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KANTENKRUMMUNG UND UMKUGELRADIUS
KONVEXER POLYEDER

Von
J. LINHART (Salzburg)

Sei P ein konvexes Polyeder im R3 mit Kantenldngen f, ..., k. a; sei der
AuBenwinkel bei der /-ten Kante. Dann heilt M=y a;/; die Kantenkrim-
mung von P.

satz. FUrjedes konvexe Polyeder mitf Flachen, k Kanten, e Ecken und Um-
kugelradius R gilt

_2ksi (cosR®-cosed
M /R-2ksin”(l—ot”cot2g coszrkrcoseCZk)

mit Gleichheit genau fiir die finf regularen Polyeder.

Bemerkung. Dieser Satz wurde von A. Fiorian [2] unter der zusétzlichen
Voraussetzung bewiesen, dafl die Fuflpunkte der vom Umkugelmittelpunkt auf
die Flachen und Kanten von P geféllten Lote auf den entsprechenden Flachen
bzw. Kanten liegen. Im folgenden wird mit Hilfe einer allgemeinen Ungleichung
von L. Fejes Toth [1] ein relativ kurzer Beweis angegeben, der ohne diese ,,Ful3-
punktbedingung“ auskommt. Es sei weiters bemerkt, da® MIR in [5] mit einer
ahnlichen Methode nach unten abgeschatzt wird M”2nR, mit Gleichheit genau
dann, wenn P zu einer Strecke ausgeartet ist.

Beweis. Wir wahlen den Umkugelmittelpunkt O als Ursprung und identifizie-
ren Punkte und Ortsvektoren. Ohne Beschrankung der Allgemeinheit sei R =1.
Es ist

M = J tu)du,
n

wobei t(u)=max(u, x) die Stitzfunktion von P, und U die Einheitssphédre (mit

Mittelpunkt O) ist [4]. Sind v1, ..., ve die Ecken von P, so lassen sich die Flachen
des polaren Polyeders P*={y|(v, m)=1 fur alle xEP} so darstellen [3]: Ft=
= {yfP*\{y, ¥)= 1} (1=/=e). Wenn O nicht im Innern von P liegt, so ist O
Randpunkt von P, und P* ist unbeschrankt. O kann jedoch keine Ecke von P
sein, daher enthdlt dann P* einen hdchstens zweidimensionalen Kegel mit Spitze O.
F{={uet/[n=jj~ fir ein yEFi} ist die Projektion von Ft auf U. Fir u”Fj ist
t(u)=(u, nj)Scos <(n,vf da ||»|*1. Die F{ sind konvexe sphérische Polygone,

| Acta Mathematica Academiae Scientiarum Hungaricae 34, 190



2 J. LINHART: KANTENKRUMMUNG UND UMKUGELRADIUS KONVEXER POLYEDER

die auf U ein Mosaik mit e Flachen, k Kanten und / Ecken bilden. Da cos in
0, —j streng abnehmend ist, erhalten wir auf Grund einer Ungleichung von
L. Fejes Toth ([1], S. 137);

(a—BC—< (B, C), usw.). Das oben rechts stehende Integral ist gleich dem Inhalt
der Normalprojektion A' von A auf eine zu A orthogonale Ebene. A" ist ein Sektor
einer Ellipse, dessen Inhalt \A'\ leicht berechnet werden kann:

VW\'= sinb =y sinB(l —cot2B cot2a)l2arccos (cos a cosec 3).

Damit folgt sofort die Richtigkeit des Satzes, da der Fall der Gleichheit schon bei
der zitierten Ungleichung von L. Fejes Toth dargelegt ist.
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LIMITS OF BIFUNCTORS INTO A CATEGORY
By

I. A. ASSEM, C. G. CHEHATA and M. EL-GENDY (Alexandria)*

Introduction

Although covariant and contravariant functors of a small category into an
arbitrary category also known as inductive and projective systems, have been
widely studied, nothing is known of bifunctors of the product of two small categories
into &. It is the purpose of this paper to study such bifunctors, which we call
mixed systems. We shall prove that mixed systems have, in a certain natural manner,
two limits, and that there exists a natural morphism from one of these limits into
the other. The limits and the natural morphisms are proved to satisfy a certain
universal property. We also define a category of mixed systems and investigate
some of its properties. In forthcoming papers, we shall take a closer look at mixed
systems of sets and of modules.

Notations have been made to follow [1] as closely as possible. For results
about categories and functors, we refer the reader to [2], [3] and [5]. Results on
projective and inductive systems can be found in [4].

In what follows, we shall work within a category @& such that every functor
of a small category into  has projective and inductive limits.

1. The mixed system and its limits

Let | and L be two pre-ordered sets. We define a mixed system in  over
IXL to be a bifunctor of IXL (with the product pre-order) into @, contravariant
in the first and covariant in the second variable. More explicitly:

Definition 1.1. A mixed system (EE, fffljxLin 9) over IXL is defined by the
following;

i) to each ordered pair (a, X)EIXL, we associate an object EE of .

ii) to each couple of pairs (a, ji) and (B, &) of IXL such that a”/i and
there is associated a morphism ///: ER-+EE of  such that:

(MSI) for every {a, X)ZIXL, we have f~= \ef,

(MS2) if or™3Sy in / and A~M/tSv in I, then fay=faBRfRy-

The assumption that | and L are sets is not essential. It was made for the
simplicity of notations and the whole theory can be developed in case | and L are
arbitrary categories. Of course, we would then have to assume that € is such that
every fuctor into  has projective and inductive limits.

* Research was carried out at the Science Centre for Advancement of Post Graduate Studies,
University of Alexandria. The authors wish to express their thanks to Professor R. Wiegandt who
gave the idea of a fruitful generalization of their original work.
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4 I. A. ASSEM, C. G. CHEHATA AND M. EL-GENDY

To simplify notations, we shall denote the morphisms by giB and the
morphisms by hi*- We now construct the limits of the mixed system
" et XEL be fixed and in /, then by (MSI) and (MS2),

11 sL = iei
1-2) gEy = giB gRy

Thus the system (EE, gif)t is projective. By our assumption on &, it must have
a projective limit:
(E\ gi) = Loio”f (Ei, gip).

By definition, the canonical morphisms (gi: E'—£'s)aE/ are such that if asSli,

(1-3) ga=gilkgl-
Similarly, for any a€/, the system (E£, hEK)L is inductive and so has an in-

ductive limit:
(Ex,hi) = Um(Ei, KX).
I.1L

The canonical morphisms (hi; EE—E@XEL are such that XS/n implies

(1.4 hi = KKK
Let now ac™d in / and X*y in L, then (MS2) implies
(1.5 hi'- g(8 = gil3
1 “ \ 98
& E—'t% 4 Y E K - ITA
K\ h
F n J o8 F ::
Fig. (U )

This equation may be interpreted in two ways. First it means that the (J¥%)a€/ form
a projective system of morphisms of (Ei, gif), into (E*, gi)t. Let its projective
limit be:

Nem= Lim hi*.

By definition, hR8 is the only morphism of E* into such that, for any ad,
(1.6) gih®- = hi'gi.

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



LIMITS OF BIFUNCTORS INTO A CATEGORY 5

Next, (1.5) means also that the (gi/t);.eL form an inductive system of morphisms
of {EMh”KL into (Ek, h*l)L. Let its inductive limit be:

g = %]n_ giB.
gt is the only morphism of ER into En such that, for all
L7 g3hj = K gfpm
Now let a£l be arbitrary, and v in L. (MS2) gives
(1.8) Kk =h7Kk.
Passing to the limit,
(29 hw =h”"h”.

Also hkk=IEi implies hkk—\Ex. Therefore (Ek h>°)L is an inductive system, with
i (F, hk) = Lim {Ek, h»k).
Then ASfi in L implies "
(11O hk=h"h"A
Similarly, the system (Ex,gx3I is projective. Let us put:
(E,g]j = Lim (Ex, gad).
a”i in I implies
(1.12) g« = g3gi-

The objects E and F of ¢ will be called the limits of the system (Ek, fER)I xL.
Thus we have:

Theorem 11 A mixed system (EKk, ffflixb has two limits
E = Lim(Lim EK) and F = Lim (Lim EK).
«€/ XIL XEL XTI

2. The canonical morphism and the universal property

Equation (1.6) can be interpreted to mean that the family (ga)x€L is an inductive
system of morphisms of (Ek h"k)L into (Ek h*K)L. Hence there exists a unique
morphism g'; F—I* such that, for any ?FL,

(2.1) g'xhk * h kgk.
Ex+ 9 Ek Ea \
t \E{a’
%1
| A
B . G = E r\
Fig. (2.1) Fig. (2.2)

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



6 I. A. ASSEM, C. G. CHEHATA AND M. EL-GENDY

Let (a, B)EP, <x=B, then (1.3) implies, by passing to the limit
(2-2) g* = godlgt-

By definition of projective limit, there exists a unique morphism /: F-*E such
that, for all a£/,
(2.3) g' = gxf.

On the other hand, (1.7) means that (hx)xei is a projective system of morphisms
mapping (Ex, gPr into (Ea,g¥d)l. Hence there exists a unique morphism

h'x: EX-*E such that, for all a£7,

Fig. (2.3) Fig. (2.4)

Now, if (H, p)€L2 (1.4) implies, by passing to the limit,
(2.5) h'x = h,f,h»x
Therefore there exists a unique morphism /: F-*E such that, for all )F L,

(2.6) fhx = hn.

We shall now prove that /=/. (2.1) and (2.4) imply, for any (a, A)6/XT,
g<ehix=gxhx; hence, by (2.3) and (2.6), gxJhx=gxfhx. Now the family (gja£/ is
monomorphic, and the family (hx)"eL is epimorphic (cf. [3], p. 164). Therefore
/=1/. This uniqgue morphism will be denoted from now on by / and called the

canonical morphism. Thus

Theorem 2.1. Let E, F be the limits of the mixed system (Ex, fxB)txL. There
exists a unique morphism /: F-*E which satisfies, for any (a, i)CIxL

(2.7 gxfhx = hxgx.

Fig. (2.5)

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



LIMITS OF BIFUNCTORS INTO A CATEGORY 7

In other words, / is the only morphism which makes the pentagon of figure
(2.5) commutative. This pentagon will be called in the sequel canonical pentagon.
We note here that / is not an isomorphism in general (cf. [3], p. 197).

We now give another characterization of the limits and the canonical morphism:

Definition 2.1. Let £={Ef ffR)IXL be a mixed system in € over IxL,

and let:
(Ex, hi) = Li:ln_w (Ei, fEf), o= Lim/ A
(E\ gi) = Lim (Ex,f ¥), = Lim f X.
ail nil
A triple (E, F, f) where E and F are objects of €, and / : F-+E a morphism,
will be called a limit triple of £ if:

(ML1) There exist two families of morphisms (ga: E-*Edail and
(hx\ Ex-*-F)xiL such that:

0) gn = gnRgr if «=R in U
(i) hx=h" if A™ & in L,
(iii) ogxfhx = higi for any (a, 1)(/XL

(ML2) If (E', F', /") is another triple, with E', F' objects in 6, and f : F'—
and there exist families (g': E'-+Exxei and (h'x: EX-»F")X€L of morphisms of
which satisfy:

(i) dn = gnigB if «= in /,
(i) h'x= hfih*x if ASp inlL,
(iiiy daf'h'x= higi for any (oc,A)€/XL,
then there exists a unique pair (g, h) of morphisms of2 such that f=gf'h.

E'— — F
Fig. (2.6)

Lemma 2.1. If a limit triple exists, it is unique up to isomorphism.

Proof. Let (E, F,f) and (£', F', /') be two limit triples of the same mixed
system. There exist unique pairs (g, h) and (g', h") of morphisms of A such that
if f-gf'h and f'=g'fh’ then f=(gg")f(h'h).

By uniqueness, gg'=\E and h'h=\F. Similarly, g'g=I1£, and hh'=\r.
Hence the result.

Theorem 2.2. The triple (E, F, f) where

E =LimLimEx, F= LimLim EXx
~a.il XiL XiC ail

Acta Mathematica Academiae Scientiarum Hungaricae 34 190



8 I. A. ASSEM, C. G. CHEHATA AND M. EL-GENDY

and f: FAE is the canonical morphism, is the only (up to isomorphism) limit triple
of the system (Ef, ftf)IxL.

Proof. It has been shown before that the triple (E, F, f) satisfies (ML1). We
now prove (ML2). Assume that (E', F', f) satisfies the conditions of (ML2) then,
since £=LimE,, there exists a unique morphism g\E'-+E such that, for all

adl, gx=gxg. Similarly, there exists a unique h: F-+F' such that, for all )1 L,
h'x=hhx.

Fig. (2.7)

Hence, for any (a, 2)£/XL,
gxgfhhx = ¢gxf'h'x=hxgx = gjhx

Since the family (gx)xa is monomorphic, and the family {hx)liL is epimorphic,
then gf'h=f. The uniqueness assertion follows from Lemma (2.1).

Corollary 2.1. Let 4 be a category such that everyfunctor of a small category
into 4 has projective and inductive limits. Then every mixed system in 4 has a unique
limit triple.

3. The category of mixed systems

Definition 3.1. Let S=(Ej, ff)IxL and S'=(Ejx /[ x1 be two mixed
systems in 4 over IxL. A family u=(uj)(XiAeixL of morphisms of 4 will be called
a mixed system of morphisms of S into S' if for every pair of relations aXR in
I and ASp inL, we have:

(3.1 </#=1;«.
El Y Ej
[
EFRx- L EIR
Fig. (3.1)

In other words, n is a functorial morphism of S into S'.

Definition 3.2. The category 4) of mixed systems in 4 over IxL
has for objects all such systems, and for morphisms, the mixed systems of morphisms.

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



LIMITS OF BIFUNCTORS INTO A CATEGORY 9

The product of two morphisms wn=(ux),xL: $-*$' and v=(vx),xL: S'-*S" is
defined to be vu=(vxux)IxL: S-+S".

We shall now prove that to a mixed system of morphisms correspond two limit
morphisms in . Equation (3.1) shows that the (ux)kiL form an inductive system
of morphisms mapping the system (Ex, hEX)L into (E'x, h'/XL. Let u,,= )L(:an UX.

This is, by definition, the only morphism of Exinto E' such that, for all AEL

(3.2 uxhx = hxxux.
Fig. 32
Let now asd/i in | and ?.£L be arbitrary, then:
gl K = uahxgx? x7
= Kuxg#} (3.2
=KC»R (31
= gahkux @7
= gRWRK . 32

Since the family (hR)xiL is epimorphic,

(3.3) ux8dl — 8} Ul

and the family (ux)xil is a projective system of morphisms of (Ex, g®)j into (Ex, gxdI.
Therefore there exists a unique morphism M = _Irg}n u, of E into E' such that,

for all ocfl,

(3.4 gxu .= u Xox.
Thus, by definition, u_ = Lim Lim ux.

Fig. (33)

Similarly, (3.1) shows also that (uxX)xil is a projective system of morphisms
mapping (Ex,gx)] into (E'x,dX)j, hence there exists a unique morphism

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



10 I. A. ASSEM, C. G. CHEHATA AND M. EL-GENDY

u-= Limux: EX~*E'X such that for all af/,

(3.5) g'AUA= UgX

Flg. (3.4)

Let now ).S/( in Z and a(7 be arbitrary, then we have

=K g”~x (3.5)
= <KX (1.6)
= (3.1)
=h'fxdaxux (3.5)
= g'fh>ux. (1.6)
Since (g'/)u.ai is a monomorphic family,
(3.6) uW=* = hrXux,

the (uk)xiL form thus an inductive system of morphisms of (E'\ h%,)Linto {E'x, h'®YL.
Therefore there exists a unique morphism M+:1L'[i5T ux such that, for all /EL,

(3.7) u+hx — h'xux.
We have thus, by definition, u+=LimLim M.
ner <¢
yR———
£ ' ~E’
Fig. (3.5)

We have proved:

Theorem 3.1. A mixed system of morphisms wn: $ -+$' defines two morphisms
u_:E-+E' and u+: F-+F' oftheir limits, called the mixed limit morphisms.

Theorem 3.2. The mixed limit morphisms and the canonical morphisms satisfy
the commutativity relation

(3.8) ['u+=u_/.
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Proof.

Fig. (3.6)
For any (a, /.)f!xL, we have,

g'J'u+h = g'J'h'xux (3.7

= h?g?ui 2.7

= K xu*g* (3.5)

= Khig* (3-2)

= U'gdh* (2.7)

= g*u-fhx (3.4)

Since the families (g')a£] and {hl)kiL are monomorphic and epimorphic, respect-
ively, the result follows.

Theorem 3.3. Let u=(u£)IxL: and v=(vE)IxL: <98+&"' be mixed systems
of morphisms and w=w, then:

c_u

(3.9) w
(3.10) W+ = v+u+,

Moreover, if ux=IcE for every pair (a, /.)EIXL, then
(3.11) M = If,
(3.12) n+— If-

Proof. This follows from the functorial properties of projective and inductive
limits (cf. [4]).
Obviously, this implies:

Corollary 3.1. If n: <>»<? is a mixed system of isomorphisms, then u+ and
u_ are isomorphisms.

Corollary 3.2. Let € be the category of (left or right) modules over some ring
R, and L be directed. Then if u—(ux)IxL: S'-*S and v=(v(),xL: <>><?' are mixed
systems of linear maps such that the sequence

0 B
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is exact for any (a, X)EIxL, then the sequences:

and

are exact.

Proof. This follows from the exactness of the inductive limit functor and the
left-exactness of the projective limit functor.

Definition 3.3. We now define two covariant functors 1+and 1_ of Ji(IxL, 8)
into <8 as follows:

i) 1+=Lirn Lim (— associates to a mixed system 8 itslimit F=LimLim
Bl af/ o S M7 "
and to a morphism wu: 8-*8" its limit ut=Lim Limuj: F>F.
AEL «E/
ii) I_=LimLim (— associates to 8 its limit E=LimLIimE? and to wu
L okl AEL atl AL
its limit u_=Lim Lim uj\ E>-E.
£/ XCL ) )
Theorem (3.3) shows that these are indeed covariant functors.

Corollary 3.3. There exists a functorial morphism <x |+-*-1_ defined as
follows: to each mixed system 8 we associate its canonical morphism <p=f: 1+(<)—
-1-(A

Proof. This is exactly Theorem (3.2).

We now associate to the category T the category 3) of triples (A, B, f) with
A, B~ B and/: B-+A. A morphism (g, h): (A, B, f) —(A', B', f'") is a pair of morp-
hisms of <8 such that g: A-»A', h: B-*-B', and f'g —hg.

Fig. (37)

The product of (g, h): (A, B, f)-*{A", B', /') by (g', h')\ (A", B', f)-+(A", B", ")
is defined to be:

(9%.h")(9, h) = (g'g, h°h).

Definition 3.4. The covariant functor 1 of Ji(IxL, T) into 3) is defined to
be the functor which associates to a mixed system 8 its limit triple (E, F, f) and
to a mixed system of morphisms u:8 -+8' the pair of morphisms (n_, u+).

1 is indeed a covariant functor by Theorems (3.2) and (3.3).

Finally, Corollary (3.3) shows that 1+,1 and 1 are left-exact.
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4. Properties of 3i(axL, ©)

Theorem 4.1. If M is an arbitrary index set and {SViiM is a family of mixed
systems in <€ over IXL, with 6\=(EE, f2JR)ixL, then the product of the S/s exists
in the category Jt(IXL, C) and is equal to

* = YK, B fiaB)lxLe

Proof. Since <Sis such that every projective system has a limit, every family
of objects of Xi has a product in <€(cf. [2], p. 54).
Hence Ex= RI EE exists. Let the maps (pi! Ex-*E™{em denote the canon-
|

ical projections. The product ///= iZ?|\7/|f8J3 's by definition the only morphism
of ER into E* such that, for all i£M,

4.1) f1f& =& |p}.-

1S

E%i
AR Pic
%y
Fig. (4.1)
It is easy to prove that S=(Ef f$)IxL is a mixed system. Let us put Pi=(ptx)i *1>
then (4.1) shows that pt is (for every j€M) a mixed system of morphisms of S
into St. Let now S'=(E'x, fapXi*1 be another mixed system, and (gp. S'-»S,)iiM

a family of morphisms, with qi=(quf)rxL- By definition of Ex, for every pair
(a, 2)€Jxi,, there exists a unique morphism tx; E'x—Ex such that, for all i£ M,

4.2) Pita = qi-

B4
]

Pice N.
ti\
AN e;

Fig. (4.2)

One can prove easily that t=(tf)JyL is a mixed system of morphisms of S' into S.
Finally, (4.2) shows that, for any i£M,

(4.3) pit = gb
and t is the only mixed system of morphisms which satisfies this relation (the uni-
queness of t follows from that of each tf).

Dually,
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Theorem 4.2. Let M be an arbitrary index set, and (SjiiM afamily of mixed
systems, with S\=(Ef, fff) IxL. Then the coproduct of the Sis exists in JtfjXL, ()
and is equal to S=(JJ Ef, jj fI$)IxL-

i"M iEM

Theorem 4.3. Let u=(UJ)IxL and v=(v*)IxXL be two mixed systems of
morphisms of S into S'. If rf. Kj-+Ex is the kernel of the pair (u'frj and
XKX—KT, KAR)ieL is the mixed system such k)f is the only morphism of Kf, into
KE which satisfies

(4-4) riktf=ftfr},
then r=(rf)jxL; XX-*£’ is the kernel of the pair (u, v).

Proof. Since the category 'S is such that every projective system has a limit,
any pair of morphisms of S has a kernel (cf. [2] p. 54). Let tf: KI “mEj be the
kernel of the pair (u), vff. Moreover, if tx*8 inland k”p inL, we have

usffiri =/:R uB® f& vyB=viftt rfd

hence there exists a unique morphism kER: KR~»KE such that (4.4) is satisfied.
Clearly, XX=(KE, kER)IxL is a mixed system, and the morphism r={rf)IxL is
such that ur=vr. Let now s: X--)K be another mixed system of morphisms
such that us=vs with <S?=(L£, I£jj)IxL and s=(sf)IxL. By definition of kernel,
there exists, for each (a, k)E1X L, a unique morphism tj: L) —Kf; such that:

Fig. (4.3) Fig. (4.4)

Again, one can prove easily that t=(tf)IxL is a mixed system of morphisms
of if into XK and (4.5) shows that rt—s. Finally the uniqueness of t follows from
that of each tfi

Dually,
Theorem 4.4. Lei u=(uf)ixL and v=(vf)IxL be two mixed systems of morphisms
of S into S'. If ra-\ -is the cokernel of the pair (uf vf) and XK' =(Kfl, k)f)IxL

is the mixed system such that k'ff is the only morphism of Kf into Kf which satisfies
r'/fj.B" = KMXr'f- then r': S'-*XK' is the cokernel of the pair (u, v).

Corottary 4.1. Every functor from a small category into Ji(IXL, 'S) has pro-
jective and inductive limits.

Theorem 4.5. Let 'S be a category with zero object (respectively pre-additive,
additive, abelian), then so is the category .yM(IX.L, 'S).

This can be done by direct checking of the axioms.
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SYMMETRIC MONOTONICITY

By
C. L. BELNA (University Park), M. J. EVANS (Macomb), and P. D. HUMKE (Macomb)

§ 0. Introduction

A real valued function / defined on the real line R is said to be nondecreasing
at x if there exists a positive number Sx such that

f(x —h )~ f(x) M f(x +h) for 0

The function / is said to be symmetrically nondecreasing at x if there exists a positive
number Sx such that

f(pc—h) =f(x +h) for 0< h< o&x.
We set

N —{x: f is nondecreasing at x)
and

* = {x:f is symmetrically nondecreasing at x\.

The purpose of this paper is to determine the possible size of the set
for various classes of functions. In § 1 we prove that this set is of Lebesgue measure
zero for all measurable functions and of the first Baire category for those having
the Denjoy property. In §2 we present several examples to indicate the sharpness
of these results.

We shall use the symbol \E\(\E\T) to denote the Lebesgue measure (outer
measure) of a subset E of R.

§ 1. Functions for which 3 s—J is small

In this section we shall find it convenient to use the decomposition >/s= (J S,

Nn=1
where f(x —)*M(x+h) for 0<A<I/n}. We begin with a lemma from
which it will readily follow that ,/s—J is small in the measure-theoretic sense
for measurable functions (cf. [3], pp. 217—219).

Lemma L If f: R-+R is measurable and O is a point of outer density of the set
S,,, then there is apositive number $such that f (a)”f (b) whenever —d<a<0<b<a.

Proof. Choose a number <G£(0, \Jn) such that, for each closed interval / con-
taining 0 and having length less than §

) ISen /r>7/]/8.
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Now, assume that f (a)>f(b) for some pair of points a and b satisfying —
Furthermore, assume \a\“b. (The proof in the case when \a\>b is
obtained by interchanging the roles of a and b in the ensuing arguments.)
It is a consequence of (1) that \S,,f}[b/2, 3b/4]\*>b/8. Thus, if we set

F= {*€][0,6/2]: (x+b)/2eS,.],
then \F\*>b/4 and
Fc Ge {*£]0, bl2]: f(x) </(a)}.

Since / is measurable, it follows that |G|=-6/4. Now set P={(a+x)/2: xfG},
and let 70 be the smallest closed interval containing 0 and the set P. It is evident
that \P\>bR and \IO\*b/2; hence, |.PM/Q= |P|=-|/0)/4. But, since PM5n=0,
this contradicts (1) and the proof is complete.

Theorem 1. If f: R-+R is measurable, then \3s—/|=0.

Proof. From Lemma 1 we see that if / is approximately continuous at a
point x0of outer density of S,,, then x0is necessarily in ./. Then since almost every
point of S, is both a point of approximate continuity of / and a point of outer
density of Sn, it follows that IS)—J\=0 for each index n, and the theorem
is proved.

We now proceed to establish the smallness of in the topological sense
for functions possessing the Denjoy property. (Here we say that a function /: R-~R
has the Denjoy property if for every pair of open intervals | and J the set /1 /_1(T)
is either empty or of positive Lebesgue measure; we note that the class of functions
having the Denjoy property contains the class of approximately continuous func-
tions and the class of Baire*l Darboux functions, recently introduced by
R. J. O’'Malley [5].) First we prove two lemmas which may have interest in-
dependent of the theorem they precede.

Lemma 2. Let f: R—R have the Denjoy property. If Snis dense in an open in-
tro'll /, then fez Sn.

Proof. Suppose / is not contained in S,, and for notational simplicity assume
0£7—S,,. Since Oft S,, there is a number h satisfying 0<A<I/n such that / (—?)>
>/(/;). Choose d such that 0<<5-=;min {# I/n—h] and (-5, S)czl. Employing
the Denjoy property of f we can find two sets A and B of positive measure such
that Acz(—h—0 ,—h+6),B<z(h—6,h +8) and

)] f(a)>f(b) for all aE£A, bEB.

Let C={(a+b)/2: aEA, bdB}. Since A and B have positive measure, C must con-
tain an interval (see [2, Theorem B, p. 68]). Furthermore Cc(—S, 6)czl, and
CfISn=0 because of (2). This contradicts the hypothesis that S,, is dense in 7,
and the proof is complete.

The next lemma generalizes Theorem 1 of [4] where the same result is proved
for continuous functions by different methods. We should also observe that based
on the following result, it is easy to verify that all fifteen theorems and corollaries
proved in [4] for continuous functions remain true for functions possessing the
Denjoy property.
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Lemma 3. If f: R-+R has the Denjoy property and is nowhere monotone, then
Sn is nowhere dense and hence Js is of the first category.

Proof. Let / be any open interval. As / is nowhere monotone, to each positive
integer n there correspond two points anand bnin | such that 0<h,,—a,,<2/n and
f(a,,)>f(bn. Hence (a,+bn)/2 is in 1—Sn, and in view of Lemma 2 this lemma
is proved.

Theorem 2. If f: R-+R has the Denjoy property, then Js—J is of the
first category.

Proof. Let | be any open interval. If / is nowhere monotone on /, then Sn
is nowhere dense in | by Lemma 3. If / is monotone on an open subinterval J
of /, then it is evident that (S,,—fi)f)J=Q. Therefore, in either case, the set
Sn—J is not dense in /, and the theorem obtains.

We conclude this section by establishing the following improved version of
Lemma 2 for approximately continuous functions; this result will be used to
determine a certain property of the function constructed in the third example of
the next section.

Lemma 4. If f: R—R is approximately continuous, then S,, is a closed set.

Proof. Let xObe a limit point of Sn, and without loss of generality assume
that x,=0 and that there exists a sequence of positive numbers x1,x2,... in Sn
with 0. Suppose OE Sn. Then there is an hO such that 0<AX I/a and

[-A0)=-/(/10). Set
T ={xf(x) [/(&.,)+(—A)2}.

Then, as f is approximately continuous at hO, there exists a positive number <,
such that |/rMC|>0 for each 6in (0, &), where 16=(h0—0, h0+6). Set

Ji = {x; (x+y)/2 = xk for some y£ Id}.

Since xkd Sn we have
N T |&]/anT|>«5  (0<<$<<5%),

where &=min (|, h0, /n—h0Q. Then, since =(—h0—6, —h0+S) as k-+°°,
it follows that for each $in (0, &) Therefore, by the approximate
continuity of / at —h0, we have —hfi T. This is a contradiction, and the lemma
is established.

§ 2. Examples

In this section we exhibit functions for which the set —J is not “small”
in one sense or another. Before presenting these examples we observe that if G
is an additive group of real numbers and if / is the characteristic function of G,
then G (”.fs. Furthermore, if both G and its complement are dense in R, then
J is empty. These observations are used in the first two examples given.

We begin by proving that in general the set need not be small in either
the topological or the measure-theoretic sense, that is, neither Theorem 1 nor
Theorem 2 is true for arbitrary functions.
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Example 1. There is afunction f such that is both nonmeasurable and
of the second category in every interval.

Proof. We use transfinite induction to define an additive group G. Let PO, Px,
..., Pa, ... (a<co) be a transfinite sequence of all nowhere dense perfect subsets
of R, where & is the initial ordinal having the power c of the continuum. For each
subset A of R we use {A) to denote the smallest group containing all rational
multiples of the elements of A.

Let x0and yO0 be elements of POsuch that ( {x0}) MN( {$0}) = {0} Now suppose
that a<coc and that for each B <oc there exist elements xfl and yfl in Pfl such that

<K: a”B})={0}.
{x,,: a< a»N ({y,,: x< a}>= {0},

Now card (a)< ¢ implies that ({x,,: 0<a,}6{ya: rr<*}) has cardinality less than
c. Hence, as card(PJ=c, there is a point xafPa such that

It then follows that

**e<{**. a< ajU{ya: a < ap>.

Similarly, the cardinality of aSa.}U {ya: tr<a}) is less than c and there
is a point yaEPx such that

YA({xa: e=ajU{y,,: a < ap>
It is easily verified that

<{xff. a = ot}>n<{y,: a” a}> = {0}

and this completes the induction.

Now set G=({x<x: a<cuc}) and G'=({yx: a<cuc}). Then GnG'= {0} and
both Gand G' are additive groups of real numbers each of which contains at least
one point from every nowhere dense perfect set. As such, both G and G' are non-
measurable and of the second category in every interval. So if / is the characteristic
function of G, then the example follows from the introductory remarks of

this section.
In [1 it is shown that J is of type Géa for an arbitrary function. Example 1

shows that J s need not be measurable. ) ) )
Example 1 can be used to make another interesting observation. Let / be

a function from R to R and consider
. f(x +h)—f(x —h
fs09 = tiggp "
In 1927, A. Khintchine [3] proved the following result.

Theorem K. If f: R-+R is measurable, then f has afinite derivative f'(x) at
almost every point x where /' (x) -=°°.

Letting / be the characteristic function of the group G constructed in
Example 1, we see that Theorem K cannot be extended to arbitrary functions
since /s(x)=0 for each xfG and yet f'(x) exists for no xfG.
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The following apparently unpublished theorem of Paul Erdés (Budapest) was
communicated to us by Jan Mycielski (Boulder) via James Foran (Kansas City).
In particular, this theorem entails that the continuum hypothesis implies that the
hypothesis on the function in Theorem 2 cannot be weakened to measurability.

Theorem E. The continuum hypothesis implies the existence of both (1) a group
of real numbers that is of measure zero and of the second category, and (2) a group
of real numbers that is of the first category and not of measure zero.

Proof. The proofs for (1) and (2) are essentially identical. We shall give the
proof of (1) with the necessary changes for the proof of (2) indicated parenthetically.
Let AQ, AX, ..., AX, ... (a<<ug be a transfinite sequence of all subsets of R which
are F,, and of the first category [G& and of measure zero]. We construct a sequence
of groups GO, G, ..., GX, ... (oc<c%) such that each Gx satisfies the follow-
ing properties:

(i) Gx is countable,
(i) GBa Ga, GRA"Gx for R < 9,
(ifiy GxPlAp ~ GpC\Ap for 7S a
If this is done, then the group G— 1J Ga has the required properties; it is of

a<coc
measure zero because G has a countable intersection with any first category F,,
subset of R whose complement is of measure zero; it is not of the first category
because G is not contained in any of the Aa (0Sa-<£0q [it is of the first category
because G has a countable intersection with each residual G3 subset of measure
zero of R; it is not of measure zero because G is not contained in any of
the d,,(Osol<cot)].
We construct Gx(0”.ckcod by induction. Let GO be the group of rational
numbers and suppose that for some éat<enc the groups C,(0"«<d) have been
defined and satisfy the properties (i)—iii).

Let GJ= U Gx and choose jc not in the union
a<a

(*) aga {x: nx+ g£Ax for some rational number n*O and g€G|}.

Such an x exists since, under the assumption of the continuum hypothesis, the union
in (*) is a countable union of sets of the first category [measure zero].

Now define Ga= (Gl U{x}), where the notation is the same as in Example 1
Each of the inductive properties (i)—(iii) is easily seen to be satisfied by G& and
consequently the theorem is proved.

If f is the characteristic function of the group G constructed above to
establish (1) in Theorem E, then / is measurable and is of the second
category. Consequently, we have (or rather Erdés has) established the follow-
ing example.

Example 2. There is a measurable function f: RA-R for which — is of
the second category.
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From Theorems 1and 2 it follows that if /: f—R has the Denjoy property
then the set is of measure zero and of the first category; nevertheless, this
set can be uncountable even if / is continuous as our closing example shows.

Example 3. There is a continuous function f: R--R for which ,TS—J is
uncountable.

Proof. Let T denote the Cantor middle (3/5)ths set in [0, 1], and let {(an, t
be the open intervals in [0, 1] contiguous to T. Let g: R-~R be the function
given by

X, *€(-°°, U]
—x+ /3, *€(1/6, 1/3]
g(*) =< 0, *€(1/3, 2/3]
—XT2/3, *€(2/3, 5/6]
X-1, *€(5/6, =0)
and then define the function f: R*"R by
0, *ET
1(*) *€(a,,, bn)
g(*X XxER-[Q 1]

It is readily observed that / is continuous and satisfies the following pro-
perties; (i) If(x)I"distance from x to T, and (ii) for each x£T, f assumes both
positive and negative values in each open interval abutting x on the right or in
each open interval abutting x on the left.

By (ii) and the fact that f{x)=0 for each x£T, it follows that J*Tir=0.
However, I ¢ /*; indeed, TczS1. To see this it suffices to note that S) is closed
by Lemma 4, that the set of endpoints of the intervals contiguous to T is dense
in T, and that every such endpoint belongs to Sx. The last observation follows
readily from (i). Then since T is uncountable, the example is established.
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ON A COMMUTIVITY THEOREM OF LUH

By
A. RICHOUX (Raleigh)

In his paper, J. Luh [1] showed that a primary ring with unity element 1
which satisfies the identities

I(xy)k=xkyk, k=n,n+1,n+2 forall X, y£R,
N I where n is fixed integer s i,

is commutative. This result has subsequently been generalized by A. Kaya [2]
and by S. Ligh and A. Richoux [3]. Ligh and Richoux showed that any ring
with unity element 1 which satisfies the identities (1) is commutative. A. Kaya
proved that a ring satisfying the identities

(y)* = xkyk, k = n(x,y), n(x,y), n(x, y)+1 n(x,y)+2
2 for all x,yER, where n(x, y) is an integer s 1
which depends on x and vy,

is commutative if it is a primary ring with 1 or if it is a semi-prime ring with 1
In this paper we will show that a ring which satisfies the identities (2) is commutative
if it has 1 or if it has no nilpotents. In the following R is understood to be any ring
which satisfies (2).

We begin with a simple observation. Let x, yOR and suppose x‘yJ=0 for
some integers i, j=1. Then for nx=n(x, y)+ I>1, (xy)"i=x"iyn. If max {/, y}>«x
then for n2—a(x,yi)+ 1>1, we have (xy)"i-.=(X"iyi)"2=xni"ay”irn with
nin2>nl. Proceeding in this way we eventually reach the point where

(xy)ri 720t = X' |2 W Ir2’

with nin2..nrllTax {i, j}. Thus xy is nilpotent. But so is yx.
Now the identities

©) xk(ykx - xyRy =0, Kk =n(xy), n(x,y)+1
follow immediately from the identities (2) and will be used below.
Theorem 1. If R has no nilpotents, then R is commutative.

Proof. From the identities (3) and the observations noted above, for all
X, YER, (y'x—xy9yx is nilpotent for i-—n(x,y), n(x,y)+\- Thus the identities

(Yx- xyJyx =0, i=n(xy), n(x,y)+1
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hold for all x,yER. So for i—n(x,y),
0 = (Y, +IX—xy'+)yx—y [(y'’X —XyIyx] = (yxy E=xyi+D)yx = (yxX—xy)yi+1x

holds for all x,yER. But then x(yx—xy)ynxy+l is nilpotent and so
x(yx —xy)ysx’y)+1=0 for all x, yER. Then again by our observation above,
y[x(yx—xy)]=0 holds for all x, yER. By substituting x fory and y for x into this
last identity, we get xy(xy—yx) =0 for all x, y)ER. Adding these last two identities,
we reach (yx—xy)2=0 for all x, yER and so xy=yx for all x, yER.

Lemma 1. If R has unity element 1, nilpotents are in the centre Z of R.

Proof. Let XER be nilpotent. Note that for any rER, r(x+ I)—{x+1)r=
=rx—xr. So by (3), the identites

(x+ 1)'(y'x—=xy)y = 0, i=n(x+lLy), n(x+ly)+I
hold for all ydR. Then since 1+x is a unit in R, the identities
(yix—xyDy = 0, i=n(x+ly) nx+1ly)+1

hold for all yER. But then for i=n(x+1,Yy),

0= (y+Ix—xyi+l)y -y [(/x —xy>] = (yxy‘—xyH)y = (yx~xy)yi+

holds for all yER.

Now let yER. Out of all integers i*O suchthat (yx-xy)y‘=0, pick /Owhich
is minimal with respect to this property. Suppose /,>0. Then there exists an
integer j >0 such that

5 0 = [0+ 1)x-x(y+ DI(y+1Y = (yx—xy)(y+iy.
ut

0=(yx- xy)(y+1)¥«1= (yx xy)4 {{) yk+i®~1= (yx-xy)y'o-1

which contradicts the minimality of Thus i0=0 and yx=xy.
Theorem 2. If R has 1, R is commutative.

Proof. Let N be the collection of nilpotents in R. By Lemma 1, TVis an ideal.
By Theorem 1, R/N is commutative. Thus for all x,yf R, xy—yxENQZ. Then
by (3), the identities

0 = XLy x-xy Wl = [(y'x —xyJylx, i=n(xy), nxy)+1
hold for all x,yER. So for j=n(x, y), the identity
0 = (yi+Ix —xyi+1)yxj+Hl—y[(yjx —xyi)yxi]x = (yxy-xyj+1)yxj+l =
= (YX—Xy)yi+1xi+l = xj+L(yx~xy)yHl

holds for all x, yER-
Now let x, yER. Ofall such pairs i, /~0 ofintegers such that x ‘(yx —xy)yJ=0,
pick a pair i0, jO such that i0 is minimal. Suppose /0>0. Then there exists an
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integer k"O such that

0 = (x+1)*[y(x+1)- (x+1)ylyk = (x+\)k(yx-xy)yk
Then for 1=max {0, k),

0 = x0 I(x+)KFX—=mOyl= (U] X'«~1Hc(yx- xy?yl= X'0-1(joc—xj"yl

which contradicts our choice of the pair i0, jO. Thus /0=0 and (yx~xy)yj«=0.
We now have for all x,yER, there exists an integer i=i(x, >0=0 such that
(xy—yx)yl=0. Let x,yER. Pick the integer i0=0 which is minimal with respect
to the property (yx—xy)y»=0. If /0>0, then in a manner similar to the above,
we reach a contradiction. Thus xy=yx.
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EXPLICIT BOUNDS FOR THE DEPARTURE FROM
NORMALITY OF SUMS OF DEPENDENT RANDOM
VARIABLES

By
R. V. ERICKSON (Lansing), M. P. QUINE (Sydney) and N. C. WEBER (Sydney)

1 Introduction

In this paper, the substitution methods of bDvoretzky [4] are used to bound
the departure from normality of a large class of processes which are martingales,
or at least close to being martingales. Two main results are given. Theorem 2.1
generalizes Theorem 1 of Basu [1] in the following ways: the function / is not
assumed to have a third derivative, the conditional expectations are not assumed
to vanish, and the sum of the conditional variances is not assumed to be almost
surely unity. As a corollary we are able to give a uniform bound on A(Sn, N) which
goes to zero for any array satisfying the conditions of Dvoretzky’s main theorem
([4], Theorem 2.2). However, our result cannot give a rate of convergence for all
systems satisfying the conditions of Corollary (2.7) of McLeish [7]. On the other
hand McLeish’s result does not contain that of Dvoretzky as he claims. For if
we take Xni, z=I, ,n independent with

6(—)i-1/(29n)12 probl

xni = X0 prob la-

6 (—I)*/(29n)1/2 pral)y ,

then McLeish’s conditions (2.7 ¢, d) fail but the array satisfies Dvoretzky’s
conditions.

Theorem (2.3) may be compared with other results in the literature. Heyde
and Brown [5] use the Skorokhod imbedding principle to obtain a bound of the
same form as ours. However our method is comparatively direct, and yields a
numerical bound for the constant; less importantly we remove their requirement
that the row sum variance equal 1 Basu [1, Theorem 2] deals with the special case
where the row sum of the conditional variances is equal to 1. In this case our The-
orem 2.3 gives a better rate, and does not involve a conditional variance term.
In the case of independent, identically distributed random variables, with third
moments, our bound becomes 0(n~1e) whereas that of Basu is 0(n-1/12); his
claim of <Qw-~11) when <= 1 and the variables are independent and uniformly
bounded does not seem to follow from his Theorem 2. Finally we note that our
methods of proof could also be used to give a similar bound to that in Theorem
(2.3) when the conditional expectations of the variables do not vanish.
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2. Notation and results

Let X —{Xrk k=1, n; «=12, ..} be an array of random variables. Put
S k=2 Xnj, Sn=Sm. Let F={Fnk k=0,...,n; n=1,2,...} be an array

=j
of «r—*ields. Assume Xrk is Frk measurable and FrkczFnk+1. Given (X, F), define
the conditional expectation operators Enk(-) =E(,\F,,K and write

Hk FKk-1Xnk X,k Xrk Hk? Sn 2 Xn,

oik = iXE, Hn= 2. =2
i=i j=1

Let C* be the class of real valued functions / with second derivatives every-
where defined which, for some / <, satisfy, for all y<x

f(x)-f"(y) =
and let Kf=\ 1 3)ler («vVZ>=max (a, b)).
Define the stopping time r,=max |k: 2 alj— anfl random variables

Urk=X"kI(\X'k|S 1), Vik= X'k- Unk, *2=j2_1°lj and Ln= 2. Enki(Uke+V,)

If the random variables X, Y have distribution functions F, G define A(X, Y)=
=supJF(x)-G(x)|. Let N be 7V({, 1.

(2.1) Theorem. Given (X, F) and fEC* then if a>1 and A=-0,
\Ef(Sn-Ef{N)\ » A/ {(1+49-YIET, + (1L.5+4a-YQE(1-a3+
+i-£[(a2-a QA ul}+||/1,,FK|/(k| ~ h)+2||[/|JU[F (k| > b)+P(o*> a)].
(2.2) Corollary. Given (X, F), then for any a>1, 0
d(5,, ™M”" 2.6([FL,+F (1-a2F +F V4[(~-")Aa]) + 2F(|/in| > b)+
+2F(u2> a)+ | b).
(2.3) Theorem. Given (X, F) above, if k=0 for all n,k, then for df (0, 1],

1/(3 +S)
dNe, TV)"y(<5){ 2 EXnk\24s+E \I-a " M

where y(<5)<21 «6.
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3. Proofs of results

(3.1) Lemma. Given {X, F) above, suppose p,k—o and m= 1 for all n, k. Then
for any fd C*,
\Ef(Sn-Ef(N)\ si Kf (\+4n-")ELn.

Proof. We omit the proof, which is a straightforward extension of the methods
of Dvoretzky [4] (C.f. the proof of Theorem 1 of Basu [1]), using the fact that

\f(x+t)-f(.x)-tf"(x)-"Ut*r(x)\ 3=Kf (t2\t3)).
Proof of Theorem (21) Clearly,
\Ef{sn -Ef(s;)IS 2||/lnp (k| > b)+1I/"IL "kI/(k] s b).

Define Wrk=Xrkl f k k=1, ...,n, Wt H=N,,(I-a*)Va N,, being unit nor-
mal variables independent of all other random variables. Then {Wnl, ..., IV, +1;
Fro, ..., Fn, FmXa(Nn)} satisfies the conditions of Lemma (3.1) and so

Ef[S WA-Ef{N)I =£Kf (\F4n")(ELn+E{\-yf)).

Now introduce a new stopping time v(a)=max(*e 2 <=«), a>l. Clearly,

E f ; Ef\( V(a) ; \\|\ S >
0E g »
From second order Taylor expansions,
(v(o) \ ( n Al 1 ( V() \2
EfV2 X*\-Ef\2w rk é7T 11AI-£ 2
\e=i / \k=1 /1 A Vfc=tn+1 /
s-jliriLW -e6 Ae],
and
li?/ (4 (4 WHI 33j W\, E(I-tf).

The result now follows.

Proof of Corollary (22) Consider f{X):g(d"l(X—b+d)), d>0, b real,
where
'0, x<0

1 .
g(x) = x4"~zz71—5|n7i(2x—1), x£[0, 1
1, X => 1.
Because of the “almost indicator” nature of /,
A(Sn,N) S IEfiSJ-EfiNf+Cnr~d
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and so by using the bound of Theorem (2.1), tedious calculations to minimise this
bound with respect to d yield the required result.

Proof of Theorem (2.3). Put/ (x)=eizx(z, x real). As noted in Doob [3, p.38]

fx+t) =/(*) (1 +izt—"2z202+ 0|zi| 244,

where
21-*

ur 2+©E1+0°

Using the methods of Dvoretzky [4] again, it is clear that

\Een-Ee*\ A 8 £ {E\Xrke 6+ EGriY j~ ) ~

A veWzr* (i+2 (~)/* 12 2 E\xnk2+*

from Jensen’s inequality. Thus

\EeizS'-E e, tN\ A [0][2\2+u(8)LnS,

where Lr0=k2_1E\X,,k\2+O Using Esseen’s theorem (see e.g. Loéve [6], p.285),

n
A(5,,N) = 2n~16\u(6)Lrd f z1+ddz + 24/(n3i2112u)
0

whence by choosing n to minimise the bound

(3.2 A(Sn,N)*c(6)Ltt3»

where c¢(<5)<4-7 and c(1)*2-23. When P{ol=1)<1, we again use the mar-
tingale difference sequence (Wnl, ..., IT,>n+), for which we know, from (3.2)

(3.3) AiBW nkw)ScmLnS+ E (1-7n ifi3+9)-

At this stage it is convenient to introduce the Lévy distance between random
variables X and Y defined in terms of their distribution functions F, G as

A(X, Y) = inf{h: F(x—h)—hAG (X)AF (x+h) +h, V*}
It is easily show, that
(3.4) N(X,Y) eVPfIIf-Y |> ¢, foral e> 0,
(3.5) A(X, N )S e=>A(X,N)" £(L+(2n)~"2.
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Using (3.4) and Chebyshev,

(36) 4 SV* - severmn

) -.1/(3+3)
A [21+1/2a0 7 1127 £(1 -otfy1+1/25

Now note that {Uni/(T,<&), k=1, ...,«} is a martingale difference sequence
with respect to {Fr0, ..., Fm}, and that

n
k=1 k)= k=i2,,+l*»*.

Using the inequality (21.5) of Burkhotder [2], with ®(A)=/"2+ (whence his
c==2- 102+4),

2+0

n n
E s,-2ZwA = E 2 x,k
k=1 *=r1,+1
ro( on J1+1/23
n2-102+40\ 0 20 ok ve 2
L Kk=z,,+1 3 k=tn+1 J
Using (3.4) and Chebyshev again,
P . ] o ( 1+1/23 Y v
I = \. 45 _ o . A *
-0 n 412:1\Nnk’ .S('> \{ 4:1'2|'|+1 Ik, Et=%:;"|A IVIU
Now
(3.8
E (I —a21+1R5= 3E \\-a 2I+l/2a+ T,*
and
(3.9) B [ -a21+/MS 1" + £(1-<4)1+1/"/(T. < n)) S

= 2UM(E|1-<72]1+1/24 A D).
Therefore combining (3.6) to (3.9) we get

(3.10) A"V rf.S.) =n(@)[Ura+ £ [I- 2 i/MYU(G+

where
®= b (IiljiSquTA3+3)+[2 ~1024( | +2 B34,

Using (3.5), (3.3) and (3.10) we see
A(Sn, N) S y(S)[LnS+E\I-a* nil+1*¥in3+i)
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where
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INDEPENDENTLY SCATTERED MEASURES1

By
S. KHALILI (Cleveland)

1. Introduction

There are numerous practical problems of a probabilistic nature where the
classical notion of a stochastic process is not particularly germane. For instance,
in the problem of investigating the quantity of rain or crop in different regions,
the relevant and useful mathematical concept is the set function which assigns
a random variable to each region, briefly a random measure2 Similar situations
arise in the study of spatial distribution of stars or galaxies in space, of bacteria
on a slide, of population in a city, etc. Besides their applicability to such physical
situations, random measures also perform an important role in the theory of
ordinary stochastic processes. Associated with many stochastic processes, there
are random measures. For instance, a continuous time strictly or wide sense station-
ary, purely non-determinisitic stochastic process has an associated “innovation”
random measure, and this fact is crucial in the theory. In such situations the pro-
cess is expressible as a stochastic integral of the random measure. Random measures
also have the merit of generalizing more readily than random processes. For in-
stance, when the parameter domain is a general measure space (A, s€, m) it is
much easier to define a Brownian motion random measure over A than it is to
define a Brownian motion stochastic process over A [cf. 9, 10].

In many practical problems, the assumption of independence of the random
variables associated with disjoint sets is also quite reasonable. For example, crop
yields of different areas greatly separated geographically, or the number of people
with certain 1Q residing in different sections of a country can be assumed to be
independent random variables. For all practical purposes, finiteness of variance
of the random variables is also a very reasonable assumption. Thus Z2-valued
independently scattered measures are latent in many problems of a stochastic nature.

The theory of independently scattered measures has been studied by Cramer [1],
Kingman [8], Prékopa [14, 15, 16], U rbanik [17] and others. The corresponding
wide sense concept is that of an orthogonally scattered measure, the theory of
which has been presented in detail by M asani [12]. This paper deals with measures
that are independently and orthogonally scattered.

In section 2 we present the basic definitions and elementary properties of
L 2-valued independently scattered measures. Section 3 deals with the fundamental
question of Hahn-extension of such measures. In section 4 we show that associated

1 This paper is based on a part of the author’s Ph. D. Thesis written under the direction of
Professor P. R. Masani at the University of Pittsburgh.

2 A random measure is a special case of a random field, viz., a collection {X/1: A6A} of random
variables, where A is any parameter set. For random measures, the parameter set A is a collection
of subsets of a given set.
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with every L2-valued function with independent increments is a L2-valued countably
additive independently scattered measure. Finally in section 5 we discuss the
relationship between countable additivity in the L2-topology, countable additivity
in the “pseudo topology” of a.e. convergence, and countable additivity in the

topology of convergence in probability.
The following notation will be used throughout the paper.

Notation, (i) R and C denote the fields of real and complex numbers re-
spectively.

(i) NO+ and N+ denote the set of non-negative and positive integers re-
spectively.

(iii) For a topological space A, BI(A) denotes the Borel family of A, i.e,

the e-algebra generated by the open sets of A.
(iv) (Q,SP,P) is a probability space and L2=L2(Q, 38, P\ !F), J*=R or C.

2. Definition and elementary properties of c.a.i.s. measures

The most convenient domain on which to define our measures initially isa pre-ring.

2.1. Definition. We say that SPis a pre-ring over the set A iff is a non void
collection of subsets of A such that for each A, BSSP,

(O AnBe<?-,

(ii) there exist «&1 and disjoint sets CI5C2, ..., C,,such that A\B=

=U(Cji i=1, 2, ..., «}.
2.2. Definition. Let P be a pre-ring over A. Then we say that Cis a L2valued

countably additive independently scattered (c.a.i.s.) measure on P iff
() £is a function on SPto L2;

(i) if (AR is a sequence of pairwise disjoint sets in SP such that A=\J AkdSP,
then 2! £(A) converges unconditionally in L2 to £(T);

k=1

(i) if «3=1, A,, A2, ...,A,SP and Al are disjoint, then {£04): i=I, 2, ..., n)

is a collection of independent random variables.

2.3. Definition. Let fb e a pre-ring over A. Then we say that isa L2-valued
countably additive orthogonally scattered (c.a.0.s.) measure on P iff (i) and (ii)
as in 2.2;

(iii) if A, BdSP, and ADB —Q then (b,(A), £(B))=0 where (e, *) denotes

the inner product in L2, ) ) _
It is trivial to show that not every c.a.0.s. measure is necessarily c.a.i.s. and

vice versa. ) _ )
The following lemma will be needed in the sequel.
2.4. Lemma. Let P be pre-ring over A and C be a L.,-valued c.a.i.s. measure

on $. Then
(@ E[c()] is an IF-valued measure on 3P;
(b) >/(*)=£(*) —£[£(*)] is a l|.2-valued c.a.i.0.s. measure on SP.
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Using the above lemma we easily obtain the following necessary and sufficient
condition for a c.a.i.s. measure " on a ring 3Ato be orthogonally scattered.

2.5. Proposition. Let 3Abe a ring over a set A, £, be a L2-valued c.a.i.s. measure
on 3A and m(-)=£[E(*)]. Then the following are equivalent:

(@) c is orthogonally scattered on 3A\

(b) m(e) assumes at most one non-zero value on A ;

(c) either for all AFN'A, m(A)=0 or m is concentrated on a single atom, i.e.,
there exists A33A such that m(A)"0, for all Bf2AC3A m(B) =0 or m(B)=m(A),
and for all C33A such that CMA=0, m(C)=0.

Proof. (a)=*(b): Let ¢ be orthogonally scattered. Suppose 3A, BfA such
that T(A)?+0AT(B). Let a=T(AI)B). Then

0= ({(A),{(B\A)) = E[3(A)IE[3(3\A)] = T(A)T(B\A).

Hence T(B\A)=0, and therefore T(B)=T(AMNB)+T(B\A)=a Using the
same argument we can show that m(A)=a

(b)=>-(a): Suppose m assumes at most one non-zero value. Let A, B3.3A and
N2?=0. Since m(AUB)=m(A)+m(B) at least one of the terms on the right
hand side of the above equation must be zero. Hence ({(A), £(%))=m(A)m(B)=0.

(b)=>-(c) follows from the fact that m is a countably additive .~-valued meas-
ure on 3A

The following example shows that for a c.a.i.0.s. measure ~ on a ring 3A it
is not generally true that £[£(*)] is identically equal to zero.

2.6. Example. Let (i) Xxand X, be independent Gaussian random variables
on (Q, 3A P) such that E[XN\=1 and E[X?\=0; (i) A—{1,2}, and 3A=
={0, {1}, {& {4 2»; (iii) £{1ph=*,, W2})=*2, and {({1, 2})=Xx+X2. It is
easy to verify that £ is a L2-valued c.a.i.0.s. measure on 3A However £m<l;(?)] is
not identically equal to zero.

Concerning c.a.0.s. measures, the Pythagorean identity [7, p. 14] at once yields

2.7. Lemma. Let ™ be a L2-va/ued c.a.0.s. measure on a pre-ring 3 over .
Then I£(+)!'2 is a finite, non-negative, countably additive measure on 3A

2.8. Definition. Let 3A be a pre-ring over A and £ be a Z2-valueci c.a.0.s.
measure on 3A Then /ig(+)=1|i(+)l12 is called the control measure of t.

We conclude this section by showing that when the control measure of a
c.a.i.o.s. measure £ has the Darboux property, then expected value of £ is identi-
cally equal to zero.

2.9. Theorem. Let 3Abe a g-ring over a set A and * be a L2-valued c.a.i.0s.
measure on 3A such that /i« has the Darboux property, i.e. for all A33A,
N pv(A)=>there exists B3.3A3BQA and pfB)=a Thenfor all A33A, £[£(/1)]=0.

Proof. Let ra(e)=£[£(*)]* By Proposition 2.5, m can assume at most one
non-zero value RB. Let A33Aand m(A)=[. Using countable additivity of pe and
m and the Darboux property of ps, we can easily construct a sequence C, in 3A
such that A32Cx"C 2... and for all «S1, pi(C,)=8(/n and m(C,,)=R. Therefore
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Hi (1 C)=0 and m(n C,)=R. But H (f| C,)= | «(fi C.)|* Hence £(f) C,) =0
a.e. (P) and therefore

P=1(nCn=;p(nCn] =0

3. Hahn extension of c.a.i.s. measures

Masani [12, pp. 68—70] has shown that every Hilbert space valued c.a.o.s.
measure £ on a pre-ring sp can be uniquely extended to a c.a.0.s. measure on the
<5ring of sets of finite fi measure where fi is the Hahn extension of  to the cr-ring
generated by SP. In this section we will show (Theorem 3.8) that if £ is a L2-valued
c.a.i.0.s. measure on sp, then the i,2-valued c.a.0.s. extension of t is in fact a L2
valued c.a.i.s. measure. As a simple corollary of this result we get the Hahn ex-
tension theorem for c.a.i.s. measures (Theorem 3.10). The following assumptions
will be understood.

3.1 Assumptions, (i) £ is a L2-valued c.a.i.0.s. measure on the pre-ring &
of subsets of Jl.
(i) B is the (unique) non-negative countably additive extension of g* to the

(rring | generated by SR\
(ifi) sé = {A: AdZ and R(A) <°°}.

(iv) ®={E:E —UPK, ndN+, PkdaP and Pk disjoint}.
m n
3.2. Lemma. Let EdSP and I(J Pt=E=|U Q,, where Pt, Q,d3P, Pi are pairwise
disjoint and Qj are pairwise disjoint. Then
ZZ(Pi)= Zc(Qj).

Proof. See [12, Lemma Al.2, p. 112]
The last lemma shows that the following definition is unequivocal.

3.3. Definition. Let Ed$. We define

W) = 2¢(Pd

P
where {Pp.i=1, 2, ..., n} isany disjoint collection of sets in 3PpE={f Pt.

Using elementary properties of independent random variables one can easily
prove the following result.
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34. Lemma, f given by 3.3 is a c.a.i.0.s. measure on the ring ® with control
measure B restricted to sp.

Following Masani [12, pp. 68—70, 112—115], we use the denseness of 3p in
si in the metric given by

for all A,Bdsi, q(A B)=R(AAB)
to extend f to si.

3.5. Definition. Let Adsi. We define
w) = Lr,,*_%’)(EB

where (En) is any sequence in ®3B(En, A)—0 as

3.6. Proposition. The last definition is unequivocal and %is a c.a.0.s. measure
on si with control measure 3 restricted to si.

Proof. See [12, Theorem 2.3, p. 69].

In order to prove that the measure | defined in 3.5 is independently scattered
on si, we need a lemma from probability theory which we shall give in its complete
generality for future use.

3.7. Lemma. Let raEN+ and (LT,,), ..., (MX1n) be sequences of random
variables such that

() for all nél, [Xn;y=1,2, ..., m) is a collection of independent random
variables;

(i) for allj £{1,2, , m}, plimJX, = jX.

Then the collection of (limiting) random variables {IX, 2X, ..., "X} is independent.
Proof is straightforward and will not be presented here.

3.8. Theorem, f given by 3.5 is a L2-valued c.a.i.0.s. measure on sd with control
measure B restricted to si.

Proof. By Proposition 3.6, £ is a c.a.0.s. measure on ,<Jwith control measure
B restricted to si. Flence it suffices to show that f is independently scattered.

Let nw)\, and Ar, A2, ..., Anbe pairwise disjoint sets in,si. Since ® is dense
in si in the topology induced by the metric

for all A,BEsi, q(A B) = R(AAB),

for all /6 {1,2, ..., n), there exists a sequence (‘EK) in 0* such that hm q(‘Ek, AR =0.
Hence given e>0, there exist /06N+ such that for all k*"k0Oand (1,2, ..., u},

D B(EKA h<e/(n+2) and A(A(\EK < e/(n+2).
Let for all k1, and id{L 2, ...,.«}, IFk—iER\J JEK.
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Clearly for all 1 and /€{1,2, ‘Pk*d. Moreover, for all 671, >fk are
pairwise disjoint. Since ‘Pk* {k, for all kwkO, /€{1,2, ...,«} we have

) p?PRA}eKn+2).

Using the fact that Aj are pairwise disjoint, one can easily verify that

A NFkg (A\% ) UpatMe )\ Pqg (A;\% ) UL Ne \/(y)].

Therefore
©) fi(Af\ ‘PK) ~ fi(Ad% )+ 2 BNe Vy) ~ +-N = .
Combining (2) and (3) we get
forall k~koO, /€{1,2,...«}, fiAAPY<e
Hence by 3.5 we have for all /€{1,2, ..., «}
f(nJ = lim

Since for all &E£I, ‘F* are disjoint, {|(;Ft): /=1, 2, ...,«} is a collection of in-
dependent random variables. _Since convergence in L2 implies convergence in
probability, by lemma 3.7, {*(Afi: /=1,2, ..., n) is a collection of independent
random variables.

As an immediate corollary of the above theorem we get:

3.9. Corollary. Iffor all A°SP, E[c(A)]=0, then for all Afsi, E[£,(A)\=0.

Using lemma 2.4 and theorem 3.8 one can easily prove the following result
on the Hahn extension of L2-valued countably additive independently scattered
measures.

3.10. Theorem. Let 1j be a L2-valued c.a.i.s. measure on the pre-ring SP of sub-
sets of A, and £(-)=ri(’)— Then (a) £ is a c.a.i.0.s. measure on 3P (b) A
can be uniquely extended to a c.a.i.s. measure ij on the &-ring

si = {A: Afo-ring(SP) and fi(A) < o

where fi is the Hahn extension of pi to the a-ringsi generated by SP.

4. Functions with independent increments

Every C-valued function on R which is locally of bounded variation gives
rise to a C-valued measure on a sub (5-ring of BI(R) and every Hibert space valued
function on R with orthogonal increments gives rise to a c.a.0.s. measure on a
sub <5ring of BI(R) [cf. 12, Theorem 8.6, pp. 100—101]. We will now show, in a
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similar vein, that every L2-valued function on a subinterval A of R having in-
dependent increments gives rise to a L,-valued c.a.i.s. measure on a sub (5-ring
of BI(A).

4.1. Definition. Let A be a subinterval of R and Ji be a family of  valued
random variables on (Q,3S,P) where J*=R or C. Then we say that *(¢) is an
Ji-valued function on A with independent increments iff (i) x(¢) is a function on
A to Ji\ (ii) for all «6N+, /15/2, rl</28?3<?4..<?n=>{*(?;)-x(r; _1:
j=2, 3, ..., n} is a collection of independent random variables.

4.2. Theorem. Let (i) A be a subinterval of R and x('*) be a L2-valuedfunction
on A with independet increments yfor all tdA, £[x(/)]=0; (ii) P={(@& b\: a”b
and (a,b\&A).

Then there exists a unique L2-valued c.a.i.s. measure Con SA such that for all
(& ble&=>, £(a, b]=x(b+)-x(a +).

Proof. It is known [cf. 12, Theorem 8.6, p. 100] that there exists a unique
c.a.0.s. measure £ on & such that for all (a, b]E0>, £(a, b\=x(b-\-)—x(a+). Hence
it suffices to show that £ is independently scattered. Let nEN+ and for all
1€{1,2, ....«}, (8;,/>]€" with al*b1*ar*b2..<bn. By [5 p. 100] x{- +) is
right continuous on L2 and there exists a countable set CQA such that for all
tEA\C, x(t9=x(t)=x(t+). Let I17iSn. Then there exist sequences (‘tmy
sm in /1\C such that 7nia; and isnlbi. Clearly these sequences can be chosen
such that for all weél

a< ths < ‘sm<ai+l if b;<a+l
bi = fl,+i < Ism= i+ltm< bH1 if bi=ai+l

Hence for all msl, {x(im—x(‘t: /=1,2, ...,«} is a sequence of independent
random variables. Using right continuity of vi(* +) in L2, and the fact that con-
vergence in L2 implies convergence in probability we get for all /€{1,2, ...,n}

bt] = plim {xC'sJ-xC"'/J}.

Hence by Lemma 3.7, {£(a-/>q: /=1, 2, ...,n} is independent.

Our Hahn-extension theorem (Theorem 3.8) now guarantees that £ has a
unique c.a.i.s. extension £ to the <Gring of sets of finite [ measure, where [ is the
Hahn-extension of the control measure of £ to the BI(A). We have thus established
the following theorem.

4.3. Theorem. Let A be a subinterval of R and x(+) be a L2-valed function
on A with independent increments such thatfor all 2€/1, E\x{t)]=0. Then

(@) there exists a unique non-negative, o-finite, countably additive measure p
on BI(A) such that for all (a,b\E.A, p(a, b\=\\x(b+)—x(a-\-)\\2,

(b) there exists a unique L2-valued c.a.i.0.s. measure on sd={A: A€BI(A)
and fl(4)coo} such that for all {a b]Q.A, |(a, b]=x(b+)—x(a+).
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5. Different types of countable additivity

We now discuss three different types of countable additivity for a random
measure depending on whether the “topology” used is that of LZ2-convergence,
convergence in probability or a.e. convergence.

5.1. Theorem. Let 01 be a ring ofsubsets of A and b be a L 2-valued independently
scattered measure on 3L Then the following are equivalent:

(@) b is countably additive in the topology of convergence in probability; more
fully, if (AK) is a sequence of pairwise disjoint sets in 33 such that

A= {lJAk£3t, then plim £1£(Ak) = Z(A);

(b) b is countably additive in the (pseudo) topology of a.e. convergence; more
fully, if (AK is a sequence of pairwise disjoint sets in 01 such that A=\%A k33f,
then there exists (depending on the sequence (Ak)) such that

P(B) =0 andfor all a>3Q\B, lim  [b(AK](aj) = [o(A)](co).

If in addition for all A30t, E{b(A)]=0 and there exists a non-decreasing func-
tion ® on RO+ to itself such that for all A3AM, there exists ~as3p such that
P(Na)=0 andfor all adbNa, \c(A)(<d)\= P\b(AND, then (a) or (b) is equivalent to:

© b is countably additive in the L2-topology and therefore is a L2-valued
c.a.i.o.s. measure on OL

Proof. (@<=>(b)<Hc) follow from basic properties of series of independent
random variables [cf. 11, Theorem 4.2.8, p. 83, and Corollary 2 to Theorem
424, p. 70] i

(b)=>(c): Let (AK be a sequence of pairwise disjoint sets in 3l such that

A=\J AK33t. For each A"l let Bk=A\Ak. Then for all 1 b(AK), £(A)

are independent and hence orthogonal random variables. Moreover b(AkUBK)@>)=
=b(AK)(0j) + b(BK)(0j) a.e. (P). Hence

U(AkuBkw =mAK+b(Bkw = mAKv+mBkw ~ u(Akw.
Since for all kw)\, AK[)Bk=A and & is non-decreasing, we have
\b(AR(co\ * D(|IE(A)P) A~ D (WLIA,0 AN d{WLIA)M) ae (P).

Therefore IglE(A) converges in L2to c(A) [cf. 11, Corollary to Theorem 4.2.8,
p. 83].
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6. Concluding remarks

Let A be a subinterval of R and (x(t): t*A) be a stochastic process with in-
dependent increments such that for all tEA, E[x(t)\=0 and Var [x(f)]<°°. Then
using Theorem 4.3 we obtain a c.a.i.0.s. measure £ on a certain d-ring of subsets
of J1. Since L2-convergence implies convergence in probability, by Theorem 5.1,
£ is countably additive in the (pseudo) topology of a.e. convergence. Hence results
on a.e. continuity of sample paths can be obtained as simple applications of “con-
tinuity” of measures [cf. 3, p. 39 and 6, p. 18]. Also a.e. differentiability of sample
paths can be studied within a measure theoretic framework.

c.a.i.s. measures provide a natural generalization of processes with independent
increments to the case where the “index” set is a general measure space [cf. 9, 10].
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SUR LE PROLONGEMENT DES FONCTIONS

Par
Z. GRANDE (Elblag)

S6it R I’espace des nombres reels. Dans le travail [2] les auteurs ont démontré
le théoréme suivant:

Theoreme 0. SOit Ac.[0, 11 un ensemble. Pour qu'il existe pour toute fonction
de premiére classe de Baire g: [0, J—R une fonction f: [0, 1]-»R approximative-

ment continue et telle que {x€[0, 1]:f {x)=g{xj)zo A, ilfaut et il suffit que Vensemble
A sGit de mesure zéro.

Dans cet article je démontré le théoréme suivant:

Theoreme 1 SOit Ac[0, 1] un ensemble. Pour qu'il existe pour toute fonction
de premiere classe de Baire g: [0, I]—7? unefonction f: [0, 1]—R continue presque
partout, approximativement continue et telle que {X£[0, 1]: / (X)=g(x)}*> A, il faut
et il suffit que la fermeture C1(A) de Mensemble A sdit de mesure zéro.

Dans la démonstration de ce théoréme j’appliquerai le [émmé suivant:

Léemme 1 Soit Acz[O, 1] un ensemble fermé de mesure zérd. Etant donnés les
nombres réels al, ..., am, s'il existe des ensembles BI, ..., Bmdisjoints deux & deux,

étant a4 'a fois du type F,, et G6 et tels que A— (J Bt, il existe une fonction

I+ [0, 1]-? approximativement continue en tout point x£[0 1] et continue en chaque
point x£[0, 1]—A et telle que f (x)=ai pour tout point xE&i (i=1, ..., m).

Demonstration. |l existe pour tout ensemble Bt (7=1, ..., m) une suite
d’ensembles fermés et disjoin&?) deux & deux, que nous désignons par C[ (7= 1, ..., m

et i=12 ..) telle que kl_J Cj=B( (voir [3]). Rangeons tous les ensembles Ck

(i=\,....m et k=1,2,...) en une suite D1, 02, ... telle que DD j pour /Vy.
Designons par E, (h—I, 2, ...) I'ensemble {x£[0, l] a(x, A)<I/n}, oin p(x, A)=
'BI a(x,y) et a(xy) de5|gne la distance des points x et y. Il existe pour tout

ensemble Di (/=1,2,...) un ensemble ouvert C(C£;-7 - [JlC 1(Gf tel que
tout point de I’ensemble Dt est un point de densité de Iensemble Gt et pour lequel
CL(</hc:dTj—A—(J CI(Gj)juo;. Soit f : [0, 1]-*/? une fonction approximative-
ment continue en tout point X£[0, 1] et continue en tout point X£[0, 1]—Dt pour
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laquelle on ait f(x)=ak pour tout x€E[ , ot K désigne I'indice tel que DjC:Bk;
et /;(x)=0 pour tout point x£[0, ]—CI (G)).
Posons
fiix) pour Xx€CI(G), i=12,.

fX)= 0 pour x£[0, 1]- U CI(G).

Remarquons que f(x)=ak pour xEBK (k= 1, ..., ni) et que la fonction / est
continue en chaque point x£[0, 1J—A. La fonction / est également approximative-
ment continue en tout point xEA. En elfet, si xdA, il existe I’indice naturéi k tel
que x£Dkc CI(GT). Les fonctions / et fk sont égales sur I’ensemble CI (GK),
x est un point de densité de I’ensemble Gk et la fonction fk est approximativement
continue au point x, la fonction / est done également approximativement con-

tinue en ce point.

Démonstration du théoreme 1., Suffisance. Soit ACZ[O, 1] un ensemble tel
que sa fermeture s6it de mesure zérd. Etant donnée une fonction bornée g: [0, 1]—R
de premiere classe de Baire, il existe une suite de fonctions {g,} uniformément
convergente vers la fonction g et teile que toutes les fonctions gn sont de premibre
classe de Baire et tous les ensembles des valeurs g, ([0, 1]) sont finis (voir [1], pp.
294—295). D’aprés le [émmé 1 il existe pour toute fonction g,, une fonction /,,:
[0, 1]-»R approximativement continue en tout point x£[0, 1] et continue en tout
point x6[0, 1]-C1(T) et telle que {x€[0, 1]: /,,(X)=0,,(x)}=>CI(A). Soit {9, la
sous-suite de la suite {g,} pour laquelle on ait |g,fcH(x)—g,f[(x)|<I/2i#1 pour
tout x€[0, 1]. Posons hni(x) =fni(x) pour x£[0, 1] et posons pour />1,

1/2¢ lorsque 2
h,ix) = fn,(*)-/,,-n*) lorsque -1/2*si/,.(x) _,(x)SI/2f
—1/2° lorsque L t{x)-fni*x)"-\12\

Soit h,,.()=fin._1x)+h,,.x) pour xg[0, 1]. Toutes les fonctions h, (/=1,2,...)
sont approximativement continues partout et continues presque partout et la suite
{h,,} est uniformément convergente, la fonction /(x)= limfi,,(x) est done con-

tinue presque partout et approximativement continue. Comme, de plus, hn.(x}=
=/n.(x)=gni(x) pour tout point xCCI (A), on a done /(x)=g(x) pour tout
point xEA.

Nécessite. Soit Tc[0, 1 un ensemble tel que sa fermeture CI(A) soit de
mesure positive. Il existe un ensemble fermé 5c:Cl (A) qui est non dense dans
I’ensemble CI (A), qui est dense en soOi et qui est de mesure positive. Le complé-
mentaire [0, I]—B de I’ensemble B est la somme de ses composantes  Fixons
un point x, de I’ensemble A dans toute composante Jn qui coupe I’ensemble A.
Il existe deux sous-suites {x,,J et {xm} de la suite {x,} qui sont disjointes et denses
dans B. Posons

lorsque x=x,k et fk=1,2,...
lorsque  x$ {x.K
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La fonction g est de premiére classe de Baire et toute fonction /: [0, teile
que g(x)=f(x) pour tout point XEA n’est continue en aucun point xd B.

Remarque. Dans le théoreme 1, si la fonction g est bornée, la fonction / est
bornée aussi.
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A FUNCTORIAL APPROACH TO NEAR-RINGS

By
S. FEIGELSTOCK and A. KLEIN (Ramat Gan)

Algebraic structures arise naturally as sets of homomorphisms of a given
structure. For instance, rings arise as sets of endomorphisms of abelian groups.
It seems that a natural algebraic structure carried by sets of mappings of groups
is the structure of near-rings. They were introduced in various contexts and con-
sequently they became a subject of independent interest. The first important in-
vestigations were performed by Froniich [6] who employed them in constructing
non-abelian homology [7] and by H. Neumann [15] who employed them in study-
ing varieties of groups.

In this paper a functorial approach to the subject is initiated. Near-"-rings
are introduced as structures on objects in fairly general categories 4> by generaliz-
ing an idea of R. Baer and Fuchs [8] Who introduced groups of multiplications.
This generalization follows the introduction of a tensor-like functor. Examples
show that such structures are of interest not only in the category of groups.

The categories @ are embedded in a natural way into categories of near-Ti-rings.
Various aspects of these embeddings are considered, including facts about sub-
objects, projectives and injectives, and extensions of mappings. In this sense the
category Mod R over a semisimple ring is shown to be well-behaved. As a benefit
we obtain results on the structure of classical near-rings; one of them is shown to
be of geometrical significance. Another benefit is a generalization of a theorem
of R. Baer [2] and H. Neumann [15] concerning hopfian groups.

Associativity conditions are formulated in the general setting. A representa-
tion theorem holds for associative near-#-rings in the common categories. In certain
cases, where zero-divisors are excluded, the associativity problem is related to
questions about groups of fixed-point-free automorphisms, whose importance in
group or ring theory is well-known.

The categorical approach leads naturally to the definition of the dual structure
which is briefly sketched in the last section.

1. The functor $

Every object A in a category  determines a functor horn# (A, —: ~ —Sets.
If this functor has a left adjoint FA: Sets—+<€, namely if there is a natural equiv-
alence  hom# (FA—, —siMap (— hom# (A, =), we denote FaS=$&A
(SCob Sets). As a left-adjoint functor, FA preserves epimorphisms and colimits
(=direct limits). It is easy to verify that a left adjoint to hom# (A, — exists, iff
there is a coproduct in  for every family of copies of A, and we may write
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S& A= JJ As, AS=A for all sdS. For <xEMap (S, T) the arrow FAa: S& A—

sgS
TPA is uniquely determined by the family of arrows As —Aas— +t‘]e\3' A, (alls£S),
where the ... are the canonical arrows into the coproduct. The covariant horn-

functors take coproducts into products, hence for objects S in Sets and Y in
we obtain

@ hom%(S®A, Y) = As, Y) - JJ homV(AS Y) =

= Map (S, hom*(A, Y)).
The following is implied.
Proposition 1.1. If FA exists for all objects A in  then 0 is a bifunctor
SetsX""—»—"‘.

For Map (S, T), adhomrg(A,B) we denote the determined arrow SPA —
—Tig)B in » by 00 a.

2.0 and O

Consider the categories Mod R. Here the adjoint pair HomA(A, Mod R —
-stfb, —0 A: stfb—WIo&R, is well-known, with the natural isomorphism of

z
abelian groups HomR(S f) A, T)=:Homz (S, HomR (A, Y)) for ZS, AR, YR. The
z

“near-tensor” 0 constructed above is an adjoint for HomR, when the latter is
viewed as a functor into Sets. Hence Homz has to be replaced by Map and we
obtain the equivalence indicated in (1). Strictly speaking, we have a composite
functor, namely

@) MOd R -----5--—- - fi/b— - Sets,

@ the forgetful functor. A left-adjoint to @ is the “free-functor” 4?A Sets—sib,
'FS—JJ Z, and we obtain a left-adjoint to (2) by composing the two left-adjoints

S
-® A

(3) Sets— n/b— — - ModR.
(Recall (F1Ri)*=FjFj.) Indeed
(i?_si’Z)@Z)A = ZH’Z(g)’\ = 2is_" = : S&A.

Thus “near-tensor” 0 may be viewed as the composite of tensor 0 with the
free-functor.

3. Near-W-rings

For an abelian group A, the group of multiplications on A, i.e. binary opera-
tions inducing ring structures, as introduced by Baer and Fuchs [8], iS

Mult 4 S Homz (40 A, A).
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Cray [3] has replaced multiplications by “left-multiplications” for which only
one-sided (left) distrbiutivity is required.

Let » be a concrete category and A an object in € for which a left-adjoint
Fa of hon\g(A, — exists. We denote

@ MultL = homv(A®A, A) —Map(T, homV(A, A)),

and we call every RfM\INILA a (left-)near-multiplication on A. The pair (A, p)
will be called a near-"-ring. Every near-multiplication B on A induces a binary
operation /; on the underlying set

) a-b =p(a, b) = fliab), &, bEA; Aa— » Ll As—7 A

Conversely, for every binary operation g on A with p(s, 9£hom%(A,A) for all
sEA, the family of arrows ju(s, 5: AS*A (s£A) determines a unique arrow
fi: (U AFE)A&A-*A, satisfying (5).

LAet (A, ) and (B, v) be near-"-rings. The arrow cpehom# (/1, B) is a near-
ring homomorphism if the diagram

A&A — - >B&B
(6)

is commutative. This holds iff (p(a- a")=((pa)’ {(pa)' for all a a'fA.

We obtain a category of near-"-rings as objects and near-ring-homomorphisms
as arrows. We denote it by nr .

It might be observed that, although we employed the adjoint functor FA, in
the last definitions we only made use of FaA. Therefore, if we disregard the func-
torial aspects, we can extend the definitions to objects A, in a concrete category

by skipping the middle in (4), namely Multl A—Map (A, hom” (A, A)).

In (4) the only map A-+hom” (A, A) always present is the constant Tapa>-*1p
(for all a£A), that is the codiagonal V: A&A-+A. The induced binary operation
is a-b—b for all a, bfA. We shall refer to it as the trivial operation.

If there is a zero-arrow x™ °a (ail xfA) in hom%(AA), then the map
a"CA of A into hom<g(A, A) induces the zero operation, a-b=o0A for all a, bfA.
In this case the “characteristic maps” Xb of subsets Be.A, namely /B: b * \ A(bfB),
x>+CA(x$ B), induce near-multiplications areait—a2{ap- B), axea2—oA(al(jB).

There is no reason for considering “left” and not “right” multiplications.
For those preferring to write mappings on the “left”, right near-multiplications
might be suitable. (See Map (X, X), next section.)
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4. Examples

The category nrSets is clearly the category of ordinary groupoids.
The near-Mod R-rings are (A, fi), ft: ~ AS-*A an /*-homomorphism. The
s£ A

induced binary operation is linear in its second argument, namely a-(b+b")=
=a-b+a-b', a-(br)=(a-b)r (for all a b, b'EA, rER), since uy(a, — is an
R-homomorphism.

The near-Gr-rings turn out to be the “classical” near-rings, not necessarily
associative. A €A is the free product of \A\ copies of A, Kis induced as in (5) and
it is left-distributive with respect to the group operation, written+ for convenience.
A natural example of a near-Gr-ring is the following. For any group X, + consider
the group A, + with A=Map (X, X), mappings written on the right, and viewed
as a productB X, + in Gr. The usual composition of maps induces a near-ring

structure on
The above are special cases of near-Ralg-rings in the category £2alg of algebras

with a fixed set of operations £2 [5]. A near-Ralg-ring is an BR-algebra endowed
with a binary operation (f3, amb, left distributive with respect to all ojf £ i.e.
a(bl..bkaj)=(a<bf)...{a-bf)(a for any k-ary «6 £2 and any a,bk, ..., bkEA. Again
Map (X, X), as a product JJ X in Ralg, (namely, for k-ary wgR and /], ... ,fkd

6Map(X, X), f_, ...fkco: )N(*—(xfj)...(xfk)(o), and with the composition of maps
is a near-Ralg-ring. The B-algebra X is embedded into Map (X, X) by the diagonal
A: x—x=the constant map A—A taking everything into x. The only near-ring
structure on X for which A: A—Map (X, X) is an embedding is the trivial structure

mentioned above, since in this case a-b must be &ob=b.

A special near-Gr-ring, introduced by H. N eumann [15] in studying varieties
of groups, was widely generalized and investigated by Froahiich [6]. We describe
a generalization to Ralg. For an arbitrary B-algebra X, homfiag (X, X) is obviously
not, in general, an algebra if the operations are defined as above in Map (X, X).
In the following case, however, we modify the definitions to make it an B-algebra.
Let JT be a subcategory of Ralg with free algebras and let X be Jf-free on a set
G [5]. We write mappings on the left, and for /c-ary co and endomorphisms fk:
X->X we denote by (ofx...fk the unique endomorphism X—A determined by
(wix...fra=w{fyd)..Xfkd) for all aEG. Then A—homRalg(X, X) is an B-algebra
and the composition of maps induces a near-Ralg-ring structure on A. Following
a well-known definition for groups, we call X hopfian if X is not isomorphic to
a proper quotient of itself, or equivalently — if every surjective endomorphism
of X is an automorphism. Then the following is obtained similarly to theorems
of H. Neumann [15] and R. Baer [2]. A XK-free algebra X is hopfian iff the relation
a-B—\ in the near-£2a\g-ring homQalg (X, X) implies that a (hence R) is invertible.
If X is not hopfian then X is isomorphic to one of its proper subalgebras.

Returning to the general case, we observe that (5) “clearly” implies that p
inherits properties of the arrows of in its second argument. One example was
“linearity” in the algebraic case. An additional example of this occurrence is con-
tinuity, in the category Tp of topological spaces and continuous mappings. A near-
Tp-ring is a space A with a binary operation on A continuous in its second argu-
ment. (Here A® A is the union-space of \A\ disjoint copies of A and flia=p(a, 5
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is a continuous map on A.) The following is similar to the above algebraic examples.
For a space X, take A= Map (X, X)—Xx with the product topology. The usual
composition of maps is continuous in its second argument, i.e. for fixed f the

map /: A-*A, g*+fog is continuous. Indeed, for all tEX, Ai A—— X is the eval-
uation map g~ (tf)g and this is ntf, hence all Jnt are continuous. It follows that
A, o is a near-Tp-ring. Again the diagonal is an embedding of near-Tp-rings iff"
the operation on X is trivial. These facts remain true for instance in Tp"T”-spaces).

Combining the algebraic and topological structures may give rise to interesting
near-*-rings in the various categories of topological algebras.

5. Associativity

Let (A, B) be a near-~-ring. The binary operation p is associative iff the selected
map A-+homg (A, A) turns out to be a homomorphism of A, « into hom". (A, A)
with the composition in & This is the case in the examples A =Map {X, X) of
section 4. The following representation theorem reveals once more that Map (X, X), o
assumes in certain cases the role of End X in ring theory. We denote Aa, resp. q,,
the map x"a-x, resp. x"x ¢a, of X into X

Theorem 5.1 Let &= Ralg or Tp and (X, B) a near-W-ring. The operation
p is associative iff the map a>+@ is a near-ring-homomorphism AVNYiLp (X, X).
If there is a left cancellable elementfor the operation p then a*+ga is an embedding
of near-"-rings.

In the general case a near-multiplication on A is determined by a set
Mchom” (A, A), 0<|M|<|*4]|, and a partition A= [J A, with pa=(p iffatAv,

and a-b=pa(b) for all a, b*A. Evidently this operation is associative iff paopb=
=pliy for all a,bEA. In particular M, o has to be a subsemigroup of
hom (A, A), o. It follows

Proposition 5.2. Let M be a subsemigroup of hom” (A, A), o and A= IJ Ap

a partition of A. The operation determined by p, with pa=([p<=afA% is assomatlve
Lifer <4 (p maps A/, into Aiadl,. An operation is induced on the quotient
set of A making it into a semigroup isomorphic to M.

Call a semigroup M of endomorphisms regular if there is a partition of A as
in the proposition. Obviously {(p) with ¢2=0g% is always regular.

A semigroup {\A, 9} with ¢2=(p is regular iff is not surjective: with any
Av, AMAyZiim (p and with Al=A—Awwe obtain a suitable partition. In particular
in the cases with zeros {1”, CfJ goes with AO*A, 0£A0, A1=A —A0 (a fact men-
tioned for groups in [13]).

If A has a fixed point for all its endomorphisms, then a regular semigroup
M must possess a right zero, namely that endomorphism £ for which A contains
the fixed point. Thus in this case M ~{ 1} is never a group, but M —{£} can be
a group, as shown by the following theorem, which seems to be related to questions
of fixed-point-free automorphisms in various categories.
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Theorem 5.3. Let G be a group ofautomorphisms ofan object A in the category XL

(i) G is regular iff all its elements except 1A are fixed-point-free. In this case
A with the induced operation is a semigroup with left-hand cancellation and left
identities.

(i) In the cases with zeros, G'J {0A} is regular iff xEA is either fixed by all
<pAw of G or notfixed by any element of G except 1A. IfO"A is the onlyfixed point
it will be a two-sided zerofor the induced operation and there will not be zero divisors.

Proof. Suppose A= U A is a suitable partition. If <p(c)—cEA® then, since

(p{c) has to be in A(d, it follows <poifi=ifi, so @=)A. Conversely assume G
satisfies the conditions of (i). Then A decomposes into disjoint orbits under the
action of G, each orbit containing |G| elements. Collect one element from each
orbit into a set, say Al, and for every <peG put Av={cp(X)\x*AL}. It follows that
A= UA9 is a suitable partition. All the elements of A, will be left identities. In
the cases with zeros take AO=set of all fixed points and apply the above argu-
ment to A—AQO.

In Gr the term regular group of automorphisms is well established [9]. By the
theorem, if G is a regular group of automorphisms on A then {ONUG is regular
in the sense of our definition. The near-Gr-rings produced by Theorem 5.3 are
near-integral-domains in the sense of [4], with left identities, namely associative
near-rings with no zero-divisors and with 0-x =0 for all xEA. Moreover there
are unique solutions to a-x=c for aAO and any c. Conversely a near-integral-
domain with (not necessarily unique) left identity e and right inverses for e is in-
duced by a regular group of automorphism.

Observe that the choice of At in Theorem 5.3 (|G'|I4/|cfi possibilities in the
finite case, |Gj(UI-D/|G| where there are zeros), determines the near-"-ring structure
on the object A.

An element beA is distributive if GEhomv (A, A). Any element be A com-
muting with all XEA is clearly distributive. We denote by D(A) the set of distributive
elements of A. Frontich [6] considered associative near-Gr-rings A for which
D(A) generates the group A. The following is shown for Gr in [6].

Proposition 5.4. For X£ob Oalg
) D (Map (X, X)) = horn (X, X).

Proof. For g€homna,, (X, X), fi-*fog is the O-endomorphism of ff X deter-

m
mined by the family of homomorphisms n,og: JJ X-+Xt(=X), for all tex.
Conversely, for g£D (Map (X, X)) and any k-ary ojeQ and tlt ..., tk(LX take
/i, ..., *€Map (X, X) with X r=r, 0=1, ..., K). Hence

Oi eestkco)g = (0i/i)...0iA)cn)g = t1(J1...fk(d)og = t1((flog)...(fkog)co) =
= (hfig)---(tJkg)a> = (hg) — (tkg)co
proving that géhomnalg (X, X).
Proposition 5.5. (7) holds in Tp.
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Proof. Here we have to show that for fixed g, the mapf-~-fog is continuous
on Xx iff g is continuous on X. The map f-*fog on the product is determined
by the family of maps n,g as above hence continuous, if g is. Conversely if f-+fog
is continuous and U is open in X, then Ug~1=(Ug~1nfl)nt is open since uy is
open; hence g is continuous.

We call (X, A)€ob (nr Balg) distributively generated if there is no proper
sub-B-algebra of X which contains D(X). This definition generalizes the definition
of Frontich [6].

Theorem 5.6. If homfialg (X, X), 0 is commutative then any distributively gen-
erated (X, B) is associative.

Proof. The subset 5'={x|xEX, ambm)=(a-b)ex for all a,bEX} is a sub-
R-algebra; for k-ary @ and any xx, ,xkfS write y for x1...xkoo and

a-(b-y) = a-((b-xJ...{b-xK0)) = ((@*b) *xK ...((a -b) *xKco =
= (a<b)-(xLl...xkm) = (a-b)-y,
hence If XED(X) then
(a+b)ex = Q(K(b)) = KAeAb)) = af b-x),

so X£S, hence SzdD(X). It follows X=D(X).

Remark. A known problem in Abelian group theory is to determine for which
A the set of associative multiplications on A is a subgroup of Mult A, + [11]. For
MultLT the answer is trivial: unless |1|= 1, the set of associative near-multipli-
cations on A is not a groupoid with respect to +. (Proof. Since V is associative,
2V must be associative and a2V(Z>2Vc)= (a2Vb)2Vc implies 2c=4c for all c. Thus
A is 2-elementary £i*Z 2. For more then one copy of Z2 a non-associative near-
multiplication is given in [11]. For Z2three out of the four elements of MultLZ2=
=Map (22,22, namely QV, 1Zz induce associative near-multiplications, while
V +1z2 does not.)

6. Subobjects in nr”

Let (A, B) be a near-if-ring and KciA. If the immersion i: K™ A is in
and if X’x fK for all x, x fK then we call K a sub-near-"-ring and denote K<A.
Following [6] we call K<A a left- (resp. right-) module in A if asx£K (resp. x-a£K)
for all afA, xCK. Given (A, B), an element of A is a right-zero for v iff it is a fixed
point of Biafor all afA. This is the case with the zeros in Gr, Mod R, Tp(=topolog-
ical spaces with base points). If <pEhom,r¥ ((A, B), (B, Vv)) and if there are right-
zeros in B (for v), then K={a\cpa is a right-zero} is a left-module in A, provided
KA isin 8. In fialg, {xX\xEX}=AXc:Map (X, X) (Section 4) is both a left and
right-module since a.ox—x, x scc=xa for any aEMap (X, X). In Tp, AXczMap (X, X)
is a left and right-module. (It is even normal as a subobject in Tp or Tp32.

We call KaA fully-invariant in A if KA is in » and (pKcxK for all

<Ehomg. (A, A).
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Theorem 6.1. K is a left-module in every near-"-ring on A iff K is fully-in-
variant in A.

Proof. We observe that K is a left-module with respect to A iff piakczK for
all a€A. Some of the p’s are &with a fixed aghom# (A, A) and ais=a for all s£A.

The following is an example in Tp. The connected component K of the base

point oAin a space A is fully-invariant (and normal, even in Tp2 since <p6homfp (A, A)
takes a connected subspace into a connected subspace and OA into OA.

The following facts are consequences of the preceding theorem, applied to Gr.
We omit proofs.

Corollary 6.2. Let A, + be a group.

(i) If there is a near-Gx-ring on A without proper left module, then A, + is
abelian or perfect.

(i) IfA, + is abelian then either A is p-elementary Zp) or divisible torsion-
free Q) or reduced homogeneous torsion-free.

| (iii) No near-Gx-ring on A possesses a proper left-module iff A is cyclic ofprime
order.

(iv) If every subgroup of A is normal and a left module in every near-Gx-ring
on A, then A is abelian, and if in addition A isfinite then A is cyclic. Conversely if
A is a locally cyclic torsion group then every subgroup is normal and a left module
in every near-Gx-ring on A.

The consequence (ii) 6.2 is of geometrical significance. A Veblen—Wedder-
burn system [12], [10] is a near-Ab-ring R with 0ex=0 for all ;1 and whose non-zero
elements form a loop under multiplication satisfying the following condition: for
all a, b, cdR, if a”b there is a unique solution in R to ae*x —bex=c. This con-
dition clearly implies that in this case R does not possess a proper left-module,
hence (ii) of the corollary vyields considerable information about the group R, +.
In particular one obtains that its non-zero elements are either all of a fixed prime
order p or all of infinite order. This fact is important in geometry and it is part
of a theorem of Baer [1], [10]. It may be easily seen that a Veblen—Wedderburn
system of prime order p must be a field, and this means that every Veblen—Wedder-
burn plane of order p(p2+p+1) must be Desarguesian [12].

7. Embedding ¢&into nx§€

Theorem 7.1. € is fully embedded into nr'é’. If ¢ has (finite) products, resp.
difference kernels, then nr'if has (finite) products, resp. difference kernels. The embedd-
ing ®—nrii’ is continuous.

Proof. An embedding  -»xixtf is A*-(A, V) for objects, og»=Hp for arrows.
Now assume A=f[ Ak, with projections nk, is a product in €. Given near-multi-
plications fik: Ak<@Ak-+Ak, we define [: A&A-+A as the unique arrow determined
by nkp=pk(nk8)nk: A& A-»Akk—Ak. Hence the nfs are in nr'g’and (A, )
with the nfs is a product of (Ak, pK) in nr*. Indeed, with atEhomn™ ((V, |),
(Ak, BK), the unique a with nka=ak satisfies nkp(tx&tx)—nkat for all k. In
particular with the trivial structures fik=V on Ak we get the trivial A=V on ff Ak.
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Let x: K—A be a difference kernel in of g i/i*homm™ ((A, ), (B, V)).
Then (pR(x<g>x)=il/R(x&x) hence there is a unique J1. K&K—K such that xI~
=R(x&x), so x is in nrfi. If x'’Ehomnrg((K', X), (A, B)) and <pX—\j/x' then
the arrow ¢ satisfying xd=x" is in nr”™ (since x is monic and x06X'=xI(68>0j).
Obviously ff=V on A implies 1=V on K

The a’s with a fixed 6horn%(A, A), yield a full embedding of the following
subcategory of €2(= the arrow category for ) into nr*?. Denote by ¢€'ii the category
whose objects are all endomorphisms of € and whose arrows from A—A to
BN~ B are all 6horrid (A, B) satisfying (pi=Rcp. The embedding e™—nr'g' is
a”-{A, a) for objects, g™ for arrows. € is fully embedded into mE via ££.
The embedding E>-e& is A>+1A, (p"cp.

8. Extensions

Proposition 8.1. Let mpShorn,g (A, B) and assume that for every Bshom” (B, B)
there is an a6hom” (A, A) satisfying (pa=Rip (that is (pShomeg (a, B)). Then for
every near-multiplication v on B there is a near-multiplication 8 on A such that
FEhomnr ((A, B), (B, v».

Proof. For adA, vi*fhom” (B, B), hence there is an arrow /raghomV(A, A)
such that (pRBa=vidafPe Let : A&A-»A be the unique arrow with Ria=Ra for
all aSA. Then

cplia= cpla = viyaV = %(p®(p)ia
implying  (M8=v{(<9)(p)-

Corollary 8.2. If A is projective in € and (pShorn,e (A, B) is an epimorphism
then every near-multiplication on B can be “lifted by cp" to a near-multiplication on
A, i.e for every v: B<g>B+B there is a fi: A(fA --A suchthat (pShorn,yg((A, B),
(B, v».

Proof. For every /JghomV(B,B) there is an a for which

A
/

iS commutative.

Corollary 8.3. Ifaproduct A'xA"=A exists in €, then every near-multipli-
cation on A' can be lifted by n: A-*A' (projection of the product) to a near-multi-
plication on A.

Proof. For every /?6hom# (A, A") we have n(BXIA)=Rn.

Corollary 8.4. Let € be abelian. If 0-+A"-+A-L+ A'—Ois split exact, in par-
ticular if A" is injective or if A" is projective, then every near-multiplication on A’
can be lifted by 4 to a near-multiplication on A.

Proof. A is a direct summand of A.
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Proposition 8.5. Let A be an injective object in € and assume that Be A and
that the arrow [j B-*-JJA determined by 5 (—A is a monomorphism. (This holds
in particular in Cx-categories [14].) Then every <pChomv (BfB, A) extends to a
near-multipliccition on A.

Proof. Given B (-+A, the assumption implies that the arrow ]j B-+]jA is
H M
a monomorphism. So there is a ¢ such that

W

is commutative.

Corollary 86. If A is injective in @, T a <€category, and if idhom” (B, A)
is a monomorphism then every near-multiplication on B can be “extended by i” to
a near-multiplication on A, i.e. for every v: B<&B-+B there is a fi: A&A-+A such
that iGhomniif (B, v>, (A, O».

Corollary 8.7. Let R be a semisimple ring. Every near-multiplication on a
submodule (resp. quotient module) ofa module MR can be extended (resp. lifted) to MR.

Proof. Mr is both projective and injective and Mod R is C,.

9. The dual

We sketch the definition of the dual concept. For an object A in 7?2 there is
the (covariant) functor horrido (A, —: 'if0—Sets {f€athe dual of <€). If this functor
has a left adjoint FA: Sets—LI0, we denote FAS= S$pA and we get a (natural)
equivalence hom” (¥, SHJ/1)= Map (5) hom” (Y, A)). The left adjoint FA exists
iff every family of copies of A has a product in T and it preserves epimorphisms
and colimits (hence Sets pA >Eii-*@ takes epimorphisms, resp. colimits, into mono-
morphisms, resp. limits, in €). We may write S(%>A= JJ As (AS=A for all sdS).

SES
Consequently hom”. (¥, S<96>A)=fj hom™. (Y, A9, since the contravariant hom-
SES

functors preserve products. The co-near-multiplications on A are the arrows
judhoniv (A, AdpA) =co-MultLA. It follows that if both A<RSA and A® A are
defined then co-MultLA =MultLA.
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TWO THEOREMS ON ABSOLUTELY
CONTINUOUS SET FUNCTIONS

By
W. C. BELL (Murray)

1. Introduction

Suppose S is a set, F a field of subsets of S, r(F) the set of functions from F
into R, b(F) the set of elements of r(F) which are bounded and ba(F) the set of
elements of b(F) which are (finitely) additive on F. Let p and Abe in ba(F)+ where,
for GQr(F), G+ is the set of non-negative valued elements of G

In section three we will prove that X is /.(-continuous iff the subset, SF*, of
functions summable with respect to p [4] is contained in the set, Mk, of functions
measurable with respect to X [7].

In section four we will show that the Scontinuous part of /( is the limit of
successive applications of a certain nonlinear function.

2. Preliminary theorems

Al integrals in this paper are refinement limits of sums over finite subdivisions

of S by elements of F If adr(F) and a(7) exists, then the function
s

J a(/)J ILdF} will be denoted by J For further details concerning the
v

integral and the theorems of this section we refer the reader to [4].
Denote the /r-continuous elements of ha{F) by At and the /(-continuous part

of X by ag(® which can be written supJ min {A Kp).

The following theorem is due to Kolmogoroff [10].

Theorem 2.K. If afr(F) and f a(7) exists, then J ja(F)—J a(/) | exists
and is o. ; ° Y

Coroltary 2.K.l. IfBZb(F), ct(r(F), V~F and \]a(/) exists, then J B(Hz(l)

exists iffJ B(I) \] - (J) exists in which case they are equal.
\ |

Corollary 2.K.2. Suppose each of a and B is in r(F), each of \] a(7) and

J B(I1) exists and M s either the function max or min. Then for each V( F we have

S
J M {a(/), 12(/)} exists iffJ M {J J /1(./)}- exists in which case they are equal.
\ | |
Combining parts of Theorem 4.1 of [3] and Theorem 1.A.3 of [5] we have
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Theorem 2.A. Suppose rifA+and BEb(F)+ IfJ Bp exists (and is zero), then
J Br/ exists (and is zero).

We close this section by noting that, in what follows, unless otherwise stated
convergence of sequences of elements of ba(F) will be with respect to the total
variation norm.

3. The summability-measurability characterization

For ocEr(F) and p*O~q denote max {min {a(7), q), p} by a(p, q)(I) for each
IEF. In [4] Appling defined the class, SFp, of functions summable with respect
to p and the (linear) summability operator, s, from SH3 onto AR. Subsequently
[[] (Theorem 3.1) he proved the following theorem.

Theorem 3.A. If aEr(F), then these are equivalent:
|
23 For each p~O~q, J a(p, q)p exists and lim J ix(p, q)p=sli(a).

Adopting the convention al0=0 we have that if tJ€AR, then r}jp£9t and
sB(p) =r]. In particular, if a.£9B, then sli(sfl(a)/p)=sll(jX).
The set £F,, is clearly contained in the set, /74, of functions measurable with

respect to p defined by: ocEr(F) is in MR iff 1) ja(p, q)p exists for each p~*O"q

and 2) if 0O, then there exists a T>0 and a subdivision D of S(£>«:{S}) such
that for each E which refines D (E<zcD) we have 2 p(l)<c where E'={I£E\
la()[>T}.

Theorem 3.1. If p(V)=0 implies A(V)=0, then these are equivalent:
. ; Ajp*Mx
3) AeA,,.

Proof. Since one implies two is obvious we begin by supposing two is true.
Let ¢>0, Let Zx=fS} and 0 be such that if E<zD1 and E'={IEE| 2(7)/
/Ip()>K), then 2 2(7)-=c/2. Let D.«:{S} be such that if E<zD2, then

2 min{2(7), Kp()}— min {2(7), Kp(7)}-=c/2. Now let 7)<s:{S} be such that
IED<S:D1 and 7)<aci). asnd let E<scD with E'—{IEE\ K<A(1)/p(l)}. Then
0s1(S)-J min{2(f), Kp(D} " 2(S) - % min U (/), Kp()}+c/2 =
s
=cl2+2 a(/)m2 max{-2(/), - Kp(N} - c/2+% max (0, 2(7)- Kp(N} =
—c/2+2 ‘ max{0, A(l) —Kp()} Sc/2 + 2-12(7) < cl2+cl2=c

Therefore 2=sup J min {2, Kp}=alk(A)£A/l.
Before proving that three implies one we note that if ct£9R and sB(a)=0,
then B lim f \oc(p, g)\p=0. Since for we have \<x(p, g)\" \=, V)|
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it follows that J \u(p, q)\p=0. Consequently, by . .A we have that if NEA+, then

J \u{p,q)\t] exists and is zero, hence u£SfvQMgq.
Now suppose three is true and u*EA+. We will first consider te case where
j up exists and is in AR. Let ¢>-0 and 0 be such that p(V)<d implies

» (F)<c. Since J ccpdAR there exists a K>0 such that
; «(/)/!(/)-; min {\1; u(Dp(V), Kp(h} = f a()/i(/)- f min {«(/), K}p(l) < d/2
S S

and therefore a 2)<8&{S} such that if E<z:D, then
2 («(N)-min{«(), KHp) < d.
E

Now let £<5¢2) and E'= {I£EE\u(l)>K+\}. IfIEE', then a(/) —min {a(/), 7f}=
=u(l)—K>1 so that

P(U{INIeE'}) = 2K 1) =2 (a(/)-min{«()), Tf})"/) &
s 2E (a(/)-min {«(n, KPp(l) < d

Consequently 2 A()=A(U {/|//€£"})<c and therefore udMk.

In general Ewe have, for a—s™ "N p+u—s~"Np  with sB(u)/p in M\
since J (sB(cc)/p)pEAR and u—sB(u)/p in since sB(u—sB(u)/p)=0. Therefore
since Ms is closed under addition we have utMk.

4. The limit theorem

We begin this section with certain theorems and observations concerning the
function RB and refer the reader to [:] for further details.

Let HB= 1J rj(D2p(1) exists}. Hellinger [9] has sown that +

S r

iff there exists an rjEHR such that £=j g2p. Consequently the function defined
on HB by TB(rj)=J gdp is onto AR . The restriction of TR to HR is one to one
and the inverse coincides, on A+, with the function RB($)=J (6p)lz which is

defined on all of ba(F)+ For 6£ba(F)+we have Rfi(d)f HR and a<5)= TR(RR(5)).
RR is continuous with respect to the variation norm on ba(F)+ and the stronger

pnorm (<§2= f —vrr on ff+. Also, if M is either the function max or min and
each of Aand 5 is in ba(F)+ then
RELf M{u,a}) =f M{RB(), RR(d)}.

For interval functions theorems similar to 4.1 can be found in [1] (Theorem 3)
and [2] (Theorem 2).

Theorem 4.1. RB(X)-*ocx(p) (n-*°°).
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Proof. If #=A then RB(/) is nonincreasing with n. From induction and
Theorem 2.2 of [4] we have _
AA) =

and since, for . </?<., the expression * A(/)p/t(~ 1 p is nonincreasing with
refinements of £ it follows that: E

A(5) =RE(A)S) = f ACOA'X/)L-12'S AOSI'2' A )1-1'2'=
S

= (ASYAI(5) 1/ (5) - B(5).
Consequently rR~~-fR.
If AS/t, then .?'(A) is nondecreasing with n and ££(A)"/t for each n so that

there is a 6£ba(F)+ such that ££(A)—& and A”(5"u Therefore AxQAa and
since RB().)((Ax for each n and Ax is closed (variation norm) we have <EAXso that
Aa=Ax and aa—ax. By the continuity of R8 we have RB(X)"RRB(3) (HR norm)
and it follows by the comparability of norms on HR that 3=RU3). Consequently
K (A—a=Ts(3)=Ts(RRO)=Ta(Rd({i))= aa(?) = < (R).

In general we have (denoting J min {§, A} by

lim RAQQ) = lim [- & + RA)+R] = —t+ lim [ f max {i, RA(A} min {g, XA =
= g+ timR1{J max {8 A+ tim RA[J min {8, A)) = 8+ 8-+ lim RR(c) =
= o) = sup J min {B, K<} = supJ’min j/t, KJ min {§, A}} =
= supJ min {B, KB, KA} = sup ¥ min {B, K).} —ax(R).
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DYADIC MATRICES AND WALLMAN
COMPACTIFICATION

By
A. ABIAN1 (Ames) and S. SALBANY2 (Oxford)

Let m and n be any finite or infinite cardinal numbers and let M be an m by
n dyadic matrix (i.e., whose entries are restricted solely to the real numbers . and :).
Thus, for every i<m the f-th row r; of M is a dyadic sequence (ru)j*n of type n.

In what follows all matrices are dyadic and any statement concerning the
multiplication (or product) of the rows of a matrix, refers to the coordinate-wise
multiplication of these rows.

A row of a matrix is called the zero row if and only if every entry of that row
is 0. We say that a set S of rows of a matrix generates the zero row of that matrix
if and only if the product of some finite number of rows of S is equal to the zero
row of that matrix (in this connection we observe that S is not required to be
closed under multiplication).

Let E' be a set of rows of an m by n' (where n' like m is any finite or infinite
cardinal) matrix M' and let O be the zero row of M'. We say that O is covered
by the rows of E' if and only if for every jcn' it is the case that

(1) rij=. for some r-£E"

From_(l) it follows that if F' is a finite set of rows of a matrix M" then the
zero row O of M' is covered by the rows of F' if and only if O is the product
of the rows of F'. From this we have immediately:

Lemma. Let M’ he a matrix and E' be a set of rows of M. Then the zero row
O of M' is covered by no finite number of rows of E' if and only if O is not
generated by E'.

The sum of rows r, and rh of a matrix is defined to be the row rk of that
matrix where:
rkj- .« ifandonlyif ri}=. or rhj=..

The sum of r; and rhis denoted by rt+rh.

The complement of a row rt of a matrix is defined to be the dyadic sequence
which is obtained by exchanging the 0’ and 1’°s which appear in r;. The comple-
ment of r; is denoted by C(rt).

The columns ¢, of a matrix are defined to be distinct in the strict sense if and
only if j~k implies:

ry=rtkk=, and rik=rhj-. for some i and h

1The first author acknowledges an F.l.L. grant from lowa State University.
2 The second author acknowledges a grant from C.S.1.R., South Africa.
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Based on the above notions and definitions we prove:

Theorem. Let M be an m by n matrix whose rows are palese distinct and
include the zero row Q Then M can be extended to an m by n'>n matrix M' via
extending every row rt of M to a row r' of M' such that:

(i) The rows of M" include the zero row O.

(i) The correspondence r{-*r[ is one to one_and preserves the zero, the prod-

ucts, the sums and the complements, i.e., (o)'=.', and

(rt-...r)' = r-m... wh for every i,...,h<m and
(rt+ ... +rhY = r'i+ ... +r'h for every i,....h<m and
(C(%)) = C(r) for every i< m,

provided rt- ... erhEM, or rt+ ... +rhZM, or C(r,)s M, respectively.

(iiiy The columns of the matrix M"'—M are distinct in the strict sense.

(iv) 1f O is covered by the rows ofaset E' of rowsof M ' then O isalready covered
by finitely many rows of E".

Proof. Let us consider the set Nj of rows rt of M given by:
() Nj={ti<m and m= .} for every j <n.
Clearly, Nj does not generate the zero row O of M.
By Zorn’s lemma, every set (such as Nj given in (2)) of rows of M which does

not generate Ois contained (as a subset) in a set_of rows of M which is maximal
with respect to the property of not generating 0. Let

(3) {NMAhEH} with NE NE if hy: k forevery h kfH

be the set of all the sets N% of rows of M such that each N,* is maximal w.r.t. not
generating » and such that N”y~Nj for every h-H and /<wu.

Thus, the elements of the set given in (3) are pairwise distinct and different
from the elements of the set given in (2). Let the cardinal number n' be given by:

4 n'=n+H.

Clearly, Wen and from (2), (3), (4) with an obvious renaming of the ele-
ments of H it follows that:

®) {NMAAnNI{NfAn*zj~n"}

contains among_its elements all the sets of rows of M which are maximal w.r.t.
not generating o .

Recalling that every row rt of M is a dyadic sequence ru of type n, to every
rt we correspond a dyadic sequence r[ of type n according to the following rule:

) rij=ru for j <n,
rf{=1 for nSj<n" ifandonlyif rtENf.
Let M' be a matrix hose rows are r[ with i<m. Obviously, M’ is an m
by n' dyadic matrix and is an extension of M obtained by extending rtto n\.
From (3), (4), (5) it follows that 0$Nj for every n”*jNn" which by (s) implies
that the extension O of Ois the zero row of matrix M'. Moreover, since the rows

of M are pairwise distinct, again (s) implies that the correspondence r-"Hes is
one to one. Thus, (i) and the first part of (ii) are established.
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To prove the second part of (ii), it suffices to prove the statement for the
product of two rows (since the proof of the product of any finite number of rows
can be given in a similar way). To this end, in view of (;), it is enough to show
that for every i, hem and n”jen', rj*M implies

rirhENj ifandonly if riENj and rhENj.

To prove the “if” part, let rfNj and rh<€M and assume to_the contrary that
rirhIN f. However, since Nj is maximal w.r.t. not generating 0, we see that our
assumption implies that irbrp... rg=0 for some finitely many rp, ...,raENj and
hence for some finitely many ri,rh,;rp, , raENj which contradicts the fact that
Nj does not generate 0. To prove the “only if” part, let rtrhENj and assume to
the contrary that, say, rt$N j. Again, since Nj is maximal w.r.t. not generating 0,
we see that our assumption implies that )\ru...,..-o for some finitely many
ry, ..., r,,ENj and hence (rlrh)ru... rv=() for some finitely many (rjj), ru, ..., rvENj
which contradicts the fact that Nj does not generate O.

To prove the third part of (ii), again, it suffices to prove the statement for
the sum of two rows, i.e., it is enough to show that for every i, hem and nSjen’,
ri+rh™ M implies:

0;+rheNj ifandonly if rtENj or rhENj.

To prove the “if” part, let, say, rfN j and assume to the contrary that (rr+rn) tNj.
However, since Nj is maximal w.r.t. not generating 0, we see that our assumption
implies that  (ri+rj)rp...rg=rirp...rg+rhrp...rq=Q and therefore, rhrp...rg=
=r;rp...rs-— o for some finitely many rp, ...,rgENj and hence for some finitely
many /m, rp, ..., rgdNj which contradicts the fact that Nj does not generate O.
To prove the “only if” part, let (M+r£Nj and assume to the contrary that r”"N j
and rh$Nj. Again, since Nj is maximal w.r.t. not generating Q see that our
assumption implies that riru...rv=$ and rhrs...rt=, for _some finitely many
ry, ..., r,rs, ..., r,ENj. Consequently, {ri+rhru...rvrs...rt=() for some finitely
many (rt4-rb,r,,,..., rv, rs ..., r,ENj which constradicts the fact that Nj does
not generate Q

To prove the fourth part of (ii), in view of (;), it is enough to show that for
every and n”?j<n', C(rDEM implies

rt€Nj ifandonly if C(r)$Nj.

Clearly, tENj and C(r,s Nj is impossible since Nj does not generate O and
rfC(i)—Q We show that ri\Nj and C(r)~Nj is also impossible. To this end,
assume on the contrary that r*Nj and C (rf$Nj. However, since Nj is maximal
w.r.t. not generating O we see that our assumption implies that ryp...rq=0 and
C(rijru...rv=0_ and therefore, (r,+ C(ri))rp...rgru... ry=0  which  implies
rp...rgru...rv=0 for some finitely many rp, ..., rg, /s, ..., r'vVENj which contradicts
the fact that N j does not generate 0.

Thus, (ii) is proved.

The proof of (iii) follows immediately from () and the fact that (Nj—Nj)?£

—Nj) since Nj and Nj are maximal for n*j, ken', j"k.

To prove (iv), let the zero row Q of M' be covered by the rows of a set E'

of rows of M', where

) E'= {r<\iil}.
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Thus, from (1) it follows that for every j<ri we have:
(8) r-j= o for some izl

We must show that O is already covered by finitely many rows of £'. Assume to
the contrary that O is covered by no finite number of rows of E'. But then, by the
Lemma, 0' is not generated by E'. From this, in view of (7), it follows that the
set E of rows of M given by:

©) E={rli£/}

does not generate the zero row Oof M. Indeed, if ru..rv=0 for some finitely many
ry, ...,rvdg then by (i), (7), (9) it would follow that r'...r'—O which would
contradict that O is not generated by E'. Thus, E as given in (9) is a subset of a
set of rows of M which is maximal w.r.t. not generating O Consequently, from
(5) it follows that:

E!=Nj for some j<n o EQNf for some n”j<n.

But then, from (9), (7), () we derive mm=1for every i£l contradicting (:).
Thus, the Theorem is proved.

Remark. Let n be a topological space. The characteristic functions of all
the closed sets of n can be arranged to form the rows of an m by n dyadic matrix
M which has all the properties mentioned in the Theorem. In addition, the rows
of M are closed under addition and multiplication. Let us topologize the cardinal
ri given in (4) such that the rows rmof matrix M "' are the characteristic functions
of the basic closed sets of ri (this is possible since the rows of M are closed under
multiplication and by (ii) the correspondence rt—r- preserves the products which
implies that the rows of M' are also closed under multiplication). But then (ii)
implies that n is dense in ri and therefore (iv) implies that ri is a compactification
of n. If the topology on n is 7) then by (iii) it follows that ri is a Tx compactification
of n which coincides with the Wallman compactification [2, p. 139] of n.

For the case where compactification is defined via the finite intersection
property, see [:].

The authors thank the Referee, A. Csaszar for valuable suggestions.
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HERMITE—FEJER TYPE INTERPOLATIONS. llI

By
P. VERTESI (Budapest)

1. Introduction

Let for a fixed N=n+m («&I,ms0O)

(1*1) —=>n A A XIn, x2,, X Fl,m>%2m, 5fmm — ® — 0
be finite distinct points on the real axis and let
(+%) di,,, din, ..., dnn

be real numbers. For fEC (=/ is continuous on [A, 5]) we consider the uniquely
determined polynomial S(x) of degree SN 1=2n+m—I

I S(xK =f(xKk, S\xK =dk (k= 12
( } U (C,)=/fe) (i=12,..,m).
(Sometimes we omit the superfluous notations.) Following P. szasz [2], we call
S(x) extended Hermite—Fejér interpolator polynomial. We state theorems of
Griinwald-type for S(x) (n+*°=>), further we give general convergence-divergence
theorems for the special cases when some nodes in (1.1) are the roots of the Jacobi

polynomial Pjf>f)(x). Equiconvergence theorems will be established, too. We in-
tend to investigate the case max (\A], |5])= °° in another paper.

2. Griunwald type theorems

2.1. Let us introduce the following notations.

(2.1) an(x) = Cn(x-xD(x-x3...(x-x,,) (C,* 0),
(2.2) aTX) = KT(x-")(x-")...(x-n (Km* 0),
23) FEL_ VR e ),

k azZi-xk co'(k
Then S(x) =SN(f-, d; x) has the form

SN(f; d; x) = kgl H Xk)lj7K7Xlk-!|_ [: + clm—xK)]If(x) +

(24) <+ 2T MWy (x)+ 2 dk;§ " (x-x KH(x) x
o (?]) k=1 (xKk)

m n

fOOkO)+ 2 (it + 2, dkok(x),

s -

o
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68 P. VERTESI

Where as usual, Ik(x)=oj(x)[o/(XK(x—xK)] + (k=:,., ,n) and Li{x)=
[fl'(«(*-«iy_: 0= 1>2, see [2], (24*)

If dﬁ( ) E SI 2” , ) we write S?\I(f(' gur'gher gN(f f'\x) stands for the

polynomlal SN(fd x) for which dien—' (xkt,) (k=1,2, ,n. For m=0 let

/2_ =0 and Q(x)/Q(xk)= 1; so from (2.4) we get the well known Hermite—Fejér

=i

interpolatory polynomial H,,(f;x) of degree 352n—L As it is well known, the

functions vk(x)!ti . +ck(x —xK play an important role in the investigation of the
expression x)—f (X)\. We shall see that they are rather important from the
point of SN(f; x), too.

2.2. Remark that SN(P, P';x)=P(x) whenever P(x) is a polynomial of
degree "2n+m—L So we obtain with f (x)= 1, SN(fl, f{; x)=1, ie. by (24)

M m
(2.5 27‘h(x)+‘72u(x) =\ (N=1,2,.).

If in thefin ite [a, b\Q[A, B] the nOdeS (11) fOI’m dQ-normalpointsystem, |e fOI’ a
suitable 0- .o

Vk(X) L|Jq> 0 (k =12y ey n),

(D) Iﬁ?("XK) -0 (k = 1,2,...,((), if X£[a, b], N = 1,2,,
Ligis.  0=12 ..M

then we have the important relations

n fix)
B

Q=2 k(X)=: Of[a fi).

(2.6)

From now on we suppose A and B are finite, eg. —A=5=1.

2.3. We state theorems using SN which are analogous to theorems proved
for Hnby G. Granwaira [3]. In fact the proofs are similar, too, so sometimes we
sketch or omit them.

Let ||g||[a>H=ar7g(a5Jg(x)|, llgll Higllt-i.it- We state

Theorem 2.1. Supposing that the nodesform a Q-normal system in [a, b\,
2.7 I I *)-1(*)H*«= (s + 2IQ)ENIin ,
whenever f f'£C.

(Here £m(/; [a, R)=min {||/-PH|[B1};, P,, are polynomials of degree ==
£.(GI-1 D=E.(0)°)

1This definition is a generalization of the usual one (see further 2.4.1).
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Dropping the ~-normality and ffi C we can often use the following con-
vergence theorem (see further 2.4.3).

Theorem 2.2. Let us suppose that for each N

(o) k2_l\h(x)\+/_21 Ki«| =6 (:) uniformly in x£|a, b],
moreover, with  Mn—m axgl, i \dk,J)7

(2.9 '\Ili_m, M,, = I$*CQ —0 uniformly in x£[a,b], too.
Then

WsN(f,d, X)-/(X)ufadb]l = ° if fee.

This theorem will be applied in the proof of the following assertion which
generalizes Griinwald’s important statement proved for Hn (see further 2.4.4).

Theorem 2.3. Let us suppose that the system of nodes is g-normal in [a, b\, more-
over with certain fixed e- o

(2.10) Mn=0(Nrg (N=.,.,..).
Then
(2.11) HMASN(f d] x)~f(x)Iifab] = o
whenever /s C.
2.4, Remarks 2.4.1. Theorems 2.1—2.3 for H,,and [a, b\=[—1, 1] were proved
in [3]. For m=2, 8i=1, and i.= —1 (the so called quasi-Hermite—Fejér inter-

polation), Theorem 2.3 was proved with [a £]=[—L 1] and Mn=0(1) by
J. Santha [12], using [3], 4. & In these cases (D) has the form vkn{x)"g>0 (for
each k and «) in [—1, 1], which was the original definition ([3], [10]).

2.4.2. If in (D) we know only vk(x)"0 (without any change in the further
requirements), we say that the pointsystem is normal in [a b\. We can establish
pointwise convergence theorems if xe[a,b] and uniform convergence in [a+c, b—e]

We omit the details (see the corresponding part of [3]).

2.4.3. In theorem 2.2, the condition (2.9) can be replaced by
(2.9%) lim k2:i(i +\dk\));\ij—&xk o (K |< ),
involving w(f; t) in the estimation of the error (see (2.13)).

Indeed, there exists a polynomial PQ(x) of degree sB such that

W(x)-P Q(x)\=EQ),
(2.12

i - W if < 1,
bwi- gy Y. q) it X

where w is the modulus of continuity of / (S. B. Steckin [21]).
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Le., for suitable Q=Q(N) we get for N—°°, as in 4.2,
(2.13) ISMf; d; x)-f(x)\\laM = 0(1) w(/; [I+84 0> 1)|=1 - o).
For |m|=1 we use

(2.14) \Pg(x\ = O m W{f- 1)

(see [21]). If, e.g. ;q=1, the first term of the sum (2.9%) will be (I + |i])|$: ().
For the process Hnsimilar arguments where applied by M. Sallay [22].

2.4.4. We can get a convergence order for the ~-normal system. Indeed, we
can prove that if the nodes form a ”~-normal system in [a b] then

(2.15) k"_ lj§>k(x)| = 0(N r+£) (e> 0 is arbitrary)

(see (4.5)). So we get by (2.14), as in 4.2 as follows.

Supposing that the system of nodes is g-norma/ in [a b], we have with arbitrary
fixed E

(2.16) IIS,,(f; *)-/(*)IfcM=, ()w(/;
One can get estimation using SN(f; d, x).
2.45. For a p-normal in [a b] system we can obtain

. 0a2(x) _
" 3 =0 bl

if we use the relation (4.4).

3. Some special extended Hermite—Fejér interpolations
3.1. Let
(3.1) —1 —x<>< xfzf,<..< < xff>s 1
be the roots of the Jacobi polynomial P{’R)(X) (a, j~-1) of degree n. As we

know, if a> —1 then xljn<I, and similarly, —1 whenever /?>—1 We
often use the normalization

3.2) SEYOE
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(see [1], chapter 4). Remark that in the sequel a certain knowledge of the Jacobi
polynomials is supposed. Namely, we shall apply (mainly in the proofs) the for-
mulae and notations (4.1.1), (4.1.3), (4.2.1), (4.21.7), (4.22.2), (7.32.5), 8.9 and
14,5 from [1], sometimes without any further references. Further, we use Lemmas
1 and 2 from [17] which state that

0<Ci(a, R) S g c2@ R) (fc= o, 1,..., i),
where
4«-« = COS Siw«, s «=» = 1, X2!I>=_1 (3 B> - 1)

Using the nodes (3.1) and the points +1, the following special SN(f; x) pro-
cesses have been investigated.

Notation, name Informations on the nodes Some references
[11. [3]. [4]. 5], [6],
m=o0 [71, [8]. [91. [15], [16],

Hermite—Fejér [18], [19], [20], [22], [24], [26]

—1 m= 1 ii =1 [71, [9], [14]
[7], 9], [20], [11], [12],

Qi.SI\ . . m=2, ii =1, is=-1 [13], [16], [19], [20],
quasi-Hermite—Fejér [25], [28], [29], [20]

U<9%f\ «=*-1 m—0 [71, 191, [15], [27], [30]
o - Xo.n = 1 TR ' '
. m=1, =1
VAvr, af—1 o = [71, [9], [14]
on=1
WiVR a.RA-1 m= 0
VAl a.BA- XQ.=1, xnl,=-1 [607[91 [

(Here, e.g., VpyP is based on the nodes x0,, X"’ ...,xp B>and £r. The value
of the derivative of Vp+Q) is not prescribed at p.)

3.2. The convergence (or divergence) results in [—L1,1] generally were es-
tablished only for the roots xk of the Tchebyshev polynomials of first or second
kind. Now we intend to investigate all Jacobi matrices and which is more important,
we establish close connection among the above processes; we shall consider all
the processes together to clear up the regularity of their convergence-divergence
behaviour.

We say that a pointsystem is g-normal for Hn (or Rn, Q,,, ...) in [a, b] if (D)
is true for the corresponding process. We state the following

Theorem 3.1. The fundamental nodes of the extended Hermite— Fejer inter-
polation form a Q-normal pointsystem in [—, .]for the following special processes,
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parameters and values of q:

IcP _eak<, min (—a, —R),
FaP osa< 1 -152<0  min[~Ha—), -8],
Mud . saR<. min [«(a—), —{B8—)],

nep . =a<.; .. o min [—a—), -B\;
Ve ra<a, <. min[-(a-2), -(/3-1)],

P&tD s «aa min [-(a-2), -05-2)].
Moreover, by Theorem 2.3
(3.4) lim WSN(fI x)-f(x)\ =0 if fdC,
where SN should be replaced by Rf+f*, ..., having the parameters
specified in (3.3).
3.3. In the sequel denote by SN(a RB)(f; x) (a, 7»—3) any meaningful ex-
tended Hermite—Fejér operator from the following ones:
ary /; x),KVE-»4f; x), QI\V’+14f; X),

VA LB H)(f. x) and W Q2R+ {f. X)

By this notation Theorem 3.1 states: The fundamental nodes of SN(a, /?)(/; x)
forma g=min(—a, —&)-normal system in[—\, 1] whenever —Is a, 8<0. Further,
for these v.s and R .

(3.5) ~Nim HVG, 12)(; x)-fF(x)\\ = 0 for any feC.
Let
C(w) = {f(x); feC and w(f; t) S a(J)w(t)}

where w(f;t) is the modulus of continuity of f(x) and w(i) is any modulus of
continuity. If a(f)*M we shall write CM(w).
With these notations we state the following equiconvergence theorem.

Theorem 3.2. If x,Rs —1 then we have

2(/: x)-
o 7\ /€58RI\) \SN(ec, /2)(1; x)-F(x)\\
] sup WHAF>(f; x)-f(x)\\

The statement will be generalized, in a certain sense, in Section 3.5. (Remark
that Theorem 3.2 becomes an “equidivergence” relation for min (x, /I)sO; as
for the meaning of the symbol see [:], 1.12)

3.4. If min (a, /7)< —1, SN( B)(f; x) is not a positive operator anymore.
Of course, e.g. //,[*’> has no meaning, but for the meaningful processes we settle
all the cases. First we prove a convergence statement which includes (3.5), too.
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Theorem 3.3. Supposing —1.5%a, /i<0 and |a—&\=\, we have
(3.7) HH%\\SN((D, B)(f; x)-/(x)|| = 0 whenever fEC.
(Of course, we suppose SN(a, B)(f; x) has meaning. E.g., if SN(a, ) = UE%\2>

we must require B=—)
This theorem is the best possible in the following sense

Theorem 3.4. Suppose
max (a, B) ~., or

(3.8) min (a, B) < —L5, or
\a—R\ > .
Then for certain fd C, (3.7) is not valid.
3.5. Using much stronger tools than for Theorem 3.2, we can prove the follow-

ing general equiconvergence statement.

Theorem 3.5. Let a, /7=— 3 and {*} be an arbitrary sequence. Then one can
choose a subsequence {r;}c {<} such that

/esg{%v\) WSN(a B) (f; x)-f(x)\\
/&i@» IMR2 3424 fl |

(3.9 1 (n=rlor2 ..).

3.6. Remarks. 3.6.1. It is a natural question to investigate the order of con-
vergence. This has been done for different processes (see, e.g., [ ], [13], [18]—[20], [22]
and [26]—[30]). By the method used in [18] we get for a,/?&—L

\\ —X2 B
\SA* B)(f; *)-/(*)! = o(i) 2, W/ +w Al (xe[-1, 0]
where y=max (g 8, —0.5) and the sign O depends only on a and B.
Near the endpoints one can prove better estimations if we use the method
applied in [19].
Finally we mention the following uniform estimation:

WSA«,R)(fl xX)-f(x)Wlathl=0(1) 2w [f;~Vi ([a,b]c(-1,1),a,l?7& - 1)
(see [19)).

3.6.2. Now we list some results proved in previous papers. (3.4) was established
for #,<m« (-1Sa,/i<0), RCH'-°'5), BftP (O<a, /1<1) and in [3], [2], [12]
and [14], respectively.

The estimation (3.7) was proved for ac=R=—0.5 and «——0.5 for different
S{ & ([7] and [9]). The processes and Wfylf were mainly used to prove
theorems of divergence-type ([s], [9] and [15]).

Theorem 3.2 for 0,.. was proved in [19].

3.6.3. Theorems 3.3 and 3.4 serve answers for the convergence-divergence
behaviour of Q,+P (see P. Turan [23], Problem XXVII).
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3.6.4. We have seen that the ~-normality plays an important role in the con-
vergence behaviour of SN(f d\ x) (see, e.g. Theorem 2.3). P. Turan raised the prob-
lem whether there exists such a system of nodes for which the conjugate-points {ik,}
are dense in [—L, 1] but \\H,,(f; x)—#(X)|| —© whenever fdC. J. Batrazs [24] and
P. Vertesi [20] gave positive solutions for this problem using the roots of the
orthogonal polynomials corresponding to the weight p(x)= |x|2a+1(l —x ff
(a, /7>—1). Now we give answer for a generalization of the question raised above
using the roots of the Jacobi polynomials.

In accordance with the usual definition (see [5]), the root skn of the linear
function vkn(S; x) will be called conjugate point to xkn(k=1,2, ,n; n—1,2, ...).
First we state

3.6.4.1 Let a= —1—a and /l=a+ 25 (0O<e; 0S<5<0.5). Then the conjugate
points corresponding to the process {SN(a, /?)(/; X)} are dense in the in-
terval [—, 1]

Indeed, it is easy to see that

(3.10) Anl) = (I+js) |~ -a  (W<1).

So yi(h)<-—a=1+£ if n—0 and 2S&SM. Similarly rigl) < +R—a=
= 1+20<2 if n—°° and 0<«/2 —ASM. By these and vk(xk)= 1 one can obtain
ski,,-*I  (#->-00,. S&SM) and sk,<— (o <u,. —&SM, nSn0, from where
the statement follows (see further [.o]).

Let us consider two special cases. By 3.6.4.1 and Teorem 3.3 we get

3.64.11 Let 05Sad. Then the conjugate points {iti,} corresponding to
are dense in [—,:], and at the same time, H{T(})\\leff (f; X)=HX)|| - o

if fdC. The analogous statement holds for Of+f(/; x) if —0.5Sa<0.

Remarking that W faf is an Hermite—Fejér interpolatory process, we gave
answer for the Turdn’s problem.

3.6.4.2. We can investigate the conjugate points for the remaining a’s and
R’s, too (see, e.g. [5], [20] and [24]).

3.7. The investigation of Rf+P (where /?=-—J, m=1, f= —1) can be reduced
to (see (3.2)). Similar remark holds for Uf+f and Mf 2 too.

3.8. By usual methods one can investigate the SN(a, 8)(f; d; x) processes, too.

4. Proofs

41. Proof of theorem 2.1. By (26) we obtain
4.1) 2. 5TMIS & (xS[a, b))

Let P'(x) be the polynomial such that \f'(x) —P'(f; x)|s £)(/'). Let Pr(x)=
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= /(—1)+ J Pr{t)dt. Obviously \f(x)-Pre\"=2£)(/). So we obtain with
SN(PNI, PrxeX)= PNI(X), (4..) and (; ..)
| Ssifd'l x)~m\ = ISK(f-P H,f'; x)+PNI(x)-f(x) IS

L \f(xK)-P NIOK\IK() + 2 \F(i)-P SHA(X) +

+ 2., W (xR-P'NIGRWDKOO\+2ENI(F) = (c + 2/Q)(ENI(F))

in [a, 2], which was stated.

4.2. Proof of Theorem 2.2. Using a suitable Pr(/; X) we have, by (2.8) and
(2.9) as above

\SN(F, d; x)-F(x)\ =5f§;\f(xk)-P(xk)\\hk(x)\+ 1%; 1/(i;)* 1420 Thw +

b L ADHIA (IS + P ()W T < o

4.3. Proof of Theorem 2.3. 4.3.1. Because of (D) and (25), (28) is valid.
So we have to prove that from (D) we obtain (2.9), too (see Theorem 2.2).

4.3.2. In the following proof we use ideas analogous to [3], 5. 8 Let @be any
fixed point in [a aj (where a. = (h+ a)/2). Define the function g(x)EC as follows:

if —1= X" @&

(4.2) g0) = I(x—a:)e| if an xA. where o <gk< gh ..

Using g(x), we shall verify for any fixed 0<”.<p:

4.3)

If oc=xk for a certain k, then obviously 2 I(=O. So we consider N ’s such that
ovtxk. Remark that for these N’s we can&f())(rm SN(g, g"\x). By (4.2) we obtain

3v(g.g )XZXK(XKAF'“' bl A ~ m.]ll()'l"‘ (frriligy s
(4.4)
4.3.3. To estimate SN(g, g'; @ in another way we quote the following
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Lemma 4.1. For the function g{x), there exist polynomials P, (x) of degree =n
such that in -1~ xS

9()--P>()] = ¢ -

[(x-a)(g,(A)-I2X))] = c” (x pia, n =2, 3,...).
(See [3], 6.8.)
So by (2.6) and the lemma

\SN(g, g'; ce)-P NIl ﬁ_l\g(xk)-P NI(x k) \hk(ix) +

m . . N ) Q (a\
+ |2:| lg(Sl)-PNI(Zd\t|(<<)+k2:I \g' (XK) - P " NI(xK)\ k) S
cMIN.
N f N f
with Again by the lemma, |ijd(ot))= 0(AtfQ), ie. by (4.4)
(4-5) OsSN(g,g';a)S™.

By (2.6), (4.4), (4.5) and vk{<f)—q» q— £A=-0 we obtain (4.3).

—‘fr_\] S2gl ~k2 and similar arguments for

a6[al; b] we obtain

45 2\hM-xkK\AB g lIr) = 0{N~) if ae[a,b]
(4.9) k=l RN

uniformly in a, which, by (2.10), gives (2.9), the desired result.
4.4. Proof of Theorem 3.1. 44.1. If m =1, &=+ 1, we get by (2.2)

OWIBfe)]-1= aTx)(IW 1s O
and Lfx)= 1. For m=2, =1, £2= —1 we obtain

12(x)[i2(M)]-i=a-g20-4®-1~ 0
and

LW =-2 7 o, fz(X:— —0.

So from (D) we have to investigate only nt(x).
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4.42. As it is well-known for H"’B
WK(H: x)=1- (a+lWl ¥V ~+a(X-xR (k< . gBs - ),
4.6) VI(H;X) = 1— (n+R 2)M 1+(x-.) (a=—),
LX) =1+ +a~")(n~") (x+1) &= ),

further, using the values ”~(+.), we have
4.7 Vk(H- x) s: min(-a, -B) ({fc= 12, ...,n)

(see [1], 14.5).
4.4.3. Considering RjftP we get by (2.3) and (4.6)

1 (a+ B+, )xk—R{-(x @+R+l)xk—RB+a-1 Xk < 1),
I-xk I-x| =X\
1 (n+a—h)(n—=) (n+a—1)(«—1)4-1
c'~T +° ®=—)
from where we obtain
A, - > 1< |55-1),
(< x} = e n G +x)" (8= -i).
Using these, it is easy to get the desired result (see [1], 14.5).
4.4.4. For Q&P
! 1 @+ ff+.)xk-B +@ _  (x+B)xk-B +a
°k . —xk l.-xt 1 —xk 1 —xk
The remaining part is the same as above.
4.45. Now let us see UjftP. Obviously
(4.8) s ((7@&R); x) = (I-x)P},*-b(x) = (I-x)con(H"»; x),

which means
(4.9) coU; x) = -/>,(*)+ (I-x)P'(x); c0"(U; x) = -2P"'(x)4-(I -x)P;(x).
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So by (2.3), (4.6), (4.8) and (4.9)
©U; XK 2 @+B+2)xk—B+a @+R)xk—R +a—2

K=" o Uik \-xk \-x| x1
(ki < ).
co"(U; 1) 2N (1) n(n+a+R+l)
C” o'U; ) = Pn(l) 1+a
_ <0'U; -1D) (n+a—)(n—)
€= o -1) A 2 o =-1),
where at c0 we used (3.2) and [1] (4.3.1), which gives
(4.10) PAIO(D)=n+@t~ .
4.4.6. For VfaP, using 445 and (2.3), we have
. 1 co"(U; xK @+ B—Njce—= +a—1 _
Q=" Xk co(U; xK) 1-x| (fe= 2,4,
1 a'lU; 1 ri(n +oc+R+.)

C~ 2_CO'(U; 1)"‘ ~L 1+a +11'
4.4.7. Finally for Wi4P
aH2(fV; x) = (I - X 2)P<*-«(x),

ie
co'(W; x) =-2xP,,(x) +(\-x 2P'n(x),
®"'(W; x) =- 2P,,(X)- 4xP'(x)+ (1- x2P"(X),
SO
co"(tV; xK) 4xk  (tx+B+2)xk—k +a @+R—2)xk—R+a
03'(W- xK) 4 1-4 -k
(K= 142y veny n),
co"(tV; 1) 2F,, (D + 47X A AAR
o' (W: 1) () - -[=4=41r721>+1].
co"(IF; —1) n(n+ e+ /?2+1) i,
cn+l — 067(\7/\7/; _ Ty — Il+f3 ri.

4.48. By 4.4.1—4.4.7 we proved the p-normality. For proving (3.4) we have
to apply Theorem 2.3.

45 Proof of Theorem 3.2. 4.5.1. As we mentioned we have proved the state-
ment if ~(a, /0=Rn+.1/i+1) ([19]). Using similar considerations we sketch the
proof for another characteristic case, e.g. when SN(a, )= Wjl9%2Z[(+1).
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452. By (24), 444, (4.8) and 4.4.6 we get

(4.12)
VW R *)-1(%) = 2 TN | g fi- @A X — (<*%)] »
ri-X p(*+2,B+1)(x\ 12 11Y
+w ., -/W ]t -
i n(n+a+js+4) 11 11 a+2’i+1>(x)]2

Uebmmmm b3+ (LX) L 2ZHIDJ +

[—y\p((_(+*.P+1)(\/')12 »
P<SHTTT( n = =2 -+2-+ 2 .=
= A.(X)+ h,,.(x)+ /3,,(a).

453. Firstlet —"a, R*O. Onecan seethat now  2p+1>(/; X) is a positive
operator so

sup lIF<Z7+0)(/; x)-f(X)W\ = sup KA#-+»(W(.; X); X) ££ F,, M2 +:>(W),
/£C Xw) *£[-1.1]

where w(?; xX)=w ([i—x]|) (for the details see [19], 4.8.) By (4.11) it is easy to see
that for certain 0O

(4.12) FAt>ih)(w(-; y);y) = 0(1) msé%f w N (W ;%) X),

where |_ylal —en~2 and [an, £]=[— +cn~2\. —en-2]; so one can choose the
sequence pn=co&gn such that for the fixed 0O, cn~1"ch n*n —cn~1 moreover

]/(5+2|+1)(W('-Pl
454. One can prove
Lemma 4.2. We have for —1Sa, R*O
(4.13) ; Ps)s )~ h(P).

Indeed, let cn~1"p,,”n/2. Using the formulae (4.11); [1], (7.32.5), (8.9.2) and
[17] Lemmas 1, 2 we get as in [19], 4.8.2,

,/,-2«'5+4 W(\Xk- Pn\) fTeer s N
1.1 n A (Xk-p,,f Nevvsg-a -
[\ P 4/\] W(|Xt—pj) fC- .3 W(Sinz (*)I'I) f*H
X T (k+jf(k-jf ne  (#,F.. T

w(sinzio _ w@ine /O r .
VBN —c2 (ncb}f—a'i'a ~ *2\Fh)>

where xjn is the nearest root to pnand stands for i
]
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The remaining parts can be handled similarly, i.e. we proved (4.13) (for the
details see [19]).

455. Denote xff-B>by yk. Then by (4.11) and (4.13)
\VE&¥'R+1)(f; I= 0(\)h{pn =

o (1) I(Z:'lw(\xk— zn

%" \p T "P)(YK)(XK~P,,)

~ k2 w(\yk- z n\)vkj,,(HM )-
=1

= (1)(/£S&% No o« (/; X)-/(X)”-'-V\([\{Yl] =
=0 )8Ry N 2 (5 )/ = o(i)<? e

for a certain {z,=cos £} where —|=0(n-1). le., <H{..=0(G,). With
similar argument G,,=0(Fn+2) which proves our assertion if —1".a, 20O.

4.5.6. To complete our proof we state

Lemma 4.3. If ot"B" —I, 000 we have for arbitrary w(t)
(4.14) sup WSN(ct, B)(f; x)-/(x)]| ~ nA
fiCLw)

We proved (4.14) for HjR'®) and Bn+.1,+1) ([19], 4.8.5). The remaining cases can
be treated similarly.

46. Proof of Theorem 3.3. 4.6.1. Let

kzznl \f(xlo—f(x)\\hk(x)\J;nf V(()-/(F)[ KIWI = DN(f; x).

As in 453
IHAVCE; %Il = 0(1)\\DN(f; x)||[&,,M (n S nO0).

4.6.2. First let SN(a B)—Un+l or Wn+2

4.6.3. Now using (24), 4.4.5 and 4.4.7, we obtain for f*Cfco), as in [18]
and [19]

(4.15, 1> () =0 )L (I70) 4, (ITM )]25-+
+W(Sin2 9)[(U sin 3)_2*_3 + (n sin 9)"‘2|_3]+ (Sing )_zst“l /2_2 R_3 g 123+ +

+ (Sin6)-2A-1 N. 2a- 3 i2_|| Z+l\>= = o0 (|)£,V(W, X),
where x=cos 9 (en_:" s N r—en~r), y=max(a, B, —0.5).
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By (4.15) we obtain
(4.16) ||Sw(a, BHf;x)-f(x)\\laM =o(l) if -15<a B<0, [a-j?]< 1

4.6.4. For the remaining cases we shall apply Theorem 2.2. Again by (4.15)
we get

(4.17) HS*(a, B)(f\*)-/(*)'£a,0]= 0(1) if -1.5Sal< 0, l|a-/?| " 1,

from where one can get (2.8). So we have to prove (2.9). To get this, we suppose
only —1.5Sa, /?<0. First remark that for Un+l

_ Y n(a+2,o)/y) I,
[~ kpy+W (®)px=xKy (1- fcs ™

and
" e +MW hx
§oW — (X 1) p(sl+2,/DHn
As above, one can suppose cn cn 1 By the formulae of [1] we get
fQ2Q-2a-5
o (1) nerids = 0(n~2 if cn-1—" —n/2,
[So(*)I =
N o2+ =o(n 1 if n/279 Wn—cn x

For the remaining terms we get, using also [1] and the previous arguments, if
cn~1=9/n/2

Q—2a—1 I un L2a+3 rr‘ n £20+3
ZAPKON=0()— 7 WS n,... ifejiifcji + 1 " A TT
2o+ 2a—1 7 [ji2) 3 N 2a+3 Mea+1lra-d n
i +3 + I , ) _ I n J V- 1-20+3
“ L \k+ j\\k-j\ coars =i J
e 2a-l

=, (i , N - _ — gy n2a+2|_|_j-2a-In2aj _ o(l)5
Ofr + et Uy |
where, as usual, x”*xJt,, so 3%/n x On the other hand, for k/2 —cn \
as above,
-20-1 I n £20+3
o [&17>+% \k+j\k-jT =i a4 = 00D,

which can be obtained as above. So we proved (2.9) for SN=Un+1 Similar argu-
ments hold for W,, ,.
4.6.,5. Now let e.g., SN=V,+1l. By (4.11) we obtain, as at (4.16) and (4.17)

fo(l) if —l5<a 7<0, [a—f?|<1,
418)  |/L.(M)|+H/.»(@)I={0(1) if _L5Sa)® 0, Ja—fS 1

» 1 bl 1 = 0(1)-
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If -1.5 a,/?<., |[a—/»1<» we obtain

o (1) me2 o) if x Wb,
(4.19) __tsin <T>-20-3 _

0(1) w(sins 9) n-r’ll‘\ +2 =o(l) if x"O,
which, by (4.18) gives the desired result. On the other hand, by (4.19)
(4.20) /3, () = 0(1) if -1.5s a, 8~ 0, \a-B\*\.

Remarking that (2.9) can be verified as in 4.6.4, we obtain our statement. (The
“exceptional cases”, eg. a= —1, B=0, can be handled as in [19]. We omit

the details.)

47. Proof of Theorem 3.4. 4.7.1. First let x=R—0. With /(X)= I-x and
2z,,=x1+x0 we have, as in [1], (14.6)

oS0,0)(/; 2,)~ + >/(2,) -\
472. By usual argument we get
2K \K(zn\ » cn2* (a ~» 0)

(see, eg., [1], 14.6), i.e., by 4.7.1 and 4.7.2 we settled the cases max (a, )"0
(see the arguments of [19], 4.7).

4.7.3. Suppose e.g. a-=—15. Then by usual argument we have with 2s,,=
—xInliN+xInlt\+i  that

I*i(s,,)) ~ n-2¢-3 for Rntl and Q,+2
o)l ~ n-2.. 5 for UntlLVn2 and W,+2,

which tend to infinity with n.
4.74. Finally let .5%a, <0 and, e.g.,, a—yS=l. We obtain

2 \hk(z,)\ ~ n2(x B- 1\
which completes the proof.
4.8. Proof of theorem 3.5. 4.8.1. Let, €.0. SN=Vn+2. By (415) and (419)
(4.21) BN(fV; W; X) = BN(V; W; X) = CNX) (errl n—cn_1),

further, as above

PW ;x| = 0(Hu()IIRMw;x)ll[ah]
whenever fEC(w) (for any SN), i.e., by (4.21)
(4.22) L(a,/2)(/; x)-I(xX)]| = 0(De()||CMX)|[[emW if/€C(w).
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4.8.2. By the argument used in [19] we can prove that for any fixed sequence
e, (0<e,tj<e,, lime,=0) there exist a function f1(x)EC1(w) and a sequence

{n}c {4} such that

(4.23) W 2B+ AN *)-/i(*)1 a c(fj)en\BN(V; w; xX\WUyi (n =nu n2, ...).
Similarly, for any fixed &, (O<ewu+ <g,, Il'#{gnmen=0) there exist a function /. (x)£
s Q(w) and a sequence {«}c {} such that

(4.24) "+»(/,; *)-1a@e)l S c(/)<2,)|F*CK; w; X)|[[evh,; (n=N1,, 2, ...).

(Indeed, obviously one can choose the term FN(x) from BN(w; x) such that

(see (4-15))- Now, again by (4.15), we can find a fixed
point x*i[a,,, bn] such that ~ ( 1*)~u"A(T)u[a,b,J- F°r this x* we apply the argu-
ments of [19], 4.3 and 4.7 to obtain (4.23) and (4.24)).

4.8.3. By (4.22)—4.24) we obtain (3.9).
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GEWISSE ABSCHATZUNGEN UBER BESCHRANKTE
ORTHONORMIERTE SYSTEME

Von
K. TANDORI (Szeged), Mitglied der Akademie

1 Es sei I*iT"hoo. Mit Q(K) bezeichnen wir die Klasse der im Intervall
(0, 1) orthonormierten Funktionensysteme @={<p,(X)}~ mit

\(E..0N K (n6(0,1); n= 1,2, ..).

(Im Falle K=°° ist Q(K) die Klasse aller im Intervall (0, 1) orthonormierten
Systeme.)
Fir eine reelle Zahlenfolge a= {c/,}J setzen wir

\a; K\ = 1/ f SB .. +aj @ (x)\2dx.
g ISIS]

Auf Grund der Definition von | e; K|| ist klar, da firr jede Folge a

lla; 1 & Jla; KJ ~ Jla; K2 S |la; HI (1 < Kr< K2<=°)
besteht.
Fir beliebige natirliche Zahlen N”~M setzen wir

a(N, )= {0, ..., 0, aN,aN+1, ...},
a(N,M) ={0, ..., 0, aN, 0, ..}
Fir jede Folge a und fir jede natiirliche Zahl N<M qgilt
Wa(N,M);K\W\er, KWW (1
Weiterhin, fur jede Folge a besteht
Wa(\,N)- K\W\a- K\ (IV1I=£*S~);
es gilt auch die Dreiecksungleichung
lle+b; K\ ~ |la; K]|+ |h; K\ (1S K S«>).
In [5] haben wir den folgenden Satz gezeigt.
Satz A. Es sei 1 Fir jede Folge a sind die Relationen
Nl_i+m” A (A, =0);, AT = 0, N!im lle(V, «); +| =0
aquivalent.
2. In dieser Note werden wir zuerst die folgende Behauptung zeigen.
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86 K. TANDORI

satz |. Firjede Zahl K gibt es eine nur von K abhangige positive
Zahl C(K) derart, dai
lle; 1 "C(K)W\a-K\\
fir jede Folge a qilt.

Durch Anwendung der bekannten Abschatzungen in den Arbeiten [2], [3], [4]
bekommen wir die folgenden Abschétzungen.

Folgerungen. 1 Ist |a.1|ee|a(|e, dann gllt
,1/2

lla; ] s: Q ja?+ = u.log. /i}

mit einer positiven Konstante Cx.
2. Fur jede Folge a besteht

lla; 4= q {1f:2ﬂ”' g+ aA+fQ'F+ J}
mit einer positiven Konstante C2, wobei

logx, fur logx~ 1,

log+x =
g . sonst

bedeutet.
3. Fur eine Folge a sei

5= W I+K1+17 22 1O 2iog2w, a€/2,

v=0 N=2v+1

sonst,

wobei {a*}~ eine im absoluten Betrage monoton abnehmende Anordnung der
Folge a={a,}J° bezeichnet. Fir jede Folge a gilt

suplla; 1 C3S

mit einer positiven Konstante C3, wobei sup das Supremum fiir jede Anordnung
der Folge a={an}* bedeutet.
Beweis des Satzes |. Den Satz | werden wir ,ad Absurdum® beweisen. Es

sei K (1<f<») eine Zahl. Gilt der Satz | nicht, dann gibt es flr jede natlrliche
Zahl m eine Folge u(m= {a'm}f mit

) oG ] W= U i o
Nach obigem folgt aus (1), daB flr jeden Index m eine natirliche Zahl Nm mit
) la<n@>Nn); 11 = Lp<-)(1, NJi K\Wm.

existiert. Ohne Beschrankung der Allgemeinheit kdnnen wir

3 llom(l, NJI Ajj =1

annehmen.
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Wir setzen
N T (=1 Nmm= 12 ).

Fir die so definierte Folge {A}* gilt fur jede natirliche Zahl N mit Nr+ ... +Nm
<NA.Nt+...+NnmoH die Abschatzung

[h(Aj 00! 1] — 2 vb(Nm+1,Nm+1); 1|8 2 + =o(-4
m=mO0 m=mO0 «7 V7o'
auf Grund von (2) und (3). Daraus folgt
(4) LLin [b2V;, oo); 1| = 0.
Es sei N eine natlrliche Zahl und m ein solcher Index, fiir welchen N<Nt+ ... +Nm
gilt. Dann ist nach obigem und nach (3)
Ib(A, < KWM\b(N1+ ... +Nm+\,N1+.. .+ NmD); K\ -

_ = |laMm(lL,AmD; ATl = .,
woraus sich
() fim [[b(A, -); K| * 0
ergibt.

(4) und (5) widersprechen aber dem Satz A.
3. In der Arbeit [1] haben wir bewiesen, daR im Falle
() e ™ My (n=1,.,...)

die Ungleichung
lc; HI = Ad; HI

besteht. Weiterhin haben wir in [2] gezeigt, dal im Falle (s)

@ llc; K| ~ = -A-pHd; Al (: <K<~)

gilt.
In dieser Note werden wir noch folgendes zeigen.

Satz Il. Es gibt eine positive Konstante C derart, dalR im Falle (6)
\\c-KWACWd-KW

gilt.
Beweis des Satzes Il. Wir zeigen erstens, dal mit einer positiven Konstante Cx
) llc; (] SCI* «] (¢S \d\, n=1,.,..)
besteht.
Im entgegengesetzten Falle gibt es Folgen c{m)= {c,,(m)}f, d(m) = {i/,,(m)}~ mit
lc,(m)] & [d,,(m)] (N =1,2,...; M=1,2,..),
lic(m); ] me|lZ/(m); .| (m=1,.,..).
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Dann gibt es eine natiirliche Zahl Nm mit

9 {c,(mK4 I € m2\{dn(m)}*; i]] (m=1,2,...).
Ohne Beschréankung der Allgemeinheit kénnen wir
(10) \d,,(mPn,; U = I¥m2 (m=.,.,...)
voraussetzen.

Es seien

+Hvit..+Hm:  c,(m) (? ., ...,Nm in .,.,..),
N Mt = dn(m) (n=a, o Nmpm= s,
Nach obigem gilt fir Nt+..+Nm*NAN 1+ ... +N,, 01

ld(n,~); HA T HpBeifiife:i; HA Locn o g
woraus

(11) lim D2V, «); =0
folgt.

Es sei £>0 beliebig vorgegeben. Dann gibt es ein orthonormiertes System
<pi(X), ...,(pNM(x) aus Q(2), fur welches

02) /1 [c/(m)e)j(x)+...+cI(M)(pd(x)|2dx * [{c,(DFA; 1.—£
gilt. Wir setzen

0, 1/2),
Cb,,(X)z _/ C (m)m H"JAm)

Es ist Kklar, daB {i/',(x)}} ™iR(/2). Weiterhin gilt

HRCHIA Vees: £ max  [ot(m)di(x)+ ...+ dimW3e)| dxl 82

12

8 2f \d (M) (pi(2X) +...+Cj(m) (pj (2x)\2dx =

= 1 ISTEEN i) i)+ mmmecimyipdoorzds o [, (m)}H- 112_¢

auf Grund von (12), woraus sich
HK(™)}4 )2l £ en(m}¥imH (™= 1,2,..)
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ergibt. Daraus und aus (9), (10) folgt
HKMKY JIS: (Mm=1,:,..).
Nach obigem erhalten wir daraus
lim |2, oo 2] * 0.
Auf Grund des Satzes A bekommen wir
Jim IE>(A 00y 1w o,

was (11) widerspricht. Damit haben wir (s) bewiesen.

89

Den Satz Il werden wir auch ,,ad Absurdum® zeigen. Ist der Satz Il nicht
richtig, dann gibt es — auf Grund von (7) und (:) — Zahlen 1<..<Knx...

...-CAijCoo und Folgen {c,, (M}~ {7, (M} mit
Ic,(m)] S \dn(m\ (N=1,.,...; Mm=1,.,..),
lc(m); KJ > me||d(m); KJ (m =12, ..).
Nach obigem gibt es Indizes Nmmit

(13) I{c,(m}i4 KJ  mJiddm)}»-- KI (m=12 ..).
Ohne Beschrankung der Allgemeinheit kdnnen wir
14 HKWwW)}mKJ =1/m (m=12..)

voraussetzen. Es sei
C,+vl+..+vmH = c,(m) (n =1, m=1,2,...),
DNi+. +ANmH=dn(m) (M= 1, -,Nm m=1,2,...).
Flr NiI+...+Nnm<NAN1+...+NnmoHl erhalten wir

IDiV; oo); . ||
7 1 HH + +1 H H . +Vm'|'l - - . =
amlnﬂllM” +Nﬁ'ﬁ'1>}\ rn|:na|”\/| It: +Vmea, *J = 2 , =0
auf Grund von (14); woraus sich
(15) NIi%HD(IV,oo); =0

ergibt.
Ferner folgt auf Grund von (13) und (14) nach obigem

lim IQTV, ~); K\ A lim [{c,(m)}i4 A S 1

Nach dem Satz | erhalten wir daraus:

(16) NIi_ngo [ICHV, o0); Iy * o,
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und nach (s), (15), wegen \C,\M\Dn\ (a=1, 2, °°) bekommen wir
Jim 106V, -); 1 = 0,

was (16) widerspricht.
Damit haben wir auch den Satz Il bewiesen.
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ON /-REPRESENTATION OF REAL NUMBERS

By
M. L. MEHTA (Gif-sur-Yvette)

Introduction

Bissinger [1], Everette [2], Reényi [3] and others have considered representing
a real number x by a finite or infinite sequence of digits called the ‘/-expansion”
of x,

0.) X = f+/(ei, €2, £, m = Eo+/(£i+/(e+/(es+ woo)))e

The “digits” Ej=£j(x) and the “remainders” r,(x), j=0, 1,2, ... are obtained
by iterations of a positive monotone function /(x) taking values from 0 to 1,

i foW = [x], ro(x) = (x),
LEJHX) = [<p(rOx))], r+1(x) = (i) (=012 ..),

where [z] denotes the integral part and (z) the fractional part of a real number z,
while x —(p(y) is the inverse function of y=f(x). If for some n, r,,=0, then by
definition rn+k=0, all k>0, and x is represented by the finite sequence

(0.3) x = BXF{EL €2, ....£,) = E0+/(fii+/(e2-I-... +/(e,)...)).

The representation (0.1) or (0.3) reduces for f(x)=x/q, q an integer S2, to the
<-adic expansion x = " EjgK and for /(x)=1/x to the continued fraction
J

expansion.

Given the numbers as sequences of integers ex, €2, a criteria is given to
recognize their relative magnitudes.

To this mode of representing real numbers is associated a transformation of
the interval (0, 1) to itself,

[(elyA>E£3 *M  1(£2ycs, *-9)
or

(0.4) Tx = {(p(x))-

Under certain conditions on /(x), there is a measure invariant under this trans-
formation; we derive an equation convenient for its numerical evaluation. The
case /(x)=(I+x)¥m—L is treated as an example.
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1. Uniqueness of /-expansions

Let fix') satisfy the following conditions.

(L1 /(0) =0,

(1.2) f{x) is positive, continuous and strictly increasing for fix)—1,
where 1 . 1f X is finite, it is an integer, X=°° means lim/(x)=1

(1.3) /(*i)-/(*9l < \xi-x2A for 0Srj< x2

Then Reényi [3] showed that every real number X, 0~x< 1, has a representation
(0.1) with 07Sj~=X, _/>0.

In case X is a finite integer, a tail of recurring X —1 can be eliminated. In
other words, if for some fixed j, Ej*X—1, while eJ+*=0 for every 0, then
because

fix-1,X-1, ) =f{X-\+fiX-\+..))= 1

one has
(1.4) /fc, ..., £,,2-1, A -1, ..)=/(els ....,£,+1,0,0, ..).
Except for this ambiguity, the representation of x by the integers el5 €2, ..., is unique.
Also any sequence of positive integers €l,s2, ..., 07Sj<X, represents a unique
number X, 1 In particular, for any infinite sequence of integers sle2, ...,
OSSj~X, limit of /(£], €2, ....£,) as exists and lies between 0 and 1

Next let fix) satisfy the conditions,
(1.5) /(1)=1,

(1.6) fix) is positive, continuous and strictly decreasing for 1 x~ X, f(X)=0,
where 2<Js<=°. If X is finite, it is an integer; X=°° means I|m /(x)=0.

2.7) /(xD-/(x9|<|x1-x Afor lari<rj and i/(xd-/(xI]<A [xj-Xal, 0</< 1,
if 1+/(2)<ij< x2.

Then Reényi [3] also showed that every real number x has a representation (0.1),
with 0"Ej<X for j>0, § integer, and if some £,—0, 0, then sj+k=0 for
every k=>0.
This representation is unique provided that if £e=0, 1, then £¢!+1
This is necessary, because
/(1,0,0,...)=/(H)= 1
and therefore

(1.8) I(EY,...£;, 1,0,0, ...)=/(«!,.-,£j+1, 0,0,0,...).

Also any sequence of integers £,, €2, ..., represents a unique number X,
0Sx<I, provided that IS£j-<I for non-zero £m if £,=0, then £,#c=0 for
every &>0; and if £/=0, j> 1, then £, ..+]. In particular, for any infinite
sequence of integers £x, £2, ..., 1" £, «X, the limit of /(£i,£2, ...,£,) as n—>°
exists and lies between 0 and 1

If X appearing in conditions (1.2) or (1.6) is finite but not an integer, then
a sequence of integers e, , €2, ... (with O-"Ej*X for increasing fix), or I"£,cT,
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0; §j=0-*sJ+k=0, k>0, for decreasing / (X)) does not necessarily correspond
to a real number x. An interesting example is f(x)=x/B, /i> 1, B not an integer,
studied in detail by Rényi [3] and Parry [4].

If the conditions (1.3) or (1.7) on the slope of /(x) is not satisfied, then the
correspondance between x and its “representation” s0+f(sl,e2,e3, ...) determined
by (0.1), (0.2) may not be one to one. An interesting example due to Everett [2] is

x/4, 0N xadil
(1.9) fix) = X—1L 4/3 68 x S 5/3
(x+1)/4, 5/37 x =3

4y, Osys 1/3
(1.10 D) = Y+1, 1/3SyS2/3
4y —1, 2/3 L.

Any number x with 4/37xs5/3 has the /-expansion x=/(I, 1, 1, ...).

2. Ordering of numbers and ordering of sequences

Let (al?a2, ...) and (bl,b2, ...) be finite or infinite sequences of non-negative
integers. If they are of unequal lengths, we complete the smaller one by a
number of zeros.

Let /(x) satisfy conditions (1.1), (1.2) and (1.3). Let (al5 a2, ...) and (bt, b2 ...)
be two sequences of integers with 0%aj<X, 0S 3 <X, and neither of them has
a tail of recurring X—I. Let a=f(al,a2, ...) and b—{bx,b2, ...). Then a is
greater (less) than b if the first non-zero integer in the sequence al—bl, a2—bh2,
a3—h3, ... is positive (negative).

Proof, (i) If a sequence of integers (ele2 ..), O does not have a
tail of recurring X—I, then from the uniqueness of the /-expansion one has
0=/(el?e2, ...)= (x)<I.

(i) If for some «si, an>bn, then X>an+f(an+l, an+2, ...)la,,"b,,+1>
>b,,+f(bn+l, b,,+2, ...)s0. If «si and a~bj for 1Sy'<«, then as /(x) is
strictly increasing between 0 and X, we get step by step for /=«,«—1, .... ],
f(flj,aj+1, ...)>f(bj,bj+I, ...). Q. e d.

Next let /(x) satisfy conditions (1.5), (1.6) and (1.7). Let (a!,a2>- ,4,) be
a finite or infinite sequence of integers with 17cij<X j—1,2, ...,«, an?+\. Similarly
for the sequence of integers (bt b2, ,bm. Let a=f(alta2 ..., a,) and
b—f(b1,b2 ...,bm). Without loss of generality one may assume «5m. Then a
is greater (less) than b if the first nonzero integer in the sequence bl—al, a2—h2,
b3—a3,a4—&4, ..., (-) mam-b nj, (-) mam+l is positive (negative).

The proof depends on the uniqueness of the /-expansion, so that
0</(a#alH, ..)-=I, if 1Scij, aJ+l, ... <X. As /(x) is strictly decreasing in
(1,2f), one has f(aj, aJ+l, ...)>f{bj, bJ+1, ...), if a”bj. A recurrence on |j
then completes the proof.
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Whether / (X) is increasing or decreasing and satisfies the corresponding con-
ditions in section 1 above for the uniqueness of /-expansions, then the set of
numbers with finite sequences, i.e. x=f(ele2, ...,.£,), are everywhere dense on (0, 1).

Actually any number x, 0”x< 1 has a unique representation x=f (el, €2, ...).
If for some y and every 0, eJ+k=0, then x has a finite sequence. If not, choose
X,,=f(s1,B2, so that x,, has a finite sequence and lim x,,=x.

3. Ergodicity of /-expansions and the invariant measure

Let f{x) satisfy either the conditions (1.1), (1.2) and (1.3) or the conditions
(1.5), (1.6) and (1.7). Then fix) is absolutely continuous and almost everywhere
differentiable. To an /-expansion one may associate a mapping of the interval
(0, 1) on itself as follows:

(3.1) Tx = (cp(X)), O&r<I

where y=cp(x) is the function inverse to x=f(y) and the extra bracket means
the fractional part of (p(xX). To make sure that this mapping T is ergodic and has
an invariant measure, one assumes some extra conditions on fix).

Write

(3.2) Drix, t) = A/(fi/x), €2X), ..., £,()+ /),

whenever e,,(x) is defined. Let in addition fix) satisfy the condition

(3.3) Sup \D,,ix, 0] & C Inf \D,,ix,t)\,
03/S1 0S1S1
where the constant 1 does not depend neither on x nor on n. Then Rényi [3]

showed that there exists an integrable density hix) invariant under the mapping
Tx of (0, 1) on itself, satisfying the inequalities

(3.4) =h(x)=L, 08 jes 1

Also for any function a(x) integrable on (0, 1) and for almost all z, one has

(3.5) F%%k%mﬁkz) = Mia) = Jf”a(x)h(x) dx,

where M(a) is a finite constant, and Tkz is defined by the recursion Tkz=TiTk~xz)
along with equation (3.1).

This theorem of Rényi assures us of the existence of /r(x), but unfortunately
does not give any hint of how to find it. One may write an equation for A(X), or
still better for the integral of /r(x), as follows.

For a given x, O~x”I, there are several solutions of x= (yp(s), OSySI.
Let them be jy, y'=0, 1, ..., X—1. In other words x+j=(piyf), or yj=fix+j),
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j=0, 1, As h(x) is invariant, we have
(3.6 \h(x)dx\ = 92 \h(yj)dyj\,
=0
or
37 Hx)= 2 \M'(x+j)\h(f(x+])),
9=0

where f'(x) is the derivative of f(x).

This equation is in general non-linear and its solution may not be trivial.
However, it can be simplified and put in a form suitable at least for a numerical
solution. In the rest of this section we take f(pc) to be an increasing function. For
decreasing f(x) the reasoning is almost the same with a few minor changes.

Put

38) h(x) = (P'(¥)g(cp(x)) or F(x)h(f(x)) = g(x),
in equation (3.7) to get
(3.9 (P'()9{(p(x))= 92=1 S(x+j)-
As g(x) is integrable on (0, X), we set
L
(310) 60 = J g a,

so that G(x) is continuous, almost everywhere differentiable and satisfies

(3.11) G(<p(x))= 92;0 {G(x+j)-G(j)}, 0Sr<I.
The boundary conditions are
(3.12) G0)=0 G{X)=1

As g(x)&0, G(x) is monotonous non-decreasing.

The right hand side of equation (3.11) refers to values of G(x) in disjoint intervals
(j, j +1) for /=0, 1,2, ..., X—I. A continuous solution may therefore be obtained
by choosing G(x) arbitrarily on the range (0, X) except for one interval, say (j, j+ 1),
on which it is then determined by equation (3.11). This situation does not mean
that the invariant measure is arbitrary to a large extent, since the G(x) so obtained
is not necessarily non-decreasing. The monotonic non-decreasing character of
G(x) surprisingly forces it to be almost unique as required by Rényi’s theorem.

To evaluate G(x) numerically, we start with a non-decreasing function, say
GO(x)=x/X, then calculate successively G,,(x) for n=1,2, ... by the equation

(3.13) Gn(x)= 2 {Gn-1(f(x)+})-Gn 1)}
j
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It is easy to verify that G, (x) satisfies (3.12) and is non-decreasing for every n.
Moreover, the limit of G,,(x) as n—°° exists and is independent of G0O(x),

(3.14) A G.(X) = G(x).
Actually, y
(3.15) Go(x)= f GOy)B(x-y)dy,
where a prime denotes the derivative and 0 is the step function, 0(x)=1 if x>0
while 0(x)=0 if x<0. As /(x) is strictly increasing in (O X),
(3.16) B(x-y) = 0(/(x)-/(y))
and the above equation may be written as
X
(3.17) GO(x)= f dyG'O(y)e(f(x) —2)

with z=/(y) or y=cp(z). Substituting (3.15) in (3.13) we get

(3.18) Gi(x) —f dy GU(y) J2 {e(f(x)+j-y)-6(j~y)} =

=0
X X

= [ dyG'OW {f(x)-y +[yD)= f dy GO(y)e(f(x) —T2),

where [y] is the integral part of y. In the last line we have used the fact, equation
(3.1), that Tz=(p(z) —cp{x)\=y—]y]. Iterating several times we get therefore,

(3.19) G,.{¥) = / dyGg(y)e(f(x) —Tnz),

with T"z defined recursively by Tnz=T(T"~12).
We can now take over Rényi’s arguments and show that for almost every
z the limit of e (f(x)—Tnz) exists,

(3.20) lim 0 (/(x)-rnz) = G(x),

and it is independent of z. From equations (3.19) and (3.20) we get (3.14).

We can assert a little more. If /(x) is convex from below then so is G(x). In
symbols, let 0<2<1, 0<x<X, 0-cy-=X and z=Ix+ (I —-A)y. If /(z)"2/(x)+
+ (1—=X)f(y) then G(z)sAG(x)+ (I —A)G(y).

To see this it will suffice to convince oneself that the convexity of G(x) is pre-
served through the iterations (3.13). In fact, as G,,_x(x) is non-decreasing and /(X)
is convex from below, one has

Gn-"m+j) " Gn_I[XfX)+ (L—A)/(y) +./).
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Now from the convexity of G, this last quantity is greater than or equal to
2G, 1(/(x)+y)+(I-A)G,,_1(/(y)+./). A summation over j gives then

GH(Z)AXGn(X)-'-(I_X)G”(X)

A numerical answer whose precision can be increased at will is next best to
an analytical answer. The later in some cases may even not be expressible in terms
of elementary functions.

4. Examples

A few examples follow.
Example 1 f(x)=x/q for OSxS?, where q is an integer greater than one.

Dn(x,t) = g~n h(x) =1, Go0) = x.

Example 2. f(x)= (q—x)/(q—1, for 1~x”"qg, where q is an integer greater
than two.
D,.(x, t) = (-)"(?-1)~", Ux) =1 GO)="
Example 3. f(x) =1/x, for

From the theory of continued fractions Dn{x, t) can be calculated (cf. Renyi [3],
pp. 487—488) and the constant C in equation (3.3) can be seen to be at most 4.

Therefore from equation (3.4), -i-sA(;c)-<4. Equation (3.10) reads

(41)

For this case h(x) is known from other sources (cf. Levy [5] and Denjoy [6]):
4.2 MO) = (In2) 10+1)-1, g(x) = (In2)-100+1)}-1.
Example 4. (Bolyai’s algorithm). /0)= (1+x)¥m—1, 0*x*2m—1, where m

is an integer greater than one. (Bolyai [7] considered the particular case of m=2))
Here again the constant C in equation (3.3) can be seen (see Reényi [3], pp. 487—488)

to be at most 2, and -*-S/i(x)S2. Equation (3.11) reads with a little simplification,

2n 2
43) &(xm) = j.zo’{9(><+j)~9(j+ D},
with
4.4) 0(1) = 0, Siem=1.

If we require 0(x) satisfying (4.3) and (4.4) to be only continuous, then as
noted in section 3 one may choose G{x) arbitrarily for example on 1*x"2m—1

7 Acta Mathematica Academiae Scientiarum Hungaricae 34, 190



98 M. L. MEHTA

Fig. 1 The function 'S(X) for /(x)=(l 1 The invariant density for the transformation
7n:=(1 +x)m—(L +jr)m] is ¥ (X1, T~ 1) where prime denotes differentiation, (a) the case w=2, (b)
the case m=3.

and determine it on 2m—-"xLLU2T by (4.3). However this will not be a mono-
tonous non-decreasing function in even if we choose it so in 1SxS2m 1

Iterations of equation (3.13) converge very rapidly. Numerical solutions for
the cases m=2 and m=3 are shown on Figures la and Ib. They are convex
from below as they should.

5. /l-expansions

In the discussion above we restricted ourselves to the case that the X appearing
in conditions (1.2) or (1.6), if finite, is an integer. One particular case not satisfying
this condition, namely f(x)=x/3, /?>1 B not an integer, has been extensively
studied (see [1]—4]). With this /(x) every real number x, 0Sr<I, is represented
as the “//-expansion”

£i(x) e2X
2
where ej(x), s2(x), ... are integers and OS£j(x)<B. The effect of non-integral

B is that not all possible sequences of integers less than 3 correspond to a number.
For the related transformation of the interval (0, 1) to itself, namely

Tx = (/be) = fractional part of RBx,
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Reényi [3] showed that an invariant measure h(x) exists, and if normalized

1
(52) Jhmdx = 1
n

it satisfies the inequalities
(53) l-!»/,(,)

Parry [4] derived for h(x) the equation,
X-\- i\
(5.4) BHx)= %Pk] (

equivalent to our (3.7) and used it to study some of its properties. However, the
overall constant F(R) naturally arising in his investigation has peculiar properties.
For example, F(R) is discontinuous on points belonging to an everywhere dense
set and it tends to °° as R—L

Our discussion in section 3 above does not require that every possible sequence
of integers should correspond to a number. So we can apply the same reasoning
to this particular case and determine the invariant measure h(x) numerically for
any given B. Equation (3.11) is now replaced by

{G(x+))-G()}, if 0”"x"B-[B],

m
2

(5.5) G(Bx) = JM‘Zi
2

=0

{G(x+j)-G(j)}+G(R)-G([R]\ if B-\R\SxSI

while (3.12) becomes
(5.6) G0)=0, GMR)=1

To get a numerical solution for G(x) we may again take a non-decreasing GO(x)
satisfying (5.6), but otherwise arbitrary, and determine Gn(x) successively for
n=1,2, ... by the equation

én{G'-xb+n-G.-l\/I)}, O s~"H /1]
i=0
g
IUZZ]O {Ga- 1(x+])-G,,-1(J)}+i-GL.Im , R~[R]" X

Gn(Rx) =

Since the normalization (5.6) is maintained through each iteration, it does not
cause any trouble as it did to Parry [4]. The convergence of Gn(x) as un-*«° is assur-
ed by the arguments of Renyi [3], H%Gn(x) = G(x). Again G(x) is convex from below.

As an example we give the graph of G(x) for =K on Figure 2. In the terminol-
ogy of Parry [4] n is not “/1-simple”, nor does it contain a recurring tail in its
“A-expansion” with B=n. Therefore (cf. [4], p. 304, corollary to Theorem 2). G(x)
does not consist of a finite number of straight line segments. However, it may
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Fig. 2. The function G(x) for f(x) = n/x, a= 3.1416. The invariant density for the transformation
Tx—nx—nx] is the derivative of G(x).

possibly have an infinite number of straight line segments of varying lengths and
this will be hard to recognize from the numerical values of G(X).

I am thankful to my colleagues, G. Baker, J. des Cloizeaux and Y. Pomeau
in particular, for many helpful discussions.
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ELATIONS OF GRAPHS

By
R. WEISS (Berlin)

Let I be an undirected graph with vertex set V and edge set E and lef G be
a subgroup of aut (I"). For each  V we denote by I" (x) the set of vertices adjacent
to x and by G(x)r(x) the permutation group induced ., the stabilizer G(x) . I x
on (x). For each Xx£V and each natural number i let G(x) = {a€_G\a"G(u) .'or
each  V with d(x, ii)=i}, where d(x,u) denotes the distance between x and u,
and Gi(x, y)=G,(x)r\Gi(y) for each y((F'(x).

In [2, (2.3)] Gardiner proved the following theorem, earlier versions of which
may be attributed t0 Thompson [5] and Wierandat [7, (6.6)]; see also [4, (2.1)].

Theorem 1 Let I be a connected, finite, undirected graph with vertex set V,
{x, y} an edge of ' and G a subgroup of aut (I") acting transitively on V such that
G()I(x™ is primitive. Then \Gfx, y)\ is divisible by at most one prime.

In this paper we prove the following generalization of Theorem 1:

Theorem 2. Let [ be a connected, finite, undirected graph, (a,y} an edge of
I" and G a subgroup of aut (I") such that G(u)r (U) is primitivefor u=x andy. Let n
be the set of primes dividing \Gfix, y)|. Then either [j=1 or there exists a p0 n
such thatfor either u=x and v=y or u=y and v~x, Op(Cr(x, y))"Gfu), G.fv)
is a p-group and G2(v)=G3(v).

We recall that Op(Gl(x, y)) denotes the intersection of all the normal sub-
groups of Gfx, y) of index a power ofp.

Our proof of Theorem 2 is completely elementary and self-contained. Note
that Theorem 2 asserts that if [d4|>1 then Gfv) but not G2(u) is a p-group
and so G acts intransitively on V; thus Theorem 2 is in fact a generalization of
Theorem 1 To show that |n|=-1 can actually occur, we take any graph A with
a vertex-transitive automorphism group G such that for each vertex x, G(x)A)
is primitive and |Gx(x)| divisible by more than one prime (for instance, the incidence
graph of the projective plane PG{2, g) with 2) and let I be the graph obtained
from A by inserting a new vertex at the midpoint of each edge of A. Then the pair
(T, G) fulfils the hypotheses of Theorem 2 with \n\>\. Unfortunately, | do not
know of any examples without vertices of valency two.

If we let ' be the incidence graph of a projective plane S? and G=aut(r),
then the nontrivial elements of the subgroups Gfx,y), {x, y} E, are precisely
the elations of 3P. Thus Theorems 1 and 2 are related to the result [3, (1.3)]; in
particular, when I is an arbitrary undirected graph, it seems natural to refer to
the nontrivial elements of the subgroups Gx(x, y) where G=aut (I and {x,y}£E
as elations of T.
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Theorem 2 should play a role in the study of locally transitive graphs (see
[1], [6]) where it is not assumed that G acts transitively on V.

We begin the proof. Let (I', G) be a pair fulfilling the hypotheses of Theorem 2
and let K=(G(x), G(y)). For each wEV let V(w)={z£ V\d(w, z) is even}. We
claim the K acts transitively on E, V(x) and F(y); in particular, K acts transitively
on Vif I' is not bipartite. To see this, let (x0, xIt x2, ..., xs) be an arbitrary path
in I with x0=x, xx=y and s even. There exists an element al(iG(x) mapping
x0to x2. Thus G(x9=ctilG(x0al*K and so K(x2 contains an element a2mapping
xx to x3. Continuing, we obtain elements ai£K(xt) for i—3, ..., s—1 mapping
xf ! to xi+L Letting a=al..a, 1 we have (x)a=xs and (y)a=xs"1l. Since
I is connected, the claim follows.

Let H=G(x,y) where G(X, y)=G(X)C\G(y). We may assume H?+1 Let
A be a minimal normal subgroup of H. Suppose A Gx(x). Choose a vertex
rer(x) and an element aEA not in G(z). Since Gx(x) <[//, we have AC\G1(x)=I
and thus [A, Gj(x)]=1. In particular, [a G\(X)]=1 so that G,{z)=a~iG2{z)a=
=G2(z)a) and hence G2(z) "(G(X, 2), G(X, (2)a)). Since ¢ GCx(X), G(X)r is
not regular. Since G(X)r(x> is primitive, it follows that (G(x, z), G(x, (2)a)) = G(X).
Thus G2(z) <I(G(x), G(z)). Since (G(x), G(z)) acts transitively on E, G2(z)=I
and thus G2(y)=I. Since [a Gx(X, 2)]*[A, G1(¥)]=1 we also have Gx(x, z)=
=Gj(x, (z)a) and thus G,(x, z) < (G(X, 2), G(X, (2)a))=G(x); it follows that
Gj(x, y)*"G2(x) (and in fact Gx(x,y)=Gz(x)). Thus A”*G\(x) implies that G
fulfils the conclusions of Theorem 2 with u=x and v=y. We may therefore
assume that AMG x(x) and similarly A~G x(y) for every minimal normal sub-
group A of H.

Let A be a minimal normal subgroup of H and B a minimal normal subgroup
of Gx(X) contained in A. Let B*=(h~1Bh\h£H). Then B**A and B*<H; thus

*=A. Since each h~1Bh is a minimal normal subgroup of Gj(x), it follows that
A=B*"soc (Gx(x)) where soc(G1(x)) denotes the subgroup of Gx(X) generated
by all the minimal normal subgroups of G(x). Thus soc {H)LUsoc (GxX)). Similarly,
soc (/1) =soc (Gj(y)).

If soc (Gx(x))=:soc (#) = soc (Gx(y)), then soc (H) <l (G(X), G(y)) and thus
soc (H)=1 Hence we conclude that soc (H)i soc (Gt(w)) for w=x or vy.
Let B be a minimal normal subgroup of Gx(w) not contained in soc(#). Let A
be a minimal normal subgroup of H contained in B*=(h~1Bh\h£H). Since B is
minimal, either IMN5=1 or B"A. Since, however, A*soc(f/) and B”soc(li),
we must have AMNB=1 and thus [A B\=1 Hence 1=A_1[N, B]h=[A, h~1Bh]
for each hEH and so [A B*]=1 Since A*B*, A is abelian. Since A is a minimal
normal subgroup, \A\must be a power of some p£n. In particular, Op(H)?+ 1 where
Op(H) denotes the subgroup of H generated by all the normal subgroups of H
of order a power ofp.

If Op(H)"Gx{x,y), then Op(Gx(x))=0P(H)=0p(Gx(y)) and thus Op(H) <
<(G(x), G(y)). Since Op(H)” 1, we conclude that Op(H)"G x(u) with u=x
or y. Choose a vertex re€l(n) and an element aEOp(H) not in G(z). Let
M=0p(G2(z)) or Op(Gx(u, z)) and set N=a~1Ma. Then N <mjx(u) and MN/N
is a subgroup of (MOp(H)r)G1(u))/N. Since Op(M)=M and \MOp(H)\/AN\ is
a power of p, it follows that M=N. Thus M <(G(w, z), G(w, (z)a)). Since
Op(H)"G x(u), G(u)r~y is not regular and hence (G(u, z), G(u, (z)a)) =G(u). There-
fore Op(G2(2)) <\G(u) and Op{Gx(u,z))*G{u). In particular, if Op(H)"G x(w)
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for w=x and y then Op(Gl(x,Y)) <{G(x), G(y)) and thus Op(Gl(x,y))=1
Hence we may assume that Op(H)"G1(v) for vE{x,y}, v*u. Since Op(GHuy, 2)) 4_
<3G(U), Op(Gl(u, 2))s Gj(k). Since Op(G2(2)) <G(u), we have Op(G2(2))

<i_(G(u), G(2)) and hence Op(GAz))—. Let z~ffz) and z2*r(z)—{z} be ar-
bitrary. Since G2(z) » G1(z) ~*Gfo, z2 and G2(z) is a p-group, we have G2(z)"
NO p(G(zIf z2). Since Op(G(zl,z9)s G!(z2, G2(z)a G!(z2 and thus G2(z) = G3z).
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ON THE MEASURABLE SOLUTION
OF A FUNCTIONAL EQUATION ARISING
IN INFORMATION THEORY

By
Z. DAROCZY and A. JARAI (Debrecen)

8 1. Introduction

In the characterization problems of the measure of information the following
concepts are well-known and play an important role (see J. Aczél and Z. D aréczy
[2]). Let

rne={(Pi,P2, M F=>jkPi=1}
denote the set of discrete probability distributions consisting of N numbers and let

(1.1) li —R (n=2,3,..)

be a sequence of unknown functions, where R denotes the set of real numbers. We
say that the sequence (1.1) has the SUMpProperty if there exists a function /: [0, 1]—R
such that

(1-2) 1,(Pi, p2, mmR) = 27(A)

for every (Pi,p2, ..., P, )KMand 1= 2,3,__ In this case the function f: [0, 1]—R
is said to be the generating function of the sequence {/.} having the sum property.
Let K2 and 1=2 be fixed natural numbers. The sequence (1.1) is said to be

(k, 1-additive if for every (Pr,p2 ..., pREMkand (QIt 02, ..., ~)£r, we have
3 IKIiPIQi emetPit\ P. Y meeiPXQI| oo’ Pidit seomeHcdi) =
= h(Pi, — Pk)+iMi,
T. W. Chaundy and J. B. McLeod [3] have proved the following result: If
In:r,,-+R (n=2, 3, ...) has the sum property with the continuous generating func-

tion /: [0, 11->-R and it is (K, /(-additive for every K2 and 1=2, then there
exists c€R such that

(1.4) L(Pi,p2, ...,p,) = cHNn(pl,p2, ... ,pn)
holds for every (plfp2, ...,pRelln (n=2,3, ...). Here

n
(15) HA(Pi,Pi, -,Pn)-=- 2_Pil°g2Pi
is the Shannon entropy of the distribution (pr,p2, ... ,P,,)EFM(Q1og20:=0).

J. Aczél and Z. Daréczy [1] have shown that the preceding theorem remains
valid supposing only (K, k)-additivity for each K”™2. A further reduction of the
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106 Z. DAROCZY AND A. JARAI

conditions can be found in [4]. In this respect the strongest result obtained up to
the present is the following one (see Z. Daroczy [6] and J. Aczél—Z. D aréczy [2)):
If /,: I,—R («=2,3, ..) has the sum property and it is (2, 3)-additive with the
measurable generating function /: [0, ]—R satisfying /(1)=0, then (1.4) holds
for every (pLp2, ...,pNETN(n=2, 3, ..).

The following natural question seems not to have been investigated: What
can we say about the (2, 2)-additive sequences /,: I',—R having the sum pro-
perty if the generating function has some additional property? In this paper this
problem is completely solved in case of measurable generating function. In our
investigations we rely on the method of A. Jarai worked out in [9] and [10] which
is very useful in solving problems connected with other functional equations.

82 A general functional equation

Let X be a nonvoid set and (Y, 3 m) a finite measure space. Let A denote
the class of all sets DczXxY for which inf m(Dx)>0 where

Dx:= {y: y€Y, (x,y)ED}

is measurable for every x£X.

Let DfA be fixed and let E(D) denote the set of functions g: D-*Y with
the following property: for every e>0 there exists <5>0 such that E£d$ and
m(E)<6 imply

Eigm={y: yeDXx, g(x,y)EE}e@

and T{Ef))<E for every xEX.
The next result plays a fundamental role in our investigations.

Lemma 1 Let DEA and (D) (i=1,2, ..., n). Then there exists a <5>0
such that EfaS and m(E)<S imply that

, CDEM

for every xE X, where CAB denotes the complement of the set with respect
to the set A

Proof. Let e:—infw(Z)¥X>0. Then gfT(D) implies the existence of a

<550 for which EA"£0t and m(E”eA)"e/n whenever E£34j, m(E)<0, x£X
(/=1,2, ...,n). Suppose, that there exists xOfX such that

n

Then
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ON THE MEASURABLE SOLUTION OF A FUNCTIONAL EQUATION 107

implies that
\ n 0

E \~2m <n—=e¢e
> 1=

= i=l n

which is a contradiction.

Theorem 1. Let DfA, gfr(D) and a,€R (/'=1,2, ..., n). Suppose that the
functions F: X—R and f: R satisfy the functional equation
(2.9 FO) =2 aj[gi(x, y\

for every (x, V¥€D. Iff is measurable on the set Y, then F is bounded on the set X.

Proof. By the measurability of /
nlrim m{y: yEY, \f(y)\ > k) = 0.
Let (5>0 chosen as in Lemma 1 Then there exists K>0 for which the set
E:={y: y£Y, |/00| > K)
is measurable and 5 By Lemma 1 for every Xx£X there exists
YX£E_=)I CDxEMt\ that is yxdCDEK (/=1,2, ..., wW). As

CDxEfeh = CDly: yfDx, gfx,y)EE} = fmyfDx, gfx,y)"E) =
={¥-YEE>x, W[g/("D)]I ™ K} (I'= 12 ...17),
for every xfX there exists yxdDx (that is (x, yx)f D), for which by (2.1)

IF()I = 2 aif[gix, ] = 2. kI f[gAx, yjll » 2, \ailK=: K*

i.e. Fis bounded on X.

8§ 3. Classes of functions in T(D)

The next result is well-known (see e.g. E. Hewitt—K. Stromberg [8]).

Lemma 2. Let (p: Ja, ZF—R be a one-to-one and differentiable function on
la,b[, for which there exists £5>0 with the property \tp'(t)\ g for every t(f\a, b[.
Then for every Lebesgue-measurable set EQ]Ja, b[ the set cp(E):={<p(t): tE£E)
is Lebesgue-measurable and m[(p(E)]SQm(E) where m denotes the Lebesgue measure.

In the next part of this paper let X:=[x, ], where 0<a</?«=l and Y:=
:=]0, 1[. Let S) denote the class of all Lebesgue-measurable sets of Y and m the
Lebesgue-measure on Si.

Let

D:= {(x,y): XEX, x «y < 1}

Clearly, the set D belongs to the class A (see Fig. 1).
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108 Z. DAROCZY AND A. JARAI

Fig. 1

Lemma 3. Let g: D-+Y be a function with the property that for every xfX
the function g(x, ¢): DX-*Y (Dx=]x, 1]) is one-to-one and differentiable on Dx
and \DY(x, y)\*Q for every (x, y)ED, where 0>0. Then gC T(D).

Remark. Here DZX(x,y) denotes the partial derivative of g with respect to
the second variable (see the notations of J. Dieudonne [7]).

Proof. For every fixed xEX let y{y) :=g(x,y) (yEDx). By the condition on
g, Y is one-to-one and differentiable on Dx, and so y has an inverse function
<p:=y-1: y(Dx)*Y which is also one-to-one and differentiable on the open in-
terval y(Df) and \(p'(t)\\I/Q for every tEy(Dx). If then by Lemma 2

m(£j9) = m{y: yEDx, g(x,y)EE) = m{y: yEDX, y(y)iE) =

= m{y~\t): t£Eny(DX)}=m{y-l[Eny(DX)]}“ién{Eny(DX)}“i(r?n(E),
which implies gdr(D).
8 4. Examples

Let the functions g,: D-+Y (i=1 2, ..., 7) be defined as follows:

. X X
gi(x,y):= —X-, gz(x, ¥Y):=y~x; 03X y)i=1~-—~y +*

gi(X.y):=2: g5(x,y):=1-1; ge(x,y):=y, gI(xy):=l-y.

It is easy to see that the functions gl,92, g4, g5, ge and g7 satisfy the conditions
of Lemma 3, hence they belong to F(Z>). Now let g(x, y):=gs(x, y).
Lemma 4. g£T(D)

Proof. It is obvious that for every xfX and the set E”e) belongs to J1
(see Fig. 2).
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ON THE MEASURABLE SOLUTION OF A FUNCTIONAL EQUATION 109

Let £>0 be arbitrary. Without loss of generality supposethat e<4 fa (I —\R).
For fixed xEX let

I*:=1x, =17+, I, Ix:=[v*~j, Vx+j] .
Then for every E£38
E~r={y: ydDx, g(x,y)EE} = A*AMUAs,

At:={y: y£/i, g(x,y)€£} (i= 1,2,3).
The sets 4; are measurable and disjoint and m(A3”e/2. Ify£11U/| then

where

\& -y\Ne +}

sa* vl = 1 6 - j>
1A&g(*,.y)l = a1 0

Hence with the notation y(y)'-=g(x,y) we get
4
iirdy) ET

which implies, by Lemma 2,

m(ALUAD = m(AD+m(AD = T[y_1(EN/)]+
+ Ty -UEM/P] S -A[T(ENLM)+T(ENL*)\ -S-~m(E).

l.e. for m(E)<S:=e2a we have

s £2a

m (AXUA2 ex 16 2

Summarizing we have that m(E)<d implies m(E~9)<£, that is gfr(D).
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no Z. DAROCZY AND A. JARAT

8 5. Measurable solutions

Let /: 10, I[->-R be an unknown function for which the functional equation
(5.1
I(P9)+/(p(1-2))+/((1-P)9)+/((1-p)(1-9)) =f(p)+f(l-p)+f(a)+Al~q)
holds for every p, g€\0, 1[. With the substitutions x:—pq and y:—q we obtain
from (5.1) that
Fey= -1y - ~fy-X)- 11—y -y+xj+/[yl+/(1-y)+i00+f(l-y)
(5.2)

holds for every x£]0, 1 and L Now let X\=[a, /?]c;]0, 1 be an arbitrary
fixed closed interval, then from (5.2) with the notations F(t):=f(t) (tEX) and
ai=a2-a3=—I, a4=05=06={7=1 we get

(5.3) F(x) = I2=i ciif[gi(x, y)}

for every (x,y)ED where by our former investigations g*"FiD) (i=lI, 2, ..., 7).
By Theorem 1 we have the following

Theorem 2. If f: ]0, 1[-»R is a measurable solution of the functional equation
(5.1) then f is bounded on each closed interval [a, B]*]0, 1[.

This implies the next important

Corottary. If /2 ]0, 1 R is a measurable solution of the functional equation
(5.1) thenf is Lebesgue integrable on each closed interval [a, $]a]o, 1.

The following result strongly depends on some basic facts of integration theory.

Theorem 3. If f: ]0, 1[-»R is a measurable solution of the functional equation
(5.1) then f is infinitely differentiable on ]0, 1[.

Proof, (i) In the first step we show that / is continuous on ]0, 1[. Let xC£]O, 1[
be arbitrary fixed and choose the numbers Ap, a [ such that O0<a<x0</?<1

and 0<Y)?<A</kl (Fig. 3).
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Then and by (5.3)

(54) f(x) = £, aiflgi(xy)]
holds for every (x9“)€[a, /?]X[/, /i]. Let us define the following sets:

fe={&*Y): (x V)€ BIXAM (=12 ., 7.

Clearly Jf is a closed interval in ]0, 1 for every i.
Now let xf[ix, ] be fixed and vary y in [AL]. Then gfx, ) maps the closed
interval onto a closed interval, on which / is integrable by the corollary of The-

orem 2. Hence by (5.4)

Ffx)dy = 2 aif flot(x, y)dy = % a f JOAJ(*, t)dt,
f f *9

i=1 i=1 9,

where j =/i;(x,/) is the function defined by the condition gfx,y)=1t. This is
uniquely determined by the invertibility of g,(x, ¢) on [A y\. Using this we have

7 UM

(5.5) [(*)=2 4 3 Ne H t(x,t)dt
"1 yM

for each x£ [a ] where b

Ai'=jzl> T7;(*) = gfx, A), T[;(X) :=gt(x, u), Hfx, t) := D2hfx, t)

(i=1,2,..., 7).
Now we show that the functions
nm
Qix):= f f(H)Hfx, t)dt x€[a, O, i= 12 ...7)
y,M

are continuous at x,,. By the boundedness of / on Jt and by the continuity of Ht
there exist positive constants K,, Li (j=1, 2, ..., 7) suchthat |/(i)|=A4 , |[Hfx, /)|S
=Lt whenever x£[a, B] and iG/f. Thus for every x£[a, ]

nm r, (x0
IRi(*)-Ri(*0)l = 1 / Ne H tix,t)dt- f f(i)Htix0, t)dt\ =£
XX 7(x0
M*0) UM UM)
A1l NOK[AcOA|+| [ NOKA|(*,0*|+| / N0[SA1(ac,0-5|(ack,0]*|*
¥M n (*0) Y (0>

—N)- Yol U+!4()- Aol O+A (x0- y,(XQIK,StgPHF(XIt)- Hfx0,1)|

which implies
XI_i*rg0 iIQiOuU-Qiix™l = 0;

i.e. Qi is continuous at x0. Hence by (5.5) / is continuous at x0and so / con-
tinuous in 10, 1].
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(i) Next we show that / is differentiable in ]0, 1. By (i), / is continuous
in 10, 1[, therefore Qt is differentiable on the closed interval [a, B] and by the
theorem concerning the differentiation of parametric integrals (see J. D ieudonne [7])
(5.5) implies

7 rt(x)
fix) =2 At[ j mD M x, fdt+
n (¥

+ T (ri(x))Ht(x, r:i(x))r;’i (X)-F(yt(x))Hi(x, 7,<9)y",(X)]

for every x£[a, f]. The right side of the former equation is differentiable for the
same reason, that is / is twice differentiable. Continuing this process we have
that / is infinitely differentiable.

8 6. Differentiable solutions

Consider the functional equation

(c.1) I(p?)+/((i-p)(i -aj)+f{p(i-a))+f((i-p)a) =
=[(?)+/(:-p)+f(a)+f(. - »)
valid for every p, g£]0, 1[, where /: ]0, 1[*R is an unknown function.

Lemma 5. If f: ]0, 1[—R is a twice differentiable solution of (6.1) in 10, 1]
then the function

(6.2) fi(t):=f"(t) +tf"(t) (iC]», ID
satisfies the functional equation

(6.3) bl )+ W -Ne -4y))UM 1-&)-WL -p)a)=o0
for every p, ?i]0, 1.

Proof. Differentiating (6.1) with respect to p, then the resulting equation with
respect to g, we have (6.3) with the notation (6.2).

Lemma 6. If f: ]O, 1|>R is a solution of the functional equation (6.3) and it
is twice differentiable in ], :[, then the function

(6.4) f2(t):=/x (0 + tfi () (t€l0, ID
satisfies the equation
(6.5) 12(p?)+/.((1-p)(1-9))+/a(p(1-?))+/.,(?(1-p)) = O

for every p, g£\O, 1.

Proot. Differentiating (6.3) with respect to p, then the resulting equation
with respect to g, we have (6.5) with the notation (6.4).
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Lemma 7. If /2:70, PR is a solution of (6.5) and it is twice differentiable
in o, «[ then

(6.6) /,'(0 =0 (i€]0, ID-
Proof. Let #=— " (6-5) then

(p€Jo’
therefore

6.7) /a (y)+/T(~2E] =0 (pe]0,1])
is valid. Let us differentiate the equation (6.5) twice with respect to g then we have
(6.8) I1i(p?2)+ (1-P)2A (1 - P)(I- 7))+ P2 p(L-<7))*(l-P2K{a(r-p)) = 0

for every p, g€]0, 1. Let 9=y in (s..) then we have

P-K(y) +(1-Pffi (L") =0 (p£]0, ID
which by (6.7) implies

I(y) (2p-1) =0

for every p£\O, 1. Hence for y, p€]0, 1

(6.9) Ay) =-

On the other hand, from (6.7) we see that (6.9) holds for p = as well. Hence

(6 .10) /N0 =0 for /elo,yl[.
Now let ;€7y, 11 arbitrary. Then there exist p, g£]0, 1[ such that t=pq, and by

/>>y and <?>y we have that (I-p)(I-q), p(l-q), g(f-p) belong to ]°. y[.

ie. from (s .s) by (6.10), /.'(0=>/-?)=0. Thus we have proved (s .«) for every
tE]o, 1 [

Theorem 4. Let f: ]0, I[->-R be a solution of the functional equation (6.1) and
suppose that f is six times differentiable in ]0, 1[. Then there exist constants af R
(i=0, 1,2, 3) and bkER (k=\, 2) such that

(6.11) /(i) = asista:i.+aii+a +hifInt+b2Int
for every /¢ ), [
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Proof. Using the former notations, we have by Lemma 7 f£(t)=0 (?€]0, 1)),

hence
/Ir(0 —At+B (i£]0, 1[; A, -BCR).
By Lemma &,
mo =itm r = At+B,
hence

f1(t) = ~ t2+Bt+Clat+D (C,D: R).
Finally, by Lemma 5
W = [tf'ioY =jt*+Bt+cint+D,
hence

fit) =%é t3+ 1?A2+ Ctb t+(E-C)Int+Dt+F - C

for every t£]0, 1], where E, FER. This implies (6.11).

Theorem 5. Let /: 10, I[->-R be a measurable solution of the functional equa-
tion (6.1). Then

(6.12) /(f) = Ai4t3—9t2+5t) +Bt Int+C
holds for every fg]O, 1] where A, B, C are real constants. All functions of the form

(s .12) satisfy (s .1).

Proof. By Theorem 3, / is infinitely differentiable in ]0, 1[; hence by Theorem
4 | has the form (6.11). Substituting (6.11) in (6.1) it is easy to see that the func-
tion i—UQ+huln i satisfies (6.1) and therefore b2=0. Thus it is sufficient to
know in which case does the cubic polynomial

(pit): = a3t3+a2t2+alt
satisfy equation (6.1). By simple calculation we obtain

(pipt) +(p((1-p)t) = (3ast3+2a2t)ip2-p)+(pit),
from which

(pipa) + (p(i\-p)q) + (p{pi\-q)) + (p(il-p){l-q)) =
= [P2-p)[iaigi+~a2q2+ 3a3{\-qf+2a2i\-qf\ + (piq) + (p{\-q).

Hence @ satisfies (6.1) if and only if
iP2- p)[3a3q3+ 2a2q2+3a3(1- )2+ 2af\-q)q = ip2- p)(3a3+2a) +a3+a2+al
holds for every p, ggjO, 1. This implies
(6.13) a3+az2+al=,.
On the other hand, dividing by ip2—p) shows that
ig2-q)(9a3+4a2 = .,
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i.e.

(6.14) 9a3+4a2= 0.

This and (6.13) imply that o> satisfies (6.1) if and only if
cp(t) = 4At3—9ALt2+ 5At

where A:=". This means that / is of the form (6.12).

§ 7. Entropies

Let coO and a”l. It is well-known that the quantities

(7.1) HXQPi P2, +m,P»):=(.““= 1) ", (ip ?-1]

defined for all (px,p2, ...,p,)El,, (n=2, 3, ...) are called entropies of type a
(Z. Daroczy [4], J. Aczél and Z. Daréczy [2]). With the definition

(7-2) Hi{plp2 ...,pN:= Hn(px,p2, ...,pNnN
we have
Ai,quLl,(pl, p2,...,pnN = HI(pX, p«,...,P,,)

i.e. the Shannon entropy can be considered to be of type 1
Our preceding results can be summarized in the next interesting theorem.

Theorem 6. Let /,; T'n-»R (M=2, 3, ...) have them sum-property, be (2, 2)-
additive, and have a measurable generating function. Then there are real constants
A, B, C, D such that for every

(Pi,P2, mmt® 0> ..., 0)El, (p;>0, i=1,2,....,k: K& 2, n£ 2 K" n)
the equation

(7-3) n(px,p2, ...,pk, 0,...,0) = —3AHjllp*pz, ...,pK +
+-JAHZ(px,p2, ...,pR¥-BW{pl,p2,  pk+kC+(n—K)D

holds. For (1,0, ...,0)£r,, («=2) we have
(7.4) /,(1,0, ...,0) = nD.

Conversely, for all real constants A, B, C, D the sequence {/,} defined by equations
(7.3) and (7.4) has the sum property and is (2, 2)-additive.

Proof. Let /: [0, 1]—R be the generating function of the sequence {/,}. By
the (2, 2)-additivity of {/,}, / satisfies (5.1) (or (6.1)) on the open interval ]0, If.
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As / is measurable in ]0, 1], we obtain from Theorem 5 that
[4At*-9At* + 5At+Bt\og2t+C, if i€]0,1[
I-5> ™ =U if <=, or 1

since (2, 2)-additivity implies /(1)=/(0). As In(pl,p2 ...,p,) is a symmetric
function in pL, an arbitrary element of I',, can be written in the form

{P!,p2,...,pk,o, 0)6 r, {KSz;pi>0, i=1, k)
or (1,0, ...,0)El,,. Hence in the first case by (7.5)

In(Pi,P2, — Pk,0, ..., 0) = 2f(Pd+(n-k)f(0) =

=4A 2 Pi-9A2 P\KbA 2 Piks 2 Pil°g: Fi+kC+(n—k)D

which implies (7.3) according to the notations (7.1) and (7.2). In the second case
we clearly get (7.4).

By Theorem s we can say that (2, 2)-additive sequences with the sum-property
in the presence of a very weak condition (e.g. measurability) can be obtained essen-
tially by the linear combination of entropies of types 1,2 and 3.
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A NOTE ON MAPPING POLYDISCS INTO BALLS
AND VICE VERSA

By

L. LEMPERT (Budapest)

1. Let B, and D" denote the unit ball and unit polydisc in C", respectively;

Bn=\z =, t>eeen* )EC™ 1},

Dn= {z = (z}, ...,Z,,)eCn: \z\ < 1forj =1, 2,
More generally, let
rBn= {rz: ze¢Br}, rD"= {rz: zEDn.

For a domain UczC" a mapping &: U-+C" is called biholomorphic if it is
holomorphic and injective. In this case the image @(U) is a domain, too, and the
inverse mapping ®.. is holomorphic on <P(U).

In [1], J. E. Fornaess and E. L. stout considered biholomorphic mappings
@ of D" into Bn(though in a much more general setting). Poincaré’s theorem tells
us that the image cannot be the whole B, (at least if 1, which will be assumed
throughout this paper). The above authors proved, however, that the image can
be very large in one sense. (The measure of BAd (O can be zero.) At the same
time, it cannot be too large in some other sense; indeed, they proved the existence
of an R=R(ri)<1, such that ®(iin cannot contain any ¢B, with Their
proof was indirect and did not give any effective value for R. Of course, R™XI'fn,
since the image of the mapping

Dndz~z/fiieBn

actually covers B, J"Ti.
The authors of [1] have raised the very natural problem of finding the minimal

R(n). In this note we shall prove that R(n)=Ij\~n is the minimal value; in other
words, the following holds:

Theorem 1. If ® is a biholomorphic mapping of D' into B,, and & (0") contains
oBn with some p>0, then o~ 1/\n.

The dual of this will be proved, too:
Theorem 2. If ® maps B, biholomorphically into D" and ®(Brn) covers gD* with
some p>o0, then Q~ljl/n.
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2. Proof of Theorem L To avoid multiindices, we are going to treat the case
n=2 only; zx, z. will be substituted by x and vy, respectlvely, and @ will have the
components / and g.

We can assume that ®(0)=0. Indeed, some (c, ;)€ D- must be mapped on
(0,0), and then

Z-X gyl
P =P g Ry

while having the same range as @, would keep the origin fixed.
Now, if @(0)=0, then
f(x, y) =2 " akxJdy\ g(x,y) = 2" blkxJyk

where 2 ' indicates that summation is taken over nonnegative j-s and k-s, /=
=k=, excluded.
Since |/|.+]|g|2<| throughout D2 we have for any r<1

an2> ' J (f(reip remy2+ [g(res, re)]2 dpdill =

—It —T

=4n22'(bl *+ bl )r*"+
and, therefore

(1) 2‘(\ajk\2\bjk\z) A 1.

On the other hand, &, being biholomorphic, is proper, too; that is, if zmED:
{m=1,2...) and zm*dD2 then ®&{1)-*aPd2. It is evident that d<€(Z>2 lies
outside gB2: hence for (pE[-n, n\

Iilllki1nfj<?(re‘", o) S a,
liminf(\f(reilp.,.-+ \g(reip.)|2 S 02

/ and g being bounded,

T
liminf J (\(rei$0)\2+ g(rei, 0\2d(p » :

—Tt

follows. Therefore
2 (bl 2+ bl 27e2
.. J=1
Similarly,
J(Kk,12+bNg"e2
These two, added up and compared with (1), yield the conclusion of our theorem.

3. Proof of Theorem 2. The two theorems are equivalent via the Schwarz
Lemma. One can reason like that:
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Suppose <P(B,,)c:Dn covers gD". This means that ®.. is defined and biholo-
morphic on gD"and <P-1(gDnjczB,,. On the other hand, by virtue of the Schwarz
Lemma, <P(gB,,)agDn that is, <t>1(gDnz)gBn. Thus, ®. maps a polydisc
into Bnin such a way that the image of the polydisc covers gBn. By Theorem 1
g is at most ./fit, then.

Theorem 1could be applied since the size of our polydisc is of no importance;
at least as far as biholomorphic mappings are concerned, all polydiscs are equal.
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CONTINUOUS PATHS AND HOMOLOGY

By
M. BOGNAR (Budapest)

This paper deals with a connection between the /-category of the continuous
paths of a Hausdorff space (see [2], 2.8) and the homology groups of the bodies of
these paths. It is closely related to the category-homomorphisms (see [:], s .1).

1 Let R be the real line space. Denote by TOor by / the unit interval sub-
space of R and by T, the discrete two-point space {0,1}. For any closed interval
[b, c] of R where h<c let [b, c]*=(T, T) where T is the subspace of R with the
underlying set [b, c] and f is the discrete two-point space {b, c}-[b, c]*=(T, t)
is a compact pair.

We can consider [b, c] as a closed 1-simplex in the Euclidean 1-space R and
{b, c} Ls the frontier of [b, c], [b, c] is at the same time a .-cell and its frontier is
a o -sphere.

Remark that for any two closed intervals [b, c] and [b, c'] of R and for any two
strictly monotone increasing surjective functions s: [b c\-*[b’, ¢] and s':[b, c]—
-*\b\ ¢'] we have obviously s(b)=s'(b)=b', s(c)=s'(c)=c' and s and s' are
continuous. Moreover, s and s' are homotopic maps rel [b, c}.

In fact let h: [b c]#X/—%, c'T* be defined by

h(x, 1) = o —t).5(X) + t. S'(X).

h establishes clearly a homotopy of s to s' rel {b, c}
The strictly monotone increasing surjective functions of the type s: [b, c]-+
-*[b', c'1 appear later several times. They will be called simple functions.

2. Letp be a prime and G an elementary cyclic p-group, i.e. Gis isomorphic
to the group Jp of integers mod p. Let H be a continuous homology theory defined
on the category stc of all compact pairs and all continuous maps of such pairs
and based on the coefficient group G. Thus H is isomorphic on séc to the Cech
homology theory over G.

The group G can be considered as a compact commutative topological group.
Hence the homology theory H is exact (see [3], p. 248).

3. The group Hr(Ta, TO is isomorphic to G (see [3], p. 45). Let n be a fixed
nonzero element of HX{TO, TQ). Let [b, c] be a closed interval in R, choose a simple
function s: [, :]-[A c] and put [b cL=s"(n) where x* is the homomorphism
mA (D 1*)Mfj([s, c]*) induced by x. As we have seen in Section 1, all the
maps s of this kind are homotopic. Hence the homomorphism s* and the member
[b, ¢% of If([b, c]#) do not depend on the special choice of 3
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s is a topological map, consequently s* is an isomorphism and this yields

Ib, cl 9.
Observe that if b—0 and c=1 then s is homotopic to the identical map of

[0, 1]* Thus [0, I]*=s*(u)=w

It is to be noted that [b, cl depends obviously on the special choice of
u—0, 1]*. However this dependence can be described very easily. Given two non-
zero elements [0, I+ and [0, 1J* of Hr(T0, TO there exists evidently an integer
m relative prime to p such that [, IJ*.=m[,, I]+ and then for any closed interval
[b,c] of R [b cl’=m[b, cl holds.

4. Let |b, c] and [b\ ¢l be closed intervals in R and s: [b, cJAb’, ¢l a simple

function. Then
cl) =[b, c%

In fact let s': [0, 1]—b, c] be a simple function. Then ss': [0, 1]b’, c'] is
simple as well. Consequently
[bvc'l =(ss)*([o, :1,) - s*<([o, 19 - s.([b, cl).

5. Let |b, c] and [b',c'] be two closed intervals in R such that [b c]a[b’, c¢'].
Moreover let [b c]*=(T, T), [b',c)*=(T",T) and Q=T'\mt T=T'\(T\T).
Let i: (L, TA-(T', Q and V: (T, T)-»(f", Q) be injections. Then

I(Sh, cl) = H([b', ¢'l).

Proof. Let s: [b',c']Ab, c] be a simple function and define h: [b',c']*XI?
AT",Q) by
h(x, t) = 1—%). s(x)+/.x, (x, DE[b", c']XI.

h establishes a homotopy ofisto i', wheres can be considered as a maps: [b', ¢']* —
-*\b, c]*. Hence is and i' are homotopic maps, consequently (is)J=iJsif—I,
and this yields by Section 4

] c'l) = isAb', c'l) = Idb, c]»
as required.

6. Let brc-~d (b,c,dER) and [bc1x=(Ttr, Ti), [c d]*=(T2, T2, [b d]*=
=(T,n Let I: (Txti)MT, T fjtf 2 (I'.,t2-*(T, Ut and in:(T,t)~
= (T, TjUt 2 be injections. Then

i0%([b, dD = hAb, c]®+i2*([G dD-
Proof. A={[£, o1, [cd], §} {c} &} is a 1l-complex, where |A|=!A:j=T

and \KO—t 1U f2. (K “is the/-skeleton of K(i=0,1)). Thus/0*(s , /[HC#i(|/b]|, |A°]) =
=h x(t,i Utj) has a unique decomposition in the form

(+) ioAb,dl) =hA'J+AiA
where ufHfTATj) (/=1,2) (see [3], p. 85.). Taking the commutative diagram
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(Tt) — QR ITY) P — - (T2,t2)

where each ij is an injection and applying Section 5and HXT2, TA=0 we obtain
's*([b, c]J = <*([b, d]*) = i3 ic*([b, d]*) =
= @ <E(M) + *3i25(“D) = <B(1)+ THE%(«2) = 5*(«a)-

However the injection & (T1, 7j)->-(r, TjU T is a relative homeomorphism and
so ik* is an isomorphism (see [3], p. 266), consequently ul={[b, c]*. Similarly
u2=J[c,d]*. Hence we have by (1) the statement.

7. In the remainder we shall use the notions and notations of [2].

In particular let Y be a fixed Hausdorff space. Let k: [b,c]-~Y be a non-
degenerated continuous line in Y, i.e. a continuous map of the interval [b, c] into Y.
The body of A— it is indicated by k — is the set kK [b, c] endowed with the subspace

topology of Y. Let k be the discrete space with the underlying set {k(b), k(c)}.
It is important that K can be considered as a map k: [b, c]* -*~( k) and thus it
induces a homomorphism k”~: HX[b, c]1*)*A 1(", K). Let /c®*=kt([b, c]*).

8. Let k: [b c]-*Y be a nondegenerated continuous line. Then k\M= ~k¥r
(k" is defined by k'(x)=k(b+c—x)).

In fact, define g: [b,c]*-[b,c] by g(x)=b+c—x. Then g(b)=c, g(c)=b,
consequently the automorphism g of the 1-simplex [b, c] is odd. Hence for any
VAH (b, c*}) gMv)——v (see [3], p. 82) and this yields

K* = KQ\b*AJ = (kg)*([b, c[*) = fe*g*([:, CI) = Ar*(-[b, cJ*) = -k

9. Let kx: [b,c]-*Y and k2: [c,d]1—Y be nondegenerated continuous lines
such that k1(c)=k2(c). Let k=klok2

(klok2:[b,d]"Y s defined by = * ¢S*id)*

Let //: (k1,kn)-~(k, kxuk2, i2: (k2, k3d-*(Ic, kx\Jk2) and i0: (k, k)"(k, AgUk?2
be injections. Then

fif(A,,) ¥k, )Tiz. (k2
Proof. Let [b c]*=(7],t®, [c,d]*=(T2,t2 and |[b d]*={T,t). Define
the map g: (I, 7jUTD—E, Aquicd by g(x)=k(x) (x£[fi, d]). Taking the com-
mutative diagram
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(T,.t,) """ (T,t, UtZ). -(T2,t2)
ki
(K, K)—b (kK "nk2) k2 K2)
where /0, h>h are injections too and applying Section 6 we obtain
«*Ne**) = dl*) = g*'o*(th, dJ*) =
- g (b, 4 + /12[c, ) = it*feu (b, 9+ kH2H[c, dy =

as required.

10. Lei k: [b,c]—Y and k': [//,c]—Y be two nondegenerated equivalent
continuous lines, i.e. there exists a simple function s: [b, c]-*[b’,c] such that
k=k's. Then &= &

In fact, Section 4 shows that
foor = K([b, cy = fe;s#([b,cy = lc;([b, c'y = /c;,.

11. We now consider continuous paths in Y and assign to each closed one
a well defined member of the 1-dimensional homology group of its body.

In particular let K be a nondegenerated continuous path in Y. That means
K is an equivalence class (in the sense of Section 10) of nondegenerated continuous
lines in Y. The body of k: [b, c]->-Y, the initial point k(b) and the closing point
k(c) of k do not depend on the special choice of kEK. These notions will be in-

dicated by K, A (K), V (K) respectively (see [2]). Let K be the discrete two-point
or one-point space {a (K), v (AD}: If g (K)=v (A") then ATis a closed path and
A4 (K) is said to be the base point of K.

Take now any kEK, and put K”*=k”. According to Section 10 is well

defined. Moreover (k,k) =(K,K).
Suppose now that K is a closed path and let jK: (K, 0)—K, K) be an injec-
tion. Since K is a singleton it is homologically trivial, consequently jKif: H fK) —

-AHr(K,K) is an isomorphism ([3], p. 23). Let now K*=(jKY)~1(K"). We define
Kk also in the degenerate case, i.e. when k is a degenerated line for any k"K (that
is a map of any singleton of R into Y). In this case A is a one-point space. Whence
H1(K)=0, and we choose then for Kk the 0-element of this HfK).

12. K. depends obviously on the special choice of [0, 1]*. However if we take
two nonzero elements [0, 1J* and [0, iy of f/jfll), 1J#) then according to Sec-
tion 3 there exists an integer m such that for any closed interval [b,c] in R
[b, c\*=m[b, c]*. Hence we have for every nondegenerated continuous line k
in Y k™.=mk", This implies = for every nondegenerated continuous
path K in Y, and thus for each closed K m Y Kk=mKk. This last equality is
evidently true also for degenerated closed paths.
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13. It is to be noted that for any closed Jordan path K of Y (see [2], 5.9) 0.

In fact let k: [b,c]—YEK. Then k\ [b, c]#-HK K) is a relative homeo-
morphism, thus k* is an isomorphism and this yields, by [b, c]*"0, JT*= &*—
=kX[b, cL)tiQ Whence

K =0 no.
We are formulating now three important properties of the operation Kt.
14. Let K be a continuous path in Y (K need not be closed). Then (KK')*=0.

(Recall [2], 2.6 and 2.5.)
Proof. First of all we formulate and prove the following

Lemma. Let (X, A) be a compact pair such that A is a one-point or a two-point
space. Let j: (X,Q)"-(X, A) be an injection. Then y*: HL(X)*"H1(X, A) is a
monomorphism.

In fact Hn(A)=0 (see [3], pp. 45 and 46.) Hence W is monomorphic by the
exactness of the sequence

Hy(X, A) — Hx(X) - HXA).

We are going now to prove (KK")"=0.

If K is a degenerated path, then the assertion is obviously true. Suppose that
K is nondegenerated. Let kx. [b, c]-+Y£EK and /2 [c, d]-+YE.K' (see also [2], 2.3).
Then k=kxok2EKK".

We shall use the notations of Section 9. Since /c coincides here with kx and k2

moreover kx coincides with k2 it follows that ix and i2 are identities, consequently
T and i2f are also identical maps. However k2is equivalent to k\. Hence we have
according to Sections 8 and 10 L2**—~j**= —Ai** and thus by Section 9

(i"Jkk-U (KK % ) = iU Jkk-J(KK%) = ih ((KK=-)J = [E*(E**) = Kbl ,-K b, = 0.

By the lemma (foYkkO* is a monomorphism, consequently (KK)*=0 holds
as required.

15. Let Kxand K2be continuous paths in Y such that both of the products KXK2
and K2KXexist. (Thus KX<2 and K.KI are closed paths.) Then (KxK2t:=(K2Kl)ir.

Proof. If some of the Krs (/=1,2) are degenerated then K1K2=K2K1 and
the assertion is obviously true.

Suppose now that neither Kx nor K2 is degenerated. Let b<c<d-<e (b,c, d,
efR). Let kx\[b,c]—Y and k3:[d, e]—Y be representatives of Kx and let

k2:[c, d]-+ YdK2. Since kx and k3 are equivalent we have kx=k3, kx=k3 and by
Section 10 &**=&3** Let ix=i3: (kx, kX-*(kxok2, kxUk2, i2: (k2, k29—
-*(kxok2, kxUk2, [, (kxok2, kxok”"-+(kxok2, kxUk?, ix (k20k3, k20k3~*
-*(kxok2, kxUk2), j: (kxok2,0 ) (kxok2, kxUk2 be injections. Then evidently
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J=i6jKIK2=hjK2K and so according to Section 9
A((*i7M)*) = i'o*hIK» ((KiKJ*) = i'oMiK*)**) =
i0((KI °A2)**)  T¥IMDHT *2%("2%*)  22("2)~b P(&+)  *4*(("2-N)*¥)
=iUK?*"Ai*h)=n((Bg)*).

Hence we have by the lemma in Section 14 (K1KN#=(K2K)" as required.

16. Lei Kn and K2 be continuous closed paths in Y with the same base point.
Let K=KXK2 and let if: KX*K and i2: K2-*K be injections. Then

by (KPR 2(2%) = >,
Proof. Suppose that some of the Krs (i=I, 2) are degenerated. According

to Section 15 there is no loss of generality by assuming that Kx is a degenerated
path. Then K2=K and i2 is an identical map, consequently i2jf is identical as well.

Thus
h* (*1%) +*2* (*2*) = il(0) +K, = K,

is obviously true in this case.
Suppose now that neither Ky nor K2 is degenerated. Let b-=.c<d (b, c, f R)

and kl1: [b c]->YEKX k2: [c, d]—YEK2. Then k=klok2£K. K coincides here

with kxand k2 and thus knUk2=k. Consequently — using the notations of Sec-
tion 9 — rois an identical map and thus i0* is an identity as well.
Hence we have by the commutativity of the diagram

(KoM (K0) (<20
L K 4
(kiA) k, H (k2k2)
BT OK A e <2%(*2%)) — 1w dki(Ki) ¢ (25 (A2%) —

A(LN,) AA(AA) ), KL, DT 2. (ks,) Kk, A, JK*A).
However jKf is an isomorphism and so we obtain the desired formula
>?*(*i*)+»*(**) - Kf
17. Now we can finish our program.

Suppose that Y is a compact Hausdorff space and assign to each closed con-
tinuous path K in Y the injection iK: K—Y and the member ®(K)=iKnKf of
HfY). Then the map ®: XXy-*HX(JT) (see also [2], 2.8) is a category homomorphism.
(Recall [1], 6.1))

Proof. We must show that conditions (1), (2), (3) of [1], 6.1 are satisfied.
In fact (1) is true by Section 14 and (3) by Section 15.
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Let Kt and K2be continuous closed paths in Y with the same base point and
let K=K1K2. Moreover let i'{\ Kr and i2: K2>R be injections. Then we
have obviously iKI=iKij" and iKi=iKi£m Applying Section 16 we obtain the
required relation

®((BAL) = ¢(K)=IKK, = iK{iW +il(Ku)) =
(Kn)+ (K2 = ®(K) +D(KD.

Hence @: Xy Hn(Y) is a category homomorphism of the /-category of
the continuous paths of Y into the 1-dimensional homology group (modp) of Y.
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MARTINGALE RANDOM CENTRAL LIMIT THEOREMS

By
Z. RYCHLIK (Lublin)

L Introduction. Let {5,,, 461} be a martingale on the probability space
(Q, si, P), with 50=0, and X,,=Sn—S,, 1, n*l. 2F0 need not be the trivial
(T-field {0, Q}. Let cpj(t)=E (exp and let a2=E(Xj\.(Fj _D), =

= for n=12, ....
-
J Now let {N,,, nsi} be a sequence of positive integer-valued random variables
defined on the same probability space ((2, n/, P). Let us denote

A, .
sNn= x1+x2+...+xNn, VI 2<92n Lit) Wtﬂlt/&])’ K = (maxat)/Bf,,
j=1 s=l
where B%=E(X?+X%+... +x$n. Throughout the paper B, is assumed to be
finite for all nSi.

In what follows C=C[0, 1] denotes the space of real-valued, continuous
functions on [0, 1] and <8denotes a u-field of Borel sets generated by the open sets
of uniform topology. By W we will denote the Wiener measure on (C, €) with
the corresponding Wiener process {W(t): OstSI}, (cf. [1], Sec. 9).

Let Yn(t),0~t”\, be the random function defined as follows:

(1) r,(0 = skv,,+xk+l(tv2-sDivndk+1

for O stsl and sI'tV%”"s%+1, k=0, 1,2, ...,Nn—1 where s;>=0- It is obvious
that Yn(t) is continuous with probability one, being composed of straight line
segments joining the points (s%dV*, SkV,,), k=0, 1 2, ..., N,,. Thus there is a
measure Pn in the space (C, ), according to which the stochastic process
{Yn(t), O~iSI} is distributed.

In this paper we use an approach developed by Brown [2], to generate random
central limit theorems for martingales. Section 2 defines the random Lindeberg
condition for martingales and gives its several equivalent forms. Theorems 1 and
2 generalize Lindeberg—Feller’s central limit theorem to random sums. Section 3
contains an invariance principle for a certain class of martingales. From this result
we obtain some new limit theorems concerning of sums with random indices. The
results obtained are generalizations of that of given in [5—7].

Throughout, we use the notations X+=max(0, X) and X_=max(0, —X),
while Re z is used to denote the real part of z. ®d(x) denotes the standard normal
distribution function, and the various kinds of convergence, in Lpnorm, in pré)b—

ability, and weak (in distribution) are denoted by -—'—->,—- and --—--- ,
respectively.
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2. Random central limit theorems. Throughout the paper we say that the
random Lindeberg condition is satisfied if, for all a>0,

2 L(n,aa=B""E{Z T/7(|T;|]S e2M}- 0 as n-~,

where /(T) denotes the indicator function of the set A. Furthermore, we consider
martingales for which

(3) V*¥B*— 1 as n— .
First we shall prove the following
Lemma 1. 1T Nnis stopping time with respect to {PF, reo}, then (3) it equivalent to

4 F2i?2— 1 us n—"
Proof. It is obvious that (4) implies (3). On the other hand, for every a=-0,
E{V*JBI-1)_ N e+P (\WZB;*-\\"T).

Thus, by (3), nIim £(F,2.62—1)_=0. Furthermore,

EV2= E(Xf,Fk_1dP =

z f Z °pdP = 1z f
k=1 IN=k]j=1 k=1 [iV,A]
= 2 f XtdP= z f Z*?dP= E(X?+...+X1) = BI,

k=111 14 k=1[N,=H E1
Thus £(F,2.52—1)=0, which implies (4) since £(F,,2.52—1)+=£(F,,2£2—1)—0
as

Let us put

gnay= F"2Z E(X]JI(\Xj\  aBrl, 1), G(n,a= FZ-29(n, a),
i=1

h(n,a) - F-22 E{XfUCXj\B~Iv=I)\éFj-u, H{n, a) = V B~4(n, a),
j=i

where t/(x) is any continuous nonnegative function of bounded variation on [0, °°)
for which 1/(0)=0 and U(x)-»const. (>0) as jc m.

Lemma 2. Assume that for every n, N,, is a stopping time with respect to
{~i, r=0}. Then, under the condition (3), or alternatively (4), the random Lindeberg
condition is equivalent to the convergence to zero as n-... ofg(n, £), G(n, a), h(n, a)
or H(n, a), for all a>0, either in probability or in L1

Proof. It suffices to show the mutual equivalence of convergences in probability
of g, G, h and H, then to show that each such convergence in probability implies
a corresponding convergence in Lx norm since the convergence in LI is stronger
than convergence in probability.
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Let us observe that

EG(n,e) = B~21 / 2 E{XfIOCXi\* rBi\*} =
*=1iw,=4 1=1

B~2Z f E{X?I(\XK\"eB )\IFk- BdP=

k=1 IN,,sk]
=sn2 B/ X210XK\S sB)dP = L(n, o).
k==1INnsk]

Thus L(ne)~*0 as s->°° if, and only if, EG(n, 0 as n -* ° Moreover,
taking into account (3), we see that g(n, €) converges in probability if and only if
G(n, €) does. Also, by (3), h(n, e —0 if and only if H(n, s) —0. Furthermore,
noting that there exist constants a, 0 for which

) bi(x &a)  (x) for all

we see that h(n, N— *0 implies g(n, 0. On the other hand, if K is the total
variation of U, then

h(n, ) = 6] g(n, sy) dU(y) pointwise a.e.,

8
S 6] dU(y) +Kg(n, e6) ae.

since g(n,s)™1 a.e. and g(n,y) is a nonincreasing function with respect to vy,
for each n. Thus, by choosing 6 small, it is obvious that h(n, e—+0 as s—0 for
all £50, if g(n,e—0 as a>°> for all e=~0.

Now we are going to show that convergences in probability of g, G, h and H
imply corresponding convergence in mean. In the case of g and h this is trivial

since the random variables g and h are uniformly bounded. Thus we can assume
that

(6) .',i,m Eh(n,e)=0 forall e=0.
It will suffice now to show that (6) implies
) nI|m EH(n,e)—0 forall e> 0,

since E[(n,E)—*0 implies (6). Moreover, by (5), lim EG(n, )=0 provided that

(7) holds. Thus the proof will be completed if we show that (6) implies (7).
By (4) we have V2BI=I+dn, where E\d\\*0 as s— . Therefore

EH(n, € —Eh(n, e+Edrh(n,s) 0 as n—>°

since E\d,,h(n, \*"KE\dn\ and (6) holds. K stands, as above, for the total varia-
tion of U. The proof is complete.
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Theorem 1 Let N,,, for all n, be a stopping time with respect to {.#), LUO}
such that (3) holds. Then

8 /,(t) -exp(—t22) as n—=, for allt,
and
) b,——0 as n

if and only if the random Lindeberg condition (2) holds.
Proof. Let >0 be given. Then
B-Zzékrp% E(X% N2+ ST2FY(n, e) = e+L(h,s),

and as e>-0 can be given arbitrarily small, the random Lindeberg condition implies
that bn------ 0 and hence
(10) bn— »0 as h—".

Now the basic inequality (4.1) in [3], page 485, shows, for every Kk~N,,,
12) Wk(tB;D)-N& fioil2B**tthJ2-"~ 0 as u-«.
From the Taylor series it is seen that

Nn N Nn

2 |log(l+zt)-zK 2 \zK = max|z*| 2 bl-
k=1 fe=i t=i

With zk=(pk(/B)—I, by (11) this yields for fixed t

2 Nog<pk(UB)+ 1-cpk(tB,)\ = ?bSYK)14

Thus, by (3) and (10),

i09/,(0 = 2210g(k(t/B,) = - 2 (i-<PkQ/Bj)+An()

where for each fixed t, An(t)-*—0 if —0 as
Define, as in [2], functions g and J1/ by writing

exp (ix) = |+ /x+x2Q(x)/2—x 22,
and M(x)=min (|x|/3, 2). Then

(12) [I-g (x)]al
and
(13) lg(x)| » M(x) for all x.
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Thus, by the relations given above, we obtain

(14 logh,(0 =-tV*12B*+An{)+t'B;* 2 E{XjQ(IXjB-)\"J. 38,
J:

Theorem 1 will then follow if the convergence in probability to zero as n—° of
the third term of (14) is equivalent to the random Lindeberg condition. But the
function M has the properties required for the function U in Lemma 2. So, by
(13) and Lemma 2, the third term of (14) converges in probability to zero if the
random Lindeberg condition will be satisfied. On the other hand, the convergence
in probability to zero of the third term of (14) implies the corresponding conver-
gence of its real part. But the function Re Q has the properties required for U in
Lemma 2. Thus, by Lemma 2, (2) holds. Q. e. d.

The results of this section remain valid also when Nnis, for each n, independent
of Xr,X2, __ From Theorem 1 we obtain the following generalization of
Lindeberg—Feller’s central limit theorem [4], page 280.

Theorem 2. Suppose {Xn, nfel} is a sequence of independent random variables
suchthat EXn=0, EXI =a2< == Let {Nn, nfel} be a sequence ofpositive integer-

N,
valued random variables independent of X1,X2..., and let A2= 2 al- If
k=1
M 2#2—>-I, then
limP(SN < xB,,) = ®(x) and lim E (max cn/62): 0
if and only if for every e>0

)'ng( B—"eﬂ(ZZIEXII(\X k\fe eB,,}} = 0.
Proof. Let N =o ft, X2, ..., XJ). Then
(Pitt) = E{exp(itXj) 1" J = Eexp (itX]),
fnt) = ff Eexp(itXj), E(Xj\3?j") = EXf
j=1
and FE2= M. Moreover,

Bl= E(Xt+XI+..+X1) =E[2 °l) = EMI

since Nn is independent of XIt X2, —
Now let us observe that Eexp (itSNJ —Ef,,(t), and |/,,(t)|*]. Thus, (8) holds
if and only if E exp (itSNJ-+exp (—t22). On the other hand, for every s>0,

B-LpfaXEX1) S b+B-2,2 EX?I(XK\fe vB)-

K
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Thus Theorem 2 follows from Theorem 1 since, by the assumptions,

L(n, &) = B;*e \BEXII{\XK\" £B,)}.

Theorem 2 also generalizes the main result of H. Robbins [5].

Remark. Recently several papers have appeared which were devoted to the
study of the limit distribution of Shh as The results obtained have the
following form. Suppose the partial sums Sn obey the central limit theorem. If
N Jkn—X, where X is a positive random variable and the knare constants tending
to infinity then, under some additional assumptions, the sequence {SNy «"1}
is asymptotically normal (cf. Bittingstey [1]). Thus in the proof it is an important
fact that the partial sums S,, for a non-random index n obey the central limit
theorem. Our approach is different. We simply ask when the sequence {SNh, aS 1}
is asymptotically normal. From the assumptions of Theorem 2 it does not follow
that {5,, aS i} is asymptotically normal. To see this let us consider the following

Example. Let {Xk, A:si} be a sequence of independent random variables
defined as follows:

P[S2n= 22'-1= P\X2,= -22' = 112

for n=1,2,..., and assume that Xk, for k~22°(n=1,2, ...) ksl, has the normal
distribution function with mean zero and variance one. Let us put Sh=Xk+X2+
+ ...+Xn. Then

0252- %2+22' and a2S2n 1%22' as u—>

Now let us put, for example,

P[Nn=22'—1] = 1- 1/n, P[Nn= 22]= 1In.
Then
Bl=EMI %22" as n—"°.

Moreover, it is easy to see that M~A/B2—*1 and, for every r>0,

B2\ 2 EXKIOXKS eljl ~ 0 a5 n-m

Thus, by Theorem 2
lim < xB,] = &)

and
E( max a2XJB2-"0 as «—v.

virsksN n

On the other hand, taking into account that
[J cos(t2k Ya(Sin)—1 as n
k=1
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we get

Eexp(itS*ja(SZj) = cos (t22" 7a{S%)) J_j cos (t2X"/a(S"n)) m

cexp { -i2(22'—)/2a(52,)} —cos (t/;2) exp (—124) ~ exp (- 122).
Thus does not converge to the standard normal distribution function.

3. Random functional central limit theorems for martingales. Throughout this
section we assume that N,, is, for each n, independent of Xr, X2,

Theorem 3. Let {Sn,*,,, 1} be a martingale, and let {N,, nsi} be a
sequence of positive integer-valued random variables such that Nn is, for each n,
independent of Xn=S§,,—S,, t, n=1,2, — Let {Pn, nSi} be the sequence of
probability measures on (C, ) determined by the distribution {Yn(t), O~iSI}. If
(3) and the random Lindeberg condition hold, then Pn——W.

Proof. We may assume that the sequence {Xn, nsl} satisfies the following
relation:

(15) P(vaBI 55¢) = 1 for all n,

where C is a constant greater than 1 Of course, there is no loss of generality, because
if {Xn, frs 1} does not satisfy (15), then we can choose any constant C>1 and
for each n set

Xnj = Xf(s) & CBl), j= 1,2,....

Then is 1} will form a martingale difference sequence and
HmPlu [xj* = lim P{V3BIsC) = 0

because (3) holds. Furthermore, the random Lindeberg condition holds with X]j
replaced by Xnj. Thus, in oder to prove convergence in distribution properties
for JF Xj/Bn (where the summation can be taken over a subset of the integers

from’ 1 to N1, it suffices to prove them for . XnjjBnas n °°. So, taking into

account the considerations given above, we {'alssume throughout that the random
Lindeberg condition, (3) and (15) hold.

We shall first establish that the finite dimensional distributions of P,, con-
verge weakly to the corresponding finite dimensional distributions of W. Let K
be a fixed positive integer, and let 0=i0<fi<...<tk~i<tk=l. We wish to show
that

(Ynif), Yn(t2, ..., Yn(tk)) (W(ti), W (f), ..., W(tK).
But, by Corollary 1 to Theorem 5.1 in [1] it is enough to prove that
(16) (r.fo), YJD-YJD, ...,Yeiti-Y n(tk-J)-?-~
— (Mt"WiQ-WiD, ..,W(th-W {tk-j).
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On the other hand, by Theorem 7.7 in [1], (16) holds if and only if
()] avn(b) + c2(Yn(td - Yn(th) + ... + ck(Yn(tk) - Y n(tk-i)) —
—  cIW(ti) +c2(Wn(t2 -W n(tD)+... + ck(W(tK-W (tk_D)),

for real numbers cx,c2, ..., ck not all zero.
Let us put

irfj=max{m~" 0: s&* tjv%}, ssr=G for mJ-1< rS nij,
s m max bl = max\cL
rSN,, 11 J 1
and observe that
\Yn(tj)-Y nKIV2)\ BAYNEMIV 2)-Y n(slIV2\ = | XmJ/F,,S (max [T,|)/F,,.
On the other hand, for any given >0,
(max \Xk\)/BnS e+e-\B-* 2 XEI(\XK\S eBp - " s,

since (2) holds. Therefore, by (3), ARX 12fJ)/F, 0. Thus (17) holds if and only if

(18) lim Eexp (i 2 skXkFni] = exp (- a22),

V k=1

where a2=2 ¢j((,—(,_i). Again by (3), (18) is equivalent to
j=i
(19) lim Eexp i 2 skxkBn’) = exp (—s22).
Put
TT=8B-12 sjXj, n2=8-22 Sj«5-
3=1

3=1
We wish to show that

(20) H’_%E (exp (iTN +U$J2)-1) = 0

and

(21) lim E |exp (U$J2) —exp(<r22)| = 0,

since then by simple computations from (20) and (21) (19) easily established.
Define

(22) Zj = exp (iTj_1+Uf/2) {exp (iSjXj/Bj-exp (-s2ap2B} =

=exp (iTjr +U22) {iSjXjB~1-s 2X "\-Q (§jXjB~"))/2B2+
+spap2B27Z (syjl2B2},
where Z(x)=exp (—x)—+x for x~0. Then
E exp (iTNn+ URJ2)-1 1= E321Zj
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Hence, using (13), (15), max the inequality Z(x)"x22 and the inde-
pendence N,, of XIt X% ..., we get

\eZZjse? A
I J=1 j=1

& exp ($*C/2e {n \E(siXj Q(siXjB~nN\"_1i)/2R2—Z (5242263|J n
N os2exp(s2C/2)E{2 W 1M {\3X;\B")\"\12B &+

+ sdexp (s2C2) EN Z = s2exp (s2C/2)EH(n, s-1)/2+

+ sexp (sZC12) E(b,, KAR /8,

and, by Lemma 2, EH{n, 0 as n—=2°. Furthermore, for every e>0, Ebn'=
Ne2+EG(n,s). Thus, by Lemma 2 and (15), E(b,,V2B~2-*0 as n—°°, and this
proves (20).
For any
S bn.

Thus (2 — JB%-!'—=(j —tj-1. It follows that c/im——u2 as w—-°, and also,
since U$Ms2C, that (21) holds.

We now show that the sequence of measures {P,, a=1}, in (C, €), is tight.
As P(F,(0)=0)=1, for the tightness of this sequence it is enough to prove (cf.
Theorem 8.2, [1]) that, for every e>0,

2 limli F T,.(s)—Yn(t)\ ~ e) = 0.
(23) limlimsup (\tgtsl\ehl »(S)—Yn(\ " €) = 0

But, by (3), this is equivalent to

24 lim li P vn\Yn(s)~ T,,(i)l » sBr) = 0.
(24) fimlim sup P(_sup Vr\Yn(s)~T.,()I * sBr)

To verify (24) the proof proceeds as in [6] or [2]. So, for any given £>0, we have
(25)

P F - 0|SeRB”r Z P Vn\Yn(t)-Y n(kh)\ £ eBJ4).
{\tisz\E)\h AlyHs)-yRO[Sel B k:kh<l {kh<t§\?IP+l)h MYn(t)- Yk £ eBJ4)

On the other hand, by (1),
sup V,A\Yn(t)-Yn(kh)\*2 max Z *j

kh<m(k+i)h 9k<r*?k +i J~4k

where gk=max {/: sj*khV 2. Hence
/>( su V,\Yn(t)—Yn(kh)\ £ eR,/4) » max i eB./4 .
(38R VYD =Y lk) )" Pl e 12k )
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Let glk—max {/: sf*khsf}. Then, taking into account that Nnis independent
of Xk, fcsl, and then applying Lemma 4 [2], we obtain

1 Qk+1
Pkrs 2P{K= 0 / dP/eBns?
[ ‘£ XA's eBBI
| J
f ~ /' «ifc+i | i /2 r ciitti \i 12
n =i i = *q *
(8/43)\?(=IiD (Nn |)P\\}J=2«_"C X]I , (S/S)ipng(k j SE "/8-3

But

TIle sy S BAa8) = T(K, [T, (4400K2)-T n(@uT || S ebud).

Thus from the convergence of the finite dimensional distributions and by (3) we have

limsup P X, f exp(—»22h) du.
A D \'2nh m1,8 P )

In view of the relations given above we now obtain

IiW’%pT(It—Ss%h V,L\Ya,(0)—Yn(t)  £#n) = (8le) [ " K-w «)

and here the right-hand side tends to zero as h-*-0. Thus we have proved the tight-

ness of the sequence {Pn, n*1}. Hence, by Theorem 81 in [1], Pn-"~* W.
Theorem 3 enables us to give the following generalizations of the results given

in [5], [6] and [7).

Theorem 4. Let (5,,J%, nSI1} be a martingale, and let {Nn, «Si} be a
sequence of positive integer-valued random variables such that Nn is, for each n, in-
dependent of Xn=Sn—Sn k, n=1,2, .... If (2) and (3) hold, then

limP(SN < xV,) = ®(x), and lim P(SN < xB,) = ®(x)
for all x.
Theorem 5. Under the assumptions of Theorem 4, for each x>0,

. 2
lim P( max Sk< xB,,) = f exp (-~ u22) du,
( ) V2o P

and
du.

The proof of this theorem is a consequence of Theorem 3 and results given in [1].

Theorem 6. Let {Xn, usi} be a sequence of independent random variables
with EXk=0 and EXf£=ol«=°, k=1,2,..., and let {Nn, «S 1} be a sequence
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ofpositive integer-valued random variables such that Nnis,for each nS 1, independent
of Xr, X2, __ Further on, let Y' be a random function defined as

—2 and Mn= 2 ak Let P, denote the distribution of Y' in (C,6&). If

and for every r>0

Acknowledgement. | am grateful to the referee for useful comments and to
August Lapola for helpful discussion.
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AN A.S. INVARIANCE PRINCIPLE FOR LACUNARY
SERIES f(nkx)

By

I. BERKES (Budapest) and W. PHILIPP (Urbana)

1 Introduction

Let fix) (—o0<x<+°0) be a measurable function such that

1
(L1) feD=100,  fH00dx =0

It is well known that if f(x) is smooth enough and the sequence [nk] of integers
grows rapidly then the sequence f(nkx) of functions 1) behaves like a
sequence of independent random variables. A typical result in this direction (see [5],
[8]) is that if / satisfies (1.1) and the Lipschitz condition and

1.2 nk+l/nk -<=

then f(nkx) obeys the central limit theorem and the law of the iterated logarithm
(CLT and LIL in the sequel). Here (1.2) is best possible in the sense that it cannot
be weakened to

(1.3 nk+l/nks?q> 1
even with a large g. This is shown by the example of Erdss and Fortetr (See [9])
f(x) = cos ZNX+ AB2nmx, nk= mk—1

for which both the central limit theorem and the law of iterated logarithm fail to
hold. On the other hand, there exist many sequences {nk} satisfying (1.3) but not
(L.2) such that finkx) satisfies the CLT and LIL. E.g. nk=2k is such a sequence
(see [4]). It was Gaposhkin who characterized all the sequences {nk} (among the
sequences obeying (1.3)) such that fin kx) obeys the CLT. Let us say that a sequence
{nk} of integers belongs to class

B2 if there is a constant C such that the number of solutions of the equation
nk+rii=v ik>1) is at most C for any integer v>0;

Dmif the (set-theoretic) union of the sequences [nk), {2nk), ..., {mnk}, considered
as a single sequence, belongs to class B2;

D,, if {nk} belongs to class Dmfor all integers m=1,2,

Gaposhkin showed (see [3]) that if {nk} belongs to D,, (and satisfies (1.3))
then fin kx) obeys the CLT for all sufficiently smooth /; on the other hand, if {nk}
does not belong to D,, (but satisfies (1.3)) then there exists a trigonometric poly-
nomial / such that finkx) fails to obey the CLT.

The purpose of the present paper is to extend (the positive half of) Gaposhkin’s
theorem and to prove an a.s. invariance principle for the sequence finkx) under
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the assumption that {nk} satisfies (1.3) and belongs to Dm. Our method (which
differs from that of Gaposhkin) makes use of martingale tools; in fact, it is a com-
bination of the methods of [1—2], [6]. In [2], §3 an a.s. invariance principle was
proved for f(n kx) assuming a condition for {nk} (the so called J7* condition) which
is slightly more stringent than D  The present improvement (which is now best
possible) is obtained by utilizing ideas from [6].

Our main result is the following:

Theorem 1. Let fix) (—°<p:<+°°) satisfy (1.1) and the Lipschitz condition.
Assume that {nk} satisfies (1.3) and belongs to class D,,. Assume finally that there
exists a constant Cj>0 such that for any M~O, N=jM0 we have

}(C M+ N

0-4) (/) \i= &ﬂ {(« *)/\dX’\C IN.

Let SN= 2 f ( nkx)- Then the sequence {Sn.N”~1} can be redefined on a new

=1
probablllty space (without changing its distribution) together with a Wiener-process
£(r) such that

(1.5 SN=tiz" +0iN1*-*) as.

where 2>0 is an absolute constant and xN is an increasing sequence of random
variables such that xNbN-*1 a.s. where

(1.6) bN=f Lglf(nkxn dx.

Condition (1.4) in Theorem 1 cannot be omitted as it is shown by the example
f {x)=cos2nx—cos 4nx, nk—2k (cf. [9)).

Actually, the proof of Theorem 1 will yield the following result which gives
some information about what happens if we replace D,, by Dm in Theorem 1

Theorem 2. Let e>0. Then there exists an m=m(s, /) with the property
that if we replace the condition {nk}£D,, by {nkK}dDmin Theorem 1 then the statement
remains valid with the modification that for the random variable rN in (1.5) we have

1.7 1—e~ fim XS lim N 1+e  as.
(1.7) ™M pv ™ W bN
instead of zNbN 1 as.

In other words, if {nk} belongs to Dmwith a large m (“large” here depends
also on /) then the conclusion of Theorem 1 remains “almost” valid.

It is easy to see (cf. [2], Lemmas (2.1), (2.2) and their proofs) that Theorem 1
implies Donsker’s invariance principle (functional CLT) and the functional LIL
for f(nkx). These limit theorems need not be valid under the conclusion of The-
orem 2 but even under Theorem 2 we can state at least that / (nkx) obeys Donsker’s
invariance principle and the functional LIL “approximately”. Roughly speaking,
the smaller the s in (1.7) is, the more precisely f(nkx) satisfies the above mentioned
limit theorems. (For precise details of this statement via “e-limit theorems”

see [2], 84.)
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Let us say that a rational number r> 0 is of order Kk if in the reduced form
r=p/q the greater ofp and g is k. The following lemma is easy to prove (cf. the proof
of Lemma (3.1) in [2]):

Lemma (1.1). The (set-theoretic) union of the sequences {nk}, {2nk), ..., {mnk}
satisfies the Hadamard gap condition if and only iffor any subsequences nk., w, and
any rational number r>0 of order the relations

lim— =r, 7 r (i=12, ..
are impossible. P[_n LU' » ( )
The condition of Lemma (L.1) is satisfied eg. if
a) nk+l/nk>m (k= 1,2,..),
b) II(@ nk+l/nk = a where a is a rational number of order > m.

Since the Hadamard gap condition implies condition B2, in examples a), b)
the sequence {nk} belongs to Dm. For examples for sequences Da see [3] or [2], 83.

It follows from example a), Theorem 2 and our remarks above that if {nk}
satisfies (1.3) with a large g then f(nkx) almost satisfies the CLT, the LIL and their
functional versions (this was also proved in [2], §4). Example b) shows that the
same conclusion holds if nk+Jnk tends to a rational number of great order (e.g.
to a rational number very close to an integer).

2. Two preparatory lemmas

In what follows, W1l and ||/||,,, will denote the L2 and I« norm of f resp.
For two numerical sequences anbn the relation an~bn means lim ajbn=\.

Lemma (2.1). Let g(x) (—eo0<x< be a measurable function such that
1
g(x+1) = g(x), 5 g(x)dx = 0.

Then for any real a<b and 2>0 we have

b
Vgdx — f IRAV

This is Lemma (3.2) of [1].
For the formulation of the next lemma we notice that if / satisfies (1.1) and
the Lipschitz a condition then

2.1) /-s,,(/)JU ~ An"*R

where A is a positive constant and .?,,(/) denotes the u-th partial sum of the Fourier-
series of /. (See [9], p. 64.)
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Lemma (2.2). Let f(x) satisfy (1.1) and the Lipschitz @ condition and let
]s«l<«l< .., be a sequence of positive numbers satisfying (1.3). Then, if
N~ANO where NO depends on f (a) and g, we have for any real a

(2.2) dxts C2(||/]13+ [|/]|12+|I/|))iV
and
(2.3) dx S C3N2

where C2depends on g and on the numbers A, a in (2.1) and Cs depends onf (a) and q.
In view of the remark preceding Lemma (2.2), relation (2.2) follows from
Lemma (3.3) of [1]; on the other hand, by Lemma (3.4) of [1] we have for NN 0

(24) kZ:|f(n|<X): i1+i2

where  and c2 are random variables (functions) on [0, 1] such that, if P denotes
the Lebesgue measure, then we have

(2.5) P{\M\"yfN)ACie-*y (y=?0) and |€,|L =1

where C4and C5depend on f(x) and g. (As a matter of fact, Lemma (3.4) of [1]
assumes ||/ —i,,(/)|| “An~* instead of (2.1) and states correspondingly |[EZ]= 1
instead of |[*2|== 1 but the proof there applies with trivial changes in the present
case too.) Evidently (2.4) and (2.5) imply (2.3).

3. Main lemma
We first approximate the functions f(nkx) by step-functions ¢k(x) as follows.
By assumption, f(x) satisfies in [0, 1] the Lipschitz a condition for some 0<a=11
Let now 21"nk<2l+l, put p=|/+~log&j and let gk(x) denote the function

in [0, 1 which is constant in the intervals [i2~p, (/+ 1)2~p) (0"i*2p—1) and these
constant values coincide with the respective values of f{nkx) at the points i2~p
(07in2p—1). By the Lipschitz a condition we have

(3.1) \(nkx)~<pk(\- ¢ (A3 ~ c[2lJ " Ok & C-2~2loek- Ck~w,

(Here and in the sequel, C will denote positive constants, not always the same,
depending (at most) on / (a) and q.) Let us now divide the set of positive integers
into disjoint blocks /1, /1, 4, 1» e in such a way that h contains [Al] integers,
Jk contains [AY4] integers (k= 1,2, ...). Let

2 Tk= 2 /K* Dk= 2 .
(32) ve/K/ ) vel,; ALY
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Then by (3.1)

(3.3 \Dk-TKissC 2 v-10SC 2 v“I0S Cfc~4

VE4 v=[(fc—1)1/21
and thus using [BfisCfcl2 \TK\*Ck13 and the mean value theorem we get
(3.4) \D I-n\*"C, \D\-n\"C.

Now we formulate our
Main Lemma. We have

(3.5) \E(DK\DIt ..., Z>* )| S Clc-2 (c” /0
(3.6) E(D\Du ...,.DkJ CP* (kS /0
(3.7) ZE(D*K\D1,...,.Dk-)~dN as. as
k=1
(3.8) EDIS Cc (fcé f)
Hfcere dN=2 EDI Also, CN3¥3*dN*CN 33 for NsNO.
k=1

Proof. We begin with the proof of (3.5). Let drk_k denote the c-field generated
by Dk, ...,.Dft 1. In view of (3.3) it suffices to show that

(3.9 \E{TK\EK")\ A Ck~\

Let b=Db(k) denote the largest integer of the block Ik- X let / be an integer such
that 2I1"nb<2,+1 and put w=|/+"Tog &J. From the definition of gk it follows
that every qv, Isv ~ i takes a constant value on each interval of the form

(3.10) [i2-w (i+1)2-w) (0 LLIi » 2W-—1)

and thus every set {Dl=al, ,Dk 1=ak I} where ak, ..., ak-k are constants,
can be obtained as an union of intervals of the form (3.10). In other terms, 3-k-x
is purely atomic and each of its atoms is a union of intervals of the form (3.10).
Hence to prove (3.9) it suffices to show that

(a+1)2-
(3.11) 2w f Tkdx\*"Ck~2 (0s/s2"-1).

i2-w

Let c=c(fc) denote the smallest integer of the block Ik. By (1.3) we have

q i

q- 1 ne

e (i+<rd<r2+.)
and

— ~ g-b-*>= g-Ne~Wul-i g ~-Neo-i)1/4.
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Hence applying Lemma (2.1) and using the trivial relation b3=2ks/i we get

(112« (i+1) 2~w
(3.12) 2w —ow | 2 /X)) aX ~
12-w (2-vv

2 2W 2/44)’(1](13,

n,
a2Ww y, — c— s C - s§Cc — bto*z Cq-v-vi ~* z Cie“2
virt «v nc nc

and thus (3.11) is proved.

To prove (3.6) it suffices to show (in view of (3.4)) that E(Tk\"'i_D~Ck1R2
and since #* _i is atomic and each of its atoms is a union of intervals of the form
(3.10), the last relation will follow if we show that

o _
M2 X s e 051~ 2w 1 wis ko).

The integral on the left hand side is equal to
(+1)2-«

613 20l 2 f(maYo= 1 {2/M fdt

i2~w

where mv=2~wnv. Evidently mwl/mv*q> 1 for all the v’s appearing here. If
c—c{k) denotes the smallest integer of Ik as above, then the smallest of the mv’s
is mc=nj2W which is at least 1 (in factitis ~ Ck2 by a part of the estimate (3.12)).
Hence by Lemma (2.2) the integral on the right side of (3.13) is S.Ck12 for k~k 0
which was to be proved.

To prove (3.8) it suffices to remark that, by Lemma (2.2), we have ETK"CKk
which, together with (3.4), implies (3.8).

We now turn to the proof of (3.7). We proceed in three steps,

a) Let JS"cJS?2c:... be any increasing sequence of ff-fields such that DK is
Sk measurable. Then the relations

(3.14) k2—1DI ~dN as.
and
N
(3.15) 1 dN as.

are equivalent. Indeed, the sequence Hk=D\—E(DN3?k ") is a square integrable
martingale difference sequence (and consequently orthogonal) with EH%S
NMEDKMCKk by Minkowski’s inequality and (3.8). Hence the Rademacher—Mensov

convergence theorem implies the a.s. convergence of igi k~2jiHk and thus by the
Kronecker lemma we have

1 N
(316) AOls 2 Hk-m0 a.s.

By condition (1.4) of the theorem ETg"Ck12 for k~kO hence by (34) ED'f"
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s;Ck12 and thus dN*CN32 for NANO. Also, by Lemma (22), ETAC k12
for ks k,, hence by (34) ED”Ck12 and dN*CN32 (We thus proved the

last statement of the main lemma.) Therefore (3.16) implies %:. Hk=o0(dN) which
really shows that (3.14) and (3.15) are equivalent.
b) We now prove (3.7) in the special case when / is a trigonometric polynomial:
L
(3.17) /= k2_'I (akC°s2nkx+ bksin2nkx).
By a) it suffices to show (3.14) or, what is the same,
(3.18) kZ_&D R-EDD=0(dN as.
By (3.4) and dfi*CN32 (3.18) will follow from
(3.19) k2_1(T2—ET3 =0o(N3? as.

Let us express the left side of (3.19) as a trigonometric polynomial, using (3.17).
By (3.17),

m

f(nvx) —72=1 (@k@B2njnvx+ bksin 2njnvx)

and thus
(3.20) Tk = %/kf(nvx)= 2 (cicos 2n2,x+dlsin 2n/1,x)
where all the 2fs are of the form tnv, vEIK. Denoting by Nmthe (set-

theoretic) union of the sequences {nk}, {2nk), ..., {mnk}, this means that all the
A’s belong to Nm. Also, for the coefficients cu d, in (3.20) we have

(3.21) /A M, \di\ =>M

where M depends only on f(x) and {#*}. Indeed, the trigonometric sums f(n vx)
and /(a,,x), v</i can overlap (i.e. contain a term with the same frequency) only
if n*Tny ie overlapping is impossible if p—v~p where p is the smallest in-
teger such that gp>m. This remark shows that \d\*pMI, \d\*pMx where
M1=max(|al, \bx\ ..., \am\ \bm}) and hence (3.21) is valid.

We notice also that the trigonometric sums in (3.20) are pairwise non-over-
lapping for k-z=n. This follows from the fact that the largest A in Tk_x is mnb
and the smallest A in Tk is nc where b and c are the largest integer of the block
4-i and the smallest integer of the block Jk, resp. By the separation of 4 -i and
? byk thke block 4 i of length [(c—1)1/4] and because of (1.3) we have mnb<nc
or k"kO.

Squaring (3.20) and using well known trigonometric identities we get

(3.22) Tk =-j 2 (ci+di)+ 2 (eicos ZnQiX~+fi sin 2nQiX)
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where |e;]|SM™*, |/;js=M2 and the g,’s are the numbers of the form /, + kr with
the As appearing in (3.20). Hence summing (3.22) for M + I"k"M + N (but not
collecting the terms with equal frequencies) we get that

M+N
(3.23) 2! T2—B+  (r{cos IndiX +Ssin 2n:0;x)
k=M+1
where B is a constant, | and the 0;’s are the numbers of the form

Ps+Ar where Avand A are from the same Tk, M+ Xsk"M +N. Since the Tk's
are non-overlapping for Jt=/c0 and MAnsatisfies condition 32, there is a constant
Cj such that at most Cxof the 0;’s can be equal. Hence collecting the terms with
equal frequency on the right hand side of (3.23) we get

M+N
(3.24) ) 2j Tk = B+ 2 (ujcos2izjx+ \jsin 2njx)
=M+1

where the sum on the right hand side is finite and |uy|eCxM2 W\SCXV2 Also,
the number of terms on the right hand side of (3.20) is S mk1?2 hence in the

second sum of (3.22) is “m 2k and on the right side of (3.23), (3.24) is S £ m2<"
Am Z\l(M+N)"Sm2[(M+N)2—M2] The number B in (3.24) is ewdently equal
to the expectation of £ Tk (since the integral of the trigonometric sum on
the right hand side iskS)h.A+I-l|ence (3.24) implies

M+N \2 1

C 2 (Ti-ETt) =T 2 (Geto =
A.dM im2((M+N)2—M2 = C2(M+iV)2-M 2.

Applying the Gal—Koksma law of large numbers (see [6], p. 134) for the variables
Tk —E If, we get

t;I(T?-ET?) =0(N[og3N) as.

and thus (3.19) is proved.
C) Let now f be any function satisfying (1.1) and the Lipschitz a condition

and fix an s=-0. Since the Fourier series of / converges uniformly to / (even (2.1)

is valid) we can write f=fx+f2 where /xis a suitable partial sum of the Fourier
series of / (hence it is a trigonometric polynomial) and H/aH"Se. (Evidently fx

and /2also satisfy (1.1) and they are also Lipschitz a functions.) In the same way

as we constructed the step-function gk(x) from f(nkx), we can construct g>"(x)

and (pk2x) from fx(nkx) and f2(nkx), resp. Then we have

TK=T«>+TE£2> and Dk= Dp+D?>
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where
= 2 A(nw), LU*= 2 fi(»vx)
velk velk
B» = v%/k H>PX) VE/K 2 PR)x).
Evidently (3.3), (3.4) hold for the Dk, Tk’s with superscripts, too:

, j/\° - Dxo\w Ck~*, KDAY' {TAf\ S G
(3.25) |(E>p)4—(740)4|SC  i=1,2

If b=b(k) is the largest integer of O _Xx, 2' nb<2l+l, w=|"/+— logftj then,

as we showed, every qw, 1SvSb and therefore also takes a constant value
on each interval of the form (3.10). In other words, if denotes the c-field
generated by the intervals (3.10), then Dk k is (dk_x measurable. Since (p” and
(< are step-functions with the same intervals of constancy as <w, not only Dk_x

but also Dkl k and DKl x are measurable.
Let —2 Since fx is a trigonometric polynomial, the relation
k=1
(3.26) Jw )*~4» as.

k=1

is exactly what we proved in b). As we remarked above, D * is & measurable and
hence by the equivalence statement of a) (3.26) implies

(3.27) k2=F {b T\-.)~djp as
We now prove two simple estimates

(3.28) N Cfel2 (kS kO
(3.29) E(DPY\yk» ~ CBkl2 (ka fd)

which, together with (3.27), will easily lead to our aim (3.7).
The proofs of (3.28) and (3.29) are the same, we prove e.g. (3.29). In view of
(3.25) it suffices to show

£((7fc2)2™Mc-i) = Cek12 (fcsfcO

and since is atomic with atoms of the form (3.10), the last inequality is
equivalent to

(»+1)2-«
(3.30) 2W f (TArfdx » Cek12 (07Mir2wl, k™ kO.
i2~w
Here the left-hand side can be written as
(1 1)2- (+D2-’ i+1
3.31)2W f TAfdx =2W J * =
(3:31) A { Q/%/”/Z(g» Nadx = f (2, dt
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where mv—j2W Exactly in the same way as in the case of the second integral
in (3.13), the numbers mv are all greater than 1 and they satisfy mwl/mv~q>\.
Let us also observe that since fkis a partial sum of the Fourier series of / i.e.
f2=f—sk(f) with a certain k, (2.1) is inherited for /2 with the same A, a. Since
11/2|=1|/.loo=£, an application of Lemma (2.2) gives that the last integral in (3.31)
is at most Cek12 for k~kO0 and thus (3.30) is valid.

To deduce (3.7) from (3.27), (3.28), (3.29) let us first integrate (3.29) to get
E(DI®)2sCek12 for k~kO. On the other hand, by assumption (1.4) of the
theorem we have ETg”Ck12 for k~kO0 and thus (3.4) implies EDf*C/cl2 We
thus get E(D[2)2EDk"Ce (k~kQ whence we obtain, using Dk=DM)+ D" and
Minkowski’s inequality,

1-CYfi ~ £(D<i))2£Z>|~ 1+Cjl/i (fcay
and consequently

(3.32) {\.-Cfe)dN*dNe <(\+C\I)dN (N~NO.
Summing up (3.29) for k=\, 2, ..., N and using dN*C N 32 we obtain
(3:33) k2_|E((BPF IST=I) CedN (N~ NO.

Also, (3.28), (3.29) and Schwarz’s inequality imply \E(DII)DJ@\N& D\C [eA:12
whence

(3.34) él E(2D"D?>\9k" CyédN (NN O0).
Adding (3.27), (3.33), (3.34) and using Dk=Djl)+ and (3.32) we see that
(1-Cfe)dN~ k2=IlE{D R k_KWA(\+ CfE)AN
a.s. for sufficiently large N which implies, since r>0 was arbitrary,
2, E(Dk\"k-i) 7 a-s-

Since Dkis 6k measurable, the last relation implies (3.14) and (3.7) by the equivalence
statement of a). Hence the proof of the main lemma is complete.

Remark 1 In the proof of the lemma above, the assumption {nk}d was
used only in the proof of (3.7); relations (3.5), (3.6), (3.8) are valid under the mere
assumption (1.3). We also see that if / is a trigonometric polynomial of order m:

f = k2_ (akcos 2nkx + bksin 2nkx)

then for the validity of (3.7) it suffices to assume {nk}LDm instead of {«*}£/),,
(see step b) of the proof of (3.7)). Together with step c), this shows that if {nkK}£Dm
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and 1l/—g1(/)IU=e0 then instead of (3.7) we have
(3.35) (i-cy$d,, s 2 E W k )"\+ciJOdN
k=1

a.s. for sufficiently large N where 1% is the n-field defined above. Since Dk is &
measurable and by step a) we have (under (1.3))

IH# - ik’:1I ** -j) = o(dW as.
for any increasing sequence £fk of cr-fields such that Dk is &k measurable, (3.35)
implies
(I-Cfo)dN» $ E(DN\DY,...,.Dk,,Ds(lI+ Ci70dN
k=1
a.s. for sufficiently large N. In other words, if {nk}dDmfor a large m (here “large”

depends also on /) then (3.7) is satisfied “approximately”.
Let

Dk —Dk—E{DK\Dk, ..., At-1).
Then for the Dk s the main lemma implies the following
Lemma (3.2). We have

(3.36) E(DK\Pk-r) =0

(3.37) Ep\[JU ) S CkI* (fcé kO
(3.38) fr.]Fli’\l"—i)—" a.s.
(3.39) sCk (fcé kO

where 5~ _i denotes the a-fteld generated by Dk, ...,Dk t.

Proof. We have \Dk—AI=Ck~2 (see (3.5)), jlt|*Ck12 |Df§=Ckl2 and
hence by the mean value theorem

(3.40) \DI-D\\& C, \Dt-Dt\ " C.

The second relations of (3.40) and (3.8)_evidently imply (3.39), furthermore (3.6)
and the first relation of (3.40) imply E{D\\DX ..., At-i) =Ck12 from which (331)

follows by taking conditional expectations of both sides with respect to 2Z/k-k
(which is contained in the n-field generated by Dx, ..., Dk_X). In step a) of the proof

of (3.7) we saw that (3.7) is equivalent to k2_NI DI~dN a.s.; now the first relation

of (3.40) and dN*C N 32 show that also 2D I~dN as. is an equivalent state-
k=1
ment. Finally, the martingale argument of step a) and (3.39) show that

kzi Dk=dN implies (3.38).
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Remark 2. The main lemma concerns the “long” block sums Dk and Tk.
Defining the “short” block sums

(3.41) Tk= 2 Dk= 2 <P

viJk
an analogous statement holds for these sums:
E(DIN&UN\ S Ck~\  E((D'W2A*E-r) ~ Clc'l\

2, E{D\&U) ~ dN as, E(DtCw*

where 3K x denotes the cr-field generated by D[, , Dk k and dN= 2 E(DK2
k=1
Also, CiVY1ISii*rCjV 54 for N The analogue of Lemma (3.2) also holds
for the centered sums Dk=Dk—E(DkV¥k X.
4. Conclusion of the proof
Using the main lemma and Lemma (3.2) we can complete the proofs of The-
orem 1, 2 in a standard way, following [1] or [6]. We prove here Theorem 1; the
proof of Theorem 2 is the same (see Remark 1 after the proof of the main lemma).
Let
VN=ki_ £('No ..., I>* 1

then VN~dN a.s. by (3. 38) Also, using (3.39) and dN*C N 32 (see the main lemma)
we see that the sum 2I d f32EDk is convergent. By Beppo Levi’s theorem this
implies the a.s. convergence of the series

2 d"EipWD" ..., At-)
k=1
and since the general term of the series
4.2) f x4P(Dk"~x\DI3...,Dk.J

*=1 \k
can be majorized by

j“r f xUP(DKk~AX\DL,..., Dk )= JMNE(Dt\D,..., Dk 1~

- E(PK\Di,

it follows that the series (4.1) is also a.s. convergent. Thus we can apply Theorem
(4.4) of [7] to the martingale difference sequence Dk with /(x)=x34 and we get
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that there exists a Wiener-process C(0 such that
4.2) Di+...+Dk= UVK+o(VI'Z23 as.

with an absolute constant ?7>0. (Strictly speaking, we first have to redefine the
sequence Dk on a new, larger probability space and C(t) will be defined over this
new space; in the sequel, however, we will speak as if (4.2) were valid for the original
sequence. This little inaccuracy essentially simplifies the formulas (we do not
have to use stars or superscripts for the “redefined” variables) and does not cause
any trouble.) Replacing Dk+ ... +Dk with Tk+ ...+ Tk on the left hand side of
(4.2) , we commit an error 0(1) (since \Dk—TK\"\D k—Dk\+ \Dk—Tk\=0(k~2 by
(3.3) and (3.5)); hence (4.2) and Vk~dk a.s. imply

4.3 Tl+...+Tk=avi+o(dI*-3 as.

(In what follows .- will denote positive absolute constants, possibly different at
different places.) We also remark that by replacing the left hand side of (4.3) by
Tk+ T{+... + Tk+ Tk (T{ are the short block sums defined in (3.41)) we only add
a term which is o(dkI2~>), so it does not bother the right side of (4.3). (Indeed, (4.3)
has the exact analogue

(4.4) Ti+.. +TK=C(Vi)+o(dk* - 3 as.

K K
for the short block sums where F*= " E(D'2D], ...,Dj_J), dk:_’_\I E(Dj)z, cf.

Remark 2 at the end of §3. Now it |Js sufficient to observe that tJhe analogue of
(3.37) to the ‘primed’ variables Dk i.e. E(D'KAMK DACk1i implies Vi=0 (k3,i)
and thus di*Ck5li and the standard estimate £(i)=o(il2logt) show that the
right hand side of (4.4) is o(k5alog k) +0(k5/s~”) which is dominated by the re-
mainder term o(dil2~’)=0(k3li~31D) in (4.3) if A is small enough.) Hence (4.3)
implies

T1+Ti+... +Tk+Tl= C(W) +o(dl'2>) a.s.

which can be rewritten as
(4.5) SNk = i(F*)+o(dJ/2-") as.

where SN=\%/l(n vx) and Nk=1g1 ® 12+ [1/4)~4 *3a Since C N d”~C N 32

the remainder term in (4.5) can be also written as o(NI,2~"). Hence if we define
a sequence t, of random variables by

=10
(4.6) hsk=Vk for k=1,2,...
T,, is linear in the intervals Nk n”* Nk+ for k=0, 1,... (NO—O0)

then (4.5) simply says that the relation
(4.7) N=(Y +»T ") as

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



154 I. BERKES AND W. PHILIPP

is valid for the indices N=NKk. To get (4.7) for general N it suffices to show

_ = AN N
(4.8) T'REH%'H \SN-SN\=0 ~ 27) as.
and
(4-9) v max IQTv) Qe l—o(Nk2~) as.
The first relation is trivial since
I's = — [ K *) "C(N-NRAC(Nk+1-NK=
v=Nk+1

= C([(k+ 1) YA+[(fe+1)14]) ~ CIcl2—CNI/s-\

To see (4.9) let us note that
Tsk= K= 0(k32 as.
and
-Vk=0(k13 as.

by (3.37) and thus Lemma (3.6) of [1] (with r=3/2, 5=1/2) shows the left side
of (4.9) is O0(klIfi logk)=0(N£I2~ a.s. Hence (4.7) is proved and it remains to
show that TiAjv—L1 a.s. where bNis defined in (1.6). To this end we notice that
TivieN—L a.s. where eNis the numerical sequence defined (in analogy with (4.6)) by

e0=0
eNk=dk for k=12 ..
g, is linear in the intervals Nk~ n ™ Nk+l for k = 0, 1,....

(This follows trivially from the piecewise linearity of r, and en and the relation
VKldk-~\ a.s. which is identical with (3.38).) Since Nk~ "k 32 and eN«=dksC k 32

we have e,,"Cn and thus the remainder term in (4.7) can also be written as
°(eN2~n- Hence (4.7) and T,~e,, as. imply that the distribution of SNYeN tends

to the standard normal distribution. Since the Lk norm of SNYe* remains bounded
(this follows from the second relation of Lemma (2.2) and e, "Cn), the second

moment of converges to the second moment of the standard normal distribu-
tion, i.e. to 1 In other words, ESfi/eN-»l and since here ES$=bN (see (1.6)),
we see that the sequences eN and bNare asymptotically equal. Thus TNeN-»l a.s.
implies zNbN*-1 as. and this completes the proof of Theorem 1

References

[1] I. Berkes, On the asymptotic behaviour of E f(nkx) I. Main theorems, Zeitschriftfir Wahr-
scheinlichkeitstheorie verw. Gebiete, 34 (1976), 319—345.

[2] 1. Berkes, On the asymptotic behaviour of X f(nkx) Il. Applications, Zeitschrift fir Wahr-
scheinlichkeitstheorie verw. Gebiete, 34 (1976), 347—365.

[3] V. F. Gaposhkin, On the central limit theorem for some weakly dependent sequences (in
Russian), Teor. Verojatn. i Primenen, 15 (1970), 666—684. English translation: Theory
Prob, and Appi., 15 (1970), 649—666.

Act,I Mathematica Academiae Sclentiarum Hungaricae 34, 19/



AN AS. INVARIANCE PRINCIPLE FOR LACUNARY SERIES f(nkx) 155

[4] M. Kac, On the distribution of values of sums of the type Z f(2kt), Ann. Math., 47 (1946),
33—49.

[5] M. Kac, Probability methods in some problems of analysis and number theory, Bull. Amer.
Math. Soc., 55 (1949), 641—665.

[6] W. Phiripp and W. F. Stout, Almost sure invariance principles for partial sums of weakly de-
pendent random variables. Memoirs ofthe AMS, no. 161.

[7]1 V. Strassen, Almost sure behaviour of sums of independent random variables and martingales,
Proc. 5th Berkeley Sympos. Math. Statist, and Probab. Vol. Il. (Part 1), 315—343,
Univ. of California Press (Berkeley, 1967).

[8] S. Takahashi, The law of the iterated logarithm for a gap sequence with infinite gaps, Tohoku
Math. Journ., 15 (1963), 281—288.

[9] A. Zygmund, Trigonometric series, Vol. I., Cambridge University Press (1959).

(Received September 20, 1977)

MATHEMATICAL institute of the
HUNGARIAN ACADEMY OF SCIENCES
1053 BUDAPEST, REALTANODA U. 13—15
HUNGARY

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF ILLINOIS
URBANA, ILLINOIS 61801

USA

Acta Mathematica Academiae Scientiarum Hungaricae 3 190






Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 34 (1—2), (1979), 157—163.

O MNOBEAEHUNIN TP PELLEHNN BbBIPOXXOAKOLLMNXCH
KBASUTNHEWHBIX NMAPABOJ/TIMYECKNX YPABHEHWI

P. KEPLUHEP (BYZAMELLT)

§ 1. BBegeHue

Mbl Gyfem paccmatpuBaTth 3afady Kowwu ans ypaBHeHWS

@) Lu = —ut+ (ullxx—C'UV—0
B nonynnockoctn R%={(t,x): —°°<X<°°} C Haya/bHbIM YCNOBMEM
) n(0, x) = M)(X), —°<x<

3pecb A4>1 y>0 u ¢>0 — nOCTOsAHHblE. OTHOCUTENBHO (YHKLUUM HO(X)
Mbl Gyfem npegnonarate cnegytoulee: no(x)=0 npu =/, M(x)>0 npu |x|</,
HO(X) ypoBneTBopseT YycnoBuio [enbaepa ¢ nokasatenem min {1, (3—1C1}
(ycnosue Q).

YpaBHeHMe (1) NOSBNSETCA BO MHOMMX (PM3NYECKMX 3agadvax. OHO OMMWCLIBAET,
HanpumMep, MpOcecc Temsornepefayn MpW HaAMuUM MOFJIOWEHMSA, Korga Koaddu-
LMEHTbI TEMI0MPOBOLHOCTU U MOT/OWEHNS CTeNeHHbIM 06pa3oM 3aBUCAT OT TeM-
nepaTtypbi.

YpaBHeHus Buaa (1) Ha3bIBAOTCA «BbIPOXKAAKLMMNCA KBA3WINHEAHbIMK Ma-
PabOMMYECKMIN YPABHEHNSMMX BTOPOr0 MOPsiika», TaK KaK OHW SBNAAOTCA napa-
6onmueckuMu np M >0 1 BLIPOXKAAOTCA B ypaBHEHUE NEPBOro mopsagka npu n=0.

M3BecTHO (cm. [1]), uTo 3agava (1)—(2) MOXET He MMETb Kaccuyeckoro (T. e.
VMEIOLLLEro 0AHY HENpepbIBHYHO MPOU3BOAHYHO MO t ¥ ABe No X) pelueHus. MoaTomy
HY)XHO paccmaTtpuBaTb 0606LLEHHbIE PeLLEeHMS.

OnpepeneHne 1 Myctb G — 3aMKHyTad nogo6nacts R\. HeoTpuuaTens-
Has u orpaHudeHHas B G (yHkums u(t, X), yA0BNeTBOpsAOLWas ycnosuo Menbaepa,
Ha3blBaeTcA 0006LWEHHbIM pelleHneM ypaBHeHns (1) B G, ecnm gns u(t, X) Bbl-
MONHSETCS UHTErpa/IbHOE TOXKAECTBO

€)) ku,fv t0, h, x0, X)) = f f (uf,+ulfxx- cuf) dxdt-
*1 A h Xr
- f ufdx \- £ h"/xdt |1 =0,
KakoBbl 6bl HW Bblnn Yncna t0< tl, x0<x 1, Takue, UTO MPAMOYrofibHUK P=[t0 ijx
X[x0, X]] cogepxutca B G, n yHkums /(/, X)0_C}1(P), paBHas Hynw npu
x=x0, x=x1

Acta Mathematica Academiae Scientiarum Hungaricae 34, 190



158 P. KEPLWHEP

Onpepgenernue . O606WeEHHbIM pelleHneM 3agaun (1)—(2) Ha3blBaeTcs
0606LEHHOe pelleHne ypaBHeHMsA (1) B RZ, yposneTeopstoliee HavalbHOMY
ycnosuio (2).

OpHo3HayHasa 0606LieHHas paspelwmmMocTb 3agaun (1)—(2) gokasaHa B [2].

Kak n3ectHo (cm. [3]), npy v< 1 MMEET MeCTO SBNEHME «MNOSHOrO OCTbIBAHNSA
3a KOHe4yHoe Bpems»: cyulecTByeT Takoe T0>0, uto u(/, X)=0 npm Bcex tATO
n XZR1 C Hallei TOYKM 3peHNS 3TOT C/lyYyaldi HEMHTEPECEH W BCIOAY B AaNbHENLLEM
6yaem npegnonaratb, YTO

(4) Ve 1.

Ecnu BbINONHEHO 3TO ycnoswe, To u(t, x>0 npu /<0, ecnm Tonbko w0, x0>0.
B pab6oTe [4] nokazaHo, 4TO B 3TOM cnydae u(t, X) yAOBNETBOPAET YC0BUO enb-
gepa no x ¢ nokasatenem min {1, (a—)-1} npuvuyém 3TOT nOKasaTeNb TOYEH.
lenbaepoBocTb MO t cnegyeT u3 paboTbl [7].

M3BecTHO, 4TO B cnyyae 3agaun (1)—(2) «BO3MyLLUEHME pacrpocTpaHseTcs
C KOHEYHOM CKOPOCTbO»: npu fo6om /,>0 ¢yHKuua u(t0, X) ¢uHUTHA Mo X
(cm. Hanp. [3]; p~pouyeM, OH SBASETCH NPOCTbIM CNEACTBMEM pe3yNbTaToB Ha-
CTOSILLIEN pabOThI).

CyuwlecTByloT faBe HenpepbiBHble KpuBble X=£,(f) (/=1,2), Takue, u4TO
C (*)<0, £( ™., fi(0 He Bo3pacTaeT, (2(0 He yb6biBaeT u

supp u(/, ) = {(/, x): tAo, Cit) » X=£()}
Copmynupyem fBa YTBEPXKAEHUS, HYXHbIX Ham B fJanbHelilem. CHavana fagum

OnpepenexHune 2. OrpaHuyeHHas B G yHkuma y(/, X), yLoBneTBOpAOLLas
ycnosuio enbaepa, HasbiBaeTcsi 0606LeHHbIM cyrneppelleHnem ypasHeHus (1)
B G, ecrm (cm. (3)) 1{y, /; t0, t, x0, Xj)*0 ans nwboro P=[t0, i,] X[x0,x jc G
n noboi HeoTpuuatenbHo  dyHkumm /(/, X)EC};LUP), paBHOW Hyno npu
X = Xo, X= Xj.

3ameyaHue 1 Ecnm orpaHuyeHHas ¢yHkumsa y(t, X)SO yposneTsopsieT B G
ycnosuio [enbfepa, ABASETCA FNafKoi BHe KOHEYHOTO YMCa HEMPepbIBHbIX KPUBbIX
Buga x=£(/), ynoBneTBopsieT TamM HepaBeHCTBY Ly"O wu npowussogHas ay"/ax
HenpepbiBHa npu X =£(/), TO C NOMOLIbK WHTErpUPOBaHUA NO 4YacTsM NIErko
y6eantbes, uto y(t, X) sBnseTca 0606WeHHbIM cyneppewleHnem ypasHeHus (1) B G

Nemma 1 MycTb u(t, X) — o06006LeHHoe pelleHne 3agaun (1)—(2), a y(t, X)
0606LLEeHHOe  cyneppelleHne ypasHeHua (1) B R%, npuyem n0(x) =>(0, X) ana —°° <
<x<°°, Torga u(t, X)Sy(t, x) Bciogy B R%.

O603HauMM Yepe3 H KpMBONMHENHYIO TpaneLmo
{(i,x): OSi0<!S/i<oo, £00 < x < £i(/); £-(/Y€ C([/0, IR}
Myctb ' —ee napabonuyeckas rpaHuLa.

Nemma 2. MycTb u(t,x) m— 0606LeHHOe peweHne 3agaum (1)—(2), a z(t, X)£
E€CIXx(H\M) NC(H), npnyem u(t, x) Sz(i,x) Ha I, a B H\[C BbINONHEHbI He-
paseHcTBa z>0, Lz >0. Torga u(t, x) =z(t, X) Bctogy B H.
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[loKazaTenbCcTBa 3TUX YTBEPXKAEHWUIA MOXHO HaiTh B [2].

Llenbto HacTosield paboThl SBASETCS MOMYYeHWe ABYCTOPOHHLIX OLEHOK Mpwu
t> 1 ans o6obuieHHoro peweHmns u(t, X) 3agaun (1)—2). MapannenbHo ¢ 3TUMU
pesynbTaTamMmy MOMyYatoTca U OUeHKU anst yHKuuid £;(/).

§2. Cnyuait y>p

Teopema 1 MycTb u(t, X) — 0606LieHHOe peleHne 3adadn (1)—(2). Torga
CYLIECTBYOT Takue MONO>KUTENbHbIE MOCTOSHHLIE ax, 82, mam, a6, 3ABUCALLME MWL
OT faHHbIX 33fauu, 4To npu t>1 cnpaBefiMBbl HepaBeHCTBA

@) u(t, x) M alt~1d-+)

@iy If,(r)lsi a2iVb+\ i= h 2.

Ecm v</r+2, mo

(iii) u(t, x) = a3i~Y/(v-1) npu gOCTaTO4YHO Manom |x|,
(iv) |C(>)] S ad*(»HO*<>1).

Ecom Téu +2, TO

(V) u(t, x) N abi~1<MH) npu gocTamouHo Manom |jt,
(vi) IG(01 S a6/1("+l).

3ameyaHune 2. OueHkn, Kacatowpeca £;(r), Brnepsble OblAN fOKasaHbl b. @.
KHeppom [6] gpyrm crniocobom, 4eM 3TO CAENaHO HWDKE.

3ameyaHue 3. HeTpygHo 3aMeTuTb, YTO Npu v—p+2—0 pasHOCTM MexXay
nokasatensimmu B npa.blx YacTax (i), u (iii), a Takxke (i) n (iv), CTPeMATCA K Hy/O.

LOokasatenbctBo (i) u (ii). NMonoxum A=L2—x2(t+ I)~B 1 paccMoTpuMm
B RZ (hyHKUMIO
fa(t+ D~xAa> npu A>a0

Y’ X) =\ 0 npn ,, 0,
rae nonoXuTenbHble NOCTOSHHbIE &, B,a U L ByayT BbI6paHbl NO3Xke, a
5 o©
©) b
(3T0 00603HaYeHME COXPaHSETCA Ha MPOTSHXKEHWUM Bceld paboTbl). Mpu A>0 Ha-
XO4UM:

(6) Ly=acox2(t+1)-x~P-1Ad- [-B+4a'~1p ((op-1)(t+\)-~-1- A [+

+ (T(r+1)-“-M a"-1[—20)/ar'J 1+ a (i+ 1) a<,“1)+i- J-cc7v(r+1)-IM rav.
Mycts a=(u+1)-1, B—=2(p+1)-1un = j . Torga u3 (6) nonydvaem
Ly= —Qu(i+ 1)~“M*“\«0 npu A>0 u nwobom L. Tak kak Ly=0 npwm 0,
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T0 LYySO B R%\{(t, X): 1=0}. W3 HepaBeHcTBa LWL > 1 cnegyeT, 4to AyUax
HenpepbiBHa nNpu A=0. o 3ameyaHuto 1, y(t, X) ABnseTcAd 00606LLEHHbIM CY-
neppewleHnemM ypasHenus (1) B R\ . Janee,
M¢(L2—2|w npn |x/ <L
YNe*)=1 0 np W 4ai.
Moatomy y{0, x)SHO(x) npu XxZR1 ecnm <r(L2—2°>M=sup MXX), TO €CTb
ecnn L2=»(Mff 1)',“1+/2 Mpun Takom BbiGOpe napameTpoB, BXxogawmx B Y(t, X),

n3 flemmbl 1 cnepyeT, 4to u(t, X)Sy(t, X) BClogy B R2Z. OTMM [JOKasaHbl He-
paBeHCTBa (i) U (ii).

[Joka3aTenbCTBO (iii) W (iv). PaccmoTpum B obnactu
Hx—{( x): /> 0, Ar= Q—x2(t+i)~R> (0}

BCMOMOraTenbHyt (YHKUMK z1*=<r(t+T:)-aA i, [A€ MOMOXWUTENbHbIE MOCTOSAH-
Hble @, B, &, T n Q 6yayT BbiGpaHbl Moxe, MMonoraa O0=t+T umeem:
@) Lzt = mR0-a'-20 I “2[4canc7"-1-~0a('t 1)+ -1+

+ (TB-x- 1AMoc-2(ou(7> 1B-x<3 1)- 1+l-c(7"-1B - y- ISHA M- D))
Monoxum a(g—1)=1—R. Ana Toro, u4T06bI M3 (7) CnefoBano HEPaBEHCTBO

Lzs>0 B H1 npu goctatoyHO 6OMbLIOM r M AOCTaTOYHO MasioOM Q, Mbl JO/KHbI
TpeboBaTb, YTOObLI ObIIO

®) «S A, a=m2calup 1, R = dga((r~1

Mycte a=(v—1) \ Torga B=,_ ,. [ns coBmMecTHOCTM HepaBeHCTB (8) OT-

HOCMTE/bHO OF HE06XOAMMO M AOCTaTOUYHO, YTOObI BbIMOHANOCL YCNOBME T< [ + 2.

Mpn yKaszaHHOM Bblbope a, B 1 &, B3fB A0OCTaTOMHO Manoe QU AOCTAaTOYHO
6onbwoe T, nonyumm Lzx>0 B AX MU mo(x)S z1(0, X) Ha ocHoBaHuu /ij. Mocne
atoro yteepxgeHus (iii) n (iv) cnegytoT m3 Jlemmbl 2.

[dokasaTenbctBo (V) 1 (vi). PaccmoTpumM B o6nact Hr gyHKumo zx(t, X),
1 2
rope a=-——£ un B=-—e(g—1L), e>0 — nponsBonbHoe. lNepBoe U3 He-

R+1 A1 )
paBeHCTB (8) BbINOMHSAETCA BCWUAy npegnonoxeHus v Afi+2. Brtopoe u TpeTtee

HepaBeHcTBa (8) OTHOCUTENbLHO a COBWCTHH, TakK Kak 2a>/?. AHaOrMYHO TOMY,
KaK Bbille, nonyyaem u(t, x)*a5t ¥/*1-  npu poctatouHo manom W

|C,(/)| —abtLR+1~eg 1~ D)2,
rae ab5u ab He 3aBMCAT OT I YCTPEMMB € K HYMO, NPUXOANM K OueHKaMm (V), (vi).
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§3 Cnyvain u=V

Teopema 2. TMycTb u(t, x) — o0606LieHHOe peleHne 3agaun (1)—(2). Torpa
CYLLeCTBYIOT Takue MONOXKUTENbHbIE MOCTOsHHbIE a7, a8, allu all, 3aBucsLime
MWb OT AaHHbIX 33faun, 4TO mpu t> | crpaBefmBbI HepaBeHCTBA

() u(t,x) =a7i_1(" 1) npu pgocTaTo4yHO MasioM [X|,

O K©01=a%/Int, i=12
(iii) u(t, x) * a%t~Lill~1
(iv) IC(01 = i=12

3ameyaHue 4. HepaBeHcTBO (iv) [OKa3blBaeTCs TaK e, KaK HepaBeHCTBO
(W) Teopembl L HepaseHcTBo (ii) Briepsble gokazan b. ®. KHepp [6] opyrum cno-
COBOM, YeM 3TO CAeNaHO HUXKe.

Ooka3zatenbctBo (i) wu (ii). Paccmotpum B o6nactm 2= {(? x): r>0,
A2=qg—21n_p(*+T1)>0} BCcnomoratenbHyo ¢yHkumMo  z2{t,x) ={t+ z)~x[Q—
—XIn“Ai+T)]<©> TOe nonoxuTtenbHble NOCTOAHHbIE &, B, g U T 6yAyT Bbl6paHbI
HUDXE.

Monaras B—t+z, npu J12=0 Haxogum

Lzo = a.B~JF1A% —Rcox2~x~r Inj~-1 0/12_1—2aspOo~XtIn# 1“1 +

+ 4o2/rx20~ai INOBA N-2-cB-xbl » = [+... +/6.
Janee,
12+ [4= cox29~F InoBA2 _1[4t00—R6*O«-«- 1in0-1],

li+ Ts+h = B-x- 1A"™a-2copO-x~ - 1)+1\n-1B~cB~x" - I>1A2).

Ecnv mbl nonoxmm tx=co 1 /5= 1, 10 nonyunm, yto 12+ 1, >0 B A2. [0 ycnosuto
Q ™Mbl mOXeM npegnonaratb, 4to MO(X) >0 npu |x|s6. 3Haumt, z2(0, X)S
=w (X) Ha ocHoBaHuM o6nactm A2, ecnn glnzS62 n o eta Myctb T>1
n Q—r-1. Torpga rA0, x)S«0(xX), ecnn T HACTONbKO BeAMKo, 4yTo T“1ln T/<B2
nT_2¢ss. Ha 60koBoli cTpaHuue A2 umeeM z2(i, x) = 0 s m(i, x). 3@ CYET BO3-
MOXHOIO YBE/IMYEHWSI T MOXHO A0CTUYL TOr0, YTOObl OJHOBPEMEHHO C HEpaBeHCT-
BOM z2(t, X) =u(t, X) Ha napabonuyeckoli rpaHule A2, BbINONHANOCL Y HEpPaBeHCT-
Bo li+13+15:>0 B A2 Mo Jlemme 2 nonyyaem, uto u(t, x )"z 2(t, x) B A42. Otctoga
cnegytot oueHkmn (i), (ii).

LOokaszatenbctBo (iii). Myctb M=sup MXX). PaccmoTpum B R% BCriomora-
TeNbHYO (YHKUMIO
y2(t,x) = [c(/i-1)i+M-"+]-*.

OHa sBnsieTcd 0606WeHHbIM pelueHrem ypaBHeHus (1) u y2(0, X) —M " un ().
MoaTomy HepaBeHCTBO Y 2(t, X) u(t, X) cnegyeT u3 Jlemmbl 1 Teopema foKa3aHa.
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4. Cnyuaii V> p

Mo npuynHam, O6GBACHEHHLIM BO BBEAEHWW, Mbl MPEAMONOXMM, 4TO VA 1
npuyem cnydam v>1 n v=I| OygyT paccmMaTpmBaTbCsi OTAe/NbHO.

Teopema 3. MycTb u(t, X) — 06006LLeHHOe pelleHne 3adaun (1)—2) n v>1.
Torga CylleCcTBYIOT Takue NoNoXKWTe/bHble NMOCTOAHHbIe alr, al2 n al3 yto npu
t> 1 BbINOMHEHbI CNefytoLIE HepaBeHCTBa:

(i) u(t,0) alli 1/(v.1),
(i) u(t, x) A al2i_1/(v i),
(i) 1GiOl = 13 0 =1, 2).

Joka3zatenbcTtBo. HepaBeHcTBO (iii) yTBEpXAaeT, MO OMPeAeNneHMto, 4To
B [AHHOM C/lyyae MMeeT MeCTO JI0Kaiim3aumsi BO3MYLLEHUA — (DaKT, WM3BECTHbINA
n3 [2]. [loka3aTenbCTBO HepaBeHCTBa (ii) aHaIOMMYHO A0OKa3aTenbCTBY MOCNEAHErO
yTBEPXAeHMs Teopembl 2. BMecTo Y 2(t, X) HY)XKHO pacCcMOTpeTb (hYHKLMIO

y3(t, X) —[c(v —1) i+ M ~(v-1)]~ V(v-1).

[nsa pokasatenbcTBa nyHkTa (i) paccMoTpum B o6nactm H={(t, x):t>0, A= g—
—x2In(i+r)>0} BcnomoratenbHy GQYHKUMIO Zz(t, x)={i+1t)~x[q—x2In (i+T1)]",
rge nonoXmTeNbHble MOCTOSAHHbIE &, q w T 6YAYT BblBpaHbl HKe. CHavana Bbibepem
£>>0 n r>1 Takum obpasom (o =ih, Ta T, 4YTOObLI BbLINOMHANOCL HEPaBEHCTBO
2(0, x) S n(x) Ha ocHoBaHWW obnactu H. Monaras 0=:+T npu A>0 HaxoLum

Lz = <0°- JAc,+a}x2e - a 1Aa- 1-2couB-*11neAQ"- 1+
+ 4c020x2B~X"In20A“'1-1—c0_aM "v= O+ ..+ /s.
AcHo, uto 12+ 14>0 B H. Harnee,
/j+ Za+Zs = 0-a- * da-2w0 80-a(,- 1)+11n0-c0-aly- D+19 w('“- 14
Monoxum a=(v+1)_1. Mpu atom Zj+Zg+Zg"O B H, ecnu

9) —— > 2coju0-"-vi+ 1In0 + ce* (w 1)

B3sB [0CTAaTOYHO Masioe q (o =<?2) W [OCTAaTOMHO 60/bLIOE T (TETD, Mbl MOXEM
[JOCTUYL BbINONHEHUS HepaBeHcTBa (9). MMoatomy npu o<min (0,,0) n T=-
=*max (tj, )Lz >0 B 4, uT0o foKa3bIBaeT (i) BBMAY JleMMbl 2. TeopeMa foKa3aHa.

Mepeitgem K cnyyao v=I, KOTOpbIA SBNSETCA OCOObLIM C TOUKW 3peHUst
noBefeHNs peleHnii Ha 6GEecKOHeYHOCTW. A MMEHHO, MMeeT MECTO chefytoLlas

Teopema 4. MNycTb u(t, X) m— 0606LLeHHOE pelleHmne 3agaum (1)—(2), rae v=I.
Torfa CywecTBYIOT Takue NofoXKUTe/bHbIE NOCTOsAHHbIE an W al5 yTo npu t>0
UMeT MEeCTO HepaBeHCTBa

() u(t,x) S able~a npu AOCTATOYHO Manom |ad,
(i) u(t, x) = albe~c.
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[okasaTtenbcTB0. O6a HepaBeHCTBA CleAytOT W3 CMELYHLLEro 3amevyaHus
(cm. [5], [8]): 0606LEHHBIM peLIeHneM 3adaqun

Vt —iv)xx~cv’ t> 0, —°°< x <
IDh~°(S2—x2a npu [{< 6
o) 1 Q M |Nja»

rae D=[2coB(n+l) @, /r>0, =0 — nobble, ABASETCH (PYHKUMA
De~c,[g(t, h)]-2"+1{a2h - 21I+1—x2[g(t, h)]~2R+}o npn {...}>0

v(t. x) =] 0 npn {..}so,
raoe
h 1_ e-c(il-I)t .
t, h) =
0E="

C nomowybto SleMm 11 2 1 3TON PYHKUMM MOXHO OLEHUTb WU CHK3Y, U CBEPXY
pelleHne u(t,x). Ana fokasatenbctsa (i) HYXHO BblbpaTb <S>0 A0OCTAaTOYHO
manbiM, a /r>0 poctaTouHo 6onbluvM. Ons foKasaTenbcTBa HepaseHcTBa (i) —
Hao60poT.
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MULTIPLE PACKING AND COVERING OF SPHERES
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G. FEJES TOTH (Budapest)
Dedicated to Professor A. Florian on his 50th birthday

A system of equal spheres is said to form a k-fold packing if each point of the
space belongs to at most K spheres. Analogously, a system of equal spheres is said
to form a k-fold covering if each point of the space belongs to at least k spheres.
Let Sk be the supremum of the densities of all L-fold packings of equal spheres
in Euclidean «-space. Similarly, let Ak be the infimum of the densities of all /c-fold
coverings of the Euclidean «-space with equal spheres. Obviously, we have the
trivial bounds

bIrk~AL.

In a series of papers [5, 6,7, 8], L. Few obtained rather good upper bounds for
ol when « is large compared with k. But his bounds are worse than the trivial

bound K if &>/« as well as for small values of k and «. In his survey on multiple
packing of spheres held on the Colloquium on Convexity in Copenhagen in 1964,
L. Few [7] posed the problem to find a non-trivial upper bound for o~ valid for
all values of kK and «. As far as | know, no non-trivial lower bound for Al was
known for «>2 and k>~1 A. Fiorian [10] proved that

&< K< AR,

but his method does not enable him to deduce explicit non-trivial bounds for Si
and AR. In a recent paper [4] | showed that Sk is at most kK times the density of
one circle in the circumscribed regular 6/r-gon and A\ is at least K times the density
of one circle with respect to the inscribed regular &6gon. The aim of this paper
is to give a non-trivial upper bound for Sk and a non-trivial lower bound for Ak
for all values of k and «.

In order to formulate our results we have to introduce some notations. If
nothing else is explicitly stated, we shall work in Euclidean «-space. Let S be a unit
sphere and S(r) the sphere of radius r concentric with S. Let mk(r) be the maximum
of the number of unit spheres which can be placed in S(r) so as to form together
with S a &fold packing. Let Mk(r) be the minimum of the number of unit spheres
which, together with S, cover the sphere S(r) k times. Let v (f) be the minimal
number such that the boundary of any polyhedral region whose faces are con-
tained in at most / hyperplanes can be decomposed into v(f) convex sets. We
define the quantity w (f k) by

w(/, K) = minju(/), k2({3}}.
Let J,, and m, be the volume and the surface-volume of the «-dimensional unit
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sphere, respectively. Let V(9) be the volume of a right spherical cone of altitude
1 and solid angle 9 (0<9<w,,/2).
Now we are in the position to phrase our main results:

Theorem 1. We have
N dk~kJ n}_l_ (mrf(%i(ﬂ) ) C&goojeo-n—biv'\ (-nl__

Theorem 2. We have

@ A7k

dt

g [1L-CiL-/A]"I2’
where 0 = d b
6=5—=f an 2w(M,(3), k)J.,-1

The fact that these bounds are non-trivial, which is not difficult to show
directly, will be obvious from the proofs.

The proof of both theorems rests on the investigation of certain polytopes
associated with the spheres. Let if be a system of different unit spheres. We asso-
ciate with each sphere SEif the k’th Dirichlet cell Dk of S consisting of those
points of the space to which there are at most k—1 centres of the spheres of if
nearer than the centre of S. (Of course the k’th Dirichlet cell depends also on if
but we shall not indicate this in our notations.) For k—21 we obtain the ordinary
Dirichlet cells. We emphasise the following important properties of the k’th
Dirichlet cells:

(i) Ifif contains at least k spheres then the k’th Dirichlet cells cover the space
exactly k times. More precisely, each point of the space which is not a boundary-
point of a k’th Dirichlet cell is an interior point of exactly k Ath Dirichlet cells.
For, let P be an arbitrary point and let 01, 02 ... be the centres of the spheres,
choosing the notations so that P O *P O *... ~POKk"P O k+1* __ Then P lies in
the interior of the k’th Dirichlet cells of the spheres with centres Ot, ..., Ok except
when POk=POk+1. In this latter case P lies on the common boundary of the Ath
Dirichlet cells of the spheres centred at Ok and Ok+1.

(i) If if forms a k-fold packing then each sphere of if is contained in its k’th
Dirichlet cell. If if forms a k-fold covering then each sphere of if contains its k’th
Dirichlet cell. For, suppose that if forms a k-fold packing and P is an inner point
of the sphere which does not belong to Z)|. Then, by definition, there are
at least k spheres of i f, whose centres lie nearer to P than the centre of S. But this
means that P belongs to more than k spheres of if, which is a contradiction. This
proves the statement for the k-fold packings. The case when if forms a k-fold
covering can be settled in a similar way.

(iii) D\ is a polyhedral region which is star-convex with respect to the centre
O of S. In order to see this we have only to observe that D| can be constructed
in the following way: Let us draw for each sphere S fif, S'fS the radical hyper-
plane of S and S'. Then D\ consists of all points P of the space with the property
that the segment OP intersects at most A—I of these hyperplanes.
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Now we turn to the proof of Theorem 1 Let if be a k-fold packing of unit
spheres. Without loss of generality we may assume that if does not contain coin-
cident spheres. Then we can construct to each sphere S£.if its k'th Dirichlet cell
D% In order to give a non-trivial upper bound for the density of if, it sufficies,
by property (i), to give a uniform non-trivial lower bound for the volume of D\.
This can be done in the following way:

Instead of D\ we consider the set S(r)fTZ>s, where, in accordance with our
previous notations, S(r) denotes the sphere of radius r concentric with 5. We shall
assume that r> 1 Each face of D\ lies in the radical hyperplane of S and some
other sphere of if. Hence it is obvious that from the point of view of the construc-
tion of the set S(r) M D% those spheres whose centres lie outside of the sphere S(2r)

are irrelevant. Thus if if is the set of those spheres of if which are contained in
S(2r+1) and D is the k’th Dirichlet cell of S with respect to if then we have

S(r)nZ)S - S(r)r\Dk.

We divide the boundary of Dk into a minimal number of convex sets and
consider the non-empty intersections Ft, F2, ..., F,_of these sets with S(r). Let
FObe the part of the boundary of S(r) which lies in Dk. Let C, be the convex cone
with apex at the centre O of S based on Ft(/=1, ..., /). Let C, be the “cone-like”
body based on FOwith apex O. Let 3; be the solid angle of Ctat O (7=0, ..., /).
Let \X\ denote the volume of the body X. Then we have

3) IO = SO* and for 7=1,...1.

The first relation is obvious. To see the validity of the inequalities |C,|"E(0;),
7=1, ...,/, we consider the right spherical cone Rt with altitude 1, solid angle
9- and base (7, such that the centre O, of G, lies on the half-line emanating from
O in the direction of the point of Ft lying nearest to O. Let F[ be the intersection
of the cone C; with the hyperplane containing G;. Let C[ be the cone with apex
O based on F{. In view of property (ii) we have |C/|*|C;. By moving small
conical elements of C[ from outside Rt to inside Rt we see intuitively that |C/|S
A7?/|= V(9i). Formally this can be seen as follows: Let F{ and G; denote the
projections of the sets F[ and Gt onto the boundary of S. Then we have

N\C(\ = f cosec" < OfOXds = f cosec" < O,0OXds+ ¢ cosec' < OtOXds
f; r;nc, ;- o
and

n\Ri\ = Jcosec"< OlOXds = J cosec" < OtOXds+ J cosec”" < OtOXds,
a GfFt - f;

where ds denotes the (n—I)-dimensional surface-element of the unit sphere at
the variable point X. We have, on the one hand,

f ds= f ds.
Ft-G G-Fi
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On the other hand, the integrand cosec" < OtOX is at any point of the set F[—G(
greater than at any point of the set Gi—F{. Thus we have, indeed, |C;|&|C/|é

We continue to show that V(9) is a convex function of 9. Consider a right
spherical cone R with altitude 1 and solid angle 9. Let g(9) be the length of the
generator of R. Let R' be the right spherical cone with altitude 1 and solid angle

9+d9 concentric with R. Then we have [i?|= |i?|+q—(%—)1— d9-+0(g(9)r)d9, show-
ing that

9(9)1
@ ¢

The convexity of V(9) follows immediately form the obvious fact that g(9) is an
increasing function of 9.

Now we are in the position to give a non-trivial lower bound for the volume
of Ds mUsing property (iii), the relations (3), the convexity of V(9) and Jensen’s
inequality, we obtain

©) kI~ KDS(r)I= 20CINI0+ 2V (997901 +Iyin ).

We claim that 1"w(mk(2r+1), k). As an immediate consequence of the de-

finitions we have I*v(mk(2r+1)). It remains to prove that 14k2

Observe that Z)| can be constructed also in the following way: Consider any subset
si of  We associate with si the set Dsi of those points of the space whose distance
from the centre of any sphere of si is less than or equal to their distance from the
centre of any sphere of ¥ —si. Let [[j<|| denote the cardinality of si. The defini-
tions of Ds and Dtf imply that
Dk = %/ et D

We are going to show that is a convex polyhedral region with at most
\\si\\ (mk(2r+1)—isi\\) faces. Let us draw to each pair of spheres Sk*si and
SASf—si the half-space consisting of those points which lie nearer to the centre
of Skthan to the centre of S2. Then the region Dsi is the intersection of all these

half-spaces. The number of these half-spaces is \\si\\ si\ which is at most
Wsi\(mk(2r+1) —\\si\\). It is easily seen that the sets D” and D> with \\si\\ =\\si'\\,
oo
(

k_\ I convex
polyhedral regions each of which has at most k(mk(2r+1)—k) faces. It follows

immediately that the boundary of Dk can be decomposed into at most k2

convex sets. Thus we have indeed 1*"w(mk(2r+1), k).
Since V(9) is a strictly convex function, the quantity on the right hand side
of the inequality (5) decreases if we replace / by a greater value. Thus

w. A

\Ds\ —90—+w(mk(2r + 1, K)VL y imir2+1), K) )e
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whence

DY = o [N ASG T WM+ D KV e 2r+1) K)))

Since this last bound is valid for all values of r greater than 1, we have

\Dk\ m in 90—+ lv[en, ~°)1.
I:W(mﬁijf(ﬂ),k) 0@%0,[ n ! 3}

Now Theorem 1 follows immediately by property (i).

The proof of Theorem 2 goes analogously. We apply an idea of R. P. Bamban
and H D avenport [l] and P Erdés and C A Rogers [3] USIng the ﬂ’th DIrICh|et
cells instead of the ordinary Dirichlet cells.

Let now f be a system of unit spheres forming a Jifold covering of the space.
Without loss of generality we assume, on the one hand, that the spheres of f are
all different, on the other hand, that there is no finite subset of if which can be
replaced by a smaller number of spheres so that the spheres continue to form
a JHfold covering. We shall show that under these assuptions the density of each
sphere Sf_.f with respect to the JTth Dirichlet cell Dk is at least

} dt
J [1-ca(l-iare "’
where
s_ 2 nd,,
n-1 2w(Mt (3), K)Jn_1*

The proof rests on a result of C. A. rogers [13] which he phrases only for convex
polytopes, but his proof immediately implies the following

Lemma. Let P be a polytope contained in a unit sphere S with centre O. Suppose
that P can be decomposed into | convex piramids with the common apex O. Then

S\ r dt
N ~J [1-Cr(1-M]"/2

where § —----- and C — —.
n~1 J,,-1
The number of faces of Dk cannot be greater than the number of spheres of
f lying in A(3). There are at most Mr(3) spheres of f lying in 5(3), since otherwise
we could replace the spheres of ff contained in 5(3) by a smaller number of
spheres so that the spheres continue to form a JHfold covering. Thus D\ has at
most Mk(3) faces. Hence we can see, in the same way as in the case of a Jifold
packing, that Dg can be decomposed into ~(~(3), JT) convex piramides with the
common apex Q. Using the lemma we obtain

;! dt
WS\ - J [1_cri-2i"
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where
&= and  C n\Dk\
n- 1 ~  w(MKk(3),k)JIn-1I'
If |5|/|0||<2 then |C|>|C| and we have
Hor dt ? dt

¥Bls\=od [i-ca(i-tdr2- / [i-c&(i-OrR
as claimed. Consider now the case when |5|/|Z)||&2. Using the obvious inequality
w(Mk(@3), k) M k(3)"3n it can be easily checked that Ca<21 ", ie Cé< 1/4
Hence
4, —Cn@—i®2 /W v
f 4 Vi

But it is not difficult to show that ST 12 for 0<c>, Thus
we have again
dt
A S LA — / W _ /J [i _ Ci(i_,«)]«/*s

Referring to property (i) the proof of Theorem 2 is finished.

It seems to be extremely difficult to determine the exact values of the bounds
(1) and (2) even for small values of k and n. We shall try to get some information
about the asymptotic behaviour of our bounds for great values of k and n. We
start to give estimates for the quantities mk(r), Mk(r) and v (f).

Obviously, we have

(6) mk(r) & krn

For ... <. we give an other upper bound for mk{r). Let S, as above, be . unit
sphere with centre O and S(r) the concentric sphere of radius r. Let Sf be a system
of unit spheres lying in S(r) and forming, together with S, a A>fold packing. There
are at most k—1 spheres of ff which contain O. On the other hand, it is easy to
show that for ISr<4 any unit sphere which lies in S{r) and does not contain

O intersects the boundary of in a spherical cap whose angular radius is
at least arc sin /42_"' Obviously, the spherical caps cut out by the spheres of

from the boundary of 5(1/7) form a k-fold packing. Thus, if we denote by
Nk(a) the maximum number of spherical caps with angular radius a forming a
fc-fold packing, then

7 mk(r) S fc—1+ Nkharc sin——2" , ISr<4.
()

For Nk(a) we have the trivial bound
(8) Nk(ix) S KC(m)/C(<x),
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where C(a) denotes the ((m—)-dimensional) volume of a cap of radius a. Also
we have

C(n) nnL2r(n/2)cos I tan2a 39tanda | 1
1 ~»+r+(»>+2)("+4)f *

where 0797 1 (see [11], Lemma 4). It follows immediately that
M [A(@)]1s cosec a.

lim [mk(3)]n Li 2,

Hence by (7)

showing that the bound (7) is, for great values of n in a neighbourhood of /=3,
better than the trivial bound (6). Numerical computations suggest that the same
is true for any w>l. For (k+I1)2«=n/(2 log ri) a non-trivial upper bound for
Nk(@) was given by N. M. Brachman and L. Few [2]. Their result implies that

lim K(3)]ln= 2j/j~-p

We continue to show that

"
(10) mk(r): fo(r-ha"2

2(fc+l) J

Let ¥ be a system of spheres of radii k+1 with the following properties: a) for

any sphere BEY we have ScS|r—i1+ Ezﬁl , b) S U "isa pack-

ing and c) any sphere of radius kzll which is contained in S r—i1+ kZJIr(l

mtersects one of the spheres of 15\ (Jjy. Let Y be the system of unit
m

spheres concentric with the spheres of ¥. Then, the spheres of ¥ are contained
in S(r) and it follows from a result of L. Few [6] that {SjU-Y is a k-fold packing.

On the other hand, it is easily seen that the spheres of radii 2 k-1 concentric

2k
with the spheres of Y, together with the sphere 5 2(k+ 1)

S(r—121). Thus we have
r-1)"
1U*11+1n [/ _)‘ N

Acta Mathematica Academiae Scientiarum Hungarlcae 34, 1979

cover the sphere

in accordance with (10).



172 G. FEJES TOTH

C. A Rogers [14] proved that there is an absolut constant c¢ such that any
sphere of radius r can be covered by less than cn52" unit spheres. It follows
immediately that

(11) MK(r)” kcnb/2rn
On the other hand, we have the trivial bound
(12 kr* a MK(r).

A better upper bound for MK(r) can be obtained by means of recent results
of L. Few [9].

Let / (n,1) be the maximal number of cells determined by / hyperplanes in
Euclidean wn-space. It is easily seen that / (u, /) is defined by the following re-
cursive formula:

t-i
/(1,0 = 1+/ for 1=0,1,..., f(n,I) =\+72;bf(n-\,j).
Using the wellknown fact that

A (F1)"+1
%l o
it easily follows that
L (/+D)ntl
An, i) (141!
If A is a polyhedral region whosHiaces lie in at most / hyperplanes then each
face can be divided into at most = convex sets. Thus we have
f M2
(13) ))(/) (V|+l)| 3

Now consider the quantity

9°n +IV
occuring in (1). We have by (4)

It follows that

is a convex function of .9, which attains its minimum at the value 30 for which
8\ a>nl or ifg{~r)":r at 9°=o0-
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It is obvious from the relations (9) and (10) that there is a minimal constant
r=r(k, n) such that

0 (w(mk(2r+1), /c)) —

and we have k!lm0 r(k,ri)= 1 Numerical computations show that 3/2 for any
k>0 and n>\. Thus we have

Let (9 denote the density of a unit sphere centered at the apex of a right
spherical cone of altitude 1 and solid angle 5 with respect to the cone. Then the
quantity on the right hand side of the last inequality is nothing else but

kd“W(mk(I»T). Thus we have

(14) dhgg kd ¥ Q5]

It easily follows from (9) that for great values of n

[d(3)]1¥h * [g(S)]-1

Comparing this with (9) and (14) we see that for any fixed k, 6l tends exponentially
to zero when n tends to infinity. However our bound tends to zero at a slower
rate than the bound of L. Few [e1. On the other hand, it can be expected that for
fixed n even the difference of k and our bound tensd to zero as K tends to infinity.
Thus (1) seems to give a very weak upper bound for 6l if K is large compared with n.

Consider now the quantity

P dit
J n-cai-igee

2 a r -
N1 an W,

It follows by (11) and (12) that for fixed k, Cs converges to a positive constant
)k as n tends to infinity. Consequently

dt 0 2] 1
i ~F k7 raar

Thus our lower bound for Ak is hardly better than the trivial bound.

In 3-space we obtain better bounds than (1) and (2) by a slight modification
of the original proofs. Let V(9) denote the volume of a right spherical cone with
generator 1and solid angle 9. We shall skech the proofs of the following theorems:

occuring in (2), where
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Theorem 3. We have

4kn . ' 49-30
® g U oWt P
Theorem 4. We have
4/rc
3 ;(3)J

Let if be a system of different unit spheres. For Siif let / be the number of
the face-planes of  which intersect S(r) (/>!). We divide S(r)C Ds into certain
parts CO, C, defined as follows: The part COis the point-set-union of the seg-
ments joining the centre O of S with the boundary-points of S(r) lying in Dk.
The part C; (0</S/) is the point-set-union of the segments joining O with the
boundary-points of Z)| lying in S(r) and one particular face-plane of DE. Let x{
be the altitude of the cone C; (/= 1, ...,/) and the solid angle of C; at O
(7=0, Let V(9,x) and V(9, x) be the volume of a right cone of altitude
x and solid angle 3 based on a circular ring such that the inner and outer generator
ish equalhto 1, respectively. An argument analogous to that used in the proof of (3)
shows that

\Cg\=»f, for *;<1

and
IC;1=?K(3,.) for XiS1l (i=1I, ..../)

when if is a Jifold packing and
Co=0, \Ct\*V (9txd 0=1, ...,/)

when if is a Jifold covering.
We obtain by an elementary computation that

9(4nx—3 : ]
Fo.x) = MU —3 o gz:]s AE) AV _B(PB)

3(2nx —3)2 ) dx 3(2nx—9)3
n9x(4nx+9) dV A 2(12%+ 9) A
VO onkse [ 2a T Y

Thus we have V(9, x)*"V (9, 1)=V(3) and F(9, x)" V(9, 1)=F(3). Hence

Ne\ s=s\mns(r)\ = _2_1\CAA , -?. Y(Rd

if if is a Jifold packing and

-

PSI=2 e\~ | vy
1 1
if Sf is a Asfold covering.
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We have already seen that V/(9) is convex. On the other hand, it is easy to
show that

n3(4n+3)
2n+ 3
is concave. Using Jensen’s inequality we obtain
(4 )
for the case of a k-fold packing and
I« S'r(T)

for the case of a k-fold covering.

Now we have LUTK(2r+1) if the spheres form a Afold packing and IsM Kk(3)
if the spheres constitute a k-fold covering such that there is no finite subset of
if which can be replaced by a smaller number of spheres so that the spheres con-
tinue to form a k-fold covering. Thus we have

gypismax min Ay mkEOEDV o it

and
151S n.
. 0p(w)-
respectively.

Theorems 3 and 4 follow now by property (i).

Theorem 3 gives a rather good upper bound for <§. From (7) and (8) we obtain
m2(- - 1.057+1)=m 2(3.114)"34. The quantity

901.0575+34V( A )

attains its minimum 4.5864... at 30= 1.0462.... Thus we have
Sn

S** 3-4.5864... 1826...
The best known lower bound for 6\ is [10]
d\~ 1.612...
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ISOMORPHISMS OF CAYLEY GRAPHS. 1I

By
L. BABAI and P. FRANKL (Budapest)

L Introduction. By groups we mean finite ones throughout this paper. For
G a group, let GL denote the left regular representation (group of left translations)
of G. A Cayley graph of G is a graph X on the vertex set G such that its automorph-
ism group Aut X contains GL. Denoting by R the set of neighbours of the unity
e(G in X, we have R=R~X c$R. X is uniquely determined by R; a and b are
adjacent in X iff a_1ii€/1. Set therefore X=X(G; R). If a is an automorphism of
the group G, then X*=X(G; RJ) is another Cayley-graph of G, isomorphic to X.

X is called a Cl-object of G, if all Cayley graphs of G isomorphic to X, are
of the form X* (oc€Aut G). G is a 8 —CI group, if all Cayley graphs of G are Cl-
objects. stands for graphs; the analogous concepts can be introduced for other
classes of structures — digraphs, relational systems, etc. —, too.) We are con-
cerned with the following problem:

Which are the *8—C/1 groups?

This problem has been raised in [3], generalizing a question of A. Adam [1].

Let Z, denote the cyclic group of order n, and Gm—G X...XG (direct power).
The following groups are known to be 8 —CIl (p,q are primes, pXq); Zp
(Djokovic [7]; Turner [18]), the groups of order 2p (Bavai [3]), and 3p [4], Z4
(G odsil [8]), Zh (Godsil [8], Klin—Kaloujnine— P&schel, SE€ [11, 12, 13, 15],
Alspach— Parions [2], Z| ([4, 8]), and the only known result involving an arbitrarily
large number of prime factors: Z, is 8 —CI (in fact, T —CI for any class T of
structures), provided n—pl...pr where Pi+i?Pi-.-Pt 0=1 e, r—I1), and g.c.d.
(ft, <p(n))= 1(PALFY [14]).

On the other hand, constraints on the structure of 8 —C|I groups were obtained
by the present authors [5], principally for the case of odd |G| (cf. Section 2). The
main objective of this note is to prove

Theorem 11 Let G be a non-solvable 8 —CI group. Then G=LXN, where
(i) L is isomorphic to one of PSL(2, 5), SL(2, 5) PSL(2, 13), and SL(2, 13);
(i) N is a direct product of elementary abelian groups;

(i) g.c.d. (JA[, |L])=1.

The proof depends on deep results of group theory, in particular on Goren-
stein— W alter [9] and Brauer—Suzuki [6].

In a later paper, we shall return to the problem of restricting the structure
of solvable 8 —CI groups of even order. We should stress here, that we do not
know if there are any nonsolvable 8 —C1 groups. (This note might eventually serve
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178 L. BABAI AND P. FRANKL

as a step towards a proof of their nonexistence.) For S —CI groups of odd order,
the following holds:

Theorem 1.2 [5]. Let G be a 'S—CI group of odd order, and Gp its Sylow p-sub-
group. Then

(i) Gp is either elementary abelian or Z9 or ZZ,

(ii) G is either abelian or it has an abelian normal subgroup M of index 3 and
an element b of order 3l in G—M and there exists an r such that b~Ixb=xr for
each xEM (r3= 1mod |GJ).

In particular, every subgroup of M is normal in G, hence G is supersolvable.
Moreover, G is abelian, infact, a product of elementary abelian groups, provided
B’l is prime to 6.

2. Preliminaries

9 will denote the class offactor groups of S —CI groups throughout. We shall
require a few lemmas from [5].

Lemma 2.1. 0 is closed under subgroups and factor groups. [5, 3.2.]
Note, that

Lemma 2.2. Subgroups of 'S—CI groups are 'S—CI. If N is a characteristic
subgroup of the 'S—CI group G, then G/N is 'S—CI again. [5, 3.2, 3.5]

We do not know if all factor-groups of a 'S—CI group G are 'S—CL (This
holds if G has odd order and also if G is not solvable, since by 11 and 1.2, any
factor-group of G can in these cases be obtained by taking a factor-group by a
characteristic subgroup, of a subgroup of G)

Lemma 2.3. |f ap-group P belongs to 9, then P is either an elementary abelian
group, or a cyclic group of order pl, 1=3, p=3, or the quaternion group Q of order
8. [6 51]

Lemma 2.4. If G£9, Ht,H2=G and J/r|=\H2 then H*“=H2 for some
aEAutG. [5 5.1]

Lemma 2.5. Let m,n,k denote positive integers, g.c.d. (m, k)= 1, and assume
that n is the order of Kk mod m. If the metacyclic group

G —(a, b\am= b"=¢, b~xab —ak
belongs to 9, then «S6, nZ5. [5 45]

Lemma 2.6. Let GE9 be a nonabelian group, P its Sylow p-subgroup. Assume
that \P\=pk, P is a minimal normal subgroup of G, and G has a cyclic Hallp'-sub-
group (a). Then either k—1 and |a|E {2, 3, 4, 6}, or k=2 and either p=2, [aj=3
or p=3, |ale{4, 8}. [5, 4.6]

Several times we shall refer to the following result from group theory:

Lemma 2.7 (Burnside, See [10, p. 419].) Let P be a Sylow p-subgroup of G
satisfying PsZ(Na(P)j (i.e. CG(P)=NGP)). Then P has a norma! com-
plement in G
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(As usual, Ng(P) and CG(P) denote the normalizer and the centralizer of P
in G, Z(G) is the centre of G, and a normal complement of P is a normal subgroup
N<tG such that NP=G, |AMP|=1)

Our standard reference book on group theory is Huppert [10]. All the results
used here are proved or at least quoted there.

3. The proof

Lemma 3.1. Let P denote the Sylow 2-subgroup of & _B. Then either
(a) P has a normal complement in G; or

(b) P is isomorphic to the quaternion group Q of order - ; or

(c) PrZ2XZ2 and Ng(P)/Cg(P)~Z3.

Proof. If P is cyclic then (a) holds by [10, p. 32, Aufgabe 21]. If CGP)=NGP)
then again (a) holds by a theorem of Burnside (Lemma 2.7). In the remaining cases,
Psiz* for some k"2 (by Lemmas 2.1, 2.3) and CGEP)xN G(P). By the mentioned
theorem of Burnside (2.7), P has a normal complement in CG(P), say M. Clearly,
CEP)=PXM and both M and P are characteristic subgroups of NG(P f Let
(p: Ng(P)-»Ng(P)/M denote the natural epimorphism. Set <x=x, <p(H)=H for
xENg(P), HAN g(P). Let u be an arbitrary memberof NG(P) —CQP). Consider
the group (U,P)=L. Clearly, P=P<iL, and CL(P)=P. P contains a minimal
normal subgroup Px of L. Let P,|=2. By Lemma 2.1, LfO. This implies that
each subgroup of P having order 2l is a minimal normal subgroup of L by Lemma
2.4, Hence either 1=1 or I=k. The first case is impossible since then P*Z(L),
contradicting with CL(P)=P. Hence P itself is a minimal normal subgroup. As
it2 generates a Hall 2'-subgroup of L, all conditions of Lemma 2.6 are fulfilled,
and we infer that k=2 and |nJ=3. Hence P=2Z2XZ2, and every member of
Ng(P)—Cg(P) induces a non-trivial automorphism of order 3 of P. This proves
that (c) holds.

Lemma 3.2. If GfO is a non-cyclic simple group then G=PSL(2, p) with
p=5 or 13

Proof. Let P be the Sylow 2-subgroup of G. Brauer and Suzuki [s, cf. 10,
p. 624] have shown that a group with quaternion Sylow 2-subgroup is never simple.

Hence, by the previous lemma P "Z2XZ2=D2, the dihedral group of degree
2. All simple groups with dihedral Sylow 2-subgroups have been determined by
Gorenstein and Walter [9]. These groups are PSL(2, q) (q=pf, p prime -X2,
pf>3) and the alternating group A7.

The Sylow 2-subgroup of A7has order =, hence G"kA7. Assume G=PSL(2, q).
As \G\=q(g2—1)/2, we have q=*3 mod:.

PSL(2, g) (viewed as a group of fractional linear transformations over GF(q))
contains a subgroup, consisting of the linear functions x=»ax+b (a, b"GF(q),
axX0 is a square in GF(q)). This group satisfies the conditions of Lemma 2.6,
hence & —1)/2C{2 3, 4,+,s }. Of these, only q=5 and 13 satisfy g= + 3 mod .

Proposition 3.3. Neither PGL(2, 5) nor PGL(2, 13) belongs to B.
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Proof. Both groups have dihedral Sylow 2-subgroups of order 8 excluded
by Lemma 2.3.

The following is folklore:
Lemma 3.4. Aut (PSL(2,p))" Aut (SL(2,p)=*PGL(2,p) (/>==5).

Proof. Clearly, PGL(2,p) induces a group of automorphisms on PSL(2,p)
and GL(2,p) on SL(2,p). The latter action is not faithful; actually GL(2,p)/
/1Z(GL(2,p))=PGL(2,p) induces this automorphism group, too. PSL(2,p) has
no other automorphisms (Suzuki [17, p. 659]). Clearly, Z(SL(2,p)) is invariant
under Aut (SL(2, p)). Hence, in order to prove |Aut {SL(2,/>))| = |Aut (PSL{2, /?)|
we only have to prove that any af Aut (SL(2, p)) which induces the identity on
PSL(2,p) is the identity itself. But such an a has the form a(A)=R(A)A where
B is a homomorphism SL(2, p)*GF(p)*. Having the unique non-trivial normal
subgroup of SL(2,p) 2 elements only, we infer that Ker 3=SL(2, p).

Lemma 3.5. Let GEd and K-=aG. Assume that K is one of PSL(2,p), SL(2,p),
pf {5 13} Then G—K xN where N is the largest normal subgroup of odd order in G.

Proof. Let cp(g): x>+xg (XEK) denote the conjugation of K by gEG. fp is
a homomorphism of G into Aut K.) Clearly, (p(G) contains the inner automorphism
group KjzfK). We assert that <p(G)=K/Z(K).

For assume (p(G)"K/Z(K). This implies cp(G)=PGL(2,p) by Lemma 3.4.
We infer by Proposition 3.3 that (G)j 0, in contradiction with GEO.

We conclude that cp(G)=K/Z(K)=(p(K). Clearly, Ker <pC)K=2z(K). If
|IZ(K)|=1, this implies G=KxKer qa Set L= Ker<p in this case.

K has no normal 2-complement; G has still less. Consequently, by Lemma
3.1, the Sylow 2-subgroup of G is either Z2XZ2 or Q, the quaternion group
(161 =8). Clearly, the latter is the case when K=SL(2, p), and the former other-
wise. In any case, |G: K\ is odd. Hence, if |Z("T)j=2, then |Ker ¢4=2mod 4,
and so, Ker @ contains a characteristic subgroup of index 2. Call this subgroup N.
Again, |M is odd and N<tG. Moreover, clearly, NfiK~ {e}, hence G=KxN.

Obviously, N is the largest normal subgroup of odd order in G

We shall need the following result of Schur (cf. [17, p. 658]):

Lemma 3.6. (Schur [16, p. 120]). Assume that the Sylow 2-subgroup of the
group G is the quaternion group, and G/F=PSL(2, p) for some normal subgroup
F order 2. Then G= SL(2, p).

Lemma 3.7. Assume that the group GE£0 is not solvable. Let N be the largest
normal subgroup of odd order and R the largest solvable normal subgroup of G. Then
G/RMPSL(2,p) where pd{5, 13}, and either

() R: N|=2, G/INASL(2,p); or

(i) R=N and G/N”PSL(2,p).

Proof. Let H be a non-cyclic simple group appearing as a composition factor
of G. By Lemma 3.2, H=PSL{2,p) where p=5 or 13 Let M be a maximal
normal subgroup such that G/M still has H as a composition factor. Let I' be a
minimal normal subgroup of G/M. So, T is characteristically simple, whence
T=HX... XFt. Now T£B and H-o T, and by Lemma 35 this implies that \T/H\
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is odd, T=//. Thus H<3G\M. Again by 35 G/M=HXL, hence HssG/R for
some normal subgroup R of G

Let P be the Sylow 2-subgroup of G. P has no normal complement in G (since
G is not solvable). By Lemma 3.1, either (b) P=Q, or (¢) PsiZ2XZ2 holds.
In the first case [7=2 mod 4; let N denote the characteristic subgroup of index
2 in R. In the second case set N=R. Clearly, in both cases, N is the largest odd
normal subgroup of G and R is the largest solvable one. In the second case (ii)
holds. In the first case we have to apply Lemma 3.6 to obtain (i).

Corollary 3.8. Using the assumptions and notation of Lemma 3.7, let K=G/N.
Let D be a non-solvable subgroup of G. Then D/Dx= K, where Dx is the largest
odd normal subgroup of D.

Proof. G/R=H=PSL(2,p). By Lemma 3.7, this is the only non-cyclic com-
position factor of G, hence it is one of the composition factors of D. If K=H we
are done. If \K\VAH\=2 we use that the Sylow 2-subgroup of G is the quaternion
group. Therefore D cannot have Z2XZ2 as its subgroup. So, applying Lemma 3.7
to D, (i) will hold.

Henceforth G, R, N are defined as in Lemma 3.7, and p denotes the prime
for which G/R=PSL(2,p). By Theorem 12, (and Lemma 21 which will not
be mentioned henceforth), N contains a characteristic Hall 3'-subgroup W which
is the direct product of elementary abelian groups. Let T denote the Sylow 3-sub-
group of G. T is either cyclic of order "27, or elementary abelian (Lemma 2.3).
Let |T’|=3t. (We have i"l).

Proposition 3.9. Let r be an integer and D be any of R, N, W. If G has an ele-
ment of order r outside D, then all elements of order r are outside D.

Proof. Clear by Lemma 2.4, since D is a characteristic subgroup of G.
Corollary 3.10. g.c.d. (\W\\GIW\)=\ and \N: W\=3t 1.

Proof. Let r be a prime, dividing \W\. Note that r*5. By 3.9, W contains
all elements of order r. By Lemma 2.3, the Sylow r-subgroup of G is elementary
abelian, hence it is contained in W.

As 3 divides |A| but 9 does not |T: THN|=3, and |[N: WA=3'~1 follows.
Corollary 3.11. T is cyclic.

Proof. If [[|&9 then |ANT|*3. It follows by 3.9 that N contains all ele-
ments of order 3. But N”T (since 3||A]). We infer that if |[F|*9 then T is not
elementary abelian.

Lemma 312, |G: Ca(W\=3s where 0*s”t—I. (Note that \"t"3.)

Proof. Let z be an element of orderp m G. z$N by 3.10. (z, W) is a group
in 0 of order p\W\ which is prime to 6, whence this group is abelian (Theorem 1.2).
This yields z*"CGW). Let FO=(z: \z\=p). FOis a characteristic subgroup of G.
It is not solvable (since z$R). This implies, by 3.8, that |/T] | HR0iil where Fx
denotes the largest odd normal subgroup of FO. As clearly FO(~)W”F1 and
F,WAC g{W), we obtain \KWW\ \\CGW)\. But \K\ \W\ = IGI/3*-1L
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Lemma 3.13. CEIV)=(VxL where L is a nonsolvable characteristic sub-
group of G.

Proof. CG(fV) is nonsolvable since it is not contained in R (3.12). W being
in the centre of CG(JV) we obtain by 3.10 and Burnside’s theorem (Lemma 2.7),
that each Sylow subgroup of XX — and hence W itself — has a normal complement.
Denote this latter one by L. Clearly, Ca(W)=WxL. As L isa normal Hall-sub-
group of C(W), it is characteristic in CG(W), hence in G (since W char G).

Lemma 3.14. Let L be as in 3.13, and let M denote the largest odd normal sub-
group of L. Then LIMsiK and |[M|=3_1S.

Proof. L/MstK follows from 3.8. As

\G\ = 35|COCK)| = 3S\WAL\ = 3 PK| \K\WM\
and
\G\ = \N\ T = 3'-XPK| \K\,
we infer |M|=3t_1“s.

Lemma 3.15. M*Z(L).

Proof. Every Sylow 3-subgroup of L contains M since M is a normal 3-sub-
group. The Sylow 3-subgroups are cyclic. Therefore it suffices to prove that the
subgroup L, generated by all Sylow 3-subgroups of L coincides with L. But this
easily follows from the fact that L/MsiK is generated by its Sylow 3-subgroups.

Lemma 3.16. \M\=\.

Proof. We use the following result, obtained by a simple application of the
transfer: If U is an abelian Hall subgroup of a group B, then \B'r}zZ(B)fJU\=1
([10, p. 416, Satz 2.2].)

Let B=L, and Uthe Sylow 3-subgroup of L. We have \U: M\=3 (as L/MsiK,
3.14). Now Z(L)C\U=Z(L)=M, whence \MC\L'\=\. This implies L'siK by
3.8, and L=MXL"'. Both M and L' being characteristic subgroups of LE6, it is
impossible that both contain members of order 3 (by Lemma 2.4).

Conclusion. We have found a subgroup L, K=L-cG By 3.7, K=G/N is
isomorphic to one of SL(2,p), PSL(2,p), p£{5 13} Hence, by 3.5. G=LxN.
As L contains elements of order 3, N does not (3.9). We infer that N= W, which
implies that g.c.d. (\N\, |A])=1 (3.10). Moreover, N=W is the direct product
of elementary abelian groups (1.2). This completes the proof of Theorem 1.1

Remark. From these results one can easily derive that every Qt—CI group is
solvable. (13 stands for the class of digraphs.)
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ON THE UNIFORM MODULUS OF CONTINUITY
OF THE OPERATOR OF BEST APPROXIMATION
IN THE SPACE OF PERIODIC FUNCTIONS

By

A. KROO (Budapest)

Introducion and preliminary results

In this paper we shall present some results connected with the uniform con-
tinuity of best approximations.

In the last fifteen years problems dealing with local continuity of best approxi-
mation have been widely investigated. It was proved ([1], [2]) that the metric pro-
jection operator onto a finite-dimensional Cebysev subspace of C[a, b] is point-
wise Lip L An analogous result was obtained for the space Lp, (I3)).
In [4], the local modulus of continuity of the metric projection operator in space
Lp, 1"p<2 was discussed.

The problem of investigation of the uniform modulus of continuity of the
operator of best approximation was raised by S. B. Steckin. This subject was
discussed in several papers ([5]—[8]).

Let C[a, b] be the space of real valued functions continuous on [a b], and let
the set of functions {p}=0 be a Cebysev system on [a b\. Further let U, be the
set of polynomials of the system {cpJ-Lo, and let p,,(f)fEUnand £,,(/) denote the
polynomial and measure of best Cebysev approximation of the function fEC[a, b],
respectively. Then for £>0 and MQ C\a, b\ we can introduce the uniform modu-
lus of continuity of the operator of best approximation on M as

fiM ffECa,
1f- gIISe

Let us define also the uniform modulus of strong unicity of the operator of best
approximation on M:
B<A(M, €) = sup  sup LH(/)-?,,1
fiM q,,tU,,
-2, 11SE,, (/) +e
As it was shown in [5], if M=C[a, b] then Q~(M,e) is even unbounded, so it
was reasonable to consider Q*(M, €) and Q”*{M, €) on sets M having certain com-
pactness properties. (Later in [9] some sufficient conditions for s) and
€) to converge to zero as e—0 were obtained in the general case.)

The first result in this direction is due to P. Y. Gaikin [5. He proved

the following

Theorem. Let r,ndZ+, r<n, cpi(xX)=xl, /=0,1, n, M= W=*Ha>\=
= {feC[a, b): w(/U <5)Sm<5)}. Then
if n&1 and 0<eSco(b—a);

N
07%(M.e) otherwise,
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where R,,(e) satisfies the equation

and the constants involved depend only on r and n.

The same estimations were obtained for Q*)(M, €) and Q{2 (M, €) in the periodic
case [6] without any restriction on r and n and then in [7] an analogous result was
proved in the algebraic case.

So the orders of 12M)(e) and (2°2%e) as functions of s were determined and it
turned out that they are closely connected with some Kolmogorov-type
inequalities.

In the present paper we shall study the order of magnitude of fl'l*(e) and

(e) in the periodic case with respect to £ and n simultaneously. We shall obtain
uniform estimations for Q (s) and Qfi(e) in terms of e and n. Moreover, the upper
estimation will be uniform even with respect to r.

In the second part of this paper we consider some classes of infinitely differenti-
able functions and study (M, e) and 12®(M, €) on these sets.

81

Let C[—n, ] be the space of 27t-periodic real valued functions continuous
on [, @], Tk (ledZ+) the set of trigonometric polynomials of order at most
k, WrH[co]={fdC[-—, d]: co(/(r), <5)sco(d)}, where co(@) is a fixed modulus of
continuity, rdZ+. Then we can define the uniform moduli (WrH[co\, e) and
Qj?)(WrH[co], ) as in the Introduction. Further, let Rk=Rk(e) be the unique

solution of the equation )(,_I-*

Then we have the following

Theorem 1. Let r,kdZ+, a>0 and co(S) a modulus of continuity. Then there
exist absolute constants 1LlicO,c1,c2 and a positive constant c3(r) depending
only on r, such that

A) if fcgl and O then
2 c3(r)Rks) S Q" (W rHfco], 6) cORk(cfe) (j = 1, 2);

B) ;) k=0 or £> to then
3 £S Qj/>WrHa>], )~ c2¢ 0 =1, 2).

Remark 1. Evidently Rk(c\ke)~ c4(r)Rk(fi) and (2) implies that in the case A
4) c3(r)Rk® S Q[I)(\WVrH[(], &~ efir)RkB 0=1, 2)j
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Corollary. LetrEZ+, KEN, co(6)=Sd, 0 <a” 1,0 <s"k Then
ft(r+a)!(2k -Fr + a)
(5) " -I(—l)T'z p(r+a)/(2fctr+a) A Q[A{WFH[Oj\, e) —

2fc(r+a)/(2fc+r+ a)

pr+af(de+r+d)

In what follows denote constants depending only on quantities specified
in the brackets, while c; denote absolute constants.

Some lemmas

Let us formulate the first lemma. Its proof can be found in [1].

Let {(Pi}'=o be a Oebysev system on [a, b\ and consider the system of points
(aM)x0 X !<... <xn+l(Sh). The number of these points is n+2 so if we omit
the rth point (0*r*m+1) and consider the set of points .o<Xr A<
<xXr+l< ...<xn+l then for any 07iSn+\, i%r the fundamental polynomials
Z."r(x) of the Lagrange interpolation corresponding to this set can be defined, i.e.

IL"r(xj) =0 for OSjSn+1, jyir,i;
[L,/1xp = 1
(0s/=n+1, iVr). Further let

(6) A= max - Ea\Kr{x)\
|"r

Lemma 1 Let /= and gn(x) a polynomial of the system {©}'=0 satisfying
the inequalities

y(-D)i+lgn(x,) = p (i =0,1, ....n+1;y =£1).
Then

(7) 1bll = Kb-

Now we shall give an estimate for kn in the periodic case which is verified in
[12]. Consider the set of points (—h")x1<x2< ... <x2Zk+2(<n). Then

2fc+ 2 X —X *

M sin 9

LUX) = _ o @=i=2k+2 i r, I1SrS 2k+2).
IHsin"
i "

Further define X as in (6). Then we have the following
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Lemma 2. Let the set of points (— . . . <xa+2(<4), kw1l satisfy
the inequalities
xi+tl—Xird (i —1, 2, 2k+1),

2A—-(ATF 24 A)) E d,

where 0<c/- Then
K-|-1
20+ 2 l
@ I’\llef)é+2 Y ke LYy
irr Tl sin-"-2
jViir

The next lemma will be proved with the help of the following Kolmogorov-
type inequality proved in [6]: for any fE£W rH[co\

) WIS ce(r,/)Auﬂéﬁ/”) @ 1)

holds where A 6(y)=min {x: xrco(x)=y}. In [6], c6(r, 1)LLIn21 is essentially
proved, hence for /=1 we have

1l
AL (11D
Lemma 3. For any /£ WrH\cd\ and x, yE[ —n, n] such that |/(m*)—j)1 = HII

(10 i —2s

(i) - tl=
holds.
Proof. For r=0 the statement is trivial. Let rw\. Then using (10) we obtain

WAL = \FOO)-F(Y)\ =WAN XY\ 3T 27— \x-y)

and the lemma is proved.

Corollary. For any /6 WrLipa 0<as51 and Xx,yE[—n, 5] such that
17(*)-1(g)[s |11,

1
pe- €l o ),

Now we shall investigate the following question: how can CO(p’\\f), <5 be

estimated from above if fEW rH[cO], By a theorem of S. B. Steckin [10], in this

case co(pjfXf), d)c7(r)oj(S). In the following lemma (which will be proved by
the method used in [10]) we obtain an upper estimation for c7(r).

Lemma 4. For any /€ WrHfco\, rEz+, kEN
(12) o(pEn) (1), 9 = c8In (r+ 2) (O
holds.
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Proof. Assume at first that di:?. Then

(13)  cu(p<>(),9 s aoo/4 <B)+2||/IW-pWNIl GG+ 2[|/W-pW (N!].
By a theorem proved in [13]
Wf(r,-p ir{)\ ~ coln (r + 2)EK(fV).

Hence and from (13) we obtain for <" !
(14) (pW ), S) 3=co(6)+2c\n(r+2)Ek(fM) S
S oi(d)+ c10In(r+2)cu”j A cu In(r+ 2)a>(S).

Set now Then using (14) for <5=-" and Steckin’s inequality [10] we

Ic Ic

obtain

m(pW(/), S) ~ d|pEr+1)(HI! » ~co[pP (f),j) S

S ¢12Sk In (r+ 2)cu c13n(r+2)co(d).
This inequality together with (14) completes the proof of the Lemma.
Now we shall prove our main lemma.
Lemma 5. Let kdN, Z+,fd fvrH[w]\Tk. Then for any gkd Tk

( \ 2fe

holds. al

Proof. Set/ = /—pk(f). Then by (12) 3f WrH[(S\, where to(<5)=c15In (r + 2)oj(d).
Without loss of generality we may assume that <15In (r+2)>l. Further set
4k=gk-P Af), then

(16) WJ-U = Ek(f)+n

where p=||/—xn—EK(f). There exists a system of points (—n")x1<x2<...
mm<XzZk+(<n) such that

17 I(*;) = K-1111 = 0=12 .. 2c+2 |yj- I
(16) and (17) imply

-D Ale*(*i) - k (' = B2, ... 2fct 2).
Then by Lemma 1 y( ) ( )

(1B) 1511 SA*/!.
Further /€IFtf[c6] and |/(xr+D)-/(a:3|=2E'k(/) =2]|/||]. Hence (11) implies
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that the set of points {x}ILi2 satisfies the conditions of Lemma 2 with
d="-rjjdl/H) and using (18) and (8) we have

(19) IM - (k W, /f) ~

Let us compare K /1 E/1/)) with Ko>(Ekg2?_— Evidently SO®(£4C/) = ’\o,«.i(4£*(/))-
Létrél. By co>co, 4> (/))< A_ (Ek(fj) holds. Further, set /rra(Ek(f)) =a,
KM f))=a, Ek(f)=b. Then

arg)@ =b
arca(@ = b
d< a

%
hence b=ard}(d)*arco(a)*arcisin (r+2)m(a). On the other hand b—arw(a) i.e.
ara>(a)*chIn (r+2)arco(@ or RB=(cl5In (r+2)l/rd"zCl&a i.e.

ci6
and this together with (19) completes the proof of Lemma 5.

Lemma 5 is the strong unicity theorem in the periodic case (see [2]). It im-
mediately implies the periodic version of Freud’s theorem [1].

Corollary 1 Let kEN, rE£Z+, fEWrH[(a]\Tk. Then for any fdC | -—.n]
( \2k

kfJkifv u-~fll
Proof. (20) follows from (15) and the obvious inequality

(21) M~P KU\ ~ £x(/)+ 2H /-1J.
Corollary 2. LetkEN, rEZ+, O0<a”l, 0, /E WrLipMa. Then
a) for any gk Tk
i {(c \ 2k(
(22) PAf)-gk\N{-f-) {\\f-qK\~Ek(f)};

b) for any fkEC[-—n, n]

R E(_:”\rK( c'M \Z.Ltﬁ()n/_/

(23) Ww n-paw 1k

hold.
Proof of the upper estimation of the Theorem

Let us prove the upper estimation for RE2,(fFj.i/[co], e).
Let fEW rH[w] and gkfTk such that

(24) \\f-q K\S E k(f) +e.
Set f=f~pk(f), gk=gk=Pk(f).
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Case I: k=0. Then there exist points x, j€[—it, n] such that /(nr)=||/||,
[(j)=-]|/11- Further (24) implies that ||/-gOHIIl/ll+e; hence qO(x)"-£,
Vo(j)=e i-e Idl=e-

Case Il: k*I, Then using (24) we obtain
(25) W -4 ~ Ek(f)+\\f-gk\* 2EK(f) +e.
But hence and from (25) \\pk(f)-q K\=c1%E and the

upper estimation of the theorem in Case B is proved.
Case Ill: fcsl, 0<E~-N-w , £ Tk. Then Ek(f) —0 and hence
W r)-an s 2e£*(/) +e = e=Rk(c?ks).

Case IV: kEI, /€ tFrA[ca]\rt. Then (15) and (24) imply

(26) WPAD-0*\ 7 000kK N<EK(T)} X

where we may assume that c20=1- Thus by (25)

@n WPk(f)-akd o i,Sr.n{Ertp Q ir)"

It is known [11] that there exists a strictly increasing modulus of continuity
0j, such that co”wl1*2w, therefore without loss of generality we may assume

that Mis strictly increasing. Then if rfel the continuous function (CZ)KAr’a,(M))z

is monotonically decreasing from +°° to O as £ varies from O0to +°°. If r=0

then it decreases from +°° to - m <e<b+cn(g). (Here we assumed that

g
(&)kn)
— . If — then we can replace (27) b
@ @ p (27) by

@

and do the same transformations.)
Hence for any /&0

(28) BRMINGis*6 o rmEnad =

where Rk=Rk(e) satisfies the equation
e

Rk+em
(C20k IR 'KY
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or
1 . R I
e R R LTS

Consider the equation

1 fe fife f*
* (C0fr {r*J 0){" 0k

Obviously Rk"R k, hence (27) and (28) imply
\\PK(f)-9k\\ = Co(Rk+e) = cO(i?i+e)

and using that c20= 1 we evidently have that if 0<E£<-*r f-2j, thus
110(/)-21= coK ) = LIRK .

This completes the proof of the upper estimation of the Theorem for
i22)(WrH[oj], €). Using (21) we can analogously prove the upper estimation for
ap (W rH[a>le).

The proof of the lower estimation of the Theorem

Evidently, it is enough to prove the lower estimation for (WrH[w], s).
If A=0 or £>7T£0(y) we may set g=f+e; then \\pk(f)-p k(g)\\=e.

Let 1 and O<e We shall use the counter-example con-
structed in [5]. Consider the set of points

x1=—Ar, X=X+ 0—N)2rh (h>0,/=23,..., 4fc+4).

Then, as in [5], we can construct a function satisfying the following properties:

a) feW rH[a>Y,

b) /fe)=(-1)i+ll/Il,/fe-) =0, (i=1,2, ..., Ac+2);

c) Wl =c2(r)hrco(h);

d) [ =0 if x€[-n, Xj];/< 0 if x€(x«+3,n); sign/= (- 1)1 *€ [x2i+], x2+3]
0=01,..,2/c).

Now we shall define h. Let Rk=RKk(e) satisfy equation (1). It is identical with

R £
* k2*a(RK ’
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Further set

@) h 2400;7(RY
Then
(2r100h)ra>(2r 100/) = Rk = JEE(2r 100/ &
i.e. -
(2"100/1M+*keo(2: 100M) = £ < (i)  w(l),
1
(30) o
Then {x,}f e[—], Further property c) of the function / implies
(31) c2(r)Rk(e) ~ W = c23(r)A*(r).
Define

f{x) if X&+3;
g9(*) = [(*) if *«+3=*=

Then g6C[-7t, Al and ||/-g||=e. It is easy to show that Ek(g)=\\f\\+n, where

ju>0, hence

(-)2*(g> x2) —/ft (i= 1,2,  2fc+2).

Then setting a=x2, b=xik+i, y=I1 in Lemma 1 and using (8) with d=2r+1h

we have

2k \~2 y Yy a

M sin- *
2k+2 jvf%
pr @l mzxacit  Unfi8ap ez N0 o
i sin
iVm N pexk+]
jri,m
A H 'nﬁfc 2k§2 1
SI - .
2 Y e o
vm I sinm >
A7l
I,m
( \ X
I"hk) =

Using this inequality we obtain
N +e-/1(58)2< " |g(x4t+d) |- |p f(g, xt6+d)|  |g(xdktd) - p (g, x4t+4)| S WA\+ti

i.e.
(32)

13

en (L+(5m)A/n~ (6Mm)2
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Assume that Una(™M)U<H/Ll- There exists a system of points (—1")xk<...

.. <X[FA<s) such that

(33) g(x)-pkg x) = yC-iyrig) (i=12 .., 2fc+2; |y = 1).

Further, let us prove that there is no point 3c6[x4fct3 m] such that
g(x)-pkg,x) = £%(9).

Indeed, assume the contrary. Then

g(x) = pk(g, x) + Ek(g] > [ITHt[1-I[11 = p>

but g”o if x€4@s, n\. Evidently n, xj (i=I, 2, ..., 2k+2), hence
*4*~+3] and using that |g|s]||/|| on [iclsx4fctd] we obtain from (33)

(34) y (- Di+1Pg, xt) = EK(g)+y(-iy+1g(x) » H/H+.-1/ - p
(i=12, .., 2/c+l).
By Lagrange interpolatory formula and (34)

+Xsin——i
2k+l
M@, 0=12, PUEUL— 5 7,
s n— —
J/vl i . i-
ac+
I'I sin
2N14-1 VA
2,y (-D)i+1Pji(g, %) - zl#n N
I'I sin =" T~
1 A
(f2~k  2fc+1  _ 2kl

M 2] jjawa-Xtj2-  (4k+2)2ekhX
hence and from (32) and (29) we get

HA (gl * (6n)2k(4k + 2)2k22kth2k  { 36n ) k2k)2ZkKI R k) ~ k2k?2a (RK) Rk~ *
We obtained this inequality assuming that |la (Il I/Il- Hence and from

131) we have
Ibi(g)ll = min {UH, Rk(e)} = cM(r)Rk(e).
The Theorem is proved.
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§2

As it was mentioned already, the operator of best approximation satisfies a
point-wise Lip 1 condition and evidently this is the best possible result. By (5) we

. . . . . [
can see that the uniform Lipschitz exponent for the class WrLipa is ,, --——- -

i.e. it remains below 1 But this exponent tends to 1 as r-*°° hence one may
expect that for classes of analytic or even of infinitely differentiable functions,
the uniform modulus of continuity of the operator of best approximation will be
close to Lip 1 In this section we shall obtain some results of this type, thus answer-
ing some problems raised by S. B. Steckin. More precisely his question was
the following:

Let Fgbe a bounded open set of the complex plane including the interval
[, n] and let ye be its boundary satisfying

g= *€[ﬂ£,ﬂ] \x—z\, g> 0.

Further, let A(M, g) be the set of 27r-periodic, real-valued functions analytic on
[, n] which can be analytically extended into Fe, are continuous on ye and

satisfy sup \f(z)\*M with a given 0. Then the question is whether there
exists a positive constant B3>0 suchthat
(35) Wi (AM, g), £)s cAk M, gleline’® 0 =1, 2)

for r small enough.

Here the conjecture is that the uniform moduli will satisfy an “almost” Lip 1
condition. First of all let us prove that |In §* cannot be omitted on the right side
of (35), i.e. the uniform moduli do not satisfy the Lip 1 condition.

Indeed, assume the contrary. Then for example A[I}{A(M, g), e)*c2s(k, M, g)e.
Then for any a>0

(36) (aA (M, q).e) L|JC25(K, M, aq)e

holds (see e.g. [9]). In the previous section we constructed continuous functions fe
and gE such that \\fe-gc\=e and HxK(f,)-pk(géllncHk)es for any 0<e<£0

where 0<<5<1. Further pm(fe~tfE pm(gB~tg,; Pk(pJL))T pk(f) ; pk(pm(gh)
"Pk(8e) when m->00. Hence for m large enough

\\Pm(L)-Pm(gM < 2e,

\WPK(PTLLI)~PK{Pm@e)\ ~ =

hold. But pm(fe£aA(M, g) for any O<e<eoand a large enough, and this con-
tradicts (36).
We shall prove a more general theorem which, in particular, will imply (35).
Let a®O, N> 1 and consider the class of functions C“n consisting of 2n>
periodic real valued infinitely differentiable functions / such that [|/<)|"N rra
forany ré 1. Then for a=0 obviously ceng tn; if 0<a<l then cwn contains
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only entire functions and for a=1, Cf<N consists only of analytic functions (in
this case the opposite statement is also true: if / is analytic then fECftN
with some N).

Example. It is easy to show that with appropriate N=N (q, M), A{M, q)Q. CftN.
Theorem 2. Let kEN, e>-0, N>\, 0.

@Ma>0, k" k0= 1+ E‘I’F[Tﬁy _ﬁi,then
\iC

/

=N [ i ___p‘a_ WN)1,aale.
@7 Q<»(CZn,¢ -2 NZX|Ine|Z‘e if 0 e< —e“e~

4e, otherwise, (j = 1,2).
A2 If 0=-0, IS/c”feo t/ren/or oy 0<e<c23(a)

@ 0~ .« )N (™) iV |Inel“-e; (7=1,2)

holds.

B) If i=0 then
(39) i2y>(CN, B 3= aP (Ty, S = G0ijk, N)e = 1,2),
vTrere the constants c3j(k, N) (7=1,2) satisfy

2 1/ KS A
(@) s AR Tk <A\

We shall prove some lemmas.
The first lemma presents a result which is essentially the strong unicity theorem
(Case I) and Freud’s continuity theorem (Case IlI) for the functions from C fN.

Lemma 6. Let KEN, aso, 1v> 1, fdC™NT k. Then
I) For any Tk

é/) N A{\F-qK\-E k(f)}

if a—o and
\&
(42) WP kU)-qgk\ S ( AZ|In Ek(F)\2&{\\f—qk\—£*(/)}
if a>0 ohi/ O<Ek(f)"e *“.
Il) For ohj /EC[—T, #]
( \2k )
A21/-ill

. \
G LI OIS ATy
if a>0 and O<Ek(f)"e~a
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Remark. Inequalities (41) and (43) were stated under the conditions that
fEC™NT kand a=0, and this is equivalent with fETNT k (N>k). Hence we
assume N>k if a=0 in the statement of Lemma 6.

Proof. Let us prove (41). If fEC~NT k then /£ fVr-i LiPu/4I\T k for
any rS1. Thus by (22) for any gkf Tk and ré 1

(¢  T2ecm n

2T
(45) w-yn-en/ni.
If a=0 then fdTNT k, hence ||/(*#=N,r||/||. Then (45) implies

\Wpk() - g K\~

But this inequality is valid for any rS| therefore it implies (41).
Assume now that a>0 and O<Ek(f)Se~a Using that fECENT k and
(45) we obtain

\A y.
(T) N* B&r(/) W -A1-EM -

(46) holds for any r£l, ralEgkr(f) attains its minimum if r= —" E<{D

= |In E!;(f)' bence  js advisable to set r-= En a4 i 1+ 1 Then we get by

gasy calculation
-J2ka

E2Hr(f) Al inEf(/)|2a

and combining this inequality with (46) we obtain (42).
Using (23) we can analogously obtain (43) and (44). Lemma 6 is proved.
In the proof of Theorem 2 we shall need an estimation on the order of ap-
proximation of functions from C*“ M

Lemma /. Let N, a>0, N>1 Then
IJLfe-WW:*‘ if k> Nea.
(47) EkH) S, N
\J~", if IAKANe®.

Proof. By Favard’s inequality

(48) EQYy —mr O 2 2 Nje
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Let us minimize the right hand side here. If k>Nea then set
Then by (48) we get
A U eap. <eiV)kale
-2

Nrrar

Assume now that ISk”"Nea Then is monotonically increasing with r,

hence setting r=1 in (48) we obtain the desired inequality. Q.e.d.

The proof of Theorem 2

We shall prove Theorem 2 for j=2. The estimations for B{u(C“w,s) can
be obtained analogously.
Take /EC*“ v, e>0.

Case 1. a=0, k"N. Then fETKk, hence for any gkETk satisfying \\f—
NEk(f) +s=B we have

(49) WPK(T=SK\ = \\f~dk\\ = £

Case 2. a=0, 1"k<N. Then fC TN. Further, if /£ Tk we have (49) and if
/€ TNT k then for any gkETk satisfying \f-q K\sEk(f)+e we obtain by (41)

(50) IACO-ftll

S 1 if k<N.

Hence (50) is more general than (49) thus (50) fulfils for any fETN.
By a theorem proved in [9], if K is a cone then Q]j)(K, s)=Ce or °°. Using
this theorem and inequalities (49) and (50) we obtain the statement B of the Theorem.

Case 3. a>0, k" kO0=1+ An-|+2a]}], 0<£<yeV »1™c. Then
k>Nea and by (47)
(51) Ek(f) S U eae-(fc/V)l/«ale U eae-(kOIN)irale — e 2

Let /£ C~NT k and gk€Tk satisfy \\f-qk\\=Ek(f)+£- Then by (51) and (42)

we obtain
\2k

(52) \WPk{f)-gk\* ‘- f)  NX|In Ek(f)\2ee.

On the other hand we obviously have
(53) WPk(f) - q K\\s2 E k(f) +e
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and combining (52) and (53) we obtain

(54) NiCaA-fcl ~ 2sup min {~+e, (*-) NI*|1n£re} - 2(E*+e)

where E*=E*(e) is the unique solution of the equation

X
£+ = (¢ I N X]|In E*\2ee

Let E be the unique solution of the equation

\ X
( TNKIn E\Jee,

then evidently
(56) E*< E.

Further, e tends to zero faster than £(e) (e-*+0), and the equation E(s)=s has
the unique solution

(57) £q= e~(KctIN)1/a

Therefore e<£(s) if 0<s<e0. It can be shown by easy calculations that if we
choose the constant 3L larger than an absolute constant ¢ then sO defined by

(57) is larger than But inequality (52) (where c3l appears) remains
valid for larger constants also, i.e. we may assume that the solution E(s) of (55)
is larger than e for any O0<e<ye“r W)1/i“/e. This together with (54), (55) and
(56) implies
(58) Wok(1-Yu\ A 2(E*+e) S 2(E+e) S 4£(e) =
( \ (r \&
= 41-"] NZX|InE\2eE=£ (-] fV2|Ine\2es.

If /£ Tk, then \\pk(f) —gk\\—e an(l this inequality is contained in (58). Hence we
verified (58) in Case 3.

Case 4. a>0, k"k0, eae- (WNllaale. If k"kO0then k>Nea and by (47)

Ek(f) —y eae~WN)Laae e

Thus using this inequality and (53) we obtain in this case that for any gkd Tk satisfy-
ing 0f-q K\*Ek(f)+e,
WPK(J)~<Ik\ ~ 3e.

This together with (58) completes the proof of statement Ax of the Theorem.
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Case 5. a>0, 1"k< k0. Let gk€Tk satisfy \\f—gK\=EKk(f) +s. If fd Tk, then
(59) \Pk(f)-9kl = WF-QKW s e-
Let fdAC™NT k. Then if Ek(f)<e aand 0<£<y eae (kK'N#Hie W obtain (58)

similarly to Case 3. But for k<k0O, eae~WN)l/°ale*c3H(a) i.e. if 0<Ek(f)<e~a

then for any O<e<c3(a) (58) holds. On the other hand, if Ek(f)“e~a then
setting r=1 in (45) we obtain

60)  VWCS-fell dar

Now we have to compare this inequality with (58) and (59). It can be easily shown
that in this case by choosing an appropriate constant c¢36(a) and combining (58),
(59) and (60) we have for any 0<£”c36(a)

WPK(/1-uNl

l.e. we obtained statement A2 of the Theorem hence its proof is complete.

During our attempts to verify the sharpness of the estimation of Theorem 2
we met some technical difficulties connected with calculation of parameters a and
N for fdC°°[—n, n\. Now we shall give lower estimations for Qk}(CfN £) (/= 1, 2)
when a=-I.

Take f(x) =e~bdrx"~h where b>0, [0,h], 0</z< 1 Then for some a
and N fdC~N;in fact fd Ck+LbiN. In order to prove this, first of all we must calculate
the derivatives of /. The Cauchy’s theorem gives a representation
f(z)dz

(61) (z-x)r+l

where C is a closed curve on the complex plane containing x in its interior. We
shall use this representation together with the following

Lemma 8. For any r” 1, x£[0, h|

(62) /» w

where Pr,(x) (1sISr) are algebraic polynomials of degree at most r, /5l1=
=b(h—2x) and

(63) Pr+hl = P'plx (h-x)-(lb +r)(h-2x)Prl+b(h-2x)Prl. 1
(1~/~r+1) where PrO=Prr+1=0.
Moreover, for any Is/ér

(64) r-fr-«||Prl(*)0[e>Ms (2b+2y  (r=1,2,...).
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Proof. (62)—(63) is easily seen using induction on r.

(64) whill be proved also by induction. |1PL1)|[o,n]=0=26+ 2. Assume that
(64) holds for r—m and verify it for r=m + 1 Using (63) and Bernstein’s inequality
we have for any x£[0, A], IS/Sm+1

HAm+UIl = IX(F—x) [+ [(m +1)ft + m] Wl + b I-PmI-L1 =
= m|[Pwr[os] Vx(h-x) + [(m+ 1)b +m]\Pnj\OM-+b\PmJ- 10 Hi =4
—I(m+1) b+ 2m] IPr¥|| [G A+ b 1A= —ill [OA.

Hence and from (64) for r—m we obtain for any Is/am + |

1 o (m+Db +2m lIPm,li[o,,]
(m+ Hm+L | 1M«+i,iWI[oln — m+1 (m+)m |
Al b N I-ma il '
D VR

S (b+2)(2b+ 2)m+ b(2b+2)m= (2b+ 2)m+l

and this implies (64). Q. e. d.
Lemma 9. For any iS 1, x€ [0, h]

(65) [/ (0(c)| S Nrrd+1b)r

with some N=N(b).
Proof. Set /,=[0, r~lIb\J[h—r~1b, h];

“1lb -ilb 3 -11b
) +iy'\y\/\[4b Hx+i— a9 Sra h— U
DL _ ka1 £ r~llb r~lb . -]
U2 W= gy gur- T r- — axak— Ti-
Case A. xE[0, h]\Ir. Then by (61)
(66)
a
Evidently for zECr |arg zjgarctg”-, |arg (A-z)I*arctg”, hence
—_ 7
larg[z(b-2)]_i,| = blargz+arg(h-z)|  2barctg--" Ib 5 91 o
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It means that Re [z(h—z)]~bsO and |/(z)|*] for z£Cr. Therefore for any
*€[0, h]\ITr

[raxnsjx(2+1) ]T————ppp"r N cB3(b)r'+ 44 b c39rril+1,b)
[r-l'*mi”{7 .45 }]
i.e. (65) holds in this case.
Case B. xf_ir. Then by (62) and (64) we have

1/001

H ()| \x (h—x)\ro+7 lZZ{X(h-X)Y'—"bPrtI(x)

/ l —_ AN NN
x{h-X)0H Qs r Nnn« = r(2h+ 2Ylinrb+re_ublitOx]~ c\d b ) B
Q. e d.
Now extend f{x) to the interval [«(k +\)h, {k+\)h\ as odd 2A-periodic func-
T 711
~ T 11 Then

consider the function
ff(x),xe[-(k+1)h,(k+1)hl;
J\x) | 0; otherwise.

Then evidently pk(f)=0, /€Q°+UiV, |0\ —e_(r/')2 Further let x be the greatest
isolated zero of f (x) and set

f(x), —MSx"x;

gw ”/I:fel‘{x), XAXAn.

Then Il/—g||=e and similarly to the proof of the lower estimation of Theorem 1
we can verify that

(67) \\PKif)-Pk(g)\\ = CAImin{p~2T> II/11}

holds for h small enough. Let E be the unique solution of the equation
E:e"A)}l—, O<F-=:1 fore small enough, and set hz'fﬁél%‘ Then ||/]| =

= e-(2/W2s_£.; ljence ancj from (67)

(68) \\PKif)~Pkis)\ = climinj-~, fm} = cf3E

= s[lher ~ (™ fe |1lnel

Acta Mathematica Academlae Scientiarum Hungaricae 34, 1979



ON THE UNIFORM MODULUS OF CONTINUITY OF THE OPERATOR OF BEST APPROXIMATION 203

for e small enough. Set a=1+%—, then /€CI°Nand by (68)
2<»(C“Ns ) - () 2e|ine”r™1])

i.e. we obtained a lower estimation for 22X(Q°N, e) if a> 1. fi"2,(C*M e) can be
estimated from below similarly. These lower estimations for 1 are rather close
to the upper estimations given by Theorem 2 but nevertheless they are not
the sharpest.

The main idea of getting lower estimations for Qjp was based on constructing
functions which had all their points of Cebysev alternation condensed on a very
small interval. We achieved this by setting these functions zero on the whole period
except a small interval. But functions of this type cannot be analytic, hence this
method is not appropriate for getting lower estimations for in the case 0<aSI.

The author is indebted to J. Szabados for his useful remarks.
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ON THE ~-SYSTEMS OF CIRCLES

By
A. FLORIAN (Salzburg), L. HARS (Budapest) and J. MOLNAR (Budapest)

Let {C} be a packing of cirles in the Euclidean plane. A circle C is said to
be a supporting circle of the circle system {C} if it has no common interior point
with {CJ and touches at least three circles of {C}. If . is the greatest lower bound
of the radii g* of all supporting circles of {C} and if £=infg*>0, then {C} is
called a pg-system of circles.

The density of a circle system {C} with respect to the Euclidean plane is
defined by

) 2 (c,ncw)l
5= RI.I‘mo A CR)
where C(R) is a circle of radius R centred at a fixed point O of the plane.2

Subsequent to the investigations of Moinar ([10], [11]), concerning ~-systems
of circles, we prove the following

Theorem.3 |f d denotes the density of a packing in the Euclidean plane by a
n-system of circles of radii contained in the interval [e, 1], where e>0, then

arccos ST
y2p+pa2
Equality holds if o=-2{%--1 \2—1I and 1 and the g-system consists only of
unit circles,4
Consider three circles of radii 1,1, g and centres A, B, C mutually touching
arccos —j——%——
one another (Fig. 4). Then d(g)=--—- "-is the density of the unit circles
fag + g2

in the triangle ABC, namely the ratio of the area of the part of the triangle ABC
covered by the unit circles to the area of the whole triangle.

1We denote a domain and its area by the same symbol.
21t is easy to see that $does not depend on the choice of O; see Fejes Toth [1].

3 Attention should also be drawn to the quadrilateral tessellation and the lemmas employed
in the proof of this theorem which may be useful for future density investigations. Lemmas 5 and
6 are due to Hars and Florian respectively, the remaining part of the article is the work of Molnar.

4 See Fig. 1, 2 and 3.
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Without loss of generality we may suppose that the packing of the p-system
of circles is saturated. We shall construct a tessellation with quadrilateral faces,
the vertices of which are alternatively centres 01} 02, ... of the circles Q, C2, ...
and centres Vx, V2, ... of the supporting circles of {C;}. In order to prove our
assertion we shall show that in each quadrangle of the tessellation the density of
{C} does not exceed d(g).

We introduce the notion of the (algebraic) distance d(P, C)—OP— of a
point P from a circle C of radius r centred at O. Let us associate with any circle
C, the set S) of all points P lying “nearer” to C; than to any other circle C;, i..
d(P, C,-=i/(P, Cj) (j7xi).b It is not difficult to show that St is a star region with
respect to the pole O, (Fig. 5). The star regions {S-} are bounded by arcs of hyper-
bolae and segments of straight lines.

Obviously the star regions S1} S2, ... constitute a tessellation S. Joining the
centre Ol (i=1, 2, ...) with the vertices VIt V2, ... of the corresponding star region
Si, we obtain a new tessellation T with quadrilateral faces (Fig. 6).

We proceed to show that in each quadrilateral face (quadrangle) of T the
density of {C} is ~d(g).

To prove this statement we need a certain number of lemmas.6

6 See Fejes Toth—Molnar [2].
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Lemma 1. Let AOB be a triangle of < OAB?~—. If M is the midpoint of the
side AB then <J.AOM> <IBOM.
Proof. The condition <60A B implies OB>0OA (Fig. 7). Let O* be the

mirror point of O with respect to M. Considering the triangle 00*B, we have
<LBOM< «BO*M= <{AOM in consequence of O*B=0A<OB.

Let OXA02B be a simple quadrangle and let Ct, C2 be two circles of centres
Ox, 02. Denote by C1(A01B) and C2(A02B) the sectors of the circles Cx and C2
corresponding to the angles <AOxB and <$A02B of OXA02B. We define the
density of the circles Cx, C2 with respect to the quadrangle 0 1A02B by

C1(A01B)+ C2AOB)

oxao2b

(1) d12(AB) =

Lemma 2. In the Euclidean plane, consider two circles Cls C2 of centres Ox, 02
and of radii rx, r2(r,<r2, resp. Let A, B be two different points, both at the same

distancefrom Cxand C2and on the same side of the straight line 0 X0 2. If < BAOx" il
(hence OxA < OxB), thenfor any point P of the segment AB we have dIXAP) * d12APB).
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Proof.6 We first remark that A, B are points on the same branch of the hyper-
bola H of foci Ox, 02, the length of the transverse axis is r2—rx. Since the line

AB is a secant of H and <BAOx""- we have also <x2?/1026y (Fig. 8).

Let Px, P2, ..., P,, be equidistant points on AB, i.e. APX=PXP2= ... =Pn-iP,,—
=PnB. In view of Lemma 1, the angles <EAOXPx=<x, <PxOxP2=<2, ...,
<Pn01B=antl and <.A02Px=Rx, <Px02P2=R2, ..., <Pn02B=Rmx form
two decreasing sequences. On the other hand, the quadrangles OxA02Px, 0 1P1P2P2,
..., OxPn0 2B have all the same area. Therefore, employing the notation introduced
in (1), we see that the sequence d12(APX), d12(PxP32, ..., d1XP,,B) decreases mono-
tonically. Consequently we get

dn (AP, A d1Pf_iP;) > d12PiPi+)» da(P,B) (i- 1 ...,.«).

But the inequality (/12(J1P,)>c/12(P;0) is true for any nand i=1, ..., n. This con-
cludes the proof of Lemma 2.

Obviously, dX(AP)"dXAPB) implies dXAP)"d1XAB).

Lemma 3. Let H be a hyperbola branch and F the focus lying in the convex
domain bounded by H. Let us denote by H* one of the half branches of H determined
by the transverse axis of H. The circle of diameter FP, where P is a point of H*,
has at most one further common point with H*.

Proof. Let — —Yﬁ%/—l be the equation of the hyperbola H and let H* be

the half branch of FI lying in the first quadrant of the coordinate system (Fig. 9).
Let F(c, 0) be the corresponding focus of H and P(/., /() a point of H*. The equation
of the circle C with diameter FP is

x2+y2—k+c)x—py +Ac = 0.
The abscissae of the common points of C and H satisfy the equation

f(x) = —x2—A+c)x—-p Ix2—a2+Xc—h2= 0.

A different proof which does not make use of Lemma 1, was given later by A. Florian.
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Fig. 9

Obviously, /(x) is a strictly convex function for xSa which vanishes at x =X
Now we distinguish two cases:
(i) X>a implies

fAX) =1r-¢c> ~-(c-a)>0

and f(a) =(X—a)(c—a)>0. Therefore, the function /(x) has precisely two zeros
in the interval x>, the greater of which is X Let V=(a, 0) be the vertex of H*.
If X>a and consequently Py V then C intersects H* in exactly two points, namely
P and QpP, where Q lies between P and V. From this we deduce immediately

that any point P* on the open arc PQ of H* has the property <iPP*F>1.

(i) For X=a the function /(x) vanishes only at x=a and *=——

but ac—h2<c2 It follows that, if P—V, the circle C and the hyperbola half
branch H* touch each other at V and do not have any other point in common.

Lemma 4. In the Euclidean plane, consider two non-overlapping circles Cx, C2
of centres Ox, 02 and radii rx,r2 (>\<r2. Let A, B be two different points, both
equidistant from C, and C2 and on the same side of the straight line OxO.,. Let H
be that branch of the hyperbola offoci Ox, O, having the length r2—rx of the trans-
verse axis which contains A, B. If 01A < 01B, thenfor any interior point P of the
arc AB of H we have, using the notation (1),

@) dIAAP) = d1XPB).

Prooft. It suffices to prove the lemma under the assumption that A is not the
vertex V of H, carrying out the limiting process A”»V in the other case.

We can find, on the basis of Lemma 3, on the open arc AB of FT a sequence
of points Px, P2, ..., Pn, so that the angles <ZP1A01, <IP2P101, ..., <iBPn01
are obtuse. A sequence of this property we call admissible. Since the tangent at
any point P of H is the bisecting line of < OxP02, the angles <PXA02, <tP2Px02,
...,BPn0 2 are obtuse too (Fig. 10).
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We shall first prove the inequality
dI2MPt) > jim d1I2APtN) (i=1 n)

where M and N are pointson the segments Pr_xP- and P;Pi+l respectively (Fig. 11).

Write <$MO1Pi=el, <1/1/02P;=£2, <.NO1Pi=Si, <NO2Pi=£2 and denote
by 1, I* and 12, 12 the intersections of the perpendicular bisector of the segment
Oj Pf and 02P; respectively, with the straight lines perpendicular to P"jP, and
nn.. atP;

Taking into account that Pi_ll=Ri>~|$‘=R*, P_,/2= A2< PtI2=R2 and that

A 02P? _ 02+g)2
rf" apg2 (rl+e)2
it is easy to see that

— 2+ 12 LT
lim d1AMP;) S\im — 27r | ,
P ! o,1+0,p. P_o""f;’o.p”"
« e2 Ri
p
L 212,17
lim S lim dIAPAV),
A0 .Pf+0.P? 2, e

Therefore, and in view of Lemma 2, we obtain
du (APi) > <i2(PiP2 > « > d12(PnB),
whence
—AN(N-rN) =md12P;P;+1) Wd12PtB) (i= 1, ..., n).
Let P be an arbitrary interpolating point on the open arc P~ P ; of 7/. Recalling

the property CP.P.—.jOjS-)w/_, we note that < P/:i_lQl:>§|/ and, according to Lemma

3, <P;P01>i. Thus the sequence Pls ..., P*1IrP, P, ..., P, is also admissible
and the inequality (2) is shown.
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Let ABC be a triangle where the lengths of the sides AC and BC are supposed

to be fixed. The notation is chosen so that ACwBC. We draw attention to the
density

Ae+ pB +vx
Y AC -BC-sinx

) =

where x indicates the angle enclosed by AC and BC (Fig. 12). Herein A p, v denote
non-negative constants, not all of which are zero. <§(X) represents the ratio of a
weighted sum of the angles to the area of the triangle ABC.

C

Lemma 5.7 Let us vary the angle x of the triangle ABC, so that o sxsi. Then,
in any subinterval of (0, n), 6(x) attains its maximum at one of the endpoints.

Functions having this property we shall call in the following quasiconvex.
For the sake of simplicity let us consider, instead of 6(x), its constant multiple

_ 2X+pl+vx
©) S0)="" ginx
We remark that S(x) is continuous in (0, n).

Making use of the cosine theorem and introducing the notation AC/BC=p
(p" 1), we have
p —COSX

4 cosa= .
yi+ p2—2pcosx

Differentiation yields
da pcosx—i1

© dx 1+ p2—2pcosx’
and, in view of a+R+x=n,

6 n=d = _ ,= Pcosx p2
©) dx | +p2—2pcosx

7See L. Hars [4]. In a previous paper [3] A. Fiorian proved a more special result in
a similar way.
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Putting, for brevity’s sake, Aa+pR +vx=y, we obtain

[(1—v)p2+2—]+p cos x[| +p—2]

) I = 1+p2—2pcosx

and, with the notation

(8) A=(Ir-v)p2+ A—~; B =p(X+p-2v),
,_  —A+5cosx

©) 1 1+p2—2pcosx

Differentiating once again, we have

p(p2- D(jU-A) sinx

(10 - (1 + p2—2p cos x)2
and, owing to (3),

y'sinx —y CosX P
(ID sin2x sin2X '

We observe that S' has the same sign as P. The function

_y'sinX—y cos X P

(12) Q= oS X oos X y'tgx-y

is continuous on the set [0, n/2)U(n/2, n] and has the values

(13) B(0) =-j(0)s0, Q(n) =-y(n) =0

Since cosx>0 in [0,n/2) and cosx<0 in (n/2, n] we can state that
al) for x<7t/2 S is increasing if 0,

a2) S is decreasing if 0,
bl) for n/2<x”n S is decreasing if Q=>0,
b2) S is increasing if 0.

To examine the sign of Q it will be useful to see whether Q is increasing
decreasing in a given interval. For this purpose we shali need its derivative

. p(p2—1) (lu—A) sin2x (—A + B cos x) sin2x
Q"= (1-t-p2—2p cos x)2cosx (1 -T2—2p COS X) COS2X
Since

[Z?SZ Xy (1+p2- 2p cosx)2Q'

in (0, n/2) and (n/2, 1) we have to consider the function

cOos”™ x

R(x) —?I?h/\z-x—(l+p2—2pcosx)2g' =
= —2p5cos2x+ [(p2—) (p —2)p +2Ap + B([+p 2] cosx —M(1 +p2.
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But, by (8), the coefficient of cos x is 4pA, so that we finally have

(14) a(t) = —2pBcos2x+4pA cosx —A(\ +p2.

Obviously, R(x) is a polynomial in cos x of degree ~2. Denoting it by F
F(z) —2pBz2+4pAz—A(\ +p2

then 5(x)=F(cos x). The discriminant of F is

(15) D = SAp2(p2-\)(p-2).

In proving S to be quasiconvex, we have to distinguish several cases and
subcases.

I 5=0. Ifalso A=0, then from (9) it follows that y'=0 and from (11)
that sgn S'= —sgn (cos x). Therefore, S is decreasing for x<a/2 and increasing
for x>a/2, which means that S is quasiconvex.

If, however, A"O, then F(z)=A[4pz—(p2+1)] is a linear polynomial in
z having the root p—23L——\—>0.

4p

11 A>0. For cosx=z”0 we have 5(x)<0 by (14). More g&rerally, if
R(x)"0 for x>a/2 (Q is decreasing) or 5(x)<0 for n/2<x<x1 and 5(x)>-0
in x*<x<a with any x1€(s/2, 9) (Q is decreasing in (a/2, x) and increasing in
(X, 5)), we shall refer to it as case c). Since 0(1:) =0 by (13), in this case <2is either
negative or positive in the whole interval (s/2, 1), or positive in a certain subinterval
(a/2, xO and negative in (x0,9). Then we can state that:

in the first case (case b2)) S is increasing,

in the second case (case bl)) 5 is decreasing and

in the third case (case bl) in (a/2, xQ and case b2) in (x0, 1)) S is decreasing
in (1/2, X0 and increasing in (x0, ).

If we can show, moreover, that for x<a/2 we have S'(x)s0 (this will be
supposed to hold in case c)) then S follows to be quasiconvex.

In fact, for 0<x<#/2 cosx and sinx are positive, so that, in view of (11),
it will be sufficient to verify the inequality 0. But this is trivial by (9) and 5 =0,

0.

12. 0. Then we have 5(a/2)>0. More generally, if 5(x)s0 for O0«=x<
=42 (Q is increasing) or R(X)<0 in (0, x2 and 5(x)>0 in (x2 a/2) with any
x26(0, 5/2) (O is decreasing in (0, x2 and increasing in (x2, 9/2)), we shall refer
to it scased). Since g(0)*0 by (13) Qs in this case, either negative or positive
in the whole interval (0, 9/2), or negative in a certain subinterval (0, xQ and positive
in (x0, 5/2). Therefore, we again have to distinguish three cases here:

In the first case (case a2)) 5 is decreasing

in the second case (case al)) S is increasing and

in the third case S is decreasing in (0, xQ and increasing in (x0, 5/2).

It is easy to see that if for x>-9/2 we have S'(x)=0 (this is supposed to
be valid in case d)), then S is proved to be quasiconvex.

But now cos x<0, sinx>0 and, by (11), we have only to show that y'=*0.
This inequality follows from (9) in view of A<0, 5=0.
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From now on we can suppose that B?+0.
II. DO (see (15)). In this case the polynomial F does not change its sign.

11.1 R*O in (0, 5). Combining Q'(x)" 0 in (0, rc/2) with g(0)"0 by (13),
we find that Q (x)*0 and, by (12) and (11), that also S'(;t)*0 for x*n/2. Since
case C) is realized here the function 5(x) turns out to be quasiconvex.

1.2 0 in (0, n). Combining (?®)=0 in (n/2, 5) with £?2(n)"0 by (13)
we get (?(x)"0 and, owing to (12) and (11), 5'(x)*0 for x”n/2. Since the
conditions of case d) are fulfilled, the function S(x) is quasiconvex.

Consequently, in the following we shall confine ourselves to the more com-
plicated case D>0.

Il. £5=*0. This assumption ensures that 1 and
(16) A(u-X)" 0,

as can be seen from (15). The quadratic equation F(z)=0 has exactly two different
real roots

_ —2Az J/2A(p2—) (/i)

Ui - e,

Obviously, they have the same sign if and only if
(18) AB> 0.

Consequently, we have to study four subcases corresponding to the signs of A and B.
. 1 0, 0. The graph of F(z2) is exhibited in Fig. 13a. Since z++z_—
—2— Wwe obtain z+,z_>0.

We proceed to show that the conditions of case c) are satisfied. For xés/2
is z=cosxS0, hence F(z)<O0 and R(x)<0. Now let x<a/2, then by (11)
.S'(ji)s 0, provided 0 or —A +B cos x:<0. But
(19) —A+Bcosx < —A+B = (p—D[—p—V)p-tA—\
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where the first factor is negative. As A>0 we deduce from (16) A=»p, whence
A-v>p—v. Since B=p (X+p—2v)>0, we have (A—v)+(p —v)>0 and therefore
A—v>0. Consequently, we obtain A—v>p (p—v), so that the second factor in
(19) is positive and —4+i?cosx<0, according to our assertion.
11.2. /4>0, 0 (see Fig. 13b). Then z_<0<z+. Observing that trivially
—A+Bcosx<0 or N(x"O for xSn/2, we state that there is case c) again.
IH.3. +<0, B>0 (see Fig. 13c). Then z+<0-=z_.

We shall show that the conditions of case d) are now fulfilled. To do this,
we have yet to verify that S'(x)>0 or, owing to (11), that y'sin x —y cos x>0
for x>a/2. We have

—A + p(X+p—2v)cosx

(20) y’sinx—y cos 14p2—opcosx sinx—(Aa+ pp’+ vx) cos X >

Atp— sinx—pR\ cosx » X+p—2
1+p2—2pcosx P P 1+p2—2p cosx

the second factor being negative. On the other hand, we obtain, employing the
sine theorem on the triangle ABC,

p sin x —p sin B\ cos x,

. psinx
sin =

|/ 1+p2—2p cosx
hence the first factor on the right hand of (20) is

Xp—2v sinX—p sin B =
1+p2—2pcosx —P -
p sinx . ) »
14p2—2p cosx LXFP—2)—P yi+p2—2pcosx.

It follows from (16) that p>A or p—v>A—v. Since 0<Bjp=(p—V)+ (A—V),
we have p—v>0. On the other hand, 0=»+—p—V)p2+(A—V), whence A—v<0
and A—2v<0. Taking into account, further, that 1+p2—2pcosx>1, we see
that the expression in brackets is negative, and consequently the statement
y'sin x—y cos x>0 for x>7t/2 s true.
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I.4. A<Q, 0 (see Fig. 13d). Then 0<z_<z+.

We proceed to show that the assumptions of case d) are fulfilled again. For
xAn/2 is y'> 0 by (9), hence Further, the vertex of the parabola F(z)
has the abszissa 20=§. We claim that z(> 1 This inequality is equivalent to
—A+B>0 or, by (19), to —(p—Vv)p+ (A—V)<0. It follows from (16) that A /.
or A—v<ju—v. But 0>A%?=(A—V)+ (/i—v), hence A—v<0. Consequently,
—(r—v)p+(A —v)< —(jU—)p + (A—Vv)p=(A—na)p<0. Therefore, for the greater
root of F(z), z+=- holds, confirming our assertion.

Now, the proof of Lemma 5 is complete.

Lemma 6. Let Ca, Cr and Cp be three circles of radii a (0<a”l), 1andp (>0,
fixed), respectively, and mutually touching one another (Fig. 14). Then the density
$of Caand C\ with respect to the triangle A, determined by the centres of the three
circles, attains its maximum only for a=1

Proof. Obviously,
_ a2
d= 2A
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where ¢aand gx denote the central angles belonging to Caand Cx. By elementary
calculation we find

= = L/ l,
Ypd =f(a, p) Ja(a+p + 1 fa2arctg a(a+p+1) +arctg 1 a+a[5)+|.J

To examine this function, we differentiate it partially and obtain

df 2a+p+l .
da  2[a(a+p+ N]3i™i@ P
with
. a2(2a+ 3p+3) ap
li(e. P)= —2a1p+ T &Y a(a+ p+|)—arctg W8+ ptl
a2+ (a+p)a—h yap(a+p+1).

(a+p)(2a+p+l)
Further differentiation yields

dUu , 4a2+6ap+6a+ 3p2+6p+3

ST = 20--—----—-- (2«+p + i) M a- p)
where

1 jlap(a+~+1)

l:(p)=arcty a4 p41) 2 (a+ 1)2(4a2+ 6ap+ 6a+ 3p2+6p + 3)

A - H “
K +I+$’ 1) e« ,+3-P+3a+4ri+4+J],+3].

After some laborious calculations we obtain, putting ampn=(m, ri),
a(a+p+l) d/2
p da
=/3(a,p) =-96 (7,4)—128 (7,1)—336 (6,3)-880 (6,2)—
-320 (6,1)—456 (5,4)—1920 (5, 3)—1688 (5,2)-288 (5,1)-
-294 (4,5)—1918 (4,4)-2850 (4,3)-1298 (4,2)-104 (4,1)-
-87 (3,6)-944 (3,5)-2086 (3,4)-1620 (3,3)-435 (3,2)—
-12 (3,1)—9 (2, 7)—216 (2, 6)—658 (2,5)-700 (2,4)-
-309 (2,3)-60 (2,2)-18 (1,7)-63 (1,6)—48 (1,5)+18 (1,4)+
+18 (1,3)—3 (1,2)+ 3 (0,7)+18 (0,6)+ 36 (0,5)+ 30 (0,4)+9 (0,3).

dVvs
da2

/3(1,p) =-24p7-348p6- 1908p5-5112p4-7008p3-4460p2-852p < 0

da(a+p)3(a+ 1)2(4a2+ 6ap + 6a+ 3p2+ 6p + 3)2

Since ~0, /2 is a concave function of a. Note that /3(0,p)>0 and
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218 A. FLORIAN, L. HARS AND J. MOLNAR

for any positive p. Therefore, f3(a,p) and also passes from positive to negative

values when a varies, increasing from 0 to 1
We observe that

P 2p3+ 14p2+27p+ 13 —_—
(Ip) - arcth — P j-2(Pti):(cp:ti:p+il) >
hence
1
2(p+ D3(Bp2+ 12p+13)2] p+2
«[21p5+ 170p4+ 527p3+ 767p2+ 496p+ 91] > 0.
Since /2(1, 0)=0, we have /j(l,p)>0. Combining this with !!Q/Z(a'p): —°°,
f
da  Passes from negative to positive values when
a increases. In view of /1(0, p) —0 it follows that f(a,p) as a function of a assumes

its maximum only in a boundary point of the interval O ”~a”l. But it is easily
proved, in a similar way as above, that

2 [, py~£(0, P\ = arctg KF:Z o2

for /?=(). This completes the proof of Lemma 6.

we deduce that f2(a,p) and also

Finally, it is very easy to prove the following two lemmas:8

Lemma 7. Let Ak=OTPk (k—1,2) be right triangles (<1 OTPk=nj2), where
the sides TPk do not have common interior points with the circle C of centre O

(Fig. 15). If m\<OP2 then

cnn cnn?2
Ai A2

Lemma 8. Let AK—OTKP (a:=1,2) be right triangles (<zOTkP=n/2), where
the sides TkP do not have common interior points with the circle C of centre O
(Fig. 16;. If CTkOP” <L T20P then

CIA1 . CDAo
AX A2

Let us now return to the proof of our theorem.

For simplicity’s sake, let us denote by OxVx02V2an arbitrary quadrangle of
the tessellation T, where Ox, 02 are the centres of the circles Clt C2of {C} and
VX, V2 are the corresponding vertices of the tessellation S.

See Molnar [5] [6], [7], [8], [9].
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We now proceed to show that in 01V102V2 the density of {C} does not
exceed d(g), i.e.

arccos -——EL——
dit(Viv)-d(e) = —f= = >

and distinguish the following two cases:

a) 0+W0O2 V2 is convex. In this case we decompose OxVx0 2V2 into two tri-
angles A1=0102V1 and A2=0102V2. Obviously, the inequality d2V1iVv2~
=d(g) is valid if we can show that

=c‘nMtc-n™ dO>) (i=12),

and it suffices for i=1

Consider three circles of radii r,r,g and of centres A, B, C, respectively,
mutually touching one another. We denote with d(r, r, g*) the density of the
circles of centres A, B with respect to the triangle ABC; obviously d(r,r, g*)=

Let g**g be the radius of the supporting circle C centred at Vx which
touches Cx, C2.

If the segment 0X02 has no common interior points with C (Fig. 17) then,
in view of Lemma 5, dI2{Vi) attains its maximum for one of the following
configurations:

(i) C, and C2 (radii and r2, rxSr?d touch one another (Fig. 18). Making
use of Lemma 6 and, if necessary, of Lemma 7, we obtain d12V)~d(r2, r2, g*)=

=d (i,i,—W (e)-

(i) The segment 0X02 touches C (Fig. 19). We draw the tangents from Vx

to Cj and C2and denote the points of tangency with 7) and T2. In view of Lemma 8
we get

cinoipvl

OtPVx =d(ri,ri,g*) (i=1, 2),
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where P is the foot of the perpendicular from V1 to Or02. Thus dI2(Vd=
=d(r2, r2, g*)"d(e).

If the segment <9,0 2has common interior points with C, the inequality d12(V])S
=d(g) can be proved in the same way as in case (ii) of a).

Fig. 17

b) O, V,02v2 is concave. Let OxV1< OxV2 (Fig. 20), then by Lemma 4 we
have dn(V1V)=dVi(V*. But we have already seen that d12(1/D"d(Q).

This completes the proof of our statement that in each quadrangle of the tessella-
tion T the density of {C;} is not greater than d(g). In order to deduce, finally, the
inequality d~d{q), we remark that, in view of supr,-SlI, the circumradii of

the quadrangles of the tessellation T have also a finite upper bound b. Denoting

by Qij=0iA0JB the quadrangle of the tessellation T corresponding to the circles
C;, Cj and taking into account that

Ci(AOiB) + Cj(AOJB) = d(QQij,
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ON THE e-SYSTEMS OF CIRCLES 221

we obtain

— 2{C"C(R)"

nR+242b
i

From this the desired inequality d~d(g) follows immediately.

Remark. The Lemmas 2, 4, 5, 7, 8 continue to be valid whenever the “measure”
of Cj is an arbitrary positive value <p(r;). The system of values {ip(/*)} associated
to {C} is called a functional system of {C;} and the corresponding density a func-
tional density.

Lemma 6, however, is no longer valid for an arbitrary functional system. The
case of a decreasing function tp(r) yields a trivial counterexample. It is easy to
give counterexamples also for certain increasing functions tp(r). But it seems likely
that Lemma 6 continues to hold for some particular functional systems of {C}.
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THE HOM AND TENSOR FUNCTORS
WITH MIXED LIMITS

By

I. A. ASSEM, C. G. CHEHATA and M. EL GENDY* (Alexandria)

Introduction

In a previous paper [2], we have introduced the concepts of mixed systems and
limits. In that paper, the existence and uniqueness of the limits was proved and an
explicit construction of these limits and the canonical morphism was given. We
also defined a category J((IxL, 41) of mixed systems in the category 41 over /X I.
It is the purpose of the present work to study the relation between the mixed limit
functors and the functors Horn and ®. We prove that we have, in each case, a com-
mutative diagram of functors and functorial morphisms. We also prove that the
mixed limit functors on the category of modules are representable (if L is directed)
and the representing objects are finitely generated projective modules. We use the
same notations as in [2].

1. The Horn functor and mixed systems

Given an arbitrary object G in a category 4>with inductive and projective limits,
we shall consider the action of the covariant functor hG{— = Hom(f(G, — and the
contravariant functor hG(— = Hom” (— G) on some mixed system (E£,f$)IxL of
41. We shall need the following lemmas;

Lemma 1.1. Let (Ex, gd)j be a projective system in 4), then (hG(EX), hG(gx}))i
is a projective system of sets. Moreover there exists a unique bijection:

s: Lim hc(Ef) - hG(Lim EX
nil agr

such that, for all af I, hG(gf)s =ka (where kaand g7 represent the respective canonical
projections).

The proof can be found in [3].

Fig. 1.1

* Research was carried out at the Science Centre, University of Alexandria. The authors
wish to express their thanks to Professor R. Wiegandt for the interest he took in this work.
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224 . A. ASSEM, C. G. CHEHATA AND M. EL GENDY

Corollary 11. Thefamily (hfi(gj)xfl is monomorphic.

Let indeed (u, v) be a pair of maps such that, for all <x&/, hG(gx)u=hG(gx)v.
Then kxs~1u=kxs~1v. Since (kx)xil is a monomorphic family, and s_1 is bijective,
this implies u=wv.

Lemma 1.2. Let (E"\ h"j L be an inductive system in , then (IG(EX), hGJil€) L
is a projective system of sets. Moreover there exists a unique bijection

s: Lim /c(£0) -»hG(Tim EX
leL (En) (rLet )

such that, for all fEL, hG{h'js =k # (where k, and Aarepresent the respective canonical
morphisms).

hG(EA)

Fig. 1.2

The proof can be found in [3].
Corollary 12, Thefamily (hGhX))XL is monomorphic.
This can be proved exactly as Corollary 1.1.

Lemma 1.3. Leti =(E ffff)IxL be amixedsystemin over IXL, then hG(Sj=
=(hQEjj, hG(ffjj)IxL is a mixed system of sets over IXL.

This follows from the covariance of hG.
From now on, we shall write

K = bGEf), kEB=//Gg") (a=sR), pf=hGhf) @sp),
(Kx, I = Lim (Kf 1), (K\ kx) = Lim (K f kf),

A6 L

k)G:IS_%nEIMZ @snp), la= %&nlf H=p),
(3, If = Urn (K\ P'j, (K, kx) = Lim (Kx, kx)
nEl *a

and g: J-+K will denote the canonical morphism of the system hQS). Consider
now Figure 1.3. Our aim is to prove the existence of unique maps
p and g such that the following diagram is commutative for any (a, /.)EIx L:

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



THE HOM AND TENSOR FUNCTORS WITH MIXED LIMITS 225

be(E) & ' e )L K« - K
. Mhi '
hGF)-ALhage* -2 KL
- p
Fig. 1.3

By Lemma 1.1, for any X“L, there exists a unique bijection sx: Kx-*hG{EX)
such that, for all a£/,

(1-1) hGgi)s* = K
It is easy to see that, if X”p,
1.2 hGh'RYsx = s"/"A

and hence (sX)xiL is an inductive system of bijections.
Since by the covariawce of hG, hG(hx) =hGh')hGhl}, this implies hGhX)sx=
=hG(hf)s# >x Therefore there exists a unique p: J—hQF) such that, for all X~ L,

(1.3) plx = hG(hxX) s\

This completes the construction of the maps in the lower half of Figure 1.3
and the proof of the commutativity of this lower half.

Let now X*p inL and a b e arbitrary. The covariance of hGimplies hG(hx) =
=Ac (/rE)/™n hence there exists a unique rx: Kx-*hGEX) such that, for all X£L,

(1.4) rji = hG(hx).

It is easy to prove that (rgxil is a projective system of maps. Let /s=Lim rx;
it is by definition the only map such that, for all a€/, e
(1.5) Kr=>\K
where kx: Lllm h,:(E,,>—hr.(E,) is the projection map.

By Lemma 1.1, there exists a unique bijection r*: Lim hG(E")-*hG(E) such that,
for all a£/,

(1.6) M .?>+= K-
Let us put g=r*r, then, for any a£/,
€7 MgJ<7 = rak,,

There only remains to establish the commutativity of the outer square of Figure
13. For any (a, A)E/XE,

hc,(g*)agl; = rakagl* = r jxkx = hGhx)kx= hc (hX)hG(gXsx =
= h3gYhEf)hGhx)sx = hG[gyhf)p Ix.

1 Acta Mathcmatica Academiae Scientiarum Hungaricae 34, 19/



226 I. A. ASSEM, C. G. CHEHATA AND M. EL GENDY

Since the family (/;);€L is epimorphic by definition, and (hG(gX)xil is monomorphic
by Corollary 1.1, it follows that

(1-8) qg=nhc(f)p.
Thus we have:

Lemma 14. Let G be an arbitrary object of 8, then, for every mixed system
S in €, there exist mapsp and g such that Figure 1.4 below is a commutative diagram.

h&JS)-------- [A—
ha) 91
heL («)------- S O— I-hG*I
Fig. 1.4

Now it is clear (cf. [2], Corollary 3.3) that hG(f) and g are functorial maps.
On the other hand, following step by step their construction, it is easy to show
that the maps (V);CL, p, (rXaa, r, r* and q are functorial. We have proved:

Theorem 1.1. Let G be an arbitrary object of €. Then we have the following
commutative diagram of covariantfunctors and offunctorial morphisms ofJt (I XL, 41)
into the category of sets:

ChG

i »

| hG
Fig. 1.5

In general, p and q are not isomorphisms, so that the functors 1+ and /_ are
not representable. Now let T be the category RMod of left modules over an arbitrary
ring R. Then we have

Lemma 1.5. Let (E'\ hil'jLbe an inductive system of (left) R-modules over a direc-

ted set L, then:
(@ For every (left) R-module G, there exists a unique abelian group homo-

morphism
e: Lim ha(E> -a/;r.(Lim E")
na AlL

such that, for all L, Eid=hG(ji'j where H~and nx are the respective canonical mor-
phisms.

(b) If G isfinitely generated, e is a monomorphism.

(c) If G isfinitely generated projective, e is an isomorphism.

Acta Mathematica Academiae Scieniiarum Hungaricae 34, 1979



THE HOM AND TENSOR FUNCTORS WITH MIXED LIMITS 227

(Cf. [1], Problems of Chapter Il.)

X€L

Let G be a left i?-module and XL a mixed system of left P-modules
with L directed. All the sets and maps whose existence was proved above are abelian
groups and homomorphisms.

For any )EL, sAis an isomorphism, hence so is "= I/_Illr_n sk\ J—lnle hr.(EX),

and the relation slk—nksk implies that
sslk= EAfsA= lic(ftAsA= plk

Since the (/AAR_form an epimorphic family of homomorphisms, we deduce £5=p.
Now s is an isomorphism, thus
(i) if G is finitely generated, then e is a monomorphism and so is p,
(ii) if Gis finitely generated projective, then s is an isomorphism and so is p.
Consider the maps (M el each of these is constructed as e, and q was defined

as /F%where r= Lir_T|1 r7and r*: Lim hG(EJ—hGE) is an abelian group isomorphism,
~al

hence

(i) if G is finitely generated, each of the rx is a monomorphism, and so are
r and q,

(i) if G is finitely generated projective, each of the is an isomorphism, and
so are r and q.

Thus we have:

Theorem 1.2, Let $ be a mixed system of left R-modules over IXL, where L
is directed, and let G be afinitely generated R-module. Then:
(i) the canonical maps of Lemma 14, p: 1+hG(S)*"hG+(S) and q: /_/zG<)—
hG _(<$) are monomorphisms,
(i1) if, moreover, G isprojective, p and q are isomorphisms, and hence thefunctors
I+ and/_ are representable.

Corollary 1.3. Let £ be a mixed system of left R-modules over IXL, where L
is directed, and let G be afinitely generated projective R-module. If the canonical map
f of £ is an isomorphism, so is the canonical map g of hG{£).

This follows at once from equation (1.8) and Theorem 1.2,
We now let hG(—) be the contravariant functor Hom” (— G). Let also /+(—)
and /“(— denote the functors Lim Lim (— and LimLim (—), respectively. We

can prove exactly as above:

Acta Mathematica Academiae Scientiarum Hungaricae 34, 197



228 (. A. ASSEM, C. O. CHEHATA AND M. EL GENDY

Theorem 13. Let G be an arbitrary object of €. Then we have the following
commutative diagram of contravariant functors and offunctorial maps of .//(/X L, if)
into the category o f sets:

[ C— h3L
[ [CH—— a,
2. The bifunctor Horn (—, —) and two inductive systems

Let (Ax, (@), and (Bx t/f;)L be two inductive systems in some category if
having inductive limits. Then:

Lemma 2.1. The system (Horn (Ax, B'), Horn (g3, t/'x))/x1 is a mixed system
of sets.

This follows from the fact that the bifunctor Horn (— —) is contravariant in
the first variable, and covariant in the second.

Let = Horn (Ax, BY), f# = Horn (g8x, "),
(A 9 = Lim (Ax, 8, (B, = Lim {Bf (.

The canonical pentagon of the mixed system {Ex,f*&)IxL will be as in Figure 2.1.

Hom(Au,B")
o/ X
LimHor(An, B ) LimHot(AnBY
K
oMLY — LmLTFomA(S)
Fig. 2.1

The covariance of HoT in the second variable implies that (HoT (A, BX),
HoTt (A, is an inductive system. We shall write kfx=HoT (A, duy and denote
the canonical morphisms by kx: Horn (A, 5A->L‘g&HOT (A, BX). On the other

hand, the contravariance of Horn in the second variable implies that (Horn (Ax, B),
HoT ((pBx, B))j is projective. We shall write /a)= Hom (%, B) and denote the cano-
nical projection by Ix: "Litr_n HoT (Ax, B)~*HoT (AX, B).

ati

By Lemma 1.2, for each 2£L, there exists, a unique bijection

rx: Lim Horn (Ax, BX) —HoT1(J1, BX)

"ail

Acta Mathematicci Academiae Scientiarum Hungaricae 34, 197



THE HOM AND TENSOR FUNCTORS WITH MIXED LIMITS 229

such that, for all

(2.1) HoT (<P, BX)rx= gx.
It is easy to prove that, if A%ji,
(2.2) rW* =Hot (A, ¢rx

that is, the (/;)A€t form an inductive system of bijections. Therefore r=Lim r' is
also a bijection. It is actually the only map of %TLIET HoLw (A,,,ABeL) into
Lim Horn (A, B") such that, for all

(2.3) rhx = kxrx.

On the other hand, since Horn (A, — is a covariant functor, A”/r implies
Horn (A, \IXY) =Hom (A, if)klx and hence there exists a unique map e such that,
for all A€EE,

(2.49) ekx = Horn (A, ).

Horn (A, B™)

xeu

If n—rr, then, for all ?.£L, uhx=ekxrx or
(2.5 uhx= Horn (A, ¢®)rx

Let (A/f€L2 ANr and a£/ be arbitrary. Then the relation HoT (An,pX)=
=Hom (Aa,p)u% implies that for each a, there exists, a unique map ex of
I,E;!;T Horn (Aa. BX) into Horn (AX, B) such that, for all ACL,

(2.6) exhx —HoT(/1,,, dN).
It is readily seen that (sX)xu is a projective system of maps. Its limit e*=Lime,
is by definition the only map of IEIET ,LOIGT Horn (Ax, BX) into La|£n|1 Hot (AX, B}a‘%hch
that, for all a£/,
2.7) Ixe* = exgx.

Lemma 1.2 asserts that there exists a unique bijection s: LimHoT (A,,, B)
—HoT (A, B), such that for all a6/,
(2.8) HoT (48, B)s = /a.

If v—se*, we have, for all a€/,
(2.9) HoT (9B, B)v = exg,.

Acta Mathematica Academiae Scientiarum Hungaricae 34, 190



230 I. A. ASSEM, C. G. CHEHATA AND M. EL GENDY

1 Hot(An, BX) -LHecm(A*,B )

Hom(AB)

Fig. 2.2

We have thus obtained a triangle (see Fig. 2.2). We shall prove that it is com-
mutative. For every (o fyZIxL, we have;

Horn (< jB) vfhx = eag,,fhx = exhxgx = Horn (AX, i/X)gx =
= HoT1(/1,, |jX) Hom(<pa, By rx = HoTt((pa\i) rx —Hom((pa, B) HoT (A, d)rx =
= Hom(<pa, B)uhx.

By Corollary 1.2 (HoT (tpx, 2?))56/ is monomorphic, while {h'j}6L is epimorphic
hence
(2.10) vf-u.

Lemma 2.2. Let (Ax, @)t and (Bx, i*";)L be two inductive systems in a category

having inductive limits. 1f A= Lim Axand A=Lim B, then Fig. 2.2 is a commuta-
a€/ A6L
tive diagram.

It is easy to prove that the maps v and u are functorial, and thus;

Theorem 2.1. Let € be a category having inductive limits. Then we have thefol-
lowing commutative diagram of bifunctors and offunctorial morphisms of LyL6 into
the category of sets:

Homfumt-), Linn())
aci xet.

If L, is the category KMod, all the sets considered are abelian groups and maps
are homomorphisms.

If now the system (Ax,(p)I is composed of finitely generated projective
modules and L is directed, then each of the eais an isomorphism. Hence so is s*
and finally so is v. If each of the Aa s finitely generated projective, we cannot assert
that A—Lgr/\lA, is also finitely generated projective. But of A is also finitely

«

%&rzerated projective, e is an isomorphism, hence so is u. We get:

Corollary 2.1. If (Aa, ¥t is an inductive system o ffinitely generated project-
ive R-modules, whose limit is also finitely generated projective, and (Bx is an
inductive system of R-modules over a directed set L, the canonical map f of the
system (Horn (Ax, B'j, HoT (tpBa, i"";))/x1 is an isomorphism.

Such inductive system always exists, since we may take the ring R to be semi-
simple artinian, then every A-module is projective.

Acta Mathematica Ac.ademiae Scientiarum Hungaricae 34, 190



THE HOM AND TENSOR FUNCTORS WITH MIXED LIMITS 231

3. The tensor functor and mixed limits

Theorem 3.1. Given a right R-module G, we have the following commutative-
diagram of covariant functors and offunctorial morphisms of J((fXL, RMod) into
the category Ab of Abelian groups:

(clCD R p— — 1+(Ga-)

(G®-)1_-wmmemoemeeneas *1_(Ga-)

The proof is similar to that of Theorem 1.1

Let now (Ax, 80 be a projective system in the category RMod of left R-
modules, and (B'\i[BL be an inductive system in the category ModR of right
J1-modules. Then (3x<ga, ihRX&R)ixL is clearly a mixed system of abelian groups.
We can prove as in Theorem 2.1.

Theorem 3.2. We have the following commutative diagram of bifunctors and
of functorial morphisms of ModRXRMod into Ab:

GJ-F PU— M-®-)
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A REMARK ON STRASSEN’S THEOREM

By
|. BERKES (Budapest)

Let Xx, X2, ... be i.i.d. random variables such that EXx=0, EX2=1 and put
n
S,,—/Z_ Xt (S"O). Let /(n)>0 be any function (defined on positive integers)
=i

and let 1 d enote the random function in [0, 1] which is linear in the sub-
intervals [(k—I)/n,k/n] (@~k”*n) and t (k/n)=f(n)~xSk (0"ksn). Strassen’s
celebrated theorem (see [5]) states that if f(n) =(2nlog log N)112 then the sequence

> relatively compact in C [0, 1] with probability one and the set of its norm-
limit points coincides with the set

K—|X (1): X(t) is absolutely continuous in [0, 1], x(0) = 0 and \]1X(t)2dt8 lj.
a

The purpose of the present paper is to prove the following

Theorem. Let us suppose f(ri)/n1,2-*» ,f(n)/(2n log log n~fO .1 Then, with pro-
bability one, the derived set of (t) coincides with the set of all continuous func-
tions x(t) (O"si ) such that x(0)=o0. The same conclusion holds if f (n)=1in.2

Corollary. Let us assume f (n)/nV2°° 9/ (a)/(2n log loga)¥20 (or f (n)=\n)
and suppose in addition that f{ri) is regularly varying with exponent 1/2.3 Let (a, b)
be any interval and let v, denote the number of integers k, Isis« such that
a<SJf(k)<b. Then we have Iim_oionf v,,/n=0, Iirnr_1+§ﬂp vjn =1 with probability one.

Proof of the theorem. Let /(f)/nl/2— , f(n)/(2n log log )20 and put
£ (0—#(a)-1EmM0 (0=/S 1) where £ is a standard Wiener-process with con-
tinuous paths. Following Strassen, we first prove that the statement of the theorem
is valid for the sequence (t) instead of tJT)(t). Let H denote the set of all con-
tinuous functions x(t) (O~igl) such that x(0)=0. Since there exists a countable
subset {x,,(0} of H which consists of continuously differentiable functions and
which is dense in H, it is sufficient to prove that

1) P(sup IEYY/)—x(/)| < Be i.0) —1

1The symbols | and t mean convergence monotonically decreasing and monotonically in-
creasing, respectively.

2For a result related to the case / ()= In of our theorem, see [4].
3 For a definition see [2] p. 269.
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234 I. BERKES

for every e>0 and for every function x(t) which is continuously differentiable
in [0, ] and x(0)=0. Let M denote a constant such that \x{t)\*M, let us choose
an integer raS2 for which r~T="64M2 M/in-"e and put

An= {MY)ATm)-AN((G-1)/m)-dxi|< s/t for i=223 ..., m),

Bn= { 8R4 171 (0-&n (O 1>£}

where Axt=x(i/m)—x((i—I)/m). In the same way as in [5] we get (using the
inequality

tPexrux e Le—a(_e-(v2ank)

and the fact that IAXx"M/m)
m (zlxj + i/m) Yy

(2) PLW =27, f — e~si2ds S
1 2 QXj—elm\mg(ri) ~ 71
(Uu>*, [ 1
n f ANroe-s2ds=c----2 2
1 [Ix( Vie(r) n g(ij) 2
is C————]m_ie~TeMM*" Ce-M«eX(N)
g(n)~

for sufficiently large «; here g(ri)=f2(n)/n and C is a positive constant independent
of n. On the other hand, by the choice of m and well-known properties of the
Wiener-Process we have

?) P(BNs i2:m|f( p_ |&1(0-&N1(0"-)M | > 54) =

SU|
(E—)/mPi==

=22 POZm (i/m)-1;&)(G-)Im)\ > e/4) = 4m [1-®  )Ymg(n)jj

/ Y s2m
=S AMQ79—21A Ymg(/?)j le R9 & e-2Mro0

for sufficiently large n. Let us now put ak=eMb(k). The assumption made on /(/;)
implies that g(n)=log log n*?(«) where h(n)\0, thus Gt=exp (M2log log mk*
*h(mk)—(k log T)M21("®. Hence we get

ak+l= ((fc+ 1)log + a5 ((fe+)logm)«2 =
ro lyn2l,(")) ( n 1
=64 1+t ANGKIL+Tj ™ ak+T "k lo§ m)1/2< ak+i/2
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A REMARK ON STRASSEN’S THEOREM 235

for sufficiently large k. We can therefore choose a sequence /x</2<... of positive
integers such that ak~k if &— and if we put nk=ml< then we have

e*fVK)ME By virtue of (2), (3) this implies that 2 P(J‘II’I§—°°, k2 £(E£,*)<®

and since the events Ak (actually also the events Ank) are independent, we have
P(A,.k i.0.)—, P(B,ki.0)=0. To prove (1) it remains to observe that the events
An and f25 together imply the event sup |*n(i)—x(i)|<5e (note that

sup  |x(?)—ar(r')] —M/m-c-e) and thus we have by the above relations
I/— j=Um

(4) P(sup |"{40-~(0I < 5 i.0)= 1

Let now X1,X2... be ii.d. random variables such that EXk=0, EX{=1.
We shall show that

(5) P(ossuljgi |dm (/)-*(01 < 7si0)=1

for any s>0 and for every continuously differentiable x(t) such that x(0)=0°
In view of the Skorokhod representation theorem we can assume, without loss
of generality, that Xk=£(z1+ ... +TH—£(Tx+ ... +rk_ 1) for every /c&l where
£(?) is a standard Wiener process with continuous paths and Tj, €2, ... are i.i.d.
nonnegative random variables such that Exk=1 Let us fix x(t), e and let
M, m, {nk} denote the same as above. By virtue of relation (4), for the proof of (5)
it suffices to show that almost surely

6) sup W{,(0-£i{401 < 2

for sufficiently large k. Let us now observe that the above form of the Xk4& and
[nil
the piecewise Ii[rggagity ofiimply that d{>/) lies between f(n)~l<,;(12 i>)
+ i=

and /(«C1C(2 T) f°r every 1 and thus
i (M 3 |1 (L \ 1
(7) W/)(0-£i/,(01S/(n) Imax|*A4T,|-E(mMO], W J? £J-£(hO 1
fl (1 ti] 11 (1 [nt]+1 N 1]
= maxJ

[nr] [n(+!
(Here the quantities n~1|2_ xi a5 n~>§_% Xi can outside of the interval [0, 1]

but this does not cause trouble because is defined for 0S(<+°°.) The
strong law of large numbers implies that for almost all oo there exists an L=L(a>)
such that for nt*"L we have

[nr]+1

0s nt(l —I/2m) < 2 xt— 2 xi nt(l+1/2m)S 2nt

4 The symbol o0,,~h,, means lim ajbn=\.
5B,, denotes the complement of B,,.
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and hence

(8) IDHO-NeYObl sup  [*)S)-")GE) os/si, Twhsb.
ONs<s™ ™2
\s—s"|M/m
ml+l
On the other hand, for a fixed co, i (2 ﬁ)> i (2 zi) take only finitely many va-
lues and £(nt) is bounded for o"ntAL, thus the first relation of (7) gives
9) M'YO-M'UO~OO-4? (04&disL)

where 7? depends only on m. By (8) and (9) we have almost surely for sufficiently
large n

W/)(0-£i/) (0l = P,\gglgcz |&n (B)-&n (01 +e= T,+e
Put C,={rl,ne}. Exactly in the same way as in (3), we get P(Cn"2e~iM*'’K
Hence eME(®”"k and the Borel—Cantelli lemma vyields T,k<E almost surely
for sufficiently large k. The latter relation, together with (10), evidently implies
(6) and the proof is complete.
In the case /(«)=/« the statement of the theorem is almost evident. Let
x(t) be a function which is continuous in [0, ] and x(0)=0. Put

A —{sup ["n(0-*(01 =<F £={sup_[i () - jel/)] <e}

where £(t) is a standard Wiener process with continuous paths and £>0 is a
continuity point of the d.f. of the random variable sup |E(t)—x(/)|. Since there

exist arbitrary small e’s having this property, it sufficéss itsol show that P(Dni.o.)=I
for any such value of £ By Donsker’s invariance principle (see [1] p. 68) we have
limP(Dn=P(D) and here the limit P(D) is known to be positive (see [3], p. 30).
Therefore we have P(Dn i.0.)>0 and the proof is completed by applying;
the zero-one law.

To obtain the corollary let us write f (n)=nl,2(p(n) where (pin) is a slowly
varying function. We show that, for any given 0<<5<1, the event

En= {af(k) < Sk< bf(k) for Sn » kS «}

ovcurs for infinitely many n with probability one; this statement evidently implies;
Iim_sup v,/n=1 Now En can be written as follows:

PR Sk K (pik) 51—
F@n s fing Iannp O Ty,

Since cpin) is increasing and slowly varying, for any given £>0 there exists an
n0=n0ie) such that for an*kLUn, ienn we have 1—f-<<p(A)/<p(n)al Hence,

applying the theorem for xit) =cyt where a<c<Z> we get that E,, occurs |nf|n|tely
often. The relation I|m|nfv1n 0 is trivial from the fact that I|m Sup vjin=1L

is valid also for mtervals ia'b") disjoint from (a, b).
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MATRICES WHICH MAXIMISE ANY ANALYTIC
FUNCTION

Bv
N. J YOUNG (Glasgow)

Rapid convergence of an iterative process in numerical linear algebra often
depends on whether the powers Amof some nXu matrix A become small (in some
sense) quickly enough. Such considerations led V1. Ptak [2] to raise the question
as to how large WAn{ could be for nXn matrices A satisfying LJLISi and p(A)=0,
where p is a polynomial of degree n having roots of absolute value less than one
and N0el denotes the operator norm on u-dimensional Hilbert space. He proved
that the maximum value is attained when A is the restriction of the unilateral back-
ward shift S on U to a certain u-dimensional subspace K,, of L: in fact K,,=
= {v2 p(S).v=0}. _

This result has been greatly generalised by B. sz.-Nagy [3]. He has shown
that if tp, \jj are bounded analytic functions in the open unit disc then the maximum
of \il/(A)\\, over all completely non-unitary Hilbert space operators A satisfying
HAMINM  and  tp(A)=0, is attained when A is the restriction of S to K@=
= {v6/2; tp(S)x=0}, where S again denotes the backward shift on /2.

Sz.-Nagy’s theorem has a very striking qualitative consequence; there is an
extremal operator for the problem in question which depends only on <p and is
independent of th. In the finite-dimensional case it follows that to each tp there
corresponds a matrix with a very remarkable extremal property, and it is natural
to ask how to find such a matrix. Let us consider the problem of determining

(1) sup {I/UQII: Nen/,,(C), IMI =£., p(A) = 0}

where p is @ monic polynomial of degree n whose roots lie in the open unit disc
and / is a function analytic in a neighbourhood of the roots of p. Sz.-Nagy’s result
showsl that there is a matrix Ap, satisfying the constraints of (1), for which
I/ (/1)|| is maximised for every /. The purpose of the present note is to give a
formula allowing such an extremal matrix Ap to be calculated relatively easily,
at least when p has real coefficients.

The author [4] has already given two ways of finding such a matrix Ap, but
both are rather unsatisfactory from a practical point of view, in that they require
elaborate computation. They are as follows. Let T be the companion matrix of p
(see (8) below) and let Y be the solution of the equation

2 \Y—T*YT =E

1 Although the theorem is only stated for functions / analytic in the whole of the unit disc
Sz.-Nagy’s proof applies equally well to functions / of the type discussed here.
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where E is the nXn matrix having (1,1) entry 1 and all other entries zero. It is clear
that (2) has the unique solution

(3) Y= A J N F*rsTn

the convergence of the series being ensured by the hypothesis that the roots of p,
which are the eigenvalues of T, be of absolute value less than one. (3) shows that
Y~I, so that Y12 and Y~12 can be formed. By [4], Theorem 2,

4 K=YZTY~12
is an extremal matrix for (1).

The difficulty with calculating K lies in obtaining Y and extracting Y12 and
F-1/2. In the second method we let S denote the nXn shift matrix )])]
and let D be an nXn matrix of norm less than one. Then, by the corollary to
Theorem 3 of [4], if

(5) [ = (I-DD*)-12(S+D)(1+D*S)-1(1-D*D)12

is such that p(T) =0, then I' is an extremal for (1). All that is needed, therefore,
is to find D such that ||2)|«=1 and p{l)—0. The method suggested in [4] was to
pick D to be the diagonal matrix having the roots of p on its main diagonal: I
is then an upper triangular matrix with diagonal D. If the roots of p are known
(say, dlt ..., o,) then an explicit formula for I can easily be given: in fact

QL SIS sliz2s3 slg?220384
©) po 0 72 ®3 "203M

.0 0 0 0

where s;=(I —p,p,)V2 This constitutes a satisfactory solution to the extremal
problem provided the gt are known; when they are not then " can only be found
by first determining the roots of p, and this is well known to be a lenthy and un-
stable process.

In the method to be described we produce a matrix D whose entries are given
explicitly in terms of the coefficients of p and which is such that I in (5) satisfies
p(r)=0. In this way we obtain the desired extremal without having to solve a
polynomial equation. It is true that it still remains to extract the square root of
a positive definite matrix, but this is a considerably speedier and more stable

procedure.
Let us write
M pO)
so that
0 1 0 0
0 0 1 0
(8)

*1 «2 0@ ... X
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and let
.. 0 Rl
0 wgpl Rz
)
0 g1 @gn—2 Bn-1

Bx R2 mmRn-1 Rn
where the 3t are given by the equations

Bi= o
R2= a24-R1a,
(10 <R3 = *3+RIXn-1 +R2Xn

Bn —an+ Ria2+---+ Bn-ian
B is a lower cross-triangular Hankel matrix.

Theorem. Ifp has real coefficients and the roots of p have absolute value less
than one, the supremum in (1) is attained when

(12) A= (1-B-)-12T (1-B 2112

Proof. Let S denote the shift matrix as previously. It will be left to
the reader to verify that
(12) S+B = T(I+BS)

(indeed (12) is equivalent to (10)). Let us suppose for the moment that 1+BS and
I —B2are non-singular; we prove that Y={I-BJ)~1 is a solution of (2). In view
of (12), (2) can be written

(13) Y-(I+S*B)~1(S*+B)Y(S+B)(1+BS)-1=E
(the fact that the og, and hence the R3t, are real implies that B—B*). Since

(/I+S*£)E(/+.8S) = E,
(13) is equivalent to

(14) (1+S +5)y (/+ 5S)-(5*-|-A)F(S+£) = E

If Y commutes with B then, on expanding the two products in (14), we find
that four terms cancel, and the equation simplifies to

(15) Y-BYB~S*(Y-BYB)S = E.
Since /—S*S=E, (15) is satisfied by Y=(1—B2~1

It remains to be proved that 1+BS and | —BA are non-singular. It obviously
suffices to prove that ||5]||<1. For this purpose we appeal to the following result.

Lemma. Let ALA2...,A,, be commuting nXn matrices, each of norm one
and spectral radius less than one. Then LAIA2... A, ||<1.

This was stated and proved by Ptak [1] for the case in which the A, are all equal.
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Proof. Let Vt={x£CK WAlAa...ApN\=\\X\\}, 17/Sn, and let F0=C". Each
Vtis a subspace of C" and, by reason of the commutativity assumption, Vi+1Q Vt.
Note that if xE Vi+1 then necessarily

(16) VAI+IX U= ||X]|
and so
WALA,,LAIAIHFDON = M = Mi+1*||;

thus Ai+1Vi+1QVi. If, for any /, Vi=Vi+li {0), then Vi+l is invariant under
Ai+l and hence contains an eigenvector, and it follows from (16) that Ai+l has
an eigenvalue of unit modulus, contrary to supposition. Thus the chain ~ 2~ 2 ...
...2F,, descends strictly till it reaches {0}, and we have Vh= {0}, which is the
desired condusion.

To apply the Lemma introduce the polynomial

)] qX) = ;."p(/n) = 1-a,N-al 12-...-alUnh

and let J denote the matrix with ones on the priucipal cross-diagonal {i-\-k=n+ 1)
and zeros everywhere else, so that the effect of postmultiplying by J is to reverse
the order of the columns. We have

—a2 _g3e g« 1
q)j= -a3-a4= 10

1 0. 00

and r;ow, using (9) and (10), we find that q{S)JB= —p(S). Since q(S) is non-
singular,

(18) B=-Jq(S)-'p(S).
If p(/.)=(/.- Pi)(.- O0)...(7- 0,) then

qX) = = (i-pi/)(i-027)--(i-e,,4).
the last step depending on the assumption that the coefficients in p be real. Thus
q(S)~Ip(S)=Al1A2... A, where ;= (7T—QiS)-1* —QI).
Since ||5]|= 1, any matrix obtained from S by the application of a Mdbius trans-
formation also has norm 1, and so |¥|=1 The At commute, and At has the
unique eigenvalue —Q, which has modulus less than one, by hypothesis. Hence,
by the Lemma, WAIA2..A,|l«=1, and so ||5||[<1 as desired.

We have now shown that the solution of (2) is Y= (1—B2~1 and the theorem
follows from (4).

I leave open the problem of extending the theorem to the complex case. The
proof above suggests what the right extension might be: namely, that an extremal
for (1) is given by I in (5) where D= —3q*(S)~p(S) and g* is given by
q*(k)=km{1a)-.

One of the main questions with which Ptak was concerned in [2] was to find
the supremum in (1) in the case where f(A) =A", and | conclude with an observa-
tion about this. To find the supremum we could calculate K using the theorem
above, form K" and calculate its norm (for instance, by finding the spectral radius
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of K*nK"). There is, however, a short cut which saves a great deal of computation:
in particular, it avoids the need to extract any square roots of matrices. From the
definition of K we have

[-K*K= [-Y~12T*YTY-12= Y~I/2(Y-T*YT)Y~12= Y~12EY~12

the last step following from the definition (2) of Y. Multiplying fore and aft by
K*j and Kj, and summing from j=0 to n—1 we find

Thus K*nK"=B2 and so ||A2]=||2?||. Since B is real and symmetric its norm
equals its spectral radius; we can therefore find the supreme in (1) simply by forming
B and applying one of the standard routines which calculates the eigenvalue of
largest modulus for a real symmetric matrix. This makes the problem very easy
to solve with the aid of a computer.

References

[1] V. Ptak, Norms and the spectral radius of matrices, Czech. Math. J., 87 (1962), 555—557.

[2] V. Ptak, Spectral radius, norms of iterates, and the critical exponent, Linear Algebra and it’s
Applications. 1 (1968), 245—260.

[3] B. Sz.-Nagy, Sur la norme des fonctions de certains opérateurs. Acta Math. Acad. Sei. Hungar.,
20 (1969), 331—334.

[4] N. J. Young, Analytic programmes in matrix algebras, Proc. London Math. Soc., 36 (1978),
226—242.

(Received October 14. 1977)

UNIVERSITY OF GLASGOW
DEPARTMENT OF MATHEMATICS
GLASGOW, G12 8QW

SCOTLAND

Acta Mathematica Academiae Sclentiarum Hungaricae 3i, 190






Acta Mathematica Acadentiae Scientiarum Hungaricae
Tomus 34 (3—4), (1979), 245—251.

UBER DIE STRUKTUR LINEAR KOMPAKTER
RINGE. 1l

Von
PHAM NGOC ANH (Budapest)

§ 1. Einleitung

Dies ist die Fortsetzung und Ergdnzung meiner Arbeit [1]. Wie auch in [1],
werde ich die Struktur linear kompakter Ringe untersuchen. Die von uns be-
trachteten Ringe sind sdmtlich assoziativ. Das Radikal eines Ringes wird immer
das jacobsonsche Radikal bedeuten. Wir tibernehmen in dieser Arbeit die Bezeich-
nungen, Begriffe und Abkilirzungen aus [1], ein 1 k. Ring ist also z. B. ein linear
kompakter Ring und eini. e. S. 1 k. Modul ein im engeren Sinne linear kompakter
Modul (d. h. ein vollstandiger linear topologischer Modul, in dessen diskreten
Restklassenmoduln die Minimalbedingung fiir Untermoduln gilt.). Da der Quer-
strich zur Bezeichnung von Restklassenringen dient, wird zur Bezeichnung des
topologischen Abschlusses einer Menge A in einem topologischen Raum das
Symbol cl (A) (closure) benutzt.

In der Strukturtheorie artinscher Ringe spielt der Satz von K ertész— W idiger
(Satz 3 in [3] oder (K—W) in [1]), der eine vollstandige Beschreibung der Klasse
artinscher Ringe mit artinschem Radikal liefert, eine wichtige Rolle. Fur linear
kompakte Ringe mit Umgebungsbasis des Nullelementes aus Idealen gab Widiger
eine dhnliche Kennzeichnung dieser Ringe, deren Radikal selbst ein i.e. S. 1 k.
Ring ist, wie es in [3] oder in [1] zu finden ist. Diese Ergebnisse von Widiger lassen
sich in gewisser Weise mit unseren Methoden zum Abschluf bringen; Jeder 1 k.
Ring mit s. 1 k. Radikal ist eine direkte Summe voller Endomorphismenringe von
Vektorradumen (ber unendlichen Schiefkdrpern und eines Ringes, dessen Rest-
klassenring nach dem Radikal direkte Summe voller Endomorphismenringe von
Vektorraumen ber endlichen Korpern ist. Diese Zerlegung ist eindeutig bis auf
topologische Isomorphie. Dieses Resultat ist auch eine Verallgemeinerung des
Satzes von Leptin Ober halbeinfache 1 k. Ringe vgl. (XVII) [1].

Ein weiteres wichtiges Resultat des ersten Paragraphen ist der folgende Satz;
Ein 1 k. Ring mit s. 1 k. Radikal hat genau dann die wedderburnsche Zerlegung,
wenn die Summe aller Einselemente von endlichen einfachen direkten Summanden
des Restklassenringes Rjl nach dem Radikal | einen (nicht notwendig idempotenten)
Vertreter e mit folgender Eigenschaft hat: Fiir jede Umgebung U des Nullelementes
gibt es endlich viele verschiedene Primzahlen pr,p2, ...,pn mit (pl, ...,pnNe£U.

Hier verstehen wir unter der Wedderburnschen Zerlegung eines topologischen
Ringes R die direkte Darstellung R=S®1 als Gruppen wobei | das Radikal
von R und S ein abgeschlossener Unterring von R sind.

Im zweiten Paragraphen beschreiben wir die Struktur von 1k Ringen mit
MHL-Radikal und erhalten als Nebenprodukt, daf jeder 1 k. Ring mit MHL-
Radikal spaltbar ist. Hier bedeutet ein MHL-Ring. einen Ring mit Minimalbedin-
gung fir Hauptlinksideale.
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§ 2. Linear kompakte Ringe mit streng linear kompaktem Radikal

Wir werden in diesem Abschnitt die Verallgemeinerung des Satzes von Kertész
und Widiger Uber artinsche Ringe mit artinschem Radikal fiir allgemeine linear
kompakte Ringe beweisen. Nach dem Satz von Kertész und Widiger ist jeder
artinsche Ring mit artinschem Radikal die ringtheoretische direkte Summe end-
lich vieler voller Matrizenringe Uber unendlichen Schiefkdrpern und eines streng
artinschen Ringes. Widiger zeigte dies in [11] flr den Fall, wenn der Ring und
sein Radikal als Ring i.e. S. 1 k. mit einer Umgebungsbasis des Nullelementes
aus Idealen sind. In [1] haben wir bewiesen, dafl die von Widiger erreichten Ergeb-
nisse auch dann gultig bleiben, wenn wir nicht voraussetzen, dafl eine aus Idealen
bestehende Umgebungsbasis des Nullelementes existiert. Der Preis dafir ist die
Bedingung, dal} ein sogenanntes vollstandiges System idempotenter Elemente mit
der Eigenschaft (V) existiere. In diesen Satzen wird die Struktur 1 k. Ringe durch
eine Klasseneinteilung der halbeinfachen 1 k. Ringe gekennzeichnet. In [1] teilen
wir die einfachen 1 k. Ringe im zwei Klassen ein; die erste bzw. zweite Klasse
besteht aus allen unendlichen bzw. endlichen Ringen. Fir artinsche Ringe und
1 k. Ringe mit einer Umgebungsbasis des Nullelements aus Idealen ist genau dann
ein einfacher Ring der ersten bzw. zweiten Klasse, wenn er ein voller Matrizenring
Uber unendlichem bzw. endlichem Schiefkorper ist. Fir einfache 1k. Ringe ist
die Situation komplizierter, da der volle Endomorphismenring eines Vektorraumes
unendlicher Dimension (ber endlichem Korper unendlich ist. Dies erklart, warum
wir die Eigenschaft (V) voraussetzen missen. Es ist bequemer, wenn wir einfache
1 k. Ringe nach ihren Grundschiefkdrpern Klassifizieren. Wir verstehen hier unter
einem Grundschiefkérper eines einfachen 1 k. Ringes R den bis auf Isomorphie
eindeutig bestimmten Schiefkdrper, Uber dem es einen Vektorraum gibt, dessen
Endomorphismenring mit R isomorph ist.

Es sei jetzt R ein 1 k. Ring mit dem Radikal 1, welches beziiglich der von
R induzierten Topologie ein streng linear kompakter Ring ist. Nach (XVII) [1]
ist R=R/I die direkte Summe einfacher 1 k. Ringe

ngr* R>>

Dann ist jedes RB ein voller Endomorphismenring eines Vektorraumes Uber
einem Schiefkdrper SB. Wir bezeichnen mit éu das Einselement von RIt. So ist
e= " ell das Einselement von R. Die Menge I' besteht aus allen Indezes /i in

e
F*,pﬂ]r die die SR unendlich sind. Es sei dann '=I*—". Wegen (XX) [1] gibt
es dann ein System orthogonaler idempotenter Vertreter {e , 4uEl*} von {8y, UET*}, e
von e, so daR

e= 2 eu =ee=¢e, elev=0, ydv, U, vET*
uer*

gilt. Daraus folgt die Summierbarkeit jedes Teilsystemes von {eti, LE[*}, insbesondere
die Summierbarkeit von {ewu, /iEF}. e* bezeichne die Summe von {ein/<€l}e*=
= Zerep Aus Satz 5 [1] wissen wir, dal Rti=eflRefl halbeinfach und eul=0

fur alle uEl sind.
Hilfssatz 2.1. Es gilt leM:=0 fiir alle /tgF.
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Beweis. Wegen der Halbeinfachheit von R ist RB ein voller Endomorphis-
menring eines Vektorraumes (ber dem unendlichen Schiefkérper SR. Daraus folgt
elu= eli> wobei {ef}d, O£AR} ein vollstdndiges System minimaler orthogonaler

Idempotente von Rfl bildet und RRs=elRiRR =eR6ReRi fir jedes O6E£AR mit §j,
isomorph ist. Fir jedes beliebige, aber feste Element a aus / bil det die Abbildung

£ Rns~*l, <p(x) = ax, xER,,0

den Schiefkdrper R® in den R”-Rechtsmodul / ab. Es zeigt sich unmittelbar,
dal tp ein stetiger RB6-Homomorphismus ist. Deshalb ist (p(RR ein s. 1 k. Modul.
Da RI% diskret ist, ist <p(R3i) eine Gruppe mit Minimalbedingung fiir Untergruppen.
Weil RS ein Schiefkorper ist, ist @ entweder trivial oder injektiv. Das letztere ist
unmaglich, da R nach unserer Voraussetzung keine Gruppe mit Minimalbedin-
gung fir Untergruppen ist. Also ist leRoRe5=1ef0=0 fiir jedes 6 aus AB. Aus
e8=dg&/ie&'j folgt die Gleichung leB=0 nach (XXVI) [1].

Hirfssatz 2.2. RRistfiir alle /<€r ein Ideal von R und deshalb abgeschlossen in R.

Beweis. Seien ndmlich x,y beliebige Elemente aus R. Dann gilt éxély =
=eflxyi/l, weil e im Zentrum von R liegt. Das besagt aber eRxelv—eRxyeREl.
Wegen elll1=0 folgt ndmlich eRxely =eflxyeR*R[. Andererseits gilt yeRxelR=
=ellyxell, woraus wir yeRxeR—eRyxelRCl erhalten, und wegen lef=0 folgt un-
mittelbar yelixeR=eRyxeRdRB. Also ist R} ein Ideal von R fir jedes /<€l. Da
RB nach (XIX) [1] i.e. S. 1 k. ist, ist RB in R abgeschlossen. Somit ist der Beweis
von Hilfssatz 2.2 erbracht.

Es sei jetzt B das vollstdndige Urbild von Rp beim natirlichen Epimorphis-

er
mus von R auf R. B ist offenbar ein abgeschriossenes Ideal von R. Da fiir jedes
HdreRBl=1ef=0 und der Durchschnitt von I und I'" leer sind, gilt elB=Bel=0
flr jedes g aus I'. Daraus und aus (XXVI) [1] haben wir e*B=Be*—e*I=le* =0.
Wir betrachten den Unterring e*Re*. Fur irgendzwei Elemente x,y in R haben
wir é*xé*y—&*xyé* und yé*xé*=é*yxé*, da é*=JVel und die el (pElN) im

Zentrum von R liegen. Dies zeigt, dall e*xe*y—e*xye*, e*yxe* —ye*xe*£l qilt.
Aus e*l=le*=0 folgen dann e*xe*y=e*xye*(zl und ye*xe*=e*yxe*£l. Also
ist e*Re* ein Ideal von R. Wegen e*B=Be*=Ile*=e*I—0 sind die Gleichungen
e*Re*P\B=e*Re*f)|=0 gultig. Nach (XIX) [1] ist dann e*Re* ein halbeinfacher
1 k. Ring. Daraus und wegen e*—2 ep ist e*Re* die direkte Summe von
Ringen RE mit /i£E. "er

Ist jetzt XER beliebig, so x=e*xe*+(x —e*xe*) wobei e*xe*Ce*Re* ist und
x —e*xe* offensichtlich in B liegt. Dies zeigt, daB R mit der ringtheoretischen
direkten Summe e*Re*\+\B isomorph im algebraischen Sinne ist.

Die Isomorphie ist auch topologisch. Es sei namlich Ul bzw. U2eine beliebige
Umgebung von 0 in e*Re* bzw. in B. Es ist klar, dass t/j= C/Me*Re*, U2=U'HR
mit gewissen Umgebungen U, U' aus R erfillt sind. Deshalb geniigt es sich auf
den Fall Ur=UuiC\e*Re* und U2=UO0C\B(U0O=UC\U') zu beschrénken. Wéhlen
wir dann die Umgebungen W, Vx, V2, sodass die folgenden Bedingungen

e*Vle*c U0, Vz-e*V2e*c U0, WQ V1DV2
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-gelten. Fur ein beliebiges Element wE W haben wir dann
e*we*ee*V1e*C\e*Re* g UOC\e*Re* = Ux
w-e*we*e(.V2-e*V2e*)(jB Q U,C\B = U2.

Folglich gilt w—e*we* + (Ww—e*we*)"U1+U2 fir alle wf W.

Bisher haben wir also bewiesen, daf es fir alle 1 k. Ringe R mits. 1 k. Radikal
eine ringtheoretische direkte Zerlegung gibt:
<i) )
wobei fir jedes p”rRti der volle Endomorphismenring eines Vektorraumes Uber
unendlichem Schiefkérper und der Restklassenring von R* nach dem Radikal
direkte Summe von Endomorphismenringen von Vektorrdumen (ber endlichen
Kdérpern sind.

Sei neben (1) noch die Darstellung

r = A et
mit der obigen Eigenschaft gegeben. Da

Rlisi 2 RM R*H)= 2
Hir HTr
gilt, gibt es wegen der Eindeutigkeit von halbeinfachen 1 k. Ringen eine einein-
deutige Abbildung g—g' zwischen " und ', so daB fiir jedes gEF ist.
Also gilt

R*siR/2 RH=RI 2 K =R*-
Hir 1

H'Tr

Wir fassen die Ergebnisse dieses Paragraphen zusammen:

Satz. (1) Jeder I k. Ring mit s. I. k. Radikal besitzt eine ringtheoretische direkte
Darstellung der Form

Hir

wobei fur jedes nJ rRfi der volle Endomorphismenring eines Vektorraumes Ubereinem

unendlichen Schiefkdrper und der Restklassenring von R* nach dem Radikal direkte

Summe voller Endomorphismenringe von Vektorrdumen Uber endlichen Korpern sind.
(1) Die obige Darstellung ist eindeutig bis auf Isomorphie.

Als Folgerungen dieses Satzes betrachten wir folgende zwei Fille:

1) Es sei R ein linksartinscher Ring mit linksartinschem Radikal. Da jeder
linksartinscher Radikalring eine Gruppe mit Minimalbedingung fiir Untergruppen
ist, erhalten wir in diesem Fall nach Satz 1 die Ergebnisse von Kertesz
und Widiger [3]

2) Es sei R ein 1k Ring mit einer Umgebungsbasis des Nullelements aus
Idealen und mit i. e S. 1 k. Radikal. Da jeder i. e S. 1k. Radikalring mit einer
‘Umgebungsbasis des Nullelements aus Idealen s. 1 k. ist, erhalten wir in diesem
Falle die Ergebnisse von widiger [11].
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Es sei nun R ein topologischer Ring mit Radikal J. Wir sagen, dal R die
wedderburnsche Zerlegung besitzt, wenn R in der Form R=S@®[ als Gruppe
mit einem passenden abgeschlossenen Unterring S darstellbar ist. Der Unterring
S heift dann Wedderburnscher Faktor von R.

Fiir kompakte Ringe bewies NUMAKARA [7] den folgenden Satz:

Es sei R ein kompakter Ring und ¢ das Einselement des Restklassenringes
R/I von R nach dem Radikal 1. R hat genau dann die wedderburnsche Zerlegung,
wenn é einen (nicht notwendig idempotenten) Vertreter e¢ mit folgender Eigen-
schaft besitzt:

Fiir jede Umgebung U des Nullelementes in R gibt es endlich viele verschiedene
Primzahlen p,, ..., p, mit (p;...p,)ecU.

Es sei jetzt R ein 1. k. Ring mit s. 1. k. Radikal 7. Dann ist

R=R/I= J R,= J ¢Re,
per ner

direkte Summe einfacher 1. k. Ringe R, mit dem Einselement ¢é,. Es ist bekannt,
daB es in R ein System orthogonaler 1dempotenter Vertreter {e‘,} von {¢,} und e
von é= ¢, gibt, so daB

e=2e, e, =¢ee=e, €e=0, u#v

fiir jedes p aus I' gilt. Wegen Satz 5 [1] ist ¢, /=0 fiir jeden unendlichen_Ring
R,. Dies zeigt, daB é¢,Ré, einfacher 1. k. Ring ['ur jeden unendlichen Ring R, ist.
Es sei R*= ZRu die direkte Summe aller endlicher Ringe R,. Dann ist R* ein
kompakter Ring. Es sei R* das vollstindige Urbild von R* belm natiirlichen Homo-
morphismus von R auf R. Offensichtlich hat R genau dann die wedderburnsche
Zerlegung, wenn R* diese hat. Da I 's. 1. k. ist, ist auch R* s. I. k. Es sci jetzt é* das
Einselement von R*. Dann hat &* einen idempotenten Vertreter e* in R*. So gilt
Rif=e"Rfe’ cr)e*R*(l —e*)+(1—e")R*e* (1 —e*)R*(l —e*), wobei ¢*R*(1 —e*)=
={e*a—e*ae | aER*} (1—e*)R*e*=(ae*—e*ae*|acR*}, (1—e)R*(1—e)=
={a—e*a—ae*+e ae*IaER*} ist. Offensichtlich liegt e* R*(1—e")@(1—€") R*e* @
@®(1—e*)R*(1—e*) im Radikal 1. Andererseits ist klar, daB e*R*e* ein s.l k.
Ring mit Einselement ist. Fiir ein beliebiges, offenes Linksideal L in K=e* R*e*
ist K/L eine Gruppe mit Minimalbedingung fiir Untergruppen. Deshalb gilt K/L=
=D®E, wobei D bzw. E eine teilbare bzw. endliche Untergruppe von K/L ist.
Besteht D nicht nur aus dem Nullelement, so ist D direkte Summe endlich vieler
quasi-zyklischer Gruppen. Dies ist ein Widerspruch, da K/L ein zyklischer K-Modul
ist. Also ist K/L fiir jedes offene Linksideal L in K endlich, d. h. K ist ein kom-
pakter Ring. Daraus folgt, daB R genau dann die wedderburnsche Zerlegung besitzt,
wenn K diese hat. Also erhalten wir aus dem obigen Satz von Numakura

SATZ 2. Es sei R ein I. k. Ring mit s. l. k. Radikal I. Es sei &* das Einselement
der direkten Summe aller endlichen einfachen direkten Summanden von R/I. R hat
genau dann die Wedderburnsche Zerlegung, wenn & einen (nicht notwendig idem-
potenten) Vertreter e* mit folgender Eigenschaft hat:

Fiir jede Umgebung U des Nullelementes in R gibt es endlich viele verschiedene
Primzahlen py, ..., p, mit (p;y...p,e eU.
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§ 3. Linear kompakte Ringe mit iVTHL-Radikal

Wir wollen nun die Struktur 1 k. Ringe, deren Radikal als Ring ein MHL-Ring
ist, untersuchen. Nach [8] ist jeder MHL-Radikalring ein Torsionsring. Es sei jetzt
R ein 1 k. Ring mit MHL-Radikal I. Bekanntlich [8] ist jeder MHL-Radikalring
transfinit r-nilpotent ist. Deshalb ist S in der grébsten linear kompakten Topologie
i. . S. 1 k. Daher kénnen wir voraussetzen, dal # ein i.e. S. 1 k. Ring ist. Nach
(XVI) [4 ist

R= R/l = 2 RB
ner* per*
direkte Summe einfacher 1 k. Ringe R mit Einselement 2 ist das Eins-

e
element von R. Nach (XX) [1] gibt es ein System orthogonaleruidempotenter Ver-
treter {e/t, gEF*} von {&L uEr*} und e von e* so dafl

e=n§* een — ene = V .= ° g~v, L vEF*
gilt. Weger (XVI1) [1] ist dann jedes RRBein voller Endomorphismenring eines Vektor-
raumes Uber einem Schiefkorper SB. Es sei I' die Menge aller g aus I'*, fir die die
SR Schiefkorper mit der Charakteristik 0 sind.

Hitfssatz 3.1. Fur alle g€T gilt eBleR=eRl=1eR=0.

Beweis. Wegen (XIX) [1] ist RB=eBRReR ein priméreri. e. S. 1 k. Ring mit dem
Radikal IB=eRlel flr jeden beliebigen Index g in I'. Erstens nehmen wir an,
daB 70entgegen unserer Behauptung nicht nur aus dem Nullelement besteht. Wenn
I8 A(0) ist, so betrachten wir den Restklassenring /?,jd (/,;) nach dem Abschlu3
cl (7,7) von I*. Es qilt natiirlich IB8~cl (Ip), da sonst (IQi=IR fur alle Ordnung-
szahlen ¢ im Widerspruch steht zur Voraussetzung, dafl IR transfinit nilpotent und
7VENO) sind. Da | ein MHL-Radikalring ist, so ist | ein Torsionsring. Deshalb
sind IfLund so auch 1Jc\(IB) Torsionsringe. Da (/dcl(/m))2=0 ist, geniigt es,
sich auf den Fall mit 70=0 zu beschranken. Dann wahlen wir ein beliebiges,
aber festes Element a£lIR. Wir bilden den RMModul RB=RR/IR vermdge @ in den
RR-Modul IR ab:

g RE~*IB, ep(X) =xa, XER,,, XERRB

wobei 1 ein Vertreter der Restklasse x in RR ist. e ist unabhangig von der Wahl
des Reprasententen aus der Restklasse x, denn fir jedes b£IR gilt ba=0 wegen
70=0. gist evident ein RB-Homomorphismus, & ist stetig, weil die Multiplikation
in RB eine stetige Funktion ist. Der Kern_ker (®) des Homomorphismus € ist
deshalb einjibgeschlossenes Linksideal von RB. Alsojst ker(<p) ein direkter Sum-
mand von RRB. Dies zeigt, dall das Bild im (ep) von RR Torsionsfrei ist. Aber das
Radikal IR ist ein Torsionsring, so ist g trivial, d. h. ep(R®)=0. Dies wirde be-
deuten, daR xa=0 fir alle x aus RR ware; RB hat aber nach seiner Definition das
Einselement efl. Dieser Widerspruch zeigt, da eRleR=0 gilt. Also ist jetzt rRB
ein einfacher 1 k. Ring. Nach (XVI) [1 gibt es in RB ein vollstandiges System
{eRS, 6£AR} minimaler orthogonaler ldempotente. Fir jedes beliebige, aber feste
Element a£7 bildet die Abbildung

gi: eBiReB S I, ep(X) = xa, XxEeRORReR

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



UBER DIE STRUKTUR LINEAR KOMPAKTER RINGE. 1 251

bzw. die Abbildung
FC e,sRRBes- I, <Pr(¥) = ax, R)teun
den mit SR isomorphen Schiefkérper R,I6=ellSRtellh in den Linksbzw. Rechts-
modul | ab. Es zeigt sich unmittelbar, daB tpt bzw. tpr ein stetiger R"-Links-bzw.
Rechtshomomorphismus ist. Da RflS ein Schiefkdrper mit der Charakteristik O
und | ein Torsionsring sind, sind tpi und tpr trivial. Also gilt leRi=elial= 0.
Aus e"—kz ewd folgt nach (XXVI) [1] lelt=eltl=0.
ur

Hitfssatz 3.2. eBRef istflr alle p£I Ideal von R und deshalb abgeschlossen in R.

Der Beweis verlauft vollig analog zu dem Beweis von Hilfssatz 2.2.
Nach der obigen Vorbereitung kann man den folgenden Satz ohne Mihe
mit Methoden des Beweises vom Satz 1 einsehen:

Satz 3. Es sei R ein I. k. Ring mit MHL-Radikal. Dann besitzt R die folgende
direkte Zerlegung:
R=2

wobei die Ru volle Endomorphismenringe der Vektorrdume Uber Schiefkdrpern mit
der Charakteristik 0 sind und der Restklassenring von R* nach dem Radikal direkte
Summe voller Endomorphismenringe von Vektorraumen Uber Schiefkdrpern mit der
Charakteristik p ist, wobei p Primzahl ist.

Diese Zerlegung ist eindeutig bis auf topologische Isomorphie.
Ein Ring R heiflt spaltbar, wenn das maximale Torsionsideal T von R ein ring-
theoretischer direkter Summand von R ist. Aus Satz 3 folgt unmittelbar

Satz 4. Jeder I. k. Ring mit MHL-Radikal ist spaltbar.

Wir bemerken hier, daR die Frage, ob jeder i.e. S. 1 k. Ring spaltbar ist,
noch ungeldst bleibt.
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THE EXTENSION PROPERTY OF ORDERINGS
By

1. CHAJDA (Prerov)

A. Day states in [1] that the Congruence Extension Property is equivalent
to the Principal Congruence Extension Property on every class of algebras closed
under the formation of subalgebras. A new proof of Day’s theorem that avoids
the use of the Axiom of Choice is given in [3]. It is a natural question under which
conditions a similar statement can be true also for orderings. Since orderings on
a given algebra need not be closed under the formation of upper bounds, the in-
vestigated problem is relativized for the case of bounded orderings only.

Let 31=(A, F) be an algebra and R a binary relation on A, i.e. RQAXA.
Call R compatible with 31 provided the implication

(a,bi)€R (i = 1,...n)=> (f(al, f(blt ...,bJ)ER

is valid for each u-ary feF.

By an ordering on H a partial ordering (i.e. a reflexive, transitive and anti-
symmetric binary relation) which is compatible with 31 is meant. Denote by IA
the identity relation on A, i.e. (a, b)elAifand only if a—h. Clearly, IAis an ordering
on 3L If 33=(B, F) is a subalgebra of 31, the restriction of RQAXA onto B is
denoted by R\B (i.e. R\B=Rr\(BxB)).

The following lemma is clear:

Lemma 1 Let 23=(B, F) be a subalgebra of 31 and P an ordering on 3L Then
P\B is an ordering on 23

Let I? be a relation on a set A. Recall the known concept of a transitive hull
RT of R: {a b)ERT if and only if there exist elements a0, ,an(A with a0y,
a,=b and (ar_:, for each i=\....... n. The transitive hull RT is (in the sense
of set inclusion) the least binary relation on A containing R which is transitive.
Provided R is reflexive and compatible with 21, also RT is compatible with
21 (see [4].

It is well-known the following

Lemma 2. Let 21=(T, F) be an algebra and P an ordering on 21. The set
SA(31, P) of all orderings Q on 31 with Q"=P forms a complete lattice with respect
to the set inclusion. The least element in ?A21, P) is IA, the greatest one is P; the lattice
meet coincides with the set intersection and the latticejoin V  ; y£I} is the transit-
ive hult of the union n{A,; yer}.

Definition 1. Let P be an ordering on an algebra 31= (A, F) and a, beA
with (a, b)e.P- By Pn(a, b) we denote the set intersection of all orderings Q on
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N with {a,b)(iQ if such Q exists, and is equal to JA otherwise. It is called a
principal ordering on 21 (generated by (a, b)).

Remark. Like in the Lemma 2, it can be easily shown that PH(a, b) is also an
ordering on J1. Clearly Pn(a, b)QP, thus P~(a, bff&f)it, P). Hence, Pm(a, b) is the
meet of all orderings in ~(21, P) containing (a, b).

Lemma 3. Let P be an ordering on an algebra 21=(71, F). Then Q=
=V{Pwa, b); (a, b)c Q) in ~(21, P) for each g£~(2l, P).

The proof is easy and is left to the reader.
The following statement is a generalization of Goldie’s lemma formulated
in [2] for congruences:

Lemma 4. Let © =(B, F) be a subalgebra of *3t~A, F), R a relation com-
patible with /1 such that IB&R and S a transitive relation compatible with © such that
R\BQS. Put D=[BR={X\xE_A and (x,y)€_R for some ydB). Introduce a binary
relation S(R) on D by the rule

(*)  (uw)d.S(R) iff (u,x)dR, (x,y)dS, (y,v)ER for some X, yEB.

Then

(@ — F) is a subalgebra of 91,

(b) S(R) is compatible with Ft and S(R)\B=S,

(c) if R is transitive, then S(R) is also transitive,

(d) if P is an ordering on 21 and R, SQP are reflexive and transitive, then
S(R) is an ordering on £).

Proof, (a) Let ffF be n-ary and ax, ,a,fD. Hence (ahbffR for some
bx, ..., bnEB and, since R is compatible with 21, also (f(ax, ..., an),f (bx b,,))dR.
As © is a subalgebra of 21, we have f(ax, ,a,ffD proving 3>={D, F) is a
subalgebra of 21

(b) Since 1B<bzR\BQS, the transitivity of S implies

S =ib-s-ibg rb-s-rb g s-s-s= s.
Hence S=R\B-S-R\B. By (*), S(R)\B=R\B+S®R\B, thus S(R)\B=S. The
compatibility of S(R) with Q follows directly from this property of R, S.

(c) Suppose the transitivity of R. Let (a, b)dS(R) and (b, c)dS(R). By (*),
there exist x, y, z, wdB with (a, x)dR, (x,y)dS, (y, b)ER and (b, 2)&R, (z, W)ES,
(w, ¢) 6R. Since R is transitive, we have (y, z)d R. However, y, z(B and R\BQS,
thus (y, z2)dS. The transitivity of S implies (x, w)ES, and by (*), we have
(a, c)d S(R) proving statement (c).

(d) By (b), S(R) is compatible with 3), by (c) it is transitive. The reflexivity
of S(R) is clear. As R, SQP, also S(R)QP, thus S(R) is also antisymmetric.

Definition 2. Let P be an ordering on an algebra 21. We say that 21 satisfies
the P- (Principal) Ordering Extension Property if for each subalgebra ©= (6, F)
of 21 and every (principal) ordering Q on © with QQP there exists an ordering
Qon 21 suchthat Q\B=Q (the so called extension of Q onto the whole 21).

Lemma 5. Let P be an ordering on an algebra 2L Then 21 satisfies the P-Principal
Ordering Extension Property if and only if for each subalgebra ©=(, F) of 21
and every a bfB, (a, b)fP, we have Psa(a b)=P3(a, b) B.
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Proof. Since (a,b)EP, Pn(a b) is correctly introduced and, by Lemma 1,
PA(a, b)\B is an ordering on 93 containing the pair (a, b). Hence Ps(a b)Q
QPn(a, b)\B. As 91 satisfies the P-Principal Ordering Extension Property, there
exists an ordering Q on 91 with Q\B =Pv(a, b)._ As Pm(a,b) is the least ordering
on 91 containing (a, b), we conclude Pjix(a, b)QQ, thus P<ya b)\BQ Q\B=PB(a, b)
proving the converse inclusion.

Theorem. Let P be an ordering on an algebra 91. The following conditions
are equivalent:

(@) 91 satisfies the P-Ordering Extension Property,

(b) 9i satisfies the P-Principal Ordering Extension Property.

Proof. Clearly (a)=>(b). Prove the converse implication. fi=(C, F) is

a subalgebra of 9r=(/1, F) and Q an ordering on @ with Q(=P, then by Lemma 2

there exists the least ordering Q on 9t satisfying QIc§ O- By Lemma 3,

0 =\I{PH(x,y); (x,y)eQ}. However, also Q*=V{P9(X,Yy); <x y}€6} satisfies
clearly Q*\c2Q and Q*=(Q> thus, by the minimality of Q, we have

Q= V{Pa(x,y); «,y)eO0.
We want to show Q\C=Qm In the wiew of foregoing, (b)=>(a) js equivalent to

(* *) For every subalgebra #=(C, F) of 9 and an arbitrary ordering Q on 7)
with QQP, if a, b£C, (ah b-)EQ for ahbfC (/=1, ..., n) and X0, ..., xnEA
such that x0~a, xn=b and (x* b x")EPw(@ax by for i=1, ..., n, then (a, b)EQ.

We prove (* *) by induction on n. For n—1 it is obvious by Lemma 5 since 91
satisfies the P-Principal Ordering Extension Property. Assume n>1 and (**)
is valid for w-1. Set T>=[C]/Hfbn), £0=V {P/15, bt); i=]I, in 0>(<&,P|c),
T=QO0(P,A(a,,, bn) (the symbols like in Lemma 4). Since 91 satisfies P-Principal
Ordering Extension Property, we obtain P~{an, bi\cA Q0. Thus, by Lemma 4
(@), 3>={D, F) is a subalgebra of 91 and, by Lemma 4 (d), T is an ordering on GCs.
Further, by Lemma 4 (b), T\C=Q0=Q+ Now we observe that 3j, T and a=x0,
x1,...,X,,_1, and al,bl, ..., a,_r, b,, r satisfy assumption (**) for n—1, hence
(a, xn_ DET. By Lemma 4 (c), T is transitive, i.e. (a, ti)ET. As a, bEC and T\c=
=Q0QQ, we conclude (a,b)EQ proving (* *) for all integers. The proof
is complete.
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ON THE COMMUTATIVITY OF CERTAIN RINGS

By
B. FELZENSZWALB (Rio de Janeiro)l

In [3] Herstein have proved that if R is a ring satisfying the identity (xy)n=
=x"yn for a fixed integer n> 1, then the commutator ideal of R is nil. Recently
(6, Theorem 2], A. Kaya have proved that a ring R with unit element such that
for every x,yER

1) (*# = xkk k=n(xy), n(xy)+l, n(xy)+2

where n(x,y) is an integer >1 which depends on x and y, is commutative if it
is a primary ring or if it is semiprime. Moreover [6, Theorem 1] if R is a semisimple
ring (not necessarily with 1) such that for every x,yER the identities (1) hold for
just two consecutive integers, then R must be commutative. In this paper we shall
prove the following:

Theorem 1 Let R be a ring with unit element in which for every x, y OR there
exists an integer n(x,y)> 1 such that

{ny = XkYK k —n(X, y)i n(Xv >l)+!.

Then the commutator ideal of R is nil. Equivalently, if R has no nonzero nil ideals,
then R must be commutative.
Localizing the problem we shall also prove:

Theorem 2. Let R be a ring with no nonzero nil right ideals. Suppose that a(R
is such that for every XxER

2 (ax)k —akxk, k =n(x), n(x)+1, n(x)+ 2
where n(x) is an integer =*1 which depends on x. Then a is a central element.

In the proof of Theorem 2 we also show that if R is a semisimple ring and
a£R is such that for every XER the identities (2) hold for just two consecutive in-
tegers, the conclusion that a is central remains valid.

Proof of Theorem 1 Let a”R be non-nilpotent and let Uabe an ideal of R
maximal with respect to the exclusion of all powers of a Then Ra=R/Ua is a ring
with the property that every nonzero ideal in Ra contains some power of
U=a+Ua (so Rahas no nonzero nil ideals). Moreover Ra inherits the hypothesis
placed on R. Since, as a runs over the non-nilpotent elements of R, M Ua is a nil

1This work was supported by FINEP, BRAZIL.
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ideal, the result will follow if we show that each U contains the commutator ideal
of R (i.e., that each Rais commutative).

Thus, we may assume, henceforth, that R is a ring with no nonzero nil ideals
and containing a non-nilpotent element a such that every nonzero ideal of R
contains some power of a. We have to show R is commutative.

Let b,dER with bd=0. Let u>1 such that

3) [d(I+db)]k = dk(I+db)\ k = n,n+l.

Since bd=0, on expansion of (3) we get (n—Il)dn+lb=0=n(dm+2b). Hence
(n—hd"+2b=0=ncln+2b and so dn+2b—0. Similarly one shows that dbs=0 for
some s. Thus for every XER

WX — = 0 for some m}
is an ideal of R.

Since every nonzero ideal of R contains some power of a and a is not nilpotent,
Va=0. Hence ais regular. IfbER is a zero-divisor, then F6+0; so af Vbfor some t.
Since a is regular, b must be nilpotent. That is, every zero-divisor in R is nilpotent.

We claim that for every x,yER there exists m=m(x,y)é 1 such that
XYM=ynK.

Case I. If x and y are regular elements, let in=1 such that (xy)m=xny'n and
(xy)mHl=xmHlym+l Then xnynmxy=xmlym+l; so ynx=xym

Case Il. Ify is a zero-divisor, then, by what we deduced before, y is nilpotent.
Hence xym=0=ymx for some m.

Case Ill. If x is a zero-divisor, then x is nilpotent. So (1+x) is regular and,
by the first two cases, (1+x)ym=ym(1+x) for some m. Hence xym=ynx. The
claim now follows. Since R has no nonzero nil ideals, by a result of Herstein [4]
we conclude that R is commutative. This establishes the theorem.

We proced now to prove Theorem 2.

Notation. Let 17 be a ring. If x,ydR let [x, y]=xy—yx. If cER let r(c)=
= {x€?|cx=0} and /(c)= {x£i? |[xc=0}, the right and left annihilator of c in
R respectively.

Lemma 1. Let R be a ring with no nonzero nil right ideals. Suppose that a£R
is such that for every xf R there exists an integer n=n(x)> 1 with (ax)"=
a"xn Then

@) if x,yfR and xy=0, then xay=0,
(i) r(a)= {xER |anx=0 for some /wsl},
(iii) (@)= XGR Ixanx0 for some TLU1}
av) 1@ =r(a).

Proof, (i) Let x, yER with xy=0. Then (ayx)"=a"(yx)n—0 for a suitable

1 Thus xar(x) is a nil right ideal of R. By our assumptions we must have
xar(x)=0. In particular, xay=0.

(i) It is enough to show that if bER and a2b=0, then ab—0. But a2b=0
implies that for every xER, (abx)n=a"(bx)n=0 for a suitable n=n(bx)>1 That
is abR is nil. Since R has no nonzero nil right ideals we get ab—0.
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(iii) Let bfR with ba~=0. Then for every xZR, b(axb)"=ban(xb)"=0 for
a suitable n=n(xb)>-l. Thus baR is nil. Since R has no nonzero nil right ideals
we get ba=0 and (iii) follows.

(iv) If xZI{a) there exists n=un(x)>1 such that anxn=(ax)n=0, so, by (ii),
axn=0. Since R has no nonzero nil right ideals, by [2, Theorem 2], al(a)=0. That
is /(a)cr((). It remains now to show r(a)czl(a).

Let bZr(a). Then {baf—0 and c=(l+ba)a(\ —ba)=a+ba2 has the same
property as a: (cx)m)=crmex™xX), m(x)> 1, all XxER. Thus, by (i), if Xx,yZR and
xy=0 we obtain 0=xcy=xay+ xbd-y=xbcry.

Now, if xZR there exists m=u(x)>1 such that (a"xn~1—ax)n~la)x=0.
Hence a"xn~lba2x —(ax)n~laba2x = (anxn~I—ax)"~1a)ba2x =0. Since bfr(a) we
obtain a"xn~1ba2x=0; so (a"xn~1b)2=0. Thus anx"~Ir(a) is a nil right ideal
of R. By our assumptions on R we must have a"xn~1r(a)=0, and consequently,
by (ii), axn~1r(a)=0. By [1, Lemma 1] it follows that r(d)a—0, i.e., r(a)czl(a).

Lemma 2. Let R be a semisimple ring. Suppose that aZR is such that for every
XZR there exists an integer n(x)> 1 with

(ax)k = akxk, kK = n(x), n(x)+I.
Then a is a central element.

Proot. Since R is semisimple it is a subdirect sum of primitive rings Rx. The
image of a in each Rx has the same property in Ryas a in R (for each Rxis a homo-
morphic image of R). If we knew that the image of a in each Rx is central we would
get a in the centre of R. Hence without loss of generality we may assume that R
is primitive. Therefore R is a dense ring of linear transformations on a vector
space V over a division ring D. Moreover, since a primitive ring is prime, by Lemma
1 (iv) it follows that a is regular. Thus, since (by our assumptions on a) (a"x")ax=
=antlxn+l, a=u(x)>1, all xZR, we obtain

4 x"ax = ax"+, n—n(x)>1, all xfR.

If dimBF=1, then R=D is a division ring, so by (4), xnMa=axnM, n(x)=»1,
all x(zR. By the hypercentre theorem [4] it follows that a is central. Hence we may
assume dimDV>\.

Suppose that for some vEV, v and va are linearly independent over D. By the
density of the action of R on V, there exists an x in R with vx=0 and vax=va.
Thus, by (4), 0=v(xnax)=v(axml)=va, a contradiction. In other words, for
every vZV, v and va are linearly dependent over D. As in [4, Lemma 2] this
implies that a is central.

Lemma 3. Let R be a prime ring with no nonzero nil right ideals. Suppose that
aZR is such that for every xZR there exists an integer n(x)> 1 with

(ax)k = akxk, k = n(x), n(x)+1, n(x)+ 2
Then a is a central element.

Proof. By Lemma 2 we may assume that J(R), the Jacobson radical of R,
is nonzero. Let xZJ(R). We claim that [a X]=0. Since R is prime, by Lemma 1
(iv) a is regular, so y=a(l+x) is regular. Now, by hypothesis, there exists
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n=n{y)>1 such that k=n{y), n(y)+\, n(y)+2. Hence any"ay=
zantly"#l and antlyntHlay=ant2ynt2 Since a and y are regular we obtain
ayn=yna and ayn+l=yn+la, and, consequently, [a,y]=0. Thus 0=[a a(l-fx)]=
=ala,x]. Since a is regular, [a, n]=0.

In other words, a centralizes the nonzero ideal J(R). Since R is prime it follows
that a is a central element.

Proof of Theorem 2. Let XxfR and let n~n(x)> 1 such that (ax)k=akxk k=
=n,n+1. Then amnxnax=a"+Ixn+l, so a"[a x"]ly*=0. By Lemma 1 (ii) we get
afa,xix"=0. Hence, by Lemma 1 (i) and (iv), a[a,xfax"=0 and [a x"]x,dG=0.
Thus [aX13=0. Let ss 1 be minimal such that [a X"J[s=0 (we know 1”is 3).

Suppose j> 1. We claim that if P is a prime ideal of R, then [a, xnjs~k*P.

Since, by Lemma 2, [a, xndJ(R), the Jacobson radical of R, we are done in
case J(R)cP. Also if R=R/P has no nonzero nil right ideals we are done by
Lemma 3. Thus we may assume J(R) ®P and R has nil right ideals fO.

Let K be the set theoretic union of all nil right ideals of R. Since R is prime

and J(R), the image of J(R) in R, is not zero, we have that KC]J(R)"O0.

Let U—{u"R\xuy—0 for every x,yER with xy=0}. Then U is a subring
of R invariant under automorphisms of R and, by Lemma 1 (i), a£ U.

Let U be the image of U in R. Since U is invariant under automorphisms of

R it followsjhat (1+y)iJ(I+y)_1c:i7 for every y"KC\J(R). As in [5] we conclude
that either U is central or contains a nonzero ideal of R.

If Uis central it is clear that [a, v']s-1GP, for af U. Suppose U contains an
ideal A of R. Then [a xrA [a, xrs~1<z[a, xAU[a, x"]s 1=0. Hence, since R
is prime, [a x"]s_1€P- With this the claim is established.

Since R has no nonzero nil right ideals, the intersection of its prime ideals
is zero. By what we deduced above it follows that [a x"]s_1=0. This contradicts
the minimal nature of s. Therefore [a x"]=0. In other words, a commutes with
a power of every element of R. By Herstein’s hypercenter theorem [4] a is a
central element.
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CONDITIONS FOR ELEMENTS TO BE CENTRAL
IN A RING

By
L. O. CHUNGland J. LUH (Raleigh)

Let R be an associative ring with unity element 1 In 1971, Lun [3] proved
that if R is primary and if there exists a fixed non-negative integer s such that
(xy)k=xkyk, k=n, a+1, a+2, for all x,yER, then R is necessarily commutative.
Since then this result has subsequently been generalized. Kaya [1] weakens the
condition to allow s to be a function of x and y. Ligh and Richoux [2], [4] show
by an elementary and elegant method that the result remains true without assuming
that R being primary.

In this paper, we shall provide a “pointwise” version of these results. Let R
be an associative ring with 1 and xdR. We shall say that x possesses the property
P if, for each yER, there exists non-negative integers 1 and m, both depend upon

y such that

[§)) {xy)k=xkyk K= n,n+1,n+2;
@) (y)h=yhxh h=m,m+1,m+2,

We shall show that if x possesses the property P then, for each ydR, there is a
positive integer / which depends upony such that x‘y=xl~lyx =xI~x2=...—yxl.
If, in addition, R is semisimple or 1+x also possesses the property P, then x lies
in the centre C of R. Therefore the results of [1], [2], [3], [4] immediately follow.

In what follows R will be an associative ring with 1, x will be an element in
R possessing the property P. Moreover, ,f(R) will denote the Jacobson radical
of R, C the centre of R and Z+ the set of positive integers.

We begin with the following

Lemma 1. Let yER and |,JdZ+
@) If x'yJdJ(R) then xyi(J{R);
@) 1fyXfI{R) then yIx(.f(R).

Proof. Bv left-right symmetry we need only prove (i). Assume that xly ¥ ~ (R).
Suppose xyj*JiR). Let t be the least positive integer such that x,yj0.f(R). Then
t~ 2. Since x possesses the property P, for each zER, there is an integer s ? 2 such

that
[X(x"““2yJ2)]s= xs(x‘~2yjz)s.

By noting that s+t—2St, we have xv\x‘~3Jzye2f(R). So x‘~lyJR is a quasi-
regular right ideal of R. Hence x‘~1yJ(J'( R) which contradicts the minimality of t.

1This author is partially supported by the Engineering Foundations of NCSU. Raleigh,
N. C. 27 605, USA.
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Lemma 2. Suppose J(R)=Q and yER- Then xy=0 if and only if yx=0.

Proof. Assume xy=0. Then (yx)2=0. By (2), yhxh=0 for some hEz +.
By Lemma 1, yftx=0. Suppose to the contrary that yx” 0. Let t be the least
positive integer such that y'x=0. By (2) there is KEZ + such that

@) (I+y)x*=[(I+y)x]°
and
4) (I+y)*+Ixt+1 = [(1+y)x]t+1.

By noting that xy=0, (3) yields
(I+fcy + - (kK j ™ y2+ ... +y@gx* = x + yx*.

k(k-\)

9 1 +y Xxk—0. By Lemma 1, we have

So ik-\)y

(5) [(fe-D)>"+ —vyi+...+yKx =0.
Likewise (4) yields

(6) [’\+A+i>L’\+...+/*,]i=O.

Subtracting (5) from (6) side-by-side, we get

(7 (y+a2y2+a3y3+... +yk+t)x=0,
where
(k+\)k  k(k-1) __ (k+Dk(k-1) k(k-1)(k-2)
2 ~ 21 21 T°3 3l 3! ’
etc.

Premultiplying both sides of (7) by y, 2 yields y,-1x=0. This condtradicts
the minimality of t Hence yx=0. That yx=0 implies xy=0 can be
proved similarly.

Theorem 3. If ./(R)—0 and xfR possesses the property P, then x£ C.
Proof. Let ydR. From the first two identities of (1),
antiyd+i _ (xy)ndl= (xy)"(xy) = xry"xy,

and hence xn(ymx —xy“)yy=0. By Lemma 1, x(y"x—xy®yy=0. By Lemma 2,
(y"x- xy")yx= Q N .

Similarly, from the last two identities of (1), we obtain (yn+Ix—xyn+l)yx=0.
Thus, 0=(yn+Ix —xym)yx—y (y"x—xy")yx=(yx—xy)y"+Ix. Again by Lemma 2,

(8) X(yx-xy)y,+1= 0.
Likewise by considering 1+y instead ofy, we obtain
9) x(yx—xy)(I +y),+1 = 0,
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for some gqdZ+. Now we claim that x(yx—xy)=0. Suppose not. Let t be the
least positive integer such that x(yx—xy)y‘=0. By postmultiplying both sides
of (9) by y*~\ we get x(yx—xy)y,~1=0, which contradicts the minimality of t.
Thus, x(.yx—xy)=0. Consequently, x2y=xyx. Applying this we can see that
for any u, vdR,

[xy—yx)ul[xy—yx)v\ = x(yu)xyv—x(yuy)xv—yxuxyv+yx(uy)xv =
= X2(yu)yv—x2(yuy)v—yx2uyv+yx2(uy)v = 0.

This means that (xy—yx)R is a nilpotent right ideal of R. Since J (R)=0, xy —yx=0..
i.e. yx=xy. Hence x£C.
Now we proceed to the following

Lemma 4. IfydJ(R) then xy=xyx=yx2

Proof. As the first part in the proof of Theorem 3, we consider 1+y instead
of y. We obtain x(xy—yx) (I1+]j)t+1=0 for some idZ+. Since 1+y is invertible,.
x(xy—yx)=0. The left-right symmetry implies that (xy—yx)x=0. Thus, x2 =
=XyX—yx2 as we desired.

Lemma 5. Let ydR- Assume that y satisfies the conditions (1) and (2). Then,,
for any kd Z +,

0)

(ii)

Proof. From the first two identities of (1), xmly n+l=(xy)n+l=xy(xy)"=
—xyx"yn. So x(x"y—yx")yn=0. Similarly, from the last two identities of (1),
we have x(xmHly —yxnH)yn+1=0. Thus (i) holds for k=1I.

Now, we assume A'S2. Notice that x"y—yx"f.f (R) by Theorem 3. Using
Lemma 4, we obtain

= X[X"(k-D)(xry —yxn) + X*k=D(X"y—yx)+ ..+ XK 1)1 —yx)]y" —o.
Thus, using Lemma 4 again, we get
X(Xnk+ly —yxnk+)yml =
_ it ) (" Hy _wi+D)- (0T Ky —yxnk 1)x" +y,+1=

This completes the proof of (i). (ii) can be proved similarly.
Lemma 6. For each yd.R, there exists tEZ.+ such that

X(xy —yx)=0 and x(x’Hy—yxt+l) =0.
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Proof. Suppose y satisfies the identities (1) and (2) and 1+y satisfies

(10) [x(I+y)]* = x*O+y)*, K= p,p+1p+2;
and

<H) [(+y)x]'1= (L +y)hxh  h= g, g+ 1, q+2,
where p, qyZ+. By Lemma 5,

(12) X(xmy-yx"pyn= 0;

(13) X(xnp+ly -y x npt)yn+l = 0;

(14) x(xrpy -y xm)(I+y)p=0;

(15)

We assert that x(x"py —yxmp)=0. Suppose not. Then by (12) there is a least
positive integer r such that x(xnpy —yx"pyr—o.
Postmultiplying both sides of (14) by yr~1yields x(xay—yx"pyr~1=0, a con-
tradiction. So x(xmy —yx"p=0. That x(x"p+l—yx"p+)=0 can be proved similarly.
Now we are in the position to prove our main result.

Theorem 7. Let R be a ring with 1. If xf_R possesses the property P, then, for
each yER, there exists /EZ+ such that x‘y=x'~lyx=xI~Zx2= ... =yxl.

Proof. According to Lemma 6, there is tEZ + such that x(x'y—yx)=0 and
X(x‘Hy—yx,+)~0. Since xy—yxf_J(R),

(X'y—yx)x2= x(xfy—yx)x = x2(x'y—yx‘) —0
mand, similarly,

O<+ly —yx'+)x2= x(xt+ly —yx,+)x = x2(x,+ly—yx,+1) = 0

- X '+3yx2 +3_i= x i+lyx2t+3-i=x i+Lyx, '-1. This completes the proof.
Corollary. Let xc R If x and 1+x both possess the property P, then XEC.

Proof. Suppose to the contrary that x$C. Then there exists yER such that
jcyryx. By Theorem 7, there exist I, rEZ +such that x'y=x'~lyx and (1+x)ry=
= (I +x)r_1y(l +x). That is,

(16) X,_1(xy—yx) = 0,
and
17) (1+x)r_1(xy—yx) = 0.
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Since xy—yx"O, there is a least positive integer t such that x,(xy—yx)=0.
Premultiplying both sides of (17) by ;-1 yields x,~1(xy—yx)—0 which contradicts
the minimality of t. Hence xy=yx.

In conclusion, we should note that if xER satisfies only one of the conditions
(1) and (2) the conclusions of Theorem 7 need not be true. This can be seen easily
from the example that

R={[o c]°>b,c€zn

being the ring of upper triangular matrices over the ring Z2 of integers and
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e-NORMAL POINT SYSTEMS

By
P. VERTESI (Budapest)

1. Introduction

The aim of this paper is to construct some new ~-normal point systems. For
this aim we establish some new estimations for the distance of the Jacobi roots, too.

2.1. Definitions and preliminary results

2.1. The Hermite—Fejér interpolatory polynomial Hn(f; x) of degree "2n—I
for a function / (x) on the nodes
(2.1) -1 xn< X, n<..<Xi, 1
is uniquely defined by
(2.2) Hn(/; xk)=f(xk,), H'(f; xk)=0 (@{f=12 ..., n).
If
(2.3) «,(*) = ¢,(x- xIN)(x- x2A) ... (r- xj,

o oon(x) -

(2.4) A =tk (x-xky K= 520 1)
finally
(2.5) vn(x) = 1 ~ ’\‘ {x-xk) (fc=12 ..., n,
we have e
(2.6) Hn(f; x)= kglf(xm)\ﬂm(x)m(x

(see, e.g. [1]).

2.2. As G. Grunwald [2] proved, #,, (/; x) uniformly tends to f(x) in [—L1, ]
(if z—20), whenever / is continuous on [—L, 1], moreover the point system (2.1)
is ~-normal, i.e. for a certain g>0 and n>n0

@.7) %,(*) e (fc= 12, ...n; *€[-1,1]).

If the nodes form a normal system, i.e. (2.7) is true with g=0, the statement holds
for arbitrary [a, h]c(—1, D).

2.3. Until quite recently the only known “~-normal and normal systems were
the roots I} of the Jacobi polynomials Pjx,R\x) supposing —L1éa, 8<0 (here
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£=min(—a, —?)) and the roots of the Legendre polynomials P,,(x)= Pj,°>-0)(X)

(see, e.g. [2)).
In 1972, G. Freud [2] proved that the roots of

29 P (XHAN-IM (M =0

form a normal point system, and later in [3], | found that the nodes

(2.9) Ne A}Z=1U{1) (Is*s2;-1 =)=0),
(2.10) (—1—a—o0, 1SM 2),
(211) {«frrK-iUt-1,1} (1SiS2, 1SBS 2

form ~-normal systems with />=min [(a—2), —f], g= min [, —{8—2)] and
p=min [<7—2), —{/?—2)], respectively (if 0=0, we obtain normal system).

3. Results

3.1. We wish to construct some new {/-normal systems, using the older ones.
First we may try to move the original roots. Obviously, the new nodes again form
a "2-normal system if the shift is small enough. Now we characterize this shift.
Using the notations x=cos3, xkn=cos 9% A=1,2, ...,«), x(h=cos 9h=1 and
X,,+i,»=cos3rm+l’,, = -1, we prove

Theorem 3.1. Let us suppose that the matrix of nodes X={xMl} (k=1,2, ..., n;
[7=1,2, ...) form a g-normal system. Then, substituting x< by y:n (//=1,2, ...,
ISs=s(«)™7, psnlgl), the new matrix is a g/2-normal system, supposing that
with a suitable c=c(X) >0 we have

(3.1 kvn-TvJ = cmax [ ,-i-j (=12 ..).
Here the order of the right-hand side, for special X, is the best possible for arbitrary

sequence {.s(«)| provided 2".v(«)=«—L

3.2. Using special nodes, we can get more, at least for certain values of s. For
this aim we verify a statement which is interesting in itself.

Lemma 3.2. For the roots xfy B>=cos f f B>0f P f’BX(x) we have the inequalities

(3.2) Jt-1 K—1/2

if —1~a”—05, (k—1, 2 ..., [n/2]), further
k-1 k- 1/2

7z S

(33) n+1/2 n
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if —I"0tS—0.5 and ~0.5 R=\,

(3.4) n}i 1/12 »$Sil-« fmcjb 35
if —I"a~—05 and O.S"R"Il, for k=12, ...,n
Using the lemma, we obtain
Statement 3.3. For fixed values a and 8 the nodes
(3.5) {1,x®) veo) («=1,2,...)
form a Q-normal system if

(3.6) -1 =a B <0

-y and

3.3. For the roots of Pj,~1,2R)(x) (especially for the Chebyshev-nodes), we get
the following

Statement 3.4. The nodes

(3.7) {An= costlimxkf12®> «=2,3,....,nm} (i=12,.)
form a Q-normal system, whenever -1S [ -"O and
(3.8) 0 (n=1,2,..).

Here d=1.3672... and it cannot be replaced by d+e (e>0).
3.4. By similar method we can get
Statement 3.5. If —I™a=/?< —2/3, [Je1/ ilie «oifes
(3.9 {I,*fr*,,xfre),..- xar:ii.,-1} @wm=1.2,.)

form a pg-normal system.
Finally, for the Chebyshev roots we obtain

Statement 3.6. The system
(3.10)
jyln= cos/h,,, coven 171 (M= 2,3, ...,/r-1), .. =cos/l,.,} (li=12,..)
ly Q-normal whenever

(3.11) 0=MIn= -»/,,,< m=12..).

Here d= 1.3672... and it cannot be replaced by d+s (e>0).

3.5. Remarks 1. According to the corresponding consideration, the systems-
(3.7) and (3.10) are ~-normal for £>i<l/4 if Fin=] and *=/?=—1/2.

2. Statements analogous to Statements 3.3 and 3.4 can be obtained shifting
jg, instead of jex.

3. A simple calculation shows that the usual estimations for the Jacobi roots
(see [5], 6.21 and 6.3) do not lead to results like in 3.2—3.4.
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4. Proofs
4.1. Proof of Theorem 3.1. For the matrix X we have by (2.4)
<4.1) V(X)) = (X -xj IN(x).
Using this, we have, sometimes omitting the superfluous notations,

a>"(xk) 2 V'(x] K X s),

<4.2) a>'(xk) xs-X k rjxk)
(4.3) Lléo,%(('sg =-2- !I;L(QS- = -2 /¥x5).
For the new system we can write
(4.4) Q.(X) = Gi(x- Y] ly’S(X- XK = (x- y]jIs(x),
i.e.

Q"(xK 2 1" (xK) i
(458) BE*)  ys-xk  Ipdy KT

0"(js) 21'(yj
“o B'og h(ys)
By (4.1)—(4.6) we obtain

<47) vk(i2; x) = vk(co; x) + T x B (xs- X0 (x- xk) (k~ 9),
u(4.8) vs(i2; x) = ws(oo; X) +2 [I' (Xj (x- x9) - (X- y9j.

Now we show that vk(Q; + )= o/2 (k=I. 2, ..., ri) which proves the theorem.
First we quote a lemma established by P. Erdés and P. Turan [4].

Lemma 4.1 ([4], Part 4). Iffor the matrix X={xk}
(4.9) K,()[f,(x)si K (k=12 ..,n; n=1,2,.),
then for certain M=M(X)*m=m(X)>0 we have

w M
(4.10) 7 43tH ,-1)~ 7,

where the upper estimate holds for /c=0, . 2, n. and the lower one for

k= 1,1 n— 1.

Remark that the lemma can be applied because A vk(x)Ik(x) =1 and vk(x)"Q.
k

=1
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By this lemma it is easy to obtain

(4.12) miﬂnn—gk's xkexker= M g — 10 oy

where W, >0.
Henceforward suppose wsin9sS1 and xv Then, by (4.7) and (4.11),
we get for k”s and s”n

) . 8Ix. oy
W(Q; £1) Vs- X K\ Xs-Xk Kill's Q- b.-X,+X,-X1+]] |xs- X s+1]
o 0 Qcsinges 1 Bo sin29s 2 , -,

Al (xs—xst)2 S Tm{ ha smzds

if ¢ is small enough. Analogous argument holds for s=n, when vk(Q; +1)S
AMQ; £1) (KA).
Let now k=s. By (4.8) we get, after a little calculation,

w(Q; +1) =e-2{[bsx I||1Xy9|l/s(x9)-Zs(y9|]-m ~|- +

+ X, £ 10I's(xs) - 1's(yj\ + [ys- X s|\K(y,)\Y

n
Using the "~-normality we have from 2. t"GU/f(x)=1
=i

an

() - Ye'
Further by (4.12), using the Bernstein-inequality, we get
1 n I N 1
(4.13) Vo Yqsing’ i/;(x)i Q sin29
from  where 0.57/s(y972  because  of  |/»(n)-*>(*«)|= K*(li)lIf»>—*»
cC n sin2, csing.
Ye sin9S mn2 Yen

Moreover, using
\K(ys)-K(xo\ = \i: (M\ys-xs'
we obtain with cl=cl(c, g

e T n sing, sin29S n 1 ,
v-gl)a® 4b w K~ "r+c'+c'~ M Kk 1 s el

for suitable ¢>0. The cases yS<XS and nsin 95< 1 can be treated similarly,
considering the Markov-inequality, too. So we proved the estimation (3.1).

C n2 sin29S ¢
. Sin29s n2 Q
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To obtain the second part of our statement we consider the matrix
X={xjl~_ 1)} Then as it is well-known vk(co;x)=1 if 2~kSn—I (see eg.
6], 422, (4.2.1) and (145.1)). Let e.g., I1*s*n/2 and xs>ys+K sin2&n~2
Then by (4.7) and (4.10)

K5|n29
VSH(Q; -1)=E -2 e -Kr{T, M)"sm sin .9,
if K is large enough. The case n/2<i”n-l is similar, Q.E.D.
4.2. Proof of Lemma 3.2. Using continuity and [5], 6.21, one can obtain

9N BN *@) if a>oc*—1 and k= 1,2, ... [W2]. Further, by P{+H' _1)(X)=
=cen(l—x2Pj,I'n(x) we can write

kn 1212 OLD = QG- < %ad) 12-12) 2k+1
n+T ’9<(n ) Qg» S Iin +2 q+ln+2 2(n+2)7l

if k=1,2, ...,[n/2], —"ot™ —1/2. If k—O then, for the same a’s,

%:,ql(ﬁi# d <_-?§.*m riEIS(F/M%’ 112) = 2n+2)°

By these we obtain (3.2).
To get (3.3) and (3.4) we write, using similar arguments,

2K = = A 2k +1
2n] ) A= hY ReHB = A —RtFA T T,

if —1Sas —1/2, -1/27jSgi and 1,2, ...,n-1 or
Grier T OPIUD S OLD T QD < e o QD) L g

if -1Sag-1/2, 1/2=S)3s8l and *=1,2, ..., u-1I,
The case k=0 can be treated as above. So we verified the whole lemma.

4.3. Proof of Statement 3.3. For the system (3.5) we have

(4.15) «(*)*E c,,(*-1) kj_1; (x-xk”)= P<«»(x)xr )S(J ]‘Hli .
Then, by a simple computation

(4.16) S2() 2fPz(l)____ L]
fi'i) 10(1) 1- al

Obviously v0O(Q; 1)=1 (where, as usual, x0=1) so to prove that vO(Q;x)"g,

it is enough to verify vO(Q; —1 To this end we state that
" (1) 0
(4.17) e es T
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Indeed, we have

1-*1 N
because, by [5], (4.21.7) and Part 7.32 (2),
Pp-h(0 =05(n+a+s+ PA-i"+1)(0 < 0.5n+*+/H-1)/Ne g+1)(1) =
= p;ixR4 1)

By (4.17) vO(Q; —1)=1 —2[...](—1—1)>1 which was stated.
To estimate the remaining WKk((2;x) (k~2) we use (4.7). Obviously with
p<*.«(*)=co(x) and [5], (14.5.3)

On the other hand, if x=I, then we have from (4.7)

(4.18) w(Q; 1) = vk@ 1)-2 1 xk (fc= 2,3, ..., n).

First let a=R. By (3.2) and 325 nE , SO

1

XI-Xk
i.e. by (4.18)
WE ) Q-0 @ms n0

if —d<a< —2/3, which was stated.
If —dsa<-2/3 and —s/J<0, then using that 3I=(jr®+elhii-1 (/=1, 2),

where denote the positive zeros of /a(z) (the Bessel function of the first kind
of order a) and e,—0 (see [5], (8.1.1) and (8.1.3)) we obtain 3,s-HztJfiL and
325 S —lrr- from where we get the statement.

44. Proof of Statement 3.4 First let a=R——1/2. As in 4.3, we obtain

with r,(x)=cosu3, excluding the trivial case yk—cos—é‘n—,

(4.19) W(Q; x)=\-2 .[I'r((yy@J_)O"l (X-Yi).

Here the expression [...]s0 if jchosI. fThis can be verified as (4.17); cos
is the largest root of Tn(x).) So ~(£2; —)sl, ie we have to investigate vk{Q\ 1).
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Denoting yIn= cosc 224 (0<c 2; 1) we get by simple calculation

fsin c- 1
®i(0; i)- 1-2 2sin2c an
sin Cén—cos Com 2sin(c+1) 4p SN 1—e) ﬁn_

from where ~(R; 1)Sg>0 (n~«0 whenever

T
1SnC 2 c2a

T a(l—<2
cosc—

(4.20) F(c)

Let 1k=(0,0.58), /2= [0.58,0.67), /3= [0.67, 0.75), /4= [0.75, 0.82), /— [0.82,0.83),
/6= [0.83, 0.96), /7=1[0.97, 1) and finally /=(1, 1.3672].
To estimate (4.20) we apply

coscy-sin(l-c)y > (1—)y{!-[(I-c)y] ¢j if O0<c<1

further the estimations sincy”~cy or sinc2l=1 if cE/4, or c"/j, respectively.

Using these estimations in the intervalls /I5/2, ..., /, and the analogous ones for
c€J we obtain (4.20) if

(4.21) O0<c=S 13672
Further, considering that the case ¢= 0 was investigated in Statement 3.3, we proved
(4.22) i>j;x)SB8>0 if OSc 13672

Remark that F(1.3673)>1, i.e. F(d)=1 for 1.3672<c/-= 1.3673.

Now we investigate Vk(£2;x) {k"2). First let O~c”~l. We obtain by (4.7)
(with cjn(x)=Tn(x) and s=1) that vk(Q; —I)"vk(T; —)>1/2 (fc"2). Further,
for vk(Q; 1), we have

2(Fi-Xi)(1-n) =

2sin (1 +c)]—2/i—sin \(/1 —€) an 25sin2 [|£2/C_|)'h;}3

2sin (2c—1+c¢) T sin £2k —1—¢) 4“—-2 sin 2|<Tsin(2fc—2; ;[%-

(I-c2(2/c-1)2 91 4.0 (17 2

2[2k—l)2—cgie(x—a) LHFCHN=AIS g 7 [1+0(5)]

which means Vk(Q; 1)>y —y+0(n 2=y +D(n 2 (/;S720, O Ses ).
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On the other hand if o I, by (4.7) we get wk((2; \)*vk(T\ 1)>-j . So we
have to investigate vk(Q; —1). By (4.7), [5], 14.5.3 and the above argument we get

. (T (*i~.11)0 +xkK)
Vk{Q 0= Vk(T’ l)_2 0>i—**)(*!-**)

L, (ki8I +xk = 1 [i n J]
1 xk “ (- XWX -x 1- xk L v, - XB(x-xK '
Here
B g 8n2(1 c2 17 . i
£(1 af 4(;1 oot xyy @ n 19 2(9-C i+0(/t-2}
if, e.g. 0<cSI.5.

By (4.22) and the succeeding arguments we get our statement if a—3= —0.5.
Now let —Is/?<0. Denoting for fixed § and ¢ (0*c<d, c”l) yy”~coscSj,
where 3,=9%12)1), we investigate

0j(iz D= -2 HeERe Pt (1-1)

(here xx=x" 12w) and verify

(4.23) Ir;"’:;") (1-y ) = (I£C,) (L-yi) +o(l),

(C,\0) from where px(A; N'Sg>0 if n*n0 (see (4.19) and the succeeding argu-
ments.) To obtain (4.23) we first apply [5], (8.1.1) and (1.71.2) from where

(4.24) Vnn-~T COS\,C:JH 1_55,- 0).

By (4.24), using 51=(n+enl(2n) (e,~0) we obtain, by 73, (A)~7h(ji)~ J.

(4.25) ryn’k(|+ «) (I« - 0).
By similar arguments
(4.26) p;(-112B,(yi) = _ﬁfﬂ(i +K) (\s:1- o).

If we use the simple relations

(4.27) N-2"1=02-xD(1+0  1-J1 = (1-Yx)(1+«I)
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(CRESY 0), we can write by (4.24)—(4.27)
P'IYT) T(yr) N
noy yi-d (L-A) T/Yn) A+ 1 0+E)

(1-0)(1+0 = fATGAT -5 Mg 1-1)0+<5- )+

<(1-*)(>+«e) (64> K\ 0),

from where we obtain (4.23).
The remaining parts can be treated similarly. We omit the details.

45. Proof of statement 3.5. Let

(4.28) Q) = ¢,P<>(x)
By (4.28) and (4.17)

a"0) _J~d)__ 11 __M . (nang
(I N r-xi 2 1+ xj

because (1+xIn)—2—0 if n—w. . le,

w2, -1)= 1+2 190 = o5 0 (ns no.
fi'()
By rO(R; 1)—1 we obtain vO(Q; x)*0. Similar argument holds for v,,+1 (where
*, +!=! .
¢ Now we investigate vk(Q; x) (2 é&”"s-1). By Statement 3.3 and /3aa)(x) —
= (—DnP*aa)(—x) the nodes {n'in, a2, ..., xn_ I n, —1} (/7=1,2, ...) form a g-
normal systenr?_]i:f —~a< —2/3. Now using the argument of Section 4.3 with

ot(x)=(x+\)k\l] (x—xK) and Q(x) defined by (4.28) we obtain the desired result.
=1

4.6. Proof of statement 3.6. Let fi,(V)=(v—y " ix-xj-1Tn{x) and A,,(X)=
= (x =) (X -x - 1Qn(x).
By usual calculation
nuys) 2\ (yr)_ ] 1 1

A'b\) ~U,0%) )\~X: yk-y, )\+xb'
Now, using again (ji+ Tay—~yy—3J>)—=2 (n-°°), we get by (4.19), (4.29) and (4.22)

(4.29)

(4.30) VK(A; x) = PI(i2; x)-2 mi Wi yl“rxr>(n_yj s g/2

if Oac”l.3672 and n”n0. The estimation for v,,(A;x) is similar.
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To consider Vk(A; -1) (27kSn-1) we get, by repeatedly applying (4.7),

F4Xk(1-Xk)(yi~xi)

KA D= WMD) AT B (x1-xi)

and
» -n_,(. n fAd+~"M -ySI
7}y K ° 1 (yl-xIKxI-xl) T
First let 0"c«=Il. Then vk(A\ —1)"vk(T; —1), further for vk(A; 1) we remark that

roa. (* T*> if xkS 0,

2 W**)(*!_WS
which was treated in Section 4.4. If xf<0, then Vk(A; )=vk(T; D+ O(s 2.
The case 1 is analogous to Section 4.4.
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ON A PROBLEM ABOUT DARBOUX POINTS

By
J. CEDER (Santa Barbara), M. LACZKOVICH and G. PETRUSKA (Budapest)

It is well known that a subset of the reals is a Gs set if and only if it is the
set of continuity points, C(/), of a real function / (see [5]). Rosen [6] showed that
the set of Darboux points, /)(/), of a real function / isalso a Gs. Hence, if / is
any real function then both C (f) and D (f) are Gs sets with C (f)aD (f).

In Ceder [2] the converse of this result was conjectured, namely: given two
Gs sets C and D with CciZ) there exists a Baire 2 function / suchthat C(f)=C
and D (f) =D. This conjecture was settled affirmatively for a number of special
cases in Ceder [2] and Ceder and Pearson [3].

In this paper we validate the conjecture in the general case with the following

Theorem. Suppose C and D are Gs subsets of a real interval | with CczD. Then,
there exists a Baire 2 function h such that C(h)=C and D(h)= D. Moreover, if C
is dense in | then h can be taken to be an upper semi-continuous function.

Notation and terminology. All functions considered in the sequel will have
domain and range subsets of the real numbers. The set of right (left) cluster values
of / at x is defined to be the set of all real numbers y such that there exists a sequ-
ence {x,}*=1 in dom (/)f|(x, °°) (dom (/)(")(—°,*)) suchthat {x,}*=l converges
to x and the sequence {/(x,)}“=l converges to y. The set of right (left) cluster
values of / at x is denoted by K+(fx) (respectively K~ (fx)). Note that f
does not have to be defined at x for K+(fx) or K~ (fx) to be non-empty.

If / is a real interval then a function / from / into R is said to be Darboux
if it has the intermediate value property. The intermediate value property can be
localized as follows: a point xEdom (/) is a Darboux point of / provided for
each <5>0 and right (resp. left) cluster value a, if b is strictly between a and /(x)
then there exists a y£(x, x+ <5)Ddom (/) (resp. (x—Qx)Pldom (/)) such that
f(y)—b. It turns out that / is Darboux in/ iff /)(/) =/ (see Csaszar [4]). Clearly
C(/)cD (/) for all function f

The proof of the main theorem consists of first proving it for the special case
when C is dense (Lemma 2), then using that to prove the general case.

Lemma 1 Let C be a Gdset dense in an interval I. Then there exists a bounded
function g defined on C such that

(1) g is continuous on C,
)] Iim sup g(t) = Ifiimisup g(r) = ]jm infg(t) —Iimjnfg(i) for xxtC,
(3) g has the intermediate value property on C.
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Proof. Since C is a Gadense in / we may put I\C = *(_Ji Fk where {Fk}k=l

is a sequence of disjoint nowhere dense closed sets. (For a proof see [7].) For each
T let Bk)}7=i be an enumeration of the family of components of I\F k. For
each k define fkon I\F kby

/*(*) = 3-*sin[(x- a£;rl - x)-4

whenever xE(a*, (I8. Then define g(x) =*2_=‘k (x) ifxEC. The facts thatg is bounded

and continuous on C are obvious by the uniform convergence of 2jfk- If x$.C,
. . je=i :
then x£ Fk for some k. Then _/’:kf, is continuous at x and statement (2) is true

when g is replaced by fk. FIJence (2 is true for g.

Now we proceed to prove (3). Let ¢ be any real number. Let us call a closed
interval J with end points in C a c-interval if there exist points a, bdj for which
,g(a)>og(b). To prove (3) we need to show each c-interval JO contains a point
xdC such that g(x)=c.

By induction suppose we have found c-intervals JK, such that

/il jD... Z)3k_1, JJCWI £\ = Z-and |/-[» ——|i[ for /S/c—L From the

k-1
construction the function h= igi f is continuous on Jk _k (when k=1 we put
7=0). Since C is everywhere dense we can find points x1? ..., x,,_t in C such that
XN<X. Xy T =[+bet], Xt X Ir KT 1 |/j for isn and the oscillation
of h in [ X j*x (8 satisfies
<oh, [x,-!,xj) <2 13 k for ia n

If one of the values g(x;) for equals ¢, we stop the construction and
the proof is complete. Otherwise, at least one of the intervals, say 7*=[xi_1,xI1]
is a c-interval again. Select a, bdJ*C\C such that g(a)>og(b). (We may assume
that a-<b without loss of generality.) Let (a, 8) and (of, B') denote the components
of I\F k containing a and b, respectively. If (a, B)=(oc', B"), that is [a b\czI\Fk
then we put Jk=[a, b\. Otherwise the end points B and a' lie in (a, b).

Let .?2(x)= i’,‘\kf(x) when xdC{JFk.

Suppose s(B)<c+3~k Then liminf fk(t)= —3~k and the continuity of s

teC

at Rd.Fk imply that
Iimgi_nofe(t) <c

tec

Therefore, there exists e>0 such that [a /?—€] is a c-interval. In this case we put
Jk=[a,R-e]-
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On the other hand if s()"c+3~k we have
[sQ3)-.s(a")| S co(s, [a, b]) ~ co(s, J*) S w(/r, J*) +<x>£_ﬁ+ l/o ’\*; =

A —3 k+2sup 2 g < —13~K+2°3—*—li: 3

— 3~k
i=fca1> - 2 ' 2 2

Hence, s(a)sc— 3 k>c—3 k%Therefore, limsupfk(t)=3~k and this together
2

i-a'+0

ZC
with the continuity of s at af F k imply that Iitm_xsijp g(t)>c. Hence there exists
0

tec
0 such that [a-f-e, b] is a c-interval. Then put Jk—[%+£ b].
In any case, we have found a c-interval Jk of length g K'Q‘llll for which
NcN-1\"t- o ) ) )
We continue this induction process and we stop it whenever we obtain X;

for which g(xi)=c as remarked above. If the process is never stopped, then we
obtain a nested sequeuce of c-intervals {JTH-. for which there exists an W)|C such

that kI'I Jk= {10} and g(xQ=c. This completes the proof.
=1

Lemma 2. Suppose C and D are G3sets dense in | with CezD. Then there exists
a bounded upper semi-continuous function f such that C(/)=C, D(f)=D and
K-(f x)=K+Hf x) whenever xfD.

Moreover, for every x0(j D, Iim supf (X</ (x0 andfor any e>0 there exists

ec
S>0 such that all the irrational numbers 26(I|msup/(x)+e [(x0Q) are omitted
><€C

by f in (x0-d, x0+ .
Proof. Let g be a function specified by Lemma 1. Define Fon / by F(X)=
= Ilmsupg(t) Let 1 D= \JHn where {#,}“=L is a disjoint sequence of closed
=1

sets. Now we define / on/ by
F(x) if xED
I*) = [nF();)\Jr 1 i xeun

where [y] denotes the greatest integer iny. It is obvious that F is Darboux, upper
semi-continuous, that f(x)=g{x) whenever x£C, and C(F)=C. Moreover, the
definition implies
(4) F(x) </(x) S F(x)+n~l if xd_Hn-

Let us now prove that f too, is upper semi-continuous. Let XCED, £>0 and
N be an integer greater than Then there exists <5>0 such that (x0—S, x0+<5)I1
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MU tf;=0. Therefore,
i=i
Hmsup/(x) s lim sup\I/F(x)+ 1V/1= F(x0 + ey </(xQ+e

so that / is u.s.c. at points of D. If x0$D then xCEH,, for some n. Since the com-
position of an u.s.c. function with the greatest integer function is again u.s.c. it

follows that f\H is u.s.c. Again, let e=»0 and choose N so that Then
there exists (5>0 such that (x0—§ x0+ c>)|'ll #{‘ Ht=0. Hence,

I|m sup/(x) = max ( limsup /(x), limsup f(x)) S

X-+;t0,x $Hn X-*-x0,Xx€HnN
= max (f (<0 + -, /(x0j </(xQ+-"- </(x,) +e

so that / is u.s.c. at points of 1—D too.
From conditions (2) and (3) of Lemma 1it followsthat K~~(g, x) =K (g, .v)
for all x€/. From the continuity of g and the  definition ofF it follows that

(5) K-(g,x) = K+(g,X) = K- (F,x) = K+(F,x) forall x€/.

Conditions (4) and (5) then imply that

(6) F~(/, x)i)KHf, x) 3 KHF, x) = K~(F,x) for all x£/, and
K~(/,x) = K+(/,x) = K+(F,x) = K~(F,x) for x£D.

Conditions (5) and (6) immediately imply that CcC (/). IfXEC(/), then K~(F, W)=
=K+(F, x)= {f(X)} by (6) and hence, by (5), we have K+(g, X)=K~(g, X)=
= {/(*)}* By virtue of (2) of lemma 1we must have xEC. Thus C=C (/).

Next we show that D=D{f). The inclusion DaD (f) follows from the
facts that the cluster sets of / and g are identical on D (conditions (5) and (6))
and that g has the intermediate value property on C. It remains to show that
D(f)czD. For this it suffices to show that xCEHn implies x,,$D (f). Let x0iD
and £>0 be given. Then Iil;n %Jp/(x) = Iixmxsoup g(x) = F(x0</(x0. By the upper

x€C XIC
semi-continuity of F we can find ¢)>0 such that 0<|x —x0<<5 implies
F(x) » F(xQ+e= Iin‘lsgp/(x) +e= /.
In particular /(x)S/1 for xCDII(x0- S, x0+<5). By the construction of /, all the
values taken on I\D are rational numbers hence if J1-==/.</(x,,) and ). is irrational
then it cannot be a value of / on (x0—5, x0+ ). This obviously implies x0$ D (f\
as well and the proof is complete.
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Lemma 3. Let G be an everywhere dense Gdsubset of an open interval J. Suppose
firfz are continuous functions on J. Then there exists a Baire 2function q defined
on G such that
@) f\(x) S q(x) suffix) forall x£G,

(8) for each x£J, <5>0 and /.7(ffix), ffix)) the inverse image g 1(/.) intersects
each of the intervals (x—6, x) and (x, x+<5).

Proof. Let JI,J2,... be an enumeration of such subintervals of J with ra-
tional end-points for which SUjJ ffix)< |nf/2(x) By induction we can easily select

a sequence PlyP2, ... of palese d|$Jomt and nowhere dense perfect sets with
PkaJkDG. (Referrmg to Baire’s category theorem an everywhere dense Gs subset
cannot be countable and hence by [5], p. 355 it contains a perfect subset.)

Let hk be a continuous function defined on Pk such that hk(PK=[supffix),
|nf /2(x)] (Cantor-type function.) Now we define *€L

K(x), xEPk
A fhix), x£G\WJ Pl
J_
The reader can easily check (7) and (8) using routine arguments.

Lemma 4. Let D be a Gs subset of an open interval J=(a, b). Suppose f R,,R2
are continuous functions on J with 0<RBfix)"l, 0</?2(x)S 1 for all xEJ. Then
there exists a Baire 2 function s on J with the following properties:

) f(x)-Bfix) s(x) Sf(x)+B,(x) (xdJ),

(10) for any open subinterval J'czJ, s(J')z>/(/') fin particular s(J)z>f(J)),
(12) C(s)=0,

(12) D(s)=D.

Proof. We can find an ascending sequence of compact sets 0 =A'Ocz/ilc ...
such that (J Kn=J\D . Next, pick H,, to be a countable dense subset of K,,\K,, I.

n=20

Put H= (JlH,,, G=J\H. Now we apply Lemma 3 with this dense Gs set G and
=

fi=d —31,fi=fby Bi to obtain a Baire 2 function q with (7) and (8) of Lemma 3.

Define
q(x), xeG,

SV = t1x)+2-Rfix)+~min{Rfiy), yEK,}, XEHN.

s is obviously a Baire 2 function and assertion (9) is clear by (7) of Lemma 3.

of Lemma 3 and / *€I/C —Bfix), [(*)+T1r /* immediately impl
512)) fdl I(-X)€1/CY) )()2_>("?)] y imply
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If xED and N is fixed then (x —S, x+5)\Kn=g for n*N and <5>0 small
enough. Therefore  K~(q, X) = K~(s, X) =K +(s, X) =K +(q, X) = f/(x) - ft(x),
[(x)+y B2x)] hence by j(x)="(x), (8) of Lemma 3 implies the Darboux pro-
perty. If x$D then xdKNK N_1. Take first the case xEHN. Then by the construc-
tion of s we have s(x)=»/(x)+ “~ft(x) and K +(s,x ) K+(qg, x)=| f(x) - ft (),

[(x)+y ft(x)j. Let 26|/(x) + -"-ft(x), .y(x)j\.y(#) (s(H) is countable). Then
we get Ars((x—S, x + <) If s is small enough and the Darboux property at x is
violated. On the other hand if x*(KNK N_D\H N then z=/(x)+y ft(x)+

-h-A-min {ft(y), YEKNFEK~(s, X)UAIi +(i, x) since HN is everywhere dense in
KNNK N_t. Furthermore z>/(x)+yft(r)s?(x)=j(x) and selecting i/(x)+

+ AS2(X), zj\i (") we get x$Z>(.s) as above. Hence D(s)=D and the proof
is complete.

Proof of the Theorem. Without loss of generality we may assume that / is
a bounded interval. Let Cand D be Gdsets with CczDd. Put C*=CU(/\C)
and D*=DUC*. Then C* and D* are dense G3 sets with C*cL>* and we may
apply Lemma 2 to obtain a bounded Baire 1 function / such that

(13) C(f)=C* and D(f) —D%*

(14) K~(/,x) = KHf,x) if xED¥*,

(15) for every xO[D* we have Iixnligp/(x) </(x0
XiHC*

and for any given £>o0 there exists <s>0 such that all the irrational numbers
AE(limsup/(x)+e, /(x0Q) are omitted by / in (X0—&, xO+c>).

dCr

LJet {J,—@n, b,)); nEr} be an enumeration of the components of I\C where
I is an ordinal Sco0. For each n we apply Lemma 4 with /=/,,, ft(x)=ft(x) =
= (x —a,,)(bon—x)/n(bn—a,,y=rin(x), f= f\Jn, D—Df]Jn and obtain a Baire 2 func-
tion snon J,, with (9)—(12) as stated in Lemma 4.

Now we are ready to define

i/(*)> xec,
I(A)_Isn(x), x£Jn (n€r).
h is obviously a Baire 2 function. We prove C(h)=C.
Let xCEC. We show that h is continuous from the right hand side at x0. If

x0=14a,, then \h(x)—f (X)\Srjn(x) (xfJj and the continuity of / at x0 assures
AX)—AKXD) (x—x0-|-0).
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_If [x0,x0+4]cC for some <5>0 then the continuity is obvious by J1(x)=/(x)
(XEC). Otherwise, if e>0 is given we can find $so small that (x0,x0+d)rJ,,=0

for nw —. Hence \h(x)—(x)|<e for every X£(XO0, x,+ <9 and the continuity

is immediate again.

Let x0$ C. 1f x0$C then x0$ C(Ji) by (11) of Lemma 4. If XCEC\C then x0$ C*
and hence x0$ C (f). (10) of Lemma 4 implies wifi, xQ”co(/, x>0 where oj(*, x0
denotes the oscillation at x0. Thus we have x03C(/i) and Cih)=C,

Now we turn to prove D(h)=D.

[CU(/AC)]no = [CU(NC)]nD (h)
is obvious by the construction. Therefore x0EC is to be considered only.
For every xCEC, K zx(h,xQ=K=%(f, xQ easily follows from ;/”(X)SW if
x0%{%,,Z>,,; nEl} and from X_J_Lm 0t]n(x)=x_!)innl0 n(x)=0 if x0=a, or x0=bhn.

Let x(EL>n(C\C). Then h(xQ=f(x0, Kzif, xQ=K=x(h, x0, xCED (f) and (10)
of Lemma 4 imply Darboux property at x0.

Finally consider xE[C\C]\D. Then obviously x0$D*. If x0=an then, by
(15), I|m nn{x)—0 implies lim sup/r(x) nr sup/(x)</(x(b /?(xQ and hence

x08§ D(Jl) is clear. The case x0=bn Is similar.
If 110§ {a,,, bn; n£r} then for

8=T (f(xQ- Hmsupf{x))
: e+
we choose dx according to (15). Let be so small that x€(x0—4, x0+ <NC*
implies
f{x) -c lim S(L)Jp/(X) +E
furthermore nS— implies (a0—§ x0+d)M./,,= 0 .

By
1/(x)- h(x)I = Yn(x) = “  (*€(x0-d, x0+<5)fl J,,)
we have
h(x) < I|m sup/(x) +2s if x6(x0—3, x0+ 9MNC*.
Hence if et

(limsupf(x) + 2e,f (x0)
XEC*
is an irrational number then
Ir-4 A (x,,-r, x0+<5) ¢ [N 1(A) M((**,-*. x0+<5)\C*)]U
U [ii~1(S)M((x0—<& x0+<5)[1IC*) = 0 UO = 0.
This means x04 D(A) and the proof is complete.
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ON REGULAR PRONORMAL SUBGROUPS
OF SYMMETRIC GROUPS

By
P. P. PALFY (Budapest)

In this paper we shall investigate regular pronormal subgroups of symmetric
groups. These subgroups are closely related to a combinatorial problem as pointed
out by L. Babai [2]. All the groups considered are finite. We need the following

Definition. A subgroup H of Gis said to be pronormal if for any g£G, g~I1Hg
is conjugate to H in (H, g~1Hg).
The other notion important for us was introduced by L. Babai [2].

Definition. G is a Cl-group (abbreviation of Cayley isomorphism property)
if between any two isomorphic relational structures on the group G as underlying
set which admit all right translations as automorphisms, there exists an isomorphism
which is at the same time an automorphism of G.

The following simple observation characterizes Cl-groups:

Proposition [2, Corollary 3.2]. G is a Cl-group if and only if the right regular
representation of G is apronormal subgroup o f the symmetric group on the elements ofG.

The following groups have been found to be Cl-groups: the cyclic groups
of prime order, Zp see [2, Theorem 2.3], as well as Z4and Z22XZ2][2, Corollary 3.3].
Our aim is to extend this list, thus giving an affirmative answer to [2, Problem 34].

Theorem L1 If (i) P\<Pu< mm<?* (Jc=0) are prime numbers, n= fjl pt, (ii)

/-1
H(n) is prime to n and (iii) I'I Pi<Pi for any /, 2—-:k, then the cyclic group of

order n is a Cl-group. ((p denotes Euler's <pfunction.)

We do not know whether these conditions are necessary. Nevertheless, we
are able to prove that some of them are:

Theorem 2. If G is a finite Cl-group, then either G is a cyclic group of order
n such that (p(n) is prime to n, or the order of G is four.

Remark. Since the CI property involves the case of (directed) graphs, we
obtain — as a corollary — positive answer to a problem of A. Adam [1], whenever
n has the forms as in Theorem 1

Acknowledgement. 1 am grateful to Laszlé6 Babai for his useful advices.
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1

This section is devoted to proving Theorem 1 We shall proceed by induction
on the number of prime factors of «. By the Proposition, we have to show that
for any two «-cycles x,y in S,,, (x) and (y) are conjugate subgroups in (X, Y).

In order to emphasize where the assumptions are used, the proof is divided
into four lemmas. Throughout this section let n=mp, x=(1 2 ... 1), z —ii+m ...
i+ (p—\)m), P—{zi\*i*m) and v an arbitrary «-cycle. So xm—z1z2...zm,
Xx~Tzix=zi+l (subscripts must be considered mod «r).

Lemma 1.1. If m<p andp is a prime number, then there exists ay'dS,, such
that y’ is conjugate to y in (x,y) and y'mEP.

Proof. Since sak/?, P is the unique Sylow ~-subgroup of S,, containing xm
So by Sylow’s theorem an appropriate conjugate of ym by an element of (x, y)
belongs to P.

Lemma 1.2. If Z,, is a Cl-group and yTEP, then there exists ay f S, such that
</> is conjugate to <y>in (x,y), / “Izi>/= (zi+1> and y'nmEP.

Proof. As x and y are «-cycles and xm ymEP, they normalize P and the effect
of conjugation by both of them on the set of the subgroups (zj) (1*/é«r) is an
«7-cycle. Since Z,, is a Cl-group, this forces the existence of a y' with the re-
quired properties.

Lemma 1.3. Ifp is a prime number, m is prime to both p and p—\,ym=/g§ z*
(0<«;</j) and y~lLziy=ztl (O-cbf-"p), then there exists a y'd Snsuch that (y]j
is conjugate to (>) in (x,yj, y'm=xm and y'1Z[y'=ziH.

Proof. Asm is prime to p—\ we can choose an r such that mr= —1mod p —1.
Let

n= 7J:Jl ((yx~"Y (m J)x).

As one can check immediately
7
U zu

Since ym=y lyny=1J zi+j>thus ar+tl= «;b, mod p. Now
7= 1

(m \r m

M bi\ = bi M bir+j-{+]) = b}+mnci+l = ¢;+1modp.

I=i 7=1

Thus there exists an s for which c”sa, mod p and we can suppose also that
5= 1mod «7, because m is prime to p. So u~1ziu=zf‘f. Set y'=uyu~x then

m m m
y'm=uy”irl= // uzfrirl= I[ iizf'irl=_1J zi= xm
-1 =

i—1 i=
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furthermore
= uy-su~Xziuysu~1= uy~szfysu~1—

e M oolj_, c
= UZt+F X N'1= uzfc/u-1= zi+s= zi+1.
This completes the proof.

Lemma 14. If m isprime to p and ym=xm y~1ziy=zi+l then y is conjugate
to x in (x, V).

Proof. We can choose a natural number t such that /ur= —1modp, since
m is prime to p. Set

w = 73:31 ((yx~DHM-J)x).

We shall prove that y=tv Ixw.
We have supposed, that (I)x= I+ 1(of course mod n but we do not mark it), so

a+m)y = (Dxmy = ()vm = (yxm= (I)y +m
d
3 (Dyz, 4= (Nzy = (I+m)y = (Dy +m,

hence ()y=I+ 1modm, and (I)y——1 depends only on the residue class of
/[ mod/7. Therefore we are justified to write (I)y=I+I1+mdt. Now

lem= ()x" = (> = l+m+m  dj,
7=1

il
so m 2 dj—0 (more precisely =0 mod/).
7=1

Let us compute now (l)w.

Hw = () ff ((yx=D'(mj)x) = I+ m+ mt 2 Qn-Bdi+j-i-
7=1 7=1

From this it follows that

( il \ til
I+m+mt 2 (m—)dt+j-i\Y=I+m +1+md,+mt 2 (m~j)di+jri =
7=1 ’ 7=1
il

= l+m+1 +mdl+mt 2 (m—+ )(/,+)_j =

7=1

= 1+ 14777+ mt i2_i ("4 —)di+i+ md,(1+/»r) = (/+ yw= (I)xw.
That is wy=xw, so we have y=w Lviv.
Now we are able to prove Theorem 1
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We proceed by induction on the numberkoI prime factors. Z4 is obviously
a Cl-group. Let n be as in our theorem, ra= UPi and p—pk. Sop is a prime

number, p>m by (iii), m is prime to p—1 by ti:il) and by the induction hypothesis
Zmis a Cl-group. Notice that if (y') is conjugate to (y) in (x,y), then (x,y') Q
£ (x,y). So the successive application of the lemmas yields the result.

2.

We shall denote by GR the right regular representation of a group G. The right
translation by gdG will be denoted by gR. SG stands for the symmetric group
acting on G.

Lemma 2.1. If Gisa Cl-group and H is a subgroup of G, then H is alsoa Cl-group.
Proor. Let G=ﬂ=l:JTHt be the right coset decomposition of G by H. So each

gdG has a unique representation in the form g="h(g)t(g), where h(g)dH, t(g)dT.
Let fdSI, be arbitrary, and define f*fSG in the following way: for gdG let
gf*=h(g)fi(g)R. .

Since G is a Cl-group there exists a dod (f* ~ 1GRf*, GR) such that f*~1GKf* —
=d61GRd0. Let d*=(ld6DRd0d (f*-1GRf*,GR), it ' satisfies =
=d0xGRd0=r-'G Rf* and Id*=\(ldf')Rd0O=1d640=1.

The right cosets by H form a system of blocks of imprimitivity for GR and for
/*, and thus for d* too. On the other hand \d*=\, therefore Hd*—H. Let us
denote by d the restriction of d* to H. The subgroup of d*~xGRd*=f*~xGRf*
which leaves H invariant is d*~1HRd*=f*~1HRf*. Restricting this equation to
H we obtain d~xHRd=f~IHRf (We do not distinguish Hr=Sh and HR?
AGr”Sg in notation.)

As we know d*d(f*~1GRf*, GR), therefore it has the form

d* —g\rJ* 12« é3a/ 149R —
Then for any element adH,
ad* = ah(gDRf - 1(h(g]) - Ih(g1go))Rf(h (9192 - 1X
X h(9j9293)Rf - 1(h(gxg0g3d_1h(9K)2g3g4) R/~ m.
This proves that dd\f~xHRf, HR, so we are done.
Lemma 2.2. | G is not commutative, then G is not a Cl-group.

Proor. Let g/=g_1 for each gdG, so fdSG. For hdG we have gf~IhRf=
=(g_1A) 1=/7 1g, that is f~ 1hRf=hl1l and so f~xGRf=GL the left regular
representation of G. It is well-known, that GL centralizes GK thus GR<i
¢ (Gijj, f~ LGRf). On the other hand the non-commutativity of G implies GRXGL
so G is not a Cl-group.

Lemma 2.3. If N=pq, p and g are prime numbers and q divides p—1, then Z,
is not a Cl-group.
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Proof. Let G=(a, b\ap=bg=1, ab=ba)*Zn. Since g\p —\, we can choose
an r such that rgpl but r?=Imodp. Let us define / as follows: (akbl)f=
=akr'b’. Now

(akbhf~1aRf = (aktt'b,)aRf= (a Kdl+lbl)f= ak+rbl
and similarly (akb")f~1bRf=akrbl+1. Easy computations show that
(f~1aRf)~1aR(f~ 1aRf) = aR and (f~1bRf)-1aR(f- 1bRf) = aR

so (aR<i(GR, f~1GRf), but \aR"-fAXaR)f are the unique Sylowp-subgroups
of Gr and f~ 1GRf, respectively. Thus G is not a Cl-group.

Lemma 2.4. If p is an odd prime, then Z2 is not a Cl-group.
Proof. Let Gniga|or2: )AZ @ and akb=aHp+)+L Clearly bE SG. If \bm—1

E (ptiy

then cr=a°br=& , thus

. m(m —1
0=2 O+iy: 2 UP+0= ( )p+mmodp2

j=0 j=0
hence m=0 modp, and since p is odd —* ——p=0 modp2 so msO mod p2

We have obtained that b is a /r-cycle, so it is conjugate to aRin SG. Now b~2aRb=
=ap+l, therefore aR<i(aR,b). Obviously (b)T+{ak), thus G is not a Cl-group.

Lemma 2.5. Ifp is an odd prime, then ZpXZp is not a Cl-group.
Proof. Let G={a, b\ap=bp=\, ab=ba)*ZpXZp, and let (akbl)f=

k1 W-
=a ZU' bl, so fESG. It is easy to check that / laRf=aR, and for c— xbRf
we have (akbl)c=akHbl+l. Now c~kaRc=aR and c~kbRc—aRbR, therefore
Gr3(Gr, f~ 1GRf), but f~ xGRf?+GR proving that G is not a Cl-group.

Lemma 2.6. Z4XZ2 is not a Cl-group.

Proof. Let G=(a, b\ad=b2—I, ab=ba)"ZixZ2 and let (akb,)f=ak(~i)b"
Now for c=f~kaRf and d=f~1Rf we get (akbl)c=akH'~i)b\ (akbl)d—
=a~kbl+1. Moreover c~laRc=aR, c~1bRc=(a20)R, d~laRd=aR1l, d~kbRd=DbR,
that is (c,d)?+{aR,bR<\(a,b,c,d) ={GR,f~ 1GRf). (Compare with the proof
of Lemma 2.3))

Lemma 2.7. Z8is not a Cl-group.

Proof. Let G—(a[a8=1)"Z8 and let b£SQ: akb=abk+L Similarly to the
proof of Lemma 2.4 we can show that b is an 8-cycle and b~1aRb=aR and con-
clude that G is not a Cl-group.

Lemma 2.8. Z2xZ 2XZ2 is not a Cl-group.

Proof. Let G={a, b, c\a2=b2=c2=\, ab—ba, ac=ca, be=eb)*Z 2XZ2 XZ2,
and (akblcmf=akHmblcm fESG. Now f~l1aRf=aR and for d=f~1bRf,
e—f~ keRf (akb'cn)d—ak+mb, +lcm(akb'cme=ak+Hb,cm+Lhold. Moreoverd ~ 1aRd=
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=%, d~1bRd—bR, d~1cRd=(ac)R, e~laRe=aR, e~I1bRe=aRbR, e~IcRe=cR.
Thus GR<s(GR, f~1GRf) but GR/f~1GRf (Compare with the proof of
Lemma 2.5.)

Proof of Theorem 2. Let G be a finite Cl-group. Then by Lemma 2.2 G is
commutative. If the order of G is even, then Lemmas 21 and 2.3 imply that G
is a 2-group, and moreover by Lemmas 2.1, 2.6, 2.7 and 2.8 the order of G is at
most 4. If n, the order of G, is odd, then by Lemmas 2.1, 2.4 and 2.5 n is square-free.
Finally Lemmas 21 and 2.3 imply that cp(n) is prime to n.
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AN APPROXIMATION
TO THE FOURIER TRANSFORM

By
A. McD. MERCER (Guelph)

81 Let w#'(/, X) be the Fourier transform of f namely
& (f, x) = [ f(t)e-ix,dt.
0

In [1] C. Balazs has given a formula which approximates (F(f, X) when /(?) is
known at n4-1 equidistant points and is known to tend to zero as + at
least as fast as some exponential function. Her theorem is

Theorem A. Let /€C[0, 4-°°) and writing tp(t)=f(t)ect, suppose lim cp(t)
exists for some c¢>0. Then as n—4-°°

x> LI-‘EIa,AiX)k R T I

Here oj(fi(d) is the modulus of continuity of <4 an > and theé constant of thé

O notation depends on ¢ and SLJJB |<p().

Now it is not necessary for thé definition of #{/, x) that such a constant ¢>0
should exist and our first object is to examine the approximation of #(/, x) when
a weaker condition at °° is imposed. The result of this is Theorem 1 below. Once
this theorem is obtained we shall see that its proof can be modified to give a result
for the case in which we do have the existence of t_ymmf{t)ed for some c¢>0.

This result appears as Theorem 2.

It is the behaviour of f(t) as i—+°° rather than its smoothness properties
which seems to be the interesting feature. So to fix ideas we shall assume throughout
that /GLip[0, +°°). This of course corresponds to the case m9(6)=K6 of The-
orem A. We shall prove the following two theorems.

Theorem 1 Let /6Lip[0, +°°) and fEL(0, +°°). Writing F(t)= J \f(u)\du
t

suppose that teF(t)=0(1) as t-*4-°° for some s>0. Then as n-+4-°°

& (I.x) = 2d (B, (a,+ ix)Hi 4-0 {n 4+2£}.

Here a,=ni+2 and the constant of the O notation depends on F(0) and the
Lipschitz constant.
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Theorem 2. Letf£ Lip [0, +°°) and let tIim f (t)ea existfor some c>0. Let

{bn} be any strictly increasing sequence of positive numbers such that bn
b?n~1/2—0 and h2+f«~12—oo0 for some £>0. Then as n-++ °°

Here a,,=— and the constant of the O notation depends on F(Q) and the Lipschitz

constant but not on c.

§ 2. Our analysis proceeds along lines generally similar to those in [1] but due
to the absence of the convergence factor e~ct in the integrals dilferent inequalities
have to be found. First we prove the following result

Lemma. J,,= j 2nwu~k\f e K
as + 0
Proof. For KwO0O we have

) e~udu={f —j j SRR VY Y Y VR
(0] K 0 K' 0 kk Km
We integrate the first two integrals here by parts and the right hand side becomes
kk+1  _ r uk ... , Kkk+l A i
Mn
Summing over O sk”n we get
n R&+1
Jn—n+1+2 2 —j-
k=1
If we write ak=|~(:§+T1 e~k we see that

7\ :t_l)‘ <
and so {ak} is non-decreasing. Hence
AHL

m

Since n\~y2n nn+l2e~" the last expression is seen to be 0(n32 and the
lemma is proved.

We now turn to the proof of Theorem 1 It should be noted that a, is not
chosen till the end of the proof. All that is assumed of an before the final stage is

that — 0.
n

n+Il+2n-

Proof of Theorem 1 We write

,Mox =
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Then

*41,%)-1,(/,*)= 1 {/(0-e--ril(])% p}«-t6* =

-/ Ofid ¥L

Consider /1,,. Since /€Lip [0, -f°°) then for some constant K+we have

2 N-I"ATI/ 2" <M | e alrdt —
@5 (I) k=0 a,

K
a0 B =)

by the lemma. Next we consider the integral B,, Clearly

\B,,N f \m\e~"{U=%+1 W >

If we write R, ,{a,,t) for the expression in brackets it is a simple matter to verify that
adx—{e xRn(x)}=e x—.
So, integrating by parts, we get

B\ *\-F (t)e-‘c 2 "N 1 +anf F (t)e~V rdt
L k=n+i X! Jo f ni

where F(t)=J \f(u)\du. The square bracket vanishes at t=0 and since
t
lim F(t)=0 and
. o . =
Oée-Vv 2 l/OK.r 1
it vanishes at t= +°° also. Hence
B\ —a,f F(te2tMa" dt

Since t*F{t)=0(\) at t-~+°° then we will have teF (t)"K2 for all sufficiently
large t, say t"M. We write this last integral as

an{f +f}F (t)e-~"L dt= Cn+Dn (say).
M 0 r

Consider Cn. In it we replace F(t) by K2t~Eand then put u=ant. We get

.n—e ° —t
C,,SK2aB -,

anM n 0 n*
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Hence
<2.2) c,—ka, T(—F+D
n\
Finally we turn to Dn. The function e has its maximum value in [0, -}0°)
when t=- Since - —0 as we may suppose that un is so laree that

-—--Then for such n we will have

a D.s aMF(Q)e-sMmu m.

Again using the asymptotic formula for n\ we see that this term is O IM
for all y>0. In particular we have

03) =< # ) '}o

Collecting the results (2.1), (2.2), (2.3) we have

(2.4) FW, *)-1, (1, x) - °{ "} +°)(v) }
We now choose a particular value for a,, We choose it to make these orders the
3+ 2

same and we find that a,,=ni+2£ when each order term is (9{n e/(4+29} and this
completes the proof of Theorem 1

8 3. We conclude by showing how the above proof can be modified to give
the proof of Theorem 2. In the case of Theorem 2 the hypotheses of Theorem 1
are satisfied for all e>0. Let the sequence {b,} be as stated in Theorem 2. With

an—bP— the proof goes through as before but now in (2.4) the right hand side
n

is simply Ofni&'?f that is Olf—_bz\I This gives the result of Theorem 2 with

o;J lin
n,,—“ . The important feature of this theorem is that the numbers anin the ex-

pression for /,,(/, @ can be chosen once and for all as they do not depend on ¢
as in Balazs case nor on e as in Theorem 1
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A PSEUDONORM FOR UNBOUNDED
TRANSFORMATIONS

By

. Z. RUZSA (Budapest)

Concepts and notations

H,K,L,H,H" ... Hilbert spaces

dim H usual (geometrical) dimension

Dim 4 algebraical dimension

transformation linear transformation

manifold subset, closed under the linear operations
subspace (topologically) closed manifold

ON orthonormal

basis ON complete system

1 Introduction

Problem 39 of Haimos [1] consists in constructing an unbounded linear trans-
formation from a Hilbert space into another which is bounded on an ON basis.
The problem is not a too difficult one; our aim is to show the more surprising fact
that every unbounded transformation is a solution. More exactly,

Theorem 1 Let H, K be Hilbert spaces and A: HAK a transformation. Then
there exists an ON basis E in H such that sup e\

efE

iJ/(A) = inf(sup Mel)),
E efE

The quantity

where E runs over all the ON bases, is a kind of pseudonorm, which has some
paradoxical properties. For example, in finite dimension it is subadditive, in count-
able dimension it is supermultiplicative, and in continuum dimension it is neither.

Problem. Given a transformation A, does there exist necessarily an ON basis
E such that A is bounded on the linear hull of E, that is, on the set of all
the finite linear combinations

_2|ajej, efE1
J:
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2. The existence of (A)

In this section we prove Theorem 1 Define the conorm of a transformation

A; HAK by
cn A — inf Mell.
Hell=1

Obviously cn A—||T_1]|. 1 if A has a bounded inverse (whose domain need not
be the whole space K) and 0 otherwise. Now let Ex be a maximal ON system in
H such that [|.4e]|*l for all e”Ei. (Such an EXx exists by Zorn’s lemma.) Let
Hx=Ef. Evidently we have cn AJHIs 1

Having defined E,, and Hn, let E,,+1 be a maximal ON system in #,, satisfying
W\Ae\\Sn+\ for all efE,,# and let Elntl=H,,C\Ef+1. If this sequence breaks off
(that is Hn=0 for some n), we are ready, E= U E,, is the desired basis. Now
we prove that it must break ofif.

(2.1) Lemma. Let H,K be Elilbert-spaces, 0"H kaH a decreasing sequence
of subspaces and A: H-*K a transformation. Then

lim cn A\FKk< =».
The limit above exists, since
H'z> EI"=cn A\H cn Ajff".
Proof. Suppose the contrary. Let e, fHn be a unit vector and consider the
series X = 3~Je,,, nl)72< This series is convergent for an arbitrary
sequence -{J«:}r we shlall define iij recursively.

Writing xk= " 3~Je, we have

j=k 1
(2.2) Ax = 2, 3-JAenj+Axk.
Since |le,J=1, we get =
W s3- [ 3-'=13-\
and xkEH, k implies et ’
(2.3 M=*J & j3 " fcn A\HIk

Now let /—1, and given nx, ...nk_1, choose nk so large that

cnMHE > 3 o+rl(fe+ 2

This can be done by the indirect hypothesis, and together with (2.2) and (2.3) this
implies WA\ >k for all k, which is impossible. Q.e.d.
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3. Additive and multiplicative properties

To state our results exactly, we need some concepts. Let H, K, L be Hilbert
spaces. We define the sets

2{H,K) and JJ(HK,L)czF*.

in the following way: (a, b, c)£JE(tf, K) if there are transformations Ax, A2: H—K
such that
K/le)=a, ®(A) —b, ®d(Al+A2 —oc,

and (a b, ¢)£f] (H, K, L) if there are transformations A: H-*K and B: K—L
such that
B(A) =a, ®B)=Db, ¢BA) =c.

In case H=K=L we shall write simply 2 (KO an(3 JJ (H).

The complete description of these sets would need a rather lengthy discussion,
therefore we shall confine ourselves to the main cases a) finite dimension and b)
H=K=L.

Theorem 2. (Additive properties.) a) If dim#<XO0, then ¢ is subadditive on
the transformations A: H—K (K being arbitrary) and this is its only additive pro-
perty, that is,

2 (H,K) ={(« b,c): \a-b\ » c=Ha+b}

b) If dimJT~"0, then ¢ has no additive property on the transformations
A: HAH, that is,
2(H) =R\-

The multiplicative behaviour is more varied. We split the spaces H into
two classes:

I. dim/T<dimimplies Dimi/'cDim H;

I. there isan H' for which dimH'< dim H, but Dim H'=Dim H.
(Of course, this classification depends only on dimH=a. H belongs to the second
class if and only if either a=R/*% for some /?<oc or KO<a<2sa belongs to
class I,  and 2s»belong to class Il, and both classes are easily shown to be cofinal.)

Theorem 3. (Multiplicative properties.) a) If dim//< KO and 2s« —dim K<
< ts0, then the only multiplicative property of ¢ is

Bh(BA) * \'n da(B)cb(A),
ff (H KL)={{a b c):crab\'n}.

(The case n—1 is obvious.)

b) If dim then either b is supermultiplicative or it has no multiplicative
property at all. More precisely:

() 1J(H)={(a,b,c): crab} or

(1 JJ (H)=R%,
according as H belongs to class | or Il defined above.

that is
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4. The finite dimensional case

If A: H-<~K is a transformation, dim//<NO, then ¥/(A) is closely related
to the Hilbert—Schmidt norm of A, defined by

(4.1) h(A) =

where {ey} is a basis. (4.1) is easily shown to be independent from the particular
choice of the basis. The Hilbert—Schmidt norm has meaning for some operators
in infinite dimension as well, but is no longer connected with our pseudonorm.
Or to be more honest, it has a trivial connection: all Hilbert—Schmidt operators
have a pseudonorm 0.

Theorem 4. If A: H-+K is a transformation, dim A=/r<kKo0, then we have
h(A)
Idim H

Proof. Denote the right-hand side of (4.2) temporarily by r. The inequality
ij/(A)*r is obvious, a maximum is always greater than or equal to the quadratic
mean. To prove the reverse inequality, we must find a basis for which \Agj\\—.

Regard a basis {M}. By (4.1) there must be a j and a k for which ||4/}| r,
\AfK\Ar.  Since the unit sphere is connected and f {x)—"Ax" is continuous, there
must be a unit vector  satisfying W\Aet\=r.

Let Hx=ef. Applying the definition (4.1) to a basis containing our et we
see that

(4.2) ip(A) =

h2(A) = h'"*AJ+r* (A, = AH).
Therefore 1 = r, and iterating the argument we get the required basis. Q.e.d.
n—

The positive part of Theorems 2a and 3a is merely a reformulation of the sub-
additive and submultiplicative property of the Hilbert—Schmidt norm. Now we
show that there is no other multiplicative property. It is sufficient to prove that

(4.3) {h(BA): h(B) =h(A) = 1} = [0, 1

Since the unit sphere of operators in the Hilbert—Schmidt norm is connected,
the left-hand side of (4.3) must be a connected set and it is sufficient to show that
it contains both 0 and 1 Let eZH, flyf2K and gdL be unit vectors, /i_L/2. For

the operators
A: H-K, AIX=(ex)fx

A2: N *K, A2« = (e, x>/2,

B: K- L, By=(/,y)g

we have h(AD)=h(A2=h(B)=1, H@BM)=1 and h(BA2=0, so we are ready.
The assertion concerning additive properties can be proved similarly.
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5. The infinite dimensional case
Let Hx be a subspace of the Hilbert space H, dim //isNO. Call Hx small if
dim/Zicdim// and large if Hf is small.

Theorem 5 Let A: H-~K be a transformation, dim HAH 0. We have i =
=sup cn A\HI, where Hx runs over the large subspaces of H.

(5.1 Lemma. Let {ej:jfJ} be an ON system in a Hilbert space H, \J\=
=dim 9éK,I and let Hx be a small subspace of H. Let €] be the projection of e}
onto Hx. We have

a) e)-»0 if dim#=it0,
b) {j:¢ £04 < dimH if dimH= X,

Proof, @) is well-known (and very easy). To prove b) let infM} be a
basis of Hx. By Bessel’s inequality we have * \fim>ey)|2—!/mil2= U therefore |{/:
</«, *>"0}|S80. This implies J

(5.2) vVm(fmef>= 0
for all /, with at most IM|=80-dim //~dim H exceptions. (5.2) just means
Cj)_HX that is e¢)=0. Q.e.d.

Let {UjjfJ}be a set of real numbers, |/j&X0. We call b an essential lower
bound for this set if |{/: aj<b}\<\J\ and we define the essential infimum by

infess {aj: jfJ} —sup {b: b is an ess. lower bound}.

(For a countable J the latter coincides with the limit inferior.)

(5.3) Lemma. Let {2-jfJ) be an ON system in a Hilbert space H, |/| = diin H=
A: H-~K a transformation and If a large subspace of H. We have

cn A\H ~ infess \\Agjl

Proof. Let H,=Hx (H2is small) and let ej=ej+ej, cffH" If dim//=X0,
we have e}—0 by Lemma (5.1). Since dim Ht is finite, A\,,2is continuous, therefore
Ae)-*0. This implies

cnAn. limber W wliminfJM £!M . limini\\Agj\.
el o 1-n11

If dim #=*K0, by Lemma (5.1) we have ejfHy with less than dim H excep-
tions, which do not affect the essential infimum. Therefore

infess WAgj\\ = infess {LUTLL ejfHX} ~ cn A\HI.
Q.e.d.

Proof of Theorem 5. Temporarily introduce the notation
®(A) = sup {cnA\h: Hx is a large subspace},
@(A)MJ/(A) follows from Lemma (5.3); now we prove cp(A)MI/(A).
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Let £>0 be arbitrary. We shall construct a basis {e} satisfying
n(54) WAgj\\ S <p(A)-+e.

Let a be the initial ordinal of cardinality dim H and let {f /?<oc} be a basis in H.
We shall define recursively a sequence {ER: /?<a} where ER is a finite set of unit
vectors such that

a) OER is an ON system,
b) fREspan U Ey
ysi3

c) MAe\ *<p(A)+e for edER.

UER will be the required basis; it is ON by a), complete by b) and satisfies
*(54) by c).
Now suppose that Ey has been defined for F</?. Let 7/ =span (szS Ey (it is

.a small subspace) and SO—HR . Let /* be the projection of fR onto SO. If /* =0,
we may set ER=0. If f*20, let gO=/71l/*Il and Sj*SoDg"-

Sj is a large subspace, therefore oa A\SI-&(p(A). Let be a unit vector
for which HMgJ A(p(A) +e. Let S2=Sir\gx and so on. Repeating the argument
we get an ON sequence gx, ...d,, in Sj such that WAg\\W\(p(A) +e¢, i=1,...,n.

. B

Let S=span {g0,gL .. Theorem 2,
iAMls)

or -+ n(cp{A)+Ey-
n+1

if.n is large enough. Choose a large n and an ON basis {e0, ...e,,} in S such that

A e ||=ill(A\s) <p (A) + 2.

Then ER={eO0, ...e,,} will do (with 2e instead of €). Q.e.d.

(5.5) cororrary. IfHxis a large subspace of H, then th(AH" =(A).

(5.6) cororrary. If A: H-+K is a transformation, dim Lf=K0 and dim
<dimH, then 0.

Proof. Otherwise there would be a large subspace Hx of H such that
*cn Ax>0, A1= A\HI. This means that Ax has an inverse B: im imB=HX
|[t?Y|]<~. Hence dim 7lj=dim im 2?Sdim K, a contradiction. Q.e.d.

Now we use Theorem 5 to determine ¢p(A) in an important special case.

2 cp(A) + 2

5.7 Coroltary. |f A is a diagonal operator with the diagonal {dj:jfJ},
we have i//(/i) = infess \dj\.

Proof. Let A be diagonal in basis {ej}, Ae-~djej and denote infess \dj\=D.
We have cnd|,,sp for every large subspace H, by Lemma (5.3). Therefore
iHA~D by Theorem 5.

On the other hand, considering the large subspaces HB= span {et: |i/,|>£) —€}
we get t/*(/1)Ssupcn™4|Hi=Z). Q.e.d.

Proof of Theorem 2b. For arbitrary a, b, c&0 it is easy to construct sets
{aff and {bj}, j€J, |/|=dim // such that infess |ajj=a, inf ess \bj\=b and
inf ess \aj+bj\—c. Hence Theorem 2b follows from Corollary (5.7). Q.e.d.
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6. Proof of Theorem 3b

We begin with showing JJ(H) =R3 if //belongs to Class Il. Let Hxbe another
Hilbert space with the properties dim//~dim H, Dim Hx=Dim H. Given
a, b, céO, we shall construct transformations A: //—H®HTr, B: H(BHx—H such
that d(A)=a, 1>(B)=b, iI/(BA)—c. (Since Hilbert spaces of the same dimension
are isomorphic, instead of H we may use any Hilbert space of the same dimension;
sometimes this makes the description simpler.)

Let P: H-*H1 be a vector-space isomorphism and Q=/>1 Now let Ax—
=(ax, Px) and B(x,x)=bx+(c—ab)Qx1 (xEH, xfH 3. We have BA—cIH,
therefore §t(BA)=c as wanted. Since H'={(x, 0): xEH) is a large subspace
of HOHV we have ((B)=d(B\H)=d(blH)=b by Corollary (5.5).

We have
(6.1) WAX\ = YallhA\* + \WPx\V*,

therefore ¢ (A)*cn A*a. On the other hand, ¢(P)=0 by Corollary (5.6), so
that for every 6>0 there exists an ON basis {} satisfying Wef <£. By (6.1)
we have

VHIMfIl = a+e), b(A)Sa +e
and we are ready.
Now we prove

(6.2) Bh(BA) * d(B)h(A)
if H belongs to Class I.

(6.3) Lemma. If H belongs to Class I, then we have dim//'< dim //WDim H'<
<dim H for every Hilbert space H'.

Proof. Let dim H=d, Dim H=D, dimH'=d', and Dim~'=D". If d'<&0,
then D'=d'<d and we are ready. If i/'SS0, then we have D'=d*» Suppose
D'~d. This implies D*°*d*o=D. On the other hand, D"o=i(d*oy<>=d*o=D'".
This yields D'*D, a contradiction. Q.e.d.

Call a linear manifold M in a Hilbert space H large, if its algebraic codimension
is less than dim//, that is, in a decomposition H=M+Mr we have Dim
<dim H. Evidently if a large manifold is a subspace, it must be a large subspace.
The converse, that a large subspace must be a large manifold, is wrong if H belongs
to Class Il, but according to Lemma (6.3) it is true in Class I.

(6.4) Lemma. Let H be a Hilbert space of Class I, A: H-+K a transformation,
{ej:jEJ] an ON system in H, |/|=dim H and M a large manifold in H. We have

(6.5) cn AAMA s = sup \\Agj\\.

(Strictly speaking, cn A|Mhas not been defined yet but its meaning is evident.)
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Proof. First suppose dim#=B0. Then n/ has a codimension tf0. Con-
sider a subspace Tf span {g4, ,ejn}, n>m. For H2Z=HX")M

(6.6) dim H2= dim Hx—codim M —n—m

holds. Moreover we have h(A|H)= h(A[H)= [ ns>where h denotes the Hilbert—
Schmidt norm (see Section 4) Therefore by Theorem 4

cn/ijm =i cn A AL, = [N"2> s — i
| PED = fdimi Y
making n-~°° we get (6.5).

Next let dim//>KO0. Since H belongs to Class I, this implies dim H =-2V
(Otherwise a subspace of countable dimension would have the same algebraic
dimension.) Let H-=M+MX Dim Mx-=dimH and elJ=e0+elj efeM, e)EMx.
Since [M1j=2i*>DimMl<dim .if=|./|, there must be an infinity off s with the same
e), say j\, j2, .... Now let

Hx= span {ell, ..., eJn}, H2- HXIM.

Since ej,—ejkEM, we have dim 7/2S/j—1, which is (6.6) with m—1 and the proof
can be completed similarly. Q.e.d.

Now we prove (6.2). Let e=-0 and choose a large subspace Ht for which
cn Since H belongs to Class I, Hx is a large manifold and hence
M1=A~1HI is a large manifold as well. Let H2 be a large subspace for which
cn AH*p (A) —e. H2 and so M2=MX\H2 are large manifolds, therefore by
Lemma (6.5) we have

(6.7) cNnBAWM  ¢(BA).

On the other hand, for xZM2 we have AXEHx and so

\BAX\ A (P (B)-e\\Ax\ € (P (B)-e)(P (A)-e\\x\
Therefore
(6.8) cnBA\Mré (h{A)-E)(cdh(B)-B).

(6.7) and (6.8) imply (BA)é(h(A)—e)(dh(B)—£); since s was arbitrary, we are
ready.

At last we have to show that there is no further connection between ch(A),
®(B) and p(BA). Let c”ab\ we shall construct transformations A and B satisfying
P(A)=a, p(B)=b and ¢{BA)—c. Since the case c=0 is obvious, we may con-
fine ourselves to the case ¢c=1, ab”l.

If ab9"0, let A be a diagonal operator whose diagonal contains numbers
a and \/b, each dim H times and B=A~L By Corollary (5.7) we have ¢(A)=a
and d{B)=b as required.

If .6=0, tt AObe an arbitrary invertible transformation with p(AQ=a and
define A: and B: by Ax=(A0x, 0), B(x,y)—A,,Ix. We
have ¢(A)=¢p(AQ=a by Corollary (5.5), further BA=IH and ®¢(B)=0 by
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Lemma (5.3) (applied to a system {(0, €j)}, where {ej} is an ON basis in H) and
Theorem 5.

The remaining subcase a=0, 0 will be omitted, because it is of secondary
importance and | managed to find only a rather complicated proof.

Acknowledgement. 1am indebted to J. Bognar and A. Szép for their valuable remarks.
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ON AN EXTREMAL PROBLEM CONNECTED
WITH THE FUNDAMENTAL POLYNOMIALS
OF INTERPOLATION

By

CATHERINE BALAZS (Budapest)

The aim of this paper is giving elementary proofs for some theorems of
Kartin and Studden’s book [5] and making them more complete with new results
of similar nature.

The following problem will be investigated; let a<b finite or infinite real
numbers, and denote 3nthe class of «-tuples (xI5x2, ..., x,,) with «*xx< ... -=X,,"6
(xland x,, are finite). Let tv(x) be a positive function on (a, b), further

det  1,(X) L
k) T
where

1,(%) gef M.(v)__ and  w,(\\) /r7] o -Xi).

U>n(Xi)(x-Xi)

Consider the following extremal problem: determine the value
M = ig}‘a%ﬁbvv(x){r2(x)+...+rjj(x)} = ié’lnfoXi, e Xs)
and the system of points {x;}?>=1 which minimizes M for a fixed w(x)"

Fejer’s [1] well-known result is the case w(X)= 1, [«, &= [—L1 1]; M is minimal
if Snd only if {x}?=1 are the zeros of the integral of the Legendre polynomial

f Pn-At)dt and M= 1 We investigate the cases of the classical weight func-

tions in this paper. The contents of Theorems 1, 3, 4 and 5 are given in Kartin
and Studden’s book [5] on p. 336 in Theorems 4.1, 4.2, 4.3 and 4.4. Theorem 2
is a result of the present author. The proofs given in [5] are based on deep general
facts (such as von Neumann’s minimax theorem), while our proofs are quite simple
and elementary. However, the mentioned authors gave a common general setting
of extremal problems which seemed to be rather different before.

Theorem L1 If iv(x)=(1 =x)3+(1+x)i+1 (a,/)>—1) and [a b]=[—1 1],
then M =1 and this infimum is attained if and only if {x;}*=1 are the zeros of the
Jacobi polynomial P f'()(x).

Now consider the case when one of a or B is equal to —L:

Theorem 2. If ju(x)= (1—x)*+1 (a> —1) or u(x)=(1+xT+ (?=— 1) and
[a *]=[-!, 1] then M—1 and this infimum is attained uniquely when {xr}=1 are
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the zeros of the Jacobi polynomial P\f .'(n) and P{ .,8>(x), respectively, where

(1

(et, B are arbitrary real numbers).

We remark that Theorems 1 and 2 and Fejér’s theorem mentioned above give
a complete characterization of the zeros of Jacobi polynomials P {- BX(x), a,
However, Theorem 2 is a marginal case oc=—1 or B——\ of Theorem 1, its
proof cannot be done simply as a special case of Theorem 1

Theorem 3. If w(X)—e~x and [a #W)=[0.°°) then M= 1 and this infimum
is attained if and only if xx=0 and x2, ...,x,, are the zeros of the Laguerre
polynomial Lfjfx).

Theorem 4. If w(X)=xx+le~x (o= 1) and [a 6)=[0, °°) then M=1 and
this infimum is attained if and only if {x;--. are the zeros of the Laguerre
polynomial L{&H(x).

Taking into consideration the relation XxLfl1(X)= L~1(x) «(—n) (Szegs [8],
(5.2.1)) Theorem 3 seems to be a marginal case @= —1 of Theorem 4.

Theorem 5. If w(x)=e~x* and (a, b)=(—°,°°) then M= 1 and this infimum
is attained if and only if {x}'=1 are the zeros of the Hermite polynomial Un(x).

The elementary proofs of Theorems 1, 2, 3, 4 and 5 are based on similar ideas.
The proofs of Theorems 1, 4 and 5 follow the same way so we prove them by the
aid of Theorem . stated under more general conditions. Theorems 2 and 3 need

a special analysis.

Theorem . Suppose that u’(y)>0 and (I/W'(.N))2n&0 < =y</?). Then the
system of points (a<)ny<... <x,(<b) minimizes the expression

(2
if and only if
(3 (wx)eu;(X)A=0 (=1,..,,n)

and M=rin M(xt, ..., X,,)=1

Finally consider an example which differs from the previous cases because
the weight function w(x) is “bad” at one point. Let w(x)=e~x*\\p (/!> —1) and
(*,*)=(—vo,0s). The orthogonal polynomials {//™ (x,--. associated with the
weight function H>(X) are called Sonin—Markov polynomials and are generaliza-
tions of the Hermite polynomials Hn(x)~H,0)(x) (/=1, ...,;i) (Szegé [9], p. 440).
If —1-=/?<0 then M(xx, ..., X,,) has no finite value for any system of points.
A unique solution exists in the special case B—O treated in Theorem 5. If >0,
then \/w(x) is not differentiable at x=0, so the problem of uniqueness can not
be solved in this way. | can prove the following:
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Theorem 7. If w(X)=e~xiX\B(8"0), (@, b)=(—°and n=2m m=lI, 2, ...
then M —1 and this infimum is attained if {x}"=1 are the zeros of the Sonin— Markov
polynomial HIf' (x).

The condition xr="0 (/= 1, must be fulfilled for any minimizing system
of points in the case /?>0, thus if n=2m+1 (m=\,2,°0) then M=1 cannot
be attained for the zeros of H * +1(x), because T/im+iCO)" (Kis [6], (27)).

Proof of Theorem 6. M s 1, because

(4)

at x=x,, for arbitrary system of points.
Suppose now that (3) is fulfilled for a system of points {x,}'=1. We shall prove
for it the inequality

© Vi) = 0 -2 0RO @< x < b)

(4) and (5) will show that M(xI5 ...,x,,) =M= 1 The inequality (5) can be seen
as follows: F,(x)=0 (/=1, ...,«). Using

(6) 2li(*i) = A5 0= 1....»)
and (3), we get
w(Xi) 21,04) W' (Xi) o (X + WIX,) io(x.)
KOG)=- k) v

_-(AY(X)T;(nr,)) A _
w20Xi)(On(Xi) 0 (i=l...n)

that is the polynomial ﬁiz é”((:)) of degree 2n—2 coincides with I/w(x) at 2n

points, so it is the unique Hermite interpolating polynomial of degree at most
2n—1 of I/w(x) with nodes given above. We denote it by H(x). Then the following
theorem is true for H(x) (Natanson [7], p. 377).

‘1
rm = =w i x5 O
We obtain (5) by (I/vv(x))@2n)=-0.
Conversely, suppose that M= 1 Then the expression

wW(X)/?(X)

O W)

1 (=13 n)
has a maximum equal to 1at x=xi5 so

_7'<>_|h _ _
oW =X_O 0=12 «)
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that is
(WOOIFX))' X=X W () + wW(x,)2/;(\-) =
which gives (2).

Remark. Theorem 6 investigates systems of points {x}'=l with x and
r,<i, and does not exclude the existence of such minimizing systems of points
where xx=a or x,,=b. In this latter case we can have >(x)co'(x))'=x."0 for
/=1 and i=n, respectively. But if we suppose

x-!lamFOW(X) =x-!)lrr(} W(X) = 0
then for a minimizing system of points {x}'=l the relations a<X and xmb
are true, otherwise M(xr, ..., X,,) is not a finite value. So we can apply Theorem 6
in this case and we have that only systems of points satisfying (3) may be mini-
mizing ones.

We shall need a

Lemma. The following inequalities hold:

(w(x)a>"n(x))"x=x

uoa (i=1,2,..,n)

(7)OI (G-"Hi+xT*1) >0 N = [ >2>ee)
an
8) = ex v 0, n=12,.)

These inequalities were got by 1. Jo6. R. Askey (Szegs [8], p. 391) gave a
simple proof for (7) and (8). However, he used a deep theorem on the distribution
of the zeros of the Jacobi and Laguerre polynomials. We remark that (7) and (8)
follow trivially by differentiation under the integral in the formulae

1

; 1
e-(i-x)vdv o
(1-x)i+l(1+af +l (M («+1) A (i-x) ).( [ (R+D f sBe il+xisds ]
J o ©
TR N ST Iy f f -~ d d tor B [ J— —
nFE)NR+\) I Prv=sjdvids oy Boe— =l )

and

jrr =TG+\)S*e* -1
which one can easily obtain from

1 1
sl T(a+l) § w
This last equality follows from the integral representation of the Gamma function

‘du (@a=— 1, x>0).

T(2) = 6] tz~le~<dt (Rer> Q)

(D uncan [2], p. 264) with z=a-f 1, t=u*x.
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Proof of Theorem 1 By the Lemma and the Remark, Theorem 6 shows that
we have to search for systems of points satisfying (3):

(W(x)ol,,(X)yx=Xi =
= (L- x)* @+ x / {[- (@+1) @+ xi)+ R+1) (L- x)]an(x)+ (L- X,)200"(x)} = 0

(i=1
that is

(@-x,)a(l + *iY «{(1- xe)co"(X,)-[B-a-(x+B+2)Xi]<j)'n(x)}=0 (i=1,2,, n\
Taking into consideration the fact Xj»+ | and substituting x for xt we can write-
(1- x9c0'(x) +[R-a-(a+ B+ 2)x]co'(x) = Cco(x),

since the left hand side is a polynomial of degree n having zeros {x;}=:. Comparing:
the corresponding coefficients,

C = —ain—)—n(a+ 1+ 2),
and by Theorem 4.2.2. of Szegé [§]
00,{X) = const. PK ) (X).

Proof of Theorem 2. because (4) is valid.
Let us suppose e.g. that a= —1, B>— 1. We note that the important relation
) /3 1""{x) = const, (x—)P,(&f, (;0
will be very useful in our proof. (9) is a trivial consequence of (2).
Let —<xx<...<x,,=l| be the zeros of the Jacobi polynomial PG~LI1i](x)..
Then M(xt, ,xn=M=1 To see this we have to prove the inequality
(10
_— 1 1 _r«xd4f)]2 4, 1 ('"-xfr nHux) i2
"o (I x /L 2B IPAJFTE =\+X,YH U -x,J 1A 12) (%) (x-xD) ~
(—1< X< 1)

which is analogous to (5). (10) will be justified by the aid of

(H) Vn=An-Bn"0,
where

+2 pO .1)(Nj |p<|ﬂ>(‘)‘] L

The proof of (11) is similar to that of (5). Using the relations

g n (]. *)2,q+2{(P+l

K*=®)(\)= ("na)(" 0)
and

"me«'0) = T (a+jS+"+i)(n-i) ("- B
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(Szegs [8], pp. 65 and 63, respectively) one can establish F,(x,)=0, V'(xt)=0

(/=1, and F,1)=0, F,)@=0. So
An_Bn - W(X) -H {X)
where H(x) is a Hermite interpolation polynomial of degree 2n—1 of I/iv(x) based
on the nodes xI5 and x,=1 with multiplicities 2. By
A e N i 4(2)

Cfexf el A (1 D

and by the theorem mentioned earlier concerning Hermite interpolation we get

I:: :(SrWﬂl 50 &(b)

which gives (10) by (11).
Conversely, let us suppose that

(12) (1+x/+12°- X 1 (-lsral).
A (@L+x,)R+H

x-®—\ follows trivially from (12). The expression

Oss(Urfw <1
EJ+ j Ti+x)* - 1
has a maximum equal to 1 at x=x;, when —l«=xr<l. So

R ) . .
(I+x,y+1}x,,)1 0 (-1< X<
that is
(13) I&I%+2i;()(i)=o (- 1< X,< 1)

which is equivalent to
R+ DLY(x,) + A +xiw"(xiy=0 (-1 < x< ]
if we use (6) and the fact x * —1 Substituting x for xt the left-hand side is a poly-

nomial of degree at most n—1 with leading coefficient (B+I)n+n(n—1)"0.
So (13) holds only for xx, ..., x,,_x, and x,,=| must be true. Denoting

wx) = [ (x-x) and PR— -/ (i—1 —1),
(13) can be written in the form
(1—=xHft)"(xh + [P—1—0?243)x,Jo'(xh) =0 (i=1, .,u I
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W (x)
o) (x)

degree at most n—1 having zeros {x}", that is

using 2li(xi)= . Replacing x for x( the left-hand side is a polynomial of
(1 —x2com(x) + [B—1—B+ 3)x]w'(x) = Coj(x),

where C= —n—)(n+R+1). By Theorem 4.2.2 of Szegé [8] we have co(x)=
= const. PAbfAx), so taking into consideration (9) and the fact x,,=I, xx, ...,X,,
are uniquely the zeros of P(~13>(x) if N?(xx, ...,x,,)=I.

Proof of Theorem 3. We need the useful equality

(14 L',-»(x) = - j L<L\(x) (x & 0)

(Szegs [8], (5.2.2)).

N/al for (4) is valid.

Now let us suppose that Xi=0, x2, mmmxn are the zeros of Lf,~1}x), we have
to prove M(pcx, ..., X,)=1 This is an easy consequence of

(15) ex (M )2 4 x4 e*(x)_V

R — 7 L . A
VLWx(0)J A xf TLATCxJ ix- X 1) 0 (xsO).

(15) follows trivially from Lemma 4.1 of Jod [3]:

[+ 7-Dx] (HATODT 5 g -x W 200

(x3=0, 1= 1,2, ... LYJi(Xi)=0, i=2, ..., n)

by Li11(0)=n and by omitting negative terms on the left hand side.
Conversely, assume that M(xr, ..., x,,)=1 We show that L%1)(xi)=0
(/=1, ...,n). Namely 0%e*-e~xIf(x)" 1 (xf>0), so by (6)

(16) (ex<e xIf())x=Xl = -1 + ((?((xxlg 0, when X> 0.

But (16) can be satisfied only by a—1 points x;, for the degree of the poHnomiaI
co"(x)—0'(x) is a—L As a consequence we get xx=0. Denoting aj(x)—]J (x—xf
1= 2

and /;=—/;, (/=2, ... ,n) and using (6) we write (16) in the form
Xa"x)+ @—=xhO'X)=0 (i=2,.., n).

Substituting x for x;, the left-hand side is a polynomial of degree at most n—1
having zeros x2, ..., X, that is

xcl"(X) + (2—x)co'(x) = Cuw(x),

where C=—n—1). Then tw(x)=const.L"i(x) (Szegs [8], (5.1.3)). Hence using
(14) and xx=0 our Theorem is proved.
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Proof of Theorems 4 and 5. These proofs are completely analogous to that ot
Theorem 1; Theorem 6, Remark and Lemma show that we have to search for
systems of points satisfying (3). We get by simple calculation and by (5.1.2) and
(5.5.2) of szegs [8], that (3) holds and JA(xr, ,xd=M=1 if and only if
Le)(xi)=0 (@> —1;i—\, ..., n; n=1, 2, ...) and #,,(x)=0 (/=1, n=\, 2, ..),
respectively.

Proof of Theorem 7. M sl, because (4) holds. Now let {xi}f"1be the zeros

of the Sonin—Markov polynomial H”(x). To see M(XxX, ..., X2,)=M=1 we
have to prove

(n VI(X)  xeoa e, AW \xf

Since (@)= amL\" (x2, where is the Laguere polynomial of parameter
a=— and amis a constant (Kis [6], (26)), the zeros of H~{x) can be denoted
by £ mtl, ...,Z-i, Ci, where A=xf+m, £ (=-& 0=1, ..., m).

V,,(x) is an even function because Q(x) is an even polynomial of x, so applying the
substitution y=x2 it is enough to prove

N . A
<0 =am = u- 2MNYY)+bIT= i -n10)%0 (0<y<-)

=1

where /,(X)=/i+m(x) and 7 f(x)=/,_ (X) (/=1 ..., m) and R(y) is a polynomial
of degree n—1—2m—1. Clearly

(1B) A(ff) = K((0=0 (i=1..m).
We show that
(19) SJVMARC) =0 (=1, ..., m).

We get (19) by a standard calculation if we use

2/.(c) = ------- =—+">cL">" =— — (i=1 m
0T) 'U e>'«?) f,
which follows from

fil.O) = M (x-zi) = cmli0(x3, G)(ih= 2cTC;M?°LLl

etf({i) = C,.[2LW/(C?) + 4c2LW"(i?)]

(c., is a constant depending only on /) and the differential equation of L"(x)
(Szeg6 [8], (5.1.2)). (18) and (19) mean that A,,(y) has at least n=2m zeros in
(0, °=). Since '_L'SL An(y)=°° and )g_r;% An(y)=<*>, so if there were one point r/"0,

where A,,(i])<0, then A,,(y) would have at least one more zero i.e. altogether
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2m+1 zeros in (0, co), and would have at least one positive zero according
to Rolle’s theorem. But this is impossible because we have from (8)

N4 IS B Y NP
so (17) is proved.

Finally 1 thank Professor J. Szabados for his help during the preparation of
this paper and Professor O. Kis for calling my attention to the Sonin—Markov case.
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ON CONTROLLABLY PERIODIC PERTURBATIONS
OF AUTONOMOUS FUNCTIONAL DIFFERENTIAL
EQUATIONS

By
B. M. GARAY (Budapest)

As usual, let C([a,b\, R") be the space of continuous functions mapping the
interval [a b] into an u-dimensional real vector space R". Let r be a fixed positive
number. For C([—, 0], R") we write briefly C. For any tp in C, we define
\p\= sup \tp(d)\, where |id is the norm of a vector in R\ If x£c ([a—+, a+ A], R"),

A>0 and t is a given element of [a a+A], define x, in C by x,(e)=x(t+0Q,
-r"s"0.

Let / be a function taking C into R". Assume that / (tp) has a continuous
Frechet derivative, and consider the autonomous functional differential equation

) x(1) =1(* )

It is well known that the continuous differentiability of / implies the existence and
uniqueness of a solution x(6, tp) of (1) through (6, tp), for any (O o), i.e. we can
define the operator @®: RxC-'C, (f, X0, tp), for iSO. The smoothness
hypothesis on / implies that ®(?, ) has a continuous partial Frechet derivative
W@(t' tp) with respect to the second variable in its domain of definition.

Let us assume that (1) has a non-constant periodic solution p with period
r,=>. The linear variational equation relative to p is

) j(0 =

It is known that for a solution y(0, tp) of (2) belonging to the initial values (0, tp),
y,(0, tp) = T tp(t,pOtp
holds. From T0>r it follows the compactness of the linear operator dip d(To,Pol

We call its eigenvalues the characteristic multipliers of (2). Since p is a nontrivial
t0-periodic solution of (2), one of the characteristic multipliers of (2) is 1. Let us
assume that 1is a simple characteristic multiplier, i.e. p0is a generator for the
generalised eigenspace of the multiplier 1, or, equivalently

3 C = tfo{2p0|2€R}
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swhere
{,.p.JAeR} = Ker®  ®(x0, pO-ldc).

H=/2(" ¢(*’ P)—idc) and ~® (x0pQ-Hic

restricted to H is continuously invertible on H.

For some fixed g, 0<i>-0, denote {g6R|//i|-=p} and {XERj|r—Q<t>} by
/,, and ITQ resp. Let g be a function taking RX C X/0X/I0Ointo R". Assume that
g is continuous and has continuous partial derivatives in its second and fourth
variables, and in addition, g(s+1, g g, 2)=g(s, (o, g, X). Consider the perturbed
system

(4) x()=f(x)+g9g”.x,.9, Xj.

The attention is drawn to the fact that the period of the non-autonomous periodic
perturbation xt, g, Xj occurs in g as a parameter (besides the “small para-

meter” g) and can be chosen appropriately if necessary. We express this fact by
saying that the period of the perturbation is controllable and therefore, we call
(4) the controllably periodic perturbation of (1).

Our assumptions assure a unique solution x(9, @ g, vy of (4) through (9, ),
for (9, cp)ERxXC. For t*9, we define the operator @ takihng RXRXCXRXR
into C by *HGi, 9, (p,g,2)=xt(9, ® g, . '/ is continuous and has continuous
partial derivatives in its third and fifth variables. We recall that for LU0, TE€/T),
4'(t+r, 1, @0, N=0(/, M.

We are going to prove the following

Theorem. Under the previous conditions, to given g and 9, where r| and |9 —r0[
are sufficiently small, there belongs a unique period z(g, 9) and a unique h{g, 9)dH

such that
m(t,9,9) = T{t, 9,p0+h(g, 9),9, 2(9.9))

is a periodic solution of (4) with period z(g, 9). The functions x: rRXR *R.
h: R Xr-»H are continuous in some neighbourhood of (0, zQf R Xr, h(0, xQ= o,
x(0, XJ=x0 and co(t, 9,0)=p,_s.

Proof. FOr given g and 9, where rj and 9—xo| are sufficiently small, we have
to find aif/It and an h£H such that the solution ®(/, 9,p0+h, g, X) of (4) through
(9,p0+h) satisfies

®(9+x9,p0+h,g,z) = T{9,9,p0+h,g,z) = pO+h
or, equivalently, with the function z defined by
z{9,h,9,2) = V(9+2,9, pO+h,g,z)-p0-h, z{9,h,g,2) = 0.
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z, taking RxtfXRXR into C, is defined in a neighbourhood of (10,0, O, £0.
z is continuous and continuously differentiable in its second and fourth variables.
We will show that the conditions of the implicit function theorem are fulfilled.
We have

z(10,0,0, t0) = V(2i0,T0,p0,0, t-p 0= ®(10,p0-p 0= pro-p 0= 0.

Since the partial derivatives z and -~-z are continuous, z (the total
clx dh d(x, h) I

derivative of z with respect to (r, A)) exists and is continuous in its domain of defini-
tion. We have to show that _d'f—A) 20, 0,0, ro), taking R X# into C, is con-
zZ,
tinuously invertible on C. We have
z(t,, 0,0, t0 = Vif-x* r0, p0, 0, rQ) = ®(10, po) = pr., = p.,
and

z(t0,0,0,rQ = ~ T(2r0, 10, po, 0, TY-1d c)j|* =

Therefore, for (/., h)eR xH

(5) d\rh) Z(T°’ e 20) /)= ®L°’ To)- We) h+ Pam

Using the open mapping theorem, due to (3) and the remarks following it, (5)
implies the desired result. Q.E.D.

In the proof of the theorem, we have used the implicit function theorem which
has guaranteed the uniqueness of the implicit function. This leads to the following
corollary, stating the existence of a unique periodic solution of the perturbed equa-
tion, in the autonomous case. This special case was investigated by J. K. Hate [2].
We have his theorem as a

Corollary. Let us assume that the conditions of the theorem are fulfilled and,
in addition, g does not depend on s and x. This is the case ofautonomous perturbation,
(4) has the form

(6) x(t) =/(a,)+ pg(xt, /).

Then there exist positive constants p0, a, b such that for any |p|<p0, (6) has (in
the orbital sense) exactly one periodic solution belonging to Z%b, where

Z%b = {<pEC(R, R")| ¢ is x-periodic, |t —to0| < a,
and there exist 5, ?ER such that \ps—p, | < A}

Proof. By the theorem, taking p0, a, b sufficiently small, (6) has at least one
solution in Z£ft. We have to show that every two solutions of (6), belonging to
Z£'b, have the same orbit, for po,a,b sufficiently small.
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Let x{(i= 1, 2) be a solution of (6), x’ periodic with period r; and for suitable
4, t£R, (/=1, 2
4 ) = Pn + P‘l <Fj£C

We may assume that —;,—708/;< —;. Let 7i=tj+ri— and
y€C(R, R") defined by y(r)=x‘(i—1 (/=1,2). We have

Srj=4 = 4, = Pt,+*4 C (i=1,2)
and, since [Ir-=0, yO=J1>+4> 4€C (i=1, 2).

According to the continuity of S, taking u0,a,b sufficiently small, we have
(', yJ and I/1 sufficiently small. Applying (3) and the continuity of W, there exist
Si€R(/=1,2) suchthat y& =po+n withnh'c H and |s, —«o; being sufficiently small.

Define WEC(R, R") by w(t)=y2{t+S2—$x. Since (6) is autonomous and y%
is a solution, w is a solution, too. We have iI=y|2 therefore N3i,y96p(+ H>
which implies by the theorem wal=y9l

Acknowledgement. The author wishes to acknowledge the kind help of Professor M. Farkas
in preparing the paper.
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ON A PROBLEM OF G. O. H. KATONA
AND T. TARJAN

By
E. GYORI (Budapest) and A. V. KOSTOCHKA (Novosibirsk)

Definitions

For each real number x the lower (upper) integer of x is denoted by [X] ([X]*).
For each graph V(G) and E(G) denote the vertex-set and the edge-set of G, resp.
Throughout this paper graph will mean simple graph without loops and multiple
edges. The complement of a graph G is denoted by G y(G) and (G) denote the
chromatic number of G, and the maximal degree of vertices of G, resp.

Let G be a graph, KOc:F(G). Then G(F0) and G—\0is the subgraph of G
spanned by VO, and V(G)—VO, resp. If Fn={r} then we write G—v instead

of G—{n}
Let G be a graph, VEV(G). Then da(v) or sometimes simply d(v) denotes the

degree of the vertex vin G
N(v) = {wEV(G): (v,\W)EE(G)}, N(v) = V(G)-{v}-N(v).

For each natural number r,s,Kr and Krs denote the complete graph of r
vertices and the complete bipartite graph of r+s vertices, resp.

Introduction

At the 5th Hungarian Combinatorial Colloo,uium G. O. H. Katona and
T. Tarjan set the following conjecture:
Let G be an arbitrary graph and let

2Ij |F(G,-)j: G; is complete graph, ub £(G) = E(G)l\.
=1 i=1 1
Then only the Turdn-graph A=K][WZ,/J has the property

n(H) _LIEEjT)énﬁ(G)'

A similar theorem is proved by P. Erdés, A. W. Goodmann and L. Pésa in
[2]: For an arbitrary graph let

f(G) = min{m: G; is complete graph, tr} E(G, = E(G),
1
E(GMC\E(Gj) = 0 if iVj}.
Then only the Turdn-graph //=K[WZ [2] has the property
f(H) = max /(G).

1V (C)l=n
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The conjecture of Katona and Tarjan was proved independently by F. R. K.
Chung, by J. Kahn and by the authors.

First we give a direct proof of the conjecture then we prove a stronger
theorem; namely the conjecture remains valid even if we suppose that the covering
complete graphs are edge-disjoint.

Direct proof of the conjecture

Lemma 1. (Brooks’ theorem, [1]). For any graph G, yfG)"o(G)+ 1. More-
over, if x(G)—j(G)+ 1 and a(G)"2 then Gz>KaG+L

Lemma 2. If

W(G)\ = n, G Kz nz

then there exists a vertex vf V(G) such that dG(vQ)= -j— and G—0Z%E
* K Un—)/2], [(n- 1)/2]*

Proof. Let VEV(G) be an arbitrary vertex such that dc(v)=J— j. If
G—"K[(_DL].[(,-1)-T> then we assume vO=v.

Suppose that V(G —Vv)—V1UV2, VxMK2= 0, G(FD=A:[(,_1/2], G{V =KUn Drr .

Case 1. nis odd. Since GnK{(,_i)/,(n+i).. >there exist vertices vf Vl and v f V2
suchthat {(»j, v), (v2, v)}aE(G). Then G—vlei K(M1y2>n 12 and let vO=vx.

Case 2: nis even. Since cr(G)= cr(G(FD), v is neighbouring only with vertices

of F2in the graph G. But \VA=da(v). Therefore G=Kn2n/2, contradiction. Q.e.d.
The problem of Katona and Tarjan can be formulated in the following way too:
Let G be an arbitrary graph and let

7t(G)=min{|,£l,_r?'1\Wt\: WjCzV(G), WA is independent,
V(v, W)(j E(G) 3i0: {r, w}cz IFG
(Wj is called independent if £(G(H/,))=0).
The only the graph KI[,,/3,[n.]* has the property that
NN« WL = SN TYG) =
among all graphs of n vertices.
Lemma 3. Let G be an arbitrary graph, F(G). Then

n(G) ~ Tt(G-vO+\N(vu\ + -/XG(N(v0)).

Proof. Let WIt W2, ..., Wk be an optimal system of the independent vertex-
sets for G—0. Let / be a colouring of G(N (UQ) by t—y(G(N(vQ)) coloura and
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VIC.N(vQ coloured by the /-th colour (/=1,2, Then the system W1, W2,
, Wk, 'U {r0}, VEI {/,.}, , VIJ {r,} will be a desired system for G since

% V‘i(—lj—=21 I7Nj-UfyQH = 51 (c-TO+|n(py!+/.
Q.e.d.

Theorem 1. For an arbitrary natural number n and for an arbitrary graph G with
V(G)=n the following inequality holds:

Moreover, the equality holds if and only if G=fv[nZ] [(/Z3*

Proof. For nS3 the theorem is trivial. Suppose that the theorem holds for
every7isuch that ik /c Let G be an arbitrary graph such that \WV(G)\=k. If

G=K[n2][rv7] then (G)=[4—. Let G*"X[V][/2 and a(G)=r. Choose a vertex
v0 of degree r in G. It is clear that \N(vO\=k —+—L1
Case 1. T éP According to Lemma 3

nG) = ji(G—vQ +2(K—r—1 A n(G—Q+k—2.

(Ar-1)2

But by the induction hypothesis n(G—0QS , consequently 7i(G)< k2

Case 2: r— k-1 . Applying Lemma 2 we may suppose that G—

Kl «- Therefore according to Lemma 3
K-1
so oz M MM -MH W
) k - . . k-1
Case 3: r- , o Kiseven. Since r- , thus G—V0"K IK_1y/27, [k —yr2* *

Consequently applying Lemma 3 and Lemma 1 we obtain that
14(G) =n(G-vO+ (k-,— )+x(G(N(v0)) <

+(e——)+r+1=

L 2 Im

Case 4: Either k is odd, r < ,r22 or k=1, r=2. If -IXG{N(VQ)) &,

then  n(G)Sit(G —v0 + (k —r —1) +r- (A-D21,, ., fyk2

Assume that y(G(N(v()))=r+ 1 Then by Lemma 1 G(/V(uQ)z)Kr+L (or if k=1,
r=2 then G(N(WJ)) contains an odd circuit). Let vk be a vertex belonging to this

by Lemma 3
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324 E. GYORI AND A. V. KOSTOCHKA

complete graph (or_if k=7, r=2 then to this odd circuit). Let us consider the vertex

ol as V0. If —r then the theorem is valid for G. But otherwise we
obtain that there are two vertex-disjoint complete subgraphs of r+ 1 vertices in G.
Let (vitv2, ,tr+1} and {wt, w2, ... >wr+1} be the vertex-sets of these complete

subgraphs. According to the induction hypothesis

V2, L, U W w, wr+1}) A )E —————————————— .

By Lemma 1
X(G-{i>i, v2, ..., w+1, wit w2, ..., wflP s r+1.

Let VIt V2, ..., Vr+l be the disjoint independent vertex-sets covering V(G)—
—{vi, v2, ..., vr+l, Hn, W2, ..., ut+l} Let DiJ={vi,wJtUViHJ for i, j=1,2,...,
r+1 where the sum is considered mod(r+l).

It is clear that

n(G) Wn(C —uj, v2, ...,vr+l, wisw2, ..., w+1}+

IR r (fc—2r—2)2
2 W\ + (‘'m+!)
i

- }2:1 Dij —

= =24 —=2(r+Dfe+ 2(r+ 1)2+ (r+ (/c—=2(r+ D)+ 2(r+ 1) —

= [yl-(r+1)Ne-2,-2)<[]J

since Nenr~H— 2 anCh (" —2r—2)>0.

Case 5: K is odd, k*9, r=2. If Gdoes not contain odd circuits of length greater
than 3 then we may now finish the proof as in Case 4. Otherwise let (vLv2, ...,

X(G~{vi, v2,v3,v4, v2p+l}) 3.

Let M,V2V 3 be disjoint independent sets covering V(G)—{vi,v2,v3vi,v2u}.
Then

n(G) &MN(C—{r1? r3})+ fl IK> iS}UKE+ 1), rd} +

+iin e - P2 ]+6+(k—5)+2+2 < j.
Q.ed.
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A generalization of the conjecture

If G is a graph then let
p(G) = minjNF(G))|: E(G) = UE(G,), G,’s are edge-disjoint complete graphs}.
We prove the following theorem:

Theorem 2. Let G be an arbitrary graph such that \W(G)\=n. Then p(G)S
= J-~-j, moreover if G is not the Turan-graph KIn/2iln/2i then p(G)< e

The following trivial lemma will be used:

Lemma 4. Let G be an arbitrary graph such that \V(G)\-—n andsuch that d(x)"d
for every vertex x of G. Then there exists a partition of V(G) such that the number
of the classes of the partition isn—d and such that every class of the partition spans a
complete graph.

Proof of the theorem. We proceed by induction. If n=1,2, 3 then the
statement is obvious. Suppose that the statement holds for every graph such that
|[F(G)|*m Let G be an arbitrary graph such that |F(G)|=n+I. Let i be a vertex
of G such that d(x)—yg;%g) d(y).

Case 1. The degree of every element of N(x) is at least d(x)+ 1
Case 1.1: d(x)"-"-. Consider the edges incident to 51 as d(x) classes of a parti-

tion and consider an optimal partition of E{G—x). Then combining these two
partitions we obtain that

p(G) = p(G-x)+2d(x) S[y]+n= . 1']

by the induction hypothesis. Equality holds if d(x):l (then n is even) and
G—x=K,/2T12 If there is an edge in G(N(x)) then we can improve the covering of
the edges incident to x and also for the remaining graph H. But if
there is no edge in G(N(x)) and G-x=AT,,/2n/sthen G =K n/2Htnl2=KI(n+1V2i*tl(n+1)/2i.

Case 1.2: d(x)>Y~'. The degree of every element of N(x) is at least d(x) in

G—x. Every element of N(x) is adjacent to at most n—d(x) elements of F(G)—
—N (xX)—{x} because ]JV(G)—N(x)—{x}\=n—d(x). That is dGNXfv)i*2d(x)—n
for every vertex VEN(X). Then according to Lemma 4 there is a partition
0>={PI..., P,,_dW} of N(x) suchthat G(P,) isacomplete graphfor i=1, ..., n—d(x).
But then also G(P;U {7} is a complete graph for i'=1, ..., n—d(x). Consider the
edge-sets of these complete graphs as the classes of a partition and consider an
optimal partition of the remaining graph H. Combining these partitions and using
the induction hypothesis we obtain that

p(G)=»p(H)+ 2 UL+1= + =[r]l+n [~ ]-
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If nis odd then j-"-J+«< N J¢ Hence we may suppose that n is even
ar;((j )that G is not a complete graph. (d(x)<n, V{G)—N (x)—{x}* 0.) Then omitting
il_JI E(G(Pi[J{x})) from E(G) we obtain that the degrees of the elements of

V(G) —N (x)—{y} are at least -~+1 in the remaining graph. Then H”*K,,/2,/2 and

)< (n+\T-

p(H)< by the induction hypothesis, i.e. p(G in this case.

Case: 2 There exists a vertex yEN (x) that d(y) = it(x). Lety be fixed.

Case 2.1: d(x)"-~-~ . Consider the 2d(x)—I edges incident either to .v or

to y as 2d(x) —1 classes of one element. Adding these classes to an optimal parti-
tion of E(G—{x, >}) we obtain that

pP(G)'p(G-{x,y}) +4d(x)-2 » +2n=

by the induction hypothesis. But if the equality is valid then d(x)= “;1 (e a

is odd) and G -{x, J}= A D/2(,- D - N either E(G (N (x)))*0 or E(G(N(y)))?+ 0
then we can improve the covering of the edges incident either to x or to y. But if

E(G(N(X))=E(G(N(Y))= 0, d(x)=d(})=?++, G—{x y}=Kn 12n 12 then
G=Ka+12 n+1/2-

Case 2.2: d(x)> TV . Then N(X)r\N(y)?i 0. Let zItz2 ..., Z,EN(X)C)N(y)

such that G({z1, z2, ..., zt}) is a maximal complete graph in G(N(x)DN(y)). Then
the elements of (N(x)—{zlt ..., z,})n(N(x)—N(y)) are not adjacent to y and the
elements of (N(x)—{zl..., zt})h(At(nOMAUy)) are not adjacent to each elements
of {zIt ..., z,}. Hence the degrees of the vertices are at least d(x) —(n—d(x) +1+ )=
=2d(x)—n—t—1 in the spanned subgraph G{N(x)—(zI5 ..., zt}). Similarly the
degrees of the vertices are at least 2d(x)—n—t—1 in the spanned subgraph
G{N{y) —{z1, ..., ,}). Then there exists a partition {15 ..., Rn- d(¥)} of N(x) —
—{y,z1, ...,z,} such that the classes Rt of the partition span complete graphs
in the graph G {d(x)~t—1—2d(x)—n—t—I)=n—d(x)). Let D be the edge-set
of the complete graph spanned by {x,y, zly ...,z,}, let Et be the edge-set of the
com|3(lr$tc?(x) gRaph spanned by i2U{a} for j=1,2, ..., n—d(x). Omitting

T™U un EN, the degrees of the vertices remain at least 2d{x)——2t in the

graph spanned by N(y)—{x zIt ..., z} by the maximality of the set
{z1,...,zt}. There exists a partition Sf={S1, ..., 5,+(ag_1 of N(y)—
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ON A PROBLEM OF G. O. H. KATONA AND T. TARJAN 327

-{x,z1], such that the classes S} of the partition span complete graphs,
not intersecting

Ut ()= —=— iy =) — + =X}

Let Dj be the edge-set of the complete graph spanned by SjU{y}. Let H be the
graph with

n—d(x) n+t—d(x)—1 |
V(H)=V(G)-{x,y},E(H) =E(G)-D- (J £,- U Dij.
i=1 J=J
Then />(//) . M ] by the induction hypothesis. Adding D, E?s, D/s to this,

partition as further classes then we obtain that

n—d(x) n+t—d(x) —
p(G)=t+2+ o (7il+ D+

" asie1) +
. _2_J = i+2+ [d(X) —t—1)+ (n—d (x)) +

+ W -,-)+(,+,-ag- D+[fclE] =[h*"E£]+2,-i< [Li+o0i]
Q.e.d.
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WEAKLY HOMOMORPHICALLY CLOSED
SEMISIMPLE CLASSES*

By

T. ANDERSON (Vancouver) and R. VV1IEGANDT (Budapest)

A class M of rings is said to be weakly homomorphically closed, if M satisfies
condition

(-*) If /-a AEM, and 12=0, then A/ldM.

In this note we shall deal with weakly homomorphically closed semisimple
classes. As long as homomorphically closed semisimple classes are very rare (see
e.g. [3]), weakly homomorphically closed semisimple classes are appropriate to
characterize supernilpotent radical classes: among the hereditary radicals the super-
nilpotent radicals are precisely those which have weakly homomorphically closed
semisimple classes (Corollary 3). The semisimple class belonging to the class of
all idempotent rings is also weakly homomorphically closed (Theorem 3). At the
end of this note we shall construct the smallest weakly homomorphically closed
class containing a given class in two different ways.

1. Preliminaries

In what follows under a ring we always mean a not necessarily associative one.
We shall work in a universal class A of rings, that is, in a class A which is homo-
morphically closed and hereditary (I<iAEA implies 1£A). A radical class and a
semisimple class will always mean a radical and a semisimple class in the sense of
Kurosh and Amitsur, respectively. For the basic notions and results of the radical
theory we refer to [5] and [9]. A radical class R in a universal class A will be called
hypersolvable, if R contains all zero-rings of A. According to the usual terminology,
the hereditary hypersolvable radical classes are referred as to supernilpotent radicals.
A not necessarily hereditary radical class consisting of idempotent rings, will be
called a subidempotent radical class.

We shall use the upper radical operator dl and semisimple operator if acting
on classes as

tflS = {AEA 1A has no nonzero homomorphic image in S}
and
HR = {AEA IA has no nonzero ideal in R},
respectively.

* The first author gratefully acknowledges the support given by the Hungarian Government
and the National Research Council of Canada.
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Let us recall that a semisimple class S may be defined by the following two
conditions.
(S 1 If AES, then every nonzero ideal of A has a nonzero homomorphic image
in S;
(S 2) If every nonzero ideal of a ring AEA has a nonzero homomorphic image
in S, then ACS.
Further, if R is an radical class, then £fR is a semisimple class; for every semisimple
class S the class dIS is always a radical class and S=£d%S holds.
In proving our results we make use of some known statements listed below.

Proposition 1 (cf. [1] Corollary 24.4 or [8] Theorem 5.1). The subdirectly ir-
reducible abelian groups are the cyclic groups C(pK) for all prime powers pk and the
quasi-cyclic groups C(p°°) for all primes.

A special case of the assertion of Lemma 31.1 of [1] is

Proposition 2. The discrete direct sum H of the cyclicgroups C(gk), k=\, 2, ...,
has a subgroup B such that HJB= C(q°°).

Proposition 3 ([5] Theorem 11 or [9] Proposition 8.5). Every semisimple class
S is closed under extensions, that is BES and A/BdS imply ACS.

Proposition 4 ([5] Theorem 12 or [9] Theorem 22.8). Every semisimple class
is closed under subdirect sums, that is if A is a subdirect sum of rings taken from a
semisimple class S, then also AES holds.

Proposition 5 ([7] Theorems 1 and 2). In a universal class of associative or
alternative rings a class S is a semisimple class if and only if S is hereditary, closed
under subdirect sums and under extensions.

An ideal A of a ring A is said to be large in A, if LD/AO holds for every
ideal 7/*0 of A. In view of Proposition 5 Theorem 8 of [6] can be sharpened
immediately as

Proposition 6. Let X be a universal class of associative or alternative rings.
A subclass S of A is a semisimple class and the upper radical ?/S is hereditary if and
only if S satisfies the following conditions:
(1) S is hereditary,
(2) S is closed under subdirect sums,
(3) IfL isa large ideal inaring A€EA and LrS, then also AfS holds.2

2. Hypersolvable and subidempotent radicals

We shall restrict our attention in this section to varieties of rings which satisfy
certain mild conditions on the defining identities. However, one important result
remains true without all these assumptions, as will be pointed out at the appro-
priate place.

Throughout this section A= A(fl) will denote the variety of rings satisfying
a given set Q of identities, and it is assumed that A(i2) satisfies the following two
conditions
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(i) A contains all zero-rings,
(1) If /E12 and g is a linearization of /, then each ring in A satisfies g.

We refer the reader to Jacobson [4] for technical details about the defining
identities of a variety, and shall note here that (1) is equivalent to Jacobson’s con-
dition (L), while (1) is somewhat weaker than his condition (H) (see [4] pp. 27 and
29). At any rate, the conditions (I) and (Il) are valid in the important cases of Lie,
associative or alternative rings, and all rings.

Proposition 7. If R is a hypersolvable radical class, then ¢\\ is weakly homo-
morphically dosed.

The proof is obvious.

For a ring AdA let A" denote all sums of all products of «-elements of A.
We call A nilpotent, if An=0 for some «>1. For aring AEA let us define A=A
and AM=(A(~-B(A('~v) for «=1,2,  The ring A is said to be solvable, if
there exists an a”1 such that A(=0. The smallest such natural number « will
be called the degree of solvability. Note that a nilpotent ring is always solvable
and for associative rings the two notions coincide, for alternative rings, however,
a solvable ring need not be nilpotent (see [2]).

Theorem l. IfS is a weakly homomorphically closed semisimple class containing
a nonzero solvable ring, then S contains all zero-rings.

Proof. Let AAQ be a solvable ring in S. Since S is a semisimple class, either
A2=0 or the ideal A2 of A has a homomorphic image B?+0 in S and the degree
of solvability of B is less than that of A. By induction on the degree of solvability
we get that S contains a zero-ring CAOQ. Again, since S is a semisimple class, the
ideal (a) (that is the additive group) of C generated by a nonzero element adC,
has a nonzero homomorphic image in S. Hence a zero-ring Z(«) over the cyclic
group of « elements is in S where « may be infinite. We claim that Z(°°)£ES. If « is
finite, then by a similar reasoning we get Z(p)dS for a prime p. In virtue of Pro-
position 3 it follows by induction that Z(pk)dS for every k=12,  Moreover
by Proposition 4 we get

z2(~)= 2 z(PKS

subdirect

in view of Z(pK”*Z(°°)/(pK). Thus Z(°°)ES. For any prime g and prime power
grthe ideal (qr) of Z(°=>) satisfies (i02= (Z/(°°))2—9, so by the assumption it follows

Z(qn ~ Z(oo)/(<jrreS.

We show also that the zero ring Z(q°°) over the quasi-cyclic group C(g°°) is in S.
Consider the zero-rings built over the groups H, B and C(q®) occurring in Pro-
position 2. Denoting these zero-rings again by H and B, Proposition 2 yields H/Bsi
=2Z(g°°). Since HdS (by Proposition 4) and B2=0, we conclude Z(g°°)dS. Thus
Z(pkdS holds for every prime p and k=1, 2, . But by Proposition 1 these
zero rings are exactly the subdirectly irreducible ones. Take any zero-ring A£A.
As is well known, A'is a subdirect sum of subdirectly irreducible rings and in addi-
tion the subdirectly irreducible components are zero-rings. Since all the subdirectly
irreducible zero-rings are in S, Proposition 4 implies AES, and the statement is proved.
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_ Corontary I. If S is a weakly homomorphically closed semisimple class con-
taining a nonzero solvable ring, then °US is a subidempotent radical class.

Remark. The assertions of Theorem 1 and Corollary 1 hold for any universal
class A satisfying condition (1).
Let TEA be a ring and M an T-bimodule. Define the ring

A*M = {(a m) lafA, mEM}
with the operation
(@l,mD+ (a2, m) = (ar+a2 ml+m2?
and
(ax, T])(@2,m2 = (a”, apn*+m*).

This construction is the so-called split-null extension and A* M is in the variety
A (cf. [4] pp. 79—82). In particular, if A is associative (or alternative or Lie), then so is
A*M. Obviously A*M has the following properties;

@ MOo= {OOmI M}c A*M;

(b)) A'= {(a,0)]aET} is a subring of A*M and A'"A;

(© MS=0;

(d A*M/M0O=A.

Lemma. If R is a hereditary radical class and cr contains all zero-rings, then

1) R(A*M)Mag+rMoR(A*M) =0
and
2 R(/I*M) Q A"

Proof. Since R is hereditary, we have
R(A *M)MTM0Q R(MO.
But M*=0 implies MCEEAR, that is R(MQ=0. Hence we get
R(A*M)MO+MOR(A*M) C R(A*M)C\MO = 0,
proving the validity of (1).

To prove (2), define the map (p: R(A* M) —MO0 by the rule <p((@ m))= (0, m).
Trivially <p preserves addition. Further, we have

(@l " D)MN(«2.2W2)) = (0, »0b)(0, ™z) = Ne 0),
<Pp((@: , »i)(«>«)) = (<P@iazialm2+mi1ad) = (0, alm2+ miad =
— (a1, mj)(0, m2 + (0, wh(a2, MIER(A * M) MO+ MOR(A * M) —0
by (1). Hence @ is a ring-homomorphism of R(A*M) into MO0. Since R(M0Q=0,

we have (p(R(A*M))QR(Mn=0 which means just R(A* M)QA' and also
(2) is proved.

while
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Theorem 2. Let S be a semisimple class in a variety A such that
(i) S is weakly homomorphically closed;
(i) S contains all zero-rings;
(iii) R= OS is hereditary.
Then S= A and R=0 where 0 denotes the class of one-element rings.

Proof. Let A be any ring of A. Note that every ring ATA is an /f-bimodule
(cf. [4 pp. 80—81). Apply the Lemma for the extension A*A. Since by (2)
R(/f*A)AA', every element of R(d *A) has the form (a, 0). On the other hand,
by (1) R(A* A) annihilates A0 and so (a, 0)(0, b)=(0, ab)=(0,0) holds for every
(a, 0)ER(d *A) and (0,b)EAo. Thus ab=0 holds for every bEA. In particular, by
(b) R(A*A) is a zero-ring and by the assumption we get R(A #A)ERn& R=0.
Consequently A*A is in S. Using (d), (c) and the assumption (i), it follows d£S
for every ACA.

From Theorems land 2 it follows immediately

Corollary 2. Let A be a variety of rings. If S is a weakly homomorphically
closed semisimple class, then the upper radical #S is either hypersolvable, or a non-
hereditary subidempotent radical class.

The next corollary characterizes the supernilpotent radicals by means of weakly
homomorphically closed semisimple classes.

Corollary 3. Let A be a variety. A hereditary radical class R("0) is hyper-
solvable if and only if the semisimple class £pr is weakly homomorphically closed.

Proof. Proposition 7 yields the necessity. If R is not supernilpotent, then
there exists a zero-ring A?+0 which is not in R. Hence Qt AIR(A)CIi£TR and
so ffR contains a nonzero zero-ring. Now Theorems 1 and 2 establish the
sufficiency.

Proposition 6 and Corollary 3 yield immediately a characterization of super-
nilpotent radicals by conditions imposed on their semisimple classes.

Corollary 4. Let A be a variety of associative or alternative rings. A subclass
S of A is weakly homomorphically closed and satisfies conditions (1), (2) and (3)
of Proposition 6 if and only if R=7/S is either supernilpotent or consists of one-
element rings.

Corollary 5. Let A be as in Corollary 4. If Q is a subclass of A such that Q
is weakly homomorphically closed, contains all zero-rings and satisfies conditions (1),
(2) and (3) of Proposition 6, then Q=A holds.

We know that the upper radical of a weakly homomorphically closed semi-
simple class is either hypersolvable or subidempotent. The semisimple classes of
hypersolvable radicals are in fact weakly homomorphically closed, and a non-
hereditary subidempotent radical may have a weakly homomorphically dosed
semisimple class. Thus we pose the following

Problem. Describe the subidempotent radicals having weakly homomorphically
closed semisimple classes (in the universal class of all associative rings).

Ada Mcithematica Academiae Scientiarum Hungaricae 34, 190¢



334 T. ANDERSON AND R. WIEGANDT

Next we give an example of a non-hereditary subidempotent radical with
weakly homomorphically closed semisimple class. Let A denote the variety of all
associative rings and let Z denote that of all zero-rings. Let us consider the upper
radical B=vZ. If A is an idempotent ring, then A has no nonzero homomorphic
image in Z, hence AfB. If Oj*B”B, then we have 74Z229ZnB =0, implying
that B is idempotent. Hence B is the class of all idempotent rings of A. Note that
B is not hereditary.

Theorem 3. The semisimple class STB is weakly homomorphically closed and
contains all zero-rings.

Proof. Let A be a ring from STB, and I<\A such that /2=0. We claim that
AfcSTB. Take a nonzero ideal ¥/7 of ALl and suppose J/I€B, that is (J/1)'-—J/I.
This means

JFHIEQ+ N(/+]) g J2+]I

for every jEJ. Hence yg72+7 holds, and so we get
Y29 (Y2+7)(Y2+7) g Y4+ (Y2r7).
Iterating this latter relation and taking into account 72=0, we get
Yag Y4+ (120))(Y4+ (Y2r])) g Y8+ YAY2N7)+ (Y2M/)Y4g Y6
Hence y4g /6gy4 holds, and we get
Y89 YA= ¥Y6= Y2 4= YD6= Y8

Thus Y4 is an idempotent ring and so J*dB, for B contains all idempotent rings.
But ¥4 is an ideal of the ring A®STB, so ¥4 has a nonzero homomorphic image in
STB, provided Jiei0. This is, however, impossible, so necessarily ¥4=0 holds.
Thus from y2gy4+(y2n/) we get y2gy2(T7 and by 7gy2+7 we have yg7.
Thus Y/7=0, contradicting the choice of ¥/7. Hence A/IdSTB and so STB is weakly
homomorphically closed.

The second assertion is trivial.

Corollary 6. Let Q be a subclass of the class of all associative rings with the
following properties:

(i) Q is hereditary;

(i) Q is subdirectly closed;

(iii) Q is closed under extensions;

(iv) Q is weakly homomorphically closed;

(v) Q contains a nonzero nilpotent ring;

(vi) Q does not contain nonzero idempotent rings.
Then d/Q is the class of all idempotent rings. Conversely, if B is the class of all idem-
potent rings, then the class Q =£TB satisfies conditions (i)—(Vi).

Proof. By Proposition 5 Q is a semisimple class. Hence by (iv) and (v) Theorem
I implies that Q contains all zero-rings, so WQ consists of idempotent rings. But
(vi) yields that every idempotent ring is in %Q. Thus f/Q is the class of all
idempotent rings.

Conversely, for the class B of all idempotent rings Q=£TB is a semisimple
class, so (i), (ii) and (iii) are satisfied. In view of Theorem 3 Q has property (iv).
Conditions (v) and (vi) are fulfilled by the definition of Q.
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3. Weak homomorphic closures

In this section we are going to give two procedures for constructing the
smallest weakly homomorphically closed class containing a given one.

Let M be any abstract class of rings in an arbitrary universal class A. Define
for each ordinal a a class Ma as follows: M>XM,

there is a ring BEMR for an ordinal
and an ideal / of B such that B/I*"A and 72=0

for every a>Il. Obviously .

Theorem 4. Let @ denote the first limit ordinal. Then Mio=M w#l holds and
Muwis the smallest weakly homomorphically closed class containing M.

Mi — Aea
={

Proof. Let A be a ring of M (0+1. By definition there exists a ring and

an ideal /¢ B such that J2=0 and B/J"A. Since BEM,,, there is a ring CEMy,

and an ideal K<iC such that K2=0 and C/K”B. Hence we have the
isomorphism

with a suitable ideal 1<C, moreover, by J=LjK we have L2*K. Let P be the
ideal of C generated by L2 Now PQK and K2=0 imply P2—0. For the ideal
P we have the isomorphism

C/P

L/P

Since CEMy and P2=0, we have C/PGMv+1, further (L/P)2=0 and the above
isomorphism shows that C/LEMy+i. Thus every ring AEMQ)H is contained in
a class Mp where R is a finite ordinal depending on A. Hence MW+1£ M LLlis proved.
The opposite inclusion is trivial.

If BdMwand I<tB such that 12=0, then by the construction A=B/IEMWH =
=M LU holds, proving that Mw is weakly homomorphically closed.

Finally, let L be any weakly homomorphically closed class containing M. Then
clearly M2iL holds and so by induction we get M ~L for every finite B. Thus
also is valid.

A=CILSi

Corollary 7. A class M is weakly homomorphically closed if and only i/M 2=M.

In what follows we assume that the universal class A satisfies the follow-
ing condition:

If 7<iA€A, then 12<3A.

Note that the classes of associative, alternative and Lie rings do satisfy this
condition, but that of Jordan rings do not.

An ideal / of a ring is called solvable, if / is a solvable ring. Let M be a subclass
of the universal class A and let us define the class M by

there is a ring BEM and a solvable

M= ideal | of B such that BjI"A
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Theorem 5. M is the smallest weakly homomorphically closed class containing M.

Proof. We shall exhibit M=M LU Certainly M~M. Take a ring A from M
and an ideal 7 of A such that 72=0. Now there is a ring 7?£M and a solvable
ideal K of B such that B/K”A. Hence |=JjK with a suitable ideal J of B.
Since 72=0 and K is solvable, also J is solvable. Further,

_ BIK ,
All = 3jK B/J
holds. Since 2?£M and J is solvable, we get A/I*B/JfM. Thus M is weakly
homomorphically closedjmd by Theorem 4 follows.

Consider a ring Ae . Now there exists a ring CEM and a solvable ideal L
of C such that AAC/L. If C/L("€Muwfor some né 1,2, ..., then by definition
we have

CLO-D) = 53R BfIM uvio,,

So by induction we get A~C/L =C/L<)eMio, provided that there is an n such
that C/LMEMm. But L is solvable, so for an appropriate n L({"—0 holds and
therefore proves the relation MQMuwu

Coroltary 8. In the variety A of all associative rings the equality

there is a ring Be A and a nilpotent

M., ideal K of B such that As(B/K

holds.
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REMARK ON GENERALIZED FUNCTION LATTICES

By
E. T. SCHMIDT (Budapest)

1. Introduction

G. Birkhoff has introduced the exponentation of partially ordered sets; if X, Y
are partially ordered sets then Yx denote the set of all order-preserving maps of
X to Y partially ordered by f=g if and only if / (x)"g(x) for each xEX. Let L
be a lattice and P a partially ordered set; then Lp is a lattice, the so called function
lattice. Studying the structure and decomposition of function lattices, b. D uffus
and I. Rivar [2] have proved the following theorem:

Let L be a finite lattice and P a finite partially ordered set with \P\=n. Then

Con (Lp) = (Con (L)n.

This theorem asserts that the congruence lattice of Lp is a direct power of Con (L).
For infinite P this theorem does not remain valid, e.g. if L=2 (where 2 denotes
the two element chain) and P is the chain of rationale, then Con (21) is not a
direct power of 2.

The purpose of this paper is to give a generalization of this theorem for
arbitrary partially ordered sets P. For this generalization we need the notion of
the extension of a (finite) lattice by a bounded distributive lattice (see [5]) which
generalizes the notion of the function lattice.2

2. Totally order disconnected spaces

A subset E of a partially ordered set X is increasing if xEE, y*x imply y OE.
Analogously we get the notion of a decreasing set. Let (X, X, *) be an ordered
space, i.e. a set X with a topology X endowed with the relation S. Each set dI
consisting of the increasing sets in ST and the set X consisting of the decreasing
sets in ST defines a topology on X. The triple (X, X , ~) is called totally order dis-
connected if given x, yEX, xdy, there exist disjoint (X-clopen sets U6°U, LE£ 3?
such that yEU, x(L. (See Canfell [1] or Priestley [3].)

Let D be a bounded distributive lattice and X the poset of all ultrafilters of D,
i.e. — is the set-theoretical inclusion. .X is the product topology induced from
Horn (D, 2) which is the set of all homomorphisms of D onto 2 (i.e. X is the weak
topology induced by Horn {D, 2)). Then (X, X, ~) is totally order disconnected.
The main theorem of [3] assert that D is isomorphic to the dual lattice of (X, X, s),
i.e. to the lattice of all clopen increasing subsets.

Let L be an arbitrary lattice. L[D] is the lattice of all continuous monotone
maps of the totally order disconnected space X into the discrete space L. The con-
stant mappings form a sublattice of L[D] isomorphic to L. We identify L with
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this sublattice. If aEL then denote the corresponding diagonal element by 5. The
reformulation of Priestley’s theorem is the following; for every bounded distribut-
ive lattice D,2[D]"D holds.

If D is finite, then it is easy to show that L[D] is isomorphic to Lx,
i.e. LX*L[2x]

Let L be finite. If a/b is a prime quotient of L then the corresponding quotient
5/5 of L[D] is isomorphic to D.

We call L[D\ a generalized function lattice.

3. The congruence lattice of L[D\

The following theorem generalizes the result of Duffus and Rival.

Theorem. Let L be afinite lattice and D a bounded distributive lattice. Then
Con (L [/~]) == (Con (L)) [Con (&)].

Using this result, we can prove the theorem of Duffus and Rival as follows.
Let L be a finite lattice and D a finite distributive lattice. P denotes the dual of
the poset of all join-irreducible elements of D. Then L[D] is the function lattice Lp.
On the other hand, Con (D) is a finite Boolean algebra isomorphic to 2", where
n=\P\. Then (Con (L))[Con (E>)]ss(Con (L))n hence Con (Z/)= (Con (L))\

Proof. L[D] is a subdirect power of L having the following two properties:

(i) L[D] contains the constant mappings, i.e. the diagonal elements.

(ii) ifacovers b in L then the_quotient 5/5 of L[D] is isomorphic to D; we have
a natural isomorphisms eab: iW/b-"D which is the extension of the mappings
a-1, 5-0 (0, 162).

We will prove slightly more: if S is an arbitrary subdirect power of L satisfy-
ing (i) and (ii) then Con (S) (Con L) [Con (2]

Let 0 be a congruence relation of S. Then 9a denotes the restriction of 0 to
the quotient 5/5, where a>b in L. B denotes the extension of O to S, then
dab is the smallest congruence relation of S which, restricted to 5/b, is Oab.

If afb runs over all prime quotients we get the family {0ag}. We shall show that
0 is uniquely determined by this family (i.e. 0™ @ implies the existence of a, bEL,
a>b such that OuhX ®y. Let u=v(9), u>v, u,vES, ie. u~(u(i)), v=(v(i))
where u{i) resp. v(i) are the ~th components {i£X and X is the set of all ultrafilters
of D). Then u(i)*v(i) for all i. If u(i)>v(i) for some i we choose the elements
a, bEL such that wu(i)*a>b”v(i) (L is finite). Then u=v(0) implies
(mMAS)V5=(;A5)V5(0), i.e. (MAS)V5= (i;A5)Vb(6a). The 2th components of these
elements are a and b, hence the join of all Oabis the congruence relation 0. We have
therefore that 0 is determined by the family {&ab} where each 9 is a congruence
relation on the suitable 5/57D.

Conversely, let {0*b} be a family of congruence relations ((*ft6Con (5/5), a>hb)
such that 9(a 5)"0(c, d) (@>b, c>d) implies esb9*b—ead9*i in Con (D). Then it
is easy to see that there exists an “extension” 06 Con (S) such that the restriction
of 0 to 5/5 is 9*b.
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Con (L) and Con (D) are distributive lattices, hence by a theorem of

. Quackenbush [4] (Con (L)) [Con (D)] is isomorphic to the free product

Con (L) *Con (D) in the variety of distributive lattices. The free product is com-
mutative, therefore we get

(Con (L)) [Con (E¥)] ss (Con (D)) [Con (L)].

But L is a finite lattice, i.e. Con (L) is a finite distributive lattice. Thus if Y
denotes the dual of the partially ordered set of all join irreducible elements of
Con (L) then (Con (/))) [Con (L)] is nothing else than the function lattice Con (D)Y.

A join-irreducible congruence relation of L has the form B(a, b), where a
covers b. This implies that we have a one-to-one correspondence between Con (S)
and (Con (D))Y which proves our theorem.

Let L be a finite simple lattice, i.e. Con(L)"2. Then (Con) (L) [Con (D)] =
= 2 [Con (D)] Con (D), thus we have

Corollary 1 If L is afinite simple lattice then Con (L[D]) is isomorphic
to Con (D).

If L is a finite modular lattice then Con(L)s=2". Hence we get

Corollary 2. If L is a finite modular lattice then Con (E[E>])= (Con (D))n
where n is the number of irreducible congruences of L.

Problem. Does the theorem remain valid for an infinite LI
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THE 3-CENTRE AND COMMUTATIVITY THEOREMS

By
H. E. BELL* (St. Catharines)

Kovacs [9] defined the /r-centre of the ring R to be the set
Zn(R) = {a"P\Pii(a,br, ,) = 0 for all bER),

BAA|..XN= a2£5(-0'7>@m((2)--xel\/l

where

is the standard polynomial of degree n. In general, constraining some subset of
R to lie in Zn(R) does not imply much commutativity — indeed the Amitsur—
Levitski Theorem states that if R is the ring of k x k matrices over the field F, then
Z2&(R)=R; however, Z3(R) can play a role analogous to that of the centre
Z(R)=Z2(R) in the study of commutativity conditions for rings.

In this note we begin by defining a generalized 3-centre H3(R), which con-
tains Z3(R) and is in general larger than Z3(R). We then give a very elementary
treatment of some of the properties of Z3(R) and H3(R), and illustrate how they
can be employed in the formulation of commutativity theorems.

To make our arguments more transparent, we display P3(X, Y, W) in terms
of commutators:

(t) P3X Y, W) = X(YIV-WY)-Y(XW-WX)+IV(XY-YX).
Throughout the paper, Z will denote the centre of the ring R, N the set of nil-

potent elements, and A(S) the two-sided annihilator of the subset S. For ring

elements x,y, the commutator xy —yx will be written [x,y]; and C(R) will stand

for the commutator ideal of R. An additive subgroup H of R will be called a Lie
ideal if [r,x](A for all xEH and rf,R.

1. The polynomials k,, and the definition of H 3(RrR)

Begin by defining a certain sequence Kt, K2, K., ... of integral polynomials
in the countable family {Xr, X2, ..., X,,, ...} of non-commuting indeterminates,
each Kt involving the first 2/'+1 indeterminates. Take Kx(Xr, X2, X3 to be the
standard polynomial Ps(Xx, X2, X3; and having defined K1,...,Kn_t, define

1) Kn(X1, ..., X2w) —PHK,, X1, ..., X2,7]), X2n, X 1),

* Supported by the National Research Council of Canada, Grant No. A3961.
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and define
©) H3R)= n w\™R)-

Clearly H.j"\R)=Z3(R), so Z3(R)QH3(R).

Kovécs has introduced a family of generalized Jacobi identities. Specifically,
if ..., Xn) is an integral polynomial in »n non-commuting indeterminates, and
Z,+lis an additional indeterminate, Q will be said to satisfy the wth Jacobi iden-
tity if
)

the notation = denoting identity of polynomials.

It is proved in [9], by a careful consideration of permutations, that the
standard polynomial Sn satisfies the n-th Jacobi identity for n=2, 3, .... The case
of interest to us is that of n=3, which is easy to verify directly; using this as a
first step in a straightforward but tedious induction, we can show that for each
n=1, 2, ..., the polynomial K,, defined above satisfies the 2« + I-st Jacobi identity.

2. Properties of Z3(R) and H3{R)

Our first theorem, listed first because of the elementary nature of its proof,
indicates a property that H3(R) has in common with Z.

Theorem 1. If R is any ring with Nf //..(R), then N is an ideal of R.

Proof. An easy inductive argument shows that for each positive integer n
and each x, rr, r2, ..., r2,_i, r2ER, we have

Kn(x, Xrx, r.x, Xxr3, i\x, ..., Xr2n—,rdx) = +£xr2, Ixran 3...XrIxrri...xr2x+p,

wheie p is a sum of products of ring elements, each product having x2as a factor.
Thus, if xdH 3(R), there exists an integer n=n(x) such that for eachru r2, ..., r2f R,

(5) XIXXF2 ... Xr2X = sx2+Xx2t+u,

where n is a sum of terms of form vx2w.

We now assume that N ~H 3(R), and argue by induction on the degree of
nilpotence that for each xE N, there exists j =/(x) such that any product of ring
elements having at least j factors equal to x is trivial. Suppose first that x2=0;
clearly any product with two adjacent factors equal to x is 0, and from (5) any
other product with at least 2n(x)+1 factors equal to x is 0. Now assume our result
obtains for any nilpotent element in H3(R) having index of nilpotence less than
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i, (63, and consider xEHX(R) with =0. From (5), any product having at
least 2n(x)4-1 factors equal to x may be written as a sum of products, each with
x2as a factor; and our inductive hypothesis, together with the observation that
x2 has index less than 1 can be invoked to show that any product with at least
j(x9 (2n(x)+1) factors equal to x is trivial. This completes our induction.

It is immediate that for arbitrary xEN and r£R, both rx and xr are in N.
Furthermore, if Xx,yEN and k=j(x)+j(y)—L (x—y¥1lis a sum of products each
of which has at least j(x) factors equal to x or at least j(y) factors equal to y;
hence x —yEN and we have completed the proof that N is an ideal.

The next theorem is in part an extension to H3(R) of some results in [9].

Theorem 2. (i) For any ring R, H3(R) is a Lie ideal.

(i) IfR is a prime ring with non-zero centre, Z:i(R) =Zf) A(C(R)).
(iii) 1f R is an arbitrary ring with 1 Z3(R)—ZfA{C{R)).

(iv) If R is any prime ring, either R is commutative or H3{R)={0}.

Proof, (i) Let xEH3(R) and rER. Then for some n,xEH3n)(R) — i.e.

Ti> e« >T21)=0 for all ylt y2, ...,y 2,€R. Since K,, satisfies the 2/i+I-st Jacobi
identity, it follows from (4) that Kn([r, x],yx, ...,y2)=0 for all ylt ..., yhf R
and hence that [r, X]£ H3(R).

(i) Substitute a£EZ3(R), 0Zz£Z, and rfR for X, Y, Win (t), thereby obtain-
ing 0= —z(ar—ra). Since the centre of R contains no nontrivial zero divisors of
R, we get aEZ. Using this fact and substituting in (f) the elements a£Z3(R) and
r,sER, we get a(rs~sr)=0. Thus Z3(R)QZf)A(C(R)). The reverse inclusion
is handled similarly.

(iiiy The proof is omitted; it is similar to that of (ii).

(iv) Let R be prime and suppose that x2=0 for xEH3(R). By (5), the right
ideal xR is nilpotent, hence x=0; thus H3(R) contains no non-zero elements
squaring to 0. We can show more — namely, that H3(R) contains no non-trivial
zero divisors of R. For if XEH3(R), and ify is an element such that xj =0, (i) shows
that for each rER, [x,yr] is an element of H3(R) squaring to zero, hence is trivial.
Thus, yrx=0 and the primeness of R forces y=0.

Now consider Z3(7?)= H3X), and suppose it contains a non-zero element x.
Then P3(x,y, x23=0 for all yfR, and by (]), xvx2—x'-yx=0 for all yf R. Since
X is not a zero divisor, cancelling it from this equation shows that x£Z. It follows
from (ii) that Zi(R)C(R)=0 and therefore R must be commutative. We have
now shown that if HIil)(R)zO, R is commutative.

Using this result to launch an inductive argument, assume that (R)?+0
implies R commutative. Suppose 0?+xEH3n)(R). Then Pa[K,, 1(% y1r ..., y2f),
Jmi»Tzn{=0 for al JW :» so that either K,,_fx,)\, ..., .n-r)=0
for all y\, ...,yin-"R (and hence xE£Hf~1(R)), or there exist >T, ..., \ 2£¥?

for which Kn_fx,yx, ..., JA-8 's a non-zero element of HifiR). In either event
R is commutative and the proof of (iv) is complete.

We intend to prove commutativity theorems for rings with some subset required
to lie in FL.fR). To use Z3(R) instead of H-fR) would not yield many new results
for rings with 1, since Z3(R) is contained in the ordinary centre. (Kovacs gives
an example, however, showing that in the absence of 1, Z3(R) need not lie in Z.)
The following example shows that even for rings with 1, H3(R) need not lie in Z,
and incidentally, establishes our claim that If3(R) is in general larger than Z3(R).
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Example. Let R be any non-commutative ring with 1 having C(R)*Z. (For
example, such a ring may be obtained by taking a non-commutative ring S with
S3=0 and adjoining an identity by the standard Dorroh method.) Now for
X,¥,z, WER we have (xy—yx)zw=w(xy—yx)z=wz(xy—yx), so [x,y][z,w]=0
and hence C(R)2=0. Thus, in view of (iii), C(R)*"ZnA(C(R))=Z3(R). By
(f, P3(x,y,z)eC(R) for all x,y,zER; so we get P3(Ps(x,V,2z),u, v)=0 for all
a,y,z, U, veR. Thus HP (R)=H3(R)=R.

3. Some commutativity theorems

A long-standing result of Herstein [7] is that periodic rings with central nil-
potent elements are commutative. Our Theorem 1 yields the following extension.

Theorem 3. Let R be any periodic ring with NQH3(R). Then C(R) is nil, and
N is an ideal.

Proof. By Theorem 1, A is an ideal. The factor ring R=R/N is then periodic
with no non-zero nilpotent elements, hence has the property that for each x£ER,
x"M=x for some n(x)> 1 (For proof, see [3].) Thus, R is commutative by
Jacobson’s “xn=x theorem”, and C(R)QN.

There are many theorems in the literature asserting either that a ring R is
commutative or that C(R) is nil, under hypotheses of the following form: there
exists an integer nll1 such that for each ordered wu-tuple {xi, ...,xn) of ring ele-
ments, there is a polynomial p of a certain prescribed form, in n non-commuting
indeterminates, for which p (ny, ..., x=0. Often such a theorem has an extension,
which we shall cali the classical extension, asserting that if p(xr, ..., X,,)€Z, then
C(R) is nil; this extension can on occasion be rather difficult to establish. In view
of result (iv), there is always an immediate extension of the form “if p(xr, ..., .
£H3(R), then C(R) is nil”. As examples, we give such extensions for three recent
commutativity theorems. In the statements, the parts in parentheses, as well as
the bibliographic references following the theorem numbers, describe the original
theorems, which we refer to as Theorems 4—0, 5—0, and 6—O0.

Theorem 4. [2] Let R be a ring such that for each x, yf R, there exist positive
integers n=n(x,y) and m=m(x,y) for which xy—ymx"dH3(R) (xy—ymxn=0).
Then C(R) is nil (R is commutative).

Theorem 5. [8] Let R have the property thatfor each x, yCR- there exist positive
integers n=n{x,y) and m=m(x,y) such that [xnym£Ha(R) ([xnym—0). Then
C{R) is nil.

Theorem 6. [1] Suppose q(X) is a polynomial in n non-commuting indeterminates,
its coefficients being integers with highest common factor 1; and let R be a ring with
the property that for each x1; ..., xnf R, q(xI7 ,xn£H.,(R) v X,,)=0). If
there exists no prime p for which the ring of 2x2 matrices over GF(p) satisfies the
identity q(X)=0, then R has nil commutator ideal.

Proof of Theorem 4. Since the intersection of the prime ideals of R is a nil
ideal, it suffices to show that for each prime ideal P of R, the prime ring R=R/P
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is commutative. By (iv), either R is commutative or satisfies the condition
xy=ymx"; and in the latter case, R is commutative by Theorem 4—O0.

Proof of Theorems 5 and 6. We require a more sophisticated use of the
prime ideal structure theory. It is clearly sufficient to establish commutativity of
rings R satisfying our hypotheses and having no non-trivial nil ideals. Such rings
are subdirect sums of prime rings without nil ideals (see [5, Theorem 65]), and
these are commutative by (iv), together with Theorems 5—0 and 6—O0.

These examples were chosen in part because the classical extensions (those
in which Z replaces H3(R]) are problematical. It is not known whether the classical
extensions of Theorems 4—0 and 5—0 are true; if they are, their proofs can be
expected to be difficult. The classical extension of Theorem 6—0 is definitely false,
for the polynomial (XY—YX)2is a nonvanishing central polynomial for the ring
of 2x2 matrices over every field GF(p) [6].

As the example at the end of Section 2 shows, constraining certain subsets
of R to lie in H3(R) or Z3(R) cannot be expected to yield full commutativity; how-
ever, in special cases, it may yield a slightly stronger conclusion than the one that
C(R) is nil. Our concluding theorem illustrates this fact.

Theorem 7. Let R be afinite ring such that
(@ xy=0 implies yx—0, and
(b) NQZ3(R).
Then R is a direct sum of a commutative ring and a nil ring.

Proof. Use induction on the number \R\ of elements of R. There is no trouble
beginning — all rings of order 2 are commutative; thus, suppose |7?|=« and that
all rings S satisfying (a) and (b) and having |S|<« may be written as direct sums
of commutative rings and nil rings. If R has 1, the nilpotent elements are central
by (iii) of Theorem 2, and R is commutative by the theorem of [7]; and if R is nil,
there is nothing to prove. Thus, we can assume that R contains a non-zero idem-
potent e which is not a multiplicative identity element. Now for arbitrary XER.
we have (ex—exe)e=0, so e(ex —exe) =ex—exe =0; similarly, xe —exe=0 and
e is therefore central. It follows that R hasadirect sum decomposition R=eR®A(e);
and we get our result by applying the inductive hypothesis to eR and A(e).

Condition (a) by itself will not yield the conclusion of Theorem 7, for there
exist finite non-commutative rings in which the product of any two zero divisors
is zero [4]; similarly, condition (b) alone is not sufficient, as we see by noting that
for any field F, the ring

has Z3(R)=R and Z={0}.

Finally, we remark that it is not clear whether H3(R) is a subring in general.
However, if H3(R) is replaced by the subring H which it generates, conclusion
(iv) of Theorem 2 still holds and we can use H in applications of the kind in
Theorems 4—6.
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ON A COMMON GENERALIZATION OF BORSUK'’S
AND RADON’S THEOREM

By
E. G. BAJMOCZY and I. BARANY (Budapest)

1. The well-known theorem of Radon [3] says that if AczRd and \A\"d+2,
then there exist B,CaA, BC]C=0 such that conv RPIlconv C is not empty.
It is clear that for each finite set A={al, ...,a,,} in Rdwith n*d+2 one can
find a linear map /: R{+1—Rd and a set A'={a[, ..., dn}c:RdH suchthat f(q'i)=ali
i=1,2, ...,n and intconvT is not empty and vertcon\ A'=A". In view of this-
fact, Radon’s theorem can be stated in the following way.

Radon’s Theorem. Let Pa Rd+1 be a convex polytope with non-empty interior.
Put A=vertP. |ff: RdHl—Rd is a linear map, then there exist two disjoint sets
B,CaA such that /(conv B)IT/(conv C) is non-empty.

The surprising fact here is that the word “linear” can be replaced by “con-
tinuous”, namely, a continuous analogue of Radon’s theorem is true;

Theorem 1 Let PczR1+l be a convex polytope with non-empty interior. Given
an f: )P -Rd continuous map, there exist two disjointfaces, B and C, of P such that
f(B)Df(C)*O0.

Corollary. Let T be a (d+ 1)-dimensional simplex. Denote its d-faces by
d+2

L, L2 ...,Ld+2. If f: <)T~Rd is a continuous map, then }f)‘f(Lj) is non-empty..

If / is a linear map, then this statement is an easy consequence (in fact, equiv-
alent) of Helly’s theorem (see [3]). The interesting fact here is that in this particular
case a continuous version of Helly’s theorem holds true.

Let us now introduce some notions. Given a convex compact set CczRJ+l
with non-empty interior and a vector aERd+l, a?+0, we write

C(a) = {xEC: (a, x) —max (s, 0}

Two points, x and y, of C are said to be opposite if for some a€RJ+1, xEC(a) and
yEC(—a). If C happens to be a polytope, then C(a) is a proper face of C. In this
case we say that the two faces C(a) and C(—a) are opposite.

Theorem 2. Given a polytope P (zRt#x with non-empty interior and a con-
tinuous map f: dP”Rd, there exist two opposite faces, B and C, of P such that
f (B)Df(C) is non-empty.

It is evident that opposite faces of P are disjoint. Thus Theorem 2 implies
Theorem 1

Speaking about points instead of faces Theorem 2 can be formulated as follows.
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Theorem 2'. Given a polytope Pc:RJ+L with non-empty interior and a con-
tinuous map f :dP~Rd, there exist two opposite points, x andy, of P withf (x)=/ (y).

We shall prove this Theorem 2' which yields a generalization of Borsuk’s the-
orem [1]. In order to state Borsuk’s theorem put Sd— IIX|| = 13.

Borsuk’s Theorem. If f: Sd—Rd is a continuous map, then there is a point
x£ Sd with f (x)=/(—x).

Theorem 3. Let CaRd+ be a convex compact set with nonempty interior. If
f: dC—Rd is a continuous map, then there exist two opposite points, x andy, of C
with f(x)=1(y).

Again, Theorem 3 implies Theorem 2'. However, we shall get Theorem 3 from
Theorem 2' by a simple continuity argument.

Further, our Theorem 3 contains Borsuk’s theorem (put simply C=conv Sd).
On the other hand, Theorem 2' is proved using Borsuk’s theorem.

2. We need a simple proposition.

Proposition. If P is a polytope in Rdand x, y, x,,dP n=1,2, ... and lim X,,—X,
then there is an e>0 and N such that xn+e-(y —x)ZP for n>N.

Proof. This proposition is true for any cone C (instead of P) whose vertex
is x (with arbitrary £=-0 and u), so it is true for CC\B(x, € where B(x, S) is the
ball with center x and radius S. But PCIB(x, g)=CI)B(x, 6) for a sufficiently
small >0 where

C={zERd: z=x+Il(w—x), /.> 0, WEP}
is a cone with vertex X.

Proof of Theorem 2'. Put Q=P—P. Q is a polytope with non-empty interior.
It is centrally symmetric with respect to the origin. For xEQ write

h(x) = max {z: x = z—w, z, wEP}

where max is meant in the lexicographic ordering of Rd+L Clearly h: Q-»P is well-
defined. An easy computation shows that the vector w corresponding to z=h(x)
equals h(—x).

We claim that h is continuous. Indeed, let x, xn£O, x=limx,, and X,,=zB—w,
where z,,=h(xn). We can choose a subsequence nt so that z,( and, consequently
w,t converge. Put z=1limz,. and w=Ilimn,; clearly x=z—w. We claim that
z=h(x). If not, then z</z(x) in the lexicographic ordering. By the Proposition,
for a sufficiently small positive e and large i

2’ —z,+e(h(x)—2)tP and w'= wn+ 8(/i(—x)—w)EP.
Now z'—w'=x,,. and z'>z,. contradicting z,=/i(X,,). This means that z=h(x).
Thus, every convergent subsequence of z, tends to h(x). Now by compactness
limz,=A(x), i.e., h is continuous.
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Next we claim that xEQ(a) implies h(x)EP(a) and h(—x)£P(—a). Indeed, if
XEQ(a) then max (a, t) ={a, x). Of course, x=h(x)—h(—x) and h(x), h(—x)EP.

Whence
(@, h(x))+(—a, h(—x)) = (a, x) = max(a, t) —

—max (a,u—v) = maxga H)+Taxg i, V)

u,vEP

and so h(x)EP(a) and h(—x)£P(—a). This further implies that for xdf)Q h(x)
and h(—x) belong to dP.

Now we define a map g: dQ-*Rd in the following way: for xEdQ let g(x) =
=f(h(x)). This map is welldefined and continuous. Let us observe now that the
conditions of Borsuk’s theorem are fulfilled for the map g (instead of Sd we have
dQ here but this is indifferent). In this case Borsuk’s theorem says that there is a
point xCdQ with g(x)=g(—x). Now there exists Rd+1l, a*O such that x€Q(a).
Then z=h(x)ZP(a) and w=A(—x)6P(—a), i.e., z and iv are opposite points
of P and f(z)=f(h(x))=g(xX)=g(—x)=f(h(—x))=f(\v). And this is what we
wanted to prove.

Proof of the Corollary. Itiseasy to check that if B and Care disjoint faces
of the simplex T, then for any i'=l, 2, ..., d+2 either BczLt or CcL,- (or both).
This fact proves the Corollary.

Proof of Theorem 3. Without loss of generality we may suppose that Ogint C.

Now let P be a polytope inscribed in C, i.e., vert PczdC and suppose further
that ONintP. Then a continuous mapfP\dP”~RJ can be defined as fP(x)=f(/.x),
where A'is the unique positive humber with Xx*dC. By Theorem 2', there are
opposite points of P, zP and wP with fP(zP=fP(wP).

Now choose a sequence of inscribed polytopes Pt, P2, ... with 06int P,,. Suppose

further that vert Pnevert P,+1 and c)CC\[J Pn is dense in dC. Again, for each

1
n there exist opposite (for P,,) points z, and w, with fn(z,,)=fn(w,,) where f,,=fPn.
Since z, and w, are opposite points in Pn there is a vector G,6sd such that
=niPn(an) and w,,ePn(-a,,).
By the compactness of C and Sdwe may suppose that z,,, w, and an converge,
their limits are z, wfJ)C and af Sd respectively. It is easy to see that z and w are
opposite points of C (with normal a) and

3. Remarks. 1 Theorem 1 can be interpreted in the following way.
P<'Rd+1l be a convex polytope with non-empty interior. Then it is not possible
to make a drawing of dP in Rdso that disjoint faces of P be disjoint in the drawing.

2. We can give a second proof of Theorem 2 which is more involved than the
above one but does not make use of Borsuk’s theorem. It relies on a suitably modi-
fied version of the main lemma of [2].

3. The following generalization of Theorem 3 holds true.

Theorem 4. Let CcRd+ be a convex compact set with non-empty interior.
Letf be a point to set map from dC to the family of all compact convex subsets of
a compact set of Rd. | ff is upper semi-continuous (i.e., X,,—X, V,,6/(7',,), and y,,—y
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implies yZf(x)), then there exist two opposite points, z and w, of C V\ﬂth
f@niw) 0.

This theorem follows from Theorem 3 nearly the same way as Kakutani’s
fixed-point theorem follows from Brouwer’s one.

4 We conclude with a conjecture. There is a generalization of Radon’s theorem
which is due to H. Tverberg [5]. In the spirit of our formulation of Radon’s theorem
this generalization runs as follows:

Theorem. Let PCiR" be a convex polytope with non-empty interior. Here
n=(r—21)(/+ 1). Given an f: R"-*Rd linear map there are disjoint proper faces

.
BI,B>, ..., Br of P, such that fj f(Bj is non-empty.

We think (but can neither p'r:o've nor disprove) that in this theorem it is enough
to assume that f: dP—RJ is a continuous map.

Acknowledgement. We are indebted to Prof. M. Bognar for his valuable
comments on an earlier version of this paper and to L. Lovasz for the question
that led us from Theorem 2' to Theorem 3.
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