5. //-expansions

In the discussion above we restricted ourselves to the case that the X  appearing 
in conditions (1.2) or (1.6), if finite, is an integer. One particular case not satisfying 
this condition, namely f (x )  = x /3, /?> 1, ß not an integer, has been extensively 
studied (see [1] —[4]). With this / ( x )  every real number x, 0 S r < l ,  is represented 
as the “//-expansion”

(5.1) £i(x) e2(x)
ß ß2

where e j ( x ) ,  б2(х ) ,  ... are integers and 0S£j(x)<ß. The effect of non-integral 
ß is that not all possible sequences of integers less than ß correspond to a number. 

For the related transformation of the interval (0, 1) to itself, namely

Tx = (/be) =  fractional part of ßx,
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R ényi [3] showed that an invariant measure h(x) exists, and if normalized
1

(5.2) J  h (дг) dx = 1,
и

it satisfies the inequalities

(5.3) 1- ! » / , ( , )

Parry [4] derived for h(x) the equation,

[ß+*] ( x-\- i \
(5.4) ßH x)=  2

equivalent to our (3.7) and used it to study some of its properties. However, the 
overall constant F(ß) naturally arising in his investigation has peculiar properties. 
For example, F(ß) is discontinuous on points belonging to an everywhere dense 
set and it tends to °° as ß — 1.

Our discussion in section 3 above does not require that every possible sequence 
of integers should correspond to a number. So we can apply the same reasoning 
to this particular case and determine the invariant measure h(x) numerically for 
any given ß. Equation (3.11) is now replaced by

(5.5) G(ßx) =

m
2  {G(x+j)-G(j)}, if 0 ^ x ^ ß - [ ß ] ,  

j = о 
M-i
2  {G(x+j ) -G( j ) }+G(ß)-G([ß] \  if ß - \ ß \ S x S l

J = 0

while (3.12) becomes
(5.6) G(0) = 0, G(ß) = 1.
To get a numerical solution for G(x) we may again take a non-decreasing G0(x) 
satisfying (5.6), but otherwise arbitrary, and determine Gn(x) successively for 
и =1,2 , ... by the equation

Gn(ßx) =

m2 {G'-xb+n-G.-M)}, O s ^ H / 1 ]
j  = 0 
u>]-l
2  {Ga- 1(x+ j ) - G„- 1( J ) } + i - G l, . 1m ,  ß ~ [ ß ] ^ xi =о

Since the normalization (5.6) is maintained through each iteration, it does not 
cause any trouble as it did to Parry [4]. The convergence of Gn(x) as и-*«° is assur­
ed by the arguments of R ényi [3], lim Gn (x) =  G(x). Again G(x) is convex from below.П-*-оо

As an example we give the graph of G(x) for ß=K on Figure 2. In the terminol­
ogy of Parry [4] n is not “/1-simple”, nor does it contain a recurring tail in its 
“^-expansion” with ß = n. Therefore (cf. [4], p. 304, corollary to Theorem 2). G(x) 
does not consist of a finite number of straight line segments. However, it may
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1

Fig. 2. The function G(x) for f ( x )  =  n/x,  я =  3.1416. The invariant density for the transformation 
Tx—n x —[лх] is the derivative of G(x).

possibly have an infinite number of straight line segments of varying lengths and 
this will be hard to recognize from the numerical values of G(x).

I am thankful to my colleagues, G. Baker, J. des Cloizeaux and Y. Pomeau 
in particular, for many helpful discussions.
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ELATIONS OF GRAPHS
By

R. WEISS (Berlin)

Let Г be an undirected graph with vertex set V and edge set E  and lef G be 
a subgroup of aut (Г). For each V we denote by Г (x) the set of vertices adjacent 
to x  and by G(x)r(x) the permutation group induced b y  the stabilizer G (x) о  Г x  
on Г(х). For each x£ V  and each natural number i let G(x) = {a€_G\a^G(u) .'or 
each V with d(x, ii)=i}, where d(x,u) denotes the distance between x and u, 
and Gi(x, y)=G,(x)r\Gi(y) for each у((Г(х).

In [2, (2.3)] G a r d in e r  proved the following theorem, earlier versions of which 
may be attributed to T hom pson  [5] and W ie l a n d t  [7, (6.6)]; see also [4, (2.1)].

T heorem  1. Let Г be a connected, finite, undirected graph with vertex set V, 
{x, y} an edge of Г and G a subgroup of aut (Г) acting transitively on V such that 
G(x)l(x  ̂ is primitive. Then \Gfx, y)\ is divisible by at most one prime.

In this paper we prove the following generalization of Theorem 1:
T heorem 2. Let Г be a connected, finite, undirected graph, ( a , y} an edge of 

Г and G a subgroup of aut (Г) such that G(u)r (u) is primitive for u= x and y. Let n 
be the set of primes dividing \Gfix, y)|. Then either |7t| = l or there exists a p0_ n 
such that for either u=x and v=y or u=y and v~x, Ор(Сг(х, y))^Gfu), G.fv) 
is a p-group and G2(v) = G3(v).

We recall that Op(G1(x, y)) denotes the intersection of all the normal sub­
groups of G fx, y) of index a power of p.

Our proof of Theorem 2 is completely elementary and self-contained. Note 
that Theorem 2 asserts that if |я|>1 then Gfv) but not G2(u) is a p-group 
and so G acts intransitively on V; thus Theorem 2 is in fact a generalization of 
Theorem 1. To show that |n|=-l can actually occur, we take any graph A with 
a vertex-transitive automorphism group G such that for each vertex x, G(x)A<x) 
is primitive and |Gx(x)| divisible by more than one prime (for instance, the incidence 
graph of the projective plane PG{2, q) with 2) and let Г be the graph obtained 
from A by inserting a new vertex at the midpoint of each edge of A. Then the pair 
(Г, G) fulfils the hypotheses of Theorem 2 with \n\>\. Unfortunately, I do not 
know of any examples without vertices of valency two.

If we let Г be the incidence graph of a projective plane S? and G =  au t(r) , 
then the nontrivial elements of the subgroups Gfx, y), {x, y}€_E, are precisely 
the elations of 3P. Thus Theorems 1 and 2 are related to the result [3, (1.3)]; in 
particular, when Г is an arbitrary undirected graph, it seems natural to refer to 
the nontrivial elements of the subgroups Gx(x, y) where G =  aut (Г) and {x,y}£E  
as elations of Г.
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Theorem 2 should play a role in the study of locally transitive graphs (see 
[1], [6]) where it is not assumed that G acts transitively on V.

We begin the proof. Let (Г, G) be a pair fulfilling the hypotheses of Theorem 2 
and let K=(G(x), G(y)). For each w£ V let V(w)= {z£ V\d(w, z) is even}. We 
claim the К  acts transitively on E, V(x) and F(y); in particular, К acts transitively 
on V if Г is not bipartite. To see this, let (x0, xlt x2, . . . ,  xs) be an arbitrary path 
in Г with x0 = x, xx=y  and s even. There exists an element al(iG(x1) mapping 
x0 to x2. Thus G(x2)=cti1G(x0)a1^ K  and so K(x2) contains an element a2 mapping 
xx to x3. Continuing, we obtain elements ai£K(xt) for i —3, ..., s— 1 mapping 
xf_! to xi+1. Letting a = a 1...a ,_1, we have (x)a=xs and (y)a=xs^ 1. Since 
Г is connected, the claim follows.

Let H=G(x,y)  where G(x, y) = G(x)C\G(y). We may assume H?± 1. Let 
^  be a minimal normal subgroup of H. Suppose А ф Gx(x). Choose a vertex 
г£Г(х) and an element a£A not in G(z). Since Gx (x) <[//, we have AC\G1(x)=l 
and thus [A, Gj(x)] =  l. In particular, [a, G\(x)] = 1 so that G,{z)=a~iG.2{z)a = 
= G2((z)a) and hence G2(z) ^(G(x, z), G(x, (z)a)). Since /1 ф Gx (x), G(x)r(x> is 
not regular. Since G(x)r(x> is primitive, it follows that (G(x, z), G(x, (z)a)) = G(x). 
Thus G2(z) <l(G(x), G(z)). Since (G(x), G(z)) acts transitively on E, G2(z)=l 
and thus G2(y )= l. Since [a, Gx(x, z)]^[A, G1(x)] = 1, we also have Gx(x, z) = 
=  Gj(x, (z)a) and thus G,(x, z) <_(G(x, z), G(x, (z)a)) = G(x); it follows that 
Gj(x, y )^G 2(x) (and in fact Gx(x, y) = G.z(x)). Thus A ^ G \ (x) implies that G 
fulfils the conclusions of Theorem 2 with u = x  and v=y. We may therefore 
assume that A ^ G x(x) and similarly A ^ G x(y) for every minimal normal sub­
group A of H.

Let A be a minimal normal subgroup of H  and В a minimal normal subgroup 
of Gx(x) contained in A. Let B* = (h~1Bh\h£H). Then B * ^ A  and B* <_H; thus 
B* = A. Since each h~1Bh is a minimal normal subgroup of Gj(x), it follows that 
A = B*^soc (Gx(x)) where soc(G1(x)) denotes the subgroup of Gx (x) generated 
by all the minimal normal subgroups of G(x). Thus soc {Н)Шsoc (Gx(x)). Similarly, 
soc (//) == soc (Gj(y)).

If soc (Gx(x))=:soc (# )  =  soc (Gx(y)), then soc (H) <l_(G(x), G(y)) and thus 
soc (H) = 1. Hence we conclude that soc (H) i  soc (Gt (vv)) for w=x or y. 
Let В be a minimal normal subgroup of Gx(w) not contained in soc(#). Let A 
be a minimal normal subgroup of H contained in B* = (h~1 Bh\h£H). Since В is 
minimal, either Л П 5=  1 or B ^ A .  Since, however, A ^ s o c ( f / )  and B ^soc(I i) ,  
we must have АПВ=1 and thus [A, B\= 1. Hence 1 =А_1[Л, B]h=[A, h~1Bh] 
for each h£H  and so [A, B*] = 1. Since A ^B * , A is abelian. Since A is a minimal 
normal subgroup, \A \ must be a power of some р£л. In particular, Op(H)?± 1 where 
Op(H) denotes the subgroup of H  generated by all the normal subgroups of H  
of order a power of p.

If Op(H )^G x{x,y), then О p(Gx(x))=О P(H) = О p(Gx(y)) and thus Op(H) < 
<(G(x), G(y)). Since Ор(Н ) ^  1, we conclude that Op( H ) ^ G x(u) with u = x  

or y. Choose a vertex г£Г(и) and an element a£Op(H) not in G(z). Let 
M =O p(G2(z)) or Op(Gx(u, z)) and set N=a~1 Ma. Then N  <Mj x ( u )  and MN/N  
is a subgroup of (MOp(H)r)G1(u))/N. Since Op(M) = M and \MOp(H)\/\N\ is 
a power of p, it follows that M=N. Thus M <(G(w, z), G(w, (z)a)). Since 
Op(H )^G x(u), G(u)r û) is not regular and hence (G(u, z), G(u, (z)a)) = G(u). There­
fore Op(G2(z)) < \G (u) and Op{Gx(u,z))^G{u). In particular, if Op(H )^G x(w)
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for w=x and у then Op(G1(x, y)) <{G(x), G(y)) and thus Op(G1(x,y)) = 1. 
Hence we may assume that Op(H )^G 1(v) for v£{x,y}, v^u .  Since Op(G1{u, z)) <i_ 
<3G(u), Op(G1(u, z))s Gj (k). Since Op(G2(z)) <G(u), we have Op(G2(z)) 
<i_(G(u), G(z)) and hence Op(G2{z)) — 1. Let z ^ f fz )  and z2̂ r (z1) —{z} be ar­

bitrary. Since G2(z) ^_G1(z1) ^ G fo , z2) and G2(z) is a p-group, we have G2(z)^ 
^ O p(G(zlf z2)). Since Op(G(z1, z2))s G!(z2), G2(z)ä G!(z2) and thus G2(z) = G3(z).
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ON THE MEASURABLE SOLUTION 
OF A FUNCTIONAL EQUATION ARISING 

IN INFORMATION THEORY
By

Z. DARÓCZY and A. JÁR AI (Debrecen)

§ 1. Introduction

I n  th e  c h a r a c t e r i z a t i o n  p r o b le m s  o f  t h e  m e a s u r e  o f  i n f o r m a t io n  t h e  f o l lo w in g  
c o n c e p ts  a r e  w e l l - k n o w n  a n d  p la y  a n  i m p o r t a n t  ro le  (se e  J .  A c z é l  a n d  Z .  D a r ó c z y

[2]). L e t

r n ■= {(Pi,P2, Pn)•• Pi = °> jk Pi = !}

d e n o te  th e  s e t  o f  d i s c r e t e  p r o b a b i l i ty  d i s t r ib u t io n s  c o n s i s t in g  o f  n n u m b e r s  a n d  le t

(1 .1 )  /„ :  — R  ( n = 2 , 3 , . . . )

b e  a  s e q u e n c e  o f  u n k n o w n  f u n c tio n s ,  w h e r e  R  d e n o te s  t h e  s e t  o f  re a l  n u m b e r s .  W e  
s a y  t h a t  t h e  s e q u e n c e  (1 .1 )  h a s  th e  sum property i f  t h e r e  e x is ts  a  f u n c tio n  / :  [0 , 1] —R 
s u c h  t h a t

(1-2) I„(Pi, p2, ■■■,Pn) = 27(A)i=i

f o r  e v e ry  (Pi,p2, . . . ,  Р„)кГп a n d  /1 =  2 , 3 , ___ I n  th is  c a s e  t h e  fu n c t io n  f :  [0 , 1] —R
is  s a id  t o  b e  th e  generating function o f  t h e  s e q u e n c e  {/„} h a v in g  th e  s u m  p r o p e r ty .  
L e t  k ^ 2  a n d  1=2  b e  f ix ed  n a tu r a l  n u m b e r s .  T h e  s e q u e n c e  (1 .1 )  is  s a i d  t o  b e  
(k, / ) - a d d i t iv e  i f  f o r  e v e r y  (рг,р2, . . . ,  рк)£Гk a n d  (qlt q2, . . . ,  ^ , )£ Г ,  w e  h a v e

(1.3) IkiiPiQii •■•tPich\ Р2 Ч1 ■••iPtQil •••',Pk4it •••■>Pk4i) =
= h(Pi, —,Pk)+iMi,

T . W . C h a u n d y  a n d  J . B. M c L e o d  [3] h a v e  p r o v e d  th e  fo l lo w in g  r e s u l t :  I f  
In: r„-+R (n=2, 3, ...)  h a s  th e  s u m  p r o p e r t y  w ith  t h e  c o n t in u o u s  g e n e r a t i n g  fu n c ­
t i o n  / :  [0, l]-> -R  a n d  i t  is  (k, / ( - a d d i t iv e  f o r  e v e ry  k ^ 2  a n d  1=2, t h e n  th e re  
e x is ts  c € R  su c h  t h a t

(1 .4 )  I„( P i , p2, . . . ,p „)  =  cHn(p1,p 2, ... ,p n) 

h o ld s  f o r  e v e ry  (pl f p2, . . . ,р п)еГп (n =  2 , 3 ,  . . . ) .  H e r e

n
(1.5) Hn(Pi,Pi, - ,Pn)-=-  2  Pil°g2Pi

1 =  1

is  t h e  S h a n n o n  e n t r o p y  o f  th e  d i s t r ib u t io n  (рг,р 2, . . .  ,Р„)£Гп (0 lo g 2 0 : = 0 ) .
J .  A c z é l  a n d  Z .  D a r ó c z y  [1] h a v e  s h o w n  t h a t  t h e  p r e c e d in g  t h e o r e m  re m a in s  

v a l id  s u p p o s in g  o n ly  (к, k ) - a d d i t iv i ty  f o r  e a c h  k^ 2 .  A  f u r th e r  r e d u c t i o n  o f  th e

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



1 0 6 Z. D A R Ó C ZY  AND A. JÁ R  AI

conditions can be found in [4]. In this respect the strongest result obtained up to 
the present is the following one (see Z. Daróczy [6] and J. Aczél—Z. D aróczy [2]): 
If  /„: Г„—R (« =  2, 3, ...) has the sum property and it is (2, 3)-additive with the 
measurable generating function / :  [0, 1] — R satisfying /(1 )= 0 , then (1.4) holds 
for every (p1,p 2, . . . ,p n)£Tn (n = 2, 3, ...).

The following natural question seems not to have been investigated: What 
can we say about the (2, 2)-additive sequences /„: Г„—R having the sum pro­
perty if the generating function has some additional property? In this paper this 
problem is completely solved in case of measurable generating function. In our 
investigations we rely on the method of A. Járai worked out in [9] and [10] which 
is very useful in solving problems connected with other functional equations.

§ 2. A general functional equation

Let X  be a nonvoid set and (Y, ЗЙ, m) a finite measure space. Let A denote 
the class of all sets DczXxY  for which inf m(Dx)> 0 where

Dx := {y: y€Y, (x,y)£D}  

is measurable for every x£X.
Let DfA be fixed and let E(D) denote the set of functions g: D-*Y with 

the following property: for every e > 0  there exists <5>0 such that E£.d$ and 
m(E)<ő  imply

Eie) ■= {y: y e D x, g(x,y)£E}e@  

and т{Е{хя))<£ for every x£X.
The next result plays a fundamental role in our investigations.
Lemma 1. Let D£A and Г (D) (i = 1 ,2 , . . . , n). Then there exists a <5>0 

such that EfäS and m(E)<S imply that

n  cDxÊ  ̂  0
i=i

for every xE_X, where CAB denotes the complement o f the set with respect
to the set A.

Proof. Let e:— in f w(Z)x)> 0 . Then g fT (D )  implies the existence of a
<5>0 for which E ^ £ 0 t  and m(E^eA)^e/n whenever E£äj, m(E)<ö, x£X  
(/= 1 ,2 , ...,n). Suppose, that there exists x0f X  such that

П

Then
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implies that
( m \ n о
U E \ ^ 2 m < n —  = e
1=1 > i=l n

which is a contradiction.
Theorem 1. Let DfA,  g f r ( D)  and a,€R (/'=1 ,2 , ..., n). Suppose that the 

functions F: X — R and f:  R satisfy the functional equation

(2. 1) F(x) = 2  aj[gi(x, y)\

for every (x, v)€ D. I f  f  is measurable on the set Y, then F is bounded on the set X. 
Proof. By the measurability of /

lim m{y: y£Y, \f(y)\ >  k) = 0.
П - * - о о

Let (5>0 chosen as in Lemma 1. Then there exists K > 0 for which the set

E:={y: y£Y,  |/00 | >  K)
is measurable and 5. By Lemma 1 for every x£X  there exists
Ух£Г) CDxE ^ t \  that is yxdCDxE(x9̂  (/ =  1, 2, ..., w). As

i=l
CDxE {xeh = CDJ y :  у fD x, g fx ,y )£E }  = {>■: y f D x, g fx ,y )^ E )  =

= {У-У£Е>х, l/[g/(^T)]| ^  K} (/'=  1, 2, . ..,/?), 
for every x f X  there exists yxd Dx (that is (x, yx)f D), for which by (2.1)

|F (x)| =  

i.e. F is bounded on X.

2  aif[gi(x, >*)]/=1 =  2  k l  If[gÁx, y j ] | ^  2  \ai\K=: K *i=i i=i

§ 3. Classes of functions in T(D)

The next result is well-known (see e.g. E. Hewitt—K. Stromberg [8]).
Lemma 2. Let (p: ]a, Z>[—R be a one-to-one and differentiable function on 

]a,b[, for which there exists £>>0 with the property \tp' (t) \^  q for every t(f\a, b[. 
Then for every Lebesgue-measurable set EQ]a, b[ the set cp(E):= {<p(t): t£E) 
is Lebesgue-measurable and m[(p(E)]SQm(E) where m denotes the Lebesgue measure.

In the next part of this paper let X:=[x, ß], where 0<a</?«=l and Y:= 
:=]0, 1[. Let S) denote the class of all Lebesgue-measurable sets of Y and m the 
Lebesgue-measure on Si.

Let
D:= {(x,y): x£ X, x  «= у <  1}.

Clearly, the set D belongs to the class A (see Fig. 1).
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Fig. 1

Lemma 3 . Let g: D-+Y be a function with the property that for every x f X  
the function g(x, •): DX-*Y (Dx=]x, 1[) is one-to-one and differentiable on Dx 
and \D2g(x, y)\^Q  for every (x, y)£D, where o>0. Then gC_T(D).

R em ark . Here D2g (x, y) denotes the partial derivative of g with respect to 
the second variable (see the notations of J. D ieu d o n n é  [7]).

Proof. For every fixed x £ X  let y{y) :=g(x, y) (y£Dx). By the condition on 
g, у is one-to-one and differentiable on Dx, and so у has an inverse function 
<p:=y-1: y(Dx) -*• Y  which is also one-to-one and differentiable on the open in­
terval у(Df) and \(p'(t)\^l/Q for every t£y(Dx). If then by Lemma 2

m (£ j9)) = m{y: y£D x, g(x ,y)£E) = m{y: y£Dx, y (y ) iE )  =

= m {y~\t): t£E ny(D x) } = m { y - 1[Eny(Dx) ] } ^ ± m { E n y (D x) } ^ ± m ( E ) ,
Q Q

which implies gdr(D).

§ 4. Examples

Let the functions g,: D-+Y (i= 1, 2, ..., 7) be defined as follows:

X  X
gi (x , y ) :=  —-X-, gz(x, У) := y ~ x ;  g3(x, y) := 1 ~ —~ y  + *;

X  X
gi (X ,y ):= —; g5( x , y ) : = l - j ;  ge(x ,y ) := y ,  g7(x, y) := l - y .

It is easy to see that the functions g1, g2, g4, g5, ge and g7 satisfy the conditions 
of Lemma 3, hence they belong to F(Z>). Now let g(x, y):=gs(x, y).

Lemma 4 . g£T(D).
Proof. It is obvious that for every x f X  and the set E^e) belongs to J 1 

(see Fig. 2).
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Let £>0 be arbitrary. Without loss of generality suppose that e< 4  f'a (l — \ß). 
For fixed x£X  let

/*:=  ]x, II := ] ^ * + j ,  l[, lx  := [v * ~  j ,  V x + j ]  .

Then for every E£38

E ^ = { y :  ydD x, g(x,y)£E} = A ^A ^U A s,
where

At := {y: y £ / i ,  g(x,y)€£} (i =  1,2,3).

The sets 4; are measurable and disjoint and m(A3)^e/2. If y £ l l U /| then

IAäg(*,.y)l =
x 1 \ & - y \ № + } ё  -  j > 0 .4

Hence with the notation y(y)'-=g(x, y) we get

i i r 4 y )
4
EOC

which implies, by Lemma 2,

m(A1UA2) = m(A1) + m(A2) = т [у _1(.ЕП/,)] +

+  т [ у - 1(£ П /|) ]  S  -^[т(ЕП1Л)+т(ЕП1*)\ -S-^m(E).

I.e. for m(E)<S:=e2a we have

m (Ax U A2) 8  £2a
ex 16 2

Summarizing we have that m(E)<d  implies m(£^9))<£, that is gfr(D).
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§ 5. Measurable solutions

Let / :  ]0, l[->-R be an unknown function for which the functional equation
(5.1)

/ ( P 9 ) + / ( p ( 1 - ? ) ) + / ( ( 1 - P ) 9 ) + / ( ( 1 - p ) ( 1 -9 ) )  = f ( p ) + f ( l - p ) + f ( q ) + A l ~ q )

holds for every p, q€\0, 1[. With the substitutions x:—pq and y:—q we obtain 
from (5.1) that

/  (* )  =  - /  ( y -  * )  ~ f(y  -  x) - /  [  1 —у -  у  + x  j  + /  [ у ]  + /  ( 1 -  у )  + / 0 0  + f ( l - у)
(5.2)
holds for every x£]0, 1[ and 1. Now let X\=[a, /?]c;]0, 1[ be an arbitrary
fixed closed interval, then from (5.2) with the notations F(t):=f(t) (t£X) and 
ai = a2- a 3= — l, a4 = ö5 =  ö6 =  űf7 =  l we get

(5.3) F(x) = 2  ciif[gi(x, y)}
í=i

for every (x, y)£D where by our former investigations g^FiD)  ( i= l, 2, ..., 7). 
By Theorem 1 we have the following

T heorem  2. I f  f:  ]0, 1[-»R is a measurable solution o f the functional equation
(5.1) then f  is bounded on each closed interval [a, ß]^]0, 1[.

This implies the next important
C o ro lla ry . I f  / :  ]0, 1 [ ̂  R is a measurable solution o f the functional equation

(5.1) then f  is Lebesgue integrable on each closed interval [a, ß]a]0, 1[.
The following result strongly depends on some basic facts of integration theory.
T heorem 3. I f  f:  ]0, 1[-»R is a measurable solution o f the functional equation

(5.1) then f  is infinitely differentiable on ]0, 1[.
P roof, (i) In the first step we show that /  is continuous on ]0, 1[. Let x0£]0, 1[ 

be arbitrary fixed and choose the numbers A, p, a, ß such that 0 < а< х 0</?<1 
and 0<У )?<А </к1 (Fig. 3).
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Then and by (5.3)

(5.4) f(x) = £  aif[gi(x,y)]
t = l

holds for every (x9 ^)€[a, /?]Х[Л, /л]. Let us define the following sets:

f  ••= {&(*, У) : (x, у) € [a, ß]X [A, /i]} (i =  1, 2, . ,  7).
Clearly Jf is a closed interval in ]0, 1[ for every i.

Now let xf[ix, ß] be fixed and vary у  in [А, ц]. Then gfx ,  •) maps the closed 
interval onto a closed interval, on which /  is integrable by the corollary of The­
orem 2. Hence by (5.4)

f  f(x)dy = 2  ai f  f[gt(x, y)] dy = % a, f  Д О А Л (*, t)dt, 
я i = 1  я i = 1  9 ,(*,Я)

where j  = /i;(x, /) is the function defined by the condition gfx, y) =  t. This is 
uniquely determined by the invertibility of g,(x, •) on [A, y\. Using this we have

7 U M
(5.5) /(*)= 2 4  J  № H t(x ,t)d t

' 1 v, M
for each x£ [oc, ß] where

Ai '= jZ J >  7;(*) := gfx,  A), Г;(х) := gt(x, ц), H fx ,  t) := D2h fx ,  t)
( i=  1 ,2 ,..., 7).

Now we show that the functions
и м

Qi(x) := f  f ( t )H fx ,  t) dt (x€[a, Д], i =  1, 2, .... 7)
y,M

are continuous at x„. By the boundedness of /  on Jt and by the continuity of Ht 
there exist positive constants K„ Li ( j= l,  2, ..., 7) such that |/ ( i ) | = Д , |H fx ,  /) |S  
=Lt whenever x£[a, ß] and iG/f. Thus for every x£[a, ß]

и м  г, (x0)
lßi(*)-ßi(*o)l =  I /  № H tix , t ) d t -  f  f ( i )H tix0, t)dt\ =£

У((х) 7j (x0)
М*о) U M  U M )

^ | /  ЛОЯДдс,0 A | + | /  Л 0 Я |(* ,0 * |+ |  /  Л 0[Я 1(дс,0-я|(дсь,0]*|^
У,- M  и  (*о) У; (*0>

— IVi (*) -  У; (*о) I Ц  + !Д (*) -  А (*о) I Д + Д  (х0) -  у, (х0) | К, sup Яг ( x , t ) -  H fx0, t) |
tej,

which implies
lim iQiOü-Qiix^l = 0;

x -* x 0

i.e. Qi is continuous at x0. Hence by (5.5) /  is continuous at x0 and so /  con­
tinuous in ]0, 1[.

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



1 1 2 Z. D A R Ő C Z Y  AND A. JÁ R A I

(ii) Next we show that /  is differentiable in ]0, 1[. By (i), /  is continuous 
in ]0, 1[, therefore Qt is differentiable on the closed interval [a, ß] and by the 
theorem concerning the differentiation of parametric integrals (see J. D ieu do nn é  [7])
(5.5) implies

7  r t (x)

f i x )  = 2  A t [ j  m D M x ,  f) dt +
1 = 1  ?,(*)

+ f ( r i(x))Ht(x, r i(x))r'i (x)-f(yt(x))Hi(x, 7,<х))у',(х)]

for every x£[a, ß]. The right side of the former equation is differentiable for the 
same reason, that is /  is twice differentiable. Continuing this process we have 
that /  is infinitely differentiable.

§ 6. Differentiable solutions

Consider the functional equation

(6 . 1 ) /(p?)+/((i-p)(i - q j ) + f { p ( i - q ) ) + f ( ( i  -p)q) =

= /(?)+/( 1  - p ) + f ( q ) +f (  1 - 9 )
valid for every p, q£]0, 1[, where / :  ]0, 1[-*R is an unknown function.

Lemma 5. I f  f :  ]0, 1[—R is a twice differentiable solution o f  (6.1) in ]0, 1[ 
then the function

(6.2) f i ( t) := f'( t)  + tf"(t) (iC]0 , ID 

satisfies the functional equation

(6.3) ГхЫ ) + Ш - № - ч) ) Ч М 1 - & ) - Ш - р)я) = о 

for every p, ?í]0, 1[.
P ro o f . Differentiating (6.1) with respect to p, then the resulting equation with 

respect to q, we have (6.3) with the notation (6.2).
L emma 6. I f  f :  ]0, 1|>R is a solution of the functional equation (6.3) and it 

is twice differentiable in ]0 , 1 [, then the function

(6.4) f 2(t):=  /x (0  +  tfi (t) (t€l0, ID

satisfies the equation

(6.5) /2 (р ? )+ /.( (1 -р )(1 -9 ))+ /я(р (1 -?))+ /„(?(1 -р )) = 0 

for every p, q£\0, 1[.
P r o o f . Differentiating (6.3) with respect to p, then the resulting equation 

with respect to q, we have (6.5) with the notation (6.4).
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Lemma 7. I f  / 2: ]0, 1 [ ► R is a solution of (6.5) and it is twice differentiable 
in ]0 , 1 [ then

(6.6) /,'(0  = 0 (i€]0, ID-
Proof. Let # = — *n (6-5) then

(p€]o’
therefore

(6.7) /я ( у )  + /Г ('~2 E]  = 0  (pe]0,1 [)

is valid. Let us differentiate the equation (6.5) twice with respect to q then we have

(6 .8 )  / / ; ( p ? ) + ( l - Р ) 2/ Я ( 1  -  P ) ( l -  ? ) ) + Р 2Ж р ( 1 - < 7 ) ) + ( l  ~ P ? K { q ( \ - p ) )  =  0

for every p, g€]0, 1[. Let 9 = у  in (6 .8 ) then we have

P'-K ( y )  +(1 - P f f i  ( Ц ^ )  = 0  (p£ ]0, ID 
which by (6.7) implies

/ 2" (y )  (2 p - l )  = 0

for every p£\0, 1[. Hence for y ,  p€]0, 1[

(6.9) Я  ( у )  =  ° .

On the other hand, from (6.7) we see that (6.9) holds for p = as well. Hence

(6 .1 0 ) /Л О  = o for /е ]о ,у [ .

Now let ;€ ^ y , 11 arbitrary. Then there exist p, q£]0, 1[ such that t=pq, and by

/>> у  and <?>y we have that ( l - p ) ( l - q ) ,  p ( l -q ) ,  q ( f - p )  belong to ]°. y [ .
i.e. from (6 .8 ) by (6.10), / 2"(0 = Ж / 7?)=0. Thus we have proved (6 .6 ) for every 
t£] 0 , 1 [.

T heorem  4. Let f :  ]0, l[->-R be a solution of the functional equation (6.1) and 
suppose that f  is six times differentiable in ]0, 1[. Then there exist constants a f  R 
(i=0, 1, 2, 3) and bk£ R (k= \,  2) such that

(6 .1 1 ) / ( í )  =  a 3 í 3  + a2 í 2 + a ií +  a0  + hif In t+ b2 In t 
for every / 6 ]0 , 1 [.
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Proof. Using the former notations, we have by Lemma 7 f£ ( t )= 0 (?€]0, 1[), 
hence

By Lemma 6 , 

hence

/г (0  — A t + B (i£]0, 1[; A, -BCR).

m o  =  i t m r  =  At+B,

f 1(t) = ~ t 2 + Bt + Clat+D  (C, D 6  R). 
Finally, by Lemma 5

Ш  =  [tf'iOY = j t * + B t + c i n t + D ,

hence

f i t )  = 4 z  t3 + ■? ^ 2  +  Ct b  t + ( E -  C) ln t+Dt+ F -  C 36 4

for every t£]0, 1[, where E, F£ R. This implies (6.11).
T heorem 5. Let / :  ]0, l[->-R be a measurable solution o f the functional equa­

tion (6.1). Then
(6.12) /( f )  =  A i4 t3 — 9t2+5t) + Bt ln t + C
holds for every fg]0, 1[ where А, В, C are real constants. All functions of the form
(6 . 1 2 ) satisfy (6 . 1 ).

Proof. By Theorem 3, /  is infinitely differentiable in ]0, 1[; hence by Theorem 
4 /  has the form (6.11). Substituting (6.11) in (6.1) it is easy to see that the func­
tion í—ŰQ+hu ln i satisfies (6.1) and therefore b2=0. Thus it is sufficient to 
know in which case does the cubic polynomial

(pit): = a3t3 + a2t 2 + a1t
satisfy equation (6.1). By simple calculation we obtain

(pipt) + (p (( l-p )t)  = (3ast3+2a2t 2)ip2-p)+(pit),
from which

(pipq) +  (p(i \ -p)q) +  (p{pi\ -q)) +  ( p ( i l -p ) { l -q ) )  =
=  ÍP2- p ) [ i a i q i +^a2q 2 +  3a3{ \ - q f + 2 a 2i \ - q f \  +  (piq) +  (p { \ -q ) .

Hence cp satisfies (6.1) if and only if

ÍP2- p)[3a3q3 + 2a2q2+3a3( l -  q)2+ 2 a f \ - q ) 2] =  ip2- р)(За3 + 2а2) + а3+а2 + а1

holds for every p, g'gjO, 1[. This implies

(6.13) a3 + a2 + a1 = 0 .

On the other hand, dividing by ip 2—p) shows that

iq2- q ) (  9a3+4a2) = 0 ,
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i.e.
(6.14) 9a3+4a2 =  0.
This and (6.13) imply that q> satisfies (6.1) if and only if

cp(t) = 4At3 — 9At2 + 5At
where A : = ^ . This means that /  is of the form (6.12).

§ 7. Entropies

Let coO and a ^ l .  It is well-known that the quantities

(7.1) HX(JPi ,P2, ••■,P»):=(2 1 “ “- l ) ' 1 ( i p ? - l ]

defined for all (px,p2, . . . , р„)£Г„ (n=2, 3, ...) are called entropies of type a. 
(Z. D aróczy [4], J. Aczél and Z. Daróczy [2]). With the definition

(7-2) Hi{p1,p2, ...,pn):= Hn(px,p2, . .. ,pn)
we have

lim НЦ(р1, p2, . . . ,p n) = Hl(px, p«,...,p„)a-*~ 1

i.e. the Shannon entropy can be considered to be of type 1.
Our preceding results can be summarized in the next interesting theorem.
T heorem 6. Let /„: Гп-»R (и = 2, 3, ...) have them sum-property, be (2, 2)- 

additive, and have a measurable generating function. Then there are real constants 
А, В, C, D such that for every

(Pi,P2, ■■■тРк, 0> ... ,  0 )£Г„ (p; >  0, i = l , 2 , . . . , k :  к ё  2, n £  2, к ^  n) 

the equation

(7-3) 1п(рх,р2, . . . ,pk, 0 , . . . ,0 )  =  —3AHjllp^pz, . . . ,p k) +

+ -jAHZ(px,p 2, . . . ,рк)-В Щ {р 1,р 2, pk) + kC+(n — k)D

holds. For (1 ,0 , . . . , 0 )£Г„ («=  2) we have

(7.4) /„(1,0, ... ,0) = nD.

Conversely, for all real constants А, В, C, D the sequence {/„} defined by equations
(7.3) and (7.4) has the sum property and is (2, 2)-additive.

P roof. Let / :  [0, 1]—R be the generating function of the sequence {/„}. By 
the (2, 2)-additivity of {/„}, /  satisfies (5.1) (or (6.1)) on the open interval ]0, If.
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As /  is measurable in ]0, 1[, we obtain from Theorem 5 that
[4At*-9At* + 5At+Bt\og2t + C, if i€]0,1[

<7-5> ™  =  U  if < =  0  or 1

since (2, 2)-additivity implies /( l )= /(0 ) .  As In(p1,p2, . . . ,p„) is a symmetric 
function in pL, an arbitrary element of Г„ can be written in the form

{P!,p2, . . . ,pk, 0 , 0 ) 6 Г„ {к S  2 ; pi >  0 , i = 1 , k)
or (1,0, ...,0 )£Г„. Hence in the first case by (7.5)

In(Pi,P2, —,Pk,0, ..., 0) =  2 f(P d + (n -k ) f (0 )  =

= 4 A 2  P i -  9A 2  P\kbA 2  Pik В  2  Pi l°g2 Pi + kC+(n — k)D
i =  l  i = l  i = l  1=1

which implies (7.3) according to the notations (7.1) and (7.2). In the second case 
we clearly get (7.4).

By Theorem 6  we can say that (2, 2)-additive sequences with the sum-property 
in the presence of a very weak condition (e.g. measurability) can be obtained essen­
tially by the linear combination of entropies of types 1, 2 and 3.
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A NOTE ON MAPPING POLYDÍSCS INTO BALLS 
AND VICE VERSA

By
L. LEMPERT (Budapest)

1. Let B„ and D" denote the unit ball and unit polydisc in C", respectively;

Bn = \ z  = 0 t> •••»*„)€C”: l},

Dn= {z =  (zj, ...,z„)eCn: \zj\ <  1 for j  = 1, 2,

More generally, let

rBn =  {r z : z  £  Bn}, rD" =  {rz: z£D n).

For a domain UczC" a mapping Ф: U-+C" is called biholomorphic if it is 
holomorphic and injective. In this case the image (P(U)  is a domain, too, and the 
inverse mapping Ф- 1  is holomorphic on <P(U).

In [1], J. E. F o r n a e s s  and E. L. St o u t  considered biholomorphic mappings 
Ф of D" into Bn (though in a much more general setting). Poincaré’s theorem tells 
us that the image cannot be the whole B„ (at least if 1, which will be assumed 
throughout this paper). The above authors proved, however, that the image can 
be very large in one sense. (The measure of Вп\Ф ( О п) can be zero.) At the same 
time, it cannot be too large in some other sense; indeed, they proved the existence 
of an R = R(ri)< 1, such that Ф(йп) cannot contain any qB„ with Their
proof was indirect and did not give any effective value for R. Of course, R^XI'fn, 
since the image of the mapping

Dnd z ^ z / f i i e B n
actually covers B„J^Ti.

The authors of [1] have raised the very natural problem of finding the minimal 
R(n). In this note we shall prove that R(n)=lj\~n is the minimal value; in other 
words, the following holds:

T h e o r e m  1. I f  Ф is a biholomorphic mapping of D" into B„ and Ф (0 " )  contains 
oBn with some p > 0 ,  then о ^  1 /  \n.

The dual of this will be proved, too:
T h e o r e m  2 . If Ф maps B„ biholomorphically into D" and Ф(Вп) covers qD" with 

some p > 0 ,  then Q^ljl/n.
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2. Proof o f T heorem  1. T o avoid multiindices, we are going to treat the case 
n = 2 only; zx, z2  will be substituted by x  and y, respectively, and Ф will have the 
components /  and g.

We can assume that Ф(0) = 0. Indeed, some (c, ;/)€ D- must be mapped on 
(0 , 0 ), and then

4>{x, y) — Ф Z - X  tj у I 
1 - х Г  1 - y f \ ) '

while having the same range as Ф, would keep the origin fixed.
Now, if Ф(0)=0, then

f(x, y) = 2 '  aJkxJy \  g(x, y) = 2 '  bJkxJ yk,
where 2 '  indicates that summation is taken over nonnegative j-s and k-s, / = 
= k = 0  excluded.

Since | / | 2 + |g |2< l  throughout D2, we have for any r<  1
П Tt

An2 >  J  J  (\f(rei,p, rc‘̂ )|2+ |g(re,>, re’*)]2) dtp di// =
— It — Tt

= 4п22 ' ( Ы * + Ы ) г * " +к\
and, therefore

(1) 2 '  ( \ a j k \2+ \ b J k \ 2 )  Ä  1.

On the other hand, Ф, being biholomorphic, is proper, too; that is, if zm£D2 

{m= 1,2...) and zm-*-dD2, then Ф{гт)-*дФф2). It is evident that d<£(Z>2) lies 
outside qB2: hence for (p£[ — n, n\

lim inf j<?(re“'’, 0 )| S  q,r~*~ 1
i.e.:

lim inf(\f(reilp, 0 ) | 2 + \g(rei,p, 0 )|2) S  o2.

/  and g being bounded,
Tt

liminf J  (\f(rei‘‘>, 0)\2 + g(rei<1’, 0)\2)d(p ^  2 ?rp2

— Tt

follows. Therefore

2 ( Ы 2+ Ы 2) ^ е 2.
j= 1

Similarly,

i ( k , l 2+|b№|2) ^ e 2-k = 1

These two, added up and compared with (1), yield the conclusion of our theorem.
3. P roof o f T heorem  2. The two theorems are equivalent via the Schwarz 

Lemma. One can reason like that:
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Suppose <P(B„)c:Dn covers gD". This means that Ф- 1  is defined and biholo- 
morphic on gD" and <P~1(gDn)czB„. On the other hand, by virtue of the Schwarz 
Lemma, <P(gB„)agDn, that is, <t>~1(gDn)z) gBn. Thus, Ф- 1  maps a polydisc 
into Bn in such a way that the image of the polydisc covers gBn. By Theorem 1 
g is at most 1 /fit, then.

Theorem 1 could be applied since the size of our polydisc is of no importance; 
at least as far as biholomorphic mappings are concerned, all polydiscs are equal.
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CONTINUOUS PATHS AND HOMOLOGY
By

M. BOGNÁR (Budapest)

This paper deals with a connection between the /-category of the continuous 
paths of a Hausdorff space (see [2], 2.8) and the homology groups of the bodies of 
these paths. It is closely related to the category-homomorphisms (see [1 ], 6 . 1 ).

1. Let R be the real line space. Denote by T0 or by /  the unit interval sub­
space of R and by T0 the discrete two-point space {0,1}. For any closed interval 
[b, c] of R where h<c let [b, c]*=(T, T) where T  is the subspace of R with the 
underlying set [b, c] and f  is the discrete two-point space {b, c}-[b, c]*=(T, t )  
is a compact pair.

We can consider [b, c] as a closed 1-simplex in the Euclidean 1-space R and 
{b, c} is the frontier of [b, с], [b, c] is at the same time a 1 -cell and its frontier is 
a 0 -sphere.

Remark that for any two closed intervals [b, c] and [b', c'] of R and for any two 
strictly monotone increasing surjective functions s: [b, c\-*[b', c'] and s':[b, c] — 
-*\b\ c'] we have obviously s(b)=s'(b)=b', s(c)=s' (c) = c' and s and s' are 
continuous. Moreover, s and s' are homotopic maps rel [b, c}.

In fact let h: [b, c]# X /—[/>', c']* be defined by

h(x, t) = ( 1  —t).s(x) + t. s’(x).

h establishes clearly a homotopy of s to s' rel {b, c}.
The strictly monotone increasing surjective functions of the type s: [b, c]-+ 

-*[b', c'] appear later several times. They will be called simple functions.
2. Let p be a prime and G an elementary cyclic p-group, i.e. G is isomorphic 

to the group Jp of integers mod p. Let H  be a continuous homology theory defined 
on the category s£c of all compact pairs and all continuous maps of such pairs 
and based on the coefficient group G. Thus H  is isomorphic on séc to the Cech 
homology theory over G.

The group G can be considered as a compact commutative topological group. 
Hence the homology theory H  is exact (see [3], p. 248).

3. The group Нг(Та, T0) is isomorphic to G (see [3], p. 45). Let и be a fixed 
nonzero element of HX{T0, T0). Let [b, c] be a closed interval in R, choose a simple 
function s: [0 , 1 ]--[A, c] and put [b, cL = s^(m) where x* is the homomorphism 
■LÁ ([D, l]*)^/fj([ 6 , c]*) induced by x. As we have seen in Section 1, all the 
maps s of this kind are homotopic. Hence the homomorphism s* and the member 
[b, c% of If([b, c]#) do not depend on the special choice of ,s\

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



122 M. B O G N Á R

s is a topological map, consequently s* is an isomorphism and this yields 
lb, c l  9̂  0 .

Observe that if b — 0 and c= 1 then s is homotopic to the identical map of 
[0, 1]*. Thus [0, l]*=s*(u) =  w.

It is to be noted that [b, c l  depends obviously on the special choice of 
u —[0, 1]*. However this dependence can be described very easily. Given two non­
zero elements [0, 1]+ and [0, 1]*. of Н г ( Т 0 , T0) there exists evidently an integer 
m relative prime to p such that [0 , l]*. = m[0 , l]+ and then for any closed interval 
[b, c] of R [b, c l ’=m[b, c l  holds.

4. Let [b, c] and [b\ c'] be closed intervals in R and s: [b, c] Ab', c'] a simple 
function. Then

cl)  =  [b', c%
In fact let s': [0, 1]— [b, c] be a simple function. Then ss': [0, 1]— [b', c'] is 

simple as well. Consequently

[b\ c ' l  = (ss')*([0 , 1 ],) -  s*<([0 , 1 ]*) -  s,([b, c l).

5. Let [b, c] and [b',c'] be two closed intervals in R such that [b, c]a[b', c']. 
Moreover let [Ь, с]* =(T, T), [b ',c ')* = (T ',T ') and Q = T ' \m t  T = T ' \ ( T \ T ) .  
Let i: (Г, T)^-(T', Q) and V : (T ’, T')-»(f', Q) be injections. Then

l(Sb, c l)  = H([b', c'l).

Proof. Let s: [b',c']Ab, c] be a simple function and define h: [b ',c ']*Xl^  
A T ' , Q ) by

h(x, t) = (1 — t). s(x) + /.x, (x, t)£[b', c']Xl.

h establishes a homotopy of i s to i', where 5  can be considered as a map s: [b', c']* — 
-*\b, c]*. Hence i s  and i' are homotopic maps, consequently (is)Jf = iJfsif — l ,  
and this yields by Section 4

c 'l )  = i s  Ab', c ' l )  =  Id b ,  c]*)
as required.

6. Let b ^ c - ^ d  (b,c,d£R) and [b, с]* = ( Т г , Ti), [c, d]* =(T2, T2), [b, d]* =  
= ( T , n  Let l :  (Tx, t i )M T ,  T f j t f  i2: (Г2 , t 2)-*(T, U t2) and in: ( T , t ) ~  
=  (T, Tj U t 2) be injections. Then

i0*([b, dD  = hA b ,  c]*) + i2*([G dD-

Proof. A={[£, c] , [c, d], {6 }, {c}, {<:/}} is a 1-complex, where |A'| =!A' 1 j = T 
and \K0\ — t 1U f2. (K ‘ is the/-skeleton of K(i=0,1)). Thus/0* ([6 , c/]+)C # i( |/b |, |A°|) =  
= h x(t , i  U tj) has a unique decomposition in the form

( 1 ) ioAb, dl )  = h A 'J  + A i A

where u f H f T ^ T j )  (/=1,2) (see [3], p. 85.). Taking the commutative diagram
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(T ,t )  — ( T, t i ut 2) - --------------- -- (T2,t2 )

where each ij is an injection and applying Section 5 and HX(T2, T2)=0 we obtain 

's*([b, c]J = <4 *([b, d]*) =  i3* i'o* ([b, d]*) =

=  (3* <1* (Ml) +  *3* i2*(“2) =  <5*(“ l ) + ‘7*'6*(«2) =  *5* («1)-

However the injection i&: (T1, 7j)->-(r, TjU T2) is a relative homeomorphism and 
so i5 * is an isomorphism (see [3], p. 266), consequently u1 = [b, c]*. Similarly 
u2 = [c, d]*. Hence we have by (1) the statement.

7. In the remainder we shall use the notions and notations of [2].
In particular let Y  be a fixed Hausdorff space. Let к : [b,c]-~Y be a non- 

degenerated continuous line in Y, i.e. a continuous map of the interval [b, c] into Y. 
The body of A: — it is indicated by к — is the set к [b, c] endowed with the subspace
topology of Y. Let к  be the discrete space with the underlying set {k(b), k(c)}. 
It is important that к can be considered as a map k: [b, c]* -*-(£, k) and thus it 
induces a homomorphism k^: НХ([Ь, с ]* )^Я 1(^, к). Let /с** = kt ([b, c]*).

8. Let к: [b, c]-*Y be a nondegenerated continuous line. Then k \M = ~ k ¥ir 
(к' is defined by k'(x)= k(b+ c—x)).

In fact, define g : [b,c]^-[b,c] by g(x)=b + c — x. Then g(b) = c, g(c)=b, 
consequently the automorphism g of the 1-simplex [b, c] is odd. Hence for any 
v^H1([b, c*}) g^(v)——v (see [3], p. 82) and this yields

K*  =  K(\.b’ CU  =  (kg)*([b, c]*) =  fc*g*([6 , C]*) =  A:*(-[b, c]*) = - k

9 . Let kx: [b, c]-*Y and k2: [c, d ]  — Y be nondegenerated continuous lines 
such that k1(c)=k2(c). Let k= k1ok2

(k1ok2: [ b ,d ] ^ Y  is defined by =  *  c S * i d ) ‘

Let / / : (k1, кг)-~(к, к хи к 2), i2: (k2, k2)-*(lc, kx\Jk2) and i0' : (к, k )^ (k ,  AqU k2) 
be injections. Then

f  if (A,,) i 1 * i к I, r) T i2. (к 2 •

Proof. Let [b, c]* = (7 j, t x), [c, d]*=(T2, t 2) and [b, d]* = {T, t ). Define
the map g: (Г, 7jUT2) —(£, ÄqUíc2) by g(x)=k(x) (x:£[fi, d]). Taking the com­
mutative diagram
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(T,.t,)------

ki

(к,, к,)— ь.

where /0, h > h are injections too and applying Section 6 we obtain

«*№**) = d]*) =  g*'o*(tb, d]*) =

-  g*(h*([b, c]+) + /2*([c, d]*)) = ií*fcu ([b, c]+) + Í2+fc2+([c, d y  = 
as required.

10. Lei k: [b, с] — У and k ' : [//, с'] — У be two nondegenerated equivalent 
continuous lines, i.e. there exists a simple function s: [b, c]-*[b', c'] such that 
k  = k's. Then &** =  &**.

In fact, Section 4 shows that
fc** =  K([b, cy  =  fe;s#([b, с у  =  /с;([Ь', c 'y  =  /с;,.

11. We now consider continuous paths in Y  and assign to each closed one 
a well defined member of the 1-dimensional homology group of its body.

In particular let К  be a nondegenerated continuous path in Y. That means 
К  is an equivalence class (in the sense of Section 10) of nondegenerated continuous 
lines in Y. The body of k: [b, c]->-Y, the initial point k(b) and the closing point 
k (c ) of k do not depend on the special choice of k£K. These notions will be in­
dicated by К,  А (К),  V (K)  respectively (see [2]). Let К  be the discrete two-point 
or one-point space {д  (K), v  (AT)}. If д  (К) = v  (A") then AT is a closed path and 
д  (К ) is said to be the base point of K.

Take now any k£K, and put K ^ = k ^ .  According to Section 10 is well
defined. Moreover (k ,k ) = (K ,K ).

Suppose now that К is a closed path and let j K: (К, 0)—(К, К ) be an injec­
tion. Since К is a singleton it is homologically trivial, consequently j Kif: H fK ) —
-^Н г(К,К) is an isomorphism ([3], p. 23). Let now K ^= (jK̂ )~1(K ^). We define 
K k also in the degenerate case, i.e. when k  is a degenerated line for any k^K  (that 
is a map of any singleton of R into Y). In this case A is a one-point space. Whence 
H 1(K) = 0, and we choose then for Kk the 0-element of this H fK ).

12. K. depends obviously on the special choice of [0, 1]*. However if we take
two nonzero elements [0, 1]* and [0, i y  of f/jfll), 1]#) then according to Sec­
tion 3 there exists an integer m such that for any closed interval [b, c] in R 
[b, c\^=m[b, c]*. Hence we have for every nondegenerated continuous line k 
in Y  k ^ .= m k ^ ,  This implies = for every nondegenerated continuous
path К  in Y, and thus for each closed К m Y Kk. = mKk. This last equality is 
evidently true also for degenerated closed paths.

(T,t, u t2).

•(k,^ и k2)

-(T2,t2)

■ (k2,к 2)
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13. It is to be noted that for any closed Jordan path К of Y  (see [2], 5.9) 0.
In fact let к : [b, c] — Y£K. Then k\ [b, c]# -+(K, K) is a relative homeo- 

morphism, thus к* is an isomorphism and this yields, by [b, с]*^0, ЛГ** =  &** — 
= kX[b, cL )tíO. Whence

К  = О И 0.

We are formulating now three important properties of the operation Kt .
14. Let К  be a continuous path in Y (K need not be closed). Then (KK')^ = 0. 

(Recall [2], 2.6 and 2.5.)
P r o o f . First of all we formulate and prove the following
L e m m a . Let (X, A) be a compact pair such that A is a one-point or a two-point 

space. Let j:  (X,Q)^-(X, A) be an injection. Then y*: H1(X )^ H 1(X, A) is a 
monomorphism.

In fact Нл (A) = 0 (see [3], pp. 45 and 46.) Hence yV is monomorphic by the 
exactness of the sequence

Hy(X, A) —  Hx(X) -  HX(A).

We are going now to prove (KK’)^=0.
If К  is a degenerated path, then the assertion is obviously true. Suppose that 

К is nondegenerated. Let kx. [b, c]-+Y£K and /c2: [c, d]-+Y£.K' (see also [2], 2.3). 
Then k = k xok2£KK'.

We shall use the notations of Section 9. Since /с coincides here with kx and k2
moreover k x coincides with k2 it follows that ix and i2 are identities, consequently 
Ты and i2if are also identical maps. However k2 is equivalent to k \ . Hence we have 
according to Sections 8 and 10 L2**—̂ i**= — ̂ i** and thus by Section 9

( í ' J k k - U ( K K % )  =  í U J k k - J ( K K % )  =  í ;h ( ( K K - ) J  =  /£ * ( £ * * )  =  к ы , - к ы ,  =  0 .

By the lemma (/оУккО* is a monomorphism, consequently (KK’)  ̂= 0 holds 
as required.

15. Let Kx and K2 be continuous paths in Y such that both o f the products KXK2 
and K2KX exist. (Thus KXK2 and K.,Kl are closed paths.) Then (KxK2)t:=(K2Kl)ir.

P r o o f . If some of the Kr s (/=1,2) are degenerated then K1K2= K 2K1 and 
the assertion is obviously true.

Suppose now that neither Kx nor K2 is degenerated. Let b<c<d-<e (b, c, d, 
e£R). Let kx\[b,c]—Y  and k3:[d, e] — Y  be representatives of Kx and let
k2:[c, d]-+ YdK2. Since k x and k3 are equivalent we have kx= k3, kx= k3 and by 
Section 10 &1 ** = &з**. Let ix =  i3: (kx, kx)-*(kxok2, k xUk2), i2: (k2, k2) —
-*(kxok2, k xUk2), /„' (kxok2, kxok^-+(kxok2, kxUk2), i'x (k2ok3, k2ok3)~* 
-*(kxok2, k xUk2), j: (kxоk2, 0 ) (kxоk 2, kxUk2) be injections. Then evidently
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J=iójK1K2 = hjK2Kl and so according to Section 9

Á ( ( * i ^ ) * )  =  i'o*hlK»((K iK J*) =  i'oM iK*)**) =

i0*((kl °^2)**) 1*1*(̂ 1**)Т" *2* (^2**) *2* (̂ 2**)~Ь 1*3* (&з++) *4*((^2- l̂)**)
=  i U K ^ A i ^ h ) = л ( (в д )* ) .

Hence we have by the lemma in Section 14 (К1К^)#=(К2К1)^ as required.
16. Lei Кл and K2 be continuous closed paths in Y with the same base point. 

Let K=KXK2 and let if: KX-*K and i2 : K2-*K be injections. Then

;;; (* i* )+ <2* (*2*) =  **.
Proof. Suppose that some of the Kr s ( i= l,  2) are degenerated. According 

to Section 15 there is no loss of generality by assuming that Kx is a degenerated 
path. Then K2 = K  and i2 is an identical map, consequently i2 jf is identical as well. 
Thus

h* (*!*) +*2* (*2*) = il(0 )  + K, = K, 

is obviously true in this case.
Suppose now that neither Ky nor K2 is degenerated. Let b-=.c<d (b, c, df_ R) 

and k1: [b, c]->- Y£KX, k2: [c, d] — Y£K2. Then k= k1ok2£ К. К  coincides here
with kx and k 2 and thus кл U k 2 = k. Consequently — using the notations of Sec­
tion 9 — г'о is an identical map and thus i0'* is an identity as well.

Hence we have by the commutativity of the diagram

(K„0T)

Ц

(kiA)

(K,0)

Jk

(k, ÍH

(K2,0)

4

(k2,k2)

Ы ‘Т Ж ^  +  < 2 * ( * 2 * ) )  —  í ’u J k !  ( K i j j )  +  ( 2*  ( - ^ 2* )  —

A* (L \ , .)  A A. ( AA,,) ij , (к j, t ) T 12 . (k<>,,)  к , ,  A ,, j к* (A.).
However j Kjf is an isomorphism and so we obtain the desired formula

>?*(*i*)+ »*(**) = K f
17. Now we can finish our program.
Suppose that Y is a compact Hausdorff space and assign to each closed con­

tinuous path К in Y the injection iK: K —Y and the member Ф(К) = iKir(K f o f 
H fY ) .  Then the map Ф: Жу -*HX(JT) (see also [2], 2.8) is a category homomorphism. 
(Recall [1], 6.1.)

Proof. We must show that conditions (1), (2), (3) of [1], 6.1 are satisfied. 
In fact (1) is true by Section 14 and (3) by Section 15.
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Let Kt and K2 be continuous closed paths in Y with the same base point and 
let K=K1 K2. Moreover let i'{\ Кг and i2: K2->-R be injections. Then we 
have obviously iKl = iK rj" and iKi = iK i£ ■ Applying Section 16 we obtain the 
required relation

Ф (В Д ) =  Ф(К) = iKJK ,)  = iK, { i W  + il(K u ))  =
(Ки)+ (K2J  = Ф(К,) + Ф(К2).

Hence Ф: Ж'у Нл (Y) is a category homomorphism of the /-category of 
the continuous paths of Y  into the 1-dimensional homology group (mod p) of Y.
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MARTINGALE RANDOM CENTRAL LIMIT THEOREMS
By

Z. RYCHLIK (Lublin)

1. Introduction. Let {5„, яё1} be a martingale on the probability space 
(Q, s í, P), with 5o = 0, and X„ = Sn — S„_1, n ^ l .  2F0 need not be the trivial 
(T-field {0, Q}. Let cpj(t) = E (exp and let a2J = E(Xj\.(Fj _1), =

=  for и = 1, 2, ....
j =1

Now let {N„, и s i}  be a sequence of positive integer-valued random variables 
defined on the same probability space ((2, л /, P). Let us denote

s Nn =  x 1 + x 2+ . . . + x Nn, VI
4V„
2<?hj =1

Nn
L it ) П tPjit/Bn),

s=i
К  = (maxat)/Bf,,

where B % = E ( X ? + X % + . . .  + X $ n).  Throughout the paper B„  is assumed to be 
finite for all л S i.

In what follows C=C[0, 1] denotes the space of real-valued, continuous 
functions on [0, 1] and <8 denotes a u-field of Borel sets generated by the open sets 
of uniform topology. By W we will denote the Wiener measure on (C, <é) with 
the corresponding Wiener process {W(t): O stS l} , (cf. [1], Sec. 9).

Let Yn( t ) , 0 ^ t ^ \ ,  be the random function defined as follows:

(1) r „ ( 0  =  s k/v„+xk+1(tv2-sDivn<r2
k + 1

for O s t s l  and sl^tV%^s%+1, k = 0, 1,2, . . . ,N n — 1, where s;>=0- It is obvious 
that Yn(t) is continuous with probability one, being composed of straight line 
segments joining the points (s%IV*, Sk/V„), k=0, 1, 2, ..., N„. Thus there is a 
measure Pn in the space (C, c6), according to which the stochastic process 
{Yn(t), O ^ iS l}  is distributed.

In this paper we use an approach developed by Brown [2], to generate random 
central limit theorems for martingales. Section 2 defines the random Lindeberg 
condition for martingales and gives its several equivalent forms. Theorems 1 and 
2 generalize Lindeberg—Feller’s central limit theorem to random sums. Section 3 
contains an invariance principle for a certain class of martingales. From this result 
we obtain some new limit theorems concerning of sums with random indices. The 
results obtained are generalizations of that of given in [5—7].

Throughout, we use the notations X+ =max(0, X) and X_ = max(0, — X), 
while Re z is used to denote the real part of z. Ф(х) denotes the standard normal
distribution function, and the various kinds of convergence, in Lp norm, in prob-

l p а
ability, and weak (in distribution) are denoted by ---- >-, — - a n d -----,
respectively.
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2. Random central limit theorems. Throughout the paper we say that the 
random Lindeberg condition is satisfied if, for all a>0,

(2) L(n, a) =  B ^ E { Z  T/7(|T;| S  е2?п)} -  0 as n - ~ ,

where /(T) denotes the indicator function of the set A. Furthermore, we consider 
martingales for which

(3) V*/B*—  1 as n — .
First we shall prove the following
L em m a  1. I f  Nn is stopping time with respect to {PF, ,  г ё О } ,  then (3) й  equivalent to

(4) F 2/i?2— 1 us n — °°.
Proof. It is obvious that (4) implies (3). On the other hand, for every a=-0,

E { V * J B l - 1)_ ^  e + P ( \ V Z B ; * - \ \ ^  г).

Thus, by (3), lim £(F„2/.ß2 —1)_=0. Furthermore,
П  ► с о

E V 2 =  Z  f  Z ° 2j d P =  z  f  E ( X f , F k _ 1) d P  =
k=1 [Nn=k]j =1 k=1 [iV„£i]

=  2  f  X t d P =  z  f  Z * ? d P =  E ( X ? + . . .+  X I )  =  Bl ,
k = 1 1ЫпШк] k = 1 [N„ = k] 1 = 1

Thus £(F„2/.S2—1) = 0, which implies (4) since £(F„2/.S2—1)+=£(F„2/£2 —1)—0 
as

Let us put

g(n, a) =  F " 2 Z  E(X]I(\Xj\ аВпЩ _ г), G(n, a) =  F 2£ - 2g(n, a), 
i = 1

h(n, a) -  F - 2 2  E{Xf U(\Xj\B~lv~l)\éFj- u ,  H{n, a) = V^B~4(n, a), 
j =i

where t/(x) is any continuous nonnegative function of bounded variation on [0, °°) 
for which I/(0) =  0 and U(x)-►const. (>0) as jc-*■<».

Lemma 2. Assume that for every n, N„ is a stopping time with respect to 
{ ^ i ,  г=0}. Then, under the condition (3), or alternatively (4), the random Lindeberg 
condition is equivalent to the convergence to zero as n —► CO of g(n, £), G(n, a), h(n, a) 
or H(n, a), for all a> 0 , either in probability or in L1.

Proof. It suffices to show the mutual equivalence of convergences in probability 
of g, G, h and H, then to show that each such convergence in probability implies 
a corresponding convergence in L x norm since the convergence in Ll is stronger 
than convergence in probability.
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Let us observe that
EG(n, e) = B~2 Í  /  2  E{XfI(\Xi\ ^  гВп) \ ^ }  =

*=1iw„=*] 1=1

=  B~2 Z  f  E{X?I(\Xk\^ e B n)\!Fk- 1}dP=
k=1 lN„sk]

= B n 2 i /  X?I(\Xk\ S  sBn) dP = L(n, e).
k==1lNns k ]

Thus L(n,e)~* 0 as я->-°° if, and only if, EG(n, k) ^ 0 as n - * ° Moreover, 
taking into account (3), we see that g(n, e) converges in probability if and only if 
G(n, e) does. Also, by (3), h(n, e) ——0 if and only if H(n, s) —-0 . Furthermore, 
noting that there exist constants а, 0 for which

(5) bl(x & a) (x) for all

we see that h(n, г)— *0 implies g(n, e)—̂ 0. On the other hand, if К  is the total 
variation of U, then

h(n, e) = J  g(n, sy) dU(y) pointwise a.e.,
0

<5
S  J  dU(y) + Kg(n, eő) a.e.

0

since g(n, s ) ^ l  a.e. and g(n,y) is a nonincreasing function with respect to y, 
for each n. Thus, by choosing ő small, it is obvious that h(n, e)—+0 as я —°o for 
all £>0, if g(n, e)—- 0  as я->-°° for all e=~0.

Now we are going to show that convergences in probability of g, G, h and H  
imply corresponding convergence in mean. In the case of g and h this is trivial 
since the random variables g and h are uniformly bounded. Thus we can assume 
that
(6) lim Eh(n, e) = 0 for all e =- 0.

It-*- oo

It will suffice now to show that (6) implies

(7) lim EH(n, e) — 0 for all e >  0,
П-*- oo

since Е[(п,Ё)—-*- 0 implies (6). Moreover, by (5), lim EG(n, e) = 0 provided that
U-*-oo

(7) holds. Thus the proof will be completed if we show that (6) implies (7).
By (4) we have V2/B l= l+ dn, where E\dn\^ 0  as я — . Therefore

EH(n, e) — Eh(n, e) + Ednh(n, s) 0 as n —°°

since E\d„h(n, e)\^K E \dn\ and (6) holds. К stands, as above, for the total varia­
tion of U. The proof is complete.
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T heorem  1. Let N„, for all n, be a stopping time with respect to {.#), Ш0} 
such that (3) holds. Then

(8) /„ (t) - exp (—t2/2) as n — =°, for all t,

and

(9) b„— — 0 as n
if and only if  the random Lindeberg condition (2) holds.

Pr o o f . Let e>0 be given. Then
B -2E {max E(X% ^  e2 + .S,72F2g(n, e) = e2 + L(h, s),

yk ^ N n

and as e>-0 can be given arbitrarily small, the random Lindeberg condition implies
Lx

that bn------ 0 and hence

(10) bn —  ► 0 as h —°°.

Now the basic inequality (4.1) in [3], page 485, shows, for every k^N„,

(11) \<Pk(tB;1) - l \& f io i l2 B * * t t b J 2 -^ ~  0 as и - « .

From the Taylor series it is seen that

N n N„ N n

2  |lo g (l+ z t) - z k] 2 \ zk\ = max|z*| 2  Ы-k=1 fc=i t = i

With zk=(pk(t/Bn)—l, by (11) this yields for fixed t

2  \log<pk(t/Bn)+ l-c p k(tlB„)\ = ?ЬЯ(УЖ )14-
fc=1

Thus, by (3) and (10),

iog/„(0  =  2 ? log (pk(t/B„) =  -  2 (i-<PkQ/Bj)+An(t),
k= 1 fc=l

where for each fixed t, An(t)-^— 0 if — 0 as .
Define, as in [2], functions g  and Л/ by writing

exp (ix) = l +  /'x +  x2 Q(x)/2—x 2/2,
and M(x) =  min (|x|/3, 2). Then
(12) | l - g ( x ) | á l  
and
(13) |g(x)| ^  M (x) for all x.

A c ta  M a th e m a lic a  Academiae Scientiarum Hungaricae 34, 1979



M A R T IN G A LE RANDOM  CEN TRA L LIM IT THEOREM S 133

Thus, by the relations given above, we obtain

(14) log/„(0 = -t'V*l2B*+An{t)+t*B;* 2  E{XjQ(tXj B - i) \^ J. 1}ß.
j=1

Theorem 1 will then follow if the convergence in probability to zero as л — °° of 
the third term of (14) is equivalent to the random Lindeberg condition. But the 
function M  has the properties required for the function U in Lemma 2. So, by 
(13) and Lemma 2, the third term of (14) converges in probability to zero if the 
random Lindeberg condition will be satisfied. On the other hand, the convergence 
in probability to zero of the third term of (14) implies the corresponding conver­
gence of its real part. But the function Re Q has the properties required for U in 
Lemma 2. Thus, by Lemma 2, (2) holds. Q. e. d.

The results of this section remain valid also when Nn is, for each л, independent
of Хг, X2, __ From Theorem 1 we obtain the following generalization of
Lindeberg—Feller’s central limit theorem [4], page 280.

Theorem 2. Suppose {Xn, л fel} is a sequence of independent random variables 
suchthat EXn = 0, EX‘l  =  er2 <  =<=. Let {Nn, л fel} be a sequence of positive integer-

N„
valued random variables independent o f X1,X 2, . . . ,  and let Af„2=  2  al- I f

k = l

M 2/#2—->-l, then

lim P(SN <  xB„) = Ф (x) and lim E (max cn/ő2) = 0
П - +  o o  "  П с о  j ^ N n  7

if and only i f  for every e>0

lim B -^e \ 2 E X lI ( \X k\ fe eB„)} =  0./I-« lk = l )

Pro o f . Let ^  = 0  f t ,  X2, ..., XJ). Then

(Pj(t) =  E {exp (i tXj) I ̂  J  = E exp (itXj),

f n(t) =  f f  E exp (itXj), E(Xj\3?j^) = EXf 
j = 1

and F„2= M l. M oreover,

Bl = E (X t + XI +... +  X I )  = E [ 2  ° í\ = E M I
4 = 1  /

since Nn is independent of Xlt X2, —
Now let us observe that Eexp (itSNJ  — Ef„(t), and |/„ ( t) |^ l .  Thus, (8) holds 

if and only if E exp (itSNJ-+exp ( —t2/2). On the other hand, for every s>0,

В-ЦпгахЕХ1) S  b+ B -2 2  EX?I(\Xk\ fe v.Bn)-KksN„ k = 1
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Thus Theorem 2 follows from Theorem 1 since, by the assumptions,

L(n, e) =  B;*e \%EXII{\Xk\ ^  £B„)}.

Theorem 2 also generalizes the main result of H. R obbins [5].

Remark. Recently several papers have appeared which were devoted to the 
study of the limit distribution of SNn as The results obtained have the
following form. Suppose the partial sums Sn obey the central limit theorem. If 
N Jkn —— X, where X is a positive random variable and the kn are constants tending 
to infinity then, under some additional assumptions, the sequence {SNn, «^1} 
is asymptotically normal (cf. Billingsley [1]). Thus in the proof it is an important 
fact that the partial sums S„ for a non-random index n obey the central limit 
theorem. Our approach is different. We simply ask when the sequence {SNn, я S 1} 
is asymptotically normal. From the assumptions of Theorem 2 it does not follow 
that {5„, я S i } is asymptotically normal. To see this let us consider the following

Example. Let {Xk, A :si}  be a sequence of independent random variables 
defined as follows:

P[S2in = 22"-1] =  P\X22„ =  - 2 2" 1] = 1/2

for n= 1 ,2 ,... ,  and assume that Xk, for k ^ 2 2” (n= 1, 2, ...) k s l ,  has the normal 
distribution function with mean zero and variance one. Let us put Sn = Xk+X2 + 
+ ...+ Xn. Then

cr2S22- % 2 • 22" and a2S2tn_1 % 22" as и — =».

Now let us put, for example,

Then
P[Nn = 22"— 1] =  1 -  1/n, P[Nn =  22”] = 1 In. 

Bl = EM l % 22" as n — °°.

Moreover, it is easy to see that M^/B2—-*- 1 and, for every г >0,

Thus, by Theorem 2 

and

B -2e \ 2  EXkI(\Xk\ S  e ü j l  ^  0
l/i = l >

lim <  xB„] = Ф(л-)

as n -*■».

E( max a2XJB2)-^ 0 as « — <».
vlrs k s N n “ ’

On the other hand, taking into account that

[J cos(t22k 1/a(S in)) — 1 as n
k = 1
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we get

E exp (itS^j a (S2fj)  = cos (t22" '  7a {S2f)) f j  cos (t22k" '/a (S^n)) ■
k = 1

• exp { - i2(22" — n)/2a(5’22„)} — cos (t/l;2) exp (—12/4) ^  exp ( - i2/2).

Thus does not converge to the standard normal distribution function.
3. Random functional central limit theorems for martingales. Throughout this 

section we assume that N„ is, for each n, independent of Хг, X2, __
T heorem 3. Let {Sn,^„ , 1} be a martingale, and let {N„, и s i}  be a

sequence of positive integer-valued random variables such that Nn is, for each n, 
independent of Xn = S„ — S„_t , и = 1 ,2 , —  Let {Pn, л S i}  be the sequence of 
probability measures on (C, (ß) determined by the distribution {Yn(t), O ^iS l} . I f
(3) and the random Lindeberg condition hold, then Pn — — W.

P r o o f . We may assume that the sequence {Xn, n s l}  satisfies the following 
relation:
(15) P(V2IBl =5 c )  = 1 for all n,

where C is a constant greater than 1. Of course, there is no loss of generality, because 
if {Xn, /г s  1} does not satisfy (15), then we can choose any constant C >  1 and 
for each n set

Xnj = X f(s)  ё  CBl), j=  1 ,2 ,. . . .
Then i s  1} will form a martingale difference sequence and

Hm P í U [Xj *  =  lim P{V2jBl s C )  = 0

because (3) holds. Furthermore, the random Lindeberg condition holds with Xj 
replaced by Xnj. Thus, in oder to prove convergence in distribution properties 
for JF Xj/Bn (where the summation can be taken over a subset of the integers 

j
from 1 to Nn), it suffices to prove them for XnjjBn as n °°. So, taking into

j
account the considerations given above, we assume throughout that the random 
Lindeberg condition, (3) and (15) hold.

We shall first establish that the finite dimensional distributions of P„ con­
verge weakly to the corresponding finite dimensional distributions of W. Let к 
be a fixed positive integer, and let 0 =  i0< f i< . . .< tk~ i< tk= l. We wish to show 
that

(Ynif), Yn(t2) , ..., Yn(tk)) (W(ti), W (f) , ..., W(tk)).

But, by Corollary 1 to Theorem 5.1 in [1] it is enough to prove that

(16) (r.fo ), Y J D - Y J D , ...,Y ei t i - Y n(tk-J)-? -~

—  ( m t^ W iQ - W iD ,  ...,W (tk)-W { tk- j) .
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On the other hand, by Theorem 7.7 in [1], (16) holds if and only if

(17) Cl Yn (b) +  c2(Yn(t2) -  Yn(tl)) + ... + ck(Yn(tk) - Y n(tk-i)) —

—  c1W(ti) + c2(Wn(t2) - W n(t1))+... + ck(W(tk)-W (tk_1)),
for real numbers cx,c 2, ..., ck not all zero.
Let us put

irij = max {m ^  0: s2m ^  tj V2}, sr =  Cj for mJ- 1 <  r S  nij, 
s ■ max Ы = max \cL

r S N „  1 1  J 1 Jl
and observe that

\Yn(tj)-Y nKJV2)\ =§ \Yn(s*mjJ V 2 ) - Y n(slJVZ)\ =  |XmjJ /F „ S  (max |T,|)/F„. 
On the other hand, for any given e>0,

(max \Xk\)/Bn S  e + e -\B -^  2  X£l(\Xk\ S  eBn) - ^  s,

since (2) holds. Therefore, by (3), max 1 2 f J ) / F „ 0. Thus (17) holds if and only ifk^N„

(18) lim E exp (i 2  sk Xk Fn_1] = exp ( -  a2/2),
"■*“  V k =  1 >

where a2= 2  cj((, —(,_i). Again by (3), (18) is equivalent to 
j=i

(19)
Put

lim E exp [i 2  skXkBn ’) = exp (— <x2/2).
"■*“ '  t=l /

тг =  в - 1 2  s j X j , и 2 =  в - 2 2  s j « 5 -
3 =1 3=1

We wish to show that
(20) lim E (exp (iTN + U$J2)-1 )  =  0Л —► oo
and
(21) lim E |exp (U$J2) — exp(<r2/2)| =  0,

since then by simple computations from (20) and (21) (19) easily established. 
Define

(22) Zj = exp (iTj_1+Uf/2) {exp ( iS jX j/B j-exp ( - s 2a2j/2B2)} =
= exp ( iT j^  + U2J2) {iSj Xj B~ 1- s 2X ^ \ - Q  (Sj Xj B~ '))/2B2 + 

+s2j a2j/2B2^ Z ( s y jl2B2)}, 
where Z(x) = exp ( — x) — l+ x  for x ^ 0 . Then

IE  exp (iTNn + UßJ2) - 1 1 =  E 2  Z j
3=1
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Hence, using (13), (15), max the inequality Z (x )^ x 2/2 and the inde­
pendence N„ of Xlt X%, ..., we get

\e Z Z j s  e  2  ^
I J = 1 j = 1

ё  exp ($*С/2)е {д  \E(sjXj Q(sjXjВ~г) \ ^ _ i)/2ß2 — Z (s2<r2/2ő2) | j ^
^  s2exp(s2C/2)E{ 2 Щ 1 М { \з Х ; \ В ^ ) \ ^ \1 2 В 2п+

+ s4 exp (s2C/2) E^ Z  = s2exp (s2C/2)EH(n, s-1)/2 +

+ s4 exp (s2C/2) E(b„ K„2/ ß2)/8,

and, by Lemma 2, EH{n, 0 as n—°°. Furthermore, for every e>0, Ebn =̂ 
^ e 2+EG(n,s). Thus, by Lemma 2 and (15), E(b„V2B~2)-*0 as n —°°, and this 
proves (20).

For any
S  bn.

Thus ( j 2 —s%J_J/B%-!—>-(tj — t j - 1). It follows that C/Jn — — u 2 as и  — ° ° ,  and also, 
since U$n̂ s 2C, that (21) holds.

We now show that the sequence of measures {P„, я=1}, in (C, f€), is tight. 
As P(F„(0)=0)= 1, for the tightness of this sequence it is enough to prove (cf. 
Theorem 8.2, [1]) that, for every e>0,
(23) limlimsupF( sup |T„(s) — Yn(t)\ ^  e) =  0.

й-*- 0 n-*-0 \t — s\^h

But, by (3), this is equivalent to

(24) lim lim sup P( sup Vn\Yn(s)~ T„(i)l ^  sBn) = 0.
h-> 0 л-*-» \t—s\^h

To verify (24) the proof proceeds as in [6] or [2]. So, for any given £>0, we have

(25)
P{ sup F„|yB(s ) -y B( 0 |S e ß B) ^  Z  P{ sup Vn\Yn( t ) - Y n(kh)\ £  eBJ4).

\t—s\^h k:kh<l kh<t^(k + l)h

On the other hand, by (1),

sup V„\Yn( t) -Y n(k h ) \^ 2  max Z  * j
k h < m ( k + i ) h  9k< r * ? k  + i  J ~ 4 k

where qk = max {/: s j^ k h V 2}. Hence

/>( sup V„\Yn(t)—Yn(kh)\ £  eß„/4) ^  p [  
Wl-=tS(*+l)A V

max
9k^r̂ 9k + i Z  Xjj=qk

eß„/4) Л .
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Let qlk—max {/: sf^khsf}. Then, taking into account that Nn is independent 
of Xk, fc s l, and then applying Lemma 4 [2], we obtain

P k ^ s  2 P { K =  0 /
[I  « l k  +  1  I

Ё  XÁ s  eBn/8 I

I J

I Qik +1
dP/eBn s?

f ~ /'|«ifc+i I i 1/2 r c i i t t i  \ i 1/2
^ (8 /e ) \ 2 P ( N n= i ) P \ \  2  Xj  =  (8/s)\P\ \  2  * j  S  £*„/8 .

l «=i Vlj=«ifc I ’ 1 V|j=«k 'J
But

T Í I  * 2 X j  S  8 Д в/ 8 )  =  Т ( К „ | Т „ ( 4 +1/ К 2) - Г п ( Х2ь/ Т | ) |  S  e ß n/ 8 ) .
vlJ=?fc '

Thus from the convergence of the finite dimensional distributions and by (3) we have

lim sup P
П - * - o o

X, f  exp (— и2/2 h) du. 
\'2nh м1 ,8

In view of the relations given above we now obtain

limsupT( sup V„\Y„(s) — Yn(t)
n-*-oo It — sf^h £#n) = (8/e) hИж /  “ K - . w « )

and here the right-hand side tends to zero as h-*-0. Thus we have proved the tight­
ness of the sequence {Pn, n ^ l} . Hence, by Theorem 8.1 in [1], Pn-^~* W.

Theorem 3 enables us to give the following generalizations of the results given 
in [5], [6] and [7].

Theorem 4. Let (5„, J*,, n S l }  be a martingale, and let {Nn, « S i}  be a 
sequence of positive integer-valued random variables such that Nn is, for each n, in­
dependent of Xn = Sn — Sn_k, n=  1,2, .... I f  (2) and (3) hold, then

lim P(SN <  xV„) =  Ф(х), and lim P(SN < xB„) =  Ф (x)
П -*-  o o  t l  —► с о  n

for all x.
T heorem 5. Under the assumptions of Theorem 4, for each x > 0 ,

and

2lim P( max Sk <  xB„) = f  exp ( ~ u 2I2 )  du,
j/27T о

du.

The proof of this theorem is a consequence of Theorem 3 and results given in [1].
T heorem 6. Let {Xn, и s i }  be a sequence o f independent random variables 

with EXk =  0 and EX£=ol«=°, k =  1 , 2 , . . . ,  and let {Nn, « S 1} be a sequence
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of positive integer-valued random variables such that Nn is, for each n S  1, independent 
of Хг, X2, __ Further on, let Y ' be a random function defined as

— 2  and Mn = 2  ak- Let P„ denote the distribution of Y ' in (C, c6). I f
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AN A.S. INVARIANCE PRINCIPLE FOR LACUNARY
SERIES f ( n kx )

By
I. BERKES (Budapest) and W. PHILIPP (Urbana)

1. Introduction

Let f i x )  ( —oo<x<+°o) be a measurable function such that
1

(1.1) f(x + l)= f(x ) ,  f  f(x )d x  = 0.
0

It is well known that if f ( x )  is smooth enough and the sequence [nk] of integers 
grows rapidly then the sequence f ( n kx) of functions 1) behaves like a
sequence of independent random variables. A typical result in this direction (see [5],
[8]) is that if /  satisfies (1.1) and the Lipschitz condition and
(1.2) nk+1/nk -<=
then f(nkx) obeys the central limit theorem and the law of the iterated logarithm 
(CLT and LIL in the sequel). Here (1.2) is best possible in the sense that it cannot 
be weakened to

(1.3) nk+1/nk s?q>  1

even with a large q. This is shown by the example of E rd ő s  and F ortét (see [5]) 

f(x )  = cos 27IX + COS 2nmx, nk = mk— 1

for which both the central limit theorem and the law of iterated logarithm fail to 
hold. On the other hand, there exist many sequences {nk} satisfying (1.3) but not
(1.2) such that f i n kx) satisfies the CLT and LIL. E.g. nk = 2k is such a sequence 
(see [4]). It was Gaposhkin who characterized all the sequences {nk} (among the 
sequences obeying (1.3)) such that f i n kx) obeys the CLT. Let us say that a sequence 
{nk} of integers belongs to class

B2 if there is a constant C such that the number of solutions of the equation 
nk + rii=v ik> l)  is at most C for any integer v>0;

Dm if the (set-theoretic) union of the sequences [nk), {2nk), ..., {mnk}, considered 
as a single sequence, belongs to class B2;

D„ if {nk} belongs to class Dm for all integers m=  1 ,2 ,__
G a p o sh k in  showed (see [3]) that if {nk} belongs to D„ (and satisfies (1.3)) 

then f i n kx) obeys the CLT for all sufficiently smooth / ;  on the other hand, if {nk} 
does not belong to D„ (but satisfies (1.3)) then there exists a trigonometric poly­
nomial /  such that f i n kx) fails to obey the CLT.

The purpose of the present paper is to extend (the positive half of) Gaposhkin’s 
theorem and to prove an a.s. invariance principle for the sequence f i n kx) under
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the assumption that {nk} satisfies (1.3) and belongs to Dm. Our method (which 
differs from that of Gaposhkin) makes use of martingale tools; in fact, it is a com­
bination of the methods of [1—2], [6]. In [2], § 3 an a.s. invariance principle was 
proved for f ( n kx) assuming a condition for {nk} (the so called Л* condition) which 
is slightly more stringent than D The present improvement (which is now best 
possible) is obtained by utilizing ideas from [6].

Our main result is the following:
Theorem 1. Let f i x )  (—°°<д:<+°°) satisfy (1.1) and the Lipschitz condition. 

Assume that {nk} satisfies (1.3) and belongs to class D„. Assume finally that there 
exists a constant Cj>0 such that for any M ^O , N =  jV0 we have

} (  M + N  \ 2
0-4) /  2  /(« ,*) \ d x ^ C 1N.о \i=M+1 /

N

Let SN= 2 f ( nkx)- Then the sequence {Sn.N ^ I }  can be redefined on a new
k = 1

probability space (without changing its distribution) together with a Wiener-process 
£(r) such that
(1.5) SN = t i z ^  + oiN 1'*-*) a.s.
where 2 >0 is an absolute constant and xN is an increasing sequence of random 
variables such that xN/bN -* 1 a.s. where

(1.6) bN = f  Í 2 f ( nkx)) dx.
0 4=1 I

Condition (1.4) in Theorem 1 cannot be omitted as it is shown by the example 
f  {x)=cos2nx—cos 4nx, nk—2k (cf. [5]).

Actually, the proof of Theorem 1 will yield the following result which gives 
some information about what happens if we replace D„ by Dm in Theorem 1.

Theorem 2. Let e>0. Then there exists an m=m(s, / )  with the property 
that if we replace the condition {nk}£D„ by {nk}dDm in Theorem 1 then the statement 
remains valid with the modification that for the random variable rN in (1.5) we have

(1.7) 1 — e ~  firn XS lim ^  1 +e a.s.
h,V W-.00 bN

instead of zN/bN 1 a.s.

In other words, if {nk} belongs to Dm with a large m (“large” here depends 
also on / )  then the conclusion of Theorem 1 remains “almost” valid.

It is easy to see (cf. [2], Lemmas (2.1), (2.2) and their proofs) that Theorem 1 
implies Donsker’s invariance principle (functional CLT) and the functional LIL 
for f(n kx). These limit theorems need not be valid under the conclusion of The­
orem 2 but even under Theorem 2 we can state at least that /  (nkx) obeys Donsker’s 
invariance principle and the functional LIL “approximately”. Roughly speaking, 
the smaller the s in (1.7) is, the more precisely f ( n kx) satisfies the above mentioned 
limit theorems. (For precise details of this statement via “e-limit theorems” 
see [2], § 4.)

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



AN A.S. IN V A RIA N CE PRIN CIPLE F O R  LACUNARY SERIES /("* * ) 143

Let us say that a rational number r > 0 is of order к  if in the reduced form 
r=p/q the greater of p and q is k. The following lemma is easy to prove (cf. the proof 
of Lemma (3.1) in [2]):

Lemma (1.1). The (set-theoretic) union of the sequences {nk}, {2nk), ..., {mnk} 
satisfies the Hadamard gap condition if and only if for any subsequences nk., щ. and 
any rational number r>  0 of order the relations

lim —  = r, ^  r (i = l,2, ...) i-*-“  Щ Щ.
are impossible.

The condition of Lemma (1.1) is satisfied e.g. if
a) nk+1/nk >  m (k =  1,2,...),
b) lim nk+1/nk = a where a is a rational number of order >  m.к -+■ o o

Since the Hadamard gap condition implies condition B2, in examples a), b) 
the sequence {nk} belongs to Dm. For examples for sequences Da, see [3] or [2], § 3.

It follows from example a), Theorem 2 and our remarks above that if {nk} 
satisfies (1.3) with a large q then f(n kx) almost satisfies the CLT, the LIL and their 
functional versions (this was also proved in [2], §4). Example b) shows that the 
same conclusion holds if nk+Jnk tends to a rational number of great order (e.g. 
to a rational number very close to an integer).

2. Two preparatory lemmas

In what follows, II/II and ||/||„, will denote the L2 and I «  norm of f  resp. 
For two numerical sequences an,bn the relation an~ b n means lim a jb n=\.

П - * - о о

Lemma (2.1). Let g(x) (—oo<x< be a measurable function such that
1

g(x+ l) = g(x), f  g(x)dx = 0.
0

Then for any real a<b and 2>0 we have
b

I /  g (hx) dx
a

— f  IsWIdx-
This is Lemma (3.2) of [1].
For the formulation of the next lemma we notice that if /  satisfies (1.1) and 

the Lipschitz a condition then

(2.1) l l /- s „ ( /) |U  ^  An”*12

where A is a positive constant and .?„(/) denotes the и-th partial sum of the Fourier- 
series of / .  (See [9], p. 64.)
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Lemma (2.2). Let f(x )  satisfy (1.1) and the Lipschitz oc condition and let 
] s « 1<«!< ... be a sequence of positive numbers satisfying (1.3). Then, if
N ^ N 0 where N0 depends on f  (a )  and q, we have for any real a

( 2.2)

and

(2.3)

dxts  C2(||/||3+ || / | |2+||/||)iV

dx S  C3N 2

where C2 depends on q and on the numbers A, a. in (2.1) and Cs depends on f  (a) and q.
In view of the remark preceding Lemma (2.2), relation (2.2) follows from 

Lemma (3.3) of [1]; on the other hand, by Lemma (3.4) of [1] we have for N ^ N 0

(2.4) Z f ( nkX) = Í 1  +  Í 2
k  =  l

where and c2 are random variables (functions) on [0, 1] such that, if P denotes 
the Lebesgue measure, then we have

(2.5) P { \ ^ \ ^ y f N ) ^ C ie - ^ y  (y=?0) and ||€,|L =ё 1

where C4 and C5 depend on f ( x )  and q. (As a matter of fact, Lemma (3.4) of [1] 
assumes ||/ — i„ (/) || ^An~* instead of (2.1) and states correspondingly ||£2|] =  1 
instead of ||^2|| = =  1 but the proof there applies with trivial changes in the present 
case too.) Evidently (2.4) and (2.5) imply (2.3).

3. Main lemma

We first approximate the functions f(n kx) by step-functions q>k(x) as follows. 
By assumption, f ( x )  satisfies in [0, 1] the Lipschitz a condition for some 0 <  a =11.
Let now 2l^ n k<2l+1, put p = |/+ ^ lo g & j and let cpk(x) denote the function
in [0, 1] which is constant in the intervals [i2~p, (/+  l)2~p) ( 0 ^ i^ 2 p — 1) and these 
constant values coincide with the respective values of f{n kx) at the points i2~p 
( 0 ^ i^ 2 p— 1). By the Lipschitz a condition we have

(3.1) \f(nkx)~<pk(x)\ -  c ( ^ J  ^  c [ 2lJ ^ 0ik^  á  C-2~20loek -  Ck~w.

(Here and in the sequel, C will denote positive constants, not always the same, 
depending (at most) on / (a) and q.) Let us now divide the set of positive integers 
into disjoint blocks Л, Л , 4 , Л» ••• in such a way that h  contains [A1/2] integers, 
Jk contains [A1/4] integers (k=  1,2, ...). Let

(3.2) Tk = 2 / К * ) ,  Dk = 2  <Pv(x).
ve/к ve/,;
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Then by (3.1)

(3.3) \Dk- T k\ ss C 2  v-10 S C  2  v“ 10 S  Cfc~4
v £ 4  v =[(fc —1)1/21

and thus using |£>fc|sCfc1/2, \Tk\^C k113 and the mean value theorem we get
(3.4) \ D l - n \ ^ C ,  \D \ - n \ ^ C .

Now we formulate our
M a in  Lem m a . We have

(3.5) \E(Dk\Dlt ..., Z>*_!)| S  C/c-2 (fc ^  /c0)
(3.6) E(Dl\Du  ...,D k. J  CP* (k S  /c0)

(3.7) ZE(D*k\D1,. . . ,D k- 1) ~ d N a.s. as
k = l

(3.8) EDI S  C/c (fc ё  fc0)
H'fcere dN= 2  ED I Also, CN3/3̂ d N̂ C N 3'3 for N s N 0.

k = 1

P roof. We begin with the proof of (3.5). Let dFk_ k denote the c-field generated 
by Dk, . .. ,D fc_1. In view of (3.3) it suffices to show that

(3.9) \E{Tk\3Ek^ )\ ^  Ck~\

Let b=b(k) denote the largest integer of the block Ik- X, let / be an integer such 
that 2l^ n b<2,+1 and put w = |/+ ^ T o g  &J. From the definition of cpk it follows 
that every cpv, l s v ^ í  takes a constant value on each interval of the form

(3.10) [i2~w, (i + l)2-w) (0 Ш i ^  2W — 1)

and thus every set {D1=a1, , Dk_1=ak_1} where ak, ... ,  ak- k are constants,
can be obtained as an union of intervals of the form (3.10). In other terms, 3-k- x 
is purely atomic and each of its atoms is a union of intervals of the form (3.10). 
Hence to prove (3.9) it suffices to show that

(1+1)2-“
(3.11) |2W f  Tkd x \^ C k ~ 2 ( 0 s / s 2 " - l ) .

i2-w

Let c=c(fc) denote the smallest integer of the block Ik. By (1.3) we have

and
- J - ( i+ < r 4 < r 2+ ...)nc

q i
q - 1 ne

—  ^  q-b-*> = q-№~Wul - i  g  ^ -№ -i)1/4.
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Hence applying Lemma (2.1) and using the trivial relation b 3= 2ks/i we get
(1+1)2-« (Í+1) 2 ~ w

(3.12) |2W J  — |2W j  2  /(и„х)| dx ^
Í2-W (2 -v v  v U k

2 2W 2/+<20/o0log,’ и,
ä  2WC У  —  с —  s  С - ------------- s§ C — b t0 '* Z  C q - v - v 1 ^ *  Z  Cie“ 2

vtrfc «v nc nc nc
and thus (3.11) is proved.

To prove (3.6) it suffices to show (in view of (3.4)) that E(Tk\^'i_1)^ C k 1/2 
and since # * _ i is atomic and each of its atoms is a union of intervals of the form
(3.10), the last relation will follow if we show that

(Í+D2-"2W f Tldx s s  C7c1/2 ( 0  =§ i ^  2 W- 1, к i s  k 0) .
, '2 -w

The integral on the left hand side is equal to
(1 + 1)2-« i+l

(3.13) 2 » /  ( 2  f(nvx)Ydx = f  { 2 / M f d t
i2~w i

where mv=2~wnv. Evidently mv+1/mv^ q >  1 for all the v’s appearing here. If 
c —c{k) denotes the smallest integer of Ik as above, then the smallest of the mv’s 
is mc=nj2W which is at least 1 (in fact it is ^  Ck2 by a part of the estimate (3.12)). 
Hence by Lemma (2.2) the integral on the right side of (3.13) is S.Ck112 for k ^ k 0 
which was to be proved.

To prove (3.8) it suffices to remark that, by Lemma (2.2), we have ETk^ C k  
which, together with (3.4), implies (3.8).

We now turn to the proof of (3.7). We proceed in three steps,
a) Let JS^cJS?2c :... be any increasing sequence of ff-fields such that Dk is 

SEk measurable. Then the relations

(3.14)
and

2  Dl ~  dN
k  =  1

a.s.

(3.15)
N

k=1
dN a.s.

are equivalent. Indeed, the sequence Hk=D\ — E(Dl\3?k_̂ ) is a square integrable 
martingale difference sequence (and consequently orthogonal) with EH%S 
^4E D k^C k  by Minkowski’s inequality and (3.8). Hence the Rademacher—Mensov
convergence theorem implies the a.s. convergence of 2  k~2ji Hk and thus by the

i=i
Kronecker lemma we have

(3.16) 1 N
дг3 / 2  Hk -*■ 0 a.s.

By condition (1.4) of the theorem ETg^Ck112 for k ^ k 0 hence by (3.4) ED'f,^
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s ;Ck1/2 and thus dN^ C N 3/2 for N ^ N 0. Also, by Lemma (2.2), E T ^ C k 1/2 
for к s k„, hence by (3.4) E D ^ C k 112 and dN^ C N 312. (We thus proved the

N

last statement of the main lemma.) Therefore (3.16) implies 2  Hk = o(dN) which
fc=i

really shows that (3.14) and (3.15) are equivalent.
b) We now prove (3.7) in the special case when /  is a trigonometric polynomial:

Ш
(3.17) / =  2! (akC°s2nkx+ bksin2nkx).

k =  l

By a) it suffices to show (3.14) or, what is the same,

(3.18) Z (D 2k-E D D = o (d N) a.s.
k = 1

By (3.4) and dfi^CN312, (3.18) will follow from

(3.19) 2  (T2—ET2) = о (N312) a.s.
k = 1

Let us express the left side of (3.19) as a trigonometric polynomial, using (3.17). 
By (3.17),

m
f(n vx) — 2  (ak COS 2njnvx+  b k sin 2njnvx)

7=1
and thus

(3.20) Tk = Z f ( nvx) = 2  (ci cos 2n2,x+dlsin 2лЛ,х)
v € /k

where all the 2f’s are of the form tnv, v£lk. Denoting by Nm the (set-
theoretic) union of the sequences {nk}, {2nk), ..., {mnk}, this means that all the 
A;’s belong to Nm. Also, for the coefficients cu d, in (3.20) we have

(3.21) |c,| ^  M, \di\ => M

where M depends only on f( x )  and {я*}. Indeed, the trigonometric sums f ( n vx) 
and /(я„х), v</i can overlap (i.e. contain a term with the same frequency) only 
if п ^ т п у i.e. overlapping is impossible if p —v^p  where p is the smallest in­
teger such that qp>m. This remark shows that \cl\^p M l , \d \^pM x where 
M1=m ax(|a1|, \bx\, ..., \am\, \bm\) and hence (3.21) is valid.

We notice also that the trigonometric sums in (3.20) are pairwise non-over- 
lapping for k~z=kn. This follows from the fact that the largest Á, in Tk_x is mnb 
and the smallest Á, in Tk is nc where b and c are the largest integer of the block 
4 - i  and the smallest integer of the block Jk, resp. By the separation of 4 - i  and 
4  by the block 4 _ i of length [(/c —1)1/4] and because of (1.3) we have mnb<nc 
for k ^ k 0.

Squaring (3.20) and using well known trigonometric identities we get

(3.22) Tk = - j  2  (cí+ dí ) + 2  (ei cos ZnQiX+fi sin 2nQiX)
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where |e;| SM *, | / ;js=M2 and the g,’s are the numbers of the form / ,  +  kr with 
the A’s appearing in (3.20). Hence summing (3.22) for M + l^ k ^ M + N  (but not 
collecting the terms with equal frequencies) we get that

M + N
(3.23) 2! T2 — B+  (r{ cos IndiX + Si sin 2л:0;x)

k = M + 1

where В is a constant, |г;| and the 0;’s are the numbers of the form 
As±Ar where Av and Ar are from the same Tk, M + X sk ^ M + N .  Since the Tk's, 
are non-overlapping for Л:=/c0 and /Vm satisfies condition ß2, there is a constant 
Cj such that at most Cx of the 0;’s can be equal. Hence collecting the terms with 
equal frequency on the right hand side of (3.23) we get

M + N
(3.24) 2j Tk = В +  2  (uj cos 2izjx +  Vj sin 2njx)

k = M + 1

where the sum on the right hand side is finite and |иу|ёСхМ 2, \vj\SC XM2. Also, 
the number of terms on the right hand side of (3.20) is S mk1/2, hence in the

M + N
second sum of (3.22) is ^ m 2k  and on the right side of (3.23), (3.24) is S  £  m2k ^

k = M + 1
^ m 2N(M +N)^Sm2[(M+N)2 — M 2]. The number В in (3.24) is evidently equal

M + N
to the expectation of £  Tk (since the integral of the trigonometric sum on

k = M + 1
the right hand side is 0). Hence (3.24) implies

(
M + N  \ 2 1
2  (Ti -  ETt) =  T  2  («5 •+ Ф  =

A. d M i m2((M + N )2—M 2) = C2((M+iV)2- M 2).

Applying the Gal—Koksma law of large numbers (see [6], p. 134) for the variables 
Tk — E l f , we get

Z (T ? -E T ? ) = 0(N[og3N) a.s.
t=i

and thus (3.19) is proved.
c) Let now f  be any function satisfying (1.1) and the Lipschitz a condition 

and fix an s=-0. Since the Fourier series of /  converges uniformly to /  (even (2.1) 
is valid) we can write f= fx+f2 where /x is a suitable partial sum of the Fourier 
series of /  (hence it is a trigonometric polynomial) and H/aH^Se. (Evidently f x 
and / 2 also satisfy (1.1) and they are also Lipschitz a functions.) In the same way 
as we constructed the step-function cpk(x) from f ( n kx), we can construct q>^(x) 
and (p(k2>(x) from f x(nkx) and f 2(nkx), resp. Then we have

Тк=Т«> + Т£2> and Dk = Dp+D?>
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where
= 2  A (nvx), Ц *  =  2  fi(»vx)

v e / k v e / k

Bj» = 2  Ч>Р(х), 2  <p12)(x).
v € /k v £ / k

Evidently (3.3), (3.4) hold for the Dk, Tk’s with superscripts, too:

(3.25)
j^ °  -  Г»«» \ ш С к ~ * ,  I(D ^ y  -  { T ^ f \  S  C,

|(£>p)4—(740)4|S C  i =  !, 2.

If b = b(k) is the largest integer of Д_х, 2 '^ n b<2l+1, w=|^/+— logftj then,
as we showed, every cpv, 1 S v S b  and therefore also takes a constant value 
on each interval of the form (3.10). In other words, if denotes the c-field 
generated by the intervals (3.10), then Dk_k is (dk_x measurable. Since (p^ and 
(p<2) are step-functions with the same intervals of constancy as <pv, not only Dk_x 
but also D(kl k and D(kl x are measurable.

N

Let — 2  Since f x is a trigonometric polynomial, the relation
k =  1

(3.26) J w ) * ~ 4 »  a.s.
k =  l

is exactly what we proved in b). As we remarked above, D ^  is &k measurable and 
hence by the equivalence statement of a) (3.26) implies

(3.27) 2 Е { ф т \ - . )  ~  djpk= 1
a.s.

We now prove two simple estimates
(3.28) ^  Cfc1'2 (k S  k0)
(3.29) E((D PY\yk^ ^  Свк1'2 (к a  fc0)
which, together with (3.27), will easily lead to our aim (3.7).

The proofs of (3.28) and (3.29) are the same, we prove e.g. (3.29). In view of
(3.25) it suffices to show

£((7fc2))2|^fc-i) = Cek112 (fcsfc0)

and since is atomic with atoms of the form (3.10), the last inequality is 
equivalent to

(»+1)2-«
(3.30) 2W f  ( T ^ f d x  ^  Cek112 ( 0 ^ i ^ 2 w- l ,  k ^ k 0).

i2~w
Here the left-hand side can be written as

(1+ 1) 2 -
V

Í2

(I + D2-’
(3.31) 2W f  { T ^ f d x  = 2W J

i +1
( 2  / 2(я»*))2 dx = f  ( 2  dt
ve/„ / ve/k
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where mv—n j2 W. Exactly in the same way as in the case of the second integral 
in (3.13), the numbers mv are all greater than 1 and they satisfy mv+1/mv^ q > \.  
Let us also observe that since f k is a partial sum of the Fourier series of /  i.e. 
f 2= f— sk( f )  with a certain k, (2.1) is inherited for / 2 with the same A, a. Since 
II/2| |= | |/ 2 ll oo=£, an application of Lemma (2.2) gives that the last integral in (3.31) 
is at most Cek1/2 for k ^ k 0 and thus (3.30) is valid.

To deduce (3.7) from (3.27), (3.28), (3.29) let us first integrate (3.29) to get 
E(Dl®)2sC ek112 for k ^ k 0. On the other hand, by assumption (1.4) of the 
theorem we have ETg^C k112 for k ^ k 0 and thus (3.4) implies EDf^C/c1'2. We 
thus get E(D[2))2/EDk^C e ( k ^ k 0) whence we obtain, using Dk = D̂ l) + D^2) and 
Minkowski’s inequality,

1-CYfi ^  £(D<i))2/£Z>| ^  1 + C j/i ( f c a y
and consequently

(3.32) { \.-C fe )d N^ d №  < (\ + C \l)d N ( N ^ N 0).

Summing up (3.29) for k = \, 2, ..., N  and using dN^ C N 3/2 we obtain

(3.33) 2  Е((ВРГ  I ST*-!) CedN (N ^  N0).k = l

Also, (3.28), (3.29) and Schwarz’s inequality imply \E(Dll)D]c2)\'&k_1) \^ C  /eA:1/2 
whence

(3.34)
N

2
k = 1

E(2D^D?>\9k^ C yédN ( N ^ N 0).

Adding (3.27), (3.33), (3.34) and using Dk = Djl1) + and (3.32) we see that

(1 - C fe ) d N^  2 E { D 2k\^ k_k) ^ ( \+ C fE ) d N
k = 1

a.s. for sufficiently large N  which implies, since г >0 was arbitrary,

2  E(Dk\^k-i) ^  a-s-
k = 1

Since Dk is rSk measurable, the last relation implies (3.14) and (3.7) by the equivalence 
statement of a). Hence the proof of the main lemma is complete.

R em ark  1. In the proof of the lemma above, the assumption {nk}d was 
used only in the proof of (3.7); relations (3.5), (3.6), (3.8) are valid under the mere 
assumption (1.3). We also see that if /  is a trigonometric polynomial of order m:

f  = 2  (aкcos 2nkx + bk sin 2nkx) k = 1

then for the validity of (3.7) it suffices to assume {nk}(LDm instead of {«*}£/)„ 
(see step b) of the proof of (3.7)). Together with step c), this shows that if {nk}£Dm
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and II/— •s,m(/)IU = e0 then instead of (3.7) we have

(3.35) ( i - c y $ d „ s  2 E W k_ , ) ^ { \ + c i J 0)d N
k = 1

a.s. for sufficiently large N  where 1ßk is the n-field defined above. Since Dk is -§k 
measurable and by step a) we have (under (1.3))

i # - i ^ l * * - i )  =  o(dW) a.s.
i t= i  k= 1

for any increasing sequence £fk of cr-fields such that Dk is &k measurable, (3.35) 
implies

( l - C f o ) d N^  $  E(Dl\D1,.. . ,D k„1) s ( l+ C i7 0)dN
k = 1

a.s. for sufficiently large N. In other words, if {nk}dDm for a large m (here “large” 
depends also on / )  then (3.7) is satisfied “approximately” .

Let
Dk — Dk — E{Dk\Dk, ..., At-1).

Then for the Dk s the main lemma implies the following 
Lemma (3.2). We have

(3.36) E(Dk\Рк-г) = 0
(3.37) Е ф \ | J U )  S  Ck1'* (fc ё  k0)

(3.38) J í ^ I ^ - í) - ^  a.s.
fc = l

(3.39) =s Ck (fc ё  k0)
where J ^ _ i  denotes the a-fteld generated by Dk, . . . ,D k_t .

Proof. We have \Dk—A l= C k ~ 2 (see (3.5)), jűt |^C k1/2, |Dfe| = Ck1/2 and 
hence by the mean value theorem
(3.40) \Dl~D\\ ё  C, \Dt-Dt\ ^  C.
The second relations of (3.40) and (3.8)_ evidently imply (3.39), furthermore (3.6) 
and the first relation of (3.40) imply E{D\\DX, ..., A t-i) = Ck1/2 from which (331) 
follows by taking conditional expectations of both sides with respect to 2Pk- k 
(which is contained in the n-field generated by Dx, ..., Dk_x). In step a) of the proof

N

of (3.7) we saw that (3.7) is equivalent to 2  D l~dN a.s.; now the first relation
k=l

N  _

of (3.40) and dN^ C N 3/2 show that also 2 D l~ d N a.s. is an equivalent state-
k = 1

ment. Finally, the martingale argument of step a) and (3.39) show that
N

2  Dk~ dN implies (3.38).
k=l
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Remark 2. The main lemma concerns the “long” block sums Dk and Tk. 
Defining the “short” block sums

(3.41) Tk = 2  D'k = 2  <Pv(x)
v i J k

an analogous statement holds for these sums:

IE(Di\&U)\ S  C k~ \ E((D'k)2\*£-г) ^  Clc'l\

2  E{{D'ky \& U )  ~  d'N a.s., E (D tf* C W *
*=i

n

where 3Ek_x denotes the cr-field generated by D[, , Dk_k and d'N= 2  E(D’k)2.
k =  1

Also, CiV5/1S ii^ C jV 5/4 for N The analogue of Lemma (3.2) also holds
for the centered sums Dk=Dk — E(D’k\ ̂ Fk_x).

4. Conclusion of the proof

Using the main lemma and Lemma (3.2) we can complete the proofs of The­
orem 1, 2 in a standard way, following [1] or [6]. We prove here Theorem 1; the 
proof of Theorem 2 is the same (see Remark 1 after the proof of the main lemma). 
Let

VN= i  £ ( ! № , . . . ,  !>*_!),
k = 1

then VN~dN a.s. by (3.38). Also, using (3.39) and dN^ C N 312 (see the main lemma)
o o

we see that the sum 2  d f3l2EDk is convergent. By Beppo Levi’s theorem this
*=i

implies the a.s. convergence of the series

2  d ^ E ip W D ^  ..., A t-,)
k =  1

and since the general term of the series

(4.1) f  x4P(D k^ x \D l3. .. ,Dk. J
*=1 Vk

can be majorized by

j ^ r  f  x U P ( D k ^ x \ D 1, . . . , D k_ 1)  =  J ^ E ( D t \ D 1, . . . , D k_ 1) ^

~  E(Pk\Di,

it follows that the series (4.1) is also a.s. convergent. Thus we can apply Theorem
(4.4) of [7] to the martingale difference sequence Dk with /(x )= x 3/4 and we get
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that there exists a Wiener-process C(0 such that
(4.2) D1 + ... + Dk = UVk) + o(Vl'2- ’>) a.s.
with an absolute constant ?7>0. (Strictly speaking, we first have to redefine the 
sequence Dk on a new, larger probability space and C(t) will be defined over this 
new space; in the sequel, however, we will speak as if (4.2) were valid for the original 
sequence. This little inaccuracy essentially simplifies the formulas (we do not 
have to use stars or superscripts for the “redefined” variables) and does not cause 
any trouble.) Replacing Dk+ ... +Dk with Tk+ ... + Tk on the left hand side of
(4.2) , we commit an error 0(1) (since \Dk — Tk\^\D k — Dk\ + \Dk — Tk\ = 0 (k~ 2) by
(3.3) and (3.5)); hence (4.2) and Vk ~dk a.s. imply
(4.3) T1+... + Tk = a v k) + o (d l^ -’<) a.s.

(In what follows »7 will denote positive absolute constants, possibly different at 
different places.) We also remark that by replacing the left hand side of (4.3) by 
Tk+ T {+ ... + Tk + Tk (T{ are the short block sums defined in (3.41)) we only add 
a term which is o(dkl2~'>), so it does not bother the right side of (4.3). (Indeed, (4.3) 
has the exact analogue

(4.4) т;+... + Тк =С (Vi) + о (d'k̂ - ’>) a.s.
к к

for the short block sums where F*= ^  E(D'2\D'1, ...,D j_1), dk = ^  E(Dj)z, cf.
j=i j =l

Remark 2 at the end of § 3. Now it is sufficient to observe that the analogue of 
(3.37) to the ‘primed’ variables D'k i.e. E(D'k2\^ rk'_1)^C k1,i implies Vi = 0 ( k 3,i) 
and thus d i^ C k 5li and the standard estimate £(i) = o(i1/2 log t) show that the 
right hand side of (4.4) is o(k5,a log k) + o(k5/s~’’) which is dominated by the re­
mainder term o(dil2~’,) = o(k3li~3’'12) in (4.3) if r] is small enough.) Hence (4.3) 
implies

T1 + T i+ ... + Tk+ T l=  C(Vk) + o(dl'2->) a.s. 

which can be rewritten as

(4.5) SNk = i(F*)+o(dJ/2- ’) a.s.

where SN= J / ( n vx) and Nk= 2  Ф1/2] +  [11/4] ) ~ 4  *3/a- Since C N ^ d ^ C N 3'2V = 1 1 = 1 *
the remainder term in (4.5) can be also written as o(Nl,2~”). Hence if we define 
a sequence t„ of random variables by

(4.6)
t0 = 0
h4k = Vk for к = 1 , 2 , . . .
т„ is linear in the intervals Nk ^  n ^  Nk+1 for k = 0, 1,... (N0 — 0)

then (4.5) simply says that the relation

(4.7) ^  =  ( У + » Г г- ')  a.s.
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is valid for the indices N = N k. To get (4.7) for general N  it suffices to show
(4.8) max \SN- S Nh\ = o ^ 2- ’) a.s.

™к — ЛГ — ™k + l
and

(4-9) v max IC(Tiv) C(Tjvfc) I — o(Nk,2~'1) a.s.

The first relation is trivial since

I S * — Z  Ж * )
v= N k + 1

^ C ( N - N k) ^ C ( N k+1- N k) =

= C([(k+ l)1/2]+[(fe+1)1/4]) ~  C/c1/2 — CNl/s- \  
To see (4.9) let us note that

Tjsk = K =  0 (k 3/2) a.s.
and

-Vk = 0 (k 1'3) a.s.

by (3.37) and thus Lemma (3.6) of [1] (with r= 3/2, 5=1/2) shows the left side 
of (4.9) is 0 (k lfi log k) = 0(N £l2~’1) a.s. Hence (4.7) is proved and it remains to 
show that Tjv/Äjv —1 a.s. where bN is defined in (1.6). To this end we notice that 
Tiv/eN —1 a.s. where eN is the numerical sequence defined (in analogy with (4.6)) by

e0 = 0
eNk = dk for к = 1, 2, ...
e„ is linear in the intervals Nk ^  n ^  Nk+1 for к  =  0, 1,.. ..

(This follows trivially from the piecewise linearity of r„ and en and the relation 
Vkldk-~\ a.s. which is identical with (3.38).) Since Nk~ ^ k 3/2 and eNk=dks C k 32
we have e„^Cn and thus the remainder term in (4.7) can also be written as 
°(eN2~n)- Hence (4.7) and т„~е„ a.s. imply that the distribution of SN/YeN tends 
to the standard normal distribution. Since the Lk norm of SN/Ye* remains bounded 
(this follows from the second relation of Lemma (2.2) and e„^Cn), the second 
moment of converges to the second moment of the standard normal distribu­
tion, i.e. to 1. In other words, ESfi/eN-»l and since here ES$=bN (see (1.6)), 
we see that the sequences eN and bN are asymptotically equal. Thus TN/eN-»l a.s. 
implies zN/bN^-l a.s. and this completes the proof of Theorem 1.
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О ПОВЕДЕНИИ ПРИ РЕШЕНИЙ ВЫРОЖДАЮЩИХСЯ 
КВАЗИЛИНЕЙНЫХ ПАРАБОЛИЧЕСКИХ УРАВНЕНИЙ

Р. КЕРШНЕР (БУДАПЕШТ)

§ 1. Введение

Мы будем рассматривать задачу Коши для уравнения

(1) Lu = — ut +  (ull)xx—C'UV — О

в полуплоскости R% = {(t,x): —°°<х<°°} с начальным условием

(2) и (0, х) =  м0(х), — °° <  х  <

Здесь д > 1, у >0 и с>0 — постоянные. Относительно функции н0(х) 
мы будем предполагать следующее: ио(х)=0 при |лг[ =/, м0(х)>0 при |х |< /, 
н0(х) удовлетворяет условию Гельдера с показателем min {1, (ß — 1C1} 
(условие Q).

Уравнение (1) появляется во многих физических задачах. Оно описывает, 
например, просесс теплопередачи при наличии поглощения, когда коэффи­
циенты теплопроводности и поглощения степенным образом зависят от тем­
пературы.

Уравнения вида (1) называются «вырождающимися квазилинейными па­
раболическими уравнениями второго порядка», так как они являются пара­
болическими при и >0 и вырождаются в уравнение первого порядка при и=0.

Известно (см. [1]), что задача (1)—-(2) может не иметь классического (т. е. 
имеющего одну непрерывную производную по t и две по х) решения. Поэтому 
нужно рассматривать обобщенные решения.

Определение 1. Пусть G — замкнутая подобласть R \.  Неотрицатель­
ная и ограниченная в G функция u(t, х), удовлетворяющая условию Гельдера, 
называется обобщённым решением уравнения (1) в G, если для u(t, х) вы­
полняется интегральное тождество

(3) K u , f \  t0, h , х0, Xj) =  f  f  (uf, + ußf xx- cuvf )  dx d t-
f 0 * 2

*1 *i h хг
-  f  ufdx \ -  f  h"/x dt I =  0,

* 0  t 0 f 0 * 0

каковы бы ни были числа t0 < tL, х0< х 1; такие, что прямоугольник P = [t0, í j x  
X[х0, X]] содержится в G, и функция /( / ,  х)0_С}’1(Р), равная нулю при 
х = х 0, х= х1.
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О пределение Г. Обобщенным решением задачи (1)—(2) называется 
обобщённое решение уравнения (1) в R2+, удовлетворяющее начальному 
условию (2).

Однозначная обобщенная разрешимость задачи (1)—(2) доказана в [2]. 
Как известно (см. [3]), при v <  1 имеет место явление «полного остывания 

за конечное время»: существует такое Т0>0, что и(/, х) = 0 при всех t ^ T 0 
и xZR1. С нашей точки зрения этот случай неинтересен и всюду в дальнейщем 
будем предполагать, что

( 4 )  V fe  1.

Если выполнено это условие, то u(t, х0)> 0  при /<0, если только и(0, х0)>0. 
В работе [4] доказано, что в этом случае u(t, х) удовлетворяет условию Гель- 
дера по х с показателем min {1, (д— I)-1}, причём этот показатель точен. 
Гельдеровость по t следует из работы [7].

Известно, что в случае задачи (1)—(2) «возмущение распространяется 
с конечной скоростью»: при любом /„>0 функция u(t0, х) финитна по х 
(см. напр. [3]; р~рочем, он является простым следствием результатов на­
стоящей работы).

Существуют две непрерывные кривые x=£,(f) (/=1,2), такие, что 
С (*)<0, £2 (0 ^ 0 , fi (0  не возрастает, (2(0  не убывает и

supp и(/, г) = {(/, х): t Ä о, Ci(t) ^  X == £2(/)}.

Сформулируем два утверждения, нужных нам в дальнейщем. Сначала дадим
О пределение 2. Ограниченная в G функция у(/, х), удовлетворяющая 

условию Гельдера, называется обобщенным суперрешением уравнения (1) 
в G, если (см. (3)) 1{у, / ;  t0, t±, х 0, Xj)^0 для любого P=[t0, í,] X [х0, x j с G 
и любой неотрицательной функции / ( / ,  х)£С};ЦР), равной нулю при
X  =  Х0 , X =  X j.

Замечание 1. Если ограниченная функция y(t, x)SO удовлетворяет в G 
условию Гельдера, является гладкой вне конечного числа непрерывных кривых 
вида х =£(/), удовлетворяет там  неравенству Ly^O  и производная ду^/дх 
непрерывна при х =£(/), то с помощью интегрирования по частям легко 
убедиться, что y(t, х) является обобщенным суперрешением уравнения (I) в G

Лемма 1. Пусть u(t, х) — обобщенное решение задачи (1)—(2), a y(t, х) 
обобщенное суперрешение уравнения (1) в R%, причем и0(х) =>’(0, х) для — °° <= 
< х < ° ° .  Тогда u ( t ,  x)Sy(t, х) всюду в R%.

Обозначим через Н  криволинейную трапецию

{(í, х): O S í 0< ! S / i < o o ,  £0(0 <  х <  £i(/); £,-(/)€ С([/0, /х)}.

Пусть Г — ее параболическая граница.
Лемма 2. Пусть u(t,x) ■— обобщенное решение задачи (1)—(2), a z(t, х)£ 

€ С}'х(Н \Г) П С(Н), причем u(t, х) Sz(í, х) на Г, а в Н \Г  выполнены не­
равенства z >0, Lz  >0. Тогда u(t, х) =z(t, х) всюду в Н.
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Доказательства этих утверждений можно найти в [2].
Целью настоящей работы является получение двусторонных оценок при 

t >  1 для обобщенного решения u(t, х) задачи (1)—(2). Параллельно с этими 
результатами получаются и оценки для функций £;(/).

§ 2. Случай у >  р

Теорема 1. Пусть u(t, х) — обобщенное решение задачи (1)—(2). Тогда 
существуют такие положительные постоянные ах, а2, ■■■, а 6 ,  зависящие лишь 
от данных задачи, что при t >  1 справедливы неравенства

(i) u(t, х) ^  a1t~1,(-fl+1\
(ii) If,(г)I si a2iVb+1\  i =  h 2.
Если v</r +  2, mo

(iii) u(t, x) = a3i~1/(v-1) при достаточно малом |x|,
(iv) |C,(i)| S  а4*(»-Ю/*<»-1).

Если т ё ц  +  2, то

(v) u(t, x) ^  a5i~1/<M+1) при достамочно малом |jt|,
(vi) IC,(01 S  a6/1/("+1).
Замечание 2. Оценки, касающиеся £;(г), впервые были доказаны Б. Ф. 

К нерром [6] другим способом, чем это сделано ниже.
Замечание 3. Нетрудно заметить, что при v— р + 2 — 0 разности между 

показателями в правых частях (i), и (iii), а также (ii) и (iv), стремятся к нулю.
Д оказательство  (i) и (ii). Положим A = L2—x2(t+ l)~ß и рассмотрим 

в R2+ функцию
í a(t+ 1 )~хАа> при А >■ 0 

У«’ Х) = \  0 при „ 0 ,
где положительные постоянные a, ß, а и L  будут выбраны позже, а

(5) со
.и- ' I

(Это обозначение сохраняется на протяжении всей работы). При А >  0 на­
ходим:

(6) Ly = acox2(t+ l)-x~P-1Acl- 1[-ß+4a'1~1p ( ( o p - l ) ( t+ \ ) - ^ - 1)- ^ 1] +
+  (т (г + 1 )-“',- М а," -1[—2ü)/ar'J- 1 +  a ( í + l ) a<',“1)+í- 1]-cc7 v( r + l ) - 5IM rav.

Пусть а = (ц + 1 )-1, ß—2(p + 1)-1 и = j . Тогда из (6) получаем
Ly=  — C(jv(í+  1)~“M“V< 0 при А > 0 и любом L. Так как Ly= 0 при 0,
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то LySO в R%\{(t, х): Л =0}. Из неравенства шц >  1 следует, что дуц/дх 
непрерывна при А = 0. По Замечанию 1, y(t, х) является обобщенным су­
перрешением уравнения (1) в R \ . Далее,

Г <t(L2 — х 2) | ш при |х| <  L 
У № *) =  1 0 при W ä i .

Поэтому у{0, x) S h0(x) при xZR1, если <r(L2 —/2)° > M = sup  м0(х), то есть 
если L2=»(Mff_1)',“1 + /2. При таком выборе параметров, входящих в y(t, х), 
из Леммы 1 следует, что u ( t ,  x)S y (t, х) всюду в R2+. Этим доказаны не­
равенства ( i )  и (ii).

Д оказательство  ( i i i )  и (iv ) . Рассмотрим в области 

Нх — {(?, х): / >  0, Аг =  Q—x2(t+i)~ß >  0}

вспомогательную функцию z 1 * = < r (t+ T :)~ aA i , где положительные постоян­
ные а, ß, er, т и Q будут выбраны позже, Пологая 0 = t + т имеем:

(7) Lzt = м<7Х20 -а' '- 2̂ Г “ 2[4садс7''-1-^ 0 а('1- 1)+^ -1] +
+ (тв-х- 1А^[ос-2(оц(7>,- 1в - х<->,- 1)- 1,+1-с(7''-1в - ^ у- 1'>+1А ^ ''-1)].

Положим а(д —1)=1— ß. Для того, чтобы из (7) следовало неравенство 
Lzs> 0 в Н1 при достаточно большом г  и достаточно малом Q, мы должны 
требовать, чтобы было

(8) « S   ̂ , а =*■ 2са/щд_1, ß = 4сд((т'‘~1.

Пусть a = (v —1) \ Тогда ß = V— 1 ‘
Для совместности неравенств (8) от­

носительно от необходимо и достаточно, чтобы выполнялось условие г < д  +  2.
При указанном выборе а, ß и ег, взяв достаточно малое Q и достаточно 

большое т, получим Lzx>0 в Ях и mo( x ) S z 1 ( 0 ,  х) на основании /íj. После 
этого утверждения (iii) и (iv) следуют из Леммы 2.

Д оказательство  (v) и (vi). Рассмотрим в области Нг функцию zx(t, х), 
1 2где а = ---- —+£ и ß = ---- е(д— 1), е> 0  — произвольное. Первое из не-

R —f- 1 /1 "Н 1
равенств (8) выполняется всилу предположения v ^ fi  + 2. Второе и третее 
неравенства (8) относительно а совместны, так как 2а >/?. Аналогично тому,
как выше, получаем u(t, x ) ^ a 5t -1//I+1- при достаточно малом \х\.

|С,(/)| — a6t1,ß+1~e(-'1~1)l2,

где а5 и а6 не зависят от г. Устремив е к нулю, приходим к оценкам (v), (vi).
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§ 3. Случай ц = V

Теорема 2. Пусть u(t, х) — обобщенное решение задачи (1)—(2). Тогда 
существуют такие положительные постоянные а7, а8, аЙ и а10, зависящие 
лишь от данных задачи, что при t >  I справедливы неравенства

(i) u(t, х) == a7í_1/("_1) при достаточно малом |х|,

(Ü) К;(01 =а% /ln  t, i =  l, 2,

(iii) u(t, х) ^  a9t~1,ill~1\

(iv) |С,(01 =  i = 1, 2.

Замечание 4. Неравенство (iv) доказывается так же, как неравенство 
(И) Теоремы 1. Неравенство (ii) впервые доказал Б. Ф. Кнерр [6] другим спо­
собом, чем это сделано ниже.

Д оказательство  (i) и (ii). Рассмотрим в области Я2 = {(?, х): г>0, 
A2 = q — х 2 1п_р(* + т) >0} вспомогательную функцию z2{t,x) = {t + z)~x[Q —
— X2ln“‘,?(í+T)]<0> ТДе положительные постоянные а, ß, g и т будут выбраны 
ниже.

Полагая в — t+z, при Л2=>0 находим

L zo  =  а.в~Л~ 1А% — ßcox2 ~х~г lnj^-1 0Л2 _1 —2азрО~Х11 ln#  ̂Л“"-1 +

+ 4cu2/rx20~a'i lnö2ß А ^ - 2- с в - хЫ ^  = Д + ...  + /6.
далее,

/2 + /4 =  cox29~0lf‘ Ino2ß A2_1 [4юд—ß6* О«-« - 1 in0-! ],

Ii +  Ts+h =  в - х- 1А^[а-2сорО-х^ - 1)+1\п-11в ~ с в ~ х^ - 1'>+1А2].

Если мы положим tx=co и /5 = 1, то получим, что 12 +  1, >0 в Я2. По условию 
Q мы можем предполагать, что и0(х) >0 при |x |s ő .  Значит, z2(0, x )S
= щ (х) на основании области Я2, если g ln z S ő 2 и ою̂ ётю. Пусть т > 1 
и Q—т-1. Тогда гДО, x )S «0(x), если т настолько велико, что т“ 1 In т ̂ <52 
и T_ 2 “ S s .  На боковой странице Я 2 имеем z2(í, x ) = 0 S m ( í , х ) .  За счет воз­
можного увеличения т можно достичь того, чтобы одновременно с неравенст­
вом z2(t, х) =u(t, х) на параболической границе Я2, выполнялось и неравенст­
во I i+ I3+ I5:>0 в Я 2. По Лемме 2 получаем, что u(t, x ) ^ z 2(t, х) в Я2. Отсюда 
следуют оценки (i), (ii).

Д оказательство  (iii). Пусть M =sup м0(х). Рассмотрим в R% вспомога­
тельную функцию

y2(t,x) = [ c ( / i- l) í  + M -'‘+1] - “ .

Она является обобщенным решением уравнения (1) и у2(0, х) — М ^ и 0(х). 
Поэтому неравенство y 2(t, x )^u(t, х) следует из Леммы 1. Теорема доказана.
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4. Случай v >  р

По причинам, объясненным во введении, мы предположим, что v ̂  1, 
причем случаи v >  1 и v = l будут рассматриваться отдельно.

Теорема 3. Пусть u(t, х) — обобщенное решение задачи (1)—(2) и v >1. 
Тогда существуют такие положительные постоянные а1г, а12 и а13, что при 
t >  1 выполнены следующие неравенства:

(i) u(t, 0) a11í_1/(v_1),
(ii) u(t, x) ^  a 12í_1/(v_i),

(iii) ICjÍOI =  «13 0 = 1, 2).
Д оказательство . Неравенство (iii) утверждает, по определению, что 

в данном случае имеет место локализация возмущений — факт, известный 
из [2]. Доказательство неравенства (ii) аналогично доказательству последнего 
утверждения Теоремы 2. Вместо y 2(t, х) нужно рассмотреть функцию

y3(t, х) — [c(v — l)í+ M -(v-1)]~1/(v-1).
Для доказательства пункта (i) рассмотрим в области H={( t ,  x ) : t > 0, A =  g — 
— x2ln (í+ r)> 0}  вспомогательную функцию z(t ,  x) = {í + t)~x[q — х2 ln (í+т)]“, 
где положительные постоянные a, q  и  т будут выбраны ниже. Сначала выберем 
£>>0 и г > 1 таким образом (о =íh, т а  тД, чтобы выполнялось неравенство 
z(0, x) S mq(x) на основании области Н. Полагая 0 = 1 +т при А >  0 находим

Lz = <х9-°,- 1Ас,+а}х2е - а- 1Аа- 1-2соцв-*1‘1пеА‘0'‘- 1 +
+ 4со2рх2в~х̂  ln2 0Я “'1-1 — c0_aM " v =  Д +  ... +  / 5 .

Ясно, что 12 +  14> 0  в Н. Далее,
/ j  +  Za+Zs =  0 - а- 1̂ <о[ а - 2 ю д 0 - а(',- 1)+11 п 0 - с 0 - а(у- 1) + 1Я ш('‘- 1Д

Положим a = ( v + l) _1. При этом Zj+Zg+Zg^O в Н, если

(9) ——  >  2coju0-"-v/v- 1ln0 +  ce“ (v- 1).

Взяв достаточно малое q  ( о  = < ? 2)  и достаточно большое г ( т ё т 2), мы можем 
достичь выполнения неравенства (9). Поэтому при о <min (о,, о2) и т=- 
=*max (tj, т2) Lz > 0  в Я, что доказывает (i) ввиду Леммы 2. Теорема доказана.

Перейдем к случаю v = l, который является особым с точки зрения 
поведения решений на бесконечности. А именно, имеет место следующая

Теорема 4. Пусть u(t, х) ■— обобщенное решение задачи (1)—(2), где v = l. 
Тогда существуют такие положительные постоянные аи и а15, что при t >0 
имеют место неравенства

(i) u(t, х) S  аые~сг при достаточно малом |эс|,
(ii) u(t, х) = а15е~с‘.
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Д оказательство . Оба неравенства следуют из следующего замечания 
(см. [5], [8]): обобщенным решением задачи

Vt —  i v>l) x x ~ c v ’ t  >  0 , — ° ° <  х  <

I Dh~‘°(S2—х2)а при [х| < ö
(О, л:) I  Q ПрИ |Л| ä  ^

где D = [2coß(n+l) ®], /г>0, <5=-
Г De~c,[g(t, h)]-1/" + 1{á 

v(t, x) = j
где

-0 — любые, является функция 
2h -2,ll+1 — x 2[g(t, h)]~2/ß+1}co при 

0 при

g(t, h) =
1_ e - c ( í l - l ) t

с ( ц -  1) + h.

{ ...}> 0
{ . .} s o ,

С помощью Лемм 1 и 2 и этой функции можно оценить и снизу, и сверху 
решение u ( t ,x ) .  Для доказательства (i) нужно выбрать <5 >0 достаточно 
малым, а /г>0 достаточно большим. Для доказательства неравенства (ii) — 
наоборот.
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Dedicated to Professor A. Florian on his 50th birthday

A system of equal spheres is said to form a к-fold packing if each point of the 
space belongs to at most к spheres. Analogously, a system of equal spheres is said 
to form a к-fold covering if each point of the space belongs to at least к spheres. 
Let Sk be the supremum of the densities of all L-fold packings of equal spheres 
in Euclidean «-space. Similarly, let Ak be the infimum of the densities of all /c-fold 
coverings of the Euclidean «-space with equal spheres. Obviously, we have the 
trivial bounds

b l ^ k ^ A l .
In a series of papers [5, 6, 7, 8], L. F ew  obtained rather good upper bounds for 
öl when « is large compared with k. But his bounds are worse than the trivial 
bound к if & >/« as well as for small values of к and «. In his survey on multiple 
packing of spheres held on the Colloquium on Convexity in Copenhagen in 1964,
L. F ew  [7] posed the problem to find a non-trivial upper bound for d" valid for 
all values of к and «. As far as I know, no non-trivial lower bound for A'l was 
known for «>2 and k>~ 1. A. F lo rian  [10] proved that

<52 <  к <  Ank,

but his method does not enable him to deduce explicit non-trivial bounds for Si 
and Ank. In a recent paper [4] I showed that Sk is at most к times the density of 
one circle in the circumscribed regular 6/r-gon and A\ is at least к times the density 
of one circle with respect to the inscribed regular бУс-gon. The aim of this paper 
is to give a non-trivial upper bound for Sk and a non-trivial lower bound for Ank 
for all values of к and «.

In order to formulate our results we have to introduce some notations. If 
nothing else is explicitly stated, we shall work in Euclidean «-space. Let S be a unit 
sphere and S(r) the sphere of radius r concentric with S. Let mk(r) be the maximum 
of the number of unit spheres which can be placed in S(r) so as to form together 
with S  a &-fold packing. Let Mk(r) be the minimum of the number of unit spheres 
which, together with S, cover the sphere S(r) к times. Let v ( f  ) be the minimal 
number such that the boundary of any polyhedral region whose faces are con­
tained in at most /  hyperplanes can be decomposed into v ( f)  convex sets. We 
define the quantity w ( f  к) by

w(/, к) =  min ju(/), k2 ({ }}.

Let J„ and co„ be the volume and the surface-volume of the «-dimensional unit
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sphere, respectively. Let V(9) be the volume of a right spherical cone of altitude 
1 and solid angle 9 (0<9<w„/2).

Now we are in the position to phrase our main results:
Theorem 1. We have

(1) dk ^ k J n \ max min (эо-—b iv i  (--n— —L r>l OSS0Sco„l n \ l
l = w ( m k (2r + l ) , k )

T heorem 2. We have

(2) A l ^ k J
0

where ő = ---- г  andn — 1

d t

J [ 1 - С й(1 - /л)]"/2’
nJ„

2w(M,(3), k)J„-1
The fact that these bounds are non-trivial, which is not difficult to show 

directly, will be obvious from the proofs.
The proof of both theorems rests on the investigation of certain polytopes 

associated with the spheres. Let i f  be a system of different unit spheres. We asso­
ciate with each sphere S£ i f  the k’th Dirichlet cell Dks of S consisting of those 
points of the space to which there are at most к — 1 centres of the spheres of i f  
nearer than the centre of S. (Of course the k’th Dirichlet cell depends also on i f  
but we shall not indicate this in our notations.) For к — 1 we obtain the ordinary 
Dirichlet cells. We emphasise the following important properties of the k’th 
Dirichlet cells:

(i) I f  i f  contains at least к spheres then the k’th Dirichlet cells cover the space 
exactly к  times. More precisely, each point of the space which is not a boundary- 
point of a k’th Dirichlet cell is an interior point of exactly к Ar’th Dirichlet cells. 
For, let P be an arbitrary point and let 0 1; 0 2) ... be the centres of the spheres,
choosing the notations so that P O ^ P O ^ ... ~POk^P O k+1^ __Then P lies in
the interior of the k’th Dirichlet cells of the spheres with centres Ot , ..., Ok except 
when POk = POk+1. In this latter case P lies on the common boundary of the Ar’th 
Dirichlet cells of the spheres centred at Ok and Ok+1.

(ii) I f  i f  forms a к-fold packing then each sphere o f i f  is contained in its k’th
Dirichlet cell. I f  i f  forms a к-fold covering then each sphere of i f  contains its k’th 
Dirichlet cell. For, suppose that i f  forms a к-fold packing and P is an inner point 
of the sphere which does not belong to Z)|. Then, by definition, there are
at least к spheres of i f , whose centres lie nearer to P than the centre of S. But this 
means that P belongs to more than к  spheres of i f ,  which is a contradiction. This 
proves the statement for the к-fold packings. The case when i f  forms a k-fold 
covering can be settled in a similar way.

(iii) D\ is a polyhedral region which is star-convex with respect to the centre 
О of S. In order to see this we have only to observe that D| can be constructed 
in the following way: Let us draw for each sphere S f i f ,  S ' f S  the radical hyper­
plane of S  and S'. Then D\ consists of all points P of the space with the property 
that the segment OP intersects at most Ac — I of these hyperplanes.
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Now we turn to the proof of Theorem 1. Let i f  be a к-fold packing of unit 
spheres. Without loss of generality we may assume that i f  does not contain coin­
cident spheres. Then we can construct to each sphere S£.if its k 'th Dirichlet cell 
D%. In order to give a non-trivial upper bound for the density of i f ,  it sufficies, 
by property (i), to give a uniform non-trivial lower bound for the volume of D \. 
This can be done in the following way:

Instead of D\ we consider the set S(r)fTZ>s, where, in accordance with our 
previous notations, S(r) denotes the sphere of radius r concentric with 5. We shall 
assume that r>  1. Each face of D\ lies in the radical hyperplane of S  and some 
other sphere of i f . Hence it is obvious that from the point of view of the construc­
tion of the set S(r) П D% those spheres whose centres lie outside of the sphere S(2r ) 
are irrelevant. Thus if i f  is the set of those spheres of i f  which are contained in 
S(2r+1) and D% is the k’th Dirichlet cell of S with respect to i f  then we have

S(r)nZ)S -  S(r)r\Dks .

We divide the boundary of Dks into a minimal number of convex sets and 
consider the non-empty intersections Ft , F2, ..., F,_of these sets with S(r). Let 
F0 be the part of the boundary of S(r) which lies in Dks . Let C, be the convex cone 
with apex at the centre О of S based on Ft (/= 1, ..., /). Let C„ be the “cone-like” 
body based on F0 with apex O. Let 3; be the solid angle of Ct at О (7=0, ..., /). 
Let \X\ denote the volume of the body X. Then we have

(3) |C0| =  S0^  and for 7 =  1 ,...,/.

The first relation is obvious. To see the validity of the inequalities |С ,|^Е (0 ;), 
7=1, . . . , / ,  we consider the right spherical cone Rt with altitude 1, solid angle 
9,- and base (7, such that the centre O, of G, lies on the half-line emanating from 
О in the direction of the point of Ft lying nearest to O. Let F[ be the intersection 
of the cone C; with the hyperplane containing G;. Let C[ be the cone with apex 
О based on F{. In view of property (ii) we have |C /|^ |C ;|. By moving small 
conical elements of C[ from outside Rt to inside Rt we see intuitively that |C /|S  
^ |7?/|=  V(9i). Formally this can be seen as follows: Let F{ and G; denote the 
projections of the sets F[ and Gt onto the boundary of S. Then we have

n \C(\ =  f  cosec" <  Of OXds =  f  cosec" <  O, OXds+ f  cosec" <  Ot OXds 
f; г;пс, f; - c(

and

n\Ri\ =  J  cosec" <  ОI OX ds =  J  cosec" <  OtOXds+ J  cosec" <  Ot OX ds,
Gt GfF't c(- f;

where ds denotes the (n — l)-dimensional surface-element of the unit sphere at 
the variable point X. We have, on the one hand,

f  ds=  f  ds.
F't-Gt Gi-F'i
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On the other hand, the integrand cosec" < Ot OX is at any point of the set F[ — G( 
greater than at any point of the set Gi—F{. Thus we have, indeed, |С ;|ё |С /|ё

We continue to show that V(9) is a convex function of 9. Consider a right 
spherical cone R with altitude 1 and solid angle 9. Let g(9) be the length of the 
generator of R. Let R' be the right spherical cone with altitude 1 and solid angle

q  ( f f ) n

9 + d9 concentric with R. Then we have |i?'| =  |i? |+—----- d9 + o(g(9)n) d9, show-n v '
ing that

(4) g(g)1
n

The convexity of V(9) follows immediately form the obvious fact that g(9) is an 
increasing function of 9.

Now we are in the position to give a non-trivial lower bound for the volume 
of Ds ■ Using property (iii), the relations (3), the convexity of V(9) and Jensen’s 
inequality, we obtain

(S) inks l ^ íO ksD S(r)l=  2 \C i\9 0^ +  2 V ( 9 i) ^ 9 0-  + l v i ^ Ĵ ] .i=o n i = 1  n \ l )
We claim that l^w (m k(2r+ 1), k). As an immediate consequence of the de­

finitions we have l^ v (m k(2r+1)). It remains to prove that l ^ k 2 
Observe that Z)| can be constructed also in the following way: Consider any subset 
s i  of We associate with s i  the set Dsi of those points of the space whose distance 
from the centre of any sphere of s i  is less than or equal to their distance from the 
centre of any sphere of У  — s i . Let [|j</|| denote the cardinality of s i . The defini­
tions of Ds and Dtf imply that

Dks = U Dи j/ n= t
We are going to show that is a convex polyhedral region with at most 
\\si\\ (mk(2r+1) — IIsi\\) faces. Let us draw to each pair of spheres Sk^ s i  and 
S ^ S f—s i  the half-space consisting of those points which lie nearer to the centre 
of Sk than to the centre of S2. Then the region Dsi is the intersection of all these 
half-spaces. The number of these half-spaces is \\si\\ s i \  which is at most 
\\si\\(mk(2r+l) — \\si\\). It is easily seen that the sets D ^  and D>  with \\si\\ =\\si'\\,

( YVl I 1')'̂
k _ \  I convex

polyhedral regions each of which has at most k(mk(2r+1) — k) faces. It follows
immediately that the boundary of Dks can be decomposed into at most к2
convex sets. Thus we have indeed l^w (m k(2r+1), k).

Since V(9) is a strictly convex function, the quantity on the right hand side 
of the inequality (5) decreases if we replace / by a greater value. Thus

\Ds\ — 90 — + w(mk(2r + 1), k ) v [ w. A
w(mk(r2+1), к) )•
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whence

|D || = min iSo ——I-w(mk(2r+ 1), k )v (—
Sl o s s o s ^ l  0 n v ky ’ \w(mk(2r+l ) ,k) ) )

Since this last bound is valid for all values of r greater than 1, we have

\Dks \ ^  max min i,90 — + lv [ a>n ^°)1.r=~ 1 0SS0=S(O„ I n l )J
l= w (m k (2r+l),k)

Now Theorem 1 follows immediately by property (i).
The proof of Theorem 2 goes analogously. We apply an idea of R. P. Bambah 

and H. D avenport [1] and P. Erdős and C. A. Rogers [3] using the Л’th Dirichlet 
cells instead of the ordinary Dirichlet cells.

Let now f  be a system of unit spheres forming a Л-fold covering of the space. 
Without loss of generality we assume, on the one hand, that the spheres of f  are 
all different, on the other hand, that there is no finite subset of i f  which can be 
replaced by a smaller number of spheres so that the spheres continue to form 
a Л-fold covering. We shall show that under these assuptions the density of each 
sphere Sf_.f with respect to the Л’th Dirichlet cell Dks is at least

} dt
J [ l - C á( l - í á)]"/2 ’

where
s _ 2 nJ„

n - 1 2w(Mt (3), к)Jn_1 *
The proof rests on a result of C. A. R ogers [13] which he phrases only for convex 
polytopes, but his proof immediately implies the following

Lemma. Let P be a polytope contained in a unit sphere S  with centre O. Suppose 
that P can be decomposed into l convex piramids with the common apex O. Then

\S\ _  r dt
И  ~ J  [1 -С г(1-^)]"/2 ’

where ő — ---- - and C — —-.
n ~  1 J„-1

The number of faces of Dks cannot be greater than the number of spheres of 
f  lying in A(3). There are at most Mr(3) spheres of f  lying in 5(3), since otherwise 
we could replace the spheres of f f  contained in 5(3) by a smaller number of 
spheres so that the spheres continue to form a Л-fold covering. Thus D\ has at 
most Mk(3) faces. Hence we can see, in the same way as in the case of a Л-fold 
packing, that Dg can be decomposed into ^ (^ (3 ) , Л) convex piramides with the 
common apex Q. Using the lemma we obtain

|5| _  л1 dt
\LPS\ -  J  [1_ СЙ(1 - ? Й)]"/2 ’
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where

<5 = and C n\Dks\
и- l  ~ w(Mk(3),k)Jn-!'

If |5 |/ |0 ||< 2  then |C |> |C | and we have

|S| r dt ? dtP l r
írni ~ J\£>s\~oJ [ i - c á( i - t á) r /2 -  /  [ i - c á( i - O r /2

as claimed. Consider now the case when |5|/|Z)||&2. Using the obvious inequality 
w(Mk(3), k ) ^ M k(3)^3n it can be easily checked that Са< 21_", i.e. Cá<  1/4. 
Hence

/ , / Ш " -J  — С л(1 — i*)]"/2

f 4 V /aBut it is not difficult to show that S T 1/2 for 0<c>, Thus
we have again

Ä - ’ - A — / Ш - /
dt

J [i _ Ci (i _,«)]«/*•

Referring to property (i) the proof of Theorem 2 is finished.
It seems to be extremely difficult to determine the exact values of the bounds 

(1) and (2) even for small values of к  and n. We shall try to get some information 
about the asymptotic behaviour of our bounds for great values of к and n. We 
start to give estimates for the quantities mk(r), Mk(r) and v ( f) .

Obviously, we have
(6) mk(r) =á krn.

For 1 ё / - < 4  we give an other upper bound for mk{r). Let S, as above, be a  unit 
sphere with centre О and S(r) the concentric sphere of radius r. Let Sf be a system 
of unit spheres lying in S(r) and forming, together with S, a A>fold packing. There 
are at most к — 1 spheres of f f  which contain О. On the other hand, it is easy to 
show that for lS r < 4  any unit sphere which lies in S{r) and does not contain 
О intersects the boundary of in a spherical cap whose angular radius is

a t least arc sin / 4 —/• 
2 Obviously, the spherical caps cut out by the spheres of

from the boundary of 5 (l/7) form a к-fold packing. Thus, if we denote by 
Nk(a) the maximum number of spherical caps with angular radius a forming а 
fc-fold packing, then

(7) ( — Лmk (r) S  /с — 1 +  N k I arc sin •—-—J , l S r < 4 .

For Nk(a) we have the trivial bound

(8) Nk(ix) S  кС(п)/С(<х),

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



M ULTIPLE PACKING A ND COVERING OF SPHERES 171

where C(a) denotes the ((и —l)-dimensional) volume of a cap of radius a. Also 
we have

C(n) пл1,2Г(п/2) cos Í tan2 a 39 tan4 a |  1
1 ~ » + r + (»+2)(” + 4)f *

where 0 ^ 9 ^  1 (see [11], Lemma 4). It follows immediately that

Hence by (7)
lim [Ак(а)]1/П s  cosec a.71 — 00

lim [mk(3)]1/n Li 2,

showing that the bound (7) is, for great values of n in a neighbourhood of /• =  3, 
better than the trivial bound (6). Numerical computations suggest that the same 
is true for any w>l. For (k+ l)2«=n/(2 log rí) a non-trivial upper bound for 
Nk(a) was given by N. M. B lachm an  and L. Few [2]. Their result implies that

lim К (3 )]1/л =  2 j / j ^ - p

We continue to show that 

(10) mk(r): /c ( r - l )2]2 l"/2
2(fc+l)  J

Let У  be a system of spheres of radii k + 1 with the following properties: a) for

any sphere Б£У we have S c S |r  — 1 +У к -bl 
~2k~ , b) S U ^ i s a  pack­

ing and c) any sphere of radius k + 1 
2k which is contained in S r — 1 + k + 1 

2k

mtersects one of the spheres of 15
\ m

(jy . Let У  be the system of unit

spheres concentric with the spheres of У. Then, the spheres of У  are contained 
in S(r) and it follows from a result of L. F e w  [6] that {S jU -У is a k-fold packing.

On the other hand, it is easily seen that the spheres of radii 2 k -\-1 concentric

with the spheres of У, together with the sphere 5 
S(r— 1). Thus we have

11*11+ 1 ^

2(k+  1)
2k

cover the sphere

(r-1)"

in accordance with (10).
[/2 ( / c + 1 ) 1 "
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C. A. R ogers [14] proved that there is an absolut constant c such that any 
sphere of radius r can be covered by less than cn5,2r" unit spheres. It follows 
immediately that

(11) M k(r )^  kcn5/2rn.

On the other hand, we have the trivial bound

( 12) kr" ä  Mk(r).

A better upper bound for M k(r) can be obtained by means of recent results 
o f L. Few [9].

Let /  (n, l) be the maximal number of cells determined by / hyperplanes in 
Euclidean и-space. It is easily seen that / (и, /) is defined by the following re­
cursive formula:

/ ( 1 ,0  =  1 + / for 
Using the wellknown fact that

it easily follows that

t-i
1 = 0 ,1 ,. . . ,  f (n , l )  = \ + 2, f ( n - \ , j ) .

7=o

2  Г  ^7=o
(/+1)" + 1 

П+1

A n ,  i) ( /+ l)n+1
(и+1)! '

If Я  is a polyhedral region whose faces lie in at most /  hyperplanes then each
■СП +1

face can be divided into at most  ---- —- convex sets. Thus we have
(и+1)!

(13) »(/)
f n+2

(и+1)! ‘

Now consider the quantity

9° n +lV
occuring in (1). We have by (4)

It follows that

is a convex function of .9,, which attains its minimum at the value 30 for which

8 \ a>nI or if 8 { ~ r ) " :r  at 9° = 0 -
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It is obvious from the relations (9) and (10) that there is a minimal constant 
r=r(k, n) such that

0 ( w(mk(2r + 1 ), /с)) —

and we have lim r(k,ri)=  1. Numerical computations show that 3/2 for any
k,n-*-o°

k > 0 and n> \. Thus we have

Let <s/(.9) denote the density of a unit sphere centered at the apex of a right 
spherical cone of altitude 1 and solid angle 5 with respect to the cone. Then the 
quantity on the right hand side of the last inequality is nothing else but

Thus we have

dnk gg kd { у C,)7 ,-  ] .Kw(mk(4)))

from (9) that for great values of n 

[d(3)]1/n ^  [g(S)]-1.

Comparing this with (9) and (14) we see that for any fixed k, öl tends exponentially 
to zero when n tends to infinity. However our bound tends to zero at a slower 
rate than the bound of L. F ew  [6]. On the other hand, it can be expected that for 
fixed n even the difference of к and our bound tensd to zero as к tends to infinity. 
Thus (1) seems to give a very weak upper bound for öl if к  is large compared with n. 

Consider now the quantity
P dt

J  [ l - C á( l - í á) f /2
occuring in (2), where

2 a r - ______________n- 1 аП 2w(Mk(3),
It follows by (11) and (12) that for fixed k, Cs converges to a positive constant 
).k as n tends to infinity. Consequently

p dt p _i-2 j 1J ~ J k Т = 1 Г

Thus our lower bound for Ank is hardly better than the trivial bound.
In 3-space we obtain better bounds than (1) and (2) by a slight modification 

of the original proofs. Let V(9) denote the volume of a right spherical cone with 
generator 1 and solid angle 9. We shall skech the proofs of the following theorems:

k d \— r i TyT •l w(mk(4)) ) 

(14)

It easily follows
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T heorem 3. We have

<5 Ы
4 kn r1 max min

3 L #•>о 0^а0̂4тс t

Theorem 4. We have
4ЛгсAll

3

' 4 я -3 0
<mk( 2f + 1 )

;(3)J
Let i f  be a system of different unit spheres. For S i i f  let / be the number of 

the face-planes of which intersect S(r) (/•>!). We divide S(r)C Ds into certain 
parts C0, C, defined as follows: The part C0 is the point-set-union of the seg­
ments joining the centre О of S  with the boundary-points of S(r) lying in Dks . 
The part C; (0< /S /)  is the point-set-union of the segments joining О with the 
boundary-points of Z)| lying in S  (r) and one particular face-plane of Dks . Let x{ 
be the altitude of the cone C;_ (/=  1, . . . , /)  and the solid angle of C; at О 
(7=0, Let V(9,x) and V(9, x) be the volume of a right cone of altitude
x  and solid angle 3 based on a circular ring such that the inner and outer generator 
is equal to 1, respectively. An argument analogous to that used in the proof of (3) 
shows that

\ C g \ = » f ,  for *; <1
and

|С;!=?К(3,.) for X iS l  ( i = l ,  ... ,/)

when i f  is a Л-fold packing and

Co| = 0 ,  \Ct\ * V ( 9 t,xd  0 = 1 ,  ...,/)

when i f  is a Л-fold covering.
We obtain by an elementary computation that

F(9,x) = nx9(4nx — 3) 
3 (2л x  — 3)2

V(9, x) n9x(4nx+9) 
2 nx + 9 {

O g l s ^ i )  d V _ «8>(P-6«x)
2n ) ’ dx 3(2 nx — 9)3

dV ^ 2(12* +  9) ^  
2tt -  J ’ дх 3(2л +  3)3 ~

0,

Thus we have V(9, x )^V (9 , 1)= V(3) and F(9, x ) ^  V(9, 1)= F(3). Hence

№ \  s= \m ns(r)\  =  2  \CA ^ 2  Y(ßd
i =  1 3  i = l

if i f  is a Л-fold packing and

PSI = 2  \C,\ ^  Í  V(9t)
1 =  1 1 =  1

if Sf is a A>fold covering.
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We have already seen that V(9) is convex. On the other hand, it is easy to 
show that

лЗ(4 л + 3)
2л+  3

is concave. Using Jensen’s inequality we obtain

- + i v
( 4 ^ )

for the case of a к-fold packing and

l«l S ' г ( т )
for the case of a к-fold covering.

Now we have Штк(2г+1) if the spheres form a Аг-fold packing and l s M k(3) 
if the spheres constitute a к-fold covering such that there is no finite subset of 
i f  which can be replaced by a smaller number of spheres so that the spheres con­
tinue to form a k-fold covering. Thus we have

and
|Z > s |S m a x  m in  \ - ^ - + m k(2r+l)V ^  ^ °  } 1 Л| r=-1  3 ’ mk(2r+ l)\

1̂ 51 S  и . 0 р ( щ ) -
respectively.

Theorems 3 and 4 follow now by property (i).
Theorem 3 gives a rather good upper bound for <5|. From (7) and (8) we obtain 

m2(2 - 1.057+l)= m 2(3.114)^34. The quantity

901.057s + 34 V( ^ )
attains its minimum 4.5864... at 30= 1.0462.... Thus we have

Sn
S* “  3-4.5864... 

The best known lower bound for 6\ is [10]
d\ ^  1.612...

1.826....
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ISOMORPHISMS OF CAYLEY GRAPHS. II
By

L. BABAI and P. FRANKL (Budapest)

1. Introduction. By groups we mean finite ones throughout this paper. For 
G a group, let GL denote the left regular representation (group of left translations) 
of G. A Cayley graph of G is a graph X  on the vertex set G such that its automorph­
ism group Aut X  contains GL. Denoting by R the set of neighbours of the unity 
e(G  in X, we have R = R ~ X, c$R. X  is uniquely determined by R; a and b are 
adjacent in X  iff а_1й€Л. Set therefore X=X(G; R). If a is an automorphism of 
the group G, then X* = X(G; R'J) is another Cayley-graph of G, isomorphic to X.

X  is called a CI-object of G, if all Cayley graphs of G isomorphic to X, are 
of the form X * (oc€Aut G). G is a 8  — Cl group, if all Cayley graphs of G are CI- 
objects. stands for graphs; the analogous concepts can be introduced for other 
classes of structures — digraphs, relational systems, etc. —, too.) We are con­
cerned with the following problem:

Which are the *8 —C l groups?
This problem has been raised in [3], generalizing a question of A. Ádám [1].
Let Z„ denote the cyclic group of order n, and Gm—G X ...X G  (direct power). 

The following groups are known to be 8  — Cl (p, q are primes, pXq); Zp 
(D jokovic [7]; T u r n e r  [18]), the groups of order 2p (B a b a i [3]), and 3p [4], Z4j, 
(G odsil [8]), ZPi (G o d sil  [8], K lin— K alo u jnin e— Pö sch el , see [11, 12, 13, 15], 
A lspach—  P arions [2], Z | ([4, 8]), and the only known result involving an arbitrarily 
large number of prime factors: Z„ is 8  —Cl (in fact, T  — Cl for any class T  of 
structures), provided n —p1...pr where Pi+i^Pi-.-Pt 0 =  1, •••, r —1), and g.c.d. 
( f t ,  < p ( n ) ) =  1 (P Á L F Y  [14]).

On the other hand, constraints on the structure of 8  —C l groups were obtained 
by the present authors [5], principally for the case of odd |G| (cf. Section 2). The 
main objective of this note is to prove

T heorem  1.1. Let G be a non-solvable 8  — Cl group. Then G =LXN, where
(i) L is isomorphic to one of PSL(2, 5), SL(2, 5) PSL(2, 13), and SL(2, 13);

(ii) N  is a direct product of elementary abelian groups;
(iii) g.c.d. (|A|, |L|)=1.
The proof depends on deep results of group theory, in particular on G o r e n - 

stein— W alter  [9] and Brauer—Su z u k i  [6].
In a later paper, we shall return to the problem of restricting the structure 

of solvable 8  —Cl groups of even order. We should stress here, that we do not 
know if there are any nonsolvable 8  —Cl groups. (This note might eventually serve
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as a step towards a proof of their nonexistence.) For S —CI groups of odd order, 
the following holds:

T heorem  1.2 [5]. Let G be a 'S — Cl group o f odd order, and Gp its Sylow p-sub- 
group. Then

(i) Gp is either elementary abelian or Z9 or Z27;
(ii) G is either abelian or it has an abelian normal subgroup M  of index 3 and 

an element b o f order 3l in G — M  and there exists an r such that b~1xb=xr for 
each x£M  (r3=  1 mod |G|).

In particular, every subgroup o f M is normal in G, hence G is supersolvable. 
Moreover, G is abelian, in fact, a product o f elementary abelian groups, provided 
16’I is prime to 6.

2. Preliminaries

9 will denote the class o f factor groups o f S  — CI groups throughout. We shall 
require a few lemmas from [5].

Lemma 2.1. 0 is closed under subgroups and factor groups. [5, 3.2.]

Note, that
Lemma 2.2. Subgroups o f 'S — Cl groups are 'S —Cl. I f  N  is a characteristic 

subgroup of the 'S — Cl group G, then G/N is 'S — CI again. [5, 3.2, 3.5.]
We do not know if all factor-groups of a 'S —Cl group G are 'S —CL (This 

holds if G has odd order and also if G is not solvable, since by 1.1 and 1.2, any 
factor-group of G can in these cases be obtained by taking a factor-group by a 
characteristic subgroup, of a subgroup of G.)

Lemma 2.3. I f  a p-group P belongs to 9, then P is either an elementary abelian 
group, or a cyclic group of order pl, 1=3, p = 3, or the quaternion group Q of order 
8. [5, 5.1.]

Lemma 2.4. I f  G£9, Ht , H 2 = G and J/ / г| =  \H2\ then H “ = H2 for some 
a£AutG. [5, 5.1.]

L emma 2.5. Let m ,n ,k  denote positive integers, g.c.d. (m, k)=  1, and assume 
that n is the order of к mod m. I f  the metacyclic group

G — (a, b\am = b" = e, b~xab — ak) 
belongs to 9, then « S 6, nZ5. [5, 4.5.]

Lemma 2.6. Let G£9 be a nonabelian group, P its Sylow p-subgroup. Assume 
that \P\=pk, P is a minimal normal subgroup o f G, and G has a cyclic Hallp'-sub­
group (a). Then either к — 1 and |a|£ {2, 3, 4, 6}, or k = 2 and either p = 2, |ar| = 3, 
or p = 3, |a|€{4, 8}. [5, 4.6.]

Several times we shall refer to the following result from group theory:
Lemma 2.7 (B urnside , see [10, p. 419].) Let P be a Sylow p-subgroup of G 

satisfying P s Z ( N a(P)j (i.e. CG(P) = NG(P)). Then P has a norma! com­
plement in G.
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(As usual, Ng(P) and CG(P) denote the normalizer and the centralizer of P 
in G, Z(G) is the centre of G, and a normal complement of P is a normal subgroup 
N<tG such that NP=G, |АПР| = 1.)

Our standard reference book on group theory is Huppert [10]. All the results 
used here are proved or at least quoted there.

3. The proof

Lemma 3.1. Let P denote the Sylow 2-subgroup of Gf_ в. Then either
(a) P has a normal complement in G ; or
(b) P is isomorphic to the quaternion group Q of order 8 ; or
(c) P ^ Z 2X Z 2 and Ng(P)/Cg(P )~ Z 3.
Proof. If P is cyclic then (a) holds by [10, p. 32, Aufgabe 21]. If CG(P) = NG(P) 

then again (a) holds by a theorem of Burnside (Lemma 2.7). In the remaining cases, 
PsíZ* for some k ^ 2  (by Lemmas 2.1, 2.3) and CG(P )xN G(P). By the mentioned 
theorem of Burnside (2.7), P has a normal complement in CG(P), say M. Clearly, 
CG{P)=PXM  and both M  and P are characteristic subgroups of NG(P f  Let 
(p: Ng(P)-»Ng(P)/M  denote the natural epimorphism. Set <px = x, <p(H) = H for 
x£Ng(P), H ^ N g(P). Let и be an arbitrary memberof N_G(P) — CG(P). Consider 
the group (U,P)=L. Clearly, P=í P<íL, and CL(P) = P. P contains a minimal 
normal subgroup Px of L. Let P,| = 2'. By Lemma 2.1, LfO. This implies that 
each subgroup of P having order 2l is a minimal normal subgroup of L by Lemma 
2.4. Hence either 1=1 or l=k. The first case is impossible since then P ^Z (L ), 
contradicting with CL(P) = P. Hence P itself is a minimal normal subgroup. As 
it2 generates a Hall 2'-subgroup of L, all conditions of Lemma 2.6 are fulfilled, 
and we infer that k = 2 and |m2| = 3. Hence P=Z2X Z 2, and every member of 
Ng(P) — Cg(P) induces a non-trivial automorphism of order 3 of P. This proves 
that (c) holds.

Lemma 3.2. I f  GfO is a поп-cyclic simple group then G=PSL(2, p) with 
p = 5 or 13.

Proof. Let P be the Sylow 2-subgroup of G. Brauer and Suzuki [6 , cf. 10, 
p. 624] have shown that a group with quaternion Sylow 2-subgroup is never simple.

Hence, by the previous lemma P ^ Z 2X Z 2=D2, the dihedral group of degree
2. All simple groups with dihedral Sylow 2-subgroups have been determined by 
G orenstein and Walter [9]. These groups are PSL(2, q) (q=pf , p prime -X2, 
pf  >3) and the alternating group A7.

The Sylow 2-subgroup of A7 has order 8 , hence G^kA7. Assume G= PSL(2, q). 
As \G\ = q(q2—1)/2, we have q= ±3  mod 8 .

PSL(2, q) (viewed as a group of fractional linear transformations over GF(q)) 
contains a subgroup, consisting of the linear functions x=»ax+b (a, b^GF(q), 
aX  0 is a square in GF(q)). This group satisfies the conditions of Lemma 2.6, 
hence (<7 — 1)/2C {2, 3, 4, 6 , 8 }. Of these, only q = 5 and 13 satisfy q= +  3 mod 8 .

Proposition 3.3. Neither PGL(2, 5) nor PGL(2, 13) belongs to в.
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Proof. Both groups have dihedral Sylow 2-subgroups of order 8, excluded 
by Lemma 2.3.

The following is folklore:
L emma 3.4. Aut (P SL(2,p))^  Aut (SL(2,p)=*PGL(2,p) (/>==5).
Proof. Clearly, PGL(2,p) induces a group of automorphisms on PSL(2,p) 

and GL(2,p) on SL(2, p). The latter action is not faithful; actually GL(2,p)/ 
/Z(GL(2,p)) = PGL(2,p) induces this automorphism group, too. PSL(2,p) has 
no other automorphisms (S u z u k i  [17, p. 659]). Clearly, Z(SL(2,p)) is invariant 
under Aut (SL(2, p)). Hence, in order to prove | Aut {SL(2, />))| =  |Aut (PSL{2, /?))| 
we only have to prove that any a£ Aut (SL(2, p)) which induces the identity on 
PSL(2,p) is the identity itself. But such an a has the form a(A)=ß(A)A  where 
ß is a homomorphism SL(2, p )^G F (p)* . Having the unique non-trivial normal 
subgroup of SL(2,p) 2 elements only, we infer that Ker ß=SL(2, p).

Lemma 3.5. Let G£d and K-=aG. Assume that К is one o f PSL(2,p), SL(2,p), 
p f  {5, 13}. Then G—K x N  where N  is the largest normal subgroup of odd order in G.

Proof. Let cp(g): x>-+xg (x£K) denote the conjugation of К  by g£G. fp  is 
a homomorphism of G into Aut K.) Clearly, (p(G) contains the inner automorphism 
group KjZfK). We assert that <p(G)=K/Z(K).

For assume (p(G)^K/Z(K ). This implies cp(G) = PGL(2, p) by Lemma 3.4. 
We infer by Proposition 3.3 that <p(G) j  0, in contradiction with G£0.

We conclude that cp(G) = K/Z(K) = (p(K). Clearly, Ker <pC)K=Z(K). If 
|Z(K)| = 1, this implies G = K xK er cp. Set L =  Ker<p in this case.

К has no normal 2-complement; G has still less. Consequently, by Lemma 
3.1, the Sylow 2-subgroup of G is either Z2XZ2 or Q, the quaternion group 
(löl = 8). Clearly, the latter is the case when K=SL(2, p), and the former other­
wise. In any case, |G: K\ is odd. Hence, if |Z(^T)j=2, then |Ker <p| = 2 mod 4, 
and so, Ker cp contains a characteristic subgroup of index 2. Call this subgroup N. 
Again, |JV| is odd and N<tG. Moreover, clearly, N fi К ~  {e}, hence G = K xN .

Obviously, N  is the largest normal subgroup of odd order in G.
We shall need the following result of Schur (cf. [17, p. 658]):

Lemma 3.6. (Schur [16, p. 120]). Assume that the Sylow 2-subgroup of the 
group G is the quaternion group, and G/F= PSL(2, p) for some normal subgroup 
F order 2. Then G = SL(2, p).

Lemma 3.7. Assume that the group G’£0 is not solvable. Let N be the largest 
normal subgroup o f odd order and R the largest solvable normal subgroup of G. Then 
G /R^PSL(2,p) where pd{5, 13}, and either

(i) IR: N  |=2, G /N ^S L (2 ,p ); or
(ii) R = N  and G /N ^PSL(2,p).
Proof. Let H  be a non-cyclic simple group appearing as a composition factor 

of G. By Lemma 3.2, H =PSL{2,p) where p = 5 or 13. Let M  be a maximal 
normal subgroup such that G/M still has H  as a composition factor. Let Г be a 
minimal normal subgroup of G/M. So, T  is characteristically simple, whence 
T  = H X ... X Ft. Now Т£в and H -о Г, and by Lemma 3.5 this implies that \T/H\
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is odd, T  =  //. Thus Н<з G\M. Again by 3.5, G /M =H XL, hence H ss G/R for 
some normal subgroup R  of G.

Let P be the Sylow 2-subgroup of G. P has no normal complement in G (since 
G is not solvable). By Lemma 3.1, either (b) P= Q, or (c) P síZ2XZ2 holds. 
In the first case |7?| =  2 mod 4; let N  denote the characteristic subgroup of index 
2 in R. In the second case set N=R. Clearly, in both cases, N  is the largest odd 
normal subgroup of G and R is the largest solvable one. In the second case (ii) 
holds. In the first case we have to apply Lemma 3.6 to obtain (i).

Corollary 3.8. Using the assumptions and notation o f Lemma 3.7, let K=G/N. 
Let D be a non-solvable subgroup o f G. Then D/Dx =  K, where Dx is the largest 
odd normal subgroup o f D.

Proof. G/R=H= PSL(2, p). By Lemma 3.7, this is the only non-cyclic com­
position factor of G, hence it is one of the composition factors of D. If K = H  we 
are done. If \K\/\H\=2 we use that the Sylow 2-subgroup of G is the quaternion 
group. Therefore D cannot have Z2 X Z2 as its subgroup. So, applying Lemma 3.7 
to D, (i) will hold.

Henceforth G, R, N  are defined as in Lemma 3.7, and p denotes the prime 
for which G/R = PSL(2, p). By Theorem 1.2, (and Lemma 2.1 which will not 
be mentioned henceforth), N  contains a characteristic Hall З'-subgroup W which 
is the direct product of elementary abelian groups. Let T  denote the Sylow 3-sub­
group of G. T  is either cyclic of order ^27, or elementary abelian (Lemma 2.3). 
Let |T’| =  3t. (We have i^ l) .

Proposition 3.9. Let r be an integer and D be any of R, N, W. I f  G has an ele­
ment o f order r outside D, then all elements of order r are outside D.

Proof. Clear by Lemma 2.4, since D is a characteristic subgroup of G.
Corollary 3.10. g.c.d. (\W\,\GIW\)=\ and \N: W \=3t_1.
Proof. Let r be a prime, dividing \ W\. Note that r^5. By 3.9, W contains 

all elements of order r. By Lemma 2.3, the Sylow r-subgroup of G is elementary 
abelian, hence it is contained in W.

As 3 divides |A| but 9 does not |T: THN  | =  3, and |N: W\ = 3'~1 follows.
Corollary 3.11. T  is cyclic.

Proof. If [Г |ё9  then |А П Г |^ 3 .  It follows by 3.9 that N  contains all ele­
ments of order 3. But N ^ T  (since 3||A|). We infer that if |Г |^ 9  then T  is not 
elementary abelian.

Lemma 3.12. |G : Ca(W)\ = 3s where 0 ^ s ^ t —l. (Note that \ ^ t ^ 3 . )

Proof. Let z be an element of order p m G. z $ N  by 3.10. (z, W) is a group 
in 0 of order p\W\ which is prime to 6, whence this group is abelian (Theorem 1.2). 
This yields z^CG(W). Let F0=(z: \z\=p). F0 is a characteristic subgroup of G. 
It is not solvable (since z$R). This implies, by 3.8, that |ЛГ| | |-F0/ i i l  where Fx 
denotes the largest odd normal subgroup of F0. As clearly F0(~)W^F1 and 
F ,W ^C g{W), we obtain \K\\W\ \ \CG(W)\. But \K\ \ W\ = IGI/3*-1.
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Lemma 3.13. CG( IV) = (V xL  where L is a nonsolvable characteristic sub­
group of G.

Proof. CG(fV) is nonsolvable since it is not contained in R (3.12). W being 
in the centre of CG(JV) we obtain by 3.10 and Burnside’s theorem (Lemma 2.7), 
that each Sylow subgroup of Ж — and hence W itself — has a normal complement. 
Denote this latter one by L. Clearly, Ca(W )= W xL . As L is a normal Hall-sub- 
group of CG(W), it is characteristic in CG(W), hence in G (since W char G).

Lemma 3.14. Let L be as in 3.13, and let M  denote the largest odd normal sub­
group of L. Then LIM sí К and |M | =  3,_1_S.

Proof. L/M stK  follows from 3.8. As

\G\ = 3s |С0(Ж)| =  3S\W\\L\ = 3‘ |Ж| \K\\M\
and

\G\ = \N\ |ЛГI = 3 '-Х|Ж| \K\,
we infer |M| =  3t_1“ s.

Lemma 3.15. M ^Z(L).
Proof. Every Sylow 3-subgroup of L contains M  since M  is a normal 3-sub­

group. The Sylow 3-subgroups are cyclic. Therefore it suffices to prove that the 
subgroup L, generated by all Sylow 3-subgroups of L  coincides with L. But this 
easily follows from the fact that L /M s íK is generated by its Sylow 3-subgroups.

Lemma 3.16. \M\ = \.
Proof. We use the following result, obtained by a simple application of the 

transfer: I f  U is an abelian Hall subgroup of a group B, then \B' r}Z(B)f]U\ = 1. 
([10, p. 416, Satz 2.2].)

Let B=L, and U the Sylow 3-subgroup of L. We have \U: M\ = 3 (as L/M síK, 
3.14). Now Z(L)C\U=Z(L) = M, whence \MC\L'\ = \. This implies L 'siK  by
3.8, and L = M X L '. Both M  and L' being characteristic subgroups of L£6, it is 
impossible that both contain members of order 3 (by Lemma 2.4).

C o n c l u sio n . We have found a subgroup L, К = L-c G. By 3.7, K=G/N is 
isomorphic to one of SL(2,p), PSL(2,p), p£{5, 13}. Hence, by 3.5. G = LxN . 
As L  contains elements of order 3, N  does not (3.9). We infer that N =  W, which 
implies that g.c.d. (\N\, | A" |) = 1 (3.10). Moreover, N = W  is the direct product 
of elementary abelian groups (1.2). This completes the proof of Theorem 1.1.

R emark. From these results one can easily derive that every Qt—CI group is 
solvable. (13 stands for the class of digraphs.)
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ON THE UNIFORM MODULUS OF CONTINUITY 
OF THE OPERATOR OF BEST APPROXIMATION 

IN THE SPACE OF PERIODIC FUNCTIONS
By

A. KROÓ (Budapest)

Introducion and preliminary results

In this paper we shall present some results connected with the uniform con­
tinuity of best approximations.

In the last fifteen years problems dealing with local continuity of best approxi­
mation have been widely investigated. It was proved ([1], [2]) that the metric pro­
jection operator onto a finite-dimensional Cebysev subspace of C[a, b] is point- 
wise Lip 1. An analogous result was obtained for the space L p, ([3]).
In [4], the local modulus of continuity of the metric projection operator in space 
Lp, 1 ^ p < 2  was discussed.

The problem of investigation of the uniform modulus of continuity of the 
operator of best approximation was raised by S. B. Steckin. This subject was 
discussed in several papers ([5]—[8]).

Let C[a, b] be the space of real valued functions continuous on [a, b], and let 
the set of functions {<p,}"=o be a Cebysev system on [a, b\. Further let U„ be the 
set of polynomials of the system {cpJ-Lo, and let p„(f)£Un and £„(/) denote the 
polynomial and measure of best Cebysev approximation of the function f£C[a, b], 
respectively. Then for £>0 and MQ C\a, b\ we can introduce the uniform modu­
lus of continuity of the operator of best approximation on M  as

e) =  sup sup ||p„(/) —p„(g)||.
f i M  ff£C[a,b]

I l f - g l l S e

Let us define also the uniform modulus of strong unicity of the operator of best 
approximation on M:

ß<2) (M, e) =  sup sup I I ( / ) - ? „ II •
f i M  q„ tU „

l l / - ? „ I I S £ „ ( / )  +  e

As it was shown in [5], if M=C[a, b] then Q ^(M ,e) is even unbounded, so it 
was reasonable to consider Q ^(M , e) and Q ^{M , e) on sets M  having certain com­
pactness properties. (Later in [9] some sufficient conditions for s) and

e) to converge to zero as e—0 were obtained in the general case.)
The first result in this direction is due to P. У. G a l k in  [5]. He proved 

the following
T heorem . Let r ,ndZ +, r<n, cpi(x)=xl, / = 0 , 1 ,  

= {feC[a, b): w ( / U  <5)Sm(<5)}. Then
n, M= W* H\a>\ =

0 ^(М ,е)
if n & 1 and 0 < e S c o ( b  —a); 
otherwise,
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where R„(e) satisfies the equation

and the constants involved depend only on r and n.
The same estimations were obtained for Q*г)(M, e) and Q(n2) (M, e) in the periodic 

case [6] without any restriction on r and n and then in [7] an analogous result was 
proved in the algebraic case.

So the orders of Í2̂ 1)(e) and (2̂ 2>(e) as functions of s were determined and it 
turned out that they are closely connected with some Kolmogorov-type 
inequalities.

In the present paper we shall study the order of magnitude of fl'1* (e) and
(e) in the periodic case with respect to £ and n simultaneously. We shall obtain 

uniform estimations for Q ( s )  and Q'fi (e) in terms of e and n. Moreover, the upper 
estimation will be uniform even with respect to r.

In the second part of this paper we consider some classes of infinitely differenti­
able functions and study (M, e) and Í2® (M, e) on these sets.

§1

Let C[ — n, л] be the space of 27t-periodic real valued functions continuous 
on [ — 7Г, 7г], Tk (led Z+) the set of trigonometric polynomials of order at most 
k, WrH[co]= {fdC[ — n, tt]: co (/(r), <5)sco(d)}, where co(ő) is a fixed modulus of 
continuity, rdZ + . Then we can define the uniform moduli (WrH[co\, e) and 
Qj?)(WrH[co], é) as in the Introduction. Further, let Rk = Rk(e) be the unique 
solution of the equation

<■) М*ГЧ(хЛ-*-
Then we have the following

Theorem 1. Let r , kdZ+, а> 0  and co(S) a modulus o f continuity. Then there 
exist absolute constants 1Шс0,с 1,с 2 and a positive constant c3(r) depending 
only on r, such that

A) if f c g l  and 0 then

(2) c3(r)Rk(s) S  Q ^(W rH[co], 6) c0Rk(cfe) (j  =  1, 2);

B) ;/ к =  0 or £ >  to then

(3) £ S  Qj/>(WrH[a>], £) ^  c 2£ 0  = 1, 2).

Remark 1. Evidently Rk (c\k e) ̂  c4 (r) Rk (fi) and (2) implies that in the case A

(4) c3(r)Rk(£) S  Q[i)(\VrH[(ú], £> ^  efir) Rk(B) 0 = 1 ,  2).j
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Corollary. Let r£Z+ , k£N, co(ö)=Sct, 0 < a ^ l , 0 < s ^ k  Then
v2ft(r+a)!(2k -F r + a)

( 5 ) (1 Г
Щ т )

p(r + a)/(2fc+ r +  a) ^  Q[^{WrH[oj\, e) =

2fc(r+a)/(2fc+r +  a)
p(r + a)/(2fe + r+ a)

In what follows denote constants depending only on quantities specified
in the brackets, while c; denote absolute constants.

Some lemmas

Let us formulate the first lemma. Its proof can be found in [1].
Let {(Pi}"= о be a Őebysev system on [a, b\ and consider the system of points 

(a^)x0< X !< ... <xn+1(Sh). The number of these points is n + 2 so if we omit 
the rth point (0^г^и + 1) and consider the set of points ... < x r_1<
< x r+1< . . .< x n+1 then for any 0 ^ iS n + \ ,  i?er the fundamental polynomials 
Z."r(x) of the Lagrange interpolation corresponding to this set can be defined, i.e.

IL"r(xj) =  0 for O S j S n + 1 ,  j  yi r,i;
[Ц,Лхд =  1

(0 s /= n  +  l, iVr). Further let

(6) Á. = max
O S r S n + l

*2\K r{x)\/ = 0 i^r

Lemma 1. Let /;==-() and qn (x) a polynomial of the system {©,}"=0 satisfying 
the inequalities

y ( - l ) i+1q n(x ,)  =  p  ( i  =  0, 1, . . . , n  + 1; у  = ± 1 ) .
Then

(7 ) 1Ы1 =  Kb-

Now we shall give an estimate for kn in the periodic case which is verified in
[12]. Consider the set of points ( — n ^ ) x 1< x2< ... <x2k+2(<n). Then

X  — X :2fc +  2

П  sin 9
L U x )  =

SSfc +  2 v    V
II  s i n ^

J = i  ^jVi.r

(1 = i =  2k + 2, i r, l S r S  2k + 2).

Further define Xk as in (6). Then we have the following
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Lemma 2. 
the inequalities

Let the set o f points ( — 7 . . .  < х а+2(<я), кш 1 satisfy

xi+1 — X i ^ d  (i — 1, 2, 2 k + 1),
2A--(A2fc + 2-“ A1) Ё  с/,

where 0<c/-

(8)

к -|-1 Then
2Л +  2

max Уl^r^2fc + 2
i^r

1
2 /с +  2  -у  у
П  sin-^-2

.7 = 1  2jVi.r
The next lemma will be proved with the help of the following Kolmogorov- 

type inequality proved in [6]: for any f£ W rH[co\

(9) ll/(,)ll S  c6(r, /) 11/11
AU(||/||) (1 l ^ r )

holds where Ar ö(y) = min {x: xrco(x)=y}. In [6], c6(r, 1)Шл21 is essentially 
proved, hence for /=1 we have

( 10) IIЛ1 — 2я 1 1 / 1 1
Ar,„ (||/ll)'

Lemma 3. For any /£  WrH\cd\ and x, у£[ — л, л] such that |/(■*)—/( j) I  =  11/II

( i i )  Ix - t I =
holds.

Proof. For r = 0 the statement is trivial. Let гш \. Then using (10) we obtain

\\f\\ = \f(x )- f(y ) \  == \\f\\'\x -y \ 3Í 271 -— \x -y \  
and the lemma is proved.

Co r o l l a r y . For any /6  Wr Lip a, 0 < a s 5 1 and x, y£[ — л, я]
I / ( * ) - / ( t) |s ||/II,

|x- tI 1
2 л ll/ll1/(r+tl).

such that

N o w  w e  s h a l l  in v e s t ig a te  t h e  fo l lo w in g  q u e s t io n :  h o w  c a n  co(p^\f), <5) b e  
e s t im a te d  f r o m  a b o v e  i f  f£ W rH[co], B y  a  t h e o r e m  o f  S . B . S t e c k in  [10], in  t h i s  
c a s e  co(pjfXf), d')^c7(r)oj(S). I n  th e  f o l lo w in g  l e m m a  (w h ic h  w ill b e  p r o v e d  b y  
th e  m e th o d  u s e d  in  [10]) w e  o b t a i n  a n  u p p e r  e s t im a t io n  f o r  c 7( r ) .

Lemma 4 . For any /€  WrFf[co\, r£Z + , k £ N  

(12) со (p£r) (/), <5) = c8 In (r + 2) со (Ő)
holds.
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P r o o f . Assume at first that di=—. Thenк

(13) cu(p<'>(/), S) s  co( / 4  <5)+2||/W-pW(/)ll 0i(<5) +  2||/W -pW (/)!|.
By a theorem proved in [13]

\\f(r,- p i r>(f)\\ ^ c 9 In (r + 2)Ek(fV) .

Hence and from (13) we obtain for <5̂ 1

(14) ю( p W ) ,  S) 3= co(ő) + 2c9\n(r+2)Ek( f M) S

S oi(d) +  c10ln(r + 2 )c u ^ j Ä cu In (r + 2)a>(S).

Set now Then using (14) for <5=-^ and Steckin’s inequality [10] we
/С  /С

obtain

m(pW(/), S) ^  d||p£r+1)(/)l! ^  ^ c o [ p P ( f ) ,  j )  S

S  c12Sk In (r + 2)cu c13ln(r+2)co(d).

This inequality together with (14) completes the proof of the Lemma.
Now we shall prove our main lemma.
Lemma 5. Let k d N, Z +, fd  fVr H [w]\Tk. Then for any qkd Tk

( \  2fe

щмктn
holds.

Proof. Set / = / —pk( f ) .  Then by (12) Jf  WrH[(S\, where ю(<5)=с15 In (r + 2)oj(d). 
Without loss of generality we may assume that c 15 In (r +  2)> l. Further set
4k=qk- P Á f ) ,  then
(16) W J -U  =  Ek( f )+ n
where p =  | | / — q k \\ — Ek(f) .  There exists a system of points ( — л ^ ) х 1< х2< ... 
• ■■<Xzk + 2 (< n) such that
(17) /(*;) =  K - 1)1/11 =  0  = 1,2, ..., 2fc +  2, |y| -  1).
(16) and (17) imply

y (-D ,+1«*(*i) -  к (' = 1> 2, .... 2fc +  2).
Then by Lemma 1
(IB) 115*11 SA*/!.

Further /€lF,tf[cö] and |/ ( х г+1)- /(д :1)|=2£'к( / )  = 2 ||/ | | .  Hence (11) implies
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that the set of points {x,}fÍLÍ2 satisfies the conditions of Lemma 2 with
d=^—l r jjdl/H) and using (18) and (8) we have

2 t z  *

(19) IM -  ( к Щ / f )  ^
Let us compare К Л ЕЛ / ) )  with K,o>(Ek(f))- Evidently Я0,®(£,4СЛ) =  ̂ о,«.(4£*(/))• 
L é t r ő l .  By co>co, Яг>s (/ ) ) < Ar_ (Ek( fj)  holds. Further, set /.rra(Ek(f)) = a, 
K M f ) ) = a ,  Ek(f)= b . Then

ärä)(ä) = b 
arca(a) =  b 
ä <  a

%
hence b=ärö}(d)^ärco(a)^ärc15 In (r +  2)m(a). On the other hand b—arw(a) i.e. 
ara>(a)^c15 ln (r+2)arco(a) or ß= (cI5 ln (r + 2))l/rä^zC16ä i.e.

ci6
and this together with (19) completes the proof of Lemma 5.

Lemma 5 is the strong unicity theorem in the periodic case (see [2]). It im­
mediately implies the periodic version of Freud’s theorem [1].

Corollary 1. Let k£ N, r£ Z +, f£W rH[(a]\Tk. Then for any fd C l  — n.n]
( \2k

k f J k i f V  u ~f l 1
Proof. (20) follows from (15) and the obvious inequality

(21) и ~ Р к(Л)\\ ^  £ * (/) + 2 H / - / J .

Corollary 2. Let k£N, r£ Z + , 0 < a ^ l ,  0, /£  Wr LipM a. Then
a) for any qk £ Tk

(с  \ 2k(
(22) IIP Á f ) - q k\ \ ^ { - f - )  { \ \ f - q k\\~Ek(f)};

b) for any f k£C[ — n, n]
(с  \ гк( с' M \ 2Щг+х)

(23) ш п - р а ш  ^  [ - f J  11/ - / 1 I1
hold.

Proof of the upper estimation of the Theorem

Let us prove the upper estimation for ß£2,(fFj.i/[co], e). 
Let f£ W rH[w] and qk£ Tk such that

(24) \ \ f - q k\ \S E k(f) + e.

Set f= f~ p k( f) ,  qk = qk~Pk( f ) .
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Case I: k = 0. Then there exist points x, j€ [—it, n] such that /(лг) =  ||/ ||, 
/ ( j ) = - | | / l l -  Further (24) implies that | | / - g 0H II /ll+ e ; hence q0( x ) ^ -£ ,  
Vo(j) = e i-e. Il̂ oll = e-

Case II: k ^ l ,  Then using (24) we obtain

(25) Ш Л - Ч Л  ^  Ek( f)  + \ \ f - q k\\ ^  2Ek( f )  + e.

But hence and from (25) \\pk( f ) - q k\\=c19E and the
upper estimation of the theorem in Case В is proved.

Case III: fcs l, 0 < £ ^ -^ -ш , /£  Tk. Then Ek( f )  — 0 and hence

Ш Г )-Я Л  S  2£*(/) + e = e == Rk(c?ks).

Case IV: k £ l ,  /€  tFr^ [ca ]\rt . Then (15) and (24) imply

(26) \\PÁf)-q*\\ ^ {с2окК,Л<Ек(Л)}2к
where we may assume that c20= l- Thus by (25)

(27) \\Pk(f)-qk\\ s i , S r ,n{E r t p Q i r ) '
It is known [11] that there exists a strictly increasing modulus of continuity 

oj, such that со^ш1^2ш, therefore without loss of generality we may assume
g

that M is strictly increasing. Then if rfe l the continuous function . 2t(c20 к АГ' а, (и))
is monotonically decreasing from +°° to 0 as £  varies from 0 to + ° ° . If r=0

g
then it decreases from +°° to -—  ■^<е<б + сп(д). (Here we assumed that(c 20 kn)

— . If — then we can replace (27) by
C20 C20

C0
\\Pk(f)-qk\\ = T2 7 7iT suP mini £+£’C2b E> 0 t ( k K J E ) f

and do the same transformations.) 
Hence for any /•& 0

(28) in 11sup min (is+ 6E.o I (c20 k/.rm(E))2li 
where R'k = R'k(e) satisfies the equation

e

} = ^

R'k + e ■■
(c20k ^ J R 'k)Y
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or
1 Г e f “  f i f e  ' Пk c'wk' U i  +  e J  " I c a o / c  l ^  +  eJ  J ‘

Consider the equation
1 f E f i f e  f *

* (c20fe)r {r *J 0){ ^ 0k

Obviously R'k^ R k , hence (27) and (28) imply

\\Pk(f)-9k\\ = Co(R'k+e) =  c0(i?í+e) 

and using that с20 =  1 we evidently have that if 0<£<-^г со f-2-j, thus

11л (/)-<7*11 = со К (e) = C oRk e |  .

This completes the proof of the upper estimation of the Theorem for 
i2(k2)( WrH[oj], e). Using (21) we can analogously prove the upper estimation for 
a p ( W rH[a>l,e).

The proof of the lower estimation o f the Theorem

Evidently, it is enough to prove the lower estimation for (WrH[w], s). 

If A:=0 or £>^ Г £0(у )  we may set g=f+e; then \\pk( f ) - p k(g)\\=e.

Let 1 and 0<e We shall use the counter-example con­
structed in [5]. Consider the set of points

x1 = —^r, Xj = Xj + O' — l)2rh (h >  0, / =  2, 3 ,..., 4fc +  4).

Then, as in [5], we can construct a function satisfying the following properties:

a )  f e W rH[a>Y,

b ) / f e ) = ( - l ) i+1l l / l l , / f e - 1) =  0, (i = l,2 , ..., 2fc + 2);
c) ll/ll = c21(r)hrco(h);
d ) /  = 0 if x € [ -n ,  X j];/<  0 if х€(х«+з,n); sign/ = ( -  l)1’, *€ [x2i+1, x2i+3] 

0  =  0, l,...,2/c).
Now we shall define h. Let Rk = Rk(e) satisfy equation (1). It is identical with

R = £
* k24 * a(Rk) ’

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



ON TH E U N IFO R M  M ODULUS O F CONTINUITY OF TH E OPERATOR OF BEST A PPRO X IM A TIO N  193

Further set 

(29)
Then

i.e.

h 2 4 0 0 ;‘r>“ (jRfc)'

(2 Г100h)ra> (2 r 1 OO/i) =  Rk = /e2fc (2r 100/j)2fc
2 k +  r

(2" 100ЛГ+*kco(2' 100/7) =  £  <  ( i )  w ( I ) ,

(30)
1

2 r  1 0 0 / с

Then {x,}f^4e [— - j ,  Further property c) of the function /  implies 

(31) c22(r)Rk(e) ^  ll/ll =э с23(г)Я*(г).
Define

g(*) =
f{x) if x4*+3;

/(*) if *« + 3 = * =

Then g6C[-7t, 7t] and ||/ -g ||= e . It is easy to show that Ek( g ) = \ \ f \ \ + n ,  where 
ju>0, hence

(-l) '?*(g>  x2i) — /t (i =  1, 2, 2fc +  2).

Then setting a = x2, b= xik+i, y = l in Lemma 1 and using (8) with d=2r+1h 
we have

llp*(g)ll lx 2, x 4k + i ] u maxl^m^2k + 2
2 k +  2

1 =  1 
iV m

2k -\~2 у  -у
П  sin- *

J=1
jV i, m_____

2j

2fc +  2

П  sin 2̂i %2j

j ^ i ,  m
[x2, x k̂ + 4]

^  H sin*2fc
2k + 2

- max У.l̂ m̂ 2fc + 2
íVm

1
2k+2
П  sin
j=1

J /  í, m

Xo,— X.2j

( \ 2k 
l ^ h k )  =

Using this inequality we obtain
ll/ll + е -/1 (5 я )2* ^  |g(x4t+4) |- |p fc(g, xtó+4)| |g(x4k+4) - p fc(g, x4t+4)| S  \\f\\+ti

i.e.
(32) e ^  (1 +(5п)2к)/л ^  (6п)2кц.
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Assume that Цл(^)Ц<Н/Ц- There exists a system of points (—п ^ ) х к< ... 
... < х 2)[+2(< я )  such that

(33) g(xt) - p k(g, xt) =  y C -iy ^ ig )  (i = 1, 2, ..., 2fc+2; |y| =  1).

Further, let us prove that there is no point 3c6[x4fc+3, тг] such that

g(x)-pk(g,x) =  £*(g).

Indeed, assume the contrary. Then

g(x) =  pk(g, x) +  Ek(g)  >  I I / H + / r - l l / l l  =  p  >  0
but g ^ o  if х€[х4)(+з, n\. Evidently n, x j  ( i= l,  2, ..., 2k+2), hence

*4*+з] and using that |g |s | | / | |  on [jc1s x4fc+3] we obtain from (33)

(34) y ( - l )i+1Pk(g, xt) = Ek(g)+y(-iy+1g(xt) ^  II/H+/1 -II/II -  p
(i = 1,2, ..., 2/c+1).

By Lagrange interpolatory formula and (34)

2* +  X . K- XjП  sin ——+
2k+l Z

m (g , Jt) =  / 2  Pk(g’ *i)-Щ1— - 7
* = 1  -j-r . -Vj X tП  s i n — — i- 

j =1 z./Vi
2/c + l TC — X:
П  sin

2Л4-1 ( = /  Z
=  2  y ( - l ) i+1Pji(g, *,) - J#‘

i = l 2k + l X:-X,П  sin —
/=1  ̂j* ‘

( f 2 ^ k 2fc+1 _  2k/i
ЛЧ  2 J j jCM + a-X tj 2* -  (4k + 2)2k22krh2k ’

hence and from (32) and (29) we get

l l^ (g)ll *  (6 n )2k(4 k  +  2)2k2 2krh 2k { 36n )  k 2k) 2kJ R k) ^  k 2k? 2ka (R k) R k^ '

We obtained this inequality assuming that ||a (̂ )II — ll/ll- Hence and from 
131) we have

lbi(g)ll =  min {Ц/H, Rk(e)} = cM(r)Rk(e).
The Theorem is proved.
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§ 2

As it was mentioned already, the operator of best approximation satisfies a 
point-wise Lip 1 condition and evidently this is the best possible result. By (5) we

/■+ acan see that the uniform Lipschitz exponent for the class Wr Lip a is ----- -2k+r+a.
i.e. it remains below 1. But this exponent tends to 1 as r-*°° hence one may 
expect that for classes of analytic or even of infinitely differentiable functions, 
the uniform modulus of continuity of the operator of best approximation will be 
close to Lip 1. In this section we shall obtain some results of this type, thus answer­
ing some problems raised by S. B. Steckin. More precisely his question was 
the following:

Let Fq be a bounded open set of the complex plane including the interval 
[ — n, n] and let ye be its boundary satisfying

g = inf \x—z\, g >  0.*€[—я,я]

Further, let A (M, g) be the set of 27r-periodic, real-valued functions analytic on 
[ — л, n] which can be analytically extended into Fe, are continuous on ye and 
satisfy sup \ f ( z ) \^ M  with a given 0. Then the question is whether there
exists a positive constant ß>0  suchthat
(35) й (кл  (A (M , g), £) s  с25(к, M, g)e |ln e\ß 0  = 1 , 2)
for г small enough.

Here the conjecture is that the uniform moduli will satisfy an “almost” Lip 1 
condition. First of all let us prove that |ln e|** cannot be omitted on the right side 
of (35), i.e. the uniform moduli do not satisfy the Lip 1 condition.

Indeed, assume the contrary. Then for example й[1}(А(М, g), e )^c2s(k, M, g)e. 
Then for any a> 0
(36) (aA (M, q ) , e)  Ш с25(к, M, q) e

holds (see e.g. [9]). In the previous section we constructed continuous functions f e 
and gE such that \\fe- g c\\ =e and Hpk( f ,) - p k(ge)ll^c26(k)es for any 0< e < £ 0 
where 0<<5<1. Further pm( f e) ^ t fE, pm(gE)^tg,; Pk(p J L ) )T pk( f ) ; pk(pm(g£)) 
^Pk(8e) when m ->oo . Hence for m large enough

\\Pm(L)-Pm(gM <  2e,

\\Рк(РтШ)~Pk{Pm(ge))\\ ~  E>

hold. But pm( f e)£aA(M, д) for any 0< e< eo and a large enough, and this con­
tradicts (36).

We shall prove a more general theorem which, in particular, will imply (35).
Let a^O, N >  1 and consider the class of functions С“ л. consisting of 2л> 

periodic real valued infinitely differentiable functions /  such that | | / <r)|| ^ N rrar 
for any г ё  1. Then for я = 0  obviously C £ N Q T N ; if 0 < a < l  then C™ N contains
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only entire functions and for a= 1, Cf<N consists only of analytic functions (in 
this case the opposite statement is also true: if /  is analytic then f£ C ftN 
with some N ).

Example. It is easy to show that with appropriate N = N (q, M), A{M, q)Q. CftN. 
Theorem 2. Let k£_N, e>-0, N > \, 0.

At) I f  a > 0, k ^ k 0= 1 +  [n|-~ |ln у  + 2ojj j, then 

(37) Q<»(CZn, e) e <  — e“ e~

(38)

/ \ 5ÍÍC
l - ^ J  N 2k |ln e|2fl“e if  0 

4e, otherwise, ( j  =  1, 2).

A2) I f  o=-0, lS/c^feo t/геи /or оиу 0 < e < c 28(a)

0 ^ . « ) ^ ( ^ ) : iV“ |lne|“ -e; (7 = 1 ,2 )

W N )1,aa /e .

holds.
В) I f  й =  0 then

(39) Í2y>(C?tN, E) з= а Р (Т у , S) = C30ij(k, N)e ( 7  =  1, 2),
иТгеге the constants c30j ( k ,  N) (7=1,2) satisfy

2, г/ к S  A
2kI Ar2*c, 1/ 1 si к < Ar.

We shall prove some lemmas.
The first lemma presents a result which is essentially the strong unicity theorem 

(Case I) and Freud’s continuity theorem (Case II) for the functions from C fN.
L e m m a  6 . Let k£N , a s O ,  IV >  1, fdC™N\ T k. Then 
I) For any Tk

( n2  к

C- y )  N 2k{\\f-q k\\-E k(f)}
if a—0  and

( \ 2k
(42) \ \ P k U ) - q k \\ S  A2fc |ln Ek(f) \2ka{\\f— qk\\ — £*(/)}

(40) L30 , j (k, N) S
(t

if a> 0 öhí/ 0<Ek( f ) ^ e  “.
II) For ohj / £ С [  —7Г, 7t]

(
\2k

A'2tll/-/ill
if a = 0

X \ 2/c
(44) На(Л-л(Л)11 ̂ (xJ л/“11п£'//)!2'<а11/--Л11
if  a>0 and 0<Ek( f ) ^ e ~ a.
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R em a rk . Inequalities (41) and (43) were stated under the conditions that 
f€C™N\ T k and a=0, and this is equivalent with f£ T N\ T k (N>k). Hence we 
assume N > k  if a = 0 in the statement of Lemma 6.

P ro o f . Let us prove (41). If f£C ~N\ T k then /£  fVr- i  LiPu/’-ц l \ T k for 
any r S l .  Thus by (22) for any qkf  Tk and г ё  1

( c  T2fcTII л2Л/г
(45) Ш -Ч Л -Е Л /)} .

If a = 0 then fd T N\ T k, hence | | / ('’>||=Л,г||/ || .  Then (45) implies

\\pk( f ) - q k\\ ^

But this inequality is valid for any r S l  therefore it implies (41).
Assume now that a>0 and 0<Ek( f ) S e ~ a. Using that f£C £N\ T k and 

(45) we obtain

In Ek{ f)
( \ ̂  2fcű
IT )  N * E%k/r( /)  Ш - Я Л - Е М -

(46) holds for any r £ l ,  r2ka/Egk,r( f )  attains its minimum if r= —
U

=  |ln Ek( f ) I bence js advisable to set r =  P n 1 +  1. Then we get by 
a L a i

easy calculation
-J2 ka

^  c|| |ln £’fc( /) |2ka
E?k/r(f)

and combining this inequality with (46) we obtain (42).
Using (23) we can analogously obtain (43) and (44). Lemma 6 is proved. 
In the proof of Theorem 2 we shall need an estimation on the order of ap­

proximation of functions from C“ iV.
L emma 7. Let N, a > 0, N >  1. Then

(47) Ek(f)  S

I J L f e - W W : * '  i f  k > N e a.

к N
\ j ~ ,  if l ^ k ^ N e ° .

Proof. By Favard’s inequality

(48) r m -  H/(r)ll _  я N'r« Ek ( /)  — Mr — =  — jf—
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Let us minimize the right hand side here. If k> N ea then set 
Then by (48) we get

Ä  Ü  ea p - <fe/iV)l/« a I e 
-  2

Nr rarAssume now that l S k ^ N e a. Then ——— is monotonically increasing with r, 
hence setting r=  1 in (48) we obtain the desired inequality. Q. e. d.

The proof of Theorem 2

We shall prove Theorem 2 for j= 2. The estimations for ß{u(C“ w, s) can 
be obtained analogously.

Take /€ C “,v, e>0.
Case 1. a = 0, k ^ N .  Then f£ T k, hence for any qk£Tk satisfying \ \ f— 

^ E k( f )  + s=B we have

(49) \\Рк(Л~Як\\ =  \\f~4k\\ =  £•

Case 2. a= 0, 1 ^ k < N .  Then fC_TN. Further, if /£  Tk we have (49) and if 
/€  TN\ T k then for any qk£Tk satisfying \\ f - q k\\sE k(f)+ e  we obtain by (41)

(50) llACO-ftll

(
c \ 2k-TAJ 1 if k<N.

Hence (50) is more general than (49) thus (50) fulfils for any f£ T N.
By a theorem proved in [9], if К is a cone then Q[j) (K, s) = Ce or °°. Using 

this theorem and inequalities (49) and (50) we obtain the statement В of the Theorem.

Case 3. a>0, k ^ k 0= 1 + ^1п-| + 2а]}“] , 0 < £ < y e V » I,”“'c. Then
k> N ea and by (47)

(51) Ek(f)  S ü  e a e - ( f c /V ) l /« a /e ^  Ü  e a e - ( k 0I N ) i ^ a / e ~  e a

Let /£  C~N\ T k and qk€_ Tk satisfy 
we obtain

(52) \\Pk{f)-qk\\^

\\f-qk\\=Ek(f)+£- Then by (51) and (42)

(
\2 k

- f )  N 2k |ln Ek(f)\2kae.

On the other hand we obviously have

(53) \\Pk( f ) - q k\ \s 2 E k(f)  + e
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and combining (52) and (53) we obtain

(54) ИйСЯ- f c l  ^  2 sup min {^+e, (^ - )  ЛГ*|1п£Гв} -  2(E*+e) 

where E* = E*(e) is the unique solution of the equation
2 к
I N 2k |ln E*\2kae.

Let E be the unique solution of the equation

( \ 2k
N 2k |ln E\2kae,

then evidently
(56) E* <  E.
Further, e tends to zero faster than £(e) (e-*+0), and the equation E(s)=s has 
the unique solution
(57) £q = e~(k/ctlN)1/a.
Therefore e<£(s) if 0< s< e 0. It can be shown by easy calculations that if we 
choose the constant c 31 larger than an absolute constant c32 then s0 defined by
(57) is larger than But inequality (52) (where c31 appears) remains
valid for larger constants also, i.e. we may assume that the solution E(s) of (55)
is larger than e for any 0 < e < y e “r W)1/i“/e. This together with (54), (55) and
(56) implies
(58) \\рк(Л-Чи\\ ^  2(£*+e) S  2 (£+e) S  4£(e) =

( \ 2* ( r \ 2k 
= 4 l - ^ J  N 2k |ln E\2kaE =£ ( -^ J  fV2* |ln е\2кав.

If /£  Tk, then \\pk( f ) —qk\\—e an(l this inequality is contained in (58). Hence we 
verified (58) in Case 3.

Case 4. a> 0, k ^ k 0, eae- (-k/N)llaale. If k ^ k 0 then k> N ea and by (47) 

Ek(f)  — у  eae~WN)1,aa,e e.

Thus using this inequality and (53) we obtain in this case that for any qkd Tk satisfy­
ing II f - q k\\^E k(f)+e,

\\Pk(J)~<lk\\ ^  3e.
This together with (58) completes the proof of statement Ax of the Theorem.

£ ,+ ' = (t
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Case 5. a > 0, 1 ̂ k < k 0. Let qk€Tk satisfy \\ f—qk\\ = Ek( f )  + s. If fd T k, then
(59) \\Pk(f)-9kl = Wf-QkW s  e-

Let fdC™N\ T k. Then if Ek( f  )<.e a and 0 < £ < y  eae (k'N'>1/a°ie We obtain (58)

similarly to Case 3. But for k< k0, eae~WN)1/°a/ê c 34(a) i.e. if 0<Ek( f)< e ~ a
then for any 0< e < c34(a) (58) holds. On the other hand, if Ek( f ) ^ e ~ a, then 
setting r=  1 in (45) we obtain

(60) ИйСЛ-fcll ô ka r

Now we have to compare this inequality with (58) and (59). It can be easily shown 
that in this case by choosing an appropriate constant c36(a) and combining (58),
(59) and (60) we have for any 0< £^c36(a)

\\Рк(Л-чЛ

I.e. we obtained statement A2 of the Theorem hence its proof is complete.
During our attempts to verify the sharpness of the estimation of Theorem 2 

we met some technical difficulties connected with calculation of parameters a and 
N  for fdC°°[—n, n\. Now we shall give lower estimations for QkJ} (C fN, £) ( / =  1, 2) 
when a=-l.

Take f ( x )  = e~lx<-h~x^~b, where b>0, [0, h], 0</z< 1. Then for some a
and N  fd C ^N; in fact fd  Ck+1/bi N. In order to prove this, first of all we must calculate 
the derivatives of /.  The Cauchy’s theorem gives a representation

(61) f(z)dz
( z - x ) r+1

where C is a closed curve on the complex plane containing x  in its interior. We 
shall use this representation together with the following

Lemma 8. For any r ^  1, x£[0, h]

(62) / » w

where Pr ,(x) (1 s l S r )  are algebraic polynomials of degree at most r, /511 =  
= b(h — 2x) and

(63) P r + h l  =  P ' p lx ( h - x ) - ( l b  +  r ) ( h - 2 x ) P r, l + b ( h - 2 x ) P r , l . 1 

( 1 ^ /^ r + l )  where Pr0=Prr+1 = 0.
Moreover, for any l s / ё г

(64) r - fr -« ||P r>I(*)0[e>Ms ( 2 b + 2 y  ( r =  1 ,2 , . . . ) .
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Proof. (62)—(63) is easily seen using induction on r.
(64) whill be proved also by induction. ||1Р1,1||[о,л]=0=26 +  2. Assume that 

(64) holds for r—m and verify it for r=m + 1. Using (63) and Bernstein’s inequality 
we have for any x£[0, A], lS /S m + 1

l-Pm + Ull =  |x(ft—x)|+ [(m + l)ft +  m] l /̂n.ll +  b l-Pm.I-1.1 =

= 'и||Рш,г||[о,л] V x(h-x) + [(m + l)b + m]\\Pmj\\í0M+b\\PmJ- 1\\í0'hi =á 

— l(m +1) b+ 2m] II Pm> i|| [0j Ä] +  b II -Pm>;—ill [0> Ä].

Hence and from (64) for r—m we obtain for any l s / á m  +  l

1
(m + l)m+1_l 1^«+i,iWI[oln —

(m + l)b  + 2m IIPm.,II[о,,,] 
m+1 (m +l)m_l

+  ̂lî m,I —illПО,r r f ^ ( b  + 2) II Ля, ill [0, ft] , > —lll[0,ft]
m" m( m  +  l ) m +

sS (b + 2) (2b +  2)m +  b(2b + 2)m = (2b + 2)m+1

and this implies (64). Q. e. d.
Lemma 9. For any iS  1, x€_[0, h]

(65) | / (r)(jc)| S  N rr<‘1 + 1/b')r

with some N=N(b).
Proof. Set /, =  [0, r~llb]\J[h — r~1,b, h];

m-(I-l) —

{'

-1  lb

2 

. - l / b

+  iy, \У\^ [
-i/ь
4b Hx + i - 4b ’ 2 S r á  h —

-1  lb
U

x/t* I<
U\h -----— h iy, |y| =

- 1  /ь

(66)

2 ‘ 4b

Case A. x€ [0, h ] \I r. Then by (61)

Cr

1, . f . r~llb r~llb , r - 1» ]
J u r - ' T Г -  —  а х я к — Т 1 -

Evidently for z£ Cr |arg zjgarctg^-, |arg (A -z )l^ a rc tg ^ , hence

|arg[z(b-z)]_i,| =  b |a rgz+ arg (h -z )| ^  2barctg--^^ l b 2 21
71

2 '
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It means that Re [z(h—z)]~bsO and | / ( z ) |^ l  for z£Cr. Therefore for any 
•*€[0, h ]\Ir

1[ r 4 x n s j ± ( 2 + l )

[ г -1'* mi” {7 . 4 5 }]
T----p p p ^ r ^  cr33(b)r'+̂ +̂ b c39rril+1,b)

i.e. (65) holds in this case.
C ase B. xf_ir. Then by (62) and (64) we have

! /(p)(*)| 1/001

/

\x(h—x)\

1

\rb + r Z [ x ( h - x ) Y '- " bPrtl(x)
1=1

ИЛлИл« = r (2h+ 2УIInrb+гe_ubIIt0>«,] ^  c\Q{ b ) ^ ^ b\
[0. ft] 1=1 rx {h -x )rb+r

Q. e. d.
Now extend f { x ) to the interval [—(k + \)h, {k+\)h\ as odd 2A-periodic func-

[ 7C 71 1

~ T l l  Then
consider the function

f f (x ) ,xe[ - (k+l )h , (k+l )h l ;
J \ x )  | 0; otherwise.

Then evidently pk(f)= 0 , /€Q °+1/ft|iV, || J\\ — е_(г/',)2\  Further let x be the greatest 
isolated zero of f  (x) and set

f(x), — n S x ^ x ;
ll/ll+egW

f
■ f{x), x ^ x ^ n .

Then II/— g ||=e and similarly to the proof of the lower estimation of Theorem 1 
we can verify that

(67) \\Pkif)-Pk(g)\\ =  C4lmin{p^2T> ll/ll}

holds for h small enough. Let E be the unique solution of the equation 
E = e ^ f 1— , 0<F-=:1 fo re  small enough, and set h=-r—^ |1/2. . Then ||/ || =Ä2*
=  e - ( 2 /й)2 ь _ £ . ;  ] je n c e  a n c j  f r o m  (6 7 )

(68) \\Pkif)~Pkis)\\ =  c l im in j -^ , £■} =  cf3E

=  s  [In Е Г  ^  ( ^ f e  |1 п еГ

lln.Fl1/2'
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for e small enough. Set a = 1+4-, then /€C!°N and by (68)
b

í2<»(C“ÍV, s ) - ( ^ ) 2,Ie |ln e ^ “- 1)

i.e. we obtained a lower estimation for Í2£X)(Q °N, e) if a>  1. fí^2,(C“ lV, e) can be 
estimated from below similarly. These lower estimations for 1 are rather close 
to the upper estimations given by Theorem 2 but nevertheless they are not 
the sharpest.

The main idea of getting lower estimations for Qjp was based on constructing 
functions which had all their points of Cebysev alternation condensed on a very 
small interval. We achieved this by setting these functions zero on the whole period 
except a small interval. But functions of this type cannot be analytic, hence this 
method is not appropriate for getting lower estimations for in the case 0 < a S l.

The author is indebted to J. Szabados for his useful remarks.
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ON THE ^-SYSTEMS OF CIRCLES
By

A. FLORIAN (Salzburg), L. HÁRS (Budapest) and J. MOLNÁR (Budapest)

Let {C;} be a packing of cirles in the Euclidean plane. A circle C is said to 
be a supporting circle of the circle system {C;} if it has no common interior point 
with {CJ and touches at least three circles of {C;}. If q  is the greatest lower bound 
of the radii q* of all supporting circles of {C,} and if £> = inf g*>0, then {C,} is 
called a д-system of circles.

The density of a circle system {C,} with respect to the Euclidean plane is 
defined by

2 ( c , n c w ) 1
<5 = lim A

R - +  ° o C(R)

where C(R) is a circle of radius R centred at a fixed point О of the plane.2
Subsequent to the investigations of M o ln á r  ([10], [11]), concerning ^-systems 

of circles, we prove the following
T heorem .3 I f  d denotes the density o f a packing in the Euclidean plane by a 

д-system of circles o f radii contained in the interval [e, 1], where e >0, then

arccos —-----
d s 1 + 6

У2д+д2
2 / 3  ГEquality holds i f  о = —------1, \ 2 — I and 1 and the д-system consists only o f

unit circles,4
Consider three circles of radii 1 ,1 , g and centres А, В, C mutually touching

1arccos -j-----
one another (Fig. 4). Then d(g)=----  " - is the density of the unit circles

fag + g2
in the triangle ABC, namely the ratio of the area of the part of the triangle ABC 
covered by the unit circles to the area of the whole triangle.

1 We denote a domain and its area by the same symbol.
2 It is easy to see that <5 does not depend on the choice of О ; see Fejes Tóth  [1].
3 Attention should also be drawn to the quadrilateral tessellation and the lemmas employed 

in the proof o f this theorem which may be useful for future density investigations. Lemmas 5 and 
6 are due to Hárs and Florian respectively, the remaining part of the article is the work of Molnár.

4 See Fig. 1, 2 and 3.
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Without loss of generality we may suppose that the packing of the p-system 
of circles is saturated. We shall construct a tessellation with quadrilateral faces, 
the vertices of which are alternatively centres 0 1} 0 2, ... of the circles Q , C2, ... 
and centres Vx, V2, ... of the supporting circles of {C;}. In order to prove our 
assertion we shall show that in each quadrangle of the tessellation the density of 
{C,} does not exceed d(g).

We introduce the notion of the (algebraic) distance d(P, C) — OP—r of a 
point P from a circle C of radius r centred at O. Let us associate with any circle 
C, the set S) of all points P lying “nearer” to C; than to any other circle C; , i.e. 
d(P, C,)-=i/(P, Cj) ( j 7±i).b It is not difficult to show that St is a star region with 
respect to the pole O, (Fig. 5). The star regions {S',-} are bounded by arcs of hyper­
bolae and segments of straight lines.

Obviously the star regions S1} S2, ... constitute a tessellation S. Joining the 
centre ОI (i =  l, 2, ...) with the vertices Vlt V2, ... of the corresponding star region 
Si, we obtain a new tessellation T with quadrilateral faces (Fig. 6).

We proceed to show that in each quadrilateral face (quadrangle) of T the 
density of {C,} is ^d(g).

To prove this statement we need a certain number of lemmas. 6

6 See F ejes Tóth—M olnár [2].
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L emma 1. Let AOB be a triangle o f < OAB?~ — . I f  M is the midpoint o f the 
side AB then <J.AOM> <lBOM.

P ro o f . The condition <5.0A B implies OB>OA (Fig. 7). Let O* be the
mirror point of О with respect to M. Considering the triangle 00*B, we have 
<LBOM< <i BO*M= <{AOM in consequence of O*B=OA<OB.

Let OxA 02B be a simple quadrangle and let Ct , C2 be two circles of centres 
Ox, 0 2. Denote by C1(A 01B) and C2(A 02B) the sectors of the circles Cx and C2 
corresponding to the angles < AOxB  and <$A02B of 0 XA 0 2B. We define the 
density o f the circles Cx, C2 with respect to the quadrangle 0 1A 0 2B by

( 1) d12(AB) = C1(A 01B) + C2(AOoB)
o xa o 2b

L emma 2. In the Euclidean plane, consider two circles Cls C2 of centres Ox, 0 2 
and o f radii rx, r2 (r, < r 2), resp. Let A, В be two different points, both at the same

7Ídistance from Cx and C2 and on the same side of the straight line 0 X0 2. I f  <  BA Ox^ — 

(hence OxA <  OxB), then for any point P o f the segment AB we have d12(AP) ̂  d12(PB).
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Proof.6 We first remark that A, В are points on the same branch of the hyper­
bola H  of foci Ox, 0 2, the length of the transverse axis is r2—rx. Since the line
AB is a secant of H  and <BAOx^ ^ -  we have also <х2?Л02ё у  (Fig. 8).

В

Let Px, P2, ..., P„ be equidistant points on AB, i.e. APX=PXP2= ... =Pn-iP„ — 
=PnB. In view of Lemma 1, the angles <£AOxPx=<xx, <PxOxP2 = <x2, ..., 
<Pn0 1B=an+1 and <.A02Px = ßx, < Px0 2P2 = ß2, ..., <Pn0 2B=ßn+x form 
two decreasing sequences. On the other hand, the quadrangles Ox A 02Px, 0 1P1P2P2, 
..., OxPn0 2B have all the same area. Therefore, employing the notation introduced 
in (1), we see that the sequence d12(APx), d12(PxP2), ..., d12(P„B) decreases mono- 
tonically. Consequently we get

dn (AP,) ^  d12(Pf_iP;) >  d12(PiPi+1) ^  da (P,B) (i -  1, ...,«).
But the inequality (/12(ЛР,)>с/12(Р;0) is true for any n and i=  1, ..., n. This con­
cludes the proof of Lemma 2.

Obviously, dX2(A P )^d X2(PB) implies dX2(A P )^d 12(AB).
Lemma 3. Let H  be a hyperbola branch and F the focus lying in the convex 

domain bounded by H. Let us denote by H* one o f the half branches o f H  determined 
by the transverse axis o f H. The circle o f diameter FP, where P is a point o f H*, 
has at most one further common point with H*.

Proof. Let
✓ v У&—  — -ду— 1 be the equation of the hyperbola H  and let H* be

the half branch of FI lying in the first quadrant of the coordinate system (Fig. 9). 
Let F(c, 0) be the corresponding focus of H  and P(/., /() a point of H*. The equation 
of the circle C with diameter FP is

x2+y2 — (k + c)x—py + Ac = 0.
The abscissae of the common points of C and H  satisfy the equation

f(x )  = —x2—(A + c )x— - p  1/x2 — a2 + Xc — b2 =  0.

A different proof which does not make use of Lemma 1, was given later by A. Florian.
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Fig. 9

Obviously, /(x )  is a strictly convex function for x S a  which vanishes at x = X. 
Now we distinguish two cases:

(i) X>a implies

f \X )  = l ^ - c >  ^ -(c -a )  >  0

and f(a ) = (X — a)(c — a)> 0. Therefore, the function /(x )  has precisely two zeros 
in the interval x> ű, the greater of which is X. Let V=(a, 0) be the vertex of H*. 
If X>a and consequently P y  V then C intersects H* in exactly two points, namely 
P and QpP,  where Q lies between P and V. From this we deduce immediately

71that any point P* on the open arc PQ of H* has the property <iPP* F > — .

(ii) For X=a the function /(x )  vanishes only at x = a  and * =  ——
but ac — b2<c2. It follows that, if P —V, the circle C and the hyperbola half 
branch H* touch each other at V and do not have any other point in common.

Lemma 4. In the Euclidean plane, consider two non-overlapping circles Cx, C2 
of centres Ox, 0 2 and radii rx, r2 (>\<r2). Let A, В be two different points, both 
equidistant from C, and C2 and on the same side o f the straight line Ox O.,. Let H 
be that branch of the hyperbola of foci Ox, O., having the length r2—rx o f the trans­
verse axis which contains A, B. I f 0 1A < 0 1B, then for any interior point P o f the 
arc AB o f H  we have, using the notation (1),

(2) d12(A P) =  d12{PB).

Pr o o f . It suffices to prove the lemma under the assumption that A is not the 
vertex V of H, carrying out the limiting process A^»V in the other case.

We can find, on the basis of Lemma 3, on the open arc AB of FT a sequence 
of points Px, P2, ..., Pn, so that the angles <ZP1A 0 1, <J.P2P10 1, ... ,  <iBPn0 1 
are obtuse. A sequence of this property we call admissible. Since the tangent at 
any point P of H  is the bisecting line of <  Ox P02, the angles <PXA 0 2, <t P2 Px 0 2, 
...,B P n0 2 are obtuse too (Fig. 10).
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We shall first prove the inequality
d12(MPt) >  jim d12(PtN ) (i = 1, n)

where M  and N  are pointson the segments Рг_хР,- and P;Pi+1 respectively (Fig. 11).

Write <$M01Pi=e1, <1 Л /02Р; = £2, <.N01Pi=Si, < N 02Pi=£2 and denote 
by Л, I* and I2, I2 the intersections of the perpendicular bisector of the segment 
Oj Pf and 0 2 P; respectively, with the straight lines perpendicular to P^jP, and
Л Л + 1  at P;. ___ ___  __  ___

Taking into account that PiI1=Ri>~PiI* = R * , P,/2 = Я2 < PtI2 = R2 and that

A 0 2Р? _ 0~2+ g )2
rf "  а д 2 (r1+ e)2

it is easy to see that

lim d12(MP:) S \im  —
M -~ p t 12 v °  í j - о e L

e2

— r2 + r2r ! + )2
fc2

- ^ 2  о I 2

7 Г :+г|
о , л + о , р . P 2 r, 2 , ^  n 2

Ri
o ^ f + o .p *

p *
—  r 2 +  r 2' l  +  ' 2

2L r2 , r2
„* r l  +  '2

lim
- ^ O .P f  + O.P?

-----------S  lim d12(PflV).
2 , ^ п 2

Therefore, and in view of Lemma 2, we obtain

d и (A Pi) >  <̂ i2 (Pi P2) >  •. >  d12(PnB),
whence

— ^ ( Л - г Л )  =*■ d12(P;P;+1) Ш d12(PtB) (i =  1, ..., n).
Let P be an arbitrary interpolating point on the open arc P ^ P ;  of 7/. Recalling

7Г Яthe property CP.P.-.jOjS-y, we note that < P />i_1Q1:> y  and, according to Lemma 
u3, < P ;P 01> —. Thus the sequence Pls ..., Р ^ 1г P, P„ ..., P„ is also admissible 

and the inequality (2) is shown.
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Let ABC be a triangle where the lengths of the sides AC and BC are supposed 
to be fixed. The notation is chosen so that АСшВС. We draw attention to the 
density

<5(x) = Aoe +  pß + vx

Y  AC - BC- sinx

where x indicates the angle enclosed by AC  and BC (Fig. 12). Herein А, p, v denote 
non-negative constants, not all of which are zero. <5(x) represents the ratio of a 
weighted sum of the angles to the area of the triangle ABC.

C

L emma 5 .7 Let us vary the angle x  o f the triangle ABC, so that O S x S i .  Then, 
in any subinterval of (0, n), ő (x) attains its maximum at one o f the endpoints.

Functions having this property we shall call in the following quasiconvex. 
For the sake of simplicity let us consider, instead of ő(x), its constant multiple

(3) S(x) = 2x+ pß + vx
sinx

We remark that S(x) is continuous in (0, n).
Making use of the cosine theorem and introducing the notation AC/BC=p 

(p ^  1), we have
p — cosx(4) cos a = 

Differentiation yields

(5)
and, in view of a + ß+ x= n,

y i+ p 2 — 2p cosx 

pcosx—1, _  da
dx 1 +  p2—2pcosx’

(6)
n, =  dß_ = _  , =  Р cos x p2

dx l + p2—2pcosx

7 See L. H á r s  [4]. In a previous paper [3] A. F l o r ia n  proved a more special result in 
a similar way.
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Putting, for brevity’s sake, Aa+pß + vx=y, we obtain

[(/I — v)p2 + 2 — v] + p cos x[l + p — 2v]
(7) /  =

and, with the notation
1 + p2—2pcosx

(8)

(9)

A = (/r-v )p2 + A — v; B = p(X + p -  2v),

, _  —A + 5  cos x
1 1 + p2 — 2p cos x

Differentiating once again, we have

( 10)

and, owing to (3),

(ID

„ _  p(p2- l)(jU-A) sinx 
(1 + p2 — 2p cos x)2

y ' s i n x  — у COS X P
sin2 x  sin2 X '

We observe that S' has the same sign as P. The function

( 12) Q =
у' sin x — у  cos x 

cos x
P

COS X
y ' t g x - y

is continuous on the set [0, n/2)U(n/2, n] and has the values
(13) ß(0) =  - j ( 0 ) s 0 ,  Q(n) =  -y (n )  =s 0.
Since cosx>0 in [0, n/2) and cosx< 0  in (n/2, n] we can state that

al) for x<7t/2 S is increasing if 0,
a2) S is decreasing if 0,
bl) for п /2 < х ^ л  S is decreasing if Q > 0, 
b2) S is increasing if 0.
To examine the sign of Q it will be useful to see whether Q is increasing 

decreasing in a given interval. For this purpose we shali need its derivative

Q' =
p(p2— 1) (/u — A) sin2x (— A +  В cos x) sin2 x

Since
(1 -t-p2 — 2p cos x)2cosx (1 -т~р2 — 2р cos x) cos2 x

[C O S ^  X
s i n 2 y (1 +p2 -  2p cos x)2 Q'

in (0, n/2) and (n/2, л) we have to consider the function

C O S ^  XR(x) — —7-^-— (1+p2 —2pcosx)2g ' = sin2 x
= — 2p5cos2x + [(p2— l)(p — 2)p + 2Ap + B ([+ p2)] cosx — ̂ 4(1 +p2).
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But, by (8), the coefficient of cos x is 4pA, so that we finally have
(14) ä (t) = —2pBcos2x+4pA cosx — A(\ +p2).
Obviously, R(x) is a polynomial in cos x  of degree ^ 2 . Denoting it by F

F(z) — — 2pBz2+4pAz — A(\ + p2) 
then 5(x) = F(cos x). The discriminant of F is
(15) D =  SAp2(p2- \ ) ( p - 2 ) .

In proving S' to be quasiconvex, we have to distinguish several cases and 
subcases.

I. 5  = 0. If also A=  0, then from (9) it follows that y ' = 0 and from (11) 
that sgn S'=  — sgn (cos x). Therefore, S is decreasing for х< я/2  and increasing 
for х > я /2, which means that S is quasiconvex.

If, however, A^O , then F(z) = A[4pz — (p2+ 1)] is a linear polynomial in 
p2+ \z having the root —----->0.4p

1.1. A > 0. For co sx = z ^ 0  we have 5 (x )< 0 by (14). More g&rerally, if 
R (x )^ 0 for х>я/2 (Q is decreasing) or 5 (x )< 0 for n /2 < x < x 1 and 5(x)>-0 
in x* <  x <  я with any х1€(я/2, я) (Q is decreasing in (я/2, xL) and increasing in 
(Xj, я)), we shall refer to it as case c). Since 0(л:) = 0 by (13), in this case <2 is either 
negative or positive in the whole interval (я/2, я), or positive in a certain subinterval 
(я/2, x0) and negative in (x0, я). Then we can state that:

in the first case (case b2)) S is increasing, 
in the second case (case bl)) 5 is decreasing and
in the third case (case bl) in (я/2, x0) and case b2) in (x0, я)) S is decreasing 

in (я/2, x0) and increasing in (x0, я).
If we can show, moreover, that for х<я/2  we have S '(x ) s 0  (this will be 

supposed to hold in case c)) then S follows to be quasiconvex.
In fact, for 0 < х < я /2  cos x and sinx are positive, so that, in view of (11), 

it will be sufficient to verify the inequality 0. But this is trivial by (9) and 5  = 0,
0.
1.2. 0. Then we have 5(я/2)>0. More generally, if 5 ( x ) s 0 for 0«=x< 

~=-jz/2 (Q is increasing) or R(x)<0 in (0, x2) and 5 (x )> 0 in (x2, я/2) with any 
x26(0, я/2) (О is decreasing in (0, x2) and increasing in (x2, я/2)), we shall refer 
to it s case d). Since g (0 )^0  by (13) Q is, in this case, either negative or positive 
in the whole interval (0, я/2), or negative in a certain subinterval (0, x0) and positive 
in (x0, я/2). Therefore, we again have to distinguish three cases here:

In the first case (case a2)) 5 is decreasing
in the second case (case al)) S' is increasing and
in the third case S is decreasing in (0, x0) and increasing in (x0, я/2).
It is easy to see that if for х>-я/2 we have S '(x)=0 (this is supposed to 

be valid in case d)), then S is proved to be quasiconvex.
But now cos x<0, sin x> 0  and, by (11), we have only to show that y'=*0. 

This inequality follows from (9) in view of A < 0, 5=0.
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From now on we can suppose that B?± 0.
II. D^O  (see (15)). In this case the polynomial F does not change its sign.
11.1. R^O  in (0, я). Combining Q'(x) ^ 0 in (0, rc/2) with g (0 )^0  by (13), 

we find that Q (x)^0  and, by (12) and (11), that also S '(;t)^0  for x^n /2 . Since 
case c) is realized here the function 5’(x) turns out to be quasiconvex.

11.2. 0 in (0, л). Combining (?'(■*) =  0 in (л/2, я) with £?(л)^0 by (13) 
we get (?(x)^0 and, owing to (12) and (11), 5 '(x )^0  for x^n/2 . Since the 
conditions of case d) are fulfilled, the function S(x) is quasiconvex.

Consequently, in the following we shall confine ourselves to the more com­
plicated case D > 0.

III. £>=*0. This assumption ensures that 1 and 
(16) А ( ц - Х ) ^  0,
as can be seen from (15). The quadratic equation F(z) = 0 has exactly two different 
real roots

.  _  —2A ±  ]/2A(p2 — l)(/i —a)U/J -  г + , _ _  —  .

Obviously, they have the same sign if and only if

(18) AB >  0.

Consequently, we have to study four subcases corresponding to the signs of A and B.
III. 1. 0, 0. The graph of F(z) is exhibited in Fig. 13a. Since z + + z_ —

— 2 —  we obtain z+ , z _ > 0.

We proceed to show that the conditions of case c) are satisfied. For х ёя /2  
is z =  cosxS0, hence F(z)<0 and R(x)< 0. Now let х<я/2 , then by (11) 
.S'(jí:)s 0, provided 0 or — A +B  cos x:<0. But

(19) — A+ B cos x <  — A + В = (p — 1)[ — (p — v)p-t-A — v]
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where the first factor is negative. As A > 0 we deduce from (16) A=»p, whence 
A -v > p — v. Since B=p (X+p —2v)>0, we have (A — v)+(p — v)>0 and therefore 
A —v>0. Consequently, we obtain A —v>p (p — v), so that the second factor in 
(19) is positive and — ,4+i?cosx<0, according to our assertion.

III.2. /4>0, 0 (see Fig. 13b). Then z _ < 0 < z + . Observing that trivially
— A + B cos x< 0  or ^ '(х ^ О  for xSn/2, we state that there is case c) again. 

IH.3. + <0, B > 0 (see Fig. 13c). Then z+<0-=z_.

F (z)

We shall show that the conditions of case d) are now fulfilled. To do this, 
we have yet to verify that S '(x )> 0 or, owing to (11), that y' sin x —y  cos x> 0  
for х > я /2. We have

, . — A + p(X + p — 2v)cosx „ .(20) у sin x —y cos „  ------------- sinx—(Aa+ pp + vx) cos x >1+p2 —2pcosx

A+p —2v
1+p2 — 2p cosx p sinx—pß\ cosx ^ X+p — 2v

1+p2 —2p cosx p sin x  — p sin ß \ cos X,

the second factor being negative. On the other hand, we obtain, employing the 
sine theorem on the triangle ABC,

sin ß = psinx
|/1 -F p2 — 2p cosx

hence the first factor on the right hand of (20) is

X+p — 2v 
1+p2 —2pcosx ^ sin x —p sin ß =

p sinx
1+p2 —2p cosx [(X+p — 2v) —p y i+ p 2 — 2pcosx.

It follows from (16) that p>A or p — v>A — v. Since 0< Bjp = (p — v) + (A — v), 
we have p — v>0. On the other hand, 0 =►+—(p —v)p2+(A —v), whence A — v <  0 
and A—2v<0. Taking into account, further, that 1+p2—2p cos x > l ,  we see 
that the expression in brackets is negative, and consequently the statement 
y 'sin  x —у cos x> 0  for x>7t/2 is true.
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III.4. A < 0, 0 (see Fig. 13d). Then 0< z _ < z + .
We proceed to show that the assumptions of case d) are fulfilled again. For 

x ^ n /2  is y ' > 0 by (9), hence Further, the vertex of the parabola F(z)
has the abszissa z0= — . We claim that z()>  1. This inequality is equivalent to В
— A + B> 0 or, by (19), to — (p — v)p +  (A — v)<0. It follows from (16) that А< / 1  

or A — v<ju— v. But 0 >A?//? =  (A—v) + (/i —v), hence A—v<0. Consequently,
— (/г —v)p+(A —v)<  — (jU —v)p +  (A—v)p=(A—д)р<0. Therefore, for the greater 
root of F(z), z+=~l holds, confirming our assertion.
Now, the proof of Lemma 5 is complete.

Lemma 6. Let Ca, Сг and Cp be three circles of radii a ( 0 < a ^ l ) ,  1 and p (> 0 , 
fixed), respectively, and mutually touching one another (Fig. 14). Then the density 
<5 o f Ca and C\ with respect to the triangle A, determined by the centres o f the three 
circles, attains its maximum only for a= 1.

Proof. Obviously,

d = a2
2 A
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where q>a and <px denote the central angles belonging to Ca and Cx. By elementary 
calculation we find

fa2 arctgYpd =f(a,  p) = a(a+ p+ 1) + arctg
]/a(a+p + 1)

To examine this function, we differentiate it partially and obtain

2a + p +1

l /  ap  I,
] a+p+lJ

df_
da

with
2[a(a + p + l)]3/i ■/i(a. P)

a2(2a + 3p +  3)
/i(e . P) =  — —  arctg —arctg

V t .
ap

2a + p + 1 a(a +  p + l)  r a + p+1

a2 + (a + p)(a —1)
(a +  p)(2a + p + l) 

Further differentiation yields

У ap(a + p+l).

where

/ 2 (a, p) = arctg

dU „ 4a2 +  6ap + 6a +  3p2 +  6p + 3
ST = 20---------- (2«+p + i)>----------M a - p)

1 j/ap (a+ ^+ 1)
a(a +  p + l )  2 (a +  l)2(4a2 + 6ap + 6a +  3p2+6p + 3)

K ^ + C 1 )  e « , + 3 - P + 3 a + 4 r i + 4 ‘, + J , + 3 ] .I+ P

After some laborious calculations we obtain, putting ampn = (m, ri), 

4a (a + p)3 (a + l)2 (4a2 +  6ap + 6a + 3p2 +  6p + 3)2 a(a +  p + l)  d/2

Since

p da
= / 3(a,p) = - 9 6  (7,4)—128 (7,1) —336 (6,3)-880 (6,2)—
-320 (6,1) —456 (5,4)— 1920 (5, 3)—1688 (5,2)-288 (5, 1 )- 
-294 (4, 5)—1918 (4,4)-2850 (4,3)-1298 (4,2)-104 (4 ,1 )- 
-8 7  (3,6)-944 (3,5)-2086 (3,4)-1620 (3,3)-435 (3,2)—
-1 2  (3,1)—9 (2, 7 )  —216 (2, 6) — 658 (2,5)-700 (2 ,4 )-  
-309 (2,3)-60 (2, 2)-18 ( l,7 )-6 3  (1,6) —48 (1,5) +18 (1,4) +
+ 18 (1,3)—3 (1, 2) + 3 (0,7) +18 (0,6) + 36 (0,5) +  30 (0,4)+ 9 (0,3). 

dVs
da2 ~0, / 2 is a concave function of a. Note that / 3(0, p )> 0  and

/ 3(l,p) = -2 4 p 7-348p6-  1908p5-5112p4-7008p3-4460p2-852p <  0
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for any positive p. Therefore, f 3(a,p) and also passes from positive to negative
values when a varies, increasing from 0 to 1.

We observe that
. i f  P 2p3+ I4p2 + 27p + 13 ---- —

(l,p) -  arctgj — p j - 2 (p+ i) 2 (3 p 2 + 1 2 p + i 3) >>
hence

1
2(p+ l)3(3p2+ 12p+13)2 ] p + 2 

• [21p5+ 170p4 + 527p3 + 767p2 +  496p + 91] >  0.

Since / 2(1, 0) =  0, we have / j ( l , p)>0. Combining this with lim/2(a,p) =  — °°,
a-* 0

Я f
we deduce that f 2(a,p) and also passes from negative to positive values whenda
a increases. In view of Л(0, p) — 0 it follows that f (a,p)  as a function of a assumes 
its maximum only in a boundary point of the interval O ^ a ^ l .  But it is easily 
proved, in a similar way as above, that

f p  + 2 [/(1, P)~f(0, P)\ = arctgКP Ур(р + 2)
p + 2 2 ( p+ 1)

for /?=-(). This completes the proof of Lemma 6.
Finally, it is very easy to prove the following two lemmas:8
Lemma 7. Let Ak = OTPk (k —1,2) be right triangles (<1 OTPk = nj2), where 

the sides TPk do not have common interior points with the circle C of centre О 
(Fig. 15). I f  m \< O P 2 then

С П Л  с п л 2

Ai A2

L emma 8. Let Ak — OTkP (A: = 1 , 2 )  be right triangles (<zOTkP=n/2), where 
the sides TkP do not have common interior points with the circle C of centre О 
(Fig. 16;. I f  С Т кОР^  <LT2OP then

СПА1 CDAo---------  <  ----------,
Ax A2

Let us now return to the proof of our theorem.
For simplicity’s sake, let us denote by Ox Vx 0 2 V2 an arbitrary quadrangle of 

the tessellation T, where Ox, 0 2 are the centres of the circles Clt C2 of {C,} and 
Vx, V2 are the corresponding vertices of the tessellation S.

See M olnár [5] [6], [7], [8], [9].
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T,

We now proceed to show that in 0 1V10 2V2 the density of {C,} does not 
exceed d(g), i.e.

1arccos ------
dit (ViVt)-*d(e) = — /= = - >

Í2Q +  Q2
and distinguish the following two cases:

a) 0 ± Vx О2 V2 is convex. In this case we decompose Ox Vx 0 2 V2 into two tri­
angles A1 = Ol 0 2V1 and A2 = 0 l 0 2 V2. Obviously, the inequality d12(V1V2) ^  
=d(g) is valid if we can show that

= c‘n ^ t c -n -̂ dO>) (i = 1,2),

and it suffices for i = 1.
Consider three circles of radii r, r, g and of centres А, В, C, respectively, 

mutually touching one another. We denote with d(r, r, g*) the density of the 
circles of centres A, В with respect to the triangle ABC; obviously d(r,r, g*) =

Let g*^g  be the radius of the supporting circle C centred at Vx which 
touches Cx, C2.

If the segment 0 X0 2 has no common interior points with C (Fig. 17) then, 
in view of Lemma 5, dl2{Vi) attains its maximum for one of the following 
configurations:

(i) C, and C2 (radii and r2, rxS r2) touch one another (Fig. 18). Making 
use of Lemma 6 and, if necessary, of Lemma 7, we obtain d12(V1)^ d (r2, r2, g*) =

= d ( i , i , — W ( e ) -
(ii) The segment 0 X0 2 touches C (Fig. 19). We draw the tangents from Vx 

to Cj and C2 and denote the points of tangency with 7) and T2. In view of Lemma 8 
we get

c i n o i p v 1

OtPVx = d(ri , r i ,g*) ( i = l ,  2),
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where P is the foot of the perpendicular from V1 to Or0 2. Thus dl2(Vd = 
= d(r2, r2, g*)^d(e).

If the segment <9,0 2 has common interior points with C, the inequality d12(V1) S 
=d(g) can be proved in the same way as in case (ii) of a).

Fig. 17

b) O, V, О2 v 2 is concave. Let Ox V1 <  Ox V2 (Fig. 20), then by Lemma 4 we 
have dn (V1 V2) = dVi(V^. But we have already seen that ci12(l/1)^d(Q).

This completes the proof of our statement that in each quadrangle of the tessella­
tion T the density of {C;} is not greater than d(g). In order to deduce, finally, the 
inequality d^d{q), we remark that, in view of supr,-Sl, the circumradii of

the quadrangles of the tessellation T  have also a finite upper bound b. Denoting 
by Qij = OiAOJB the quadrangle of the tessellation T corresponding to the circles 
C;, Cj and taking into account that

Ci(AOiB) + Cj(AOJB) =. d(Q)Qij,
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we obtain

—  2 { C ^ C ( R ) ) ^

и (R -(- 2 -|- 2b
тгЛ1

From this the desired inequality d^d(g) follows immediately.
R em ark . The Lemmas 2, 4, 5, 7, 8 continue to be valid whenever the “measure” 

of Cj is an arbitrary positive value <p(r;). The system of values {ip (/•,)} associated 
to {C,} is called a functional system of {C;} and the corresponding density a func­
tional density.

Lemma 6, however, is no longer valid for an arbitrary functional system. The 
case of a decreasing function tp (r) yields a trivial counterexample. It is easy to 
give counterexamples also for certain increasing functions tp(r). But it seems likely 
that Lemma 6 continues to hold for some particular functional systems of {C,}.
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THE HOM AND TENSOR FUNCTORS 
WITH MIXED LIMITS

By
I. A. ASSEM, C. G. CHEHATA and M. EL GENDY* (Alexandria)

Introduction

In a previous paper [2], we have introduced the concepts of mixed systems and 
limits. In that paper, the existence and uniqueness of the limits was proved and an 
explicit construction of these limits and the canonical morphism was given. We 
also defined a category J (( Ix L , 41) of mixed systems in the category 41 over /X I .  
It is the purpose of the present work to study the relation between the mixed limit 
functors and the functors Horn and ® . We prove that we have, in each case, a com­
mutative diagram of functors and functorial morphisms. We also prove that the 
mixed limit functors on the category of modules are representable (if L is directed) 
and the representing objects are finitely generated projective modules. We use the 
same notations as in [2].

1. The Horn functor and mixed systems

Given an arbitrary object G in a category 4> with inductive and projective limits, 
we shall consider the action of the covariant functor hG{—) =  Hom(f (G, —) and the 
contravariant functor hG( —) =  Hom^ ( —, G) on some mixed system (.E £ ,f$ )IxL of 
41. We shall need the following lemmas;

L emma 1.1. Let (Ex, gaß)j be a projective system in 4), then (hG(Ex), hG(gxß))i 
is a projective system of sets. Moreover there exists a unique bijection:

s : Lim hc (Ef) -  hG (Lim Ex)
nil agr

such that, for all af_I, hG(gf)s = ka (where ka and g7 represent the respective canonical 
projections).

The proof can be found in [3].

Fig. 1.1

* Research was carried out at the Science Centre, University of Alexandria. The authors 
wish to express their thanks to Professor R. Wiegandt for the interest he took in this work.
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Corollary 1.1. The family (hfí(g j)xfl is monomorphic.

Let indeed (u, v) be a pair of maps such that, for all <x£/, hG(gx)u=hG(gx)v. 
Then kxs~ 1u = kxs~1v. Since (kx)xiI is a monomorphic family, and s _1 is bijective, 
this implies u = v.

Lemma 1.2. Let (E'\ h'‘;j L be an inductive system in , then (jiG(Ex), hG(JißXf)L 
is a projective system o f sets. Moreover there exists a unique bijection

s: Lim /гс(£ л) -► hG (Tim Ex)
1eL Let

such that, for all Я£ L, hG{h'js = k -/ (where k, and Ая represent the respective canonical 
morphisms).

hG(EA)

Fig. 1.2

The proof can be found in [3].

Corollary 1.2. The family (hG(hx))XiL is monomorphic.

This can be proved exactly as Corollary 1.1.

Lemma 1.3. Let i  = ( E f f f f ) IxL be a mixed system in over IXL, then hG (Sj = 
=(hG(Ejj, hG( f f j j ) lxL is a mixed system o f sets over IXL .

This follows from the covariance of hG.
From now on, we shall write

К  =  bG(Ef), k£ß = //G(g^) (a =s ß), pf = hG( h f )  (Я s= p),

(Kx, I f  = Lim (K f  I f) , ( K \  kx) = Lim (K f  k f) ,
A 6  L  a  6  /

kxß = Lim k'xß (a S  ß), l,a = Lim I f  (Я == p),
Я £ L ae/

(J, I f  = Urn (K \ P'j, (K, kx) = Lim (Kx, kxß)
л £ I *a

and g: J-+K will denote the canonical morphism of the system hG(S). Consider 
now Figure 1.3. Our aim is to prove the existence of unique maps 
p and q such that the following diagram is commutative for any (a, /.)£Ix L:
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h G ( É )  Ä . h , ( E « ) _ K« -
h .  ( f )

Mhi
"K

t

b G ( g j - )  k x

hG(F ) -Ä  1 hG(Ex> * - 2 Kx _ iLJ к- ____________ p_

Fig. 1.3

By Lemma 1.1, for any X^L, there exists a unique bijection sx: Kx-*hG{Ex) 
such that, for all a£/,
(1-1) hG(gi)s* = K .
It is easy to see that, if X ^p,
(1.2) hG(h'lX)sx = s"/"A

and hence (sx)xiL is an inductive system of bijections.
Since by the covariawce of hG, hG(hx) = hG(h'l)hG(hllX), this implies hG(hx)sx = 

= hG(hf,)sf4 >,x. Therefore there exists a unique p: J —hG(F) such that, for all X^L,

(1.3) plx = hG(hx) s \
This completes the construction of the maps in the lower half of Figure 1.3 

and the proof of the commutativity of this lower half.
Let now X ^p  in L and a b e  arbitrary. The covariance of hG implies hG(hx) = 

=Ас (/г£)/^л hence there exists a unique rx: Kx-*-hG(Ex) such that, for all X£L,
(1.4) r j i  = hG(hx).

It is easy to prove that (ra)xil is a projective system of maps. Let /•= Lim rx;
~x£ I

it is by definition the only map such that, for all a€/,

(1.5) K r= > \K
where kx : Lim h,:(E„)—hr.(E,) is the projection map.

~olíi
By Lemma 1.1, there exists a unique bijection r*: Lim hG(E^)-*hG(E) such that, 

for all a£/,
(1.6) M .? > + =  K-
Let us put q=r*r, then, for any a£/,

(1-7) MgJ<7 = rak„.
There only remains to establish the commutativity of the outer square of Figure 

1.3. For any (a, A)£/X£,
hc,(g*)qgl;' =  rakagl* = r j xkx = hG(hx)kx = hc (hx)hG(gx)sx =

= hG(gx)hG(f)h G(hx)sx = hG(gx)hG(f)p lx.
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Since the family (/;);€L is epimorphic by definition, and (hG(gx))xiI is monomorphic 
by Corollary 1.1, it follows that
(1-8) q g = h c ( f ) p .

Thus we have:

L em m a  1.4. Let G be an arbitrary object o f <6, then, for every mixed system 
S in (€ , there exist maps p and q such that Figure 1.4 below is a commutative diagram.

hGUS)-------- E------- -

hG(f) 91
i

hcL (« )-------5-------  l-hG(*l
Fig. 1.4

Now it is clear (cf. [2], Corollary 3.3) that hG( f ) and g are functorial maps. 
On the other hand, following step by step their construction, it is easy to show 
that the maps (V);CL, p, (rx)a a , r, r* and q are functorial. We have proved:

T h eorem  1.1. Let G be an arbitrary object o f (€. Then we have the following 
commutative diagram of covariant functors and o f functorial morphisms of J t  (I X L, 41) 
into the category of sets:

I
i

Fig. 1.5

ChG

»
l hG

In general, p and q are not isomorphisms, so that the functors 1+ and /_ are 
not representable. Now let T  be the category RMod of left modules over an arbitrary 
ring R. Then we have

Lemma 1 .5 . Let (E'\ hil' j L be an inductive system of ( left) R-modules over a direc­
ted set L, then:

(a) For every (left) R-module G, there exists a unique abelian group homo­
morphism

e: Lim ha(E>) -+■ /;r.(Lim E')
/IZL ÁÍL

such that, for all L, Eid=hG(ji'j where h'~ and nx are the respective canonical mor­
phisms.

(b) I f  G is finitely generated, e is a monomorphism.
(c) I f  G is finitely generated projective, e is an isomorphism.
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(Cf. [1], Problems of Chapter II.)

X€L

Let G be a left i?-module and xL a mixed system of left P-modules
with L directed. All the sets and maps whose existence was proved above are abelian 
groups and homomorphisms.

For any )EL, sA is an isomorphism, hence so is  ̂= Lim sk\ J —Lim hr.(Ex),
/ÍL ÍÍL

and the relation slk — nksk implies that

sslk =  E7rAsA =  /ic(ftA)sA =  plk.

Since the (/A)AlEL form an epimorphic family of homomorphisms, we deduce £S=p. 
Now s is an isomorphism, thus

(i) if G is finitely generated, then e is a monomorphism and so is p,
(ii) if G is finitely generated projective, then s is an isomorphism and so is p. 
Consider the maps (rx\ eI each of these is constructed as e, and q was defined

as /-*/% where r= Lim r7 and r*: Lim hG(EJ—hG(E) is an abelian group isomorphism,
~ail

hence
(i) if G is finitely generated, each of the rx is a monomorphism, and so are 

r and q,
(ii) if G is finitely generated projective, each of the is an isomorphism, and 

so are r and q.
Thus we have:
Theorem 1.2. Let $ be a mixed system o f left R-modules over IX L , where L 

is directed, and let G be a finitely generated R-module. Then:
(i) the canonical maps o f Lemma 1.4, p: l+ hG(S)^hGl+ (S') and q: /_/zG(<f) — 

hG /_(<$') are monomorphisms,
(ii) if, moreover, G is projective, p and q are isomorphisms, and hence the functors 

l+ and /_ are representable.
Corollary 1.3. Let £  be a mixed system o f left R-modules over IX L , where L 

is directed, and let G be a finitely generated projective R-module. I f  the canonical map 
f  o f £  is an isomorphism, so is the canonical map g of hG{£).

This follows at once from equation (1.8) and Theorem 1.2.
We now let hG( — ) be the contravariant functor Hom^ ( —, G). Let also /+(—) 

and /“(—) denote the functors Lim Lim ( —) and Lim Lim ( —), respectively. We
can prove exactly as above:
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T heorem  1.3. Let G be an arbitrary object of <€. Then we have the following 
commutative diagram o f contravariant functors and o f functorial maps o f .//(/X  L, if) 
into the category o f sets:

l*hG-------------h 3L

l'hG------------- hGl,

2. The bifunctor Horn (— , — ) and two inductive systems

Let (Ax, (pßx), and (Bx, t/f";)L be two inductive systems in some category if 
having inductive limits. Then:

Lemma 2.1. The system (Horn (Ax, B' ) ,  Horn (<pßx, t//',x)) /xl is a mixed system 
of sets.

This follows from the fact that the bifunctor Horn ( —, —) is contravariant in 
the first variable, and covariant in the second.

Let =  Horn (Ax, Bx), f #  = Horn (<pßx, ф^), 
(A, <px) = Lim (Ax, <pßa), (В, фх) = Lim {B f фцХ).

ail XéL

The canonical pentagon of the mixed system {Ex,f^ßx)lxL will be as in Figure 2.1.

H o m ( A u ,B^)

й /

Lim Нот(Ап, ,B )

К

x\
Lim Нот(Ал,В*)

Lim Um Hornt А*,В1)  --- Lim LimHom(A (.B‘)
ot£l \6 L A. £ L °s£l

Fig. 2.1

The covariance of Н от in the second variable implies that (Нот (A, Bx), 
Н от (А, is an inductive system. We shall write kf,x = Н о т  (А, фцХ) and denote
the canonical morphisms by kx: Horn (A, 5 A)->Lim Н от (A, Bx). On the other

■l€A*
hand, the contravariance of Horn in the second variable implies that (Horn (Ax, B), 
Н от ((pßx, B))j is projective. We shall write /a/) = Hom (<pßx, В) and denote the cano­
nical projection by lx: Lim Н от (Ax, B)~*Н от (Ax, B).

"ati
By Lemma 1.2, for each 2£L, there exists, a unique bijection 

rx: Lim Horn (Ax, Bx) — Нот(Л, Bx)
" a i l
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such that, for all
(2.1) Н о т  (<P„ Bx)rx = g x.

It is easy to prove that, if A ^ ji,
(2.2) rW * = Н о т  (А, ф^х)гх,
that is, the (/;)A€t form an inductive system of bijections. Therefore r=L im  r' is

A €  L

also a bijection. It is actually the only map of Lim Lim Нош (A„, В ) into
A€L "ier

Lim Horn (A, B') such that, for all

(2.3) rhx =  k xrx.

On the other hand, since Horn (A, —) is a covariant functor, A^/r implies 
Horn (A, \J/x) = Hom (A, i//f,)k l,x and hence there exists a unique map e such that, 
for all A€£,
(2.4) ekx =  Horn (А, фх).

Horn  (А, В"")

x e u

If и—гг, then, for all ?.£L, uhx=ekxrx or
(2.5) uhx = Horn (А, фх)гх.

Let (A,/f)€L2, A^/r and a£ / be arbitrary. Then the relation Н от  (Ал,фх) = 
= Hom (Аа,ф ц)11%х implies that for each a, there exists, a unique map ex of 
Lim Horn (Aa. Bx) into Horn (Ax, В) such that, for all ACL,
A £ L
(2.6) exhx — Нот(Л„, фх).
It is readily seen that (sx)xu  is a projective system of maps. Its limit e* =  Lim e„

a£iis by definition the only map of Lim Lim Horn (Ax, Bx) into Lim Н от (Ax, B) such
а£/ A6L a£I

that, for all а£/,
(2.7) Ixe* = exgx.

Lemma 1.2 asserts that there exists a unique bijection s: Lim Н о т  (A„, B) 
—Н от (A, B), such that for all а 6/,
(2.8) Н о т  (<ра, B)s = /а.

If v—se*, we have, for all а€/,
(2.9) Н от  (<pa, B)v = exg,.
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1. Нот(Ал, Bx) -LHcm(A*,B )

Hom(A,B) 
Fig. 2.2

We have thus obtained a triangle (see Fig. 2.2). We shall prove that it is com­
mutative. For every (oc, fy Z lx L ,  we have;

Horn ( < j B) vfhx =  eag„fhx = eXhxgx = Horn (Ax, ij/x)g x =
= Н от(Л ,, Ijjx) Hom(<pa, B})rx =  Нот((ра \j/x)rx — Hom((pa, В) Н от (А, фх)гх =

=  Hom(<pa, B)uhx.
By Corollary 1.2 (Н от (tpx, 2?))я6/ is monomorphic, while {h'j} 6L is epimorphic 
hence
(2.10) v f - u .

Lemma 2.2. Let (Ax, (pßx)t and (Bx, i^'';')L be two inductive systems in a category 
having inductive limits. I f  A =  Lim Ax and Ä=Lim Bx, then Fig. 2.2 is a commuta-

a € /  A 6 L
tive diagram.

It is easy to prove that the maps v and и are functorial, and thus;
Theorem 2.1. Let (€ be a category having inductive limits. Then we have the fol­

lowing commutative diagram o f bifunctors and of functorial morphisms of LyL6 into 
the category o f sets:

Homfümt-), Linn(-))
a c i  xet.

If L, is the category KMod, all the sets considered are abelian groups and maps 
are homomorphisms.

If now the system (Ax,(pßx)I is composed of finitely generated projective 
modules and L is directed, then each of the ea is an isomorphism. Hence so is s* 
and finally so is v. If  each of the Aa is finitely generated projective, we cannot assert 
that A — Lim A, is also finitely generated projective. But of A is also finitely 

«e/*
generated projective, e is an isomorphism, hence so is u. We get: 
ttA

Corollary 2.1. I f  (Aa, <pßx)t is an inductive system o f finitely generated project­
ive R-modules, whose limit is also finitely generated projective, and (Bx, is an
inductive system o f R-modules over a directed set L, the canonical map f  of the 
system (Horn (Ax, B 'j, Н от (tpßa, i/'";))/xl is an isomorphism.

Such inductive system always exists, since we may take the ring R to be semi­
simple artinian, then every Ä-module is projective.
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3. The tensor functor and mixed limits

T heorem  3 .1 . Given a right R-module G, we have the following commutative- 
diagram o f covariant functors and of functorial morphisms of J (( fX L ,  RMod) into 
the category Ab of Abelian groups:

(G®- )1+ ------------ -—— I+( Ga - )

( G® - ) 1 _ --------------- *- I _ ( G a - )

The proof is similar to that of Theorem 1.1.
Let now (Ax, <раД  be a projective system in the category RMod of left R- 

modules, and (B'\ i[/ßX)L be an inductive system in the category ModR of right 
Л-modules. Then (3x<g>Aa, ihßX&<pXß)ixL is clearly a mixed system of abelian groups. 
We can prove as in Theorem 2.1.

T heo rem  3.2. We have the following commutative diagram o f bifunctors and 
of functorial morphisms o f ModRXRMod into Ab:

U -e -)----------------M-®-)

L i m ( - )  ®  l i m ( - )xeL «el
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A REMARK ON STRASSEN’S THEOREM
By

I. BERKES (Budapest)

Let Xx, X2, ... be i.i.d. random variables such that EXx=0, EX2 = 1 and put
n

S„— 2  Xt (S^O). Let /(л )> 0  be any function (defined on positive integers)
/= i

and let I d e n o t e  the random function in [0, 1] which is linear in the sub­
intervals [(k — l)/n,k/n] (1 ^ k ^ n )  and t (k/n)=f (n)~x Sk (0^ k s n ) .  Strassen’s 
celebrated theorem (see [5]) states that if f(n ) = (2n log log n)112 then the sequence 

>s relatively compact in C [0, 1] with probability one and the set o f  its norm- 
limit points coincides with the set

1К — | x ( / ) : x(t) is absolutely continuous in [0, 1], x(0) =  0 and J  x(t)2dt S l j .
a

The purpose of the present paper is to prove the following
T heorem. Let us suppose f(ri)/n1,2-*<» , f(n)/(2n log log n ^ fO .1 Then, with pro­

bability one, the derived set of (t) coincides with the set of all continuous func­
tions x(t) (O'^tsi 1) such that x(0) =  0 .  The same conclusion holds i f  f  (n) = in .2 

Corollary. Let us assume f  (n)/n1/2\°° 9 / (я)/(2л log logя)1/2|0  (or f  (n)=\n) 
and suppose in addition that f{ri) is regularly varying with exponent 1/2.3 Let (a, b) 
be any interval and let v„ denote the number of integers k, I s i s «  such that 
a< SJf(k)< b . Then we have lim inf v„/n=0, lim sup vjn  = 1 with probability one.

n-f-oo n-+ 00
Proof of the theorem. Let /(я )/и 1/2— , f(n)/(2n log log и)1/2Ю and put 

£яЛ ( 0 —/( я ) -1£(и0  (0 =  /S  1) where £ is a standard Wiener-process with con­
tinuous paths. Following Strassen, we first prove that the statement of the theorem 
is valid for the sequence (t) instead of t/tJT) (t). Let H  denote the set of all con­
tinuous functions x(t) (O ^ íg l) such that x(0) = 0. Since there exists a countable 
subset {x„(0} of H  which consists of continuously differentiable functions and 
which is dense in H, it is sufficient to prove that

(1) P( sup |£УЧ/) —x(/)| <  5e i.o.) — 1
o s ia i  1 2 3

1 The symbols |  and t mean convergence monotonically decreasing and monotonically in­
creasing, respectively.

2 For a result related to the case / (я) =  In  of our theorem, see [4].
3 For a definition see [2] p. 269.
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for every e>0 and for every function x(t) which is continuously differentiable 
in [0, 1] and x(0)=0. Let M denote a constant such that \x{t)\^M , let us choose 
an integer raS 2 for which г~т=^64М2, M/in-^e and put

An =  {|^y)(i7 m )-^ /) ( ( i - l ) /m ) -d x i| <  s/т  for i = 2, 3, ..., m),

Bn =  { sup | ^ л ( 0 - & л ( О 1 > £}
O s t- e í 'á l

where Axt=x(i/m)—x((i— l)/m). In the same way as in [5] we get (using the 
inequality

b 1
f  е-*г'Ч х  ё  — e—2/2 (l _ е-(ь2-аг)/2)

and the fact that lA x ^M /m )

(2)
m (zlxj +  i/m) y'mg(n) ,

Р Ш = Д  f  — e~s*l2ds S
1 2 (JXj —  elm)\mg(ri)  ̂ 71

( U * , | J  1
П  f  ^ r e~s ,2ds = c ------2 1=2
1 “ |Jx(| V'me(n) 71 g(ij) 2

is C----]--- г e~ T eMM* ^  Се-М«*(П)ш — 1
g ( n ) ~

for sufficiently large «; here g(ri)=f2(n)/n and C is a positive constant independent 
of n. On the other hand, by the choice of m and well-known properties of the 
Wiener-Process we have

m

(3) P(Bn) s 2 f ( sup |&Л (0 -& Л ( 0 '- 1) М | > £/4) =
i =  l  (£—l)/m^i==t/m

= 2 2  P(\Znn (i/m )-l;(af) ((i-l)Jm )\ >  e/4) =  4m | l -Ф  )/mg(n)jj ^

/ ч s2m
=S 4m(27t)—1/21-̂ - Уmg(/?)j_1e 32 9 ё  е -2Мгдоо

for sufficiently large n. Let us now put ak = eM2o(mk). The assumption made on /(/;) 
implies that g (л) =  log log n •/?(«) where h(n)\0, thus űt = exp (M2 log log mk*
• h(mk)) — (k log т ) м2л("‘к). Hence we get

ak + 1 =  ((fc + 1) log + 3 5  ((fc+1) log m) «2 =

r I уи2|,(",|‘) ( П  1
= ö4 1+ t J ^  Gkl 1 + T j  ^  ak+T ^ k lo§ m)1/2< ak+i/2
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for sufficiently large k. We can therefore choose a sequence /x< /2< ... of positive 
integers such that a/k~ к if & — and if we put nk = ml< then we have
e*fVK)^£ By virtue of (2), (3) this implies that 2  Р(ЛПк)= °° , 2  £(£„*)< 00

k=1 k=l
and since the events A„k (actually also the events Amk) are independent, we have 
P(A„k i.o.)—1, P(B„k i.o.) =  0. To prove (1) it remains to observe that the events 
An and f?„5 together imply the event sup |^ n (i) —x(i)|<5e (note that

sup |x(?) — лг(г')| — M/m-c-e) and thus we have by the above relations
I / — j =* 1/m

(4) P( sup |^ { 4 0 - ^ ( 0 I  <  5s i.o.) =  1.

Let now X1,X 2,.. .  be i.i.d. random variables such that EXk=0, EX{=1. 
We shall show that
(5) P( sup |«Ия (/)-* (0 1  <  7s i.o.) =  1

osrsi
for any s> 0  and for every continuously differentiable x(t)  such that x(0)=0‘ 
In view of the Skorokhod representation theorem we can assume, without loss 
of generality, that Xk=£(z1 + ... +тк) — £(тх+ ... +rk_1) for every /с&1 where 
£(?) is a standard Wiener process with continuous paths and Tj , t2, ... are i.i.d. 
nonnegative random variables such that Exk = 1. Let us fix x(t), e and let 
M, m, {nk} denote the same as above. By virtue of relation (4), for the proof of (5) 
it suffices to show that almost surely

(6) sup W{, (0 -£ i{ 4 0 l < 2e

for sufficiently large k. Let us now observe that the above form of the Xk4s and
[nil

the piecewise linearity of i i m p l y  that ф(„г>(/) lies between f(n )~ 1<;(2 T>)
[nt] + 1 i = 1

and / ( « Г 1 C ( 2  T/) f°r every 1 and thus
1 =  1

fl ( M 3 I I ([«1+1 \ 1
(7) W /) ( 0 - £ i / , (0l S /(n )  1 m a x ||^  Д т , |-£ (и О |,  Щ  J? t, J - £ ( hO 1

fl (  1 tní] Ч I I  ( 1  [ n t ] + l  Л II
= maxJ

[nr] [n(]+l
(Here the quantities n~1 2  xi an<5 n~x 2  xi can outside of the interval [0, 1]i=l i = l
but this does not cause trouble because is defined for 0 S (< + °° .)  The
strong law of large numbers implies that for almost all со there exists an L=L(a>) 
such that for n t^ L  we have

[nf] [nr]+l
0 s  nt(l — l/2m) <  2 xt — 2  xi n t(l +  l/2m) S  2nt

i =  l  i = l

4 The symbol o„~h„ means lim a j b n= \ .
5 B„ denotes the complement of B„.
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and hence

(8) IФ(/Ч О -№ Ч О Ы  sup | ^ )(s) - ^ ) (s') | o s / s i ,т ш ь .0^s<s'^2 
\s —  s'|^l/m

[ml [m l+ l
On the other hand, for a fixed со, i  ( 2  fi)> Í ( 2  zi) take only finitely many va-

i  =  l  i  =  1

lues and £(nt) is bounded for O ^n t^L , thus the first relation of (7) gives
(9) М 'Ч О -Й 'Ч О ^ /О О -ч ?  (0 á d i s L )
where 7? depends only on m. By (8) and (9) we have almost surely for sufficiently 
large n

W/)( 0 - £ i / ) (0l =  sup |&л (в)-& л (01 +  е =  T„ + e0^s<s'^2 
|s— s,|^l/m

Put С„={Г„йе}. Exactly in the same way as in (3), we get P(Cn)^2e~iM*9{"K 
Hence eM2e(”k) ^ k  and the Borel—Cantelli lemma yields T„k<E almost surely 
for sufficiently large k. The latter relation, together with (10), evidently implies 
(6) and the proof is complete.

In the case /(« )  =  /«  the statement of the theorem is almost evident. Let 
x (t) be a function which is continuous in [0, 1] and x(0)=0. Put

A. — { sup | ^ л (0~*(О1 -= <=}’ £> = {sup |í (í) - jc(/)| <e}
0 SÍS1 osrsi

where £(t) is a standard Wiener process with continuous paths and £>0 is a 
continuity point of the d.f. of the random variable sup |£(t) — x(/)|. Since there

0 S Í S 1

exist arbitrary small e’s having this property, it suffices to show that P(Dn i.o.)=l 
for any such value of £. By Donsker’s invariance principle (see [1] p. 68) we have 
lim P(Dn) = P(D) and here the limit P(D) is known to be positive (see [3], p. 30).

П - * о о

Therefore we have P(Dn i.o.)>0 and the proof is completed by applying; 
the zero-one law.

To obtain the corollary let us write f  (n)=nl,2(p(n) where (pin) is a slowly 
varying function. We show that, for any given 0<<5<1, the event

En = {af(k) <  Sk <  bf(k) for Sn ^  к S «}
ovcurs for infinitely many n with probability one; this statement evidently implies; 
lim sup v„/n= 1. Now En can be written as follows:

Л-*-оо

-■“ {“ F tг
<P(k) Sk
(pin) ^  fin ) I n

к (pik)
Н П)

for ön — к - } •
Since cpin) is increasing and slowly varying, for any given £>0 there exists an 
n0=n0ie) such that for дп^кШп, й ё п л we have 1 — £-<<p(Á:)/<p(n)á 1. Hence, 
applying the theorem for xit) = cyt where a<c<Z> we get that E„ occurs infinitely 
often. The relation lim inf vjn=0  is trivial from the fact that lim sup vjn = L

П -* °o n-*- <=o
is valid also for intervals ia'b') disjoint from (a, b).

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



A R E M A R K  O N  S T R A S S E N ’S T H E O R E M 2 3 7

References

[1] P. B il l in g s l e y , Convergence o f  probability measures. Wiley (New York, 1968).
[2] W. F e l l e r , An introduction to probability theory and its applications. Vol. II. Wiley (N ew  York,

1966).
[3] D. F r e e d m a n , Brownian motion and diffusion. Holden—Day (San Francisco, 1971).
[4] H. R o o t z é n , Rényi — mixing and functional limit theorems for martingales, Proc. Seventh

Prague Conference and European M eet. Statist. 1974 (to appear).
[5] V. St r a s s e n , An invariance principle for the law of the iterated logarithm, Z. Wahrscheinlich­

keitstheorie verw. Gebiete, 3 (1964), 211—226.

(Received September 20, 1977)

M ATH EM A TICA L INSTITUTE
O F THE H U N G A R IA N  A CAD EM Y  O F SCIENCES, 
1053 BUDAPEST, REÁLTANODA U. 13— 15.

Acta Mathematica Academlae Scientiarum Hungaricae 34, 1979





Acta Mathematica Academiae Scientiarum Hunqaricae 
Tomus 34 (3— 4 ), (1979), 239—243.

MATRICES WHICH MAXIMISE ANY ANALYTIC
FUNCTION

Bv
N. J. YOUNG (Glasgow)

Rapid convergence of an iterative process in numerical linear algebra often 
depends on whether the powers Am of some иХи matrix A become small (in some 
sense) quickly enough. Such considerations led Vl. Pták [2] to raise the question 
as to how large \\Am|| could be for иХи matrices A satisfying ЦЛЦ S i  and p(A)=0, 
where p is a polynomial of degree n having roots of absolute value less than one 
and II • II denotes the operator norm on и-dimensional Hilbert space. He proved 
that the maximum value is attained when A is the restriction of the unilateral back­
ward shift S on U to a certain и-dimensional subspace K„ of L: in fact K„ = 
= {.v<E/2; p(S).v=0}.

This result has been greatly generalised by B. S z . - N a g y  [3]. He has shown 
that if tp, \jj are bounded analytic functions in the open unit disc then the maximum 
of \\il/(A)\\, over all completely non-unitary Hilbert space operators A satisfying 
H^ll^l and tp(A) = 0, is attained when A is the restriction of S  to K(p = 
=  {v6/2: tp(S)x=  0}, where S again denotes the backward shift on /2.

Sz.-Nagy’s theorem has a very striking qualitative consequence; there is an 
extremal operator for the problem in question which depends only on <p and is 
independent of t/r. In the finite-dimensional case it follows that to each tp there 
corresponds a matrix with a very remarkable extremal property, and it is natural 
to ask how to find such a matrix. Let us consider the problem of determining

where p is a monic polynomial of degree и whose roots lie in the open unit disc 
and /  is a function analytic in a neighbourhood of the roots of p. Sz.-Nagy’s result 
shows1 that there is a matrix Ap, satisfying the constraints of (1), for which 
II / (/1)|| is maximised for every / .  The purpose of the present note is to give a 
formula allowing such an extremal matrix Ap to be calculated relatively easily, 
at least when p has real coefficients.

The author [4] has already given two ways of finding such a matrix Ap, but 
both are rather unsatisfactory from a practical point of view, in that they require 
elaborate computation. They are as follows. Let T  be the companion matrix of p 
(see (8) below) and let Y be the solution of the equation

1 Although the theorem is only stated for functions /  analytic in the whole o f the unit disc 
Sz.-Nagy’s proof applies equally well to functions /  of the type discussed here.

( 1 ) sup {ll/UOII: Лел/„(С), IMII =£ 1 , p(A) = 0}

(2) \Y —T*YT = E
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where E is the nXn  matrix having (1,1) entry 1 and all other entries zero. It is clear 
that (2) has the unique solution

(3 ) Y  =  ^  j  ^  rf* ns Tn

the convergence of the series being ensured by the hypothesis that the roots of p, 
which are the eigenvalues of T, be of absolute value less than one. (3) shows that 
Y ^ I ,  so that У1/2 and Y~1/2 can be formed. By [4], Theorem 2,

(4) K = Y 1I2T Y ~ 1/2 
is an extremal matrix for (1).

The difficulty with calculating К lies in obtaining Y  and extracting Y1/2 and 
F -1/2. In the second method we let S denote the nXn shift matrix i)])
and let D be an nXn  matrix o f norm less than one. Then, by the corollary to 
Theorem 3 of [4], if

(5) Г =  (I-D D *)-1/2(S+D)(I+D*S)-1(I-D *D )1'2

is such that p(T) = 0, then Г is an extremal for (1). All that is needed, therefore, 
is to find D such that ||Z)||«=1 and р{Г) — 0. The method suggested in [4] was to 
pick D to be the diagonal matrix having the roots of p on its main diagonal: Г 
is then an upper triangular matrix with diagonal D. If the roots of p are known 
(say, glt ..., o„) then an explicit formula for Г can easily be given: in fact

Q1 S1 S2 Sl i? 2 S3 Sl£?2 0 3 S4

( 6 ) г  = 0 £?2 $2̂ 3 2̂ 03̂ 4

. 0 0 0  0

where s;= (l — р,р,)1/2. This constitutes a satisfactory solution to the extremal 
problem provided the gt are known; when they are not then Г can only be found 
by first determining the roots of p, and this is well known to be a lenthy and un­
stable process.

In the method to be described we produce a matrix D whose entries are given 
explicitly in terms of the coefficients of p and which is such that Г  in (5) satisfies 
р(Г ) = 0. In this way we obtain the desired extremal without having to solve a 
polynomial equation. It is true that it still remains to extract the square root of 
a positive definite matrix, but this is a considerably speedier and more stable 
procedure.

Let us write
(7 )
so that

(8)

p O-)

0 1 0  . .. 0

0 0  1 . . .  0

* 1 « 2  C(3 .. .  X,
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and let

(9)

0 0 .. 0 ß l
0 0 •• ß l ß z

0 ß l ßn  — 2 ß n - 1

ß x ß 2 ■■ ß n - 1 ß n

where the ßt are given by the equations

( 10)

ßi =  oq 
ß 2 =  a 2 4- ß 1 a„

< ß3 = *3 + ßlXn- l + ß2Xn

ßn  — a n +  ß i a 2 + - - -  +  ß n- i a n

В is а lower cross-triangular Hankel matrix.
T heorem . I f  p has real coefficients and the roots o f p have absolute value less 

than one, the supremum in (1) is attained when
(11) A =  ( I - B - ) - ll2T ( I - B 2)112.

P r o o f . Let S  denote the shift matrix as previously. It will be left to
the reader to verify that
(12) S + B  = T(I+BS)
(indeed (12) is equivalent to (10)). Let us suppose for the moment that I+ B S  and 
I —В2 are non-singular; we prove that Y={I—B1)~1 is a solution of (2). In view 
of (12), (2) can be written
(13) Y -(I+ S * B )~ 1(S* + B )Y (S+ B )(I+ B S)-1 = E
(the fact that the oq, and hence the ßt, are real implies that B —B*). Since

( /+ S  * £ )£ (/+ .8S) = E,
(13) is equivalent to
(14) ( /+ S  + 5 ) y ( /+ J5S')-(5*-|-Ä)F(S+£) =  E.

If Y  commutes with В then, on expanding the two products in (14), we find 
that four terms cancel, and the equation simplifies to
(15) Y -B Y B ~ S * (Y -B Y B )S  = E.
Since / — S* S=E, (15) is satisfied by Y= (I—B2)~1.

It remains to be proved that I+ B S  and I —BA are non-singular. It obviously 
suffices to prove that ||5||<1. For this purpose we appeal to the following result.

L emma. Let A1,A 2,...,A „  be commuting nXn matrices, each of norm one 
and spectral radius less than one. Then ЦА1А2... A„||<1.

This was stated and proved by Pták [1] for the case in which the A, are all equal.
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Proof. Let Vt={x£CK: \\A1Aa...A [x\\ = \\x\\}, 1 ^ /S n , and let F0=C". Each 
Vt is a subspace of C" and, by reason of the commutativity assumption, Vi+1Q Vt. 
Note that if x£ Vi+1 then necessarily
(16) \\Ai+1x  И =  ||x|| 
and so

\\A1A„...Ai(Ai+1x)\\ = M  =  M i+1*||;
thus Ai+1Vi+1QVi. If, for any /, Vi=Vi+19i {0), then Vi+1 is invariant under 
Ai+1 and hence contains an eigenvector, and it follows from (16) that Ai+1 has 
an eigenvalue of unit modulus, contrary to supposition. Thus the chain ^ 2 ^ 2 . . .  
. . .2 F „  descends strictly till it reaches {0}, and we have Vn= {0}, which is the 
desired condusion.

To apply the Lemma introduce the polynomial
(17) q(X) =  ;."р(1/л) =  1 -а„Л -а (1_1А2- . . . - а 1Лп,
and let J  denote the matrix with ones on the priucipal cross-diagonal {i-\-k=n + 1) 
and zeros everywhere else, so that the effect of postmultiplying by J  is to reverse 
the order of the columns. We have

— a2 — аз •• -a« 1

q (S )j = - a 3 - a 4 •• 1 0

1 0 .. 0 0
and now, using (9) and (10), we find that q{S)JB= — p(S). Since q(S) is non­
singular,
(18) B = -J q (S ) - 'p (S ) .

If p (/.)=(/.-  Pj) (;. -  Oo)... (7 -  o„) then

q(X) = = ( i - p i / ) ( i - 0 2 ^ ) - - ( i - e „ 4 ) .
the last step depending on the assumption that the coefficients in p be real. Thus 
q(S)~1p(S ) = A1A2... A„ where Л; =  (7— QiS)-1̂ —QtI).
Since ||5|| =  1, any matrix obtained from S by the application of a Möbius trans­
formation also has norm 1, and so ||у4,|| =  1. The At commute, and At has the 
unique eigenvalue —Qt, which has modulus less than one, by hypothesis. Hence, 
by the Lemma, \\A1A2 ...A„||«=1, and so ||5||<1 as desired.

We have now shown that the solution of (2) is Y = (I—B2)~1, and the theorem 
follows from (4).

I leave open the problem of extending the theorem to the complex case. The 
proof above suggests what the right extension might be: namely, that an extremal 
for (1) is given by Г in (5) where D=  — Jq*(S)~1p(S) and q* is given by 
q*(k)=knp {  1 Д ) - .

One of the main questions with which Pták was concerned in [2] was to find 
the supremum in (1) in the case where f (A )  = A", and I conclude with an observa­
tion about this. To find the supremum we could calculate К  using the theorem 
above, form K" and calculate its norm (for instance, by finding the spectral radius
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of K*nK"). There is, however, a short cut which saves a great deal of computation: 
in particular, it avoids the need to extract any square roots of matrices. From the 
definition of К  we have

I -K * K =  I - Y ~ 1,2T * Y T Y -112 = Y~l/2(Y -T *Y T )Y ~ 112 = Y~1,2EY~1/2,
the last step following from the definition (2) of Y. Multiplying fore and aft by 
K*j and K j, and summing from j=  0 to n— 1, we find

Thus K*nK"=B2 and so ||A2'|| =||2?||. Since В is real and symmetric its norm 
equals its spectral radius; we can therefore find the supreme in (1) simply by forming 
В and applying one of the standard routines which calculates the eigenvalue of 
largest modulus for a real symmetric matrix. This makes the problem very easy 
to solve with the aid of a computer.
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ÜBER DIE STRUKTUR LINEAR KOMPAKTER
RINGE. II

Von
PHAM NGOC ANH (Budapest)

§ 1. Einleitung

Dies ist die Fortsetzung und Ergänzung meiner Arbeit [1]. Wie auch in [1], 
werde ich die Struktur linear kompakter Ringe untersuchen. Die von uns be­
trachteten Ringe sind sämtlich assoziativ. Das Radikal eines Ringes wird immer 
das jacobsonsche Radikal bedeuten. Wir übernehmen in dieser Arbeit die Bezeich­
nungen, Begriffe und Abkürzungen aus [1], ein 1. k. Ring ist also z. B. ein linear 
kompakter Ring und ein i. e. S. 1. k. Modul ein im engeren Sinne linear kompakter 
Modul (d. h. ein vollständiger linear topologischer Modul, in dessen diskreten 
Restklassenmoduln die Minimalbedingung für Untermoduln gilt.). Da der Quer­
strich zur Bezeichnung von Restklassenringen dient, wird zur Bezeichnung des 
topologischen Abschlusses einer Menge A in einem topologischen Raum das 
Symbol cl (A) (closure) benutzt.

In der Strukturtheorie artinscher Ringe spielt der Satz von K ertész— W id ig e r  
(Satz 3 in [3] oder (K—W) in [1]), der eine vollständige Beschreibung der Klasse 
artinscher Ringe mit artinschem Radikal liefert, eine wichtige Rolle. Für linear 
kompakte Ringe mit Umgebungsbasis des Nullelementes aus Idealen gab Widiger 
eine ähnliche Kennzeichnung dieser Ringe, deren Radikal selbst ein i. e. S. 1. k. 
Ring ist, wie es in [3] oder in [1] zu finden ist. Diese Ergebnisse von Widiger lassen 
sich in gewisser Weise mit unseren Methoden zum Abschluß bringen; Jeder 1. k. 
Ring mit s. 1. k. Radikal ist eine direkte Summe voller Endomorphismenringe von 
Vektorräumen über unendlichen Schiefkörpern und eines Ringes, dessen Rest­
klassenring nach dem Radikal direkte Summe voller Endomorphismenringe von 
Vektorräumen über endlichen Körpern ist. Diese Zerlegung ist eindeutig bis auf 
topologische Isomorphie. Dieses Resultat ist auch eine Verallgemeinerung des 
Satzes von Leptin über halbeinfache 1. k. Ringe vgl. (XVII) [1].

Ein weiteres wichtiges Resultat des ersten Paragraphen ist der folgende Satz; 
Ein 1. k. Ring mit s. 1. k. Radikal hat genau dann die wedderburnsche Zerlegung, 
wenn die Summe aller Einselemente von endlichen einfachen direkten Summanden 
des Restklassenringes Rjl nach dem Radikal I  einen (nicht notwendig idempotenten) 
Vertreter e mit folgender Eigenschaft hat: Für jede Umgebung U des Nullelementes 
gibt es endlich viele verschiedene Primzahlen рг,р2, . . . ,pn mit (p1, . . . ,pn)e£U.

Hier verstehen wir unter der Wedderburnschen Zerlegung eines topologischen 
Ringes R die direkte Darstellung R = S® 1  als Gruppen wobei I  das Radikal 
von R und S  ein abgeschlossener Unterring von R sind.

Im zweiten Paragraphen beschreiben wir die Struktur von 1. k. Ringen mit 
MHL-Radikal und erhalten als Nebenprodukt, daß jeder 1. k. Ring mit MHL- 
Radikal spaltbar ist. Hier bedeutet ein MHL-Ring. einen Ring mit Minimalbedin­
gung für Hauptlinksideale.
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§ 2. Linear kompakte Ringe mit streng linear kompaktem Radikal

Wir werden in diesem Abschnitt die Verallgemeinerung des Satzes von Kertész 
und Widiger über artinsche Ringe mit artinschem Radikal für allgemeine linear 
kompakte Ringe beweisen. Nach dem Satz von Kertész und Widiger ist jeder 
artinsche Ring mit artinschem Radikal die ringtheoretische direkte Summe end­
lich vieler voller Matrizenringe über unendlichen Schiefkörpern und eines streng 
artinschen Ringes. Widiger zeigte dies in [11] für den Fall, wenn der Ring und 
sein Radikal als Ring i. e. S. 1. k. mit einer Umgebungsbasis des Nullelementes 
aus Idealen sind. In [1] haben wir bewiesen, daß die von Widiger erreichten Ergeb­
nisse auch dann gültig bleiben, wenn wir nicht voraussetzen, daß eine aus Idealen 
bestehende Umgebungsbasis des Nullelementes existiert. Der Preis dafür ist die 
Bedingung, daß ein sogenanntes vollständiges System idempotenter Elemente mit 
der Eigenschaft (V) existiere. In diesen Sätzen wird die Struktur 1. k. Ringe durch 
eine Klasseneinteilung der halbeinfachen 1. k. Ringe gekennzeichnet. In [1] teilen 
wir die einfachen 1. k. Ringe im zwei Klassen ein; die erste bzw. zweite Klasse 
besteht aus allen unendlichen bzw. endlichen Ringen. Für artinsche Ringe und
1. k. Ringe mit einer Umgebungsbasis des Nullelements aus Idealen ist genau dann 
ein einfacher Ring der ersten bzw. zweiten Klasse, wenn er ein voller Matrizenring 
über unendlichem bzw. endlichem Schiefkörper ist. Für einfache 1. k. Ringe ist 
die Situation komplizierter, da der volle Endomorphismenring eines Vektorraumes 
unendlicher Dimension über endlichem Körper unendlich ist. Dies erklärt, warum 
wir die Eigenschaft (V) voraussetzen müssen. Es ist bequemer, wenn wir einfache
1. k. Ringe nach ihren Grundschiefkörpern klassifizieren. Wir verstehen hier unter 
einem Grundschiefkörper eines einfachen 1. k. Ringes R den bis auf Isomorphie 
eindeutig bestimmten Schiefkörper, über dem es einen Vektorraum gibt, dessen 
Endomorphismenring mit R isomorph ist.

Es sei jetzt R ein 1. k. Ring mit dem Radikal I, welches bezüglich der von 
R induzierten Topologie ein streng linear kompakter Ring ist. Nach (XVII) [1] 
ist R= R/I die direkte Summe einfacher 1. k. Ringe

2  R»>лег*
Dann ist jedes Rß ein voller Endomorphismenring eines Vektorraumes über 

einem Schief körper Sß. Wir bezeichnen mit ёц das Einselement von Rlt. So ist 
e= ^  eЦ das Einselement von R. Die Menge Г besteht aus allen Indezes /i in

per*
Г*, für die die Sß unendlich sind. Es sei dann Г'= Г*—Г. Wegen (XX) [1] gibt 
es dann ein System orthogonaler idempotenter Vertreter {e , ц£Г*} von {ёц, ц£Г*}, e 
von e, so daß

e = 2  eu, = e^e = e , eßev =  0, ц Ф v, ц, v£T*
цег*

gilt. Daraus folgt die Summierbarkeit jedes Teilsystemes von {eti, ц£Г*}, insbesondere 
die Summierbarkeit von {ец, /i£F}. e* bezeichne die Summe von {ein /<£Г}е* =  
= 2  ep- Aus Satz 5 [1] wissen wir, daß Rtl = eflRefl halbeinfach und ец1=0

per
für alle ц£Г  sind.

Hilfssatz 2.1. Es gilt IeM= 0  für alle /tgF.
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B ew eis. Wegen der Halbeinfachheit von Rß ist Rß ein voller Endomorphis­
menring eines Vektorraumes über dem unendlichen Schiefkörper Sß. Daraus folgt 
ец= 2  ецб> wobei {eßö, ö£Aß} ein vollständiges System minimaler orthogonaler

б£Ац
Idempotente von Rfl bildet und Rßs=eßiRß = eßöReßi für jedes ö£Aß mit Sj, 
isomorph ist. Für jedes beliebige, aber feste Element a aus /  bil det die Abbildung

4P- Rns~*I, <p(x) = ax, x£R„ö

den Schiefkörper Rßö in den R^-Rechtsmodul /  ab. Es zeigt sich unmittelbar, 
daß tp ein stetiger Rß6-Homomorphismus ist. Deshalb ist (p(RßS) ein s. 1. k. Modul. 
Da Rßö diskret ist, ist <p(Rßi) eine Gruppe mit Minimalbedingung für Untergruppen. 
Weil RßS ein Schiefkörper ist, ist cp entweder trivial oder injektiv. Das letztere ist 
unmöglich, da Rßö nach unserer Voraussetzung keine Gruppe mit Minimalbedin­
gung für Untergruppen ist. Also ist IeßöReß5 = Ieß0=0 für jedes ő aus Aß. Aus 
eß = JV eßö folgt die Gleichung leß = 0 nach (XXVI) [1].

ö£Afi
H ilfssatz 2 .2 . Rß ist für alle /<€ Г ein Ideal von R und deshalb abgeschlossen in R.
B ew eis. Seien nämlich x, у  beliebige Elemente aus R. Dann gilt ё11хё11у = 

= eflxyi/l, weil eß im Zentrum von R liegt. Das besagt aber eßxeßv — eßxyeß£I. 
Wegen eßI=  0 folgt nämlich eßxeßу = eßxyeß^R ß. Andererseits gilt yeßxeß =  
= eßyxeß, woraus wir yeßxeß — eßyxeßCI erhalten, und wegen Ieß = 0 folgt un­
mittelbar yelixeß=eßyxeßdRß. Also ist Rß ein Ideal von R  für jedes /<€Г. Da 
Rß nach (XIX) [1] i. e. S. 1. k. ist, ist Rß in R abgeschlossen. Somit ist der Beweis 
von Hilfssatz 2.2 erbracht.

Es sei jetzt В das vollständige Urbild von Rp beim natürlichen Epimorphis-
_ per

mus von R auf R. В ist offenbar ein abgeschlossenes Ideal von R. Da für jedes 
HdreßI=Ieß= 0 und der Durchschnitt von Г und Г' leer sind, gilt eßB=Beß = 0 
für jedes g aus Г. Daraus und aus (XXVI) [1] haben wir e*B=Be*—e*I=Ie* = 0. 
Wir betrachten den Unterring e*Re*. Für irgendzwei Elemente x, у  in R haben
wir ё*хё*у — ё*хуё* und уё*хё*=ё*ухё*, da ё*= JV eß und die eß (p.£ Г) im
Zentrum von R liegen. Dies zeigt, daß e*xe*y — e*xye*, e* yxe* —ye*xe*£l gilt. 
Aus e*I=Ie*=0 folgen dann e*xe*y=e*xye*(zl und ye*xe*=e*yxe*£l. Also 
ist e*Re* ein Ideal von R. Wegen e*B=Be* = Ie*=e*I—0 sind die Gleichungen 
e*Re*P\B=e*Re*f)I=0 gültig. Nach (XIX) [1] ist dann e*Re* ein halbeinfacher 
1. k. Ring. Daraus und wegen e* — 2  ep ist e* Re* die direkte Summe von 
Ringen Rß mit /i£E. "er

Ist jetzt x£R  beliebig, so x=e*xe*+(x — e*xe*) wobei e* xe* Ce*Re* ist und 
x —e*xe* offensichtlich in В liegt. Dies zeigt, daß R mit der ringtheoretischen 
direkten Summe e*Re*\±\B isomorph im algebraischen Sinne ist.

Die Isomorphie ist auch topologisch. Es sei nämlich Ul bzw. U2 eine beliebige 
Umgebung von 0 in e*Re* bzw. in B. Es ist klar, dass t/j =  С/Пe*Re*, U2= U 'H R  
mit gewissen Umgebungen U, U' aus R erfüllt sind. Deshalb genügt es sich auf 
den Fall 1/г = UüC\e*Re* und U2=U0C\B(U0=UC\U') zu beschränken. Wählen 
wir dann die Umgebungen W, Vx, V2, sodass die folgenden Bedingungen

e*V1e* c  U0, V2-e*V 2e* c  U0, WQ V1DV2
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-gelten. Für ein beliebiges Element w£ W  haben wir dann
e*we*ee*V1e*C\e*Re* g  U0C\e*Re* =  Ux

w - e * w e * e ( . V 2 - e * V 2 e * ) ( j B  Q  U „ C \ B  =  U 2 .

Folglich gilt w—e*we* + (yv — e*we*)^U1+U2 für alle w f W.
Bisher haben wir also bewiesen, daß es für alle 1. k. Ringe R mit s. 1. k. Radikal 

eine ringtheoretische direkte Zerlegung gibt:

< i )
h í t

wobei für jedes p^rR ti der volle Endomorphismenring eines Vektorraumes über 
unendlichem Schiefkörper und der Restklassenring von R* nach dem Radikal 
direkte Summe von Endomorphismenringen von Vektorräumen über endlichen 
Körpern sind.

Sei neben (1) noch die Darstellung

r  =  2  д а * '
h'í P'

mit der obigen Eigenschaft gegeben. Da

R /i sí  2  R M R *H) =  2
Hír H’í r

gilt, gibt es wegen der Eindeutigkeit von halbeinfachen 1. k. Ringen eine einein­
deutige Abbildung g—g' zwischen Г und Г', so daß für jedes g£F ist.
Also gilt

R * siR / 2  RH = RI 2  К  = R*'-
Hír H’í r

Wir fassen die Ergebnisse dieses Paragraphen zusammen:
Satz. (I) Jeder l. k. Ring mit s. I. k. Radikal besitzt eine ringtheoretische direkte 

Darstellung der Form
R  — 2

H í r

wobei für jedes nJ rR fi der volle Endomorphismenring eines Vektorraumes übereinem 
unendlichen Schiefkörper und der Restklassenring von R* nach dem Radikal direkte 
Summe voller Endomorphismenringe von Vektorräumen über endlichen Körpern sind.

(II) Die obige Darstellung ist eindeutig bis auf Isomorphie.
Als Folgerungen dieses Satzes betrachten wir folgende zwei Fälle:
1) Es sei R  ein linksartinscher Ring mit linksartinschem Radikal. Da jeder 

linksartinscher Radikalring eine Gruppe mit Minimalbedingung für Untergruppen 
ist, erhalten wir in diesem Fall nach Satz 1 die Ergebnisse von K ertész 
und W idig er  [3].

2) Es sei R ein 1. k. Ring mit einer Umgebungsbasis des Nullelements aus 
Idealen und mit i. e. S. 1. k. Radikal. Da jeder i. e. S. 1. k. Radikalring mit einer 
‘Umgebungsbasis des Nullelements aus Idealen s. 1. k. ist, erhalten wir in diesem 
Falle die Ergebnisse von W i d i g e r  [11].
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Es sei nun R ein topologischer Ring mit Radikal J. Wir sagen, daß R  die 
wedderburnsche Zerlegung besitzt, wenn R  in der Form R = S® I  als Gruppe 
mit einem passenden abgeschlossenen Unterring S darstellbar ist. Der Unterring 
S heißt dann Wedderburnscher Faktor von R.

Für kompakte Ringe bewies N umakara [7] den folgenden Satz:
Es sei R ein kompakter Ring und ё das Einselement des Restklassenringes 

R/I von R nach dem Radikal I. R hat genau dann die wedderburnsche Zerlegung, 
wenn ё einen (nicht notwendig idempotenten) Vertreter e mit folgender Eigen­
schaft besitzt:

Für jede Umgebung U des Nullelementes in R gibt es endlich viele verschiedene 
Primzahlen px, ...,p„ mit (px - p j ) U .

Es sei jetzt R ein 1. k. Ring mit s. 1. k. Radikal I. Dann ist

R = R / I =  2  R„= 2пег цег

direkte Summe einfacher 1. k. Ringe Rß mit dem Einselement <?„. Es ist bekannt, 
daß es in R ein System orthogonaler idempotenter Vertreter {eß} von {ё^} und e 
von ё—^ ё ^  gibt, so daß

e ^  eß, eße eß, eßev 0, p v

für jedes p aus Г gilt._Wegen Satz 5 [1] ist eßI= 0 für jeden unendlichenRing 
R Dies zeigt, daß eßReß einfacher 1. k. Ring für jeden unendlichen Ring Rß ist. 
Es sei R* — 2R,u die direkte Summe aller endlicher Ringe Rß. Dann ist R* ein 
kompakter Ring. Es sei R* das vollständige Urbild von R* beim natürlichen Homo­
morphismus von R auf R. Offensichtlich hat R genau dann die wedderburnsche 
Zerlegung, wenn R* diese hat. Da I  s. 1. k. ist, ist auch R* s. 1. k. Es sei jetzt ё* das 
Einselement von R*. Dann hat ё* einen idempotenten Vertreter e* in R*. So gilt 
R*=e*R*e*@e*R*( 1 -e*) +  (l -e*)R*e*®( 1 ~e*)R*( 1 -e*), wobei c*i?*(l-e* ) = 
= {e*a—e*ae*\ a£R*}, (\-e*)R*e*=(ae*-e*ae*\aeR*}, ( l-e* )R * (l-e* )  = 
= {a-e*a-ae* + e*ae*\a£R*} ist. Offensichtlich liegt e*Ä *(l-e*)® (l-e*) R*e*® 
®(1 — e*)7?*(l — e*) im Radikal I. Andererseits ist klar, daß e*R*e* ein s. 1. k. 
Ring mit Einselement ist. Für ein beliebiges, offenes Linksideal L in K=e* R*e* 
ist KIL eine Gruppe mit Minimalbedingung für Untergruppen. Deshalb gilt KjL = 
= D@E, wobei D bzw. E  eine teilbare bzw. endliche Untergruppe von KIL ist. 
Besteht D nicht nur aus dem Nullelement, so ist D direkte Summe endlich vieler 
quasi-zyklischer Gruppen. Dies ist ein Widerspruch, da К/L  ein zyklischer A-Modui 
ist. Also ist К/L für jedes offene Linksideal L in К endlich, d. h. К ist ein kom­
pakter Ring. Daraus folgt, daß R genau dann die wedderburnsche Zerlegung besitzt, 
wenn К  diese hat. Also erhalten wir aus dem obigen Satz von Numakura

Satz 2. Es sei R ein l. Ic. Ring mit s. I. k. Radikal I. Es sei ё* das Einselement 
der direkten Summe aller endlichen einfachen direkten Summanden von R/I. R hat 
genau dann die Wedderburnsche Zerlegung, wenn ё* einen (nicht notwendig idem­
potenten) Vertreter e* mit folgender Eigenschaft hat:

Für jede Umgebung U des Nullelementes in R gibt es endlich viele verschiedene 
Primzahlen px, ... ,p n mit (px...pj)e*£ U.
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§ 3. Linear kompakte Ringe mit iVTHL-Radikal

Wir wollen nun die Struktur 1. k. Ringe, deren Radikal als Ring ein MHL-Ring 
ist, untersuchen. Nach [8] ist jeder MHL-Radikalring ein Torsionsring. Es sei jetzt 
R ein 1. k. Ring mit MHL-Radikal I. Bekanntlich [8] ist jeder MHL-Radikalring 
transfinit r-nilpotent ist. Deshalb ist Я in der gröbsten linear kompakten Topologie 
i. e. S. 1. k. Daher können wir voraussetzen, daß Я ein i. e. S. 1. k. Ring ist. Nach 
(XVII) [1] ist

R =  R /I  = 2  Rß
пег* per*

direkte Summe einfacher 1. k. Ringe R mit Einselement 2  ist das Eins-
_ цег*

element von R. Nach (XX) [1] gibt es ein System orthogonaler idempotenter Ver­
treter {e/t, g£F*} von {ё/1, ц£Г*} und e von e* so daß

e  =  2  een — ene  =  V .  =  °> g ^ v ,  Ц, v € F *  пег*
gilt. Weger (XVI) [1] ist dann jedes Rß ein voller Endomorphismenring eines Vektor­
raumes über einem Schiefkörper Sß. Es sei Г die Menge aller g aus Г*, für die die 
Sß Schiefkörper mit der Charakteristik 0 sind.

H ilfssatz 3.1. Für alle g€T  gilt eßIeß = eßI=Ieß=0.
Beweis. Wegen (XIX) [1] ist Rß=eßReß ein primärer i. e. S. 1. k. Ring mit dem 

Radikal Iß=eßIeß für jeden beliebigen Index g in Г. Erstens nehmen wir an, 
daß 7Д entgegen unserer Behauptung nicht nur aus dem Nullelement besteht. Wenn 
Iß A(0) ist, so betrachten wir den Restklassenring /?,,jcl (/,;) nach dem Abschluß 
cl (7,7) von I*. Es gilt natürlich Iß^cl (lp), da sonst (Iß)i =Iß für alle Ordnung­
szahlen c, im Widerspruch steht zur Voraussetzung, daß Iß transfinit nilpotent und 
7И= (̂0) sind. D a I  ein MHL-Radikalring ist, so ist I ein Torsionsring. Deshalb 
sind lfL und so auch IJc\(Iß) Torsionsringe. Da (/д/с1 (/д))2 =  0 ist, genügt es, 
sich auf den Fall mit 7Д = 0 zu beschränken. Dann wählen wir ein beliebiges, 
aber festes Element a£lß. Wir bilden den RM-Modul Rß = Rß/Iß vermöge cp in den 
Rß-Modul Iß ab:

ep: Rß ~* Iß, ep(x) = xa, x£R„, x£Rß
wobei л: ein Vertreter der Restklasse x in Rß ist. ep ist unabhängig von der Wahl 
des Repräsententen aus der Restklasse x, denn für jedes b£lß gilt ba= 0 wegen 
7Д =  0. ep ist evident ein Rß-Homomorphismus, ep ist stetig, weil die Multiplikation 
in Rß eine stetige Funktion ist. Der Kern _ker (Ф) des Homomorphismus ep ist 
deshalb ein jibgeschlossenes Linksideal von Rß. A lsojst ker(<p) ein direkter Sum­
mand von Rß. Dies zeigt, daß das Bild im (ep) von Rß Torsionsfrei ist. Aber das 
Radikal Iß ist ein Torsionsring, so ist ep trivial, d. h. ep(Rß) = 0. Dies würde be­
deuten, daß xa =  0 für alle x aus Rß wäre; Rß hat aber nach seiner Definition das 
Einselement efl. Dieser Widerspruch zeigt, daß eßleß=0 gilt. Also ist jetzt R ß 
ein einfacher 1. k. Ring. Nach (XVI) [1] gibt es in Rß ein vollständiges System 
{eßS, ö£Aß} minimaler orthogonaler Idempotente. Für jedes beliebige, aber feste 
Element a£7 bildet die Abbildung

ept: eßiReß S I, ep(x) =  xa, x£eßöRßeßi
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bzw. die Abbildung
<PC- e„s Rß e„s -  I, <Pr(x) =  ах, R)t ецд

den mit Sß isomorphen Schiefkörper R,lö = ellS R/t ellh in den Lin ksbzw. Rechts­
modul I  ab. Es zeigt sich unmittelbar, daß tpt bzw. tpr ein stetiger R^-Links-bzw. 
Rechtshomomorphismus ist. Da RflS ein Schiefkörper mit der Charakteristik 0 
und I  ein Torsionsring sind, sind tpi und tpr trivial. Also gilt Ießi=eliaI=  0.
Aus e  ̂— 2  eud folgt nach (XXVI) [1] Ielt = eltI=0.

<kur
H ilfssatz  3.2. eß Reß ist für alle р£Г Ideal von R und deshalb abgeschlossen in R.
Der Beweis verläuft völlig analog zu dem Beweis von Hilfssatz 2.2.
Nach der obigen Vorbereitung kann man den folgenden Satz ohne Mühe 

mit Methoden des Beweises vom Satz 1 einsehen:
Satz 3. Es sei R ein l. k. Ring mit MHL-Radikal. Dann besitzt R die folgende 

direkte Zerlegung:
R = 2

wobei die Ru volle Endomorphismenringe der Vektorräume über Schiefkörpern mit 
der Charakteristik 0 sind und der Restklassenring von R* nach dem Radikal direkte 
Summe voller Endomorphismenringe von Vektorräumen über Schiefkörpern mit der 
Charakteristik p ist, wobei p Primzahl ist.

Diese Zerlegung ist eindeutig bis auf topologische Isomorphie.
Ein Ring R heißt spaltbar, wenn das maximale Torsionsideal T  von R ein ring­

theoretischer direkter Summand von R ist. Aus Satz 3 folgt unmittelbar
Satz 4. Jeder l. k. Ring mit MHL-Radikal ist spaltbar.
Wir bemerken hier, daß die Frage, ob jeder i. e. S. 1. k. Ring spaltbar ist, 

noch ungelöst bleibt.
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THE EXTENSION PROPERTY OF ORDERINGS
By

I. CHAJDA (Prerov)

A. Day states in [1] that the Congruence Extension Property is equivalent 
to the Principal Congruence Extension Property on every class of algebras closed 
under the formation of subalgebras. A new proof of Day’s theorem that avoids 
the use of the Axiom of Choice is given in [3]. It is a natural question under which 
conditions a similar statement can be true also for orderings. Since orderings on 
a given algebra need not be closed under the formation of upper bounds, the in­
vestigated problem is relativized for the case of bounded orderings only.

Let 31=(A, F) be an algebra and R a binary relation on A, i.e. R Q A X A .. 
Call R compatible with 31 provided the implication

(a„bi)€R  (i =  1, ...,n)=> (f(a1, f (b lt . . . , bJ )£R

is valid for each и-ary feF.
By an ordering on Hi a partial ordering (i.e. a reflexive, transitive and anti­

symmetric binary relation) which is compatible with 31 is meant. Denote by IA 
the identity relation on A, i.e. (a, b)elA if and only if a—b. Clearly, IA is an ordering 
on 31. If 33=(B, F) is a subalgebra of 31, the restriction of R Q A X A  onto В is 
denoted by R\B (i.e. R\B = Rr\(BxB)).

The following lemma is clear:
Lemma 1. Let 23 = (B, F) be a subalgebra o f 31 and P an ordering on 31. Then 

P\B is an ordering on 23.
Let I? be a relation on a set A. Recall the known concept of a transitive hull 

R T of R: {a, b)£RT if and only if there exist elements a0, , an(A  with a0 — a,
a„ = b and (аг_1 , for each i= \ .......n. The transitive hull RT is (in the sense
of set inclusion) the least binary relation on A containing R which is transitive. 
Provided R is reflexive and compatible with 21, also RT is compatible with 
21 (see [4]).

It is well-known the following
Lemma 2. Let 21 = (T, F) be an algebra and P an ordering on 21. The set 

SA (31, P) of all orderings Q on 31 with Q^=P forms a complete lattice with respect 
to the set inclusion. The least element in ?A(21, P) is IA, the greatest one is P; the lattice 
meet coincides with the set intersection and the lattice join V ; у£Г} is the transit­
ive hult o f the union и{Д,; у er}.

D efinition 1. Let P be an ordering on an algebra 31 =  (A, F) and a, be A 
with (a, b)e.P- By P,n (a, b) we denote the set intersection of all orderings Q on
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'Л with {a,b)(iQ if such Q exists, and is equal to JA otherwise. It is called a 
principal ordering on 21 (generated by (a, b)).

R em ark . Like in the Lemma 2, it can be easily shown that P.}l(a, b) is also an 
ordering on Л. Clearly P.n(a, b)QP, thus P^(a, bff&f)it, P). Hence, Pm(a, b) is the 
meet of all orderings in ^(21, P) containing (a, b).

Lemma 3. Let P be an ordering on an algebra 21=(Л , F). Then Q = 
= V {Рщ(а, b); (a, b)c_Q) in ^(21, P) for each g £^ (2 l, P).

The proof is easy and is left to the reader.
The following statement is a generalization of G o ld ie’s lemma formulated 

in [2] for congruences:
Lemma 4. Let © =(B, F) be a subalgebra o f *31—(A, F), R a relation com­

patible with Л such that IBc= R and S a transitive relation compatible with © such that 
R\BQS. Put D = [B~\R = {x\x£_A and (x,y)€_R for some у  dB). Introduce a binary 
relation S(R) on D by the rule
(* ) (u,v)d.S(R) iff (u ,x)dR , (x, y)dS, (y,v)€R for some x, y£B.
Then

(a) — F) is a subalgebra o f 91,
(b) S(R) is compatible with Ft and S(R)\B= S,
(c) i f  R is transitive, then S(R ) is also transitive,
(d) i f  P is an ordering on 21 and R, SQ P  are reflexive and transitive, then 

S(R) is an ordering on Я).
P r o o f , (a) Let f f F  be n-ary and ax, , a„fD. Hence (ah b f f  R for some 

bx, ..., bn£B and, since R is compatible with 21, also ( f ( a x, ... ,  an), f  (bx, b„))dR. 
As © is a subalgebra of 21, we have f ( a x, , a ,ff D proving 3> = {D, F) is a 
subalgebra of 21.

(b) Since IB<bzR\BQ S, the transitivity of S  implies
s = ib-s -ib g  r \b -s -r \b g  s -s -s=  s.

Hence S= R \B -S-R \B . By (*), S (R)\B = R\B • S ■ R\B, thus S(R)\B = S. The 
compatibility of S(R) with Q) follows directly from this property of R, S.

(c) Suppose the transitivity of R. Let (a, b)dS(R) and (b, c)dS(R). By (*), 
there exist x, y, z, wdB with (a, x)dR, (x, y)dS, (y, b)£R and (b, z)&R, (z, w)£S, 
(w, c) 6 R. Since R is transitive, we have (y, z)d R. However, y, z(B  and R\BQ S, 
thus (y, z)dS. The transitivity of S implies (x, w)£S, and by (*), we have 
(a, c)d S(R) proving statement (c).

(d) By (b), S(R) is compatible with 3), by (c) it is transitive. The reflexivity 
of S(R) is clear. As R, SQP, also S(R)QP, thus S(R) is also antisymmetric.

D efinition 2. Let P be an ordering on an algebra 21. We say that 21 satisfies 
the P- (Principal) Ordering Extension Property if for each subalgebra © =  (ő, F) 
of 21 and every (principal) ordering Q on © with QQP  there exists an ordering 
Q on 21 suchthat Q\B = Q (the so called extension of Q onto the whole 21).

Lemma 5. Let P be an ordering on an algebra 2L Then 21 satisfies the P-Principal 
Ordering Extension Property i f  and only i f  for each subalgebra © = (Л, F) o f 21 
and every a, b f B, (a, b )f P, we have Ря(a, b) = PS1 (a, b) B.
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P r o o f . Since (a,b)£P, P,n(a, b) is correctly introduced and, by Lemma 1,
P.2l(a, b)\B is an ordering on 93 containing the pair (a, b). Hence P,s (a, b)Q 
QPn(a, b)\B. As 91 satisfies the P-Principal Ordering Extension Property, there 
exists an ordering Q on 91 with Q \B  = Pv (a, b)._ As Pm(a,b) is the least ordering 
on 91 containing (a, b), we conclude P,ix(a, b)QQ, thus Р<ц(а, b)\BQ Q\B = P,B(a, b) 
proving the converse inclusion.

T h e o r e m . Let P be an ordering on an algebra 91. The following conditions 
are equivalent:

(a) 91 satisfies the P-Ordering Extension Property,
(b) 9Í satisfies the P-Principal Ordering Extension Property.

P r oof . Clearly (a)=>(b). Prove the converse implication. If 'íí=(C, F) is 
a subalgebra of 9Г=(Л, F) and Q an ordering on (ß with Q (= P, then by Lemma 2 
there exists the least _ordering Q on 9t satisfying Qlc§ Ö- By Lemma 3, 
0  = \l {P.}l(x, y); (x, y)eQ}.  However, also Q* =  V {P9,(x, y); <x, y}€6} satisfies 
clearly Q*\c2Q  and Q* = Q> thus, by the minimality of Q, we have

Q = V{Pa,(x, y); <x ,y ) e 0 .

We want to show Q\C = Q■ In the wiew of foregoing, (b)=>(a) js equivalent to
(* *) For every subalgebra #=(C , F) of 91 and an arbitrary ordering Q on 7) 

with QQP, if a, b£C, (ah b-)£Q for ah b fC  (/=1, ..., n) and x0, ..., xn£A 
such that x0~a, xn = b and ( х ^ ъ х^)£Рш(ах, bx) for i =  l, ..., n, then (a, b')£Q.

We prove (* *) by induction on n. For n — 1 it is obvious by Lemma 5 since 91 
satisfies the P-Principal Ordering Extension Property. Assume n>  1 and (* * )  
is valid for w-1. Set Т> =  [С]Лл(Ял,bn), £?0= V {РЛъ, bt); i= l, in 0>(<ё,Р|c),
T=Q0(P,2l(a„, bn)) (the symbols like in Lemma 4). Since 91 satisfies P-Principal 
Ordering Extension Property, we obtain P^{an, Ьп)\с Я Q0. Thus, by Lemma 4 
(a), 3>={D, F) is a subalgebra of 91 and, by Lemma 4 (d), T  is an ordering on Os. 
Further, by Lemma 4 (b), T\C=Q0= Q • Now we observe that 3j, T  and a=x0, 
x1, . . . ,x „ _ 1, and a1,b l , ..., а„_г, Ь„_г satisfy assumption (* * )  for n — 1, hence 
(a, xn_1)£T. By Lemma 4 (с), T  is transitive, i.e. (a, tí)£T. As a, b£C  and T\c = 
= Q0QQ, we conclude (a,b)£Q  proving (* *) for all integers. The proof 
is complete.
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ON THE COMMUTATIVITY OF CERTAIN RINGS
By

B. FELZENSZWALB (Rio de Janeiro)1

In [3] H erstein have proved that if R is a ring satisfying the identity (xy)n = 
= x"yn for a fixed integer n>  1, then the commutator ideal of R is nil. Recently 
[6, Theorem 2], A. K aya have proved that a ring R with unit element such that 
for every x ,y£ R

(1) ( * #  = xkyk, k = n (x, у), n(x,y) +1, n (x, y) + 2
where n(x, y) is an integer >1 which depends on x and y, is commutative if it 
is a primary ring or if it is semiprime. Moreover [6, Theorem 1] if R is a semisimple 
ring (not necessarily with 1) such that for every x,y£R  the identities (1) hold for 
just two consecutive integers, then R must be commutative. In this paper we shall 
prove the following:

T heorem  1. Let R be a ring with unit element in which for every x, у  O R there 
exists an integer n(x,y)>  1 such that

{xy f = xkyk, k — n (x, y), n (x, >')+!•

Then the commutator ideal o f R is nil. Equivalently, i f  R has no nonzero nil ideals, 
then R must be commutative.

Localizing the problem we shall also prove:
T heorem  2 . Let R be a ring with no nonzero nil right ideals. Suppose that a( R 

is such that for every x£R
(2) (ax)k — akxk, k = n(x), n(x) +1, n(x) +  2
where n (x) is an integer =* 1 which depends on x. Then a is a central element.

In the proof of Theorem 2 we also show that if R is a semisimple ring and 
a£R is such that for every x£R the identities (2) hold for just two consecutive in­
tegers, the conclusion that a is central remains valid.

Proof o f T heorem 1. Let a^R be non-nilpotent and let Ua be an ideal of R 
maximal with respect to the exclusion of all powers of a. Then Ra=R/Ua is a ring 
with the property that every nonzero ideal in Ra contains some power of 
ü=a+U a (so Ra has no nonzero nil ideals). Moreover Ra inherits the hypothesis 
placed on R. Since, as a runs over the non-nilpotent elements of R, П  Ua is a nil

1 This work was supported by FINEP, BRAZIL.
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ideal, the result will follow if we show that each U contains the commutator ideal 
of R (i.e., that each Ra is commutative).

Thus, we may assume, henceforth, that R  is a ring with no nonzero nil ideals 
and containing a non-nilpotent element a such that every nonzero ideal of R 
contains some power of a. We have to show R  is commutative.

Let b,d£R  with bd= 0. Let и>1 such that
(3) [d(l+db)]k =  dk(l+ db)\ k = n,n + l.
Since bd=0, on expansion of (3) we get (n — l)dn+1b= 0= n(dn+2b). Hence 
(n — l)d"+2b = 0=ncln+2b and so dn+2b — 0. Similarly one shows that dbs= 0 for 
some s. Thus for every x£R

Vx — = 0 for some m}
is an ideal of R.

Since every nonzero ideal of R contains some power of a and a is not nilpotent, 
Va=0. Hence a is regular. If b£R  is a zero-divisor, then F6+0; so a f  Vb for some t. 
Since a is regular, b must be nilpotent. That is, every zero-divisor in R is nilpotent.

We claim that for every x, y£R  there exists m = m (x, y) ё 1 such that 
xym=ymx.

Case I. If x  and у are regular elements, let in =-1 such that (xy)m=xmy'n and 
(xy)m+1= xm+1ym+1. Then xmy mxy= xm+1ym+1; so ymx= xym.

Case II. If у is a zero-divisor, then, by what we deduced before, у  is nilpotent. 
Hence xym= 0= ymx  for some m.

Case III. If x  is a zero-divisor, then x is nilpotent. So (1+x) is regular and, 
by the first two cases, (1+x)y m =  ym(1+x) for some m. Hence xym=ymx. The 
claim now follows. Since R has no nonzero nil ideals, by a result of H erstein  [4] 
we conclude that R is commutative. This establishes the theorem.

We proced now to prove Theorem 2.
N o tatio n . Let I? be a ring. If x,ydR  let [x, y]=xy—yx. If c£R let r(c) = 

=  {x€/?|cx = 0} and /(c) =  {x£i? |xc = 0}, the right and left annihilator of c in 
R respectively.

L emma 1. Let R be a ring with no nonzero nil right ideals. Suppose that a£R  
is such that for every xf_ R there exists an integer n = n (x) >  1 with (ax)" = 
a"xn. Then

(i) i f  x, y f  R and xy = 0, then xay = 0,
(ii) r(a)= {x£R  |amx=0 for some /wsl},

(iii) !(a)= (xG R Ixam=0 for some тШ 1},
Civ) 1(a) = r (a).
P roof, (i) Let x, у £R with xy=0. Then (ayx)"=a"(yx)n—0 for a suitable 

1. Thus xar(x) is a nil right ideal of R. By our assumptions we must have 
xar(x)=0. In particular, xay =  0.

(ii) It is enough to show that if b£R and a2b= 0, then ab—0. But a2b = 0 
implies that for every x£R, (abx)n= a"(bx)n=0 for a suitable n=n(bx)>  1. That 
is abR is nil. Since R has no nonzero nil right ideals we get ab — 0.
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(iii) Let b fR  with ba~=0. Then for every xZ R, b(axb)"= ban(xb)"= 0  for 
a suitable n=n(xb)>-l. Thus baR is nil. Since R has no nonzero nil right ideals 
we get ba = 0 and (iii) follows.

(iv) If xZl{a) there exists и=и(х)>1 such that anxn = (ax')n = 0, so, by (ii), 
axn=0. Since R has no nonzero nil right ideals, by [2, Theorem 2], al(a)=0. That 
is /(a)cr(ű). It remains now to show r(a)czl(a).

Let bZr(a). Then {baf — 0 and c = (l+ba)a(\ —ba)=a+ba2 has the same 
property as a: (cx)m<*) =cm(x>х™(х), m(x)>  1, all x£R. Thus, by (i), if x ,yZ R  and 
xy= 0 we obtain 0 = xcy=xay+ xbd-y= xbcry.

Now, if xZR there exists и=и(х)>1 such that (a"xn~1 — (ax)n~1a)x= 0. 
Hence a"xn~1ba2x —(ax)n~1aba2x = (anxn~l —(ax)"~1a)ba2x =0. Since bfr(a) we 
obtain a"xn~1ba2x=0; so (a"xn~1b)2=0. Thus anx"~lr(a) is a nil right ideal 
of R. By our assumptions on R we must have a"xn~1r(a)=0, and consequently, 
by (ii), axn~1r(a)=0. By [1, Lemma 1] it follows that r(d)a—0, i.e., r(a)czl(a).

L em m a 2. Let R be a semisimple ring. Suppose that aZR is such that for every 
xZR there exists an integer n (x) >  1 with

(ax)k = akxk, к = n(x), n (x)+ l.
Then a is a central element.

Pr o o f . Since R is semisimple it is a subdirect sum of primitive rings Rx. The 
image of a in each Rx has the same property in Ry as a in R (for each Rx is a homo­
morphic image of R). If we knew that the image of a in each Rx is central we would 
get a in the centre of R. Hence without loss of generality we may assume that R 
is primitive. Therefore R is a dense ring of linear transformations on a vector 
space V over a division ring D. Moreover, since a primitive ring is prime, by Lemma 
1 (iv) it follows that a is regular. Thus, since (by our assumptions on a) (a"x")ax= 
=an+1x n+1, я=и(х)> 1, all xZR, we obtain
(4) x"ax = ax"+1, n — n (x) > 1 , all x f R.

If dimB F = l, then R = D is a division ring, so by (4), xnMa=axnM, л(х)=»1, 
all x(zR. By the hypercentre theorem [4] it follows that a is central. Hence we may 
assume dimD V>\.

Suppose that for some v£ V, v and va are linearly independent over D. By the 
density of the action of R on V, there exists an x in R with vx=0 and vax=va. 
Thus, by (4), 0= v(xnax)=v(axn+1)=va, a contradiction. In other words, for 
every vZ V, v and va are linearly dependent over D. As in [4, Lemma 2] this 
implies that a is central.

L emma 3. Let R be a prime ring with no nonzero nil right ideals. Suppose that 
aZR is such that for every xZR there exists an integer n (x) >  1 with

(ax)k = akxk, к = n (x), и (x) +1, n (x) +  2.
Then a is a central element.

P roof. By Lemma 2 we may assume that J(R), the Jacobson radical of R, 
is nonzero. Let xZJ(R). We claim that [a, x] = 0. Since R is prime, by Lemma 1
(iv) a is regular, so y = a( 1+x) is regular. Now, by hypothesis, there exists
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n=n{y)>  1 such that k=n{y), n (y)+ \, n(y)+2. Hence any"ay=
= an+1y"+1 and an+1yn+1ay = an+2yn+2. Since a and у  are regular we obtain 
ayn=yna and ayn+1=yn+1a, and, consequently, [a,y]=0. Thus 0 =  [a, a (l-f x)] =  
= a[a,x]. Since a is regular, [а, л] =0.

In other words, a centralizes the nonzero ideal J(R). Since R is prime it follows 
that a is a central element.

P roof of T heorem  2. Let x f R  and let n ~ n (x ) >  1 such that (ax)k = akxk, k=  
= n ,n + l. Then anxnax = a"+1x n+1, so a"[a, x"].y'‘ =  0. By Lemma 1 (ii) we get 
a[a,xn]x" = 0. Hence, by Lemma 1 (i) and (iv), a[a,xn]ax" = 0 and [a, x"]x',ű =  0. 
Thus [a, x"]3 =  0. Let s s  1 be minimal such that [a, x"]s = 0 (we know 1 ^ í s 3).

Suppose j > 1. We claim that if P is a prime ideal of R, then [a, xn]s~k̂ P.
Since, by Lemma 2,_[a, x n]dJ(R), the Jacobson radical of R, we are done in 

case J(R)cP. Also if R = R/P  has no nonzero nil right ideals we are done by 
Lemma 3. Thus we may assume J(R) ФР and R has nil right ideals fO .

Let К be the set theoretic union of all nil right ideals of R. Since R is prime 
and J(R), the image of J(R) in R, is not zero, we have that KC]J(R)^0.

Let U—{u^R\xuy—0 for every x, y£R  with xy = 0}. Then U is a subring 
of R invariant under automorphisms of R and, by Lemma 1 (i), a£ U.

Let U be the image of U in R. Since U is invariant under automorphisms of 
R it followsjhat (1+y)ÍJ(l+y)_1c:í7 for every y^KC\J(R). As in [5] we conclude 
that either U is central or contains a nonzero ideal of R.

If U is central it is clear that [a, v"]s-1GP, for a f U. Suppose U contains an 
ideal A of R. Then [a, xn]A [a, xn]s~1<z[a, x n]U[a, x"]s_1 = 0. Hence, since R 
is prime, [a, x"]s_1€P- With this the claim is established.

Since R has no nonzero nil right ideals, the intersection of its prime ideals 
is zero. By what we deduced above it follows that [a, x"]s_1=0. This contradicts 
the minimal nature of s. Therefore [a, x"]=0. In other words, a commutes with 
a power of every element of R. By H erstein’s hypercenter theorem [4] a is a 
central element.
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CONDITIONS FOR ELEMENTS TO BE CENTRAL
IN A RING

By
L. O. CHUNG1 and J. LUH (Raleigh)

Let R be an associative ring with unity element 1. In 1971, L u h  [3] proved 
that if R is primary and if there exists a fixed non-negative integer я such that 
(xy)k=xk yk, k = n, я+1, я +  2, for all x,y£R , then R is necessarily commutative. 
Since then this result has subsequently been generalized. K aya [1] weakens the 
condition to allow я to be a function of x and y. L i g h  and R i c h o u x  [2], [4] show 
by an elementary and elegant method that the result remains true without assuming 
that R being primary.

In this paper, we shall provide a “pointwise” version of these results. Let R 
be an associative ring with 1 and xdR. We shall say that x possesses the property 
P if, for each y£R, there exists non-negative integers я and m, both depend upon y, such that
(1) {xy)k = xkyk, k = n ,n  + l,n+ 2;
(2) (yx)h = yhxh, h = m ,m  + l,m + 2.
We shall show that if x  possesses the property P then, for each ydR, there is a 
positive integer / which depends upon у  such that x‘y= x l~1yx  = x l~2yx2= . . .—y x l. 
If, in addition, R is semisimple or 1 + x  also possesses the property P, then x lies 
in the centre C of R. Therefore the results of [1], [2], [3], [4] immediately follow.

In what follows R will be an associative ring with 1, x  will be an element in 
R possessing the property P. Moreover, ,f(R) will denote the Jacobson radical 
of R, C the centre of R and Z+ the set of positive integers.

We begin with the following
L e m m a  1. Let y£R and i, jd Z +.
(i) I f  x'yJd J(R) then xy i(J{R ) ;
(ii) I f  y Jx f  J{R) then yJx(.f(R).
Proof. Bv left-right symmetry we need only prove (i). Assume that x ly Jf ^ ( R ). 

Suppose xy j^J iR ). Let t be the least positive integer such that x,yj0.f(R). Then 
t ^ 2. Since x possesses the property P, for each z£R, there is an integer s ? 2 such 
that

[x(x'“2yJ'z)]s =  xs(x‘~2yjz)s.
By noting that s + t — 2S t, we have xv(x‘~2yJzye2f(R). So x‘~1yJR is a quasi­
regular right ideal of R. Hence x‘~1yJ(J '(  R) which contradicts the minimality of t.

1 This author is partially supported by the Engineering Foundations of NCSU. Raleigh,
N. C. 27 605, USA.
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Lemma 2. Suppose J(R)=Q  and y£ R- Then xy=0 i f  and only if  yx=0.
Proof. Assume xy= 0. Then (yx)2 = 0. By (2), yhxh = 0 for some h£ Z +. 

By Lemma 1, yftx=0. Suppose to the contrary that yx ̂  0. Let t be the least 
positive integer such that y 'x = 0 . By (2) there is k£Z + such that
(3) ( l+ y )‘x * = [(l+ y )x ]‘ 
and
(4) (l+ y)*+1xt+1 =  [( l+ y )x]t+1.
By noting that xy=0, (3) yields

So i k - \ ) y

(l+fcy + - (k j ^  y2+ . . .+ y fcjx* = 

xk—0. By

x  ̂+ yx*.

k ( k - \ )
2! 1 + У Lemma 1, we have

(5)
Likewise (4) yields

( 6)

[(fe-I)>'+ — yi + ...+ yk] x  = 0.

[ ^ + Ä + i > L ^ + . . . + / * ,] i  = o.

Subtracting (5) from (6) side-by-side, we get

(7) (y+ a2y2+a3y3+ ... + y k+1)x = 0 ,  
where

(k + \)k  k ( k - 1) _ _  ( k + l ) k ( k - l )  k ( k - l ) ( k - 2 )
02 ~  2! 2! ’ °3 _  3! 3! ’

etc.
Premultiplying both sides of (7) by y,_2 yields y,-1x=0. This condtradicts 

the minimality of t. Hence yx = 0. That yx=0 implies xy = 0 can be 
proved similarly.

Theorem 3. I f  . / (R) — 0 and x fR  possesses the property P, then x£ C.
Proof. Let ydR. From the first two identities of (1),

дл+iyd+i _  (xy)n 41 = (xy)"(xy) = xny"xy,

and hence x n(y nx  — xy“)y = 0. By Lemma 1, x(y"x—хуи)у =  0. By Lemma 2, 
(y"x -  xy")yx= Ö.

Similarly, from the last two identities of (1), we obtain (yn+1x — xyn+1)yx = 0. 
Thus, 0=(yn+1x —xyn+1)yx—y(y"x—xy")yx=(yx—xy)y"+1x. Again by Lemma 2,
(8) x (y x - x y )y ,, + 1 =  0.

Likewise by considering 1 + y  instead of y, we obtain
(9) x (y x —xy)(l + y ) ,+1 =  0,
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for some qdZ +. Now we claim that x (y x —xy)=0. Suppose not. Let t be the 
least positive integer such that x(yx—xy)y‘=0. By postmultiplying both sides 
of (9) by y*~\ we get x (y x —xy)y,~1= 0, which contradicts the minimality of t. 
Thus, x(.yx—xy)=0. Consequently, x2y= xyx. Applying this we can see that 
for any u, vdR,

[{xy—yx)u][(xy—yx)v\ = x(yu)xyv—x(yuy)xv—yxuxyv+yx(uy)xv =

This means that (xy—yx)R  is a nilpotent right ideal of R. Since J  (R)=0, xy —y x = 0,. 
i.e. yx= xy. Hence x£C.

Now we proceed to the following
L emma 4. I f  ydJ(R ) then x2y= xyx= yx2.
P ro o f . As the first part in the proof of Theorem 3, we consider 1 +  у  instead 

of y. We obtain x(xy—yx) ( l+ j ) t+1=0  for some idZ+. Since 1 +y is invertible,. 
x(xy—yx) = 0. The left-right symmetry implies that (xy—yx)x = 0. Thus, x2y  =
= xyx—yx2 as we desired.

L emma 5. Let ydR- Assume that у  satisfies the conditions (1) and (2). Then,, 
for any kd Z +,

P ro o f . From the first two identities of (1), xn+1y n+1=(xy)n+1=xy(xy)"=  
—xyx"yn. So x(x"y—yx")yn=0. Similarly, from the last two identities of (1), 
we have x(xn+1y —yxn+1)yn+1=0. Thus (i) holds for k = l .

Now, we assume A'S2. Notice that x"y—yx" f.f (R) by Theorem 3. Using 
Lemma 4, we obtain

=  х[х"(к~1)(хпу —ухп) + х'*к~1)(х"у—ухп)+ ... + x',(k 1)( a-"j —yx")] y" — 0 .  

Thus, using Lemma 4 again, we get

=  x2(yu)yv—x2(yuy)v—yx2uyv+yx2(uy)v =  0.

0)
(ii)

x(xnk+1y —yxnk+1)yn+1 =

_  [yit*- 1) (x" + ly  _ ууП + 1)-)- (x”( k у — yxn(k_1J)x" + I]y , + 1 =

This completes the proof of (i). (ii) can be proved similarly. 
L emma 6. For each yd.R, there exists t£Z.+ such that

x(x‘y  — yx’) = 0 and x(x’+1y —yxt+1) = 0.
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( 10)
and

Proof. Suppose у  satisfies the identities (1) and (2) and 1 + y  satisfies 

[x(l+y)]‘ =  x^O+y)*, к =  p, p + 1, p+2;

<H) [ ( l + y ) x ] '1 =  (1 + y )hxh, h =  q, q+  1, q+2,

where p, qy Z +. By Lemma 5,
(12)

(13)

(14)

(15)

x (x npy -y x " p)yn =  0; 

x(xnp+1y - y x np+1)yn+1 = 0; 

x(xnpy - y x np)(l+ y)p = 0;

We assert that x(x"py —yxnp) = 0. Suppose not. Then by (12) there is a least 
positive integer r such that x(xnpy  — yx"p)yr — 0.
Postmultiplying both sides of (14) by yr~1 yields x(xa,y —yx"p)yr~1=0, a con­
tradiction. So x (x npy — yx"p)=0. That x(x"p+1— yx"p+1)=0 can be proved similarly. 

Now we are in the position to prove our main result.
Theorem 7. Let R be a ring with 1. I f  xf_ R possesses the property P, then, for 

each y£R, there exists /£Z+ such that x ‘y= x'~1y x = x l~2yx2= ... = yx l.
Proof. According to Lemma 6, there is t£ Z + such that x (x 'y —yx') = 0 and 

x (x ‘+1y —yx,+1) ~ 0. Since x‘y —yxf_J(R),

- x '+3yx2' +3_i= x i+1yx2t+3-i= x i+1.yx,_' -1. This completes the proof.
Corollary. Let xc R. I f  x  and 1+x both possess the property P, then x£C.
Proof. Suppose to the contrary that x$C. Then there exists y£R  such that 

jcy^yx . By Theorem 7, there exist l, r£Z + such that x'y= x'~1yx  and (1 +x)ry = 
=  (l + x)r_1y(l +  x). That is,

(16) x,_1(xy —yx) =  0,

(x'y—yx')x2 =  x(xfy —yx')x = x 2(x'y—yx‘) — 0
■and, similarly,

(x*+1y —yx'+1)x2 =  x (x t + 1y —yx,+1)x  = x2(x,+1y —yx,+1) = 0

a n d
(17) (1+ x)r_1(xy — yx) =  0.

-Acta Mathematicci A cademiae Scientiarum Hungaricae 34, 1979
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Since x y —yx^O , there is a least positive integer t such that x,(xy—yx)=0. 
Premultiplying both sides of (17) by л;'-1 yields x,~1(xy—yx)—0 which contradicts 
the minimality of t. Hence xy=yx.

In conclusion, we should note that if x£R  satisfies only one of the conditions 
(1) and (2) the conclusions of Theorem 7 need not be true. This can be seen easily 
from the example that

R = {[o c ] ° >b,c€Z^

being the ring of upper triangular matrices over the ring Z2 of integers and
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e-NORMAL POINT SYSTEMS
By

P. VÉRTESI (Budapest)

1. Introduction

The aim of this paper is to construct some new ^-normal point systems. For 
this aim we establish some new estimations for the distance of the Jacobi roots, too.

2.1. Definitions and preliminary results

2.1. The Hermite—Fejér interpolatory polynomial Hn(f;  x) of degree ^ 2 n —l 
for a function /  (x) on the nodes

(2.1) - 1  x„n <  х„_1>и <...<X i„ 1
is uniquely defined by

(2.2)
If
(2.3)

(2.4) 
finally

(2.5)
we have

(2 .6)

(see, e.g. [1]).

Hn(/; xk„) = f( x k„), H' ( f ;  xkn) = 0 (fc =  1, 2, ..., n).

«„(*) =  c„ (x -  x ln) (x -  x 2n) ... (.г -  x j ,  

con(x)
h.Áx) =  -гC0 n(xkn) ( x - x kn) (k = 1, 2 ,..., rí),

vkn(x) = 1 ~ ^ { x - x kn) (fc = 1, 2, ..., n),
ш п \ х кп)

Hn(f; x )=  2 f(x kn) vkn(x)Un(X
k = l

2.2. As G. Grünwald [2] proved, # „ ( / ; x) uniformly tends to f ( x )  in [—1, 1] 
(if 7Z —°o), whenever /  is continuous on [ — 1, 1], moreover the point system (2.1) 
is ^-normal, i.e. for a certain q> 0 and n>n0

(2.7) %,(*) e (fc =  l,2 , ...,n ; *€[-1,1]).

If the nodes form a normal system, i.e. (2.7) is true with q=0, the statement holds 
for arbitrary [a, h ]c( — 1, 1).

2.3. Until quite recently the only known ^-normal and normal systems were 
the roots l!>} of the Jacobi polynomials Pj,x,ß\x )  supposing — 1 ёа , ß<0  (here
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£ = min( — a, —/?)) and the roots of the Legendre polynomials P„(x) = Pj,°-0)(x) 
(see, e.g. [2]).

In 1972, G. Freud [2] proved that the roots of

(2.8) /’„(хНЛЛ.-гМ (И»! = О
form a normal point system, and later in [3], I found that the nodes

(2.9) № ^ } Z =1U{1) ( l s * s 2 ; - l =  )? =  0),

(2.10) (— 1 — a — o, 1 S M 2 ) ,

(2.11) { « f r^ K - iU t- l ,!}  ( I S Í S 2 , 1 S  ß S  2)

form ^-normal systems with />=min [ — (a — 2), — ß], g =  min [ — a, — (ß — 2)] and 
p = min [ — (я —2), — (/? —2)], respectively (if о =0, we obtain normal system).

3. Results

3.1. We wish to construct some new {/-normal systems, using the older ones. 
First we may try to move the original roots. Obviously, the new nodes again form 
a ^/2-normal system if the shift is small enough. Now we characterize this shift. 
Using the notations x =  cos3, xkn=cos 9kn (A: =1 ,2 , . ..,«), x0n = cos ,90n = 1 and 
x„+i,»=cos3n+1'„ = - l ,  we prove

T heorem  3.1. Let us suppose that the matrix o f nodes X  = {xkll} (k =1,2, ..., n; 
/7=1,2, ...) form a g-normal system. Then, substituting xsn by ysn (//=1,2, ..., 
lS s=s(«)^/7 , |y>sn|g l ) ,  the new matrix is a д/2-normal system, supposing that 
with a suitable c = c(X) >0 we have

(3.1) kvn-TvJ =  cmax [ , - i- j  (n = 1, 2, ...).

Here the order of the right-hand side, for special X, is the best possible for arbitrary 
sequence {.s(«)| provided 2^.v(«)=« — 1.

3.2. Using special nodes, we can get more, at least for certain values of s. For 
this aim we verify a statement which is interesting in itself.

L em m a 3.2. For the roots xfy ß> = cos f f ß> of P f ’ ß>(x) we have the inequalities

(3.2) Jt-1 к —1/2

i f  —l ^ a ^ —0.5, (к— 1, 2, ..., [n/2]), further

(3.3) k - l
n + 1/2 7 Z  S

k -  1/2 
n
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i f  — l ^ o t S — 0.5 and ^0 .5  ß= \ ,
к - 1

(3.4) » s S i! -« fc— 1/2
n +  1/2 “  и-Ь 1/2

if — l ^ a ^ —0.5 and O .S ^ ß ^ l ,  for k=  1, 2, . . . ,  n. 
Using the lemma, we obtain

Statement 3.3. For fixed values a and ß the nodes
(3.5) { l,x (a,/?) v(a,0) (« =  1 ,2 ,...)
form a Q-normal system if

(3.6) - 1  == a - y  and ß <  0.

3.3. For the roots of Pj,~1,2,ß)(x) (especially for the Chebyshev-nodes), we get 
the following

Statement 3.4. The nodes
(3.7) {.Fin =  costlim xk f1/2’ß> ( к  = 2, 3, ..., n)} (/i =  l ,2 ,. . .)  
form a Q-normal system, whenever - l S ß -^О and
(3.8) 0 (n =  1,2,...).
Here d= 1.3672... and it cannot be replaced by d+e (e>0).

3.4. By similar method we can get
Statement 3.5. I f  — l^ a = /? <  — 2/3, /Лет/ i/ie «oifes

(3.9) { l,* fr‘,,x f r e),..-,x á ,- : í í . , - l}  (и =  1 ,2 ,...)
form a д-normal system.

Finally, for the Chebyshev roots we obtain
Statement 3.6. The system

(3.10)

jy ln = cos/h„, со%2к2п 171 (^ =  2, 3, . . . , /г- l ) ,  F „ „  =cos//„„} (/i =  l ,2 , . . . )

/.у Q-normal whenever

(3.11) 0 =Mln =  -»/„„< (и =  1,2,...).

Here d= 1.3672... and it cannot be replaced by d+s (e>0).
3.5. R emarks 1. According to the corresponding consideration, the systems-

(3.7) and (3.10) are ^-normal for £>i<l/4 if Fin=l and *=/?= —1/2.
2. Statements analogous to Statements 3.3 and 3.4 can be obtained shifting 

jc„ instead of jcx.
3. A simple calculation shows that the usual estimations for the Jacobi roots 

(see [5], 6.21 and 6.3) do not lead to results like in 3.2—3.4.
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4. Proofs

4.1. Proof of Theorem 3.1. For the matrix X  we have by (2.4) 

<4.1) <y„ (x) =  ( x - x j  Isn (x).

Using this, we have, sometimes omitting the superfluous notations,

a>"(xk) 2 V '(xj
<4.2)

(4.3)

a>'(xk) xs- x k r jx k) (k X s),

ш (x' ) = - 2 - ! 4 ^ -  =  - 2 / s'(x s).
ls(xs)co'(xs)

F or the new system we can write

(4.4) Q„ (x) =  c„ (x -  y j  f j  ( x -  xk) = (x -  y j  ls (x),
k^s

i.e.
Q"(xk) 2 l" (xk)

(4.5)

(4.6)

I

•<4.7)

ß'(**) ys- x k l's(xk) 

0"(js) 21'(y j

(к r- s),

ß 'o g h(ys)

By (4.1)—(4.6) we obtain

vk (Í2; x) =  vk (со; x) +  -— — -  (x -  xk) (k ^  s),(ys- x k)(xs- x k)

■(4.8) vs (Í2; x) =  vs(co; x) + 2 [ l' (x j  (x -  xs) -  (x -  ys) j .

Now we show that vk(Q ; +  1) =  о/2 (k=l .  2, . . . , ri) which proves the theorem. 
First we quote a lemma established by P. Erdős and P. T úrán [4].

L emma 4.1 ([4], Part 4). I f  for the matrix X= {xk„}

(4.9) k„(x)[ /f„(x) si К (к = 1, 2, ..., n; n = 1 ,2 ,...),

then for certain M  = M ( X ) ^ m  = m (X)>0 we have

ш M
( 4 . 1 0 )  7 á 3 t H , - í ) ^ 7 ,

where the upper estimate holds for  /с=0, 1 ,  2, . . . .  n. and the lower one for 
k =  1 , 2 ,  . . . ,  n —  1 .

П

Remark that the lemma can be applied because ^  vk(x)lk(x) =  l and vk(x)^Q.
k =  1
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By this lemma it is easy to obtain

sin 9*. , ,  sin 9,. .(4.11) mi— —  s  xk—xk+1 = -------  (k = 1, 2 , n — 1)n n
where ,W, >0.

Henceforward suppose wsin9sS l  and xv Then, by (4.7) and (4.11), 
we get for k ^ s  and s ^ n

vk(Q; ±1)
\ y s - X k \ \ X s - X k

K i l l  s  Q -
8 lx. -У*\

b . - x ,+ x , - x 1+1| |xs- X s+1|

0 sin29s 1 8c sin29s n2 .fe Q -S c ----^ g---- —---------г-rx- ^  Q  2nl (xs —xs+1)2 m{ na sm29s

if c is small enough. Analogous argument holds for s=n, when vk(Q; ± 1 )S  
^ v n̂ (Q ;  ±1) (k^ri).

Let now k=s. By (4.8) we get, after a little calculation,

vs(Q; +1) == e -2 { [b s± l | | l J'(ys) ||/s(xs)-Z s(ys) |] - m ^ |-  +  

+  |x,± 11 \l's(xs) - l ' s(yj\ +  [ys- x s| \K(y,)\Y
n

Using the ^-normality we have from 2  t^GU/f (x) = 1
*=i

(4.12)
,(x)l -  Y e '

Further by (4.12), using the Bernstein-inequality, we get

(4.13) \ Ш \

1 n
Yq sin 9

, i/;(x)i
1 n~
Q sin2 9

from where 0 .5^ /s(ys)^ 2  because of |/»(л)-*>(*«)| =  K*'(Íi)IIf»—*»l 
c n sin2 9, csin9.

YenYe sin 9S и2 
Moreover, using

\K(ys)-K(xs)\ = \ i : ( ^ \ \y s - x s' 

we obtain with c1 =  c1(c, q)

c n2 sin2 9S 
q  sin29s n2

c
Q

, _ , ,. , Г n sin 9, sin2 9S n 1 ,
v-(a:± 1 ) а ^ 4 Ь ш к ~ ^ г +с‘+с‘~ ^ к 1 s  el

for suitable c>0. The cases ys<xs and n sin 9S< 1 can be treated similarly, 
considering the Markov-inequality, too. So we proved the estimation (3.1).
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To obtain the second part of our statement we consider the matrix 
X={xjl~1’_1)}. Then as it is well-known vk(co;x) = l if 2 ^ k S n —l (see e.g.
[5], 4.22, (4.2.1) and (14.5.1)). Let e.g., l ^ s ^ n /2  and xs>ys+ K  sin2 &sn~2. 
Then by (4.7) and (4.10)

К sin2 9, nvs+1(Q; -1)=£ 1 - 2 ------5---- Кг{т, M) - -
sin sin .9,

if К is large enough. The case n / 2 < i ^ n - l  is similar, Q.E.D.
4.2. Proof of Lemma 3.2. Using continuity and [5], 6.21, one can obtain 

9^,5t)>9^**0t*) if a>oc*^ — 1 and k=  1, 2, ... [и/2]. Further, by P(n+\' _1)(x) = 
= cn (1 — x2) Pj,1 ’г) (x) we can write

kn
n+T

0(1/2,1/2) 
^ k n

0(1,1) = Q(-l,-l) <  0(a,a) 
^ k ,n  —  '*k + l , n  + 2 =  '*k + l , n  + 2

Q (-1/2,-1/2) 
^ k  + l , n  + 2

2k +1
2(n +  2 ) 71

if k = 1,2, ...,[n/2], — l^ o t^  —1/2. If k —0 then, for the same a’s,

0 — ,q( - i , - d <  ,a(*,*) «= ,q(-i/2, w — ^.п + г — •о.и+г =  /о.и + г -1/2) =
2 (и + 2) ’

By these we obtain (3.2).
To get (3.3) and (3.4) we write, using similar arguments,

2k 2k +1 
2n

-  =  0 ( 1 / 2 , - 1 / 2 )  0 ( 1 , - 1 )  =  Q ( —1 ,1 )  <  ,Q (« ,0 ) ^  Q ( —1/2 , —1/2)2n_j_ J 71 — ,>*л ‘Ocn — iOfc + l,B =  /̂( + 1,и — ^t + l,n

if — 1 S a s  — 1/2, - l / 2 ^ j S g i  and 1, 2, ..., n -  1. or

■ =  0 (1 /2 ,-1 /2 )  -  0(1, - 1 )  =  Q( —1,1) <  0 ( a ,«  -g  Q ( - l /2 , l /2 )  _  +  1 - I
2 / 1 + 1  _  *kn ~  **к + 1 ,п  =  ^ k  + l .n  —  ^ ft + l .n  — Щ

if - l S a g - 1 / 2 ,  l/2=S)3s§l and * = 1 , 2, . . . ,  и - l ,
The case k= 0  can be treated as above. So we verified the whole lemma.

4.3. Proof of Statement 3.3. For the system (3.5) we have

(4.15) «(*)*£  c„ (* - l)  j T ( x - x k ” ) = P<«»(x)r XJ f i .
k = 2 X  —  X i„ ’HI

Then, by a simple computation

(4.16) S2"( 1) 2 f P Z ( l ) ____ L_]
fi'( i)  1Л(1) 1- aJ

Obviously v0(Q; 1)=1 (where, as usual, x0= l)  so to prove that v0(Q;x)^g ,  
it is enough to verify v0(Q; — 1 To this end we state that

(4.17) ^ ( 1 ) ____L _  0
P„(l) l - Xl '
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Indeed, we have
1 P'(£) P'( П-------  =  --------—------- <  —----  (Xi <  <jf <  1)

1-*1 Л(1)
because, by [5], (4.21.7) and Part 7.32 (2),

P p -1n (0  =  0.5(n + a +  ß  + l)P ^ -i'"+1)(0  <  0.5(и + * +  /Н - 1 ) /№ д+1)(1) =
=  p ; ix-ß4 1).

By (4.17) v0(Q; —1)=1 — 2[...](— 1 —1)>1 which was stated.
To estimate the remaining vk((2;x) (k~2)  we use (4.7). Obviously with 

p<*.«(*)=co(x) and [5], (14.5.3)

On the other hand, if x = l ,  then we have from (4.7)

(4.18) vk(Q; 1) =  vk(a>; l ) - 2  (fc =  2, 3, ..., n).
X1 xk

First let a = ß. By (3.2) and 32S  71 , soIn " n — 1

i.e.

Xl - X k

by (4.18)

vk(£2; 1) Q >  0 (■n s  n0)

if — l < a < —2/3, which was stated.
If — l s a < - 2/3 and — ls /J< 0 , then using that 3l=(jri(*)+eII)ii-1 (/=1, 2), 

where denote the positive zeros of / a(z) (the Bessel function of the first kind
of order a) and e„ — 0 (see [5], (8.1.1) and (8.1.3)) we obtain 3, s-HztJfiL and

ТС 1в I32S ----- '-rr-, from where we get the statement.n— I
4.4. P roof of Statem ent  3.4. First let a=ß— —1/2. As in 4.3, we obtain

with r„(x) =  cos иЗ, excluding the trivial case yk—cos-^—,2 n

(4.19) vk(Q; x ) = \ - 2 • r ; ( y j ____ l _
Тп(ук) Уо-^ i (Х-У  i).

7Г /  ЯHere the expression [ .. .] s 0  if j jS c o s —. (This can be verified as (4.17); cos — 
is the largest root of T'n (x).) So ^(£2; — l ) s l ,  i.e. we have to investigate vk{Q\ 1).
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Denoting yln =  cosc n
2я (0 < c 2; 1) we get by simple calculation

®i(0; i ) -  1 -2
/? sin c-

sin C-—cos c —- 2n n

1

2 sin (c +1) • sin (1 — c) 4—4 n 4 n

2 sin2c 4n ’

from where ^ ( ß ;  l)S g > 0  (n ^« 0) whenever

(4.20) F(c)

7Г

1 S'nC 2
C Tt я (1 — c2)

cos c —

С 2 Я 1 —

Let Ik = (0,0.58), /2 =  [0.58,0.67), /3 =  [0.67, 0.75), /4 = [0.75, 0.82), / — [0.82,0.83), 
/ 6 =  [0.83, 0.96), / 7 =  [0.97, 1) and finally /=(1, 1.3672].
To estimate (4.20) we apply

c o s c y - s in ( l - c ) y  >  (1— c ) y { ! - [ ( l - c ) y ]  -g-j if 0 <  c < 1

further the estimations s i n c y ^ c y  or s in c2 l= l if с£/4, or c ^ /j ,  respectively.

Using these estimations in the intervalls /l5 /2, ..., / ,  and the analogous ones for 
c€J we obtain (4.20) if
(4.21) 0 < c = S  1.3672
Further, considering that the case c =  0 was investigated in Statement 3.3, we proved
(4.22) i>j(ß; x) S  в >  0 if O S c 1.3672.

Remark that F( 1.3673)> 1, i.e. F(d)= 1 for 1.3672<c/-= 1.3673.
Now we investigate vk(£2;x) { k ^ 2). First let O ^c^ l. We obtain by (4.7) 

(with cjn(x)=Tn(x) and s= l)  that vk(Q; — l ) ^ v k(T; — l)> l/2  (fc^2). Further, 
for vk(Q; 1), we have

2(Fi -X i) ( 1 - ^ )  =

2 sin (1 +c)-^— sin (1 — c) • 2 sin2 [(2/c— l)-j—]_  7 4/i v 4n L 4» J

2 sin (2/c — 1 + c) ~  sin (2k — 1 — c) — • 2 sin 2I< —— • sin(2fc — 2) -p-
4 m 4 4 /i  4 n  7 4 n

( l - c 2)(2 /c -l)2 
2 [(2k — I )2 — с2] /с (к — 1) [l+CHn~2)]S 9 1

4 9 —c7 [1+0(Я-*)] 4 - 0  ( /7  2)

which means vk(Q; 1 )> у  — y + 0 ( n  2) = y  + D(n 2) (/;S7?0, O S e s  1).
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On the other hand if o l ,  by (4.7) we get vk((2; \ ) ^ v k(T\ 1)>-j . So we 
have to investigate vk(Q; —1). By (4.7), [5], 14.5.3 and the above argument we get

vk{Q; О = vk(T; — 1)—2 (*i~.l’i)0  +xk)
0>i-**)(*!-**)

Here

_J__
1 xk

—  2 (*i —3’i)(l +xk) =  1 [i л ]
(>’i - xk)(x, - x k) 1 - xk L (y, - xk)(x, -x k) J '

£(1 •v2) f - -4 -J'i
(j’l X 2 ) ( X | X ;,) J (1

8n2( 1 c2- 1 ]
n- 1 9 2 (9 - c2)J i+ 0 ( / t -2)}

if, e.g. 0 < cS l.5 .
By (4.22) and the succeeding arguments we get our statement if a — ß=  —0.5. 
Now let — ls /? < 0 . Denoting for fixed ß and c (0^c< d, c ^ I )  yy^coscSj, 

where 3, =  91<~1/2,,!), we investigate

0j(i2; 1) = 1 - 2 Р ;'-1,2-Р)(У г)____L _
p('~1/2,ß)(pi) Pi_ Xi (1 -Л )

(here хх =  х  ̂ 1/2,w) and verify

(4.23) Г Р'ЛУi)
I Л Ш

( l - y 1) = (l±C„) (1 -y i)  + o(l),

(C„\0) from where рх(А; l)S g > 0  if n ^ n 0 (see (4.19) and the succeeding argu­
ments.) To obtain (4.23) we first apply [5], (8.1.1) and (1.71.2) from where

(4.24) I/ п п - ^ т
COS СЧ?J n

\’n
1- <5„(<5„ -  0).

By (4.24), using 5l = (n+en)l(2n) (e„^0) we obtain, by 7>„(A )~ 7’n( ji)~  J.

r = ^ ( l + « )  (l«l -  0).(4.25)

By similar arguments

(4.26)

If we use the simple relations

(4.27) Л - ^ 1 = 0 ,1- х 1) ( 1 + О  1-Л = (1-Ух)(1+«Г)

У пк

p;(- ll2-ß,(yi) = — ■̂ - ( i  +К) (\s: I -  о).fii 71
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(|(5'"| —0, 0), we can write by (4.24) —(4.27)

Р'ЛУг)
Л. (л )  y i - x iИ  (1 - А ) Т п ( У г )

ТЛУл)
(1 + е'„) —-

У i - х  1(1 +Е”,)

( 1 - л ) ( 1 + 0  =  f^ T T T -— М ( 1-л )0+ < 5-L'nV.Vl̂  >1 -*!-1 ) +

< ( ! - * ) ( > + « • ) (|бя|> К\ 0 ) ,

from where we obtain (4.23).
The remaining parts can be treated similarly. We omit the details. 
4.5. P r oof  o f  statement 3.5. Let

(4.28) Q(x) =  c„ P<-°> (x)
By (4.28) and (4.17)

a " 0 )  _  J  ^ d ) ____1 _  I ____M
ß ' ( l )  ^ „ (1 )  l - x i  2  l + x j

because (1+x ln) —2—0 if n —► 0 0  . I.e.,

-1 /4  ( n ^ n 0)

u0(i2; - 1 ) =  1+2 flg(D
fi'(l)

= Q >  0 (n S  n0).

By r0(ß; 1)—1 we obtain v0(Q; x )^ o .  Similar argument holds for v„ + 1 (where 
*« + !=!)•

Now we investigate vk(Q; x)  ( 2 ё ^ я - 1 ) . By Statement 3.3 and />'a,a)(x) — 
=  ( —1 )nP*a’a)( —x) the nodes {л ' 1п , а:2„ ,  . . . ,x n_l n, —1} (/7=1,2, ...) form a g- 
normal system if — l ^ a < — 2/3. Now using the argument of Section 4.3 with

n — 1
cú(x)=(x+\) J] ( x —xk) and Q(x) defined by (4.28) we obtain the desired result.

k = 1

4.6. P roof o f  statement 3.6. Let fí„(.v) =  (.v— y ^ i x - x j - 1 Tn{x) and A„(x) = 
= (x  — У„) ( X - x j - 1 Qn (x).
By usual calculation

(4.29) ЛЧУ1) _ 2 \^ ( У г ) ____] _   1______ 1 _ '
A 'b \ )  ~ U , 0 ’i) ) \~ X  1 y k- y „  ) \  + х ь '

Now, using again ( j i + TCi)—(yy — J’„) — 2 (n -°°), we get by (4.19), (4.29) and (4.22)

(4.30) vk(A ; x) = Pl(í2; x ) - 2  (л- y j  s  g/2
'■ii У n Уl “г х г>

if Oác^l.3672 and n ^ n 0. The estimation for v„(A;x) is similar.
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To consider vk(A; -1 )  ( 2 ^ k S n - l )  we get, by repeatedly applying (4.7),

vk(A; 1 ) = vk(T; 1)
and

Г 4xk (
L (A

(1-Xk)(yi~xí)
-x2k)(x l-x i)

„ _ n  _  „ ( T . n  f ^ d + ^ M - y S l
*( ’ } kC ’ °  I (yl-xlKxl-xl) Г

First let 0^c«=l. Then vk(A\ — 1 ) ^ v k(T; —1), further for vk(A ; 1) we remark that

r 1 ^ 2 ___ (* T*>___
O l-**)(*!-**)

if xk S  0,

which was treated in Section 4.4. If xfc<0, then vk(A; 1 )= vk(T; 1) + О (я 2). 
The case 1 is analogous to Section 4.4.
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ON A PROBLEM ABOUT DARBOUX POINTS
By

J. CEDER (Santa Barbara), M. LACZKOVICH and G. PETRUSKA (Budapest)

It is well known that a subset of the reals is a Gs set if and only if it is the 
set of continuity points, C (/), of a real function /  (see [5]). R osen [6] showed that 
the set of Darboux points, / ) ( / ) ,  of a real function /  is also a Gs. Hence, if /  is 
any real function then both C ( f ) and D (f)  are Gs sets with C ( f)a D ( f) .

In Ceder [2] the converse of this result was conjectured, namely: given two 
Gs sets C and D with CciZ) there exists a Baire 2 function /  suchthat C ( f)  = C  
and D (f)  = D. This conjecture was settled affirmatively for a number of special 
cases in Ceder [2] and Ceder and Pearson [3].

In this paper we validate the conjecture in the general case with the following
Theorem. Suppose C and D are Gs subsets o f a real interval l  with CczD. Then, 

there exists a Baire 2 function h such that C(h) = C and D(h) =  D. Moreover, i f  C 
is dense in I then h can be taken to be an upper semi-continuous function.

Notation and terminology. All functions considered in the sequel will have 
domain and range subsets of the real numbers. The set of right (left) cluster values 
of /  at x  is defined to be the set of all real numbers у such that there exists a sequ­
ence {x„}“=1 in dom ( /) f |(x , °°) (dom (/)(")(—°°, *)) suchthat {x„}“=1 converges 
to x and the sequence {/(x„)}“=1 converges to y. The set of right (left) cluster 
values of /  at x is denoted by K +( f x )  (respectively K ~ ( fx ) ) .  Note that f  
does not have to be defined at x for K + ( f x )  or K ~ ( fx )  to be non-empty.

If /  is a real interval then a function /  from /  into R is said to be Darboux 
if it has the intermediate value property. The intermediate value property can be 
localized as follows: a point x£dom (/) is a Darboux point of /  provided for 
each <5>0 and right (resp. left) cluster value a, if b is strictly between a and / (x )  
then there exists a y£(x, x + <5)Ddom ( / )  (resp. (x — Ö, x)Pldom (/)) such that 
f ( y ) —b. It turns out that /  is Darboux in /  iff / ) ( / )  = / (see C sászár [4]). Clearly 
C ( / ) c D ( / )  for all function f

The proof of the main theorem consists of first proving it for the special case 
when C is dense (Lemma 2), then using that to prove the general case.

Lemma 1. Let C be a Gd set dense in an interval I. Then there exists a bounded 
function g defined on C such that
(1) g is continuous on C,

(2) lim sup g(t) =  lim sup g(r) =- lim inf g(t) — lim infg(i) for  x<t C,
f —  x  +  O f —  x  — 0 i — x  +  0 t -* -x —  0 3

(3) g has the intermediate value property on C.

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979'/



2 8 0 J. C ED ER , M . LACZKOVICH A N D  G. PETRUSKA

P roof. Since C  is a Ga dense in /  we may put I \ C =  (J  Fk where {Fk}rk=l
*=i

is a sequence of disjoint nowhere dense closed sets. (For a proof see [7].) For each 
7c let ßk„)}7=i be an enumeration of the family of components of I \ F k. For 
each к define f k on I \ F k by

/ * ( * )  =  3  -  * s in  [ (x  -  а £ ; г 1 -  x )  -  4

whenever x£(a*, ßkß. Then define g(x) = 2 f k ( x) if x£C. The facts that g is bounded
*=i

and continuous on C are obvious by the uniform convergence of 2jfk- If x$.C,
jc=i

then x£ Fk for some k. Then ^  f ,  is continuous at x and statement (2) is true
j^k

when g is replaced by f k. Flence (2) is true for g.
Now we proceed to prove (3). Let c be any real number. Let us call a closed 

interval J  with end points in C a c-interval if there exist points a, bd j for which 
,g(a)> og(b). To prove (3) we need to show each c-interval J0 contains a point 
xdC  such that g (x) =  c.

By induction suppose we have found c-intervals Jk, such that
/ „ id/ j ID ... Z)Jk_1, JjC\\\J f \  = <Z> and | / - |^  — — |/[ for / S /с—1. From the 

V;=i 7 7 + 1
k - l

construction the function h= 2  f  is continuous on Jk_k (when k = 1 we put
i=i

7j= 0). Since C is everywhere dense we can find points x1? .. . ,  x„_t in C such that
xn<x. :x„, Л - 1  = [+ь •+,], Xt Xj_!r к T -1

|/j for i s n  and the oscillation
of h in [X j* x (*3 satisfies

<o(h, [x ,-!, x j) <  2 13 k for i á  n.

If one of the values g(x;) for equals c, we stop the construction and
the proof is complete. Otherwise, at least one of the intervals, say 7* = [xi_1,x i] 
is a c-interval again. Select a, bdJ*C\C such that g(a )> o g (b ). (We may assume 
that a-<b without loss of generality.) Let (a, ß) and (of, ß') denote the components 
of I \ F k containing a and b, respectively. If (a, ß)=(oc', ß'), that is [a, b \c z I \F k 
then we put Jk=[a, b\. Otherwise the end points ß and a' lie in (a, b).

Let .?(x)= ^  f ( x) when xdC{JFk.
i^k

Suppose s(ß)<c+3~k. Then liminf f k(t)=  —3~k and the continuity of s
t€ C

at ßd.Fk imply that
lim inf e(t) <  c.t-~ß- о 'tec

Therefore, there exists e>0 such that [a, /?—e] is a c-interval. In this case we put
Jk=[a,ß-e]-
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On the other hand if s(ß)^c+ 3~k we have

|sQ3)-.s(a')| S  co(s, [a, b]) ^  co(s, J*) S  ш(/г, J*) + <x>[ 2  /о  ^*) =
4=k +1 >

^  — 3 k + 2 sup 2  Si
i=fc + l

1 3 3<  — 3~к + 2 • 3- *-1 — = — 3~k -  2 ' 2 2

Hence, s ( a ) s c—_3 k>c —3 k% Therefore, lim sup f k(t) = 3~k and this together
2  i - a '  +  O

tzc
with the continuity of s at af F k imply that lim sup g(t)>c. Hence there exists

t—x' + 0tec
0 such that [a'-f-e, b] is а c-interval. Then put Jk —[%' + £, b].

In any case, we have found a c-interval Jk of length g   ̂ |/| for whichК "t" 1
Л с Л - 1 \ ^ t-

We continue this induction process and we stop it whenever we obtain X; 
for which g(xi) = c as remarked above. If the process is never stopped, then we 
obtain a nested sequeuce of c-intervals {Л}Г= 1  for which there exists an _v0(|C such
that П Jk = {.r0} and g(x0) = c. This completes the proof.

k= 1

Lemma 2. Suppose C and D are G3 sets dense in I  with CezD. Then there exists 
a bounded upper semi-continuous function f  such that C (/)  = C, D (f)  = D and 
K - ( f  x) = K + { f  x) whenever x f  D.

Moreover, for every x0 (j D, lim sup f (.xj </ (x0) and for any e>0 there exists
x ~ x 0xec

S >0 such that all the irrational numbers 26(lim sup/(x)+e, / ( x 0)) are omitted
x ~ x „  
x  € C

by f  in (x0- d , x0 + <5).
P r o o f . Let g be a function specified by Lemma 1. Define F o n  /  by F(x) =

= lim supg(t). Let I —D= \JH n where {#„}“=1
t ~*’x  n = 1

sets. Now we define /  on /  by

/(*) =
F(x)
[nF(x)\ + 1

if

ifn

is a disjoint sequence of closed

x£D

х е н п

where [y] denotes the greatest integer in y. It is obvious that F is Darboux, upper 
semi-continuous, that f(x)= g{x) whenever x£C, and C(F) = C. Moreover, the 
definition implies
(4) F(x) < /(x ) S  F(x) + n~l if xd_Hn-

Let us now prove that f  too, is upper semi-continuous. Let x0£ D, £>0 and 
N  be an integer greater than Then there exists <5>0 such that (x0—S, х0+<5)П
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П U tf ; = 0. Therefore,
i=i

Hm sup/(x) s  lim sup I F(x) + 1 =  F(x0) + ~  < /(x 0) + e
v TV /  TV

so that /  is u.s.c. at points of D. If x0$D  then x0£H„ for some n. Since the com­
position of an u.s.c. function with the greatest integer function is again u.s.c. it
follows that f \ Hn is u.s.c. Again, let e=»0 and choose N so that Then
there exists (5>0 such that (x0 — <5, х0 +  с>)П (J Ht= 0 .  Hence,

iSNi^n

lim sup/(x) = max ( lim sup /(x), lim sup f(x)) S
х-*.т0 x-+ ;t0, x  $ H n х-*-х0, х € Н п

= max (f (x0) + -^-, / ( x 0)j < / (x 0)+-^- </(x„) + e

so that /  is u.s.c. at points of I —D too.
From conditions (2) and (3) of Lemma 1 it follows that K~~(g, x) = K + (g, .v)

for all x€/. From the continuity of g and the definition of F it follows that

(5) K -  (g, x) =  K+ (g, X) =  K -  (F, x) = K+ (F, x) for all x€ /.

Conditions (4) and (5) then imply that

(6) F~(/, x )i)K +(f, x) э  K +(F, x) =  K~(F, x) for all x£/, and

K~ (/, x) =  K+ (/, x) =  K+ (F, x) = K~ (F, x) for x£D.

Conditions (5) and (6) immediately imply that C c C ( /) .  If x£C (/), then K~(F, ,v) =  
= K +(F, x)= { f  (x)} by (6) and hence, by (5), we have K +(g, x) = K~(g, x) =  
=  {/(*)}• By virtue of (2) of lemma 1 we must have x£C. Thus C = C (/) .

Next we show that D = D {f). The inclusion D a D (f)  follows from the 
facts that the cluster sets of /  and g are identical on D (conditions (5) and (6)) 
and that g has the intermediate value property on C. It remains to show that 
D (f)czD . For this it suffices to show that x0£Hn implies x„$ D (f). Let x0iD  
and £>0 be given. Then lim sup /(x ) =  lim sup g(x) =  F(x0)< /(x 0). By the upper

x ~ x 0 x ~ x 0
x € C  X Í C

semi-continuity of F we can find c)>0 such that 0 < |x  — x0|<<5 implies 

F(x) ^  F(x0) + e =  lim sup/(x) + e =  Л.
x ~ x 0

In particular / ( x ) S / l  for xCDÍl(x0- S, x0+<5). By the construction of /,  all the 
values taken on I \ D  are rational numbers hence if Л -==/.</(x„) and ). is irrational 
then it cannot be a value of /  on (x0 — 5, x0 + c>). This obviously implies х0$ D (f\  
as well and the proof is complete.
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Lemma 3. Let G be an everywhere dense Gd subset o f an open interval J. Suppose 
f i ^ f z  are continuous functions on J. Then there exists a Baire 2 function q defined 
on G such that
(7) f\(x )  S q(x) suffix) for all x£G,

(8) for each x£J, <5>0 and /.^(ffix ), ffix)) the inverse image q 1 (/.) intersects 
each o f the intervals (x — ö, x) and (x, x+<5).
Proof. Let Jl ,J 2, . . .  be an enumeration of such subintervals of J  with ra­

tional end-points for which sup ffix )<  inf / 2(x). By induction we can easily select
x(Jk x£Jk

a sequence PlyP2, ... of pairwise disjoint and nowhere dense perfect sets with 
Pka J kDG. (Referring to Baire’s category theorem an everywhere dense Gs subset 
cannot be countable and hence by [5], p. 355 it contains a perfect subset.)

Let hk be a continuous function defined on Pk such that hk(Pk)= [supffix), 
inf /2(x)] (Cantor-type function.) Now we define *€-L

J t i J k

q(x)
K(x), x£Pk

ffix), x £ G \\J  Pj.
j =1

The reader can easily check (7) and (8) using routine arguments.
Lemma 4. Let D be a Gs subset o f an open interval J=(a, b). Suppose f  ß ,, ß2 

are continuous functions on J  with 0< ß fix )^ l,  0</?2(x)S 1 for all x£J. Then 
there exists a Baire 2 function s on J  with the following properties:
(9) f ( x ) -ß f ix )  s (x) S  f(x )  + ß., (x) (xdJ),

(10) for any open subinterval J'czJ, s(J ')z>/ ( / ' )  fin particular s(J)z> f ( J ) ) ,

(11) C ( s ) = 0 ,
(12) D (s)= D .

Proof. We can find an ascending sequence of compact sets 0  =A'0cz/i1c ... 
such that (J Kn= J \D .  Next, pick H„ to be a countable dense subset of K„\K„_l .

n =  0

Put H=  (J H„, G = J \ H .  Now we apply Lemma 3 with this dense Gs set G and
я=1

fi=zf —ß1, f i = f-b y  ßi to obtain a Baire 2 function q with (7) and (8) of Lemma 3. 
Define

s(x) =
q(x),

f f x ) + ̂ -ß fix )+ ~ m in { ß fiy), y£K„},

xeG,

x£Hn.

s is obviously a Baire 2 function and assertion (9) is clear by (7) of Lemma 3.

(8) of Lemma 3 and /(-*)€ Í /СУ) — ßfix), /(* )+ тг  /?•>(■*)] immediately imply
(10) and (11). - V 2 - )
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If x£D and N  is fixed then (x —S, х+5)Г\Кп=д for n ^ N  and <5>0 small 
enough. Therefore K~ (q, x) =  K~(s, x) = K + (s, x) = K + (q, x) =  f /(x ) -  ft(x),

/ ( x ) + y  j82(x)] hence by j (x) =  ̂ (x), (8) of Lemma 3 implies the Darboux pro­
perty. If x$D  then xdKN\ K N_1. Take first the case x£HN. Then by the construc­
tion of s we have s(x)=»/(x) +  -̂ - ft(x) and К  + (s, x ) К + (q, x) =  |  f(x) - f t  (x),

/ ( x ) + y  ft(x)j. Let 2 б |/(х )  +  -^-ft(x), .y(x)j\.y(#) (s(H) is countable). Then 
we get А ^ 5 ( ( х — S, x  +  <5)) if <5 is small enough and the Darboux property at x  is 
violated. On the other hand if x^(KN\ K N_1) \ H N then z = /(x )  + y  ft(x) +

-h-^-m in {ft (у), y£KN}£K~(s, x)UAi + (i, x) since HN is everywhere dense in

KN\ K N_t . Furthermore z > /( x ) + y f t ( r ) s ? ( x ) = j( x )  and selecting i /(x )  +

+  - -̂fS2(x), z j \ i ( ^ )  we get x$Z>(.s) as above. Hence D(s) = D and the proof 
is complete.

P roof of t h e  T heorem . Without loss of generality we may assume that /  is 
a bounded interval. Let C and D be Gd sets with C czD d . Put C* = C U (/\C ) 
and D* = DUC*. Then C* and D* are dense G3 sets with C*cL>* and we may 
apply Lemma 2 to obtain a bounded Baire 1 function /  such that
(13) C ( f)= C *  and D (f) — D*,
(14) K~ (/, x) =  K +(f, x) if x£D*,
(15) for every x0([D* we have lim sup/(x) < /(x 0)

x ~ x 0
х й С *

and for any given £ > 0  there exists < 5> 0  such that all the irrational numbers 
A£(lim sup/(x)+e, / ( x 0)) are omitted by /  in (x0—ö, x0+c>).

jc€C*
Let {J„ — (an, b„); n£ Г} be an enumeration of the components of I \ C  where 

Г is an ordinal Sco0. For each n we apply Lemma 4 with /= /„ ,  ft(x )= ft(x ) = 
= (x — a„)(bn — x)/n(bn—a„y=rin(x), f = f \ Jn, D — D f]Jn and obtain a Baire 2 func­
tion sn on J„ with (9)—(12) as stated in Lemma 4.

Now we are ready to define

i/(*)> xec,
l (A )_ l s n(x), x£Jn (п€Г).

h is obviously a Baire 2 function. We prove C(h) =  C.
Let x0£C. We show that h is continuous from the right hand side at x0. If 

x0 = a„ then \h(x) —f  (x)\Srjn(x) ( x f J j  and the continuity of /  at x0 assures 
A(x)—A(x0) (x—x0-|-0).
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_If [x0, x0+ á ]cC  for some <5>0 then the continuity is obvious by Л (х)=/(х) 
(x£C). Otherwise, if e>0 is given we can find <5 so small that (x0, x0 +  d)П J„ = 0
for пш — . Hence \h(x) —/(x ) |< e  for every x£(x0, x„ + <5) and the continuity г
is immediate again.

Let x0$ C. If x0$ C then x0$ C(Ji) by (11) of Lemma 4. If x0£ C \C  then x0$ C* 
and hence х0$ C (f). (10) of Lemma 4 implies wifi, x0)^co(/, x0)> 0  where oj( •, x0) 
denotes the oscillation at x0. Thus we have x0$C(/i) and Cih) = C,

Now we turn to prove D(h) = D.

[C U (/\C )]n o  =  [C U (/\C )]nD (h)
is obvious by the construction. Therefore x0£C is to be considered only.

For every x0£C, K ±(h, x0)= K ±(f, x0) easily follows from ;/„(x)S— ifn
x0${ß„,Z>„; п£Г} and from lim t]n(x)=  lim >in(x) = 0 if x0=a„ or x0 = bn.

x-*-an +  0 x  — bn — 0
Let x0€L>n(C\C). Then h(x0)= f(x 0), K ± i f ,  x0) = K ± (h, x0), x0£D (f)  and (10) 
of Lemma 4 imply Darboux property at x0.

Finally consider x0€ [C \C ]\D . Then obviously x0$D*. If x0=an then, by 
(15), lim r\n{x) — 0 implies lim sup /г(х)=Ит sup / (x )< /(x 0)=/?(x0) and hence

x - * - a f l 4 - 0  х - * д с 0  +  0  x - * - x 0  +  0

x0§_D(Ji) is clear. The case x0=bn Is similar.
If л'0 (j {a„, bn; п£Г} then for

8 = T  (f(x0) -  Hm sup f{x))
J  д с - * - х 0xec*

we choose dx according to (15). Let be so small that x€(x0 —á, x0 +  <>)ПC*
implies

f{x) -c lim sup/(x) + E
x-»x0 
x  £ C*

furthermore n S — implies (a0 — <5, x0 +  d) П ./„ =  0 .

By

l/(x )-  h(x)I =  Чп(х) =  “  (* € (x0- d ,  x0+<5)fl J„)
we have

h(x) <  lim sup/(x) + 2s if x 6 (x0 — 3, x0 + <>) П C*.
х - х „
x i C *

Hence if
(lim sup f(x )  + 2e, f  (x0))

x£C*
is an irrational number then

/г-Ч Я )П (х„-г, x0+<5) с  [ Л 1 (А) П ((**,-*. x0+<5)\C *)]U  

U [й~1(Я)П((х0—<5, х0+<5)ПС*) =  0  U 0  =  0 .

This means x0 4 D (A) and the proof is complete.
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ON REGULAR PRONORMAL SUBGROUPS 
OF SYMMETRIC GROUPS

By
P. P. PÁLFY (Budapest)

In this paper we shall investigate regular pronormal subgroups of symmetric 
groups. These subgroups are closely related to a combinatorial problem as pointed 
out by L. Babai [2]. All the groups considered are finite. We need the following

D e fin itio n . A subgroup H  of G is said to be pronormal if for any g£G, g~l Hg 
is conjugate to H  in (H, g~1Hg).

The other notion im portant for us was introduced by L. Babai [2].

D e f in it io n . G is a CI-group (abbreviation of Cayley isomorphism property) 
if between any two isomorphic relational structures on the group G as underlying 
set which admit all right translations as automorphisms, there exists an isomorphism 
which is at the same time an automorphism of G.

The following simple observation characterizes CI-groups:
P ro po sitio n  [2, Corollary 3.2]. G is a CI-group if and only i f  the right regular 

representation of G is a pronormal subgroup o f the symmetric group on the elements ofG.
The following groups have been found to be CI-groups: the cyclic groups 

of prime order, Zp see [2, Theorem 2.3], as well as Z4 and Z2XZ2 [2, Corollary 3.3]. 
Our aim is to extend this list, thus giving an affirmative answer to [2, Problem 3.4].

к
Theorem 1. I f  (i) Р\<Рч< ■■■<?*. (Jc= 0 ) are prime numbers, n= f j  pt , (ii)

q> (n) is prime to n and (iii)
i = l/-1

П  Pi <Pi for any /, 2 — / = 2  k, then the cyclic group of
i=i

order n is a CI-group. ( (p denotes Euler's <p function.)
We do not know whether these conditions are necessary. Nevertheless, we 

are able to prove that some of them are:
Theorem 2. I f  G is a finite CI-group, then either G is a cyclic group o f order 

n such that (p(n) is prime to n, or the order of G is four.
R em a rk . Since the Cl property involves the case of (directed) graphs, we 

obtain — as a corollary — positive answer to a problem of A. Á dám  [1], whenever 
n has the forms as in Theorem 1.

A cknow ledgem ent. I  am  grateful to  László B abai for his useful advices.
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1.

This section is devoted to proving Theorem 1. We shall proceed by induction 
on the number of prime factors of «. By the Proposition, we have to show that 
for any two «-cycles x ,y  in S„, (x) and (y) are conjugate subgroups in (x, y).

In order to emphasize where the assumptions are used, the proof is divided 
into four lemmas. Throughout this section let n=mp, x = (l 2 ... я), z —(i i+m ... 
...i+ (p —\)m), P —{zi\ \ ^ i ^ m )  and v an arbitrary «-cycle. So xm—z1z2...zm, 
x~1zix= zi+1 (subscripts must be considered mod «г).

Lemma 1 .1 .  I f  m<p and p is a prime number, then there exists a y'd S„ such 
that у’ is conjugate to у in (x, y) and y'm£ P.

Pr o o f . Since я к /? ,  P is the unique Sylow ^-subgroup of S„ containing xm. 
So by Sylow’s theorem an appropriate conjugate of ym by an element of (x, у ) 
belongs to P.

Lemma 1.2. I f  Z,„ is a CI-group and ут£Р, then there exists a y f  S„ such that 
< />  is conjugate to <у> in (x ,y ), / “ 1<zi> /  =  (zi+1> and y'm£P.

Proof. A s x and у  are «-cycles and xm, ym£P, they normalize P and the effect 
of conjugation by both of them on the set of the subgroups (zj) (1^/ё«г) is an 
«7-cycle. Since Z,„ is a CI-group, this forces the existence of a y' with the re­
quired properties.

m
Lemma 1.3. I f  p is a prime number, m is prime to both p and p —\ ,y m= JJ z“‘

/=1
(0<«;</j) and y ^ 1 ziy= zhi‘+1 (O-cbf-^p), then there exists a y'd Sn such that ( y j  
is conjugate to (>’) in (x ,y j , y 'm = xm and y '^ 1 Z[y' = zi+] .

Let
Proof. A s m is prime to p — \ we can choose an r such that mr= — 1 mod p — 1.

и = JJ ((yx~'Y(m- J)x).
7=1

As one can check immediately
77

U LZ: U

For brevity let c ~  f [  b 'jf'jjj, so и 1ziu = zf‘. 
7=1

Since ym = y 1ymy = I J  zi+j> thus аг+1 =  «;Ь, mod p. Now
7 =  1

( m \ r  m
П  bi\ =  bi П  bri+j-{+1) =  b}+rmci+1 = c; + 1 m o dp.

l=i ' 7=1

Thus there exists an s for which c^sa , mod p and we can suppose also that 
5 = 1 mod «7, because m is prime to p. So u~1ziu=zf“i. Set y' = uyu~x, then

m m m
y 'm =  u y ^ i r 1 =  / /  u z f^ ir 1 =  I [  i iz f 'ir 1 =  IJ z i =  xm

i  — 1 i = 1 i = l
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furthermore
= u y -su~1ziuysu~1 =  uy~szf‘ysu~1 —

С ; П  Ь 1 + j _ ,  c
=  UZt+Jf X И"1 =  u z f c / u - 1 =  z i + s =  z i + 1 .

This completes the proof.
L emma 1.4. I f  m is prime to p and ym=xm, y~1ziy= zi+1 then у is conjugate 

to x  in (x, v).
P roof. We can choose a natural number t such that /и г =  — 1 mod p, since 

m is prime to p. Set
m

w =  JJ ((yx~1)Hm~J)x).
7=1

We shall prove that y = tv lxw.
We have supposed, that (l ) x = l+ 1 (of course mod n but we do not mark it), so 

Cl+m)y = (l)xmy = (/) vm+1 =  (l)yxm =  (l)y + m
and

(l)yz,+1 = (l)z,y = (l + m)y = (l)y + m,

hence (l)y= l+ 1 mod m, and (l)y—I— 1 depends only on the residue class of 
/ m od /77. Therefore we are justified to write (l)y= l+ l+ m dt . Now

l i t

l + m = (/) x"' = (/)>’"' =  l + m + m dj,
7 =  1

111
so /и 2  dj — 0 (more precisely = 0  mod/1).

7 = 1

Let us compute now (l)w.
I l l  i l l

(l)w =  (/) f f  ( (yx~1)'(m- j)x) =  l +  m +  mt 2  Q n - ß d i + j - i -
7=1 7=1

From this it follows that
( ill \ til
l + m + mt 2  (m —j)dt+j-i\ У = l+m + l +md,+mt 2  (m~ j)di+j^i =

7=1 ’  7 = 1

111
= l + m +l +mdl + mt 2  (m — j+  l)(/,+J_j =

7 =  1

111

= 1+ 1 +777 + mt 2  ('4 — i)di + i + md,( 1 + / » r )  =  ( / +  1) vv =  ( l)xw.
i=i

That is wy = xw, so we have y= w  Lviv. 
Now we are able to prove Theorem 1.
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We proceed by induction on the number of prime factors. Z4 is obviously
k-1

a Cl-group. Let n be as in our theorem, ra =  UPi and p —pk. So p is a prime
1 = 1

number, p>m  by (iii), m is prime to p — 1 by (ii) and by the induction hypothesis 
Z m is a Cl-group. Notice that if (y') is conjugate to (y) in (x,y), then (x, у') Q 
£  (x, y). So the successive application of the lemmas yields the result.

2.

We shall denote by GR the right regular representation of a group G. The right 
translation by gdG will be denoted by gR. SG stands for the symmetric group 
acting on G.

Lemma 2.1. I f  G is a Cl-group and H is a subgroup of G, then H is also a Cl-group.
Proof. Let G= 1J Ht be the right coset decomposition of G by H. So each

f€T
gdG has a unique representation in the form g=^h(g)t(g), where h(g)dH, t(g)dT. 
Let fdSI, be arbitrary, and define f * f  SG in the following way: for gdG let 
gf*= h(g)fi(g)R.

Since G is a Cl-group there exists a d0d (f* ~ 1GRf*, GR) such that f* ~ 1GKf*  — 
=dö1GRd0. Let d* = (ldö1)Rd0d ( f* -1GRf* ,G R), it ' satisfies =
= d0- xGRd0= r - 'G Rf*  and ld * = \( ld f')Rd0= ld ö 4 0= l.

The right cosets by H  form a system of blocks of imprimitivity for GR and for 
/* , and thus for d* too. On the other hand \d* = \, therefore Hd* — H. Let us 
denote by d the restriction of d* to H. The subgroup of d*~xGRd* = f*~xGRf*  
which leaves H  invariant is d*~1HRd*=f*~1H Rf*. Restricting this equation to 
H  we obtain d~ xHRd = f~ l H Rf  (We do not distinguish H r = Sh and HR^  
^ G r^ S g in notation.)

As we know d*d(f*~1GRf* , GR), therefore it has the form 

d* — g\rJ* 1?2к/  ёзя / 1"4R/  —
Then for any element adH,

ad* = ah(g1)Rf - 1(h(g1) - 1h(g1go))Rf(h(g1g.2) - 1X 
X h (gj g2 g3))R f - 1 (h (gx go g3)_1 h (gKg2 g3 g4))R /• ■ •.

This proves that d d \f~ xHRf,  H R), so we are done.
Lemma 2.2. I f  G is not commutative, then G is not a Cl-group.
Proof. Let g /= g _1 for each gdG, so f d S G. For hdG we have g f~ lhRf=  

=  (g_1A)_1 = /7_1g, that is f ~ 1hRf= h l1 and so f ~ xGRf= G L the left regular 
representation of G. It is well-known, that GL centralizes GK, thus GR<i 
с (Gjj, f ~ LGRf ) .  On the other hand the non-commutativity of G implies GRXGL 
so G is not a Cl-group.

Lemma 2.3. I f  n=pq, p and q are prime numbers and q divides p — 1, then Z„ 
is not a Cl-group.
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P ro o f . Let G=(a, b\ap=bq = l, a b = ba)^Z n. Since q\p — \, we can choose 
an r such that гф1 but r?= lm o d p . Let us define /  as follows: (ak bl) f=  
=akr‘ b'. Now

(akbl) f~ 1aRf  = (akrq-'b ,)aRf = ( a k'r4-l+1bl) f =  ak+r,bl
and similarly (ak b ')f~ 1bRf= a krbl+1. Easy computations show that

(f~ 1aRf)~ 1aR( f~ 1aRf )  = aR and ( f~ 1bRf ) - 1aR( f - 1bRf )  = arR
so (aR)<i(GR, f ~ l GRf ) ,  but \aR)^ -f^ 1(aR) f  are the unique Sylowp-subgroups 
of Gr and f ~ 1GRf,  respectively. Thus G is not a Cl-group.

Lemma 2.4. I f  p is an odd prime, then Zp2 is not a Cl-group.
P ro o f . Let G = (a |op2 = l ) ^ Z p2 and ak b=aHp+1)+1. Clearly b£ SG. If \bm— 1

m - 1
E (p+iy

then cr=a° Ьт=&=° , thus

0 = 2  O + i y :j = 0
2  ÜP+ О =

j =0
m(m — 1) p+m  mod p2

hence m =0 mod p, and since p is odd —^ —— p=0 mod p2, so msO mod p2.
We have obtained that b is a /г -cycle, so it is conjugate to aR in SG. Now b~2aRb = 
=apR+1, therefore aR<i(aR, b). Obviously (Ь)т±{ак), thus G is not a Cl-group.

Lemma 2.5. I f  p is an odd prime, then ZpXZp is not a Cl-group.
Pro o f. Let G={a, b\ap=bp= \, ab= ba)^Z pX Z p, and let (ak bl) f=

k  I w-ц
=a 2 bl, so f£ S G. It is easy to check that /  1aRf= a R, and for c —f  xbRf  
we have (akbl)c=ak + lbl+1. Now c~kaRc = aR and c~kbRc —aRbR, therefore 
Gr<3(Gr , f ~ 1GRf ) ,  but f ~ xGRf?±GR proving that G is not a Cl-group.

Lemma 2.6. Z4XZ2 is not a Cl-group.
P roof. Let G=(a, b\a4=b2—l, a b = b a )^Z i x Z 2 and let (akb,) f= a k(~i'),b'. 

Now for c= f~ kaRf  and d= f~ 1bRf  we get (akbl)c= ak+('~i),b\ (akbl)d—
=a~kbl+1. Moreover c~1aRc=aR, c~1bRc = (a2b)R, d~1aRd=aR1, d~kbRd=bR, 
that is (c,d)?±{aR,b R)< \(a,b,c,d) = {GR, f ~ 1GRf) .  (Compare with the proof 
of Lemma 2.3.)

Lemma 2.7. Z8 is not a Cl-group.
P roof. Let G—(a[a8 = l ) ^ Z 8 and let b£SCj: akb=a5k+1. Similarly to the 

proof of Lemma 2.4 we can show that b is an 8-cycle and b~1aRb = aR and con­
clude that G is not a Cl-group.

Lemma 2.8. Z2x Z 2XZ2 is not a Cl-group.
P roof. Let G={a, b, c\a2=b2=c2= \, ab — ba, ac = ca, be = eb)^ Z 2X Z 2 XZ2, 

and (akblcm)f= a k+lmblcm, f£ S G. Now f ~ 1aRf= a R and for d = f~ 1bRf, 
e—f ~ kcRf  (akb'cm)d —ak+mb, + 1cm,(akb'cm)e=ak+lb,cm + 1 hold. Moreoverd ~ 1aRd=
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=% , d~1bRd —bR, d~1cRd=(ac)R, e~1aRe = aR, e~1bRe= aRbR, e~1cRe= cR. 
Thus GR<s(GR, f ~ 1GRf )  but GR7±f~1GRf  (Compare with the proof of 
Lemma 2.5.)

Proof o f  T heorem 2. Let G be a finite Cl-group. Then by Lemma 2.2 G is 
commutative. If  the order of G is even, then Lemmas 2.1 and 2.3 imply that G 
is a 2-group, and moreover by Lemmas 2.1, 2.6, 2.7 and 2.8 the order of G is at 
most 4. If n, the order of G, is odd, then by Lemmas 2.1, 2.4 and 2.5 n is square-free. 
Finally Lemmas 2.1 and 2.3 imply that cp(n) is prime to n.
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AN APPROXIMATION 
TO THE FOURIER TRANSFORM

By
A. McD. MERCER (Guelph)

§ 1. Let ■#"(/, x) be the Fourier transform of f  namely

& (f, x) =  [  f ( t ) e - ix,dt. 
0

In [1] C. Balázs has given a formula which approximates (F(f, x) when /(? )  is 
known at л 4-1 equidistant points and is known to tend to zero as + at 
least as fast as some exponential function. Her theorem is

T heorem A. Let /€C [0 , 4-°°) and writing tp(t)= f (t)ect, suppose lim cp(t) 
exists for some c> 0 . Then as л — 4-°°

& (f, x) 2 >k = 0 Ш(c + a„ 4- ix)k
-  +  0  \  o j ,“4 ^ ) 1

Here oj(fl(d) is the modulus of continuity o f <p, an c log л , , .  ,—-------- and the constant of the2 n
О notation depends on c and sup |<p(/)|.

[0,+~)
Now it is not necessary for the definition of # ”(/, x) that such a constant c > 0 

should exist and our first object is to examine the approximation of # ”( /, x) when 
a weaker condition at °° is imposed. The result of this is Theorem 1 below. Once 
this theorem is obtained we shall see that its proof can be modified to give a result 
for the case in which we do have the existence of lim f{ t )e ct for some c>0.t-+ + oo
This result appears as Theorem 2.

It is the behaviour of f ( t )  as i —+°° rather than its smoothness properties 
which seems to be the interesting feature. So to fix ideas we shall assume throughout 
that /GLip[0, +°°). This of course corresponds to the case m9(ő) = Kő of The­
orem A. We shall prove the following two theorems.

T heorem 1. Let /6Lip[0, + °°) and f£L(0, +°°). Writing F(t)= J  \f(u)\du
t

suppose that t eF(t) = 0 (  1) as t-* 4-°° for some s >0. Then as n-+ 4-°°

& (/. x) = 2 f ( j )k=o \a ,, / (a„ + ix)‘Л + i 4-0 {n 4+2£}.

Here a„ = n i+2E and the constant of the О notation depends on F(0) and the 
Lipschitz constant.
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Theorem 2. Let f£  Lip [0, +°°) and let lim f  (t)ea exist for some c> 0 . Lett— + co
{bn} be any strictly increasing sequence o f positive numbers such that bn 
b?,n~1/2 — 0 and h2+£«~1/2 —oo for some £ > 0 . Then as n-+ + °°

Here a„=—  and the constant o f the О notation depends on F(Q) and the Lipschitz 
constant but not on c.

§ 2. Our analysis proceeds along lines generally similar to those in [1] but due 
to the absence of the convergence factor e~ct in the integrals dilferent inequalities 
have to be found. First we prove the following result

Lemma.
, оas +

Proof. For кш  0 we have

J„= j  2n \u ~ k \ f  e 3/2)

/  = { / -  / } £ . - ■ * .  
О к 0 O k

e~u du = { f  — j  j - ~  . u  j  j k ,
к 0 K ' 0 к Km

We integrate the first two integrals here by parts and the right hand side becomes 
kk + 1 _ _ r uk . . .  „ kk+1 . . f* + 1 ,

П
Summing over O s k ^ n  we get

If we write ak = kk+1
~FT

n F& + 1
Jn — n + 1+2 2  —rj-

k  =  1

e~k we see that

^ = Н)‘ *
and so {ak} is non-decreasing. Hence

n+ l+ 2n-
„IH-1
П!

Since n\~ y2n  nn + 1,2e~" the last expression is seen to be 0(n3/2) and the 
lemma is proved.

We now turn to the proof of Theorem 1. It should be noted that a„ is not 
chosen till the end of the proof. All that is assumed of an before the final stage is
that — ^0. n

Proof of Theorem 1. We write

, м * =
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Then

* 4 /, * ) - /„ ( / ,* ) =  / { / ( 0 - e - - r i / ( | ) % p } « - tó*  =

- / tl %г +'« I ,¥1
Consider Л„. Since /€L ip  [0, -f°°) then for some constant K± we have

(2. 1)
a,
,.k

<?»! l  .- ..te а»г dt —И -I^ A T i/  2"
0 k=0

= Z\»- l<\£e-»du = o ( ^ - )
al 0J kt,'o' k\ ( a\ )

by the lemma. Next we consider the integral B„. Clearly

\B„N  f  \ m \ e ~ ^ {  2U=n+1 XI >
If we write R„{a„t) for the expression in brackets it is a simple matter to verify that

_d_
dx {e xRn(x)}= e x— .

So, integrating by parts, we get

\Bn\ * \ - F ( t ) e - ‘n< 2  ^ 1  +an f  F ( t ) e ~ V ^ d t
L k=n+i x! Jo f  n i

00

where F(t)=  J  \f(u)\du. The square bracket vanishes at t = 0 and since
t

lim F(t) = 0 and

0 ё е - V  2  % r -  = 1 к=п+1 к.
it vanishes at t= +°° also. Hence

- a t  M r\Bn\ — a„ f  F ( t)e ~ ° n M dt.

Since t*F{t) = 0 (\)  at t-~ +°° then we will have t eF (t)^ K 2 for all sufficiently 
large t, say t^ M .  We write this last integral as

an{ f  + f } F ( t ) e - ^ ^ L dt = Cn+Dn (say).
M  о Пт

Consider Cn. In it we replace F(t) by K2t~E and then put u=ant. We get
“  . n —e °° — t

C „ S K 2aBn
an M  11 '  0 11 *

-dw.
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Hence

<2 .2) C„ — K.,a', Г (n—E+ 1)
n\

Finally we turn to Dn. The function e has its maximum value in [0, -)- o° )

when t=- Since — —0 as we may suppose that и is so laree thatn

IMI
----Then for such n we will have
a" (а М)"D„ S  anMF(Q)e-“»MK ■" ■ .

Again using the asymptotic formula for n\ we see that this term is О 
for all y>0. In particular we have

0 3 )  = < # ) ' } •
Collecting the results (2.1), (2.2), (2.3) we have

(2.4) 3F(J, * ) - /„ ( / ,  x) -  ° { ^ }  + ° j ( v )  }•

We now choose a particular value for a„. We choose it to make these orders the
3 +  2e

same and we find that a„=ni+2£ when each order term is (9{n_e/(4 + 2£)} and this 
completes the proof of Theorem 1.

§ 3. We conclude by showing how the above proof can be modified to give 
the proof of Theorem 2. In the case of Theorem 2 the hypotheses of Theorem 1 
are satisfied for all e>0. Let the sequence {b„} be as stated in Theorem 2. With 

nan—-r- the proof goes through as before but now in (2.4) the right hand side
bn

Í n3̂ 21 f b2 Iis simply O f-----1, that is О l — This gives the result of Theorem 2 with
l о; J I in \

Tlл„—— . The important feature of this theorem is that the numbers an in the ex-
pression for /„ (/, -*■) can be chosen once and for all as they do not depend on c 
as in Balázs case nor on e as in Theorem 1.
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subset, closed under the linear operations
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1. Introduction

Problem 39 of H almos [1] consists in constructing an unbounded linear trans­
formation from a Hilbert space into another which is bounded on an ON basis. 
The problem is not a too difficult one; our aim is to show the more surprising fact 
that every unbounded transformation is a solution. More exactly,

T heorem  1. Let H, К be Hilbert spaces and A: H ^ K  a transformation. Then 
there exists an ON basis E in H such that sup \\Ae\\ .

e £ E
The quantity

iJ/(A) = inf (sup Me||),
E  e £ E

where E runs over all the ON bases, is a kind of pseudonorm, which has some 
paradoxical properties. For example, in finite dimension it is subadditive, in count­
able dimension it is supermultiplicative, and in continuum dimension it is neither.

P roblem . Given a transformation A, does there exist necessarily an ON basis 
E such that A is bounded on the linear hull of E, that is, on the set of all 
the finite linear combinations

2  aj ej , e£E1
j  = l
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2. The existence of ф (A)

In this section we prove Theorem 1. Define the conorm of a transformation 
A; H ^ K  by

cn A — inf Mell.
Hell =  1

Obviously cn A — ||Т_1||_1 if A has a bounded inverse (whose domain need not 
be the whole space K) and 0 otherwise. Now let Ex be a maximal ON system in 
H  such that [|.4e||^l for all e^E i . (Such an Ex exists by Zorn’s lemma.) Let 
Hx = E f .  Evidently we have cn A |Hl s 1.

Having defined E„ and Hn, let E„+1 be a maximal ON system in #„ satisfying 
\\Ae\\Sn+\ for all e£E„+1 and let Eln+1 = H„C\Ef+1. If this sequence breaks off 
(that is Hn = 0 for some n), we are ready, E=  U E„ is the desired basis. Now 
we prove that it must break oflf.

(2.1) Lemma. Let H ,K  be Elilbert-spaces, 0 ^ H ka H  a decreasing sequence 
o f subspaces and A: H-*K a transformation. Then

lim cn A\Hk <  =».

The limit above exists, since

H ' z> El" ==> cn A\H. cn Ajff".

P roof. Suppose the contrary. Let e„f H n be a unit vector and consider the

series x  = 3~Je„, n1<)72<   This series is convergent for an arbitrary
j = г 1

sequence {«,-}; we shall define iij recursively.

Writing xk = ^  3~Je„. we have
j=k 1

(2.2) Ax = 2, 3- JAenj + A xk.
J = i

Since ||e„J =  l, we get

W s 3 - ‘ -  Í  з - '  =  1 з - \
j=k+1 ^

and xk£H„k implies

(2.3) M * J  ё  j 3 " fccn А\нПк-

Now let /?! — 1, and given nx, ...nk_1, choose nk so large that

cn^ |H„t > 3 fc + 1(fc+ 2

This can be done by the indirect hypothesis, and together with (2.2) and (2.3) this 
implies \\Ax\\ > k  for all k, which is impossible. Q.e.d.
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3. Additive and multiplicative properties

To state our results exactly, we need some concepts. Let H, K, L be Hilbert 
spaces. We define the sets

2 { H ,K )  and JJ(H ,K,L)czF*.
in the following way: (a, b, c)£J£(tf, K) if there are transformations Ax, A2: H —K 
such that

iK /Ie) =  а, ф(А2) — b, ф(А1 + А2) — c,
and (a, b, c)£f] (H, K, L) if there are transformations A: H-*K and B: K —L 
such that

ф(А) = а, ф(В) = b, ф(ВА) = c.

In case H = K = L  we shall write simply 2  (Ю an(3 JJ (H).
The complete description of these sets would need a rather lengthy discussion, 

therefore we shall confine ourselves to the main cases a) finite dimension and b) 
H =K=L.

T heorem  2. (Additive properties.) a) I f  d im #<X 0, then ф is subadditive on 
the transformations A: H —K (K being arbitrary) and this is its only additive pro­
perty, that is,

2  (H, K) = {(«, b, c): \a -b \ ^  c =§a + b}.

b) I f  dimJT^^o, then ф has no additive property on the transformations 
A: H ^H , that is,

2 ( H )  = R\-

The multiplicative behaviour is more varied. We split the spaces H  into 
two classes:

I. d im /T < d im im p lie s  Dim i/ 'c D im  H;
II. there is an H' for which dim H ' <  dim H, but Dim H ' = Dim H.

(Of course, this classification depends only on dim H=a. H  belongs to the second 
class if and only if either a = ß*» for some /?<oc or K0< a < 2 so. belongs to 
class I, and 2s» belong to class II, and both classes are easily shown to be cofinal.)

T heorem  3. (Multiplicative properties.) a) I f  dim / / <  K0 and 2 s «  —dim K< 
<  ts0, then the only multiplicative property o f ф is

ф(ВА) ^  \'n ф(В)ф(А),
that is

f f  (H, K, L) =  {{a, b, c): c ^ a b  \'n}.

(The case n— 1 is obvious.)
b) I f  dim then either ф is supermultiplicative or it has no multiplicative

property at all. More precisely:
(I) IJ(H )= {(a,b,c): c^ab} or

(II) JJ (H)=R%,
according as H belongs to class I or II defined above.
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4. The finite dimensional case

If A: H-<~K is a transformation, d im //< N 0, then i//(A) is closely related 
to the Hilbert—Schmidt norm of A, defined by

(4.1) h(A) =

where {ey} is a basis. (4.1) is easily shown to be independent from the particular 
choice of the basis. The Hilbert—Schmidt norm has meaning for some operators 
in infinite dimension as well, but is no longer connected with our pseudonorm. 
Or to be more honest, it has a trivial connection: all Hilbert—Schmidt operators 
have a pseudonorm 0.

T heorem 4 . I f  A : H-+K is a transformation, dim Я = / г < К 0, then we have

(4.2) ip(A) = h (A)
I dim H

Proof. Denote the right-hand side of (4.2) temporarily by r. The inequality 
ij/(A)^r is obvious, a maximum is always greater than or equal to the quadratic 
mean. To prove the reverse inequality, we must find a basis for which \\Aej\\—r.

Regard a basis {У}}. By (4.1) there must be a j  and a к for which ||4/}|| ^ r ,  
\\Afk\\^r. Since the unit sphere is connected and f  {x) — ̂ Ax^ is continuous, there 
must be a unit vector satisfying \\Aet\\ =r.

Let Hx= e f . Applying the definition (4.1) to a basis containing our et we 
see that

h2(A) = h '^A J + r* (A, =  A\Hl).

Therefore =  r, and iterating the argument we get the required basis. Q.e.d.
jn  — 1

The positive part of Theorems 2a and 3a is merely a reformulation of the sub­
additive and submultiplicative property of the Hilbert—Schmidt norm. Now we 
show that there is no other multiplicative property. It is sufficient to prove that

(4.3) {h(BA): h(B) = h(A) = 1} =  [0, 1].

Since the unit sphere of operators in the Hilbert—Schmidt norm is connected, 
the left-hand side of (4.3) must be a connected set and it is sufficient to show that 
it contains both 0 and 1. Let eZH, f ly f 2£K and gdL  be unit vectors, /i_L/2. For 
the operators

A,: H - К ,  AlX = (e, x ) f x,

A2: И  -* К, A 2x  = (e, x>/2,

В: К -  L, By = ( / ) , y) g
we have h(A1) = h(A2)=h(B)= 1, Н(ВЛл)= 1 and h(BA2)=0, so we are ready. 
The assertion concerning additive properties can be proved similarly.
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5. The infinite dimensional case

Let Hx be a subspace of the Hilbert space H, dim //isN 0. Call Hx small if 
d im /Z icd im // and large if H f  is small.

T heorem  5. Let A : H-~K be a transformation, dim H ^H 0. We have i = 
= sup cn A \Hl, where Hx runs over the large subspaces o f H.

(5.1) L emma. Let {ej: j fJ }  be an ON system in a Hilbert space H, \J\ = 
= dim Я ёК ,I and let Hx be a small subspace of H. Let e] be the projection o f e} 
onto Hx. We have

a) e) -► 0 if d im # = i t0,
b) \{j : ej  ?£ 0}j <  dim H if dim H =- X„.
P r oof , a) is well-known (and very easy). To prove b) let inf M } be a 

basis of Hx. By Bessel’s inequality we have ^  \fm-> ey)|2 —l!/mil2= U therefore | {/: 
</«, ^ > ^ 0 } |S 8 0. This implies J
(5.2) V m ( f m, ef> =  0

for all /', with at most |M| = 80-dim / /^ d im  H exceptions. (5.2) just means 
CjJ_HX, that is e)=0. Q.e.d.

Let {űj-: j f J } be a set of real numbers, |/j&X0. We call b an essential lower 
bound for this set if | {/ : aj<b}\<\J\ and we define the essential infimum by

inf ess {aj: j f J }  — sup {b: b is an ess. lower bound}.

(For a countable J  the latter coincides with the limit inferior.)
(5.3) Lemma. Let {<?,-: j fJ )  be an ON system in a Hilbert space H, |/ | =  diin H = 

A : H-~K a transformation and I f  a large sub space o f H. We have

cn A\Hl ^  inf ess \\Aejl

P r o o f . Let H., = Hx (H2 is small) and let ej=ej+ej, c f f H^  If d i m / / = X 0„ 
we have e}—0 by Lemma (5.1). Since dim Ht is finite, A\„2 is continuous, therefore 
Ae)-*0. This implies

cn A Hi .  lim ы Ш  ш lim inf J M ± ! M .
Ilejll _ ...........  1-И11

lim ini \\Aej\\.

If dim #=*K0, by Lemma (5.1) we have ejfHy with less than dim H  excep­
tions, which do not affect the essential infimum. Therefore

inf ess \\Aej\\ =  inf ess {ЦЛ̂ .Ц: ejfH x} ^  cn A\Hl.
Q.e.d.

P roof  of T heorem  5. Temporarily introduce the notation 
cp (A) = sup {cn A \,h : Hx is a large subspace}, 

cp(A)^\J/(A) follows from Lemma (5.3); now we prove cp(A)^\l/(A).
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Let £>0 be arbitrary. We shall construct a basis {e,} satisfying 
■(5.4) \\Aej\\ S  <p(A)+e.
Let a be the initial ordinal of cardinality dim H  and let {f /?<oc} be a basis in H. 
We shall define recursively a sequence {Eß: /?<а} where Eß is a finite set of unit 
vectors such that

a) ÖEß is an ON system,
b) f ß£span U Ey

ysß
с) IIAe\\ ^<p(A)+ e for edEß.
UEß will be the required basis; it is ON by a), complete by b) and satisfies 

*(5.4) by c).
Now suppose that Ey has been defined for }’</?. Let 7^ = span (J Ey (it is

y-zß
:a small subspace) and S0—Hß  . Let /*  be the projection of f ß onto S0. If /*  =  0, 
we may set Eß= 0 .  If f * ^ 0 ,  let g0= /7ll/* ll and Sj^SoDg^-

Sj is a large subspace, therefore cxr A \Sl-&(p(A). Let be a unit vector
for which H^lgJ ^(p(A) + e. Let S2 = Si r\gx and so on. Repeating the argument 
we get an ON sequence gx, ...g„ in Sj such that \\Ag,\\^(p(A) + e, i = l , . . . ,n .  
Let S=span {g0,g 1; ...g„}. By Theorem 2,

iAMIs) Ч̂ Д1И8'||!ГЯ(<\\Agor  + n(cp{Ä)+Ey- .1/2

n + 1 =2 cp(A) + 2e

if .л is large enough. Choose a large n and an ON basis {e0, ...e,,} in S such that 
IIA e,||=i//(A\s)^<p (A) + 2e.
Then Eß={e0, ...e„} will do (with 2e instead of e). Q.e.d.

(5.5) C o r o l l a r y . I f  Hx is a large subspace o f H, then ф(А\н^  = ф(А).
(5.6) C o r o l l a r y . I f  A: H-+K is a transformation, dim Lf=K0 and dim

< d im H, then 0.
Proof. Otherwise there would be a large subspace Hx of H  such that 

*cn Ax>0, A1 = A\Hl. This means that Ax has an inverse B: im im B=HX,
||t?1||< ~ . Hence dim 7Ij = dim im 2?Sdim K, a contradiction. Q.e.d.

Now we use Theorem 5 to determine ф(А) in an important special case.
(5.7) C o r o l l a r y . I f  A is a diagonal operator with the diagonal {dj: jfJ } , then 

we have i//(/i) =  inf ess \dj\.
Proof. Let A be diagonal in basis {ej}, Ae-^djej and denote infess \dj\ = D. 

We have c n d |„ s p  for every large subspace H, by Lemma (5.3). Therefore 
iH A ^ D  by Theorem 5.

On the other hand, considering the large subspaces HB =  span {et: |i/,|>£) — e} 
we get t/*(/l)Ssupcn^4|H(i=Z). Q.e.d.

Proof of T heorem 2b. For arbitrary a, b, c&0 it is easy to construct sets 
{aff and {bj}, j€J, |/|=dim  / /  such that inf ess |aj| =a, inf ess \bj\=b and 
inf ess \aj+bj\—c. Hence Theorem 2b follows from Corollary (5.7). Q.e.d.
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6. Proof of Theorem 3b

We begin with showing JJ(H ) = R3+ if //belongs to Class II. Let Hx be another 
Hilbert space with the properties dim / / ^ d im  H, Dim Hx = Dim H. Given 
a, b, сёО, we shall construct transformations A: / / —Н®Нг, В: H(BHx — Н such 
that ф(А)=а, tl>(B)=b, il/(BA) — c. (Since Hilbert spaces of the same dimension 
are isomorphic, instead of H  we may use any Hilbert space of the same dimension; 
sometimes this makes the description simpler.)

Let P: H-*H1 be a vector-space isomorphism and Q =  / >_1. Now let A x — 
=(ax, Px) and B(x, x1) = bx + (c — ab)Qx1 (x£H, x f H x). We have BA—cIH, 
therefore ijt(BA) = c as wanted. Since H' = {(x, 0): x£H ) is a large subspace 
of H®HV we have ф(В) = ф(В\н ) = ф(Ын) = Ь by Corollary (5.5).

We have

(6.1) \\Ax\\ =  УаЦх\\* + \\Рх\\*,

therefore ф(А)^сп A ^a . On the other hand, ф(Р) = 0 by Corollary (5.6), so 
that for every 6>0 there exists an ON basis {<?,} satisfying Ü Pef <£. By (6.1) 
we have

V/flMf/ll = a+e), Ip (A )S a  + E
and we are ready.

Now we prove

(6.2) ф(ВА) ^  ф(В)ф(А)

if H  belongs to Class I.

(6.3) Lemma. I f  H belongs to Class I, then we have dim / / '< dim //WDim H '< 
<  dim H  for every Hilbert space H'.

P roof. Let dim H=d, Dim H=D, dim H '= d ', and D im ^ ' = D'. If d'<&0, 
then D' = d '< d  and we are ready. If i / 'S S 0, then we have D '= d '*». Suppose 
D '^d . This implies D'*°^d*o = D. On the other hand, D'*o=i(d'*oy<>=d'*o=D'. 
This yields D '^D , a contradiction. Q.e.d.

Call a linear manifold M  in a Hilbert space H  large, if its algebraic codimension 
is less than d im //, that is, in a decomposition Н =М + М г we have Dim 
<dim H. Evidently if a large manifold is a subspace, it must be a large subspace. 
The converse, that a large subspace must be a large manifold, is wrong if H  belongs 
to Class II, but according to Lemma (6.3) it is true in Class I.

(6.4) L emma. Let H be a Hilbert space o f Class I, A : H-+K a transformation, 
{ej: j£J] an ON system in H, |/|=dim  H and M  a large manifold in H. We have

(6.5) cn A\M ^  s = sup \\Aej\\.

(Strictly speaking, cn A |M has not been defined yet but its meaning is evident.)

б Acta Mathematica. Academiae Scientiarum. Hungaricae 34, 1979



304 !. Z. RÚZSA

P r o o f . First suppose d im # = B 0. Then Л / has a codimension tf0. Con­
sider a subspace T f^span  {ej4, , ejn}, n>m. For Н2=НХГ)М

(6.6) dim H2 = dim H x — codim M  — n — m

holds. Moreover we have h(A |H.2) =  h(A |Hl) = Í ns> where h denotes the Hilbert— 
Schmidt norm (see Section 4) Therefore by Theorem 4

спЛ|м =i cn А\н ф(А\„2) = /' ^ " 2> s  — jj
(/dimH2 Г n - m

making n-~°° we get (6.5).
Next let d im //> K 0. Since H  belongs to Class I, this implies dim H  =-2V 

(Otherwise a subspace of countable dimension would have the same algebraic 
dimension.) Let H-=M + M X, Dim Mx-=:dim H  and eJ=e0J + e1j, efeM, e)£Mx. 
Since |M1j =  2í*<>DimM1< dim .íf= |./|, there must be an infinity off s with the same 
e), say j \ ,  j 2, .... Now let

Hx = span {eJl, ..., eJn}, H 2 -  НХПМ.

Since ej, — ejk£M, we have dim 7/2S /j —1, which is (6.6) with m — 1 and the proof 
can be completed similarly. Q.e.d.

Now we prove (6.2). Let e=-0 and choose a large subspace Ht for which 
cn Since H  belongs to Class I, Hx is a large manifold and hence
M1 = A~1Hl is a large manifold as well. Let H2 be a large subspace for which 
cn А\Н2̂ ф (А) —e. H2 and so М2 = МХГ\Н2 are large manifolds, therefore by 
Lemma (6.5) we have
(6.7) cnBA\Ml ф(ВА).

On the other hand, for xZM 2 we have Ax£Hx and so

\\BAx\\ ^ (Ф (В ) - е)\\Ах \\ ё  (Ф (В)-е)(Ф (А )-е)\\х \\.
Therefore
(6.8) спВА\Мгё  (ф{А)-Е)(ф(В)-в).

(6.7) and (6.8) imply ф(ВА)ё(ф(А) — е)(ф(В) — £); since s was arbitrary, we are 
ready.

At last we have to show that there is no further connection between ф(А), 
ф(В) and ф(ВА). Let c^ab \ we shall construct transformations A and В satisfying 
ф(А) = а, ф(В)=Ь and ф{ВА) — с. Since the case c=0 is obvious, we may con­
fine ourselves to the case c=  1, a b ^ l.

If ab9^0, let A be a diagonal operator whose diagonal contains numbers 
a and \/b, each dim H  times and B = A ~L By Corollary (5.7) we have ф(А)=а 
and ф{В) = Ь as required.

If .6=0, tt A0 be an arbitrary invertible transformation with ф(А0)=а  and 
define A: and В : by Ax=(A0x, 0), B(x, y)—A„1x. We
have ф(А) = ф(А0) = а by Corollary (5.5), further BA=IH and ф(В)=0 by
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Lemma (5.3) (applied to a system {(0, ej)}, where {ej} is an ON basis in H ) and 
Theorem 5.

The remaining subcase a=0, 0 will be omitted, because it is of secondary
importance and I managed to find only a rather complicated proof.

Acknowledgement. 1 am indebted to J. Bognár and A. Szép for their valuable remarks.
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ON AN EXTREMAL PROBLEM CONNECTED 
WITH THE FUNDAMENTAL POLYNOMIALS 

OF INTERPOLATION
By

CATHERINE BALÁZS (Budapest)

The aim of this paper is giving elementary proofs for some theorems of 
K arlin  and S t u d d e n ’s book [5] and making them more complete with new results 
of similar nature.

The following problem will be investigated; let a<b finite or infinite real 
numbers, and denote 3Pn the class of «-tuples (xl5 x2, ..., x„) with « ^ х х< ... -=x„^6 
(x1 and x„ are finite). Let tv(x) be a positive function on (a, b), further

where

def l,(x)
W1/2(x,) (i =  1,: n)

/,(*) =
def M„(.v)___

U > n ( X i ) ( x - X i )
and ш„(.\)

n
/7 о -Xi).

Consider the following extremal problem: determine the value
M  = inf sup vv(x){r2(x )+ ...+ rjj(x )}  = infMfXi, ...,x„)

&n a<x<b &n

and the system of points {x;}?=1 which minimizes M  for a fixed w(x)^
F ejér’s [1] well-known result is the case w(x) = 1, [«, &] =  [— 1, 1]; M  is minimal 

if and only if {х,}?=1 are the zeros of the integral of the Legendre polynomial
:c

f  Pn-At)dt and M= 1. We investigate the cases of the classical weight func- 
-1
tions in this paper. The contents of Theorems 1, 3, 4 and 5 are given in K arlin  
and Studden’s book [5] on p. 336 in Theorems 4.1, 4.2, 4.3 and 4.4. Theorem 2 
is a result of the present author. The proofs given in [5] are based on deep general 
facts (such as von Neumann’s minimax theorem), while our proofs are quite simple 
and elementary. However, the mentioned authors gave a common general setting 
of extremal problems which seemed to be rather different before.

T heorem  1. I f  iv (x )= (l —x)3I+1( l + x ) i+1 (a ,/)> —1) and [a, b] =  [— 1, 1], 
then M = 1 and this infimum is attained i f  and only if {x;}"=1 are the zeros o f the 
Jacobi polynomial P f '()(x).

Now consider the case when one of a or ß is equal to — 1:
T heorem  2. I f  jv(x) = ( 1 — x)*+1 ( a >  —1) or и(х) =  (1 + x T +1 (/? =—  1) and 

[a, *] =  [ - ! ,  1] then M — 1 and this infimum is attained uniquely when {хг}"=1 are
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the zeros o f the Jacobi polynomial P\f 1 ' (л) and P{„ 1 ,ß>(x), respectively, where 

( 1)

(et, ß are arbitrary real numbers).
We remark that Theorems 1 and 2 and Fejér’s theorem mentioned above give 

a complete characterization of the zeros of Jacobi polynomials P (f - ß> (x), a, 
However, Theorem 2 is a marginal case oc= — 1 or ß ——\ of Theorem 1, its 
proof cannot be done simply as a special case of Theorem 1.

Theorem 3. I f  w(x) — e~x and [а, й) = [0. °°) then M =  1 and this infimum 
is attained if  and only if xx =  0 and x2, ...,x„  are the zeros of the Laguerre 
polynomial Lf j f x ) .

T heorem  4. I f  w(x)=xx+1 e~x (0 0 =— 1) and [a, 6) = [0, °°) then M= 1 and 
this infimum is attained if  and only if  {x; } " = 1  are the zeros of the Laguerre 
polynomial L{„%) (x).

Taking into consideration the relation xL if l 1(x) =  L~1(x) • (  — n) (S zegő  [8],
(5.2.1)) Theorem 3 seems to be a marginal case oc =  — 1 of Theorem 4.

Theorem 5. I f  w(x)=e~x* and (a, b) = (—°°, °°) then M =  1 and this infimum 
is attained i f  and only i f  {x,}"=1 are the zeros o f the Hermite polynomial Un(x).

The elementary proofs of Theorems 1, 2, 3, 4 and 5 are based on similar ideas. 
The proofs of Theorems 1, 4 and 5 follow the same way so we prove them by the 
aid of Theorem 6  stated under more general conditions. Theorems 2 and 3 need 
a special analysis.

T heorem  6 . Suppose that u’(.y)> 0  and (1/и'(.г))(2л,&0 (<7 -= y</?). Then the 
system o f points (a <) лу < ... <  x„ ( < b) minimizes the expression

and M = rnin M (xt , ..., x„)= 1.
Finally consider an example which differs from the previous cases because 

the weight function w(x) is “bad” at one point. Let w(x)=e~x* \x\p (/!> — 1) and 
(*,*) = ( —0 0 , 0 3 ). The orthogonal polynomials { / / ^  (x) } “ = 1  associated with the 
weight function н>(х) are called Sonin—Markov polynomials and are generaliza­
tions of the Hermite polynomials Hn(x)~ H ,„0)(x) ( /= 1 , . . . , ; í) (Szegő [9], p. 440). 
If —1-=/?<0 then M(xx, ..., x„) has no finite value for any system of points. 
A unique solution exists in the special case ß —О treated in Theorem 5. If ß>0, 
then \/w(x) is not differentiable at x=0, so the problem of uniqueness can not 
be solved in this way. I can prove the following:

(2)

i f  and only if
(3) (w(x)cu;(x))' =Xl = 0  (/ =  l , . . „n)'X = X:
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T heorem 7. I f  w(x)=e~x i\x\ß (ß^O), (a, b )= (—° ° a n d  n = 2m, m = l, 2, ... 
then M — 1 and this infimum is attained if  {x,}"=1 are the zeros o f the Sonin— Markov 
polynomial H lf' (x).

The condition хг=̂ 0 (/=  1, must be fulfilled for any minimizing system
of points in the case /?>0, thus if n = 2m+l (m =\ ,2 ,°o )  then M=  1 cannot 
be attained for the zeros of H ^ +1(x), because T/im + iCO)^ (Kis [6], (27)).

Proof of T heorem 6. M s  1, because

(4)

at x= x ,, for arbitrary system of points.
Suppose now that (3) is fulfilled for a system of points {x,}"=1. We shall prove 

for it the inequality

(5)
1 n l?(x)Vn(x) = - ^ ~ - 2 - ^ r ^ O  (a <  x <  b). w(x) ,t)  vv(x,)

(4) and (5) will show that M(xl5 ...,x„) = M =  1. The inequality (5) can be seen 
as follows: F„(x,) = 0 (/=1, ...,«). Using

(6)

and (3), we get

K ( x , ) = -

2li(*i) = т т т т г  0* =  1......»)CO„(Xi)

w'(Xi) 2 l',(Xi) w'(Xi)( o ' (xf) + W(x,) io ”( x , )

that is the polynomial £

W2(Xi) w ( x , )

_ -(1У(х)т;(лг,));=Х[
и’2(Xi)(o'n(Xi)

Z /?(*)

0 ( i= l , . . . ,n )

of degree 2n—2 coincides with l/w(x) at 2nit i  h’(x,)
points, so it is the unique Hermite interpolating polynomial of degree at most 
2n — 1 of l/w(x) with nodes given above. We denote it by H(x). Then the following 
theorem is true for H(x) (N atanson [7], p. 377).

‘ 1
(2/1)

r M  =  = w í  * 5
We obtain (5) by (l/vv(x))(2n)=-0.

Conversely, suppose that M=  1. Then the expression

b).

0 vv(x)/?(x)
w(x,)

has a maximum equal to 1 at x = x i5 so

1 (i =  1, n)

-*> -l = 0  0  =  1, 2,
» W  h= Xi «)
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that is

(w(x)lf(x))'x = Xl 
which gives (2).

vv,(-V1) + vv(x,)2/;(.\-i) =
(w(x)a>'n(x))'x=:x

ш'п(хд
— 0 (i =  1 ,2 ,..., n)

R em ark . Theorem 6 investigates systems of points {х,}"=1 with x and 
r„ < i,  and does not exclude the existence of such minimizing systems of points 
where xx=a or x„=b. In this latter case we can have (и> (x) со' (x))' =x.^ 0  for 
/=1 and i=n, respectively. But if we suppose

lim w(x) = lim w(x) = 0
x -~ a  + 0 x - b - 0

then for a minimizing system of points {x,}"=1 the relations a< Xj and xn^ b  
are true, otherwise М(хг, ..., x„) is not a finite value. So we can apply Theorem 6 
in this case and we have that only systems of points satisfying (3) may be mini­
mizing ones.

We shall need a
Lemma. The following inequalities hold:

(7) ( ü - ^ H i + x T * 1') > 0  n = l>2> •••)
and

< ex V 2’0
(8) 0, n = 1,2, ...)

These inequalities were got by I. Joó. R. Askey (S ze g ő  [8], p. 391) gave a 
simple proof for (7) and (8). However, he used a deep theorem on the distribution 
of the zeros of the Jacobi and Laguerre polynomials. We remark that (7) and (8) 
follow trivially by differentiation under the integral in the formulae

1
( 1 - x)i + 1(1 + at/ +1 (Г(«+1) -/ - • e-(i-x)vdv

)•(
1

Г (ß+D f sße il+xisds
) -

J OO CO
—_ - - - - - - - - - - - - - - - - - - - - - - - - -  f  f  px(v~s) d v  ds  t o r  ß  > •  —  1 —  1 <  v

n * + \ ) n ß + \ ) J  j  y , p  ’
and

j r r  = T G+\)S * e-*,-1'du
which one can easily obtain from

1)

1 1
f  u%t ‘du (a =—  1, x >- 0).-*a+1 T (a+1) J

This last equality follows from the integral representation of the Gamma function

T(z) =  J  t z~1e~<dt (Re г >  0) 
0

( D u n c a n  [2], p. 264) with z = a - f  1, t=u*x.
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Proof o f  T heorem 1. By the Lemma and the Remark, Theorem 6 shows that 
we have to search for systems of points satisfying (3):

(w(x)o/„(x)yx=Xi =

= (1 -  x,)* (1 +  х /  {[- (a +1) (1 + xi) + (ß +1) (1 -  x,)] co'n (x) +  (1 -  x,)2 со" (x,)} =  0
(i = 1,

that is
(1 -x ,)a(l +  *iY • {(1 - x •)со"(x,)-[ß-a-(x+ß+2)Xi]<j)'n(x;)} =  0 (i =  1 , 2 , ,  n)\

Taking into consideration the fact Xj^ + l and substituting x for xt we can write-
(1 -  x2) со" (x) + [ ß - a - ( a  +  ß +  2)x] co'(x) =  Cco (x),

since the left hand side is a polynomial of degree n having zeros {х;}-'=1 . Comparing: 
the corresponding coefficients,

C =  — л(и—1) —n(a +  /? + 2),
and by Theorem 4.2.2. of Szegő [8]

co„(x) = const. P</ ' ß) (x).
Proof o f Theorem 2. because (4) is valid.
Let us suppose e.g. that a =  — 1, ß>— 1. We note that the important relation

(9) />,<,_1’^>(х) = const, (x— l)P,(,1zf, (;c)
will be very useful in our proof. (9) is a trivial consequence of (1).

Let — l< x x<  . ..< x „ = l be the zeros of the Jacobi polynomial P(n~1’li] (x).. 
Then M(xt , , xn)= M =  1. To see this we have to prove the inequality
( 10)

, _  1 ___ l _ r « 4 f ) ] 2_  4,____1____( ' - x f г п н ч х )  í 2
" ( l + x / +1 2ß+1 IP ^ jfT l)!  1= Л \+ х,У +1 U - x ,J  l ^ 1J?)'(* i)(x-xI)J ~

(— 1 <  X <  1)

which is analogous to (5). (10) will be justified by the aid of

( H )
where

Vn = An- B n ^ 0 ,

ß n  (1  * ) 2 Д + 2 { ( P +  1 ) + 2  p O . Í ) ( l ) j  l p < l j f > ( l ) J  -  ° '
The proof of (11) is similar to that of (5). Using the relations

K*'ß)(\)=  (” n a) ( ^  0)
and

^ ■ •« '0 )  =  T (a+jS+" + i ) ( n - i )  (” - 1}
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(S zegő  [8], pp. 65 and 63, respectively) one can establish F„(x,)=0, V '(x t)=0  
(/=1, and F„(1) =  0, F„'(1) = 0. So

A„ — B„ — w(x) -H {x)

where H(x) is a Hermite interpolation polynomial of degree 2n — 1 of l/iv(x) based 
on the nodes xl5 and x„ = l with multiplicities 2. By

/  ,  4(2») ,  j  4(2»)

_  l ( l + x y +1J ^  °  (_ 1. { l+ x f 1)

and by the theorem mentioned earlier concerning Hermite interpolation we get
■,(2»)F- = =  ( S r  MoLД s 0  <" -=«b)

which gives (10) by (11).
Conversely, let us suppose that

( 12) ( l + x / +1 2 ’- П ( х ) 1 ( - l s r á l ) .
Ä  (1 + x ,)ß+1

х-,Ф — \ follows trivially from (12). The expression

0 =s ( U r f w _< 1U+ J (1+x,)* - 1
has a maximum equal to 1 at x = x ;, when — 1«=хг<1. So

that is

/?(*) ) ' 
( l+ x ,y +1}x„Xl

(13) I ± L + 2i;(Xi) = oA I Xj
which is equivalent to

=  0  ( -  1 <  X; <  1)

( -  1 <  X, <  1)

(ß+ 1)Ш;(х,) +  (1 + xi)w"(xi) = 0 (-1  <  x <  1)

if we use (6) and the fact x ^  — 1. Substituting x for xt the left-hand side is a poly­
nomial of degree at most n — 1 with leading coefficient (ß+l)n+n(n —1)^0. 
So (13) holds only for xx, . . . ,  x„_x, and x „= l must be true. Denoting

w(x) =  [[ (x -x ,) and /|*(х) — г-//(x) (i — 1, — 1),
i = l  x ; — 1

(13) can be written in the form

(1— xf)ft)"(xf) + [/? — 1—0?+3)х,]ю'(х/) =  0 (i = 1, .. •, и 1)
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, W (x,) using 2li(xi) =  —
0) (x,)

degree at most и —1
. Replacing x for x( the left-hand side is a polynomial of 
having zeros {x,}"^1, that is

(1 — x 2)cö"(x) +  [ß — 1 —(ß +  3 ) x ] w ' ( x )  =  Coj (x ),

where C = — (л — l)(n+ ß+ 1). By Theorem 4.2.2 of Szegő [8] we have co(x) =  
= const. P^bf^x), so taking into consideration (9) and the fact x„= l, xx, ...,x „  
are uniquely the zeros of P(n~1,ß>(x) if Л?(хх, ...,x„)= l.

P roof  of T heorem  3. We need the useful equality

(14) L'„-»(x) =  - j  L<L\(x) (x ё  0)
(Szeg ő  [8], (5.2.1)).

Л /а  1, for (4) is valid.
Now let us suppose that Xi=0, x2, ■■■,xn are the zeros of Lf,~1}(x), we have 

to prove M(pcx, ..., x„) = 1. This is an easy consequence of

(15) ex —( M ) 2_  4,
VLWx(0)J Á exi x 4  e * ,(x )___ V

xf ÍL^ÍCxJ í x - X í) )
^  0 (xsO ).

(15) follows trivially from Lemma 4.1 of Joó [3]:

[l+(#7-l)x] (ЦЧг(х))г -  2  e X , ~ 2  / |(x ) -x W 2 ( x ) Y
n-

(x 3=0, /I =  1, 2, ...; LYJi(Xi) =  0, i = 2, ..., n)

by L i„1J 1(0)=n and by omitting negative terms on the left hand side.
Conversely, assume that М (х г, . . . ,  x„)=  1. We show that L%~1)(xi)= 0  

(/=1, ...,n ). Namely 0^e*-e~xlf(x)^  1 (xf>0), so by (6)

(16) (ex<e xlf(x))'x=Xl =  - 1  + (On (Xj)
(o'„(x,) 0, when X; >  0.

But (16) can be satisfied only by я —1 points x; , for the degree of the polynomial
П

co''(x)—co'(x) is я —1. As a consequence we get xx=0. Denoting aj(x)—] J  (x—xf)
1 =  2

and /;= — /; (/ =  2, ... ,n ) and using (6) we write (16) in the form
X;ä)"(x,) +  (2 — xf) (b'(Xi) =  0 (i =  2 , . . . ,  n).

Substituting x for x; , the left-hand side is a polynomial of degree at most и—1 
having zeros x2, ... ,  x„, that is

xcü"(x) +  (2 —x)co'(x) =  Сш(х),
where C = —(n — 1). Then tw (x)=const.L ^ i(x) (Szegő [8], (5.1.3)). Hence using
(14) and xx=0 our Theorem is proved.
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P roof of T heorem s 4 and 5. These proofs are completely analogous to that ot 
Theorem 1: Theorem 6, Remark and Lemma show that we have to search for 
systems of points satisfying (3). We get by simple calculation and by (5.1.2) and 
(5.5.2) of Szegő  [8], that (3) holds and ЛА(хг, , xn) = M =  1 if and only if 
L (na)(xi)=0 (a >  — 1; i—\, ... ,  n; n = l, 2, ...) and #„(x)=0 (/=1, n = \, 2, ...),
respectively.

Proof of Theorem 7. M s l ,  because (4) holds. Now let {xi}f"1 be the zeros 
of the Sonin—Markov polynomial H ^ (x ) .  To see M (xx, ..., x2,„)=M =l we 
have to prove

(17)
V"(x) | x | *  Д  \Xi\e ,' 1W “  \x f

Since (a) =  am L\^ (x2), where is the Laguere polynomial of parameter
a = — and am is a constant (Kis [6], (26)), the zeros of H ^ { x )  can be denoted

by £_m+1, . . . ,Z - i ,  Ci, where C i=xf+m, £_(= - &  0=1, ..., m).
V„(x) is an even function because Q(x) is an even polynomial of x, so applying the 
substitution y = x 2 it is enough to prove

k (x) = a m = -? щ -  2^ипуу)+ыт= - i
У i=1 ICil У

where /, (x) = /i+m (x) and 7_f (x)= /,„ _ (x) (/=  1, ..., m) 
of degree n— 1 — 2m — 1. Clearly

- Л О ) ^ 0  ( 0 < y < ~ )  

and R(y) is a polynomial

( IB)
We show that 

(19)

We get (19) by a

A.(ff) =  K ( ( 0  =  0 (i =  1, ...,m ).

-J^:An(Ci) = 0 (i =  l , ..., m). 

standard calculation if we use

2/.(c) =  - - - - - - -  = — + '>cL'"> ^  = — _— (i =  1 m)
о т )  'U e>'«?) t,

which follows from
Ml

ffl.O) =  П  ( x - Z i )  = cmL‘,0(x2), G)'(if) =  2стС;П?’Ш

etf({i) =  c,„[2LW'(C?) +  4c?LW"(i?)]

(c,„ is a constant depending only on /и) and the differential equation of L ^ ( x )  
(Szegő [8], (5.1.2)). (18) and (19) mean that A„(y) has at least n=2m zeros in 
(0, °=). Since lim An(y)=°° and lim An(y)=<*>, so if there were one point r/^0,y-*0+ ' )>-°o
where A„(i])<0, then A„(y) would have at least one more zero i.e. altogether
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2m +l zeros in (0, со), and would have at least one positive zero according
to Rolle’s theorem. But this is impossible because we have from (8)

( ey
А »2 т ) М  =  ( у щ J  > 0  (> ’ >  0 , / ? > 0 )

so (17) is proved.
Finally 1 thank Professor J. Szabados for his help during the preparation of 

this paper and Professor O. Kis for calling my attention to the Sonin—Markov case.
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ON CONTROLLABLY PERIODIC PERTURBATIONS 
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As usual, let C([a,b\, R") be the space of continuous functions mapping the 
interval [a, b] into an и-dimensional real vector space R". Let r be a fixed positive 
number. For C([ — r, 0], R") we write briefly C. For any tp in C, we define 
\tp\ = sup \tp(d)\, where |jc| is the norm of a vector in R \ If x £ C ([ű — r, a + A], R"),
A > 0 and t is a given element of [a, a + A], define x, in C by x,(e) = x(t + Q), 
- г ^ в ^ О .

Let /  be a function taking C into R". Assume that / (tp) has a continuous 
Frechet derivative, and consider the autonomous functional differential equation

(1) x ( t )  = / ( * , ) •

It is well known that the continuous differentiability of /  implies the existence and 
uniqueness of a solution x(ö, tp) of (1) through (ő, tp), for any (Ő, cp), i.e. we can 
define the operator Ф: R x C -'C , (f, <p)— x,(0, tp), for iSO. The smoothness 
hypothesis on /  implies that Ф(?, <p) has a continuous partial Frechet derivative
—— <P(t, tp) with respect to the second variable in its domain of definition.dtp

Let us assume that (1) has a non-constant periodic solution p with period 
г,,=>r. The linear variational equation relative to p is

(2) j ( 0  =

It is known that for a solution y(0, tp) of (2) belonging to the initial values (0, tp),

y,(0, tp) = -— tp(t,p0)tp dtp

holds. From т0> r it follows the compactness of the linear operator dtp Ф(То ,Pol
We call its eigenvalues the characteristic multipliers of (2). Since p is a nontrivial 
t0-periodic solution of (2), one of the characteristic multipliers of (2) is 1. Let us 
assume that 1 is a simple characteristic multiplier, i.e. p0 is a generator for the 
generalised eigenspace of the multiplier 1, or, equivalently

( 3) C = tf©{2p0|2€R}
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•where

{;.p„|AeR} =  Ker ^  Ф(х0, p0) - I d c) .

Н  =  /?( ^ ф(т°’ Р°) — idc) and ^ Ф ( х 0,р 0)-н 1 с

restricted to Н  is continuously invertible on H.
For some fixed q, 0 < í>̂ -xo, denote {g6R||/i|-=p} and {x£Rj|r — x0|<£>} by 

/„ and IT0, resp. Let g be a function taking R X C X /0X/IO into R". Assume that 
g is continuous and has continuous partial derivatives in its second and fourth 
variables, and in addition, g ( s + 1, cp, g, z) = g(s, (p, g, x). Consider the perturbed 
system

(4) x ( t ) = f ( x t) + g g ^ , x , , g ,  xj.

The attention is drawn to the fact that the period of the non-autonomous periodic 
perturbation xt , g, xj occurs in g as a parameter (besides the “small para­
meter” g) and can be chosen appropriately if necessary. We express this fact by 
saying that the period of the perturbation is controllable and therefore, we call 
(4) the controllably periodic perturbation of (1).

Our assumptions assure a unique solution x(9, cp, g, t )  of (4) through (9, cp), 
for (9, cp)£RxC. For t^ 9 ,  we define the operator Ф taking RXRXCXRXR 
into C by *F(i, 9, (p, g, z)=xt(9, cp, g, t ) .  '/' is continuous and has continuous 
partial derivatives in its third and fifth variables. We recall that for Ш 0, т€/T(), 
4'(t + г, г, cp, 0, г )= Ф (/, cp).

We are going to prove the following
T heorem . Under the previous conditions, to given g and 9, where |/r| and |9  — r0[ 

are sufficiently small, there belongs a unique period z(g, 9) and a unique h{g, 9)dH  
such that

m(t,9,g) =  T{t, 9,p0+h(g, 9),g, z(g,9))

is a periodic solution of (4) with period z(g, 9). The functions x: R XR *R. 
h: R  X R  -► H are continuous in some neighbourhood o f (0, z0)f R  X R , h(0, x0) =  0 , 
x ( 0 ,  x0) = x0 and co(t, 9, 0 ) = p , _ s .

P roof. For given g and 9, where |/r| and ,9 — x0| are sufficiently small, we have 
to find a i f / It and an h£H  such that the solution Ф(/, 9,p0+h, g, x) of (4) through 
(9 ,p0+h) satisfies

Ф(9 +  х, 9,p0 + h ,g ,z) = T{9,9,p0 + h,g,z) = p0 + h 

or, equivalently, with the function z defined by

z{9 ,h ,g ,z) = V(9 + z,9 , p0 + h ,g ,z ) -p 0- h ,  z{9,h,g,z) =  0.
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z, taking R x tfX R X R  into C, is defined in a neighbourhood of (т0,0, 0, t0). 
z is continuous and continuously differentiable in its second and fourth variables. 
We will show that the conditions of the implicit function theorem are fulfilled. 
We have

z (t0,0 ,0 , t0) =  V/ (2i0,T0,p 0,0 , t0) - p 0 =  Ф(т0,р 0) - р 0 =  p ro- p 0 =  0.

Since the partial derivatives z and -^-z are continuous, z (the total
c l x  d h  d ( x ,  h )  4

derivative of z with respect to (r, A)) exists and is continuous in its domain of defini­
tion. We have to show that —r-— z ( t 0 , 0, 0, t 0) ,  taking R X #  into C, is con-

d{ z ,  A)
tinuously invertible on C. We have

z(t„, 0, 0, t0) =  Vif-x^  r0, p0, 0, r 0) =  Ф(т0, po) =  pr„ =  p„

and

z(t0, 0, 0, r0) =  ^  T(2r0, t0, po, 0, T0) - I d c) j |^  =

Therefore, for (/., h ) £ R x H

(5) ~d \ r ~h) Z (T° ’ ° ’ ° ’ Zo) /!) =  Ф <'T° ’ To) -  We) h +  '-Pa ■

Using the open mapping theorem, due to (3) and the remarks following it, (5) 
implies the desired result. Q.E.D.

In the proof of the theorem, we have used the implicit function theorem which 
has guaranteed the uniqueness of the implicit function. This leads to the following 
corollary, stating the existence of a unique periodic solution of the perturbed equa­
tion, in the autonomous case. This special case was investigated by J. K. H ale [2]. 
We have his theorem as a

C o rolla ry . Let us assume that the conditions o f the theorem are fulfilled and, 
in addition, g does not depend on s and x. This is the case of autonomous perturbation, 
(4) has the form
(6) x( t )  =  / ( a,) +  p g (xt , //).

Then there exist positive constants p0, a, b such that for any |p |< p 0, (6) has (in 
the orbital sense) exactly one periodic solution belonging to Z% b, where

Z% ,b =  {<p€C(R, R")| cp is x-periodic, |t  — t 0 | <  a ,

and there exist 5, ?£R such that \q>s —p, | <  A}.
Proof. By the theorem, taking p0, a, b sufficiently small, (6) has at least one 

solution in Z £fc. We have to show that every two solutions o f (6), belonging to 
Z£'b, have the same orbit, for p 0, a , b  sufficiently small.
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Let x{ (i=  1, 2) be a solution of (6), x ’ periodic with period r; and for suitable 
<5f, t;€R, (/= 1 , 2)

4 , = Р,, + (Р‘, <р‘£С.
We may assume that — т; — т0ё / ;<  — т;. Let 7’i= tj+ r i — and
y€C(R, R") defined by y ( r )  =  x‘(i—Гг) (/= 1 ,2). We have

>’rj =  4  =  4 ,  = Pt, +  *4 C ( i= l ,2 )
and, since Гг-=0, у0=Л>+4> 4€C  (i =  l, 2).

According to the continuity of S', taking ц0,а,Ь  sufficiently small, we have 
(p‘, yJ and I/1 sufficiently small. Applying (3) and the continuity of W, there exist 
S i€R (/= l,2 ) suchthat y&  = Р о + №  with h ' C  H  and | S ,  — t 0 | being sufficiently small.

Define vv£C(R, R") by w (t)= y2{t+S2 — $x). Since (6) is autonomous and y% 
is a solution, w is a solution, too. We have iv9l= y |2, therefore iv3i, y9l 6p() +  H> 
which implies by the theorem и>Э1=у91.
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ON A PROBLEM OF G. О. H. KATONA 
AND T. TARJÁN

By
E. GYŐRI (Budapest) and A. V. KOSTOCHKA (Novosibirsk)

Definitions

For each real number x  the lower (upper) integer of x is denoted by [x] ([x]*). 
For each graph V(G) and E(G) denote the vertex-set and the edge-set of G, resp. 
Throughout this paper graph will mean simple graph without loops and multiple 
edges. The complement of a graph G is denoted by G. y(G) and <j (G) denote the 
chromatic number of G, and the maximal degree of vertices of G, resp.

Let G be a graph, K0c:F(G). Then G ( F 0) and G—V0 is the subgraph of G 
spanned by V0, and V(G)—V0, resp. If Fn={r} then we write G — v instead 
of G — {n}.

Let G be a graph, v£V(G). Then da(v) or sometimes simply d(v) denotes the 
degree of the vertex v in G.

N(v) = {w£V(G): (v,w)£E(G)}, N(v) = V(G )-{v}-N (v).
For each natural number r ,s ,K r and Kr s denote the complete graph of r 

vertices and the complete bipartite graph of r+s vertices, resp.

Introduction

At the 5th Hungarian Combinatorial Colloo,uium G. О. H. Katona and 
T. Tarján set the following conjecture:

Let G be an arbitrary graph and let

{ l i t  111 1

2j |F(G,-)j: G; is complete graph, Q £(G,) =  E(G) \ .
i= l  i= l 1

Then only the Turán-graph Я = К [и/2]>[„/2] has the property
n(H) — max 7i(G).ШС)| = п

A similar theorem is proved by P. E rdős, A. W. G oodmann and L. Pósa in
[2]: For an arbitrary graph let

m
f(G ) =  min{m: G; is complete graph, t j  E(G,) =  E(G),

1 =  1

E(G^C\E(Gj) =  0  if iV j} .
Then only the Turán-graph //= К [и/2] [л/2] has the property

f(H )  =  max /(G).
I V ( C ) | = n

7* Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979
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The conjecture of Katona and Tarján was proved independently by F. R. K. 
Chung, by J. Kahn and by the authors.

First we give a direct proof of the conjecture then we prove a stronger 
theorem; namely the conjecture remains valid even if we suppose that the covering 
complete graphs are edge-disjoint.

Direct proof of the conjecture

Lemma 1. (B r o o k s’ theorem , [1]). For any graph G, yfG)^o(G) + 1. More­
over, i f  x(G)—(j(G) + 1 and a(G )^2 then Gz>Ka(G)+1.

L emma 2. I f

\V(G)\ = n, G К [n/2],[n/2]*J

then there exists a vertex v(f  V(G) such that dG(v0) = -j—-] and G — v0?£

* К Цп —l ) / 2 ], [(n - 1 )/2 ] •

P ro o f . Let v£V(G) be an arbitrary vertex such that dc (v) =  J— j . If

G — n^K[(n_1)/2 ],[(„-i)/2 ]*> then we assume v0 = v.
Suppose that V(G — v) — V1UV2, VxПК2= 0 ,  G(F1)=A:[(„_1)/2], G{V^=KUn_1)r_r .

Case 1: n is odd. Since G nK („_i)/2 ,(n+i)/2 > there exist vertices v f  Vl and v f  V2 
suchthat {(»j, v), (v2, v)}aE(G). Then G — v19i K(n̂ 1)/2>(n_1)/2 and let v0=vx.

Case 2: n is even. Since cr(G) =  cr(G(F1)), v is neighbouring only with vertices 
of F2 in the graph G. But \V2\ =da(v). Therefore G=Kn/2 n/2, contradiction. Q.e.d. 

The problem of Katona and Tarján can be formulated in the following way too: 
Let G be an arbitrary graph and let

m
7t(G)=min{Д" \Wt\: WjCzV(G), W-t is independent,

i = 1
V(v, w)(j E(G) 3i0: {r, vv} cz IF,U}

( Wj is called independent if £'(G(H/,)) = 0).
The only the graph K[„/2],[n/2]* has the property that

л(^[«/2 Ш/2 ]*) = , max Tt(G) =|K(G)|=n
among all graphs of n vertices.

Lemma 3. Let G be an arbitrary graph, F (G ). Then

n(G) ~  Tt(G-v0)+\N(vu)\ + -/XG(N(v0))).

P ro o f . Let Wlt W2, ..., Wk be an optimal system of the independent vertex- 
sets for G — v0. Let /  be a colouring of G(N (u0)) by t —y(G(N(v0))) coloura and
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ViC.N(v0) coloured by the /-th colour (/=1,2, Then the system W1, W2,
..., Wk, I7!U {r0}, VfJ {/„}, , VfJ {r,,} will be a desired system for G since

2 Wi\+ 2 l^j-U{y0}l =  я ( с - г 0)+ |л (р и)!+/.
i=i j =1

Q.e.d.
Theorem 1. For an arbitrary natural number n and for an arbitrary graph G with 

V(G) = n the following inequality holds:

Moreover, the equality holds i f  and only if  G=fv[n/2] [(,/23*.
Proof. For nS3  the theorem is trivial. Suppose that the theorem holds for 

every7isuch that i k /c. Let G be an arbitrary graph such that \V(G)\=k. If
then 7t(G) =  [4—I . Let G ^X [n/2],[„/2] and a(G) = r. Choose a vertexG=K [n/2],[n/2]

v0 of degree r in G. It is clear that \N(v0)\ = k — r— 1.
p

Case 1: г ё -  According to Lemma 3

n(G) = ji(G—v0) + 2(k — r — 1) ^  n(G — v0) + k — 2.

(Ar-l)2But by the induction hypothesis n(G — v0)S  
к -  1

к 2, consequently 7i(G)< .

Case 2: r —
K]l ( k -

. Applying Lemma 2 we may suppose that G — 
Therefore according to Lemma 3

S(G) ^  n(G — v0) + 2 I fc— 1 — к -  1ммм-мни
Case 3: r- k -

2 , к is even. Since r-

2

k - l , thus G — v0^ K [lkt(L—1)/2], [(k —l)/2]* *

Consequently applying Lemma 3 and Lemma 1 we obtain that 
7i(G) == n(G -v0) + (k - ,— \)+x(G(N(v0))) <

L 2

Case 4: Either к is odd, r

then n(G)Sit(G — v0) + (k — r — l) + r-

+ (/c —r — l) + r + 1 =  

к

}■

, r ^ 2  or k = l, r = 2. If -/XG{N(v0)))&r,

(A:-1)21 , , fy k 2+ k- by Lemma 3.
Assume that y(G(N(v(,))) = r+ 1. Then by Lemma 1 G(/V(u0))z)Kr+1 (or if k = l,  
r = 2 then G(N(v0)) contains an odd circuit). Let vk be a vertex belonging to this
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complete graph (or_if k = 7, r = 2 then to this odd circuit). Let us consider the vertex 
o1 as v0. If — r then the theorem is valid for G. But otherwise we
obtain that there are two vertex-disjoint complete subgraphs of r+ 1 vertices in G. 
Let { v l f v 2 , , tfr+1} and { w t , w 2 , . . .  > w r + 1 }  be the vertex-sets of these complete 
subgraphs. According to the induction hypothesis

, .. Г (/с-2г-2)2]V2, . . . ,  Ur +j , Wj, w,, . . . ,  wr + 1}) ^  у------- -------- J .

By Lemma 1
X(G-{i>i, v2, ..., vr+1, wlt vv2, ..., wr f l}) s  r+1 .

Let Vlt V2, . . . ,  Vr+1 be the disjoint independent vertex-sets covering V(G) — 
— {vi, v2, . . . ,  vr+1, н’л, w2, . . . ,  u’r+1}. Let DiJ={vi,w J} UVi+J for i, j=  1 ,2 ,... ,  
r + l  where the sum is considered m od(r+ l).
It is clear that

n(G) Ш л(С —{üj, v2, . .. ,v r+1, wl5 w2, ..., wr+1}) + 

r (fc —2r —2)2Г +  1 Г + 1

+ 2 2  1 d ,j \ 
>=i j=г + ('■+!) 2  Dij —}=1

=  |~2~j —2 (r+ l)fe  +  2 (r  + 1)2+  ( r +  l)(/c — 2(r +  1) +  2 ( r + 1)) —

=  [ y ] - ( r + l ) № - 2 , - 2 ) < [ | J

since ^ еп r ~H— 2 anĈ (^ — 2r — 2)>0.

Case 5: к  is odd, k ^ 9 , r = 2. If G does not contain odd circuits of length greater 
than 3 then we may now finish the proof as in Case 4. Otherwise let (v1,v 2, ..., 
v2p+1,v1) be an odd circuit in G (p^2). Let us consider G—{i\,v3}. According

i(/c — 2)21to the induction hypothesis n(G— {»!, г?3} ) I--------- . It is obvious that

X(G~{vi, v2, v3, v4, v2p+1}) 3.

Let Vl ,V 2,V 3 be disjoint independent sets covering V(G)—{v1,v 2,v 3,v i ,v2pJrl}. 
Then

n(G) &Л(C —{r1? r3})+ 2  IK> i’s}UKÉ|+ !{»!, r4}; +
1 =  1

+ l { ü 3 >  ® 2 P + i } l  —  P  2 ] + 6+ (k—5)+2+2 <  j .
Q.e.d.
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A generalization of the conjecture

If G is a graph then let
p(G) = m in j^ |F (G ,)|: E(G) = U£(G,), G,’s are edge-disjoint complete graphs}. 

We prove the following theorem:
Theorem 2. Let G be an arbitrary graph such that \V(G)\ =n. Then p(G)S 

= J-^-j, moreover if G is not the Turán-graph Kln/2iln/2i then p (G) <  j •
The following trivial lemma will be used:
Lemma 4. Let G be an arbitrary graph such that \V(G)\—n and such that d (x)^d  

for every vertex x o f G. Then there exists a partition o f V(G) such that the number 
of the classes of the partition is n—d and such that every class o f the partition spans a 
complete graph.

Proof of the theorem . We proceed by induction. If и = 1,2, 3 then the 
statement is obvious. Suppose that the statement holds for every graph such that 
|F(G)|^m  Let G be an arbitrary graph such that |F (G )|= n+ l. Let л: be a vertex 
of G such that d(x)— min d(y).

y€F(G)

Case 1: The degree of every element of N(x) is at least d(x)+ 1.
Case 1.1: d(x)^-^-. Consider the edges incident to л; as d(x) classes of a parti­

tion and consider an optimal partition of E{G—x). Then combining these two 
partitions we obtain that

p(G) =  p(G -x) + 2d(x) =S [ y ] + n =  2  1  ̂ ]

TLby the induction hypothesis. Equality holds if d(x)= — (then n is even) and 
G—x = К„/2'П/2. If there is an edge in G(N(x)) then we can improve the covering of 
the edges incident to x and also for the remaining graph H. But if
there is no edge in G(N(x)) and G-x=AT„/2,n/sthen G=Kn/2+ltnl2=Kl(n+1V2i*tl(n+1)/2i.

YlCase 1.2: d (x)> ~ . The degree of every element of N(x) is at least d(x) in
G—x. Every element of N(x) is adjacent to at most n —d(x) elements of F(G) — 
— N (x)—{x} because ]V(G) — N(x)— {x}\=n—d(x). That is dG(N(x)fv)i^2d(x)—n 
for every vertex v£N(x). Then according to Lemma 4 there is a partition 
0>={Pl . . . , P„_dW} of N(x) such that G(P,) is a complete graph for i =  l, ..., n — d(x). 
But then also G(P;U {лг}) is a complete graph for i'= 1, ..., n—d(x). Consider the 
edge-sets of these complete graphs as the classes of a partition and consider an 
optimal partition of the remaining graph H. Combining these partitions and using 
the induction hypothesis we obtain that

p (G) =  p ( H ) +  2  (1Л1 + 1) =  +  =  [ т ] + п  “  [ ^ ] -
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If n is odd then j-^-J + «<  ^  ]• Hence we may suppose that n is even
and that G is not a complete graph. (d(x)<n, V{G)—N (x)—{x}^  0 . )  Then omitting
n - d ( x )

U E(G(Pi[J {x})) from E(G) we obtain that the degrees of the elements of
i = l

V(G) — N (x)— {.y} are at least -^+1 in the remaining graph. Then Н^К„/2 „/2 and

p(H )<  by the induction hypothesis, i.e. p(G)-<| (n+\T- in this case.

Case: 2 There exists a vertex y£N (x) that d(y) =  it(x). Let у  be fixed.

Case 2.1: d (x )^ -~-^ . Consider the 2d(x)—l edges incident either to .v or
to у  as 2d(x) — 1 classes of one element. Adding these classes to an optimal parti­
tion of E(G— {x, >’}) we obtain that

p (G )^ p (G -{x ,y } )  + 4d(x)- 2  ^  + 2n =

by the induction hypothesis. But if the equality is valid then d(x)= «+1
2 (i.e. a

is odd) and G -{x ,  J'} =  A'(n- 1)/2,(„ -1)/2 - И either E (G (N (x)))^0  or E(G(N(y)))?± 0  
then we can improve the covering of the edges incident either to x or to y. But if
E(G(N(x)))=E(G(N(y)))=  0 ,  d(x)= d(})= ? ± ± , G —{x, y}=Kn_1/2,n_1/2 then
G = K,/1 + 1/2, n + 1/2-

Case 2.2: d(x)> П^  . Then N(x)r\N(y)?í 0 .  Let zlt z2, ..., z,£N(x)C)N(y)
such that G({z1, z2, ..., zt}) is a maximal complete graph in G(N(x)DN(y)). Then 
the elements of (N(x)— {zlt ..., z,})n(N (x)—N(y)) are not adjacent to у  and the 
elements of (N(x)— {z1. . . , zt})h(At(лОПАЧу)) are not adjacent to each elements 
of {zlt  . . . , z,}. Hence the degrees of the vertices are at least d(x) — (n — d(x) + 1 + 1) = 
= 2d(x)—n — t — 1 in the spanned subgraph G{N(x)— (zl5 ..., zt}). Similarly the 
degrees of the vertices are at least 2d(x) — n — t — 1 in the spanned subgraph 
G{N{y) — {z1, ..., z,}). Then there exists a partition {T?l5 ..., Rn- d(x)} of N(x) — 
— {y ,z1, ...,z ,}  such that the classes Rt of the partition span complete graphs 
in the graph G {d (x)~ t— 1 — (2d(x) — n — t — l) =  n — d(x)). Let D be the edge-set 
of the complete graph spanned by {x, y, zly ...,z,}, let Et be the edge-set of the 
complete graph spanned by í ?;U{a:} for j =  l, 2, . . . ,  n — d(x). Omitting

(n-d(x) \
T»U и  ЕЛ, the degrees of the vertices remain at least 2d{x) — n — 2t in the
graph spanned by N (y)— {x, zlt . . . ,  z,} by the maximality of the set 
{z1, . . . , z t}. There exists a partition Sf={S1, ... ,  5'„+(_а д _1} of N(y) —
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- { x , z 1, such that the classes S} of the partition span complete graphs,
not intersecting

/  n - d ( x )  \
£ > U ^  j j  (d(x) — t— 1 — ( 2 i / ( jc)  —-n — 2t) — n  + t  — d(x)— 1 ).

Let Dj be the edge-set of the complete graph spanned by Sj U {y}. Let H  be the 
graph with

n — d(x) n + t — d(x) — 1
V (H )= V (G )-{x ,y} ,E (H ) = E (G )-D -  (J £ , -  U Dj.

i = 1 J = J

Then />(//) 2  ^  ] by the induction hypothesis. Adding D, Е?s, D / s  to this,
partition as further classes then we obtain that

n —d(x) n + t — d(x) — 1
p (G )= t + 2+ ^  (|7?;| +  1)+ (\Sj\ +1) +

;=i j =l

+  —2— j =  i + 2  +  [d (x ) — t — 1) +  (л — d (x)) +

+ Ш - , - , ) + ( „ + , - а д - l ) + [ f c l £ ]  =  [ h ^ £ ] + 2 „ - i <  [ L i + o i ]

Q.e.d.
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WEAKLY HOMOMORPHICALLY CLOSED 
SEMISIMPLE CLASSES*

By
T. ANDERSON (Vancouver) and R. VV1EGANDT (Budapest)

A class M of rings is said to be weakly homomorphically closed, if M satisfies 
condition
(-*) If /-a  A£M, and I 2 = 0, then A/IdM.

In this note we shall deal with weakly homomorphically closed semisimple 
classes. As long as homomorphically closed semisimple classes are very rare (see 
e.g. [3]), weakly homomorphically closed semisimple classes are appropriate to 
characterize supernilpotent radical classes: among the hereditary radicals the super- 
nilpotent radicals are precisely those which have weakly homomorphically closed 
semisimple classes (Corollary 3). The semisimple class belonging to the class of 
all idempotent rings is also weakly homomorphically closed (Theorem 3). At the 
end of this note we shall construct the smallest weakly homomorphically closed 
class containing a given class in two different ways.

1. Preliminaries

In what follows under a ring we always mean a not necessarily associative one. 
We shall work in a universal class A of rings, that is, in a class A which is homo­
morphically closed and hereditary (I<iA£A implies I£A). A radical class and a 
semisimple class will always mean a radical and a semisimple class in the sense of 
Kurosh and Amitsur, respectively. For the basic notions and results of the radical 
theory we refer to [5] and [9]. A radical class R in a universal class A will be called 
hypersolvable, if R contains all zero-rings of A. According to the usual terminology, 
the hereditary hypersolvable radical classes are referred as to supernilpotent radicals. 
A not necessarily hereditary radical class consisting of idempotent rings, will be 
called a subidempotent radical class.

We shall use the upper radical operator dl and semisimple operator i f  acting 
on classes as

and
tflS = {A£ A I A has no nonzero homomorphic image in

respectively.
HR = {A£A I A has no nonzero ideal in R},

S}

* The first author gratefully acknowledges the support given by the Hungarian Government 
and the National Research Council of Canada.
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Let us recall that a semisimple class S may be defined by the following two 
conditions.
(S 1) If A£S, then every nonzero ideal of A has a nonzero homomorphic image 

in S;
(S 2) If every nonzero ideal of a ring A£A has a nonzero homomorphic image 

in S, then ACS.
Further, if R is an radical class, then £fR is a semisimple class; for every semisimple 
class S the class dlS is always a radical class and S = £d!%S holds.

In proving our results we make use of some known statements listed below.
Pro po sitio n  1 (cf. [1] Corollary 24.4 or [8] Theorem 5.1). The subdirectly ir­

reducible abelian groups are the cyclic groups C(pk) for all prime powers pk and the 
quasi-cyclic groups C(p°°) for all primes.

A special case of the assertion of Lemma 31.1 of [1] is

Pro po sitio n  2. The discrete direct sum H o f the cyclic groups C(qk), k = \ , 2, ..., 
has a subgroup В such that HJB= C(q°°).

Pro po sitio n  3 ([5] Theorem 11 or [9] Proposition 8.5). Every semisimple class 
S is closed under extensions, that is B£S and A/BdS imply ACS.

Pro po sitio n  4 ([5] Theorem 12 or [9] Theorem 22.8). Every semisimple class 
is closed under subdirect sums, that is i f  A is a subdirect sum o f rings taken from a 
semisimple class S, then also A£S holds.

Pro po sitio n  5 ([7] Theorems 1 and 2). In a universal class of associative or 
alternative rings a class S is a semisimple class i f  and only i f  S is hereditary, closed 
under subdirect sums and under extensions.

An ideal A of a ring A is said to be large in A, if LD/AO holds for every 
ideal 7/^0 of A. In view of Proposition 5, Theorem 8 of [6] can be sharpened 
immediately as

Pro po sitio n  6. Let X be a universal class o f associative or alternative rings. 
A subclass S o f  A is a semisimple class and the upper radical 7?/S is hereditary i f  and 
only if S satisfies the following conditions:
(1) S is hereditary,
(2) S is closed under subdirect sums,
(3) I f  L is a large ideal in a ring A€ A and LrS, then also A fS  holds. 2

2. Hypersolvable and subidempotent radicals

We shall restrict our attention in this section to varieties of rings which satisfy 
certain mild conditions on the defining identities. However, one important result 
remains true without all these assumptions, as will be pointed out at the appro­
priate place.

Throughout this section A =  A(fl) will denote the variety of rings satisfying 
a given set Q of identities, and it is assumed that A(i2) satisfies the following two 
conditions
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(i) A contains all zero-rings,
(II) If /£Í2 and g is a linearization of / ,  then each ring in A satisfies g.

We refer the reader to Jacobson [4] for technical details about the defining 
identities of a variety, and shall note here that (II) is equivalent to Jacobson’s con­
dition (L), while (I) is somewhat weaker than his condition (H) (see [4] pp. 27 and 
29). At any rate, the conditions (I) and (II) are valid in the important cases o f Lie, 
associative or alternative rings, and all rings.

P ro po sitio n  7. I f R is a hypersolvable radical class, then cf \ \  is weakly homo- 
morphically dosed.

The proof is obvious.
For a ring AdA let A" denote all sums of all products of «-elements of A. 

We call A nilpotent, if An = 0 for some «>1. For a ring A£A let us define A(0>=A
and AM = (A(n~1>)(A("~v) for « = 1 ,2 ,__ The ring A is said to be solvable, if
there exists an я^1  such that A(n>=0. The smallest such natural number « will 
be called the degree of solvability. Note that a nilpotent ring is always solvable 
and for associative rings the two notions coincide, for alternative rings, however, 
a solvable ring need not be nilpotent (see [2]).

T heorem  l. I f  S is a weakly homomorphically closed semisimple class containing 
a nonzero solvable ring, then S contains all zero-rings.

P roof. Let A A 0 be a solvable ring in S. Since S is a semisimple class, either 
A 2 = 0 or the ideal A2 of A has a homomorphic image B?±0 in S and the degree 
of solvability of В is less than that of A. By induction on the degree of solvability 
we get that S contains a zero-ring C A 0. Again, since S is a semisimple class, the 
ideal (a) (that is the additive group) of C generated by a nonzero element adC, 
has a nonzero homomorphic image in S. Hence a zero-ring Z(«) over the cyclic 
group of « elements is in S where « may be infinite. We claim that Z(°°)£S. If « is 
finite, then by a similar reasoning we get Z (p)dS for a prime p. In virtue of Pro­
position 3 it follows by induction that Z (p k)dS for every k = 1, 2 ,__ Moreover
by Proposition 4 we get

z(~) = 2  z ( PkK s
subdirect

in view of Z(pk)^Z (°°)/(pk). Thus Z(°°)£S. For any prime q and prime power 
qr the ideal (qr) of Z(°=>) satisfies (i0 2 =  (Z^(°°))2—0, so by the assumption it follows

Z(qr) ~  Z(oo)/(<jrr)eS.

We show also that the zero ring Z(q°°) over the quasi-cyclic group C(q°°) is in S. 
Consider the zero-rings built over the groups H, В and C(q°°) occurring in Pro­
position 2. Denoting these zero-rings again by H  and B, Proposition 2 yields H /B sí 
= Z(q°°). Since HdS (by Proposition 4) and B2=0, we conclude Z(q°°)dS. Thus 
Z(pk)d S holds for every prime p and k=  1, 2, . But by Proposition 1 these
zero rings are exactly the subdirectly irreducible ones. Take any zero-ring A£A. 
As is well known, A is a subdirect sum of subdirectly irreducible rings and in addi­
tion the subdirectly irreducible components are zero-rings. Since all the subdirectly 
irreducible zero-rings are in S, Proposition 4 implies A£S, and the statement is proved.
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Co r o l l a r y  l. I f  S is a weakly homomorphically closed semisimple class con­
taining a nonzero solvable ring, then °US is a subidempotent radical class.

R em a r k . The assertions of Theorem 1 and Corollary 1 hold for any universal 
class A satisfying condition (1).

Let T£A be a ring and M  an T-bimoduIe. Define the ring

with the operation 

and

A * M  = {(a, m) I a£A, m€M} 

(a1,m 1)+ (a2, m2) =  (аг + а2, m1+m2) 

(ax, т])(а2, m2) = ( a ^ ,  apn^ + m ^ ) .

This construction is the so-called split-null extension and A * M  is in the variety 
A (cf. [4] pp. 79—82). In particular, if A is associative (or alternative or Lie), then so is 
A*M . Obviously A *M  has the following properties;

(a) M 0 =  {(0, m) I M } с  A* M;
(b) A' = {(a,0)|a£T} is a subring of A * M  and A '^ A ;

(c) MS =  0;
(d) A *M /M 0 = A.
Lemma. I f  R  is a hereditary radical class and C/ R  contains all zero-rings, then

(1) R (A * M )M q+M oR (A * M ) = 0 
and
(2) R(/l * M) Q A'.

Proof. Since R is hereditary, we have

R(A *М )П М 0 Q R (M0).

But М* = 0 implies M0££AR, that is R(M0) =  0. Hence we get 
R (A *M )M 0 + M 0R (A *M ) C R(A*M )C\M 0 = 0, 

proving the validity of (1).
To prove (2), define the map (p: R (A* M ) — M 0 by the rule <p((a, m)) = (0, m). 

Trivially <p preserves addition. Further, we have

<p((a l, '” i))^((«2.?W2)) = (0, »b)(0, '”2) = № 0),
while

<p((a 1 , »ii)(«2 > '«2)) =  (<P(aia2 i a1m2 + m1a2)) =  (0, a1m2 + m1a2) =

— (a1, mj)( 0, m2) + (0, ш1)(а2, m2)£R(A * M ) M0+ M0R(A * M) — 0

by (1). Hence cp is a ring-homomorphism of R (A *M )  into M 0. Since R(M0) =  0, 
we have (p(R(A * M))QR(M n) = 0 which means just R (A* M )QA' and also 
(2) is proved.
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T heorem  2. Let S be a semisimple class in a variety A such that
(i) S is weakly homomorphically closed;
(ii) S contains all zero-rings;

(iii) R =  Ö̂S is hereditary.
Then S =  A and R = 0 where 0 denotes the class of one-element rings.
Proof. Let A be any ring of A. Note that every ring AT A is an /f-bimodule 

(cf. [4] pp. 80—81). Apply the Lemma for the extension A *A . Since by (2) 
R(/f * А)ЯА', every element of R(d * A) has the form (a, 0). On the other hand, 
by (1) R(A* A) annihilates A0 and so (a, 0)(0, b)=(0, ab) = (0,0) holds for every 
(a, 0)£R(d *A) and (0,b)£Ao. Thus ab = 0 holds for every b£A. In particular, by 
(b) R (A*A) is a zero-ring and by the assumption we get R(A #A)£Rn& ’R=0. 
Consequently A *A  is in S. Using (d), (c) and the assumption (i), it follows d£S  
for every AC A.

From Theorems 1 and 2 it follows immediately
C orollary  2. Let A be a variety o f rings. I f  S is a weakly homomorphically 

closed semisimple class, then the upper radical #S is either hypersolvable, or a non- 
hereditary subidempotent radical class.

The next corollary characterizes the supernilpotent radicals by means of weakly 
homomorphically closed semisimple classes.

C o ro llary  3. Let A be a variety. A hereditary radical class R (^0) is hyper­
solvable if and only if the semisimple class £ P R  is weakly homomorphically closed.

P roof. Proposition 7 yields the necessity. If R is not supernilpotent, then 
there exists a zero-ring A?±0 which is not in R. Hence Qt AÍR(A)Ci £TR and 
so ffR  contains a nonzero zero-ring. Now Theorems 1 and 2 establish the 
sufficiency.

Proposition 6 and Corollary 3 yield immediately a characterization of super­
nilpotent radicals by conditions imposed on their semisimple classes.

C o ro llary  4 . Let A be a variety o f associative or alternative rings. A subclass 
S of A is weakly homomorphically closed and satisfies conditions (1), (2) and (3) 
of Proposition 6 i f  and only i f  R = 7/S is either supernilpotent or consists o f one- 
element rings.

C o ro llary  5. Let A be as in Corollary 4. I f  Q is a subclass of A such that Q 
is weakly homomorphically closed, contains all zero-rings and satisfies conditions (1), 
(2) and (3) of Proposition 6, then Q = A holds.

We know that the upper radical of a weakly homomorphically closed semi­
simple class is either hypersolvable or subidempotent. The semisimple classes of 
hypersolvable radicals are in fact weakly homomorphically closed, and a non- 
hereditary subidempotent radical may have a weakly homomorphically dosed 
semisimple class. Thus we pose the following

Problem . Describe the subidempotent radicals having weakly homomorphically 
closed semisimple classes (in the universal class o f all associative rings).
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Next we give an example of a non-hereditary subidempotent radical with 
weakly homomorphically closed semisimple class. Let A denote the variety of all 
associative rings and let Z denote that of all zero-rings. Let us consider the upper 
radical B = î 'Z. If A is an idempotent ring, then A has no nonzero homomorphic 
image in Z, hence A fB . If Oj^B^B, then we have 7?/Z?2gZ nB  = 0, implying 
that В is idempotent. Hence В is the class of all idempotent rings of A. Note that 
В is not hereditary.

T heo rem  3. The semisimple class STB is weakly homomorphically closed and 
contains all zero-rings.

Pr o o f . Let A be a ring from STB, and I<\A such that / 2 = 0. We claim that 
AfcSTB. Take a nonzero ideal У/7 of АЦ  and suppose J/l€B, that is (J/I)'-—J/l. 
This means

j+ l£ (J +  / ) ( / + / )  g  J 2+ I
for every j£J. Hence y g 7 2 + 7 holds, and so we get

У2 g  (У2+7)(У2 + 7) g  У4 + (У2П7).
Iterating this latter relation and taking into account 72=0, we get

У4 g  (У4+ ( / 2П/))(У4 +  (У2П/)) g  У8 +  У4(У2П7) + (У2П/)У4 g  У6.
Hence y4g / 6g y 4 holds, and we get

У8 g  У4 =  У6 =  У2/ 4 =  У2У6 = У8.
Thus У4 is an idempotent ring and so J*dB, for В contains all idempotent rings. 
But У4 is an ideal of the ring A^STB, so У4 has a nonzero homomorphic image in 
STB, provided J i 9i 0. This is, however, impossible, so necessarily У4 = 0 holds. 
Thus from y 2g y 4 +  (y2n / )  we get y 2g y 2(T7 and by 7 g y 2 + 7 we have yg7. 
Thus У/7=0, contradicting the choice of У/7. Hence A/IdSTВ and so STB is weakly 
homomorphically closed.

The second assertion is trivial.
C o r o l l a r y  6. Let Q be a subclass o f the class o f all associative rings with the 

following properties:
(i) Q is hereditary;

(ii) Q is subdirectly closed;
(iii) Q is closed under extensions;
(iv) Q is weakly homomorphically closed;
(v) Q contains a nonzero nilpotent ring;

(vi) Q does not contain nonzero idempotent rings.
Then at/Q is the class o f all idempotent rings. Conversely, if  В is the class of all idem- 
potent rings, then the class Q = £TB satisfies conditions (i)—(vi).

Pr o o f . By Proposition 5 Q is a semisimple class. Hence by (iv) and (v) Theorem 
I implies that Q contains all zero-rings, so ‘WQ consists of idempotent rings. But 
(vi) yields that every idempotent ring is in %Q. Thus f/Q is the class of all 
idempotent rings.

Conversely, for the class В of all idempotent rings Q=£TB is a semisimple 
class, so (i), (ii) and (iii) are satisfied. In view of Theorem 3 Q has property (iv). 
Conditions (v) and (vi) are fulfilled by the definition of Q.
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3. Weak homomorphic closures

In this section we are going to give two procedures for constructing the 
smallest weakly homomorphically closed class containing a given one.

Let M be any abstract class of rings in an arbitrary universal class A. Define 
for each ordinal a a class Ma as follows: MX=M ,

M, ={ Ae a
there is a ring B£Mß for an ordinal
and an ideal /  of В such that B /I^A  and 72=0

for every a > l.  Obviously __
T heorem 4. Let a> denote the first limit ordinal. Then Мю= М ш+1 holds and 

Мш is the smallest weakly homomorphically closed class containing M.
P roof. Let A be a ring of M (0+1. By definition there exists a ring and

an ideal / с  В such that J 2=0 and B/J^A . Since B£M„, there is a ring C€My, 
and an ideal K<i C such that K2=0 and C/K^B. Hence we have the 

isomorphism

with a suitable ideal I< C , moreover, by J= L jK  we have L2̂ K .  Let P be the 
ideal of C generated by L2. Now PQK  and K2= 0 imply P2—0. For the ideal 
P we have the isomorphism

A = C/L Si C/P 
L/P  •

Since C€My and P 2=0, we have C/PG Mv+1, further (L/P)2= 0 and the above 
isomorphism shows that C/L£My+i. Thus every ring A£M0)+i is contained in 
a class Mp where ß is a finite ordinal depending on A. Hence МИ+1£ М Ш is proved. 
The opposite inclusion is trivial.

If BdМш and I<tB such that I 2=0, then by the construction A = B/I£MW+1 = 
= М Ш holds, proving that Мш is weakly homomorphically closed.

Finally, let L be any weakly homomorphically closed class containing M. Then 
clearly M2i L  holds and so by induction we get M ^ L  for every finite ß. Thus 
also is valid.

C orollary 7. A class M is weakly homomorphically closed if  and only i/M 2=M .
In what follows we assume that the universal class A satisfies the follow­

ing condition:
If 7<iA€A, then 12<зА.
Note that the classes of associative, alternative and Lie rings do satisfy this 

condition, but that of Jordan rings do not.
An ideal /  of a ring is called solvable, if /  is a solvable ring. Let M be a subclass 

of the universal class A and let us define the class M by

M = there is a ring B£M  and a solvable 
ideal I  of В such that B jl^A
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T heorem  5. M is the smallest weakly homomorphically closed class containing M.
P r o o f . We shall exhibit М =М Ш. Certainly M ^M . Take a ring A from M 

and an ideal 7 of A such that 72 =  0. Now there is a ring 7?£M and a solvable 
ideal К of В such that B /K ^A . Hence I  =Jj К with a suitable ideal J  of B. 
Since 72= 0  and К  is solvable, also J  is solvable. Further,

A /I = B/K
JjK ^ B /J

holds. Since 2?£M and J  is solvable, we get A /I t̂  B /JfM . Thus M is weakly 
homomorphically closedjmd by Theorem 4 follows.

Consider a ring Ae  И . Now there exists a ring C£M and a solvable ideal L 
of C such that A ^ C /L . If C/L("'€Мш for some п ё  1,2, ... , then by definition 
we have

C /L (n-1) ~  c l L(n)__— JJ.n-1)jJJM t lV lo ,.

So by induction we get A ^ C /L  = C/L<-0)e Мю, provided that there is an n such 
that C/LM£Mm. But L is solvable, so for an appropriate n L(n'— 0 holds and 
therefore proves the relation M QМш.

C o ro lla ry  8. In the variety A of all associative rings the equality

holds.
M„ there is a ring Be A and a nilpotent 

ideal К  of В such that A s íB/K
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REMARK ON GENERALIZED FUNCTION LATTICES
By

E. T. SCHMIDT (Budapest)

1. Introduction

G. Birkhoff has introduced the exponentation of partially ordered sets; if X, Y 
are partially ordered sets then Yx denote the set of all order-preserving maps of 
X  to Y  partially ordered by f= g  if and only if / (x)^g(x) for each x£X. Let L 
be a lattice and P a partially ordered set; then Lp is a lattice, the so called function 
lattice. Studying the structure and decomposition of function lattices, D . D uffus 
and I. R iva l  [2] have proved the following theorem:

Let L  be a finite lattice and P a finite partially ordered set with \P\=n. Then
Con (Lp) =  (Con (L))n.

This theorem asserts that the congruence lattice of Lp is a direct power of Con (L). 
For infinite P this theorem does not remain valid, e.g. if L = 2 (where 2 denotes 
the two element chain) and P is the chain of rationale, then Con (2я) is not a 
direct power of 2.

The purpose of this paper is to give a generalization of this theorem for 
arbitrary partially ordered sets P. For this generalization we need the notion of 
the extension of a (finite) lattice by a bounded distributive lattice (see [5]) which 
generalizes the notion of the function lattice. 2

2. Totally order disconnected spaces

A subset E of a partially ordered set X  is increasing if x£E, y ^ x  imply у OE. 
Analogously we get the notion of a decreasing set. Let (X , X ,  ^ )  be an ordered 
space, i.e. a set X  with a topology X  endowed with the relation S . Each set dl 
consisting of the increasing sets in ST and the set X  consisting of the decreasing 
sets in ST defines a topology on X. The triple (X, X , ^ )  is called totally order dis­
connected if given x, y£X, хфу, there exist disjoint (X-clopen sets U6 °U, L£ 3? 
such that y£U, x(L . (See Canfell [1] or Priestley [3].)

Let D be a bounded distributive lattice and X  the poset of all ultrafilters of D, 
i.e. — is the set-theoretical inclusion. .X is the product topology induced from 
Horn (D, 2) which is the set of all homomorphisms of D onto 2 (i.e. X  is the weak 
topology induced by Horn {D, 2)). Then (X, X , ^ )  is totally order disconnected. 
The main theorem of [3] assert that D is isomorphic to the dual lattice of (X, X , s ) ,  
i.e. to the lattice of all clopen increasing subsets.

Let L  be an arbitrary lattice. L[D] is the lattice of all continuous monotone 
maps of the totally order disconnected space X  into the discrete space L. The con­
stant mappings form a sublattice of L[D] isomorphic to L. We identify L  with
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this sublattice. If a£L  then denote the corresponding diagonal element by 5. The 
reformulation of Priestley’s theorem is the following; for every bounded distribut­
ive lattice D ,2[D ]^D  holds.

If D is finite, then it is easy to show that L[D] is isomorphic to Lx, 
i.e. LX^ L [ 2х].

Let L be finite. If a/b is a prime quotient of L  then the corresponding quotient 
5/5 of L[D] is isomorphic to D.

We call L[D\ a generalized function lattice.

3. The congruence lattice of L[D\

The following theorem generalizes the result of Duffus and Rival.

T heorem. Let L be a finite lattice and D a bounded distributive lattice. Then

Con (L [/>]) =* (Con (L)) [Con (£>)].

Using this result, we can prove the theorem of Duffus and Rival as follows. 
Let L be a finite lattice and D a finite distributive lattice. P denotes the dual of 
the poset of all join-irreducible elements of D. Then L[D] is the function lattice Lp. 
On the other hand, Con (D) is a finite Boolean algebra isomorphic to 2", where 
n=\P\. Then (Con (L))[Con (£>)]ss(Con (L))n, hence Con (Z/) = (Con (L))\

Proof. L[D] is a subdirect power of L having the following two properties:
(i) L[D] contains the constant mappings, i.e. the diagonal elements.

(ii) if a covers b in L  then the_quotient 5/5 of L[D] is isomorphic to D; we have 
a natural isomorphisms eab: й/b-^D  which is the extension of the mappings 
а - l ,  5 -0  (0, 162).

We will prove slightly more: if S  is an arbitrary subdirect power of L  satisfy­
ing (i) and (ii) then Con (S') (Con L) [Con (Z>)].

Let 0 be a congruence relation of S. Then 9ab denotes the restriction of 0 to 
the quotient 5/5, where a>b  in L. Bab denotes the extension of 0ab to S, then 
dab is the smallest congruence relation of S  which, restricted to 5/Б, is 0ab.

If afb runs over all prime quotients we get the family {0ab}. We shall show that 
0 is uniquely determined by this family (i.e. 0 ^  Ф implies the existence of a, b£L, 
a> b  such that 0uhX ФаЬ). Let u = v(9), u>v, u ,v£S, i.e. u~(u(i)), v=(v(i)) 
where u{i) resp. v(i) are the г-th components {i£X and X  is the set of all ultrafilters 
of D). Then u (i)^v (i)  for all i. If u(i)>v(i) for some i we choose the elements 
a, b£L such that u ( i)^ a > b ^ v (i)  (L is finite). Then u = v(0) implies 
(mA5)V5 = (i;A5)V5(0), i.e. (mA5)V5 =  (i;A5)Vb(6ab). The z‘-th components of these 
elements are a and b, hence the join of all 0ab is the congruence relation 0. We have 
therefore that 0 is determined by the family {&ab} where each 9ab is a congruence 
relation on the suitable 5/5 ̂ D .

Conversely, let {0*b} be a family of congruence relations (0*ft6Con (5/5), a>b) 
such that 9(a, 5 )^0(c , d) (a> b , c> d) implies eab9*b—ecd 9*i in Con (D). Then it 
is easy to see that there exists an “extension” 06 Con (S) such that the restriction 
of 0 to 5/5 is 9*b.
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Con (L) and Con (D) are distributive lattices, hence by a theorem of
R. Q uackenbush  [4] (Con (L)) [Con (D)] is isomorphic to the free product 
Con (L) * Con (D) in the variety of distributive lattices. The free product is com­
mutative, therefore we get

(Con (L)) [Con (£>)] ss (Con (D)) [Con (L)].
But L is a finite lattice, i.e. Con (L) is a finite distributive lattice. Thus if Y 

denotes the dual of the partially ordered set of all join irreducible elements of 
Con (L) then (Con (/))) [Con (L)] is nothing else than the function lattice Con (D)Y.

A join-irreducible congruence relation of L has the form в(а, b), where a 
covers b. This implies that we have a one-to-one correspondence between Con (S) 
and (Con (D))Y which proves our theorem.

Let L  be a finite simple lattice, i.e. C on(L)^2. Then (Con) (L) [Con (D)] = 
= 2 [Con (D)] ^  Con (D), thus we have

C orollary  1. I f  L is a finite simple lattice then Con (L[D]) is isomorphic 
to Con (D).

If L is a finite modular lattice then Con(L)s=2". Hence we get
C orollary  2. I f  L is a finite modular lattice then Con (£[£>]) =  (Con (D))n 

where n is the number of irreducible congruences of L.
P roblem . Does the theorem remain valid for an infinite L I
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THE 3-CENTRE AND COMMUTATIVITY THEOREMS
By

H. E. BELL* (St. Catharines)

K ovács [9] defined the /г-centre of the ring R to be the set

where
Z n(R) = {а^Р\Рй(а,Ьг, ,) =  0 for all b £ R ),

В Д Д | ......xn) = 2  (-O '7XemYt(2)• • • xeM
a £S

is the standard polynomial of degree n. In general, constraining some subset of 
R to lie in Zn(R) does not imply much commutativity — indeed the Amitsur— 
Levitski Theorem states that if R is the ring of k x k  matrices over the field F, then 
Z 2k(R) = R; however, Z3(R) can play a role analogous to that of the centre 
Z (R )= Z 2(R) in the study of commutativity conditions for rings.

In this note we begin by defining a generalized 3-centre H3(R), which con­
tains Z 3(R) and is in general larger than Z 3(R). We then give a very elementary 
treatment of some of the properties of Z3(R) and H3(R), and illustrate how they 
can be employed in the formulation of commutativity theorems.

To make our arguments more transparent, we display P3(X, Y, W) in terms 
of commutators:
(t) P3{X, Y, W) = X (Y 1 V -W Y )-Y (X W -W X ) + IV (X Y-YX ).

Throughout the paper, Z will denote the centre of the ring R, N  the set of nil- 
potent elements, and A (S) the two-sided annihilator of the subset S. For ring 
elements x,y , the commutator xy — yx  will be written [x,y]; and C(R) will stand 
for the commutator ideal of R. An additive subgroup H of R  will be called a Lie 
ideal if [г,х](Я  for all x£H  and rf, R.

1. The polynomials K „  and the definition of H 3 ( R )

Begin by defining a certain sequence Kt , K2, K„, ... of integral polynomials
in the countable family {Хг, X2, ..., X„, ...} of non-commuting indeterminates, 
each Kt involving the first 2/'+l indeterminates. Take Kx(Хг, X2, X3) to be the 
standard polynomial Ps(Xx, X2, X3); and having defined K1, . . . ,K n_t , define

(1) Kn(X1, ..., X2n+1) — P3{K„_1(X1, ..., X2„-]), X2n, X 2n+1).

* Supported by the National Research Council o f Canada, Grant N o . A3961.
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and define

(3) H3(R)=  и  щ \n>(R)-

Clearly H .j'\R ) = Z3(R), so Z3(R)QH3(R).
Kovács has introduced a family of generalized Jacobi identities. Specifically, 

if ... ,  Xn) is an integral polynomial in и non-commuting indeterminates, and
Z„+1 is an additional indeterminate, Q will be said to satisfy the и-th Jacobi iden­
tity if

the notation = denoting identity of polynomials.
It is proved in [9], by a careful consideration of permutations, that the 

standard polynomial Sn satisfies the и-th Jacobi identity for n= 2, 3, .... The case 
of interest to us is that of n = 3, which is easy to verify directly; using this as a 
first step in a straightforward but tedious induction, we can show that for each 
и=1, 2, ..., the polynomial K„ defined above satisfies the 2« +  l-st Jacobi identity.

Our first theorem, listed first because of the elementary nature of its proof, 
indicates a property that H3(R) has in common with Z.

Theorem 1. I f  R is any ring with N f  //.. (R), then N is an ideal of R.
Proof. An easy inductive argument shows that for each positive integer n 

and each x, гг, r2, ..., r2„_i, r.2n£R, we have

Kn(x, xrx, r.,x, xr3, i\x, ..., xr2n—1 , r2nx) = ± x r 2„_1xr2n_3...x r1xr2xri ...xr2nx+p,

wheie p is a sum of products of ring elements, each product having x2 as a factor. 
Thus, if xdH 3(R), there exists an integer n = n(x) such that for each ru r2, ..., r2nf  R,

(5) xrxxr2 ... xr2nx = sx2 + x2t + u,

where и is a sum of terms of form vx2w.
We now assume that N ^ H 3(R), and argue by induction on the degree of 

nilpotence that for each x£ N, there exists j = / (x) such that any product of ring 
elements having at least j  factors equal to x is trivial. Suppose first that x2 =  0; 
clearly any product with two adjacent factors equal to x  is 0, and from (5) any 
other product with at least 2и(х)+1 factors equal to x  is 0. Now assume our result 
obtains for any nilpotent element in H3(R) having index of nilpotence less than

(4)

2. Properties of Z 3(R) and H3{R)
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i, ( ё 3, and consider x£Hx(R) with aj =  0. From (5), any product having at 
least 2n(x)4-1 factors equal to x  may be written as a sum of products, each with 
x2 as a factor; and our inductive hypothesis, together with the observation that 
x2 has index less than 1, can be invoked to show that any product with at least 
j(x2) (2n(x)+1) factors equal to x  is trivial. This completes our induction.

It is immediate that for arbitrary x£N  and r£R, both rx and xr are in N. 
Furthermore, if x ,y£ N  and k= j(x)+ j(y )— 1, (х —уУ1 is a sum of products each 
of which has at least j(x) factors equal to x or at least j(y) factors equal to y; 
hence x —y£N  and we have completed the proof that N is an ideal.

The next theorem is in part an extension to H3(R) of some results in [9].
T heorem  2. (i) For any ring R, H3(R) is a Lie ideal.
(ii) I f  R is a prime ring with non-zero centre, Z:i(R) = Z f) A (C(R)).

(iii) I f  R is an arbitrary ring with 1, Z3(R) — ZfA{C{R)).
(iv) I f  R is any prime ring, either R is commutative or H3{R)={0}.
P r oof , (i) Let x£H3(R) and r£ R. Then for some n, x£H3n)(R) — i.e.
Ti> ••• > Т2и)=0 for all y lt y2, . . . ,y 2„€R. Since K„ satisfies the 2/i+l-st Jacobi 

identity, it follows from (4) that Kn([r, x], yx, ..., y 2n)= 0  for all ylt ..., y.hf_R 
and hence that [r, x]£ H3(R).

(ii) Substitute a£Z3(R), 0 Zz£Z, and r£R for X, Y, W in (t), thereby obtain­
ing 0 =  — z(ar—ra). Since the centre of R contains no nontrivial zero divisors of 
R, we get a£Z. Using this fact and substituting in (f) the elements a£Z3(R) and 
r,s£R, we get a(rs~sr)= 0. Thus Z 3(R)QZf)A(C(R)). The reverse inclusion 
is handled similarly.

(iii) The proof is omitted; it is similar to that of (ii).
(iv) Let R be prime and suppose that x2 =  0 for x£H3(R). By (5), the right 

ideal xR  is nilpotent, hence x= 0; thus H3(R) contains no non-zero elements 
squaring to 0. We can show more — namely, that H3(R) contains no non-trivial 
zero divisors of R. For if x£H3(R), and if у  is an element such that x j  = 0, (i) shows 
that for each r£R, [x,yr] is an element of H3(R) squaring to zero, hence is trivial. 
Thus, yrx = 0 and the primeness of R forces y = 0.

Now consider Z3(7?) = H3X), and suppose it contains a non-zero element x. 
Then P3(x, y, x2)=0  for all y f  R, and by (|), xvx2 — x'-yx = 0 for all y f  R. Since 
x is not a zero divisor, cancelling it from this equation shows that x£Z. It follows 
from (ii) that Z i(R)C(R)= 0 and therefore R must be commutative. We have 
now shown that if Hli1)(R)zO, R is commutative.

Using this result to launch an inductive argument, assume that (R)?±0
implies R commutative. Suppose 0?±x£H3n)(R). Then Ря[К„_1(̂ х, у1г ..., y2n~f), 
J 2n-i»T 2n) =  0 f°r al1 J W 2 » so that either K„_fx, ) \ ,  ..., Т2п-г) =  0
for all y\, ..., y’in -^ R  (and hence x £ H f~ 1) (R)), or there exist >’г, ..., _у2и_2£У? 
for which Kn_ fx ,y x, ..., J'2).—a) 's a non-zero element of H ifiR ). In either event 
R is commutative and the proof of (iv) is complete.

We intend to prove commutativity theorems for rings with some subset required 
to lie in FI.fR). To use Z3(R) instead of H-fR) would not yield many new results 
for rings with 1, since Z3(R) is contained in the ordinary centre. (Kovács gives 
an example, however, showing that in the absence of 1, Z3(R) need not lie in Z.) 
The following example shows that even for rings with 1, H3(R) need not lie in Z, 
and incidentally, establishes our claim that If3(R) is in general larger than Z 3(R).
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Ex a m pl e . Let R be any non-commutative ring with 1 having C (R )^Z . (For 
example, such a ring may be obtained by taking a non-commutative ring S with 
S3 = 0 and adjoining an identity by the standard Dorroh method.) Now for 
x, y, z, w£R we have (xy—yx)zw=w(xy — yx)z= w z(xy—yx), so [x,y][z,w] = 0 
and hence C(R)2 = 0. Thus, in view of (iii), C(R)^ZnÁ(C(R)) =  Z3(R). By 
(f), P3(x,y,z)eC(R) for all x ,y ,z€R ; so we get P3(Ps(x, y, z), u, v)=0 for all 
a, y, z, u, ve R. Thus H P  (R) = H3(R) = R.

3. Some commutativity theorems

A long-standing result of H erstein [7] is that periodic rings with central nil- 
potent elements are commutative. Our Theorem 1 yields the following extension.

T heorem  3. Let R be any periodic ring with NQ H 3(R). Then C(R) is nil, and 
N is an ideal.

P roof. By Theorem 1, A is an ideal. The factor ring R = R/N is then periodic 
with no non-zero nilpotent elements, hence has the property that for each x£R, 
x"M =x for some n(x) >  1. (For proof, see [3].) Thus, R is commutative by 
Jacobson’s “x n= x  theorem”, and C(R)QN.

There are many theorems in the literature asserting either that a ring R is 
commutative or that C(R) is nil, under hypotheses of the following form: there 
exists an integer пШ 1 such that for each ordered и-tuple {xi , . . . ,x n) of ring ele­
ments, there is a polynomial p of a certain prescribed form, in n non-commuting 
indeterminates, for which p (лу, ..., хи)=0. Often such a theorem has an extension, 
which we shall cali the classical extension, asserting that if p(хг, ..., x„)<E Z, then 
C(R) is nil; this extension can on occasion be rather difficult to establish. In view 
of result (iv), there is always an immediate extension of the form “if р(хг, ..., x „ ) £  

£H3(R), then C(R) is nil” . As examples, we give such extensions for three recent 
commutativity theorems. In the statements, the parts in parentheses, as well as 
the bibliographic references following the theorem numbers, describe the original 
theorems, which we refer to as Theorems 4—0, 5—0, and 6—0.

T heorem  4 . [2] Let R be a ring such that for each x, y f  R, there exist positive 
integers n= n(x,y) and m = m(x, y) for which x y —ymx"dH3(R) (xy—ymxn= 0). 
Then C(R) is nil (R is commutative).

T heorem  5. [8] Let R have the property that for each x, yC R- there exist positive 
integers n= n{x,y) and m =m (x,y) such that [xn, ym]£Ha(R) ([xn, ym]—0). Then 
C{R) is nil.

T heorem  6. [1] Suppose q(X) is a polynomial in n non-commuting indeterminates, 
its coefficients being integers with highest common factor 1; and let R be a ring with 
the property that for each x1; ..., xnf  R, q(xl7 , xn)£ H.,(R) ..., х„)=0). I f
there exists no prime p for which the ring o f 2 x2  matrices over GF(p) satisfies the 
identity q(X) = 0, then R has nil commutator ideal.

P roof o f  T heorem  4 . Since the intersection of the prime ideals of R is a nil 
ideal, it suffices to show that for each prime ideal P of R, the prime ring R=R/P
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is commutative. By (iv), either R is commutative or satisfies the condition 
xy=ymx"; and in the latter case, R is commutative by Theorem 4—0.

P roof of T heorem s 5 a n d  6 . We require a more sophisticated use of the 
prime ideal structure theory. It is clearly sufficient to establish commutativity of 
rings R satisfying our hypotheses and having no non-trivial nil ideals. Such rings 
are subdirect sums of prime rings without nil ideals (see [5, Theorem 65]), and 
these are commutative by (iv), together with Theorems 5—0 and 6—0.

These examples were chosen in part because the classical extensions (those 
in which Z  replaces H3(Rj) are problematical. It is not known whether the classical 
extensions of Theorems 4—0 and 5—0 are true; if they are, their proofs can be 
expected to be difficult. The classical extension of Theorem 6—0 is definitely false, 
for the polynomial (X Y —YX)2 is a nonvanishing central polynomial for the ring 
of 2 x 2  matrices over every field GF(p) [6].

As the example at the end of Section 2 shows, constraining certain subsets 
of R to lie in H3(R) or Z 3(R) cannot be expected to yield full commutativity; how­
ever, in special cases, it may yield a slightly stronger conclusion than the one that 
C ( R ) is nil. Our concluding theorem illustrates this fact.

T heorem  7. Let R be a finite ring such that
(a) xy=0 implies y x —0, and
(b) N Q Z 3(R).

Then R is a direct sum of a commutative ring and a nil ring.
P ro o f . Use induction on the number \R\ of elements of R. There is no trouble 

beginning — all rings of order 2 are commutative; thus, suppose |7?|=« and that 
all rings S satisfying (a) and (b) and having |S |< «  may be written as direct sums 
of commutative rings and nil rings. If R has 1, the nilpotent elements are central 
by (iii) of Theorem 2, and R is commutative by the theorem of [7]; and if R is nil, 
there is nothing to prove. Thus, we can assume that R contains a non-zero idem- 
potent e which is not a multiplicative identity element. Now for arbitrary xCE R. 
we have (ex — exe)e=0, so e (ex — exe) = ex — exe = 0; similarly, xe — exe=0 and 
e is therefore central. It follows that R hasadirect sum decomposition R=eR®A(e); 
and we get our result by applying the inductive hypothesis to eR and A(e).

Condition (a) by itself will not yield the conclusion of Theorem 7, for there 
exist finite non-commutative rings in which the product of any two zero divisors 
is zero [4]; similarly, condition (b) alone is not sufficient, as we see by noting that 
for any field F, the ring

has Z 3(R) = R and Z={0}.
Finally, we remark that it is not clear whether H3(R) is a subring in general. 

However, if H3(R) is replaced by the subring H  which it generates, conclusion
(iv) of Theorem 2 still holds and we can use H  in applications of the kind in 
Theorems 4—6.
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ON A COMMON GENERALIZATION OF BORSUK’S 
AND RADON’S THEOREM

By
E. G. BAJMÓCZY and I. BÁRÁNY (Budapest)

1. The well-known theorem of R adon [3] says that if AczRd and \A \^d+2, 
then there exist B ,C a A , BC]C=0 such that conv RPlconv C is not empty. 
It is clear that for each finite set A = {al , ...,a„} in Rd with n ^ d + 2  one can 
find a linear map / :  R‘, + 1 — Rd and a set A'={a[, . . . , a'n}c:Rd + l suchthat f(q'i)=ai 
i =  l ,2 , . . . ,n  and in tconvT  is not empty and vert con \  A' = A'. In view of this- 
fact, Radon’s theorem can be stated in the following way.

R adon’s Theorem. Let P a  Rd +1 be a convex polytope with non-empty interior. 
Put A =  vert P. I f f : Rd+1 — Rd is a linear map, then there exist two disjoint sets 
B ,C a A  such that /(conv B) lT/(conv C) is non-empty.

The surprising fact here is that the word “linear” can be replaced by “con­
tinuous”, namely, a continuous analogue of Radon’s theorem is true;

T heorem 1. Let Pcz R‘l+1 be a convex poly tope with non-empty interior. Given 
an f: ()P - Rd continuous map, there exist two disjoint faces, В and C, of P such that 
f ( B ) D f( C ) * 0 .

Corollary. Let T be a (d + 1)-dimensional simplex. Denote its d-faces by
d + 2

L,, L2, . . . ,L d+2. I f  f :  <)T~ Rd is a continuous map, then f ) f (L j )  is non-empty..
i = i

If /  is a linear map, then this statement is an easy consequence (in fact, equiv­
alent) of Helly’s theorem (see [3]). The interesting fact here is that in this particular 
case a continuous version of Helly’s theorem holds true.

Let us now introduce some notions. Given a convex compact set CczRJ + 1 
with non-empty interior and a vector a£Rd+1, a?±0, we write

C(a) = {x£C: (a, x) — max (я, ()}.

Two points, x  and y, of C are said to be opposite if for some a€RJ+1, x£C(a) and 
y£C( — a). If C happens to be a polytope, then C(a) is a proper face of C. In this 
case we say that the two faces C(a) and C(—a) are opposite.

T heorem 2. Given a poly tope P (zRd+x with non-empty interior and a con­
tinuous map f:  d P ^ R d, there exist two opposite faces, В and C, o f P such that 
f  (B)D f(C) is non-empty.

It is evident that opposite faces of P are disjoint. Thus Theorem 2 implies 
Theorem 1.

Speaking about points instead of faces Theorem 2 can be formulated as follows.
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T h e o r e m  2 ' .  Given a poly tope P c :  RJ + 1 with non-empty interior and a con­
tinuous map f : d P ^ R d, there exist two opposite points, x  and y, of P with f  (x) =  /  (y).

We shall prove this Theorem 2' which yields a generalization of Borsuk’s the­
orem [1 ]. In order to state Borsuk’s theorem put Sd— ||x|| =  1}.

B o r s u k ’s  T h e o r e m . I f  f :  Sd—Rd is a continuous map, then there is a point 
x£ Sd with f  ( x )= /(—x).

Theorem 3. Let C a R d+1 be a convex compact set with nonempty interior. I f  
f: dC—Rd is a continuous map, then there exist two opposite points, x  and y, of C 
with f(x )= f(y ) .

Again, Theorem 3 implies Theorem 2'. However, we shall get Theorem 3 from 
Theorem 2' by a simple continuity argument.

Further, our Theorem 3 contains Borsuk’s theorem (put simply C=conv Sd). 
On the other hand, Theorem 2' is proved using Borsuk’s theorem.

2. We need a simple proposition.
Proposition. I f  P is a polytope in Rd and x, y, x„dP n = 1, 2, ... and lim x„—x, 

then there is an e>0 and N such that xn + e-(y  — x)ZP for n>N.
Proof. This proposition is true for any cone C (instead of P) whose vertex 

is x (with arbitrary £=-0 and и), so it is true for CC\B(x, <5) where B(x, S) is the 
ball with center x and radius S. But PClB(x, д) = СГ)В(х, ö) for a sufficiently 
small <5 >0  where

C = {z£Rd: z = x  + l(w  — x), /. >  0, w£P}

is a cone with vertex x.

Proof of Theorem 2'. Put Q =P—P. Q is a polytope with non-empty interior. 
It is centrally symmetric with respect to the origin. For x£Q  write

h(x) = max {z: x =  z —w, z, w£P}

where max is meant in the lexicographic ordering of Rd+1. Clearly h: Q-»P is well- 
defined. An easy computation shows that the vector w corresponding to z=h(x) 
equals h (—x).

We claim that h is continuous. Indeed, let x, xn£ O, x=limx„ and x„=zB — w„ 
where z„=h(xn). We can choose a subsequence nt so that z„( and, consequently 
w„t converge. Put z =  limz„. and vv =  lim n’„.; clearly x= z — w. We claim that 
z = h(x). If not, then z</z(x) in the lexicographic ordering. By the Proposition, 
for a sufficiently small positive e and large i

z’ — z„. +  e(h(x) — z)tP  and w' = wn. + 8(/i(—x) — w)£P.

Now z '— w'=x„. and z'>z„. contradicting z„. =  /i(x„,). This means that z=h(x). 
Thus, every convergent subsequence of z„ tends to h(x). Now by compactness 
lim z„=A(x), i.e., h is continuous.
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Next we claim that x£Q(a) implies h(x)£P(a) and h (—x)£P(—a). Indeed, if 
x£Q(a) then max (a, t) = {a, x). Of course, x=h(x) — h( — x) and h(x), h( — x)£P.
Whence

(a, h(x))+ (—a, h(—x)) = (a, x) = max (a, t) —

— max (a, u — v )  =  max (а, н) + т а х ( - й ,  v)
u , v £ P  '  u i P  4 '  v i P  4

and so h(x)£P(a) and h( — x)£P(—a). This further implies that for xdf)Q h(x) 
and h (—x) belong to dP.

Now we define a map g: dQ-*Rd in the following way: for x£dQ let g(x) = 
=f(h(x)). This map is welldefined and continuous. Let us observe now that the 
conditions of Borsuk’s theorem are fulfilled for the map g (instead of Sd we have 
dQ here but this is indifferent). In this case Borsuk’s theorem says that there is a 
point xCdQ with g(x)= g(—x). Now there exists Rd+1, a^O  such that x€Q(a). 
Then z=h(x)ZP(a) and w=A( —x)6P( —a), i.e., z and iv are opposite points 
of P and f(z)= f(h(x))= g(x)= g(—x)= f(h( — x))=f(\v). And this is what we 
wanted to prove.

Proof of the Corollary. It is easy to check that if В and C are disjoint faces 
of the simplex T, then for any i'= l, 2, ..., d+2 either BczLt or CcL,- (or both). 
This fact proves the Corollary.

Proof of Theorem 3. Without loss of generality we may suppose that Ogint C. 
Now let P be a polytope inscribed in C, i.e., vert PczdC and suppose further 

that O^intP. Then a continuous mapf P\ d P ^R J can be defined as f P(x )= f (/.x), 
where A is the unique positive number with Xx^dC. By Theorem 2', there are 
opposite points of P, zP and wP with f P(zP)= fP(wP).

Now choose a sequence of inscribed polytopes Pt , P2, ... with 06 int P„. Suppose
further that vert Pnevert P„+1 and c)CC\[J Pn is dense in dC. Again, for each

1
n there exist opposite (for P„) points z„ and w„ with f n(z„)=fn(w„) where f„=fPn. 
Since z„ and w„ are opposite points in Pn there is a vector ű„6 S d such that 
=niPn(an) and w„ePn(-a„).

By the compactness of C and Sd we may suppose that z„, w„ and an converge, 
their limits are z, wfJ)C and a£ Sd respectively. It is easy to see that z and w are 
opposite points of C (with normal a) and

3. R emarks. 1. Theorem 1 can be interpreted in the following way. Let 
P<^Rd+1 be a convex polytope with non-empty interior. Then it is not possible 
to make a drawing of dP in Rd so that disjoint faces of P be disjoint in the drawing.

2. We can give a second proof of Theorem 2 which is more involved than the 
above one but does not make use of Borsuk’s theorem. It relies on a suitably modi­
fied version of the main lemma of [2].

3. The following generalization of Theorem 3 holds true.
Theorem 4. Let C c R d+1 be a convex compact set with non-empty interior. 

Let f  be a point to set map from dC to the family of all compact convex subsets of 
a compact set of Rd. I f f  is upper semi-continuous (i.e., x„—x, у„6/(л'„), and y„ —у
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implies yZf(x)), then there exist two opposite points, z and w, of C with
f  (z )  П /  ( w )  0 .

This theorem follows from Theorem 3 nearly the same way as Kakutani’s 
fixed-point theorem follows from Brouwer’s one.

4. We conclude with a conjecture. There is a generalization of Radon’s theorem 
which is due to H. T verberg [5]. In the spirit of our formulation of Radon’s theorem 
this generalization runs as follows:

T heorem. Let Pci R" be a convex polytope with non-empty interior. Here 
n = (r— 1)(í/+  1). Given an f:  R"-*Rd linear map there are disjoint proper faces

r
Bl ,B>, ..., Br o f P, such that f j  f ( B j  is non-empty.

i = i
We think (but can neither prove nor disprove) that in this theorem it is enough 

to assume that f :  dP—RJ is a continuous map.
A c k n o w led g em en t . We are indebted to Prof. M. Bognár for his valuable 

comments on an earlier version of this paper and to L. Lovász for the question 
that led us from Theorem 2' to Theorem 3.
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