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GEORGE ALEXITS

(1899-1978)

member of the Hungarian Academy of Sciences, editor-in-chief of this journal died 
on October 14, 1978. He was a leading personality in the Hungarian mathematical 
life, and a world-wide known scientist in different areas of mathematics such as 
theory of point sets, orthogonal series, general function series, approximation theory, 
and metric geometry. Many mathematicians all around the world declare themselves 
his disciples. Through them and by his own works, his influence is continuously felt 
on the universal development of our science.

As the reader will observe from the dedications, originally this issue of the Acta 
Mathematica Hungaricae had been devoted to papers dedicated to his eightieth 
birthday. Many of the contributors are working in the above mentioned areas of 
mathematics and were under the influence of his stimulating mathematical activity. 
The authors of this issue, his friends and pupils, the whole mathematical community 
feel deep sorrow for this irreplaceable loss which forced the editors to convert the 
celebration to be expressed in this volume, into mourning.

i Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979





SOME ABSOLUTELY MONOTONIC FUNCTIONS

Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 33 (1 —2), (1979), pp. 3—5.

By
R. ASKEY (Madison)

To G. Alexits on his 80th birthday

L. J. R ogers [6] introduced a set of polynomials that generalize the ultraspheri- 
cal polynomials. The ultraspherical polynomials come from the generating function

00
(1) (1 -  2xr + r2)~x = Z  C*(x)rn.

n —0

The continuous ^-ultraspherical polynomials C„(x; ß \ q) have the generating function

(2)
“ (1 -  2xrßqk + r2ß2q2k) 

iJo О -  2xrqk + r2q2k)

00

= X C„{x-ß\q)r", 
/1 =  0

\q \  < I-

The orthogonality of these polynomials is demonstrated in [3] and the weight function 
is given in [1] when | ß \ < 1, | q \ < 1.

In the case of ultraspherical polynomials, Askey and Pollard [2] proved that

(1 — г) 2|Л| (1 — 2xr +  г2) д =  Z  g^(x)rn
n = 0

with g'n(x) 2: 0, —1 ^  x ^  1,2 real. This was used to obtain a simple proof of Kog- 
betliantz’s theorem on the positivity of the (C, 22 +1) means for ultraspherical series. 
At present we do not know enough about the continuous ^-ultraspherical polynomials 
to find an analogue of Kogbetliantz’s theorem, but it is possible to prove an analogue 
of the result of Askey and Pollard.

T heorem  1. I f  \ q | < 1, | ß | < 1, and \ r \ < 1 then

(3)
” (1 -  ßrq")21“1 (1 -  ßrewqnY (  1 -  ßre-wqn)x 

„_o (1 -  rqn)2̂  (1 -  rewqn) \  1 -  re~aqnf  ~ = Z  hn(<x, ß, Я, 0) г"
n = О

with hn(cc, ß, q, в) ^  0 when a, ß, q, в are real.
P roof. Assume first that a ^  0. As in [2], if the left hand side is denoted by 

[f(r)Y it is sufficient to show that

4~  log /(/•) = z  knf ‘ar n = 0

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



4 R. ASKEY

with kn ^  0. A simple calculation shows that

1 -  ßn+1m = 2 i
Ar) „to 1 -  qn+l [1 +  cos (л + 1)0] г"

so

Then

log Ar) = 2 £
n=0

1 -  ßn+l j [1 + cos (л + 1) 0] /- 
1 -  q"+1j л + 1

W + 1

/ ( 0  = Z
«" Dog Дг)]"

Л !

The same proof works for a <  0. The only difference is that 1 + cos (n + 1)0 
is replaced by 1 — cos (л + 1)0. The case treated in [2] can be obtained in two ways 
from Theorem 1. One way is to set a = 1, ß = qx and let q -> 1. The other is to set 
ß = 0 and let q -* 0.

The ultraspherical result can be written as

f. (2X)n-k (2A)t Cj(x)
*to (1)«-* CD, Ci(l) -  ’

Я > 0.

This has been extended to

у  (а)„ к (a)к C'kix) ^  0  

h  (1 )n -k (О* C*(l) =
\ й а  Ü 21 .

It is unclear how to extend this to the continuous g-ultraspherical polynomials, 
because C„(l; ß | q) is not given as a product except in special cases. See [4] and [5] 
for the current state of knowledge on sums of this type and [1] for more facts about 
Cn(x; ß I q). One plausible conjecture is that Gasper’s result

00

(1 -  r2)-A{(l + 2xr + r2) -A + (1 -  2xr + r V }  =  Z  r"
n = 0

with cA(x) 2: 0 for Я 2; 1, can be extended to

f f  (1 -  ßrgn) [ ” 1 1 -  ßreieq" I2 “ ] 1 + ßrewqn |21
Í=V (1 -  'V) t i-о I 1 -  rewq" I2 “ о I 1 + rewqn |2 J

00

= Z  c„ (cos 0; ß, q) r"
«=o

with c„(cos 0, ß, q) 2: 0, 0 S  ß Ss Я < 1- However before this can be proved (unless 
it is false) we must learn much more about the continuous ^-ultraspherical and 
Jacobi polynomials.

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979
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A CONSTRUCTION
OF PROCESSES OF BEST APPROXIMATION

A cta Mathematica Acaclemiae Scientiarum Hungaricae
Tomus 33 ( 1 - 2 ) ,  (1979), pp. 7 - 1 7 .

By

G. BLEIM ANN, E. L. STARK  and G. WILMES (Aachen)

Dedicated to Professor G. Alexits on the occasion o f  his 80tb birthday 
on January 5, 1979

1. Motivation. When investigating the approximation of 27t-periodic continuous 
functions by their Fejér means Professor G. Alexits [2] was the first (1941) to observe 
that the corresponding optimal order of approximation is limited, this being so for 
a well-determined class of functions (for some historical remarks in this respect see 
[4, p. 478 f, [6]). This phenomenon which restricts the optimal approximation order 
of a wide class of general linear approximation processes, is now — under the concept 
of saturation — an essential part of the constructive theory of functions.

On the other hand, it is well-known that there exist linear approximation proces­
ses which approximate with the order of the best approximation, thus do not exhibit 
the saturation property. In case of periodic functions, for instance, the classical 
example is given by the famous de la Vallée Poussin sums.

The purpose of this note is to investigate the latter problem further, thus to 
describe a general method of constructing a family of singular convolution integrals 
which approximate 2^-periodic functions with the order of the best trigonometric 
approximation; the sums of de la Vallée Poussin will be contained therein as an 
extremal example.

2. A certain family of Fourier transform pairs. In order to develop the announced 
construction just some elementary results from basic Fourier transform theory will 
be needed. Let Lp — //(R ), 1 S  P Ú со, denote the spaces of measurable functions 
on R for which

ll/IU: = { 2 ^- J  IA0F<*J , 11 / 1 loo: = ess sup \f(x) | ,
— 00

respectively, are finite. The //-Fourier transform is defined by
00

/ '  {v): = 2ÍT j m  е~Ш dt (Я  ̂ ; м  e R);
— 00

for the corresponding //-transform one may consult e.g. [4, p. 174 f]. Moreover, 
let v denote the space of all p-th power integrable restrictions to R of entire func-

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



8 G. B L E IM A N N , E. L. ST A R K  A N D  G. W ILM ES

tions /  on C which are of exponential type v, i.e.,

|/(z) I zg A e (v+£)|z| ( £ , v > 0 ; z f C ) ;
(cf. e.g. [1, p. 161 if]).

In the sequel two particular functions px and ф, will be employed. The first one 
is defined by

2 . a
(1) px(v ) := — sm — v ( « > 0 ; c f R ) ;

some of its properties are collected in

(i) a8II18 » ( R ; (Ü) pM  = « ;

(2) (iii)
oo

í PÁv) dv= n;0
(iv)

OO
j  pl(v) dv = an, pa <G L2 

oJ
(v) p jy )  = 2лКг a

L 2'
. j W ; (Vi) P*£& * , 1 < p й  oo ; 

p* 2
the characteristic function being given by

f 1 , A ^ x ^ B ,
KlA.B]- -  I ( -  oo < A < В < oo).

[ 0, [A, B ],

The second one is assumed to satisfy the conditions

(i) ф (-в) = ф (р ), R ; (ii) ф(0) = 1;

(3) (in) « , ß > 0 .
2* 2

It is an immediate consequence of the Paley —Wiener theorem (see [1, p. 166]) that 

(3, iv) {Ь2)Ф’(1) = 0, \ t \ ^ ß / 2 ;

moreover, in view of (3, ii) there holds
PI2

(3, v) f &(t)dt = 1.
-PI2

Finally, the function Ф essential in our construction is given by the product

(4) Ф(р): = рл(р) ф(р)
for which

(5)

(i) Ф(-г) = Ф(г;), ü f R ;  (ii) Ф(0) = a ;

Ф '(0Л = j  ■(iii) Ф £L};  (iv) J
0

It is the Fourier transform of (4) and its properties we are mainly interested in.

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



A  CO NSTRU CTIO N  O F  PROCESSES O F  BEST A PPR O X IM A TIO N 9

Theorem 1. Let a ^  ß > 0. The following representation holds for the Fourier 
transform of (4):

(6)

(0

(ii) Ф'(0 =

(iii)

moreover,

(7) Ф'

1 ,
ß!2

t I ^
a — ß

dv. S— l  < I,  I £  i ± t
-«/2+|f|

0 ,

Ф'

t I ^

a — ß
+  T + Ф

a + ß 
2 ’

a + ß
— T = 1,

Proof. By definition, (2, v), and Parseval’s formula one has

00 00

Ф'(0 =  2 ^- J  Р«(») <£(*0 e- '" *  = J  к' a (г;) </>(г>) ér*' dv =
— oo — oo

<x/2 cr/2

= j [</)(o)e_‘°']“(ü) dv = J ' (f>\v + t)dv ( i f  R).
-«/2 -«/2

Having in mind property (3, iv), the representation (6) follows by straightforward 
calculations using (3, v). The same applies to (7). Q.E.D.

The latter properties reveal that Ф"(Г) is pointsymmetric in the interval [(a — [i)/2, 
(a + /0/2] with respect to the point (a/2, 1/2):

(For the particular parameters (a, ß) =  (3,1) the dotted line refers to Example A,
(17), the broken line to Example C below.) The slope of Ф (t) in (a/2, 1/2) is given

00
by Ф '(а/2) =  — y/2n, where y: = [ f(v)dv (if this integral exists).

— 00

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



10 G. B L E IM A N N , E. L. ST A R K  A N D  G. WILM ES

Concerning simple concrete examples the most natural way to construct them 
is to choose the parameters a and ß (in general fractional) in the transform (6) such 
that both m : = (a -  ß)/2 and n: = (a + ß)/2 are (positive) integers.

3. Singular convolution integrals and best trigonometric approximation. As a
suitable approximation process for 27i-periodic, e.g. continuous functions, f d  C2n, 
Theorem 1 suggests to consider singular convolution integrals of type

(8) / т ,„(Ф ;/; *): = 2^- J /(*  -  u )  t m  n { u ) d u  ( f d  С 2ж)
— It

with kernels generated via

(9)

( 10)

= X фтЛх  + 2kn)k — — oo

Фт,«0): =
sin (n +  m) -  

x/2
n — m

( * € R ) ,

(n, m d N; n > m)

where ф ((n — mx)/2) satisfies (3) for ß = n — m. Then (cf. e.g. [4, p. 123]) tmn is 
an even integrable 2n-periodic function, tmn d L \n, with Fourier coefficients

4 ,  »(*)••

It

~  J  e~'ku du = фт,п(к) =
— It

1, £VII■Ü

f  ^{v)dv, кVIIVII5

2\k\ n + mn — m n — m
o, кЛИ

(kd  Z)

the latter in view of (6). Thus (9) is an even normalized trigonometric polynomial 
of type

(11) tmt„(x) = Dm(x) + 2 £  2т'П(к;Ф )соькх,
k = m+1

2m,n-1(4 Ф) = фт,п{к) (m +  1 й к й п  -  1),

Dm (x) : =  1 + 2 £  cos k.v (m d N),
k = 1

i.e., involving the Dirichlet kernel.
Finally, let П„, n d N, denote the set of all trigonometric polynomials of degree 

n and
E„(C2n;f):  = inf \\f(x) -  gn(x) ||c ( / ( C , , ; « ( N ) ,

gn € tin

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



A C O N STR U C T IO N  O F PROCESSES OF BEST A PPR O X IM A TIO N 11

the best trigonometric approximation (of degree n), where | | / | | c : = sup | fix) |. 
Then one may formulate *eR

Theorem 2. For m, n d N, n > m, let the operator Im n be defined by (8). Then 
there holds

( 12)

(13)

(14)

/* .«(#;/; ж)€Яв_1 ( /€  c 2j  ;

1т.п(ф\9т\х) = 9 mix) (gm£ n m\ x i  R);

II Im,n Il[c„l: = SUP II x) lie á
l l / l lc=i

á  Сф 7t + 2
1 n + m1 + log--------n — m =  :N „ сф: =  —  \\Ф\\2;

n

(15) II /„.„(Ф;/; x) -  f(x) ||c ^  iV„>m£m(C2jt: / ) .

Proof. Properties (14), (15) are immediate consequences of (11); property (15) 
follows by a standard argument as given e.g. in [4, p. 105] provided (13) and (14) 
are fulfilled. Now, concerning (14) note that || /m,„ ||[Cin] < || Фт „ Hi (cf. e.g. [4, p. 
124]). Moreover, one has by definition

Ф̂ n 41!. n + m ,sin — ---- tep n — m

. n +  msin--------- t
n — m

dt

t 4

со

2 f n
— sin —
л J n

0
CO

dt
1 <Kt) 1 —t

n — m- t m
dt

^ — ll^ll71 1 + log 

1 + log

n + m
n — m 

n + in
n — m

+ V я и ф Из f = 

2
+ x/^j Cj,: Ф

since И ф Hoo ^  y j l  И ф ||2 by Nikol’skii’s inequality (cf. [13, p. 233]), Q.E.D.

R emarks, (i) For the particular choice n — m + 1 the sum in (11) is empty, 
so that tm m+1(x) = Dm(x) £ Пт, m ( N ,  reduces to the Dirichlet kernel. Moreover, 
(15) then implies that

II + x) fix) I (с ^  Сф{ 1 + J  Jl + log (2w + 1)} E JC  f )  ,

showing that the order of approximation in (15) also cannot be improved in general; 
cf. e.g. [4, p. 105].

(ii) Concerning the argument of the log-term in (14), the choice n = 2m is 
extremal: in order that in + т)Цп — m) = const, this choice gives the smallest
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integer multiple of m (namely log 3). This leads to the de la Vallée Poussin-type 
kernels tm 2m £ П 2 m -l>  !•£•?

2m—1
(16) Í2m-l(x) = Dm(x) +  2 Y. Ф‘т.2т(̂ ) COS kx  {m i N)

k =  m+ 1

which only depends upon ф of (3), and thus exhibits the symmetry property as given 
by (7). (It should be noted that for this instant of a constant log-term the proofs of 
(14) and (15), respectively, may be simplified by another standard argument as re­
produced in e.g. [9, p. 150], [8, p. 92 f], [3].)

4 .  R e p r e s e n t a t i v e  e x a m p l e s .  In the Table some illustrative examples are collected 
which are built up from the kernels (on R )  of (A) Dirichlet, (B) Fejér, (C) Rogosinski 
(cf. [3], [12, p. 400]), and (D) Bohman —Zheng Wei-xing {Fejér—Korovkin; cf. 
[12, p. 400], [16], [17]).

Here some comments are given.
(A) From (10) it follows that

ф т,п(х) =

X Xsin {n + m )— sin {n — m) —
( « ^ m ( N ){n — m) (x/2)2

with Fourier transform (having the well-known trapezoidal graph)

$m,n(v)

1 ,

П — I V I 
n — m

I v I й  m , 

m <[ I v I ^  n ,

0 ,  I v I ^  n .

(The fact that the graph of Фт>п{о) for m ^  | v \ ^  n is a straight line exhibits another 
extremal property of these kernels, this being taken with respect to the symmetry 
property (7).) The kernel (11) passes into

tm.£x) = Dm{x) + 2 Y  I1
k = m +1

к  — m

n — m F„-i W  -
m

n — m Fm- 1 ( * )  =

n — m 
1

cos kx  =

n—1

„  м  I  Dk{x) =  Vm n{x),
M f f t  k= m

i.e., the kernel of the general sums of de la Vallée Poussin; here
2

Fn(x) =
1

1 sin {n +  1)

/ 2+1
sin

= 1 + 2 Y
k = l

1 -
n +  1

cos kx  > 0

denotes the periodic Fejér kernel.
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14 G. B L E IM A N N , E . L. STARK A N D  G . WILMES

For the distinguished case n — 2m mentioned above it follows

2 cos mx — cos 2m x
m x2 K.2m(v)

which finally reduces for m 5Í 1 to 

2
0i .,(x) = —s- (cos x — cos 2л;), Ф, Jv) = 

’ x

1,

0 ,

I v I ^  m , 

m 5á I v I ^  и , 

I v I ^  n,

1 , I® I ^  1,

2 — I 0 I, 1 á  -I » I S 2 ,

0 ,  | ® |  ^  2

(cf. [1, p. 151]) thus to the particular situation of a kernel of Fejér-type (cf. e.g. 
[4, p. 202]) for which

^fc,2m-l(^) — ^1,2
к
m

For the special de la Vallée Poussin kernel, a particular case of (16), the conver­
gence factors are then given by

(17)

1,

2 -

0 ,

к
m ’

1 ^  к ^  m , 

m ^  к ^  2m , 

к > 2m.

Recalling that for this kernel one has precisely (see [7, p. 406])

2m - 1  I Il L 3 7Г (« € N ),

i.e., independent of w, this gives one a measure for the quality of the general estimate 
(14)!

(The choice m = 1 corresponds to a — ß =  2, which means a =  3, ß = 1 in 
the minimal integer case such that (1) has the representation

p3(x) — (1 4- 2 cos x)

. x  sin — 
2

X

T

this gives the connection with the construction employed in [3].)
(B) — (D) The analysis of these examples runs along the same lines; all of them 

establish families of approximation processes which exhibit the structure of the general 
de la Vallée Poussin sums. Two peculiarities should be noted: the connecting graph of 
Ф', n(f) for m ^  ! v I ^  n becomes smoother, i.e., 0~„h „ £ C'(R), in comparison with
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example (A); concerning (C), this is even so for a kernel which is not strictly nonnega­
tive; cf. [3]. A disadvantage appears in case (B) and (D), respectively, since Ф~т n{k), 
m ^  к ^  n, decomposes into two (symmetric) parts; in order to avoid complications 
in the midpoint (n + m)/2 it is practically postulated that (n + m)\2 £ N; this in turn 
means e.g. for n = 2m that the polynomial degree is raised.

5. Final remarks, (i) There are more general criteria which might be used in 
order to build up periodic singular integrals achieving the order of the best trigono­
metric approximation; see for instance [5, p. 559], [14, p. 26], [10, p. 482], [15,p. 
50 f], in particular [11] where a rather similar approach is implicitly used, however, 
as an auxiliary tool for quite different purposes. The intention of this note is to for­
mulate handsome conditions for a straightforward construction of classes of explicit 
examples, as well as to supplement the direct 2 7t-periodic approach parallel to Theorem 
2 as was given in [3].

(ii) Of course, results analogous to Theorem 2 hold for the approximation by 
entire functions of exponential type on the real axis if (8) is replaced by

• 00

4,,п(Ф;/; x): = ~  J / ( *  -  и) Фт<п(и) du
— 00

where now arbitrary positive real numbers m, n satisfying m < n may be chosen.
(iii) Finally it is remarked that analogous results can be obtained in the ̂ -dimen­

sional case if (1) is replaced by

(18) Px(v): = (атг)'у/2 (a > 0; v £ RN)

where JN/2 denotes the Bessel function of order N/2, R,v being the Eucledian TV-space. 
Of course, (18) reduces to (1) for N = 1. Choosing e. g.

Ф(р): =
Nr(N/2) JN/2(ß I i; 1/2) 
2г- " 12 (ß I v \/2)N/2 (ß > 0 ; Л Г ( ^ ! ) ( Г )

which is a radial square integrable function of (radial) exponential type ß/2 satisfying 
(3, ii, iv, v), it follows that ф(и) = (sin (ßv/2j)/(ßvl2), N  = 1. Thus a multidimensional 
(radial) counterpart of the de la Vallée Pousin sums (cf. Example (A)) is given by 
(ZN: = Z x . . .  x Z)

x): = (2n)-N I  . . .  f  f(x  -  u) t* „(u)du,

tm.n(x): =  £  Ф*_п(х + 2кт1),
k e  z N

Фш Ax): =
Nr(N/ 2)
2l—-N/2 2 л n + m

n — m

N/2 ^V/2 (n + m) - JNJ (n  -  m)

IN
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16 G. B L E IM A N N , E. L. ST A R K  A N D  G. W ILM ES

Moreover, if denotes the space of continuous functions on Rv that are 2n- 
periodic in each variable, then an estimation of the 1-norm of Ф* n — analogous 
to that given in [11] — leads to

II ll[CW>] ^  c O n St
n + m (tV-l)/2

n — m
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SATURATION CLASSES OF THE CESÄRO AND  
ABEL—POISSON MEANS OF FOURIER—LEGENDRE
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Dedicated to Professor Georges Alexits on the occasion o f  his eightieth birthday 
on 5 January 1979 in high esteem

1. Introduction

As early as 1941 did G. Alexits consider the following result. Let us cite it in 
his own words1 in his review of [1]:

Bezeichne od„{x) das n-te (C, S)-Mittel der Fourierreihe der 2л periodischen 
stetigen Funktion f(x), bezeichne ferner (odf)~ (x) das entsprechende Mittel der konju­
gierten Reihe. Man setze pen = Max | /(x) — a6n{x) | und (pön)~ = Max | f i x )  — 
— i f )  (x) |. S. B ernstein  [Mém. Acad. Belg., (2)4 (1912), 1 — 104] hat bewiesen, 
daß der Annaherungsgrad p\ = 0{ 1 /na) mit 0 < a < 1 notwendig und hinreichend ist, 
damit /(x) einer Lipschitzbedingung a-ter Ordnung genüge, für  a = 1 gilt dagegen nur 
pl = Oflog n/n), und es würde nicht einmal aus p1 = 0(1/и) folgen, daß f  einer Lip­
schitzbedingung erster Ordnung genügt. Verf. beschäftigt sich mit diesem Sprung im 
Bernsteinschen Satz und beweist folgendes: Genügt /(x) einer Lipschitzbedingung erster 
Ordnung, so gilt (p3)' = 0(\/n) für alle <5 > 0. Gilt umgekehrt (pön)~ = 0(1/«) für 
ein Ő 2: 1, jo genügt /(x) einer Lipschitzbedingung erster Ordnung.

By standard methods (e.g. Privalov’s theorem) this result can be rewritten in 
the form (ö S: 1)

max I crf(x) - / ( x )  | = 0(1/«) о  f i x )  6 L ip(l; C2n) ,
X£l-M, It]

where

Lip(1; C2J :  = { /6  C.2n; max |/(x  + h) - / ( x )  | =  0(/i), h -> 0 +  } .
x(l-n, It]

This is the difficult part of the saturation theorem for the (C, (5)-means, namely 
the characterization of the saturation class. The existence of the saturation pheno­
menon, namely the result that | <r*(x) — /(x) | = о(1/и) implies fix) =  const, was 
communicated in case <5 = 1 by Zy g m u n d  in a letter to E in a r  H ille already in July 
1940 but only published in 1948; see H ille  [15; p. 352]. On the other hand, Z y g m u n d  
himself published the result for any 6 >  0 in 1945 [26].

1 ZbI. Math. 8 (1947), 261. See also Alexits’ recent paper [3].
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In this sense Alexits was the first ever to prove a saturation theorem for a parti­
cular summation method of the Fourier series of /  £ Ca„. On the other hand, the 
concept of saturation as such was introduced by Je a n  F avard  in a lecture in 1947; 
he first recognized its great importance as a basic problem of analysis. This was 
followed by the dissertation of his doctoral student M arc  Z a m a n sk y  [24] of 1949 
(which was preceded by four Comptes Rendus notes on the subject), the first major 
and comprehensive treatment concerned with saturation.

The chief aim of this paper is to study the saturation behaviour of the (C, S)- 
means of the Fourier — Legendre series of / £  X, defined by

= ( \ I A ^ ± A ^ J \ k ) ( 2 k  +  \)Pk(x)

( * € [ - l , l ] ; n € P  =  {0,1,2,...}) 

for 5 > 0. Here Pk(x) is the Legendre polynomial of degree k,
l

f ( k )  = : у  J flu) Pk 0 ) du {к i  P)
—1

the k -th Fourier — Legendre coefficient (or Legendre transform) off ^ X ,A ön= ” + ,
n

and X  stands either for the space C [—1,1] = C or Lp(—1,1) = Lp, 1 rg p < со, 
endowed with the norms

l l / l l c : =  sup I/(x) I, \\f\\p: = U  I \flu)\pdu]llP,
*€[-1,11 [ 2  J—1

respectively. Another definition needed is the class

Lip(a;A): =  { /€  Z; ||/(  • +  A) - / ( •) llx[-i,i-A] = 0{lf) , h - >0+ }

where || • \\X[a,b] denotes the Z-norm with respect to the interval [a, b].
In the case X  = C[— 1, 1] the counterpart of the Alexits result to be established 

states that (<5 > 1/2)

(1-1) \ \ < f ~ f \ \ c  = 0 ( l / « ) o y i ^ / » € L i p ( l ; C ) ,

where /  now denotes the conjugate function in the Legendre frame (see Sec. 3.1 
for definition), and that of Zygmund — Hille that

II °nf  -  f \ \ c  =  o(l /n) = > / =  const.

The factor 1 — x2 occuring on the right side of (1.1) is the typical endpoint 
weight for approximation by algebraic polynomials on the interval [—1,1] (aőnf  is 
indeed such a polynomial of degree ri). This factor takes into account the difficulties 
at the endpoints in the algebraic instance; these are not present in 27r-periodic 
approximation.
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The saturation question for the Cesäro means will not only be studied in 
C [ — 1,1 ]-space but also in Lp( —1,1), 1 ^  p <  oo (see Theorem 3 of Sec. 4). The satura­
tion class is the set V[X; k] (see (3.7)) defined by a relation between Legendre (-Stielt- 
jes) transforms of two functions. Basic will be its characterization in terms of Lip- 
schitz conditions upon the conjugate function (Theorem 1). The latter function is treated 
in Sec. 3.1, Legendre —Stieltjes transforms in Sec. 2.

The paper concludes with a short discussion on non-optimal approximation of 
the Cesäro-means, dealt with in Sec. 5.

The problems treated for these means are also discussed for the Abel —Poisson 
means of the Fourier—Legendre series, their saturation classes being identical.

Let us finally mention that this paper may be regarded as a continuation of
[21; 10].

The contribution by M. Wehrens was supported by DFG grant No. Bu 166/27 
which is gratefully acknowledged.

2. The Legendre—Stieltjes transform

Let BY[—1, 1] be the space of all complex valued functions ц, defined on 
[—1, 1], continuous from the left on [—1, 1), normalized by /i(— 1) = 0, and endo­
wed with the norm

l

IIP IIbv : =  (1/2) 11 dtiu) I = Y  [Var ц]1х .
—1

The Legendre — Stieltjes transform and the (Fourier-) Legendre —Stieltjes series of 
li £ BV[— 1, 1] are defined by

l
(2.1) /iv (k) : = (1/2) J Pk (и) dn(u) (к £ P) ,

—1
со

№ ) ( * ) -  X ^{k){2 k  + \)Pk{x),
k =  0

respectively, the integral being understood in the Riemann — Stieltjes sense. The 
Legendre convolution of / £ X, g £ L \ — 1, 1) is defined by

l

(2.2) ( /  *  g)(x): = у  j '  ( r j )  (x) g(u) du (x £ [ -1 ,  1]),
—1

and of/ £  X, Ц £ BV[— 1,1] by
l

(2.3) ( / *  dji)(x): = ~  j  (zuf ) (x)dfx(u) ( r ( [ - l , l | ) ,
—1

the latter integral here being a Lebesgue —Stieltjes integral. Here xh denotes the
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operator of translation in the Legendre frame, defined by
l

(2.4) (t J )  (x) : = j  f(xh  +  у  J 1 -  x2 J 1 -  A2) f  (лс, A € [— 1» 1 ])

having e.g. the properties that || ta = 1, A € [-1 , 1], and lim || ta/ - / H x = 
=  0,/ £  X  (see also [21]). h~ 1~

Elementary calculations show that /Ж # and fXdp  exist (a. e.),2 belong to X, 
and satisfy the inequalities

( 2 . 5 )  l l / * < 7 l l x í i  I I / I I x I I p II i ,  I I / *  Ф  1 1 * ^ 1 1 / 1 1 *  II л Н в у

together with the convolution properties

(2.6) l f * g ] ' ( k )  = f ( k ) g ( k ) ,  [f  X  dp]‘ к  = f (к)pv(к) (к £ P). 

Consider the convolution integrals

(/„ /) (x): = ( /  ж Xp) (*) (/€  ЯГ; P € A; jf € t - 1, ID ,
1

where {*„}„<: A is a kernel, i.e., Xp£ L \ - 1,1) with (1/2) J Xp(u)du = 1, p i  A, p being
- l

a parameter ranging over some set A which is either an interval (a, b) with 0 ^  a < 
<  A iS + oo , or the set P. The family of integrals {Ip}pfA forms an approximation 
process on X  if

(2.7) lim | | / p/ - / | | *  =  0 (ЯЛГ),
p - ~  Po

p0 denoting one of the points a, b or + со .

Proposition 1. Let {yp}p£A Ae a kernel such that the associated integrals {/p}p€ A 
ybrm an approximation process on C [ — 1, 1 ]. Ifp  £ В V [ — 1, 1 ], then for alls £C[—1, 1]

l l
lim J  s(x) (Xp *  Ф )  ( * )  dx =  J  i(x) ф (х) ,

p - * p . —l  —1

г.е., Xp *  dp converges in the weak* topology o f  BV[—1, 1 ] to p.

Proof. By Fubini’s theorem one has 
1 1 1  1

j  s(x)(/p Ж dp) (x)dx = J | y  j  (ru/ p) (x)s(x) dx^dp{u) = j" (s Ж Xp)(u)dp(u)

- 1 - 1 - 1 (p€ A).
This yields part a) since s # ^  tends uniformly to .s by (2.7). Q.E.D.

2 “(a. e.)” means that an assertion holds for all x  £ [— 1, 1] if X  =  C [— 1, 1], and for almost 
all * €  [ - 1 ,  1] if  X =  Lp(— 1, 1), 1 <  oo.
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As an example, consider the Abel—Poisson means of the Fourier—Legendre 
series of f  £ X  defined by

00
(2.8) f(r; x): = £  rkf  (k) (2к + 1) Pk(x) = ( /  *  pr) (x) (r € [0, 1); * € [ - 1 ,  1 ]),

k = 0

where {/?Лг€ [o,i> *s the Abel —Poisson kernel given by (cf. [20, p. 170])

Pr(x): = r*(2A: + l)P fc(x) =  (| _  ^  ^  - 2)3/2- (r € [0, 1); x d [ -1 ,  1]).

Herepr(x) ^  0 for all rd  [0, 1), x (  [—1, 1], and lim p‘r( 1) =  1, so that one has 
by [10, Prop. 2] that r->1-

(2.9) Um \ \ f (n  • ) - / ( • ) 1^ =  0 ( f dX) .
Г —> 1—

For the Abel —Poisson means of /i £ BV[—1, 1], namely

dp(r',x): = X rkpw(k) (2k + l)P*(x) = (pr *  dp) (x) (r € [0, 1); x£  [ -1 ,  1]),
*=o

one has by Prop. 1 that they are weak* convergent to p d BV[— 1, 1]. Indeed 

C o ro llary  1. For each p d BV[—1, 1] there holds
l l

lim J  s(x) dp(r; x) dx = j s(x)dp(x) (s d C [ — 1, 1 ]).
\  r -  1------- 1 —1

This leads to the uniqueness theorem for the Legendre — Stieltjes transform. 

C orollary  2. I f  p d BV[— 1,1] such that рч (к) = 0 for all к d P, then p(x) = 0.

3. General theorems characterizing two particular function classes

3.1 The conjugate function. The concept of conjugacy in the frame of ultra- 
spherical expansions was introduced by M uckenhoupt- S tein [19]. Let us recall 
briefly the definitions and results in the Legendre case.

The conjugate series to (2.8) of f  d X  is given by

(3.1) f  (r; X): = 1  X rkf  (k) (2k + 1) (x)
2 k = l

( r e  [0, 1); X d [ - 1, 1 ] ) ,

р(я, /J)(x) being the Jacobi polynomial. In view of the identity (see [22, (4.7.14)]) 

= (2 l(k + l))P*(x) (k d N = naturals; x (  [ -1 ,  1])
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and the Legendre differential equation (see [20, p. 176])

4-  [(! -  =  -  k(k +  1 )Pk(x) (к e P; x  € [ - 1, 1]),ax

the series (3.1) may be rewritten as

(3.2)

(3.3)

GO ----------------
/ ’ (/•; x) =  £  [(2* +  1 )/(k + 1)] J 1 -  x 2 P £ (* )

/c = l

J \  -  x2f~(r; x) =  -  f  [  I  rkf(k) 'k(2k  +  \ ) P k(u)
—l 1 *=i

í/m

(r€  [0,1); t ( [ - l , l ] ) .

It is known that f o r /£  X the pointwise limit of f  (r; x) for r -»■ 1— exists a.e. on 
[—1,1] and defines the conjugate function of / ,  namely

(3.4) f ' ( x ) : =  lim f~(r;x) .
Г -* 1—

If f £ L p(—1,1), 1 < p < oo, one has furthermore

(3.5) Hm 11/"(г; • ) —/ ' ( • )  lip = 0.
г —► 1—

For more detailed information concerning the conjugate function, in particular for 
the generalized Cauchy —Riemann equation which are fundamental for this theory, 
the reader is referred to [19].

3.2 Two function classes. Two function classes will be needed. If {ф(к)}кеР is 
a sequence of complex numbers, they are

(3.6)

(3.7)

W[X; ф(к)]: = { Я  X; W ) f ( k )  = g‘{k), g d X )

{ f £ L \ - 1, 1); ф(к)Г(к)  = д \ к ) ,  р £ Ъ \ [ - 1 ,  1]}

V[X; ф(к)]: = |  1, 1); . =  ff‘(k),  д £ Щ - 1 , Щ К р < с о )

{ /€  C [— 1, 1]; ф(к)Г(к)=д-(к) ,  g d L » ( -  1,1)},

£,” (—1, 1) denoting the set of all essentially bounded functions on [—1,1] with 
norm H/ IL =  ess sup*€[_1>:l] |/(x) |.

Note that the classes V[LP; ф(к)] coincide with W[LP; ф{к)] for the reflexive 
spaces Lp{— 1, 1), 1 < p < oo. In the cases X  being equal to C [— 1, 1] or L \ — 1, 1), 
one only has W[X, ф(к)] d  V[X; ф(к)].

There is a further, deeper connection between the V- and Ж-classes. If the classes 
W[X; ф(к)] and V[X; ф(к)] are endowed with the norms

(3.8) W f W w l X - ,  ф(к)] =  W f W w ’ =  l l / l lx +  II # llx>
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(3.9) imiFir;«*), = l l / l lF:  =

ll/lli + IIHIbv, X  = L H - 1, 1)

11/11, +  1 Ы 1 , ,  X = L * ( - 1 ,  1 ) ,  1 < P <  00 ,  

I I У  l i e  +  1 Ы 1 » ,  X = C [ - 1 ,  1 ] ,

where p and g are the functions occurring in the definition of the corresponding classes, 
then they become normalized Banach subspaces of X  (i.e. \ \ f \ \ x ú \ \  f \ \ w  a" 
Я  W[X; ф(к)], \\f\\x  ^  II/Hk all/ 6  V[X; *(*)]).

If % is a Banach space and 1У a normalized Banach subspace of % then the 
completion of “oJ relative to 6E ,  denoted by s< S f/ is defined to be the set of those 
for which there exists a sequence {/„}„€N c  ^  and a constant M  > 0 such that 
Wfn ll̂ y = M,  alln £ N, and lim ||/„ — f\\% — 0. The s p a c e d  becomes a normalized

n -* oo

Banach subspace of IE under the norm

(3.10) Ц / П 4 « : -  inf {sup | j y i b ;  { / „ } c ^ , l i m  \ \ fn - f \ \ % = 0}.
« 6  N n  -*■ oo

Using this concept the following result can be established by modifying the proof of 
the 27i-periodic counterpart in [8, pp. 373 — 376].

Proposition 2. The spaces V[X; ф(к)] and W[X; ф(к)]х with norms (3.9) and
(3.10) , respectively, are equal with equal norms.

In [21] it was shown that W[X; (k(k + l)/2)r], i.e. ф(к) = (k(k + l)/2)r, N 
can be described as the set of functions /  £ X  for which the strong Legendre derivative 
Drf  exists and belongs to X. Here the particular case ф(к) — к, к £ P, will be investi­
gated. Indeed, knowledge of the conjugate function will enable us to characterize 
the particular classes V[X; k], W[X; k]\ the former will appear as saturation class 
of specific singular integrals.

3.3 Characterization of the class V[X\ к]. We begin with an elementary lemma 
which is a particular case of a general result in [4]. Since the proof of the latter is 
rather complicated we include another one for the special Legendre case.

L emma 1. The function £, defined via

[ k~ \  AigN
(3.11) « ' ( * ) : - {

(1 ,  к = 0

belongs to Lp( — 1, 1) for all p £ [1, 2).

Proof. Consider the function ^ (x ): = 2[2(1 — x)]-1/2, x£  [ — 1, 1). It belongs 
to Lp(— 1, 1), allp £ [1, 2) and its Legendre coefficients are given by (cf. [11, p. 276])

&(k) = 2/(2k + 1) (Ai£P).
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Furthermore, since ]Г (k(2k + 1)) 2 (2к + 1) < oo, it follows by the Riesz —
k = l

Fischer theorem for the Legendre system that there exists a £2 6 L \ — 1, 1) with 
coefficients

[ (k(2k + l) ) -1, к £ N
Ш )  =

[ - 1 ,  k  = 0.

Setting £(x) = ii(x) + (x) proves the assertion. Q.E.D.
We now come to our first basic result.

T heorem  1. Let f  £ X. The following assertions are equivalent:

(i) (a)/or X  = L \ — 1, 1)

(b) for X  =  Lp(— 1, 1), 1 < p < со : f £ V[ X; k ] ,

(c) f o r X  = C [ - l ,  1]

(ii) (a) for X  = L \ — 1, 1): / "  exists in if-norm, i.e.,

(3.12) lim !!/'(/•; • ) - / ( • )  111 = 0,
г —. 1—

and there exists some g £ BV[— 1, 1] such that V 1 — x2 / ’(x) = — /i(x) 
a.e.,

(b) /o r  A = Lp( — 1, 1), 1 < p <  oo : t/г ere exists some g £LP(— 1, 1) íuc/г 
that

(3.13) V l  -  X 2 f ( x )  =  -  J  <?(«)<& (x£ [-1 , 1]),
—1

(c) f o r X  = C[— 1, 1]: there exists some g £ L™( — 1, 1) such that (3.13) holds,

(iii) (a) for X  - L \ —1 ,1 ):/ exists in If-norm and — x2 / '(x )  £ Lip (1; If), 
i f ) for X  =  Z/( — 1, 1), l e y ;  <  со: ^  1 — x2 / ' ( x) jj continuous on [ —1, 1] 

and belongs to Lip (1; IP),
(c) for X  = C [ - 1, 1 ]: V l  -  x2/ '(x )  g Lip(1; C).

The function g occurring in (ii)(b) and (ii)(c) is the same as that appearing in the 
definition of the classes V[X; к]. The function g in (ii)(a) may differ from the corres­
ponding one in V \ l f ; к] by a constant multiple o f the b*-function (see (3.21) below).

P r o o f . Since the methods of proof for the different spaces are quite similar, 
the case X  = L \  — 1, 1) is considered in detail, the other being sketched.

(i) => (ii): Assuming / £ V \lf; к), i.e.,

(3.14) k f ( k )  =  g' fk)  ( k i  P)

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



SA T U R A TIO N  CLASSES OF T H E  CESÁRO A N D  A B E L -P O IS S O N  M EA N S 27

for some /i£BV[— 1, 1], one has by (3.3) that

(3.15) -  x2f ( r ; x )  =  -  j £  rkk f  (k) (2k + 1 )Pk(u)\du = — \ dg(r\ u) du
ir = l ] —1

(* € [ -1 ,1 ] ) .
Since /"  (к) = £,'(k) ц \к )  = [£ *  dp]"(к), к £N, by (3.11) and (3.14) it follows by the 
uniqueness theorem for the Legendre transform (cf. [21]) that f(x) = (£ ^  dp) (x) + 
+ / “(0) a.e. So f £ L p(— 1,1) for all p £ [1, 2) by (2.5), and therefore f  (r; x) and the 
left-hand side of (3.15) converge in //-norm  to f  (x) and yj 1 — x2 f  (x), respectively. 
In view of the weak* convergence of dp(r; x) to p(x) in BV[—1, 1] (Cor. 1), it is

X

easy to show that the right-hand side of (3.15) tends to — j dg(u) = — p(x) in the
—l

weak topology of L \ — 1, 1) for r -* 1 —. This implies that it also converges in L’-norm 
to — p(x). Hence (i) => (ii) if X = L \  — 1, 1).

If X  = Lp(— 1, 1), 1 < p < oo, or X  = C[— 1, 1], one has instead of (3.15) that

(3.16) V 1 -  *2 / > ; x) = -  j  g(r; u) du ( r ( [ - U j )

for some g£L p(— 1,1) or g e L°°(— 1,1). The result then follows since the /^-conver­
gence of g(r; x) to g implies the uniform convergence of the right-hand side of (3.16)

X

to — f g(u)du. (ii)

(ii) => (i): In case X  = L \ — 1, 1), (ii)(a) yields by integration by parts
l

(3.17) u \ k ) = \ g (  1) + 1
2 '  2 

On the other hand, by (3.12),

u2 f ( u ) P'k(u) du (к £ P ) .

JL ±
(3.18) lim j  J J l  -  u2f ( r  ■ u) P'k (u) du = ~  J y i  -  dl f{ u )  P'k (и) du (ke  P) •

r —l —l
Since the series in (3.3) is uniformly convergent with respect to и e [— 1, 1] for each 
fixed r £ [0, 1), one has

(3.19) 4- i \ / l  -  u2 f(r ;u )P 'k(u)du =

= - í r Jf ( j ) j ( 2 j +  l)y J" f J Pj (u) du P'k(x)dx = rkk f(k )  (ke  P)
—l —l

by making use of the orthogonality of {Pk}k ep ■
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Combining (3.17) —(3.19) yields

(3.20) k f ’(k) = p fk )  -  (1/2) g(l) (k e  P ) . 

Setting now
I 2 , x  =  1

(3.21) <5* (л-): =
[ 0 , - 1  g  х < 1,

then <5*£BV[— 1, 1] and [d*]v(C) = 1. So (3.20) reduces to k f '(k )= [p  — 
~(l/2)p(l)ő*]v(k), k e  P, i .e . /e  V\LX\ k\.

If X  = Lp( — 1, 1) or X  = C[— 1, 1] the proofs are similar except for the fact 
that the term corresponding to (1/2) yu(l) in (3.17) vanishes since/  (1) = 0 by defini-

l
tion, and therefore g must be such that j g(u) du =  0.

—г
(ii) <s> (iii): In case X  = LP(— 1, 1), 1 ^  p < oo, these implication can be dedu­

ced from well-known results due to H ardy—Littlewood [14] (see also [23, p.372] 
for X  = L \ — 1, 1)). If X  = C[— 1, 1] the proof in [23] may be easily modified.

R em ark . Assertions (ii)(b), (iii)(b) may also be formulated in the form 
(ii)(b)' for X  =  LF(— 1, 1), 1 < p < oo : 1 — xl f  ~(x) is a.e. equal to a function

h e  C[— 1, 1] having the representation

h(x) = -  j  g(u) du (x 6 [ -  1, 1 ]) ,
—l

where g e Lp(—\, 1) and #“(0) =  0.
(iii)(b)' for X  = Lp( — 1, 1), 1 < p <co: ^J\ — x2/~(x) is a.e. equal to a function 

h e C[— 1, 1] which vanishes at x = + 1 and belongs to Lip (1 ;LP). 
For 2 ^  p < oo the hypothesis #'(0) = 0 in (ii)(b)' or h(± 1) = 0 in (iii)(b)' 

can be dropped. Indeed, / ’ ^Lp(— 1, 1) since feLP (— 1, 1), and so к(х)1^/ 1 — x2 e 
eLp(— 1, 1). This implies that lim h(x) =  2g'(0) = 0 and lim h(x) =  0.

л- l — x -(-i)+

3.4 The class W[X; к]. The result corresponding to Theorem 1 for the classes 
W [X; к ] reads

Theorem 2. Let f e  X. The following assertions are equivalent:

(i) (a)/or X  = L \ — 1, 1) )
: fe  W [X -k1

(c ) fo rX =  C[—1, 1] j

(ii) (a) for X  = Lx(— 1,1): f  exists in Lx-norm and there exists some g e L x( —\, 1)
with g (0) = 0 such that

(3.22) yj 1 -  x2 /  (x) ^  — j g(u)du a.e.
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(c) for X  = C[— 1, 1]: there exists some g Z C[— 1, 1] such that (3.22) holds 
for all x  Z [— 1,1].

Assertions of type (b) are omitted since W[LP; k] = V[LP; к]. The proof is 
basically the same as that of Theorem 1 (see also [6; 4]).

It would also be possible to characterize W[X; k] by differentiability-properties 
of y j 1 — x2 f  ~(x) in a similar way as V[X; к ] was characterized by Lipschitz condi­
tions in Theorem 1 (iii).

4. Saturation

4.1 General theory. An approximation process {Tp}piX on X  is said to have the 
saturation property if there exists a positive function ф, defined on A and tending 
to zero for p -* p0, such that every f  £ X for which

II T p f - f \ \ x  =  °(<Kp)) ( P - Po)

is an invariant element of {Tp}, i.e., Tpf  = /  for all pZ  A, and if the set

SIX; Tp}\ = { fZ X ;  || Tpf - f \ \ x  =  0(ф(р)), p -> p0}

contains at least one non-invariant element. Then the process is said to be saturated 
in X  with order 0(ф(р)) and has saturation class S[A; Tp}.

The following criterion will be useful in deciding whether the saturation property 
holds for approximation processes defined via singular Legendre convolution integ­
rals {/p}peA.

Proposition 3. Let {xP}PgA be the kernel o f {/p}pgA such that

(4.1) II fe ll1 Ü M  (pZ A),

(4.2) lim 1 M P\ k  ̂ =  (k  € p) .P- P„ Ф(Р)
{ф(к)}к£Р being a sequence of complex numbers with ф(0) = 0, ф(к) ф 0 for к Z N, 
and ф a function on A as above.

a) The process {/p}pgA ‘s saturated in X  with order 0 (f(p f), p -> p0, and the 
invariant elements are the functions f  = const, (a.e.).

b) The saturation class is contained in V[X; ф(к)].

Firstly note that (4.1) and (4.2) imply {Ip} to form an approximation process 
(see [10, Prop. 1]). The proof of part a) then follows from [10, Prop. 4], that of 
part b) along standard lines (cf. [8, Theorem 12.1.4]).

To determine the saturation class completely, i.e. to show that also V[X; ф(к)] d  
d  >S[X; Ip], more information upon the kernel is needed. In the following the matter
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is confined to two special cases, namely to the (C, <5)-means as well as the Abel — 
Poisson means of the Fourier —Legendre series of /  £ X.

4.2 Saturation class of the (C, (5)-means. For <5 > 0 these (C, <5)-means of f  £ X  
are defined as

(4.3) (aá„f) (x): = (1 /A $  £  As„_kf ( k )  (2 к +  1)/>*(*) (и € P; * € [ -1 ,  ID ,
k = 0

where At =
n + 5 

n
Setting

FJ(*): = (1/4D I  Asn_k{2k + 1 )P k(x) (n £ P ; x € [-1 , 1]),
k = 0

the odnf  may be rewritten as convolution integrals

K f ) (x) =  ( / *  Fi) (x) (И € P; X 6 [ - 1, ID •

The (C, l)-means are nothing but the Fejér means a„f treated in [10, Sec. 5]. For 
any 3 > 1/2 one has

WFlW^F*  (и€Р)

for some constant Fö ^  1 (see [18]), and lim A*_kIA*=  1, к £ P. This implies
n -*■ oo

by [10, Prop. 1] that {a6„} forms an approximation process on X  for each <5 > 1/2.
It was shown in [10, Sec. 5] that {aó„} is saturated in X  with order 0(n~l) for 

3 = 1. It will now be shown that this result extends to any <5 > 1/2. This time the 
saturation class is also determined.

Theorem 3. The (C , 3)-means, 3 > 1/2, are saturated in X  with order 0(n  :); 
the saturation class is V[X; к].

P r o o f . Since

(4.4) lim «(1 -  [ F S ] » )  = lim «(1 -  (Ай„_к/А $)  = 5k (к £ P)

(see [7, Section 8]), i.e., ф(п) = n \  iJ/(k) =  5k in (4.2), the saturation order 0(\/ri) 
and that SfA'; osn] d  V(X; k] follow from Prop. 3, noting that V[X; 5k] = V[X; к]. 
Conversely, le t/6  V[X; к]. If X  = L \ - 1, 1) and ц € B V [-1,1] is such that k f \k )  = 
= ß J(k), fc (P , then the following identities are easily verified:

(4.5)

°n f = an+1f  + ( «  +  1 +  5) \(Ts„dn),
(<5 + 1)

< X \ f -  ^ +1/  = (n + 1) (n + 2 + <5) W +гФ),
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where {odndp) (x) : — (F% 41 dp) (x). This yields

< I  II a i l i f -  osk+1f \ \ i  + F b - 1 И /I ||bv =
k — n

V  ^  ^  v  и &
£ n( k + l ) { k  +  2 + 6) 11 *+]

á  M n - 1 И Ц | |BV

II °l+idn ||i + Fsn 1 И Ц ||BV g

(n€N ).

This is the desired assertion for X  = L \ — 1, 1). For X  = Lp(— 1, 1), 1 < p <  oo 
or X  = C[— 1, 1] the same proof works with obvious modifications. Q.E.D.

It is interesting to note that essentially the same method of proof, particularly 
the identity (4.5) was already used by A lexits [1] in 1941. For further generaliza­
tions and applications of this method see [12; 25; 2; 9; 6; 3].

4.3 Saturation class for the Abel-Poisson means. Concerning the Abel — 
Poisson means f(r; x) — ( / ^  pr) (x), / £  X, r £ [0, 1), x 6 [ — 1, 1], defined in (2.8), 
condition (4.1) is satisfied with M  = 1, since pr(x) ^  0, [0, 1).

As pr(k) = rk, к £ P, condition (4.2) holds with ф(г) = 1 — r and ip(k) =  k. 
So these means are saturated in X  with order 0(1 — r), r -* 1 —, and S[X;f(r; x)] d  
C  V[X; к].

Now let/ €  VIL1; к ], i.e., k f \k )  = p \k ) , к 6 P, ц £ BV[- 1,1]. Then for r € P, 
0  <  r <  1 ,

the interchange of the order of integration being valid since || dg(t; •) lliá  II IIbv> 
0 g  t < 1. So, fo r/ 6  V[L1%, k],

\\f(r;-)  —/'(* ) 111 = II J  dp(t; • ) t~xdt ||i <; M(\ — r) M /I ||BV (r € [1/2, 1)) .
Г

Since the corresponding result holds for the other spaces one has

Theorem 4. The convolution integral f(r ;x ) o f Abel—Poisson is saturated in X  
with order 0(1 — r), r -* 1 — ; its saturation class is V[X, к].

Note that this result could also be deduced using semigroup methods. Such 
methods for L \ — 1, 1) also give characterizations of V[X; k] in terms of classical 
derivatives of / ,  see [16, p. 611].

Applying the characterizations of the class V[X; k] given in Sec. 3, the above 
results can be formulated as

l
[Ar-, • ) - / ( •  ) №  = (r* -  1 ) f \ k )  = j  i* - № ) d t  =

r

= J  W{t-, ■ )]v(&) t~4 t = [ j  dp(t; • ) t^d tY ik )  ,

1
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Co r o l l a r y  3. The following assertions are equivalent for f  d X:
О) I I / -  <rsJ \ \x  = Oln.-1) (n -> oo; S > 1/2),
(и) ll/(•)-/(>•;• )lb-= o(i - r )  (r ->• 1 -), ____
(iii) (a) For X  = L \ — 1, 1): / ’ exists in Lf-norm and -J l  — x 2f~(x) d Lip (1; if) ,

(b)  for X  = LP(— 1, 1), 1 < p < oo: у / 1 — x2f '( x )  d C[— 1, 1] and
V l  -  x f f f x )  d Lip (l;L p),

(c) fo r X =  C [ - l ,  1]: у / 1 — x2f '( x )  d Lip (1; C).

It should be mentioned that H. B a v in c k  [4; 5] also determined the saturation 
class for the (C, <5) as well as Abel—Poisson means of f  d X. However, he expressed 
this class just by V[X; к].

K a l l a e v  [17], on the other hand, gave characterizations directly in terms of 
Lipschitz classes in the particular case X  =  C[ — 1, 1] (and not in terms of V[X; &]). 
Let us show that his result coincides with ours. He considered the function

G(x):
1/2

li(u) du ,
l

and showed that S[C; os„] =  { f  d C[— 1, 1]; G d Lip(1; C)} by using the identity 

d
dx

G(x) (k) = -n (k  + 1/2)/ (k) (kd  P).

Now our Theorem 1) (ii) (b) gives

d_
dx V 1 -  *2 /'(* ) (k) = k f \k ) (kd  P) •

_____  X

This implies that G(x) =  — 7t { ^ /l — x2f  (x) + (1/2) j f(u) du} + c. Since
X  — 1  ______

(1/2) f f(u) du + cd Lip (1; C), the Lipschitz conditions for G and v/ 1 — x2f~(x) 
-1

are equivalent.

5. Non-optimal approximation

Here the results of [10] on the non-optimal approximation of the (C, <5)-means 
of the Fourier —Legendre series are extended from ő = 1 to arbitrary <5 > 1/2.

if the space W[X;k] is endowed with the seminorm \ f \ W[x-,k] = I/ 1 : =
: = \\g\\x> where k f \ x ) =  g (k), kd  P, one deduces as in the estimate (4.6) the 
Jackson-type inequality

(5.1) \ \ f ~  o’J W x ű M n - ^ f ^ . v  (fdW [X -k\-, nd  N).
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By a standard procedure this leads to

(5.2) И/ -  a if \ \x  й  M K (n~ \f; X, W[X; k]) ( /£  2Г; и £ N) ,

the AT-functional being defined by

X, Y) = K (t,f): = inf {II /  -  g Ц* + t \ g |y} (t > 0),
e€T

Y being a subspace of X  with seminorm [ • |y.
On the other hand, pn £ W[X\ k] for all pn £ o?„(= set of all algebraic polynomials 

of degree ^  rí), and it is known (see [13]) that there holds the Bernstein-type ine­
quality

(5.3) I pn \m x. k] й  Mn 11 pn |b  ( n ( P ) ,  

the constant M  being independent of n and p„. This will lead to

P ro po sitio n  4. For any f  £X, 0 <  a ^  1 and 3 > 1/2 one has

(5.4) I I / -  °*J\\x=  0 ( 0  ( л - о о )  

if and only i f

(5.5) K (t,f; X, W[X; k]) = 0 ( 0  (t -a 0 + ).

Proof. The implication (5.5) => (5.4) follows from (5.2). The converse for 
О < a < 1 follows along standard lines (see e.g. [8, p. 110]). Indeed, setting U2 = o \ f  
U„ = o\nf  — <72"-i/  for n = 3, 4 , . . .  one has for any m 2: 2

m

(5.6) T ,U k = oU f, II Uk \\x Ü M 2 -k*.
k  = 2

Since the ^-functional is subadditive and Uk there holds

K (tJ )  й  К
k  = 2

t , f -  Z  и  A + K \t, z  u, < f -  Z  uk + 1 Z  u k <

й  I I / -  <y{mf\\x+  t Z  2*(1-c° й  M{2~am +  t2mil~ 0
k  = 2

by (5.3), (5.4) and (5.6). For 0 < t < 1/2 one can choose m ^ .2  such that 2~m £  
^  t < 2~m+1. This yields K (t,f) — 0 ( 0 ,  completing the proof for 0 < a < 1. For 
a = 1 it follows from Theorem 3 that (5.4) implies / £ V[X; &]. In view of Prop. 2 
one can choose a sequence {/„}„ш C W[X; к ] such that ||/„  — f \ \ x — o(l), n -*• oo, 
and \ fn \w = M. This yields

K ( t , f ) ü \ \ f - f n \ \ x + t \ f n \w ü  W f - f n  II* + tM ,

giving (5.5) for n -» oo. Q.E.D.
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This result shows in particular that the approximation behaviour of the erf-means 
does not depend on ö > 1/2. So one can use the counterpart for the (C, l)-means 
established in [10] to deduce that (i) о  (iii) of

T heorem  5. The following assertions are equivalent for f ^ X ,  0  < a  < 1:

(О II/- «5/11* = 0 ( 0  (n -  oo; Ö > 1/2),
(ii) I I Л  • )  -  A n  • ) I L r  =  0((1 -  rf) (r -* 1 - ) ,

(iii) / € Lipi (a/2; * ) , /.<?., || (т*/) - / I I *  =  0((1 -  A)‘/2) (A -  1 - ) .
The fact that (ii) <=> (iii) is left to the reader; for the Bernstein-type inequality 

needed see [13].
It would be possible to characterize the approximation behaviour of the above 

two means not only in terms of the “global” Lipschitz condition (iii) but also in 
terms of local Lipschitz classes for X  = C[— 1, 1]; this follows from the results of
[21]. Indeed, assertion (iii), and so (i) and (ii) of Theorem 5, are known to be equi­
valent to

(5.7) sup ( V 1 -  x2)“ |/ ( x  + h) -  f(x )  I ^  Mrf (r]> 0).
x , x + h  £ [—1,1]I*|á4

Note that (5.7) for a = 1 is not equivalent to *J\ — x2/(x) 6 L ip(l; C), so that, 
apart from the fact that/m ust be replaced by/" ,  there is a “break” in the smoothness 
condition between the non-optimal and optimal cases, i.e., when passing from 
a < 1 to a = 1. Indeed, the function /(x) = 1 satisfies (5.7) for a = 1 but 1 — x2 • 1 ([ 
$ Lip(l;C).

As a matter of fact, the characterization of the assertions (i) and (ii) in terms 
of Legendre—Lipschitz classes for the case a = 1 in Theorem 5 is an open question. 
Its solution would probably lead to characterizing Legendre — Lipschitz classes 
defined by fractional order Legendre differences; see the corresponding open prob­
lem for fractional order Legendre derivatives in [21, Sec. 7].
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HOW BIG MUST BE THE INCREMENTS OF 
A WIENER PROCESS?
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E. CSÁKI and P. RÉVÉSZ

Dedicated to Prof. G. Alexits on the occasion o f  his 80th birthday

1. Introduction

Let {W(t), /2:0} be a standard Wiener process and introduce the following
n o ta tio n s :

(1.1) af) = sup 1 W(t + s) — IV(t) 1,
s ̂ .ат

(1.2) 7(0  = I(T, aT) = sup  3(t, aT) ,
т—ат

(1.3) h(T) = sup  1 W(t + aT) -  W(t) 1,
0  ̂   ̂т—ат

(1.4) ß(T) = (2ar (log T af1 + log log  T ))-112,

(1.5) A/^ _  [TaF1]
log  log  T  ’

(1.6) V(T) = ( T? \\~ lß 2aT log | l  + —  d r J

(1.7) <5(T) = (2aT log  Taj1) - 112.

In [3] the following result was proved

T heorem  A. Let aT (T  ^  0) be a non-decreasing function of T for which
(i) 0 <  % g  Г,

(ii) атТ~г is non-increasing.
Then

( 1.8) lim su p  ß(T)I(T) =  1
Г - oo

I f  we also have
log  Та)(iii) lim

T -* oo log log T =  oo

then

(1.9) lim  ß(T)I(T)  =  1
Г -  oo

a.s.

a.s.
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The above theorem remains true if /(Г) is replaced by /,(T).
It is natural to ask (and it was asked in [3]) how can the normalizing factors 

y*(T) and y*(T) be defined in order to get the relationship

( 1.10) lim  in f  y*(T)I(T) =  lim  in f  y*(T) f(T )  =  1 a.s.
Г  — oo T oo

D eo [4] has shown that lim inf ß(T) I(T) differs from lim sup ß(T) I(T) whenever
T-+ 00 T— CO

( l.ii)
log TaTllim sup 

r — oo log log T
< 00

and the same holds for IfT).
Concerning Ii(T) a partial answer to the above question was given by Book 

and Shore [1], who proved that if

( 1. 12) lim
Г -  oo

log (Taj.1) 
log log T = Г

where 0 ^  r ^  oo, then

(1.13) lim inf ß(T)h(T)
Г -  00

Г 11/2
Г + 1

a.s.

The aim of this paper is to give even a more complete answer concerning the 
variable I(T). The main result of this paper is the following

T heorem 1. Let aT (T 2: 0) be a nondecreasing function of T  for which (i) and 
(ii) hold true. Then

(1.14) 18-1 g  lim in f y(T) I(T) ^  46 a.s.
T~ OO

I f  (i) and (ii) and one of the relations
(iv) lim AT =  oo

T-ao
and

(v) lim Лт — 0
Г - о о

hold then we also have

(1.15) lim inf y(T) I(T) ^  1 a.s.
T-  oo

Moreover, in case when (i), (ii) and (v) hold then we have

(1.16) lim inf y(T)I(T) a.s.
T-+ 00
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I f  we have (i), (ii) and

(vi) lim log TaTx
t-^ oo log log log Г

=  00

then

(1.17) lim inf y(T) I(T) = 1 a.s.
T-* 00

R emarks 1. The Kolmogorov zero-one law implies that there exists a constant 
p such that

(1.18) lim inf y(T) I(T) — p a.s.
Г — oo

where the constant p may depend on the functionar . (1.14) states that 18_1 S  P Ú 46 
for any increasing function aT satisfying conditions (i), (ii).

2. Since condition (iii) implies (vi), relation (1.17) also follows from Theorem A 
in the particular case when the condition (vi) is replaced by the stronger condition
(iii). (Note that ß(T) «  y(T) к  ö(T) provided (iii) holds true.)

3. The so called “other law of the iterated logarithm” (see [2] and [5]) states
that

(1.19) lim inf sup
Г-» oo sST

8 log log T 
7l2T

1/2
I m s) I =  1 a.s.

This implies that the constant p of (1.18) is equal to one in case aT = T. This result 
does not follow from our Theorem 1.

4. The constants 18—1 and 46 in (1.14) are certainly not the best possible ones. 
It is not hard to get somewhat better constants but we are not in the position to get 
the exact value of p, except in the case when (vi) holds.

5. Our Theorem 1 implies that in the result (1.13) of Book and Shore I fT )  may 
be replaced by I(T) and it is not hard to see that I fT )  in (1.13) may also be replaced 
either by sup (W(t + ar ) — Щ 0) or by sup sup (W{t + s) — W(t)\

O ^ t ^ T - а т  O Z t Z T —a j  s ^ a j
It would also be interesting to find the right normalizing factors for these quantities 
in other cases too. We are able to treat only the variable

(1.20) I+(T) = sup (W{t + aT) -  fV(t))
0 SIS т—ат

in the case aT/T = a (a, is a constant). This is given in the next theorem where the 
curious constant ca suggests that the constant p (see Remark 1) may depend on the 
function aT indeed.

Theorem 2. For any 0 < a ^  1 we have

(1.21) lim inf Ii(T) (2T  log log =  - c a a.s.
T~ oo
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where
г  
a J ’

In order to see the meaning of this theorem we mention that Strassen’s theorem 
[7] implies that

(1.23) lim sup Ii(T ) (27Tog log T)~1/2 =  a1/2 a.s.
T -*■ oo

which can be obtained by considering the function

( 1.22) c„ =
(2r + 1) а — 1 |1/2 

r(r + 1)
and

(1.24)
Í set 1/2 if 0 ^  а
[ а1/2 if а <  s ^  1

in Strassen’s class. The fact that (27" log log T)~1/2 is the right normalizing factor for 
the lim inf follows also from Strassen’s theorem. In case а = 1 it is well known 
that q  = 1 and this can be obtained by considering the function

(1.25) x(5) =  - i ,  0 ^  s й  1

in Strassen’s class. It is also immediate from (1.25) that cx must satisfy cx S; a. 
Theorem 2 says, however, that equality holds (i.e. cx = a) if and only if l/а is an 
integer, in other cases cx > a.

2. Proof of Theorem 1

We accomplish the proof through several lemmas. 

Lemma 1. For any T > e2 we have 

(2.1) P{UT) <  (18y(T))-1} <  (log T) -2.

Proof. We treat the cases when aT is small and large separately. 
Case 1. Suppose that

(2.2)
[Taf1] 300

lo(J log T ~ log (47Г-1)

Then we have

P{I(T) S  (18y(7))-r) =  max S(iaT, ат) й  (lSy^))“ 1} =
О^/^Гау1]-!

4 ( чИГвуч
= (Р{8(0,аг) á  (М ур ))-1} ) ™  й  ( -e x p  |--g-(18y(T ))2ar 

^  (47с-1)1Га" ] exp ( - 182 log log T ) g  (log T)~2.
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Here the following inequalities were applied:

(2.3)

(2.4)

(2.5)

P{ sup T  1/2 I W(t) | < x} ^  — exp — -^Ц-1, 
o s i s r  n 8x2J

log (1 +  x) g  x for x ^  0 .

Case 2. Suppose that

At* > 300
T '  log (An x)

Then we have

P{1(T) < (2У0Г))-1} g  (P{S(0, aT) < (2у(Г))-1})[Г̂ 1 =

= (20>((2y(D )-V /2) - l ) [

1 — exp 1
log 1 +

< 1

16 J 

log log T

[Taj'}
1 - 1 , tTap)

1 + i i A r ,
\ l  Ta j ' )

7Г2 log An 1
á  (log т у 2.

[ТаУ]32 300

Here the following inequalities were applied:

(2.6) 2Ф(х) -  1 ^  1 -  e-*! if x ^  1.8,

1(1 + x)1/2 ^  l + y x  if x ^  0,(2.7)

(2.8) 1 -  x ^  e~x.

Lemma 2. Suppose that condition (iv) holds. Then for any e >  0

(2.9) P{I(T) <  ((1 + e) у (Г ))-1} ^  (log T)~2 

i f  T is big enough.

P roof. We have

P{I(T) <  ((1 + а)у(Г))-1} ^  (2Ф(((1 + е)у(Т))~1аУ '2) -  l f ^ ü

^  1 — exp - (1  + 2e) 1 log (1 + A
16

[Tap)

^  1 A\
[T a p ]

á (lo g  T)~

if T  is big enough.
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Here the same inequalities were applied as in the proof of Case 2 of Lemma 1. 

Lemma 3. Suppose that condition (v) holds. Then for any e > 0  we have 

(2.10) P{l(T) <  ((1 + г) у(Г))“ 1} ^  (log Г)-<1+£/2)

i f  T is big enough.

Proof. We have •

14 i n 2 xUr«?]
P{l{T) < ((1 + s) yiT))-1} ^  J— exp | -  —  ((1 + e) y (T ) f aTJ g

^  (log T)~(1+el2>
if T is big enough.

Lemma 4. Let aT (T  2; 0) be a non-decreasing function o f T  for which (i) and (ii) 
hold true. Then

(2. 11) lim inf y(T) ЦТ) ^  18 1 a.s.

Proof. Apply Lemma 1 for the sequence Tk = 0k (k =  1, 2 , . . . ,  в > 1). Then 
by the Borel—Cantelli lemma we get

(2. 12) lim inf y(Tk) ЦТк) ^  18-1.
к oo

Now choosing в close enough to 1, (2.11) follows from the facts that I(T) is 
non-decreasing in T and

F2
aT log

(2.13) 0 -1 <
1 + i r16 aT log log T

aTk log 1 +
<  в

16 aTk log log Tk

for all Tk <=.T < Tk+1.

Lemma 5. Let aT (T ii 0) be a non-decreasing function o f T  for which (i), (ii) 
and one o f (iv) and (v) hold true. Then

(2.14) lim inf y{T) I(T) ^  1 a.s.
Г -  oo

Pro o f . The proof of this Lemma is the same as that of Lemma 4 with the diffe­
rence that we apply Lemmas 2 and 3 instead of Lemma 1.

Lemma 6. For any T  > e2 we have

(2.15) P{ max 3(iaT, aT) < 15(y(7'))~1} ^  (log T)~1/2.
OSI^lTap]-!

4
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Proof. Similarly to the proof of Lemma 1, we consider two cases. 
Case 1. Suppose that

(2.16)

Then we have

AT ^  0.03 .

P{ max S(iaT, aT) < Ю ^ Г )) -1} = (P{S(0, aT) < ^

> Í 8
1 Зл:

exp 71
800 

^  exp —

(у(Г))2аг
игл?] 8 t Та?]

6 3 71 y
exp 1

+ 0.03 lo g ^ - | log log T

99

2: (log T )-112.

log log T

Here the following inequalities were applied

(2.17) P( sup 7 - 1/2| W(t) | <  x) ^
O^t^T

. 1 _O V-2 A

in

(2.18) log (1 + x) 2: 0.99x if x ^
Зл2
1600

Case 2. Suppose that

(2.19)

Then we have

AT > 0.03 .

P{ m a x  3(iaT, aT) < 1 5 ( y ( 7 " ) ) —x}  =  ( P { S ( 0 ,  aT) < 1 5 ( у ( Г ) ) " 1} ) Р - « - г ‘ 1 ^
0áí<; [Taj1]-I

^  1 — exp -  152 log 11 + —  AT
[Taj1]

15хл21 -  exp I -  log —^ r~ A T
C Taj']

^  (log T) 1/2.

Here the following inequalities were applied

/ 2 1 - - I
(2.20) 2 Ф(х) -  1 £  1 - V n

— e 2 > 1 — e 
X

(2.21) (1 + x)15* ^  152x2, 1 — x  > e~2x

if x >
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Lemma 7. Let aT (T 2: 0) be a non-decreasing function o f T for which (i) and 
(ii) hold true. Then

lim inf y(T)I(T) rg 46 a.s.
T —■ oo

(2.22)

P roof. Put Tk = ek 1о8‘k. Then it follows from Lemma 6  that

(2.23) lim inf (y(Tk+1) max 3(iaTk̂ , a Tk+1)) ^  15 a.s.
к -*■ со

“г*+1 -a7*+l

It is easily seen that (2.23) implies

(2.24) lim inf (у(Тк+1) sup 3(t, aTk+l)) ^  45 a.s.
т*^‘^Тк+1-атк+1

We have the following inequality:

(2.25) 

where

(2.26) Ak =

ЧТк+1) й А к + sup 3(t, aTk+i)
TkZ.t^Tk+i-a Tk̂

sup §(t,aT ) 
o s i s n if Ur*+) =  (log log Tk)3

sup I W(v) -  W(u) I if aTk+i < Tk(log log Tkf .
О < и < v ̂  Tk

We show that 

(2.27) lim sup y(Tk+1)A  ^  1 a.s.
к -*■ oo

Cűje 1 .а Гк+1й  7*(log log Г*)3. 
Then Theorem A implies that

(2.28) lim sup
к -* oo

sup S(t,aTk+i) osisn
2ar*+, (log -  * ■ - Г**‘ + log log (Tfc + аГл+1)! 

v атк+1 '

1/2  =< 1 a.s.

An easy calculation shows that in this case we have the inequality

(2.29) y(Tk+1) й 2aTk+ I log Tk+- aTk*' + log log {Tk +  aTk+ 
аткк 1 '>)}

- 1/2

for к  large enough, hence (2.27) follows.
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Case 2. aTk+l > Tk(log log Tkf .
By the law of the iterated logarithm

(2.30) lim sup
к — oo

sup I W(v) -  W{u) I
0 < и < v ^  Tk______________________

(2Tk log log Tk)112 = 1 a.s.

But in this case

(2.31) y(Tk+1) й  (2Tk log log Tk)~112

for к large enough, proving (2.27) which together with (2.24) and (2.25) implies
(2.22).

Lemma 8. Let aT (T ^  0) be a non-decreasing function o f T for which (i) (ii) and 
lim Taf1 = со hold. Then we have

jT->oo

(2.32) lim inf ö(T) ЦТ) S  1 a.s.
Г- oo

Proof. On applying Lemma 1* in Csörgő—R évész [3] we have for any e > 0 

3) P(ö(T)I(T) < 1  + £) 5 C ^ i ( (1 + E)2 < c m
[ 2(52(Г) (1 + e) U r)

i.e.

(2.34) lim P(ő(T)I(T) < 1 + e) = 0.
T-* oo

A simple calculation (see e.g. the proof of Lemma 2) gives also

(2.35) lim P(Ö(T)I(T) <  1 -  e) = 0
T— oo

for any e > 0. That is to say

(2.36) S(T) ЦТ) -+ 1 as T  -+ oo in probability.

It follows that there exists a sequence 7\ <  T2 < ■ ■. such that lim Tk = oo and
к -*■ oo

(2.37) lim д(Тк)ЦТк) = 1 a.s.,
к -*• со

proving Lemma 8.
Since in the case when (i), (ii) and (vi) hold, we have S(T) x  y(T), and hence also

(2.38) lim inf y{T) ЦТ) ^  1 a.s.
Г -  oo

Now (1.14) follows from Lemmas 4 and 7, (1.15) follows from Lemma 5 and 
’.17) follows from Lemmas 5 and 8. It remains to show (1.16).
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If lim Лт
Г -а

(2.39)

and

О, then

У т 16
I 16 log log Т

п2¥

1/2

(2.40) 1(Т) ^ 2  sup I W'íf) I .os/ár
(2.39), (2.40) and Chung’s result (1.19) together imply (1.16). 

The proof of Theorem 1 is complete.

3. Proof of Theorem 2

It follows from Strassen’s result that there exists a constant d„ such that

(3.1)
sup (W(t + otT) -  W(t))

lim inf ;------------------- = -  d*г-оо (2Г log log T ) '
a.s.

We show first that dx ^  cx, where cx is given in Theorem 2. Define the function x(s) 
as follows: if 1/a =  r (an integer), then let x(s) — —s. If 1/a = r + x, where r is an 
integer and 0 < x < 1, then split the interval [0, 1 ] into 2r + 1 parts with the points

(3.2)
U 21 = ЮC ,

« 2 /+ 1  =  (i +  t )  a ,

i =  0, 1, 2 .,r  

i =  0, 1, 2 , . . . ,  r.

Let x(s) be a continuous piecewise linear function starting from 0 (i.e. x(Q) = 0) 
and having slopes

(3.3) x\s)

1
7 T T
l [1
r a

1 r(r + 1) 
a r + 1 — x

r(r + 1) 1̂/2
r + 1

1/2

if

if M2i < S  < U2i+ 1 

U % i- i  <  S  <  l i f t  .

It is easily seen that x(s) so defined is in Strassen’s class, i.e. x(0) = 0, x(s)
1

is absolutely continuous for 0 <  s < 1 and j x '2(s)ds = 1. Since
о

(3.4) x(s + a) — x(ä) = — cx, 0 <;.?<; 1 — a

we must have dx 2: cx.
Unfortunately we can not accomplish the proof of Theorem 2 by showing that 

x(s) defined above is extremal within Strassen’s class. In order to show that dx iS cx 
we give a probabilistic proof.
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Lemma 9. For a > 0 we have

(3.5) P
W(t +  ocT) -  W(t) ) - ^ 4

, Л - Р.)г w r  < ~ a^ e c -

Proof. It can be seen by scale change that (aT)~1/2 sup (  W(t + aT) — IF(i))
tS(l-«)7'

and sup (IV(t + 1) — Щ 0) have the same distribution. Define the random variab-
l£ -  -1 a

les Xl t . . X2r by

(3.6)
* 2 1 - 1  = Щ 0  -  W {i-  1), i = l , . . . , r
X2i = W(i + t) -  W(i -  1 + r ) , i = 1, .

Хъ . . X2r are standard normal variables with covariances 

E(Xa -1 X 2i) = 1 — T, E(X2iX2i+1) =  T,

E(XtXj) = 0 if I i - j  I ^ 2 .
(3.7)

Moreover

P( sup (IF(/ + 1) — JP(0) < — a) P( max X( < — a) =
, £ L _ X  7 l £ i S 2 r

a

= > <i9 X2 > a, . . X 2r > d).

If г = 0, then X 2i_x = X 2i and Xl9 X3, . . X 2r_1 are independent, hence

(3.8) P(X, > a , . . . ,  X ,r > a) = (P(Xx > a))' й e '
агг
2

by Bernstein’s inequality. In this case a/cl = r, thus (3.5) is proved.
If 0 < г < 1, then we apply the multivariate version of Bernstein’s inequality:

(3.9) P(Xx > a , . . . ,  X 2r > а )й  Де**»—> + •••+*■«*— >) = 

= exp
j  2r 2 r

T  I  I  Pyz,zy -  e(zx + . . .  + z2r)
Z 1 = 1 7=1

for all zx > 0 , . . . ,  z2r > 0 with correlations given by (3.7). 
On choosing

a(r -  i)

(3.10)
Z2l+1 —

z21

Г + 1 — T

ai
r +  1 — T 

we get (3.5) proving Lemma 9.

I =  0 ,1 , ...»  г — 1 

i = 1, 2....... r
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We remark that the exact distribution of sup(lL(i +  1) — fV(t)) is given in
täT

Shepp [6], but his formula does not seem suitable to give an easier proof of Lemma 9.

Lemma 10. Let Tk = 9k, к  — 1, 2 , . .  в > 1. Then 

(3.11)
sup {W{t + aT) -  W(t))

lim inf ' j----j----г  u / 2 -------- = ~ xak^oo (2Tk log log Tk)v -

Proof. Apply Lemma 9 with T = Tk,

(3.12) a =  caa“1/2(2(l +  e) log log Tk)m

and then appeal to the Borel — Cantelli lemma.

Lemma 11. Let Tk — Qk, k =  1, 2 ,. . .; в > 1. Then

inf
(3.13) lim inf

к —► oo

TkáT<Tk+ 1 i ^ ( l  — a)T
sup (1L(/ +  olT) — W(tj)

a.s.

(2Tk log log Г*)1/2
}t — cx-  (a(0 —1))1/2 a.s.

Proof. We start from the identity

(3.14) W(t +  a.Tk) -  W(t) = (W{t + aT) -  W{t)) + (W(t +  *Tk) -  W(t + aT)). 

Hence for Tk iS Г < Tk+1 we have

sup (W(t + aTk) -  W(t)) й

^  sup (Ж(/ + oíT) — W(t)) + sup (W(t + aTk) — W(t + aTj) ^
f á ( l  — я ) Г  I S ( l - a ) r *

й  sup (W(t + aT) — W(t)) + sup sup | W(t +  i) -  fV(t) | .
tä(l — a)T I á n  « £ « { Г » ,1 - Г » )

Therefore
inf sup ( W(t +  ocT) -  W(tj) ^

Tk&T<ic+l l á ( l - « ) r

^  sup (W(t + aTk) — W(t)) -  sup sup | W(t + i) -  fV(t) \ .
l S ( l - a ) r *  I á n  > S « ( n 4 i - n )

The statement of Lemma 11 follows from Lemma 10 and Theorem A.
The inequality dx ^  cx now follows from Lemma 11 since one can choose 0 —1 

arbitrarily small.
The proof of Theorem 2 is complete.
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SOME REMARKS ON DISCRETE BAIRE CLASSES
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(Budapest)

To Professor G. Alexits on his 80th birthday

0. Introduction. In a recent paper [4], the authors have investigated a modified 
Baire classification of real-valued functions, by replacing pointwise convergence by 
other types of convergence, namely by those called “discrete” and “equal” conver­
gence (for the definitions, see 1.2). In particular, it turned out that, under suitable 
hypotheses on the functional class from which the classification starts, the “equal 
Baire functions” are the same as the ordinary Baire functions (obtained by point- 
wise convergence), whereas the “discrete Baire functions” constitute, in general, 
a proper subset of the class of ordinary Baire functions. Moreover, this subset was 
characterized by means of a relatively simple condition (see [4], Theorem 7 and 
Corollary 11).

The main purpose of the present paper is to sharpen the latter condition in order 
to obtain a characterization not only of discrete Baire functions in general but also 
of each particular discrete Baire class. This sharpening is based on some results on 
Borel sets, classical in the case e.g. of metric spaces but not commonly known perhaps 
in the general setting needed here. Hence section 1 will contain the terminology 
used in the following, while sections 2 and 3 are devoted to the general theory of 
Borel classification of sets and Baire classification of functions, respectively; the 
tools needed later are presented sometimes in a slightly more general form than 
usually found in the literature (and in a generality that exceeds in some cases the 
exigencies of the present paper). After this preparation, section 4 contains the char­
acterization of discrete Baire classes.

In section 5, we formulate some consequences of the main result concerning 
equal Baire classes, and we give another equivalent definition of equal convergence. 
Finally, section 6 is a supplement to section 4 of [4] and deals with a further analysis 
of those function classes which constitute the starting point of the Baire classifica­
tion.

1. Terminology and notation. Let X  be a non-empty set. We understand by a
system of sets a non-empty set whose elements are subsets of X, by a function a real­
valued function / :  X  -» R defined on X, by a function class a non-empty set whose 
elements are functions.

1.1. Let oUl be a system of sets. <Ж is said to be a semi-lattice if 

Л, В £<Ж implies A f) В £ ,
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a lattice if 

a ring if 

a а-system if

a ő-system if

А, В £ Ж  implies A \J В, A [) В daJIL, 

A, В £ implies A (J В, A — В £§\l,

At£3\l (i £ N) implies \J At d Ж ,

Aj £ Ж  (г 6 N) implies f | Тг £ Ж
l

a c-ring if it is a ring and a <r-system. It is well-known that each ring is a lattice and 
each c-ring is a <5-system.

Ж  is said to be perfect if, for each A £ Ж, there is a representation

A  =  П B ,1
where X  — Bt £ Sit for each i £ N.

We denote by Жс the system of sets composed of the complements (in X) of 
the elements of Ж, by S\ia and SVf the smallest a- and ő-system, respectively, contain­
ing Ж, composed of the sets having the form

00 00

U Aj  and n  Aj where £ Ж ,
l l

respectively. The smallest a-ring containing Ж  (the existence of which is well-known) 
s denoted by S(SH).

1.2. A sequence (/„) of functions is said to converge to a function /  discretely 
if, for each x  £ X, there is an index nn(x) such that f„(x) = f(x)  for n 5: n0(x). (f„) is 
said to converge equally to /  if there exists a sequence ( e„ ) with e„ > 0, e„ -* 0 such 
that, for each there is и0(х )  satisfying | / „ ( a:) — f(x) \ ^  s„ for n 2; n0(x).

Let Ф be a function class. We denote by Фи, Фр, Фа, Фе the set of those functions 
that are limits of uniformly convergent, pointwise convergent, discretely convergent, 
and equally convergent sequences taken from Ф. Obviously

Ф“
<pd с  Фе с  Фр.

Ф is said to be complete if Ф = Фи.

1.3. Let Ф be a function class. Ф is said to be a lattice if it contains all constants
and

/ , д £ Ф  implies max (/, g) £ Ф , min (/, g) £ Ф ,
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a translation lattice if it is a lattice and

/ 6  Ф, c £ R implies /  + с £ Ф, 

a congruence lattice if it is a translation lattice and

/ (  Ф implies —/  £ Ф ,

a weakly affine lattice if it is a congruence lattice and there is a set C cz (0, + oo) 
such that C is not bounded and

/  £ Ф, c £ C implies cf £ Ф,

an affine lattice if it is a congruence lattice and

/С  Ф, c 6 R implies cf £ Ф,

a subtractive lattice if it is a lattice and

f ,  g £ Ф implies f  — g £ Ф ,

an ordinary class if it is a subtractive lattice and

f , g £ Ф  implies f g t Ф ,

/ £  Ф, f(x) Ф 0 for x d X  implies у  £ Ф.

We denote by Ф" the smallest complete ordinary class containing Ф (i.e. the inter­
section of all complete ordinary classes containing Ф).

1.4. Let f  g be functions, c £ R. We denote

X ( f S g )  =  { x í X : f ( x ) ü g ( x ) } ,
X( f  < g) = {x 6 X : A x) < g{x)) ,
X ( f > g )  = { x d X : A x ) Z g ( x ) } ,
X ( f  > g) = {x 6 X: Ax)  > g{x)),

X ( f  = # )  = {*£ =  #(*)} >

in particular we use the notation X ( f  g  c) etc. in the case when g is a constant function.
Let Ф be a function class. We denote by Ф) the system of all sets of the form 

X ( f  52 c) and X ( f  2: c) for/ 6  Ф, c £ R. Similarly С(Ф) denotes the system of all sets 
X ( f  < c), X ( f  > c) for/ €  Ф, c e R. Clearly 0(Ф) = $(Ф)е.

Now let сЖ be a system of sets. We denote by Ф(Ж) the function class composed 
of all functions /  such that X ( f  ̂  c) daJli and X ( f  2; с) £ $11 for c £ R.

For a function /  and a, b £ R, a < b, let us write

Ufa = min (*» max (/, a)) .
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2. General Boréi sets. Let S’ be a perfect semi-lattice with X  £ 8. We define the 
Borel classes belonging to 8 as follows:

(1) 80 = S ,  Q0 = $ c,

(2) 8a =  (  u  Qa =  (  U 8ey  (0 <  a <  © 0.
£ < a £ < a

The systems of sets 8a and Q.x are called multiplicative and additive classes, belonging 
to 8, respectively. We denote further

o^, =  f f . no« ;

the systems <AX are the ambiguous classes belonging to 8.

P ro po sitio n  2.1. 8X U О« с  оЯр for 0 ^  a < ß < co1.

Pr o o f . 80 a  8X and Q0 c : follow from  the fact that 8  is perfect. 8X a  Qa+1, 
Q.x c  ff„+1 (0 ^  a <  w,) and 8X a  8ß, Q.x cz Q.ß (0 <  a <  ß < cüj) are obvious by (2).

Proposition 2.2. G . = 8X for 0 ^  a < юх.

Pr o o f . Transfinite induction.

P ro po sitio n  2.3. 8X is a 5-lattice, Q.x is a a-lattice for 0 < a < £%.

P ro o f . 8x is obviously a (5-system, Q.x is a cr-system for 0 < a < at,. 8l and 
are lattices since 8 is a semi-lattice. Then the same is obtained for if я andQa (1 < a. < 
< ojj) by transfinite induction, taking 2.1 into account.

Proposition 2.4. Л х is a ring for 0 < a < cov 

Proof. 2.2 and 2.3.

Proposition 2.5. U ff« =  U =  °>(if).
a <  a < o>!

Pr o o f . The first equality follows from 2.1. This system is a ring by 2.1, 2.3
00

and 2.2. It is a <r-system since (J 8t £ 0 л+1 if Pt 6 8X. and a = sup {a,-: i £ N} < cox.
1

Hence this system contains $(8) and the opposite inclusion is proved by transfinite 
induction, using the assumption X  £ 8.

R em ark  2.6. The same construction furnishes, with a slight modification, the 
system S(oHl) for an arbitrary system Ж  satisfying X  £ Sll. In fact, by defining

ff =  (Ж  U Ж * ) * ,

it is easily seen that 8 is a perfect semi-lattice (moreover a d-system) and S(o>H) = S>(8).
Based on Propositions 2.1 to 2.5, the proof of the following statements is the 

same as in the classical theory, e.g. in [8].
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Proposition 2.7. I f  Q £Qa, 0 < a < соъ then there exists a decomposition

Q = U At > £ аЯх ,1
such that At П Aj = 0  for i ф j.

Proof. [8], §30, V, Theorem 1 (p. 347).

Proposition 2.8. I f  ß , £Q.X (0 < a < a^, / 6 /, /  = {1 ,.. ., n} or /  =  N), then 
there exist sets Q't jmc/z that Q[ c  ß, /o r i £ /, g j  f| 0  =  0  /от i ф j, and

u Q \ =  u e,.16/ i'€/
l f x =  и Q, then ö; £ <ЛХ./е/

Proof. [8], §30, VII, Theorem 1 (p. 350).

Proposition 2.9. I f  A £ <ЛХ+У (0 <  a <  coj), then there exist sets A, £ аЯХ1 such 
that A =  Lim At and at ig a; i f  a is a limit ordinal, then we can assume a, < a.

Proof. [8], §30, IX, Theorems 1 and 2 (pp. 355 to 357).

3. Baire classes. We begin by a series of easy (and mostly well-known) facts.

Proposition 3.1. I f  Ф is a congruence lattice, then <$(Ф) coincides with the system 
of all sets X ( f  1  0) ( / £  Ф) and also with the system of all sets X ( f  =  0) ( / £  Ф).

Proof. Д / l  c) =  X (J -  c 1  0),

X ( f ü  c) = X ( —f  + с 1  0),
V (/=  0) = V(max ( f  - / )  ^  0),
Д / ^ 0 )  = V(min (/, 0) = 0).

Proposition 3.2. I f  Ф is a congruence lattice, then §{Ф) is a perfect lattice and 
0 ,  X  £ сЩФ); if  moreover Ф is complete, then а?(Ф) is a b-lattice.

Proof. 0  = Д - 1 1 0 ) ,  X  = Д 0  1  0),
Д /  ̂  0) П X(g 1  0) = X(min (/, g) 1  0), 
Д /  1  0) U X(g 1 0 )  = V(max ( f  g) 1  0),

Д / Ю ) =  n  X / >  -
1

If P„ — X(fn = 0), /„ £ Ф, then we can assume 0 /„ rg 2 for the functions

= max (A, . .  .,/„)

we have gn ^  g uniformly, thus g £ Ф, and

n  = д<7 = 0 ).
l
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Pro po sitio n  3.3. I f  § is a ö-lattice, 0 ,  X  d®, then Ф(а?) is a complete ordinary 
class.

P roof. [1], 5.6.4 (p. 169), or [6], §41, III (p. 236).

Pro po sitio n  3.4. I f  Ф is a complete ordinary class and§ = §(Ф), then Ф = Ф(§). 

Proof. [1], 5.6.5.1 (p. 171), or [6], §41, VIII (p. 241).

Pro po sitio n  3.5. I f  Ф is a congruence lattice, $ = §(Ф), then с?(Ф") = f*, Ф1 = 
=  Ф(§1).

Proof. §s is a <5-lattice since S? is a lattice by 3.2, and 0 ,  X  d a*”5. Hence by 3.3 
Ф(§д) is a complete ordinary class and clearly Ф с  Therefore Ф” d  Ф(&0),
§(Фи) с  §d. On the other hand, а?(Ф") is a ^-system by 3.2, it contains S’, therefore 
Ш6 а  ®(ФВ). The equality §ő =  ®(ФВ) implies Ф" =  Ф(§д) by 3.4.

Proposition  3.6. I f  Ф is a lattice, a translation lattice, a congruence lattice, a 
weakly affine lattice, an affine lattice, a subtractive lattice, or an ordinary class, then 
the same holds fo r Фр, Фа and Фе.

Proof. For Фр and Фа everything is obvious except the condition concerning

— in the case of an ordinary class. The latter is obtained by considering first an
f  I 1

/  > 0,/„ -» /, and putting g„ =  max
1 1  1 n

representation — = /. if f(pc) Ф 0 for x

Фе is contained in [4], Proposition 3.

Pro po sitio n  3.7. I f  Ф is a translation lattice, then Фр is complete.

Proof. Let Ф be a translation lattice. We establish first the following lemma: 
Iff n £ Фр, f n ~*f uniformly an d /i ^  / a ^  f 3 ^  - . . ,  then /g  Фр.
In fact, we can assume

(1) f n ^ f + -  («£ N)П
and

fn =  lim gnk (gnk d ф) •
к  -► со

If we replace gnk by min (glk, . . ., g„k), we can also assume

(2) gik ^  91 k ^ 9 z k ^  ■■■ (fc £ N ).
Set

- i t 1 ч9n max I9in L 9%n  ̂ 9nn[ 2 n)

Then clearly g„ d Ф and we show gn -* f.

I so that gn > 0, gn -* f ,  then using the 

d X. The nontrivial part of the case of
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For a fixed N  consider n > N, x  £ X. Then, for n large enough,

9n(x )  ^  9 n A x )  ~  A W  -  ^ r .

On the other hand, (2) implies

I fl 1
Gn A max IQ-\ji 1, • • Gnh * GNn j”~ •9 GNn n

max , 1 1
Gin A ■ • •! GN — l,n  IT  9 GNn I 9N  — 1 n

and by denoting the right-hand side by hn, we have, for n -9  со,

hn -► max l/i -  1......../ ы_г - 1
N  -  1 > Í n — / n

by (1). Hence, for

Gn(x) й  K(x) < / ( x) + —

for sufficiently large n. Therefore g„ -* /  indeed and / £ Фр.
A similar argument shows that /„ £ Фр, /„->■/ uniformly, f i  ík /г  Ú ■ ■ ■ imply 

/ €  Фр.

Let us now suppose /„ £ Фр, /„ -> /  uniformly. We can assume |/„ — f \  <  —.
n

Then
Gn = sup {/•: i ^  и}

implies

G i^ G i^ G a ^  ■••> Gn — f \  = n

so that the lemma furnishes f  £ Фр as soon as gn £ Фр is established. Howevei, for 
n being fixed, we have

hfc ~~* G n  i f  t l k  “  I t l . . *j f n  + k )  >

and here

К  £ФР, К  g  h2 й  • • Gn = hk = gn ------ .и +  к

In order to prove the latter inequality, consider on the one hand that

/ -
1

n + к = fn + k =  hk ,
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and on the other hand that

f m ü f  +
1

п + к
for т ^  п + к ,

whence

9п й  max I/„, / п+1, . . f n+k, /  + 

1

1

= шах \hk, f  + п + к = hk +

п + к 

2
п + к

Thus the second version of the lemma furnishes gn £ Фр, and the statement obtains.

Remark 3.8. If Ф is a complete lattice, then Фр need not be complete.
For this purpose, consider first the functions

x +

ti(x) = 1— x +
l

X

for x ^  0 ,

for 0 iS x rg 1, 

for x ^  1 .

t, is strictly increasing, continuous and //(x) ^  x for x £ R, i £ N.
Now let Ф consist of those functions/: [0, 1 ] —> R for which there is a g £ C([0,1 ]) 

such that/(x) =  g(x) if x is irrational,/(x) ^  ?i(<7 (x)) if x = rh where (r,) is a sequence 
composed of all rational numbers in [0, 1].

We show that Ф is a complete lattice. In fact, C([0, 1]) с  Ф can be easily seen, 
hence Ф contains the constants in particular. Moreover, if Л, / 2  € Ф and дъ 92 € 
6C([0,1]) are two functions corresponding to them, then

max (Л (х),/а(х)) = max (gx(x), g2(x))

if x is irrational, and

max (Л (х),/2(х)) ^  /,(т ах  (л(х), #2(x)))

if x = /•/ so that max ( /i,/2) € Ф. Similarly min ( /,/> ) 6 Ф. Finally iff„ -* f  uniformly, 
fn £Ф,9п£ C([0, 1]) corresponds to/„, then gn >̂ g í  C([0, 1]) uniformly and/(x) = 
=  g{x) if x is irrational, while /(r,) ^  is easily obtained by the continuity
of tj.

Consider now the functions

, , л \ 1 if x =  rb ,
" X { 0  otherwise.
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h„ belongs to the first Baire class, hence h„ = lim g„k, gnk d C( [0, 1]). Therefore 
the functions fc'*a0

gnk(x) if x is irrational,
ti(ffnk(x)) if x  = r,

fnkix) =

belong to Ф and 

where obviously

s„(x) =

s„ = lim f nk É Фр
к -+ oo

1 if x = ru . .  .,r„,

1 ---- г if x  = rt , i > n ,

0 if x is irrational.

Hence I s„ (x) — D(x) | < — wheren
. 0 if x is irrational,D(x) = .1 if x is rational

is the Dirichlet function.
Assume D d Фр, i.e./„ -> D,f„ d Ф. Then there exists gn d C([0, 1]) corresponding 

to /„, and gn(x) -> 0 if x is irrational. However, there must be an i such that 
lim g„(r,) < 1 since otherwise the functions min (gn, 1) d C([0, 1]) would converge to 
D which is impossible. Hence, by passing to a suitable subsequence, we can suppose 
ffn(rd -*■ с < l so that 1 = lim/„(r,) ^  lim t fg fr f )  = tfc) < 1. This contradic­
tion shows D (J Фр.

P roposition  3.9. Let Ф be a weakly affine lattice, § =  §(Ф). Then Фр is a complete 
ordinary class and

$(фр) = §cai, фр = Ф(§сад) .

P ro o f . /„  d Ф, /„  - > f  im plies

X ( f  £  c) = n n U x
i=l 7 =  1 n=j

fn>  c -  — d §caS.

Similarly X ( f S  c) d®cad and ®(ФР) c= §caS.
In order to prove the opposite inclusion, consider first a set

00
Q = U Q„ Qii®c- 1

We show kQ d Ф” for the characteristic function of Q. In fact, if Qt =  X ( f > 0), 
f  d Ф, then we can assume f  ^  0 and therefore gn -* kQ for

gn = min (1, c„ max { f ,  . .  .,/„))

where c„ £ C, cn -* + oo and C is the set of positive numbers figuring in the definition 
of a weakly affine lattice.
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Hence Q£_§(<í>p), i.e. §ca а  ®(ФР). By 3.2 and 3.7 §(ФР) is a (5-lattice so that 
§caS cz §(ФР) and ®сад = $(ФР). By 3.4 the remaining part of the statement will be 
proved if we show that Фр is a complete ordinary class.

For this purpose, let us denote by 0, the class composed of all bounded func­
tions contained in Ф". Clearly Ф, is a complete weakly affine lattice so that [2], 
Theorem 1 furnishes

/  +  # £ Фi ,  f g £ & i  for / ,  # £ 0 X, 

у £ 0 i for / £ 0 i ,  | / | ^ < 5 > 0 .

If /,g £ Ф”, then there exist/,, gn £ 0  such th a t/, ->■/, gn -> g. Hence [/„]/, £ Фъ 
[g„]-n 6 ФП consequently

IInT-n + [gnf-n € Фх, [fn]n-n • [gnT-n e Фг,

therefore there exist pn, qn £ 0 satisfying

I + [gnT-n - P n \ < ~ ,  I [/„]!„• [gnT-n -  qn I < \ ■

Then pn ->■/ + g, qn -+fg and /  + g, fg  £ 0 P.
Similarly /г£ Фр, h > 0 implies the existence of £ 0  with hn —> /г; then 

M /„  € Фх, hence

----------£ 0i
№ .  1

and there is s„ £ Ф satisfying

1
[A-]?/«

whence 4-, 4- £ Фр- Finally h £ Ф / /г(х) ф 0 for x £ X  implies — =  h. £ Фр,h h h n
and the weakly affine lattice Фр is an ordinary class indeed.

R emark 3.10. Let X  =  [0, 1] and Ф consist of those functions /  for which

\ f(x) -  f(y) I á  \x  -  у  I (x, у  £ [0, 1]).

0  is clearly a complete congruence lattice, moreover Фр = Ф. Now Фр is not an 
ordinary class since /(x) =  x implies / £ Фр, 2/£ Фр. Also (0, 1] = X (f > 0) £ 0 ?(0)c, 
but (0, 1] £аР(Фр) since the latter system is composed of closed sets only. Hence 
§{ФР) ф §(Ф)саб in this case.
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3.11. Now we define the ordinary, discrete, and equal Baire classes.
Let Ф be a complete ordinary class. Put

Ф* =  Ф,

Ф* = ( U Ф*)р for 0 < a < co1,
f <«

then
= ф ,

Ф ? =  ( U Ф(/ У  for 0 <  a < CÜ!,
£<a

finally
= ф ,

Ф'г) =  (  и  Ф|е)) г for 0 <  а <  со1.

Besides the classes Ф* we introduce another, slightly modified construction too:

Ф„= Ф,

Ф.+i = Ф£ (0 g  а < (öi),

Фа =  ( U Фг)1 for a limit ordinal а <  .
f  <  а

Proposition 3.12. I f  Ф is a complete ordinary class, then
(a) Ф* с  Ф|, ф£° C= Ф̂ >, Ф<*> ez Ф£°, Фа CZ Фр for 0 ^  а < ß < a>i;
(b) Ф(/ } с: Ф(ае) е: Ф* for 0 ^  а < coj;
(c) Ф*, Ф<г) are ordinary classes for 0 < a < co1.

Proof. The first three inclusions in (a) are obvious, the fourth one, (b) and (c) 
are obtained by an easy transfinite induction (cf. 3.6).

Proposition 3.13. The smallest class containing the complete ordinary class Ф 
and closed with respect to pointwise, discrete, equal convergence is

Ф* — (J Ф*, Ф№ = U Ф£°, Ф(е) = U Ф£°
а < coj а < а?! а < (Oi

respectively.

Proof. If f n -> /,/„ €  Ф*„, а„ й  а <  o>i, then /  £ Ф*+1, and a similar argument 
holds for the case of discrete or equal convergence.

Proposition 3.14. Let Ф be a complete ordinary class, §  =  §(Ф). Then Фа is a 
complete ordinary class for 0 ^  а < соъ and = $(Фа), Фа =  Ф(о?а).

P roof. By transfinite induction based on 3.6, 3.7, 3.2, 2.1, 2.2, 2.3, 3.9, 3.5, 
3.4; cf. [1], 5.6.6.2, p. 171.
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Pr o po sit io n  3.15. I f  Ф is a complete ordinary class, then
(a) Ф* — Фх for 0 ^  a < со,
(b) Ф* =  Фа+1 for со g  a < aij.

Proof. By transfinite induction based on 3.14, 2.1, 3.9; cf. [4], (2.1).

4. Characterization of discrete Baire classes. Let Ф be a complete ordinary class, 
§  = f (Ф), and consider the Borel classes §x, Qa, аЯа belonging to S’; they can be con­
structed since by 3.2 S’ is a perfect ^-lattice containing 0  and X.

00

Lemma 4 .1 . I f f  d Ф ^  (0 ^  a < cof, then there exist a cover X  = \J At and
1

functions gt d Ф such that A ^Q -^ if 0 ^  a < со, At £öe+i i f  со ^  a < ш1; and f \ A t = 
= I Aifor i d N.

Pro o f. The statement is obvious for a =  0. We shall proceed by transfinite 
induction. Assume first 0 ^  a < co and suppose that the statement is valid for a. 
If now f d  Ф£215 then we have a sequence (/„) converging discretely to /  and satisfy­
ing /„ £ ф£Ь for и £ N. Hence by hypothesis

( 1 )  X  =  ( J  - ^ я / >  / я  I =  9ni I Л л О  ^ Л |  €  Фí = 1
and Лш- £Qa. Define

(2) Bn =  П В Д  = A +i).k = n 
00

Then clearly f  \ Bn = f n \ Bn and X = |J /i,„ consequent! у

(3) X  = U U (*» П Л,), / 1 Bn П Ani = gni \ Bn I \ Ani
n  =  l  1=1

and Bnd$x owing to the fact that X{fk =  f k+1)d®x by 3.12(c), 3.12(b), 3.15(a), 3.14,
2.3 andS,, is a (5-system also for a =  0 by 3.2. Therefore Bn f) Ani £Q„+1 by 2.1 and 2.3.

For со ^  a < (Ok the same reasoning can be repeated with the only exception 
that now Ani £Qa+i by the induction hypothesis and 3.15(b) is valid instead of 3.15(a), 
thus Bnd®a+i and Bn П Anl е<Эя+2.

Let now ш ^  a < <»! be a limit ordinal. Then/  d Ф%*> implies tha t/is  the discrete 
limit of (/„) with/„ d Ф®, a„ < a and (1), (2), (3) are again valid with AnidQ-Xn+i C  Q.a 
by the induction hypothesis and 2.1, further Bn d since f k — f k+1 d Ф$ C  $>*ßk Cl Ф„ 
for ßk =  max (a*, ock+1) (cf. 3.12, 3.15) and by 3.14, 3.2, 2.3. Finally B„ f| AnidQ-a+1 
by 2.1 and 2.3, according to the statement.

Lemma 4.2. I f  A d оЯх where either 0 ^  ос < со or a> < a = ß + 1 < a>i, then 
the characteristic function kA o f A belongs to the class Ф ^ i f  ос < со and to Ф{/ if  
at — ß + \ > со.

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



SOME R E M A R K S  ON D ISCRETE B A IR E CLASSES 63

R em ark . This is a sharper form of [4], Lemma 6.

P roof. We proceed by transfinite induction. The statement is true for a  =  0  
by 3.4. If a =  1, then

A = \JP„, X - A  = \JP'n
l l

where Pn, P'„ £ §0 and by 3.2 we can assume

PnczPn+1, P'„ c  P'n+1 (/MEN).

By 3.1 there exist functions gn, hn £ Ф such that

Pn = X(gn = 0), P’n = X(hn = 0),

and gn ^  0, h„ ^  0. Define

fn = 9n + hn Ф,

then /„ -> kA discretely so that k A £ Ф^\
Assume now oc = ß + l, 0 < ß < c o 1 and suppose that the statement is valid 

for all non-limit ordinals less than a. By 2.9 and 2.1

A = Lim A„

where А„£<Лр and, if ß is a limit ordinal, then even Ап£оЯрп+ъ ß„ < ß. By hypo­
thesis

k A„ £ Ф ^  if 0 <  ß <  CO ,

клЛ Ф (?  if c o <ß  = y +  l < ( o i ,
кл„ £ Ф$ + 1  if <u 5Í ß < is a limit ordinal.

Since kAn -> kA discretely, we obtain

k A  <E 1 =  Фр if 1 < a =  ß + 1 < со,
k A  £ =  Фра) if c o < ß  = y +  l < t x  = ß +  l < c o 1,
kA £ Ф^) if ( ü - ü ß < a - ß + \ < w 1 and ß is a limit ordinal.

L emma A3. I f

X = \ J A „  f \ A i = gi \A„ д,£Ф ( i£N)
1

and either At £Q.a, 0 ^  ct < со or At £&x+i, со ^  a < щ, then f  £ Ф(х \

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



64 Á. C SÁ SZ Á R  A N D  M. LA C ZK O V IC H

P roof. If a =  0  then X ( f  >  c) £ Q 0, X ( f  <  c) £ Q 0 by 3.2, hence / £  Ф by 3.4. 
If a = 1 then we can assume by 2.8 that Л,£ аЯг and At П Aj = 0  for г ф j. 

Hence

= U Pint P In £ a ’ Pin ^  Pi, n + ln=1

by 3.2. Similarly as in the proof of 4.2 we can construct functions f tn £ Ф such that

fin(x) = 1  for x £ Pin,

ftn(x) =  0 for i f  U Pjn •
J~?

Define

fn =  E  9i f  in € ф •
i = l

Then f n - * f  discretely because, for x £ X, there is an i such that x £ Л,- and then there 
is an n0(x) S: i such that x £ Pin for n 2: nQ(x) from which /„(x) = gt(x) =  /(x) for 
« 1  n0(x).

Assume now l < a = ß + l < со. Using 2.8 again we can suppose A, £ аЯх 
and A/f) A, = 0  for i ф j. By 2.9

(1) A, =  Lim Bin
n -*■ 00

where Bln £ оЯй. Define

(2) Cin = Я,„ -  'O ' Bj„
1= 1

and

(3) fn = it dfcin •; = i

Then f n - * f  discretely. In fact, if x £ X, then x £ At for some i and x £ Bin for и large 
enough by (1); since x (£ Aj for j  ^  i — 1, we have also x (j BJn for j  g  i — 1 and 
sufficiently large n. Hence there is an и0(х) such that x £ Cin for n Ф n0(x) and x $ CJn 
for the same n and j  ф i because the sets CJn are disjoint for n fixed so that /„(x) =
= 9i(x) =  /(x) (n ^  n0(x)).

Now Cin £ о by 2.4, we have kCin £ Ф(/ '  by 4.2 from which /„ £ Ф(/* by 3.6 
and /  £ Ф(х \

Assume finally со ^  a < cov Then the above reasoning is valid again with the 
following modifications. The sets At belong to оЯа+ъ hence Bin £ оЯа or even Bin £ оЯ„1п, 
ain < a if a is a limit ordinal; consequently C,„ £ оЯл or Cin £ o%ßln, ßin < a respectively, 
thus by 4.2 kCln £ Ф(/ } for со < a = ß + 1 < соъ kCin £ Ф^2 for a limit ordinal a, 
so that /„ £ Ф^ or /„ £ Ф̂ п\  y„ < a respectively, and in any case /  £ Ф*£\
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Theorem 4.4. /  £ Ф(/  i f  and only i f  there are a cover X  = (J At and functions 
g,(i Ф such that f \ A i ~  gt | At and 1

(1) for O g a < c o ,

(2) А'£0.а+1 for ( o g o L < w 1.

P ro o f . 4.1, 4.3.

Remark 4.5. If  <x > 0, then 4.4(1) and (2) can be replaced, on account of £ a+1 =  
=  91 by

(1) А/£ 9в_г for 0 < a <co,

(2) Aj £ for со g  a <  cox .

This can be found in the special case of Ф = C(X) in a normal topological space and 
a = 1 in [5], Lemma 3.

CO
C o ro llary  4.6. /  £  Ф<с1) if  and only i f  f  £ Ф* and there exist a cover X  =  (J At 

and functions gt 6 Ф such that f \ A t =  gt \ At. 11

P ro o f . The condition is necessary by 3.12 and 4.1. It is sufficient because/  £ Ф* c

<= Фа+1 implies 5, =  X { f = g,) £®a+1 c= Qa+a by 3.15, 3.6, 3.14, 2.1, hence X  =  (J B,
X

by At d  Bj and /  IД  =  gt | Bt so that / 6 by 4.3. (See (4], Theorem 7.) 

C o ro llary  4.7. I f  f  £ ФХР\ Ф(с!) then

(1) / 6  Ф1?1 f or 0 < a <  со,

(2) /  6 Ф^ /or со g  a < щ .

P ro o f . We can introduce the same sets B{ as in the proof of 4.6, but now Bt 6 §x 
and 4.5 can be used.

R em ark  4.8. In 4.7(1), a + 1 cannot be replaced by a in general. In fact, let 
X  = R, Ф = C(R) and consider the well-known function

if x  is irrational,

if x — —, p, q integers, (p, q) = 1, q > 0. 
4

Now clearly / 6  Фх but / (J Ф(/  by [4], Theorem 13.
00

Corollary 4.9. /  6 Ф№ i f  and only i f  there exist a cover X  =  (J At and functions 
gi d Ф such that At £ $(§) and f \ A t = gt | At for each i. 1

Proof. The necessity follows from 4.4 and 2.5. The sufficiency is obtained by 
observing that At £_§at implies At 1 by 2.1 and At (i 6 N) implies At £Qia 
for a suitable a < cô , then 4.4 can be applied again.
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5. Equal convergence. We begin by an equivalent characterization of equal 
convergence.

Theorem 5.1. A sequence (/„) converges equally to f  i f  and only if there is a cover 
00

X  — U At such that f n \ At -» / 1 At uniformly for every i £ N.
l

Pro o f . Assume e„ > 0, e„ -* 0 and suppose that, for x £ X, there is an n0(x) 
such that

I fA x) -  fix) I á  e„ for n ^  nfx)  .
Define

At = { x ^ X : \  f„(x) -  f(x)  I g  £„ for n ^  /} .

These sets At clearly satisfy the condition in the statement.
Conversely suppose

X  = U Аь I /»W  -  fix)  I ^  for x £ A ,  and n ^  m(i),l
where ein -* 0 for i fixed and n -> oo. Select integers nk such that 0 < щ < n2 < . . .

and ein < ^ -  for i = 1, . . к, n ^  nk. Define e„ = 1 for n < n2 and e„ = -Í- k к
for nk ^  n < nk+1 (k =  2, 3 , . . .) .  Then e „ -+ 0 and

!/„ (* ) - f i x )  I ^  ein < e„
for x £ Ah n ^  max (nh m(if).

Remark 5.2. In view of 5.1, the terminology “cr-uniform convergence” could 
be applied instead of “equal convergence” adopted in [4].

R emark 5.3. With the help of 5.1, one can easily find an alternative proof of 
3.6 for the case of Фе, based on results concerning uniform convergence to bounded

/  or to /  with y  bounded.

Let now Ф be a complete ordinary class as in section 4 and use the notation 
fixed there. Our next aim is to improve the obvious inclusion Ф с: Ф*. For this 
purpose we shall need some lemmas.

Lemma 5.4. Let Síibe a system of sets and 4* а  Ф(Ж) a subtractive lattice, A a  X. 
//(/„ ) is a sequence taken from 4' and (/„ | A) converges uniformly, then the same holds 
for i fn I B) where В ZD A is a suitable set belonging to Ж 1.

P roof. There are a sequence (e„) such that e„ > 0, s„ -> 0 and an index n0 such 
that I f n(x) —f m(x) I ^  e„ for x £  A and nn n m. The set

00 00n n X i \ f n - f m\ ^ E n)
n = n0 m  = n

will satisfy our requirements.
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L emma 5.5. Suppose/„ £ Ф(Ж) and f n -*/  uniformly. Then f  £ Ф(ЖЙ).

Proof. We can assume | /„  — / 1 ^  — . Thenn

Z(/^c)= n *
l f n  ^  C

1
И X ( /á  с) = n  ^l / . á «  +

Lemma 5.6. I f  Ф cz Ф(Ж) is a subtractive lattice, then We а  Ф{Ждп).

P roof. Suppose f n£ Ф andf „ - * f  equally. Then by 5.1 X = (J At and /„ | А,- -*■
1

- * f \ A t uniformly for every i. By 5.4 we can assume that At £ Ж д for each i. Now 
by 5.5 (applied for instead of X) we get from

X(/„ ^  с) П A, € Ж*, X(fn á c ) f l  4, 6 Ж д
the relations

X ( /^  с)ПЛ,-€£Иг and X ( f ü  с) П At £ Ж0 . 

Lemma 5.7. We have for 0 ^  a  < co1

(ФаУ с  Ф(<Лх+1) .

Proof. By 3.14 and 5.6

(ФаУ С  Ф{Ю = *(Q«+i)

in view of 3.2 and 2.3. On the other hand (Фх)е cz (Фх)р= Фх+1 implies (Фх)е cz Ф(&х+1) 
by 3.14.

T heorem 5.8. We have
(a) Ф<е) cz Ф(оЯх) for 0 < a < со,
(b) Ф(е) CZ Ф(аЯх+1) for (o ^  a < щ.

Proof. If  a =  ß +  1, we have

Ф« = (Ф<ру e  Щ )е

whence the statement is obtained by 3.15 and 5.7. If a is a limit ordinal, then

< e) = ( U ФрУУ c  ( U П У  <= (ФаУß < o. ß < a
by 3.15, and 5.7 can be applied again.

Remark 5.9. In 5.8 we cannot replace the inclusion by equality. E.g. the function 
/ defined in the proof of [4], Corollary 9 belongs obviously to the class Ф(оЯ1), never­
theless Я  Ф\ё) = Ф[е) for Ф = C([0, 1]) (cf. [4], Corollary 2).
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Theorem 5.10. I f  0 < a < соъ then
ф* с  (ф№у.

Proof. In the same manner as in the proof of [4], Theorem 10 (which is a weaker 
form of the present statement), we define, for /  d Ф*, n d N,

A = X ( f <  - n ) [ j X ( f > n ) ,

A, < / <
i +  1 

я (—и2 й  i й  n2),

and deduce from 3.15 and 3.14
A,AidQ.x if 0 < a < c u ,  
A, At 6<2a+1 if со ^  a < cox .

By 2.8 there are pairwise disjoint sets B, Bt £ oRa (0 < a < со) or B, Bt d аЯх+1 (со iS 
^  a < (Oj) such that

В <z A, Bi c  A, (- n 2 ^  i ^  и2)
and

x =  и  в, и в .—n2
By defining

n2 /
/ -  =  Z  -  и

we have f n -> f equally and /„ g because kBi d Ф^' by 4.2 and Ф® is an ordinary 
class by 3.6.

Corollary 5.11. I f  0 ^  a < соъ then

Ф* с  Ф ^! e  Ф*+1.

Proof. 5.10, 3.12. (This is a sharper form of [4], Corollary 11.)

6. Complete ordinary classes. In [4], Theorem 16 (cf. also [3], Theorem 10), 
a series of equivalent characterizations of complete ordinary classes was presented, 
containing partly conditions apparently essentially stronger than those figuring in 
the definition, partly postulating somewhat less than the definition itself. In particular, 
it was proved there the following proposition due to J. R. Isbell [7]: if Ф contains 
all constants, it is complete, f ,  g dФ implies /  + g d Ф, fg  d Ф, and f  d Ф, f(x) ф 0

for x d X  implies — dФ,  then Ф is a lattice (and hence a complete ordinary class). 

Now we shall prove another statement of a similar character:

Theorem 6.1. I f  Ф is a complete subtractive lattice such that f  d Ф ,/ > 0 implies 

■yd Ф, then Ф is an ordinary class.
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Proof. Let Ф1 denote the class of all bounded functions belonging to Ф. Clearly 
Ф1 is a complete subtractive lattice too and then it can be deduced from [2], Theorem 
1 that/, g € Фх implies fg  £ Фх.

Consider now / , д £ Ф  with /  ^  0, g ^  0. Then

€ Ф1 > -7—■—  6  ,
1 + /  1 +  <7

hence by the above result
1 1

1 + /  1 + *
so that (1 +  / )  (1 + g)£ Ф and

fg = (1 + / )  (1 + 9 ) — f  — 9 — Ц Ф .
Finally if/ ,  g € Ф are arbitrary, we can write

/  = / 1  -  / 2 » 9 = 9 i ~  9i ,  f i , fb  9ь 9г$.Ф

a n d /  ^  0, / 2 ^  0, ^  i> 0, ^  0. Therefore

Í9 =  / i0 i  - /atfi -  f i 9 i +  9i 92£Q-

If / €  Ф, /(* ) Ф 0 for x 6 X, then у  = f  ~Jz shows that у  € Ф •

R em ark  6.2. The last sentence of the preceding proof shows that the hypotheses 
of the above quoted theorem of J. R. Isb ell  can be slightly weakened by replacing 
“/(*) Ф 0 for X 6 X ” by “/  > 0”.

R em ark  6.3. Theorem 1 of [2] is valid not only for subtractive lattices but also 
for so-called semi-affine lattices and, in particular, for affine lattices. Therefore it is 
quite natural to ask whether 6.1 remains true if, in the hypothesis, “subtractive 
lattice” is replaced by “affine lattice” . The following example answers this question 
by the negative.

Let X  =  R and let Ф consist of all continuous functions /  for which the limits

lim f(x) and lim f(x)
x-*- + 00 x -*- — CO

exist (with a finite or infinite value). It is easily seen that Ф is a complete affine lattice. 
Moreover, if / £  Ф and f(x) ф 0 for x  £ X, then either /  > 0 or /  < 0 and then it is

clear that the limits of - }  do exist for x -> + 0 0  and x — 00 . 
fix )

However, if /(x) = x, g(x) = sin x  — x  for x  £ X, then f ,  g £ Ф but /  +  g (J Ф 
so that Ф is not an ordinary class.
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SOME UNCONVENTIONAL PROBLEMS 
IN NUMBER THEORY

By

P. ERDŐ S (Budapest), member of the Academy 

Dedicated to the 80th birthday o f  my friend George Alexits

In the paper, we will mostly deal with arithmetic functions, primes, divisors, 
sieve processes and consecutive integers.

1. L e t/b e  an arithmetic function. The integer n is called a barrier for / i f

(1) m + f(m) < n 

for every m < n.
Perhaps I should explain why I considered (1). In the early 1950’s, van Wijn- 

gaarden told me the following conjecture. Put ofn) = a(n), the sum of divisors of n, 
and ak{n) = t j fok_fn)). Is it true that there is essentially only one sequence ak(n) 
(k — 1, 2, 3 ,. . .)? In other words, if m and n are distinct integers, are there integers 
к  and / such that ok(m) =  ofn) ? Such a conjecture is usually hopeless to prove or 
disprove. Selfridge and others made some computer experiments and believe that 
the conjecture is false. I tried to find an airthmetic function for which an analogous 
conjecture is true and can be proved. Put/(и )  = n + v(/j) ,  where v(n) is the number 
of distinct prime factors of n, and f k(n) = A ( fk-i(nj). Is it true that for any two 
integers m and n there are integers к and / for which f k(m) = f,(n)?. This would 
follow immediately if we could prove that v(«) has infinitely many barriers. This 
problem seems more interesting than my original question. It is easy to find with 
a pocket computer and a little patience (I do not have either of these) a large number 
of integers which are barriers for v(n), but I am afraid that the question of the existence 
of infinitely many barriers is hopeless at present. I could not even prove that sv(ri) 
has infinitely many barriers for some s > 0. Sieve methods seem the right method of 
attack, but there are great technical difficulties which I could not overcome.

The following theorem gives a result of this type which can actually be proved.

T heorem  1. For n =  Яр®' set dfn) =  Язе,. Then d0(n) has infinitely many barriers, 
that is there are infinitely many n such that

(2) m + dQ{m) < n for every fm < n .

In fact, the density of integers satisfying (2) is positive.
I will outline the simple (but slightly messy) proof of Theorem 1 at the end of 

the paper.
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Let me now state a few other difficult problems. Let Q(n) denote the total number 
of prime factors of n, that is Q(n) = Fa,- when n = Tip*1. Probably Q(n) has infinitely 
marry barriers, but this is clearly hopeless at present, since a barrier n would have 
to satisfy n — 1 = p and n — 2 — 2q for primes p and q and we are not likely to 
be able to prove the existence of infinitely many such n in the near future. Selfridge 
found that 99840 is the largest barrier for Q(n) below 105. Selfridge and I then inves­
tigated whether d(ri), the number of divisors of n, has any barriers. Here one has to 
redefine the barrier a little bit: n is a barrier for d(n) if

m + d{m) ^  n + 2

tor every m < n. This is satisfied by n =  24 and we convinced ourselves that if 
there is any other solution then it is enormously large, far beyond our tables and 
computers.

Define
Hf{n) = max (m + f(m)  — n) .

m < n

It is quite possible that Hd(ri) -> oo as n -*■ oo,but these questions are clearly hopeless 
at the present “state of the art” . On the other hand, it would not be very difficult 
to prove that, for almost all n, Hv(ri)/log log «(log log log n)1/2 —>• c( > 0) as n —> go . 

(I have not carried out the details.) The strongest possible conjecture which has a 
chance of being true is as follows: for every e > 0, there are infinitely many values 
of n so that

(3) v(n — к) < (1 4- e) log к/log log к and Q(n — к) < (l + e) log к/log 2

for every к  satisfying k0(в) < к  < n. In may opinion, this has some chance of being 
true, but there is no chance at all of proving it in the forseeable future. At the present 
moment, I cannot disprove the following strengthening of (3): there are infinitely 
many values of n so that

(4) \(n — k) < log к
log log к + C and Q(n — k) < log к 

log 2 + C

for every к satisfying kQ(C) < к < n. I am convinced that (4) is false for every C 
and n > n0(C); perhaps (4) and (3) can be disproved. It seems certain that for every 
к there are infinitely many values of n for which

max (m + d(m)) ^  n + 2,
n  —  к  < m  < n

though this is hopeless with our present methods. It would easily follow from Hypo­
thesis H  of Schinzel.

Letf(n) be a non-negative additive or multiplicative function which has a bounded 
average, that is f(ri) < cx. Then lim inf H(ri)< oo. (We suppress the proof since

1^= n g, x  n-+ CO
it is very similar to that of Theorem 1.) For n = Пр*‘ define dr(n) — П(г + а,). 
It is not hard to show that if (3) holds then lim inf Hdr{ri) < oo.

W — 00
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To conclude this section, we observe that o{ri) and ф(п) increase too fast to 
have barriers. In fact, it is easy to prove that max (m + ф(т)) =  2n + o(ri) and if

m < n
we make plausible (but at present inaccessible) assumptions on the difference of 
consecutive primes, then it is easy to see that max (m + ф(т)) = 2Qn — 1 for all

m < n
n > n0, where Q„ is the largest prime not exceeding n. Finally a little elementary 
manipulation with the primes gives max (m + o(mj) = max a(m) + n — o(n).

m < n m < n

2. Now we discuss some unconventional problems on primes. Denote by p(m) 
the least and by P(m) the largest of the prime factors of m. Put Fiji) = max {m + 
+ p(m): 1 i£m < n, m composite}. Is it true that F{n) <| n for infinitely many и? 
Many related questions occur in a forth-coming triple paper of Eggleton, Selfridge 
and myself. We conclude that plausible conjectures on primes imply that F(ri) :g n 
has only a finite number of solutions. Trivially, F(n) > и -К Гп, but it is quite possible 
that Fiji) > n + (1 — s)^/n for n > я0(е).

Further questions can be posed if we do not want to ignore the primes, as in 
the definition of Fiji), but perhaps it is more natural in this case to consider the 
numbers n + i instead of n — i. Thus, let g be a non-decreasing arithmetic function 
and let B(n, g) be the smallest i for which p(n + i) > g(i). If such an i does not exist, 
put B(n,g) = oo. First, take g(i) = i + 1. It is easy to see that B(n, i + 1) is just 
the smallest prime not dividing n — 1 and, by the prime number theorem, B(n, i +1) ^  
^  (1 + o(l)) log n. I could not get such a simple estimate for B(n, g) if g(i) — i +  c, 
or say 2i + 1. It follows from plausible assumptions on the distribution of primes 
that B(n, ik + 1) < oo for n > n0(k). I wonder if one can prove without any assump­
tions on the primes that, for every n > n0, there is an i with p(n + i) > r  +  1. It 
follows from Huxley’s well-known result on gaps between consecutive primes that, 
for every n > n0(e), there is an i with p(n +  i) > f12/7 + £. It easily follows from well- 
known results on large gaps between consecutive primes that p(n + i) < eEl + c(e) 
(i = 1, 2, 3,. . .), that is B(n, ecl + c(e)) =  oo holds for infinitely many n. The 
additive constant c(e) is needed to take care of the very small values of i. In fact, em 
can be replaced by exp {«'(log log f)2/log i log log log i}. A well-known conjecture 
of Cramer states that

(5) lim sup (pk+1 -  ркЖlog k f  = 1
k-+ oo

where px < рг < p3 < . . .  is the sequence of consecutive primes. Let us assume 
that (5) holds. Then we obtain B(n, e(1_c)il") < oo for every n >  n0(a). But I cannot 
conclude from (5) that B(n, e(1 + s),n,! + c(s)) = oo for infinitely many n because, of 
course, p(n + i) can be very large even if n + i is not a prime. There is clearly not 
much hope to settle these questions in the near future. Let us therefore be more 
modest for the moment and try to determine when the integers n satisfying p{n +  /) < 
c  g(i) (i =  1, 2, 3 , . . .)  have positive density. A more or less routine sieve process
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shows that a necessary and sufficient condition for the non-decreasing function g to 
have this property is that

I  Пi- 1 p<g( 0
1 - 1

Pi
< oo

Now let us investigate what can be said about the large values of p(n + i) for 
n + i composite. First, is it true that for n > n0, there is always an i for which n + i 
is composite and p{n + i) > i2 ? This is closely related to questions which we consi­
dered with Eggleton and Selfridge. Perhaps it is true that for every к and n > n0(k), 
there is an i for which n + i is composite and p(n +  i) > ik. Clearly it is hopeless to 
prove this at present. I thought that for к > k 0, there is always an m satisfying 
pk < m < pk+1 and p{m) S; pk+1 — pk, with equality say for prime twins. I am now 
sure that this is not true and I “almost” have a counterexample. Pillái and Szekeres 
observed that for every t g  16, a set of t consecutive integers always contains one 
which is relatively prime to the others. This is false for t = 17, the smallest counter­
example being 2184, 2185,.. ., 2200. Consider now the two arithmetic progressions 
2183 + Í/-2-3-5-7T1T3 and 2201 + ű?-2-3-5-7T1-13. There certainly will be infinitely 
many values of d for which the progressions simultaneously represent primes; this 
follows at once from hypothesis H of Schinzel, but cannot at present be proved. 
These primes are consecutive and give the required counterexample. I expect that 
this situation is rather exceptional and that the integers к  for which there is no m 
satisfying pk < m < pk+1 and p(m) > pk+1 — pk have density 0.

Things become much easier if we study P(m). A  well-known theorem of Sylvester

>  к  if к ^  ~  n. In other words, for every к and n with

к iS n, there is an m satisfying n + 1 < m ^  n + к and P(m) >  k. This is certainly 
not true for p(rri). There are many extensions and sharpenings of the Sylvester — Schur 
theorem. Although we are very far from being able to prove it, there is no doubt 
that

and Schur states that P

(6) I ” jj > min {n — к + 1, k1+c}

for some absolute constant c. Ramachandra, Shorey and Tijdeman have many results 
in this direction. It seems certain that (6) actually holds for every c with a finite 
number of exceptions (depending on c). Cramer’s conjecture (5) suggests that perhaps

>  min {n -  к + 1, e(1 е)к'1г}

holds if we disregard a finite number of values of к and n. Let 

(7) [k) ~  i *-”> w^ere ^>(Mfc,)) <  p{v<k^) =  & .
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In a forthcoming paper, Ecklund, Eggleton, Selfridge and I prove that, for n 2: 2k, 

we have v ^  > u(f> except for 12 cases, namely 8 (9 ! 10 12 21 21
3 M4j 4 5 , 5 5 9

7
9 8

(30| 33 331 /36 /36 , and 56
.7  Г 13 9 14) ’ 13 ’ 17 13

P(uP) g  к, р(г4л)) >  к, we can still prove that

. If in (7) we modify the definition to

number of pairs n and k, but we cannot prove that we have all the exceptional 
cases. (The unresolved cases correspond to к = 3, 5 and 7.) We now give a further 
result of this type.

Theorem 2. Write j^J = к’5"* f f  where the prime factors p o f u f ,

w f  and n f  satisfy the respective inequalities 2 ^  p ^  к, к < p < n — к + 1 and 
n — к + \ ■йр tk n.

(i) Except for a finite number o f cases, w f  > 1 if 4 ^  к < Q, where Q is the 

largest prime not exceeding -i- n.

(ii) For sufficiently large C and n > Ck, w f  > max {uf ,  n f ) .
The proof is fairly easy since we make no attempt (which would be hopeless in 

any case) to give all the exceptional к and n. Before we give the proof, let us inves­
tigate some of the exceptional cases in (i). For к  =  2, we have w f  = 1 if and only 
if n — 1 is a Mersenne prime or n is a Fermat prime. There are probably infinitely 
many cases with к = 3 and w f  — 1 arising when n = 2*3** +  1 and 2a3/J — 1 are

a prime twin. and are not of this form and give w f  — 1, but it is easy to

see that there are only a finite number of such exceptional cases and it would be 
easy to tabulate all of them. Finally, if к Q, then w f  = 1 clearly holds.

P roof of T heorem  2. We distinguish several cases.
n n

(a) Assume first that —  ú  к < Q 5Í — It easily follows from elementary re­

sults on primes that 2Q > n — к +1 for n > n0, as Q , that is w(f  1> Q > 1.

(b) Assume next that eu  < к <
20

It is well-known that if p* :)■ then

pa ^  n. If wy  = 1, we therefore have

<  nn(k) + *(«) — я(л — к) ^  и "/с/2 log I,

using Montgomery’s result n(ri) — n(n — k) <  2/r/log к and the estimate n(k) < 
< Ък/2 log k. On the other hand, trivially

> nkek/kk+1.
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On combining the last two inequalities and taking a k-th root, we obtain

2 n en
< n,7/2 log  к

Yl
and this leads to a contradiction for eu < к < —  and n > n0. This part of the

argument could easily be made effective and the n and к with к < eu  and xvty — 1 
could be enumerated. (In fact, I am sure that there are no such values of n and k.) 
The cases к £[ eu  considered below cannot at present be made effective, but к  ^  e14 
could be greatly reduced by more careful computations.

(c) Finally assume 4 ^ k  S  eu - Write

f ]  (n + 0 = П х П 2 where W i )  g  /, p W J  > l.

A classical theorem of Mahler states that to every s > 0 there is an n0{e, к, l) so 
that П1 < n1+e whenever n >  и0(е, к, /). Mahler’s theorem is not effective and it 
is a very important open problem to obtain effective bounds. From Mahler’s theorem, 
we obtain

nki/  __ f n I
kk+1 < U J

for n > n0(k), since n{ri) — n(n — к) ^  к — 2 for к 4. Thus wft > 1 for n > n0. 
This completes the proof of (i). We suppress the proof of (ii) since it is similar to 
that of (i).

We observe that и^  > я£и) and л(кп) > u(kn) both hold for infinitely many n for 
every k. In fact, it is easy to see that for every к, л]?'1 — 1 for almost all n. If n(ri) —
— n(n — k) ^  2, then by Mahler’s theorem, for n > n0{k); perhaps this
holds always, or at least with very few exceptions. The reason for this bold and 
somewhat unmotivated conjecture is that it is not hard to prove л(кп) > for all 
n > k1+c and к > k0, and I hoped that the first failure of л£г) >  occurs when 
л(и) = n(n — к) for the first time. This is certainly false for к  = 4, since the first 
failure occurs for n =  9. Perhaps it fails for all k. There is not much hope to decide 
any of these questions in the foreseeable future. It follows easily by elementary 
methods and a little computation that n f k) > u f k) for all к except к = 5 and 6. 
It is also easy to see that if n(n) — n{n — k) ^  1, then for all but o(n(x))
values of n < x. Presumably there are infinitely many values of n with n(n) —
— л(п — к) ^  1 and 7î ) < u(k \  but if true, this will surely be very hard to prove.

It is not difficult to prove that the density/(c) of integers n for which (m<"))1№ > c 
exists and is a continuous strictly decreasing function of c with/(1) = l,/(oo) =  0. 
However, the two questions which follow cannot be answered at present because 
Mahler’s theorem is not effective. Denote by A(n) the smallest к  for which u(kn) > и2. 
By Mahler’s theorem, A(n) —>■ со as n -* oo, but we do not know how fast. Perhaps
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Baker’s results will yield a crude estimate for A(ri). Denote by B(n, к) the smallest 
integer for which

П  P* > n2.
p - m i P ä B i n ,  к)

Estimate B{n, к) as well as possible.

I investigated if there is a prime p >  к  so that p2 ”  j . Ordinarily, this does not

happen. A simple averaging process shows that, for every e > 0, there is a k0(e)
in'so that when к > k0(e) the density of integers n for which p1 for some p > к

is less than e. Also, for every k, there are infinitely many n for which is square-

free, but the density of these n tends to 0 as к -> со. The questions connected with 

|^ J , p > k, lead to the following problem which is of independent interest. Is it 

true that for every n > n0 there is a prime p for which

(8) n =  up2 + v, и ^  1, 0 ^  v < p t

It easily follows from the sieve of Eratosthenes that (8) is satisfied for almost all n, 
but it seems likely that (8) has no solution for infinitely many n. More generally, for

every p ^  J n ,  write n = up2 + v with 0 v < p2 and define e„ — min —. Almost
p á P

certainly lim sup e„ = oo (but e„ -»0 as n -* oo for almost all n). Probably e„ < ns
П-* oo

for n > n0(s) and every e >  0.
In a previous paper, I studied the number of prime factors of | ^ ) . Trivially,

(9)

It is easy to see that if к  >  n1 0(1), then (9) becomes an asymptotic equality and we 
have

v = (1 + o(l)) log j"”  j / logn (k > nl- ° ^ ) .

I conjecture that, for “large” k,

= (1 +  o(l))к X
k<p<nP

I obtained this conjecture by a simple averaging process. I cannot even prove it if 
к > ne, but perhaps it is true for every к  2: (log n)c.
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3. I discuss a few miscellaneous problems mostly about consecutive integers. 
Pomerance and I considered the following problem. Put A(n, к) = П  (« + i) and

1S/S*
denote by q(n, k) the least prime which does not divide A(n, k). Clearly,

(10) q(n, k) < (1 + o(l)) к log n .

This is clearly very crude. For bounded к and, more generally, for к =  o(log rí), the 
factor к log n in (10) can perhaps be replaced by log n. An interesting special case 
is к = [log«]. By choosing n so that it is the product of the primes between log л 
and (2 + o(l))logn, we see that q(n, [log«]) can be as large as (2 + o(l))log«. Is 
it true that q(n, [log /?]) < (2 + s) log n for n > я0(е)? We could not even prove that 
q(n, [log и]) < (1 — s) (log rí)2. It seems certain that, to every e > 0, there is a k(s) 
so that the density of integers n for which P[A(n, k{ejf) < л1-£ is less than e. On pro­
babilistic grounds, one would expect that the density of these integers is asymptotic to

exp = exp ( - (1  + o(l))ke)

as n -* oo and e -» 0, but no sieve method at present applies here. Let /(c) denote 
the density of integers n for which there is an m with b < m ^  n + к and p(m) > eck. 
Using elementary sieve methods, we can prove that /(c) is continuous and strictly 
decreasing with/(0) = l,/(oo) = 0. This/(c) could, of course, be determined expli­
citly. Several times during my long life, I was led to questions of the following type. 
Estimate, as well as you can, the size of the smallest integer mn 5; n for which 

P3 (mn + i) has no prime factor p satisfying n < p < 2n. I would expect that 
lS/án
mn > nk for every к if n > n0(k), but that m„ < ee" for every e > 0 if n > «i(e). 
However, I could prove nothing non-trivial.

To end this section, I state some older problems. I conjectured more than a year 
ago that if m ^  n + k, then [n + 1, n + 2 , . . . ,  n + к] Ф [m + 1, m +  2 , . . . ,  m + k]
where the square brackets denote least common multiple. Is it true that П  (« + 0

1
and Yl (m +  0  cannot have the same prime factors for к > 2 and m ^ n  + k,

l^i^k
except for a finite number of values of n, m and к ? Put

к I к
a(m, n, к) — П (m + 0 / П (" + 0! = 1 / i  — 1

and assume к ^  2 and m /  и + к. Is it true that a(m, n, к) = I  is solvable for every 
integer I  > 1 ? Now let n and к be fixed. Can one say anything about the integers 
of the form a(m, n, k) ?

Let me restate an old and very attractive conjecture of Túrán and myself on 
the differences d„ = pn+1 — pn between consecutive primes. We easily proved that 
dn+l > d„ and dn+l < dn both have infinitely many solutions. Presumably, dn = d„ 4,
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also holds for infinitely many n but this is well-known to be very difficult. We conjec­
tured that all the k \ inequalities of the form dn+ii > d„+ia > . . .  > dn+tk have infini­
tely many solutions, where ilt i2, ■.., ik is an arbitrary permutation of 1 , 2 к. 
We certainly could not prove this even for к — 3. We could not even prove that there 
is no n0 so that dn+1 — d„ changes sign when n is replaced by n + 1 for every n > n0. 
Perhaps we overlooked a trivial argument; in any case, I offer a hundred dollars for 
a proof or disproof.

Finally let B(ri) (where В stands for Brun) be the smallest integer so that there is 
a residue ap for every prime p with 2 ^  p ^  B(n), and every positive integer x  Si n 
satisfies at least one of the congruences л: = ap(mod p). The exact determination of 
B(ri) is probably hopeless, but a good estimate for B(n) would be of the greatest 
importance for the application of Brun’s method. As far as I know, Iwaniec’s result 
B(n) > c n is the best lower bound known at present. It would be very nice if one 
could prove that B(n) > Cn112 for every C and n > и0(С). It is likely that B(n) > nl e 
for every e > 0 and n > «i(e). The method of Rankin (used to give a lower bound 
on the difference of consecutive primes) gives

B(ri) < cn (log log log и)2/ log n • log log n • log log log log n .

Recently, I considered the following modification of the above problem. Denote by 
£„ the smallest number so that there is a residue bp for every prime p with ne" < p gj n, 
and every positive integer x  satisfies at least one of the congruences x = Z?p(mod p). 
Is it true that e„->0 as и —► oo ? I can prove that e„> c log log log и/log log n. Are 
there residues cp for every prime p with 2 5= p g  n so that every positive integer 
x  ^  n satisfies at least 2 (or at least r) of the congruences x = cp(mod y?) ?

4. P roof of T heorem  1. The proof will use a simple averaging process, some of 
the details of which will be left to the reader. Let s > 0, к be a sufficiently large integer 
and A be a multiple of ръ р 2, . .  .,pk. We shall show that the density of integers n 
which are barriers for d0 is greater than (1 — e)jAk by considering the integers n Si x 
with n г  O(mod Ak). First, we observe that the density of integers t for which

(11) d0(tAk — i) > i,

for some i with 1 ^  i g  k, is less than — e. Indeed, (11) can only hold if tAk — i =

s  O(mod p1) for some p > pk and this easily implies our assertion for к > к0(г). 
Next, by a simple computation, we obtain

X

Z d0(tAk — i)2 > cd0(i) x ,

and from this, the density of integers t satisfying (11) is less than cd0(i)/i2 < c/i312.
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Hence, for к > k0(e), the density of integers t for which (11) holds for some i > к  
is less than

Thus the density of integers t for which tAk is not a barrier for d0 is less than e. This 
proves Theorem 1.

With a little more trouble, I can prove that the density of integers n for which n 
is a barrier for d0(ri) exists. More generally let a,- be the density of integers n for which 
max (m + d0(mj) = n + i. Then a, exists for every i and £a,- = 1. To end the paper,
m<n i|>0
I state a somewhat special problem. Denote by 5, the set of integers m for which the 
number of solutions of n + d0(n) — m is i. I believe that it can be proved that the 
set Si has a density /?, S: 0 and £/?,• =  1. (I have not carried out the details and

perhaps it is more difficult than I think it is). I am not sure that /?,• > 0 always holds, 
but ß0 > 0 seems to hold. I certainly cannot settle the analogous questions for 
n + v(n), n + d(ri), n +  Ф{п), or n +  o(ri).
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Dedicated to Professor G. Alexits on the occasion o f  his 80th birthday

In [1], the fundamental theorems of Jackson, Bernstein, Zamansky, and Steckin 
on best approximation in Banach spaces have been extended to exponential orders,
i.e. to rates of convergence 0(1/ф(п)), n -* oo, where ф(п) increases faster than any 
power nT, x > 0. The results there suggested that a certain improvement of Zamansky’s 
inequality should be possible, at least for particular functions and particular pairs 
of orders.

Indeed, for the trigonometric polynomials of best approximation in L \n there 
exists a sharpened version of Zamansky’s inequality which is best possible [2; Theo­
rem 2] and is actually attained for a certain class of functions. For general Banach 
spaces, in particular C2jI, L%n, 1 ÜP < со, a lower estimate for the best possible 
order was established in [2; Theorem 4], leaving open the question whether this order 
is attained. If it were attained, e.g. in L\n, this would imply that here the optimal 
Zamansky type inequality shows a slower rate of increase than the optimal L 
version.

The purpose of this note is to exhibit an example of a function in L \K where 
the rate of increase of Zamansky’s inequality for the polynomials of best approxima­
tion can be determined explicitly, and is in fact the same as that given by the lower 
bound of [2; Theorem 4]. In particular, this rate is smaller than the smallest possible 
rate in Z|„. (Cf. also the comments in Section 3 below.)

1. Preliminaries. Let L\n be the space of 2л periodic integrable functions with
It

norm [l/lli = (2л)“1 J  I f(x) I dx, C,n the space of In periodic continuous functions,
—It

and П„ the set of trigonometric polynomials of degree rg n, where n £ P  = 
= {0,1, 2 ,..  .}. Denoting by f  \k )  = (2л)“ 1 J  f(x)e~‘kxdx, k £ Z  = {0, + 1 , ± 2 , . . .}

—It
the Fourier coefficients of a function /  £ L\n, we define a subspace Y of L\n by

(1.1) Y  = [ f (  L\n; there exists g ( L\K such that e|/c|/”(k) =  g'(k) \/k £ Z} . 

Then \ f \ Y = И g ||x is a semi-norm on Y  and there are Jackson- and Bernstein type

* The second named author was supported by a DFG research grant (Go 261/1).
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inequalities with respect to Y, i.e.

(1.2) En[f] <, Ce~n \ f \ Y ( / €  Y, n £ P ),

(1.3) \pn \r á  e" II pn 111 (Pn £ n n, n e p ) .

Here En[f] =  inf { II/ — pn Ilii Рп£П„} denotes the error of best approximation in 
L\K norm and C is a constant, independent of/  and n. Inequality (1.2) follows easily, 
using [4; pp. 80, 81] (setting there ak = 2e~k, cf. also Lemma 1 below), and (1.3) is 
a particular case of [4; 4.8 (25)].

From the proof of the Favard—Achieser —Krein theorem [4; Section 5.5.1] we 
collect the following facts.

Lemma 1. The function
oo

(1.4) f (x)  = Yj k~2 cos kx
k= 1

satisfies

(1.5) Fn[/] =  (тг/4)2 (и + I)“ 2 (и £ P ),

and, denoting by p°n the polynomial o f best approximation to f  from IJ„ with respect 
to L\n norm, p°„ is given by

П

(1.6) Pn(*) = Z bl cos kx
where

(1.7)

k  = 0

К  = -  cj+i, i’fc =  &-2 -  (cí+1-л + cü+1+jt), 1 ^  к ■£- n.

(1.8) c;= Z (-l)v{(2v+ l)(n + 1) +Л"2 U  € P) •V = 0

Indeed, setting a0 = 3, ak =  k~2, к £ N =  {1 ,2 ,...} , the sequence {ak}kiP 
is triply monotonic, i.e. ak — ak+1 ^  0, ak — 2ak+1 + ak+2 ^  0, and ak — 3ak+1 + 
+ 3ak+2 — ak + 3  ^  0 for each к  £ P. Following [4; pp. 80, 81], Markov’s theorem 
yields that the polynomial of best approximation to f(x) +  3 in L\K is given by

nE Ц cos kx  where
k = о

Bo =  «о -  c"+i, Bnk = ak -  (<£+1_* +  cnn+1+k) , 1 й к й п ,

with dj defined by (1.8). Moreover,

E„[f(x) +3] = (2/jt) £  (— l)v (2v +  lr'a^v+D^+D =

=  (2/Tt) Z  ( -  l)v (2v + 1)-* (и +  l ) - 2 = (я /4 )>  +  1)-
v =  0
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(cf. [3; 5.11.26] for the last equality). This implies the above assertions for the
П

function f(x) = — 3 + £  Bk cos kx.
k = 0

2. An estimate for \p°n \Y. In order to show that \p°n\Y = 0(e"(ti + l)-3), n -> oo 
(Lemma 4 below) we first estblish a representation of the coefficients bnk (Lemma 2) 
which admits a study of the properties of the sequence em bnk (Lemma 3).

L emma 2. For the coefficients o f (1 .6) the following representation holds:

Л
( 2. 1) 48-(" + 1)" 2’

bk = —r ( n +  1)~2 s i n - 1 -
n + 1 cos 11

n + 1 (1 й к й п ) .

К  = к- 2 -

Pro o f . By (1.7), (1.8) and, e.g., [3; 5.12.49] one has

К  = -  £  ( - l ) v(v + 1Г2 (In + 2 Г 2 = -  {In + 2 Г 2 7c2/12
v = 0

and, setting nv = (2v + 1)(и + 1) and using [3; 6.1.146] for l ^  к S  n ,

£  ( - l ) v(«v + n + 1 + к Г 2 + £  ( - 1 ) > ,  +  „ + 1 -  А:Г2| =

=  k~2 + £  ( - l ) v(«v -  (n + 1 -  A:))-2 -  £  ( - l ) > v  +  n +  1 -  A T2 =  
v = l  v = 0

=  £  ( -  l)v{(«v -  (И +  1 -  A:))-2 -  (/iv +  n + 1 -  A T2} =
v = 0

= 4{n + 1) (и + 1 -  A:) £  (—l)v (2v + 1) {и2 -  (и + \ -  A:)2}-2 =
v =  0

= 4{n + 1)(7г/4)2(и + 1) 3sec-^- 1 -
n + 1

Лtan — 
2 1 - n + 1

This establishes (2.1).

Lemma 3. Defining dk — ekl2 bnk for 0 ^  к  ^  n, n £ P, there exists n0 £ P jmcA 
that, for n 2: «0, l/ге sequence {dk}kz \ is positive, strictly increasing, and strictly convex.

Pr o o f . Setting

(2.2) Sn(t) = n\2n + 2)~2 sin-J- 1 -
n + 1

ncos---
2

1 -
n + 1

for 0 < t < n + 1, and 

(2.3) y„(t) = n{n +  1)—1 j 3 — cos n |l
n + 1 НН'-̂ тЫГ'
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one has (cf. (2.1)) <5„(í) > 0 for 0 < t < n +  1, ön(k) = dl for 1 g  к ^  n, к  £ N, 
and

(2.4) lim őn(t) =  + oo , lim S„(t) = 0.
r-o+  — (n+i)—

Moreover, for t £ (0, n + 1),

(2-5) 8'n(t) =  (1/2) Sn(t) {1 -  y„(0},

(2.6) «KO =  (1/2) <5„(0 {(1 -  7„(0)2 -  № }  ,

(2.7) у # ) -  -тг2(и + 1 Г 2

(2.8) yKO -  Зя2(« + l)“3

1 — 3 COS 7C 1 - n + 1

sin n 1 -
и + 1

—3 8
7  +

||“ , (l ~ nTl)l ’•
—------COS 713

whence y"(0 >  0 for 0 < f <  и +  1. Thus, also using (2.3), (2.7), yn(t) is a positive, 
strictly convex function, which strictly decreases on (0, tő) and strictly increases on 
(tő, n + 1), where tő = (и +  1) (1 — я-1 arc cos 1/3), and which tends to + oo for 
t -* 0+ and t —> (n + 1) — .

Choosing e g (0, 1/2), we have 5 — s < tő < (n + 1) — (5 — e) for n sufficiently 
large, and, in view of (2.5), the behaviour of y„(t), and

lim (1 -  y„(5 -  a)) = lim (l -  уя((и + 1) -  (5 -  £))) = -
n-+ oo Э 8 0,

there is n0 £ P  such that 5„(t) is strictly increasing on [5 — £,(« + 1) — (5 — e)] for 
each n n0. Similarly it follows by (2.6) that 8"n(t) > 0 for 0 < t :g tő- For tő < t ^  
^  (n + 1) — (5 — e) one has

(1 -  У„(0)2 -  Уп(0 t  1 -  2 у „((гг + 1) -  (5 -  £)) -  y'n((n + 1) -  (5 -  e)),

the right hand side tending to (3 — 6e + £2) (5 — e)- 2 > 0 for n -> oo, in view of
(2.3) and (2.7). Hence by (2.6), enlarging n0 if necessary, 3"(t) >  0 for each n S; n0, 
t £ [5 -  £, (n +  1) -  (5 -  £)].

Lemma 4. The polynomials pún, defined by (1.6), satisfy

(2-9) \p°n \Y = 0 ( f ( n +  1Г 3) ,  n - >c o .

P roof. By the definition o f  | • | y one has, with dnk =  ekl2 b%,

Pn \ y  =
n

Y  ekl2 d£ cos kx <;
4

Y  ekl2(d£ — dl) cos kx
k=0 l k = 0

+
4 n —4

Y  ekl2 d§ cos kx + Y  ekl2 d i cos kx +
n

Yj ek bnk cos kx
k=0 k=5 1 k=n—3
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say. By (2.1), the coefficients of S1 tend to

- e 5/25-2 ;lim ek'2 (d£ — d?) =
e*/2 (ek/z k r 2 -  e5'2 5~2);

к  = 0 
1 | H 4 ,

thus S1! = 0(1) as n —y oo. Moreover, S3 — 0(en(n + l)-3), n -» oo, since

lim (n + l)3 ( max ekbJJ) g  е"(л2/4) lim (л + 1) sin — 1 —
w — 3

П — 3
n + 1

=  TtV/2.

To estimate S2, we use the convexity of the sequence {к£}Г=о with к" — dl for 
0 :g k  ^  4, Knk  =  d£ for 5 ^  k ^  n — 4 (Lemma 3). Thus (cf. e.g. [4; Section 
4.8.61])

S2 —
n—4

Y  e * /2 k £  c o s  / cjc 
k = о

= О Ni-4
n—4
£  e*/2 cos 00

1/
The assertion now follows by

(2.10) lim (n + l)3 e-"/2 < _ 4 =  lim (« + 1)36"_4 < oo

and
/1—4
Y  ek/2 cos kx

n—3
< C J  e*/2 dx = 0(c"/2) , n -* 0 0  .

f c=0 1 о

We further show that the estimate of Lemma 4 cannot be improved. 

Lemma 5. For the polynomials (1.6) one has

lim sup I p°„ |j. e~"(n + l)3 > 0.
П-+ 00

Proof. We proceed as in [1; Theorem 2] and [2; Theorem 4], the basic assump­
tions (W), (E), (M), (Sy), (Jr ), (By) there being clearly satisfied (cf. (1.2) (1.3)). 
For the function /  given by (1.4) we have

Ek[f] й  Ek+1[f] + Ek[p°k+i]! ik <E P) ,
whence, by (W),

En[f) й  t E n+j[pl+J+l\.
i=о

Now applying the Jackson type inequality (1.2) to each p„+J+x and assuming that 

I Pn \y = o(e\n + I)-3) , n -> oo ,
one obtains

EnU] й  C f  er«*» I p°n+J+1 |y =  of f  (« + y  + 2 )-3) = o(n~2) , n -  oo ,
y = 0 \ 7 = 0 )

which contradicts (1.5).
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By the same reasoning it can be shown that the order e~" in (1.2) is best possible 
for the space Y. Indeed, assuming that there exists a null sequence {e„} such that 
E„[h\ ^  £„e~n I h \ Y for each Л £ У, и £ P, and using (2.9), it follows as above that 
£■„[/] = o(n-2) as n -* oo.

Combining Lemmas 4 and 5, and using the notation an ~  bn, n -+ oo for two 
sequences {a„}, {b„} with 0 < lim sup | a„/bn | <  oo, we have

n OO

T heorem 1. For the function f  o f (1.4) with polynomials o f best approximation 
p" (1.6) and the space Y defined by (1.1) the following hold:

(2.11) En[f] = (n/4f i (n+  I)“ 2 (я € P ) ,

(2.12) I p°„ \Y ~  e"n~3, n -> oo .

3. Concluding remarks. The factor el<:| has been chosen for the definition (1.1) 
of Y  in order to simplify the computations. In order to compare the present result 
with those of [1], [2], this factor would have to be replaced, e.g., by (1 + | к | )2 e|fc| 
since the function ф(х) = ex does not belong to the class Ф as defined in [2] (it does, 
however, fit into the frame of [1]), whereas ф*{х) =  (1 + x)* ex is a member of Ф 
for a > 0. But it is easily seen that essentially the same results also hold for ф*.

Corollary. Let f ,  p°n be given by (1.4), (1.6), let ф*(х) = (1 + x)*e* for some 
a >  0, and define the space Z  by

(3.1) Z = { /C iL ;  there exists g £ L\n such that ф*(\к\)ф'(к) = g‘{k) dk £ Z } 

with semi-norm \ f \ z =  \\g 111- Then, apart from (2.10), one has

(3.2) I P°„ lz ~  e " n n  -> со .

Indeed, leaving Lemmas 1—3 unchanged, Lemma 4 is modified as follows. Let

\Pn\Z = £  (1 + k y  ek'2 dnk cos kx
k = о

= ax + <r2 +  <x3 ,

where the er, are obtained from the Si in the proof of Lemma 4 by inserting the factor 
(1 + k y  in each term. Then o1 and <x3 may be treated as before, and rr2 = 
=  0(en(n + I)1“ 3), n -> oo follows by

n—4
Yj e"/2(l + ky  cos kx

k = о
=  О K -i

n—4

Y  ek,\ \  + k y  cos kx
k = о

n -* 0 0  ,

using (2.10) and Y  e*/2( l  +  кУ — 0(en/2( 1 +  и)“), n -> со.
k = 0

Since, in general Banach spaces and for general orders ф, ф* £ Ф, the Zamansky 
equivalence

0) E„[f] =  0(1/ф(п)), n -» oo (ii) \p°„\r= 0(ф*(п)/ф(п)), n -> oo
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is bound up with the condition ф £ Кф, (cf. [1; Theorem 2]), the inverse of Zamansky’s 
theorem (thus the implication (ii) => (i)) may fail to hold in case ф (j Кф,. In fact, it 
has been shown ([2; Corollary 2]) that then there are functions in l \ K for which
(i), (ii) hold as well as functions for which (i) is sharp but

(3.3)

where g(n) = log ф(п), g*(n) = log ф*(п). In general the right hand side of (3.3) 
increases less rapidly than that of (ii), and (3.3) gives the slowest possible rate of 
increase for functions /  £ Z|„ for which (i) is sharp.

The corresponding problem for the spaces C2„, L\K, l ^  p < со, p Ф 2 is 
unsolved. But for general Banach spaces it was shown in [2; Theorem 4] that, assum­
ing (i), the rate of increase of \ p0n \Y cannot be slower than

(3.4) \P°n \y = О g\n)  Ф*(п) I
д*'(п) ф(п) } ’ n -* 00 .

The present result now shows that the right hand side of (3.4) is attained, thus it 
represents a best possible order in Zamansky’s inequality as far as all Banach spaces 
and all pairs of orders ф, ф* £ Ф are concerned (and the other hypotheses of [2; 
Theorem 4] are satisfied). Indeed, setting

(3.5) ф(х) = (1 + x)2, ф*(х) = (1 + x ) V ,  a > 0,

the right hand side of (3.2) is just that of (3.4). Nevertheless, since lim g*'(n) = 1
П-+ 00

here, this does not imply that (3.4) is optimal for general pairs, ф, ф*. Moreover, 
for the spaces L?ln, p Ф 2, it is expected that the optimal order will depend on p 
also. Comparing (3.3) and (3.4) for the ф, ф* of (3.5), the present result indeed shows 
that (3.3) is not the best possible version of Zamansky’s inequality in general spaces.
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1. Uniform Müntz —Szász type approximation on curves

In this paper, {pn} will always be a strictly increasing sequence of positive inte­
gers, {p„} a sequence of distinct positive real numbers, and {/.„} a sequence of dis­
tinct complex numbers.

1.1 Introductory remarks. By the theorem of M ü n t z  [13] and Szász  [16], the 
powers 1 and

(1.1) xPe, n = 1, 2.........

where p„ ^  <5 > 0, span the space C[0, 1] if and only if 

(1-2) Zl /pn = c o .

(Szász also considered complex exponents : if Re Д„ ^  <5 > 0, the condition is 
I  Re (1Д„) =oo. )  Condition (1.2) by itself is necessary and sufficient in order that 
the powers (1.1) span C[a, b] when 0 < a < b (Clarkson—Erdős [2], Schwartz
[15]; for a complex-analysis proof of the necessity, cf. Luxemburg — K orevaar [9].)

A well-known approximation theorem of Walsh [17] asserts that the powers 
z",n — 0, 1, . . .  span C(y) for every Jordan arc у in the plane. However, there is as 
yet no nice M ü n t z  —Szász type result for Jordan arcs. In fact, switching to expo­
nentials

(1.3) epf ,  n=  1 , 2 , . . . ,

it is known only for the class of polygonal lines Г  without vertical chords that con­
dition (1.2) is both necessary and sufficient in order that (1.3) be a spanning set for 
С(Г). (This simple result may be derived from D ix o n - K orevaar  [3].) Condition
(1.2) is also sufficient in order that (1.3) be a spanning set for С(Г) in the case of all 
(rectifiable) arcs Г  whose oriented chords make angles with the positive real axis

of opening <; n (K orevaar [5]; related results have been obtained by Leont’ev

[8] and M alliavin — Siddiqi [12]).

* Work of second author supported by a grant from the Netherlands’ research organiza­
tion Z. W. O.
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1.2 Recent results on nonspanning sets. We will call a sequence {pn} a Macintyre 
sequence if every nonconstant entire function

№  =  * a„zPn

is unbounded on each curve going to infinity. Sufficiently strong nonspanning pro­
perties of sets

(1.4) z”\  n = 1 , 2 , . . .  

are of interest in connection with the so-called

M acintyre conjecture [10]: {p„} is a Macintyre sequence i f  and only if

(1.5) I  l/p„ < oo.

The simple condition (1.5) assures that (1.4) fails to span C(y) for all analytic 
Jordan arcs у (Malliavin- S iddiqi [11], K orevaar [5]). For arbitrary arcs y, 
the sharpest known result is that (1.4) fails to span C(y) (even in a rather strong 
sense) whenever {p„} is an interpolation sequence as defined in 2.1 below (Korevaar— 
D ixon [6]).

Interpolation sequences {pn} are Macintyry sequences (P avlov  [14], K o rev a a r— 
D ix o n  [6]). E xam ples o f  c o n d itio n s  w hich  assu re  th a t  {pn} be an  interpolation 
sequence a re :

(1.6) I  \lpn <  oo, p jn  t  

(Pavlov [14]);

(1.7) pn Si cn log n (log log и)2+е (c, e > 0)

(Korevaar—D ixon [6]). Condition (1.7) occurs in Kővári’s work [7] as a sufficient 
condition for a Macintyre sequence. It is possible to weaken (1.7) a little (Korevaar— 
D ixon [6]), but there exist sequences pn 2; cn log n (log log rí)2 which are not inter­
polation sequences (Berndtsson [1]).

For nonspanning sets (1.4) or (1.3) on arcs, there are analyticity theorems for 
the approximable functions (D ixon—K orevaar [3,6]) somewhat similar to those 
of Clarkson -  Erdős [2] and Schwartz [15] for the case of an interval [a,b],

1.3 Principal result. For arcs у which satisfy a certain smoothness condition near 
their endpoints, Erkama [4] had shown previous to the recent work of K orevaar — 
D ixon [6] that the condition

Pn ^  cn (log  rí)2

gives a nonspanning set (1.4) in C(y). Our present main result is as follows.
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T heorem 1. Let 0  <  e <  —  n and let Г be a (rectifiable) arc whose oriented chords 

make angles o f  opening not exceeding — n — e with a fixed direction. Let

I A„ \ ^  nL(n), 0 < L(n) \  , I  l/nL(n) < oo .

Then the (complex) exponentials

(1.8) ел"2, n = 1 , 2 , . . .

fail to span С{Г).

R em arks. In this theorem one can actually allow arcs whose oriented chords 

make angles of opening g  — n  — e with a fixed direction (cf. 3.1). For analytic Г, 

the sole condition 1 1/| A„ | < oo assures that (1.8) fails to span С(Г) [5, 11, 12].

C o ro llary  1. For C 1 arcs y, the condition

pn 2: nL{n) , 0 <  L(n) f , I  ljnL{n) <  oo 

guarantees that the set (1.4) fails to span C(y).

2. A nonspanning theorem involving interpolation sequences

As a first step in the proof of Theorem 1 we will derive a strong nonspanning 
property of integral powers whose exponents form an interpolation sequence. An 
interpolation problem of the type we need was first considered by Pavlov [14] in 
connection with the Macintyre conjecture.

2.1 Interpolation sequences. A sequence S  of distinct complex numbers w„, 
n = 0 ,1 , . . .  is called an interpolation sequence i f  there is a positive increasing function 
co(r) = co(r, S) on [0, oo) with the properties

00
\ r ~2oj(r) dr < oo , r ĉo(r') 4

such that the following is true. For every sequence of complex numbers {bn} with 
I bn I ^  1 there exists an entire function fi(z) for which

Ф М  =  bn, n = 0, 1, . . .; M(r, ф) - max | ф(г) \ f  e“(r), r ^  0.
1*1 =

(Observe that ф has to be of exponential type 0.)
It is convenient (and no restriction, cf. [6]) to suppose that in our interpola­

tion sequence, w0 = 0. Considering an interpolating function ф as in the definition
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for which ф(0) = 1, <Ки’л) =  0, n ^  1, Jensen’s formula shows that the enumerative 
function N(r) for the numbers wn ф 0 is bounded by m(r) :

N(r) = Í t~ ln{t) dt g  log M(r, ф) ^  cu(r) . 
о

It follows that n{r) ^  oj(er) and hence
CO

(2.1) £  1/1 | <  oo .
l

The following lemma extends a result of P avlov [14] for positive sequences; 
a  relatively simple proof may be obtained from K o rev aa r— D ix o n  [6] (see Lemmas 
5, 6 and Section 4.3).

Lemma 1. Suppose I  \/pn < oo and p jn  \  . Then

(2.2) -  p2, — Px, 0, ръ p2, . . .

is an interpolation sequence.

2.2 The auxiliary nonspanning theorem. If {wn} is an arbitrary interpolation 
sequence, (2.1) implies that the exponentials exp (w„z) fail to span C(T) whenever Г 
is analytic (cf. 1.3). For interpolation sequences of the form (2.2) and arcs Г different 
from a vertical segment, there is a strong nonspanning property which we formulate 
for powers instead of exponentials. The following result extends our earlier work 
involving positive interpolation sequences (K o revaar  — D ix o n  [6]).

T heorem  2. Suppose

. . .  <  q .  2 <  q -x < q0 =  0 <  q1 < q2 <  . . .

is an interpolation sequence consisting of integers with associated function со. Then 
for every a > 1,

(2.3) inf inf И 1 — I'cnzq" II,, 2: e0(co, a) > 0 ,
y = ya c

where the inner infimum is taken over all finite sums I '  cnzq" with n Ф 0, and the outer 
infimum over all curves у extending from a point on the circle C(0, l/а) to a point on 
C(0, a).

Combining Theorem 2 with Lemma 1 we obtain

Co ro llary  2. Suppose E l/pn < oo and p jn  f. Then the exponentials

(2.4) Qxp(±r]p„z), n — 1 ,2 , . . .

fail to span C(T) for every arc Г  and every constant t] > 0.
The result with arbitrary q > 0 is of course equivalent to the result for q — 1 

applied to the curve qT.
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2.3 Proof of Theorem 2. Although the proof has a good deal in common with 
the one for the case of positive interpolation sequences ([6], Section 3), we will give 
all the essential steps here, but we will occasionally refer to [6] for details where 
they are the same.

(i) Starting out. Let g(z) — g fz ) be a polynomial in z and 1/z of the form

g{z) = I  anzqn with a0 =  1/s, e small >  0 .

In order to prove (2.3), we suppose that for some curve у extending from C(0, l/a) 
to C(0, a) and coefficients an (with a0 — l /а), we have

(2-5) \\g{z) II, g l .

The intention is to show that (2.5) leads to a contradiction if e is sufficiently small.
We will write M(r, g) =  M(r). Since log M(r) is a convex function of log r, it 

is either decreasing on [l/a, 1 ] or increasing on [1, a] (or both). Replacing z by 1/z 
if necessary, we may assume that M(r) is increasing on [1, a]\ we observe that 
M{r) ^  l/a.

(ii) A local estimate. Let zr = r exp (ißr), 1 < r < a, belong to y. We consider 
the closed disc D = D(zr, rör), where 0 <  dr < 1 (to be specified later) will be so 
small that D belongs to the annulus 1 g  | z | ^  a. Since | g | is bounded by M(redr) 
on D and by 1 on y, a harmonic measure argument of Pólya (cf. [6], Lemma 1) 
shows that

(2.6) I g(z) I ^  M(re6rf /4 for z £ D(zr, rdf 6) .

(iii) Estimate for M(r). We now use interpolation to obtain an estimate for

g(r) = 1 1 a„ I гЧп = I  an exp { -  /(arg an + q„ßr)} z«"

which majorizes M(r). We choose an entire function ф (of exponential type 0) such 
that for all n and r

ФШ  = exp { -  /(arg an + qnßr)}\ M(r, ф) ^  t ”(r), 

with co(r) as in 2.1.
An essential role is played by the Leau— Wigert transform Ф(£) of ф (С A 1):

ф( 0
Г_Вф

2 ni J 1 -
B f(s f  

&

I  m : k,
ds = —l

-  E  m  cfc,

Here Вф^) is the Borel transform of ф and Cn — C(0, rj)'1 
|C — 1 I)- Note that Ф is holomorphic on C* — {1}.

I Cl < l ,

I C l  >  1 .

is small (depending] on
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For 0 < p <  1 < <7 ,

m  = г апф(Чп) = 2̂  ( J ” J ) Ф Л )  Ф(С) d m  =
Cp Cff

= 27t7 J ^ /ОФЮ^/С,
c

where C' is a small circle C(l, i/')+- We choose f  = <5r/7 so that by (2.6),

(2.7) A/(r) ^  g(r) — Af(r eär)3/4 max | Ф(С) I - 
2 к —i |= a , / 7

(iv) Relation between neighbouring maximum moduli. From here on the proof is 
as in [6], Section 3. One has

I Ф(0 I 2M  (i-1 c -  1 I, £</>) . (C near 1) ,

M(r, Вф) rä | M(x, ф)e~rxdx i? //(r) = j eaM~rx d x .

Hence by (2.7),

(2 .8) M(r) ^  M(resf 14 H(Sr/ 14).

The important properties of 7f(r) are the following: it maps (0, oo) one-to-one 
onto (oo, 0) and if d is given by H(d) = e, then

d
j" log log H(r) dr <  oo 
о

(cf. [6], Lemma 4). We now define ör by the condition

(2.9) H(5rf 14) = M(r)1!S ( ^  £-1/8) ;

for small e, 5r will be small. Thus (2.8) gives

(2.10) Щге*') ^  M(r)7/e.

(v) Contradiction for small e. The final step consists in showing that if s were 
less than a certain constant s0(oj, a) > 0, there would be an infinite sequence of 
points

ro <  ri < r 2 < • • • inside (1, a), with rn+1 = r„ exp (<5r„), 

to which (2.10) can be applied. Since this is clearly impossible, e must be ^  £0.
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In order to verify that I  дГп becomes arbitrarily small as s J, 0, we remark that 
by (2.9) and (2.10),

log log H{5rnJ \A )  ^  log log H (8J  14) + log (7/6) .

Thus from the graph of log log H(r),

tr.l 14
14 j  log log H(r) dr ^  (<5ri + <5r, + . . . )  log (7/6) .

3. Going to larger exponents; proof of the main theorem

Our proof of Theorem 1 will be based on Corollary 2 in 2.2 and an auxiliary 
theorem by which we can pass to larger exponents.

3.1 Second auxiliary theorem. The theorem is as follows:

T heorem  3. Let 0 < e < ~  л and let Г be a rectifiable arc whose oriented chords 

make angles with the positive real axis of opening ^  — n — e. Let {pn} be an increas­

ing sequence of positive real numbers such that the exponentials 

(3.1) exp (± p„z), n = 1 ,2 , . . .

fail to span C(T). Then if  the A„ are complex numbers such that

(3.2) I A„ I ^  (sin 2e)~1/2 Qn , n = 1, 2........

the exponentials

(3.3) exp (± A„z), n =  1 ,2 , . . .  

also fail to span С(Г).

R em ark . In the case p„ =  nL(n), with L{n) positive and nondecreasing, one 
can prove a similar result for all arcs Г whose oriented chords make angles of open­

ing g  n — s with the positive real axis.

Idea o f the proof. Since the set (3.1) fails to span С(Г), there is a complex Borel 
measure p 0 on Г whose Laplace transform

(3.4) fi(s) = j  eszp(dz)
г

vanishes on the sequence {+ p„j. We wish to replace p by a measure v Ф 0 whose 
Laplace transform vanishes on the sequence {+ A„}. To this end, we try to convolve
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p on Г with a function /  whose Laplace transform F (taken along the real axis) 
can be continued analytically to a function with zeros at the points + A„ and poles 
at the points ±  pn. After initial modification of p (see 3.2) it will be possible to take 
F of the form

(3.5) m  = G(s)
1 -  s2lpl ’

G(s) = П 1 -  ^
1 -  s2/pl ’

where 0 < p0 < pv Because of (3.2), F(s) will be 0{ljs1) as s -» oo in the angles

V: —  7Г +  £ < arg 5 <  — 7t — 64 ~  4 (mod л)

around the imaginary axis. It follows that F is the Laplace transform of a well- 
behaved function /  in the angles

U: I arg z I ~  n — £ (mod n)

around the real axis. Thanks to the condition on the chords of Г we can form the 
convolution

(3.6) v(z) =  j 7 ( z -  Qp(dQ, ^ f .
Г

Its Laplace transform on Г will indeed be given by

(3.7) v(s) = F(s) p(s), 

hence v(z)dz will be orthogonal to the set (3.3) on Г.

3.2 Dividing out zeros of Laplace transforms. Let Г, p and p be as in 3.1

Lemma 2. The entire function p(s) of (3.4) must have infinitely many zeros different 
from the numbers + p„.

P roof. The support of p is not just one point, or p would have no zeros at all. 
It will follow that for the zeros s„ Ф 0 of p,

1 1/1 s„ I = oo .

Indeed, convergence of this series would imply that p(s) is of the form A smecs • 
• 77(1 — s/sn), and then the indicator function of p would be the same as that of ecs; 
the indicator diagram would be a point. However, this would imply that the support 
of p reduces to a point. A proof of the last statement may be obtained by the method 
in D ix o n —K o r e v a a r  [3], where the growth of Laplace transforms on C1 arcs of 
limited slope is studied; the saddle-point method of that paper applies also to our arcs Г

whose chords make angles with the real axis of opening not exceeding — л — e .
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On the other hand we must have I  l/pn < oo, or the set (3.1) would span С(Г) 
(see 1.1).

Lemma 3. Let w be a zero of Then

w — s Ф(з), Ф(г) =  I  e-^-V fi(dO  =
a

z< iT ,

where a and b are the left-hand and right-hand endpoint of Г and the integration is 
along the curve.

P roof . L etting  D deno te  d iffe ren tia tion  a lo n g  Г, one solves th e  b o u n d ary -v a lu e  
p ro b lem

(D + w)ф = p on Г, ф =  0 at a and b.

Corollary 3.

p(s) = fifs), where pfdz) = p(dz) + (a — w) ф(г) d z .

3.3 Proof of Theorem 3. Let Г, p and fi. be as in 3.1. By Lemma 2 and Corollary 
3 it may be assumed that fi vanishes not only on the sequence {+ p„}, but also at 
real points ±  p0, where 0 < p0 < pk. We now define F(s) by (3.5) and set

Fk(s) = Gk(s)l( 1 -  s*/P%), Gk(s) = П  7 ---- Чгт  >
1 L — S / P n

f{z) =  -^T  j F(s) e~zs ds, f k(z) = j '  Fk(s) e~zs ds.
L L

Here L  is a straight line through 0 and lying in V (see 3.1), traversed upwards.
Because of (3.2), the functions G(s) and Gk(s) of (3.5) and (3.8) will be bounded 

by 1 for s (  F: setting s = re'9,

I 1 -  s2lpl I = {1 -  2(r2/pl) cos 20 + г*1р*У12 ^

^  1 -  (r2lp2n) cos 20 ^  1 + (r2/p2n) sin 2e ^  1 + г2/ 1 I 2 ^  I 1 -  s2/Ä2n \ .

It follows that the function /(z) is bounded and continuous on U (choose L  so that 
Re zs — 0). Moreover, /(z) is the uniform limit of the functions f k(z) on U which 
are equal to exponential polynomials both on U+ and on U~. On U+, f k(z) is a linear 
combination of terms exp (— p„z) and on U~, terms exp (p„z). It is clear that Fk(s) 
is the ordinary Laplace transform of f k for | Re s | <  p0 (the same holds for F and / ) .  
Here one may integrate along the real axis or along any reasonable curve in U from 
— oo to + oo.
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It remains to verify formula (3.7) for the Laplace transform of the convolution 
v of /  and p on Г (3.6). Clearly, v is the uniform limit, on Г, of vk = fk ^r p, hence 
v = lim vk. By Fubini’s theorem

(3.9) v*(j) = j  v*(z) é zdz =  j  eszdz J  f k{z -  Q p{dQ = J  e*p(dQ J  f k(z) e?‘dz .
Г Г Г  Г  r - {

To handle the last inner integral we extend Г (endpoints a, b) to a curve Ге 
from — oo to + со by adjoining the horizontal half-lines Im z = Im a, Re z  <  Re a 
and Im z =  Im b, Re z > Re b. Restricting s to the strip | Re s | < p0, we have

J AGO e°2dz = J f k(z) é zdz = Fk{s).
Ге-z  -00j

Now the corresponding integral from b — £ to +  oo is equal to a linear combination 
of terms

f e~p"z+szdz = ---------exp {(s -  p„) (b -  0} ,
Pn s

hence since fi(s) vanishes at the points pn,

j  e^p(dQ J  f k(z) eszdz = 0. 
r  6-C

One similarly disposes of the integral where the inner integration is from — oo to 
a — £• The conclusion from (3.9) is that

vk(s) = p(s) Fk(s)

for I Re s I <  p0 and hence for all s; (3.7) follows.

3.4 Proof of Theorem 1. With Г, {An} and {L(ri)} as in Theorem 1, we define

Pn =  п[Цп)/Ц1) ] , n =  1 , 2 , . . . .

Since L(n) t  oo, the pn will be positive integers such that {pjn}  is nondecreasing and 
I I lp n = oo. Hence by Corollary 2.2, the exponentials

exp (± rjpnz) , и = 1 , 2 ........ [у > 0

fail to span C(eixr ) for every real number a.
We choose a so that the oriented chords of e‘°T make angles with the positive

real axis of opening ^  -i- n — e and we take t] = £(1) (sin 2e)1/2. Since in that case 

I eipK  I ^  nUn) ^  L(l)pn = (sin 2e)~ll2ripn, n = 1 ,2 , . . . ,
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we may apply Theorem 3 to conclude that the exponentials

exp (éf Xnz), n — 1 , 2 , . . .

fail to span С(ешГ) for every real number ß. Taking ß = — a, it follows that the 
exponentials exp (/.„z) fail to span С(Г).

R em a rk s. The condition on Г  can also be formulated differently. One 
defines a tangential direction at z0( f  as a limit of directions of oriented chords 
[z1; z2] when zL, z2 -* z0 along Г. Thus if the tangential directions for Г do not 
fill up a right angle, the oriented chords make angles with a fixed direction of opening

^  ~  n — £ for some e > 0, and conversely.

Suppose, finally, that Г is a C1 arc. Then there are subarcs which satisfy the 
chord condition, hence exponentials (1.8) as in Theorem 1 can not span С(Г). Corol­
lary 1 follows.
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ON THE SUMMABILITY OF FUNCTION SERIES

By

W. KRATZ and R. TRAUTNER (Ulm )

To Professor G. Alexits on his eightieth birthday

1. Let X  be a measurable space with positive measure p and let F — {fk(x)} 
(k = 0, 1,. . .) be a sequence of real-valued, Z^-integrable functions on a certain
measurable set E с  X. Given a matrix T  =  (апк) (n, к  =  0, 1, 2 , . . .) we say that

00

the series £  ckf k(x) with real coefficients ck is T-summable at x £ E if the series
k = 0

00

t„(x) = Y  ankckfk(x) converges for all n =  0, 1, 2, . .  . and if lim tn(x) exists.
k = 0 n  -*■ oo

We give sufficient conditions for the matrix T and the function system F, such
00

that Y  ckfk(x) is L-summable a.e. on E for all sequences {ck} satisfying
k=0

(1) £  4  <  oo.
k=0

We define the Lebesgue functions of the system F with respect to the summation 
process T  by

Ln(T, F;x): = J  | Kn(T, F; x, t) | dp(t),
[E

where

K„(T, F; x, t): = £  xnkfk(x)fk(t) .*=o
and we assume that this series converges for all n and x, t £ E. Furthermore, for an 
index set 1 ^  Vj < v2 < . . . define

C„(U F)- = j  max LV(J, F; x) dp(x) .
E ISjSn

In case T = I; i.e. a„k = 1 for 0 <Lk£n, ot„k — 0 for к > n, such that t„(x) — S„(x) =
П

= Y  ckfk(x) 1 we write L Vn(F; x) and LVn(F) instead of L Vn(I, F; x) and L (J, F),
k — 0

resp.
The following results on the influence of the Lebesgue functions on summability

00
are known. A lexits and Sharma [2, Theorem 6, Remark 2] proved that Y  ckfk(x)

л=о
is Ca-summable on £  for a >  0, if (1) holds, p(E) < oo, and if Ln(Cx, F; x) — 0(1) 
as n -* oo, uniformly for x  £E. The special case a = 1, F  orthonormal is a well-
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known theorem of K aczmar [4], Sunouchi [7] and Leindler [5] have extended 
Kaczmar’s result on orthonormal systems F to Riesz-summability (R, / ,  1). Results
on general summation processes were obtained by M óricz [6]; and Alexits, Joó,

00

Tandori [3] recently proved the following. The series X ckf k(x) is Г-summable
k = о

a.e. on E for all sequences {c*} with (1) if lim ank exists for all k, Ln(T, F; x) = Ox{ 1) 
for all x  € E, and if

(2) I J K,(T, F; x, 0  Kj(T, F ; y, t) dp(t) \ й  |  ßk \ Kk(T, F ; x, у) |
E  k  = 0

for x ,y £ E ,  0 ü ß k  = ßk(i,j) With X  ßk = 0(1) uniformly for i , j  =  0, 1, 2 , . . .  .
k = 0

We shall prove a theorem that generalizes the special results on Cx and (R, 2, 1) 
summability to general summation processes. Especially we do not need an assump­
tion like (2).

Theorem. Suppose that E d  X  is measurable, and that T = (a„k) satisfies

Ф  I 0 ^  txnk й  К; an+l k ^  ankfor all к, n =  0, 1,2,. .  ., and that 
[ T is row-finite, i.e. ank — 0 for к > k„, n = 0, 1 , . . . .

Furthermore, let F = {fk{x)} be a system of Lß-integrable functions on E satisfying

(4) Ln(T, F) = 0(1) as n —* со ,
00

Then X ck fk(x) й  T-summable a.e. on E for all sequences {ck} with (1). 
k = о

2. T h e  p ro o f  o f  o u r  th e o re m  depends essen tially  on  the  fo llo w in g  result o f  
A lexits [1] o n  th e  convergence o f  fu n c tio n  series.

Theorem A. Suppose E a X is  measurable, F = {fk{x)} is a system o f Lß-integrable 
functions on E, and assume that LV„(F) = 0(1) for some index set 1 iá < v2 < . . .  • 
Then lim  Svfx )  exists a.e. on E for all {ck} with (1).

n -*■ 00

Proof of Theorem. Since T  =  (ank) is row -fin ite , i.e. y.nk =  0  fo r  к > k„, t„(x) 
exists fo r  all x  £ E, n =  0, 1 , . . .  . W e will define a  function  system  Ф =  {фпк(х)} , 
О ^  к  ^  k n, n =  0, 1 ,. . s uch th a t  th e  fo llow ing h o ld :

(a) Фпк(х) = dnkf k(x) fo r  0 й к й  К ,

(b) tn(x) =  X  X  drkck4>rk(x) fo r  x£ E ;r=0 k=0

(c) Kn{ T ,F ,x ,t)=  X  X  Фгк(х)Фгк(0  fo r  x , t£E ;  a n d
r = 0 k = 0

(d) X  ck <  00 im plies f X d'k4 <  o° •
к - 0 r = 0 k = 0
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If these conditions are satisfied we can apply Alexits’ Theorem A to the function
system Ф = {фпк(х)}.

00

If Yj ct  <  0°» then it follows from (d), (c) and (4) by Theorem A that
k  =  0

n  k r

lim £  £  drkCk4>rk(x) = lim tn{x)
«-►со r  =  0  k  =  0  «-*• oo

(by (b)) exists a.e. on E.
It remains to show the existence of a system Ф satisfying (a) — (d). Because of (a) 

we have to define numbers dnk, such that (b), (c), (d) hold. It follows from (a) and (c) 
that the dnk must necessarily satisfy

oo k n \

£  (ink -  O-n-Uk) CJk(x)fk(t) =  £  dl kf k(x)fk(t)
k=0 *=0

for n = 0, 1,. . x  € E, where we set a_ljfc = 0 for all k. Since апк ^  а„_1>л by (3) 
we can define

dnk• -  an-\.k for 0 g  к g  kn, n =  0, 1 , . . .

so that (c) is satisfied. This construction of the dnk is illustrated in the following 
figure.

Clearly, we have

(5) £  djk = <x„k for k ,n  = 0, 1, 2 ,-----

It follows from this identity that

tn(x) = £  inkc j k(x) = £  £  dfkckf k(x) = £  £  drkck<j>rk{x).
k  =  0  r  =  0  k = 0  r  =  0  k = 0

Now, (d) follows from (5) and (3), since

£  £  dfkc\ = £  ankc\ ^  K- £  c\ for all n.
r  =  0 k = 0  k  =  0  k = 0
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R emark . If the measurable space X  is cr-finite or if fi(E) < oo we may replace 
condition (4) by the weaker condition L„(T, F; x) =  Ox( 1) for all x £E  as in [6]; 
since we may apply our theorem to each set Ej of a sequence of measurable sets 
Ej a  E satisfying.

Ln(T, F; x) ^ j  for all n and x  £ Ej, <  oo
00

and ц ( Е \  U Ej) = 0. This argument was already used in [6] and [8]. Moreover,
j = 1

we mention that we do not need condition (2) (as in [4] and [6]) at all, while our 
assumptions on the matrix T are somewhat stronger than in the theorems of [4] 
and [6].
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STRONG APPROXIMATION OF FOURIER SERIES AND  
STRUCTURAL PROPERTIES OF FUNCTIONS

By
L. LEINDLER1 (Szeged), corresponding member of the Academy 

With admiration to Professor G. Alexits on his eightieth birthday

1. Let f(x) be a continuous and 27t-periodic function and let

( 1) f(x) ~  + £  (a„ cos nx +  b„ sin nx)
2 „ = 1

be its Fourier series. Denote sn(x) = sn{f,x) the и-th partial sum of (1), and denote 
II • II the usual supremum norm.

The problem of the strong approximation of Fourier series is due to Professor 
G. Alexits.

Generalizing one of the results of Alexits and Králik [1], in [5], among others, 
we proved the following

Theorem A. I f  f  Lip a, 0 < a ^  1, p >  0, then

(2) Hn(f,p )=  — — r I | J , - /II I Л +  1 v = 0

1 Ip 0(n- ')

О log и

if a <

if a = —, 
P

and these estimations are best possible.
This theorem can be interpreted such that the estimation

Hn{f,p) = О
log n 1 Ip'

n
1cannot be improved for the whole class Lip —, p ^  1.
P

The question of the following type: whether an estimation like

= о
log и tip

what properties of the function involves, or what subclass of Lip 1 /p characterizes, 
was first raised and solved by Freud [3] in the following special case:

1 This research was made while the author worked in the Department o f Mathematics o f  
Justus-Liebig University, Giessen, as a visiting professor by a grant of the “ Deutsche Forschungs­
gemeinschaft”.
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I f  p > 1 and 

or equivalently, i f

( 3 )

then

( 4 )

Hn(f,p)  =  О  ( n i 1* ) ,

Z K -/I p <  00 (p > 1),
fc=1

l im  А -1/р ( / ( x  +  A) — /( * ) )  =  0
A-»0

holds almost everywhere.
He also raised, whether (4) holds for all x  ?
In [7] we verified that (3) does not imply (4) everywhere. Our counterexample 

is the function

m  =
00
I

sin nx] 
fp P W

which satisfies (3) but at the point x  = 0 it does not fulfil (4).
In [8] we generalized these results to such strong summability means which 

are determined by a general triangular matrix and we also investigated the case p =  1. 
A collected form of the theorems published in [8] reads:

T heorem B. Let p 5: 1. Suppose that the triangular matrix || anA. |

Xk > 0; n = 0, 1,. . к = 0, 1, . . n and Лп = Z  h  
пЛ~11р is increasing, fc=0

У-пк ' A-k
Л.

has the following properties:

( 5 ) Z A ,1'» S  КпЛ~11р,
k = 0

(6)

( 7 )

and

( 8)

z k - ^ kllp й кл~11р,
k = n

2n 1 p—1
Z 4/(Hk=n J

< KnpA„ if P > 1.

Лп f  KnX„ i f  p = 1 .

Then

( 9 )
implies

( 10)

I

00

Z n̂\sn- f \ p < ОЭ

I A x  + h) - f ( x )  I ^  КЛ-1,р for all X',
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and

(H) lira Л11р 
a-* o h

(/(*  + h) - A x ) )  = 0 for almost every x ;

furthermore there exists a function / 0(x) satisfying (9) but

( 12) / o ( 0 )  >  j  Л ~ 1/р
'2" 

7t

where Л(х) denotes the increasing function being linear between n and n + 1, moreover
Л(п) = К -

It is clear that in the case 4  = 1 and p > 1 all of the conditions of Theorem 
В are satisfied therefore Theorem В includes the result of Freud.

It is also easy to verify that many of the Riesz-means, (C, l)-means satisfy 
the conditions of Theorem B, for example, if

4  = к"-1, 0 < ß < p; or 4  = > 0 < ß < l .

But we remark that if p = 1 and 4  =  1 then condition (5) is not fulfil.^u, there­
fore this theorem says nothing about what condition (9) with p — 1 and 4  = 1 
implies.

This problem was investigated in a joint paper of L eindler  and N ik isin  [13] 
proving

T heorem  C. If 

(13) 

then

\S„ - Л <  00

(14) I A x  + h ) -  f(x) I Kh log — for all x ,

and

(15) | /(x +  h) — f(x) I = Ox(h) for almost every x.

(16)

Furthermore there exists a function / 0(x) satisfying (13) but

1
fo - m > 8

я 2"
2 ^ l0gT

for all и 2: 6 .

This result was extended to the r-th derivative o f /in  [9].
Inequality (16) shows that condition (13) does not imply that /  6 Lip 1. In con­

nection with this fact I raised (see [9], [10]) the following problem: Does the condition

(17)

imply f  £ Lip 1 ?

I  \sn - f \ p 
/1 =  0

<  oo with 0 < p < 1
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The answer was given in an affirmative form recently by O sk o lk o v  [14] and 
Sz a ba d o s  [15] independently. They both proved the following stronger statement:

T heorem  D . I f

(18)

and

(19)

ß ( K  - Я ) < oo

f  dx
J ~Щх) <  °°

then f  £ Lip 1, where 0(0) denotes an arbitrary modulus o f continuity.
Under a certain restriction on Í2(<5) they also proved the necessity of condition (19). 
Setting Q(x) = x p with 0 < p < 1, (19) is fulfilled, (18) reduces to (17), thus 

Theorem D answers our problem, too.

Szabados also proved that i f  0 <  p < 1, — = r + a, where r =
P

condition (17) implies that ff '~ V)(x) is continuous and

^ ' - ,,^ > - I S 108l/S)1'') T :  o '[ 0(5) i f  a > 0,

then

where co(/; 5) denotes the modulus of continuity of f .
This result was generalized by us ([11], [12]) and one of the generalizations can 

be read here as Corollary 2.2.
Very recently, in a joint paper of K rotov and L eindler  [4], a condition of 

different type from (18) is given, but in connection with the strong approximation, 
it also implies the inclusion / £ Lip 1, and in a certain sense it is best possible. A special 
case of our result is

T heorem  E. I f  0 <  p < oo and {A„} is a monotone sequence such that {ne A„} 
with a certain 0 < в < 1 increases then the condition

(20)
00

I
1

(ПАП)11Р < 00

is necessary and sufficient that

(21) K\*n ~ f  Г < 00 c: Lip 1.

Theorem E with 0 <  p < 1 and =  1 also gives an affirmative answer to the 
problem raised at (17).

We can also observe that Theorem В does not include Theorem E, namely (10) 
with Лп = np would give (21) but then condition (5) is not satisfied. This fact, 
and as we have also seen at Theorem C, condition (5), is the most critical point in
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the usage of Theorem B, and if we investigate the proof of Theorem В more carefully 
we can observe that it is just for the sake of simplicity. Therefore we try to modify 
condition (5) and by this to extend the use of Theorem B. Moreover we intend to 
generalize Theorem В for any positive p which seems to be the most important part 
of our result.

2. The main aim of the present work is to prove Theorems 1 and 2, but we 
shall also give some further results.

Theorem 1. Let p > 0 and let p(x) be a nonincreasing function. Suppose that the

triangular matrix (ocnk)

Л„ = £  кЛ has the following properties:

<*nk = - 7- ,  4  >  0; и = 0, 1,. . . ;  к = 0, 1........n ; andA„

(2. 1)

(2.2. 1)

(2.2.2)

(2.2.3)

Then

(2.3)

implies for all x  

(2-4) I/O

-  i  A f1,p + £  k~1A f llp й  Kplri) 2
n * = 1  k=n

2 n 1 /7—1

I  4 / M  й К п рл - \  i f  p >  l ,
k = n J

л„ й  к  kn ■ n , i f  p = 1,
2 n 11 -p
Е А Г 11 ú K n A f” , i f  p < \ .

k=n

I  K \ S n ~ f \ P < oo

11 i
Mй  Kp — , i.e. co(/; h) = О p Ä]

Moreover, suppose the function p{x) satisfies the following additional conditions: 
for any e > 0 there exists a number N{e) such that if  N f. N(s) then

(2.5) p(x) iS Nep(Nx) ^  Ne2p(x) 

hold for any x  > x0(e). Then (2.3) also implies

(2.6) lim p -1 (/(x + h) — f(x)) = 0

for almost every x.

2 We use K, K t, K2, . . .  to denote various positive numbers not necessarily the same at 
each occurence.
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T heorem  2. Suppose that the matrix (xnk) and the function p(x) satisfy conditions
(2.1) and (2.2./). I f  r is a nonnegative integer and

II 00 II
c m=  I  A„(«r |s„ - f \ Y \ ,

I I  n=m

then the condition C„ < oo implies

(2.7) a ) ( f \  h) = О
T i
h ’' '

and if Cm -> 0 and p(x) ^  Nsp(Nx) /o r any N  ^  7V(e) and x > xfe), then

( 2 .8) lim p 1
A-»-0

( / « ( * + / 0  -/<'>(*)) = о

ö/jo holds everywhere.
The generality of Theorems 1 and 2 makes the danger that one cannot see their 

efficacy, therefore it seems to be worthy to present some simple and interesting collor- 
aries of these theorems.

First we list some corollaries of Theorem 1.

C o ro lla ry  1.1. Condition (17) implies / £  Lip 1.

C o ro llary  1.2. I f  p > 0 and the sequence {Ak} is monotone and for a certain 
0 < в < 1 the sequence {п°).п} is nondecreasing, then the condition

I  K \ S n ~ f \ P
n = 1

<  00

under (20) implies f  £ Lip 1.
It is clear that Corollary 1.2 with Xn = 1 and 0 < p < 1 includes Corollary 1.1. 

C o ro lla ry  1.3. IfO < p < oo and

then

\ x 1 
z  -Í «=1 n

i n  I Sn -  f \ ) p < 00

co(f; h) ^  Kh log — •h

We observe that these corollaries can be deduced from Theorem 1 of [4], too. 

C o ro llary  1.4. I f  0 < a. < 1, p  >  0 and

X _ ( „ ‘ | i „ - / | ) p 
n= 1  n

<  00
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then f  £ Lip a; furthermore

lim h~ \f{x  + h) -  Дх)) = 0
h~*0

holds almost everywhere.
We can show that Theorem В is also a corollary of Theorem 1. Namely it is evident 

that if p(x) = A(x)~1/p then the conditions of Theorem В are the same as those of Theo­
rem 1 for p ^  1, thus (2.4) and (2.6) imply (10) and (11), respectively. The only crux 
is to verify that conditions (2.5) hold, but we prove it as follows:

Let £ > 0 be an arbitrary fixed number. Let us choose a positive integer p  such 
that /i—1 < £. Let N — 2". Then using conditions of Theorem B, we obtain that

p(x) = A(x) 11 p = — xA{x) llp ^  — (— £  2kxA (2kx) 11 p 
x x  \p  k%

^  —  2pxA(2px)~llp й  KeNA(Nx)~llp = KcNp(Nx)

and

p(Nx) = A( 2px)~llp й - t  Л(2пх)~11р й  — A(x)~llp й  Kep(x)
I‘t n = 0 P

whence (2.5) follows.
It is plain that Corollaries 1.1, 1.3 and 1.4 immediately follow from Theorem 1

by choosing 2k = 1, p(x) = — ; kk = kT~x, p(x) = — log x and Xk = кхр~г, p(x) =
X  x

= x~a, respectively; namely in these cases conditions (2.1) and (2.2.;) are obviously 
satisfied.

To prove Corollary 1.2, i.e. that (20) implies (2.1) and (2.2.;), it also just needs 
some elementary calculations. Now we verify only that (20) => (2.1) for p  Sí 1, 
namely all of the cases would run similarly. Since Xn must be increasing thus

-y K p nX„, whence by (20)

and

-I £ £ ( k x k) - ' i p á *
n k =1 n k = 1 n

£  k~1AkVp Ü K  £  k-\kXkr llp й - Í  (kXkr llP й — ,
k  = n k~S.nl 2 k=1

therefore we can choose p(x) = —, and then (2.4) ensures /  £ Lip 1.

Before presenting corollaries of Theorem 2 we would like to emphasize that, 
unfortunately, Theorem 1 does not give statement (15) of Theorem C, but it includes 
most of the results cited before.
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Corollaries of Theorem 2:
First of all we can state in a very succinct form that if the n-th term of the series 

appearing in the conditions of the previous corollaries is multiplied by nrp and the sup- 
remum norm o f these new series is finite, then in the statements of the corollaries f  
can be replaced by / (r), except the second statement o f Corollary 1.4.

E.g. we have as a generalization of Corollary 1.1 the following

Corollary 2Л. I f  0 < p < \ and r is a nonnegative integer, then

E
/i =  l

nrp\ s „ - f \ p <  00

implies f <r) £ Lip 1.

Corollary 2.2. I f  0 < p < 1 and — = r +  a, where r is a positive integer and 
0 < a ^  1, then (17) implies ?

co(/w; Ö)
О i f  a = 1,

0(5*), i f  0 < a < 1.

This corollary has been proved in [12].
To deduce Corollary 2.2 we only have to set 1„ = n~rp and to verify that the 

conditions of Theorem 2 are satisfied with

p(x) — — log a: if a =  1 ; and p(x) = xx if 0 < a < 1.

But this can be done by a straightforward calculation therefore we omit it.

Corollary 2.3. I f  0 < a <  1, /> > 0 and

(2.9)

then

E  n<-x+r)p- 1 \s n - f \ p
n—m

-» о as m -> oo ,

(2.10) lim h - * ( f \ x  + h) — / (г)(*)) = 0
*-<•0

holds everywhere.
It is evident that Corollary 2.3 cannot be extended to the case a = 1, namely 

(2.9) does not imply that / w should be constant.
Moreover, the following Theorem 3 (or Corollary 3.1) shows that (2.9) is, in 

general, necessary that (2.10) should hold.
Theorem 3 will also show that Theorems 1 and 2 cannot be strengthened generally, 

that is, the the given estimations are best possible.

Theorem 3. Let p > 0 and let r be a nonnegative integer. Suppose that the mono­
tone {/.k} satisfies the conditions: {игр_1Л„} is monotone, for a certain ц < 1 — pr
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{n,]+rp~l A„\ is nondecreasing, and n).n rg KAn. Then there exists a function F{x) = 
= F(X, r,p; x) such that

(2. 11)

but

(2. 12)

and if  r is even, then

(2.13)

i f  r is odd, then

(2.14)

X kn( r f \ s J F ) -  F \ y <  00

CO T (r>; —  
n

1 Д^  C -s- s  кЛт11р ;
n2 k=l

CO

CO

1 ДС -  X Л^1,р,
/с = 1

1 дт(г); -  2 с -  X л*1/р,
fc=i

w/iere С й a positive absolute constant.
It is obvious that (2.13) and (2.14) are stronger statements than (2.12). We 

also observe that (2.13) cannot be extended to an odd integer (or (2.14) to an even 
one), generally, namely if ̂  = 1, A„ = 1 and r is odd, then by one of our results ([9], 
Theorem 2) (2.11) implies T(r) £ Lip 1, but in this case (2.13) would reduce to

CO ; ■ 2; C —log n , 
n

in contradiction to F(r> £ Lip 1. The cited result of [9] also gives, in the same special 
case, that if r is even, then (2.11) implies F(r) £ Lip 1, and this shows that (2.14) 
does not hold for even r.

One more observation; if

Pin): = — Z  A f llp,
n k=1

then Theorem 3 shows that the estimations (2.4) and (2.7) cannot be strengthened, 
as we have stated before. Namely, it is easy to verify that the conditions (2.1) and 
(2.2./) are fulfilled.

We shall see later on that the special case A„ = rixp~1 of Theorem 3 is worthy 
for formulating as a

C o ro llary  3.1. Let p > 0, 0 < а ^  1 and r be a nonnegative integer. Then 
there exists a function F(x) = F(r, a; x) such that

(2.15)
co
£  цО’+̂ Р—1 

71 =  1

\ s J F ) - F \ ’ < 00 ,
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but

(2.16) w(F(r>;<5) ^  Cö1 i f  0 < a g l ;

moreover i f  a — 1, then

co(F(r); 5) ^  Cő log 4- for even го
and

o)(F('r); ő) ^  CÖ log for odd г,
о

where С > 0.
Since (2.5) holds with p{x) =  x~x for 0 < a <  1, thus (2.16) verifies that (2.6) 

cannot be extended to every x; that (2.7) is best possible; moreover (2.16) shows that 
the condition Cm —> 0 is necessary to (2.8).

Summing up our remarks we can state that the statements o f Theorems 1 and 2, 
in general, are best possible.

In order to show that under the assumptions of Corollary 3.1 the conditions 
of Theorem 3 are fulfilled we have just to mention that ц can be chosen such that 
1 — pr — ар < r] < 1 — pr holds.

Finally we mention one more result.

Corollary 3.1 with r = 0, p = tx. = \ shows that the condition

(2-17) E K ( / ) ~ / l
n = 1

does not imply f  £ Lip 1, but the condition

<  00

(2.18) Z  £„ <  oo
л=1

where En = En( f)  denotes the best approximation o f /  by trigonometric polynomials 
o f order at m ost n, by the following wellknown inequality of Steckin (see [2], p. 534)

со /
1 "
n k=1

does imply /  £ Lip 1; hence it is obvious that these conditions are not equivalent. 
But if we strengthen condition (2.17) just a little bit, namely if we claim

00

I
2m+1
zn=2m+l К С Я - / 1 < 00 ,

this will already be equivalent to (2.18), namely we have
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Theorem 4. Let p > 0 and let {pn} denote a monotone sequence with the property 
0 < к íí /12л+1/У*2" < К < o° for all n. Then the conditions

(2.19) 

and

(2.20)

are equivalent.

Em=0

2m+1
E  Л . К - / 1 '

n=2m+l

E p„Epn < CO
л =  0

<  00

3. We require some lemmas to prove our theorems.

Lemma 1 ([6], Theorem 5). We have for any positive p and natural number n

U/p1 2n l1
“ I  I A - / I 'П k-n J

= 0{En) .

Lemma 2 ([12], Lemma 2). I f  0 < p iS 1 г/геи

1 ip1
= О

1 2л 11/p

-  I  I * « - / ! '
“  * = л + 1  J

Lemma 3. Lei p > 0 and r be a nonnegative integer. Suppose that the matrix 
(v.nk) satisfies conditions (2.2.г) (1 ^  / g  3). Then, with a certain p,

(3.1) 

implies

(3.2) 

and

(3.3)

E K{nr \sn - f \ y
n=P +1

<  00

n = m + l
X 2nrE2„ й  К X + 2-m X 2лс2„л2„Up

m + 1
X  2' ' ( r + 1 , L 2„  й к  £ 2п C 2 „ Л ^ 1 ' * .

j 2/i
Proof. It is obvious that if F„(x) =  — X  ■*»(*) then

и  v = « + l

(3.4) E2n S  \\f(x) -  Vn(x) II.

’ The second sum on the right-hand side of (3.2) for p  ^  1 can be omitted.
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If p > 1 then, by (2.2.1), (3.1) and using Holder’s inequality, we obtain that

(3.5)
1 2/1

l/W  -  Vn(x) I g  -  z  I Sk(x) -  f(x) I ^
n  k = n + l

( p - l ) lpi f  2 n | l / p  f 2л

й А  z 4 KM -/МП Z 4/(1-p)
^  \k=n+l J (,A:=/i+l

К  2n 11///

I  4(4  К М  - / М 1 П  пЛ~11р ü K n - 'A f11*;
n \k=n+l J

and if p =  1 then by (2.2.2)
j /  2 /1

(3.6) I f i x ) -  F„(x) I ^  Z 4 * H  w  -  / М  I nA~f ^  К п-'Л -1.
n k=n + 1

Hence, by (3.4), (3.2) and (3.3) follow for p ^  1 (see footnote3).
The proof of these inequalities for 0 < p < 1 requires a longer calculation. 

First we use Lemma 2 with p2. This gives
p  \ 1 Ip'

n_ 2  n

E,
< К

f 1 2n
( n  k = n + 1

| i fe -  / I '
i/p!

Hence, by (2.2.3) and (3.1), we get
f p   ̂1 Ip'

(3.7) En 1 - 4  ^  К
E,

й  КгГгЛ~11р 

which implies

(3.8) 

and

(3.9)

2л

Z 4  I ife -/r l Z 4 ,0’- 1)&=/i+l A:=/i+l

1—p 1 Ip*

Z  4 W I  ife -  / I  )p/с = /i+3 -

1 IP
й  КСпгГгЛ~11р,

o° I F \ 1/P* m
Z  g * Z  c 2„d

n = m l ^2n J /1 = 0
-1/p
2n

I  2w(r+1>£2,
/i =  0

>2«+ 1
-2«

i/p*
^  a: Z  2" с 2П л ^ 1р.

It seems to be almost evident that (3.8) => (3.2) and (3.9) => (3.3), but the correct 
proofs of these statements take quite a long calculation.

First we divide the natural numbers ni£N) into two sets Nk and N2 according that

(3.10) E2n+i ^  1
— ДГ+1
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holds or not. If for a certain n, E2n = 0 we consider n to be in N±. ft is clear 
that (3.8) and (3.9) imply

00
(3.11) £  2" Е г й Ъ  X

m ^  n £ Ni n = m
and

m
(3.12) X 2"(r+1)£ 2„ ^ ^ 2 "  C,„ Л2-„1/р.

n£Ni n = 0tr^m

The crux of the proof now comes to verify (3.2) and (3.3) for the natural numbers 
n belonging to N2. If N2 is not empty then we can give indices mt and Mi such that

N2 — U  {  n :  Щ < n  ^  Mj } .
i

It can happen, of course, that m1 =  — 1 and for a certain i, M, =  oo.
For a given m let Mia denote the smallest Mi with m 5á M,o. Then if (0 ^ )  m 

^  mia, we have the following estimation:
M i

(3.13) X T r E2„ = X X 2*r ;
m ^ n £ N 2 /^ /0 /с = /и/ + 1

and if m > m, then‘o Af/, M l

(3.14) X 2”r£ 2„ =  X 2 % +  X X 2*'Я2*.
t n ^ n d N i  k —m  /^ /o  + l  k= m i+ l

In view of the converse of (3.10) an easy calculation gives that for any i
M i

(3.15) X 2"Г E2" й  К 2ml Г E2m, .
k  = m i+ 1

Thus, if m ^  mio, we have proved (3.2), namely for i 2: i0, m ;S w; £ TVl5 con­
sequently these indices appeared in (3.11), i.e. by (3.13) and (3.15)

X 2 гпЕ2„й  I  2 nrE2n,
m ^ n ^ N 2 m ik n d N i

whence by (3.11) we obtain (3.2).
If m > mio, we can estimate the second sum of (3.14) as before, and the first 

one can also be estimated by its first term, that is,
M t„

(3.16) X 2*r£,2* á  K 2mrE2m.
k  — m

But now the index m does not belong to Nit namely it is between mie and M,t, thus 
we cannot use (3.11) in estimating (3.14). In this case, using (3.10), we have the 
following estimations: If mio > — 1 then

( 3  • 1 7 )  E V n =  (4 r + l y n - m u  E 2m‘° >
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and since mia £ Nu by (3.7), (3.10) and (3.17),
2(r+2)m,„ m

(3.18) 2™ Etm ^  К 2mr )m С2тоЛ Ü K  2“m £  2" C2„ .
*■ n = 0

In the case mio = — 1 we can also give this upper estimation but by another reason. 
Then we have by (3.10)

ry n r  j s  m

(3.19) 2 ™E2m ^  K2~m£ or  C» A* lP-

Now collecting our estimations, by (3.12), (3.14), (3.15), (3.16), (3.18) and (3.19), 
we obtain (3.2).

The proof of (3.3) runs similarly. Using the same notations as before it is clear 
that we have to detail only the inequality

m
(3.20) Y  2«r+1)E2„ ^  К  £  2" C,„ A2f p .

n £ N2 n = 0ng,m
If (0 й )  m < miQ then

io-l M t
(3.21) Y  2n(r+1)E2n= Y  £  2*(r+1) E2k.

n£N2 i = l  k=mi+ 1n<m

By (3.10) w e also  have
M i

(3.22) £  2<:(r+1) E2k й  K2mi(r+1)E2mi,
k = rm+ 1

w hence (3.20) follow s by  (3.12) an d  (3.21).
I f  m > mio then in  respect to  (3.21) a n d  (3 .22)

i*o—1 m id
Y  2"(r+1> E2„ й  К Y  2m'(r+1)£ 2m, + Y  2fc(r+1) E.,k й  К Y  2mKr+1'E 2m, g,

n£Nt i = 1 k=mi0+l /= 1nf^m
ÜK Y 2"(r+1)E2n,n€W,ngLm

which proves (3.20) by (3.12), and hereby (3.3) is also verified.
The proof of Lemma 3 is complete.

Lemma 4 ([4], Lemma). Let {p„} be a nonincreasing sequence of positive numbers
co

such that Y  Pn < 00 a!Ut l£tn = 1

Then for any m > 29 

(3.23)

p(x) = £  p„n-1sinnx.

Tt] 1 1 ™— > ^—  Y Pn-m I 2 m n=1
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Lemma 5 ([4], Lemma 4). Let p > 0 and let у = {yk} be a monotone sequence 
such that for a certain в < 1 the sequence {ke yk} is nondecreasing. Denote

then
F(x) = F(y, p; x) = £  (« yn) Vp n 1 sin n x ,

X yn \ s A F ) - F \ ”
n = l

<  00 .

4. Proof of Theorem 1. First we prove (2.4). Let Un(x) = VZn(x) — V2n-i(x),
I 2/i

where F2- i(x) = 0 and Vn(x) = — X sk(x), n 2: 0. It is clear that
n k=n+ 1

f(x) = X un(x) ■n = 0

Thus, if 2 -m < h S  2_m+1, we have
m  oo

I Ax + h) -  fix) I  ̂ X I №  + A) -  ВД1 + 2 X II tfJI •
/1 = 0 /z = m+l

Since
I Un(x) \ £ \ V r  (x) -  fix) I + |/(x )  -  V2„-i(x) I ,

e.g. by Lemma 1

(4.1) \\и п\ \ й К Е 2„.г.

Using the wellknown Bernstein’s inequality we obtain
m—1 со

I f ix  + h ) - f i x )  I g t t X  2 nE2n + К X £ 2».
к =  0 л =  т

Ву (2.3) we can use Lemma 3 with г — 0, thus the previous inequality, by (2.1) 
and (3.2) —(3.3), implies that

I f ix  + h) - f i x ) \  й  Kp i2m) й  Kp  [-1),

which gives (2.4).
The proof of (2.6) is more difficult. Let ц be an arbitrary positive number. By 

Jegorov’s theorem and by (2.3) there exists a perfect set Нц<z [0, 27c] such that /((//,,) > 
> 2 я — q 4 and on the set Яч the series

(4.2) X xn \*nix) -  fix) I*
« = 0

converges uniformly. By a known theorem of Lebesgue, there exists a subset H* 
of Hn such that niH*) = piHn) and the points of H* are of density 1.

4 p ( H ) denotes the Lebesgue measure of H.
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Let x be an arbitrary fixed point of H* and let al be an arbitrary fixed positive 
number. Furthermore let N  = N(8^ denote the number satisfying (2.5) with e1( 
and denote s = N *1 (si %) and ß =  p2 + p~i. By x £ H *  there exists a positive 
Ő = ö(e) such that if 0 < h :g <5 then

ц([х -  h ,x]  П H *) > (1 -  e) h and /r([x, x + h] П Щ ) > (1 -  e)h.

Since the series (4.2) converges uniformly on Hn, there exists an integer /r*(2: 4) 
such that for all t £ H„

(4.3) £ A J j ll( f ) - / W l 1,á e ' .
п  =  ц

Hence, similarly as in (3.5) and (3.6), we obtain for p jg 1 and 2" 2: ц* the estimation

(4.4) |/ (0  -  V2„(t) I g  К  a«' Л21'р

at any t  ̂Hv
Next we prove a similar estimation for 0 < p < 1. Using Holder’s inequality 

twice, Lemma 1 and (2.2.3) we obtain
2/i

n 1/(0 -  Vn(t) 1 = 1 1  sk(t) -  A t) \* I sk(t) -  A t) l1-'* á
k  =  n + l

{2 n  (  2 /i П - р *

E lsfc(0-/(0n E l^(0-/(0l1+i" ^
k = n + 1 J Ц  =  л + 1  J

2 n  ' i p

E 4 1 -sjfcCO -  ДО И
, k  =  n + 1

2 n

E
A : = / i - l

ДР/(Р—1) 1—P"P*иГ-р» pl-p‘ <

{ 2л IP*
E 41**С0-Л01Ч •

k = n + l  J
Hence, by (4.3), assuming t £ Я , and 2" 2г /г*, we get

(4.5) |/(0  -  F2„(í) I ^  £^s £ 2„(£2„ Aty)~p‘ й  К 8ßp\E 2n + Л2АР) ,
which requires some explanation only when

but then, by p < 1,
E2n ЛЦ„Р < 1,

E\7P' A2f  < (Л2А р)1~р‘Л2пр‘ = Л2Ар, 

whence (4.5) obviously follows.

Let us choose £ such that \ x — И < min I <5, I. Let v = x(Z) be the
I /2 * xo(ei) J

smallest natural number with a si 2V | x — £, \ < 2e. It is clear that T  > ц*. Since
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I x — £ I <  ő, there exists a point 0  £ Hn lying between x and £ such that |{ -  Ы  £  
й  S  I x -  £ I and 0  #  О

By (2.4), (4.4) and (4.5) we obtain

(4-6) |/(0 -/(x) I fg |/(0 -/(О) I + 1/(0) - FW6) I + I F2v (О) - k/x) I +
1

+  |F 2»(x) - / ( x) |
l€ -  iilJ

+ Ke'l (E2v + A ^1,p) + 1 0 - *  I II Vv

where ß' = min (ßp3, ßjp) > 1 for any p > 0.
Here the first term on the right-hand side, by (2.5), can be estimated easily:

1 1 N
^  4P 1

l i c - ü i l j
=  И e | x -  0 | - P

k ~  f l j I k  -  ÉI
Since, by (2.1), (2.3) and (3.5) (with r = 0), we have

E2v + Л2}1р й  К piT) , 

the second term of (4.6), also by (2.5), does not exceed

К ep(2v) ^  Kepi1 £ К   ̂ n 1 ^  Ksip
1

\ \ x - O j K N P N  |x -  OJ I k  -  Ш

In order to estimate the third term in (4.6) we set

vux) = £ ( е д -  vi.-i (x)),n = 0

whence, using Bernstein’s inequality, conditions (2.1), (2.3), (3.3) (with r = 0) and 
(4.1) give that II

II F 2v( x )  И 0  I  2" И U„ И ig К £  2" E2„ Ü K T  pi2V)
я = 0 /1 = 0

From this it follows, as before, that

I fit -  * I 11 V'v  11 ^  К I x -  О 2” pi2V) й  К 2 e p(2v) ^  * x e, p 

Summing up, we obtain

(4.7) 1/(0 -/(x )| ^ K e lP
l * - { |

Since e1 was arbitrary, (4.7) implies (2.6) for all x 6 Я*. Let G if) denote the 
subset of [0, 2л] where (2.6) does not hold. It is obvious that G(f) d  [0, 2л]\Н*, 
thus the exterior measure of G(f) is less than t]. Since rj was also arbitrary, the measure 
of G(f) is zero, that is, (2.6) is proved for almost every x.

We have completed the proof of Theorem 1.
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P roof of T heorem  2. First we show that

(4.8) / * > ( * ) = £  t/«(x).
/1 =  0

To prove this it is enough to show that I  U%\x) has a convergent numerical majorant 
series. By (4.1), using Bernstein’s inequality, we have

(4.9) \ \ lW \ \< K 2 ” Er - i,  

whence, by (2.1), (3.2) and C0 < oo,

X lie/«II < 00
/1  =  0

follows, which implies (4.8).
Now we prove (2.7). Let 2~m < h 2~m+1. Then, by (2.1), (3.2), (3.3), (4.9) 

and C0 < oo, we have that
m + 1 oo

\ f (rKx + h) — /« (x )  | á  X I + h) — U£\x) 1 + 2  X II UP II ^
/1 =  0 n  = m+ 2

m + i
й  h X llt/ir+1)ll + *  X 2<:r̂  ^

/1 =  0 k=m+l
m+1

^  K2~m X 2"(r+1)£ 2„ + К  X 2"r£ 2» ^  ^P (2 m) á  Kp
/1 = 0 Л = //2 + 1

which proves (2.7).
In order to prove (2.8) we first remark thai the condition p(x) rg Nep(Nx) implies

(4.10) xp(x) -* oo as x -» oo .

Now let e, be an arbitrary fixed positive number.
By Cm 0 and (4.10) there exist indices m0 = mn(eL) and v0 = v0(s,) such that

(4.11) Cm < for m 2> m0 and e^1 2m” p(2m°) < p (2V)2V for v 2: v0.

If m > max (m0, v0) then, using (4.11), (2.1), (3.2) and (3.3), we obtain
oo 00 m0 m '

(4.12) X 2nrE2n ü K El X Ar,p + 2~"” E + I 2n C2n Л2}'р
n = m+l n=m /2 = 0 П= m0 + l

К (Gl p(2m) + 2~m 2m° p(2m") + £l 2_m X 2”
/1=//20 + 1

^  KelP(2m)

and
' m0

(4.13) X 2',(г+1) E.,n й  X + X 2"<r+1) E.„ g  К  X 2”r Л2~л1,р +
/2 =  0 /2 +  1 Л = /Л0 + 1/ Л =  0

m
+ eí K  X 2" ^  ^(2m° р(2т°) + Ei 2m p(2m)) ^  2 К s12m p(2m) .

n — mü + l
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Henceforth the proof runs similarly to that of (2.7). Let 2~m < h ^  2~m+1. 
Then, by (4.9), (4.12) and (4.13), we obtain

/71 +  1
\ f (r\ x  + h) - f \ x )  I rg X I №  + h) -  U(p\x )  1 + 2  X И U ?\\ й

/7 =  0 n =  m  +  2
/71 +  1

á  h I  II t/<r+1)|| +  KslP(2m) й  Kl£ lp(2m),

which proves (2.8).
We have completed the proof of Theorem 2. 

P roof of T heorem 3. Let

F(x) = F(a, r,p; x) = X
sin nx

„=1 nr+1A 1nlr ’

First we verify (2.11). Using Lemma 5 with y„ = nrp~1 Лп we immediately obtain 
that

OO
I  ЛпП-1 (nr \sn{F) -  F \y < 00 .

whence, by nl„ = К Л„, (2.11) follows.
In order to prove (2.12), (2.13) and (2.14) we use Lemma 4.
If r is an even integer it is fairly obvious that (3.23) gives (2.13) (in respect to 

F{0) = 0), whence (2.12) also follows.
If r is odd then (3.23) also clearly gives (2.14) but this does not imply (2.12). 

Then (i.e. for an odd integer r) we have to verify (2.12) by a straightforward calcula­
tion. Being

F 4 > - ± Í % f c .
/7 =  0 П / l n

00
thus, in view of £  п~г Л~1/р < oo (which follows by the conditions r\ < 1 — pr

/7 =  1

and nr,+rp~1 Лп t) we have

p  ( 0
rn F (r)(0)

n = l n Л'п1р
sin n

2m
1> ----У n Л~11р=  m 2 L, "  / l n  >

m  n = 1

which proves (2.12).
The proof is complete.

Proof of Theorem 4. By Lemma 1 the implication (2.20) => (2.19) immediately 
follows.

To prove the inverse implication we distinguish two cases according p 2: 1 
or 0 < p < 1.

If p ^  1 then

V
II

b
f

1 2 / i

—  Z  13 , - / 1 <
1 2/7

-  Z  1 sk - f \ p
1 IP

n k=n+l n k=n+1
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whence

2"ER, <
2"+I I
I  \sk - f \ p

k = 2" + l

holds, which makes clear that (2.19) implies (2.20) in view of the restriction on 
If 0 < p < 1 then, by Lemma 2, we have

2"E%„ Enn+ 1 1 Ip

=  О Z \ sk - f \ l
h=2»+l

which by (2.19) implies that

(4.14) Z  ^ 2 nE$n
F \ 1lpА-/ОП + Л 1

-i2n
<  CO .

If we now divide the natural numbers n into two sets Nx and N 2 according that

Eyn + i ^  1
E 2„ = ~4K

holds or not; and use the same technique as in the proof of Lemma 3, we obtain 
that (4.14) implies

00
Z Fzn^n <  oo ,
Л = 1

which proves (2.20); and Theorem 4 is proved.
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PROBABILISTIC APPROACH 
TO SCHOENBERG’S

PROBLEM IN BIRKHOFF INTERPOLATION

By

G. G. LORENTZ1 and S. D. RIEMENSCHNEIDER2 (Austin) 

To Professor G. A lexits on the occasion o f  his eightieth birthday

1. Introduction. Let E = (eik)?Llk l l  be an m x n interpolation matrix, with 
elements eik that are zero or one, with exactly n ones. With E we associate a Birkhoff 
interpolation problem for polynomials P of degree at most n — 1,

(1.1) P<k\x ,)  = cik,

the equations corresponding to pairs i, к with eik =  1. A matrix E is regular if equa­
tions (1.1) have a solution for each selection of the knots xk < . . . < xm and of 
constants cik. Otherwise E is singular. In a famous paper, Sch o enberg  [8] proposed 
to find all regular matrices. This problem — at least at present — seems to be hope­
lessly difficult. One is perhaps justified in trying to simplify the problem. We ask 
whether most interpolation matrices are singular, and give a positive answer to this 
question if m is not small compared with n, more exactly if m satisfies condition (3.2).

We do not exclude the possibility that some rows of E consist of zeros. (In fact, 
if m > n, such rows must be necessarily present.) Of importance for interpolation 
matrices E is the Pólya condition
(1.2) Mk }± к + 1, к = 0, 1, . . . , iz — 1

and the stronger Birkhoff condition
(1.3) Mk ^ k  + 2 , * = 0 , 1 , . . . ,  и - 2 ;

here Mk is the number of ones located in the columns 0, 1,. .., к of E. By M(m, n), 
P(m, n), B(m, rí) we denote the numbers of all m x n interpolation matrices, of all 
Pólya matrices, of all Birkhoff matrices, respectively. First we have to determine, at

I ТТШ
least asymptotically, these numbers. Obviously M(m, rí) — 
formula,

(1.4) M(m, rí) = mn
n

1

V2
m

nn
1 +

1
m — 1

(m—l)n
< Const

, and by Stirling’s 

1
J n

We have B(m, rí) rí P(m, n) f  M(m, n). We shall prove that P(m, rí) = o(M{m, ríj) 
for n -*■ oo, and that B(m, rí) 2; pP(m, n) for some constant p > 0. The first relation

1 Supported, in part, by Grant MCS 77-0946 by the National Science Foundation.
2 Research supported by Canadian National Research Council, Grant A-7687.
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already solves our singularity problem, for all non-Pólya matrices are singular. 
Even more, by the theorem of Birkhoff, Ferguson and Nemeth, for such matrices 
equations (1.1) are not solvable for any selection o f knots x± < ..  . < xm and for 
some cik. But the real problem lies deeper. We shall prove that most Birkhoff matrices, 
and that most Pólya matrices are singular.

A row i of E will be called a singleton, if it contains exactly one one, eik = 1. 
This singleton is supported, if E contains ones eiiki = eiiki = 1 for which ik < i < 
< i2, къ k 2 < k. We shall use the following result of L o r en tz  and Z eller  [6]: 
A Birkhoff matrix is singular i f  it contains a supported singleton. There exist stronger 
theorems of singularity (L o r en tz  [4]), but it is not clear how to use them probabilistic­
ally.

The theorem quoted does not hold for Pólya matrices. Therefore with A t k in ­
son and S h arm a  [1] we consider vertical decompositions of a Pólya matrix into 
Birkhoff (or one column) matrices. There exists a maximal decomposition (canonical 
decomposition) of this kind:

(1.5) E = Ex ® . . .  ® Ex , щ + . . .  +  nx = n .

Here each Eh an m x n, matrix with exactly n, ones — is a Birkhoff matrix if nt > 1, 
or a one column matrix; E  is singular if and only if one of the Et is singular. (See 
[1] or L o r e n t z  [5], where an exposition of Birkhoff interpolation theory is given.)

Here and everywhere else in the paper “singularity” can be replaced by “strong 
singularity”, which means that the determinant of the system (1.1) changes sign, 
not merely vanishes.

We are grateful to Professor J. H. B. Kemperman and to Dr. R. A. Lorentz 
for useful conversations.

2. Count of Birkhoff and of Pólya matrices. For an m x n interpolation matrix 
E, let mk, к = 0 , . . . ,  n — 1 denote the number of ones in its к-th column. If E  is a 
Birkhoff matrix, it follows from (1.3) that mn_x = 0. We can as well omit the last 
column and study the m x (n — 1) submatrix E' of E; this matrix E' has also exactly 
n ones. Its column numbers mk form an n — 1 tuple m = (m0, mx, . .  .,m„_2) with
n—2

E mi = n-0
We shall study cyclic permutations of columns of a matrix E' — an idea that 

in probability goes back at least to Sp it z e r  [9]. Results very close to our Theorems 
1 and 2 can be found in [7]. We supply a complete proof of Theorem 1, since the 
equivalence classes discussed there are very important for the sequel.

The cyclic permutations of columns of E' will produce again matrices of the 
same class. With E', its (« — 1) tuple m will also undergo cyclic permutations, prod­
ucing

(2.1) olm = {mt, . . ., m„_2, m0, . .  ., т,_х), i = 0, . . n -  2.

Two matrices E' of our type will be called equivalent, if one of them can be obtained
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from the other by a cyclic permutation of its columns. Obviously, this is an equi­
valence relation among m x (и — 1) matrices E' with n ones.

We shall need the functional

(2.2) A(m) = (n -  2) m0 + (n — У)т1 + . . .  + 1 + 0m„_2.

(This A{m) can be interpreted as the area under an obvious graph connected with 
the (n — 1) tuple in.)

T heorem 1. Each equivalence class of matrices E ' consists o f (n — 1) different 
matrices. Exactly one matrix in each class produces a Birkhoff m x n matrix E, if 
a last column of zeros is added to it. All m x n Birkhoff matrices are obtained in this 
way. In particular,

(2.3) B(m, n) = — 1—n — 1

P ro o f . We have

(2.4) A (fm ) -  A{p,+1m) = (n — 1)mt — n , i = 0 , . .  n — 3 , 

hence for j  > i,

(2.5) A (fin )  -  A (fin) = (n -  1) £  m, -  ( j  -  i)n , j  > i.
l = i

To prove that all matrices in an equivalence class are different, it is sufficient to show
that all numbers A (o'in), i = 0 , . . . , «  — 2 are different. If the difference (2.5) is

j—г
zero, then £  m, is congruent zero modulo n. This means that this sum is either n

i
or 0. In the first case, (2.5) yields n(J — i) = n(n — 1), which is impossible, in the 
second case we have j  — i = 0, as required.

It remains to show that exactly one of the permutations corresponds to a Birk­
hoff matrix. This is the permutation with the largest value of A (fin). Let, for example, 
the largest value correspond to i = 0. This is equivalent to A(in) — A (fm ) > 0, 
j  = 1,. . ., n — 2, or to

J-i
A(m) — A(aim) = (n — 1) mt — jn > 0,

1=0
J-f j- 1

or to ml > jn/(n — 1), that is to £  mt ^  j  +  1, j  =  1 , . . . ,  n — 2 and this is 
о о

identical with the assumption that the extended matrix E  satisfies (1.3).
Similar arguments allow the counting of all m x n Pólya matrices E (with n 

ones). It is necessary here to consider m x (n + 1) matrices E' with n ones, and 
cyclic permutations of their columns. To a matrix E' corresponds a counting function

n
ih = (mn, . . . ,  mn) with ]T m, = n, and with its permutations f in ,  i = 0 , . . . ,  n.

о
Some of the E' have mn — 0, then they reduce to m x n matrices E.

m(n — 1) n>  2.
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Theorem 2. Each equivalence class o f matrices E' consists of (n + 1) different 
matrices. Exactly one of them produces an m x n Pólya matrix, i f  the last column of 
E' is omitted. All m x n Pólya matrices are obtained in this way. Consequently

(2.6) P(m, n) 1 / m(n + 1)
n +  1 [ n

The proof is similar to that of Theorem 1, and uses the functional

(2.7) A(m) = nm0 + (« — 1) mx + . . .  4- 0mn.

Formulas (2.3), (2.6) and Stirling’s formula allow one to get asymptotic express­
ions for P{m, n), B{m, rí). For example ,we have the strong equivalences

P(n,n) x  J —  n" 3/2 en, B{n,n)
1

2ne
«"-3/2 e".

( 2 .8)

(2.9)

Proposition 1. For m ^  3, n ^  2 one has the following inequalities: 

B(m, rí)
P(m, rí)

B(m + 1, n +  1) 
B(m, n)

^  p for some constant p > 0,

2 1
й  (m + 1) 11 + —— — + •n — 1 m — 1

Proof. One can take p = e 5. For the first inequality, one has

P(m, n) 
B(m, n)

mn + m 
n

mn — m 
n

= ll +

"jZjl mn + m — к I mn + m — n + 1 
/ =о mn — m — к ~  [ mn — m — n + 1

2m
(m — 1) (n — 1) 1 +

f3
n -  1

< 1 .

On the other hand,

B(m +  1, n + 1) 
B(m, rí)

й  (m + 1)

mn + n 
n + 1 (m + 1) и 'Cd mn + n — к — 1

mn — m 
n

"  J П
n + 1 *■о

mn = (m + 1) 1 +

mn — m — к 

m + n — 1

<

mn — m — n + 1

й ( т + 1 ) \ 1 +  — ~  + ■ 1

(m -  1) (л -  1).

n — 1 m — 1
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3. Probabilistic considerations. We wish to prove that most Birkhoff and most 
Pólya matrices have many singletons. By B(m, n), Bp(m, n), Bp(m, n) we denote the 
classes of all Birkhoif m x n matrices, or those of them that have at least p, or have 
exactly p  singletons, respectively. Also the numbers of these matrices will be denoted 
in this way. The number of ones in the matrices will be exactly n. However, B(m, n), 
Bp(m, rí), Bp(m, rí) will denote the corresponding classes and numbers for matrices 
with exactly n + 1 ones, which satisfy the Birkhoif condition (1.3) (for к  =  0 , . . . ,  
n — 1, and, trivially, for к  =  rí). For example, consider the class B(m + 1, n + 1). 
An (от +  1) x (n + 1) matrix belongs to this class exactly if it has an empty last 
column, and if its first n columns form an (от + 1) x n matrix with (n + 1) ones 
which satisfies the Birkhoff condition. For the corresponding numbers we have

(3.1) B(m + 1, n + 1) =  B(m + 1, ri) .

Theorem 3. (i) Let m satisfy

(3.2) (1 + ő)-------ú  m , S > 0 constant.
log n

Then for each p and all large n, almost all m x n Birkhoff matrices have at least p 
singletons:

(3.3) lim
n—>- CO

Bp(m, rí) 
B(m, rí)

= 1.

(ii) The same statement is true for Pólya matrices:

(3.4) lim
я—>oo

Pp(m, rí) 
P{m, n)

= 1.

We shall prove only (i), which is needed later. The proof of (ii) is similar but 
simpler.

Let E  £ Bk_x(m, я) be an от x и Birkhoif matrix with exactly к — 1 singletons, 
let F be an (от + 1) x n matrix with exactly one one. There are (от +  1 )n  such F. 
Combining E and F, we construct an (от + 1) x n matrix E' =  E % F by placing the 
от rows of E, in their natural order, into the m empty rows of F. Clearly E' £ 
£ Bk(m + 1, rí). In this way we will get some matrices E' of the class Bk(m + 1, rí), 
and when so, then at most к  times, for we can use at most к  singleton rows of E' for F. 
Therefore

kBk(m + 1, rí) ^  (от + l)nBk_i(m, rí).

Summation for к =  1, 2 , . .  .,p  yields

B fm  + 1,«) + . . .  + В (от + 1, rí) 2: + [B{m, rí) -  Bp(m, л)] ,
P

hence

(3.5) B(m, n) -  Bp(m, rí) ^  -— -f - --- B(m + 1, rí),(m + 1 )n

9 * Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979
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and using (3.1) and (2.9) we obtain 

Bp(m, n)
(3.6) l - <P-

B(m, n)

Because of the condition (3.2), log

1 +

1 +

n — 1
2

+

+

m
1

^  (1 — <5') log n for/г- l  m — 1
some c>' > 0 and all large n. Thus, the right hand side of (3.6) does not exceed 
р п Г д —> 0 .

Theorem 3(ii), and without doubt 3(i) as well, could be also derived from a 
theorem of B ékéssy [2] (quoted in the book [3, p. 336]), which studies the asymptotic 
behaviour of certain probabilities and uses the saddle-point method. This approach 
requires again condition (3.2); our method of proof is simpler.

We have now to prove that most functions on integers are strongly non-mono­
tone. We consider functions fii), i = 1, 2 , . . . ,  p, with values к = 1 , . . n. There 
are altogether np such functions. We say that /h a s  at most four monotone branches, 
if there exist four (perhaps degenerate) intervals pj ^  к < pJ+1, p0 = 1, p4 = p, 
on each of which /  is monotone.

' n + p -  1
Proposition  2 . (i) There are monotone increasing functions f.

(ii) The number o f functions with at most four monotone branches is

23/>+4 1 ------- np < — np,(3.7)
P ! P"

for each a > 0 and sufficiently large p, p ^  n.

Proof. Monotone increasing functions /  are in one-to-one correspondence 
with paths which connect points (1,1) and (p, n), move at each step one unit upward 
or one unit horizontally, and also mark a special point (p, n'), n ^  n (for the value 
n' = f(p)). On the other hand these paths can be described as follows. On the horizon­
tal axis we mark (p — 1) + (и — 1) +  1 — p + n — 1 points. We select some (p — 1) 
of them, different from the last point — for the left end points of the horizontal 
steps of the graph — and one additional point for the point (p, n )  of the graph.

This selection determines the graph uniquely. Hence, there are
n + p -  1 

P
graphs

and increasing functions.
A function f  with at most four branches is determined by the selection of four

4
intervals of lengths lj, £  J. = p, and of the sense of increase or decrease of f

l
on each of them; the range of/  on each interval is at most к = 1,. . ., n. An upper 
bound for the number of functions is therefore

24 I  Пli+.. .+U—P j —1

n + l j - X
[ lj 

and (3.7) follows if p ^  n.

1
^ 2 \ n + p ) p £

/ , + . . .  + 1.= P  l l  ! • • • '4  !

4p
= 2 \n  + p)p —
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If we treat a function /  as a p x n matrix, we can generate new functions / '  
by cyclic permutations of the columns of the matrix. For a given /  all n functions 
/ '  obtained in this way are different. We call them equivalent. The following fact is 
essential: If / h a s  at most two monotone branches, then all equivalent functions / '  
have at most four branches.

Consider all np~1 equivalence classes of functions / .  Let a be the number of 
classes which contain functions with at most two branches. Since each such class 
consists of functions with at most four, we have by (3.7), cm :g p~anp, that is a ^  
^  p~anp~1. On the other hand, a function /  with not less than three monotone bran­
ches must contain the configuration of Figure 1, that is ,/m ust contain a supported 
singleton. We have proved:

Fig. 1

P ro po sitio n  3. Among all пр~ г equivalence classes of functions/  all but p~anp~l 
o f them consist solely o f functions with a supported singleton.

4. Main theorems. Theorem 4. Let e > 0 be given, let m satisfy (3.2), then for 
all large n, n 2: n0, all but eB(m, ri) o f the B(m, ri) Birkhoff m x n matrices are singular; 
even more, all but eB(m, ri) o f them have supported singletons.

Proof. Because of (3.3), it is sufficient to prove, for some p, that all but eBp(m, ri) 
matrices of the class Bp{m, ri) are singular (more exactly, that they contain supported 
singletons). We take p so large that p~a < e. In proving our statement, we can replace 
Bp(m, ri) by a set Bp(m, ri) and even by a set B' CZ Bp{m, ri) given by a subset A cz 
cz (1 , . . . ,  m) ofp  elements, on which matrices E £ B ' have singletons, because Bp(m, ri) 
is a disjoint union of the sets B' (with not necessarily the same values of p).

As usual, we identify the set B' with equivalence classes of a certain set of m  x 
x (n — 1) matrices M'. Matrices E £ M ' can be thought of as pairs E =  (/, E), 
where /  is a function on A, with values 1,. . . ,  n — 1, and E  £ M  is an arbitrary 
(m — p) x  (n — 1) matrix with exactly n — p ones. Let ß be the number of matrices 
in M.

We split B' into even smaller disjoint sets B". Each B" — B"c consists of pairs 
( / ,Ё), where /  belongs_to a fixed permutation class C of functions and E ^ M  is 
arbitrary. Since C and M  are invariant under permutations, B"c is a union of equival­
ence classes of M '. Each set B"c contains (и — l)ß  matrices, hence consists of the
same number ß of equivalence classes. Since B' = (J B"c, the set B' consists of

c
(n — \)p~lß equivalence classes. By Proposition 3, except for at most p~a(n — l ) ^ 1 < 
< s(n — l)p-1 sets B"c, each of them contains only matrices with supported singletons,
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hence generates a singular Birkhoff matrix. Hence all but at most e(n — l)p 1 ß = eB' 
Birkhoff matrices of B' are singular .This completes the proof.

T heorem  5. Let s > 0 be given, let m satisfy (3.2). Then for all large n, all but 
eP(m, rí) o f the P(m, n) Pólya matrices are singular.

P roof. We consider the canonical decompositions

(4.1) E — Ex © . . . ® Ex, n = nx + . . .  + nx

of the m x n Pólya matrices E  into m x n, matrices E, that are either Birkhoff 
matrices, or have one column. We prove that for most such E, there are among the E, 
Birkhoff matrices with supported singletons.

For given e >  0, we select a sufficiently large integer p0. The first requirement is 
that p0 S: n0, where n0 is given by Theorem 4. The second requirement for p0 will be 
given later.

We first consider matrices (4.1) with fixed A, nb . . . ,  nx, with the property that 
n, ^  p0 for some /. The probability of Et to be regular is then <  e, the probability 
for E to be regular is even less. Representations (4.1) with different щ .. . . ,  nx give 
rise to disjoint sets of matrices E, hence our conclusion is valid for the set of all 
such E.

Next we consider matrices E  which satisfy и, ^  p0 for all / = 1 , . . . ,  A in (4.1). 
It is easier to handle matrices of approximately equal but not too small length. 
By combining some of the matrices E, together, we can obtain another decomposition 
of E,

(4.2) E = Fx ф  . . .  ® Fß, px + . . .  + pß = n , 

where each Fh l — 1 , . . . ,  p is a Pólya m x pt matrix with

(4.3) P oüP iü  2p0 •

The number of matrices E of this kind does not exceed the number у of all possible 
sums in (4.2).

In order to evaluate y, we start with an estimate of P{m, p) from above.
Using (2.6) and (1.4) we have

P(m,p)

I Q

1 m(p + 1) 1<r m(p + 1)
p + 1 P -  ( m -  l)p P + 1

+ -m — 1

(m—l)(p+l) (m—l)p

-  CZ p3'2 m" 1 + m — 1

where Cx and C2 = Cxe are absolute constants. For p — Pi we have p f312 p,73/2.
If p, р1г . . pß are fixed, the number of representations (4.2) does not 

exceed

П  p (m’ Pi) =  C 2 - i  n  mPl/ = 1 P 0 1=1

{m—l)pi

m -  1 = a
2 рГ 2

m 1 + m — 1
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For given p, there are at most p0 + 1 ^  2p0 choices of p1 (in the interval fp0, 2p0]), 
after that at most 2p0 choices of p2, and so on, altogether not more than (2p0Y  choices 
of ръ . . ., рц. And there are at most n choices of p. We see that the number у of 
representations (4.2) satisfies

У й  п(2р0У П  Р(т, ft) ^ 2 С2 

•JРо
пт 1 + т — 1

( т —1 ) п

We now fix р0 so large that C2 ^  ~  -Jp0 . Then because p ^  n/(2p0),

(4.4) У =s< 2-"/(2p»)nm 1 +
1 (m—1)я

»1— 1

It is easy to estimate P{m, n) from below by means of (2.6) and (1.4):

(4.5) P(m, rí) ^
1

n + 1
mn
n

^  C3 3/2 m" 1 +
I \ (m—1) n

m — 1

From (4.4) and (4.5) it follows that у = o(P(m, rí)). This completes the proof.
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ÜBER CLUSTER SETS ANALYTISCHER FUNKTIONEN

Von

W. LUH (Darmstadt)

Herrn Professor Georg Alexits zum 80. Geburtstag gewidmet

1. Einleitung

Es sei G с  C ein Gebiet, es sei £ ein Randpunkt von G, und die Funktion /  sei 
analytisch in G. Als cluster set S(f, G, £) von f  in G bezüglich £ wird bekanntlich 
die Menge aller Punkte со € C bezeichnet, für welche eine Punktfolge {£„}/=i mit

C„€G (« = 1 ,2 , . . . ) ;  C„^£ ,  Д £„)^ш  («-+<»)

existiert. Eine Zusammenstellung der klassischen Ergebnisse über cluster sets findet 
man bei N o sh ir o  [14]. Ist z. B. £ £ 8G eine wesentliche Singularität der im Gebiet 
G analytischen Funktion / ,  so gilt S(f, G, £) =  C; in diesem Fall ist also S(f, G, £) 
die größtmögliche Punktmenge. Wir werden jedoch hier zeigen, daß es noch “grö­
ßere” cluster sets gibt, sofern diese anders erklärt werden.

Zur Motivierung der neu zu definierenden cluster sets betrachten wir ein inte­
ressantes Ergebnis über das Verhalten der Riemannschen Zetafunktion Z(z) im 
Teilgebiet

H  : = I z : -i- <  R e z <  1

ihres kritischen Streifens. V o ro nin  [21] hat gezeigt, daß zu jeder Kreisscheibe 

В = {z : I z I r] mit r < — und jeder auf В analytischen, nullstellenfreien Funktion 

g eine Folge i reeller Zahlen mit \yn | -» со existiert, für welchej

Z z + 3
T  + iy\

{tl -* oo)

gilt. Ein entsprechendes Ergebnis für allgemeine Eulerprodukte wurde kürzlich von 
R eich  [16] bewiesen.

Das Resultat von Voronin läßt es wünschenswert erscheinen, einen neuen Typ 
von cluster sets wie folgt zu erklären. Es sei G а  C ein Gebiet, es sei £ ein Randpunkt 
von G, und die Funktion f  sei analytisch in G. Ferner sei В с  C eine kompakte 
Menge. Als modifiziertes cluster set S(f, G, £, B) von/in G bezüglich £ und В bezeich­
nen wir die Menge aller Funktionen g, für welche Folgen {a„}”=i und {h„}“=1 existie­
ren mit

a„z + b„ £ G für alle z £ В und alle n 6 N , 
a„ z + b„ £ für alle z £ В und n -> oo
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derart, daß gilt
f{anz + (b„) =y >g(z) (n со).

In dieser Terminologie besagt das Ergebnis von Voronin, daß für die Zetafunktion

Z(z) und jedes Kompaktum В — {z : | z | ^  r} mit r < ~  die Funktionenmenge

S(Z, H, oo, B) alle auf В nullstellenfreien, analytischen Funktionen enthält.
Bezeichnen wir für ein Kompaktum В wie üblich mit A(B) den Banach-Raum 

der auf В stetigen und im Inneren von В analytischen Funktionen, so ist klar, daß 
S(J, G, С, B) stets eine (evtl, leere) Teilmenge von A(B) ist. Unser Ziel ist hier die 
Konstruktion von sog. universellen Funktionen / ,  die ein einfach zusammenhängen­
den Gebieten G analytisch sind und für welche S(f, G, £, B) maximal große Funktio­
nenmengen sind.

Bei den von uns konstruierten universellen Funktionen ergeben sich interessante 
Aspekte im Zusammenhang mit den sog. Universalreihen, die zunächst im Reellen 
bei trigonometrischen Reihen von M en ch o ff  [12] und später bei allgemeinen 
Orthogonalreihen von M a r c in k ie w ic z  [11 ] und T a lalya n  [20] behandelt wurden. 
Siehe hierzu die gute Darstellung bei A lexits [1, S. 143 ff.]. Universalreihen im Komp­
lexen sind konstruiert worden von C h u i—P a r n e s  [3] und L u h  [7, 8, 9].

2. Funktionen mit maximalen cluster sets

Wir bezeichnen mit M  die Familie aller kompakten Teilmengen В с  C, deren 
Komplement zusammenhängend ist.

Durch Anwendung von Ergebnissen der Approximationstheorie im Komplexen 
können wir in einfach zusammenhängenden Gebieten G analytische Funktionen /  
konstruieren, für welche S(f, G, £, B) maximale Funktionenmengen sind.

Zunächst betrachten wir einfach zusammenhängende Gebiete G d  C mit G ф C.

Sa t z  1. Es sei G с  C , G Ф C  ein einfach zusammenhängendes Gebiet. Dann 
existiert eine in G analytische Funktion f  mit der Eigenschaft: Für jedes ( £ 8G und 
jedes B £ M  gilt S(f, G, £, B) = A(B).

Bew eis. Ohne Beschränkung der Allgemeinheit können wir annehmen, daß 
der Einheitskreis D : = {z: | z | < 1} in G enthalten ist. Wir betrachten eine konforme 
Abbildung ф von G auf D und setzen für n £ N:

G„ : = z : z 6 G, I <Hz) I c  1 -  —

1. Es sei {C(fc)}*=i eine Folge mit £(/c) 6 dG für к — 1 , 2 , . . . ,  welche in dG dicht 
liegt. Zu jedem к  £ N wählen wir eine Folge {z<fe)}"=1 mit

z<*> € G\G„  (n = 1 ,2 , . . . ) ,  z<*> -  £<*> (и —> oo).
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Nun wird in induktiver Weise eine Folge {«v}ü°=1 natürlicher Zahlen nv konstruiert. 
Es sei rii =  1 und für ein v ^  1 sei nv bekannt. Wir wählen nv+1 > nv so groß, daß 
gilt

2^) Ä/lv’ A/lv1 z("v) f  G \ G

Ferner sei {rv}“=1 eine Folge reeller Zahlen, wobei rv £ 
daß die Kreisscheiben

so klein gewählt wird,

\z -  z£> I ^  rv (/x = 1,. . . ,  nv)

paarweise disjunkt sind (sofern die Mittelpunkte 2$  verschieden sind) und alle in 
G„v+i\ C „ v enthalten sind.

2. Es bezeichne {6„}«°=o die Folge der Polynome, deren Koeffizienten rationalen 
Real- und Imaginärteil haben. Wir konstruieren eine Folge {Pv}“=0 von Polynomen. 
Es sei P0(w) — 0 und für ein v 2: 1 seien die Polynome P0, • • Pv_! schon bekannt. 
Nach dem Approximationssatz von Runge gibt es ein Polynom Py, welches folgende 
Eigenschaften gleichzeitig erfüllt:

(1) max IВ Д  -  Pv-i(w) I <
Gnv V

(2) max
I w-rfc'l á

Pv(w) -  ß v
( (v + l ) rv ( ß  ~  « v ) ■

3. Die Funktion /  werde definiert durch die Polynomreihe

f(w) : = Z  {A(w) -  Л - 1 И }  •
V — 1

Wegen (1) ist/ eine in G analytische Funktion. Sie genügt wegen (2) für ц = 1 , . .  ., nv; 
v = 1, 2, . . . der Beziehung

max
I I <trv

/ M  -  ß v( (v + 1) rv g  max I f(w) -  PXw) I +
|Н-2^>|5ГУ

max |Pv(w) -  ß v(. • -)l < max
S ír v

00

A=v+1 V

á  Z max |PA(»v) -  Рд-Лт)! + — < Z -уг + V  = : £v
*=v+1 v *=v+i л v

Hierbei gilt ev -» 0 für v -* 0 0 . Setzen wir z : = 
wir also für Ц = 1........я„; v = 1 , 2 , . . . (v + l ) r v

(3) max / í 2 - ^  rvz +  z% -  ß v O O

1*1 3 * S ^T 1 v

• (w — z^), so erhalten

< ev.
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4. Es sei nun ein C € dG, eine Menge В d M  und eine Funktion g £ A(B) gegeben. 
Wir bestimmen ein R 2: 1 so, daß die Menge

, z*dB ^

in D enthalten ist. Die Funktion gR mit

9r (z ) : =  g(Rz) (z d BR)

gehört dann zur Klasse A(ßR). Nach dem Approximationssatz von M ergelyan  [13] 
gibt es eine Folge (v*}"=1 mit vk -* oo für к -*■ oo und

BR : = j z : z = R

(4) max I gR(z) -  QVk(z) \ < ~r ( k =  1 ,2 ,. . . ) .
B r  A

Für genügend große к ist BR enthalten in | z | fS, V/c
vk + 1 , und es folgt mit (3) und

(4) für g = 1, .  . ., nVk und alle genügend großen k:

(5) max
B r

f
vk + 1

Vk
rVkz + z.00 <7*0) <e-  + T '

Gemäß ihrer Konstruktion hat die Menge der Punkte

g = 1 , . . . , п Чк; к  = 1 , 2 , . . .

jeden Randpunkt von G als Häufungspunkt. Es existieren daher Folgen {kJ und
Ws mit

1 й  k s ü  «v*. und z<£> -> C (s-* со).

Setzen wir nun

a, : = + 1
vk,

. y> . --- А * —_ AMs)
R ’ s ' "v*- ’

so gilt as -*■ 0, bs -> C und mit (5) folgt für s -> oo

max I f(as Rz + bs) -  ^Ä(z)| -*• 0.
B r

Hieraus ergibt sich für s -» oo

max |/(a s z + bs) -  #(z) | -* 0, 
в

woraus die Behauptung folgt.

Für den Fall G = C erhalten wir das folgende Ergebnis.
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Satz 2. Es existiert eine ganze Funktion f  mit der Eigenschaft: Für jedes В £ M 
gilt SW, C, oo, B) = A(B).

Beweis. In [9] haben wir zu einer Folge {2„} komplexer Zahlen mit dem Häu­
fungspunkt oo eine ganze Funktion /konstruiert, welche folgende Eigenschaft hat: 
Zu jeder Menge В £ M  und jeder Funktion g £ A{B) gibt es eine Folge {nk} natür­
licher Zahlen mit X„k —► oo und

/ 0  + k„k) =frg{z) (к -> со).

Hieraus folgt unmittelbar die Behauptung.
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DISCRETE POLYNOMIAL SPLINES ON THE CIRCLE

By

K. K. M A TH UR  and A. SHARM A (Edmonton) 

Dedicated to Professor G. Alexits on his 80th birthday

1. Introduction. In 1971, M a n g a sa r ia n  and Schum aker  ( [3 ] , [4]) introduced 
the notion of “discrete splines” and gave its application to best summation formulae 
and mathematical programming. Later Том L yc h e  [2] gave many results for discrete 
splines which are analogues of results for polynomial splines. S chum aker  [8] has 
recently further extended the class of discrete splines to what he calls “generalized 
spline functions” .

The object of this note is to define a class of discrete splines on the unit circle 
and to consider the corresponding interpolation problem. In the limiting case we 
get the results of Sch o enberg  [5] for interpolation by polynomial splines on the 
circle. In the literature, complex splines have received careful attention from A h l- 
berg , N ilso n  and W alsh  [1]. However we prefer to follow the simpler and novel 
approach of Schoenberg.

In Section 2, we state the problem of interpolation and our main result. Section 
3 deals with the 5-splines Mn ix(z) for this class of splines and their Fourier series. 
In Section 4, we obtain the finite Fourier series for the periodic sequence of the 
values of Mn a(z) at the nodes of interpolation. We also obtain two lemmas to eval­
uate the finite Fourier coefficients. The proof of Theorem 1 is given in Section 5. 
In Section 6, we obtain discrete monosplines of least P2-norm. In Section 7, we 
find the fundamental functions of the interpolation problem. We also obtain inter- 
polatory splines of degree n, which interpolate a given polynomial.

2. The interpolation problem. Let U denote the circle \ z \ — \,n , к integers, 
к > n. Let со denote the fc-th root of unity and let a be a complex number with | a | = 1

2n
and 0 ^  arg a < — . If Av denotes the arc from of to eov+1, we shall denote by nk
§<„% the class of complex valued functions S(x) defined on U by the following three 
properties:

(1) S(z) 6 C(U)
(2) On each arc Av, S(z) coincides with a polynomial Pv(z) of degree n

(v = 0, 1........к  -  1).
(3) If n is odd (= 2m + 1), then for v =  0, 1, 2 , . . . ,  к — 1,
(За) Pv(coV) = Pv_1(covolj), j  = 0, ±  1, + 2....... ±  m.
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If n is even (=  2m); then for v = О, I , . . ., к  — 1,
(3b) Pv(w V ) = i \ , - 1(cnva-'), j  = 0, ±  1 , . . ±  (m — 1), m.

We shall call the functions S„(z) discrete symmetric splines on U. Following Schoen­
berg, we propose the following problem:

P roblem  I. Given ij/ =  e,y, cc =  e,ß, у ф 0 , e =  0  or \,fo r  what choices o f n, к, у 
and a does the interpolation problem

Sn(\J/ecoJ) = Wj, j  =  0, 1, . .  . ,k  -  1

admit a unique solution, where Sn(z) £ ?
in

For a  = 1, ф = e k , the problem has been completely solved by Schoenberg

[5] in an elegant way (see also [1]).
A similar class of discrete splines can be defined if we replace (3a) and (3b) 

by (3c):
(3c) Fv(wvccJ) = Pv_1(cova-/), j  =  0, 1, 2 ,. . . ,  n -  1.

We shall denote this class by and shall call it the discrete forward spline. It is 
possible to propose the same problem as Problem I for Sn(z) £ 8 $ k. However, we 
shall not dwell upon this problem here, but we shall refer to it as Problem II. We 
shall make two natural assumptions on a and y. More precisely we require that

2n(a) 0 < ß = arg ос < ——
пк

(b) у -  arg ф is such that either 0 ^  ку iS mß or ж ^  ку ^  2п.
Our principal result is

Theorem 1. I f  ß and у satisfy the assumptions (a) and (b), then the interpolation 
problem I has a unique solution except in the following cases:

Case 1. e = 0, n = 2m, ß = 0, к = 2h.

Case 2. e =  1, n = 2m + 1, у =* к = 2h +  1./С
Remark 1. It follows exactly as in [5] that in either of the two exceptional cases,

there is exactly one spline ,S0(z) £ which vanishes at the к points {фе .
In fact

S0(z) = *£ a M nya(zG>-J)
j=o

where Mn a ( z )  is given by (3.2).

Remark 2. We do not know what happens when n is even and the assumptions 
(a) and (b) on ß and у are omitted. More precisely, when mß < ку < n.

We shall need the identity

(2.1) (x -  1) (x -  a ) . .  . (jc -  a") = " £ ( -  l)v
v = 0

v ( v - l )

(<*)
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w h ere
n+  П

v U
denotes the Gaussian coefficients:

n+  1
v

(a"+1 -  1) (a" -  1 ) . . .  (a"-v+2 -  1)
»  (a -  1) (a2 -  1 ) . . .  (av -  1)

Taking n = 2m + 1 in (2.1) and putting x  = zocm, we get

(2.2)

Set

(2.3)

m 2m +  1

Z (z-«0= Z (-1)j ——m v =  0 {

2m + 1
v

v(v—2m—1)
a 2 z2m+1~ \

(«)

<A«,v(z;a) =
£  (z — cov a j , /7 =  2m  +  1

j=—m
m
£  (z — cov a ') , n = 2m .

j=—m+1

Then it follows from (2.2) that if n is odd (=  2m + 1),

(2.4) 4>„iV(z ;a )=  X ( - l ) v
i=о

2m + 1 -O —2m—1) о m+l-jmyjCO,J .

If и = 2m, then 

(2.5)

J Je«)

< n̂,v(z; a) — (z — o f am) ф„_ 1 ,v(z; a) .

3. The 5-spline Mnix(z) and its Fourier series. Since 5п(г) coincides on 
the arc Av with the polynomial Pv(z), it follows from requirements (3a) and (3b) 
that

Pv(z) =  Pv-i(z) +  Cv</>n>v(z, a ) .

Progressing round the circle, we get the identity

(3.1) z 4 tf» „ ,v(z;a) =  0.
v = 0

k—1
Using (2.4) or (2.5), we see that (3.1) is equivalent to the condition that Y. CjXj 

vanishes if x = 1, со, to2, . . . ,  со". к_г 7=0
The 5-splines are obtained by assuming that £  CjXJ is of least degree. It follows 

as in [5] that the 5-spline M„ x(z) is given by j=0

(3.2)

where

• 00 = - 7 ®  n ! Z ( - I ) f
v = 0 L

+1
V

(n—v) (n—v+1)
CO Ф1 v (z, a )

J<«)

<^iv(z; a) О, z 6 ^ v-i
Фп, v (z; a ) , z M j ,  y ' ^ v .

10 /4е1л Mathematica Academiae Scientiarum Hungaricae 33, 1979



146 К . К .  M A T H U R  AN D  A. SH A R M A

It can be proved exactly as in [7] that every Sn{z) can be uniquely represented
in the form

(3.3) Sn(z) С- M„ a(z, at4 ) .
y =  0

Since z — со" a ' =  a' [z — со" — (1 — a~j)z], it follows that
m m

(3.4) П (z -  = X (- O' (2 -  a>T-'+1°,z',j = о 1=0

where a0 = 1 and alr a2, . . am are the elementary symmetric functions of 1 — a-3, 
1 — a-2, . . . ,  1 — aC m. Hence we have for n = 2m + 1,

1 m m
(3.5) фПу д (z; a) = ------— П (z ~ ""a') П (z ~ <̂x~j) =

\ z  CO )  j = 0  j = 0

2m
=  I  ( - 1  ) 4 . 2m+1zv(z -  ш")2'и+1- ’’,

v =  0

where

J0, 2m+ 1 Ь  ^ . т г  + т  —  ° 1  +  C71; S 2i 2m +  l  — <T2 +  f f 2 +  (T1 <71 •

For и = 2m, we use (2.5) and get

(3.6)

where

(3.7)

2m—1
-  m A |2m -vфп,Л2’ °0 = X ( - 1У̂ .2т2Ч2 -  «"У

■Sv, 2m =  а т К , 2 т - 1  +  (1  -  a  m)  J v_ i ,  2m- l }

Using (3.5) or (3.6) according as n is odd or even, we have from (3.2) after inter­
change of summation

(3.8) M„>tt(z) = X ( -1  ) Х яг 'М «(*)
„ = о  л ( л  -  1 ) . . . ( л  -  V +  1 )  ’

where M „(z) denotes the 5-spline of degree n as given by Sch o enber g  [5]. (Here 
we have slightly changed the notation of Schoenberg to fit into this scheme.) Indeed 
from [5], we have

1 n(n +1) n+1
Mn( z ) = —  CO-  2 £ ( _ 1  у

n \ v=o
n + 1 (П—/1)(Л—Д + 1)

CO
v  JC „)

The Fourier series for Mn(z) is given by Schoenberg [5]:

1

(z -  co")"+- v.

(3.9) M n(z) = —4 X *v*v-i • • • K -nzv, 0 ̂  n < к  -  12 ni -
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(3.9a)

w h ere

К
1 -  oj~v

V
V 1,2, К  =

2ni
1 Г ’

Combining (3.8) and (3.9), we get the Fourier series for M„x(z): 

(3.10) Mn a(z) = —í-r X bvbv_ ! . . . bv_nß(v, rí) z"2ni
where

(3.11) ß{v,n)
П—1
X ( - 0 4j=0

v(v 1) • • • (v -  j  + 1)
n(n — 1)... (л — y + 1)

4. Finite Fourier series for {Мп а(фе(о])}. From the unique representation of 
every s(x) £ as a linear combination of M n< a (zco~J), j  = 0, 1 , . . . ,  к  — 1, it follows 
that solution to Problem I depends on the singularity or otherwise on the matrix 
II -4fn,«0AE®V~0 И . Since {Мп,Л Г(о])} is a periodic sequence with period k, we can 
write

(4.1) Mn,a(rcoj) = *X j  = 0, 1........к — 1 (e = 0 or 1) ,
v = 0

which is called its finite Fourier series. Following Schoenberg [5] it follows that

D et||M „,a0/'W ’- y)ll = kk t f iv .e -
v = 0

We shall prove

Lemma 1. For 0 g  v ^  n, C v , e Ф 0.

Proof. From (4.1), we have

(4.2) ív,a = \  X Mn,. (ГоУ) o r*
K j= 0

so that using (3.10), we easily get

i>VE "
(4.3) Cv,£ = Trrr X bks + vbks+v_-i. . .  bks+v_nß(ks + v, п)ф‘к\

S  ——со

Since 0 ^  v ^  n, one of the numbers v, v — 1 v — n will vanish and since 
bks = 0 unless s — 0, we have

I
ív, a =  - , r - r M v - 1 • • • bv- nß(v, rí) .2m

Also from (3.11), we have

(4-4) ß(v,n) = ^ |p < " - v)(l)n !
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w h e r e

(4.5) P n ( x )  =  I  =

(x — 1 +  a J) , n = 2m + 1

(x — 1 +  a J) , n = 2m .
j s s — m + l

In particular ß(0, n) = 1, ß(\, 2m +  1) = 1, ß{\, 2m) — crm. From Gauss-Lucas 
theorem it follows that p̂ "_v)(l) Ф 0, v = 0, 1, 2, . . n. Thus ß(v, n) Ф 0. Since 
byi by_n are all non-vanishing for 0 ^  v ^  n from (3.9a), it follows that
£v> £ Ф 0. This proves the lemma.

Lemma 2. I f  n +  1 v ^  к — 1, and if r = v — n, we have

(4.6)

where

(4.7)

Cv.e =

C f  PÁx) (I -  x)r 1
ttJ 11 — (1 - w ? " ■2m +1

i r r J A- ‘w  u
(1 -  xY

c =

(1 -  х)кфкЕ

ф х е  n + r

tj- K fx) d x , n = 2m

П о - “  ')>

(4.8) K(x) = 1 -  (1 -  jc>t k — Ъ г — п

2ni [J 

+ 1p~kE(l -  x)k — 2 r — n [1 -  (1 -  х)2г+и]

and

(4.9) /Г,(х) = (x -  1 + o rm) {1 -  ^ -* 8(1 -  *)fc} +

+ ( - l ) ,,+1a - m^ - fc,(l -  x)k~2r~n(x -  1 +  am) {1 -  (1 -  x)ki//ke}.

Proof. From (4.3), we see th a t £v>e =  cN(<x), where c is given by (4.7) and

I!/kcsß(ks + r + n, n)
(4.10) N{a) ^  (ks +  r ) (ks + r +  1) . . . (Ars +  r +  n) sA i(« ) +  Nfoi).

We can rewrite Nf a)  by a change of variable, so that

Il/~kesß ( - k s - k  + r + n;n)
(4.11) iV2(a) =  ( - l ) " +4 “ <:£ Zsto (fe +  к  — /•) (fcs + к — r — 1) . . .  (ks + к — r — ri) 

From (3.8) and (4.5), it is easy to verify that
1

ß(ks + r + n, n)
(4.12) (ks + r) . . .  (ks + -  у  =  ~ т  I Pn(x) (1 -  x)ks+r l d x . r + n) n ! J
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Similarly, we have

ß( — ks — к + n + r, ri)(4.13) (-1 )"  Г I - x
(ks + к — r) . . . (ks + к — r — n) n\ 

From the definition of p„(x) in (4.5), we see that

v. Pn(x)

(4-14) p j

I (1 -  x)ks+k- '~ 4 x .
J I 1 — x)

1 -  X

n =  2m + 1
(1 -  x y  ’

( - l)"a-m(x -  1 + аm)Pn-Áx)

Combining (4.10) and (4.12), we have
l

(4.15) а д  = -^j- j  pn(x) y

(1 -  x y

(1 -  *)'

, n =  2m .

(1 -  x)k\l/ke dx for all n.

From (4.11), (4.13) and (4.14), we have

(4.16) N 2(a) =

1 f ( -1 )"+V»W (1 -  x)‘,k—r—n—1 ф —ks

dx for n = 2m + 11 -  (1 -  x)kil/~kE 

n+1 Pn-l W ( l  + «~m(x -  1))(1 -  х У - ^ ф - ^
1 -  (1 -  х)кф~кЕ 

From (4.15), (4.16) and (4.10), we get iV(a) which easily gives (4.6).

d x , 

n — 2m .

5. Proof of Theorem 1. In order to prove Theorem 1, it is enough to show 
that none of the Cv,c’s vanishes. For 0 ^  v Si n this follows from Lemma 1.

For n + 1 iS v & — 1, we use (4.6) in Lemma 2 and observe that if n = 2m + 1, 
we have

m
pn(x) = X П  I X -  1 + crj I ^  0 in [0, 1].

j =1
We shall now consider two cases.

Case I  (n is odd). If e = 0, (4.8) shows that K(x) > 0 in (0, 1). Therefore,
Cv, о ^  0 .

If e = 1 and к — 2r — n = 0, we have

K(x) = (l + ф~к) (1 -  (1 -  x)k) 

which shows that K(x) = 0 if and only if ф~к =  — 1.
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If £ = 1 and к — 2r — n Ф 0, we see that for 0 < x < 1

Im(tf(x)) = -  sin ky • (I -  x)k~2r- n [1 -  (1 -  х)2г+л] < 0

so that
lm С», l Ф 0.

This proves the theorem, when n is odd.

Case II (n is even). In this case p„_i(x) 3: 0. If e = 0 and a = 1, we have from

K^x) = x{l -  (1 -  x)k} {1 -  (1 -  x)k- 2r~n}
(4.9)

which vanishes if and only if к  — 2r — n — 0.
If e = 0 and а Ф 1 (i.e., ß #  0), we have

Im K,(x) = -  sin mß {1 -  (1 -  x)k} {1 + (1 -  x)fc- 2r- n+1} ^  0

so that Cv, о #  0, when а Ф 1.
If £ = 1, since a =  eiß, iß = eiy, we have after some simplification

m к

x ĵ sin

1 т [ В Д а 2  ф*] = - [ 1  +  ( 1  -  x)k- 2r~n] x

{1 _  (1 _  * ) - }  + sin " * ± * I « 1  -  X ) -  (1  -  x)‘}1

, „ , . mß — ky mß + kyIf 0 ^  ky ^  mß, both sm-----------and sin ------------ are non-negative, since nß <
2 л . n< —— i.e. mß < — . к к

Hence we have

(5.1)
m к

Im [а " ® " Ki(x)\ in (0,1).

, , , n mß + ky nSimilarly, if 0 ^  mß < ky and n < ky < 2n, we have — s  ----------- < n +

so that sin ^  2 > sin ^ . Since 1 — (1 — x)k+1 > (1 -  x) — (1 — x)k,

we see that in this case

(5.2) Im[a2 i/r2 АГх(х)] > 0  in (0, 1).

Combining (4.6), (5.1) and (5.2), we see that
m к

Im (a2_̂ 2"Cv>1) # 0 ,

so that £v>! Ф 0. This completes the proof of the theorem.
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6. Discrete monospline of least Z,2-norm. If S(z) 6^%, we shall call K(z) a discrete 
monospline of degree n + 1, if

_л+1
( 6. 1) K(z) =

(П + 1)!
- 5 ( z ) .

We want to determine the discrete monospline of least L,-norm. The most general 
element S(z) £ of* \̂ is given by

( 6 .2) S(z) = ~г~—г Ё *v-i • • • K _n ß{y, ri) zv qv2711 __

where {t/v} is an arbitrary periodic sequence of numbers of period k. From (6.1) 
and (6.2), we have on using Parseval’s formula:

Z71

\ т \ ч е  = l
~ b n+1. . .  bx ß(n +  1 ,n ) q n+1

+ l>?n+il 
4 я2

1

(n + 1)! 2ni

E I bv Ьу_г . . . I2 I ß(v, ri) I2 +
V = « + l(/c)V=£/t + l

+  - г г - E  E  I*v *.-1 - . .  *V-„I2 I>S(V,/*)|2.471 1=0 v=/(fc)/*л+1
Since ß(v, ri) Ф 0 for all integers v (from (4.4), (4.12) and (4.13)), we have

E  \byby_x . . .bv_n\2 \ß(v,ri)\2 > 0
y=l(k)

so that to minimize || К ||2, we must have q, = 0, / = 0, 1 , . . . ,  n, n + 2 , . . . ,  к — 1. 
Hence

= £  Mv-i...*v-„/?(v,n ) z \(n+ 1)! 2m v=„+i(fe)

Since K(coz) = co"+1K(z), we can rewrite

K(z) =
~n + l

a E
ß(ks + n + 1 ,ri)z‘ks + n + 1

(n + 1)! t Ĵ a> (ks + l) . . .  (ks + n + 1) ß(n + 1, ri)

Repeating the reasoning of S ch o enberg  in [6], we now have

T heorem  2. The unique monospline of the form (6.1) of least L 2-norm is given by

(6.3) 

where

(6.4)

K*(z) =
-n+l

К  Sn{z)

s„(z) = E

(n+  1)!

ß(ks + n + 1, ri) zks+n+1
_«> ß(n + 1, ri) (ks + 1) (ks + 2) . . .  (ks + n + 1)

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



152 К . К . M A T H U R  A N D  A. SH A R M A

and

(6.5) 2 * — z
ß(ks +  n + 1, n) 

ß(n + 1, n)
______  ((« + l)!)2 ____
p / +  1) . . . ( k s  + n + l)]2 •

tion

(7.1)

7. Fundamental functions lS*\{z). The element £(°pc(z) £ satisfying the rela-

i $ .  m  = 1
A>,e (<A£ <Oi) = 0 , j  = 1,2........к — 1

is called the fundamental function of the interpolation problem. It is easy to express 
the function L^\{z) in terms of the 5-splines and the numbers of (4.1). Indeed 
we have
(7.2) L f t (z) = t  aj M„tX (z(o~J)

where

(7.3)

j=o

aj = к- 2 £  ofJ .

This can be verified from (4.1) and (7.1).
From (7.2) and (7.3), we can now easily show that the unique spline S(z) d § ^ k 

interpolating the polynomial zr, 0 g  г ^  к  — 1, is given by

zr , 0 й г  й п
(7.4) S(z) =

4 -C T l Z  ™vr M n,'(za> r\
A  v = 0

n + 1 ^  г ^  к — 1.

From (3.10), we can obtain the Fourier series for S(z), which interpolates zr 
at the co'’ipe (v = 0, 1, . .  ., к — 1):

(7.5)

where

S(z) = C £
ß{ks + r, ri)

(ks + r) (ks + r — 1) . . .  (ks + r — n)

-1 r

,ks+r

с = П (1 -co~J).

Since S(z) satisfies the fundamental equation S(coz) = ofS(z) we may call S(z), 
an (r, a)-flower in the footsteps of Schoenberg [6].

R em ark  3. Recently in a forthcoming paper, J. T zim ba la r io  [9] has given a 
unified treatment of cardinal polynomial spline interpolation, trigonometric inter­
polation and interpolation by splines on the circle. It would be interesting to see 
how far his method can be adapted to resolve our problem.

We would like to thank Professors Al-Salam and A. Meir for discussing the 
problem with us and to Dr. A. Meir for suggesting Problem I.
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APPROXIMATION BY QUADRATIC SPLINES

By

A. MEIR (Edmonton)

Dedicated to Professor G. Alexits on his 80th birthday

1. This note presents an approximation method to continuous functions by a 
sequence of quadratic spline functions with equidistant nodes. Features which make 
the procedure noteworthy are:

(i) For any given function /(x ), the corresponding spline approximants Ф„(/; x) 
are given by simple formulae requiring only the values of /  at equidistant points.

(ii) The Ф„(/; x) are continuously differentiable, while we do not have to assume 
the same concerning/(x).

(iii) For convex functions f(x), we have Фи( / ; x) g: f(x) for all n and x.
For definitions and earlier results we refer the reader to [1], [4] and [5] and 

for related results to [2], [3] and [6].

2. We formulate our result for functions /  defined on [0, 1]. For convenience
к -  1 2k — 1

we shall use the notation xk = -----— , 4  = --------- , к = 0, 1 , . . . ,  n + 1 andn 2 n
extend the definition of /  outside [0, 1] by /(£) = /(0) for £ < 0 and /(<;) = / ( l )  
for f  >  1.

T heorem. Suppose f  £ C[0, 1] and that f  is the integral o f  £ BV[0, 1]. For 
n = 1 ,2 , . . .  let the spline approximants Ф„(/; x) be defined by

(2.1) Ф Л ; x) = /(0) + £  Ш )  (x -  xk) l
k = 0

with

(2.2) W )  = \  I/(4+i) -  3/(4) + 3A4-i) -/(4-2)] •
Then we have

(2.3) \\фп( П - Л \ » й

(2-4) II Фя(/)  - / I L  ^

where Vl is the total variation o f f .
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3. We shall need the following

L em m a. For fixed C, g  C =  £ * + 1  (/c =  0, 1 , . . //) let

Fk(x; £) = йд(с) (x -  x k)% + bfc) (x -  xk+1)l + ck(<i) (x -  xk + 2f+

with

(3.1) ak( 0  =  (2k +  1 -  2л  c )  , 6^(i) =  n (n q - k ) ,  ck{£) =  -  ~ ( 2 n £ ~ 2 k  +  1).

Then

(3.2) F*(x; C) = (a -  c)+ for x k > x  or x  > x k+i,

(3.3) F*(x ; 0  ^  (x -  0+ for all x ,

and !

(3.4) f  [Tk(x ; 0 - ( x -  ö +] d x ü - ^ r  
0

for ££ [0, 1], к  = 0, 1 , . . . ,  л.

Proof. If we solve the indetity

ak{x -  xkf  + bk(x -  x*+1)2 + ck(x -  xk+2)2 = x  ~  i

valid for x > x k+2, we obtain for ak, bk and ck the formulae given by (3.1). This proves
(3.2), (3.3) and (3.4) follow by straightforward computations.

Proof o f th e  T heorem . We define f { f )  =  0 for <; < 0 and с > 1 and set

(3.5) Ф„(Г, x) = / ( 0) + £  Гk(x; c)df(q)
k=o ak

with Гk(x ; q) as given in the Lemma. Evaluating the various integrals yields, after 
combining suitable terms, that Ф„(/; x) is given by (2.1) with 2k( f)  given by (2.2). Note 
that all those terms obtained by integration which involve values o f f ,  vanish through 
summation; hence the coefficients 2k(f) involve values of /  only.

In order to prove (2.3) we observe that for a € [0, 1] we may write

(3.6) f(x) = Д0) + f i *  -  c)+ df(0
£o

since £0 < 0, £„+1 > 1 and f{£ )  = 0 for £ < 0 or £ > 1. From (3.5) and (3.6) 

J I <P„(f; x) -  f{x) I dx й  X  J I df i(0  I J [Гк(х; 0  -  (x -  0+]dx
0 k = 0 0
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which,on account of (3.4) ^  — y . The inequality (2.4) can be established by similar 
considerations.

Remarks. From (3.3), (3.5) and (3.6) it follows that Ф„(/; x) Si f(x) for all 
x 6 [0, 1 ], if/is  a convex function. Clearly the opposite inequality holds if/is  concave. 

It follows from (2.2) that if /h a s  a bounded third derivative in [0, 1], then for
1the coefficients l k{ f) we have / / / )  = О II/'" И for Ъ й к й п  -  1.

Examples. If /(x) = x, then Xk(f) = 0 for к  S: 3, hence Ф„(/;х) reduces to

, so that Ф„(/; x) = /(x )  for — ^  x ^  1 in this case.
n

„ 1 1 2
If /(x )  = x2, then Xk{ f)  = 0 for к Si 3, so Ф„(/; x) = —

n 1 1 2 “
— X +  — -  x ------4 n n + _

8
x 4-----n + — r +4

1 l
+  -ТГ \ X --------- . Hence, if — ^  x ^  1, Ф„(/; x) = /(x) + . Since now V, = 2,

n у  An
we have in this case || Ф„(/ )  — / | | t i /  — . This shows that our estimate (2.3) isО Unot far from being best possible.
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EXPONENTIAL ESTIMATES FOR THE MAXIMUM  
OF PARTIAL SUMS. I

(SEQUENCES OF RV’S)

By

F. MÓRICZ (Szeged)

Dedicated to Professor G. Alexits on his 80th birthday

§ 1. Introduction

Let {c,k\ be a sequence of random variables (in abbreviation: rv’s). Set
b + m

S(b, m) = X &
k= b  + 1

and
M(b, m) — max | S(b, k) | (S(b, 0) = M(b, 0) =  0),

1 srsm

where bet 0 and m S; 1 are integers. It is not assumed that the £,k are independent 
or that they are identically distributed. The only restriction on the dependence will 
be that imposed by the assumed bounds of exponential type on P{ \ S(b, m) | ^  1} 
for 0 < X < Л. These bounds are guaranteed under a suitable independence assump­
tion (e.g., mutual independence, martingale differences, strong mixing, weak multipli- 
cativity, or the like).

In the following, g(b, m) will denote a non-negative function depending on the 
joint df of £Ä+1, (;b+2.........£b+m, and having the property

(1) g(b, h) +  g(b + h, m -  h) <: g(b, mi)

for all b ^  0 and 1 g  h < m. In other words, condition (1) means that g(b, m), 
as a function of the interval [b + 1, b + m], is “superadditive”. Examples are

b+ m
g(b, m) = m“ with an a ^  1 or g(b, m) — £  a\, in the latter case assuming the

k= b  + 1
existence of the finite variances <r| of the rv’s <ik.

The upper bound for P{| S(b, m) | ^  1} will be considered in the form of a rather 
general condition:

(2) P{\ S(b, m ) \ ^ A ) ^ C  exp | -  — ) ,

where X £ (0, Л), 0 < /1 ^  oo, C is a constant, and g(b, m) satisfies (1). Throughout 
the paper, Л denotes a fixed positive number or oo, and Cl5 C2, Cy, and C6 denote 
positive constants.
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In case g(b, m) = 0 for a certain 6 2  0 and m 2  1, the right-hand side of (2) 
is equal to zero for all X > 0 as an agreement. That is P{\ S(b, m) \ = 0} = 1 which 
means S(b, m) — 0 almost surely (in abbreviation : a.s.).

We note that condition (2) is satisfied, among others, with C = 2, Л = oo,
b + m

and a function g{b, m) proportional to £  o\ if {£*.} is a sequence of uniformly 
bounded k=b+1

(i) independent rv’s, or
(ii) martingale differences, or

(iii) multiplicative rv’s.
The notion of multiplicativity is due to Alexits [1, pp. 186— 187] and means that 
for each choice 1 ^  kx < k 2 < . . .  < kr, r 2  1, we have

(3) E(ikJ k, . . . S k )  =  0.

§ 2. Main result

The following theorem, which is our main result, will certainly have a broad 
scope of applications.

Theorem 1. Suppose that there exists a non-negative function g(b, m) satisfying 
(1) such that (2) holds for all X £ (0, Л), b ^  0, and m 2; 1. Then, for any 0 < e < 1, 
there exists a constant C, = Cx(e) such that

p {M(b,m) i X ) S c ^ P

holds for all X £ (0, Л), b^. 0, and m l.

Proof. The proof is based on the “bisection” technique (see, for example, 
Billingsley [2, pp. 87—103]), which goes back to Rademacher and Mensov.

We are to find two positive constants Cx and C2, the latter as close to 1 as wanted, 
such that

(4) P{M(b, к) ^  X} g  Cx exp C2/-2 j
gib, k) j

holds true for all X £ (0, Л), b ^  0, and к iz 1.
The proof goes by induction on k. For к =  1, inequality (4) is an obvious 

consequence of (2) provided Cx 3: C and 0 < C2 ^  1. Assume now, as induction 
hypothesis, that (4) holds for all к < m (and for all b 5; 0), and prove it for к — m 
(and for all b 2:0). For a fixed b ^  0 two cases are possible: g(b, m) = 0 or g{b, m) ф 0.

Case 1. If
(5) gib, m) = 0

for some b, then by (1) we also have g(b, k) = 0 and, consequently, S(b, k) = 0
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a.s. for к — 1,2, . . m. Hence Мф, m) =  0 a.s. or, equivalently,

P{M{b, m) Si A} = 0 for all A > 0 .

This means that (4) obviously holds.

Case 2. Let a be a real number that will be determined later. For the moment 
we only assume that 0 < a < 1. Since now g(b, m) Ф 0, there exists an integer h = 
= A(a), 1 ^  h ^  m, such that

(6) g{b, h — 1) й  a 9ib, m) < gib, h) , 

where gib, h — 1) on the left is 0 if A = 1. Then (1) implies

(7) gib + A, m -  A) g  gib, m) -  gib, A) < (1 -  a) gib, m).

It is clear that, for 1 ^  к  <  A, we have

and, for A ^  к ^  m,
I Sib, к) I g  Мф, A -  1),

I Sib, к) I ^  I Sib, A) I +  Мф + h,m  -  A) .

Hence, for all A > 0, we have

P{Mib, т ) ^ к } й  P{Mib, A — 1) Si A} + P{| S(A, A) | +  M{b + A, m — A) Si A} . 

If Al and A2 are positive numbers and Ax + A2 = A, then 

(8) P{ Af(A, m) ^  A} ^  P{M(A, A -  1) Si A} +

+ P {  15(A, A) I S> Ax} + 7>{Af(A + A, m -  A) ^  A2} .

Applying the induction hypothesis to A — 1 < m, we have

C2A2
Р{Л/(А, A -  1) ^  A} ^  Cx exp

#(A> A -  1)J’
and by (6)

(9) P{Mib, A -  1) ^  A} g  Cj exp - C2A2
адф, m)

for all A £ (0, /I). Applying the induction hypothesis now to m — h < m and using 
(7), we find that

(10) P{Mib + A, m -  A) ^  A2} ^  C1 exp [ -  Ca ̂

for all A2 £ (0, Л). Finally, by (2)

( 11) P{|S(A,A)| ^  Ax} ^  Cexp A?
gib, A)

^  C exp —

«) g(b, m)

A?
#(A, w)
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for all Ях£ (О, Л). Putting the inequalities (9)—(11) into the right-hand side of (8), 
we arrive at

( 12) P{M{b, m) S: 2} ^  Q  exp С2Я2 
a#(6, w)

-I- Cexp
#(6, m))

+ C\ exp С2Я2 
(1 -  a)g(b ,m )t

Let us choose a, Ях and Яа in such a way that the three exponents on the right- 
hand side of (12) coincide (do not forget that 0 <  a <  1 and ^  +  Я2 = Я!). This is 
the case if

(13) 

and

(14)

From (13) it follows that we necessarily have 1/2 <  a < 1. For the moment assume 
that such a choice of а, Ях and Я2 is possible.

Then inequality (12) may be rewritten as follows:

P{M(b, m) 2; Я} ^  3 Cx exp с 2я2 I
ccg(b, m)J

Here the right-hand side does not exceed

provided

Cx exp
С2Я2 j

gib, m)J

_ с 2я2_ <  с 2я2
a gib, m) = g(b, m) ’

which is so, when g{b, m) is not too large:

(15) gib, m) g
(1 -  «) С2Я2 

a In 3

Thus we obtain the wanted (4) under the assumption (15). 
On the other hand, if (15) is not satisfied, i.e., if

(16) gib, m) > (1 -  «)С 2Я2 
a In 3

then by choosing 
(17) Q  1  3i/(1_I),
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we have

Cj exp
C2A2 

gib, m) > Ci exp a In 3 
1 — a ^  1.

Consequently, (4) holds again, since in any case P{M(b, m) ^  A} iS 1.
The cases (5), (15), and (16) together cover all possible values of g(b, m). This 

completes the induction step.
Finally, we have to check that a, Ax and A2 can be chosen in such a way that 

(13) and (14) be fulfilled. If a is sufficiently close to 1 (from below), then by (13) 
the ratio л2/ /2 can be made as small as required. Then + A2 = A shows that Af/A2 
can approach 1 (from below) within any prescribed accuracy. By (14), we have 
C2 = ocA2/A2. Summing up the above reasoning, we can fix an a = a(e) so that C2 ^  
^  1 — e. By (17), the constant

Ci = max (C, 3a/(1~a))

will be appropriate for us.
Thus Theorem 1 is completely proved.
We note that since a(e) -> 1 — 0 as e -> +0, therefore Cfe) -* +  oo as e -> +0.

§ 3. A few remarks and supplements

In most cases it is enough to use the following less sharp result instead of Theo­
rem 1.

Theorem 1*. Suppose that there exists a non-negative function g(b, m) satisfying 
(1) such that (2) holds for all A £ (0, Л), b ^  0, and m 2; 1. Then

P{M(b, m) ^  A} ^  max (81, C) exp A2
59(b,m)i '

Indeed, let a =  4/5. Then, by (13), A2 = A/2. Hence Aj = A/2 and, by (14), 
C2 = 1/5. Finally, by (17), Q  ^  81.

The method of proving Theorem 1 applies in treating the more general case, 
when A2 in the exponent of the right-hand side of (2) is substituted by a function </>(A), 
defined on [0, Л), subject to the following weak assumptions:

( i )  Ф(0 )  =  0 ,
(ii) ф(А) is strictly increasing on [0, Л), and

(iii) ф(Х) is continuous on [0, Л).

T heorem 2. Suppose that there exist a function ф{Х) with the properties (i)—(iii), 
and a non-negative function g(b, m) satisfying (1) such that

P{ I S{b, w) I ^  A} ^  C exp Ф(А) 
gib, т)
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holds for all A £ (О, Л), b ^  0, and т ^  1. Then

and even C2 can be made, by increasing Clf as close to 1 as required.
To obtain upper bounds of exponential type for P{M(b, m) ^  A} another 

approach was used in [4]. We recall a theorem, proved there.

T heorem  A. Suppose that there exists a non-negative function g(b, m) satisfying 
(1) such that
(18) £{ехр(А I S(b, m) |)} i£ C exp(A2 g(b, m))

holds for all A > 0, b ^  0, and m ^  1. Then

£'{exp(A M(b, /и))} ^  8C exp(12A2 g(b, m) ) .

In comparison with Theorem 1*, an essential difference is that the fulfilment 
of (18) for all A > 0 is required, while (2) need hold only in a (right-hand side) 
neighbourhood of A = 0. Unfortunately, we are not able to prove Theorem A when
(18) is satisfied merely for A £ (0, Ä) with finite Л.

On the other hand, the proof of Theorem A given in [4] makes use of no full 
power of a probability space. Theorem A is true on any measurable space {X, аЯ, p), 
taking integrals over X  with respect to p in place of the expectations. The above 
proof of Theorem 1 (and so that of Theorem 1 *), on the contrary, heavily uses the 
finiteness of the underlying measure space. Namely, the argument in the case of (16) 
breaks down if p(X) = oo.

§ 4. Applications: LIL, convergence rates in the LIL and SLLN, 
complete convergence of normed M n

It turns out that the part of the LIL is a consequence of the inequality (2) 
of exponential type. The results below can be obtained by adaptation of more or 
less standard arguments (see, e.g. [6]) by making use of Theorem 1*. Therefore we 
omit their proofs (as to the details we refer to [4] where the proofs are performed 
in the special case b+m

g(b, m) = C X °l)-
*=*+i

In case b = 0 we shall use the abbreviated notations

5(0, m) = S(m), M(0, m) = M(m) and g(0, m) = g(m); 

furthermore, set
d(ni) — g(m) — g(m — 1) for m Sí 1 (g(0) = 0).

The following theorem is the part of the LIL under fairly general conditions.
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Theorem 3. Suppose that there exists a non-negative function g(b, m) satisfying 
(1) such that (2) holds for all X > 0, b ^  0, and m ^. 1. I f  g(m) -* go as m ->• oo, then

(19) P lim sup
m-+ oo

_____ I S(m) 1_____
(g{m) In In g(m))1/2 = 1 .

We remark that the conclusion of Theorem 3 in the special case g{b, m) = 2B2m 
was proved by Serfling [8, Theorem 4.1] for uniformly bounded rv’s, \£k \ ^  В 
a.s. (k — 1 ,2 ,. . .) ,  having the following two properties: 

a) for every у > 2

E I S(b, m) I* g  Cy m»12 {b ^  0, m ^  1),

b) for every X > 0

P{| S(b, т ) \ ^ Х } й 2  exp (b ^  0, m ^  1) .

Due to the maximal inequality of exponential type in Theorem 1*, condition a) is 
superfluous.

Turning to the convergence rate in (19), we can state

Theorem 4. Suppose that there exists a non-negative function g(b, m) satisfying 
(1) such that (2) holds for all X > 0, b ^  0, and m ^  l . I f

g(m) —> oo and d(m) = o{g{nij) as m -*■ oo ,

then, for any 9 > 1, we have

(20) — Pl sup___ № ) L _ _
g(m) In g(m) | k f̂m (9g(k) ln ln g(k))lß > 1 < oo

If the factor (9 In In g(k))1/2 in the expression (20) is replaced by a less sharp 
factor (In In д(к)У12 or by an even rougher factor (In д(к)У12 with an a >  1 in both 
cases, then an essentially better rate of convergence, not depending on a, can be 
achieved.

T heorem  5. Under the conditions o f Theorem 4, for any a > 1 and ß > 0, we
have

« H f l
m g{m) 1

\ m \

and

ktzm (g(k) (In In g (k jy f12

I а д  I

> l l  <  00

I  адл-ц- 2  — ill <00.

This theorem essentially improves a result of Serfling (8, Theorem 5.3].
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A trivial consequence of the L1L is that S(m)/g(m) -» 0 a.s. as m -» со. It is 
of some interest to obtain information on the rate of convergence in this SLLN.

T heorem  6. Suppose that there exists a non-negative function g(b, tri) satisfying 
(1) such that (2) holds for all X > 0, b Si 0, and m ^  1. Furthermore, suppose that with 
a ß > 0 we have

mß - 0(^g(mj) and d(m) = o(g(mj) as tn -*■ oo .

Then, for any positive numbers e and x < exp (e2), we have

£  rs(m)P j sup
m I k>m

№ )1
g(k)

> £ OO.

Now we come to the question of norming Mini) suitably (say, into the form 
M(m)/c(m), c(m) is a sequence of numbers) in order that it converge completely 
to zero in the sense of Hsu and R o bbin s  [3]. The following result is a simple con­
sequence of Theorem 1*.

Theorem 7. Under the conditions of Theorem 6, for any e >  0, we have

Z p
M(m)

(y(m)g{m) In g(m))y2
f  E < 00,

provided v(m) -► oo as m. oo.
We note that in the special case when the £k are independent and g(b, m) =
b+m

— 2 Z  at, the statements of Theorems 3 — 7 are well-known. For multiplicative
*=*+i

rv’s various extensions of the LIL have been made by many authors (see, e.g., [7] 
or [5], the latter containing a historical review). Our Theorem 3 covers almost all 
of these results as far as the “ g ” part of the LIL is concerned.

To be more specific, let {фк} be a sequence of rv’s with the following properties:
(1) \ф к \ й В  a.s. (k = 1 ,2 ,. . .) ,
(ii) for each even number r ^  2

WT =  ( Z E \ K  Фк,--- фкг) )1/2 < CO ,

(iii) W = lim sup W fr < oo,
Г-Э-00

and let {%} be a sequence of numbers. Then inequality (2) is satisfied for the sequence 
{Zk = акфк} with b+m

g(b, m) =  2(B2 + fV2 + Ő) £  a\
k = b+ 1

and C = Cd for every <5 > 0 (cf. [5, Lemma 2]). Consequently Theorems 3 — 7 are
b + m

valid for such sequences {£*.} of rv’s if we substitute 2(B2 + W2) £  a\ for g(b, m) 
in them. k=b+1
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The above conditions (ii) and (iii) express a certain kind of weak multiplicativity 
of the sequence {фк} of rv’s. In particular, if {£k = фк} (ak = 1) is a multiplicative 
sequence of rv’s (i.e. satisfying (3)), then (ii) and (iii) obviously hold with W = Wr = 0.
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NIKOLSKII-TYPE INEQUALITIES IN CONNECTION 
WITH REGULAR SPECTRAL MEASURES

By
R. J. NESSEL and G. WILMES (Aachen)

Dedicated to Professor George A lexits on the occasion o f  his eightieth birthday on January 5, 1979.
in high esteem

1. Introduction. If Lf*, 0 < p g  со, is the space of 27t-periodic functions, plh 
power integrable over (— n, it], Holder’s inequality states that for any / £ L$n and 
0 < q ■йр oo

(1.1) liyili, 2я — IITIIp, 2л*
In the case of functions with compact spectra, thus for trigonometric polynomials

П
tn(x): =  Yj ck exP {ikx}, N ikolskii [10] proved a converse result, namely for

k  — — n
0 < p ^  q ^  oo

(1.2) 1КП,,2* á  CPiqnllp~llg\\tn\\Pt2n.

There are counterparts for polynomials in several variables as well as for entire func­
tions of exponential type, also connected with the names of D. Jackson, M. Planche- 
rel, G. Polya, G. Szegő, A. Zygmund; for all the details and comprehensive biblio­
graphical comments see [8, 15, 16].

The aim of the present note is to construct a framework which enables one to 
consider inequalities of type (1.2) within a general class of orthogonal expansions in 
Banach spaces.

To this end, Section 2 develops a multiplier concept for Banach spaces X  which are 
admissible with respect to a regular spectral measure E for some appropriate Hilbert 
space H. This continues and extends slightly our approach given in [4] which already 
turned out to be quite useful in connection with other generalizations (cf. [16] and 
the literature cited there). Let us mention that the classical situation (1.2) is covered 
for 1 rg p iS oo with H  =  L\% and X  =  1 g p < oo, or X = L%n =  (L\n)*,
respectively. Section 3 defines polynomials in this general frame and sets up de la 
Vallée Poussin (or delayed) means (see Theorem 2), a basic tool in the treatment of 
problems (such as (1.2)) concerned with functions having compact spectra. Section 
4 first deals with interpolation of admissible Banach spaces. Here we only discuss 
the real method of Lions — Peetre but other constructions such as the complex method 
of Calderon may be considered as well (see [9, 18] for details). This is then used in 
Theorem 3 to derive general Nikolskii-type inequalities. Finally, Section 5 is con­
cerned with some applications to illustrate the wide applicability of the general results 
obtained. While Section 5.1 considers trigonometric polynomials in several variables 
for different scales of admissible Banach spaces, Section 5.2 treats the (continuous)
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Fourier spectral measure in order to derive Nikolskii-type inequalities for entire 
functions of exponential type in Besov spaces. Such inequalities may be used to 
deduce some sharp estimates of Z ygmund [20] concerning best approximation by 
entire functions of exponential type in //-spaces, 1 < p < oo. Let us emphasize 
that one may give many further applications to other specific, discrete or continuous 
orthogonal expansions such as to those into Hermite or Laguerre functions, Jacobi 
polynomials or Hankel transforms in various weight spaces. For all the details, howe­
ver, we refer to [9, 18]; see also [7].

Though our approach is rather general, let us also point out that it does not 
give any contribution to the problem of best constants in (1.2) (or in related inequali­
ties) — still an open problem — nor does it enable one to recapture the classical results 
for the quasi-Banach spaces L%n, 0 < p < 1.

The contribution of G. Wilmes was supported by Grant No. II В 4 — FA 7109 
awarded by the Minister für Wissenschaft und Forschung des Landes Nordrhein- 
Westfalen which is gratefully acknowledged.

2. Multipliers for admissible Banach spaces. Let C, R, Z, P, N be the sets of 
all complex, real, integral, non-negative integral, and natural numbers, respectively. 
For any complex Banach space X  let [X, X] = [X] be the space of all bounded linear 
operators of X  into itself, X* — [X, C] denoting the dual space of bounded linear 
functionals on X.

For a complex Hilbert space H  with inner product (•,•) let E  be a (countably 
additive, self adjoint, bounded, linear) spectral measure in RN, the Euclidean IV-space
with inner product uv: — £  UjVj and norm |w|: = Juu, i.e., E  maps the family

j=1
I  of all Borel measurable sets in R v into the set of all self adjoint projections in [H ] 
such that ( 0  being the void set, /  the identity mapping)

(i) £((Tj П o’2) = Д 0 1 ) Д о 2) for all аъ <т2 £ I ,
(ii) E (0 )  = 0, E(RN) = /,

(ill) E U °> = £  where oj £ I ,  а, П Oj =  0  for i Ф j.
0 = 1  7=1

Then for any т £ L°°(R V, E), the space of complex-valued, F-essentially bounded func­
tions, the integral

(2. 1) T x : = \ t(u) dE(u) 
rv

is well-defined as an element of [H\. Moreover, the map т -> T T has the properties 
that (t, tj, t2  £ L°°(Rn, £))

(2.2) [ r,(w) г2(u) dE(u) = [ j Ti{u) dE(u)] [ ( x2(u) dE(u)],
r v rn r v

(2.3) II Tr ||[Я] = И г []„,£ : = E -  ess sup 11 (и) | ,

(2.4) (T% g) = (/, T 'g ) ,
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the bar denoting the complex conjugate number. In other words, the map т -> T x 
is an isometric homomorphism of the algebra L°°(RN, E) onto a commutative sub­
algebra [Щм  of [H\. For these basic facts compare [5, p. 900].

Now let X  be a Banach space such that

(2.5) I f ]  H n' l|jr = X , X  П # 1М1я = Я ,

i.e., X  П H  is dense in X  and H. Then, according to [4] (compare also [12, pp. 3, 
121 ]) г £ Lx (Rn, E) is called a multiplier on X  if for each/ £ H  f| X

(2.6) Г / : = / ' :  =  |ф ) Ж ( « ) / С Я  Ш ,  \ \ Г \\x Ú A \\f\\x .
Rv

In view of (2.5), the closure of T x (it shall be denoted by the same symbol) belongs 
to [X]. The set of all multipliers т on X  is denoted by M  = M(X, E, H), the corres­
ponding set of multiplier operators Tr by [X]M. Setting

(2.7) И r i b , :  -  IIГ  ||m  : = sup { ||/т Ц* ■, f £ H  f) X, \\f\\x  й  1} ,

M  is a commutative Banach algebra with respect to the natural vector operations 
and pointwise multiplication, isometrically isomorphic to the subspace [X]M cz [X].

If, however, the closure of H  f| X  in X  is a proper, nontrivial subspace of X, 
the previous procedure does not lead to multiplier operators defined on all of X. 
In this situation we assume that X  can be identified with the dual Y* of a Banach 
space Y satisfying (2.5). This identification is supposed to be given by a bijective 
isometry Jx  which satisfies

(2.8) Jx : X  -+ Y * , Jx(aft + ß f 2) = ä Jx(fx) + ß Jx ( f2)

and coincides with the natural isometry JH :H —► H* given via the theorem of F. 
Riesz (on the duals of Hilbert spaces) when restricted to ff f) I, i.e.,

(2.9) Jxf(g ) = (g ,f)  ( f £ H f ) X ,  g ^ H f ]  Y ) .

Then г £ LCC(R'V, E) is called a multiplier on X  if f £ M(Y) according to the previous 
definition, the corresponding multiplier operator TT being given via

(2.10) T 'f:  =  JX\T ')*  Jx f  (/6  X ) , 

where (Гт)* denotes the dual of Tz £ [Y]M defined by

0T')*f*(g) = f* (T zg) (/*  e Y*, g e Y) .

Indeed, we have TT 6 [If] and ||7’t |l[x] =  II T’NIm- Moreover, (2.10) yields for any 
f £ H f ) X ,  g £ H [ ) Y  (see (2.4), (2.9))

J x T 'f(g )  =  (T')* Jxf{ g ) = Jxf(T 'g )  =  ( f ф )  dE{u)g,f) = (g, j  z{u)dE{u)f).
R v R n
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Therefore for any f  £ H f) X

T xf  =  f  t ( m)  dE(ii)f, 
r  *

justifying the terminology (for further details see [9]).
We conclude with a criterion for radial multipliers with respect to Riesz bounded 

spectral measures (see [4]). For a Banach space X  satisfying (2.5) a spectral measure 
E is called regular (cf. [11]) if it is (R , a)-bounded for some a 2: 0, i.e.,

(2.11) rfu/p) : = (1 -  I и I /рУ+ : -  [max {(1 -  | и ]/p), 0}]« 

belongs to M  and, uniformly for all p > 0,

(2.12) \\гх(и/р)\\м й С х .

Theorem 1. Let Ebe a regular spectral measure. I f  a. = j  £ P  is such that (2.11 — 12) 
holds, and i f  x p(m): = A(| u\/p) for a {sufficiently smooth) function A satisfying

00

(2.13) || A ||BV/+I : = \  { tJ I Aü+1>(01 dt + lim | A(i) | <  oo ,
J • J t-> 000

then uniformly for all p > 0

(2.14) II ^р\\м á  Cj И A ||BV,+1 •

In the following we shall call a Banach space X  admissible (with respect to 
H, E) if either one of the following conditions holds true:

(2.15) (i) X  satisfies (2.5), and E  is regular for X.

(ii) Jx  maps (cf. (2.8)) X  onto the dual Y* of a Banach space- Y satisfying (i).

3. Generalized polynomials and de la Vallée Poussin means. Let H, E be as in
Section 2. We call f  £ H  a polynomial (with respect to E) if there exists a compact 
set a c  Rv such that E{a)g = f  for some g £ H. The set of all polynomials in H  is 
denoted by

(3.1) U E{o)H.
a compact

Since E{a) is a projection, E(o)g = f  implies E{d)f =  /.  The elements of

(3.2) n f  : = {/<E Пн ; E({x £ RN; \ х \ й  p ])f = f }  

are called polynomials (in H) of (radial) degree p > 0.
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In order to extend this definition to admissible Banach spaces, let us introduce 
a family {le}£>0 of infinitely differentiable, real-valued functions on [0, oo) satisfying

(3.3) 

Setting

(3.4)

о ^  л,(0 й 1; m 1, O ^ t ü t + e / 2  
0, t ^  1 + e .

\ p ( « )  : = K i\u \tp), = T'*-‘ (e, p > 0) ,

it follows from Theorem 1 (and (2.10)) that the family {Te „}e>0 is well-defined on 
admissible Banach spaces X. Thus we can define the set of all polynomials (of radial 
degree p > 0) in X  by

Пх  : = { /€  X; 7V„/ =  /  for all e > 0} ,
(3.5)

Пх : =  U Пх .
p >  0

In case H — X  this is equivalent to (3.1 — 2).
The basic tool concerning a treatment of Nikolskii-type inequalities for these 

(generalized) polynomials will be a family of de la Vallée Poussin (or delayed) means 
(cf. [15, p. 522] for the one-dimensional trigonometric system, see also [6, 7, 11] for 
other orthogonal expansions). On H  these operators are defined by

(3.6) Vpf :  =  J  e(u/p) dE(u)f (p > 0),
W  S  2  p

where the corresponding multiplier e is given via

{1 0 < t < 1
o ’ =  t  "  2

0 ^  2(i)^  1 denoting an infinitely differentiable function on [0, oo). It follows from 
Theorem 1 that the operators Vp are well-defined on each admissible space X.

T heorem  2. Let X  be an admissible Banach space.
(i) For any p > 0 one has Vp £ [X], and \ \ Vp \ |[Л.] is a continuous, bounded function 

of p. In particular, for some j  £ P (c f (2.14))

(3.8) WV.WvoüCjWkWsy,^ = :M .

(ii) For any f  Z X, p > 0 one has Vpf  £ П$р.
(iii) For any Pp € Пр there holds the projection property

(3.9) VpPp = Pp (p > 0).
P roof. Since X  is admissible, (3.8) is an immediate consequence of Theorem 1 

(and (2.10)). Moreover, for each fixed p > 0 and h £ R with IA I < pi 2

eP,h(u) : = ep(u) -  ep+h{u) : = X(\u\jp) -  Щ и\/(р  + hj)
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is the multiplier corresponding to Vp — Vp+h. Thus by Theorem 1

v„ -  v p+h\\lX] й  Cj A -  A
P p + 4 \1

<

s c ' i "
;o+ 1}( i )  -  A ° +1)

tp
p + h

+ C, f  p A°+1) tp ( P \J+\ o +1) tp ]
p + h 1 P + h) p + h)J

dt +

I dt =  : / liP(A) + 72>p(A).

Since /(/) =  0 for t ^  2 and j h \ < pi2, thus 2/3 < p/(p + h) < 2, one obviously 
has (h -* 0) 3

tpЛ , Р ( А )  =  Cj j

/ 2,р(А) =

tJ ka+1\t)  -  A(/+ 1 )  

p + h V+1

dt =  o(l),

-  1

p + h
3

C, J' tJ I А0+ 1)( г ) 1 dt =  o (l).

Thus II Kp llixj is continuous in p >  0. Moreover, since

тг,р(и) e{uKP +  Pe)) = тг,р(и) (u £ Rv; £, p > 0), 

we have Tt p =  VpJtpeTe p, and consequently by (i) for any Pp £ Пр

IIPp -  VpPp\\x ü \ \Pp  -  y p+peTe,pPp \\x  + UVp+pePp -  VpPp\\x ü  

á l | K p + p £ -  Vp \\x l \\Pp \\x  = o{\) (e -> 0 + ) .

This completes the proof.

4. Inequalities of Nikolskii-type. Throughout this section we deal with inter­
polation couples X : = (X0, X{) of admissible (with respect to a given pair E, H)  
Banach spaces, i.e., we assume X0, Xl to be embedded in a topological Hausdorff 
space % such that their sum and intersection

ЦХ) : = { /£ « ;  /  = /„ + Á,  Л  Í Xo' Á £ * i) .
ll/lli(D : = (11/olU + ll/ilk),/=/.+/.

A(X) : = Х0 Г\Х1; | | / | | , ( i )  : =  max { | | / | k ,  | | / l k )

are well-defined Banach spaces. Then two Banach spaces X, Y  are called (exact) 
interpolation spaces (of type в, 0 0 ^  1) with respect to two given couples X,
Y  if

l ( l ) c l c l ( l ) ,  d(7) C 7c 1 ( f)  ,
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and if the assumption

(4.1) T £ [X0, У0] П [*i, ^ i] , \\T\\lXl'Yl]ü M j ( j -  0,1) 

implies

(4.2) T £[X,  Y], 11 T I |u> y, ^  Mo1“ " Л/®.

For 0 < 0 < 1, 1 ^  </ < со and 0 ^ 0 ^  1, q = oo denote by (X0, J¥j)0q = Xe q 
the interpolation spaces, generated by the real К-interpolation method of Lions — 
Peetre, i.e.,

К я  : = {Г€ 27(JT); \\ f\\e,q < oo},

1 1 / 1 1 . . , :  =

f  dt 1,9 J  [ t ^ K ( t , f ) f - A  ,
0

1 ^  q < o o

sup t~ e K {t,f) , q —
t> 0 C O ,

(4.3) K(t,f, X) : =  inf { H / o l l x .  +  ill/illx,} 
/-Л+Л

( i > 0 ) .

An interpolation couple Я  : =  (X0, Xx) of admissible Banach spaces is said to have 
the “Nikolskii property” (cf. [17]) if

(4.4) Пх° с  Л * , ||P ,\\Xl й  ф{р) IIP, II*. (P, 6 П? , p > 0)

for some function ф(р), strictly positive and monotonically increasing on (0, oo).

Theorem 3. Let Я : =  (X0, Xy) be an interpolation couple o f admissible Banach 
spaces, having the Nikolskii property (4.4). Then for 0 < в < 9' < 1, 1 ^  q, g'rgoo 
there hold the following Nikolskii-type inequalities for Pp £ Прв'-"', Pp £ Ilx°'a, and 
Pp € Пх\  respectively:

IIPp 111,oo á  \\Pp\\X lü W , q ' )  [</>(2p)]1_e’ ||РрHe-,,-, 

\\Рр\\,',9' й т в ’, q,q') [</>(2p)f-e ||Pp||e>i, 

\\Рр\\е,я й т д )[ Ф (2 р )] в \\Рр\\х,-

Proof. First of all, it follows by (4.1—2) that the operators Ttp  as well as the 
de la Vallée Poussin operators Vp are well-defined on the interpolation spaces 
Явд. Thus (3.5) makes sense with X  replaced by X e q so that ПХв-" is well-defined 
for 0 < 0 < 1, 1 ^  < oo and 0 :g 0 g  1, q = oo. Moreover,

P+e -  v„ \{Xo.Q] =  II Vp + 8 -  v n lpr0? VP+' -  v P Ifx.] ■

Thus the argument used in the proof of Theorem 2 (iii) shows that the projection 
property (3.9) holds for all Pp £ Явц.
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According to (3.8) one has

(4.5) max sup || Vp Пвд й М  < со .
j = 0,1 p > о

Hence Theorem 2 (ii) and the Nikolskii property (4.4) yield

(4.6) \\Ур\\1х„Х1]йМ ф(2р) (p >  0).

In view of (Xh Х,)в̂  = X, (cf. [1, p. 46]),

(4.7) [Хв.'9., X,] = [(X0, X J ,w  . (*k, ,

(4.8) [ЛГо, = К*«, * „ )м . (*o. >

whereas the reiteration theorem (cf. [1, p. 50]) yields (ry. — 0/0')

(4.9) = [(AT* Г ,..,.) ,. , ,

with equivalent norms. Thus (4.1 — 2) in connection with (4.5 — 8) implies

(4.10) 11 Vp I | t f . , g  К(в', q') [ф(2р)У~в\

(4.11) И Ур \\[х,_и л й Щ ,  д)[ф(2р)]°.

Moreover, this yields by (4.9) that

(4.12) 11 v p I |tie,„ g  m  0', q, q') [ф(2р)Г~в.

Since in any case | |/ | | j f ;eo ^  WfWxpj — 0> 1 (cf. [3, p. 168]), the desired inequali­
ties now follow from (4.10— 12) and the projection property (3.9).

5. Applications. In order to illustrate the wide applicability of the previous 
results, let us consider certain concrete instances of spaces H, X,  and spectral meas­
ures E. Rather than to give a complete list of possible applications, our aim is to 
show that the procedure of Sections 2—4 may serve as a unifying approach to classical 
and new Nikolskii-type inequalities. Further examples are worked out in [7, 9, 18].

5.1 Trigonometric polynomials of several variables. Let Q N c  Rv be the cube 
{x £ R^; —n ^ X j <  n, 1 ^  TV}, and L%n, 1 ÜP й  oo, the space of measurable
functions with period In  in each variable for which

11 / 1 u  2 я : = {(2Я)-" J  I f{u) \” du}1», 11 / 11 oo. 2 .x: =  ess sup | f{u) | ,
Q1’ u€ QN

respectively, is finite. For / £ L%n and k: = (kb . . . ,  kN) £ Z N, the TV-fold Cartesian 
product of Z, the k-th Fourier coefficient is given by

f ( k )  : = (2n)~N J  / ( m) exp { - iku} du .
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E(a): = I  . f \ k ) e ikx ( o l Z J U l b ,
k£o HZ"

then E is a spectral measure for the Hilbert space H  = Z |n with inner product

(/, 9) : = (2яГ* I  /(«) р(и) í/m •QAT

Moreover, £  is (Л, У̂ bounded for JLg„, 1 ^  p ^  0 0 , if e.g. j  > (N — l)/2 (cf. [14, 
p. 271]). Thus the spaces X = Lf„, 1 g  p ^  0 0 , are admissible Banach spaces with 
respect to H, E  since Lg„ f) L\n is dense in L\n and L?ín, l S  P < 0 0 , whereas L2n 
may be identified with (L\n)*. Obviously, || т И* £ = sup | r(/c) | and LX(RN,E) =

k(.ZN
= lx(ZN), the set of all bounded sequences {тА}ле2«с: C, so that (2.1) reads for 

/€-£!* (cf. [5, p. 899])

7 V : = J t ( m)  dE(u)f =  X гQ c)f\k)ékx.
&€ZW

Moreover, Пp coincides with the set of all trigonometric polynomials of radial 
degree p, i.e.,

Пхр : = {tp; tp(x) =  £  ck eikx, ck : = tp{k) 6 C}
1*1 áp

(for more details cf. [9, 18]).
Let us consider the interpolation couple

% : = ( V  V ) : = (L l, I £ )  •

Since any trigonometric polynomial of (radial) degree p has at most (2p + 1)Y nonzero 
coefficients \t'p(k)\ ;S ||ip ||i>2B> the couple St obviously has the Nikolskii property
(4.4) with ф(р): =  (2p + 1) .̂ Moreover, the interpolation spaces Steq, 0 < в < 1, 1 ^  
й  q < 0 0  and О й О й  1, q = oo are equal to the Lorentz spaces L(p, q), в = 
= 1 — 1 Ip (cf. [3, p. 186]). Thus, as an application of Theorem 3, we obtain

C o ro lla ry  1 .Let 1 < p0< px< со , 1 g  q0, q x 0 0 , or p0= 1 ,q0=  0 0 , or px — qx =  
= 0 0 . Then for any trigonometric polynomial tp o f radial degree p there holds (i =  0,1)

II tp \\Upi,qi) й  Cpiql p”V P'-Vrt и tp\\Up̂ , .

Since L{p,p) = Lg„, 1 < p < 0 0 , Ц 1, 0 0 ) = L\K, and L{0 0 , 0 0 ) = L2n (cf. [3, 
p. 186]), Corollary 1 indeed contains the classical Nikolskii inequality (1.2) for 1
^  p ;£ 0 0 .

Another couple of admissible spaces is given by

f : =  (T0, 70 : =  (C2„, Q J  (V P ) ,

where Cr2n a  denotes the space of functions having continuous partial derivatives
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up to the order r (in particular C2n: = С2л) with norm

ll/l lcu : = 11/IL.i, + max
ki + ... +JcN=r

dk>+■■+kNf
д 4 ' . . ■ dx tf со, 2n

Here the interpolation spaces F0 OO, 0 ^ 0 ^  1, are equal to the Lipschitz spaces 
Lip (a, C2„), a = rO, equipped with norm

11У 11Ырa : = ll/llc,* + sup t~*cor( t , f )  (0 ^  a ^  r),
t> 0

to, denoting the modulus of continuity of order r £ P (cf. (5.7)). It follows from Bern­
stein’s inequality

dki+■■+kNtp
dxi1. . dxkNN

< ; pkt+...+kN у f
oo, 2it

p IIoo,2я

that f  has the Nikolskii property (4.4) with ф(р): = 1 + pr. Thus we may again 
apply Theorem 3 to deduce

Co r o l l a r y  2. For any trigonometric polynomial of radial degree p 2: 1 there 
hold the inequalities

II tp ||Up.  á  Q ,  p*-ß | | / p Hup, ( О й Р й * й г ) ,

II tp llc/„ — Ca pr a II tp Hripe ( O g a g r ) .

5.2 Fourier spectral measure. Let LP\ = LP(RN) be the space of Lebesgue measur­
able functions on Rv for which the norm

11/11,: =

{(2ji)~N'2 j  \f(u) |* du}llp, 1 ^  p < oo
R N

ess sup I f(u) I
ut. R w

P. =  CO ,

respectively, is finite. Let S: =  S(R'V) denote the Schwartzian space of infinitely 
differentiable functions, rapidly decreasing at infinity, and S' be the corresponding 
dual space of tempered distributions. The Fourier transform of / £  S' is given by
(<P€S)

&ЛФ) : = Я Ф ') , Ф\п): = {2n)-Nß f ф(х) exp { - ivx} dx .
R N

Let §~1 be its inverse and a £ Z, the multiplication projection

8J(u) : =  * » / ( « ) , *.(«) : =

Then (cf. [5, p. 1989])

1, u £ o  
О, и (f a.

(5.2) m  : =
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is a spectral measure for H = L2(RN) with inner product

(f, 9) : = (2n)-NI2 f f(u) g(u) du.
R N

Now L°°(Rn,E ) = L°°, and for any т 6L® the integral (2.1) admits the representa­
tion

T' f :  = f t(u) dE(u)f =  qF_1[t(m) / ' ( m)] • 
ra

Furthermore, for any compact set <r c  R v

£(*)/(*) =  (2n)~N/2 j  / »  e** dv ( /€  £ 2) .
a

It is an immediate consequence of the Paley—Wiener theorem (cf. [14, p. 112]) that 
Пр is the set §2>p, where $PtP, 1 ^  p g  oo, denotes the space of all p-th power inte- 
grable restrictions to Rw of entire functions/ on CN which are of (radial) exponential 
type p, i.e.,

I /0 0 1 ^  At exp {(p + e) I z j} (e > 0 , z (  Cn) .

Note that£  is (R,/-bounded for X = Lp if e.g. j  > (2V — 1) [ 1/p -  1/21 (cf. [13, p. 
114]). Thus, all the spaces Lp, 1 ^  p ^  oo, are admissible, and it follows that the 
multiplier definition of Section 2 coincides with the classical one of Fourier multiphers 
(cf. [13, p. 94]). Moreover, the theorem of Paley—Wiener—Schwartz implies П* = 
= §>P'p for X  = Lp, 1 iS p oo. Instead of formulating counterparts of Corollaries 
1 — 2 for entire functions of exponential type, let us derive Nikolskii-type inequalities 
in the Bessel potential- and Besov spaces

« :  = { / € « ' ;  ll/llf < oo} ( \ й р й  oo , a€R) ,

В‘р,я ■ = { / € « ' ;  II/IIJ, < oo} (1 ÜP , q ü  oo, í €R),

the norms being given by (with the obvious modifications for q =s= oo)

(5.3) I I / lip : = II /“/lip  : = II ff“ 1■[(i + iWWJIIp,
Í 00 IV«

(5.4) WfW’pq '■ = И®7 0А/ ) lip + j Z (2s*t = l II lip)9

respectively. Here t/i, фк к £ Z, satisfy

Фк(и) : =  Ф(2~к »); <£(*>) II 
V 

о
 о 1/2 < 1V1 <  2

otherwise,

Z  Ф М  = 1; Ф(р) : =  1 -  X 4>k{v) .k = — oo k = 1

It follows (cf. [1, pp. 142, 146]) that the spaces Ц,  1 ^  p g  oo, je £ R, are admissible
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whereas Bpg is equal to the interpolation space

(Lp, L%  q, 1 g  p, q ^  со, 0 < 0 <  1, s = (1 -  0) a + 6ß.

Let us now consider, for example, the interpolation couple

*  : = (-Bp,a,, BsP,i)

for some fixed 1 ^  p ^  oo, s £ R. Then (cf. [1, p. 153])

?e,q =  Щ.с (O<0 < l ,q  = 1/0).

Moreover, for any Pp £ p it follows from the theorem of Paley—Wiener-Schwartz 
that the sum in (5.4) contains at most k0 £ N terms for some k0 ^  1 + (log p)/(log 2) < 
< &0 + 1. Thus X  has the Nikolskii property (4.4) with

ф(р) : = c(l +  log+ p): = c max {1, 1 + log p} .

An application of Theorem 3 then leads to

C o ro llary  3. Let í  £ R, l á p á c o ,  1 ^  q0 < qt ^  со. Then one has for any
Pp € %>, p

\\Рр\\р„* ^  с <п,ч. о  + lQg+ P)1/e°_1/il \\PP\Ypqi •

Taking into account the embedding theorem for Besov spaces (cf. [1, p. 152]) 
one in particular has

(5.5) \\Pp\\sp S C Ptq(\ + log+ p f ’P-11*\\Pp\\U ( \ < p ü 2 , p < q ) ,

(5.6) \\Pp\\sp ü C p,q (l + log+ p f ,2- llq\\Pp\\spq ( 2 й Р  < ™ ,2 <q).

By means of these inequalities we would like to derive an inverse theorem for the 
best approximation

£ a p ( / ) : =  i n f  I I /  — Pp\\p
P p £ $ p ,  p

by entire functions of exponential type. To this end, let the radial modulus of con­
tinuity of (fractional) order a > 0 be defined by

(5.7) <ott,p(t,f)  : = sup
00
I ( - l ) fc

a
f ix  + kh)

\h\ k = 0 к

C orollary  4 . I f f  £LP, 1 < p < oo, satisfies for some a > 0

(5.8) EpJ f )  =  0(p-«) (p-» oo),

then (p : = min {p, 2})

(5.9) o>',p( t , f )  = О/ l  logt I1®).
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Proof. Note that (5.8) holds if and only if / £  5 “>00 (cf. [1, p. 181]), whereas it 
follows from [19] that (5.9) is equivalent to (cf. (4.3))

Lp, Lp) = 0 (t* I log 111" ') (i -» 0 + ) .

Moreover, ifРД /) denotes the element of best'approximation to/ d 5£>00, i.c.,Epp( f )  = 
= I I / -  Pp{f)\\p, then (5.5-6) imply (t : = p~x)

Lr,LQ й I I / - Pi/ADWp + f  I I pvt(f) | | ‘  á

á  c f  + C Y (I + iog+ (1/0)1/J? \ \ f \ \ u . 

which completes the proof.
We conclude with the remark that Corollaries 3,4 apply mutatis mutandi- 

to 27i-periodic functions of several variables. Thus, in particular, Corollary 4 extends 
a result of A. Zygmund [20], who proved an analogous estimate for a =  1 cons 
ceming the approximation by one-dimensional trigonometric polynomials (for a 
different approach see [2]).
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1. Introduction

Let (X , A, P) be a probability space, N = {0, 1, 2, . . . }, U  = LP(X, A ,P ) 
(1 ^  oo), and \\f\\p (1 й р й  oo) denote the //-norm of the function / £ Lp.
Recently, as a generalization of the property of lacunary series, G . A l e x its  [1],
[2], [3] has introduced the notion of strongly multiplicative, multiplicative and 
weakly multiplicative systems. The system Ф = {ф„ : / i ( N } c r  is called strongly 
multiplicative, multiplicative, and weakly multiplicative if the functions фп (n € N) 
of the product system ¥  of Ф are orthogonal,

( 1)

(i) J  iM P  -  0 0  € N* = N \{0}) .
X oo

(ii) A = X I I  ФndP I < oo ,
« = 0 x

respectively. The product system ¥  is defined by

(2)
00

'I'n = П Ф?
j=o

n=z Z  nj2 j € N, rij 6 {0, 1} .
l=o

The Rademacher system R =  {rn : n £ N} is a strongly multiplicative system 
and the product system of R is the Walsh -  Paley system W = {wn : n £ N}. The 
following relation between the Haar system {/„: n£N} and the Walsh—Paley system 
is well-known [1 ]

( 3 )
(i) w2 n+i — Y aoX2"+l0£j<2n
(ii) Xw+i — X a"jw2"+j0gy<2”

(i €{0 , 1 , 2 , . . . , 2 - -  1}, n € N ) ,

where a,} = 2~"12 w ij2~n).
The following generalization of the Haar system was introduced by G. A lexits

[2]. Let ¥  be the product system of Ф, then the system

(4) h0 = 1, h2n+i = X 2*+j O' 6 {0, 1,. . ., 2" -  1}, n € N)
0S><2"

is called the Я-system generated by the system Ф. The Я -system generated by R 
is the Haar system.

Alexits [2] showed the following
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T heorem  A. Let Ф be a strongly multiplicative system with || ф„ И» ^  1 and 
II \j/„ ||a = 1 (n £ N). Then the Fourier series with respect to the H-system generated 
by Ф of every function f  £L2 is a.e. (c , a  >  0) summable.

In this paper, among others, we give a generalization of this theorem.

T heorem  1. Let Ф be a weakly multiplicative system with || ф„ ||« й  1 (n € N) 
and let H be the H-system generated by Ф. Then H  is a convergence system.

2. A relation between function systems

Let (X, A, P) and (У, B, Q) be two probability spaces and for К  £ L°° (X x Y, 
A x В, P x 0

II K\\(P, oo) =  vrai max ( j  | К (x, y) \p dP)llp,
yiY  X (1 p, <7 < oo).

11 К I|(oo,g) =  vrai max ( I  \ K(x , y)  \q dQ)1/e
x £ X  Y

We shall use integral operators of the form

(Kg) (x) = J  g(y) K(x, y) dQ (g  £ L 2 (Y, B, 0 )  ,
Y

and introduce the following notion. The function system G = {g„ : n £ N} c: 
czL^QY, B, Q) is called a better system than F = {/„: n £ N} c  L°° (X, A,P) (in notation 
G < F) if there exist a sequence Kn £ (X  x Y, A x В, P x Q) (n £ N) of functions 
and an index sequence (mn, я £ N) such that

0) /* = Kngk (0 й к  < mn, n £ N ),
( 5 ) (n) sup И Kn ||(li00) Ü M  < oo , sup 11 Kn ||(00jl) й М  < oo .

It is obvious that the relation <  is transitive. 
We shall prove the following

T heorem  2 . I f  G < F, then for every sequence (an, n ( N )  and for all 1 ^  p й  oo 
we Aufe

(6)
* = 0

g  M
n

^ k9k
p k = 0

(MEN),

sup Z  akfk
k= 0

< M sup &k9k
k  = 0

Let 4* be the product system of the weakly multiplicative system Ф а  Ь™(Х, A, P). 
Then V > W.
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Indeed, let
П—1

Kn(x, j )  = £  wk(y) = П 0  + ФАх) ri(y)) ^  0, mn = 2" (n £ N ).
0£k<2n /= 0

Then by the orthogonality of the system Ж (5)(i) holds. Furthermore by (1) 
we have

2я—1

J 1 Кп{х,у) I = X •M*) J = 1 ( x € J r , n € N ) ,
Ö k = 0 0

2я—1
j  |* „ (x ,j ; ) |C/F = X wk( j ) ^ kd P Ü A  0 €  [0, 1], « ( N ) .
x k=о x

From this follows (see also [8])

T heorem  3. I f  P is the product system o f a weakly multiplicative system, then 
for every sequence (c„, n£ N) we have

sup
П

£  СкФкk = 0
g  С (T | c„ |2)1/2,

where the constant C depends only on A in (1).

3. W-systems

Starting from (3) (i) we introduce the following notion. Let H  = {Hn : a (N}  c  
d  U°(X, A, P) a function system. Then the system

2n—1

w 0 = H0, w 2„+l =  £  а ? . я 2„+,. ( i  €  { 0 , 1 , . . . ,  2" -  1}  , n e  N )
] = 0

is called the W-system generated by Я.
Further we investigate systems Я  for which there exists a constant К  such that

Í 0) II I  Н „ +Л\ Ü K -  2-/*.
( * )  J II 0 S 2<2» | | oo

I (ii) II H2n+i IWÜ K -  2 - ^  (i € {0, 1, . . . .  2" -  1} , « ( N ) .

It is obvious that the Haar-system has these properties. Z. C iesielski [7] has 
proved that for the Franklin system (*) also holds.

We show that for all Я -systems, generated by weakly multiplicative systems 
{фп : п£  N }  with \\ф„\\аой  1 (*) is true.

Indeed, according to definition
2я—1 n—1

h2n+i = 2~"/2 £  Wj(i2~") ф2п+)= 2"”/2 ф„ П  (1 +  rk(i2~n) Фк)
j = 0 k= 0

( / € { 0 , 1 , . . . , 2 " -  1 } ,  л €  N ) .
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Thus, by И фп II«, ^  1 we get
/1—1

( 7 )  II h2n+t | | x  g  2 - " - ' 2 J  П  0  +  rk(i2~") Фк) dP й 2~n'2 Z  I f  \\tjdP 1 = A2~n'2,
k  = 0

2n— 1 I 2«—1 2n—1
Z I W*)l  ̂ I  2~"/2 Z Wi(j2~n) Фъп+iipc)

j —0 j =о i=о

= 0 X

< 2"'2.

It is easy to show that every W-system generated by H  systems having the 
property (*) are uniformly bounded. The W-system of the Franklin system was 
introduced by Z. C iesielski [6 ].

For a sequence a = (a„, n g N) £ l2 we define the sequence ä = (d„, n £ N) £ l2 
as follows:

2»—1
ä0 = a0, äin+l = Z  2n+] (i € {0, 1, 2 , . . 2n -  1} , и 6 N)

7 —0

then the map l2£ a -> ä £ l2 is a linear isomorphism and
2 " - l  2”- l

(8) Z  a 2 n+ j  w 2»+J = Z  &2n+ j  H2„+J (n 6 N) .
7= 0  7=0

Applying Theorem 2 we get (see [9])

Theorem 4. Lei H = {//„: n £ N} be a system with the property (*) and let 
{W„: n £ N} the W-system generated by H. Then for every sequence (an, n £ N) we 
have

sup Z ak Wk Ú c sup
2n—1
Z akHk

1 Í 00 l 1/2 '!
+ z 4

n k - 0 2 n k  = 0

rHIIJ«:

where the constant C depends only on К in (*).

4. Proof of the theorems

Proof o f  T heorem  1. Denote L„(G) the ntb Lebesgue function of the system 
G = {G„: n £ N} d  L1 (X, A, P), i.e. let

L„(G: x) Í
X

n—1

Z G„(X) G„(y)
k = 0

dP(y) ( x £ X , n £  N*).

We shall show that if H is the H -system generated by the weakly multiplicative 
system Ф, then

( 9 )  I I A . ( t f ) | L  Ú2A ( n € N ) ,
where A denotes the constant in (l)(ii).
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Indeed, by the orthogonality of the matrix (a ”, i , j  — 0, 1 ,..  2" — I)

X K+k(x) h2n+k(y) = X 'I'z'+kix) фгn+k(y), (n 6 N),k — 0
thus

1 2„(Я; x) = L2„('/'; *) = f I  П 0 + &(*) Ф Ш  \ dp(y) ^
X I 1 = 0 

oo
^  X I f Ш  dP{y) I =  Л (n€N ).

k = o  Ar

By the property (*) of the system {hn \ n £ N} (see [7]) we have

max [ 
0Sm<2< A"

2n + m

E hk(x)hk(y)
k = 2n

dP (y)ü  max II Am Hi E  I h(x)  | ^  А (и (  N ),
2‘Sm<2"*‘ k = 2"

and (9) is proved.
Applying a theorem of G. A lexits [4] we get Theorem 1.

Proof of T heorem 2. To prove (6) we need the following

L emma. I f  for the function K £ L 1(X x  Y, A x В, P x Q), || К  ||(li00) < M  and 
II К  ll(oo,i) < M, then for every 1 ^  p ^  oo the operator К : Lp (Y, B, Q) —*■ 
-» Lp (A, /1, P) is bounded, and for the Lp-norm we have || K\\LP ^  M. (See e.g. [7], 
pp. 518.)

By the definition of the relation <  we have

E ^k f  к E ®k 9 к
k= 0 l* = 0

sup
0̂ k<mn

E a,f(x)
i = 0

 ̂ j sup E a,ofy)
Y 0^k<mn I i=0

(m < m„),

K„(x, у) I dQ.

Applying the lemma, we get Theorem 2.

Proof of T heorem 4. It is obwious, that by (8) we have

( 10)

Let

Then

sup E ak Wk
k — 0

< 2 sup
2n— 1
E akWk + 2E sup

2n^ m < 2 n +
E akWk

k = 2n

K„(x, t) = E H‘i»+](x) Xw+j(0 (x £ X, f £ [0, 1), n £ N ).
7 = 0

Kn{wv+k) = JV2„+k (k € {0, 1,. . ., 2" -  1}, и € N ),

II Kn | | (1, со) й К ,  \\Кн \\(а>1ъ й К  (и ( N) .
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Indeed, by the orthogonality of the Haar-system we have
1 2я—1 2я—1

K „{w 2n+k) (x )  =  j X  H 1 ■ + j W b w ( 0  Z V-ki'A-in+ii1) d t  =
0 j =0 /=0

2я—1
=  L  *k jH 2" + j(x ) =  n + k ( x ) ,  

j = 0

II 2 3 4 5 6 7 8 9 10"-1 I
II Kn ||(eo.i) ^  2-"'2 Z  Ü K ,

II J=  0 I °°

II 11(1,») ^  2"/2 max II ||x ^  ЛГ (л € N ).
0§j<2"

From Theorem 2 and from a Theorem of P. Sjölin  [10] we get

II m 2 m 2 2я+ 1—1
sup X a 2 n  + k ^ 2 n  + k ^  c sup X a 2 ” +  k W / 2 n  +  k й С Z ctl

1 0Sm<2" k  = 0 2 0^т<2я k  = 0 2 k  =  2 n

where C depends only on K. This and (9) imply Theorem 4.
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Introduction

In this paper we are concerned with the almost everywhere and ^-convergence 
of Vilenkin—Fourier series. First we give an estimation for the partial sums of Vilekin- 
series. This estimation implies a sufficient condition for functions, belonging to the 
1} space, that their Vilenkin—Fourier series converges inU-norm. This condition is 
similar to the well-known Dini—Lipschitz condition. We formulate a corollary for 
Vilenkin groups with a certain boundedness property and prove that in this corollary 
the assumption made concerning the /^-modulus of continuity is not sufficient for 
the U-convergence for the Vilenkin-groups without this property. We remark that 
a similar result was proved by C. W. O nneweer [1 ] for Walsh-Fourier series. Finally 
we prove the analogue of a theorem of F. Sc h ip p  [4] for Vilenkin—Fourier series. 
Namely, several sufficient conditions are formulated for the a.e. convergence of 
Vilenkin series.

§• 1

In this section we introduce some notations and definitions. Let

m = (m0, тъ . . ., mk, . . .) (2 <; mk, mk £ N, к £ N : = {0, 1, . . .})

be a sequence of natural numbers and denote by Z mk the mk discrete cyclic group, i.e. 

Z mt: = {0, \ , . . . , m k -  1} ( k i  N).

Furthermore, if we define the group Gm as the direct product of the groups Z mk, 
then Gm is a compact Abelian group. Thus the elements of Gm are of the form x = 
= (x0, xL, . . . ,  xk, . . .) with 0 ^  xk < mk (k £ N) and for x, у in Gm their sum x -j- у  
is obtained by adding the ntb coordinates of x and у  modulo mn. We define the sets 
7„(x) of Gm as follows:

In(x) • =  {y € Gm ■■ У = (X0, .  . ., x„_i, y„, . . .)} (x i  Gm, n i  N ).

Then the /„(0)’s (n i  N) form a basis for the neighbourhoods of 0 £ Gm in Gm and 
these sets completely determine the topology of Gm.

Next, let Gm = {i//„ : n £ N} (the so-called Vilenkin system) denote the character 
group of Gm. We enumerate the elements of Gm as follows. For к  £ N and x £ Gm
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let rk be the function defined by

, , 2л ixk , „ . ,—7 4rk(x) : =  exp--------  (x£G, i: = ч/ - 1 ) .
m k

If we define the sequence (Mk, к d N) by M0 : = 1, M k+1 : = mkMk (k d N), then 
each i i f  N has a unique representation of the form

OO
n = X nk Mk,k = 0

where 0 ^  nk < mki nk £ N. For such n £ N we define the function фп by

фп ■■ = П ('■*)’* •k = 0

We remark that G’m is a complete orthonormal system with respect to the normalized 
Haar measure dx on Gm [7]. Furthermore, if mk =  2 (k d N) then Gm is the so-called 
dyadic group and the elements of the character group ö m are the Walsh—Paley func­
tions.

For /  d L \G m) we define its partial sums by

/0 0  : =  J  Л 0  W Ö * - Sn( f )  : =  £ / ( * )  фк (n d N ).
Gm к — 0

Then we have the formula

(1) S„{f) (x) = J  /(?) />„(* -  0  dt =  : /  *  Dn{x) (x d Gm, n d N) ,
Cm

where for the so-called Dirichlet-kernels Dn (n d N) it was proved the following 
formula [5]:

oo m/c—1

(2) A, = «A„E I  d  DMk (n d N ).
к- 0 \j=mk—nk

The integral modulus of continuity is defined by

CO

where

O '  e  Gm) .

i(/» 5) : = sup j  I f(x) -  f(x  - y ) \ d x  (5 > 0 ,fd  L \G J  ,
k ( y ) S i  Gm

У к
%У) ■ = I  Mk=0 M k + 1

§. 2

It is known that for all 1 < p < oo the Vilenkin-Fourier series of a function 
f  dLp (Gm) converges in ZZ-norm and the analoguous statement does not hold in 
the case p = 1, oo [6], [3], [8], [5]. We prove that a certain assumption for соф/', •)
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( /  £ L1) implies the ^-convergence of the Fourier-series of /  with respect to the 
system Gm.

T heorem  1. Let fb e  a function in L\G m) for which the following condition holds:

(3) ( o f f  1/Mfc) = o(mk log Mk) - X (к -» oo).

Then the sequence of the partial sums (Sn(f), n £ N) converges in О -norm to f  
From this theorem we obtain immediately the 

C o ro llary . I f  the group Gm has the boundedness property

(4) lim (mk, к £ N) < oo , 

then the condition

(5) t o f f  l/Mk) = o(log Mk)~l (к -  c» , / 6 L \G J )

implies the Ll-convergence of the Vilenkin—Fourier series of f
The above corollary is an analogue of the known Dini—Lipschitz test foruni form 

convergence of Vilenkin-series [2]. We prove that the condition (4) is essential in 
the corollary. This follows from the next

T heorem  2. There exists a group Gm and a function f  £ lf(G m) for which the 
assumption (5) holds, however the sequence (S f f ), n £ N) is not If-convergent.

We remark that in the conditions (3) and (5) the “o” cannot be replaced by “O” 
[1]. Furthermore, by the corollary it is obvious that the group Gm in Theorem 2 
cannot have the boundedness property (4).

In the following theorem we are concerned with the a.e. convergence of Vilen­
kin-series.

T heorem  3. Let f  g L1(Gm) be an integrable function. Then each of the following 
three conditions implies the a.e. convergence o f (S ff ) ,  я £ N):

OO
(О X mk j' J  I Л х  -  a) - f { x )  I DMk(u) du dx < oo ,

k=0 Gm Gm
oo

(ii) X mk °h{f 11Мк) < oo ,k = 0
(iii) there exists a positive number q, for which

Í  < oo, ( o f f  6) = 0 ( log 1 ló)-1- “ (Ö -  0)

holds.
We remark that similar results for a.e. convergence of Walsh—Fourier series 

were proved by F. S c h ipp  [4]. In the proof of Theorem 3 we follow the method of 
his paper.
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§. 3. Proof of the theorems

P roof o f  T heorem  1. The statement of Theorem 1 is an immediate consequence 
of the following estimation

( 6) I Sn( f )  -  f  I к й  C ■ mk • log Mk ■ щ  if ,  1 /M k) 
(Mk g  n < Mk+1, n ,k £  N, / £  L1 (G)) ,

where C >  0 is an absolute constant.
To prove (6) let us write

fc-i
n = j  ■ M k + X n,M, (1 ü j  < mk)

/ = 0
for the natural number n, then from (2) we obtain the following decomposition of
Snif)■■

s n( f )  = Sj.Mk( f ) + f *  (r{Dn.),
к—1

where n* : = £  nt M,. From this follows that 
/=o

(7) Ш / )  “ /111 ^  II SjUJJ)  - / | | x + I I /*  (ri Dn.) Ik-

By (2) and [ Ds = 1 (j  = 1, 2 ,. ..)  we have
Gm

I W / )  -  /  111 =  I  I j  (fix) - f i x  -  t) DjMk(t) d t ld x g
Gm Gm

й  mk j  J  1 /(0  -  f{x -  t) 11 DMk{t) \d td x .
Gm Gm

It is known [7] that

( 8) T W O  —
_ \ M k (t e 4  (0))

о  (?  $  4  ( 0 ) )

thus applying Fubini’s theorem we see that

(k £ N ),

(9) 11 SjMkif) “ /H i á  mkMk j  ( j  I f(x) -  f{x  1) I dx) dt g m k - щ  ( /  1 /М к) .
/НО) Gm

For the second term in (7) we can establish an estimation as follows. Let us 
denote by ek (k £ N) the following element of Gm

k + 1

ek : =  (0, 0 , ..  ., 0, 1 ,0 , . . . ) .
Then

rk{ek)~j ( /  *  (r{ D„,)) (x) = j  f i t ) r'fx — t — ek) Dnf x  - t - e ^ d t  =
Gm

= J f ( t -  ek) гЦх -  t) Dnf x  ^  t) dt ix  £ Gm).
Gm
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Indeed Dn,{y) depends only on the first к  coordinates of the element у  £ Gm. From 
this equation we obtain that

11 -  rk(ek)~J Ml / *  (r{ AO 111 J |  m  -A *  -  ek) И D A x - t ) \ d t d x .
Gm Gm

Applying Fubini’s theorem and noticing, that j- 1 Dn,(x — t)\dx  = || A *  ||г (t £ Gm), 
we have Gm

11 -  rk(ek)~JI • II/ *  (ri A O I I i  á  II A .  Ili« i(/, 1 /Мк+1) . 

On the other hand the following estimation is valid:

1 -  rk(ek) - j I = 1 — exp
-  2n ij

mk
„ . it j  „ . n 4= 2 sin----> 2 • sin —-  >  —

mk mk mk
thus

II / *  (4  AO Ill ^  mk II A* I lx сОхСЛ Mk+i) •

Since II A* Ik = 0(log n*) = 0(log Mk) [7] and evidently (o1(f,l/M k+1) й  <*h(f, 1 /Mk), 
we get

(10) I I / *  (4 A . )  I l i  =  o(mk ■ log Mk ■ Wl(f, 1 !Mkj) .

From (7), (9) and (10), (6) follows immediately.
This completes the proof of Theorem 1.

P roof of T heorem  2 . We define a sequence m by

m0 : = 2, mn : = Ml" (n = 1 ,2 , . . . ) .

A simple consequence of (8) is 11 DMk | |г = 1 (к £ N), thus for all cck > 0 (k £ N),
00

Z  uk < oo the series
k—0 ooZ xk(DM -  DM )

k =0

is /.^convergent. We denote its limit by /С  А(Ст). If we define the kj ’s (J £ N) as

then

II Sk,M,(f) -  - W A I I i  =
kjMj—1 k i-1  (s+l)Mt—l

Z  A =  *J z Z  Фi
s=mi 1 5 = 1 l=sMj

= ОС,- (A N ).
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Hence by the definition of the functions i/̂ n (n 6 N) and from (8) we have

II SkiMlif) — SMl( f )  111 — <*/ Mj f
Л(0)

Z ^ sM i5 = 1

n ml—1
= - ^  zmJ 5 = 0

kf-l
Z exP- 

1=1

ns

2 71 ils n ml—1 ^  aJ v
2nis(k, — 1)

1 — exp----------------
mj

ni j m j  , t t „ 2я w 1 — exp------
m i

sin
*j

mj—1
V . 2

- >  * '

m j
iL5 = 1 ns =  mj

sm ----
I5=1 5 = 1(2)

ij • log nij,

where C >  0 is an absolute constant (_/' € N). It is obvious that for

1
«J : = log mj ( Я  N)

all the conditions are satisfied, thus

11 SklMl( f)  -  ||x ^  C > 0 ( j  <E N).

Hence the sequence (S„(f), n £ N) is not ^-convergent.
We can easily prove that for the function /  the relation (5) holds. Indeed, let n 

be a fixed natural number, then for all у  £ /„(0) we have

j  \f(x) -  f i x  -  y)\dx = j
Gm Gm

Z 4(Rk{x) -  Mx -  y)
k = n

dx

(where Rk: =  DMk+1 -  DMk (k 6 N)), i.e. by (8)

J \f(x) - f ( x - y ) \ d x ^ 4  Z a*•
Gm A: = /i

From this follows by reason of the definition of a»! that

thus
юх(/, 1/M„) ^  4 Z  «*,

k = n

00 log M  00 1
®i(/, 1/Af„) • log M„ ^  4 • Z  ^  . f - i r - ^  4 • Z  -J r  = *0) (» -  о») ■fc=n 2* • log Mn

This proves Theorem 2.

Proof of Theorem 3. We suppose first that condition (i) holds. Then by the 
theorem of Beppo-Levi we have

Z mk J I f ( x - u ) ~  f(x) I DMk(u) du < oo (a.e. x £ G ) .
k = 0 Gm
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From (1) and (2) follows for all k0£ N that

I Sn(f)  (x) -  fix) | = | J  {f(x  - u )  -  f{x)) D„(u) du I =
Gm

со m/c—1

J  {fix -  u) -  f{x)) il/n{u) X X {rk{u))j DMk{u) du
Gm I = O j  = № - » i

*0 mk—1
J (/(* ~  «) -  /(*)) X ('*(«))•' A l f »  Фп(и) du +

Gm j= m k—nk

mk—1
X 0*(«))У A u»  du й

^  X
k = 0

+ X 11 /(*  -  “) -  fix )
к  = ko + l  Gm

й  X I J  H k,x ,n iu) Фп{и) du I + X m k Í  \f{x -  m) -  /(x) I A u »  i/u ,
k — Q Gm k = ko+l Gm

where
mk—1

Hk, x, nid) : = (/(x  w) -  /(x)) X (rkid))j A u »  iu, x £ Gm, n, к £ N ).
j=mk—nk

Since for a fixed k0 £ N we have, by definitions, at most Mka+1 distinct functions 
among the functions Hkxn {k = 0, k0; x  Gm, и (  N) and for a g £ L\G m)
the relation \ g • ф„ = o(l) (и -> oo) holds, thus we can easily see that

G m  k

X I J Hk,xAu) Фп{и) du I = o(l) (u -► со).
/с = 0 Gm

From this by reason of condition (i) and by the preceding decomposition of Sn{f){x) — 
— fix )  follows the a.e. convergence of {S„(f), n £ N).

We prove now that condition (ii) implies (i). Indeed, for a fixed A N  we have

J J I f ix  -  u) -  fix )  I DMk{u) dudx = j  J | f{x  -  u) -  f ix )  \ dx du =
G/я G/я G/я Gm

= м к j* ( f I / ( X  -  u) -  fix) I dx) du й  cox if ,  ЦМк ) .
i m  Gm

Thus condition (ii) is also sufficient for the a.e. convergence. 
Finally, when (iii) holds, then

(off, 1 lM k) = 0(log Mk) -1- “ = 0(log2fc) -1-« = Oik-1- “) ,

hence from (iii) condition (ii) follows and thus Theorem 3 is proved.
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1. Introduction, notations

Let f(t)  be a nonnegative, 27i-periodic Lebesgue integrable function on the real
2 К

line such that J f{t) dt > 0. Then there exists a unique sequence of polynomials
0

{ d>„(z)}”=0 of the complex variable z with the following properties:
(i) Ф„(г) is of degree exactly n, with positive leading coefficient;

2it

(ÍÍ) ~ L  J  f{t) Фп(е"} Ф*(е"} dt = S"N (n,N =  0 ,1 , . .  .)
о

(cf. Szegő [1], pp. 287 — 288).
{i>„(z)}“=0 is called the system of orthonormal polynomials with respect to the 

weight-function f(t).
The theory of these polynomials, from certain point of view, is rather well 

developed (see e.g. Szegő [1], Chapters X —XIII; Freud [2], Chapter V). Thus, 
for example, the asymptotic behaviour of Ф„(г) when и -> go, is well-known for [ z | 2; 1 
under certain, rather general conditions for the weight-function f(t). Nevertheless, 
we know much less about the properties of Ф„(г) inside the unit circle, while this 
problem is equally important. Namely, all the roots of Ф„(г) lie in | z | < 1 (cf. e.g. 
Szegő [1], Theorem 11.4.1), but beyond this fact, not much is known on the finer 
distribution of the roots. Special examples show that in this respect the most various 
cases may occur. Thus, if f(t)  = 1 then <P„(z) = z”, i.e. all the roots are 0, while if

f(t) = cos2 then

V ( » +  1 )  ( З и  +  2 )
and here the roots are uniformly close to | z | = 1 and asymptotically uniformly 
distributed in any angular region a ^  arg z -й ß. More precisely, if Z (/) denotes 
the set of cluster-points of the roots of the polynomials Фп(г) (n — 1 ,2 , . . . )  then

Z (/)  = 0 and Z ( f)  = (z: I z I = 1}

in the above mentioned cases, respectively (cf. Túrán [3], p. 60).
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The purpose of the present paper is to get asymptotic formulae for Фп(г) and 
to characterize the set Z (/), when f(t) is a nonnegative trigonometric polynomial of 
precise degree m. Perhaps our approach can be applied for more general cases, e.g. 
when f(t) is continuous. At the end we give a partial answer for a problem raised 
by P. Túrán [3].

Thus, in the sequel, f ( t) =  f m(t) will always denote a nonnegative trigonometric 
polynomial of fixed degree m. (The trivial case m = 0 will be excluded; see the 
above example.) Such a polynomial always can be written uniquely in the form

(1) f J t )  = I hm(e“) I * 
where

(2) hm(z) = cm П  (z -  zk)mk ( X mk = m , cm #  0
k=1 U=1

is a polynomial of degree m of the complex variable z. Here the zk s are pairwise 
different and satisfy

I zk I ^  1 (Jc =  1........s)

(cf. Szegő [1], Theorem 1.2.2). Introducing the polynomial

(3) Á*(z) =  c„ П (1 -  zzk)mk
k = 1

of degree m, we get from (1) the representation

f m(t) =  h*(e").
We shall denote by

г* = zT1 ( I z£ I g 1; к  = 1 , . . .,i)
the different roots of A*(z).

Using the previous notations, the quantities

pm = max I z t  I (0 < pm й  1)
1 SfcSi

and

Km = FI (— ZkT kk = 1

will play an important role. We shall also use the notation 

M  = max mk (1 ^  M  ^  m ).
\ z t  I =  Pm
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2. Asymptotic properties of <Pn(z)

At first we deal with positive weight-functions (pm < 1): 

T heorem  1. I f  pm < 1 then

Mn,m —1 zt"+m+i-Mhm(zt) 
сткт hm(z) , ^  h T X z£ )(z -z* k) 

- ■ ■ 7„+m
+ 0 ( 1  z \n) if  \z  \ > pm.

+ o{nM Vm) if \ z \  < pm;

CmKm h*m{z)

Now consider the case when the weight-function has zeros (pm = 1): 

T heorem  2 . I f  pm = 1 then

Фл0) =

v, ( -1  ,
L  ------w ... , ---------- s;-------- Ь оcmKm nhm(z) , h%mk\ z t )  (z -  z£)

( 1) и zfc cm\Km\ + фтк) if  z =  z*
2 mk 
mk h*(mk\ 4 )

f  I ír* I 7 И m
m ' m ' +  o(| z Г) i f  I z I ^  1 but z ф z*k
Cm«m K fz)

if  I г I < 1 ;

I 4 l  =  i ;

R em ark . In case | z | 2: 1 and | z | > 1 the last statements of Theorems 1 and 2 
follow from Theorems 12.1.1 and 12.1.3 of S zegő [1], respectively. In Theorem 1, 
we could have stated asymptotic formulas for | z | = pm, too, but the situation is 
rather complicated, depending on the multiplicities of the roots | z* | = pm.

Pro o f. The proofs of Theorems 1 and 2 run parallel and consist of several 
steps. At first we prove that sufficiently large n's, Ф„(г) can be written in the form

(5) ФП0 ) =

V J a+m
hm{z)

s  m k
Z  X  a k , l , n

k=1 /=1

with suitable complex numbers yn and In order to show this, observe that
here with the notation
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the expressions

(7) zT+mrk, M  =  (* -  4 У +т 1 + Lк
Z -  Zkк

_  ^  I п + т + /
7 = 0

_* \л+т+/—у*zk
Z  —  Z i

__ - * п + т  V
-  Z k  L

" у 1 ln  + m + l
= L  1 j + l7 = 0

j = l

(Z -  Z* )7 Z*«+— 7

1 Z*
1 j U  -  4

l-j

are polynomials of degree n + m. Thus, if we prescribe the conditions
•s mk(8) Z Z ak,i,n4,l„(z») = <5„o (v = 0, 1,.. .,m„ -  l;n = 1 ,. .s)

fc=i /=i
then the expression on the right hand side of (5) will be, indeed, a polynomial of 
degree at most n (in fact, it will turn out that it is of degree exactly rí). Hence we 
have to prove that, for sufficiently large n’s, the system of m linear equations (8) 
for the unknowns akj y„ is nonsingular. To this end, let us calculate the asymptotic 
values of r^j A2») from (6):

4% (b  = z -  z,к
(v)

+ 0(n , v + / - l
-r*zk
zД ]

(if z„ Ф z t,  V = 0 ,1 ,. . .)  ;

and from (7):

(9) r£l„(z„) =  Ь

= z;+m Z
A = 0

wv—A+// _  n  I

(-r i)xz - n~m- x \  A , ' ZM~V + 0(nM ) =

= ^vnv+' Z
i=0

V

X,
(— l)Av !

Я ! (v -  X + /) !

+/-x, = i ( - l ) vz r » v+/
(V + / ) ( / - ! ) !

(v -  X + /) !
, Z _ V /2V +/v ' V +  /

X +

+ 0 { n ^ - x) = -£ - . ‘A ;r " ,  +  0(nv+- 1) (V = 0,1........от; I z, I = 1).

Hence, introducing the notation

( 10)

(8) takes the form

( 11)

bk.t.n —
ak,i,n if I 4  I <  1

( / -  1)! a k,i.n i f  I г *  I =  1 ,

1**1 <1 7=1 l  L I  Z

(v)
+ О \n,V +  / —1

7* 1)+

+ Z ZO(« 1)^,7.n = ^  (v = 0, 1, ...,7И„-1; |ZM|1),
1**1-1 /=i
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and

( 12) £  £  b k , l , n  '
1**1 <1 '=1

ÍÍÍ z
r

11L U  -  zк

(v)

+ £  £  ^ { r í  1)^’/t,/,n + £  ^k,l,n
1**1 =1 1=1 кФ\1 1=1

+ 0{rí+,~1 I z* n

( - 1  r ^ r i

+

V +  / + 0(г?-г) = Ő.

(V = о, 1........-  1; | z j  = 1).

Now let n tend to infinity in (11) and (12) (in the latter case after dividing by 
rí'). Then we obtain a system of equations

= <5v0 (v =  0, 1 , . . . ,  Шц -  1; I z„ I > 1) ,
mk /“1(v)

(13) M M о t V = <5vo1**1 <11=1 L\ z ~ zk - Z  =  ZH

mk
(14) v̂O £  £  K i

i**i <i i=i l z n - z
(v = 0, 1, ■ • •,

1 m* h ,
+ £  ~~T~f = **o/=1 V + /

for the unknowns bk t. We show that this system is nonsingular by solving it explicitly. 
If we succeed in determining complex numbers bk l such that

(15) £  £
i**i <i /=i z -  z,к

П= 1  _  cmhm{z)
cmKmh*m{z)

then these numbers evidently satisfy (13). But easy to check that

(16) t>k,i — ~ cmKm(mk -  l) !

(1 -  z*z)mk h„
(m/c—/)

{ 1 = 1 , . . . , mk; I z t  I <  1)
will serve this purpose. Now (15) yields

£  £  ^k.i
1**1 < i ;= i

= 1 -
CmKmA*(m,l)(zM) ( I  z j  =  1 ) ,

and thus (14) takes the form

g  = ^
1=1 v + / 7v0 cmKmh ^mrí{z^ (v =  0, 1 , . . . ,  Tn„ -  1; 1 z„ I = 1).

For each fixed ц, this system has again a unique solution

(17) V / = -  / /
cmh{̂ 4 z ^

Ы 1 1 CmKmK(m̂ {zß) ( /=  1, . . . ,m  • I z„ I =  1).
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Collecting our results, we get that the system (13) —(14) has a unique solution
(16) —(17), which implies that for sufficiently large rís the system (11) —(12) is also 
solvable and

(18) lim bkXn =  bkJ ( /= ! , . . . ,» » * ;  к = 1, . .  . , í ).

Hence (5) is, indeed, a polynomial of degree at most n provided that bk l n satisfy 
(11)-(12) and akyl n are defined through (10).

We still have to show that (5) is orthogonal to all zp (p = 0, 1 , ..  ., n — 1) 
with respect to the weight-function (4). We have from (5)

2 n 2 n
J ДО Фп(е“) Г *  dt =  y„ J ё ^ ‘ \1г*т{е“) -
о о I

— Z  Z  ak,l,nk=1 1=1 (eil - 4)'
e“‘ - 4_

Jt
n+m l—1

(Q й  p S  n — 1).

Now determine y„ such that the system {4>„(z)}“=0 be ortho normal. We have 
from (2) and (5)

а д  = —
Cm

and thus by (5)
1 -  Z  Ё  ak,i,n\ zn + . . .

k = l 1=1

2n
(19)

u
/(O i а д )  I ^  =

У*
2яс„ -

V V .  Ат И
\= i  h i  k’Un (e" -  z*)'

= I У„ I2

5 m/t л
1 "  Ё  Z/с = 1 /=1 J

О

/ j ( e" - z * y z ^ j } ^  =
n+m ' - 1 л + m +

1 “ E É аА:,/,иk = l 1=1
Here the left hand side is real and positive, hence the same is true for the right hand 
side. Therefore we may define

7h =
S  t t l k

1 -  E  E  ^k,l,n 
k = l 1 = 1

- 1/2

thus ensuring the orthonormality of the system {Ф„(г)}®=0. By (10), (18), (15), (2) 
and (3) we have

ttik mk £ L* (-\
lim E I  uk.i.n = Hm E Z **./.»= E E bkyi =1 ~~~ lim 1Г~73:n—>co k = 1 1=1 n-+ oo \z%\<! 1=1 \zt\ < 1  1=1 cmKm z ->co nm\z)

(20) = 1 -

mk
E

i*n <i /=i

= l -

m 'vm z-*co

l . l= l -
Kn

Cm П (~ *kY
k=1 П I г* I2"*k=l
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i.e.

(21) lim y„ =  I k„

Now the previous considerations enable us to prove Theorems 1 and 2. Easy 
to see from (6) and (7) that

(22) S +mrkXn{z) =

-*n+m + l„l—1Z h. rl

(/ -  1)! (z -  z*k)

2*1+m +1   + m + l
Z — ZZ

+ 0(n>~2 I z* Г) if I z I < I z* I or 

z I = I z* I but / ^  2 and z #  z* ;

if I z I = I z£ I , / = 1, z #  zj* ;

,*w + /n^
/ !

_л+т+/

+ 0 (« '-1 |z fc*D  if Z = z,A: >

7 + 0  (я '-1 I z* I") if I z I > I z t \  •

Using also the relation

(23) ak,mk.n = -

(z -  zky

cmmk\ hm(z*)
cmKmz*mkh*Jmk)(z^ + О (1) (I z*k \ < 1)

(which follows from (2), (3), (10) and (16)), we may select the greatest terms in (5)* 
and obtain Theorem 1.

To get the first relation in Theorem 2, we use (5), (6), (21), (22) and (17):

<£„(z) = Уп Y Y ak,l,nhm(z) I г? |=1 1=1 

Уп

п+m +1 и/—1

(/ -  1)! (z -  z*k) + 0(n‘~2) =

-*n+m + 1 mk
Y ~ —y*~ Y bk,i,n + o{n 2) =

w^ m ( z )  | * i | = l  z  ~  zk 1=1 
I *. I _ * n + m + l  ntk

= J7T7T I  ^ ^  Y bu  + oin-1) =nbm(z) |zj5| =1 z ~  zk /=1

( -  \ T kmkh ^ \ z t )  z*n+m+1
+ ф - 1) (I z I < 1).

CmKmnhm(z) l2if =1 h T k\ z t )  (z -  z*)

As for the second relation, the l’Hospital rule yields from (5), (6), (9) and (17)
S  t r ip

1 -  Y Y ар,1,пГр,,,„(г)
Фп(4) = Уп4п+т /7=1 1 = 1

M z) z=zk
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_  .. _*n+m P =1 1=1
— tn z k -----------

V  V  a  , r (.mk) ( 7 * \  ,
L a L a u p , l , n '  p , l , n \ L k )  * n + m  I s m P

Y n ^ k  I v  V 1
La Za ap, 1, Пh%k\z*)

+ 0(nmk+,~1 1 Z *  |" )  +  Ya a k , l ,n  
1=1

h%k\ 4 )  \ P=i t i
'  РФ к

( _  ŷ mkz*—mk„mk+l

\ \ z 1L z - z * \ J
(nlk) _

*=*/S

rí
{mk + l)(l -  1)!

+ 0(nmk+'- 1)

Уп
-*n+mzk mk U

( -  1 y n k z * - m k n mk у  ----- K h n _  +  Q ^ m k - l )

1=1 ™k +  l

Кт\ 4 п+т- ткптк (-1 Г к  »* K i  /и л

№ )  , t l  +  / 0(П j

*m I ( -  1 Г Чm t _ *n+ m —mk „mk

Cm K n
2mk
mk

+ 0{nmk) .
h*Jmk4 4 )

The last relation in Theorem 2 follows again from (5) by (10) and (15):

Фи00 = ynz
K(z) 1 -  X X

1***1 <1 /=1
z ÍM 1+ o  -

\ Z  — Z* j l « j j
I *m I г"""' 

CmKmÄ* (z) + o (\z \").

3. The distribution of roots of 0„(z)'

Now we are in the position as to characterize the asymptotic distribution of 
the roots of Ф„(г). Using the notation Z(fm) for the set of cluster-points of the roots 
of the <P„(z)’s, we state

Theorem 3. Z (/m) f) { z : \z  \ < pm} = 0  .

Proof. Theorems 1 and 2 imply that

z ~ ^ M as n -* oo

in every closed subdomain of | z | > pm. The limit function zm/A*(z) does not have 
zeros in I z I > pm + a (e > 0 arbitrary) thus by Hurwitz’s theorem (cf. e.g. M a r -  

d e n  [4], p. 5) so does z~"<Pn(z) for large n’s, which proves the statement. Note that 
in case pm = 1 Theorem 3 trivially holds.

The next step is to characterize the circle | z | = pm.

Theorem 4. { z : \ z \  = pm} £  Z ( / m).

Proof. Let z*........z* be those roots of A*(z) for which I z* | =  pm, mk = M
(к = 1........t), and assume that pm < 1. (The proof in case pm — 1 runs along the
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same lines (it is even simpler), therefore we omit it.) At first we prove that there exists 
an integer p, 0 ^  p < t such that

(24)'
L k h T \ 4 )

Namely, if the left hand side of (24) were zero for all p = 0, 1,. . .,  t — 1 then this 
would mean that the corresponding homogeneous linear system for the “unknowns”

0) would have a non-trivial solution, i.e. it would be singular.
“m \zk)
This is impossible, because the determinant of this system is the Vandermonde- 
determinant of the pairwise different elements z* ,. . z*, thus different from 0.

The next step is to prove the existence of a sequence of integers щ < n2 < . . ■ 
such that

(25) lim
( 7* \"> 
—  =

7*zk
j—>00 P m 1 Pm

(k = 1 , . . . ,  /)•

The selection of this sequence {n/) can be made in the following manner. Divide the 
z*’s {k = 1, . . .,  i) into two classes:

Ro = 7* •zk •
1
71 arg zt rational j

i ? l  = zk ■
1

arg z t irrational
71

(one of these sets may be empty). In Rk (if Rx #  0 ) , there exists a so-called basis* 

zt  — Pm«2"“*' € Äi (cok irrational; к = 1 ,.. ., и; и t)

with the following properties:
u

(a) If with certain rational numbers A, l b . . . ,  A„, £  ^kmk = 2 holds then
A = = . . . =  A„ = 0. k=1

(b) If z* =  pme2nxk‘ £ R1 then there exist rational numbers rkl, . . rku, rk such
that

(26) I k  =  E  rki(°J  +  rk ■
7 = 1

These properties are clearly independent of the particular choice of the со/ s 
mod 1.

Evidently, there exist positive integers q and n0 such that

(z* € R0, n ^  n0)

* We may assume that among the z*'s, the first и from this basis.
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and
(27) e2nrkn4i = j („ ^  W(i)

where rk are the rational numbers defined by property (b) above.
Now, according to a classical result of H. W eyl [5, Satz 4, p. 491], by property 

(a) there exists a subsequence {pj]JLi C {1, 2, . . .} such that

ilm f e i ™  = 1 (£ =  1........«)•

But then by (26), (27) and property (b) we have

( z *  \PiQ и
= lim e2n/kP'iq = П  I'm elnrk̂ PM = 1  (zK  Ri)

P m )  j-+a° 0 = 1
and thus (25) is completely proved with rij — pjq +  p — m + M.

Now let e >  0 be arbitrarily small. Then by Theorem 1 and (25) we have

cmKmPZ+1 Mhm( ^ ni(z) У  z tp+1hm(z%) 
fc-1 h m M\ Zk )  ( Z -  z k )

a s  j - *  CO ( |z |  й  Pm -  £)•

By Hurwitz’s theorem this means that for sufficiently large/s, j  S; j^e), the poly­
nomial <Pni(z) has at most t — 1 zeros in | z | g  pm — e. On the other hand, by Theo­
rem 3, for sufficiently large f s ,  j  ^  /2(г), Ф„.(г) does not have any root in 1 ^  | z | 2; 
^  pm + E. Hence ФП1 (z) has at least rij — t + 1 roots in pm — e < | z | < pm + e 
provided that j  ^  j 3(e) = max (л(е), y'2(s)).

Thus we have proved that “most” of the roots of Фи/(г) lie “near” | z \ = pm. 
The next step will be to prove that these roots are asymptotically uniformly distributed 
in angles with vertex at 0. To this end we use a deep and general theorem of Erdős 
and Túrán [6, Theorem I] which states that if £ i,. .., are the roots of the poly­
nomial a0 + axz  + . . .  + aNzN (a0, aN ф 0) then for any 0 =  a ^  ß ^  2n we have

(28) I  l - K ^ N
arg

We get from (5)

2 n ^  16 /iV log floI + . .  . + I aN I
V I  a ()a N  I

y„?hm(z) <Pn,(z) =  z"''+m -  X Z  fl*.,..
/c = l /=1

^ n j+ m + l l - l
V tij + m + l -*rti+m + l—u ~ 

Zk

1--
--- 1 N **
*

4-
^ 2-j

u = 0 U (z -  zf)l~U _
i.e.

(29) c j  хтг hm{z) h*(z) Ф„,(г) =
/И—1

1 -  I  Z  eWl4 zni+2m + Z c,J z'"+”’+' +
k = l  / = i

-1  S TWA: (  у ] .  -J- 777 -4- /

+ Z dtJz' + . - Л 1  £  ( - 1)7- “ \ J *и — n « Uk = 1 / = 1
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where by (10) and (18)

(30) etJ = 0(1), dtJ = O in ^ p Z )  (J -> oo) .

Further, the leading coefficient in (29) tends to | кт \~~2 as j  -> oo (see (20)), and the 
constant term is

- i l l  ak,,,ni4 ni+m
k= ll= l

n '-1
J + 0(n'~2)( l - 1 ) 1

n?~

+ o(ny - 2pZ) -

( M  -  1) ! \ z %\=Pm
m/c=M

Mnfi- 1cm ' z r +m- M hjz*k)

Y  ak,M,niZ*nI+1 +

Lm I n'm I k=1 h T H z t) + o{nf 1 Pm)

м ”Г - х№ т j ,  z V K iz t)  ^
Cm I Km I2 h  h T \ z t )  + ( 7 Pm)

where we made use of the relations (23) and (25). Hence, introducing a new variable 
in (29) by z = wpm, we get

nj+2m
cmKß I K m  I2 n)-Mp-Zn,fZ? hm(wpm) h*(wpm) <p„,(wpm) =  £  ß t J  w‘

1 =  0

12 j P ~ M  n—n/ n,— 1

where by (30) and (24)

and
ßtj = 0(п?-м) (1 й  t + 2m, j  ->■ go)

Ihn n f - y I ßni+2m.j I > 0.
j-*oo

Hence, applying (28) we have that if £ is an arbitrary point on | z | = pm then the 
polynomial (31) has

------ ----- - + 0{Jrij log nj) >  —rij ( j ^  j 5)

roots in the angular region | arg z —arg £ | ;S e. But the polynomials hm(z) and A*(z)
g

have altogether 2m roots, thus Фл/(г) has at least — tij roots in | arg z-arg  ̂ | ^ s
(J §: 7e). On the other hand, we have seen that at most t — 1 of the roots of Фп/(г) 
may lie outside of pm — s < | z | <  pm + e ( j  ^  j 3). Therefore the “e-neighbourhood”

{z- Pm -  e < I z I < pm + e, I arg z -  arg £ | ^  e}

of the point £ contains at least — rij roots of Ф„;(г), j  S:y7 = max (j3, j e), which means 

(being e > 0 arbitrary) that £ £ Z(/m). Q.E.D.
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Finally, we would like to examine which points in | z | <  pm belong to Z (/). 
The situation strongly depends on whether the z*’s are in R0 or Rv  At first we turn 
to the case pm <  1. As before, let z* (k = 1, . . ., t) be those roots of A*(z) for which 
I z* I = pm, mk =  M (k = holds. These can be written in the form (see
(26))

4
2i n ( S rkltoi +—) ,, , .= e Vi=1 як) {к = 1 ,.. . ,  t)

where pk, qk are integers, 0 й р к< Чк- This is clear when zk £ Rb and in case z* £ R0 
we can put rkl = . . .  = rku = 0.

T heorem  5 . Let pm <  1.] Then all the points z £ Z(/m) in \ z \ <  pm satisfy

(32)
' 2 i n

I  e
k  =  1

(
Us

i = i rkm + —) 
qk) hm{4)

(z -  z*)

where sk, 0 ^  sk < qk (k = 1,. . ., t) are integers and a,- (j = 1, . . ., u) are arbitrary 
real numbers.

Remarks. 1. If Ri = 0  then the number of cluster points in | z \ < pm is finite, 
namely at most (t — 1) qx. . .  qt. In particular, when t = 1, then Z(/m) = {z: \ z  \ =  
=  pm} (even if Rk Ф 0 ).

2. If и = 1 ,  i.e. the basis in Rx consists of one element, then for fixed rkl, sk, 
qk, the condition (32) prescribes algebraic curves of degree at most t for z £ Z (/m), 
as ocj varies. In particular, when t = 2, parts of these curves lying in \z \ < pm are 
circular arcs or diameters of | z | =  pm.

3. If и Si 2, i.e. the basis in Rx consists of at least two elements, then (32) pre­
scribes two-dimensional domains bounded by algebraic curves, for z 6 Z(/m).

Proof of Theorem 5. Given aj (j  = 1 , . . . ,  ü) arbitrary, 0 g, sk < qk (k = 1 , . . . ,  
. . .., t), by the quoted theorem of Weyl, there exists a sequence of integers nx < 
< n2 < ■ . . such that

lim
/->00

Z
*
к

Щ

Pm ,
2 n i  (  £  r/(i*l+ 

e  \ j=1 Qk ' (k = 1,. . ., 0 -

Thus our statement follows from Theorem 1 and Hurwitz’s theorem.
The case pm — 1 can be handled similarly, and therefore we omit the proof of 

the next theorem. As for notation now z* ,. . ., z* denote all those roots of A*(z) for 
which I z* I =  1. All other notations remain unchanged.

T heorem 6 . Let pm =  1. Then all the points t £ Z(/m) in | z  | <  1 satisfy

V ( - l ) mkmkh^(z*k)
h  h T k\ z t )  (z -  zt)

where sk,0  iS sk < qk {к = 1 t) are integers and ocj (j = 1, . . ., u) are arbitrary 
real numbers.

The same remarks apply to this theorem as to the previous one.
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4. A problem of Túrán

From the preceding considerations a natural question arises: does there exist 
a weight-function f ( t ) such that Z (f)  = {z : | z | ;£ 1}? This problem was raised by 
P. T ú r á n  [3, Problem 67]. In what follows, we give a partial answer in this connec­
tion.

Theorem 7. Given an arbitrary e >  0, there exists a weight-function f(t, e) such 
that the two-dimensional Lebesgue-measure o f the set Z ( f) is greater than л — e.

The full answer for the above question remains open.

Proof of Theorem 7. Let m = 3, zx =  zf =  e2nc0li, z2 =  z |  =  е2ж<°2‘ 0 <  aq <
1 ГеГ\ *■

< <u2 < — , / — , z3 = z* = 1 (t = m = 3) where zx and z2 form a basis in the бтг \  л I
previously defined sense (i.e. и = 2). Consider the corresponding weight-function 
m  = I hfe“) I2 where

hfz) = (z -  1) (z -  zx) (z -  z2) .

Theorem 6 yields that all the points z £ Z (/), | z | < 1 satisfy

(33)
1 e

+
02nati

Z — 1 Z — Zi
+ = о

Z -  z 2

where ax and a2 are arbitrary real numbers.

Now let z be such that | z | < 1 and | z 

(j =  1, 2) easy to see that the quantities

1 1

—. Then by 1 z,- — 1 
V л '4^

1
z — 1 z — z. z -  z .

satisfy the triangle-inequalities, which implies that a proper choice of oq, a2 yields
(e

circle with centre 1 and radius 

Q.E.D.

relation (33), i.e. z 6 Z(f). The restrictions | z | <  1, | z — 1 | > — mean that a
I e

(i.e. of area г) must be excluded from |z | iS 1.n
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BEMERKUNG
ZUR KONVERGENZ DER FUNKTIONENREIHEN

Von

K. TANDORI (Szeged), Mitglied der Akademie 

Herrn Professor G. A lexits zum 80. Geburtstag gewidmet

1. Es sei A = {!„}“ eine nichtabnehmende Folge von positiven Zahlen. Mit 
ß(A), bzw. mit ß*(A) bezeichnen wir die Klasse der im Intervall (0, 1) orthonormierten 
Funktionensysteme ф = für die

£„(<£; x) = J Z  Фк(х)фк(1)
k = 1

dt S K  (* € (0, 1); n = 1 ,2 , . . . ) ,

bzw.
Ьп(ф\ x)Г sup -nvy ’ dx S  1

J П

erfüllt wird. Für eine Folge a = {a„}J° setzen wir
l

II a; ß(A) И = sup j  sup | at ф1 (x) + . . .  + aj ф^х) \ d x ,
ф€ß(A) 0 l^ i^ jK o o  

1
II a; ß*(A) И = sup J  sup | а, ф1 (x) + . . .  + ctj фj (x) \ d x .

0 i s / s y < a >

Es sei endlich

M(A) = {а : И a; ß(A) || < oo} , M*(X) = {a : || a; ß*(A) || < oo} .

Für eine Folge a und für natürliche Zahlen M, N  (M S  Ю> setzen wir 

a(N, oo) = {0,. . ., 0, aN, aN+1, . ..} , 

a(M, N ) = { 0 ,..., 0, aM, . . . ,  aN, 0 , . . .}  .

Auf Grund der Definitionen der Normen || • ; ß(A)||, || • ; ß*(A)|| ist es klar, daß 
für jede Folge а

| |a(l,iV);ß(A)|| ^  | |n ( l ,A +  1); ß(A)II, ||ü(l,!V); ß*(A)|| ^  | | a( l,V +  l);ß*(A )||, 

IIa(N, oo); ß(A)|| ^  ||a (A +  1, oo);ß(A)||,

||a(A, oo);ß*(A)|| £ ||u (A  + l,oo); ß*(A)|| (N  = 1,2, . ..)

14* Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



212 К . T A N D O R I

erfüllt sind; weiterhin gelten

1|я(1> A); ß(A)|| /  Ma; fi(A)||, ||a (l,A ); ß*(A)|| /  ||e ; Ű*(A)|| (N /  oo).

In der Arbeit [3] haben wir die folgende Behauptung bewiesen.

Satz  A. Gilt \\a{N, oo);ß(/.)|| ->  0  (N -  oo), bzw. | |a (A , o o ) ;  ß*(A)|| -  0  
(N  —> oo), so ist die Reihe

00
E а„Фп(х)n = 1

für jedes System ф £ ß(A), bzw. fü r  jedes System ф £ ß*(A) im Intervall (0,1) fast 
überall konvergent.

2. In dieser Note werden wir einen einfachen Beweis für die folgende Behauptung 
geben:

Satz I. Im Falle а £ M*(A) gilt || a(N, oo); ß*(A) || -*• 0 (N -* oo).
Aus dem Satz A folgt also, daß im Falle а £ M*(A) die Reihe I  апф„(х) für 

jedes System ф £ ß*(A) fast überall konvergiert.
In der Arbeit [1 ] haben wir diese Behauptung mit einer komplizierten Methode 

bewiesen.

3. B eweis d e s  Satzes I. Wir bringen zunächst einen

H ilfssatz. Für jede Folge a und für jede endliche Folge von natürlichen Zahlen 
n0, . . . ,  nN (n0 < . . . < nN) gilt

E  W a i n , . ,  +  í2*№ll2 ̂  2 ||e(u0 + l, ллг); ß*(A)ll2.
i = 1

B eweis d e s  H ilfssatzes. Auf Grund der Definition der Norm || • ;ß*(A)|| 
gibt es für eine beliebige positive Zahl г ein System ф(,) — {ф^Хх)}™ £ ß*(A) mit 

1

( 1) sup E an Фп\х)
0 n = k

dx ^  ||a(/J/_i + 1, «,•); ß*(A)|| -  £•

Es sei 0 = a0 < . . . < xN = 1, und setzen wir

Фп(х) =

1

V a 1
ФР

.v -  a,
Oii -  ao

x -  af_!

, x  £ (a0, at) , n =

ФУ
>/«t -  ot/_i " (а,- -  a,_i.

, x  £ (а,_!, а,), п = и,-_у +  1 , . . . , и,; 

i = 2, . . . ,  N  — 1,

Ф ^
a.N-

х  -  «ЛГ- l  

аЛГ — аЛГ-1 ,
X £ (OÍJV-! , cln) , п = nN_1 + 1 , 

nN-1 + 2,. . . .
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Es ist klar, daß ф =  {фп(х)}Т in (0, 1) ein orthonormiertes System ist. Weiterhin 
gelten die folgenden Gleichungen:

(2) Ьп(ф, x) =
Фт ;

x -  an
«i -  «о

, x g  (a0, üti); n = l , . . ..n 1,

L L (l); —--- — I , x £ ( a 0, a j ;  n = nx +  1, «i + 2 , . . . ,
I «l -  “o /

(3) L„№;x) =

0, x^(ix i_1, cc,); n = 1,.. nl5
1

' * -  «/-I

to

Z Ф?к = Щ_ ! + l

Z  4 °k=ni_i+l

<*i -  «i-i I

X  -  <*,_ 1

«/ -  «/-1 д а )

dt, x^(<xi_1,a i); n = n , ^  + l , . . nt ,

(4)

dt, x  6 fo -i, <*/); и =  и, +  1 , . . .  

(i = 2 , . . . , N -  1),

Ь„(ф;х) =

0 . * $ («N-l, <*tf) ,
1

' * -i z  ^
Л=ял’_ aAI — aV-l , д а о d t, * £(<**_!, ос*); n = Идг.! + I , . .

Da im Falle n > ni^1 (/ =  2 , . . . ,  N  — 1) 
1

Z ФУА: = и/_*+ 1
x -  а ,.!
«i -  «i-l д а > dt <

U ; ( *  a ' - 1 +  Ln, ,
1 1 «i -  «1-1

Ф0);
X  -  а

а, -  a ,_ J

und im Falle n > nN-x

z д а [ *  ) д а о1 к = пц- 1  +1 1 аЛГ — аЛГ-1 j

ü L n L ™ ; x -  «jV-l
«N ~  «N- 1

+  £«*_, д а

<*<

x -  «ДГ- 1  

аА — aV-l
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gilt, erhalten wir aus (2), (3) und (4) 

£„(</>; x)f  £„(</>; x) J " fsup —— ----- dx =  2, su
J n i = 1 J n

L„(<f>\ x)
К

L„

Í SJ П

Ф(1);

sup —— —— dx =
П

x  -  a0

sup
Sn,

<*1 -  «0 í/л: +

+ 2
«1N—1

I1 = 2 ^ «/_!<
sup

n̂Lni

Ln k (0; a ,- a ,_ i dx + 2
°wf  S U P -

Ф™;
X - о.ЛГ-1

ifo <

l m w ; x)íS (aj — a0) sup —ЯЧУ. ’ v/ dx
J П

, - V /■ ч Г L J № \X )  , .+ 2 X (a, -  a,.!) sup-----7------dx ^
i =  2 J n Лn

й  2 £  («/ -  a<-i) =  2 .

also gilt ф £ fl*(22), wobei 2Д = {22„}J° ist. 
Weiterhin folgt aus (1):

ПФ,:0 + l ,n N); ß*(A) 11 ^  j sup X
) nc< täj^nN  k=i

N j  r
= E  —j= = =  J «/=1 <xt — Otj_i J Щ-1 <«/-1

N

sup
к£1йщ

Ц апф ?

ак Фк(х)

х -  а,_!

dx >

dx ■
{<*í -  а/-1 J

= X v4 -  a/-i ^  Е Л  -  а<-1 I I «(««-I + 1. «<); ß * W ) l l  -  ê-
i = l /=1

Da diese Ungleichung für jede Folge 0 = a0 <  . . . < ccN =  1 besteht, erhalten wir 
daraus

II «К + h n N); Q*(2X) И £ IIabh-1 + Un,) ß*№ll2
Da г > 0 beliebig ist, gilt auch

( 5 )
N
I  II a{n 1, ж ) ;  0*(Я) II2 s£ II Ф о  +  1, и * ); ß*(2A) II2 •
1=1

In der Arbeit [2] haben wir gezeigt, daß für jede Folge а

||e ;Ű *(£W | ^  7 F | |a ; ß * ( 2 ) | |
ist. Daraus und aus (5) bekommen wir die Behauptung des Hilfssatzes.
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Den Satz I können wir jetzt leicht beweisen. Gilt nämlich, für eine Folge a, 

II a(N, со); ß*(A) || -> 0 ( N -> oo),

so gibt es eine Indexfolge (0 =) rt0 < . . .  < nk < . . .  und eine positive Zahl p mit 

П Ф а- i + 1 ,nk); Q*(X) 11 > J p  (k = 1,2,. . .).

Auf Grund des Hilfssatzes ist aber

N p ü  E  \\<*nk- i+  \,п кУ, Q * m 2 й  2\\a{\,nNy , Q * m 2
k = l

für N  — 1 ,2 ,. . . ,  woraus sich ||a; ß*(A)|| = oo, d. h. a$ Af*(A) ergibt.

4. Mit dieser Methode kann man auch den folgenden Satz beweisen.

Satz II. Im Falle а $ M(2A) gilt 11 a(N, oo); ß(A) || \  0 (N /  oo).

Ein schwächere Behauptung haben wir in [3] bewiesen.
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ON INTEGRABILITY OF LACUNARY TRIGONOMETRIC 
SERIES WITH WEIGHT

By

S. A. TELJAKOVSKIÍ (Moscow)

Dedicated to Professor G. A lexits on his 80th birthday

Let пъ n2, ■ . . be an arbitrary sequence of positive numbers which satisfies the 
gap condition of Hadamard

(1) i ,  к = 1 , 2 , . . . .
nk

If for real numbers ak, bk the condition I(ak + bk) < oo holds then it is well-known 
(see [1, ch. 2, § 1, no. 1,3]) that the series

00
(2) Oo + Z  (°k cos nk x + bk sin nk x)

k=i

converges a.e. and its sum denoted by F(x) in what follows is integrable over each 
finite interval in the p-th power, for all p > 0. In the case of pure sine series (2), i.e. 
if ak =  0, M. W eiss ([2]; [3, Theorem 5.27]) found necessary and sufficient conditions 
for integrability of the function (\/x) F(x) over [0, л]. Putting forward this investiga­
tion of hers, L. A. B alasov  and the author obtained a criterion in [4] for integrability 
of the function

(3) ф(х) F(x)

over [0, n], where the weight function ф(х) increases infinitely as x -* 0 and the 
condition

(4) ф(х)х loga-i-J, 0

holds for some a for sufficiently small x. Let Ф stand, as in [4], for the class of func­
tions ф with the just mentioned requirements.

Here we generalize these results by consideration of integrability problem for 
the function ф(х) \ F(x) \p where 0 < p < со. Moreover, the class of functions ф 
will be widened somewhat for which integrability conditions of (3) are investigated. 
The author’s attention to the possibility and desirability of weakening the restric­
tions on the function ф was driven by L. Leindler and S. B. Steckin when discussing 
the results of [4].
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We say that a function ф is in the class Фр (0 < p < со) if it is defined for x > 0, 
positive, increases infinitely as x  -» 0 and the conditions

l
(5) хф(х) =  o( f ф(t)dt)

X

and

(6) J  tp ф(у) dt = 0{xx+p ф(х))
о

hold, where p = min (p, 1). It may be easily seen from (6) that

(7) ф(х) = 0(ф(2х)) (x -*• 0).

It is not hard to verify also that (4) implies (5) and (6) and thus Ф d  Фр for all p > 0. 
Note that for Ü < a ^  1 the function ф(х) — ljxa is in the classes Фр while for 
a > 1 this is no longer true.

In what follows A stands for positive numbers which may be different at different 
occurrences, and depend on q, p and the function ф, and we keep in mind that the 
corresponding estimates are true if A is sufficiently large.

T heorem . Let the sequence o f numbers {nk} satisfy (1), the series L(ak + bk) 
be convergent and ф £ Фр (0 < p < oo). Then the integral

(8) j  I F(x) \p ф(х) dx
+ 0

is finite if and only i f  the series

(9) £  ф\
s= 0 1

is convergent, where
1 Ins

(10) фа = j  ф(х) d x .

I f  the series (9) converges then the estimate
1/Л,

(11) j  \F(x)\p ф ( x ) d x й A S
П

holds, where S denotes the sum of (9).
If p = 1 then the above assertion implies Theorem 1 of [4], while if p = 1, 

ф(х) = — and ak = 0  it coincides with the result of W eiss [2].

In the proof we use the following well-known estimates.

Lemma 1. Let q > 1 and 0 < p < со. Then there exist positive numbers A and 
О depending only on q and p such that i f  Q ß 1 /q, I  (cl + df) < со and Xb A2, . .  •

s P
E  ak +
k=?0

E (e? + bl)
k = s

PI2
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are arbitrary real numbers satisfying conditions Xx ^  A and 2; q > 1
= 1 ,2 , . . . )  then

( 12)
1

+ £ ( 4  + d t )
p/2

(* =

= J  C o  + £  (c* cos 2 *  x + dk sin Xk x) dx Q
В k = 1

+ £  (cl + 4 )
P/2

E = 1
If 2Ä are integers, the above lemma is a consequence of the estimates (6.6) and

(8.20) in Ch. 5 of [5]. Generalization to the case of nonintegral Xk is discussed in 
[1, Ch. 2, § 1, no. 3]. Further note that for p ^  4 (12) may be easily deduced from 
lemmas contained in [6, §11].

Lemma 2. Let 0 < p ^  2 and ф, be positive. Then

(13)
N
£  Ф,

5 = 1
£  'I'kl'l's

Pl 2
\as \”ü 9  £  ф,

5  =  1

I Pl 2

k=s
for arbitrary real numbers as.

(13) is a generalization of Hardy—Littlewood inequality [7, Theorem 346]. This 
estimate is due to Leindler [8].

Proof of the T heorem. Without any loss of generality we may assume that 
the inequalities

(И) 1 < q Ú — й q2, к = 1 , 2 , . . .
nk

hold for the nk s. Indeed, the latter conditions will be obviously satisfied if we insert 
the terms into the series (2) with zero coefficients ak, bk and meanwhile the series (9) 
remains unchanged. On account of (14) and (7)

(15) 1 1 и,--- ФA n.
— \ й Ф , й А  —  ф

Introduce the notation E. — - L . i lns+1 n, J
and estimate the integral

(16)
II M
j' I F(x) I' <К&Ы = £  j  I F(x) \P ф(х) dx .

l /им+х Es

Let r be the least integer such that

(17) qr > Л,

where Л is the number from Lemma 1. For x  £ Es we represent F(x) as
5  +  Г— 1

(18) F(x) = Yj [ak(cosnk x  — 1) + bk sin nk x] +
k = 1

s+r—1 CO]
+ £  ak + £  (ű/c cos nk x  + bk sin nk x) .

k= 0 k=s+r
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We Start with estimate of integrals of the first sum in the right hand side of (18). 
We have

M  I s + r —1 p

G =  £  Yé fc*A:(C0S n k X  — 1) + bk sin пк x] ф(х) dx ^
j = l  Es I k=1

M  f~s+r—1 ~| p

^ E  E (l«*l + \bk \)nk j  xp ф(х) dx .
s = l  L k  =  1 J  E j

This implies by Jensen inequality [7, Theorem 19] for 0 <  p  ^  1
M  s+r—1

I  E (la*lp + \bk \p)npk § x p(t)(x)dx.
s=l k = 1 E,

On the other hand, if p > 1 then using Holder inequality and the right estimate
(14) we get

M  s+r—1
á A £  E ( \ak\P + \bk \p)nk n ^ _ 1 J xp ф(х) dx S

s = 1 k = 1 E s

M s + r—1

^ E  E (\“k\p +  \bkn n k $x<Kx)dx.
s = l  k  =  1 E,

Thus for all p >  0
M s + r—1

< 7 ^ A £  £  ( |« * |' +  \bk \*)npk f x p</>(x)dxg
!=X k = l És

Г— 1 1/n,
á  A E  ( \ ak\p + \Ьк \р) к  j  xp<l>(x)dx +

k= 1 0

M+r—1 ljnk_r_l
+ A £  ( |а* |р + \bk \p) n pk J  xp ф(х) d x ,

k = r 0

whence by (6), (14) and (7) we find

(19)
M+r—1

a ^ A  Y  ( Ы р +  \Ьк\р)Фк-k= 1

Now we estimate integrals of the remaining sums in the right hand side of (18). 
According to (17), the sequence Xk = nk+s+r_l/ns (k = 1 ,2 ,. .  .) satisfies the require­
ments of Lemma 1 for each s. Consequently the following estimates from above hold:

s + r—1

ф(х) dxa* -  Í £  ak + £  (a* cos n kx  + bk sin nk x)
E, k=0 k = s+r

Ф
1

f
s+r—1 °° ( И

E ak + E \ak cos — x + bk
" s n s  +  l •dnslns + i k=0 k=s+r 1 ns

nk_ 
ns

dx <

l
j

s + r—1 1 p
E ak\ + E (al + bk)

Pi  2
ns ns + l 1 k=0 1 __k=s+r
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and, from below,

(21) <rs ^ — ф 
n. I1 -) f

s+r—1
X ak +

oo

z
1 nk\ak cos — 1 ■ nk 1x + bk sin—  jc

ns 1 J k = 0 k=s+r l ns Instn:
dx >

An, ■Ф
s+r—1 I p

Z  ak\k = 0 I

In view of (7) and (14) we can replace —  ф
S  +  Г—1 S  +  Г  f t s

and the sum £  ak by £  ak.
k=0 k=0

Then we get from (16), (18), (19), (20)

f £[_A:=s+

*i+ l

(al  +  b\)

Ф —

Pi 2

by фя+г in (20), (21),

(22)
l//ii M+r—1
J  \F{x)\’ <Kx)dx£A  I  Цак\ * + \ Ь к\*)фк +

k=l
M

+ A YS — 1
f s+r p

E  ak +l k=0 lл «Н j
n

<

Z + Z (a* + **)
M+r

S '4,? /T  r  _ <» =14
(22) implies the sufficiency of the conditions of our theorerij ‘finiteness

of the integral (8). .ú .zionilll ,s!ßb
Similarly, (16), (18), (19) and (21) yield the following estimate from below:'

.(VS6I ..hsV-iaanhqZ
J 1 , M +r ( / a o y i t f V  Э . а о з д в З  .A .It 0 ]

(23)
1/ЛМ+]

1 M +r I
I Д*) I '0 ( * ) Л £ — I

£ёГ̂ э§ЬпаглвС?) ä j m o y S  .A  [ ? ]
o‘Aэао/МЛА-Ьб'стТ ,£wq OTOuqßiî Hrm зммуо О ,аопэЗ .Э .A [ö]

Е  ФА\а,\р + \Ь 1\*). .«i-voi
. ,9gbhdme0) ,ay.ió4 .О .aoowirmj Л .1 ,уаялН .Н .О [V]

- »V>k .boowslíJiJ Ьав (bißHlo гэЬНвирэш 1о noilßsibmnaO .aajcinuJ .J [8] 
(23) implies the necessity of the conditions of our theorem. . The latter statement is 
obvious if the series

,0t <(üYA Ут'тэЯ")
^Z Фs( I a s  lP + I bs \p) зтиптгш jaoitamhhtam уотязтг 

ягги ант то гаэиаюг то умзоаол знт то 
converges. On the other hand, if the series (24) is divergent then we use the followiilg 
consideration. Since by (10) and (15)
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(5) implies that

Ík = 1 Vs
(s -> 00) .

Thus if the series (24) diverges then
N
E ФА\а,\’ +  \b, П = о

N
E  Ф,

5 = 1
É —Ih i  Ф s)

P l  2
( K l p + \bs \p)

as N -> со, and consequently by Lemma 2
N

(25) E ФЛ\а.\р +\Ь.\*)  =  o\Y<t>,
N

5 = 1

N
E + bi)
k=s

Pl 2

From (23) and (25) we obtain the necessity of the conditions of the theorem in the 
case of the divergent series (24). Q.E.D.
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CONVERGENT INTERPOLATORY PROCESSES 
FOR ARBITRARY SYSTEMS OF NODES

By

P. VÉRTESI (Budapest)

To Professor G. A lexits on his 80th birthday

1. Introduction and preliminary results

1.1. Considering any matrix X  = {xk-n = cos ^k<n} (k = 1, 2 , . . n;n =  1, 2, . . . )  
in [—1, 1] with

(1.1) -  1 g  x„>n < < . . . < X2>n < xhn й  1 (я = 1, 2, . . .)

we know that the Lagrange interpolatory procedure based on the nodes (1.1) cannot 
be uniformly convergent for a ll/£  С (C is the set of functions continuous on [—1, 1 ]).

1.2. However, if we do not restrict ourselves to the Lagrange interpolation we 
can state positive results.

For example S. B ernstein  [1] proved as follows:

T heorem  A. I f f  £ C then for every fixed c > 0 there exist polynomials Pn(f; x) 
of degree íS n — 1 interpolating f  at least at n(\ — c) roots o f Tn(x) and || P„(/; x) — 
- f i x )  II -*■ 0 (n -> oo).

Here and later T„(x) = cos nl) (x = cos 9) are the Chebyshev polynomials having 
the roots T  = {t/С'п} where

2k — l(1.2) tk<n = cos9Ä>„ = cos— -— - л (k =  1, 2 , . . n; n = 1 ,2 , . . . ) ;In
t

further И g(x) || =  max | g(x) \ for g £ C.
Later G .  G r ü n w a l d  [16] proved his important results on the Hermite—Fejér 

step-parabolas.

T heorem  B. I f  the nodes form a strongly normal matrix then for every f  £ C 
there exists a sequence ofpolynomials H S f ; x) of degree <2n — \ such that Hn(f;  x, „) = 
-  Л Ч .) (/ -  l! 2,. . II HJJ-. x) II TO o. -  » ) .

E.g., the roots of the Jacobi polynomials P(f ,n (x) form a strongly normal 
matrix if — 1 < a, ß < 0 (see [2]).

I wish to remark that the processes mentioned above are linear operators.

1.3. In 1943 P. Erdős [3] stated the following
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T heorem  С. Let X  be defined by (1.1). A necessary and sufficient condition that 
to every fixed c >  0 there should exist a sequence o f operators {Ln(f; c\ x) = L„(f; x)} 
defined for all f  (z C so that

(i) Ln(f; x) is a polynomial o f degree «(1 +  <?)(« = 1 ,2 ,...) ,  
(») L„(f', x K%n) = /(**,„) (k = 1 ,2 ,. . . ,  ri),

(iii) lim И L n(f;  x) -  f{x) || =  0 for every f  £ C,
n  ->oo

is that

( E )

i f  n(ß„ -  a„) oo, 0 ^  a„ <  ßn ^  n then 

lim N; ^ n’ ßn\  й  — and
л-»-оо f ß n  & п )  Я

lim (£/+1,„ -  ^/>n) n > 0 (i arbitrary).

Here N„(X; a, ß) = N„(a, ß) stands for the number o f £,kf s  in [a, /?].
As Erdos remarked, the first part of (E) means that every interval (in 9) which 

is large compared to l/n contains asymptotically at most as many x,’s as T„(x). 
The classical orthogonal polynomials, as is well known, satisfy (E).

We will show that the L„(f; x)’s can be linear operators, too. Namely we prove

T heorem 1.1. Considering an arbitrarily fixed  matrix X, the necessary and suffici­
ent condition that to every fixed c >  0 there should exist a sequence o f linear operators 
L n(f; x) on C having (i), (ii) and (iii) is that (E) should be satisfied.

1.4. In his paper [4] G. F r e u d  investigated the rate of the convergence. He called 
the point system {xki„} “approximating” if for every fixed c > 0 there is a sequence 
Ln(f; x) of linear operators on C so that (i), (ii) and (iii) are true for Ln; if, moreover

(iv) 11 L„(/; x) -  f(x) 11 ^  K(c) En( f ) ( « = 1 ,2 , . . . )

then X  is called “well approximating” . (Here £,,(/) is the best approximation of f(x) 
by polynomials of degree ^  и.)

G. Freud proved

T heorem D. A point system is well approximating i f  and only i f  it is approximating-

1.5. It is an interesting problem to state positive theorems for arbitrary systems 
of nodes. This was recently investigated by J. Sz a b a d o s  [5]. To formulate his result, 
let

(1.3) dn =  dn (X) = min (Zk+i.n -  ík,n) in = 1 ,2 , . . . ) .

Now the following statement holds.
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T h e o r e m  E. For any fixed  X  and f£ C  there exist polynomials p„(f\ x) in = 1 , 2 , . . . )  

of degree m f  c/dn for which (ii) is valid] further

( 1 . 5 )  И pn(f] x) -  f(x)  11 = 0(1) Em(f)  {n = 1 ,2 , . . . ) .

Here and later the “ O” sign does not depend on f  n and (at the pointwise esti­
mations) x.

In his proof the constant c must be chosen greater than л/2 + 2п3/^/3  x  37.5; 
moreover, generally the polynomials p„if; x) are not linear operators.

1.6. Our aim is now to define a linear operator sequence where, as we shall see, 
the acting constant, in a certain sense, will be the best possible. Further we deal with 
pointwise estimations, too.

2. New results

2.1. Uniform approximation for arbitrary X. 2.11. Using the above notations 
we can prove

T h e o r e m  2.1. Let us consider an arbitrary matrix X  in [—1, 1]. Then for every 
fixed c > 0 and e > 0 there exists a sequence of linear operators Lnif, c, e; x) = 
= Ln(f; x) defined on C so that

7t
(a) Lnif \  x) is a polynomial of degree N  Sj —  (1 -1- с) (и = 1, 2 , . .  .),

dn
(b) Lnif] xkJ  = f ix Kn) ik = 1 ,2 ,. .  ., и),
(c) И L„if; x) -  fix )  11 =  0(1) ElN(1_e)]i f )  in = 1 ,2 , . . . ;  / £  C).

2.12. Considering the proof, especially condition (E), observe that dn can be 
replaced by

(!-4) A, = min (£*+1,„ -  {*,„) in = 1,2, . . .)l^k^n—1

(where 1 ^  ix < . . .  iL ^  n — 1 and L does not depend on n) supposing that D„ — 
= 0(dn). Obviously Dn Sr dn which means that for some matrices X  the degree of 
L„if] x) can be reduced.

Generally, if we can find a matrix Y =  {yk>mJ  (k = 1 ,2 ,. . . ,  m„; n ^  n0) such that 
xi,n 6 {Ук,тп)к=\ ii = 1, 2, . . . ,  n; n ^  n0) and Y  satisfies (E) (with m j  then we can 
prove Theorem 2.1 for N  = m„i 1 + c).

2.13. On the other hand, generally the constant n cannot be changed to n — p 
ip > 0).

Indeed, if dn = njn then

N  ^  n(l — pjn) (1 + с) < n — 1 in ^  n0) ,
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whenever c is small enough, contradicting (b). But if we suppose n/d„ it m  where 
a > 1, one can ask whether we can decrease the degree by requiring only
(d) lim И L„(/; x) - Д х ) | |  = 0 (n =  1, 2 , . .  . ; / €  C)

«—>co
instead of (c). The following statement can be proved like Theorem D.

Theorem 2.2. I f  for a sequence of linear operators Ln(f; c, x ) (a), (b) and (d) 
hold then one can construct another sequence o f linear operators Bn(f; c, e, x) so that 
or {Bn} (a), (b) and (c) are valid.

2.2 Pointwise approximation for arbitrary X. 2.21. We quote the following well- 
known estimations.

T heorem  F. I f  f (r) £ С (r ^  0 fixed integer) then there are sequences o f linear 
polynomial operators Jn<r(f\ x) and Gn r(J\ x) o f degree ^  n such that for any x  £ [— 1,1 ]

(2. 1)

and

( 2.2)

\f(x) -  J„.r(f', x) I = 0 (1 ) 'f (r ).  У 1 " * 2
n (n > r)

\ A x ) -  Gn,A f-x)\ = 0(1) CO (n > r).

(Here co(g; t) is the modulus o f continuity of g(x) in [—1, 1].)
(See e.g. A. F. T iman [7], 5.2 for (2.1) and I. E. Gopengauz [8] and S. A. 

T elyakovski [9] for (2.2).)
For r = 0 several papers were devoted to prove (2.1) or (2.2) by polynomials 

Pn(f; x) of degree «  An interpolating to /(x) in specially chosen xk<n. (See e.g. [10] —
[12]; for a more detailed reference see [13].) A recent result proved by G. F r e u d  
and A. Sharma [13] states as follows.

T heorem  G. Let {**,„} (k =  1 , 2 , . . ., ri) denote the zeros of P(f ' /?) (x) (x, ß > — 1 
arbitrary but fixed). I f  f  £ C, then for every fixed c > 0 there exist linear polynomial 
operators A ^,n(f; x) =  An(f; x) o f degree ^  и ( 1  +  c )  so that

Л„(/; xkt„) =  /(**,„) (k =  1, 2........ n; n ^ n 0),
(2.3)

Arif', x) -  f{x) I = 0(1) со / ;r. - J 1 -  x2 H--- 2~n (« ^  «о) •

2.22. Now we give a theorem dealing with arbitrary X  and r 3: 0.
T heorem  2.3. Let the matrix o f nodes X  d  [—1, 1] be arbitrary, r ^  0 fixed  

integer. Then for every fixed c >  0 there exists a sequence o f linear operators 
K„{f\ c; x) =  Kn(f; x) defined for every / (г) £ C for which (a), (b) and

) .  V 1 -  X 2(e) \Kn(f-x ) -  /(x) I =  0(1) XT
N + CO / (r); N

1
W2 Сn ^  «о)

are valid.
As for the bound n{\ + c)/dn, see 2.12 and 2.13.
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2.3. A problem of G. Freud. In connection with Theorem G in 1972 G. F reud 
raised the following problem ([14], Problem 10). Find necessary and sufficient 
criteria concerning X  = {**,„} so that for every c > 0 there exists a sequence {A„} 
of linear polynomial operators defined on C for which the degree of An(f; x ) is 
^  и(1 + c), further (2.3) is true (see further [15], pp. 274).

Now we solve a generalized form of this question.

Theorem 2.4. Let X  a  [— 1, 1 ] and r ^  0 fixed. Then the necessary and sufficient 
condition that for every c > 0 there should exist a sequence {A„} o f linear polynomial 
operators defined for / (г) £ C such that

(2.4)

deg A f f \  x) <, л(1 + c),

A„( / ;  **,„) =  /(* * ,„ ) (k =  1 , 2 , . . . ,  n),

I A„(f; x) - f ( x )  I = 0(1)
x / 1 -  X 2 1

® If (r); *- + Л (" =  ”o).

is that (E) should be satisfied.

2.4. Estimation of Gopengauz —Telyakovski-type. Now we prove two theorems 
concerning the pointwise estimation (2.2). For the sake of definiteness suppose 
X  a  (—1,1) and define

(2.5) = S„(X) = min (4+i.n -  £k,n)O^k^n
{a — 1 ,2 , . . . )

where x0 n = cos = 1 and xn+hn = cos = — 1 (compare with (1.3)). We
prove

Theorem 2.5. Let X  cz ( — 1, 1) and r ^  0 be fixed. Then for c > 0 there exists 
a sequence of linear polynomial operators Mn{ f ; x) defined for  / (г) £ C such that

(2.6)

deg Mn(J; x) = N S  | y - (1 + c) ,

M Áf, xk,„) = f(x k'„) (k = 1, 2, . . . ,  n),

M„(/; x) - f i x )  I =  0(1) -  y?
N со / (r);

V l  — x2
TV (л ^  n0) .

Similarly, we can prove

Theorem 2.6. Let f c ( - l ,  1) and r ^  0 be fixed. The necessary and sufficient 
condition that for every c > 0 there should exist a sequence {Mn} of linear polynomial 
operators for / (г) £ C satisfying (2.6) with N  ^  n( 1 + c) is that (E) should hold for 
X  = {x*,n} (fc =  0, 1 , . . . ,  n +  1; n = 1, 2 , . .  .).

Remarks analogous to 2.12 and 2.13 hold.

2.5. R emark. We can state corresponding theorems for the trigonometric case, too.
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3. Proofs

3.1. Proof of Theorem 1.1. First we quote an important statement found by 
P. Erdős [4] in 1967.

T heorem  H. Let {xk^ k=i be an arbitrary system of nodes in [—1,1]. Then the 
necessary and sufficient condition that to every ck > 0 there should exist an A(cj) 
so that to every f ky„, \fkn | ^  1, 1 g  к g  n, n = 1 ,2 ,..., there should exist a poly­
nomial Pg(x) o f degree q n(l + Cj) satisfying

(3.1) Рд(хк' П) =/* ,„ , II Pg(x) II ^  A(c^ (1 ^  к £  n; n = 1 ,2 ,. . .) ,  

is that (E) should hold.
By this theorem we can choose a sequence of polynomials Q(xki„;x) such that

Q(xk, „) = bkj  > № (**,„;*) II ^ 4(Cl) ,
(3.2)

deg Q(xk,„;x) =  « ' * i i (1 = 7 к ^  n, n ^  n0) .

3.11. Now let

(3.3) 5 = и (« ^  «о) •

Denote min 1 - ®t, i 1 = -  \ . i (к =  1, 2, . . . ,  и). (Whenever there exist
Iáiái

two such St we can choose any of them.) It may occur that SJktS — SJk itS = 
=  . . .  = Sjk+l>s but then / iS M(c).

By a simple computation we get

(3.4) a ) kÁ x k,n) ^  a >  0 ( k  =  1, 2 , . . . ,  л; n ^  n0)

where ai<5{x) are the fundamental polynomials of the Lagrange interpolation based 
on the roots of Ts(x), i.e.

(3.5) tfi.iM =
( — 1)'+1 T fx)  sin S,'S

s(x -  h.,)
We shall use the fact

(i = 1, 2,. . ., j ) .

(3.6) £< £ /* ) g  2 (* € [ -1 ,1 ] ,  5 = 1 ,2 , . . . ) ,
/ = 1

too (see e.g. [6]).
Define

Qr ( X^
(3.7) A*./*) = " f  \  (k = 1 ,2........n; л £  n0) .

@ jk , S \ X f c ,  n)
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3.12. For the positive integer ÍV 2: N0 and e > 0 let

(3.8) VN{f-, e; x )  =
1

N  -  [N(l -  a)] + 1 £  sk(fl x)

where sk( f ; cos 9) is the Л-th partial sum of the Fourier series of /(cos 9). Using de la 
Vallée Poussin’s result we have for the polynomial V„ of degree ^  N

(3.9) ll/M  -  W ;  е - ,х ) \\й  m  f'lVIl-E)] (/)•

3.13. Now we shall prove (i), (ii) and (iii). Let

(3.10) Ln(f; x) = VN{ f \ e; x )  +  £  [/(**,„) -  VN(f; e, xki„)] hkJ x )  Q{xktH; x)
k = 1

with N  = [и(1 + c)].
By (3,2), (3.5), (3.7) and (3.8) Ln(f; x) is a linear polynomial operator of degree 

^  N. Using (3.2) and (3.7)

L„(f; xki„) = f(x k'„) (k = 1, 2 , . .  ., rí) ,

moreover, by (3.2), (3.4) and (3.6) for n 2; n0

I Ln(f\x) -  f{x) I ^  I VN(f; s; x) -  f(x) | +

+ 2M  a"2 • A(Cl) k(e) • Elm _e)](f) = 0(1) Elm _e)](f)  ,

which is actually (iv) (see 1.4).

3.2. P roofs of T heorems 2.1 and 2.2. For convenience first we deal with Theo­
rem 2.2.

3.21. The proof is essentially due to F reu d  [5]. We shall sketch it since the 
original is not easily accessible. Let Ln{ f\x ) be an operator having properties (a), 
(b) and (d). By (d) we have, using the Banach—Steinhaus theorem,

II L„(g\ x) И ^  M(c) 11 g{x) || for any g ^ C .

Using this and (3.9) we can easily get that the operator

(3.11) Bn(f; x) = VN(f; e, x) + L n[ f -  VNij\ e) ; x] 

fulfills the conditions (a), (b) and (c).

3.22. Consider now Theorem 2.1. Let us choose c2 > 0 such that

(3.12) 1 + Z > ( 1  + c2)2 (0 < c2 < c).
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Let

(3.13) m - | J L  L d n
(1 + c2) (и ^  «о)

then Y  =  { д т = cos »7 /,m}?=iis a system of nodes containing each xk%n (к  = 1,2,...,« )
л: л

further those r,,m’s for which min [ -  3 ,m | >  —  or min (£*,„ -  3Лт) = — .
ísfcán

If p would be m + 1 we omit the first 9J>m £ { д т }. By this we get that p(n) = m 
for each n. Moreover, the nodes {ykm} (/ = 1, 2, . . . ,  m; n ^  и0) satisfy condi-

7Гtion (E) (for m). Indeed, m(r\i+i m — i/i m) ^  у , further, by our construction,

Nm(T; <xm, ßm) + 2 2: N m(Y; oim, ßm), from where we obtain the second require­
ment.

Now, using Theorem 1.1, further Theorem 2.2 for the matrix Y, we obtain our 
statement.

3.3. Proof of T heorem 2.3. 3.31. Using the notations of Section 3.1, and (3.2), 
let now

(3.14) 

and

(3.15)

(и 2: n0, i =  r +  3)

hk,s(x) = ajhAx) T
_ ajk, s(Xk, n) _

(k = 1, 2 ,. . ., n\ n ^  n0) .

Let further with N  — [л(1 + c)/dn]

(3.16); Kn(f; x) = JN<r(f; x) + £  [f(xkJ  -  JN,r{xkt„)] hk<s(x) Q(xk-n; x) ,]
k = 1

where the Q’s are defined for Y  with deg Q ^  л jl +  ^-J jdn (see 3.22). Obviously

we have (a) and (b) for K„(f; x) (see (3.14), (3.15) and (3.2)). So we have to prove 
only the requirement (e).

3.32. For this aim we state

(3.17) Ek = l
sin 1

N  N 2
CO f i r ) .  SÍn , 1 '

1 ’ N N 2 ,

=  0 ( 1)
( sin & 1
1 N N2 4 / w ;

sin ■& , 1 j
N + N 2 J

Ts(x) sin 3Jk'S T :
.  S(X  -  t jk, s )  J I 

( x a - i , i D .
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As it can be proved with \9jt — 9 \ ^  n/2s 

к

(3.18)

sin 9к ----- (к á  si2), sin 9k ~  —-------k — -  (к  2: s/2),j  s
sin 9k 1

cos 9 — cos 9k 9 -  9*sin

sin 9 1 sin 9,,
N  + N* N

So using (3.18), s ~  N, I ak(x) | = 0(1) and the notation

, sin 9 1
^л(^) = -------- 1----2 ’

we have 

Further, by (3.18)
П
Z

X ЛШ к)со{Л^к)) = 0(1) ^ (З )ш (^ (З ))  •
кjk-jl

k=ljk*jl
= 0(1)4(J)K 4(S)) Z

Jk*jl w l
^A'(i/t)

= 0(1) d^(S) űi(dN(ő)) шах Z  —
I = r, r+1 jk*jl \Jl .

An(9)

J k  ' 1

+ 1
Ts(x) sin 9jk ‘ _  
s(x -  tjk)

I jk -J'lГТГ =

because by i = r + 3

z
k=l
k*l

Ik 1—Г7Г= Z + Z + Z =0(1) Z TFT = 0(1).
k>2t l k =1 «

1 fc*/

3.33. Using (3.17) and (2.1) we get from (3.16) the relation (e) as in 3.13.

3.4. P roof of T heorem  2.4. The necessity of (E) is obvious by Theorem C. 
So we have to prove the sufficiency. We shall use the ideas and notations of 3.1 and 
3.2. Let m = n, {ykt„} = {**,„},

[l + - and s =
nc

|_ 2(r + 3) J1 2

We state with 90j„ = 0 and 9n±lf„ = n 

(3.19) Nn(X-,9kt„,9k + hn) й  M  (k =  1 ,2 ,. . . ,  и; n = 1 ,2 , . . . ) .
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Indeed, in the contrary case for a certain sequence {и,} and {</>„.} (i = 1, 2 , . .
lim </>„,= oo; фП1 rS n,) we have
/->00

m ĵ(ri) +1, n) = Фп = Яъ 2̂? • • •) •

Considering the interval [<xn, ßn\ = [9jtn; (or if
j  +  J<t>n > n) we have n(ß„ -  a„) ~  ^[фп, so

—  N„(X; a„, ßn)
hm — ТБ------- г-

я-> oo ft(ßn &П)
2; /Г lim

Я/—>00
= 00 ,

which contradicts (Е). 
Suppose

3jk,s -  &jk. = . . .  = 9j k  + h  3 (n ^  «о) .

Then by (3.19) we can state / ;£ Mx uniformly in n and k. The remaining part is 
similar to 3.3.

3.5. Proof of Theorem 2.5. 3.51. Let now

(3.20) 

and

(3.21)

(n ^  n0; i ^  r + 3 and even)

^ , SW  =
(1 -  X 2)  ajk'S(x) V

(1 -  X k .n )  aj k,s  ( * * ,« )  J (k = 1 ,2 ,. . ,,ri).

We form

(3.22) Mn(J; x) =  GN_r(f; x) +
Я

[/(** ,„) -  4 r ( / ;  x k , n ) }  hKs(,x) Q(xk<n; x)

where N = [я(1 +  c)jő„] and the polynomials Q are defined for the matrix Y con­
structed to the nodes 3? = {xk n} (k = 0, n +  1; n = 1, 2 ,. . .) by the methods
applied in 3.22. So we can suppose

deg Q á  ^  jl +

Obviously we have the first two relations of (2.6). So we have to prove the 
third one.
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3.52. Clearly we may suppose x Ф xk n (к = 0, 1 , . . . ,  n + 1). First let 3 < 3ls /2 
We have by 9Jk ~ Эл  ±  3 and sin 3 = 0(TV-1) that

I  = Z [/(**) -  GN{xk)]hks{x) Q(xki„x)
k= 1

= o (i) Z
k = l

Í sin4 ) r 1 sin 4 ' sin 3 sin 9Jk
[ TV ] ш TV sin 4 . 3 + Qj . 3 — 3- TV sin------- — Sln-------JJL

_ 2 2 J

=  0 ( 1) 

=  0 ( 1)

sin 3
TV

sin 3 
TV

CO

CO

sin 3 
TV

sin 3

Zk = l
sin Qk 
sin 3 + 1

sin 3
sin l k l

1
(TV sin 9Jk)‘

N j TV
« I AT'—''

I ^ T = o ( D
sin 3

TV CO
sin 3

TV

We get the same result for 35 i + —  < 3 < л. For the remaining interval, applying

(3.23)

sin £k 
TV =  0 ( 1)

[ sin £* 1 j
[ TV + TV2 г

sin ~  sin 37>>i (Tc = 1 ,2 ,.. ., «) , 

sin 3y( iS ~  sin 3 (I 3 — 9Jl I ^  n / 2s),
S1 + 9sin 3 ^  sin 3 + sin 3fc ^  2 sin-----——,

we get the desired estimation by the method used in 3.32, considering sin 3 + TV-1 = 
= О (sin 3) for our 3’s.

3.6. P roof of T h eorem  2.6. The necessity of (E) forX is obvious by Mn(f; xk n) = 
= f(xk „) {к = 0, 1,. . . ,  n + 1) and Theorem C. We can prove the sufficiency as 
in 3.4, using % instead of X.
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DECOMPOSITION OF UNIVERSAL FUNCTION
SPACES

By
W. GOVAERTS1 (Gent)

1. Introductory concepts. We continue the study of decomposition theorems by 
K aplansky, Blair, Burrill and Shore in [1], [5], [6] in a generalized setting. For 
all notions from universal algebra we refer to [4]. Slightly modifying a definition 
in [2] we say that a universal algebra £  is a (/tj-algebra in an и-ary polynomial 
symbol * of its type ( n s 2), iff

(a) there exist mappings (p2, E^-E  such that a*cp2(b) * ... *q>n(b) = b
for all a, bdE;

(b) there exist mappings ф2, ...ф„\ E 2-*-E such that а*ф2(a, b)* ...*  ф„{а, b)=a 
and Ь*ф2(а, b) * ... * фп(а, b) = b for all a,bd.E,

Furthermore, if £  is a topological universal algebra, then it is said to be a 
topological (ß)-algebra if in addition the mappings cpk and фк are all continuous.

E xample 1 ([2]). Consider a lattice L, V, A; set n = 3, a*b*c= (ad  b)Ac, 
(p2(a) = <p3(a) = a, ф2(а, b)=a/\b, ф3(а, b)=a\lb  for all a,b ,c£L .

Example 2 ([2]). Let R, +, • be a ring with identity; set n —3,a*b*c= a-b+ c, 
cp2(a) = 0, tp3(a)=a; ф2(а, b) = \, ф3(а,Ь) = 0.

Example 3. Let J  be the fundamental interval [0,1], provided with binary 
operation (.v,>)— and unary operation x —1— x  (cf. [3]). Set a*b*c=  
= {l-( i-a )b )c ,(p 2(a)=0, (p3(a)=a, ф2(а, Ь) = ф3{а, b) = í.

Example 2 is closely related to the so-called ternary rings. It may be generalized 
to the case where R has no identity if there exists a continuous mapping I?—R 
such that r•£(r) = r for all r; one may define a*b*c= a-b+ c, cp2(a)=0, 
(p3(a) = a, ф2(а, Ь) = £(а—Ь), ф3(а, b) = a — a • ^(a—b). However, we know of no 
such examples for non-discrete rings R.

Two properties of (/i)-algebras are essential, one of which is a generalization 
of the lemma in [6]:

2. Proposition, (a) Let A, В be universal algebras o f the same type and suppose that 
A is a (ß)-algebra in tne n-ary polynomial symbol *. I f  there exists a homomorphism 
from A onto B, then В is a (ß f  algebra in the same polynomial symbol, (b) Let S, T 
be nonempty universal algebras o f the same type, each being a (ß)-algebra in the

1 The author was supported by the Belgian ’’Nationaal Fonds voor Wetenschappelijk On-
derzoek”.
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236 W. GOVAERTS

polynomial symbol *, with functions (р^\ i//^  and <р[г\  Фк2) respectively (2^kSri). 
Then S X T  is a (ß)-algebra in * with functions (pk, фк (2^кШп) determined by

<Pk(s, t) = {(pPls), <p(k2)(t)), ipk((s, t), (s', / '))  =  s'), \p[2)(t, t')).

Furthermore, for each congruence relation ~  in S X T  there are congruence relations
in S and ~ 2 ги T such that

(i) if f there are t, t '  in T such that (.sy, t)~ (s2, t ') \
(ii) s1~1s2 Iff O i,0~ C *2 ,0  for all t£T;

(iii) , (iv): analogously for ~ 2 5
(v) [SX,T) /~  is isomorphic to 5 /~ -Х Г /~ 2.

Proof, (a) The easy demonstration may be found in [2], prop. 2.3.
(b) Clearly, S X T  is a (ß)-algebra in * with functions cpk and фк as mentioned. 

Given a congruence relation ~  in S X T  we use (i) and (iii) to define and ~ 2. 
The “if”-part in (ii) is then immediate; now suppose that ( il5 t)~ ( r2, f )  and let 
ta£T  be arbitrary. Then

(h . О * (Ф(2П(Si, s2), epi2')(t0))*... * (<Ai1)(sa, s2), (p(2)(t0)) ~

~  ( « 2  ,  О  * (Ф1Г> (h , S2), (PÍ2) ( t o ) )  *  • • • *  (Фп1} ( h ,  S 2) ,  (pf* ( t 0 ) )

or ( ii , t0)~ ( j2, t0). This establishes the “only if” part of (ii). From (i) and (ii) 
we conclude that is a congruence relation in S'; (iii) and (iv) are obtained 
similarly.

A mapping 9 from (SX T )/~  onto S/ ^ Х Т / ~ 2 is defined by 9((s, r)/~ )=  
= ( j /~ i ,  t /~ 2 ) , the definition is made possible by (1) and (1 1 1). If (5 / , tj ̂ ^ 2)  —
= (s '/~ i,t'/~ ^), we conclude from (ii) and (iv) that (s, / )~ ( ä', t) and ( s ',t)~  
~ ( i ',  t'), so that (,v, r)~ (s ', t'); this proves that 9 is one-to-one. Now в is clearly 
an isomorphism.

3. Definitions. Let E  be a topological (yS)-algebra, X  a topological space, 
LQ C(X, E). For each x£X  the spectrum of a relative to L is defined as Sp, (x) = 
=  {/(*): /€■£.}. L  is said to be adequate (cf. [1] and [6]) if it is a subalgebra of C(X, E) 
that is closed under composition with functions epk, \j/k (l.X k^n)  and if each spect­
rum contains at least two points. Clearly an adequate subset is itself a (ß)-algebra. 
A mapping Ф: E{XE2-*L is said to determine a decomposition of L if E1, E2 have 
the same type as E and if Ф is an isomorphism. By f \ A we denote the restriction of a 
function /  to a subset A of its domain of definition.

4. Theorem. Let L  be an adequate subset o f C(X,E) where E is a Hausdorff (ß)- 
algebra; suppose that each spectrum is indecomposable (i.e. is not isomorphic to 
some direct product with factors each containing more than one point). I f  a mapping 
Ф:E1X E 2-»L determines a decomposition of L, then X  may be written as X=X1UX2 
with Хл, X2 open-and-closed disjoint subsets so that Et is isomorphic to { /L : f f L )  
0 = 1, 2).
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P r o o f . Let П г , П 2 denote the natural mappings from £ xX £2 onto £j and £ 2 
respectively. Set
* i =  П {Z(f, g): ЩФ-H f) = Щф-Hg)}, = П {Z(f, g): П2Ф~ЧЛ = П 2Ф~4g)}
where Z (/,g ) = {xeA:/(*)=g(x)}.

Since £  is Hausdorff, Zi and Z2 are closed in X. Suppose x£X 1C)X2. There 
are f ,g £ L  such that f(x )^ g (x ) .  Let Ф~1(Л  = (е 1,e 2), Ф~1(g)=(e'1, e'2),
h = Ф (e1, e'2). Then x f Z ( f  h)C\Z(g, h), a contradiction.

To prove that Z j U Z2 = X, choose x0£ X arbitrary and let I7Xo: L-+E be defined 
by Я Хо(/)= /(хо). If £  is a topological (/l)-algebra in *, it follows from part (a) 
of proposition 2 that £ x and £ 2 are (/((-algebras in *. Now let ~  be induced in 
£ j X £2 by the homomorphism П Хао Ф. There are congruence relations ~ x in £ x 
and ~ 2 in £ 2 that satisfy the conditions (i)—(iv) of proposition 2 (b); hence 
£ i/~ i X £2/~ 2 is isomorphic to SpL (x0) from which we conclude that one of 
~1? ~2 is the universal relation; let ~2 be so. If f ,g £ L  with П 1 Ф ~ 1( / )  = 
=П1Ф~x(g), then Ф - ' ^ ^ Ф ' 1^ ) ,  whence f ( x 0)=g(x0). This implies x0£Z(f,g) 
so that

Finally, a mapping Фх may be defined from Ex onto { /|Xl: /€ £ }  by assigning 
to each el ^E1 the restriction to XY of any /€ £  such that П1Ф~1( /)  = е1. To prove 
that Фг is one-to-one, suppose Ф1(е1)=Ф1(е'1) and let e2(E£> be arbitrary, h =Ф(е1, <?2), 
к = Ф(е{, e2). Since h and к have the same restrictions to both Xt and X2, they 
coincide, whence сх=е^. A routine proof shows that Фх is an isomorphism.

5. Corollaries. Let E be a Hausdorff (ß)-algebra that is algebraically indecomposab­
le, X  an arbitrary topological space. Then there is a one-to-one correspondence be­
tween all decompositions of C(X, E) as a direct product and all decompositions o f 
X  as a union o f two disjoint open-and-closed subsets. In particular, С (X , £ ) is 
algebraically indecomposable iff X  is connected.

6. Final remarks, (a) When £  is the topological algebraic product £ xX £2 of two 
topological universal algebras Ex and £ 2, then each function space C(X, E) has 
a decomposition into C(X, Ef) and C(X, £,). Hence some indecomposability assump­
tion about £  seems likely.

(b) Some intrinsic algebraic conditions seem also necessary. As for an example, 
let £  be the set R of all real numbers, considered as a vector space over itself 
(hence provided with addition, subtraction and all unary multiplications x —cx 
for c£R). Set /= [ 0 ,1], then C(J, R) is a real vector space having many decom­
positions (which may be obtained theoretically by partitioning a Hamel basis 
of C(J, R)).

(c) As we remarked in [2], a universal algebra £  is indecomposable if there 
is a binary operation о such that one of the following conditions holds:

(1) aob = c implies a=c or b = c (lattice derived from a chain)
(2) there exists e££ such that aob=e if and only if a=e or b = e (ring 

without zero divisors; Example 3 of this paper).
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THE MAXIMAL /с-FREE DIVISOR OF m  WHICH 
IS PRIME TO n. II

By
D. SURYANARAYANA and P. SUBRAHMANYAM (Waltair)

§ 1. Introduction. Let A: be a fixed integer ш2. We recall that a positive integer 
m is called А-free if it is not divisible by the A-th power of any prime. Let Qk denote 
the set of А-free integers. Let n denote a fixed positive integer and let yk(m ; n) denote 
the maximal А-free divisor of m which is prime to n. Let yk(m) and dk(m) denote 
the maximal А-free divisor of m and the maximal odd А-free divisor of m, respectively. 
It is clear that yk(m; l) = yk(m) and yk(m; 2) = 8k(m). In particular, when A=2, 
y2(m ; n) = y(m; ri), the maximal square-free divisor of m which is prime to n. 
Also, y2(m) = y(m; 1 ) = y(m), the maximal square-free divisor (or the core) of m 
and d2(m) — y{nv, 2) = ő(m), the maximal odd square-free divisor of m. We essenti­
ally follow the notation adopted in our earlier paper [16]. As stated at the end of 
[16], we establish in the present paper the asymptotic formulae for

qk(m)cp(m)
m^n 0%

(m , n ) = l

and yk(m; n)
» 4  m2

with uniform О-estimates for error terms (see § 4), where cp (m) is the Euler totient 
function and qk(m) =  1 or 0 according as m £Qk or m pQ k. Also, we improve the 
О-estimates of the error terms on the assumption of the Riemann hypothesis. As 
particular cases of these asymptotic formulae, we deduce asymptotic formulae for

j  У А™) у  АО»)
m S x  i n 2 ’ , 4  i n 2

We also discuss the case A=2 and make some remarks about the earlier 
work (if any) on the orders of the error terms. In fact, the orders of the error terms 
obtained in this paper are improved ones over those existing in the literature.

In § 2 we prepare the necessary background and prove some lemmas. In § 3 
we prove some more lemmas which are needed in establishing the asymptotic for­
mulae of §4. Especially, Lemmas 3.1, 3.2 and 3.3 are general in nature which can 
be used in establishing some identities, which in turn are useful in deriving 
asymptotic formulae for a particular type of summatory functions. For example, 
Lemma 3.1 can be used to derive the identity (3.7) of our earlier paper [16], which 
has been used in deriving an asymptotic formula for the sum <p(mri), where the

mn̂ x
summation is extended over all positive integers m such that m n^x. Lemma 3.2 can 
be used to derive Lemma 5.3 of [15] (stated below as Lemma 2.11), which in turn can
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be used to derive formulae (3) of [1] as was pointed out at the end of [15]. Lemma 3.2 
can also be used to derive formula (2.5) given below. Also, Lemma 3.3 can be used 
to derive formula (2.6) given below and an interesting identity will be derived in 
Remark 3.3 below from which the identities derived by Apostol at the end of his 
paper [1] will follow.

§ 2. Preliminaries. Let p{n) denote the Möbius function. It is well known that

(2.1) qk(n)= 2  P(d)-
dkö=n

Let i//(n) denote the Dedekind t/r-function (cf. [8], p. 123 or cf. [6]) and Jk(n) 
denote the Jordan totient function (cf. [8], p. 147 or cf. [4]). The functions win), 
ф(n) and Jk(n) have the following arithmetical forms:

(2.2) (pin) =  2  /*(d)<5 = n П [ 4 ) .
dd — n p|n v

(2.3) ф(п)= 2  h-(d)d = п П \
dd = n Pin '. p)

(2.4) Jk{n) = 2  h(d)äk =
dd—n

пк ПPin H )

Remark 2.1. It is clear that cp(n)^n, Ф (п)^п  and

т * * п [  ‘ - p ) -

since

(cf. [9], Theorem 280), where £(s) is the Riemann Zeta function defined by C(s) =

=  z  m ~s f°r ■у> 1-
m = l

Lemma 2.1 (cf. [5], Lemma 5.1 or cf. [11], Lemma 2.3, s = 2).

(2.5) ц{т) rr
m=l m-(m,n) = 1 C(2)J t (n) С(2)<рШ(п)'

(2 .6)

where

(2.7)

Lemma 2.2 (cf. [11], Lemma 2.5, s= 2).

/u(m) log m n2 m = 1 
(m,n) = 1

C (2) <P (n) ф (n) Г  ^  + C (2) I ’

ß(n)=- — -— z
J 2 v t )  d\n

H(d) log d
J2

у  log P
Ú P 2- 1 ’
0,

if n >  1

if n = 1.

Throughout the following x denotes real variable s i ,  unless otherwise stated.

Acta Mathematlca Academiae Scientiarum Hungarlcae 33, 1979



TH E M AXIM AL /с-FREE DIVISOR OF m W H ICH  IS PRIM E TO n. II 241

Lemma 2.3 (cf. [2], p. 71). For x ^ 2 ,

- c k  (— - ш и т

where у is Euler's constant and C(s) is the derivative o f the Riemann Zeta fu n c tio n 's ) 
Lemma 2.4. For x ^ 3 ,

(2.9) <p(m)
m2

C(2).

where A (x) is the function defined by

j  log2/3x (log log x)4/s for x  ^  3 
{ 1 for 0 < x <  3.

(2. 10) A(x) =

R em ark  2.2. We note that A(x) is monotonic increasing and is monotonic 
decreasing for every e >0.

Proof. It is known (cf. [18], Satz. 1, p. 144) that

(2 . 11) Ф(х)= 2  <P (™) =  -угт~г +  О (xA (x)).m^x Vz/

Hence by partial summation (cf. [9], Theorem 421), we get

(2.12) 2
cp(m) Ф (x)

m-
Ф(0 dt =

- 2 с к + ° ( ^ )  + 2/ { 2 П 2 ) 4 + г « } *2C(2)

where E(t) — 0  f-^1? ).I i 2 ) '
By Remark 2.2, it follows that

Acta Mathematica Academlae Sclentiarum Hungaricae 33, 1979



2 4 2 D . SURYANARAYANA A ND P. SU BRAH M A N Y AM

(2.13)

Hence by (2.12), we get

(p(m)
2 mr C(2)

( I o g * + C ) + o ( ^ ) ,

where C = -+ 2 £ (2 )  f  E{t)dt.
. - ['(2) Now, comparing (2.13) with (2.8), we find that C = y— '

this value of C in (2.13), we get (2.9). Hence Lemma 2.4 follows.
Lemma 2.5. (cf. [13], Lemma 3).

2  d(d) n
d\n

Lemma 2.6.

Substituting

m  <Ж) ф{п) '

A(n) = 2 1
n fa

Lemma 2.7.

оло _  •И”) ^n(d )ß (d )
s w  -  ~ m ~

2 <o íj ,
Pin P
0,

y _ J o § p _
Ú  p(p2- 1)
0,

if n >  1 

if n = \.

if n >  1

if n = 1.
R emark 2.3. Proofs of Lemmas 2.6 and 2.7 can be given in the same way as 

the proof of the following which was given originally in (cf. [7], pp. 293—294) 
and then in [3]:

logp
<2.14) ф ^ - n  m ^ ä

(p(n) fa d
2 - - л 2 pin P 1

if n >  1

0, if n = 1.
In fact, H. Davenport (cf. [7], p. 293) used the notation w (n) for а (и) defined above. 

Let Hk(n) be the arithmetical function defined by Hk( 1) = 1 and

(2.15) н м  = * п ( * - - р 4 г _ n j )  for

R emark 2.4. It is clear that Hk(n)>OLknk, where y.k is the constant defined by

<Z16) “‘ “ f t ’ - T r a ) -
the product being extended over all primes p.

Let Ak(n) and Bk(n) be the arithmetical functions defined by

(2.17) A 00 =
у  log P ___
fa {p*-1(p + 1)—1} ’
0,

if n =- 1 

if n = 1,
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and

(2.18) Bk(n) = 2 -

logp if n >  1
P\n (P2~l){pk 1(P+ 1) 1} ’
0, if n =  1.

Let s be any positive real number and let H(s,n), A(s,n) and B(s,n) be the 
arithmetical functions given by

(2.19) H(s, n) = ns 2 №

(2.20) A(s, n) =

(2.21) B(s, n)

2

m 4>(d)ds' 

li(d)\ogd

1 P - 1(P + 1 )) '

H{s, n) I//(d)ds 1

ns y p(d)ß(d) 
n) £  Iß(d)ds~1

Ps 4 p + 1)
у ____ logP____

Ú  {ps_1(p +  1) — 1}

0,
x- logp

if n >  1 

if n =  1.

, if И >  1
i s  (p2-i){ p s- 4 p + i ) - i }
0, if и =  1.

Taking logarithms of both sides of (2.19) and then differentiating with respect
to s, we get
(2.22) H \s , n) = H(s, n) {log n + ̂ (s, и)}.

It is clear that

(2.23) Я(1, n) -
Ф(п)

and H(k, n) =  Hk{ri),

(2.24) A ( 1, n) =  A(n) and

1?II/■ --N

(2.25) B (l,n ) = B(n) and B(k, n) =  Bk(n).
Remark 2.5. Proofs of (2.20) and (2.21) can be given in the same way as it 

was given for (2.14) in [3].
Lemma 2.8. For 5 > 1  and пШ1,

(2.26) “ — ft (m)— = --------- !------)— —---- .
m=i iA(m)ms_1 p l ps x(p+ l) JH(s, n)

(m,n) = 1
Proof. The sery is absolutely convergent for j > 1 , since ф(т)>т and the 

general term of the series is a multiplicative function of m. Hence by expanding 
the series into an infinite product of Euler type (cf. [9], Theorem 286), we get (2.26), 
by making use of (2.19).

Lemma 2.9. For s > l  and и&1,

(2.27)
у  Ai (m) log m 

m = i  Ф(т) ms_1
(m, n)—l

n i i ______-____ l _ í _ í
а  I P S (P+1) ) H ( S ,  П )  l

A (s, n)- у  lOg P
r  ps_1(p + i )- тЬ
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Pr o o f . The series is uniformly convergent for j s l + e > l  and so by termwise 
differentiation of the series in (2.26) with respect to s, we get (2.27). In finding out 
the derivative of the right side expression of (2.26), formula (2.22) is made use of. 
This completes the proof of (2.27).

Let o*(ri) denote the sum of the t-th powers of the square-free divisors of n 
and let в(п) denote the number of square-free divisors of n. It is clear that 
(7g(n) = 6(n)=2v(n), where v(n) is the number of distinct prime factors of n > l ,  
v(l)—0.

Throughout the following e denotes any pre-assigned positive real number. 
All the О-estimates that appear in this paper are independent of л: and n (and of 
к  also, if it appears in the formula), but might depend on s (in case a term involving 
£ appears in the О-estimate). We describe this situation by mentioning the word 
“uniformly” at the end of each asymptotic formula.

Lemma 2.10 (cf. [14], Lemma 3.5). For x ^ 3  and пШ 1,

(2.28) Mn (x) = 2  Km) = 0 ( a t1+e(n)xő(x)),
m ^ x  

(m ,n)  = l

uniformly, where ő (x) is the function defined by
Íexp {—A log3/5 x (log log x)-1/5} for x =? 3

(2.29) <5(*) = i ,  . n .[1 for 0 <  x <  3;
A being an absolute positive constant.

R emark  2.6. If A is a positive constant, then it is clear that <5(x)logftx =  
— O (exp {— A' log3/5 x (log log x)-1/5}), where A ' is an absolute constant such 
that 0 < 4 '< 4 .  So, we may replace <5(x)logAx appearing in any О-term by <5(x) 
itself. Also, we note that <5(x) is monotonic decreasing and x£d(x) is monotonic 
increasing for every £> 0.

R emark 2.7. Sometimes it is convenient to replace c* 1+£(n) appearing in any 
О-term by 0(n) or z(n). Clearly, <rt1+fin)^0(n)^z(n), where т(и) is the number 
o f all divisors of n. It is well known that z(n) — 0(ne) for every e=-0 (cf. [9], 
Theorem 315).

L emma 2.11 (cf. [15], Lemma 5.3). 2  - =0 for all n ^  1.
m = 1 ^

(m, n) = l
L emma 2.12. For x ^ 3  and n ^  1,

(2.30) L M =  2  ^  = 0(<r*_1+£(«)«5(x)logx),
т^х Ш (m,n) = 1

uniformly.

Proof. It follows by Lemma 2.11 that

(2.31) p(m)  _  _  ц(т)  
. 4  m m

(m , n ) = X  ( m , r i ) = 1
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Now, writing f(m ) = — , we see that f(m  + l) — f(m )—0  (—r ) . By partial m \tri-)
summation and Lemma 2.10, we have 

(2.32) Ln(x)=  2
(m,ri) = 1

■ M n( x ) f ( [ x ]  + l )+  2  K(rn){f{m + l)- f(m)} =
m > x

0(<7*_1+e( n ) ő ( x ) )  +  o i a t 1+c(n) 2
V m > x  '

It is easy to see that Ö (m) log2  m is monotonic decreasing for sufficiently large 
m, so that

Д  ̂ = J L ' - S i & r «
Hence by (2.32) and the above, Lemma 2.12 follows.

Lemma 2.13. For and и ё  1,

ß(m)(2.33) s„(x) = 2
msx Ф(т) (т,л) = 1

0(crt1 + E(n)d(x) log x),

uniformly.
Proof. By Lemma 2.5 and Lemma 2.2, we have 

H(m)

2 dd^x 
(d,ö) = 1 

(d,n)=(d, ri) = 1

2>д 
) =

ß 2( d ) ß ( d ) f i ( S )

2  2  иЮ -=  2
тШх Ф ( т )  m ^ x  ПХ dő = m Ф (,d ) dő-^x ф  ( d )  d ő

(m,n) = 1 (m,n) = l  (dő,n) = l

H(d) n(ő)
Ф ( d )  d 3  dÚ x I/ / ( d ) d  t ,Ú n  <5

(d,/j)=l (ő,dn)=l
2 idd)

d s x  I! >( d)d  
(d,n) = 1

-dn (7)-

О у  v 2( d )

dúC 1Kd)d
(d,n) = l

Now, by Remarks 2.1, 2.6 and 2.7, we obtain

1  w ä( i )  -  Ь  ж  MMi)s
H ence Lemma 2.13 follows.

Lemma 2.14. F o r  s=-l, a s 3 a n d  1,

n  v  F ( m )  [  a t 1+f n ) d ( x )  log a)
1  ' } Ú x  ф (т )т ^  I a5 - 1  ) ’

(m, n ) =l
uniformly.
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Proof. Writin g /  (m ) =   ̂ ,m 1 we see that f(m  + 1)- f (m )  = О . By
partial summation, Lemma 2.13 and Remark 2.6, we obtain 

ц(т)2m^x ф(т)т T =  - S n( x ) / ( M  + 1 ) -  2  s n(x){f(m +  1 )- f ( m ) }  =m>x

i<7*1+c(n )< 5 (* )lo g x '| S(m ) log m)
[--------- ---------------) W ( » - i . . ( * ) 2 — lip j -

_  q  |~сг11+£( п )< 5 (х )к ^ х  j  +  0  | ' g * 1+E( n ) ^ ( x ) lo g x  j

О

Hence Lemma 2.14 follows.
L emma 2.15. For 5 > 1 , x S 3  and 1,

(2.35)

uniformly.

2 fi(m) log m
m>x ф (m) m:

(m, «)=!
5 -  = o ( ^ fn)ő(x)\og2 x

)■

Proof. W riting g(m) = log m
nv we see that g{m + \)-g {m ) = o \ ~ 2 ^  Using

partial summation, Lemma 2.13 and Remark 2.6, we get this Lemma following 
the same procedure adopted in Lemma 2.14.

(2.36)

L emma 2.16. For x ^ 3  and пш  1,
g ( m )g(m) ^  aknk „ fg l 1 +£(n)^(x))

. 4  *A(m) mk~1 Hk(n) l  X* - 1  ) '
( i l l ,  n )  =  1

p(m) logm aknk J v. logp 1 , ^ K -i+.(n)<Hx))
„Isx IA(m)iHfc“1 Hk(n){  k pk~1( p + l ) - l  j + l xk~1 Гmsx ф(т)тк

(m,n) = l

uniformly, where atk is the constant given by (2.16).

Pr oof . (2.36) follows from (2.26) and (2.34) for s=k, (2.23) and Remark 2.6 
Also, (2.37) follows from (2.27) and (2.35) for s= k; (2.23), (2.24) and Remark 2 .6 -

Remark 2.8. An alternative proof of (2.36) has been given in our earlier paper 
(cf [16], Lemma 2.5).

Lemma 2.17. For x ^ 3  and и ё 1 ,

(2.38)
p(m)ß(m) <xknk f  _______ logp________

£ х Ф(т)тк~к Hk{ n ) \ kW  f  (p2 _ i ){^ - i (p+1)_ 1}
(w,w) = l

uniformly, where Bk(n) is given by (2.18).
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Pr o o f . We have by (2.7) and (2.36), 
(2.39)

(m, л) =  1

ßQn)ß(m) 
ix IJ/(m)mk~1 2 ц ( т ) log p

(m, n) = l
'x I^(w)m k- 1ps tmp‘I 2  2nfi — m A-' A nS

ju(pő) log p
p d i x  Ф ( р б ) р к 1d k 1( p - - l )  

( p i , n ) = 1

Z P(P)P(<5) log p
рйх Ф Ш (0)рк- к0к- к(р*-\) 

( p ,<5)=1 (р.я)=(Л,в) = 1

У lOgP у  P(<5)
Д  ( p + l ) p * _1(p2- l )  г ^ /р  Ф(6)0к~1

(p,n) = l  (ő, pn)=l

= -  z logp
pax ( p + l ) p  4 P 2- 1 )  

(p,w)=l

«*/>*»** + 0

z
Hk(p)Hk(n)

plogp

<T*i+E(p n )á ^ )

(*/p)‘

Hk(l7) p-fx Я ,(р)(р+1)(р 2 -1 )
(p,") = l

^ í _ *  р..ч ^  ír- l  + « ( p ) ( p / jc) t - 1 ^ ( jc/ p )  l o g  P 1
0 г - “ <п) Д  — (p+i)p‘-4Pa-i)— )•

Since (p + l)pk к(р2~ l )> p t+2, we get by Remarks 2.6 and 2.7 that for 0<£<1, 
the О-term in the above is

/ „ 4  ^  a - i+e(p)(p/x)k~1+c(x/pYö(x/p)\ogp)
0  <T_i + e(n) 2  -------------------- -k+2--------------------  ='  P^X P '

n  ((r*-1+E( n ) x cő ( x )  ^  T (p )lo g p ) _  ^ ( '< rl1+£(n)á(A')'| 
l  x k ~ 1+* Д  p 3~° l  jc1- 1 J

Also, by (2.15) and Remark 2.4 the first term in (2.39) is

“k log p<2.40) ockn 2Hk(n) (p2- l ) { p t - 1( p + 1)—1}
(P,n) = l

cckn log P
nk-llHk(n) 7  (p2- l ) { p k 4 p + l ) - l }

(p, n) = 1

+ o Ut») -
(P2-1 ){ P Í - 1( P + 1 ) - 1 |

Hence by (2.39) and (2.40), Lemma 2.17 follows.
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§ 3. Auxiliary results. In this section we prove some more lemmas which are 
needed in our present discussion. We first prove the following:

Lemma 3.1. Let f(m ) be a completely multiplicative arithmetical function and 
g(m) be any arithmetical function. Let
(3.1) F(m) = f(m ) JJ g(p),

P \m

where the product is extended over all prime divisors p of n. Also let
(3.2) Gn(x) = 2  F(mn),

m n ^ x

where the summation is extended over all positive integers m such that m n ^x , n 
being a fixed positive integer. Then for any prime p such that {p ,n )~  1 and any in­
teger a S l ,  we have

(3.3) Gnp*(x)-= F(p*)GnЙ  +  F(p)(f(p‘)-F(p*)) 2 ( / ( р ) - Г ( р ) ) 'е л( - ^ ) ,  
where c = [logp a].

Proof. We have by (3.2)

(3.4) Gnp«(x) = 2  F(mnpa) =  2  F(mnp*)+ 2  F{mnp*).
тпрж̂х mnpâ x mnpû x

(p ,m )= l  p\m

Since / (n) is completely multiplicative and JJ g(p) is multiplicative, it follows by
pin

(3.1) that Fiji) is multiplicative. Hence for (p ,m )= 1, we have F(mnp*) — 
= F(mn)F(p*). Also, for p\m, we have

F(mnp*) =f(mnpx) JJ g(q) = f(m n )f(p ’) JJ g(q) =
q\mnpx q\mn

= f(m n)f(p fi F(mn)/f(mri) =f(p*)F(mn).
Hence by (3.4), we get

(3.5) Gnp*(x) = F(p*) 2  F(mn)+f(pa) 2  F(mn) =
тпрж̂х  mnpâ x
( p ,  m )  =  1 p |m

= F(p7) { 2  F(mn) — 2  F(mri)}+f(px) 2  F(mn) =
т прх^ х  т п р ж=*х mnpa^ xp\m p\m

= F(pa) 2  F(inn) +  ( / (p f — F(p*j) 2  F{tpn) —
тпШ—  t рп~Ёв ——

p* p

=  FW)Gn[ j ]  + {f(Px)-F(p*))Gnp[ f ] .

Putting a = l  in (3.5), we get

(3.6) Gnp(x) = F(p) G„ ( |- )  + (/(p) -  F(p)) G„p ( | ) .
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X X  XNow, substituting —, —7 , -— i in (3.7) for *, where c=[logp л] and then

simplifying, we get
(3.7)

G„ (x) -  F(p) G„ ( ! )  + F(p) Д  (f(p ) -  F(p)Y G„ ( ^ )  + (f(p) -  F(p))' G„ ( ^ )  =

-  F(P) C2  ( f ( p ) -n p ) ) rGn( - ^ r ) ,

G»pÍ4 )  =  2  F(mnp) = 2  F(mnp) = 0
УР > .... —  * ____ *

since

for
(x/pc+1) <  1 , c = [log.x].

Substituting — for x  in (3.7), we get 
P

(3-8) G ' , ( $  = F ( p ) z \ № - F ( p ) Y G n[ j Z т г ) .

Now, (3.3) follows by (3.5) and (3.8).

R emark  3.1. Since G„ ( ^ r_ 4+ i j —0 for r ^ c ,  we can rewrite (3.3) as

(3.9) Gnp*(x) =  F(p*) G„ ( ! )  +  F(p) (f(p*) -  F(p«)) J  (f(p) -  F(p))' G„ •

Lemma 3.2. Let him) be a multiplicative arithmetical function and let

(3.10) u n =  2  p(m)h(m) .
m = 1 (m, и) = 1

Then for any prime p such that (p, n) = \ and any integer a S l ,  we have
(3.11) (l-h(p))U np* = Un.

P roof. We have

(3.12) 2  p ( m ) h ( m ) =  2  p ( r n ) h ( m ) =  2  P(m)h(m)  =
m = l  m = 1 m = 1

(m, npa) = 1 (m, n)=1 (m,n) = l
p\m

■U„- 2  p(pt)p(pt) = Un+h(p) 2  p(t)h(t).
t = 1 t = 1

( i ,  « ) = 1 ( f , w p a) = 1

Hence (3.11) follows by (3.10) and (3.12).

Acta Mathematica Academiae Scientiarum Hungaricae 33, 1979



25 0 D . SU RY A N ARA Y A N A  A N D  P. SUBRAHM ANYAM

Lemma 3.3. Let h(m) be multiplicative and let

(3.13) V„ = 2  p(jn)h(m) log m.
m — 1 (m, n) = l

Then for any prime p such that (p,n) = 1 and any integer a ^ l ,  we have 

(3.14) (1 -  h (p)) Vnp* = V„ + h (p) log p Unp*.

Proof. We have

(3.15) 2  p(m)h(m) log m = 2  p(m)h(m) log m — 2  p{m)h{m) log m =
m = 1  m = 1  m = 1(tn,npx) = l (m,n) = 1 (m,n) = 1

p\m

= K ~  2  h(pt)h (pt) log pt = Vn + h(p) 2  1‘(0 h (0 {log p + log /}.
(=1 1=1 

( f ,n )  =  1 ( / , n p * ) = 1

Hence (3.14) follows by (3.10), (3.13) and (3.15).
R emark 3.2. By (3.11) and (3.14), we obtain

(3.16) v„n.
1 M p)logp

i -h (p )  n + ( i -л(р))*
p(m)

= 0 andR emark 3.3. It is well known (cf. [10], §156—§159) that 2
m= 1 m

°° {.l (Hi) log 171 . 1
2 ---------------= —1. Hence taking h(m) = — in Lemmas 3.2 and 3.3, we see

m=i m m
from the above known results that Ux = 0 and V1= — 1. Using induction on n, 
we can easily prove that U„= 0 for all n, by making use of the identity (3.11). 
Now, using Un = 0 and (3.16), we can easily prove the following identity, by induc­
tion on n :

(3.17) p{m) log in n
m (pin) '

\ - p

m = 1  (m, n) = l
By taking n=p (a prime) in (3.17), we set that 2  *°~

m  =  1 m
p fm

с- a ^  p{m) log m ,, , ”  p(m) login 1From this and 2 s— ---- - — = —1, it follows that У - — -—-— = -------m=1 m m = 1  m p — 1
p I m

Lemma 3.4. For x ^ 3 ,  n ^ l

< - >  . 4
(m,ri) = 1

where the О-estimate is uniform in x and n and ). (x) is given by (2.10).
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P roof. Taking f ( m ) = — and g(m) =  1— —, we see by (3.1) and (2.2) that 
m m

F(m)- cp(m)
an d  hence by L em m a 3.1 an d  R e m a rk  3.1, we h av e  fo r  (p ,n )= l ,

(3.19) Ф';р.(х) = y ( L íM ] V 'í - U  =
*1 px) +  p2 р2 х ) гй У р  p2 ) n { p +*+1)

ф" f£) _ P~1 у  JL ф" (———) =
" l p*J рх+3 гй  P* l  pr+x+1)

(pip1)

( ? )
1 <?(/>“) ^  1 и f x  ]1 ?(/>“) V  1 ф»\f *  )
1 p 2* r£o p 2r + 2 1l pr+2+1)1 -  p22 ^ o P 2r n |l p r+v

(pip1

W e prove (3.18) by in d u c tio n  o n  n. F rom  (2 .9), i t  is clear th a t  (3.18) is tru e  fo r  
/г =  1. L e t us assum e th a t  (3.18) is tru e  fo r 1, 2, 3, . . . , /i — l ,  w here и > 1  an d  p ro v e  
it fo r  n.

Since и > 1 ,  th e re  is a p rim e  p  such  th a t p\n. L e t n=Np*, w h ere  (p, N) =  i. 
C lea rly  l s N ^ n  — 1. H ence b y  o u r  in d u c tio n  assum ption , w e h av e

(, 20) 4 W . ^  i
(m,A/) =  l

w h ere  the  О-estim ate  is u n ifo rm  in  x  an d  N.
N ow , by (3.19) an d  (3.20), w e have

(3.21) =

(pip1)
p2a

(piNp

V _ L J<PiN) Z  Pi™)(,^ x  , , „ ( X(x/Npr+*)\ [
Ж  p21I  N 2 M l  m2 1 S /)1ЛГрг + я + r J +  0 l  xjpr+2 J)

(m, ЛГ) = 1
4  y_L у  F (m ) Г x  )  (piNpl  “ J _  “  pim)  ,
2 rÚ P* £ i  m2 i S mNp2 +  ') (Np*)2 гй р 2г ^

+ 0

iNp2)2 r t
(m,N)=1

Ц х/Np*) (pip2)

m = l  1П-(m, JV) = 1

i ± ) _
r = 0  Р Г)

(pjNp2) P2 
iNp2)2 p2- 1 m“  m

(m,N) = 1
1

cpjNp2) p2log p “  pjm) i O.jx/Np2) (pjp2) p ) 
iNp2)2 (p2 - 1 ) 2  ! in2 l  x p2 p - l )

(m,N)=l
(piNp2) p2 ~ Pi>n)( x ) (p{Np2) p2 lo g p  ^  pim)
iNp2)2 p2- \  M i m2 I S mNp2 Ч iNp2)2 ip2- \ ) 2 m£ i  m2

(m,IV)=l (m,W)=1

~ p(m)
m = i m2

(piNp2) p 2 J ~  pim)  log /и log  p  “  p (m )l  (y.ix/Np2))
iNp2)2 p 2—1 1 m 2 p 2- l  Д  m 2 j  l  x  J ’

(m,iV) = l (m, iV)=1

^  (Hx/Np2)) (piNp2) p2 x  , J+ 0(——J “ (W »■-! llogi№ + 1’J
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From (3.16), taking h{m) = —- ,  we get thatm

(3.22) 2 1

m =  l
(w,iVp“) = l

nini) log m p2  Í “  p(w) log m logp “  p(m)\ 
P2- l l  m-éi w2 p2- l  A  m2 j

<m,JV) = l (m,Af)=l

From (3.21), (3.22) and (3.11) with Л(/и)=— , we get

p Qm) <p(Np*) J ;  p(m) log m
m2  (IVp* ) 2  m—j m

(m,Ap“)=1 (m,Ap*) = l

+

=  ^  + ] + o ( i W 0 j .
V л: n2  W = 1  m2  v mn J \ x )

(m,n) = l

Hence Lemma 3.4 follows.
Remark 3.4. Using (2.5) and (2.6), we can rewrite (3.18) as follows:

<3-23) « « =  « W w h 7 + v - « » ) - ^ ) + o ( i í | í I ) ,

where the О-estimate is uniform in x and n.

Lemma 3.5. For х ^ З , « 5 1 and a ^ l  such that (и, и)=1,

(3.24)
2

ср(тп)
тпШх  Ш “ /22 

(m,tí)=l

С (2) f e j  ( '° g ^ + V-  ß (и) ■ +  А (и) + В (и)) +  О ( - 'х( Л / ) ,

where the О-estimate is uniform in x, n and u. 

Proof. We have by (3.23),

V  < p 0 n n )  _  c p ( m n )  ^ ( p ( S d n )

m2n2 - »м2 * » 2  №\dj 2  2  £ 2  Л2  M 2  2  ii(d)(Pdn(<x)тпШх 
(m, u )=l

гп п ^= х  111 11 d d — it, 
d\u

d \ u  ő d n ^ x ő2d2n2
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Since (n, n )= l, we have (d,ri) = \ for d\u. Hence by Lemmas 2.5, 2.6 and 2.7,

<p(mn) 1

mUx m 2n2
( m ,  m)=1 

1 2

Ш Ж " )

p(d) lógd 1

/i(d)

^ H(d)ß(d) 1 c
C(2)iA(n)Ä C ( 2 ) | ФУ)

= ® w l l0 |í + ' ' ' w " l t í | *) t *,' )M
Hence Lemma 3.5 follows.

§ 4. Main results. First we prove following:
Theorem 4.1. For .v s3  and n £ l ,

<Hd)

НХ/П) 2 » 4 d )}  =dlu 'd|M
6(и)Цх/п)

)•

(4.1) 2nv̂ x 
(m, и) = 1

qk(m)<p(m)
m2

„* + 1
C( 2  Ж«)Я*(и)

{/c(p2- 1)4-1} log p

Г (21
л: 4-у — —^ -4 -^ (n )—^ к(я)4-5(и)-[log

^ ] + O ( 0 (n) ^ - 1  + 1 ^ W )

uniformly, where A (n), B(n), Hk(ri), Ak(n), Bk(n) are given by Lemma 2.6, Lemma 2.7, 
(2.15), (2.17), (2.18), respectively, <xk is the constant given by (2.16) and S(x), 
л (л) ore given by (2.29) and (2.10), respectively.

Proof. We have by (2.1,, 

^  qk(m)q>(m) _  „
n 12  ^

<?(w)
тШх 

(m, n ) = l

, 2  b(d) = 2
тШх n t  dk d = m  dk d s x

(m ,/i)=1 (d,n)=(5, w) =  l

p(d)(p(dkő)
d2kö2

where the summation is taken over all ordered pairs (d, ö) such that dk5 ^ x  and 
(d, n) = (d, /?)=!. Hence we have by Lemma 3.5,

(4.2) 2m^x (m,n)= 1

qk(m)<p(m)
m2

v  n i  v  q>(Sd ) _ 2 j l(d) 2  ö2d2 X
dsl/x b̂ Jk

(d,n)=l (á,B)=l

= 2к
ds\x (d.n)= 1

м(й)\ : (2 )Ф(dkn) (logdk+y P U2) + A + BC(2)

О p(d)

d̂ ]/x 
(d,n)=1

iKd)dk~1

* í  д а -  ?  * / » ) •
dsfjc(d,n)=l d^x

(d,n)=l

ф (d) dk
dsYx

(d,n)=l
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Since
2  v2(d) =  2  1  = o(x*),к к

d^y XdsYx (d, n) = l

uniformly; we have that the О-term in (4.2) О ^O(n) '  j .
Hence by (2.36), (2.37) and (2.38), we obtain from (4.2),

(4.3) 2 qk{m)<p(m)
т ш х  

( m ,  n )  =  1
m-

x J gfc"* 1 kzknk Г logp \W « )  ‘ <4 x1- 1/* Jl 77* (n) l t ()  f  pt~l ( p + 1)-1 /
( ) у  logp I ,

l xl~l'k ) Hk(n )\ k { )  f  (^ - l){ p * -i(p  + l ) - l } i  +

r<T*1 +£(n)<5fc))l
l  x1-1/*+ o \ -jj +  О ( 0 ( п Щ х ) х - > ^ - ш ^ ш х

4 ^ * + ’ - m + A M - k A M + B W ~ B M + ?
+ 0(6(n)X(x)x~1+1/k).

It has been proved in our earlier paper (cf. [16], Theorem 4.1) that

(4.4) Qk(x; П, <p)= 2  4k(m)cp(m)
m^x (m, n) = 1

aknk+1x - + O (0(n)x1+1,kö(x)),2C(2Ж п )Н к(п)
uniformly.

Hence by partial summation (cf. [9], Theorem 421), and (4.4), we get

(4.5) 2 qk(ni)<p(m) Qk(x; n, <p)
m S x  m ‘(m, n) = 1

Q{1\ n, (p) dt =

2C (2) i//(n)Hk(n) + O(0 xl +1/1 ̂  W) 1

- r í  aknk+1 1 1

+  2 J  \.2С(2)ф(п)Нк(п) Т +Ек{Г’ П’ <P)J dt’
where

7  1 2 С(2 )^(и)Я к(и)

£,(r; и, <p) = O(0(;i)i-2+1/^(0).
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By Remark 2.6, it follows that
©O / О О Ч

J  Ek(t; n, (p)dt = o\o(n)d(x) J  t~2+1,kdt\ = O(0(n)x~1+llkS(x)).

Hence by (4.5), we get

(4 .6)  2  -mt) m2

a btf,k + 1

C(2 Ж п )Н к{П)
[log л: + С* (и)] + 0(6(n)x~1+1,kő (x)),

where
^  , ч 1 , 2C(2Ж п ) н к(п) /  n, <p)dt.

Now, comparing (4.6) with (4.3), we find that

Ck(ri) =
Г(2) 
C (2)

+ А (и) — kAk(n) +  B(n)-  Bk(и) + {k(p2- l ) + l } l o g p  
(P2 —1 ){P*- 1 (P + 1 ) — 1 } '

Substituting this value of Ck(n) in (4.6), we obtain (4.1). 
Thus Theorem 4.1 is proved.
Corollary 4.1.1 (и=1). For х ё З  and &S2,

(4.7) qk(m)(p(m)
m2

<*к
C(2)

x+ y —Г (2) 
C (2 ) +  2

{/c(p2 - l )+ l} lo g p
(P2 - 1 ) { / _1 (P + 1 ) - 1 }J

+

+  0 (x _1 +1 /,c<5(x)).
Corollary 4.1.2 (и=1, k=2). For x ^ 3 ,

(4.8)
H2(ni)(p{m)

m s x  m 2

cc
Ш

lo g x + y Г( 2 ) у  (2 p2— 1 ) log p 1

C(2) r  (P2 -1 )(P 2 + P -1 )J
+  0 (x - 1 /2 <5(x)),

where а й the constant given by 

<4-9)

R emark 4.1. In 1971, S. U chiyama (cf. [17], (6 )) obtained the following 
asymptotic formula: For x ^ 2 ,

(4.10) 2

y2(m)(p(m)
m2 log x + c3  + О (x - 1 / 2  log x),

where c3  is a constant, the value of which has not been given explicitly. It may be 
noted that our asymptotic formula given above in (4.8) not only gives the explicit 
value of c3, but also gives an improvement in the 0 -estimate of the error term 
in (4.10).
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Corollary 4.1.3 (k—2). For ,y^ 3  and и ё  1

(4.11) 2
m̂ ix 

(m, ri) =  1

arc3 Г Г  (2)
£ (2 )ф (п )Н ,(п )  [1° g x + l'—ц 2)'+^(«)-2Л 2(/1) +

uniformly.
Theorem 4.2. I f  the Riemann hypothesis is true, then for x ^ 3  and n the 

error term in (4.1) can be replaced by O(0(«).v~1+2/(2J:+1)(u(.v)), where af(x) is 
the function defined by

(4.12)
Г exp {A log a (log log x)-1} for x  ^  3 
{ 1 for  0 <  x <  3;

A being a positive absolute constant.
Proof. It has been shown in our earlier paper (cf. [16], Theorem 4.2) that under 

the assumption of the Riemann hypothesis the error term in (4.4) can be replaced 
by О(0(и)л_ 1 +2 /(2 А:+1 )т(х)). Now, using (4.4) with this О-estimate for the error 
term and using partial summation as in the proof of Theorem 4.1, we get 
Theorem 4.2.

Corollary 4.2.1 (n — 1). I f  the Riemann hypothesis is true, then for ,v s3 , k ̂ 2 , 
the error term in (4.7) can be replaced by o(x~1+2/(-2k + 1)o>(x)).

Corollary 4.2.2 (n= 1, к =2). I f  the Riemann hypothesis is true, then for 
x S 3 , the error term in (4.8) can be replaced by 0 ( x ~ 3/5cu(x)).

Corollary 4.2.3 (k —2). I f  the Riemann hypothesis is true, then for х ё З  
and b é  1, the error term in (4.11) can be replaced by 0(6(ri)x~3,5a>(x)).

Theorem 4.3. For x ^ 3  and n ä l ,

(4.13) 2 У к ( т ;  n) aknk+1
m2 ф(п)Нк(п) |log x  + у -  А (и) — kAk(n) + B(n) -  Bk(n) +

+ N M ^ + H l o g P  1 + 0 (6(w)x- i +i/*gfa))

uniformly.

Proof. We have

Ук(т;п)= 2  9(d) =  2  9(d) =  2  4fid)9(d).
d\yk (m;n) d\m dd = m

d £ Q k (d,n) = 1
(d, n) = 1
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Hence we have 

(4.14) v 7 » (m ;« )_  ^  qk(d)<p(d) _  ^  1  ^  qk(d)(p{d)
m2 di£  d202 6f x S2 *  d2dő̂ x

W,n)=l _ <SW,n) = 1

= 2 — Á s 2
акп>k +1

C(2 Ж п )Н к(п)

+ 2

[log j  + y - ^ j  + A (n )-k A k(n) + B (n )-B k(n) +

{k(p2 -  l)+ l}  log p U L }H  1 +1Aá t í ) ]  =

Oil. nk + 1

C(2)^(2 )H k(n) [logx+y- C(2)
C(2)

+ A (n) -  kAk (n) + B(n) -  Bk(n) +

By Remark 2.6, it follows that for 0~=e<l/k, the last О-term in (4.14) is

-1 + 1/Л —c) =  O(0(n)x~1 + llk0(x)).= 0(6(n)xcö(x)x~1~1,k+c 2  m

By Remarks 2.1 and 2.4, it is clear that aknk + l
-1. Also, by Lemmasф(п)Нк(п)

2.6, 2.7, (2.17) and (2.18), it is easy to see that each of kAk(n), B(n), Bk(ri) is less 
than A(n), so that the term contained in square brackets of (4.14) is 0(A(n) log x). 
However,

logp
A(n) = 2  „

pin P
2  1  - v(n) <6(n).

Hence the О-term that arises from the first term of (4.14) is 

o [ö (n) i £ J ^ j  =  0(в(п)х~ 1+1/к0( x)).

Also, the О-term that arises from the second term of (4.14) is

= ° ( 0(n) x ~1+1,t0(x))-

Now, Theorem 4.3 follows from the above discussion and (4.14).
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C orollary 4.3.1 (n=1). For л ё З  and & S2,

< 4 ,5) Л г &  -  [>oi x + y+ 2J *

C orollary 4.3.2 (/?=2). For x ^ 3  and k s 2 ,

(4.16)
ök(m)

m- (2k +  2k
2kak Г, (2 * - fc - l) lo g 2

2 *"1- ! )  L °g * +V + (2k + 2k~1- l )  +(2 k +  2 fc 1 )

+  2 -
{k(p2—1)4-1} log p

p  (P2- 1 ) { / - 1(P + 1 )-1 } J+ 0 ^ " 1+1,"‘5W)-
Corollary 4.3.3 (k = 2). For x ^ 3  and n ^ l ,

*3
(4.17) 2 У  ( m - ,  n )

m2

a ir
[log x+ y + A (n )-2A 2(n) + B (n )-B 2(n) +ф(п)Нг(п) I 

^  {2(p2-l)+l}logp] , л/п, 4 _1/es, чЧ
?  ( p . - l ) ( r f + „ _ l ) J  + °<ew *  *<*»•P (P2 - l ) ( g 2  + P - l )

uniformly, where a й  the constant given by (4.9).

C o ro lla ry  4.3.4 (k —2,n= \). For .x s3 ,

<4-l8> (р£ » 7 р'ч / - 1 ) ] + 0 <
R emark 4.2. In 1971, S. U chiyama [17] obtained the following asymptotic 

formula in an attempt to solve a problem posed by the first named author 
(cf. [12], Problem 17(2): For x ^ 2 ,

З Д ) .

(4.19) 2  = ct\ogx + ß + 0(x~1,2\ogx),m

where a is the constant given by (4.9) and ß is the constant given by /?=£ (2) c3 +
r'(2)

+a , c3  being the constant mentioned in the asymptotic formula (4.10).)
In fact, he also gave the following concise presentation of the constant ß: Let F(s) 
be the function defined by

F(s) ? (  ps+1 (pi+2 - l ) )
1which is analytic for R e ( j )> — — . Then a =  F(0) and ß = yF{0) + F'(0), у being 

Euler’s constant.
It may be noted that our formula given in (4.18) gives an improvement in 

the О-estimate of the error term in (4.19) and it can be easily verified that the value 
of the constant ß given by S. Uchiyama coincides with the one that can be obtained 
from our formula (4.18).
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C orollary  4.3.5 (k= 2,n = 2). For х ёЗ ,

(4.20) ^  S ( m )

m a x  m -

4a
5 Jb g x + y + -jlo g 2  + 2 ’ (2p2- l ) lo g p

(p2- l ) ( p 2+ p -l)J + 0 (x~ 1/2ő(x)).

T heorem  4.4. I f  the Riemann hypothesis is true, then for x&3 and и =  1, the 
error term in (4.13) can be replaced by O(0(n) х~ 1 + г/(2к+1) oj(x)f where co(x) is 
given by (4.12).

P ro o f . It has been shown in our earlier paper (cf. [16], Theorem 4.4) that under 
the assumption of the Riemann hypothesis, we have

(4.21) 2 уа(и?;н)
a knk+1x2

2\j/(n)Hk{ri)
+ О(0(п)х1+2/<-п+1>ш{х)).

By partial summation (cf. [9], Theorem 421) and (4.21), we get

(4.22) 2
7k(m; n) 

m2 $WW(n)  ̂ logX+C;W) + 0 (e(n)x~1+tm+1)a>(x)),

where C'k(n) is a number depending on к and n.
Now, comparing (4.22) with (4.13), we find that

Q 'O O  =  y + A ( n ) - k A k(ri)+B(n)-Bk(n) + 2  { p * ~ H p  + 1)§- 1}

Substituting this value of C'k(n) in (4.22), we obtain (4.13) with the O-term 
replaced by O(0(/i)x_1 +2 (2<[+1 )co(x)). Hence Theorem 4.4 follows.

Corollary 4.4.1. (n= 1 or n= 2). I f  the Riemann hypothesis is true, then for 
,v ^3  and кш 2, the error terms in (4.15) and (4.16) can be replaced by
0  (x - l  +2 /(2 1 +l)w(„))

Corollary 4.4.2. (k — 2). I f  the Riemann hypothesis is true, then for х ё З  and 
n S l ,  the error term in (4.17) can be replaced by О(0(н)х3/5ю (x)).

Corollary 4.4.3 (k = 2; и =  1 or 2). I f  the Riemann hypothesis is true, then for 
x ^ 3 ,  the error terms in (4.18) and (4.20) can be replaced by 0 ( x -3/5cű(x)).
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A NOTE ON SEMÍ-PRIMARY GROUP RINGS
By

KENG-TEH TAN  (Kuala Lumpur)

A ring R is semi-primary if its Jacobson radical J(R) is nilpotent and R/J(R) 
is artinian. Let R be a ring, G a group and RG denote the group ring of G over 
R. In this note, we prove the following:

Theorem. RG is semi-primary iff R is semi-primary and G is finite.
To prove the theorem, we shall need the following results on group rings:
T heorem 1. (Renault [2], Woods [3].) RG is perfect iff R is perfect and G is 

finite.
Lemma 2. (Connel [1], p. 665.) I f  G is locally finite, then J(RG)C\R=J(R).
Proof of the Theorem. Assume that RG is semi-primary. Then it is perfect. 

Therefore R is perfect and G is finite by Theorem 1. Hence R/J(R) is artinian. As 
G is finite, J(R)—J(RG)f)R  by Lemma 2. It follows that J(R) is nilpotent.

Conversely, assume that R is semi-primary and G is finite. Then RG is perfect 
and so RG/J(RG) is artinian. We are left to show that J(RG) is nilpotent. We note 
that J(R)GQJ(RG). Also, RG/J(R) Gs: [R/J(R)] G canonically. Since R/J(R) is 
artinian and G is finite, [R/J(R)]G is artinian. It follows that its Jacobson radical 

is nilpotent. Now define / :  RG-<-RG/J(R)G by f(x )= x+ J(R )G  for x^RG. 
Then

f(J(RG)) = J(RG)/J(R)G g  f .
Since J(R) is nilpotent, so is J(R)G. It follows readily that J(RG) is nilpotent. This 
shows that RG is semi-primary.
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TRIGONOMETRISCHE REIHEN ÜBER 
MULTIPLIKATIVEN ZAHLENMENGEN. II

Von
L. LUCHT und D. WOLKE (Clausthal—Zellerfeld)

Theodor Schneider zum 65. Geburtstag gewidmet

Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 33 (3—4). (1979). 263—288.

Einleitung. Im Zusammenhang mit der Charakterisierung der Г-Funktion als 
eindeutiger Lösung gewisser Funktionalgleichungen (s. A r t in  [1], § 6 ;  L u c h t  [3],
[4]) stellte sich folgende Frage: Man finde eine möglichst umfassende Menge T  
von Primzahlen p~P, für die die Reihe

„  sin (2лпа) 
n n

p|n = y p i T

gleichmäßig in a konvergiert. In der ersten Arbeit zu diesem Thema [5] gaben wir 
zu jedem e>0 solche Mengen T  an, die innerhalb von P eine Relativdichte > 1 —e
besitzen. Es lag nahe zu vermuten, daß sich Mengen T  finden lassen für die 2  —

P Í T  P
„gerade noch divergiert“ . Dies soll hier gezeigt werden.

H a u p t s a t z . E z  sei g 1: R + -*-R+ monoton wachsend und g i ( ° ° )  =  °° . Dann 
existiert eine Primzahlmenge T mit den Eigenschaften

a) g(x) =  2  — -  Si(*) fü r  alle x  ё  x„,
p^x,piT P

b) g(°°) =  0 0  ,

4 sin(27rna) , . , n. , . ^c) 2 j -------------gleichmäßig konvergent in a^K.
n ft

р|я=»р€Г

Bezüglich der Г-Funktion besagt dies (s. die Bemerkungen am Beginn von [5]): 
Die Funktionalgleichungen

F(a+1) =  ccF{a),

' £ )  F(i s 1) - ' ( !± S=1) '
besitzen außer der Г-Funktion eine weitere, für positive a positivwertige Lösung F.

Unter Berücksichtigung von [4] ist damit die vom ersten Autor aufgeworfene 
Frage im wesentlichen gelöst.

Der Hauptsatz wird in ähnlicher Weise hergeleitet wie die Ergebnisse von [5]; 
der Beweisgang ist allerdings erheblich verwickelter. In den Teilen I und II wird
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— noch unter recht allgemeinen Voraussetzungen — die zu betrachtende Reihe 
überführt in eine, die über die „dünne“ Zahlenmenge L= {d : p\d=>p  ̂T) erstreckt 
ist (Satz 2). Dies hat den Vorteil, daß lange Abschnitte trivial abgeschätzt werden 
können (Teil IV). In Teil III wird S= P  — T  definiert. Wie in [5] wird unterschieden, 
ob a durch rationale Zahlen mit „kleinem“ (Teil V) oder „großem“ (Teil VI) Nenner 
approximiert werden kann. Hier benutzen wir erneut Ergebnisse über L-Reihen 
bzw. Exponentialsummen.

Eine einfache Charakterisierung der Mengen T  mit gleichmäßig konvergenter 
Sinusreihe zu geben, scheint schwierig zu sein. Das hier beschriebene Beispiel ist 
zu speziell, um Aufschluß über die allgemeine Situation zu geben.

Herrn Prof. Paul Erdős, der uns mit wertvollen Ratschlägen zu dieser Arbeit 
ermunterte, danken wir herzlich.

Bezeichnungen. N, P, Z, Q, R bezeichnen die Menge der natürlichen Zahlen, der 
Primzahlen, der ganzen, der rationalen bzw. der reellen Zahlen.

Der Buchstabe p, evtl, indiziert, bezeichnet stets Primzahlen. M(x) bezeichnet 
die Anzahl der Elemente ^ x  aus der Menge M, desgleichen für Zahlenmengen 
5 usw. П(х) bedeutet die Anzahl der Primzahlen S.x.

s=cr+it ist eine komplexe Variable mit dem Realteil a und dem Imaginärteil t.
C ist eine genügend groß gewählte Konstante; alle <s>, O- und o-Abschätzungen 

sind, soweit nicht ausdrücklich geregelt, höchstens von C und der Menge S ab­
hängig, in keinem Fall von a.

c, cl 5  c2, ... sind positive Konstanten, deren genauer Wert nicht interessiert, 
log, bezeichnet den r-fach iterierten Logarithmus (r£N), also lógj= log, logr + 1  =  
=logologr .

p. ist die Möbius-Funktion, со die zahlentheoretische Funktion, die dem Argu­
ment die Anzahl seiner (paarweise verschiedenen) Primteiler zordnet. e(x) =  
= exp (2 nix) = e2nix.

[x], {x} bedeuten den ganzen bzw. den gebrochenen Teil von x€R, also 
x = [x]+{x) mit 0s {x} < 1, [x]£Z. ||x|| =min ({x}, 1 — {x}) ist der Abstand von 
x^R zur nächstgelegenen ganzen Zahl.

sgn x steht für das Signum (Vorzeichen) von x£R,

sgn x =
für x >  0 , 
für x =  0 , 
für x <  0 .

1. Es sei S eine Menge von Primzahlen,

g (*)=  h(x)= ~  S(x), D(x) = £  ß2(d),
p^x P -X- d^x

' УГГЯГ?* '  p £ S  d £ L

wobei L die von S multiplikativ erzeugte Halbgruppe bezeichnet. Der folgende 
Satz enthält Abschätzungen einiger über L  erstreckter Summen unter schwachen 
Voraussetzungen über die Funktionen g und h. Bekanntlich ist stets g(x)«dog 2  x, 
h(x) log x<sl.
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Sa t z  1. Mit den obigen Bezeichnungen sei

( 1 ) l^ x ) « 1  *Ür Ух - У - х (х - х  о)-

Dann gilt mit einer absoluten Konstanten c>0
a) Z> (x) <k S (x) exp (cg (x)),
b) g(x) = o(log2 x) =>

2  « lo g - 1 /2 /i+ (g(5)-g(^))exp(cg(5)) (B > A ~ o o )y
A^d^B a 
d£L

c) A(x) =  o((logxlog 2 x) l)=> 2  ^r- = П il-“ ) + oO)
d S x  CI , S j V P J
d í L  p i S

(d,d0) = l p'dfj
gleichmäßig für d0£ N (x-*■«>).

B ew eis, a) Wegen (1) existiert eine absolute Konstante c > 0  mit

(2)

h Í—)

l s ( 7 ) * s w i 7 W ‘ tIW tW 'Р— У
P Í S

p-̂ l/x
p £ S

Setzt man für k = 1, 2,...
Sk(x) = 2  h2(d),d^x,d£L

c o (d ) = k

so folgt wie bei H a r d y — R a m a n u ja n  [2], p. 79, die rekursive Ungleichung

p€S
Unter Verwendung von (2) liefert sie durch Induktion rasch

was, eingesetzt in
Sk(x) si ^ r j j r  S(x)(cg(x))k \  

D(x) = 1 + 2  Sk(x),
k s l

die Behauptung a) ergibt. Wir bemerken, daß sich unter stärkeren Schwankungs­
bedingungen für die Funktion h anstelle von (1) die Konstante c in a) durch 1 er­
setzen läßt, was sich auch auf b) überträgt, 

b) Partielle Summation liefert

(3)
S(x) f  S(t) 

x + J  <• dt,
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also

/ ^ Л =  5 № - ( М + о Ш .

Entsprechend folgt mit a) 

B2(d) =
Л„ J  - . г г -  = f̂r* ^ T ~  + (*<B) -*  (A)+о( ь Ы )  “ p (cs <e)>-

i i L

Darin ist nach Voraussetzung g(A)=o  (log2  A), also wegen a)

— ̂  - <sc exp (cg(A)) <*c (log ^ - i + o d ) l o g ~ 1 / 2  A.

Ist B>A  so klein, daß g(B) — g(A)<sz 1

log А ausfällt, so wird

g(B)-g(A) + 0  exp (cg (B) )« exp (cg (A)) «  log ~ 1 / 2  Л;

für größere В ist ohne weiteres

g(B) — g(A )+ 0  (-j^y j exp (cg(B)) «  (g (ß )-  g(A)) exp (cg(Ä)). 

Insgesamt ergibt sich b).
c) Einsetzen der Voraussetzung h(x) = o ((log x  log2  x)_1) in (3) liefert

(4)
sowie für y>x-~ °° noch

(5)
Wir haben

g(x) = o( log3x)

^X \ P / d̂ =XP^Xp£S
p U o

ß(d) <<; 2
d^x d d>x d
d £ L  d £ L

(d,d0) = 1 p\d=>p^x

Für g (x )« l  ist die rechte Seite ein o(l); andernfalls wählen wir

у  =  лг3*(х), t ) — *logx ’

und zerlegen nach einer Idee von R ankin [7] (vgl. W olke [11])

у  B2(d) у  ß-(d)
Zj A Z  id>x u x<d^y “

d £ L  d £ L  dZL
p\d=>p^x p\d=>p^x

+  2  ^ - 2
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Zur Abschätzung von 2ii können wir wegen (4) die Abschätzung aus b) mit 
A=x, B —y  benutzen; indem wir auch (5) beachten, wird

2 \  «  log' 1 7 2  x +  log ( exp (o (log3  >0 )

«  logg(x)- (log, x3«M)oW
Weiter ist

log2x

logg

^ J o g g W (|oSi;t)„  = o(1)
logax

, ß2(d)
2 2 « } ’- '  2  ^ r « yd>y u p^x

d £ L  p £ Sp\d=*p̂ x
' . 2 1 1+ 7 т ) * г ' ' 1 р ( . | . 7 т )P^x PL

P<=S

«  exp (— íj log>’ + x4 g(x)) =  o(l), 
denn der Exponent ist gleich

-  \°0Sg yx  + eg(x) = - ( 3 - e)g(x) 

und strebt für x-«-°° gegen —
II. Aus I übernehmen wir die Bezeichnungen S, g, h, D, L  und erklären M  

als die von der zu S komplementären Primzahlmenge T —P — S  multiplikativ 
erzeugte Halbgruppe. Ferner setzen wir

(6) Я ( 0  = 2
sin (27rn() ■(Hfür 0  -C C ■*= 1 ,

0  für C =  0 ,
1 -periodisch fortgesetzt.

<sc 1  für / x S j i á x ,

Dann besteht der folgende 
Satz 2. Ist neben (x—°°)

(i) Ж
( } h{x)
(7) h(x) = о ((log x log2  x) -*) 
noch
( 8 )  g ( o o )  =  oo

erfüllt, so gilt gleichmäßig für alle a € R

(9) 2  sin(2,Illt,) _  2 ' # 9 W + . ( l ) .п^х VI d^x d
n^M d£L

Wir bemerken, daß unter den in Satz 2 aufgeführten Bedingungen, wie schon 
in I festgestellt,
(4) g(x) =  о (log3  x)
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sowie alle in Satz 1 angegebenen Abschätzungen gültig sind. Der Satz 2 übersetzt 
das Konvergenzverhalten der in (9) links stehenden Summe mit stetigen Summanden, 
die über die ziemlich dichte Menge M  erstreckt ist, auf die rechts stehende Summe 
mit unstetigen Summanden, die gemäß Satz 1 a) über die ziemlich dünne Menge 
der quadratfreien Zahlen aus L  läuft. Nach einem Satz von W irsing  ([10], Satz 1) 
gilt nämlich für die Anzahlfunktion M (x) der Menge M  eine asymptotische 
Beziehung der Art

M{x) ~  Cixexp(-g(x)).
Zum Beweis von Satz 2 haben wir wegen £DM ={1} und der multiplikativen 
Struktur der Mengen L, M  zunächst die Darstellung

(1 für n£M,
2  jo  für n$M

dZL

der charakteristischen Funktion von M. Durch Umsummierung ergibt sich damit

sin (2nna)
= 2

sin (Inna)

n £ M

z m
d\n

d £ L

Hid) sin (2nnda) g(d) n(d) sm(2nnd<x)
= 2  — i -  2  ■— — -------= 2  —j— H  (rfot) -  2  —j— 2 ------- -------d^x ft x ft d^x ft d^x CI x ft

d í L  " s 7  d í L  d í L  n=~T

so daß zu zeigen bleibt 

( 10)
v  sin ( 2 Tindci) \
z —j -  2 ------ ------- =  ° 0 ) ( ^ ° ° ) -d^x ft x П

d £ L

Nach T itc h m ar sh  [9], p. 42, gilt für N die Integraldarstellung

„  sm(2nnß) 
n^N ft

Für O sjS S y  ist das zweite Integral durch partielle Integration <sĉ r und somit

2n>N
sin (2nnß) 

n = sgn H ( ß )
j  Sin (2 тг)1|/?|| /)

N + 1/2 *
dt + O
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Für die innere Summe in (10) erhält man also

У sin (2д" ‘,а) = sgn m  Ч“ 0 " 1* 11

Ж 4  '
с о (4)-

Insbesondere ist wegen f  für alle x  gleichmäßig in a£R, d ^ xT

, sin(27indot) . d \(12) 2 ---- 1------- - « ш ш  1, —ij-T-jT .* n ( x\\d<x\\)

Aus Satz 1 b) entnehmen wir

V2(d)
2  ^ 'Г ' « loS ~ 1 / 2  * + (g (*) “  g (*1/S)) exp (eg (*)),ly,3«=r/í:<:r WX1/3<d^X

d € L

und dies ist wegen g(x)=o (log3  x) und

g(*) -  g(*1/3) «  f  d t« log3  x -  log3  x113« -j—̂  X/, t log.log2X
ein o(l).

Zusammen mit (12) folgt

H ( d )  sin (2 undd) ^  g 2 ( d )

d  x  ft x l ^3 ^ d a x  d
n=~7 d i L

X 1/3<d^JCd£L

Von der Summe in (10) bleibt nach Einsetzen von (11)

2  sgnH(dx) /  sinМ ф Н О  d t + o U -  2 ,  v2(d))
s ^ i /з  Cl Г x~\ 1 ^ d ^ x 1^3 '

Ы +т
dax3'3

d i L d Z L

übrig, wobei das Restglied ein о (1) ist. 
Anstelle von (10) ist also noch

(13) z J t - w "("*> I
И 4

sin ( 2  л ||da|| t )

d-mx i /3 d
d a  L

dt = 0 ( 1 )

nachzuweisen.
Wir zerlegen die Summe in zwei Bestandteile, je nachdem ob \\d(x\\^x~213 

oder ^ x ~ 2,z ist.
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Mit (12) ergibt sich für den zweiten Teil die Abschätzung

2  «  2  — íTTT «  x~1,3D (x1/3) =  o(l),dsTi/s dsxi'z d x\\dct\\
díL , d€L ,

l | i * l ! £ x - 2/3 W d x U S x - * ' 3

letzteres wegen Satz 1 a).
Bezeichnet

L* = L*(«, x) = {deL: d ^  x 1'3,
so bleibt

irr* CI _ J

x _2/3} (x S 3),

(14)
d£L*

m
t dt

abzuschätzen.
Wir benutzen das nachstehende Lemma, das wir später beweisen.

/i /  /лл»* 1 / и /7 /7 /*" 7* мл vн и ц  л /  m  /»i7# TV,•>

j ld0

i* = {d€i: djd, d «  min (лг* j A j - * - « ) } .

0 , anderenfalls ist nichts zu zeigen. Als Folj 
ergibt sich die Darstellung von (14) als

Lemma 1. Ist L*

(15) d0\d,
und es ist

(16) L*

Es sei L V 0 , ;

(17)

bis auf ein Restglied

sgn H(d0a )  2  ~ r ~  f

sin

« 2 ^ -

d£L* d

( E H ) -
/

dt

dt_
t «  2  7‘s(á) =  o 0 )-x dZL*

Zur Abschätzung von (17) setzen wir

z - mm x,1/3 d0
\\d0« II

-2/3

und wählen eine monoton und unbeschränkt wachsende Funktion /  etwa mit
/(x)<«clog x, so daß

2 = g 00-g  (/(*))/(*)-= pS* P
p=-S
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für x-+°° ebenfalls monoton und unbeschränkt wächst (Die Existenz ist klar). 
Schließlich bemerken wir, daß die in (17) auftretenden Faktoren alle gleichmäßig 
beschränkt sind. Für den mittleren Faktor folgt dies unter Verwendung von Satz 
lc) und Lemma 1 aus

(18) y  nid)
h l» d

n(dg)
dg

У ß(d) n(d0)

d0 
d £ L  

(<M0) = 1

iK)
P — ~J~

+  0 ( 1).

do 
p £ S
P f d 0

Indem wir mehrere Fälle unterscheiden, zeigen wir, daß stets einer der Faktoren 
in (17) ein o(l) ist.

1. Fall. Es sei z= x1;3 und d0> f  (л). Wegen (18) ist dann offenbar

(19) у  ß(d) 
d€L* d

= 0 ( 1 ).

2. Fall. Es sei г = лЛ / 3  und d„^f(x), dann folgt aus

t f i l - l W  П  ( l  « e x p i —  2  ^ ) = 0 ( D
P )  . ^  * V P )  V /(*)-= P** P )

dgPld0
p € S

P i S

ebenfalls (19).
3. Fall. Es sei

d0 (a,so
IK«II

.Л/3

und 11 d0aII log*
d0 ~  x

Dann ist - г ё - ----- , und je nach Größe von dg kommt wie in den vorigendQ log.v
Fällen (19).

4. Fall. Es sei

z = • do x - m  und \\do«\\ _ log*
IKocll d0

Diesmal betrachten wir das Integral aus (17).

I
sin W')dt iи <f0g и

sin t 
t dt do 1

«К ;*l|d0 a]| log x =  o(l).

Insgesamt ist damit gezeigt, daß der Ausdruck in (17) ein o(l) gleichmäßig für 
a€R ist.
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Zum Abschluß des Beweises von Satz 2 bleibt noch Lemma 1 zu erledigen. 
Zu jedem d£L* existiert ein ganzes a mit

a — -2 /3

Dieses a ist eindeutig bestimmt, denn sonst (a ^ a )  wäre

l_
77

/ /a a a
+

a
~d “ 7

<
a ~ d

_ 2

d
entgegen x ^ 3 .  Sei d0 €L* minimal, í/ > í/0, d£L*. Dann gilt denn an-d dQ
demfalls wäre

1

ddn
_fo
d0

a
CL~~d + d0

entgegen d, i/0 =v1/3. Daraus folgt d0|d (denn auf Grund der Minimalität von d0

ist (d0, n0) =  l), [|da|[ =-^-||d 0 a|| für alle dgL* sowie (16). In (15) bleibt sgn H(da) — 
“o

=sgn H(d0a) zu zeigen übrig oder gleichwertig, daß {da} bzw. {d0 a} stets entweder 
beide in |o , y j  oder beide in l j  liegen. Es sei zuerst {doa}=i|d0 a||. Nach dem 
bereits bewiesenen Teil von (15) folgt

{da} == {d0 a} =  ||d0 al| =||da||, also {da} =  ||da||.
CIq  CIq

Ist umgekehrt {d0 a} =  l — ||d„a||, so setzen wir / 1  =  1  — a und erhalten {d0/?} =  
= 1 — {d0 a}=||d’0 a|| =\\d0ß\\, also wie im ersten Fall {dß} — \\dß\\. Es folgt {da} = 
=  1 — [dß}= l— \\dß\\—\ — ||da||. Damit ist Lemma 1 vollständig bewiesen.

III. Der Satz 2 ermöglicht leicht die Angabe von Primzahlmengen T  der 
Relativdichte 1 in P, so daß die trigonometrische Reihe

(2 0 ) J  sin(2 TtwgO (e€R)>
n = ± У1n£M

erstreckt über die von T  multiplikativ erzeugte Halbgruppe M, stellenweise diver­
giert. Etwa enthalte T  alle Primzahlen mit Ausnahme einer (dünnen) Menge S 
von Primzahlen =  3 mod 4, für die die Voraussetzungen von Satz 2 erfüllt sind.
Bei a = — silt dann 4

2d^x
d ( = L

H(d) H(4M7K2d^x
d £ L

d = l(4 )

/ r ( d )

-  2d^x 
d £ L  

d =  3(4)

h ( d )  1 

d  J

/г ^  jx-(d)
4 Ä  ddiL

1und Satz 2 liefert die Divergenz der Reihe (20) an der Stelle a = —.
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Im weiteren konstruieren wir spezielle Primzahlmengen S der Relativdichte 
0 in P (durch deren Angabe die Mengen T, L, M  wie früher festgelegt sind), für 
die sich die Reihe (20) als gleichmäßig konvergent erweisen wird. Es sei Ax genügend 
groß (etwa log3  Ax^e )  und für k£N

(2 1 ) logo Ak+1  = log, Ak log3  A -

Induktion zeigt
(2 2 ) к <sc log3  Ak <  log3  Ak + 1  <зс к log к ( * -
Es sei ferner 3: N — R eine Funktion mit

(23) к ^  9(k) <  9 (k + 1 ) = ( 1  +o(l))9(k) (k

(24)
M  m  ~

(25)
Ä D M =0(l°ei>m )

°°).

Solche Funktionen existieren, wie das Beispiel 9(k)—k log (ek) zeigt. Schließlich 
sei C > 0 eine hinreichend große Konstante und pk die kleinste Primzahl mit
(26) pk a  (log Ak)vc.

Mit den Bezeichnungen

Г Pk ] flogt Ak + ll
19 (/c) log2 A  log3  Ak\ ’ k l log 2  J

und Äjt(v) =  | l ,  2 , I ^r j j  setzen wir

(27) 5  = U Ű U {P£P: Ak <  P S  Ak+и p = a mod pk).
k £ N  v =  0 o e i k (v)

Diese Menge S ist zusammengesetzt aus den in den Abschnitten (Ak, Ak+1] ent­
haltenen Primzahlen, die in rk festen Restklassen modpk liegen, wobei jeweils in 
kurzen Teilabschnitten (Ak, Ak] mit

(28) Ак = Ак е>Лк

weitere Primzahlen hinzugefügt werden. Letzteres dient lediglich der Glättung von 
S im Hinblick auf die Bedingung (1) in den Sätzen 1 und 2. Indem wir den Prim­
zahlsatz von Page—Siegel—Walfisz (s. etwa Prachar [6]) verwenden, folgt für 
А Г ^ х Ш А Г 1, O á v á v M - l

rk- i x 
2 > O t- i )  logx

«: S(x) <sc
(2 v- > f e - i )

+ - J ± - }
4>{Pk)>

x
log X
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und für Ak< x S A k+1

S(x) «  Í Гк- 1__+ Гк ) X
<P(Pk) logx \2'’k- i (p(pk_1) (p(pk))  log* ■

Wegen (21), der Wahl von vk und rk sind die oberen und unteren Schranken in 
diesen Abschätzungen jeweils von derselben Größenordnung und liefern überdies (1). 
Speziell ergibt sich noch die globale Abschätzung

$(k)logx\og2xlog3x  ^  ^  9(k)logxlog2x ^  X ~ ^ k+1̂ ’
die die Gültigkeit von (7) zeigt. Schließlich haben wir

g(4k + i )~ g (A k) 

worin die erste Summe

= 2  Ak̂ psAk 
pes

1

----h
P 2Ak^pSAk + 1 

P Í S

_j_
9

P

« rk- 1

(P(Pk-l)
log« Л

■9(k)log 2Ak
ist, während die zweite Summe asymptotisch gleich

ist. Insgesamt folgt 

(29)

und damit weiter

( p ( p ) ^ 0 B 2 ^ k  + 1 (°§2 A k )
l

m

g (Ak+1)-g (A k) ~ - m

(30) 2tS(x) «  g W «  2
l

x^k &(?t) (Ак x  = Ak + 1).

Wegen (24) und (30) ist insbesondere auch (8 ) erfüllt.
Für spätere Abschätzungen sei noch mit dem C aus (26)

(31) Ak = exp (log Ak)c.
Dann gilt А k< Ak < A k-'A  k + i für alle in Abhängigkeit von C hinreichend großen 
k, und es ergibt sich analog mit (2 2 )

(32) g(A'k)-g (A k)  « 1

9(k)log3Ak
1

Щ '
Nach diesen Vorbereitungen formulieren wir den

Satz 3. Es sei S durch (27) erklärt und M  die von T = P —S multiplikativ 
erzeugte Halbgruppe. Dann konvergiert die trigonometrische Reihe (20) gleichmäßig 
in a£R.

Offensichtlich beinhaltet Satz 3 den in der Einleitung genannten Hauptsatz, 
denn durch geeignete Wahl der Funktion 5 kann ein beliebig langsames Wachstum 
von g erreicht werden.
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Gemäß Satz 2 ist zum Beweis von Satz 3 zu zeigen, daß für B>A-* °°

(33) 2  ^ p -H (d « )  = o( 1)
Â diSB “ 

d£L

gleichmäßig für a(ER gilt. Dem Nachweis von (33) sind die folgenden Abschnitte 
gewidmet.

IV. In Abhängigkeit von den Approximationseigenschaften der Zahl aGR 
unterscheiden wir vier Arten von Intervallen I(z[N0(C), °°), wobei N0(C) genügend 
groß in Abhängigkeit von der Konstanten C aus (26) gewählt sei.

Def I heißt ein oe-Intervall von 1. Art -o-

X  A Í l a ^ l o g “ * ^a,q N£I (a,q) = 1
N\ogcN

von 2. Art

V Л
a , q  N £ l  

(a,q)  = l
exp (ttI Í í ) * q *  |08“ л' л

аа —— 
Ч

аа ----
Ч

von 3. Art о

(«,«)=!
von 4. Art -о-

í . [ l°g2  N i l  a
| , s ? a “ p l c I 5 i r i v - J T - 7V Д 11 =§ q ä  exp

a, q N £ I

logCN ' 
qN .

1
NlogcN ) '

1

V A (log2Ca,q N£t V
N  <  q = N

logcAV
(a,e) = l

Nach dem Dirichletschen Approximationssatz

N
И ^ q ^  —

N s N a(C) q

A aа -----
4

N logc N ) ’ 

logc N  )
qN

A- NJC) a V logc N A II 9*11 ^
logc N ' 

N~ .

liegt jedes N ^ N 0(C) in einem dieser а-Intervalle. Die а-Intervalle 1., 2. und 3. 
Art sind untereinander disjunkt (s. die Beweise zu den folgenden Lemmata), bei 
denen 4. Art ist dies im allgemeinen nicht der Fall. Der Bereich [N0, °°) werde 
ausgeschöpft durch die maximal gewählten а-Intervalle 1., 2. und 3. Art sowie durch 
Intervalle 4. Art. Die Beiträge der а-Intervalle verschiedener Art zur Summe in 
(33) schätzen wir getrennt ab. Wir zeigen zunächst, daß die Abschnitte 1. oder 2. 
Art „kurz“ sind und „weit auseinander“ liegen.

L emma 2. Es sein (Nv, N'] und (Nv+1, N',+,] zwei a-Intervalle 1. Art mit maximaler 
Länge und N ' <  N '+ j . Dann gilt

(34) N ' = Nv log3C7Vv, log2Nv+1: » logNv.

Die zweite Ungleichung ist auch für a-Intervalle 3. Art richtig.
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Beweis. Es seien — , ü' + 1 die zu den genannten Intervallen gehörenden ra-
9 v  ? v + l

tionalen Approximationen von a. Dann folgt die erste Ungleichung in (34) aus

1
Nv logCNV a.— log CN '

n : '
Zum Nachweis der zweiten Ungleichung in (34) beachten wir qv<qv + 1 sowie

1 l Üy f l v +  l

iog4Civ ;+1 ~ # v < 7 v  + 1 qv 9 v  + 1
a —-

<7v
+ a —

4v +1
Ä 9 logcA(

n :

woraus nach leichten Umformungen die Behauptung folgt.
Lemma 3. Es seien (Nv, N'] und (Nv+1, Ny+1] zwei <x-Intervalle 2. Art mit maxi­

maler Länge und N ' <  N',+j . Dann gilt

(35) log2 N ' «  log2 Nv log3 Ny, log2 Ny+x log3 Nv + k » log Nv.

Beweis. Die erste Ungleichung ergibt sich aus

die zweite aus qv-^qv+i und

1 1 av ö v +  l

log4CV;+1 qvqv+1 q, 9 v  +1

— q v — log 2Cn v,

у —av + l
qv+i

2
N ' logcK

wie in Lemma 2.
Ein Vergleich von (21) mit (34) bzw. (35) zeigt, daß höchstens <scl Intervalle 

(Ak, Ak+1] ein a-Intervall 1. oder 2. Art überdecken. Ist Ak^ N v, wobei N v den 
Anfang eines a-Intervalls 1. oder 2. Art bezeichnet, so liefern (21), (34), (35) nach 
kurzer Rechnung (wir erinnern an N V = N()(C)) weiter
(36) Ak, ^ N y +1.

Triviale Abschätzung des Beitrags eines a-Intervalls (Vv, N'] von 1. oder 2. Art 
mit Ak^ N v zur Summe in (33) gibt bei Verwendung von Satz lb)

2Nv<d̂ N(,
d£L

ß(d) H(doi) «
лг, 2< d ̂  Лгл 

d£L

n4d)
« m

exp (cg(Ak)).

Wegen (25) und 9(k)ys>k ist dies <sck~1/2. Bezeichnet / die größte Zahl mit A ^ A ,  
so erweist sich infolge (36) der Beitrag aller a-Intervalle 1. oder 2. Art zur Summe 
in (33) als

vSO

Für A — *? ist dies ein o(l), unabhängig von x fR
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V. Wir schätzen den Beitrag der a-Intervalle 3. Art zur Summe 

2 ( A , B , a) =  2  H(da)
A < d ^ B  «  

d £ L
ab, zunächst für rationale a.

Lemma 4. Für Ak^ N ^ N '^ A k+1, lg g g e x p  (^pg^/w ) ’ (a>tf) = 1  8 ilt;

(37) 2  (лг, N', «  k-*l\

Beweis. Wir dürfen к und damit Ak in Abhängigkeit von C als genügend groß 
annehmen. Für Ak^N 'SA 'k liefert Satz 1 b) bei trivialer Abschätzung

2  к  N', - )  «  2  «  Ш 'к) - g W ) exp (cg(A'k)) «  k~3' \
V 4) Ak î-mA'k a

iiL
letzteres wegen (23), (25), (30) und (32). Für Ak^ N < N '^ A k+1 haben wir die 
Zerlegung

—){  2  ^ r - -  2  ^ } -q 7 Itf^dsN' « N^dsN’ и J
d i L  d £ L

d = v  (g) t e - v ( ? )

Der Inhalt der geschweiften Klammer läßt sich mit Hilfe von Charaktersummen
Cf v<Jarstellen. Mit den Bezeichnungen (v, q)=d', g' = — v'=-p- ist für d'£L

2  ü(d) =  n(d') ^  ^  p(d)yjd)
N ^ d % N ' d  d  c p { q )  ;pm odg' N * zd d '^N ' d

d i L  d € L
d sv (g )  (d,d')=1

für d '$ L  verschwindet die linke Seite. Einsetzen in (38) zeigt, daß die Beiträge der 
jeweiligen Hauptcharaktere / Om o d q '  verschwinden, und liefert die Abschätzung

(39) q max max
«'lg Х ^ Х о т о ‘>9'

Wegen N 's A k+1 ist bei genügend großem к

2  ^ (d)x(d)
N <  dd'^kN' d

dC.L
(M') = 1

(40) q S  exp ( ) <  (log Akf c ^  pk,tC log 3 Afc + 17
erst recht q ',d '^ q < A ’k1,2^ N 112. Besteht für Ak1/2̂ = x^A k+1, X^Xo mod q' die 
Abschätzung
(41) 2  X(d)fi(d)«x(logx)~2,

d^x 
d £ L  

(d,d') = l
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so ergibt sich mittels partieller Summation und (31)

dx
'/ 2  x  log2  x2

ß(d)x(d) _  J
N<dd'^N' d >1 / 1 / 2d£L(d,d') = l

A k

«(log/lft)-

Aus (39), (40) und (22) folgt daraus (bei genügend großem C) die Behauptung 
(37) von Lemma 4.

Es bleibt (41) zu zeigen übrig. Als erzeugende Funktion für die Summe linker 
Hand kann nach Definition der Mengen S, L  für A'k1/2<x^±Ak+1 der folgende 
Ausdruck F (s,x) gewählt werden (dabei sei Rk = Rk(0)):

F(s,x)=  П  ( i -~ )  п  I I  =/l(s) п  П
p s 4  \  P ) aiRk p^Ak \  P ) a£Rk psa(pk) \  P )
PÍS
pW p = “(.pk)

Darin ist f k(s) eine für <7 ^  — analytische Funktion mit

Ш  «  П  f H -4 - )«  exP Í 2  •psAk v P ) '-psaj P )
Das Produkt über die a£Rk, p = a(pk) stellen wir durch Dirichletsche Z-Reihen 
dar. Es gilt

II П (»-■#■)=/.(«) П L h r f f th .S * '* .
a £ R k P = a(pk) '  P '  i/tmod p k

worin mit einer absoluten Konstanten cx>0 (wir erinnern an 1 [ =rfc) f>(s)«c[b 
3eine ebenfalls für o = analytische Funktion bedeutet. Insgesamt ist also

(42)
und darin
(43)

F(s, /)  =  / 3 (s) f l  L(s, хФ) “ír ,
ф mod pk

X ÜW

A 0 ) <sc c[k exp ( 2  4 ^ 1  

\ p S A k P )
analytisch für crs —. Zwischen der Summe in (41) und der erzeugenden Funktion
F(s, x) besteht für Ak1/2< x ^ A k+1, x(fN, der Zusammenhang (vgl. etwa Prachar
[6 ], Satz A 3.1)

(44) 2  /■<«>*№ =  s r  * + o ( ^ P ) ,
d m x  diL 

(d,d  0  =  1

1wobei zur Abkürzung a = 1 + ------ 7’=exp(log1 /2 0 x) gesetzt ist. Zur günstigen
l o g  X

Auswertung des Integrals verschieben wir den Integrationsweg innerhalb des 
Analytizitätsgebietes von F(s, x) möglichst weit nach links über cr =  l hinaus. 
Zur Durchführung sind drei Tatsachen wesentlich: Erstens besteht gemäß (41)
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-die Ungleichung q'<pk, zweitens ist pk Primzahl, drittens treten nur Charaktere 
X^Xom°d q' auf. Demnach ist keiner der in (42) vorkommenden Charaktere х.Ф 
der Hauptcharakter mod q'pk. Die zu diesen Charakteren gehörenden L-Reihen 
sind also analytisch und nullstellehfrei in dem Bereich

(45)
1

log1 0  T = (T = a, |i[ s  T

und genügen dort der Abschätzung
(log Г ) “ 1 0  «  |L(s, хф)\ <к (log T f

(vgl. etwa S c h w a r z  [8 ], S. 165, Satz 7.1).
ln dem durch (45) gegebenen Bereich hat dies die Analytizität von F(s, y) 

sowie gemäß (43) die Abschätzung
F(s, у) (log T)Srk exp Í 2  4-) 

yPSA*P )
zur Folge. Kurze Rechnung nach Einbringen der Bedeutungen von T, rk und der 
Ungleichung ö-ai_(log  Г ) - 1 0  liefert
(46) F(s, y) «  exp ((log Akf ic).
Indem wir den Integrationsweg in (44) durch den Rechtwinkelzug mit den Eck­
punkten a -iT , 1— -— —-Г-/Т, 1 —-——— +iT, a+ iT  ersetzen, ergibt sich zusam- log1 0  T log1 0  T
men mit (46) für die Summe in (41) die Schranke

x exp ((log Ak) ílc) |log T exp + y ]  «  * (loS *) 2-

Das war in (41) behauptet, womit Lemma 4 vollständig bewiesen ist.
Es sei (Nv, N'] mit 7Vv=s A0 (C) ein a-Intervall 3. Art von maximaler Länge 

und av/qv die zugehörige rationale Approximation von a, ßv = ct—a jq v mit \ßv\S  
= (N i logcN')~l. Für die d£L, Nv< d s N '  ist dann

H(dtx)

letzteres wegen

H [d ~^) -  ndßv+ у  sgn ßv

Я  id — 1  — 7rd/?v 
v q j

für qv\d, 

für q jd ,

Es folgt 
(47)

\dßv\ <  — und ± * { d flvl <7v — 1

q, qv 1 q j qv

2 ^  H(da) - 2 “ t Y -nßv 2  i“M +, q?)
d £ L d £ L d £ L

7t
+ ~2 sgn ßv 2Nv̂ isN^

d £ L
9v\d

P(d) 
d '
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Für zwei derartige a-Intervalie 3. Art (Vv, N'], (NV+1,N '+1] mit N '< N '+1 gilt 
^»<gv+i- Die Intervalle sind disjunkt (s. Lemma 2), genauer erhält man aus

2
“  A ; io g c 7v; -  n ;

die Ungleichungen
(48) Nv+1 >  eN*,
sowie

к  1 ^ f l v +  l « vII
rH+

<N >

II

(7v +  l

(49) qv+1> N ? '* >  e«v.
Ist nun / 6 N durch At< A ^ A l+1 bestimmt und v0  mit A < N 'lt minimal gewählt, 
so tragen wegen Lemma 4 die beiden ersten Summen rechter Hand in (47), summiert 
über alle a-Intervalle 3. Art aus (A, B], zur Summe in (33) nur <sc/ - 1 / 2  bei, was für 
A-+°°, also / — gleichmäßig gegen Null geht. Es bleibt noch der vom letzten 
Summanden in (47) stammende Anteil

(50) 2
v * v 0

H(d)
m a \(A, _YV)-:il" . -V( d

HL 
d j d

abzuschätzen. Vom zweiten Summanden an (v=»v0) ist A < N V und

2 1Nv^dsN^diL
9 v \ä

ß(d)
d

/<(?v) 2  v-W
4v v 1v' d

—< is —
í v  «V

( í v .  <0 =  1

für qv£L

bzw. Null, falls qv$.L. Nach Satz 1 c) ist darin die Summe rechts gleichmäßig 
beschränkt, also der Beitrag der Summanden für v>v 0  zu (50)

«  2  —  « a - 1'2,
V = - V 0

letzteres wegen qVo+1> A112 und (49). Für A-*°° geht dies gleichmäßig gegen 
Null. Für den ersten Summanden mit v—v0  erhalten wir

2
m ax (A,NVQ)<d^Nv 

d £ L

H(d) 2x<d^y
d £ L
Vv0!d

li(d)

wobei x = —  max (A, 7VVo), y = — N '0 gesetzt ist. Die rechte Seite läßt sich, 
4\0 9v0

abgesehen von einer gleichmäßigen Nullfolge für x  -*-<», bei Verwendung von 
Satz 1 c) abschätzen durch

(51) 7 / Í 1 «  ~ ~  exP (— ? W + g  (<7v0))-9v0  PS* v P) Ч\а
P i S
PfVvo
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Gemäß (24) gibt es eine monoton und unbeschränkt wachsende Funktion /  mit 
g(/(x)) = o(g(x)). Indem wir die Fälle qV0= f(x) und qv„>f(x) unterscheiden, 
erweist sich auch der Betrag von (51) zur Summe in (50) als ein gleichmäßiges o(l) 
für x-*oo oder gleichwertig A-+°°.

Insgesamt ist damit gezeigt, daß der Beitrag aller a-Intervalle 3. Art zur Summe 
in (33) für A-+°° gleichmäßig gegen Null geht.

VI. Zur Abschätzung des Beitrages der a-Intervalle 4. Art zu £  (A, B, a) 
sei mit ganzen, teilerfremden Zahlen a, q

und
log20N  <  q ^  Q — N

logc N  ’
I a l l  
Г  я I = <7Ö

a l a  1 1

я <7Ö ’ q +  <70 ’

1 st H(dd) für ein festes d s N  stetig in a £la/q, so gilt 

(52) H(dd) — H  (rf — ] «  «  log-cA.

Hat dagegen H(doi) für ein festes d s N  eine Sprungstelle in Ia/q, so genau eine und
zwar bei — mit einem gewissen Z. Es gilt dann d

\ad — bq\ = qd a b 
q d log CN.

Die Anzahl q aller Sprungstellen von H(dy) mit d s N , tx£la/q ist daher

= 2 1 2  1 =  2  2  i-
|/ |^ Io g c iV d ^ N  |/| logc  N  d ^ N

V ad—bq= l ad = l(q)
b€ Z

Wegen {a,q) = 1 bestimmt die Kongruenz ad=l{q) genau eine Restklasse d mod q, 
und es folgt weiter

(53) в -
|/| =  logc N

N
logc A '

Aus (52) und (53) erhalten wir für а 6  Iaiq

(54)

Wegen (6 ) ist
d£L d£L
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Indem wir für den zweiten Anteil die Darstellung (12) mit —, N  an Stelle von а
Xbzw. — übernehmen und d d— S — im Fall q\d  beachten, folgt

2 -
sin 1 2nnd

<sc log c N.

Für q\d  gilt dies sowieso. Einsetzen in (54) liefert

(55) £  fi(d)H(da) = 2 ^ 2  /<№ sin [innd -^j + O .
dr.'N nmN П d sN  v 4  > V 10g rV /diL

Wir behaupten, daß für alle N  mit log2C N < q S N
logc N die Abschätzung

(56) 2  M (d )eL d ^)
n-sN n ásyv V q)

N

d i L
log2  TV

besteht. Nehmen wir (56) als richtig an, so ergibt sich für den Beitrag der «-Inter­
valle 4. Art unserer in IV vorgenommenen Intervalleinteilung zu 2  (Л, B, d) ein 
o(l): Die Abschätzung (56), die auch für den Imaginärteil der Summe linker Hand 
besteht, liefert, in (55) eingesetzt, für alle N  aus einem a-Intervall 4. Art zunächst

(57)
d i L

Es sei (Ny, A\'] ein (evtl, unendliches) Intervall maximaler Länge mit

\ogc N
~ 1 Ж '

1 log2CV für alle N£(NV, N(].

Nach den Erörterungen aus IV ist (Nv, N(] zusammengesetzt aus maximalen «-Inter­
vallen 1., 2. oder 3. Art. Wie in IV erkennt man, daß für das nächste derartige 
Intervall (iVv+1, N(+1] mit N (< N(, +1, falls vorhanden, die Abschätzung N («  
<süogiC N v+1 oder erst recht

(58) log2 iVv log2  К  s  log N v+1^  log N '+i ( K  ^  N0(C))

besteht. Die Lücke zwischen diesen Intervallen ist aus a-Intervallen 4. Art zusammen­
gesetzt. Deren Beitrag zu 2 № , B, a) ist wegen (57) mit N* = max (A, N() bei 
partieller Summation

« Y  dt « _—
^  J  tlog2í <<= logA* '

■” V
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Die sämtlichen a-Intervalle 4. Art der in IV verabredeten Intervalleinteilung tragen 
zu 2  (Л, В, a) daher höchstens

у  1 1

^  "г logA* <<= \ogA
KsA

bei, letzteres wegen (58). Damit ist unter Annahme von (56) der Satz 3 vollständig 
nachgewiesen. Es bleibt noch (56) zu zeigen.

Wir reduzieren die Behauptung (56) weiter und zerlegen dazu die äußere Summe
an anin zwei Bestandteile, je nachdem in der gekürzten Darstellung —7 = — , (arí, q') = 1,

Nfür den Nenner q die Ungleichung <7 'S logcV oder logc N < q '^ -. y .--- besteht.logL7V
Für den ersten Anteil (q'^\ogc N) erhalten wir die Abschätzung 

«  2 ^ ^ )  2  — <s:NlogN 2  —
d ^ N  n ^ N ,q 'n = q n '  П q ' ^ \ o g c N  4
d £ L  (n',q') = l , q ' ^ l o g c  N  q'\q

«  N  (log yV f+ilM . «  N  (log

letzteres wegen x(q)<Kqlli. Für genügend großes C, etwa С ё 6 , ist die rechte Seite 
<sxN (log N)~-, wie verlangt.

Für den zweiten Anteil gilt mit a '—an' die Abschätzung

2 № e K d ) \ .
d^N >'
i i L

Es genügt also zum Nachweis von (56), für (a,q) = 1, logc / V s Ar(log N)~c 
zu zeigen (wir haben die Striche fortgelassen)

<sc log N  max
(o', í/) = l

(59) 2  n(d)eÍ— d] <sc j— 3 — . 
dsN yq ) log3N
d Z L

Wir setzen v0 =[(log2  N)2] und klassifizieren nach der Anzahl co(d) der Prim 
teiler von d,

(60) 2 ^ d ) e ( ^ d ]  = e { 2 \+  2  H (d )e i^ d ) -  2 e { ^ p )  +
dsN vq / y q ‘ dsN yq ' dsN '-q >
d t L  d ( L  P C S

a>(d)Sv„

+ 2  (~ i)v 2  H2( d ) e ( ^ d ) ,  d^N V q )
d £ L

(O (d) =  V

1 Vgl. hierzu H. Davenport, On some infinite series involving arithmetic functions (II), 
Quarterly J. of Math., 8 (1937), 313— 320.
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und werden für jeden Anteil rechter Hand die in (59) geforderte Abschätzung ein­
zeln nachweisen.

Für den ersten Term e ist dies offensichtlich. Zweitens haben wir

2  ^(<0 e [ ~ d) «  2  и2( Л ) = 2 п ЛЮ,d^N ' Я ' n^N vi= v0
d£L co(n)̂vQ

0}(d)=  v0

wobei IJV(N) die Anzahl der quadratfreien Zahlen mit genau v Primfaktoren 
bezeichnet. Nach H ardy—R amanujan [2], Lemma A, existieren absolute Kon­
stanten cx,c 2 > 0  mit

ПЛЮ
N  (log 2N+ c2y~ 1 

Cl log N  (v— 1)! (N = 2, v£N).

Nach kurzer Rechnung erweist sich damitder zweite Term in der Zerlegung (60) 
als <scjV(log N )~3, wie gewünscht.

Die Abschätzung des dritten Terms, der über die Primzahlen aus S erstreckten 
Epxonentialsumme, besorgt das folgende

Lemma 5. Es sei S die in III erklärte Primzahlmenge. Für C = 8 , Ä >1 , 
logR N < q ^ N  (log N)~R, (a, q) = l  gilt

(61) 2  e f—pl iV(log A)5_R/2.
pax v 9 /
p £ S

Beweis. Mit den Bezeichnungen aus III gelte A k < N ^ A k +1 , und es sei qk 
eine der Zahlen pk- k,p k,pk-ip k. Für Ak^ N 0(C) gilt dann %s(log N)-/c. Ferner 
ist für (v, qk) =  1

2 Ф ( Р ) е [ ± р )  I.p^N  ̂<7 zl
P  =  v ( q k)

Indem wir in der Summe rechts den Charakter ф mod q k durch seinen zugehörigen 
primitiven Charakter ф* mod qk mit qk \ qk ersetzen, machen wir einen Fehler 
<scl. Bezeichnet

G ( F ) =  2

\Qk )
( * , < ? £ ) = 1

(62) max
»If mod а,.

die zu ij}*modqk gehörige Gaußsche Summe, so ist \С(ф*)\ = \дк und (s. etwa 
Prachar [6 ], Lemma VII. 1.1)

Ф Ч Р )

1

с ( Г )
2  f W «

u,eD=i
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Einsetzen in (62) mit i//* an Stelle von ф liefert rechts

2 f ( p ) e N |  = - l  2  r w  2 e № + - M p ) \ -psN \ 4  /I \q k lsASij* PSN (( 4 4k) )\
a,

á  iq l  max
1 3 U 3 « *
( * , < ? ; > = 1

Darin genügt der Nenner des gekürzten Bruches — — — der Ungleichung
4 4 4k

2  e i Í -
X \

+  - t |p*N {\4 4k )

(log N )r~2,c <  - j- q" -s  qq* ^  N  (log n )~(R~2,cK 
4k

Der Satz von Vinogradov (s. etwa Schwarz [8], VII, Satz 2.1) liefert

2  e K p ]  « N ( \ o g N r 2~R̂ c
pSN 4

imd, mit dem Faktor l ^= (log  N )1IC versehen,

2  e (— p) «  N (log л 0 9/2-*/2+2/с.
psn '

P 3  »(«*)

Nach der Definition der aus Restklassen abschnittsweise zusammengesetzten Prim­
zahlmenge S folgt für Ak< N ^ A k+1

2  e i— p) « P t . j g ^ O o g V ^ - ^ + ^  +  ̂ j^cIV O ogiV )5- ^ 2, 
psn  '  4 '
P iS

wie in (61) behauptet.
Mit R —C ^  16 ergibt sich aus Lemma 5 für den dritten Term auf der rechten 

Seite von (60) ebenfalls die gewünschte obere Schranke N  (log N)~3.
Es bleibt der letzte Anteil in (60) geeignet abzuschätzen. Offenbar genügt es,

(63) _ 2  Л2(<0 e (— d) «  N  (log A ) - 4  (2 ^  v ^  v0)
YN^d-mN ' 4  )d £ L,to(d) = v

nachzuweisen. Als wesentliches Hilfsmittel benötigen wir
Lemma 6 . Es seien r ä x 0, R>1, (log x)8 < 0 .r (logx)~R, (a,q)=1, R'>R/4  

und (öj), (ftj) zwei streng monoton wachsende Folgen von natürlichen Zahlen. (Die 
Folgen dürfen von x abhängen oder endlich sein.) Dann gilt

(64) 2  e  [— ai &/] «  x  (log a)4“r/8.
fl ,b > ( lo g x )R/ '  Я. '

«i bj =  x
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Zum Nachweis von (63) nehmen wir zunächst die Richtigkeit von Lemma 6  

an und setzen E=C/4. Jedes d£L  besitzt eine eindeutige Darstellung d=d1d2, 
wobei p^[ogF- N  für alle Primteiler p von dx und p>\ogE N für alle Primteiler 
p von d2  gilt- Aus

d, == (logE A)vo <  N 1'2 (N & JV0 (C))

erhalten wir d2#  1 , also bereits

(65) d, >  logE N

ür alle in (63) gezählten d£L.
Wir spalten die Summe in (63) auf,

2 г  + 2*- = ( 2 * + 2 * )ß2(d1d2)e (^ -d 1d } ,
YN^d1d2SN S 4 >

íÍj - logi; ,V ii[ logi: Л

wobei rechts die weiteren Summationsbedingungen w(d1d2) = v und d1,d 2dL 
durch * angedeutet sind.

Auf 2 i  kann wegen (65) das Lemma 6  mit R = C, R' = E und den Folgen 
(di), (d2) von quadratfreien Zahlen aus L  mit den obigen Primteilerbedingungen 
angewendet werden. Es folgt

2 i « Y N + N  (log N)* - c/* «  N  (log A )-4,
letzteres für C&64.

Für 2 -  erhalten wir die Darstellung (2S v< v0)

(66)
v (o (dp

^ 2 =  2  2  
\ogE N  x  — 1di€L

2  /r2  (d2 )e Г di d.2l .
YN . N 1 ? >---- -------di - dl 

d% € L, ci(il2) = y

Wir erinnern daran, daß sämtliche Primteiler von d2  größer als logEAr sind, und 
bezeichnen die innere, über d2  erstreckte Summe in (6 6 ) mit L , ( l /V/d;, N/d,). Eine 
Auszählung liefert für x ^ 2  den Zusammenhang

(67) i  2  ,
logE (V< p= 

p £ S

“.■Й-яИ 2 ЛГ
logE N < —— dó —

2  О-лг

p € S
dt p-

dÓ£L

wobei das Restglied die nicht quadratfreien d2  berücksichtigt, über die im Haupt­
glied summiert wird. Beachten wir noch

2  —j  «  (log N)~E,
p>\ogE N  P

so ergibt sich für das Fehlerglied in (67) die Abschätzung О . Einsetzen
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von (67) in (6 6 ) liefert
(68)

(Д1 ) v-midj ] A N N  )
z 2 = 2  nHd1)L1[ - ) +  2  м2 Ч )  2 - 2  +

d 1^ l o g E JV  \Cl̂J d̂ \ogEN x = 2  X F N KpCt l  Pdl'
i j S L  d ^ L  l p g E A I - = J > 3 —logE 7 V < p ^ -  

p€S
+  C(A(logA)-£(log2 A)3).

Hierin ist das Restglied <scA(logA) ~ 4  für Сё20. Auf
rAtMiKvO)f v  AI----= --<*i

kann (für jedes i/ 1 = log£A) das Lemma 5 mit Nid1 an Stelle von A und R = 2E 
angewendet werden. Es folgt

4  ( j )  « : ^  +  ̂ ( lo g A ) 5 - £«if-(log  N )~&,N
ч '

letzteres für С ё 40, und damit

/'У
d1^ \ o g E Nd^L

4 ) 4  «  A (log A)-4.

Schließlich kann für 2^x«=v 0  auf

2  L* A ^ T ’ V r ) = 2  ß 4 d , ) e ( 2 d ipd2) + 0 ( x Y N )
XJ N  ' P “ l  p d i )  p £ S , d 2£ L  W  '

logE P = ~  
p £ S

N
pd2 =  -r~ ; p ,d 2^ lo g E ^  “lco(d2) = x-l

das Lemma 6  mit R = 2E, R' = E und N/d} an Stelle von N  (für jedes 4 —l°gEA) 
angewendet werden. Für die Folgenglieder аь Ъ} sind die p £ S  bzw. die quadrat- 
freien d2dL  mit co(d2) = x —l und Primfaktoren S logEiV zu wählen. Es folgt

2  Ч -i Í -
logE A4i 'P*

V) Al N
- J  <sc — (logA) 4 ~ £ / 4  <ac — (log А)“5,

p £ S

letzteres für С ё  144. Damit wird auch der mittlere Anteil auf der rechten Seite in

(6 8 ) «  A(log A )-s(log2  A ) 3  «  A(log А )“4.

Bei Wahl eines festen С ё  144 trifft daher (63) zu, und der Satz 3 ist unter Annahme 
von Lemma 6  vollständig bewiesen.
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Beweis von Lemma 6. Mit 7?"=— gilt
О

2  e [— at <sc 2  т (п )« х ( logx)1-R/s.
я £,Ь ,^ (1 о д )К/ V *7 /  /j^Jc (log ;c )“ R *'
bj- ̂  л; (log x)~R "

Die Summe über die Produkte mit x (log x)~R‘^a^bj-^x  spalten wir auf 
in «dog x Teile 2v> *n denen über Intervalle 7’v< a i6J^ T ’v/ , T 's 2 T v, summiert 
wird. Jedes 2 *  spalten wir weiter auf in <sdog x Summen 2™  mit den zusätz­
lichen Bedingungen W ^ a ^ W ' ,  W '^2 W X, wobei also (log x)R'< W x^
^x(logx)~ R' gilt.

Auf jedes 2 m  kann dann der Vinogradovsche Drei-Folgen-Satz (s. etwa 
P rachar [6], VI, Lemma 6.4) angewendet werden. In der dortigen Bezeichnungs­
weise seien die Folgen von Zahlen ux,u 2,v  durch ux = 1, u2i = at, Vj = bj bestimmt. 
Wir erhalten

( 1  n 1 W  ) 1 / 2

2  m «  Tv log2  T\ — + j r  + rrr +  -7f ^ \  « X  log2  X  ((log X ) -  R +  (log X )) "  R ' ) 1/2 «
\ Cf 1  v УУ X -L X '

<SC X log2  x (log x )-* '8.
Da nur <sdog2  x Summen 2 m  auftreten, folgt die Behauptung von Lemma 6 .
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SOME RESULTS ON FIXED POINTS
By

B. FISHER (Leicester)

We first of all prove the following theorem:
T heorem  1. I f  S is a continuous mapping and T is a mapping of the complete 

metric space X  into itself satisfying the inequality
(1) d(STx, TSy) Ш c{d(x, Sy) + d(y, Tx)}

for all x, у in X, where 0 , then S and T have a unique common fixed point.

P ro o f . Let x  be an arbitrary point in X. Then
d((ST)nx, T(ST)nx) S  cd ((S T y^x , (S T fx )  S  

c{tf((,ST)n- 1 jt, T (S T )-1x)+d(T(ST)n~1x, (ST)nx)} -  
=  a1d((ST)n~1x, T(ST)n- 1x) + b1d(T(ST)n- 1x, (STfix)

S  al d((ST)n~1x, T (S T y -1x) + cb1d(T(ST)n- 2x, T iS T f^ x )  ==
(ű! + cbj)d((ST)"~xx,T(ST)n- 1x) + cb1d(T(ST)n~2 x, (ST) " “ 1  x) =

= a2d(T(ST)n~2x, (ST)n- 1x) + b2d((STy~1x, T ^S T y ^ x )
where

a  ̂—— b  ̂—- Cj a2 —— cb2i b2 — a^~\~cb .̂
Further use of inequality (1) and the triangular inequality gives us

d((ST)nx, T(ST)nx) S
=£ a2rd(T(ST)n- r- 1x,(ST)n- rx) + b2rd((STy-rx, T(ST)n~rx) ^

S  a2rd(T(ST)"~'~1x, (ST)"~'x) +
+ cb2r{d((ST)n- r- 1x, T(ST)n- r- 1x) + d(T(ST)n- r- 1x, (Sr)"-rx)} =

=  a ^ d i i S T y - ' - ' x ,  T(ST)n- r~1x) + b2r+1d (T (S T y - '-1x ,(S T y -rx ) ^
== a 2 r+1 d((5r)n- r- 1 x, T (ST)"-'-1x) + 

+cb2r+1{d(T(ST)n- r~2x, (ST)n- r- 1x)+d((ST)n- r- 1x, T iS T f - '^ x ) }  =
= a2r+2d(T(ST)n~r~2x, (S T y -r- 1x )+ b 2r+2d ((S T y-'~ 1x, T(ST)n- r~l x) Ш 

^  a2n_ld(x, Tx) + b2n̂ d yrx , STx),
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where
ar+1 =  cbr, br+1 = ar + cbr 

for r = l, 2, ..., 2n — 1. It follows that
ar+2- c a r + 1-c a r =  0  =  br+2-c b r+1- c b r 

so that я, and br are of the form
ar = Axr+Bßr, br = Car+Dßr,

where

a = 4- {c —(c2  +  4c)1/2}, ß = ^r{c + (c2 + 4c) 1  /2}

and 0< a< /?<  1, since 0 < c < l/2 . The coefficients А, В, C and D can of course 
be found on using the initial conditions but it is sufficient to notice that there must 
exist a fixed 0  such that

d((ST)nx,T(ST)nx ) kß2"-1
for и = 1 , 2 , ....

Similarly, there must exist a fixed &'> 0 such that 
d(T(ST)" x, (ST)n+1 x) k'ß2"-1

for и = 1 , 2 , ... and since j8 < 1 , it follows that the sequence 
{*, Гх, ЛТх, ..., (ST)nx, T(ST)"x , ...}

is a Cauchy sequence in the complete metric space X  and so has a limit z in X. Thus 
lim (ST)"x = lim T (S T )nx = z =  lim S(T(ST)n)x  = Sz,
П-+ oo n-*~ oo 4 '

since S is continuous. Hence z is a fixed point of S.
We will now show that z is also a fixed point of T. We have

d (z, Tz) = fim d ((S T fx , TSz) ^  c lim {(/((ST)"-1*, Sz) + d(z, 7’(57’Г 1 г)} =  0.

It follows that z is a common fixed point of S  and T.
Now suppose that S and T  have a second common fixed point w. Then

d(z, w) = d(STz,TSw) ^  c{d(z, Sw) + d(w, Tz)} = 2cd(z, w).

Since 2c< 1, it follows that the common fixed point z must be unique. This comp­
letes the proof of the theorem.

We note that although the common fixed point z is unique it is possible for 
5 or T  to have other fixed points. This is easily seen by considering any complete 
metric space X having at least two points. Choose a point z in X  and define mappings 
S  and T  on X  by

Sx = x, Tx — z

for all x  in X. S  is continuous and

d(STx, TSy) = d(z,z) = 0
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for all x ,y  in X. Inequality (1) is therefore satisfied with c = 1/4, but every point 
in T is a fixed point of S.

The condition that S' be continuous is also necessary. To show this, let

...a ” ■}
with the usual metric for real numbers and define discontinuous mappings S and 
T on X  by

S(0) =  7(0) =  2, S(2) =  T ( 2 ) = j ,

S

for » = 1,2, .... Inequality (1) can be shown to be satisfied with c=  1/3, but S 
and T have no fixed points.

If we now put S = T  in Theorem 1, we have the following
Theorem 2. I f  T is a continuous mapping o f the complete metric space X  into 

itself satisfying the inequality
d(T2x, T'2y) S  c{d(x, Ty) + d(y, 7*)} 

for all x, у  in X, where 0 then T has a unique fixed point.

We finally prove two theorems for compact metric spaces.
Theorem 3. I f  S and T are continuous mappings o f the compact metric space 

X  into itself satisfying either the inequality

d(STx, TSy) <  {d(x, Sy) + d(y, Tx)}, if d(x, Sy) + d(y, Tx) X 0
or the equality

d(STx, TSy) =  0, if d(x, Sy) + d(x, Tx) =  0
for all x, у in X, then S and T each have a fixed point. Further, i f  S and T have a 
common fixed point, then it is unique.

P ro o f. If there exists c<  1/2 such that
d(STx, TSy) S  c {d(x, Sy) + d(y, Tx)}

for all x, у in X, then the result follows from Theorem 1 with S and T  then having 
a common fixed point.

Let us suppose then that no such c exists. Then there exists a sequence of 
positive real numbers {c„} converging to zero and sequences {.v„} and {>„} in X  
such that

d (STx„, TSy„) >  ( y  -  c„| [d (x„, Sy„) + d(yn, Tx,,)}
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for и= 1 ,2 , —  Since X  is compact, we can find convergent subsequences {.v„(r)} 
and {y„(r>} of {.v„} and {y„} converging to л: and у  respectively. Thus

d(STxn(r), TSyn(r)) >  — cn(r)j{d(xn(r), Synir)) + d(yn(r), 7л„(г))}

and on letting r tend to infinity we see that since S  and T  are continuous 

d(STx, TSy) m i  {d(x, Sy) + d(y, Tx)}, 
giving a contradiction unless we have

STx — TSy, Sy = x, Tx = y.
It follows that

Tx = у — TSy = STx
and so Tx is a fixed point of S.

Similarly, Sy is a fixed point of T.
Now suppose that z and w are distinct common fixed points of S and T. Then 

d(z, w) = d(sTz, STw) = 0,
giving a contradiction. The common fixed point must therefore be unique if one 
exists. This completes the proof of the theorem.

The proof of the last theorem is immediate.
T heorem  4 . I f  T  is a continuous mapping o f the compact metric space X  into 

itself satisfying either the inequality

d (T * x ,T * y )^ j{ d (x ,T y )  + d(y,Tx)}, if d(x, Ty) + d(y, Tx) = 0 
or the equality

d(T*x, T 2y) = 0, if d(x, Ty) + d(y, Tx) = 0 
for all x ,y  in X, then T has a unique fixed point.

(Received October 15, 1976)
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A NOTE ON p-COMPATIBLE AC-LATTICES
By

M. STERN (Halle)

Dedicated to the memory o f  Professor Pál Túrán

Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 33 (3—4 ). (1979). 293—297.

1. In his paper [3] M. F. Ja n o w it z  introduced the notion of a ^-compatible 
AC-lattice and developed a structure theory for a certain class of these lattices. 
The importance of the concept of ̂ -compatibility is also seen from the other results 
of [3]. The class of ̂ -compatible AC-lattices includes all finite-statisch AC-lattices. 
Finite-statisch AC-lattices were introduced by M. F. Ja n o w it z  [1] in order to 
generalize the notion of statisch AC-lattices as defined by R. W ille [8 ] (in fact, the 
notions of statisch, finite-statisch and p-compatible are defined in the more general 
setting of atomistic lattices).

In this note it is our aim to prove a result on p-compatible AC-lattices 
(Theorem 4) similar to a result on finite-statisch AC-lattices in [2]. Restricting 
slightly the notion of ^-compatibility we are able to prove a certain converse to 
Theorem 4 (Theorem 5).

2. An element b of an atomistic lattice L is called finite if it is either 0 or the 
join of a finite number of atoms; by F(L) we denote the set of the finite elements 
of L. An АС-lattice is an atomistic lattice with the covering property:

p an atom, р ф а  implies аУ p covers a.
In the sequel, a<b means that b covers a. For the theory of AC-lattices we refer 
to the book [4] by F. M aeda  and S. M a e d a .

An atomistic lattice is called finite-statisch if p^qW a  with p, q atoms implies 
p ^ q V a x for some finite element av^a .

Two elements a, b of a lattice with 0 are called perspective (denoted by a~b) 
in case there is an element x such that аУх=ЬУх and aAx= b/\x= 0.

An atomistic lattice L  is p-compatible if p ~ q  in L (p, q atoms) implies 
p~ q  in F(L).

L em m a  1 (cf. [3, Lemma 3]). Every finite-statisch АС-lattice is a p-compatible 
AC-lattice.

On the other hand, there exists a p-compatible AC-lattice that is not finite- 
statisch (cf. [3, Example 1]).

R e m a r k  2. Let p ~ q  for a finite-statisch AC-lattice L  or for the lattice L  of 
[3, Example 1], that is, pVx=^Vx and pf\x= qA x= 0  for some x£L. Then 
it is always possible to choose an xx^ x  with x1£F(L) such that pVx 1 =^Vx 1  

and pA x 1 =?Ax 1 =:0 .
We shall also need
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Lemma 3 (cf. [2, Lemma 2] or [4, Lemma 8.18, p. 39]). Let a<b in an AC- 
lattice L. Then

(i) The principal dual ideal [a) is an AC-lattice.
(ii) An element c£L is an atom o f [a) i f  and only i f  there exists an atom p£L  

such that c= adp and p fta .
(iii) An element c£L is a finite element o f [a) if  and only i f  c=a Vd for some 

finite element d£L. In particular, i f  a£F(L) then c£L is a finite element of [a) if  and 
only i f  c ^ a  and c£F(L).

3. Now we are ready to prove a result which is similar to [2, Theorem 3].
Theorem 4. Let L be an AC-lattice such that every infinite element dominates 

a finite element a~ F(L) having the property that [a) is p-compatible. Then L is 
p-compatible.

Proof. Let p, q be atoms of L with p~ q . Without loss of generality we may 
assume that pAq. Then there exists an x£ L  with
(1) x d p = x d q  and xA p  = x /\q  = 0.

Suppose that x$F(L). By assumption there exists an a A x  such that a $ F(L) and 
[a) is p-compatible. We have p ,q ^ a \  otherwise we had p, q A aA x  in con­
tradiction to (1). Thus
(2 ) a < a d p and a -< aV q 
by Lemma 3.

If adp = adq  then by aAp= 0= aAq  we have p ~ q  in F(L).
Let now adpAadq. Then

(3) xd(a  dp) =  (xda )dp  =  x d  p 
and

(4) xV(űVí/) =  (xd a)d q — x\! q.
Because of (1) it follows from (3) and (4) that
(5) x d  (ad  p) = x\J (ad q).
We have furthermore
(6 ) adp , a dq  x.
Namely, if e.g. a d p ^ x  then x d (a d p )= x d p ^ x  which contradicts (1). We 
note that adp, adq> x  is not possible. Namely, if e.g. a ^ x ^ a d p ,  then it 
follows from (2) that x —a which contradicts our assumption x$.F(L). Thus (2) 
and (6 ) together yield
(7) xA (ad p) =  a = xA(adq).
From (5) and (7) we obtain (adp)~ (adq) in [a). By the p-compatibility of [a) 
there exists an element xx which is finite in [a) such that
(8 ) X x d ( a d p )  =  x-f/p =  x f /q  — X j d ( a d q )
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by (3), (4) and (5), and
(9) xxA (aV/0 = a = x1f\(a\!q)

by (7>- . . . .Moreover, we have p,q^ßxx. For, if e.g. p = x x then p W a ^ x x in contradiction 
to (9) and (2). Furthermore 0 ^ x x<p yields a1=0 which implies p=q by (8 ), 
a contradiction to our assumption p ^q . Thus x^O  and
(10) p A xx = 0 = q A xx.
From (8 ) and (10) we obtain that p ~ q  holds in F(L). It follows that L  is 
/7-compatible which was to be proved.

We now slightly restrict the notion of ̂ -compatibility in the following manner: 
An АС-lattice L is called strongly ^-compatible if whenever pM x=q4x  and 

p A x= q A x= 0 (p,q  atoms) in L  then there exists an xx^ x  with xx£F(L) such 
that p \lxx = q \lxx and p A xx—pAxx = 0.

Note that in the definition of ̂ -compatibility it is only assumed that x x£F(L) 
but not that x x^ x .  On the other hand, we see from Remark 2 that every finite- 
statisch АС-lattice as well as the lattice of [3, Example 1] are strongly p-compatible. 

For strongly p-compatible АС-lattices we are able to prove a certain converse 
of Theorem 4.

T heorem  5. Let L be a strongly p-compatible АС-lattice. Then [a) is a strongly 
p-compatible АС-lattice for every afL .

P ro o f. Let
(11) p '\/x  = q’\lx  and p'Ax = q 'A x = a
in [a) with p' 7±q' atoms of [a). By Lemma 2 there exist atoms p, q of L such that
(12) p’ = aV p and q' = aV q.
Then
(13) P, Я
For, if e.g. p ^ x  then p' = a J p ^ x  in contradiction to (11) since x= a  is not 
possible because of p '> a . Furthermore p,q> x  cannot hold. Namely, e.g. 
0 ё х < / 7  yields x = 0  which implies p' — q' by (1 1 ), a contradiction to our assump­
tion p '^ q '.  Thus from (13) and (12) it follows that

and
x  -< xV/> = x Vp ' = xV(aVp) — x\Jp  

x  -< x\!q = x\Jq' = x\J(a\/q) = x \/q .
This implies xVp= xVp' and xV<7 = x V q' and thus
(14) xV p — xMq
because of (11). Since L is strongly / 7-compatible, it follows from (13) and (14) 
that there exists an xx£F(L) with Xj ̂  x such that
(15) p \/x x = q\lxx and pAxx — q A xx =  0.
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Then аУ (рУ х г)= aУ(qW.Vj) and thus

(а Ур)У(аУх1) = (аУд)У(аУх1)
that is

(16)

by (12). We have 
(17)

p'V(aV*i) =  д'У(аУх0

*i Í  a-
For, if Xj S ű then аУхх — а and it follows by (12) and (15) that 

p’ = aV p — a V ххУ p = а V xxV q = аУ q = q' 

which contradicts our assumption p '^q '. Moreover, we have

(18) p'A(aV^i) = a = q'/\{a\! x-i)

which follows from p ',q '> a , from аУх1^-а (cf. (17)) and from p', q' ̂ а У  
The latter relation holds true because if e.g. р '^ а У х 1 then a ^ x  (cf. (11)) and 
Xx^x (since L  is strongly p-compatible) imply p 's x  which contradicts (11). 
Since Xj6 F(L), it follows from Lemma 2 that a f x 1 is finite in the АС-lattice [a). 
Moreover we have а У х ^ х  and therefore (16) and (18) yield that [a) is strongly 
p-compatible.

4. It is not difficult to prove a result similar to Theorem 5 for finite statisch 
АС-lattices, resp. for statisch AC-lattices.

L emma 6. Let Lbe afinite-statisch АС-lattice. The [a) is a finite-statisch AC-lattice 
for every a£L. I f  L is a statisch AC-lattice, then [a) is a statisch AC-lattice fo r  
every a^L.

Before giving some corollaries we clarify some notions. Similar to the notion 
of incidence geometry of grade n as introduced by R. W ille [9], one might give 
the following definition: AC-lattices in which the principal dual ideal [h) is a finite- 
modular (resp. modular) AC-lattice for every element b of height n are called 
finite-modular (resp. modular) AC-lattices of grade n (cf. [6 ], [7]). For the notions 
of height, finite-modular, strongly planar and weakly modular we refer to [4].

C orollary  7. Let L be a finite-modular AC-lattice of grade n. I f  L is statisch, 
then L is a modular AC-lattice o f  grade n.

P roof. Let a£L  be an arbitrary element of height n. By assumption [a) is a  
finite-modular AC-lattice and hence Fia)(L) (the ideal of the finite elements of [a)) 
is a standard ideal of [a) by [1, Theorem 4.6]. The dual ideal [a) is а statisch AC- 
lattice by Lemma 6 . Hence -6 [a) (L) is even a neutral ideal of [a) by [5, Theorem 3.2]. 
By [5, Theorem 3.3] it follows that [a) is modular since Fla)(L) is a modular sub­
lattice of [a).

C orollary  8. A finite-modular AC-lattice o f grade n is statisch i f  and only 
i f  it is a modular AC-lattice o f grade n.
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P roof. If a finite-modular АС-lattice of grade n is statisch, then it is a modular 
АС-lattice of grade n by Corollary 7.

Conversely, let I  be a modular АС-lattice of grade n. Then [h) is statisch for 
every element bf.L with height n by [8 , Satz 3.11]. By [2, Theorem 4] it follows 
that L  is statisch.

We conclude this note by
C orollary  9 ([1, Theorem 4.10]). A statisch АС-lattice is finite-modular i f  

and only i f  it is modular, it is strongly planar i f  and only if it is weakly modular.
P roof. Apply Corollary 5 for n —0,1, respectively.
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ON THE BEHAVIOUR OF A CERTAIN CLASS 
OF APPROXIMATION OPERATORS FOR 

DISCONTINUOUS FUNCTIONS
By

B. LEVIKSON (West Lafayette)

§ 0. Introduction

In this paper we study the behaviour of a wide class of approximation operators 
when the approximated functions are bounded and discontinuous. Our theorems 
apply to the Bernstein polynomials, the Szász operator, an operator of Weierstrass, 
the power series of Meyer—König and Zeller and to many other operators as well.

In order to analyze the properties of that many operators in a compact way 
we first represent them using a convenient probablistic form. Then we use 
probablistic tools such as the Chebishev inequality and the central limit theorem 
to estimate the difference between the values of the functions and their approximat­
ing operators at discontinuity points. Our methods simplify proofs, unify them, 
and enable one to get easily quite general results.

In § 1 we summarize our main results. In § 2 we show how one can apply our 
general results to several well known approximation operators, and in § 3 the 
proofs to the theorems are provided.

§ 1. The main results

Let Х„(пш1) be independent and identically distributed (abbreviated i.i.d.) 
random variables (r.v.’s) with (common) expected value x  and finite variance. 

Then P„(f, x) defined by

( 1 .1 ) P„(f,X) = ^ f ( Xl + ^ ~ - )

has important approximation properties for continuous functions. In fact many 
well known approximation operators are obtained from this general operator by 
choosing a particular distribution for the Xn’s.

The approximation properties of Pn( f,x )  for continuous and bounded func­
tions are discussed briefly by W. F eller  fin [5], Chapter VII, Section 1) and in 
great detail by D. St a n c u  [11]. S. K a r l in  shows that the boundedness assumption 
on /  can be replaced by an appropriate growth condition provided the r.v.’s are 
of Pólya type. (See [7], Chapter 7, § 6 .) In the same book (Chapter 6 , § 3) Karlin 
discusses monotonicity properties of the operator for convex functions.

We proceed now to state the main results of this paper on the approximation 
properties of Pn(f, x) for (measurable) bounded discontinuous functions. 1

1 S  stands for expectation.
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T h eo rem  1. Let Xn be i.i.d.r.v.'s taking values in some interval J. Assume
(1.2) <aX„= x 0; x0 is an internal point of J.

(1.3) 0 <  Var Xn <  °°.

Then for any bounded (measurable) function f  on J

(1.4) ^ - ( / ++ / - ) S  fim Рл(/, x0) ё  Iim Pn( f ,x 0) s \ ( L + + L~)
А  П-+ oo 71—00 Z

where l~, l + , L ~ ,L + are the left and right lower limits and the left and right upper 
limits o f f  at A'0 , respectively.

In particular if  x0  is a discontinuity point o f the first kind for f  then 

( 1 • 5) Hm Pn ( /, x0) = ( f(x 0 +) + /(x 0  -)).
W—oo Z

R em a r k s , (i) If the X„ ’s are one sided Pólya r.v.s. we can relax the boundedness 
assumption. Instead we have to impose that /  is finite for every finite x and 
satisfies the following growth condition:

( 1 .6 ) lim -  0  for every у >  0 .

(ii) Certain approximation operators may be constructed by a similar pro­
cedure as follows. Let

. Í SXn= h(x(fi  A(x0) is an internal point of J  and h is a continuous strictly 
' a ' {monotone function from J * onto J.

If Xn are i.i.d.r.v.’s with finite variances, Sn = У. Xk, then Л- 1  Í—) converges
k=l vn )

in probability to x0; so one is led to construct

Cl. la Д*(/,^о) = ^ / (й -1( ^ ) ] .

T heorem  l a .  Assume all the conditions o f Theorem 1 are in force except for
(1.2) which is replaced by (1.2a). Then for every (measurable) bounded function 
f  on J *

(1.4a) ^- ( / + +  / - ) ä  fim P * ( f ,x  0) ä  Пт P*(f, x0) ё  -I(Z,+ + L~).
2. „-.со 2

For small perturbations we prove:
T heorem 2. Let the r.v's X„tk (wSl, k = \,  2, ..., r(nf) take values on some 

interval J. For each integer n assume that Xn l , Xn2, ...,X „ r(n) are i.i.d. with finite 
expectations xn and positive finite variances bf, satisfying

(1.7) 0 < m g i ) , S M < » >  ( n S l )
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and
( 1 .8 ) (*о-*п) У пЬ„'^ ß (n -  oo).
Define

(1.9) Qn(f, *„) =  s f ( - ^ - i•• +^n,r(n)
r(n)

Then for any bounded (measurable) function f  on J
(1.10) Ф(/?)/- +  (1 -Ф 0 8 ))/+ ^  Mm Q„(f,x„) s

П-*- oo

S Ш  Qn(f, x„) ^  <P(ß)L~+(l-<P(ß))L+
n-+  OO

where l +, l~ , L +, L~ are as in Theorem 1 and Ф(г) is the standard normal distribu­
tion, i.e.

( 1 . 1 1 ) <P(z)= [ -L e -W V ^ d y .
dL \  2n

So if л' 0  is a discontinuity point o f the first kind, then

(1.12) lim Qn(f, x0) =  <P(ß)f(x0-)+ (l-4> (ß ))f(x0+).
n-+  oo

R em a rk . One can find an analogue of Theorem la to this case.

§2. Examples

We may use now the results of the previous section to indicate how several 
operators approximate bounded discontinuous functions. First we show how these 
operators may be obtained from the general operator Pn( f ix )  (or Qn( f , x )) by 
choosing appropriately the distribution of the Xn’s (or X„ k’s). Then we apply 
Theorem 1 (or Theorem 2).

A) The Bernstein polynomials. Let X„ be i.i.d.r.v.’s having the Bernoulli 
distribution B (\,x )  i.e.

Pr {X„ = i} =  jc-'(1 — x)1-i (i =  0, 1; 0 ё  л: =§ 1).
So

p j f ,  x) = Bn(f, x) = Д / ( | )  ( 3  *4 i -*)"-* (0 ^  * S  1).

These are the classic Bernstein polynomials. Using Theorem 1 we deduce 

1  (/+ + /-) S  lim Bn(f, х ) ^ Ш  Bn(f, x) ^  \  (L+ +L-).

This result was first proved by I. Chlodovski [4] and later by F. FIerzog and 
J. D. H ill [6].
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If for each fixed n, XnJi (1 ^ks in )  are independent and distributed accord­
ing to

Pr {Xn?k =  /} =  4 (1  -x „ )1-' (i =  0, 1 )
then

So if (xo( l - x o))-1/2(*o-*,,)/«-~0 ( n - ~ )  then 

0 (ß ) l-+ ( l-0 (ß ) ) l+ ^  fim Я„(/, x„) ё  IIS Bn(f,x„) ^  <i>(ß)L-+(l-<P(ß))L+.П —*■0 0

B) The Szász operator. Assume Xn are i.i.d.r.v.’s having the Poisson law with 
mean x i.e.

This operator was introduced by O. Sz á s z  (see [12]).
To get the limit of Sn( f  x„) when x„ approaches a discontinuity point choose 

X„tk to be independent Poisson r.v.’s with mean xn. Then Qn(f,x„) reduces to 
S„(f, x„) and Theorem 2 reads: If (x0—x„) y 'n x ^ ^ ß  (n—°°) then for any finite 
function on [0 , °o) satisfying (1 .6 ), (1 . 1 0 ) holds.

C) The Weierstrass operator. Let Xn (n S 1 ) be independent and identically 
normally distributed r.v.’s with mean x  and variance a2 i.e. their densities are 
given by

Then

---  CO x< °° , oo (7 >  0 ).

Then

If <7 = —  this is the classical Weirstrass operator.

dz.

f2 .
For any finite function /  satisfying

we have

~ (1 + + П  S  Inn W„(f, x 0) ^  I S  W„(f, x 0) ^ ± ( L + + L~).^ 11-*- OO /1-*- oo L
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D) The operator o f Cheney and Sharma. Our methods apply also to the follow­
ing operator o f E. W. Cheney and A. Sharma [3]:

K ,u , », *> =  i / f j - y  ( ! - . ) ■ « x m * .

JS?t“(f) are the Laugerre polynomials of order a and degree k. Using the generating 
function of these polynomials one can show that Kn(f, t, x) can be written pro- 
bablisticly as K„(f  t, x) =  S f  (Z,J(Zn+nj), where Z„=X1 + ... +Xn+ Y,X i , ..., X„, Y 
are independent r.v.’s; each Xj is distributed according to

Pr (X  =  k) =  xk( \ - x )  (fc s  0; 0 s  x  S  1),

and Y according to

Рг(У =  k) = exp ^*(0**0 — *)> fe = 0; i =- 0; O s i s l .

(It seems that this is the first time a probablistic interpretation is given to this 
operator).

As У/л is asymptotically negligible with respect to (X, + ... +X„)/n we deduce
that

<Hß)l~ + ( 1 -  <P(ßj)l+ ^  Urn K M ,  t, xn) S  lim K M , t, xn) ^
n-*- oo n —*■ со

^  <P(ß)L~+(\-<P(ß))L+

where ß = lim (л0- л„) \п ( \  - x0)/Ух0.П-*-оо
In particular this result holds for the operator o f M eyer—König and  Zeller 

(see [8]).
Our methods apply to  many other operators such as those of V. A. Baskakov 

[1], M. M üller [9] and D. Stancu [11].

§ 3. Proofs of the theorems

First let us show that Theorem 1 is an easy consequence of Theorem 2. Suppose 
Хг, . . . ,X n are i.i.d.r.v’s with mean x and finite positive variance.

Denote X„ k = Xk (пё1 , k = 1, ..., r(n)). Then Xn k ( n ^ l ,  k = 1, ..., r(n)) satisfy 
the conditions of Theorem 2 with x„=x (for all n) And /5=0. Thus (1.10) and
(1.12) hold for Q„(f, x„) with <P(ß) = <P(0 )= y .

But in this case Pn(f,  x„) = Qn(f  x„) so (1.4) and (1.5) hold. Thus Theorem 1 
follows immediately from Theorem 2. So we have only to prove the latter. For 
this end we need the following
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L emma 1. Suppose for each n, Xn l, Xn2, ...X nr(n) are i.i.d.r.v.’s with means 
x„ and variances b\ satisfying (1.7) and (1.8). Then

<зл) Рг{(т̂ Г-̂ ") •'*’> A-1 * 4 - ■HO

( r(n) ) uniformly for z in R 15„ = 21 Xn k .
1  t=l ’ '

Proof. The result o f  this lemma will follow once we show that the Lindeberg 
condition

1 r(n> t*
(3‘2) v ^ 2  f  ( z ~ x n)2d F n k (z)  — 0 ( u ^ ~ )var \ * = i k_Xnl̂ Vars„

holds. (Fnk(z) is the distribution function of X„k).
But for any fixed n, X„k ( ls fc s r(n )) , are i.i.d.r.v.’s with variances b\\ hence

r(n)
Var S„ Ж I  (z - x nY-dFn,k =

z  —  x n \ > e \ n r S ll

=  i  f  ( z - x n) 4 F n'k =S -J- f  ( z - x ny-dFn<k^  0 ( n ^ ~ )
" \z-x„\=-er(.n)bn 1 U-xn\^sr(n) m

(as M ^ b l^ m ;  r(«) —°=).
Thus the Lindeberg condition (3.2) is satisfied, hence (3.1) follows. The fact 

that the convergence in (3.1) is uniform follows from Theorem 4.3.3 in RLnyi [10].

Proof of T heorem 2. Assume, without loss of generality that r(n)=n, so 

Q„(f  Xn) =  d f [ Xn l +  -~+Xn-n] =  / f { z )d Fn(z)

I where Fn is the distribution function of 2 ^ n ,J n \- 
s t=o ' >

As /  is a bounded function, the upper and lower limits at any point exist. 
Given e>0 we can find <5 = <5(e)>0 such that

/‘ - с  s / ( z) s L | £ for z € /  and x 0  — 5 ^  z <  x 0

l~ — s = f(z )  L + +£ for z£J  and x0 <  z ^  x0  + <S.
Let

Jx = /n { z :  |z — x0| >  <5}; J.z = /D{z: x 0  — <5 S z < x0};

J3 s  /n{z : x0 < z  ts x0 +5}; / 4  =  {.y0}.

Write Q„{f, x„) as

(3.3) Qn(f, *„) =  { /  + / +  f  + f } f ( z ) d F n = I fn )  + Ш  + Ш +  Л(я)- 
/х / 2 / 3 / 4
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First let us estimate hin). As /  is bounded, say \ f( z ) \^ M  for all real z, 
we have

1Л001 =  f f ( z ) d F n = M  f  dF„ =  M P r { |^ - * 0| >  á j .

But by the Chebyshev inequality and the boundedness of the b,,1 s

0 .4) pr{iH=-4sPr{lv-*-l*4}*ll'0 <"—>•
Hence hin )-*0 (n — °°).
Let us now estimate f2(n).

7a(» » )S (/--e ) /</FB =  ( / - - e ) J P r { ^ < x 0J - P r | | < x 0-á J ] =

=  (/“ -£) [pr{ (^ —x„) f«i»-1< (x 0-JCn))/nb-1J -P r |^ -<  лго-á j ] .

Now by (3.1) of Lemma 1 and (1.8)

Jim P r{ (^ -* „ )  Ynb„1 ^  (x0 -x„) V^hB *J = Ф(/?)
and by (3.4)

lim P r |— <  x0  —áj =  0.

Hence hm I2(n)^<P(ß)l~, similarly lim I2(n)s ;Ф(fi)L~ and
П-+ со H-*-oo

(3.5) (1-Ф 0?))/+ ^  hm hin) S  Пт / 3 (п)^(1-Ф (/?))С +.
Л —  со n-+ 00

The fact that / 4 (й)—0 follows immediately from the continuity of the limiting 
(normal) distribution.

Combining our estimates yields the theorem. Q.E.D.
The proof of Theorem la is similar, hence it would not be given here.
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ON FUNCTIONAL CENTRAL LIMIT THEOREM 
FOR STATIONARY MARTINGALE 

RANDOM FIELDS
By

A. K. BASU (Sudbury) and C.C. Y. DOREA (Brasilia)

0. Introduction

The term random field is often used to denote a collection of random variables 
with a parameter space which is a subset of the ^-dimensional Euclidean space Rq. 
Stationary random fields are of great practical importance and hence also of 
theoretical interest. Examples of random fields occur in biological investigations 
concerning the distribution of plants or animals over a given area, when q = 2  

and t =  (?i, t2) is a point of the area. In problems involving propagation of electro­
magnetic waves through random media the natural parameter space is a subset 
of i?4, representing space and time. Further important examples occur in the theory 
of turbulance where, for example, one may consider the case q= 4 and t is a point 
in space-time, while £x(t), £2 (t), §s(t) are the velocity components of a turbulent 
fluid at the point t. Multiparameter stochastic process (the so-called random field) 
plays a prominent role in weak convergence of empirical process to Kiefer process 
(a two-dimensional Brownian bridge), Brownian sheets, and sample spacings. In 
this paper we extend the concept of martingale to random fields and obtain a func­
tional central limit theorem for such random fields. An important example o f  
martingales with a partially ordered parameter set is the following generalization 
of Wiener process. Let s é q be the family of all Borel sets in Rq having finite Lebesgue 
measure. Let {XA, A £ sdq) be a real Gaussian additive random set function with 
Е ( Х Л) = 0, Е ( Х л Х в) = т ( А  Г\В) where m denotes the Lebesgue measure. Intuitively, 
XA can be thought of as the integral over A of a Gaussian White noise. Such in­
tegral of Gaussian White noise has extensively been used by Physicists and 
engineers.

1. Martingale random fields

Martingales with a partially ordered parameter have been considered by 
C airoli [4], W o n g  and Z ak a i [10], and recently by Sh o r ack  and Smythe [8 ].

Cairoli’s definition of martingale is through product type of probability spaces 
which is very complicated and of limited scope. Wong and Zakai’s approach through 
increasing path is not suitable for weak convergence. Sh o r ack  and S m ythe’s [8] 
definition is stronger than our definition if q> 1. The definition of martingale 
field given in § 3 is natural for stationary processes which is our primary interest.
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2. Notation

Let Zq denote the set of all 9 -tuples of integers (q~ \, a positive integer). 
The points in Z q will be denoted by m, n, etc., or sometime, when necessary, more 
explicitly by (ml , m2, ..., mfi, (щ , n2, ..., nq), etc. Z q is partially ordered by 
stipulating m=:n iff m ^rii for each i , l s i ^ q .  We write 0 and 1 for points 
(0 ,0 ,..., 0) and (1 ,1 ,.. .,  1) in Z q, respectively.

Let {£„: n£Z«} be a random field, i.e., a collection of random variables in­
dexed by time-set Z q. The random field is said to be stationary if for each finite 
subset S  of Zq, and each m £Zq, the joint distribution of {£n+m: n£S} is the same 
as that of {£„: n€5}. Here n+m is the usual coordinatewise sum.

For each n (n s l) ,  let F„ be the tr-field generated by {cP: Pj = \ for j=  1, ..., q 
and for at least one * ISpjS/ij}. Note that Fn is the er-field generated by {£р: p > nj 
For n ^ l ,  define the partial sum Sn— ^  . Whenever convenient we will

l^j^n
extend the domain of Sn to include indices some of whose coordinates may be 
zero. In such cases we define Sa to be zero.

Let T  be the closed unit interval [0,1] and Tq the 9 -fold Cartesian product 
of T. Let Cq be the set of all continuous functions on T q with the uniform metric 
and, as in B ickel and W ic h u r a  [1], let us denote by Dq the Skorohod function 
space on Tq. All the properties of Dq that we need can be found in Bickel and 
W ic h u r a  [1].

If n =  (/i1, n2, ..., nq), let |n| stand for the product n1ni ...ni . Define |t| similarly 
for t £T 9. In this paper the limit n —°° will mean min и;—°=>. On Tq as wellisise
as Z q we use the maximum norm, i.e., if tCT’? or n£Zq, then ||t||= max I?,I andisjs« J
I In i l  =  m a x  \rij\.

If F{c }̂ = <t2 > 0  for all n ^ l ,  we define for t d T q and n ^ l ,

X* (0 = (<r2|n |)-1/2XS[ni<l1....lnqlq],

where [•] is the usual greatest integer function. The stochastic process XB has 
sample paths in Dq.

3. The central limit and related theorems

The main theorem of this-paper is
T heorem  1. Let {cn: n ^ l}  be a stationary, ergodic random field for which 

(1) E(c;n\\Fm)=0 whenever m-=n with probability 1

and for which F {c2} = ct2  is positive and finite. Then the net [X„: n is 1} of stochastic 
processes converges weakly, in D4, to the q-parameter Wiener process.

R em a r k . There is no loss of generality in working with the random field 
{cn: ncZ ‘>} since given a random field with “one-sided” time set, we can construct 
a new random field with time set all of Z q and with the same finite-dimensional 
distributions (cf. M. R o sen bla tt  [7] in the case 9 = 2 ) .  Now if we let F*  be the

Acta Mathematical Academiae Scientiarum Hungaricae 33, 1979



ON FU N C TIO N A L CEN TRA L LIM IT THEOREM 309

onfield generated by {tp: for at least one j, pt=nfi (1 ) becomes by stationarity
(Г) £{£р|| Fp*Li} = 0  with probability 1 .

The techniques used in the proof of this theorem are, with some exceptions, 
essentially those used by B illingsley  [2] to prove Theorem 23.1  there and further 
exploited by С. M. D eo [5]. The proof will be carried out in the following series 
of theorems and lemmas.

T heorem  2 (A characterization of the ^-parameter Wiener process). Let X  be 
a random element o f Dq with P (X fC q) = l and P(X(0j) = 1. Moreover X  satisfies

Condition 1. For t(1), ..., t(k\  t£ T q and G the afield generated by {A'(t(1)), ... 
. . . , X(t<*>), X(t)}. I f  0 + tf>, ..., t p ^ t j ^ l  then

(2) l i m i - £ { |£ № ,  tj+hj, . . . , tq) - X (tl, ..., r?)||G}|} = 0

for all y = l, 2 ,

( 3 ) lim ~  E{\E{(X(t l tj + hj, . . . , tq) — X ( f g ) 2| IG) -

- h j  JJ ?;j} = 0 for all j  = 1, 2, ..., q.
l*j

Condition 2. Let t£ T q. I f  t j< l then

( 4 ) lim lim sup —я—оо hj 1 0  ИJ {(X(tlf
f  { X ( t x , t j  + h j , t q) —

tj+hj... r^-xctj.... tq))*&*hj}

- X ( t1, . . . , t q))4P  = 0

Then X  is the Wiener process on D4.
Pr o o f . The proof, with few modifications, is similar to the proof of Theorem

19.3 of B illingsley  [2]. We will prove for the case q —2 (for general q the proof 
is analogous).

Fix points t(J)£ T 2 (y = l, ...,k )  with ..., t[k>< 1. Fix real numbers
щ , ..., uk. Let t £ T2 with t2 fixed and let f  and и vary over the strip max ..., ?[к|) ̂  
=  i j< l ,  - « < « < » .  Put

(5) ф( f  , t 2,u) = E jexp j  2  iui x (t0>)) ■

Proceeding as in Billin g sley  [2] one obtains for arbitrary v and O á^11, ..., t[k)S

(6 ) £  jexp j  2  W;Jf(tü))j e,“xWeít>ix(s1 ,fl)-Ar(íi,í2)]| _

— E jexp j 2  iujX ( t0))] eiuXm\
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Thus we have shown: given t(1), t(t), t £ T 2, if then
X (.s-j, t2) —X (t1, t2) has distribution N(0,t2(s1 — t1)) and is independent of any linear 
combination of the random variables X(t(1)), ..., X(t(t)), Z(t).

Doing exactly the same for the second coordinate we have: if O^t.о)
^ / 2 S i2s l  then X(tk, s2) —X (t1, t2) has distribution N(0, t1(s2 — t2)) and is in­
dependent of any linear combination of the random variables Z(t(1)), ..., X(t(ll)), Z(t). 
From above it follows that X(t) is vV(0, |t|) and

£{Ar(t)A'(s)} = min (?!, Sj)Xmin (t2, s2).
By Cramér—Wold device (see B illingsley  [2], p. 48) it remains to show that all 
finite-dimensional distributions are normal. It suffices to show that for arbitrary 
points t(1), . . . ,  t(n) of T 2 any linear combination of the r.v. A'(t<1)), is
univariate normal (with zero mean). The proof will be done by induction. If n = l  
we have shown that X(t) is N{0, |t|). Suppose true for n = k — 1 ( k ^ 2). Now for 
n = k, given к  points in T~ we can always order them with respect to the first 
coordinate and relabel them so that we have t(1), ..., ia>cT2 with

•= 'i  •

( 7 )
where

Given real numbers a1, . . . , a k let Z x— 2 ajX (t iJ)). Then
j=1

E {éuZ i} =  e~1/2u2xiE{eiuẐ },

* 1  =  a S tf ) (fí*) - / í ‘ " 1)) e  о and Z 2  =  2  ajX ( t^ )  + akX(V)

with t* = (t[k 1\ t ^ k)). Notice Z2 is a linear combination of Z(t(1)) , ..., Z(t(ll_1)), 
X (t*) and we have one match in the first coordinate, namely, t /Г. Now order
t{1), ..., t(t 2), t* with respect to the second coordinate and relabelling them we

к
have Z2= JX b jX (s(j)) (for conveniently chosen b/s) where sat- j a (к)

then

(8)
where

j=i

E{e'uZl} = e-l/2u2aie-l/2u2=,2£^eiuZ3Ĵ

a2  = bks^k) (s(/> -s!k- l>) s  0 and Z 3 k£  b j x m + b kx(s*)
j = 1

with s* = (s)*i), s£i_1)). Notice Z3 is a linear combination of Z(sa)), ..., Z(s<i;_1))r 
X(s*) where we have one match in the first coordinate and one match in the second; 
coordinate. After к  times this procedure, we have

( 9 ) E{eiuZi} = e - 1/2 “2 0*i+• ■ ■+*t) E{eiuZk +1},

where Zk+1 is a linear combination of {X(r(j)), j  = 1, ..., k) and we have к  matches, 
among the coordinates of {r(j), j=  1, 2, ..., k). This implies that Z k+1 is a linear 
combination of (A'fv^), j= l ,  ..., k —1 } (relabelling the r/s) and by induction 
assumption Z k+1 is univariate normal with zero mean, thus Z r is univariate normal 
and this completes the proof.
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For X£_Dq and 0<<5< 1, define the modulus by
(10) w(Z;<5) =  sup{j2f(t) —Z(s)|: ||t—s|| S ó}.

Theorem 3. Suppose that {X*( t) : ncZq, t ( fTq, n s l }  is uniformly integrable 
for each t £T4, that X„(0) L. 0, and that for each e> 0 , iy=> 0 we can find a c)>0 
such that
(11) P(w(Xn; ő ) ^ e ) < ,1
for all sufficiently large n. Moreover XB satisfies

Condition 1. For t(1), , t(fc), t(fTq and G„ the G-field generated by
{X„(t(1)), . . . ,X a(t™), X(t)}. I f  0 S t y ,  1 then

(12) lim lim sup - j-E{\E{Xn(t\, . . . , t j+ h j , . . . ,  tq) - X ( t l , , tg)\ |G„}|} =  0 

for all 7 = 1 , 2 , q.

(13)

lim lim sup I EUXfh, . . . , t j  + hj, tq) - X ( t u  ..., tq)f\ \GB} - h j  f]  tt\} =  0

hjto П—oo Uj  '  iV j

for all 7 = 1 , 2 , ...,q .
Condition 2. Let t £Tq. I f  ^ < 1  then

(14)

lim lim sup lim sup — f
a -* -o o  h - 1 0  ц -* -о о  h  . ,  J

1 J « T n C t j .........i j + h j , . . . ,

(X fh ,  ..., tj + hj, ..., tq) -
....i,))SSJllj}

- X { t1, . . . , tq) fd P  = 0
for all 7  =  1 , 2 , ...,q .

Then Xn converges weakly to the q-parameter Wiener process X(t).
Proof. Using Theorem 2 of this paper, the proof is similar to that of Theorem 

19.4 of Billingsley [2].
The next theorem is a multiparameter version of the ergodic theorem 6.21 

o f Breiman [3].
On ( P I , Bfi) define the transformation T= T1’" ’1: P L ^P L , Т{х1Л.... l 5

:1 ; 1 ....2, ...) = {x2 2.... 2, x2 > 2 .....3 , ...). Then we have q commutating shift trans­
formations (again, cf. R osenblatt [7], p. 555) г1= 7 ’1,0’ " т ,= Г 0*1,0’' .......
x

t q—Tuu’ , 0 , 1  with TjA’i,—ХП1+1„2 tzA n — Х„ь„2+1....в ,,..
Stationarity of process implies invariance of the probability 
shifts i.e. for any measurable set A

... TqXa Xnit„2....Пд+1 *
measure P under q

P(t1A) =  P(uA) =  . . .=  P{iqA) = P(A). 
By ergodicity of process we mean that

lim -j—pn — oo |n! 2kt=ll^i^q
P(til t\* ■■■tkq“A) = P(A)
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for each measurable set A. A set A is said to be invariant if TjA = t2A = ...=xqA 
up to an exceptional set of probability zero. If {<?„} is stationary then T  is measure­
preserving.

T h eorem  4. Let T  be measure-preserving on (Q, F, P). Then for X  any random 
variable such that

(a) for each j  ( j= l , . . . ,q )  and for fixed щ ÜAj),

1 "i-i
lim —  2  X(Tki....кя(о) — E{X\J) a.s. and uniformly in {n;, i ^  j}.|Пj k.=o 

l ^ i ^ q

1 "C,1(b) lim —  2  Х{ТЪ....*<.<0 ) =  E(X\J) a.s.,|n| *i=o
l  =  i~Fx q

where J is the class o f invariant sets with respect to T.
Pr o o f . It can be done as in B reim a n  [3] with few modifications as follows: 

for each j  ( /=  1 , q) and for fixed nt (iVy) one can show that

(15) f  Y„. dP Ш 0,

(For example if q = 2, У„2 (ш) =  X(a>) +  X(T°-1(o) + ... +  X(T°-"z~lio), Nni(co) =
=  УЛ2(си)-|-УЛ2(7'1’0й))+... +  УП2(7'п1_1-°ш).) where

where

Yn, =  2  x (Tkl....k“(0) and M i  =  max {0, Nx, .. . ,N n),
kt=0(i^j,kj = 0 )

N„,= 2  У  * (Г * 1 ....*.«).kj = 0  k. = 0
i*j

Then (a) follows and due to the uniform convergence (b) also follows.
C o ro lla ry  1. Under the conditions o f Theorem 4 
{a) for each j ( j = l , . . . , q )  and fixed nt (ifij)

lim E
" I— ~ -A- 2  X(Tk'....k.co)-E (X \J)

ln! k,=о
=  0  uniformly in {/!,-, I ^  j  }.

(b) lim E ■Л П>2  X(Tki....K(o)-E{X\J)
ln) kt=оls iá j

0 .

P roof. Using Theorem 4, the proof is similar to that of Corollary 6.25 o f  
B reim an  [3].
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L emma 1. Under the hypotheses of Theorem 1 and assuming that |£0| s /  with 
probability 1 , we have

(16) sä 6 > | 2/4.
P ro o f . First notice that from (1') it follows that the r.v’s c p are orthogonal 

and by stationarity it follows that

(17) ES^...„q -  nl ...nqai.
The proof will be done by induction, the case q=  1 has been shown by B ill in g sley  
[2]. Assume it is true for q = m — 1, then for q=m, ES* = ̂  £ {^ifk^i} with 
the indices lS i s, j s, ks, ls~ns for 5 = 1 , ...,m . Take the first coordinate of the 
indices, i.e., ix, j \ ,  kx, lx, if the largest of them is not matched by any other then 
by (1') the term vanishes; if we let S(ix, j \ ,  k x, l x )  =  2  fiCiCkii with the indices 
IS ;), j s, ks, ls=n& for 5=2, , m and ix, j \ ,  k x. /, fixed, then we have

£{S4} =  2  ES(kx, ..., kx) + 4 2  ES(h ,k i ,k i ,k i)+ 6  £  ES(h . h , ^ , kx).
ki i! кj Jl

By using the induction hypotheses the first two terms on the right contribute at 
most 3«|(6m_1 n |...n ^ /4) in all, and the last sum is by (!')

6  z  2  £ { < - i , „ 2....ПтШ  = б 2  я { < - м . .... n j i )
* 1  = / 1 *.Л kss = 2, ...,m l ^ s ^ m

an d  by (18) it c a n n o t exceed 3 |n |2/ 4.
O u r next lem m a is a  m u ltip a ram ete r v e rs io n  o f  a su b m artin g a le  in e q u a li ty  

o f  D oob [6].

L emma 2. Under the conditions o f Theorem 1, and for y > l

(18) £{max|5k|>)s= ( ^ Т)', £{!5П!>'}.

P r o o f . The proof is similar to the one given by W i c h u r a  [9] and will be done 
by induction. For q= 1  (see D o o b  [ 6 ] ,  p. 3 1 7 ) ,  suppose true for q=p —  l, we will 
show it also holds for q=p. Given n = (nl 5  . .. ,n p), let 1 ^ m ^ n p and

Е к г , . . . , к  f n i )  ~  2  «л....j p - i'm’
l^/<  p

i' m — ...,kp_1 (^ ) ) l^ k i^ni, l^i<p
and put

V m  =  — j L . ! ,  ll^/nll ШПХ fc__j,m|*1 P 1 1 1 l^kî nl 1 p 4

Now by (Г)
E(Vm+i - V m\\vx, ..., Vm) =  E(Um+1\\Ux, . . . ,u m) =  0.

Thus (Vm)1Sms„p is a martingale in Rni+- +nP- 1  and the proof can be completed 
as in W ic h u r a  [9]. Professor D. J. Scott drew our attention that this lemma could 
probably be proved by Lemma 1 of Sh o r a c k  and Sm yth e  [8 ].
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We now proceed to the proof of Theorem 1. Enough to show that the hypotheses 
of Theorem 3 are satisfied. Given

t(1), tw , t£ T q with 0 ^  /j1), t (jk) =  tj <  1 

for some j  ( / = 1 , q) let

Z Í  — . . .  , t j  +  h j ,  ,  t q )  —  X B ( t 1 ,  . . . ,  t q)

and Gn the cr-field generated by {Aj,(t(1)), . . . ,  Aj,(t<lc)), Aj,(t)}. Now

ZÍ={a2| n | ) - 1 /2
P € A

where A = {p: 1 ^ . ^ [ л . / . ] 5 iX j, [и7 ?7 ]<р 7-^[и^(/у+/г^)]}. Using the fact that 
GnQFp_i for pc A, (13) will follow from (1')- The remaining of the proof can be 
done as in B illin g sley  [2].

4. Integrals in place of sums

Theorem 1 has a natural formulation with cn replaced by a process in con­
tinuous multidimensional time. Let {rt(co): -a><í.<o=; 1  s  / ä <7 } be a stationary 
random field satisfying E(v%)< °° defined on a completed probability space (Í2, F, P), 
i.e., for every finite subset {t(1), t (2), ..., t (,)} of R q and each s£R q, the joint distribu­
tion of {i>t(i)+s, ..., rt(9)+s} is the same as {uta>, ..., Here t+ s  is the usual 
coordinatewise sum. Suppose that {r,} is measurable with respect to a(FX Bq). Bq 
is the Borel field of Rq, (Doob [6]), so that the Lebesgue integrals

1 ‘q
f  ... J  Vu(co) dllx ... duq
S1 sq

are well defined and finite with probability 1. Let Ya be the random field of T 4 
defined by

F„(t, со) =  (cr2 |n|)—1 / 2  jf ... J  rs(m)dsi...ds9  

о 0

where a2=E(v%)>0 for all n ^ l .  (Note Y„ lies in Cq.) A subset В of Tq is called
Я

a block if it is of the form / /  (sj, tj\, (Sj, i j ’s being half-closed subintervals of
j =1

[0,1]. If V= (rt : t^ T 4} is a stochastic process, then the increment V(B) of V 
ч

around a block B =  JJ (Sj, tj\ is given by 
j = i

V(B) = 2 2
£j=0,1 £o = 0,1 2=0 , 1

( Y)q £ C1 V(Sl + (ix _Sj), s2 +J, (i2 -  s2)....S,+S5

For every finite subset t(1)-=t(2)«= . . .< t (n) of T q £(%»)|| F,<r.-i> = 0 where F,w 
is the e-field generated by {pt<P>: Z -p)s l  for j=  1 , 2 , ..., q and for at least one j, 
ls=ijp)=szjn)}.
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Theorem 5. The net {У„: n s l}  o f stochastic processes converges in Cq to the 
q-parameter Wiener process W.

P roof. Although we could imitate the arguments used before for discrete 
time, it is simpler to reduce the present case to the previous one. Following 
Billingsley [2], p. 178, let

"i r"
&.= J ■■■ J  V*dsl —dSq>

" l~ l » ,-1

then by applications of Fubini’s theorem

(19)

Now if the blocks B1, B2, . .. ,B k are disjoint in Tq the Yn (B fs  are orthogonal 
(D oob [6 ], p. 514). Since the process {ut} is stationary, by D oob [6 ], p. 514, the 
process {r,} is metrically transitive (ergodic) and hence {£„, n ^ l}  is a stationary 
ergodic process satisfying (1) or (1')- By Theorem 1, Xa=>W, the ^-parameter 
Wiener process (Billingsley [2], p. 23). Now

pi Pi
őa =  sup | r o( t ) - J r n(t)| ((T2 |n |)-1/2X max f  f  ... f  |r , |dt1dt2 ...dt, 

^  % Р,Ф  R.-i
so that

where

P R s e } -  /  ? d P ,

l l
C= / • • ■ /  l».l d s 1 . . . d s q .

By (20) öa ~̂ 0 and theorem follows by Theorem 4.1 of Billingsley [2], since 
XD=>W.

R em ark s. The proof of our Theorem 1 could have been shortened consider­
ably if we could prove Theorem 1 using Lemma 3 of D eo [5]. The work on page 7 
(cf. also the proof of Billingsley’s theorem 19.2) suggests that condition (iii) of 
Deo’s lemma may hold in the situation under consideration. This amounts to prove 
that the conditions of our Theorem 1 imply that the random variables X„ are 
asymptotically independent. But this is a very difficult problem which we are unable 
to solve at present.

References

[1] P. J. Bickel, and M. J. W ichura, Convergence for multiparameter stochastic processes and
applications, Ann. Math. Statist., 42 (1971), 1656— 1670.

[2] P. Billingsley, Convergence o f  Probability Measures, Wiley (New York, 1968).
[3] L. Breiman, Probability, Addison-Wesley (Reading, Massachusetts, 1968).
[4] R. Cairoli, Une inégalité pour martingales ä indices multiples et ses applications, Séminaire de

probabilités, IV (Univ. Strasbourg, 1968/1969), Lecture Notes in Math., Vol. 124, 
Springer-Verlag, (Berlin, 1970), p. 1—27.

A c ta  M a th e m a tic a  A c a d e m ia e  S c ie n t ia r u m  H u n g a r ic a e  33, 1979



316 A. К . BASU A N D  С. C. Y. D O R E A : ON FU N C TIO N A L CENTRAL L IM IT  THEOREM

[5] С. M. Deo, A functional central limit theorem for stationary random fields, Ann. Probability,
3 (1975), 708—715.

[6] J. L. Doob, Stochastic Processes, Wiley, (New York, 1953).
[7] M. Rosenblatt, Central limit theorem for stationary processes, Sixth Berke/ev Svmp. on Math.

Stat. and Prob., Vol. II, (1972), 551—561.
[8] G. R. Shorack and R. T. Smythe, Inequalities for max \Sk\jbk k £ N r, Proc.Amer. Math. Soc..

54 (1976), 331—336.
[9] M. J. Wichura, Inequalities with applications to the weak convergence of random processes

with multidimensional time parameters, Ann. Math. Statist., 40 (1969), 681—687.
[10] E. Wong and M. Zakai, Martingales and stochastic integrals for processes with a multi-dimen­

sional parameter, Z. Wahrscheinlichkeitstheorie verw. Geb. 29, (1974), 109— 122.

(Received January 24, 1977)

l a u r e n t i a n  u n i v e r s i t y  
d e p a r t m e n t  o f  m a t h e m a t i c s
SUDBURY, ONTARIO 
CANADA

UNIVERSITY OF BRASILIA 
FA CU LTY  OF EXACT SCIENCES 
BRASILIA

A c ta  M a th e m a tic a  A c a d e m ia e  S c ie n t ia r u m  H u n g a r ic a e  33, 1979



Acta Mathematica Academiae Scientiarum Hungaricae 
Tomus 33 (3—4), (1979), 317—321.

A TURÁN'S PROBLEM ON THE 0—2 INTERPOLATION 
BASED ON ZEROS OF JACOBI-POLYNOMIALS

By
J. S. HWANG* (Hamilton)

Let {xj}, 7 = 1 , 2, ...,n  be a sequence of points satisfying
(1) 1 S  X, >  x2 > . . .>  xn £  —1.
J. S u r á n y i  and P. T ú r á n  [1] called a sequence {x,} with the property (1) a 0—2 
interpolation sequence if for arbitrarily prescribed numbers , Zj, there is a 
unique polynomial П2п_1{х) of degree -&2n — 1 so that
(2 ) n 2„_1(xj) = yj, n 2n_1(xJ) = zj, j  = 1 , 2 , n.

Let {a-,} be the zeros of Jacobi polynomials P%*’ß)(x). For the ultraspherical 
polynomials P<f ,x>(x), Su r á n y i and T ú r á n  [1, Theorem III] has determined all 
values n and a for which the sequence of zeros Xj of P(nx’x)(x) is а 0—2 interpolation 
sequence. In [3, Problem 9], T ú r á n  asks: is it true for cc^ß that the zeros of all 
pu ,ß> (x) js a q— 2  interpolation sequence? If not, then determine the “bad” cases 
when (2 ) is not fulfilled.

In our present note, we shall answer this question by proving the following:
T heorem . Let {a7}, j=  1,2, ..., n be the zeros of P(x,tt){x) and let the sum 

x = a + ß be not an even integer and satisfy
(3) А3  + (и + 5 + £)х2  + [Зе(л—1) —2(2л2  —9n + 3)]x + n[e(2 /7 —3) —4(n—l)(n —3)] = 0.
Then for all sufficiently small £>0 and 0<  \ot — ß\<£, the sequence {л̂ } is not a 
0 —2  interpolation sequence.

P ro o f. It is sufficient to prove that i f  there is a polynomial П2п_г(х) satisfying 
(2), then there are infinitely many polynomials satisfying (2). This, however, is 
equivalent to the existence of a polynomial K.ln^ ( x ) ^ 0  for which (2 ) holds for 
the particular value yj=zj= 0, j= l ,  2 , . . . ,  n, because the family of polynomials 
n 2n-i(.x) + cK2„-i(.x) will again satisfy (2 ).

Since y j—0, K2,,-i(x) can be written as
K2n_1{x)= P lx-^(<x)Rn_1{x).

For simplicity, we replace Pf'^Hx) by Pn(x), then
(4) Kin- 1(x) = Pn(x)Rn- 1(x).

By the conditions Zj=0, we also have for j= l ,  2 ,.. .,  n,
(5) P’̂ R ^ W + l P ^ K ^ X j )  =  0.

* I am indebted to Professor Túrán for his guidance on this problem when both o f us visited 
the University o f Montreal.
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The Jacobi polynomial P„(x) satisfies the following differential equation (see Szegő 
[2, p. 59]):

( 1 — x2)y"+[ß—a — (tx + ß + 2)x]y' + n(n + a + ß + l)y  — 0 .
It follows that

(6 ) (1 -x5 )P Z (x j)+ [ß -a -(a+ ß+ 2)xJ]P'n(xj) = 0.
Since each Xj is a simple zero of Pn(x), P'n( x j) ^ 0, (5) and (6 ) yield that for each
j =  1, 2,

( l - x ) ) K _ 1(xJ) - \ /2 [ ß -o i- ( ac+ß + 2)xJ]Rn_1(xj) =  0.

We then obtain the following identity:

(7) (l-x*)R 'a_1(x )- l/2 [ß -x -(x + ß + 2 )x ]R n- 1(x) = cPn(x).

To compute Rn_х(х), set

(8) Rn-i(x) =  "z CyPvix).
(7) and (8 ) give

(9) ( 1  - x 2) "Z cvP'v( x ) - l /2 [ ß - x - ( «  + ß + 2)x] "Z cvPv(x) = cPn(x).
v = 0  v = 0

To compare both sides of (9), we need two recurrence formulas of Szegő

( l - x 2 )7>((x) =  AvPv^ (x )  + BvPy(x) + CvPv + 1(x),

_  2 (v + ot)(v + /?)(v + « + /? + 1 ) 
v (2v + <x + ß)(2v + oc + ß + 1 ) ’

, Я 2 v(«-/Q(v + « + /?+l) 
v (2v + oi+ß)(2v + oi + ß + 2) ’

2 v(v+l)(v + a + /3 + l)
v (2v+a+/?+ l)(2v +  a + 0  +  2 )’

xPv (x) = Dv Pv (x )+ £VPV + 1  (x) +  Fv Pv _ x (x),

i Dv = ________£ z * _______ ,
(2 v + <x + ß)(2v + oc + ß + 2)

1 К — ^ (v + 1 ) ( 2  + « + /?+ 1 )
v (2 v + a + /?+ l)( 2 v + a + /? + 2 ) ’

=  2 (v + g)(y +  /Q
v (2v + tx + ß)(2v + a + ß + l)

where —  1 , /?=—  1 , v =  l, 2 , n — 1.

[2, p. 70-71]: 

( 10)

( 11)

( 12)

(13)
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Combining (9), (10), (11), (12) and (13) we obtain
(14) cP„(x) =  P0(x){c1[A1+ l/2(a  + ß + 2)F1]} +

+ P\(x){c2\A2+ 1/2(<x+ /? + 2) F2] + cx [B1 —1/2 (ß — a)+ l/2(cc + ß + 2)D1] + c0)+ ...
+ Pn-2(x){cn- 1[An_1+ll2(x+ß+2)Fn_1] +

+  сл-2[Bn-2~  l /2 (ß —a)+  1/2(а +  ̂  +  2)Оп_2] +  с„_з[Сп_34- l/2(<x+ß+2)En_3]} +

+ Pn_1 (x){cn_1 [5„_1 - l /2 0 S -a )+ l/2 (a  + ̂  + 2)ű„_1] +
+ сл_2 [Сл_ 2 +1/2(а + )? + 2)£'л_2]}+/>„(х){сп_ 1 [С„_1 + 1/2(а+^ + 2)£п_1]).

By the orthogonality of Pv(x), we find from (14) that all coefficients of Pv(x)’ 
v = 0 ,1,2, ...,n— 1 must be zero. This yields the following identities:
( 15) cv+1[Av+1+l/2(a + ß + 2)Fv+1] + cv[Bv—l/2(ß—x)+ l/2(a + ß + 2)Dv] +

+ cv-i[C v_i+ l/2(a +  ̂  +  2)£v_1] = 0,
where v = l, 2 , n—1 .

In view of (11), (13) and the condition a+jMeven, we obtain
(16) Av+1+l/2(tx + ß + 2)Fv+1 =

2 (v+l+oQ(v +  l+ M v + a  +  ft + 2 )+ l / 2 (a + f t+ 2 )] __ 
(2v+ a+ß+2)(2v + a+ß+3)

(17) ! Bv-1l2(ß-oi)+l/2(oc + ß + 2)Dv =
(<x—ß)[2v(v + ci + ß+ l)+ l/2(2v + a + ß)(2v + a + ß + 2)—l/2(a + ß+2)(a + ß)] /

(2v +  a + j? )(2 v  +  a +  ß  +  2) *  '■

(18) Cv _ 1  + l/2(a+jS+2 ) £ v _ 1

2 v(v + a +  /?)[(v— 1 ) — l/ 2 (a + /? + 2 )] 
(2v + a. + ß -  ])(2v + <x + ß)

By choosing c0+0, and applying (15), (16), (17) and (18), we can compute all 
Cj in terms of c0, j= l ,  2, ..., n—1. The only thing we have to worry is the 
coefficients of P„_2 (x) and T>„_1(.\'). The numbers c„_i and c„ _ 2  which have been 
computed in the coefficient of Pn- 2(x), must satisfy the coefficient of Рп_г(х), 
namely,
(19) c„_1[B„_1— l/2(ß — oc)+ l/2(a + ß+2)Dn_1] +

+  c n - 2[Cp-2+ lß (x  + ß + 2)En- 2] — 0,
where сл_ ! ^ 0 , с„-2+ 0.

Let и—/?= с"~* е and ct+ß=x, then by (17), (18) and (19), we find the equation
n̂ — 1

(3). Clearly, for any 8<1 and t i ^ 4, we have
/ ( 0 , £) = n [e(2n — 3) — 4(n — l)(n — 3)] <  0,

and
/ (2 n ,e )  =  /i[e(12n —9) +  72n —24] 0.
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It follows that the equation (3) has a positive solution s between 0 and 2n. This 
gives

0[- ß =;cJ i ^ e = ö 
Cn-l

tx + ß = s,
and therefore we obtain the solution

s +  <5 and ß =
s — ö 

2  '
By choosing sufficiently small e>0, we have <x> —1, and ß =— 1. This implies 
the existence of all coefficients cv, v= 0 , 1 —1 , and the polynomials P„_i(x) 
and К2п_г(х). Hence {xy} is not a 0—2 interpolation sequence. The proof is 
complete.

R e m a r k . In the above proof we start from the coefficients of Pn(x), PL(x), ... 
...,P„(x). Similarly, we can reverse the process. Starting from the last one we can
compute cn_! in terms of c, then c„_2, c„_3, __ We come to the coefficients of
P,(x) and P&(x). In P.-i(x), the numbers c3  and c2  are determined in terms of c. 
Therefore these two numbers must satisfy the coefficient of P2 (x),
(20) c3  [A a +1 /2 (a + ß + 2) F3] +  c2  [B2 - 1  /2 (ß — a) + 1/2 (a + ß +  2) Z>2] -  0,

where с2 ^0 , с3 т^0. Again, let oc — ß — — s = S and a+ß=x, then by (16), (17),
c2

(2 0 ) and the equality a/l = (x2  —ő2 )/4, we get
(21) g(x,e,<5) =  3x4  +  58x3+(148-3<52 + 32£)x2 +

+  (1272 — 22<52  + 320e) x + 8  (180 — 5á2  + 84e) =  0.
For sufficiently small e ,  we have

g(0, £, <5) >  0 and g(— 2, e, (5) < 0.

Therefore equation (21) has a solution — 2< ä< 0 suchthat a>— 1 and ß>— 1. 
This again gives the existence of P ^'ß){x) such that its zeros are not a 0—2 inter­
polation sequence. In both cases, e=*0 can be taken through a small interval. 
It follows that there are continuum many such polynomials P(n*'ß)(x), oc^ß, whose 
zeros are not a 0 — 2  interpolation sequence.

In the above theorem, we require that the sum s= a+ß be not an even integer 
and satisfy (3). It is clear that the condition (3) is necessary. Moreover, the first 
condition is also necessary. If s is an even integer, then the theorem is no longer 
true due to the following

Example. Let a = l + /2/3 and Д=1 —/2/3. Then by (18), we have 
C2  -r 1 ,/2(a ß + 2)E2 = 0. For convenience, we denote the numbers in (16), (17) 
and (18) by Xv+1, Fv, and Zv_x respectively. We then have

Ci = (ß -  a) c0/2X1, с, = -  Yx (ß -  a) cJ2X1 X2,
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and
c3  -  (Yx V2 -  X2 Z4) (ß -  a) cJ2X1 X2 X3.

The numbers of a and ß are the solutions of Y2—X2Z 1=0 with a +  /1=2. Hence
we have c3 =0. It follows from (15) and (16) that c4 = 0. By repeating (15), we 
obtain c3=ci - c 5= ...= cn^1=0. Since c^O , c2?±0, the solution o f 7?„_1(a) does 
not exist. Hence the theorem is not true.
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A GENERALIZATION OF A THEOREM 
OF A. KERTÉSZ

B y

H. TOMINAGA (Okayama)

The purpose of this note is to prove the following
T h e o r e m . Let A be a subring o f a ring R. I f  the additive group (R, + )  o f R is 

the sum o f (A, + ) and a subgroup {B, + ): (R, +) — (A, +) + (B, +), AB=BA=0, 
and for each x£R  there exists e£R such that x —ex£A, then R is the ringtheoretical 
direct sum o f A and B2.

Needless to say, our theorem includes that of A. K e r t é s z  [ 2 ]  as well as D i n h  

V a n  H u y n h  [1]. As for notations used here, we follow [1].
In advance of proving our theorem, we state the next
L e m m a . Under the hypothesis o f our theorem, i f  x l 5  ...,x„ are in R then there 

exists e£R such that x t — ex{4 A for all i. Especially, in case хг, , x n are in B, 
such an e can be chosen from B.

P ro o f . Choose an element e„£R such that х„—е„х„вА, and set У1= х(—ext 
( i= l, . .. ,n  —1). By induction method, there exists e <(R such that y i—e 'y fA  
( i= l, . . . ,n —1). Let e —e'+e„—e'en. Then we have xi—exi= yi—e'yieA 
(i = 1 ,..., и — 1). Noting here that A is an ideal of R, it follows x„—ex„ = 
=(x„—e„x„)—e'(x„—enx„)€A. The latter assertion will be almost evident.

P roof of the T heorem . Since B2B2Q B(A+B)=B2, the additive group B1 
forms a subring of R and AB2 = B2A = 0. Now, let r = a+b (a£A, b£B) be an 
arbitrary element of R, and choose an element e€B  with b—eb=a'£.A (cf. the 
lemma). Then r=(a + a') + eb£A+B2. Finally, we shall show that Af]B2 = 0, 
which will complete the proof. Let a= x1y1+...+x„yn be an arbitrary element 
of A f)B 2 (X j , y t £ B ) .  Again by the lemma, there exists e f B  with x , — e 'x ^ A  for 
all i. Then a=(x1—e'x1)y1+..- + (xn—e'x„)yn+e'a=0.
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POLYNOMIAL INEQUALITIES AND MARKOV’S 
INEQUALITY IN WEIGHTED //-SPACES

By
P. GOETGHELUCK (Paris)

Notations and main results

Let II • ||p and || -||* be the usual norm for functions in Lp(— 1, +1) and for 
27r-periodic functions whose restriction to [0, 2n ]  belongs to Lp(0, 2 k ) ,  respectively. 
Let TI„ and П* be the set of algebraic and 2re-periodic trigonometric polynomials 
o f degree at most n, respectively.

1. Inequalities for trigonometric polynomials. Let аг, a2, ..., as, b1,b 2, ... ,b s, 
be real and positive, в1,вг,...,в,  satisfying 01<в2< ■■■<в,<91+2л, and w,v, 
27t-periodic functions such that for 6£[(01+0s)/2—n, (0 , +  0 ,)/2 +тг].

w(0 ) =  п Iв-в̂ нв), v(9) = П \e-eiM(e),
1  1

where cp and ф are two measurable functions bounded from 0 and infinity. We 
«et r=m ax (blt b2, ..., bs).

T heorem 1. With the previous notations, there exists a constant C(v, w) such 
that for any p€[l, +°°] and arbitrary Т£П *(п^  1 ) the estimate

\\Tw\\*p ^C (v,w )nr\\Twv\\*
holds true. Furthermore r is the best possible exponent.

2. Inequalities for algebraic polynomials. Let a1; a2, ßlt ß2, cl 5  c2, ..., cs,d l , 
d 2, . . . ,d s be real and positive, лг2, x2, . . . ,x s£] — 1, +1[. We define ux and щ by

ii fx )  = ( 1  - v / O  + xyi П  \ x - x f i f f x )  
1

W2  W  =  ( 1  +x)"2 i f  \x-X i\d‘f 2(x)1

K * e [- i ,  + i])

where f  and / 2  are measurable functions bounded from 0 and infinity. Set
d=  max (2 aa, 2ß2, d1,d 2, ..., ds).

T heorem 2. There exists a constant С (и х, u.2) such that for any /?6 [L +°°] 
and arbitrary Р£П„ (и = 1 ) the estimate

l / u jp  si C(ul 5  u2)nd ЦРщщЦр

■holds true. Furthermore d is the best possible exponent.
3. Markov's inequality in weighted Lp-spaces.
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Theorem 3. Let uk as in Theorem 2. There exists a constant С(ил) such that 
fo r any /»€[ 1, +  °°] and arbitrary PfLI„ the estimate

\ \ P ' u i ^ p  —  С ( и | ) п 2 | | / >и 1| |р

holds true. Furthermore the exponent 2 is optimal.
These results contain as particular cases some theorems of [3] and [5], specify 

some results of [2 ], and improve [1 ] dealing with the case p —2.

Proof of Theorem 1

A fundamental tool is the Bernstein’s inequality:
For any Т£П* the estimate || T'\\t>=n !|7'||1 holds true. It follows that if 

||Л 1 1  =  |Щ >)1 then, for |0 —0 о| =  (2 и) - 1  we have: |Г(0 ) - Г ( 0 о) |^  |0 - 0 о|и||
* 4  m i ,  therefore

П) |Г(0 ) | ё  ± \ \T \ \ t  if |0 - 0 „ ] á ( 2  n)-K

To establish Theorem 1, we need a lemma. Let <5j, <52 , <5, be real and 
positive, cp!, (p2, ..., q>t satisfying (p1<(p2<...-=:(pl<(p1 + 2n, и a 2 n-periodic func­
tion such that for (p£J=[((p1 + (pi)/2 — n, ((p1 + (pl)/2 + n]

I
U (<P) =  П  \<P-<Pi\S iU o ((P ),

1

where w0  is a measurable function bounded from 0. Set <5=max (<51; ő2, ...,<5,)..
Lemma 1. There exists a constant Cj>0 such that for any pd[ 1, +  °°[, n S l  

and arbitrary <p0 £R, the estimate
Vo+(2">~

C{n~öp~1 ^  J  \u{(p)\p d(p
^ 0 - ( 2 " ) - 1

holds true.

Proof. It is sufficient to prove the lemma when <pa^J. Let N  be an integer 
such that (pk+1 — (pk^ 2 N ~ 1 ( k = l ,  . . . , / — 1) and n — ((pl — (p1)/2^2N ~ 1. We set 
A = [<Pk-(2 -W)_:1> % +  (2W)-1] ( k = l ,  ... ,  /), I0=[(p0—(2n)~1, (p0+(2ri)~1]. There 
exists a constant C2 = - 0  such that for any <p£J\ IJ h  lM(<P)l = Q- There exists
a constant C3fe>0 such that for any <p£Jk, \u(cp)\^Cs>k\(p — (pk\d. We set 
Co = inf C3  k. If n S N  one can find a  subinterval U of 70  of length (2?r) — 1  includedк *
either in some Ik or in 7 \  |J  Ik. Then

1̂ кШ1

f  \u{(p)\pdq> s= J\u{(p)\pdcp 
/ 0 и
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and the right side of the last estimate is greater than either 2Cg{öp + \)~l (4n)~dp~x 
or C|(2n ) - 1  therefore greater than

Cg(Sp+ l)_ 1 (4/i) _ á p _ 1  with C4  =  inf(C2 ,C 3).
If n<N, о bviously:

f  \u(<p)\'d<p s Q ( 4 « ) - áp- 1 ( ^ + l ) - 1  ^  C£(4N)~Sp~1(Sp+ l)~1n~ip~1, 
h

and in any case

f  \u{(p)\pd(p S  [Ci (4N)~>~1(d+ \)~1 e~1,e]pn~>p~1. Q.E.D.
10

P roof o f T heorem 1. It is sufficient to prove Theorem 1 when p is finite 
{since l|A||p-^^-+||A||S,) and for n ^ N 0(N0 given) (because a linear mapping of 
a  finite dimensional space in an other is continuous). Set Ik,„ — [9k —n~l, 9kJrn~1] 
and choose tV0  such that for n ^ N 0, the intervals Ik n be disjoint. Define En = 
= (J Ik n. Let nSN 0, Т£П*, p ^ i .  We have

f  \T(6)w(0)\pde ^  c g n -^ f  f  \t (0) п  Ie -e i \a<\pd6.

We define a trigonometric polynomial Rk by

Rkiß)=  П  (1 — cos ( 0  —0 , ) ) [ a ' ] + 1

■Vfc
([a;] denotes the integer part of a j. Rk is positive and boimded from 0 on Ik „ and 
thus

I T i e - e ^ ^ c M O )  if ee ik,n.
i9±k

Therefore
f  \T(9)w(9)\pd9 s C fn ~ a*p f  \T(9)Rk(9)\pd9 ^
k̂,n Ik,n

== (2C1)pn~akp~1\\TRk\\*J.
Let 90 be such that \\TRk\\t = \T(0o)Rk(9o)\ and

Jn = [flo- (2 n ) - \  0„ + (2n)-1].
Lemma 1 and (1) applied to \в—9k\akv(9) yield

f\T (9 )R k(.9)\9-9k\°*ii9)\pd9 ^  Cp\\TRk\\*Jn-^+adp-K  
К

Therefore
f  \T(9)w(9)\pd9 ^  C pnrp\\\9-9k\°*TRkv\\*pp.

L,„
But we have Rk(9)\9—9k\akSC w \w(9)\, hence

f  \T(9)w(9)\pd9 == C[1nrp\\Twv\\*p.
En
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On the other hand, there exists a constant C12 such that if 6 £ J \E n |t>(0)|s CJ2n r 
holds, whence

f  |r(0)w(0)|P clQ ^  c&nrp f  \T(0)w(0)v(0)\pdO S  Cf2nrp\\Twv\\*p.
J ' \ E „  J \ E „

Then it is sufficient to take C(v, w) = Cn  + C12.
Now we shall prove that the exponent r is sharp by showing that for each 

n one can find Т£П* such that

\\Tw\\*p ^ C 20nr\\Twv\\*P-

Obviously we can assume Ьг—г, 91=0. We have

| | 7 v v <  =S C 13 /  | | 0 | ,+ в » Г (0 ) | |'« * 0

for some constant Cia • Let y>~r+a1+ 1. Using the notations of [6 ], Ch. IV for 
Jacobi polynomials, we define T  by

Т(в) =  Pp'0) (cos 0).
It is well known that

]|Г||1 = |Г ( 0 )| =  (П + 7 ) ^ С 14̂

([6 ], p. 168) then using (1 ), if n ^ N 0

(2  и ) - 1 (2n) - 1

f  \T(0) w(9)\p f  \T(6) \6\ai\pde ^  Cfentp~“ip~1.
- ( 2  n ) - 1 - ( i n ) - 1

On the other hand, using [6 ], p. 168—169,

Therefore

P(n‘'Q) (cos 0)
С ^ п -^ в -У -1'2 if п - ^ 0 ё я / 2 , 
C1 8 nv if O s 0 á  п~г,
1 if л/ 2  S  0 ^  n.

+ 1 
/

П~ 1
||0 |r+«ir(0 )|pd0 S  2Cf8n™ f  0̂ r+ai)pdd+

0

Tt/2

+  2 C&n-p,z f  0 p('+«i- / - i / ! ) ( / 0  +  1  £  c 1p9 nf(' - r- “l)- 1,
..'Ll 2

whence ||7w||* ^ С 2 0 /гг|| 7vvn||*.
Proof of T heorem 2. We prove immediately the inequality by putting x = cos 0 

and using Theorem 1.
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To prove the sharpness of the exponent d we carry out the same proof as in 
Theorem 1, with the polynomials

p b -4 x )  if d = 2 a2,
P ^ i x )  if d = 2 /i2,

(2 ( т + 'ё^~) ~~1] if d = dk and e =  s§n (**)■

Application to orthonormal polynomials and approximation

Let иг be defined as in Theorem 2. Let us assume that for some positive con­
stants L  and A, f(0 ) = \ux (cos 0) sin 0| (0£[O, it]) satisfies \f{9+ 8)—f( 0 ) \ s  
s f  |log <5|1-A.

Then the orthonormal polynomials {/>„} with respect to the weightfunction
+ 1

|U]| (re. such that ;  P i  O) P j  (x) I щ (x) \dx= Su ) satisfy

|(1 - х 2)1 /4 |и1 (х)|1 /2 р„(х)| ^  K0
for some constant Kn. (See [6 ], p. 297.) Therefore, using Theorem 2:

(2) llpj~ = C21nd' ( n ^ l )
where d' = — max (cl 5  c2, cs, 2 ^  + 1 , 2 /^ +  1 ).

For a measurable function /  such that f^ \a [\^L 2{I) we put

and
£ „ (/)=  inf H/-PIL.

^  __
P ro po sitio n  1. Let f  be a function such that f |wx|€£-a( / ) ,  and for a 

q> d’ — 1/2, E„ w( f)  = Mn~q. Then there exists C and g such that En( g )^  Cnd' + 1/2~q, 
and g = f almost everywhere.

Lemma 2. Let q and к be such that q^-k + 1/2 and (b;) a sequence o f complex 
numbers. I f  there exists M >  0  such that for each n,

then
Mn~q,

2  ik\bi\ ss Knk+1,2~q.
i=n +1

Proof. From Cauchy’s inequality we get
2 m + 1 / 2 m + 1 \l / 2

2  \bt\ ^  21/2m 2  M 2\
i = 2m + l  4  = 2m + l  /
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Therefore 2m + l
Z  nk\b„\ = 2k<m+1>+m<1/2~q)M  — 2kM lm(k~qJrll-)

n = 2m+l

and if q> k + l/2, Z nk\bn\ converges. Furthermore,
n = l

0 0  , “ 2kM2m<-k+1/2~^
2  пк\ьп\ Ш 2kM  Z  =  ^ \ k + l/,_ q

from where the lemma results immediately.

Proof of the proposition. Let Z  b i Pi be the orthonormal expansion of f
0

with respect to the system {/>„}. Then by assumption  ̂Z  !*;l2j  =Mn~q, and 
Lemma 2 yields:

z  (i + iy \b t\ s 2 K n d'+1/i- q.
i=n +1

Thus from (2) Z  btPi converges uniformly to a function g equal to /  almost
Ü

everywhere and

g - Z  biPi Ä Cnd'+1,2~q.
Proof of T heorem 3.

Proposition 2. Let 0. There exists a constant C(a) such that for any 
p£[ 1 > + °°] and arbitrary Р£Пп the estimate

|||х|“Р '| |р ^ С (а )п 2 |||х |аР ||р
holds true. Furthermore 2 is the best possible exponent.

Proof. First, we recall a result of [4], p. 412: if Р£П„ then
||(1  — jc2) 1/2P '1 |p S  C 22n | | P | | p .

Whence in particular:
ll'P,||z,i’t- l // 2 ,l/f2 ] ^  C22 }/2n\\P\\p.

Let us assume a£[0 ,1[. Then from Theorem 2

| | к | а^ / ||£ ! ’ [ -1 /У 2 , l / f 2 ]  — ll-P IlT i’ I - l / f i . l / f i ]  =

=  C2 2 \bn\\P\\p íá C2Sn1+a\\\x\aP\\p ^  C23n2\\\x\aP\\p,
and from [4]

M“P '||i P[1/)/2il] S  |[/>/||£P[l//i,l] = C'24n2||P||i l.[l//2ji] ^

^  C2 4  n2 2a/211 \x\“P\ |ip tv/5 , ц = C2 4 n 2  j/21 ||jc|«P| |p.

Analogous estimate holds for |||x |aP|[i p[_lj_1/)/2]. Thus Proposition 1 is proved 
when a < l.
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If a s  1  we put a= [a]+a with a€[0, 1[, [a] integer. Then

|x|°[P'(x)l — \x\*\xla]P'(x)\ = |лг|о:|(д:ы / >(х))'— [a|xM -1 .P(x)| S  
1яг|* |(хСа].Р(х)У| +  [я] |x|* |xt<,:l~1 i >(x)| =  A + B.

From the first part of the proof we get
M llp  =  c 2ö( « + ö)2 | | I * M | p.

and from Theorem 2
11*11, s C m »i | | |jc| 4 , | | , .

Q.E.D.
To establish the sharpness of the exponent 2, one can use polynomials

/>(у,0) (2 *2 - 1 )

Pro po sitio n  3. Let a^O; there exists a constant C(a) such that for any PCJ1„ 
and p 6 [ 1 , +=>] the estimate

||(l±x)‘P'(*)llP S  С(а)п2 ||(1 ± х )В Д ||р
holds true. Furthermore the exponent 2 is the best possible.

P roof. (The proof is made with (1— x)a) From [5], p. 473
ii(i -x)«p'(x)«iP[o , i^  i K i s

^  11(1 - х Г Р '(х )||p ^  С27пЦ( 1 - х 2 )*Р(х)||р ^  C2 7  2*n2 1|(1 -x ) /P ||p
since for |x |^  1 , 1  —x2 ^ 2 (l —x).

On the other hand, it is obvious that
||(1 — х)аР'(х)I I o ]  — 2*|[P |Ilp[_ i,o] =  ^ 28n2ll-f>liLp[-i,oi —

^  C2 8 n2 1|(1 - х т х ) ! | ш _1>0] ^  C2 8 n2 ||(l-x)=IP(x)||p.
The sharpness of exponent 2 is easily seen by the polynomials P^',0 )(x).

Now Theorem 3 is an immediate corollary of Propositions 2 and 3.
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KERMITE—FEJÉR TYPE INTERPOLATIONS. II
By

P. VÉRTESI (Budapest)

1. Introduction

We investigate general convergence criteria for the quasi-Hermite—Fejér 
interpolation process. Some problems of P. Túrán will be solved. Further, we 
discuss the convergence of Hermite—Fejér and quasi-Hermite—Fejér processes 
based on the roots of orthogonal polynomials generated by the weight

2. A general convergence theorem. Application

2.1. For an arbitrary f£ C  ( = /  is continuous on [—1,1]) we construct the 
uniquely defined Hermite—Fejér interpolatory polynomials H „(f;X ;x) of degree 
2 л — 1  satisfying

(2.1) H„(f; X ; **,„) =  /(**.„), X\ xki„) = 0 (k = 1, 2 ,..., n; n =  1, 2, ...)

where X  stands for the matrix

(2.2) “ I -= Xn.n -= Хл.и-1 <•••<  *2,»-= *i,n *= 1 (« =  1.2, ...).

Similarly, one can define the uniquely determined quasi-Hermite—Fejér interpolating 
polynomials Q „(f;X;x) of degree 2n + l by

?  í  Qnifl Y; 1 )  = / (  1 ) ,  Qn( f  ; A ;  - 1 )  = / ( -  1 ) ,  ß „ ( / ;  Z; xkJ  = f(x kJ ;
( 3 Y; хк'П) =  0 (fc =  l , 2 , . . . , n ;  и  =  1,2,. . . ) .

2.2. Let a>n(X;x)= cn f j  ( x - x k n). For co„(X; x)= P(nx’ß)(x) (where
k = 1

{p'“.«(v)} is the orthogonal polynomial system in [—1 , 1 ] belonging to the weight 
(1— x)“(1+ jc)p, — l< a ,  ß), the investigation of the convergence of {H „(f;X;x)} 
to / (jc) can be found in G. Szegő [1]. Similar questions for {Qn} were investigated, 
e.g., by P. Szász [2] and P. Vértesi [10].

In his paper [3], P. Túrán raised the following problems ([3], XXVI and XXVII).
1) Define the class of weight functions p (x) such that for the corresponding 

matrices P
lim Qn(f; P; x) - f ( x )  uniformly in [ - 1 ,  \]for fcC .

П —*■ oo
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2) For which p(x) and P is 

1

lim f  [f(x) -  Q„(J- P; x)]2p(x) dx = 0 (/€ C)

true?
(The matrix P corresponds to the weight p{x) if its и-th row contains the n 

roots of the и-th orthogonal polynomial belonging to p{x). As usual, we suppose 
р(х)ёО and p(x)£L.)

2.3. We provide answers for the questions raised above. Omitting the super­
fluous notations let

(2.4) dn( f ; X ; x ) ^ ^ - .

• f t

1 )
«ä(i> ](1+*)+[— -£:Г-пт1)-1 <■-*>} ^ c>-

We state the following

T heorem  2.1. For any fixed X  and f z C

(2.5) Qn{f-, X; x) -  Hn(/; X; x) = dn( /;  X; x).

Using (2.5) and the simple relation

(2 .6 ) £>„(/; x) — Hn(f; x) =  ß„(/; x ) - f( x )  + f(x )- Hn( /;  ,\)

we obtain the following statements:

C orollary  2.2. I f  for a fixed  x€[—1,1] and f(LC

(2.7)

or

( 2 .8)

r lim d„{f; x) =  0 and lim H„(f; x) — f(x)
I П-+00 «-► со

1  then lim Qn(f; x) = f(x);

( lim dn(f- x) =  0 and lim Qn(f; x) = f(x)
1 П ► со «-►CO

1  then lim Hn ( /; x) = f(x).

I f  the premises o f  (2.7) {or (2.8)) are uniformly valid in [a,b]Q[ — 1, 1] then the same 
holds for the conclusion, too.

As for the second problem of 2.2. we obtain as follows
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HERM 1TE—FEJÉR TY PE INTERPOLATIONS. II 335

(2.9)

(2 . 10)

Corollary 2.3. I f  for a fixed matrix P corresponding to p(x) and / 6  C
1

lim II</„(/; x)II =  0  and lim f  [f(x)~H n(f; x)]2p(x) dx = 0
Л—► со П-+ oo «/

1

then lim f  [f(x)-Q „(f; x)]2p(x)dx = 0;

1

lim \\dn(f; y)|| =  0 and lim f  [ f(x )-Q n(f\ x)fp (x )dx  =  0
71 -► oo 7J—► o o  ^

1

/Леи lim f  [f(x)-H „(f; x)]2p(x)dx = 0.
IJ-*- OO «/

(Here, as usual, ||g||[e,w = max |g(.v)|; ||g|| = | | g l l [ - i , i ] . )  By (2.4) and Corollariesâ x=ib
2 . 2  we get

Corollary 2.4. I f  lim \\H„(f; .v) —/ ( y)|| = 0  and

then
max ( IK W | 11д>п(х)|| \ 

V K (i)| ’ k , ( - i ) | J
^ К (в =  1 , 2 ,...)

lim || £?„(/; * )—/(x)|| =  0 (feC ).
n - + o o

Analogous statement holds for the convergence o f H „(f;x) to /(л ).
2.3.1. Let us see two simple applications to the above statements. By Corollary 

2.4 we get as follows.
a) For f e e

lim IIQl*'x)(f-, x)-/Cx)|| = 0  if -0 .5  ^  a < 0.П -*• oo

(Here and later Qlx,ß) (or H ^'fi>) stands for the process Q„ (or H„) based on the 
roots of P'f’ß)(x)).

Indeed, it is well known that lim ||Я^а,,)( / ;  л )—/(x)|| =0 if — 1«=а<0.
Further И/><*•«)(л-)|| =  \P f’’> (±  1) | ~  и1  (а ^  —1/2) (see e.g. [1]).

This statement was proved in [10], too. Using finer arguments we can get results 
which have not been settled. By Corollary 2.2 we obtain:

b) I f  fe C  then

Hm \\Q(„*'ß)(f; x)-f(x )\\ =  0 if - 0 .5 ^ a , /? < 0 .

Indeed, by [1], 7.32.5 we obtain with x —cos 5
'0 (1 )и2* if г ё О ,

[P<“'»(x)]2( l + x ) =  ’ 0 ( 1)
sin23 

n (sin 9)2ß' j ^ O ) ! ) « - 1  if x^iO
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and

[P^> (x)] 2 ( l- ;c )  =
0(1 ) n2» if x ^ O ,  

sin2 30 ( 1) n (sin 9)2x+i О (1) n— 1  if х ёО .

Using these, |Р^,Р)(1)|~ия, ]/>(*• W(— 1 )|~и<* and Corollary 2.2 we obtain b).
2.4. By (2.4)—(2.6) we can get divergence theorems, too. Here is an example: 
Corollary 2.5. I f  lim \\Hn(f;  x )-/(x ) || = 0  and

hm IK (/; *)ll S  c >  0  then hm \\Qn( f ‘, *)-/(*)ll >  0  (/€C).П-*- oo П—oo

2.5. R emarks.

2.5.1. By similar methods the statement 2.3.1. a) for a = /? = — 0.5 was proved 
by D. L. Berman [9].

2.5.2. Using (2.4) and (2.6) we can get estimations for the order of the conver­
gence, too. We omit the details.

3. Another application for two questions raised by P. Túrán

3.1. For the matrix (2.2) it is well-known that

(3.1) 
and

(3.2)

where

(3.3)

(3.4)

# „ (/; X, x) = 2  f ( xk,n)vk,„(X, x ) x )
k = l

£>„(/; X, x) — 2  f( x k,„)-.l qk,„(X; x)l2k>n(X, x)
k = 1  Xk'„

| / ( 1 ) 1+X (°"(X ’ ^  I / (  l ) 1" *  ÜJ"(X ' X>

-h

2 co!(X; 1) 2 w l( X - - i y

vk.„(X, x) = 1 — ^ ^ - ( X- Xk) (к = 1 , 2, ..., n),

lk,n(X, x)

to'(xk)

0J„(x)
ы ' п ( х к , п) ( х - х к п )

(к = 1 , 2 ...... и),

(3.5) * .„ (*  x) =  l +  f - r % — 7 7 7 7  T '1 (*-**..) № =  1 - 2 , . . . .  и)*- А -АД-.и ^n\^k,n) J
(see, e.g., [2] and [5]).

If for any x £ [—1, 1]

(3.6) vKn(X, x) ^  q >  0 (fc = 1, 2, ..., n; n = 1, 2. ...)
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then the matrix X  is called o-normal, similarly if
(3.7) 4k,n{x-, *) =  e >  о
then X  is e-quasi-normal. These properties are very important considering the 
convergence behaviour of our processes. Namely we have

Theorem 3.1. I f  X  is g-normal then {//„(/; X, x)} uniformly tends to f  (x) in 
[—1,1] whenever f£C ; the same holds for {Qn(f\X ;  x)} supposing X  is Q-quasi- 
normal.

(The first part of this statement was proved by G. Grünwald [5], the second 
one by J. Sántha [6].)

3.2. If X  is e-normal then the root sk<n of vkn(x) is outside o f[ —1,1]; if X  is 
e-quasi-normal then the root tk n of qk,„(x) is outside o f [—1 , 1 ] (k = 1 , 2 , ..., n; 
и = 1,2, ...). The points {£*,„} are the conjugate points', the roots {ft>„} form the 
quasi-conjugate points. By these definitions we can formulate two problems raised 
by P. T úrán.

1) Define a matrix X  for which the set „} is dense in [ — 1,1] and 
lim И# „ ( /;  X: x)-f(x )\\ =0 i f  fcC .
П-+00

2) Define a weight-function p(x) vanishing and continuous for a certain x0£( — 1, 1) 
such that for the corresponding matrix P

3.3. These questions were solved by J. Balázs [4]. Our aim is twofold. First 
we generalize his results and by these new statements we settle the analogous prob­
lems for the process {Q,,} using the results proved in Part 2.

3.4. Let us consider the weight function

and denote the corresponding orthogonal system by {/^’^ ’(x)} (see La sc e n o v  [7]). 
One can prove

lim II//„(/; P: x)—/C*)ll =  0 if feC .

(3.8) P{x,ß',x) = \ x \ ^ \ \ - x * y  (a, /? >  — 1, jc€[—1, 1])

y j . y )

from where for the roots {yk%ß>}k,„ =  F(a, ß) of (x)}

sin—̂ — (n is even; к — 1 , 2 , .. .,  n),

Q (a + 1 ,0 )
sin ——^—  (л is odd; к = 0 , 1 , 2 , .. .,  л)

where =cos 9i%ß)} (к— 1, 2 ,..., ri) are the roots of Pjj,ß)(x) and 3 (0*'„ß> —0
(see, e.g., Vértesi [11]).

First we state
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Theorem  3.2. The necessary and sufficient condition that for any fd C
(3.11) Hm И//„ (/; Y(a, ß); x)-f(x )\\ = 0

ft-*- OO

is that the relations
(A) —l e a ,  ß < 0 and ß —a = 0.5
should hold.

By Theorem 3.2 we get the following special cases:
Co ro lla ry  3.3. Supposing that
(a) — 1  <  ß ä  a < o, or

(b) — 1 <  ß ^  —0.5 and — 1 < a <  0, or
(c) — 1 <  ß <  0 and —0.5 ^  a <  0,

then
lim II#„(/; Y (a, £); * )- /(x ) || -  0  for /€ C .

For the conjugate points of Y  we state
Theorem  3.4. I f  —1/2 then the conjugate points o f  У (a, ß) are dense

in [—1,1]. Moreover, if  a=-----— they are dense on the real line, too.

3.5. By Corollary 3.3 and Theorem 3.4 we get
Co ro llary  3.5. Supposing — 0.5<a, /J<0, the matrix Y (a, ß) and the weight 

p  (a, ß ; x) solve the problems o f  3.2.
3.6. Using Corollaries 2.4 and 3.3 we obtain 
Corollary  3.6. I f  -O .5 ^ a ^ /j< 0  then

(3.12) lim II£„(/; У(а, ß), *)-/(*)|| -  0 for f£C .
M—►oo

Corollary 3.6 solves the second problem of 3.2 for Q„ if —0.5<a<0.
3.7. Let us consider the quasi-conjugate points of Y. We state

T heorem 3.7. Let —1</?-=0. Then, supposing the quasi-conjugate

points {h_„} o f У(а, ß) are dense in [ — 1,1]. Moreover, if  a < — they are dense 
on the real line. I f  /?>0 a statement analogous to Theorem 3.4 holds.

3.8. By Corollary 3.6 and Theorem 3.7 we get
C orollary 3.8. Supposing — 0 .5 < a^ ^< 0 , the matrix У(a, ß) and the weight 

p{x ,ß ;x ) solve the problems o f  3.2 for the quasi-Hermite—Fejér interpolation.
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3.9. R em arks. 3.9.1. For the special cases — 0.5<a<0, and ß——0.5 the 
relation (3.11) was settled by J. Ba l á z s  [4]. Similarly, using a method different 
from our one, he proved, that the conjugate points are dense in [—1 , 1 ] whenever 
—0.5<a< 0 and /?= —0.5.

3.9.2. If a = — 0.5 then by (3.8) the orthogonal system will be the ultra- 
spherical Jacobi polynomials which are settled in [1] (see Theorems 3.2 and 3.4.) 
Using [10], (4.28) and [8 ], one can obtain the position of the conjugate and quasi­
conjugate points for a —— 0.5 (See Theorems 3.4. and 3.7.)

3.9.3. In their paper [12], К. K. M a t h u r  and R. B. Sax en a  investigated the 
problems raised in 3.2 for ß„(/; Г). Unfortunately, their proof is erroneous, 
(Namely they use Pmi’,?~1/2)( 2a2 —1) and P(f ,q+1,2)(2x2— 1) instead of

(2x2—l) and 7>if’<,+1 )/2 )(2x2 —1), respectively (see [12], (4.1)). Further [12], 
Lemma 6.1 states (1— x 2)pl(x) = 0(n~1) ( —l ^ x ^ l )  which is not valid, e.g. 
for x —0 .)

4. Proofs

4.1. P roof of T heorem  2.1. By (2.1) and (2.3)

0 „(/; X; x ) -H n(f; X; x) = w2(X; x)(anx+ bn)

because S„ (x) = Qn (x) — Hn (x) is a polynomial of degree ~ 2л +1 for which 
Sn(xk) = S'„(xk)=0 (k = i,2 , Moreover, for x =  +1 we have

I f( \)  — Hn(f; 1 ) =  ш2 ( 1 )(Ь„ + а„),
(/(-!)-#„ (/; -1) = (ol(-l)(bn- a n).

Solving this system for the unknowns a„ and bn, we get

_  1 [/(!)  —Я„(/; 1) / ( — l) — Hn(f; —1)1
" 2 L co2 (l) oj^(-l) J ’

l  _  1 , Л - 1 ) - Я л( / ; - 1 ) 1

" 2 L co®(l) + J’
which give (2 5).

4.2. Proof o f  T heorem 3.2. 4.2.1. Suppose (A) holds. First we quote a lemma 
which was essentially proved by G. Grünwald (see the proof of Theorem 2 in [5]).

L emma 4.1. J f 2  Л 0 0 1  = 0(1) and hm 2  \ l k , n ( x ) \  = 0 uniformly in 
x£[ — 1,1], then Jim \\Hn(f; x ) - f  (x)\\=0 for /€C . (Here, as usual, hk-n(X;x)=  
= It к 00 = Vk (x) Ik (X) and r]kt n(X m, x) = r]kn (x) = (x -  xk) / | (x).)

A c ta  M a th e m a tic a  A c a d e m ia e  S c ie n t ia r u m  H im g a r ic a e  33, 1979'



340 P. VÉRTESI

4.2.2. We apply this lemma for Y. By [11], 4.1 and a simple computation 
we have

P (l — 2x2)" (n is even, к — ± 1 , ± 2 , . . . ,  ±и),

<4.1) lKn(Y;x) =<{

4УкРп(х1к\) ( х -у к)
xPn(l-2 x* )

4УкР'п(х\к\ ) ( х - у к)
Pn( l - 2 x2)

(n is odd, к — ± 1 , + 2 , . . . ,  +n),

Pn( 1)
(n is odd, к =  0 ).

(Here and later on, if n is even then the corresponding parameters of P„, P'n and 
xk<n are (a, /?); for odd n they are (a + 1,/?).) Further

(4.2) vki„(Y, x) —
1 + - L  [ 2  g ~ ^ ^ ~ ( a 4 ~ f t + 2 ) * u i

Ук [ 1 +  *|*|
1 , n is odd, к  =  0 .

- 1  (* -Л ). (и =  1 , 2 ,...,
J к = i  1 , ± 2 , . . . ,  i n )

4.2.3. First let и be even. Then, as in [11], (4.1) we get 2  Vh n(Y; д»)[ =  О (1)
l*l=i

supposing that (A) holds. (More exactly we obtain for arbitrary — l< a , ß

n /  y, 2ß n \
2  | 4 . № / 0 ;  *)| =  o ( i)  ! + „ * + „ * + "  2 H

i* i = 1  '  n  ^ = 1  >

from where by (A) we get (3.11).)
Further, by a rather long and not so trivial calculation similar to [11], 4.1, 

we can prove with y=max(a, ß, —0.5)

(4.3) 2  Ш Y; x)\ =
1*1=1

By these and using the lemma we obtain (3.11).
4.2.4. For odd n, using (4.1) and the corresponding formulae for the Jacobi 

polynomials and roots, it is easy to see that

In n

ц2 У

if у =2-0.5, 

if у > —0.5.

‘k,2n +1 (Y; *)|
x p(*+hß)( i - 2 x2)

4 yk, ,n + 1 P'n(* + U W (4fnM)) (X -  Ук, 2П +1 )

=  0 ( 1)
p M ) ( \ - 2 x 2)

4Ук,2пР^П( х ^ ( х - у к,2п) 0 (\)\lkt2n(Y-,x)\ kr± 0

and l0,2n+i(Y, x) — 0 ( \) .  So this case can be calculated as the above one. This 
proves (3.11) for each n.
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4.2.5. Now we prove that condition (A) is necessary, too. First let — 1 <or, ß <0  
and /?—a>0.5 i.e. a < — 0.5 By (4.2) we get for a suitable 0 < c 1< l

k (i)[  = 1+T . A 2a+2 + (a +  ß+2)(xk- l ) ] ~ l ) ( l - y t)У к  1 )  j

' j 1 -F — 1 2 _^ [2a+2+(a+/? +  2)<5] — 1 j( l  — Fk)| ~  jr

if 0< k ^ c t n, i.e. [дск—l[s5 . Now by (4.1)

2  №»0 )l
n

n-p 2
k =  l

П П2  /c2a + 3  

~k~k2 /l2a + 4
n2ß

П2 a +  1

n
2  k* * 0 (1 ) ,

k = 1
i.e. (3.11) does not hold for a certain f£C .

If a^O then, as we proved in [11], Я „(/1 ;0)~я®* for n = 2 ,4 ,... and f L= x2. 
For ß^O  consider f 2(x) = l —x. We have, as above, supposing — 0.5

Iя . ( Л ;  D - / . ( i ) l  =  IH niS t, i) l  s  I  2  М уЖ ( 1 ) \

„2ß
г  2  — c 2  •«и 2х +  _

Л * =  1

0 <fc<c1n 
2ß

Finally if а = — 0 5, ßsO then by 13.8) R<i~°-5'ß>(x) = c(n, ß)P(„ß'ß)(x), for which 
we know the statement. So we completely proved Theorem 3.2.

4.3. P roof of T heorem 3.4. 4.3.1. By (4.2) w e obtain

(4.4)
and by d efin ition

(4.5)

vk,n(0 ) =  2 ( / ? + l ) - j - ^ - 2 a ( k *  0 )
1 4 -Xjfc|

vk(yk) =  1 -
Using (4.2) 

(4.6) . =  v , __________ FtO+Xm)_________
Л  2 ( 0  +  l ) ( l - x |k|) - ( 2 a +  l) ( l+ * |k|) (к И 0 ).

4.3.2. First let — l < a < —0.5. Define 0 < а< й < 1 , b — a = d. We shall prove 
that for certain n and к, ^„,к€[а, b]. Indeed, by (4.4) and (4.5) one can verify that 
vk,n(®)> — 2a=»l +t] (fc= ± l, ±2, ...±n; i?=*0) from where, using (4.4)—(4.6), we 
can say that there exist 0  <Ci<c2< l  such that

(4-7) s[cin]i„ ^  a and ( n ^ n 0).

Moreover, by (4.6)

(4.8) \sk+1,n- s k>n\ s  ö if [Cln] s  к ^  [c2n], п ё п 0.

By (4.7) and (4.8) we get the desired relation. The case [а, 6 ] c ( — 1, 0) can be 
treated similarly.
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4.3.3. Let — 0.5<a. Using the above notations one can choose a constant 
c3 > 0  such that
(4.9) —2a <  tf*,n(0) <  1— »7 ( - c 3n ^  к <  0).
By (4.9) and »*,„(())-<t>t+ 1 >B(0) (fc<0) we can state that for a certain c4>0 

tc4 ii],n<: *̂ To go further let us denote the nearest root (of P->n (*)) to 
[2(/J+l) —(2a + l)][2(/J+l) +  (2a+1 ) ] - 1  =  A by xj(nln. Obviously |Л |<1 so 
jn~1-»ca where 0<c 5 < l .  Further by (4.6) lim „= I.e., for suitableП— oo
0 < c 7 < c 6 < c 5

(4-10) h ^  s_[(.,„]>n <  s_[C6„]>n ^  2 b.
The remaining parts are analogous to 4.3.2. The case а <  — 1 or а>  1 can be 
treated similarly.

4.4. P roof of T heorem  3.7. We use ideas analogous to 4.3. We sketch the 
proof. First we state

(4.11) qk_ JO) = 2 / ? - ^ - 2 a  = 2 /1 4 9 ^ - 2 * (* *  0).
Indeed, by [2], 1. §, (5)

(4.12) qk(x) = vk(x) + 2Ук (x- yk)
1~Ук

from where, using (3.10) and (4.4), we obtain (4.11). By simple computation

(4.13) Ф4г2“) (к  *  0).

4.4.1. Let /?<0 and а<  — 0.5. By (4.11) lim t k „=0 and t kjH>1 if <7*,n(0 )?al,.
i.e. yk(l — j D_1~(2oí + 1)(2^)_1 (&>0). By these we can get the desired result.

4.4.2. Let /?<0 and —0.5<a<0. Now ^,„(0)%0 if ^ f ( l—y|)_1»:a/S_1. 
For this &>0 tknm 0. Further lim t„ n = 1; these give the corresponding state-n- *-00 ’
ment. If <x^0, к can be equal to 1.

4.4.3. The case /1>0, by (4.4) and (4.11), can be considered as 4.3. because 
of qk(Y{a, /0 ; 0 )«»*(У (a, ß -  1), 0).
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ON THE GROWTH OF SOME ADDITIVE 
FUNCTIONS ON SMALL INTERVALS

P. ERDŐS, member of the Academy and I. KÁTAI (Budapest)

1. The letters c,cl t cZ t... denote suitable, e ,  el 5  e2, ..., <5 small positive con­
stants. Ei, e2, ... will depend on e. p„ denotes the n'h prime number, p, q, qk, q2, ... 
are primes. ^  denotes a summation over primes indicated. n(x)= 2? 1. a>(n)

P  P S x
denotes the number of distinct prime factors of n. (a, b) and [a, b] denote the 
greatest common divisor and the least common multiple of a and b, resp. [x] denotes 
the integer part of x. For the sake of brevity we shall write xi+1=log x { 
(1 = 0 , 1 , 2 ), x„—x.

Let
(1 .1 ) Ok(n)=  max co(n+j), ok(n)=  min co(n+j).

j = l , . . . , k  j = 1 ........к

One of us (see [1]) proved the following assertions. For every e>0, apart from 
a set of «’s having zero density, the inequalities

0 *(") - (1+ £)e( t o j ^ n r ) log 108и> - (1 _£)^ Ы п Ш loglog "

hold for every k = 1 ,2 ,__ Here q ( u )  (m sO) is defined as the inverse function of
\jj (r) =  r log -—hi defined in z ^ l ,  and p(n) («SO) is the inverse function of 
the same ijr(r) defined in 0 < z S l.  In the same paper it was conjectured that

( 1 .2 ) Ok(n) s ; ( l -E)Q (T~ -g- )  log log n,
and

o»(n) s  ( 1  +e)g log log ».

for every A:Si and for almost all n. The last conjecture is false, since for 
k=log «, <?*(«) = 0 would follow, which is impossible. Instead of it we state

(1.3)

where q(u) — 0 or 
We shall prove

o*0 ) = log log n,

MS 1 .

Theorem 1. For every e > 0  the inequalities (1.2), (1.3) hold for every к S i ,  
apart from a set of ns having zero density.

A c ta  M a th e m a tic a  A c a d e m ia e  S c ie n t ia r u m  H u n g a r ic a e  33, 1979



346 P. ERDŐS A N D  I. KÁTAI

Let g(ri) be a non-negative strongly additive function, i.e. g(p7)=g(p) for 
every prime p. Let
(1.4) f k(n) = max g(n+j).

j = 1 .........к

It is obvious that f k(n )^ fk(Q). We are interested in the conditions which imply 
that
(1-5) f k(n) sä ( 1  +£)Л(0 )
holds for every k> k0, apart from a set of n's having upper density at most S(e, k0), 
where <5(e, Ar0 ) — 0  as k0 —*■ CO .

This question was considered for some special functions in [2].
Let

g+(p) = n
if g(p) = 1, 
if g(p)>  1 ,

and g+(n) is defined as a strongly additive function generated by the values g +(p). 
By using the wellknown Túrán—Kubilius inequality

2  (g+(«)-^x)2 = cX B x ( s cXAx)

л х = 2P^x
g +(p)

p ’ Bx = 2p^x
g+\ p ) 

p
(S  Ax),

and that g (n )^ g + (n), we immediately have that the convergence of

у  g +(p)
Z  P

is a necessary condition for the truth of (1.5).
We are unable to decide if

/ 1  £\ x 7 g(P̂ )( 1 .6 ) z  ——  <co
is necessary for (1.5).*

Assume that g{p) tends to zero monotonically as p-*°°. We shall prove that
(1.6) is not sufficient for (1.5). This disproves the conjecture stated in [2], namely

g+(p) 1
that from the convergence of the series 2  ~—— , 2  —> 1 (1-5) would follow.

P 9(P)̂ 1 P
Finally, assuming some regularity conditions on

A (y)=  2  g(p)
we shall show that (1.5) holds.

Let t(x) be a real valued monotonically decreasing function defined for x s l .  
Let

(1-7) A ( y ) = 2 t ( p ) ,
psy

* R e m a r k . We decided this question affirmatively. We shall publish this in  a forthcoming 
paper in this journal.
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and suppose that

( 1.8)

and that for every positive constant ő

■ • A (y)_____
yi(exp(exp(/)))

Let g(n) be the strongly additive function defined for primes as g(p) = t(p).
Theorem 2. Assume that the conditions (1.7), (1.8) hold. Let s be an arbitrary 

positive constant. Then for every integer k0 the inequality
/ ,(« )<  (l+ e)/*( 0 )

holds for every k=k^ and for all but 5(k0,e)x  integers n in [1, дг]. Here 
b{k0,E)-*0 (k0— со).

We shall prove these assertions in the following sections.
Now we make the following remark. In [3], Iványi and Kátai proved the 

existence of a completely additive /(n) not identically zero for which f{n )= A j, 
nd[Nj, Nj + -r(Nj)] on a suitable set TV, <  jV2< ... of integers, where t{N ) = 
=exp (c j/(log N) (log log log N)), Aj are arbitrary complex or real values.

Now we prove the following
Theorem 3 . Let s > 0  and x > x 0(e). Then there exists a completely additive 

function f ( n ) for which
f(n) = 0 in [N+l,N+k(x)],

where yS lV ^.v  and

Л, , ) =  [И Р (( 1 _ Е) М Ю ) ) ]
log log;

and which takes on a non-zero value in [ l,  fx].
R e m a r k . Unfortunately we can not prove that there is an f(n) with infinitely 

many such intervals.
Pr o o f . Denote by N (x,y) the number of integers пШх all prime factors of 

which are not greater than y. By a theorem of R a n k in  [4]

log log log у
logy(1.9) N(x, >•) <  x  exp

Let k=X{x), x large. (1.9) implies

N{x, к)

'°g*+'°gl°gj' + 4oi7ol°ogv))-

n(k).

Thus it is easy to see that there is an interval [iV-bl, N+k] in —
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348 P. ERDŐS A N D  I. KÁTAI

for which the number of integers all prime factors of which do not exceed /t is 
smaller than n(k). Let n=A(n)B(n), where A (n) is composed of the prime factors 
^ к of n. Let n+/j (/=1, ...,A), h<n{k) be the n’s in [iV+1, JV+Ar] for which 
B(n+l,)= 1.

The additivity leads to the following linear system of equations:
(1.10) f(A (n+ lj)) = 0 Ü  =  l,
(1.11) f(B(n + r)) =  -f(A(n + r)) (r ^  lj(j =  1,

where the indeterminates are the values / (p) for primes p contained in (ЛЧ-1 ) , ... 
..., (N+k). (1.9) is a homogeneous system, the number h of equations is smaller 
than n(k), therefore we can choose values /(/+ )> ..., f ( p n̂ k)) non-trivially such 
that (1.10) hold. This holds in the case 0, too. To finish the proof we need to 
take into account only that B(n+r) { r ^ l j ,  j —i, ...,k )  are mutually coprime, 
so we can solve (1.11). This completes the proof of Theorem 3.

2. Lemmas. Let к be an integer, f  be a finite set of primes greater than k. 
Let 2Tr denote the set of integers of the form tr = q1q2...qr, q ^ ^ ,  q ^ q j  (iVy),

(2.1) P =  2 W ,  Tr = 2  i / /„
pi» tri» r

(2.2) a = 2  ~  Pi» P~
Let Пr be the number of elements of STr.

Lemma 1. For every r ^ 2  we have

(2.3) Pr a P'~2 Ä T  Ä 
r! 2 (r—2 )! ~  r ~~ r!

Proof. The right hand side of (2.3) is obvious. We prove the left hand side 
by using induction. The assertion holds for r = 2, since

T2 = - (P * -a ) .
Observing that

we get
T r P  ^  Tr+1(r+ \ ) +  2  z A  2  7-----}  — T r + i ( r +  О +  яТ’г - 1>

p i » P  4 t r - i , p ) = l ‘r - l >

_ T.P a
Pr + 1  — _ , 1 , , Tr-1>r + l  Г+ 1

and by the induction hypothesis

Tr + 1^
a Pr~2 \ P 
2 (r —2)!/  r+ 1

a Pr~x 
r + l  (r — 1 )!

Pr+1 a P r - 1

(r+ l)! “ T  (>— 1 )! ‘

By this Lemma 1 is proved.
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We shall use Brun’s sieve in the form of Theorem 2.5 in [5], or in the simpler 
form of [6 ], Theorem 6.2. Namely we shall use the following result, which we 
state now as

Lemma 2. Let аг, a2, ... be positive integers, 3d a finite set o f  primes, all o f them 
smaller than z. Let

>l(y, d) 2
av = o(d)  «

where у (d) is a multiplicative function on the set o f square free numbers all prime 
factors o f which are in 31. Suppose that t]{y, d) = y(d) for all such d, and y(p) = 
=  0(1), y{p)Sp — 1 for all pkdd. Putting R =  Ц p, for y ^ r  we get

pi»

(2.4)
flv —У ■ - ' Д О - ^ Н М -

1 logy))}
2  log z J J r

Let now 3d be the set of all primes in (к , r), where z< x 1/4r. Let sd be the set 
of integers n= trb, where trd3~r, (b, JJp )= 1. Let

Pi»

and put

(2.5)

Let

(2 .6)

1 ,
0 ,

if n£sd, 
if n $ sd,

2 >0) = 2 У (п ), 2 M = 2  V(n)V(n + h) (h =  1,
пшх n+h-^x

and /.(it) a multiplicative function on the square free integers defined for primes 
„ b y  ;.W = ( i - i ) ( i - 2 ) \

For the computation of 2 (0)’ 2 <h) we shall use previous lemma. Let 
N{y\3) be the number of b S y ,  which have no prime factors in 3d. By (2.4),

W )  = yr ,{ i+4 x p ( - n ^ ) ) } ,
since x/tr=.\'3,4. Consequently

(2.7) 2 (0) =  2  A t \ ^ \  = T r^ x il+ O ie - ') ) .triJ-r st, )

Consider now 2 <A) (ASi). First we count the integers n, n=t<r>b1, n+h=  
= t(2)b2̂ x  with fixed Г<1}, t (r2)£3~r. There is a solution only if (t}1*, /<2)) =  1. The 
solutions b2,b 2 of t<r2)b2~ t <rl)b1 = h are in the progressions b2 — b f )-\-st(r'i),

s» A c ta  M a th e m a tic a  A c a d e m ia e  S c i e n t ia r u m  H u n g a r ic a e  33, 1979
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bj =b{0> + st(ru (i= 0 , 1, 2, ...)• Sieving those elements byb.> which have prime factors 
in á**, we get that y(p) = 2 i fp { t (r2), and y(p) = 1, if p\ tj.11 . Thus by Lemma 2,
(2 .8) 2 ш = хГ2(1+0(ё'))А,

A ^  Н П Ч 2>)

Since t (r1] t(2) = t2r has ^  j solutions for fixed t.2r we have

A

Let h(d) be the Moebius transform of /.(d). Then h(p) -
P — 2

, h(d) is multiplicative,
and we have

T2r 2  s  7-2r+  2 { 2 T2r- V.
*2 r v = i  U e $ - V о  )

Taking into account that

2

from Lemma 1 we get

h ( S )  _  1 jÍN- 1 Г 2  Ч  c  X
<5 -  v! 1íp't'ii p(p~  2) \ -  v! U lo g ic )

H h r) or
Í  2ГС )^  t  l 2r -  ( 2 r ) \  e x p l  Pk log к  )  '

1  implies that

( i  4 a r ) P-r
^ 2  r ( 2 /•)! ’

and so 

if

(2.9)
We have

whence

Consequently

(2. 10)

( 2. 11)

if (2.5) holds.

Ч£)'М«Ы)'
=  0 ( 1).Pk log к

log Г2 = 2 log / \  +  0(а), log Fj = -P + 0 (a ),

Г 1  =  e -P ( l+ 0 (u)), Г2  =  e _2p(l + 0 (a)).

> - xe- p pr I 1  + 0 ( 0  + 0  ((
i + O 1 )]г !“ 1 log к ) j

pír— Xp-2p [ l + 0 (e - ')+ o (!( 7 +1)1 1  1 )r! 1 A log A J J
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Let

(2. 12)

(2.13)
We have

and observe that

Fk(n) = 2  V(n + i), Л = ke p-^-, 
1 = 1  Г*

E =  Z i F M -ЛУ-

E= z  n W - 2 A  2  Fk(n) + A*x,

2  Fk(n)= к 2 Ш +О(k%
ПШХ

2  Ft(n) = k Z (0)+ 2  2 ( k - h ) Z h) + О(fc3).

Collecting our results we get
Lemma 3. I f  {2.9) holds, then

(2.14) £ =  о ( Х(Л Ч .Л )(е-'+ - ^ ^ ) + ^ л ] .

Let now 2P be an arbitrary set of primes, P= 2  l/p>

(2.15) < » ( n \0 ) = 2 h
p\n

PÍP
(2.16) OAri)— max co(n+j\0>), ok(n) = min a i(n + j|^ ).j=l,...,k j=l,...,k
Let Dk(.x, L\@>) be the number of » S r  for which Ok(n\iP)^L. It is obvious that

Dk(x, L\3?) ^  z~L 2  z°kinm = z~Lk 2  zminW,n^x n^x+k
for z ^ l .  Observing that

2  S  (x+ k) / 7  Í 1  +  — ) ^ (x + k )  exp (zP),nSx+k pí&V P i
by substituting z=L/p, we get immediately 

Lemma 4. I f  l s k s r ,  L s P, then

(2.17) Dk(x, L\0>) ^  2xexp ^logk-L log-^-j .

3. Proof of Theorem 1. First we prove (1.2). Let В be a suitable large constant 
depending on e. First we shall prove (1.2) for
(3.1) к S  exp ((log log n)B).
Indeed, if we define tk to be the largest integer / so that the product of the first / 
primes is smaller than k, then we get Ok(n)^O k(0)=tk. From the prime number 
theorem we get

»к
log к ~  2  l°g Pj ~  P,k ~  h log tk, 

i = 1
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whence

tk. r̂ / log fc 
log log к

Furthermore, as it is easy to show, <?(“)
и

log и (И со ), whence

(iö^loiir)logloß n (l E) log k
v 2 J log log к ’

if В is large enough. Thus (1.2) holds if (3.1) satisfies. 
Let В be fixed, x large, and put

(3.2) log кa = ------.x>

Observing that f? (A) ~  1 + ('2 X (2 ~ 0 ), therefore by choosing ех to satisfy

Hardy—Ramanujan’s wellknown theorem that cu(n)~log log n for almost all n, 
we get (1 .2 ) in O áaS ej.

Assume that

(l + 2 | / e ^ -1 , we get 1. We can choose % =— . By using 16

(3.3) e1 x 2  5  log к ^  x 2.
Let r be an integer for which

(3.4) r = Ax2 + 0 (l) , A =  (1 — e2)Q(ot),

e2  being a small positive constant.
Let 9  be the set of primes in (к , x1/4r) and Nk r(x) denote the number of n ^ x  

for which Ok(n)<r. For these numbers Fk(n)=0, and by Lemma 4

(3.5) Nkir(x) Ш ^ о \ х [ 1 + -1 )  [e~' 

From (3.3), (3.4) we have

r + P \ к3+к2л \
+ Pk log k ) + Л2 I ‘

aSx®  (  A S  cxf-1, log r = 0 (x3),

P =  x2 + 0 (x 3),

By using 

Since

r + P 0̂  +  1)*, = 0 (  n
Pk log к x 2ec‘xaa.x2 

Stirling formula,

log A =  log к P г log ~p^ ”Ь О (log r) = (ос — ф(А))х2 + 0  (x3).

•K A ) =  ( l - e 2 )i/r(0 )+£ 2 + ( l - e 2) e lo g ( l - £ 2)
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and ф(д)=а, therefore by using that e(A)~l +  V/2 A (A~0 ), we get a — 1 

Ше%/2, if a&4el, e2  being small. Choosing e2 S}/2e7, we get that /1ё1  for all 
large x and for all a in (3.3).

Since e~r« e ~ A**, we obtain that

(3.6) Л^Дх) — с2х{е~Лхг + е~ХХг12}+ 0 (х112).

Let now ctj =j \ , kj=[e*jx*\, j=  1 ,..., T, and T — 1 is the largest integer for 
which aj-.jS.v?-1. Thus T = 0  | y x 2 - 1 j, and from (3.6)

(3.7) 2  Nk„rO )« * e  3*2.
i = 1

Hence it follows that for all but О (xxx 3) integers n in | y , xj
(3.8) o fci( n ) > ( l - | ) e ( - ^ ) x 2  (i =  1,.... T).

Let k£[k.-,ki+1) and suppose that (3.8) holds for an n. Since Ok(n )^O k:(n) and 
ß(a)<(l +c 3 e1 )ö(ai), therefore

Ok(n) >  (i —y )  e ( ° 0  lo§ l°g «•

Since log log n increases very slowly therefore

holds for all but 0 (xxx 3) integers и 6 [ y , xj. This assertion holds for x ^ X 0. 
Choosing now x —2vX0 (v = 0 ,1,...) and using our result, we obtain (1.2).

The proof of (1.3) is very similar. Since в(к)~1 — У2к (2~0), therefore (1.3)
g2

is obvious if а —у  •
Let SP be the set of primes in (к, x1/4r),

а = log к
9

X 2

r be an integer for which r=H x2+ 0(l), H = q(ol)+ e3.
Let Bk ,(x) be the number of nSx, for which ok(n\5?) =*r. For these n’s 

Fk (n)—0, and by Lemma 4 we get

(3.9) Bk,r(x)
_ J__ ) k3+ k2A

^  к log к ) C* A2
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From Stirling formula

log Л = log {ke~p = ^ a - l - / / l o g - ^ j x 2  + 0 (x3) =  (a-il/(H))x2 + 0 (x 3).

Since —xjj'{z)= —log z is decreasing,
H 1 ,

'l'ie)-'l'(H ) = J  —log z dz  ё  (# -i? )lo g — =  £3log — ,
Q

consequently

х - ф ( Н )  =  \1/ ( д ) - ф ( Н )  s  föj in

if £ 3  is sufficiently small.
Thus /1^1, and

(3.10) Bk<T(x) S  c5x (e - , +k~1).
Let J 8! and 3?2 be the set of primes in the intervals [1, k\, [x1/4r, x], respectively,

and
Л  =  2  1/P = loglogfc+0(l), P2= 2  l/p log4r+ 0(l).

p<k xl/4r<p^ x
Applying Lemma 4 by 

we get
( L - ) L  -  41°gfc ( } 1  logloglc’

(3.11) ^ ( x . L J ^ S x / F .

Observing that log A: = e2=ax 2 S — x2, and P2 = 0 (x3), by choosing L = Lk, we get

(3.12) Bk(x, Lk\0>2) =S c(e)^.
Since

ok(n) =  ok{n\&>) + Ok( n \ +  Ok(n\&2),
from (3.10), (3.11), (3.12) we have that for large x
(3.13) ok(n) =  r + 2Lk ш (e (a) + 2£3)x2,
apart from at most 
(3.14) Ci(£)x{e-(é(*>+E3) * 2  +  е -“ г/2 }
и in [1 , x].

Let x, =  / — i t - 1, .. . ,Г ) , 7^= +1, kt=[xft. From (3.13) and (3.14)
we deduce that
(3.15) ок.{п) Zs (e(«j)+2fi3 )x 2  O' = 1 ,..., T)
holds for all but с2(е)хе~СзХг n in [1 , x], assuming that £ 3  is sufficiently small.
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(3.15) easily implies that

(3.16) ok(n) S  (<>(*;)+  ̂ p) * 2

for every k(i[k1, k T\. This is an immediate consequence of the fact that Q ^ q(ccj) —
g

— ß(ozJ+1)< —. Indeed, since ^ '(2) = logz, — q' is increasing, we get

e2 I s 2 1 £2 £
e ( < X j ) - e ( X j + i )  ^ - e ' ( « i ) y y  =  -

1 2  log{?((*!) 1 2  log(l —|/2 a,) 4

Putting log log и instead of x2 in (3.16), we get that

CU7) „,(„) s {S ( _ | i L _ ) +£jloglog»

holds for all but c2(e)xe езХг n in
Choosing a large X0 and putting x  = 2VXU (v =  0 ,1,...) we get (1.3) immediately. 
Theorem 1 is proved.
4. A counter example. Now we give a non-negative strongly additive g(n)

for which g(p) is monotonic, and (1-5) does not hold.
Let Лг = 1, Rs+1=exp (exp (R,)), JS=[RS, Rs+1). We define g for primes. 

p as follows:
1

g(p) =  ^ l 2  s =  ! > 2 , . . . .

Since

therefore

1 logÄ
Л ш Р  l0S logA + ° ( l o g ^ ) ’

2*y- =p P s= 1  '■p£Js P * ^

Let p be a large integer, 2P be the set of all primes in (k, i?;t+2]- Let

r = 2R*+1, logic =  (2 + t) ä 2 + 1  log Rß+1, -г- — г =  ~ .
Let

Now we use Lemma 3. Its conditions are fulfilled. By an easy computation 
we get
(4.1) v  1

for large p.

2  1  -  хе“ л »*+ 1n^x 
Fk(n) = 0
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Let <5 be small, p be so large that <5>e_Ä*+1. Then for all but öx n in [1, x] 
Fk(n)ixO. For such an n for at least one j,  1 s j s k ,  n+ j has at least r prime factors 
in [1 , 7^+2), and so

Consequently

(4.2)

g(n+ j) =
r

R, +iOi + i)* '

/ * 0 0  =
r

Rß+i(M + i)*
2R,+1

0 ^ + 1  )2 ‘
Consider now f k(0). Let tk be defined as above, i.e. p1...p ,k^ k ^ p 1...p tkp, +1. 
It is obvious that f k{0)=g(tk). From the prime number theorem we get

Let

Then

log к ~  p,k ~  tk log tk (p -  °°).

As = П Р  ( s  =  1, ..., p), B =  П  P-
P i ' s  R u  + l - P — P t k

and so
g (^ s) =  ~д~Г {n(R*+i)-n(Rs)},

2  g(As) =§ 2 2̂  Rs+1 3 Rii+i
s=i siI Rss~ R^p2

Furthermore, for an arbitrary but fixed s> 0

g(B) =
1

^ ( 1 +e)

-K„+i(i* +  l ) 2

logic

{< p ,)-K (R ß+1 )}^ Rh+i (p + i ) 2

(loglogfc)^+1 (/c+l ) 2  

if p is sufficiently large. Consequently for large p
<i +4 + t )

Rii + i
(^ + 1 )2’

/*(0 ) < 1,6 Rß+i
( д + 1 ) 2

for all but őx of n’s in [1 , x].

and f k(m) > 2
Rn+ 1

0  ̂+  D2

5. Proof of Theorem 2. Suppose that the conditions (1.7), (1.8) are fulfilled. If 
A (y) is bounded then the assertion is almost obvious. Indeed, if A(<*=)=B, then 
sup g(n) = B, i.e. fk(«) ̂ B. Furthermore f k(Q)-+B, and so f k(n) —f k(0)< efk (0) 
for every и, if A: is large enough.

Suppose now that A(y)^>-°° Observe that the prime number theorem
easilj implies
(5.1) A (0 )-( l+ o (l))^ (lo g fc )  ic(—
Furthermore from i(y)—0 (y — °°) we obtain
(5-2) f 2k(0) = Л (0 )+ о (1 )  =  (l+ o (l))/* (0 ).
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Hence
<5.3) Л( 0 ) S /,(« )  s A +,( 0 ) = / 2 t(0 ) S  (l+ e)A ( 0 ),
if k> x, n S x , к is large.

Now we assume that k ^ x .  Let <5 be small,
H = exp (exp ((log kf)),

and
, . Íg(p), if P ^ H ,

if p>H~,
10, if p * H ,  

g2 ( p ) _ U(p), if p > H ,
and gi(n), g2(n) are the corresponding additive functions. Let

It is obvious that 

Let 0=1+20,

Л(,) (n) = . max g; (n +j) (i = 1 , 2 ).j = l,...,k

Ш  s / t(1 ) (n )+ /f(n ).

Let Сг(л:) be the number of those n S x  that have at least /• prime divisors in 
II, Щ. It is obvious that

We have

and by 

we get

i.e.

(5.4)

P =  2 j -tr L'r J 1 ■ p^H P

kCr(x) S л: exp ^log к — г l o g + О (log r)j ,
P =  (logfc)4 + 0 (l)

(5log к -  r log —  +  О (log r) Ä _  — log fc,

fcCr(x) S fc*/*'
If the integers n+ j 0 = 1 , •••, r) have no r distinct prime factors from [1, //], then 

/*(1) (n) S  g (Pi • • • pr - 1 ) S  (1 +  3S) A (log k).

Thus we proved that
A(1) («) ^  (1 + 3<5) A (log fc) 

for all but x/ks,i integers «€ [1 , x].
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Let now t] be a small positive constant, A=tjA (log к). We put z = eu (и^О),

D(x, z) = 2  z92<n)-

The function zeiM is multiplicative, and its Moebius transform /(л) is defined for 
prime powers as

r e“»(p)_ 1 п > Я ,

' < H o ,
l(p’)= 0 (» a 2 ).

Consequently
e«9(p)_l ■

Let u= 1

2 t{HY

D(X, z ) = z m f e U *  nd s i я< ;5 1  '  P /
Then from e“e<p) —1 <2ug(p) it follows that

D {x,z) ^  x e x p ilu  2
l  я < 1 к  x P 2Я < р < 1  P

Let B(x,ri,k) denote the number of those n S r ,  for which / 2 (« )s J . We obtain

£(*, rj, к) ^  к 2  ze2(n)- Ju s  xexp f— di< + 2 u ^  ^^-+logfc).
ЛШХ '  / / ' /3 - X P )

From (1.9) we have

for large k, i.e.

Consequently

-Au + 2u 2  - ^  + log к <  — 3 log к 
H<p<x P

В(х, ц, k)

/*(«) <  ( l+ 3 á  + v)T(log/r) 

for all but (■p/4 + ^ )  x  integers и in [1, x], for every large k. Let 3S + From
(5.1) we get 

(5.6) / , ( « ) <  ( l + l )  Л ( 0 ),

if k^c(e).
We choose (k = )k v = 2vk0  (v =  0 ,1, 2, ...). Then

(5-7) / * » <  ( i + - |)A (0 )  (v =  0 ,1, 2,...),
allowing at most

0 0  cx
2X 2v = l  K0
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integers n in [1, x\. Suppose that (5.7) holds for an n. If k ^ k 0 k £ [ k v, k v+1), then 
from

Л 0 0  á / t v+1(n) S  ( i + y )A v+1(°) -  ( i + y )  ( i+ j ) / * ( 0 ) ,  
the inequality

Ш  <  ( 1  +е)Л(0 )
follows for every k ^ k 0, which completes the proof of Theorem 2.
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ON THE STRUCTURE OF SPACES WHICH ARE 
PARACOMPACT /»-SPACES HEREDITARILY

By
Z. BALOGH (Debrecen)

Introduction

Paracompact /»-spaces (or paracompact M-spaces) have been proved to be 
exactly the regular 7j spaces which have a perfect map onto a metrizable space 
(see [1 ]) or, equivalently, the spaces which are homeomorphic to a closed subspace 
of the topological product of a metrizable and a compact T2 space (see [11]). 
Clearly, subspaces of paracompact /»-spaces are not in general paracompact p- 
spaces. (Take, for example, any T2 compactification of a non-paracompact, com­
pletely regular space.) Let us call a space which is hereditarily a paracompact 
/»-space an -space. (This terminology is adapted from A . V . A r h an g el’s k iI [3].) 
The one-point compactification of any uncountable discrete space is an example 
of a non-metrizable Fpp-space.

In the present paper we prove a general decomposition theorem concerning 
perfect maps. It follows then that every Fpp-space is the union of at most coj of 
its metrizable subspaces. With the aid of this result we are able to give affirmative 
answers to the following two problems of A . V. A r h a n g e l ’skii [3] (Theorems 
3.2 and 3.4):

1. Is the Souslin number (the supremum of cardinalities of pairwise disjoint 
families + gj) of an Fpp-space equal to its weight?

2. Does every Fpp-space have a dense metrizable subspace? 1

Earlier these problems were affirmatively answered under GCH and CH, 
respectively. (See [7], [9], [4] and [5].)

Concerning our terminology and notation we remark that x always denotes 
an infinite cardinal. Cardinals are identified with initial ordinals. Given a topological 
space (X, x) (or briefly X) and a subset Y  of X, т|У denotes the subspace topology 
on Y relative to x, clT Y (or briefly cl Y) denotes the closure of Y in (X, x). The 
notation concerning perfect maps and relations is explaned in § 1 .

§ 1. Preliminaries

We shall use the following notation.
Let (X , x) be a topological space and R an equivalence relation on X. For any 

point x  in X, let [v]R denote the equivalence class of x. If AczX  then let [Л]я = 
=  U {[x]R: x£A}. Let xR denote the topology on X  consisting of those т-open sub-

1 By using a method different from ours, an affirmative answer to the second problem has in­
dependently been obtained by Arhangel’skii ( Vestnik Moskov. Univ. Ser. I  Mat. Meh. 5  (1977), 
30— 36), too. The author was revising the present paper when Arhangel’skii’s paper appeared.
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sets which can be represented as unions of some equivalence classes of R. If R' 
is an equivalence relation on a non-void subset X' of X  then instead of (z\X')R.
we write briefly tr . . R is said to be closed if for every closed subset A in (X, z) [/t]R 
is also a closed subset in (X, t ) .  Let us say that R is perfect if R is closed and all 
equivalence classes of R are compact subsets o f (X, z). A continuous map/ :  (X , z) — 
—(Z, rz) is called perfect if it is closed and for each point z in Z, f~ l (z) is com­
pact in (X , t ) .

Let us now recall some properties of perfect maps and perfect relations. In 
most of this paper it will be more convenient to use perfect equivalence relations 
instead of perfect maps; for their equivalency see [6 ], p. 71.

P r o po sit io n  1.1. Let (X, z) be a topological space and R an equivalence relation 
•on X. Then the following assertions are equivalent.

(i) R is perfect.
(ii) Each equivalence class [x]R of R is compact in r and the family o f all zR-open 

sets containing [x]R forms a neighbourhood base o f [.v]R in t, too.
P roof. See [6 ], p. 75.
L emma 1.2. Let [X, x) be a T.. space, X ' and X t ( i f f )  non-void subsets o f X  such 

that I ' c l j  fo r each i in I. Suppose that R ' and Rt ( i f )  are perfect equivalence 
relations on (X ',z\X ') and (Xj, т|Х;) ( i f f ) ,  respectively. Define an equivalence rela­
tion R on X ' by putting

x  У iff -v ~ R- у and x ~ R( у  for each i in I.
Then
(a) R is a perfect equivalence relation on (X',z\X ');
(b) rR = sup {zR.,z Ri\X ': i f } .
P roof. Let zR=z and sup { t R.,  tr.!A": i£l}=z*. In order to prove our asser­

tion, we shall apply Proposition 1.1. So let us choose an arbitrary point x in X', 
and let 31' and 93, denote an open neighbourhood base of [x]R. and [x]R. in t r . 
and tR( (for all i in I), respectively. Then, introducing the notation 33' — 
= {УГ\Х': K693,} we shall prove that
(* ) 93 = {finite intersections of members in 93'UU®;} is a neighbourhood

KI
base for [x]R =  [x]R, П П [x]R. in z\X'.

HI
To prove (* ), suppose indirectly that there is a t|X'-open set Uз [v]R such 

that no member of 93 is contained in U, i.e. 9i =  93U [X '~  U} has the finite inter­
section property. Since by Proposition 1.1 93' is a neighbourhood base for the 
compact set [.v]R. in z\X' and 91з93' we infer that M= П {clr)A--TV: NfX}^<Z>- 
On the other hand, making use of the definition of 93, A/c[x]R.П ПМк.П

KI
C\(X '-U )=e>, a contradiction.

Clearly 93 consists of f-open sets; hence (a) follows from (* ) and Proposition
1.1. To prove (b), it is enough to note that obviously -r*cf and fc r*  follows 
from (*).
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§ 2. A decomposition theorem

D efin itio n  2.1. We say that a topological property P is x-complete if given 
any family {т,:г'$/} of topologies possessing property P on the same non-void 
set X, |/[ implies that sup {t£: /£/} also possesses P.

A topological property P is said to be hereditary if every subspace of a top­
ological space with property P also possesses P.

P ro po sitio n  2.2. Having a a-locally finite base is an coL-complete and hereditary 
property.

P r o o f . Obvious.
R em a r k . The reader might easily find other coj-complete and hereditary pro­

perties of interest such as having a development, having a u-point finite base, 
having a point-countable base etc.

L emma 2.3. Let P be a x-complete and hereditary topological property. Suppose 
that (X , t )  is a T2 space satisfying the following conditions:

(i) for every subspace (Y, x\Y) o f (X, t) there is a perfect equivalence relation 
Ry on (Y ,x \Y ) such that xRy possesses property P;

(ii) in addition, Rx is such that for each x  in X, [x]Rx contains no strictly de­
creasing sequence {Cp. a<x} o f length x o f its x-compact subsets.

Then (A, r) is the union o f at most x o f its subspaces possessing property P.
P ro o f . We construct а transfinite sequence {(7^, Rx, xx, {х(Са)}, Xx): a<x} 

as follows.
Let T0 = X, R0 = RX the perfect equivalence relation of (ii), and t„= tRo. 

For every equivalence class C0  of R0, let us choose a point x(C0) arbitrarily, and 
let X0= {x(C0):C0 is an equivalence class of jR„}.

Suppose now that 0 <  x and for every /?<a Tp, R!s, rp, {x(Cß)}, Xß are
already defined. Then let

Tx = X — u X„.
ß«Z

Let RTat be a perfect equivalence relation on (Tx, x\Tfi as required in (i), and let 
Rx be the equivalence relation on (Tx, t\Tx) defined by

■V -Л. У iff x  ~RT̂ у  and x ~ Rß у  for every ß <  a.

Define г, by putting xx=xRat.
Finally, let us choose a point x (C j€C a arbitrarily for every equivalence class 

Ca of Rx, and let Xx={x(Cx):Cx is an equivalence class of R j.
We shall prove our lemma by showing that
(a) Rx is perfect and xx possesses property P for each a-=x;
(b) t|Z a possesses P for each
(c) i= U 4a<x
We shall verify (a) by transfinite induction. It is clearly satisfied for a=0. 

Suppose now that 0 < а с к  and that we have proved (a) for all /?<«. By virtue 
of Lemma 1.2 and by the definition of Rx we infer then that Rx is a perfect equivalence
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relation and that rx=TRa=sup {tRt ,xß\Tx: ß<ct). Since P is и-complete and 
hereditary it follows that xa possesses P.

To prove (b), let R* be a perfect equivalence relation on (X*, z\X*) as required 
in (i), and let x' =  xR;. Denote by R the equivalence relation on X„ defined by

x ~ Ry  iff x ~ Rtxy  and x ~ R’ay.
By the definition of X„, R  is the relation x —y  on Xx; applying Lemma 1.2 

we conclude that
A X *  =  r R  =  sup{r',Ta|A;}

has property P, since P is hereditary and и-complete.
Suppose now indirectly that (c) is not true, i.e. there is a point x £ X — |J  X*.

Then {[v]Ra:a<>i} is a strictly decreasing sequence of т-compact subsets of [,v]Rx 
in contradiction with (ii).

Theorem 2.4. Let x be a regular cardinal, and let P be a x-complete and hereditary 
topological p, operty. Suppose that (X , x) is a T2 space satisfying the following con­
ditions:

(1) for every subspace ( Y, т|У) o f (X, t ) ,  there is a perfect equivalence relation 
Ry on (У, 1 1У) such that xRy possesses property P;(2) i f  (Y, г I У) is a subspace with density then there is no strictly decreasing 
sequence {C,:a<z} o f length x o f  its compact subsets;

(3) for every point x  in X  and every subset A o f X  with x€clT A, there is a subset 
A '^ A  with \A'\<x, x£clXA'.

Then (X, x) is the union o f at most x o f its subspaces possessing property P. 
Proof. We shall construct a transfinite sequence

{(ra,/?a,xa,{^(C a)}, {I(CJ}, Ka,X x): a < x}
as follows.

Let T0 = X, R0 be a perfect equivalence relation on (X, x) as required in (1), 
and t0  =  tRo. For every equivalence class C0  of R0, let us choose as {У(С0)} an 
arbitrary subset of C0 consisting of a single point and put K(Co) = 0 .  Finally, 
let K0= 0  and Xa= \J {X(C0) : C0 is an equivalence class of i?0}.

Assume now that 0 < a < x  and that we have already defined Tß,Rß,xß, 
{K(Cß)}, {X(Cß)}, Kß, Xß for every Then let

T, = X -  U  X , -  и  Kß.
ß d  /3<я

Let RT% be a perfect equivalence relation on (T*, t \Tx) as required in (1), and 
let R* be the equivalence relation on (Tx,z\T*) defined by

-v у  iff -V у  and x ~R/t у  for every ß <  a.

Let us put t*=tRbc.
Now, for every equivalence class Ca=[,v]Rtt of Rx, let

k (c j  =  ci x ( u  x ( c ß))n c* ,
ß < t x
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where Cß denotes the equivalence class [х]я of Rß. For every equivalence class 
C, of Rx, X(C x) is defined by

{ an arbitrarily chosen set consisting of a 
single point in CX — K(CX), if Cx — K(Cx) t± 0  ;

0 , otherwise.
Finally, let

Kx = U {A'(Cj: C2  is an equivalence class of Rx}
and

Xx = U {X(CJ: C, is an equivalence class of Rx).
In order to prove our theorem, it is enough to show that the following asser­

tions are valid:
(a) Rx is perfect and xa possesses property P for each a<%;
(b) z\Xx possesses P for each otoc;
(c) for each a< x  (Kx, т \KX) is the union of at most x  of its subspaces 

possessing P;
(d) x =  и  л ;и  u  k x.

& <x a<x
(a) and (b) can be shown by the same argument as we did in the proof of 

Lemma 2.3.
We shall obtain (c) by proving that (Kx, t|Kx) satisfies the conditions of Lemma

2.3 for each ot<x. Only (ii) needs proof. To prove it, let R'a be a perfect equivalence 
relation on (K„, t|K„) as required in (1). Let R be the equivalence relation on 
(Kx, x\Kx) defined by

x  ~ r у  iff x у and x y.
By virtue of Lemma 1.2, and since P is a x-complete and hereditary property, 

it follows that R is such a relation as required in (i). Moreover, since by the defini­
tion of K(CJ  each equivalence class of R is contained in a subspace of (X, x) with 
density < x , we have (ii) by (2 ).

Finally, let us suppose indirectly that (d) is not true, i.e. there is a point

и  X , -  и  к . .
a o í  a < x

Let C.j denote the equivalence class [,v]Ka of Rx. By its definition X(Ca) consists 
of exactly one point x„ for every a<x. We shall prove that {xa:a<x} is a free 
sequence in (X, x). To prove this, let a0  be an arbitrary ordinal with 0 < a 0 < x . 
Then

cl. {xx: a < y.0} П clt {xx: a ^  a0} c  clr {xx: a < a0} П ({xaJ  U C2o+]) =
clt {xx: a <  a0 }nC o r o + 1  =  clt {xa: a <  «0 }П(С,оПС„о+1) =

K (C £  П ci0+1 с  к ха П Tao+1 = 0 q.e.d. _ _
We have proved that {x2: a<x} is a free sequence of length x in the compact 

T2 space (C0, x|C0). By virtue of (3) and the regularity of x, this is a contradiction.
R e m a r k s . 1. If x=A+ with I s o  then (3) means that (X ,  x) has tightness ^2 . 
2. (2) and (3) are rather weak additional conditions; it turns out in § 3 that 

e.g. for x = co1 and P = (having a c-locally finite base), (1) implies both of them.
3. It is enough to require (2) and (3) in the equivalence classes of R 0 only.
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§ 3. On two problems of A.V. ArhangePskii

Let us first recall that the Souslin number of a topological space A, denoted 
c(A), is the smallest infinite cardinal number x  such that every family of pairwise 
disjoint open subsets of X  has cardinality ^  x. A is called x-Lindelöf if each open 
cover of X  has a subcover of cardinality á z .  A is said to have countable tightness 
if for every point xdX  and every subset A c X  with x£cl A there is a countable 
subset A 'c A  with x£cl A'. A space A is said to be of pointwise countable type 
if it can be covered by its compact subsets having countable character. (Evidently, 
Fpp-spaces are such hereditarily.)

T heorem  3.1. Every Fpp-space X  is the union of at most ca1 o f its metrizable 
subspaces.

Proof. We shall show that A  satisfies the conditions of Theorem 2.4 with 
x=a>1 and P = (having a <x-locally finite base). By Proposition 2.2 P is a>1 -complete 
and hereditary. Recall that the inverse image of the topology of Z by a perfect 
map/: (A*, z*)-<-Z coincides with z£, where R  is the equivalence relation / (x) = 
= f(y ) on X*. Therefore condition (1) follows from the Nagata—Smirnov metriza- 
tion theorem and the definition o f an F^-space. Since A is hereditarily paracompact 
we infer that every separable subspace of A is hereditarily Lindelöf, hence (2) is 
also fulfilled. Since every Fpp-space is hereditarily a space of poin wise countable 
type (and thus a very-/c-space) we infer that A has countable tightness (see [3], [2]). 
Therefore (3) is also satisfied.

R em ark . As we remarked after Proposition 2.2, there are many o)t-complete 
and hereditary properties of interest; so Theorem 2.4 might be used to obtain other 
results of type Theorem 3.1. On the other hand, it seems to be a complicated pro­
blem whether every Fpp-space is the union of only countably many of its metrizable 
subspaces.

T heorem  3.2. The weight o f  an Fpp-space X  is equal to its Souslin number.

Proof. Let c{X)—x. If x=co then our theorem is proved in [3] of 
Arhangel’skii; hence we may assume xtsco1. Obviously, A has weight Since 
A  is hereditarily paracompact, c(X) — x implies that A is hereditarily и-Lindelöf 
(see e.g. [7]). Since а и-Lindelöf metrizable space has weight ^ x ,  we conclude by 
Theorem 3.1 that A is the union of at most o o ^ x  of its subspaces each of which 
has weight S x . Since the weight is additive for />-s paces (see [1]) it follows that 
A  has weight ^ x .

Lemma 3.3. Suppose that a first countable Fpp-space A* is the union of a family 
{Ax: o f  its discrete subspaces such that (J Ap is closed for each a<a>l .

ß <a
Then X* is metrizable.

Proof. We shall make use of a well-known result of J. N a g a t a  [10] that a 
paracompact p-space is metrizable iff it has a point-countable separating open 
cover. In order to show that our space X* has such a cover, let us define for each 
o k  (Ox a family ©a of open subsets of X* as follows.
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For every point .v in Ax let 33**= {V$x: л<а>} be an open neighbourhood 
base of x  in X* such that У"ХПА0,= {.v} for every w. Since A"* is hereditarily 
paracompact we infer that 33J= {V"x: x€ A x} has a c-point finite open refinement 
©£ with U93"=U©”. Let © '=  1J ©” and

Finally, let
=  G'6 ©;}.

ß^a

< $  =  U  ® , .a<co1

Clearly © is a point-countable open cover of A*. We shall prove that © is 
also point separating. To prove this, let x, y£X*, x ^ y ,  and let a be the smallest 
ordinal with x£A'a. Then there is a V”a6 3Sxa with y% V"x. Since by definition V"x 
is the only member of 93” which contains x  we infer that there is a G' in ©£ with 
x 6 G 'c F "a. Let G =G '— 1J Aß, then G€©, x£G and y$G .

ß^x
T heorem  3 .4 . Every Fpp-space has a dense metrizable subspace.

P ro o f . Since by Bing’s metrization theorem every metrizable space has a 
dense subspace which is the union of countably many discrete subspaces we infer 
by Theorem 3.1 that every Fpp-space has a dense subspace X  which is the union 
of a family {Dp. of its discrete subspaces. By the main result in M. I smail
[8 ] every space which is hereditarily of pointwise countable type (a fortiori every 
iFpp-space) has an open dense first countable subspace. Hence X  may be assumed 
to be first countable. To prove our theorem, it is enough to show that such an 
FPP-space X  has a dense metrizable subspace. To show this ,let us define {Aa:
by

AX = D -  c l ( U  A,),
ß~=*

and let X*=  IJ Ax. Clearly, X* satisfies the conditions of Lemma 3.3; hence X*
a<co1

is metrizable. We shall also prove that X* is dense in X. To prove this, suppose 
indirectly that there is a point x£ X — cl X*, and let <x^co1 be an ordinal with 
Xt_Dx. Then, by virtue of the definition of A ,,x $ c lX *  and x€D a implies 
x£A xczX*, a contradiction.

R emark. A s we have already indicated Theorem 3.2 and Theorem 3.4 give 
affirmative answers to Problem 2 and Problem 4 in Arhangel’skii [3], respectively.
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ÜBER NICHT-HOLONOME 
ÖTSUKISCHE RÄUME

Von
A. MOÓR (Sopron)

§ 1. Einleitung

Die Theorie der nicht-holonomen Räume entwickelte sich aus der Theorie 
der Riemannschen Räume und kann im wesentlichen als eine Verallgemeinerung 
der Theorie der Unterräume betrachtet werden. Im folgenden wollen wir solche 
— Bahnkurven oder kurz Bahnen genannte — Kurven x' = x '(s)  eines «-dimen­
sionalen Punktraumes V° bestimmen, in dem eine Ötsukische Übertragungs­
theorie [2 ] existiert, die Übertragungsparameter "ГД sind aus einem metrischen 
Grundtensor bestimmt, und die Kurven x ‘(s) (/= 1, 2 , ,  n) — der Parameter 
,,.s“  bedeutet jetzt und im folgenden immer die Bogenlänge — genügen dem System 
der folgenden Differentialgleichungen (vgl. die Theorie der nicht-holonomen Räume 
in [1], [3] und in erster Reihe in [4]):

wo die Ae(k) m kovariante Vektorfelder des «-dimensionalen Raumes, die nie)(x, x') 
aber m Skalare bedeuten. Bezüglich der Bezeichnungen wollen wir festlegen, daß 
die griechischen Indizes immer die Zahlen 1, 2, ...,«?, die lateinischen Indizes aber 
die Zahlen 1,2, . .. ,«  bedeuten werden, und ferner die Einsteinsche Summations­
konvention bezüglich der doppelt vorkommenden Indizes nur auf die lateinischen 
Indizes bedingt wird. Selbstverständich gilt immer: m<«. Die griechischen Indizes 
bestimmen keinen tensoriellen Charakter, die lateinischen Indizes bezeichnen aber 
immer die Komponenten der Tensoren.

Bilden die Vektoren A(e)i die Normalenvektoren eines (« — «z)-dimensionalen 
Unterraumes so drückt (1.1) aus, daß die Kurve x ‘(s) im Unterraum
U(n_m) liegt, und nach (1.2) ist ihr Hauptnormalenvektor D x'‘/ds ein Vektor des 
normalen Unterraumes 1Ц von

Die Systeme (1.1) und (1.2) der Differentialgleichungen können in einem 
System zweiter Ordnung (vgl. Gleichung (3.9) und das Korollar von Satz 2) vereinigt 
werden, wo dann nur noch die Anfangsbedingungen A(ê ( x (v0))x'‘(s0) =  0 be­
friedigt werden müssen.

( 1 . 1 )

( 1.2 )
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Yon den Vektoren wollen wir im folgenden noch annehmen, daß sie paarweise 
aufeinander senkrecht stehen, d. h. es gilt:

(1-3) — S“ ̂ (m)í^ ( v) I = <̂ v>
wo (hier und im folgenden) <5Д„ bzw. <5* und auch ößV alle das Kronecker- 0  bedeuten 
werden, obwohl die griechischen Indizes keinen tensoriellen Charakter bestimmen. 
<5Д„ bedeutet hiernach l/2m(m + l)  Konstanten.

§ 2. Grundformeln der Otsukischen Räume

In diesem Paragraphen stellen wir kurz diejenigen Formeln der Otsukischen 
Räume [2] zusammen, die wir im folgenden benützen werden. Wir beschränken 
uns auf den lokalen Teil der Theorie der Otsukischen Übertragung (vgl. in erster 
Reihe §3 und §4 von [2]), doch wollen wir noch annehmen, daß im Raum ein 
metrischer Tensor gu(x) existiert, von dem die affinen Übertragungsparameter 
mit Hilfe des Grundtensors Pj(x), der für die Ötsukische Übertragung kenn­
zeichnend ist, bestimmt werden.

Es seien also "Г /к(х) die aus gij bestimmten Übertragungsparameter (Chris- 
toffelsche Symbole zweiter Art), d. h.

(2 . 1) ' т д  "  1  gJr(dkgir+ d igrk~drgik),

wo gjr — wie gewöhnlich — den inversen Tensor von gu bedeutet. Bedeutet nun 
Q‘, den inversen Tensor von P j, d. h. gelten neben D et(P j)^0  die Relationen:

(2.2a) PiQ' =  Sj, (2.2b) P\Q\ =

(<5* bezeichnet das Kronecker-d des и-dimensionalen Raumes), so sind neben 
"ГД  durch die Formeln

(2.3) дкР) + "Гг\Р Г -Р ‘гТ / к = 0

(vgl. [2], (3.13)) auch die Übertragungsparameter T / k eindeutig festgelegt, wie 
das durch eine Kontraktion mit Q* nach (2.2b) leicht bestätigt werden kann.

In den Otsukischen Räumen existieren nun die folgenden kovarianten bzw. 
invarianten Ableitungen:

(2.4) !£:■ ;>  £  dkv£:::>+ 2
ч  ,■ *p   'S1 "Г "Ja Zj 1 js к у !Vi . • : • [p

(2.5)

(2 .6)

к  v  j \  j

■ip d e f  pi1
Ú ----- r 'r" .Pi-V'1rp Ä1 •

T/Ü -'p
dt J l "Jq

d e f  yix..
----  v j

. . P äxk 
Jqlk dt
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und nach (2.4), (2.5) und (2.6):

.Я —

'я —

Im wesentlichen definiert (2.7) die Otsukische Übertragung, in der es charak­
teristisch ist, daß die kovarianten Ableitungen der kontra- bzw. kovarianten Ten­
soren mit verschiedenen Übertragungsparametern gebildet und die Tensoren Pj- 
vorhanden sind. Ist P}=<5'-, so geht die Otsukische Theorie in die gewöhnliche 
Theorie der affinzusammenhängenden Punkträume über, wie das auf Grund von
(2.3)—(2.7) unmittelbar bestätigt werden kann.

Wir wollen im folgenden immer die Bogenlänge

als Parameter benützen, und — wie üblich — die Ableitung nach s, d. h. die Opera­
tion d/ds durch einen Strich bezeichnen; nur die Ötsukischen Übertragungspara­
meter 'Г  und "Г bilden eine Ausnahme von dieser Vereinbarung. Diese Parameter 
sind im allgemeinen von dem affinen Parameter von Ötsuki (vgl. [2], Formel (4.7)) 
verschieden, es gilt aber der

S a t z  1. Dann und nur dann, wenn längs einer, mit dem Parameter s angege­
benen Extremalkurve x ‘ (s) von (2.8) die Relation

besteht, wo \j/(s) einen Skalar bedeutet, ist x ‘(s) gleichzeitig eine affine Bahn des 
Ötsukischen Raumes, und nur im Falle \j/(s) = 0 ist die Bogenlänge gleichzeitig 
ein affiner Parameter im Ötsukischen Sinn.

B ew eis. Bekanntlich sind die Extremalkurven des durch (2.8) bestimmten 
Riemannschen Raumes nach (2.1) durch

festgelegt. Die Gleichung einer Bahn des Ötsukischen Raumes ist nach (4.4) von [2]:

( 2.8)

(2.9)

(2. 10)

D
1h
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wo aber jetzt selbstverständlich s nicht den affinen Parameter, sondern die Bogen­
länge als Parameter bedeutet. Da die Gleichung der Bahnen in der Form

( 2 . 11)
d2x l , , .  dx‘—  + r / k(x)xJx = ф(з)—

geschrieben werden kann, folgt aus (2.10) und (2.11), daß diese Gleichungen dann 
und nur dann übereinstimmen, wenn (2.9) besteht. Im Falle i^(i)—0 ist s nach 
den genannten Formeln offenbar ein affiner Parameter, w. z. b. w.

B e m e r k u n g . 'T J k ist nach (2.1) in den unteren Indizes immer symmetrisch, 
hingegen gilt das für Т Д  im allgemeinen nicht. In (2.9) und (2.11) kommt aber 
nur der in (/, k) symmetrische Teil von T J k vor.

Die Relation (2.9) ist für Pj —<5j. mit ifj=0 gültig; das gilt aber auch für 
Pj.=Aö'r, falls л =  Konst, besteht. In diesem Falle ist nämlich nach (2.2a): 
(?‘r=Z~1öj. und nach (2.3) wird 'Г Jk(x) = "ГJk(л).

§ 3. Bahnen der allgemeinen nicht-holonomen Otsukischen Übertragung

Die Bahnen einer nicht-holonomen Otsukischen Übertragung sind durch (1.1) 
und (1.2) festgelegt. Mit einer Methode, die in den nicht-holonomen Theorien im 
allgemeinen üblich ist, bestimmen wir die ж(е) (q = \, , m) in ( 1 .2 ) ausgedrückt
mit den A (e)i bzw. mit den DA(q)í. Ziehen wir in (1.2) den Index к  hinauf, so wird 
nach einer Kontraktion mit Q{ und nach Vertauschungen der Summationsindizes 
im Hinblick auf (2.2b) und (2.7):

(3.1) Dx'j
~~dt~ =  2  n{v)(x, x')Qt A

Eine Kontraktion dieser Gleichung mit A/l(n ergibt

(3.2) Dx'J "
AWj ~  Z, «(»)V »

(3.3) =  A(li)jQiA(v)<.

Wir stellen nun die Forderung, daß die kßv eine inverse Größe haben, d. h.

(3.4)
r r

nach / f e eindeutig lösbar ist. Die Formel (3.2) ergibt nun nach (3.4):

(3.5) *(«>)(*> x') =
m Dx'j

ds

B e m e r k u n g . Da die 7r(e), skalare Funktionen bedeuten, ist es offenbar
gleichgültig, ob diese Indizes oben, oder unten stehen.
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Wir formen jetzt (1.1) um. Die Ableitung nach dem Parameter s ergibt:

d2x‘d A (i)i d x 1 
ds ds ( S ) i ' ds2 0.

Auf Grund der Definition der Operation D/ds (vgl. unsere Formeln (2.6) und (2.4)) 
kann diese Formel in der Form:

(3.6) D A ( dxk  ̂ ^ Dx'1 dxJ dxk
ds ds = °

geschrieben werden. Beachten wir nun, daß nach (2.4), (2.6) und (2.7)

Döl ____ _(3.7) ub   p a p r ( / p  h  " p  h \
Г‘ rk)~dT

besteht, so wird nach einer Kontraktion mit Q‘aQj aus (3.7) 

(3.7a)
/7vfc D/S"

( ' r / k - " r / k) —  =  Q'aQ ^ .ds
Substituieren wir das in (3.6), so wird:

Dx’J(3.8) D A (ß>j  d x J  , ,  --------------------- \ - / l (
Dói dxj- Q ‘aQbj - r f A (ll)l—  =  o.ds ds ' ds

Mit Hilfe von (3.8) kann jetzt aus (3.5) die Größe А^(̂ Ох'] durch

dxJ . Dől ■ dxJDx l _  Qb DAW ь
ds VJ ds ds +Q'aQJ ds А(ц)‘ ds

ausgedrückt werden. Substituieren wir die in dieser Weise erhaltenen Größen n(e) 
von (3.5) in (1.2), ziehen wir noch in (1.2) den Index к herauf, so wird (nach 
einigen Vertauschungen der Indizes):

(3.9) Dx'
ds ■ + Л ; ’"Й 7*Г-*<"'(

D A(n)t p k j 
~d~s Q' 1 T A^ k0 = °-

Die Gleichung (3.9) bestimmt die nicht-holonomen Bahnkurven des Raumes. 
Wir beweisen den
Satz 2. Es gilt für die Lösungskurven x‘(s) von (3.9):

(3.10) dx1
A(e)i(x (s))~Jf =  konst-

Beweis. Wir nehmen an, daß x‘(s) eine Lösungskurve des Differential­
gleichungssystems (3.9) ist. Es gilt ferner die Formel:

/ З Ш  —  (A  x '‘) - C k i D A ^ h dX‘ l А — ) - 0 > 0 ' ^  —  A  ■(З.П) ds (A(a)lx ) _  ß, ( ds ds +A(a)h ds j Q r Q t  d s  d s
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wie das auf Grund der Definitionsformel (2.7) des invarianten Differentials — m 
diesem Falle auf Vektoren angewendet — leicht bestätigt werden kann. Substituieren 
wir nun in die Formel (3.11) den Wert von Dxn aus (3.9), und beachten dann, daft 
nach (3.3) und (3.4):

2  =  2  =  к
в в

besteht, so folgt aus (3.11):

das beweist eben (3.10).
Aus dem Satz 2 folgt das
K orollar zu  Satz 2. Gelten längs einer Lösungskurve x' (s) von (3.9) die An­

fangsbedingungen

(3-12) [Л .). ( * ( * ) ) ^ Ц  =  0,

so ist A (a)ix'‘=0 längs xl(s) immer gültig, die Kurve x‘(s) genügt also der Bedin­
gung (1.1).

Die Bahnen des nicht-holonomen Ötsukischen Raumes können also durch
(3.9) mit den Anfangsbedingungen (3.12) charakterisiert werden.

Bezüglich der durch (3.3) bestimmten Skalare /'J1V beweisen wir den folgenden
Satz 3. Ist P ij  =  P'grJ in (/, j )  symmetrisch, so ist auch in (g, v) symmetrisch.
Beweis. Vor allem zeigen wir, daß aus der Symmetrie von PtJ in (i, j )  auch 

die von Qab =  gbm Qam in (a, b) folgt. Nach einer Kontraktion von
(3.13) girpr =  gjrpr

mit gJmgikQmQk erhält man im Hinblick auf (2.2b):

g bmQ am =  gakQk,
womit aus (3.3) unmittelbar folgt:
(3.14) A„v =  AWjQi g'‘A(v)i =  A(rtJQ}gVA(v)l =  Яуд, 
w. z. b. w.

Ist symmetrisch, so besteht / ду nur aus l/2m(m + l) Komponenten; im 
nicht-symmetrischen Fall hat es aber m1 Komponenten.

§ 4. Die nicht-holonomen Übertragungsparameter

Auf Grund der Formel (3.9) können wir eine nicht-holonome Ötsukische 
affine Übertragung ableiten. Wir stellen die folgende

F o r d e r u n g . E s seien die nicht-holonomen Ötsukischen fjbertragungsparameter 
Q j\ für die Übertragung der kontravarianten Vektoren so bestimmt, daß für xn die 
Parallelverschiebung eben durch (3.9) angegeben sei.
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Da die Parallelverschiebung durch Dxn—0 definiert ist, wo

<4.1)
Dx
dsг  = pi ^ + Q M x ) x ' Jx'k)

bedeutet, müssen wir (3.9) unformen. Eine kurze Rechnung auf Grund von (2.7) 
und (2.2b) bzw. (3.7) gibt die folgende Identität:

DA Dört
ds(")f - Q kr - Т г К п  =  Р ? @ ь Л М т - ' Г я кк А м дds

dxf1
ds

Substituieren wir das in (3.9), so wird wieder im Hinblick auf (2.2a):
Dx'1 r-, . , , , . dxj d x A

— + ^ А ' ,М (е) ( а ^ ы ; -  T j  „ A ^ - r ^ - ^ - O ,

was noch in der Form:

<4.2) P ; { j g I  + (7 7 J +  2  >-"&A<,fidhAMJ- T j \ A w J ) ^ ^ }  =  0

geschrieben werden kann.
Ein Vergleich von (4.1) und (4.2) zeigt sofort, daß für Qfh die Formel

(4.3) Qj\  =  T (h‘J)+2  ̂ Q l A (e)” (d(hAMJ)- T akh)A(ll)k)
u>e

geeignet ist; die Klammern bei den lateinischen Indizes bedeuten nach der Schouten- 
schen Symbolik den symmetrischen Teil der entsprechenden Größen, da in (4.2), 
wegen der Symmetrie von x'Jx'h in (/;, /), in dem mit x'Jx'h multiplizierten Glied 
offenbar nur die in (h, j) symmetrischen Teile vorhanden sein können.

Ist nun Q /h bestimmt, so können die Übertragungsparameter Q/h für die 
Übertragung der kovarianten Vektoren nach der Theorie der Ötsukischen Über­
tragung durch die Formel

(4.4) дк P) + ß  Д  Pj -  P‘r Q /k  =  0

bestimmt werden, was zur Formel (2.3) analog ist.
Aus (4.2) könnten auch andere Übertragungsparameter bestimmt werden, 

wenn nämlich in (4.3) für Q /h nicht der in (/?, j) symmetrischen Teil ge­
nommen wäre.

§ 5. Der Fall der Eigenvektoren

Der Begriff des kontravarianten Eigenvektors ist in [2] § 5 angegeben, wir 
geben aber hier eine im wesentlichen analoge Definition für kovariante Eigen­
vektoren.

D ef in it io n . Ein kovarianter Eigenvektor, der längs einer Kurve x‘(s) definiert 
ist, ist ein Vektor, für das eine Relation von der Form:
(5.1) P/(x)Vj(x) — r(x)V,(x), x ‘ =  x ‘ ( s )

besteht, wo т (x) ein Skalarfeld bezeichnet.
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Aus (5.1) bestimmen wir eine wichtige Formel für die kovarianten Eigenvek­
toren, deren Analogon für den kontravarianten Fall in [2], Formel (5.8) angegeben 
ist. Bilden wir die Operation D/ds von beiden Seiten von (5.1), so wird:

/  d p i
" I t  1 " r  j  p m _ " p m  p j
J \  ds ' 1 k Г' 1 t к r n0 d id

ds
dz T _ DV,
И К + Т 1 Г -

Das erste Glied ist nach (2.7) DVJds; das Glied dP{/ds können wir mit Hilfe von
(2.3) eliminieren, wenn (2.3) mit dxk/ds kontrahiert wird. Kontrahieren wir die 
erhaltene Gleichung mit P\, so wird im Hinblick auf (5.1):

(5.2) ,DVt T,  Döp\----- + V -----
1 d s  ^  J dsÍ - G M N -

Im folgenden wollen wir den Fall untersuchen, in dem die Vektoren A(e)i 
Eigenvektorfelder sind, d. h.
(5.3) P{(x)A(e)j(x) =  z(c)(x)A(e)t(x), xl = f is ) .
Statt dieser Bedingung wollen wir eine stärkere Forderung stellen, daß nämlich
(5.3) längs jeder Kurve x‘(s) bestehe. Offenbar folgt daraus, daß die Vektoren 
A(e)i(x) längs jeder Kurve Eigenvektoren sind. Es wird somit (5.2) für die A(e)i längs 
aller Kurven des Raumes bestehen.

Wir stellen also die folgende
F orderung. Die kovarianten Vektoren A(ß)i seien Eigenvektorfelder, d. h.  es 

gelten die Relationen:

(5.4) PJr(x)A(fl)j(x) = T(ß)(x)A(fl)r(x),

(5.5) p г
DA( r ) r

ds + A Dór
TÖ0 { -

(DA M i
ds +  -

dz,< n )

ds *00 ■)
(In (5.4) und in (5.5) soll selbstverständlich — wie vereinbart — nach p nicht 
summiert werden.)

Vor allem berechnen wir die Größen A/1V. Da nach (5.4) und (2.2a)

(5-6) ßiy4(i<)r
ist, bekommt man aus (3.3) im Hinblick auf die Orthogonalitätsrelation (1.3) die 
Formel:

(5.7a) Hío А(ррА(у) z ^ ö ^ .

Auf Grund der Definitionsformel (3.4) erhält man für die Skalare A"v unmittelbar 

(5.7b)
Beachten wir jetzt die Formeln (5.6) und (5.7b), so wird aus (3.9):

(5.8) Dx
ds +  2 T|

e= i
O ' — АM  d s  A (Q) ('

DA(Q)t
ds T ( e )  ■'^(e)r

Dd't
ds ) - 0.
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Die Formel (5.8) entspricht im Fall, wo die A ^  Eigenvektoren sind, der Formel
(3.9) der Bahnen, doch kann jetzt (5.8) mittels der Formel (5.5) noch weiter verein­
facht werden. Schreiben wir (5.5) in der Form:

DS' _  DA(e)
A ^ ' ~ d T ~  Л ~ d T -  +  r ( e )  ( '

DA(e)t j dT(e) j
ds ds

so geht (5.8) nach Herunterziehen des Index i in

D x 'j m (
Sij к 2^ T(e)Qjx  JA(e)‘ ( T(s)

über. Es ist aber nach (5.6) und nach (1.1)

Q'j a  « , ) , * ' J =  4 e) A ( ü ) j x 'J =  °>

und somit wird im Hinblick auf (2.2a)

ds (e) • ) -

(5.9) D xJ " DAle)J 
~r Zj л (е)1'ds e=i ds x'J =  0,

was mit der Gleichung der Bahnen der nicht-holonomen Räume vollständig über­
einstimmt. Es gilt daher der

Satz 4. Die Gleichung (3.9) der Bahnen der nicht-holonomen Otsukischen Räume 
geht im Falle, wo die А(в)( Eigenvektoren sind, in (5.9) über, und diese Gleichung 
stimmt formal mit der Gleichung der Bahnen der gewöhnlichen nicht-holonomen 
Räume überein (vgl. [1], Formel (2.18), die zwar für Linienelementräume angegeben 
ist, aber offenbar auch für Punkträume gilt).

Die Übertragungsparameter Q/k können aus der Formel (4.3) mittels (5.7b) 
und (5.6) bestimmt werden. Es wird, wenn die Symmetrie von Qtm in (t, m) bedingt 
wird:

m
(5.10) Q /h =  т у л +  2  AM k  Л(в)» -Т < Д )Л (в)*).

ß=1

Die Übertragungsparameter Q/h können wieder mittels (4.4) bestimmt werden. 
Wir wollen noch denjenigen Fall untersuchen, der durch

(5.11) JXjix) = x(x)S‘j

gekennzeichnet ist. In diesem Fall sind offenbar alle Vektoren Eigen vektorén, 
sogar Eigenvektorfelder, wie das nach (5.1) unmittelbar verifiziert werden kann. 
Die Relation (5.3) gilt jetzt mit der Bedingung, daß т(1)= r (2) = ... = t = т(x) 
besteht.

Die Übertragungsparameter 'Г/к und "ГД stimmen nach (2.3) nicht überein, 
aber D/ds und D/ds unterscheiden sich nur um einen skalaren Faktor. Ist V\ \
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•ein Tensor r-ter Stufe, so ist nach (2.7) und (5.11) DV - = xrDV -. Aus der 
Formel (5.9) wird somit die Gleichung der Bahnen:

(5-12) Dx'j ” J DA/0\ : .. „
8iJ ~ d T  +  Д  A(e) 1 ds X J ~  °'

Nehmen wir endlich noch an, daß neben (5.4) das Kronecker-<5 einer der 
Ralationen

(5-13) D 8 rt
ds = xö'

(5.14)

-genügt (vgl. [2], (5.9) und (5.10)). Es gilt:
Satz  5. Ist eine der Formeln (5.13) bzw. (5.14) gültig, so vereinfacht sich die 

Gleichung (5.8) der Bahnen auf:

(5.15)
Dxn
ds +  2  Ti

e= 1
O' — А(e)̂  ds

DA
( г )

( e ) t
ds =  0.

B ew eis. Das Glied, welches Dört enthält, wird nach (5.13) aus der Gleichung 
(5.8) herausfallen, da nach (5.6) und (1.1):

O '— A D8‘ -  t O' dxJ A O j d s  ^(г)г ~ TV j  л  A (o)‘ds ds
- l  л dxJ  _  о 

TT(e)^ (i)j  ([s

folglich (5.15) gültig ist.
Aus (5.14) und (2.2a) wird wieder

O '— А Döf 
ds ^ (e)r ds

dxj
ds=  z — A (e)j =  0 ,

somit geht (5.8) auch in diesem Fall in (5.15) über, w. z. b. w.
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ON AN OPERATIONAL CALCULUS FOR 
MEROMORPHIC FUNCTIONS

By
B. NAGY (Budapest)

1. Introduction and notations

In [2] H. A. G indler has extended tüe Dunford—Taylor operational calculus 
to a certain class of meromorphic functions, and proved a mapping theorem con­
cerning the fine structure of the spectra. The aim of this paper is to continue and 
complete his investigations. An independent definition of the operator f ( T ) is 
given, which is shown to be equivalent to the original definition of f b(T) for each 
b in the (nonvoid) resolvent set of the operator T. We complete the proof of the 
closedness of the operator f ( T )  and show that the mapping has, in an
appropriate sense, the properties of an operational calculus.

Let C  denote the complex plane and C  its compactification. Let X be a complex 
Banach space and B(X) the Banach algebra of all bounded linear operators from 
X  into X. Let T denote a closed linear operator with domain D(T) and range 
R(T) in X, with nonvoid resolvent set r(T) and resolvent operator R(z, T) = 
= (z—T)~1£B(X) for zdr(T), and with spectrum s(T). The extended spectrum 
of T, se(T), is defined as s(T)_ if T^B(X), and s ( 3 ) U H  if Г$ B{X), and it is 
a nonvoid compact subset of C. We will say that the complex function /  belongs 
to the class M(T), or f£M(T),  if

(i) /  is meromorphic on se(T),
(ii) for each pole p£s(T) of / ,  p does not belong to Ps(T), the point spectrum 

of T.
In particular, we say that f£A(T)<^M(T), if f  has no poles on se(T) or, equi­
valently, /  is holomorphic on se(T).

If f£M(T),  then f  has (at most) a finite number of poles on se(T), say p 0=  ~>, 
Pi , . . . ,pk with orders ( i= 0 ,1 ,..., k), respectively. Define the polynomial

(1) P ( z )=  I J ( p , - z ) \
/ = 1

put m—/?! + ... +nk, n=m +n0, and suppose b£r(T). Define (with the usual con­
ventions) the function
(2) Fh( z ) = f ( z ) P ( z ) [ b - z ) - \
then Fb£A(T). Hence the Dunford—Taylor calculus yields Fb(T)£B(X). By (ii), 
the operator P(T){b—T)~n has the inverse (b — T)nP(T)~x, which is a closed 
operator. Now G indler has given ([2; p. 33]) the following

D efinition G. The operator f b(T) is defined by
(3) f b(T) =  Fb( T ) ( b - T T P ( T r \
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(Неге we have stressed the possible dependence on b£r(T).) In Section 2 we will 
give another definition of / ( 7 ’), which will turn out to be equivalent to f h(T) for 
every b£r(T), thus proving the independence of b. Further, the properties of the 
mapping / —/ (T) will be investigated.

2. The operational calculus

The following lemma is of purely algebraic character.
Lemma 1. Let P and Q be polynomials and let S denote their least common 

multiple. Assume that T is a linear operator from D(T)czX into X and that the null 
spaces of both P(T) and Q(T) are {0}. Then
(4) R(P(T))f]R(Q(T)) =  R(S(T)).

Pr oof . It is clearly sufficient to show that the left side of (4) is contained in 
the right one. To avoid trivialities we may assume that P  and Q are at least of 
degree 1 and that they have at least one pair of different factors. Suppose now that 
they are of degree 1 with roots c and d, respectively, and that

л- =  ( c -  T)y =  (d —T) v.
Then (c— T )y = (c — T )v+ (d— c)v, hence v= (c —T)w for some wiD(T),  and 
x= (d—T)(c— T) w.

Assume now that (4) is true if the given polynomials have degree at most n, 
and that x =  P(T)y—Q(T)v, where P and Q have degree at most и+ l. If they 
have a common factor, say c —T, then

(с—Т)~гх = P*(T)y =  Q*(T)v,
where P* and Q* have degree at most n. By assumption and with obvious notation, 
then (c— T)~1x£R(S*(T)), hence x£R(S(T)). If P and Q have no common factors, 
then we have, say,

* -  (c -T)P '{T)y  =  (d - T ) Q \ T ) v ,
where P' and O' have degree at most n. As above, we obtain Q'(T)v={c—T)w—z 
and, since c is not a zero of O', the inductive assumption yields that

z — (c — T)Q'(T)v' for some v'ZD(Q(T)).
By a similar reasoning we obtain

x = (c -T ) (d -T )P ' (T )y '  = (c-T)(d-T)Q'(T)v ' ,  
or

( . c - T ) ~ \ d - T ) ? x  = P'(T)y' = Q'(T)v',
and another application of the inductive hypothesis completes the proof.

Suppose from now on that T is a closed linear operator in X with nonvoid 
resolvent set and f£M(T).  Using the notations of Section 1, it is well-known that

(5) f(z) =  H(z) + Qfl(z)+ 2  2  ву ( й - * ) Ч
<=!•/=!
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where H(z) is holomorphic on se(T), and the other members on the right side of
(5) are the principal parts of the Laurent expansion of /  at the points p0—°°, 
p t , . . . ,pk, in this order (cf. [5; p. 146]). Thus Q0 is a polynomial of degree n0, 
H£A(T), and we can give

D efinition 1. The operator f {T )  is defined by

(6) f(T) =  H(T)+Q0(T)+ 2  2 eu( p , - r ) - ' .
i=w=l

Using Definition G and Lemma 1, we prove now
Theorem 1. For every b£r(T) we have f b(T)= f  (T). Further, D(f(T))  = 

=D(Tn°)r\R(P(T)).
Proof. With the notations

P;(z) =  P(z)(pi-z)-"i (i =  1, 2, . . . ,  к),

we obtain from (2) and (5)
Fb(z) =  H(z)P(z)(b-z)-" + Q0(z)P(z)(b-z)-" +

+  2  2  °ij(Pi- z)n‘~JPi(z)(b-z)~n. 
i=lj=l

By the Dunford—Taylor calculus, in particular by [6; 5.6—D]
Fb(T) =  H(T)P(T)(b-T)~n + Q(>( T ) P ( T ) ( b - T ) -  +

+  2 2auip-Tf-ip̂ ib-TY”.
1=1.1=1

If xdD(fb(T)), then we obtain from this equality f b(T)x=f(T)x,  for every b£r(T). 
From (6) we have

D(f(T)) = D(T"о)П П R{(Pt-TY),
i=i

thus Lemma 1 yields the last assertion of the theorem. Since P (7 )_1 maps every 
x£D(Tn<>)r)R(P(Tj) into D(Tn°+m)= D (T n), thus л€£»(/(Т)) implies .v€D (/b(T)), 
hence f b{T)—f ( T ) for every b£r(T).

Thus we may and will suppress the index b in f b(T).
Corollary. If  f£M(T)  and c^O is a complex number, then cf(LM(T) and 

(cj)(T) =  cf(T). If, in additon, gfM(T),  then f+ g£M (T )  and f ( T ) + g ( T ) a  
<=(/+g)(T). Further,

D{KT) + g(T)) =  D((f+g)(T))nD(g(T)).

Proof. The first four statements follow from Definition 1 and the preceding 
discussion. The last one can be proved as the similar assertion for analytic func­
tions of a spectral operator (cf. [1; p. 2236]).
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R e m a r k . This corollary generalizes [ 2 ; Lemma 4 ] ,  and its proof is made trivial 
by Theorem 1.

The following lemma will be fundamental in proving the closedness of the 
operator / (T).

L e m m a  2 .  Suppose F£A(T), F(°°)=c t ^ O ,  n is a positive integer and 
F(T)x£D{Tn), then x£D(Tn).

P r o o f . We may and will suppose that T& B(X). If x^X and D is a suitable 
Cauchy domain with positively oriented boundary +B(D) (cf. [6; pp. 292—293]), 
then

(7) F(T)x= c x + ^ - r  f  F(z)R(z,T)xdz.
2711 J(D)

If b£r(T), then by the resolvent equation
R(z, T) =  R(b, T ) ( l+ (b -z )R (z ,  Г));

hence

(8) f  F(z)R(z, T)xdz =  R(b, T) f  F(z)( l+(b-z)R(z ,T))xdz£D(T) .
+B(D) +B(D)

From this we obtain the statement for n =  I. Assume now that it is true for n—r, 
and that F(T)x£D(Tr+1). Then x£D(Tr), hence x=R(b, T)ry  for some y£X  
and, by (8),

f  F(z)R(z,T)xdz  =  R{b,T)r f  F(z)R(z, T)y dzeD(Tr+1).
+  B (U ) -t- B ( D )

From ( 7 )  we obtain that the statement is true for n = r + 1 ,  thus the proof is 
complete.

T h e o r e m  2 .  I f  f£M(T) and b£r{T), then
(9) f(T) =  (b -T Y P (T )~ 1Fb(T), 
hence the operator f {T )  is closed.

P roof. It is shown in the proof of [2; Lemma 3] that
Д Г )  =  F(T)(b-T)n c  (b-TYPiTY'-FiT).

(In what follows we will always suppress b in Fb(T) if no misunderstanding can 
arise.) Suppose now xn-+x and f (T )xn—y. Then F(T)xn—F(T)x and, since 
Cb - T ) nP(T)-! is closed, y = ( b - T ) nР (Г )-1 F(T)x. Thus, to prove that / (T) 
is closed, we shall show that (9) is true, which will also have independent importance.

We have to show that F (T )x£D (f  ( T ) )  implies x£D(f(T)).  By Theorem 1, 
this amounts to proving that F(T)xCD(T"a)n  R{P(T)) implies x c_D(T"'>) П 
П7?(/’(7’)). If n0> 0 then, by the definition of F(z), F(°°) = 0, hence Lemma 2
is applicable. Thus, for all possible values of n0, F(T)x£D(T"°) implies x£D(T"°), 
and it suffices to show that

(10) F(T)xeR(P(T)) implies xeR(P(T)).
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For this it is enough to prove that for every root p t of P(z)
(11) F(T)x£R(T — pú implies x£R(T-pi).
Indeed, if (11) is true, the set {q;; /=1,2 , . . . ,m } consists exactly of the roots

m
Pi according to their multiplicities, and F(T)x= JJ (T—q^u for some u£X,

i =  l
then x = ( T —qJ)w for some wfX,  by (11). Hence, by [6; 5.6-—F],

m
( T - qi)F (T )w = F (T )x =  IUT-qdu.

i — 1 m
Since qt ( /= 1 ,2, ..., m) is not in Ps(T), we obtain that F{T)w= [J (T—q^u

i = 2
and, by repeated applications of (11), that xfR(P(Tj),  i.e. (10) is valid.

If we put Ft(z)=F(z+pi), then it is easy to see that F ^ A iT —p^ and 
Fi(T—pi)=F(T). Hence we may suppose pt=0 in (11), more exactly, it suffices 
to prove that if there exists Г -1, F(0) = c^0  and F(T)x£R(T), then x£R(T).

By [4; III. 6. 15], under these conditions se(T~1)—(se(T))~1, where the mapping 
z —z_1 is considered on C. In particular, r(T~x) is nonvoid, and for the function 
G(z) =  F(z~1) we have G£A{T~r) and G(°°) = .F(0) = C7í0. We show that 
G ( F - 1) =  F ( 7 ’).

Suppose V is a suitable Cauchy domain containing se(T), with positively 
oriented boundary +B(V). Then U=V~1 is also a suitable Cauchy domain con­
taining se(T x), and its boundary, B(U) = 1

+B(V) has positive orientation.

Further,
R(z, T - 1) = z ~ 4 - z - 2R ( z - \  T) for z ^  0, z^ri^T-1),

hence
G (T-1) = С ( ~ ) / + Л  f  G(z)R(z,T-1)dz  =

Znl +B(U)

= (G(~) + G ( 0) - G ( o o ) ) / - _ L  J  F ( z ~ 1) z ~ 2R ( z ~ 1, T)dz =
Znl +B(U)

= F(°°)/+— f  F(w)R(w,T) dw — F(T).
2711 +B(y)

Now if F(T)x£R(T), i.e. G (F_1)x:€D(7’_1), then Lemma 2 yields x^D(T~1) =  
=R(T),  and the proof is complete.

R em ark . The proof of (9) is missing in the proof of [2; Lemma 3].
T heorem  3. If  f, g£M(T), then fg^M(T) and f  (T)g(T)cz(fg)(T). Moreover,

D(f(T)g(T)) = D((fg)(T))nD{g(T)).
Pro o f. For the purpose of this proof we will suitably modify the standard 

notations used so far. It is clear that fg£M(T),  and if . . . ,д }  denotes
the set of all poles of either /  or g on s(T), then this set contains every pole of
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fg on s(T). Denoting fg  by /г, the orders of the poles are nt(f), nt(g), nt(h)^0, 
respectively, where

ni(h) +  di =  n,(f) +  n,(g) (di — 0; i =  1, 2, k).
Similarly, at infinity we have

n0(h) + c =  n0( /)  +  n0(g) (c s: 0).
Denoting the polynomials in Definition G by Pf , P g,P h, respectively, and

к
77 (Pi—z)d‘ by P(z), we have

i =  l

(12) Ph(z)P(z) =  Pf (z)Pg(z),
where P is of degree d = d t  +  ...4 -r ffc =  0 and, with obvious notations,
(13) m (h) + d — m ( /)  + m (g).
Similarly,
(14) n(h) + q  — n(f) + n(g), where q =  d +  c ^ 0 .
If bZr(T), and F, G, H  denote the respective analytical functions in Definition G 
(the index b is omitted again), then

F(z)G(z) = f ( z ) P / ( z K b - z ) - '^ g ( z )P g( z ) ( b - z ) - ^  =
=  H (z)P(z) (b — z)_?,

by (12) and (14). Since dSq,  [6; 5.6—D] yields
(15) F(T)G(T) =  P(T)R(b, T)qH(T).

According to Theorem 2,
(16) f(T)g(T) =  (b — T)n(f)Pf (T)~1F(T)(b-T)n(9)Pg(T)~1G(T).
By [6; 5.6—F], each polynomial Q{T) commutes with F(T), i.e.

F(T)Q(T) c  Q(T) F(T).
Hence, by [4; III. 5. 37], if there exists <9(F)_1, then

F{T)Q{T)^aQ{T)-^F{T).
Further, since b£r(T), we have for each /7=0,1,2, ...
(17) <2(Т)-г{Ъ-Т)п c  ( b - T ) nQ (T)- \
Indeed, if Q(T)~1{b -T )nx = y ,  then x=R(b,  T)"Q(T)y =  Q(T)R(b, Tfy,  again 
by [6; 5.6—F], and hence (b~T)nQ(T)~1x —y . Using these results and (16), 
we obtain

/(F )g(F ) c  ( h - F ) " ^ +"WF/ ( r ) - 1F9(F )-1F (F )G (r).
From (12), (14) and (15) we get

/(F )g (F ) c  ( b - T y W + i P b i T r ' P i T y ' P ^ R i b ,  ТУЩТ).
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Now Ph{T)~xR(b,T)qx = y  implies x=(b — T)qPh(T)y=Ph(T)(b—T)qy, hence 
y=R(b,  T)qPh(T)~lx, and conversely, thus

f(T)g(T) c  (b—T)nW+qR(b, T)qPh{T)-'H(T) = (fg)(T).
Suppose now that x^D(g(T))r \D(h(T)), then there exists

и = F(T)(b — Т)п<-я) Pg{T)~xG(T)x.
By our previous remarks and (15),
(18) и =  {b-T)"^Pg{T)-xP{T)R{b, T)qH{T)x.
Since x£D(h(T)), there exists Ph{T)-xH(T)x£D{TnW), and
(19) Ph(T)~xR(b, T)qH(T)x  =

=  R(b, T)qPh(T)-1H(T)x£D(T"w + q) c  D(Tm(P +mW),

by (13) and (14). For every yCD(Tm(f)+m{q]) we have P(T)Ph(T)y =  Pg(T)Pf (T) у  
or, equivalently, Pg(T)~1P(T)Ph(T)y=Pf (T)y. Hence if Ph(T)~xw =  
= y£D (Tm(J)+m̂ )), then

Pg(T)~xP(T)w =  Pf {T)Ph(T)-'w.
From this, (18) and (19) we obtain

и =  (b~T)n<q)Pf (J)Ph(T)-xR(b, T)qH(T)x =

=  Рг {Т){Ь-Т)п̂ Р(Ь,ТуР„{Т)-хН(Т)х.

But then there exists

f(T)g(T)x =  {b- т у м  Pf (T Y xu =

=  (b -T )nW+qR(b, T)qPh{T)-xH{T)x =  h(T)x,

and the proof is complete.
C o ro lla ry . Suppose fdM(T), f  is not identically 0 on each component of its 

domain, and that f { z )  =  0 implies z$Ps(T). Then ^jdM(T) and there exists

f{T)~x =  j { T ) .

P r o o f . Let z ; denote the roots of /  on se{T). By assumption, there are only
a finite number of them (i= l, 2, ..., /с), with finite orders nt. Then, clearly, S = y
is meromorphic on se(T), z ( are all the poles of g on se(T) with orders n;, and the 
finite poles are not in Ps(T). Hence g£M(T) and, by Theorem 3,

f(T)g{T)x =  x for x€Z)(g(T)),
g(T)f(T)x =  x for xiD(f{T)).
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Hence g(T)—f  (Г)“1, by the same reasoning as in [1; pp. 2235—2236].
Before we prove the spectral mapping theorem for meromorphic functions, 

recall that we adopt the usual convention that /(z )  = °° if z is a pole of f
T heorem  4. I f feM {T) ,  then se( f {T))=f{se(T)).
P roof. If a£s{T) and a is not a pole of / ,  then / ( a )£ i  (/(7 )), by [2; The­

orem 5]. If a£se(T) and a is a pole of / ,  then f (a)=°° .  According to a remark 
of G in d ler  [2; pp. 33—34], f  (T)£B(X) if and only if f£A(T),  hence in our case 
f(a) = (T)). Suppose now that o°£se(T) and »  is not a pole of f  then
T$B{X) and /(°° ) =  c is finite. If there exists z£s(T)  such that f(z )  =  c, then 
c£s(f(T)),  by a previous remark. Supposing the contrary, the function g(z) — 
=C—f(z)  is 0 at oo but has no zeros on s(T), and g£M(T). By Corollary to 
Theorem 1, g(T) =  c—f(T) ,  and c£s(f(T))  if and only if g(T)-1(t B(.T).

Returning to the notations of Section 1, we have

(20) G(z) =  g(z)P(z)(b-z)~m and g(T) =  G(T)(b-T)mP(T)- \

Further, G has no zeros on s(T), but G(°°)=0, hence either G has a zero of 
finite order q at infinity, or it vanishes in a neighbourhood of °°. In the first case 
R(G{T))=D{T«)^X,  by [6; 5.6—H], hence R{g(T))czR(G{T))^X, by (20). 
In the second case s(T) must be bounded, and [6; 5.7—C] yields that G(T)x—0 
for some x^O. But then g(T)x — 0, by Theorem 2, hence g(T) has no inverse. 
Thus we have proved that f ( s e(T))czse( f  (T)).

To prove the converse relation, assume that c£se( f  (T)). If c=°o, then 
f(T)$B(X),  hence f£ M (T ) \A (T )  and there is a pole p£se(T) of / ,  thus 
ccJ{se(T)). If c fs ( f (T j )  and /(z )  = c on some such component К of the domain 
of /  that se(T)C\K is nonvoid, then c£f(se(Tj) trivially, thus from now on we 
assume the contrary: / ( z ) ^ c  on each such component. If, in addition, 
then (2; Theorem 5] yields that c£f(s(T)), and that the same is true if c = f  (°°) 
and T£B(X). Finally, if c=f{°°)  and B(X), then clearly c i f  (sJT)), thus 
se{f(T))czf(se(Tj).

Our next aim is to supplement [2; Theorem 5]. To avoid any uncertainty of 
terminology, which occurs in [3; pp. 204—206], we emphasize that a linear operator 
T will be called bounded, if it is bounded on D(T), and unbounded otherwise. 
Recall that T has the spectral properties Px, P2, P3 if and only if T is not 1—1, 
R(T) is not dense in X, T has no bounded inverse, respectively. We note that if 
f€M(T)  and f ( z ) = c  on some component К  of the domain of /  such that 
se(T)C\K is nonvoid, then c—f(T )  has properties P1; P2 and P3. The proof requires 
only a slight change in Remark on p. 206 of [3]. Therefore, investigating the pro­
perties of c—f(T) ,  we will assume that f ( z ) ^ c  on each such component. Now 
we recall the following result of Hille and Phillips in a slightly supplemented form.

T heorem  H. Suppose T$B(X), f€_A (T) and f  (°°) =  c. If D(T) is nondense 
in X, then c—f(T )  has property P2, while if T is unbounded, then c—f ( T ) has P3. 
On the other hand, if c—f ( T ) has

(i) Pj, or
(ii) P2 and D(T) is dense in X, or

(iii) P3 and T is bounded,
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then for some a£s(T), f  (a) =  c, the operator a—T has (i) P1; (ii) P2, (iii) P3, re­
spectively.

P roof. Essentially all is proved in [3; p. 206], except (iii). To prove this, 
assume that b£r(T), the set {a1,a2, ..., a,,} consists of all roots of the equation 
f(a) = c in s(T), according to their respective multiplicities, and qk(T) = 
= (ak — T)R(b, T) (k = \ ,  2 ,  ..., n). Then qk(T)dB(X), and there exists B£B(X) 
such that

R(b, T)m J] qk(T) =  B(c—f(T)),
k=1

where m denotes the order of °° as a zero of g(z)=c—f ( z ) (cf. [3; p. 206]). Now 
if c—f ( T ) has property P3, then there is a sequence {xr}c:X such that |.vr| — 1 and

Уг =  W ,  T)m П qkiT)xr 0.
k =  1

By assumption, (b — T)m is bounded. Should each qk(T) have a bounded inverse, 
then

-  Чп( Т ) - \ . . Ч1( Т ) - ' ( Ъ - Т У у г ^ 0 ,

a contradiction. Thus the set {a1,a2, ..., a,,} is nonvoid, and for some к the operator 
qk(T) has property P3. By a similar reasoning, then ak—T also has P3, and the 
proof is complete.

Now we will prove
Theorem  5. In the first sentence of Theorem H replace A  (T) by M(T) and assume 

that c is finite. Under these more general conditions all assertions in Theorem H 
are valid.

Pr o o f . Put g(z) =  c —/(z), then gZM(T), g(°°)=0 and g(T)= c—f(T).  
Further, by Section 1,
(21) G(z) — (c—f(z))P(z)(b — z)~",
where the polynomial P and n are determined by the poles of /  (or, equivalently, 
of g), and
(22) g(.T) =  G (T ) ( b - T y P ( T ) - \

Here G£A (T), G(°°)—0 and G(z) ^  0 on each component of its domain that 
has nonvoid intersection with se(T), thus Theorem H applies to G. Therefore, if 
D(T) is nondense in X, then R(G(T)), hence R(c—f(T))  are also nondense. If 
T is unbounded, then G(T) has property P3. Now if G{T)x~0 for some x^O, 
then g-(7’).v=0, by Theorem 2. On the other hand, if G(T)~1 exists, so does 
g(T)-1, by (22). Further, since G{T) has P3, R(G(T)) cannot be closed, by 
[4; IV. 5. 2]. Since P(z) is of degree n, R(g(T)) = R(G(T)), hence g(T) also has 
P3, again by [4; IV. 5. 2].

If a£s(T) then, according to ( 2 1 ) ,  f(a) = c if and only if G(a) =  0. Hence, 
to prove the last three statements it suffices to show that under the given conditions 
G{T) has properties Pl5 P2 or P3, respectively. Indeed, if g(T) has P2, then
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ü(G(T))=R(g{Tj)  implies that G(T) also has P2. Finally, Theorem 3 yields that 
G(T)z>P(T)R(b, T)ng(T), where P{T)R(b, T)n belongs to B(X). This proves the 
similar statements for properties Pt and P3, which completes the proof of the 
theorem.

Before proving the composite function theorem, we note that g (/(z)) will also 
be denoted by (go/) (z) and the domain of a function /  by dom ( /) .  Recall that 
if / ,  meromorphic at a point z0, assumes the value v0 p-tupiy at this point, and 
the function g, meromorphic at the point v0, assumes the value w0 k-tuplv at this 
point, then the function g o / assumes the value w0 /ср-tuply at z0 (cf. [5; p. 151]).

Theorem 6. Suppose fZM(T), r ( f  (T)) is nonvoid, g £ M ( /  (T)), f(z)  is not 
identically equal to q on each component of dom ( / )  if q is a pole in s(f(T)) of g, 
and h—gof Then h£M(T) and h{T)—g { f  {T)\

Proof. By the preceding remark, from the assumptions clearly follows that 
h is meromorphic on se(T). Further, we may suppose that dom (g) contains only 
those poles of g that are in se( f(T)) ,  and that /  assumes these values or has poles 
only at points in se(T). By [6; pp. 289—293], there are Cauchy domains D and Dx 
such that

f ( s e ( T ) )  =  s e ( f ( T j )  c D c ß c d o m  (g), 

se(T) a  D x cz  D x c z f ~ i ( D )  c  dom (/) ,

hence f ( D x) c z D  (here D  and f ~ 1( D )  denote the closure and inverse image of 
D ,  respectively).

Note first that v£r(f(T))  implies that the function rc{z)=(v—f(z))~i belongs 
to A(T), by Theorem 4. Further, rv(z)(v—f(z)) =  1 implies rt.(T)=R(v, f(T))  
in view of the calculus developed so far. Thus

(23) R(vj ( T ) ) = r v(o0) I + J -  f  (v—f(z))~1R(z, T) dz.
Z7Zl +B(Dp

Consider now the particular case g£A{f(T)).  Then h£A(T), and

g (/C O ) =  g ( ~ ) / +

+ 2^7 /  *(о) [ ' ,.(“ )*+2^7 f  (v-f(z))~1R(z ,T)dz \dv =
+B(D) 1 +B(Dj) J

= g(°°)/+^-T  f  g(»)(i>-/(~))-1 d»/+
Z n i  + B ( D )

+ Jrr f  (h(z)-g(oo))R(z,T)dz,
2 m  +B(Oj)

by (23) and Fubini’s theorem. Flere the second term is (A(°°)— g (c°))/, while the 
last term yields h(T)—h(°°)I, by the Dunford—Taylor calculus. Thus g ( /( / ) )  = 
—h(T), hence the statement is proved in this particular case.
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Next suppose that the function g(z) is P(z)=a0+ a 1z+...+a„z", a polynomial 
■of degree n. If /  has the poles p i with orders nt ( / = 0 , 1, .... k), then h =P of  
has the same poles with orders и,и, hence h 6 M(T). By our previous results,

P(f(T)) = a0I + a J ( T ) + . . . + a nf(T)n c
a ( a 0+ a J + . . . + a J ”KT) =  h(T).

Further, with obvious notations in accordance with Section 1,
F(z) = f(z)Pf ( z ) (b - z ) -n"> and H(z) = h(z)Pf (z)n( b - z ) - n(f'n.

Since
f(T) = F (T ) (b -T yW pf (T)~\  

by Theorem 2 we obtain that
f(T)" = F(T)n ((b -  Г)п</) Pf (T)-1)n.

By (17) we have

(24) ( {b -T )n(f)Pf { T y 1)n c  ( b - T y (finPf (T)-",

where both sides are invertible operators. The left side has the inverse 
(Pf(T)R(b, T y(F)"(iB{X), thus it can have no proper invertible extension, and 
we have equality in (24). But this implies P ( f  (T))=(Pof)(T).

Consider now the general case when g £ M (/(T )) and g has the poles zt of 
orders 0 (/=1,2, . . . ,k ) on se(f{T)).  If /  assumes the values z; at the points 
pi (the index r runs over the values 1, 2 ,..., r(i); r(i) is finite by assumption) 
^•-tuply on se(T), then p\ are all the poles of h = g o f  on se(T) of orders ntf'. 
Further, if f (p ')— » ,  then p'$ Ps(T), by the assumption f£M(T).  On the other 
hand, if f  (p')=zi^: ” > then z^  Ps(f(T))  and [2; Theorem 5] imply that 
p'^Ps(T), hence h£M(T).

Choose now b£r(T), c£r(/(7 ')) and define
Hb{z) = h(z)Ph{ z ) ( b - z ) - ^ \  Gc(v) =  g(v)Pg (v) (c — v)~n(9),

in accordance with the notations of Section 1. Then

(Geof)(z)Pt (z)(b-z)-«*> =  Hb(z)(Pgof)(z)(c-f(z))-"(«\

If /  has the poles p t of orders j t and Pg has degree n, then Pgo f  has the poles 
Pi of orders nji, while at /j; the function {c—f  (г)У"{9) has a zero of order n(g) j \3? 
S/y'j. Hence the function

f c ( z )  =  ( P e o / ) ( z ) ( c - / ( z ) ) - n (» )

belongs to A(T), and so does clearly (c—f(z))~n(B\  By our previous results then

k(T) =  Pg(f(T))R(c,f(T))^\

Again by a previous result we obtain (Gcof)(T) =  Gc( f (T )) and, with the nota­
tion V=f(T),

Gc(V)Ph(T)R(b, Ту™ = Hb(T)Pg(V) R(c, F)"<»>.
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Here, on both sides, the first factors commute with the rests. Suppose now 
x^D(g{V)), then

Ph(T)R(b, TyW G 'iV H c-V yb 'P ' iV ) -^  =  Hb(T)x,
hence g(V)x=h(T)x,  by Theorem 2. The converse relation h(T)ag(V)  can be 
proved similarly, thus the proof is complete.
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BEMERKUNG ZU EINEM SATZ VON 
G. ALEXITS U N D  A. SHARMA

Von
K. TANDORI (Szeged), Mitglied der Akademie

1. Für ein Funktionensystem cp={cpn(x)}Г» <Pn(x)6L (0, 1) (/. — 1,2, ...) setzen
wir

TvO ; x) = f 2  <P„(x)q>n(t) dt,

2  <Pn(x) (pn(l)
П — 1

dtL*N(cp; x )=  f  max
J l^ k^N

(N=  1, 2, ...). Es gilt

(1) LN(cp; x) 3= LUcp; x) (x€(0,1); N =  1, 2, ...).

G. A lexits und A. Sharma [1] haben den folgenden Satz bewiesen. 

Satz A. Gilt
(2) I» (? !* )  = 0(1) (jc€(0, 1); N = 1 , 2 ,  ...), 

dann ist die Reihe

(3) 2  Cn<Pn(x)
n =  l

im Falle e={c„}“ í / 2 im Intervall (0,1) fast überall konvergent.
In der Arbeit [3] haben wir folgendes gezeigt.
Satz B. Ist c$ /2, dann gibt es ein im Intervall (0,1) orthonormiertes System (p 

derart, daß (2) besteht, und die Reihe (3) in (0,1) fast überall divergiert.
In dieser Note werden wir zuerst die folgende Behauptung zeigen.
Satz I. Ist c$ l2, dann gibt es ein Funktionensystem cp mit cpn(x)((L2(0,1) 

(и = 1,2, ...) derart, daß

(4) LU<P\x) =  0 (  1) (x€0, 1); N =  1,2, ...)
besteht, und die Reihe (3) in einer Menge mit positivem Maß divergiert.

Ob diese Behauptung auch für ein orthonormiertes System cp und für fast überall 
Divergenz gilt, ist noch nicht bekannt.
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Es soll bemerkt werden, daß im Falle (4) für jede Folge c£P

sup
к 2  Cn<Pn(x) e L H o ,  l )

gilt. Diese Relation folgt aus der folgenden allgemeinen Behauptung.
Satz II. Es sei A= {/.„}“  eine nichtabnehmende Folge von positiven Zahlen- 

Gilt <p„(x)£L2(0, 1) (и- l ,  2, ...) und

L U v, x) =  0(1N) (jc€(0, 1); N  =  1,2, ...),

dann ist im Falle c f l -

sup —=
* u k

2 c n<pn(x) eL*( о, l).

Diese Behauptung ist eine Verallgemeinerung eines Satzes von L. Csernyák
[2] für nicht orthonormierte Funktionensysteme.

oo
2. Beweis des Satzes I. Es sei c eine Folge mit 2  cn= °°- Dann gibt es eine

71 =  1
positive Konstante C und Indizes (0=)и0< . . .< л ;< ...  mit

(5) C(i + i y +‘ s  2  cl (£ > 0 ; i =  0,1,...).
n = n i + l

Es sei I„(i) (n=«f + 1, ..., ni+1) eine Einteilung des Intervalls (0, 1) in paarweise 
disjunkte Intervalle mit

” ( « ° )  = (йтИ „ ! +.(ш Н
(n  =  n .+  ] ,  . . . , n i+1).

Wir setzen

Dann ist

(6)

Фп(х) =
v o + i)1 + e

( x € /„ (0 ) ,
(n =  nt + 1 , . . . ,  n i+1),

0 sonst

2  с„Фп(х) = V(i+ l)1+e (т€(0 , 1); i = 0, 1,...).n=n. +1
Es sei endlich

<Рп(х)=фп(х)/У(1 +  l )1+e ( n =  1 , 2 , . . . ) ;

es ist klar, daß (p„(.v)€E2(0,1) (л —1,2,...).
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Es sei i eine nichtnegative Zahl und x£(0 ,1). Dann gibt es einen Index 
и0 (и;<»о==Л;+1) mit xe/„0(i) und gilt

X

f  max
J  ni ~=kmni + 1 2  <Pn(x)<Pn(t)

П = П;+1
dt = 1 r

—— ГГПГГ / m ax
( l +  l ) 1 + £  J  » , < * S n ( + 1

2 t)
n=n. +  l

dt =

(i + l)1+E

auf Grund von (5). 
Daraus folgt

,/(l +  1)1+£ f  № *(01* =  4-m es(/„o(0) S  l/C(i + l)1+£,
”o 7no(0

CO A

L*N((p; x ) ^  2  f  max
/=0 n

2  <Pn(x)<Pn(t)
n=n. +  l

dt ■-=

^  —  2 --  Г  jbl I
1

c  i t i O + i r 1

Weiterhin folgt aus (6)

И (0 ,1 ) ;  N = 1 , 2 , . . . ) .

"'2 cn(p„(x) =  1 ( x € ( 0 , 1); i =  0 , l ,  ■ ■■),
и=и, + 1

somit divergiert die Reihe (3) in (0, 1) überall
B ew eis des Satzes II. Der Beweis geht mit einer bekannten Methode (s. [1], [2]). 
Die л-te Partialsumme der Reihe (3) bezeichnen wir mit Es sei N  eine 

natürliche Zahl und N(x) die kleinste natürliche Zahl, für die

max í #In  l^k^N  1/77
\  Á N ( x )  1 А к

besteht. Es sei {^„(a)}“  ein orthonormiertes System in (0,1) und sei g(x)£L2(0,1). 
Dann ist

j  sN(x)(x)g(x) dx =  j  g(x)
0  1 k V  ( x ) № (*)

Д 1 с- И ( 1  2  <рп(*Ж(о) * j dx-

Durch Anwendung der Schwarzschen Ungleichung erhalten wir

(Д # ,с" И
2 41/3

dt\ X

g ( x )  g ( y )
( Nix) N (N (y) 

[ 2
1 Ä v  (x)  )  (y) v n  =  l Vn= l

„  \  1 / 2  / 1 1  

Д £- / / -{.n-1 '  x o  0

g W g ( j ' )

l ' ^ - N  (x) (j )

(Nix,y)
Z

X /J = l
(Pn(x)

\ l /2
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wobei N(x, y) =min (N(x), N(y)). Daraus folgt

7 S 0 ( 1 ) ( / /
V  “W l o

ЛГ( x,y)
2  < P n ( x ) ( P n ( y )

n —1
Ы у +  f * &  f

0 iW )  0

X ( x ,  y )

2  <Pn(x)cpn(y)
n = 1

dx i/ v j .

Auf Grund der Bedingung über (cp, x) bekommen wir

und im Falle

ergibt sich

/ S O (  1) /  g 2(* ) «fr,
0

g W  =
1^Ä(x)' 0 V^iV(x) '

/  =  { /  7 - 0 ( 1 ) .  
l 0 '

Da | %w(A>i eine nichtabnehmende Folge ist, erhalten wir
l r ÎV(x) JlV=l

s u p ^ - G £ 2(0 , 1).
V/ .L.
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APPROXIMATELY CONTINUOUS FUNCTIONS 
WHICH ARE

CONTINUOUS ALMOST EVERYWHERE
By

R. J. O’MALLEY* (Milwaukee)

1. Introduction

In this paper we are concerned with continuing a study, begun in [4], of several 
subclasses of approximately continuous functions / :  [0,1] — JR. In [4] a topology 
r  was generated which was the coarsest topology relative to which all approximately 
differentiable functions are continuous. It was also shown that the set of /'-con­
tinuous functions would contain every approximately continuous function which 
was continuous almost everywhere. Such a function was labeled a.e. continuous. 
However, it was pointed out that there was a topology, strictly coarser than r, 
relative to which the a.e. continuous functions become continuous. This coarser 
topology was defined and labeled the a.e. topology. At that time, it was an open 
question whether the a.e. topology was the coarsest topology. In this paper that 
question is answered affirmatively.

After establishing that fact we consider the separation properties of certain 
subclasses of the a.e. continuous functions. In that part of the work an analogue 
of the Lusin—Menchoff Theorem is needed and proved. It is used to establish 
the main separation property of the a.e. topology. Throughout the paper we will 
adopt the notation and definitions developed in a very interesting paper of 
L a c z k o v ic h  [3].

2. Preliminary notations, definitions and theorems

All functions will be defined on [0,1].
A =  The class of approximately continuous functions.
Di = The class of functions whose points of discontinuity form a 

most 1 point.
set of at

Df = The class of functions whose points of discontinuity form a finite set.
D._ = The class of functions whose points of discontinuity form 

measure zero.
a set of

A D j =  A D D j ,  y = l, /  or z .
H° = The Euclidean interior of H.
H = The Euclidean closure of H.

(In other topologies t, the prefix t — H° (t —H ) denotes the interior 
(closure) of H relative to the topology t.)

H - 1 = The complement of H.
ЦН) = The (outer) Lebesgue measure of H.

* Author supported by a grant from the University o f Wisconsin-Milwaukee.
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d(x, H) =  The upper density of H  at .v, that is

А (Я П 7 )а (x, H) =  lim sup — — -— .
x U  1 (1 )

; .( /) -  о

The following definitions and theorems can be found in [1], [4].
D efinition 2.1. A set U is said to be й?-ореп if U is measurable and 

d(x, U~1) = 0 for all x in U. That is, U has density 1 at all of its points.
Theorem 2.1. The collection of  d-open sets forms a topology d which is the coarsest 

topology making every function from A continuous.
D efinition 2.2. A set U is said to be almost open if U is d-open and 

1{U)=1(U°).
Theorem 2.2. The collection of  almost open sets forms a topology, a.e., relative 

to which every function in AD. is continuous.
D efin itio n  2.3. Let В be the family of all sets which are Fa and Gs and £/-open. 

Then let r be the collection of all sets which are the union of some subfamily of B.
Theorem 2.3. The collection r forms a topology which is the coarsest topology 

making each approximately differentiable function continuous.
Theorem 2.4. The a.e. topology is strictly coarser than the r-topology.
In the next section we will need several trivial facts about the a.e. topology. 

We present these propositions here:
Proposition 2.1. Let X be an a.e. closed set. Then 1(X)=1(X).
Proof. Consider X~1=U.  This is an almost open set, so we have 1(U) = 

=1(U°). It_is easy to see that U°=(X)~1. Hence l ( X ) = l —l(U) =  l —

Proposition 2.2. Let U be almost open and have density 1 at a point x0. Then 
UU {-\'0} is almost open.

Proof. Obvious.
Proposition 2.3. Let X be an a.e. closed set. Let X a  YaX. Then Y is a.e. 

closed.
P r o o f . Consider X~x—U and t/°. Let x belong to У-1. Then V has density 

lat.Y. Since a(U°) =  1(U), by Prop. 2.2, t/°U {.v} is almost open, and 1/°11{л'}сУА
Proposition 2.4. Let X be a.e. closed and 1(X) = 0. Let f c J .  Then Y is 

a.e. closed.
Proof. Noting that 2(X-1) — 1 the proof is the same as that in Proposi­

tion 2.3.
We are now ready to proceed to the main section of the paper.
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3. Main theorems and separation properties

Theorem 3.1. The a.e. topology is the coarsest topology making each function 
in AD1 continuous.

Proof. We have already shown that each function in ADl is a.e. continuous 
since ADxciADz. It is easy to see that the correct topology for ADX will have as 
subbasis the following family of sets:

О =  {£■; E = {*: f (x ) >  0} for some /  in Л£>,}.
Therefore, let W be any almost open set and x0 any fixed point of W. If we show 
that there is a function /  in ADX such that / ( x 0) > 0 and {.x:/ (x)>0}c W, 
then we are finished.

The point .v0 is either in W° or in fV\fV°. By the normality of the Euclidean 
topology it is clear that we need only consider the case where лг„ belongs to PF\fV°. 
We may also assume that дг0=0. By Definition 2.2 we are guaranteed that fV° 
has density 1 at xr0. Therefore, we may select from W° a sequence of closed intervals
[a„, bn] such that !J [а,.. ЬЛ has density 1 at 0, and lim a„ = 0 =  lim b„. Further,

П =  1  П -+  -foo П — 4-0°

inside each [an,bn] we may select a closed subinterval with an< cn<dn<bn and 
U  fcn, d„] having density 1 at 0.

H = 1
We define a function /  as follows:

1 if x € 0  [c„, d„\ U {0},
П = 1

0 if (a„, hn)U{0}j

Next define /  to be continuous and linear over [an, c„] and [d„, bn\ for each n. Then 
/  is continuous on (0,1] and approximately continuous at 0. Further, {x: f  (x) >0}=

©o

= U (ű„, bn) U {0}c W, which completes the proof.
n = 1

Corollary 3.1. The a.e. topology is the coarsest topology making each func­
tion in ADZ (ADf) continuous.

Proof. This is obvious from Theorem 2.2 and Theorem 3.1, since ADxcz 
c.ADf dADz.

Theorem 3.2. The collection S of functions which are a.e. continuous is pre­
cisely ADZ.

Proof. We have ADzaS.  Now let /  be an a.e. continuous function. Since 
the a.e. topology is coarser than the ^/-topology /  is approximately continuous 
everywhere, and we need only show that f  is continuous almost everywhere. Fet 

be any two fixed rationals, and let i/riS={Yr: r<f(x)<s}.  The set Ur s is 
almost open; hence Ur s=Uz<sUZr-s where Zr s has measure zero. Let Z = U Z r>s 
the union being taken over all pairs of rational numbers r and s with r<s. The
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set Z  has z(Z )—0. Let x0 belong to Z ”1. Let r0< s 0 be any two rationals satis­
fying /'0< / (x0)< s0. Then x0d £/,°0jS0, and so /  is continuous at л0.

In [3], L a c zk o v ic h  presented a set of three separation properties. We will 
need a little discussion here to establish a framework in which to examine these 
properties for ADX, ADf  and ADZ.

For a class of functions F  we say that H is an F-zero set if there is a function 
/  from F with FI— (x:/ (x)=0). For each l c [ 0 ,  1], let TF(X) be the inter­
section of all F-zero sets containing X. We say that the class F is an ordinary system 
if F contains the constants and if for any two /  and g in F, f+g,  fg, and fg~i 
belong to F (provided g~1xQ). Laczkovich proves:

If F is  an ordinary system and if F has the additional property that | / |  belongs 
to F for every /  in F, then TF(X) is a closure operator for the coarsest topology 
in which all the elements of F are continuous.

Now it is clear that ADX is not an ordinary system, but ADf  and AD, satisfy 
the conditions of the above theorem of Laczkovich. Therefore, the topologies 
generated by T and TAD are the same, namely the a.e. topolocy. Further, 
TadA X )= a .e .-X

D efin itio n  3.1. A class F has the first separation property Sx if for every pair 
of disjoint F-zero sets X  and Y there is a function in F  with /(x )= 0  for x in X 
and / ( x )= l for x in Y.

D efin itio n  3.2. A class F  has the second separation property S2 if for every 
pair of disjoint Gs sets X  and Y with TF(X) =  X  and TF(Y )= Y  there is a function 
/  in F  with /(x )  = 0 for x in X  and /  (x) =  1 for x in Y.

D efin itio n  3.3. A class F  has the third separation property S3 if for every 
pair of disjoint G6 sets X  and Y with TF(X) П TF(Y)=  0  there is a function /  in 
F  with f  (x)=0 for x in X  and f  (x) =  1 for x in Y.

We now prove:
i) ADZ has S2,

ii) ADf has S3 but not S2, and
iii) AD1 does not have Sx.
Whether or not ADZ has S3 is an open question. To show that ADZ has S2 

we will need an analogue of the Lusin—Menchoff theorem [1].
T heorem  3.3. Let X  be a closed set and V an almost open set containing X. 

Then there is a closed set P such that

P ro o f . Let V=U°  and let Y = X D V ~ 1. This У is a closed set. Further 
2(У) =  0 because Y a U \ U ° .  We note that V has density 1 at every point of Y. 
Let

W eset Xn = XC\Rn and V„ =  V П Rn. If for each и we select a closed set PnczVn
with 2(F„)>2(F„)—— and set P =  |J  P„U Y, then P will have density 1 at every

2 n=i

A c  a , e . - F ° c F c  U.

1
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point of Y. The proof of this fact can be found on page 500 of [1]. We, however, 
must take some care in our selection of P„ in order to obtain the additional con­
ditions on P.

First we examine the structure of Rn. It is easy to see that each R„ consists 
of a finite number of closed intervals. However, some of these intervals may be 
degenerate, that is, consist of a single point. If this happens at a point x, then 
dist (x, Y )  =  1/(и + 1), and x will belong to a nondegenerated interval of i?„+1. For 
this reason we consider Rn as only consisting of closed nondegenerate intervals. 
Next, each X„ is a compact subset of V„, which is open relative to R„. We select 
Pna V n so that

1) Pn consists of a finite number of closed intervals,
2) P„ has X„ in its interior, relative to Rn, and
3) Л(Р„)>Л(Гп) - 2 - " .
Now let x be an endpoint of an interval of R„ and also belong to X. Then both 

Pn and Pn+1 will have an interval, with x as endpoint, but from opposite sides.
Therefore x will be in the interior of ( 1J P„|U Y—P. This means that X \ Y d P ° .
We have that /.(P<)) =  /.(P), and P has density 1 at every point of Y. Thus by 
Proposition 2.2, f ° U f  is almost open. Therefore, J c a .e .-P ° ,  which completes 
the proof.

Corollary 3.3. Let U be an F„ almost open set. Then U can be expressed as 
the union of a sequence of closed sets E„ such that £„ca.e.-£„"+1c £ „ +1.

Proof. (The proof is a paraphrase of one in [4] but is short enough to be 
given here.)

Since U is an F„ set it can be expressed as the union of closed sets F„. By 
Theorem 3.3 for Fx there is a closed set P such that F1aa.e. — P°czPc:U. Let 
E1 = F1 and E2=P.  Assume that En+1 has been chosen so that

E1 c  a.e.—E% c. E2 c . . . e  a.e. — E°+1 с  En+1 c  U.

Consider the set En+1U Fn+1=H„+1. Then Hn+1 is a closed set. Again an applica­
tion of Theorem 3.3 shows that there is a closed set P having Hn+1(za.e. — P°c: 
(zPczU. Let E,l+2=P.  This completes the proof.

The following lemma, also from [4], is necessary. The proof is not given here.
Lemma 3.1. Let X  and Y be disjoint, non-empty, closed subsets of [0,1]. Then 

there is a differentiable function g satisfying
1) g(x) =  l for all x in X,
2) g (x) = 0 for all x in Y,
3) 0 < g (x )< l for all x in (2TU У)-1, and
4) g '(x )= 0 for all x in XU Y.
Theorem 3.4. Let U be an Fa — Gd almost open set and X0 any closed subset of  U. 

There is a function g satisfying
1) g is a.e. continuous,
2) g is uppersemicontinuous,
3) g is differentiable almost everywhere in [0, 1],
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4) g is approximately differentiable for all x in [0, 1],
5) g(x) =  l for all x in X0,
6) 0 <  g  (л) <  1 for all x in U \ X o, and
7) g (x) =  0 for all x in t / -1.

P roof. (The construction of g follows the same lines as that of Theorem 3.1 
of [4].) The set Í /”1 is an F„ set. We express t / “1 as the union of a sequence of closed 
sets Z„ with Z„cZ ll+1. The set U is an Fa almost open set. Using the above 
corollary we express U as the union of closed sets E„ with E1 =  X0 and £„ca .e. — 
— F„°+1 for all n. For each n, let /„ be a differentiable function satisfying the 4 
properties of Lemma 3.1 for E„=X and Y = Z n. Let gn be the product of / j  through 
f„. For each x the sequence g„(x) is a non-increasing sequence of non-negative 
numbers. Hence the pointwise limit of g„ exists and is uppersemicontinuous. We 
label it g(x).

As mentioned above, a perusal of the proof of Theorem 3.1 of [4] will show 
that g has 4), 5), 6) and 7). Also, it will show that g is differentiable, with g '(x)=0, 
for all x in и ~ г. We note that property 1) will follow from 3) and 4). Therefore, 
we need only show that g is differentiable almost everywhere in U.

We have expressed U as the union of closed sets E„ with £nca.e.-£„°+1 for 
each n. For each n set ЕЦ+1=У„+1. Then A(F„+1) = A(a.e. — £n°+J) ^ Я(£■„). Let
V— IJ Vn+1- Then /.(V) =  /.(U). Note that Vjd VJ+1 for all j. We claim that

n-f-l
g is differentiable at every point of V. Let j  be fixed. Consider the functions gj and 
fj+i,  .... These are all differentiable functions on Vj. We have _/}+)t= l  over Vj, 
k = 1 ,2 ,.... Hence gk(x)=gj(x) for all n > / and x in Vj. So that g(x)=gj(x)  
over Vj. Hence g is differentiable over V.

T h e o r e m  3.5. Let X and Y be disjoint Gö sets having TF(X) =  X and TF( F) =  F. 
Then there is a function h such that

1) h (л) =  1 for all x in X,
2) h (x) =  0 for all x in Y, and
3) h(x) is a.e. continuous.

Hence AD, has property S2.

Proof. As mentioned before TF(X) — a.e. — X, so we are dealing with a pair 
of disjoint Gd a.e. closed sets. By Kuratowski [2], there is a set W, which is both 
Fg and Gs, such that Xc:W  and JV(1Y=0.  Consider X  and L_By Proposition
2.1, A(Z) =  A(A) and /.(Y)=X(Y). Let X ^ X C W  and Y ^ Y D W - 1. Then 
X} and Fj are disjoint, and both are Fa — G6 sets. Since l e i j e i  and YczY1czY, 
by Proposition 2.3, Хг and Y2 are a.e. closed sets. Pick a point и from X f 1 and 
a point v from Fj*1. By Theorem 3.4 there are two functions /  and g such that

a) /  and g are a.e. continuous,
b) f{u) =  l=g(v),
c) f(x)  =  0 for all x in Хг,
d) g(x) =  0 for all x in F1;
e) 0 < / ( x) ä 1 for x in X f 1Z) Fj3  F, and
f) 0 < g (x )S l for all x in Y1~1d>X1z>X.
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Consider the function h (x) =  

and 3).

g(x) This function h has properties 1), 2)/(x )+ g(x) ’

C orollary  3.5. The a.e. topology is completely regular.
P roof. Obvious from Theorem 3.5.
However, we also have:
T heorem  3.6. The a.e. topology is not normal.
P roof. Let C be the Cantor set. Let X  and Y be two disjoint dense subsets of C. 

The set C is closed and hence a.e. closed. Further A(C) = 0. Therefore, Proposition
2.4 guarantees that X and Y are a.e. closed. If there were an a.e. continuous func­
tion such that f  (x )= l for all x in X  and f  (x)= 0  for all x in У then /  could 
not be Baire 1. However, every a.e. continuous function is approximately con­
tinuous and thus must be Baire 1.

We now look at the separation properties of ADf and ADj. As mentioned 
before, the family ADf forms an ordinary system. Hence Theorem 1.2.3 of Lacz- 
kovich shows that ADf  has Sj. Therefore, we need only prove that ADf  does not 
possess S2- To this end we must provide an example of two disjoint Gd a.e. closed 
sets, X and Y, which cannot be separated by a function from AD} . We need the 
following simple lemma.

Lemma 3.2. Let f  belong to ADf and a be fixed. Let X =  {.v:/(x)=a}. Then 
X \ X  is contained in the set of  discontinuities of  f  and hei ce is finite.

Proof. Let x0 belong to X \ X .  Then there is a sequence of points of x„ con­
verging to A'0 with x„ in X  for all n. Since x0 does not belong to X. f  (x0)A<x, but 
lim /(x„)= a. Therefore, /  is discontinuous at x0.

T heorem  3.7. The class ADf does not have S2.
P roof. Let C be the Cantor set and U = C ~ L Let the components of U be 

arranged in a sequence In—(a„,b„). Let

The sets X  and Y are disjoint, and both are Gó sets. Since X = C U X  and 
F = C U T  we have by Proposition 2.4 that X  and Y are a.e. closed. If /  is any 
function from ADf with f ( x ) —0 for all x in X, then Lemma 3.2 says that 
C \{ x :/(x )  =  0 }  is a finite set. Similarly, if /(x ) = l for all x in Y then 
C \{ x :/(x )  =  l) is a finite set. Therefore, no function /  from ADf  can have both 
/(x )  = 0 for all x in X  and /(x )  = l for all x in Y.

Finally we consider the class AD1.

and
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Th eo rem  3.8. The c la ss  ADi does n o t have S j.

Pro o f. Let [an, b ,] and [cn, d n] be two sequences of intervals satisfying:
i) bn+1< a n< c n< d n< b n< l / 2 ,  for all n , and
ii) U [c„ , </„] has density 1 at 0.

П= 1
Let /  be defined as follows:

* € j j  к , dn] U {0} U Ш  = Л,

x € Ü  [6.+i , f l J U { l }  =  A
П — 1

Next define f  to be continuous and linear on each component of (dUi?)-1. Then 
/  is continuous on (0,1] and approximately continuous at x= 0 . Hence /  belongs 
to AD1. The set E = {x:/ (x) =0}=B.  Let g(x)=f( l  — x). Then this function is 
also in ADV. Let D= {x:g(.\") =0}. The two sets В and D are disjoint ADX-zero 
sets. If h is a function such that h{x) ~ 0 on В and h(,v) =  1 on D then clearly 
A(1)=0 and A(0) = 1. However, /г=0 on [6n+1,a„] so that h is discontinuous 
at 0. Similarly, h is discontinuous at 1. Therefore, h cannot belong to ADX.
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A NOTE ON APPROXIMATELY CONTINUOUS AND  
A.E. CONTINUOUS FUNCTIONS

By
M. LACZKOVICH (Budapest)

Let A denote the class of approximately continuous functions in [0,1] and let 
ADZ denote the class of functions which are approximately continuous everywhere 
and continuous almost everywhere in [0,1]. In this note we prove that the classes 
A and ADZ do not have the separation property S3. (The definition of property S3 
can be found in [1], 1.2 or [3], Definition 3.3.)

Consider first the class A. We shall construct two disjoint G6 sets, Gx and G,, 
such that Ta(G^)OTa(Ĝ ) =  0  and G1 and G2 are not separable by any function 
from A (Ta(X) is defined as the intersection of the A-zero sets containing X, 
see [1], 1.1).

Let C denote the Cantor ternary set and let the components of (0 ,1 ) \C  be 
arranged in a sequence (a„,bn). We put

'*' = (“-+ А т Ч ' - i ) i ’ “-+ A 7 r L-'?) = =

and H„= U Ik f°r every и = 1 ,2 ,. . . .  Then obviously

я- с (»-»- + А 5г 4

к=1
( i )

We show that
(2) for every interval I containing either a„ or b„, we have /.(/П //„)=— 1(1), and'

(3) d ( a n, H n) >  0 ,

where dia, X) denotes the upper density of the set X  at the point a. Indeed, if the 
interval /  contains b„ then either л (/П #„)= 0, or, by (1) we have

;.</nя„)Д(/)s  A__5l/(í, , __L) a  1 .
If 1= (c, d) contains an and

Ihen M I l i H , , ) - - - ) —  J  J  )y  „  and _ i _  whence
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we get (2). In addition, denoting the interval | ű„ ,ű„ + ——— Л we have 
d(an, i/„)^lim supЯ(ЯлПЛ)/Я(Л)^1/4я which proves (3).fc —°°

Now we put Gk =  U H„ and G2 = C\{a„}“=1, then Gl and Go are disjoint
П = 1

Gd sets. Next we prove
(4) Ta(G2) =  Go 
and

( 5 )  Ta(G1) ={ J K-n — 1
We remark that the set TA(X) can be obtained as the i/-closure of X, that is

(6) TA(X)=X\J{x-,d(x, X)>0)  holds for any ATi[0,1].
(See [1], 2.2.1, p. 408.) Hence (4) follows from (6) and 2(G2) = 0. Now the definition 
of H„, (6) and (3) easily imply TA(GS)̂ > [j Hn. In order to prove T/i(Gl) a  |J  H„

n=1 П= 1

we have to show that x$ 1J H„ implies d(x, G1)=0.  This is obvious for x ^ G ^
11 =  1

oo   ____ CO  

=  CU (J H„ so that we can suppose x£G ]j\ [J Я,, =  C\{ű„}„°t1. Then for every
П—1 n= 1

iV s l there exists a <5>0 such that

(i) if xí{h„}r= 1 then ( x - S , x + S ) r \ \ J ( a n,bn) = 0 ;
П = 1

(ii) if x =  bk then (x—ö, x) П Hk =  0  and 

<x, х + с5)П (J («п, b„) =  0 .
П — 1

Let /  be an arbitrary interval with x£/c:(x—S, x+<5). Then /П Я л = 0 for 
n ^ N  and /П[а„, Ьп]?± 0  implies either a„£l, or bn£I. Hence, applying (2) for the 
intervals /П [an. b,] we have

HIOG,) = 2 ;-(/ntf„) = 2  /-апя„) =n=l и = TV +1

= 2  А(/П[0я,йя]ПЯ„)
n =  Л г - f -1 = $ + i Я +  1

А ( /П [а л, 6 и] ) < 1 я ( / ) .

Thus we get d(x, Gj)=0 which proves (5).
Hence, by (4) and (5) we have TA(G1)C\TA(Go)= 0 .  Suppose that there is 

an f£A  such that / ( x ) —0 for all x in Gj and /(x )  =  1 for all x in G2. Then 
f(a„ ) = 0  holds for every n since /  is approximately continuous at an and

d(an, Gj)>0 by (3). That is / (x )  =  |^  |f y rC \{ a  }' S*nce tlle sets (an) and
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C\{a„} are dense in C this implies that the restricted function f \ c has no con­
tinuity points which contradicts the fact that /  is a Baire 1 function. This con­
tradiction proves that the class A does not have property S3.

Now we consider the class ADZ. We prove that
(7) TADm(GJ =  TAG,) and TADz(G2) =  G2.
Since AD.czA, G, and G, can not be separated by any function from A D .. In 
addition, (7) and (5) prove T T AD_ (G2) = 0  showing that ADZ does not 
have property S3, either. O’Malley proved that TAD_(X) can be obtained as the 
closure of X  in the a.e. topology (see [3]; the definition of the a.e. topology is given 
in [2], Theorem 3.11 or [3], Theorem 2.2). TA(G1) and G2 are a.e. closed sets since 
they are enclosed and satisfy

;.(fT(GŐ) = ;.fcu  и  я„) = á(ta(gú)
'  n  =  1  '

and A(G2)=A(C)=0=A(G2). Thus we have TAD_(GJ)c:TA(G1) and TADz(G2)czG2. 
Since the opposite relations are obvious, we get (7) and the proof is complete.
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THE CATEGORY OF UNARY ALGEBRAS. 
CONTAINING A GIVEN SUB ALGEBRA I.

B y

J. KOLLÁR (Budapest)

I. Introduction

Let A, В be categories. A functor F :A-*B which is one-to-one on every 
Могл (a, a') is called faithful. If, in addition, F is also one-to-one on the class of 
objects of A we call it an embedding. F is full if every morphism d : F(a)-*-F(a)(a') 
of В has the form d = F (y) for some у -a-»a'. A full embedding thus defines an 
isomorphism between A and a full subcategory of B.

A concrete category is a pair (A, □) where A is a category and □ is a faithful 
functor □ .ASSETS. A category of universal algebras will always be considered 
as a concrete category, and □ denotes the usual underlying-set functor.

Let (At , Пх), (Ao, D2) be concrete categories. A full embedding F :A1-*A2 
is called a strong embedding if H * n 1= D 2*F for some faithful functor 
H : SETS-* SETS ([12]).

A category is binding (or universal) if every category of universal algebras has 
a full embedding into A. A concrete category (A, □) is called strongly binding 
(or strongly universal) if every category of universal algebras can be strongly embedded 
into (A, □). Hence, every strongly binding category is binding.

af_Ob A is rigid, if End a=  Mor (a, a) = {!„}. A family В of objects of A is 
called mutually rigid if  each a(B  is rigid, and Mor (a, b)= 0 whenever a,b£B, 
a^b. Note, that if A is binding, then for each cardinal y. there exists a rigid 
family B c O b d  with card B = x.

H edrlin and P ultr [11] have shown, using [17], that the category of graphs 
and the category of 2-unary algebras are binding. These results have been used by 
several authors to prove that various categories of universal algebras are binding 
such as the categories of commutative groupoids (Sichler [14]), semigroups 
(Sichler [15], Trnkova [16]), integral domains with unity (Fried—Sichler [7]), 
(0, l)-lattices (Grätzer—Sichler [8]), certain primitive classes of 2-unary algebras 
(Pultr—Sichler [13]).

Later on the following question was proposed by Hedrlin and M endelsohn
[10]. Let A be a strongly binding category, and a^Ob A. Let A (a) denote the full 
subcategory of A, defined by Ob A(a)= {b£Ob A, Mono (a, b)^ 0 }. Under what 
conditions on a, will A (a) also be binding (or strongly binding).

In [10], this problem was solved for the category of directed graphs, and later 
for undirected graphs (Babai [2], Babai—N esetiül [3]). The answer was obtained 
recently for integral domains (Fried [5]), and for (0; l)-lattices (Adams—Sichler 
[1]). In each case there are only obvious restrictions on a, if any.

The aim of this paper is to study the above question for the category of 
%-unary algebras Ax (у. denotes an arbitrary cardinal). It is known that Ax is strongly
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binding iff xS 2  (Pultr [12]). Let Sl£Ob Ax. Let AX(W) denote the category of 
x-un ary algebras having a subalgebra isomorphic to Si. We shall prove the following

T heorem  1.1. If  х ё 2 ,  ca rd  S l< 2 * "  and SI h ű i no one-element subalgebra, then 
Ax(SI) is strongly binding.

On the other hand, in a sense this is best possible:
T heorem  1.2. Let x S 2 .  Then there exists a y.-unary algebra SI, such that 

card SI=2*“, SI has no one-element subalgebra and any y.-unary algebra (£, contain­
ing no one-element subalgebra has a homomorphism into SI. In particular, SI is not 
contained in any rigid x-unary algebra. Hence Ax(Hl) is not binding.

E. F ried [6] raised the question whether Ax(SI) would be binding for rigid St. 
We shall prove the following stronger statement:

Theorem 1.3. Let x s 2  and SI a x-unary algebra with card3I> l. The follow­
ing statements are equivalent:

(1) -4* (SI) is strongly binding.
(2) Ax(St) is binding.
(3) There exists a rigid ® £ЛХ(31).
(4) There exists a S  4 ^ X(S() such that card S3 >2*“ and End S  =  Aut33
We shall prove further, that in (4) the assumption card 33 >2*" cannot be 

omitted, at least for finite x.
As a byproduct of our investigations we shall obtain that, roughly speaking, 

every small lattice can be embedded into Con (SI), for any sufficiently large x-unary 
algebra SI. (Corollary 3.5). This in turn implies

Corollary 3.6. Let Hi be a x-unary algebra, and assume that card S ls2 . If 
L denotes the class of all lattices, then S (Con (PSI)) = L.

II. Strong embedding into Ax(4l) for small SI

Let us call an algebra cyclic if it is generated by one element.
Lemma 2.1 .A  cyclic x-unary algebra has at most xa> elements. There are at most 

2XC> non isomorphic cyclic x-unary algebras.
Proof. Clear.

Lemma 2.2. Let 2six. Then there exists a mutually rigid family of cyclic 
x-unary algebras B= {333: a <  2*“}, such that if  cp is a homomorphism of 33a into an 
algebra (f having no one-element subalgebra, then (p is an injective mapping.

Proof. First assume x-= to. Let f ,  ..., f x be the operations. Let N ={0,1,2,...}  
and M = N —{n!:w€N}. To each ос<2“ there corresponds a function gp. M ^{3, 4}, 
ga=gß iff ct=ß. Let us define 93a by

(i) □®« =  N. =  {ив: n£N};
(ii) f k(ri) — n + 1 for each ( S  2;
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(iii) Л(0) =  1, /i((2u)!) = (2n)!+2 ( n s  1), /i((2»+ l)!) =  (2n + l)! + l;
(iv) Mm) =  m +  ga(m) (m£M).

It is easy to see t h a t i f f  k = 0, hence if then ^(0„) = 0a,
hence because of (ii) / —1 ш>. For the same reason, if убМог (33я, ЗЗД then 
(0a)=0p hence /(k x)= k f!, but this is impossible because of (iv).

Now assume that 0 is a congruence of 33,, and 33,/0 has no one-element sub­
algebra. Let k = k + d (0) (i/>0). Then by (ii) к +  1гс1+т=к + 12(1+т (0). Hence 
for a sufficiently large n, if n is divisible by d then (2и + 1)! = (2тг)! (0) hence by 
(iii) (2лг-b 1)! +1 = (2/7)! + 2 (0) and by (ii) (2n+l)! +  l =(2n)! + l (0) hence/и^тиг 
(0) if т1,т гШ(2п)\ +  1. But then ЗЗя/0 has a one-element subalgebra, therefore 
0 is trivial.

Now assume that xSw. Let f 7 (1 ^ a ^ x )  be the operations. To each /?<2* 
we associate a function gy,: x—{0}-»-{1, 2}. Now we define 33* by

(v) □ » ,  =  *;
(vi) /„(0) = a;

(vii) / а(у) = У if a ^  y; /«(a) =  a + g/»(a)-
It is obvious that j3={33a:a<2*} is rigid. Let 0 be a congruence of 33„. Assume 
y1 = y2 (0) for some yx X y2. If yl5 y2>0 then by (vii) 33,70 has a one element 
subalgebra. If yi =  0, y2>0 then, setting yi=y2+g/i(y2)> we have y2 = yi(0) by
(vi), whence the previous case again.

P r o o f  o f  t h e o r e m  1 . 1 .  Let 3 1  be a x-unary algebra without one-element sub­
algebras, and card 31 <2*“. Let В be the family of cyclic x-unary algebras con­
structed in Lemma 2.2. As 31 has less than 2*“ cyclic subalgebras, В has a subset 
С={(£а:а<2*“} such that Mor (ffa, 3I)= 0 for each a. We may assume that 
□ 31= (t< 2*“). Let us define an algebra 31=(П$Й,/У) by

(ix) = ((□3I)X{0, 1})U(U □£») (we assume this union to be dis-
а <  г

joint);

(x) Jy(a)=f.,(a) if n£(D3I)X{0} or a€ U □ £«'»
a <  г

(xi) /j,(a, 1) =  (a, 0) if у ё  2, /j(a, 1) =  0, (the element 0 of (E„).
Hence we obtain a x-unary algebra, and 5Í|(Q3I)X {0}ss3I. We assert that 31 is 
rigid. For let /€End 31. 0, generates a subalgebra isomorphic to (£,. Hence y(0J 
has the same property, because of Lemma 2.2. (5Í has no one-element subalgebra). 
Hence х(0«)$(П31)Х{0} and y(0J (£ DCy, for any /Ма. But_ x (0J C (□ 31) X {1} 
for if х<ю then ./i(0J = /2(0,) and for a€(D Sl)X {!},/ i (ö) x / 2(o), and if x^eo 
then f 1f 1(0a)= f1(0a) and for а€(ПЗ!)Х{1}, Л /i(0a) =  l aX/1(0J. Hence 
X(0 J£□(£,. By the rigidity of (I, this implies / |f f iZ = id(Ea for each а<т.

Moreover, f 1(ct,l)=0x, hence fi(/(oc, 1)) = 0а and therefore у (а, l) = (a, 1), 
and z(«,0) = z ( /2(a, l))= /2(z(«, l)) =  (a, 0), proving that 31 is rigid.

We can now apply Theorem 1.3 ((3)—(1)) to obtain the desired strong embedding 
into ^*(31). The proof of Theorem 1.3 is postponed to Section 4.
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III. Construction of the counterexample

Let 2l =  (C]2I, / a:a-=x) be a x-unary algebra, 0 a congruence of 21. Let [a}0 
denote the image of a under the natural homomorphism tpe: 21^21/0. We shall 
say that 0 preserves loops if for any a 6 □ 21, a <  x, fa.(a)=a iff ff[a ]ü) = [a\d.

Lemma 3.1. Any x-unary algebra 21 has a maximal loop preserving congruence 0.
Proof. Let ... be a chain of loop preserving congruences. It is ob­

vious that V0; also preserves loops hence by Zorn’s lemma we have a maximal 
such 0.

We shall need some results of combinatorial set theory. Let P = {P CI} be a 
system of sets. We shall say (cf. [4]) that P is strong d-system, if Р^.ПР.,, = DP 
for all oc1^a2 • The symbol (ß, у) -<-st d (<5) means, that if we have an arbitrary 
set system Q =  {Q*} with card Q = ß, cardQ^Sy, then it contains a strong 
d-system of cardinality 5. cf ß denotes the cofinality of ß, ß + is the successor cardinal 
of ß. Using this notations there holds

Lemma 3.2 (Erdős—R ado [4]). If x^a> then ((2*)+, x) —st d((2*)+).
Now let 21 be a universal algebra, C =  {(£a} a system of subalgebras of 21. 

We shall say that (£ is a strong algebraic А-system if d C =  {□£„} is a strong 
d-system, and (£ai and (£aa are isomorphic over X = П D C for all <x1, a2 (i.e. there 
exists an isomorphism у :£ а1->-£а2 with у |X=idx).

Let 21 be a universal algebra of type Q ={xx: a<y}. Let =  ̂  xx. We
a < y

define the symbol (ß, x )—sta d (d) to mean that given an algebra of type Q and 
x  = ̂ Q  and card 21 =  ß  then 21 has a set of cyclic subalgebras C=  {(£,,: зг<<5}, 
which is a strong algebraic d-system.

Lemma 3.3. Let ß = 2 xcl. Then (ß+, x) —sta d (/?+).
Proof. Let 23 be an algebra of type 12, where Q =x  and card T>=ß+. 

Clearly, there is a cyclic algebra (£ of type Q isomorphic to ß + different subalgebras 
С.Ду< /l+) of 23. Let /./. <£y^i£ be an isomorphism for each у <  /?+. According 
to Lemma 3.2, there exists a subset H  of ß + such that card H  = /?+ and a set 
ХСЩ23 suchthat D C ^ X  for all á1( <52£H, 5х^ 5г. xv|X is a mapping
from X into (Í. But there are only 2xa different mappings from X into t£, hence 
H  has a subset G of power ß + such that yál|X=XájX for any 5!,<52£G. G= 
=  {£,,: a6G} is obviously a strong algebraic d-system.

Lemma 3.4. Let 21 and 0 be as in Lemma 3.1. Then card (21/0)^2xto.

P roof. Assume that card (21/0) =-2"“. By the maximality of 0,21/0 has no 
loop preserving congruence. Hence it suffices to prove, that if 23 is a x-unary algebra 
and card (23) >2*ra then 23 has a non trivial loop preserving congruence. Applying 
Lemma 3.3 to 23, we obtain in particular, two subalgebras (£0 and (Ex of 23 which 
are isomorphic over their intersection. Let x :£ 0U(T1-,-Co denote a mapping such 
that is an isomorphism of £ г into (£„ (/—0, 1).

Now we define the congruence Ф on 23 by setting а = Ь(Ф) iff either a=b  
ora, 06<£oUEi and у (a) =y(b). Ф is obviously an equivalence and every equivalence 
class has one or two elements. Clearly Ф is a loop preserving congruence.
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From Lemma 3.3 we deduce three corollaries. For X a set, let Eq(X) denote 
the lattice of all equivalence relations on X.

Corollary 3.5. Let 91 be a x-unary algebra. Assume that card (91)>2V where 
уШхсо. Then Con (91) contains a complete sublattice isomorphic to Eq ((2V)+) such 
that 06Eq((2v)+) corresponds to oj^Con (91).

Proof. Let 2=2V. By Lemma 3.3 we have a system of subsets of 91, 
С={£„:а«=А+} being a strong algebraic Л-system, and we have the isomorphisms 

£. Using this system we shall embed Eq (/.+) into Con (91). Let 06Eq (2+). 
We define 06 Con (91) by a =  b (0) iff a =  b or there exist a , , а2-=/.+ such that 
а! = а a (0) and ХЯ1(о)=&,,(£). We remark that if a is not in Z =  U {□£„: a<2 + } —X 
then a=b  (0) iff a = b and if a£Z  then xAa) is defined for precisely one a. So, it 
is obvious that 0 is a congruence relation, and the mapping 0 — 0 is a complete 
embedding of Eq (A+) into Con (91).

Corollary 3.6. Let 91 be a non-trivial x-unary algebra, and let L denote the 
class of all lattices. Then S (Con (P9I)) = L.

Proof. By Whitman’s theorem [18], every lattice can be embedded into a 
partition lattice, hence Corollary 3.5 implies Corollary 3.6.

Corollary 3.7. Let 91 be a subdirect irreducible x-unary algebra. Then 
card (91)^2*".

Proof. 0 is meet reducible in Eq (3), and if card (91) >2*“ then by Corollary
3.5, со is not meet irreducible in Con (91). (We have used, in fact, only that 91 is 
finitely subdirect irreducible.)

Proof of Theorem 1.2. Let 91 be a x-unary algebra without one-element sub­
algebras. Let 0 be as in Lemma 3.1. Then card (9l/0)^2*“, and since 0 preserves 
loops, 91/0 has no one-element subalgebra either. Let SDj denote the disjoint union 
of all x-unary algebras 91 of cardinality ^2*M having no one-element subalgebra, 
taking one algebra from every isomorphy class. Then T>i has no one element sub­
algebra, and if £ has neither, then by Lemma 3.4, there exists a homomorphism 
<p:£ —Xij. Again by Lemma 3.4, 3>, has a loop preserving congruence Ф, such 
that card (Т>1/Ф)^2ХС>. Let Т>2=Т)1/Ф. We state that 9l =  £ 2 satisfies the con­
ditions of Theorem 1.2. As in the proof of Lemma 5.3 it is easy to see that 91 
itself is not rigid, moreover it has a non-injective endomorphism. Let £  be a x- 
unary algebra without one-element subalgebras. Then £  has a homomorphism 
into £>!, hence £ has a homomorphism into 91. Let now 91 z> 91. If SB has a one- 
element subalgebra then SB is not rigid. Otherwise, by the above, there exists a 
homomorphism of 93 into 91, hence again 93 is not rigid. By Theorem 1.1, 
card (9I)S2*CQ, and this completes the proof.

We have proved essentially the following stronger
Corollary 3 .8 .  Let 91 as constructed above, and SB 3  9 1 . Then 93 has a non 

injective endomorphism.
Corollary 3.9. Let 'S. be a set, and 0  a transformation semigroup on X, and 

card (0 )^ x , and assume that 0  has no common fixed point. Then there exists an
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( -̂invariant partition ofX  into at most 2*и classes such that 2  has no common fixed 
class.

Proof. One can naturally interpret (X, S) as a x-unary algebra. The S-invariant 
partitions are exactly the congruences, hence the corollary is straightforward by 
Lemma 3.4.

Corollary 3.10. There exists a x-unary algebra © with card 23=2*® such 
that if'II is a x-unary algebra and card (21) >1, then there exists a homomorphism 
cp: 21 © satisfying card {cp 91) >  1.

Proof. Let £  denote the disjoint union of all x-unary algebras of cardinality 
not exceeding 2*и, taking one algebra from each isomorphy class. Let в be as in 
Lemma 3.1. Set © = (f/0U X, where X denotes the one element algebra. Let 
card (21) >1. If there exists f  and a 21 such that ffia)jea, then there exists a 
cp:2I--C/0 with card (<p2l) >  1. If for all f y and a we have fi(a) = a. then the 
existence of such cp is trivial.

IV. Ax(4l) in the case of rigid 21

In this section we shall prove Theorem 1.3. The implications (1)—(2)—(3), 
(2)—(4) are trivial.

4.1. First we prove that (3)—(l). Let ©£Л*(21) be a rigid algebra. It suffices 
to prove that АХ(Щ is strongly binding. To preserve the original notation we put 
21= S  and we shall prove that Ax(21) is binding.

We shall say that (£cr □  21 has the common coimage property, if for any 
function Ь :х —[Ц(£ there exists a c£D2I with f(c)=b(i).

21 has the common coimage property if Щ21 has. We shall distinguish three 
cases.

Case (a): 2Í does not have the common coimage property. Let D be the set 
of functions violating the common coimage property. Let 2Г be defined by 
□  21' = □ 21UD (disjoint union); fi'(a)=fi(a) if D2I, f{(b )= b(i)  where b£T). 
Let us fix some c£D. We construct a strong embedding t :A 2-~Ax($l) by F:© — 
=<□©, A;>—<nF(S), / ;> by

and
□ F(») =  □33X (D 2I'U {1, 2, 3, 4, 5, 6, 7}) 

Ji(b,a) =  (b,fi(a)), be □©, ae П2Г,
f 0(b, 1) -  (b, 1), Mb,  1) -  (b, c) (/ S  1),
Mb, 2) =  (b, 2), f 0(b, 2) =  (b, c) (i a  1),
Mb, 5) = (b, c),
M b,  3) =  (b, 3), Mb,  3) = (b, 5) (/ = 1),
Mb,  4) -  (h, 4), Mb,  4) =  (b, 5) (i a  1),
M b,  6) = (b, 1), Mb,  6) =  (M b), 2) (/ s  1),
M b,  7) =  (b, 3), / ;(b,7) = (b1(b),4) ( i s l ) .

If <р:©!—©2 is a homomorphism then F(p) can be defined in the natural way.
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We remark that from the construction it is easy to see that if H is a subalgebra 
of F (23) and it has the common coimage property then there exists a b £ □ 23 with 
□ Hc{6}XD2l. Now let x;F(®i)^F (® 2) be a homomorphism. Hence by the 
above remark /({bi}X П21) = {b2}X  D2I and we have a mapping y: 23, -23., 
defined by x(bL) = b2 with the above bx and b2.

Now it is a routine matter to check that x(b, d)=(x(b), d) for each 
(b, d)£ □F(23). We shall prove that £ is a homomorphism. Indeed,

№ (*>)), 4) =  vXhÁb), 4) =  -/(Mb, 7)) = / 2(z(b, 7)) =  /*(*(*)> 7) =  Ы Ш ) ,  4) 
hence x(h1(b))=h1(x(b)).

The same holds for h2 hence /  is a homomorphism. But obviously F(/ )  = x 
hence F is full. From the construction it it obvious that it is also strong.

Case (b): 2Í statisfies the common coimage property and has no subalgebra 
isomorphic to 23(2), where □ 23(2)={1, 2}, /j ( l)  =  2, /,(2) = 1.

Let 2Г be defined by П2Г—D21U D23(2)U {c} (disjoint union), /;'(а)=/;(я) 
if П2Ш C23(2), / 0'(c)= a0 for some ű0€D2I, / 0'(с) = 1 for iS  1. It is easy 
to see that 2Г is also rigid, and 21' does not have the common coimage property, 
hence we arrived at the previous case.

Case (c): 21 satisfies the common coimage property and has 23(2) as a sub­
algebra.

Let 221 denote the disjoint union of two copies of 21, □ 221 =  □ 21 X {0, 1}. 
Let 0 be the following congruence on 221: (l, 0) = (2, 1) (0), (2, 0) = (1, 1) (0) and 
all the other classes have one element. This is obviously a congruence. Let 
2l = 22t/0, a€D2I, űX 1,2 and b a new symbol. We define 21' by

□ 21' =  ЩЗЮ {b}, Л(с) = f(c ), c€ D%  f'(b) = (a, 0), f((b) =  (a, 1)

for ( S i .

We shall call [□2tX{0}]e = L and [D2ÍX {1}]9=  R the left and right side of 21', 
respectively. Note that L П R =  □ 23 (2).

It is clear from the construction that both the left and right sides are sub­
algebras of 21' isomorphic to 21. Moreover, a two element subset of n2I' has the 
common coimage property iff both elements belong to the same side. Hence endo- 
morphisms of 21 map the sides into sides. If y^End 21' and both L and R are mapped 
into L then y!L and yjR induce two endomorphism of 21, and they are different 
as their action on 23(2) differs by the definition of 0. Hence either x(L) = L, y(R) X R 
or conversely. But b makes the converse impossible. Therefore and by the assump­
tion that 21 was rigid we conclude that 21' is also rigid. But clearly 21' does not have 
the common coimage property. Therefore again Case (a) applies, completing 
the proof.

4.2. Now we prove (4)—(3). We shall distinguish two cases.
Case (d): 21 does not satisfy the common coimage property. Let 2Г be constructed 

as in Case (a) and %£End2t'. Then x |D 2líE nd2t hence x|D2l is bijective, which 
implies that к|п21' is one-to-one. Let bc_D. Then (y_1fh;): /< *) does not have 
the common coimage property since (by. i<y.) did not have it, hence there exists 
/ _1(b). It follows that х|П2Г is onto. This implies End (2t') = Aut (21'). Now
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applying the construction of Case (a) again we obtain 91", [1191"= □ 91U DUD' 
and (* ): to each a0€D2l there exists (af_D:0 ^ i< z )  and b£Tl' with / ;(6)=о;.

Let card D' = z and let (Са:а<т) be a class of mutually rigid x-unary algebras, 
such that if <?£□(£„ then f  (c) ̂ f 2 (c). This means that no subset of (£a has the 
common coimage property. The existence of such a class follows from [13]. Let 
some ca£ □(£„ be specified for each а< т, and let D '=  {^а:а<т}. Now we define 
an algebra £> by [l]D=[I]9t"U(U (£)Ut (disjoint union), f ix )  =ffix) if x $t,
/ 0(а) =  Ая, /,(а)=с„ for ife l. Let y€End 2>. By the choice of the Ga-s, y(D9i")Q 
Q □ 31", hence yfibfi — b^(x) for some x:t—t and у is a bijection. But a is the only 
element with f 0(a)=bx, hence у(а)=у(а) and therefore у (□(£„)= |Ц(£:г(с[). This 
is possible iff y=idTJ hence у (bfi = . Now let a 6 □ Д. By the observation (* )
we have a ba with Jfibfi—a, therefore у (a)= a implying that y|D9I"=id, but 
у I □ e 3=id since £* is rigid, proving that Í) itself is also rigid.

Case (e): 91 satisfies the common coimage property. Since card 91 >2*", by 
Lemma 3.3 we have a strong algebraic Д-system in 91, say C = {91л:а<т}. Let 
X = П □£„. We may assume that C is a maximal sta Д-system. We have tS oj.

а < т
Now let B =  {©а:а<т + 1} be a rearrangement of C of order type r +  1. Let 9Г 
be a disjoint copy of 91. Let X' and © ' denote the subalgebras of 9Г corres­
ponding to X and ©a, resp. Let (а<т) be a family of isomorphisms
agreeing on X and satisfying <px(X)=X'.

We define a congruence on 911191' by a=b(6) iff a =  b or there exists an 
а< т with cpx(a)=b or (pa(b)—a. Let 51=(91U ©')/$•

We shall call L = [D9Í]o and R = [D9l']0 the left and right side of 9Í, resp. 
Both sides are subalgebras isomorphic to 91. Obviously [CJ9=[©Jo (а < t) and 
L flR =  U {□[CJ9:a<T}. Щ91—(J since otherwise we could construct

а < т
a non bijective endomorphism of 9t. Therefore both L —R and R —L are non-void, 
implying that 9l_does not have the common coimage property.

Let yfE nd (91). As in the Case (c) we again have that y(L)^L  or y(L)^R, 
and the same for R. Assume that y(L), у (R) = L. From y (L )sL  we infer that 
у (LOR) is the union of a A-system which is maximal in L since y|L is an auto­
morphism of L. But by y (R )^L , у ([©Jo) can be added to this zl-system, a con­
tradiction. Hence using again that End (9l)=Aut (91) we get End (91)—Aut (91). 
Thus we obtained the previous case, completing the proof of Theorem 1.3.

V. The case x <  a>

In this section we shall investigate the counterexample given in Section 3 in 
more detail. We are mainly concerned with the proof of the following

T heorem  5.1. Let 2^x<a>.
(i) There exists a x-unary algebra 91 such that 

(a) 91 has no one-element subalgebra,
(ß) if  © has no one-element subalgebra then Horn (©, 91) — 0 ,
(y) if  91' satisfies (a) and (ß) then 91' contains a subalgebra isomorphic to 91.

(ii) © is unique (up to isomorphism).
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(iii) card (9I)=2°\
p“- i

(iv) End(9l) = Aut (91) = 77 Cp_1 (The product is taken over all prime
numbers p). p

Problem. Does there exists an algebra satisfying (i) for я Sea?

Henceforth we assume 2^x-=cu.
In Section 3 we have constructed a x-unary algebra T>2 such that it had no 

one-element subalgebra and if neither SB had one then Horn (SB, Х>2)=̂  0 .  One 
can feel that I>2 is not the “smallest possible” such algebra, for there exists a 
homomorphism <p: SB — T>2 with Ker <p being a loop preserving congruence, and 
this is a rather strong condition. To construct a “smaller” algebra we need the 
following

L emma 5 .2 . Assume that are congruences of SB and 93/0,- has no
one-element subalgebra. Then neither has S8/V 0;.

Í

Proof. Obvious.
Now let T>2 be the counterexample as in Section 3. By Lemma 5.2 and by 

Zorn’s Lemma we have a maximal 0 such that Sh=D2/0 has no one-element sub­
algebra and therefore each proper homomorphic image of 91 has a one-element 
subalgebra. Henceforth 91 will denote always this algebra. We assert that we do 
obtain a new algebra this way:

Lemma 5.3. 9ls^£>2.

P roof . L e t SB den o te  th e  algebra 0 9 3  =  { 1 ,2 ,3 } ; / 1( 1 ) = / 1( 2 ) = /1(3 )= 2 ,.  
/ i (1) —fi(2) —f  (3) =  3 m i) .
It is easy to see that SB has no proper loop preserving congruence hence £ 2 has 
a subalgebra isomorphic to SB. On the other hand, SB has a two element homo­
morphic image containing no one-element subalgebra, hence 91 has no subalgebra 
isomorphic to 93.

91 satisfies (i) of Theorem 5.1. This is clear for (a) and (ß). (у) follows from 
the fact that Horn (91, 9Г) ̂  0 but since 9Г has no one-element subalgebra, all 
homomorphisms from SIX into 91' are one-to-one. Obviously, card (91)=card (T>2) =  2“ 
(Theorem 1.2). The converse inequality follows from Theorem 1.1 proving (iii). 
Moreover, (iv) and (i) (y) imply (ii), hence it suffices to prove (iv).

We shall say that a x-unary algebra is circulant if it has no one-element sub­
algebra and its automorphism group has a cyclic subgroup acting transitively 
on the underlying set of the algebra.

Lemma 5.4. Each circulant я-unary algebra has a homomorphic image which
РУ'—1is circulant of prime order. I f p is a fixed prime then there are —— — non-isomorphic 

circulant algebras of order p. All these are simple and their automorphism group is Cp.
Proof. The first part of the lemma is obvious. If we distinguish between the 

elements of the underlying set then there are px — 1 circulant algebras on p elements. 
Clearly we obtained each algebra (p — 1) times hence the second statement is also 
true while the third is trivial.
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We shall denote these algebras by (Ep(i) ^/=1, . . . ,—— pj. Clearly, 21 has
exactly one subalgebra isomorphic to (Ep(/) for all p and i. We shall prove that 
the endomorphisms of 2Í are fully determined by their action on these subalgebras.

Lemma 5.5. Let cp € E n d  Üt and assume that (p acts identically on each £_(/). 
Then cp =  lj,.

Proof. Assume to the contrary that <p X 19I. Obviously cp is injective. Now 
we define a congruence on SI by a=b (9) iff there exists a d£ Dűl, n, m^O satisfy­
ing cpn{d) — a, cpm(d) = b. Using that cp is one-to-one, it is easy to check that 9 is 
a congruence, and the following stronger form of the transitivity also holds: if 
ai=aj (9) for all l = i ,  j = n  then there exists a □ 21 and 0 satisfying 
(pn‘(d) — ai.

9 is a proper congruence of 21 hence 91/0 contains a one-element subalgebra. 
This means that there exist íq s ű ; (0) (l-^isri),  йг=£(а{) (0) (1 S /ёл)- By the 
above remark this means that there exists a df_ П21 and natural numbers sh t{ for 
l^ i^ n  such that ai =  cpt>(d), f ( a t)=(psi(d). But cp is injective and therefore 
from <ptt( f i(d j)= fi(ai)=cpsi(d) it follows that f (d)  = cp"i(d) (n^Si-t,). (It may 
well happen that some л/s are negative, but the right side exists and is unique.)

If there exist q , i2 with nfl<0, then setting X)= {cp"(d): n£Z} we see
that $5 is a subalgebra and the restriction ср\Ъ generates a group acting transitively 
on D. Using Lemma 5.3 we get a contradiction.

Assume now Л;^0 for *=1, If all the elements cpn(d) (n=0 ,1 ,...)
are distinct then it is easy to see that l£  = {cpn(d):n^0} has a homomorphic image 
isomorphic to (Ep(i) for suitable p, i. In the remaining case cp"(d) = d for an л > 0 
hence D =  {<p"(cl):n=0} is a circulant subalgebra, again a contradiction.

The case when each л,-^0 goes similarly.
Now we are in the position to prove (iv). First we prove that any automorphism 

of (E=IJ (J (Ep(z) extends to an endomorphism of 21.
Observe that <P = End ((E) =  Aut ((E) = / /  JJ Aut ((Ep(/)). We define a ^-unary

algebra g by setting <у = 21ХФ, f (a,  4))=( f (a) ,  4*). By definition 1у :л—(a, lP) 
is an isomorphism of 21 onto 5|(П^1Х{¥'}). We define a congruence on g  by 
(a, cp) = (b, W) (9) iff either (a, cp) = (b, lP) or there exists a pair (p, i) with 
a, ЙЕ □ £ , ( / )  and if for cp = (cppi), 4/ = (4\,ti)cp~1i(a) = W~1i(b). It is a routine com- 
putatiomto see that 0 is a congruence. Let g  — g/0. Hence we obtain homomorphisms 
1^:21 — ̂  Refined by 1у :а -[(0 , ÍP)]e. Then clearly (CL) =  (<£)ss(£ for any
cp, lP. Let (E denote this subalgebra of 5- Moreover each isomorphism (E-»(E is 
obtained as for exactly one jp£Aut ((E). _

Now any homomorphism y \ g-*-2l maps (E onto (£ hence {^oT/C: <p£Aut ((£)} = 
=  Aut ((E). As yc l^CJEnd (21), this proves the assertion we have started with.

Hence by restriction we obtained a surjection End (21) Aut ((E) which is, 
by Lemma 5.4, also an injection (using the fact that every endomorphism of 2Í 
is a monomorphism). Hence End (21) = Aut (21) is a group. As

Aut ((E) as 1 7 C f-1/p-1
we conclude that

End (21) =  Aut (21) sí ПC f -1/p_1.
Acknowledgement. The author is indebted to L. Babai for his valuable critical remarks.
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