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GEORGE ALEXITS
(1899-1978)

member of the Hungarian Academy of Sciences, editor-in-chief of this journal died
on October 14, 1978. He was a leading personality in the Hungarian mathematical
life, and a world-wide known scientist in different areas of mathematics such as
theory of point sets, orthogonal series, general function series, approximation theory,
and metric geometry. Many mathematicians all around the world declare themselves
his disciples. Through them and by his own works, his influence is continuously felt
on the universal development of our science.

As the reader will observe from the dedications, originally this issue of the Acta
Mathematica Hungaricae had been devoted to papers dedicated to his eightieth
birthday. Many of the contributors are working in the above mentioned areas of
mathematics and were under the influence of his stimulating mathematical activity.
The authors of this issue, his friends and pupils, the whole mathematical community
feel deep sorrow for this irreplaceable loss which forced the editors to convert the
celebration to be expressed in this volume, into mourning.

i Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979
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SOME ABSOLUTELY MONOTONIC FUNCTIONS

By

R. ASKEY (Madison)
To G. Alexits on his 80th birthday

L. J. Rogers [6] introduced a set of polynomials that generalize the ultraspheri-

cal polynomials. The ultraspherical polynomials come from the generating function

®
(@ - 2xr + rd~x= Z C*(x)m.
n—0

The continuous "-ultraspherical polynomials C,,(x; B \g) have the generating function

“ (- xrBgk + r3yA) > ;
00 0 - gkt AE) a7 Al <l

The orthogonality of these polynomials is demonstrated in [3] and the weight function
is given in [1] when |[B\< 1, |g\< 1

In the case of ultraspherical polynomials, Askey and Pollard [2] proved that

@—r 2nQ —2xr+ 12 a= zZ g™X)rn
n=o

withgn(x) 22 0, —1~ x ~ 1,2 real. This was used to obtain a simple proof of Kog-
betliantz’s theorem on the positivity of the (C, 22 +1) means for ultraspherical series.
At present we do not know enough about the continuous ~-ultraspherical polynomials
to find an analogue of Kogbetliantz’s theorem, but it is possible to prove an analogue
of the result of Askey and Pollard.

Theorem L If \q|< 1 |B|< 1 and \r\< 1lthen

"1 - BrgM2tUL - RBrewgrY (1- Rre-wonx )
L0 (L-rg)2* (- rewgn\l- re-agrf ~ - &, B A0T

with hne B, g, 8) » 0 when a, 3, g, B are real.

Proof. Assume first that a 0. As in [2], if the left hand side is denoted by

[f(n)Y it is sufficient to show that

4= logl(/+) = z, kil

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



4 R. ASKEY

with kn”~ 0. A simple calculation shows that

rRr) = 2,,ito i 2:41 [1 + cos(n+ 1)0]r"
SO
1- BrHj [1+ cos(n+ 1)0] \¥1
logAr) = 2n£=0 1- q"+1J 41
Then
o=z "¢ Dog/ir)]

The same proof works for a < 0. The only difference is that 1+ cos (n + 1)0
is replaced by 1 —cos (n + 1)0. The case treated in [2] can be obtained in two ways
from Theorem 1 One way is to seta = 1, B = gxand let g -> 1 The other is to set
B =0and letq-*0.

The ultraspherical result can be written as

f. @X)nk @At Cj(x)

d 9> 0.
*to ()«-* CD, Ci(l) -
This has been extended to
y (@), kK (a)k Ckix) ~ o \iia U21.

h  (Dn-k (O* CXI) =

It is unclear how to extend this to the continuous g-ultraspherical polynomials,
because C,,(I; B | ) is not given as a product except in special cases. See [4] and [5]
for the current state of knowledge on sums of this type and [1] for more facts about
Cn(x; B 1g). One plausible conjecture is that Gasper’s result

@- rd-A1 + 2xr + rd-A+ 1L - 2Xxr +rV} = Z=0 r
n

with cAx) 2: 0 for A2 1, can be extended to
ff - Brgn [” 11- Breig"R2 “ ]1+ Rrewgn|21

|:V(1- 'V) ti-0 11- rengre “0 11+ rengnp2J
= ; c,(cos0; B, g)r"
«0

with c,(cos0,8,9) 2 0,0S B S A< 1 However before this can be proved (unless
it is false) we must learn much more about the continuous ~-ultraspherical and
Jacobi polynomials.
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A CONSTRUCTION
OF PROCESSES OF BEST APPROXIMATION

By
G. BLEIMANN, E. L. STARK and G. WILMES (Aachen)

Dedicated to Professor G. Alexits on the occasion of his 80" birthday
on January 5, 1979

1. Motivation. When investigating the approximation of 2z-periodic continuous
functions by their Fejér means Professor G. ALEXITS [2] was the first (1941) to observe
that the corresponding optimal order of approximation is limited, this being so for
a well-determined class of functions (for some historical remarks in this respect see
[4, p. 478 £, [6]). This phenomenon which restricts the optimal approximation order
of a wide class of general linear approximation processes, is now — under the concept
of saturation — an essential part of the constructive theory of functions.

On the other hand, it is well-known that there exist linear approximation proces-
ses which approximate with the order of the best approximation, thus do not exhibit
the saturation property. In case of periodic functions, for instance, the classical
example is given by the famous de la Vallée Poussin sums.

The purpose of this note is to investigate the latter problem further, thus to
describe a general method of constructing a family of singular convolution integrals
which approximate 2z-periodic functions with the order of the best trigonometric
approximation; the sums of de la Vallée Poussin will be contained therein as an
extremal example.

2. A certain family of Fourier transform pairs. In order to develop the announced
construction just some elementary results from basic Fourier transform theory will

be needed. Let L? = L?(R), 1 < p =< oo, denote the spaces of measurable functions
on R for which

1 & 1/p
1f1lp: = {E J. LA dt} » M fllot = eSi&up /) |,

respectively, are finite. The L'-Fourier transform is defined by

F@i= [0 d (el em);

for the corresponding L*-transform one may consult e.g. [4, p. 174 f]. Moreover,
let &, , denote the space of all p-th power integrable restrictions to R of entire func-

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



8 G. BLEIMANN, E. L. STARK AND G. WILMES

tions /' on C which are of exponential type v, i.e.,

A2 &, eI e, s O 2 6C);

(cf. eig. [1, p. 161 fi]).
In the sequel two particular functions p, and ¢, will be employed. The first one
is defined by

(1) m@::%ﬂm%u (x> 0;0€R);

some of its properties are collected in
(D) P—0) =p,v), vER; (i) p(0) =a;

@ @ [ red=nr; ) J Pod=on, per;
D) o) = 3y« w1 @)l (V) P €8, lzag e

the characteristic function being given by

Lutg x50,
Kia,B]: = (— o d = Bi= G},
0, x¢ [4, B],

The second one is assumed to satisfy the conditions
@D ¢(—v) =9¢@, veER; (i) ¢0)=1;

) i) $€8,5. B>0.

It is an immediate consequence of the Paley — Wiener theorem (see [1, p. 166]) that

(3, 1v) (LHP' =0, t|=p2;
moreover, in view of (3, ii) there holds
B8[2

G.v) (¢ @wdr=1.

—BI2
Finally, the function @ essential in our construction is given by the product

4) D(v): = p(v) P(v)
for which
(@ o(-v)= D), vER; (i) @) = o;

) ) . . %
(i) P€L; @iv) o (Hdt = 75
0
It is the Fourier transform of (4) and its properties we are mainly interested in.

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



A CONSTRUCTION OF PROCESSES OF BEST APPROXIMATION 9

Theorem 1. Let a * > 0. The following representation holds for the Fourier
transform of (4):

—RB
© 1, tra 8
B12
(6) @iy (0= dv. S— 1 <L I£itx t
-«2Hf|
(i) 0, in 200
2
moreover,
() o) ¢'a_B+T+¢>a+B_T=1,

Proof. By definition, (2, v), and Parseval’s formula one has

P'(0= .M J Pe()<H0e-"* = J K a () HPér*'dv =
«2 cr/2
= j [DoelWwav= I (v+tdv (if R).
2 -«[2

Having in mind property (3, iv), the representation (6) follows by straightforward
calculations using (3, v). The same applies to (7). Q.E.D.

The latter properties reveal that @'() is pointsymmetric in the interval [(a —i)/2,
(a + /0/2] with respect to the point (a/2, 1/2):

(For the particular parameters (a, B) = (3,1) the dotted line refers to Example A,
(17), the broken line to Example C bed)ow.) The slope of @ (t) in (&/2, 1/2) is given

by ®'(a/2) = —y/2n, where y: = _gg f(v)dv (if this integral exists).

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



10 G.BLEIMANN, E. L. STARK AND G. WILMES

Concerning simple concrete examples the most natural way to construct them
is to choose the parameters a and 8 (in general fractional) in the transform (6) such
that both m: = (a - B)/2 and n: = (a + R)/2 are (positive) integers.

3. Singular convolution integrals and best trigonometric approximation. As a
suitable approximation process for 27i-periodic, e.g. continuous functions, fd C2n,
Theorem 1 suggests to consider singular convolution integrals of type

(8) [T, (P %) = 27 J [(* - u)tmn{u)du (fd C24
—1t
with kernels generated via
9) = X_@Tx + 2kn) (*€R),
sin(n + m) -
n—m
(10 ®T1,«0): = /2 (n,mdN; n>m)

where @ ((n —mx)/2) satisfies (3) for 8 = n —m. Then (cf. e.g. [4, p. 123]) tmn is
an even integrable 2n-periodic function, tmn d L\n, with Fourier coefficients

It
4, »(*)es ~ e~'kudu = pTnk) = (kd 2)
—
lv E: gl‘h
N
o fn+m {V)dv, o g ==
n  n—-m
o, Ez

the latter in view of (6). Thus (9) is an even normalized trigonometric polynomial
of type

(11) tmt,,(x) = Dm(x) + ZszTH_lZT'r(K;CD)CObKX,
2m,n-1(4 ®) = pT,{K) (m+ 1lakun - 1),
Dm(x):= 1+ 2k£=1<:os kv (MmdN),
i.e., involving the Dirichlet kernel.
Finally, let M,,, ndN, denote the set of all trigonometric polynomials of degree

n and _
E.,.(C2n;f): =g1|(=3nt{n W(x) - gn(X) ||c (/(C,,;«(N),

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



A CONSTRUCTION OF PROCESSES OF BEST APPROXIMATION 11

the best trigonometric approximation (of degree n), where | fllc: = sup | f(x) |.
Then one may formulate x€R

THEOREM 2. For m, n € N, n > m, let the operator I, , be defined by (8). Then
there holds

(12) Ly W@ f;x) €M,y  (fE€Cs2);
(13) Ly (@5 G X) = Gp(X) (g € 11,3 X ER);
(14) Il Zn,n llic,m1® = P | L. @55 %) llc =
= = 2
_c¢l\/n+ \/2[1+10gn—mJ]=:N"""; c¢:=7z-||¢||2;

(15) ” Im.n(qj;f; X) —f(X) ”C § Nn,mEm(CZn;f) .

PrOOF. Properties (14), (15) are immediate consequences of (11); property (15)
follows by a standard argument as given e.g. in [4, p. 105] provided (13) and (14)
are fulfilled. Now, concerning (14) note that || 7,, , llic,.1 < || @Pm » ll1 (cf. e.g. [4, p.
124]). Moreover, one has by definition

2 . nt+m n—m dt 2 \ 1dr
= — —_— RS
| Py, n lly njlsm 5 t¢[ 5 1] : HJ si ¢(t)w <
0 0
1 o
2 . n+m dt dt
s ||¢||szm 1—+f|¢m|—}s
T t t
V]

§2{II¢l|w(1+10g ]+Jni|¢1|2}§

+ i 2
_f:] + Jn], coi=—19

since || ¢ ||, < \/2_|| ¢ ||, by Nikol’skii’s inequality (cf. [13, p. 233]), Q.E.D.

2 = n
= — 2|1 + log
_n||¢u2{\/ [ + log —

REMARKS. (i) For the particular choice n = m + 1 the sum in (11) is empty,
so that 7, ,,,1(x) = D,(x) € I1,, m € N, reduces to the Dirichlet kernel. Moreover,
(15) then implies that

| Ly ms21®; £3 %) — fX) llc < co{l + /7 + log @m + 1)} E,(Cani f) 5

showing that the order of approximation in (15) also cannot be improved in general;
cf. e.g. [4, p. 105].

(i) Concerning the argument of the log-term in (14), the choice n = 2m is
extremal: in order that (n + m)/(n — m) = const, this choice gives the smallest

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



12 G. BLEIMANN, E. L. STARK AND G. WILMES

integer multiple of m (namely log 3). This leads to the de la Vallée Poussin-type
kernels tm2m£ Mam-1> lofs?
m2

(16) f2m-1(9 = Dmx) + 2, Y. ®T21() WBkx  {mi N)

which only depends upon ¢ of (3), and thus exhibits the symmetry property as given
by (7). (It should be noted that for this instant of a constant log-term the proofs of
(14) and (15), respectively, may be simplified by another standard argument as re-
produced in e.g. [9, p. 150], [8, p. 92 1], [3].)

4. Representative exam ples. IN the Table some illustrative examples are collected
which are built up from the kernels (on r) of (A) Dirichlet, (B) Fejér, (C) Rogosinski
(cf. [3], [12, p. 400]), and (D) Bohman—Zheng Wei-xing {Fejér—Korovkin; cf.
[12, p. 400], [16], [17]).

Here some comments are given.

(A) From (10) it follows that

sin{n + m)5 sin {n — m)5
Pk = {n —m) (x/2)2

with Fourier transform (having the well-known trapezoidal graph)

(«™~m (N)

1, IVIA m,
n—Ivi

$m,n(v) - me<pivia n,
0, Ivi~ n.

(The fact that the graph of ®1>n{o) form ~ | v\~ nisa straight line exhibits another
extremal property of these kernels, this being taken with respect to the symmetry
property (7).) The kernel (11) passes into

K —m
tmEx) =Dm{x) +2 Y 11 cos kx =
k=m+l

n —
F - - = = ” D k = V )
m

i.e., the kernel of the general sums of de la Vallée Poussin; here
2
L Isin{n+ 1)

Fn(x) = [2+1

=1+2Y 1- coskx > 0
- k=1 n+ 1
sin

denotes the periodic Fejér kernel.
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14 G.BLEIMANN, E. L. STARK AND G. WILMES

For the distinguished case n — 2m mentioned above it follows

1, IvIi”™ m,
2 C€0S mX —CO0S 2mx ,
m 2 K.2m(v) m lvIi? n,
0. IlvIA n,
which finally reduces for m 51 1 to
1, ®1" 1,

. 2
0i () = ;sr(cosx—cos 2n), ®Jv)= 2 —10I, 14 4»1S52,
0, |® ~ 2

(cf. [1, p. 151]) thus to the particular situation of a kernel of Fejér-type (cf. e.g.
[4, p. 202]) for which

~c,2m-1(N) —"1,2 m

For the special de la Vallée Poussin kernel, a particular case of (16), the conver-
gence factors are then given by

L 1A KA m,
(17) 2. X makno2m,
m
0, K > 2m.

Recalling that for this kernel one has precisely (see [7, p. 406])

2m-1 1L 3 T («€N),
i.e., independent of w, this gives one a measure for the quality of the general estimate
(14)!

(The choice m = 1 corresponds to a —R = 2, which means a = 3, £ = 1in
the minimal integer case such that (1) has the representation

sin X
p3x) — (1 4 2cosx)

T

this gives the connection with the construction employed in [3].)

(B) —(D) The analysis of these examples runs along the same lines; all of them
establish families of approximation processes which exhibit the structure ofthe general
de la Vallée Poussin sums. Two peculiarities should be noted: the connecting graph of
&', n(f) for m~ v I~ n becomes smoother, i.e., 0~h,,£ C'(R), in comparison with
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A CONSTRUCTION OF PROCESSES OF BEST APPROXIMATION 15

example (A); concerning (C), this is even so for a kernel which is not strictly nonnega-
tive; cf. [3]. A disadvantage appears in case (B) and (D), respectively, since @, ,(k),
m < k = n, decomposes into two (symmetric) parts; in order to avoid complications
in the midpoint (» + m)/2 it is practically postulated that (n + m)/2 € N; this in turn
means e.g. for n = 2m that the polynomial degree is raised.

5. Final remarks. (i) There are more general criteria which might be used in
order to build up periodic singular integrals achieving the order of the best trigono-
metric approximation; see for instance [5, p. 559], [14, p. 26], [10, p. 482], [15,p.
50 f], in particular [11] where a rather similar approach is implicitly used, however,
as an auxiliary tool for quite different purposes. The intention of this note is to for-
mulate handsome conditions for a straightforward construction of classes of explicit
examples, as well as to supplement the direct 2-periodic approach parallel to Theorem
2 as was given in [3].

(if) Of course, results analogous to Theorem 2 hold for the approximation by
entire functions of exponential type on the real axis if (8) is replaced by

i
T @313 0: = =[x = 1) 0,400

where now arbitrary positive real numbers m, n satisfying m < n may be chosen.
(iii) Finally it is remarked that analogous results can be obtained in the N-dimen-
sional case if (1) is replaced by “

(18) PO): = (@) ﬂf(: I'NZ'ﬁ— (> 0;0€ RY)

where Jyy, denotes the Bessel function of order N/2, RY being the Eucledian N-space.
Of course, (18) reduces to (1) for N = 1. Choosing e. g.

NIL(N2) Jys 2
0% = S G oy

which is a radial square integrable function of (radial) exponential type f/2 satisfying
(3, i, iv, v), it follows that ¢(v) = (sin (8v/2))/(Bv/2), N = 1. Thus a multidimensional
(radial) counterpart of the de la Vallée Pousin sums (cf. Example (A)) is given by
(Z =7 x ... % Z)

(B>0;NeEN;vERY)

B0 f0:= o™ [ ... § fov— weg e du,

—7

l): = 3 BF L + Zkm),
k€ZN

| x|
Ni2 Ins2 ((n + m) ——

; JN/Z{(” —m) |i2|J

ok t =
m n(x) | x IN

NT'(N/2) (2n n+ mJ

2 n—m
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16 G. BLEIMANN, E. L. STARK AND G. WILMES

Moreover, if CSY) denotes the space of continuous functions on RY that are 27-
periodic in each variable, then an estimation of the 1-norm of &}  — analogous
to that given in [11] — leads to

W ](N~1)/2

n—m

[l I3, llicgm = const (N=2).
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Dedicated to Professor Georges Alexits on the occasion of his eightieth birthday
on 5 January 1979 in high esteem

1. Introduction

As early as 1941 did G. Alexits consider the following result. Let us cite it in
his own wordsl in his review of [1]:

Bezeichne og{x) das n-te (C, S)-Mittel der Fourierreine der 2n periodischen
stetigen Funktion f(x), bezeichne ferner (06~ (x) das entsprechende Mittel der konju-
gierten Reihe. Man setze pa= Max |/(x) —af{x) | und (pd~= Max |fix) —
—if) (X) |. S. Bernstein [Mém. Acad. Belg., (2)4 (1912), 1—104] hat bewiesen,
dal der Annaherungsgrad p\ = 0{¥nad mit 0 < a < 1 notwendig und hinreichend ist,
damit/(x) einer Lipschitzbedingung a-ter Ordnung genlige, fiir a = 1gilt dagegen nur
pl = Oflog n/n), und es wirde nicht einmal aus p1= 0(1/n) folgen, dal f einer Lip-
schitzbedingung erster Ordnung genuigt. Verf. beschéftigt sich mit diesem Sprung im
Bernsteinschen Satz und beweistfolgendes: Genligt/(x) einer Lipschitzbedingung erster
Ordnung, so gilt (p3" = 0(\/n) fur alle $> 0. Gilt umgekehrt (pd~ = 0(1/«) fur
ein 02 1, jo genligt/(x) einer Lipschitzbedingung erster Ordnung.

By standard methods (e.g. Privalov’s theorem) this result can be rewritten in
the form (0 S: )
X£rlnl\é}lxlt] lerf(x) -/(x) | = 0(1/«) o fix) 6Lip(l;C2),
where
Lip(1; C2: = {/6 Cm;x(rlnﬁxlt] [/(x + h)-/(x)]=0(i), h->0+}.

This is the difficult part of the saturation theorem for the (C, (5)-means, namely
the characterization of the saturation class. The existence of the saturation pheno-
menon, namely the result that | <*(x) —/(X) | = o(1/m) implies fix) = const, was
communicated in case $= 1by Zygmunad in a letter to Einar Hirte already in July
1940 but only published in 1948; see Hir1e [15; p. 352]. On the other hand, zygmund
himself published the result for any 6 > 0 in 1945 [26].

1Zbl. Math. 8 (1947), 261. See also Alexits’ recent paper [3].
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20 P. L. BUTZER, R. L. STENS AND M. WEHRENS

In this sense Alexits was the first ever to prove a saturation theorem for a parti-
cular summation method of the Fourier series of/ £ Ca, On the other hand, the
concept of saturation as such was introduced by Jean Favard in a lecture in 1947,
he first recognized its great importance as a basic problem of analysis. This was
followed by the dissertation of his doctoral student M arc Zamansky [24] of 1949
(which was preceded by four Comptes Rendus notes on the subject), the first major
and comprehensive treatment concerned with saturation.

The chief aim of this paper is to study the saturation behaviour of the (C, S)-
means of the Fourier —Legendre series of /£ X, defined by

=(\AM+ AMJNK) (2k + V)Pk(x)
(*€[-1,1];n€P = {0,1,2,...})
for 5 > 0. Here Pk(x) is the Legendre polynomial of degree k,

f(k) =y Jflu) Pk0) du {ki P)
-
the k-th Fourier—Legendre coefficient (or Legendre transform) off* X ,A = ﬁ ,

and X stands either for the space C[—L1,1] = C or Lp(—L1) =Lp, 1rgp < co,
endowed with the norms

/e = sup (x) I, \\f\\p: = U 1 \flu)\pdu]llP,
TS =g ) Ve

respectively. Another definition needed is the class
Lip(a;A): = {/€ Z; |[I(*+ A - /(°) lIx[-i,i-A = 0{If), h ->0+}

where || « WX[ab] denotes the Z-norm with respect to the interval [a, b].
In the case X = C[—1, 1] the counterpart of the Alexits result to be established
states that &> 1/2)

(1-1) W<f~f\\c =0(l1/«)oyir/»€ELip(l;C),

where/ now denotes the conjugate function in the Legendre frame (see Sec. 3.1
for definition), and that of Zygmund —Hille that

Il °nf- f\\c = o(l/n) =>/= const.

The factor 1 —x2 occuring on the right side of (1.1) is the typical endpoint
weight for approximation by algebraic polynomials on the interval [—L1,1] (adf is
indeed such a polynomial of degree ri). This factor takes into account the difficulties
at the endpoints in the algebraic instance; these are not present in 27r-periodic
approximation.
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SATURATION CLASSES OF THE CESARO AND ABEL-POISSON MEANS 21

The saturation question for the Ceséro means will not only be studied in
C[—L1]-space but also in Lp(—L,1), 1" p < 0o (see Theorem 3 of Sec. 4). The satura-
tion class is the set V[X; K] (see (3.7)) defined by a relation between Legendre (-Stielt-
jes) transforms of two functions. Basic will be its characterization in terms of Lip-
schitz conditions upon the conjugate function (Theorem 1). The latter function is treated
in Sec. 3.1, Legendre—Stieltjes transforms in Sec. 2.

The paper concludes with a short discussion on non-optimal approximation of
the Cesdro-means, dealt with in Sec. 5.

The problems treated for these means are also discussed for the Abel —Poisson
means of the Fourier—Legendre series, their saturation classes being identical.

Let us finally mention that this paper may be regarded as a continuation of
[21; 10].

The contribution by M. Wehrens was supported by DFG grant No. Bu 166/27
which is gratefully acknowledged.

2. The Legendre—Stieltjes transform

Let BY[—L, 1] be the space of all complex valued functions u, defined on

[—L, 1], continuous from the left on [—L, 1), normalized by /i(—1) = 0, and endo-
wed with the norm |

P llbv: = (1/2) 11 dtiu) I=Y [Vary]lx.
1

The Legendre—Stieltjes transform and the (Fourier-) Legendre —Stieltjes series of
li £ BV[—L, 1] are defined by |

@.1) Jivk): = (U2) J Pk(m)dn(u) (KEP),
-1

Ne ) (%)~ X MK}k + \PKEX)

respectively, the integral being understood in the Riemann—Stieltjes sense. The
Legendre convolution of/ £X, g £L\—1, 1) is defined by

2.2) (/*9)(x): =y j' (ri) x)g(u)du (x£[-1, 1]),
—
and of/£ X, UE£BV[—L,1] by

23) (/> djii)(x): =~ j (zd) (dix)  (r([-1.11),
)

the latter integral here being a Lebesgue—Stieltjes integral. Here xh denotes the
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22 P.L.BUTZER, R. L. STENS AND M. WEHRENS

operator of translation in the Legendre frame, defined by
|

(2.4) (W) x):= jfxh+yJ1l-x2) 1- &) f  (mAE[—D» 1))
having e.g. the properties that || ta = LA€ [-1, 1,and lim | &d-/H x =
= 0,/£ X (see also [21]). h~ 1~

Elementary calculations show that />)K# and fXdp exist (a. e.),2 belong to X,
and satisfy the inequalities

(2.5) LTI TH T T iy, T 00 TIALLILY 1 n Hay
together with the convolution properties
(2.6) If*g]'(k) =f(k)g(k), [fXdp]l‘k =f (K)pv(K) (KEP).

Consider the convolution integrals
U D)): =X () (€A, PEA; jfEt-1 ID,
1
where {*,},<Ais a kernel, i.e., Xp£ L \ - 1,1) with (1/2) IJ Xp(u)du = 1, pi A p being

a parameter ranging over some set A which is either an interval (a, b) with 0 * a <

< AIiS+ o0, or the set P. The family of integrals {Ip}pfA forms an approximation
process on X if

2.7) lim ||/p/-/]|* =0 (AN,

p-~ Po
pO0 denoting one of the points a, b or + co .

Proposition 1. Let {yp}pEA Ae a kernel such that the associated integrals {/p}€A
ybrm an approximationprocess on C [—1, 1]. Ifp £ BV[—, 1], thenfor alls EC[—1, 1]

| |
lim 3500 0 * 0] () dx = T ih(x),
-

p-*p. —l
re, X * dp converges in the weak* topology of BV[—, 1] to p.

Proof. By Fubini’s theorem one has

1 11 1
J o sx)(/pXKdp) (x)dx = J |y j (ru/p (x)s(x) dx*dp{u) = j" (s XKX)(u)dp(u)
-1 -1 -1 (p€ A).

This yields part a) since s # ~ tends uniformly to s by (2.7). Q.E.D.

2%“(a. e.)” means that an assertion holds for all x £ [—1, 1] ifX = C[—1, 1], and for almost
all *€ [-1, 1] if X = Lp—1, 1), 1 < oo.
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As an example, consider the Abel—Poisson means of the Fourier—Legendre
series of f £X defined by

®
(2.8) f(r; x): =k£=0rkf K@k + YPk(x) = (/ * pn(x) (r€[0 1), *€[-1, 1]),

where {/?/T€[oji> % the Abel —Poisson kernel given by (cf. [20, p. 170])

Pr(x): = A + DPR(x) = (| _ ~ "~ -232 (r€]o, 1); xd[-1, 1]).
Herepr(x) ~ O forall rd [0, 1), x( [—L, 1], and lim pf(1) = 1, so that one has
by [10, Prop. 2] that r->1-

(2.9 rUm\\f(n o)-/(*)1r= (fdX).

For the Abel—Poisson means of /i £ BV[—, 1], namely
dp(r'x): = X rkpw(k) (2k + DP*(x) = (pr* dp)(x) ~ (r€ [0, 1); x& [-1, 1),

one has by Prop. 1 that they are weak* convergent to p d BV[—L, 1]. Indeed

Corottary 1 For each p d BV[—, 1] there holds

I I
lim J sx)dp(r;x)dx = j s(x)dp(x) (sdC[—L 1]).
\ r- 1-—- 1 —1
This leads to the uniqueness theorem for the Legendre —Stieltjes transform.

Corottary 2. |fpdBV[—L,1] such that pu (k) = 0 forall k dP, then p(x) = 0.

3. General theorems characterizing two particular function classes

3.1 The conjugate function. The concept of conjugacy in the frame of ultra-
spherical expansions was introduced by Muckenhoupt-S tein [19]. Let us recall
briefly the definitions and results in the Legendre case.

The conjugate series to (2.8) off d X is given by

(3.1) f (r;X): = 12 )i

X, () (2 + D) ()

(re [0, 1); X d[-1,1]),

p(s, N)(X) being the Jacobi polynomial. In view of the identity (see [22, (4.7.14)])
= 2k + D)P*(x) (k dN = naturals; x ( [-1, 1))
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24 P. L. BUTZER, R. L. STENS AND M. WEHRENS
and the Legendre differential equation (see [20, p. 176])
é)? [ - = - k(k + 1)Pk(x) (keP; x €[-1 1)),

the series (3.1) may be rewritten as

< 35—
(3.2 /(s X) = £ [*+ )/(k+ 1)1J 1- x2P£(*)
=l
(3.3) J\ - x2f~(r; x) = - f EI Crkf(k)'k(2k + \)Pk(u) #m
—+ 1*=i

(r€ [0,1); t([-1,11).

It is known that for/£ X the pointwise limit off (r; x) for r -m1—exists a.e. on
[—L,1] and defines the conjugate function of/, namely

(34 f'(x):= r“*T f~(r;x).
IffELp(—1,1), 1<p < o0, one has furthermore
(35 Hrln w'(r;e)—"(*) lip= 0.

For more detailed information concerning the conjugate function, in particular for
the generalized Cauchy —Riemann equation which are fundamental for this theory,
the reader is referred to [19].

3.2 Two function classes. Two function classes will be needed. If {dh(k)}keP is
a sequence of complex numbers, they are

(3.6) WEX; d(K)]: = {a X; W) f(k) =g*{k), gdX)
{FEL\-1 1); p(K)F(K) = a\K), pEDB\[-1, 1}
@7 VX d(K]: =] L1;,. = ff'(k), s -1, Kp<co)

{/€ C[—L 1], d(k)F(K)=a-(x), gdL»(- 1L,1)},

£”(—L, 1) denoting the set of all essentially bounded functions on [—1,1] with
norm H/IL = ess sup*€[_ =] |/(x) |

Note that the classes V[LP; (k)] coincide with W[LP; b{K)] for the reflexive
spaces Lp{—1, 1), 1< p < oo. In the cases X being equal to C[—1, 1] or L \—1, 1),
one only has WX, d(K)] d V[X; d(K)].

There is a further, deeper connection between the V- and >K-classes. If the classes
WIX; d(k)] and V[X; d(k)] are endowed with the norms

(3.8) WEWwIX- g(K)] = WEWw’ = 1/11x + 0# lx>
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[/ + 1HIlbv, X =LH-1 1)
(39) imiFir;«*), = II/IIF: = 11/11, + 1blI1,, X=L*(-1, 1), 1<P< 00,
WY lie + 11y, X=C[-1 1],

where p and g are the functions occurring in the definition of the corresponding classes,
then they become normalized Banach subspaces of X (i.e. \\f\\xd\\ f\\w a"
A WLX; d(k)], WA\\x ~ T11/Hkall/6 V[X; *(*)]).

If % is a Banach space and ¥ a normalized Banach subspace of % then the
completion of«w relative to &, denoted by s is defined to be the set of those
for which there exists a sequence {/,},,Nc * and a constant M > 0 such that
Win Iy = M, alln£N, and lim ||/,, —\\% —O0. The spaced becomes a normalized

Banach subspace of IE under the norm

(310) /M4~ inf{sup [jyib: €/, 3¢~ lim \fn-f\\%= 0}.
«6 N

n “moo

Using this concept the following result can be established by modifying the proof of
the 27i-periodic counterpart in [8, pp. 373—376].

Proposition 2. The spaces V[X; q(K)] and W[X; d(k)]x with norms (3.9) and
(3.10) , respectively, are equal with equal norms.

In [21] it was shown that W[X; (k(k + 1)/2)r], i.e. d(K) = (k(k + 1)/2)r, N
can be described as the set of functions/ £ X for which the strong Legendre derivative
Df exists and belongs to X. Here the particular case (k) —k, kK £P, will be investi-
gated. Indeed, knowledge of the conjugate function will enable us to characterize
the particular classes V[X; k], W[X; k]\ the former will appear as saturation class
of specific singular integrals.

3.3 Characterization of the class V[X\ k]. We begin with an elementary lemma
which is a particular case of a general result in [4]. Since the proof of the latter is
rather complicated we include another one for the special Legendre case.

Lemma 1. The function £ defined via
[ k~\ AigN
(3.11) «'(*):-{(L C= 0
belongs to Lp(—L, 1) for allp £ [1, 2).

Proof. Consider the function ~(x): = 2[2(1 —x)]-1/2, xE [—], 1). It belongs
toLp(—1, 1), allp £ [1, 2) and its Legendre coefficients are given by (cf. [11, p. 276])

&(k) = 2/(2k + 1)  (AI£P).
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Furthermore, since k]EI (k(2k + 1)) 2(2k + 1) < oo, it follows by the Riesz—

Fischer theorem for the Legendre system that there exists a £26 L \—1, 1) with
coefficients

[ (k(2k + 1))-1 KEN
w) =
[ -1, k =0.

Setting £(x) = ii(x) + (x) proves the assertion. Q.E.D.
We now come to our first basic result.

Theorem 1. Letf £ X. Thefollowing assertions are equivalent:

() (@)/or X = L\—1, 1)

(b) for X =Lp(—L 1),1<p <co FEVIX; K],
(c) forX =CI[-I, 1]
(i) @for X = L\—1 1):/" exists in if-norm, i.e.,
i 11/'([e: o - ° =
(3.12) rl@ H/i(fe; »)-/(=) M= 0,
and there exists some g £ BV[—L, 1] such thatV 1—x2/ ’(X) = —/i(X)
a.e.,
(®/or A=Lp(—L 1), 1< p < oo: there exists some g £ELR—1, 1) iuclr
that
(3.13) VI - xf(x) = - _J1 Q<&  (XE [-1, 1)),

(¢) forX = C[—] 1]: there exists some g £ L™ —1, 1) such that (3.13) holds,

(iii) (@for X -L\—1,1):/ existsinlf-norm and —x2/'(x) £Lip (1; If),

ifyfor X = Z/(—1, 1), ley; < co: » 1 —x2/'(x) jj continuous on [—1, 1]
and belongs to Lip (1; IP),

(©for X = C[-14 1) VI - x2'(x) gLip(1; C).

The function g occurring in (ii)(b) and (ii)(c) is the same as that appearing in the
definition of the classes V[X; K]. The function g in (ii)(a) may differ from the corres-
ponding one in V\If; K] by a constant multiple of the b*-function (see (3.21) below).

Proof. Since the methods of proof for the different spaces are quite similar,
the case X = L\ —1, 1) is considered in detail, the other being sketched.

(i) =>(ii): Assuming/ £ V\If; k), i.e,
(3.14) kf(k) = g'fk) (ki P)
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for some /iEBV[—L, 1], one has by (3.3) that

(3.15) - x2f(r;x) = - j £ rkkf (k) (2k + 1)Pk(u]\du = — \ dg(r\ u) du
ir=I —

(*€[-1,1]).

Since /" (k) = £'(K) u\k) = [E* dp]"(K), K £N, by (3.11) and (3.14) it follows by the
uniqueness theorem for the Legendre transform (cf. [21]) thatf(x) = (£~ dp) (x) +
+/“0) a.e. SofE L p(—1,1) for all p £ [1, 2) by (2.5), and thereforef (r; x) and the

left-hand side of (3.15) converge in//-norm tof (x) and yj 1 —x2f (X), respectively.
In view of the weak* convergence of dp(r; x) to p(x) in BV[—L, 1] (Cor. 1), it is

gasy to show that the right-hand side of (3.15) tends to —J_X dg(u) = —p(x) in the

weak topology of L \—1, 1) for r -* 1— This implies that it also converges in L’-norm
to —p(x). Hence (i) = (ii) if X =L\ —1, 1).

IfX =Lp(—L 1), 1<p < 00, or X = C[—], 1], one has instead of (3.15) that
(3.16) V1-7*2/>:x)=- jorywdu  (r([-Uj)

for some g£Lp(—1,1) or geL°°(—L1,1). The result then follows since the /~-conver-
gence of g(r; x) to g implies the uniform convergence of the right-hand side of (3.16)

to — fg(u)duj

(i) = (i): In case X =L \—1, 1), (ii)(a) yields by integration by parts
I

(3.17) u\k)=\g () + 21 wf(u)PkUdu (KEP).

On the other hand, by (3.12),

(3.18) lim j JJI - u2f(r m)Pk(u)du =~ in - dif{u) Pkw)ydu (ke P) e
r —+ -+

Since the series in (3.3) is uniformly convergent with respect to ne [—1, 1] for each
fixed r £ [0, 1), one has

(319) 4- i\/l - u2f(r;u)P'k(u)du =

= ir 1()j2j+ |)y_gl'E] Pj(U)du Pk(x)dx = rkkf(k) (ke P)

by making use of the orthogonality of {Pk}kep m
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Combining (3.17)—(3.19) yields

(3.20) kf’'(k) = pfk) - (@/2)g(l) (ke P).
Setting now

12, x=1
(3.21) &(n): =

[0! -1 gX<lr

then <5*£BV[—L, 1] and [d*]v(C)= 1 So (3.20) reduces to kf'(k)=[p —
~(112)p(H6*]v(k), ke P, i.e./e VALXK\.

If X =Lp(—1, 1) or X = C[—1, 1] the proofs are similar except for the fact
that the term corresponding to (1/2) yu(l) ip (3.17) vanishes since/ (1) = 0 by defini-

tion, and therefore g must be such that j g(u)du = 0.
_F

(i) <> (iii): In case X = LP(—1, 1), 1 » p < oo, these implication can be dedu-
ced from well-known results due to Hardy—Littlewood [14] (see also [23, p.372]
for X = L\—1, 1)). If X = C[—], 1] the proof in [23] may be easily modified.

Remark. Assertions (ii)(b), (iii)(b) may also be formulated in the form
(in() forX = LF(—1, 1), 1<p < o00: 1—xIf ~(x)isa.e. equal to a function
he C[—1, 1] having the representation

h(x) = - _{g(u)du (x6[-11],

where g e Lp(—\, 1) and #“(0) = Q.
(iii)(b) for X = Lp(—1, 1), 1 <p <co: "I\ —x2/~(x) is a.e. equal to a function
h e C[—L 1] which vanishes at x = + 1and belongs to Lip (1;LP.
For 2~ p < oo the hypothesis #(0) = 0 in (ii)(b)' or h(x 1) = 0 in (iii)(b)'
can be dropped. Indeed, / * “Lp(—L, 1) since feLP(—1, 1), and so k(x)1"/ 1 —x2e
eLp(—1 1. This implies thatnlirln h(x) = 2g'(0) = 0 and y %irir}+ h(x) = 0.

3.4 The class W[X; K]. The result corresponding to Theorem 1 for the classes
WIX; K] reads
Theorem 2. Letfe X. Thefollowing assertions are equivalent:
M @/or X =L\—11)
:fe W[X-kl1
(c)forX= C[—L 1] j

(i) @) for X = L(—1,1):f exists in Lxnorm and there exists someg e L x(—\, 1)
with g (0) = 0 such that

(3.22) yjl- x2/ (xX) » —j g(u)du a.e.
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(c)for X = C[—L, 1]: there exists some g Z C[—1, 1] such that (3.22) holds
for all x Z [—1,1].

Assertions of type (b) are omitted since W[LP;k] = V[LP;k]. The proof is
basically the same as that of Theorem 1 (see also [6; 4]).

It would also be possible to characterize W[X; k] by differentiability-properties
of yj1 —x2f ~(x) in a similar way as V[X; k] was characterized by Lipschitz condi-
tions in Theorem 1 (iii).

4. Saturation

4.1 General theory. An approximation process {Tp}piX on X is said to have the
saturation property if there exists a positive function ¢, defined on A and tending
to zero for p -* p0, such that everyf £ X for which

ITpf-f\\x = °(<Kp)) (P-Po)
is an invariant element of {Tp}, i.e., Tpf =/ for all pZ A, and if the set

SIX; Tpp = {fZX; || Tpf- f\\x = 0(ch(p)), p ->p0}

contains at least one non-invariant element. Then the process is said to be saturated
in X with order 0(cb(p)) and has saturation class S[A; Tp}

The following criterion will be useful in deciding whether the saturation property
holds for approximation processes defined via singular Legendre convolution integ-
rals {/p}peA.

Proposition 3. Let {xP}PgA be the kernel of {/p}pgA such that
4.1) IfelllUM  (pZ A),

(4.2) Binp 1 YRk~ = (k€p).

{h(K)}KEP being a sequence of complex numbers with ¢(0) = 0, (k) ¢ 0for K ZN,
and ¢ afunction on A as above.

a) The process {/p}pgA ‘s saturated in X with order O(f(pf), p ->p0 and the
invariant elements are the functionsf = const, (a.e.).

b) The saturation class is contained in V[X; (K)].

Firstly note that (4.1) and (4.2) imply {Ip} to form an approximation process
(see [10, Prop. 1]). The proof of part a) then follows from [10, Prop. 4], that of
part b) along standard lines (cf. [8, Theorem 12.1.4]).

To determine the saturation class completely, i.e. to show that also V[X; ¢(K)] d
d >§X Ip], more information upon the kernel is needed. In the following the matter
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is confined to two special cases, namely to the (C, <5)-means as well as the Abel—
Poisson means of the Fourier—Legendre series of/ £ X.

4.2 Saturation class of the (C, (5)-means. For $> 0 these (C, <5)-means off £X
are defined as

4.3) (aaf) (x): = WAS k£=0As,_l<f(k) Gk + L)%™ meP; *€[-1, 1D,
where At = f : > Setting

FI(): = (14D | Ask{ + DPKK)  (MEP; x€[-1, 1))

the od may be rewritten as convolution integrals
Kf)x = (/* Fi)(x) NEP; X6[-1 1D+

The (C, I)-means are nothing but the Fejér means a,,f treated in [10, Sec. 5]. For
any 3 > 1/2 one has

WFIWAE* (n€P)
for some constant F6~ 1 (see [18]), and lim A*_kIA*= 1, kK £P. This implies
n “moo

by [10, Prop. 1] that {ag} forms an approximation process on X for each $> 1/2.

It was shown in [10, Sec. 5] that {ag} is saturated in X with order 0(n~1) for
3 = 1. It will now be shown that this result extends to any > 1/2. This time the
saturation class is also determined.

Theorem 3. The (C, 3)-means, 3 > 1/2, are saturated in X with order 0(n :);
the saturation class is V[X; K].

Proof. Since
(4.9 lim «(1 - [FS]») = lim «(1 - (A KAS$) = 5k (KEP)
(see [7, Section 8]), i.e., (M) = n \ U/(k) = 5Kk in (4.2), the saturation order O(\/ri)
and that SfA'; os]d V(X; k] follow from Prop. 3, noting that V[X;5k] = V[X;K].

Conversely, let/6 V[X; k]. If X =L \-1 Dandy€BV [-1,1] issuch that kf\k) =
= BJK), fc(P, then the following identities are easily verified:

nf=amdf + (¢ + |+ 5 \(Tgdn),

(45) <X\ = ST g W),
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where {oddp) (x) : — (F641dp) (X). This yields

<1 Nailif- ok#f\\i + Fb-1WI ||bv =
k—

I\I\V

v ok, - )
En(ke){k +2+6 1 E‘;jdn i + Fsn 1UL||BVg

& Mn-1WL [|BY (n€N).

This is the desired assertion for X = L\—1 1). For X = Lp(—1, 1), 1<p <
or X = C[—, 1] the same proof works with obvious modifications. Q.E.D.

It is interesting to note that essentially the same method of proof, particularly
the identity (4.5) was already used by Arexits [1] in 1941. For further generaliza-
tions and applications of this method see [12; 25; 2; 9; 6; 3].

4.3 Saturation class for the Abel-Poisson means. Concerning the Abel—
Poisson means f(r; x) — (/" pn(x), /£ X, r£ [0, 1), x 6 [—1, 1], defined in (2.8),
condition (4.1) is satisfied with M = 1, since pr(x) * 0, [0, D).

As pr(k) = rk, K £P, condition (4.2) holds with ¢y(r) = 1 —r and p(k) = k.

So these means are saturated in X with order 0(1 —r), r -* 1— and S[X;f(r; x)] d
C VIX; K].
0 Nowllet/€ VILL; k], i.e., kf\k) = p\k), k 6P, 4y £BV][- 1,1]. Then for r€P,
< re |
I

[A+)-/(+ )Ne = (- Df\k) = j i*-Ne)dt =
= ) W{t-, m]v&t~4t = [ ] dp(t; *) trdtYik)

the interchange of the order of integration being valid since || dg(t;e) llid I llbv>
0g t<1 So, for/6 V[LPK],

1
W(r;-) —'(*) =1 rl dp(t; ) t=dt |li < M\ —r) MI||IBY (r € [U2 1)) .
Since the corresponding result holds for the other spaces one has

Theorem 4. The convolution integralf(r;x) of Abel—Poisson is saturated in X
with order 0(1 —r), r -* 1—; its saturation class is V[X, K].

Note that this result could also be deduced using semigroup methods. Such
methods for L \—1, 1) also give characterizations of V[X; k] in terms of classical
derivatives of/, see [16, p. 611].

Applying the characterizations of the class V[X; k] given in Sec. 3, the above
results can be formulated as
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Corollary 3. Thefollowing assertions are equivalentfor f d X:

O ll/- €9\\x = OlIn.-) (n-=>o00; S > 1/2),
@ 117 (e)-/(>;+)lb-= o(i -r)  (r=>1-),

(iii) (@) For X = L \—1, 1):/ ’ exists in Lf-norm and -JI —xZ&~(x) d Lip (1; if),

(b) for X =LP(—1 1),1<p < o0: y/l—x2'(x) dC[—] 1] and
VI - xfffx) dLip(l;Lp,
(c) forX= C[-I, 1]: y/1—x2'(x) dLip (1; C).

It should be mentioned that H. Bavinck [4; 5] also determined the saturation
class for the (C, 9 as well as Abel—Poisson means off d X. However, he expressed
this class just by V[X; K].

Kattaev [17], on the other hand, gave characterizations directly in terms of

Lipschitz classes in the particular case X = C[—1, 1] (and not in terms of V[X; &]).
Let us show that his result coincides with ours. He considered the function

1/2

G(x): li(u) du,

and showed that S[C; og] = {fdC[—L, 1]; GdLip(1; C)} by using the identity
ddx G(x) (k) = -n(k + 1/2)/ (k) (kd P).
Now our Theorem 1) (ii) (b) gives

ddx‘ vi- x2/(x) (K =kfk)  (kd P)-

X

This implies that G(X) = —a{"l —x& (x) + (1/2) j f(u) du} +c. Since
2 1:‘f(u) du + cd Lip (1; C), the Lipschitz conditions fo?lG and v/ 1 —x2f~(x)
are equivalent.

5. Non-optimal approximation

Here the results of [10] on the non-optimal approximation of the (C, <5)-means
of the Fourier—Legendre series are extended from 6 = 1 to arbitrary $> 1/2.

if the space W[X;k] is endowed with the seminorm \f\WpK]= I/ 1 : =
: = Wg\\x> where kf\x) = g (k), kd P, one deduces as in the estimate (4.6) the
Jackson-type inequality

(5.1) Wi~ 0JW xGM n-~frv  (FAW[X-k\-, nd N).
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By a standard procedure this leads to
(5:2) IIf = oif llx = MK, f; X, WIX; k) (fE€X;n€N),
the K-functional being defined by

Kt f;X,Y)= K(t.f): =gi?£{llf— glix+tlglyy (@>0),

Y being a subspace of X with seminorm | - |y.

On the other hand, p, € W[X; k] for all p, € $,(= set of all algebraic polynomials
of degree < n), and it is known (see [13]) that there holds the Bernstein-type ine-
quality

(5.3) | Pnlwix:a = Mnllpally (€EP),
the constant M being independent of # and p,. This will lead to

PROPOSITION 4. For any f€X, 0 < a <1 and 6 > 1/2 one has

(5.4) | f=oufllx=0@™) (n— )
if and only if
(5.5) K@, f; X, W[X; k]) = O(tH) (t - 0+).

Proor. The implication (5.5) = (5.4) follows from (5.2). The converse for
0 < a < 1 follows along standard lines (see e.g. [8, p. 110]). Indeed, setting U, = a2f,
U, = 63 f — 6%—1f for n = 3,4, ... one has for any m > 2
m

(5.6) Up = oinf, |l Ugllxy £ M27%%.
k=2

Since the K-functional is subadditive and Uy, € §,¢, there holds

G L
X

=2 U

k=2

‘ m

K6/ S K[uf- 3 U, +K[t, 5 Ukjg S i
k=2 k=2 k=2 w

Sf= oinfllx+t Yy 209 < M{27*™ + 20—}
k=2

by (5.3), (5.4) and (5.6). For 0 < ¢t < 1/2 one can choose m = 2 such that 27" <
<t < 27™*1, This yields K(t,f) = O(t), completing the proof for 0 < a < 1. For
o = 1 it follows from Theorem 3 that (5.4) implies £ € V[X; k]. In view of Prop. 2
one can choose a sequence {f,},.x © WI[X; k] such that || f, — f|lx = o(1),n = oo,
and | f, | = M. This yields

K& = =fallx + t1fulw SN = Fallx + M,
giving (5.5) for n - . Q.E.D.
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This result shows in particular that the approximation behaviour of the ¢2-means
does not depend on 6 > 1/2. So one can use the counterpart for the (C, 1)-means
established in [10] to deduce that (i) <> (iii) of

THEOREM 5. The following assertions are equivalent for f€ X, 0 < o < 1:
DINf—orfllx=0m" (n—>00;d>1/2),

@) 1) = fr; Dy = O = r)) (r>1-),

(iii) f € Lipf (@/2; X), i.e., || (taf) — fllx = O(A = H*®) (h - 1-).

The fact that (ii) <> (iii) is left to the reader; for the Bernstein-type inequality
needed see [13].

It would be possible to characterize the approximation behaviour of the above
two means not only in terms of the ““global” Lipschitz condition (iii) but also in
terms of local Lipschitz classes for X = C[—1, 1]; this follows from the results of
[21]. Indeed, assertion (iii), and so (i) and (ii) of Theorem 5, are known to be equi-
valent to

(5.7 sup  (J1=X)FIfx+h)-f)]sM® (n>0).

x,x+h€[—1,1]
|h|=n

Note that (5.7) for a = 1 is not equivalent to \/ 1 — x*f(x) € Lip(1; C), so that,
apart from the fact that f must be replaced by f~, there is a “break” in the smoothness
condition between the non-optimal and optimal cases, i.e., when passing from
a<1toa = 1.Indeed, the function f(x) = 1 satisfies (5.7) fora = 1but /1 — x*- 1 ¢
¢ Lip(1; O).

As a matter of fact, the characterization of the assertions (i) and (ii) in terms
of Legendre — Lipschitz classes for the case « = 1 in Theorem 5 is an open question.
Its solution would probably lead to characterizing Legendre— Lipschitz classes
defined by fractional order Legendre differences; see the corresponding open prob-
lem for fractional order Legendre derivatives in [21, Sec. 7].
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1. Introduction

Let {W(t),/2:0} be a standard Wiener process and introduce the following
notations:

(1.1) af) = sup IW(t +s) — V(1) 1,
shar
(1.2) 7(0 = (T,aT) =  sup 3(t al),
Tar

(1.3) h(T) = , sup IW(t + aT) - W(t) 4
0 T—r

(14 B(T) = (2ar(log Tafl + log log T))-112,

AN [TaF]]

(1:5) loglog T’

(1.6) V(T) = 2aTlog Fl b T2 g IR

()] <KT) = (2aTlog Tajh-112

In [3] the following result was proved

Theorem A. Let aT (T  0) be a non-decreasing function of T for which

H0<%gT,
(i) aTT~r is non-increasing.
Then
(18) limsup B(T)(T) = 1 as.
r-o
I f we also have
... log Ta)
(i) '|!|-an loglog T o
then
(1.9) lim R(M)I(T)= 1 as.
r- o
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The above theorem remains true if /(I") is replaced by /,(T).
It is natural to ask (and it was asked in [3]) how can the normalizing factors
y*(T) and y*(T) be defined in order to get the relationship

(110 lim inf y*(T)I(T) = I_li_m infy*(Mf(T) =1 as.
r—oo 00

Deo [4] has shown that Ii_lr_linf B(T) I(T) differs from _Iljm sup B(T) I(T)whenever
00 —To

.. . log TaTl
. |
(1.i) |Fn_msup loglog T
and the same holds for IfT).

Concerning li(T) a partial answer to the above question was given by Book
and Shore [1], who proved that if

. log (Taj.) _
(L1 r“_moo log log T B
where 0 r ™ 00, then
r 1Rr
1.13 lim infB(T)h(T a.s.
13 e

The aim of this paper is to give even a more complete answer concerning the
variable I1(T). The main result of this paper is the following

Theorem 1 Let aT(T 2: 0) be a nondecreasing function of T for which (i) and
(i) hold true. Then

(1.14) 18-1 g lim inf y(T) I(T) ~ 46 as.
T~®
If (i) and (ii) and one of the relations
(iv) lim AT = oo
T-a0
and
(v) lim JITtr—o0

r-oo

hold then we also have

(1.15) liminfyMIM "~ 1 as

Moreover, in case when (i), (ii) and (v) hold then we have

(1.16) |i_l|’_!d1+glf y(T)I(T) as.
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If we have (i), (ii) and
LR log Ta;*
S TIEI:O logloglog T

2

then

(1.17) lim inf (7)) I(T) = 1 a.s.

T—+w®

REMARKS 1. The Kolmogorov zero-one law implies that there exists a constant
p such that

(1.18) lim inf y(T) I(T) = p a.s.
T+

where the constant p may depend on the function az. (1.14) states that 1871 < p < 46
for any increasing function a; satisfying conditions (i), (ii).

2. Since condition (iii) implies (vi), relation (1.17) also follows from Theorem A
in the particular case when the condition (vi) is replaced by the stronger condition
(iii). (Note that f(T) =~ y(T) = o(T) provided (iii) holds true.)

3. The so called ““other law of the iterated logarithm™ (see [2] and [5]) states
that

1/2

8loglog T
—

119 lim inf
(1.19) im inf sup =T

T+w s=<T

| W(s) | = 1 a.s.

This implies that the constant p of (1.18) is equal to one in case ay = 7. This result
does not follow from our Theorem 1.

4. The constants 18" and 46 in (1.14) are certainly not the best possible ones.
It is not hard to get somewhat better constants but we are not in the position to get
the exact value of p, except in the case when (vi) holds.

5. Our Theorem 1 implies that in the result (1.13) of Book and Shore 7,(7") may
be replaced by I(T') and it is not hard to see that ,(7) in (1.13) may also be replaced
either by sup (W(t + ay) — W(t)) or by  sup sup (W(t + s) — W()).

0=t<T—ar 0§:§7ﬁ"—_ar sSar 4
It would also be interesting to find the right normalizing factors for these quantities

in other cases too. We are able to treat only the variable

(1.20) ()= sup (W(t+ap)—W()

0sStsST—ar

in the case a;/T = « (x.is a constant). This is given in the next theorem where the
curious constant ¢, suggests that the constant p (see Remark 1) may depend on the
function a; indeed.

THEOREM 2. For any 0 < a = 1 we have

(1.21) lim inf I} (T) 2T log log T)™? = —¢,  a.s.
T+

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



40 E. CSAKI AND P. REVESZ

where

@r+ )a —1|12 and r

122 =

In order to see the meaning of this theorem we mention that Strassen’s theorem
[7] implies that

1.23 lim 1i(T) (27Tog log T)~12 = al2 a.s.
(1.23) IT_,:‘JgpI()( glogT) s

which can be obtained by considering the function

lset 12 if 0~ a

(1.24) [ al2 if a<s”™1

in Strassen’s class. The fact that (27" log log T)~12 is the right normalizing factor for
the lim inf follows also from Strassen’s theorem. In case a = 1 it is well known
that g = 1 and this can be obtained by considering the function

(1.25) xG) = -i, 0~7si1

in Strassen’s class. It is also immediate from (1.25) that cx must satisfy cxS; a.
Theorem 2 says, however, that equality holds (i.e. cx = a) if and only if I/a is an
integer, in other cases cx > a

2. Proof of Theorem 1

We accomplish the proof through several lemmas.
Lemma 1 For any T > e2 we have
(2.1) P{UT) < (18y(T))-I < (log T)-2.

Proof. We treat the cases when aT is small and large separately.
Case 1 Suppose that

52 [Tafl] 300

(2.2 lo@log T ~ log (4-1)

Then we have

P{I(T) S (18y(7))-n) = OA//(%);/J}JS(iaT, am it (ISyr)“n =
4 ( U Byd

= (P{8(0,ar) & (Myp))-1t)™ # (-exp |--g-(18y(T))2ar
N (47c-DIrd' Jexp (- 182loglog T) g (log T)~2.
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Here the following inequalities were applied:
4 n®
2.3 Py sup i T1REW() | < x} S —expi——=%
£ {ogxl_s)r KON E n p[ 8x2]

(2.9 log(l +x) <x for x =0,

Case 2. Suppose that
300

(25) AT - W .

Then we have
P{I(T) < (2¥(T))*} < (P{3(0, ap) < (2y(TM))*}7T =
= (2@((2,),(]-'))—1(1;1/2) = l)lTai’] <

1 2 [Ta7'] 1 [Ta7"]
=|1 - exp ——]og(l+—AT) s|l-—)F— =
2 16 i n? 4
A
i [Ta7']
aly - loglog T < (log T)"2.
n? : log 471 [Ta="]
32 300 E
Here the following inequalities were applied:
(2.6) 20(x) — 121 —e™ af nex =818,
1
2.7 A+ <1+ 7% ift S =>00

(2.8) 1L —xsS e ™.
LEMMA 2. Suppose that condition (iv) holds. Then for any ¢ > 0
2.9 P{IT) < ((1 + &) u(T))'} £ (log T)~2
if T is big enough.
ProoOF. We have
P{I(T) < ((1 + &) YD)} < (245(((1 + O WD) tar™?) — 1)""?’3

P [Ta7"]
<|1=exp (—(1 + 2 'log (1 + AT))) <
[Ta7]
" < Gog Ty

= 1—e
4 Y &

]

if T is big enough.
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Here the same inequalities were applied as in the proof of Case 2 of Lemma 1.
LEMMA 3. Suppose that condition (v) holds. Then for any ¢ >0 we have

(2.10) P{I(T) < ((1 + & 7))} < (log T)~+e/»

if T is big enough.

PrOOF. We have -

[Ta7']

P{(T) < ((1 + & 1))} < (% exp (— —%— (A + &) p(1))? a,-))

IIA

= (log T)—(1+alz)
if T'is big enough.

LEMMA 4. Let ay (T = 0) be a non-decreasing function of T for which (i) and (ii)
hold true. Then

(2.11) lim inf y(T) [(T) = 187 a.s.
T— o0

PrOOF. Apply Lemma 1 for the sequence 7} = 0¥ (k = 1,2,...,0 > 1). Then
by the Borel— Cantelli lemma we get

(2.12) lim inf y(T) [(T,) = 187.
k- o

Now choosing 0 close enough to 1, (2.11) follows from the facts that I(7) is
non-decreasing in 7" and
72 i
16 ar loglog T
7[2 Tk
16 ar, loglogT,

arlog |1 +

(2.13) o1

IIA
I\
S

ar, log (1 -+

forall'Ty s T < T 4

LEMMA 5. Let ay (T = 0) be a non-decreasing function of T for which (i), (ii)
and one of (iv) and (v) hold true. Then

(2.14) liminfy(T)I(T) = 1 a.s.
T+
PrROOF. The proof of this Lemma is the same as that of Lemma 4 with the diffe-
rence that we apply Lemmas 2 and 3 instead of Lemma 1.

LEMMA 6. For any T > € we have

(2.15) P{ max  &Giar,ar) < 15(y(T))""} = (log T)~'2.
0<is[Ta7']-1
@
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ProoF. Similarly to the proof of Lemma 1, we consider two cases.
Case 1. Suppose that

(2.16) Ar £0.03.
Then we have

P{ max 3(iar,ar) < 10(»(7))7"} = (P{8(0, ar) < 10(y(T))~"})\7er" =

0<i<[Tap']-1
8 ? [Ta7'] 8 \[Ta7'] 1
2 (g) exp [— W(?(T)yar) P-- [—37] €Xp | — 99 loglog 7| 2
v
1 3n 1
= exp |— (—9—§— + 0.03 log ?J loglog T'| = (log 7)—=.
Here the following inequalities were applied
_ _m g e
@17, P(swp T2 |W@)| <x)z2—|e * ——e¢ sz) oo ot W
0<1<T T 3n
(2.18) log(1 + x) = 0.9x if x=< -
: = 0. xX.= y
e = 1600
Case 2. Suppose that
(2.19) Ar > 0.03.

Then we have

P{ max (iar,ar) < 15(y(T)) '} = (P{8(0, ar) < 15(y(T)) " })7; 12

0<i<(Ta7'1-1
( 7"_2 [Ta7']
> 1—expl—152log(1+—16—Ar) >

1572
16

[Ta7']
= (1 — exp (— log ATJ) > (log T)~ 2.
Here the following inequalities were applied

DI gy = .,
2200 20(x)—121—- [——e 221—¢ % i e g (= (F
P

@.21) A+ x)%=15%2, 1—x>e® if 0<x<06.
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LeMMA 7. Let ar (T = 0) be a non-decreasing function of T for which (i) and
(ii) hold true. Then

(2.22) lim inf y(7) I(T) < 46 a.s.
T—~ o

PROOF. Put T} = €“'°¢* %, Then it follows from Lemma 6 that

(2.23)  lim inf (p(Tys1) max d(iar,,,,ar,,)) S 15 as.
k- Tk <i< Tk+l _y
Tk 41 T 1

= It is easily seen that (2.23) implies

(2.29) lim inf (y(Ty41) sup 3(t,ar,,)) =45 as.
k~o Tlsrsrlul"aTk,,;

We have the following inequality:

(2.25) I(Tyy) = Ap + sup a, ar,,,)
TkSt=Tky1 =0Ty,
where
OssugT 3t ar,,,) if ar,,, £ Ty(loglog T})?
t
(2.26) 4, = S TE,

sup | W(v) — W) | if ar,,, < Tx(log log T,)%

O<u<v=Tg

We show that

(2.27) lim sup y(Tp;) A4 = 1 a8,
k -+ o

Case 1. ar,,, < Ti(log log T})®.

Then Theorem A implies that

sup 1, ar,,,)
(2.28) lim sup RS iy <21 . gg,

gl Ty + KA
k Tt (log ktar,., + log log (T}, + aTk“)J]

Tk 41

An easy calculation shows that in this case we have the inequality

]—-1I2

14
(2.29) Y(Tk41) S [201“, S b

log + loglog (Ty + ar,,,)

AT,

for k large enough, hence (2.27) follows.
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Case 2. ar,,, > Ti(loglog Ty)’.
By the law of the iterated logarithm

sup | W(v) — W(u) |

; 1 O<u<v=Tk = 1 s.
(2-20) lr’:l*s;x P (2T log log T)'? o

But in this case
(2.31) ?(Tk4+1) £ (2T log log T2

for k large enough, proving (2.27) which together with (2.24) and (2.25) implies
(2.22):

LemMA 8. Let ar (T = 0) be a non-decreasing function of T for which (i) (ii) and

lim Ta;' = oo hold. Then we have
T—>®

(2.32) lim inf (7)) [(T) = 1 a.s.

T -+ ©

PROOF. On applying Lemma 1* in CSORGO— REVESZ [3] we have for any ¢ > 0

T a + e)? ot

2. P(6(T) (T < IR o adis BRI (B SF ot L aid
(2.33) (8(T) I( )<l+s)__CaTexp T T) —C(ar)
1e.

(2.34) lim P(O(T)IT) <1 +¢)=0.

T—wo
A simple calculation (see e.g. the proof of Lemma 2) gives also
(2.35) lim P(6(T)I(T) <1 —¢) =0
T+ ©

for any ¢ > 0. That is to say
(2.36) S(T)IT)—1 as T — oo in probability.

It follows that there exists a sequence 7; < T < ... such that lim 7, = oo and
k-

2.37) lim 6(T) [(T}) = 1 a.s.,
k- ®
proving Lemma 8.

Since in the case when (i), (ii) and (vi) hold, we have 6(T") ~ y(T), and hence also

(2.38) liminf ) IT) <1  as.

T—®

Now (1.14) follows from Lemmas 4 and 7, (1.15) follows from Lemma 5 and
'.17) follows from Lemmas 5 and 8. It remains to show (1.16).
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If lim 4y = 0, then

T-w
n? 16 log log T | '
(2.39) - o]
and
(2.40) I(T) = 28 suptc (|-

0=<t=T

(2.39), (2.40) and Chung’s result (1.19) together imply (1.16).
The proof of Theorem 1 is complete.

3. Proof of Theorem 2

It follows from Strassen’s result that there exists a constant d, such that

sup  (W(t + o«T) — W(1))

3. lim inf (29=97
o) gl QT log log T)'?

— d, a.s.

We show first that d, = c,, where c, is given in Theorem 2. Define the function x(s)
as follows: if 1/a = r (an integer), then let x(s) = —s. If 1/a = r + 7, where r is an
integer and 0 < 7 < 1, then split the interval [0, 1] into 2r + 1 parts with the points

Ug; = o, A= ORI s
(3.2)
Uy =@+ Da, =0 LA

Let x(s) be a continuous piecewise linear function starting from 0 (i.e. x(0) = 0)
and having slopes

1 (1 1), Jue
( AL+ )*] s A uy <8 < Uy

i s r+ller+il-%
3 X (S) =
L1 e +1) Y° 7,
s R

It is easily seen that x(s) so defined is in Strassen’s class, i.e. x(0) = 0, x(s)

3
is absolutely continuous for 0 < s < 1 and | x'*(s)ds = 1. Since
0

(3.4) x(s + a) — x(s) = —c,, 0=s=1l-u«a
we must have d, = c,.
Unfortunately we can not accomplish the proof of Theorem 2 by showing that

x(s) defined above is extremal within Strassen’s class. In order to show that d, < ¢,
we give a probabilistic proof.
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LEMMA 9. For a > 0 we have

Wit T) — W(t St
sup (+a)1/2 ()<—a £ QN
1SQ—a)T («T)

PROOF. It can be seen by scale change that (x7) "> sup (WAt + o«T) — W(t))
t<Q—a)T
and sup (W(t + 1) — W(t)) have the same distribution. Define the random variab-
111

les Xl, oi 85X 5 DY

(3.5) P

Xoj_1= W) — Wi -1), E=illers aail

(36) 2i-1
Xoy=Wi+1)—Wi—-1+ 1), t=ls s r
Xy, ..., X, are standard normal variables with covariances

3 { E(Xpi1Xy) =1-—1, E(Xyi Xsi41) = T,

EX; X)) =0 if |i—j|=2.
Moreover

P( sup (Wt +1) — W) < —a)SP(max X;< —a)=

rS 1 l1sis?r
=P(X1>a, X2>a,...,X2,>a).

If © = 0, then X,;_; = X,; and X, X3, .. ., X5, _; are independent, hence

(3.8) sa, . Xeso=(NE>a)yse *

by Bernstein’s inequality. In this case o/c? = r, thus (3.5) is proved.
If 0 < 7 < 1, then we apply the multivariate version of Bernstein’s inequality:

(3.9 P(X, > a,..., X, > a) S Ee®—a+ .+ alXu—a) _
2r 2r
el oy Zl Z pyzizy— alz; + ... + er)}
i=1 j=1

for all z; > 0, ..., z,, > 0 with correlations given by (3.7).
On choosing

a(r — i) g
zZHl:r_-i-l——r’ 1=00050 = 1
(3.10) "
= i 1) 25,
Z3i r+1—-r’ i 1, ) r

we get (3.5) proving Lemma 9.
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We remark that the exact distribution of sup (W(t + 1) — W(1)) is given in
t<T
Suepp [6], but his formula does not seem suitable to give an easier proof of Lemma 9.

LeMMA 10. Let T, = 0%, k = 1,2,...; 0 > 1. Then

sup (Wt + oT) — W(1))
(3.11) fim inf L2 0 —OT) T et | A

b (2T log log T;,)'> =

PROOF. Apply Lemma 9 with 7T = T,
(3.12) a = c,a (21 + &) loglog T},)"*
and then appeal to the Borel — Cantelli lemma.
LeMMA 11. Let T, = 0%, k = 1,2,...; 0 > 1. Then
inf sup (W(t + aT) — W(1))

{ : : TkST<Tk4t t=A—a)T S = 9—1 1/2 5.
(3.13) 11;11 glf (2T, log log T = —c,—(x(0-1)'"? as

ProoOF. We start from the identity
(3.14) W(t + aTy) — W(t) = (W(t + oT) — W(D) + (W(t + aT) — W(t + aT)).
Hence for T) < T < Ty, we have

sup (W(t + aTy) — W(1)) <

t=(1—a)Tk
< sup (W(t+al)— W(t))+ sup (W(t+aTy)— W(t+al)) <
ts(1l—a)T t=(1—a)Tk
< sup (W(r+ oT) — W(1) + sup sup | W(t +s)— W(@)]|.
t<Q—a)T t<Tk SSUTks1—Tk)
Therefore
inf sup  (W(t + oT) — W(1)) =

Tk=T<k4+1 t=A—)T

> sup (W(t+ aTy) — W(t)) — sup sup | W(t +s)— ().
t<sQ—a)Tk tSTk SSUTke1—Tk)
The statement of Lemma 11 follows from Lemma 10 and Theorem A.

The inequality d, < ¢, now follows from Lemma 11 since one can choose 0 — 1
arbitrarily small.

The proof of Theorem 2 is complete.

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



HOW BIG MUST BE THE INCREMENTS OF A WIENER PROCESS? 49

References

[11 S. A. Book and T. R. Shore, On large intervals in the Csérgé—Révész theorem on in-
crements of a Wiener process, submitted to Z. Wahrscheinlichkeitstheorie verw.
Gebiete.

[2] K. L. Chuno, On the maximum partial sums of sequences of independent random variables,
Trans. Amer. Math. Soc., 64 (1948), 205—233.

[3] M. Cssrgs and P. Reévész, H ow big are the increments of a Wiener process? Ann. Probability,
to appear.

[4] C. M. Deo, A note on increments of a Wiener process, Technical Report (Ottawa, 1977).

[5] N. C. Jain and W. E. Pruitt, The other law of the iterated logarithm, Ann. Probability, 4
(1975), 1046-1049.

[6] L. A. shepp, First passage time for a particular Gaussian process, Ann. Math. Statist., 42
(1971), 946-951.

[7] V. Strassen, An invariance principle for the law of the iterated logarithm, Z. Wahrschein-
lichkeitstheorie verw. Gebiete, 3 (1964), 311 —326.

(Received July 31, 1978)
mathematical institute

OF THE HUNGARIAN ACADEMY OF SCIENCES
1053 BUDAPEST, REALTANODA U. 13—15.

4 Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979






Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 33 (1-2), (1979),pp. 51-70.

SOME REMARKS ON DISCRETE BAIRE CLASSES
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A. CSASZAR, corresponding member of the Academy and M. LACZKOVICH
(Budapest)

To Professor G. Alexits on his 80th birthday

0. Introduction. In a recent paper [4], the authors have investigated a modified
Baire classification of real-valued functions, by replacing pointwise convergence by
other types of convergence, namely by those called “discrete” and “equal” conver-
gence (for the definitions, see 1.2). In particular, it turned out that, under suitable
hypotheses on the functional class from which the classification starts, the “equal
Baire functions” are the same as the ordinary Baire functions (obtained by point-
wise convergence), whereas the “discrete Baire functions” constitute, in general,
a proper subset of the class of ordinary Baire functions. Moreover, this subset was
characterized by means of a relatively simple condition (see [4], Theorem 7 and
Corollary 11).

The main purpose of the present paper is to sharpen the latter condition in order
to obtain a characterization not only of discrete Baire functions in general but also
of each particular discrete Baire class. This sharpening is based on some results on
Borel sets, classical in the case e.g. of metric spaces but not commonly known perhaps
in the general setting needed here. Hence section 1 will contain the terminology
used in the following, while sections 2 and 3 are devoted to the general theory of
Borel classification of sets and Baire classification of functions, respectively; the
tools needed later are presented sometimes in a slightly more general form than
usually found in the literature (and in a generality that exceeds in some cases the
exigencies of the present paper). After this preparation, section 4 contains the char-
acterization of discrete Baire classes.

In section 5, we formulate some consequences of the main result concerning
equal Baire classes, and we give another equivalent definition of equal convergence.
Finally, section 6 is a supplement to section 4 of [4] and deals with a further analysis
of those function classes which constitute the starting point of the Baire classifica-
tion.

1. Terminology and notation. Let X be a non-empty set. We understand by a
system of sets a non-empty set whose elements are subsets of X, by afunction a real-
valued function/: X -» R defined on X, by a function class a non-empty set whose
elements are functions.

1.1. Let oU be a system of sets. <Kis said to be a semi-lattice if
N, B£Kimplies A f) BE

4* Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979
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a lattice if
A, BEX implies A\J B, A [) BdallL,
a ring if
A BE implies A J B, A —B£8\I,
a a-system if
AtE3\l (i £N) implies \J Atd>X ,
a G-system if

Aj£)XX (F6N) implies f|| TrEX

a c-ring if it is a ring and a <r-system. It is well-known that each ring is a lattice and
each c-ring is a <5-system
X is said to be perfect if, for each A £K, there is a representation

where X — Bt £ Sit for each i £ N.

We denote by >Xc the system of sets composed of the complements (in X) of
the elements of XX, by S\iaand SVf the smallest a- and &-system, respectively, contain-
ing >, composed of the sets having the form

ﬁjAj and Oﬁ Aj where £X,

respectively. The smallest a-ring containing X (the existence of which is well-known)
s denoted by S(SH).

1.2. A sequence (/,,) of functions is said to converge to a function/ discretel
if, for each x £ X, there is an index nn(x) such thatf,,(x) =f(x) for n 5. nQ(x). (f,,) is
said to converge equally to/ if there exists a sequence (e,) with e, > 0, e, -* 0 such
that, for each there is no(x) satisfying |/, (ax) —f(x) \ ~ s, for n 2; no(x).
Let ®be a function class. We denote by dn, dp, &g dethe set of those functions
that are limits of uniformly convergent, pointwise convergent, discretely convergent,
and equally convergent sequences taken from ®. Obviously
o
q © dec dp.

@ is said to be complete if ® = du.

1.3. Let & be a function class. ®is said to be a lattice if it contains all constants
and

/,a£® implies max (/, g) £ ®, min (/,g) £ ®,
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a translation lattice if itis a lattice and
/6 & cE£R implies/ + c£ ®,
a congruence lattice if it is a translation lattice and
[ ( @ implies —+ £ P,

a weakly affine lattice if it is a congruence lattice and there is a set C cz (0, + 00)
such that C is not bounded and

/[ £® cE£C implies cff O,
an affine lattice if it is a congruence lattice and

/C & c6R implies cff @,
a subtractive lattice if it is a lattice and

f,g£ ® implies f —g £ P,
an ordinary class if it is a subtractive lattice and

f,gE® implies fgt®,
[£ & f(x) PO for xdX implies y £ ®.

We denote by @' the smallest complete ordinary class containing @ (i.e. the inter-
section of all complete ordinary classes containing ®).

1.4. Letf g be functions, c £ R. We denote
X(fSg) = {xiX:f(x)ug(x)},
X(f <g) = {x6X:Ax) <g{x)),
X(f>g) = {xdX:Ax)Zg(x)},
X(f>g) = {x6X:Ax) >g{x)),
X(f=#) = {*£ = #(*)} >
in particular we use the notation X (f g c) etc. in the case when g is a constant function.
Let & be a function class. We denote by @) the system of all sets of the form
X(fRc)and X(f 2: c) for/6 &, c£ R. Similarly C(®) denotes the system of all sets
X(f <c¢), X(f>c)for/€ @ ceR. Clearly 0(®) = $(d)e.
Now let oKbe a system of sets. We denote by ®(>K) the function class composed

of all functions/ such that X (f ~ c) daJliand X (f 2, ¢) £$l1for c£ R.
For afunction/ and a, b£ R, a < b, let us write

Ufa = min (* max (/, a)) .
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2. General Boréi sets. Let S’ be a perfect semi-lattice with X £8. We define the
Borel classes belonging to 8 as follows:

@ 80=S, Q0=%$c,
2 8a= (£u<a Qa = (£L<Ja8Q/ (0 < a < ©0.

The systems of sets 8aand Qx are called multiplicative and additive classes, belonging
to 8, respectively. We denote further

o, = ff.nox;
the systems <AXare the ambiguous classes belonging to 8.
Proposition 2.1. 8XU O« C Oﬂ)for 0" a<R<ol.

Proof. 80a 8Xand QOc: follow from the fact that 8 is perfect. 8Xa Qa+l,
Qxc ff,+1 (0 ~ a < w,) and 8Xa 8k, QxczQR (0 < a < B < ai) are obvious by (2).

Proposition 2.2. G. = 8Xfor 0  a < ox

Proof. Transfinite induction.

Proposition 2.3. 8Xis a 5-lattice, Qx is a a-latticefor 0 < a <

Proof. 8x is obviously a (5-system, Qx is a cr-system for 0 < a < at,. 81 and
are lattices since 8 is a semi-lattice. Then the same is obtained for ifiandQa(l < a <
< 0jj) by transfinite induction, taking 2.1 into account.

Proposition 2.4. JI xis aringfor 0 < a < av
Proof. 2.2 and 2.3.

Proposition 25. U ffck= U = °x(if).

a< a< ol
Proof. The first equality follows from 2.1. This system is a ring by 2.1, 2.3
and 2.2. It is a <r-system since ({ 8t£0m1 if Pt68Xand a = sup {a- i £N} < ax

Hence this system contains $(8) and the opposite inclusion is proved by transfinite
induction, using the assumption X £8.

Remark 2.6. The same construction furnishes, with a slight modification, the
system S(oHI) for an arbitrary system XX satisfying X £ Sll. In fact, by defining

ff = OK UX*)*,
it is easily seen that 8 is a perfect semi-lattice (moreover a d-system) and So>H) = SX8).
Based on Propositions 2.1 to 2.5, the proof of the following statements is the
same as in the classical theory, e.g. in [8].
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Proposition 2.7. ITQ £Qa 0 < a < cob then there exists a decomposition

Q- lIJAt> Easx,
such that At M Aj = 0 for i @j.
Proof. [8], 8§30, V, Theorem 1 (p. 347).

Proposition 28. If§, £EQX(0<a< a® /6/,/ = {1,...,n}or/ = N), then
there exist sets Qt imc/zthat c RB,/ori£/, gjfl0 = 0 /oTi ¢pj, and

W=l e,

Proof. [8], 830, VII, Theorem 1 (p. 350).

Proposition 2.9. If A £<%Y (0 < a < coj), then there exist sets A, £ adX such
that A = Lim Atandat ig a; ifa is a limit ordinal, then we can assume a, < a.

Proot. [8], 8§30, IX, Theorems land 2 (pp. 355 to 357).

Ifx= /4/ Q, then C');£<nx

3. Baire classes. We begin by a series of easy (and mostly well-known) facts.

Proposition 3.1. If @ is a congruence lattice, then <§®) coincides with the system
ofallsets X (f 1 0) (/£ @) and also with the system ofallsets X (f = 0) (/£ ®).

Proof. A4 /1 ¢)= X(J- c1 0),
X(fu ¢) = X(—+ +c10),
V(/=0) = V(max(f -/) ~ 0),
O/70) = V(min(/, 0) = 0).

Proposition 3.2. If @ is a congruence lattice, then §{®) is a perfect lattice and
0, X £¢Ld); if moreover @ is complete, then a?(d) is a b-lattice.

Proof. 0 =[] -110), X =401 0),
O/~ 0MNX(g1l0)=X@min(/,g)1l0),
O/710) UX(g10) = Vimax(fg) 1 0),

O/KO)= n X /> -

If P, —X(fn=20),/,, £ ®, then we can assume 0 /,, rg?2 for the functions
= max (A,.. ./,)
we have gn” g uniformly, thus g £ ®, and
r|1 = a<7 = ).
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Proposition 3.3. If§ is a O-lattice, 0, X d®, then d@?) is a complete ordinary
class.

Proof. [1], 5.6.4 (p. 169), or [6], 8§41, Il (p. 236).
Proposition 3.4. | f ®is a complete ordinary class and§ = §(®), then ® = d(8).
Proof. [1], 5.6.5.1 (p. 171), or [6], 841, VIII (p. 241).

Proposition 3.5. I @ is a congruence lattice, $ = §(®), then cAd") = f*, ¢ =
= ®(8).

Proof. 8s is a <Glattice since R is a lattice by 3.2, and 0, X dah Hence by 3.3
®(8g is a complete ordinary class and clearly ®c Therefore @’d &I,
8(®PW c 8d On the other hand, a?(®") is a ~-system by 3.2, it contains S, therefore
Uba ®PB. The equality §6 = ®&(®B implies ®' = d(§) by 3.4.

Proposition 3.6. If @ is a lattice, a translation lattice, a congruence lattice, a
weakly affine lattice, an affine lattice, a subtractive lattice, or an ordinary class, then
the same holdsfor dp, ®aand e

Proof. FOr ®pand ®a everything is obvious except the condition concerning
— in the case of an ordinary class. The latter is obtained by considering first an
/f > 0,/,, -»/, and putting g,, = max F 1 I so that gn > 0, gn-*f, then using the
representation L. } iff(pc) ® 0 ]fornx d X. The nontrivial part of the case of
&e is contained in [4], Proposition 3.

Proposition 3.7. | f @is a translation lattice, then dpis complete.

Proof. Let @ be a translation lattice. We establish first the following lemma:
IffnE dp,f n ~*funiformly and/i ~/a”~ f3” -.., then/g ®p.
In fact, we can assume

1) fnnrf+

i («E N)

and
fn = limgrk  (gnkd d)
K -»C0

If we replace grk by min (glk, . . ., g,,K), we can also assume
2 gik N 91k"9zk” mm (fcEN).
Set
- b t A Y
9n " max tbm Lom 5 am ")

Then clearly g,, d ® and we show gn -*f.
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For a fixed N consider n > N, x £X. Then, for n large enough,

9n(x) » 9nAx) ~ AW - Ar.

On the other hand, (2) implies

| fl 1
M Amax IQji 1 e+ Gn *G\h j~ 9an

, 1
MaX Gin A meeloN—n 4 9GNn lo

and by denoting the right-hand side by hn, we have, for n -9 co,
. 1 .
hn-»max I/i - 1..... /bl T - N ELL —/n
by (1). Hence, for
Gn(x) n K(x) </(x) +—

for sufficiently large n. Therefore g,, -*/ indeed and/ £ dyp. )
A similar argument shows that/, £ dp,/,,->m/ uniformly, fi ik/r U smmimply

/€ ap.

Let us now suppose/,, £ ®p,/,, ->/ uniformly. We can assume |/,, —f\ < re

Then
Gr=sup{/:i " n}
implies

Gi"Gi"G a" m> & —f\ = N

so that the lemma furnishes f £ d®p as soon as gn£ dp is established. Howevei, for
n being fixed, we have

hfc ~*Gn if tlk “ | t | .o %fn +k) >

and here

K £®P Kg h2ii ¢ G =hk =gn-—--
In order to prove the latter inequality, consider on the one hand that

1
= o4 ==k,

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



58 A. CSASZAR AND M. LACZKOVICH

and on the other hand that

1

- f N +

fme+I'I+K or T n K,
whence
onu max V,,, /ml, . . fn+k/ + !
n+ K
1
= wax \hk, f + = hk +

n+ K n+ kK

Thus the second version of the lemma furnishes gn£ dp, and the statement obtains.

Remark 3.8. If ®isa complete lattice, then dpneed not be complete.
For this purpose, consider first the functions

X + forx ~ 0,
kg = Tlx + forO0iSx rg 1,
X forx ~ 1.

t, is strictly increasing, continuous and //(x) » x for x£R, i £N.

Now let @ consist of those functions/: [0, 1] —R for which there isag £ C([0,1])
such that/(x) = g(x) ifxisirrational,/(x) N %(< (X)) ifx = rhwhere (r,) is a sequence
composed of all rational numbers in [0, 1].

We show that ®is a complete lattice. In fact, C([0, 1]) ¢ @ can be easily seen,
hence @ contains the constants in particular. Moreover, if /1,,. € ® and gb 92 €
6C(]0,1]) are two functions corresponding to them, then

max (J1(x)./a(x)) = max (gXx), 92x))

if x is irrational, and
max (1(x),/2Ax)) * /,(Ttax (n(x), #2AX)))

if x = A so that max (/i,/2 € ®. Similarly min (/,/>) 6 ® Finally iff,, -*f uniformly,
fn £&,9n£ C([0, 1]) corresponds to/,,, then gn”>gi C([0, 1]) uniformly and/(x) =
= ofx) if x is irrational, while /(r,) » is easily obtained by the continuity
of tj.

Consider now the functions

,,n V1 if x=1b ,
"X (o otherwise.
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h,, belongs to the first Baire class, hence h, = lim g,k grkd C([0, 1]). Therefore
the functions ft*xd
fnkix) = g_nk(x) ffx is irrational,

ti(ffnk(x)) ifx =,

belong to ® and )
= lim frkE

7 *®

where obviously

1 ifx=ru...r,,
S,.() =  1-—r ifx = rt,i >n,
0 if X is irrational.

Hence Is,,(X) —D(x) | < there

0 ifxisirrational,
DO = 1 ifx is rational
is the Dirichlet function.

Assume D d dp, i.e./,, -> D,f,, d ®. Then there exists gnd C([0, 1]) corresponding
to/,,, and gnx) ->0 if x is irrational. However, there must be an i such that
limg,,(r,) < 1since otherwise the functions min (gn 1) d C([0, 1]) would converge to
D which is impossible. Hence, by passing to a suitable subsequence, we can suppose
fin(rd mc < | so that 1= Ilim/,(r,) ® limtfgfrf) = tfc) < 1 This contradic-
tion shows D ( dp.

Proposition 3.9. Let ®be a weakly affine lattice, § = §(P). Then Ppis a complete

ordinary class and
$(p) = Scai, dp = NS
Proof./,, d®,/,, ->f implies
X(feo=N N ux fa>c- — d8ceS
i=l 7=1 n=j

Similarly X (fS ¢) d®cd and ®&®B c= §cS
In order to prove the opposite inclusion, consider first a set
®

Q= Y Q, Qii®c-

We show kQd @” for the characteristic function of Q. In fact, if Qt= X (f > 0),
f d &, then we can assumef ”~ 0and therefore gn-* kQfor

gn= min (1, ¢, max{f, .. .,/,,))

where ¢,, £ C, cn-* + 0o and C is the set of positive numbers figuring in the definition
of a weakly affine lattice.
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Hence CE §<I>p), i.e. 8a@aa ®@P. By 3.2 and 3.7 §(PP is a (5-lattice so that
85S¢z §(PP and = $(dP. By 3.4 the remaining part of the statement will be
proved if we show that ®pis a complete ordinary class.

For this purpose, let us denote by 0, the class composed of all bounded func-
tions contained in @". Clearly @, is a complete weakly affine lattice so that [2],
Theorem 1 furnishes

[ + #£d, fgE&i for /,#£0X

y £0i for /£0i, |/|*"<5>0.
If/,g £ @ then there exist/,, gn£ 0 suchthat/, ->w/, gn->g. Hence [/,,]/, £ ®
[9,,]-n 6 @I consequently
InT-n + [gnf-n € ®x, [fn]m « [gnT-ne &r,

therefore there exist pn, gn£ 0 satisfying
| + [ognT-n-Pn\<~, I[/,]',e[onT-n- gni<\ =

Then pn->w/ + g, gn-+fg and/ + g,fg £0P.
Similarly /rE dp, h > 0 implies the existence of £0 with hn—/r; then

M /,, € & hence

and there is s,, £ @ satisfying

1
[A] 2%«

whence 4h—, 4ﬁ£ ®p- Finally h £ ®/ /r(x) ¢p 0 forx £X impliesF: h. 0 £ dn,

and the weakly affine lattice dpis an ordinary class indeed.

Remark 3.10. Let X = [0, 1] and @ consist of those functions / for which
\f(x) - f(y) 14 \x - y 1 (x,y £[0, 1]).
o Is clearly a complete congruence lattice, moreover ®p = @. Now dp is not an
ordinary class since/(x) = x implies/ £ ®&p, 2/£ dp. Also (0, 1] = X (f> 0) £,?(0)¢
but (0, 1] £aP(dp) since the latter system is composed of closed sets only. Hence
&{®P ¢ §(P)cHin this case.
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3.11. Now we define the ordinary, discrete, and equal Baire classes.
Let & be a complete ordinary class. Put

* = O,
o= (U ®)p for 0<a<al,
f<«
then

o,
(U MY for 0<a<d,
f<a

©
-~
I

finally
= o,

o= (n de)r for 0< a< ool

Besides the classes @* we introduce another, slightly modified construction too:
®,= O,
d+i= P (0g a< (60),
®a= (U @n)lfor a limit ordinal a <

f<a
Proposition 3.12. If ®is a complete ordinary class, then
(@ ®*c D|, PE° G P>, G>ez OE°, PaZ dpfor 0N a < B < &;
(b) M }c: de: d*for 0 N a < coj;
(c) P*, &) are ordinary classesfor 0 < a < adl.

Proof. The first three inclusions in (a) are obvious, the fourth one, (b) and (c)
are obtained by an easy transfinite induction (cf. 3.6).

Proposition 3.13. The smallest class containing the complete ordinary class &
and closed with respect to pointwise, discrete, equal convergence is

_ * = o = )
o a <(\10j e, O a <Ua?! L, CD(B) al<J(OCDE

respectively.

Proof. Iffn->/,/,€ &, a, 1 a < o, then/ £ &*+1, and a similar argument
holds for the case of discrete or equal convergence.

Proposition 3.14. Let ® be a complete ordinary class, § = §(®). Then dais a
complete ordinary classfor 0  a < aob and = $(Pa), Pa= P0%).

Proof. By transfinite induction based on 3.6, 3.7, 3.2, 2.1, 2.2, 2.3, 3.9, 3.5,
3.4; cf. [1], 5.6.6.2, p. 171.
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Proposition 3.15. I ®is a complete ordinary class, then
(@ P — dx for0 " a < co,
(b) &+ = datl foroog a < aij.

Proof. By transfinite induction based on 3.14, 2.1, 3.9; cf. [4], (2.1).

4. Characterization of discrete Baire classes. Let ® be a complete ordinary class,
§ = f(®P), and consider the Borel classes §x, Qa, afabelonging to S’; they can be con-
structed since by 3.2 S’is a perfect "-lattice containing 0 and X.

Lemma 4.1. Iffdo~ (0 A a < cof, then there exist a cover X = \% At and

functions gtd @ such that A2Q-"if0 " a < oo, AtE£deti if ™ a < wl andf\At=
= JAifor idN.

Proof. The statement is obvious for a = 0. We shall proceed by transfinite
induction. Assume first 0 # a < @ and suppose that the statement is valid for a.
If nowfd ®£215then we have a sequence (/,,) converging discretely to/ and satisfy-
ing/,, £ @Eb for n £N. Hence by hypothesis

(1) X = I,(:Jl-"ﬂ/> [i 1 = onilMn0 "€ 0

and w£Qa. Define

)] Bn = kgnB O =A +H).
Then clearly f \Bn=fn\Bnand X = |DJO fi,,, consequent!y

©) X=U U (*»NJ,),/ 1BnMAni=gn\Bnl\An
n=1 1=1

and Bnd$x owing to the fact that X{fk = f k+1)d®x by 3.12(c), 3.12(b), 3.15(a), 3.14,
2.3 andS,, is a (5-systemalso for a = 0by 3.2. Therefore Bnf) Ani£Q,,+Lby 2.1 and 2.3.

For m ™ a < (kthe same reasoning can be repeated with the only exception
that now Ani £Qa+i by the induction hypothesis and 3.15(b) is valid instead of 3.15(a),
thus Bnd®a+i and Bn M Anl e<3Ga+2.

Letnow w ~ a < <! be a limit ordinal. Then/ d d¥8>implies that/is the discrete
limit of (/,,) with/,, d ®®, a,, < a and (1), (2), (3) are again valid with AnidQXtH C Qa
by the induction hypothesis and 2.1, further Bnd  sincefk —fk+1d ®$ C $RCl ¢,
for Bk = max (a*, ak+l) (cf. 3.12, 3.15) and by 3.14, 3.2, 2.3. Finally B,, f| AnidQa+l
by 21 and 2.3, according to the statement.

Lemma 4.2. If A dofx where either 0 » @< mor &< a =81+ 1< ad, then
the characteristic function kA of A belongs to the class ®" if €< and to ®{/ if
a—R+\ >0
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Remark. This is a sharper form of [4], Lemma 6.

Proof. We proceed by transfinite induction. The statement is true for a = o
by 3.4. Ifa = 1, then

A= \[]P,,, X-A = \I]P'n
where Pn P,,£80and by 3.2 we can assume

PnczPn+l, P,,c Pntl (/MEN).

By 3.1 there exist functions gn hn£ @ such that

Pn= X(gn=0), Ph= X(hn= 0),
and gn” 0, h,” 0. Define

fn=9n+ hn ®,

then /,, -> kA discretely so that KAE ®™M
Assume now €= + |, 0<B<coland suppose that the statement is valid
for all non-limit ordinals less than a. By 2.9 and 2.1

A = LimA,

where A £</Ip and, if § is a limit ordinal, then even AnfofApm+v B,, < R. By hypo-
thesis

kA, EPN if 0< B< oo,

Knao e if co<BB =y+ I<(oi,

Kn,Ed .. if €ubB< is a limit ordinal.

Since kAn -> kA discretely, we obtain

ka€E 1= dp if 1<a=R+1<co,

kA £ = dp) if co<B =y+ I<tx =B+ I<col,
KAE ©N) if (0-0B<a-RBR+\<wland B isa limit ordinal.
Lemma A3. If

X=\IA, f\AI=gi\A,  AEP  (iEN)

and either At£Qa 0 * d < wor At£&xH, @ a < w, thenf £ dk\
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Proof. If a = 0 then X(f> ¢)£Qo, X(f< ¢)£qo by 3.2, hence/¢ o by 34.
If a = 1then we can assume by 2.8 that J1,£ afr and At Aj= 0 for rdj.
Hence

= nlélPint PInf a’ Pin”™ Pi,nH
by 3.2. Similarly as in the proof of 4.2 we can construct functionsftn£ @ such that

fin(x) = | for x£Pin

ftnx) = 0 for if U Pjne
J~?

Define
fn = -I—E| 9ifin€ e

Thenfn-*fdiscretely because, for x £ X, there is an i such that x £ J1-and then there
is an nQx) S: i such that x £Pin for n 22 n@x) from which/,(x) = gt(x) = /(x) for
« 1 nQXx).

Assume now | <a =18 + | <00 Using 2.8 again we can suppose A, £ ask
and A/f) A, = 0 fori gj. By 29
@) A, = Lim Bin

where BIn£ oA Define

2 Cin= 4, - 'O Bj,
@) 2.8
and

3) fn = _[ll:dfcin o

Thenf n-*fdiscretely. In fact, if x £ X, then x £ At for some i and x £ Bin for u large
enough by (1); since x €Aj forj » i —1, we have also x ((Bhforj g i —1 and
sufficiently large n. Hence there is an nQ(x) such that x £ Cinfor n ® nQ(x) and x $ Ch
for the same n andj & i because the sets Clnare disjoint for n fixed so that /,,(x) =
= 9i(x) =/(x) (n ™ nOX)).

Now Cinfo by 24, we have kGnf &' by 4.2 from which/, £ &* by 3.6
and / £ &\

Assume finally 0 » a < oov Then the above reasoning is valid again with the
following modifications. The sets Atbelong to ofla+b hence Bin £ ofaor even Bin£ oA,
ain < aifaisa limit ordinal; consequently C,,, £ offnor Cin£ @n Bin < a respectively,
thus by 4.2 kOnE & }for m<a =B + 1< oob kAnE @2 for a limit ordinal a,
so that/,, £ ®” or/,, £ O\ y,, < arespectively, and in any case/ £ P*£\

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



SOME REMARKS ON DISCRETE BAIRE CLASSES 65

Theorem 4.4./ £ ®( ifand only if there are a cover X = (J At and functions

g,(i ®such thatf\Ai~ gt|Atand 1

@ for Oga<co,

() A'£0.a+l for (ogoL<wl.
Proof. 4.1, 4.3.

Remark 4.5. If > 0, then 4.4(1) and (2) can be replaced, on account of £ at+l =
= 91 by

@ A/E9B 1 for 0< a <co,
)] A £ for mg a< ax.

This can be found in the special case of ® = C(X) in a normal topological space and
a= lin [5], Lemma 3.

@
Corollary 4.6./ £ difandonly iff £ ®* and there exist a cover X = (3 At
andfunctions gt6 ® such thatf\At = gt\At. 1

Proof. The condition is necessary by 3.12 and 4.1. It is sufficient because/ £ ®*c
< Qatlimplies 5, = X{f =g,) £®atlc=Qa+aby 3.15, 3.6, 3.14, 2.1, hence X = (51( B,
by Atd Bjand/ 1 = gt|Btso that/ 6 by 4.3. (See (4], Theorem 7.)
Coroltary 4.7. Iff £ ®XR d() then
@) /6 @171 for 0 < a < co,
) [ 6®" Jor mgac<u.

Proof. We can introduce the same sets B{as in the proof of 4.6, but now Bt 6 §x
and 4.5 can be used.

Remark 4.8. In 4.7(1), a + 1 cannot be replaced by a in general. In fact, let
X = R, ® = C(R) and consider the well-known function

if x is irrational,

if x — P integers, (p, ) =1 g>0.

Now clearly/6 dxbut/ Q& by [4], Theorem 13,

Corollary 4.9./ 6 ®Neifand only if there exist a cover X = 5 At andfunctions
gi d ®such that At£$(8) andf\ At = gt |Atfor each i. 1

Proof. The necessity follows from 4.4 and 2.5. The sufficiency is obtained by
observing that At£ 8a implies At 1by 21 and At (i6N) implies At£Qia
for a suitable a < co?, then 4.4 can be applied again.
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5. Equal convergence. We begin by an equivalent characterization of equal
convergence.

Ta)eorem 5.1. A sequence (/,,) converges equally to f ifandonly if there is a cover
X — lIJ At such thatf n\ At -»/ 1At uniformlyfor every i £N.
Proof. Assume g,> 0, g,-*0 and suppose that, for x £X, there is an nQXx)
such that
IfAx) - fix) 14 ¢, for n” nfx).

Define
At = {x*"X:\f,,(x) - f(x) Ig £, for n” [}.

These sets At clearly satisfy the condition in the statement.
Conversely suppose

X = l]JAb I»W - fix) I~ for xEA, and n” m(i),
where ein -* 0 for i fixed and n -> 0o. Select integers nk such that0 < w, < n2< ...
and ein<"k- for i=1 . . K, n™ nk. Define ¢, = 1 for n <n2 and e,,=—|£—
fornk™» n <nk+tl(k = 2,3,...). Then e, -+ 0 and
1,(*) -fix) I~ ein<e,
forx £ Ah n ~ max (nh m(if).

Remark 5.2. In view of 5.1, the terminology “cr-uniform convergence” could
be applied instead of “equal convergence” adopted in [4].

Remark 5.3. With the help of 5.1, one can easily find an alternative proof of
3.6 for the case of de based on results concerning uniform convergence to bounded

/ or to/ with y bounded.

Let now @ be a complete ordinary class as in section 4 and use the notation
fixed there. Our next aim is to improve the obvious inclusion ® c¢: @®*. For this
purpose we shall need some lemmas.

Lemma 5.4. Let Siibe a system ofsets and 4a ®(K) a subtractive lattice, A a X.
11(1,,) is a sequence takenfrom 4'and (/,, | A) converges uniformly, then the same holds
for ifnIB) where B ZDA is a suitable set belonging to XK 1

Proof. There are a sequence (g,) such thate, > 0, s,, ->0 and an index nOsuch
that If n(x) —f m(x) I* e,forxE Aandnn n m The set

ﬂ) ﬁD Xi\fn-fm\*En)

n=n0 m=n

will satisfy our requirements.
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LEMMA 5.5. Suppose f, € ®(ON) and f,, — f uniformly. Then f € ®(ON°).
1
Proor. We can assume | f, — f | < L Then

© 1| L 1
xwzo=fxfize-7]. xrso-(xfascrq].
1 b e
LemMA 5.6. If ¥ < ®(9N) is a subtractive lattice, then ¥¢ — PH(ON*).

PROOF. Suppose f, € ¥ and f,, = f equally. Thenby 5.1 X = |J 4; and f,, | 4; =
 f

— f'| 4; uniformly for every i. By 5.4 we can assume that 4; € M for each i. Now
by 5.5 (applied for 4; instead of X)) we get from

X(faZ )N 4; €90, X(fu )N 4, em?
the relations

XfZ)N A€M and X(fZc)N 4, €.
LeMMA 5.7. We have for 0 £ o < o,
(2)° C P(Aasd) -
PrOOF. By 3.14 and 5.6
(o) © B(82) = D(Qu+1)

in view of 3.2 and 2.3. On the other hand (®,)* — (®,)?= @, ., implies (D,)* C D(&,)
by 3.14.

THEOREM 5.8. We have
(@) oY c oA, for O<a<ow,
(b) IV B(A,s) for oZLo<o.

ProOF. If o = B + 1, we have
o = (@) C (25
whence the statement is obtained by 3.15 and 5.7. If « is a limit ordinal, then
P = (U o)y c (U 25 < (9
B<ua B<a
by 3.15, and 5.7 can be applied again.

REMARK 5.9. In 5.8 we cannot replace the inclusion by equality. E.g. the function
f defined in the proof of [4], Corollary 9 belongs obviously to the class @(ef;), never-
theless /¢ @ = & for ® = C([0, 1]) (cf. [4], Corollary 2).

5¢ Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



68 A. CSASZAR AND M. LACZKOVICH

Theorem 5.10. If 0 < a < aob then
*c  (pNey.

Proof. In the same manner as in the proof of [4], Theorem 10 (which is a weaker
form of the present statement), we define, for/ d ®* nd N,
A=X(f< -n)[jX(f>n),
i+ 1

A < /< q (—2# i n3g,

and deduce from 3.15 and 3.14
A AIdQ.x if 0<a<cu,
A, At6<2a+l if " a < ox.
By 2.8 there are pairwise disjoint sets B, Bt£oRa(0 < a < o) or B, Btdask+l (oo iS
A a < (Q) such that
B<zA, Bic A (-n27~ i ™ nd
and

X = B, U B.
By defining
/

n

o
[-=Z
we havef n->fequally and /,, ¢ because kB d ®" by 4.2 and ®®is an ordinary
class by 3.6.

Corollary 511. If0 ™ a < amb then

d*c dNle DL

Proof. 5.10, 3.12. (This is a sharper form of [4], Corollary 11)

6. Complete ordinary classes. In [4], Theorem 16 (cf. also [3], Theorem 10),
a series of equivalent characterizations of complete ordinary classes was presented,
containing partly conditions apparently essentially stronger than those figuring in
the definition, partly postulating somewhat less than the definition itself. In particular,

it was proved there the following proposition due to J. R. Isbern [7]: if ® contains
all constants, it is complete, f, g d® implies/ + gd ®d,fg d ®, and f d P, f(x) O

for x d X implies —d®, then ®is a lattice (and hence a complete ordinary class).
Now we shall prove another statement of a similar character:
Theorem 6.1. If ®is a complete subtractive lattice such thatf d @,/ > 0 implies

myd &, then dis an ordinary class.
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Proof. Let dldenote the class of all bounded functions belonging to @. Clearly
dlis a complete subtractive lattice too and then it can be deduced from [2], Theorem
1that/, g € ®x impliesfg £ dx

Consider now/,g£® with/ ~ 0,g ~ 0. Then

EDQ> -—m ,
1+/ 1+ g
hence by the above result
1 1
1+/ 1+*

sothat (1 +/) (1 +g)£ ®and
fg=@Q+/)@Q+9)—F —9—LD.

Finally if/, g € ®are arbitrary, we can write
[ =n-1.» 9=09i~ 9i, fi,fb 9 9r$.®
and/ ~ 0,/2~ 0, >0, ~ 0. Therefore
19 =/i0i - /atfi - fi9i+ 9i192£Q-

If/€ & /(*) ®0 for x6X, then y =f ~J shows thaty € @

Remark 6.2. The last sentence of the preceding proof shows that the hypotheses
of the above quoted theorem of J. R. 1sben1 can be slightly weakened by replacing
‘I(*) ®0 for X6 X by “/ > 0.

Remark 6.3. Theorem 1 of [2] is valid not only for subtractive lattices but also
for so-called semi-affine lattices and, in particular, for affine lattices. Therefore it is
quite natural to ask whether 6.1 remains true if, in the hypothesis, “subtractive
lattice” is replaced by “affine lattice”. The following example answers this question
by the negative.

Let X = R and let ® consist of all continuous functions/ for which the limits

lim f d lim f
M, 100 and i 9

exist (with a finite or infinite value). It is easily seen that ®is a complete affine lattice.
Moreover, if/E ®andf(x) ¢ 0 for x £ X, then either/ > 0 or/ < 0 and then it is

clear that the limits of —f_} do exist for x ->+ ., and x —o00 .
ix

However, if/(x) = x, g(x) = sihnx —x for x£X, thenf, gE ®dbut/ + g P
so that @ is not an ordinary class.
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Dedicated to the 80th birthday of my friend George Alexits

In the paper, we will mostly deal with arithmetic functions, primes, divisors,
sieve processes and consecutive integers.

1. Let/be an arithmetic function. The integer n is called a barrier for/if
@ m +f(m) <n

for every m < n.

Perhaps | should explain why | considered (1). In the early 1950’s, van Wijn-
gaarden told me the following conjecture. Put ofn) = a(n), the sum of divisors of n,
and ak{n) = tjfok fn)). Is it true that there is essentially only one sequence ak(n)
(k —1,2,3,...)? In other words, if m and n are distinct integers, are there integers
k and / such that ok(m) = ofn) ? Such a conjecture is usually hopeless to prove or
disprove. Selfridge and others made some computer experiments and believe that
the conjecture is false. | tried to find an airthmetic function for which an analogous
conjecture is true and can be proved. Put/(n) = n + vui), where v(n) is the number
of distinct prime factors of n, and fk(n) =A (fk-i(nj). Is it true that for any two
integers m and n there are integers K and / for which fk(m) =f,(n)?. This would
follow immediately if we could prove that v(«) has infinitely many barriers. This
problem seems more interesting than my original question. It is easy to find with
a pocket computer and a little patience (I do not have either of these) a large number
of integers which are barriers for v(n), but | am afraid that the question of the existence
of infinitely many barriers is hopeless at present. | could not even prove that sv(ri)
has infinitely many barriers for some s > 0. Sieve methods seem the right method of
attack, but there are great technical difficulties which | could not overcome.

The following theorem gives a result of this type which can actually be proved.

Theorem 1. FOrn = qApe' setdfn) = sse, Then dQ(n) has infinitely many barriers,
that is there are infinitely many n such that

2 m + d@m) < n for everyfm <n.
In fact, the density of integers satisfying (2) is positive.

I will outline the simple (but slightly messy) proof of Theorem 1 at the end of
the paper.
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Let me now state a few other difficult problems. Let Q(n) denote the total number
of prime factors of n, that is Q(n) = Fa- when n = Tip*1 Probably Q(n) has infinitely
marry barriers, but this is clearly hopeless at present, since a barrier n would have
to satisfy n —1 =p and n —2 —2q for primes p and g and we are not likely to
be able to prove the existence of infinitely many such n in the near future. Selfridge
found that 99840 is the largest barrier for Q(n) below 105 Selfridge and | then inves-
tigated whether d(ri), the number of divisors of n, has any barriers. Here one has to
redefine the barrier a little bit: n is a barrier for d(n) if

m+ d{m)~ n+ 2

tor every m < n. This is satisfied by n = 24 and we convinced ourselves that if
there is any other solution then it is enormously large, far beyond our tables and
computers.
Define
Hf{n) = max (m +f(m) —n).
m<n

It is quite possible that Hd(ri) -> 0o as n “mo0,but these questions are clearly hopeless
at the present “state of the art”. On the other hand, it would not be very difficult
to prove that, for almost all n, H\r)/log log «(log log log n)12—¢(>0) as N —go.
(I have not carried out the details.) The strongest possible conjecture which has a
chance of being true is as follows: for every e > 0, there are infinitely many values
of n so that

(3 v(in —K) < (1 4 o logk/log logk and Q(n —kK) < (I + €) log k/log 2

for every k satisfying kQB) < K < n. In may opinion, this has some chance of being
true, but there is no chance at all of proving it in the forseeable future. At the present
moment, | cannot disprove the following strengthening of (3): there are infinitely
many values of n so that

log K
log 2

log K

log log K + C and Q(h —Kk) <

%) \(n —k) < + C
for every k satisfying KQC) < k < n. | am convinced that (4) is false for every C
and n > nQ(C); perhaps (4) and (3) can be disproved. It seems certain that for every

K there are infinitely many values of n for which

max (m +d(m)) * n+ 2,
though this is hopeless with our present methods. It would easily follow from Hypo-
thesis H of Schinzel.
Letf(n) be a non-negative additive or multiplicative function which has a bounded
average, that is f(ri) <cx. Then I|m mf H(ri)< oo. (We suppress the proof since

1"=ng,x
it is very similar to that of Theorem 1) For n = Mp* define dr(n) —T(r + a,).
It is not hard to show that if (3) holds then lim inf Hd{r) < oo.
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To conclude this section, we observe that ofri) and d(n) increase too fast to
have barriers. In fact, it is easy to prove that m% (m + (1)) = 2n + o(ri) and if

we make plausible (but at present inaccessible) assumptions on the difference of
consecutive primes, then it is easy to see that ma<>r<1 (m + (1)) = 2Qn—1 for all

n > n0, where Q, is the largest prime not exceeding n. Finally a little elementary
manipulation with the primes gives ma<x (m + o(mj) = mix a(m) +n —o(n).
m<n m<n

2. Now we discuss some unconventional problems on primes. Denote by p(m)
the least and by P(m) the largest of the prime factors of m. Put Fiji) = max {m +
+ p(m): 1i€m < n, m composite}. Is it true that Kn) g n for infinitely many n?
Many related questions occur in a forth-coming triple paper of Eggleton, Selfridge
and myself. We conclude that plausible conjectures on primes imply that F(ri) :g n
has only a finite number of solutions. Trivially, F(n) > n-K I'n, but it is quite possible
that Fiji) > n + (1 —s)*/n for n > aQ(e).

Further questions can be posed if we do not want to ignore the primes, as in
the definition of Fiji), but perhaps it is more natural in this case to consider the
numbers n + iinstead of n — i. Thus, let g be a non-decreasing arithmetic function
and let B(n, g) be the smallest i for which p(n + i) > g(i). If such an i does not exist,
put B(n,g) = oo. First, take g(i) =i + L1 It is easy to see that B(n, i + 1) is just
the smallest prime not dividing n —1and, by the prime number theorem, B(n, i +1) »
N (1 + o(D) log n. I could not get such a simple estimate for B(n, g) ifg(i) —i + ¢,
or say 2i + 1 It follows from plausible assumptions on the distribution of primes
that B(n, ik + 1) < oo for n > nQKk). | wonder if one can prove without any assump-
tions on the primes that, for every n > nQ, there is an i with p(n + i) >r + 1 It
follows from Huxley’s well-known result on gaps between consecutive primes that,
for every n > nQ(e), there is an i with p(n + i) > fI27+£ It easily follows from well-
known results on large gaps between consecutive primes that p(n + i) < eH + c(e)
(i=123,. .., that is B(n, ed + c(e)) = oo holds for infinitely many n. The
additive constant c(e) is needed to take care of the very small values of i. In fact, em
can be replaced by exp {«'(log log f)Zlog i log log logi}. A well-known conjecture
of Cramer states that

(5) Iilr(n+5up (pk+l - pKlogkf = 1

where px<pr <p3< ... is the sequence of consecutive primes. Let us assume
that (5) holds. Then we obtain B(n, e(1 c)il") < oo for every n > n(@). But | cannot
conclude from (5) that B(n, e(l+s)n! + c(s)) = oo for infinitely many n because, of
course, p(n + i) can be very large even if n + i is not a prime. There is clearly not
much hope to settle these questions in the near future. Let us therefore be more
modest for the moment and try to determine when the integers n satisfyingp{n + /) <
cg@i) (i= 12 3,...) have positive density. A more or less routine sieve process
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shows that a necessary and sufficient condition for the non-decreasing function g to
have this property is that

JHAAES ' <o
i-1p<g0 = Pi

Now let us investigate what can be said about the large values of p(n + i) for
n + icomposite. First, is it true that for n > nQ, there is always an i for whichn + i
is composite and p{n + i) > i2? This is closely related to questions which we consi-
dered with Eggleton and Selfridge. Perhaps it is true that for every k and n > nQ(k),
there is an i for which n + iis composite and p(n + i) >ik. Clearly it is hopeless to
prove this at present. | thought that for k > k0, there is always an m satisfying
pk < m < pk+l and p{m) S; pk+1 —pk, with equality say for prime twins. I am now
sure that this is not true and | “almost” have a counterexample. Pillai and Szekeres
observed that for every t g 16, a set of t consecutive integers always contains one
which is relatively prime to the others. This is false for t = 17, the smallest counter-
example being 2184, 2185,.. ., 2200. Consider now the two arithmetic progressions
2183 + 1/-2-3-5-7T1T3 and 2201 + ®2-3-5-7T1-13. There certainly will be infinitely
many values of d for which the progressions simultaneously represent primes; this
follows at once from hypothesis H of Schinzel, but cannot at present be proved.
These primes are consecutive and give the required counterexample. | expect that
this situation is rather exceptional and that the integers k for which there is no m
satisfying pk < m < pk+l and p(m) > pk+L —pk have density O.

Things become much easier if we study P(m). A well-known theorem of Sylvester

and Schur states that P > K if K™ ~ n. In other words, for every Kk and n with

K iS n, there is an m satisfyingn + 1<m ™ n + k and P(m) > k. This is certainly
not true for p(rri). There are many extensions and sharpenings of the Sylvester—Schur
theorem. Although we are very far from being able to prove it, there is no doubt
that

(6) |"jj > min {n —k + 1, k14c}

for some absolute constant c. Ramachandra, Shorey and Tijdeman have many results
in this direction. It seems certain that (6) actually holds for every c with a finite
number of exceptions (depending on c). Cramer’s conjecture (5) suggests that perhaps

> min{n- K+ 1 el KB
holds if we disregard a finite number of values of k and n. Let

(7 [k) ~ %> where M) < p{w") = &.
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In a forthcoming paper, Ecklund, Eggleton, Selfridge and | prove that, for n 2: 2Kk,

we have v > uf> except for 12 cases, namely 2 (A? 110 5 L 9 2 9 2l

M4j4 5, 5 7 8
(30] 3B 3L /36 /36 5% .. _ L
s 132 14 13 17 and 13 If in (7) we modify the definition to

P(uP) g K, p(r4n) > K, we can still prove that

number of pairs n and k, but we cannot prove that we have all the exceptional
cases. (The unresolved cases correspond to kK = 3, 5and 7.) We now give a further
result of this type.

Theorem 2. Write jJ =  kB*ff where the prime factors p of uf,

wf and nf satisfy the respective inequalities 2 p " K, K <p <n—k + 1 and
n—k + \ mip tk n.

(i) Except for afinite number of cases, wf > 1if4" k < Q, where Q is the
largest prime not exceeding -i- n.

(i) For sufficiently large C and n > Ck, w f > max {uf, nf).

The proof is fairly easy since we make no attempt (which would be hopeless in
any case) to give all the exceptional k and n. Before we give the proof, let us inves-
tigate some of the exceptional cases in (i). For k = 2, we have wf = 1if and only
if n — 1is a Mersenne prime or n is a Fermat prime. There are probably infinitely
many cases with k = 3 and wf —1 arising when n = 23* + 1 and 2a30—1 are

a prime twin. and are not of this form and give wf — 1, but it is easy to

see that there are only a finite number of such exceptional cases and it would be
easy to tabulate all of them. Finally, if k  Q, then wf = 1 clearly holds.

Proof of Theorem 2. We distinguish several cases.
. n . - N .
(@) Assume first that — 0 Kk < Q51— It easily follows from elementary re-

sults on primes that 2Q > n —k +1 forn > n0, as Q , thatiswf >Q > 1

)

(b) Assume next that eu < kK < 20 It is well-known that if p* = then

pa” n. If wy = 1, we therefore have

< nn(k)+ *(«)—ﬂ(}'l—K) A uvfe2 log |

using Montgomery’s result n(ri) —n(n —k) < 2/rllogk and the estimate n(k) <
< Bbk/2 log k. On the other hand, trivially

> nkek/kk+1.
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On combining the last two inequalities and taking a k-th root, we obtain

2n en < n,7/2 log K

. - vl .
and this leads to a contradiction for eu < Kk <— and n > n0. This part of the

argument could easily be made effective and the n and Kk with Kk < eu and xvty — 1
could be enumerated. (In fact, 1 am sure that there are no such values of n and k.)
The cases K £] eu considered below cannot at present be made effective, but kK * el4
could be greatly reduced by more careful computations.

(c) Finally assume 4~k S eu- Write

fl](n+0 = MNxM2 where Wi) g/, pWJ > L

A classical theorem of Mahler states that to every s > 0 there is an nOf, K, I) so
that M1< nlte whenever n > uQe, K, /). Mahler’s theorem is not effective and it
is a very important open problem to obtain effective bounds. From Mahler’s theorem,
we obtain

nki’ _ fnl
kk+l < U]

for n > nQ(k), since n{ri) —n(n —k) » k —2 for k 4. Thus wft > 1for n > n0
This completes the proof of (i). We suppress the proof of (ii) since it is similar to
that of (i).

We observe that w* > saf) and ng) > ukd) both hold for infinitely many n for
every k. In fact, it is easy to see that for every k, ]?1— 1 for almost all n. If n(ri) —
—n(n —k) ~ 2, then by Mahler’s theorem, for n > nO{k); perhaps this
holds always, or at least with very few exceptions. The reason for this bold and
somewhat unmotivated conjecture is that it is not hard to prove nf) > for all
n > kltcand k > kQ and | hoped that the first failure of nfr) > occurs when
n(n) = n(n —k) for the first time. This is certainly false for k = 4, since the first
failure occurs for n = 9. Perhaps it fails for all k. There is not much hope to decide
any of these questions in the foreseeable future. It follows easily by elementary
methods and a little computation that nfk) > ufk) for all k except k = 5 and 6.
It is also easy to see that if n(n) —n{n —k) ~ 1, then for all but o(n(x))
values of n < x. Presumably there are infinitely many values of n with n(n) —
—n(n —k) A 1and 7i") < uk\ but if true, this will surely be very hard to prove.

It is not difficult to prove that the density/(c) of integers n for which (n=)) INe> ¢
exists and is a continuous strictly decreasing function of ¢ with/(1) = 1,/(o0) = 0.
However, the two questions which follow cannot be answered at present because
Mahler’s theorem is not effective. Denote by A(n) the smallest k for which ul) > n2
By Mabhler’s theorem, A(n) —mco as n -* 0o, but we do not know how fast. Perhaps
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Baker’s results will yield a crude estimate for A(ri). Denote by B(n, k) the smallest
integer for which

M P* > n2.

p-miPaBin, K)

Estimate B{n, k) as well as possible. .
| investigated if there is a primep > k so thatp2 ' . Ordinarily, this does not
happen. A simple averaging process shows that, for every e > 0, there is a k()
so that when k > kQe) the density of integers n for which p1 I’ for somep >k
is less than e. Also, for every k, there are infinitely many n for which IS square-
free, but the density of these n tends to 0 as K -> co. The questions connected with
|J, p > k, lead to the following problem which is of independent interest. Is it

true that for every n > n0 there is a prime p for which
8 n=u2+v, n™ 1 0" v<pt

It easily follows from the sieve of Eratosthenes that (8) is satisfied for almost all n,
but it seems likely that (8) has no solution for infinitely many n. More generally, for
everyp”™ Jn, writt n = up2+ vwith 0 v <p2and define ¢,— min —. Almost
. . pd P
certainly IlrlpL sup e, = oo (bute,-»0as n-* oo for almost all n). Probably e, < ns
* m

for n > nQ(s) and every e > 0.
In a previous paper, | studied the number of prime factors of |~ ). Trivially,

©)

It is easy to see that if k > nl (), then (9) becomes an asymptotic equality and we
have

am
v = (1 + o(l)) log | ]/logn (k > nl-°7).
I conjecture that, for “large” Kk,

=@+ O(I))Kk<>|§<nP

| obtained this conjecture by a simple averaging process. | cannot even prove it if
K > ne but perhaps it is true for every k 2 (log n)c.
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3. | discuss a few miscellaneous problems mostly about consecutive integers.
Pomerance and | considered the following problem. Put A(n, K) =1SI_/IS*(« + i) and

denote by q(n, k) the least prime which does not divide A(n, k). Clearly,
(10) gin,k) < (1 + o))k logn.

This is clearly very crude. For bounded k and, more generally, for k = o(log ri), the
factor k log n in (10) can perhaps be replaced by log n. An interesting special case
is K = [log«]. By choosing n so that it is the product of the primes between log n
and (2 + o(l))logn, we see that g(n, [log«]) can be as large as (2 + o(l))log«. Is
it true that g(n, [log /7)) < (2 + s) log n for n > a0(e)? We could not even prove that
q(n, [logun]) < (L —s) (log ri)2 It seems certain that, to every e > 0, there is a k(s)
so that the density of integers n for which P[A(n, k{ejf) < nl-£is less than e. On pro-
babilistic grounds, one would expect that the density of these integers is asymptotic to

exp = exp (-(1 + o())ke)

as n-* 0o and e -» 0, but no sieve method at present applies here. Let/(c) denote
the density of integers n for which there isan mwithb < m ~ n + k and p(m) > eck
Using elementary sieve methods, we can prove that/(c) is continuous and strictly
decreasing with/(0) = [,/(00) = 0. This/(c) could, of course, be determined expli-
citly. Several times during my long life, | was led to questions of the following type.
Estimate, as well as you can, the size of the smallest integer mn 5; n for which
IPS' (mn+ i) has no prime factor p satisfying n <p < 2n. | would expect that
n%ag nk for every k if n> nQk), but that m, < eg" for every e > 0 if n > «i(e).
However, | could prove nothing non-trivial.

To end this section, | state some older problems. | conjectured more than a year
ago thatifm~A n+k, then [n+ Ln+2,...,.n+ K] ®P[m+1m+ 2,..., m+K]
where the square brackets denote least common multiple. Is it true that 1 Mm («+0
and I"\i("lk (m + 0 cannot have the same prime factors for Kk > 2 and m"n + k,
except for a finite number of values of n,m and K ? Put

K I K
a(m, n, K)—g(m + o//iEI(" +0

and assume kK * 2and m/ n + K. Is it true that a(m, n, K) = | is solvable for every
integer I > 1? Now let n and k be fixed. Can one say anything about the integers
of the form a(m, n, k) ?

Let me restate an old and very attractive conjecture of Tdran and myself on
the differences d,, = pn+l —pn between consecutive primes. We easily proved that
dnH > d,and dnH < dnboth have infinitely many solutions. Presumably, dn= d,,4,
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also holds for infinitely many n but this is well-known to be very difficult. We conjec-
tured that all the k \ inequalities of the form dnHi > d,,Ha > ... > dn#khave infini-
tely many solutions, where ilti2 m.., ik is an arbitrary permutation of 1 , 2 k.
We certainly could not prove this even for k — 3. We could not even prove that there
is no n0so that dn+l —d,, changes sign when n is replaced by n + 1for every n > nQ.
Perhaps we overlooked a trivial argument; in any case, | offer a hundred dollars for
a proof or disproof.

Finally let B(ri) (where B stands for Brun) be the smallest integer so that there is
a residue ap for every prime p with 2~ p ~ B(n), and every positive integer x Sin
satisfies at least one of the congruences 5 = ap(mod p). The exact determination of
B(ri) is probably hopeless, but a good estimate for B(n) would be of the greatest
importance for the application of Brun’s method. As far as | know, lwaniec’s result
B(n) > ¢ n is the best lower bound known at present. It would be very nice if one
could prove that B(n) > Cnl112for every C and n > uQ(C). It is likely that B(n) > nl e
for every e > 0 and n > «i(e). The method of Rankin (used to give a lower bound
on the difference of consecutive primes) gives

B(ri) < cn(log log log w2 log n * log log n «log log log logn .

Recently, | considered the following modification of the above problem. Denote by
£,,the smallest number so that there is a residue bp for every prime p with ne' < p g n,
and every positive integer x satisfies at least one of the congruences x = Zb(mod p).
Is it true that e,->0 as u—»00? | can prove that e,,> c log log log wlog log n. Are
there residues cp for every prime p with 2 5=p g n so that every positive integer
x ™ n satisfies at least 2 (or at least r) of the congruences x = ¢p(mod y?)?

4. Proof of Theorem 1 The proof will use a simple averaging process, some of
the details of which will be left to the reader. Lets > 0, k be a sufficiently large integer
and A be a multiple of pbp2 .. .,pk. We shall show that the density of integers n
which are barriers for d0is greater than (1 —e)jAk by considering the integers n Si x
with nr O(mod AK). First, we observe that the density of integers t for which

(11) dO(tAk — i) > i,

for some i with 17 ig Kk, is less than —e. Indeed, (11) can only hold if tAk —i =

s O(modp) for some p > pk and this easily implies our assertion for k > kQr).
Next, by a simple computation, we obtain

2 dtAk —i)2 > cdQ(i) x ,

and from this, the density of integers t satisfying (11) is less than cd((i)/i2 < c/i32
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Hence, for k > kQ(e), the density of integers t for which (11) holds for some i > k
is less than

Thus the density of integers t for which tAk is not a barrier for dOis less than e. This
proves Theorem 1

With a little more trouble, | can prove that the density of integers n for which n
is a barrier for d((ri) exists. More generally let a- be the density of integers n for which
m( (m + dQmj) = n + i. Then a, exists for every i and £a,- = 1 To end the paper,

iI>0

| state a somewhat special problem. Denote by 5, the set of integers m for which the
number of solutions of n + dd(n) — m is i. | believe that it can be proved that the
set Si has a density /2, S:0 and £/?, = 1 (I have not carried out the details and

perhaps it is more difficult than I think it is). | am not sure that 2 > 0 always holds,
but BO> 0 seems to hold. I certainly cannot settle the analogous questions for
n + v(n), n + d(ri), n + ®{n), or n + ori).
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AN EXAMPLE OF
A BEST POSSIBLE ZAMANSKY TYPE INEQUALITY
WITH EXPONENTIAL ORDER

By

E. GORLICH and P. WALLERATH* (Aachen)

Dedicated to Professor G. Alexits on the occasion of his 80th birthday

In [1], the fundamental theorems of Jackson, Bernstein, Zamansky, and Steckin
on best approximation in Banach spaces have been extended to exponential orders,
i.e. to rates of convergence 0(1/d(n)), n -* oo, where ¢xn) increases faster than any
power nT, x > 0. The results there suggested that a certain improvement of Zamansky’s
inequality should be possible, at least for particular functions and particular pairs
of orders.

Indeed, for the trigonometric polynomials of best approximation in L\n there
exists a sharpened version of Zamansky’s inequality which is best possible [2; Theo-
rem 2] and is actually attained for a certain class of functions. For general Banach
spaces, in particular CJjl, L%, 1UP < co, a lower estimate for the best possible
order was established in [2; Theorem 4], leaving open the question whether this order
is attained. If it were attained, e.g. in L\n, this would imply that here the optimal
Zamansky type inequality shows a slower rate of increase than the optimal L
version.

The purpose of this note is to exhibit an example of a function in L\Kwhere
the rate of increase of Zamansky’s inequality for the polynomials of best approxima-
tion can be determined explicitly, and is in fact the same as that given by the lower
bound of [2; Theorem 4]. In particular, this rate is smaller than the smallest possible
rate in Z|,,. (Cf. also the comments in Section 3 below.)

1. Preliminaries. ItLet L\n be the space of 25 periodic integrable functions with
norm [I/1li = (2n)“ l_J|t If(x) ldx, C,nthe space of In periodic continuous functions,
and I, the set of trigonometric polynomials of degree rgn, where n£P =
= {0,1,2,.. .}. Denoting byf \k) = (2n)“l_Jnf(x)e~‘kxdx, KEZ = {0, +1, £2, ..}
the Fourier coefficients of a function/ £L\n, we define a subspace Y of L\nby

(L.1) Y = [f( L\n; there exists g ( L\K'such that e}/c/(k) = g'(k) VK £ Z}.

Then \f\Y = Wg ||xis a semi-norm on Y and there are Jackson- and Bernstein type

* The second named author was supported by a DFG research grant (Go 261/1).
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inequalities with respect to Y, i.e.
(1.2) En[f] < Ce~n\f\Y (/1€ Y, nEP),

1.3 \pn\ra e" lipnil (Pn£nn nep).

Here En[f] = inf {11/ —pnllii Pn£M,,} denotes the error of best approximation in
L\Knorm and C is a constant, independent of/ and n. Inequality (1.2) follows easily,
using [4; pp. 80, 81] (setting there ak = 2e~k, cf. also Lemma 1 below), and (1.3) is
a particular case of [4; 4.8 (25)].

From the proof of the Favard—Achieser—Krein theorem [4; Section 5.5.1] we
collect the following facts.

Lemma 1. The function

(1.4) f(x) = k\zjl k~2cos kx
satisfies
(1.5) Fn[/] = (m/4)2un + 1)“2 nEP),

and, denoting by pn the polynomial of best approximation tof from 1J,, with respect
to L\nnorm, [, is given by

(16) Pn(*) = kZ0 bl 006 kX

where

17 Kk =-gH It=eg2- [@HN+ dif) 17 «en
(1.8) C;= \% -DA@H DN+ D+T"2 uep).

Indeed, setting a0= 3, ak = k~2 KkEN = {1,2,...}, the sequence {ak}kiP
is triply monotonic, i.e. ak —ak+l ~ 0, ak —2ak+l + ak+2”™ 0, and ak —3ak+l +
+ 3ak+2 —a.. . ™ 0 for each k £P. Following [4; pp. 80, 81], Markov’s theorem
yields that the polynomial of best approximation to f(x) + 3 in L\Kis given by

E L, cos kx where
=0
Bo = «0 - c"+i, Bh=ak - (<E+L * + cn+l+k), 1iknn,

with dj defined by (1.8). Moreover,

E.[f(X) +3] = (2/j £ ()v(2v + Ira®*v+D"+D =

= @m) Z (-l)v@v + 1)-* n+ 1)-2= (a/4)> + 1)-

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



AN EXAMPLE OF A BEST POSSIBLE ZAMANSKY TYPE INEQUALITY 83

(cf. [3; 5.11.26] for thel_llast equality). This implies the above assertions for the
functionf(x) = —3 + k£_0 Bk cos kx.

2. An estimate for \o’n\Y. In order to show that \p’n\Y = O(e"(ti + 1)-3), n -> 0o
(Lemma 4 below) we first estblish a representation of the coefficients bk (Lemma 2)
which admits a study of the properties of the sequence embk (Lemma 3).

Lemma 2. For the coefficients of (1.6) the following representation holds:

n
2.9 48-(" + 1) 2

bk =—+(n+ 1)~2sin- 1- N+ 1 ©0S n I Ankinn).
Proof. By (1.7), (1.8) and, e.g., [3; 5.12.49] one has
K=- £ (-)v(v+ 1Ir2(In + 2rr2= - {In +2r2&12
v=0
and, setting nv= (2v + 1)(n + 1) and using [3; 6.1.146] for | » Kk S n,

K=k-2- £ (-)vw+n+ 1+«kl2+ £ (-1)>, +,,+ 1- A=

=k~2+ £ (-D)v(v- N+ 1- A)2- £ (-)>v + n+ 1- AT2=
v=I

v=0

= E_O(- Dv{(«v - N+ 1- A))-2- (iv+tn+1- AT =

n+ DU+ 1- AE (v + D{R- M+ \ - AR2 =

v=

n
n+ 1)(774)2n + 1) 3sec-*- 1- tan— 1-
an + 1)(7d4)2(n + 1) LB S

This establishes (2.1).

Lemma 3. Defining dk —ek2bk for 0~ k ~ n, n£P, there exists NO£ P jmcA
that,for n 2: «Q, I/re sequence {dk}kz\ ispositive, strictly increasing, and strictly convex.

Proof. Setting

) n
2.2 Sn(t) = n\2n + 2)~2sin-J- 1- — 1-
(2.2) n(t) )~2si 1 ne 1 €08 1 1

for0O<t<n+ 1 and

23) V.0 =n{n+ 1}4j3 —cosn |l - I—I—‘_/\I'br
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one has (cf. (2.1)) Kf)> 0 for0<t<n+ 1, 6nk) = dl for 1g k™ n, K£N,
and

(2.4) Iinl 6n(t) = + oo, Iinl_ S,(t) = 0.

Moreover, for t £ (O,rn0+ 1), -

(2:5) at) = (1193 {1 - .03

(2.6) «KO = (1/2) S, 0{1 - 7,(0)2- Ne } ,

(27) y#)- -TrAm+1r2 1 —3cos« 1- 1 ”“ ’ q~n'|'|)| e
(2.8) yKO - 352« + D“3 sinn 1- 8 —-COS 71

n+ 1 7+ 3

whence y"(0 > 0 for0 < f< u + 1 Thus, also using (2.3), (2.7), yn(t) is a positive,
strictly convex function, which strictly decreases on (0, t6) and strictly increases on

(t6, n + 1), where t6 = (n + 1) (1 —sa-1arc cos 1/3), and which tends to + oo for
t-*0+ and t =(n + D)—

Choosing e g (0, 1/2), we have 5 —s < t6 < (n + 1) —(5 —e) for n sufficiently
large, and, in view of (2.5), the behaviour of y,,(t), and

lim (1 - y,6 - &) = m (1 - y(+D- 6- )= _ 5 0,

there is nO£ P such that 5,,(t) is strictly increasing on [6 —£,(« + 1) —(5 —¢)] for
eachn  n0. Similarly it follows by (2.6) that 8h(t) > 0for0< t:gt6 Fort6 <t”
N (n+ 1) —(5 —e) one has

1- ¥.,02- MO0t 1- 2y(m+ - G- £)- y((h+ - G- e)),

the right hand side tending to (3 —6e + £ (5 —e)-2> 0 for n -> 00, in view of
(2.3) and (2.7). Hence by (2.6), enlarging nO if necessary, 3"(t) > 0 for each n S; n0,
tE[B- E(n+ 1)- (B5- £)]

Lemma 4. The polynomials pg, defined by (1.6), satisfy
(29 \on\Y = 0(f(n+ 113, n->co.
Proof. By the definition of | « |y one has, with dk = eki2b%,

n 4
Phy, = Y ek2dEcoskx S Y eK2dE —dl) cos kx
k=0 I k=0

4 n—4 n
+ i + Yj ekbkcos kx
kio ek2d8 cos kx + kY=5ekI2d| cos kx 1 k=nJ_s
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say. By (2.1), the coefficients of S1tend to

-e5/25-2; K=0

. —d?) =
lim ek2(df —d?) e2(ekizkr2- €825~2; 1 |H 4,

thus SL = 0(1) as n - 0o. Moreover, S3—0(en(n + 1)-3), n -» 00, since
3

lim(n + 1)3( max ekbd) g e"(n24) lim (n + 1) sin— 1—::1 = TtV/2.
w—3

To estimate S2 we use the convexity of the sequence {kE}r'=o with k" —dl for
0gk”™ 4, ke = dE for 5 k* n—4 (Lemma 3). Thus (cf. eg. [4; Section
4.8.61])

N n—
82_ Y e*/2 k£ cos I cjc =0 N|_4 £ e*IZCOS 00
= i
The assertion now follows by
(2.10) lim (n + 1)3e-"R<_4=lim (« + 136" _4< 0
and
4 n-s

Y ek2coskx < CJ e%2dx = 0(c"d, n-* .

fc=0 1
We further show that the estimate of Lemma 4 cannot be improved.
Lemma 5. For the polynomials (1.6) one has
limsup 1@, [j.e~"(n + N3> 0.
msup 115, j.e~"(n + 1)
Proof. We proceed as in [1; Theorem 2] and [2; Theorem 4], the basic assump-

tions (W), (E), (M), (Sy), (Jr), (By) there being clearly satisfied (cf. (1.2) (1.3)).
For the function/ given by (1.4) we have

EK[f] i Ek+1[f] + EK[pk+H]' ik €P),
whence, by (W),

En[f) 1 t E nH[pl+IH\.
i=o0

Now applying the Jackson type inequality (1.2) to each p,,+J+xand assuming that

IPnly = o(e\n + 1)-3), n->00,
one obtains

EnU] 1 C f ereo I |y = Of f (« +y +2)-3 = o(n~3, n- 00,
y=0 \7=0 )
which contradicts (1.5).
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By the same reasoning it can be shown that the order e~" in (1.2) is best possible
for the space Y. Indeed, assuming that there exists a null sequence {e} such that
E, [P\~ £,e~nlh\Y for each 1£ ¥, n£P, and using (2.9), it follows as above that
£m,[/] = o(n-2) as n -* oo.

Combining Lemmas 4 and 5, and using the notation an~ bn, n -+ oo for two
sequences {a,}, {b,,} with 0 < Iirr1n sup |a,/bn| < oo, we have

@

Theorem 1 For the function f of (1.4) with polynomials of best approximation
p" (1.6) and the space Y defined by (1.1) thefollowing hold:

(2.11) En[f] = (n/4fi(n+ )“2  (R€P),
(2.12) I, \Y~¢e"n~3 n->00.
3. Concluding remarks. The factor el<| has been chosen for the definition (1.1)

of Y in order to simplify the computations. In order to compare the present result
with those of [1], [2], this factor would have to be replaced, e.g., by (1 + |k |)2elfd
since the function ¢(x) = ex does not belong to the class ®as defined in [2] (it does,
however, fit into the frame of [1]), whereas *{X) = (1 + X)*ex is a member of P
for a > 0. But it is easily seen that essentially the same results also hold for ¢*.

Corollary. Letf, ghbe given by (1.4), (1.6), let ¢*(X) = (1 + x)*e*for some
a > 0, and define the space Z by

(3.1) Z = {/CiL; there exists g £ L\n such that dp*(\k\)dp'(k) = g{k) dk £Z}
with semi-norm \f\z= \\g 11+ Then, apartfrom (2.10), one has
(3.2 IP,lz~e " nn ->co.

Indeed, leaving Lemmas 1—3 unchanged, Lemma 4 is modified as follows. Let
\Pn\Z = k£ (1 + ky ek2dkcos kx = ax+ 92+ <3,
=

where the &, are obtained from the Si in the proof of Lemma 4 by inserting the factor
(1 + ky in each term. Then ol and <8 may be treated as before, and 2=
= 0(enn + N1‘3, n -> oo follows by

N4 n—
ij e/l + ky coskx = O K-j kY ek\\ + ky cos kx n-*.,

using (2.10) and kﬁo e*2(1 + KY — 0(en21+ wn)", n->co.

Since, in general Banach spaces and for general orders ¢y, ¢* £ &, the Zamansky
equivalence

0) E,Ifl = 0W/(n), n-»00 (i) \p°.\r= O@*(n)/cp(n)), n - 0o
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isbound up with the condition ¢ £ Kdy (cf. [1; Theorem 2]), the inverse of Zamansky’s
theorem (thus the implication (ii) => (i)) may fail to hold in case ¢ (j Kdy. In fact, it
has been shown ([2; Corollary 2]) that then there are functions in I\Kfor which
(), (ii) hold as well as functions for which (i) is sharp but

(33)

where g(n) = log (), g*(n) = log ¢*(n). In general the right hand side of (3.3)
increases less rapidly than that of (ii), and (3.3) gives the slowest possible rate of
increase for functions/ £2Z|,, for which (i) is sharp.

The corresponding problem for the spaces C2, L\K I *p <co, p ®2 is
unsolved. But for general Banach spaces it was shown in [2; Theorem 4] that, assum-
ing (i), the rate of increase of \p@\Y cannot be slower than

=o 9 ®O | .
(34) Py =0 Sy amy "0

The present result now shows that the right hand side of (3.4) is attained, thus it
represents a best possible order in Zamansky’s inequality as far as all Banach spaces
and all pairs of orders &, ¢* £ ® are concerned (and the other hypotheses of [2;
Theorem 4] are satisfied). Indeed, setting

(3.5) B = 1 +x2 ¢*x)=@10+x)V, a>0,
the right hand side of (3.2) is just that of (3.4). Nevertheless, since |1|me g*'(n) =1

here, this does not imply that (3.4) is optimal for general pairs, b, ¢*. Moreover,
for the spaces L4n, p @ 2, it is expected that the optimal order will depend on p
also. Comparing (3.3) and (3.4) for the &b, d* of (3.5), the present result indeed shows
that (3.3) is not the best possible version of Zamansky’s inequality in general spaces.
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1. Uniform Miintz—Szasz type approximation on curves

In this paper, {pn} will always be a strictly increasing sequence of positive inte-
gers, {p,.,} a sequence of distinct positive real numbers, and {/.,.} a sequence of dis-
tinct complex numbers.

1.1 Introductory remarks. By the theorem of Muntz [13] and Szasz [16], the
powers 1 and

(1.1) xR n=12...

where p,, ™ $> 0, span the space C[0, 1] if and only if

(1-2) Zl/pn=co.

(Szasz also considered complex exponents : if Re 4,” $> 0, the condition is

I Re (14,) =00.) Condition (1.2) by itself is necessary and sufficient in order that
the powers (1.1) span C[a, b] when 0 <a < b (Crarkson—Erdé6s [2], Schwartz
[15]; for a complex-analysis proof of the necessity, cf. Luxemburg—Korevaar [9].)

A well-known approximation theorem of Walsh [17] asserts that the powers
z".n —0, 1,... span C(y)for every Jordan arc y in the plane. However, there is as
yet no nice Muntz —Szasz type result for Jordan arcs. In fact, switching to expo-
nentials

(13) e, n=1,2,...,

it is known only for the class of polygonal lines I without vertical chords that con-
dition (1.2) is both necessary and sufficient in order that (1.3) be a spanning set for
C(I). (This simple result may be derived from Dixon-K orevaar [3].) Condition
(1.2) is also sufficient in order that (1.3) be a spanning set for C(I") in the case of all
(rectifiable) arcs I whose oriented chords make angles with the positive real axis

of opening < n (Korevaar [5]; related results have been obtained by Leont’ev

[8] and Malliavin—Siddigi [12]).

* Work of second author supported by a grant from the Netherlands’ research organiza-
tion Z. W. O.
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1.2 Recent results on nonspanning sets. We will call a sequence {pn} a Macintyre
sequence if every nonconstant entire function

Ne = *a,zfh

is unbounded on each curve going to infinity. Sufficiently strong nonspanning pro-
perties of sets

1.4) Z\ n=1,2,...
are of interest in connection with the so-called

Macintyre conjecture [10]: {p,,} is a Macintyre sequence if and only if
(1.5) I I/p,, < oo0.

The simple condition (1.5) assures that (1.4) fails to span C(y) for all analytic
Jordan arcs y (Malliavin-S iddiqgi [11], Korevaar [5]). For arbitrary arcs Yy,
the sharpest known result is that (1.4) fails to span C(y) (even in a rather strong
sense) whenever {p,,} is an interpolation sequence as defined in 2.1 below (Korevaar—
Dixon [6]).

Interpolation sequences {pn} are Macintyry sequences (Paviov [14], Korevaar—
Dixon [6]). Examples of conditions which assure that {pn} be an interpolation
sequence are:

(1.6) I \lpn< oo, pjnt
(Pavilov [14]);
.7 pnSi cn log n (log log ny2+e (c,e>0)

(Korevaar—Dixon [6]). Condition (1.7) occurs in Kévari’s work [7] as a sufficient
condition for a Macintyre sequence. It is possible to weaken (1.7) a little (Korevaar—
Dixon [6]), but there exist sequences pn2; cnlog n (log log ri)2 which are not inter-
polation sequences (Berndtsson [1]).

For nonspanning sets (1.4) or (1.3) on arcs, there are analyticity theorems for
the approximable functions (Dixon—Korevaar [3,6]) somewhat similar to those
of Clarkson- Erdés [2] and Schwartz [15] for the case of an interval [a,b],

1.3 Principal result. For arcs y which satisfy a certain smoothness condition near
their endpoints, Erkama [4] had shown previous to the recent work of Korevaar —
Dixon [6] that the condition

Pn ~ c¢n (log ri)2
gives a nonspanning set (1.4) in C(y). Our present main result is as follows.
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1
THEOREM 1. Let 0 < ¢ < i and let I be a (rectifiable) arc whose oriented chords

make angles of opening not exceeding 7 n — ¢ with a fixed direction. Let

| A, | =nl(n), 0<L(n)T, X 1/nL(n) < co.
Then the (complex) exponentials
(1.8) M n=1,2,.
fail to span C(I').
REMARKS. In this theorem one can actually allow arcs whose oriented chords
make angles of opening < -;— m — & with a fixed direction (cf. 3.1). For analytic T,

the sole condition 2 1/|4,| < oo assures that (1.8) fails to span C(I) [5, 11, 12].

COROLLARY 1. For C! arcs y, the condition
pn=nl(n), 0<L@n?t, X1/nLn) < o

guarantees that the set (1.4) fails to span C(7).

2. A nonspanning theorem involving interpolation sequences

As a first step in the proof of Theorem 1 we will derive a strong nonspanning
property of integral powers whose exponents form an interpolation sequence. An
interpolation problem of the type we need was first considered by PAvLov [14] in
connection with the Macintyre conjecture.

2.1 Interpolation sequences. A sequence S of distinct complex numbers w,,
n=0,1,...is called an interpolation sequence if there is a positive increasing function
o(r) = o(r, S) on [0, ©) with the properties

F r2w(r)dr < oo, rlw(r)]
1

such that the following is true. For every sequence of complex numbers {b,} with
| b, | = 1 there exists an entire function ¢(z) for which

¢Wa) =b,, n=0,1,...; M(r, ¢) =max|d@z)| < e, rz0.
|z]=r

(Observe that ¢ has to be of exponential type 0.)
It is convenient (and no restriction, cf. [6]) to suppose that in our interpola-
tion sequence, w, = 0. Considering an interpolating function ¢ as in the definition
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for which (0) = 1, <ku) = 0, n ~ 1, Jensen’s formula shows that the enumerative
function N(r) for the numbers wn ¢ 0 is bounded by m(r):

N(r) = T t~In{t)dt g log M(r, g * cu(r) .
0
It follows that n{r)  oj(er) and hence
@
(2.1 £I 1/1 | < oo.

The following lemma extends a result of Paviov [14] for positive sequences;
a relatively simple proof may be obtained from Korevaar—D ixon [6] (see Lemmas
5, 6 and Section 4.3).

Lemma 1 Suppose | \/pn < oo andpjn \ . Then

(2.2) - p2 —Px 0, pb p2...

is an interpolation sequence.

2.2 The auxiliary nonspanning theorem. If {wr} is an arbitrary interpolation
sequence, (2.1) implies that the exponentials exp (w,z) fail to span C(T) whenever I
is analytic (cf. 1.3). For interpolation sequences of the form (2.2) and arcs I" different
from a vertical segment, there is a strong nonspanning property which we formulate
for powers instead of exponentials. The following result extends our earlier work
involving positive interpolation sequences (K orevaar —Dixon [6]).

Theorem 2. SUppOSG
. <(0.2< g-x<g0=0<gqgl<g2< ...

is an interpolation sequence consisting of integers with associated function co. Then
for everya > 1,

(2.3) inf inf N1 —I'cred'll, 2: e0(co, @) > 0,
y=ya c
where the inner infimum is taken over allfinite sums |' cred' with n @ 0, and the outer
infimum over all curves y extending from a point on the circle C(0, I/a) to a point on
C(0, a).
Combining Theorem 2 with Lemma 1 we obtain

Coroltary 2. Suppose E I/pn< oo andpjn f. Then the exponentials
(24) pr(ir]pnz)l n— 1’21---

fail to span C(T) for every arc I' and every constant t] > 0.
The result with arbitrary g > 0 is of course equivalent to the result for g — 1
applied to the curve qT.
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2.3 Proof of Theorem 2. Although the proof has a good deal in common with
the one for the case of positive interpolation sequences ([6], Section 3), we will give
all the essential steps here, but we will occasionally refer to [6] for details where

they are the same.
(i) Starting out. Let g(z) —gfz) be a polynomial in z and 1/z of the form

{z) = | arecpwith a0= 1/s, e small > 0.

In order to prove (2.3), we suppose that for some curve y extending from C(0, I/a)
to C(0, a) and coefficients an (with a0 — 1/a), we have

(2-5) \g{z) I, g 1.

The intention is to show that (2.5) leads to a contradiction if e is sufficiently small.

We will write M(r, g) = M(r). Since log M(r) is a convex function of logr, it
is either decreasing on [l/a, 1] or increasing on [1, a] (or both). Replacing z by 1/z
if necessary, we may assume that M(r) is increasing on [1, a]\ we observe that
M{r) » I/a.

(ii) A local estimate. Let zr = rexp (ifr), 1 <r < a, belong to y. We consider
the closed disc D = D(zr, ror), where 0 < dr < 1 (to be specified later) will be so
small that D belongs to the annulus 1g |z |~ a. Since |g | is bounded by M(red)
on D and by 1 on y, a harmonic measure argument of Péiya (cf. [6], Lemma 1)
shows that

(2.6) Ig(z) 1™ M(re@f /4 for z £D(zr, rdf6) .
(iii) Estimate for M(r). We now use interpolation to obtain an estimate for
g(r) = 1 1a,Ir4w= 1| anexp {- /(argan+ q,RN} z"

which majorizes M(r). We choose an entire function ¢ (of exponential type 0) such
that for all nand r

®LU = exp {- /(argan+ g3} M(r, d) ~ t” (),

with co(r) as in 2.1.
An essential role is played by the Leau—Wigert transform ®(£) of ¢ (C A 1):

I m :Kk ICl < I,
- Bp(sf ds =

60 2 J71- & I
- Em o ICI> 1

Here Bdp”) is the Borel transform of dpand Cn— C(0, rj)1 is small (depending] on
|C —11)- Note that ®is holomorphic on C* — {1}.
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ForO<p< 1< 4,

m =Ta) =237 yon) @Qdm =
Cp Cff

= 27 ) ~ JOPHON/C,
c

where C'is a small circle C(l, i/")+- We choose f = &/7 so that by (2.6),

2.7) AN ™ g(r) 7Af(reé)3/4 “n]ax/7 | PO I-
(iv) Relation between neighbouring maximum moduli. From here on the proof i

as in [6], Section 3. One has
|qX0| 2M (|'1C— 11, £<5) . (Cnear 1),

M(r, Bdp) rd | M(x, p)e~rxdx i? //(r) = j eaM~rxdx.
Hence by (2.7),
(2.8) M(r) A~ M(resf ¥UH(SK/ 14).

The important properties of 7f(r) are the following: it maps (0, oo) one-to-one
onto (00, 0) and if d is given by H(d) = e, then

d
j" log log H(r) dr < o0
0

(cf. [6], Lemma 4). We now define 6r by the condition
(2.9) H(5rf14) = M(n1S  (» £-18 ;
for small e, 5r will be small. Thus (2.8) gives

(2.10) LLre*) A M(r)7fe.

) Contradiction for small e. The final step consists in showing that if s were
less than a certain constant s0(oj, a) > 0, there would be an infinite sequence of
points

ro< ri < r2< eee inside (1, a), with rm+l = r, exp &,,),

to which (2.10) can be applied. Since this is clearly impossible, e must be " £0.
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In order to verify that | gmbecomes arbitrarily small as s J, 0, we remark that
by (2.9) and (2.10),

log log H{5GMJ\A) ~ log log H(8J14) + log (7/6) .
Thus from the graph of log log H(r),

tr.l4
14 j loglog H(r)dr ™ (& + &, + ...) log (7/6) .

3. Going to larger exponents; proof of the main theorem

Our proof of Theorem 1 will be based on Corollary 2 in 2.2 and an auxiliary
theorem by which we can pass to larger exponents.

3.1 Second auxiliary theorem. The theorem is as follows:

Theorem 3. Let0 < e <~ 5 and let " be a rectifiable arc whose oriented chords
make angles with the positive real axis of opening » —n —e. Let {pn} be an increas-
ing sequence of positive real numbers such that the exponentials
(3.1) exp (£ p,,2), n=12,...
fail to span C(T). Then if the A, are complex numbers such that
(3.2) 1A, 1N (sin 2e)~12Q, n=12....
the exponentials
(3.3) exp (= A,2), n=1,2,...
alsofail to span C(I).

Remark. In the case p,, = nL(n), with L{n) positive and nondecreasing, one
can prove a similar result for all arcs I' whose oriented chords make angles of open-

ing g n —s with the positive real axis.

Idea of the proof. Since the set (3.1) fails to span C(I'), there is a complex Borel
measure p 0 on I whose Laplace transform

(3.49) fi(s) = j eszp(dz)
r

vanishes on the sequence {+ p,,j. We wish to replace p by a measure v ®0 whose
Laplace transform vanishes on the sequence {+ A,}. To this end, we try to convolve
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p on " with a function/ whose Laplace transform F (taken along the real axis)
can be continued analytically to a function with zeros at the points + A, and poles
at the points + pn. After initial modification of p (see 3.2) it will be possible to take
F of the form

_ G _nn 1l-
(3.5) mo= sapl ° G(s) = N 1- sapl *

where 0 < p0 < pv Because of (3.2), F(s) will be 0{ljs]) as s -» oo in the angles
V: 27 sfargs<Z7t—6 (mod n)
around the imaginary axis. It follows that F is the Laplace transform of a well-
behaved function / inthe angles
U: largzl ~ n —£ (mod n)

around the real axis. Thanks to the condition on the chords of ' we can form the
convolution

(3.6) V@) = 97(2- Qp(dQ, A f.

Its Laplace transform on I will indeed be given by

3.7) v(s) = F(s) p(s),

hence v(z)dz will be orthogonal to the set (3.3) on T.

3.2 Dividing out zeros of Laplace transforms. Let I', p and p be as in 3.1

Lemma 2. The entirefunction p(s) of(3.4) must have infinitely many zeros different
from the numbers + p,,.

Proof. The support of p is not just one point, or p would have no zeros at all.
It will follow that for the zeros s,, @ 0 of |3,

11Ms,1= 00.

Indeed, convergence of this series would imply that p(s) is of the form A snecse
*77(1 —s/sn), and then the indicator function of p would be the same as that of ecs;
the indicator diagram would be a point. However, this would imply that the support
of p reduces to a point. A proof of the last statement may be obtained by the method
in Dixon—K orevaar [3], Where the growth of Laplace transforms on C1 arcs of
limited slope is studied; the saddle-point method of that paper applies also to ourarcs I”

whose chords make angles with the real axis of opening not exceeding—n —e.
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On the other hand we must have X 1/p, < oo, or the set (3.1) would span C(I')
(see 1.1).

LemMA 3. Let w be a zero of ji(s). Then
(S)

W

= (), $@) = [ eOpu(ar) = Jer,

where a and b are the left-hand and right-hand endpoint of I and the integration is
along the curve.

ProoF. Letting D denote differentiation along I', one solves the boundary-value

problem
D+we¢=p onI, =0 at g and b,

COROLLARY 3.
A(s) = fiu(s), where py(dz) = p(dz) + (x — w) P(2) dz.

3.3 Proof of Theorem 3. Let I', p and /i be as in 3.1. By Lemma 2 and Corollary
3 it may be assumed that /i vanishes not only on the sequence {+ p,}, but also at
real points + p,, where 0 < p; < p;. We now define F(s) by (3.5) and set

k — <2/72
Fi(s) = G/ — s¥pd),  Gls) = Hi 52
(3.8) : :
R0 =54 J Fs)e=ds, filz) =5~ j Fy(s) e ds.
2 3

Here L is a straight line through 0 and lying in ¥ (see 3.1), traversed upwards.
Because of (3.2), the functions G(s) and G,(s) of (3.5) and (3.8) will be bounded
by 1 for s € V: setting s = red,

|1 —s%px| = {1 — 2(*/p}) cos 20 + r'/ps}'” =
=1—(r¥pd)cos20=1+ (r¥pd)sin2e=1+rY | 1221 — sYA2]|.

It follows that the function f{(z) is bounded and continuous on U (choose L so that
Re zs = 0). Moreover, f(z) is the uniform limit of the functions f;(z) on U which
are equal to exponential polynomials both on U* and on U~. On U™, f,(2) is a linear
combination of terms exp (— p,z) and on U™, terms exp (p,z). It is clear that F,(s)
is the ordinary Laplace transform of f;, for | Re s | < p, (the same holds for F and f).
Here one may integrate along the real axis or along any reasonable curve in U from
— 00 to + oo,
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It remains to verify formula (3.7) for the Laplace transform of the convolution
v of/ and p on I (3.6). Clearly, vis the uniform limit, on I', of vk =fk *r p, hence
v = lim vk. By Fubini’s theorem

(B9 V)= v(@eézz=jesdzlfk{z - Qp{dQ = J e*p(dQ J fk(z) e?dz.
r r r r r-{

To handle the last inner integral we extend I (endpoints a, b) to a curve e
from —oo to + co by adjoining the horizontal half-lines Imz = Ima, Rez < Rea
and Imz = Imb, Rez > Reb. Restricting s to the strip |Res| < p0, we have

J ADeAz = J Tk(z) ézdz = FK{s).
Mez -00j

Now the corresponding integral from b —£to + oo is equal to a linear combination
of terms

f e~pztszdz = --—--—-- exp{(s- p,)b - 0},
Ph s

hence since fi(s) vanishes at the points pn,

j e"p(dQ J fk(z) esdz = 0.
r 6-C
One similarly disposes of the integral where the inner integration is from —oo to
a —£> The conclusion from (3.9) is that
Vk(s) = p(s) Fk(s)
for IRe s I < pOand hence for all s; (3.7) follows.
3.4 Proof of Theorem 1. With I, {An} and {L(ri)} as in Theorem 1, we define
Pn = n[Un)/41)], n=1,2,....

Since L(n) t oo, the pnwill be positive integers such that {pjn} is nondecreasing and
Illpn= oo. Hence by Corollary 2.2, the exponentials

exp (£ rjpe), n=1,2.... [y >0

fail to span C(eixr) for every real number a.
We choose a so that the oriented chords of e“T make angles with the positive

real axis of opening ” -i- n —e and we take f] = £(1) (sin 2e)12 Since in that case

leipK 1~ nUn) ~ L()pn= (sin 2e)~l12ripn, n=12,...,
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we may apply Theorem 3 to conclude that the exponentials
exp(?r2), n=12,...

fail to span C(¢”I') for every real number f. Taking f = —a, it follows that the
exponentials exp (4,z) fail to span C(I').

ReMARKS. The condition on I' can also be formulated differently. One
defines a tangential direction at z, € I" as a limit of directions of oriented chords
[z1, z,] when z;,zo — z, along I'. Thus if the tangential directions for I' do not
fill up a right angle, the oriented chords make angles with a fixed direction of opening

1
< TR for some & > 0, and conversely.

Suppose, finally, that I' is a C* arc. Then there are subarcs which satisfy the
chord condition, hence exponentials (1.8) as in Theorem 1 can not span C(I'). Corol-
lary 1 follows.
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ON THE SUMMABILITY OF FUNCTION SERIES

By
W. KRATZ and R. TRAUTNER (Ulm)
To Professor G. Alexits on his eightieth birthday

1. Let X be a measurable space with positive measure p and let F = {f(x)}
(k =0,1,...) be a sequence of real-valued, L -integrable functions on a certain
measurable set EC X. Given a matrix 7 = (¢y) (n,k = 0,1,2,...) we say that

0
the series ) c¢,fi(x) with real coefficients ¢, is 7-summable at x € E if the series
k=0

1(x) = Y o fi(x) converges foralln = 0,1,2,. .. and if lim 7,(x) exists.
k=0

n-—» oo

We give sufficient conditions for the matrix 7" and the function system F, such
o0
that ) ¢, fi(x) is T-summable a.e. on E for all sequences {c,} satisfying
k=0
1) 3.6k < o,
k=0

We define the Lebesgue functions of the system F with respect to the summation
process 7" by

L(T, F;x): = (| | KT, F; x,0) | du(t),
E
where

KT, Fix )i = 3 anfi0) ful0),

and we assume that this series converges for all » and x, ¢ € E. Furthermore, for an
index set 1 < v; < vy < ... define

L,(T, F): = j max L,(7, F; x) du(x) .
E 1sjsn

Incase T = I;ie.a, = 1for0<k=<n,a,, = 0for k > n, such that #,(x) = S,(x) =
n

= Y afi(x); we write L, (F; x) and L, (F) instead of L, (J, F;x) and L, (I, F),
k=0

resp.
The following results on the influence of the Lebesgue functions on summability

are known. ALEXITS and SHARMA [2, Theorem 6, Remark 2] proved that Z e fi (%)

is C,-summable on E for « > 0, if (1) holds, u(E) < oo, and if L,(C,, F; x) o(1)
as n — oo, uniformly for x € E. The special case « = 1, F orthonormal is a well-
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known theorem of Kaczmar [4], Sunouchi [7] and Leindler [5] have extended
Kaczmar’s result on orthonormal systems F to Riesz-summability (R, /, 1). Results
on general summation processes were obtained by Méricz [6]; and Alexits, Joo,

Tandori [3] recently proved the following. The series k;;(o ckf k(x) is I-summable

a.e. on E for all sequences {c*} with (1) if lim arkexists for all k, Ln(T, F; x) = Ox{)
for all X €E, and if

2 1IK,(T, F; x, 0K|(T, F;y, t)ydpt) \in | BK\KKT, F;x,y) |
E k

for x,yEE, 0 0Bk = Bk(i,j) Withk):(0 Bk = 0(1) uniformly for i,j = 0,12,... .

We shall prove a theorem that generalizes the special results on Cxand (R, 2, 1)
summability to general summation processes. Especially we do not need an assump-
tion like (2).

Theorem. Suppose that E d X is measurable, and that T = (a,,k) satisfies

(0] 10" kit K; an+l k™ ankfor allk,n =0, 1,2,.. ., and that
[ Tis row-finite, i.e. ank —0for k > k,,n =0, 1,....

Furthermore, let F = {fk{X)} be a system of L[xintegrable functions on E satisfying
4) LN(T, F) = 0(1) asn —*co,

Thenk;:(0 ckfk(x) n T-summable a.e. on Efor all sequences {ck} with (1).

2. The proof of our theorem depends essentially on the following result of
Alexits [1] on the convergence of function series.

Theorem A. Suppose E a X is measurable, F = {fk{x)} isasystem of L[&-integrable
functions on E, and assume that L\/,(F) = 0(1) for some indexset 1id < v2< ...
Then lim SWx) exists a.e. on Efor all {ck} with (1).

n-m

Proof of Theorem. Since T = (arK) is row-finite, i.e. yrk= 0 for K > k,,, 1,,(X)
exists for all X £E, n= 0, 1,... . We will define a function system @ = {prx)},
ON k” knn=20,1,. . such that the following hold:

(a) drk(X) = dnifk(x) for O Kii K,

(b) tn(x) = r5_0k>éodrkck4>tk(x) for XEE;

(c) Kn{T,F,x,t)= r;(Ok):(0 dr(x)Pr(0 for x, tEE; and

(d) X ck< 00 implies f X d'kd < o°
K- 0 r=0k=0
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If these conditions are satisfied we can apply Alexits’ Theorem A to the function
system @ = {dr(X)}.
If Yjct < 0°then it follows from (d), (c) and (4) by Theorem A that

lim £ £ drCkask) = lim  tnfx)

-»c0r=0 k=0

(by (b)) exists a.e. on E.

It remains to show the existence of a system ®satisfying (a) —(d). Because of (a)
we have to define numbers dnk, such that (b), (c), (d) hold. It follows from (a) and (c)
that the drk must necessarily satisfy

kg (ink - O-nHUK) CIK (X) FK(t) = gin\dlkfk(x)fk(t)

forn=0,1,.. x€E, where we set a_ljfc = 0 for all k. Since ak”™ a,,_1nby (3)
we can define

dnke - an-\k for 0gkgkn n=201,...

so that (c) is satisfied. This construction of the drk is illustrated in the following
figure.

Clearly, we have
©) £ dk= <k for k,n =012,

It follows from this identity that

tn(x) = £ kaJk(x) = £ £ dfkckfk(x) = £ £ drkekFek{x).

r= r=0 k=0

Now, (d) follows from (5) and (3), since

£ £ dfke\ = £ ankc\ N K- £ c\ foralln

r=0 k=10 =
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Remark. If the measurable space X is cr-finite or if fi(E) < oo we may replace
condition (4) by the weaker condition LT, F; x) = Ox(1) for all x £E as in [6];
since we may apply our theorem to each set Ej of a sequence of measurable sets
Ej a E satisfying.

LnT, F; x) ~j  for all nand x £ Ej, < 00

0]
and 4 (E\ UEj) = 0. This argument was already used in [6] and [8]. Moreover,

=1
we mentior{ that we do not need condition (2) (as in [4] and [6]) at all, while our
assumptions on the matrix T are somewhat stronger than in the theorems of [4]
and [6].
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STRONG APPROXIMATION OF FOURIER SERIES AND
STRUCTURAL PROPERTIES OF FUNCTIONS

By
L. LEINDLER! (Szeged), corresponding member of the Academy

With admiration to Professor G. Alexits on his eightieth birthday

1. Let f{x) be a continuous and 2z-periodic function and let
6)) f(x) ~—— Z (a, cos nx + b, sin nx)

be its Fourier series. Denote s,(x) = s,(f, x) the n-th partial sum of (1), and denote
[| - || the usual supremum norm.
The problem of the strong approximation of Fourier series is due to Professor

G. ALEXITS.
Generalizing one of the results of ALEX1TS and KRALIK [1], in [5], among others,
we proved the following

THEOREM A. If f€ Lipa, 0 <a = 1, p > 0, then
1
o(n™) if o <—,

p
logn |* s 1
[(i } if ¢« =—
n p
and these estimations are best possible.
This theorem can be interpreted such that the estimation

log n \'/?
n

1
cannot be improved for the whole class Lip—, p = 1.
p

@ nvm{H Zu

H(f,p) = 0[

The question of the following type: whether an estimation like

Mw—ow%ﬂmy

what properties of the function involves, or what subclass of Lip 1/p characterizes,
was first raised and solved by FReuD [3] in the following special case:

1 This research was made while the author worked in the Department of Mathematics of
Justus-Liebig University, Giessen, as a visiting professor by a grant of the ‘“Deutsche Forschungs-
gemeinschaft’.
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Ifp > land
HR(f,p) = O (nir),
or equivalently, if

(3) élK -[p <o ®> 1),
then
) m A-Up (0 + A) —/()) = 0

holds almost everywhere.
He also raised, whether (4) holdsfor all x ?
In [7] we verified that (3) does not imply (4) everywhere. Our counterexample
is the function
D sin nx]

m =1 fpPW

which satisfies (3) but at the point x = 0 it does not fulfil (4).
In [8] we generalized these results to such strong summability means which
are determined by a general triangular matrix and we also investigated the casep = 1
A collected form of the theorems published in [8] reads:

Theorem B. Let p 5 1 Suppose that the triangular matrix || am| Mk ﬁk
Xk>0;n=0,1,.. kK=0,1,. . nand/iIn= Z h has thefollowing properties:
n/1~1pis increasing, 0
(5) Z A,1»S Knfi~1y

k=o

L k-~Kllp it kn~
(6) & pn kn~Ip

X ip
< KnpA,, - ,

(7) k;n4/(HJ PA, if P> 1
and
(8) Nnf Knx, if p=1.

Then
(9) IZ’\n\sn-f\p <®
implies
(10) IAx + h) -f(x) I KN-1p for all X,
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and

(11) hm AI/”( ) (f(x + h) —f(x)) =0  for almost every x;
furthermore there exists a function fi(x) satisfying (9) but

(12 - 50 > 3 4|2

where A(x) denotes the increasing function being linear between n and n + 1, moreover
A(n) =

It is clear that in the case 4, = 1 and p > 1 all of the conditions of Theorem
B are satisfied therefore Theorem B includes the result of Freud.

It is also easy to verify that many of the Riesz-means, (C, 1)-means satisfy
the conditions of Theorem B, for example, if

log k

j.k=kﬁ_l, 0<ﬁ<p, or Ak=7—’

0< f<l.

But we remark that if p = 1 and 1, = 1 then condition (5) is not fulfilicu, there-
fore this theorem says nothing about what condition (9) with p = 1 and 4, =1
implies.

This problem was investigated in a joint paper of LEINDLER and NIKISIN [13]
proving

THEOREM C. If

(13) | $n

then

(14) | f(x + h) —f(x)| £ Kh log:l— forall x,

and

(15) |f(x + h) — f(x)| = O,(h)  for almost every x.
Furthermore there exists a function Jo(x) satisfying (13) but

(16) [ ) f©0) > — 8 o logz forall n=6.

This result was extended to the r-th derivative of fin [9].
Inequality (16) shows that condition (13) does not imply that € Lip 1. In con-
nection with this fact I raised (see [9], [10]) the following problem: Does the condition

a7 > 15, =11

imply f€ Lip 1?

with 0 <p<l1
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The answer was given in an affirmative form recently by Osko1kov [14] and
Szabados [15] independently. They both proved the following stronger statement:

Theorem D. If

(18) R(K -9) < 00
and
(19) jﬁ:;) .

thenf £ Lip 1, where 0(0) denotes an arbitrary modulus of continuity.
Under a certain restriction on i2<5)they also proved the necessity of condition (19).
Setting Q(X) = xp with 0 < p < 1, (19) is fulfilled, (18) reduces to (17), thus
Theorem D answers our problem, too.

Szabados also proved that if 0 < p < 1, 5 =r+a where r = then

condition (17) implies that ff'~\)x) is continuous and

At N> {b®)1081/5)1Y) T oan> 0,

where co(/; 5) denotes the modulus of continuity off.

This result was generalized by us ([11], [12]) and one of the generalizations can
be read here as Corollary 2.2.

Very recently, in a joint paper of Krotov and Leindier [4], a condition of
different type from (18) is given, but in connection with the strong approximation,
italso implies the inclusion/ £ Lip 1, and in a certain sense it is best possible. A special
case of our result is

Theorem E. If 0 < p < o0 and {A)} is a monotone sequence such that {neA}
with a certain 0 < B < 1 increases then the condition

@ 4
(20) <
I manwp
is necessary and sufficient that
(21) K\*n ~fr < 00 c: Lip 1.
Theorem Ewith 0 < p < land = 1lalso gives an affirmative answer to the

problem raised at (17).

We can also observe that Theorem B does not include Theorem E, namely (10)
with Jin= np would give (21) but then condition (5) is not satisfied. This fact,
and as we have also seen at Theorem C, condition (5), is the most critical point in
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the usage of Theorem B, and if we investigate the proof of Theorem B more carefully
we can observe that it is just for the sake of simplicity. Therefore we try to modify
condition (5) and by this to extend the use of Theorem B. Moreover we intend to
generalize Theorem B for any positive p which seems to be the most important part
of our result.

2. The main aim of the present work is to prove Theorems 1 and 2, but we
shall also give some further results.

THEOREM 1. Let p > 0 and let p(x) be a nonincreasing function. Suppose that the
A
triangular matrix (o) |t = A—k, > 03 m =101, 203 B=0,1, ... .,m: and

A== X, lk) has the following properties:
k=1

@1 LY At ¥ kgt < Kp(n) ®
n =1 k=n
2n p—1
(2.2.1) Y 1,1’(1-P’] st ip>l,
k=n
2.2.2) A= Kl any vifin =1,
2n 1—p
2.2.3) { Z l,’j"”‘”} S KnAz s CIf peEsl .
k=n
Then
(2'3) z Anlsn_flp < ®
n=0
implies for all x
1 1
(2.4) [fx+ k) - fx) | = Kpl;} , iLe. ao(f;h) = O[P {;)]

Moreover, suppose the function p(x) satisfies the following additional conditions:
Jor any € > O there exists a number N(g) such that if N = N(g) then

(2.5) p(x) = Nep(Nx) = Ne*p(x)
hold for any x > x,(e). Then (2.3) also implies

26) tim o2 (5] (e + 1) = f9) = 0

for almost every x.

2 We use K, K,, K,, ... to denote various positive numbers not necessarily the same at
each occurence.
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Theorem 2. Suppose that the matrix (xnk) and the function p(x) satisfy conditions
(2.1) and (2.2./). Ifrisa nonnegative integer and

I I
cm= | AJf«rls, -f\Y\,
H n=m
then the condition C,, < oo implies
Ti
2.7) a)(f\hy=0 oo

and ifCm->0 and p(x) » Nsp(Nx)/or anyN » 7Me) and x > xfe), then

(2.8 (I« (*+10 -/<">(*)) = 0

limp 1
A»0 P
s/io holds everywhere.

The generality of Theorems 1 and 2 makes the danger that one cannot see their

efficacy, therefore it seems to be worthy to present some simple and interesting collor-

aries of these theorems.
First we list some corollaries of Theorem 1

Corottary 1.1. Condition (17) implies/£ Lip 1

Corottary 12. Ifp >0 and the sequence {Ak} is monotone andfor a certain
0 < B < 1the sequence {n°).n} is nondecreasing, then the condition

| K\Sn~f\p < 00
n=1
under (20) impliesf £ Lip 1
It is clear that Corollary 1.2 with Xn= land 0 < p < lincludes Corollary 1.1.
Corollary 1.3. IfO < p < 00 and
\'x 1

7 - inlsn-fyyp <00
I=l n

then
co(f; h) » Khlog T

We observe that these corollaries can be deduced from Theorem 1 of [4], too.

Corollary 1l4. IfO0<a< 1p > 0and

X _(Llin-1Dp < 00
n

n.
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then f € Lip o; furthermore
lim 7~*(f(x + k) — f(x)) =0

h—0
holds almost everywhere.

We can show that Theorem B is also a corollary of Theorem 1. Namely it is evident
that if p(x) = A(x)""/? then the conditions of Theorem Bare the same as those of Theo-
rem 1 for p = 1, thus (2.4) and (2.6) imply (10) and (11), respectively. The only crux
is to verify that conditions (2.5) hold, but we prove it as follows:

Let € > 0 be an arbitrary fixed number. Let us choose a positive integer u such
that 4! < &. Let N = 2*. Then using conditions of Theorem B, we obtain that

4] 1 —1/ L& i )
) S PETF = AN = o 2 25x A(2%%) "J -

k=0
< & oy puxyie < KeNA(Nx)"V? = KeNp(Nx)
ux

and

1 K
p(Nx) = AQ*x)~MP < A Y, AQ2"x) 7P £ — A(x)"M? £ Kep(x)
n=0 H
whence (2.5) follows.
It is plain that Corollaries 1.1, 1.3 and 1.4 immediately follow from Theorem 1

d 1 1
by choosing 4, = 1, p(x) = = A =KL, p(x) = ;logx and A, = k771, p(x) =

= x~ % respectively; namely in these cases conditions (2.1) and (2.2.i) are obviously
satisfied.

To prove Corollary 1.2, i.e. that (20) implies (2.1) and (2.2.7), it also just needs
some elementary calculations. Now we verify only that (20) = (2.1) for p = 1,
namely all of the cases would run similarly. Since A, must be increasing thus

%A,,,z < A, < n2,, whence by (20)

B (ks
S L AP E~F Bigits
=1 ng=1

x| =

and

23 s

k=1

K
n H

YUK Y kiea) Ve <
k=n k=n|2

1
therefore we can choose p(x) = o and then (2.4) ensures /€ Lip 1.

Before presenting corollaries of Theorem 2 we would like to emphasize that,
unfortunately, Theorem 1 does not give statement (15) of Theorem C, but it includes
most of the results cited before.
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Corollaries of Theorem 2:

First of all we can state in a very succinct form that if the n-th term of the series
appearing in the conditions of the previous corollaries is multiplied by nmpand the sup-
remum norm of these new series isfinite, then in the statements of the corollaries f
can be replaced by/ (1), except the second statement of Corollary 1.4.

E.g. we have as a generalization of Corollary 11 the following

Corollary 2/1. If0 <p < \ andr is a nonnegative integer, then

E nrp\s,, -f\p < oo

li=1

impliesf )£ Lip 1

Corollary 2.2. If 0 < p < land—= r + a, where r is a positive integer and
0 < a” 1 then (17) implies ?
) 0o if a=1,
co(/w; O
0(5%), if 0<a< 1.

This corollary has been proved in [12].
To deduce Corollary 2.2 we only have to set 1,, = n~p and to verify that the
conditions of Theorem 2 are satisfied with

p(x) ——Iloga if a=1; and p(x) =xx if 0 <a< 1l

But this can be done by a straightforward calculation therefore we omit it.
Corollary 23. If0<a< 1 /> 0and

(2.9) E nsH)p L\sn-f\p -»0 as m->o0,
H—m

then

(2.10) Li%h -*(f\x +h)—/ (N*) =0

holds everywhere.

It is evident that Corollary 2.3 cannot be extended to the case a = 1, namely
(2.9) does not imply that/ w should be constant.

Moreover, the following Theorem 3 (or Corollary 3.1) shows that (2.9) is, in
general, necessary that (2.10) should hold.

Theorem 3 will also show that Theorems 1and 2 cannot be strengthened generally,
that is, the the given estimations are best possible.

Theorem 3. Let p > 0 and let r be a nonnegative integer. Suppose that the mono-
tone {/.k} satisfies the conditions: {urp 1/1,} is monotone, for a certain y < 1 —pr
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{np~1A,\ is nondecreasing, and n).nrg KAn. Then there exists a function F{x) =
= F(X r,p; x) such that

(2.13 X kn(rf\sJF)- F\y < oo
but

1
2 © T~ A C-i & T,
@212 i 5 ko TR

and if r is even, then

2.13) © c @ nnap
=1

if ris odd, then

(2.14) oT@- 2c¢c? f'%gn*m

w/iere C i1 a positive absolute constant.

It is obvious that (2.13) and (2.14) are stronger statements than (2.12). We
also observe that (2.13) cannot be extended to an odd integer (or (2.14) to an even
one), generally, namely if* = 1, A,= land r is odd, then by one of our results ([9],
Theorem 2) (2.11) implies T() £ Lip 1, but in this case (2.13) would reduce to

® 2 CFIogn,

in contradiction to F(>£ Lip 1 The cited result of [9] also gives, in the same special
case, that if r is even, then (2.11) implies F(r)£ Lip 1, and this shows that (2.14)
does not hold for even r.

One more observation; if

Pin): = —Z Afllp,
) n k=1 P

then Theorem 3 shows that the estimations (2.4) and (2.7) cannot be strengthened,
as we have stated before. Namely, it is easy to verify that the conditions (2.1) and
(2.2.1) are fulfilled.

We shall see later on that the special case A, = rixo~1 of Theorem 3 is worthy
for formulating as a

Corottary 3.1 Letp >0, 0<a” 1andr be a nonnegative integer. Then
there exists afunction F(x) = F(r, a; x) such that

(2.15) £ WOHPA\siF)-FV' <oo,

=1
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but
(2.16) w(F(r><5) » Co1 if O0<agl;

moreover if a — 1, then

co(F(r); 5) * C6 log %— for evenr
and
0)(F(r); 6) ~ COlog o for oddr,

where C > 0.

Since (2.5) holds with p{x) = x~xfor 0 < a < 1, thus (2.16) verifies that (2.6)
cannot be extended to every x; that (2.7) is best possible; moreover (2.16) shows that
the condition Cm —0 is necessary to (2.8).

Summing up our remarks we can state that the statements of Theorems 1 and 2,
in general, are best possible.

In order to show that under the assumptions of Corollary 3.1 the conditions
of Theorem 3 are fulfilled we have just to mention that 1 can be chosen such that
1—pr —ap < 1] < 1—vpr holds.

Finally we mention one more result.

Corollary 3.1 withr = 0, p = & = \ shows that the condition
(2-17) EK(/)~/1 <0
n=1
does not imply f £ Lip 1, but the condition
(2.18) Z £,< 00
Ji=i}

where En= EN(f) denotes the best approximation of/ by trigonometric polynomials
of order at most n, by the following wellknown inequality of Steckin (see [2], p. 534)

1 "

© / n k=1

does imply/ £ Lip 1; hence it is obvious that these conditions are not equivalent.
But if we strengthen condition (2.17) just a little bit, namely if we claim
w  2ml

| Kcga-/1 <@,

n=2m+
this will already be equivalent to (2.18), namely we have
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Theorem 4. Letp > 0 and let {pn} denote a monotone sequence with the property
0 < K ii /12¢4¥2' < K < 0° for all n. Then the conditions

a1
(2.19) rnEO £ K-/1 < oo

and

(2.20) Ep,,Ep< co
n=0

are equivalent.

3. We require some lemmas to prove our theorems.

Lemma 1 ([6], Theorem 5). We have for any positive p and natural number n

1 X |Yp
‘ AN = 0{En).
NN {En)
Lemma 2 ([12], Lemma 2). If0 < p iS 1 r/ren
lipl 1 2n 11/p
=0 e
“o*=gn+1 J

Lemma 3. Lei p > 0 and r be a nonnegative integer. Suppose that the matrix
(vrk) satisfies conditions (2.2.r) (1 ~ / g 3). Then, with a certain p,

(3.1) E K{nr\sn-f\y < oo
=P+1
implies
(3.2) XI 2nE2 i K X + 2-mX 22\
n=m+
and
m+1 o
(3.3) X 2(nttl2, Kk £ 2nC2, N "%,
i A
Proof. It is obvious that if F,(xX) = — X w(*) then
(3.4) ENS W\(x) - Vn(x) Il

’The second sum on the right-hand side of (3.2) for p ~ 1 can be omitted.
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If p > 1then, by (2.2.1), (3.1) and using Holder’s inequality, we obtain that

1 2
(3.5) /W - Vvnx)Ig- z IKXx) - f(x) I”
n k=n+1

p-Nip

A, L AKM-IMIT 7 4fp”

~ \k= 3 (ASH

K 2n 11/

4(4 KM -/Mll‘l nN~1pi K n-'Aflr;
n \k—n +

and ifp = 1then by (2.2.2)

j/

(3.6) Ifix) - F,(x) 1~ Z 4%H w - /M InA<f A Kn-'/1-1.
n k=n+1

Hence, by (3.4), (3.2) and (3.3) follow forp ~ 1 (see footnote3.
The proof of these inequalities for 0 < p < 1 requires a longer calculation.
First we use Lemma 2 with p2 This gives

. ilbl

En\llp <k (fnlk:il I ifp!
Hence, by (2.2.3) and (3.1), we get
@7 Enl K Z 4 tie-/r] A:Z/H4,O’—J)l_ﬁ "

P
W Krr1~1p /c=%+34WI ife- /1 )p W KCnrl'1~1p

which implies

@ IF  \P m
38) ném | ~2nJ 9" ﬁ c2.dn”
and
(3.9) 1 2weE2 >2‘2i:1 v, aZ 2'cdh™fp

It seems to be almost evident that (3.8) =>(3.2) and (3.9) =>(3.3), but the correct
proofs of these statements take quite a long calculation.
First we divide the natural numbers ni£N) into two sets Nkand N2according that

EH ! 1
(3.10) T

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979
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holds or not. If for a certain n, Eh= 0 we consider n to be in N ft is clear
that (3.8) and (3.9) imply

®
(3.11) £ 2"Ernb X
g m~ neNi n=m
an
m
(3.12) Frg\(,Nﬂ 2"(r+DE2, N N % " C,, I2lUp.
=0

The crux of the proof now comes to verify (3.2) and (3.3) for the natural numbers
n belonging to N2 If N2is not empty then we can give indices mt and Mi such that

NZ—Ui[n:LI_I,<nA Mj}.

It can happen, of course, that m1= —land for a certain i, M, = o0o0.
For a given m let Miadenote the smallest Miwith m 5 M,a Then if (0 *) m
" mig we have the following estimation:

Mi
(3.13) X TreE2,=X X 27 X
. mAngN?2 N0 fe=nl+1
and if m > m, then

N, M1
(3.14) X 27 2,=kX 2% + X X 2*'AZ~
—m

tnAndN i Mo+l k=mi+]
In view of the converse of (3.10) an easy calculation gives that for any i

Mi
(3.15) X 2TEZ'l K2mlEM.

k=mi+1
Thus, if m ~ miqg we have proved (3.2), namely for i 2: i0, m ;S w; £T5 con-
sequently these indices appeared in (3.11), i.e. by (3.13) and (3.15)

X 2mE2,ih | 2nrE2n,

mAnAN 2 mikndNi

whence by (3.11) we obtain (3.2).
If m > mig we can estimate the second sum of (3.14) as before, and the first
one can also be estimated by its first term, that is,

Mt,
(3.16) X 27E24 K2mrE2m
—m

But now the index m does not belong to Nit namely it is between mieand M,t, thus
we cannot use (3.11) in estimating (3.14). In this case, using (3.10), we have the
following estimations: If mio > —1 then

(3+17) E Vn= (4r+lyn-mu E 2m*>
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and since mia£ Nu by (3.7), (3.10) and (3.17),

2Ar+2)m,, ) m
(3.18) 2™MEtmA K 2nr - )mc2on UK 2“m £=02" C2,
n

In the case mio= —1 we can also give this upper estimation but by another reason.
Then we have by (3.10)
ynr js m

(3.19) 2™MEMA K2~m£ or C» A* IP-

Now collecting our estimations, by (3.12), (3.14), (3.15), (3.16), (3.18) and (3.19),
we obtain (3.2).

The proof of (3.3) runs similarly. Using the same notations as before it is clear
that we have to detail only the inequality

m
(3.20) Y 2«r+l)E2," K£ 2'C,,AZ p.
pémz n=o

If (0 1) m < miGhen

ol wmt
21 Y 2n(r+HDExh= Y £ 2(r+)EX.
(32D) nEN2 -+ i=1 k=mi+1 (1)
n<m
By (3.10) we also have
Mi
(3.22) £ 2<()EX it K2mi(r+)E2m,
k=rm-1

whence (3.20) follows by (3.12) and (3.21).
If m > miothen in respect to (3.21) and (3 .22)

o1 m d
Y 2"(+H>E2, 01 KY 2nm+DE2m+ Y. 2f+)Ekin K'Y 2nk+H'E ,
N ( 2, " (r+1) emoH fofr+1) Y g

UK @M 2(H+)ED

which proves (3.20) by (3.12), and hereby (3.3) is also verified.
The proof of Lemma 3 is complete.

Lemm% 4 ([4], Lemma). Let {p,,} be a nonincreasing sequence ofpositive numbers

such that nY:an < 00 allx I£t

p(x) = £ p,,n-1sinnx.
Thenfor any m > 29

(3.23) TS AL™ Y A

ml~ 2 m

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



STRONG APPROXIMATION OF FOURIER SERIES 119

Lemma 5 ([4], Lemma 4). Letp > 0 and let y = {yk} be a monotone sequence
such thatfor a certain B < 1 the sequence {keyk} is nondecreasing. Denote

F(X) = F(y,p; X) = £ («y) Wpn 1sinnx,
then

Xym\sAF)-F\” < 00.
n=

4. Proof of Theorem 1l FiI’SI'[ W% prove (2.4). Let Unx) = VA(X) —Va-i(x),

where F2-i(x)= 0 and Vnx) = — ) X sk(x), n20. Itis clear that
n K=n+1

f(x) = n>=(o un(x) m
Thus, if 2-m< hS 2_m+l, we have

Ax+ ) -1 1N XiINe +4- BAL+2 X Bl e

fz=m+I

Since
IUN)\E\V 1 (x) - fix) I+ [/(x) - V2,-i(x) 1,

e.g. by Lemma 1

4.2) \Wn\W\i K E 2,.r.
Using the wellknown Bernstein’s inequality we obtain
m—1 o]
lfix + h)-fix) IgttX 2nEnh+ K X £2.
K=0 n=T

By (2.3) we can use Lemma 3 with r —O0, thus the previous inequality, by (2.1)
and (3.2)—3.3), implies that

Ifix +h) -fix)\ i Kpi2m it Kp [-1),

which gives (2.4).

The proof of (2.6) is more difficult. Let 1 be an arbitrary positive number. By
Jegorov’stheorem and by (2.3) there exists a perfect set Hu<z [0, 27c] such that /((//,,) >
> 24 —q 4and on the set Authe series

4.2) X_xn\*nix) - fix) P
«=0

converges uniformly. By a known theorem of Lebesgue, there exists a subset H*
of Hnsuch that niH*) = piHn) and the points of H* are of density 1

4p(H) denotes the Lebesgue measure of H.
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Let x be an arbitrary fixed point of H* and let d be an arbitrary fixed positive
number. Furthermore let N = N(8" denote the number satisfying (2.5) with el
and denote s = N*1(si %) and B = p2+ p~i. By XEH* there exists a positive
O= 6(e) such that if 0 < h :g Sthen

Uu([x- hx] MH*) > (@ - eh and /r([x,x + hj NLW) > (1 - e)h.
Since the series (4.2) converges uniformly on Hn there exists an integer /r*(2: 4)
such that for all t£H,,

4.3) EAJjICF)-/WIlae'.

Hence, similarly as in (3.5) and (3.6), we obtain forp jg land 2" 2: u* the estimation
(4.4) 11(0 - V2,0 1g Ka«'12A'p

at any t*Hv
Next we prove a similar estimation for 0 < p < 1 Using Holder’s inequality
twice, Lemma 1 and (2.2.3) we obtain
2
n1/(0 - Vnt)1 =1 1 sk(t) - At) \* Isk(t) - At) I-'* &

k=n+1

{i”z S€0-/(0n  E IM0-/(01H" ~

L o1 J U =n+1 J
2n ip 2n PP .
(T PrRD nr-p» pl-p* <
«:El 4 AOM A:E-I
{2 IP*
E 417°C0-J101Y -
k=ne J
Hence, by (4.3), assuming t £ 4, and 2" 2r /r*, we get
(4.5) /(0 - F2,0) 1~ ENSE2,(£2,Aty)~p' i KSP\En+ J1AB,
which requires some explanation only when
Exn/UpP< 1,

but then, byp < 1,
E\TP AX < (N2ApLp' N2p° = N2Ap,
whence (4.5) obviously follows.
Let us choose £ such that \x — W < min Iﬁ I. Let v= x(2) be the

L*  xofei)J
smallest natural number with a si 2V|x —£\ < 2e. It is clear that T > u*. Since
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IXx —E£ 1< §, there exists a point 0 £Hn lying between x and £ such that |{ - bl £
hWsix- £land 0 # O
By (2.4), (4.4) and (4.5) we obtain

@6 /(0 -/() 11y 170 -7 1+ 1/(0) - FW6) 1+ IF2(0) - k/x) I+

1
+ IF 25060 - /(9] € - iil) +Ke'l(Exv+A™p+ 10-* 1IW
- i

where B' = min (8p3 Bjp) > 1for any p > 0.
Here the first term on the right-hand side, by (2.5), can be estimated easily:

1 . 1 o N
lic-uilj ~  elx- 0 =Py flj
Since, by (2.1), (2.3) and (3.5) (with r = 0), we have
EX+ N3p it KpiT),

1

A 4P )
Ik - E

the second term of (4.6), also by (2.5), does not exceed

. 1
Kep(2y * Kepi K *n A i
PE) 7 KPR B o) RN B Nt 03 " RP
In order to estimate the third term in (4.6) we set
) = £(e p - Vi-i(),
whence, using Bernstein’s inequality, conditions (2.1), (2.3), (3.3) (with r = 0) and

(4.1) give thatl
llF2(x) N0 I02" Ny, Nig K/l£_02"E2,,U KT pi2y

From this it follows, as before, that

Ifit - *1IW 1L~ K Ix - O 27pi2y it K2ep(2) » *Xe, p

Summing up, we obtain

4.7 10O -/(x)| "KelP 1~ {|
Since el was arbitrary, (4.7) implies (2.6) for all x 6 A4*. Let Gif) denote the
subset of [0, 21] where (2.6) does not hold. It is obvious that G(f) d [0, 271]\H™*,
thus the exterior measure of G(f) is less than t]. Since 1j was also arbitrary, the measure
of G(f) is zero, that is, (2.6) is proved for almost every x.
We have completed the proof of Theorem 1
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Proof of Theorem 2. First we show that
(4.8) /*>(*)=/1£O t/«(x).
To prove this it is enough to show that I U%\x) has a convergent numerical majorant
series. By (4.1), using Bernstein’s inequality, we have
(4.9 WIWW\<K2”Er-i,
whence, by (2.1), (3.2) and C0 < o0,

Xliglkdl < @

follows, which implies (4.8).
Now we prove (2.7). Let 2~m<h  2~mtl Then, by (2.1), (3.2), (3.3), (4.9
and CO < oo, we have that

\f(er+h)—/«(x)|én><I +h) —UEX)1+2 X NUPIA
_/l=0 =11
mH
o T * N\
i b XIGIEDN + = _X 2
mtl
NK2~m X 2'(r+DE2,+ K X 2"r£»N "P(2m) a K
mX, (+1)E 2, ey 2TE2 (2m a Kp

which proves (2.7).
In order to prove (2.8) we first remark thai the condition p(x) rgNep(Nx) implies

(4.10) Xp(X) -* 00 as X -» 00.

Now let e, be an arbitrary fixed positive number.
By Cm 0 and (4.10) there exist indices m0 = mn(el) and V0= \J(s,) such that

(411) Cm< for m2m0 and e”12n¥p(2nf) < p (2VY2V for v 2 0.
If m > max (mQ VO then, usmg (4.12), (2. 1) (3.2) and (3.3), we obtaln

® m
(4.12) XIanEZnuK =] XAr,p+2~"’/§O+ 2ncmnz}p
K (Ap@m + 2~-m2nfpn) + £12.m X 2 A KelP (2
(@p(2m p(2n) m X 2m

ad
(4.13) X2(r+l)EnV| 52 X 2<r+l)E,,gKX2”rﬂ21p+

R+1 N=/no+ 1/
m

+elK X 2" A N2nPp(2T°) + H2mp(2m) N 2 Ksl2mp(2m) .
N—AiH
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Henceforth the proof runs similarly to that of (2.7). Let 2~-m< h ~ 2~m+L
Then, by (4.9), (4.12) and (4.13), we obtain

m+1

VAX + h)-f\x) Trg X INe  + h) - UPx) 1+2 X WU?\\ it
=0 n=m+2

m+ 1

a h 1 <) + KsIP(2m it KIEIp2n),

which proves (2.8).
We have completed the proof of Theorem 2.

Proof of Theorem 3. Leét
sin nx

F(X) - F(a rp; X) —1 nr+1Afr ’

First we verify (2.11). Using Lemma 5 with y,, = nrp~1/In we immediately obtain
that
@

I Nn0-1(nr\snfF) - F\y < .

whence, by nl,, = K A,, (2.11) follows.

In order to prove (2.12), (2.13) and (2.14) we use Lemma 4.

If r is an even integer it is fairly obvious that (3.23) gives (2.13) (in respect to
HO0) = 0), whence (2.12) also follows.

If r is odd then (3.23) also clearly gives (2.14) but this does not imply (2.12).
Then (i.e. for an odd integer r) we have to verify (2.12) by a straightforward calcula-
tion. Being

Fa>-+1% fc
® r=0 N /ln
thus, in view of £ n~rf1~1p < oo (which follows by the conditions A < 1 —pr

and nr+rp~1ﬂr|t) we have

p (0 n F 1O = n sinn > ‘“‘X;,p"ﬂrrﬂlp .

which proves (2.12).
The proof is complete.

Proof of Theorem 4. By Lemma 1 the implication (2.20) => (2.19) immediately
follows.

To prove the inverse implication we distinguish two cases according p 2 1
orO<p<1l

Ifp ~ 1then
1 21 < 1 217 1P
T < _ ) ) _
T 0 k:Zn+I S n k:Znﬂlsk Fip
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whence
2'H I

2"ER, < I \sk-f\p

k=2"+I

holds, which makes clear that (2.19) implies (2.20) in view of the restriction on
If 0 < p < 1lthen, by Lemma 2, we have

B+l e
2B, =0 Z \sk-f\l
h=2»+|
which by (2.19) implies that
Kawn\
(4.19) Z N2 nEh 'Zﬁn\- p< co .
.l

If we now divide the natural numbers n into two sets Nxand N2 according that

Bnd A 1
E2, =K

holds or not; and use the same technique as in the proof of Lemma 3, we obtain
that (4.14) implies ©

Z Fzn™n < 00,
n=1

which proves (2.20); and Theorem 4 is proved.
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PROBABILISTIC APPROACH
TO SCHOENBERG’S
PROBLEM IN BIRKHOFF INTERPOLATION

By
G. G. LORENTZ1 and S. D. RIEMENSCHNEIDER?2 (Austin)

To Professor G. Alexits on the occasion of his eightieth birthday

1. Introduction. Let E = (eik?LIkIl be an m x n interpolation matrix, with
elements eik that are zero or one, with exactly n ones. With E we associate a Birkhoff
interpolation problem for polynomials P of degree at most n —1,

(1.1) PKX,) = cik,

the equations corresponding to pairs i, k with eik = 1 A matrix E is regular if equa-
tions (1.1) have a solution for each selection of the knots xk< ... < xm and of
constants cik. Otherwise E is singular. In a famous paper, Schoenberg [8] proposed
to find all regular matrices. This problem —at least at present —seems to be hope-
lessly difficult. One is perhaps justified in trying to simplify the problem. We ask
whether most interpolation matrices are singular, and give a positive answer to this
question if m is not small compared with n, more exactly if m satisfies condition (3.2).

We do not exclude the possibility that some rows of E consist of zeros. (In fact,
if m > n, such rows must be necessarily present.) Of importance for interpolation
matrices E is the P6lya condition

1.2) MKk Kk + 1, K=01...,iz—1
and the stronger Birkhoff condition
1.3) Mk"Ak + 2, *=0,1,...,n-2;

here Mk is the number of ones located in the columns 0, 1,. .., k of E. By M(m, n),
P(m, n), B(m, r)) we denote the numbers of all m x n interpolation matrices, of all
Polya matrices, of all Birkhoff matrices, respectively. First we have to determine, at

[ TTLL
least asymptotically, these numbers. Obviously M(m, ri) — , and by Stirling’s
formula, D
n
14 Mm = M Lom st < Const
n v2nn m—1 Jn

We have B(m, ri) ri P(m, n) f M(m, n). We shall prove that P(m, ri) = o(M{m, rij)
for n “moo, and that B(m, ri) 2; pP(m, n) for some constant p > 0. The first relation

1Supported, in part, by Grant MCS 77-0946 by the National Science Foundation.
2Research supported by Canadian National Research Council, Grant A-7687.
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already solves our singularity problem, for all non-P6lya matrices are singular.
Even more, by the theorem of Birkhoff, Ferguson and Nemeth, for such matrices
equations (1.1) are not solvable for any selection of knots xx < .. . < xmand for
some cik. But the real problem lies deeper. We shall prove that most Birkhoff matrices,
and that most Pdlya matrices are singular.

A row i of E will be called a singleton, if it contains exactly one one, eik = 1
This singleton is supported, if E contains ones eiiki = eiiki = 1 for which k< i <
< i2 kb k2 < k. We shall use the following result of Lorentz and Zetrter [6]:
A Birkhoff matrix is singular if it contains a supported singleton. There exist stronger
theorems of singularity (Lorentz [4]), but it is not clear how to use them probabilistic-
ally.

The theorem quoted does not hold for Pélya matrices. Therefore with A tkin-
son and Smarma [1] we consider vertical decompositions of a Pdélya matrix into
Birkhoff (or one column) matrices. There exists a maximal decomposition (canonical
decomposition) of this kind:

(15) E=Ex® ... ® Ex, w+ ... +nx=n.

Here each Eh an m x n, matrix with exactly n, ones —is a Birkhoff matrix if nt > 1,
or a one column matrix; E is singular if and only if one of the Et is singular. (See
[1] or Lorentz [5], where an exposition of Birkhoff interpolation theory is given.)

Here and everywhere else in the paper “singularity” can be replaced by “strong
singularity”, which means that the determinant of the system (1.1) changes sign,
not merely vanishes.

We are grateful to Professor J. H. B. Kemperman and to Dr. R. A. Lorentz
for useful conversations.

2. Count of Birkhoff and of P6lya matrices. For an m x n interpolation matrix
E, let mk, k = 0,..., n — 1 denote the number of ones in its K-th column. IfE is a
Birkhoff matrix, it follows from (1.3) that mn_x = 0. We can as well omit the last
column and study the m x (n — 1) submatrix E' of E; this matrix E' has also exactly

n ones. Its column numbers mk form an n —1 tuple m = (mQ, mx, .. .,m,,_2 with
n—2

% mi = n-

We shall study cyclic permutations of columns of a matrix E' —an idea that
in probability goes back at least to Spitzer [9]. Results very close to our Theorems
land 2 can be found in [7]. We supply a complete proof of Theorem 1, since the
equivalence classes discussed there are very important for the sequel.

The cyclic permutations of columns of E' will produce again matrices of the
same class. With E', its (« — 1) tuple m will also undergo cyclic permutations, prod-
ucing

(2.0) olm={m,...,m, 2m0.. ., T, X), i=0.. n- 2.
Two matrices E' of our type will be called equivalent, if one of them can be obtained
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from the other by a cyclic permutation of its columns. Obviously, this is an equi-
valence relation among m x (U — 1) matrices E' with n ones.
We shall need the functional

(2.2 AMm =n- 22mo+ (n —YT1l+ ... + 1 + Om,,_2.
(This A{m) can be interpreted as the area under an obvious graph connected with
the (n —1) tuple in.)

Theorem 1 Each equivalence class of matrices E' consists of (n —1) different
matrices. Exactly one matrix in each class produces a Birkhoff m x n matrix E, if
a last column of zeros is added to it. All m x n Birkhoff matrices are obtained in this
way. In particular,

23) B, 1) = — -, m(n —1) > 2.
Proof. We have
(2.49) A(fm) - A{p,+lm) = (n —1)mt —n, i=0,.. n—3,
hence forj > i,
(2.5) A(fin) - A(fin) = (- DEm - (- Dn, >

To prove that all matrices in an equivalence class are different, it is sufficient to show
that all numbers A(o'in), i = 0,...,« —2 are different. If the difference (2.5) is

—+
zero, then J£_ m, is congruent zero modulo n. This means that this sum is either n

1
or 0. In the first case, (2.5) yields n(J —i) = n(n — 1), which is impossible, in the
second case we havej —i = 0, as required.

It remains to show that exactly one of the permutations corresponds to a Birk-
hoff matrix. This is the permutation with the largest value of A (fin). Let, for example,
the largest value correspond to i = 0. This is equivalent to A(in) —A(fm) > 0,
j=1,..,n—2orto

A(m) —A(aim) = (n —l)le::)mt —ijn >0,

j- 1
or to ml > jn/(n — 1), that is to J£ maj+ 1,j=1,.,n—2 and this is
0 0

identical with the assumption that the extended matrix E satisfies (1.3).

Similar arguments allow the counting of all m x n Pdélya matrices E (with n
ones). It is necessary here to consider m x (n + 1) matrices E' with n ones, and
cyclic permutations of their columns. To a matrix E' corresponds a counting function

n
ih=(mn ..., mM) with JTm, = n, and with its permutations fin, i=0,..., n
6]

Some of the E' have mn — 0, then they reduce to m x n matrices E.
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Theorem 2. Each equivalence class of matrices E' consists of (n + 1) different
matrices. Exactly one of them produces an m x n Pdélya matrix, if the last column of
E' is omitted. All m x n Pélya matrices are obtained in this way. Consequently

1 /min+ 1)

. P(m,
(2.6) (m, n) 41 "

The proof is similar to that of Theorem 1, and uses the functional
(2.7 AM) = nmO + (« — ) mx+ ... 4 Omn.

Formulas (2.3), (2.6) and Stirling’s formula allow one to get asymptotic express-
ions for P{m, n), B{m, ri). For example ,we have the strong equivalences

1
P(n,n) x J — n" 32en, B{n,n) ne «"-32e".

Proposition 1. Form ~ 3, n ~ 2 one has thefollowing inequalities:

B(m, r)) ,
. for some constant > 0,
Bm+ 1, n+ 1) . 2 1
(29) B(m, n) n (m + l) 1+ F::L—'i' m —1

Proof. One can take p = e 5 For the first inequality, one has

mn + m
P(m, n) n g mn+m—k Imn+m-—n+1
B(m, n) mn —m [=omn —m —K ~ [mMNn —m —n + 1
n
2m 3]
- + <1.
M+ m_yn—y 1T n-a
On the other hand,
mn + n
B(m+ Ln+ 1 n+1 (m+,,1)f| 'ﬁd mn+n—k—1_
B(m, ri) mn —m n+ 1 *mop MmN —m —K
n
o mn m+n—1
nm+1 =(m+ 1 1+
( ) mn —m —n+ 1 ( ) m- H@n- 2.
7 + + —~  +
w(T+1)\1 == -mil
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3. Probabilistic considerations. We wish to prove that most Birkhoff and most
Pélya matrices have many singletons. By B(m, n), Bp(m, n), Bp(m, n) we denote the
classes of all Birkhoif m x n matrices, or those of them that have at least p, or have
exactly p singletons, respectively. Also the numbers of these matrices will be denoted
in this way. The number of ones in the matrices will be exactly n. However, B(m, n),
Bp(m, ri), Bp(m, ri) will denote the corresponding classes and numbers for matrices
with exactly n + 1 ones, which satisfy the Birkhoif condition (1.3) (for k = 0,...,
n —1, and, trivially, for k = ri). For example, consider the class B(m + 1, n + 1).
An (ot + 1) x (n + 1) matrix belongs to this class exactly if it has an empty last
column, and if its first n columns form an (or + 1) x n matrix with (n + 1) ones
which satisfies the Birkhoff condition. For the corresponding numbers we have

(3.1) B(m+ Ln+ 1) = B(m+ 1,n).

Theorem 3. (i) Let m satisfy
(3.2) @+ 6)———é—h—u m, S >0 constant.

Then for each p and all large n, almost all m x n Birkhoff matrices have at least p
singletons:

. Bp(m, ri)
. | =
(3 3) n—@ B(m’ ri)
(ii) The same statement is truefor Polya matrices:
. Pp(m, ri)
3.4 =
¢4 JLTO P{m, n) .

We shall prove only (i), which is needed later. The proof of (ii) is similar but
simpler.

Let E £ Bk_Xm, 1) be an or x un Birkhoif matrix with exactly k — 1 singletons,
let F be an (or + 1) x n matrix with exactly one one. There are (or + 1)n such F.
Combining E and F, we construct an (ot + 1) x n matrix E' = E %F by placing the
or rows of E, in their natural order, into the m empty rows of F. Clearly E' £
£Bk(m + 1, ri). In this way we will get some matrices E' of the class Bk(m + 1, ri),
and when so, then at most k times, for we can use at most K singleton rows of E' for F.
Therefore

kBk(m + 1, ri) ~ (ot + DnBk_i(m, ri).

Summation fork = 1,2,.. .,p yields
Bfm + L« + ... + B (or+ 1,ri) 2 JE) [B{m, ri)) - Bp(m, n)] ,
hence

(35) B(m, n) - Bp(m, r) * _(ﬁf_ﬁn B(m + 1, ri),
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and using (3.1) and (2.9) we obtain

Bp(m, n) _
- P-
(36) ! B(m, n) 1+ n—1"m
2 1
Because of the condition (3.2), log 1+ I *m—1 N (1 —<)logn for

some ¢ > 0 and all large n. Thus, the right hand side of (3.6) does not exceed
pnlfag —0.

Theorem 3(ii), and without doubt 3(i) as well, could be also derived from a
theorem of Bekessy [2] (quoted in the book [3, p. 336]), which studies the asymptotic
behaviour of certain probabilities and uses the saddle-point method. This approach
requires again condition (3.2); our method of proof is simpler.

We have now to prove that most functions on integers are strongly non-mono-
tone. We consider functions fii), i = 1, 2,..., p, with values Kk = 1 ,..n. There
are altogether np such functions. We say that/has at most four monotone branches,
if there exist four (perhaps degenerate) intervals pj » Kk <pHl, p0O= 1 p4=p,
on each of which/ is monotone.

+p-1

n . . .
Proposition 2. (i) There are monotone increasing functions f.

(i) The number offunctions with at mostfour monotone branches is

3n np<—np,
3.7) [ P<—,np

for each a > 0 and sufficiently large p, p * n.

Proof. Monotone increasing functions / are in one-to-one correspondence
with paths which connect points (1,1) and (p, n), move at each step one unit upward
or one unit horizontally, and also mark a special point (p,n"), n ~ n (for the value
n' = f(p)). On the other hand these paths can be described as follows. On the horizon-
tal axiswe mark (p —1) + 1 —1) + 1 —p + n — 1 points. We select some (p —1)
of them, different from the last point —for the left end points of the horizontal
steps of the graph — and one additional point for the point (p, n) of the graph.

n+p- 1

This selection determines the graph uniquely. Hence, there are graphs

and increasing functions.
A functionf with at most four branches is determined by the selection of four

4
intervals of lengths Ij, £| J =p, and of the sense of increase or decrease of f

on each of them; the range of/ on each interval is at most k = 1,. .., n. An upper
bound for the number of functions is therefore
n+l1j-X 1 4p
2\n+ £ = 2\n + p)p—
2A‘I+I+U—le:1| [ lj P) p/,+... +1=P Il L eee'd | Plp

and (3.7) follows ifp ~ n.
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If we treat a function/ as a p x n matrix, we can generate new functions /'
by cyclic permutations of the columns of the matrix. For a given/ all n functions
/' obtained in this way are different. We call them equivalent. The following fact is
essential: If/has at most two monotone branches, then all equivalent functions /'
have at most four branches.

Consider all np~1 equivalence classes of functions/. Let a be the number of
classes which contain functions with at most two branches. Since each such class
consists of functions with at most four, we have by (3.7), cm :g p~anp, that is a »
A p~anp~1 On the other hand, a function/ with not less than three monotone bran-
ches must contain the configuration of Figure 1, that is,/must contain a supported
singleton. We have proved:

Fig. 1

Proposition 3. Among all np~r equivalence classes offunctions/ all but p~anp-~I
of them consist solely offunctions with a supported singleton.

4. Main theorems. Theorem 4. Let e > 0 be given, let m satisfy (3.2), then for
all large n, n 2: n0 all but eB(m, ri) ofthe B(m, ri) Birkhoffm x n matrices are singular;
even more, all but eB(m, ri) of them have supported singletons.

Prooft. Because of (3.3), it is sufficient to prove, for somep, that all but eBp(m, ri)
matrices of the class Bp{m, ri) are singular (more exactly, that they contain supported
singletons). We take p so large thatp~a < e. In proving our statement, we can replace
Bp(m, ri) by a set Bp(m, ri) and even by a set B' &ZBp{m, i) given by a subset A cz
cz (1,..., m) ofp elements, on which matrices E £B ' have singletons, because Bp(m, ri)
is a disjoint union of the sets B' (with not necessarily the same values ofp).

As usual, we identify the set B' with equivalence classes of a certain set of m x
X (n —1) matrices M'. Matrices EEM' can be thought of as pairs E = (/, E),
where / is a function on A, with values 1,. .., n—1, and E £M is an arbitrary
(m —p) « (n —1) matrix with exactly n —p ones. Let B be the number of matrices
inM

We split B' into even smaller disjoint sets B". Each B" — Bt consists of pairs
(/,E), where / belongs_to a fixed permutation class C of functions and EAM is
arbitrary. Since C and M are invariant under permutations, Bt is a union of equival-
ence classes of M'. Each set Bt contains (v —1) matrices, hence consists of the
same number R of equivalence classes. Since B' = (J Bt, the set B' consists of

c
(n —\)p~IB equivalence classes. By Proposition 3, except for at mostp~a(n — )" 1<
< s(n — I)p-1 sets Bt, each of them contains only matrices with supported singletons,
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hence generates a singular Birkhoff matrix. Hence all but at most e(n — )p 18 = eB'
Birkhoff matrices of B' are singular .This completes the proof.

Theorem 5. Let s> 0 be given, let m satisfy (3.2). Thenfor all large n, all but
eP(m, ri) of the P(m, n) P6lya matrices are singular.

Proof. We consider the canonical decompositions
4.2) E—Ex© ... ® Ex, n=nx+...+nx

of the m x n Pdélya matrices E into m x n, matrices E, that are either Birkhoff
matrices, or have one column. We prove that for most such E, there are among the E,
Birkhoff matrices with supported singletons.

For given e > 0, we select a sufficiently large integer pO. The first requirement is
that p0S nO, where nOis given by Theorem 4. The second requirement for pOwill be
given later.

We first consider matrices (4.1) with fixed A nb ..., nx, with the property that
n, » p0 for some /. The probability of Et to be regular is then < g, the probability
for E to be regular is even less. Representations (4.1) with different w...., nx give
rise to disjoint sets of matrices E, hence our conclusion is valid for the set of all
such E.

Next we consider matrices E which satisfy un, »~ pOforall / = 1,..., Ain (4.1).
It is easier to handle matrices of approximately equal but not too small length.
By combining some of the matrices E, together, we can obtain another decomposition
of E,

(4.2) E=Fg ... ®FRG, px+ ... +pB=n,
where each Fh I — 1,..., pisa P6lyam x pt matrix with
4.3 PoUPiu 2p0e

The number of matrices E of this kind does not exceed the number y of all possible
sums in (4.2).

In order to evaluate y, we start with an estimate of P{m, p) from above.

Using (2.6) and (1.4) we have

1 mp+1) o 1 m(p + 1)
p+1 p - (m-Dp p+1
(Mm-H(pH) m-hp
1Q + )

m—1 Sczpa2™ Tt g

P(m,p)

where Cxand C2 = Ce are absolute constants. For p —Pi we have pf32 p,732
If p, pIr.. pR are fixed, the number of representations (4.2) does not
exceed

{m-bpi .
YO . = m +
JLP(M°P) = €24, ny mP m- 1 8opr2 m—1
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For given p, there are at most p0+ 1~ 2p0 choices of p1(in the interval fp0, 2pQ]),
afterthat at most 2p0choices of p2 and so on, altogether not more than (2p0Y choices
of pv ..., pu And there are at most n choices of p. We see that the number y of
representations (4.2) satisfies

(T—1)n
Yit n(2pdy N P(T, ft) » 2C2 nr 1+

«JPo T—1

We now fix pOso large that C2”~ ~ -Jp0. Then because p * n/(2p0),

212 L
4.4 VS nm 1+ .
It is easy to estimate P{m, n) from below by means of (2.6) and (1.4):
(45) pmA - ™ A3 oam 1+ i
' ’ n+1 n m—1

From (4.4) and (4.5) it follows that y = o(P(m, r)). This completes the proof.
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UBER CLUSTER SETS ANALYTISCHER FUNKTIONEN

Von
W. LUH (Darmstadt)

Herrn Professor Georg Alexits zum 80. Geburtstag gewidmet

1. Einleitung

Es sei G ¢ C ein Gebiet, es sei £ein Randpunkt von G, und die Funktion/ sei
analytisch in G. Als cluster set S(f, G, £) von f in G bezlglich £ wird bekanntlich
die Menge aller Punkte m€ C bezeichnet, fiir welche eine Punktfolge {£,}/=i mit

C.6G («= 1,2,...); C, E, L) W («-+<»)

existiert. Eine Zusammenstellung der klassischen Ergebnisse lber cluster sets findet
man bei N oshiro [14]. Ist z. B. ££ 8G eine wesentliche Singularitat der im Gebiet
G analytischen Funktion/, so gilt S(f, G, £) = C; in diesem Fall ist also S(f, G, £)
die groRtmogliche Punktmenge. Wir werden jedoch hier zeigen, daB3 es noch “gro-
Bere” cluster sets gibt, sofern diese anders erklart werden.

Zur Motivierung der neu zu definierenden cluster sets betrachten wir ein inte-
ressantes Ergebnis Uber das Verhalten der Riemannschen Zetafunktion Z(z) im
Teilgebiet

H:=1z:-i-< Rez< 1

ihres Kkritischen Streifens. vVoronin [21] hat gezeigt, dafl zu jeder Kreisscheibe

B ={z:1z1 r] mitr <— und jeder auf B analytischen, nullstellenfreien Funktion

g eine Folge i reeller Zahlen mit \yn| -» co existiert, fiir welchej
Zz+ 3 {tl -* o00)
T +ip

gilt. Ein entsprechendes Ergebnis fiir allgemeine Eulerprodukte wurde kirzlich von
Reich [16] bewiesen.

Das Resultat von Voronin lait es wiinschenswert erscheinen, einen neuen Typ
von cluster sets wie folgt zu erkléren. Es sei Ga C ein Gebiet, es sei £ein Randpunkt
von G, und die Funktionf sei analytisch in G. Ferner sei B ¢ C eine kompakte
Menge. Als modifiziertes cluster set S(f, G, £, B) von/in G beziglich £und B bezeich-
nen wir die Menge aller Funktionen g, fur welche Folgen {a,.}’=i und {h,}*=1 existie-
ren mit

a,z+b,£EG furalle z£B und alle n6N,

a,z+b, £ firalle z£B und n->o00
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derart, daf gilt
flare + (b))% >9(z) (0 co).

In dieser Terminologie besagt das Ergebnis von Voronin, dal3 fur die Zetafunktion
Z(z) und jedes Kompaktum B —{z :|z|”~ r} mit r <~ die Funktionenmenge

S(Z, H, oo, B) alle auf B nullstellenfreien, analytischen Funktionen enthélt.

Bezeichnen wir fur ein Kompaktum B wie (blich mit A(B) den Banach-Raum
der auf B stetigen und im Inneren von B analytischen Funktionen, so ist klar, dafi}
S(J, G, G B) stets eine (evtl, leere) Teilmenge von A(B) ist. Unser Ziel ist hier die
Konstruktion von sog. universellen Funktionen/, die ein einfach zusammenhéngen-
den Gebieten G analytisch sind und fiir welche S(f, G, £ B) maximal groRe Funktio-
nenmengen sind.

Bei den von uns konstruierten universellen Funktionen ergeben sich interessante
Aspekte im Zusammenhang mit den sog. Universalreihen, die zunéchst im Reellen
bei trigonometrischen Reihen von Menchorf [12] und spater bei allgemeinen
Orthogonalreihen von Marcinkiewicz [11] und Tarairyan [20] behandelt wurden.
Siehe hierzu die gute Darstellung bei A 1exits [1, S. 143 ff.]. Universalreihen im Komp-
lexen sind konstruiert worden von Chui—Parnes [3] und Lun [7, 8, 9].

2. Funktionen mit maximalen cluster sets

Wir bezeichnen mit M die Familie aller kompakten Teilmengen B ¢ C, deren
Komplement zusammenhangend ist.

Durch Anwendung von Ergebnissen der Approximationstheorie im Komplexen
kénnen wir in einfach zusammenhéngenden Gebieten G analytische Funktionen /
konstruieren, fir welche S(f, G, £ B) maximale Funktionenmengen sind.

Zundchst betrachten wir einfach zusammenhéangende Gebiete Gd CmitG ¢ C.

satz 1. Es sei G¢ ¢, G ®c ein einfach zusammenhangendes Gebiet. Dann
existiert eine in G analytische Funktion f mit der Eigenschaft: Fur jedes ( £ 8G und
jedes BEM gilt S(f, G, £ B) = A(B).

Beweis. Ohne Beschrankung der Allgemeinheit kénnen wir annehmen, daf
der Einheitskreis D : = {z:|z| < 1}in Genthalten ist. Wir betrachten eine konforme
Abbildung ¢ von G auf D und setzen fiir n £N:

G,:= z2:26G, IHp)lc 1- —

1 Es sei {Qf)}*=i eine Folge mit £(¢6 dG fur k — 1,2,..., welche in dG dicht
liegt. Zu jedem Kk £N waéhlen wir eine Folge {z<6}"=1 mit

=>€G\G,, (h=1,2,..), x>- &> (M —00).
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Nun wird in induktiver Weise eine Folge {«v}f=1 naturlicher Zahlen nv konstruiert.
Es sei rii = 1und fiir ein v~ 1 sei nv bekannt. Wir wahlen nv+l > nvso grof3, dal

gilt
AvBL  Z(VfG \G

Ferner sei {rv}*=Leine Folge reeller Zahlen, wobei rvE so klein gewahlt wird,
daB die Kreisscheiben

\z - 1My (XK=1,..., Y

paarweise disjunkt sind (sofern die Mittelpunkte % verschieden sind) und alle in
G,wH\C ,, venthalten sind.

2. Es bezeichne {6,k =0 die Folge der Polynome, deren Koeffizienten rationalen
Real- und Imaginérteil haben. Wir konstruieren eine Folge {Pv}*=0von Polynomen.
Es sei PQw) — 0 und fiir ein v 2 1seien die Polynome PQ, ¢ Pv_! schon bekannt.
Nach dem Approximationssatz von Runge gibt es ein Polynom Py, welches folgende
Eigenschaften gleichzeitig erfillt:

@ max IB [ - Pwi(w)I<

Gnv \%
2 max Pv(w) - Bv - «)m
9wl 4 ((v+ Drv ’ :

3. Die Funktion/ werde definiert durch die Polynomreihe

fw) := Z {A() - 1-1}

Wegen (1) ist/ eine in G analytische Funktion. Sie geniigt wegen (2) fury = 1,.. ., nv;
v =12, ...der Beziehung

max /M - Rv g max  Kf(w) - PXw) I+
Y ((v+ Drv |H-2°>{5rY
max |[Pvw) - B\. )l < Max v
Sirv Asv+l
4 Z max |PAN) - Pg-IT)! + — < Z -yr+V = :fv

*\HL vV *=vH v
Hierbei gilt ev-» 0 flr v -* .. Setzen wir z : = *(w—z”"), so erhalten
wir also fur L= 1.....q,; v=1,2,... (v+ Drv
®) max [i2-”"™ rvz+ % . gvoo < EV.

MSAT v
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4. Es sei nun ein C€ dG, eine Menge Bd M und eine Funktion g £ A(B) gegeben.
Wir bestimmen ein R 2: 1so0, daB die Menge

T=jziz= , Z2*dB"
BR jz:z R z

in D enthalten ist. Die Funktion gR mit

9r(z) : = g(R2) (zdBR

gehort dann zur Klasse A(BR). Nach dem Approximationssatz von Mergetyan [13]
gibt es eine Folge (v*}"=L mit vk -* oo fir Kk “m o0 und

4 rrB1ax IgRZ) - QW) \ < ~r (k= 1,2,...).

Fir gentgend groRe k ist BR enthalten in |z | 1S Vk\f , und es folgt mit (3) und

1
(4 fur g = 1,. .., n\kund alle gentigend grof3en k:

W+ 1
)
) n;erlx f " e + z <T0) <o + T

GemaR ihrer Konstruktion hat die Menge der Punkte
g=1....,n% k=1,2,...

jeden Randpunkt von G als Haufungspunkt. Es existieren daher Folgen {kJ und

Ws mt
1l ksa «* und zE->C  (s-* co).

Setzen wir nun

a:= Ftlps — A*—AY
y . \k, R! Sl l\/*_!

so gilt as “m0, bs -> Cund mit (5) folgt fir s = oo
er:lx lf(asRz + bs) - ~Az)| *0.
Hieraus ergibt sich flir s -» o0
mgx |/(asz + bs) - #(z)| -* O,
woraus die Behauptung folgt.
Fir den Fall G = C erhalten wir das folgende Ergebnis.
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Satz 2. Es existiert eine ganze Funktionf mit der Eigenschaft: Firjedes B £ M
gilt SW, C, oo, B) = A(B).

Beweis. In [9] haben wir zu einer Folge {2,} komplexer Zahlen mit dem Hau-
fungspunkt oo eine ganze Funktion /konstruiert, welche folgende Eigenschaft hat:
Zu jeder Menge B £ M und jeder Funktion g £ A{B) gibt es eine Folge {nk} natir-
licher Zahlen mit Xk—»00 und

/0 + kR=frg{z) (k->co).

Hieraus folgt unmittelbar die Behauptung.
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DISCRETE POLYNOMIAL SPLINES ON THE CIRCLE
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K. K. MATHUR and A. SHARMA (Edmonton)
Dedicated to Professor G. Alexits on his 80th birthday

1. Introduction. In 1971, Mangasarian and Schumaker ([3], [4]) introduced
the notion of “discrete splines” and gave its application to best summation formulae
and mathematical programming. Later Tom Lyche [2] gave many results for discrete
splines which are analogues of results for polynomial splines. Schumaker [8] has
recently further extended the class of discrete splines to what he calls “generalized
spline functions”.

The object of this note is to define a class of discrete splines on the unit circle
and to consider the corresponding interpolation problem. In the limiting case we
get the results of schoenberg [5] for interpolation by polynomial splines on the
circle. In the literature, complex splines have received careful attention from Ani-
berg, Nitson and waish [1]. However we prefer to follow the simpler and novel
approach of Schoenberg.

In Section 2, we state the problem of interpolation and our main result. Section
3 deals with the 5-splines Mniz) for this class of splines and their Fourier series.
In Section 4, we obtain the finite Fourier series for the periodic sequence of the
values of Mna(z) at the nodes of interpolation. We also obtain two lemmas to eval-
uate the finite Fourier coefficients. The proof of Theorem 1 is given in Section 5.
In Section 6, we obtain discrete monosplines of least P2norm. In Section 7, we
find the fundamental functions of the interpolation problem. We also obtain inter-
polatory splines of degree n, which interpolate a given polynomial.

2. The interpolation problem. Let U denote the circle \z\ —\,n, k integers,
K > n. Let codenote the fc-th root of unity and let a be a complex number with |a| = 1

2n
and 0™ arga< & If Av denotes the arc from of to eov+1, we shall denote by

8 %the class of complex valued functions S(x) defined on U by the following three
properties:
(1) S(2) 6 C(U)

(2 On each arc Av, S(z) coincides with a polynomial PYz) of degree n
v=0 1. K- D

3 Ifnisodd (= 2m + 1), thenforv=10,12,..., K — 1,
(33) Pv(coV) = Pv_ Y(covdi), j =0, £ 1, + 2....... + m.
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Ifniseven (= 2m); thenforv=Q1l,.. .,k —1

@) Pv(wV) =i\,-lova), j=0,x1,..x£Mm—1), m
We shall call the functions S,,(z) discrete symmetric splines on U. Following Schoen-
berg, we propose the following problem:

Probtem |. Given i/ = ey, = el y o, e = 0 or\,for what choices of n, K, y
and a does the interpolation problem

Sn(\Jex) = W, j=01,...k-1
admit a unique solution,inwhere SnN2)£ 7

Fora = 1, ¢ =ek, the problem has been completely solved by Schoenberg
[5] inan elegant way (see also [1]).
A similar class of discrete splines can be defined if we replace (3a) and (3b)

by (3c):

(3c) Fv(wmz) = Pv_ Ycova/), j =0,L,2,...,n- 1
We shall denote this class by and shall call it the discrete forward spline. It is
possible to propose the same problem as Problem | for Snz) £8$k. However, we

shall not dwell upon this problem here, but we shall refer to it as Problem Il. We
shall make two natural assumptions on a and y. More precisely we require that

@ 0< B = arga:<%
(b) y - arg dbis such that either 0 ~ Ky iSmB or >x* ky ~ 2n.
Our principal result is

Theorem 1. If B and y satisfy the assumptions (a) and (b), then the interpolation
problem I has a unique solution except in thefollowing cases:

Case L e=0,n=2m,R8 =0,k = 2h.

Case 2. e=1,n=2m+1,y=’*/C K=2h+ 1

Remark 1. It follows exactly as in [5] that in eitherof thetwo exceptional cases,
there is exactly one spline S)z) £ which vanishes atthek points{de
In fact

SQz) = *£ a M nya(zG>J)
J=o
where Mna(.) is given by (3.2).

Remark 2. We do not know what happens when n is even and the assumptions
(@) and (b) on 3 and y are omitted. More precisely, when mR < Ky < n.
We shall need the identity

v(v-I)

1) (x- D(x- a). .- d)="E(- v

\

®
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n+ 1 : )
where [ :L denotes the Gaussian coefficients:
v a)

v @—-D@—-1D...(a"=1)

Taking n = 2m + 11in (2.1) and putting x = za™, we get

[n+l]( =(n+1_1)(a _1) (n—v+2_1)
)

2m+1 2m' 1 v(v—2m—1)
(2.2) Z (z — o) = Z (- [ ol l o« 2 gimtl-v_
j=—m )4 )
Set
Y z-w'df), n=2m+1
@3 (@) = § =7
Y @ — v, n=2m.
j=—m+1
Then it follows from (2.2) that if # is odd (= 2m + 1),
2m+1 2 1 l. gt ) y
(2.4) G,y (230) = ) (—1)”[ it ] a2 gemd—g v
j=0 (2)

If n = 2m, then
(2.5) Ony(2;0) = (2 — @"0™) Pp_y,,(2;0) .

3. The B-spline M, ,(z) and its Fourier series. Since S,(z) ng,‘f)k coincides on
the arc A4, with the polynomial P,(z), it follows from requirements (3a) and (3b)
that

Pv(Z) = Pv—l(z) + Cv¢n,v(z’ d) ]

Progressing round the circle, we get the identity

k—1
(3.1 Z CyPuy(z;0) =0.
k—1
Using (2.4) or (2.5), we see that (3.1) is equivalent to the condition that z Cix’
vanishes if x = 1, 0, @% . . ., 0" e e
The B-splines are obtained by assuming that ) C;x/is of least degree. It follows
as in [5] that the B-spline M, ,(z) is given by /=

1 - n+l i (n—v) (n—v+1)
() M@ =-—ro 2‘“’2( I)V[” lw‘ T 4G
! 3

where
z E Av—l

{¢n,v(2;a)9 ZEAj, ]g V.
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It can be proved exactly as in [7] that every S,(z) €' ﬁ,”f)k can be uniquely represented
in the form
k—1

(3.3) Si(2) =) CGM, . (z,0™).
Jj=0
Since z — w*o/ = a/[z — w* — (1 — o) z], it follows that

(.4) [1G-ota) =3 (=1 (z — o¥y"*10,2,
J=0 1=0

where 6, = 1 and 6y, 04, . . ., 0,, are the elementary symmetric functions of 1 — o™,

1 —-oa?...,1 — o« ™ Hence we have forn = 2m + 1,

(3.5) ¢n u(z a) = ( o) i+ H (z - a)l‘ou) H L ]) .
2m
= 20(_ l)vs\',2m+1z"(z yo w")2m+1_v’
where

So,om+1 = 1, Si,ma+1 = 01+ 01,  Sp 9m41 = O3 + O3 + 0,07 .

For n = 2m, we use (2.5) and get

2m—1
(3.6) P ul(z;0) = ZO (=1)'s, 9 2" (z — O*)P"
where
3.7 By am = 08y apg1 + (1 — &™) 81 41}

Using (3.5) or (3.6) according as n is odd or even, we have from (3.2) after inter-
change of summation
o (=hee M)

(3.8) il i T e ey

where M,(z) denotes the B-spline of degree n as given by SCHOENBERG [5]. (Here
we have slightly changed the notation of Schoenberg to fit into this scheme.) Indeed
from [5], we have

1 _n(n+1) n+1 n+ 1 (n—p)(n—p+1)
My@) =— 0 T Y (=1 o T (-
!
n: v=0 )

The Fourier series for M,(z) is given by SCHOENBERG [5]:

(3.9) M,(2) =_2L ¥ Bobiicibigts OBn<k~1
T =
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where

(3.9a) A et T O TR Ml

Combining (3.8) and (3.9), we get the Fourier series for M, ,(2):

1 0
(3.10) Mn,a(z) = E’CT»:Z-QQ beV—l b K bv—nﬁ(v5 n) zv
where
_"—1 b viv—=1D...v—=j+1
(3.11) o < S )

4. Finite Fourier series for {M, ,(Y°w’)}. From the unique representation of
every s(x) €9, as a linear combination of M, ,(zw™), j=0, 1, ..., k — 1, it follows
that solution to Problem I depends on the singularity or otherwise on the matrix
|| My, ,(Yfw*7) || . Since {M, ,(y*w’)} is a periodic sequence with period k, we can
write

k—1
4.1) M, o)=Y 07, j=01,...k—1 (=0o0r1),
v=0

which is ealled its finite Fourier series. Following SCHOENBERG [5] it follows that

k—1

Det || M,, . (Y*0*7) || = k* Zo Lye
We shall prove
LEMMA 1. For0 s v=nm, {, . #0.

PrOOF. From (4.1), we have

]2 ; :
(4.2) b= 2 Mao(ro)o™
j=0
so that using (3.10), we easily get
wve 0 s
(4.3) gv,s = 7l Z bks+vbks+v—1 v bks+v—nﬁ(ks =t s n)‘p -’

Since 0 < v £ n, one of the numbers v,v — 1,..., v — n will vanish and since
bys = 0 unless s = 0, we have

Cv,z = -2%;1-_ bvbv-l % e bv-—nﬂ(vs n) .
Also from (3.11), we have
v!
(4.4) B(v, n) = =y g2
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where

x—1+aJd, n=2m+ 1
(45) Pn(x) = | =
x—1+aJd, n=2m.

jss—m + |

In particular B(0, n) = 1, B(\, 2m + 1) = 1, B{\, 2m) —crm From Gauss-Lucas
theorem it follows that p* v)(I) ®0, v=10,12,.. n. Thus B(v,n) ®0. Since
byi by nare all non-vanishing for 0~ v~ n from (3.9a), it follows that
£w£ @ 0. This proves the lemma.

Lemma 2. Ifn+ 1 v~ K —1, andifr = v—n, we have

Cf PAX)(I - xr1 N

teJ 0—¢g-w ? mom+1
(46) Que =

@- xy - _

irrdA‘w U (@- OkpE" Kb dx,  n=2m

where
G xe n+r

@D “Toamipo-t P

48 KX =1- (1- jo* " + Il - )" "[1- (- x)2r+]
and
(4.9) ) =x- 1+om{- ~-*81 - g+
+(-1),+la-m*-fe(l - X)k=2r~n(x - 1+ am {1 - (@ - X)kilke}.
Proof. From (4.3), we see that £we= cN(<X), where c is given by (4.7) and

MkesB(ks + r + n, n) _ )
(410) Ma) (ks + r)(ks + r+ 1)...(As+ r+ n) SAI() + Nfoi).

We can rewrite Nfa) by a change of variable, so that

N W~kesB (-Kk's-k +r+n;n)

From (3.8) and (4.5), it is easy to verify that
1

412 B(ks + r +n, n) B
12 (kS+r)...(ks+'r+n>j-;1T!JlF’n(X)(1- X)kst+r ldx.
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Similarly, we have
1

l e Y \ks+k—r—1
Jp,,‘l_x)(l x) dx .

0

B(—ks —k +n+r,n) (=D
ks+k—=r)...(ks+k—r—n)  n!

(4.13)

From the definition of p,(x) in (4.5), we see that

(=10 P , n=2m+1
X (1 — x)"
@) |- -
St (=D'a(m+ 14 0" pi(3)
a= s M=2m.
Combining (4.10) and (4.12), we have
- 1
% (1 —-xy
(4.15) Ny(o) = Wfpn(x) T dx for all n.

0

From (4.11), (4.13) and (4.14), we have

L 1 ‘(— 1)"+1Pn(X) a- x)k—"—n—-l ll’_kg

n! 1— (1= xfy* dx for n=2m+ 1
0

(4.16) Ny(o) =

1

: J.(—l)"“ Pr-1(®) (1 + ™(x = D) (1 — x)f "y~

n! 1 — (1 — x)fy—Fe

dx ,

¢ n=2m.

From (4.15), (4.16) and (4.10), we get N(«) which casily gives (4.6).
5. Proof of Theorem 1. In order to prove Theorem 1, it is enough to show
that none of the {, ,’s vanishes. For 0 £ v <  this follows from Lemma 1.

Forn + 1 =<v < k— 1, weuse (4.6) in Lemma 2 and observe that if n = 2m +1,
we have

P =xJ[Ix—=1+a7|20 in [0,1].
j=1

We shall now consider two cases.

Case I (n is odd). If ¢ = 0, (4.8) shows that K(x) > 0 in (0, 1). Therefore,
é’v,ﬂ # 0'
Ife=1and k — 2r — n = 0, we have

Kx)=Q10+y¢yH(1-0-x5
which shows that K(x) = 0 if and only if y % = —1.
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If£= land K —2r —n ® 0, we see that for0 < x < 1
Im(tf(x)) = - sinky ¢(l - X)k=2=n[l- (1 - x)2r+1 <O

so that
Im G, ©0.

This proves the theorem, when n is odd.

Case Il (n is even). In this case p,,_i(x) 3: 0. Ife = 0 and a = 1, we have from
4.9
K) = x{l - @- x)kF{1- (- x)k-2~n}

which vanishes if and only if Kk —2r —n —Q0.
Ife=0anda ® 1(i.e, B # 0), we have

MK, = - sinmB{L- (1- )K{Ll+@- x)b2-m}" 0

so that cv,0# 0, whena @ 1
If£= 1 sincea = eil, iB = eiy, we have after some simplification

m K
LB lal d@fl=-[l ¢+ (Il - k2] x
X jrsin {1 _@_*)-}+sin"*t*l«a1 - x)- a- X)H
, ) . k . + k . .
If 0~ ky ~ mf, both sm---------=- and sin----------=- are non-negative, since nfi <

2n . n
< — e ml < —.
K K

Hence we have

m K
(5.2) Im[a"®"Ki(x)\ in (0,1).
Similarly, if 0 » mR < ky and n <ky < 2n, we have L —m—@—i—lfy« n+ "
so that sin * 2 > sin A . Since 1—(1 —x)k+1> (1 - x) —(1 —x)k,
we see that in this case
(5.2 Im[a2 il2AXx)] >0 in (0, 1).

Combining (4.6), (5.1) and (5.2), we see that

m K
Im(a2 ™20 #0,
so that £ ® 0. This completes the proof of the theorem.
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6. Discrete monospline of least L,-norm. If S(z) €3¢, we shall call K(z) a discrete

monospline of degree n + 1, if
n+1

(n+ 1!

We want to determine the discrete monospline of least L,-norm. The most general
element S(z) € &, is given by

(6.1) K(z) = — 8@).

0

62) St b b e, B P

DT e

where {n,} is an arbitrary periodic sequence of numbers of period k. From (6.1)
and (6.2), we have on using Parseval’s formula:

2n
1 1 1 2
— K(2)|*do = - GBS s 1 !
s | 1KGR® = bbb+ L +
0
Ir"l-l'll2 2 2
5 2 Ibvbv—l"'bv—nl IB(V,n)| a5
4n v=n+1(k)
vEn+l
1

+to7 L 2 bbb P LA D)P.

4" 120 vEit
I#n+1
Since B(v, n) # O for all integers v (from (4.4), (4.12) and (4.13)), we have
Z Ibvbv—l $iey bv—n|2 |ﬂ(v; n)lz > 0
)

v=Il(k

so that to minimize || K||,, we must have 5, =0,/=0,1,...,n,n+2,...,k— 1.

Hence
W uic a1 Sep RN we g
TEEVINEE T TR e et o LR

K(z2)

Since K(wz) = »"*'K(z), we can rewrite

T o Blks + n + 1, n) Zks+n+1
=yt i e D @t DT L0

Repeating the reasoning of SCHOENBERG in [6], we now have

THEOREM 2. The unique monospline of the form (6.1) of least Lo-norm is given by

n+1
(6.3) Ky(2) = m — Ay Si(2)
where
°° Blks + n + 1, n) Zks+n+?

(5 Sil(2) = _Zm B+ Lmyks+ Dks +2)... ks +n + 1)
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and
(65) e, B(kS +n+ 1 n) ((« + |)|)2

R(n + 1 n) p/+ 1)...(ks +n+1)]2.

7. Fundamental functions I1S*\{z). The element £°pq(z) £ satisfying the rela-
tion
71 i$.m =1 _
(7.1) A>e (<XEQ) = 0, j=1.2... K—1
is called the fundamental function of the interpolation problem. It is easy to express

the function L™\{z) in terms of the 5-splines and the numbers of (4.1). Indeed
we have

(7.2) Lft@ =1 ajM,tX(z(0-)
J—0

where

(7.3 aj=kK-2£ ofJ.

This can be verified from (4.1) and (7.1).
From (7.2) and (7.3), we can now easily show that the unique spline S(z) d§"k
interpolating the polynomial zr,0 g r * k —1, is given by

zr, Onr un

T s@=
4-CTI Z ™rMn'(za>r\ n+ 1~ r”k—1L
A v=0

From (3.10), we can obtain the Fourier series for S(z), which interpolates zr
atthe ooipe(v=0,1,.. ., K —1):

B{ks + r, ri) kst

(7.5) S@=C¢t ks + nN(ks+r—1... (ks+ r—n)

where Loy
c= M @1 -co~).

Since S(z) satisfies the fundamental equation S(coz) = ofS(z) we may call S(z),
an (r, a)-flower in the footsteps of Schoenberg [6].

Remark 3. Recently in a forthcoming paper, J. Tzimbalario [9] has given a
unified treatment of cardinal polynomial spline interpolation, trigonometric inter-
polation and interpolation by splines on the circle. It would be interesting to see
how far his method can be adapted to resolve our problem.

We would like to thank Professors Al-Salam and A. Meir for discussing the
problem with us and to Dr. A. Meir for suggesting Problem I.
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APPROXIMATION BY QUADRATIC SPLINES

By
A. MEIR (Edmonton)

Dedicated to Professor G. Alexits on his 80th birthday

1. This note presents an approximation method to continuous functions by a
sequence of quadratic spline functions with equidistant nodes. Features which make
the procedure noteworthy are:

(i) For any given function/(x), the corresponding spline approximants ®,,(/; X)
are given by simple formulae requiring only the values of/ at equidistant points.

(ii) The @,,(/; x) are continuously differentiable, while we do not have to assume
the same concerning/(x).

(iii) For convex functions f(x), we have ®1/;x) g.f(x) for all n and x.

For definitions and earlier results we refer the reader to [1], [4] and [5] and
for related results to [2], [3] and [6].

2. We formulate our result for functions/ defined on [0, 1]. For convenience
-1 2k —1
we shall use the notation xk = —If——ﬁ—, = - ,k=01,...,n+ 1and
extend the definition of/ outside [0, 1] by /(£) =/(0) for £ < 0 and /(<}) =/(1)
forf > 1

Theorem. Suppose f £C[0, 1] and that f is the integral of £ BV[0, 1]. For
n=1,2,... let the spline approximants ®,,(/; X) be defined by

(2.1) dn; x) =/(0) + I(£:OI_IJ ) (x - xK)I

with

(22 W) =\ 1/(4+i)- 3/(4) + 3A4-i)-/(4-2)] »
Then we have

2.3) Wpr( M -1 \» i

(2-4) Naox/) -/1L A

where VI is the total variation o ff.
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3. We shall need the following
Lemma. ForfixedG g C=:... (lc= 0,1 ,../)let
Fk(x; £) = igc) (x - xK% + bfc) (x - xk+)l + ck(€) (x - xk+X+

with

(3.1) ak(0 = (2k+ 1- 2nc), 67()=n(ng-k), cKf) = - ~(2nE£~2k + 1).
Then

(3.2) F*(x; Q= (a- c)+ for xk>x or x > xk+i,

(3.3) F*(x; 0 »~ (x - 0+ for all x,

and !

(3.4) f[mkx; 0 - (x - 6 +]dxu-~r

0
for ££0,1], xk =0, 1,..., n.

Proof. If we solve the indetity
ak{x - xkf + bk(x - x*+)2+ ck(x - xk+t22=x ~ i

valid for x > xk+2, we obtain for ak, bkand ck the formulae given by (3.1). This proves
(3.2), (3.3) and (3.4) follow by straightforward computations.

Proof of the Theorem. We define f{f) = 0 for < 0 and ¢ > 1 and set

(3.5) P, x) =/(0) + £ Mk(x; c)df(q)

k=0 ak

with Tk(x; q) as given in the Lemma. Evaluating the various integrals yields, after
combining suitable terms, that ®,,(/; x) is given by (2.1) with 2k(f) given by (2.2). Note
that all those terms obtained by integration which involve values o ff, vanish through
summation; hence the coefficients 2k(f) involve values of/ only.

In order to prove (2.3) we observe that for a € [0, 1] we may write

(3.6) f(x) =00) + fi* - ¢c)+df(0
D
since £0< 0, £, > 1andf{£) = 0 for £<0 or £> 1 From (35) and (3.6)
J IR x) - f{x)ldx i X J IFi(01J [Fx; 0 - (x- 0+]dx
0 k=0 0
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which,on account of (3.4) » —y . The inequality (2.4) can be established by similar
considerations.

Remarks. From (3.3), (3.5) and (3.6) it follows that @,(/;x) Sif(x) for all
x 6 [0, 1], if/is a convex function. Clearly the opposite inequality holds if/is concave.
It follows from (2.2) that if/has a bounded third derivative in [0, 1], then for

the coefficients 1k{f) we have ///) = O 1 /"™ nfor binkinn - 1

Examples. If /(X) = % then X(f) = 0 for k S: 3, hence ®,,(/;x) reduces to

n 1 . .
2 Xt T X I , S0 that @,,(/; x) = /(x) forF’\ X N 1 in this case.

N 1 12
If /(x) = x2 then Xk{f) = 0 for k Si 3, s0 ®,(/; X) = 5 X 4F"r_1_ tr o

I . .
R | P q— . , f—="x A" w5 = + . , = &
TF X Hence, if - XNl 39 (/; X) = /(x) An Since now V, = 2

we have in this case | ©,(/) —/||ti/ w This shows that our estimate (2.3) is
not far from being best possible.
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EXPONENTIAL ESTIMATES FOR THE MAXIMUM
OF PARTIAL SUMS. 1

(SEQUENCES OF RV'S)

By
F. MORICZ (Szeged)
Dedicated to Professor G. Alexits on his 80th birthday

§ 1. Introduction

Let {¢;} be a sequence of random variables (in abbreviation: rv’s). Set

b+m

S, m)= ¥ &

k=b+1
and

M(b, m) = o |S(b, k)| (S(6,0) = M(b,0) = 0),

where b > 0 and m = 1 are integers. It is not assumed that the &, are independent
or that they are identically distributed. The only restriction on the dependence will
be that imposed by the assumed bounds of exponential type on P{|S(b, m)| = A}
for 0 < A < A. These bounds are guaranteed under a suitable independence assump-
tion (e.g., mutual independence, martingale differences, strong mixing, weak multipli-
cativity, or the like).

In the following, g(b, m) will denote a non-negative function depending on the
joint df of &1, &4 05 - - « » €p4+m» and having the property

for all 520 and 1 </ < m. In other words, condition (1) means that g(b, m),

as a function of the interval [b + 1,b + m], is “‘superadditive”. Examples are
b+m

g(b, m) = m* with an o 2 1 or g(b,m) = Y o}, in the latter case assuming the
k=b+1
existence of the finite variances o7 of the rv’s &,.

The upper bound for P{| S(b, m)| = A} will be considered in the form of a rather
general condition:

112
@ P{IS(b,m)lgl}éCexp(—W],

where 4 € (0, 4), 0 < A £ oo, C is a constant, and g(b, m) satisfies (1). Throughout
the paper, A denotes a fixed positive number or oo, and C}, Cs, C,, and C, denote
positive constants.
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In case g(b, m) = 0 for a certain 6 2 0 and m 2 1, the right-hand side of (2)
is equal to zero for all X> 0 as an agreement. That is P{\ S(b, m)\ = 0} = 1 which
means S(b, m) — 0 almost surely (in abbreviation : a.s.).

We note that condition (2) is satisf)ied, among others, with C = 2, J1 = oo,

+m
and a function g{b, m) proportional to £ o\ if {££} is a sequence of uniformly
bounded k=b+1
(i) independent rv’s, or

(i) martingale differences, or

(iii) multiplicative rv’s.

The notion of multiplicativity is due to Alexits [1, pp. 186—187] and means that
for each choice 1 kx<k2< ... <kr,r2 1, we have

3) E(ikd k...Sk) = 0.

§ 2. Main result

The following theorem, which is our main result, will certainly have a broad
scope of applications.

Theorem 1 Suppose that there exists a non-negative function g(b, m) satisfying
(1) such that (2) holdsfor all X£ (0, /1), b ~ 0, andm 2; 1. Then,forany0 < e < 1,
there exists a constant C, = Cxe) such that

p{M(bm)iX )Sc P

holdsfor all X£ (0, /1), b*. 0, andm 1.

Proof. The proof is based on the “bisection” technique (see, for example,
Billingsley [2, pp. 87—103]), which goes back to Rademacher and Mensov.

We are to find two positive constants Cxand C2 the latter as close to 1as wanted,
such that
A C2/2 j
4 P{M(b, k) * X} g Cxexp qib, K) |
holds true for all X£ (0, /), b~ 0, and K iz 1

The proof goes by induction on k. For k = 1, inequality (4) is an obvious
consequence of (2) provided Cx3: C and 0 < C2~ 1 Assume now, as induction
hypothesis, that (4) holds for all Kk < m (and for all b 5; 0), and prove it for Kk —m
(and for all b 2:0). For a fixed b~ 0 two cases are possible: g(b, m) = 0 org{b, m) ¢ 0.

Case 1 If
(5) gib,m) =0
for some b, then by (1) we also have g(b, k) = 0 and, consequently, S(b, k) = 0
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as. fork =1,2,..., m Hence M(b, m) = 0 a.s. or, equivalently,
P{M(b,m) =21} =0 for all'  A'=10L
This means that (4) obviously holds.

Case 2. Let o be a real number that will be determined later. For the moment
we only assume that 0 < a < 1. Since now g(b, m) # 0, there exists an integer i =
= h(x), 1 £ h £ m, such that

6 ) 9, h — 1) S ag(b, m) < g(b, h) ,
where g(b, i — 1) on the left is 0 if # = 1. Then (1) implies
M g + h,m — h) = g(b,m) — g(b, h) < (1 — &) g(b, m).
It is clear that, for 1 £ k < h, we have
|SB, k)| = M(b,h - 1),
and,forh £k < m,
|SB, k)| =Sk, h)| + Mb + h,m — h).
Hence, for all A > 0, we have
P{M(b,m) =z A} S P{M(b,h — 1) 2 2} + P{|S(b,h)| + M(b + hym — h) = A}.
If 2, and A, are positive numbers and 4, + Ay = A, then
®) P{ M(b,m) = 2} < P{M(b,h — 1) 2 A} +
+ P{|S®B,h)| =N} + P{M®B+ hm—h)=Ay}.

Applying the induction hypothesis to # — 1 < m, we have

Cid
P{M(b,h — 1) 2 2} < C, exp v
and by (6)
©)] P{M(b,h — 1) 2 A} < Cyexp (— i]
A ag(b, m)

for all A€ (0, A4). Applying the induction hypothesis now to m — A < m and using
(7), we find that

2
(10) P{M(b + hym — h) = A} < C, exp [_ (l__i'%em

for all 4, € (0, A). Finally, by (2)
(11 P{|S(b,h)| 2 4 } < Cexp

7 29
70, h)) bt (‘ P m)]
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for all $kE (O /7). Putting the inequalities (9)—(11) into the right-hand side of (8),
we arrive at

c252
P{M{b, m) S: 2} A
(12 {M{b, m) S: 2} * Q exp 2#(6. W)
Co5p
T a
FCOD emy T O - aygbm)t

Let us choose a, kand fain such a way that the three exponents on the right-
hand side of (12) coincide (do not forgetthat 0 < a < land  + SR = §). This is
the case if

(13)
and
(14

From (13) it follows that we necessarily have 1/2 < a < 1 For the moment assume
that such a choice of a, $kand $2is possible.
Then inequality (12) may be rewritten as follows:

c2a2 1

P{M(b, m) 258" 3C&p i )

Here the right-hand side does not exceed

CoD |
CXexp i, m)J

provided
_c2a2 < c 2a2

agib,m) = g(b, m)’
which is so, when g{b, m) is not too large:

(1- « C22

(15) gibmg .3

Thus we obtain the wanted (4) under the assumption (15).
On the other hand, if (15) is not satisfied, i.e., if

. (1- 9C252
(16) gib, m) > aln3
then by choosing
@ Q 1 3L,
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we have
12

5.

v

Cy
Gow - oim
Consequently, (4) holds again, since in any case P{M(b, m) = A} < 1.
The cases (5), (15), and (16) together cover all possible values of g(b, m). This
completes the induction step.
Finally, we have to check that «, 4, and A1, can be chosen in such a way that
(13) and (14) be fulfilled. If « is sufficiently close to 1 (from below), then by (13)
the ratio 43/4* can be made as small as required. Then 4, + 1, = A shows that 12/1%
can approach 1 (from below) within any prescribed accuracy. By (14), we have
C, = 2A}/A*. Summing up the above reasoning, we can fix an « = a(¢) so that Cy =
=1 — & By (17), the constant

ocln3]

> C; exp (— T

C; = max (C, 394—9)

will be appropriate for us.
Thus Theorem 1 is completely proved.
We note that since a(e) —» 1—0 as ¢ - +0, therefore Cy(¢) - 4+ o0 as ¢ » +0.

§ 3. A few remarks and supplements

In most cases it is enough to use the following less sharp result instead of Theo-
rem 1.

THEOREM 1*. Suppose that there exists a non-negative function g(b, m) satisfying
(1) such that (2") holds for all ). € (0, A), b = 0, and m = 1. Then

,12
P{M(b, m) = 2} < max (81, C) exp (— W,’")J ]

Indeed, let a = 4/5. Then, by (13), 1, = 4/2. Hence 4; = 4/2 and, by (14),
C, = 1/5. Finally, by (17), C; = 81.

The method of proving Theorem 1 applies in treating the more general case,
when A% in the exponent of the right-hand side of (2) is substituted by a function ¢(4),
defined on [0, A), subject to the following weak assumptions:

(@) ¢(0) = 0,
(ii) ¢(4) is strictly increasing on [0, A), and

(iii) ¢(2) is continuous on [0, A).

THEOREM 2. Suppose that there exist a function ¢(2L) with the properties (i)— (iii),
and a non-negative function g(b, m) satisfying (1) such that
P(2)
g(b, m)

P{|S(b,m)| 2 A} £ Cexp [—
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holds for all 1€ (0, A), b = 0, and m = 1. Then

P{M(b,m) 2 }< Ciexp

C, d>(/1).)
gb,m) )’

and even C, can be made, by increasing Cy, as close to 1 as required.
To obtain upper bounds of exponential type for P{M(b, m) > A} another
approach was used in [4]. We recall a theorem, proved there.

THEOREM A. Suppose that there exists a non-negative function g(b, m) satisfying
(1) such that

(18) E{exp(1|S(b, m)|)} < Cexp(2* g(b, m))
holds for all A > 0,b = 0, and m =z 1. Then
E{exp(1 M(b, m))} < 8C exp(124* g(b, m)).

In comparison with Theorem 1*, an essential difference is that the fulfilment
of (18) for all 1 > 0 is required, while (2) need hold only in a (right-hand side)
neighbourhood of 4 = 0. Unfortunately, we are not able to prove Theorem A when
(18) is satisfied merely for A € (0, A) with finite A.

On the other hand, the proof of Theorem A given in [4] makes use of no full
power of a probability space. Theorem A is true on any measurable space (X, oA, y),
taking integrals over X with respect to u in place of the expectations. The above
proof of Theorem 1 (and so that of Theorem 1%*), on the contrary, heavily uses the
finiteness of the underlying measure space. Namely, the argument in the case of (16)
breaks down if u(X) = oo.

§ 4. Applications: LIL, convergence rates in the LIL and SLLN,
complete convergence of normed A/,

It turns out that the ““<” part of the LIL is a consequence of the inequality (2)
of exponential type. The results below can be obtained by adaptation of more or
less standard arguments (see, e.g. [6]) by making use of Theorem 1*. Therefore we
omit their proofs (as to the details we refer to [4] where the proofs are performed
in the special case o

g(b,m) = Ck=§:+la,%).
In case b = 0 we shall use the abbreviated notations
S0, m) = S(m), M(@O,m) = M(m) and g(0, m) = g(m);
furthermore, set
dm) = gm) — gm — 1) for m=1 (g(0)=0).
The following theorem is the “<” part of the LIL under fairly general conditions.
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THEOREM 3. Suppose that there exists a non-negative function g(b, m) satisfying
(1) such that (2) holds for all 2 > 0, b = 0, and m = 1. If g(m) - o as m — o, then

, | S(m)|
(19) PSP gy In In gGm))

We remark that the conclusion of Theorem 3 in the special case g(b, m) = 2B*m
was proved by SERFLING [8, Theorem 4.1] for uniformly bounded rv’s, |&,| < B
a.s. (k = 1, 2,...), having the following two properties:

a) for every y > 2

=l

E|Sb,m)| £ C, m"? bGz0,m=1),
b) for every 2 > 0
P{|S(b, m)| = 2} < 2exp |- b=0,m=1).

Due to the maximal inequality of exponential type in Theorem 1%, condition a) is
superfluous.
Turning to the convergence rate in (19), we can state

THEOREM 4. Suppose that there exists a non-negative function g(b, m) satisfying
(1) such that (2) holds for all . > 0,b > 0,and m = 1. If

g(m) —» oo and d(m) = o(g(m)) as m - oo,
then, for any 0 > 1, we have
d(m) | S(k) |
o {,f‘;,‘,’, (09(k) In In g(k))"™

If the factor (0 InIn g(k))lf2 in the expression (20) is replaced by a less sharp
factor (In In g(k))** or by an even rougher factor (In g(k))** with an « > 1 in both
cases, then an essentially better rate of convergence, not depending on o, can be
achieved.

(20) y

2 () I gm) ;1}< %

THEOREM 5. Under the conditions of Theorem 4, for any o. > 1 and f > 0, we
have

m k=m (

g(m) (k) (In In g(k))*)'"* = 1} < o
and

Y. d(m)gP(m)P

|S®)|
com (900 (In g0))™ = 1] i

This theorem essentially improves a result of SERFLING [8, Theorem 5.3].
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A trivial consequence of the LIL is that S(m)/g(m) — 0 a.s. as m — oo. It is
of some interest to obtain information on the rate of convergence in this SLLN.

THEOREM 6. Suppose that there exists a non-negative function g(b, m) satisfying
(1) such that (2) holds for all A > 0, b = 0, and m = 1. Furthermore, suppose that with
a B> 0 we have

m? = O(g(m)) and d(m) = o(g(m)) as m — .

Then, for any positive numbers ¢ and © < exp (£%), we have

| S(K) |
g(m)
27 P[f‘éf’n (k)

gs}<oo

Now we come to the question of norming M(m) suitably (say, into the form
M(m)/c(m), c(m) is a sequence of numbers) in order that it converge completely
to zero in the sense of Hsu and RoBBINS [3]. The following result is a simple con-
sequence of Theorem 1%*.

TuEOREM 7. Under the conditions of Theorem 6, for any ¢ > 0, we have

2 P\ 0tmygm) In gem) ™

provided v(m) — oo as m — .

We note that in the special case when the &, are independent and g(b, m) =
b+m

=2 ) o}, the statements of Theorems 3—7 are well-known. For multiplicative
k=b+1
rv’s various extensions of the LIL have been made by many authors (see, e.g., [7]

or [5], the latter containing a historical review). Our Theorem 3 covers almost all
of these results as far as the “<” part of the LIL is concerned.
To be more specific, let {¢,} be a sequence of rv’s with the following properties:
)¢l =B as. (k=1,2,...),
(ii) for each even number r = 2

W, = ( Z E2(¢kl D oo s bx,) )1/2 < @,

1=2ki<k<...<kr

=& < 00,

(iii) W = lim sup W} < oo,

and let {a,} be a sequence of numbers. Then inequality (2) is satisfied for the sequence
{&k = ar¢,} with b+m
glb,m) = 2(B*+ W*+96) Y a;
k=b+1

and C = C; for every 6 > 0 (cf. [5, Lemma 2]). Consequently Theorems 3—7 are

b+m
valid for such sequences {,} of rv’s if we substitute 2(B> + W?) Y a; for g(b, m)
in them. fposl

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



EXPONENTIAL ESTIMATES FOR THE MAXIMUM OF PARTIAL SUMS. I 167

The above conditions (ii) and (iii) express a certain kind of weak multiplicativity
of the sequence {¢;} of rv’s. In particular, if {£, = ¢,} (a, = 1) is a multiplicative
sequence of rv’s (i.e. satisfying (3)), then (ii) and (iii) obviously hold with W = W, = 0.
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NIKOLSKII-TYPE INEQUALITIES IN CONNECTION
WITH REGULAR SPECTRAL MEASURES

By
R. J. NESSEL and G. WILMES (Aachen)

Dedicated to Professor George Alexits on the occasion of his eightieth birthday on January 5, 1979.
in high esteem

1. Introduction. If LZ,, 0 < p < oo, is the space of 2z-periodic functions, pth
power integrable over (—x, ], Hélder’s inequality states that for any f€ Lg, and
0<g=sp=so

(1.1) 1S 1lg, 22 = 11.f1lp, 2e -

In the case of functions with compact spectra, thus for trigonometric polynomials
(%) = Z": ¢ exp {ikx}, NikoLsku [10] proved a converse result, namely for
0<p ék;—én o

(1.2) e s S90S L1 |

There are counterparts for polynomials in several variables as well as for entire func-
tions of exponential type, also connected with the names of D. Jackson, M. Planche-
rel, G. Polya, G. Szegb, A. Zygmund; for all the details and comprehensive biblio-
graphical comments see [8, 15, 16].

The aim of the present note is to construct a framework which enables one to
consider inequalities of type (1.2) within a general class of orthogonal expansions in
Banach spaces.

To this end, Section 2 develops a multiplier concept for Banach spaces X which are
admissible with respect to a regular spectral measure E for some appropriate Hilbert
space H. This continues and extends slightly our approach given in [4] which already
turned out to be quite useful in connection with other generalizations (cf. [16] and
the literature cited there). Let us mention that the classical situation (1.2) is covered
for 1SpScowith H=1L3} and X & Lf. 18P < o 0r X = L2 = (L1)%,
respectively. Section 3 defines polynomials in this general frame and sets up de la
Vallée Poussin (or delayed) means (see Theorem 2), a basic tool in the treatment of
problems (such as (1.2)) concerned with functions having compact spectra. Section
4 first deals with interpolation of admissible Banach spaces. Here we only discuss
the real method of Lions — Peetre but other constructions such as the complex method
of Calderon may be considered as well (see [9, 18] for details). This is then used in
Theorem 3 to derive general Nikolskii-type inequalities. Finally, Section 5 is con-
cerned with some applications to illustrate the wide applicability of the general results
obtained. While Section 5.1 considers trigonometric polynomials in several variables
for different scales of admissible Banach spaces, Section 5.2 treats the (continuous)
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Fourier spectral measure in order to derive Nikolskii-type inequalities for entire
functions of exponential type in Besov spaces. Such inequalities may be used to
deduce some sharp estimates of ZyGMUND [20] concerning best approximation by
entire functions of exponential type in L?-spaces, 1 < p < oo. Let us emphasize
that one may give many further applications to other specific, discrete or continuous
orthogonal expansions such as to those into Hermite or Laguerre functions, Jacobi
polynomials or Hankel transforms in various weight spaces. For all the details, howe-
ver, we refer to [9, 18]; see also [7].

Though our approach is rather general, let us also point out that it does not
give any contribution to the problem of best constants in (1.2) (or in related inequali-
ties) — still an open problem — nor does it enable one to recapture the classical results
for the quasi-Banach spaces L%,, 0 < p < 1.

The contribution of G. Wilmes was supported by Grant No. II B4 — FA 7109
awarded by the Minister fiir Wissenschaft und Forschung des Landes Nordrhein —
Westfalen which is gratefully acknowledged.

2. Multipliers for admissible Banach spaces. Let C, R, Z, P, N be the sets of
all complex, real, integral, non-negative integral, and natural numbers, respectively.
For any complex Banach space X let [X, X] = [X] be the space of all bounded linear
operators of X into itself, X* = [X, C] denoting the dual space of bounded linear
functionals on X.

For a complex Hilbert space H with inner product (:,") let E be a (countably
additive, self adjoint, bounded, linear) spectral measure in RY, the Euclidean N-space

N

with inner product wv: = ) wwv; and norm |u|: = \/uu, i.e., E maps the family

=1
2 of all Borel measurable gets in RY into the set of all self adjoint projections in [H]
such that (F being the void set, 7 the identity mapping)
(i) E(oy N 03) = E(0y) E(o,) for all 6,,0,€ Z,
(ii) E(&) = 0, ERRY) = I,

(iii) E Ua)-—ZE(aJ) where 0;€ 2, 6; N 0; = & for i # j.

Then for any 7 € L°°(RN E), the space of complex-valued, E-essentially bounded func-
tions, the integral

@.1) T : = [ () dE(u)

RN

is well-defined as an element of [H]. Moreover, the map © — 7°° has the properties
that (r, Ty, Tg € LERY, E))

(2.2) { 13w) Tow) dE@) = [ | n(w) dE@)] [ [ 72() dE@)]
RN RN RN
(2.3) Tz = | tllo,g : = E — esssup [t(w)],
u € RN
(2.4) (T7,9)=(£,T),
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the bar denoting the complex conjugate number. In other words, the map t — T°
is an isometric homomorphism of the algebra L*(RY, E) onto a commutative sub-
algebra [H],, of [H]. For these basic facts compare [5, p. 900].

Now let X be a Banach space such that

(2.5) SR HII-IIX=X, X0 Hllla — H,

i.e., XN H is dense in X and H. Then, according to [4] (compare also [12, pp. 3,
121]) 7 € L*(RY, E) is called a multiplier on X if for each f€ H N X

(2.6) T fi=f:= [(wWdE@WfEHNX, |Ifllx<A4Ilfllx.

RN

In view of (2.5), the closure of 7 (it shall be denoted by the same symbol) belongs
to [X]. The set of all multipliers ¢ on X is denoted by M = M(X, E, H), the corres-
ponding set of multiplier operators 77 by [X],,. Setting

2.7 Hzllae: = 1T llxy : = sup {llf"llx; FEHN X, || fllx =1},

M is a commutative Banach algebra with respect to the natural vector operations
and pointwise multiplication, isometrically isomorphic to the subspace [X],, < [X].

If, however, the closure of H N X in X is a proper, nontrivial subspace of X,
the previous procedure does not lead to multiplier operators defined on all of X.
In this situation we assume that X can be identified with the dual Y* of a Banach
space Y satisfying (2.5). This identification is supposed to be given by a bijective
isometry J, which satisfies

(2.8) Jy: X = Y*, Jy(fi + BSf2) = aJx(f) + BJIx(f)

and coincides with the natural isometry Jg:H — H* given via the theorem of F.
Riesz (on the duals of Hilbert spaces) when restricted to H N X, i.e.,

(2.9 Ixflg) =(9.f) (fEHNX,geHNY).

Then 7 € L*(RY, E) is called a multiplier on X if 7 € M(Y) according to the previous
definition, the corresponding multiplier operator 7° being given via

(2.10) T°f: = Jx'T)* Ixf (f€X),
where (T7)* denotes the dual of 77 € [Y],s defined by
TP =r*Tg)  (f*€Y* g€Y).

Indeed, we have T* € [X] and || T*||x; = || T%||;y;- Moreover, (2.10) yields for any
FEHNX, g€ HN Y (see (2.4), (2.9))

IxTf(9) = (T Ixf(9) = Jx[(T*9) = ( | ©() dE@) 9.1) = (9. { () dE@)S).
RN

RN
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Therefore for any fE HN X
T°f = { () dE) f,
RN

justifying the terminology (for further details see [9]).

We conclude with a criterion for radial multipliers with respect to Riesz bounded
spectral measures (see [4]). For a Banach space X satisfying (2.5) a spectral measure
E is called regular (cf. [11]) if it is (R, x)-bounded for some o = 0, i.e.,

(2.11) roulp) : = (1 — |ul/p)} : = [max {(1 - | u|/p), O}]*
belongs to M and, uniformly for all p > 0,
(2.12) [l ru/p)lla = Cq -

THEOREM 1. Let E be a regular spectral measure. If o. = j € P is such that (2.11 —12)
holds, and if ©,(u): = A(|ul|/p) for a (sufficiently smooth) function A satisfying
Tor i
(2.13) 1R llavir s = [ #1901 de + lim 30)] < oo,
P AEr >0
0

then uniformly for all p > 0
(2.14) 17, llm = Cill A llBv,,, -

In the following we shail call a Banach space X admissible (with respect to
H, E) if either one of the following conditions holds true:

(2.15) (i) X satisfies (2.5), and E is regular for X.
(ii) Jx maps (cf. (2.8)) X onto the dual Y* of a Banach space-Y satisfying (i).

3. Generalized polynomials and de la Vallée Poussin means. Let H, E be as in
Section 2. We call f€ H a polynomial (with respect to E) if there exists a compact
set & < RY such that E(c)g = f for some g € H. The set of all polynomials in H is
denoted by

(3.1) n¢:= \J E@)H.

o compact

Since E(o) is a projection, E(c)g = f implies E(c)f = f. The elements of
(3.2 Hf::{fEH”; E({x€R"; |xl§p})f=f}
are called polynomials (in H) of (radial) degree p > 0.
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In order to extend this definition to admissible Banach spaces, let us introduce
a family {4,},., of infinitely differentiable, real-valued functions on [0, o) satisfying

I Ry = L7 T

= <1; =
(3.3) 0sams A=) "5 2 1)
Setting
(34 Too@) 1 = A(|ullp), To,p:=T" (6p>0),

it follows from Theorem 1 (and (2.10)) that the family {7, ,},., is well-defined on
admissible Banach spaces X. Thus we can define the set of all polynomials (of radial
degree p > 0) in X by

[Hf: {feX; T,,f=f for all ¢ > 0},
1P = L

p>0
In case H = X this is equivalent to (3.1—2).

The basic tool concerning a treatment of Nikolskii-type inequalities for these
(generalized) polynomials will be a family of de la Vallée Poussin (or delayed) means
(cf. [15, p. 522] for the one-dimensional trigonometric system, see also [6, 7, 11] for
other orthogonal expansions). On H these operators are defined by

(3.6) Vofi= [ ewp)dEw)f (p>0),

lu| =20

3.5

where the corresponding multiplier e is given via

L AEts1

3.7 e(w) : = A(ul), A(t):={0 pibia

0= A(t) £ 1 denoting an infinitely differentiable function on [0, ). It follows from
Theorem 1 that the operators ¥, are well-defined on each admissible space X.

THEOREM 2. Let X be an admissible Banach space.

(i) For any p > 0 one has V, € [X], and ||V, ||ix, is a continuous, bounded function
of p. In particular, for some j € P (cf. (2.14))

(3'8) ”Vp”[X]écj”A”BW“ =:M.

(i) For any f€X, p > 0 one has V,f¢€ nL.
(iii) For any P, € IIX there holds the projection property

(3.9) V,P,=P, (p>0).

ProoF. Since X is admissible, (3.8) is an immediate consequence of Theorem 1
(and (2.10)). Moreover, for each fixed p > 0 and /€ R with || < p/2

ep (1) = e,() = e,un) 1 = A(lullp) = Aul/(p + b))
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is the multiplier corresponding to ¥, — V, ;. Thus by Theorem 1
V,-V SCGlA|l—] — 4 =
” 3 p+h|l[X]_ J, ( ] (p+hJ BV,'_H_
<c [ # | — a9+ 2_|l4 4
= %] p + h
0

AU+D

|dt = : L (h) + I, ,(h).

- tp Py Y tp )
t K QU o A
+qf p+J (p+J p+h
0

Since A(t) = 0 for 1 =2 and |A| < p/2, thus 2/3 < p/(p + h) < 2, one obviously
has (h — 0)

dt = o(1),

tp
20Dy — JU+D )
0 (p L8

3
I, ,(h) = jﬂ

3
h )+ iy ol
£ L ]-4(§[HMW%Nm=dU

o

T ‘ [

Thus || ¥, ||,x, is continuous in p > 0. Moreover, since

T, (W) e(u/(p + pe)) = 1, () WERY; & p > 0),

we have T, , = V,,, T, , and consequently by (i) for any P, € Hf,‘

“P VP ”X HP Vp+pz g,p p”X+ II p+pe p VpPp”)ré
” p+pe Vp”[X,‘“Pp”X £ 0(1) (8 _’O+)'

This completes the proof.

4. Inequalities of Nikolskii-type. Throughout this section we deal with inter-
polation couples X: = (X,, X;) of admissible (with respect to a given pair E, H)
Banach spaces, i.e., we assume X, X; to be embedded in a topological Hausdorff
space % such that their sum and intersection

ZX):={f€%; f=fo + fi, L€X, LEX],
IfNlzezy * = mf {Ilfollx., + ANk}

AX):=X,N X, IIfIIA()z) = max {||fllx,, IIfllx}

are well-defined Banach spaces. Then two Banach spaces X, Y are called (exact)
mterpolatlon spaces (of type 0,0 <6 < 1) with respect to two given couples X,
Y if

) c X & xX), aNaxrcIly);
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and if the assumption

4.1) Te[Xo YolN Xy, Y1l, TllixvasM; (j=0,1)
implies
4.2) TEX, Y], ITllxn<Mi°M;.

For 0<f<1, 1=g<® and 0601, g = oo denote by (X, X1)p,, = X,
the interpolation spaces, generated by the real K-interpolation method of Lions—
Peetre, i.c.,

oot {1 DAV Fll,., < ®) -

@

dt |1
[ ks )", 1s0<
| fllo,g:=1 "0
sup trAK(T. 1) % qg= o0,
t>0
(4.3) K@t.f,X):= inf {|lfllx, + ¢l Aillx} (t>0).

=foth

An interpolation couple X : = (X,, X;) of admissible Banach spaces is said to have
the “Nikolskii property” (cf. [17]) if

4.4 m*cn®, ||Pllx,=¢(@)IP,llx, (P, p>0)
for some function ¢(p), strictly positive and monotonically increasing on (0, o).

THEOREM 3. Let X: = (X,, X,) be an interpolation couple of admissible Banach
spaces, having the Nikolskii property (4.4). Then for 0 <0 <0 <1,1=¢q, ¢'£
there hold the following Nikolskii-type inequalities for P, € HX" & iR EHX" % and
P, € IT}, respectively:

1P, lls,w < 1P, llx, < KO, 4') [6Q2P) " 11 Py llor,q7 5
1P, llor,qr < K6, 0, 4,9 [62p)1°° 1P, ll,q 5
1P, lle,q = K(O, q) [6(2P)1° || P, |, -

ProoF. First of all, it follows by (4.1—2) that the operators 7, , as well as the
de la Vallée Poussin operators ¥, are well-defined on the 1nterpolat10n spaces
Xo,o- Thus (3.5) makes sense with X replaced by X, , so that H""’ 2 is well-defined
for0<0<1 1=g<oand 0 =0 =1, g = 0. Moreover,

” p+e Vp”[)?e,q] é ”Vp+a ¥ “[X.,] ” p+e Vp”ﬁ\’,] -

Thus the argument used in the proof of Theorem 2 (iii) shows that the projection
property (3.9) holds for all P, € X, ,.
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According to (3.8) one has

4.5) max sup ||V, |lxg S M < .

j=01 p>0

Hence Theorem 2 (ii) and the Nikolskii property (4.4) yield

(4.6) 1V llx, x3 = MP2p) (0 > 0).

In view of (X;, X})e,q = X; (cf. [1, p. 46]),

4.7) Koo Kol = [(Xo. XDoo » (Xav X, o],
(4.8) [Xo Xo,0] = [(Xo» Xodo,q > (Xo» X1a,q] s
whereas the reiteration theorem (cf. [1, p. 50]) yields (: = 6/60")
(4.9) [%o,00 Xor,0'] = [(Xo Xor,0 0> Kor a5 Ko 10 )nsa]
with equivalent norms. Thus (4.1 —2) in connection with (4.5—8) implies
(4.10) 1 Vo llige, 0 < KO, 0) [92p)T 7,

4.11) 1V, llix,, 20,0 < K@, @) [$(2)]°.
Moreover, this yields by (4.9) that

(4.12) | Vo llio.0 %001 = KO0, 0, 4, 4") [$(20)]" .

Since in any case ||f|g, = [|fllxsj = 0,1 (cf. [3, p. 168]), the desired inequali-
ties now follow from (4.10— 12) and the projection property (3.9).

5. Applications. In order to illustrate the wide applicability of the previous
results, let us consider certain concrete instances of spaces H, X, and spectral meas-
ures E. Rather than to give a complete list of possible applications, our aim is to
show that the procedure of Sections 2—4 may serve as a unifying approach to classical
and new Nikolskii-type inequalities. Further examples are worked out in [7, 9, 18].

5.1 Trigonometric polynomials of several variables. Let QY < RV be the cube
{x€RY; —n<x;<m 1Zj<N}, and L%, 1 <p < oo, the space of measurable
functions with period 27 in each variable for which

S llp2n: = {@R™ [ 1/@) 1P du}’?, || £l 20 : = esssup |fW) |,
Q¥ ueQN
respectively, is finite. For f€ L3, and k: = (ky, . . ., ky) € Z", the N-fold Cartesian
product of Z, the k-th Fourier coefficient is given by
f k) : = Qo)™ [ flw) exp {—iku} du.
QN
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If one sets
5.1 D= . i
(5.1) E(a): I<£o|Hz--f\k)elkX (olZJU Ib,

then E is a spectral measure for the Hilbert space H = Z|nwith inner product
(/,9):= (ZHF*QlT/(«) p(w) i/me

Moreover, £ is (J1,¥Y*bounded for Jg, 1~ p ™ oo, if 9. ] > (N —1)/2 (cf. [14,
p. 271]). Thus the spaces X = Lf,, 1g p * .., are admissible Banach spaces with
respect to H, E since Lg, f) L\n is dense in L\nand L4n, | S P < ,,, whereas L2
may be identified with (L\n)*. Obviously, || T W*£ = su zllr(/c) | and LX(RNE) =

= Ix(ZN), the set of all bounded sequences {TAne2«c: C, so that (2.1) reads for
[E-E1* (cf. [5, p. 899])

7V: = Jem dE(U)f= X rQc)fk)ékx.
SEAN

Moreover, Mp coincides with the set of all trigonometric polynomials of radial
degree p, i.e.,
Mp:= {tp;tp(x) = £ ckeikx ck: = tp{k) 6 C}
™ap
(for more details cf. [9, 18]).
Let us consider the interpolation couple

%:=(V V):=(LILIE)

Since any trigonometric polynomial of (radial) degree p has at most (2p + 1)Ynonzero
coefficients \t'p(k)\ ;S ||ip||i>B>the couple St obviously has the Nikolskii property

(4.4) with d(p): = (2p+ D™ Moreover, the interpolation spaces Steq,0 <B < 1, 1"
Mmg<. and ONOIi 1, q= oo are equal to the Lorentz spaces L(p, q),B =

= 1—1p (cf. [3, p. 186]). Thus, as an application of Theorem 3, we obtain

Corollary 1.Let 1< pO<px<co, 19 g0 gx oo, OFrp0=1,40= oo, OF pX— gX=
oo. Thenfor any trigonometric polynomial tp of radial degree p there holds (i = 0,1)

Iltp\Upi,qi) @ Cpidl p”’V P-Vrt ntp\Up" , .

Since L{p,p) = Lg,, 1<p<.o,UL0)=L\Kand L{oo,s0) = LD (cf. [3
. 186]), Corollary 1indeed contains the classical Nikolskii inequality (1.2) for 1
P £ oo.

Another couple of admissible spaces is given by

f 1= (T0,70:= (C2,Q1J (VP),

>0

where Ctha denotes the space of functions having continuous partial derivatives
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up to the order r (in particular C2n: = C21) with norm

) dk>HmmHANF
Wieu == 1UILA, + o max 140 wixtf g

Here the interpolation spaces FO@ 0~ 0~ 1, are equal to the Lipschitz spaces
Lip(a C2,), a = rQ equipped with norm

nybpa: = l/llc,* + ?E!? t~*cor(t,f) o~ anm,
to, denoting the modulus of continuity of order r £P (cf. (5.7)). It follows from Bern-
stein’s inequality

dki+mm-kNtp <; pkt+...+kNy f
) p loo,21
dxil. . dxMN 4 2t

that f has the Nikolskii property (4.4) with ¢(p): = 1+ pr. Thus we may again
apply Theorem 3 to deduce

Corollary 2. For any trigonometric polynomial of radial degree p 2: 1 there
hold the inequalities

Wtp||Up. & Q , p*-B||/pHup,  (OWPA*Ir),
litp llc/,, —Capr a lltp Hripe (Ogagr).

5.2 Fourier spectral measure. Let LP\ = LRRN) be the space of Lebesgue measur-
able functions on Rv for which the norm

{(2j)~N2j \f(u) [*du}llp, 1"p < 0
rN

i, = ess sup If(u) | P.= co,
WRw

respectively, is finite. Let S: = S(R') denote the Schwartzian space of infinitely
differentiable functions, rapidly decreasing at infinity, and S' be the corresponding
dual space of tempered distributions. The Fourier transform of /£ S' is given by

(Pes)
&JP) :=dd"), d\n): = {2n)-NB f p(x) exp { -ivx} dx .
RN
Let §~1be its inverse and a £ Z, the multiplication projection

1, ufo

8I(U) 1= > /(<) *91= g 4¢a

Then (cf. [5, p. 1989])
(5.2) m =
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is a spectral measure for H = LZARN) with inner product

(f,9) : = (2n)-N2 f f(u) g(u) du.
RN
Now L°°(Rn,E) = L°°, and for any T6L® the integral (2.1) admits the representa-
tion
T'f: = ftu)dEU)f= 1M/ (m] *
ra

Furthermore, for any compact set ¢ Rv

E()I(%) = (@n)-N2j /> e dv (JE£D.

It is an immediate consequence of the Paley—Wiener theorem (cf. [14, p. 112]) that
Mp is the set §2p where $PP, 1" p g 0o, denotes the space of all p-th power inte-
grable restrictions to Rwof entire functions/ on CNwhich are of (radial) exponential
type p, i.e.,

Voo 1™ Atexp{(p + e) Iz} e>0,z(Cn).

Note that£ is (R,/-bounded for X = Lpife.g.j > @Q/—1) [Up - 1/21(cf. [13, p.
114]). Thus, all the spaces Lp, 1~ p~ oo, are admissible, and it follows that the
multiplier definition of Section 2 coincides with the classical one of Fourier multiphers
(cf. [13, p. 94]). Moreover, the theorem of Paley—Wiener—Schwartz implies M* =
= 8&pfor X =Lp, 1iSp oo. Instead of formulating counterparts of Corollaries
1—2 for entire functions of exponential type, let us derive Nikolskii-type inequalities
in the Bessel potential- and Besov spaces

« = {/€«"; /I < oo} (\Mpi 00,a€R),
Bhsm= {/€«"; I/}, < 00} (LUP,qii oo,i€R),

the norms being given by (with the obvious modifications for q == 00)

(5.3) U lip: = 1/<ip @ = nffmi + MANILIP,
s (D N&
(5.4) W w= VBT 0A/ )lip + | Z @ i
respectively. Here tfi, dx K £ Z, satisfy
>o 1P< vic 2

@) - = d2~k»), € =o otherwise,

Z OM =1 D) := l-ké4>k{v).

k=0
It follows (cf. [1, pp. 142, 146]) that the spaces L, 1™ p g 00, je£ R, are admissible
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whereas Bpg is equal to the interpolation space
(Lp,L% g, 1gp,g™ co,0<0< 1, s=(@- 0)a + 6R.
Let us now consider, for example, the interpolation couple
* 1= (Bpa, BRI)
for some fixed 1~ p ~ 0o, s£ R. Then (cf. [1, p. 153])
?e,0= W.c (0O<0 < Il,q = 1/0).

Moreover, for any Pp£  p it follows from the theorem of Paley—Wiener-Schwartz
that the sum in (5.4) contains at most KOEN terms for some kO~ 1+ (log p)/(log 2) <
< &+ 1 Thus X has the Nikolskii property (4.4) with

d(p) : = c(l + log+p): = cmax {1, 1 + log p} .
An application of Theorem 3 then leads to

Coroltary 3. Leti £R, ldpé&co, 1~ g0<qt® co. Then one hasfor any
Pp€%p
WPp\\p,* A c <. 0 + IQg+ P)Ve_1/il WPPYoi »
Taking into account the embedding theorem for Besov spaces (cf. [1, p. 152])
one in particular has

(5.5) \\Pp\\p S C Ptg(\ + log+ p f'P-1*\\Pp\\U (\<pl2,p<q),
(5.6) \WPp\Ww i Cpg(l + log+pf,2llgWPpW\sg (2iiP < ™ 2 <q).
By means of these inequalities we would like to derive an inverse theorem for the

best approximation
gap(/):= inf 11/ — Pp\\p

by entire functions of exponential type. To this end, let the radial modulus of con-
tinuity of (fractional) order a > 0 be defined by

(5.7) <t p(t,f) : = Sup k& 1) & i fix + kh)
Coroltary 4. I ffELP, 1< p < oo, satisfiesfor somea > 0

(5.8) EpJf) = O(p-«)  (p-» 00),

then (p : = min {p, 2})

(5.9) op(t,f) = O/ | logt I1®).
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Proof. Note that (5.8) holds if and only if/£ 5“4 (cf. [1, p. 181]), whereas it
follows from [19] that (5.9) is equivalent to (cf. (4.3))

Lp, Lp = O(t*llog 11" (i»0+).

Moreover, ifP /) denotes the element of best'approximation to/ d5£X0 i.c.,Epp(f) =
= 11/- Pp{f)\\p, then (5.5-6) imply (t : = p~X

Lr,LQW | | |- Pi/ADNp + f lpvi(f) || §

dcf+ CY(l +iog+ (1/0)12\\f\\u .

which completes the proof.

We conclude with the remark that Corollaries 3,4 apply mutatis mutandi-
to 27i-periodic functions of several variables. Thus, in particular, Corollary 4 extends
a result of A. Zygmund [20], who proved an analogous estimate for a = 1 cons
ceming the approximation by one-dimensional trigonometric polynomials (for a
different approach see [2]).
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1. Introduction

Let (X,A, P) be a probability space, N={0, 12, ...} U =LRX, AP)
(2 A 00), and WA\\p (L " pi oo) denote the //-norm of the function/ £Lp.
Recently, as a generalization of the property of lacunary series, G. Atexits [1],
[2], [3] has introduced the notion of strongly multiplicative, multiplicative and
weakly multiplicative systems. The system @ = {dy,:/i (N } cr is called strongly
multiplicative, multiplicative, and weakly multiplicative if the functions cn(n € N)
of the product system ¥ of & are orthogonal,

i JiMP -0 0 EN* = N\{0}).
X
@ "A—;‘?IICDndPI<00
(i) = X ,

respectively. The product system ¥ is defined by

®
2 Tm=[1a n=z Z 1j2j €N, rij6 {0, 1} .
J=0 I=0

The Rademacher system R = {rn:n £ N} is a strongly multiplicative system
and the product system of R is the Walsh- Paley system W = {wn:n £ N}. The
following relation between the Haar system {/,,: nEN} and the Walsh—Paley system
is well-known [1]
i i — ) X2"H

o () wa — el o 20 (1€£0,1,2,...,2-- 1, n€EN),
(i) Xw+ — OX 2,,a‘jiV\/Z'+j

where a} = 2~"R wij2~n).

The following generalization of the Haar system was introduced by G. Alexits
[2]. Let ¥ be the product system of @, then the system

4 ho=1 hawi= X 224 06{0,1,...,2"- 1}, n€N)

is called the A-system generated by the system &. The {A-system generated by R
is the Haar system.
Alexits [2] showed the following
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Theorem A. Let ® be a strongly multiplicative system with || &y, >~ 1 and
IV, |la= 1(n£N). Then the Fourier series with respect to the H-system generated
by ® of everyfunctionf £L2is a.e. (¢, a > 0) summable.

In this paper, among others, we give a generalization of this theorem.

Theorem 1 Let @ be a weakly multiplicative system with || da, [[« i 1 (N € N)
and let H be the H-system generated by & Then H is a convergence system.

2. A relation between function systems

Let (X, A, P) and (¥, B, Q) be two probability spaces and for K£L>° (X x Y,
AXxXB,Px0

IKWP @ = vraimax (j | K (x y) odP)llp,

yiy X @ p, << 00).
LK I(oo,0) = vrai max (1 \K(x,y) \qdQ)Le
X£X Y

We shall use integral operators of the form

(Kg) (x) = Jg(y) K(x,y)dQ (g £L2(Y,B,0) ,

and introduce the following notion. The function system G = {g,, :n£N}c:
czL"QY, B, Q) is called a better system than F = {/,,:n£N}c L*°(X, A,P) (in notation
G < F) ifthere exist a sequence Knf£ (X x Y, A x B, P x Q) (n £ N) of functions
and an index sequence (mn g £N) such that

0)/*=Kngk (Qink <mn, nEN),
() (n) sup MKn||(liK) UM < oo, sup LKn|j@jhnM < oo.

It is obvious that the relation < is transitive.
We shall prove the following

Theorem 2. If G < F, thenfor every sequence (an, n(N) andfor all 1" p i oo

we Aufe
n

g M ~k9k (MEN),
*= k=0
6) P

sup z akfk <M sup &kok
= 0

0 k=

Let 4*be the product system of the weakly multiplicative system ®a b™(X A, P).
Then V > W.
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Indeed, let
4

i = = 1 N — "
Kn(.j) = £ wk(y) /I:'(I) 0 + ®A)ri(y) 2 0, mn=2" (MEN).

Then by the orthogonality of the system X (5)(i) holds. Furthermore by (1)
we have

J Kn{xy) 1 = 2:2_(1 M) J =1  (x€Jr,n€EN),

s
21 )

i |*,,(x,j;)|(ZF=kX wk(j) ™ kdPUA 0€ [0, 1], «(N).

X =0 X

From this follows (see also [8])

Theorem 3. If P is the product system of a weakly multiplicative system, then

for every sequence (c,,, nE N) we have
su C(T|c, |2V
up £ Oadx O (Tlc. 212

where the constant C depends only on A in (1).

3. W-systems

Starting from (3) (i) we introduce the following notion. Let H = {Hn:a (N} c
d U°(X, A, P) a function system. Then the system
2n—1
w0=HO, w2H= £ a2.a2,+. (i€{0,1,..., 2" - 1}, NeN)
1=0
is called the W-system generated by 4.
Further we investigate systems {1 for which there exists a constant K such that
[O) 11 H,+n UK- 2/

(*) J I 052<2» oo

| (i) NH2H IWUK- 2-A (€40, 1,.... 2" - 1}, «(N).

It is obvious that the Haar-system has these properties. Z. Ciesietski [7] has
proved that for the Franklin system (*) also holds.

We show that for all H-systems, generated by weakly multiplicative systems
{dn:nE ny with \p,,\Naoit 1 (*) is true.

Indeed, according to definition

29—1 Nn—1
hani = 2~"/2j£ Wj(i2=") par)= 2""Rey, M (L + rk(i2-n) @)
=0 =0

(/1€{o0,1,..., 2" - 1}, n€ N).
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Thus, by Ndn Ik 1 we get

i
(1) hawt|xg 220 N 0 + rk(i2~) @) dP it 2~ri2Z | f \WjdP | = A2~ri2,
k=0 =0 X
2n=1 IZ«—l ' 2’}—1
Z W) A | 2RZ Wij2) dui < 272
J j=o0 i=o

It is easy to show that every W-system generated by H systems having the
property (*) are uniformly bounded. The W-system of the Franklin system was

introduced by Z. Ciesietski [6].
For a sequence a = (a,, h g N) £12we define the sequence & = (d, N£N) £12

as follows:
21
40= a0, aimH= 2z Vaa| (i€{0,,2,..2n- 1}, u6N)
7—0

then the map 12£ a >4 £12is a linear isomorphism and
2"-1 27
8 Z am+jWH = Z Sn+jH2H (N6 N).
7=0 7=0
Applying Theorem 2 we get (see [9])

Theorem 4. Lei H = {//,,; n £ N} be a system with the property (*) and let
{W,,: n£ N} the W-system generated by H. Then for every sequence (an n£N) we
have

. 1 1 i 11/21
sup Zakwk Uc sip ZakHk + 24
k-0 2 §s‘=i

n n k=0

where the constant C depends only on K in (*).

4, Proof of the theorems

Proof of Theorem 1 Denote L, (G) the ntb Lebesgue function of the system
G={G,,nEN}d L1(X, A P) ie. let

n—1

LX) [ Z GG dP(y)  (XEX.nENY).

We shall show that if H is the H-system generated by the weakly multiplicative
system & then

(9) A ()L U2A  (ndN),
where A denotes the constant in (I)(ii).
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Indeed, by the orthogonality of the matrix (a~,i,j —0, 1,.. 2" —1)

X K+k(x) havk(y) = k—Q 'I'Z'+kix) prk(y), (n 6 N),
thus

12640 = L2 = f T10 + &9 w dpy) 7
®
"X IfWw dP{y)I=7  (n€EN).

By the property (*) of the system {hn\n £ N} (see [7]) we have

2n+m

max'& E hk(x)hky) dP(y)u Smag( Il AmH E CIh(x) [~ A n(N),

and (9) is proved.
Applying a theorem of G. A 1exits [4] we get Theorem 1

Proof of Theorem 2. To prove (6) we need the following

Lemma. Iffor thefunction KEL1(X x Y, A x B, P x Q), || K ||(liG0) < M and
II K ll(coj) < M, then for every 1~ p” oo the operator K :Lp(Y, B, Q) —i
-» Lp(A, /1,P) is bounded, and for the Lpnorm we have || K\LP* M. (See e.g. [7],
pp. 518.)

By the definition of the relation < we have

k—Eo Kk K E @kok (m<m,),

1*=0

sup  Eaf(x) ’\4 ap Ea,ofy) K,.(x, y) 1dQ.

0*k<mn i=
Applying the lemma, we get Theorem 2.

Proof of Theorem 4. It is obwious, that by (8) we have

2n-1

(10 sup Eakwk <2 sup EakWk +2E sup  E akWk
k—0 2nim<2n+ Kk=2n
Let
K,(x ) = B Hb+H0) Xw+j(0  (XEX FE[0, 1), n£N).
7=0
Then

Knfw+k) = M2+  (k€{0,1,...,2"- 1}, M€EN),
HKnjaeo MK, WKH\@ED i K M(N).
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Indeed, by the orthogonality of the Haar-system we have

123 22
Ko w2ank) (x) = j X HIm+jW bw (0 [ vekiadnsiin) dt =
L

j= /=0

*KiH2'+j(x) = n+k(x),
0

_ 181 .
Il Kn[|€i) ~ 2-"2 Z UK,

J=0 1 °°

I 1(1») A 2'2 max | XA T (n€N).
0§j<2"

From Theorem 2 and from a Theorem of P. sjs1in [10] we get

m 2 m 2 21
sup , X aontor2 0k N a 2"+ kW /2n+k nc Z ctl

sup
10Sm<2" « =0 2 0"M<29 « =0 2 k= 2n

where C depends only on K. This and (9) imply Theorem 4.
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Introduction

In this paper we are concerned with the almost everywhere and ~-convergence
of Vilenkin—Fourier series. First we give an estimation for the partial sums of Vilekin-
series. This estimation implies a sufficient condition for functions, belonging to the
1} space, that their Vilenkin—ourier series converges inU-norm. This condition is
similar to the well-known Dini—Lipschitz condition. We formulate a corollary for
Vilenkin groups with a certain boundedness property and prove that in this corollary
the assumption made concerning the /~-modulus of continuity is not sufficient for
the U-convergence for the Vilenkin-groups without this property. We remark that
a similar result was proved by C. W. O nneweer [1] for Walsh-Fourier series. Finally
we prove the analogue of a theorem of F. Schipp [4] for Vilenkin—Fourier series.
Namely, several sufficient conditions are formulated for the a.e. convergence of
Vilenkin series.

&1
In this section we introduce some notations and definitions. Let
m=(m0Tb..,mk..) @<mkmkNKEN:={0,1,...9
be a sequence of natural numbers and denote by Z nk the mk discrete cyclic group, i.e.
Zmt:={0,\,....mk- 1} (ki N).

Furthermore, if we define the group Gmas the direct product of the groups Zmk,
then Gm s a compact Abelian group. Thus the elements of Gmare of the form x =
= (X0 xL...., xk, .. .)with 0" xk < mk (k £N) and for x,y in Gmtheir sum x §-y
is obtained by adding the ntb coordinates of x and y modulo mn. We define the sets
7,,(X) of Gmas follows:

Inx) e= {y€Gmwy= (X0. . ., %, i,V ... )} (Xi Gmni N).

Then the /,(0)’s (ni N) form a basis for the neighbourhoods of 0 £ Gmin Gm and
these sets completely determine the topology of Gm.

Next, let Gm = {i//,, : n £ N} (the so-called Vilenkin system) denote the character
group of Gm We enumerate the elements of Gm as follows. For k £ N and x £ Gm
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let rk be the function defined by
rk(x) : = exp——- (XEG, it = q’/_—i%.
k

If we define the sequence (Mk,k dN) by MO: = 1, Mk+l : = mkMk (k d N), then
each iif N has a unique representation of the form

@
n= k>§0nk Mk,

where 0~ nk < mki nk£ N. For such n £ N we define the function ¢n by

b m= kg ()<

We remark that Gmis a complete orthonormal system with respect to the normalized
Haar measure dx on Gm [7]. Furthermore, if mk = 2 (k d N) then Gmis the so-called
dyadic group and the elements of the character group 6 mare the Walsh—Paley func-
tions.

For/ dL\G m) we define its partial sums by

100 := J NOWO*- snf) := £/(*) ok (ndN).
Gm K—0

Then we have the formula

) SN = | /) />*- 0dt= :/*Dnfx) (xdGmndN),

Cm

where for the so-called Dirichlet-kernels Dn (ndN) it was proved the following
formula [5]:
00 -1

%) A,=«AE I d DW (nhdN).
K- 0 \j=mk—rk

The integral modulus of continuity is defined by

Q(/»5) := sup j I(x) - f(x-y)\dx (5 >0,/dL\GJ,
k(y)Si Gm
where

%) = | Mm 0'¢t G .

8 2

It is known that forall 1 < p < oo the Vilenkin-Fourier series of a function
f dLp(Gm) converges in ZZ-norm and the analoguous statement does not hold in
the casep = 1, oo [6], [3], [8], [5]. We prove that a certain assumption for cody', )
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(/£LD implies the ~-convergence of the Fourier-series of / with respect to the
system Gm

Theorem L1 Letfbe afunction in L\Gm)for which the following condition holds:
(3 (off /MR = o(mklog MK)-X (K -» 00).

Then the sequence of the partial sums (Sn(f), n £ N) converges in O -norm tof
From this theorem we obtain immediately the

Corollary. | f the group Gmhas the boundedness property
4 lim (mk, KEN) < 00,
then the condition
®) toff I/Mk) = o(log MKk)~I (k- ©,/6L\GJ)

implies the LI-convergence of the Vilenkin—Fourier series off

The above corollary is an analogue of the known Dini—Lipschitz test foruni form
convergence of Vilenkin-series [2]. We prove that the condition (4) is essential in
the corollary. This follows from the next

Theorem 2. There exists a group Gm and a function f £1f(G ) for which the
assumption (5) holds, however the sequence (S ff), n £N) is not If-convergent.

We remark that in the conditions (3) and (5) the *“0” cannot be replaced by “0O”
[1]. Furthermore, by the corollary it is obvious that the group Gmin Theorem 2
cannot have the boundedness property (4).

In the following theorem we are concerned with the a.e. convergence of Vilen-
kin-series.

Theorem 3. Letf g LAGm) be an integrable function. Then each of the following
three conditions implies the a.e. convergence of (Sff), s £N):

@
(0] Xmkj J INx - a)-f{x) IDMku)dudx < oo,
( Sk g ) -f{x) ()

(ii) Xomkeh{f 1M < o,

(iii) there exists a positive number g, for which

i < 00, (off 6) = 0(log U6)-1* (©O- 0)

holds.

We remark that similar results for a.e. convergence of Walsh—Fourier series
were proved by F. schipp [4]. In the proof of Theorem 3 we follow the method of
his paper.
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8. 3. Proof of the theorems

Proof of Theorem 1 The statement of Theorem 1is an immediate consequence
of the following estimation

6) ISN(f) - f Ik Cmmkelog Mkmy if, YMK)
(Mkg n < Mk+,, n,kE N, /£ L1(G)),

where C > 0 is an absolute constant.

To prove (6) let us write foi
n=J-Mk+/§)n,M, Qdj<mk

for the natural number n, then from (2) we obtain the following decomposition of

Snif
e sn(f) = Sj.M(f) + f* (r{Dn),
k—1

where n* : = /£=o ntM,. From this follows that

) w /)y “/a1~ nsudd) -/ || x+ 11/* (ri Dn) Ik-
By @and [ Ds= 1(j = 1,2,...) we have
Gn

W /) )= 1) - fixo - ) DM dtldxg

Fmkj J 1/(0 - f{x - t) IDMt)\dtdx.

Gm Gm

It is known [7] that
_\Mk (te4 (0)

8 - KEN),
(8 TWO o sa (o) ( )

thus applying Fubini’s theorem we see that
(9) ASjMkif) “ /Hia mkMk j (j I(x) - f{x Dldx) dtgmk-w (/ YMK).
/HO) Gm
For the second term in (7) we can establish an estimation as follows. Let us
denote by ek (k £ N) the following element of Gm
K+1
ek:= (0,0,...,0, 1,0,...).

Then
idek)~j (/ * ({D,.)) (x) = j fit)r'ix —t —ek) Drfx -t-e~dt =
Gm
= Jf(t- ekrlx - t)Dfx A t)dt  ix £Gm.

Gm
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Indeed Dn{y) depends only on the first k coordinates of the elementy £ Gm From
this equation we obtain that

11 - rk(ek~IM/* (r{AO I Il m -A* - ek UDAx -t)\dtdx.
GnGn
Applying Fubini’s theorem and noticing, that j-1Dn(x —t)\dx = ||A * ||r (t £ Gm),
we have Gn
11 - rkeR~Jiell/* (riaottia A . Hi«i(/, YMkH) .
On the other hand the following estimation is valid:
itj

20 2sin s g s A

1- rk(ek-jl= 1—exp mk ey i Tk

thus

[/* (4 AOIN  mk NA* IIXQOCT Mk+i) »
Since IA* 1k = 0(log n*) = 0(log MK) [7] and evidently (oX(f,I/Mk+l) i1 <, YMK),
we get
(10) L1+ (44 ) lli = o(mkmlog Mk mAI(f, 1IVK).

From (7), (9) and (10), (6) follows immediately.
This completes the proof of Theorem 1

Proof of Theorem 2. We define a sequence m by
mo:=2, mn:= MI" n=1,2,...).
A simple consequence of (8) is IDMK|[r= 1 (k £N), thus for all ak > 0 (k £N),
Z uk < 00 the series
k—o
kz) xk(DM - DM)

is /.~ convergent. We denote its limit by /C A(CT). If we define the kj ’s (JEN) as

then
. kjMj—1 ki-1 (s+l)Mt—
ISKM(f) - -W ATl = Z A -n oz |:SZMJ- i
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Hence by the definition of the functions ¥n(n 6 N) and from (8) we have

I SkiMIif) — SM(f) TL—<Mj f %Asm

n(0)
1 —exp sk, —1)
_nAm—lkfz-lxpznilsA g XP mj
—m 4, & e nij mj It 1_exp_gf‘_yy
sin ns "

L et 2

*j WY : s ij *log nij,

mj él Sm_rls_ = m é_zf(l.z)

where C > 0 is an absolute constant (/€ N). It is obvious that for

«J: = log mj (A N)

all the conditions are satisfied, thus
USKIMI(f) - [x~ C>0 (j €N).

Hence the sequence (S,,(f), n £N) is not *-convergent.
We can easily prove that for the function/ the relation (5) holds. Indeed, let n
be a fixed natural number, then for all y £/,,(0) we have

i M(x) - fix - yNdx = j Z 4RKX) - Mx - y) dx
Gm em k=n
(where Rk: = DM - DMk (k 6 N)), i.e. by (8)
JV(X) -f(x-y)\dx"4 Z a*e
o (x) -f(x-y) e
From this follows by reason of the definition of a! that

X/, 1/IM,,) » 4kZ «*,
=n

thus

log M ® 1
®i(/, UAL,) slogM,, ~ 4« kZ-,-nZ* fg n—" 4e¢Z -Jr=*0) (»- o»)m

This proves Theorem 2.
Proof of Theorem 3. We suppose first that condition (i) holds. Then by the
theorem of Beppo-Levi we have
Z mk JIf(x-u)~ f(x) IDMKU) du< 0  (ae XEG).
k=0 Gm
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From (1) and (2) follows for all KOE N that
ISn(f) (x) - fix) | = | J {f(x -u) - f{x)) D,,(U)dul =
Gm

co m/c—1
3 {fix - u) - Hx) i) X X {rk{u))j DMdu) du
Gm 1I=0j=Ne -»i
0 m—4
AXC I~ Q- () X (M)A lf» dnf) du +
k=0 &m j=mk—nk
mk—
+ X 1L/(* - 9 -fix) X 0*«)Y Auw duii

K=ko+| Gm

i k)EQIGJmHk,x,niu) Prii) du I+k:lz(()+I man! \f{{x - m- /(X)IA u» ilu,

where

mk—1
Hkx,nid) : = (/(x W) - /(X))j=n)1$—|¢k(rkld))] Au» iux£Gmn KEN).

Since for a fixed KO£ N we have, by definitions, at most Mlka+l distinct functions
among the functions Hkxn {k = 0, kO; x Gm n( N) and for a g £L\Gm)
the relation \ g edy, = o(l) (n -> 00) holds, thus we can easily see that

: kX 1) Hexau) i au =) U-»00).

=0 Gm
From this by reason of condition (i) and by the preceding decomposition of Sn{f){x) —

—fix) follows the a.e. convergence of {S,,(f), n £N).
We prove now that condition (ii) implies (i). Indeed, for a fixed A N we have

J J Ifix - u) - fix) 1DMu) dudx = j JIf{x - u) - fix) \dxdu =
G/a Gla Gla Gm
=wmK F( fix - u)- fix) 1dx) du it axif, LUMK) .
im Gm

Thus condition (ii) is also sufficient for the a.e. convergence.
Finally, when (iii) holds, then

(off, IMK) = O(log MK)- = 0(log2®-t« = Oik-1 9,

hence from (iii) condition (ii) follows and thus Theorem 3 is proved.
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ON SOME PROBLEMS CONNECTED
WITH POLYNOMIALS ORTHOGONAL
ON THE COMPLEX UNIT CIRCLE

By
J. SZABADOS (Budapest)

Dedicated to Professor G. Alexits on his eightieth birthday

1. Introduction, notations

Letf(t) be %nonnegative, 27i-periodic Lebesgue integrable function on the real
line such that Jf{t) dt > 0. Then there exists a unique sequence of polynomials
0

{&>,@¥=0 of the complex variable z with the following properties:
0] d),,(r)zits of degree exactly n, with positive leading coefficient;

(i ~L J f{t) dnEe"} d*EFdt=SN (n,N=10,1,.. )

(0]
(cf. Szegs [1], pp. 287 —288).

{i>,,(2)}*=0 is called the system of orthonormal polynomials with respect to the
weight-function f(t).

The theory of these polynomials, from certain point of view, is rather well
developed (see e.g. Szegs [1], Chapters X —XIII; Freud [2], Chapter V). Thus,
for example, the asymptotic behaviour of ®,,(r) when n -> go, is well-known for [z | 2; 1
under certain, rather general conditions for the weight-function f(t). Nevertheless,
we know much less about the properties of ®,(r) inside the unit circle, while this
problem is equally important. Namely, all the roots of ®,(r) liein |z |< 1 (cf. e.g.
Szeg6 [1], Theorem 11.4.1), but beyond this fact, not much is known on the finer
distribution of the roots. Special examples show that in this respect the most various
cases may occur. Thus, if f(t) = 1then <P, = z”, i.e. all the roots are O, while if

f(t) = cos2 then

Vit 1) (3t 2)

and here the roots are uniformly close to |z |= 1 and asymptotically uniformly
distributed in any angular region a ~ argz 1. More precisely, if Z(/) denotes
the set of cluster-points of the roots of the polynomials &n(r) (n —1,2,...) then

Z(h=0 and Z(f)=(zl1zl= 1}
in the above mentioned cases, respectively (cf. Taran [3], p. 60).
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198 J. SZABADOS

The purpose of the present paper is to get asymptotic formulae for &r(r) and
to characterize the set Z(/), whenf(t) is a nonnegative trigonometric polynomial of
precise degree m. Perhaps our approach can be applied for more general cases, e.g.
whenf(t) is continuous. At the end we give a partial answer for a problem raised
by P. Taran [3].

Thus, in the sequel, f(t) = f m(t) will always denote a nonnegative trigonometric
polynomial of fixed degree m. (The trivial case m = 0 will be excluded; see the
above example.) Such a polynomial always can be written uniquely in the form

@) fJt) = lhme*) I*
where
) hm(z) = cmkl'l_l(z - zKnk (Z( mk=m, cm# 0

is a polynomial of degree m of the complex variable z. Here the zks are pairwise
different and satisfy
lzk I~1 (= 1. S)

(cf. szegs [1], Theorem 1.2.2). Introducing the polynomial
3 A*@z) = ¢, M (1 - zzKnk
©) @ =c, I @1- zzk

of degree m, we get from (1) the representation
fmt) = h*(e").
We shall denote by
=711 (l£10 L «=1,..0)

the different roots of A*(2).
Using the previous notations, the quantities

m= max lzt | 0< pmi 1
P 1SfcSi ( P )
and

Km=k|i(—Zka

will play an important role. We shall also use the notation

M= max mk (@1~ M" m).

\zt 1=Pm
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ON SOME PROBLEMS CONNECTED WITH ORTHOGONAL POLYNOMIALS 199
2. Asymptotic properties of <(z)

At first we deal with positive weight-functions (pm < 1):

Theorem 1. prm< 1 then

Mn™ 2t"+HmH-Mhm(zt) _ _
crerhi(z) L A hTXzg)(z-zxky T OM VM) if Az < pm;
- m  Wm/Am

Qrkmiing) + o0 zZ\n if \z \ > pm

Now consider the case when the weight-function has zeros (pm= 1)

Theorem 2. prm= 1 then

\Ii, = ) b if Irl<1;
cmikmnhm(z) , - T Wz 6 G2 0 :
() wu zt cm\Km\ + TK) if z= z* o
(Dfo) = ka |4| _ I,
mk R4)
f i 174 m
%mmkfz) +o(lzh) if 1zI1~ 1 but z ¢ 7k

Remark. In case |z| 2: 1and |z | > 1 the last statements of Theorems 1 and 2
follow from Theorems 12.1.1 and 12.1.3 of szegs [1], respectively. In Theorem 1,
we could have stated asymptotic formulas for |z| = pm too, but the situation is
rather complicated, depending on the multiplicities of the roots | z* | = pm.

Proof. The proofs of Theorems 1 and 2 run parallel and consist of several
steps. At first we prove that sufficiently large n's, @,(r) can be written in the form

5) o) =
s mk
V Ja+m
) kAt
with suitable complex numbers yn and In order to show this, observe that

here with the notation
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200 J. SZABADOS

the expressions

Lk
) ZT+rk M = (- 4y 1+ X
_NIn+T A T I-]
) = Zk L . 1 z
7=0 z—2zi =t 1] Uu-4
"yilln +m + 1

@Z - Z¥)7Z*«+—7
=7ko 1 j+ 1

are polynomials of degree n + m. Thus, if we prescribe the conditions

® ZZaiml@)=$ ©=01..m-In=1,.9

then the expression on the right hand side of (5) will be, indeed, a polynomial of
degree at most n (in fact, it will turn out that it is of degree exactly ri). Hence we
have to prove that, for sufficiently large n’s, the system of m linear equations (8)
for the unknowns akj y,,is nonsingular. To this end, let us calculate the asymptotic
values of r*j A2») from (6):

4% (b = Y + 0(nv+"! & (if z,®zt, V=0,1,...);
Z- & A ]
and from (7):
9 rel,,(z,,) = b
v W—A+/ _ n |
:z;-|-mA:Z0 X, (-ri)xz-n-m-x v - \X+ ﬁ!'ZM\H o(nM )=
. —A)As! , Z VIRV Vol
:A\nﬂ'i% ﬂ!(E/-)x+/)! *

+ 0{n¥¥= ('{;(/Jr')ﬁ;’z(r;”"’;" +0(nv~D) (V= 01l...0m Iz 1= 1)

Hence, introducing the notation

akin if 14 I< 1

(10) bk.tn — .
n (/- 1 ak,i.n it Ir* s L,
(8) takes the form
Y 7*
(11) + O \nV+/—1
11 <1 7=1 LI Z
+ Z ZO« I™Nan=" w=01.,M;1; [AD),

111 /=i
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ON SOME PROBLEMS CONNECTED WITH ORTHOGONAL POLYNOMIALS 201

and

- ro
(12 £ £ bk,I,n }“ Z + O{r|'+,~1lz* n +
M™< =1 LJ - z«
. (-1r”ri iy
+ £ £ MNri DMt/n+ £ ~kln +0(r?-n =@
%fl = 1=1 V+/
VvV=01...- 1 lzj = 1).

Now let n tend to infinity in (11) and (12) (in the latter case after dividing by
ri"). Then we obtain a system of equations

nk 710
(13) I"%ﬂlflo L\tz -yzk ,ZZZHE 88 (v=01,..,Uh- 1; Iz, 1>1),
(14) NO £ EkKi l+mkh~’-:
i*Si<i 1=i I.h - 2z F1vdf = 7o
=0, 1,me

for the unknowns bkt. We show that this system is nonsingular by solving it explicitly.
If we succeed in determining complex numbers bk | such that

M=._ cmhm{z)
(15) i*£i<i /E=I zZ- x chnhT‘n{Z)

then these numbers evidently satisfy (13). But easy to check that

(mic—/)

(@ - z*z)nkh,

(16) B =~ mkm(mk - 1) 1

{1=1,...,mk; Izt 1< 1)
will serve this purpose. Now (15) yields

AL i =1- | 1 o= 1 ’
o Bk I
and thus (14) takes the form

N
%:1 v+ / A0 cmKmh Anri{z? v=01,.,T,- 1, 1z,1= 1).

For each fixed u, this system has again a unique solution

cmhf 4 zn

11 omKerey U5 Leem s lzi= D)

an  Vi=- |/
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Collecting our results, we get that the system (13)—(14) has a unique solution
(16) —17), which implies that for sufficiently large ris the system (11)—(12) is also
solvable and

(18) lim bkXn = bk]  (/=!,...9»*; K=1,.. .,0).

Hence (5) is, indeed, a polynomial of degree at most n provided that bk | n satisfy
(11)-(12) and aky nare defined through (10).

We still have to show that (5) is orthogonal to all zp (p =0, 1,.. ., n—1)
with respect to the weight-function (4). We have from (5)

jJ)n,LI,O one) I * dt = y,,;Jn g " T -

. 4 nmHm -1

RN E-gy T
QnpS n—1).

Now determine vy, such that the system {4>,2)}‘=0 be orthonormal. We have
from (2) and (5)

ap = —kZ=| inak,l,n\zn+...

‘cm
and thus by (5)
P

5 mt n
19 i N o= " E
W OTam) N =g, U EAE
VvV oy mm'-1 n+m+

lj(e"-z*yz"™j}" =
\=i hi kKU (e"- z*) I yzrl}

= 1y,P 1“k|5:| Eaécm

Here the left hand side is real and positive, hence the same is true for the right hand
side. Therefore we may define
s otk -12
A
& By el

thus ensuring the orthonormality of the system {®,(N}®=0. By (10), (18), (15), (2)
and (3) we have

Th= 1.

£
Im,E L win= Hn E é**/h# E;W‘l i AT

I
(20) =1- =1-

o[G0 Ir*IZ'*
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limy,= Ik,

Now the previous considerations enable us to prove Theorems 1 and 2. Easy

to see from (6) and (7) that

_%
Zhn+m+| ﬂI—l

(- ) @- T U>2IzeD) if dzl< dz Lor
zI=1z1 but /2 and z# z*;
21 +m

if lz1=1z£1, /=1 z# z*;

(22) S +HwkXn{z) = -z
AN
f1 *tO0(«-LzED if Z= za>
T
@ zky7 o (A-1IZE ) 0f 1z 1> Qzt\ e

Using also the relation

(23)

cmmk\ hm(z*)

KITKN = - ke (22

+0() (zZ&\< 1

(which follows from (2), (3), (10) and (16)), we may select the greatest terms in (5)*

and

obtain Theorem 1
To get the first relation in Theorem 2, we use (5), (6), (21), (22) and (17):

i mMHH1 n—
) 1= 213 (- e - )
¥ “*n+m+1 nk

YTt 9=

z

< = +0(n~3 =

wrm (z) |*

1> _*n+m+1  ntk

N N + iN-N =
nbm(z) |zj§=1 z ~ zk /!lbu oin-J

(- \T kmkh*\zt) z*n+m+l
anKmnhm(z) 12f =1 hTRzt) z- z%)

+¢ -0 (zl< 1.

As for the second relation, the I’'Hospital rule yields from (5), (6), (9) and (17)

- Y, Y, @000

dn(d) = Ydrer M 2) i
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. P\Lial 1I\_ial Spl’nrénlkn\q:)\ , A:n+m } VS %Pl \ 1 (rik)_
L hoskz*) hoeR 4 ) Vi AT |
“POK
(_ Yk *—akgrkH
+ 0(nmkt~11z* |y + Yaak,n + 0(nnk+-J)
1=1 {mk + I)(l - 1!
-*N+H
i le m (- 1ynkz*-mknmk ;/nk -—-—l-JKhn_ + Q mk-I)
1=1 ™Mk + |
KT\4 mT= TknTk(-1Mk »*  Ki /nn
Ne ) o+ 0

*m|(- quq*n+m—mk,,mk
o mk ) + 0{nnk .
i fPama4)

The last relation in Theorem 2 follows again from (5) by (10) and (15):

z 1 * mnn
o0 = I 1- X X +, M1 I*mir

< +o(\z\").
K(z) P =L \Z — z*] l«jj QTKMA* (2) (\2¥)

3. The distribution of roots of 0,,(z)'

Now we are in the position as to characterize the asymptotic distribution of
the roots of @,(r). Using the notation Z(fm) for the set of cluster-points of the roots
of the <P,(2)’s, we state

Theorem 3. Z(/m) f) {z:\z \<pm} = 0 .
Proof. Theorems 1 and 2 imply that

z~"M as n-* oo

in every closed subdomain of [z | > pm. The limit function zntA*(z) does not have
zeros in 1z 1> pm+ a (e > 0 arbitrary) thus by Hurwitz’s theorem (cf. e.g. v ar-
aen [4], p. 5) so does z~'<Pn(z) for large n’s, which proves the statement. Note that
in case pm = 1Theorem 3 trivially holds.

The next step is to characterize the circle |z | = pm

Theorem 4. {z:\z\ = pm} £ Z (/m).

Proof. Let z*........ z* be those roots of A*(z) for which 1z*| = pm mk= M
(k = 1...... t), and assume that pm< 1. (The proof in case pm—1 runs along the
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ON SOME PROBLEMS CONNECTED WITH ORTHOGONAL POLYNOMIALS 205

same lines (it is even simpler), therefore we omit it.) At first we prove that there exists
an integer p, 0 p < t such that

(@) L k hT\4)

Namely, if the left hand side of (24) were zero for allp = 0, 1,. .., t — 1 then this
would mean that the corresponding homogeneous linear system for the “unknowns”

) 0) would have a non-trivial solution, i.e. it would be singular.
le Z
This is impossible, because the determinant of this system is the Vandermonde-

determinant of the pairwise different elements z*,. . z*, thus different from 0.
The next step is to prove the existence of a sequence of integers W, < n2< ..m
such that

(7> F

(25) lim

J=0 Pm1 T pm

k=1,.., /)

The selection of this sequence {n/) can be made in the following manner. Divide the
z*s{k = 1,..., 1) into two classes:

1 . i
Ro= 3 jargzt rational J

1 N
71 = zk m 7 a9 zt irrational

(one of these sets may be empty). In Rk (if Rx# 0), there exists a so-called basis*
it —Pm2“* € Ai (ook irrational; kK = 1,.. ., u; u 1)
with the following properties:
(@) If with certain rational numbers Alb ..., A, £u Akmk = 2 holds then

A= = ...=A,=0 k=1
(b) If z* = pme2nk £ R1then there exist rational numbers rkl, . . rku, rk such
that
(26) Ik = E rkicd + rkm
7=1

These properties are clearly independent of the particular choice of the co/s
mod 1
Evidently, there exist positive integers q and nOsuch that

(z*€RON™ nO

*We may assume that among the z*'s, the first u from this basis.
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and
(27) e2nrkdi = | . N W
where rk are the rational numbers defined by property (b) above.

Now, according to a classical result of H. Wey1 [5, Satz 4, p. 491], by property
(a) there exists a subsequence {pj]JLi C {1, 2, . . .} such that

imfei™ =1 (£= L.

But then by (26), (27) and property (b) we have

(z* WPiQ . " .
= lime2kPig= N I'melnikk® PM =1 (zK Ri)

Pm) j-+a° 0=1
and thus (25) is completely proved with rij —pjg + p —m + M.
Now let e > 0 be arbitrarily small. Then by Theorem 1and (25) we have
cmKmPZ+L Mhm( * ri(z) y ztp+hm(z%)
fc-1 hmM\ Zk) (Z - zk)

as j-* co (|z| w Pm - £)e

By Hurwitz’s theorem this means that for sufficiently large/s,j S;j*e), the poly-
nomial <®i(z) has at most t —1zeros in |z| g pm —e. On the other hand, by Theo-
rem 3, for sufficiently largefs, j ~ /A1), &,,.(r) does not have any root in 1” |z | 2
N pm+ e Hence @(z) has at least rij—t + 1 roots in pm—e < |z| < pm+ e
provided thatj ~ j3e) = max (n(e), y4s)).

Thus we have proved that “most” of the roots of ®u(r) lie “near” |z \ = pm.
The next step will be to prove that these roots are asymptotically uniformly distributed
in angles with vertex at 0. To this end we use a deep and general theorem of Erdés
and Turan [6, Theorem I] which states that if £i,...,  are the roots of the poly-
nomial a0+ ax + ... + aNzN (a0, aN ¢ 0) then forany 0 = a ™~ B~ 2n we have

(28) | |- K A~ N T /|V|Og flol + .. . + laN|

arg 2n V1 a@aN I

We get from (5)

?hn(z) n(2) X 7o, T tiemey g
7" 4 Z) = Z""'Hn' *.1-- ' *<
g =l =L LTS = u (z- zfH)IFU_
i.e. 1
29) cjixm  hmM)h*@) PN = 1- | Z eWd zridm+ Z cJIZ"¥™+ +
k=1 /=i
1 ™A (y1. -3- 717 -4 |

- S
+Zdd+ - N £ (-DRV X

1
17=1
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ON SOME PROBLEMS CONNECTED WITH ORTHOGONAL POLYNOMIALS 207

where by (10) and (18)
(30) et) = 0(1), dtJ = Oin"p2Z) (J-> 00).

Further, the leading coefficient in (29) tends to | kT\~2asj -> 0o (see (20)), and the
constant term is

n:-1 n?~
o o L ot . .
P akniamim gy (n'~2 M- 1 1o AMNIZHNHL «
Mc=M

Mnfi- 1em ' z r +m Mhjz*k)
minml k=1 hTHzt)
M’T -xNe T j, zVKizt) A
Gnlkml2 h hT\zt) + (7 Pm

where we made use of the relations (23) and (25). Hence, introducing a new variable
in (29) by z = wpm we get

+ o(ny - 2p2) - + o{nf lpm)

nj+2m

cmKRB 1km BH)=NB-ZH 122 hm(wpm) h*(wpm) <p,,(wpm) = £ 0w W
where by (30) and (24)

Btj = 0(n?-m) @nt +2m, j ~mgo)
and
jlborg) nf-ylIBni+2mj 1> 0.

Hence, applying (28) we have that if £ is an arbitrary point on |z | = pmthen the
polynomial (31) has

___________ -+ 0{Jrijlognj) > —rij  (j*jH

roots in the angular region |arg z—arg £ | ;S e. But the polynomials hm(z) and A*(2)
have altogether 2Mroots, thus ®n(r) has at least—8j roots in |arg z-arg A|A S

(J & ®. On the other hand, we have seen that at most t — 1 of the roots of ®n(r)
may lie outside ofpm—s < |z | < pm+ e(j ” j3. Therefore the “e-neighbourhood”

{z-Pm- e< lzl<pm+e¢ largz- argf|”" €}

of the point £ contains at least —rij roots of ®,,;(r),j S:y7= max (j3j€), which means
(being e > O arbitrary) that ££ Z(/m). Q.E.D.
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Finally, we would like to examine which points in |z | < pm belong to Z(/).
The situation strongly depends on whether the z*’s are in ROor Rv At first we turn
to the case pm < 1 As before, let z* (k = 1, . . ., t) be those roots of A*(z) for which
Iz“1=pm mk=M (k= holds. These can be written in the form (see

26) |
g = ANEMOY o1y

where pk, gk are integers, 0 p K< Y This is clear when zk £Rb and in case z* £ RO
wecanputrkl = ... =rku= 0.

Theorem 5. Let pm< 1] Then all the points z £ Z(/m) in \z \ < pm satisfy

© 2 (S, rkm+—)) hm{4)
32 (' =l gk
e )8 @- 2
where sk, 0~ sk < gk (k= 1,...1t) are integers and a-(j = 1, . . ., u) are arbitrary
real numbers.

Remarks. 1. If Ri = 0 then the number of cluster points in |z \ < pmis finite,
namely at most (t —1)gx... gt. In particular, when t = 1, then Z(/m) = {z: \z \ =
= pn}(even if Rk @ 0).

2. 1f n =1, i.e. the basis in Rx consists of one element, then for fixed rkl, sk,
gk, the condition (32) prescribes algebraic curves of degree at most t for zEZ (/m),
as g varies. In particular, when t = 2, parts of these curves lying in \z\ < pmare
circular arcs or diameters of |z | = pm

3. IfnSi 2, i.e. the basis in Rx consists of at least two elements, then (32) pre-
scribes two-dimensional domains bounded by algebraic curves, for z 6 Z(/m).

Proof of Theorem 5. Given aj (j = 1,..., U) arbitrary, 0 g, sk < gk(k = 1,...,
..., t), by the quoted theorem of Weyl, there exists a sequence of integers nx <
< n2< m..such that

*
lim Zy e 2ni (jélr/(i*l+
0 Pm,
Thus our statement follows from Theorem 1and Hurwitz’s theorem.
The case pm — 1can be handled similarly, and therefore we omit the proof of
the next theorem. As for notation now z*,. . ., z* denote all those roots of A*(z) for

which 1z* 1 = 1. All other notations remain unchanged.

o k=1, ..0-

Theorem 6. Let pm= 1. Then all the points t£ Z(/n) in |z | < 1 satisfy

\V] (- 1) mkmkh”(z*K)
h hTRzt) (z- zt)
where sk,0 iISsk < gk {k = 1 t) are integers and @j (j = 1, . . ., u) are arbitrary

real numbers.
The same remarks apply to this theorem as to the previous one.
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4. A problem of Taréan

From the preceding considerations a natural question arises: does there exist
a weight-function f(t) such that Z(f) = {z:|z | ;£ 1}? This problem was raised by
P. Taran [3, Problem 67]. In what follows, we give a partial answer in this connec-
tion.

Theorem 7. Given an arbitrary e > 0, there exists a weight-function f(t, e) such
that the two-dimensional Lebesgue-measure of the set Z(f) is greater than n —e.

The full answer for the above question remains open.

Proof of Theorem 7. Letm = 3, zx= zf = e21li, z2= z| = e2R2 0 < aq <

I Tel\ | .
< AR< 6|7\ITI’ z3=z= 1(t = m= 3) where zxand z2 form a basis in the
previously defined sense (i.e. u = 2). Consider the corresponding weight-function
m = lhfe*) Rwhere

hfz) =(z- )@Ez- X @z- z22.

Theorem 6 yields that all the points z £Z(/), |z | < 1 satisfy

1 e 02nati

(33) + + =o
zZ—1 Z — Zi Z- 22

where axand a2are arbitrary real numbers.
"N /\
Now let z be such that |z| < 1 and |z VT Then by 1z-—1
(j = 1, 2) easy to see that the quantities

1 1 1
z—1 z —z zZ- Z.
satisfy the triangle-inequalities, which implies that a proper choice of og, a2 yields
(e

relation (33), i.e. z 6 Z(f). The restrictions |z| < 1, |[z—1]|> *-mean that a

: . : le . :
circle with centre 1 and radius 0 (i.e. of area r) must be excluded from |z| iS L
Q.E.D.
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BEMERKUNG
ZUR KONVERGENZ DER FUNKTIONENREIHEN

Von
K. TANDORI (Szeged), Mitglied der Akademie

Herrn Professor G. Alexits zum 80. Geburtstag gewidmet

1 Es sei A= {I,,}* eine nichtabnehmende Folge von positiven Zahlen. Mit
B(A), bzw. mit B*(A) bezeichnen wir die Klasse der im Intervall (0, 1) orthonormierten
Funktionensysteme ¢ = flr die

E(E€x=J Z OKd) deSK (€0 1in=1.2,.),

bzw.

JF sup bf{/%’\x) dx S 1

erfullt wird. Fir eine Folge a = {a,J° setzen wir

I
lla; BAA) = sup j sup |atpl(x) + ... + & ™) \dx,
BER(A) 0 I7injKoo
1
la; B*(A) U= sup J sup |a pl(x) + ... + djdyj(x)\dx.

0 is/sy<a>

Es sei endlich
MA) = {a: Va; BA) || < oo}, M*(X) = {a:[la; B*(A)| < oo}.
Flr eine Folge a und fir natirliche Zahlen M, N (M S HO> setzen wir
a(N, oo) = {0,. .. 0,aN,aN+, . ..},
a(M,N) = {0,...,0,aM, ..., aN,0,...} .

Auf Grund der Definitionen der Normen ||« ; B(A)|l, || = ; B*(A)]|| ist es klar, daf
fiir jede Folge a

[1a(Liv);B(A) 7~ [In (LA + 1) BN, lacLtV); B=A)~ Tlal,Vv + 1);8* (A,
lla(N, oo); BA)I * lla(A+ 1 00);B(A)]l,
lla(A, 00);B*(A)l| £]lu(A + Loo); B*(A)| (N =12 ..)
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erfallt sind; weiterhin gelten
2> A); BAN/ Me; fi(A)]l, [la(l,A); R*(A)I /7 les OXA) (N7 oo).
In der Arbeit [3] haben wir die folgende Behauptung bewiesen.

satz A. Gilt W\af{N, 00);R(/.)]| ->0 (N- 00), bzw. [la(A, oo); B*(A)|| - ©
(N —00), so ist die Reihe

®
EawR

flr jedes System ¢ £ B(A), bzw. fir jedes System ¢ £ B*(A) im Intervall (0,1) fast
tUberall konvergent.

2. In dieser Note werden wir einen einfachen Beweis fiir die folgende Behauptung
geben:

Satz I. Im Falle a £ M*(A) gilt || a(N, oo); B*(A) || %0 (N -* 00).
Aus dem Satz A folgt also, daB im Falle a £ M*(A) die Reihe | amp,,(x) flr
jedes System b £ 3*(A) fast Uberall konvergiert.

In der Arbeit [1] haben wir diese Behauptung mit einer komplizierten Methode
bewiesen.

3. Beweis des Satzes |. Wir bringen zundchst einen

Hirfssatz. FUr jede Folge a undfiir jede endliche Folge von natirrlichen Zahlen
no, ..., N(n0 < ... <nN)gilt

E wain., + 2401127 2 |le@ + 1,01); B*A)I2.

Beweis des Hilfssatzes. AUf Grund der Definition der Norm || «;B*(A)||
gibt es flr eine beliebige positive Zahl r ein System dx)) — {q""X})}™ £ *(A) mit

1
(D sup E an®n\x) dx * [[a(l/_i + 1 <) B*(A)| - £
0 1=
Essei0=a0< ... < xN= 1, und setzen wir
1 op V% | xf@oat), n=
V al di- ao
- af !
CDy X a_ ’ XE(aI_!Ial)i n= M!__y+ l!"'!M!;
= >/t- o/i " (a-- a,_I. )
my) = ¢ - ( - i=2 ...,N—1,
or T XEOM,d), n=nN1+ 1,
aN- aT—aJT-1,

nN-1+2,. ...
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Es ist klar, daB ¢ = {pnx)}T in (0, 1) ein orthonormiertes System ist. Weiterhin
gelten die folgenden Gleichungen:

XA xg @ity n=1,...n1
«l - «0
(2  bn x) =
L L({);——1, x£(a0aj; n=nx+ 1 «i+2,...,
I « - “of
() L,,No;x) =
o0, xM(ixi_1,@); n—=1,.. nl5
1
'x ol «f-] . .
dt, xM<xi_l,ai); n=n,+1,. . nt,
Kziqu)? F- «i-il (=d_tap
X - <* 1 R
° - dt, x6fo-i,<), m=n+ 1,...
N =h vt @ w1 A <)
i=2,...,N- 1),
@ b,.(;x) =
0. * $ («N-I, <),
s («N-1, <1
A ) dt, *£(<** 1 oc*); n= rl'+1,..
I N aA—av-l, A2 (e n =

Daim Fallen > ni™l(/= 2,..., N —1)

1
X- a,l!
’ dt <
A.Fl%%lqy «- «i-l A%

U, (* a'-1 4 |n , 40);
1 1«i - «1-1

und im Falle n > nN-x

<*<

el +1P A lar—ama] A 20

.. - «jV-I X = «ar-i
gLnL™; X 9 + Ee*
«N ~ «N- 1 B pa aA—aV-I|
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gilt, erhalten wir aus (2), (3) und (4)

1 ap

. N T -
[op D) gy § [ 3
n j-n =1 n ;l'n
@i
oy (¢(l) )
o
= su dx +
;[ "élr:l,; An
“ L, (40; ) weill . [, X0
N—1 n B 4 * oy — 10y
+2 ) sup dx + 2 sup dx £
i=2 ni_i<n=nj }'n BN <n )'n
[/ 3 AN 1
0.
S @ -a | sup 2. 2850 gy +2z(a —a.-l)fsup Ll 4 <
0
N
S2) (4 — oy =2,
i=1
also gilt ¢ € Q*(22), wobei 24 = {24,}{ ist.
Weiterhin folgt aus (1):
)
g + 1,m); @D = [ sup | T auule) | dez
m<isjsny | k=i

a

P Z—\—/::—— sup

oy — 01 ni_i1<k<Is=n;
A1

k —a
Z a, ¢(0 [ =3 dx =

n=k o — Ui—q

N N S
=) Ju—o 1 2 Z Vo — g llalm_y + 1, n); Q*(A)|| — Ne.

Da diese Ungleichung fiir jede Folge 0 = o, < ... < ay = 1 besteht, erhalten wir
daraus

latrg + Lm); @I Z [3 llar s+ L) QDIP ~Ne.
Da & > 0 beliebig ist, gilt auch
&) ig la(r -1+ 1, 7); Q*AD) |I* < llany + 1, ny); Q*Q2A) 1.
In der Arbeit [2] haben wir gezeigt, daB fiir jede Folge a
lla; Q%KM < /K lla; 2*D ||

ist. Daraus und aus (5) bekommen wir die Behauptung des Hilfssatzes.
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Den Satz I kénnen wir jetzt leicht beweisen. Gilt ndmlich, fiir eine Folge a,
lla(N, 0); Q*(A) || -0 (N - o),
so gibt es eine Indexfolge (0 =)n, < ... < m < ... und eine positive Zahl p mit
a1 + Ln); Dl > /o (k=12...).
Auf Grund des Hilfssatzes ist aber

N
Np = k[—v'i lla(me_1 + 1, m)s Q*D(I* < 2 [|a(l, ny); Q¥ [P

fir N =1,2,..., woraus sich ||a; Q*(1)|| = oo, d. h. a¢ M*()) ergibt.

4. Mit dieser Methode kann man auch den folgenden Satz beweisen.
SATZ 1II. Im Falle a € M(22) gilt ||a(N, o); Q(A) || 0 (N # ).

Ein schwiichere Behauptung haben wir in [3] bewiesen.
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ON INTEGRABILITY OF LACUNARY TRIGONOMETRIC
SERIES WITH WEIGHT

By
S. A. TELJAKOVSKII (Moscow)
Dedicated to Professor G. Alexits on his 80th birthday

Let ny, n,, . .. be an arbitrary sequence of positive numbers which satisfies the
gap condition of Hadamard

1) SEP S R %l S
ny

If for real numbers a,, b, the condition X(a; + b}) < oo holds then it is well-known
(see [1, ch. 2, § 1, no. 1,3]) that the series

) ay + Y, (a; cos my x + by sin ny, x)
k=1

converges a.e. and its sum denoted by F(x) in what follows is integrable over each
finite interval in the p-th power, for all p > 0. In the case of pure sine series (2), i.e.
if @, = 0, M. WErss ([2]; [3, Theorem 5.27]) found necessary and sufficient conditions
for integrability of the function (1/x) F(x) over [0, «]. Putting forward this investiga-
tion of hers, L. A. BALASOV and the author obtained a criterion in [4] for integrability
of the function '

(©) ¢(x) F(x)

over [0, #], where the weight function ¢(x) increases infinitely as x — 0 and the
condition

@ $09x logt— 1 0

holds for some « for sufficiently small x. Let @ stand, as in [4], for the class of func-
tions ¢ with the just mentioned requirements.

Here we generalize these results by consideration of integrability problem for
the function ¢(x) | F(x)|? where 0 < p < . Moreover, the class of functions ¢
will be widened somewhat for which integrability conditions of (3) are investigated.
The author’s attention to the possibility and desirability of weakening the restric-
tions on the function ¢ was driven by L. Leindler and S. B. Steckin when discussing
the results of [4].
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We say that a function ¢ is in the class ¢, (0 < p < o) if it is defined for x > 0,
positive, increases infinitely as x — 0 and the conditions

dé
(©) xp(x) = o [ @) dr)
and C
(6) [ 12 p(t) dt = O(x*** $(x))

hold, where p = min (p, 1). It may be easily seen from (6) that

(M $(x) = 0(p(2v)) (x> 0).

It is not hard to verify also that (4) implies (5) and (6) and thus ¢ — &, for all p > 0.
Note that for 0 < a <1 the function ¢(x) = 1/x* is in the classes @, while for
o > 1 this is no longer true.

In what follows 4 stands for positive numbers which may be different at different
occurrences, and depend on g, p and the function ¢, and we keep in mind that the
corresponding estimates are true if A4 is sufficiently large.

THEOREM. Let the sequence of numbers {n.} satisfy (1), the series X(a} + b})
be convergent and ¢ € ®,(0 < p < o). Then the integral

®) [ 1F) 1P ¢(x) dx
+0

is finite if and only if the series

0 E ] P 0 p|2
©) Lof Lo+ La+n]]
is convergent, where

1/ns
(10) $s= [ ¢(x)dx.

1/ns4q

If the series (9) converges then the estimate

an (" 1F) P $(x) dx < AS

n

holds, where S denotes the sum of (9).
If p = 1 then the above assertion implies Theorem 1 of [4], while if p =1,

1
o(x) = e and a; = 0 it coincides with the result of WEIss [2].
In the proof we use the following well-known estimates.

LEMMA 1. Let ¢ > 1 and 0 < p < oo. Then there exist positive numbers A and
Q depending only on q and p such that if 0 < B < 1/q, Z(c; + d) < oo and Jq, Ay, . . .
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are arbitrary real numbers satisfying conditions Ay = A and A 1[Ar =g > 1 (kK =
=1, 2,:1%) then

1 -9 pl2
(12) —{I ¢ l” + [Z (ck + dl%):l }é
Q? k=1
1 )4 © /2
dx < Q{lcol"+[2 (ck + dz)]p }
k=1

< [ |eo+ X (cxcos Ay x + dysin 4y x)
B k=1
If A, are integers, the above lemma is a consequence of the estimates (6.6) and
(8.20) in Ch. 5 of [5]. Generalization to the case of nonintegral 4, is discussed in
[1, Ch. 2, § 1, no. 3]. Further note that for p < 4 (12) may be easily deduced from
lemmas contained in [6, § 11].

LEMMA 2. Let 0 < p £ 2 and {, be positive. Then

N s pl2 N
(13) PRADI2 L) 42

N

2. 4

k=s

pl2

Jor arbitrary real numbers a.
(13) is a generalization of Hardy—thtlewood inequality [7, Theorem 346]. This
estimate is due to LEINDLER [8].

PrOOF OF THE THEOREM. Without any loss of generality we may assume that
the inequalities

(14) licgs Sl A ko 1,300
ng
hold for the n,’s. Indeed, the latter conditions will be obviously satisfied if we insert

the terms into the series (2) with zero coefficients @, b, and meanwhile the series (9)
remains unchanged. On account of (14) and (7) ;

1 1
1 — S¢S A— P |—]|.
(15) o] sz
Introduce the notation E; = [nl " —1——] and estimate the integral
s+1 (]

l(n, M

(16) VIFP ¢(ddx = ¥ [ |FIP ¢ dx -
1/nM 41 s=1 Es

Let r be the least integer such that
(17) ar=rAz

where 4 is the number from Lemma 1. For x € E; we represent F(x) as

s+r—1

(18) : F(x) = Y [aicosnm.x — 1) + b, sinn, x] +
k=1
s+r—1 o}
+ Y a+ Y (acosnmx + bysinn x).
k=0 k=s+r
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We Start with estimate of integrals of the first sum in the right hand side of (18).
We have
M Is+r—1 p
G= £ Yé feacos nkx — 1) + bksinnkx]  d(x) dx »
j=1 Es 1 k=1
M f~s+r—1 ~p

~NE E (l«*I + \bk\)nk jxpdp(x)dx

s=l L k=1

This implies by Jensen inequality [7, Theorem 19] for O<pn1
M SH—1
E (la*lp + \bk\p)nkl §xp(t)(x)dx

s—I

On the other hand, ifp > 1then using Holder inequality and the right estimate
(14) we get

M SH—1

£ T (\ak\P+ \bk\p)nkn”~_1J xpd(x) dx S
k=1 Es
M

S+I—t
AE E (\“Kp+ \bknnk$x<Kx)dx.
k=1 E,

s=1

Thus forallp > 0

M sH—1
<7M"AE £ (J«*|' + \bk\*)ngfx p</>(x)dxg
1=x k=l Es
— I
a AkE (\ak\p + \bk\p) k j xp<I>(x)dx +
=1 0
MH— ljink r_1

+A £ (la*[p+ \bk\hnk |  xpd(x)dx,
k=r 0

whence by (6), (14) and (7) we find
MH—
(19) anA Y (blp+ \bpPk-

Now we estimate integrals of the remaining sums in the right hand side of (18).
According to (17), the sequence Xk = nk+s+r_I/ns (k = 1,2,.. .) satisfies the require-
ments of Lemma 1foreach s. Consequently the following estimates from above hold:

s+r—1

* £ ak+ £ (a*cosn kx + bksinnk X) dx
a Ig k=0 k=S-H’( ° ! Y

1 sH—l * n Nk
(0} f E ak+ E \akcos— x + bk - dx <
s ns+1 d. k=o k=s+r 1 ns ns
relrs-+ l

ns ns+l J:I_ k%ak\l + E (al * bk)
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and, from below,

00

sH—1
21) s — Yk cos ™ x + Bicsth2K i gx >
@) n qoms—lmf Ko A H Loy ns 5

str—1 Ip m Pi2
M Eo R

In view of (7) and (14) we can replace — ¢ & — by ds+rin (20), (21),

s+r—1 s+r fts *i+1
and the sum £ akby £ ak
k=0 k=0
Then we get from (16), (18), (19), (20)
I/fii M+r—1
(22) J \F{X)\" <Kx)dx£A kI_I Llak\* +\b k\*)thk +

f sH

oy e’ T«H r

42T # 2@ =14

(22) implies the sufficiency of the conditions of our theorerij finiteness
of the integral (8). .a.zionilll s!Bb
Similarly, (16), (18), (19) and (21) yield the following estimate from below:'
.(VS61 ..hsV-iaanhqZ

J1 . M¥F ( laoyitfVv 2.ao03pB3 A .It0]
(23) 10*) 10 (%) £— |
:VIM] &r"s§b|'IaITBC7) . ajmoyS A [?]
0As0/MNALGCTT ,£wg OTOUdiHmM3mvyo O ,aona3 .9 A [Q]
E ®A\a\p+\bl\*).  «i-voi
. ,9gbhdme0) ,ayiod .0 .aoowirmj N1 .1 ,yasnH H.O

o - ">k .hoowsliJiJ bas (biRHIo rabHavpaLw 10 noilsibmnaO .aa{'cinuJ J 8
(23) implies the necessity of the conditions of our theorem..The latter statement is

obvious if the series
0t NAY T'T3A")
N ®y( .. IP+ lbs\p) 3TMNTIW jaoitamhhtam YOTA3TT
AN aHT TO rasualor TO ywBoao/ 3HT TO
converges. On the other hand, if the series (24) is divergent then we use the followiilg
consideration. Since by (10) and (15)
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(5) implies that

s -> 00) .
k!1Vs ( )
Thus if the series (24) diverges then

N N . PI2

E ®Aa\V + \b,MN=0 E & E—I (Klp+ \bs)p)

5=1 hT ds)
as N -> co, and consequently by Lemma 2
N N N =2

25 *) = i
(29) E ®/Ma\p+\b.\*) = olY<t>, E_ + bi)

From (23) and (25) we obtain the necessity of the conditions of the theorem in the
case of the divergent series (24). Q.E.D.
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CONVERGENT INTERPOLATORY PROCESSES
FOR ARBITRARY SYSTEMS OF NODES

By
P. VERTESI (Budapest)
To Professor G. Alexits on his 80th birthday

1. Introduction and preliminary results

1.1. Considering any matrix X = {xkn=cos *kap(k = 1,2 ,..n;n = 1,2,...)
in [—1, 1] with

D - 19 x,°>n< <...<xzn<xhnih 1 (8=12..)

we know that the Lagrange interpolatory procedure based on the nodes (1.1) cannot
be uniformly convergent for all/£ C (C is the set of functions continuous on [—1, 1]).

1.2. However, if we do not restrict ourselves to the Lagrange interpolation we
can state positive results.
For example S. Bernstein [1] proved as follows:

Theorem A. | ff £C thenfor everyfixed ¢ > 0 there exist polynomials Pn(f; x)
of degree iS n — 1 interpolatingf at least at n(\ —c) roots of Tn(x) and || P,,(/; X) —
-fix) I "m0 (n -> 00).

Here and later T,,(x) = cosnl) (x = cos 9) are the Chebyshev polynomials having
the roots T = {t/Cri} where

(1.2) tk<h = cos9f, = cosiin——n (k=12,..n; n=1,2,...);

further Wg(x) || = max |g(x) \ for g £C.

Later ¢ . ¢ runwa1a [16] proved his important results on the Hermite—Fejér
step-parabolas.

Theorem B. If the nodes form a strongly normal matrix then for every f £ C

there exists a sequence ofpolynomials H Sf; x) ofdegree <2n —\ such that Hn(f; x, ,,) =

-nyu) (- n2,. . NHJJ-. NTO 0. - »).
E.g., the roots of the Jacobi polynomials P{,n (x) form a strongly normal

matrix if —1 < a, B < 0 (see [2]).
I wish to remark that the processes mentioned above are linear operators.

1.3. In 1943 P. Erdss [3] stated the following
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Theorem C. Let X be defined by (1.1). A necessary and sufficient condition that
to everyfixed ¢ > 0 there should exist a sequence of operators {Ln(f; c\x) =L,,(f;X)}
definedfor allf ( C so that

(i) Ln(f; x) is apolynomial ofdegree «(1 + <)« = 1,2,...),

o) L,(F, xio8) =/(*,) (k = 1,2,..., ri),
(iii) lim VLN(f; x) - f{x) | = 0 for everyf £ C,

n ->00

is that

if n3,- a,) 00, 0" a, < Bn” n then
(E) lim N*nBn\ 7 — and

n-»-00 fRn &n) A

lim(E+L,, - ) n > 0 (i arbitrary).

Here N,,(X; a, B) = N,,(a, ) standsfor the number of £kfs in [a, /7].

As Erdos remarked, the first part of (E) means that every interval (in 9) which
is large compared to I/n contains asymptotically at most as many x,’s as T,,(X).
The classical orthogonal polynomials, as is well known, satisfy (E).

We will show that the L,,(f; X)’s can be linear operators, too. Namely we prove

Theorem 1.1. Considering an arbitrarilyfixed matrix X, the necessary and suffici-
ent condition that to everyfixed ¢ > 0 there should exist a sequence of linear operators
Ln(f; x) on C having (i), (ii) and (iii) is that (E) should be satisfied.

1.4. In his paper [4] G. Freud investigated the rate of the convergence. He called
the point system {xKki,} “approximating” if for every fixed ¢ > 0 there is a sequence
Ln(f; x) of linear operators on C so that (i), (ii) and (iii) are true for Ln; if, moreover

(iv) AL,(; %) - f(x) L~ K EN(f)  («=1,2,...)

then X is called “well approximating”. (Here £,,(/) is the best approximation off(x)
by polynomials of degree * w.)
G. Freud proved

Theorem D. A point system is well approximating if and only if it is approximating-

1.5. It is an interesting problem to state positive theorems for arbitrary systems
of nodes. This was recently investigated by J. Szabados [5]. To formulate his result,
let

(1.3) dn= dn(X) = min (Zk+i.n - ik,n) in=1,2,...).

Now the following statement holds.
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Treorem E. FOranyfixed X andf£ C there exist polynomialsp,,(Ax) in =1 ..,
ofdegreem f c/dnfor which (ii) is valid] further

(1.5) Vpn(f] x) - f(x) 1= 0(L)Em(f) {n=1,2,..).

Here and later the “O” sign does not depend onf nand (at the pointwise esti-
mations) X.

In his proof the constant ¢ must be chosen greater than n/2 + 2n3*/3 x 37.5;
moreover, generally the polynomials p,,if; X) are not linear operators.

1.6. Our aim is now to define a linear operator sequence where, as we shall see,
the acting constant, in a certain sense, will be the best possible. Further we deal with
pointwise estimations, too.

2. New results

2.1. Uniform approximation for arbitrary X. 2.11. Using the above notations
We can prove

Theorem 2.1. Let us consider an arbitrary matrix X in [—L, 1]. Thenfor every
fixed ¢ > 0 and e > 0 there exists a sequence of linear operators Lnf, c, e; X) =
= Ln(f; x) definedon C so that

(@) Lnif\ x) is apolynomial of degree N §j % @Ec) n=12,.)),

(b) Lrif] xkI =fixKn) ik =1,2,.. ., 1),
(©) WIL,,if;x) - fix) L= O(1) EINL 8Jif) in=1,2,...; /£ O).

2.12. Considering the proof, especially condition (E), observe that dn can be
replaced by

(1-4) A, = IAE)‘ir?—l (E*41,,, - {*.) in=1,2,..)

(where 1~ ix< ... iL™~ n —21and L does not depend on n) supposing that D,, —
= 0(dn. Obviously Dn & dn which means that for some matrices X the degree of
L,,if] X) can be reduced.

Generally, if we can find amatrix Y = {ykemd (k= 1,2,..., m,,;n” n0 such that
X6 PKTMK=\ di= 1,2, ..., n; n”™ n0 and Y satisfies (E) (with mj then we can
prove Theorem 21 for N = m,il + c).

2.13. On the other hand, generally the constant n cannot be changed to n —p
ip > 0).
Indeed, if dn= njn then
N~ n(ll —pjn)l+c¢c)<n—1 in~no,
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whenever ¢ is small enough, contradicting (b). But if we suppose n/d,, it m where
a > 1, one can ask whether we can decrease the degree by requiring only

d) lim UL,(:%) -Ax)|| =0 (1= 12, /€ C)

instead of (c). The following statement can be proved like Theorem D.

Theorem 2.2. Iffor a sequence of linear operators Ln(f; ¢, x) (@), (b) and (d)
hold then one can construct another sequence of linear operators Bn(f; c, e, x) so that
or {Bn} (a), (b) and (c) are valid.

2.2 Pointwise approximation for arbitrary X. 2.21. We quote the following well-
known estimations.

Theorem F. Iff )£ C (r ~ Ofixed integer) then there are sequences of linear
polynomial operators Jn(f\ x) and Gnr(J\ x) of degree » nsuch thatfor anyx £[—1,1]

(2. \f(x) - J,.r(f,x)1=0(1) oy 15 "2 (n>r)
and
(220 \Ax)- GnAf-x)\ = 0(1) © (n>r).

(Here co(g; t) is the modulus of continuity ofg(x) in [—, 1].)

(See e.g. A. F. Timan [7], 5.2 for (2.1) and |. E. Gopengauz [8] and S. A.
Telyakovski [9] for (2.2).)

For r = 0 several papers were devoted to prove (2.1) or (2.2) by polynomials
Pn(f; x) of degree « An interpolating to/(x) in specially chosen xk<n (See e.g. [10] —
[12]; for a more detailed reference see [13].) A recent result proved by G. Freud
and A. Sharma [13] states as follows.

Theorem G. Let {**,} (k = 1,1, ..., i) denote the zeros of P{' /) (x) (x, B > —|

arbitrary butfixed). Iff £ C, thenfor everyfixed ¢ > 0 there exist linear polynomial
operators A*,n(f; x) = An(f; x) ofdegree " {1 + ¢ so that

N,/ xkt,) = 1(**,,) (k=1 2. n; n~no,

2.3)
Arif, x) - f{x) 1= 0(1) o0 /& ~I1- X2 He2 (ch o«

2.22. Now we give a theorem dealing with arbitrary X and r 3: 0.

Theorem 2.3. Let the matrix of nodes X d [—1, 1] be arbitrary, r ~ 0fixed
integer. Then for every fixed ¢ > 0 there exists a sequence of linear operators
K,.{f\ ¢; x) = Kn(f; x) definedfor every/ ()£ Cfor which (a), (b) and

XT 1
(e) \Kn(f-x) - /(x) 1= 0(1) N + o /()" 1N x2 w2 O «)
are valid.

As for the bound n{\ + c)/dn, see 2.12 and 2.13.
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2.3. A problem of G. Freud. In connection with Theorem G in 1972 G. Freud
raised the following problem ([14], Problem 10). Find necessary and sufficient
criteria concerning X = {**,} so that for every ¢ > 0 there exists a sequence {A,.}
of linear polynomial operators defined on C for which the degree of An(f; x) is
Al + c), further (2.3) is true (see further [15], pp. 274).

Now we solve a generalized form of this question.

Theorem2.4. Let Xa [—L, 1] and r * 0 fixed. Then the necessary and sufficient
condition thatfor every ¢ > 0 there should exist a sequence {A,,} of linear polynomial
operators definedfor/ (f) £ C such that

deg A ff\ x) < n(1 + c¢),
An(/l **m) = /(**l") (k = 1Y2 """ n)l

(2.9) I
AL -f00) 1=0) " gy .’ l=”°)-

is that (E) should be satisfied.

2.4. Estimation of Gopengauz —Telyakovski-type. Now we prove two theorems
concerning the pointwise estimation (2.2). For the sake of definiteness suppose
X a (—L1) and define

(2.5) =S,(X) = Or;q(i,pn (4+in - £kn) fa—1,2,..)
where x0On= cos = 1 and xn+hn = cos = —1 (compare with (1.3)). We
prove

Theorem 2.5. Let X ¢z (—1, 1) andr ~ 0 befixed. Then for ¢ > 0 there exists
a sequence of linear polynomial operators Mn{f; x) definedfor/ (f) £ C such that

deg MnJ;x) =N S |y -1 +¢) ,
2.6)  MAF, xk,) =f(xk,) (k=12 ...,n),

Y oV 5% ar .

M.(; %) -fix) 1= 0) v

Similarly, we can prove

Theorem 2.6. Letfc (-1, )andr A O befixed. The necessary and sufficient
condition thatfor every ¢ > 0 there should exist a sequence {Mn} of linear polynomial
operators for / () £ C satisfying (2.6) with N » n(1 + c) is that (E) should hold for
X={Fnpfe=0,1,...,n+ Ln=12,..)).

Remarks analogous to 2.12 and 2.13 hold.

2.5. Remark.We can state corresponding theorems for the trigonometric case, too.
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3. Proofs
3.1. Proof of Theorem 1.1. First we quote an important statement found by
P. Erdés [4] in 1967.

Theorem H. Let {xk" k=i be an arbitrary system of nodes in [—L,1]. Then the
necessary and sufficient condition that to every ck> 0 there should exist an A(cj)
so that to every fky,, \fkn |~ 1, 1g kg n, n= 1,2,..., there should exist a poly-
nomial Pg(x) ofdegreeq n(l + Q) satisfying

(1) Paxxn =/*,, HIPgX) I~ ACc® (@~ "KEn n=1.2,.),

is that (E) should hold.
By this theorem we can choose a sequence of polynomials Q(xki,,;x) such that

Qlxk, ) = bkj > No(**,,.;*) 1~ 4(Q,

(3.2
deg Q(xK,,;X) = « , . . @=7K"nn"nd.
3.11. Now let
(33) = I/I (« A <)
Denote min 1 - @il= -\.i (=12 .., 1. (Whenever there exist

laiai
two such St we can choose any of them.) It may occur that SKS—Sk itS =

= ... = SikH>=sbut then / iS M(c).
By a simple computation we get

(3.4) a)kA xkn) M a > 0 «=12,...,0n"n0
where ai<§x) are the fundamental polynomials of the Lagrange interpolation based
on the roots of Ts(x), i.e.
(—1)'+1Tfx) sinS,'S . :
35 iiM = i=212,...]).
(3.5) tfi.iM sx - h.) (i=1 )
We shall use the fact

(3.6) /§l<£/*) g 2 (*€[-1,1], 5=1,2,..)),
too (see e.g. [6]).

Define
(3.7) A*.[*) = @ f()x\ k=1,2..... n; nf£ n0.

@jk,s\xfc,n)
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3.12. For the positive integer IV2: NOand e > 0 let

1
(3.9) W =l age 1 B Sk

where sk(f; cos 9) is the Jith partial sum of the Fourier series of/(cos 9). Using de la
Vallée Poussin’s result we have for the polynomial V,, of degree ~ N

(3.9 /M - W ; e-x)\ii m FIMI-B)](/)*
3.13. Now we shall prove (i), (ii) and (iii). Let
(3.10) Ln(f; x) = WN{f\e;.) ir(:% [/(**,,) - VN(f; e xki,)] hkIx) Q{xktH; x)
withN = [ul + c)].
By (3,2), (3.5), (3.7) and (3.8) Ln(f; x) is a linear polynomial operator of degree
A N. Using (3.2) and (3.7)
L,,(f; xki,) =f(xk,) (k=12,...,1)),
moreover, by (3.2), (3.4) and (3.6) forn 2; n0
ILn(f\x) - f{x) I M TUN(f; s;x) - f(x) | +
+ 2M a"2+A(Q) k(e) *EIm _g)f) = 0(1) EIm _g)f) ,

which is actually (iv) (see 1.4).

3.2. Proofs of Theorems 2.1 and 2.2. For convenience first we deal with Theo-
rem 2.2.

3.21. The proof is essentially due to Freua [5]. We shall sketch it since the
original is not easily accessible. Let Ln{f\x) be an operator having properties (a),
(b) and (d). By (d) we have, using the Banach—Steinhaus theorem,

L,,(g\ x) U™ M(c) Lg{x) || forany g~C.
Using this and (3.9) we can easily get that the operator
(3.11) Bn(f; x) = WN(f; e,x) +Ln[f- VNij\ e;X]
fulfills the conditions (a), (b) and (c).

3.22. Consider now Theorem 2.1. Let us choose c2 > 0 such that

(3.12) 1+Z2>(1 +c¢22 (0<c2<ec).
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Let
3.13 m-|JL (1 +c A
(3.13) |Ln ( 2 n ™ «0)
then Y = {41 = cos »/,m}?=iis a system of nodes containing each x¥f (k = 1,2,...,«)
further those r,,nds for which min [ - 3,m|> L or,r}‘lin (E*,, - 31) = A )
fsfcan

If p would be m + 1 we omit the first 9m£ {47} By this we get that p(n) = m
for each n. Moreover, the nodes {ykm} (/= 1,2, ..., m; n”™ uQ satisfy condi-

tion (E) (for m). Indeed, m(NiHi m —i/im) Jr further, by our construction,

Nm(T; <tn Bm) + 2 22 Nm(Y; dn Bm), from where we obtain the second require-
ment.

Now, using Theorem 1.1, further Theorem 2.2 for the matrix Y, we obtain our
statement.

3.3. Proof of Theorem 2.3. 3.31. Using the notations of Section 3.1, and (3.2),
let now

(3.19) m2nd i=r+ 3
and
(3.15) ksp) =AM T =12 . m nang.

_ajk,s(Xk,n) _
Let further with N — [n(1 + c)/dn]

(3.16); Kn(f; x) = IN(f; x) +k£:1 [f(xkd - JINF{xkt,,)] hk(x) Q(xk-n; x) ]

where the Q’s are defined for Y with deg Q * njl + ~-Jjdn (see 3.22). Obviously

we have (a) and (b) for K,,(f; X) (see (3.14), (3.15) and (3.2)). So we have to prove
only the requirement (e).

3.32. For this aim we state

(3.47) El sin 1 © fin., shh P Ts(x) sin 3KST :
K N N2 1 N N2, s - tiks)
(sin& 1 , sin & ' .

:0(1)1N N2 Wi N 4 N2 (xa-i,iD .
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As it can be proved with \9jt —9 \* n/2s

K

sin 9k T (k & si2), sin9k ~ —------ é( —- (K 2 s/2),
sin 9k 1
(3.18) cos 9 —cos 9k sin 9- 9%

sin9 1 sin 9,
N + N* N

So using (3.18), s ~ N, lak(x) | = 0(1) and the notation

, sin9 1
/\n(/\) = e 1---2’
we have
X NUWk)co{N1"K) = 0(1) ~(3)w ((3)) *
kS
Further, by (3.18)
n _ o
_ AA(ift) Ts(x) sin 9k “ _
g TOAOKANZ R
_ A(S) Gi(dNG ko1
= 0D (S)UI(d'\KO))FLEar)ilj%*_‘il\Jl. k-3 =
because by i = r + 3
o lu Z+ 7+ 7 =0(1) Z TeT=0(0).
= 2t |1 Kk -1 «

fcH
3.33. Using (3.17) and (2.1) we get from (3.16) the relation (e) as in 3.13.

3.4. Proof of Theorem 2.4. The necessity of (E) is obvious by Theorem C.
So we have to prove the sufficiency. We shall use the ideas and notations of 3.1 and
32 Letm = n, {ykt,} = {,.},

| + - and s = ne
_[L ) [ 2(r + 3)J

We state with 90j,, = 0 and 9nlf,,= n
(3.19) Nn(X-,9kt,,,9k+hn) 1 M (k= 1,2,....,m; n=1,2,...).
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Indeed, in the contrary case for a certain sequence {u} and &=} (i= 1,2,..
)i}(nb</>,,,= 00; ¢LrS n,) we have

mAj(ri)+L,n) = dn = Ao R eee)e

Considering the interval [sn, Rn\ = [§tn; (or if
j + Xn> n) we have n(,, - a,) ~ “[dn, so

o N5 20, B o e -0,
s>o ft(n &) 7 =)

which contradicts (E).
Suppose

ks - &k. = - =9, (N ).

Then by (3.19) we can state / ;£ Mx uniformly in n and k. The remaining part is
similar to 3.3.

3.5. Proof of Theorem 2.5. 3.51. Let now
(3.20) (n~no; i r+ 3 andeven)

and

(3.21) NI CRE L L A N )

- Xk.n) ajks (**,«)

We form

A

(3.22) Mn(J; x) = GNIr(f; x) + Ue*.) - 4 r (/15 cemy hKs(X) Q(xk< X)

where N = [d(1 + ¢)j6,,] and the polynomials Q are defined for the matrix Y con-
structed to the nodes 3? = {xk n} (k =0, n+ 1;n=12,. ..) bythe methods
applied in 3.22. So we can suppose

degQ a ™ jl +

Obviously we have the first two relations of (2.6). So we have to prove the
third one.
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3.52. Clearly we may suppose x ®xkn(k =0, 1,..., n + 1). Firstlet3 < 3ls/2
We have by 9k~ 31 + 3 and sin3 = 0(TV-1) that

Z, 1) - GN{gThks ) Qi x)

- o(i) Z isin4)r 1sin4 'sin3 sin 9k
k[ V]w ™o osind 'Ivsin3+2Q—SIn3;?ﬁLJ

~ o1 sin 3 o sin 3 sin Ck N sin3 1
BRARIEE 7 v ké sin 3 sinlg]  (TVsin QK
0(1 sin3 o sin3  « LA sin 3 sin 3
= = [e0]
S Nl T o(D -

We get the same result for 35i + — < 3 < 5. For the remaining interval, applying

sin £k [sinf*x 1]
v SO0 vk Ter
sin ~ sin 37 c=1,2,.. ., 4,
(323) _ . 3 :
sin 3y( 5~ sin 3 3 —I1” n/2s),
Sl+ 9

sin3 ”~ sin3 + sin3t” 2sin-—- ,

we get the desired estimation by the method used in 3.32, considering sin 3 + TV1 =
= O (sin 3) for our 3’s.

3.6. Proof of Theorem 2.6. The necessity of (E) forX is obvious by Mn(f; xkn) =
=f(xk,) {k=0,1,...,n+ 1 and Theorem C. We can prove the sufficiency as
in 3.4, using %instead of X.
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DECOMPOSITION OF UNIVERSAL FUNCTION
SPACES

By
W. GOVAERTS1 (Gent)

1. Introductory concepts. We continue the study of decomposition theorems by
Kaplansky, Blair, Burrill and Shore in [1], [5], [6] in a generalized setting. For
all notions from universal algebra we refer to [4]. Slightly modifying a definition
in [2] we say that a universal algebra £ is a (/tj-algebra in an w-ary polynomial
symbol * ofits type (ns2), iff

(@) there exist mappings (2, E~-E such that a*cp2(b)* ... *g>n(b)=b
for all a, bdE;

(b) there exist mappings 2, ...h,,\ E2-*-Esuch that a*¢2(a, b)* ...* i, {a, b)=a
and b*¢2(a, b)*... *dn(a, b)=b for all a,bd.E,

Furthermore, if £ is a topological universal algebra, then it is said to be a
topological (R)-algebra if in addition the mappings gk and dx are all continuous.

Example 1 ([2]). Consider a lattice L, V, A; set n=3, a*b*c=(ad b)Ac,
(@) =98(@)=a, ¢2(a b)=a/\b, ¢3(a, b)=a\lb for all a,b,cEL.

Example 2 ([2]). Let R, +, * be a ring with identity; set n—3,a*b*c=a-b+c,
q2(a) =0, tp3(a)=a; d2(a, b)=\, dB(a,b)=0.

Example 3. Let J be the fundamental interval [0,1], provided with binary
operation (.v,>)— and unary operation x—1—x (cf. [3]). Set a*b*c=

={l-(i-a)b)c,(p2(a)=0, (B(a)=a, d2(a b)=dBfa b)=1i.

Example 2 is closely related to the so-called ternary rings. It may be generalized
to the case where R has no identity if there exists a continuous mapping  17—R
such that re£(r)=r for all r; one may define a*b*c=a-b+c, q(a)=0,
E3(@)=a, ®2(a, b)=£(a—b), ¢3(a, b)=a—a"(a—b). However, we know of no
such examples for non-discrete rings R.

Two properties of (/i)-algebras are essential, one of which is a generalization
of the lemma in [6]:

2. Proposition, (a) Let A, B be universal algebras of the same type and suppose that
A is a (%)-algebra in tne n-ary polynomial symbol *. If there exists a homomorphism
from A onto B, then B is a (B falgebra in the same polynomial symbol, (b) Let S, T
be nonempty universal algebras of the same type, each being a (R)-algebra in the

1 The author was supported by the Belgian ’Nationaal Fonds voor Wetenschappelijk On-
derzoek”.
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236 W. GOVAERTS

polynomial symbol *, with functions (p™\i//* and g\ Q) respectively (27kSri).
Then SXT is a (B)-algebra in * with functions (gk, gk (2°kLLIn) determined by

<HG 1) = {(pPls), (1), ipk(s, 1), (5, /) = s, [t ).

Furthermore, for each congruence relation ~ in SX T there are congruence relations
in S and ~2m T such that

() iff there are t, t' in T such that (sy,t)~(s2, t')\
(i) s1~1s2 Iff Oi,0~C*2,0 for all t£T;

(iii) , (iv): analogously for ~25

(V) [SX,T)/~ s isomorphic to 5/~-XT/~2.

Proof, (a) The easy demonstration may be found in [2], prop. 2.3.

(b) Clearly, SXT isa (R)-algebra in * with functions gk and dxas mentioned.
Given a congruence relation ~ in SXT we use (i) and (iii) to define and ~2.
The “if”-part in (ii) is then immediate; now suppose that (il5t)~(r2 f) and let
taET be arbitrary. Then

(h. O * (®gN(Si, s3, epi2)(t0)*... * (SAL)(sa, 59, (P(A(tD) ~

- (2, O *(@I>(h, D, (PID(to)) * -+-» (PL}(h, sy, (pF* (ro))
or (ii,tQ~(j2 t0. This establishes the “only if” part of (ii). From (i) and (ii)
we conclude that is a congruence relation in S'; (iii) and (iv) are obtained
similarly.

A mapping 9 from (SXT)/~ onto S/*X T /~2is defined by 9((s, r)/~)=
=(j/~i, t/~.), the definition is made possible by () and (). If ¢/ ,tjrng —
=(s'/~i,t'/~"), we conclude from (ii) and (iv) that (s,/)~(&,t) and (s',t)~
~(i', t'), sothat (v, r)~(s', t'); this proves that 9 is one-to-one. Now B is clearly
an isomorphism.

3. Definitions. Let E be a topological (yS)-algebra, X a topological space,
LQC(X, E). For each xEX the spectrum of a relative to L is defined as Sp, (x) =
= {/(*):/emt}. L is said to be adequate (cf. [{]and [6]) if it is a subalgebra of C(X, E)
that is closed under composition with functions gk, \jk (I.Xk”n) and if each spect-
rum contains at least two points. Clearly an adequate subset is itself a (3)-algebra.
A mapping ®: E{XE2-*L is said to determine a decomposition of L if E1, E2 have
the same type as E and if ®is an isomorphism. By f\ Awe denote the restriction of a
function / to a subset A of its domain of definition.

4, Theorem. Let L be an adequate subset of C(X,E) where E is a Hausdorff (B)-
algebra; suppose that each spectrum is indecomposable (i.e. is not isomorphic to
some direct product with factors each containing more than one point). 1f a mapping
®:EIXE2-»L determines a decomposition ofL, then X may be written as X=X1UX2
with Xn, X2 open-and-closed disjoint subsets so that Et is isomorphic to {/L :ffL)

0=1 2.
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DECOMPOSITION OF UNIVERSAL FUNCTION SPACES 237

Proof. Let nr, n2 denote the natural mappings from £xX£2onto £j and £2
respectively. Set

*i = M{Z(f, g): Wd-HT) = Wp-Hg)}, = M{Z(f, g): M2d~U = M2d~4g)}

where Z(/,9) = {xeA:/(*)=g(x)}.

Since £ is Hausdorff, Zi and Z2 are closed in X. Suppose X£X1C)X2. There
are f,gEL such that f(x)"g(x). Let ®~1(J1 =(ele?d, P~1(g)=(e'l, €2,
h=®(el, €2. Then xfz (f h)C\Z(g, h), a contradiction.

To prove that ZjUZ2=X, choose x0f X arbitrary and let 17X L-+E be defined
by AXa/)=/(xo0). If £ is a topological (/l)-algebra in *, it follows from part (a)
of proposition 2 that £xand £2 are (/((-algebras in *. Now let ~ be induced in
£jX£2 by the homomorphism nxao ®. There are congruence relations ~xin £x
and ~2in £2 that satisfy the conditions (i)—(iv) of proposition 2 (b); hence
£i/~iXE2~2 is isomorphic to SpL(xQ from which we conclude that one of
~1? ~2 is the universal relation; let ~2 be so. If f,g£L with nie-~1(/) =
=MN1d~x(g), then ® -2 d "1), whence f(x 9=g(x0. This implies x0£Z(f,g)
so that

Finally, a mapping ®xmay be defined from Ex onto {/|XI:/€£} by assigning
to each el“Elthe restriction to XYof any /€£ such that M1d~1(/) =el. To prove
that @ris one-to-one, suppose ®L(e)=®> 1D and let e2(E>be arbitrary, h=d(el, 9,
K= ®(e{, e). Since h and Kk have the same restrictions to both Xt and X2, they
coincide, whence cx=e™. A routine proof shows that &x is an isomorphism.

5. Corollaries. Let E be aHausdorff (B)-algebra that is algebraically indecomposab-
le, X an arbitrary topological space. Then there is a one-to-one correspondence be-
tween all decompositions of C(X, E) as a direct product and all decompositions of
X as a union of two disjoint open-and-closed subsets. In particular, C(X,£) is
algebraically indecomposable iff X is connected.

6. Final remarks, () When £ is the topological algebraic product £ xX £2of two
topological universal algebras Ex and £2, then each function space C(X, E) has
a decomposition into C(X, Ef) and C(X, £,). Hence some indecomposability assump-
tion about £ seems likely.

(b) Some intrinsic algebraic conditions seem also necessary. As for an example,
let £ be the set R of all real numbers, considered as a vector space over itself
(hence provided with addition, subtraction and all unary multiplications x—cx
for cER). Set /=[0,1], then C(J, R) is a real vector space having many decom-
positions (which may be obtained theoretically by partitioning a Hamel basis
of C(J, R)).

(c) As we remarked in [2], a universal algebra £ is indecomposable if there
is a binary operation o such that one of the following conditions holds:

(1) aob=c implies a=c or b=c (lattice derived from a chain)

(2) there exists e££ such that aob=e if and only if a=e or b=e (ring
without zero divisors; Example 3 of this paper).
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THE MAXIMAL /c-FREE DIVISOR OF m WHICH
IS PRIME TO n. 1l

By
D. SURYANARAYANA and P. SUBRAHMANYAM (Waltair)

8 1. Introduction. Let Abe a fixed integer w2. We recall that a positive integer
m is called A-free if it is not divisible by the A-th power of any prime. Let Qk denote
the set of A-free integers. Let n denote a fixed positive integer and let yk(m; n) denote
the maximal Afree divisor of m which is prime to n. Let yk(m) and dk(m) denote
the maximal A-free divisor of m and the maximal odd Afree divisor of m, respectively.
It is clear that yk(m; I) =yk(m) and yk(m; 2)=8k(m). In particular, when A=2,
y2(m;n)=y(m; ri), the maximal square-free divisor of m which is prime to n.
Also, y2(m)=y(m; 1)=y(m), the maximal square-free divisor (or the core) of m
and d2(m)—y{nv, 2)=6(m), the maximal odd square-free divisor of m. We essenti-
ally follow the notation adopted in our earlier paper [16]. As stated at the end of
[16], we establish in the present paper the asymptotic formulae for

ak(mep(m) 4 yk(m; n)
mn ®0 » 4 m2

(m,n)=1

with uniform O-estimates for error terms (see §84), where q(m) is the Euler totient
function and gk(m)=1 or 0 according as m£Qk or mpQKk. Also, we improve the
O-estimates of the error terms on the assumption of the Riemann hypothesis. As
particular cases of these asymptotic formulae, we deduce asymptotic formulae for

i »wmy AO»)

m S x in2 ’ , 4 in2

We also discuss the case A=2 and make some remarks about the earlier
work (if any) on the orders of the error terms. In fact, the orders of the error terms
obtained in this paper are improved ones over those existing in the literature.

In 82 we prepare the necessary background and prove some lemmas. In §3
we prove some more lemmas which are needed in establishing the asymptotic for-
mulae of 84. Especially, Lemmas 3.1, 3.2 and 3.3 are general in nature which can
be used in establishing some identities, which in turn are useful in deriving
asymptotic formulae for a particular type of summatory functions. For example,
Lemma 3.1 can be used to derive the identity (3.7) of our earlier paper [16], which
has been used in deriving an asymptotic formula for the Summ’r"x <p(mri), where the

summation is extended over all positive integers m such that mn”~x. Lemma 3.2 can
be used to derive Lemma 5.3 of [15] (stated below as Lemma 2.11), which in turn can
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240 D. SURYANARAYANA AND P. SUBRAHMANYAM

be used to derive formulae (3) of [1] as was pointed out at the end of [15]. Lemma 3.2
can also be used to derive formula (2.5) given below. Also, Lemma 3.3 can be used
to derive formula (2.6) given below and an interesting identity will be derived in
Remark 3.3 below from which the identities derived by Apostol at the end of his
paper [1] will follow.

82. Preliminaries. Let p{n) denote the Md&bius function. It is well known that
(2.1) ak(n)= ,2_ P(d)

Let i//(n) denote the Dedekind t/r-function (cf. [8], p. 123 or cf. [6]) and Jk(n)
denote the Jordan totient function (cf. [8], p. 147 or cf. [4]). The functions win),
(n) and Jk(n) have the following arithmetical forms:

22) (pin) = 2 POS=n Qs ) -
(2.3) p(m= 2 h-(d)d=ngl\ D)
2.4) W = 2 h(dak=nkg |
Remark 2.1. It is clear that cp(n)™n, ®(n)*n and since

Tt
(cf. [9], Theorem 280), where £(s) is the Riemann Zeta function defined by C(s)=
=z m-s for o> 1-

Lemma 2.1 (cf. [5], Lemma 5.1 or cf. [11], Lemma 2.3, s=2).

(2.5) u{T) rr
(mrpoil m- C(Jt(n) C(2)<plU(n)
Lemma 2.2 (cf. [11], Lemma 2.5, s=2).
(2.6) fu(m) log m n
| oL, CRRNBM T A + a1
where
y logP .
@7) B(n)=- —— H(d)Jlggd Gpa 1+ T N7
J2vt) dn 0 T

Throughout the following x denotes real variable s i, unless otherwise stated.
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Lemma 2.3 (cf. [2], p. 71). For x"2,

-ck (— - w mn T
where y is Euler's constant and C(s) is the derivative ofthe Riemann Zetafunction's)

Lemma 2.4. For x~3,

(2.9) q?(n“;)

C(2).
where A(X) is the function defined by

j log2/3x (log log x)4s for x " 3

(2.10 AR = {1 for 0<x<3

Remark 2.2. We note that A(x) is monotonic increasing and is monotonic

decreasing for every e>0.
Proof. It is known (cf. [18], Satz. 1, p. 144) that

2.11 = = VT~
(2.11) P(x)= 2, HA™) = Y+ OKAX).
Hence by partial summation (cf. [9], Theorem 421), we get

B OK) DO 4

(2.12) 2 "

-2CK+°(N) +2/{2182B )4 +r« } *

where E(t)—0 TA|13 3
By Remark 2.2, it follows that

Acta Mathematica Academlae Sclentiarum Hungaricae 33, 1979



242 D. SURYANARAYANA AND P. SUBRAHMANYAM
Hence by (2.12), we get

(2.13) p P o (1097 +C)+0 (%),

where C=-+2£(2) f E{t)dt.

Now, comparing (2.13) with (2.8), we find that C:y—[ 2. Substituting
this value of C in (2.13), we get (2.9). Hence Lemma 2.4 follows.
Lemma 2.5. (cf. [13], Lemma 3).

2 d(d) n
an <K) o)’
Lemma 2.6.
A(n) 21 i % it >
n) = Pin
nfa 0, if n=\.
Lemma 2.7.
y Jo8p_ .
ono _ W) M(d)B(A) G- ML
sw - ~m ~ ) _
0, if n=1

Remark 2.3. Proofs of Lemmas 2.6 and 2.7 can be given in the same way as

the proof of the following which was given originally in (cf. [7], pp. 293—294)
and then in [3]:

logp

<2.14) ® " -n f m " a %n'p'ﬂz it n>1
(p(n) fa d 0, if n=1

In fact, H. Davenport (cf. [7], p. 293) used the notation w(n) for a (1) defined above.
Let Hk(n) be the arithmetical function defined by Hk()=1 and

(215) HM =*n(*--p4r_nj) for

Remark 2.4. It is clear that Hk(n)>OLknk, where yk is the constant defined by

<Z16) “eft'-T ra)-

the product being extended over all primes p.
Let Ak(n) and Bk(n) be the arithmetical functions defined by

y o logP ___ it n=1
(2.17) A00 = fa fo*1(p+ 11’
0, if n=1
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and

2 logp Cif n> 1
(2.18) Bk(n) = P2~D{pk 1(P+1 1}
0, if n=1
Let s be any positive real number and let H(s,n), A(s,n) and B(s,n) be the
arithmetical functions given by

_ Ne
(2.19) H(S ) = 58 asdds' 1 Ps- 4P+ 1))’
) y____logP___ i o> 1
) lidhogd ) —— T o—p i
(2.20) A(s, n) = H{s, n) 2V/(d)ds 1 (l)J {ps_1(p+ ) —1} —
X- logp , if 1> 1
(2.21) B(s, n) r]Sn) £y ?S((?i))[é(i)l E)S pEipeapeh-l if n=1

Taking logarithms of both sides of (2.19) and then differentiating with respect
to s, we get

(2.22) H\s, n) = H(s, n) {logn+ (s, n}

It is clear that
(2.23) AL, n) - o) and  H(k, n) = Hk{ri),
(2.24) A(Ln) = A(n) and = 3
(2.25) B(l,n) =B(n) and B(k, n) = Bk(n).

Remark 2.5. Proofs of (2.20) and (2.21) can be given in the same way as it
was given for (2.14) in [3].

Lemma 2.8. For 5>1 and nLL1,

(2.26) ;\(ﬁ()m)—l = (! |))J_H( )
m=i IA(m)ms s X(p+ s, n
= P P
Proof. The sery is absolutely convergent for j>1, since d(T)>T and the
general term of the series is a multiplicative function of m. Hence by expanding
the series into an infinite product of Euler type (cf. [9], Theorem 286), we get (2.26),
by making use of (2.19).

Lemma 2.9. For s>1 and n&1,
(2.27)
y Almlogm P QA y  logp 'lb
- S, N)-
(mmn:)'—L P(T)ms 1 a | T(P_-Fl')'g_ms,_n) I ) r psllp+i)-
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Proof. The series is uniformly convergent for js1+e>1 and so by termwise
differentiation of the series in (2.26) with respect to s, we get (2.27). In finding out
the derivative of the right side expression of (2.26), formula (2.22) is made use of.

This completes the proof of (2.27).
Let o*(ri) denote the sum of the t-th powers of the square-free divisors of n

and let B(n) denote the number of square-free divisors of n. It is clear that
(7 )_=96(n)=2v(n), where v(n) is the number of distinct prime factors of n>lI,

Throughout the following e denotes any pre-assigned positive real number.
All the O-estimates that appear in this paper are independent of st and n (and of
K also, if it appears in the formula), but might depend on s (in case a term involving
£ appears in the O-estimate). We describe this situation by mentioning the word
“uniformly” at the end of each asymptotic formula.

Lemma 2.10 (cf. [14], Lemma 3.5). For x”3 and nLL1,
(2.28) Mn(x) = 2 Km) = 0 (atl+e(n)x6(x)),

(m,n) =1
uniformly, where 6(x) is the function defined by
. Texp {—A log35x (log log x)-1/5} for x =3
(2.29) <5():'[1 for B<x< 3;

A being an absolute positive constant.

Remark 2.6. If Ais a positive constant, then it is clear that <5(x)logftx=
—O (exp A" log3sx (log log x)-1/5}), where A' is an absolute constant such
that 0<4'<4. So, we may replace <5(x)logAx appearing in any O-term by <§(X)
itself. Also, we note that <5(x) is monotonic decreasing and x£d(x) is monotonic
increasing for every £>0.

Remark 2.7. Sometimes it is convenient to replace c* 1+£(n) appearing in any
O-term by 0(n) or z(n). Clearly, <rtlHin)*0(n)"z(n), where T(1) is the number
of all divisors of n. It is well known that z(n)—0(né for every e=-0 (cf. [9],
Theorem 315).

Lemma 2.11 (cf. [15], Lemma 53). 2 = -=0 for all n*1

m=1
(m,n)=1
Lemma 2.12. For x*3 and n” 1,
(2.30) LM = -?'\x n " = O(<r*_1+£(«)«5(x)logx),
(mn=1

uniformly.
Proof. It follows by Lemma 2.11 that

p(m) _ _ ()

.4 m m
m,n)=X (m,ri)=1

(2.31)
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Now, writing f(m)=a, we see that f(m +1)—(m)—0 (tﬁr)? By partial
summation and Lemma 2.10, we have

(232) Ln(x)= 2 sMn()f([x] + 1)+ 2 K(rn){f{m+1)-f(m)} =

(mri)=1

0(<7*_1+e(n)6(x)) + oiatl+e(n) 2
\%

m > x

It is easy to see that O(m) log. m is monotonic decreasing for sufficiently large
m, so that

O~ =JL'-Si&r«
Hence by (2.32) and the above, Lemma 2.12 follows.

Lemma 2.13. For and uné1,
_ B3(m)
(2.33) S,,(x) = n% X &) 0(crt1+n)d(x) log x),
(T,n§=1
uniformly.

Proof. By Lemma 2.5 and Lemma 2.2, we have

Hm) 5 2 no-= 2
T%g o(T) mAx X dé=m @ (,d) d6-x ¢ (d) dé
(mn)=1 (m,n) =1 (d6,n)=1
R2(d)B(d)fi(S) H(d n(6 idd)
dgx ®(d) d3 ) x V/(Ei))d t,Un (5) SX 1>(d)d m(?)—
(d6)=1 (d,/j)=I (6,dn)=1 (dfn -1
(d,n)=(d, riy=1
y  v2(d)

duC Kd)d
(dn)=I

Now, by Remarks 2.1, 2.6 and 2.7, we obtain

1w a) - b >x M
Hence Lemma 2.13 follows.
Lemma 2.14. For $=-l, as3 and 1
n Y F(m) [atl+fn)d(x) log a)
. Ux dp(T)T" I a . )’
. (m,n)=1
uniformly.
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Proof. Writing /(m):m"l, we see that f(m +1)-f(m)=0 . By

partial summation, Lemma 2.13 and Remark 2.6, we obtain

M) S+ 1)- 2 sn(ogTm + 1)-f(m)} =
rgx Cb( - nm>x

T
Oi<7*1+c(n)<5(*)|ogx'| . S(m)logm)
[ YW (»-i..(*). — lip |-

_ g |~erll+£(n)<5(x)k"*"x j + 0 |'g*1+E(n)~(x)logx j

Hence Lemma 2.14 follows.

Lemma 2.15. For :>., xS3 and 1
fi(m) Ioggn _ fn)6(x)\og2x
2.35 -=o0 ("
(235) s dh(m) m: ( )m
uniformly.

Proof. Writing g(m)= Ir?\? M e see that g{m+\)-g{m) =0\~ 2" Using

partial summation, Lemma 2.13 and Remark 2.6, we get this Lemma following
the same procedure adopted in Lemma 2.14.

Lemma 2.16. For x*3 and nuw 1,

(2.36) g(m) ~ aknk ,, fgl.+E(n)"(x))

4 AmMmk-1  Hkn) 1 X )

p(m) logm aknk J V. logp 1, ™ K-i+(n)<HX))

pisx  #AGKEL  Hk(n){ k pk~1(p+1D)-1j+ | xks1 T
mmn=1

uniformly, where ak is the constant given by (2.16).

Proof. (2.36) follows from (2.26) and (2.34) for s=k, (2.23) and Remark 2.6
Also, (2.37) follows from (2.27) and (2.35) for s=k; (2.23), (2.24) and Remark 2.6-

Remark 2.8. An alternative proof of (2.36) has been given in our earlier paper
(cf [16], Lemma 2.5).

Lemma 2.17. For x~3 and né1l,

(2.38)

p(m)B(m) sknk f logp
£ X d(M)TK~K Hk{n)\kW f (p._iX{*-i(p+1)_1}
ww)=1

uniformly, where Bk(n) is given by (2.18).
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Proof. We have by (2.7) and (2.36),
(2.39)

RQn)R(m) log p ju(pd) logp
, §>_<1U/(m)mk~1 2x I"(w)mk- &&mpﬂ A ;ﬁi)x_ ®(p6)pk Lldk 1(p--1)
P(P)P(<5) log p
ofx L (0)pK- KOK- K(p*-\)
pH0TE - .
y lOgP y P(<©)

O (p+l)p*_1(p2-1) r~/p  ®(6)0k~1
(p,n) =1 (6, pn)=I

- logp g b el <THEpn)a”)
T eenp ap21) HKOHKD T oy

plogp
Hk(|7)(pl%f>§| ,(0) (p+1)(p:-1)

p.y N ir-1+«(p)(p/jc)t-1~(je/p) log P 1
or -“< — (p+i)p*-4Pa-i)— )e

Since (p+1)pk k(p2~1)>pt+2, we get by Remarks 2.6 and 2.7 that for 0<£<1,
the O-term in the above is

n i *

0 .<T_i+e'('rf) Fé‘x a—i+e(p)(p/x)k~ék+££x/pY6(x/p)\ogp? _

n ((F-1+E(n)xcs(x) A T(p)logp) _ A('<rll+E(n)a(A)’
| xk~1+% p' p3~° | Jd'l J

Also, by (2.15) and Remark 2.4 the first term in (2.39) is

aknk log p
2.40
240 HKG) 2 (02 {pt-p+ 1)—1)

akn log P
Hk) 7 l(pz-l){dlki'pﬂ)w} *o UD»'
p, n)=

(P2-1){Pi-YP+1)-1]
Hence by (2.39) and (2.40), Lemma 2.17 follows.
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8§ 3. Auxiliary results. In this section we prove some more lemmas which are
needed in our present discussion. We first prove the following:

Lemma 3.1. Let f(m) be a completely multiplicative arithmetical function and
g(m) be any arithmetical function. Let

(3.1) F(m) =f(m) JJ g(p),
where the product is extended over all prime divisors p of n. Also let
(3.2 Gnx)= 2 F(mn),

where the summation is extended over all positive integers m such that mn”x, n
being afixed positive integer. Then for any prime p such that {p,n)~ 1 and any in-
teger aSI, we have

(33) GE()-= F(p*)GnlA + F(p)(f(p*)-F(p*)) 2(/(p)-T (p))'en( - ),
where c=[logpal].
Proof. We have by (3.2)

3.4 Gmx(x) = 2 F(mnpad= 2 F(mnp*)+ 2 F{mnp*.
(3.4) (x) o T (MNPE it (mnp*) s {mnp*)
Since / (n) is completely multiplicative and JJ g(p) is multiplicative, it follows by

(3.1) that Fiji) is multiplicative. Hence ?gr (p,m)=1 we have F(mnp*)—
=F(mn)F(p*). Also, for p\m, we have

F(mnp*) =f(mnpy JJ g(q) =f(mn)f(p’) JJ g(q) =
g\mnpx dm
=f(mn)f(pfi F(mn)/f(mri) =f(p*)F(mn).
Hence by (3.4), we get
(3.5) Grpe(x) = F(p) mg aw n)+f(|06)mnp%lﬂX F(mn) =

(p.m)=1 plm

=FEd{ 2 Fmn)— 2 F@mr)}+f(py 2 F(mn) =
TI'IB(O(:*X mnpa’ x

Tnpx~x
m

= F(g 2 F(inn)+ (/(pf—F(p*)) 2 Ftpn) —

mll— tpr—
p* p

= FW)Gn[j] +{f(PY-F(p*))Gnp[f].
Putting a=1 in (3.5), we get
(3.6) Gmp(x) = F(p) G, (I-) + (/(p)- F(p)) Gh(]) -

Acta Mathematica Academiae Scientiarum Hungaricae 33 197



THE MAXIMAL t-FREE DIVISOR OF M WHICH IS PRIME TO n. Il 249

Now, substituting L,X—r, ——Xi in (3.7) for *, where c=[logpn] and then
simplifying, we get
(3.7)
G..(¥) - F(P)G,(1) +FE)A (f(p)- FE)IYG,(~ ) +(f(p)- F(p))'G.(") =

- F(P) € (f(p)-np))rGn(-~r),
since

Gpl4) = 2 Fmnp)= 2 Fmnp)=0
w> *

for
(x/pct) < ., ¢ = [log.x].

Substituting 5 for x in (3.7), we get

(3-8) G'($ =F(p)z\Ne -F(p)YGn[jZTr).
Now, (3.3) follows by (3.5) and (3.8).

Remark 3.1. Since G, (~r_4+i j—0 for r”c, we can rewrite (3.3) as

(39) Gp(x) = F(p*)G,(!) + F(p) (f(p*)- F(p))J  (f(p)- F(P)' G, .

Lemma 3.2. Let him) be a multiplicative arithmetical function and let

(3.10) un= (nrﬁ/‘::llp(m)h(m).
Then for any prime p such that (p, n)=\ and any integer aS|, we have
(3.11) (I-h(p))U np* = Un.
Proof. We have
(3.12) m2:I p(m)h(m)= mgl p(rn)h(m)= mZ:1 P(m)h(m) =
(m,npa)=1 (m,n)=1 (m,n)=1

\

o
3

=U,- 2 p(POP(PY = Un+h(p) 2 P(DN(D).

(i,«)=1 (f,wpa)=1

Hence (3.11) follows by (3.10) and (3.12).
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Lemma 3.3. Let h(m) be multiplicative and let

(3.13) V,= n%—l p(jn)h(m) log m.

mn=l
Thenfor any prime p such that (p,n)=1 and any integer a”~l, we have
(314) (1- h(p)) Vip*= V,,+ h(p) log p Urp*.

Proof. We have

(315) 2 p(mMh(m)logm= 2 p(m)h(m)logm— 2 p{m)h{m)logm =
(tn,npx)=l (mn)=1 ?n%\}#l

=K~ (2 h(pt)h(pt) logpt = Vn+h(p) 2 2L(0h(0{logp+log/}
-1 1=

(f,n)_:l (/,np*)=1
Hence (3.14) follows by (3.10), (3.13) and (3.15).
Remark 3.2. By (3.11) and (3.14), we obtain

1 Mp)logp
i-h(p) n+(i-n(p))*

Remark 33. It is well known (. [10], §156—5159) that 2 p(rr:) 20 and

® .I H- I 171 - l -
mzzi —{—(———Qr—n—qg———:—l. Hence taking h(m)=ﬁ in Lemmas 3.2 and 3.3, we see
from the above known results that Ux=0 and V1=—1. Using induction on n,
we can easily prove that U,=0 for all n, by making use of the identity (3.11).
Now, using Un=0 and (3.16), we can easily prove the following identity, by induc-

tion on n:

(3.16) v,,n

(3.17) = pm) log in (?n).
= P
By taking n=p (a prime) in (3.17), we set that 2 *o~

m=1 m \'p

pfm

L N ” H
From this and 2 Spirq)__l_o_gmwz_l’ it follows that Y p(m) login_ _:
ne1 m i m p—
Lemma 3.4. For x*3, n"I

<-> 4
mri)=
where the O-estimate is uniform in x and n and ).(x) is given by (2.10).
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Proof. Taking f(m)=ﬁ and g(m)=1—ﬁ, we see by (3.1) and (2.2) that
Fm)- M

and hence by Lemma 3.1 and Remark 3.1, we have for (p,n)=lI,

D (x) = LiM]IV'i-U =
@19 Tp() *1pY +  p2 p2x) M}//( p2) ]n{ p +*+1)
(eip) g FE) _ P~1y JLop ( } =
"lp*J T px+3 I'I/I p* pr+x+1
(pipl 1<« A~ 1 2(/>9 V 1 o\ = )
(?)1  p2* rfo p2r+2 Ipf'¥2+1; p2 ~oP2r nllpr+v

We prove (3.18) by induction on n. From (2.9), it is clear that (3.18) is true for
/r=1. Letus assume that (3.18) is true for 1,2, 3, ...,/i—I, where n>1 and prove
it for n.

Since u>1, there is a prime p such that p\n. Let n=Np* where (p, N)=1.
Clearly IsN”~n —1 Hence by our induction assumption, we have

(- 20) 4W .~ i

(mANH=1
where the O-estimate is uniform in x and N.
Now, by (3.19) and (3.20), we have

(3.21) =
plgl) V LJI<PIN) z Pi™m)(~ x  , (X(X/Npr+*)\[
2 X p21l N2 MJ m2 1 S /upr+a+rd+0 1  Xjpr2 J)

mIn=
(piNp 4 y_ y F(m)r X ) (piNpl “J_ =« pim) ,

iNp22 rtU P* £ 2 i SmNp2+ "' Np*)2 i p &, nf
NP2 rU P £ m2 1 SmNp2+ ) (Np™)2 W p 2 ey ) an

Lx/Np*) (pipd - (piNp) P2
+0 LE) - iNp2 p2- 1 dm

=1

CPINpD p2logp  « pjm) i O-Jx/Np2) (PP p )

i > = )2 ' i -

iNp22 (p.-1 (N in2 I X p2 p-1)
(PiNp2  p2 - Pizn)( X ) (p{Np2 p2logp ~ pim)
iNp22 p2-\ |\/|I m2 | SmNp2 Y iNpd2ip2-\)2 rﬁl m2

=1 m,W)=1
n x/NPZ)) (A ~ p( )
2y K7 >3 liegiNorD o
(piNp2 p2 J ~ pim)logm logp “ p(m)l (y.ix/Np2)
iNp22 p2—11 m2 p2-1 A m2 j | X J’
miv)=I miv)=1
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From (3.16), taking h{m)=H, we get that

62 2. nini) log m p. I “ pw)logm logp * p(m)\
' me | P11 méi W2 p2-1 A m2j
(w,ivp) =1 mN)=1 (m,AN=1
From (3.21), (3.22) and (3.11) with N(/u)=— , we get

pQY <pNp)  J;  p(m)logm
m  (IVp,. mH m

(M,ApPY=1 (MmAp™)=I
= A + 3+ o(iW, j.
V JT N2 w=1 m. Vv mn \ X
(m,n)=1

Hence Lemma 3.4 follows.
Remark 3.4. Using (2.5) and (2.6), we can rewrite (3.18) as follows:

3-23) « « =«W w h7+v-«»)-")+o/(ii]il),

where the O-estimate is uniform in x and n.
Lemma 3.5. For x"3, «51 and a”l such that (u, n)=1,

cp(Tn)

THWX LW /22
(M=l

(3.24)

Qfej (g™ +V-RBum + AW+BM)+0(- X1/),

where the O-estimate is uniform in x, n and u.

Proof. We have by (3.23),

\" <pOnn) _ cp(mn) . ~A(p (Sdn) ..
-“-LI.* m2n2 rnn":_x g\lﬂkl»l2 dd—iI,Ng}\dJ g\u 6d%X 62&’“22 2 “(d)mﬂ)

(m, u)=I d\u
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Since (n,n)=1, wehave (d,ri)=\ for d\u. Hence by Lemmas 2.5, 2.6 and 2.7,

(mn) 1 fid)
mUx m2n2 LK) <Hd)
1 p(d) 16gd . A H(R(@) - c N _
C(2)iA(n)g C (2)]|dy) . ‘?MM)}
6(n)Lix/n)
=@ w LI0)i + " w" 1ti|®t*" )M )

Hence Lemma 3.5 follows.
§ 4. Main results. First we prove following:
Theorem 4.1. For .vs3 and n£l,

ak(m)<p(m) nh v TG VA ()4 ).
4.1) (”%’;\fl m2 G KQA* (1) [log m4-y 4-7(n)—"K(A)4-5(mn)

{lc(p2- 1)4-1} Iog,\p] +0 (- +H W)

uniformly, where A (n), B(n), Hk(ri), Ak(n), Bk(n) are given by Lemma 2.6, Lemma 2.7,
(2.15), (2.17), (2.18), respectively, <k is the constant given by (2.16) and S(x),
n(n) ore given by (2.29) and (2.10), respectively.

Proof. We have by (2.1,,

~ogk(mg>(m) L, <Aw) _ p(d)(p(dko)
TLX ntz T/EL_Jx nt’ dk%=m b(d) = dkgsx d2ko2
(m,n)=1 (m/i)=1 (d,n=G, W= 1

where the summation is taken over all ordered pairs (d, 6) such that dk5”x and
(d, n)=(d, /?)=!. Hence we have by Lemma 3.5,

(42) KOSy v s -
o O

=@5§X M(M\ : () P(dkn) (logdk+y P b+ A+B
.n=1

p(d)
° iKd)dk~1
X
*oq - ? d) dk * o
8559.9'[" a d”x P dsYx/ »)
@n= (d,n)=l d,n)=l
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Since
2, vAd) = 2, . =o0(x*),
N
dr
uniformly; we have that the O-term in (4.2) O"O(n)' j.
Hence by (2.36), (2.37) and (2.38), we obtain from (4.2),
wy o M
TUX m-
(m,n)=1

W xer 0 FHHTH) ¢ sl

() vy ogp |
I xl~'k ) Hk\ k{) f (*-D){p*-i(p+1)-1}i +

\r<T* L +E(n)<5fc)

| x1-1* ]]JfO(O(nLux)x.w\.LIJ A w x

+

4 ~*+'-m +AM- KAM+BW~BM +?
+0(6(n)X(x)x~1+K).
It has been proved in our earlier paper (cf. [16], Theorem 4.1) that

(4.4) Qk(; M<p= 2, 4k(mep(m)
Mmn=1
aknk+1x ,
2C(2>K I'I)H K(I'I)_+ O(O(n)Xl+l,|(O(X)),
uniformly.
Hence by partial summation (cf. [9], Theorem 421), and (4.4), we get
45) % cKM)<pm) QP QN )y
dh=
()i/l(nHk(n) +0 (0 XI+UW) 1
-ri aknk+1 .
+ 2 V\.2CN(mMAKP) T +Ek{l" I'r<P)J dt’
where

£.(r; u, 9= O(0Ci)i-2+1/"(0).
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By Remark 2.6, it follows that

@ / o Y

J EK(t; n, (p)dt = o\o(n)d(x) J =21 Kdt\ = 0(0(n)x~1+HIKS(x)).

Hence by (4.5), we get

@s 2 qaib.:#;; «n 10971+ C 01 +0(6(Mx-1+116 ),

h
where AL L, 20K KK n, <p)dt

Now, comparing (4.6) with (4.3), we find that
r2) ) {k(p2-1)+1}logp
o) + A (n)—kAk(n)+ B(n)- Bk(n) + (P P, (P+)— }

Substituting this value of Ck(n) in (4.6), we obtain (4.1).
Thus Theorem 4.1 is proved.

Corollary 4.1.1 (u=1). For xé3 and &S2,
ak(m)(p(m) X @ {lc(p:-1)+1}logp
@ m oo VTt e ey n T
+0(X_: +:/cH(X).
Corollary 4.1.2 (n=1, k=2). For x"3,
(4.8)

Ck(ri) =

H2(ni) (p{m) C ) y p2—=)logp - i
nex 2 W %Y ey e1ypaap-1y T O

where a i the constant given by

<.9)

Remark 4.1. In 1971, S. Uchiyama (cf. [17], (:)) obtained the following
asymptotic formula: For x"2,

(4.10) 2 y2(mr31(g(m) log X + & + O(X. +.- log ),
where ¢: is a constant, the value of which has not been given explicitly. It may be
noted that our asymptotic formula given above in (4.8) not only gives the explicit
value of c3, but also gives an improvement in the , -estimate of the error term
in (4.10).
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Corollary 4.1.3 (k—2). For y*3 and wné1l

arc3 r ()

@11 & £(2)d (MH,(n) [Lgx+1'"—u 2) +7 («)-2/12(1) +
(m, ri)=1
uniformly.
Theorem 4.2. |f the Riemann hypothesis is true, thenfor x~3 and n the

error term in (4.1) can be replaced by O(0(«).v~1+2/(23:+1)(u(.v)), where af(x) is
the function defined by
lexp {Alog a(loglogx)-1} for x ™ 3

(4.12) {1 for 0<x<3;

A being a positive absolute constant.

Proof. It has been shown in our earlier paper (cf. [16], Theorem 4.2) that under
the assumption of the Riemann hypothesis the error term in (4.4) can be replaced
by O(W)n_.+/(:A+x)T(X)). Now, using (4.4) with this O-estimate for the error
term and using partial summation as in the proof of Theorem 4.1, we get
Theorem 4.2.

Corollary 4.2.1 (n—1). If the Riemann hypothesis is true, thenfor ,vs3, k"2,
the error term in (4.7) can be replaced by o(x~1+2/(X+1)0>(x)).

Corollary 4.2.2 (n=1k=2). If the Riemann hypothesis is true, then for
xS3, the error term in (4.8) can be replaced by 0 (x~ 3/5cu(x)).

Corollary 4.2.3 (k—2). If the Riemann hypothesis is true, then for xé3
and be 1, the error term in (4.11) can be replaced by 0(6(ri)x~35a>(x)).
Theorem 4.3. For Xx*3 and nal,

Yk(T; n) aknk+1
(4.13) 2 m2 b (n)HK() [log x +y- AWU)—kAK(n)+ B(n)- Bk(n)+
+ N MA2A+HIlogP 1+0 (6(w)x-i+i/*gfa))
uniformly.
Proof. We have
YK(T; n)—d\ k2 9(d) = d\2 9(d) = 2 4fid)9(d).
(m (ddﬁ;(ng_kl (d n) 1
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Hence we have

a1y vV OMOZ N @@ N el
' m2 a6 x d202 GxS2 * d2

w,n)=1 s
Wh)=.

_ aknktl _ N
=27 ok mytkm 1091 +Y =" T +AM)-KAKR)+B (n)-BK() +

42 {kp2 D+itlogp U L M +wAti)] =

annktl c)
C)M2)HK(n) [ogX+y- Q) +A(n)- kAk(n)+B(n)- Bk(n)+

By Remark 2.6, it follows that for 0~=e<lI/k, the last O-term in (4.14) is

= 0(6(n)de(X)X"l“l,k+C , M -1+i—e) = O(O(n)x~1+||k0(x))

. aknktl
By Remarks 2.1 and 2.4, it is clear that -1. Also, by Lemmas
Y t(n)HK(M) Y

2.6, 2.7, (2.17) and (2.18), it is easy to see that each of kAk(n), B(n), Bk(ri) is less
than A(n), so that the term contained in square brackets of (4.14) is 0(A(n) log x).
However,

AM) =2, 'ng .+ - v(n) <6(n).

Hence the O-term that arises from the first term of (4.14) is
o[6(n)i£J™) = 0(B(n)x~1+U/KO(X)).
Also, the O-term that arises from the second term of (4.14) is
= °(0(n)x ~1+1,t0(x))-

Now, Theorem 4.3 follows from the above discussion and (4.14).
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Corollary 4.3.1 (n=1). For né3 and &S2,

<.,5) Nr& - [Foix+y+2*
Corollary 4.3.2 (/?=2). For x"3 and ks2,
(4.16) ok(m) 2kak r, *-fc-Dlog:

m- (k+ 2k"1-1) Lo°g*+V+ (2k+2k~1-1)) +
> {k(p2—1)4-1} log p

T (P2-1){/-1(P+1)-1}J+ 0/ " 1+1,"SW)-

Corollary 4.3.3 (k=2). For x*3 and n*"lI,

Y (m-, n) ai*r?’

m. b (n)Hr(m)

N L2p2)+1}ogp] , n/n, 4 _1es, W
PR ANGFaR o)) o<ew T T

uniformly, where a it the constant given by (4.9).
Corollary 4.3.4 (k—2,n:\). For .xs3,

4.17) 2 [Iog x+y+A(n)-2A2(n)+B(n)-B2(n) +

<4-18> (E»7pu /-1)]+0< 38)

Remark 4.2. In 1971, S. Uchiyama [17] obtained the following asymptotic
formula in an attempt to solve a problem posed by the first named author
(cf. [12], Problem 17(2): For x"2,

(4.19) 2 mo- ct\ogx + 8 +0(x~1,2\0g9x),

where a is the constant given by (4.9) and B is the constant given by /?=£ (2)c3+
+ar(2) , G being the constant mentioned in the asymptotic formula (4.10).)
In fact, he also gave the following concise presentation of the constant 3: Let F(s)
be the function defined by

F(s) 7 ( pst (pi+:-1))

which is analytic for Re(j)>——. Then a=F(0) and B=yF{0)+F'(0), y being

Euler’s constant.

It may be noted that our formula given in (4.18) gives an improvement in
the O-estimate of the error term in (4.19) and it can be easily verified that the value
of the constant 3 given by S. Uchiyama coincides with the one that can be obtained
from our formula (4.18).
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Corollary 4.35 (k=2,n =2) For xé3,
~osemy  da _i , (2p2-1)logp — 1%
(4.20) o 5 Jbgx+y+-jlog2 +2 (02-1)(p 24 p-1)J + 0 (x~126(x)).

Theorem 4.4. |f the Riemann hypothesis is true, thenfor x&3 and n=1, the
error term in (4.13) can be replaced by O(0(n) x~1+/(2+1)oj(x)f where co(X) is
given by (4.12).

Proot. It has been shown in our earlier paper (cf. [16], Theorem 4.4) that under
the assumption of the Riemann hypothesis, we have

aknk+1x 2
2\j/(n)HK{ri)

By partial summation (cf. [9], Theorem 421) and (4.21), we get

(4.21) . ya(W?;H) + O (0(n)x 1+2<+1>1KX)).

7k(m; n)
2 m2 $WW (n) MogX+C;W) + 0 (e(n)x~1+tm+1)ax(x)),

where Ck(n) is a number depending on K and n.
Now, comparing (4.22) with (4.13), we find that

(4.22)

Q0o = Yy+A(n)-kAk(ri)+B(n)-Bk(n)+ 2 {p*~Hp+ 1g- 13

Substituting this value of Ck(n) in (4.22), we obtain (4.13) with the O-term
replaced by O(0(/i)x_: + (-+)co(x)). Hence Theorem 4.4 follows.

Corollary 4.4.1. (n=1 or n=2). If the Riemann hypothesis is true, then for

VA3 - an 2, the error terms in (4.15) and (4.16) can be replaced by
VoS 0 20y

Corollary 4.4.2. (k—2). If the Riemann hypothesis is true, thenfor xé3 and
nS |, the error term in (4.17) can be replaced by O (0(H)x3/50 (x)).

Corollary 4.4.3 (k=2; u= 1 or 2). If the Riemann hypothesis is true, thenfor
x~3, the error terms in (4.18) and (4.20) can be replaced by 0 (x-3/5cti(x)).
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A NOTE ON SEMI-PRIMARY GROUP RINGS

By
KENG-TEH TAN (Kuala Lumpur)

A ring R is semi-primary if its Jacobson radical J(R) is nilpotent and R/J(R)
is artinian. Let R be a ring, G a group and RG denote the group ring of G over
R. In this note, we prove the following:

Theorem. RG is semi-primary iff R is semi-primary and G is finite.
To prove the theorem, we shall need the following results on group rings:

Theorem 1. (Renault [2], Woods [3].) RG is perfect iff R is perfect and G is
finite.

Lemma 2. (Connel [1], p. 665.) If G is locally finite, then J(RG)C\R=J(R).

Proof of the Theorem. Assume that RG is semi-primary. Then it is perfect.
Therefore R is perfect and G is finite by Theorem 1. Hence R/J(R) is artinian. As
G is finite, J(R)—=J(RG)f)R by Lemma 2. It follows that J(R) is nilpotent.

Conversely, assume that R is semi-primary and G is finite. Then RG is perfect
and so RG/J(RG) is artinian. We are left to show that J(RG) is nilpotent. We note
that J(R)GQJ(RG). Also, RG/J(R) Gs:[R/I(R)] G canonically. Since R/J(R) is
artinian and G is finite, [R/J(R)]G is artinian. It follows that its Jacobson radical

is nilpotent. Now define /: RG-<-RG/J(R)G by f(x)=x+J(R)G for x"RG.

Then
f(J(RG)) = J(RG)I(R)G g f.
Since J(R) is nilpotent, so is J(R)G. It follows readily that J(RG) is nilpotent. This
shows that RG is semi-primary.
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TRIGONOMETRISCHE REIHEN UBER
MULTIPLIKATIVEN ZAHLENMENGEN. I

Von
L. LUCHT und D. WOLKE (Clausthal—Zellerfeld)

Theodor Schneider zum 65. Geburtstag gewidmet

Einleitung. Im Zusammenhang mit der Charakterisierung der -Funktion als
eindeutiger Losung gewisser Funktionalgleichungen (S. Artin [1], §6; Lucht [3],
[4]) stellte sich folgende Frage: Man finde eine moglichst umfassende Menge T

von Primzahlen p~P, fur die die Reihe
,»  Sin(2nna)

n n
pin=ypiT

gleichméRig in a konvergiert. In der ersten Arbeit zu diesem Thema [5] gaben wir
zu jedem e>0 solche Mengen T an, die innerhalb von P eine Relativdichte >1—e

besitzen. Es lag nahe zu vermuten, dalR sich Mengen T finden lassen fiir die 2 )
PIT
»gerade noch divergiert“. Dies soll hier gezeigt werden.

Hauptsatz. Ez Sei g1:R +-*-R+ monoton wachsend und gi(°°)= °°. Dann
existiert eine Primzahlmenge T mit den Eigenschaften

a) gx)= 2 _—- Si(*) fiuralle xé& x,,
pAX,piT P
b) 9(*°) =,
1 N\
cfl 2j —S—'—':Qg—mglei‘chmér&i& kohvergent in ‘a"K.
n
pla=»p€lr

Beziiglich der I'-Funktion besagt dies (s. die Bemerkungen am Beginn von [5]):
Die Funktionalgleichungen

F(a+1) = «cHa),

) Fis])-'(1£5=1)"

besitzen auBer der I'-Funktion eine weitere, fiir positive a positivwertige Losung F.
Unter Beriicksichtigung von [4] ist damit die vom ersten Autor aufgeworfene
Frage im wesentlichen gelost.
Der Hauptsatz wird in ahnlicher Weise hergeleitet wie die Ergebnisse von [5];
der Beweisgang ist allerdings erheblich verwickelter. In den Teilen I und Il wird
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— noch unter recht allgemeinen Voraussetzungen — die zu betrachtende Reihe
Uberfuhrt in eine, die Uber die ,,diinne” Zahlenmenge L={d:p\d=>p"T) erstreckt
ist (Satz 2). Dies hat den Vorteil, dal lange Abschnitte trivial abgeschétzt werden
kénnen (Teil IV). In Teil 11l wird S=P —T definiert. Wie in [5] wird unterschieden,
ob a durch rationale Zahlen mit ,kleinem* (Teil V) oder ,,groRem* (Teil VI) Nenner
approximiert werden kann. Hier benutzen wir erneut Ergebnisse (ber L-Reihen
bzw. Exponentialsummen.

Eine einfache Charakterisierung der Mengen T mit gleichméaBig konvergenter
Sinusreihe zu geben, scheint schwierig zu sein. Das hier beschriebene Beispiel ist
zu speziell, um AufschlufR Gber die allgemeine Situation zu geben.

Herrn Prof. Paul Erd@s, der uns mit wertvollen Ratschldgen zu dieser Arbeit
ermunterte, danken wir herzlich.

Bezeichnungen. N, P, Z, Q, R bezeichnen die Menge der natirlichen Zahlen, der
Primzahlen, der ganzen, der rationalen bzw. der reellen Zahlen.

Der Buchstabe p, evtl, indiziert, bezeichnet stets Primzahlen. M(x) bezeichnet
die Anzahl der Elemente ~x aus der Menge M, desgleichen fir Zahlenmengen
5 usw. M(x) bedeutet die Anzahl der Primzahlen S.x.

s=cr+it ist eine komplexe Variable mit dem Realteil a und dem Imaginérteil t.

C ist eine genligend grofR gewahlte Konstante; alle <s>, O- und 0-Abschatzungen
sind, soweit nicht ausdriicklich geregelt, héchstens von C und der Menge S ab-
hangig, in keinem Fall von a.

C, Cs €2, ... sind positive Konstanten, deren genauer Wert nicht interessiert,
log, bezeichnet den r-fach iterierten Logarithmus (rEN), also 16gj=log, log... =
=logologr.

p. ist die Mdbius-Funktion, o die zahlentheoretische Funktion, die dem Argu-
ment die Anzahl seiner (paarweise verschiedenen) Primteiler zordnet. e(x)=
=exp (. nix) =eix

[X], &} bedeuten den ganzen bzw. den gebrochenen Teil von x€R, also
X=[x]+{x) mit O0s {x}<1 [X]EZ. |X|]|=min ({x}, 1—{X}) ist der Abstand von
X"R zur néchstgelegenen ganzen Zahl.

sgn x steht fiir das Signum (Vorzeichen) von X£R,

fur x>,
sgnx = fir x=.,
fir x<.,.

1 Es sei S eine Menge von Primzahlen,

0()= 5 h00= 5500, D() = £ B20)
'YITrAr?* pES dEL

wobei L die von S multiplikativ erzeugte Halbgruppe bezeichnet. Der folgende
Satz enthalt Abschatzungen einiger Gber L erstreckter Summen unter schwachen
Voraussetzungen Uber die Funktionen g und h. Bekanntlich ist stets g(x)«dog: X,
h(x) log x<sl.
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Satz 1. Mit den obigen Bezeichnungen sei

() "%, . « *Ur Y -Y -x(X- X0
Dann gilt mit einer absoluten Konstanten c¢>0

) 2{(x) %k S(x) exp (cg (x)),

b) g(x) = o(log. x) =

wire «log-.//i+(g(5)-g(*)exp(cg(5)) (B>A~00)y
o) AX) = o((logxlog: x) )=> dgx /\EI_ — SHV”'“P)+OO)
(d?$|5=| pp:j?j

gleichmaRigfir dOEN (X-*mo).
Beweis, a) Wegen (1) existiert eine absolute Konstante c¢>0 mit

hi—)

@ A, s(7)*swpdk W tIWEW?
Pis pES

Setzt man fir k=1, 2,...
Sk(x) = d’\x2, OIELhZ(d),

co(d)=k

so folgt wie bei Hardy—Ramanujan [2], p. 79, die rekursive Ungleichung

p€S
Unter Verwendung von (2) liefert sie durch Induktion rasch

SKk(x) si *rjjr S(x)(cg(x))k \
was, eingesetzt in
D(x) = 1+ 2 Sk(x),
ksl

die Behauptung a) ergibt. Wir bemerken, dal} sich unter starkeren Schwankungs-
bedingungen fiur die Funktion h anstelle von (1) die Konstante ¢ in a) durch 1 er-
setzen lalt, was sich auch auf b) Ubertréagt,

b) Partielle Summation liefert

S0 8 g

©) X +J <o
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also
[ NM=:Ne -(M +o LWL

Entsprechend folgt mit a)
B2(d) =
) -.Trp= f* AT ~ + (<B)-*

iiL

Darin ist nach Voraussetzung g(A)=o (log. A), also wegen a)

— - exp (cg(A)) <c(log™-i+od)log-.. A

Ist B>A so klein, daB g(B)—g(A)<sz Iol ausfallt, so wird

gA
g(B)-g(A) +0 exp (cg(B))« exp (cg(A)) « log- .. [T,
flir groRere B ist ohne weiteres

9(B)—g(A)+0 ()Y ] exp (cu(B)) « (9(B)- g(A)) exp (cg(A)).

Insgesamt ergibt sich b).
c) Einsetzen der Voraussetzung h(x) =0 ((log x log: x)_1) in (3) liefert

@ g(x) = o(log3x)
sowie flr y>x-~°° noch
©
Wir haben
Bd) < 2
E\Eé\ P/ Cg’?f d 9£>LX d
pUo (d,do)=1 p\d=>p~x

Fiur g(x)«l ist die rechte Seite ein o(l); andernfalls wéhlen wir

y = JTS’*(X), t) —

*
logx
und zerlegen nach einer Idee von Rankin [7] (vgl. Wolke [11])

O L S S

dEL dEL dzZL
p\d=>p~x p\d=>p~x
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Zur Abschatzung von 2ii kdénnen wir wegen (4) die Abschédtzung aus b) mit
A=Xx, B—y benutzen; indem wir auch (5) beachten, wird

2\ « log .. X+ log (Iogg exp (o (log: =)

ANJoggW (joSi;t),, = o(1)
logax

« I(?gé;&)-(log,x&d\/l)ow
Weiter ist
, rszgd)

22} i WY AL IR T)*r  1p(pdy BT )
£ PES P<=S

« exp (—ijlog>+x. g(x)) = o(l),
denn der Exponent ist gleich

- 0§y +eg(x) =-(3-e)g(x)
und strebt fir x-«-°° gegen —

. Aus | bernehmen wir die Bezeichnungen S, g, h, D, L und erkldaren M
als die von der zu S komplementdren Primzahlmenge T—P —S multiplikativ
erzeugte Halbgruppe. Ferner setzen wir

fir . CCu=,,
sin (27rm()
(6) Ao =2 . fir C=.,
. -periodisch fortgesetzt.
Dann besteht der folgende

Satz 2. Ist neben (x—°°)

Eii %*EX) <. fir /xSjiax,
() h(x) = o((log x log: x)-*)
noch

(8) g(oo) = o0

erfiillt, so gilt gleichmaRig fir alle a€er

) ﬁiﬁ sin(2llt) _ g%#g W o+ .(1).

Wir bemerken, dall unter den in Satz 2 aufgefiihrten Bedingungen, wie schon
in | festgestellt,

4) g(x) = o(log. x)
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sowie alle in Satz 1 angegebenen Abschatzungen glltig sind. Der Satz 2 Ubersetzt
das Konvergenzverhalten der in (9) links stehenden Summe mit stetigen Summanden,
die Uber die ziemlich dichte Menge M erstreckt ist, auf die rechts stehende Summe
mit unstetigen Summanden, die gemaR Satz 1 a) Uber die ziemlich diinne Menge
der quadratfreien Zahlen aus L lauft. Nach einem Satz von wirsing ([10], Satz 1)
gilt ndmlich fir die Anzahlfunktion M(x) der Menge M eine asymptotische
Beziehung der Art
M{x) ~ Cixexp(-g(x)).

Zum Beweis von Satz 2 haben wir wegen £DM={1} und der multiplikativen
Struktur der Mengen L, M zundchst die Darstellung

1 fur nEM,
2 jo fir n$M
dzL

der charakteristischen Funktion von M. Durch Umsummierung ergibt sich damit

sin (2nna) . sin (Inna) s m
dn
nEM dEL
_ Hid) sin (2nnda) _ g(d) n(d) sm(2nnd<x)
_az*x_ﬂ' 2x'__ft """" - Zd"x_th_l_| (1t - (A R t
diL "s 7 diL diL n=~T
so daR zu zeigen bleibt
v oo sin . Tindel) vor |
(10 Pxh o xTTT m =) (770)-
dEL
Nach Titchmarsh [9], p. 42, gilt flr N die Integraldarstellung
»  Sm(2nnR)
n"N ft

Fir OsjSSy ist das zweite Integral durch partielle Integration <scr und somit

Sin @) _ 0 SnEmAD g

n n N+ 172 *
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Fir die innere Summe in (10) erhdlt man also

co Y sin (2,EI|" ‘,a) =sgn m yQ"1*1 (4)-
K 4 !
Insbesondere ist wegen f T flr alle x gleichmaRig in aER, d"x
sin(27indot) , d.\
2 E i i

Aus Satz 1b) entnehmen wir

vqlo_l), “
sy W« 108~ *+ (@ ()" g (*19) exp (eg (%),

d€L

und dies ist wegen g(x)=o (log: x) und

9()- gCW« | dtc log x- log XTI by
ein o(l).
Zusammen mit (12) folgt

H(d) sin (2undd) * g 2(d)

X1/ ~NC d X ft x1737d ax d
aﬁ n=~7 diL

Von der Summe in (10) bleibt nach Einsetzen von (11)

2 sgnH(dx) / sinM ¢ H O dt+oU- 2, v2d))
dax33 a rx-\ 1 A drx13 '
diL bl +T dzL
ubrig, wobei das Restglied ein o(1) ist.
Anstelle von (10) ist also noch
sin (. n||dal| v
13 LA VALl dt = 0 1
( ) d—;xIJB t-w ( *> I ( )
dalL V| 4

nachzuweisen.
Wir zerlegen die Summe in zwei Bestandteile, je nachdem ob \\d(x\\"x~213
oder ~x~2z ist.
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Mit (12) ergibt sich fir den zweiten Teil die Abschatzung

asTis € gz d R X=13D (x13 = o(l),
||i*|!I£x-2/3 wuxduil;*"a

letzteres wegen Satz 1 a).

Bezeichnet
* = L*(«, x) = {deL: d " x13 X 213}y (xS 3),
so bleibt
(14) o Q ) ) dt
m

abzuschatzen.

Wir benutzen das nachstehende Lemma, das wir spéter beweisen.

Lemma 1. Ist L* fil Inp»* Un/7 17 PP  mawuy n/ m  ité TV,>
(15) do\d, it
und es ist
(16) i* = {d€i: djd, d« min (nr* jA j*-«)}.

Essei LV, , ; anderenfalls ist nichts zu zeigen. Als Folj
ergibt sich die Darstellung von (14) als

sin
(7) sgn H(dO0.) gy % 4 dt
bis auf ein Restglied
(E H ) dt ,
« . N o- / t « XCEL*TS(a)=Oo)-
Zur Abschétzung von (17) setzen wir
Z - mm X,1/3 dO -2/3
\\dO« I

und wahlen eine monoton und unbeschrédnkt wachsende Funktion / etwa mit
/(x)<«clog X, so daR

/(*)p_%s)s* p = goo'g (/ (*))
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flir x-+°° ebenfalls monoton und unbeschrankt wéchst (Die Existenz ist klar).
SchlieBlich bemerken wir, daB die in (17) auftretenden Faktoren alle gleichméRig
beschrankt sind. Fir den mittleren Faktor folgt dies unter Verwendung von Satz
Ic) und Lemma 1 aus

y nid)  n(dg) B(d)  n(dO -K
(18) hi» d & g P_ITib o

o0
= b
Indem wir mehrere Félle unterscheiden, zeigen wir, dal stets einer der Faktoren
in (17) ein o(l) ist.

1. Fall. Es sei z=x13 und d0>f(n). Wegen (18) ist dann offenbar

(19) d€)]/_* B(o(lj) =, ().

2. Fall. Es sei r=m: und d,"f(x), dann folgt aus

thrl-1w 1 U ¢ oexpi= 2 M= 0(D
Py . N P) vV ()=P P)
A8

p€S
ebenfalls (19).
3. Fall. Es sei
do .dOal  log*
a,s0 und
1K« ( d ~ x
- ﬂ/3 - - - -
Dann ist - & --—- , und je nach GroRe von dg kommt wie in den vorigen
dQ log.v
Fallen (19).
4. Fall. Es sei

-, 00 x-m und \dod\ _ log*
IKocll do

Diesmal betrachten wir das Integral aus (17).

WY

dt dt P k= o),

I *|do
iy t lldoa] " logx

Insgesamt ist damit gezeigt, daR der Ausdruck in (17) ein o(l) gleichméaRig fir
a€R ist.
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Zum Abschluf3 des Beweises von Satz 2 bleibt noch Lemma 1 zu erledigen.
Zu jedem dEL™* existiert ein ganzes a mit

a— -2/3

Dieses a ist eindeutig bestimmt, denn sonst (a”a) ware
/ /

I a a a a -
mnm d«7 a~d d
entgegen x”*3. Sei d€L* minimal, #>i/0, dEL*. Dann gilt d dQ denn an-
demfalls ware
1 _fo a +
ddn do a-~d do

entgegen d, i, =v13 Daraus folgt dOd (denn auf Grund der Minimalitat von d.
ist (dO, nQ = 1), [|dal =-"“(-)||doa|| fur alle dgL* sowie (16). In (15) bleibt sgn H(da) —
=sgn H(d0a) zu zeigen Ubrig oder gleichwertig, dal {da} bzw. {d a} stets entweder
beide in |o, yj oder beide in Ij liegen. Es sei zuerst {doa}=i|d.a|l. Nach dem
bereits bewiesenen Teil von (15) folgt

{da}=c {d.a} = . ldoal| =||da||, also {da} = ||da]|.

Ist umgekehrt {da}=1-—d,a|, so setzen wir ,.=,—a und erhalten {d0/?}=
= 1—{d a}=||d;al| =\dOR\\, also wie im ersten Fall {dR}—W\dR\. Es folgt {da}=
= 1—dB}=I—\d®\—\ —|dal|. Damit ist Lemma 1 vollstandig bewiesen.
I Der Satz 2 ermdglicht leicht die Angabe von Primzahlmengen T der
Relativdichte 1 in P, so daR die trigonometrische Reihe

(o) J sin(: TwgO (e€R)>
T
M
erstreckt ber die von T multiplikativ erzeugte Halbgruppe M, stellenweise diver-

giert. Etwa enthalte T alle Primzahlen mit Ausnahme einer (diinnen) Menge S
von Primzahlen =3mod 4, fur die die Voraussetzungen von Satz 2 erfillt sind.

Bei a=Z silt dann
HA) || K IR A (@)
d™x ) d 3 4 A d
d(=L dEL dEL diL
d=1(4) d=3(4)

und Satz 2 liefert die Divergenz der Reihe (20) an der Stelle a=—
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Im weiteren konstruieren wir spezielle Primzahlmengen S der Relativdichte
0 in P (durch deren Angabe die Mengen T, L, M wie friiher festgelegt sind), flr
die sich die Reihe (20) als gleichmélRig konvergent erweisen wird. Es sei Axgenligend
groB (etwa log: Ax*e) und fir kEN

(1) logo Ak+ = log, Ak log: A-
Induktion zeigt
(zz) K@|Og3Ak< IogaAk+1 <{:KIOgK (*_

Es sei ferner 3: N—R eine Funktion mit

(23) K™ 9(k) < 9(k+.) = +o(1))9(k) (k
@) Mm -~
(25) *).

A D M =0(I°ei>m)

Solche Funktionen existieren, wie das Beispiel 9(k)—k log (ek) zeigt. SchlieBlich
sei C>0 eine hinreichend grofe Konstante und pk die kleinste Primzahl mit

(26) pka (log AKvc.

Mit den Bezeichnungen

r K ] flogt Akl
19(/c)log:A log: AK* k| log. J

und AtV =1, .,  17rjj setzen wir

@7) 5=U U U {Per: Ak< PS Ak+t p = amod pR.

kEN v=00 e ik(v)

Diese Menge S ist zusammengesetzt aus den in den Abschnitten (Ak, Ak+1] ent-
haltenen Primzahlen, die in rk festen Restklassen modpk liegen, wobei jeweils in
kurzen Teilabschnitten (Ak, Ak] mit

(28) Ak = Akedk

weitere Primzahlen hinzugefiigt werden. Letzteres dient lediglich der Glattung von
S im Hinblick auf die Bedingung (1) in den Sétzen 1 und 2. Indem wir den Prim-
zahlsatz von Page—Siegel—Walfisz (s. etwa Prachar [6]) verwenden, folgt fir
Ar~xwWw Ari 04vavM - |

rk-i X
.>0t-i) logx

-J+-

L+ } X
(w>fe-i) 4> logx
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274 L. LUCHT UND D. WOLKE
und fir Ak<xSAk+1l

<@ logx M i o) 165 .

Wegen (21), der Wahl von vk und rk sind die oberen und unteren Schranken in
diesen Abschatzungen jeweils von derselben Gréfenordnung und liefern Gberdies (1).
Speziell ergibt sich noch die globale Abschatzung

$(k)logx\og2xlog3x * N 9(k)logxlog2x N X~ ANy
die die Glltigkeit von (7) zeigt. Schlieflich haben wir
- 1
4k+H)~g(AK =
o )~9(AK = Ak"FP Ak P Ak"pgAk-h P’

A . Pis
worin die erste Summe

rk . log« J1
(P(Pk-I) m9(k)log2 Ak
ist, wahrend die zweite Summe asymptotisch gleich

«

(p(prros2rk+1 (O824«
ist. Insgesamt folgt
(29) g (Ak+D)-g(AK~-m
und damit weiter

I
30 =
(30) 2[S(X) « gW « XZ‘k &%) (Ak  x = Ak+D).
Wegen (24) und (30) ist insbesondere auch (:) erfullt.
Flr spatere Abschédtzungen sei noch mit dem C aus (26)
(31) Ak = exp (log AK)c.

Dann gilt Ak<Ak<Ak-'Ak+i fir alle in Abh&ngigkeit von C hinreichend groflen
k, und es ergibt sich analog mit (.- )

(32) 9(AK)-g (Ak) «

1

9(k)log3Ak L
Nach diesen Vorbereitungen formulieren wir den

Satz 3. Es sei S durch (27) erklart und M die von T=P—S multiplikativ
erzeugte Halbgruppe. Dann konvergiert die trigonometrische Reihe (20) gleichméaRig
in afR.

Offensichtlich beinhaltet Satz 3 den in der Einleitung genannten Hauptsatz,
denn durch geeignete Wahl der Funktion 5 kann ein beliebig langsames Wachstum
von g erreicht werden.
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Gemall Satz 2 ist zum Beweis von Satz 3 zu zeigen, daB fir B>A-* *°

(33) N‘éiSB p-H (d«) =0(2)

dEL

gleichmaRig fur a(ER gilt. Dem Nachweis von (33) sind die folgenden Abschnitte
gewidmet.

V. In Abhéngigkeit von den Approximationseigenschaften der Zahl aGR
unterscheiden wir vier Arten von Intervallen [(z[NO(C), °°), wobei NO(C) genligend
grof? in Abhéngigkeit von der Konstanten C aus (26) gewahlt sei.

Def I heif’t ein oe-Intervall von 1 Art -o-

(1a A cx A a2 logON
(a,éj('lll\ﬁl a”log N\ogcN q gN
von 2. Art
. a2 1
a,\q/ vl exp(etlli )* q* |08“n'n y  NlogcN)!
(aq)=!
von 3. Art o
I°g:N il a 1
Ve .F,l=§”qaﬁx lc15iriv-dT-7  NlogcN)’
(<e<§ !
von 4. Art o

N a logcN )
= A a---—--
a\,{q l\ﬁt (IIngj\l = logcA a 4 gN

@e)=1

Nach dem Dirichletschen Approximationssatz

logcN'
Rig 2" a’ ‘Ibch A" N

liegt jedes NANOQ(C) in einem dieser a-Intervalle. Die a-Intervalle 1., 2. und 3.
Art sind untereinander disjunkt (s. die Beweise zu den folgenden Lemmata), bei
denen 4. Art ist dies im allgemeinen nicht der Fall. Der Bereich [NO, °°) werde
ausgeschopft durch die maximal gewéhlten a-Intervalle 1., 2. und 3. Art sowie durch
Intervalle 4. Art. Die Beitrage der a-Intervalle verschiedener Art zur Summe in
(33) schatzen wir getrennt ab. Wir zeigen zunachst, dall die Abschnitte 1. oder 2.
Art ,kurz“ sind und ,weit auseinander” liegen.

Lemma 2. Essein (Nv, N'] und (Nv+1, N',+] zwei a-Intervalle 1. Art mit maximaler
Lange und N'< N'+. Dann gilt

(34) N' = Nvlog3CA¥, log2Nv+1:» logNVv.
Die zweite Ungleichung ist auch flir a-Intervalle 3. Art richtig.
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Beweis. Es seien —, '+l die zu den genannten Intervallen gehdrenden ra-
9v 2v+
tionalen Approximationen von a. Dann folgt die erste Ungleichung in (34) aus
1 . logON'
NvlogONV n: '
Zum Nachweis der zweiten Ungleichung in (34) beachten wir qv<qv+l sowie
1 | W e A o+ oa— A 9 logcA(
10g40V;+1 ~ 4cqvat Qv  ov+1 < 4V+1 n:

woraus nach leichten Umformungen die Behauptung folgt.

Lemma 3. Es seien (Nv, N'] und (Nv+1, Ny+l] zwei <x-Intervalle 2. Art mit maxi-
maler Lange und N'< N',+. Dann gilt

(35) 10g2N" « log2Nvlog3Ny, log2Ny+xlog3Nv+k» log Nv.

Beweis. Die erste Ungleichung ergibt sich aus

—qv—Ilog2Gh v,
die zweite aus qv-“gqv+H und
1 1 av 6 v+l _a\ﬁ'l 2
logdCV ;+1 quawl g o+ y Qv+ N ' logcK

wie in Lemma 2.

Ein Vergleich von (21) mit (34) bzw. (35) zeigt, dall hochstens <scl Intervalle
(Ak, Ak+l] ein a-Intervall 1 oder 2. Art Uberdecken. Ist Ak“N v, wobei Nv den
Anfang eines a-Intervalls 1. oder 2. Art bezeichnet, so liefern (21), (34), (35) nach
kurzer Rechnung (wir erinnern an NV=N((C)) weiter

(36) AKAN y +1.

Triviale Abschétzung des Beitrags eines a-Intervalls (Vv, N'] von 1. oder 2. Art
mit AkK*N v zur Summe in (33) gibt bei Verwendung von Satz Ib)

R(d) i\ « n4d)
Ny féALN(’ H(doi) . g\m « o exp (cg(AK).

"dEL

Wegen (25) und 9(K)ys>k ist dies <sck~12 Bezeichnet / die grofite Zahl mit A"A
so erweist sich infolge (36) der Beitrag aller a-Intervalle 1. oder 2. Art zur Summe
in (33) als

vSO

Fur A—*? ist dies ein o(l), unabhédngig von xfR
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V. Wir schéatzen den Beitrag der a-Intervalle 3. Art zur Summe

2(A,B,a)= A(ZdAB H(da)

«

dEL
ab, zunachst fir rationale a.

Lemma 4. Fur AK"N "N '"A k+l, Igggexp (“pg”/w)’ (a>th=. il

(37) 2 (N, o« k-*I\

Beweis. Wir dlrfen k und damit Ak in Abhangigkeit von C als genligend grofl3
annehmen. Fir AkAN'SA'k liefert Satz 1 b) bei trivialer Abschatzung

2 \If N, —4)) « Ak"_i%r{]A‘k . « W 'K- gW )exp(cg(A'K) « k~3\
11

letzteres wegen (23), (25), (30) und (32). Fur AK N <N ‘A k+l haben wir die
Zerlegung

J— N - - N _
q)i{ltf"ﬂsN' L7 NN
diL dEL
d=v(9) te-v (?)
Der Inhalt der geschweiften Klammer 1&Rt sich mit Hilfe von Charaktersummen

<Jarstellen. Mit den Bezeichnungen (v, gq)=d', g‘=—Ct v‘=—|?)/— ist fur d'EL

2 d(d) = n@d) " p(d)yjd)
N*d%N' d d cp{q) ;pmodg’ N*zdd'~N* d

diL d€L

dsv(g) (d.d)=1

fur d'$L verschwindet die linke Seite. Einsetzen in (38) zeigt, dal die Beitrdge der
jeweiligen Hauptcharaktere /omodq* verschwinden, und liefert die Abschatzung

(39) gmax max 2 "(d)x(d)
«'lg X"XoT0>9 N<éid'|:‘kN‘ d
(M=

Wegen N 's A k+L ist bei genligend grofRem k

(40) ) < (log Ak c” pk,

S eXP (- 10g. ABH

erst recht q',d'*"q<AkL2*N 112 Besteht fiir AkU/2*=x"Ak+1, X*Xo mod q' die
Abschatzung

(41) dg‘x X(d)fi(d)«x(logx)~2
dEL
(d,d)=1
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so ergibt sich mittels partieller Summation und (31)
B(d)x(d) _ J dx
N AN d ﬂl;g X |0g X
dd)=1
Aus (39), (40) und (22) folgt daraus (bei genugend groem C) die Behauptung
(37) von Lemma 4.
Es bleibt (41) zu zeigen Ubrig. Als erzeugende Funktion fir die Summe linker

Hand kann nach Definition der Mengen S, L fur AKL2<x"tAk+l der folgende
Ausdruck F(s,x) gewdhlt werden (dabei sei Rk=RKk(0)):

Flsx=1) \(I )) alRk p’!Ak\ P ) _/(éaERkpsalzlpk)\ P )
PIS “(pk)
pW
Darin ist fk(s) eine fir <~ — analytische Funktion mit

« pgAk I/H —Ig -)) « exP j—pgaj P) .
Das Produkt lber die aERk, p =a(pK stellen wir durch Dirichletsche Z-Reihen
dar. Es gilt

aERkP a(pk » .F#. « M Lhrffth.S*'*,

|tmo pk

«(log/Ift)-

worin mit einer absoluten Konstanten c¢x>0 (wir erinnern an 1 [=rf) f>(s)«c[b
. , 3 . . .
eine ebenfalls fir o= ~ analytische Funktion bedeutet. Insgesamt ist also

“2) Fs,/) =/- (S)¢ fl LG x®) g, W
und darin P
) Ao.)<cakexp( 2 o

\psak P )
analytisch fir crs—. Zwischen der Summe in (41) und der erzeugenden Funktion

F(s, x) besteht fir AK/2< x*Ak+1, xX(fN, der Zusammenhang (vgl. etwa Prachar
[:], Satz A 3.1)

(44) 2. m<e*Ne=sr *+0 (NP,
dil
(d,d0=1
wobei zur Abklrzung a= 1+-—0————7’ exp(log: /.. X) gesetzt ist. Zur giinstigen

Auswertung des Integrals verschieben wir den Integrationsweg innerhalb des
Analytizitatsgebietes von F(s, x) moglichst weit nach links ber a=1 hinaus.
Zur Durchfiihrung sind drei Tatsachen wesentlich: Erstens besteht gemal (41)
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-die Ungleichung q'<pk, zweitens ist pk Primzahl, drittens treten nur Charaktere
X~Xomed q' auf. Demnach ist keiner der in (42) vorkommenden Charaktere x®
der Hauptcharakter mod g'pk. Die zu diesen Charakteren gehérenden L-Reihen
sind also analytisch und nullstellehfrei in dem Bereich

(45) =T=a |[s T

Iogl0
und genugen dort der Abschétzung
(|Og r) « 10 K |L(S, Xq))\ <K (Iog T f

(Vgl etwa Schwarz [s], S. 165, Satz 71)
In dem durch (45) gegebenen Bereich hat dies die Analytizitit von F(s,y)
sowie gemal (43) die Abschatzung

F(s, log T)Skexp i 2 4-
(s,y) (logT) XpyPSA*P%

zur Folge. Kurze Rechnung nach Einbringen der Bedeutungen von T,rk und der
Ungleichung 6-ai_(log Iy ... liefert

(46) F(s, y) « exp ((log AKf ic).
Indem wir den Integrationsweg in (44) durch den Rechtwinkelzug mit den Eck-
punkten a-iT, 1—|—grfr -IT Tgﬁ +iT, a+iT ersetzen, ergibt sich zusam-

men mit (46) fur die Summe in (41) die Schranke

x exp ((log ARilc) |log T exp +y] « *(loS*) 2

Das war in (41) behauptet, womit Lemma 4 vollstandig bewiesen ist.

Es sei (Nv, N'] mit M=sA. (C) ein a-Intervall 3. Art von maximaler L&nge
und avqv die zugehorige rationale Approximation von a, Bv=ct—ajqv mit \BAS
=(NilogcN")~I. Fur die dEL, Nv<dsN" ist dann

H [d~")- ndBv+y sgnRv fur gwd,
H(dtx)
qid—, —Tdn fir qjd,
v q]
letzteres wegen

\ddw< — und +*{d M X

’ 1 qJ \'
Es folgt d |
(47) 2 A H(da) - 2 . -nBv 2 M +
(da) T
dEL dEL dEL
K P(d)
ngnBvN\/\ZN
dEL

Acta Mathematica Academiae Scientiarum Hungaricae 33 1979



280 L. LUCHT UND D. WOLKE

Far zwei derartige a-Intervalie 3. Art (Vv, N'], (NVALN '+H] mit N'<N'+l gilt
A»<gv+- Die Intervalle sind disjunkt (s. Lemma 2), genauer erhdlt man aus

K ~ flv+ 1 «V 2

1
die Ungleichungen G ! C Aeeene T
(48) N> eN*
sowie
(49) gu+1>N?"*> ew.

Ist nun /s N durch At<A”AI+1 bestimmt und v mit A< N'k minimal gewahlt,
so tragen wegen Lemma 4 die beiden ersten Summen rechter Hand in (47), summiert
uber alle a-Intervalle 3. Art aus (A, B], zur Summe in (33) nur < ..,. bei, was fur
A-+°° also /—  gleichmaRig gegen Null geht. Es bleibt noch der vom letzten
Summanden in (47) stammende Anteil

H(d)
vgo ma\(A w-il".-v( d

AL

djd
abzuschatzen. Vom zweiten Summanden an (v=»v0Q ist A<NYV und
B V) 2 v-W

2 d 1

W.iN“ dv v<i51VL d

(50)

fir qvEL
9v\d iv.
(iv.<0=1

bzw. Null, falls qv$.L. Nach Satz 1 c) ist darin die Summe rechts gleichmé&Rig
beschrénkt, also der Beitrag der Summanden fir v>v, zu (50)

« 2 —« a-12

V=-V0

letzteres wegen qVo+1>A12 und (49). Fir A-*°° geht dies gleichmalig gegen
Null. Fiir den ersten Summanden mit v—v erhalten wir

H(d) li(d)
max (A,r\d|§<va xg“y

dEL
\Wod
wobei x=4—\ max (A, N\, yzgvoN'O gesetzt ist. Die rechte Seite laBt sich,

abgesehen von einer gleichmaRigen Nullfolge fir x -*<» bei Verwendung von
Satz 1 c) abschétzen durch

(51) ~~ exP (=2 W +g (A0)-

N E%/‘lll P) ¢ a
o
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GemaR (24) gibt es eine monoton und unbeschriankt wachsende Funktion / mit
g(/(x))=0(g(x)). Indem wir die Falle g\=f(x) und qv,,>f(x) unterscheiden,
erweist sich auch der Betrag von (51) zur Summe in (50) als ein gleichméRiges o(l)
fur x-*oo oder gleichwertig A-+°°.

Insgesamt ist damit gezeigt, daR der Beitrag aller a-Intervalle 3. Art zur Summe
in (33) fur A-+°° gleichmaRig gegen Null geht.

VI. Zur Abschatzung des Beitrages der a-Intervalle 4. Art zu £ (A, B, a)
sei mit ganzen, teilerfremden Zahlen a, q

N [ I

a, l
gIN <% Q= o0en 1 gl = @@

und
a | a 11

a <O q+ <70°
st H(dd) fur ein festes dsN stetig in afla/g, so gilt

(52) Hdd)—H (fF3«  « log-cA

Hat dagegen H(doi) fiir ein festes dsN eine Sprungstelle in lalg, so genau eine und

zwar bei T mit einem gewissen  Z. Es gilt dann
b

d logCN.

\ad—bq\ = qd 3

Die Anzahl g aller Sprungstellen von H(dy) mit dsN, txflaq ist daher

= 5 2 v= 2 2 -
|[/|*logc iV d”AN [/ logcN d~N
V ad—bhg=I ad=1(q)
b€z

Wegen {a,q) =1 bestimmt die Kongruenz ad=I{q) genau eine Restklasse d mod g,
und es folgt weiter

(53) - N

1= logc N logcA '
Aus (52) und (53) erhalten wir fiir a. laq
(54)

) dEL deL
Wegen (s ) ist
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Indem wir fiir den zweiten Anteil die Darstellung (12) mit —, N an Stelle von a

bzw. XF ubernehmen und d— S — im Fall g\d beachten, folgt

sin . 2nnd
2. <clog cN.

Fir g\d gilt dies sowieso. Einsetzen in (54) liefert

. — 5o - n
(55) dE.Nfl(d)H(da) n%N ”‘ES,E /<Ne sin Llnnd 4L+ OVlOg VK
Wir behaupten, da fur alle N mit logZCN<qS$S Iogl\cl: N die Abschatzung
(56) 2 M(d)eLd? N

nsNn édsexl Vv q% log. TV

besteht. Nehmen wir (56) als richtig an, so ergibt sich fiir den Beitrag der «-Inter-
valle 4. Art unserer in IV vorgenommenen Intervalleinteilung zu 2 (J1, B, d) ein
o(l): Die Abschatzung (56), die auch fir den Imaginarteil der Summe linker Hand
besteht, liefert, in (55) eingesetzt, fiir alle N aus einem a-Intervall 4. Art zunéachst

(57)
diL

Es sei (Ny, A\] ein (evtl, unendliches) Intervall maximaler Lange mit

\ogcN
~1X'

Nach den Erdrterungen aus IV ist (Nv, N(] zusammengesetzt aus maximalen «-Inter-
vallen 1., 2. oder 3. Art. Wie in IV erkennt man, dafl fir das ndchste derartige
Intervall (iMv+1, N(+1] mit N(< N(+., falls vorhanden, die Abschatzung N («
<sliogiCN+1L oder erst recht

1 log2lv fir alle NE(NV,N(].

(58) log: W log. K s logNv+1* logN'H (K ~ NO(C))

besteht. Die Liicke zwischen diesen Intervallen ist aus a-Intervallen 4. Art zusammen-
gesetzt. Deren Beitrag zu 2Ne, B, a) ist wegen (57) mit N*=max (A, N() bei
partieller Summation

«y dt .« —
A gv tlog2i <=togA* '
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Die samtlichen a-Intervalle 4. Art der in 1V verabredeten Intervalleinteilung tragen
zu 2 (N1, B,a) daher hdchstens

y 1 1
A"t logA* <<=\ogA
KsA J J

bei, letzteres wegen (58). Damit ist unter Annahme von (56) der Satz 3 vollstandig
nachgewiesen. Es bleibt noch (56) zu zeigen.
Wir reduzieren die Behauptung (56) weiter und zerlegen dazu die &uBere Summe

in zwei Bestandteile, je nachdem in der gekirzten Darstellung an - @, (ari, q)=1,

fur den Nenner q die Ungleichung <'SlogcV oder logcN < q"‘—logl\)lﬁﬁ besteht.
Fir den ersten Anteil (q'“\ogcN) erhalten wir die Abschatzung

« 27N 2 —<s:NlogN 2 —
d~N n*N,g'n=qn" n q'"\ogc N 4
dEL (na)=1,9'*logc N a'\q

« N(logyVf+ilM. « N (log

letzteres wegen x(g)<Kgqlli. Fur gentigend groRes C, etwa C é., ist die rechte Seite
<sxN(log N)~-, wie verlangt.
Fir den zweiten Anteil gilt mit a'—an' die Abschétzung

<clogN max 2 Ne eK d)\.
©,in=1 g"N =
iiL
Es genlgt also zum Nachweis von (56), fir (a,q)=1, logc/ V sAr(log N)~c
zu zeigen (wir haben die Striche fortgelassen)

(59) ‘fﬂ\l n(d)e;’/q—d; qltgé\l_

Wir setzen w=[(log. N)4 und Kklassifizieren nach der Anzahl co(d) der Prim
teiler von d,
60 Ad)e(hd] =ef{2\+ 2 H(d)eird)- 2e{" +
(©0) doN ) (vq ]/ glq‘ gsN ( )yth ) dsN {'-cf )>
L PCS

dtL
a>(d)Sv,,

+ 2 (SD)V gy HOepd),
dEL
©(d)= v

1 Vgl. hierzu H. Davenport, On some infinite series involving arithmetic functions (I1),
Quarterly J. ofMath., s (1937), 313— 320.
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und werden fir jeden Anteil rechter Hand die in (59) geforderte Abschédtzung ein-
zeln nachweisen.

Fur den ersten Term e ist dies offensichtlich. Zweitens haben wir

%R& Ns e[ﬁ d) « (Iné]%MZ(ﬂ )\T=\Z n JtO,

o}(d)=v0

wobei IJMN) die Anzahl der quadratfreien Zahlen mit genau v Primfaktoren
bezeichnet. Nach Hardy—Ramanujan [2], Lemma A, existieren absolute Kon-
stanten cx,c.- o mit
N (log2N+c¥~1 _
nao 4 log N (v—1)! (N = 2, vEN).
Nach kurzer Rechnung erweist sich damitder zweite Term in der Zerlegung (60)
als <scjV(logN)~3 wie gewdinscht.

Die Abschatzung des dritten Terms, der Uber die Primzahlen aus S erstreckten
Epxonentialsumme, besorgt das folgende

Lemma 5. Es sei S die in Il erklarte Primzahlmenge. Fir C=8, A>1,
logRN<g”N (log N)~R (a, g)=1 gilt

(61) iV(log A)5 R/2.

2 ef—

pax ev9 p)

p£ES
Beweis. Mit den Bezeichnungen aus Ill gelte Ak< N~ A k+1, und es sei gk
eine der Zahlen pk-k,pk,pk-ipk. Fir Ak"N 0(C) gilt dann %s(log N)-/c. Ferner
ist fur (v, g ="

(62) Jmax pgﬂ)(P)e kEp ).

P=v(gk)

Indem wir in der Summe rechts den Charakter ¢ mod qk durch seinen zugehérigen
primitiven Charakter ¢* mod gk mit gk\gk ersetzen, machen wir einen Fehler
<scl. Bezeichnet

G (F ) = 2 \Q()

(*,<28)=1

die zu ij}*modgk gehoérige GaulRsche Summe, so ist \C(p*)\=\gKk und (s. etwa
Prachar [], Lemma VII. 11)
® yp) c ( r ) 2 fW «
u,eD=i
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Einsetzen in (62) mit i//* an Stelle von ¢ liefert rechts
p%\lf(p V&N b =gk 1sasipe W pEnERY TN BV
a,

- . X
(*,<?2;>=1

Darin genugt der Nenner des gekirzten Bruches T« der Ungleichung
(log N)r~2c< i g"s qq*~ N (logn)~(R~2,cK
il
Der Satz von Vinogradov (s. etwa Schwarz [8], VII, Satz 2.1) liefert
. eK N (\ogNr2-R* ¢
snC I P <N (og

imd, mit dem Faktor 1~=(log N)1C versehen,

. e(—p)« N(logn, 92-*/2+2/c.
psn
P3 »(«*)

Nach der Definition der aus Restklassen abschnittsweise zusammengesetzten Prim-
zahlmenge S folgt fir Ak< N*Ak+l

2 ei.j p) «Pt.jg”"OogV r-"+"+7AcIVOO0QiIV)5-"2
sn
iS
wie in (61) behauptet.
Mit R—C ” 16 ergibt sich aus Lemma 5 fiir den dritten Term auf der rechten
Seite von (60) ebenfalls die gewiinschte obere Schranke N (log N)~3.
Es bleibt der letzte Anteil in (60) geeignet abzuschatzen. Offenbar genigt es,

oS, ‘

nachzuweisen. Als wesentliches Hilfsmittel bendétigen wir

(63) 2 j'|2(<0e|(—dg « N(logA,.. 2~ v"r W)

Lemma . Es seien rax 0, R>1, (logx)s <. .r(logx)~R (a,q)=1, R'>R/4
und (6j), (ftj) zwei streng monoton wachsende Folgen von natirlichen Zahlen. (Die
Folgen dirfen von x abhéngen oder endlich sein.) Dann gilt

(64) . ?gogx)R/e [ai&] « x (loga)4*r/8.
«1Dj=X

4% Acta Mathematica Academiae Scientiarum Hungaricae 33, 190



286 L. LUCHT UND D. WOLKE

Zum Nachweis von (63) nehmen wir zundchst die Richtigkeit von Lemma
an und setzen E=C/4. Jedes dEL besitzt eine eindeutige Darstellung d=d1d2,
wobei p*[ogFN fir alle Primteiler p von dxund p>\ogEN fiir alle Primteiler
p von d. gilt- Aus

d, =(logEA)w< N1I2 (N &N (C))
erhalten wir d2# ., also bereits
(65) d, > logEN

ur alle in (63) gezéhlten dEL.
Wir spalten die Summe in (63) auf,

21 +2%- = . * 4+ . * JR2Ad1d2e(M-d1d},
' (, YN"dleSN) (d1d2 (54 }>
ij -logi; VvV ii[ logi: Nl

wobei rechts die weiteren Summationsbedingungen w(d1d2=v und d1,d2dL
durch * angedeutet sind.

Auf 21 kann wegen (65) das Lemma . mit R=C, R'=E und den Folgen
(di), (d2 von quadratfreien Zahlen aus L mit den obigen Primteilerbedingungen
angewendet werden. Es folgt

2 i«YN+N (logN)*-cf« N (log A)-4,

letzteres fir C&64.
Fiur 2- erhalten wir die Darstellung (2Sv<v0

(66) . o 2y r@er didl
it Lis B X

EL, ci(il2) =y

Wir erinnern daran, dall samtliche Primteiler von d. groRer als logEAr sind, und

bezeichnen die innere, Uber d. erstreckte Summe in (-s) mit L, (1 /V/d;, N/d,). Eine
Auszéhlung liefert fir x"2 den Zusamm&n’hang

4
(67) i 2 . O
I IogE(\%<p: ' u I&EN < Edé—'m

pES peS e: il

wobei das Restglied die nicht quadratfreien d. beriicksichtigt, Uber die im Haupt-
glied summiert wird. Beachten wir noch

g 7 ¢ (9N)E

so ergibt sich fur das Fehlerglied in (67) die Abschatzung O . Einsetzen
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von (67) in (o) liefert

(68)
@ v-midj ] AN N)
z 2= 2 NHADLI(p d’\\EZJgENMZLI) 2, XWEVSQA_N ket PdIt "

ijsL

+ C(A(logA)-£(log: A)3.
Hierin ist das Restglied <scA(logA, -. fur Cé&20. Auf

MiIKvO)

kann (fur jedes i.=logEA) das Lemma 5 mit Nidlan Stelle von A und R =2E
angewendet werden. Es folgt

4 (j) « :n +’\(IogA)5—£«i1J\—|'(log N)~&

letzteres fir C &40, und damit
| \y I 4)4 « A(logA)-4.
lAdoAgLEN

Schliellich kann fur 2°Ax«=v, auf

* N 7 = -
IogEX]Z o L AIP“'I; l\)/dg)) prs,zdsz B4d,)ev\§2d|pda+0(xYN)
pd2=p; p,d2*"logE”
pES C&CD=X—|

das Lemma . mit R=2E, R"'=E und N/d} an Stelle von N (fur jedes 4 —°gEA)
angewendet werden. Fir die Folgenglieder ab B sind die p£S bzw. die quadrat-
freien d2dL mit co(d?d=x—l und Primfaktoren SlogEV zu wéhlen. Es folgt

.V A N
2 Y -i I-—J) < —(logA):- . <c—(logA)“5,
logE Adi 'P*
pES
letzteres fiir C & 144. Damit wird auch der mittlere Anteil auf der rechten Seite in
(5¢) « A(logA)-s(log. A « A(log A)“4

Bei Wahl eines festen C & 144 trifft daher (63) zu, und der Satz 3ist unter Annahme
von Lemma s vollstandig bewiesen.
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Beweis von Lemma 6. Mit 7?"=— qgilt
o

2 e[—at <« 2 T(n)«x(logx)1-R/s.
a£b,M(lop)K/ V*7 / /jMc(log;c)“R*
bj-~ 1 (logx)~R*"
Die Summe Uber die Produkte mit x (log x)~R”a”bj-"x spalten wir auf

in «dog x Teile 2v> *h denen Uber Intervalle 7V¥<ai6*T¥, T's2Tv, summiert
wird. Jedes 2* spalten wir weiter auf in <sdog x Summen 2™ mit den zusétz-
lichen Bedingungen W “a”W ', W' 2WJX wobei also (logx)R<Wx”
Ax(logx)~R ilt.

Auf jedes 2m kann dann der Vinogradovsche Drei-Folgen-Satz (s. etwa
Prachar [6], VI, Lemma 6.4) angewendet werden. In der dortigen Bezeichnungs-
weise seien die Folgen von Zahlen ux,u2,v durch ux=1, ud=at, Vj=bj bestimmt.
Wir erhalten

. n 1 W, .,
2 m« Tvlog: T\(—+jr +rrr+ 4N ox log: x ((log x)- R+ (log x)) " r) 112 «
\Na 4"

&Xlog: x (log x)-*'8.
Da nur <sdog. x Summen 2m auftreten, folgt die Behauptung von Lemma - .
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SOME RESULTS ON FIXED POINTS

By
B. FISHER (Leicester)

We first of all prove the following theorem:

Theorem 1. If S is a continuous mapping and T is a mapping of the complete
metric space X into itself satisfying the inequality

@) d(STx, TSy) Wec{d(x, Sy) +d(y, Tx)}
for all x,y in X, where 0 , then S and T have a unique commonfixed point.

Proof. Let X be an arbitrary point in X. Then
d((ST)mx, T(ST)mX) S cd((STy”x, (STfx) S
c{tf((,ST)n-.jt, T(ST)-1Xx)+d(T(ST)n~1x, (ST)nX)} -
= ald((ST)n~1x, T(ST)n-1x) + b1d(T(ST)n 1x, (STfix)
S ald((ST)n~1x, T(STy-1x) +cb1ld(T(ST)n-2x, TiSTf x) =
(G'+cbj)d((ST)"~xx, T(ST)n- Ix) +cbld(T(ST)n~. X, (ST)--:X) =

= a2d(T(ST)n~2x, (ST)n-1x) + b2d ((STy~1x, TASTy"x)
where
ar —b"—(J a2—eb2i b2—a™\~ch"

Further use of inequality (1) and the triangular inequality gives us
d((ST)nx, T(ST)X) S
£a2d(T(ST)n-r-Ix,(ST)n-rx) + b2rd ((STy-rx, T(ST)n~rx) ~
S a2d(T(ST)"~'~1x, (ST)"~'x) +
+ch2{d((ST)nr- Ix, T(ST)nr- IX) +d(T(ST)n-r- 1x, (Sr)"-rx)} =
= ardiiSTy-"-'x, T(ST)nr~1x) + b2+d (T(STy-"-Ix,(STy-rx)
=a.r+.d((5rnr-.x, T(ST)"-"-1x) +
+ch2r+{d(T(ST)r~2¢, (ST)n-r- X)+d((ST)n-r- Ix, TiSTF-""x)} =
= a2r+2d(T(ST)mr~2x, (STy-r- IX)+b2+2d ((STy-"~1x, T(ST)n-r~1x) LU
Nan Id(x, TX) + b2 dyrx, STx),
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where
ar+l = cbr, br+l = ar+chr

for r=1, 2, ..., 2n—1L It follows that
ar+2-car+l-car=, = br+2-cbr+l-cbr
so that 4, and br are of the form

ar = Axr+BRr, br = Car+DRr,
where

a=4-{c—c. + 4c)¥B, B = "r{c+(c2+4c./Z

and O<a</?< 1, since 0<c<I1/2. The coefficients A, B, C and D can of course
be found on using the initial conditions but it is sufficient to notice that there must
exist a fixed » such that

d((ST)nx, T(ST)nx)  kR2'-1
for n=.,., ....
Similarly, there must exist a fixed &'>0 such that

d(T(ST)"x, (ST)nm1lx) k'R2'-1
for n=.,.,... and since j<., it follows that the sequence
{5 Ix, NTx, ..., (ST)nx, T(ST)"x, ...}
is a Cauchy sequence in the complete metric space X and so has a limit z in X. Thus
m (ST)"x = lim T(ST)mx =z= JLT SQT(ST)n)x = Sz,
since S is continuous. Hence z is a fixed point of S.
We will now show that z is also a fixed point of T. We have
d(z, Tz) = fimd((STfx, TSz) ~ c lim {(/((ST)"-1*, Sz)+d(z, 7°(57T .} = 0.

It follows that z is a common fixed point of S and T.
Now suppose that S and T have a second common fixed point w. Then

d(z, w) = d(STz,TSw) * c{d(z, Sw)+d(w, Tz)} = 2cd(z, w).

Since 2c< 1, it follows that the common fixed point z must be unique. This comp-
letes the proof of the theorem.

We note that although the common fixed point z is unique it is possible for
5 or T to have other fixed points. This is easily seen by considering any complete
metric space X having at least two points. Choose a point zin X and define mappings
S and T on X by

Sx =X, Tx—z
for all x in X. S is continuous and
d(STx, TSy) =d(z,z) = 0
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for all x,y in X. Inequality (1) is therefore satisfied with c= 1/4, but every point
in T is a fixed point of S.
The condition that S be continuous is also necessary. To show this, let

.a” W

with the usual metric for real numbers and define discontinuous mappings S and
T on X by

S(0)=7(0) =2 S(2)=T(2)=],

S

for »=1,2, .... Inequality (1) can be shown to be satisfied with c=1/3, but S
and T have no fixed points.
If we now put S=T in Theorem 1, we have the following

Theorem 2. If T is a continuous mapping of the complete metric space X into
itself satisfying the inequality

d(T2, Td) S c{d(x, Ty)+d(y, 7)}
for all x,y in X, where 0 then T has a unique fixed point.

We finally prove two theorems for compact metric spaces.

Theorem 3. If S and T are continuous mappings of the compact metric space
X into itself satisfying either the inequality

d(STx, TSy) <  {d(x, Sy) +d(y, TX)}, if d(x, Sy)+d(y, Tx) X0

or the equality
d(STx, TSy) = 0, if d(x, Sy)+d(x,Tx) =0

for all x,y in X, then S and T each have afixed point. Further, if S and T have a
common fixed point, then it is unique.

Proof. If there exists c¢< 1/2 such that
d(STx, TSy) S c{d(x, Sy) +d(y, TX)}

for all x,y in X, then the result follows from Theorem 1with S and T then having
a common fixed point.

Let us suppose then that no such c exists. Then there exists a sequence of
positive real numbers {c,} converging to zero and sequences {v}and {>,}in X
such that

d(STx,,, TSy,,) > (y - c,| [d(X,,, Sy,,) +d(yn, Tx,)}

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



292 B. FISHER: SOME RESULTS ON FIXED POINTS

for n=1,2, — Since X is compact, we can find convergent subsequences {v, (N}
and {y,,(>} of {v,} and {y,,} converging to 1 and y respectively. Thus

d(STxn(r), TSyn(r)) > —ennj{d(xn(r), Synir)) +d(yn(r), 7n,,(D)}
and on letting r tend to infinity we see that since S and T are continuous
d(STx, TSy) mi {d(x, Sy) +d(y, Tx)},

giving a contradiction unless we have

STx —TSy, Sy =x, Tx=y.
It follows that
Tx =y — TSy = STx

and so Tx is a fixed point of S.
Similarly, Sy is a fixed point of T.
Now suppose that z and w are distinct common fixed points of S and T. Then

d(z, w) = d(sTz, STw) = 0,

giving a contradiction. The common fixed point must therefore be unique if one
exists. This completes the proof of the theorem.
The proof of the last theorem is immediate.

Theorem 4. If T is a continuous mapping of the compact metric space X into
itself satisfying either the inequality
d(T*x, T*y)*j{d(x,Ty) +d(y,Tx)}, if d(x, Ty)+d(y, Tx) = 0

or the equality
d(T*x, T2y) =0, if d(x, Ty)+d(y, Tx) =0

for all x,y in X, then T has a unique fixed point.
(Received October 15, 1976)
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A NOTE ON p-COMPATIBLE AC-LATTICES

By
M. STERN (Halle)

Dedicated to the memory of Professor P&l Turan

1 In his paper [3] M. F. Janowitz introduced the notion of a ~-compatible
AC-lattice and developed a structure theory for a certain class of these lattices.
The importance of the concept of *-compatibility is also seen from the other results
of [3]. The class of *-compatible AC-lattices includes all finite-statisch AC-lattices.
Finite-statisch AC-lattices were introduced by M. F. Janowitz [1] in order to
generalize the notion of statisch AC-lattices as defined by R. winie [:] (in fact, the
notions of statisch, finite-statisch and p-compatible are defined in the more general
setting of atomistic lattices).

In this note it is our aim to prove a result on p-compatible AC-Ilattices
(Theorem 4) similar to a result on finite-statisch AC-lattices in [2]. Restricting
slightly the notion of ~-compatibility we are able to prove a certain converse to
Theorem 4 (Theorem 5).

2. An element b of an atomistic lattice L is called finite if it is either 0 or the
join of a finite number of atoms; by F(L) we denote the set of the finite elements
of L. An AC-lattice is an atomistic lattice with the covering property:

p an atom, pa implies a¥p covers a

In the sequel, a<b means that b covers a. For the theory of AC-Ilattices we refer
to the book [4] by F. Maeda and S. Maeda.

An atomistic lattice is called finite-statisch if p*qWa with p, g atoms implies
prqVax for some finite element avta.

Two elements a, b of a lattice with 0 are called perspective (denoted by a~b)
in case there is an element x such that aYx=b¥x and aAx=b/\x=0.

An atomistic lattice L is p-compatible if p~q in L (p, g atoms) implies
p~q in F(L).

Lemma 1 (cf. [3, Lemma 3]). Every finite-statisch AC-lattice is a p-compatible
AC-lattice.

On the other hand, there exists a p-compatible AC-lattice that is not finite-
statisch (cf. [3, Example 1]).

Remark 2. Let p~q for a finite-statisch AC-lattice L or for the lattice L of
[3, Example 1], that is, pVx=~Vx and pf\x=qAx=0 for some XEL. Then
it is always possible to choose an xx*x with x1EF(L) such that pVx.="VXx.
and pAX:=?AX: =% .

We shall also need
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Lemma 3 (cf. [2, Lemma 2] or [4, Lemma 8.18, p. 39]). Let a<b in an AC-
lattice L. Then

(i) The principal dual ideal [a) is an AC-lattice.

(ii) An element c£L is an atom of [a) if and only if there exists an atom p£L
such that c=adp and pfta.

(iii) An element c£L is a finite element of [a) if and only if c=aVd for some
finite element dEL. In particular, if aEF(L) then c£L is afinite element of [d) if and
only if c*a and cEF(L).

3. Now we are ready to prove a result which is similar to [2, Theorem 3].

Theorem 4. Let L be an AC-lattice such that every infinite element dominates
a finite element a~F(L) having the property that [a) is p-compatible. Then L is
p-compatible.

Proof. Let p, g be atoms of L with p~q. Without loss of generality we may
assume that pAq. Then there exists an xEL with

) xdp=xdg and xAp =x/\q =0.

Suppose that x$F(L). By assumption there exists an aAx such that a$F(L) and
[@) is p-compatible. We have p,q”a\ otherwise we had p, gAaAx in con-
tradiction to (1). Thus

() a<adp and a=<aVq

by Lemma 3.
If adp=adq then by aAp=0=aAqg we have p~q in F(L).

Let now adpAadq. Then

(3) xd(adp) = (xda)dp = xd p
and

4 xV(GVi) = (xda)d g —x\! g.
Because of (1) it follows from (3) and (4) that

®) xd (ad p) = x\J(ad q).
We have furthermore

) adp, adq x.

Namely, if eg. adp”x then xd(adp)=xdp”x which contradicts (1). We
note that adp, adg>x is not possible. Namely, if eg. a”“x”adp, then it
follows from (2) that x—a which contradicts our assumption x$.F(L). Thus (2)
and (;) together yield

) xA(adp) = a = xA(adq).

From (5) and (7) we obtain (adp)~(adq) in [d). By the p-compatibility of [a)
there exists an element xx which is finite in [@) such that

() Xxd(adp) = X-f/[p = xf/q — xjd(adq)
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by (3), (4) and (5), and
9) xxA(aV/0 = a = x1f\(a\lq)

by (K/>I A . _ Moo i e

oreover, we have p,q”xx. For, if e.g. p=xxthen pW a”xx in contradiction
to (9) and (2). Furthermore 0" xx<p vyields al=0 which implies p=qg by (),
a contradiction to our assumption p*q. Thus x*O and

(10) pAxx= 0= gqAXX.

From (s) and (10) we obtain that p~q holds in F(L). It follows that L is
/7-compatible which was to be proved.

We now slightly restrict the notion of *-compatibility in the following manner:

An AC-lattice L is called strongly ~-compatible if whenever pMx=q4x and
pAx=qgAx=0 (p,q atoms) in L then there exists an xx*x with xxEF(L) such
that p\Ixx=qg\lxx and pAxx—pAxx=0.

Note that in the definition of ~-compatibility it is only assumed that xx£F (L)
but not that xx*x. On the other hand, we see from Remark 2 that every finite-
statisch AC-lattice as well as the lattice of [3, Example 1] are strongly p-compatible.

For strongly p-compatible AC-lattices we are able to prove a certain converse
of Theorem 4.

Theorem 5. Let L be a strongly p-compatible AC-lattice. Then [a) is a strongly
p-compatible AC-lattice for every afL.

Proof. Let
(11) p'\/x =qg’\Ix and p'Ax =q'Ax=a
in [a) with p'7+q" atoms of [a). By Lemma 2 there exist atoms p, g of L such that
(12) p’=aVp and q'=aVq.
Then
(13) P, A

For, if e.g. p~x then p'=aJp”x in contradiction to (11) since x=a is not
possible because of p'>a. Furthermore p,g>x cannot hold. Namely, e.g.
o X<, yields x-. which implies p'—q" by (..), a contradiction to our assump-
tion p'rq'. Thus from (13) and (12) it follows that

X < xV/>=xW' = xV(aVp) —x\Jp
and
x -<x\!g =x\Jq' = x\J(aVq) = x\/q.

This implies xVp=xVp' and xXV<=xV(q' and thus
(14) xVp —xMq

because of (11). Since L is strongly /--compatible, it follows from (13) and (14)
that there exists an xxEF(L) with X~ x such that

(15) p\/xx=qg\lxx and pAxx—qAxx= 0.
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Then aY(pYxn=aY(@W.\f)) and thus
@Yp)Y(@yxd = (ayYp)Y(ayx)

that is

(16) p'V(av*i) = 0'yY(ayYx0
by (12). We have

A7) *il a

For, if XS d then aYxx—a and it follows by (12) and (15) that

p’=aVp —aVxX¥yp=aVxXVg=a¥q=q¢'
which contradicts our assumption p‘'*q'. Moreover, we have
(18) p'A(aV/i) = a = gq'/\{a\l xi)

which follows from p',q'>a, from aYx1*-a (cf. (17)) and from p',q'*ay
The latter relation holds true because ife.g. p'*aY x1 then a”x (cf. (11)) and
Xx"x (since L is strongly p-compatible) imply p'sx which contradicts (11).
Since Xjs F(L), it follows from Lemma 2 that a fx 1is finite in the AC-Ilattice [a).
Moreover we have a¥ x”x and therefore (16) and (18) yield that [a) is strongly
p-compatible.

4, It is not difficult to prove a result similar to Theorem 5 for finite statisch
AC-lattices, resp. for statisch AC-lattices.

Lemma 6. Let Lbe afinite-statisch AC-lattice. The [a) is afinite-statisch AC-lattice
for every afL. If L is a statisch AC-lattice, then [a) is a statisch AC-lattice for
every a’L.

Before giving some corollaries we clarify some notions. Similar to the notion
of incidence geometry of grade n as introduced by R. wirre [9], one might give
the following definition: AC-lattices in which the principal dual ideal [h) is a finite-
modular (resp. modular) AC-lattice for every element b of height n are called
finite-modular (resp. modular) AC-lattices of grade n (cf. [:], [7]). For the notions
of height, finite-modular, strongly planar and weakly modular we refer to [4].

Corollary 7. Let L be afinite-modular AC-lattice ofgrade n. If L is statisch,
then L is a modular AC-lattice of grade n.

Proof. Let afL be an arbitrary element of height n. By assumption [a) is a
finite-modular AC-lattice and hence Fia)(L) (the ideal of the finite elements of [a))
is a standard ideal of [a) by [1, Theorem 4.6]. The dual ideal [a) is a statisch AC-
lattice by Lemma . Hence = [ (L) is even a neutral ideal of [a) by [5, Theorem 3.2].
By [5, Theorem 3.3] it follows that [a) is modular since Fla)(L) is a modular sub-
lattice of [a).

Corollary 8. A finite-modular AC-lattice of grade n is statisch if and only
if it is a modular AC-lattice of grade n.
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Proot. If a finite-modular AC-lattice of grade n is statisch, then it is a modular
AC-lattice of grade n by Corollary 7.

Conversely, let I be a modular AC-Ilattice of grade n. Then [h) is statisch for
every element bf.L with height n by [, Satz 3.11]. By [2, Theorem 4] it follows
that L is statisch.

We conclude this note by

Coroltary 9 ([1, Theorem 4.10]). A statisch AC-lattice is finite-modular if
and only if it is modular, it is strongly planar if and only if it is weakly modular.

Proof. Apply Corollary 5 for n—0,1, respectively.
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ON THE BEHAVIOUR OF A CERTAIN CLASS
OF APPROXIMATION OPERATORS FOR
DISCONTINUOUS FUNCTIONS

By
B. LEVIKSON (West Lafayette)

§0. Introduction

In this paper we study the behaviour of a wide class of approximation operators
when the approximated functions are bounded and discontinuous. Our theorems
apply to the Bernstein polynomials, the Sz&sz operator, an operator of Weierstrass,
the power series of Meyer—Konig and Zeller and to many other operators as well.

In order to analyze the properties of that many operators in a compact way
we first represent them using a convenient probablistic form. Then we use
probablistic tools such as the Chebishev inequality and the central limit theorem
to estimate the difference between the values of the functions and their approximat-
ing operators at discontinuity points. Our methods simplify proofs, unify them,
and enable one to get easily quite general results.

In § 1 we summarize our main results. In §2 we show how one can apply our
general results to several well known approximation operators, and in §3 the
proofs to the theorems are provided.

8 1. The main results

Let X,,(nwl) be independent and identically distributed (abbreviated i.i.d.)
random variables (r.v.’s) with (common) expected value x and finite variance.
Then P,,(f, x) defined by

() P(fX) = Af(XI+A ~ =)

has important approximation properties for continuous functions. In fact many
well known approximation operators are obtained from this general operator by
choosing a particular distribution for the Xn’s.

The approximation properties of Pn(f,x) for continuous and bounded func-
tions are discussed briefly by W. Ferier fin [5], Chapter VII, Section 1) and in
great detail by D. stancu [11]. S. Kar1in shows that the boundedness assumption
on / can be replaced by an appropriate growth condition provided the r.v.’s are
of Pdlya type. (See [7], Chapter 7, 8:.) In the same book (Chapter -, §3) Karlin
discusses monotonicity properties of the operator for convex functions.

We proceed now to state the main results of this paper on the approximation
properties of Pn(f, x) for (measurable) bounded discontinuous functions.1

1 S stands for expectation.
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300 B. LEVIKSON

Theorem 1. Let Xnbe i.i.d.r.v.'s taking values in some interval J. Assume
(1.2 <aX,,= x0; x0 is an internal point of J.

1.3) 0< VarXn< °°,

Then for any bounded (measurable) function f on J
(1.4 ’;\-(/++/-)S ;LLTO Pn(/, x0 & 7!I_f(l)10 Pn(f,x0 s \Z( L ++L~)

where |~, I+, L~ ,L+are the left and right lower limits and the left and right upper
limits of f at ao, respectively.
In particular if x. is a discontinuity point of the first kind for f then

(1 %5) Hm PN/, x0 = (f(x0+) +/(x. -)).

Remarks, (i) Ifthe X,,’s are one sided P6lya r.v.s. we can relax the boundedness
assumption. Instead we have to impose that / is finite for every finite x and
satisfies the following growth condition:

(1) lim -, forevery y>..

(i) Certain approximation operators may be constructed by a similar pro-
cedure as follows. Let

ISXn=h(xfi AXXQ is an internal point of J and h is a continuous strictly
"a' {monotone function from J* onto J.
If Xnare i.i.d.r.v.’s with finite variances, Sn= kZI Xk, then /1. \I/F} converges
in probability to x0; so one is led to construct

Cl.la O*(/,70) = M(ih-1(M)].

Theorem la. Assume all the conditions of Theorem 1 are in force except for
(1.2) which is replaced by (1.2a). Then for every (measurable) bounded function
f onJ*

(L4a)  A-(/++/-)a fim P*(f.xQ & NTP(f, xQ & J(Z:+ +L-).

For small perturbations we prove:

Theorem 2. Let the rv's X, tk(wSl, k=\, 2, ..., r(nf) take values on some
interval J. For each integer n assume that Xnl, Xn2, ...,X,,r(n are i.i.d. withfinite
expectations xn and positive finite variances bf, satisfying

.7 0<mgi),SM<»> (nSlI)
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and

(i) (*o-*n) ¥Ynb,,"” & (n - 00).
Define

(L9) Qn(, %)= s (-7 -y ™
Then for any bounded (measurable) function f on J

(1.10) ®(2)-+ (L-®08))/+~ Mm Q,(f.x,) s

S W Qn(f, x,) » <PR)L~+(-<P@))L+

where |+, 1~, L+ L~ are as in Theorem 1 and ®(r) is the standard normal distribu-
tion, i.e.

<P(2)= -Le-WVArdy.
(o) @ dE\Zn y

So if n, is a discontinuity point of the first kind, then
(112) lim Qn(f, xQ = <P(®)f(x0-)+ (I-4>(R))f(x0+).

Remark. One can find an analogue of Theorem la to this case.

82. Examples

We may use now the results of the previous section to indicate how several
operators approximate bounded discontinuous functions. First we show how these
operators may be obtained from the general operator Pn(fix) (or Qn(f,x)) by
choosing appropriately the distribution of the Xn's (or X, K's). Then we apply
Theorem 1 (or Theorem 2).

A) The Bernstein polynomials. Let X,, be i.i.d.r.v.’s having the Bernoulli
distribution B (\,x) i.e.

Pr{X,= i} = jc@—x)1-i (i=0,1;,0& m=81).
So

pjf,x)=Bn(f,x) =4 /(]) (3 *4i-*)"-* (0" *S 1.
These are the classic Bernstein polynomials. Using Theorem 1 we deduce
1 (++/-)S limBn(f,x)*W Bn(f,x) »\ (L++L-).

This result was first proved by |. Chlodovski [4] and later by F. Flerzog and
J. D. Hinn [6].
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If for each fixed n, XnJi (1~ksin) are independent and distributed accord-
ing to

Pr{Xrk= }=4(1-x,)1-" (i=0,.)
then

Soif (xo(1-x 9)-1/2(*0-*,,)/«-~0 (n-~) then
0(B)I-+ (I-0(B))1+" fim 51,(, %) & Hs B(f.x,) * <i>®)L~+(-<P(B))L+

B) The Szasz operator. Assume Xnare i.i.d.r.v.’s having the Poisson law with
mean X i.e.

Then

This operator was introduced by O. szasz (see [12)).
To get the limit of Sn(f x,) when x,, approaches a discontinuity point choose
Xtk to be independent Poisson r.v.’s with mean xn. Then Qn(f,x,,) reduces to

S,,(f, x,,) and Theorem 2 reads: If (x0—,,) y'nx*"*R (n—"°) then for any finite
function on [z, °0) satisfying (: .+ ), (. ... ) holds.

C) The Weierstrass operator. Let Xn (nS.) be independent and identically
normally distributed r.v.’s with mean x and variance a2 i.e. their densities are

given by
—co  X<°° 7> ).
Then
dz.

If «<=— this is the classical Weirstrass operator.

For any finite function / satisfying

we have
~«(1++11 S ]lgrénw,,(f, xQ " ,L§mw,,(f, xQ " tL( L ++L~).
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D) The operator of Cheney and Sharma. Our methods apply also to the follow-
ing operator of E. W. Cheney and A. Sharma [3]:

Ku,»*>=i/fj-y (! -.)m « xm?*,

J&“(f) are the Laugerre polynomials of order a and degree k. Using the generating
function of these polynomials one can show that Kn(f, t, x) can be written pro-
bablisticly as K,,(f t, x)=Sf(Z,J(Zn+nj), where Z,,=X1+ ... +Xn+Y Xi, ..., X,,, Y
are independent r.v.’s; each Xj is distributed according to

Pr(X = k) = xk(\-x) (fcs 0; 0s xS 1),
and Y according to

Pr(¥ = k) = exp A*X(Q**0—*)> f=0; i=0; Osisl.

(It seems that this is the first time a probablistic interpretation is given to this
operator).

As ¥Y/n is asymptotically negligible with respect to (X, +... +X,,)/n we deduce
that

<HR)I~+(1- <P@)I+" Un KM, t,xn S lim KM, t xp *
N <P(R)L~+(\-<P(B))L+

where BZ%(nO- n,) \n(\ - x0/¥x0.

In particular this result holds for the operator of Meyer—Konig and Zeller
(see [8]).

Our methods apply to many other operators such as those of V. A. Baskakov
[1], M. Multer [9] and D. Stancu [11].

83. Proofs of the theorems

First let us show that Theorem 1is an easy consequence of Theorem 2. Suppose
Xr, ...,Xnare i.i.d.r.v’'s with mean x and finite positive variance.

Denote X,,k=Xk(nél, k=1, ..., r(n)). Then Xnk (n"I, k=1, ..., r(n)) satisfy
the conditions of Theorem 2 with x,,=x (for all n) And /5=0. Thus (1.10) and
(1.12) hold for Q,,(f, x,,) with <PR)=<R0)=y.

But in this case Pn(f, x,,)=Qn(f x,) so (1.4) and (1.5) hold. Thus Theorem 1
follows immediately from Theorem 2. So we have only to prove the latter. For
this end we need the following
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Lemma 1 Suppose for each n, Xnl, Xn2, ...Xnr(n) are i.i.d.r.v.’s with means
X,, and variances b\ satisfying (1.7) and (1.8). Then

<) R{(T\ ") ¢ SAL* 4 - wD

uniformly for z in R _(l,,=t£(il1)Xn,k)..

Proof. The result of this lemma will follow once we show that the Lindeberg
condition
r(n> ¢

. t
\\I/ar \*2= ik Vars,,(

holds. (Fnk(z) is the distribution function of X,,K).
But for any fixed n, X,,k (Isfcsr(n)), are i.i.d.r.v.’s with variances b\\ hence

Q)
Vars§,, XX

(32) z~xn2dFnk(z) —0 (u~~)

| (z - x nY-dFnk =

=i f (z-xnd4Fnk=s-J- f (z-xmy-dFn<k® 0 (n~-~)
"\z-x, \=er(.nbn 1 U-xn¥sr(n) m
(@ MAbIrm; r(«) —=).
Thus the Lindeberg condition (3.2) is satisfied, hence (3.1) follows. The fact
that the convergence in (3.1) is uniform follows from Theorem 4.3.3 in RLnyi [10].

Proof of Theorem 2. Assume, without loss of generality that r(n)=n, so

Q,,(f Xn) = df[Xn I+ -~+Xn-n] =/ f{z)dFn(z)

Iswhere Fn is the distribution function of tgo"n N n;—

As / is a bounded function, the upper and lower limits at any point exist.
Given e>0 we can find $=<5(e)>0 such that

[*-cs/(z2s L | £ for z€/ and X.—b6" 7 < Xo

I~—s =f(z) L++£ for z£J and x0< z"A X +<§
Let
Ix=In{z: |z—x0 > <& Jz=/D{z: x.—8S z < x0}

J3s /n{z: x0< z ts x.+5}; . = HOk
Write Q,.{f, x,,) as

(@3 Q%)= {1+ [+ f+ HEAFn=1f)+ W+ + NG
X

12 13 14
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First let us estimate hin). As / is bounded, say \f(z)\*M for all real z,
we have

U001 = ff(z)dFn= M f dF,= M Pr{|*-*0 > 4j.

But by the Chebyshev inequality and the boundedness of the b,k

. AR Ao

Hence hin)-*0 (n—
Let us now estimate f2(n)

7a(»»)S(/--e) I<IFB= (/--e)IPr{~<x@-Pr||<x0-adJ] =

= (/“-£) [pr{(®—x,) f«i»-1< (x0-JC))/nb-L-Pr|*-< mo-4j].

Now by (3.1) of Lemma 1and (1.8)

Jm Pr{(*-*,,) Ynb,,. N (X -X,,) V*hB*] = @&(/?)
and by (3.4)

limPr|l—< x,—aj = 0.

Hence hm 12(n)*<P(R)I~, similarly lim 12(n)s;®(fi)L~ and

H-*-00

(3.5) (1-©02))/+~ hm hin) S M1 /s (M)A(1-® (/2))C+.

n- co

The fact that /. (i1))—0 follows immediately from the continuity of the limiting
(normal) distribution.

Combining our estimates yields the theorem. Q.E.D.
The proof of Theorem la is similar, hence it would not be given here.
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ON FUNCTIONAL CENTRAL LIMIT THEOREM
FOR STATIONARY MARTINGALE
RANDOM FIELDS

By
A. K. BASU (Sudbury) and C.C.Y. DOREA (Brasilia)

0. Introduction

The term random field is often used to denote a collection of random variables
with a parameter space which is a subset of the A-dimensional Euclidean space Rg
Stationary random fields are of great practical importance and hence also of
theoretical interest. Examples of random fields occur in biological investigations
concerning the distribution of plants or animals over a given area, when (- .
and t=(?i, t is a point of the area. In problems involving propagation of electro-
magnetic waves through random media the natural parameter space is a subset
of i?4, representing space and time. Further important examples occur in the theory
of turbulance where, for example, one may consider the case q=4 and t is a point
in space-time, while £x(t), £ (t), 8s(t) are the velocity components of a turbulent
fluid at the point t. Multiparameter stochastic process (the so-called random field)
plays a prominent role in weak convergence of empirical process to Kiefer process
(a two-dimensional Brownian bridge), Brownian sheets, and sample spacings. In
this paper we extend the concept of martingale to random fields and obtain a func-
tional central limit theorem for such random fields. An important example of
martingales with a partially ordered parameter set is the following generalization
of Wiener process. Let s« be the family of all Borel sets in Rghaving finite Lebesgue
measure. Let {XA, A£sdq) be a real Gaussian additive random set function with
E(xm=0,E(Xnxs)=T (A NB) where m denotes the Lebesgue measure. Intuitively,
XA can be thought of as the integral over A of a Gaussian White noise. Such in-
tegral of Gaussian White noise has extensively been used by Physicists and
engineers.

1. Martingale random fields

Martingales with a partially ordered parameter have been considered by
Cairoli [4], Wong and zakai [10], and reCently by Shorack and Smythe [s]

Cairoli’s definition of martingale is through product type of probability spaces
which is very complicated and of limited scope. Wong and Zakai’s approach through
increasing path is not suitable for weak convergence. Shorack and Smythe’s [8]
definition is stronger than our definition if g>1 The definition of martingale
field given in 83 is natural for stationary processes which is our primary interest.
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2. Notation

Let Zq denote the set of all . -tuples of integers (g~\, a positive integer).
The points in Zgwill be denoted by m, n, etc., or sometime, when necessary, more
explicitly by (ml,m2, ..., mfi, (w,n2, ...,ng, etc. Zq is partially ordered by
stipulating m=:n iff mrii for each i,Isi®*q. We write 0 and 1 for points
(0,0,...,0) and (1,1,..., 1) in Zq respectively.

Let {£, nEZ«} be a random field, i.e., a collection of random variables in-
dexed by time-set Zg. The random field is said to be stationary if for each finite
subset S of Zg and each m£Zq the joint distribution of {En+m:n£S} is the same
as that of {£,. n€5}. Here n+m is the usual coordinatewise sum.

For each n(nsl), let F, be the tr-field generated by {cP:Pj=\ forj= 1 ..., q
and for at least one *1SpjS/ij}. Note that Fnis the er-field generated by {£p: p> nj

For n”l, define the partial sum Sn—/\’_‘/\n . Whenever convenient we will

extend the domain of Snto include indices some of whose coordinates may be
zero. In such cases we define Sato be zero.

Let T be the closed unit interval [0,1] and Tqthe . -fold Cartesian product
of T. Let Cq be the set of all continuous functions on Tqwith the uniform metric
and, as in Bicker and Wichura [1], let us denote by Dqthe Skorohod function
space on T[c:1Ir All the properties of Dq that we need can be found in Bicker and
Wichura [1].

If n=(/i1, n2, ..., ng), let |n| stand for the product nini...ni. Define [t| similarly
for t£TQ In this paper the limit n—°° will mean ig}is% n,—= On Tqas well

as Zqwe use the maximum norm, i.e., if tCT? or n£Zq, then ||t||= irg]agg( I?JI and

Inil = m ax \rlj\
If F{c}=«<.. for all n~l, we define for tdTqand n”"I,
X*(0 = («2|n])-1/2XS]nidL...Inglq],

where [¢] is the usual greatest integer function. The stochastic process XB has
sample paths in Dg

3. The central limit and related theorems

The main theorem of this-paper is
Theorem 1 Let {cn:n”1} be a stationary, ergodic random field for which
(1) E(c;\Fm)=0 whenever m-=n with probability 1

andfor which F {cZ}= & is positive andfinite. Then the net [X,,: nis 1} of stochastic
processes converges weakly, in D4 to the g-parameter Wiener process.

Remark. There is no loss of generality in working with the random field
{cn: ncZ 3 since given a random field with “one-sided” time set, we can construct
a new random field with time set all of Zq and with the same finite-dimensional
distributions (cf. M. Rosenbiatt [7] in the case 9=2). Now if we let F* be the
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onfield generated by {tp: for at least one j, pt=nfi (.) becomes by stationarity
(D) £{£p| FpLi}=, with probability ..

The techniques used in the proof of this theorem are, with some exceptions,
essentially those used by Birtingstey [2] t0o prove Theorem 23.1 there and further
exploited by C. M. Deo [5]. The proof will be carried out in the following series
of theorems and lemmas.

Theorem 2 (A characterization of the "-parameter Wiener process). Let X be
a random element of Dqwith P(XfCg=1 and P(X(0j)=21 Moreover X satisfies

Condition 1. For t(l), ..., t(d tETq and G the afield generated by {A(t(D), ...
LLXES), XY, 1f 0+tf>, .., tpAtjA 1 then

2 limi-£{|E£Ne , tji+hj, ...,.tg-X (tl, ..., D|GH} =0
for all y=1I, .,
(3) lim~ E{AE{(X(t | tj+hj,....tg—X ( f 9)IG)-

-hj IJJ_ ?2}=0 foral j=12 .. q
*]
Condition 2. Let tETq If tj<I then

lim lim.sup +— !
(4) a0 qll“ P Vh xar . rA-xctj...L P&}
-X(tL,...,t)4P =0

Then X is the Wiener process on D4

{X(tx,tj+hj, tg—

Proof. The proof, with few modifications, is similar to the proof of Theorem

19.3 of Birtingstey [2]. We will prove for the case q—=2 (for general g the proof
is analogous).

Fix points tQET2 (y=I, ...,k) with ..., f[k<1 Fix real numbers
W, ..., uk. Lett£T 2with t2fixed and let f and unvary over the strip max o KA
=ij<I, ~«<«<». Put

(5) d(f,t2u) =Ejexpj 2 iuix (10>)) ]

Proceeding as in Birtingstey [2] one obtains for arbitrary v and Oa"1, ..., t[k)S

) £jexp j 2 W:IF(ti)j e xWeitixs fl)-Ar(ii,id]]

—Ejexpj2 iujX(t0))] eiuXm
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Thus we have shown: given t(1), t(t),tET2 if then
X (s, t —X(t1, t2) has distribution N(0,t2(s1—t1) and is independent of any linear
combination of the random variables X(t(D), ..., X(t(), Z(t).

Doing exactly the same for the second coordinate we have: if 07t.0)
N,Si2s 1 then X(tk,sd—X(t1,t2 has distribution N(O, t1(s2—t2) and is in-
dependent of any linear combination ofthe random variables Z (t(D), ..., X(tdl), Z(t).
From above it follows that X(t) is W(0, |t|) and

£{AA'(S)} = min (?!, Sj)Xmin (12, s2.

By Cramér—Wold device (see Birtingstey [2], p. 48) it remains to show that all
finite-dimensional distributions are normal. It suffices to show that for arbitrary
points t(1), ..., t() of T2 any linear combination of the r.v. A'(t<), is
univariate normal (with zero mean). The proof will be done by induction. If n=I
we have shown that X(t) is N{O, |t|). Suppose true for n=k—1 (k"2). Now for
n=Kk, given K points in T~ we can always order them with respect to the first
coordinate and relabel them so that we have t(), ..., ia>cT2with

«='j o Given real numbers al,...,ak let Zx—2 ajX(tiJ). Then

(7) E{éuZ} = e~1ADGE{eiuzy,
where
«1 = aStf)(f*)-/i"1))e o and Z.= 2 ajX(t")+akX(V)

with t*=(t[k N\t~K). Notice Z2 is a linear combination of Z(t(@2),..., Z(t(l 1),

X (t*) and we have one match in the first coordinate, namely, t /. Now order
t{D), ..., t(t Z)Rt* with respect to the second coordinate and relabelling them we
have Z2= JXbjX(s(j)) (for conveniently chosen b/s) where sat- ja ®
then -

(8) E{e'ud} = e-l/2wde-1/2122E eiuZ3)

where

& = bks"K) (s(>-s'k-19s 0 and Z: E Dbjxm + bkx(s*)
J-:

with s*=(9)%),sEi_1)). Notice Z3is a linear combination of Z(sa)), ..., Z(s<; ))r
X(s*) where we have one match in the first coordinate and one match in the second;
coordinate. After k times this procedure, we have

9) E{eilzi} = e- 12"Ditemet)E{eiuzk-+T,

where Zk+lis a linear combination of {X(r(j)),j =1, ..., k) and we have K matches,
among the coordinates of {r(j), j= 1, 2, ..., k). This implies that Zk+1 is a linear
combination of (A'fv?), j=1, ..., k—} (relabelling the r/s) and by induction
assumption Zk+l is univariate normal with zero mean, thus Zr is univariate normal
and this completes the proof.
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For XE Dgand 0<<5<1, define the modulus by

(10) w(z:<5) = sup{j2ft)—ZO)|: ||lt—s| S &
Theorem 3. Suppose that {X*(t): ncZq t(fTg nsl} is uniformly integrable

for each tET4 that X,(0) L. 0, and thatfor each e>0, iy=>0 we canfind a ¢)>0
such that

(11) P(w(Xn;6)"e)<,1
for all sufficiently large N Moreover XB satisfies

Condition 1. For t(), ,t@®), t(fTq and G, the G-field generated by
{X,.(tQ), ..., Xat™), X(©)}. If 0Sty, 1 then

@2)  lim limsup -j-EQ\E{Xn(t\, ...,tj+hj,..., t)-X (t, ,tQ\|G.}} =0

for all . =.,., g
(13)

Mm Ilnr;l_%gjp U I[EUXfh, ...,tj +hj, t9-X(tu ..., 1\ \GB-hj {,]j tt\} = ,

for all .=.,.,...,q.

Condition 2. Let tETqg If ~<1 then
(14)

lim limsup lim sup — f (Xfh, ..., tj+hj, ..., tq) -
BTee M0 e e dj b, ... 1,))SS}
-X{tL....tgfdP =0
forall . =.,.,...,q.
Then Xn converges weakly to the g-parameter Wiener process X(t).

Proof. Using Theorem 2 of this paper, the proofis similar to that of Theorem
19.4 of Billingsley [2].

The next theorem is a multiparameter version of the ergodic theorem 6.21
of Breiman [3].

On (P, Bfi) define the transformation T=TZI"’1:PLAPL, T{xUl....s
Xii1en2y o) ={X22...2, Xo52...0, ...).  Then we have q commutating shift trans-
formations (again, cf. Rosenblatt [7], p. 555) r1=710" T1,=F040" ...
tg—Tuu’ . with TJAL—XTT+,2 tzAn—X,,b,2....B,,.... TgXa Xnit,2...Mgh*
Stationarity of process implies invariance of the probability measure P under g
shifts i.e. for any measurable set A

P(t1A) = P(uA) =...= P{igA) = P(A).
By ergodicity of process we mean that

Jlim 1 e P (tilt\* mmtgf‘A) = P(A)
"I
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for each measurable set A. A set A is said to be invariant if TIA=t2A =...=x0A
up to an exceptional set of probability zero. If {&}is stationary then T is measure-
preserving.

Theorem 4. Let T be measure-preserving on (Q, F, P). Thenfor X any random
variable such that

(@) for each j (j=1,...,q) andfor fixed u UAj),
v Vi
Lo . . . i A
lim Ti k2=o X(Tk.....(0) —E{X\J) a.s. and uniformly in {n;, i " j}.

1nin g

(b) I'ml_l E X{Tb *<) = E(X\)) as.,
where J is the class of invariant sets with respect to T.

Proof. It can be done as in Breiman [3] with few modifications as follows:
for each j (/= ., g) and for fixed nt (iVy) one can show that

(15) .Y, dP LLO,

(For example if q=2, Y, (w) = X@)+ X(T°-1(0)+ ... + X(T°-"z~lio), Nni(co) =
= YJHcn)-|-YJR7'T0iA))+... + YTR7'r 1-°u).) where

Yn, - ; X (Tkl...K@ and Mi = max{0, Nx, ...,Nn),
(i"1,k=)
where

N,,,= (M * k).

*'Tl*<

K=
]
Then (a) follows and due to the uniform convergence (b) also follows.

Coroltary 1. Under the conditions of Theorem 4
{a) for each j(j=1,...,q) andfixed nt (ifij)

Jjm E £ K2=0X(TI(....kco)-E(X\J) =, uniformly in {1~ 17j}

(b) imE mn B X(TH..K(0)-E{X\J) .
)3

Proof. Using Theorem 4, the proof is similar to that of Corollary 6.25 of
Breiman [3].
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Lemma 1. Under the hypotheses of Theorem 1 and assuming that |£0js/ with
probability ., we have

(16) sd.> | 2/4

Proof. First notice that from (1) it follows that the r.v’s cp are orthogonal
and by stationarity it follows that
17) ES*...,,q- nl...nqai.

The proof will be done by induction, the case q= 1 has been shown by Bittingstey
[2]. Assume it is true for q=m—1, then for g=m, ES*=" £ {"ifk"i} with
the indices ISis, js, ks, Is~ns for s=.,...,m. Take the first coordinate of the
indices, i.e., ix, j\, kx, Ix, if the largest of them is not matched by any other then
by E the term vanishes; if we let S(ix, j\, kx,, - . fiCiCkii with the indices
IS;), js, ks, Is=n&for 5=2, ,m and ix, j\, kx. /, fixed, then we have

E{S4= 7 ES(kx, .,k +4, 2, ES(NKikiki)+6 (£ ES(h.h, " k.

By using the induction hypotheses the first two terms on the right contribute at
most 3«|(6m.n|...n"/4 in all, and the last sum is by (!")

ez 2 E{<-i..MU =6 . a{<-m...nji)
T g=27..m 1nsAm

and by (18) it cannot exceed 3 |n|2/4.
Our next lemma is a multiparameter version of a submartingale inequality
of Doob [6].

Lemma 2. Under the conditions of Theorem 1, andfor y> I
(18) E{max|5k>)s= ( ~ T)', £{I5I}

proor. The proofis similar to the one given by w icnura [9] and will be done
by induction. For g=1 (S€€ b oo» mr& s17), suppose true for g=p— I, we will
show it also holds for g=p. Given (ns ...,np, let 1*m~np and

E Kr,...,K fni) ~ 2 <J....jp - ilm
In<p
i'm—  ..kp_1("))I7kitni Ni<p
and put
meooritP1r 11 el PRl 1 Tt
Now by (I

E(Vm+i-V m\x, ..., Vi) - E(UmHNUX ...,un) = 0.

Thus (Vn)1Sms,p is a martingale in Rni+ -+, and the proof can be completed
as in Wichura [9]. Professor D. J. Scott drew our attention that this lemma could
probably be proved by Lemma 1 of Shorack and Smythe [s].
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We now proceed to the proofof Theorem 1. Enough to show that the hypotheses
of Theorem 3 are satisfied. Given

(D), tw,tETq with 0~ /j), tj =tj< 1
forsome j (/=., Q) let
zZi— Lo, ti+ hij, . tg) — X B(t1, ..., tq)

and Gn the cr-field generated by {Aj,(t2), ..., Aj,(t¥), Aj,(t)}. Now
Zi={an|)-11

PEA
where A={p: . s iX], W2]<p~Nur(ly+/r™)]}. Using the fact that
GnQFp_i for pcA, (13) will follow from (1)- The remaining of the proof can be
done as in Bittingsley [2]

4. Integrals in place of sums

Theorem 1 has a natural formulation with cnreplaced by a process in con-
tinuous multidimensional time. Let {rt(co): -a><i.<0=; . s /a <} be a stationary
random field satisfying E(v)< °° defined on a completed probability space (12, F, P),
i.e., for every finite subset {t(2), t(, ..., t()}of Rgand each s£Rq the joint distribu-
tion of f&t(i)+s, ..., rt(@+s}is the same as {uta>, ..., Here t+s is the usual
coordinatewise sum. Suppose that {r,} is measurable with respect to a(FX Bqg). Bq
is the Borel field of Rg (Docb [6]), so that the Lebesgue integrals

1

q
f ... J W(co) dlix ... dug
i g9

are well defined and finite with probability 1. Let Yabe the random field of T4
defined by

F.@t 0 = (cr |n)—- jf ...J rs(m)dsi...dss
0

0

where a2=E(v%)>0 for all n~1. (Note Y, lies in Cg) A subset B of Tqis called
a block if it is of the form /_7 (sj, tj\, (Sj, 1j’s being half-closed subintervals of
[0,1]. If V=(rt:t"T4 is ajsiochastic process, then the increment V(B) of V
around a block B= Jj (Sj, tj\ is given by

j=i

V(B) = Ejgo,lgoz(),l _2 ( Vg £av3+ (ix 9)sH,(-S2....S+S
For every finite subset t(1)-=t(2y«=...<t() of Tqg £(%»)|F<-i>=0 where F,w
is the e-field generated by {pt€> Zp)s| for j=.,.,..., g and for at least one j,
Is=ijp)=szjn)}:

Acta Mathematica Academiae Scientlarum Hungaricae 33, 1979



ON FUNCTIONAL CENTRAL LIMIT THEOREM 315

Theorem 5. The net {¥,,: nsl} of stochastic processes converges in Cq to the
g-parameter Wiener process W.

Proof. Although we could imitate the arguments used before for discrete
time, it is simpler to reduce the present case to the previous one. Following
Billingsley [2], p. 178, let

| r
&= ] mmJ) \edsl —Rp
"l~1 »,-1

then by applications of Fubini’s theorem
(19)

Now if the blocks B1, B2, ...,Bk are disjoint in Tqthe Yn(Bfs are orthogonal
(Doob [:], p. 514). Since the process {ut} is stationary, by Doob [], p. 514, the
process {r,} is metrically transitive (ergodic) and hence {£,, n*l} is a stationary
ergodic process satisfying (1) or (1)- By Theorem 1, Xa=>W, the ~-parameter
Wiener process (Bitlingsley [2], p. 23). Now

pi A
G6a= sup [ro(t)-Jrn(t) ((T|n])-2X max f f .. f |r,|dtldt2...dt,
A % R R.-i
so that
PRse}- / ?2dP,
where

I |
C=/[eem/ I»ldsi...dsq.

By (20) 6a”™~0 and theorem follows by Theorem 4.1 of Billingsley [2], since
XD=>W.

Remarks. The proof of our Theorem 1 could have been shortened consider-
ably if we could prove Theorem 1 using Lemma 3 of b eo [5]. The work on page 7
(cf. also the proof of Billingsley’s theorem 19.2) suggests that condition (iii) of
Deo’s lemma may hold in the situation under consideration. This amounts to prove
that the conditions of our Theorem 1 imply that the random variables X,, are
asymptotically independent. But this is a very difficult problem which we are unable
to solve at present.
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A TURAN'S PROBLEM ON THE 0—2 INTERPOLATION
BASED ON ZEROS OF JACOBI-POLYNOMIALS

By
J. S. HWANG* (Hamilton)

Let {xj},=.,2,...,n be a sequence of points satisfying
(@) 1S X,> x2>...> xnf —L

J. Suranyi and P. Taran [1] called a sequence {x,} with the property (1) a 0—2
interpolation sequence if for arbitrarily prescribed numbers ,Zj, there is a
unique polynomial M2n 1{x) of degree -&n—1 so that

) n2,1xj))=yj, nniIx)=zj, j=.,., n.

Let {=} be the zeros of Jacobi polynomials P&R)(x). For the ultraspherical
polynomials P&EXX(X), Suranyi and Taran [1, Theorem IllI] has determined all
values n and a for which the sequence of zeros Xj of P(x)(x) is a 0—2 interpolation
sequence. In [3, Problem 9], Taran asks: is it true for cc”B that the zeros of all
pu,x(x) js a g- . interpolation sequence? If not, then determine the “bad” cases
when (.) is not fulfilled.

In our present note, we shall answer this question by proving the following:

Theorem. Let {a7}, j= 1,2, ..., n be the zeros of P(xtt){x) and let the sum
x=a+R be not an even integer and satisfy

(3) A+ WU+5+£E)x + [3e(n—1)—2(2n. —9n+ 3)]x + n[e(: , —3)—4(n—)(n—3)] = 0.

Then for all sufficiently small £>0 and 0< \d—8\<£, the sequence {7} is not a
«— interpolation sequence.

Proot. It is sufficient to prove that if there is a polynomial M2n r(x) satisfying
(2), then there are infinitely many polynomials satisfying (2). This, however, is
equivalent to the existence of a polynomial KIn*(x)~0 for which () holds for
the particular value yj=zj=0, j=1, .,..., n, because the family of polynomials
n 2+i(.x) +cKa,,-i(.x) will again satisfy (.).
Since yj—0, K2,-i(x) can be written as
K2n 1{x)=P Ix-K)Rn_1Xx).

For simplicity, we replace Pf'*Hx) by Pn(x), then

4 Kin- 1(x) = Pn(x)Rn- 1(x).
By the conditions Zj=0, we also have for j=1, 2,..., n,
(5) PARA"W + IP2AK ~AX]j) =0

* | am indebted to Professor Taran for his guidance on this problem when both of us visited
the University of Montreal.
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The Jacobi polynomial P,,(x) satisfies the following differential equation (see Szegé
[2, p. 59]):
(- —xy"+[R—a—x+R+2)x]y'+n(n+a+R+1)y —.

It follows that
() (1-x5)PZ(xj)+[R-a-(a+B+2)xJPn(xj) = 0.

Since each Xj is a simple zero of Pn(x), Pn(xj)”*0, (5) and (:) yield that for each
j=12,

(I-x))K _1(x)-\/2[R-0i- (&+R +2)xJRn_1(xj) = 0.
We then obtain the following identity:

) (I-x*)R'a_1(x)-/2[R-x-(x+ B+ 2)x]Rn- 1(x) = cPn(x).
To compute Rn_x(x), set
8 Rn-i(x) = "z CyPvix).

(7) and (:) give
©)) 1 -X2 =ZO cVPV(X)-1/2[B-x-(« +B+2)X] =Z0 cvPv(x) = cPn(x).

To compare both sides of (9), we need two recurrence formulas of Szegs
[2, p. 70-71]:

(10 (1-x2)7>((x) = AVPV*(x) + BVPY(x) + CvPv+1(x),

_ o (Vo) (v (VE <+ 24 )
v (@Qu+s+R)(2v+a+B+.)

, A 2 V(«-/Q(V + «+/[?7+])

(1D vV (Qu+0i+R)(V+G+R+2)
V(VHD)(V+a+B+1)
v (2v+a+/?+1)(2v+a+0 +2)’
(12 XPv(x) = DVPV(X)+£WP, .. (X) + FvPv_x(x),
i Dv= z* ,
(z—vq-—«q-—ﬁg(Zv+E=l-‘B—-F2)
(13) 1 K _— A(V+1)(z +«+/?+1)
vV (v+ta+/?2+)(v+a++.)’
= - (vt o)y +/Q
v (v+ix+B)(2v+a+R+1)
where — ., [7=—.,v=1,., n—1.
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Combining (9), (10), (11), (12) and (13) we obtain
(14) cP,,(x) = PO(X){cl[AL+1/2(a+R+2)FT}+
+ P\(x){c2A2+ U2+ 2+ 2) FA+ OfB1—1/2 (R—a)+ l/2(cc+ R + 2)DA+cO)+ ...
+Pn-2(x){cn- 1[An_1+112(x+B+2)Fn Q+
+ cn-2[Bn-2~ 1/2(B—a)+ 1/2(a+ ~+2)On_q + c,,_3[Cn_34- 1/2(<x+R+2)En_3J}+
+Pn_. (x){cn . [5,,_:-1/20S-a)+1/2(a +~+2)G,,_ T+
+cn . [Cn . +1/2(a+ )7+ 2)E'n . }+/5(){cn . [C, . +1/2(a+"+2)En_1)).

By the orthogonality of Pv(x), we find from (14) that all coefficients of Pv(x)’
v=0,1,2,...,Nn—1 must be zero. This yields the following identities:

(15 cvHJAVHL+I/2(a + B + 2)Fv+]+ cv[Bv—I/2 (B—x)+ 1/2(a + B +2)Dy| +
+cev-i[Cv_i+l/2(a+~+2)Ev ] = 0,

where v=lI, ., n—.
In view of (11), (13) and the condition a+jMeven, we obtain
(16) AV+HLI+HI2(tX + R + 2)FvH =
: (VHI+0Q(V+ I+ M v+a + ft+.)+1/. (a+ft+.)] _

(2v+a+R+2)(2v+a+R+3)

) ! Bv-112(R-0i)+1/2(oc +R+2)Dv =

(sB)[2v(v+d+B+D+1/2(2v +a+R)(2v+a+R+2)—I/2(a +R+2)(a+RB)] /
(2v+ a+j?)(2v+ a+ B+ 2) * m

2V(V+a+ [(v—)/ (a++.)]
(2v+a+B - ](2v+ <«+RB)

By choosing c0+0, and applying (15), (16), (17) and (18), we can compute all
g in terms of ¢0, j=1, 2, n—L The only thing we have to worry is the
coefficients of P,,_.(X) and T _l(\) The numbers c,,_i and c._. which have been
computed in the coefficient of Pn- 2(x), must satisfy the coefficient of Pn_r(x),
namely,

(19 c,, 1[B,, 1—I/2(R —oc)+1/2(a+R+2)Dn_T+
+ cn-2[Cp2+ IR (x + B +2)En- 4 —0,
where cn ', c,,-2+0.
Let n—/?= ,ch"~_*le and ct+R=x, then by (17), (18) and (19), we find the equation
(3). Clearly, for any 8<1 and ti"“4, we have
/(0,£) = n[e2n—3)—4(n—-)(n—3)] < 0,

(18) C. .+ 1/2(a+jS+2 ¢ . .

and
/(2n,e) = [i[e(12n—9) + 72n—24] 0.
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It follows that the equation (3) has a positive solution s between 0 and 2n. This
gives
OG-R=;di"e=0

Cn-l
X+R =5,
and therefore we obtain the solution
s+ & s—0
and p = .

2

By choosing sufficiently small e>0, we have <x—1, and R =— 1 This implies
the existence of all coefficients cv, v=.,: —, and the polynomials P,, i(x)
and K21 r(x). Hence {xy} is not a 0—2 interpolation sequence. The proof is
complete.

Remark. In the above proof we start from the coefficients of Pn(x), PL(x), ...
..,P,,(x). Similarly, we can reverse the process. Starting from the last one we can
compute cn ! in terms of c, then c,_2,¢,, 3,  We come to the coefficients of
P,(x) and P&(x). In P-i(x), the numbers c: and c. are determined in terms of c.
Therefore these two numbers must satisfy the coefficient of P2(x),

(20)  c [Aa+l/2(a+R+2)F3+c [B2-1/2(R—a)+ U2(a+R+2)Z] - O,

where ¢ 70, ¢ ™0. Again, let &#—8——=s=S and a+B=x, then by (16), (17),

c2
(o) and the equality a/l=(x. —6.)/4, we get
(21) g(x,e,<5) = 3x. + 58x3+(148-3<52+ 326)x 2+

+ (1272 —2<5 + 320e)x + 5 (180 —54. + 84e) = 0.
For sufficiently small .. we have
90.£9>0 and g(—=2e0O<0

Therefore equation (21) has a solution —2<a<0 suchthat a>— 1 and B>— 1
This again gives the existence of PA'R){x) such that its zeros are not a 0—2 inter-
polation sequence. In both cases, e=*0 can be taken through a small interval.
It follows that there are continuum many such polynomials P (*R)(x), oc™3, whose
zeros are not a . — . interpolation sequence.

In the above theorem, we require that the sum s=a+R be not an even integer
and satisfy (3). It is clear that the condition (3) is necessary. Moreover, the first
condition is also necessary. If s is an even integer, then the theorem is no longer
true due to the following

Example. Let a=1+/2/3 and [A=1-—/2/3. Then by (18), we have
C.-rl/2@ R+2)E2=0. For convenience, we denote the numbers in (16), (17)
and (18) by Xv+1, Fv, and Zv_x respectively. We then have

G=(R- a)cd2X1, c, =- Yx(B- a)cJ2X1X2,
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and
G - (YxV2- X2Z4 (R- a)cIJ2X1X2X3.

The numbers of a and R are the solutions of  Y2—X2Z1=0 with a+ /1=2. Hence
we have ¢ =0. It follows from (15) and (16) that c.=0. By repeating (15), we
obtain c3=ci-c5=...=cm1=0. Since c"O, c2?40, the solution of 72, _1(a) does
not exist. Hence the theorem is not true.
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A GENERALIZATION OF A THEOREM
OF A. KERTESZ

By
H. TOMINAGA (Okayama)

The purpose of this note is to prove the following

Tneorem. Let A be a subring ofa ring R. If the additive group (R, +) of R is
the sum of (A, +) and a subgroup {B, +): (R, +)—A, +)+(B, +), AB=BA=0,
andfor each xER there exists eER such that x —ex£A, then R is the ringtheoretical
direct sum of A and B2

Needless to say, our theorem includes that of A. « crces: 127 @S Well @S o inn
van Huynn [1]. As for notations used here, we follow [1].
In advance of proving our theorem, we state the next

Lemma. Under the hypothesis of our theorem, if xis ...,x,, are in R then there
exists eER such that xt—ex{dA for all i. Especially, in case xr, ,xn are in B,
such an e can be chosen from B.

Proof. Choose an element e,,£R such that x,,—e,,X,,BA, and set Y1=x(—ext
, ...,n—1). By induction method, there exists e <R such that yi—e'yfA
, ...,n—1). Let e—e'te,,—e'en. Then we have xi—exi=yi—e'yieA
(i=1,..., n1—1). Noting here that A is an ideal of R, it follows x,,—ex,,=
=(X,,—€,,X,,)—€"'(X,,—€nX,,)€A. The latter assertion will be almost evident.

Proof of the Theorem. Since B2B2QB(A+B)=B2 the additive group Bl
forms a subring of R and AB2=B2A =0. Now, let r=a+b (afA, b£B) be an
arbitrary element of R, and choose an element e€B with b—eb=a't.A (cf. the
lemma). Then r=(a+a')+eb£A+B2 Finally, we shall show that Af]B2=0,
which will complete the proof. Let a=xlyl+...+X,,yn be an arbitrary element
of Af)B2 (x;.yes). Again by the lemma, there exists e fB with x,— e'x"A for
all i. Then a=(xl—e'x)yl+..- +(xn—e'X,,)yn+e'a=0.
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POLYNOMIAL INEQUALITIES AND MARKOV'’S
INEQUALITY IN WEIGHTED //-SPACES

By
P. GOETGHELUCK (Paris)

Notations and main results

Let Ie|p and | -||* be the usual norm for functions in Lp(—1, +1) and for
27r-periodic functions whose restriction to [0, 2n1 belongs to Lp(0, 2«), respectively.
Let Tl,, and I'* be the set of algebraic and 2re-periodic trigonometric polynomials
of degree at most n, respectively.

1 Inequalities for trigonometric polynomials. Let ar, a2, ..., as, bl,b2, ... ,bs,
be real and positive, BLBT,...,B, satisfying 01<B2<mmm<B<01+21, and w,v,
27t-periodic functions such that for 6£[(01+09/2—, (., +.,). +Tr].

w(.) = I B-B"HB), v(9) = !‘I\eeil\/(e),

where @ and ¢ are two measurable functions bounded from 0 and infinity. We
«et r=max (blt b2, ..., b9).

Theorem 1. With the previous notations, there exists a constant C(v, w) such
that for any p€[l, +°°] and arbitrary TEM*(n”.) the estimate

WV AC (v, w) n r\TwA*
holds true. Furthermore r is the best possible exponent.
2. Inequalities for algebraic polynomials. Let al; a2, Rlt 82, ¢ c2, ..., cs,dl,

d2, ...,ds be real and positive, 2, x2, ...,Xxs€]—1, +1[. We define ux and w by

iifx) = o -v/O +xyi N \x-xfiffx)

1 K *e[-i, + i)

WW =, +x)"2i1f \x-Xi\df 2(x)
where f and .. are measurable functions bounded from 0 and infinity. Set
d=max (. aa, 282, d1,d2, ..., d9).

Theorem 2. There exists a constant c(ux, u2 such that for any /? [L +°°]
and arbitrary P£I1,, (M=.) the estimate

[/ujp si C(us undLPwl ip
mholds true. Furthermore d is the best possible exponent.
3. Markov's inequality in weighted L p-spaces.
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Theorem 3. Let ukas in Theorem 2. There exists a constant C(un) such that
for any /»€[1, + °°] and arbitrary PfLI,, the estimate

WP'uirp — C(u)n2||/m1p
holds true. Furthermore the exponent 2 is optimal.

These results contain as particular cases some theorems of [3] and [5], specify
some results of [.], and improve [.] dealing with the case p—2

Proof of Theorem 1

A fundamental tool is the Bernstein’s inequality:

For any TEM™* the estimate || T\\t>=n!|7||1 holds true. It follows that if
[ =|W .. then, for p —o=(Gw.. wehave: |[F(GC)-T (O™ - -oM|

-+ m i, therefore
) IFG)|é £WTWt if |p-.,,]ac:n)-K

To establish Theorem 1, we need a lemma. Let <G, %, 4 be real and
positive, cp!, (2, ..., ¢t satisfying (pl<(p2<...-=:(pl<(pl+2n, u a . n-periodic func-
tion such that for (p£J=[((p1l+ (pi)/2—n, ((E1+ (pl)/2+n]

I

U(<P) = N \<P-<Pi\SiUo((P),
1

where w is a measurable function bounded from 0. Set <b=max (&L 62, ...,<5,)..

Lemma 1. There exists a constant Cj>0 such that for any pd[1, + °°[, nS|
and arbitrary  £R, the estimate

Ciriptt T uEedp

AO-(2)-1

holds true.

Proof. It is sufficient to prove the lemma when <8"J. Let N be an integer
suchthat (E+H—pk*"2N~1 (k=I, ...,/—1) and n—(pI—ED/2"2N~1 We set
A=[<Pk-(t. W_1>% + (2W)-] (k=1, ..., /), 10=[(p0—(2n)~], (@0+(2ri)~L. There

exists a constant C..., such that for any <p£J\ IJ h IM<PI= Q- There exists

a constant C3fe>0 such that for any <pEk, \u(cp)\V"'CsHp—({pk'd We set
Co= ir|1(f C: k. If nSN one can find . subinterval U of 7 of length (2% . included

either in some Ik or in 7 \l,[‘Jmlk. Then
f \W{(p)\pdo> s= J\u{(p)\pdcp
10 VI
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and the right side of the last estimate is greater than either 2Cg{6p +\)~I (4n)~dp~x
or C|(2n,.. therefore greater than

Cg(Sp+1)_.(4/ +, » with C. = inf(C.,C3.
If n<N, obviously:
f \u(<p\d<psQ (4«)-ap-.("+ 1, . » CEM4N)~F~LSp+I)~1n~ip~]
h
and in any case

f \uW{(p)\pdp S [Ci(4N)~>1Ld+\)~1le~1elpn~>p~1 Q.E.D.
1

Proof of Theorem 1. It is sufficient to prove Theorem 1 when p is finite
{since l|A||p-"-+||A||S,) and for n*N O(NO given) (because a linear mapping of
a finite dimensional space in an other is continuous). Set Ik,,—[%—~I, 9%kJn~1]
and choose ®4 such that for n~NOQ, the intervals Ikn be disjoint. Define En=
= (J Ikn. Let nSNO, TEMN*,p~i. We have

fAT@)W(0)\pde ~ cgn-~f f \e(0) n k-ei\agpds.

We define a trigonometric polynomial Rk by
Rk||3)= &(1_603(0 —7T.,))[a']+1

([a;] denotes the integer part of aj. Rkis positive and boimded from 0 on Ik ,, and
thus

ié):f'krie—e""cMO) if eeikn.
Therefore

f \T(Qw(9)\pd9 sCfn~a*p f \T(9)Rk(9)\pd9 ~
Xn Ikn

= (2CDpn~akp~1\TRK\*J.
Let 90 be such that WTRK\t =\T(09Rk(%90)\ and
Jn= [flo-(2n)-\ 0,+ (2n)-1].
Lemma 1 and (1) applied to \B—9K&kv(9) yield
f\T (9)RKk(.9)\9-9K\°*ii9)\pd9 A CpW\TRK\*JIn-"+ed p-K
Therefore
f AT(O)w(9)\pd9 A C pnrp\\\9-9K\°*TRkWpp.

But we have RKk(9)\9—9k\&kSC w\w(9)\, hence
f \T(9)w(9)\pd9 = C[Inrp\TwA\*p.
En
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On the other hand, there exists a constant C12 such that if 6£J\E n [t>(0)]sCJ2n r
holds, whence

f |[r(Qw()|PdQ” c&nmp f \T(0)w(0)v(0)\pdO S Cf2nrp\TwA\*p.

J\E,, J\E,,

Then it is sufficient to take C(v, w)=Cn + C12
Now we shall prove that the exponent r is sharp by showing that for each
n one can find TEM* such that

T A C 20nr \TWAP-

Obviously we can assume br—r, 91=0. We have
[[7vv< =5 C13 / ||0],+B»T(0)||'«*0

for some constant Cias Let y>~r+al+1 Using the notations of [.], Ch. 1V for
Jacobi polynomials, we define T by

T(8) = Pp'0)(cos 0).
It is well known that

Irfls =1r () = (M+.)~C @
(-1, p. 168) then using (.), if n*NO
(2n)-1 (2n)- 1
f \TO)w(9)\p f \T(6) \B\ai\pde ~ Cfentp~*ip~1

(2n)-1 ~(in)-1

On the other hand, using [:], p. 168—1609,

crn-*B-Y-12 if n-",é&al.,

P('Q(cos 0) C.anv if Os04a n-~r,
1 if .ﬂ/z S 0 N n.
Therefore
+1 M

) b fr+«ir()|pds S 2Cfen™ f  O'y+ai)pdd+

Tt/2

+ zC&n—p,Z '|fJ op(l+«i'/'i/z)(/o +12 £ Clpnf('-l’—“|)—l

whence ||[7w||* A C .o /ir|| Tvwn||*.

Proof of Theorem 2. We prove immediately the inequality by putting x=cos 0
and using Theorem 1
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To prove the sharpness of the exponent d we carry out the same proof as in
Theorem 1, with the polynomials

pb-4x) if d=.a2
P~ix) if d=.l/i2

((T+8"~) ~1] if d=dk and e= s&n(*m

Application to orthonormal polynomials and approximation

Let ur be defined as in Theorem 2. Let us assume that for some positive con-
stants L and A f(0)=\ux(cos 0)sin 0| (O[O, it]) satisfies \f{9+8)—f(0)\s
s f |log GL-A

Then the orthonormal polynomials {/>} with respect to the weightfunction

+ 1

U (re. such that ; piO)rj(X) Iw(x)\dx=Su) satisfy
|G =X )ik M (X)) 12 p,,(X)| A KO
for some constant Kn. (See [], p. 297.) Therefore, using Theorem 2:
2 llpj~ =C2nd (n”"I)
where d'=—max (Cs €2, C5,. N +.,./M+),).

For a measurable function / such that fM\a[\*L2{l) we put

and
£,.(N= Ainf H/-PIL.

Proposition 1. Let f be a function such that f Twxj€£-a(/), and for a
q>d’—1/2, E,, w(f) =Mn~q Then there exists C and g such that En(g)” Cnd +1/2~q,
and g=f almost everywhere.

Lemma 2. Let g and kK be such that g*-k + 1/2 and (b;) a sequence of complex
numbers. |f there exists M>, such that for each n,

Mn~q,
then
_ 2 _ik\bi\ ss Knk+1,2~q.
I=n+1

Proof. From Cauchy’s inequality we get

Mk [ .mk \l
2 \bt\r212m 2 M2A
i=2m+1 4 =2m+1 /
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Therefore 2]1
Z k) = 2kam>l2~-q)M —2kM Imk~qdrll-)

n=2m+1

and if g>k+1/2, Z nkbn\ converges. Furthermore,
|

i ‘ 2kM 2 ed+1/2~"
= A q

2" mKen LLI2kM  Z \kH/

from where the lemma results immediately.

Proof of the proposition. Let z biPi be the orthonormal expansion of ¢

0

with respect to the system {/>}. Then by assumption ~Z *1J =Mn~q and
Lemma 2 yields:

L (i+iy\bt\s2K nd+l/i-q
m+1

Thus from (2) Z btPi converges uniformly to a function g equal to / almost
everywhere and
g-Z biPi ACnd+l2-g
Proof of Theorem 3.

Proposition 2. Let 0. There exists a constant C(a) such that for any
p£[.>+ °°] and arbitrary P£IMn the estimate

[lIx|“P[[p~C (a)n: |[[x|aP|p
holds true. Furthermore 2 is the best possible exponent.
Proof. First, we recall a result of [4], p. 412: if P£M,, then

) ) (1 —jc2)1/2P"1|p S C22n]||P||p.
Whence in particular:

1P, |lzi’t-1//.,1/f.]" Cz2 H2n\\P\\p.
Let us assume a£[0,1]. Then from Theorem 2
[k |ar [||EV[-1/Y 2, Uf2] — N-PUTi I-1/fi.1/fi] =

= C..\bn\\P\\pia C25n1+a\x\aP\\p” C23n2\\x\aP\\p,
and from [4]
M“P'|[iFR21 S |[/AEP[I/iI] = C24n2||P||i L.[1//2ji] »

A Coa e 2820\ P\ Jiptv/s, 14 = CouNa j21 lici«P) |p.

Analogous estimate holds for |||x|aP|[ip[_lj_1)/2]. Thus Proposition 1 is proved
when a<l.
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If as. we put a=[a]+a with a€[0, 1, [a] integer. Then
IX|°[P' ()l —WX\*Wlg]P' (x)\ = |mal(zbl / Xx))'—{ajxM -..P(x)| S
IP(XGP)Y] + [ X* IxtskiX(X)] = A+B.
From the first part of the proof we get
Mllp = c 26(« + 8)2|[1* M |p.
and from Theorem 2
11*11, s Cmoil|lid4 .|]..
Q.E.D.

To establish the sharpness of the exponent 2, one can use polynomials

Py.0C*- 1)

Proposition 3. Let a”O; there exists a constant C(a) such thatfor any PQ1,,
and ps [, +=>] the estimate

[I(1£x)P'(*)IIPS C(a)n: [|(: £x)B A |[p
holds true. Furthermore the exponent 2 is the best possible.
Proof. (The proof is made with (1—x)@ From [5], p. 473
ii(i -x)«p'(x)«iP[o,i™ i K [ s
A Ia-xTPI(x)[p™ C2mL(1-x ) *P(X)llp” C.r 2*n: 3(1-x)/P||p

since for |x|" ., =", (I —X).
On the other hand, it is obvious that

(=) ()1 1 o1 —24[P [p[_i,d = ~2sn2ll-BHiLp[-i,0i —
ANConIL-XxTX)Hw N Ceane||(I-X)=IP(X)]|p.

The sharpness of exponent 2 is easily seen by the polynomials P',,)(X).
Now Theorem 3 is an immediate corollary of Propositions 2 and 3.
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KERMITE—FEJER TYPE INTERPOLATIONS. II

By
P. VERTESI (Budapest)

1. Introduction

We investigate general convergence criteria for the quasi-Hermite—Fejér
interpolation process. Some problems of P. Tuaran will be solved. Further, we
discuss the convergence of Hermite—Fejér and quasi-Hermite—Fejér processes
based on the roots of orthogonal polynomials generated by the weight

2. A general convergence theorem. Application

2.1. For an arbitrary fEC (=/ is continuous on [—1,1]) we construct the
uniquely defined Hermite—Fejér interpolatory polynomials H,,(f;X;x) of degree
. N_ . satisfying

@1) H,,(F; X;**,) = I(**.,), X\xki)=0 (k=12,..,mn=12.)

where X stands for the matrix

(2.2) “ ] = XN -= Xkl <eee< *2»-=*in*=1 («= 1.2, ..).

Similarly, one can define the uniquely determined quasi-Hermite—Fejér interpolating
polynomials Q,,(f;X;x) of degree 2n+1 by

! fQnifl Y; 1) =/(1), on(f;A;-1) =/(-1), §,(I Z; xk =f(xk;
( 3 Y; xKI=0 (fc=1,2,..., n;, I =1,2,..).

2.2. Let a>n(X;x)=cnkf_jl(x—xkn). For  c¢o0,(X; X)=P{XRB)(x) (where

{p"“.«(v)} is the orthogonal polynomial system in [—,.] belonging to the weight
(1—)“(1+jop, —<a, B), the investigation of the convergence of {H,,(f;X;x)}
to / (jo can be found in G. Szegs [1]. Similar questions for {Qn}were investigated,
e.g., by P. Szasz [2] and P. Veértesi [10].

In his paper [3], P. Taran raised the following problems ([3], XXVI and XXVII).

1) Define the class of weight functions p (x) such that for the corresponding
matrices P
lim Qn(f; P; x) -f(x) uniformly in [-1, \]for fcC.
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334 P. VERTESI

2) For which p(x) and P is

lim fl [f(X) - Q,,(J- P; X)]2p(x) dx =0 (/€C)
true?

(The matrix P corresponds to the weight p{x) if its n-th row contains the n
roots of the u-th orthogonal polynomial belonging to p{x). As usual, we suppose
p(x)é0 and p(x)EL.)

2.3. We provide answers for the questions raised above. Omitting the super-
fluous notations let

(2.9 dn(f; X ;x)~"-.

DS 1)](14’3+F £:-nTIH 1w} A c>

We state the following

Theorem 2.1. For any fixed X andfzC

(2.5) Qn{f-, X; x)- Hn(/; X; x) =dn(/; X; x).
Using (2.5) and the simple relation

(e ) £>,(/; x)—Hn(f; x) = B,,(/; x)-f(x) +f(x)- Hn(/; )

we obtain the following statements:

Corollary 2.2. Iffor afixed X€[—1,1] and f(LC

rlim,d.{f;x) = 0 and lim H,,(f; x) —(x)

27 . then lim On(f; x) =f(x);
or

(limdn(f- x) =0 and lim Qn(f; x) =f(x)
(28) 1 n wco «-»CO

+ then  lim Hn(/; x) =f(x).

| f the premises of (2.7) {or (2.8)) are uniformly valid in [a,b]Q[—L, 1] then the same
holds for the conclusion, too.

As for the second problem of 2.2. we obtain as follows
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Corollary 2.3. Iffor afixed matrix P corresponding to p(x) and/6 C

1
ALngo I/, (/; Il =, and I_llm S [F)~HN(f; x)]D(x) dx =

(2.9 .

then lim ¢ [f(X)-Q,,(f; X)]2p(x)dx = 0;

7!III1 \dn(f; y)| =0 and ﬂm Afl [f(x)-Qn(f\ x)fp(x)dx =0
(2.10

Men lim fl [f(x)-H,,(f; x)]2p(x)dx = 0.

I «

(Here, as usual, ||g||[e,w=m|g(.v)|; llgll =ngnit-iity By (2.4) and Corollaries
2.2 We get

Corollary 24. If lim \H,,(f, v—(y)|=0 and

(KW I\ o
VK@ Tk, (il BT )

lim |E2,0; *)—(x)]| = 0 (feC).

ooooo

max
then

Analogous statement holds for the convergence of H,,(f;x) to /(n).

2.3.1. Let us see two simple applications to the above statements. By Corollary
2.4 we get as follows.

a) For fee
IJ{,% IRI*'X)(f-, x)-/Cx)|| =0 if -0.5" a<O.

(Here and later QIx[) (or HM'f stands for the process Q, (or H,,) based on the
roots of P'f'B)(x)).
Indeed, it is well known that lim |9, )(/; n)—4(x)|]|=0 if —l«=a<0.

Further Wb<s(m)|= \Pf’X(£ D)|~wm (a™ —1/2) (see e.g. [1]).
This statement was proved in [10], too. Using finer arguments we can get results
which have not been settled. By Corollary 2.2 we obtain:

b) IffeC then
Hm \Q(*R)(f; x)-f(x)\\ =0 if -0.5"a,/?<0.

Indeed, by [1], 7.32.5 we obtain with x—€0s5
'0(1)m> if reo,

[P<*»(x)]2(1+x)= " sin23 .

A . N
O(l) n(sin9)23'J O,,... if xniO
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and
0(1) N> if x~0,
PA>(x)]:(I-;¢) = sin23 . )
[P7>00l(I-0) = D eneaci @ if xeo.

Using these, [P~ P)(1)|~us 15(*W(—)|-n<* and Corollary 2.2 we obtain b).
24. By (2.4)—(2.6) we can get divergence theorems, too. Here is an example:
Corollary 25. If lim \Hn(f; x)-/(x)|| =0 and

Am K (G 9IS > then  hm \Qn(f: *)-/(*)Il > . (/€C).

2.5. Remarks.

2.5.1. By similar methods the statement 2.3.1. a) for a=/?=—0.5 was proved
by D. L. Berman [9].

2.5.2. Using (2.4) and (2.6) we can get estimations for the order of the conver-
gence, too. We omit the details.

3. Another application for two questions raised by P. Turan

3.1. For the matrix (2.2) it is well-known that

(3.1) #,(/; X, x) = 2_ f(xknvk,,,(X, x ) x )
and !
(3.2 £>,(/; X, x) —k2:1f(x K,,)-l XK., ak.,,(X; x)I(X, x) -h

LR A 315 S AR gty [ 38

where
(3.3) WX H) = T A (XM (K= 1,2 )
(3.4) lk,n(X, X) 03,,09 (K= 1)eonl)

bl'n(xK,n) (X - x Kn)

(35) *.,,(* X) = |+ 1’:5:&0/-?0!17 7/\7n\,\7k,r;5'3(*'**..) Ne = 172 yauas M)

(see, e.g., [2] and [5]).
If for any x£[—L, 1]

(3.6) vKn(X,x) " gq>0 (fc=212 ..,n, n=12.)
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then the matrix X is called g-normal, similarly if
(3.7 G n(X; ) =0>0

then X is g-quasi-normal. These properties are very important considering the
convergence behaviour of our processes. Namely we have

THEOREM 3.1. If X is g-normal then {H,(f: X, x)} uniformly tends to f(x) in
[—1, 1] whenever f€C; the same holds for {Q,(f; X; x)} supposing X is ¢-quasi-
normal.

(The first part of this statement was proved by G. GRUNWALD [5], the second
one by J. SANTHA [6].)

3.2, If X is g-normal then the root s, , of vy ,(x) is outside of [—1,1]; if X is
¢-quasi-normal then the root #;, of ¢, ,.(x) is outside of [—1,1] (k=1,2, ..., n;
n=1,2,...). The points {s;,} are the conjugate points; the roots {t,,} form the
quasi-conjugate points. By these definitions we can formulate two problems raised
by P. TURAN.

1) Define a matrix X for which the set {s;,} is dense in [—1,1] and
"1}21 | H, (f; X: x)—f =0 if feC.

2) Define a weight-function p (x) vanishing and continuous for a certain x,€(—1, 1)
such that for the corresponding matrix P

lim [|H,(f; P; x)=f(x)| =0 if feC.

3.3. These questions were solved by J. BALAzs [4]. Our aim is twofold. First
we generalize his results and by these new statements we settle the analogous prob-
lems for the process {Q,} using the results proved in Part 2.

3.4. Let us consider the weight function
(3.8) P, pix) =¥ (1—x . (o B >—], x€[-1, 1D

and denote the corresponding orthogonal system by {R{*# (x)} (see LAsCENOV [7]).
One can prove

(3.9)

from where for the roots {y&P}.. %L Y(x, f) of {REA, (¥)}

. 9@h :
[sm—-;— (n is‘even; k=1,2,...,n),

. 9(az+1,ﬂ)
‘sm "”'2 (n isodd; k=0,1,2,...,n)

where {x{%P =cos 8P} (k=1,2,...,n) are the roots of P{*P(x) and 97 =0
(see, e.g., VERTESI [11]).
First we state
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Theorem 3.2. The necessary and sufficient condition that for any fdC

(3.11) Hm Wi, (/; Y@, B); x)-f(x)\ =0
is that the relations

(A) —lea, R<0 and R—a =05
should hold.

By Theorem 3.2 we get the following special cases:

Corollary 3.3. Supposing that

@ —<RBaa<o, or

b —1<RB~»—-0O5 and —l<a< 0, or

© —1<B<0 and —05" a< 0,
then

lim #,(/; Y (@, £); *)-/(x)]| - » for [€C.

For the conjugate points of Y we state

Theorem 3.4. If —1/2 then the conjugate points of ¥(a, B) are dense
in [1,1]. Moreover, if a=-----— they are dense on the real line, too.

3.5. By Corollary 33 and Theorem 3.4 we get

Coroltary 3.5. Supposing —0.5<a,/J<0, the matrix Y (a, ) and the weight
p (a, B;x) solve the problems of 3.2.

3.6. Using Corollaries 2.4 and 3.3 we obtain
Corollary 3.6. If -O.SAaA/j<O then

(3.12) lim IE.,(/; ¥(a, B),*)-/(*)|| - 0 for fEC.

Corollary 3.6 solves the second problem of 3.2 for Q, if —0.5<a<0.
3.7. Let us consider the quasi-conjugate points of Y. We state

Theorem 3.7. Let —1</?-=0. Then, supposing the quasi-conjugate

points {h,} of ¥Y(a, B) are dense in [—1,1]. Moreover, if a<—  they are dense
on the real line. If /?>0 a statement analogous to Theorem 3.4 holds.
3.8. By Corollary 3.6 and Theorem 3.7 we get

Coroltary 3.8. Supposing —0.5<a””~<0, the matrix ¥(a, B) and the weight
p{x,B;x) solve the problems of 3.2 for the quasi-Hermite—Fejér interpolation.

Acta Mathematica Academiae Scientlarum Hungaricae 33, 1970



HERMITE—FEJER TYPE INTERPOLATIONS. II 339’

3.9. Remarks. 3.9.1. For the special cases —0.5<a<0, and RB——0.5 the
relation (3.11) was settled by J. Barazs [4]. Similarly, using a method different
from our one, he proved, that the conjugate points are dense in [—,.] whenever
—0.5<a<0 and /?7=—05.

3.9.2. If a=—0.5 then by (3.8) the orthogonal system will be the ultra-
spherical Jacobi polynomials which are settled in [1] (see Theorems 3.2 and 3.4)
Using [10], (4.28) and [: ], one can obtain the position of the conjugate and quasi-
conjugate points for a——0.5 (See Theorems 3.4. and 3.7)

3.9.3. In their paper [12], K. K. Mathur and R. B. saxena investigated the
problems raised in 3.2 for B,(/; I'). Unfortunately, their proof is erroneous,
(Namely they use Pm"\?~1/2)(2a.—1) and P{ ,g+,2)(2x2—1) instead of

(2x2—1) and 7Af’<+)))(2x. —1), respectively (see [12], (4.1)). Further [12],
Lemma 6.1 states (1—x39pl(x)=0(n~D) (H"~x"I1) which is not valid, e.qg.
for x— )
4. Proofs

4.1. Proof of Theorem 2.1 By (21) and (23)
0,,(/; X; x)-Hn(f; X; x) =w2(X; x)(anx+bn

because S,,(X)=0Qn(x)—Hn(x) is a polynomial of degree ~21+1 for which
Sn(xk=S,,K=0 (k=1i,2, Moreover, for x= +1 we have

I f(\)—Hn(f; .) = w(.)b,+a,),
(/(-H-#,,(/; -1) = (ol(-D)(bn-an.
Solving this system for the unknowns a, and bn, we get

1M =K. ) 1(—)—Hn(f; —1)1
. L CI}(I) OJ/\(_I) J’

n-1)-49 n(/;-1)1

1 1 ,
"L aH)  + Ak

which give (2 5).
4.2. Proof of Theorem 3.2. 4.2.1. Suppose (A) holds. First we quote a lemma
which was essentially proved by G. Grunwald (see the proof of Theorem 2 in [5]).

Lemma 41. Jf 2 Nn001=0(1) and hm 2 vknnxn=0 uniformly in
XE[—1,1], then Jim WHn(f; x ) - f (x)\=0 for /€C. (Here, as usual, hk-n(X;x)=
=00 =WK(X) ik (X) and rkn(Xmx)=rkn(x)=(x- xK/| (x).)
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422. We apply this lemma for Y. By [11], 4.1 and a simple computation
we have

P.(I—2 _
4yKP|"'|ExJK\)()§<a-yK) (niseven, K—x.,%.,..., £K),
1-2x* .
<41) IKn(Y:x) =<{ 4YI2(PI:')FQE(\I<\))EX?yI<) (n is odd, K—., +.,..., +n),
Pr(l- X2 1 is odd, k= .).
Pn(2)

(Here and later on, if nis even then the corresponding parameters of P,, Pnand
xka are (a, /?); for odd n they are (a+1,/?).) Further

] 1+-L [2 g~""~(ad~ft+2)*ui o (*_n). (Vl= e,
(4.2) WK, (Y, x) — M| 1+ % J° K=i ., %.,...,in
., nisodd, K=,.

4.2.3. First let n be even. Then, as in [11], (4.1) we get *12' Vhin(Y; p)[=0()
=i
supposing that (A) holds. (More exactly we obtain for arbitrary —<a, R

n / yB n o\
2 |4.Ne [0; M| =0(i) 1+,%+,%+" 2 H

i*i=1 n n=1 >

from where by (A) we get (3.11).)
Further, by a rather long and not so trivial calculation similar to [11], 4.1,

we can prove with y=max(a, B, —0.5)

NN if y=2-05,
(4.3) 2 W Y;x)\=
ras WY if y> —05
By these and using the lemma we obtain (3.11).

4.24. For odd n, using (4.1) and the corresponding formulae for the Jacobi
polynomials and roots, it is easy to see that

xpC+hB)(i - = x9

‘k,Z]+1(Y; *)l 4yk”n+1pr(*+u/\(4fn M)) (X- M(,Zn'l)

- pM)(\-2x2
=0 yonpani(xn (x-ykay OO\ kre

and 102n+H(Y, xX)—0(\). So this case can be calculated as the above one. This
proves (3.11) for each n.
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4.2.5. Now we prove that condition (A) is necessary, too. First let —l<or, <0
and /7—a>0.5 i.e. a<—0.5 By (4.2) we get for a suitable 0<cl<I

k(i) = l+')|; .)A2a+2+(a+ B+2)(xk-1)]~1)(1-y1)

jIF- L. M [2a+2+(at/? + ()L (I K| ~ jr

if O<k~ctn, ie. [m—[s5. Now by (4.1)

nAnkas. a® noo
2 No ) n_pkgl 40 123+ Mpe+1 k2=1 k* *0(1),

i.e. (3.11) does not hold for a certain f£C.
If a0 then, as we proved in [11], 4,,(/. ;0)~a®* for n=2,4,... and fL=x2
For R"O consider f2(x)=1—x. We have, as above, supposing —0.5

(13 D -/.()1 = HniSt i)ls 1 @2 0 M yX (1)\
1z3
V|2x+[ 2 —c2 *°K
n *=1
Finally if a=—05, BsO then by 138) Rd~°>-5BXx)=c(n, B)P (FR)(x), for which
we know the statement. So we completely proved Theorem 3.2.
4.3. Proof of Theorem 3.4. 4.3.1. By (42) we obtain

4.9 wni)=.(/?+ Il)ﬁ)-kj'ﬁf -a (k* o)

and by definition

(4.5) vk(yk) = .-

Using (4.2)

(4.6) .=V, FtO+Xm) (K V1.).

N+ D-xK)-(Ga+ )(I+*]K)

4.3.2. First let —d<a<—05. Define 0<a<ii<l, b—a=d We shall prove
that for certain n and k, #,,k€[a, b]. Indeed, by (4.4) and (4.5) one can verify that
vkn(®)>—2a=»| +f] (fc=%I, £2, ...xn; i?=*0) from where, using (4.4)—(4.6), we
can say that there exist , <Ci<c2<| such that

@-7) s[cini,,~ a and (n~no0.
Moreover, by (4.6)
(4.8) \sktLn-skerhs 6 if [CInjs k™ [e2n], nénoO.

By (4.7) and (4.8) we get the desired relation. The case [a,:]c(—L,0) can be
treated similarly.
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4.3.3. Let —0.5<a. Using the above notations one can choose a constant
G- o such that

(4.9 —2a< tFn0) < 1- - (-c3n”" k< 0).

By (4.9) and »*,,(()-<tt+.>H0) (fc<0) we can state that for a certain c4>0
tciijn<:™* To go further let us denote the nearest root (of P>n(*)) to

[2(/3+]) —2a+ D][2(/I+D) + (2a+1),.. = A by xj(nin. Obviously |f1|<1 so
jn~1-»ca where 0<cs<Il. Further by (4.6) H_m "= l.e.,, for suitable
0 <C:<Cs<Cs

(4-10) h™ s_[(..Jpn< s_[@J]n" . b

The remaining parts are analogous to 4.3.2. The case a< —1 or a>1 can be
treated similarly.

4.4, Proof of Theorem 3.7. We use ideas analogous to 4.3. We sketch the
proof. First we state
(4.11) gkJO)=2/2-"-2a =, - .* (** 0).
Indeed, by [2], 1. § (5)
(4.12) gk(x) = k() + 2¥k (x- yK
1~-YK

from where, using (3.10) and (4.4), we obtain (4.11). By simple computation

PAr2)

44.1. Let /?7<0 and a< —0.5. By (4.11) lim tk,,=0 and tkjH>1 if <*n( )?al,.
i.e. yk(—D_1~(24+1)(2™)_1 (&>0). By these we can get the desired result.

442 Let /?<0 and —0.5<a<0. Now *,,(0)%0 if ~f(l—y|)_1»a/S 1.
For this &>0 tknmO. Further rI]lrr010 t,,n=1; these give the corresponding state-

ment. If <x"0, K can be equal to 1

44.3. The case /1>0, by (4.4) and (4.11), can be considered as 4.3. because
of gk(Y{a, /0;0)«»*(¥(a, R- 1), 0).

(k * 0).
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ON THE GROWTH OF SOME ADDITIVE
FUNCTIONS ON SMALL INTERVALS

P. ERDOS, member of the Academy and I. KATAI (Budapest)

1. The letters ¢, ¢;, ¢5, ... denote suitable, ¢, &, &, ..., & small positive con-
stants. &, &, ... will depend on &. p, denotes the »n'™ prime number, p, ¢, ¢:,¢s, ...
are primes. >, denotes a summation over primes indicated. #(x)= 2> 1. w(n)

14 P=x
denotes the number of distinct prime factors of n. (@, b) and [a, b] denote the
greatest common divisor and the least common multiple of ¢ and b, resp. [x] denotes
the integer part of x. For the sake of brevity we shall write x;,,=logx;
(i=0, 1, 2), xo=x.

Let
(1.1) O,(n)= max o(m+j), o(n)= min wm+j).
J=L%41k J=1,..,k
One of us (see [1]) proved the following assertions. For every ¢=0, apart from
a set of n’s having zero density, the inequalities

o logk ) ” _( logk )
O.(n)=A+e)g (log ot loglogn, o.(n)=(1—¢)g eloss loglogn
hold for every k=1,2,.... Here g(u) (u=0) is defined as the inverse function of

n/z(r):rlog—i—+1 defined in z=1, and g(n) (n=0) is the inverse function of

the same ¥ (r) defined in O<z=1. In the same paper it was conjectured that

2 logk )
(1.2) O, (n=(1-¢o (M loglogn,
and
_( logk
o,(n)=(1+¢)g [ﬁ] loglog n,

for every k=1 and for almost all n. The last conjecture is false, since for
k=logn, 0,(n)=0 would follow, which is impossible. Instead of it we state
(1.3) o,(n) = loglogn,

where g(¥)=0 or u=l.
We shall prove

THEOREM 1. For every ¢=0 the inequalities (1.2), (1.3) hold for every k=1,
apart from a set of n’s having zero density.
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346 P. ERDOS AND I. KATAI

Let g(ri) be a non-negative strongly additive function, i.e. g(p?d=g(p) for
every prime p. Let

(1.49) fk(n) = _max g(n+j).

It is obvious that fk(n)"fk(Q). We are interested in the conditions which imply
that

(1-5) Fk(n) s . +E)N1()

holds for every k>kO0, apart from a set of n's having upper density at most S(e, k0,
where <5 A, - o as k0o,
This question was considered for some special functions in [2].

Let
) it g(n) =1
9+®) =, it gp)> .,

and g+(n) is defined as a strongly additive function generated by the values g +(p).
By using the wellknown Turan—Kubilius inequality

2 (g+(«)-"X)2= cXBx (s cXAX)

— 5 9+(P) = o 97p)
nx= 2 At Bx—pg\x \ (S Ax),

and that g(n)*g-+(n), we immediately have that the convergence of

y g+(p)
Z P

is a necessary condition for the truth of (1.5).
We are unable to decide if

¢ E) XZQELQO

1.6

is necessary for (1.5).*
Assume that g{p) tends to zero monotonically as p-*°°. We shall prove that
(1.6) is not sufficient for (1.5). This disproves the conjeiture stated in [2], namely

+
that from the convergence of the series 2 w , 2 —>1 (1-5) would follow.
P 9qPrLP

Finally, assuming some regularity conditions on

A(y)= 2 g(p)
we shall show that (1.5) holds.

Let t(x) be a real valued monotonically decreasing function defined for xsl.
Let

-7 A(y)=p28)t/(p),

* Remark. We decided this question affirmatively. We shall publish this in a forthcoming
paper in this journal.
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ON THE GROWTH OF SOME ADDITIVE FUNCTIONS 347

and suppose that

(18

and that for every positive constant 6

= A
yi(exp(exp(/)))
Let g(n) be the strongly additive function defined for primes as g(p) =t(p).

Theorem 2. Assume that the conditions (1.7), (1.8) hold. Let s be an arbitrary
positive constant. Then for every integer kO the inequality

(<)< (1+e)/* ()

holds for every k=k” and for all but 5(k0,e)x integers n in [1, ] Here
b{k0,E)-*0 (kO—o0).

We shall prove these assertions in the following sections.

Now we make the following remark. In [3], lvanyi and Katai proved the
existence of a completely additive /(n) not identically zero for which f{n)=Aj,
nd[Nj, Nj+-r(Nj)] on a suitable set TV< jV2<... of integers, where t{N) =

=exp (cj/(log N) (log log log N)), Aj are arbitrary complex or real values.
Now we prove the following

Theorem 3. Let s>0 and x>x0(e). Then there exists a completely additive
function f(n) for which

f(n) =0 in [N+I,N+k(x)],
where ySIV~.v and

n,)y=[MP({( _B M IfO )]
oglog;

and which takes on a non-zero value in [I, fx].

Remark. Unfortunately we can not prove that there is an f(n) with infinitely
many such intervals.

Proof. Denote by N(x,y) the number of integers nLUx all prime factors of
which are not greater than y. By a theorem of Rankin [4]

loglog |
L9 N(X < x exp 0g |2gyogy'°g*+'°g|°gj'+40i70|°09V))'
Let k=X{x), x large. (1.9) implies
N{X, K) n(k).

Thus it is easy to see that there is an interval [iV-bl, N+k] in —
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348 P. ERDOS AND I. KATAI

for which the number of integers all prime factors of which do not exceed /t is
smaller than n(k). Let n=A(n)B(n), where A(n) is composed of the prime factors
Ak of n. Let n+/j (/=1, ...,A), h<n{k) be the n’s in [iV+1, IV+A] for which

B(n+l,)=1

The additivity leads to the following linear system of equations:
(1.10) f(A(n+1j)) =0 U = I,
(1.11) f(B(n+r)) = -f(A(n+r)) (r™1j(j=1

where the indeterminates are the values / (p) for primes p contained in (J14-.), ...
., (N+K). (1.9) is a homogeneous system, the number h of equations is smaller
than n(k), therefore we can choose values /(/+)>..., f(p k) non-trivially such
that (1.10) hold. This holds in the case 0, too. To finish the proof we need to

take into account only that B(n+r) {r*lj, j —i, ...,k) are mutually coprime,
so we can solve (1.11). This completes the proof of Theorem 3.
2. Lemmas. Let K be an integer, f be a finite set of primes greater than k.
Let 2Ir denote the set of integers of the form tr=qlg2...qr, g**, q*qj (iVy),
(2.1) P= 2W, Tr=_2 i,
p» wi»r
(2.2 = 2 -
a F;ZI» P~

Let Mr be the number of elements of Sir.
Lemma 1. For every r*2 we have

Proa P-2 ATA
rl 2 (=)~ r~r!

Proof. The right hand side of (2.3) is obvious. We prove the left hand side
by using induction. The assertion holds for r=2, since

2.3)

T2=-(P*-a).
Observing that

e~ TrH(r+v)y+ 2 ZA 2 -} —Tr+i(r+ O+ aTT-1>
pi»P Atr-i,p)=1Il‘r-1>
we get
T.P a
Pr.. —etP oo Tr-1>

and by the induction hypothesis

a Pr-2\ P a Pr~x Pr+1 a P..

Tr+1? 2 (=2 +1 rl (r—) (4D ST )t ¢

By this Lemma 1 is proved.
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ON THE GROWTH OF SOME ADDITIVE FUNCTIONS 349

We shall use Brun’s sieve in the form of Theorem 2.5 in [5], or in the simpler
form of [], Theorem 6.2. Namely we shall use the following result, which we
state now as

Lemma 2. Let ar, a2, ... be positive integers, 3d afinite set ofprimes, all ofthem
smaller than z. Let

>|(y, d)

av=o(d)

where y(d) is a multiplicative function on the set of square free numbers all prime
factors of which are in 3L Suppose that t]{y, d)=y(d) for all such d, and y(p)=
=0(1), y{p)Sp—1 for all pkdd. Putting R= pIiJ' p, for y~r we get

»

(2.4) . logy))}
fvym -"] O -"H M - :logzdJr

Let now 3d be the set of all primes in (k, r), where z<x14r. Let sd be the set
of integers n=trb, where trd3~r, (b, PJJp)=1. Let
»

., if n£sd,
o, 1if n$sd,
and put
(2.5) 2 = 2Y(n), 2 M= % V(n)V(n+h) (h= 1,
nwx n+h-"x
Let
(2.6)

and /.(it) a multiplicative function on the square free integers defined for primes
LDy W= (i-i)(i-2)\

For the computation of 2 (02 <€) we shall use previous lemma. Let
N{y\3) be the number of bSy, which have no prime factors in 3d By (2.4),

W ) =yr{itdxp (-n"))},
since x/tr=\'34. Consequently
27 2 0= B o \A) = Tr xil+0ie-")).

Consider now 2 <A (ASi). First we count the integers n, n=t<rhl, n+h=
=t(Qb2* x with fixed [}, t(2)£3~r. There is a solution only if ({}*/<2)= 1 The
solutions b2,b2 of trb2~t”)bl=h are in the progressions b2—b f)-\-stff),
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350 P. ERDOS AND I. KATAI
=b{0+stfu (i=0, 1, 2, ...)* Sieving those elements byb>which have prime factors
in &% we get that y(p)=2 ifp { t€),and y(p)=1 ifp\tj1l .Thus by Lemma 2,
(2.8) 2 W =xr2(1+0(&A,
A A HMOY2

Since t(t@=tx has N j solutions for fixed t2 we have
A

Let h(d) be the Moebius transform of/.(d). Then h(p) - p_o h(d) is multiplicative,
and we have

> 2 s 72+ 232 T2r- V.

*2r v=i U -V o )

Taking into account that

h(s) _ 1IiN- Yy ¢ X
4 - V! Iotii p(p~ 2)\ vl Ulogic)

from Lemma 1we get
Hhr or )
Mo - (2 exp | szfggk 9

. implies that

Y 4ar) Pr

and so
if ) D
(2.9) PK log K =0 ().
We have
loglF2= 2log/\ +0(a), logFj =-P+0(a),
whence

M=e-P(l+, (u), = =-¢e 2p(l+. (a)).
Consequently

@ TR o

(2.1 — Xp- 2p
if (2.5) holds.

['+ (€-)%0(t 7 11y Al6g A1)
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Let
(2.12 Fk(n) = 2= V(n+i), N1 =ke P
(2.13) E= ZiFM -Ny-
We have

E=z nW-2A 2 Fk(n)+A*x,

and observe that
2 Fk(n)= k 2 W+0O (k%
MLX

2 Ft(n) = kZ O+ 2 2(k-h)ZH+O(I.

Collecting our results we get
Lemma 3. If {2.9) holds, then

(2.149) £= o(x(n4.n)e-'+-~"~y+ ~n].
Let now 2P be an arbitrary set of primes, P= 2 I/p>
(2.15) <»(n\0)=2h
pib
(2.16) OAri)—j=n|1,e.1.>.<,kco(n+j\0>), ok(n) =j=rni.r1kai(n +jl™).

Let DKk(x, L@ be the number of »Sr for which Ok(n\iP)~L. It is obvious that
NN 7~ °ki = 7~
Dk(x, L\3?) * z Lng\xz kinm = z Lkn,\)Z(+
for z~1. Observing that
i _ A
n5§<+k S (x+ k)p/ll&{fr b I) (x+ k) exp (zP),
by substituting z=L/p, we get immediately
Lemma 4. If Isksr, LsP, then

kzminW,

(2.17) Dk(x, L\0=) » 2xexp “ogk-Llog-"-j .

3. Proof of Theorem 1. First we prove (1.2). Let B be a suitable large constant
depending on e. First we shall prove (1.2) for
(3.2) K S exp ((log log n)B.

Indeed, if we define tk to be the largest integer / so that the product of the first /
primes is smaller than k, then we get Ok(n)*Ok(0)=tk. From the prime number
theorem we get

K
log K ~ i2 I°g Pj ~ Pk~ h log tk,
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whence
logft

& log log K

Furthermore, as it is easy to show, <) y o), whence

n
log
(io™Moiinloglodn & 5) 1ol k *

if B is large enough. Thus (1.2) holds if (3.1) satisfies.
Let B be fixed, x large, and put

(32 a= -2 .

Observing that fA)~1+ (- X (. ~.), therefore by choosing ex to satisfy
(I+.]/en -, Wwe get 1. We can choose %:E' By using
Hardy—Ramanujan’s wellknown theorem that cu(n)~loglogn for almost all n,
we get (. .) in Od4aSej.

Assume that

(3.3) eX. 5 logk”™ x2.
Let r be an integer for which
(3.4 r=Ax2+0(l), A= (1—e2Q(ot),

e. being a small positive constant.
Let 9 be the set of primes in (k, x24r) and Nk r(x) denote the number of n”x
for which Ok(n)<r. For these numbers Fk(n)=0, and by Lemma 4

(3.5) NKIr( L~ 0 \x [+ +-1) [e~', P;;gk;+ K3J;1K221 \|‘
From (3.3), (3.4) we have
aSx® ( AS cxf-1, logr = 0(x3,
P=x.+0(x3,

r+P 0 +1)* =0( n
Pk log k X 2etxaa.x2

By using Stirling formula,
logA=logk P rlog~p"'bO(logr) = (@—h(A))x2+0 (x3.

Since
KA) = (lI-e)ilr()+£.+ (1-e.)elog (I-£2
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ON THE GROWTH OF SOME ADDITIVE FUNCTIONS 353

and od(n)=a, therefore by using that e(A)~l1+ V. A(A~), we get a_.
L2, if a&4el, e being small. Choosing e S}/2e7, we get that /1é1 for all
large x and for all a in (3.3).

Since e~r«e~ A we obtain that

(3.6) NAOX) —ce2x{e~Jk +e~X¢12+ 0 (x 1.
Let now cj=j\, kj=[e*jx*, j=1,..., T, and T—1 is the largest integer for
which aj-.jS.v?-1. Thus T=0 |y x.-.j, and from (3.6)

(3.7) _21Nk,,r0)«*e 3*2.
i=

Hence it follows that for all but O(XXXS) integers n in |y X_|
(3.8) ofi(n)> (1-De(-~)x. (i=1,.T).

Let k£[k.-,ki+l) and suppose that (3.8) holds for an n. Since Ok(n)*Ok:(n) and
B(a)<(l +c.e)6(ai), therefore

Ok(n) > (i —y) e 10§ 1°g «

Since loglog n increases very slowly therefore

holds for all but 0(xxx 3) integers u: [y Xj This assertion holds for x*X 0.
Choosing now x —2uX0(v=0,1,...) and using our result, we obtain (1.2).

The proof of (1.3) is very similar. Since B(k)~1 —Y2k (2~0), therefore (1.3)
is obvious if a—y «
Let SP be the set of primes in (k, x14r),

a= |OgK9
X2
r be an integer for which r=Hx2+0(l), H=q(d)+e3.
Let Bk,(x) be the number of nSx, for which ok(n\5?)=*r. For these n’s
Fk(n)—0, and by Lemma 4 we get

J_)  K3+kaA

(3.9) Bkr(x) A klogk) C A2
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From Stirling formula
log /1 = log {ke~p = Ma-l-//log-"jx.+0(x3 = (a-il/(H))x2+0(x3.

Since —xjj'{z2)=—og z is decreasing,

H 1 1
Iie)-"I'(H) = 3 —ogzdz é (#-i?)log— = £3log—,
Q

consequently

x-0(H) = Lp)-o(H) s B in

if .5 is sufficiently small.
Thus /171, and

(3.10) BKI(X) S c5x (e-, +k~1).

; Let J8 and 322be the set of primes in the intervals [1, k\, [x14r, X], respectively,
an

2 y I/plog4r+0(l).

n = p2<k 1/P = loglogfc+0(I), P2=x|/4r<p’\

Applying Lemma 4 by
EL'ELl i |é%|95“1c’
we get
(3.12) A(x.LINSXIF.
Observing that IogA=aszeix2, and P2=0(x3, by choosing L=Lk, we get

(3.12) Bk(x, LK\>2 =Sc(e)".

Since
ok(n) = okfi&>)+Ok( n \ + Ok(n\&2),

from (3.10), (3.11), (3.12) we have that for large x

(3.13) ok(n) = r+2Lk w (e (@) + 2£)x2,
apart from at most

(3.14) Ci(E)x{e-Ee>Ed . + e-" 1}
nin [, x].

Let x,=/— it-1,...,IN), 7= +1, kt=[xft. From (3.13) and (3.14)
we deduce that
(3.15) ok.{n) Zs (e(«j)+2fi:)x. O =1,...,T)
holds for all but c2(e)xe~C&X n in [:, x], assuming that . is sufficiently small.
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(3.15) easily implies that
(3.16) ok(n) S (S()+"p) -

for every k(i[k1,kT\. This is an immediate consequence of the fact that Q " q(ad) —

—RozH)<—. Indeed, since "'(2)=1logz, —q' is increasing, we get
&2 | s 2 1 £ £
e(<Xn-e(Xj+h) ~-er(«Dyy = - JogfA™) .. log(l —/- a,) .

Putting log log n instead of x2 in (3.16), we get that
CuU7) () S {S(_JiL _)+£jloglog»

holds for all but c2(e)xe eXr n in

Choosing a large X0and putting x=2\XUyv=10,1,...) we get (1.3) immediately.
Theorem 1is proved.

4. A counter example. Now we give a non-negative strongly additive g(n)
for which g(p) is monotonic, and (1-5) does not hold.

Let Jir=1, Rs+l=exp (exp (R,), JS=[RS, Rs+). We define g for primes.
p as follows:

gp)= 1. s= 152,
Since
. logA
nwP I0S logA+°(log”™)’

F¥ = e o

Let p be a large integer, 2P be the set of all primes in (k, i?;t+#2]- Let

therefore

r=2R*+l, logic = 2+va2+ logRR+l, -r-—r =~ .

Let

Now we use Lemma 3. Its conditions are fulfilled. By an easy computation
we get
(41) 3( 1= X€+ 5o

Fk(n)=0
for large p.
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Let $be small, p be so large that <5>e A*+L Then for all but 6x n in [1, X]
Fk(n)ixO. For such an n for at least onej, 1sjsk, n+j has at least r prime factors
in [, 7°+2), and so

o r

g(n+J) - R,+iOi+ i)*'

Consequently
r 2R,H

42 « 00 — H - !
42) ' RBHNVH ... )2
Consider now fk(0). Let tk be defined as above, i.e. pl...p,k*k”pl...ptkp, +L
It is obvious that fk{0)=g(tk). From the prime number theorem we get

logk ~ pk~ tklogtk (p - °°).

Let
As= MNP =1 ..p), B= M P-
Then Pi's Ru +Il-P — Ptk
g("9 = ~a~T {n(R*+i)-n(R9)},
and so

N Rstl  3Rii+

2.g(As) 822
S=i 9(As) 5 sil Rss~ R"p2

Furthermore, for an arbitrary but fixed s>0

9(B) = {<p,)-K(RR+

KA - I Riti(p +iy:

A logic Rii+i
(+*€) (loglogfe)r+ (fe+l.  <i+4 + t) (s, )27
if p is sufficiently large. Consequently for large p

RB+ and fk(m) > . Rn. .
(!q+1)2 o M Do

for all but 6x of n’s in [., x].
5. Proof of Theorem 2. Suppose that the conditions (1.7), (1.8) are fulfilled. If
A(y) is bounded then the assertion is almost obvious. Indeed, if A(<*=)=B, then

supg(n)=B, ie. fk(«)~B. Furthermore fk(Q)-+B, and so fk(n)—fk(0)<efk(0)
for every u, if Ais large enough.

/%)< 16

Suppose now that A(y)*>-°° Observe that the prime number theorem
easilj implies
(5.2) A(0)-(I+o())*(logfc) ic(—
Furthermore from i(y)—0 (y—°°) we obtain
(5-2) f2&(0) =N1(0)+0(1) = (I+o(l))/*(0).
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Hence
<5.3) NG)SH(«) SA +(.) = 14() S (1+e)A(,),

if k>x,nSx, K is large.
Now we assume that k”~x. Let & be small,

H = exp (exp ((log kf)),

and i
, . lg(p), if P*H,
if p>H-~,
10, if p*H,

9:(p)_U(p), if p>H,
and gi(n), g2(n) are the corresponding additive functions. Let
NOO) = pmax G+ (=0,
It is obvious that

W s /t)(n)+/f(n).
Let 0=1+20,

Let Cr(m) be the number of those nSx that have at least /o prime divisors in
I, LW. It is obvious that

tr L'rd 1m "7 AHP

We have
kCr(x) S NeXP~Nogk—1o g +O(Iog r)J
and by
P = (logfc). +. (I)
we get
logk- rlog— + O(logr) A _ EIogf(;
i.e
(5.4) foCr(x) S

o+

If the integers n+j 0=1, e r) have no r distinct prime factors from [1, //], then
@ (n) S g(Pieespr-.) S (L + 3S) A(logk).

Thus we proved that

Al («) » 1+ 35A (log f)

for all but x/ks,i integers «£[:, X].
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Let now f] be a small positive constant, A=tjA (log k). We put z=eu (n"0O),

D(x,z) = 2 z9)

The function zeiM is multiplicative, and its Moebius transform /(n) is defined for

prime powers as
re»(p)_1 n>4,

'<Ho,

I(p)=. (»a:).
Consequently
e«9(p)_I m

P/
Then from e“e—1<2ug(p) it follows that

D(X,z)=dS|z m feU *ﬂ<r;151,

Let U=y

D{x,z) » xexpilu 2
{ ) pI A<AKX P 2

Let B(x,ri,k) denote the number of those nSr, for which /.(«)sJ. We obtain

£(*, n,K) M K 2 zee(n)-Jus xexp f—di<+.u ~ ~~-+]ogfc).
(%, 1, 1) JUX 0 Pl /1" B-X P g))
From (1.9) we have
Au+2u 2 - " +logk < —3log kK
. H<p<x P
for large k, i.e.
B(x, u, k)

Consequently
[*(«) < (I+34+Vv)T(log/r)

for all but (mp/. + ") x integers nin [1, X], for every large k. Let 3S+ From
(5.1) we get

(5.6) (<)< (1+1) 1),

if k~c(e).

We choose (k=)kv=2k. (v=0,1, 2, ..). Then

(5-7) [*» < (i+-])A(0) (v=0,12,.),
allowing at most
00 CcX
X2, Ko
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ON THE GROWTH OF SOME ADDITIVE FUNCTIONS 359

integers n in [1, x\. Suppose that (5.7) holds for an n. If k~ ko k£[kv, kv+1), then
from

N00 a/twl(n) S (i+y)AwH(®) - (i+y) (i+]j)/*(0),

the inequality
W <o +e)6)

follows for every k~kO0, which completes the proof of Theorem 2
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ON THE STRUCTURE OF SPACES WHICH ARE
PARACOMPACT /»-SPACES HEREDITARILY

By
Z. BALOGH (Debrecen)

Introduction

Paracompact /»-spaces (or paracompact M-spaces) have been proved to be
exactly the regular 7j spaces which have a perfect map onto a metrizable space
(see [.]) or, equivalently, the spaces which are homeomorphic to a closed subspace
of the topological product of a metrizable and a compact T2 space (see [11]).
Clearly, subspaces of paracompact /»-spaces are not in general paracompact p-
spaces. (Take, for example, any T2 compactification of a non-paracompact, com-
pletely regular space.) Let us call a space which is hereditarily a paracompact
/»-space an -space. (This terminology is adapted from A. V. Arhangel’skil [3].)
The one-point compactification of any uncountable discrete space is an example
of a non-metrizable Fpp-space.

In the present paper we prove a general decomposition theorem concerning
perfect maps. It follows then that every Fpp-space is the union of at most coj of
its metrizable subspaces. With the aid of this result we are able to give affirmative
answers to the following two problems of A. V. Arhangelt’skii [3] (Theorems
3.2 and 3.4):

1 Is the Souslin number (the supremum of cardinalities of pairwise disjoint
families + gj) of an Fpp-space equal to its weight?

2. Does every Fpp-space have a dense metrizable subspace:.

Earlier these problems were affirmatively answered under GCH and CH,
respectively. (See [7], [9], [4] and [5].)

Concerning our terminology and notation we remark that x always denotes
an infinite cardinal. Cardinals are identified with initial ordinals. Given a topological
space (X, x) (or briefly X) and a subset Y of X, T|Y denotes the subspace topology
on Y relative to x, cITY (or briefly cl Y) denotes the closure of Y in (X, x). The
notation concerning perfect maps and relations is explaned in §..

8 1. Preliminaries

We shall use the following notation.

Let (X, x) be a topological space and R an equivalence relation on X. For any
point x in X, let [V]R denote the equivalence class of x. If AczX then let []a=
= U{[XIR: xEA}. Let xR denote the topology on X consisting of those T-open sub-

1 By using a method different from ours, an affirmative answer to the second problem has in-
dependently been obtained by Arhangel’skii (Vestnik Moskov. Univ. Ser. | Mat. Meh. 5 (1977),
30—36), too. The author was revising the present paper when Arhangel’skii’s paper appeared.
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sets which can be represented as unions of some equivalence classes of R. If R’
is an equivalence relation on a non-void subset X' of X then instead of (z2\X")R

we write briefly tr.. R is said to be closed if for every closed subset A in (X, z) [/t]R
is also a closed subset in (X, ). Let us say that R is perfect if R is closed and all
equivalence classes of R are compact subsets of (X, z). A continuous map/: (X, z)—
—(Z, rz) is called perfect if it is closed and for each point z in Z, f~1(z2) is com-
pact in (X, v).

Let us now recall some properties of perfect maps and perfect relations. In
most of this paper it will be more convenient to use perfect equivalence relations
instead of perfect maps; for their equivalency see [:], p. 71.

Proposition 11. Let (X, z) be a topological space and R an equivalence relation
«on X. Then the following assertions are equivalent.

(i) R is perfect.

(i) Each equivalence class [x]RofR is compact in r and the family ofall zR-open
sets containing [X]Rforms a neighbourhood base of [VRin t, too.

Proof. See [s], p. 75.

Lemma 1.2. Let [X, X) bea T.. space, X' and Xt (iff) non-voidsubsets of X such
that 1'clj for each i inl. Suppose that R' and Rt (if) are perfect equivalence
relations on (X',z\X") and (X]j, T|X;) (iff), respectively. Define an equivalence rela-
tion R on X' by putting

x Yiff v~Ry and x ~Ry for each i in I
Then
(@ R is a perfect equivalence relation on (X',z\X");
(0) rR=sup {zR,zR\X ":if}.

Proof. Let ZzR=z and sup {tR, tr.!A": iEl}=2z*. In order to prove our asser-
tion, we shall apply Proposition 1.1. So let us choose an arbitrary point x in X',
and let 31' and 93 denote an open neighbourhood base of [X]R and [X]R in «r.
and R (for all i in 1), respectively. Then, introducing the notation 33—
={¥YI\X" K693} we shall prove that
(*) B= {finite intersections of members in QS‘UHI®;} is a neighbourhood

base for [X]JR=[x]RnN HI'II [XIR in z\X".

To prove (*), suppose indirectly that there is a t|X'-open set U3 [V]R such
that no member of B is contained in U, i.e. 9i=93U[X'~ U} has the finite inter-
section property. Since by Proposition 11 93' is a neighbourhood base for the
compact set [VJR in z\X' and 91393' we infer that M= I {cINATV NfX}'<Z>-
On the other hand, making use of the definition of 93 A/c[x]RHEIMK.I'I

C\(X'-U)=e>, a contradiction.
Clearly B consists of f-open sets; hence (a) follows from (*) and Proposition
1.1. To prove (b), it is enough to note that obviously -r*cf and fcr* follows

from (*).
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82. A decomposition theorem

Definition 2.1. We say that a topological property P is x-complete if given
any family {r,:r'¢$/} of topologies possessing property P on the same non-void
set X, |/[ implies that sup {¢£/£/} also possesses P.

A topological property P is said to be hereditary if every subspace of a top-
ological space with property P also possesses P.

Proposition 2.2. Having a a-locallyfinite base is an co.-complete and hereditary
property.

Proof. Obvious.

Remark. The reader might easily find other coj-complete and hereditary pro-
perties of interest such as having a development, having a u-point finite base,
having a point-countable base etc.

Lemma 2.3. Let P be a x-complete and hereditary topological property. Suppose
that (X,+) is a T2 space satisfying the following conditions:

(i) for every subspace (Y, x\Y) of (X, ©) there is a perfect equivalence relation
Ry on (Y,x\Y) such that xRy possesses property P;

(i) in addition, Rx is such that for each x in X, [X]JRx contains no strictly de-
creasing sequence {Cp. a<x} of length x of its x-compact subsets.

Then (A r) is the union of at most x of its subspaces possessing property P.

Proof. We construct a transfinite sequence {(7%, Rx, xx, {x(Ca}, XX): a<x}
as follows.

Let TO=X, RO=RX the perfect equivalence relation of (ii), and t,=tR.
For every equivalence class C, of RO, let us choose a point x(C0Q arbitrarily, and
let X0={x(C0O:CO is an equivalence class of jR}

Suppose now that 0 <x and for every /?<a Tp, RIS rp, {X(CR)}, XR are
already defined. Then let

Tx= X—LU X,,.
B((Z 77

Let RT be a perfect equivalence relation on (Tx, x\Tfi as required in (i), and let
Rx be the equivalence relation on (Tx, t\TX) defined by

w-/1.y iff x ~RT™y and x ~R3y for every RB< a.

Define r, by putting xx=xRa

Finally, let us choose a point x(Cj€Ca arbitrarily for every equivalence class
Ca of Rx, and let Xx={x(CX:Cx is an equivalence class of Rj.

We shall prove our lemma by showing that

(@) Rx is perfect and xx possesses property P for each a-=x;

b) t|Za possesses P for each

Q1204

We shall verify (a) by transfinite induction. It is clearly satisfied for a=0.
Suppose now that 0<ack and that we have proved (a) for all /?<«. By virtue
of Lemma 1.2 and by the definition of Rxwe infer then that Rxis a perfect equivalence

1=
a<X
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relation and that rx=TRa=sup {tRt ,xR\Tx: R<ct). Since P is wu-complete and
hereditary it follows that xa possesses P.

To prove (b), let R* be a perfect equivalence relation on (X*, Z\X*) as required
in (i), and let x'=xR. Denote by R the equivalence relation on X,, defined by

x~Ry iff x~Ry and x~ Ray.

By the definition of X,,, R is the relation x —y on Xx; applying Lemma 12
we conclude that

AX* = IR = Sup{r',TalA}

has property P, since P is hereditary and u-complete.
Suppose now indirectly that (c) is not true, i.e. there is a point XEX—|J X*.

Then {[v]Raa<>i} is a strictly decreasing sequence of T-compact subsets of [V][Rx
in contradiction with (ii).

Theorem 2.4. Let x be a regular cardinal, and let P be a x-complete and hereditary

éqp_ological p, operty. Suppose that (X, X) is a T2 space satisfying the following con-
itions:

(1) for every subspace (Y, T|Y) of (X, v), there is a perfect equivalence relation

Ry o, (Y,. 1Y) such that xRy possesses property P;
if (Y, r 1Y) is a subspace with density then there is no strictly decreasing

sequence {C,:a<z} of length x of its compact subsets;

(3) for every point x in X and every subset A of X with xEcITA, there is a subset
A'"A  with \A'\<x, xEcIXA'

Then (X, X) is the union of at most x of its subspaces possessing property P.

Proof. We shall construct a transfinite sequence

{(ra,/?a,xa,{"(Ca)}, {I(CJI}, Ka,XX: a<x}
as follows.

Let TO=X, RO be a perfect equivalence relation on (X, X) as required in (1),
and t=tRo. For every equivalence class C. of RO, let us choose as {¥(CO} an
arbitrary subset of CO consisting of a single point and put K(Cg=0. Finally,
let KO=0 and Xa=\J {X(CO:CO is an equivalence class of i?0}

Assume now that O<a<x and that we have already defined TR,RE,xR,
{K(CR)}, {X(CR)}, KB, XB for every Then let

T,=X-BUdX,—/§I<HKB.

Let RPobe a perfect equivalence relation on (T*, t\TX as required in (1), and
let R* be the equivalence relation on (Tx,z2\T*) defined by

v oy iff ¥V y and x ~Rty for every R < a

Let us put t*=tRx
Now, for every equivalence class Ca=[,v][Rt of Rx, let

k(cj=cix(u x(cR)nc*,
B<tx
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where CR denotes the equivalence class [x]s of RR. For every equivalence class
C, of Rx, X(Cx) is defined by

{an arbitrarily chosen set consisting of a
single point in CXx—K(CX, if Cx—K(Cx tt ;

o , otherwise.
Finally, let
Kx= U {A'(Cj: C. is an equivalence class of Rx}
and
Xx= U{X(CJ: C, is an equivalence class of RX).

In order to prove our theorem, it is enough to show that the following asser-
tions are valid:

(@ Rx is perfect and xa possesses property P for each a<%,;

(b) z\Xx possesses P for each otoc;

(©) for each a<x (Kx, T\K¥ is the union of at most x of its subspaces
possessing P;

(d) x= 1n n;n u kx.

&X' aX

(@ and (b) can be shown by the same argument as we did in the proof of
Lemma 2.3.

We shall obtain (c) by proving that (Kx, t|Kx) satisfies the conditions of Lemma
2.3 for each ot<x. Only (ii) needs proof. To prove it, let Rabe a perfect equivalence
relation on (K,,, t|K,,) as required in (1). Let R be the equivalence relation on
(Kx, X\KXY) defined by

X ~ry iff x y and x y.

By virtue of Lemma 1.2, and since P is a x-complete and hereditary property,
it follows that R is such a relation as required in (i). Moreover, since by the defini-
tion of K(CJ each equivalence class of R is contained in a subspace of (X, x) with
density <x, we have (ii) by ().

Finally, let us suppose indirectly that (d) is not true, i.e. there is a point

n X,- " K.
aol a<x
Let Cj denote the equivalence class [V]ka of Rx. By its definition X(C#g consists
of exactly one point x,, for every a<x. We shall prove that {xa:a<x} is a free
sequence in (X, X). To prove this, let a, be an arbitrary ordinal with 0<a,<x.
Then
cl. {xx: a< yGNclt{xx: a” alfc clr{xx: a < a0}N ({xaJ UC20+]) =

clt {xx: a< a}nC.... = clt{xa: a < «}M(C,orNcC,otl) =
K(CENCIHLC kanTeol=0 g.e.d.

We have proved that {x2:a<x} is a free sequence of length x in the compact
T2space (CO, x|C0O. By virtue of (3) and the regularity of x, this is a contradiction.

Remarks. L If x=A+ with Iso then (3) means that (x, X) has tightness ~2.
2. (2) and (3) are rather weak additional conditions; it turns out in 83 that
e.g. for x=00l and P =(having a c-locally finite base), (1) implies both of them.
3. It is enough to require (2) and (3) in the equivalence classes of RO only.
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§3. On two problems of A.V. ArhangePskii

Let us first recall that the Souslin number of a topological space A, denoted
c(A), is the smallest infinite cardinal number x such that every family of pairwise
disjoint open subsets of X has cardinality ~ x. A is called x-Lindel6f if each open
cover of X has a subcover of cardinality az. Ais said to have countable tightness
if for every point xdX and every subset A cX with xEcl A there is a countable
subset A'cA with xEcl A'. A space A is said to be of pointwise countable type
if it can be covered by its compact subsets having countable character. (Evidently,
Fpp-spaces are such hereditarily.)

Theorem 3.1. Every Fpp-space X is the union of at most cal of its metrizable
subspaces.

Proof. We shall show that A satisfies the conditions of Theorem 2.4 with
x=a>land P = (having a <x-locally finite base). By Proposition 2.2 P is ai-complete
and hereditary. Recall that the inverse image of the topology of Z by a perfect
map/: (A*, z*)-<-Z coincides with z£, where R is the equivalence relation / (x)=
=f(y) on X*. Therefore condition (1) follows from the Nagata—Smirnov metriza-
tion theorem and the definition ofan F~-space. Since A is hereditarily paracompact
we infer that every separable subspace of A is hereditarily Lindelof, hence (2) is
also fulfilled. Since every Fpp-space is hereditarily a space of poin wise countable
type (and thus a very-/c-space) we infer that A has countable tightness (see [3], [2]).
Therefore (3) is also satisfied.

Remark. As we remarked after Proposition 2.2, there are many o)t-complete
and hereditary properties of interest; so Theorem 2.4 might be used to obtain other
results of type Theorem 3.1. On the other hand, it seems to be a complicated pro-
blem whether every Fpp-space is the union of only countably many of its metrizable
subspaces.

Theorem 3.2. The weight of an Fppspace X is equal to its Souslin number.

Proof. Let c{X)—x. If x=co then our theorem is proved in [3] of
Arhangel’skii; hence we may assume xtscol. Obviously, A has weight Since
A is hereditarily paracompact, c(X)—x implies that A is hereditarily n-Lindel6f
(see e.g. [7]). Since a u-Lindeldf metrizable space has weight ~x, we conclude by
Theorem 3.1 that A is the union of at most oo”x of its subspaces each of which
has weight Sx. Since the weight is additive for />spaces (see [1]) it follows that
A has weight “x.

Lemma 3.3. Suppose that a first countable Fpp-space A* is the union of afamily
{Ax: of its discrete subspaces such that B(ga Ap is closed for each a<a>l.

Then X* is metrizable.

Proof. We shall make use of a well-known result of J. N agata [10] that a
paracompact p-space is metrizable iff it has a point-countable separating open
cover. In order to show that our space X* has such a cover, let us define for each
ok (& a family ©a of open subsets of X* as follows.
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For every point v in Ax let 33*={V$x:n<a>} be an open neighbourhood
base of x in X* such that Y"X'1AQ={\} for every w. Since A* is hereditarily
paracompact we infer that 33J={V"x:x€Ax} has a c-point finite open refinement
©f with U93"=U©”. Let ©'= 1J ©” and

= G's ©}.
] Rra }
Finally, let

<$=agm®,.

Clearly © is a point-countable open cover of A*. We shall prove that © is
also point separating. To prove this, let x, yEX*, x*y, and let a be the smallest
ordinal with x£A'a. Then there is a V”a, 35a with y% V. Since by definition V'
is the only member of 93" which contains x we infer that there is a G' in ©f with
X G'cF"a. Let G=G‘—B}\JX AR, then GE€©, x£G and y3$G.

Theorem 3.4. Every Fpp-space has a dense metrizable subspace.

Proof. Since by Bing’s metrization theorem every metrizable space has a
dense subspace which is the union of countably many discrete subspaces we infer
by Theorem 3.1 that every Fpp-space has a dense subspace X which is the union
of a family {Dp. of its discrete subspaces. By the main result in M. 1smaii
[:] every space which is hereditarily of pointwise countable type (a fortiori every
iFpp-space) has an open dense first countable subspace. Hence X may be assumed
to be first countable. To prove our theorem, it is enough to show that such an
FPRrspace X has a dense metrizable subspace. To show this ,let us define {Aa:

b
Y AX=D -tI(U A),
[F=*

and let X*= 1J Ax. Clearly, X* satisfies the conditions of Lemma 3.3; hence X*

an
is metrizable. We shall also prove that X* is dense in X. To prove this, suppose
indirectly that there is a point xEX—cl X*, and let <x"col be an ordinal with
XtDx. Then, by virtue of the definition of A, x$cIX* and x€Da implies
XxEAXxczX*, a contradiction.

Remark. As we have already indicated Theorem 3.2 and Theorem 3.4 give
affirmative answers to Problem 2 and Problem 4 in Arhangel’skii [3], respectively.
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UBER NICHT-HOLONOME
OTSUKISCHE RAUME

Von
A. MOOR (Sopron)

8 1. Einleitung

Die Theorie der nicht-holonomen R&ume entwickelte sich aus der Theorie
der Riemannschen Raume und kann im wesentlichen als eine Verallgemeinerung
der Theorie der Unterrdume betrachtet werden. Im folgenden wollen wir solche
— Bahnkurven oder kurz Bahnen genannte — Kurven x'=x'(s) eines «-dimen-
sionalen Punktraumes V° bestimmen, in dem eine Otsukische Ubertragungs-
theorie [.] existiert, die Ubertragungsparameter "I sind aus einem metrischen
Grundtensor bestimmt, und die Kurven x‘(s) (/=12 ,, n) — der Parameter
..s* bedeutet jetzt und im folgenden immer die Bogenlange — geniigen dem System
der folgenden Differentialgleichungen (vgl. die Theorie der nicht-holonomen Raume
in [1], [3] und in erster Reihe in [4]):

(1.0

(1.2)

wo die Ae(k) m kovariante Vektorfelder des «-dimensionalen Raumes, die nie)(x, x")
aber m Skalare bedeuten. Beziiglich der Bezeichnungen wollen wir festlegen, dal
die griechischen Indizes immer die Zahlen 1, 2, ...,«?, die lateinischen Indizes aber
die Zahlen 1,2, ...,« bedeuten werden, und ferner die Einsteinsche Summations-
konvention beziiglich der doppelt vorkommenden Indizes nur auf die lateinischen
Indizes bedingt wird. Selbstverstdndich gilt immer: m<«. Die griechischen Indizes
bestimmen keinen tensoriellen Charakter, die lateinischen Indizes bezeichnen aber
immer die Komponenten der Tensoren.

Bilden die Vektoren A(e)i die Normalenvektoren eines («—«z)-dimensionalen
Unterraumes so drickt (1.1) aus, dalR die Kurve x‘(s) im Unterraum
U(n_m liegt, und nach (1.2) ist ihr Hauptnormalenvektor Dx'7ds ein Vektor des
normalen Unterraumes 1L}, von

Die Systeme (1.1) und (1.2) der Differentialgleichungen kénnen in einem
System zweiter Ordnung (vgl. Gleichung (3.9) und das Korollar von Satz 2) vereinigt
werden, wo dann nur noch die Anfangsbedingungen A\ (x(M))x'‘(sO=0 be-
friedigt werden mussen.
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Yon den Vektoren wollen wir im folgenden noch annehmen, dali sie paarweise
aufeinander senkrecht stehen, d. h. es gilt:

(1-3) —S* M (mit (Yl = <

wo (hier und im folgenden) <€, bzw. & und auch 6f/alle das Kronecker., bedeuten
werden, obwohl die griechischen Indizes keinen tensoriellen Charakter bestimmen.
<], bedeutet hiernach I/2m(m + 1) Konstanten.

8 2. Grundformeln der Otsukischen Raume

In diesem Paragraphen stellen wir kurz diejenigen Formeln der Otsukischen
Raume [2] zusammen, die wir im folgenden beniutzen werden. Wir beschranken
uns auf den lokalen Teil der Theorie der Otsukischen Ubertragung (vgl. in erster
Reihe 83 und 84 von [2]), doch wollen wir noch annehmen, dafl im Raum ein
metrischer Tensor gu(x) existiert, von dem die affinen Ubertragungsparameter
mit Hilfe des Grundtensors PJ(X) der fur die Otsukische Ubertragung kenn-
zeichnend ist, bestimmt werden. )

Es seien also "I'/k(x) die aus gij bestimmten Ubertragungsparameter (Chris-
toffelsche Symbole zweiter Art), d. h

(2.1) 'Ta " 1 gJr(dkgir+digrk~drgik),

wo gjr — wie gewohnlich — den inversen Tensor von gu bedeutet. Bedeutet nun
Q, den inversen Tensor von Pj, d. h. gelten neben Det(Pj)*0 die Relationen:

(2.2a) PIQ' = §j, (2.2b) P\Q\ =

(&* bezeichnet das Kronecker-d des u-dimensionalen Raumes), so sind neben
"I durch die Formeln

(2.3) OKP)+ "TAPT -PT /Kk=0

(vgl. [2], (3.13)) auch die Ubertragungsparameter T /k eindeutig festgelegt, wie
das durch eine Kontraktion mit Q~ nach (2.2b) leicht bestatigt werden kann.

In den Otsukischen Raumen existieren nun die folgenden kovarianten bzw.
invarianten Ableitungen:

(2.4) '£:m;> £ dkvE:ii>+ 2 ) Z*JS,l"i‘jS';(y!Vi e o P
29 o Bl Py
(2.6) TU -p der Yix...p axk

dt JI"g— VI Xk dt
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und nach (2.4), (2.5) und (2.6):

Im wesentlichen definiert (2.7) die Otsukische Ubertragung, in der es charak-
teristisch ist, daf die kovarianten Ableitungen der kontra- bzw. kovarianten Ten-
soren mit verschiedenen Ubertragungsparametern gebildet und die Tensoren PFj-
vorhanden sind. Ist P}=<5-, so geht die Otsukische Theorie in die gewthnliche
Theorie der affinzusammenhéngenden Punktrdume Uber, wie das auf Grund von
(2.3)—(2.7) unmittelbar bestatigt werden kann.

Wir wollen im folgenden immer die Bogenlange

(2.8)

als Parameter benltzen, und — wie tblich — die Ableitung nach s, d. h. die Opera-
tion d/ds durch einen Strich bezeichnen; nur die Otsukischen Ubertragungspara-
meter ' und "I bilden eine Ausnahme von dieser Vereinbarung. Diese Parameter
sind im allgemeinen von dem affinen Parameter von Otsuki (vgl. [2], Formel (4.7))
verschieden, es gilt aber der

Satz 1. Dann und nur dann, wenn léngs einer, mit dem Parameter s angege-
benen Extremalkurve x‘(s) von (2.8) die Relation

2.9)

besteht, wo \j/(s) einen Skalar bedeutet, ist x‘(s) gleichzeitig eine affine Bahn des
Otsukischen Raumes, und nur im Falle \j/(s)=0 ist die Bogenlange gleichzeitig
ein affiner Parameter im Otsukischen Sinn.

Beweis. Bekanntlich sind die Extremalkurven des durch (2.8) bestimmten
Riemannschen Raumes nach (2.1) durch

(2.10

festgelegt. Die Gleichung einer Bahn des Otsukischen Raumes ist nach (4.4) von [2]:

D
1h
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wo aber jetzt selbstverstandlich s nicht den affinen Parameter, sondern die Bogen-
lange als Parameter bedeutet. Da die Gleichung der Bahnen in der Form

212 a1, r/k(x)xJdx = Ob(é)%‘

geschrieben werden kann, folgt aus (2.10) und (2.11), daR diese Gleichungen dann
und nur dann Ubereinstimmen, wenn (2.9) besteht. Im Falle i*(i)—0 ist s nach
den genannten Formeln offenbar ein affiner Parameter, w. z. b. w.

Bemerkung. 'TJK ist nach (2.1) in den unteren Indizes immer symmetrisch,
hingegen gilt das fur T [, im allgemeinen nicht. In (2.9) und (2.11) kommt aber
nur der in (/,k) symmetrische Teil von T Jk vor.

Die Relation (2.9) ist fur Pj—&. mit ifji=0 gultig; das gilt aber auch fir
Pj.=Ad6'r, falls n=Konst, besteht. In diesem Falle ist namlich nach (2.2a):
(?f=Z~1g. und nach (2.3) wird T Jk(x)="T Jk(n).

§ 3. Bahnen der allgemeinen nicht-holonomen Otsukischen Ubertragung

Die Bahnen einer nicht-holonomen Otsukischen Ubertragung sind durch (1.1)
und (1.2) festgelegt. Mit einer Methode, die in den nicht-holonomen Theorien im
allgemeinen (blich ist, bestimmen wir die > (g=\, ,m) in (...) ausgedrickt
mit den A(e)i bzw. mit den DA(Q)i. Ziehen wir in (1.2) den Index kK hinauf, so wird
nach einer Kontraktion mit Q{ und nach Vertauschungen der Summationsindizes
im Hinblick auf (2.2b) und (2.7):

Dx'j

(31 —d= 2 MK X)QXA
Eine Kontraktion dieser Gleichung mit A/l(n ergibt
Dx'J "
3.2) AWj X ~ Z, «»)V»
(3.3) = A(I)jQiAW<

Wir stellen nun die Forderung, daf die kRv eine inverse Groflie haben, d. h.

(3.4)

r r
nach /fe eindeutig losbar ist. Die Formel (3.2) ergibt nun nach (3.4):
m Dx'i
(35) AS>X) = o
Bemerkung. Da die 7r(e), skalare Funktionen bedeuten, ist es offenbar

gleichgultig, ob diese Indizes oben, oder unten stehen.
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Wir formen jetzt (1.1) um. Die Ableitung nach dem Parameter s ergibt:
dA(i)i dx1 d2x*
ds ds ()" ds2

Auf Grund der Definition der Operation D/ds (vgl. unsere Formeln (2.6) und (2.4))
kann diese Formel in der Form:

D A (dxk~™  Dx'l dxJdxk
ds ds =°

geschrieben werden. Beachten wir nun, dafl nach (2.4), (2.6) und (2.7)

0.

(3.6)

Dak papr(p h "ph\
(37) M rk)~dT

besteht, so wird nach einer Kontraktion mit QaQj aus (3.7)

17V DiS"
(3.73) Crik-" P — = QaQ -

Substituieren wir das in (3.6), so wird:

. Dx’J Dgi dxj
DA®R>_dxJ_\_y - - — 7 =
(3.8) Ads e ALt ) Q aQp rTA @i 0.

Mit Hilfe von (3.8) kann jetzt aus (3.5) die Groe ANMOX'] durch

Dx | Qb DAWS dxJ . D6l m  dxJ
ds = VJ ds ds +QAaQJ ds A(L)‘ ds

ausgedriickt werden. Substituieren wir die in dieser Weise erhaltenen Grofen n(g)
von (3.5) in (1.2), ziehen wir noch in (1.2) den Index k herauf, so wird (nach
einigen Vertauschungen der Indizes):

(3.9) Dx’ 5 DA(N)t pk i
ds w1 ;™0 7*F*<m(~d~s Q1T ANR = °-

Die Gleichung (3.9) bestimmt die nicht-holonomen Bahnkurven des Raumes.
Wir beweisen den
Satz 2. Es gilt fir die Losungskurven x‘(s) von (3.9):

(3.10) AE)i(x (s,))g)a(%-L = konst-

Beweis. Wir nehmen an, dal x‘(s) eine Ld&sungskurve des Differential-
gleichungssystems (3.9) ist. Es gilt ferner die Formel:

(3M)  ds (A@)IX) - BK(DAS h dis' +A@h—ds - ©rd we —ds A
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wie das auf Grund der Definitionsformel (2.7) des invarianten Differentials — m
diesem Falle auf Vektoren angewendet — leicht bestétigt werden kann. Substituieren
wir nun in die Formel (3.11) den Wert von Dxn aus (3.9), und beachten dann, daft
nach (3.3) und (3.4):

2 =2 = K

B B

besteht, so folgt aus (3.11):

das beweist eben (3.10).
Aus dem Satz 2 folgt das

Korollar zu Satz 2. Gelten langs einer Losungskurve x' (s) von (3.9) die An-
fangsbedingungen
(3-12) [1.).(* ()" =0
so ist A(@)ix'‘=0 langs xI(s) immer glltig, die Kurve x‘(s) genigt also der Bedin-
gung (1.1).

Die Bahnen des nicht-holonomen Otsukischen Raumes konnen also durch
(3.9) mit den Anfangsbedingungen (3.12) charakterisiert werden.
Beziiglich der durch (3.3) bestimmten Skalare /"IVbeweisen wir den folgenden

Satz 3. Ist pij=P'grd in(/, j) symmetrisch, so ist auch in (g, v) symmetrisch.
Beweis. Vor allem zeigen wir, dal aus der Symmetrie von PtJin (i, j) auch
die von Q&= gtmQm in (a b) folgt. Nach einer Kontraktion von
(3.13) girpr = gjrpr
mit gJngikQmQk erhélt man im Hinblick auf (2.2b):

. i gbmQ & = gakQk,
womit aus (3.3) unmittelbar folgt:

(3.14) Av= AW]Qig"A(V)i = A(rtJQ}gVAV)I = 5n,

Ww. z. b. w.
Ist symmetrisch, so besteht /gy nur aus I/2m(m+ 1) Komponenten; im
nicht-symmetrischen Fall hat es aber m1 Komponenten.

§4. Die nicht-holonomen Ubertragungsparameter

Auf Grund der Formel (3.9) konnen wir eine nicht-holonome Otsukische
affine Ubertragung ableiten. Wir stellen die folgende

Forderung. Es seien die nicht-holonomen Otsukischen fjbertragungsparameter
Qj\ fur die Ubertragung der kontravarianten Vektoren so bestimmt, dal fir xn die
Parallelverschiebung eben durch (3.9) angegeben sei.
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Da die Parallelverschiebung durch Dxn—0 definiert ist, wo

Dx
<4.1) ds = pi"+Q M x)x"IXK

bedeutet, miissen wir (3.9) unformen. Eine kurze Rechnung auf Grund von (2.7)
und (2.2b) bzw. (3.7) gibt die folgende Identitat:

DA Dot adxfl
dg')f—Q k-d’SrKn = P?@b1MT-"T AkKKAM ds

Substituieren wir das in (3.9), so wird wieder im Hinblick auf (2.2a):
Dx l+ AV-A M@ TP A A _drxl\ i A o

was noch in der Form:
<42)  P:{jgl+ (773+ 2 >-"&A<fidhAMI-Tj\AwJ )~ A} =0

geschrieben werden kann.
Ein Vergleich von (4.1) und (4.2) zeigt sofort, dal fir Qfhdie Formel

(4.3) Qj\= T HI)+2 ~QIA " (dMAMI)- T ak)A(IK

geeignet ist; die Klammern bei den lateinischen Indizes bedeuten nach der Schouten-
schen Symbolik den symmetrischen Teil der entsprechenden Grofen, da in (4.2),
wegen der Symmetrie von x'Jx'hin (/;, /), in dem mit x'Ix"h multiplizierten Glied
offenbar nur die in (h, j) symmetrischen Teile vorhanden sein kdnnen.

Ist nun Q/h bestimmt, so konnen die Ubertragungsparameter Q/h fiir die
Ubertragung der kovarianten Vektoren nach der Theorie der Otsukischen Uber-
tragung durch die Formel
(4.9) AKP)+R O Pj- PFQ/k =0

bestimmt werden, was zur Formel (2.3) analog ist.

Aus (4.2) konnten auch andere Ubertragungsparameter bestimmt werden,
wenn namlich in (4.3) fir Q/hnicht der in (/2 j) symmetrischen Teil ge-
nommen waére.

8 5. Der Fall der Eigenvektoren

Der Begriff des kontravarianten Eigenvektors ist in [2] §5 angegeben, wir
geben aber hier eine im wesentlichen analoge Definition fur kovariante Eigen-
vektoren.

Definition. Ein kovarianter Eigenvektor, der langs einer Kurve x‘(s) definiert
ist, ist ein Vektor, fir das eine Relation von der Form:

(5.1) PI(X)Vi(X) —Tr(X)V,(X), x= x*(s)
besteht, wo T(X) ein Skalarfeld bezeichnet.
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Aus (5.1) bestimmen wir eine wichtige Formel fiir die kovarianten Eigenvek-
toren, deren Analogon fir den kontravarianten Fall in [2], Formel (5.8) angegeben
ist. Bilden wir die Operation D/ds von beiden Seiten von (5.1), so wird:

AL did dz T_ DV,
J{ dSt 1 Jkﬁ'_ ﬁ.tKFl dS M K+T1T -

Das erste Glied ist nach (2.7) DVJds; das Glied dP{/ds kénnen wir mit Hilfe von
(2.3) eliminieren, wenn (2.3) mit dxkds kontrahiert wird. Kontrahieren wir die
erhaltene Gleichung mit P\, so wird im Hinblick auf (5.1):

Dvt I, Do

52) T A5l -G M N -

Im folgenden wollen wir den Fall untersuchen, in dem die Vektoren A(e)i
Eigenvektorfelder sind, d. h.

(5.3) PIX)A@©)j(X) = 2Q()AELK), xI= fis).

Statt dieser Bedingung wollen wir eine starkere Forderung stellen, da namlich
(5.3) langs jeder Kurve x‘(s) bestehe. Offenbar folgt daraus, daR die Vektoren
A(@©i(X) langsjeder Kurve Eigenvektoren sind. Es wird somit (5.2) fur die A(e)i langs
aller Kurven des Raumes bestehen.

Wir stellen also die folgende

Forderung. Die kovarianten Vektoren A(R)i seien Eigenvektorfelder, d. n. es
gelten die Relationen:

(5.4) PI(X)AED(X) = TR)(x)Af)r(x),
DA Do DA, &
(59 pr d(sr)r A ' TO0 {( d’;ﬂl togs *00 »

(In (5.4) und in (5.5) soll selbstverstandlich — wie vereinbart — nach p nicht
summiert werden.)
Vor allem berechnen wir die GroRen AN Da nach (5.4) und (2.2a)

a0 By
ist, bekommt man aus (3.3) im Hinblick auf die Orthogonalitatsrelation (1.3) die
Formel:

(5.79) HioA(ppAly) z70N.

Auf Grund der Definitionsformel (3.4) erhalt man fir die Skalare Avunmittelbar
(5.7b)

Beachten wir jetzt die Formeln (5.6) und (5.7b), so wird aus (3.9):

Dx DA Dd't
. (Qt
(58) ds * 2, ™% s RQ ¢ g5 remer gg) - *
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Die Formel (5.8) entspricht im Fall, wo die A~ Eigenvektoren sind, der Formel
(3.9) der Bahnen, doch kann jetzt (5.8) mittels der Formel (5.5) noch weiter verein-
facht werden. Schreiben wir (5.5) in der Form:

DS' DA@E DA@t j dT@E |
AN'~dT~ N ~dT- -+ =¢ ds ds

so geht (5.8) nach Herunterziehen des Index i in

._Dx'j m ) (
Sij k2" T()Qix JAE) (TO g ©..

Uber. Es ist aber nach (5.6) und nach (1.1)

Qja«,),*J= 4eA(i)jxI= °>

und somit wird im Hinblick auf (2.2a)

DAlg)J
X

DxJ =
(5.9) ds =" eZ_i n(e)l ds J=0,

was mit der Gleichung der Bahnen der nicht-holonomen Raume vollstédndig tber-
einstimmt. Es gilt daher der

Satz 4. Die Gleichung (3.9) der Bahnen der nicht-holonomen Otsukischen Raume
geht im Falle, wo die A(B)( Eigenvektoren sind, in (5.9) Uber, und diese Gleichung
stimmt formal mit der Gleichung der Bahnen der gewdhnlichen nicht-holonomen
Raume Uberein (vgl. [1], Formel (2.18), die zwar fir Linienelementrdume angegeben
ist, aber offenbar auch fir Punktrdume gilt).

Die Ubertragungsparameter Q/k kénnen aus der Formel (4.3) mittels (5.7b)
und (5.6) bestimmt werden. Es wird, wenn die Symmetrie von Qtmin (t, m) bedingt
wird:

(5.10) Q/h= Tyn+82_n:AM k NE)»-T<0)NE).

Die Ubertragungsparameter Q/h kénnen wieder mittels (4.4) bestimmt werden.
Wir wollen noch denjenigen Fall untersuchen, der durch

(5.11) JXjix) = x(x)S]

gekennzeichnet ist. In diesem Fall sind offenbar alle Vektoren Eigenvektorén,
sogar Eigenvektorfelder, wie das nach (5.1) unmittelbar verifiziert werden kann.
Die Relation (5.3) gilt jetzt mit der Bedingung, dal T()=r@=...=t =T1(X)
besteht.

Die Ubertragungsparameter 'I"/kund "I/l stimmen nach (2.3) nicht iiberein,
aber D/ds und D/ds unterscheiden sich nur um einen skalaren Faktor. Ist WA\

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



:378 A. MOOR: UBER NICHT-HOLONOME OTSUKISCHE RAUME

«ein Tensor r-ter Stufe, so ist nach (2.7) und (5.11) DV -=xrDV -. Aus der
Formel (5.9) wird somit die Gleichung der Bahnen:

DXj ~ J DAO: . .
8J~dT+/[ Al ds XJ~°

Nehmen wir endlich noch an, dafl neben (5.4) das Kronecker-<5 einer der
Ralationen

(5-12)

D8t N
5-13 = x0'
(5-13) g = X0

(5.14)

-gentigt (vgl. [2], (5.9) und (5.10)). Es qilt:

Satz 5. Ist eine der Formeln (5.13) bzw. (5.14) gultig, so vereinfacht sich die
Gleichung (5.8) der Bahnen auf:

Dxn DA
()t _
(19 s * 2, @ Mo ds O

Beweis. Das Glied, welches Dot enthalt, wird nach (5.13) aus der Gleichung
(5.8) herausfallen, da nach (5.6) und (1.1):

Qi Anr B8 = 10 4 Aoy T kmi W - °

folglich (5.15) gltig ist.
Aus (5.14) und (2.2a) wird wieder

A Dof  dxj o
Tds N@r ds T ‘ds Al =

somit geht (5.8) auch in diesem Fall in (5.15) Uber, w. z. b. w.

Ol
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1. Introduction and notations

In [2] H. A. GINDLER has extended the Dunford—Taylor operational calculus
to a certain class of meromorphic functions, and proved a mapping theorem con-
cerning the fine structure of the spectra. The aim of this paper is to continue and
complete his investigations. An independent definition of the operator f(7) is
given, which is shown to be equivalent to the original definition of f,(7) for each
b in the (nonvoid) resolvent set of the operator 7. We complete the proof of the
closedness of the operator f(7) and show that the mapping f—f(7) has, in an
appropriate sense, the properties of an operational calculus.

Let C denote the complex plane and C its compactification. Let X be a complex
Banach space and B(X) the Banach algebra of all bounded linear operators from
X into X. Let T denote a closed linear operator with domain D(7) and range
R(T) in X, with nonvoid resolvent set r(7) and resolvent operator R(z, 7)=
=(z—T)"'€B(X) for z€r(T), and with spectrum s(7). The extended spectrum
of T, s,(T), is defined as s(7) if T€B(X), and s(T)U{-e} if 7¢ B(X), and it is
a nonvoid compact subset of C. We will say that the complex function f belongs
to the class M(T), or feM(T), if

(i) f is meromorphic on s5.(7),

(i) for each pole p€s(T) of f, p does not belong to Ps(7'), the point spectrum

of
In particular, we say that f€ A(T)cM(T), if f has no poles on s.(7) or, equi-
valently, f is holomorphic on s.(7).

If feM(T), then f has (at most) a finite number of poles on s5,(7), say py= ==,

Dis ..., D, with orders m;=0 (i=0,1, ..., k), respectively. Define the polynomial

) P(z)= 17 =2

put m=n;+...+n,, n=m-+n,, and suppose ber(T). Define (with the usual con-
ventions) the function

2 Fy(2) =f(2) P(2)fb—2)"",

then F,€A(T). Hence the Dunford—Taylor calculus yields F,(7)€B(X). By (i),
the operator P(T)(b—T)~" has the inverse (b—T)"P(T)~', which is a closed
operator. Now GINDLER has given ([2; p. 33]) the following

DEeriNITION G. The operator f,(7) is defined by
3) Jo(T) = F(T)(b—T)P(T)™".
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(Here we have stressed the possible dependence on b£r(T).) In Section 2 we will
give another definition of /(7 ), which will turn out to be equivalent to fh(T) for
every b£r(T), thus proving the independence of b. Further, the properties of the
mapping / — (T) will be investigated.

2. The operational calculus

The following lemma is of purely algebraic character.

Lemma 1. Let P and Q be polynomials and let S denote their least common
multiple. Assume that T is a linear operator from D(T)czX into X and that the null
spaces of both P(T) and Q(T) are {0} Then

() R(P(M)FIR(Q(T)) = R(S(T)).

Proof. It is clearly sufficient to show that the left side of (4) is contained in
the right one. To avoid trivialities we may assume that P and Q are at least of
degree 1 and that they have at least one pair of different factors. Suppose now that
they are of degree 1 with roots ¢ and d, respectively, and that

HF=(c-Ty = d—T)v
Then (c—T)y=(c—T)v+(d—<)v, hence v=(c—T)w for some wiD(T), and
x=(d—T)(c—T)w.
Assume now that (4) is true if the given polynomials have degree at most n,

and that x=P(T)y—Q(T)v, where P and Q have degree at most n+1. If they
have a common factor, say c¢c—T, then

(c—=T)~rx = P*(T)y = Q*(T)v,

where P* and Q* have degree at most n. By assumption and with obvious notation,
then (c—T)~1xER(S*(T)), hence XxER(S(T)). If P and Q have no common factors,
then we have, say,

*- (c-T)P{T)y = d-T)Q\T)v,

where P' and O' have degree at most n. As above, we obtain Q'(T)v={c—T)w—=z
and, since ¢ is not a zero of O', the inductive assumption yields that

z —(c—T)Q'(T)v" for some Vv'ZD(Q(T)).
By a similar reasoning we obtain
x=(-T)d-T)P(T)y" = (c-T)(d-T)Q*(T)v",

(.c-T)~\d-T)?x = P (T)y"' = Q'(T)v'",

and another application of the inductive hypothesis completes the proof.
Suppose from now on that T is a closed linear operator in X with nonvoid
resolvent set and fEM(T). Using the notations of Section 1, it is well-known that

or

©) fz) = H@)+ Qi)+ 2. 2 By (#-*)H
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where H(z) is holomorphic on se(T), and the other members on the right side of
(5) are the principal parts of the Laurent expansion of / at the points p0—°°,
pt,...,pk, in this order (cf. [5; p. 146]). Thus QOis a polynomial of degree n0,
HEA(T), and we can give

Definition 1. The operator f{T) is defined by
©) f(T) = H(T)+QUT)+ . ZIGU(p,-r)-'-
I=W=

Using Definition G and Lemma 1, we prove now

Theorem 1. For every bEr(T) we have fb(T)=f(T). Further, D(f(T))=
=D(TrP)r\R(P(T)).

Proof. With the notations
P;(z) = P(z)(pi-2)-"i (i= 12, ..., K),
we obtain from (2) and (5)
Fo(z) = H(z)P(z)(b-2)-" + QU(z)P(z)(b-z)-" +
+ |2=Ij%I °ij(Pi- z)rf~JPi(z)(b-z)~n
By the Dunford—Taylor calculus, in particular by [6; 5.6—D]
Fo(T) = H(T)P(T)(b-T)~n+ QX T)P(T)(b-T)- +
+ 2 2aup-T-ipNb-TY’?
1=1.1=1

IfxdD (fb(T)), then we obtain from this equality fb(T)x=f(T)x, forevery bEr(T).
From (6) we have

D(f(T)) = D(T*o)M igi R{(Pt-TY),

thus Lemma 1 yields the last assertion of the theorem. Since P(7)_1 maps every
XED(Tre>)r)R(P(Tj) into D(Trf+m)=D(Tr), thus n€£»(/(T)) implies .v€D (/b(T)),
hence fb{T)—¥(T) for every bEr(T).

Thus we may and will suppress the index b in fb(T).

Corollary. ITfEM(T) and ¢”O is a complex number, then cf(LM(T) and
(c))(T)=cf(T). If, in additon, gfM(T), then f+g£M(T) and f(T)+g(T)a
<=(/+g)(T). Further,

D{KT) +g(T)) = D((f+g)(T))nD(g(T)).

Proof. The first four statements follow from Definition 1 and the preceding
discussion. The last one can be proved as the similar assertion for analytic func-
tions of a spectral operator (cf. [1; p. 2236]).
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Remarx. This corollary generalizes 2 ; Lemma 43, and its proof is made trivial
by Theorem 1

The following lemma will be fundamental in proving the closedness of the
operator / (T).

Lemma 2. Suppose FEA(T), F(°°)=c..o. n is a positive integer and
F(T)xED{Tn, then XED(TN.

proor. We may and will suppose that T& B(X). If x~AX and D is a suitable
Cauchy domain with positively oriented boundary +B(D) (cf. [6; pp. 292—293)),
then

(7 F(T)x= cx+n-r f F(z2)R(z,T)xdz.
271 J(D)

If bEr(T), then by the resolvent equation

R(z, T) = R(b, T)(I+(b-2)R(z, IN);
hence

©® f F()R(@z T)xdz=R(b, T) f F(z)(I1+(b-2)R(z,T))xdzED(T).
8D 8D

From this we obtain the statement for n=1. Assume now that it is true for n—,
and that F(T)XED(Tr+l). Then XED(Tr, hence x=R(b, T)ry for some y£EX
and, by (8),

f F()R(z,T)xdz = R{b,T)r f F(2)R(z, T)ydzeD(Tr+l).

“BW) w8 (D)
From -y we obtain that the statement is true for n=r+:, thus the proof is
complete.

Theorem 2. ITFEM(T) and bEr{T), then
9 f(T) = (b-TYP(T)~1Fh(T),
hence the operator f{T) is closed.

Proof. It is shown in the proof of [2; Lemma 3] that

ary) = F(T)(b-T)n ¢ (b-TYPITY'-FiT).

(In what follows we will always suppress b in Fb(T) if no misunderstanding can
arise.) Suppose now xn+x and f(T)xn—y. Then F(T)xn—F(T)x and, since
@-T)rP(T)-! is closed, y=(b-T)rP(I)-1F(T)x. Thus, to prove that / (T)
is closed, we shall show that (9) is true, which will also have independent importance.

We have to show that F(T)XE£D(f(r)) implies xED(f(T)). By Theorem 1,
this amounts to proving that F(T)XCD(T"an R{P(T)) implies xc D(T"3MN
n72(/°(7). 1f n0>0 then, by the definition of F(z), F(°°)= 0, hence Lemma 2
is applicable. Thus, for all possible values of n0, F(T)xED(T"°) implies xED(T"*°),
and it suffices to show that

(10) F(T)xeR(P(T)) implies xeR(P(T)).

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



ON AN OPERATIONAL CALCULUS FOR MEROMORPHIC FUNCTIONS 383

For this it is enough to prove that for every root p; of P(z)

(11) F(T)x€R(T —p,) implies x€R(T—p). i
Indeed, if (11) is true, the set {g;; i=1,2, ..., m} consists exactly of the roots
p; according to their multiplicities, and F(T)x= ]] (T—qg)u for some ucX,
then x=(T—¢qy)w for some wcX, by (11). Hence, by [6; 5.6—F],

(T-@)F(T)w = FD)x= [[(T-q)u.

Since ¢; (i=1,2,...,m) is not in Ps(T), we obtain that F(T)w= ]](T——q,)u
and, by repeated applications of (11), that xé R(P(T)), i.e. (10) is vahd

If we put F;(z)=F(z+p;), then it is easy to see that F;cA4(T—p; and
F,(T—p;)=F(T). Hence we may suppose p;=0 in (11), more exactly, it suffices
to prove that if there exists 771, F(0)=¢#0 and F(T)x€R(T), then xcR(T).

By [4; 111. 6. 15], under these conditions se(T~Y)= (s.(T))%, where the mapping
z—z~1 is considered on C. In particular, r(7 ') is nonvoid, and for the function
G(z)=F(z7')) we have G€A(T~Y) and G()=F(0)=c#0. We show that
G(T~Y)=F(T).

Suppose V is a suitable Cauchy domain containing s.(7), with positively
oriented boundary +B(¥V). Then U=V "' is also a suitable Cauchy domain con-

taining s.(7°'), and its boundary, B(U)=———= has positive orientation.

+B(V)
Further,
R =771—z"R@Z5T) for 220, zer (L),
hence

= G(oo)1+21? f G(ORC, Y dz =

+B(U)
= (G(oo)+G(0)—G(oo))I—2—;—i [ F(z 9z 'Rz, T)dz =
+B(U)
= F() 1+ﬁ_- [ F(w)R(w, T)dw = F(T).
+B(V)

Now if F(T)x€R(T),i.e. G(T~Y)xeD(T 1), then Lemma 2 yields x€D(T )=
=R(T), and the proof is complete.

REMARK. The proof of (9) is missing in the proof of [2; Lemma 3].
THEOREM 3. If f, g€ M(T), then fgc M(T) and f(T)g(T)c(f2)(T). Moreover,
D(f(T)g(T)) = D((f&)(T))N D(g(T)).

ProoF. For the purpose of this proof we will suitably modify the standard
notations used so far. It is clear that fgc M(T), and if {p;,ps, ..., p;} denotes
the set of all poles of either f or g on s(7), then this set contains every pole of
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fg on s(T). Denoting fg by f, the orders of the poles are nt(f), nt(g), nt(h)"0,
respectively, where

nilhy+di = n,(f)+n,(g) (di —0; i= 1 2, K).
Similarly, at infinity we have
no0(h) + ¢ = n0(/) + n0(@) (c s: 0).
Denoting the polynomials in Definition G by Pf,Pg,Ph, respectively, and
.Z? (Pi—z)d by P(z), we have

(12) Phz)P(z) = Pf(2)P9(2),

where P is of degree d=dt+ ..4-rfc= 0 and, with obvious notations,
(13) m(h)+d —m¢(/) + m(q).

Similarly,

(14) n(h)+q —n(f) +n(g), where gq=d+c”0.

If bZr(T), and F, G, H denote the respective analytical functions in Definition G
(the index b is omitted again), then

F(2)G(z) =f(z)P/ (zKb-2)-"~g(z)Pg(z)(b-2)-~ =
= H(2)P(2) (b—2)_?,
by (12) and (14). Since dSq, [6; 5.6—D] yields

(15) F(T)G(T) = P(T)R(b, T)gH(T).
According to Theorem 2,
(16) f(T)a(T) = (b—T)rF)PF(T)~1F(T) (b-T)nOQPg(T)~1G(T).

By [6; 5.6—F], each polynomial Q{T) commutes with F(T), i.e
F(T)Q(T) ¢ Q(T) K(T).
Hence, by [4; IlIl. 5 37], if there exists <9(F) 1, then
F{T)Q{T)"aQ{T)-"F{T).
Further, since bEr(T), we have for each /7=0,1,2, ...
17 <2(T)-r{b-T)nc (b-T)nNQ(T)-\

Indeed, if Q(T)~Yb-T)nx=y, then x=R(b, T)"Q(T)y= Q(T)R(b, Tfy, again
by [6b 5.6—F], and hence (b~T)nQ(T)~1x—y. Using these results and (16),
we obtain

I(FYg(F) ¢ (h-F)"~+"WF/ (r)-1F9(F)-1F(F)G(r).

From (12), (14) and (15) we get
[(F)g(F) ¢ (b-TyW+iPbiTr'PiTy'P~ARib, TYLUT).

Acta Malhematica AcacLemlae Scientiarum Hungaricae 33, 1979



ON AN OPERATIONAL CALCULUS FOR MEROMORPHIC FUNCTIONS 385

Now PHT)~xR(b,T)gx=y implies x=(b—T)qPNT)y=PhT)(b—T)qy, hence
y=R(b, T)gPh(T)~Ix, and conversely, thus

f(T)g(T) ¢ (b—T)nW4gR(b, T)gPH{T)-"H(T) = (fg)(T).
Suppose now that x~D(g(T))r\D(h(T)), then there exists
n= F(T)(b—T)rA P T)~xG(T)x.
By our previous remarks and (15),

(18) n={b-T)" "Pg{T)-xP{T)R{b, T)gH{T)x.
Since XxED(h(T)), there exists P{T)-xH(T)XED{TnW), and
(19 PHT)~xR(b, T)qH(T)x =

= R(b, T)gPNT)-IH(T)XED(T"w +g ¢ D(Tn{P +Hmw),

by (13) and (14). For every yCD(Tm{f)+r{q]) we have P(T)PhT)y= Pg(T)Pf(T)y
or, equivalently, Pg(T)~1P(T)Ph(T)y=Pf(T)y. Hence if PhT)~xw=
=y£D (TmJ)+m), then

Py(T)~xP(T)w = PF{T)Ph(T)-"w.

From this, (18) and (19) we obtain
n= (b~T)ngPf (J)Ph(T)-xR(b, T)gH(T)x =
= Pr{T){b-T)MP(b,TyP,{T)-xH(T)x.
But then there exists
f(Mg(T)x ={b-Tym PF(TYxu=

= (b-T)nW+gR(b, T)gPHT)-*H{T)x = h(T)x,

and the proof is complete.

Corottary. Suppose fdM(T), f is not identically o on each component of its
domain, and that f{z)=0 implies z$Ps(T). Then ~jdM(T) and there exists

H{T)~x=j{T).
Proof. Let z; denote the roots of / on se{T). By assumption, there are only

a finite number of them (i=I, 2, ..., [c), with finite orders nt. Then, clearly, S=y

is meromorphic on se(T), z(are all the poles of g on se(T) with orders n;, and the
finite poles are not in Ps(T). Hence gEM(T) and, by Theorem 3,

f(T)g{T)x = x for x€2Z)(g(T)),
g(MFf(T)x = x for xiD(f{T)).
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Hence g(T)—f (IMN)“1 by the same reasoning as in [1; pp. 2235—2236].
Before we prove the spectral mapping theorem for meromorphic functions,
recall that we adopt the usual convention that /(z) = °° if z is a pole of f

Theorem 4. IffeM{T), then se(f{T))=f{se(T)).

Proof. If aEs{T) and a is not a pole of /, then /(a)£i (/(7)), by [2; The-
orem 5]. If aEse(T) and a is a pole of /, then f(a)=°°. According to a remark
of Gindrer [2; pp. 33—34], f (T)EB(X) if and only if fEA(T), hence in our case
f(a) = (T)). Suppose now that 0°£se(T) and » is not a pole of f then
T$B{X) and /(°°)=c is finite. If there exists zEs(T) such that f(z)=c, then
cEs(f(T)), by a previous remark. Supposing the contrary, the function g¢(z)—
=C—f(z) is 0 at oo but has no zeros on s(T), and gEM(T). By Corollary to
Theorem 1, g(T)=c—¥(T), and c£s(f(T)) ifand only ifg(T)-1¢B(.T).

Returning to the notations of Section 1, we have

(20) G(z) = g(z)P(z)(b-z)~m and g(T) = G(T)(b-T)nP(T)-\

Further, G has no zeros on s(T), but G(°°)=0, hence either G has a zero of
finite order g at infinity, or it vanishes in a neighbourhood of °°. In the first case
R(G{T))=D{T«)"X, by [6; 56—H], hence R{g(T))czR(G{T))"X, by (20).
In the second case s(T) must be bounded, and [6; 5.7—C] yields that G(T)x—0
for some x~0O. But then g(T)x—0, by Theorem 2, hence g(T) has no inverse.
Thus we have proved that f(se(T))czse(f (T)).

To prove the converse relation, assume that cf£se(f (T)). If c=°o0, then
f(T)$B(X), hence FEM(T)\A(T) and there is a pole pEse(T) of /, thus
ccl{se(T)). If cfs(f(Tj) and /(z) =c on some such component K of the domain
of / that se(T)C\K is nonvoid, then c£f(se(Tj) trivially, thus from now on we
assume the contrary: /(z)”c on each such component. If, in addition,
then (2; Theorem 5] yields that c£f(s(T)), and that the same is true if c=f(°°)
and TEB(X). Finally, if c=f{°°) and B(X), then clearly cif(sJT)), thus
se{f(T))czf(se(Tj).

Our next aim is to supplement [2; Theorem 5]. To avoid any uncertainty of
terminology, which occurs in [3; pp. 204—206], we emphasize that a linear operator
T will be called bounded, if it is bounded on D(T), and unbounded otherwise.
Recall that T has the spectral properties Px, P2, P3if and only if T is not 1—1,
R(T) is not dense in X, T has no bounded inverse, respectively. We note that if
fEM(T) and f(z)=c on some component K of the domain of / such that
se(T)C\K is nonvoid, then c—(T) has properties P1; P2and P3. The proof requires
only a slight change in Remark on p. 206 of [3]. Therefore, investigating the pro-
perties of c—(T), we will assume that f(z)”~c on each such component. Now
we recall the following result of Hille and Phillips in a slightly supplemented form.

Theorem H. Suppose T$B(X), f€ A(T) and f (°°)=c. If D(T) is nondense
in X, then c—(T) has property P2, while if T is unbounded, then c—(T) has P3.
On the other hand, if c—(T) has

@ Pj, or
(i) P2and D(T) is dense in X, or
(iii) P3and T is bounded,
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then for some a£s(T), f (a)=c, the operator a—T has (i) P1; (ii) P2, (iii) P3, re-
spectively.

Proof. Essentially all is proved in [3; p. 206], except (iii). To prove this,
assume that b£r(T), the set {al,a2 ..., a,} consists of all roots of the equation
f(a)=c in s(T), according to their respective multiplicities, and qk(T)=
= (@ak—T)R(b, T) (k=\, 2, ...,n). Then gk(T)dB(X), and there exists BEB(X)
such that

R(b, T)ka:]lqk(T) = B(c—(T)),

where m denotes the order of °° as a zero of g(z)=c—(z) (cf. [3; p. 206]). Now
if c—(T) has property P3, then there is a sequence {xr}c:X such that |w|—L and

Y=w, T)mkl__llqkiT)xr 0.

By assumption, (b—T)mis bounded. Should each gk(T) have a bounded inverse,
then
W(T)-\..U(T)-"(b-TYyr~0,

a contradiction. Thus the set {al,a2, ..., a,}isnonvoid, and for some K the operator
gk(T) has property P3. By a similar reasoning, then ak—T also has P3, and the
proof is complete.

Now we will prove

Theorem 5. Inthefirst sentence of Theorem H replace A (T) by M(T) and assume
that c is finite. Under these more general conditions all assertions in Theorem H
are valid.

Proof. Put g(z)=c—Kz), then gZM(T), g(°°)=0 and g(T)=c—(T).
Further, by Section 1,

(21) G(2) —(c—#(2))P(2)(b—2)~",

where the polynomial P and n are determined by the poles of / (or, equivalently,
of g), and

(22) 9(T) = G(T)(b-TyP(T)-\

Here GEA (T), G(°°)—0 and G(z)» 0 on each component of its domain that
has nonvoid intersection with se(T), thus Theorem H applies to G Therefore, if
D(T) is nondense in X, then R(G(T)), hence R(c—(T)) are also nondense. If
T is unbounded, then G(T) has property P3. Now if G{T)x~0 for some x”"O,
then g-(7).v=0, by Theorem 2. On the other hand, if G(T)~1 exists, so does
g(T)-1, by (22). Further, since G{T) has P3, R(G(T)) cannot be closed, by
[4; IV. 5. 2]. Since P(z) is of degree n, R(g(T))=R(G(T)), hence g(T) also has
P3, again by [4; IV. 5 2].

If a£s(T) then, according to (21), f(a)=c if and only if G(a)=0. Hence,
to prove the last three statements it suffices to show that under the given conditions
G{T) has properties PI5P2 or P3, respectively. Indeed, if g(T) has P2, then
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U(G(T))=R(g{Tj) implies that G(T) also has P2. Finally, Theorem 3 yields that
G(T)z>P(T)R(b, T)ry(T), where P{T)R(b, T)n belongs to B(X). This proves the
similar statements for properties Pt and P3, which completes the proof of the

theorem.

Before proving the composite function theorem, we note that g(/(z)) will also
be denoted by (go/) (z) and the domain of a function / by dom (/). Recall that
if /, meromorphic at a point z0, assumes the value VO p-tupiy at this point, and
the function g, meromorphic at the point V0, assumes the value wO k-tuplv at this
point, then the function go/ assumes the value wo /cp-tuply at z0 (cf. [5; p. 151]).

Theorem 6. Suppose fZM(T), r(f(T)) is nonvoid, g£M (/(T)), f(z) is not
identically equal to g on each component of dom (/) if q is a pole in s(f(T)) of g,
and h—gof Then hEM(T) and h{T)—g{f{T)\

Proof. By the preceding remark, from the assumptions clearly follows that
h is meromorphic on se(T). Further, we may suppose that dom (g) contains only
those poles of g that are in se(f(T)), and that / assumes these values or has poles
only at points in se(T). By [6; pp. 289—293], there are Cauchy domains D and Dx
such that
f(se(T)) = se(f(Tj) cDcRcdom (g),

se(T) a Dxcz Dxczf~i(D) ¢ dom (/),

hence f(pxczp (here o and f~ 1(p) denote the closure and inverse image of
D, respectively).

Note first that vEr(f(T)) implies that the function rc{z)=(v—(z))~i belongs
to A(T), by Theorem 4. Further, rv(z)(v—(z)) =1 implies rt(T)=R(v, f(T))
in view of the calculus developed so far. Thus

(23) RVj(T))=rv@)1+J- f (v—$2))~1R(z, T)dz.
z72| +B(Dp

Consider now the particular case gEA{f(T)). Then hEA(T), and
g(/CO) = g(~)/+

A * V(% YR LA _ - -
27 1 S@L )2 E L (v-f(2)~IR (2, T)dz\dv

= g(°)/+~-T £ gOG)(i>-/(~))-1d»/+

Zni +B(D)

+Jrr f (h(2)-g(00))R(z,T)dz,
2m +B(0j)

by (23) and Fubini’s theorem. Flere the second term is (A(°°)—g(c®))/, while the
last term yields h(T)—h(°°)I, by the Dunford—Taylor calculus. Thus g (/(/)) =
—h(T), hence the statement is proved in this particular case.
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Next suppose that the function g(z) is P(z)=a0+alz+...+a,,z", a polynomial
mof degree n. If / has the poles pi with orders nt (/=0,1, .... k), then h=Pof
has the same poles with orders n,u, hence h6 M(T). By our previous results,

P(f(T)) = a0l +aJ(T)+...+anf(T)nc
a(a0+taJd+...+aJ’KT) = h(T).
Further, with obvious notations in accordance with Section 1,
F(z) =f(z)Pf(z)(b-z)-A> and H(z) = h(z)Pf(Z)n(b-z)-nf'n
f(T) = F(T)(b-TyWpf(T)~\
by Theorem 2 we obtain that
f(M)" = F(T)n((b- NM)PF(T)-Dn

Since

By (17) we have
(24) ({b-T)nOPF{TyDInc (b-Ty(finPf(T)-",

where both sides are invertible operators. The left side has the inverse
(PF(TR(b, Ty(E"(iB{X), thus it can have no proper invertible extension, and
we have equality in (24). But this implies P (f(T))=(Pof)(T).

Consider now the general case when g£M (/(T)) and g has the poles zt of
orders 0 (/1=1,2, ...,k) on se(f{T)). If / assumes the values z; at the points
pi (the index r runs over the values 1,2,..., r(i); r(i) is finite by assumption)
Ne-tuply on se(T), then p\ are all the poles of h=gof on se(T) of orders ntf'.
Further, if f(p')—», then p'$ Ps(T), by the assumption fEM(T). On the other
hand, if f (p")=zi”™:” > then z”~ Ps(f(T)) and [2; Theorem 5] imply that
p'~Ps(T), hence hEM(T).

Choose now bEr(T), c£r(/(7")) and define

Hb{z) = h(z)Ph{z)(b-z)-"\  Gc(v) = g(v)Pg(v) (c—v)~n0),
in accordance with the notations of Section 1. Then
(Geof)(z)Pt(z) (b-z)-«*> = Hb(z)(Pgof)(z)(c-f(z))-""(«\

If / has the poles pt of orders jt and Pghas degree n, then Pgof has the poles
Pi of orders nji, while at /j; the function {c— (r)Y"{9 has a zero of order n(g)j\3?
SHy'j. Hence the function

fe(z) = (Peo/)(z)(c-/(z))-n()
belongs to A(T), and so does clearly (c—f(z))~nB By our previous results then
k(T) = Po(f(T))R(c,f(T))™

Again by a previous result we obtain (Gcof)(T) = Ge(f(T)) and, with the nota-
tion V=£(T),
Ge(V)PNT)R(b, Ty™ = Hb(T)Pg(V) R(c, F'<>.
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Here, on both sides, the first factors commute with the rests. Suppose now
x"D(g{V)), then

Ph(T)R(b, TYWG'iVHCc-Vyb'P'iV)-~ = H(T)x,

hence g(V)x=h(T)x, by Theorem 2. The converse relation h(T)ag(V) can be
proved similarly, thus the proof is complete.
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BEMERKUNG ZU EINEM SATZ VON
G. ALEXITS UND A. SHARMA

Von
K. TANDORI (Szeged), Mitglied der Akademie

1 Fur ein Funktionensystem cp={cpn(x)}» <R(x)6L (0, 1) (.—1,2, ...) setzen
wIr

TvO; x) =« 2 <PMpnt) dt,

LN )= § a2, <P (en() dt
(N=1,2, ..). Es gilt

@) LN(cp; x) 3=LUcp; x) (x€(0,1); N= 1,2, ..).

G. Alexits und A. Sharma [1] haben den folgenden Satz bewiesen.

Satz A. Gilt
@) I»(21%) = 0(1) (jc€(0, 1): N=1,2, ..,

dann ist die Reihe
(©) n2: | Cn<Pn(x)

im Falle e={c,}*“i/2 im Intervall (0,1) fast Uberall konvergent.
In der Arbeit [3] haben wir folgendes gezeigt.

Satz B. Ist ¢$/2 dann gibt es ein im Intervall (0,1) orthonormiertes System (p
derart, dafl (2) besteht, und die Reihe (3) in (0,1) fast Uberall divergiert.

In dieser Note werden wir zuerst die folgende Behauptung zeigen.

Satz I. Ist c$12 dann gibt es ein Funktionensystem @ mit gn(x)((L2(0,1)
m=1,2, ..) derart, daR

4 LU<P\x) = 0() (x€0, 1); N= 1,2, ..)
besteht, und die Reihe (3) in einer Menge mit positivem MaR divergiert.

Ob diese Behauptung auch fiir ein orthonormiertes System qund fir fast Gberall
Divergenz gilt, ist noch nicht bekannt.
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Es soll bemerkt werden, da im Falle (4) fir jede Folge cEP

5L|J(p 2 QX)) eLHo, 1)

gilt. Diese Relation folgt aus der folgenden allgemeinen Behauptung.

Satz Il. Es sei A=y} eine nichtabnehmende Folge von positiven Zahlen-
Gilt <p,,()£L2(0, 1) (n-1, 2,...) und

LUv, xX) = 0(1N (c€(0, 1); N = 1,2, ..),
dann ist im Falle cfl-

sup—=" 2 ¢ nqn(x) eL*(O, |).
* uk

Diese Behauptung ist eine Verallgemeinerung eines Satzes von L. Csernyak
[2] fir nicht orthonormierte Funktionensysteme.

00
2. Beweis des Satzes |. ES sei ¢ eine Folge mit 2 cn= °°- Dann gibt es eine
=1
positive Konstante C und Indizes (0=)u0<...<n;<... mit

©) C(i+iy+'s 2 c (£>0; i=0,1,.).
n=ni+I

Es sei L,,(i) (n=«f+ 1, ..., ni+l) eine Einteilung des Intervalls (0, 1) in paarweise
disjunkte Intervalle mit

(n=n.+1, ...,ni+l).
7 («°)=mTN ,, "+ (w H
Wir setzen
V0+i)1+e
on(x) = (x€/..(0), (n = nt+ 1,..., ni+1),
0 sonst
Dann ist
(6) n=%._H_C,,dlrl(x) = V(i+ )1+ (1€(0,1); i=01,.).
Es sei endlich

<Pn(x)=n(x)/¥(1+ 1+e (n= 1,2,...);
es ist klar, dal (p,,(\v)€E2(0,1) (n—1,2,...).
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Es sei i eine nichtnegative Zahl und x£(0,1). Dann gibt es einen Index
10 (n;<»0==/1;+1) mit xe/, ) und gilt

X

— 1 —
.ZIf ni~r=TI12?1(i+l r|:2|-|;+14qf(x)4:h(t) dt B 1+ II’)I:I’IJ(I;I’] »,<rpsanx(+1 n:n.2+I t) dt B

i+ ype M0+ DBE T Nex(01% = 4-mes(/,o(0) S /C(i+ D1+t

auf Grund von (5).
Daraus folgt

IN(; )~ 2 omax . <P<Pn() dt m=

1
CE R i M ODENEIZL)

Weiterhin folgt aus (6)

"2 cn(p,(x)= 1 (x€(0,1); i=0,l, wmm,
1

n=n,+
somit divergiert die Reihe (3) in (0, 1) Uberall
Beweis des Satzes |l. Der Beweis geht mit einer bekannten Methode (s. [1], [2]).

Die n-te Partialsumme der Reihe (3) bezeichnen wir mit Es sei N eine
natiirliche Zahl und N(x) die Kkleinste naturliche Zahl, fir die

0 KA

VAN (x)

besteht. Es sei {*,,(a)}* ein orthonormiertes System in (0,1) und sei g(x)£L2(0,1).
Dann ist

_ .
) TIOgeO Be=) Nog(x()*) 01 cU (12 99K(0)*j dx-

0 1kV (x)

Durch Anwendung der Schwarzschen Ungleichung erhalten wir

2 4173
]
g (x) g(y) (NIX) N(N(y)
2
tav (0 ) =
V12 /11 W (N|X,y) \1/2
9w g (j (PnX)

Z
{,M-l £ o b - 1aen (%) 6) XN=1
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wobei N(x, y) =min (N(x), N(y)). Daraus folgt
e bly+f*& f 2 dx i/
750 (1) (/1 2 <eaoeae +f* 2 X1V .
V. Wlo n-t ( ) d 0 iw)o n=l FRP) K

Auf Grund der Bedingung Uber (g x) bekommen wir

/SO (1) g2(*) «fr,
0

und im Falle
gwW =

1MA(X) 0 VAV

ergibt sich
/= {1 7-0(1).

10 '

Da |%w(A> eine nichtabnehmende Folge ist, erhalten wir
I r™MV(X) JIV=l

sup”™-G £2(0, 1).
VI/.L
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APPROXIMATELY CONTINUOUS FUNCTIONS
WHICH ARE
CONTINUOUS ALMOST EVERYWHERE

By
R. J. O'MALLEY* (Milwaukee)

1. Introduction

In this paper we are concerned with continuing a study, begun in [4], of several
subclasses of approximately continuous functions /: [0,1]—R In [4] a topology
r was generated which was the coarsest topology relative to which all approximately
differentiable functions are continuous. It was also shown that the set of /'-con-
tinuous functions would contain every approximately continuous function which
was continuous almost everywhere. Such a function was labeled a.e. continuous.
However, it was pointed out that there was a topology, strictly coarser than r,
relative to which the ae. continuous functions become continuous. This coarser
topology was defined and labeled the a.e. topology. At that time, it was an open
question whether the a.e. topology was the coarsest topology. In this paper that
question is answered affirmatively.

After establishing that fact we consider the separation properties of certain
subclasses of the a.e. continuous functions. In that part of the work an analogue
of the Lusin—Menchoff Theorem is needed and proved. It is used to establish
the main separation property of the a.e. topology. Throughout the paper we will
adopt the notation and definitions developed in a very interesting paper of
Laczkovich [3].

2. Preliminary notations, definitions and theorems

All functions will be defined on [0,1].

A = The class of approximately continuous functions.

Di = The class of functions whose points of discontinuity form a set of at
most 1 point.

Df = The class of functions whose points of discontinuity form a finite set.

D._ = The class of functions whose points of discontinuity form a set of
measure zero.

ADj = apDj, Y=I,/ orz

H° = The Euclidean interior of H.

H = The Euclidean closure of H.
(In other topologies t, the prefix t—H°® (t—H) denotes the interior
(closure) of H relative to the topology t.)

H -1 = The complement of H.

LWIH) = The (outer) Lebesgue measure of H.

* Author supported by a grant from the University of Wisconsin-Milwaukee.
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d(x, H) = The upper density of H at .v, that is

= i A@ENT7)
a(x, H) = Im)gaup )
(-0
The following definitions and theorems can be found in [1], [4].

Definition 2.1. A set U is said to be it?>-open if U is measurable and
d(x, U~D)=0 for all x in U. That is, U has density 1 at all of its points.

Theorem 2.1. The collection of d-open setsforms a topology d which is the coarsest
topology making every function from A continuous.

Definition 2.2. A set U is said to be almost open if U is d-open and
1{U)=1(U").

Theorem 2.2. The collection of almost open setsforms a topology, a.e., relative
to which every function in AD. is continuous.

Definition 2.3. Let B be the family of all sets which are Fa and Gs and £/-open.
Then let r be the collection of all sets which are the union of some subfamily of B.

Theorem 2.3. The collection r forms a topology which is the coarsest topology
making each approximately differentiable function continuous.

Theorem 2.4. The ae. topology is strictly coarser than the r-topology.

In the next section we will need several trivial facts about the a.e. topology.
We present these propositions here:

Proposition 2.1. Let X be an ae. closed set. Then 1(X)=1(X).

Proof. Consider X~1=U. This is an almost open set, so we have 1(U)=
=1(U°). It_is easy to see that U°=(X)~1 Hence I(X)=14HU)=1—

Proposition 2.2. Let U be almost open and have density 1 at a point x0. Then
UU {\0} is almost open.

Proof. Obvious.

Proposition 2.3. Let X be an ae. closed set. Let Xa YaX. Then Y is ae.
closed.

Proof. Consider X~x—U and t/°. Let x belong to ¥Y-1. Then V has density
lat.Y. Since a(U°)=1(U), by Prop. 2.2, t/°U {v}isalmost open, and 1/°11{n'}cYA

Proposition 2.4. Let X be ae. closed and 1(X)=0. Let fcJ. Then Y is
a.e. closed.

Proof. Noting that 2(X-1)—1 the proof is the same as that in Proposi-
tion 2.3.

We are now ready to proceed to the main section of the paper.
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3. Main theorems and separation properties

Theorem 3.1. The a.e. topology is the coarsest topology making each function
in AD1 continuous.

Proof. We have already shown that each function in ADI is a.e. continuous
since ADxciADz. It is easy to see that the correct topology for ADXwill have as
subbasis the following family of sets:

O={m E= {* f(x)> 0} for some/ in JiE>}.

Therefore, let W be any almost open set and x0 any fixed point of W. If we show
that there is a function / in ADXsuch that /(x0Q>0 and {x/ (x)>0}c W,
then we are finished.

The point M is either in We° or in fVAfV°. By the normality of the Euclidean
topology it is clear that we need only consider the case where 1,,belongs to PF\fv°.
We may also assume that g0=0. By Definition 2.2 we are guaranteed that f\°
has density 1at x0. Therefore, we may select from W° a sequence of closed intervals

[a,, br] such that H{Jl [a.. B has density 1at 0, and H,Ji,'l'o a,=0= nﬂi‘l b,. Further,
inside each [an,bri we may select a closed subinterval with an<cn<dn<bn and
klilfcn' d,] having density 1at 0.

We define a function / as follows:

1 if x€0 [c, d)\U{0},
re1
0 if (a,,, h)U{0}j

Next define / to be continuous and linear over [an, ¢,] and [d,,, br\ for each n. Then
[ is continuous on (0,1] and approximately continuous at 0. Further, {x:f (x)>0}=

= Ul((j,,, br) U {0}c W, which completes the proof.
n=

Corollary 3.1. The ae. topology is the coarsest topology making each func-
tion in ADZ (ADf) continuous.

Proof. This is obvious from Theorem 2.2 and Theorem 3.1, since ADxcz
c.ADfdADz.

Theorem 3.2. The collection S of functions which are a.e. continuous is pre-
cisely ADZ

Proof. We have ADzaS. Now let / be an a.e. continuous function. Since
the a.e. topology is coarser than the ~/-topology / is approximately continuous
everywhere, and we need only show that f is continuous almost everywhere. Fet

be any two fixed rationals, and let i/riS={Yr: r<f(x)<s}. The set Urs is
almost open; hence Urs=UzsUZrs where Zrs has measure zero. Let Z=UZrs
the union being taken over all pairs of rational numbers r and s with r<s. The

u* Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



398 R. O'MALLEY

set Z has z(Z)—0. Let xObelongto Z”1 Let rO<s0 be any two rationals satis-
fying /0< /(x0<s0. Then x0d#0S0, and so / is continuous at noO.

In [3], Laczkovich presented a set of three separation properties. We will
need a little discussion here to establish a framework in which to examine these
properties for ADX ADf and ADZ

For a class of functions F we say that H is an F-zero set if there is a function
[ from F with Fl—(x:/ (x)=0). For each Ic[0, 1], let THX) be the inter-
section of all F-zero sets containing X. We say that the class Fis an ordinary system
if F contains the constants and if for any two / and g in F, f+g, fg, and fg~i
belong to F (provided g~1xQ). Laczkovich proves:

If Fis an ordinary system and if Fhas the additional property that |/| belongs
to F for every / in F, then TH(X) is a closure operator for the coarsest topology
in which all the elements of F are continuous.

Now it is clear that ADXis not an ordinary system, but ADf and AD, satisfy
the conditions of the above theorem of Laczkovich. Therefore, the topologies
generated by T  and TAD are the same, namely the a.e. topolocy. Further,
TadAX)=a.e.-X

Definition 3.1. A class F has the first separation property Sxif for every pair
of disjoint F-zero sets X and Y there is a function in F with /(x)=0 for x in X
and /(x)=Il for x in Y.

Definition 3.2. A class F has the second separation property S2if for every
pair of disjoint Gs sets X and Y with TH(X)=X and THY)=Y there is a function
/[ in Fwith /(x)=0 forxin Xand / (xX)=1 for x in Y.

D efinition 3.3. A class F has the third separation property S3 if for every
pair of disjoint G6 sets X and Y with TH(X) MTHY)= 0 there is a function / in
F with f (x)=0 for x in X and f (X)=1 for x in Y.

We now prove:

i) ADZhas S2,

i) ADf has S3but not S2, and

iii) AD1 does not have Sx.

Whether or not ADZhas S3is an open question. To show that ADZhas S2
we will need an analogue of the Lusin—Menchoff theorem [1].

Theorem 3.3. Let X be a closed set and V an almost open set containing X
Then there is a closed set P such that

Aca,e.-F°cFc U

Proof. Let V=U° and let Y=XDV~1 This ¥ is a closed set. Further
2(¥Y)=0 because YaU\U°. We note that V has density 1 at every point of Y.
Let

Weset Xn=XC\Rn and V,= VIRn. If for each n we select a closed set PnczVn
with 2(F,,)>2(F,,)—21 and set P= |J P,U Y, then P will have density 1 at every

n=i
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point of Y. The proof of this fact can be found on page 500 of [1]. We, however,
must take some care in our selection of P, in order to obtain the additional con-
ditions on P.

First we examine the structure of Rn. It is easy to see that each R, consists
of a finite number of closed intervals. However, some of these intervals may be
degenerate, that is, consist of a single point. If this happens at a point X, then
dist (x, vy = 1/(u+ 1), and x will belong to a nondegenerated interval of i?,+1. For
this reason we consider Rnas only consisting of closed nondegenerate intervals.
Next, each X, is a compact subset of V,, which is open relative to R,,. We select
PraVn so that

1) Pn consists of a finite number of closed intervals,

2) P, has X, in its interior, relative to Rn, and

3) N(P,)>N(rm-2-".

Now let x be an endpoint of an interval of R,, and also belong to X. Then both
Pnand Pn+l will have an interval, with x as endpoint, but from opposite sides.

Therefore x will be in the interior of (1) P,,JU Y—P. This means that X\YdP°.

We have that /.(P9=/.(P), and P has density 1 at every point of Y. Thus by
Proposition 2.2, f°U f is almost open. Therefore, Jca.e.-P°, which completes
the proof.

Corollary 3.3. Let Ube an F,, almost open set. Then U can be expressed as
the union of a sequence of closed sets E, such that £,,ca.e.-£,,"+1c£ ,, +1.

Proof. (The proof is a paraphrase of one in [4] but is short enough to be
given here.)

Since U is an F,, set it can be expressed as the union of closed sets F,,. By
Theorem 3.3 for Fxthere is a closed set P such that Flaa.e. —P°czPc:U. Let
El=F1 and E2=P. Assume that Entl has been chosen so that

Elc a.e.—B4c. E2c...e a.e.—E°+lc Entlc U.

Consider the set En+lUFn+l1=H,,+1. Then Hn+l is a closed set. Again an applica-
tion of Theorem 3.3 shows that there is a closed set P having Hn+l(za.e. —P°c:
(zPczU. Let EI+2=P. This completes the proof.

The following lemma, also from [4], is necessary. The proof is not given here.

Lemma 3.1. Let X and Y be disjoint, non-empty, closed subsets of [0,1]. Then
there is a differentiable function g satisfying

1) gx)=1 for all x in X

2) g(x)=0 for all x in Y,

3) 0<g(x)<I for all x in (2TUY)-1, and

4) g'(x)=0 for all x in XUY.

Theorem 3.4. Let U be an Fa—Gdalmost open set and X0any closed subset of U.
There is a function g satisfying

1) g is a.e. continuous,

2) g is uppersemicontinuous,

3) g is differentiable almost everywhere in [0, 1],
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4) g is approximately differentiable for all x in [0, 1],
5 g(x)=1 for all x in X0,

6) 0<g(n)< 1 for all x in U\Xo, and

7 g(x)=0 for all x in t/-1.

Proof. (The construction of g follows the same lines as that of Theorem 3.1
of [4].) The set I/”1is an F,, set. We express t/*“1as the union ofa sequence of closed
sets Z, with Z,cZIl+1. The set U is an Fa almost open set. Using the above
corollary we express U as the union of closed sets E, with E1= X0 and £,ca.e.—
—F>+ for all n. For each n, let /,, be a differentiable function satisfying the 4
properties of Lemma 3.1 for E,,=X and Y=2Zn. Letgnbe the product of /j through
f,,. For each x the sequence g,,(X) is a non-increasing sequence of non-negative
numbers. Hence the pointwise limit of g,, exists and is uppersemicontinuous. We
label it g(x).

As mentioned above, a perusal of the proof of Theorem 3.1 of [4] will show
that g has 4), 5), 6) and 7). Also, it will show that g is differentiable, with g'(x)=0,
for all x in n~r. We note that property 1) will follow from 3) and 4). Therefore,
we need only show that g is differentiable almost everywhere in U

We have expressed U as the union of closed sets E,, with £nca.e.-£,,°+1 for
each n. For each n set BL{+1=Y,+1. Then A(F,+D)=A(a.e.—£/H)" AEm). Let

V—IfJI Vh+l- Then /.(V)=/.(U). Note that Vjd VJ+l for all j. We claim that
n..

g is differentiable at every point of V. Let j be fixed. Consider the functions gj and
fj+i, .... These are all differentiable functions on Vj. We have /}Ht=1 over Vj,
k=1,2,.... Hence gk(x)=gj(x) for all n>/ and x in Vj. So that g(x)=gj(x)
over Vj. Hence g is differentiable over V.

Theorem 3.5. Let X and Y be disjoint Gosets having THX)=X and TR F)- F.
Then there is a function h such that

D h(n)=1 for all x in X,

2) h(x)=0 for all x in Y, and

3) h(x) is ae. continuous.
Hence AD, has property S2.

Proof. As mentioned before THX)—a.e.—X, so we are dealing with a pair
of disjoint Gd a.e. closed sets. By Kuratowski [2], there is a set W, which is both
Fg and Gs, such that Xc:W and JV(1Y=0. Consider X and L By Proposition
2.1, A(Z2)=A(A) and /.(Y)=X(Y). Let XAXCW and Y~YDW-1 Then
X} and Fj are disjoint, and both are Fa—G6sets. Since le ije i and YczYlczy,
by Proposition 2.3, Xr and Y2 are a.e. closed sets. Pick a point nfrom X f1and
a point v from Fj*1 By Theorem 3.4 there are two functions / and g such that

a)/ and g are a.e. continuous,

b) {{u) =1=g(v),

c) f(x)=0 for all x in Xr,

d) g(x)=0 for all x in FI;

e) 0</(x)a1 for x in Xfl12Fj3 F, and
f) 0<g(x)SI for all x in YXld>X1z>X.
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Consider the function h(x)= 9(x) , This function h has properties 1), 2
an .

Corollary 3.5. The ae. topology is completely regular.
Proof. Obvious from Theorem 35.

However, we also have:

Theorem 3.6. The ae. topology is not normal.

Proof. Let C be the Cantor set. Let X and Y be two disjoint dense subsets of C.
The set C is closed and hence a.e. closed. Further A(C)=0. Therefore, Proposition
2.4 guarantees that X and Y are a.e. closed. If there were an a.e. continuous func-
tion such that f (x)=1 for all x in X and f (x)=0 for all x in ¥ then / could
not be Baire 1. However, every a.e. continuous function is approximately con-
tinuous and thus must be Baire 1.

We now look at the separation properties of ADf and ADj. As mentioned
before, the family ADf forms an ordinary system. Hence Theorem 1.2.3 of Lacz-
kovich shows that ADf has Sj. Therefore, we need only prove that ADf does not
possess S2- To this end we must provide an example of two disjoint Gda.e. closed
sets, X and Y, which cannot be separated by a function from AD}. We need the
following simple lemma.

Lemma 3.2. Letf belong to ADf and a be fixed. Let X= {.v:/(x)=a}. Then
X\ X is contained in the set of discontinuities of f and hei ce is finite.

Proof. Let xObelong to X\X. Then there is a sequence of points of x,, con-
verging to A0 with x,, in X for all n. Since x0 does not belong to X. f (xQA<x, but
lim /(x,)=a. Therefore, / is discontinuous at XO.

Theorem 3.7. The class ADf does not have S2.

Proof. Let C be the Cantor set and U=C~L Let the components of U be
arranged in a sequence In—a,,b,,). Let

and

The sets X and Y are disjoint, and both are GO sets. Since X=CUX and
F=CUT we have by Proposition 2.4 that X and Y are a.e. closed. If / is any
function from ADf with f(x)—0 for all x in X, then Lemma 3.2 says that

C\{x:/(x) = is a finite set. Similarly, if /(x)=1 for all x in Y then
C\{x:/(x)= 1? is a finite set. Therefore, no function | from ADF can have both
/(x)=0 for all x in X and /(x)=1 for all x in Y.

Finally we consider the class ADL.
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Theorem 3.8. The class ADi does not have sj.
Proof. Let [an, b,] and [cn, dr] be two sequences of intervals satisfying:
i) bn+l<an<cn<dn<bn<lI/2, for all n, and
i) I_l'il [c.., <] has density 1 at Q.
Let / be defined as follows:

*€jj k ,diu{opul = A,

x€Q [6.41,flIU{I} = A

Next define f to be continuous and linear on each component of (dUi?)-1. Then
/ is continuous on (0,1] and approximately continuous at x=0. Hence / belongs
to AD1 The set E={x:/ (x)=0}=B. Let g(x)=f(l —). Then this function is
also in ADV. Let D= {x:g(\")=0}. The two sets B and D are disjoint ADXzero
sets. If h is a function such that h{x)~0 on B and h(v)=1 on D then clearly
A(1)=0 and A(0)=1 However, /r=0 on [6n+l,a,] so that h is discontinuous
at 0. Similarly, h is discontinuous at 1 Therefore, h cannot belong to ADX
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A NOTE ON APPROXIMATELY CONTINUOUS AND
A.E. CONTINUOUS FUNCTIONS

By
M. LACZKOVICH (Budapest)

Let A denote the class of approximately continuous functions in [0,1] and let
ADZdenote the class of functions which are approximately continuous everywhere
and continuous almost everywhere in [0,1]. In this note we prove that the classes
A and ADZ do not have the separation property S3. (The definition of property S3
can be found in [1], 1.2 or [3], Definition 3.3)

Consider first the class A. We shall construct two disjoint G6 sets, Gxand G,
such that Ta(G"N)OTa(GY)= 0 and G1 and G2 are not separable by any function
from A (Ta(X) is defined as the intersection of the A-zero sets containing X,
see [1], 1.1).

Let C denote the Cantor ternary set and let the components of (0,1)\C be
arranged in a sequence (a,,,br). We put

o (“+ATY -0 )1 T+ ATrL"?) =
d H,=Ulk f° =1,2,.... Th bviousl
an "= r every u en obviously

(i) a-c (»-»-+Abr4
We show that

(2) for every interval | containing either a, or b,, we have /.(/M//,))=—1(1), and'
(©) d(an,Hn> 0,

where dia, X) denotes the upper density of the set X at the point a. Indeed, if the
interval / contains b, then either n(/M#,)=0, or, by (1) we have

<hg,)0()s A 5@, , _Lal.

If 1=(c, d) contains anand

lhen MIIiH,,))---)— J J Yy, and _i_ whence
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J1 we have

we get (2). In addition, denoting the interval |d,,,d,+
d(an, i/,,)’\lirp_s,ypﬂ(ﬂnl‘lﬂ)/ﬂ(ﬂ)"lmﬂ which proves (3).

Now we put Gk= I% H, and G2=C\{a,}"=1, then Gl and Go are disjoint
Gd sets. Next we prove

4 Ta(G) = &G
and
(5) Ta(G) = { JK-
We remark that the set TA(X) can be obtained as the i/-closure of X, that is
(6) TAX)=X\J{x-,d(x, X)>0) holds for any ATiI[0,1].

(See [1], 2.2.1, p. 408.) Hence (4) follows from (6) and 2(G2=0. Now the definition
of H,,, (6) and (3) easily imply TA(GS’\>n[j1Hn. In order to prove T/i(GI)aI_iJ H,
= 1

we have to show that x$ 1J H,, implies d(x, G)=0. This is obvious for x~G *
n- 1

=CU (03 H, so that we can suppose XEG]j\[J 1, = C\{{,}..°tl. Then for every
N1
iVsl there exists a <5>0 such that

() if xi{h}r=1 then (x-S,x+S)r\\J(anbn=0;

(i) if x= bk then (x—&, x)MHk= 0 and

<X, x+c5)l'l|_€1(«n, b,)= 0.

Let / be an arbitrary interval with x£/c:(x—S, x+<5). Then /MAn=0 for
n~N and /M]a,,, b1 0 implies either a,,£l, or brEl. Hence, applying (2) for the
intervals /I [an. b,] we have

HIOG,) = n2=I :-(/ntf,,) :m=1%rl /-ans,,) =

= 2 A(/N[o0s,nsnsd,) A(N[an6i)<1s (/).

n=Nrefo1 =$+i A+ 1

Thus we get d(x, Gj)=0 which proves (5).

Hence, by (4) and (5) we have TA(G)C\TA(Go)=0. Suppose that there is
an fEA such that /(x)—0 for all x in Gj and /(x)=1 for all x in G2 Then
f(a,)=0 holds for every n since | is approximately continuous at an and

d(an, Gj)>0 by (3). That is /(x)=|" |f yrC\{a }' S’hce tlle sets (an) and
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ON APPROXIMATELY CONTINUOUS AND A.E. CONTINUOUS FUNCTIONS 405

C\{a,,} are dense in C this implies that the restricted function f\c has no con-
tinuity points which contradicts the fact that / is a Baire 1 function. This con-
tradiction proves that the class A does not have property S3.

Now we consider the class ADZ We prove that

) TADM(GJ = TAG,) and TAD(GD = G2.

Since AD.czA, G, and G, can not be separated by any function from AD.. In
addition, (7) and (5) prove T T AD (G2 =0 showing that ADZ does not
have property S3, either. O’Malley proved that TAD (X) can be obtained as the
closure of X in the a.e. topology (see [3]; the definition of the a.e. topology is given
in [2], Theorem 3.11 or [3], Theorem 2.2). TA(G]) and G2 are a.e. closed sets since
they are enclosed and satisfy

(fT(GO) = feu n a,) = a(ta(ga)

and A(G2=A(C)=0=A(G2. Thus we have TAD (G)c:TA(G) and TAD(G2czG2.
Since the opposite relations are obvious, we get (7) and the proof is complete.
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THE CATEGORY OF UNARY ALGEBRAS.
CONTAINING A GIVEN SUBALGEBRA |I.

By

J. KOLLAR (Budapest)

I. Introduction

Let A, B be categories. A functor F:A-*B which is one-to-one on every
Morn (a, @) is called faithful. If, in addition, F is also one-to-one on the class of
objects of A we call it an embedding. F is full if every morphism d:F(a)-*-F(a)(@")
of B has the form d=F(y) for some y-a-»a'. A full embedding thus defines an
isomorphism between A and a full subcategory of B.

A concrete category is a pair (A, O) where A is a category and O is a faithful
functor O .ASSETS. A category of universal algebras will always be considered
as a concrete category, and O denotes the usual underlying-set functor.

Let (At, M, (Ao, D2 be concrete categories. A full embedding F:Al-*A2
is called a strong embedding if H*n1=D 2*F for some faithful functor
H:SETS-*SETS ([12)).

A category is binding (or universal) if every category of universal algebras has
a full embedding into A. A concrete category (A, O) is called strongly binding
(or strongly universal) if every category of universal algebras can be strongly embedded
into (A, O). Hence, every strongly binding category is binding.

af Ob A is rigid, if End a= Mor (a, a)={!,,}. A family B of objects of A is
called mutually rigid if each a(B is rigid, and Mor (a, b)= O whenever a,b£B,
a”™b. Note, that if A is binding, then for each cardinal y. there exists a rigid
family BcObd with card B=x.

Hedriin and Purtr [11] have shown, using [17], that the category of graphs
and the category of 2-unary algebras are binding. These results have been used by
several authors to prove that various categories of universal algebras are binding
such as the categories of commutative groupoids (Sichler [14]), semigroups
(Sichler [15], Trnkova [16]), integral domains with unity (Fried—Sichier [7]),
(O, I)-lattices (Gratzer—Sichler [8]), certain primitive classes of 2-unary algebras
(Puttr—Sichier [13]).

Later on the following question was proposed by Hedrlin and Mendelsohn
[10]. Let A be a strongly binding category, and a”~Ob A. Let A(a) denote the full
subcategory of A, defined by Ob A(a)={b£Ob A, Mono (a, b)”™ 0 } Under what
conditions on a, will A(a) also be binding (or strongly binding).

In [10], this problem was solved for the category of directed graphs, and later
for undirected graphs (Babai [2], Babai—Nesetiul [3]). The answer was obtained
recently for integral domains (Fried [5]), and for (O; I)-lattices (Adams—Sichler
[1]). In each case there are only obvious restrictions on a, if any.

The aim of this paper is to study the above question for the category of
%-unary algebras Ax (y denotes an arbitrary cardinal). It is known that Axis strongly
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binding iff xS2 (Purtr [12]). Let SIEOb Ax. Let AX(W) denote the category of
x-unary algebras having a subalgebra isomorphic to Si. We shall prove the following

Theorem 1.1. If xé2, card Sl<2*" and Sl hii no one-element subalgebra, then
AX(SI) is strongly binding.

On the other hand, in a sense this is best possible:

Theorem 1.2. Let xS2. Then there exists a y.-unary algebra Sl, such that
card SI=2*“, S| has no one-element subalgebra and any y.-unary algebra (£, contain-
ing no one-element subalgebra has a homomorphism into SI. In particular, Sl is not
contained in any rigid x-unary algebra. Hence Ax(H) is not binding.

E. Fried [6] raised the question whether Ax(SI) would be binding for rigid St.
We shall prove the following stronger statement:

Theorem 13. Let xs2 and Sl a x-unary algebra with card31>1. Thefollow-
ing statements are equivalent:

(1) -4*(Sl) is strongly binding.

(2) Ax(St) is binding.

(3) There exists a rigid ® £/1X{31).

(4) There exists a S 4"XS() such that card 3>2*“ and End S = Aut33

We shall prove further, that in (4) the assumption card 33>2*" cannot be
omitted, at least for finite x.

As a byproduct of our investigations we shall obtain that, roughly speaking,
every small lattice can be embedded into Con (SI), for any sufficiently large x-unary
algebra SI. (Corollary 3.5). This in turn implies

Corollary 3.6. Let H be a x-unary algebra, and assume that card Sls2. If
L denotes the class of all lattices, then S (Con (PSI))=L.

Il. Strong embedding into Ax(4l) for small Sl

Let us call an algebra cyclic if it is generated by one element.

Lemma 2.1.A cyclic x-unary algebra has at most xa> elements. There are at most
2)G non isomorphic cyclic x-unary algebras.

Proof. Clear.

Lemma 2.2. Let 2six. Then there exists a mutually rigid family of cyclic
x-unary algebras B= {333: a< 2*“}, such that if @ is a homomorphism of 33a into an
algebra (f having no one-element subalgebra, then (p is an injective mapping.

Proof. First assume x-=to. Let f, ..., fxbe the operations. Let N={0,1,2,...}
and M =N—{nl:w€N}. To each oc<2" there corresponds a function gp. M {3, 4},
ga=gR iff ct=R. Let us define 93 by

() O®« = N. = {uB: nEN};
(i) fk(ri) —n+1 for each (S 2;
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@iii) N0) = 1, /i(u)H) = 2n!+2 (ns 1), /i(2»+H) = 2n+ D+ 1;
(iv) Mm) = m+ga(m) (MEM).

Itiseasytoseet h a t i f f k=0, hence if then ~(0,,) = 0Oa,
hence because of (ii) /—lur For the same reason, if y6Mor (339, 33/ then
(0d=0p hence /(kX=kfl, but this is impossible because of (iv).

Now assume that O is a congruence of 33, and 33,/0 has no one-element sub-
algebra. Let k=k+d (0) (i/>0). Then by (ii) k+ Icl+T=k+ 2(1+71 (0). Hence
for a sufficiently large n, if nis divisible by d then (2u+ 1)!=(2m)! (0) hence by
(i) @mr-b1)!+1=(27)!+2 (0) and by (i) (2n+I)!+ 1=2n)!+1 (0) hence/n~tur
) if T1,7Trd2m\+ 1. But then 3390 has a one-element subalgebra, therefore
0 is trivial.

Now assume that xSw. Let f7(1~a”x) be the operations. To each /?<2*
we associate a function gy,; x—{0}»{1, 2. Now we define 33* by

(V) O», =%
(vi) 1,(0) = a;

(i) /ay)=Y if any; /«(@) = a+ g»@)-
It is obvious that j3={33a:a<2*} is rigid. Let O be a congruence of 33, Assume
yl=y2 (0) for some yxXy2. If yl5y2>0 then by (vii) 3370 has a one element
subalgebra. If yi=0, y2>0 then, setting yi=y2+g/i(y2> we have y2=yi(0) by
(vi), whence the previous case again.

Proof of theorem 1.1. L€t 31 be a X-unary algebra without one-element sub-
algebras, and card 31<2*“. Let B be the family of cyclic x-unary algebras con-
structed in Lemma 2.2. As 31 has less than 2% cyclic subalgebras, B has a subset
C={(Ea:a<2*"“} such that Mor (ffla, 31)= O for each a. We may assume that
031= (t< 2*“). Let us define an algebra 31=(MN$W,/Y by

(ix) = ((@3NX{0, 1HU(U DE») (we assume this union to be dis-
joint);
(xX) Jy(a)=f.,(a) if nE(D3NX{0} or a€ U Of»

xi) /j,(a, h= (@ 0) if yé 2, /j(a, )= 0, (the element 0 of ).

Hence we obtain a x-unary algebra, and 5i|(Q31)X {0}ss3l. We assert that 31 is
rigid. For let /EEnd 3L 0O, generates a subalgebra isomorphic to (£,. Hence y(0J
has the same property, because of Lemma 2.2. (51 has no one-element subalgebra).
Hence x(0«)$(M31)X{0} and y(0J EDCy, for any /Ma. But_ x(0J C(O31)X {1}
for if x<to then ./i(0J=/2(0,) and for a€(DSX{'},/i(8) x/ 2(c), and if x"eo
then f1f1(09=f1(08 and for a€(M3N)X{1}, N/i(0d=1aXxX/1(0J. Hence
X(0JEO(E,. By the rigidity of (I, this implies /|ffi= id(& for each a<T.

Moreover, f1(ct,1)=0x, hence fi(/(oc, 1))=0a and therefore y(a, I)=(a, 1),
and z(«,0)=z(/2(a, 1))=/2(z(«, 1)) = (a, 0), proving that 31 is rigid.

We can now apply Theorem 1.3 ((3)—(1)) to obtain the desired strong embedding
into ~*(31). The proof of Theorem 1.3 is postponed to Section 4.
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I11. Construction of the counterexample

Let 21=(C]2l, /a:a-=x) be a x-unary algebra, 0 a congruence of 2L Let [a}0
denote the image of a under the natural homomorphism tpe:21721/0. We shall
say that O preserves loops if for any a602], a<x, fa(a)=a iff ff[a])=[a\d.

Lemma 3.1. Any x-unary algebra 21 has a maximal loop preserving congruence O.

Proof. Let ... be a chain of loop preserving congruences. It is ob-
vious that VO; also preserves loops hence by Zorn’s lemma we have a maximal
such 0.

We shall need some results of combinatorial set theory. Let P={P@ be a
system of sets. We shall say (cf. [4]) that P is strong d-system, if PA.MP.,,= DP
for all al™a2+ The symbol (B, y)-<std (& means, that if we have an arbitrary
set system Q= {Q*} with card Q=8, cardQ”Sy, then it contains a strong
d-system of cardinality 5. cf B denotes the cofinality of B, § +is the successor cardinal
of B. Using this notations there holds

Lemma 3.2 (Erdés—Rado [4]). If x™a> then ((2*)+, xX) —st d((2*)+).

Now let 21 be a universal algebra, C= {(fa} a system of subalgebras of 2L
We shall say that (£ is a strong algebraic A-system if dC= {C£,} is a strong
d-system, and (£ai and (Eza are isomorphic over X=TDC for all «, a2 (i.e. there
exists an isomorphism y:£al->£2 with y|X=idx).

Let 21 be a universal algebra of type Q={xx:a<y}. Let =N xx. We

define the symbol (B, x)—sta d (d) to mean that given an algebra of ;;/E)e Q and
x="Q and card 21=- B then 21 has a set of cyclic subalgebras C= (¢, 3r<<5},
which is a strong algebraic d-system.

Lemma 3.3. Let B=2xd. Then (B+ x)—stad (/?+).

Proof. Let 23 be an algebra of type 12 where Q=x and card T>=R+.
Clearly, there is a cyclic algebra ¢ of type Q isomorphic to B + different subalgebras
C.Oy</1+) of 23 Let /./. BMNIE be an isomorphism for each y</?+. According
to Lemma 3.2, there exists a subset H of 8+ such that card H =/?+ and a set
XCLW23 suchthat D CAX for all a1( ®£H, 5x~5r. xvX is a mapping
from X into (I. But there are only 2xa different mappings from X into t£, hence
H has a subset G of power B+ such that yallX=X4jX for any 5\,<52£G. G=
= {£,: a6G} is obviously a strong algebraic d-system.

Lemma 3.4. Let 21 and O be as in Lemma 3.1. Then card (21/0)"2xo.

Proof. Assume that card (21/0)=-2"“. By the maximality of 0,21/0 has no
loop preserving congruence. Hence it suffices to prove, that if 23is a x-unary algebra
and card (23) >2*m then 23 has a non trivial loop preserving congruence. Applying
Lemma 3.3 to 23, we obtain in particular, two subalgebras (80 and (Ex of 23 which
are isomorphic over their intersection. Let x:£0U(T1--Co denote a mapping such
that is an isomorphism of £rinto (£, (/—9, 1).

Now we define the congruence @ on 23 by setting a=b(d) iff either a=b
ora, 06<£oUEi and y(a)=y(b). ®isobviously an equivalence and every equivalence
class has one or two elements. Clearly @ is a loop preserving congruence.
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From Lemma 3.3 we deduce three corollaries. For X a set, let Eq(X) denote
the lattice of all equivalence relations on X.

Corollary 3.5. Let 91 be a x-unary algebra. Assume that card (91)>2V where
yllkoo. Then Con (91) contains a complete sublattice isomorphic to Eq ((2V+) such
that 06Eq((2Vy+) corresponds to oj*Con (91).

Proof. Let 2=2V By Lemma 33 we have a system of subsets of 91,
C={£,,:ax=A+} being a strong algebraic J/1-system, and we have the isomorphisms
£. Using this system we shall embed Eq (/.+) into Con (91). Let 06Eq (2+).
We define 06 Con (91) by a=b (0) iff a=b or there exist a,, a2-=/.+ such that
al=aa(0) and XH(0)=&,,(E). We remark that ifaisnotin Z= U {O£,,: a<2 +}—X
then a=b (0) iff a=b and if aEZ then XAa) is defined for precisely one a. So, it
is obvious that 0 is a congruence relation, and the mapping 0—O0 is a complete
embedding of Eq (A+) into Con (92).

Corollary 3.6. Let 91 be a non-trivial x-unary algebra, and let L denote the
class of all lattices. Then S (Con (P9l))=L.

Proof. By Whitman’s theorem [18], every lattice can be embedded into a
partition lattice, hence Corollary 3.5 implies Corollary 3.6.

Corollary 3.7. Let 91 be a subdirect irreducible x-unary algebra. Then
card (91)"2*".

Proof. 0 is meet reducible in Eq (3), and if card (91) >2*“ then by Corollary
3.5, wis not meet irreducible in Con (91). (We have used, in fact, only that 91 is
finitely subdirect irreducible.)

Proof of Theorem 1.2. Let 91 be a x-unary algebra without one-element sub-
algebras. Let 0 be as in Lemma 3.1. Then card (91/0)*2**, and since O preserves
loops, 91/0 has no one-element subalgebra either. Let 9J denote the disjoint union
of all x-unary algebras 91 of cardinality ~2*M having no one-element subalgebra,
taking one algebra from every isomorphy class. Then TS has no one element sub-
algebra, and if £ has neither, then by Lemma 3.4, there exists a homomorphism
<p:£—Xij. Again by Lemma 3.4, 3> has a loop preserving congruence ®, such
that card (TSYP)N2)C: Let T2=T)Ud. We state that 9= £ 2 satisfies the con-
ditions of Theorem 1.2. As in the proof of Lemma 53 it is easy to see that 91
itself is not rigid, moreover it has a non-injective endomorphism. Let £ be a x-
unary algebra without one-element subalgebras. Then £ has a homomorphism
into £51, hence £ has a homomorphism into 91 Let now 91z>91 If s8 has a one-
element subalgebra then se is not rigid. Otherwise, by the above, there exists a
homomorphism of B into 91, hence again B is not rigid. By Theorem 1.1,
card (91)S2*@ and this completes the proof.

We have proved essentially the following stronger

Corollary 3.8. Let 91 as constructed above, and ss3 91. Then 93 has a non
injective endomorphism.

Corollary 39. Let 'S be a set, and 0 a transformation semigroup on X, and
card (0)~x, and assume that 0 has no common fixed point. Then there exists an
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("invariant partition ofX into at most 2*u classes such that 2 has no common fixed
class.

Proof. One can naturally interpret (X, S) as a x-unary algebra. The S-invariant
partitions are exactly the congruences, hence the corollary is straightforward by
Lemma 3.4.

Corollary 3.10. There exists a x-unary algebra © with card 23=2*® such
that if'll is a x-unary algebra and card (21) >1, then there exists a homomorphism
.2l © satisfying card {op91) > 1L

Proof. Let £ denote the disjoint union of all x-unary algebras of cardinality
not exceeding 2*n, taking one algebra from each isomorphy class. Let B be as in
Lemma 3.1. Set ©=(f/OUX, where X denotes the one element algebra. Let
card 21) >1. If there exists f and a 21 such that ffia)jea, then there exists a
cp:21--C/0 with card (2l)> 1. If for all fy and a we have fi(a)=a then the
existence of such @is trivial.

IV. Ax(4l) inthe case of rigid 21

In this section we shall prove Theorem 1.3. The implications (1)—2)—(3),
(2)—4) are trivial.

4.1. First we prove that (3)—(l). Let ©£/1*(21) be a rigid algebra. It suffices
to prove that AX(LL, is strongly binding. To preserve the original notation we put
21=S and we shall prove that Ax(2l) is binding.

We shall say that (Ecrd21 has the common coimage property, if for any
function b:x—I[LE there exists a cED2l with f(c)=b(i).

21 has the common coimage property if LLR1 has. We shall distinguish three
cases.

Case (a): 21 does not have the common coimage property. Let D be the set
of functions violating the common coimage property. Let 2I be defined by
021'=021UD (disjoint union); fi'(a)=fi(a) if D2l f{(b)=b(i) where bET).
Let us fix some cED. We construct a strong embedding t: A 2-~Ax($l) by F:© —
=<00, A>—=<nF(S), /> by

; OF(») =033X(D21I'U{L, 2, 3,4,5,6, 7}
an
Ji(b,a) = (b,fi(a)), bed®©, ae MN2r,

fob, - (b, 1), Mb, 1) - (b, ¢) (/S 1,
Mb, 2) = (b, 2), fO(b, 2) = (b, c) (ia 1),
Mb, 5) = (b, ¢),

Mb, 3)= (b, 3), Mb, 3) = (b, 5) (=D,
Mb, 4) - (h,4), Mb, 4) = (b, 5) (ia 1),
Mb, 6) = (b, 1), Mb, 6)= (Mb), 2 (/s 1,
Mb, 7)= (b, 3), /;(b,7) = (b1(b),4) (isl).

If <p:©'—©2 is a homomorphism then F(p) can be defined in the natural way.
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We remark that from the construction it is easy to see that if H is a subalgebra
of F(23) and it has the common coimage property then there exists a b£0 23 with
OHc{6}XD2l. Now let x;F(®i)*"F(®2 be a homomorphism. Hence by the
above remark /({bi}X M21)={b2X D2l and we have a mapping y: 23 -23,
defined by x(bD)=b2 with the above bx and b2.

Now it is a routine matter to check that x(b,d)=(x(b), d) for each
(b, d)£ OF(23). We shall prove that £ is a homomorphism. Indeed,

Ne (*>)), 4) = vXhAb), 4) = -/(Mb, 7)) = /2(z(b, 7)) = *(*(*)>7) = bl LU ), 4)

hence x(h1(b))=h1(x(b)).

The same holds for h2 hence ; is a homomorphism. But obviously F(/) =X
hence F is full. From the construction it it obvious that it is also strong.

Case (b): 2i statisfies the common coimage property and has no subalgebra
isomorphic to 23(2), where 023(2)={1, 2}, /j(1) =2, /,(2)=1

Let 2I be defined by M2r—D21U D23(2)U {c} (disjoint union), /;'(a)=/;(s)
if M2L C23(2), /0(c)=a0 for some GOED2I, /0(c)=1 for iS 1 It is easy
to see that 2I" is also rigid, and 21' does not have the common coimage property,
hence we arrived at the previous case.

Case (c): 21 satisfies the common coimage property and has 23(2) as a sub-
algebra.

Let 221 denote the disjoint union of two copies of 21, O221= 02X {0, 1}.
Let 0 be the following congruence on 221: (I, 0)=(2, 1) (0), (2,0)=(1, 1) (0) and
all the other classes have one element. This is obviously a congruence. Let
21=22t/0, a€D2l, (X1,2 and b a new symbol. We define 21' by

021 = W30 {o}, N(c) =f(c), c€D% f'(b) = (@0), f((h)=(a 1
for (Si.

We shall call [02tX{0}Je=L and [D2iX {1}]9= R the left and right side of 21,
respectively. Note that LR = 023(2).

It is clear from the construction that both the left and right sides are sub-
algebras of 21' isomorphic to 21. Moreover, a two element subset of n2l' has the
common coimage property iff both elements belong to the same side. Hence endo-
morphisms of 21 map the sides into sides. If y*"End 21' and both L and R are mapped
into L then yIL and yjR induce two endomorphism of 21, and they are different
as their action on 23(2) differs by the definition of 0. Hence either x(L)=L, y(R) XR
or conversely. But b makes the converse impossible. Therefore and by the assump-
tion that 21 was rigid we conclude that 21' is also rigid. But clearly 21' does not have
the common coimage property. Therefore again Case (a) applies, completing
the proof.

4.2. Now we prove (4)—3). We shall distinguish two cases.

Case (d): 21 does not satisfy the common coimage property. Let 2I" be constructed
as in Case (a) and %£End2t'. Then x|D2liEnd2t hence x|D2l is bijective, which
implies that k|n21' is one-to-one. Let bc D. Then (y_1fh): /<*) does not have
the common coimage property since (by. i<y.) did not have it, hence there exists
/ _1(b). It follows that x|M2I is onto. This implies End (2t") = Aut (21'). Now
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applying the construction of Case (a) again we obtain 91", [1191"=091UDUD'
and (*): to each a0ED2I there exists (af_D:07i<z) and bETI' with /;(6)=0;.

Let card D'=z and let (Ca:a<T) be a class of mutually rigid x-unary algebras,
such that if <?E0£, then f (c)~f2(c). This means that no subset of (fa has the
common coimage property. The existence of such a class follows from [13]. Let
some caf C(E,, be specified for each a<T, and let D'= {"a:a<t}. Now we define
an algebra £ by [I]D=[I]9t"U(U (£)Ut (disjoint union), fix) =ffix) if x$t,

/0(@)= A, /,(a)=c,, for ifel. Let yEEnd 2> By the choice of the Ga=s, y(D9i")Q
QO31", hence yfibfi—b"(¥) for some x:t—t and y is a bijection. But a is the only
element with f0(a)=bx, hence y(a)=y(a) and therefore y(3(£,)= |UER). This
is possible iff y=idT hence y(bfi= . Now let a6/[,. By the observation (*)
we have a ba with Jfibfi—a, therefore y(a)=a implying that y|D91"=id, but
ylOe3=id since £* is rigid, proving that 1) itself is also rigid.

Case (e): 91 satisfies the common coimage property. Since card 91>2*", by
Lemma 3.3 we have a strong algebraic A-system in 91, say C={9lna<t}. Let
X= T DO£,. We may assume that C is a maximal sta O-system. We have tS qj.
Now let B= {©a:a<T + 1} be a rearrangement of C of order type r+ 1. Let 9I
be a disjoint copy of 9L Let X' and ©' denote the subalgebras of 9I" corres-
ponding to X and ©a, resp. Let (a<T) be a family of isomorphisms
agreeing on X and satisfying gx(X)=X".

We define a congruence on 911191' by a=b(6) iff a=b or there exists an
a<t with gx(a)=b or (pa(b)—a. Let 51=(91U©")/$e }

We shall call L=[D91Jo and R=[D9I70 the left and right side of 9I, resp.
Both sides are subalgebras isomorphic to 91. Obviously [CJ9=[©Jo (a<t) and
LfIR= U{O[CJ9:a<T}. LW91—(J since otherwise we could construct

a non bijective endomorphism of 9t. Therefore both L—R and R—L are non-void,
implying that 9l does not have the common coimage property.

Let yfEnd (91). As in the Case (c) we again have that y(L)"L or y(L)"R,
and the same for R. Assume that y(L), y(R)=L. From y(L)sL we infer that
y(LOR) is the union of a A-system which is maximal in L since y|L is an auto-
morphism of L. But by y(R)”L, y([©Jo) can be added to this zl-system, a con-
tradiction. Hence using again that End (91)=Aut (91) we get End (91)—Aut (91).
Thus we obtained the previous case, completing the proof of Theorem 1.3.

V. Thecase x < &

In this section we shall investigate the counterexample given in Section 3 in
more detail. We are mainly concerned with the proof of the following

Theorem 5.1. Let 2~x<a>.
(i) There exists a x-unary algebra 91 such that

(@ 91 has no one-element subalgebra,

(B) if © has no one-element subalgebra then Horn (©, 91)—0,

(y) if 91' satisfies (a) and (B) then 91' contains a subalgebra isomorphic to 9L
(i) © is unique (up to isomorphism).
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(iii) card (91)=2°\
p-i
(iv) End(9l)=Aut(@)=77Cp_1 (The product is taken over all prime
numbers p). p

Problem. Does there exists an algebra satisfying (i) for aSea?

Henceforth we assume 2/x-=cu.

In Section 3 we have constructed a x-unary algebra T2 such that it had no
one-element subalgebra and if neither 8B had one then Horn (SB X2="0. One
can feel that I>2 is not the “smallest possible” such algebra, for there exists a
homomorphism <p:B—T2 with Ker ¢ being a loop preserving congruence, and
this is a rather strong condition. To construct a “smaller” algebra we need the
following

Lemma 5.2. Assume that are congruences of B and 93/0- has no
one-element subalgebra. Then neither has 88/V 0;.

Proof. Obvious.

Now let T2 be the counterexample as in Section 3. By Lemma 5.2 and by
Zorn’s Lemma we have a maximal 0 such that Sh=D20 has no one-element sub-
algebra and therefore each proper homomorphic image of 91 has a one-element
subalgebra. Henceforth 91 will denote always this algebra. We assert that we do
obtain a new algebra this way:

Lemma 5.3. 9Is"E>2.

Proof. Let 3B denote the algebra 093 = {1,2,3}; /1(1)=/1(2)=/1(3)=2,.
li)—HfH@e)—f 3)=3 mi).
It is easy to see that B has no proper loop preserving congruence hence £ 2 has
a subalgebra isomorphic to B On the other hand, Bhas a two element homo-
morphic image containing no one-element subalgebra, hence 91 has no subalgebra
isomorphic to B

a1 satisfies (i) of Theorem 5.1. This is clear for (a) and (B). (y) follows from
the fact that Horn (91, 9N~ 0 but since 9 has no one-element subalgebra, all
homomorphisms from 3Xinto 91' are one-to-one. Obviously, card (91)=card (T>) = 2
(Theorem 1.2). The converse inequality follows from Theorem 1.1 proving (iii).
Moreover, (iv) and (i) (y) imply (ii), hence it suffices to prove (iv).

We shall say that a x-unary algebra is circulant if it has no one-element sub-
algebra and its automorphism group has a cyclic subgroup acting transitively
on the underlying set of the algebra.

Lemma 5.4. Each circulant a-unary algebra has a homomorphic image which
is circulant ofprime order. 1fp is afixed prime then there are F>—y_l—non—isomorphic

circulant algebras of order p. All these are simple and their automorphism group is Cp.

Proof. The first part of the lemma is obvious. If we distinguish between the
elements of the underlying set then there are px—I1 circulant algebras on p elements.
Clearly we obtained each algebra (p—2L) times hence the second statement is also
true while the third is trivial.
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We shall denote these algebras by Ep(i) /=1, —— pj. Clearly, 21 has

exactly one subalgebra isomorphic to (Ep(/) for all p and i. We shall prove that
the endomorphisms of 2i are fully determined by their action on these subalgebras.

Lemma 5.5. Let @€End Ut and assume that (p acts identically on each £ (/).
Then = Ij,.

Proof. Assume to the contrary that <X 19. Obviously @ is injective. Now
we define a congruence on SI by a=b (9) iff there exists a d£ D(l, n, m"O satisfy-
ing qd)—a, qm(d)=b. Using that @is one-to-one, it is easy to check that 9 is
a congruence, and the following stronger form of the transitivity also holds: if
ai=aj (9) for all I=i, j=n then there exists a 021 and 0 satisfying
(prf(d) —ai.

9is a proper congruence of 21 hence 91/0 contains a one-element subalgebra.
This means that there exist igsd; (0) (I-"isri), w=£(af (0) (1S/én)- By the
above remark this means that there exists a df_M21 and natural numbers sh t{ for
I~i~Mn  such that ai=qt>(d), f(at)=(psi(d). But @ is injective and therefore
from <it(fi(dj)=fi(ai)=cpsi(d) it follows that f(d)=cp"i(d) (n"Si-t,). (It may
well happen that some n/s are negative, but the right side exists and is unique.)

If there exist g, i2 with nfl<0, then setting X)= {cp"'(d): n£Z} we see
that $is a subalgebra and the restriction cp\b generates a group acting transitively
on D. Using Lemma 5.3 we get a contradiction.

Assume now J1;70 for *=1, If all the elements gn(d) (n=0,1,...)
are distinct then it is easy to see that E = {oon(d):n~0} has a homomorphlc image
isomorphic to (Ep(i) for suitable p, i. In the remaining case cp"(d)=d foran n>0
hence D= {<p'(cl):n=0} is a circulant subalgebra, again a contradiction.

The case when each n,-*0 goes similarly.

Now we are in the position to prove (iv). First we prove that any automorphism
of (E=NJ (J E(2) extends to an endomorphism of 2L

Observe that <P=End (B = Aut (B=// JJ Aut (B(/)). We define a ~-unary

algebra g by setting <=21X®, f(a, 49)=(f(a), 49. By definition ly:n—a, P)
is an isomorphism of 21 onto 5|(M~1X{¥'}). We define a congruence on g by
(& @=(b, W) (9) iff either (a, qa):(b, P) or there exists a pair (p,i) with
a, VEO£,(/) and if for q= (cpopi), 4 =(4\ti)cp~1(a)=wW~1(b). It is a routine com-
putatiomto see that Oisa congruence, Let g —g/0. Hence we obtain homomorphisms
17:21— Refined by 1y:a-[(0, IPJe. Then clearly (@)= (<F)ssE for any
o, P. Let (E denote this subalgebra of 5- Moreover each isomorphism (ExE is
obtained as for exactly one jpEAut ((B). _

Now any homomorphism y\ g-*-2I maps (Eonto (E hence {*0T/C:<ptAut (E)}=
= Aut (B. As ycI"CIEnd (21), this proves the assertion we have started with.

Hence by restriction we obtained a surjection End (21) Aut (B which is,
by Lemma 5.4, also an injection (using the fact that every endomorphism of 2|
is a monomorphism). Hence End (21)= Aut (21) is a group. As

Aut(Bas17Cf-1p1
End (21) = Aut (21) si NC f-1/p_1.

Acknowledgement. The author is indebted to L. Babai for his valuable critical remarks.
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